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1. Introduction

Designing surfaces to effectively absorb wave energy is
a classical engineering problem, with many applications
across wave physics including room acoustics, noise
suppression, wireless power transfer, targeted heating,
sensing and filtering. Naturally, over the last two
decades this endeavour has been significantly influenced
by developments in the field of metamaterials, where
novel paradigms for wave control are realised in
practice with engineered micro-structured bulk media
and surfaces incorporating subwavelength resonators.
Examples include thin absorbing metasurfaces [1-3];
critically coupled metasurfaces for perfect absorption
[4-6] and generalisations based on coherent-perfect
absorption [7] and their exceptional points [8,9]; graded-
metasurface ‘rainbow” absorbers [10]; and complex unit-
cell designs incorporating multiple resonators for near-
perfect broadband absorption [11-13].
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Metasurface absorbers are typically designed based on theoretical analyses of infinite surfaces,
or, in the other extreme, a small number of resonators in a confined geometry. Accordingly,
experimental demonstrations often employ resonator-loaded channels, surfaces decorated with
strongly lossy edges, or small surface samples spanning the entire cross section of an impedance
tube [5,11,14]. The latter experimental technique mimics the theoretical scenario of a plane wave
normally incident on an infinite surface. ‘Real-world” scenarios, however, involve a surface
covered by one or more absorbing patches, in which case the finiteness of the patches is
likely important. Indeed, diffractive edge effects have long been known to be important for the
characterisation of conventional acoustic absorbers, in particular for resolving the discrepancy
between measured and theoretical absorption coefficients [15-17].

We shall argue that finite-size effects can be especially pronounced in the case of metasurface
absorbers formed of arrays of subwavelength resonators, especially in regions of parameter space
which are traditionally ignored in the absorption context. Thus, it is well known that infinite
arrays of subwavelength resonators almost always support surface waves in certain frequency
intervals. For infinite surfaces, these can be asymptotically excited by incident beams of finite
width, or localised sources; for finite surfaces, these can also be asymptotically excited by incident
plane waves via edge diffraction. Furthermore, for sufficiently small, or low-loss, metasurfaces
the surface waves can have such large propagation lengths that they reflect at the edges of the
metasurface (as well as refract into the bulk) multiple times before significantly attenuating. The
surface waves can then form standing waves, thence giving rise to collective resonances of the
metasurface as a whole that we shall call ‘meta-resonances’. The effects of meta-resonances on
scattering have been observed in acoustics using a metasurface formed of arrays of soda cans
acting as low-loss Helmholtz resonators [18] and in photonics using arrays of nanoplasmonic
resonators [19], however the focus in these experiments is on scattering rather than absorption.
They have also been described theoretically [20,21], albeit in the absence of loss.

Metasurface absorbers are usually designed to ‘critically couple’” with incident radiation. This
means tuning material loss to balance dissipation and radiation damping at resonance. Roughly
speaking, material loss should be low enough to allow for strong resonances, but not too low
so that energy is mainly lost via dissipation rather than by energy leakage to infinity. Critical
coupling conditions for metasurface absorbers, however, are typically derived in the idealised
scenario of plane waves incident on an infinite metasurface, in which case surface waves are not
excited. With regards to finite metasurface absorbers, this observation gives rise to important
questions. Thus, for finite metasurfaces with material loss tuned based on critical-coupling
theory for infinite metasurfaces, what is the effect of surface-wave excitation as a function of
metasurface size? Second, do finite low-loss metasurfaces possess, against conventional wisdom,
useful absorption characteristics associated with surface-wave excitation?

These questions appear to have received little consideration in the literature. Perhaps this is
because direct numerical simulations of large metasurfaces are very expensive, a main challenge
being the need to resolve multiple disparate length scales. Thus, in a typical scenario, the
linear dimension of the metasurface is either large or comparable to the free-space wavelength,
which is much larger than the subwavelength scales of the resonators and the spacing between
the resonators. Moreover, the resonators themselves often involve complex and multiple-scale
geometries, as in the case of Helmholtz or space-coiled resonators in acoustics, split-ring
resonators and near-singular plasmonic nanostructures in photonics. Lastly, dissipation effects
often involve even smaller length scales, for example the width of viscous and thermal boundary
layers in acoustics or skin depth in photonics. While effective-media, or homogenised, models
offer immense simplification, these generally fail in the case of low-loss metasurfaces owing to
the excitation of deeply subwavelength surface waves.

The aim of this paper is to theoretically demonstrate the substantial and perhaps unexpectedly
singular effect of surface-wave excitation on the absorption characteristics of finite, even very
large, metasurface absorbers. To this end, we shall use a reduced multiple-scattering model
of a finite-sized acoustic Helmholtz-type metasurface formed of cavity-neck pairs which are
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embedded into a flat rigid substrate. We have recently derived this model using matched
asymptotic expansions [22], first considering the acoustic response of a single cavity-neck
resonator and then generalising to an arbitrary planar distribution of resonators based on a Foldy-
type multiple-scattering approximation [23,24]. The geometric details of the three-dimensional
cavities and necks, which can be quite general, are encoded in lumped parameters, which are
defined systematically in terms of boundary-value problems and for which we have obtained
numerical values and analytical approximations [22,25]. The model also allows for an arbitrary
geometric arrangement of non-identical resonators, though here we will focus on a square lattice
of identical resonators. Most importantly, and in contrast to preceding models of Helmholtz
resonators, the model derived in [22] includes dissipative effects from first principles; these are
shown to be dominated by the viscous boundary layers in the necks of the resonators. While
Helmbholtz-type metasurfaces are relatively basic compared to more sophisticated concepts [26,
27], they remain very common in applications: essentially similar surfaces are used as absorbing
panels for indoor acoustics and as acoustic liners for jet engines; the soda-can metasurface [18]
already mentioned provides a particularly simple realisation.

The paper is structured as follows. In §2, we formulate a multiple-scattering model of the
Helmbholtz-type acoustic metasurface based on the theory developed in [22,25], as well as derive
a homogenisation approximation of that model which is valid in some cases. In §3, we derive
explicit critical-coupling conditions in the two extreme cases of a single resonator and an infinite
metasurface. In §4, we study the surface waves supported by an infinite metasurface and their
attenuation. In §5, we numerically explore the absorption characteristics of large metasurfaces,
comparing both ‘tuned’ (critically coupled) and ‘detuned” (low-loss) metasurfaces to their infinite
counterparts and attempt to qualitatively explain some of the observed characteristics. In §6, we
give concluding remarks and propose directions for further study.

2. Helmholtz-type metasurface

(a) Geometry and physical assumptions

We consider a model acoustic metasurface formed of N identical cavities which are embedded
into a flat substrate and arranged in a square lattice. Each cavity (volume 13) is connected to the
half-space exterior to the substrate by a cylindrical neck (radius el, length 2ehl) whose axis is
perpendicular to the substrate plane. The shape of the cavity is arbitrary, except that its boundary
is assumed flat in the close vicinity of the neck, which does not protrude into the cavity or
exterior half-space. The spacing between the necks is denoted A1, such that Al? is the area
of a unit cell of the lattice. The fluid filling the cavities, neck and the exterior half-space is
assumed to be a viscous and thermally conducting gas (speed of sound ¢, density p, kinematic
viscosity v). The substrate is assumed rigid, isothermal, with the fluid velocity satisfying a no-slip
boundary condition. Accordingly, there is an additional characteristic length scale, I, = \/v/wg,
corresponding to the width of the viscous boundary layer, wy being a characteristic angular
frequency to be specified below; the characteristic width of the thermal boundary layer is assumed
comparable, as is the case for air. Associated with [, is the ratio § = l,, /I, which serves as a measure
of material loss.

We adopt a dimensionless convention where lengths are normalised by I. The geometry is
shown in Fig. 1 for the case of cubic cavities. Relative to an arbitrary fixed origin, we denote the
dimensionless position vector by r and position vectors of the neck centres in the substrate plane
by rn, where n=1,2,..., N. Furthermore, we denote the vertical coordinate measured from the
substrate plane by z. The pressure field will be sought as the real part of peop(r) exp(—iwt), where
Doo is a reference magnitude, w is the angular frequency, ¢ is time and the reduced pressure field
p(r) is a dimensionless and complex-valued phasor field.

Our interest is in studying the sound-absorption characteristics of the metasurface defined
above for € < 1. In that limit, each cavity-neck pair is expected to behave like a Helmholtz
resonator of resonance frequency on the order of wy = et/ 2c/ [, implying wavelengths of order

10000000 V 008 " ‘SUBL] “lud Bio-BuiysigndAiaioosiesor-els)



Radius = ¢ (b)

]
Sound - =

source

Rigid
substrate

wavelength = e
gth = €l/2Q)

Figure 1. (a) Dimensionless sketch of the Helmholtz-type acoustic metasurface in the case of cubic cavities, with lengths
normalised such that the cavities have unit volume. (b) Geometry of the cavity-neck resonators.

¢~ 1/2 relative to the linear cavity dimension [. This scaling motivates the definition of the
dimensionless frequency 2 = w/wg.

(b) Multiple-scattering model

In [22], we first studied the limit € < 1 in the case of a single cavity-neck resonator, with 2 ~1
and § < ¢, the symbol ~ henceforth standing for ‘of asymptotic order.” The condition § < e,
namely that the viscous and thermal boundary layers are thin relative to the neck radius, was
shown to be equivalent to saying that dissipation is sufficiently weak such that the cavity-
neck pair exhibits asymptotically significant resonance. Furthermore, dissipation is then only
important in a vicinity of the resonance frequency, with viscous effects dominant over thermal
effects and contributed mainly by the viscous boundary layers close to the neck. By analysing
a series of distinguished limits in the 6—f2 parameter space, representing different levels of loss
and frequencies increasingly close to resonance, we systematically derived a “unified” asymptotic
model for the acoustic response of a single cavity-neck resonator that holds to leading asymptotic
order throughout the regime {2~ 1 and § < e. We then presented an intuitive generalisation of
this unified model to an arbitrary number and arrangement of resonators, based on a Foldy-type
multiple-scattering approximation [23,24] and assuming AV, namely that the separation
between the necks is large relative to their radius. This includes the case A~ 1, where the
separation is subwavelength and comparable in size to the cavity.

In what follows, we formulate a multiple-scattering model based on the theory developed
in [22,25]. As € — 0, the neck openings in the substrate plane shrink to the points r, and the
reduced pressure p satisfies the reduced-wave equation

Vip+e2?p=f(r) for z2>0, (2.1)

where f(r) accounts for a possible sound sources in the exterior half-space. On the substrate
plane, p satisfies the Neumann boundary condition
op

EZO at 2=0 (r#r, for n=1,2,...,N), 2.2)

whereas, as r —ry in the exterior half-space, p approaches monopolar singularities whose
amplitudes satisfy point constraints specified below. The scattered field, p(r) — p® (r), satisfies an
outward radiation condition as z — oo, wherein the incident field p(i) (r) is the reduced pressure
in the absence of the substrate, associated with incoming far-field radiation and the source
distribution f(r).
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In light of the above, the reduced pressure is approximated as

151/29\1' Ty

p=p" () +p"(r) + Z anS————, 2.3)

— 1|
where ay, are diffraction coefficients associated with spherical waves emitted from the necks and
we introduce the reflected field p(r)(r) defined as the solution for the reduced pressure in the
absence of the cavity-neck resonators. The reflected field can readily be found for an arbitrary
incident field using the method of images. We shall refer to the sum p(® (r) = p{? (r) + p{")(r) as
the ambient field. In our examples, we consider two cases: (i) normally incident plane wave, in
which case p¥) (r) = ei€'"* 2% and p{@ (r) =2 cos(¢'/?022); and (ii) a monopole source located at
r =r, in which case p(*) is the free-space Green'’s function G(r,rs) =|r — rs |_1ei61/2mr_r5‘ and
pl® (r) = G(r;rs) + G(r;rs), r’s being the reflection of rs with respect to the substrate plane.

The nth diffraction coefficient is determined by requiring that the resonator associated with it
reacts as if it was isolated and exposed to the effective ambient pressure field

151/2Q|r T |

D () = p@ Zam . n=1,2,....N. 2.4)

v — rm|

m;ﬁn
i.e., the sum of the ambient pressure and the spherical waves diffracted from all of the
other resonators. As already mentioned, the response of a single embedded resonator was
asymptotically analysed in [22]. Thus, consistently with the standard picture of a Helmholtz
resonator, the pressure in each cavity is approximately uniform. Furthermore, the cavity
pressures, denoted py, are proportional to their associated diffraction coefficients according to

e$2?

an=——pn, n=12,...,N. (2.5)
2w

This relation physically represents compression and expansion of the gas in the cavities. In the
single-resonator theory, the cavity pressure is found to be proportional to the ambient pressure.
Thus, for N resonators, the cavity pressures are calculated by solving the system of equations

261/29|rm —ry|

(a)

g ‘pn +— Dm , n=1,2,...,N, (2.6)
—ra
m;ﬁn
where the factor of proportionality
K
g=- 2.7)

022 — 02 i(Ar + Ay)

comes from the asymptotic single-resonator theory. Here (2 is the resonance frequency
P =K+ K% — Ay, (2.8)

Ay and Ay are radiative and viscous damping factors defined as

Sk A 232Ke

rE T V=T gl (2.9a,b)

respectively, K,© and o are lumped parameters, and A, and A, are, respectively, A, and A,
evaluated at 2 = 2.

The parameters K and © are functions of the aspect ratio h of the neck. In particular, K is the
so-called Rayleigh conductivity of the neck normalised by its radius [28], which is determined
by solving a potential-flow problem involving the neck geometry. The parameter ©, which
captures the role of the neck geometry on viscous resistance, is calculated as a quadrature of
that same potential flow, representing the displacement of that flow by the viscous boundary
layer. In [25], we derived accurate asymptotic approximations for K and © in the limits of small
and large h, corroborating and significantly extending previous approximations in the literature;
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we also provided numerical results for arbitrary h. The parameter o is a cavity shape factor
whose calculation entails solving a Poisson-type boundary value problem defined over the cavity
domain with the neck opening reduced to a point; in [22], this problem is defined and solved for
several families of cavity shapes. Expressions and numerical results for K, © and o are provided
in the supplementary material [29].

The quantity of interest for us is the power dissipated by the metasurface, or the averaged
dissipation per resonator which can be thought of as an absorption efficiency. We shall normalise
power by pZ,1? A/2pc, the incident power per unit area of the metasurface in the case of a normally
incident plane wave. Once the multiple-scattering problem is solved for a given incident field, the
total dimensionless dissipation, denoted D, is provided as

N

1/2
€ .QAq; 2
D=__""=" E . 2.1
KA P |pn| (2.10)

Formula (2.10) is derived in the supplementary material [29] in two independent ways. First,
it is shown that within the framework of the multiple-scattering model (2.10) gives exactly
the rate of energy leakage through the limiting neck positions rp. Second, it is shown that
(2.10) asymptotically agrees, to leading order both near and away from resonance, with a direct
integration of the viscous dissipation in the boundary layers near the necks. The latter calculation
is carried out by relating the cavity pressures p;, in the multiple-scattering model to the matched
asymptotic expansions developed in [22,25] to describe the cavity, neck and exterior regions.

We note that the multiple-scattering model herein slightly differs from that in [22]. The
difference is that in [22] the frequency dependence of A, and A, is ignored, with 2 in (2.9)
approximated by the leading-order resonance frequency K /2 This results in a mathematically
more explicit formulation and the difference is asymptotically negligible for the purpose of
calculating pressure to leading order both near and away from resonance, as well as dissipation
near resonance. Nonetheless, we choose to introduce this frequency dependence here as the
analysis in the supplementary material [29] shows that this extends the asymptotic validity of
(2.10) to off-resonance frequencies and ensures that the multiple-scattering theory and (2.10) are
exactly self-consistent both physically and numerically.

For the numerical examples in this paper we shall assume a subwavelength unit-cell area A =
1, neck parameters € =0.02 and h =2, for which K ~0.56 and © ~ 3.71, and a cubic cavity for
which o = 0.2874. We will vary the number of resonators NV and use ¢ to tune the material loss.

(c) Homogenised model

The multiple-scattering model can in some cases be approximated by a homogenised model
where the metasurface is represented by an effective impedance condition. A necessary, but as
we shall see not sufficient, condition is subwavelength spacing, i.e., AY?2 «1 / ¢'/2. Let P be a
‘macroscale’ exterior pressure, assumed to vary on some long length scale L >> A2, which may
or may not be comparable to the order 1/ /2 free-space wavelength. On this length scale, the
substrate plane z = 0 decomposes into a metasurface patch M (a square of area A = N A) and the
remaining domain, say S. The homogenised problem consists of the reduced-wave equation

VZP+e2’P=0 for z>0, (2.11)
the impedance boundary condition

OP | 2%
0z A

P=0 on M, (2.12)

the Neumann boundary condition

8—P:O on S (2.13)
0z

10000000 V 008 " ‘SUBL] “lud Bio-BuiysigndAiaioosiesor-els)



and an outward radiation condition on the scattered field P — P(i), where P = p(i) from the
multiple-scattering model. The averaged dissipation per resonator is calculated as

1/2 2
e/ A gl* 1 H 2
Dy /N=""22v90 L pi2ga, 2.14)

where the integrand is evaluated at z=0 and dA is an infinitesimal area element. In the
supplementary material [29], we describe an elementary boundary element method (BEM) that
we use to solve the homogenised model in the case of a finite metasurface.

The homogenised model can be formally derived starting from the multiple-scattering
formulation by applying the method of multiple scales in an appropriate limit process. Here
we suffice with a heuristic justification. First, we assume that the effective ambient field pgf)
experienced by the nth resonator can be approximated by the macroscale field P, so that

pn = gP(rn). (2.15)

This implies that p, and an are slowly varying over the lattice of neck positions. The impedance
condition (2.12) then follows by comparing the normal macroscale ‘flux’ &/9P/0z at z =0 over
an area </ with the corresponding microscale flux —27won (27 /A), and using (2.5). The linear
dimension of the area % is taken to be large relative to the spacing Al/? yet small relative to the
long scale L. The validity of this flux balance hinges upon the assumed slow variation of P(r), and
hence pp, and an, as well as the assumption that the spacing is subwavelength. Expression (2.14)
for the averaged dissipation readily follows from (2.10) upon using (2.15). We shall see that the
long-scale assumption can fail at near-resonance frequencies for sufficiently low loss, owing to the
excitation of short-wavelength surface waves, whereby the homogenised model losses validity.

3. Critical coupling

(a) Single resonator

In the case of a single resonator, the cavity pressure is p; = gp(“) (r1). From (2.10), we find using

(2.7)—(2.9) that the dissipation at resonance is

9 27 Ar Ay
60214 (Ar + AU)Q '

Dy = [p' (r1))| (3.1)

For a fixed geometry, dissipation at resonance is optimised by tuning the loss parameter ¢
such that A, = A,. We shall refer to this condition, which corresponds to a balance between
dissipation and radiation damping as critical coupling for a single resonator. The corresponding
explicit relation obtained in [22] is recovered by consistently approximating 2 ~ K 12 From
(2.9), critically coupling a single resonator demands very low loss, 6 ~ /2

, resulting in a narrow
resonance interval, A{2 ~ /2,

(b) Infinite metasurface

Consider next the scattering problem where an infinite metasurface is exposed to a normally
incident plane wave. Strictly speaking, scattering problems involving infinite metasurfaces can be
ill-posed in frequency intervals where surface waves are supported, that is without generalising
the radiation condition to account for this. For a dissipative metasurface, it seems sufficient to
demand that the solution remains bounded. Under this assumption, symmetry of the metasurface
and incident field implies that the cavity pressures in the multiple-scattering model are all equal,
while the macroscale pressure in the homogenised model is a function of z alone.
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Let us first assume the homogenised model. In light of the above, the macroscale pressure can
be written e s
Pl 2z + pe' Qz’ (3.2)
where the first term is the incident plane wave and the second term is a reflected plane wave, #
being a reflection coefficient. The reflected plane wave should not be confused with the reflected
field p(r), which in this case is the reflected wave with % =1. The deviation of #Z from unity
represents the aggregated effect of the spherical waves emitted from the necks. Indeed, the
effective impedance condition (2.12) gives the reflection coefficient % as

. 1/2
_Atige 70 (33)
A —igel/20
Defining the collective radiation-damping factor
1/2
e'“NK
Ap=—7—> (3:4)
and noting that A, < AR, the reflection coefficient (3.3) can be approximated as
2 A2 _ _
g PP —i(Ag— A 35)

22 — 02 +i (AR + Ay)’

In [22], we derive an expression for # which is asymptotically equivalent to (3.5), assuming
only that A~1 as € — 0, i.e., that the spacing is subwavelength, specifically comparable to the
characteristic cavity size. (Minor typos in [22] are corrected in the supplementary material [29].)
Rather than relying on a homogenised model, the equivalent result in [22] is derived directly from
the multiple-scattering model. The derivation entails the asymptotic approximation of a lattice
sum. Comparison of these two distinct derivations confirms that, in the present special scenario
of a plane wave normally incident on an infinite metasurface, the homogenisation approximation
is valid for subwavelength metasurfaces regardless of the level of loss. We will see that this is not
the case if either the metasurface is finite or the incident field is not a plane wave.

According to (3.5), R can be made to vanish at resonance by tuning the loss parameter ¢ such
that A, = Ag, where Ap is AR evaluated at {2 = 2. This is the condition for critical coupling
of an infinite metasurface exposed to a normally incident plane wave. The corresponding
explicit condition obtained in [22] is recovered by consistently approximating 2 ~ K /2 For a
different perspective, consider the dissipation per resonator of the infinite metasurface, denoted
D/, which can be calculated in the homogenisation approximation using (2.14) and (3.3). At
resonance, Db, is well approximated by

(3.6)

which can be optimised for a fixed geometry by tuning § to satisfy A, = A, at resonance, giving
Dl =1 as expected for perfect absorption and given our normalisation of the dissipation. As in
the single-resonator case, the present critical coupling condition also corresponds to a balance
between radiative and dissipative damping. The radiative damping in the metasurface case,
however, is enhanced by an order 1/¢ factor relative to the single-resonator case. Accordingly,
critically coupling an infinite metasurface requires more loss, § ~ e/ 2 resulting in a wider
resonance, Af2 ~ /2. We also see from (3.5) that in the present idealised scenario excessive
loss Ay > AR gives an effectively rigid substrate at resonance (% = 1), whereas deficient loss
Ay < Ap results in an effectively soft substrate at resonance (#Z = —1).

4. Surface waves

We continue to consider the case of an infinite metasurface, now looking for homogeneous
surface-wave solutions that exist for real frequencies in the absence of an incident field and
decay exponentially away from the substrate. Such solutions satisfy quasi-periodicity, i.e., that
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Figure 2. Dispersion relation of surface waves supported by tuned (critically coupled) vs. inviscid infinite metasurface. (a)
Bloch wavevector in « direction. Thick and coloured solid curve: tuned case, calculated from the complex-valued isotropic
dispersion relation (4.2) derived from the homogenised model. Thin solid curve: inviscid case, calculated from the real
dispersion relation (4.3) derived from the multiple-scattering model. (b) Inviscid dispersion relation continued around the
edge of the irreducible Brillouin zone.

pexp{—ik - r} is periodic over the two-dimensional lattice whose vertices are the limiting neck
positions ry,, wherein k = k€2 + Ky€y is a Bloch wave-vector parallel to the substrate plane with
components xz and xy in the directions é; and &, parallel to the lattice vectors. For a prescribed
real frequency 2, the Bloch wavevector « is an eigenvector which for § > 0 is expected to be
complex valued, meaning that the surface waves exponentially attenuate parallel to the substrate
plane. While defined for an infinite metasurface, we shall refer to these homogeneous solutions
in the next section when interpreting the absorption characteristics of large metasurfaces.

We first assume the homogenised model. In that case, the dispersion relation is isotropic,
meaning that we can write k = k%, x being a complex Bloch wavenumber and Z an arbitrary
direction in the substrate plane. The reduced-wave equation (2.11), quasi-periodicity and the
condition that the solution decays away from the substrate together imply that the macroscale
pressure possesses the form

1/2
Pmexp{f (5276(22) / z+in-r}, 4.1)

with the decay condition requiring Z;l =Re(r? —e2®)V/2> 0,10, being the length scale of decay
normal to the substrate. We also define the propagation length ¢, = 1/Im(x), which is the length
scale on which the surface wave attenuates parallel to the substrate plane. Given (4.1), the
impedance boundary condition (2.12) yields the dispersion relation (k2 — N2 =e2%g/A.
With this dispersion relation, the decay constraint and (2.7) imply 2 < £2.

Our use of the homogenised model is consistent only as long as it predicts surface wavelengths
long compared to the spacing. To simplify the discussion below we assume A ~ 1, whereby the
latter condition is k < 1. The dispersion relation then gives g < 1/¢, and so Ay > ¢, ie, §>> 2.
In that regime, A, < Ay and the dispersion relation can be written

eK0?

2 ~2 . _
- il + A(k2 - 6(22)1/2 =0,

(4.2)
with the shape factor ¢ negligible in the expression (2.8) for 2.

In particular, the homogenised model can be used to study surface waves under the infinite-
metasurface critical-coupling condition, since then A, =~ ¢'/2 For that case, Fig. 2a depicts the real
and imaginary parts of « as a function of frequency, assuming for later comparison a wave in the =

10000000 V 008 " ‘SUBL] “lud Bio-BuiysigndAiaioosiesor-els)



direction: 2 = &, and x = xz. Consistently with the condition stated above for the homogenisation
approximation to hold, the dispersion relation ‘folds” and « is small for all frequencies. As k — 0,
one branch joins with the sound line k = et/ 2(2, whereas on the other branch 2 — 2. In the limit
(k, £2) — (0, 2), we have ¢}, — co and the limiting state propagates to infinity, i.e., it is not a surface
wave. In fact, this limiting state is nothing but the solution already found in §3(b) describing
perfect absorption of a normally incident plane wave.

Analysis of (4.2) in the critically coupled case A, ~~ ¢'/? reveals two distinguished regimes. The
first, defined by the scalings x — /20~ /0 and 2 — D~ €3, corresponds to the dispersion
curve separating from the sound line as the resonance frequency is approached. In that regime,
lp~1/e and €, ~1/e*/3, thus the waves propagate over large distances compared to the free-
space wavelength but also decay away from the substrate on a scale larger than the free-space
wavelength. In the second regime, defined by the scalings « ~ /2 and 2 — 2~ 2 viscosity
enters the dominant balance and turns the dispersion curve around. In that regime, ¢, ¢, ~
1/ ¢'/?, thus the surface waves propagate and decay on length scales comparable to the free-space
wavelength.

For low-loss metasurfaces such that A, is at most of order ¢, ie., A, =0(c), the
homogenisation model fails as it predicts surface waves with x ~ 1. Similarly, the homogenisation
model is not valid in scattering problems, whether involving a finite or infinite metasurface,
where such short-wavelength surface waves are locally excited. Instead, we must return
to the multiple-scattering formulation, where the quasi-periodicity condition becomes pn o
exp {ik - rn }. In particular, in the supplementary material [29] we show that in the limit ¢ — 0,
with A ~ 1, the dispersion relation for an inviscid metasurface is well approximated by
K 2? eK?

[ L o Rt A
I+A(;¢2—e!22)1/2 2m

[s100)+ 52000 - % 2| =0, 3)
where 22 = K 4+ eK?0 is the inviscid resonance frequency and Sj(k) and Sa(k) are the
absolutely convergent lattice sums

/

Sl(R)IZ 1—:T67TCOS(K,'I'), SQ(R):QXW Z < 1 2+|I<:, ‘ )7 (4.4a,b)

red ey AN (1+ | —x[?)>/

in which A={(n1,n2) €Z| AY/ 2(n1éy 4+ noéy)} is the infinite square lattice of neck positions,
Aw ={(n1,n2) €Z| (27 /AY?)(n184 + n2&y)} is the corresponding reciprocal lattice and the dash
in (4.4a) says to omit the zeroth lattice vector. In contrast to the critical-coupling regime, the
dispersion relation in the inviscid case is real valued and anisotropic. In Fig. 2, it is plotted for
 traversing the boundary of the reduced Brillouin zone [30]. We see that the inviscid and critical-
coupling cases, with all other parameters equal, agree for small x and close to the sound line. In
the inviscid case, however, the dispersion curve does not fold but rather reaches x ~ 1, where the
dispersion curve is extremely flat, indicating small group velocity. In that flat-band regime, the
surface wavelength is comparable to the subwavelength periodicity of the metasurface; the decay
of the surface wave away from the substrate is also on that length scale, i.e., £, ~1; and, from
(4.3), the dispersion relation can be approximated explicitly:

_ K2
kel 02— 912~—e§(sl(n) + S5(K)). (4.5)
In the inviscid case the propagation length ¢, is infinite. Analysing the propagation length of low-
loss metasurfaces, A, = O(e), is challenging as it entails deriving a complex dispersion relation
starting from the multiple-scattering theory. It is clear from the above, however, that in that case
1/€p = O(e).

5. Large metasurfaces
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Figure 3. Plane wave normally incident on finite metasurface with & tuned to the critical-coupling condition for an
infinite metasurface. (a) Averaged scaled dissipation per resonator, for several metasurface sizes. Symbols: multiple-
scattering model. Solid curves: BEM solutions of homogenised model. Dashed curve: homogenised model for an infinite
metasurface. (b) Real and imaginary parts of cavity pressures p, calculated from multiple-scattering model, alongside
their continuous approximation from BEM solutions of the homogenised model, for /N = 45 and 2 = £2. (c) Relative
deviation of dissipation per resonator from theoretical value for infinite metasurface, as a function of metasurface size and
for the indicated frequencies. Symbols: multiple-scattering model. Solid curves: BEM solutions of homogenised model.
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(a) Tuned metasurface, plane-wave forcing

In this section, we present results for finite metasurfaces based on numerical solutions of the
multiple-scattering model, and also of the homogenised model where relevant. We first consider
the scenario where a plane wave is normally incident on a finite ‘tuned” metasurface. By tuned
we mean that the loss parameter § is tuned to the critical-coupling condition derived in §3(b)
assuming a plane wave normally incident on an infinite metasurface.

Fig. 3a shows the absorption efficiency D/N as a function of the dimensionless frequency
12, for the indicated values of N. Values calculated based on the multiple-scattering model are
seen to be in good agreement with BEM solutions of the homogenised model. Also shown
is the theoretical approximation for an infinite metasurface, calculated using (2.14), (3.2) and
(3.3). By design, the efficiency of the infinite metasurface is unity at resonance, corresponding
to perfect absorption. The finite metasurfaces are more efficient but, clearly, limited by their
size. Qualitatively, their efficiency profiles approach that for an infinite metasurface slowly, non-
uniformly (slower below the resonance frequency {2) and non-monotonically. Furthermore, in
contrast to the infinite-metasurface case, for large metasurfaces the cavity-pressure distribution
can be appreciably non-uniform. Fig. 3b shows distributions calculated using the multiple-
scattering model for V'N = 45, at resonance, alongside distributions obtained from BEM solutions
of the homogenised model and using (3.4) to define continuous cavity-pressure distributions
based on the macroscale pressure field.

Consider now the convergence with increasing metasurface size v/N of the efficiency of
finite tuned metasurface to their infinite counterparts. Fig. 3f shows the relative difference in
efficiency between the finite and infinite cases as a function of V'N, for two values of 2. The
lower frequency is {2 =0.67. We have seen in §4 that around this frequency an infinite tuned
metasurface supports weakly bound, long-wavelength and attenuating surface waves, with
the inverse surface-wavelength 27 /x, normal decay length ¢, and propagation length ¢, all
comparable to the order 1//¢ free-space wavelength. In our infinite-metasurface theory we have
not included these surface-wave solutions as they are not bounded. For a large metasurface,
these surface waves are excited, approximately, at the periphery and propagate inwards. This
picture is consistent with the observation that the relative difference in efficiency remains order
unity up to v/N = 20, roughly ¢,/2 for surface waves at that frequency. Between that size and
V/N 2 40, roughly £, the relative difference decays by an order of magnitude, presumably owing
to the the surface waves affecting an increasingly smaller proportion of the metasurface. For
larger metasurfaces we see a much slower convergence, roughly like 1/v/N. The latter scaling
is consistent with the effect of surface-wave excitation being limited to a neighbourhood of
the periphery. At the higher frequency, {2 = 0.74, where an infinite tuned metasurface does not
support surface waves, we observe a generally smaller relative difference in efficiency.

(b) Detuned (low-loss) metasurface, plane-wave forcing

We next consider the scenario where a plane wave is normally incident on a finite ‘detuned’
metasurface. By detuned we mean that the loss parameter § is not tuned to the critical coupling
condition for an infinite system. In particular, we shall specifically consider low-loss detuned
metasurfaces for which ¢ is tuned to the single-resonator critical-coupling condition derived in
§3(a). According to the infinite-metasurface theory, such low-loss metasurfaces are extremely poor
absorbers. In that theory, however, surface waves are excluded. In the detuned case, excitation of
surface waves at the periphery can give rise to pronounced finite-size effects even for very large
metasurfaces. Based on the inviscid multiple-scattering calculations in §4, for |22 — £2| > ¢, with
2 < 02, we expect weakly bound surface waves similar to those in the tuned case. For |2 — 2| =
O(e), we expect surface waves that are strongly bound, short wavelength and hardly attenuate,
with surface wavelength 27/ ~ 1, normal decay length ¢;, ~ 1 and propagation length ¢, > 1/e.
Note that the homogenisation model is not valid when such short-wavelength surface waves
are excited. In this regime, surface waves can traverse even a large metasurface multiple times,
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Figure 4. Plane wave normally incident on tuned (¢ tuned to critical coupling for an infinite metasurface) and detuned (§
tuned to critical coupling for a single infinite metasurface) metasurfaces. (a) Averaged scaled dissipation per resonator for
a finite metasurface of size v/ N = 25, calculated using multiple-scattering model, vs. homogenised model for an infinite
metasurface. (b) Imaginary parts of the cavity pressures py, in the detuned case, at the meta-resonance peaks labeled in
the inset of (a). (c) Relative deviation of dissipation per resonator from theoretical value for infinite detuned metasurface,
as a function of metasurface size and for the indicated frequencies.
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reflecting and refracting at the periphery. For certain combinations of frequency and metasurface
size, the surface waves may form standing-wave patterns over the square metasurface domain,
similar to cavity modes of bulk waves. These constitute leaky states that are damped only by
refraction at the periphery and the weak material loss.

Fig. 4a shows the averaged dissipation per resonator, or absorption efficiency, plotted as
a function of frequency, for tuned and detuned metasurfaces of finite size VN =25 and
their theoretical infinite counterparts. The results for the finite metasurfaces are obtained by
numerically solving the multiple-scattering model, while those for the infinite metasurfaces are
calculated using (2.14), (3.2) and (3.3). At most frequencies, the absorption efficiency of the
detuned metasurfaces is smaller by orders of magnitude relative to the tuned metasurfaces, as
one would expect from the infinite-metasurface theory. There is a narrow frequency interval
below the resonance frequency 2, however, where the detuned metasurfaces exhibit enhanced
absorption, including a sequence of sharp peaks where efficiency is comparable and for some
peaks even higher than that of the tuned metasurfaces. We attribute these sharp peaks to collective
meta-resonances of the metasurface as a whole, corresponding to excitation of the standing-wave
leaky states anticipated above. This picture is qualitatively confirmed by Fig. 4b, which shows
cavity-pressure distributions computed at the first nine spectral peaks. These show standing-
wave patterns of shorter and shorter surface wavelength as the cut-off frequency is approached, in
accordance with the surface-wave dispersion curve shown in Fig. 2b for an inviscid metasurface.

For the detuned metasurfaces, Fig. 4c shows the relative difference in absorption efficiency
between the finite and infinite cases as a function of v/N, for three values of £2. The frequencies
2=0.73 and 2 =0.74 are slightly below the resonance frequency {2 and the nearby surface-
wave cut-off frequency. In contrast to the tuned case, we see no sign of convergence of the
efficiency of finite detuned metasurfaces with increasing N, at least up to the values of N we
can access numerically. The relative difference remains very large (also because of the very
small denominator) and oscillates wildly, more so at {2=0.74. Clearly, the apparent lack of
convergence is a result of the long propagation length of surface waves at these frequencies,
while the wild oscillations are associated with the excitation of meta-resonances, here accessed at
fixed frequency by increasing size. The third frequency is 2 = 0.75; it is slightly above {2 and the
nearby surface-wave cut-off frequency. At that frequency, we observe monotonic convergence,
the relative difference in efficiency vanishing like 1/N 17/20 and, after v N ~ 20, like 1 /N 12,
The latter scaling is consistent with local diffraction along the periphery (not triggering surface
waves). The origin of the former scaling is not clear.

(c) Tuned and detuned metasurface, monopole-source forcing

Consider now the scenario where instead of a normally incident plane wave there is a localised
monopole source positioned at unit height above the centre of the metasurface. Here surface
waves can be excited by the ambient field associated with the source acting on the bulk of the
metasurface, as well as by diffraction of that ambient field at the periphery of the metsurface.
Thus, in this scenario surface waves are excited also for an infinite metasurface. We note that,
even when short-wavelength surface waves are not excited, the homogenised model fails close to
the source owing to its height above the substrate being comparable to the spacing.

Fig. 5a shows the total dissipation as a function of v/N, for tuned metasurfaces at 2 = 0.67
(below cut-off) and 2 =0.74 (above cut-off) and for a detuned metasurface at 2 =0.74 (below
cut-off). For large tuned metasurfaces, dissipation at the lower frequency, where weakly bound
and attenuating surface-waves are excited, is roughly 2.6 higher than at the higher frequency,
where surface waves are not excited. Large detuned metasurfaces, supposed to be poor absorbers,
absorb more than large tuned metasurfaces, by an order of magnitude at meta-resonance peaks.
Furthermore, the total dissipation oscillates wildly with increasing metasurface size. As in the
plane-wave scenario, there is no indication of convergence up to the values of N we compute.
Fig. 5b contrasts the local dissipation near the source for a tuned metasurface with the distributed
dissipation over a detuned metasurface excited at a meta-resonance.
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Figure 5. (a) Total scaled dissipation for monopole source at unit height above the centre of tuned and detuned
metasurfaces, as a function of metasurface size v/ IV and for the indicated frequencies. (b) Corresponding distributions of
scaled dissipation D,,, for v N = 26.

6. Concluding remarks

We have explored the effects of finite size on the absorption characteristics of large Helmholtz-
type metasurfaces. The most significant effects are a consequence of the excitation of surface
waves, and, for low enough material loss, meta-resonances associated with the surface waves
forming standing-wave patterns over the metasurface domain. In particular, finite, even very
large, low-loss metasurfaces exhibit absorption characteristics which are nothing like their
theoretical infinite counterparts. Thus, while infinite low-loss metasurfaces are poor absorbers,
large low-loss metasurfaces are efficient absorbers at near meta-resonance frequencies; this
is in comparison with similar ‘tuned” metasurfaces satisfying the critical coupling condition
for an infinite metasurface. The meta-resonances of low-loss metasurfaces are manifested in
a series of sharp spectral peaks accumulating near the cut-off frequency for surface-wave
propagation, which is close to the resonance frequency of an isolated resonator. This accumulation
is understood to occur owing to the quantisation of short-wavelength surface waves, analogously
to the accumulation of cavity modes at high frequencies. Thus, low-loss metasurfaces enable
precise absorption of wave energy at a series of frequencies. This attribute may be exploited
for filtering and sensing applications, assuming that the meta-resonance frequencies could be
controlled at will.

The present study has focused on modelling and numerical exploration. More sophisticated
mathematical analysis is necessary in order to precisely predict the frequencies and quality
factors of meta-resonances, as well as address several other open problems highlighted by
our examples. These include studying the convergence, with increasing metasurface size, of
absorption efficiency and other metasurface properties. As we have seen, the rate of convergence
can be extremely non-uniform in frequency, and strikingly different for detuned (low-loss) and
tuned (critically coupled) metasurfaces. A first step towards an improved understanding could
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involve asymptotic analysis of the homogenised problem. One relevant limit process is that of a
metasurface comparable in size to the free-space wavelength, considered at a frequency and loss
levels such that short-wavelength surface waves are excited. It may be easier to first consider a
circular metasurface patch; asymptotic approximations could then be extracted either from an
exact Wiener-Hopf solution, or, more insightfully, from a WKB approximation of the surface
waves matched with local Wiener-Hopf solutions near the metasurface periphery [31], where
the surface waves reflect and refract. Such an approach is only valid, however, in cases where
the surface wavelengths are much larger than the periodicity of the metasurface; this must be
kept in mind in order to avoid misleading predictions. Accordingly, a second step would be to
address scenarios where periodicity-scale surface waves are excited. This could be done by a
similar approach to that described above, with the significant technical complication of employing
a two-scale WKB approximation [32] to describe the surface waves, matched with local discrete-
Wiener-Hopf [33] solutions near the periphery. Of course, many generalisations are possible,
including varying the shape of the metasurface domain, metasurfaces formed of non-identical
resonators, interaction between multiple metasurface patches etc.

Lastly, since surface waves are intrinsic to metasurfaces formed of subwavelength resonators,
we anticipate anomalous finite-size effects similar to what we have found for acoustic Helmholtz-
type metasurfaces in other acoustic, as well as elastic and photonic, metasurface absorbers. To
better understand these effects, our explicit, first-principles and computationally straightforward
model could be employed in two ways. First, to design simple experiments to probe these finite-
size effects in acoustics. Second, as a toy mathematical model for a generic metasurface absorber,
ignoring the extensive geometric and physical details encoded in the lumped parameters.
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