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ABSTRACT

General Cantor sets contained in Euclidian N-space
are defined by Tsuji in a similar, but more general, method
to the classical Cantor set. This thes;s is a discussion
of the Hausdorff dimension of such sets.

Tsuji proved that general Cantor sets have positive
logarithmic capacity when N equals one or two and have
zero N-dimensional measure when constructed froﬁ spheres.
These results are extended by showing that the dimension
of these sets is always positive and ;s_less than N when
they are constructed from convex sets.

In some cases, for example the residual set formed
by the iteration of a pattern, the dimension is computed
and this result clearly contains theAwell known result
relating to the classical Cantor éet. |

It is shown that any number between O and N is the
dimension of some general Cantor set and that for certain
subclasses pf general Cantor sets the dimension is bounded
away from N.

Finally the existence is established of a general
Cantor set with tbe local dimension differing at any two
points of the set.

Let D be a domain in Fuclidisn N~space exterior to
a finite number of mutually disjoint N-dimensional spheres

and suppose that u(xl,...,xN) is a funection harmonic in D,
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constant on sach houndary component of D and continuous

in D. The set of points to which u(xl,,,,,xﬁj cannot be con-

tinued is shown to be a general Cantor set and to exhibit

- many properties shared by the set of limit points of a

properly discontinuous group of bilinear transformations.
Tsuji has shown that the residusal set of a Schottky group
is a general Cantor set., Estimates of the dimensions are
derived in these two cases and it is shown that for any
positive E +there ig a set of each type with dimension

greater than g - £
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NOTATION

The following notation will be- used throughout

this thesis, All sets are assumed to be subsets of

RN, i.e. Buclidian N-space, for some fixed N.

a)
b)

c)

§(A) = =.lewobs | Vx-yl: w,q4 €A |
p(4,B)
S(a,r)

[

gel.Dbs 31\3.-3\: xeﬁlﬂe%’},

b i yx-a) sv jaxeRYE.

a) '{alfff"anl is the set whose only elements are

e)

)
g)

3
al,.-o,ano

Let ¢ be'a finite sequence of ppsitive integers,

say il....in. We define o} = n.

The derived set of E is the set of limit points of E.
An assertion about the sets El’ E2,... is said to

be ultimately true if and only if there exists an

integer n

o such that whenever n > nO the assertion

amutEnistmm.
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Chapter 1.
HAUSDORFF DIMENSION

This chapter contains some preliminary measure
theoretic results.

Definition 1l.1. [5]), [7,p.102], [11].

Let E be a bounded subset of B and suppose that

a >0, 0>0. We define

(1) ey = anb {80 0T5E 80 40 am, |

and

(i) Lim mo(ey = Lub M(E) = Mu(E),

=0+ T o0

Since such coverings of E by general sets {In.}
always exist and since ﬁg(ﬂ) is a debreasing function.
of o for any fixed a and E we see that ma(E), the
Hausdorff a-measure of E,_always exists 33; may be zero,
positive or plus infinity.

Lemma 1.1. [5], [7,p-107].

non-negative number d(E), called the Hausdorff dimension

of K, such that

(1) ma(E) = 0 for all a sstisfying a > A(E) and
(i1) m (E) = o for all o satisfying 0 < a < 4(E).
Proof.

This follows trivially from the easily proved fact
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that if ma(E) < oo and B > o then mB(E) = 0,
In order to be able to discuss the local structure
of E we need‘the following definitione

Definition 1l.2.

For any bounded subset, E, of RN and for any point

x we define (E), called the local dimension of B at x, b
’ s By

A 8) = lim d{ EnStxe).
X €50+

This limit always exists since, for a fixed B and x,
A(E.S(x,6)) is a non~decreasing function of € . We note
here that if E is closed and x4 E then there is a neigh-
bourhood of x disjoint from E and so 4 (E) = O,

In this thesis we shall be mainly concerned with
compact sets and thus we prove the following lemma which _
incorpopapes both the Heine-Borel Theorem‘and Definition 1l.1l.
Lemma 1.2.

Let E be a compact subset of B, Then

m o :‘1‘\_ . B
m,(g) = lim &.\,\o,g:é,éﬂn)ig,lnf’g ) §(3)¢0 T, an open Set’SJ_
o 20+

Proof.
Let
T(E) 3\\:~§Z S(IS{ fU—S: R :(SLT,,)&O‘ ,I“ an npen Set/}S,
Then clearly we have E;kE) > mé(E). (1)

Suppose that € >O and that a sequence of sets, {IHE, is
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such that é&jk OE and §(I.) &0,

Define

T o= §x. ple,TD< &8I

and notice that J, is open, V3 2E ang §(3) = (L4298(T).

Hence

2

i Y o
S sy = (Lee) = ST

nN=4
. (14
Since {Jnk is a competing covering for ma<l+ Q(E) we have

) — {Lx L)
S SIS =W, (B

(4]

and so

oo " _____(3"{_1&-15.)
s E5a8 s WD,

Nz

Thus (1428)
a & —_— {1l -
— > t.

(L+2£) M () > M, (&) (11)

From (1) and (ii) it follows that

(1+15)%n () > lim E.(E) > o (E)

[+ 3t>Xe B S

and, since £ was any positive number, we have

m (E) = lim T _(E).

-0+

E 1s compact and so any open covering of E contains a

finite subcovering and hence

m
{i SCT,.\)Q: ‘(\\} In 3\’—:) ST = Iﬂ on open sn.\-,}g.
(A% =t »

'{\7\:(@ = qlb,

This completes the proof. We can clearly replace lim
ot THCH

by Lleuosbe

g Do
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Corollary.
Let E be a compact subset of RN and let x ¢ E.

Then ma(E), a(E), dX(E) can all be defined as in Definition

l.l, Lemma l.1 and Definition l.2 with the added restriction

in Definition 1.1 that LIt forms a finite open covering
A common construction for compact sets is to regard

a compact set, E, as the intersection of g.decreasing

sequence of compact sets, B , (n=1, 2, see). In some

cases information concerning the measure and dimension of

E can be obtained from similar information relating to

B, - The following result gives such a case, the

proof of which is based on a technique due to Jarnik,

Theorem l.l.

Suppose we are given a collection of non-empty

compact, connected sets, B . (&)”ﬂn:\yuﬁ<; n=,2. )Kial)
such that
(a> A‘\"‘in 2 A{‘ ' 'ln“:"m and

(b) there exists a constant 8, 1 > 8 > 0, such that for
s # t,

Define

(c) &“-EA;...'?&) €=§En E=UNA E=NE,

6(1})&‘- {3 1€ )Ine £ )S(In) <o }
n=H ?

a3

(a) MZ(E) = <3-\-\6.§
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(e) M, (E) = Lin W (E) = l.u.be M (E).
& o0t a >0 a

Then

U (E) > m (E) > s“Ma(E)

and hence Ma<E) may be used to define A(E) as in Lemma l.l

with MQ(E) replacing ma(E).
We.first prove the following lemma.
Lemma 1.3,

Let zA i\ e=l, & nangz .} be a collection of non-

\1“.

empty compact sets satisfying (a) and (b) of Theorsm l.l.

Define Sn = max {SL&nvwh” Ty g = Ve X S Then éh.;; '®)

as n —> (0.

We suppose the lemma is false. Now (a) implies that
Sn is a decreasing sequence of posit;ve numbers S0 We
suppose 0, > & asn > and §>0 . Thus there exist
dﬁ = S:n with 8(A§)_= Sn (n = 1, 2, eve)e We now construct
a sequencse jl, 32, s+ as follows, Define jl to be the
least intgger, s, such thgt AS contains infinitely many
of the Eﬁ. Supposing jl""?jn have been defined in such

a manner so that Ai.’ AiAL ""’Ai\'iﬁ each contain
infinitely many of the dﬁ, we then define jn+l to be the

least integer, s, with the property that A, L con-
. 1 .=

tains infinitely many of the Dﬁ. It follows that §jn}
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is uniquely defined and that A, D Aé~ D> ese.es Further

\ Sy

Y = Sh;r= .. =2 &6 70O.
Since K > 2 we can choose 335& with jg # j, and jée:El,..,K}.

Now iAJ"J if

0= \2 } is an infinite systenm
i nooey ) L

of non-empty sets such that any two distinct elements are
at least FS apart. This follows since if m > n

AN

g N and we have, using (b),
3 ".Sm-\m-n A| "Jm-y

PUON, D) 2 BB, ) > o,

Ay dndoa o
This clearly‘contradicts the fact that As, is bounded and
thus Tremma l.% follows.

We proceed to the proof of Theorem l.l. Since the
A, . are non—empt& and compact it follows that En
is non-empty and compact for éach n = l, Eyeee Thus E
is non-empty and compact and so Lemma l.2 is applicable.
Conslder any finite open covering of E, say gj;,~~)1wn}
such that

$(L.) & 6 < min E sa(&s)lkt) L sFEs Se=\,,K},
3

Then for each J, Ij_can intersect at most one AS. We may
suppose that each Ij has a non-empty intersection with E
since otherwise we could findla subcovering of E with a
smaller contribution to mg(E). For any je:il,...,m} ‘
Let x. € B n Ij and suppose I? is the complemen# of 'I.e

dJ d

Then I? is closed, §x33 is compact and Xj ¢ IX. Thus

J
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there exists a positive nj with

-
. - = N
P(l\) )IJ> 1‘}3 o . .
Since Xj & E there exists a sequence il, 12,..., depending

on Xj, such that

%I\‘g = N A;_;
J =t } i
Choose nj such that Sﬁ,< nj. Then S( ﬁsg-\;n‘) < nj
J ! 3
and, since Xj = A;‘H;w ’ A,\.‘-1 C Ij‘ In particular

3 3

FAYR ,
SRR PRt
3

Ij meets precisely one element of 81 and two eiements of

and A, ; , are both contained in Ij' Since
3

E}>+L* we may define T(J) to be the greatest integer,

<

? s With the property that I. meets precisely one element

dJ
of Sl’ oy Ep. Thus Ij meets at least two elements of
SKH)+L and these must be contained 1in some one element

e L H
of Ty > S&Y Aj' Thus

. :
S(I) = pa(hA ). (1)
We next prove that
m
JAL DE .

: 3

We note that x ¢ & n In(x) and that

o *
*
T T -~/ c U llﬁ
= n L“(’O < ETY(Mxﬂ nL“UQ - ’Xf\tx) R
" %
Thus if x € E then x € k{\fxn and so

" *
NVOAL R R (it)
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From (i) it follows that

$ooryt > il sy
- - P & , (11i)

fi=

and from (i) and the fact that S(In) < ¢ we have
L% ~/
s(an) = e (1)
Using (4), (ii) and (iv) we sec that

2; @(!l 2 P’ (Cl3

A
n=t

and. so

0 . =y —
STyt e g, (E)

Vs

Thus 1t follows from the proof of Lemma 1 2 that
Ve
m,x(\-ﬂ > %'V\/(( £)
and from Lemma 1;2 itself that '
n (E) > B“M;/B(E) .
Hence

m (E) > Ma(E);

Clearly M,(E) > m (E) and so Theorem l.1 is proved.

Definition l. 5.

A system of sets %[)““; i ste= b, Ky A=z, § s said

A2

to belong to 3 or alternatively to possess the separation

property if and only if the hypotheses of Theorem l.1

are satisfied.

For such systems of sets Lemma l.% is applicable.
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We remark here that a set, E, as defined in Theo;em
l.1 is a special case of a Polyadic Discontinuum [6,p.130
and p.154), and hence has the property that every neigh-
bourhood of every point of E contains a non-enumerable
subset of E,

We close this chapter with a reference to a result
which compares the Hausdorff dimension of a set, E, with
the logarithmic capacity of E when N = 1L or 2 and with
the Newtonian capacity of E when N > 2.

The definitions of the logarithmic capacity and the
Newtonian capacity are as given in [8], [11], and the
following theorem is a special case of a result contained

in each of these papers.

Theorem l.2. [8], [11].

(i) Let E be a compact subset of R® and suppose that
d(E) > 0. Then E has positive logarithmic capacity.
(ii) Let E be a compact subset of gl (N > 3) and suppose

that A(E) > 1. Then E has positive Newtonian capacity.
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Chapter 2.

GENERAL CANTOR SETS

The classical Cantor set, which is a special case
of a set derived from a system of sets having the
separation property, admits many generalisations. In
this chepter we shall extend Tsuji's definition of and
study géneral Cantor sets which, loosely speaking, are
sets incorporating some generalisabtions of the classical
Cantor set while retaining a richer structure than those
sets derived from general systems with the separation
propertye.

Definition 2.1. [13, pp.106 - 109].

A set, E, is called a general Cantor set if and

only if E can be expressed as

= =fa\ C) A;\.;n.

A= 4y, T

W - onw= 1\ 1 is a

Viyogta T v, : 3Ly

where {A;‘” .

collection of non-empty,compact ,connected sets satisfying

(a) N sessyly, are mutually disjoint sets,
(b) A > A,

\ Iy [ SR FE N IR

(c) there exists a 'b', 1 > b > 0, such that for s # t,

\D( [_\\‘_,.“Ts A"--in\;\/ >/ \’_) g)(A;\.\"n)

(B 4

and

(d) there exigts an 'a', 1 > a > 0, such that

S A L) o Sb: ).
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Definition 2.2. [12].

A general Cantor set is said to be a spherical

Cantor set if and only if the A, .;  are ultimately all

4

spheres.
The classical Cantor set is clearly a spherical
Cantor set with N = 1, K= 2 and a = b = % .

Definition 2.3%.

Let E be a General Cantor Set as in Definition 2.1.
Then define
« o0
¢ . S
(a) gn. IR ANY i S (a=yv2, ) and E, = k&

(c) Sq: max %5(A)iﬂxégﬂk (n=\2,.. D,
() A= lim 5 giﬁih;:ﬁﬂ} % and

fme U SCAL. )
(e) C = \aim [ 8B »%

N= o L 5(&\“\ )

Unless otherwise stated we sghall always assume that
a general Cantor set, B, is expressed in the notation of
Definitions 2.1 and 2.3.

Remark Ce Io

(a) TFor N = 1 every general Cantor set is a spherical

Cantor set. We shall see later that the case N = 1 is
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essentially different from the cases where N > 2.
(p) Clearly 4 > a > 0, and C < 1. For spherical Cantor
sets we have C < 1-b < 1 but general Cantor sets can
easily be constructed with C = 1.
(c) The conditions (b) and (c¢) of Definition 2.1 are
equivalent to saying that iﬁq‘4p% e X , In particular

it follows that 8n 50 as n > 00 .

Theorem 2.1l

Any General Cantor Set, F, is non-empty compact,

perfect and contains no continuumn.

Proof.

Since E, is non-empty and compact ﬁor gach n it
follows that B is non-empty and compact. Hausdorff's
result on polyadic discontinua, [6,p.l54], implies that
E is perfect and, since Sﬁ%>0 as n—->m, B can contain
no continuumn,

The next two results formalise local and global
characterisations of E Which.are slightly different from
that givep ?n Definition 2.1.

Theoren 2.2.

Let E be a general Cantor set and o a fixed sequence
' ' %
with elements in il,..,K} . Define H = \J £5o-hp'

N \
= »
\( e "‘1

- .
and H = r(\ H. Then (i) H is a general Cantor sef and
——— =

(ii) H=F 2 A, and hence d(E)24(H).
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Proof,
*
Write £§\n; = ZXO”r*n , then the [l\ugn

143

trivially satisfy the conditions of Definition 2.1 and

S0
o2 ® *
¥4 = U £§\.4“
n= i‘..;n:.\
is a general Cantor set.
Further :
a3 (3
Enle = AU’ ° Q\ l%‘)“n:l A‘\\“'(“
o) LS
— I .
= ) k)'~1 AP [3“‘\n
= I‘ lnA
Thus

Theorem 2.3

Let B be a general Cantor set and let 5y 3 oy AO}E

where the Lxgﬁ's are mutually disjoint and where the ] 's

are sequences with elements in 3',...,K}. Deline W= (\\J Aq

T yinst

3

'\

Then (i) H is a general Cantor set,

(ii) H ¢ E and hence a(Z) > d(H) and

(iii) H = B if and only if U'S 2 E .

Proof.

We have to show that H can be decomposed in the
) *
manner of Definition 2.l1l. Write [l*.; = [ch exy

.. a
Pa "\ LIPS
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Then .ﬁsf,...,L\'; are rutually disjoint and since E is a

general Cantor set,

¥ *
Ai o 2 A'\\-'-{nm

Vo e

It remains to verify conditions (c¢) and (d) of Definition

2ela Condition (4d) follows since if = 5'...,3% then
*
6([&{\"“‘\\«»\) = CS(AO:' G?n l)

> CS(A'ﬁE‘...c"-n&\.pj%_\}

Suppose we let
R = max %\o"\)‘_,) \fp\}ﬂ‘

Then Y X
. -K-
SN i) 2 a0 S(AG )
which is (4). Comsider D .is..s, and Diirie

with sy # t1e Then
£ ( ‘[\—\j\‘..-jms\..‘sfp N Aj{":ﬂmtl"'tf\’ P2 S“(\ [XS;"M% Ai;"imt-)
> b 5 (A&\...S‘Q .

Thus writing  Gr..07 =§..{m , Of =%..8g  and  OL = kp..bg

we have
P(Ad‘;‘---d':nﬁ‘:, )Ac:'..uzsznc—\) > b6 (Ac’\c‘)
or

cta S, oela

o(N s, M) 2 b SN L),
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Thus H is a General Cantor Set and clearly HC E, We

now prove (iii). First note thatb

Onhe =U% > W

3:\ R

and so if H = E then U™ D E. Suppose now that U D E,

Let Eil, 12,... } be any sequence with elements in {l,..,K}.
Then

1]

o0
%x;} = ﬂ Ai...( - E
n=\ !
and so x e U®, Thus x € A, for some oy ¢ %GI)“')D}}. If
i

\o5, | = m, then

/-l-i‘...& ) AO} ) 3.1}

™,

and this can only' be so if C’)}\ = il"'im‘ lThus, given any
sequence %11,12,...75 with elements in gl,..,K7g there
exists a G ¢ SLGU...):YF} with o being eq}lal to the first
lo-| terms of the sequence gil,ig,..'. }. Applying this
result to the sequence Eimi*_\ , im““‘y, K we see there

exists a Of with

= 1 y §
O-:;}_— \m'_\"..-. \\»ﬂl E LO-\).“JG‘F} .

Clearly ¢; (n = 1,2,...) can be defined inductively with

SR SGi,..,00 8 end

csj‘ Oyoee = N Vaty e :
Thus o o

fx} = Q{lt\.i“ = Q\ A"S\-Ssn
and S0 x e W,
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It now follows that H = E.
Remark 2.2.

We: introduce two variations on the formation of
general Cantor sets.
Method 1.

Suppose that Ab is & non-empty, compact, connected
set and that Dyseees By, (K > 2), are disjoint subsets of
AO with each ﬂj being geometrically similar to Ay By
a series of transformations (namely a rotatioh, a trans-
lation and a negative magnification) we can construct a
fixed mapping, say FJ(X), of 4 onto &j which preserves
geometric similarity. We define

P BB = A

Thus the configuration consisting of _f_\ll T

"

{\".‘n' ) a“t""'nK
is geometrically similar to the configuration AO; Al,..,AK
and hence we are effectively repeating the original pattern

within itgelf. We note that

SN ) o SB)

A0

‘6(A\H{“) S§CAD
and 4
S)(’[X;t““‘h$)AE\"iV\\"3 = ) (AS)AL'-‘)
YA S(AD
and hence with the definitions
) .
E, = Y ﬁk\“;n

ok E= 0 En
- 0=y
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it is immediate that E 1s a general Cantor set. Finally,
any such configuration A, Al,.;,AK has, in the above
sense, at least one general Cantor set, E, assoclated with
it and it is clearly sufficient to define Ab’ Al’f"AK
in order to establish the existence of one such E. In
these circumstances E is said to be derived from the
pattern ponsisting of Ab,Al,..,AK.

Method Z.
This is derived from the natural notation encountered
in some important examples of general Cantor sets. Suppose

v K+
that we have E = N\ E and BE_ = U a: . ,

ne B o iz e
where iS %kis+l and the A;rjh’s are as defined for general

Cantor sets. We may clearly relabel the Ai'vi to remove
1l ™n

the restriction i £ i and to form a general Cantor

s+1
set in the notation of Definition 2.l. In such cases
we will always rebain the above notation.

The aim of this chapter is to estimate A(E) for a
given general Cantor set, E, and the remaining work will
be devoted to results of this nature. We first state
a result due to Tsuji which gives a crude upperland lower

estimate of the density of a general Cantor set.

Theorem 2.4. [12], [13,pp.106-109].

(i) Let E be a spherical Cantor set. Then mN(E) = 0.

(ii) Let E be a general Cantor set and N = 1 or 2., Then
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E has positive logarithmic capacity.

(#i) Let E be a spherical Cantor set, N > 2, v(E) the

Newtonian capacity of E and akK > 1. Then y(E) > 0.

In this thesis we shall improve Tsuji's result by
extending (i) to show A(E) < N in the cases where E is

a general Cantor set with the Ai being convex sets.

ree i
We shall later prove a much stro%gernresult for spherical
Cantor sets. We shall also show that any general Cantor
set has positive dimension and further that if aK > 1 then
the dimension is greater than 1. Using Theorem l.2 we
then see that (ii) and (iii) of the above Theorem have
also been extended.

It seems probably that mN(E) = O for any general Cantor
set, B, and possibly that d(Z) < N. The truth or falsity
of these :egults has yet to be established.

Theorem 2.5,

Let E be a general Cantor set such that the Ai-~-i
1 n

are ultimately convex sets. Then d(E) < N.

Proof,.
By an application of Theorem 2.2 we may clearly

assumre that Ai 3 is a convex set for all choices of
1T n ‘

il,...’in = l,-c-,K. ThiS We Shall do.
Suppose we have a convex set, A, and a point
X,s X, ¢ A, We define Q(XO,A), the semi-infinite cone

subtended at X, by A, to Dbse
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’;

by - 3"@'}'/0 and z\ 3@_ A ek teat o’ = x‘c ‘\“9(%—30}} .

Consider now for any sequence ¢ = il”'in end any
s,t with s # t and il,..,in,s,t & {l,...,KZ , the sets

Dey O Ay used in the derivation of E. By hypothesis,

oy
L., is non-—empty and so there.exists az & A;rt,' Thus,
by Definition 2.1 (),

p( {2}, Dog) 2 p(Beps Bpg) 2 D E(B ).
We now combine this with the fact that 4, is convex and

deduce that there exists an x € A4y With

p(ixoiy Acrs) = % bg(Agﬂ)‘

By the compactness of Acﬁxthere exists a Yo € ANT’ with

O—yol Z%bé‘(.ﬂs—)o

| x

Define

Qg = Qx,s Beg) o 8%, 7 06 (5,))
and

Qg = QAxgy Bg) n 8x,s & (Ag))

and note that since QS and Q§ are geomebtrically similar

we have
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N

L € I (AL
R (@%) |\ S(AD b
Since x_ & Ay and Ay T A_it follows that
Qv A, . C Q% (ii)
and Q’s C A (iii)

Let y ¢ QS, then

[7=75] £ 19X, 1 + 1 x5, |

in

Ep8(ns) + 5 15(a)
< b8 (AL) -

and so for s # t, Doy Qg = g (iv)
Clearly A, ~ Qg = 4 and combining this with (iii) and

(iv) we have
© .
Do = By = s )

From (ii) and (v) and the disjointness of A, .. , A

) >y o ?

QS we can deduce

mN<A5~) Z m‘\]'<A.:~J) 2 mN<Q ) (vi)

and my(Q7) 2 my(Q)) + my(A 5D, (vii)
Using (i) and (vii) we see that

(HF :

5 Iy(Rg) 2 my(Qg) + my(Lss)

. .
or mg(Q) 2 (ZNPEN) me (Bgs )e (viii)
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Now (vi) and (viii) are true for each s = 1,...,K. On

adding we deduce that

K N . K

‘ b —
m (s _) - 2 mn (4 “)>“""N""N"' p mN(L\G.-)
N d J:l eyl = K(/-I- -b ) J::l .

and this is equivalent to

K .
> mN(AGj ) < & my(a.), for some & < 1.
551 ;

Define a = -—-x28K . 1,
log(K/8)

Since
14

Z ‘:\‘,N(ﬁﬁ—ﬁ ‘»& @ <
3= ﬂ\N([ﬁw)

',_,_\.

we have, by Hblders inequality, . «
& YTV Y Ll Vol TQ Myl Ds O
piToelt LKL wa
~ ) [ N\N(Ac‘)

§7 -W\N(!:\s—> i
i' eG'Kl"CL
= 1l
Thus .
L
2 My ldep) & m, (B
=t
and so « . )
‘ * ¢ A
Z (,\'\N( A‘r*-‘.) S SZ‘ N( J>
hyJ“=l
Define

B = e glhe ) £ € €00 oiveis §
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where 0 < & < b/2. It is easily seen that

) & *

N G IAY

) - e te
N LRERUN \ A

. 3*
is a general Cantor set and that the A% .., 8are convex

sets. Thus with some B < 1 we see, ag before, that
K % -,
. % & *\P

3 my (D) ¢ 2 (A7

L= 4=t

By the definition of Exgn(, we see that EK\V“J

i}

[2Y
contains a sphers of radius & £(£XH~*n)' Thus, for

some constant A,

mN(lY:{:‘..\ ) > Ad (b, W
\ 1

i

and so

Hence we see that
. %
« :

2 ) N
> s (NN e KT 2w () < oo,

T kEL
and, sincé 6n -0 as n-»>0, A&(E) < BN < N. The
previously mentioncd result concerning spherical antor
sets will be proved nearer the end of this chapter.

It was mentioned earlier that a general Cantor set,
B, is derived from a system of sets, 1S s which has the
separation property. Thus we can prove the following

result.

Theorem 2.6

Let E be a general Cantor set. Then in order %o
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compute A(E) and dx(E) We may restrict our consideration

to coverings of B by finite subsets of E .

Proof,
This is a direct application of Theorem l.l.
The implication of Theorem 2.6 is that with respect

to the dimension of E, the covering sets, A‘r s used

to define E give the most efficient covering. It would be
of interest to prove or disprove that this is the case
with respect to the appropriate measure function. We

shall now use Theorem 2.6 to give information relating
&(Akugw).

AT, )
in this approach is the following theorem.

d(E) to the ratios

The fundamental result

Theorem 2. ‘70

Let E be a general Cantor set.

(i) Suppose that a ultimately satisfies

Y E I |
3 ‘3 ‘?E___u‘__z»_é\i > 1 Then a(E) >
; SN i) i . ="

-1

(ii) Suppose that B ultimately satisfies

* 5(&g“u@\§ﬁ ,
2 § (A L) h

;.)‘

Then 4(E) < B .

=
Proof. |
By an application of Theorem 2.2 we may assume thaﬁ
the hypotheses of (i) and (ii) hold for all values of n.
Further by Theorem 2.6 We can rest:ict our consideration

to coverings of E by subsets of gi.
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T » :
Tet 4 = )L/_\.‘ ETARS } be any such covering and we
can clearly assume that the A}E's form a2 mutually disjoint

set. Suppose L)? € é:nj) and let

- 1
p = max j w(L),eeyw(n) §
and
g = min gm:(i),..,m:(n)'({
Then {:
N 1 - < U
%[-\—\ )ty Ah § ej - F_,,::ci, S

and, in perticular, U4 > Ep. We shall prove (i) by a
downward reduction on p-q. There exists Ai,-ui‘; e A '
and thus, by the disjointness of f,, we have AR A PR A
Since U = B, it follows that /-\i\,.»\",.\s ¢ b, (571,.,8) . Now

by hypothesis,
K =
. ok - < . .
Z é(A:‘.. ;P_‘d\ Z G (As\.“\‘v-,) -
"‘:‘\
and sc we may replace A‘r‘cnx'r"') /A“\'“Z?‘—‘K by /Ai"”i‘“’"“

in the covering, @ » to form a new covering, f;, y With

— ‘ ol . K

Yooshy 2 2 8 (1)
We can repeat this proceedure for each remaining Ag\.,:‘pe L
and so construct a new covering, é‘ , satisfying (i) and

such that by

Repeating this process we can derive a covering, elP“‘L N
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with _
c LeE =&
é{)__ CI/ ‘"i\SCl’ o7y C[/
and
..... V4 ok
sy 2 ) sy,
Aézf; "i\efi’g‘.‘c’/
LleCo
TS x5 sy
Ae L. nDe é"":l«-
The hypothesis trivially imply
K
‘ - . o
SOSAY 2 S e 2
Aegq, &égfj,—l \!-‘
and so "
> OS2 Z SN N

DNe ds

SCAY

> O

Since G was any covering subject to ﬁ,C %. we have that
. Thus.

(E) > 0, where M (E) is as defined in Theorem 1l.l.

(E) > 0 and so 4(E) > a,
To prove (ii) we can proceed in an

replacing (i) by
— P
T osmF ¢ 2 8
hred e,
We finally arrive at a coverlng,ﬁp_q,
and S
AcA Ne 'CP-(‘L
Thus L
S ot ¢ F s’
Ac 6 begi
S os(A)

I~

1

{

-

analogous fashion

(i1)
9. :&1—

with éf
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It follows in a similar fashion to above that
MB(E) < oo and therefore mB(E) < oo. Hence A(E) < B
as required. This completes the proof of Theorem 2.7.
We spa;l next give a series of corollaries of
Theorem 2.7,

Corollary l.

Recalling the definition of A given in Definition 2.3

we have

a(e) > Z;%fﬁg{g >0

and hence, in particular, every general Cantor set has

positive Hausdorff dimension.

Proof.

Let

. - log K
a(s) = Igé%%:g)

with A > € » 0, Then by Theorem 2.2 we may assume that

E;_(Ai\.“i(\+‘\, > A _c .
SN D)
In this case |
1< A& (&) (R ﬁd(aé(ﬁ' 'f“@
> s ) > K(R-¢ (AYES

3=
and, by the definition of a(e),

k(a-)*€) = 1,

Thus, by Theorem 2.7, we have
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The result follows since € was any preassigned
positive number satisfying A > &€ > 0.

Corollary 2.

Recalling the definition of C given in Definition 2.3

we have that if such a B as in Theorem 2.7 (ii) exists then

necessarily C < 1 and 4A(E) < 195—5—6 . Conversely, if

- log
C_< 1 then such a B exists and again A(E) < :;§§§Ea .

Proof.

Obviously C < 1 1s a necessary and sufficient con-
dition for such a B to exist, With C < 1 we can apply
the same technique used in the proof of Corollary 1 to
prove the desired result,

Corollary 3.

Define o ; Lo be the unigue, positive solution
of 8 in 8

Then (i) a(E) > lim §<i;”Jn} and
n-—s00

(ii) if ¢ < 1 then 4(E) < Tim EOArwiﬁ} ’
n- 00

where lim {o, .. ! is the g.1.b. of the set of limit
n ~>00 ‘ ‘

points of § ':.(\\..”:“ . Az ‘)7_).. P ‘l)";“(\ < ‘)..)1< }
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and where Iim %A;”w} is similarly defined.
N —300 e

Proof.
iet
o = lim  Jodi.i 8

— H © ['al
n—ao

and suppose that a > & > 0. Then ultimately we have

QL > a -¢ and hence
‘ - " . 13
_€ K - 'Q"‘V\
F s }TT0, 5 {8 S
TT E‘)(A\\..u(\ J: 6(A -,t,\

Hence, by Theorem 2.7, a(E) > ¢ =€ . It follows that
a(e) > a.
Since in (ii) C < 1 it follows that
Tim %o{;\...aﬂ?{ < o0

n->

and so (il) may be proved in an analogous manner to (i).

Corollary 4.

Ai i
Suppose §£7§J;!£A} —_— hj uniformly as n-yoo,
S{BL..in)
|

where xl,..,xK are constants each less than one. Then

d(B) is the unique real positive solution in 6 of

] e _
ll"" L 3K I 3 +7\.K"' l.

In particular, if §(4; .3 ) = A §(bi...i, ) the
same_is true. Further if E(Aip"ini ) = hJS(ﬂﬂ”‘in )
a(m)

for some constant A then K) = 1,
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i.c. a(E) = =308 X
Proof.

Given any € > 0 with O < xj - < hj + & < 1 we

choose n_ such that for all n > n_,

E(Ahw~%§> N \ < €
& (AL ’

Then by an application of Theorem 2.2 we may assume that

, N |
O < \’\i'é < £ \+_

SN i)
Let K oley
Z__ ( >\J‘ E) - "\" )
37
. SN D) LS
‘21 % gg”J:ﬁs } = 1 and
=0 V&AL
€ Ble)
> ’\i &) = A
A

Then a(e) < ai..i < B(e)

and so by Corollary 3, _

ae) £ AE) < B(e)
We note that ale), B(¢) are continuous functions of €
in [0,n) for some positive m and that a(0) = B(0) = ©

where
e

6 Sy
)\l+...+)\'K—l.

Letting ¢ -» O we have
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d(E) = 8 as required.
The remaining statements of this Corollary are trivially
true.

Corollary 5.

Suppose E is a general Cantor set derived from a

pattern as described in Method 1, Remark 2.2. Then d(E)

satisfies

" Al B d\{E\

SE(A) = SCA)
=
Proof.

This follows immediately from Corollary 4 and the

fact that for such sets,
S0y o 8B

& (N i) & (DD
We prove one more Theorem which estimates dA(E) in

( . .

terms of the ratios §L§‘V“"”3 « In this result the
SALLi D

regularity of the ratios is assumed to hold over the range

of possible sequences 1,...\, for a fixed n rather then

over the suffix i ,, over fixed SeqUeNces i,..in «

Theorem 2.8.

Let E be a general Cantor set satisfying

S(DG i ) = gy S(ALG,)  for some sequence ,

- OO
< .
j:\n}n:.) of positive numbers and suppose further that
f

SIAY =+ = 5(AK‘):)\l.Then define fn = 10 g o= g(A'\‘,“}

=1

n

i
-

)



- 37 -
andql(ca) = g.llm IK &, } « We then have
Eges)

1l

(1) 9 (a) = 0 if and only if ma(E)
(31)P (o)

0 and

Q0

[}
il

wif and only if m (E)

‘We note here that in these cases Theorem 2.8 extends
Theorem 2.6 in the sense that Theorem 2.8 implies that in
order to compute 4(E) we need only consider the coverings

gl’ gzy LA ] en,uoc O.f Eo{

Proof.
We first need a lemma,

Temma 2.1,

w2 X n K
Let " = §A) ).,.)Aﬁ} be a covering of ¥ with
¥ 3 . C o e .
AJ. < gmp and the AJ. s being mutually disjoint. Define

p = max %x(l),..,'x(n)} , @ = min f')\:(l),...,'x(n)} and let
=l G+t o A
c;' ,,K &‘1+"):9.-)K -QP }a
o , oc
Then 2SI KTk

“):l
We shall temporarily assume this result and continue

KS‘YL? = mmg <0

with the proof of Theorcm 2.8. By‘Theorem 2¢6 wWe may
restrict consideration to coverings of B by finite sub-
sets of & «» We may clearly take such coverings to be
disjoint and hence Lemma 2.1 is applicable. Thus we see

that | N o . &
T os) sy = Kk

AN Deky
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By definition, given any €& satisfying<§(a) >€ >0
there exists an n, such that for all n 2> ng
no . . ‘
K¢, >’W(“) - &
It follows that for some m > 0 and for any covering
{bl,...,ﬂn % of B satisfying A e & ,_)(A ) £ m we have

J—\
Thus M_(E) >¢(a).

Since Sn is a covering of ¥ we see that in fact, MG(E) = ¢ (a)
and this combined with Theorem l.l proves Theorem 2.8.
It remains to prove Lemma 2.1.

Proof of Lemma 2.l.

We first note that if s > g we can replace the A?'s
contained in gq, ooy 85_1 by the corresponding sets of
gs Whlch they contain and simultaneously decrease the value
of L_é([5 ) « More specifically, if AJ contains
prec1sely K“(J) sets of E we can replace AJ in the

covering, 3 » DYy these K“(J> sets to form a new covering

ﬁ%\. Now clearly, OF ¢ g

- 3 > .
; s=u( 3) and s-p(J) > q. Thus

5,0 o gs=h(J)
K <
bg < 6 s=u(J)

and so
(A } —u(a)
> g(3) g ;
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It follows that

Y sy 2 X sAy

A Ac v

and since we are interested in finding a uniform lower

bound for such coverings we can assume that s = q, This

we do. Define kj to be the number of elements of
%€ ..(¢i=0,1, «.., p-5). By the definition of p we
S+ J
see that . %
f _ . "J
U = EJ.KBJ =
3
Since A« Es+j contains precisely Kp—s~j elements of gp
we have \Zf* >\ K\a_\_-,_.i B} KF.
S :
J’G
§>-S
le€a Z AL K-J = KS. (i)
aTe J
Now p-s oL
o < y
Zosayt = 2 K |
Dhe ™S §=e (ii)

and we have that

Kseg < Kte% (t = 8+1ye0e,D)e
Thus
a s~-(j+s) ,a
63+s zZ K s
= K—Jf/: )

and so, by (ii),
.

p-5 -
Yosy 22 ANKTL

Ae T J-o

(i = 0,1,..,p-8),
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Using (i) we deduce that
S p%
Z 5 ()% 5 K548

D e

which is Lemma 2.1.
We give three examples to illustrate the theory of
general Cantor sets.

Example 2e1.

This is the well known Cantor set. This is of the
type described in Method 1, Remark 2.2. Theorem 2.7,
Corollary 4 yields, as is also well known (e.g. [5]),

log 2
B = ToEs -

Example 2.2

. 1
Suppose we define A = [o0,1], A= [0, 5 ] and
B, = [3/4,1]. Then by Method 1 we can iterate this pattern
and construct a general Cantor set, E, such that

(l)d(E) + (L )d(E)

Writing + = 2~ 0(E)

and solving, we havse
A(E) = 04694 vsns .

Example 2.3%.

This example ;l;ustrates Method 2, Remerk 2.2 and
Theorems 2.3 and 2.7 The notat;on will be that described
in Method 2 with N = 1 and K = 2. Given any hl’,KB’ KB
satisfying A  + A, < 1, (s # t), we define Aj = [j,j+kj]
and A;V”;“ inductively by

8(/,&;‘”;““)‘: >\*n+\ 6(A'\--3,\3 ("5:\:%«-\\
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and

p (B s D) = (=N NS ) G,

Then A(E) is the unique real positive solution in 6 of
o 8 9 6 _
2(hAphz) " + (MA5)7 + (Aphz)™ + (Az1)

We shall prove this for E n él and the result will
follow by symmetry. The method consists of defining a
sequence of coverings,xﬁh, of Er\ﬂl, eqch successive
covering yielding a better approximation to d(E). We

define py = max gkl, 2, } < 1, Py = min ikl,kg, %}

The following lemma is needed.
Lemma 2.2.

Suppose for a general Cantor set, B, we have

(A Cind)
__“ T
O 4133 5(5 ) /&14 i’- Then A < d(E) < u where
A, L satisfy
R “
(1) 2 N =14 and (ii /u
::_\ \3 = ‘3
J 3
Proof.
As in Theorem 2.7, Corollary 3% define T by
. v "
£ N . S
Zié(ﬁ. ‘Q}‘“ = 1
i = A
Then clearly A < @, < 1 and so by Corollary 3,
_ R -

A < A(E) < u.
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Since we are only considering E ~ ﬂl we write

Ao = A . We define sequences T. oW (n=1,2,.)

cin [RERR o

as follows: let tn be the first n terms of the sequence
232%2%4 4 and<Yn the first n terms of the sequence 3232+...

Define coverings,rah (n=1,2y40s), 0f E by

ok * * v * X %
(:3«(\ = %At“ )A—CLK)--,)A“C(}\JAI‘ AG‘.')"‘) AO—‘;‘\\AG“_H§‘

gt ]

It will proved that \J?&ZDEL and that dA(E) can be computed

in terms of these coverings. Consider [l;“; eigmi~ with 21,
! 2.

x v
Then Ch._;r+ = A, L and either there exists a
1T ona 2oy
first s with i1 = 1 or ioseesiin £ l. Since 1j # lj+l
we see that i, # 1 and so in the first case N
1 1
is contained in either Eﬁ: 1 or ﬂﬁ_ . and in the
S5=3 ST
latter case it 1is contained in either Aﬁ. or ﬁﬁ%+\ .
. N4y

Thus

U SE.. SE

TR

We can use the covering to express E in the form given in

Theorem 2.% and since

*
5ﬁ(£§a, S W A 5‘([§H”2ﬂ)

T e 0
it follows that

SN ) = WA, = S(A)

'C\’Cl!

S(0% )

Similarly for other sequences of Tﬁ's and<35‘s and we

see that the kj, “j of Lemma 2.2 can be taken as follows:

n of the xj's can be taken as S(JSrﬁ) (3= 1l,004n), n
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more can be taken as 8(l§g-‘) (3= 1,0.0,n) and the
last two can be taken as mé(A ‘), m-a:S(Ac,n ‘),0\‘

+

i=o. as pg+l, pgfl. Similarly the n:'s can be taken as

N+t DAt !
SO, B(A.QE,\ , P e (=)
Thus, by Lemma 2l2, we have dA(E) = © satisfying
, (ne)®

Z SCA, ) +E S(Ar.) 1P 1w

(=
and a ()€

Z (B‘cJ -\'ZS(AO—‘\ +D‘SD\ > 1 .

35 ' (11)

Since (i) and (ii) are true for n = 1, 2,... it follows

that oo o .
Sa(AY v 2800 =1
= 37 ’ (1ii)
Now , N e
S s(A:) = L8, SEEPITCNPY
J"’ N= 2 =\
6 = ne g & i
=S O N 2 N00)
n=) =0
\e B 8 &
- PN
l--()\ﬁ\s) .
(iv)
Similarly - ' . 6 ® o
o0 g .
Sonot = N DOkt "

V- ~©
J‘\ Y A 1_ s xe,_ )3
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Combining (iii), (iv) and (v) we deduce the required
resulte
So far it has been shown that for a general Cantor
set, B, A(E) is always positive and bounds of d(E) have
SO )

CAALL)

remaining work in this chapter is concerned with invest-

been obtained in terms of the ratios + The

igating the range of values that dA(E) can take. We begin
with a result which is essentially a corollary of Theorem
2464 o
Theorem 2.9

Suppose two general Cantor sets, say E and F, are

derived f:c‘om € = {A;‘“;ﬁ} and & = {A';(..;“ 73

respectively as in Definition 2.l. Then if ultimately

S(A;',_.‘n) > 8(13'-\\“;“ ) we have d(E) > d(F). In particular

if ultimately & (4; ;) = SCM‘-*‘ Y then A(E) = a(F).
| n .

Thus if A:‘,,;n and A';l”;n are ultimately congruent we

have A(E) = 4(F) -and, in this sense, A(E) is independent

of the value of Dbe.
Proof. |

By Theorem 2.6 we need only consider coverings of E
by subsets of 8 for the couputation of 4(E) and coverings
of F by subsets of &' for the’computa‘cio_nl of d(F), Suppose
6(A;‘_,;“ ) 2 (4 .. ) for all n > n,. Then provided

that we consider coverings of B, sayhfx", by subsets of
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o]
&%} @:ﬂ there always exists a corresponding covering
- Ho

of F, say %', with

SOS(AY 2 2 S
he ™ AV

Since we can obviously restrict our considerations to such

ol

coverings of E it follows that if m (E) = O then ma(F) = 0,
i.e. 4(E) > a(F).

If ultimatelyS(A;‘,,‘:n) =5(4Y ,.;, ) then we have
both A(E) > a(F) and &(F) > a(E),
ilees a(E) = a(F).

We shall see that the three classes
(a) Spherical Cantor sets with N = 1,
(b) Spherical Cantor sets with N > 2 and
(¢) The remaining ggneral Cantor setthave essentially
different'structures. The next two theorems emphasisé
this fact. 4
Theorem 2.10.

(i) Tet N =1, 0 < o < 1 and a positive integer Ki >2

be given. Then there exists a general Cantor set, E,

and a constant 'a' with O < a < 1 such that K = Kq»

(o .y Y=ad(s;, ; ) and a(E) = a.
\ Nt veont T -

(ii) Tet N > 2 and let o satisfying O < a < N be given.

Then there exists a general Cantor set, E, and a constant

lal Wlthg(A,._,i ):: ag(ﬁ;‘.'“;“) and d(E):ac
—— \ .

Dy

(iii) The statement (ii) is true if we replace 'general
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Cantor sets' by 'spherical Cantor sets,'

It will become apparent later tha* in (iii) the
value of K will depend on the value of a =ud as o approaches
N, K will tend to infinity. It is not yet blear whether
or ﬁot K is also a function of a in (ii).

To prove (i) we define the constant 'a' by

{
e g
-

a =K,
thus K;a% = 1 and

~ log K .

o = IBE"%‘“ . Since 0 < o < 1 and a < 1

we have KlacL > Kla and so Kla < 1, We can therefore
construct K, disjoint sub-intervals of [0,1] each having
length a. Regarding this as a pattern in the sense of
Method 1, Remark 2.2 and letting E be the derived general

Cantor set we see from Corollary 5, Theorem 2.7 that 4(E)

satisfies

E
Klad( ) = 1,

i.e. d(E) = Qe .
We next prove (ii). Define B = % and note that 0 < B < 1.
Applying (i) with K, = 2 we see there exists a pattern

AO, Al’ A2 yielding a general Cantor set, F, with |
a(F) = B+ Consider the pattern formed in RNEby taking
Bf,e..s 85 to be the 2 distinct sets of the form

A xoox A-,H (ipsessriyg = 1,2) and let
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A::f = [O,l] Xoo.X[O,l]
to N factorse It is clear that

58, = [nm
and
S (ij) = jﬁT a

Qe Supppse the pattern A%,Ai,..,ﬁiﬁ

i

where 5 (4)) =&(4,)
yields a general Cantor set, B. Then, as before, 4A(E)

satisfies [ .
>
2 6(a)
3=

and we have

al® % (LE)

H
|
G
~

log a
= B
= g
N .

Hence
q = ~N log 2
log a

and

(B = N2 4B
which gives, on simplification, d(E) = a. It remains
to prove (iii). We first show how far any € > O there

= ey n

exists a spherical Cantor set, E, with §(A; . _: )=a€i(Ax‘4 )

and 4(E) > N- £. Define A = 5(0,1). There exists a
unique cube of diameter 2, i.e. of sidelg s contalined

JN
in Ab and since for any positive integer K> K
JN(1+K)

< 2
N
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there e~Lst KN disjoint cubes contained in this cube,
2

each having side ———
JN(1+K)

and having its faces parallel

to the cube of diameter 2. In each of these KN smaller

cubes there exists a sphere of diasmeter equal to the

length of a side of the cube, i.e. of diameter =

IN(1+K)

Since the KN cubes are disjoint these KN spheres are dis-
joint and are clearly conbtained in bb' Label the smaller

spheres Al""AkN and regard Ab’ Al,..,ékN as a pattern

yielding a general Cantor set, E. Then,according to

Theoren 2.7, Corollary 4, d(E) is given by

sy - —Los G
log( IN(1+K))
i.0. a(E) = — N log K

log [N + log(1+K)

> N as K = o0.
This proves the above statement. To deduce (iii) from
this we merely note that if we have a pattern consisting
of K spheres of radius r contained in A = S(0,1) and if -
E is a derived general Cantor set,

a(m) = =-e8 X 10 £
- og r
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and so a(E) is a continuous function of r in the interval
of values which r can take. In particular as r—> O,
d(E) —> 0 and so if r, is one allowable value of r, a(e)

can be made to take any value between 0 and EBéQ%—E by
o

a sultable choice of r. This clearly proves (iii) and
completes the proof of Theorem 2.10.
The next result emphaslises the additional structure

on the class of spherical Cantor sets when N > 2.

Theorem 2.11,

For any N > 2 there exists a function fN(K) defined

on 12,3,%,... % with 0 < £,(K) < N such that for any

| spherical Cantor set, E, contained in RN

and with K

related to E as in Definition 2.1, we have

0 < 4(E) < fN(K) < N,

This result is false if N = 1 or if we replace ':ipherical

Cantor sets' by 'yeneral Csntor sets' constructed from

convex sgets, A“,uin .

Proof.

The latter assertions are dealt with first. Theorem
2410 (i) shows that the result is false for N = 1 and the
proof of (ii) of the same theorem shows that general Cantor

sets for which K = 2N

and the A\”“ﬂ are convex sets
‘can have dimension arbitrarily close to N, thus showing

that fN(2N) does not exist. It is easily deduced that
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f(K) does not exist for K > 2N,

Thg gssence of the remaining part of the proof is as
follows, We first prove that we can restrict our con-
siderations to spherical Cantor seﬁs formed with a
pattern as in Method 1, Remark 2.2. For such sets we havé
an explicit representation of the dimension. Since N > 2
we may assume that d(E) > 3/2 else the result is trivial,
We then show that this implies there is an upper bound,

)
say 1-55 (§, > 0), on the ratlosé;~—ls which in turn
(&

implies that there exists a constant &, 6 < 1, with

K
z N([.\ ) < emN(A) Finally we show that this implies
i

the ex1stence of a constant 8' > O such that A(E) < N~-¢' <N.

This proceedure involves four major steps and we first
prove four corresponding lemmas.
Lemma 2.2

Given any spherical Cantor set, B, and any € > 0

there exists a spherical Cantor set, P, formed with a

pattern as in Method 1, Remark 2.2 with a(F) > &(E) - € .
Proof. |

As in Theorem 2.7, Corollary % we have that

dE) = Tim {olxr.a,.\} = o

A\

Now given any € > O there exists a sequence jl ‘o jm with

Ayi 3 A-e€

\ *
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So d. . > d(E) -€. ©Suppose we rsgard Lisr.

$vendony
\
th-dwé S e [xiﬁ'°iw3< as a pattern yielding
a spherical Cantor set, ¥. Then by the definition of

“Am D

d%~w1m end by the known value of a(F) we have d(F)=ciM"$£
Hence d(F) > A(E) - € as required. |
It thus follows that in order to prove Theorem 2.1l
we need only consider spherical Cantor sets derived from
a patternf

Lenma 2..4.

Suppose _that 1 >€>0 and q > 1. Define a(€) to be

the unique, real positive solution in 6 of (l—E)g+g_ﬁ6= 1.

Then lim a(e) = 1.
£ =0

PI'OOfo

e

Since (1—(:)9 + g6 —> 0 as 8 vy,

l-e + g > 1
and since (l-C—)G + q&ie is a continuous funcfion of ©
we see that a(€) elways exists. Purther (l-€)+q& > 1
implies that a(€) > 1.

Write s = é and B(s) = a(%). Then we have

(1 - HFE) 4 o HPe) 2y,

(S—l)B(S) + g = SB(S)

le€os

or q = sB(S) - (s—l)B(S>.

Consider f(x) = x2(8) defined for s-1 < x < s. The mean
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value Theorem is applicable and so there exists an X0t
s-1 < X, < Sy with

£(s) - £(s-1) = {s=(s-1) }. £'(x),
i;e; SB(S) - (s—l)B(S) = B(s)xoﬁ(s)_l ;
Since B(s) > 1 and x, > s-1 we have

SB(S> - (S-l)B(S) > (S-l)B(S?-l

and so q > (s—l)B(s)—l .

It thus follows that
1 <B(s) <1+ I%%gT%:l) for s > 2

which implies B(s) > 1 as s -» 0 or, in terms of & ,
a(e) > 1 as € — 0.
Lemma 2.5.

Suppose that 1 >& > 0. Then there exEists Exs

1 >€&g > 0 such that for any K disjoint spheres of radii

I'ysee9Tg TeSpectively contained in S(0,1), and such that

ry<1-6 (3 = 1.., K) we have

M

™ ;
R

Lo =
13

Proof.
This is by induction on K and is trivial for K = 2.
We assume the result for K = 2,..., m and choose p > O

such that

!\_"em “‘/u'N <1
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Consider now m+l spheres satisfying the hypotheses of

the lemma. Without loss of generality we assume

Ty > T, 2.2 Thel If Tl S M then
r? + ee + rg + rg+l < rg t ews *+ rﬁ + uN
<l-e +pN<1. (i)
Now if r > L then we have

o+l -

0O <p < ry < 1-8 < 1 (§ = lyeeaymtl). (ii)

For such collections of spheres we may regard each col-
lection as representing a point in some Euclidian space
(taking the radii and the coordinates of the centres of
the spheres as the coordinates in the Buclidian space)
and, if we allow the spheres to touch, the set of points
ir the Euclidian space (corresponding to the collections
of spheres satisfying (ii) and the hypotheses of the

M\

lemma) is clearly compact. The function Y. ¥ defined
. .3:‘

on this set is clearly continuous and hence attains its
least upper bound which cannot be one since this would
imply the N-dimensional measure of the m+l spheres equals
that of the sphere 5(0,1). This together with (i) proves
the lemma,

Finally we prove
Lemma 2,6.

Suppose we have 1 > r >0 (j=1,..K), N > 2 and




14

- " .
- &

2:? =lwith32>€>0. Then0<1l- J ri<KEe.

\5:\ \'\:| J

Proof.

Let g(x) = x" . Then, by the Mean Value Theorem,
-
s(1) - g(rj) = (1-ry) € x !

for some x € (r.,1).

J
Thus
’5 6__1 .
1 -r. < . . (i
‘ ry 2 € Ty (i)
Clearly,
1> Z I‘N .
3= dJd
K K
Further, 1 - E: Y - Ef (rN~E - N )
:’.':; J \s:‘ J J .
K
-C
= 2 ¥ (1-r.)
J:‘ J
®
¢ e 2 oM s Dby (1).
— :):\ J
Hence
S N '
- . K .
1 ya rJ L K¢

These lemmas are now combined to yield the proof of
Theorem 2.11l. We have already stated that we need only
consider those sets derived from a pattern and clearly we
can take A as $(0,1). Suppose for such a pattern

Ty 2Ts5 2 eee 2 1 and vy = 1-€ . Then ry < E (J=24+4,4K)

and the dimension of the residual set, B, is given by
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K ‘
Ei r@(E) = 1,

But «
J_Z\ r§(E> < (l-'&)d(E) + (E-1) c 4(E)

and so if © satisfies
(1-6)%(x-1)e® = 1
we have 6 > d(E). By Lemma 2.4 there exists a 50 >0

such that for any & 5‘80 we have © < 3/2 or, in particular,

a(E) < 3/2.
Thus the assumption that
max {rl,‘..,rK} = 1-€ » 1—50
implies d(E) < 3/2. Alternatively the assumption
a(B) > 3/2 implies T3 < 15 (3§ = 1,...,K). Applying

Lemma 2.5 we see that
K

. .
Ir. < l— [)
3= Jd — éK
Write dA(E) = N-m, then
ﬁ% .
N-m
r. = l.
=
We know m > 0 and we may assume further that n < % .
i.e. that d(E) > N - 3.

Then Lemma 2.6 1is applicable and so
<«
K‘F‘> 1l - Z I‘N .
j:\ J

Hence it follows that



- 56 -
‘<,...
K(§-d(E)) > 1 - 2 %

=Y
21 - (-&]
Z.EK'
This implies that
éK

a(E) < N = NS

and this is Theorem 2,11, if we take

i

max {5/2, N - %, N - ;g }
= max‘{N - %, N - %g %.

This chapter is closed with a theorem concernong

(KD

the function dX(E). It has been stated that if E is
closed and x ¢ E then d (E) = 0. We now investigate
a,(E) with x € E.

Theorem 2,12,

There exists a general Cantor set, E, such that

X € B, y¢ E and dx(E) = dy(E) together imply X = y.

Proof.
We shall construct such a set. First, a lemma is

proved.

Lemma 2.7,

For a general Cantor set, E, let x € E and let gin

(=]
be the unique sequence such that {x} = ]

= vt e

Then (E) = 1im A(E A A; ... ).
ok cinfiediuin \ n

‘h‘
=0
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Proof of Lemma 2.7.

Given any € > 0 choose n, such that for all n > n

we have S(Ai"“;n)_<_5n<é.
Then
E n /A;.";h - E n S{xe)
for n > n, and so
lin &(E n A; ., 4 ) < &(E).

0\ =y o

To prove the reverse inequality we note that if £lg“.t
By, €o ond § fpnia ¥ dyaba HHOE
-t
9“52‘...;“) D5 z \DCH
For any n, choose € > 0 such that €< ba® ' . Then
N-
EoS(xe) € En S(x,ba™™)
c e n B,

So
d(EnS(x)e)) & dleEn AL

and thus
dX(E) 5 lim 4(B A A

e vt in s
which proves ILemma 2.7,

_ The construction. for the eet used to prove Theorem
2.12 is now given. We shall také N=1, K= 2 (and so

i, &€ 11,2%) and shall insist that if

AT WY % AU = (o p) and A:\..:n-;_ = [¥,8,)

then @ = a;, B = Bye Define A, = [0,1] and we define

inductively & B;.:)e This is sufficient to define

n )
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the general Cantor set, E. Let

&( ‘..\M\'S(A,.\n( +—‘3—++_‘D._.+s )

Wt oo™

Then '
8(13;\__&\& + 5(!&;‘. ;‘“;,) £ S(A\‘...inﬁ( AR -i"-;m)

¢ S(AL) X “Zs o
A N
< 3 S(A\\.- \n>

and so this construction is possible.

We now note that

\
5(A‘ . ‘nJ > T\E' * o 4 Tg.-{—\
6(A“H \r\)
-—-_‘ »
z Vo (i)
and
o (Do, Bi i) Y T
Y
S(Dipin) o ,
- \I FUENALY 2
‘o\" \on-\-l
[~ .3
2 LT 2
n=y 'O
/ __§-——"
9 (ii)
Now (i) and (ii) imply that E 1s a general Cantor set.
By Theorem 2.2 we can write As Sen Ai‘.k‘n S, -Sm and
consider the general Cantor set, E = E n Biia ? formed

*
by g_As‘.x.sm}. Then if
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we havs

¥ -~ '
6(ASA'SMS) - 9 “"‘é')—' \ R Sm )
e 0 \On+ ‘Of\-»m ‘on-H‘M-\
6 (.D\S‘A..va
Hence

0 < S(A*s‘..smj\ ¢ B, 'll ("i JnB“>

S (A5, 2.) \O n=o
il.e.
*
AN - -
N % n

5(AS‘..|Sm)

Let x € E and suppose {x} = ( Bi iy . Then with
=y

©_ as defined sgbove we have

— g2 s,‘ d(BE D) & ‘:'\i&}‘_ -n
=5, log (O, +16™)

Using Lemma 2.7 we can deduce that

4 (E) = lim T“E‘"“oéoe g
: n

N~
o = log 2
log ©
w »
where © = 2 ‘'nf,o®
: A=\

We have shown that for every x € E there is an

assoclated sequence gin} (in = 1 or 2) such that

Co

ixl = AT

N= \
and that
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- = log 2
dx(E) log @ ?

& . . .
where © = 2 “/io" . This proves Theorem 2.12{
0 Ny ’
Remark 205'

The sets as defined in Method 1, Remark 2.2, the
sets satisfying Theorém 2.7, Corol;ary 4 and the sets
defined in Examples 2.1, 2.2 and 2.3 all have the property
that 4 _(E) = 0 for x ¢ E and d,(E) = a(F) for x € E,
i.8. @X(E) is A(E) times the characteristic function
of E.
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Chapter 3.
GENERALISED CANTOR SETS

In this chapter we shall congider a class of sets
which are in some ways similar to general Cantor sets.
We shall implicitly assume throughout this chapter that
N =1,

Definition 3.1. [1, p.252].

Let iqn} be_a_sequence of real numbers with 0 < g < 1.

A set B {qHE is called a generalised Cantor set if and

only if it can be constructed as follows., TLet B = [0,1]

H__,C . -
and By fa;§ = [0, T T [*x% 1], Suppose B, {ay,.,q,}

o . n :
has been defined for n = 1,...,m and consists of 2~ closed

disjoint intervals of equal langth, say 6no To define

Bl §q1,...,qm+l} we remove from each interval of

{'A i &) 3 4
B 1ql,..o,qm}' a_subinterval of length ¢, g, ,, Placed

symmetrically aboul the mic-point ¢f the interval of

e 7 . / ¢ g
Em iql’°"qm§ > Clearly En 1ql"°°’qn% > En+1 iql"°’%mﬂj

and we_define

E\ic”,n} - h&ng(ﬂ,\)--)%ﬂk

Definition 3.2,

Let B {a,} be a generalised Cantor set., Then define

(a) §=m qnf_la

N2



(b) g=1im qg_ > 0
- Aoee 1~
and finally
l—qn ' ‘
(C) PD.: ) Py ( n=l, 29 -an)e

It is easily seen that ey = PP Pa <‘2p . These sets
ars not always the same as general Centor sets but are
similar in :leny respects.

Theorem 3.1.

A generalised Cantor set, E {qHQ s 1s a perfect

non-snumerable, discrete set.

The proof is trivial and is omitted.

Theorem 3.2. [1, p.253].

Let B {q,} be a generalised Cantor set. Then

(1) m(B) = 11 (1-q)
_a}_)'g‘ O
. A S S
(ll) ‘é:\ :(n 108( Ct»n("~ [{M) ) <

implies that E has positive logsarithmic capacity.

We shall first of all relate generalised Cantor sets
to general Cantor sets and then obtain estimates for
a(E 3q,% ).

Theorem 3%.5.

A generalised Centor set, E {an s LS a general

Cantor set if and only if 0 < g < ¢ < 1, If this is the

case then 0 < 4A(E Eqnl Y < 1.
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Proof.
Suppose the intervals of En {ql,.,,an are labelled
as AR'"Jn (ig = 1,2) in such a way thet A SO

Then

S0 o) = 0o Gen) S(AL Y

AR SR

and

i

p (N D) = g, SIALLLD

and so bthe first part of Theorem %.3 follows. The inequality
0 < A&(E %qn% ) < 1 follows since this always holds for

general Cantor sets when N = 1,

Theorem %.4.

Suppose E 39,7 is a goneralised Cantor set and thai
‘ . _ . n_ a7 .
4 > 0. Define A, = %&E;:%E ¢, 5o ZThen

(i) A, = O if and only if m (B fa {1 ) = O

- - . . : ¢ % -
(11) A = oo if and only if m (B {q 3 ) = .

It follows that in order to compute dA(E Eqnﬁ ) we

need only consider the covsrings, En {ql,.n,qn} , of

= f,

Proof.

It 1s to be noted that g > O is equivalent to the

o

system of sets U B, ql,..,qnl having the sepa;gtion

N=1

propervy of Definition l.3. The proof of Theorem 3.4 is

contained in the proof of Theorem 2.8 where the only



- 64 -

property of general Cantor sets used was the separation
property of iﬂ;r.; }o

N

Theorem %.5.

Let B ig.}

be a generalised Cantor set and suppose
g = 1. Buppose further that &, —> 1 as j->0. Then
3

given a, 0 < o < 1, and E = & Eqng ’

\ s —l—' (\;i)((\;—ﬂj_\) )
?n. Y l\ 2) & ¥ implies d(E) < a
J

Proof.

. ¢ _ ~n,a
We define [En] = 27¢,

N,
o
Then [E,. ] = 274,
3 J
0. &
= 2 (pfas Po)
Thus _ o
Leq | ) ( . Y’{
B R = PW C e PR 3
- Y : 3 i
\L.t'f‘i ]
and, since b, = \:%n < %i we have
- o ‘ (0, -0, -
Y.\Z‘\'“_‘] < ((\S&-\ »‘nJ'} =% (..‘_..) (QM—\ ﬂJ \)
I B S Pa. o
EEm.1 3\
J
> 2o (=N =N
= ?ﬁ' B )
I

Suppose now that

% o r(\-ﬂot)(f\iﬂ-ﬂﬁ'
Pﬂ -D\‘ (’l )

/
.}-’-}‘



< tE« ]7= 0(1) as j = o0

and hence, in these cases; m, (B) < w.
This is clearly equivalent to
: ~(~\";$) (“3 - “j-\

QQQ‘J <

which is Theorem 3%.5.

v

implies dA(E) < a

Corollary 1l:

4

Suppose ?“FJ”UA = O as j = o, then a(E) = 0.
' 3

Corollary 2

Suppose Dyl = 0 < M for some constant, M. Then

a(E) = 0.

Corollary %.

Suppose a4, » 1 as n -5 . Then d(E) = 0,

Proofs of Corollaries.

Corollary 1 follows directly from the theorem by
noting that for any a > 0, 4(E) < a.
Corollary 2 follows from Corollary 1 by observing

that

-—> 0 as j—= 0.
Corollary 3 follows directly from Corollary 2 by
taking nj = Je
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It is to be expected that if @ = 1 i.e. if the gaps
between the intervals of En aql,..,gnx are fairly

large, then A(E) will be small. Theorem 3.5 relates the

size of A(E) to the density of %qn gtwhere 9, . —» 1 as
J J

=0 . We shall see later that it is possible for g = 1
and 4A(E) > 0.
Theorem %.6.

Suppose E fqng = E is a generalised Cantor sct

with @ > O. Then d(E) < 1.
Proof.
Since 9 > 0 we can find an = > 0 and an nO such

that

/,

e - S
L——j’“ ¢ - __ﬂc‘k - & =D < 2, (nzn,).
2 Y :

Consider A to be an interval of Enoiql,..,qno§ « Then

in a naturel manner we can regard E n A as a generalised

% . 3 .
Cantor set, say E }qn %, with q = . Now if ¢

qn+n
O

is the length of the intervals at the n~th stage of the
. * ! *
derivation of E {q* | we have &y < e"f) . Choose B < 1 such

that 6F < %. Then

N i (b
A Q%' L g- E)PQ:

B

or

n %% <\kG

&&“ é(&@ﬁ)oh—é 0 as n-——’oo‘o



Thus

and so
d(E) < B < 1.
We end this chapter with four examples.

Example 3.1.

Suppose q, = 1 - % + Then qn-%>l as n- o and so,

by Theorem 3.5, Corollary &4, d(E)'= O. However,

OO

ST A o ¥ Voo
27 \u3<<1,n.(\—q.,)§ =2 Rlegll) <

N=\ D=0
and so, by Theorem %.2, E has positive logarithmic capacity.

Example 3.2.

Suppose ) 2. Then B is a general Cantor set and
_ "X_SQ‘
dHE‘> —\1;3 (l‘ 72)
— — \oq ™ I
= == =
\O% }\}

Example %,3.
 Suppose Q, = J: . Then by Theorem 3.2
U
m(e) = 1 (L-n>) >0
. =\
and so dA(E) = 1. We finally give an example to show that

d =1, g >0 is not sufficient for A(E) to be zero.
Example 3.4

1 m _ 2
5 for n £ 2% and g, =1-%

]

Suppose q,

Then q = 1, g = and so by Theorem 3.4, A(E) can be

rol+
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computed in terms of Oy

Let [E,]% = 2% and take ny = 23,
: N ‘
Then [En_]a‘ = L QO,:.

d J

0\\ %

= 9\ (‘31' Pn\,}
PN A I D) «

"y 3

= -’l J (L\-> { \30]' . P"\J-B
A —an-i) i _eu

= 3 ‘)’ & J —ﬂ_}‘\ A}

) gﬁj' iflgﬂxﬂ) (QT&)HQ+”+J
“ '1"{(“‘,"3) —ol 35+

= 1 J . ‘D\ ‘ t& e
%y

11

here 8.
whe i

nj - 2a(nj—j) - A J(l\‘H\

= 29(1-20) + a}(2 - iﬂ%ll)

= 2J(1-20) + %% (& = (3+1))

= 23(1—2a) - % aj(j—B) and so

8. -5 -00 as j > foro_g'a._g_%

and

ol =

Gj—>+oo as j oo for a >

suppose now that n = o k, k < of,
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Then [B,]% = 2%Cp,.. )"
R % . 2 *
S T,
_ @ kLl
= [Enm] 0 2 4a<k e
So [En]a = 2¢(m,k) where

;i)(m,k) = k(1-2a) + 2%(1-20) - 3 am(m-1) .

Thus §(m,k) = (2™k)(1-2a) - 5 an(m-1).
It follows that
lim %2%%%0 iflya>3
N

and.

I
+
8
e
y

Nl
v
Q
v
e

1 .
2 o
It would be of interest to have more information

Thus A(E) =

ot
concerning the case ¢ = 0 as in this case \U EEHSC%,HfLwE

[ Pl

does not posses the separation property. Clearly z;qn X 00
) =

is a necessary and sufficient condition for ml(E) >0
and one could ask for a necessary and sufficient'condition
for d(E) = 1.

Finally, this whole chapter can be extended to a
"Generalised Cantor Set"  in which E gql,..,qn§ contains
K" closed intervals instead of 2" closed intervals with
K > 2. |
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Chapter 4.
PROPERLY DISCONTINUOUS GROUPRS

This chapter contains no new results and merely
lists definitions and results for laper use. All of
these results are to be found in [3]. In this chapter
we shall implicitly assume that the underlying space

is the extended complex plane and hence N = 2,

Theorem 4.1, [3, pel2].

The successive performance of two inversions in any

two circles 1s equivalent to a bilinear transformation.

It is well known that the set of all bilinear trans-
formations forms a group. The rest of this chapter will be
devoted to a discussion of certain subgroups of bilinear
transformation.

Definition 4.1l. [3, p.37].

Given a group, G, of bilinear transformations we

say two points Z1s Zp 8IE congruent under G if and only

if there exists a g€ G, g # 1, with g(zy) = z,.

We notice that with this definition a point is not
congruent to itself,unless it is a Fixed pownt of qeC, g1

Definition 4.2. [3, p.35].

Let G be a group of bilinear transformation., Then

G is called properly discontinuous if and only if there

exists a point Z, and an open neighbourhood, S, of Z,
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such that for every g ¢ & (g # 1) we have g(zo}¢. Se

In the remaining part of this chapter G will always
denote a properly discontinuous group. In all the
examples we shall meet we have Z, = OO and so we spall
henceforth assume thatlfor any such group, Z, = @

Definition 4.3. [3, p«37].

A domain no two of whose points are congruent unier

G and such that the neighbourhood of any point on the

boundary contains points congruent to points in the

given domain is called a Fundamental region of the

group, Go
Definition 4.4. [3, p.25].

az+b
cz+d

Let T(z) = € G (éd—bc = 1). Since z, = 00

either T(z) = z or ¢ # 0. Suppose T(z) # z, then the

isometric circle of T(z) is defined to be |cz+d| = 1.

Definition 4.5. [3, p.42].

Let 9 be the set of centres cof the isometric circles

of elements of G Then the derived set of 9 is defined

to be the set of limit points of G,

az+b
cz+d

¢ # 0, then T-l(aa) = -d/c and so the centre of the

We note that if T(z) =

€ G with ad-be = 1,

isometric circle of T(z) is T_l(aa). Thus the set of

limit points of G is the derived set of {g(a;); g e G‘go

The following is a list of results characterising
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some of the properties of a properly discontinuous
group.

Theorem 4.2. [3, pedl]

The elements of a group, G, are enumergble.

Theorem 4.3. [3, P«39]

The images of a fundamental region by two distinct

elements of G are disjoint.

Theorem 4.4. [3, Dei4]

Let D denote the domain exterior to all isometric

circles of elements of Ge Then D is a fundamental region

for G and D and domains congrusnt to D form a set of

regions which extend into every neighbourhood of every

point of the plane.

Theorem 4.5. [3, p.42]

In any neighbourhood of any limit point, P, of G

there 18 an infinite number of distinct points congruent

t0 any point of the plane with at most the exception of

P itself and one other point.

Theorem 4.6. [3, p.43]

The set, 3, of limit points of G is invariant under

any element of the group, i.e. for any g € G, g(8) = 8.

Theorem 4.7. [3, p.43]

If the set of limif points of G contains more than

two points then it is a perfect setb.

Finally, we have the following
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Theorem 4.8. [3, ps43]

Suppose a closed set, B, contailns more than onc

point and is invariant under each of the elements of G.

Then S contains the limit points of G.

———— T, o
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Chapter 5.
THE INVERSION GROUP

In this chapter we shall discuss the properties of
a group generated‘by inversions in RN and show that this
is an example which yields a goeneral Cantor set and is,
for N = 2, a properly discontinuous group.

Let QF be a system of K+l (K > 2) disjoint closed
spheres, say Qj = S(aj,rj), and let Il(X),...,IK+l(x)
be inversions with respect to the boundaries of Qq,e.,Qp, 4
respectively. Let G be the group of transformations
generated by Il(x),...,IK+l(X). The group G and the
systen QEE will be the objects of our discussion and the
above notation will be kept standard throughout this
chapter. Unless explicitly stated to the contrary all
sequences il..in in this chapter will be assumed to
satisfy the condition ig # i, (8= 1,0e5n = 1).

Definition 5.1.

In the above notation we define

(2) Ai\"{n.\-\ = 11,"'I{n(Q.‘ﬁ+\) (“313) AQ‘ = QQ b

®» B = U ‘Ai..e 2nd
(c) E =0 E,.

We shall call E the singular or residual set of
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the group G and E is said to be derived from the system
QX. Any residual set E will automatically be assumed
to have the above decomposition with the above notation.

There are essentially three major sections in this
chapter. The first is to relate B to general Cantor
sets, the second to relate G to properly discontinuous
groups and the third is to relate QF and E to the theory
of harmonic functions. We proceed with the first section.
Lemma 5.1.

In the above notation the A \
v

i, 2re disjoint

spheres such that o, > 4,. > ... REVACI,
" \ AN . ey

Thus ElDEgi).-. DEnD sea > E.

S

_\_\'\\)f:‘r'\'n'\a -

R A‘
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By a well known result the 4 |

\

are spheres.

Now
A i\. Clayy T I\‘\. , H_\zir\(Q‘\‘,\‘v\‘)and I
Thus Qi lies outside Q;p and hence
n+1 ‘
1\“(®.\“+\3 < Q‘é\n
Hence

B = Lo Tolan ) o LT @) =0

VoW
Lemma 5,1 now follows.
We see that this notation is precisely that des-
cribed in Method 2, Remark 2.2.

Definition 5.2,

Let B be the residual set of a group G. Then define

(a) Sﬂ = Mmax %SUA‘MD R N AT ;“"*‘}E,
(b) de. = lag-ae) (=8,
T 2 )
\ = MUK (-_L3—~ > < i
(c) n AN S and
(a) /l;\...‘h = g(“:\,.;m\"\\,;hB .

Lemma 5.2.

Let S(a,r), S(b,R) be two disjoint apheres and

sunrose S(a,r) is inverted with ruspect to the boundary
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of 8(b,R) to form 3(a',r'). Then

2
t iy P\

o= TR
(la-b\* ~r%)

FPurther if x, ¥ € 8(a,r) and x', y' are the inverse

—— e Sty s i

ghen

2.
(\_%_:Ei:;f f 5o lx-yl s (L__E::>
=N i

The proof of this lemna is omitted.
Lemma 5.3.

Let 8n be as in Definition 5.2 (a). Then

om = WS

is convergent.

™8

&

]

and in particular

n

s

Proof.

Using Lemma 5.2 with S(a,r) = A;Lw_;n and S(b,R) = Q1

~we have
T r .
U= b turi (1)
- -
(loh—a.ix ' \ —-\"‘Z 'n\
Now 1
% b
\C\;‘, C\‘\'}"’ﬂ\ - Yk\l \(\ >/ (\(\\"Q\\L' \“\ Y—\2- \n>
/ e
2 \Cl\\’\ T\l)
and so by (1)
e
T Z ) O
\/‘\"‘n =~ ot e & \"‘-Q—i \
[
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Since e = Amon {ﬁv ..} we have that

5. ¢ h St
and so Lemma 5.% is proved.
Corollary.
For any residual set E, dA(E) < :T%§EHK

Proof.
E ., consists of a covering of E by (K+1)Kn spheres
of diameter at most hn5l. Hence ma(E) < o providing
(K+1)Sl“(Kh“)n = 0(l) as n S
and so the result follows.

Theorem 5.1.

Let E(j) be that subset of E contzined in Qj’ Then

E(j) is a spherical Cantor set for j = l,...,K+1l.

Proof.

With the notation as introduced in Remark 2.2 we
will show that the given representation of E satisfies
Definition 2.1 and Definition 2.2, All the required
conditions have been established or are trivial with the
exceptions of Definition 2.1 (c¢) and (d). We first
prove (d).

For convenience, we define

C( ) = Y .
o ‘l)":‘m-\) - S (A‘\‘. D ’ <l>

Then, rewriting (i) of Lemma 5.3, we have



and

v = V5 V\l._ e

N
- . = 1‘ — . 0
YO -G, ) Vit am

Combining these equations and using (i) we see that’

- - ~
re

: Y las-og, s V=T
Es(\)'ﬂﬁ+n = &(\Hw\n*A e e LL:\N (i1)

A oo R 2
\'\\l C\\l_"\ﬂ—\'\\ —-‘—i

PREEARISN

Now from geometrical considerations we have

O < \<x‘-oakh\n\—-ﬂl‘\“ < \o-ay oV an

< . N e N
- \O\‘\_—O\\?_"\ \—\r \‘.l.'\\'\
and. thus
‘ 3 2z s
R . , . . < oo A —_— -\ H
(\ \O\\\"‘ 0‘\2‘.--\“\ "“-\)‘. \(\ ) \ q\\ \\2_” \n*\\ \)-\ . \“.\,\

-

¢ (hanman b= T

»

Combining this with (il) and cancelling we have

B o _ (iii)
\C\'.\—Q\,_.-'\,\ \ - \;L"“V\, 7 9(-‘\“\\‘\__'\1? ' \'C\‘\'C\‘z ‘\n\ '\'v\x n :

-~
O e I C Y O T e S U RN ST

Now



Vg —aq, VT A P I
Lo - o\ = S Loi-ai i \ =T, in
£ A _;J:_Sii‘:L _
(digy =5 ) » O
Define

PR (o T

Then with this definition, (iii) and (iv) wes have

-4

<L-*, 15“;} . @(“”}W“\ ¢ 1 = 25n4°

Y S0, inn) P
Write
Y(n) = (1 = %é? (1 + %2} (L o+ zéin 3

and we have
-

Bl M WO-DE & B D € Blinin) \sg\“ﬂ,))(v).

By Lemma 5.3 it follows that ¥(n) < V¥ where

<D

Y= T (v + 22
a= . P

is convergent. We see immediately from Lemma 5.2 and (1)

that

Vl
O = e 's .




- 81 -

Define
O = max SlsE)
! St
- e ‘-'\\“\ﬂ e (S'h\ -
631 Sk

Then, by (i) we see that

-\ é (A \ ‘r .H)
< O < R AR
© 2 S (D )

I

\\'Y e, (vi)

and so Definition 2.1 (d) is satisfied if we take the
constant 'a' to have the value ngnl, We next show
that Definition 2.1 (c¢) is satisfied.

For any s # &, let x & Biins o ¥ €00 (¢

and consider the inversion of A;L..;h in A oo Supnnea

x', y' are the images under this inversion and so

xte D, , 7' oe L ge o By the second part
\ 2y o
of Lemma 5.2 with A .\ = S(a,r) and S(b,R) = A [, we
have o
T .
‘ ) o (vii)
(lai-a5, . iql+ T i, )
and
Shi ) ¢ o(hi i) V‘
o T p 2 (viii)
( \O\l“’(j\\l. ‘ﬁ\ r >

From (vii) and (viii) we deduce
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- l
p(Ac‘uins)Al\uint) S j’(ﬂ;r.ins,b;x.;nk) %\Qi\—&al..‘\“\—ﬁr.in}
SCA ) (ALY U

-c‘l
lz- n

and so
f(A;‘._‘\hs) A;‘a~;ﬁt> 2' WG(A‘.,_“}(\%)A;Q.";"t) j—

SCAL i SN, in) (1‘+7£§”7'

This yields

p (Diigs, Bipige) 5 \P*l win § 9Bs, Bye) >0
6(-A;‘-- ‘v\> Sk .’» SLAJ)

Thus if we take 'b' as
w"l AR >l f(!-\’ds)&dt3§
S*xk SCh)

we see that Definition 2.1 (c¢) is satisfied and hence

Theorem 5.1 is proved.,
For convenience we collect together the definitions

contained in the above proof.

(a) ?:= min (dst - rs)s

S¥E
B oo 2
(c) o7 = mex §£§§Q and
S+t S(Ay)

(a) 6, = min S(Dsy) ,
Sk S(As)
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Theorem 5.2,

Let B be the residual set derived from a system

gf. Then

log K - __log K
Tog(v/5,y < 4B <

0 ()
log (55—
=N

The proof follows directly from (vi) contained in
the.proof of Theorem 5.1 and Corollaries 1 and 2 of Theorenm
2674 o
Theorem 5.3,

There exists an A(K) < N defined on 3245,...'§ such

that for any residual set E derived from a system with

K+1 spheres, we have

0 < A&(B) < A(K) < N;

Proof.
. This follows directly from Theorem 5.1 and Theorem
2.11.
It is of interest to know more gbout the function -
A(KX) and in particular to know £.u.b. {A(K) 1 K = 2,5,...} o
Tt will be shown later that this is at least N/2 but it
is still an open qgestion whether or not it is greatsr
than N/2 or even N.
The next result gives an upper bound for 4A(E) and

takes into account the geometrical positioning of the

Spheres Q,lgoo’QK_i_l .
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Theorem Sk,

For any system, QK, and residual set, B, let

KR 0 2L
g = & ()

=veEe \Qy”

and

Pla) = max{qle,b): =1, %1

Then 4(E) < a if ®(a) < 1.
=aen feirQ L

PI'OOfo

Throughout this proof we shall use the symbol }:y

KA
to stand for

. i‘.,;n.:\ (;S‘:\-"\S*_’)
By Lemma 5.2 we have

SO = S(hi.i) N

px 2
10 ~Qi,ial ~ Tda

¢ S oo |

(s, -Ti )

Thus ' - Kt
IR :2“_\§Z S(0

(*‘Q

K+

S=|
(FiD

%zr 6(Aa ey

>°‘}

-

szfﬁfﬂm%mﬁg

52t (dis -1 )2

()



- 85 -

% K+l Ts 2
é Z(\-\ { 5(A;\“{r\-n3d SZ_—.; (C\.“s -§ ) g

() i

¢ 5 180 gt
% ok
&' C?(d) Z‘\-\ S(A“\"“(\—\B

. ; ALl
rhus ZTSCA;V.\,\\* = O(%o) as  N—> e

and since the suuﬂZi is taken over the components of ﬁn we
see that ifQ(a) < 1 we have m@(E) < o,
i.e. 1f @ (a) < 1 then dA(E) < a.

It 1s easily seen that q>(a) is a decreasing function
of o and that there exists a B with P(B) = 1. Suppose
a > B, then q>(a) < 1 and so &(E) < a. it follows that
a(E) < B and hence that Q(A(E)) > P(p),

lees that<?(d(E)) > 1.

We have so far shown that any residual set, T, is
a spherical Cantor set .and hence has positive Hausdorff
dimension and have obtained an upper bound for d(E) in
terms of the geometrical configuration of Ql"”QK+l‘
Until further notice we shall ilmplicitly assume that

Ty = e.. =Ty 4 =1, (clearly the cases ry = «vu = Ip =T

can be treated similarly) and we define e = min 4 " and
S¥e S

f = max ds Then the definitions preceeding Thoorem 5.2

t.
become
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(a)’ = e-1,

D N5
N R =Rk

L

(c)' 8, = % maXS(ASt) = et_4 and

l !
(d.)' o = .

2 gRl

Further we have
(e)' h = (E_—l_-i-)g and
(£)' 6n+1 < (—‘:'L"")Cn (n=0,1,25000)0
Thus =0

’\\) < \’ \ (i ‘*’é”f‘i‘m—x)

For convenience we now rewrite two theorems.

Theorem 5,24.

Let E be a residual set derived from a system Q}E. Then

a

\03 K ~ \mg K
O < ) < dB) & o
\D:)L(r l)(\ ((.* . )d\-\ \osi(L -1)0_\- (lﬁ'(e >2n l) j,

Theorem 5.4A.

For any system QE and any residual set E let

K4t ‘ 4
— 2oL’
YD = L, D)

and

C?(OO - Max i(_‘)(ol)l\)...) CQ(P()K*"U} .
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Then if @(a) < 1 we have d(E) < a.
Gorollary.

Under the hypotheses of Theorem 5.4A we have

Proof.,

s e

Suppose that a = ExiéégfngT o Then for any
e § L, oo, KLY

O
o
g

i

e

A

K(e-1)"2%

=1
Thus ? (a) = 1 and so 4A(E) < a.

We next weaken Theorem 5.2A slightly so as to obtain
bounds of A(E) which are much more convenient for a later
use. Exanmples to illustrate these bounds will then be
given.

For x > O we have x > log (1+x) and. hence

e l il b
T Ty = ) i Q'D D - al
\33 P.-‘:\l ! (e B (\Z:_l (&
~ 1 7
2 Ye-1) i
< 2led ey (1- ) )
< Ale-1)
> (e-3)
< 2

?)
o
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Thus, from Theorem 5.24; we have
|2 K < dlE)g . ‘wf
O S g () log (-0 ~( )

E-2

Theorem 5.5,

Suppose we consider K < N and let Qiseee,Qp, ; b

situated at the vertices of a regular polyhedron, il.&.

such that for all s,t (s # %), laj, - a,| = e, Then for
large values of e, A(E) is approximetely tog K and
log (e?—l)
th s . 100 '
the percentage error is at most (6=3YTos(5=17 °
Froof.
We first note that
L . AE) leylend) 1
- " el < ) ) N -
1 +~( — | log K A- lif——J§~——~ 1
_(e-—z)(_gg(el,l) ) e~7.)\g3(e*-‘t_) J
and so
- D~
{— 2 e ek < L~
(e-2) \03(61‘().

Then if P is the percentage error,

P 100 \d(E) - log K_ \

= e D X
a(E) log(e®-1)
= 100 { 1 - —tog K %
A(E)log(e?®-1)
< X00 - 2
(e-2)log(e®=1)

100

il(€:§jisérgzij as required.
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102, Then the percentage error,

Thus suppose € =
« 100
P 2 700 Tog I0T
¢ 1 _ 1
- lOg lOO 4.6052 o e o 8

ice. P < qgge < 0.217591...
and so P < 0.2174,

We note that P is independent of ¥ and can be made
less than any preassigned positive constant by a suitably
large choice of e,

Example 5.1.
Suppose we have Ql""’Q4 placed so that their

centres are the wvertices of a regular tetrahedron of side

202, Then
Rt c LAE |
\03 (Qi)\{aﬂs) -+ “é‘o \03 S {0%(10\\&03 oo
or
1 L ABY o u
0.1 log 3 10- 0%

Thus we have

. ¢ 1. 1R
1.0986 4 dLE) & L0987
10. ba7 0. LObL

which gives

0.10%2 < d(E) < 0.1037,
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Example 5.¢2.

Suppose Tthe centres of Ql""’QN+l are at the
vertices of a regular polyhedron in RN of side e such
that K = N = e®-1, Then

log K 1
log(e®-1)

and so d(L) is approximately l. The percentage error

involved in taking A(E) = 1 is at most (e-z)lig%e-l) .

In terms of the number of spheres in QE i.ee K+1 = k, we

have the percentage error is at most 100 —
( {&x-2)log( 1 k-1)
which for large k is approximately —=00 .
YE log k

Theorem 5.6,

Suppose we are given a system QEE of K+1 spheres and

we allow the geometrical configuration to vary subject

only to K being constant and £ = 0(e) as € > . Then

a(E) ~ El%%égg as e 2w .

Since f = 0(e) as ¢ » © we have
log (f?-1) ~ 2 1log e as e-% @
and ‘

log (e®-1) ~ 2 log e as e—» 0

Farther
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\oq K \ \63 K
- < dE)ye -
\03(3}1"3 ‘\-(El——‘z.) S © \Q"iﬁel_l) = (E—):?z)

and hence the result follows.

The corollary of Theorem 5.4A gives

log X

and thus in some sense Theorem 5.4A and hence Theoren
5.4 1s hest possible.

We stat? now that we no lopger require all the
radii of Ql""QK+1 to be equal. It has already been
shown that for any residual set B, 0 < d(E) < N and we
now proceed to investigate the range of values d(E) can
take.

Theorem 5.7.

(i) Given any 6 > O there exists a residual set, E,

with 0 < dA(E) < 6.

(ii) Given any 8 < N/2 there exists a residual set, E,

with d(E) > @.

Proof.
Theorem 5.6 ylelds

log K

a(E) ~ 2 log e

as e -%

and Theorem 5.2 states that A(E) > 0. Thus (i) follows
trivially.
To prove (ii) we recall from the implications of

Theorem 5.2A that if r, = = 1 then

l . e = rK+l



a(E) > leg®
h \cg(Q%JD x{(Z,)
Thus
W ey @
Let Qﬁ nsisy of (m WBN qpheres with their centres

placed at the points (eJl,Ong,enN) where Oygesesy € EO 1,4“}

Then

K+ (m+l‘)N
and

2 = N . mPe® ,

iy
Thus, for the systcm Q, we have

tog § (me) -1
(:%) + \05(M \’\’\1(32:)

-

A (8)

Log § (e = L
.2\.03 AN \03@\169 *@::2\)

— N (e M-

— [N

'-J‘\
Theorém_'l?c? (ii) now follows.
With reference to the remark after Theorem 5.7% we
have shown that A(X) is at least N/2. If, in fact,
A(K) = N/2 it would be of considerable interest to ascervain

whether or not there exists a residusl set B with dA(E) =

ol
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Theorem 5.8.

For a systen Q" let K = N. Then we have a(E)<N-1.

Proof.
Tet the N+1 spheres be given by

. L W ey S - 3 L =0
w\) X, 4.--\-‘?.:”—,,1..&[“.;_‘ .. &QNXN A b

so that Qj has centre (ai,o.,,aﬁ). The proof is in two

cases according to the vanishing or non-vanishing of

§ N i
b o -oa L
PR
QN"“ T Nl T

It is well known bhab the vanishing of thie determinant
is equivalent to the centres of Qj lying on some hyper-

plane, .

R J \
- = V= PR
S oo e e By R T O EL Y,

Alternatively the non-vanishing of A is easily seen to

be equivalent to saying that there exists a sphere,

82, orthogonal to each an Denote by 5™ either Sl or

82 (whichever is appro:riate) and notice that g” is
invariant under each of the inversions‘IJXJ,--;1K+§X3. It
will be shown later that any non-empty closed set which

is invariant under Il(x)1‘°“)IK+1(X) must automatically

contain E from which it follows that

a(®E) < N-1.
Wded
Further since E < L“ Qj we have
i= ‘

mN__l(E) < 0 .
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We prove one more theorem in this section before
investigating the case X = w.

Theorem 5.9.

Given any B > N/2 there exists an e(B) > 2 such

. ¥, iy B B B
that if Q@ is any system fgr which Ty = eee = Ty g = 1
and e > e(B8) then d(E) < B. We note that e(B) is indepen-

dent of K.
Proof.
We need a lemma.

TLemma 5.4,

Let spheres Qj = S(aj,r) (j = 0,.0,n) be d;gjoint

and such that dp = \ao-ap\ ig increasing with p. Then
- I
for all n > 4N, we have dn > (1+ % n™)r.

Proof.

For some constant, vy, we have

u@) Zm(QB

= 'Y'(n+l)rNo

Now S(ao,dn) contains all of the points Byseeesdy and S0
N
mN(S(aO,dn+r)) > y(n+)r

i.e. (dn+r)N> (n+1)rN
> nrt
i

and hence d_ > (nN ~1)r.

Now if n > 1Y we nave



and so N "
nN -1 > % noo+ 1,
from which the lemma follows. o
Returning to the proof of Tbeorep 5¢%. let
Q? = S(aj, 1+ % e).
Recalling that Qj = S(aj,l) we see that {Q? } is a disjoint

(apart from possibly touching) collection of spheres

each with radii r = 1 + % e. Thus, by Lemma 5.4, we have
for 8 > N and n > AN,
2 - ™ (e w]
dsvl—) & (de, -21)T T/ 7
= St~ A N (-1>
.S-" (:\7&7 Sz ) ¢ = L \(lv_s +
N haid L

(e~ $=)
< o <._L_L 3% S-ZT\[?
AN (e-ﬂ>2% l%*? &2

°o (A
N ST\ W
Since B > =3 4_(5 } is convergent and is clearly
S=s

independent of e. Thus for any n we may write



———— Il

0

< A r

zﬂ‘(%%o\, I S (&yyp whers A is a function of
B and N only.

Choose an e(B) such that

(o(B) - 1)28 > 4.

Then if e > e(B) we have

< lLF<L
é“w¢a<d* )

and so by Theorem 5.4A, d(E) < B as required.

We ndw discuss the case K = . Clearly E can be
defined in a similar manner to Definition 5.1 although
in this case we cannot prove that E is a general Cantor
set. We rgstrict ourselves to the céses where
= +.o = 1 and where d__ > ¢ > 2 for s Z t. We
denote suph a system of spheres by Qi)

Theorem 5.10.

Let E be the residual set derived from a system Qi).

Then, with the usual notation,

§— A
A(E) < o if max NS T S
) ~-\2' &= \(_5\~K:)<()\5h.l3 h :L

Proof.
The proof follows exactly as in the proof of Thsorem
5.4 with infinite summations replacing the finite summations.

Theorem 5. 11,

Let E be the residual set derived from a systenm Qﬁ).

Then A(E) > 0.
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Let CfE be the system formed by taking any three
‘ of'the spheres of Qﬁ) and let Eo be the singular set derived
from QE. Then B 2 Eo and by Theorgm 5.2 EO is a geperal
Cantor set and therefore d(EO) > 0. Hence a(E) > 0.
Theorem 5.12. |

Let the centres of the spheres of Q§> be on an

infinite cubic lattice of side e, Then if B is the resi-

3%

duasl set derived from Q , A(E) > N/2 and this is true

for any value of e.

From Theorem 5.7 we see that if mN spheres are such
that their cent;eg are the points (enl,...,enN) with
Dyyeeeyhy € %l,...,ml and if E_ is the residual set then

N

W\ e

Now B O Em for m= 1,2,... and henpe
d(E) > a(E ) for each m.
Thus
a(E) > /2
and this is'true for any value of e.

Example 5.3.

Let N = 1 gnd let Q° consist of the spheres S(ne,l)
(n=0, + 1, + 2yees ;& > 3)s Then from Theorem 5,12

we know that 4(E) > % S0 we can write

a(E) = %E with € > O.
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Then by Theorem 5.10 we see that

a(E) < o
where ,
' v o] 1 - ,‘
:{2 (Se..‘l\)‘.\)\ - — »
S\
Thus
Si = 24 > 1
L (Se-1) -
S=h
wherse 4 = 4A(EL),
i1.6€.
>
Q-Ei (Se o L

Now if f(x) = (ex-1)" (1+c) we have

S ¢ g“’mc&x
S=2

i1
(./""\
Vi
Q)
'L\
;_>
N

I



Thus Z Q(S) - Z (_C“i\-- th

S=1

L L
S (et ec(e-1)
— i § o+ e-t
T (e-t L ce

2N
T
|
\./
i
(°
[
~Z
+
™

N
/\
T
(D

v

P

\/

oo 2(e+1)
Hence a-é—:l) _>_ 1

which simplifies to

1l
<53

Thus d(E) satisfies

nol M

1 oy o1 1 '

A similar technigue can clearly be applied to obtain
a similar estimate in N~dimensional space for any
¥ e §1,2,0.. e
The discussion of A(E) is now finished and we proceed
i—%% the relation between the Inversion group
aﬁd properly discontinuous groups. We shall see there is
a striking similarity between the results true for the

residual set of the Inversion group in RN and those
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true for the set of_limit points of a properly discon-
tinuous group in R?. The first result gives some
indication as to why this might be so.

Theorem 5.13.

Let E be_the residual set of the group G generated

it s e e e i - . -

. . . a .
by inversions Il(x)gu.,,IK+l(x) in R”, Define

0.(2) = TyTg,1(2)s (3 = L,ene,E4D).

Then G, the group of bilinear transformetions generated

by Tl(z),..,, TK(Z), is_a properly discontinuous group

rad B is the set of limit points of G_. Further if

I‘l = e = I‘K+l

have & common point.

= 1 the isometric circles of Tl(z),.,,TK(z)

Proof.

By Theorem 4.1, Tj(z) is a bilinear transformation.

Now
Ijn(oo) 3 Ajn
and so K
Ly o By Lee) S A%"Sn < 3\2‘ o
Thus since any g(z) & G, is of the form I;{,.Krh(%D
we see that o
slw) & A\‘\

A

and so GO is a properly discontinuous group. We recall

from Chapter 4 that the set of limit points of GO is
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precisely the set of limit points of {g(oo); g € GO% .
Since
Tj(z) = Ij IK}l(Z)
we see that

Tj“l(z) = T,p I402)

and s0
-1 B
Tqu (z) = IpIq(z).
This gives

T, T, L (D :T.;,'\“;",.,T, T (D

WY T e 2

and so

Suppose xo<; E., Then there exists 2 sequehce 25“}

such that

amd hence there exists a sequence of transformations

gn(z) € G, (n=1, 2, eee) with gn(a}) -7 X as n->0,

i.es X, is a limit poipt of GO. Suppose next that X

igs a limit point of GO° Since the elements of GO are
enumerable (Theorem 4.,2) we see that there exists a sequence

ga(2) € G (n = 1,2,...) with

gn(oo)——7 X, as n-7

and such that if
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g, (z)=I;., 1 (2)

\ e

then
n(n) - o as n-> .

In this case gn(aJ) € Ay and so any neighbourhood

A S G
of X, contalins points of Eﬁ for infinitely many values
of n. It follows immediately from the facp that 5ﬁ-% 0
as n->o0 and that B 1s compact that xoei E.

It remalns to prove the latter statement concerning
the isometric circles.of the generators of G, under the

assumption that Ty = ees = Tp. 4 = 1. Without loss of

generality we may assume QK+1 = 5(0,1) and Qs = S(a,l).

Thon
Ts(z) = ISIK+l(z),
T, 1(2) = 1/%
and
Is(z) = a +_:l: ,
1-a
and so
1
T.(z) = a+ g - &
pA
= a + [
i - a L

= L(i-ad) + o
1 ~az
In order to find the isometric circle of Rs(z} we first

note that (1 -~ aa) - (—aa) = 1, Then by Definition 4.4

this isometric circle is
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| V1-3z2)=1,

i.é, S}(Eé.) Ti] ) .
In particular the point z = 0 belongs to this circle
and this will be true for any value of s, (5 = 1l,...,K).

We proceed to prove a series of analogous results
to those listed in Chapter 4. It is to be emphasised
that the following results are valid for any value of N
(the dimension of the underlying Buclidian space) whereas
those results listed in Chapter'4 are meaningful only for
N =1, 2; .Thgorem§J5.14,..., 5.2Q are analogous to
Theorems 4.2,.+0,4.8 Tespectively, Suppose G is the
group generated by the inversions Il(x),...,IK+l(x)
and E is the residual set. We shall say two points zy
and Z5 of RN are congruent under G if gnd only if there
exists a g € G (g # 1) with g(z,) = z,. G is properly
discontinuous in the sense that there is a neighbourhood
of z = oo with no points congruent to z = oo lying inside
this neighbourhood. Definition 4.% of a fundamental
region can be used to define a fundamental reglon for G.
Finally we generalise the definition of an isometric circle
to that of an isometric sphere. Let the isometric sphere

of g& G be the set of points z' such that lim \QQJ’EQEH = 1,
172 \z -9\
Then the isometric sphere of IS(X) is QS.

Theorem 5,14,

The elements of G are enumerable.




- 104 -
Theorem 5.15.

The images of a fundamental region by two distinct

elements of G are disjoint.

The orem 5.16.

Tet D be the region exterior to all the isometric

spheres of the generators of G, Then D is a fundamental

region of G and further, D and the domains congruent to

D form a set of regions which extend into every neighbour-

hood of every point of RN.

Theorem 5.17.

In any neighbourhood of any point of E there is an

infinite number of distinct points congruent to any point

£ R,

Theorem 5.18.

The set B is invariant under any elcment of G.

Theorem 5.19.

E is a perfect set.

Theorem 5.20,

If a non-empty closed set of points, S, is invariant

under the generators of G then S 2 H.

The proofs of Theorems 5,14 and 5.15 are trivial.
Proof of Theorem 5.16.

Clearly D is a fundamental region of G. Consider now

K

AV B A

e o' Yy = 1oy

(Fv

2



Then 1, ¢ ’12.,'1§‘_(CQ{03

and A (# T'\ : —-\;i ((‘Q;(\.\.\\ (iz\—nj'“\ﬂx

Y A

Since Ilg..e,IK+l are l-1 transformations it follows

that
K
I S T (0 _ .
z, = L T2y € L 0@ ?J n‘CQ\“H
ny T
, F'n)
Tet R be the closure of R. Then clearly
Ky . ';5
T.(Q ) - LU @ < K
" n ey = Ny
(i)
and so
Zn < R.
Hence e
A" : — U A\'\..;ﬁ_\“\ (\‘vw\:%\”\\

PN
! Yo =\

has the property that for any point, z. of this set any

o)
neighbourhood of % contains points congruent to R.

This is therefore true of En - En+l and hence of

(B, - By) v (B, - EB) Vo eeens .

Since
El':) E2/E390-0
and
(o]
E= [\ E
N=1 n
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we have
Since R v By = RN we see that the only possible points
for which Theorem 5.16 could not be true is the set E.

The proof of Theorem 5.16 is thus completed on proving

Theorem 5.17.

Suppose x € E is of the form

fx} = NA

=g

and let
Z 'E RN_ Q- .
n 1,
Then |
I, (z)) ¢Q,
i,°mn i,
and so
1 NS4S TR VASR
1 n
‘ : . : 2
thus A R contains an image of any point of - Qi n
(2N n
Since
& (A, ) - 0asn-—sw

"\' ‘.I'\
and i # i, We see that Theorem 5.17 and also Theorem 5.1C
are now proved,

Proof of Theorem 5.18.

Now for j # iy

I.CA,
J( ll.. .

and for j = il,



and so we¢ have
Since B C En we have

T4(B) ¢ T(B) C B,y

and so

Thus IJ(E) <E .

Moreover
I1.07.(E)) ¢ T.(B
E75(ED) (B
or B CZIJ(E)
and so E = IJ(E)’ ' (:; =1, W41 .,

Eroof of Theorem 5.19.
This follows from Theorems 5,1 and 2.1,

Proof of Theorem 5.20.

| Let x € ® and, since 8 # @, let y € 5. By Theorem
5017‘any neighbourhood of x contains points congruent
o y. Since S is invariant under the generators of G
it ie invariant under all elements of G and so all points
congruens to y are elements of S. Since S is closed
we have xX € S,
This chapter ends with a dispussion of the set B
in relgtion to harmonic functions. A Lemma is first

proved.
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Temma 5.5.

Let I; . (x) be the inverse point of x with
Lo v a
respect to the boundary of AH,“;“ -« Then
I .2 =1, 1, 1; T, 1, W
\ n \ ney n I \

Proof.

This proof is based on the well known fact that if I
denotes an inversion with respect to a sphere Q,and if
P,Q are inverse points with respect to a sphere QO, then

I(P), I(Q) are inverse points with respect to the sphere
1(Q,)-

For any point P, let Q = I (P) be the inverse
T
point of P with respect to Qi o Then. I,  TI. (P)
n VT ey
and I, . Ii (Q) are inverse points with respect to
B n-1 :
I. ... I, (Qi ), iee. with respect to &
-1

3 cos
11 n n o n

Hence it follows that
T, T L (Y = i (L Q)
= 1 RSN

AU n

N

Since P was any point it follows that for any x € R,

Lo 00 =5 % L kL 0o

Corollary.

In the above notation I;  .; (x) is an element
A N

of the group generated by Il(x)’°”’IK+l<X?'
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Suppose that we ~re given a system.QK and a function
u(x), harmonic on D and continuous on De. Suppose further
that u(x) is not constant but tekes constant values on
each boundary component of D. Then by the Inversion

Principle the domain of definition of u(x) can be extended

aoreogs=—P,=¥re, across the bouhdaries of Qi""’QK}l'

It is easily seen from the definition of E that u(x) can

be extended to and is harmonic in the whole of EN e#cept

the set E. Further u(x) cannot be extended to E since if

X,, X, are such that (x;) # (x2) it follows by Theorem

2
5.17 that x is a limit point both of points congruent to
Xy and congruent to X5 i.e. a limit point both of points
where u(x) assumes the value u(xl) and of points where
u(x) assumes the value u(xg). ‘ |

| Further if follows from Lemma 5.5 that if at any

stage we choose to continue the domain of definition

by an inversion in A;f..i we

across, say, A(r_.' n

l\'\
still arrive at the same residual set, E. We have, in
fact, proved the following result:

Theorem 5,21,

Let u(x) be a non-constant function, harmonic in

D, continuous in D and constant on esch boundary com-

ponent of D. Then the set of points in B to which u(x)

cannot be continued is a spherical Cantor set and there-

fore has positive Hausdorff dimension.
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Chapter 6.
THE SCHOTTKY GROUP

Throughout this chapter we shall implicitly assume
that N = 2 and that the underlying space is the extended
z~plane., -

Definition 6.1. [3, p.59], [10].

Let D be an infinite domain bounded by 2p disjoint

circles Cl”"’CEp’ and sunpose that Tl(z),..., Tp(z)

are bilinear transformations such that Tj(z) maps the

exterior of Cj onto the interior of Cj+p‘ Let G be the

group of bilinear transformations generated by Tl(z),on,

ceey Tp(z). Then G is defined to be a Schottky group with

generators Tl(z),.uc,Tp(Z)o

We shall always use the notation above, 1l.e. TlCZ),.o
cos Tp(z) will always be the generators of G, Cj will

always be denoted by §z: z~ajf = Ty and

= | -
dst las / at’ o

In the case when Ty = oes = rgp 1 we define

@
i

= min dg, (s £ t)

and

'_.b
i

max dSJG .

Definition 6.2,

N

| 1
A typical elemeut of G is of the form Vi ... T
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where iw.”)\m_e ;Lr)ﬁg AL PR P are integers and
where T. # -1 ., If we denote the complement of D
—_— i i
s s+1
by D" and
— *
IS . G
¥ CJ: T;"'...Tim < G <q =1, 25e00 ),
T+ i) :_C“ o
we then see that El D‘Eg see D En'> ees and define
[
E = ﬁ En
Nz
TN
— ) J—— \*. o C.S
f::// \\
—" ,’V sih.~ . f
Ny
N
~—~— " -1
L)

4 :
TG et

It is well known that G is a properly discontinuous
group and that E,|a non-empty compact set, is the set of
limit points of G. We call the singular or residual
set of the Schottky group.

A geometrical result is first given befpre proceed~
ing to obtain quantitative estimates of ace).

Theorem 6,1, [10].

Suppose that G is a Schottky group such that the

circles Cl”"’CEp satisfy the conditlons that there
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gxist 2p-3 circles, say Ql""’Q2p—3’ such that Qj is

contained in the interior of Qj+l ( J = 1yees,2p=84),

two circles of the Cj's lying outside QED-B’ two circles

of the Cj's lying inside Ql and precisely one circle of

- the CJ'sA;ying interior to Qj+1 but exterior to Qj’
(j = 1y0e.,2p=4). Then if E ig the residual set of G,

ml(E) = Q.

Corollary

If the conditions of Theorem 6.1 hold then 4A(E) < 1.
We proceed now to obtain further estimates of A(E),
The known results are first listed.

*Theorem 6.2. [9], [13%, p.109].

Let E be the residual set of a Schottky group.
Then (i) mE(E) = 0 and (i;} v(E) > 0, Whe?e v(E) is the

logarithmic capacity of E.

Theorem 6.3, [2].

Let E be the residual set of a Schottky group. Then

- > 2 PR N
- , , Aoy, V-V
< A+ min { e 2

0 -
! S=*k Ay, T,

it follows that ml(E) = 0, so that A(E) < 1.

Corollary.
- _ _ e?+2 . . N
If ry = oo = r2p = 1 then p < T implies ml(E)~O.

Theorem 6.4. [4].

Suppose that G is a Schottky group satisfying




. — (o .o +L3
(2) T = 4 S SR
Z - aqy
(b) I'l = eee T I‘2p = l’ o
(¢) For some value of j & il,---,Pi y 85 F O and 85+p-©*

Then p < (e + To24 ) implies m(E) = O.

Theorem 6.2 esﬁimates, in some sense, the Qensity.
of the set E. This will eventually be extended. Theorems
6.3 apd 6.4 can be extended to provide an upper bound for
ma(E). In particular an upper bound for dA(E) can be
deduced from either of them. This bound Wili, however,
depend only on the values of p and ¢ and it seems improbabls
that th~se bounds will be at all accurate in the general
case. It is readily seen that the hypotheces of Theprgm
6.4 are far more restrictive than those of Theorem 6.3,
In the cases where hoth theorems are applicable we see
that Theorem 6.3 is the stronger for 2 < e 3 £§?11?§3 and
Theorem 6.4 the stronger for e > KE?EITES.' We remark
that Sﬁfi;}é) = 2,20 to three significant figures.
Theorem 6-5. [13, pp.109-111].

Let E be the residual set of a Schottky group, G,

and let E(j) be that part of E contained in Cj' Then E(J)

is a spherical Cantor set.

We see immediately that K = 2p-1 and hence we can

deduce from Theorem 2.11,
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Theorem 6.6,

There exists A(p) defined on 3 253300 § such that

for a singular set, B, of a Schottky group with p generators
we have | ‘ |
0 < a(E) ¢ o(p) < 2.

In particular the Hausdorff dimension of a singular
set'of a Schottky group is always positive and less than
two. It would be of interest to evaluate A where ‘

A= £.u.b. gd(E); any singular set E }.

Using Theorem 1.2 We‘see.thap Qheorem 6.6 contains
the result contained in Theorem 6.2.

The following results enable some of the results of
Chapter 5 to be applicable in this chapter.

Supposc we denote by C(8) the isometric circle of
a bilinear transformation, S8(z), and by L(s) the perpen-
dicular bisector of the line joining the centres of C(8)
and C(Sfl). ‘ | ‘
Lemma 6.1. [3, p.25].

A bilinear transformation carries its isometric

circle into the isometric circle of the inverse trans—

formation.
Lemma 6.2. [3, p.28].

If a trensformation, 5(z), is hyperbolic, elliptic

or parabolic it is equivalent to an inversion in C(8)

followed by a reflection in L(s). If S(z) is loxodromic
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there is in addition a rotation about the centre of‘C(S-l)

through an angle - 2 arg(a+d).

We shall henceforth assume that Ty =T5 = ses = r2p
and that Cj is the isometric circle of Tj(z). It follows

from Lemma 6.1 that C is then the isometric circle of

1 J*p
TJ (z), (J'_‘ lyeceyb)s
Theorem 6.7,

Let E be the residual set of a Schottky group.

Then m (E) < o provided

o i {

t:\,,lf 52\(4-,\:‘). S =

In this case, d(E) < a.

Proo.fo
The proof follows in exactly the same manner as did
the proof of Theorem 5.4, noting that by Lemma 6.2 it is

only the inversions which aifect the size of the image

circles.l
Corollary. .
a(E) <gl%§é§§§%% .
Suppose : .
Then

2p-1 < (e-1)%

and so d(E) < 1. Thus a conaequenze of this corollary is

1
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as folléws: ‘
if p < LE:l%fil then 4A(E) < 1.

This result coppares with Theorems 6.3 and 6.4 in the
following Wayse |

Theorem 6.3 has less hypotheses but in the cases
where both resultg are applicable this corpllary is better
for e ¥ 2+ J2 = 3.?14... whereas Theorem 6.3 is better
for 2 < e < 2 f.fg.

Theorem 6,4 has far more hypotheses than this
corollary but is the better result whenever both results
are applipgple.

Theorem 6.8.

Tet E be the residual set of a Schottky group and

let ¢ and f be as previously defined. Then

o < \ogy (2p-1) < A< \og (2¢- 4D B

log (613 +(25,) loget-) (&)

Proof. |

Again, by an application of Lemma 6.2 we see that
the prooflfo;lows in a similar mamer to the proof of
Theorem 5,24, This is because of the fact that the
estimates used in this proof are pniform over the range
of possible inversions considered.

The £9llowing three results are all derived from
Theorem 6.8 as the ana;ogpus results in Chapter 5 were

derived from Theorem 5.24A.
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Theorem 6.9,

a residual set E of a Schottky group with p generators

such that
0 < &(E) < &,
Theorem 6410.

Given any B < 1 there exists a Schottky group with

residual set, E, and

a(E) > g.

Theorem 6Gell,

Given any B > 1 there exists an e(B) such that for

any residual set E of a Schottky group, G, with e > e(B)

we _have d(E) < B« We note that e(B) is independent of p.
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