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ABSTRACT 

General Cantor sets contained in Euclidian N-space 

are defined by Tsuji in a similar, but more general, method 

to the classical Cantor set. This thesis is a discussion 

of the Hausdorff dimension of such sets. 

Tsuji proved that general Cantor sets have positive 

logarithmic capacity when N equals one or two and have 

zero N-dimensional measure when constructed from spheres. 

These results are extended by showing that the dimension 

of these sets is always positive and is less than N when 

they are constructed from convex sets. 

In some cases, for example the residual set formed 

by the iteration of a pattern, the dimension is computed 

and this result clearly contains the well known result 

relating to the classical Cantor set. 

It is shown that any number between 0 and N is the 

dimension of some general Cantor set and that for certain 

subclasses of general Cantor sets the dimension is bounded 

away from N. 

Finally the existence is established of a general 

Cantor set with the local dimension differing at any two 

points of the set. 

Let D be a domain in Euclidian N-space exterior to 

a finite number of mutually disjoint N-dimensional spheres 

and suppose that u(xl,.„,xN) is a function harmonic in D, 
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constant on each boundary component of D and continuous 

in T. The set of points to which u(xl,...,xN) cannot be con-

tinued is shown to be a general Cantor set and to exhibit 

many properties shared by the set of limit points of a 

properly discontinuous group of bilinear transformations. 

Tsuji has shown that the residual set of a Schottky group 

is a general Cantor set. Estimates of the dimensions are 

derived in these two cases and it is shown that for any 

positive E there is a set of each type with dimension 

greater than 2 - E 
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NOTATION 

The following notation will be,  used throughout 

this thesis. All sets are assumed to be subsets of 

RN, i.e. Euclidian N-space, for some fixed N. 

a) 6-(A) - 	 E A 1. 

b) p(A,B) = g.l.b. 	: xe 

c) 5(a,r) = 	) CA- ,X ERN  . 

d) S al,...,an1 is the set whose only elements are 

al,...,an. 

e) Let o-  be a finite sequence of positive integers, 

say 	We define 10-1 = n. 

f) The derived set of E is the set of limit points of E. 

g) An assertion about the sets E1,  E2" .. is said to 

be ultimately true if and only if there exists an 

integer no  such that whenever n > no  the assertion 

about En  is true. 
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Chapter 1. 

HAUSDORFF DIMENSION 

This chapter contains some preliminary measure 

theoretic results. 

Definition 1.1.  [5],  [7„p.102], [11]. 

Let E be a bounded subset of RN  and suppose that 

m > 0, a" >0 . We define  

oc,  

(i) 1-4:(E) 	 1  E Slacr r,..12. 
=.1  

and 

(ii) cc\ (e) 	tn`'-(a) 
0L. 

Cr 7 0 

,ACE) 

Since such coverings of E by general sets {In I 

always exist and since D(E) is a decreasing function_ ma  (r) 

0' for any fixed a and E we see that ma(E) the 
mut 

Hausdorff a-measure of E, always exists azzy may be zero, 

positive or plus infinity. 

Lemma 1.1.  [5],  [7,p.107]. 

For any subset, E, of RN there exists a unique, 

non-neKative number d(E), called the' FluSdorff dimension 

of E, such that 

(i) ma  (E) = 0 for all a sL,tisfyig a > .d.()  and 

(ii) ma(E) = co for all a satisfyinz 0 < a < d(E). 

Proof. 

This follows trivially from the easily proved fact 
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that if ma(E) < co and p > a then m (E) = 0. 

In order to be able to discuss the local structure 

of E we need the following definition. 

Definition 1.2. 

For any bounded subset, E, of RN  and for any point 

x we define dx(E), called the local dimension of E at x, by 

A.  ,(s) = \.i.ry, a f C:,, 5(0c.,c)). 

This limit always exists since, for a fixed E and x, 

d(E1,S(x,G)) is a non-decreasing function of E . We note 

here that if E is closed and 	then there is a neigh-

bourhood of x disjoint from E and so dx(E) = 0. 

In this thesis we shall be mainly concerned with 

compact sets and thus we prove the following lemma which 

incorporates both the Heine-Borel Theorem and Definition 1.1. 

Lemma 1.2. 

N 
' 

Let E be a compact subset of 	 Then 

rn.„(E) 	tim 
e 	n7- O 	 0 	 f 1 an open sets 

Proof. 

Let 

iflo7(E) = V1.  q 
I an set 

Then clearly we have ma(E) > 	(i) 

Suppose that 2 >0 and that a sequence of sets, 	is 



... 9 

L.31", DE and such that f= 0-. 

Define 

T = x- P 	 E ("1„) •  

CO 

and notice that Jn is open, Un -3 E and (Jo.) = (1-1-20E( In). - 0,1 - 

Hence co 
(1.T 	11 	S (In) . 

v1,  

Since {3-.1 a 
—(7(1+1E)(E) we have is a competing covering for m 

and so 

Thus 

(TN)"  
II-7 

cr(14)..t) E)  
1). 

 

(1, le)( 	 
n=, 

 

). 

(.1_ -Q6' 	re) 
ts-( 	) 

tYlds  
C ii) 

From (i) and (ii) it follows that 

(1+1)amm(E) > lim 	> ma  (E) 

and, since E was any positive number, we have 

ma (E) = lim(E). 77O- a 

E is compact and so any open covering of E contains a 

finite subcovering and hence 

Os% c+42..o 

This completes the proof. We can clearly replace lim 

by l.u.b. 
a- >0 
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Corollary. 

Let E be a compact subset of RN  and let x e  E. 

Then ma(E), d(E), dx(E) can all be defined as in Definition 

1.1, Lemma 1.1 and Definition 1.2 with the added restriction 

in Definition 1.1 that InIc forms a finite open covering 

of E. 

A common construction for compact sets is to regard 

a compact set, E, as the intersection of a decreasing 

sequence of compact sets, En, (n = 1, 2, ...). In some 

cases information concerning the measure and dimension of 

E can be obtained from similar information relating to 

En . 	The following result gives such a case, the 

proof of which is based on a technique due to Jarnik. 

Theorem 1.1. 

Suppose we are given a collection of non-ernRty 

compact, connected sets)bv 	(i 	. c\=‘,-4).. 

such that 

(a) ZN, 	D 	1 , 	and 
I 	in ntl 

(b) there exists a constant 0, 1 > 0 > 0, such that for 

s / t, 

Define 

tiS ) 	Yint ) 0, 

e:)0 

(C) E=u Er, ) n , 

„c, 

U A E 11En 

(d) M:c cp.v).1:,t,(sar`: 
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(e) M (E) = lim e(E) = 1.u.b. Mer(E). 
a 	tr .>0 	a 

Then 

Mm(E) > mm(E) > paMm(E) 

and hence Ma(E) may be used to define d(E) as in Lemma 1.1 

with Ma(E) replacing ma(E). 

Proof. 

We first prove the following lemma. 

Lemma 1.3. 

Leto n 	if\,,.2,1 be a collection of non- 

em t com act sets satisf in,  (a) and_VD) of Theorem 1.1. 

Define 813.  = max /8(&„,,.. io  ,;xl mt k y.0( 	. 	Then 6n  -t-, c) 

as n  

Proof. 

We suppose the lemma is false. Now (a) implies that 

n is a decreasing sequence of positive numbers so we 

suppose 6n  > ,S as n 	and S>0 . Thus there exist 

A: 	En  with 6.( An) = iSn  (n = 1, 2, ...). We now construct 

a sequence j1, j2, ... as follows. Define ji  to be the 

least integer, s, such that As  contains infinitely many 

of the An. Supposing j1,...,jn  have been defined in such 

a manner so that AJ., , 	each contain 
y 	t1 

infinitely many of the An, we then define jn+1  to be the 

least integer, s, with the property that 	con-

tains infinitely many of the 4. It follows that ljni 
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is uniquely defined and that A 	A •   Further 

6 AO 	( 	• • 	6 	. 

Since K > 2 we can choose j;711 with 	and jlia  

Now L . i 
--i 	. --n -of ,..,

1  r1 = 13 /1. .s 	is an infinite system 

of non-empty sets such that any two distinct elements are 

at least 135 apart. This follows since if m > n 

L 	./ 	c La  .., 	 and we have, using .(b), 

r( 
	..J, 	 ',4; ) 8 	 :sp.4) :?- 13' 6(L ,..0 	6 • 

This clearly contradicts the fact that A is bounded and 

thus Lemma 1.3 follows. 

We proceed to the proof of Theorem 1.1. Since the 

A, . 	are non-empty and compact it follows that En 
is non-empty and compact for each n = 1, 2,... 	Thus E 

is non-empty and compact and so Lemma 1.2 is applicable. 

Consider any finite open covering of E, say 1% )-• 

such that 

Set;  

Thenforeachj,I.can intersect at most one Ls. We may 

supposethateachI.has a non-empty intersection with E 

since otherwise we could find a subcovering of E with a 

smaller contribution to m°-(E). For any jeily...,m1 ma  (E). 

x, E E n I, and suppose I, is the complement of' Ia  

lm 	 m Then. I.is closed, 3c.-13 is compact and x.
J 	J 

I.. Thus a 
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there exists a positive 1.16  with 

_ Since xj  e E there exists a sequence 	12„ depending 

on xj, such that 

= n 
n7t 

Choose n. such that Sr,. < Ili. Then 	.• i 	)< 	. 
J 	J 	 i 	rt 

4  
. lj  

and, since x.
J  , 
	, LI ,

‘ 	
C 1
r 

In particular 

	

'a  it - ;11 	0. 
4 

A 	(, i 	and LI,i  , a. 	are both contained in I.. Since 
Y1 	 J J 	 4 

1
j 
 meets precisely one element of E1 and two elements of_ 

, we may define Tr(j) to be the greatest integer, 

?,withthepropertythat 1j  meets precisely one element 

ofEl,.."E.ThusI.meets at least two elements of 

LR-01.1  and these must be contained in some one element 

of 	IT say e. Thus c- 

3 6 ( 	) . (i) 
We next prove that 

  

D E 
n=1 

Let x & E, then x G In(x)  for some n(x) E 	51•••pra 

We note thatxeEnIn(x)  and that 	
Prt 

-1-11(X) C 	EIT(1100) (.1  1-n()=) 	
C 	 C. 

Thus if x e E then X E U N n 	and so 
\ 

U 	E 	 (ii) 
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From (i) it follows that 

)°` 

and from (i) and the fact that S(In) < (5-  we have 

Using (d), (ii) and (iv) we see that 
1.77/0 

) 

	M„ ( 

and so 

(I„,)`'` 
	

M ' 
1^, r 

Thus it follows from the proof of Lemma 1.2 that 
6, NA  

D(A (E)  >ki?) 

and from Lemma 1.2 itself that 

ma(E) > paM:7/°(E) . 

Hence 

( E) 

mm(E) > pa  Ma(E). 

Clearly Ma(E) > mm(E) and so Theorem 1.1 is proved. 

Definition  

A system of sets 	 ,in = 1). K 	 said 

to belong to 	or alternatively to possess the separation 

property if and only if the hypotheses of Theorem 1.1 

are satisfied. 

For such systems of sets Lemma 1.3 is applicable. 
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We remark here that a set, E, as defined in Theorem 

1.1 is a special case of a Polyadic Discontinuum [6,p.130 

and p.154], and hence has the property that every neigh-

bourhood of every point of E contains a non-enumerable 

subset of E. 

We close this chapter with a reference to a result 

which compares the Hausdorff dimension of a set, E, with 

the logarithmic capacity of E when N = 1 or 2 and with 

the Newtonian capacity of E when N > 3. 

The definitions of the logarithmic capacity and the 

Newtonian capacity are as given in [8], [11], and the 

following theorem is a special case of a result contained 

in each of these papers. 

Theorem 1.2.  [8], [11]. 

(i) Let E be a compact subset of R2  and suppose that 

d(E) > 0. Then E has positive logarithmic capacity. 

(ii) Let E be a compact subset of RN (N > 3) and suppose 

that d(E) > 1. Then E has positive Newtonian capacity. 
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Chapter 2. 

GENERAL CANTOR SETS 

The classical Cantor set, which is a special case 

of a set derived from a system of sets having the 

separation property, admits many generalisations. In 

this chapter we shall extend Tsuji's definition of and 

study general Cantor sets which, loosely speaking, are 

sets incorporating some generalisations of the classical 

Cantor set while retaining a richer structure than those 

sets derived from general systems with the separation 

property. 

Definition 2.1. [13, pp.106 - 109]. 

A set, E, is called a general Cantor set if and 

only if E can be expressed as 

where 

E. 	n 	L i ,. i n  

{ Li, • i„ 	.‘„ 	‘, • ,K is a 

  

collection of non-empty,coipact,connected sets satisfying  

(a) are mutually disjoint sets, 

(b)  

(c) there exists a 'b'„ 1 > b > Ot_such that for s / t, 

and. 

(d) there exists an 'a', 1 > a > 0, such that 

>, 	a c5 CL); ,... ; n 
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Definition 2.2. [12]. 

A general Cantor set is said to be a spherical 

	

Cantor set if and only if the a s .. 	are ultimately all 

spheres. 

The classical Cantor set is clearly a spherical 
1 Cantor set with N = 1, K = 2 and a = b = 3 . 

Definition  

tot E be a General Cantor Set as in Definition 2.1. 

Then define  

(a) = 	IA ;,  

	

(n = +,i;. ) and 	E riz:k 
...... 

(b) En 	tz 
u A 	and 	E = (1  e-n r\----, E, 

(c) (..)c,I.  =-- max 1.  S C Li ) `. A € 8,, 	( n=\,2..).. ) 1 

j..)( i.\„. i.„,) 
(d) A = 	U po. 	and 

(e) C 0.-_, 	\.;.,,,, I ,,(L.;,...,,,,,) 

% 	n 

Unless otherwise stated we shall always assume that 

a general Cantor set, E, is expressed in the notation of 

Definitions 2.1 and 2.3. 

Pemark 2.1. 

(a) For N = 1 every general Cantor set is a spherical 

Cantor set. We shall see later that the case N = 1 is 
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essentially different from the cases where N > 2. 

(b) Clearly A > a > 0, and C < 1. For spherical Cantor 

sets we have C < 1-b < 1 but ganeral Cantor sets can 

easily be constructed with C = 1. 

(c) The conditions (b) and (c) of Definition 2.1 are 

equivalent to saying that 	E 	. In particular 

it follows that 8n -•=7 0 as n 	. 

Theorem 2.1. 

Any General Cantor Set, Et  is non-empty compact, 

perfect  and contains no continuum. 

Proof. 

Since En  is non-empty and compact for each n it 

follows that E is non-empty and compact. Hausdorff' s 

result on polyadic discontinua, [6,p.154], implies that 

E is perfect and, since bn.- 0 as n 	co E can contain 

no continuum. 

The next two results formalise local and global 

characterisations of E which are slightly different from 

that given in Definition 2.1. 

Theorem 2.2. 

Let E be a eneral Cantor set and 	a fixed sequence 

with elements in 	. Define  Hn  = 

and H = fl H . Then (9 H is a general Cantor set and n 

(ii) H = E 	0-and hence  d(E).?.d(H). 
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Proof. 

trivially satisfy the conditions of Definition 2.1 and 

SO 

is a general Cantor set. 

Further 

11,  

U 
1,..;n=t 

a r 	L\ Cr 	 CT— 

K 

U 

co g 
tit 0 8 n 

4n  

Thus 	 03 K 

fl u 

Theorem 2.3. 

Let E be a general Cantor set and let  si\J% =LI 	Aa-cl 

where the /\y" s are mutually difAoint and where the 67 s 
e ..3  

are sequences with elements in k )... 	-1)4it e. N= ° 	A•er er. riAzA V ;nzt 	in 

Then (i) H is a general Cantor set, 

(ii) H c= E and hence  cl(E) > d(H) and 

H = E if and only if U 	E 

Proof. 

We have to show that H can be decomposed in the 
fc  A 

manner of Definition 2.1. Write L.-.1 • 	= 	C5" 
v-% 
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Then .A31,• • . so 1.1 are mutually disjoint and since E is a 

general Cantor set, 

t-A 

It remains to verify conditions (c) and (d) of Definition 

2.1. 	Condition (d) follows since if (57 (14) 	.1 •• • • S t, 	then 

;,,, ct. .;(t\ 	••0-;.,,,,•.,,,_,) 

> 	a,'' 6, ( 6 ..7 • , . 0,  ) 

Suppose we let 

= tii1 si( 

Then 

Y"to+1 

which is (d). Consider 	 and 

with si  ti. Then 

Thus writing 

we have 
(37 —.. 
	' 

• Crs 	sr -5i, and. 	0- 	t-  • • O7; 	I 	r 

07„ cs-3 	cr ) CL\ 

or 

Pt t.-1 5 	t o t t 	 t 	° 

(s 	t) . 
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Thus H is a General Cantor Set and clearly H C E. We 

now prove 	First note that 

Ncr. 	Ult  D " 

and so if H = E then U1".' D E. Suppose now that O r '' E. 

Leti1, _2' I be any sequence with elements in 

Then 
z .1 	n 

and so x e trAi 	Thus x E A t,- for some 	e. f Crt  • • .) CrA If 

= m, then 

	

3 	-1 m 	 1. x 

and this can only be so if 	= i1°' M. 
Thus, given any 

sequence lilt  i2, 	with elements in 	1,..,K 	there 

exists a 0--  E  10-‘)...)(51.1 with (5-  being equal to the first 

lo-1 terms of the sequence 	 . Applying this 

result to the sequence 	) 	y  , 	we see there 

exists a 0"7" with 

I TT.) m 	• • • 

Clearly o (n = 1,2,...) can be defined inductively with 

CY: E 4L o7 	 and 

J 4 	Z 
	t 	‘3 '" 

Thus 
=j t 1..\( t " 	"I" 

6t1.7 .„0—. 
(1=--1 	 fl 

11. 

and so 	 , 

1,e. 
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It now follows that H = E. 

Remark 2.2. 

We,  introduce two variations on the formation of 

general Cantor sets. 

Method 1. 

Suppose that Lo  is a non-empty, compact, connected 

set and that 	(K > 2), are disjoint subsets of 

Lo with each Aj  being geometrically similar to &o. By 

a series of transformations (namely a rotation, a trans-

lation and a negative magnification) we can construct a 

fixed mapping, say Fi(x), of Lo  onto 	whiph preserves 

geometric similarity. We define 

Thus the configuration consisting of / 6, 
1 	n 	) 	11-4n t  

is geometrically similar to the configuration Lo; 

and hence we are effectively repeating the original pattern 

within itself. We note that 

) 	( L.) 
and 

  

p( As, Lb) 

6(ho) 

5)( A;,.. i„s, 

 

  

and hence with the definitions 
.1< 

En = ;, 

 

E 
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it is immediate that E is a general Cantor set. Finally, 

any such configuration Lo, Al„..,hz  has, in the above 

sense, at least one general Cantor set, E, associated with 

it and it is clearly sufficient to define bb, 

in order to establish the existence of one such E. In 

these circumstances E is said to be derived from the 

pattern consisting of 4.0,111,..,4x. 

Method 2. 

This is derived from the natural notation encountered 

in some important examples of general Cantor sets. Suppose 
et, 	 Kt1 

that we have E = 	r) En and En = 	U • In 
in; I 

where is  ' is+1 and the a- 	's 	are as defined for general 

Cantorsets.WemayclearlyrelabeltheLi—to remove ii-ln  

the restriction is is+1 and to form a general Cantor 

set in the notation of Definition 2.1. In such cases 

we will always retain the above notation. 

The aim of this chapter is to estimate d(E) for a 

given general Cantor set, E, and the remaining work will 

be devoted to results of this nature. We first state 

a result due to Tsuji which gives a crude upper and lower 

estimate of the density of a general Cantor set. 

Theorem 2.4. [12], [13,pp.106-109]. 

(i) Let E be a spherical Cantor set. Then mN(E) = O. 

(ii) Let E be a eneral Cantor set and N = 1 or 2. Then 
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E has positive logarithmic  capacity. 

(a) Let E be a spherical Cantor sett_N > 2, y(E) the 

Newtonian capacity of E and aK > 1. 	Then y(E) > 0. 

In this thesis we shall improve Tsuji's result by 

extending (i) to show d(E) < N in the cases where E is 

a general Cantor set with the L. 
1 
i 	being convex sets. 

- n 
We shall later prove a much stronger result for spherical 

Cantor sets. We shall also show that any general Cantor 

set has positive dimension and further that if aK > 1 then 

the dimension is greater than 1. Using Theorem 1.2 we 

then see that (ii) and (iii) of the above Theorem have 

also been extended. 

It seems probably that mN(E) = 0 for any general Cantor 

set, E, and possibly that d(E) < N. The truth or falsity 

of these results has yet to be established. 

Theorem 2.5. 

Let E be a general Cantor set such that the Li
1in 

are ultimately convex sets. Then d(EL< N. 

Proof. 

By an application of Theorem 2.2 we may clearly 

assume that is a convex set for all choices of 6. 	.i  t  

i 	in  = 1,...,K. This we shall do. 

Suppose we have a convex set, A, and a point 

xo, xo  it A. We define Q(x0,A), the semi-infinite cone 

subtended at xo by A, to be 



-25- 

	

I Y' : 	 A s,3, v.\-"v 	oc. = X.. ±0 

Consider now for any sequence a-  = i1-. in and any 

s t with s / t and 	s t E { 1, ... 	1 , the sets 

fir, 	krt.  used in the derivation of E. By hypothesis, 

	

CE is non—empty and so there exists a z 
	

A 	

• Thus, 

by Definition 2.1 

	

P( 	Lo_s) > p(ikrt, /10._ s) > b ( 	). 
We now combine this with the fact that kr is convex and 

deduce that there „exists an xo 	60.- with 

P(ixoi 	A(5-s) = 

By the compactness of A ss there exists a yo  e A(5-5 with 

Ixo 	yo  1 =7 	b 	). 

Define 

Qs  = Q(X0 , 60_3) r)  S(x01, 	b (L 47..)) 

and 

QS  = Q(x0, a-) n S(xo, S (Ac- )) 

and note that since Qs and Qs are geometrically similar 

we have 
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(-L- \DEA/\  ))N  

Since xo 	and Ltr, C Aa_ it follows that 

Qs 

and. 	Q. C 	 (iii) 

Let Y€ Qs, then 

y-x0) 	 x0-570 

1 r < 	b 	( 	) +b ( A ) 

< bE(k)._) 

and. so  for s 	t, 	= (iv) 

Clearly A,r3  Qs  = / and combining this with (iii) and 

(iv) we have 

j A 
0-3 
	 (v) 

From (ii) and (v) and the disjointness of A c" 	• " 	0--  1C. 9  

QS we can deduce 

K 
mN( I'c-) - 2: mN( AaJ) > mN(Qs) j=1 

(vi) 

and mN(Qs) a mN(Qs) + mx(A o.. 5 ). 	 (vii) 

Using (i) and (vii) we see that 

(e mN(Qs) mN(Qs) mN(LiG-,) 

or 	mN(Qs) > ( 	Nb 
	

mN (A505 )• 
4 -b 

N 
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Now (vi) and (viii) are true for each s = 1,...,K. On 

adding we deduce that 

K 	b
N 

N
( 86 ) 	 "cr mN,1')  > 1 	- 	K(4N-b5) j-21=1 nal\T(L 'i)  

and this is equivalent to 

K 
) < e mN( 	for some 9 < 1. 

Define a = 	log K  < 1. 

log(K/G) 

Since 

6 < 

    

we have, by Ithlders inequality 

 

tY,,,,4  ( Lla) °(  i 

_ po,,, (1\_ ,-) 

1.— ci 	N\ 

\-< (1 c-) 

 

= 1 • 

Thus 

rvI N  

and so 

M 1,1 ( Li)  
3 =  

Define 

c (L,,ba) 	mc_) 	ic„ 
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where 0 < 	< b/2. It is easily seen that 

E= n U 

is a general Cantor set and. that the A; ; are convex 
.11 

sets. Thus with some f3 < 1 we see, as before, that 
K 	

* 	rt 	 W, 
( m 

•-• T.  cni,1 (8.*0, 
C  

By the definition of 4_;„_, 	we see that A 1 „.., 

contains a sphere of radius 	:-Si L\; • ). Thus, for 

some constant A, 

M 	. • 	. N(b I C" ( 11 

)N 

and so 
k

A 	
N 

(Y1 	L, • 	 ( 	• 

Hence we see that 

; • )" 

and, sine6 n 	0 as n 	d(E) < (3NN 	N. The / 

previously mentionod result concerning spherical Cantor 

sets will be proved nearer the end of this chapter. 

It was mentioned earlier that a general Cantor set, 

E, is derived from a system of sets, E 	which has the 

separation property. Thus we can prove the following 

result. 

Theorem 2.6. 

Let E be a general Cantor set. Then in order to  
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compute d(E) and d(E) we may restrict our  consideration 

to coverings of E by finite subsets of E  . 

Proof. 

This is a direct application of Theorem 1.1. 

The implication of Theorem 2.6 is that with respect 

to the dimension of E, the covering sets, 	, used 

to define E give the most efficient covering. It would be 

of interest to prove or disprove that this is the case 

with respect to the appropriate measure function. We 

shall now use Theorem 2.6 to give information relating 

d(E) to the ratios  	The fundamental result 

in this approach is the following theorem. 

Theorem 2.7. 

Let E be a general Cantor set. 

Suppose that a ultimately satisfies 

6(L' ' 

46(A....11-1) 
Then d(E) > a. 

(ii) Suppose that 0 ultimately satisfies 

Proof. 

A Then d(E) < p 

    

By an application of Theorem 2.2 we may assume that 

the hypotheses of (i) and (ii) hold for all values of n. 

Further by Theorem 2.6 we can restrict our consideration 

to coverings of E by subsets of E . 
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Let -e = 	/\ ;• ••) nLa* 1- be any such covering and we 

canclearlyassumethatthe. dl's form a mutually disjoint 

set.supposec cz rcjj 
' -and let 

p = max 	It(L)/ • • /7En) 

and. 

Then 

q = min ft  9t( 	, . 

1 
F.' 1_..., 	k...) 	,_ S 

S 7.:. f...t..  

 

and, in particular, 	Ep. We shall prove (i) by a 

downward reduction on p-q. There exists 	E -40 

'4-  and thus, by the disjointness of .(2,  we have 	Z  

Since tqD Ep  it follows that 

by hypothesis, 

. Now 

3 
and so we may replace 	A ;,..; , 	L 1  , „ 1„ K  by Li...t. yo )..-.) 	.1-, 	 1--\ 
in the covering,C, to form a new covering, -Ci , with 

SU..\)c4  E ,(.6)4( 
/A( 

(i) 

We can repeat this proceedure for each remaining ..6He E. 

and so construct a new covering, el  , satisfying (i) and 

such that 

Repeating this process we can derive a coverin:?, 
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with 

U 
9, 

•-; 

and. 
ot 

i.e. 	
5 ( 6  )c4  

The hypothesis trivially imply 
E 	 6 E Ect„ 

• • ›, 
e 

and soso 
K 

.1' 	c) 

Since 'C was any covering subject to -6 C 	we have that 

Ma(E) > 0, where Ma(E) is as defined in Theorem 1.1. Thus. 
ma(E) > 0 and so d(E) > a, 

To prove (ii) we can proceed in an analogous fashion 
replacing (i) by 

3 ( L ) 3  a.,6) 
A 	ti c 

We finally arrive at a covering, "6 p_q  with 
and 

ii) 

Thus 

s(A) 
L1 F C 

 

<- 00 . 
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It follows in a similar fashion to above that 

M (E) < oo and therefore m
P 
 (E) < 010. Hence d(E) 

as required. This completes the proof of Theorem 2.7. 

We shall next give a series of corollaries of 

Theorem 2.7. 

Corollary 1. 

Recalling the definition of A given in Definition 2.3 

we have  

d(E) > 

 

0 

 

and hence, in particular,  ever _general Cantor set has 

positive Hausdorff dimension. 

Proof. 

Let 

a(e.) lo K 

  

with A > E > 0. Then by Theorem 2.2 we may assume that 

ti\‘,..;,) 
In this case 

2: S (I=A 	 ''(€) t<, 

and, by the definition of a(E), 

K(A—E)a()  = 1. 

Thus, by Theorem 2.7, we have 

d(E) > A—E. 
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The result follows since E was any preassigned 

positive number satisfying A > E. > 0. 

Corollary 2. 

Recalling the definition of C given in Definition 2.) 

we have that if such a 0 as in Theorem 2.7 (ii) exists then 

necessarily C < 1 and d(E) Conversely, if . 

C < 1 then such a  p exists and again d(E) <  log K  — — log C 

Proof. 

Obviously C < 1 is a necessary and sufficient con—

dition for such a p to exist. With C < 1 we can apply 

the same technique used in the proof of Corollary 1 to 

prove the desired result. 

Corollary 3. 
Define a 	; to be the unique, positive solution 

of G in 
G 

L_ 	.) 
I 	nA 

Then (i) d(E) > lim 	and 
n 

(iii if C < 1 then d(E) < ITE 1.01 r 

where lim 	. 1 is the g.l.b. of the set of limit 
n 

points of 
	1,2)- 
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and where lim
Y "r, 

 is similarly defined. 

Proof. 

Let 

= lim 	;I ,. „ 
n —>oo 

and suppose that a > E > 0. Then ultimately we have 

la —"JO° 

" 
> a -E and hence 

E. 	K 
8(k„,, )   , 

L 	 3= 

 

 

8 

Hence, by Theorem 2.7, d(E) > a 	. It follows that 

d(E) > a. 

Since in (ii) C < 1 it follows that 

=3. < 00 
n co 
	. 

and so (ii) may be proved in an analogous manner to (i). 

Corollary 4. 

Suppose 
S(L; 

1* .  

(L;,.. in  ) 
Xi  uniformly as n=ioo  

 

where XXK are constants each less than one. Then 

d(E) is the unique real positive solution in 9 of 

,G 	,121  A.1 	A
K 
= 1. 

In particular, if (S(Li.;,6 ) = xi  

Same is trues  Further if  of ©; 4, in 	) = E(4, , 

for some constant X then KXd(E) = 1, 

) the 
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i.e. d(E) 	- log K 
log x ' 

Proof. 

Given any E > 0 with 0 < xj 	< 

choose no such that for all n > no, -  

Xa  -I- E < 1 we  

“L;1 „ 
8 	„ ;„ 

Then by an application of Theorem 2.2 we may assume that 

0 < 

Let 

; Then m(c) < a 	< P(E)  

and so by Corollary 3, 
a(E) 	d(E) < p(E) . 

We note that m(0, p(0 are continuous functions of C 

in [0,1) for some positive 1 and that a(0) = p(o) = 

whore 
G 

	

X1  + 	+ XK = 1. • 

Letting 	0 we have 
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d(E) = 49 as required. 

The remaining statements of this Corollary are trivially 

true. 

Corollary 5. 
Suppose E is a general Cantor set derived from a 

pattern as described in  Method 1, Remark 2.2. Then d(E)  

satisfies 	
AtO 	a(E) 

Proof. 

This follows immediately from Corollary 4 and the 

fact that for such sets, 

We prove one more Theorem which estimates d(E) in 

terms of the ratios &A; " . In this result the 

regularity of the ratios is assumed to hold over the range 

of possible sequences 	for a fixed n rather than 

over the suffix in+1  over fixed sequences 

Theorem 2.8. 

Let E be a general Cantor set satisfying 

(CA 	( ,- • l na ) Xn+l ( A, 	) for some sequence  

n p,;:t ) of positive numbers and  suppose further that 

&LI) 	cs(A0,-.),I . Then define  = 	= ,(A• "In 
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and (a) = iim K . We then have 

n--;m 

(i) C  (a) = 0 if and only if ma(E) = 0 and 

	(a) = coif and. onl if ma(E) = co . 

'We note here that in these cases Theorem 2.8 extends 

Theorem 2.6 in the sense that Theorem 2.8 implies that in 

order to compute d(E) we need only consider the coverings 

El, E2, 40.4ip8n,••• of E. 

Proof. 

We first need a lemma. 

Lemma 2.1. 

Let 	= 	en 	be a covering of E with 

3E, 
Li  E 11A) and the  ad'  s 122112EEllIp.2.11yIllioint. Define  

p = max 	'7c(1),..,,x(n)1 , q = min 	ic(1),...oc(n) 3  and let 

9,4-1 
Ks 	Mvo_ 	1/71, 	CL(1.+1  

Then 

) ' 	' ) r  K ,-tt c4, 

We shall temporarily assume this result and continue 

with the proof of Theorem 2.8. By Theorem 2.6 we may 

restrict consideration to coverings of E by finite sub-

sets of E. We may clearly take such coverings to be 
disjoint and hence Lemma 2.1 is applicable. Thus we see 

that 

Y‘ 	•>> 	tS(L)°4  
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By definition, given any E satisfying T(a.) > E > 0 

there exists an no such that for all n > no  

K  
n 
6n  
a 

) 	 • 

It follows that for some n > 0 and for any covering 
j 
	

1 of E satisfying eE E 	(e) < -0 we have 

Ls; 	— 
J=I 

Thus Ma(E) >T(a). 

Since n is a covering of Ewe see that in fact, Ma(E) = ge(a) 

and this combined with Theorem 1.1 proves Theorem 2.8. 

It remains to prove Lemma 2.1. 

proof of Lemma 2.1. 

We first note that if s > q we can replace the e's 

contained in Eq' ". " s-1 by the corresponding sets of 

s which they contain and simultaneously decrease the value 

of 	3(g3')°L  More specifically, if A!! contains 

precisely K11(j)  sets of Es we can replace Aj in the 
covering, 	, by these K11(j)  sets to form a new covering 

	

Now clearly, 	tes_,(j)  and s-µ(j) > q. Thus 

K < 

	

Ks 	, As-µ(j) 6a s 	s-µ (J 

and so 
, mNa 	G o ka.) = z s-g j) 

> R!1(i)  .6a  s • 
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It follows that 

and since we are interested in finding a uniform lower 

bound for such coverings we can assume that s = q. This 

we do. Define . to be the number of elements of 

s+j 	= 0, 1, ..., p-s). By the definition of p we 

see that 

Since LE Esi-j contains precisely 0-s-i elements of E 
we have 

2: X. 	= 
J :o 

i.e. 

Now 

	

1: X K 3  = Ks. 	(i) 
.Y;-0  3  

?-$ 

S(L)et  1,rs 
6 	i'° 	(ii) 

and we have that 

	

Ksza  < Kte 	(t = S+1,41100,0* s 	t 
Thus 

a 	> Ks-(j+s) a 0+s - 	s  

= K its (j = 0,11..,p-s), 

and so, by (ii), 
?-s ct. 

3=0 
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Using (i) we deduce that 

s (a)a , Ky;  
6(„%s 

which is Lemma 2.1. 

We give three examples to illustrate the theory of 

general Cantor sets. 

Example 2.1. 

This is the well known Cantor set. This is of the 

type described in Method 1, Remark 2.2. Theorem 2.7, 

Corollary 4 yields, as is also well known (e.g. [5]), 

d(E) = lob 2 log 3 

Example 2.2. 

Suppose we define Gib  = [0,1], 61  = [0, 	] and 

A2 	[3/401]. Then by Method 1 we can iterate this pattern 

and construct a general Cantor set, E, such that 

1 d(E) 	1 d(E) 
(-f) 	(T) 	= 1. 

Writing t = 2-d(E) and solving, we have 

	

d(E) = 0.694 	 

Example 2.3. 

This example illustrates Method 2, Remark 2.2 and 

Theorems 2.3 and 2.7. The notation will be that described 

in Method, 2 with N = 1 and K = 2. Given any A1, X2, X3  

satisfying Xs  + At  < 1, (s / t), we define Lj  = [j,j+Xj] 

and A:, 	inductively by 
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and 

SJ 
( 	„ s 

Then d(E) is the unique real positive solution in 9 of 

2(X1X2X3)
9 + (X1X2)

9 
 + 0.2X.3)

9 
+ (X3X1)

9 
= 1. 

Proof. 

We shall prove this for E n 	and the result will 

follow by symmetry. The method consists of defining a 

sequence of coverings, n, of ErNbi, each successive 

covering yielding a better approximation to d(E). We 

define pi  = max [X1,X2,X31 < 1, p2  = min X.1,X2,X3  • 

The following lemma is needed. 

Lemma 2.2. 

Suppose  for a general Cantor set, Et _we have  

When X < d(E) < µ where 

  

X, µ satisfy 

(i) 
J7-1  

Proof. 

As in Theorem 2.7, Corollary 3 define a 	by 
.4.; 	• 

L.. 	 :-_- -I , . 
..i =k 	.8(2 ,) 

Then clearly X < o. • 	< µ and so by Corollary 3, 
X < d(E) <µ. 

and (ii)  



Define coverings, n( n = 	 2 12_,...), of E by 

A k 

; 	rr2- )*, 
	/*

""\ 
r_ '141 ' 
	Cr 1 ) • " 
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Since we are only considering E r hi  we write 

`11.. 	; *. 	Yl 
. We define sequences co- , -,7, (n=1,2,.) 

as follows: let -Cla  be the first n terms of the sequence 

232323... andcr-D.  the first n terms of the sequence 3232... 

It will proved that UkDe. and that d(E) can be computed 

in terms of these coverings. Consider L; : 	E 	 10--v, i i --- 1 
‘r11.2. ' 	041. 

Then 6; 	, p: . 	and either there exists a r - 	,-, 4-2. '1.- 1 0+1, 
first s with is+1 = 1 or i2'..'in+2 X 1. Since i. X ij+1 

we see that i2 	1 and so in the first case Li,...i T14.--1. 1 
h!  is contained in either AH 	and in the t 	or 

s--\ 1 	(7:-  t 

latter case it is contained in either 11,_ rl 	or LLt  

Thus 

We can use the covering to express E in the form given in 

Theorem 2.3 and since 

(S 	 ( 

	

t 	c.t.0 	 tt-t-t 

it follows that 

	

S(e-c17 	 ( Lt. I) 
) 

Similarlyforothersequencesof -c.'s and cr.'s and we 

see that the X., µ. of Lemma 2.2 can be taken as follows: 

n of the X's can be taken as 6 (A.1) 	= 1,..,n), n 
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more can be taken as 	 (j = 1,...,n) and the 

last two can be taken asIlmxc)(11.c. n+ ),  liteatS(iier  Lor 
rA+ 

•i=:EFs as piT-1, 101-11.Similarlythell.a 's can be taken as 
AAA 	► 

ECL-c1)) 	 , pt  

Thus, by Lemma 2.2, we have d(E) = G satisfying 
6 	n 	e 	(11i-09 

Z CS (L I) +1  “I"\-) + a ? 	4 4 
J 	 L 

.Y''‘ 	 4 	-;171 

and 

s(Lt,)
e 

4 	8(Acr„)e  + a f
u,#,,e 

j=i  • (ii) 

Since (i) and (ii are true for n = 1, 2,... it follows 

that co 

8CL, Cr: 

Now . 	. 	, 	..,..0 	e 
E g(6„3' = Ls(a6h, D' + 7  6CAT I) 
S= + 	

, 
J 	n..7--1 	2.i's 	 h- k 	 ZR-t 

X, 7  ( X,.\,) ± 	/ \.(X))\s)"  e 	 -0 	118 	e °3  8 

I n=o 

Similarly 
00 

1 

1? 	4- ) 2 3 } 
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Combining (iii), (iv) and (v) we deduce the required 

result. 

So far it has been shown that for a general Cantor 

set, E, d(E) is always positive and bounds of d(E) have 

. been obtained in terms of the ratios 	The  

remaining work in this chapter is concerned with invest-

igating the range of values that d(E) can take. We begin 

with a result which is essentially a corollary of Theorem 

2.6. 

Theorem 2.9. 

Suppose two general Cantor sets,  say E and F, are 

derived from  £ = 	 and Et 	1  

respectively as in Definition 2.1. Then if ultimately 

LI;- • ; ) > 	,a1; ) we have d(E) > d(F). In particular 

if ultimately 6.  (A;
I "' 
) = g(W;•  ;" ) then d(E) = d(F). • •.•••...•••••• 

Thus if 4; 	and  are ultimately congruent we 

have d(E) = d(F) and, in this senses-d(E) is independent 

of the value of b. 

Proof. 

By Theorem 2.6 we need only consider coverings of E 

by subsets of E for the computation of d(E) and coverings 
of F by subsets oft' for the'computation of d(F). Suppose 

6 ( 	) 	) for all n > no. Then provided 

that we consider coverings of E, say A', by subsets of 
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cso 

f\r• 	r% 
 there always exists a corresponding covering 

of F, say 	with 

Since we can obviously restrict our considerations to such 

coverings of E it follows that if ma(E) = 0 then ma(F) = 0, 

i.e. d(E) > d(F). 

If ultimatelyE(Ait...;,) it 	; 	) then we have 

both d(E) > d(F) and d(F) > d(E), 

i.e. 	d(E) = d(F). 

We shall see that the three classes 

(a) Spherical Cantor sets with N = 1, 

(b) Spherical Cantor sets with N > 2 and 

(c) The remaining general Cantor sets have essentially 

different structures. The next two theorems emphasise 

this fact. 

Theorem 2.10. 

(0 Let N- 1, 0 < a < 1 and a Positive integer K1  

be given. Then there exists a general Cantor set, E, 

and a constant 'a' with 0 < a < 1 such that K = K1, 

E (A,
• 	

) = a6-(A; 	; ) and d(E) 	a. 
i141 	- 

(iiZ Let N > 2 and let a satisfying 0 < a <  N be _given. 

Then there exists a general Cantor set, EL, and a constant 
'a' with  S (A ;° • 

	
) = a E(LI; 	 ) and d(E) = a. n#1 

(iii) The statement (ii) is true if we replace 'general 
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Cantor sets' by 'spherical Cantor sets.' 

It will become apparent later that in (iii) the 

value of K will depend on the value of a P3,4(1 as a approaches 

N, K will tend to infinity. It is not yet clear whether 

or not K is also a function of a in (ii). 

Proof. 

To prove (i) we define the constant 'a' by 

a= K1 

thus K1a
a = 1 and 

a -0167 4-1-C 	Since 0 < < 1 and a < 1 

we have Klaa  > Kla and so K1a < 1. We can therefore 

construct K1 disjoint sub-intervals of [0,1] each having 

length a. Regarding this as a pattern in the sense of 

Method 1, Remark 2.2 and letting E be the derived general 

Cantor set we see from Corollary 5, Theorem 2.7 that d(E) 

satisfies 

K1ad(E)  = 1, 

i.e. 	d(E) = a. 

We next prove (ii). Define 0 = Ili and note that .0 < 0 < 1. 

Applying (i) with K1  = 2 we see there exists a pattern 

Ao, bit  .02  yielding a general Cantor set, F, with 

d(F) = P. Consider the pattern formed in RR  by taking 

bi,...,A;z.t4 to be the 2
N 

distinct sets of the form 

4i A...x6 04  (ii,...,iN  = 1,2) and let 
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AR  = [0,11 x...40,1] 

to N factors. It is clear that 

S (LtoH) = Si 
and. 

S (Lin 
	,j-N—  a 

where g Aa..) 	( L 2) = a. Suppose the pattern A:, 	. • AIN ) 
yields a general Cantor set, E. Then, as before, d(E) 

satisfies 
d,tt) 

and we have 

-  
log 
log 

a
2  d(F)  

= p 

He 

and 

a 71. 

-N 	2 a = log a 

• 

(1N)d(E) 	2N( jf\T,a)d(E) 

which gives, on simplification, d(E) = a. It remains 

to prove (iii). We first show how far any e > 0 there 

exists a spherical Cantor set, E, with S(LI:,,.c,41  )=a SC 	. in) 

and d(E) > N- A. Define Do = 5(0,1). There exists a 

unique cube of diameter 2, i.e. of side —2 , contained 

in Lo  and since for any positive integer K) 2K 	2 
41\T(l+K) IN 
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there e.,Ist KN  disjoint cubes contained in this cube, 

each having side 	2 	and having its faces parallel 
fa(l+K) 

to the cube of diameter 2. In each of these KN  smaller 

cubes there exists a sphere of diameter equal to the 

length of a side of the cube, i.e. of diameter - 
ifT 2 (l+K) 

Since the KN  cubes are disjoint these KN  spheres are dis-

joint and are clearly contained in L. Label the smaller 

spheres 	
K." 
v 	Ao  and regard 	„ 	t1 .9 IT  as a pattern 

yielding a general Cantor set, E. Then according to 

Theorem. 2.7, Corollary 4, d(E) is given by 

d(E) = 	log (K7)  
log(2(1.+K)) 

i.e. 	d(E) 	N log K  

log IR + log(l+K) 

--> N as K 7 00. 

This proves the above statement. To deduce (iii) from 

this we merely note that if we have a pattern consisting 

of K spheres of radius r contained in Ao = S(0,1) and if 

E is a derived general Cantor set, 

' 	IC d(E) 	log  
log r 
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and so d(E) is a continuous function of r in the interval 

of values which r can take. In particular as r---> 0, 

d(E) --> 0 and so if ro is one allowable value of r, d(E) 

can be made to take any value between 0 and 	by 

a suitable choice of r. This clearly proves (iii) and 

completes the proof of Theorem 2.10. 

The next result emphasises the additional structure 

on the class of spherical Cantor sets when N > 2. 

Theorem 2.11. 

For any N > 2 there exists a function fN(K) defined 

on k2„3,41... 	with 0 < fN(K) < N such that for any 

spherical Cantor set, E, contained in RN  and with K 

related  to E as in Definition 2.1t  we have  

0 < d(E) < fN(K) < N. 

This result is false if N = 1 or if we replace 'z:pherical 

Cantor sets' by 'cjeneral Cantor sets' constructed from 

convex sets, A;c jo,  

Proof. 

The latter assertions are dealt with first. Theorem 

2.10 (i) shows that the result is false for N = 1 and the 

proof of (ii) of the same theorem shows that general Cantor 

sets for which K = 2N and the AL,..t0 	
are convex sets 

can have dimension arbitrarily close to N, thus showing 

that fN(2
N) does not exist. It is easily deduced that 
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fN(K) does not exist for K > 2
N
. 

The essence of the remaining part of the proof is as 

follows. We first prove that we can restrict our con-

siderations to spherical Cantor sets formed with a 

pattern as in Method 1, Remark 2.2. For such sets we have 

an explicit representation of the dimension. Since N > 2 

we may assume that d(E) > 3/2 else the result is trivial. 

We then show that this implies there is an upper bound, 
6(L.). 

say 1-E0  (60  > 0), on the ratios 	which in turn 

6 (60 )  

implies that there exists a constant GI  e < 1, with 

mN(A) < Gmx(PO. Finally we show that this implies 

the existence of a constant G' > 0 such that d(E) < N-9'<N. 

This proceedure involves four major steps and we first 

prove four corresponding lemmas. 

Lemma 2.3. 

Given anyspherical Cantor set, E, and any S > 0  

there exists a spherical Cantor set, F, formed with a 

pattern as in Method 1, Remark 2.2 with d(F) > d(E) - E . 

Proof. 

As in Theorem 2.7, Corollary 3 we have that 

uE) 	Um l().‘1 ,.1,.,S 

Now given any E > 0 there exists a sequence 	• I jm  with 

(7( 	• •• 
'c't) 
	 G 
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So d, 	> d(E) -E.. Suppose we regard 
er) 

) 
	 as a pattern yielding 

a spherical Cantor set, F. Then by the definition of 

• - 	and by the known value of d(F) we have d(F)= c1 • . 

Hence d(F) > d(E) - € as required. 

It thus follows that in order to prove Theorem 2.11 

we need only consider spherical Cantor sets derived from 

a pattern. 

Lemma 2.4. 

Suppose that 1 >E.">0 and q > 1. Define a(E) to be  

the unique_, real positive solution in 9 of (1-99+q L EI = 1. 

Then lim a(E) = 1. 

Proof. 

Since (1-0°  + qcg 
	

0 as G co, 

1-6 + qE > 1 

and since (1-E-)G  + q ..49  is a continuous function of 9 

we see that a(6) always exists. Further (1-E)+qE > 1 
implies that a(E,) > 1. 

Write s = E and R(s) = a(i). Then we have 

(1 - 1\13(s) 	q( /
2...13(s) 	1,  

i.e. 	(S-1)°(S) 	q = 513(s) 

or 	q = 5R(s)s) 	(s-1)13(s) 

Consider f(x) = xP(s) defined for s-1 < x < s. The mean 
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value Theorem is applicable and so there exists an xot 

s-1 < xo < s, with 

f(s) - f(s-1) = 	I, fl  (x0)„ 

i.e. 	sr3(s)  - (s-1)°(s)  = 1(s)x0f3(s)-1  . 

Since p(s) > 1 and xo  > s-1 we have 

s1(s) 	(s-1)0( s)  > (s_i)P(s)-1  

and so q > (s-1)0(0-1 

It thus follows that 

1 < (3(s) < 1 + 	og s-1) 
	for s > 2 

which implies 0(s) 	1 as s 	co or, in terms of G 

ge) 	1 as E 	0. 

Lemma 2.5. 

Suppose that 1 > 6 > 0. Then there exists EK, 

1 > EK  > 0 such that for any K disjoint spheres of radii 

rl,..,rK  respectively contained in S(0,1), and such that 

r. < 	= 1..9  K) we have 

Proof. 

This is by induction on K and is trivial for K = 2. 

We assume the result for K = 	m and choose µ > 0 

such that 
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Consider now m+1 spheres satisfying the hypotheses of 

the lemma. Without loss of generality we assume 

r > r > 	> r 
1 	2 	m+1 ' If rin+1  < µ then 

r1 + 	+ rm +
N
+1 < r

N
1  + 	+ rm + rm   

4 1 - G m 	11, )  < 1. 	(i) 

Now if rm1.1  > µ then we have 

	

0 < µ < rj  < 1-6 < 1 	( j = 10..„m+1). (ii) 

For such collections of spheres we may regard each col-

lection as representing a point in some Euclidian space 

(taking the radii and the coordinates of the centres of 

the spheres as the coordinates in the Euclidian space) 

and, if we allow the spheres to touch, the set of points 

in the Euclidian space (corresponding to the collections 

of spheres satisfying (ii) and the hypotheses of the 

lemma) is clearly compact. The function 	r.Ni  defined 

on this set is clearly continuous and hence attains its 

least upper bound which cannot be one since this would 

imply the N-dimensional measure of the m+1 spheres equals 

that of the sphere (0,1). This together with (i) proves 

the lemma. 

Finally we prove 

Lemma 2.6. 

Suppose we have  1 > rj  > 0 (1 = 1,..K),  N > 2 and 
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ri\T. E = 1 with 	> 6 > 0. Then 0 < 1 
• a  

1'3 
. < K E . 

Proof. 

Let g(x) = x . Then, by the Mean Value Theorem, 

g(1) 	g(r.) = (1-r.) E xf-1  

forsomexE(r.,1). 

Thus 

1. < E . rd 	ra  

Clearly, 

> 	rN. . 
.3.= 	d 

Further, 1 - 	rNi  = 	 - rN 

K 
N 

r .- (1-r . a 

rN-1 a 	y by (i).  

Hence K 
N 1 — 	L r. < KE. 

.:1 = t 
These lemmas are now combined to yield the proof of 

Theorem 2.11. We have already stated that we need only 

consider those sets derived from a pattern and clearly we 

can take Lib as 5(0,1). Suppose for such a pattern 

r1  > r2  > 	> rK  and r1 = 1-E. Then r. < E (j=2,..,K) 

and the dimension of the residual set, E, is given by 

• 
	 (i) 



3'‘ j 
and so if A satisfies 

rd(E) (1-E)d(E) (K_1)Eid(E) 
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	 r. d(E) = 1. 
Jr-1 

But 

(1-09+(K-1) E = 1 

we have 9 > d(E). By Lemma 2.4 there exists a 8o > 0 

such that for any < So  we have 9 < 3/2 or, in particular, 

d(E) < 3/2. 

Thus the assumption that 

max 	K = 1- E a 1-% 

implies d(E) < 3/2. Alternatively the assumption 

d(E) > 3/2 implies rj  < 1-E (j = 1„...,K). Applying 

Lemma 2.5 we see that 
K 

r. < 1-Ek 
J  

Write d(E) = N-n, then 

-1 r .N 	= 1. 

We know n > 0 and we may assume further that n 

i.e. that d(E)  

Then Lemma 2.6 is applicable and so 

N Kr1> 1 - I_  r. . 
3=1 

Hence it follows that 



K(N-d(E)) > 1 - 
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t< 

rN 

j  

> 1 - ( (-a  ] 

> E K' 

This implies that 

d(E) < N K 

and this is Theorem 2.11, if we take 

fN(K) = max 3/2, N - 	N - 
= max f• N - 	N - 	. 

This chapter is closed with a theorem concernong 

the function dx(E). It has been stated that if E is 

closed and x E then dx(E) = 0. We now investigate 

dx(E) with x E E. 

Theorem 2.12. 

There exists a general Cantor set, El  such that 

x E E, y E and dx(E) = dy(E) together imply x = y. 

Proof. 

We shall construct such a set. First, a lemma is 

proved. 

Lemma 2.7. 

For a general Cantor set, E, let x C E and let 
Ca 

be the unique sequence such that  (?xi = Ii L 
Then dx(E) = lim d(E n A; \  ). 

co 
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Proof of Lemma 2.7. 

Given any € > 0 choose no  such that for all n > no 
we have 	(a; • .. ; ) < cSn  < G 

Then 

Env; 	C E n S 

for n > n0  and so 

lim d(E n A. 	* ) < dx(E). 
n-.) 00 	1 1 • • •% 

To prove the reverse inequality we note that if 

••••%•*• 111 

	then 

( 	\-3 0.r\--.1  

For any n, choose E > 0 such that E.< ban-1  • Then 

E_ 	S(x,e) C E n S (Dc bc2-1 ) 
c EL n 	in  

So 
a (a I, S(x) )) 4- a (eN 

and thus 

	

dx(E) < lim d(E n b ;  ; 	), t• 	n   vv,-)cx, 

which proves Lemma 2.7. 

The construction for the cot used to prove Theorem 

2.12 is now given. We shall take N = 1, K = 2 (and so 

in 	11,21 ) and shall insist that if 

Li ) . 	
r 	

= Jl  .1 and nal - 	c31.1 

then c = al, 0 =X32. Define no  = [0,1] and we define 

inductively RA41 _ 1). This is sufficient to define 

• ) 
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the general Cantor set, E. Let 

S(A 	oN1) = 8 	
;
Io 

— 	• 4- 
1 O'' 	10f‘ 

-4 
ko

r, 4. 1 

Then 
gbki nt) -1-  (RAI1 7--) 

• • 

00 y 
11:3 ii•N 0  

 

 

and so this construction is possible. 

We now note that 

o 	10n-t-1 

Id 
	

(i) 

and. fA. 	 n J ...; 	; 

O (a;‘...;,A ) 

N 
106 	

#, 
 

>. A 
k \fa   	104" 	mon+v 

O" 

  

Now (i) and (ii) imply that E is a general Cantor set. 
.* 

By Theorem 2.2 we can write Llst -s ' L;,.;,,s..sri, 	and 

consider the general Cantor set, E = E 
A* 

by t Usi.„5„/ . Then if 

- it 	In  
• • -i- 

1Con  

A 	. 1 , formed 
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we have 

6.( 
(..L"' „. s, 

 

en  -1r • 	+ Sm 

 

  

on 4..ttl 	4-in i-t 

  

Hence 

O r%  
co 

EZ 9 n -sr V\ 	=p / 
‘0 

i.e. 	
en 	 ko_ n  

Let x E and suppose 	= 	Then with 

9n as defined above we have 

GUE 	 4. k-03 

\ 133 9n 	 Vo ( e 	icy") 

Using Lemma 2.7 we can deduce that 

dx(E) = limlo log 2 (\--.)cso 	g en  

- log 2 
log 9 

ao 

where 9 = 	n 10 
(1=t 

We have shown that for every x 6 E there is an 

associated sequence 	d.1.1\ (in = 1 or 2) such that 

Ix = 
n-7-1 	r\ 

and that 
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dx(E) 

where 49 = 
(17:1 

Remark 2.3. 

The sets as defined in Method 1, Remark 2.2, the 

sets satisfying Theorem 2.7, Corollary 4 and the sets 

defined in Examples 2.1, 2.2 and 2.3 all have the property 

that dx(E) = 0 for x (f. E and dx(E) = d(R) for x E E, 

i.e. dx(E) is d(E) times the characteristic function 

of E. 

- log 2 
log A ' 

. This proves Theorem 2.12; 
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Chapter  3.  

GENERALISED CANTOR SETS 

In this chapter we shall consider a class of sets 

which are in some ways similar to general Cantor sets. 

We shall implicitly assume throughout this chapter that 

N = 1. 

Definition  3.11. [1, p.252]. 

Let '.. qn1 be a sequence of real numbers with 0 < q
n < 1, 

A set E qn  3is called a generalised Cantor set if and 

only if it can be constructed as follows. Let E0  = [0,1] 

and Eli ql = 	y' ]
2_ 	

1]. Suppose En  ,olly,qn1 
• ) 

has been defined for  n = 	and consists of 2n  closed 

disjoint intervals of equal length, say .611. To define 

Emi.1 q1,...,qm+1A we remove from each interval of 

Em  -tql,...,qm1 a subinterval of length Z__n -n+1 placed 

symmetrically about the mid-point of the interval of 

Em  Clearly En 	' qi  'woo pqn -?'S 
- --- •  En+1 	cll.' • 	qn+1_'c 

and we define 

E. 1. 	n1 17\  r%=t 

Definition  3..  
Let E igni be a generalised Cantor  set.  Then define 

(a) 	q = lim 	qn 	1, 
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(b) q = lim 	qn  > 0 

and finally 
1-qn  

(c)  Fn= 2 n = 1, 2, 41.0)0 

It is easily seen that Zn  = 	These sets 

are not always the same as general Cantor sets but are 

similar in illany respects. 

Theorem 3.1. 

A generalised Cantor set, E ( 	is a perfect 

non-enumerable,  discrete set. 

The proof is trivial and is omitted, 

Theorem 3.2. [1, p.253]. 

Let E 	be a  generalised Cantor set. Then 

m1(E) = 	I 	(1-qn) 

, L 	log( 	) < co 
1-,= \  

implies that E has positive lop-arithmic capacity. 

We shall first of all relate generalised Cantor sets 

to general Cantor sets and then obtain estimates for 

d(E 	). 

Theorem 3.3. 

A generalised  Cantor set, E Nnfls is a general 

Cantor set if and only if 0 < q < q < 1. If this is the  

case then 0 < d(E 	) < 1. 



and. 

n 	= • 
4.•\ 

clk  
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Proof. 

SuppoSe the intervals of En t q17'9qn are labelled 

as 
	

(is = 1,2) in such a way that i! • 

Then 

and so the first part of Theorem 3.3 follows. The inequality 

0 < d(E canl ) < 1 follows since this always holds for 

general Cantor sets when N = 1. 

Theorem 3.4. 

Suppose E ‘.q1.1 L5  is a _generalised Cantor set and that 

q > 0. Define A, = lim 	2riZna' . Then 

(i) Aa = 0 if and only if m (E iq/I  ) = 0 
and 

(ii) Aa- oo if and only if ma(E kni; ) = CO . 

It follows that in order to compute d(E qns ) we 

fE 

need only consider the coverings, En 	, of 

q 
A 

Proof. 

It is to be noted that q > 0 is equivalent to the 
ro 

system of sets E
n 

 (11,.. p qn 	having the separation 

property of Definition 1.3. The proof of Theorem 34 is 

contained in the proof of Theorem 2.8 where the only 
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property of general Cantor sets used was the separation 

property of i6; . 1 

Theorem 3.5 
Let E n be Lzeneralised Cantor set and suppose 

= 1. Suppose further that_, 	1 as j-:*oo. Then 

given a, 0 <  a < 1, and E = E 1%1 

(ti:7_•..ct•)(0. — 	) 
implies  d(E) < a 

3 

Proof. 

We define [En]a  = 2a,ea  • 
1) 	& .; 

Then [En.] 

Thus 

and, since 

( 
r 	R),+1)°  
0 	

) 
141 

we have 

( (V 	- 0 . ) 	,z.f.. 	k 	c4(o, 	-n, _I) 
J+A J 

.1 \ 

\-.1)(1)3,0-i\i) 

Suppose now that 

(\ — )0\• - -) 

\)1") • 	a. a 	t 	J 

I+ \ 
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Then 

[Enjf < 	
2

ja 	1 
a= 0(1) as j —> oo 

and hence, in these Cases, ma(E) < co. 

This is clearly equiValent to 

n 
	 implies d(E) < a 

which is Theorem 3.5. 

Corollary 1. 

Suppose 

Corollary  2 

—>o 	as sj ---> oo , then d(E) =  O. 

    

Suppose  nj+1  - nj  < M for some constant, M. Then 

d(E) = 0. 

Corollary 3. 

Suppose qn  > 1 as n 	Then d(E) = 0. 

Proofs of Corollaries. 

Corollary 1 follows directly from the theorem by 

noting that for any a > 0, d(E) < a. 

Corollary 2 follows from Corollary 1 by observing 

that 
• 

0 
r` 

0 as j---? co. 

Corollary 3 follows directly from Corollary 2 by 

taking nj  = j. 
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It is to be expected that if 71 = 1 i.e. if the gaps 

between the intervals of En  iqi.,••,qn 	are fairly 

large, then d(E) will be small. Theorem 3.5 relates the 

size of d(E) to the density of lqn X where 	1 as 
a 

j--->"op. We shall sae later that it is possible for 11 = 1 

and d(E) > 0. 

Theorem 3.6. 

Suppose E fgny = E is a generalised Cantor set 

with q > 0. Then d(E) < 1. 

Proof. 

Since q > 0 we can find an c > 0 and an no such 

that 

e (n 

Consider a to be an interval of En ‘q.qn 	. Then 

in a natural manner we can regard E o b. as a generalised 

Cantor set, say E 	with et: = qn+n • Now if e o  

is the length of the intervals at the n-th stage of the 

derivation of E 141 we have &n  < Gn  Choose p < 1 such — 

that 0 < 7. Then e 
or 

i/1 	(ae)le 0—,  0 as n co 

a 
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Thus 

J tE  c:Cke‘ .\ 

and so 

d(E) < 0 < 1. 

We end this chapter with four examples. 

Example 3.1. 

Suppose qn  = 1 - 	. Then qn H>1 as n op and so, 

by Theorem 3.5, Corollary 4, d(E) = 0. However, 

`to 

r 
J an 

 n=1 L 	\11\--1.„)) ^ 0- 
< 00 

and so, by Theorem 3.2, E has positive logarithmic capacity. 

Example 3.2. 

Suppose qn = 7' Then E is a general Cantor set and 

,JJ ) 

 

Example 3.3. 
Suppose qn  = 

 

Then by Theorem 3.2 

(1\ ‘( 	 > 
(1=k 

and so d(E) = 1. We finally give an example to show that 

1, q > 0 is not sufficient for d(E) to be zero. 

Example 3.4. 

Suppose qn  = 7  for n 2m  and qn  = 1 - i for n = 

Then q = 1, q = 2 and so by Theorem 3.4, d(E) can be 
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computed in terms of Zne, 
(34 Let [Etir = 2n  zn  and taken

J 	2j. 

Then [E ]a  c-„, 

• 4  a r14'" 

where 9 j   = n J  7  2a(n j-j) 

= 2i(1-2a) + a:1 (2 	( j+21)) 

= 2i(1-2a) + cj4 (4 - (j+1)) 

1 	 . = 2 ( -2a) - 1  a, j( J-3) and so 

Ga 	-co as j 	oo for 0 < a < - 7 

and 

G j  --> +co as j .--t? co for a > 1 

Suppose now that n = 2m  + k, k < 2m. 



Then. [En]a  = 2/1( e, • 

[E ]a  

" [E
nm
]
a . 2k I T k 

So [En]a  = 2 $(mk)  ' 	where 

4)(m,k) = k(1-2a) + 2m(1-2a) 	am(m-1) 

Thus 1)(11,k) = (2m+k)(1-2a) - 	api(m-1). 

It follows that 

,20 lim 	)2n  - 11.  c= 0 if 1 > a > 

and 	= +co if 1 > a > O. 

Thus d(E) = 

It would be of interest to have more information 

concerning the case q = 0 as in this case 

does not posses the separation property. Clearly 
o=1  

is a necessary and sufficient condition for m1(E) > 0 

and one could ask for a necessary and sufficient condition 

for d(E) = 1. 

Finally, this whole chapter can be extended to a 

"Generalised Cantor Set" in which En qn contains 

n closed intervals instead of 2
n closed intervals with 

K> 2. 

Lg.n < 00 
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Chapter 4. 

PROPERLY DISCONTINUOUS GROUPS 

This chapter contains no new results and merely 

lists definitions and results for later use. All of 

these results are to be found in [3]. In this chapter 

we shall implicitly assume that the underlying space 

is the extended complex plane and hence N = 2. 

Theorem 4.1. [3, p.12]. 

The successive performance of two inversions in any 

two circles is equivalent  to a bilinear transformation. 

It is well known that the set of all bilinear trans-

formations forms a group. The rest of this chapter will be 

devoted to a discussion of certain subgroups of bilinear 

transformation. 

Definition 4.1. [3, p.37]. 

Given a group, G, of bilinear transformations we  

say two points zl, z2  are con  ruent under G if and only 

if there exists a 	G, g / 1, with g(z1) = z2. 

We notice that with this definition a point is not 

congruent toitselfoxnkfz ikis a Voce& ?tint' eV 3eG, 

Definition 4.2. [3, p.35]. 

Let G be,a group of bilinear transformation. Then 

G is called properly discontinuous if and only if there  

exists a point zo  and an open neighbourhood, St  of zo 
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such that for every g E G (g 1) we have g(zo) 	S. 

In the remaining part of this chapter G will always 

denote a properly discontinuous group. In all the 

examples we shall meet we have zo  = oo and so we shall 

henceforth assume that for any such group, zo = co. 

Definition 4.3. [3, p.37]. 

A domain no two of whose points are congruent under 

G and such that the neighbourhood  of any point  on the  

boundary contains 22111- 9gngruent to points in the 

given domain is called a Fundamental region of the  

group, G. 

Definition 4.4. [3, p.25]. 

Let T(z) az+b 
cz+d G (ad-bc = 1). Since zo  = co 

  

either T(z) = z or c t  0. Suppose T(z) 	z, then the 

isometric circle of T(z) is defined to be cz-i-d1 = 1. 

Definition 4.5. [3, p.42]. 

Let 9 be the set of  centres of the isometric circles 

of elements of G. Then the derived set of 9 is defined 

to  be the  set  of limit points of G. 

We note that if T(z) = az+b E G with ad-bc = 1, cz+d 

c 10, then T 1(a)) = -d/c and so the centre of the 

isometric circle of T(z) is T 1  (oo). Thus the set of 

limit points of G is the derived set of fg(co); g E G 

The following is a list of results characterising 
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some of the properties of a properly discontinuous 

group. 

Theorem 4.2. [3, p.41] 

The elements of a •roup G are enumerable. 

Theorem 4.3. [3, p.39] 

The images of a fundamental regl2n by two distinct 

elements of G are disjoint. 

Theorem 4.4. [3, p.44] 

Let D denote the  domain exterior to all isometric  

circles of elements of G. Then D is a fundamental re ion 

for G and D and domains  congruent to D form a set of 

regions which extend into every neighbourhood of every 

Eoint of the plane. 

Theorem 4.5. [3, p.42] 

In any neighbourhood of any limit point, P of G 

there is an infinite number of distinct points congruent 

to any point of the plane with at most the exception of 

P itself and one other point. 

Theorem 4.6. [3, p.43] 

The set, S, of limit points of G is  invariant under 

any element of the group, i.e. for any _g C-_ G, g(S) = S. 

Theorem 4.7. [3, p.43] 

If the set of limit points of G contains more than 

two points then it is a perfect set. 

Finally, we have the following 
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Theorem 4.8.  [3, p.43] 

Suppose a closed set, S, contains more than  one 

point and is invariant under each of the elements of G. 

Then S contains the limit points of G. 



U 
tt 	 . 

and 

ca  
F 	 n  

L . 
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Chapter 5. 
THE INVERSION GROUP 

In this chapter we shall discuss the properties of 

a group generated by inversions in 0 and show that this 

is an example which yields a general Cantor set and is, 

for N = 2, a properly discontinuous group. 

Let 00 be a system of K+l (K > 2) disjoint closed 

spheres, say Qj  = S(aprj), and let I1(x),...,IK4.1(x) 

be inversions with respect to the boundaries of Q12"YQK+1 

respectively. Let G be the group of transformations 

generated by Ii(x),...,IK+1(x). The group G and the 

system 00 will be the objects of our discussion and the 

above notation will be kept standard throughout this 

chapter. Unless explicitly stated to the contrary all 

sequences il.. in  in this chapter will be assumed to 

satisfy the condition is  / is+1 (s = 11..,n - 1). 

Definition 5.1. 

In the above notation we define 

We shall call E the singular or residual set of 
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the group G and E is said to be derived from the system 

Q . Any residual set E will automatically be assumed 

to have the above decomposition with the above notation. 

There are essentially three major sections in this 

chapter. The first is to relate E to general Cantor 

sets, the second to relate G to properly discontinuous 

groups and the third is to relate e and E to the theory 

of harmonic functions. We proceed with the first section. 

Lemma 5.1. 

In the above notation the d
n 
 are disjoint 

spheres such that 6 , D L . . D 	m A 
2_ 	 4  

Thus El  D E2 D ••• 	En 	' E. 
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Proof. 

By a well known result the 	are spheres. 

Now 

4 	 )and 1 	
T 	

00 	h 	k `i\ 

ThusQi  . 	lies outside Q 
n+1 

and hence 

Hence 

c . 

Lemma 5.1 now follows. 

We see that this notation is precisely that des- 

cribed in Method 2, Remark 2.2. 

Definition 5.2. 

Let E be the residual set of a group G.  Then define 

Ccr = PnaX ov • f 

) 

 

(•\s, -rt... I 	
4 	A 

 

\rt 
Stirt• 

and 

 

• — 	( 
n 	 1• v-N) 	`‘' 

Lemma 5.2. 

Let S(a,r), S(bLR) be  two disjoint spheres and 

gia7)riose S(a,r) is  inverted with r';spect to the boundary 



r• 	=.- n 1.. t 
(i) 

Now 

n 	^ 

and so by (i) 

c.‘ 
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of S(b,R) to form S(a.',r'). Then 

► 	
= 
	R2- 	

• 

Further if x 7 E S(a,r) _and 	y' are  the  inverse  

_points of x, y With respect to the boundary of S(b,R)  

then 

	

\0.--\p‘ 	r 
	

%% 	:x- 
	tck—\e,\  —r. 

	

R. 	- 

The proof of this lemma is omitted. 

Lemma 5.3. 

Let S n  be as in Definition 5.2  (a).  Then 

and in particular Z. En is convergent. 

  

Proof, 

Using Lemma 5.2 with S(a,r) 

we have 

= 8 	; e 	- and S(b,R) = C?A i  
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Since 	 we have that 

and so Lemma 5.3 is proved. 

Corollary. 

For any residual set E, d(E) < 

Proof. 

-  log K 
log h 

   

En+1 consists of a covering of E by (K+1)K
n spheres 

of diameter at most h
n 
o
c 
1' Hence ma(E) < co providing 

(K+1)S1a(Kha  n= 0(1) as n --po 

and so the result follows. 

Theorem 5.1. 

Let E(j) be that subset of E contained in qj, Then 

E(j) is a spherical Cantor set for j = 1,...,K+1. 

Proof. 

With the notation as introduced in Remark 2.2 we 

will show that the given representation of E satisfies 

Definition 2.1 and Definition 2.2. All the required 

conditions have been established or are trivial with the 

exceptions of Definition 2.1 (c) and (d). We first 

prove (d). 

For convenience, we define 

(i) 

Then, rewriting (i) of Lemma 5.3, we have 
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and. 

 1- 
\ . 'A\ 	 „‘ 

Combining these equations and using (i) we see that 

• 

501) ) 1 iNtt) 	eC"--)••) 6 .'0) 

Now from geometrical considerations we have 

- 0,; 

and and thus 

o 	c' 	\,\.i.t\ 

\ -•\ 

2_ 
- 	. \ 

1 
	) 	 / 	tvo 	\/.' • \ %VIA 

\ 	1- 'n 	 'rt) • 

Combining this with (ii) and cancelling we have 

9( ck•, \ -wt,.  

;,„  

(iii) 
\CA;1 /4 -c\;,2. kV 

\ 	(Asti 	— 

Now 
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(I \  1 a r, 

   

  

j•scS n _ k  

(dy,-- c‘,) 
(iv) 

Define 

p = min (d 	rs). S#t 

Then with this definition, (iii) and (iv) we have 

6,2) 
--S73  

(‘‘ • 	,'1-1-t)  

eC1 Z.. .1(141 

 

Write 
16, 	151 	2S,1  

*(n) = (1 .± 	)(1 	) ...(1 	) 

and we have 

ZZ )• 	"'Lz  50‘))i A+) 	°...1)( V) 

By Lemma 53 it follows that *(n) < s where 

= 11 ( 	23,1 
(v..% 

is convergent. We see immediately from Lemma 5.2 and (i) 

that 

r- *2- 
CAS 



f-,41) 

(6;,. 
(vi) 
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Define 

9, 

a 	Sit 

Then, by (i) we see that 

and so Definition 2.1 (d) is satisfied if we take the 

constant 'a' to have the value 92IV
-1. We next show 

that Definition 2.1 (c) is satisfied. 

For any s / t, let x G 	
n 
	9 Y e• L 

and consider the inversion of L. 	• in L 	SUPnn Pq 

xl , y' are the images under this inversion and so 

x' 	L 	• 	y' E L. 
\\ • • 	t 
• . By the second part 
In 

of Lemma 5.2 with 	= S(a,r) and S(b„R) = L : we 

have 
\ 	\—; 

 

 

\ f\  

and 

From (vii) and (viii) we deduce 
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S(L;,.;,) 

 

; A) 	--CA' • 	•-‘‘7  1 	 .̀2.' 	t 2: • in 

and so 

This yields 

>0 
6CA; -‘,) 

Thus if we take 'b' as 

sit 	SC &,i) 

we see that Definition 2.1 (c) is satisfied and hence 

Theorem 5.1 is proved. 

For convenience we collect together the definitions 

contained in the above proof. 

(a) IP min (ds 	rs)5  
Sit 
co

Sn 
(b) IV =1  T\ 	(1 4. 	 )1  

(c) G = max aLs0 	and 1 Stt 80,$) 

(d) e2 = min iaLsh) 
5.4,' 	Ms) 
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Theorem 5.2. 

Let E be the residual set derived from a system 

Then 

0 < 	log K 	log  
log(Ve 	d(E) 

log (717.4) 
"1 

• 

The proof follows directly from (vi) contained in 

the proof of Theorem 5.1 and Corollaries 1 and 2 of Theorem 

2.7. 

Theorem 5.3. 

There exists an A(K.) < N defined on 	such 

that for any residual set E derived from a system with 

K+1 spheres, we have 

0 < d(E) < A(K) < N. 

Proof. 

This follows directly from Theorem 5.1 and Theorem 

2.11. 

It is of interest to know more about the function 

A(K) and in particular to know L.u.b. 1.A(K) 	K = 2,5,. • 

It will be shown later that this is at least N/2 but it 

is still an open question whether or not- it is greater 

than N/2 or even N. 

The next result gives an upper bound for d(E) and 

takes into account the geometrical positioning of the 

spheres Q1,..,Q1c+1  . 



6( 

(1,.. /a 
(1-1 

( 	_ 	\I-t".- 
(*) 	' 
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Theorem 5.4. 

For any system, Qom, and. residual set, E, let 

(01 ., 	
C-#0 

and 

Cc) (a) = ma.34i( a t) . 

Then d(E) < a if y( a) < 1. 

Proof. 

Throughout this proof we shall use the symbol 
s‹.+‘ 

to stand. for 

By Lemma 5.2 we have 

= 	r.tx 
a 

;C•bc,,• • 

( 	— V; )1  

Thus 

>_, ,Y.A.; • c'n 
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rs  
(A; l• 	I 	it 	i%  

it( 

Thus (coso)n  as 

and since the sumIn is taken over the components of En we 

see that ifT (a) < 1 we have ma. 
 (E)< a), 

i.e. if (;) (a) < 1 then d(E) < a. 

It is easily seen that (i) (a) is a decreasing function 

of a and that there exists a p with T(P) = 1. Suppose 

a > P, then i(a) < 1 and so d(E) < a. It follows that 

d(E) < 0 and hence that (?(d(E)) >40), 

i.e. that cf(d(E)) > 1. 

We have so far shown that any residual set, E, is 

a spherical Cantor set and hence has positive Hausdorff 

dimension and have obtained an upper bound for d(E) in 

terms of the geometrical configuration of Q -1""QK-1-1.  

Until further notice we shall implicitly assume that 

r1 	 r1  = 	= rKA-1 = 1, (clearly the cases 	= = rK+l= r  

can be treated similarly) and we define e = min d,4,_ and ou 

f = max dst. Then the definitions preceeding Thoorom 5.2 

become 
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(a)' p = e -1, 

(b)'  = 
11= I 

as,  
(1 + (e_1)  ) 

(c)' e = 2 max 	6st)  

(d)' e2 = f2-1 

Further we have 

(e)' h = ( e1.1) 2 
	

and 

(f ) 811+1 	(e11)2n 
	

( n = 0,19 2,...). 

Thus 

7T ( (5.-1) 

For convenience we now rewrite two theorems. 

Theorem 5.2A. 

Let E be a residual set derived from a system e. Then 

t 
and 

c) 

< 	
\ 	

ciL(E) 
( V-  --  

6 	n-.21 	(e-1)" 

 

1t)( 

 

• 

Theorem 5.4A. 

For anystem Q and any residual set E  let 

Ki-t  

(mo) 7) (a -1) s=t (*E) 	SE 

and 

cc)6.),) = mcx (A)((),A_))  ) c(°() w+1) 



1 r  	

1

1 
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Then if((a) < 1 we have d(E) < a. 

Corollary. 

Under the hypotheses of Theorem 5.4A we have 

log K  
" 3° 2  log (e-1) * 

Proof, 

Suppose that a = 

t 	1, ..., K+11 

K 	 
2 log ,-1) Then for any 

K(e-1)-2a  

= 1 

Thus T (a) = 1 and so d(E) <' a. 

We next weaken Theorem 5.,2A slightly so as to obtain 

bounds of d(E) which are much more convenient for a later 

use. Examples to illustrate these bounds will then be 

given. 

For x > 0 we have x > log (1-1-x) and. hence 

e(e-a) 
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Thus, from Theorem 5.2A, we have 

`3C\ 	a(E) 	\.5K  

e--2) 

Theorem 5.5. 
Suppose we consider K < N and let gpaeo, 	be,  

situated at the vertices of a regular polyhedron, i.e. 

such that for all s,t (s 	t)., (as  - at  = e. Then for 

large values  of e, d(E) is approximately 	_log K 	and  
log (e2-1) 

the percentage error is at most 	100  
(e-2)iog(e-1) ° 

Proof. 

We first note that 

i I GU. E.) c_s, ( el— 1) 
---,_ 

	

4.  Le--2)(..03( el- 0 ) 	
io-3 	i.-  	

-2.) koc CE2-1) 3 
..1 

and so 

0 

IL (z-1)10(ek-i) 
-+- 

a 
(e_i) toce7---( ). 

Then if P is the percentage error, 

	

= 100 	_ log K 	\ Px \d(E) 
loge 2-1) 

	

log 100 	1 	K  
.l. 	d(E)log(e2-1) 

IP 2?. 
—(e-)log(62-1) 

	

100 	 as required. -=- 7-2)log(e-1) 
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Thus suppose e = 102. Then the percentage error, 

00  P 
▪ 100 log 101 

1 	1 
-5- log 100 	4.6052 .... 

i.e. P < 4.605 	0.217391„. 

and so P < 0.2174. 

We note that P is independent of K and can be made 

less than any preassigned positive constant by a suitably 

large choice of e. 

Example 5.1. 

Suppose we have Qi,...,Q4  placed so that their 

centres are the 7erbices of a regular tetrahedron of side 

202. Then 

 

G. 

 

c)e 

cUt) 
\c)c 	 Ao-oo\c) 

or 

Thus we have 

0 -̀\ B C.) 

6(‹),7 

which gives 

0.1032 < d(E) < 0.1037. 
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Example  5.2. 

Suppose the centres of Q1,...,QN+1  are at the 

vertices of a regular polyhedron in RN  of side e such 

that K = N = e2-1. Then 

log K 	1 
log(e2-1) 

and so d(E) is approximately 1. The percentage error 
100  involved in taking d(E) = 1 is at most (e-2)1og(e-1) • 

In terms of the number of spheres in 00 i.e. K+1 = k, we 

have the percentage error is at most 100  

Theorem 5.6. 

Suppose we are given a  systems` of K+1 spheres and 

we allow the geometrical configuration to vary subject 

only to K being constant and f = 0(e) as e —> co. Then 

d(E) log K  
2 log e as e 	. 

Proof. 

Since f = 0(e) as 	co we have 

log (f2-1) 	2 log e as e-2-2 co 

and 

log (e2-1) --, 2 log e as e 	oo . 

Further 

( TTc-2)log(1 k-1 

which for large k is approximately 	200  

5 log k 
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(E-) 
\c.s K. 

    

  

(eL-1) 

and hence the result follows. 

  

The corollary of Theorem 5.4A gives 

d(E) < 	log K  
2 log (e-1) 

and thus in some sense Theorem 5.4A and hence Theorem 

5.4 is hest possible. 

We state now that we no longer require all the 

radii of Q1,..,Qicu  to be equal. It has already been 

shown that for any residual set E, 0 < d(E) < N and we 

now proceed to investigate the range of values d(E) can 

take. 

Theorem 5.7. 
(i) Given_any 9 > 0 there exists a residual set, E, 

with 0 < d(E) < G. 

(ii) Given any  9 < N/2 there  exists a residual set, E, 

with d(E) > G. 

Proof. 

Theorem 5.6 yields 

log K  d(E) 	as 	a) 2 log e 

and Theorem 5.2 states that d(E) > 0. Thus (i) follows 

trivially. 

To prove (ii) we recall from the implications of 

1 then Theorem 5.2A that if r1  = ..= rK-1-1 = 
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d(E) 

Thus 

d(E) 

Let e consist of (1-111 

 

o, V: 

-v(-;)=-2) 

-kr a. 1,...ez 
lcl 

spheres with their centres 

placed at the points (eni,...,enw) where 

Then 

K+l = (m+1)N  

and 

f2 N 	n  

Thus, for the s3,s'oem Q35., we have 

c 
\ C 	iv‘P - 

\04\) o\l'eI") 

1,),\  ( tn4i)w  

tt\ 

Theorem ,7 (ii) now follows, 

With reference to the remark after Theorem 5.3 we 

have shown that A(K) is at least N/2. If, in fact, 

A(K) = N/2 it would be of considerable interest to ascert;ain 

whether or not there exists a residual set E with d(E) = 
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Theorem 5.8. 

For a system Q let K = N. Then we have d(E)<N-l. 

Proof. 

Let the N+l spheres be given by 

" 
4 - 	- 	n: 	. 	- 	 Tv  

so 	

\010. 
N. 	.1 

so that 	has centre (al,...14). The proof is in two 

cases according to the vanishing or non-vanishing of 

Lk.  N 

a 	- • . a 4  
It is well known 'uha'u the vanishing of this determinant 

is equivalent to the centres of Qj  lying on some hyper- 

plane, 

+ 	 (' z 	N+I) 
01. 	 CAN ± '' 0 =3  

Alternatively the non-vanishing of L. is easily seen to 

be equivalent to saying that there exists a sphere, 

S2' orthogonal to each Qj
fl Denote by S

F  either S1 or 

S, (whichever is appro:)riate) and notice that S-  is 

invariant under each of the inversions 7IP0,-.)-4*1(x). It 

will be shown later that any non-empty closed set which 

is invariant under I1(x))-°" /
IK+1

(x) must automatically 

contain E from which it follows that 

d(E) < N-1. 

Further since E C U Q. we have 

mN-1(E) < a). 
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We prove one more theorem in this section before 

investigating the case K = co. 

Theorem 5.9. 

Given a 	(3 > N/2 there exists an e(p) > 2 such 

that if e is any system for which r1  = 	= rK4-1 = 1 

and e > e(0) then d(E) < 0. We note that e(0) is indepen- 

dent of Ko 

Proof. 

We need a lemma. 

Lemma 5.4. 

Let spheres Q, = S(a r) 	= 0,..,n) be disjoint 
(.1 

and such that d
P 
 = lao-ap) is increasing with p. Then 

for all n N 	we have do 	
1 > (1+ -7;  n )r. Z  

Proof. 

For some constant, y, we have 

if\N (U
o3  
Os) 	M0 3  (Q.) 

,i  

= y(n+l)rN. 

Now S(ao,dn) contains all of the points al,...,an  and so 

mN(S(ao,dn+r)) > y(n+l)rN  

i.e. 	(dn
N> (n+l)rN 

> nrN  

and hence do > (n'l  -1)r. 

Now if n > N we have 



s., 
2_16  

ce--0 

i 

(dst ---0 1-  ' L
4  Sr.,_•0g.) 	

s 
S---4-0 

r 
 

00 
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7 n:  > 2 

and so 

n w  —1 > —1 nN + 1 
2 

from which the lemma follows. 

Returning to the proof of Theorem 5.9. let 

= S(ai, 1 + 	e). 

Recalling that Qi  = S(ai,l) we see that 10 1 is a disjoint a 
(apart from possibly touching) collection of spheres 

1 each with radii r = 1 + 7  e. Thus, by Lemma 5.41  we have 

for 0 > 7 and n > 41 , 
/ 	\ap 

•-4.• 
= 1 (4E) 

1
2 

(2.4:+ c 
5=1 

00 	2,cf_ 

Since 0 >, 	 ) N 
S„.. %  is convergent and is clearly 

independent of e. Thus for any n we may write 

N 
YE 
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A 
where A is a function of 

0 and N only. 

Choose an e(3) such that 

(e(P) - 1)23  > A. 

Then if e > e(0) we have 

e 

s=% (4E) (c\s -- 

and so by Theorem 5.4A, d(E) < P. as required. 

We now discuss the case K = co. Clearly E can be 

defined in a similar manner to Definition 5.1 although 

in this case we cannot prove that E is a general Cantor 

set. We restrict ourselves to the cases where 

ri  = r2  = 	= 1 and where dst  > e > 2 for s / t. We 

denote such a system of spheres by oe . co 

Theorem 5.10. 

Let E be the residual set derived from a system 

Then, with the usual notation, 

d(E) < a if max 27 
- 	)(c)\k. • 1 ) Sri 	t 

Proof. 

The proof follows exactly as in the proof of Theorem 

5.4 with infinite summations replacing the finite summations° 

Theorem 5.11. 

Let E be the residual set derived from a system Qt 

Then d(E) > 0. 
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Proof. 

Let Q—  be the system formed by taking any three 

of the spheres of 0co  and let Eo be the singular set derived 

from Qom. Then E Eo and by Theorem 5.2 Eo is a general 

Cantor set and therefore d(E0) > 0. Hence d(E) > 0. 

Theorem 5.12. 

Let the centres of the  spheres of 0 be on an co 

infinite cubic lattice of side e. Then if  E is the resi— 

dual set derived from 0 , d(E) > N/2 and this is true  

for any value of e. 

Proof. 

From Theorem 5.7 we see that if mN spheres are such 

that their centres are the points (enl,...,enN) with 

and if Em  is the residual set then 

lim d(Em) ) > — m 	2 

Now E J Em for m = 1,2,... and hence 

d(E) > d(Em) for each m. 

Thus 

d(E) > N/2 

and this is true for any value of e. 

Example 5.3. 
Let N = 1 gnd let 0 consist of the spheres S(ne,1) co 	. 

(n = 0, + 1, + 2,... ,e > 3). Then from Theorem 5.12 

we know that d(E) > 1— so we can write 2 
d(E) = 	with E > 0. 2 
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Then by Theorem 5.10 we see that 

d(E) < a 

where 

2- 	e 
s 

Thus 

(Se.- 

where d. = d(E), 

i.e. 	00 

Now if f(x) = (ex-1)—(14)  we have 

s c(x)ckx 

cc0 AA 
/ 	1.4 

- ) 

00 

e. 

E ( e - .1.)E 
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Thus 

c=, 	s=1 (
es _ 

ec(e-I)E  

(e  

(El Hence 2 + c- ±l} 1 

which simplifies to 

Thus d(E) satisfies 

. 1 	1 2  < d(E) < 7  -1- e=5,. 7 	(e > 3). 

A similar technique can clearly be applied to obtain 

a similar estimate in N-dimensional space for any 

N G 

The discussion of d(E) is now finished and we proceed 

in 	
e s es \-ifick.te 

to iny.e-st-w the relation between the Inversion group 

and properly discontinuous groups. We shall see there is 

a striking similarity between the results true for the 

residual set of the Inversion group in R
N and those 



- 100 - 

true for the set of limit points of a properly discon- 

tinuous group in R2 	The first result gives some 

indication as to why this might be so. 

Theorem 5.13. 

Let E be the residual set  of the group G generated 

by inversions I1(x),...,IK.4.1(x) in R2. Define 

Tj(z) = IjIK+1(z)' (j = 

Then Go , the group of bilinear transformations generated 

by T1(z),..., TK(z), is a properly discontinuous group 

rnd E is the set  of limit_2211121 Go. Further if 

r1 = 	=rK+1 = 1 the  isometric circles of Ti(z),..,TK(z) 

have a common point. 

Prodf, 

By Theorem 4.1, Ti(z) is a bilinear transformation. 

Now 

I. (00) E L. 
tin 	On 

and so 

I` 1 

Thus since any g(z) C- Go  is of the form I 	(3--.) 

we see that 

Yap) 

and so Go is a properly discontinuous group. We recall 

from Chapter 4 that the set of limit points of Go  is 
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precisely the set of limit points of [g(co); g C GoA . 

Since 

T.(z) = Ij IK+1(z) 

we see that 

T.-1(z) = IKt1 I.(z) 

and so 

T
P  Tq  1

(z) = I
P 
 (z). 

This gives 
-' 

and so 

T 	( -z) 
2-s` 	 2_ • 	40-  t 

T T ( Do 
211-1 	2Yst 

Suppose xo  E E. Then there exists e sequence 

such that 
00 

01 = 
 

amd hence there exists a sequence of transformations 

gn(z) e Go  (n = 1, 2, ...) with gn(co.) 7 xo  as n —) co 

i.e. xo  is a limit point of Go. Suppose next that xo  

is a limit point of Go
. Since the elements of Go are 

enumerable (Theorem 4.2) we see that there exists a sequence 

gn(z) E Go  (n = 1,2,...) with 

gn(co) ) xo as n---) co 

and such that if 
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gn(z)  = 	 n 
Ti. (n) 

then 

it( n) 7 co as n --> co . 

In this case gn(co ) 	, rr(n) 	and so any neighbourhood 
of xo contains points of En for infinitely many values 

of n. It follows immediately from the fact that En  0 
as n-,,ioo and that E is compact that xo  E E. 

It remains to prove the latter statement concerning 

the isometric circles of the generators of Go  under the 

assumption that ri  =• • 	rK+l 7--  1. iVithout loss of 

generality we may assume QK÷i  = S(011) and Qs  = S(a,l). 
Thon 

Ts(z) = IsIK+1(z), 

IK+1(z) =. 1/E 

and 

Is(z) = a + 

and so 

Ts(z) = a + 	1/1  

= a + 
1- al; 

ca)  

In order to find the isometric circle of Rs(z) we first 
note that (1 - aa) - (-aa ) = 1. Then by Definition 4.4-

this isometric circle is 



- 103 - 

\1 - -az\ = 1, 

i.e. 	S 
0. 

In particular the point z = 0 belongs to this circle 

and this will be true for any value of s, (s = 1,...,K). 

We proceed to prove a series of analogous results 

to those listed in Chapter 4. It is to be emphasised 

that the following results are valid for any value of N 

(the dimension of the underlying Euclidian space) whereas 

those results listed in Chapter 4 are meaningful only for 

N = 1, 2. Theorems 5.14,..., 5.20 are analogous to 

Theorems 4.2,...,4.8 respectively. Suppose G is the 

group generated by the inversions Il(x),...,IK+1(x) 

and E is the residual set. We shall say two points z1  

and z2 of R
N are congruent under G if and only if there 

exists ageG (g / 1) with g(zi) = z2. G is properly 

discontinuous in the sense that there is a neighbourhood 

of z = oo with no points congruent to z = oo lying inside 

this neighbourhood. Definition 4.3 of a fundamental 

region can be used to define a fundamental region for G. 

Finally we generalise the definition of an isometric circle 

to that of an isometric sphere. Let the isometric sphere 

of g 	G be the set of points z' such that lim \ cp.)-su!n= 1. 
2 -7  1.1  

Then the isometric sphere of Is(x) is Qs. 

Theorem 5.14. 

The elements of G are enumerable. 
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Theorem 5.15. 

The images of a fundamental region by two distinct 

elements of G are disjoint. 

Theorem 5.16. 

Let D be_.. 121224ion exterior to all the isometric 

spheres of the  generators of G.  Then D is a fundamental 

region of G and further  D and the domains congruent to  

D form a set of regions which extend into every neighbour- 

hood of every point of RN. 

Theorem 5.17. 

In any neighbourhood of any point of E there  is an 

infinite number of distinct points  congruent to any point 

of RN. 

Theorem 5.18. 

The set E is invariant under any element of G. 

Theorem 5.19. 

E is a_perfect set. 

Theorem 5.20. 

If a non-empty closed set of points, S, is invariant 

under the generators of G then S E. 

The proofs of Theorems 5.14 and 5.15 are trivial. 

Proof of Theorem 5.16. 

Clearly D is a fundamental region of G. Consider now 

2, c 



Ott 
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Then 	, 

and 
Zo  

Since Ii,...IIK+1  are 1-1 transformations it follows 

that 

Let Ii be the closure of R. Then clearly 
t<kt 

(Q, -.,) . u 	 c ----R 
v1 i 1 

r\- 

and so 

zn R. 

Hence 

r\ 

has the property that for any point, zo  of this set any 

neighbourhood of 2..0  contains points congruent to R. 

This is therefore true of En En+1 and hence of 

(El 	E2) 	(E2 E3) v  

Since 

El E2  E --' E3 
and 

= t1 E n 

• 



and let 

Then 

and so 

Z 4  n 

I. (z )Qi . 
n 	n 1n 
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we have 

(E1  - E2) u (E2  E3) u 	= El  - E . 

Since R u El  = RN we see that the only possible points 

for which Theorem 5.16 could not be true is the set E. 

The proof of Theorem 5.16 is thus completed on proving 

Theorem  5.17. 

Suppose x E E is of the form 

. ,n  

• 

thus A ; 	contains an image of any point of R7 - 0  
4.‘ 	

i n  

Since 

(6, . ) 	0 as n 	co • 

and is it s11. we see that Theorem 5.17 and also Theorem 5.1C 

are now proved. 

proof of  Theorem 5.18. 

Now for j /;_1' 

a Ia. ' in 	' 

and for j = 



-107- 

and so we have 

En+1 C Ij(En) C En-1 

Since E C En we have 

I.(E)- I.(En  ) C En-1 

and. so  

I j  .(E) C 	En-1 = E. 
n-2. 

Thus I .(E) C 

Moreover 

I.T.(E)) C I.(E) 
a 	. 

or 
	

E C I .(E) 

and so 
	

E = I.(E), 	(A 	I s) 

Proof of Theorem 5.19, 

This follows from ThAorems 5,1 and 2.1, 

Proof of Theorem 5.20. 

Let x E E and, since S 0, let y E S. By Theorem 

5.17.  any neighbourhood of x contains points congruent 

to y. Since S is invariant under the generators of G 

it is invariant under all elements of G and so all points 

congruent to y are elements of S. Since S is closed 

we have x C S. 

This chapter ends with a discussion of the set E 

in relation to harthonic functions. A Lemma is first 

proved. 
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Lemma 5.5. 
Let I i •• 

(x) be the  inverse point of x with 

      

respect to the boundary of 	. Then 

I ; 	(x) = I; . i 	I; -L 	(X) 

Proof. 

This prbof is based on the well known fact that if I 

denotes an inversion with respect to a sphere gl and if 

P,Q are inverse points with respect to a sphere go y then 

I(P), I(Q) are inverse points with respect to the sphere 

I(Q0). 

For any point P, let Q = I. (P) be the inverse 
n 

point of P with respect to Q. . Then.I; 	I , 	(P) 
In. 	1- tv-c 

and 	I. 	(Q) are inverse points with respect to 
'n-1 

I. 	... I. 	(Q. ), i.e. with respect to LS 
1 	1n-1 in 	

r"%n 

Hence it follows that 

Since P was any point it follows that for any x RN, 

Corollary. 

In the above notation I- 	‘ (x) is an element 
st 	't er 

of the group  generated by Ii(x),...,IK+1(x). 
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Suppose that we rxe given a system Q and a function 

u(x), harmonic on D and continuous on D. Suppose further 

that u(x) is not constant but takes constant values on 

each boundary component of D. Then by the Inversion 

Principle the domain of definition of u(x) can be extended 

	 across the bouhdaries of 

It is easily seen from the definition of E that u(x) can 

be extended to and is harmonic in the whole of RIT  except 

the set E. Further u()) cannot be extended to E since if 

x2 are such that (x1
) t  (x2

) it follows by Theorem 

5.17 that x is a limit point both of points congruent to 

x1 and congruent to x
2, i.e. a limit point both of points 

where u(x) assumes the value u(x1) and of points where 

u(x) assumes the value u(x2). 

Further it follows from Lemma 5.5 that if at any 

stage we choose to continue the domain of definition 

across, say, 	by an inversion in £;... ; 	we 

still arrive at the same residual set, E. We have, in 

fact, proved the following result: 

Theorem  5.21. 

Let u(x)  be a non-constant  functioni_harmonic in 

D, continuous in D and constant  on each boundary 

in

com- 

ponent  of D.  Then the set  of points 	RN  to which u(x).  

cannot be continued  'is a spherical Cantor set and there-

fore has positive Hausdorff dimension. 
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THE SCHOTTKY GROUP 

  

    

Throughout this chapter we shall implicitly assume 

that N = 2 and that the underlying space is the extended 

z-plane. 

Definition 6.1. [3, p.59], [10]. 

Let D  be an infinite domain bounded by 2p disjoint 

circles C1,...,02p, and sunpose that T1(z),..., Tp(z) 

are bilinear transformations such that  To(z) maps the  

exterior of C onto the interior of  Cj+P. 
 Let G be  the 

Brow of bilinear transformations  generated by Ti(z),... 

• Tp(z). Then G is defined  to be a Schottky grog with 

generators T1(z)1...,T (z). 

We shall always use the notation above, i.e. T1(z)' 

• Tp(z) will always be the generators of G, Cj  will 

always be denoted by 	= rj 	and 

dst = \as - at ) 

In the case when r1  = 	= r2p  = 1 we define 

e = min dst (s 	t) 

and 

f = max dst  

Definition 6.2. 

A typical element of G is of the form 
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where 	1 % E. ) " ' ) 	, 

lidiereTT71 
	 Is 1

s+1 

by D and  

are integers and 

If we  denote the complement of  

) 

3 (1*  
:-- 	, „ T 	 = 

1A,1 r 	*111,1 = 	, 

2, • • • 

we then see that E1 77,E2 	• • •"--) En 	• • • and define 

(-\ F 

C-  t 

,It is well known that G is a properly discontinuous 

group and that E, a non-empty compact set, is the set of 

limit points of G. We call E the singular or residual 

set of the Schottky group. 

A geometrical result is first given before proceed-

ing to obtain quantitative estimates of d(E). 

Theorem 6.1. [10]. 

Suppose that G is a Schottky group such that the  

circles C...IC2p satisfy the conditions that there  
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exist  2p-3 circles, say  Q11...,Q2p 3, such that  Qj  is 

contained in the interior of  Qj+1  ( j = 1,...,2p-4), 

two circles of the  Cj's lying  outside  Q2p 3, two circles 

of the Cj's lying inside  Ql  and precisely one circle of 

the Cj's lying interior to  qi+1  but exterior to  Qj, 

= 	Then if  E is the residual  set of G, 

m1(E) = 0. 

Corollaa 

If the conditions of Theorem 6.1 hold then  d(E) < I. 

We proceed now to obtain further estimates of d(E). 

The known results are first listed. 

Theorem 6.2. [9], [13, p.109]. 

Let E be the residual  set of a Schottky group. 

Then (i)  m2(E) = 0 and (ii)  y(E) > 0, Where y(E) is the 

logarithmic capacity of E. 

Theorem  6.3. [2]. 

Zet E be the residual set of a SchOttky group. Then 

if 	 It-L 
Asv, 

< 	A 	--t- 	i-\-\ o 

	

stE 	4 r, 

   

   

it follows that  m1  (E) = 0, so that  d(E) 

Corollary.  
e 
4
2+2 If r1  = 	= r2p = 1 then p < --- implies ml(E)0" 

Theorem 6.4.  [4]. 

Suppose that G is  a Schottk -rou. satisfying 
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(a) 7:1 	
ck.:1  

(b) rl = "' = r2p = 1,  

(c) For some value of j 	, aj = 0 and aJ
,
+P 

 =e. 

Then p < -4(e 	Ae2-4 ) implied 0. ml(E)  

Theorem 6.2 estimates, in some sense, the density 

of the set E. This will eventually be extended. Tkeorens 

6.3 and 6.4 can be extended to provide an upper bound for 

m(E). In particular an upper bound for d(E) can be 

deduced from either of them. This bound will, however, 

depend only on the values of p and e and it seems improbable 

that th,'se bounds will be at all accurate in the general 

case. It is readily seen that the hypotheses of Theorem 

6.4 are far more restrictive than those of Theorem 6.3. 

In the cases where both theorems are applicable we see 

that Theorem 6.3 is the stronger for 2 < e < j2(1+S-2) and 

Theorem 6.4 the stronger for e > Fi(1;ii). We remark 

that A---(-1-1-.n) = 2.20 to three significant figures. 

Theorem 6,5. [13, pp.109-111]. 

Let E be the residual set of a Schottky group, G, 

and let E(j)  be that part of E contained in C. Then E(j)  

is a spherical Cantor set. 

We see immediately that K = 2p-1 and hence we can 

deduce from Theorem 2.11, 
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Theorem 6.6. 

There exists A(p) defined on 3 2„3141... 	such that  

for a singular set, Ef  of a Schottky group with p generators 

we have  

0 < d(E) r G(p) < 2. 

In particular the Hausdorff dimension of a singular 

set of a Schottky group is always positive and less than 

two. It would be of interest to evaluate A where 

A = &.u.b. id(E): any singular set E /. 

Using Theorem 1.2 we see that Theorem 6.6 contains 

the result contained in Theorem 6.2. 

The following results enable some of the results of 

Chapter 5 to be applicable in this chapter. 

Suppose we denote by C(S) the isometric circle of 

a bilinear transformation, S(z), and by L(s) the perpen-

dicular bisector of the line joining the centres of C(S) 

and C(S-1). 

tonna 6.1. [39  p.25]. 

A bilinear transformation carries its isometric 

circle into the isometric circle of the inverse trans-

formation. 

Lemma 6.2. [39  p.28]. 

If a transformation, S(z),  is hyperbolic, elliptic 

or parabolic it is equivalent to an inversion in C(S) 

followed by a reflection in L(s). If S(z)is loxodromiC 
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there is in addition a rotation about the centre of C(Ŝ ~) 

through an angle - 2 4rg(a+d). 

We shall henceforth assume that ri = r2 = 	= r2p = 1 

and that Ci is the isometric circle of Ti(z). It follows 

from Lemma 6.1 that G. 	is th©n the isometric circle of 

T.-1(z), 	= 

Theorem 6.7. 

Let E be the residual set of a. Schottky group. 

Then ma (E) < co provided 

 

1_ 
)1,04 

In this case, d(E) < a. 

Proof. 

The proof follows in exactly the same manner as did 

the proof of Theorem 5.4, noting that by Lemma 6.2 it is 

only the inversions which ailect the size of the image 

circles. 

Corollary. 

d(E) <2 lo • 

Suppose 

p < (e-1)2+1 
2 

Then 

2p-1 < (e-1)2 

and so d(E) < 1. Thus a consequence of this corollary is 
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as follows: 

is  p < (e-1) 2+1 then d(E) < 1. 

This result compares with Theorems 6.3 and 6.4 in the 

following ways, 

Theorem 6.3 has less hypotheses but in the cases 

where both results are applicable this corollary is better 

for e > 2+ r2 = 3.414... whereas Theorem 6.3 is better 

for 2 < e < 2 + 

Theorem 6,4 has far more hypotheses than this 

corollary but is the better result whenever both results 

are applicable, 

Theorem 6.8, 

Let E  be the residual set 'of a Schottky group and 

let e and f be as previously  defined. Then 

 

c 

 

< \0x3(`-1) 4-(e--:-.1.) 03  t 	- 
Proof. 

Again, by an application of Lemma 6.2 we see that 

the proof follows in a similar manner to the proof of 

Theorem 5.2A. This is because of the fact that the 

estimates used in this proof are uniform over the range 

of possible inversions considered. 

The following three results are all derived from 

Theorem 6.8 as the analogous results in Chapter 5 were 

derived from Theorem 5.2A. 
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Theorem 6.9. 

Given any C.-. > 0 and any  integer p > 2 there exists 

a residual  set E of a Schottky &roup with JD generators 

such that  

0 < d(E) < E . 

Theorem 6.10. 

Given any 0  < 1 there exists a Schottky group with 

residual set, EL  and 

d(E) > R• 

Theorem 6.11. 

Given any p > 1 there exists an e(0) such that for 

any residual set E of a Schottky Eroup:  G, with e > e(0) 

we have d(E) < p. We note that e(0).  is independent of p. 
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