




































































































































n(€>
Y(€, n) -  y . ± 1

2 / —x x
V 1 2  s i l l  :

w here th e  u p p e r lim it f i ( £ )  i s

d C ( 1 .5 : 16a)

si 22
r~. 2 . 2 „

0 /  1 - m sin c

j i ( ^ )  = 2  a r c t a n  /  q ^ o  ^  ^

p£
and th e  c o n s t a n t s  q , p and m a re

q =
6x

5l ll£
P = / q2+2C

m =
,*• 2 / \ 2 
V  ( p"q)

■o 4pq
E q u a t io n  ( 1 . 5 : 1 6 a )  is  an e l l ip t ic a l  in t e g r a l and ca n  be e x p r e s s e d

a s

Y(S, 7)) - Y ± 1

2 A -x
V 1 2  £

F  ( m ( €  ) I m ) ( 1 . 5 : 1 6 b )

2 /  —x x
s i l l  s l 2 2

w here F is an e l l ip t ic  in te g r a l o f  th e  f i r s t  k in d . To f ix th e

p o s it io n , Y , o f th e  's e p a r a t in g 7 p a r t ic le  ( F  , 7 ) , t  ) , n o te  t h a t a s0 s  s  s

t? -> -oo th e p o s it io n  Y ( £ ,  1 7 ) o f th e  p a r t ic le s  m ust m atch o n to th e

p o s it io n o f th e p a r t ic le s  in th e low er san d w ich  la y e r . B e c a u s e o f

th e  s c a lin g ( 1 . 5 : 9 )  t h is  means t h a t  a s  7 ) -» -co, we r e q u ir e

T
o

>i>

0 . A lso from  ( 1 . 5 : 1 0 a ) , 7 7  -» - 0 0  im plies £  -> 0 ; h e n c e  from

( 1 . 5 : 1 6b)

1 F ( \  | m ) . ( 1 . 5 : 1 7 a )

s l 2 2
/ i

/  — X X 
V  1 2  Sill E

In  te rm s o f  y ,  th e  p o s it io n  o f  th e  s e p a r a t in g  p a r t ic le  a s  th e  

s e p a r a t io n  tim e is  a p p ro a c h e d , t  -» 0 + ,  is  th u s
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-1 /2

h
/  — X X

V 1 2  s i l l

F ( |  | m ) . ( 1 .5 : 17b)

s l 2 2

This s in g u larity  s tru c tu re  is shown to be co n s iste n t with our 

numerical re su lts  in section  1.6.
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§ 1 .6  R esu lts

The g o v e rn in g  e q u a t io n s  ( 1 . 2 : 7 a ,  8)  f o r  u n s t e a d y , a x i a l l y -  

in d e p e n d e n t b o u n d a r y -la y e r  flow  th ro u g h  a c ir c u la r  c u r v e d  p ip e  o f  

c o n s t a n t  r a t io  o f  c u r v a t u r e  S h a v e  been s u c c e s s f u l l y  in t e g r a t e d  in 

L a g ra n g ia n  c o o r d in a t e s  ( £ ,  tj) f o r  a number o f  in v is c id  c o re

v e lo c it ie s  W ( t ) ,  th e  c h o ic e  o f  which is  d is c u s s e d  la t e r .  We n o teo

t h a t  r e g u la r  s o lu t io n s  f o r  x ,  u and w ca n  be o b ta in e d  a t  tim es  

la r g e r  th a n  t h a t  when |g r a d  x |  f i r s t  becom es z e r o , i . e .  th e  

s e p a r a t io n  tim e t  , h o w ever, th e  v a l id i t y  o f  th e  s o lu t io n  a t  s u c hS
tim es is  u n c le a r .

S in g h  ( 1 9 7 4 )  show ed t h a t  th e  s l ip  v e lo c it y  W ( t )  ca n  be a n yo

a n a ly t ic a l  f u n c t io n  o f  t .  To s t u d y  d i f f e r e n t  s t a r t in g  c o n d it io n s  a  

num ber o f  d i f f e r e n t  time v a r ia t io n s  o f  th e  g e n e ra l form

W ( t )  = A + B s in  wt,O

h a v e  been u s e d . A =  1 and  

s t a r t e d  u n ifo rm  flo w , w hile  

o s c i l la t in g  flow  ( c f .  L y n e 's  

c a s e  when w »  1 ) .  N um erical 

ra n g e  o f  A, B and io. In  

p h y s io lo g ic a l ly  r e le v a n t  flow

= 0

( 1 . 6 : 1a)

c o r r e s p o n d s  to  an im p u ls iv e ly  

and B = 1 c o r r e s p o n d s  to  an 

la r g e  time a n a ly s is  f o r  th e  

h a v e  been o b ta in e d  f o r  a  

we h a v e  t r ie d  a more

f o r  0 2 = t  == t
1 ( 1 . 6 : 1 b )

f o r  t  < t  =£ t 2

B = 0 

A = 0 

( 1 9 7 0 )  

s o lu t io n s  

a d d it io n ,
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w here t  ^  1 1 . 9 2 6 ,  t  =  3 5 . 7 7 7  an d  6 =  0 . 2  . T h is  is  a  c r u d e  model 1 2
f o r  b lo o d  flow  in th e  a s c e n d in g  a o r t a  ( e . g .  s e e  P e d le y  ( 1 9 8 0 ) ) .  

H ow ever, u n le s s  s p e c if ie d  o th e rw is e , th e  n u m e ric a l r e s u l t s  

p r e s e n t e d  h e re  were o b ta in e d  w ith W ( t )  = 1  an d  5  =  0 .O
A s in d ic a t e d  in e a r l ie r  s e c t io n s ,  one a s p e c t  o f  th e  flow  which

1

is  o f  p rim a ry in t e r e s t is w h eth er t h e r e  is  a f in it e tim e, t  , a t
s

w hich a  z e r o d e v e lo p s in g ra d  x . To d eterm in e th e v a lu e o f  a n y

s e p a r a t io n  time t  we
S

p lo t min |g r a d  x |
K . V

o f  th e s o lu t io n  a g a in s t  t .

F o r  exam ple, f ig u r e  1 . 6 : 1 is  f o r th e c a s e  Wn =  1 . N ote t h a t  a

s in g u la r it y  tim e e x i s t s ,  and r e la t iv e ly  c lo s e  to  i t  |g r a d  x |  h a s  

th e  lin e a r  b e h a v io u r  o f  ( 1 . 5 : 5 c ) .  B e c a u s e  o f  n u m e rica l d i f f i c u l t i e s  

in o b ta in in g  a c c u r a t e  v a lu e s  o f  g ra d  x v e r y  c lo s e  to  z e r o , th e  

s e p a r a t io n  time t  is  fo u n d  b y  e x te n d in g  th e  p o r tio n  o f  th e  c u r v eS
which is straight through to its intersection with |grad x| = 0. 

The position of the 'separating' fluid particle is denoted by 

( 6 , 7 ) )  where 6 = n  from our numerical results; however, 7) has
s s s s

to  be ap p ro x im a te d  b y  a p p ly in g  a s im ila r  lin e a r  r e la t io n s h ip  to  th e  

7) p o s it io n  a t  which min |g r a d  x |  o c c u r s .

S ta n d a r d  n u m e rical c h e c k s were p e rfo rm e d . F o r exam ple, th e

c r it e r io n f o r  th e c o n v e rg e n c e o f th e  lin e  it e r a t io n i was v a r ie d

betw een 0 . 5 x 1 0 - 4 a nd 0 .5 x 1 0 '
-9

T h is  v a r ia t io n p ro d u c e d no

P e d le y  ( 19 8 0 )  exam ined a  b o u n d a r y -la y e r  flow  w ith t h is  c o r e
1 /2

v e l o c it y  u s in g  an e x p a n s io n  in pow ers o f  t  ( t  «  1 ) .  H is  s e r ie s  

s o lu t io n  is  v a l id  f o r  t  ^  4 . 0 2 5 ,  b e yo n d  which n e g le c te d  

h ig h e r -o r d e r  term s a p p e a r  to  become im p o rta n t.
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s ig n if ic ia n t  c o n v e rg e n c e  p ro b le m s, and d id  n o t s ig n if ic a n t l y  ch an g e  

th e  r e s u l t s .  The s o lu t io n  with W ( t )  = 1 h as been o b ta in e d  with
o

th r e e  d i f f e r e n t  g r id  s i z e s  3 7 x 1 7 ,  7 3 x 3 3  a n d  14 5 x 6 5  w ith A t =  — , —
40 80

and -1—  r e s p e c t iv e ly  ( f o r  th e  o t h e r  c h o ic e s  o f  W ( t )  o n ly  th e  f i r s t
1 60 o

two g r id  s i z e s  were u s e d  b e c a u s e  o f  th e  le n g th y  co m p u ta tio n a l time 

r e q u ir e d ) .  In  a d d it io n  th e  s o lu t io n s  w ere shown to  be s e c o n d -o r d e r  

a c c u r a t e ,  th u s  allo w in g  R ic h a r d s o n  e x t r a p o la t io n  to  be a p p lie d  to  

g iv e  im proved r e s u l t s .  With W ( t )  =  1 e x t r a p o la t io n  was p e rfo rm e dO
on th e  p a ir s  o f  g r id s  3 7 x 1 7 ,  7 3 x 3 3  an d  7 3 x 3 3 , 14 5 x 6 5 . Sample

r e s u l t s  a r e  g iv e n  in t a b le  1 . 6 : 1 a .

T a b le  1 . 6 :  1 a  W ( t )  =  1 ,  6  =  0
o

g r i d  t  E x t r a p o la t e d  t
s  s

3 7 x 1 7 2 . 8 2 8
2 . 8 1 3

7 3 x 3 3 2 . 8 1 7
2 . 8 1 3

14 5 x 6 5 2 . 8 1 4

T h e p o s it io n o f th e f lu id p a r t ic le ( £  ,Vs  s
) a t  which

g ra d  x ( £  , t? , t  ) =  o , is £  =  tt an d  7 ] = 1 . 1 3 3 .  B y th e tim e th e
s  s  s

flo w  s e p a r a t e s a t t  =

s
2 . 8 1 3 a

r,

s

- ,  t h is p a r t ic le h a s t r a v e lle d

- 1 /2
a p p ro x im a te ly  a  d im e n sio n a l d is t a n c e  1 . 7 0 3 1 a 6  down th e  p ip e

a lo n g  th e  in n e r w all.

T h e  e x t r a p o la t e d  v a lu e s  o f  t  fro m  g r id  s iz e s  3 7 x 1 7  an d  7 3 x 3 3S

f o r  o t h e r  c o r e  v e lo c it ie s  W ( t )  w ith 6  =  0 a r e  l is t e d  in ta b le
o

1 . 6 : 1 b.
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Table 1 .6:1b

W ( t )o E x t r a p o l a t e d  t
S

1 + s i n  2 t 1. 6 1 9

1 + s  in  t 1 7 6 9

1 i t
+ s i n  - t  

2
2. 0 4 5 7

1 - s i n  t 4. 646

A s m ight be e x p e c te d  from  th e  p h y s ic a l  arg u m en ts g iv e n  e a r l ie r ,  a ll 

th e  b o u n d a r y -la y e r  c o l l is io n s / s in g u l a r it ie s  o c c u r  a t  th e  in n e r

w all, x — 7 i .  N ote  t h a t  th e  a d d it io n  o f  ' p o s it iv e '  p u ls a t io n  to  a
S

n o n -z e r o  mean le a d s  to  an e a r l ie r  s in g u la r it y  tim e b e c a u s e  in th e  

p e r io d  b e f o r e  th e  s in g u la r it y  fo rm s th e  c o re  flo w  v e lo c it y  is  

e f f e c t i v e l y  in c r e a s e d . F o r  th e  sam e r e a s o n , a d e c r e a s e d  c o r e  flo w , 

e . g .  W =  1 -  s in  t ,  le a d s  to  a la t e r  s e p a r a t io n  tim e.O
More d e t a ile d  r e s u l t s  h a v e  been o b ta in e d  f o r  th e  c o r e  v e lo c it y  

p r o f i le  ( 1 . 6 : 1 b )  w ith 5  =  0 . 2  which P e d le y  ( 19 8 0 )  u s e d  to  model 

b lo o d  flo w  in th e  a o r t a .  S o lu t io n s  on t h r e e  d i f f e r e n t  g r id  s iz e s  

h a v e  been o b ta in e d : 3 7 x 1 7 ,  7 3 x 3 3  and 14 5 x 6 5  with A t =  — , —  and
40 80

i
—  r e s p e c t iv e ly ,  y ie ld in g  th e  r e s u l t s  l is t e d  in ta b le  1 . 6 : 1 c .
1 60

T a b le  1 . 6 : 1 c

g r i d  t  E x t r a p o l a t e d  t
s s

3 7 x 1 7 4 . 1 7 9 6
4 . 1 7 8 9

7 3 x 3 3 4 . 1 7 9 1
4 . 1 7 8 7

14 5 x 6 5 4 . 1 7 8 8
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4 1 7 9 a
T h is  g iv e s  a  d im e n sio n al s e p a r a t io n  tim e o f  —:— —  ( c f .  P e d le y 's

s 1/2 W
e s tim a te  t h a t  th e  s e r ie s  s o lu t io n  is  o n ly  v a l id  f o r  t  ^  4 . 0 2 5 ) .

D e t a ile d  r e s u l t s  f o r  W ( t )  =  1 a n d  5  =  0
o

F ig u r e s  1 . 6 : 2 - 6  p lo t  th e  flo w  r e s u lt in g  from  th e  im p u ls iv e ly  

s t a r t e d  m otion, W ( t )  =  1 ,  f o r  t  c lo s e  to  t  =  2 . 8 1 3 .  T h e le f t
o s

b o u n d a ry  r e p r e s e n t s  th e  o u t e r  w all £  =  x = 0  an d  th e  r ig h t ,  th e  

in n e r  w all £  =  x =  n. T h e bottom  b o u n d a ry  s im ila r ly  r e p r e s e n t s  th e  

s u r f a c e  o f  th e  p ip e , y  = r) - 0 , w hile th e  to p  b o u n d a ry , y  =  1 0 ,

7) =  5 ,  is  n e a r  th e  ed g e  o f  th e  b o u n d a ry  la y e r . To p ro d u c e  th e

c o n t o u r  p lo t s ,  th e  g r a p h ic s  p a c k a g e  ' T i l e ,  S o lid  an d  C o n ic o n ' was 

u s e d  to  in t e r p o la t e  q u a n t it ie s  ( e . g .  w) from  th e  ir r e g u la r  mesh 

( X j  j ,  y^ j )  to  a  r e g u la r  g r id . C o n to u r  p lo t s  w ere th e n  p ro d u c e d  

fro m  th e  r e g u la r  g r id . E a ch  c o n t o u r  is  la b e lle d  with a num ber, with  

th e  c o r r e s p o n d in g  v a lu e  b ein g  d is p la y e d  in th e  k e y  to  th e  r ig h t  o f  

th e  p lo t  f o r  t  =  2 . 0 .

F ig u r e  1 . 6 : 2  i l l u s t r a t e s  th e  c h a r a c t e r is t ic s  o f  c o n s t a n t  x in 

L a g ra n g ia n  c o o r d in a t e s  ( £ , ? ) ) .  A s a  ro u g h  g u id e , th e  g r e a t e r

d is t a n c e  betw een two c h a r a c t e r i s t i c s , th e  sm a lle r g ra d  x , a n d  h e n ce

th e  h a r d e r  th e  f l u id  p a r t ic le s  a r e  b e in g  's q u a s h e d ' .  The d r i f t  o f  

th e  c h a r a c t e r is t ic s  to  th e  l e f t  betw een th e  b o u n d a rie s  in d ic a t e s  

t h a t  f l u id  p a r t ic le s  a r e  b ein g  sw e p t to w ard  th e  in n e r wall b y  th e  

e x c e s s  p r e s s u r e  g r a d ie n t .

F ig u r e  1 . 6 : 3  d is p la y s  lin e s  o f  c o n s t a n t  a x ia l v e lo c it y

- — ----------- in th e  flo w  f ie l d  ( x ,  y )  a t  d i f f e r e n t  t im e s . With
1 + 5 c o s  x

W ( t )  = 1 ,  th e  a x ia l v e lo c it y  ra n g e s  from  0 a t  y  =  0 an d  to  1 a s
o
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y -» co. Contour 7, i . e .  w = 0 .9 ,  g iv es  a rough indication o f  the

p o s it io n  o f  th e  ' t o p 7 o f  th e  b o u n d a ry  la y e r . As t  in c r e a s e s ,  th e r e  

is  an in c r e a s e  o f  th e  t h ic k n e s s  o f  th e  b o u n d a ry  la y e r  n e a r  th e  

in n e r w all, in d ic a t e d  b y  th e  l i f t in g - u p  o f  th e  c o n t o u r  lin e s  t h e r e .  

N o te  t h a t  th e  a n t ic ip a t e d  th in n in g  o f  th e  la y e r  a t  th e  o u t e r  wall

is  n o t  so  o b v io u s  from  t h e . p lo t s .

A s tre a m f u n c t io n , ip, ca n  be in tr o d u c e d  f o r  th e  s e c o n d a r y

m otio n , where

ifj = u, ip = - (  *\ + dcos  x )v  . ( 1 . 6 : 2 a)y x
In  L a g ra n g ia n  c o o r d in a t e s  ( £ ,  7)), we o b ta in

, 1  + S c o s  6  u . .
ip = z— :— 5 ----------- —  on c o n s t a n t  x . ( 1 . 6 : 2 b)%  1  + S c o s  x x

T h e r e f o r e  ip ca n  be o b ta in e d  b y  in t e g r a t in g  7} ,y>
1  + S c o s  x x £

7 ) = ----------------------------------on c o n s t a n t  x , ( 1 . 6 : 2 c )
v 1 + S c o s  £  u

in a s im ila r  way to  th e  c a lc u la t io n  o f  y  u s in g  a  c h a r a c t e r is t ic  

m ethod la s t  d is c u s s e d  in s e c t io n  1 . 4 .  F ig u r e  1 . 6 : 4  i l l u s t r a t e s  th e  

c o n t o u r  p lo t s  o f  th e  in s t a n ta n e o u s  s t r e a m f u n c t io n  ip in th e  ( x , y )  

flo w  f ie l d  a t  d i f f e r e n t  tim es ( t h e  arro w s p o in t  in th e  d ir e c t io n  o f  

f l u i d  m o tio n ). T h e s e  g ra p h s  in d ic a t e  th e  same phenom enon o f  f lu id  

p a r t ic le s  d r if t in g  from  th e  o u t e r  w all to  th e  in n e r . T h e in c r e a s e  

in 'b lo w in g  v e l o c it y '  on th e  in n e r w all a s  t  is  a p p ro a c h e d  iss

in d ic a t e d  b y  th e  c o n v e rg e n c e  o f  th e  s t r e a m lin e s  n e a r  th e  in n e r  

w all.

F ig u r e s  1 . 6 : 5  a r e  ' s c a t t e r '  p lo t s  o f  f lu id  p a r t ic le s  ( £ ,  tj) , 

i l l u s t r a t in g  t h e ir  m otion th ro u g h  ( x ,  y )  s p a c e . T h e d a t a  r e q u ir e d  

f o r  t h e s e  p lo t s  was o b ta in e d  b y  c u b ic  in t e r p o la t io n  from  th e

94



p o s it io n s  o f  th e  f l u id  p a r t ic le s  a t  t  =  0 . F lu id  p a r t ic le s  s t a r t in g

a t  th e  same h e ig h t , i . e .  a t  th e  same y  v a lu e s , a r e  jo in e d  b y  a

s o lid  lin e , and d if f e r e n t  m a rke rs a r e  u s e d  to  d is t in g u is h  f lu id  

p a r t ic le s  a t  d i f f ie r e n t  x p o s it io n s .  The b o u n d a ry  la y e r  becom es

th in n e r  n e a r  th e  o u t e r  wall a s  tim e in c r e a s e s  ( e . g .  th e  f lu id

p a r t ic le  a t  x =  0 , y  “  8 . 7  a t  t  =  0 e n d s up a t  x = 0 , y  ^  7 . 0 ,  a t  

t  = 2 . 8 ) ,  and t h ic k e r  n e a r th e  in n e r w all, t h is  is  in d ic a t e d  b y  th e  

l i f t in g  up o f  th e  s o lid  lin e s  t h e r e . N ote t h a t  a 's e p a r a t in g '

p a r t ic le  m ust e x is t  on th e  sym m etry lin e  o f  in n e r wall below which 

p a r t ic le s  rem ain c lo s e  to  th e  b o u n d a ry  o f  th e  p ip e , and ab o ve  which  

p a r t ic le s  s h o o t  o f f  to  in f in i t y .  The f i r s t  phenomonon is  

i l l u s t r a t e d  b y  th e  lo w e st s o l id  lin e  rem aining c o m p le te ly  w ithin

th e  b o u n d a ry  la y e r  a t  t  =  2 . 8 ,  th e  s e c o n d  b y  a l l  th e  lin e s  a b o ve  i t

d is a p p e a r in g  o u t  o f  th e  g r a p h ic s  window n e a r  th e  in n e r w all.

so lu tio n s o f  x(oc , l3 , t )  and y (a ,  /3 ,t ) .  Figure 1 .6 :5 a  g iv es  the initial

In a wide num ber o f a p p lic a t io n s  h e a t  and m ass t r a n s f  e r

betw een th e wall and th e c o r e flo w  is im p o rta n t. C le a r ly th e

e je c t io n o f f l u id which h a s been r e la t iv e ly c lo s e  to th e b o u n d a ry

o u t  in to th e c o r e flo w , a s o c c u r s in u n s t e a d y  s e p a r a t io n , w ill h elp

t h is  m ixing p r o c e s s .  H ow ever, we n o te  t h a t  th e  u n s t e a d y  s e p a r a t io n  

phenomenon h e r e , in which o n ly  th e  u p p e r h a lf  o f  th e  b o u n d a ry  la y e r

is  e je c t e d  in to  th e  c o r e , is  p o s s ib ly  n o t a s  e f f i c i e n t  a s  s t e a d y  

s p e a r a t io n  in w hich th e  whole b o u n d a ry  la y e r , in c lu d in g  p a r t ic le s

which h ave  been a r b it r a r i ly  c lo s e  to  th e  w all, is  l i f t e d  up and

e x p e lle d  in to  th e  c o r e  flo w .

F ig u r e  1 . 6 : 6  show s th e  d ir e c t io n  and m ag n itu te  o f  th e  v e lo c it y  

( _ M _  v ) o f  th e  f l u id  p a r t ic le s  shown in F ig u r e  1 . 6 : 5 .
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I n i t ia l l y ,  th e r e  is  no s e c o n d a r y  m otion a t  t  =  0 ( F ig u r e  1 . 6 : 6 a ) .  

A s s e c o n d a r y  m otion d e v e lo p s , we n o te  t h a t  in ag reem en t w ith th e  

o t h e r  g r a p h s , th e  s e c o n d a r y  v e l o c it y  is  from  th e  o u t e r  wall to  th e  

in n e r. F lu id  p a r t ic le s  t r a v e l to w a rd s th e  b o u n d a ry  o f  th e  p ip e  n e a r  

th e  o u t e r  w all, and away from  i t  n e a r  th e  in n e r w all. We a ls o  n o te  

t h a t  th e  m agnitu de o f  th e  v e l o c it y  a t  th e  in n e r wall in c r e a s e s  

s ig n if ic a n t ly  a s  i t  a p p ro a c h e s  s e p a r a t io n .

In  s e c t io n  1 . 5  an a s y m p t o t ic  s in g u la r it y  s t r u c t u r e  was

p ro p o s e d  f o r  th e  tim es c lo s e  to  th e  s e p a r a t io n  tim e t  . I t  was
s

c o n c lu d e d  t h a t  th e  s in g u la r it y  le n g t h s c a le s  b e h ave  lik e

(x  - x ) „  c t  -  t ) 3 / 2 , y  ~ ( t  - t  ) 1 / 2  ( 1 . 6 : 3 a , b )
s s s

( s e e  e q u a t io n s ( 1 . 5 : 5 b ,  6 ) ) . I f t h is  s in g u la r it y  s t r u c t u r e  is

c o r r e c t ,  an d  i f th e  n u m e rical r e s u l t s  h a v e a d e q u a te  r e s o lu t io n ,

th e n  a  p lo t  o f ( y - y ( t = 0 ) l  ( t g - ■ t)1 / 2 a g a in s t (x  —x ) ( t  - t ) - 3 / 2  f o r
s  s

s u it a b le  f ix e d  t) - t) and d if f e r e n t  t  s h o u ld  te n d  to  a  s in g le  c u r v e
S

1/2
a s  ( t  - t )  -» 0 . In  f ig u r e s  ( 1 . 6 : 7 a ,  b ) ,  g ra p h s  o f  ( y - 7 j + c ) ( t  - t )

S S
— 3/2

a g a in s t  (x  - x ) ( t  - t )  h a v e  been p lo t t e d  f o r  T) =  5  and tj =  10  a t
s  s

tim e s t  =  2 . 7 ,  2 . 7 5  and 2 . 8 .  T h e  v a lu e  o f  t  u s e d  was t h a t  g iv e n  

e a r l ie r ,  i . e .  t  =  2 . 8 1 3  and th e  c o n s t a n t  c  =  5 . 5  is  in c lu d e d  in an
s

a tte m p t to  ta k e  in to  a c c o u n t  th e  h ig h e r -o r d e r  c o r r e c t io n s  in y  

( c f .  e q u a tio n  ( 1 . 5 : 6 ) ) .  The g ra p h s  c o lla p s e  o n to  e a ch  o t h e r  and th e  

r e la t io n s h ip  seem s in d e p e n d e n t o f  th e  p o s it io n  o f  tj > tj . The
s

s in g u la r it y  s t r u c t u r e  th u s  a p p e a r s  to  be c o n firm e d . N o te  t h a t  o th e r  

a u t h o r s  ( e . g .  S im pson an d  S te w a rts o n  ( 1 9 8 2 a , b ) )  who h a v e  w orked on 

th e  s im ila r  p ro blem s o f  th e  im p u ls iv e ly  r o t a t e d  s p h e r e  and th e  

im p u ls iv e ly  h e a te d  c ir c u la r  c y l in d e r ,  h a v e  p r e v io u s ly  o b ta in e d  th e
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— 1 /2
n u m e rical b e h a v io u r  o f  y  „ ( t  -  t  ) , how ever th e  c o n firm a tio nS
o f  r e le v e n t  (x  -  x )  s c a le  a p p e a r s  t o  be new.

s

T h e  a x ia l d isp la c e m e n t t h ic k n e s s  2  is  d e f in e d  a s

2 = w( 1 - ) dy

w , 
W" dy

( 1 . 6 : 4 a )

( 1 . 6 : 4 b )

S in c e  y  ca n  b e a p p ro x im a te ly  d iv id e d  in to  t h r e e  la y e r s  a s  d is c u s s e d  

in s e c t io n  1 . 5  ( s e e  f ig u r e  1 . 5 : 1 ) ,  th e  d is p la c e m e n t t h ic k n e s s  ca n  

be e x p r e s s e d  a s

- „A
l

2Y TO -A
2 r ”

w d y  + w d y  + w d y

- o A ♦ - 1 / 2  -
2Y T -A  J

where

1 «  A , A «  x " 1 / 2  , ( 1 . 6 : 5 )
1 2

- 1/2
x  = t  -  t ,  and Y  t  is  th e  y  p o s it io n  o f  th e  's e p a r a t in g '  f l u ids o

_ 1 / 2
p a r t ic le  ( c f .  e q u a tio n  ( 1 . 5 : 1 7 a ) ) .  T h ro u g h o u t th e  c e n t r a l  0 ( t  )

-  1 / 2
re g io n , in c lu d in g  y  ~ A and y  ~ 2 Y  t  - A  , w „  w = w ( £  , t? ) .  In

1 o 2  s  s  s

th e  two 0 ( 1 )  l a y e r s ,

w „ 0 ( 1 )  .

The le a d in g  o r d e r  c o n t r ib u t io n  o f  th e  f i r s t ,  s e c o n d  and t h ir d  

in t e g r a ls  a r e  r e s p e c t iv e ly ,

( i)  0 ( 1 )  + w A ( 1 . 6 : 6 a )
s  1

( i i )  2w Y  t ' 1 / 2  -  w (A + A ) ( 1 . 6 : 6 b )
s o  s  2 1

( i i i )  0 ( 1 )  + w A
s  2

( 1 . 6 : 6 c )
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T herefore, the main contribution is from the second  integral and

2w
2  „  —rj—Y  t " 1 / 2  +  0 ( 1 )  . 

W o 
o

( 1 . 6 : 7 a )

From o u r  n u m e ric a l r e s u l t s  f o r  W = 1 ,o

2  „ 0 . 9 6 3 Y  t ~ 1 /2  + 0 ( 1 )  . ( 1 . 6 : 7 b )
o

We n o te  t h a t  b o th  y  and 2  h a v e  

t  -> 0 , in p a r t ic u la r ,

th e  same s in g u la r it y  s t r u c t u r e  a t

w

2  ~  v7” y +  0 ( 1 )
o

( 1 . 6 : 8 )

a t  th e  to p  o f  th e  b o u n d a ry la y e r . T h e r e f o r e , f ig u r e  1 . 6 : 7

q u a n t it a t iv e ly  r e p r e s e n t s  th e  r e la t io n s h ip  betw een a x ia l  

d is p la c e m e n t t h ic k n e s s  and x .

A s d is c u s s e d  in s e c io n  1 . 1 ,  th e r e  may e x i s t  a  c o r r e la t io n

betw een th e  p o s it io n s  o f  d is t r ib u t io n  o f  a t h e r o s c le r o t ic  le s io n s  

and wall s h e a r . T h e r e f o r e , i t  is  im p o rtan t to  u n d e r s t a n d  th e  

d eve lo p m en t o f  wall s h e a r  w ith tim e. In  f ig u r e s  1 . 6 : 8  and 1 . 6 : 9  t h e

c ir c u m f e r e n t ia l and a x ia l wall s h e a r ,  

1 5u
1 + 5 c o s  x 5 y  and -  1 - -  x ( 1 . 6 :  9 a , b)  

1 + 5 c o s  x 9 y

r e s p e c t iv e ly ,  a r e  p lo t t e d  a g a in s t  x f o r  d if f e r e n t  v a lu e s  o f  t  < t  .
s

F ig u r e s  1 . 6 : 8 a  and 1 . 6 : 8 b  c o r r e s p o n d  to  W ( t )  = 1 w ith 5 = 0 , while
o

f ig u r e s  1 . 6 : 9 a  a nd 1 . 6 : 9 b  a r e  f o r  th e  more p h y s io lo g ic a l ly  r e le v e n t

flo w , a s  e x p r e s s e d  in e q u a tio n  ( 1 . , 6 : 1 b )  with 5  = 0 . 2 .  The s e c o n d a r y

wall s h e a r  in b o th  f ig u r e s  is q u a lit iv e ly  s im ila r . The s t e e p e r

s lo p e s  n e a r  th e  in n e r wall in f ig iu r e  1 . 6 : 9 a  a r e  due  t o t he

n o n -z e r o  5 . N ote  t h a t  in f ig u r e  1 . 6 : 9 b  th e  a x ia l wall s h e a r  h a s  a
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minimum a t  th e ou ter wall and a maximum a t the inner wall fo r  small

t ,  t  ^  2 ,  w h ereas f o r  la r g e r  t im e s , th e  maximum w all s h e a r  is  away 

from  th e  sym m etry l in e s ,  and th e  wall s h e a r  n e a r  th e  in n e r w all is  

le s s  th a n  t h a t  a t  th e  o u t e r  w all.

B o th  th e  p h y s ic a l re a s o n in g  and th e  n u m e rical r e s u l t s  s u g g e s t

t h a t  th e  b o u n d a r y -la y e r  s e p a r a t io n  o c c u r s  a t  th e  in n e r w all, x =  n. 

T h e r e f o r e , i f  we assu m e t h a t  th e  s e p a r a t io n  o c c u r s  a t  th e  sym m etry  

lin e  a t  a f i n i t e  tim e, we ca n  r e s t r i c t  o u r  a t t e n t io n  to  t h is  lin e ,  

w here, a s  m entioned b e f o r e  in s e c t io n  1 . 3 ,  th e  flow  ca n  be exam ined  

b y  making a T a y lo r  e x p a n s io n .

To exam ine th e  p r e c is e  d e p e n d e n c e  o f  th e  flow  on 5 ,  a  

p a ra m e te r e =  ( 1 - 6 )  is  d e f in e d , and a l l  th e  q u a n t it ie s  d e f in e d  in
A A A A A

( 1 . 3 : 4 )  a r e  r e s c a le d  in te rm s o f  e . New v a r ia b le s  t ,  7), x ,  u and w

a r e  in tr o d u c e d

3/4t) -  C 7),
(1.6 :10)

X =  X , w = w
*

and th e n  s u b s t it u t e d  in to  e q u a t io n s  ( 1 . 3 : 9 ) ,  y ie ld in g

u x ( 1 . 6 : 1 1 a )
t

A A /S A A 2  A A A A  A

u + x w(2W -  w ) = x u~~ -  x x~u~ + ( x
2

x X -  ) u ( 1 . 6 : 1 1 b )

w
t

( 1 . 6 : 1 1 c )
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with boundary cond itions,

X =  1 , u = o, w =  W ( t )
O

a t  7i = 0 ,

A A A ( 1 . 6 : 1 1 d )
X -> 1 , U -» o, w -> 0 a t  7) -» 00 ,

X =  1 , u =  0, w =  0
A

a t  t

OA
< P+oII

E q u a t io n s  ( 1 . ,6 :  1 1 ) a r e th e  sam e a s ( 1 . 3 : 4 )  w ith 5  e q u a l to  z e r o .

T h is  im plies t h a t th e b o u n d a r y - la y e r flow  a t th e  sym m etry lin e  o f

th e in n e r w all is  s e l f  s im ila r . The s o lu t io n o b ta in e d  w ith one

v a lu e o f 5 , s a y  5 = 0 ,  c a n e a s i ly  be s c a le d to  a c c o u n t  f o r a

d if f e r e n t c u r v a t u r e  e f f e c t .  In p a r t ic u la r th e  s e p a r a t io n  tim e t is

3/2
m o d ifie d  w ith c u r v a t u r e  b y  a  f a c t o r  o f  ( 1 - 5 )  , i . e .  th e  la r g e r

th e  c u r v a t u r e ,  th e  e a r l ie r  th e  s in g u la r it y  d e v e lo p s  on th e  sym m etry  

lin e .

N o te  t h a t  n o t a ll  h ig h -D e a n -n u m b e r  flo w s down a c u r v e d p ip e

n e c e s s a r i l y  d e v e lo p a b o u n d a r y -la y e r s e p a r a t io n a t  th e in n e r w all,

c f .  L y n e 's  ( 1 9 7 0 ) f a s t  f r e q u e n c y a n a ly s is .  L e t  u s r e s t r i c t o u r

a t t e n t io n  to

W ( t )  = s in  wt.o

I f  flo w  down a  c u r v e d  p ip e  is  s t a r t e d  w ith a  slow  f r e q u e n c y  c o r e  

v e lo c it y ,  i . e .  w «  1 ,  th e  flo w  is  s im ila r  to  an im p u ls iv e ly  

s t a r t e d  flo w , and t h e r e f o r e , b o u n d a r y -la y e r  s e p a r a t io n  m ost

p ro b a b ly  o c c u r s  a f t e r  a  f i n i t e  tim e. H ow ever with a  f a s t  f r e q u e n c y  

w »  1 ,  t h is  n eed  n o t be th e  c a s e .  In  f a c t  o u r  c a lc u la t io n s  on th e  

sym m etry lin e  o f  th e  in n e r w a ll, show t h a t  f o r  sm all u> < 1 . 1 ,  

u n s t e a d y  b o u n d a r y -la y e r  s e p a r a t io n  o c c u r s ;  f o r  exam ple a s  d  is

in c r e a s e d  from  0 . 0 0 1  t o  1 . 1 ,  t  d e c r e a s e s  from  a p p ro x im a te ly  8 0 . 5
S
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fo u n d  a t  th e  sym m etry lin e  o f  th e  in n e r w all. F o r  s u c h  v a lu e s  o f  w,

s e p a r a t io n  may o c c u r  o f f  th e  sym m etry lin e  o r  a t  th e  o u t e r  w all,

2
a lt e r n a t iv e ly  no s e p a r a t io n  may o c c u r . In d e e d , in p re lim in a r y  r u n s

with la r g e r  v a lu e s  o f  u> th e r e  was e v id e n c e  s u g g e s t in g  t h a t  u n s t e a d y  

b o u n d a r y -la y e r  s e p a r a t io n  m ight o c c u r  a t  th e  sym m etry lin e  o f  th e

o u t e r  wall a t  some la rg e  tim e, e . g .  f o r  w = 1 . 2 ,  t  wass

a p p ro x im a te ly  2 6 . H ow ever, th e  a c c u r a c y  o f  t h e s e  r e s u l t s  a t  s u c h

la rg e  tim e r e q u ir e s  f u r t h e r  in v e s t ig a t io n . An a lt e r n a t iv e  f o r  la rg e  

o) is  to  s e e k  a s o lu t io n  c o n s is t in g  o f  a  S t o k e s  la y e r  a t  le a d in g

o r d e r . H ow ever we n o te  t h a t  t h is  c a n n o t  e q u a l L y n e 's  ( 1 9 7 1 )  

h ig h -f r e q u e n c y  s o lu t io n  s in c e  w ith o u r  s c a lin g  th e  s e c o n d a r y  flow

in th e  c o r e  is  much le s s  th a n  in th e  b o u n d a ry  la y e r , w h erea s in 

L y n e 's  s o lu t io n  t h e y  a r e  co m p a rab le. A h ig h -f r e q u e n c y  s o lu t io n  o f  

o u r  e q u a t io n s  is  t h e r e f o r e  lik e ly  to  in c lu d e  a ' d i f f u s i v e  w a v e ',  

c o n s is t in g  o f  a n o n -z e r o  s e c o n d a r y  v e lo c it y ,  which s lo w ly  d i f f u s e s  

to w a rd s th e  c o r e .

T h e m athem atical fo rm u la tio n  o f  o u r  problem  is  a p p lic a b le  f o r  

0 ( 1 )  v a lu e s  o f  5 , th o u g h  an e x p e rim e n t is  o n ly  p o s s ib le  f o r  a 

lo o s e ly  c o ile d  p ip e , i . e .  6 «  1 .  A more r e a l i s t i c  model w ould be a

p ip e  w ith v a r ia b le  c u r v a t u r e ,  b u t  th en  th e  s im p lify in g  z -d e p e n d e n c e

to  4 .9 5 . However, fo r  io > 1 .2  no boundary-layer separation  was

In  a t e s t  c a s e  w ith w = 1 . 2 ,  a  f u l l  c a lc u la t io n  u s in g  a  14 5 x 6 5  

g r id  s u g g e s t e d  t h a t  no u n s t e a d y  b o u n d a r y -la y e r  s e p a r a t io n  o c c u r s  

f o r  t  up to  1 3 . 2 0  a lth o u g h  t h is  d o e s n o t r u le  o u t  s e p a r a t io n  a t  a 

la t e r  tim e.
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c o u ld  be lo s t .  A lt e r n a t iv e ly a  h e lic a l p ip e m ight be c o n s id e r e d

( s e e  e . g . T r u e s d e ll  and A ld e r ( 1 9 7 0 ) ,  S n y d e r , Hammers le y and O lson

( 1 9 8 5 ) ,  a n d  Kao ( 1 9 8 7 ) ) . How ever th e s im p lify in g sym m etry

a s s u m p tio n s c o u ld  th e n  be lo s t ,  and th e s e p a r a t io n s in g u la r it y

would m ost l ik e ly  h a v e  th e  form  s t u d ie d  b y  Van Dommelen an d  Shen  

( 1 9 8 2 )  a s  e x te n d e d  to  t h r e e  d im e n sio n s b y  Van Dommelen and Cow ley  

( p r iv a t e  co m m u n c ia tio n ).
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Summary

T h e u n s t e a d y  b o u n d a r y -la y e r  problem  o f  a s t a r t in g  flo w  down a

c u r v e d  p ip e  h a s  been fo rm u la te d  in L a g ra n g ia n  c o o r d in a t e s . S ta b le  

n u m e ric a l s o lu t io n s  h a v e  been o b ta in e d  u s in g  an A lt e r n a t in g  

D ir e c t io n  Im p lic it  m ethod w hich a p p e a r s  to  be r o b u s t  w ith no 

s ig n if ic a n t  c o n v e rg e n c e  d i f f i c u l t i e s .  When th e  c o r e  flo w s a r e  o f  

slow  f r e q u e n c y  u n s t e a d y  b o u n d a r y -la y e r  s e p a r a t io n  o c c u r s  a t  th e  

sy m m etry lin e  o f  th e  in n e r wall a t  f i n i t e  tim e s. A num ber o f  c o r e  

flo w s h a v e  been s t u d ie d . In  p a r t ic u la r ,  a  c r u d e  model o f  b lo o d  flow  

in th e  a o r t a ,  s u g g e s t e d  b y  P e d le y  ( 1 9 8 0 ) ,  h a s  been u s e d , an d  th e  

r e s u lt in g  b o u n d a r y -la y e r  h a s  been show n to  d e v e lo p  u n s t e a d y  

b o u n d a r y -la y e r  s e p a r a t io n  a t  th e  in n e r w all r e la t iv e ly  e a r ly  in 

s y s t o le .

An a s y m p to t ic  s e p a r a t io n  s in g u la r it y  s t r u c t u r e  h a s  been  

p r o p o s e d . U sin g  n u m e rica l s o lu t io n s  f o r  W = 1 a s  an exam p le, t h is
o

s t r u c t u r e  h a s  been c o n firm e d  b o th  on an d  o f f  th e  sym m etry lin e  o f

th e  in n e r w all. T h is  c o n firm a tio n  was p o s s ib le  s in c e  in L a g ra n g ia n  

c o o r d in a t e s  th e  b o u n d a ry  la y e r  momentum e q u a t io n s  a r e  in d e p e n d e n t  

o f  th e  v a r ia b le s  y  and v ,  t h a t  becom e s in g u la r  a t  s e p a r a t io n . T h e s e  

s in g u la r  q u a n t it ie s  ca n  be c a lc u la t e d  in d e p e n d e n tly , and w ith g ood  

a c c u r a c y ,  o n ce  th e  s o lu t io n  f o r  x ,  u and w h a s  been o b ta in e d .

A lth o u g h  th e  g o v e rn in g  e q u a t io n s  ca n  be in t e g r a t e d  b e yo n d

s e p a r a t io n  tim es in L a g ra n g ia n  c o o r d in a t e s ,  th e  v a l id i t y  o f  th e  

s o lu t io n s  rem ain u n c le a r  s in c e  a  s in g u la r it y  e x i s t s  which

c o n t r a d ic t s  th e  b a s ic  a ssu m p tio n  t h a t  th e  b o u n d a r y -la y e r  t h ic k n e s s  

is  0 ( 1 ) .  T h e r e f o r e , a new in t e r a c t iv e  t h e o r y  is  m ost p ro b a b ly
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needed fo r  flow s a t times greater  than the separation  time.
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min |grad x|
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F igu re 1 . 6 : 2 a

CONTOUR KEY
l 0.5000
2 1.0000
3 1.5000
4 2-0000
6 2.5000
6 2.9000
7 3.0800
a 3.1300
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5. X IN X I ,  ETA_SPACE AT 2 . 7 0

F igu re  1 . 6 : 2 c

Figure 1.6:2d
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F igu re 1 .6 :2 e
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F igu re 1 . 6 : 3 a

:ONrOUR KEY
1 0.20
2 0.40
3 0.50
4 0.60
6 0.70
6 0.80
7 0.90

C0NT0LR KEY

1 0 .0 2 0 0
2 0 .0 4 0 0
3 0 .0 6 0 0
4 0 .0 6 0 0
S 0 .1 0 0 0
6 0 .1 2 0 0
7 0 .1 4 0 0
8 0 .1 6 0 0



F igu re  1 . 6 : 3 b
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F igu re  1 . 6 : 3 c



F igu re  1 . 6 : 3 d
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F igure 1 .6 :3 e



Figure 1.6:5a
1Q X. Y POSITIONS OF FLUID PARTICLES AT T=0-00
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Figure 1.6:6a
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Figure 1.6:5b 

10
X,Y POSITIONS OF FLUID PARTICLES AT T=2-00 
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Figure 1.6:6b 

10
U,V VELOCITIES OF FLUID PARTICLES AT T=2-00 
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F ig u re  1 . 6 : 5 c
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Figure 1.6:5d 

10
X,Y POSITIONS OF FLUID PARTICLES AT T=2.70 

8 

Figure 1.6:6d 

10 U,V VELOCITIES OF FLUID PARTICLES AT T=2-70 
<D l cp 

f <D 
8 

I r 
I I ~ G~ j 

I r 
I I ~ 

~ 
~ 

\ I \ ~ ~ 

4 ~ c/ 
~ ' 

~ ~ 

(9.-..._ ~ 

\ ' 
~ / 2 

G-

~ 

~ 
<9--__ ~ 

(;I 
es-_ (9--

0 

117 



F ig u re  1 . 6 : 5 e
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F igu re  1 . 6 : 5 f
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F igu re 1 . 6 : 7 a  W = 1,  5 — 0,  r j  —  5

(y - yo + 5.5)(ts - t)1/2
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F igu re 1 . 6 : 7 b  W = 1 ,  5 = 0 ,  r j  =  10

(y - y + 5.5) (t - t)1/2O S

7T -  X

(t - t) s
3/ 2
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F igu re 1 . 6 : 8 a  W = 1 ,  5 = 0____1_____ 5u
1 + 5cos x d y

x
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i  3w At r + "1
~  t t s c o s  F̂ e 1-6:9b w o = t; [ 1 - r  J 0 28 1 * V 5 =

. 926

2

1 *
3.5

0 . 2

t - 2 
3

t = 1 

-  4
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§ 1 .7  Flow inside an Impulsively R ota ted  Curved Pipe

E x p e rim e n ta l r e s u l t s  f o r  a x ia l ly - in d e p e n d e n t , im p u ls iv e ly  

s t a r t e d  flow  th ro u g h  a  t o r u s ,  o r  p a r t  o f  o n e , a r e  d i f f i c u l t  to

o b ta in  b e c a u s e  o f  e n t r a n c e  e f f e c t s ,  e t c .  . F o r  a  c o m p a riso n  o f  o u r

n u m e ric a l r e s u l t s  w ith e x p e rim e n ta l d a t a ,  c a lc u la t io n s  f o r  a more 

e a s i ly  e x p e rim e n ta lly  im plem ented problem  seem a p p r o p r ia t e . H ere  we 

c h o o s e  to  s t u d y  s t a r t in g  flow  in s id e  a c u r v e d  p ip e  which is  

im p u ls iv e ly  r o t a t e d . T h is  is  p o s s ib ly  an e a s ie r  e x p e rim e n t to  c a r r y  

o u t ,  and we ca n  r e a d ily  a d o p t o u r  p r e v io u s  work to  p erfo rm

c a lc u la t io n s .

A s in p r e v io u s  s e c t io n s  in th e  c h a p t e r , we c o n s id e r  a

N ew tonian, in c o m p re s s ib le  lam inar f l u id  in s id e  a lo o s e ly  c u r v e d

p ip e , which is  o f  th e  same g e o m e try  a s  t h a t  c o n s id e r e d  b e f o r e  ( s e e

f ig u r e  1 . 1 : 1 ) .  The p ip e  is  assu m e d  to  r o t a t e  u n i -d ir e c t io n a l ly

a b o u t th e  a x is  o f  sym m etry th ro u g h  th e  p o in t  C and p e r p e n d ic u la r  to

th e  sym m etry p la n e  o f  th e  p ip e . In  th e  lim it o f  h ig h  Dean num ber, a

b o u n d a ry  la y e r  d e v e lo p s  n e x t  to  th e  p ip e  w all, in which th e

s e c o n d a r y  m otion f o r c e s  f lu id  p a r t ic le s  to  the outer  wall f o r  th e

fo llo w in g  r e a s o n . A t y p ic a l  a x ia l v e l o c it y  W r e s u l t s  in an o utw ard

“2
c e n t r i f u g a l / c o r io l is  f o r c e  o f  o r d e r  W . In  th e  c o r e  b o th  th e  inward

L~

c e n t r i f u g a l / c o r io l is  f o r c e  and th e  o utw ard  p r e s s u r e  g r a d ie n t  a re

z e r o . How ever in th e  b o u n d a ry  la y e r , a s  a c o n s e q u e n c e  o f  th e  

n o -s l ip  c o n d it io n  on th e  wall o f  th e  p ip e , th e  c e n t r i f u g a l / c o r io l is

f o r c e is n o n -z e r o  w hereas th e p r e s s u r e  g r a d ie n t is e s s e n t ia l ly

z e r o . As a r e s u l t o f t h is  in b a la n c e , th e e x c e s s
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c e n t r i f u g a l / c o r io l is  f o r c e  p u s h e s  f l u id  p a r t ic le s  in th e  b o u n d a ry  

la y e r  to w ard th e  outer  w all. A s a r e s u l t  o f  t h is  e f f e c t ,  u n s t e a d y  

b o u n d a r y -la y e r  s e p a r a t io n  o c c u r s  a t  th e  sym m etry lin e  o f  th e  o u t e r  

w all.

We n e x t  c o n s id e r  th e  m ath e m atical fo rm u la tio n  o f  t h is  problem  

which is  s im ila r  to  t h a t  in s e c t io n  1 . 2 .  As b e f o r e , we c o n c e n t r a t e

on h ig h -D e a n -n u m b e r flow in s id e  a lo o s e ly c u r v e d p ip e . F o r

s im p lic it y ,  we u s e  th e  same v a r ia b le s a s in s e c t io n 1 . 2 u n le s s

o th e rw is e  d e f in e d  e x p l ic it l y . T h e p ip e is im p u ls iv e ly r o t a t e d from

r e s t  w ith a n g u la r  v e l o c it y  

WW ( t )
R

L

i . e .  with a x ia l v e lo c it y

WW ( t )  ( 1  + <5rcos 6 ) , ( 1 . 7 : 1 )
R

an d  th e  r o t a t io n  is  c o n f in e d  to  p la n e s  p a r a lle l to  th e  sym m etry  

p la n e . The g o v e rn in g  N a v ie r -S t o k e s  e q u a t io n s  a r e  a g a in  ( 1 . 2 : 2 a - d ) ,  

b u t  now s u b je c t  to  th e  b o u n d a ry  c o n d it io n s

U = V = 0 , W =  W (1
R

+ S r c o s  0) on r  =  1 . ( 1 . 7 : 2 )

D e fin in g th e lo c a l b o u n d a r y -■ layer v a r ia b le s  x ,  y and s c a le d

v e lo c it e s u , v ,  w a s  in e q u a tio n  ( 1 . 2 : 4 ) ,  we o b ta in  th e

b o u n d a r y -la y e r  e q u a t io n s  in E u le r ia n  c o o r d in a t e s
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= 0, ( 1 . 7 : 3 a )( 1 + Scos x )v + u
y x

uu
u + vu  + x +t y -----------

( 1  + S c o s  x )

s in  x ( Su2 + -2W
( 1  + S c o s  x )

)

(1  + S c o s x ) ^ -  + u , ox yy

§E = o , 
8y

( 1 . 7 : 3 b )

( 1 . 7 : 3 c )

and

uw
w + vw + ------------------------------  =  - ( 1  + S c o s x ) ^  + w . ( 1 . 7 : 3 d )

1  y ( 1  + S c o s  x )  0 2  yy

s u b je c t  to  th e  b o u n d a ry  c o n d it io n s

u = v = 0 w = W ( t ) ( 1  + S c o s x )  on y  =  0 ,
R

u -> 0, w -> 0 as y  -> oo. (1 .7 .3 e )

S in c e  th e  p ip e  is  im p u ls iv e ly  r o t a t e d  from  r e s t ,  th e r e  is  no

d r iv in g  p r e s s u r e  g r a d ie n t , and we ca n  ta k e

= 3p = n 
dx dz

We now exam ine th e  flow  in L a g ra n g ia n  c o o r d in a t e s  b y  la b e llin g  

a  f l u id  p a r t ic le  b y  i t s  p o s it io n  ( £ ,  t?) a t  a f ix e d  tim e, e . g .  

t  = 0,

£  =  x ,  T? = y  a t  t  =  0 .

A f t e r  s im ila r  a lg e b r a ic  m a n ip u la tio n s to  th o s e  in ( 1 . 2 : 7 - 1 5 ) ,  we

o b ta in  th e  g o v e rn in g  b o u n d a r y -la y e r  e q u a tio n s  in L a g ra n g ia n  

c o o r d in a t e s
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u = ( 1 + 5cos x) x^, (1 .7 :4 a )

u =
t

sin x
(1 + 5cos x)

-  ( -W + w ( 2W
2 R R

-  W ) - 5u2 ) + D2U (1.7:4b)

w = W + D w .
t  R

(1 .7 :4 c )

su b je c t to  the boundary conditions:

X II •m u = 0, w = W ( t ) [1 - (1  +R 5cos£) ] on T) = 0 fo r  t  5: 0,

X n u -> 0, w -> W ( t ) R as 7) -» oo fo r  t   ̂ 0,
(1 .7 :4d)

where, f o r  consistency with section 1. 2

w = W ( t )R -  w ,

and the deriva tive  opera tor D is given by

D =  f  1 + 5cos x 1 f a a '4- V (1 .7 :5 )L 1 + <5cos C J [. K d f ]

Equations (1 .7 :4 ) need only to be solved fo r  0 ^  ̂  ̂ 7r and

o IA .=* A 00.
To examine the flow  a t the symmetry lines in d e ta il, we w rite

* = ( £ *x -  x =f ( ? -  € f  ) x , u - i c

where X = X , u = u a t £ =f f
Hence

X II o u = 0 , a t £ = o,f f f

and IIV,X c II o a t £
f

= n .

Then s u b s titu tio n  in to  the governing equations (1 .7 :4 )  yields
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( 1 . 7 : 6 a )u* = ( 1 ± 6 )X* 
t

*
u  = ±

t - — “ [  + w(2W -  w )1 + x 2 U*  -  x*x u + (x
+ s^ L  K K J J7 j? n n(1±6 )

*p * * *
- X X  ) u17 riri

W
t

W +R
*2 0 *

X w + X X w»7»? n n

( 1 . 7 : 6 b )

( 1 . 7 : 6 c )

s u b je c t  to  th e  c o n d it io n s ,

*
X = 1 , c

* II o w  =  WR ( t ) [ 1 - ( 1 ± a ) 2 ] a t V =  o  ,

*
X = 1 , c

* II o w =  WR a s V -» 00 > ( 1 . 7 : 6d)

*
X = 1 ,

oII
*

II

a
* a t t n o + V  *  0  .

Where th e r e  is  a c h o ic e  in s ig n , th e  + s ig n  c o r r e s p o n d s  to  th e  

o u t e r  wall and th e  -  s ig n  th e  in n e r w all.

The n u m e rica l p ro c e d u r e  to  s o lv e  e q u a tio n s  ( 1 . 7 : 4 )  a nd ( 1 . 7 : 6 )  

is  s im ila r  to  t h a t  d e s c r ib e d  in s e c t io n  1 . 3 .  B e c a u s e  we a re

in t e r e s t e d  in th e  flow  n e a r  th e  o u t e r  w all, a s t r e t c h  f u n c t io n  f o r  

£[ was u s e d  to  g iv e  r e f in e d  g r id  r e s o lu t io n  t h e r e ; th e  c o n s t a n t s  A l
an d  A^ h a v e  b een  c h o se n  to  be 3  an d  0 . 5  r e s p e c t iv e ly  b y  t r ia l  r u n s .  

T h e s t r e t c h  f u n c t io n  f o r  tj and th e  c o n v e rg e n c e  c r it e r io n  were a ls o  

s im ila r  to  t h o s e  in s e c t io n  1 . 3 .  S e c o n d -o r d e r  a c c u r a c y  h a s  been  

c o n firm e d .

A f u l l c a lc u la t io n  ( i . e . y ie ld in g  s o lu t io n s  f o r  0 *  € *  7T,

0 ^ 7) < oo) was u n d e rta k e n  f o r W = 1 ,  6 =  0R u s in g  th r e e d if f e r e n t

g r id s iz e s N =  3 7  M =  1 7  A t =  — , N =  7 3  
20

M =  3 3  A t  = l
40  ’ and

N = 14 5  M = 6 5  A t =  — . The b o u n d a r y -la y e r flow  d e v e lo p s a z e r o
80

g ra d  x a t  th e  sym m etry lin e  o f  th e  o u t e r  wall a f t e r  a f i n i t e  time
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t  . T h is  in d ic a t e s  t h a t  u n s t e a d y  b o u n d a r y -la y e r  s e p a r a t io n  o c c u r s
s

a f t e r  a f in i t e  tim e t  .
s

F ig u r e  1 . 7 : 1  show s min |g r a d  x |  a g a in s t  t  f o r  t  c lo s e  to  t  ,

th e  lin e a r  r e la t io n s h ip  o f  w hich a g r e e s  w ell w ith e q u a tio n

( 1 . 5 : 5 c ) .  The s e p a r a t io n  time t  was a p p ro xim ate d  b y  e x te n d in g  t h isS
lin e a r  r e la t io n s h ip  down to  Ig r a d  x |  =  0 . The r e s u l t s  o f  t  u s in g1 1 S

d if f e r e n t  g r id s  a r e  d is p la y e d  in t a b le  1 . 7 : 1 a .

T a b le  1 . 7 :  1 a  W = 1 , 6  =  0
R

R ic h a r d s o n 's  e x t r a p o la t io n  was f i r s t  a p p lie d  to  th e  r e s u l t s

o b ta in e d  from  g r id s  3 7 x 1 7  and 7 3 x 3 3 ,  7 3 x 3 3  and 16 5 x 6 5 ; th e s e  a r e  

l is t e d  in colum n 3 ,  y ie ld in g  t  “  4 . 5 7 5 .S
With t h is  W , th e  f lu id  p a r t ic le  (6  , 4 ) w here £  = 0  and  

r  s  s  s

ri ^  0 . 9 7 1 8 ,  h a s  t r a v e lle d  a p p ro x im a te ly  a d im e n sio n a l d is t a n c eS
- 1/2

2 . 5 2 1 4 a 5  down th e  p ip e  a lo n g  th e  o u t e r  wall b y  th e  time t h a t

4 . 5 7 5 a
th e  b o u n d a ry  la y e r  s e p a r a t e s  a f t e r  a  d im en sio n al time

81/2W
F ig u r e  1 . 7 : 2  i l l u s t r a t e s  th e  c ir c u m f e r e n t ia l and a x ia l wall

s h e a r ,

1 du 1 Sw
( 1  + 6 c o s  x ) d y  ’ (1  + 5 c o s  x ) 3 y  ’
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f o r  t  =  1 . 0 ,  2 . 0 ,  3 . 0 ,  4 . 0  a n d  4 . 5 .  C o n to u r p lo t s  a n a lo g o u s to  

f ig u r e s  1 . 6 : 2 - 6  a r e  n o t  g iv e n  h e r e  s in c e  t h e y  a r e  q u a l it a t iv e ly

71
s im ila r  a f t e r  a r e f e c t io n  a t  x =  ^ .

F in a lly ,  to  s e e  w hether th e  s in g u la r it y  s t r u c t u r e  ( 1 . 5 : 5 , 6 )  is  

c o r r e c t  and i f  o u r  n u m erical r e s u l t s  h a v e  a d e q u a te  r e s o lu t io n , we 

p lo t  ( y  -  y  + c ) ( t  -  t ) 1 / 2  a g a in s t  x / ( t  -  t ) 3 / 2  f o r  t  = 4 . 4 ,o s  s

4 . 4 5  and 4 . 5  a t  a  c o n s t a n t  v a lu e  o f  tj, e . g .  T) = 5  ( t h e  b e h a v io u r  is  

in d e p e n d e n t o f  7) f o r  tj >  tj ) .  H e re  y  =  y ( t = 0 )  an d  th e  c o n s t a n t
s o

c  = 5  is  in c lu d e d  to  ta k e  in to  a c c o u n t  th e  h ig h e r -o r d e r  c o r r e c t io n s  

in y  ( c f .  ( 1 . 5 : 6 ) ) .  T h e o v e r la p in g  lin e s  s u g g e s t  t h a t  th e

a n a ly t ic a l  s t r u c t u r e  and o u r  n u m e ric a l r e s u l t s  a g re e  w ell.

H avin g  a d ju s t e d  f o r  th e  d if f e r e n c e  in p o s it io n  w here u n s t e a d y

s e p a r a t io n  o c c u r s ,  im p u ls iv e ly  s t a r t e d  flo w  an d  th e  flow  du e to  th e  

im p u ls iv e  r o t a t io n  o f  a  p ip e  a r e  q u a lit a t iv e ly  s im ila r . C e r t a in ly ,  

th e  s e p a r a t io n  s in g u la r it y  in s e c t io n  1 . 4  a p p lie s  h e r e  s in c e  i t

o n ly  a ssu m e s t h a t  s e p a r a t io n  o c c u r s  on th e  sym m etry lin e . H e n ce , a s

b e f o r e , th e  s e p a r a t io n  s in g u la r it y  is  p r im a r ily  in v is c id  in a

re g io n  o f  w idth ( t  -  t )  in th e  x d ir e c t io n  and h e ig h t
S

-1/2
( t  -  t )  in th e  y  d ir e c t io n .

S
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A num ber o f  o th e r  f u n c t io n s  h ave  been t r ie d  f o r  W with 6 =  0 .
R

A gain th e  b o u n d a r y -la y e r  f lo w s d e v e lo p  a z e r o  in g ra d  x a t  th e

sym m etry lin e  o f  th e  o u t e r  wall a f t e r  some f in i t e  tim e.

R ic h a r d s o n 's  e x t r a p o la t io n  was u s e d  on th e  M = 3 3 ,  A t =  —  g r id  and
80

1 1 
th e  M = 1 6 5 ,  A t = g r id  to  g iv e  im proved a c c u r a c y .  The r e s u l t s

a r e  l is t e d  in ta b le  1 . 7 : 1 b .

T a b le  1 . 7 : 1 b  3  = 0

w
R

E x t r a p o l a t e d  t
s

1 + 2 s in  t 2 . 0 3 4

1 + s in  t 2 . 6 8 3

1 + —s in  t  
2

3 . 3 4 3

1 + s i n 2 t 2 . 8 1 8

1
i

+ s in —t 3 .0 6 6
2

T h e s e  a r e  o b ta in e d  b y  d o in g  o n ly  th e  s y m m e try -lin e  c a lc u la t io n s .
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min | grad x| -
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wRFigure 1.7:1 -  1, 5 = 0



Figure 1.7:2a W =1, 5 = 0
R

1 5u
1 + 5cos x d y

Figure 1.7:2b W =1, 5 = 0
R

1 3w
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F igu re 1 . 7 . 3  WR -  1. 5  -  0,  „ -  5

(y  -  y + 5 ) ( t  -  t ) 1' 2
O S

10
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Appendix 1.A The U nsteady Flow over  a Circular Cylinder

H ig h -R e y n o ld s -n u m b e r  im p u ls iv e ly  s t a r t e d  flow  p a s t  a  tw o - 

d im e n sio n a l c ir c u la r  c y l in d e r  h a s  b een s o lv e d  in L a g ra n g ia n

c o o r d in a t e s  ( £ ,  tj) b y  Van Dommelen an d  Shen ( 1 9 8 0 ) .  T h is

tw o -d im e n sio n a l b o u n d a r y -la y e r  problem  ca n  be s p e c if ie d  b y  two

c o u p le d  p a r t ia l  d if f e r e n t ia l  e q u a t io n s  ( s e e  Van Dommelen et al.

19 8 0 )

x =  u ( 1 .  A : 1 a )

1 2  2 
u = —s i n  2 x  + x u  - 2 x x u  + x ut 2 K W  K V Kri T) ZK

- x x  u + ( x u + x u  )x  - x x  u . ( 1 .  A: 1b )K rirt K K * n K Kv V ZK n

s u b je c t  to  th e  a p p r o p r ia t e  b o u n d a ry  c o n d it io n s

X II •m u =  s i n  x , t  = 0, V *  o,
x =  0 , c ii o on €  = 0,

X n a u =  0 , on €  = n,

X II •m u =  0 , on V = 0,

t 1
x =  2  a r c t a n ( e  t a n  ^ )  , u -» s  i n x a s  7) co .

q u a n t it y x is  th e  lo c a l E u le r  ian ta n g e n tia l v a r ia b le  and

v e l o c it y  in t h a t  d ir e c t io n .

In  t h e ir  c a lc u la t io n s  Van Dommelen et al. u s e d  a  s e c o n d -

o r d e r , c e n t r a l -d i f f e r e n c e ,  C r a n k -N ic o ls o n  sch em e, w ith a s p e c ia l

'f o r w a r d  and b a ck w a rd ' tre a tm e n t f o r  th e  f i r s t - o r d e r  u d e r iv a t iv e s

u an d  u . The c h o ic e  o f  th e  d if f e r e n c e  a p p ro x im a tio n s f o r  th e s eK n
d e r iv a t iv e s  d ep en d ed  on th e  s ig n  o f  t h e ir  c o e f f ic ie n t s  an d  was s u c h  

a s  to  m aintain  d ia g o n a l dom inance o f  th e  r e s u lt in g  d if f e r e n c e

e q u a t io n s . F o r  exam ple, i f  th e  c o e f f ic ie n t  o f  u^ a t
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(C  , if) , ( n - - ) A t )  is  p o s it iv e ,  th e  'f o r w a r d  and b a ck w a rd ' tre a tm e n t  
i j  2

a p p ro x im a te s u ? b y  a fo rw a rd  d if f e r e n c e  a t  t  = n A t an d  a  backw ard  

d if f e r e n c e  a t  t  = ( n - 1 ) A t ,  i . e .

, »n-l/2
u ) ,

? i » j

n n n-1 n-1
U -  u  U -  U

i + l , J  i > j  + i > J 1 - 1 , J

AC AC
( 1 .  A : 2 a )

w here u ”  ̂ d e n o te s  u a t  th e  g r id  p o in t  ( ^ ,  7)^, n A t ) .  When th e  

c o e f f ic ie n t  is  n e g a t iv e  th e  u s e  o f  th e  fo rw a rd  and backw ard  

a p p ro x im a tio n s  is  in te r c h a n g e d , i . e .

n-l/2
(u )

? i . J

n n n-1 n-1
-  U U -  U

1>J 1 - 1 , J + 1 + 1 , J i > j

AC AC
( 1 . A : 2 b )

S im ila r  a p p ro x im a tio n s a p p ly  to  u . We n o te  t h a t  th e  c h o ic e  o f  th e  

a p p ro x im a tio n s is  p r e c is e ly  o p p o s ite  to  t h a t  o f  th e  'u p w in d  and  

downwind' d if f e r e n c e  a p p ro x im a tio n s f o r  f i r s t  o r d e r  e q u a t io n s  s u c h  

a s

u + c  u =  0 .
t  K

Van Dommelen and Shen ( 1 9 8 0 )  s o lv e d  th e  im p lic it  d if f e r e n c e

e q u a t io n s  (A . 1 : 1 a , b )  u s in g  p o in t  it e r a t io n . T h e  it e r a t io n s

p ro c e e d e d  f i r s t  in th e  p o s it iv e  tj d ir e c t io n  to w ard s d e c r e a s in g  C> 
an d  th e n  in th e  n e g a t iv e  t? d ir e c t io n  an d  to w ard s in c r e a s in g  A lso

i t  a p p e a r s  t h a t  t h e y  co m p leted  one it e r a t io n  sw eepin g  th ro u g h  th e  

whole g r id  f o r  u , b e f o r e  p e rfo rm in g  one sw eep o f  x .

A s a p re lim in a r y  e x e r c is e  to  th e  c u r v e d  p ip e  pro blem , th e  

a b o v e  c a lc u la t io n  f o r  th e  c ir c u la r  c y l in d e r  was r e p e a t e d  u s in g  an 

id e n t ic a l 'f o r w a r d  and b a ck w ard ' tr e a tm e n t f o r  u and u , an d  p o in tK TJ
it e r a t io n .  S im ila r  r e s u l t s  to  th o s e  o f  Van Dommelen et al. were
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o b t a in e d . V a r io u s  o t h e r  it e r a t iv e  p r o c e d u r e s  were th e n  t r ie d  to  

f in d  th e  one w ith th e  f a s t e s t  c o n v e r g e n c e .

T h e  f i r s t  a tte m p t u s e d  th e  'f o r w a r d  and b a ck w a rd ' tre a tm e n t  

b a s e d  on t h a t  o f  Van Dommelen et al. . H ow ever, r a t h e r  th a n  u s in g  

p o in t  it e r a t io n ,  a  lin e  it e r a t io n  te c h n iq u e  ( c f .  s e c t io n  1 . 3 )  was 

a p p lie d  to  th e  c o u p le d  d if f e r e n c e  e q u a t io n s  f o r  b o th  x an d  u . The  

lin e  it e r a t io n s  f i r s t  p ro c e e d e d  in th e  d ir e c t io n  o f  d e c r e a s in g  £  

f o r  whole co m p u a tio n al dom ain, an d  th e n  in th e  d ir e c t io n  o f  

in c r e a s in g  £ .  T h is  r e s u lt e d  in an in c r e a s e d  r a t e  o f  c o n v e rg e n c e .  

H ow ever i t  was fo u n d  t h a t  a lt e r n a t in g  th e  d ir e c t io n s  betw een £  and  

7) r e s u lt e d  in eve n  f a s t e r  c o n v e r g e n c e .

In  a d d it io n , a s  a  s e c o n d  m ethod, s t r a ig h t  fo rw a r d  s e c o n d -o r d e r  

c e n t r a l  d if f e r e n c e s  were u s e d  th r o u g h o u t  th e  d is c r e t is a t io n  o f  th e  

c o u p le d  p a r t ia l  d if f e r e n t ia l  e q u a t io n s . As ab o ve a  lin e  it e r a t io n  

t e c h n iq u e , in which b o th  x and u were u p d a te d  a t  th e  en d  o f  each  

it e r a t io n ,  was u s e d , and th e  lin e  it e r a t io n s  w ere a lt e r n a t e d  

betw een th e  d ir e c t io n s  £  and 7). No c o n v e rg e n c e  problem s were 

e n c o u n te r e d  a s  th e  it e r a t io n  t o le r a n c e  c r it e r io n  was r e d u c e d  (Van  

Dommelen and Shen r e p o r t e d  d i f f i c u l t i e s  w ith t h e ir  it e r a t io n  schem e  

and c e n t r a l  d i f f e r e n c e s ) .  T h e r e f o r e , i t  was d e c id e d  to  implement 

th e  r e la t iv e ly  s im p le r s e c o n d -o r d e r  c e n t r a l  d if f e r e n c e  

a p p ro x im a tio n s  f o r  th e  flow  th ro u g h  a c u r v e d  p ip e .
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Appendix

( i ) The

n + 1 
X

i  . J

2 A t

1.B The Finite D if fe r e n c e  Equations

L e a p - f r o g  schem e a p p l i e d  t o  e q u a t io n s  ( 1 . 2 : 7 a , 8)  a t  T K , ( n - 1 ) A t )

n - 1
i . J- + 13 C x" . j , r  xT j - i - i 

L 2A13 J

n
U . .

i  . J

1 + 5 c o s  x n .
l  «• J
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n + 1 n - 1U - U
i . j______ i » J

2 A t
+ 0.

n nU - Ui . j + 1  i , j - l

2A/3

s i n  x 1* J

( 1 + S c o s  £  ) 1' J
2W -  w. .o i. J S(u .)1' J

1 + 5 c o s  x
i - j

1 +<5cos ^ .

2 _2a £r  u
X - X1+1,J 1 -1 ,J

2Aa

u -  2u + ui . j + l  i , j i , j - 1

A|3‘

-2
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1+5cos x
i . J

1 +<5cos £ .

n n
r u . . -  U . i1 , J +1 l > J - l j

2A/3 J

2q2-  oc 6K T)
X -  X

1 .  J + 1  1 ,  J - 1
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Aa
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( i i )  The Crank-Nicol son scheme a p p l ie d  to  e q u a t io n s  ( 1 . 2 : 7 a , 8) a t  (^ i> tk , ( n - i ) A t )
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Appendix 1. C The Evaluation o f  a Function on a C h a r a c te r is t ic  in a

Two-dimensional C om puta tiona l Domain

Suppose we want to  eva lua te  a fu n c t io n  F along a 
c h a ra c te r is t ic  o f  c o n s ta n t x g iven a two-d im ensional com puta tiona l 
domain o f  N p o in ts  in th e  £ d ire c t io n  by M p o in ts  in th e  7} 

d ire c t io n . In  genera l, the  pa ths o f  c o n s ta n t x (£ ,  rj) do n o t pass  
th rough  these  d is c re te  p o in ts . Suppose we re q u ire  th e  value o f  
F (x # , 7)# ) and th a t  the  c h a ra c te r is t ic  x (£ ,  tj) = x # goes th rough  the  
p o s it io n  (£ # , T) ) .  A t times b e fo re  the  sepa ra tio n  s in g u la r ity  
deve lops, th e  va lue o f  is un ique ly  determ ined by  x # and 7j . Fo r 
s im p lic ity  we cons ide r the  case where the  ne ighbouring  two g r id  
p o in ts  in any d ire c t io n  lie  in th e  com puta tiona l domain, i .e .  i and 
j  e x is t  such th a t  (a ) £ lie s  between £ and £ and in between in
^ ^ ^i+l * j

and 7) , and (b ) i and j  s a t is f y  th e  fo llow ing  in equa lit ie sj + i

1£1- 1 , i+2 3 N, 1 =s J-1, and j+ 2  3 M.

When the  cond itio n s  are n o t s a t is f ie d  a s l ig h t ly  m od ified  approach  
is necessary .

The p o s it io n  (£ # , Tf)# ) , marked by then lie s  in the  g r id  as

shown in f ig u re  1.C.-1.

F igu re  1. C: 1
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On th e  a s su m p tio n  t h a t  th e  f u n c t io n  F and th e  v a lu e s  o f  x(£ ; ,  i)) a re  

known a t  a l l  th e  d is c r e t e  g r id  p o in t s  ( £ ,  t?) m arked b y  ' o ' ,  i t  is  

p o s s ib le  to  e v a lu a te  th e  f u n c t io n  F ( x ,  t?) a t  “H*) bY  two

o n e -d im e n s io n a l, c u b ic  L a g ra n g ia n  in t e r p o la t io n s .

F i r s t l y , c u b ic in t e r p o la t io n s a r e  a p p lie d  in th e v e r t ic a l

d ir e c t io n  to o b ta in th e  v a lu e s  o f x ( C k , n . )  a nd F(^ 7}# ) f o r

i - 1  <  k ^  i+ 2 ,  i . e .  in t e r p o la t e d  v a lu e s  o f  x and F  a r e  fo u n d  a t  a ll  

p o in t s  m arked ' x ' .  G iven  th e  v a lu e s  o f  F  a t  f o u r  d i s t i n c t  v a lu e s  o f  

x , i t  is  now p o s s ib le  to  in t e r p o la t e  d ir e c t ly  f o r  th e  v a lu e  o f  

F ( x # , u s in g  an in t e r p o la t io n  fo rm u la  f o r  a n o n -u n ifo rm  g r id .

N ote t h a t  th e  v a lu e  o f  F  is  n o t  n e e d e d  and is  n o t c a lc u la t e d .
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Appendix 1.D C on stan ts  f o r  a Pade Approximant In te g ra tio n  Method

S u p p o se  we ap p ro xim ate  a f u n c t io n  T C tj) b y

f  =
B(t)-t) )

+ ---------- — + c ,
£+{ tJ~TJ ) 2 £+{lJ-TJ ) 2 

o o

( 1 . D : 1)

w here A, B , C , e and tj a r e  unknown c o n s t a n t s .  F o r  c o n v e n ie n c e , th eO
v a lu e  o f  th e  f u n c t io n  a t  t) is  d e n o te d  b y  f  , i . e .

j  * J

f  =
B ( tj - tj )

+ ---------- L J L .  + C ,
J £+(TJ -TJ ) £+(TJ -TJ )j o  j o

( 1 .  D: 2 a )

and th e  d if f e r e n c e  betw een tj and tj b y  g , i . e .
j  o j

9 = V - T )  •
j  j  o

( 1 . D : 2 b )

Th en  u s in g  th e  f iv e  n e ig h b o u rin g  p o in t s , tj = tj , tj , tj ,
j - 2  j - 1  j

Tj and tj , and d e f in in g  new c o n s t a n t s  y  , y  , y  and y  b y
j + l  j  + 2  ^  1 2 3  4 *

y , =  2 ( f  -  f  ) -  Cf -  f  ) , ( 1 .  D: 3 a )
1 j + l  j - l  j + 2  j - 2

y  = f  + f  ( f  + f  ) ,
2 j + l  j - l  j + 2  j - 2

(1.D: 3b)

y  = f  - f  -  2  ( f  + f  ) ,
3  j + l  j - l  j + 2  j - 2

( 1 . D : 3 c )

^  + 1 + -  ' f j+2 + f J - 2 » -  6 f j  '

we may e x p r e s s  th e  r e q u ir e d  c o n s t a n t s  in term s o f  y ^  y^  and y^

a s

At)
tj = tj - —

o j  2

2ri72 -  V 4

V t  ‘  *1
)■ ( 1 .  D : 4 a )
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e = - 4  At?
9 K . + At) y on 1 2 - g j  ’ (1. D: 4b)

C = —--r- f (e + g , 2 ) ( f . _  -  2 f .  + f .  )
An 1 V.2 (A t)) J J + i  J J - i

+ 2At) g ( f  -  f  ) + (At) ) 2( f  -  f  ) 2 j  J + i  J - i  j+i  j - l

(1. D : 4 c )

B =
A7?

(c + 9j ) ( f j + i -  f )

+ An( 2g + A|S ) ( f  -  C )j  j  + 1

( 1 . D : 4 d )

A = ( f j  -  C ) ( e + g ^ 2 ) -  B g^ . (1 .D :4e )
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Chapter 2

Stability of Flow through Curved Pipes

§ 2 . 1  In t r o d u c t io n

Lam in ar f lo w s te n d  to  be u n s t a b le  a t  s u f f i c i e n t l y  la rg e  

R e y n o ld s  n u m b ers, an d  t h e r e f o r e , b o u n d a r y -la y e r  t h e o r y , lik e  o t h e r

la r g e -R e y n o ld s -n u m b e r  a s y m p to t ic  a n a ly s is ,  o f t e n  r e s u l t s  in 

u n s t a b le  s o lu t io n s  (a lth o u g h  a t  m o d e ra te ly  la rg e  R e y n o ld s  num bers  

th e  in s t a b i l i t ie s  may n o t  be r e a d ily  o b s e r v a b le ) . In  t h is  c h a p t e r  

we exam ine th e  lin e a r  s t a b i l i t y  o f  u n s t e a d y  b o u n d a r y -la y e r  flow  

down a lo o s e ly  c u r v e d  p ip e . We c o n c e n t r a t e  on d is t u r b a n c e s  with  

r e la t iv e ly  la rg e  f r e q u e n c ie s ,  and show  t h a t  th e  u n s t e a d y , c l a s s ic a l

b o u n d a r y -la y e r  fo rm u la tio n  in c lu d e s  a lin e a r  in s t a b i l i t y  when a  

skew ed v e lo c it y  p r o f i le  in c lu d e s  a  p o in t  o f  z e r o  s h e a r  ( i . e .  z e r o  

v o r t ic i t y )  a t  some p o in t  above  th e  b o u n d a ry .

In  th e  n o ta t io n  o f  th e  p r e v io u s  c h a p t e r , th e  E u le r ia n

b o u n d a r y -la y e r  e q u a t io n s  f o r  u n s t e a d y  flow  th ro u g h  a c u r v e d  p ip e  o f  

c o n s t a n t  c u r v a t u r e  r a t io  5 a r e  ( e . g .  s e e  F a r t h in g  1 9 7 7 ,  P e d le y

19 8 0 )

u w
------------------ -----------------  + v  -  --------------------------------------  =  0 , ( 2 . 1 : 1 a )
( 1 + S c o s  x ) y ( 1 +  S c o s  x ) 2
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u + v u  + 
t y

uu s in  x (S u  -w (2W  - w ) )
o

( 1  + S c o s  x )  ( 1  + 5 c o s  x )  

(W -  w)u
( 2 . 1 : 1 b )

( 1  + 5 c o s  x )
— =  u 
2  y y

uw (W -  w)w
w + vw + ----------------------------  +  ------------------------- -—  = w , ( 2 . 1 : 1 c )
t y ( 1  + S c o s  x )  ( 1  + S c o s  x ) 2 yy

s u b je c t  to th e  b o u n d a ry c o n d it io n s

u = v  = 0 , w = W ( t ) on y  == 0 ,O
( 2 . 1 : 1 d)

u -> 0, w -» 0 a s  y  -» oo.

A s in C h a p te r  1 , th e lo c a l E u le r  ian b o u n d a r y -la y e r c o o r d in a t e s  a r e

x << N and th e c o r r e s p o n d in g v e lo c it y co m p o n en ts a r e

r u W -  w
O

r e s p e c t iv e ly .
I 1 + S c o s  x ’ ' ’ 1 + 5 c o s  x

In  s e c t io n  2 . 2 ,  we exam ine th e  s t a b i l i t y  o f  a flow  s a t is f y in g  

t h e s e  e q u a t io n s  to  h ig h -f r e q u e n c y  d is t u r b a n c e s  s im ila r  to  th o s e  

c o n s id e r e d  b y  C o w ley, H ockin g  an d  T u t t y  ( 1 9 8 5 )  in tw o -d im e n sio n a l 

b o u n d a ry  la y e r s .  B y  f o c u s in g  a t t e n t io n  on d is t u r b a n c e s  away from  

th e  sym m etry lin e  th e  th r e e -d im e n s io n a l problem  is  shown to  be 

s im ila r  to  th e  p r e v io u s  tw o -d im e n sio n a l s t u d y . T h e n , in s e c t io n  2 . 3  

a s t a b i l i t y  a n a ly s is  f o r  flow  n e a r ( b u t  n o t on) a sym m etry lin e  is  

g iv e n  f o r  a x ia l ly - in d e p e n d e n t  d is t u r b a n c e s .

157



§ 2 . 2  In sta b ility  A nalysis fo r  Flow away from a Symmetry Line

In  t h is  s e c t io n  we exam ine th e  s t a b i l i t y  o f  flow  away from  a 

sy m m etry lin e . As in C o w ley, H o ckin g  and T u t t y  ( 1 9 8 5 ) ,  we d e n o te  an 

e x a c t  s o lu t io n  o f  e q u a t io n s  ( 2 . 1 : 1 )  b y  (u , v  , w ) and c o n s id e r
o o o

i t s  s t a b i l i t y  to  d is t u r b a n c e s  o f  am p litu d e  e , w here e «  1 ,  b y  

w ritin g

( u , v ,  w) =  (u , v  , w ) + e ( u ,  v ,  w) .
o o o

(2 .2 :1)

S u b s t it u t io n  o f  th e  ab o ve in to  th e  e q u a tio n s  ( 2 . 1 : 1 )  and  

l in e a r is a t io n  with r e s p e c t  to  e y ie ld s

w

( 1 + S c o s  x )
+ v -

( 1 + S c o s  x )'
= 0 , ( 2 . 2 : 2 a )

U +  ( V U + V U  ) +  
t  o y o y

1

S s i n  x
( 2 u  u)

( 1  + S c o s  x )

2 s  in  x

( u u + uu )
o x o x

( 1  + S c o s  x ) ( 1  + S c o s  x )
W(V W. ’ ( 2 . 2 : 2 b )

1
( 1  + S c o s  x )

( (W -  w )u  -  wu )
— o o z  o z  =  U
2  y y

w + (v  w + vw ) + 1 ( u w + u w  )
t  o y  o y  -----------------------------------  o x ox

( 1  + S c o s  x )

1
( 1  + S c o s  x )

( (W -  w )w -  ww )
— o o z  o z  =  W ,
2  yy

( 2 . 2 : 2 c )

s u b je c t  to  th e  b o u n d a ry  c o n d it io n s
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u = v = w = 0 on y  = 0 ,
(2 .2 :2 d )

u -> 0 , w -> 0 a s  y  -» oo  .

We r e s t r i c t  o u r  a t t e n t io n  to  short wavelength  and high frequency 

d is t u r b a n c e s ,  and in t r o d u c e  ' f a s t 7 le n g th  and tim e s c a le s  

(X , 2 ,  T ) ,  where

F o r  c o n v e n ie n c e , we w rite

h ( x )  = (1  + 5 c o s  x )  ,

which is  c o n s t a n t  to  le a d in g  o r d e r  on th e  f a s t  X s c a le .  S im ila r ly  

th e  s l ip  v e lo c it y  W ( t )  is  c o n s t a n t  to  le a d in g  o r d e r  on th e  f a s t  T
o

s c a le .  A s o lu t io n  f o r  ( u ,  v ,  w) is  s o u g h t  o f  th e  form

where u , v ,  and w a r e  f u n c t io n s  o f  y  an d  th e  slow  v a r ia b le s  x , z  

and t ,  and

H ere cco), aK and a L  a r e  th e  lo c a l complex  f r e q u e n c y , an d  real 

w avenum bers in th e  x an d  z  d ir e c t io n s  r e s p e c t iv e ly .  F o r  c o n s is t e n c y  

o f  th e  m ixed p a r t ia l  d e r iv a t iv e s  o f  #

(X , Z , T ) = a ( x ,  z ,  t ) a nd a »  1.

( 2 . 2 : 3 )

=  K ( x ,  z ,  t )  , 

&  =  - w ( x , z , t )  , 

# z  =  L ( x , z , t )  .

( 2 . 2 : 4 )

K + 0) = 0 ,
t  X

K -  L  =  0 ( 2 . 2 : 5 )
Z  X

L  + 0) =  0 .
t  z
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We now f u r t h e r  exp an d  in p ow ers o f  th e  sm all p a ra m e te r a
- 1 / 2

( u , v ,  w, K , w, L  ) = (u  , v  , w , K , a> , L  )
o o o o o o

+ a  1 / 2 ( U , v , w , K , o > , L )  +  . ,  
l  l  l  l  l  l

( 2 . 2 : 6 )

S u b s t it u t in g  e q u a t io n s  ( 2 . 2 : 3 - 6 )  in to  ( 2 . 2 : 2 )  and e q u a tin g  

th e  le a d in g  o r d e r  we f in d

te rm s to

i K u  + h v  -  — L  w = 0 ,
o o o y , o o

h
( 2 . 2 : 7 a )

- iw u + v u  + — u K u  + — (W - w ) L  u = 0 ,
o o o o y  , o o o , 2  o o o o 

h  h

( 2 . 2 : 7 b )

- io) w + v w  + — u K w  + —  (W - w ) L  w = 0 .
o o o o y  . o o o , 2  o o o o 

h h
( 2 . 2 : 7 c )

N ote t h a t  t h e s e  e q u a tio n s  a r e  in v is c id ,  which is  a d ir e c t  r e s u l t  o f  

s t u d y in g  high-f  r e q u e n c y  d is t u r b a n c e s .  B e c a u s e  o f  th e

t h r e e -d im e n s io n a lit y  i t  is  c o n v e n ie n t  to  fo llo w  G r e g o r y , S t u a r t  and  

W alker ( 1 9 5 5 )  and in t r o d u c e  skew ed v e lo c it y  co m p o n en ts in th e

d ir e c t io n  o f  th e  lo c a l w avenum ber. We t h e r e f o r e  d e f in e  

b a s ic  flo w

f  o r  th e

L  L  
f  =  Ku + -  (W -w  ) , f  =  K u + —  (W -w ) ,
O 0 , 0 0  oo o o . o o

h h 

and f o r  th e  d is t u r b a n c e  f

( 2 . 2 : 8 )

f  = exp i # ( X ,  2 ,  T) j f ( 2 . 2 : 9 a )

L
f  = Ku -  — w = f  + a  1 / 2 f  + . . . . 

h
( 2 . 2 : 9 b )

T h e n , a f t e r  some m a n ip u la tio n , e q u a t io n s  ( 2 . 2 : 7 )  ca n  be  

to  a  s in g le  e q u a tio n  f o r  v :

s im p lif ie d
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( 2 . 2 : 10 )v f  -  v ( f  -  hw ) =  0 .
o oo y o y o o o

Fo llow in g  Cow ley et al. ( 1 9 8 5 ) ,  we now s u p p o s e  t h a t  th e r e  is  a 

p o in t  o f  z e r o  s h e a r  in th e  le a d in g -o r d e r , skew ed, b a s ic  v e lo c it y  

p r o f i le  f  a t  y  = y  > 0 ,  i . e .  f  ( y  ) =  0.  We th e n  ta k e  f o r  th e
oo s  o o y  s

s o lu t io n  o f  ( 2 . 2 : 1 0 )

v = 0 ,  f o r  y  < y  , ( 2 . 2 : 1 1 a )
o s

v = f  ( y )  -  ho  , f o r  y  > y  . ( 2 . 2 : 1 1 b )
o o o s

The le a d in g -o r d e r  f r e q u e n c y  w is  now f ix e d  b y  r e q u ir in g  t h a t  v  is
o o

c o n tin u o u s  a t  y  (n o te  t h a t  v  s a t i s f i e s  th e  a p p r o p r ia t e  in v is c id
S O

wall b o u n d a ry  c o n d it io n  o f  z e r o  norm al v e l o c i t y ) ,  i . e .

f  ( y  ) =  hw . ( 2 . 2 : 1 1 c )
o s  o

S u b s t it u t io n  o f  th e  s o lu t io n  ( 2 . 2 : 1 1 )  in to  e q u a tio n  ( 2 . 2 : 7 )  g iv e s

-  w ( f  -  hw ) +  y ( f  -  hw )w =  0 , ( 2 . 2 : 1 2 a )
, o o o  o oo o o y
h

w here y  =  0 f o r  y < y  an d  y  =  1 f o r  y  > y  . A s im ila r  e q u a tio n  is
S S

s a t i s f ie d  b y  u . T h e s e  e q u a t io n s  y ie ld
o

u =  0 ,
o

w = 0
o

f o r y < y ,s
( 2 . 2 : 1 2 b)

u =  i h u  , w =  i hw f o r y > y • ( 2 . 2 : 1 2 c )
o oy o oy s

N o te  t h a t  u an d  w a r e  d is c o n t in u o u s  a t  y  , a lth o u g h  t h e ir  
o o s

co m b in a tio n  f  is  c o n t in u o u s . S u b s t it u t in g  ( 2 . 2 : 3 - 6 )  in to  ( 2 . 2 : 2 ) ,
o

and e q u a tin g  te rm s a t  th e  n e x t  o r d e r , we f in d  t h a t

i ( K  u + K u ) + h v  -  -  ( L  w + L w  ) = 0 ,  ( 2 . 2 : 1 3 a )
o 1 l o  l y  o 1  l o

h
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( 2 . 2 : 1 3 b)

- i ( w  u + w u ) + v  u + — u (K u + K u )
o 1 l o  l o y  , o o 1 l oh

+ — ( W - w ) ( L u  + L  u ) = 0 .
. 2 o o o 1 1 o
h

T h e e q u a tio n  f o r  w is  s im ila r  to  ( 2 . 2 : 1 3 b )  w ith u , u and u
1 o y  o 1

r e p la c e d  b y  w , w and w , e t c . .  T h e  s o lu t io n  to  ( 2 . 2 : 1 3 )  is
o y o 1

V1

V1

u 1

u =  w = 0  l  l
L

/3( f  -htt> ) -  ho) + K u + —
oo o 1 1 o

if ih u  , w = i/3hw
oy  1 oy

(W -w  ) ,
o o

f o r  y  < y  ,
s

( 2 . 2 : 1 4 )

f o r  y  > y
s

w here |3 is  a  f u n c t io n  o f  x , z  a n d  t  w hich is  d e te rm in e d  a t  h ig h e r  

o r d e r .

The d is c o n t in u it ie s  in v  , u , w , v  , e t c .  a t  y  in d ic a t e
o y y  o o 1  s

th e  p r e s e n c e  o f  an a s y m p t o t ic a lly  sm all c r i t ic a l  la y e r  t h e r e . A s

Cow ley et al. ( 1 9 8 5 )  show , m atch in g  th e  s o lu t io n s  ( 2 . 2 : 1 1 ,  1 4)  

a c r o s s  t h is  viscous  c r i t ic a l  la y e r  e f f e c t i v e l y  d e te rm in e s th e

e ig e n v a lu e  w .

To f in d  th e  d is t u r b a n c e  s o lu t io n  w ithin th e  c r i t i c a l  la y e r  we 

in tr o d u c e  a  s c a le d  y  c o o r d in a te

y  -  y  ( x , z , t ) =  a “ 1 / 4 Y  , ( 2 . 2 : 1 5 )
s

an d  e x p a n d  th e  b a s ic  flow

u = U + a 1 / 4  7
u Y + a 1 / 2  " 

u
Y 2

+ . . . , ( 2 . 2 : 1 6 a )
o s s s

2 !

W = W + a 1 / 4  7 
W Y + a 1 / 2  " 

w x ! + . . . , ( 2 . 2 : 1 6b)
o s s s

2 !

f  = hw + 0 + a l / 2 f " <
CO

+ . . . , ( 2 . 2 : 1 6 c )
oo o s

2 !

162



w here u =  u ( y  ) ,  u =  u ( y ) ,  e t c . .  A n a lo g o u s to  ( 2 . 2 : 3 )  t hes o s  s  o y  s

d is t u r b a n c e  in s id e  th e  c r i t ic a l  la y e r is assu m e d . to be o f th e  form

~ - 1 / 4  1 
f  =  a  exp [ i# ( X , 2 , T ) 1  F ( x , V, z, t ) , ( 2 . 2 . 1 7 a )

~ 1 / 2  1 
v = a  exp [ i * ( X , z, T ) 1 V ( x , Y, 2, t ) , ( 2 . 2 : 1 7 b )

w = exp [ i # ( X , z, T ) 1  W(x, Y, 2, t ) ( 2 . 2 : 1 7 c )

S u b s t it u t in g  ( 2 . 2 : 1 7 )  in to  ( 2 . 2 : 2 )  we o b t a in , a f t e r  some 

m a n ip u la tio n ,

i F  + hV = 0  , 
y

f  YVs
r /# w"2 L  (W -w  )

- f  L  -  hu t  K u t  1 ° 5 1
I s ?  l l s  J V =

( 2 . 2 : 1 8a)

i h V  , ( 2 . 2 : 1 8 b )
YYY

L  (W - w  )
hw V + i

S [ / /  L -  V VY w  ;
f  —  -  h u  + K u + -----------— —  I

S P l l s  . J
W =

2 h

s u b je c t  to  th e  b o u n d a ry  c o n d it io n s ,

hW , ( 2 . 2 : 1 8 c )
YY

V,  W -> 0 a s  Y  -> - oo , W -> ihw a s  Y  -> co , ( 2 . 2 : 1 9 a )

// y2 L i (W " w >
V -> f  —  -  hw + K u  + ---------- -— —  a s  Y  -> oo .

s 2  i  1 s h
( 2 . 2 : 1 9b)

E q u a t io n s  ( 2 . 2 : 1 8 a ,  b)  a r e  s im ila r  to  t h o s e  s o lv e d  in Cow ley et al.

( 1 9 8 5 ) ,  and a tr a n fo rm a tio n  a n a lo g o u s to  t h e ir s  ca n  be u s e d  to  

1
s im p lif y  them:

F o r  s im p lic it y  we assu m e t h a t  f  > 0 . // s
e x i s t s  when f  < 0 .s

An a n a lo g o u s tr a n s fo r m a tio n
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//
r i f  i

1 /4 L  (W -w  ) r // "\

II s

hL J

v  ,
1 1/  1 o shw -  K u -  ----------------------- =

1 1 s  h
- i f  h

sk. J

2  V 2W = ihw ( 1 + ujO .
s

( 2 . 2 : 2 0 a )

( 2 . 2 : 2 0 b )

On s u b s t it u t in g  in to  ( 2 . 2 : 1 8 ,  1 9)  we o b ta in

.2
V.-(I -«)

mK K

- G | u  + =  0 ,

- [ i  - □ ] « = - « ,

( 2 . 2 : 2 1 a )

( 2 . 2 : 2 1 b )

s u b je c t  to  th e  b o u n d a ry  c o n d it io n s

.2* f -  • -> ±  1 a s  £  -» too . ( 2 . 2 : 2 1 c )

T h e ab o ve  problem  f o r  e f f e c t i v e l y  r e d u c e s  to  f in d in g

a p p r o p r ia t e  e ig e n v a lu e s  G. Cow ley et al. ( 1 9 8 5 )  s o u g h t  s o lu t io n s  

f o r  \9- o f  th e  form

w = G 1  e r f  ( )  + exp  ( -\x ) £  â  *fr+1
J r=o r

( 2 . 2 : 22 )

w here \l - 2. 

e ig e n v a lu e s

- 3 / 2
F o r  e a ch  n £  0 t h e y  fo u n d  s o lu t io n s  with

G = ( 4 n + 7 ) 2 - 1 / 2 ( 2 . 2 : 2 3 a )

t o g e t h e r  w ith two f u r t h e r  e ig e n s o lu t io n s  f o r  n =  0 w ith e ig e n v a lu e s

G = ( 4 N + 7 ) 2 " 1 / 2  f o r  N =  - 2 ,  - 1  . ( 2 . 2 : 2 3 b )

S u b s t it u t io n  o f  ( 2 . 2 : 2 3 )  in to  ( 2 . 2 : 2 0 )  y ie ld s  one e ig e n v a lu e , th a t  

f o r  N =  - 2 ,  with I m f c ^ )  > 0 ( r e c a l l  t h a t  we a r e  a ssu m in g  t h a t  th e
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w avenum bers a r e  r e a l ) .  T h is  c o r r e s p o n d s  to  an unstable  mode with a

1/2
grow th r a t e  p r o p o r t io n a l to  a

I t  rem ains to  c h e c k  t h a t  a s o lu t io n  f o r  w- ca n  be f o u n d , b u t  it  

fo llo w s  from  e q u a tio n  ( 2 . 2 : 2 1 )  t h a t  a s o lu t io n  f o r  m  which 

s a t i s f i e s  th e  b o u n d a ry  c o n d it io n s  a s  £  -» ±oo, is

m = wKK

Comments

T h e a b o v e  a n a ly s is  d e m o n s tr a te s  t h a t  t h e  work o f  C o w ley et al.

( 1 9 8 5 )  ca n  be e x te n d e d  from  two d im e n sio n s to  t h r e e , in t h a t  a

h ig h -f r e q u e n c y  in s t a b i l i t y  ca n  be f o u n d  in t h r e e -d im e n s io n a l

b o u n d a ry  la y e r s  i f  some skew ed v e l o c it y  p r o f i le  h a s  a  p o in t  o f  z e r o

2
s h e a r  aw ay from  th e  w all. F o r  flo w  th ro u g h  a p ip e  t h is  is  a lm o st

alw ays th e  c a s e .  F o r  exam ple, i f  a x ia l ly - in d e p e n d e n t  d is t u r b a n c e s

a r e exam ined, th e c o n d it io n r e d u c e s to  th e re q u ire m e n t t h a t th e

s e c o n d a r y  az im u th a l v e lo c it y , u , h a s a p o in t o f  z e r o  s h e a r ; b u t

t h is c o n d it io n is alw ays s a t i s f ie d u n le s s  u is  id e n t ic a l ly z e ro

b e c a u s e  u is  z e r o  b o th  a t  th e  wall and a t  th e  e d g e o f  th e  b o u n d a ry  

la y e r .

A s in th e  c a s e  o f  th e  tw o -d im e n sio n a l in s t a b i l i t y ,  th e  grow th  

r a t e  Im (a  c ^ )  m o n o to n ic a lly  in c r e a s e s  w ith wavenumber a ,  and on 

th e  b o u n d a r y -la y e r  s c a lin g  h a s  no u p p e r  bou nd. In  tw o -d im e n sio n s  

t h is  le d  Cow ley et al. ( 1 9 8 5 )  to  t e n t a t iv e ly  s u g g e s t  t h a t  th e

N o te  t h a t  th e  a b o v e  a n a ly s is  can be e a s i ly  e x te n d e d  to  a lm o s t an y  

o t h e r  t h r e e -d im e n s io n a l b o u n d a ry  la y e r ,  i . e .  th e  c u r v e d  p ipe  

b o u n d a ry  la y e r  is  n o t  a s p e c ia l  c a s e .
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in s t a b i l i t y  may be c o n n e c te d  w ith th e  a p p e a ra n c e  o f  th e  u n s t e a d y  

s e p a r a t io n  s in g u la r it y  ( c f .  Moore 1 9 7 9 ) .  H ow ever, t h is  c o n n e c tio n  

is  h a r d e r  to  make f o r  th e  c u r v e d  p ip e  s in c e  th e  s e p a r a t io n

s in g u la r it y  d e v e lo p s  on th e  sym m etry lin e , and th e  ab o ve

in s t a b i l i t y  a n a ly s is  is  n o t  v a l id  t h e r e . To be p r e c is e  th e  ab o ve  

a n a ly s is  is  b a s e d  on th e  a ssu m p tio n  t h a t

w here d  is  th e  d is t a n c e  to  th e  n e a r e s t  sym m etry lin e , i . e .  i t  is  

a ssu m e d  t h a t  a t y p ic a l  w avelen g th  is  v e r y  much le s s  th a n  a t y p ic a l  

le n g th  s c a le  in th e  b o u n d a ry  la y e r . F o r  g iv e n  la r g e  a  t h is  

c o n d it io n  is  n o t met s u f f i c i e n t l y  c lo s e  to  th e  sym m etry l in e s .

In  an a tte m p t to  r e la t e  th e  in s t a b i l i t y  to  th e  s e p a r a t io n  

s in g u la r it y ,  in th e  n e x t  s e c t io n  we m o d ify  th e  a b o v e  a n a ly s is  to  

r e la x  c o n d it io n  ( 2 . 2 : 2 4 ) .  F o r  s im p lic it y ,  we w ill s t u d y  

a x ia l ly - in d e p e n d e n t  d is t u r b a n c e s  s in c e  (a )  th e  s e p a r a t io n

s in g u la r it y  ca n  form  in an a x ia l ly - in d e p e n d e n t  fo r m u la t io n , an d  (b )  

t h is  a s su m p tio n  s im p lif ie s  th e  a n a ly s is  w ith o u t lo s in g  th e  

e s s e n t ia l  in g r e d ie n t s  (w h e re as an a ssu m p tio n  o f  a z im u th a lly  

in d e p e n d e n t d is t u r b a n c e s  would be more r e s t r i c t i v e  s in c e  th e  a x ia l  

v e l o c it y  is  le s s  l ik e ly  to  h a v e  a  p o in t  o f  z e r o  s h e a r ) .

A s a  p re lim in a r y  we n o te  t h a t  c lo s e  to  a sy m m e try  lin e  

( e . g .  x =  0 )  i t  fo llo w s from  ( 2 . 2 : 8 ,  1 1 c )  t h a t ,  s in c e  u «  x ,

1
—  «  d  
cxK

( 2 . 2 : 2 4 )

o

w ~ xK fi ( t )  . ( 2 . 2 : 2 5 )
o o o

U s in g  ( 2 . 2 : 4 )  we f in d  t h a t

( 2 . 2 : 2 6 )
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where r ( s )  is an undetermined fu n ction , and we have assumed x > 0.

As f a r  a s  th e  s o lu t io n  n e a r  th e  sym m etry lin e  is  c o n c e rn e d ,  

th e  a s y m p to t ic  b e h a v io u r  o f  T ( s )  a s  s  -» -oo is  r e q u ir e d . I f

e x p o n e n tia l te m p o ral grow th is  a n t ic ip a t e d , a s  is  th e  c a s e  f a r  from  

th e  sym m etry lin e , th e n  T ( s )  ~ A s ,  a nd

T h is  form  o f  d is t u r b a n c e  f o r  flow  n e a r  a  s t a g n a t io n  p o in t  h a s  been

s u g g e s t e d  p r e v io u s ly  b y  P r o f .  S . H .  D a v is  ( p r iv a t e  co m m u n ica tio n ).

I t  is  th e  form  a d o p te d  in th e  fo llo w in g  s e c t io n  b e c a u s e  th e

te m p o ral grow th f a c t o r  is  c o n s is t e n t  w ith th e  s o lu t io n  aw ay from

th e  sym m etry lin e . T h e d is a d v a n t a g e  o f  t h is  c h o ic e  is  t h a t  a s

x -> 0 + , u o s c i l l a t e s  in c r e a s in g ly  r a p id ly  f o r  r e a l A, an d  th e

d is t u r b a n c e  c a n n o t be c o n tin u e d  in to  x < 0 . H ow ever, ( i )  th e

c o n t in u a t io n  in to  x < 0 may be v ia  a N a v ie r -S t o k e s  r e g io n , i . e .  a

—  1/2
re g io n  where x ~ D and th e  b o u n d a r y -la y e r  a p p ro x im a tio n  is  no

lo n g e r v a l id  ( P r o f .  S . H .  D a v is , p r iv a t e  co m m u n ica tio n ), and ( i i )

a lt e r n a t iv e  c h o ic e s  f o r  th e  a s y m p t o t ic  b e h a v io u r o f  T ( s )  a p p e a r to  

h a v e  s ig n if ic a n t  d ra w b a ck s ( e . g .  T ( s )  ~ e x p ( A s )  f o r c e s  u s  to

c o n s id e r  com plex w avenum bers and com plex f r e q u e n c ie s  

s im u lt a n e o u s ly , w ith p o s s ib le  m atch in g  d i f f i c u l t i e s  with th e

d is t u r b a n c e s  aw ay fro m  th e  sym m etry l i n e ) .

e t c .  . ( 2 . 2 : 2 7 )
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§ 2 . 3  In sta b ility  A nalysis fo r  Flow near a Symmetry Line

A s in d ic a t e d  a b o v e , we w ill assu m e  t h a t  b o th  th e  b a s ic  flow  

an d  th e  d is t u r b a n c e  a r e  a x ia l ly - in d e p e n d e n t . F o r  f u r t h e r  

c o n v e n ie n c e  we w ill assu m e  t h a t  6 =  0 an d  W = 1 .
o

The s im p lif ie d  g o v e rn in g  e q u a t io n s  in E u le r  ian c o o r d in a t e s  a r e

th e n

u + v  = 0 , ( 2 . 3 : 1 a)
x y

u + uu + v u  -  ( 2  -  w)w s i n ( x )  =  u , ( 2 . 3 : 1 b )
t  x y  y y

w + uw + vw =  w ( 2 . 3 : 1 c )
t  x y  y y

C lo s e  to  th e  in n e r w all sym m etry lin e  we assu m e t h a t  an e x a c t  

s o lu t io n  to  ( 2 . 3 : 1 )  h a s  th e  form  ( c f .  ( 1 . 3 : 4 ) )

u ~ ( tt- x ) u  ( y , t )  , v  ~ v  ( y , t )  , w ~ w ( y , t )  , ( 2 . 3 : 2 )
o o o

an d  in tr o d u c e  a d is t u r b a n c e  o f  sm all a m p litu d e , e «  1 ,  s o  t h a t

( u ,  v ,  w) =  ( ( 7T—x ) u , v , w ) + e ( u ,  v ,  w) + . . . . ( 2 . 3 : 3 a )
o o o

On th e  b a s is  o f  th e  d is c u s s io n  a t  th e  end o f  s e c t io n  2 . 2  we 

s t u d y  h ig h  f r e q u e n c y  d is t u r b a n c e s  o f  th e  form

( u , v , w )  = ( ( tt- x ) u , a v ,  w) ( tt- x ) ' “expj^-ia J f i ( t ) d t  + . . . ,  ( 2 . 3 : 3 b )

-  1
w ith a  »  1 ,  w here u , v ,  w a r e  f u n c t io n s  o f  y ,  t  and a.

The fo llo w in g  a n a ly s is  is  u n ch a n g e d  to  th e  o r d e r  t h a t  i t  is  ta ken  

i f  th e  r ig h t  h and s id e  o f  ( 2 . 3 : 3 b )  is  s l ig h t l y  g e n e r a lis e d  b y  th e  

in c lu s io n  o f  an a d d it io n a l f a c t o r  o f  ( tc- x ) , where a  is  an o r d e r  

one num ber and R e ( a )  £  0.
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S u b s t it u t io n  o f  ( 2 . 3 : 3 )  in to  ( 2 . 3 : 1 )  y ie ld s ,  a t  le a d in g  

(n - x ),

o r d e r  in

( i a - 1 ) u + a v  = 0 , 
y

( 2 .

i a ( u  - n ) u  + a v u
o oy

+ u -  2 u u  + v u  -  2 (  1 -  w ) w = u
yy

(2.C

i a ( u  -f i)w  + avw + w + v w = w  . ( 2 . C
o o y  t  o y  y y

As b e f o r e  we now e x p an d  in in v e r s e  p ow ers o f  q l 1 / 2 ,

( u , v ,  w ,fi) = (u  , v  ,w ,f l  ) + a  1 / 2 (u , v  ,w  ,f i  ) + . . .  , ( 2 .
o o o o  1 1 1 1

and s u b s t it u t e  in to  ( 2 . 3 : 4 )  to  o b ta in

iu  + v =  0 , ( 2
o o y

- ( u  -Q  )v  + V U = 0 , ( 2
o o oy o o y

i ( u  -Q  )w + V W = 0 , ( 2
o o o o o y

and

iu  + v  =  0 ,
1  l y

- ( u  -Q  )v  + v u  = - n  v  ,
o o l y  l o y  l o y

i ( u - n ) w  + V W  = i Q w 
o o 1 1 o y  1  o

P a r a lle lin g  th e  t h e o r y  o f  th e  p r e v io u s  s e c t io n  we

th e r e  e x i s t s  a p o in t  y  = y  > 0  w here u is  z e r o , i . e .
s  o y

( 2 .

( 2 .

( 2 .

s u p p o s e

u = u ( y  ) =  0 ,
s  o y s

and ta k e  a s  th e  s o lu t io n s  to  ( 2 . 3 : 6 ,  7 )

(2

1 : 4a )  

t: 4b)  

! : 4 c )

3 : 5 )

t: 6a)  

!: 6b) 

1 : 6 c )

1 : 7 a )

1: 7b)

1 : 7 c )

t h a t

. 3 : 8 )
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0u = v =  w = u = v  =  w = 0o o o 1 1 1 f o r  y  < y

u = i u  , v  = (u - f l  ) , w = iw
o oy  o o o o oy

( 2 . 3 : 9 )

u =  I S  u , v  = - f l  + /3 ( u - f l  )
1 1  oy  1  1  l o o

f o r  y  > y

w = il3 w
1  1  oy

where

fl =  u ( y  ) ,o O S ( 2 . 3 : 1 0 )

and £  ( t )  is  d e te rm in e d  a t  h ig h e r o r d e r .

T h e d is c o n t in u it ie s  in th e  s o lu t io n s  ( 2 . 3 : 9 )  a t  y  = y
s

in d ic a t e  th e  p r e s e n c e  o f  a c r i t i c a l  la y e r , w here a s c a le d  

c o o r d in a t e

y  -  y  ( t )  =  a " 1 / 4 Y  ( 2 . 3 : 1 1 )
s

is  a p p r o p r ia t e . T h e a b o ve  s o lu t io n  s u g g e s t s  t h a t  w ithin  th e  

c r i t i c a l  la y e r  th e  r e le v a n t  s c a lin g s  a r e

( u , v ,  w ) =  ( a " 1 / 4 U,  a " 1 / 2 V,  W) + . . . . ( 2 . 3 . 1 2 )

S u b s t it u t in g  in to  e q u a tio n  ( 2 . 3 : 4 )  we f in d ,  a t  le a d in g  o r d e r ,

iU  + V ~  0 , ( 2 . 3 : 1 3 a )
Y

- ( i u  Y 2 -  fl )V  + u ' V v  = iV  , ( 2 . 3 : 1 3 b )
2  s  1 Y s  Y Y Y

i t i / V 2 -  fl )W + w 'V v  = W . ( 2 . 3 : 1 3 c )
2  s  1  s  YY

E q u a t io n s  ( 2 . 3 : 1 3 b ,  c )  a r e  e s s e n t ia l l y  th e  same a s  ( 2 . 2 : 1 8 b ,  c ) ,  

and ca n  be shown to  h a v e  e q u iv a le n t  b o u n d a ry  c o n d it io n s . T h e y  a re  

s o lv e d  a s  e x p la in e d  in s e c t io n  2 . 2 ,  s o  y ie ld in g  one e ig e n v a lu e  fl 

r e p r e s e n t in g  a grow ing mode. We t h e r e f o r e  c o n c lu d e  t h a t  a  s im ila r  

in s t a b i l i t y  e x is t s  to  t h a t  d e s c r ib e d  in s e c t io n  2 . 2 .  In  f a c t  th e
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d iscu ssio n  a t the end o f  s e c tio n  2 .2  ind icates th a t the

in s t a b i l i t ie s  o f  b o th  t h is  and th e  p r e v io u s  s e c t io n  ca n  be m atched  

t o g e t h e r  in th e  re g io n  where t h e y  o v e r la p  ( i . e .  a  «  (n-x) «  1 ) .

From ( 2 . 3 : 3 b )  we n o te  t h a t  b e c a u s e  th e  ( 7 r - x ) * a f a c t o r  h a s  a

w ave le n g th  p r o p o r t io n a l to  (n-x),  th e  d is t u r b a n c e  o s c i l l a t e s  

in c r e a s in g ly  f a s t  a s  x -> n. D e s p it e  t h i s ,  th e  a s y m p t o t ic  s o lu t io n  

a p p e a r s  to  be u n ifo rm ly  v a l id ,  w ith a  r e s c a lin g  o n ly  becom ing  

n e c e s s a r y  when a Navier-Stokes  re g io n  is  e n t e r e d  where

( 7T—x ) ~ D . T h e  c o r r e c t n e s s  o f  th e  ab o ve d e s c r ip t io n  o f  th e  

d is t u r b a n c e  w ill d e p e n d  on w h e th e r, w ithin th e  N a v ie r -S t o k e s

r e g io n , a  s o lu t io n  ca n  b e fo u n d  w hich m atch e s b o th  w ith th e  ab o ve

b o u n d a r y -la y e r  s o lu t io n  and w ith i t s  e q u iv a le n t  form  f o r  ( tt- x ) <  0 .  

We do n o t p u r s u e  th e  r e s u l t a n t  lin e a r , tw o -d im e n sio n a l, 

N a v ie r -S t o k e s ,  e ig e n v a lu e  problem  h e r e , a lth o u g h  we n o te  t h a t  f o r  

sim p le  tw o -d im e n sio n a l s t a g n a t io n  p o in t  flow  an a n a lo g o u s  

e ig e n v a lu e  problem  h a s  been fo rm u la te d  b y  P r o f .  S . H .  D a v is  ( p r iv a t e  

co m m u n ica tio n ). H ow ever, i f  o u r  a n a ly s is  is  c o r r e c t ,  i t  a p p e a rs  

t h a t  th e  g e n e r a lis a t io n  o f  th e  in s t a b i l i t y  id e n t if ie d  b y  Cow ley et 

al. ( 1 9 8 5 )  d o e s n o t e x is t  on  th e  sym m etry lin e  in a boundary-layer 

( a s  o p p o se d  to  N a v ie r -S t o k e s )  fo r m u la t io n . T h is  in tu r n  s u g g e s t s  

t h a t  th e r e  may be no  lin k  betw een t h is  ty p e  o f  in s t a b i l i t y  and th e
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separation  singu larity .

We h a v e  a ls o  lo o ke d  f o r  in s t a b i l i t ie s  in th e  u n s t e a d y  sym m etry  

lin e  fo rm u la tio n  ( 1 . 3 : 4 )  w ith o u t s u c c e s s .  T h is  s u p p o r t s  th e  view  

t h a t  th e r e  is  no c o n n e c tio n  betw een th e  in s t a b i l i t y  and th e  

s in g u la r it y .
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CHAPTER 3

Periodic Boundary-Layer Flows

§ 3 . 1  In t r o d u c t io n

F o r  th e  s e c o n d  problem , we s t u d y  a  c i r c u la r  c y l in d e r  o f  r a d iu s  

a , r o t a t in g  a n t ic lo c k w is e  w ith a n g u la r  v e l o c it y  Q and t r a n s la t in g  

w ith u n ifo rm  v e lo c it y  U to  th e  l e f t  th ro u g h  an in c o m p re s s ib le  

New tonian f l u id  o f  d e n is t y  p and k in em atic  v i s c o s i t y  v. T h is  m otion  

is  a c l a s s i c a l  exam ple o f  a tw o -d im e n sio n a l lam inar flow  w ith l i f t .  

The flo w  ca n  be c h a r a c t e r is e d  b y  two n o n -d im e n s io n a l n u m b ers: ( i)

th e  r a t io  o f  th e  u n ifo rm  flow  v e lo c it y  to  th e  r o t a t io n a l v e lo c it y  

o f  th e  c y l in d e r ' s  s u r f a c e ,

5 = U /a f i , ( 3 . 1 : 1 a )

and ( i i )  th e  r o t a t io n a l R e y n o ld s  num ber,

R=a2Q/v  . ( 3 . 1 : 1 b )

A num ber o f  a u t h o r s  h a v e  w orked on t h is  problem  

e x p e rim e n ta lly , a n a ly t ic a l ly  an d  n u m e r ic a lly . F o r  exam ple, P r a n d tl  

and T ie t je n s  ( 1 9 3 4 )  v is u a l is e d  th e  flow  a t  large Reynolds numbers 

f o r  a  ra n g e  o f  v a lu e s  o f  6 , i . e .  8 = 1 / 6 ,  1 / 4 ,  1 / 3 ,  1 / 2 ,  1 and co

( e . g .  s e e  G o ld s t e in  19 3 8  p la t e  1 7 ,  B a t c h e lo r  19 6 7  p la t e  1 2 ) .  T h e ir  

r e s u l t s  s u g g e s t  t h a t  f o r  8  le s s  th a n  1 / 4  th e  v is c o u s  b o u n d a ry  la y e r  

which e x i s t s  on th e  s u r f a c e  o f  th e  c y l in d e r  a t  

h ig h -R e y n o  Id s -n u m b e r s  re m a in s sm o o th ly  a t t a c h e d . H ow ever, f o r  8 

g r e a t e r  th a n  1 / 3  an a t t a c h e d  b o u n d a ry  la y e r  s o lu t io n  d o e s  n o t  

a p p e a r e x p e rim e n ta lly  p o s s ib le ,  and e d d ie s  d e v e lo p  b e h in d  th e
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cylinder.

While th e  b o u n d a ry  la y e r  rem ain s a t t a c h e d , in v is c id  th e o r y  

s h o u ld  d e s c r ib e  th e  f l u id  m otion away from  th e  c y l in d e r ' s  s u r f a c e

a t  la rg e  R e y n o ld s n um b ers. I f  i t  is  assu m e d  t h a t  a s t e a d y

c ir c u la t io n  o f  s t r e n g t h  K is  g e n e r a t e d , th en  th e  c y l in d e r  will 

e x p e r ie n c e  a l i f t  o f  m agnitude pKU p e r p e n d ic u la r  to  th e  d ir e c t io n  

o f  th e  u n ifo rm  stre a m  ( K u t t a  1 9 1 0 ) .  H ow ever, th e  p r e c is e  d ep e n d e n ce  

o f  th e  c ir c u la t io n  K on th e  u n ifo rm  flow  U and th e  a n g u la r  v e lo c it y  

Q ca n  o n ly  be d e te rm in e d  b y  th e  in c lu s io n  o f  v is c o u s  e f f e c t s  ( t h e s e  

a r e  n e c e s s a r i l y  p r e s e n t  b e c a u s e  th e  in v is c id  s o lu t io n  p r e d ic t s  a 

n o n -z e r o  s l ip  v e lo c it y  on th e  c y l in d e r  s u r f a c e ) .

T h e  b o u n d a r y -la y e r  e q u a t io n s  d e s c r ib in g  th e  f l u id  m otion c lo s e  

to  t h e  c y l in d e r  s u r f a c e  a t  h ig h  R e y n o ld s  num bers h a v e  been s o lv e d

b y  Wood ( 1 9 5 7 )  and G la u e r t  ( 1 9 5 7 )  u s in g  a p e r t u r b a t io n  s e r ie s  

e x p a n s io n  f o r  r e la t iv e ly  f a s t  a n g u la r  v e l o c i t ie s ,  i . e .  5  «  1 .  The

l a t t e r  a u t h o r  c a lc u la t e d  th e  f i r s t  th r e e  term s o f  th e  s o lu t io n  in

2
pow ers o f  8 , o b ta in in g  f o r  th e  c ir c u la t io n

-  K -  = 1 -  3 5 2 -  3 . 2 4 S 4 + . . . , R »  1 ,  5  «  1 . ( 3 . 1 : 2 )
27rfia2

In  an a lt e r n a t iv e  a p p ro a c h , Moore ( 1 9 5 7 )  o b ta in e d  a s o lu t io n  b a s e d

upon a  p e r t u r b a t io n  s e r ie s  e x p a n s io n  f o r  sm all 8, b u t  w ith o u t

a ssu m in g  R »  1 .  F o r  R g r e a t e r  th a n  1/  48 , he o b ta in e d  th e  f i r s t  two

te rm s f o r  th e  c ir c u la t io n  K . In  th e  lim it R -> co h is  r e s u l t  a g r e e s

w ith th e  b o u n d a r y -la y e r  s o lu t io n s  o f  Wood ( 1 9 5 7 )  an d  G la u e r t

( 1 9 5 7 ) .

N u m erical s o lu t io n s  o f  th e  f u l l  N a v ie r -S t o k e s  e q u a t io n s  h ave  

been o b ta in e d  b y  T a  P h o c L o c  ( 1 9 7 5 ) ,  S h k a d o v a  ( 1 9 8 2 )  and Ingham
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( 1 9 8 3 ) .  In  term s o f  a R e y n o ld s  num ber b a s e d  on th e  u n ifo rm

v e l o c it y ,  ft=2U a/i>, th e  la t t e r  two a u t h o r s  s o lv e d  th e  problem  f o r

m o d e rate  R e y n o ld s  num bers up to  10 0  an d  2 0  r e s p e c t iv e ly .  F o r  

exam ple, th e  stre a m lin e  p lo t s  f o r  5  =  0 . 2 ,  31= 40 (S h k a d o v a , 19 8 2 )

and 5 = 0 . 2 ,  %=20  (In g h am , 19 8 3 )  a r e  q u a l it a t iv e ly  s im ila r , a lth o u g h

a d ir e c t  co m p a riso n  betw een th e  two s e t s  o f  r e s u l t s  is  n o t

p o s s ib le .

The m a te ria l in t h is  c h a p t e r  is  an e x te n s io n  o f  th e  e a r l ie r  

h ig h -R e y n o ld s -n u m b e r  b o u n d a r y -la y e r  c a lu la t io n s  o f  Wood ( 1 9 5 7 )  and  

G la u e r t  ( 1 9 5 7 )  to  o r d e r  one v a lu e s  o f  5 .  F o r  5  «  1 ,  i t  was p o s s ib le  

to  make a n a ly t ic  p r o g r e s s  b e c a u s e  th e  f l u id  in th e  b o u n d a ry  la y e r  

is  d ra g g e d  a ro u n d  b y  th e  c y l in d e r  a t  a p p ro x im a te ly  th e  s p e e d  o f  th e  

c y l in d e r ' s  s u r f a c e .  H ow ever a s  5  in c r e a s e s ,  th e  e f f e c t  o f  th e

a d v e r s e  p r e s s u r e  g r a d ie n t  g e n e ra t e d  b y  th e  u n ifo rm  flow

s ig n if ic a n t l y  slow s th e  b o u n d a r y -la y e r  flow  o v e r  h a lf  th e  s u r f a c e ;  

a s  a r e s u l t  a  s t a g n a t io n  p o in t  s t a r t s  to  d e v e lo p  in th e  b o u n d a ry  

la y e r . One o f  o u r aim s is  to  id e n t if y  th e  c r i t ic a l  v a lu e  o f  5 ,  s a y

5  , a t  which a s t a g n a t io n  p o in t  f i r s t  o c c u r s  in th e  b o u n d a ry  la y e r .
S

T h e s ig n if ic a n c e  o f  th e  s t a g n a t io n  p o in t  is  t h a t  th e

b o u n d a r y -la y e r  s o lu t io n  a p p e a r s  to  becom e s in g u la r  a t  t h is  p o in t ,  

s u g g e s t in g  t h a t  no a t t a c h e d  c l a s s ic a l  b o u n d a r y -la y e r  s o lu t io n  will 

e x i s t  f o r  la r g e r  5 . H ence f o r  5 > 5  s e p a r a t io n  e d d ie s , e t c .  a re
S

l ik e ly  to  be o b s e rv e d  e x p e rim e n ta lly .

The c e n t r a l m athem atical t a s k  c o n s is t s  o f  s o lv in g  th e

c l a s s i c a l  b o u n d a r y -la y e r  e q u a tio n s  w ith p e r io d ic  b o u n d a ry  

c o n d it io n s . S im ila r b o u n d a r y -la y e r  problem s o c c u r  in s t e a d y  

s tre a m in g  flo w s ( e . g .  R ile y  1 9 7 8 ) ,  d r iv e n  c a v it y  flo w s ( e . g .  R ile y
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1 9 8 1 ) ,  f lo w s o v e r  w avy s u r f a c e s  (B o rd n e r  1 9 7 8 ) ,  and flo w s in a  

r o t a t in g  a n n u lu s  with bottom  to p o g r a p h y  ( e . g .  P ag e 1 9 8 2 ) .  The  

b o u n d a r y -la y e r s  a s s o c ia t e d  w ith th e  m od e rate  am p litu d e  

T o llm ie n -S c h lic t in g  w aves id e n t if ie d  b y  R y zh o v  and Zhuk ( 1 9 8 2 ) ,  

S t e p h a n o f f , P e d le y , Law ren ce and Secom b ( 1 9 8 3 ) ,  Sm ith and B u r g g r a f  

( 1 9 8 5 )  and R o th m ayer and Sm ith ( 1 9 8 7 )  a re  a ls o  c lo s e ly  a n a lo g o u s  

( s e e  s e c t io n  3 . 5 ) .
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§ 3 .2  Formulation

A c c o r d in g  to  in v is c id  flo w  t h e o r y , a  c ir c u la r  c y l in d e r  moving  

w ith u n ifo rm  v e l o c it y  U th ro u g h  a flow  with c ir c u la t io n  K g e n e r a t e s  

a s l i p - v e l o c i t y  U ( x )  a t  i t s  b o u n d a ry , where
e

U ( x )  = 1 -  c o s ( x )  , ( 3 . 2 : 1 a )
e lv

and x is  m e asu re d  a n t ic lo c k w is e  a lo n g  th e  s u r f a c e  o f  th e  c y lin d e r  

from  i t s  ' h i g h e s t 7 p o in t  ( s e e  f ig u r e  3 . 2 : 1 ) .  H ere x an d  U (x )  h ave

been n o n -d im e n s io n a lis e d  b y  th e  r a d iu s  a and s c a le d  

r e s p e c t iv e ly ,  and f o r  f u t u r e  c o n v e n ie n c e  we d e f in e

47rUa

e

c ir c u la t io n
K

2na

( 3 . 2 : 1 b )

A t la rg e  b u t  f in i t e  R e y n o ld s  n um b ers, th e  s l i p - v e l o c i t y  U ( x )
e

g e n e r a t e s  a  b o u n d a ry  la y e r , w ith in  w hich th e  flo w  is  d e s c r ib e d  b y  

th e  s t e a d y  b o u n d a r y -la y e r  e q u a t io n s  ( e . g .  S c h lic h t in g , 19 6 8 )

uu + vu  =  U U + u ,
x y e ex yy

U +  V =  0  , 
x y

( 3 . 2 : 2 a )

s u b je c t  to  th e  b o u n d a ry  c o n d it io n s

2. , 27rQa 
u = U =  — p— ,w v  =  0 , on y  =  0 , ( 3 . 2 : 2 b )

u -> U ( x ) , a s  y  -> oo. ( 3 . 2 : 2 c )

H e re  th e  lo c a l norm al, y ,  m e asu re d  from  th e  c y l in d e r  s u r f a c e ,  is

-1 /2
n o n -d im e n s io n a lis e d  b y  aRe , w here th e  R e y n o ld s num ber,

Re = ,2nv

is  b a s e d  on th e  c ir c u la t o r y  com ponent o f  th e  s l i p - v e l o c i t y .  The
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a r ev e lo c it y  com p o nents ( u , v )  in t h e  ( x , y )  d ir e c t io n s

K  K R e - 1 / 2
n o n -d im e n s io n a lis e d  b y  anc* — 2na—  r e s p e c t iv e ly ,  and is

j u s t  th e  s c a le d  v e lo c it y  o f  th e  c y l in d e r ' s  s u r f a c e .

T h e re  a r e  many e q u iv a le n t  fo rm u la tio n s  o f  s y s te m  ( 3 . 2 : 2 ) ,  a 

num ber o f  which a r e  u s e d  in t h is  w ork. One a lt e r n a t iv e  is  to  

in t r o d u c e  th e  s t r e a m fu n c t io n  ip a s  a d e p e n d e n t v a r ia b le , w here

u = ip , 
y

v  = -\p

E q u a t io n  ( 3 . 2 : 2 a )  th e n  becom es

\p ip - ip \p =  U U + \p
y x y  x y y  e e x  yyy

s u b je c t  to  th e  b o u n d a ry  c o n d it io n s

0 = 0 ,

\p -> U ( x ) , 
y e

ip =  U , 
y w

on y  =  0 

a s  y  ^  co.

( 3 . 2 : 3 a )

( 3 . 2 : 3 b )

( 3 . 2 : 3 c )

The a d v a n ta g e  o f  t h is  fo rm u la tio n  is  t h a t  th e r e  is  o n ly  one

g o v e rn in g  e q u a tio n  to  be s o lv e d .

A n o th e r fo rm u la tio n  u s e s  th e  s t r e a m fu n c t io n  a s  an in d e p e n d e n t  

v a r ia b le . A p p ly in g  a Von M ises t r a n s f o r m a t io n , i . e .  ( x , y )  -> ( x , 0 ) ,  

to  e q u a tio n  ( 3 . 2 : 2 )  y ie ld s  (Wood, 1 9 5 7 )

uu = U U + u ( u u  ) , ( 3 . 2 : 4 a )
x e e x  y> v

s u b je c t  to  th e  b o u n d a ry  c o n d it io n s

u = U , on \p -  0 , ( 3 . 2 : 4 b )w
u -» U ( x )  , a s  \p -> oo. ( 3 . 2 : 4 c )

e

T h e a b o ve  g o v e rn in g  e q u a t io n s  a r e  p a r a b o lic  which m eans t h a t  

f o r  a  g iv e n  p o s it iv e  s l ip  v e lo c it y  U ( x ) ,  th e  e q u a t io n s  may be
e

in t e g r a t e d  dow nstream  f o r  p o s it iv e  v a lu e s  o f  th e  s c a le d  wall 

v e l o c it y  U . H ow ever, f o r  a s p e c if ie d  u n ifo rm  flow  and c ir c u la t io n ,w
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t h e r e  e x is t s  an unique  a n g u la r  v e l o c it y  w hich g e n e r a t e s  a  periodic

47iUa
flo w ; i . e .  g iv e n  an oncom ing flo w  o f  r e la t iv e  s t r e n g t h  e =

K

th e  p e r io d ic it y  re q u ire m e n t d e te rm in e s  a s t e a d y , periodic

2nQa2
eigenvalue  problem  f o r  th e  s c a le d  w all v e l o c it y  U = — ^ — .

Wood ( 1 9 5 7 )  and G la u e r t  ( 1 9 5 7 )  assu m e d  t h a t  c  was sm all and

2
s o u g h t  a s e r ie s  e x p a n s io n  s o lu t io n , f in d in g  U c o r r e c t  to  o r d e r  ew

and c  r e s p e c t iv e ly  (n o te  t h a t  an e x p a n s io n  in te rm s o f  c  is  

e s s e n t ia l l y  e q u iv a le n t  to  one in te rm s o f  8 s in c e  from  ( 3 . 1 : 1 a ) ,  

( 3 . 2 : 1 b )  and ( 3 . 2 : 2 b )  e =  2U 8). One  m ethod to  e x te n d  t h e ir  r e s u l t sw

to  la r g e r  v a lu e s  o f  e would be to  f in d  h ig h e r  o r d e r  te rm s , and then  

u s e  s e r ie s  e x te n s io n  te c h n iq u e s  ( e . g .  Van D yke 1 9 8 4 ) .  An a tte m p t to  

o b ta in  t h e s e  term s u s in g  th e  a lg e b r a ic  m a n ip u la to rs  RED U CE, MACSYMA 

and CAMAL was u n s u c c e s s f u l ,  e . g .  a f t e r  3 0  m inutes e x e c u t io n  tim e on 

an AMDAHL 4 7 0  m ainfram e, th e  REDUCE program  h ad n o t  o b ta in e d  th e  

s o lu t io n  to  th e  h ig h e s t  o r d e r  t h a t  G la u e r t  ( 1 9 5 7 )  exam ined! 

A lt e r n a t iv e ly ,  th e  h ig h e r  o r d e r  g o v e rn in g  e q u a t io n s  c o u ld  h a v e  been  

s o lv e d  n u m e r ic a lly  ( c f .  Cow ley 1 9 8 3 ) .  H ow ever, R ile y  ( 1 9 7 8 ,  19 8 1)

h a s  been s u c c e s s f u l  w ith a p u r e ly  n u m e ric a l te c h n iq u e  in s im ila r  

p ro b le m s, and t h is  is  th e  a p p ro a ch  a d o p te d  f o r  th e  m ost p a r t  h e r e .
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■ Fi&ure 3 .2 : ̂



§ 3 .3  Numerical Methods

In  t h is  s e c t io n ,  we d is c u s s  th e  d if f e r e n t  n u m e ric a l m ethods 

u s e d  to  s o lv e  t h is  problem . The f i r s t  m ethod is  s im ila r  to  t h a t  o f  

R ile y  ( 1 9 7 8 ,  1 9 8 1 )  and w ill be r e f e r r e d  to  a s  th e  FD m ethod. I t

c o n s is t s  o f  in t e g r a t in g  th e  b o u n d a r y -la y e r  e q u a tio n s  w ith a  f in i t e  

d if f e r e n c e  m ethod th ro u g h  r e p e a te d  p e r io d s  o f  2u  u n t il  th e  s o lu t io n  

s e t t l e s  down to  a s t e a d y , p e r io d ic  s t a t e .  The o t h e r  a p p ro a c h e s  

in v o lv e  s p e c t r a l  sch e m e s b a s e d  upon th e  s u b s t it u t io n  o f  t r u n c a t e d  

F o u r ie r  s e r ie s  f o r  th e  d e p e n d e n t v a r ia b le s  in to  t h e  g o v e rn in g  

e q u a t io n s , and th e n  n u m erical s o lu t io n  o f  th e  r e s u lt in g  s y s te m s  o f  

c o u p le d  o r d in a r y  d if f e r e n t ia l  e q u a t io n s  b y  f i n i t e - d i f f e r e n c e  

m eth o d s.

F o r  a l l  th e  m e th o d s, th e  problem  was s o lv e d  n u m e r ic a lly  in a  

f i n i t e  c o m p u ta tio n a l domain, w here th e  a s y m p t o t ic  c o n d it io n  

( 3 . 2 : 2 c )  was a p p lie d  in th e  form  u = U ( x )  a t  y  = y  w here y  was
e oo oo

a t  th e  u p p e r e d g e o f  th e  c o m p u ta tio n a l domain. R ile y  ( 1 9 8 1 )  show s 

t h a t  t h is  means t h a t  p e r io d ic  s o lu t io n s  ca n  a p p a r e n t ly  be fo u n d  f o r

a ra n g e  o f  U , a lth o u g h  o n ly  o ne o f  th e s e  t r u ly  s a t i s f i e s  th eW
c o n d it io n  ( 3 . 2 : 2 c )  in th e  lim it a s  y  -» oo. In  o r d e r  to  id e n t if y00
t h is  s o lu t io n  i t  is  n e c e s s a r y  to  exam ine th e  s o lu t io n  to w a rd s th e

ed g e  o f  th e  b o u n d a ry  la y e r . We w rite

u ( x , i p) = U ( x)  + u ( x , i ft) , ( 3 . 3 : 1 a )
e

s u b s t it u t e  in to  ( 3 . 2 : 4 a ) ,  and r e t a in  o n ly  lin e a r  te rm s in u on th e

a ssu m p tio n  t h a t  |u |  is  sm all f o r  \j) »  1 .  The r e s u lt in g  e q u a tio n  f o r

u h a s  a s e p a r a b le  s o lu t io n  t h a t  is  p e r io d ic  in x , ( c f .  R i le y  1 9 8 1 )
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u
U ( x )

1

e

A + Bipo

+ y  £ A ex p  ^  --- --------- dx “  ̂ J ~ ~  $ j + c * c -

n = l  e  e

( 3 . 3 : 1 b)

w here U is  th e  mean v a lu e  o f  U ( x )  an d  c . c .  d e n o te s  th e  com plex  
e e

c o n ju g a t e .  The im p o sitio n  o f  u =  U ( x )  a t  ^  »  1 ( o r  e q u iv a le n t ly
e oo

y  >> 1 )  le a d s  f o r  m ost c h o ic e s  o f  U to  n o n -z e r o  v a lu e s  o f  A and
00 w o

B (a lth o u g h  A + B\f) ~  0 ) .  O nly b y  a p p ly in g  an a d d it io n a l c o n d it io no 00
w hich f o r c e s  B , and h e n c e  A , to  z e r o  a s  \Jj -> co, e . g .O 00

U ( x ) u =  0
e v a t >00 ( 3 . 3 : 2 a )

o r

OII>
D a t y m » 00 ( 3 . 3 : 2 b )

f o r  0 ^  x ^  271, do we o b ta in  t h e  c o r r e c t  e x p o n e n t ia lly  d e c a y in g  

b e h a v io u r  a t  th e  e d g e o f  th e  b o u n d a ry  la y e r  and a u n iq u e  s o lu t io n  

f o r  U .
w

With th e  f i r s t  n u m e rica l m ethod, a s  sum m arised in th e  flow  

diagram  in f ig u r e  3 . 3 : 1 ,  i t  p ro v e d  f a s t e s t  and m ost c o n v e n ie n t  to  

work in Von M ises c o o r d in a t e s  u s in g  e q u a tio n  ( 3 . 2 : 4 ) .

A c o m p u ta tio n a l domain o f  NX x NY g r id  p o in ts  was u s e d  with NX 

in t e r v a ls  d is t r ib u t e d  o v e r  th e  p e r io d  2n  in th e  x d ir e c t io n  ( g r id  

p o in t s  x , 1 ^  i <  NX) and NY p o in t s  d is t r ib u t e d  o v e r  0 to  0  in
i oo

th e  ip d ir e c t io n  ( g r id  p o in ts  i / ^ , 1 <  j  <  N Y ) .  A n o n -u n ifo rm

d is t r ib u t io n  was im plem ented u s in g  s t r e t c h  f u n c t io n s  -  s e e  below, 

e q u a tio n  ( 3 . 3 : 4 ) .  T h e fo llo w in g  p r o c e d u r e  was a d o p te d  to  c o n v e rg e  

to  th e  u n iq u e  v a lu e  o f  U from  an in it ia l  g u e s s .
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To march the parabolic boundary-layer equation (3 .2 :4 a )

f  orw ard from X
i - 1

to  x ^ , an im p lic it C r a n k -N ic o ls o n  schem e ( e . g .

R o a ch e , 1 9 7 2 ) was a p p lie d  in which th e e q u a tio n was d is c r e t iz e d  b y

a  s e c o n d -o r d e r , c e n t r e d , f i n i t e - d i f f e r e n c e a p p ro x im a tio n  a t

( x  >i-1/2 V f o r 2  <  j  <  N Y -1 .  The r e s u lt in g im p lic it  n o n lin e a r

d if f e r e n c e  e q u a tio n s  w ere s o lv e d  b y  N e w to n -R a p h so n  it e r a t io n  a s  

fo llo w s .

L e t  d e n o te  th e  s o lu t io n  v e c t o r  c o n s is t in g  o f  u ( x ^ ,  \p ) f o r  

1 <  j  <  N Y, and u k th e  k th  it e r a t e  o f  u . T h e in it ia l  g u e s s  u °  was

c a lc u la t e d  b y  lin e a r  in t e r p o la t io n  from  ^and . We w rite

u k + 1  = u k + 5u , ( 3 . 3 : 3 a )-i -i -i
k + 1

and s u b s t i t u t e  u^ in p la c e  o f  u^ in th e  d if f e r e n c e  e q u a t io n s  and

lin e a r is e  with r e s p e c t  to  S u ^ . The r e s u lt in g  lin e a r  e q u a t io n s  ca n  

be r e p r e s e n t e d  in m atrix  fo rm ,

L  S u i =  b , ( 3 . 3 : 3 b )

w here L  is  an NY x NY b an d ed  m atrix  o f  b an d  w idth 3 ,  and b is  a 

known f u n c t io n  v e c t o r  o f  le n g th  NY. The m a trix  L  is  n o t  n e c e s s a r i ly  

d ia g o n a lly  dom inant, s o  Su^ was s o lv e d  f o r  u s in g  p a r t ia l  p iv o t in g .  

The s o lu t io n  was th e n  u p d a te d  and th e  p r o c e d u r e  r e p e a te d  u n t il  e a ch

elem ent in Su^ was r e d u c e d  to  le s s  th a n  a s p e c if ie d  sm all

t o le r a n c e .

U s in g  t h is  p r o c e d u r e  th e  e q u a tio n  was in t e g r a t e d  o v e r  a num ber

o f p e r io d s  o f  2  n  u n t il th e d if f e r e n c e in s o lu t io n s a p e r io d  2n

a p a r t  was w ithin  a g iv e n t o le r a n c e . T h is FD method o f in t e g r a t in g

th e g o v e rn in g  e q u a tio n s o v e r many p e r io d s o f  2n h a s a ls o  been

a p p lie d  to  e q u a tio n s  ( 3 . 2 : 3 , 4 )  u s in g  a K e lle r -b o x  sch em e. See
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appendix 3. A fo r  d e ta ils .

As m entioned a b o v e , th e  u p p e r  b o u n d a ry  c o n d it io n  u =  U ( x )  was
e

a p p lie d  a t  a f in i t e  ip = iff . O nce th e  p e r io d ic  s o lu t io n  h a s  been
00

o b ta in e d  th e  v a lu e  o f  B in ( 3 . 3 : 1 b )  was e s t im a te d  b y  o b ta in in g  th e  

mean o f  U ( x ) u  ( x ,  ib ) o v e r  2n  a ssu m in g  th e  e x p o n e n ta l te rm s were
e v oo

n e g lig ib le . A b e t t e r  a p p ro xim a tio n  f o r  th e  e ig e n v a lu e  U was th e nw
c a lc u la t e d  b y  a s e c a n t  it e r a t io n  w ith th e  aim o f  f o r c in g  B to  z e r o .  

The p r o c e d u r e  was r e p e a te d  with th e  new U , u n t il  |B | was le s s  th a n  

a s p e c if ie d  sm all to le r a n c e . A s a  c h e c k , th e  F o u r ie r  s e r ie s  o f  

U ( x ) u  ( x ,  0  ) was th e n  e v a lu a t e d . I t  was c o n firm e d  t h a t  when
e v oo

ro u n d in g  and t r u n c a t io n  e r r o r s  w ere n e g lig ib le , an d  when \p was

2
la rg e  en o u g h , th e  am p litu d e s o f  th e  h arm o n ics w ere 0 ( B  ) ,  a s  m ight 

be e x p e c te d  from  n o n lin e a r  in t e r a c t io n s .

To in it ia l is e  th e  s o lu t io n  p r o c e d u r e , a v e l o c it y  p r o f i le  was 

n eed e d  a t  th e  s t a r t in g  p o s it io n , ta k e n  to  be th e  p o s it io n  o f  

minimum e x t e r n a l v e lo c it y ,  x =  0 . S u c h  a  p r o f i le  s h o u ld  model th e

c o r r e c t  o s c i l l a t o r y  e x p o n e n tia l d e c a y  and s a t i s f y  th e  b o u n d a ry  

c o n d it io n s  b o th  a t  \p =  0 and a s  «/>-><».  F o r  e xam p le, a  v e lo c it y  

p r o f i le  lo o s e ly  b a s e d  on G la u e r t 's  ( 1 9 5 7 )  s o lu t io n  was u s e d  f o r

e < 0 . 4

u=U + ( U -U  )e x p  ( - 2  1 / 2 ^ ) c o s ( 3 r + 2  1 / 2 0 ) / c o s t s ' )
e w e

C U -U  -v1 I 0  w I
w here y  =  -  s in  --------------- an d  U was e v a lu a t e d  a t  x = 0 . The

2 l  21) -U  J e
w e

c o n s t a n t  ^  allow ed f o r  a s l ig h t  p h a s e  s h i f t .  F o r  e ^  0 . 4 ,  th e  

p e r io d ic  v e l o c it y  p r o f i le  u ( 0 ,  \Jj) f o r  a  sm a lle r  v a lu e  o f  e was

s a v e d , and u s e d  a s  th e  v e lo c it y  p r o f i le  f o r  a n e x t  la r g e r  e . With 

t h is  m ethod, th e  in cre m e n t o f  e was lim ite d  to  a  maximum o f  0 . 1
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when e was r e la t iv e ly  sm a ll, and to  0 . 0 0 5  when e was c lo s e  to  

( s e e  below f o r  d e f in it io n  o f  e ) .
s

In  a d d it io n , on c h a n g in g  U a c a r e f u l  u p d a tin g  o f  th e  v e lo c it y
W

p r o f i le  u was n e c e s s a r y  in o r d e r  to  a v o id  in tr o d u c in g  th in  v is c o u s  

s h e a r  la y e r s  a t  th e  wall which to o k  many p e r io d s  to  d i f f u s e  o u t  o f

th e  flo w . S p e c if ic a l ly ,  th e  v e lo c it y  p r o f i le  a t  x =  0 f o r  th e  new 

U was o b ta in e d  b y  lin e a r  in t e r p o la t io n  from  th e  v e l o c it y  p r o f i le sw
a t  x =  0 f o r  two p r e v io u s  v a lu e s  o f  U .w

As e x p la in e d  in th e  n e x t  s e c t io n ,  t h e r e  is  a maximum v a lu e  o f  

e a b o v e  which s o lu t io n s  c o u ld  n o t  be o b ta in e d . T h is  v a lu e  o f  g,
d e n o te d  b y  c  , c o r r e s p o n d s  to  th e  d eve lo p m en t o f  a  s in g u la r it y

s

a s s o c ia t e d  with a stagnation point  in th e  b o u n d a ry  la y e r  a t  x =  x ,
S

ip = \p . F o r  e c lo s e  to  b u t  le s s  th a n  e , we t r ie d  to  im prove
s  s

c o n v e rg e n c e  b y  r e p la c in g  th e  c o n v e c t iv e  term  u u ^ in ( 3 . 2 : 4 a )  with  

m a x ( 0 . 0 0 1 ,  | u | ) u  . T h is  co p e d  w ith th e  d i f f i c u l t i e s  a s s o c ia t e d  with
1 1 X

n e g a t iv e  flow  v e lo c it ie s  in tr o d u c e d  b y  in a p p r o p r ia t e ly  sm all v a lu e s

o f  U r e s u lt in g  from  th e  s e c a n t  it e r a t io n . T h is  a p p ro a c h  is
W

a c c e p t a b le b e c a u s e  b y d e f in it io n o f e ,s
th e v e l o c it y  u is

n e c e s s a r i l y p o s it iv e  f o r  e < e ,
S

and f o r a ll th e  c a lc u la t e d

s o lu t io n s , u = m m ( u )
m i n

X ,  V

h a s been shown to  be p o s it iv e  f o r  e < e .
S

A ls o , to h elp  r e s o lv e th e  v e lo c it y p r o f i le n e a r t h is  s t a g n a t io n

p o in t , we 

f u n c t io n s

r e f in e d  th e mesh th e r e b y means o f th e  s t r e t c h in g

x = X -  £ l - ( e c - e  )1/2j s i n  X ( 3 . 3 : 4 a )

*
and \p = (f> - \ S [ tan h  ( A {<p-<f> ) )  + ta n h (A 0  ) ] . ( 3 . 3 : 4 b )

A o o I
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T h e s e  w ere in tr o d u c e d  in th e  x -  and ^ -d ir e c t io n s  r e s p e c t iv e ly  and

~ * 
an e q u i-s p a c e d  g r id  in X an d  0  a d o p te d . T h e  c o n s t a n t s  e ^ , A, 6 and

0  w ere c h o s e n  to  g iv e  f in e  g r id  r e s o lu t io n  n e a r  th e  p o s it io n  o f
o

minumum v e lo c it y .  In  p a r t ic u la r ,  we c h o s e  0  to  be c lo s e  to  th a tO
v a lu e  o f  0  a t  which th e  v e lo c it y  h a s a  minimum u (x  , 0  ) ,  and s e t

m i n o o
*

A = 0 . 2 5 ,  6 =  0 . 0 0 5 ,  e =  0 . 6 5 6  ( e  is  s l ig h t l y  g r e a t e r  th a n  c  a s
c c s

c a lc u la t e d  l a t e r ) .

A num ber o f  d if f e r e n t  v a lu e s  o f  0  were t r ie d ,  and f o r  m ost o f
00

th e  r e s u l t s  p r e s e n t e d  h e r e  0 ^  was ta k e n  to  be 2 8 , with g r id  dom ains

o f  4 0 x 9 1, 8 0 x 18 1 and 16 0 x 3 6 1 p o in t s . The s o lu t io n  a t  e a ch  p o in t ,

-1 2
u C x ^  0 ^ ) ,  was c o n v e rg e d  to  an a c c u r a c y  o f  10  b y  N ew to n -R ap h so n

-13
i t e r a t io n , and B was t y p ic a l ly  f o r c e d  down to  10  b y  th e

s e c a n t  it e r a t io n . The num ber o f  p e r io d s  o v e r  which th e  d is c r e t iz e d  

form  o f  ( 3 . 2 : 4 )  h ad to  be in t e g r a t e d  to  o b ta in  a p e r io d ic  s o lu t io n

f o r  a  g iv e n  v a lu e  o f  U in c r e a s e d  w ith e an d  th e  s iz e  o f  th e  g r id ;

e . g .  i t  was in th e  ra n g e  o f  10  f o r  e =  0 . 1  and th e  40x91 g r id , and

7 0  f o r  e  =  0 . 6 5 5 and th e  16 0 x 3 6 1 g r id .

D is c r e t iz in g e q u a tio n  ( 3 . 2 : 4 ) d ir e c t ly p ro v e d to be

a p p ro x  im ate ly  10 tim es f a s t e r  th an a K e lle r -b o x  schem e f o r th e

p r im it iv e  v a r ia b le e q u a tio n  ( 3 . 2 : 2 ) . T e s t  r u n s c o n firm e d t h a t th e

schem e is  s e c o n d -o r d e r  a c c u r a t e  in s t e p  s i z e ,  and im proved a c c u r a c y  

was o b ta in e d  b y  R ic h a r d s o n  e x t r a p o la t io n . The FD m ethod r e q u ir e s  

l i t t l e  co m p u te r s t o r a g e  e . g .  t y p ic a l ly  1 5 , 0 0 0  w o rd s, b u t  i t  is  

s e n s it iv e  to  th e  v e lo c it y  p r o f i le  a t  x =  0 f o r  la r g e r  v a lu e s  o f  e . 

F o r  e =  0 . 6 5 3 ,  th e  la r g e s t  g r id  a tte m p te d  was 3 6 0 x 7 2 1  p o in t s  which  

r e q u ir e d  3 4 0 0 s  CPU tim e on a  C r a y  1 S .

A s an a lt e r n a t iv e  to  th e  a b o v e  sch e m e , which r e q u ir e d  c a r e f u l
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tu n in g  an d  c h e c k in g , a s p e c t r a l  m ethod u s in g  th e  s t r e a m f u n c t io n  \p

was a d o p te d . T h is ,  r e f e r r e d  to  a s  th e  NRK m ethod, e x p r e s s e d  th e

s t re a m f u n c t io n  \p a s  a F o u r ie r  s e r ie s  in x :

00
i/j =  T q ( y ) + ^ ( y )  c o s ( n x )  + ( y )  s in ( n x )  j . ( 3 . 3 : 5 )

n = l

N ote t h a t  th e  s u p e r s c ip t  n is  u s e d  to  a s s o c ia t e  th e  c o e f f ic ie n t  

with th e  n th  mode o f  th e  F o u r ie r  s e r ie s  ( i . e .  f n is  n o t  th e  n t h
c

pow er o f  f  n o r is  i t  th e  n th  d e r iv a t iv e ) .  T h is  s e r ie s  was
C

s u b s t it u t e d  in to  th e  b o u n d a r y -la y e r  e q u a tio n  ( 3 . 2 : 3 a )  and th e  

q u a d r a t ic  te rm s r e o r d e r e d . An exam ple o f  t h is  r e o r d e r in g  is  g iv e n  

in a p p e n d ix  3 . B .  The s e r ie s  was th en  t r u n c a t e d  a f t e r  a f in it e  

num ber o f  N te rm s, s o  y ie ld in g  2N +1 t h ir d - o r d e r ,  c o u p le d , n o n lin e a r  

o r d in a r y  d if f e r e n t ia l  e q u a t io n s  f o r  th e  f u n c t io n s  f  ( y ) ,  f n ( y )  and
O C

f n ( y ) ,  1 <  n ^  N ( t h e s e  a r e  g iv e n  in ap p e n d ix  3 . B ) .
S

The f u n c t io n s  f  e t c .  were a p p ro xim a te d  u s in g  NY p o in t s  in th e
o

norm al d ir e c t io n . L e t  th e  v e c t o r

f
- j ' V f  (y, ) .o j

f n ( y  ) a nd f n ( y  ) f o r  1 ^  n ^  N 
c s ° j  I

c o r r e s p o n d  to  th e  s o lu t io n  a t  ea ch  p o in t  y  , 1 ^  j  <  NY. As a

c o n s e q u e n c e  o f  th e  lin e a r  term  \b in ( 3 . 2 : 3 a ) ,  i t  was p o s s ib le  to
y y y

e x p r e s s  th e  t h ir d  d e r iv a t iv e  o f  f  e x p l ic it l y  a s  a n o n lin e a r  

f u n c t io n  o f  i t s  low er d e r iv a t iv e s .  T h is  m eans t h a t  a t  e a c h  p o in t  y^  

f o r  2  ^  j  ^  N Y -1  th e  c o u p le d  o r d in a r y  d if f e r e n t ia l  e q u a t io n s , g iv e n  

in ap p e n d ix  3 . B ,  c o u ld  be w ritte n  a s
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f
- j

a _ ( f  )

5y
( 3 . 3 : 6 a )

f
- j

// /
f
" j

S j f ’ )
dy

/
f- j f  ) 

- j

( 3 . 3 : 6 b )

( 3 . 3 : 6 c )

w here G is  a  n o n lin e a r  f u n c t io n  ( c f .  e q u a tio n  ( 3 . B : 4 ) ) .  The  

r e le v a n t  b o u n d a ry  c o n d it io n s  from  ( 3 . 2 : 3 b , c )  a r e

f  ( y j  =  0 ,o 1

f o ( y j  = u ,1 w

f o (y ) = 1CO

fn(y ) =  fn(y ) =  0 f o r  1 <  n ^  N,  ( 3 . 3 : 7 a )  c l s i

f n# ( y  ) =  f " 7 ( y  ) =  0 f o r  1 <  n ^  N,  ( 3 . 3 : 7 b )c °i s J i

f 1' (y ) = -c, f 1 (ym) = 0.c 00 S 00

f n ( y  ) =  f n ( y  ) =  0 f o r  2  ^  n ^  N,  ( 3 . 3 : 7 c )c 00  S  00

w here, a s  b e fo r e  th e  a s y m p to t ic  b o u n d a ry  c o n d it io n  ip -> h a s  been

a p p lie d  a t  a  f in i t e  y  . To o b ta in  a u n iq u e  U th e  c o r r e c t  b e h a v io u r
00 w

a t  in f in i t y  m ust be im posed, i . e .  b o th  A and B in ( 3 . 3 : 1 b )  m ust beO
f o r c e d  to  z e r o . On a ssu m in g  y  is  la rg e  enough s o  t h a t  th e

00

e x p o n e n t ia lly  sm all te rm s a r e  n e g lig ib le , t h is  is  a c h ie v e d  b y

a p p ly in g  ( c f .  e q u a tio n  ( 3 . 3 : 2 b ) )

f O
//
(y )

00
= 0 . ( 3 . 3 : 7 d )

T h is  sy ste m  o f  e q u a tio n s  was s o lv e d  b y  N e w to n -R ap h so n  

it e r a t io n  u s in g  a f o u r t h -o r d e r  b o u n d a r y -v a lu e  p a c k a g e  (C a s h  and  

Moore 1 9 8 0 ) .  The J a c o b ia n  r e q u ir e d  f o r  th e  it e r a t io n  was c a lc u la t e d  

a n a ly t ic a l l y  and is  g iv e n  in ap p en d ix  3 . B .

A u n ifo rm  g r id  in y  was u s e d , an d  b e c a u s e  th e  y  p o s it io n  a t  

w hich u o c c u r r e d , s a y  y  , in c r e a s e d  a s  e te n d e d  to  e , y  wasmin o s oo

in c r e a s e d  w ith e ( e . g .  y  = 3 6  f o r  e < 0 . 6  a nd y  = 4 5  f o r00 00
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e £ 0 .6 ) .  The t e s t  criterion  fo r  convergence was th a t the update

f o r  f  , d e n o te d  b y  5 f ^ ,  m ust s a t i s f y

/ i t

max | 5 f  I + max | 5 f  I + max |<5f I ^ 1 0
j  1 - J  1 j  1 - J  1 j  1 - j  1

B oth  th e  f o u r t h -o r d e r  a c c u r a c y  an d  th e  q u a d r a t ic  c o n v e rg e n c e  h a v e

been c o n firm e d . F o r  ea ch  e., th e s o lu t io n  f  , 
- j

/
f
—j

and
//

f
- j

f o r

1 =s j ^  NY was s a v e d  and u s e d a s  an in it ia l g u e s s f o r th e

N e w to n -R a p h so n it e r a t io n  a t th e n e x t  la r g e r  v a lu e o f £ . The

in cre m e n t o f  e u s in g  t h is  m ethod was allow ed to  be much la r g e r  th a n  

f o r  th e  FD m ethod, a lth o u g h  an in cre m e n t o f  0 . 0 0 1  was u s e d  when e 

was c lo s e  to  e du e to  th e  n e e d  f o r  d e t a ile d  s o lu t io n s .
s

T r ia l  r u n s  show ed t h a t  a c c u r a t e  r e s u l t s  c o u ld  be o b ta in e d  w ith  

8 modes f o r  sm a lle r  v a lu e s  o f  £ ,  b u t  a s  e e s u c c e s s iv e l y  more
s

modes were n e e d e d  ( e . g .  f o r  e c lo s e  to  e we u s e d  up to  20  m odes,
S

th e  maximum t h a t  was allow ed b y  o u r  co m p u ter s t o r a g e  c a p a c it y ,  i . e .  

7 5 0 ,0 0 0  w o r d s ) . The r e s u l t s  o b ta in e d  w ith t h is  m ethod com pare well 

w ith th o s e  from  th e  FD m ethod; s e e  ta b le  3 . 4 : 1 .  T h is  a p p ro a ch  

r e q u ir e s  la r g e  co m p u te r memory b u t  is  m oderate in CPU tim e, f o r  

exam ple, w ith N Y = 9 1, N = 2 0 , e = 0 .6 5 5 ,  6 0 0 s  o f  C r a y  1S  CPU were 

r e q u ir e d .

In  an a tte m p t to  d e c r e a s e  th e  s iz e  o f  th e  co m p u ta tio n a l 

dom ain, an d  t h e r e f o r e  th e  s t o r a g e  r e q u ir e d , a s p e c t r a l  a p p ro a ch  

u s in g  Von M ise s c o o r d in a t e s  was t r ie d .  The a d v a n ta g e  o f  u s in g  ip a s  

th e  in d e p e n d e n t v a r ia b le  o v e r  u s in g  y  is  t h a t  iJj ( i . e .  th e  v a lu e  o f

\Ji a t  which u
m i n

o c c u r s ) a p p e a r s  to te n d to  a f in i t e v a lu e a s

e -> e . In
s

t h is a p p ro a c h , r e f  e r r e d to  a s th e  VM m ethod, th e

v e lo c it y  u was e x p r e s s e d a s  a F o u r ie r s e r ie s  in x , with
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c o e f f ic ie n ts  which are fu n ction s o f  iJj:

CO
u = g (ip) + ) g 1 iip) c o s ( n x )  + gn (i/0 s i n ( n x )  . ( 3 . 3 : 8 )o [__i c s

n = l

T h is  s e r ie s  was s u b s t it u t e d  in to  ( 3 . 2 : 4 ) ,  th e  q u a d r a t ic  and c u b ic  

te rm s r e o r d e r e d  and th e  s e r ie s  th e n  t r u n c a t e d  a f t e r  N te rm s. T h is  

p r o c e s s  y ie ld e d  2N +1 c o u p le d  n o n lin e a r  o r d in a r y  d if f e r e n t ia l  

e q u a t io n s  f o r  g (ifj), g n (»/r) and g n (i /O,  1 ^  n ^  N ( t h e s e  a r e  g iv e n  in
o c s

ap p e n d ix  3 . B ) .

T h e d is a d v a n t a g e  o f  u s in g  Von M ises c o o r d in a t e s  is  t h a t  th e  

h ig h e s t  ^ - d e r i v a t i v e s  o f  g ( i i ) ,  g n (»/0 an d  g n ( 0 ) ,  1 <  n ^  N a r e
o c s

in v o lv e d  in a d o u b le  sum m ation w ith th e  c o n s e q u e n c e  t h a t  th e  

e q u a t io n s  c a n n o t  e a s i ly  be r e w r it t e n  in a  s c h e m a tic  form  s im ila r  to  

t h a t  e x p r e s s e d  in ( 3 . 3 : 6 ) .  T h e n o n lin e a r  e q u a t io n s  a r e  t h e r e f o r e  

n o t am enable to  s o lu t io n  b y  th e  C a s h  and Moore ( 1 9 8 0 )  p a c k a g e , and  

a t a ilo r -m a d e  program  had to  be w r itt e n .

A g a in , NY p o in t s  were u s e d  to  r e p r e s e n t  if) o v e r  th e  b o u n d a ry  

la y e r , an d  th e  s t r e t c h  ( 3 . 3 : 4 b )  was u s e d  in iff. T h e e q u a t io n s  were

d is c r e t iz e d  a t  iff t 2  ^  j  ^  N Y -1  b y  s e c o n d -o r d e r  f i n i t e - d i f f e r e n c e s .  

L e t  th e  v e c t o r  G c o n s is t  o f  U and th e  ( 2 N + 1)  x NY v a r ia b le s— w
g (iff ) ,  g n ( ^  ) and g n ( ^  ) f o r  1 ^  n ^  N, 1 < j <  N Y, le t  G be th e

o j  c  j  s  j  —2

k t h
s e c o n d -o r d e r  a c c u r a t e  s o lu t io n  o f  G, and le t  G be th e  k— —2
N e w to n -R a p h so n  it e r a t e  to  th e  s o lu t io n  G^. From now o n , we d e n o te

th e  v e c t o r s  d e r iv e d  from  a s e c o n d -  and f o u r t h -o r d e r - a c c u r a t e  

ap p ro x im a tio n  b y  th e  s u b s c r ip t s  2  and 4 r e s p e c t iv e ly .  We w rite

G k + 1  = G k + 5G , ( 3 . 3 : 9 a )
- 2  - 2  - 2

k+ 1
and s u b s t i t u t e  G in p la c e  o f  G in th e  c o u p le d  d if f e r e n c e
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e q u a t io n s , and lin e a r is e  them w ith r e s p e c t  to  SG2 , s o  o b ta in in g

A 5G = b . ( 3 . 3 : 9 b )
-2  -2

The J a c o b ia n  A , which is  a b a n d e d  m atrix  o f  b and w idth 8 N +3 ( s e e  

below) an d  le n g th  o f  1 + ( 2 N + 1 ) N Y , was d ecom posed an d  in v e r t e d  b y  NAG 

r o u t in e s  F 0 1 L B F  and F 0 4 L D F . O nce a  s e c o n d -o r d e r -a c c u r a t e  s o lu t io n  

h ad been o b t a in e d , a f  o u r t h - o r d e r - a c c u r a t e  s o lu t io n  was fo u n d  b y  

d e f e c t  c o r r e c t io n .  The f o u r t h -o r d e r  s o lu t io n  was o b ta in e d  b y  

N e w to n -R a p h so n  it e r a t io n  u s in g  th e  same J a c o b ia n . F o r  d e t a i ls  on 

t h is  schem e s e e  ap p e n d ix  3 . C .

I t  h a s  been co n firm e d  t h a t  th e  N e w to n -R a p h so n  it e r a t io n

c o n v e rg e d  q u a d r a t ic a lly ,  an d  t h a t  th e  u n c o r r e c t e d  s o lu t io n  was 

s e c o n d -o r d e r  a c c u r a t e .  H ow ever th e  q u a r t ic  a c c u r a c y  o f  th e  d e f e c t

c o r r e c t e d  s o lu t io n  c o u ld  n o t  be v e r if ie d  f o r  th e  r e la t iv e ly  c o a r s e  

g r i d - s i z e s  w hich we c o u ld  u s e . T h e r e f o r e  th e  m ethod was t e s t e d  on a  

s im ila r , b u t  s im p le r , model problem . I t  was fo u n d  t h a t  q u a r t ic

b e h a v io u r was r e c o v e r e d  o n ly  f o r  more r e f in e d  g r id s .  N e v e r t h e le s s ,  

in t h is  model problem  th e  c o r r e c t e d  s o lu t io n  was more a c c u a t e  than  

th e  u n c o r r e c t e d  s o lu t io n  f o r  a l l  g r i d - s i z e s ,  and t h e r e f o r e  we

b e lie v e  t h a t  th e  d e f e c t  c o r r e c t io n  y ie ld e d  a more a c c u r a t e  s o lu t io n  

in th e  f u l l  problem .

In  o r d e r  to  re d u c e  co m p u ta tio n  time an d  s t o r a g e , many a tte m p ts  

were made to  model th e  c o r r e c t  e x p o n e n t ia lly  d e c a y in g  b e h a v io u r  a t

a r e la t iv e ly  sm all v a lu e  o f  \Jj b y  u s in g  th e  e x p r e s s io n  ( 3 . 3 : 1 b ) .00
E a ch  x -d e p e n d e n t  term  o f  ( 3 . 3 : 1 b )  was e x p r e s s e d  a s  an in f in it e  

F o u r ie r  s e r i e s ,  i . e .
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( 3 . 3 : 1 0 a )
/V  /V  V 1 /SO /V

u =  g ( 0 )  + ) gn ( ^ )  c o s ( n x )  + gn (i(j) s i n ( n x )  ,° Z-, c s
n =  1

U ( x)
e

=  p + V  p c o s ( m x )  , ( 3 . 3 : 1 0 b )O Lt m
m = l

COS [ nJ Hs (X j
U ( x)

e

= c  + Y  c  c o s ( m x )  , ( 3 . 3 : 1 0 c )
nO L i nmm= 1

S 1n nJ* U e ( x ) d x  j

U ( x)
e

uu

V  d  s i n ( m x )  ( 3 . 3 : 1 0 d )
Lt nm

m = l

where th e  c o n s t a n t s  p , c  , p , c  and d f o r  1 ^  m ^  co and
0 nO m nm nm

1 <  n ^  oo c o u ld  be c a lc u la t e d . S u b s t it u t in g  e q u a t io n s  ( 3 . 3 : 1 0 )  in to  

( 3 . 3 : 1 b ) ,  and e q u a tin g  c o e f f ic ie n t s  f o r  c o s ( n x ) ,  e t c . ,  we f in d

g ( 0 )  =  (A  + B 0 )p
o o o

CO+ ) l a  c o s  J — \Jj + b s i n  J  |/>j
m=1 ^ln= 1

c  exp
mo - / ¥ * ]

( 3 . 3 : 1 1 a )

g a (<l>) = (A + B<l>)p

I [ \ COS/ F ^  +b. s,n/?"*
71= 1 L

•*
c  exp 7/ 0mnj V j

( 3 . 3 : 1 1 b )

" I [ V 1" / ! *  d»n eXP ( / I - ”*m = l  v. J  v.

( 3 . 3 : 1 1 c )

w here a =  Re (A  ) and b = I m(A ) a r e  c o n s t a n t s  to  be d e te rm in e d .
m m m m

To o b ta in  m anagable b o u n d a ry  c o n d it io n s  a t  ifj we t r u n c a t e d  th eco
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s e r ie s  in (3 .3 :1 1 c )  a f te r  one term, i . e .  we assumed th at

exp - Z ¥ t  ] >>exp [ " / ¥ " t  ]

T h is  l e f t  two unknown c o n s t a n t s  a  and b
1 1

c o n s t a n t s ,  A and B to  be f o r c e d  to  z e r o .

f o r  m ^  2  .

to  be d e te rm in e d  an d  two 

To do t h is  we u s e d  th e
o

~ ~ 1
e x p r e s s io n s  f o r  g , g and t h e ir  f i r s t

o  c

F o u r ie r  c o e f f ic ie n t s  were c h o s e n  s in c e  g 

d ir e c t ly  b y  th e  b o u n d a ry  c o n d it io n ) .  Then A
o

z e r o  b y  im posing th e  b o u n d a ry  c o n d it io n s

d e r iv a t iv e s  ( t h e s e  two 

an d  g 1 a r e  f o r c e d
o  c

and B ca n  be f o r c e d  to

lo — =  0  •li

g gO -  c

C C
l o  11

= 0 . ( 3 . 3 : 1 2 a )

The a p p r o p r ia t e  b o u n d a ry  c o n d it io n s  f o r  th e  h ig h e r  modes a r e  th e n

/ I  gn'
C _

~n ~ng g
c  s

/ I  g n '
s  _

~n ~n 
g c S s

C In
>

c  dIn In d In c  dIn In
( 3 . 3 : 1 2 b )

f o r  1 <  n ^  N. E q u a t io n s  ( 3 . 3 : 1 2 )  s p e c if y  2N + 2 b o u n d a ry  c o n d it io n s ,  

which a r e  s u f f i c i e n t  b o th  to  r e s o lv e  th e  e x p o n e n t ia lly  d e c a y in g  

b e h a v io u r  a t  in f in i t y  (2 N + 1 o f  them a r e  r e q u ir e d  f o r  t h is )  and to  

f i x  U .
w

T h e s e  b o u n d a ry  c o n d it io n s  were a p p lie d  midway betw een th e  g r id

p o in t s  NY -  1 an d  NY. T e s t  r u n s  show ed t h a t  t h e y  g a v e  more a c c u r a t e  

r e s u l t s  th a n  j u s t  im posing u =  U ( x )  a t  th e  sam e v a lu e  o f  \jj ,
e  oo

a lth o u g h  th e  im provem ent was n o t  d ra m a tic . T h is  is  b e c a u s e  th e

n e g le c te d  te rm s A , n ^  2 ,  a p p e a r  to  be s ig n if ic a n t .
n

In  im plem enting b o th  th e  m o d if ic a t io n  o f  th e  u p p e r b o u n d a ry

c o n d it io n s  and th e  f o u r t h -o r d e r  d e f e c t  c o r r e c t io n , c a r e  was ta k e n  

n o t to  in c r e a s e  th e  b and w idth o f  th e  J a c o b ia n  m a tr ix , e . g .  o n ly
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th e  two p o in t s  c l o s e s t  to  th e  to p  and bottom  b o u n d a rie s  were u s e d

f o r  th e  b o u n d a ry  c o n d it io n s . A s in th e  FD m ethod, a  s t r e t c h

( 3 . 3 : 4 b )  was u s e d . A num ber o f  t e s t  r u n s  were t r ie d  w ith d i f f e r e n t

v a lu e s  o f  th e  v a r io u s  p a ra m e te r s . F o r  th e  r e s u l t s  p r e s e n t e d  in th e

*
fo llo w in g  s e c t io n ,  we u s e d  NY = 9 1 ,  0  =  1 9 . 6 9 ,  and A, 6 a s

00

b e f o r e ; th e  N e w to n -R ap h so n  it e r a t io n  c o n v e rg e n c e  c r it e r io n  was t h a t

— 9
s u c c e s s iv e  it e r a t e s  s h o u ld  ch a n g e  b y  le s s  th a n  10  a t  ea ch  p o in t .  

T h e p a ra m e te rs  r e q u ir e d  to  g iv e  c o n s is t e n t  r e s u l t s  w ere N =  10 f o r  

e < 0 .6 , N =  18 f o r  0 .6  ^  e < 0.65  and N = 25 f o r  e ^  0 .65 . S e e  

t a b le  3 .4 :1 .

F o r  e a c h  e £: 0 . 4 ,  th e  s o lu t io n  g ( 0  ) ,  g n ( 0  ) an d  g n ( »Zf ) ,  f o r
o j  c j  s  j

1 <  n ^  N and 1 ^  j  ^  NY was s a v e d  and u s e d  a s  th e  in it ia l  s o lu t io n

f o r  th e n e x t  la r g e r  v a lu e  o f  e . The in cre m e n t o f  € u s in g t h is

m ethod was s im ila r  to th e  NRK m ethod. T h is m ethod is v e r y

e f f i c i e n t , b u t  r e q u ir e s s ig n if ic a n t  program m ing e f f o r t and la rg e

co m p u te r memory ( eg.  f o r N Y = 9 1, N = 18 , e = 0 . 6 5 , 8 0 0 ,0 0 0 w ords and

10 0 s  CPU tim e were r e q u ir e d  on C r a y  1 S ) .

In  th e  hope o f  a f u r t h e r  im provem ent on th e  b o u n d a ry  

c o n d it io n s , we in tr o d u c e d  a tr a n s fo r m a tio n  o f  c o -o r d in a t e s  (X , 0 )  

where

fX U (x )
e

J u d x , ( 3 . 3 : 1 3 a )

a s  s u g g e s t e d  b y  e q u a tio n  ( 3 . 3 : 1 b ) .  We a ls o  d e f in e d  a v e l o c it y - l ik e  

q u a n t it y ,

u ( X ,  ip) = u ( x ,  0 ) U ( x )  -  U ( x ) 2
e e

( 3 . 3 : 1 3 b)

a s  th e  d e p e n d e n t v a r ia b le . u ( X ,  0 )  was th e n  e x p an d e d  a s  F o u r ie r
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to  t h a t  f o r  th e  VM m ethod. H ow ever, in t h e s e  c o o r d in a t e s , th e

F o u r ie r  c o e f f ic ie n t s  o f  th e  p r e s s u r e  g r a d ie n t , - ( U  ) , d e c a y
2  e x

s lo w ly  w ith w avenum ber, w ith th e  r e s u l t  t h a t  a  la rg e  v a lu e  o f  N is  

r e q u ir e d  f o r  a c c u r a c y .  C o n s e q u e n tly , d u e to  co m p u te r s t o r a g e  

l im it a t io n s , i t  was d i f f i c u l t  to  o b ta in  a c c u r a t e  s o lu t io n s  f o r  e 

g r e a t e r  0 . 6 5 .  T h is  m ethod is  d is c u s s e d  in more d e t a il  in

a p p e n d ix  3 . D .

s e r ie s  in X and the resu ltin g  equations so lv ed  in a similar manner
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F ig u r e  3 . 3 : 1
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§ 3 .4  R esu lts

I n v is c id  t h e o r y  p r e d ic t s  t h a t  a s o lu t io n  e x is t s  f o r  a l l  v a lu e s

o f  e . F o r  0 < e < 1 c lo s e d  s tre a m lin e  e x i s t  im m ediately a ro u n d  th e  

c y l in d e r ,  and a s t a g n a t io n  p o in t  o c c u r s  in th e  in v is c id  flow

som ew here on th e  lin e  x = 0 . The s t a g n a t io n  p o in t  a p p r o a c h e s  th e

s u r f a c e  o f  th e  c y l in d e r  a s  e -» 1 .  When v is c o u s  e f f e c t s  a r e  in c lu d e d  

th e  s l ip  v e lo c it y  g e n e r a t e s  a th in  b o u n d a ry  la y e r . A s e in c r e a s e s  

from  z e r o , th e  flow  w ithin  th e  b o u n d a ry  la y e r  is  slow ed down b y  th e  

in c r e a s in g ly  s t r o n g  a d v e r s e  p r e s s u r e  g r a d ie n t  on th e  r e a r  o f  th e  

c y l in d e r ,  and a s e c o n d  s t a g n a t io n  p o in t  s t a r t s  to  d e v e lo p  w ithin  

th e  b o u n d a ry  la y e r . O ur n u m e rical r e s u l t s  show  t h a t  a t  a c r i t ic a l

v a lu e  o f  e , c ~  0 . 6 5 6  < 1 ,  th e  boundary-layer flow  d e v e lo p s  a
S

s t a g n a t io n  p o in t  away from  th e  w all c lo s e  to  x =  0 , i . e .  w here th e  

minimum e x t e r n a l v e l o c it y  o c c u r s .  B e yo n d  t h is  v a lu e  o f  e no

s o lu t io n  c o u ld  be o b ta in e d  u s in g  c l a s s i c a l  b o u n d a r y -la y e r  t h e o r y .

S o lu t io n s  h a v e  been o b ta in e d  f o r  0 ^  e ^  0 . 6 5 5 .  A co m p a riso n

o f  th e  th r e e  s u c c e s s f u l  m ethods a p p lie d  to  t h is  problem  is  g iv e n  in 

ta b le  3 . 4 : 1 .  The r e s u l t s  a r e  g iv e n  f o r  th e  e ig e n v a lu e  U and

m i n ( u )  =  u f o r  e = 0 . 6  t o  0 . 6 5 5 ;  n o te  t h a t  u (e )  is  d i f f i c u l tx,v> min min
to  c a lc u la t e  a c c u r a t e ly .  To in c r e a s e  th e  a c c u r a c y  o f  th e  r e s u l t s  

o b ta in e d  b y  th e  FD sch em e, R ic h a r d s o n  e x t r a p o la t io n  h a s  been

a p p lie d  to  th e  4 0 x 9 1, 8 0 x 18 1 an d  th e  8 0 x 18 1 , 16 0 x 3 6 1 g r id s ;  th e

r e s u l t s  a r e  g iv e n  o n ly  to  th e  num ber o f  s ig n if ic a n t  f ig u r e s  to

which b o th  e x t r a p o la t io n s  a g r e e .

In  th e  g ra p h s  t h a t  fo llo w  o u r  n u m e ric a l r e s u l t s  a r e  d e n o te d  b y

s o lid  l in e s ;  t h e y  a r e  com pared w ith G la u e r t 's  ( 1 9 5 7 )  a n a ly t ic a l
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F ig u r e  3 . 4 : 1  i l l u s t r a t e s  th e  d e p e n d e n c e  o f  th e  c ir c u la t io n  on

th e  f r e e  stre a m  v e l o c it y ;  s p e c if ic a l l y  we p lo t  th e  n o nd im en sion al 

K  1
c ir c u la t io n ,  ------------  = —  v e r s u s  th e  n o nd im en sion al f r e e  stre a m

2nQa2 Uw
U G

v e l o c it y  5  =  —  = ------- , w here b o th  a r e  s c a le d  b y  th e  r o t a t io n  Q. The
fia 2Uw

ag re e m e n t betw een th e  n u m e rical s o lu t io n s  and G la u e r t 's  ( 1 9 5 7 )

e x p a n s io n  is  v e r y  good f o r  5  < 0 . 1 5 ,  a lth o u g h  a s  5  in c r e a s e s  th e  

n u m e ric a l r e s u l t s  h a v e  a  s t e e p e r  g r a d ie n t  th an  t h a t  p r e d ic t e d  b y  

( 3 . 1 : 2 ) .  A s a c o n s e q u e n c e  o f  th e  d e ve lo p m e n t o f  a s t a g n a t io n  p o in t  

in th e  b o u n d a r y -la y e r  flo w , no c l a s s i c a l  b o u n d a r y -la y e r  s o lu t io n

ca n  be o b ta in e d  f o r  6 > 5  . T h e  sam e d a t a  is  r e p lo t t e d  in
s

f ig u r e  3 . 4 : 2  in th e  form  o f  a g ra p h  o f  th e  r e c ip r o c a l o f  th e  l i f t  

1 G
c o e f f i c i e n t ,  v e r s u s  th e  s c a le d  f r e e  stre a m  v e l o c it y  5 .

L

F ig u r e  3 . 4 : 3  i l l u s t r a t e s  th e  minimum o f  u o v e r  th e  whole flow  

f ie l d  a g a in s t  5 . T h e re  is  good g r a p h ic a l ag reem en t f o r  sm all 5

betw een o u r  n u m e rical r e s u l t s  an d  G la u e r t 's  a n a ly t ic a l  s o lu t io n s ;  

ho w ever f o r  5  > 0 . 1 ,  G la u e r t 's  e x p a n s io n  o v e r e s t im a te s  u
m i n

We d e n o te  b y  (x  ( 5 ) ,  ib ( 5 ) )  th e  p o s it io n  where u (6 )  o c c u r s .
o o m i n

F ig u r e  3 . 4 : 4  show s th e  v e l o c it y  p r o f i le  u a t  x  = x a g a in s t  \p f o r  eO
c lo s e  to  g  . A s g  in c r e a s e s ,  u a p p e a r s  a lm o st lin e a r  in \\p - ip I

s  1 o 1

f o r  \p c lo s e  to  ip ( e s p e c ia l ly  f o r  \p < \p ) .  B oth  f ig u r e s  ( 3 . 4 : 3 )  andO O
( 3 . 4 : 4 )  s u g g e s t  t h a t  u is  te n d in g  to  z e r o  a t  a  f i n i t e  v a lu e  o f

m i n

g  =  g  . T h is  in t u r n  s u g g e s t s  t h a t  th e  s o lu t io n s  may become
s

s in g u la r  a t  e =  e , b e c a u s e  th e  s t e a d y  c l a s s ic a l  b o u n d a r y -la y e r
S

e q u a tio n  is  p a r a b o lic  w ith th e  r e s u l t  t h a t  s t a g n a t io n  p o in t s  are  

g e n e r a lly  a s s o c ia t e d  with s in g u la r it ie s  ( e . g .  G o ld s t e in  ( 1 9 4 8 ) ,

so lu tio n s , rep resented  by broken lin es, wherever p ossib le .
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E llio tt, Smith and Cowley (1 9 8 3 ), Williams and Stew artson (1 9 8 3 )) .

In  an a tte m p t to  u n d e r s t a n d  th e  a s y m p to t ic  s t r u c t u r e  o f  th e

v e l o c it y  p r o f i le  f o r  e c lo s e  to  e ( o r  e q u iv a le n t ly  5  c lo s e  to  5  ) ,
s  s

th e  a s y m p t o t ic  form

u = c (  e  -  e ) n ( 3 . 4 : 1 )
m i n  s

is  a s su m e d , with unknown c o n s t a n t s  c ,  e an d  n. E q u a t io n  ( 3 . 4 : 1 )  is
S

f i t t e d  o v e r  d a t a  f o r  e c lo s e  to  e  ; th e  r e s u l t s  o f  e an d  n a r e
s  s

l i s t e d  in ta b le  3 . 4 : 2 .  The pow er n seem s to  be c lo s e  to  0 . 5  and  

e ^  0 . 6 5 6  ( 6 ^  0 . 2 5 6 ) .  T h is  r e la t io n s h ip  is  s u p p o r t e d  b y  f ig u r e
S

1/2
3 . 4 : 5  w here u is  p lo t t e d  a g a in s t  (e  -  e )  a lth o u g h  th e r e  may

m i n  s

o f  c o u r s e  be l o g ( e  -  e)  te rm s e t c .  in th e  r e la t io n s h ip .
S

F u r t h e r  e v id e n c e  o f  a s in g u la r it y  com es from  exam ining th e  

d is p la c e m e n t t h ic k n e s s  (3,

°o
13 = [  ( 1 -  —  ) d y  , ( 3 . 4 : 2 )

J o U
e

and th e  blow ing v e lo c it y  v ,
00

v = 1 im ( v  + U y  ) , ( 3 . 4 : 3 )
oo e x

y-Xo

w hich u s u a lly  become s in g u la r  when a s t a g n a t io n  p o in t  d e v e lo p s  in a  

c l a s s i c a l  b o u n d a ry  la y e r . N ote t h a t  th e  blow ing v e l o c it y  ca n  be 

a lt e r n a t iv e ly  e x p r e s s e d  a s

U 1
~ \  dij) , ( 3 . 4 : 4 )

J  X

w hich h a s  th e  a d v a n ta g e  o v e r  o t h e r  e q u iv a le n t  fo rm s o f  b ein g  

n u m e r ic a lly  well b e h a v e d  a s  \Jj -» co.

F ig u r e s  3 . 4 : 6 a , b  i l l u s t r a t e  (3 and v ^  a s  f u n c t io n s  o f  x f o r  

r e p r e s e n t a t iv e  v a lu e s  o f  e c lo s e  to  e . E v id e n c e  o f  a s in g u la r it y
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is  g iv e n  in f ig u r e s  ( 3 . 4 : 7 a , b ) .  In  f ig u r e  3 . 4 : 7 a  we p lo t  th e

maximum o f  th e  d isp la c e m e n t t h ic k n e s s  o f  th e  b o u n d a ry  la y e r  a g a in s t

1
- l n ( e  -  e ) ,  and in f ig u r e  3 . 4 : 7 b  we p lo t  ------ -̂---------------- ;— -------r- a g a in s t

s  ma x ( v  ) - m i n ( v  ) a
x , y> oo x , y> oo

+ 1/2
( e  -  e)  . B o th  o f  th e  c u r v e s  a r e  r e a s o n a b ly  s t r a ig h t  f o r  e

s

g r e a t e r  th a n  0 . 6 3  (a lth o u g h  f ig u r e  3 . 4 : 7 b  is  le s s  s o ) .  T h is

s u g g e s t s  t h a t  b o th  th e  q u a n t it ie s  te n d  to  in f in it y  r a t h e r  lik e  th e  

r e s p e c t iv e  f u n c t io n s  o f  e .

T h e n u m e rical s o lu t io n s  o f  ( 3 . 2 : 2 - 4 )  th u s  seem to  p r e d ic t  t h a t  

a t  la r g e  R e y n o ld s  num bers a  s in g u la r it y  d e v e lo p s  in th e  c l a s s ic a l  

b o u n d a r y -la y e r  fo rm u la tio n  f o r  6 = 8 ,  making i t  l ik e ly  t h a t
S

s o lu t io n s  with a t t a c h e d  b o u n d a ry  la y e r s  ca n  o n ly  be fo u n d  f o r  

—  ^  0 . 2 5 6 .  T h is  r e s u l t  is  in f a i r  ag reem en t with P r a n d t l et. al . ' s  

( 1 9 3 4 )  e x p e rim e n ts  which ' f o r  v a lu e s  Q a /U  g r e a t e r  th a n  4 '  show  'a  

r in g  o f  f l u id  a ro u n d  th e  c y l in d e r  r o t a t in g  a b o u t i t  p e rm a n e n tly ' 

( P r a n d t l a n d  T ie t j e n s ,  1 9 3 4 ) .

D ir e c t  q u a n t it a t iv e  co m p a riso n  betw een o u r r e s u l t s  and  

e x p e rim e n t is  n o t  p o s s ib le ,  m ainly d u e  to  a  la ck  o f  e x p e rim e n ts .  

F o r  r e f e r e n c e  we in c lu d e  a  ta b le  an d  t h r e e  more p lo t s .  T a b le  3 . 3 : 3  

d is p la y s  th e  q u a n t it iv e  r e s u l t  o f  U f o r  e ^  0 . 6 5 5  (6  ^  0 . 2 5 6 )  andW
th e  minimum o f  u o v e r  th e  r e s u lt in g  flo w  f ie l d .

F ig u r e  3 . 4 : 8  show s th e  wall s h e a r  u y | y _ 0 o v e r  th e  p e r io d  o f  2n 

f o r  v a r io u s  v a lu e s  o f  e , nam ely e =  0 . 1 ,  0 . 4 ,  0 . 5 ,  0 . 6  a n d  0 . 6 5 5 .

T h e to r q u e  e x e r t e d  b y  t h is  wall s h e a r  is  g iv e n  in n o n -d im e n s io n a l 

form  b y

271
T =  —  u ( x ,  0 ) dx . ( 3 . 4 : 5 )

271 J y
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In  an e x p e rim e n t t h is  s h o u ld  be a m e a su rab le  q u a n t it y . I t  h a s  been

p lo t t e d  in f ig u r e  3 . 4 : 9 .  O ur n u m e rical r e s u l t s  a r e  n o t  v e r y

d if f e r e n t  from  G la u e r t 's  sm all e a n a ly s is .  T h e r e f o r e  th e  co m p a riso n

betw een G la u e r t 's  ( 1 9 5 7 )  s o lu t io n  and R e i d ' s  ( 1 9 2 4 )  e x p e rim e n ta l

1
r e s u l t s  is  s im ila r  to  t h a t  o f  o u r s  w ith R e i d ' s  . M o re o ve r, o u r  

s o lu t io n  te rm in a te s  a t  S -  0 . 2 5 6 ,  w h e re a se  R e i d ' s  r e s u l t  is

d is p la y e d  f o r  5  £  0 . 2 8  in G la u e r t 's  ( 1 9 5 7 )  p a p e r.

F in a lly  in f ig u r e  3 . 4 : 1 0  th e  s t r e a m lin e s  o v e r  th e  whole flow  

f ie l d  f o r  e =  0 . 4 ,  0 . 6  and 0 . 6 5 5  h a v e  been p lo t t e d . A s e x p e c t e d , a s  

y  -» oo th e  d is t a n c e  betw een s t r e a m lin e s  a t  c o n s t a n t  x is

p r o p o r t io n a l to  th e  ch a n g e  in s t r e a m f u n c t io n .

D is c u s s io n

T h e  b o u n d a r y -la y e r  flow  o v e r  a  r o t a t in g  and t r a n s la t in g

c ir c u la r  c y l in d e r  h a s  been s o lv e d  n u m e r ic a lly  up to  a  f i n i t e  v a lu e  

o f  th e  r a t io  e . A num ber o f  d if f e r e n t  m ethods h a v e  been u s e d , a ll  

o f  w hich g iv e  c o n s is t e n t  r e s u l t s .  T h e s e  c o d e s  ca n  be e a s i ly  a d a p te d  

to  s o lv e  g e n e ra l tw o -d im e n sio n a l, s t e a d y ,  c l a s s ic a l  b o u n d a r y -la y e r  

p ro blem s f o r  p e r io d ic  s l ip  v e lo c it ie s  ( e . g .  s e e  s e c t io n  3 . 5 ) .

I n v is c id  t h e o r y  p r e d ic t s  t h a t  a  s t a g n a t io n  p o in t  d e v e lo p s  in 

th e  flo w  f o r  0 < e < 1 .  H ow ever, th e  in t r o d u c t io n  o f  v i s c o s i t y

O ur c o p y  o f  R e i d ' s  ( 1 9 2 4 )  p a p e r d o e s n o t d is p la y  a n y  q u a n t it iv e  

r e s u l t s  f o r  a r o t a t in g  and t r a n s la t in g  c y l in d e r . T h is  makes a  

d ir e c t  co m p a riso n  betw een o u r  r e s u l t s  and h is  im p o ssib le .

1
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show s t h a t  a t  e  =  e a s e c o n d  s t a g n a t io n  p o in t  d e v e lo p s  w ith in  th e
S

b o u n d a ry  la y e r  n e a r  th e  minimum o f  th e  e x t e r n a l v e lo c it y .  O ur

c a lc u la t io n  te rm in a te s  a t  t h is  v a lu e  o f  e d ue to  s t e a d y

b o u n d a r y -la y e r  s e p a r a t io n  a s  a  r e s u l t  o f  th e  s e c o n d  s t a g n a t io n  

p o in t  in th e  b o u n d a ry  la y e r . With e ^  0 . 6 5 6  d e te rm in e d , 5  ^  0 . 2 5 6s s

ca n  be c a lc u la t e d  which a g r e e s  w ell w ith P r a n d t l et al.'s  ( 1 9 3 4 )  

e x p e rim e n ts in which th e  flow  is  s e p a r a t io n  f r e e  f o r  8  le s s  th a n  

0 . 2 5 .

F o r  e g r e a t e r  th a n  b u t  c lo s e  to  e , i . e .  0 < e -  e «  1 an
s  s

in t e r a c t iv e  t h e o r y  is  r e q u ir e d  to  exam ine th e  flow  s t r u c t u r e .  

T h e r e f o r e , i t  is  n e c e s s a r y  to  f in d  th e  a s y m p t o t ic  s t r u c t u r e  o f  th e  

s e p a r a t io n  s in g u la r it y .  A lth o u g h  many a tte m p ts  h a v e  been t r ie d  ( f o r  

d e t a i ls ,  s e e  ap p e n d ix  3 . E ) ,  th e  e x a c t  s t r u c t u r e  is  n o t  c le a r .  T h u s ,  

more work is  r e q u ir e d  to  f u l l y  u n d e r s t a n d  th e  s in g u la r it y

s t r u c t u r e ,  and to  fo rm u la te  an in t e r a c t iv e  problem . Anyhow, th e

in v is c id  flow  is  e x p e c te d  to  be s ig n if ic a n t ly  in f lu e n c e d  b y  th e  

b o u n d a r y -la y e r  s e p a r a t io n .

The m athem atical problem  r e s u lt in g  f o r  t h is  flow  is  s im ila r  to

t h a t  o f  an in t e r a c t iv e  fo rm u la tio n  o f  h ig h -f r e q u e n c y  T o llm ie n -

S c h lic t in g  w aves g e n e ra te d  in th e  v is c o u s  b o u n d a ry  la y e r s  o f  a

p la n e  c h a n n e l. T h is  is  d is c u s s e d  in d e t a il  in s e c t io n  3 . 5 .
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Table 3 .4 :  1

e U u
w mi n

0 . 6 1 . 2 3 7  6 0 . 2 3 8

1 . 2 3 7  5 0 . 2 3 7

1 . 2 3 7  6 0 . 2 3 8

0 . 6 5 1 . 2 7 6  3 0 . 0 7 6

1 . 2 7 6  2 0 . 0 7 6

1 . 2 7 6  3 0 . 0 7 6

0 . 6 5 3 1 . 2 7 8  8 0 . 0 5

1 . 2 7 8  8 0 . 0 5 2

1 . 2 7 8  9 0 . 0 5 1

0 . 6 5 4 1 . 2 7 9  7 0 . 0 4

1 . 2 7 9  7 0 . 0 4 1

1 . 2 7 9  7 0 . 0 4 0

0 . 6 5 5 1 . 2 8 0  6 0 . 0 2

1 . 2 8 0  5 0 . 0 2 7

1 . 2 8 0  5 0 . 0 2 3

A c o m p a r is o n  b etw ee n  t h e  t h r e e  s u c c e s s f u l  m eth o d s  

f o r  v a r i o u s  e . T h e r e s u l t  f o r  e a c h  e a r e  g i v e n  i n  

t h e  o r d e r  o f  F D , NRK, VM.

FD = th e  f i n i t e - d i f f e r e n c e  schem e

NRK = th e  s p e c t r a l  m etho d in  th e  p r im a r y  v a r i a b l e s

VM = th e  s p e c t r a l  m ethod in  th e  Von M i s e s  c o o r d in a t e s
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Table 3 .4 : 2

G G
s

n

0 . 6 0 0 0 . 6 3 0 0 . 6 5 0 0 . 6 5 5 6 0 . 4 9 2 6

0 . 6 3 0 0 . 6 5 0 0 . 6 5 3 0 . 6 5 5 3 0 . 4 7 7 0

0 . 6 5 0 0 . 6 5 3 0 . 6 5 4 0 . 6 5 5 5 0 . 5 1 2 4

0 . 6 5 3 0 . 6 5 4 0 . 6 5 5 0 . 6 5 5 5 0 . 5 0 2 8

T h e ap p ro x im a te d  v a lu e s  o f  e and n a r e  o b ta in e d  b y  a ssu m in g ,
s

to  e ,
s

u = c  ( g  -  e ) n
m i n  s

with unknown c o n s t a n t s  c ,  e and n . The f i r s t  colum n l i s t s
s

v a lu e s  o f  e u s e d  to  p r e d ic t  th e  c o n s t a n t s ,  o f  which o n ly  e
S

a r e  show n.

c lo s e

th e  3  

and n
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c 5

0 . 1 0 . 0 4 9

0 . 2 0 . 0 9 7

0 . 3 0.  1 4 0

0 . 4 0.  1 7 9

0 . 5 0 . 2 1 3

0 . 5 5 0 . 2 2 8

0 . 6 0 . 2 4 2

0 . 6 3 0 . 2 4 9

0 . 6 5 0 . 2 5 4

0 . 6 5 3 0 . 2 5 5

0 . 6 5 4 0 . 2 5 5

0.  6 5 5 0 . 2 5 5

w

6 3 1. 0 0 7

1 4 1 . 0 2 9

8 7 1. 0 64

83 1. 1 1 2

69 1., 1 6 9

7 0 1., 2 0 2

41 1., 2 3 7

9 7 1., 2 6 0

6 5 1,. 2 7 6

3 1 1,. 2 7 8

5 2 1,. 2 7 9

7 3 1.. 2 8 0

u min
0 . 8 9 2  0 5  

0 . 7 8 1  47  

0 . 6 6 6  80  

0 . 5 4 5  2  

0 . 4 1 0  1 

0 . 3 3 2  0 

0 . 2 3 8  

0.  1 6 1  

0 . 0 7 6  

0 . 0 5 1  

0 . 0 4 0  

6 3  0 . 0 2 3

46

45

84  

1 4  

91

46  

5 7  

1 6  

2 8

8 5  

7 3

Table 3 . 4 : 3  A summary o f  r e su lts

F o r  e a ch  v a lu e  o f  0 . 1  ^  e =  — —  <  0 . 6 5 5 ,K
an d  U ( s )  from  th e  r e s u lt in g  flowmin
c o r r e s p o n d in g  5  = ^ — is  th u s  c a lc u la t e d .

d m cl

th e  e ig e n v a lu e  U =w
f ie l d  a r e  show n;

2 n Q a 2
K

th e
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Figure 3.4:1
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Figure 3.4:2 
47T
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Figure 3.4:3
umin
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Figure 3.4:4

min u
X
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Figure 3.4:5
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Figure 3.4:6b

v
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Figure 3.4:7a
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Figure 3.4:8<3u
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Figure 3.4:10a
STRERMFUNCTI ON IN X.Y RT 0 .4
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T] oTo" 
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4 16.0
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Figure 3.4:10c

STRERMFUNCTI ON IN X,Y RT 0 .655
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§ 3 . 5  Nonlinear Tollm ien-Schlichting Waves

In  t h is  s e c t io n  we d e s c r ib e  how o u r  n u m e rical c a lc u la t io n s  f o r  

th e  c ir c u la r  c y l in d e r  a ls o  r e la t e  to  p r o g r e s s iv e  ( o r  a t  le a s t  

'a lm o s t 7 p r o g r e s s iv e )  T o llm ie n -S c h lic h t in g  w aves in c h a n n e ls  and  

b o u n d a ry  la y e r s .

We b eg in  b y  c o n s id e r in g  flo w  d r iv e n  th ro u g h  a  ch a n n e l o f

w idth a b y  a  mean p r e s s u r e  g r a d ie n t  o f  s t r e n g t h  - G .  T h e  f l u id  is

assu m e d  to  h a v e  d e n s it y  p and v i s c o s i t y  v, and we d e f in e  a R e y n o ld s  

G a3
num ber, R =  ------- , w hich is  a ssu m e d  to  be la r g e . L e n g t h s , v e l o c it ie s ,

pv2
p r e s s u r e  an d  tim e a r e  n o n -d im e n s io n a lis e d  b y  a , Ga / ( p v ) ,  Ga and  

pv/(Ga)  r e s p e c t iv e ly .  x an d  y  a r e  u s e d  to  d e n o te  th e  

(n o n -d im e n s io n a l)  d is t a n c e s  a lo n g  and a c r o s s  th e  ch a n n e l 

r e s p e c t iv e ly  ( s e e  f ig u r e  3 . 5 : 1 ) ,  u an d  0 d e n o te  th e  c o rre s p o n d in g  

v e l o c it y  co m p o n e n ts, and p and £ a r e  th e  p r e s s u r e  and time 

r e s p e c t iv e ly .  T h e s o lu t io n  f o r  P o is e u il le  flow  th ro u g h  s u c h  a  

c h a n n e l is  g iv e n  b y

u = u =  y ( 1 - y ) / 2  .
o

W aves ca n  be g e n e ra te d  in s u c h  ch a n n e ls  b y , f o r  exam ple,

d is t o r t in g  th e  w alls  o f  th e  c h a n n e l. Sm ith ( 1 9 7 6 d , e ,  19 7 9 a , b) and

Secom b ( 1 9 7 9 )  show ed t h a t  t h e r e  was a d is t in g u is h e d  s c a lin g  f o r  

a sym m e tric  d is t u r b a n c e s ,  g iv e n  b y  th e  w avelen g th  an d  f r e q u e n c y  o f  

' lo w e r -b r a n c h ' ,  T o llm ie n -S c h lic h t in g  ( T - S )  w a v e s, v i z .  x ~ R 1 / 7 , 

t ~ R 3 / 7 . Zhuk an d  R y z h o v  ( 1 9 8 2 ) ,  S t e p h a n o f f , P e d le y , La w re n ce  and

Secom b ( 1 9 8 3 ) , Sm ith and B u r g g r a f ( 1 9 8 5 ) ,  and R o th m ayer and Sm ith

( 1 9 8 7 )  th en in d ic a t e d  how th e g o v e rn in g e q u a t io n s f  o r t h is

d is t in g u is h e d s c a lin g c o u ld th e m s e lv e s  be r e s c a le d to y ie ld
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e q u a tio n s  which d e s c r ib e  n o n lin e a r , h ig h -f r e q u e n c y , T - S  w aves.

Below, we o u t lin e  th e  s c a l in g s  and a rg u m e n ts le a d in g  to  th e

g o v e rn in g  e q u a t io n s f o r  n o n lin e a r  T - S  w aves ( s e e t he ab o ve p a p e rs

f o r  more d e t a i l s ) ; to  f i x  id e a s  we allow f o r th e w alls to be

s l ig h t l y  d is t o r t e d
-2/7

b y  an 0 ( R  ) am p litu d e . A t th e end o f t h is

d e r iv a t io n  we show t h a t  th e  p e r io d ic , c l a s s i c a l  b o u n d a r y -la y e r  

problem  which was s o lv e d  f o r  th e  r o t a t in g  c y l in d e r  problem  p la y s  an  

im p o rtan t r o le  in t h is  th e o r y .

1/7 -2/7
Wall d is t o r t io n s  o f  t y p ic a l  le n g th  R an d  am p litu d e R ,

-3/7
g e n e ra te  c r o s s -c h a n n e l  v e lo c it y  d is t u r b a n c e s  o f  am p litu d e  R in

th e  c e n t r e  o f  th e  c h a n n e l. H e re , th e  flo w  is  e x p e c te d  to  be

a p p ro x im a te ly  in v is c id  a t  h ig h  R e y n o ld s  n u m b ers, and th e

—1/7
a p p r o p r ia te  s c a lin g  is  th e n  (a = R  )

A . 3A
x = a x , t  = a  t ,

u = j^ iW y )  +  a 2 u i ( x , y , t )  + . . . .  j , ( 3 . 5 : 1 a )

v = a 3 v i ( x , y , t )  + . . . .  j , ( 3 . 5 : 1 b )

p = a - 3   ̂ ( x , y , t )  + . . .  j . ( 3 . 5 : 1 c )

The s o lu t io n s  f o r  u , v and p a r e :l i Ki

u = W ( y , t )  + A ( x , t ) u ' ( y )  , 0 = - A '  ( x , t ) u  ( y ) ,  ( 3 . 5 : 1 e )
1 o 1 o

P j t x . y . t )  =  p ^ x . O . t )  + A " ( x , t ) u 2 ( y ) d y  .o ( 3 . 5 : I f )

H ere  A ( x , t )  is  known a s  th e  d isp la c e m e n t f u n c t io n , and allow s f o r  

an in t e r a c t io n  betw een th e  b o u n d a r y -la y e r s  on e it h e r  ch a n n e l wall 

( s e e  bel ow) .  F o r  an is o la t e d  d is t o r t io n ,  th e  c o n d it io n  o f  no
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d is t u r b a n c e  f a r  u p stre a m  f ix e s  W=0, and A->0 a s  x->-oo. H ow ever, f o r  

p e r io d ic  flow  W c a n n o t be d e te rm in e d  a t  le a d in g  o r d e r , a lth o u g h  

w ith o u t lo s s  o f  g e n e r a l it y  we im pose < A > = 0 , where <A> is  th e  

a v e r a g e  o f  A o v e r  a p e r io d .

T h e  in v is c id  s o lu t io n  in g e n e ra l le a d s  to  s l ip  v e lo c it ie s  a t  

th e  w a lls , and h e n ce  b o u n d a ry  la y e r s .  T h e flow  w ithin  th e  b o u n d a ry  

la y e r  on th e  low er w all, y = a 2f ( x , t ) ,  is  s p e c if ie d  b y  th e  s c a l in g ,

y  =  a 2 ( y  + f ( x , t ) ) , p =  a~3p ( x , y , t )  + . . .  ,

u =  a 2u ( x , y , t )  +  . . .  , 0 =  a 5 ( v ( x ,  y ,  t ) + u f  + f  ) + . . .  ,
X t

th e  b o u n d a r y -la y e r  e q u a t io n s

u + v ~  =  0 , u +  uu + vu ~  = - p  + u — , p~ = 0 , ( 3 . 5 : 2 a , b , c )
x y  t  x  y x yy y

an d  th e  b o u n d a ry  c o n d it io n s ,

u =  v  =  0 on y  =  0 , u „ ^ ( y  + A ( x , t )  + f  ( x , t ) )  + W ( 0 , t )  a s  y  -> oo.

( 3 . 5 : 2 d , e)

On th e  u p p e r w all, y = 1 + a 2g ( x , t ) , th e  c o r r e s p o n d in g  e q u a t io n s  a r e  

1 - y  =  a 2 ( y  -  g ( x , t ) )  , p = a " 3p ( x , y , t )  + . . .  ,

A o~ ^
u = a  u ( x , y , t )  + . = - a 5 ( v ( x , y , t )  -  ug -  g ) + . . .  ,X t

2 ;  j v  ^  /v a /  / v  ^  ^

u + = 0,  u + uu + v u — = - p  + u=*^ , =  o , ( 3 . 5 : 3 a ,  b,  c )
x y t  x y x yy  y

u =  V = 0  on y  =  0,  u „ ^ ( y  -  A ( x , t )  -  g ( x , t ))  + W( 1 ,  t )  a s  y  -> m .

From ( 3 . 5 : 1 )  th e  p r e s s u r e  in th e  two la y e r s  is  r e la t e d  b y :

“ 1 A
P "  P =  Ton A1 2 U  x x

( 3 . 5 : 3 d , e )

( 3 . 5 : 4 )

T h e m athem atical problem  we w ish to  s o lv e  is  s p e c if ie d  b y  

( 3 . 5 : 2 - 4 ) .  Fo llow in g  Z h u k  and R y z h o v  ( 1 9 8 2 ) ,  S t e p h a n o f f  et al.
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( 1 9 8 3 ) ,  Sm ith and B u r g g r a f  ( 1 9 8 5 )  an d  R o th m ayer and Sm ith ( 1 9 8 7 )  we

s e e k  s h o r t -w a v e le n g t h  n o n lin e a r  T - S  wave s o lu t io n s  to  th e s e

e q u a t io n s  when th e r e  a r e  no wall d is t o r t io n s  ( i . e .  we now assu m e

t h a t  f = g = 0 ) .  The a ssu m p tio n  o f  h ig h  f r e q u e n c y  d iv id e s  e a ch  o f  th e

two b o u n d a ry  la y e r s  in to  two a s y m p t o t ic  r e g io n s , nam ely v is c o u s

la y e r s  im m ediately a d ja c e n t  to  th e  w alls and in v is c id  la y e r s  ly in g

betw een th e  v is c o u s  la y e r s  and th e  o r ig in a l in v is c id  c o r e  flo w .

L e t  u s  assu m e t h a t  A «1 is  a t y p ic a l  w avelen g th  o f  th e  w ave s,

and in t r o d u c e  th e  s c a le d  c o o r d in a t e  A £ = x . We a ls o  assu m e  t h a t  T - S

w aves h a v e  a s lo w ly  v a r y in g  form  o f  s o lu t io n , w ith a f a s t  time 

- 3  1 / 2
s c a le  t =A t ,  and a slow  time s c a le  T=A  t .  Then a s  h a s  been shown 

b y  p r e v io u s  a u t h o r s ,  th e  a p p r o p r ia te  s c a l in g s ,  e t c .  a r e :

Lower inviscid layer

II Z Lo , u
_ U

o > V =
V

c *
~ P  . A  W  
P =  -7 • A =  - £  • W =  - 2 . ( 3 . 5 : 5 a )

A A A5 A4 A2 A 2

U + V = 0 , U + a 7 /2 u  + UU + VU = - p  + a 7u  , ( 3 . 5 : 5 b )
n T t z v z m

V = 0 on 7) = 0 , U „ 5 (l) + t , T ) )  + MT(0,t , T )  , a s 7) -> oo ;

( 3 . 5 : 5 c )

Upper inviscid layer

y  =
T) , u

U
v =

V «  P
p= —  , ( 3 . 5 : 5 d )

A2 ~ A2 ’ Xs  ’ A4

U + V -  = 0 , U + a 7/2 :u +  UU + V U - =  - P  + a 7u — , ( 3 . 5 : 5 e )
n T T k T) K nn

V = 0 on 7) = 0 , U „ 4 ( C , t , T ) )  + l f ( 1 , T , T )  , a s 7? -> oo ;

(3. 5: 5f )
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P r e s s u r e -d is p la c e m e n t  law

P -  P = —  4  .
120 K K

( 3 . 5 : 5 g )

B e f o r e  g iv in g  th e e q u a t io n s f  o r  th e v is c o u s la y e r s we f in d

t h a t i t  is  c o n v e n ie n t to  s im p lif y t h e s e  e q u a t io n s . We w ill assu m e

t h a t to  le a d in g  o r d e r in A th e s o lu t io n s a r e  p r o g r e s s iv e w a v e s ,

i. e . th e  v a r ia b le s  £ and x  a r e assu m e d to  o c c u r  o n ly in th e

co m b in ation

<r =  £  -  [  c ( T ) d T  = £  -  
J o

( 3 . 5 : 6 a )

where c  is  th e  lo c a l wave s p e e d , and f o r  t h is  d e f in it io n  t  and T  

a r e  n o t  re g a r d e d  a s  in d e p e n d e n t v a r ia b le s .  N o te  t h a t  i f  th e  

s o lu t io n  d e p e n d s o n ly  on o r,  th e n  Vf m ust be in d e p e n d e n t o f  t .

T/2
We now s e e k  a s o lu t io n  to  ( 3 . 5 : 5 )  a s  a s e r ie s  in X  :

(U ,V ,P ,U .V .P ,d , ir .c ) = (U , V ,P , U , V ,P , 4  ,W ,c )
o o o o o o o  o o

( 3 . 5 : 6 b )

7 /p  _ _ _
+ A (U , V  , P  ,U ,V  , P  ,4 ,W  , c  ) + . . .  .l l l l l l l l l

S u b s it u t in g  in to  ( 3 . 5 : 5 )  we o b t a in :

U + V = 0 ,  (U - c  )U + V U = - P  ,017 of? O O OCT o o»? OCT ( 3 . 5 : 7 a , b )

U + V -  = 0, (U - c  )U + V U -  = - P  ,OCf Of? O O O o o Of? OCf ( 3 . 5 : 7 c , d )

U + v = 0 ,  U + V -  = 0 ,la If? la lr, ’ ( 3 . 5 : 7e ,f )

U + (U - c  )U + (U - c  )U + v U + V U =oi O O 1<7 1 1 OCT 1 Of? O If? - P ICT , ( 3 . 5 : 7 g )

[7 + (U - c  )U + (U - c  )U + V U -  + V U -  =o l O O 1<T 1 1 OCT 1 Of? O If? 1 Q . ( 3 . 5 : 7 h )

le a d in g -o r d e r  problem  ( 3 . 5 : 7 a - d )  is  n o n lin e a r , b u t f  o r t u n a t e ly
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th e r e  a r e  sim p le s o lu t io n s  which s a t i s f y  b o u n d a ry  c o n d it io n s  

( 3 . 5 : 5 c , f ) :

u =  i ( n  + d  ) + W  ( 0 , T ) , v = - - d  7) , ( 3 . 5 : 8 a )
o 2 O o 0 2 OCT

- P  = -  d f  + W  ( 0 , T ) - ( 3 . 5 : 8 b )ocr 2 o<t 2 o o °J

u  =  U y  - d  ) + W  ( 1 , T ) , V =  - d  T) » ( 3 . 5 : 8 c )
o 2 o o 0 2 OCT

- P  =OCT - d
2 OIT

[ -d -
2 o

W  ( 1 , T )  +
o Co] •

( 3 . 5 : 8 d )

T h e s o lu t io n s  to  ( 3 . 5 : 7 e - h )  a r e  th e n

Ui = l d l * Mr1(0-T) • Vi = ~id i ^  * V <r'T) ’ (3 .5:8e)

- P  =  -A  + W  ( 0 ,  T )la 2 oT oT + \ U + W  ( 0 , T ) - d
2 l a \ 2 ,  o o oj

+ Id \ U  + W  ( 0 , T ) - c  1
2 o<?[2 1 1 l j

(3. 5: 8 f )

Ul

- P
1 a

= — d 2 1

1
2' oT

+ vr ( 1 , t )i

+ W (1, T)OT

• V! = V l o ” + V 0-*1”  ■

U  \ U  -W  C 1 , T ) + c2 1 <r̂ 2 o o o

-d  f - ^  - W  ( 1 , T ) + c
2 OCT[2 1 1 1

( 3 . 5 : 8 g )

( 3 . 5 : 8 h)

w here V  ( cr, T )  and V  (<r, T )  a r e  th e  v a lu e s  o f  V and V on n = 0  and  i i  l i
7)=0 r e s p e c t iv e ly .  N ote  t h a t  th e r e  is  no g u a ra n te e  t h a t  t h e s e  

s o lu t io n s  a r e  u n iq u e , and h e n ce  th e r e  may be o t h e r  p r o g r e s s iv e  wave 

s o lu t io n s  w hich we do n o t id e n t if y  b y  t h is  a p p ro a c h . A ls o , from  

a v e r a g in g  ( 3 . 5 : 8 f , h )  o v e r  a p e r io d , and u s in g  < 4 > = 0 , we f in d  t h a t

i . e .  o v e r  th e  slow  time s c a le  the mean pressure gradient changes  i f  

W  T * 0 . (D r . P . A. S te w a rt p o in t s  o u t  t h a t  t h is  p r e s s u r e  g r a d ie n t  is
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much larger than the original p ressu re  gradient. However it  can be

f o r c e d  to  z e r o  i f  a n o th e r  slow  tim e s c a le ,  and a n o th e r  a s y m p to t ic  

la y e r ,  a r e  in t r o d u c e d .)

Com bining ( 3 . 5 : 5 g )  and ( 3 . 5 : 8 b , d , f , h) we c o n c lu d e  t h a t  d  andO
d  s a t i s f y  th e  e q u a tio n s

-^-d - ( -( W  ( 1 ,T ) + W  ( 0 , T ) ) -  c  )d  = 0 ,120 o a a a  2 o o o ocr ( 3 . 5 : 9 a )

— ■d  -  ( - 0 f  ( 1 ,  T) + 1f ( 0 ,  T ) ) -  c  )d = d  + W  ( 0 , T) -  W  ( 1 , T)
1 2 0  1 a a a 2  o o o lo  o T  o T  o T

+ ( - O f  ( 1 ,  T) + 1f ( 0 ,  T ) ) -  c  )d + -(V  (<r,T) -  V  (< r,T )) .
2 1  1 1 oct 2 1  1

( 3 . 5 : 9 b )

E q u a t io n  ( 3 . 5 : 9 a )  h a s  th e  ze ro -m e a n  s o lu t io n

d  = 2 a  ( T )  c o s  ( A ( T ) ( c r + 0  ( T ) ) )  , ( 3 . 5 : 1 0 a )o o o o

A2 (T )
c  = — --------  + - { W  ( 1 ,  T)+lf ( 0 , T) ) . ( 3 . 5 : 1 0 b )o 1 2 0  2 o o

H e re  a  , A ando o 0 o a r e  s lo w ly  v a r y in g  f u n c t io n s  which a re

d e te rm in e d  a t  h ig h e r o r d e r . From th e a r b it r a r in e s s  in d e f in in g th e

t y p ic a l  le n g th s c a le A , we may ta k e A ( 0 ) = 1  w ith o u t lo s so o f

g e n e r a l it y ,  and from a t r a n s la t io n o f c o o r d in a t e s  a t  T = 0  we can

assu m e  0 (O )= O .

B e f o r e  f in d in g th e s o lu t io n f  o r d  , i t  is  c o n v e n ie n t
1

to

d e te rm in e  V  and V  b y  o b ta in in g  s o lu t io n s  in th e  b o u n d a ry  la y e r s  

w hich a r e  d r iv e n  b y  th e  in v is c id  s l ip  v e lo c it y  s p e c if ie d  by

( 3 . 5 : 8 e , g ) .  As p r e v io u s  a u t h o r s  h a v e  show n, th e  r e le v a n t  g o v e rn in g  

e q u a t io n s , e t c .  in t h e s e  la y e r s  a r e :
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Low er v i s c o u s  la y e r :

.  3 / 2y = A y

( A2u , A3/2v , A4p ) = (u , v , P ) + A?/2 (u , v , P ) +o o o 1 1 1

u + v  = 0 , (u - c  )u  + v  u = - P  +u , P = 0  ,
oct oy o o oct o oy oct oyy oy

u = v = 0 on y  =  0 ,o o
u „ a c o s  (A  (<r+0 ) )  + If  ( 0 , T )  a s  y  -) m ,o o o o o

U + V = 0 , P = 0 , l  ct l y  l y

( u - c ) u  + ( u - c ) u  + U  + V U  +  V u = - P  + u  o o 1 ct 1 1 oct oT o ly 1 oy l cr

u = v =  0 on y  =  0 , l l
u „ —( y + ^  ) + If  ( 0 , T )  a s y - > o o1 2  1 l

Upper viscous layer:

^ ^ 3/2-
y  = A y

(A2u , A3/2v , A4p) = (u , v  ,P  ) + A7/2(u , v ,P  ) + . . .o o o 1 1 1

u + v  —= 0 , (u - c  )u + v  u - = - P  +u — , P - = 0  ,
oct oy o o oct o oy oct oyy oy

u = v = 0 on y  = 0 ,o o
- a  c o s  (A  (<r+0 ) )  + I f  ( 1 , T )  a s  y  -) oo ,

u + v - = 0 ,  P -  = 0 , l ct ly ly
( u - c ) u  + ( u - c ) u  + u  + v u - + v u - = - P  + uo o 1ct 1 1 oct oT o ly 1 oy Ict

u = v = 0 on y  =  0 ,1 1  JT »

Ui  ~ + ^ H . T )  a s  y  -> co .

B y  c o m p a riso n  with o u r e q u a tio n  ( 3 . 2 : 2 )  f o r  th e

( 3 . 5 : 1 1 a )

( 3 . 5 : 1 1 b)  

( 3 . 5 : 1 1 c )

( 3 . 5 : 1 1 d ) 

l y y ’

( 3 . 5 : 1 1 e )

( 3 . 5 : 1 2 a )  

( 3 . 5 : 1 2 b)  

( 3 . 5 : 1 2 c )

( 3 . 5 : 1 2 d )

l y y ’

( 3 . 5 : 1 2 e )  

r o t a t in g
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c y l in d e r  problem  ( s e e  a ls o  b e lo w ), we s e e  t h a t  i f  a  p e r io d ic

s o lu t io n  is  s o u g h t  ( 3 . 5 : 1 1 b ,  c )  s p e c if y  an e ig e n v a lu e  problem  f o r  

Vf ( 0 , T )  g iv e n  a , A , <j> an d  c  . U s in g  th e  t r a n s fo r m a tio n
o o o o o

o* -> or + tt/ A  we s e e  a ls o  t h a t  ( 3 . 5 : 1 2 b ,  c )  s p e c if ie s  th e  sameO
problem  f o r  W  ( 1 ,  T ) , and h e n c e , s in c e  th e  s o lu t io n  is  u n iq u e  ( s e eO
s e c t io n  3 . 4 ) ,

u ( o', y ) =  G ( o'+tt/ A  , y ) , W  ( 0 , T )  = W  ( 1 , T )  = W  ( T)  . ( 3 . 5 : 1 3 a )
o o o o o o

I t  fo llo w s from  m atching with th e  in v is c id  la y e r  t h a t

v =  lim  ( v + u  y )  =  1/ (< r ,T )  = V  ( o'+tt/A  , T )  . ( 3 . 5 : 1 3 b )ooo y->co o ocr l  1 o

F u r t h e r ,  u s in g  th e  tr a n s fo r m a tio n  ( s e e  a ls o  ( 3 . 5 : 1 0 b ) )

x =  - A  (<r+0 ) , z  =  ( A3 / 1 2 0 )  1 / 2 y  , u =  1 2 0 ( c  - u  ) / A 2 ,
o o o o o o

v  = ( 1 2 0 / A 3 ) 1 / 2 v  , p =  ( 1 2 0 ) 2 p / A 4 , e = 1 2 0 a  / A 2 , ( 3 . 5 : 1 4 )
o o o o o o

w = 120W  / A 2 =  1 2 0 c  / A 2 - 1
o o o o ,

we n o te  t h a t  e q u a tio n  ( 3 . 5 : 1 1 b ,  c )  ca n  be r e w r it te n  a s

u + v = 0 ,  uu + v u  =  - U  U + u , ( 3 . 5 : 1 5 a )
x Z x Z e ex ZZ

u = 1+ w , v = 0  on z = 0  , u -» U = 1 - e c o s ( x )  a s  z  -)  w . ( 3 . 5 : 1 5 b )
e

T h is  is  th e  sam e problem  a s  s p e c if ie d  b y  ( 3 . 2 : 2 ) ,  th e  s o lu t io n  o f

which is  g iv e n  in s e c t io n  3 . 4 .  T h u s  w is  a known f u n c t io n  o f  e ,

i . e .  from  ( 3 . 5 : 1 4 )  c  is a known function of  a  and  A .
o o o

In  s e c t io n  3 . 4 ,  v ( x ;  e)  =  l i m ( v  +u z )  was c a lc u la t e d , which
co z-Xo o ox

f o r  c o n v e n ie n c e  we e x p r e s s  a s  a F o u r ie r  s e r ie s  (n o te  t h a t  < v > = 0 ) :

oo
v  = V  ( a  c o s ( n x )  + |3 s i n ( n x ) )  . ( 3 . 5 : 1 6 )

oo Li n n
n= 1
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Then from (3 .5 :9 b ,  13, 15, 16) we obtain

l
120

i + A d  )
1 aaa o to

2 a  c o s  ( A  (cr+0 ) )  0T o o

-  2 a  { a  (<r+0 )+ A  [ 0  + - O f  ( 1 , T ) + J f  ( 0 , T ) )  -  c  ] 1  s in ( A  (<r+0 ) )
O I oT O o oT 2 1 1 1 J o o

+
a  c o s ( ( 2 m + 1 ) ( A  (cr+0 ) ) )2m+l o o

-  3  s i n ( ( 2 m + 1 ) ( A  ( <r+0 ) ) )2m+l o o

► ( 3 . 5 : 1 7 )

I f  th e  a s y m p t o t ic  s e r ie s  ( 3 . 5 : 6 b )  is  to  rem ain v a l id  a s  | cr | -> oo, 

th e n  ( 3 . 5 : 1 7 )  m ust y ie ld  s o lu t io n s  d  which a r e  b o u n d e d  a s  |<r| oo 

( t h is  is  j u s t  th e  s ta te m e n t o f  a  s e c u l a r i t y  c o n d it io n ) .  H en ce we 

c o n c lu d e  from  ( 3 . 5 : 1 7 )  t h a t

A = 0 =» A =  1 , ( 3 . 5 : 1 8 a )
OT  O

2 a  ( - O f  ( 1 , T ) + J f  ( 0 ,  T ) ) + 0  - c  ) + ( 1 2 0 ) “l / 2 /3 =  0 , ( 3 . 5 : 1 8 b )
o 2 1 1 oT 1  1

—1 /P
2 a  + ( 1 2 0 )  a  =  0 . ( 3 . 5 : 1 8 c )OT 1

E q u a t io n  ( 3 . 5 : 1 8 a )  im plies t h a t  th e  w avelen g th  is  in v a r ia n t  a s

tim e e v o lv e s  on th e  slow  s c a le .  A ls o  f o r  g iv e n  a , and h e n ce  /3 ,

( 3 . 5 : 1 8 b )  r e la t e s  W  to  ( c  - 0  ) -  c f .  ( 3 . 5 : 1 0 b )  w hich r e la t e s  W
1  1 OT o

to  c  . F u r t h e r ,  f o r  f ix e d  W  we s e e  t h a t  an in c r e a s e  in c  m ust beo 1 l
b a la n c e d  b y  an in c r e a s e  in 0  . From ( 3 . 5 : 6 a ,  1 3 a )  i t  fo llo w s t h a tOT
t h is  makes no p h y s ic a l d if f e r e n c e  to  th e  a n sw e r, b e c a u s e  th e  o n ly

p h y s ic a l  q u a n t it y  is  (c  - 0  ) ,  o r  i t s  in t e g r a l. T h u s  w ith o u t lo s s1 OT
o f  g e n e r a l it y  we ca n  ta k e  0  = 0 .

E q u a t io n  ( 3 . 5 : 1 8 c )  d e te rm in e s th e  e v o lu t io n  o f  th e  le a d in g

o r d e r  a m p litu d e , a ( r e c a ll  t h a t  a  is  a f u n c t io n  o f  e = 12 0 a  ) .  A
o 1  o

g ra p h  o f  a  a g a in s t  a is  g iv e n  in f ig u r e  3 . 5 : 2 .  As ca n  be s e e n , a1 o 1
is  n e g a t iv e  f o r  a  ^  e / 1 2 0 ,  an d  h e n ce  th e  am p litu d e  in c r e a s e s

o s
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m o n o to n ic a lly  u n t il  a  f in i t e  time T  when a =  e / 1 2 0 .  A t t h is  time
s  O S

th e  b o u n d a r y -la y e r  s o lu t io n  b re a k s  down du e to  th e  fo rm u la tio n  o f  a 

s in g u la r it y .  F o r  sm all a  , th e  r e la t io n s h ip  betw een a  and a  iso o 1
a p p ro x im a te ly  l in e a r , t h e r e f o r e  f o r  sm all in it ia l  am p litu d e s  

a =  a  «  1 a t  t  =  0 , th e  f i n i t e  tim e T  h a s  th e  form  ( c f .
o  o  s

( 3 . 5 : 1 8 b ) )

T  “  y In I a  I + y ,  •s o 1 o 1 l

N u m erical s o lu t io n s  o f  e q u a tio n  ( 3 ., 5 : 1 8 c ) with sm all a  , ando
G la u e r t 's sm all a s o lu t io n  ( i . e .  o sm a ll e s o lu t io n ) ,  y ie ld

1 1 . , 0 . 6 5 6 ,
V  = > y, -  In | ------------- 1 .o

/ 1 5
l

/  1 5
’ 1 2 0

How t h e T - S wave e v o lv e s a f t e r t h is time r e q u ir e s  f u r t h e r

in v e s t ig a t io n ; ho w ever we n o te  t h a t  a t  no p o in t  d o e s  th e  T - S  wave 

e q u il ib r ia t e  a t  a  f i n i t e  a m p litu d e , i . e .  no 'n o n lin e a r '  n e u t r a l

c u r v e  is  e n c o u n te re d .

T h e a b o v e  s o lu t io n  is  o n ly  v a l id  i f  h ig h e r o r d e r  te rm s to  th e  

s o lu t io n  ca n  be fo u n d . C le a r ly  we c a n n o t  do t h is  to  a r b it r a r i ly  

h ig h  o r d e r , and i t  w ill h a v e  to  b e  a ssu m e d  t h a t  s u c h  s o lu t io n s  ca n  

be fo u n d . H ow ever, we n o te  t h a t  th e  s o lu t io n  to  ( 3 . 5 : 1 7 )  i s  ( i . e .  

<d  > =  0)l

d  = 2 a  ( T)  c o s  (<r+0 ( T ) ) ( 3 . 5 : 1 9 )

-  ( 120 ) 1/2
00 1

1 T - 1m=i ( 2 m + 1 ) 4 m ( m + 1 )

13 c o s ( (2m+1 )(r) 2m+l
+ a  s  in (  (2m +1 )<r)2m+l

w here a j  and 0  a r e  f u n c t io n s  o f  T  d e te rm in e d  a t  h ig h e r  o r d e r ; th u s

d  (cr+7r) =  -d  (<r) l l ( 3 . 5 : 2 0 )

F o r  g iv e n  a , a ^ , c  and <f> , th e  n e x t  o r d e r  b o u n d a r y -la y e r

p ro blem s ( 3 . 5 : 1 1 d , e )  and ( 3 . 5 : 1 2 d , e )  ca n  be view ed a s  e ig e n v a lu e
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problem s f o r  ^ ( 0 , 1 )  and 1f ( 1 , T )  r e s p e c t iv e ly .  B y  ag ain  c o n s id e r in g  

th e  tr a n s f o r m a t io n  cr -» <r+7r, we c o n c lu d e , u s in g  ( 3 . 5 : 6 )  and

( 3 . 5 : 2 0 ) ,  t h a t

u (<r, y )  = G (< r+ 7r,y ), W  ( 0 , T )  =  W  ( 1 ,  T ) = W  (T ) , ( 3 . 5 : 2 1 )l i  i l l
and s o  from  ( 3 . 5 : 1 8 c )  th e  s e c o n d  o r d e r  b o u n d a r y -la y e r  problem  f ix e s  

c a s  a f u n c t io n  o f  a and a ( c f .  th e  le a d in g -o r d e r  b o u n d a r y -la y e rl o l
problem  w hich f ix e s  c  a s  a f u n c t io n  o f  a  ) .  We do n o t  s o lv e  t h is

o o

l in e a r , b u t  n u m e ric a l, b o u n d a r y -la y e r  problem  h e r e , a lth o u g h  i t

a p p e a r s  re a s o n a b le  to  e x p e c t  a s o lu t io n  to  e x is t .

We c o n c lu d e  t h a t  n o n lin e a r  T - S  w aves with an 'a lm o s t '

p r o g r e s s iv e -w a v e  form  do e x is t  in a c h a n n e l, and t h a t  t h e ir

am p litu d e s lo w ly  in c r e a s e s  in tim e, u n t il  b o u n d a r y -la y e r  s e p a r a t io n  

d is r u p t s  t h e ir  sim p le harm onic s t r u c t u r e .

With th e  ab o ve  fo rm u la tio n , an in t e r e s t in g  a s p e c t  o f  th e

s o lu t io n  is  t h a t  b o th  th e  mean p r e s s u r e  g r a d ie n t  and m ass f lu x  m ust  

ch a n g e  s lo w ly  in tim e in a  s p e c if ie d  m anner. How ever t h is  is  a

r a t h e r  a r t i f i c i a l  r e s t r ic t io n  an d  i t  is  more n a t u r a l to  f i x  one o r  

th e  o t h e r . T h is  ca n  be done b y  in tr o d u c in g  a n o th e r  slow  tim e s c a le  

and a  f u r t h e r  a s y m p to t ic  la y e r  (D r . P . A. S te w a r t , p r iv a t e

co m m u nicatio n , 1 9 8 8 ) .
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Appendix 3. A Kelien-box Schemes

O ur f i r s t  atte m p t to  s o lv e  th e  r o t a t in g  c y l in d e r  problem  u s e d  

a K e lle r -b o x  schem e. T h is  is  b a s e d  on s p l it t in g  a k th  o r d e r  

d if f e r e n t ia l  e q u a tio n  in to  k f i r s t  o r d e r  e q u a t io n s . We t h e r e f o r e  

w rite

G =  ip, E =  0  =  u =  G , C =  0  = u = E .  ( 3 .  A. 1 a ,  b , c )
y y y y  y y

On e x p r e s s in g  e q u a tio n  ( 3 . 2 : 3 )  in th e  v a r ia b le s  G , E  and C , we 

o b ta in  t h r e e  f i r s t - o r d e r  p a r t ia l  d if f e r e n t ia l  e q u a t io n s . T h e s e

e q u a t io n s  a r e  d is c r e t is e d  u s in g  s e c o n d -o r d e r  f i n i t e - d i f f e r e n c e

a p p ro x im a tio n s a b o u t (x  , y  ) w here x , y  1 <  i <  NX, 

1 <  j  <  NY a r e  th e  g r id  p o in t s .  G iven  th e  s o lu t io n  a t  x^ , th e

r e s u lt in g  n o n lin e a r  e q u a tio n s  a r e  s o lv e d  s im u lta n e o u s ly  f o r  G i , j
E ^ j ,  ( 1 < j <  NY) b y  N e w to n -R ap h so n  it e r a t io n  in a  s im ila r

manner a s  in th e  FD m ethod. T h e J a c o b ia n  m atrix  L  is  a 9 x NY x NY 

banded m atrix  with a band w idth o f  9 ( c f .  ( 3 . 3 : 3 b ) ) .  T h is  schem e is  

more tim e-consum m ing th an  th e  FD c o d e , b e c a u s e  o f  th e  in c r e a s e d  

s iz e  o f  th e  m a tr ix .

In  a d d it io n  to  u s in g  th e  K e lle r -b o x  schem e on th e

b o u n d a r y -la y e r  e q u a tio n  in p r im it iv e  v a r ia b le , we a ls o  w rote a

K e lle r -b o x  c o d e  f o r  e q u a tio n  ( 3 . 2 : 4 ) .  H ere we w rote

C = u , E =  u =  C 
y y

and s u b s t it u t e d  in to  ( 3 . 2 : 4 )  to  o b ta in  two f i r s t - o r d e r  p a r t ia l  

d if f e r e n t ia l  e q u a t io n s . T h e s e  were d is c r e t is e d  a s  a b o v e , and th e  

r e s u lt in g  e q u a t io n s  a g a in  s o lv e d  b y  N e w to n -R ap h so n  it e r a t io n . The  

c o m p u ta tio n a l tim e o f  t h is  m ethod was in te rm e d ia te  betw een t h a t  f o r
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the K eller-box method fo r  ( 3 .2 : 3 )  and the FD method. This r e f le c t s

th e  s ize  o f  the  Jacobian m a trix . The answers f o r  a ll th re e  codes  
were c o n s is te n t, b u t the  FD code was app rox im a te ly  an o rd e r o f  
magnitude fa s te r .
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Appendix 3 .B  S p ectra l Methods

In  t h is  ap p en d ix  we g iv e  more d e t a ils  o f  th e  s p e c t r a l  m ethod  

sch e m e s u s e d  in s e c t io n  3 . 3 .

The q u a d r a t ic  m u lt ip lic a t io n  o f  two F o u r ie r  s e r i e s

A t a num ber o f  p o in t s  in s e c io n  3 . 3  t h e r e  is  a n e e d  to  

m u ltip ly  two f in i t e  F o u r ie r  s e r ie s  to  form  q u a d r a t ic  te rm s , v iz .

r m c o s  mx + r m s i n  mx 
c 5

( 3 . B : 1 a )

On e x p a n d in g  o u t  th e  a b o ve  two s e r ie s  an d  u s in g  th e  tr ig o n o m e tr ic  

m u lt ip le -a n g le  fo rm u la e , we o b ta in  f o r  th e  m u ltip le  shown in 

e q u a tio n  ( 3 . B : 1 a ) ,  a f t e r  t r u n c a t in g  th e  r e s u l t  to  N te rm s,

q r
o o

N r l r  1 n n n n
-  ) q r + q r2 L 1 c c s s

n = l ' - )

+
l
n =

c o s  nx
nq r

n
+ q r

1+ -
n - 1  /

l
mq n-m

r
m-  q n-m

r
o c c o 2

m=l *•
c c s s

l
)

+ m m-n m m-nq r + q r
c c s s

+
N - n

1 P  I m m+n m+n
2 1 qc

r
c

+ q
s

r
s
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N

) s  in  n x
n n 1 n-1

rq r + q  r + - )L
n = l

o s s  o 2 L
m=l

n-m
rs

+ m n-m
r
c ]

+
n

5 l
m=n+l

-q m-n
r

s

m+n
r

s

+

+

m-n
r

c

m+n
r

c

)

)

( 3 . B : 1 b )

The g o v e r n in g  e q u a t io n s  f o r  t h e  NRK m ethod

In  d e r iv in g  th e  g o v e rn in g  e q u a t io n s  f o r  th e  NRK m ethod we

e x p r e s s  th e  s t r e a m fu n c t io n  if) an d  th e  square  o f  th e  e x t e r n a l  

2
v e lo c it y ,  U , in te rm s o f  F o u r ie r  s e r ie s  a s

e
N

«/Kx, y )  =  f Q(y) + I  b  ( y )  c o s ( n x )  + ( y )  s i n ( n x )  j ,
n =  1

( 3 . B : 2 a )

and

U ( x )  =  U +
e o i  [< c o s ( n x )  + u' s in ( n x ) ] ( 3 . B : 2 b )

n = l

N ote t h a t  th e  s u p e r s c r ip t  n d e n o te s  th e  c o e f f ic ie n t s  a s s o c ia t e d

t h
w ith th e  n mode o f  th e  F o u r ie r  s e r ie s  and n o t  th e  pow er n

t h
o r  th e  n d e r iv a t iv e .  E q u a t io n s  ( 3 .  B : 2 )  a r e  s u b s t it u t e d  in to

if) if) - if) if) = -  (U 2 ) + if)y xy x yy 2 e x  yyy (3. B: 3)

to  g iv e  th e  fo llo w in g  s y s te m  o f  c o u p le d  o r d in a r y  d if f e r e n t ia l
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e q u a t io n s ; a prim e d e n o te s d if f e r e n t ia t io n with r e s p e c t  to  y , and

( 3 . B : 1)  h a s been u s e d r e p e a t e d ly . The e q u a tio n  f o r th e

x -in d e p e n d e n t  term  is

// I
f

o
V" rn r ^  ^m" _ ĵti
/  2  [_ c s  s c
m= 1

( 3 . B : 4 a )

th e  e q u a t io n s  f o r  th e  c o s ( n x )  c o e f f ic ie n t s  f o r  1 ^  n ^  N a r e

_ // / /  / // An n «s —»n » 1 . .n
f  - n f  f  + n f  f  + - n U

c s o s o 2 s

n - 1

= y
m

V '
^n-m 7 + r - '

^.n-m7
-  f m

//.̂n-m
-  f m

_n-mf
L 2 s c c s c s s c
m= 1

N r

+ Y m
f " '

^m -n7
f " '

^m-n7
+ f m

//.pm-n
-  f “

^m-n

L 2 s c c s c s s c
m =n+1

N -n

+ Y m V ^m+n7
f " '

.̂m+n7
+ f m

.̂m+n77
-  f m

^m+nJ

Lu 2 s c c s c s s c
m= 1

( 3 . B : 4 b )

th e  e q u a t io n s  f o r  th e  s in ( n x )  c o e f f ic ie n t s  f o r  1 ^  n ^  N a r e
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f n + n f n f  -  n f n f  -  -  n Un
s  c o  c o 2  c

n - 1

■ l
m=l

_m _ n -m  _m _ n - m  _m - n - m  _m _ n - m
-  f  T + t  T +  f  T - f f

c c  s  s  c c  s s

I
m=n + 1  

N - n

-I
m= 1

.̂m ^.m-n

.̂m .̂m + n
c c

~m _ m - n  m _ m- n  m _ m- n
f  T +  T T +  T f

-m _m + n , _m _m + n , _m «m + n
f  f  + f  f  + f  f

s  s  c c s  s

( 3 . B : 4 c )

To s o lv e  t h is  sy ste m  o f  2N + 1 c o u p le d  n o n lin e a r , t h ir d - o r d e r ,  

o r d in a r y  d i f f e r e n t ia l  e q u a t io n s , t h e y  a r e  r e w r it te n  a s  (6 N + 3 )

f i r s t - o r d e r  e q u a t io n s  a s  e x p la in e d  in s e c t io n  3 . 3  -  s e e  e q u a tio n  

( 3 . 3 : 7 ) .

L e t  th e  s o lu t io n  v e c t o r  s  be

Then th e  g o v e rn in g  e q u a t io n s  ca n  b e w ritte n  a s

. . .  ) .

s  =  H ( s )

w here H is  a  n o n lin e a r  v e c t o r  f u n c t io n .
dH

NRK c o d e  r e q u ir e s  th e  J a c o b ia n
i

as J

The C a sh  an d  Moore ( 19 8 0 )  

The n o n -z e r o  e le m e n ts o f

t h e  J a c o b ia n  m atrix  a s s o c ia t e d  w ith ( 3 . 3 : 6 a , b )  a r e  s t r a ig h t f o r w a r d ,  

an d  a r e  a l l  u n it y .  T h o s e  a s s o c ia t e d  with th e  t h ir d  d e r iv a t iv e s  a re  

more co m p lex. From e q u a tio n  ( 3 . B : 4 a ) ,  we h a v e , f o r  1 <  n ^  N,
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// /
a( f  )

o

d( f  )
o

= o ,

// /
3 (  f  )o
a (  f  7 )

o

= 0 ,
a (  f  )

a (  f  )o
= 0 ,

// /
at  r )o _ n ^.n 

d( f n ) 2 s
C

// /
a (  f  )

o

3( f n/ )
= 0 ,

// /
a (  f  )

o

3 (  f n " )

n n
2  ‘ s  ’

// /
a (  f  )

o =  _  0. f n

a (  f n ) 2 c

// /
a( f  )

o

a( f n/ )
= o ,

// /
3 (  f  )

^ 7
S

n _n  
2  T c ’

( 3 . B : 7 )

w hile d if f e r e n t ia t in g  ( 3 . B : 4 b )  a n d  ( 3 . B : 4 c )  w ith r e s p e c t  to  th e

/ //
d e r iv a t iv e s  o f  f  , f  , f  y ie ld s ,  f o r  H  n 2  N,

and

3( f )
c

a( f  ) 0

3 (  f "  )
s

3 (  f  )o

= 0

_ M f
a( f  )

c - n
---------------------  =  n f
3 (  f  )

o

= 0
3 (  f n )

a( f  )
o

= -  n f

a( f n ) 
c---------- 77--------  =  -  n f

a( f  )
o

3 (  f n )
-----------r,--------  = n f n
ac f  )

( 3 . B : 8)
i t  /

3 ( f "  )
The m atrix  e le m e n ts o f  th e  g e n e ra l form  ----------------- - , e t c .  , a r e  more

3 ( f m )
c

c o m p lic a te d . T h e y  a r e  l is t e d  in t a b le s  ( 3 . B : 1 , 2 )  below in th e  

fo llo w in g  m anner. Column 1 show s th e  elem en ts o f  th e  J a c o b ia n , f o r

exam ple
3 (  f n )

c

a (  f m )
f o r  1 <  n , m ^  N. The e n t r ie s  in colum n 2 ,  3  and

4 s h o u ld  be in c lu d e d  in t h is  elem ent i f  th e  in e q u a lit ie s  

1 <  m £  n - 1 ,  1 <  m ^  N -n ,  an d  n + 1  ^  m ^  N a r e  s a t i s f ie d

r e s p e c t iv e ly .  T a b le  ( 3 .  B : 1)  is  c a lc u la t e d  from  e q u a tio n  ( 3 . B : 4 b )  

and T a b le  ( 3 . B . - 2 )  from  e q u a tio n  ( 3 . B : 4 c ) .  5  is  th e  d e lt a' n , m
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f  u n c t io n ,  

c o n d it io n s

T h e J a c o b ia n  e n t r ie s  a s s o c ia t e d  w ith th e  

a r e  s t r a ig h t f o r w a r d  and a r e  o m itte d .

b o u n d a ry
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Table 3. B: 1

cVIEVI 1 ^  m ^  N -n n+1 =£ m ^  N

a (
n t

f n
c ) _  // m m _ m + n 77 m ^.m-n77

2 sd ( f m
c )

2 s 2 s

d i
// /

f n
c )

m _ n -  m77 m ^ m + n 77 
2 c 

//

m ^.m-n77 
2 ca ( f  m

s )
2 c

- n f  5
o n , m

d (
// /

f n
c )

n _ n - m 7 n _m+n7 n _m- n7
-  — f

2 sa ( f " '
c )

2 s 2 s

a (
// / 

f n
c ) n _ n - m 7 n .̂m + n 7 

2 c 
/

n ^.m-n7 
2 ca ( f - 's )

2 c

+ n f  8
o n , m

d (
✓ / / 

f n
c ) ( n - m )  n-m (m+n)  ^m+n (m—n )  m-n

a (
//

f m
c ) 2 s 2 s T

2 s

3 (
// /

f n
c )

( n - m )  ^.n-m (m+n)  ^m+n (m—n )  _m-n

5 (
/✓

s ) 2 c 2 c t
2 c
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Table 3 .B :2

TcVIEVI 1 ^  m ^  N -n n + 1 ^  m ^  N

3 (
// / 

f n
s

) rvs // m _ m + n 77 m _ m - n

at “b
 

o 
g

)
2  c

+

2  c 

//
n f  5

o n , m

2  c

3 (
// / 

f n
s

) FT1 ^n-m " m _m + n m ^. m- n 77 

2  s
3 ( f m

s
)

2  s 2  s

3 (
// /

f n
s

) n ^ n - m 7 n _ m + n 7 n ^ . m- n 7 

2  c
3 ( f - '

c
)

2  c

-

2  c 

/
n f  5

o n , m

3 (
ti /

f n
s ) n _ n - m 7 n _ m + n 7 n ^ . m- n 7 

2  s
3 (

s
)

2  s 2  s

3 (
// /

f n
s ) (n -m ) ^ n - m (m+n) ^.m+n ( m- n )  ^.m-n

3 (
//

f m
c

)
2  c 2  c 2  c

3 (
// / 

f n
s

) ( n - m)  ^ n - m (m+n) ^m+n ( m- n )  ^ m - n

3 (
//

f  m
s

)
2  s 2  s 2  s
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The governing equations fo r  th e  VM method

T h e d e r iv a t io n  o f  th e  g o v e rn in g  e q u a t io n s  f o r  th e  VM m ethod is

2 2
s im ila r  to  t h a t  f o r  th e  NRK m ethod. F i r s t ,  u , u and U a re

e

e x p r e s s e d  in te rm s o f  F o u r ie r  s e r ie s  in x a s

N

u ( x , ip) = gQW  + I  [  gP («/0 c o s ( n x )  + gn (ip) s i n ( n x )  j  ,

n = l
( 3 . B : 9 a )  

N

u 2 ( x ,  ip) = Gq ( iP )  + I  [  S ' * ’ c o s ( n x )  + cf (i/O s i n ( n x )  j  ,
n = l

( 3 . B : 9 b )

and

U ( x )  = U +
e o I  h  c o s (n x ) + iP s in (n x )  j

n - 1

( 3 . B : 9 c )

From ( 3 .  B : 1 ) ,  G , G and G a r e  r e la t e d  to  g , g and g f o r
o c s  o c s

1 <  n ^  N b y

G = g g +
o o o

1  f  m m n n 1-  > g g + g g2 |_ c c s  s  J
m= 1

( 3 . B : 1 0 a )

_ n 1
G = 2  g g  + -

c o c 2

n - 1

1 [
m = l

m n-m m n-mg g -  g gc c s  s

+ -  
2

+ -  2

I [
m=n+l

N - n

1 [

m m-n m m-ng g + g gc c s  s

m m+n m m+ng g + g gc c s s
( 3 . B : 1 0 b )

m = l

and
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n -  1

G =■ 2 » . » : * 5 Z  [
m= 1

m = n + 1

N -  n

m= 1

m n-m mg g + g gc s  s
n -  m I

• i l  [ -
m m-  n m m-g g + g gc s  s c ■]

- S Z  I
m m+n m m-  g g + g gc s  s c

( 3 . B : 1 0 c )

E q u a t io n s  ( 3 . B : 9 )  a r e  s u b s t it u t e d  in to

( u 2 ) = (U 2 ) +  u ( u 2 )
x e x  vv>

( 3 .  B : 1 1 )

to  g iv e  th e  fo llo w in g  s y s te m  o f  c o u p le d  o r d in a r y  d i f f e r e n t ia l

e q u a t io n s . A prim e now d e n o te s  d if f e r e n t ia t io n  w ith r e s p e c t  to  \p. 

The e q u a tio n  f o r  th e  x -in d e p e n d e n t  c o e f f ic ie n t  is

N
itg G +o o 5Z[ mgc

//
cf +c

mgs
cf

s
"  j  = 0 . ( 3 .B:12a)

m= 1
equations fo r  the CO S (nx) c o e ffic ie n ts , f o r  1  ̂ n  ̂ N, are

n Gn = g Gn + G//
g n + n u n

s  o c o c s

n-1
1+ - y  r mg

//c T m _ mg
// "Ic f m 12 L  Lm= 1

c c s s J

N
1+ - y  r mg

//c T n + mg c f " n 12 L  Lm=n+ 1
c c s 3 J

N-n
1+ - y  [ mg dn + n,/ + mg c f+n"  1 ,2 L  Lm= 1

c c s 3 J
( 3 . B : 1 2 b )
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and th e equations fo r  the s in (n x ) c o e f f ic ie n t s ,  fo r  1 i  n ^ N, are

=  g
//

Gn +
a

G g
n

-  n un
o s o s c

n - 1
1+ — v  r O) c r m" + m

g Ra
i 3

2 _
i

>
!& c s s c

N
1+ — J \ m

-  g
//

c r n + m
g

if
( f “ n2 U  L

m=n + 1
c s s c

N -n
1 J \ m

-  g c T " " + m
g c f +n,/

2
m= 1

c s s c

( 3 . B : 1 2 c )

N e w to n -R ap h so n  it e r a t io n  was u s e d  to  s o lv e  t h is  s y s te m  o f  

c o u p le d  o r d in a r y  d if f e r e n t ia l  e q u a t io n s , an d  t h e r e f o r e  th e

a p p r o p r ia t e  J a c o b ia n  was r e q u ir e d . F o r  a s o lu t io n  v e c t o r  g 

c o n s is t in g  o f  U , g , g 11 an d  g n f o r  1 ^  n ^  N, we d e n o te  th e  k th
w o e  s

Newton it e r a t e  b y  g k , 

k + l  k
g = g + Sg .

On s u b s t it u t in g  in to  th e  g o v e rn in g  e q u a t io n s , an d  l in e a r is in g  w ith  

r e s p e c t  to  S g , we o b ta in  ( c f .  ( 3 . 3 : 9 ) )

A <5g = b.

The d e r iv a t iv e s  o f  Sg were ap p ro x im a te d  b y  s e c o n d -o r d e r  f i n i t e -

d i f f e r e n c e s .  To minim ize th e  band w idth o f  A, th e  e le m e n ts , S g c ,
n , j

S g s 1 ^  n ^  N, and Sg f o r  1 ^  j  ^  NY, o f  th e  v e c t o r  Sg a r e  
n , j  o , j  —

a r ra n g e d  a s  fo llo w s ,
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Sg =

SU

Sg

Sg

Sg

w
c
n , l
s
n ,  l

o,  l

1 <  n <  N

Sg

Sg

Sg

n ,  j

n ,  j

o , j

1 <  n <  N

1 ^  n N

how th e  m atrix  e le m e n ts f o r  th e  

J a c o b ia n  m atrix  a r e  s t o r e d .  F o r  c o n v e n ie n c e , we w ill c o n c e n t r a t e  on 

th e  g o v e rn in g  e q u a t io n s  in th e  in t e r io r  o f  th e  c o m p u ta tio n a l domain 

s in c e  th e  low er and u p p e r b o u n d a ry  c o n d it io n s  a r e  r e la t iv e ly

s t r a ig h t f o r w a r d . F o r  e a ch  j ,  2  ^  j  ^  N Y -1 ,  th e r e  a r e  2N + 1 row s in 

th e  J a c o b ia n  m atrix  c o r r e s p o n d in g  to  th e  2N +1 e q u a t io n s  ( 3 . B : 1 2 )  -

t h e  c o s ( n x )  e q u a t io n s  o c c u p y  th e  f i r s t  N ro w s, th e  s in ( n x )  

e q u a t io n s  th e  n e x t  N row s and f i n a l l y  th e  c o s  (Ox)  e q u a tio n  th e

2 N + 1 th  row . E ach  g ro u p  o f  2N +1 row s is  p la c e d  one below th e  o th e r

in th e  d ir e c t io n  o f  in c r e a s in g  j ,  1 <  j  <  NY. T h e r e f o r e , th e  

c o s ( n x )  e q u a tio n  a t  th e  p o in t  j  is  in row ( 2 N + 1 ) ( j - 1 ) + n + 1 (th e  

e x t r a  1 b e in g  th e  b o u n d a ry  c o n d it io n  f o r  th e  c o n s t a n t  e ig e n v a lu e  

U ) .  T h e c o e f f ic ie n t s  o f  S g c , 5 g s , 1 <  n ^  N, and Sg are
w n , j  n , j  o , j

Sg

Sg

Sg

c
n ,NY
5
n ,NY 

o ,NY

We now p ro c e e d  to  d e s c r ib e
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ta b u la t e d  in a s im ila r  way to  a b o v e . E a ch  column o f  th e  m atrix  A is

id e n t if ie d  b y  th e  c o r r e s p o n d in g  row in th e  v e c t o r  S g , h e n ce  th e

( 2 N + 1 ) ( j - 1 ) + n + l colum n is  id e n t if ie d  b y  S g c . T h is  arra n g m e n t is
n ,  j

i l lu s t r a t e d  f o r  p a r t  o f  th e  m a trix  A in f ig u r e  3 . B : 1 .  T h e r e f o r e  a  

t y p ic a l  e q u a tio n  in v o lv in g  5 g c , Sgs , 1 <  n == N, and Sg f o r
n , k  n , k  o , k

1
j - 1  <  k ^  j + 1  h a s  6N +3 n o n -z e r o  e le m e n ts in th e  a s s o c ia t e d  row .

The e n t r ie s  in t a b le s  ( 3 . B : 3 ) ,  ( 3 .  B:  4)  and ( 3 . B : 5 )  c o r r e s p o n d

to  th e  c o n t r ib u t io n s  from  th e  c o s  (Ox) e q u a tio n  ( 3 . B : 1 2 a ) ,  t he

c o s ( n x )  e q u a t io n s  ( 3 .  B : 1 2 b ) and th e  s i n ( n x )  e q u a t io n s  ( 3 . B : 1 2 c )

r e s p e c t iv e ly .  In  t a b le s  ( 3 . B : 4 )  an d  ( 3 .  B:  5 )  th e  in t e g e r  n ca n  ta k e

a n y  v a lu e  betw een 1 and N t h u s  c o r r e s p o n d in g  to  th e  d i f f e r e n t

c o s ( n x )  a n d  s i n ( n x )  e q u a t io n s . T h e e n t r ie s  in th e  f i r s t  colum n o f

a ll  th e  t a b le s  in d ic a t e  th e  Sg e lem en t; th e  rem ain in g  colum ns l i s t

th e  c o n t r ib u t io n s  to  th o s e  e le m e n ts . N ote  t h a t  a  ta b le  e n t r y  w ith a

s u p e r s c r ip t  o t h e r  th a n  n , e . g .  5 g m o r  S g k , is  v a l id  f o r  a ra n g ec , j c, j
o f  m o r  k w hich is  s t a t e d  a t  th e  to p  o f  th e  r e le v a n t  ta b le  o r  

colum n.

T h e f u n c t io n s  A , A and A a r e  d e f in e d  a s1 2  3

Aj(g)

A2(g )

A3 (g)

_ g_ _
h2

//
= g -  

_ g

g_
h

?g
h/
g_
h

We n o te  t h a t  th e  band w idth o f  A is  8N +3 b e c a u s e  th e  band w idth  

is  th e  sum o f  two maximum d is t a n c e s  from  th e  p r in c ip le  d ia g o n a l in 

th e  two o p p o s it e  d ir e c t io n s .
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where h is the s tep  s iz e  in i//, and the d eriva tives are approximated

u s in g  s e c o n d -  o r  f o u r t h -o r d e r  c e n t r e d  f i n i t e - d i f f e r e n c e s .

F ig u r e  3 . B: 1

j - 1 j j + 1

t--------------
c o s ( n x )

____a_
s  in ( n x ) c o s ( O x )

/ ------------A— ^ -------------- \

n = 1 ........... N n = 1 , . . . , N

. j - 1

J

c o s ( n x )

n=1
n= 2

n=N

s  i n ( n x )

r n=1  
n=2

n=N

* c o s ( O x )

j + 1
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Table 3 .B :3 a

Sg
o , j  + i

2 g  A ( g  )
o 1  o

Sg
O » j

Z f m A , m » , m A , m *
I 9 c Al  ( 9 c ] 9- A- ( 9-  ]s i  s

m= l

2 g  A (g ) + G
o 2  o 

N

l  i
m= 1

o

m A / m v in » / m %
g A ( g ) + g A (g )

c 2  c s  2  s

Sgo , j — 1
2 g  A ( g  )

o 3 o

Z f  m A , m v , m A , m v
g_ A, <9_ ) + g_ A, (g_ )c 3 c s  3  s

m= 1
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Table 3 .B :3 b

Sg
c ,  j  + i

g A i g n ) + gnA (g )
o 1  c c 1  o

Sg
C , j

g A (g11) + gnA (g ) + ^Gn
o 2  c c 2 o 2 c

Sgc , J-l g A ( g n ) + gnA (g )
o 3 c c 3 o

Sg
s ,  J + l

g A ( g n) + gnA ( g  )
o 1  s  s  1  o

sg
C , J

g A (g11) + gnA (g ) + V 1
o 2 s  s 2 o 2 s

Sgc , j - l
g A (gn) + gnA (g )

o 3 s  s  3  o
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Table 3 .B :3 c

n-1 N N-n
1 v l V
2 L 2 L 2 L

m=1 m=n+1 m=l

~ msg C, J + l
nA , n-m«g A (g )c l  c

n A / m-n vg A (g )c l  c
nA , m+n,g A (g )c l  c

n A / n-m%+ g A (g )s i  s
n A , m-n v-  g A (g )s i  s

n A , m+n ..+ g A (g )s i  s

5. rnSg ,C , j
nA , n-m, g A (g )c 2 c

nA t m-n»
9 A (9C ’

nA , m+n..g A (g )c 2 c

nA , n-nu+ g A (g )s 2 s -  gnA (gm' n)s 2 s
nA , m+n..+ g A (g )s 2 s

5gc, J - l
n. , n-m,,g A (g )c 3 c

n A , m-n % 
3CA3(9C ’

n A , m+n ..g A (g )
c 3 c

n. , n-m,.+ g A (g )s  3  s
nA , m-n,.

-  " . V 9.  ’
n A , m+n .. 

+ 9sA3(9s ’

5. m6gS, j + l
nA , n-m>-  g A (g )
c l  s

gnA (gm' n)
c l  S

gnA (gm+n)c l  s

nA , n-mv+ g A (g )
s i  c

nA , m-n>+ g A (g )
s i  c

nA , m+n,-  g A (g )
s i  c

* m 
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( 6 ) V 6  -'  UI-51 7 VU-U1

s  x s  
( 6 ) V 6  +V UI-51 1 UI-U

O T O
( 6 ) V 6  -'  rn-Ji 7 w u+ui

O T O
( 6 ) V 6'  ui-n 7 w u-ui

0 X 3
( 6 ) V 6

x + r  ‘ s „  
6 9

51 ^

e  s
( 6 ) V 6  +

e  s
( 6 ) V 6  -

2  s
( 6 ) V 6  +'  UI-51 1 UI-U

c  o
( 6 ) V 6

S e  o
( 6 ) V 6  -VUI-Jl 7 WU-U1

c  3
( 6 ) V 6  -

x - r  ‘ 3

51 *

o 2  s
( 6 ) V 6  +vui-n 7 u+ui

3 2  s
( 6 ) V 6  -'  Ul— 7 VU-U1

2  s
( 6 ) V 6  +'  UI—5J 7 VUI-U

S 2 3
( 6 ) V 6vUI-5[ 7 WU+UI

s  2  3
( 6 ) V 6  -'  UI-51 7 VU-UI

2  3
( 6 ) V 6  -'UI-51 7 VUI-U

f ‘ 3
6 9

51 *

O T S
( 6 ) V 6 +'ui-5f 7 vu+ui

O T S
( 6 ) V 6 -'ui-5{ 7 U-UI

o X s
( 6 ) V 6 +'UI-51 7 VUI-U

S T O
( 6 ) V 6'  UI-51 7 WU+U1

S T O
( 6 ) V 6 -'  UI-51 7 WU-U1

S X 3
( 6 ) V 6 -'U1-5J 7 VUI-U

X +f ‘ 3
51 *

tH II e x +u=ui X =ui

l z 7-s 7  -A * A * A 1
u - N H X-U

n >  >i >  l+ w j o i  i g : a ’ c  s i q ^ i



Table 3 .B :5h  fo r  1 ^ k  ̂ N-m

n -1 N-m N N-m N-n  N-m

H l :T I
m=l k = l m=n+l  k = l m=l k = l

o k5g
c ,  j + l

n-m. , k+m.
g  A ( g  )c 1 s

m-n. , k+m.
g  A ( g  )c 1 s

m+n. , k+m,
"  g  A ( g  )c 1 s

n-m. , k+m. 
+ 9 s  V 9 c >

m-n. , k+m.
"  g  A ( g  )s i c

m+n. , k+m,
+ g  A ( g  )s i c

s  kSg  , 
c , j

n-m. , k+m.
g c V gs 1

m-n. , k+m.
9 C A2 ( g S ’

m+n. , k+m.
"  g  A ( g  )c 2 s

n-m. , k+m. 
+ g s  A2 ( g c >

m-n. , k+m . 
-  g s  A2 ( 9 c 1

m+n. , k+m.
+ g  A ( g  )s  2 c

s- k
69 , ic , j - 1

n-m. , k+m. 
g c A3 9 s  >

m-n. , k+m. 
9 c A3 9 s  ’

m+n. , k+m.
"  g  A ( g  )c 3 s

n-m. , k+m> 
+ g s  A3 ( g c >

m-n. , k+m> 
- g s A 3 (9C 1

m+n. , k+m.
+ g A ( g  )s  3 c

«. k 5g
S ,  j + l

-  g n-mA (g k+m)C 1 C
m-n. , k+m.. 

-  9 c A1 9 c ’
m+n. , k+m.

g A ( g  )c 1 c

n-m. , k+m.
+ g A ( g  )s i s

-  g m~nA ( g k+l’1)
s i s

m+n. , k+m.
+ g A ( g  )s i s

k
Sg .S , J

n-m. / k+m.-  g c As ( g c ) m-n. , k+m.
" g A ( g  )c 2 c

m+n. , k+m.
g A ( g  )c 2 c

+ g n "mA ( g k+“ )s  2 s
m-n. , k+m, 

- 9 S A2 ( g S >
m+n. , k+m.

+ g A ( g  )s 2 s

s  ks g
s ,  j - l

n-m. , k+m. 
- g c A 3 (9C >

m-n. , k+m. 
- 9 c A 3 (9C >

m+n. , k+m.
g A (g  )c 3 c

+ g n"mA ( g k+m)
s  3 s

m-n.  , k+m,
-  g s A3 (g s )

m+n. , k+m.
+ g A (g  )s  3 s
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Appendix 3.C  F ou rth -ord er  D e fe c t  C orrection

In  t h is  ap p e n d ix  we w ill o u t lin e  how d e f e c t  c o r r e c t io n  was 

im plem ented to  in c r e a s e  th e  a c c u r a c y  o f  o u r s o lu t io n s  from  s e c o n d  

o r d e r  to  f o u r t h  o r d e r .

We s u p p o s e  t h a t  th e  n o n lin e a r  d i f f e r e n t ia l  e q u a t io n s  o f

in t e r e s t  ca n  be d is c r e t is e d  b y  a  s e c o n d -o r d e r -a c c u r a t e  f i n i t e -  

d if f e r e n c e  schem e to  o b ta in  a v e c t o r  o f  n o n lin e a r  a lg e b r a ic  

e q u a tio n s

b 2 ( x )  =  0 , ( 3 . C : 1)

w here th e  s u b s c r ip t  2  in d ic a t e s  a  s e c o n d -o r d e r -a c c u r a t e

a p p ro x im a tio n . We s u p p o s e  t h a t  th e  s o lu t io n , x , to  t h is  s y s te m  o f  

e q u a t io n s  ca n  be o b ta in e d  b y  N e w to n -R a p h so n  it e r a t io n .  S p e c if ic a l ly  

we w rite , ( c f  ( 3 . 3 : 9 ) )

x k + 1  = x k + Sx , ( 3 . C : 2)

k
s u b s t it u t e  x in to  th e  d is c r e t is e d  e q u a it o n s , and l in e a r is e  with  

r e s p e c t  to  5x to  o b t a in ,

A ( x k )Sx = b ( x k ) ( 3 . C : 3 )— — —2 “

w here A is  a J a c o b ia n  m a trix . B y  r e p e a te d  it e r a t io n , th e  s e c o n d -  

o r d e r -a c c u r a t e  s o lu t io n  x.2 ca n  be o b ta in e d  w ithin a g iv e n  e r r o r .

To o b ta in  a f o u r t h -o r d e r - a c c u r a t e  s o lu t io n , a f o u r t h -o r d e r  

d is c r e t is a t io n  c o u ld  be em ployed, an d  th e  r e s u lt in g  e q u a tio n

b ( x )  = 0 ( 3 . C : 4)
4

c o u ld  be s o lv e d  d ir e c t ly .  How ever t h is  m ethod h a s  th e  d is a d v a n t a g e  

t h a t  th e  J a c o b ia n  m atrix  w ill in g e n re a l in v o lv e  more n o n -z e r o
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e le m e n ts, and th e  in v e r s io n  o f  th e  J a c o b ia n  m a trix  is  th e  m ost 

tim e -c o n su m in g  p a r t  o f  th e  s o lu t io n  p r o c e s s .

As an a lt e r n a t iv e  we w rite  th e  f  o u r t h - o r d e r - a c c u r a t e

d is c r e t is a t io n s  in th e  form

b ( x )  + h 2d ( x )  =  0 . ( 3 . C : 5 )2 “4 “

Once a  s e c o n d -o r d e r -a c c u r a t e  s o lu t io n ,  x , h a s  been fo u n d , a-2
c o n s is t e n t  f o u r t h -o r d e r - a c c u r a t e  s o lu t io n  can  be o b ta in e d  b y  

s o lv in g

b ( x )  + h 2 d (x  ) = 0 . ( 3 . C : 6)— 2 “  — 4 “ 2

The a d v a n ta g e  o f  t h is  two s t a g e  p r o c e s s  is  t h a t  a N ew to n -R ap h so n  

it e r a t io n  to  s o lv e  ( 3 . C : 6 ) ,  i . e .

A ( x k ) 5 x  = b ( x k ) +  h 2 d  ( x  ) , ( 3 . C : 7 )
—  _  ■—2 ~ 4 “ 2

u s e s  th e  sam e J a c o b ia n  m atrix  A , an d  h e n ce  th e  N ew to n -R ap h so n  

schem e n e e d s o n ly  to  be program m ed o n c e . Once th e  f o u r t h - o r d e r -  

a c c u r a t e  s o lu t io n  x^ is  o b ta in e d , a  s l ig h t  im provem ent in a c c u r a c y  

was a c h ie v e d  b y  s o lv in g

b 2 ( x )  + h 2 d ( x  ) =  0  . ( 3 . C : 8)
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Appentix 3.D  The (X, ifj) co o rd in a te  Method

In  a  f u r t h e r  a tte m p t to  r e d u c e  th e  v a lu e  o f  \Jj , a t  w hich th e00
c o r r e c t  e x p o n e n tia l d e c a y in g  b e h a v io u r  ca n  be m a in ta in e d , we t r ie d  

a  new c o o r d in a t e  s y s te m . An in s p e c t io n  o f  e q u a tio n  ( 3 . 2 : 3 )  

s u g g e s t e d  X a s  an in d e p e n d e n t v a r ia b le ,

r x u  ( x )
X = dx ,

U
o e

where U is  th e  mean o f  U ( x ) ,  and u a s  th e  d e p e n d e n t v a r ia b le ,
e e

where

u =  uU -  U .
e e

T ra n s fo rm in g  ( x ,  \Jj) to  ( X , ifj) , th e  g o v e rn in g  e q u a t io n s  ( 3 . 2 : 2 )  

becom e,

U 2 ( u 2 ) + 2U 4u -  ( U 4 ) u 2
e X e X e

= 2U  4U + 2U 2 ( u ) -  2U 2 ( u ” ) + 2u ( u )2

( 3 . D : 1 a )

e y>y> VV W

w ith b o u n d a ry  c o n d it io n s

u = U U -  U 4
w e  e

U -» uU (x )  
e

on ^  =  0 , ( 3 . D : 1 b )

a s  ip -» oo, ( 3 .  D: 1 c )

with u a s  d e f in e d  in ( 3 . 3 : 1 ) .  A s p e c t r a l  m ethod was a d o p te d  b y  

w ritin g

00
u =  h (0 )  + ) hn (ip) c o s ( n X )  + hn ( ^ )  s in ( n X )  . ( 3 . D : 2 )

°  c s
n = 0

The s e r ie s  ( 3 . D : 2 )  was s u b s t it u t e d  in to  ( 3 . D : 1 ) ,  th e  q u a d r a t ic  

term s r e o r d e r e d  and th e  s e r ie s  t r u n c a t e d  to  l\I te rm s. The r e s u lt in g  

c o u p le d  d if f e r e n t ia l  e q u a tio n s  w ere s o lv e d  b y  th e  VM m ethod
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d e s c r ib e d  in s e c t io n  3 . 3 .

T h e g o v e rn in g  e q u a tio n s  were more co m p lic a te d  th a n  b e f o r e  b u t  

th e  s im p lic it y  o f  a p p lic a t io n  o f  th e  u p p e r b o u n d a ry  c o n d it io n s  

in tr o d u c in g  th e  p r o p e r  e x p o n e n tia l d e c a y in g  b e h a v io u r  made th e  

a p p ro a c h  a p p e a r a t t r a c t iv e .  U sin g  e q u a t io n s  ( 3 . D : 2 ) ,  ( 3 . D : 1 c )  and

( 3 . 3 : 1 b ) ,  we o b ta in

h [ip) =  A + Bip , ( 3 .  D: 3 a )
o o

=  [  a n C o s  +  bn s in  ]  e x p  [  - f ,

( 3 . D : 3 b )

[ ancos - bn, n / f , ]  e x p ( - / F , ]  .

( 3 . D : 3 c )

f o r  1 <  n ^  N. The c o n s t a n t s  A an d  B w ere f o r c e d  to  z e r o  b y  u s in gO
th e  c o n d it io n s

h ( \ p ) = h ' { \ J j ) = 0 ,  ( 3 .  D: 4 a)
o o

and th e  a , b were e lim in ate d  b y  d if f e r e n t ia t in g  ( 3 . D : 3 b , c )  and
n n

th e n  s u b s t it u t in g  b a c k , s o  to  o b ta in  th e  2N b o u n d a ry  c o n d it io n s :

c
( - h c

2  n
hs ) ,  a nd  

n
h“ ' =

s
4  ( hc -  hs ),

2  n n

( 3 . D : 4 b , c )

f o r  1 ^  n ^  N. T h e s e  b o u n d a ry  c o n d it io n s  w ere a p p lie d  a t

A g a in , d e f e c t  c o r r e c t io n  was a p p lie d  to  th e  s e c o n d - o r d e r -

a c c u r a t e  s o lu t io n s  to  y ie ld  a f  o u r t h -o r d e r -a c c u a t e  r e s u l t s .  The

*
sam e s t r e t c h  ( 3 . 3 : 2 b )  was em ployed in \p w ith \ =  0 . 2 5 ,  6  =  0 . 0 5  a s

b e f o r e . With NY =  9 1 an d  HY = 0 . 2 ,  \p was r e d u c e d  to  1 0 . 7  -  t h is
00

g a v e  c o n s is t e n t  r e s u l t s  f o r  e ^  0 . 6 .  How ever, f o r  e s: 0 . 6 ,  t he
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f o r c in g  term  U c o u ld  n o t  be a c c u r a t e ly  r e s o lv e d  in th e  X
e

c o o r d in a t e  s y s te m  with th e  lim ite d  num ber o f  F o u r ie r  m odes, e . g .  

N =  1 8 ,  w hich were a v a ila b le  to  u s  b e f o r e  co m p u te r memory 

re q u ire m e n ts  became a  c r i t i c a l  f a c t o r .  With th e  b o u n d a ry  c o n d it io n  

in a d e q u a te ly  m odeled, th e r e  was no p o in t  in f in d in g  s o lu t io n s  f o r  

e ^  0 . 6 .
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Appendix 3 .E  A ttem pts to  fin d  th e  Separation  S in gu larity  S tr u c tu r e

T h is  a p p e n d ix  d e s c r ib e s  a  num ber o f  u n s u c c e s s f u l  a tte m p ts  to  

f in d  an a s y m p t o t ic  d e s c r ip t io n  f o r  th e  s e p a r a t io n  s in g u la r it y  t h a t  

o u r  n u m e rica l r e s u l t s  s u g g e s t  d e v e lo p s  a t  e =  e . An a n a ly t ic
S

s in g u la r it y  s t r u c t u r e  f o r  th e  c l a s s i c a l  b o u n d a r y -la y e r  e q u a t io n s  is  

a  n e c e s s a r y  p re lim in a r y  to  d e v e lo p in g  an in t e r a c t iv e  t h e o r y  f o r  th e  

m a rg in a lly  s e p a r a t e d  flo w  w hich is  l ik e ly  to  e x is t  f o r

0 < e -  e « 1.
s

A t te m p te d  I n v is c id  S t r u c t u r e  w ith  u ~  X ~ ^

The n u m e ric a l r e s u l t s  o f  s e c t io n  3 . 4  s u g g e s t  t h a t  a s  e -> e a
s

s t a g n a t io n  p o in t  d e v e lo p s  away fro m  th e  w all, c lo s e  to  th e  lo c a tio n  

w here th e  p r e s s u r e  g r a d ie n t  is  z e r o ,  i . e .  w here (U ) ~ 0 . O th e r
e x

t y p e s  o f  s e p a r a t io n  s in g u la r it ie s  t h a t  d e v e lo p  aw ay from  th e  wall 

a r e  known to  be in v is c id .  F o r  exam ple, th e  MRS s in g u la r it y  c a u s e d

b y  a s t a g n a t io n  p o in t  a b o v e  a dow nstream  m oving w all a t  a  p o in t  

with a  non-zero  p r e s s u r e  g r a d ie n t  h a s  been shown to  be an in v is c id

s in g u la r it y  ( S y c h e v  ( 1 9 8 0 ) ,  E l l i o t t ,  Cow ley and Sm ith ( 1 9 8 3 ) ,  van  

Dommelen and Sh en  ( 1 9 8 3 ) ,  W illiams an d  S te w a rts o n  ( 1 9 8 3 ) ) .

T h e s in g u la r it y  o f  s e c t io n  3 . 4  d o e s n o t  a p p e a r  to  be a

s t a n d a r d  MRS s in g u la r it y  b e c a u s e  th e  n u m erical r e s u l t s  s u g g e s t  t h a t  

i t  d e v e lo p s  a t  a  p o in t  w here th e  p r e s s u r e  g r a d ie n t  is  z e r o .

F u r t h e r ,  when th e  minimum v e l o c it y  is  sm all b u t  p o s it iv e ,  i . e .  when

0 < s  - e  «  1 ,  i t  s h o u ld  be p o s s ib le  to  d e r iv e  an a s y m p to t ic
s

s o lu t io n  w hich d e s c r ib e s  th e  flow  in th e  re g io n  w here th e  v e lo c it y
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is  sm a ll, i . e .  w here | x - x  I «  1 .  A tte m p ts to  d e r iv e  s u c h  a  

d e s c r ip t io n  b a s e d  on th e  MRS s in g u la r it y  s t r u c t u r e  a t  a p o in t  o f  

n o n -z e r o  p r e s s u r e  g r a d ie n t  w ere e v e n  le s s  s u c c e s s f u l  th a n  th e  

fo llo w in g  c o n je c t u r e s .

A s a  f i r s t  a tte m p t, we t h e r e f o r e  s e e k  an in v is c id  s in g u la r it y  

s t r u c t u r e  c lo s e  to  a  p o in t  o f  z e r o  p r e s s u r e  g r a d ie n t . F o r

c o n v e n ie n c e , we d e n o te  th e  s t a g n a t io n  p o in t  b y  th e  s u b s c r ip t  s ,  and  

w rite

X = x -  x , V  = \p - \p , Y  =  y  -  y  ,
s  s  s

and f o r  X «  1 ,  we w rite  th e  p r e s s u r e  g r a d ie n t  a s  

-f U 2 =  fj. + f i X + ~ n
2 e 1  2  2  3

V- J v

( 3 . E : 1 a )

+ . . . ( 3 . E : 1 b )

In  Von M ises c o o r d in a t e s , th e  inviscid  b o u n d a r y -la y e r  e q u a tio n  is

( u 2 ) = (U 2 )
x  e x

( 3 . E : 2 )

which h a s  a s o lu t io n

u U 2 ( x ) +  g(\p)
e

( 3 . E . - 3 )

where g is  an u n d e te rm in e d  f u n c t io n  o f  \p. A t  th e  s t a g n a t io n  p o in t ,

/ it

u m ust h a v e  a  minimum in ip; h e n c e  g {\p ) =  0 , g (ip ) > 0 , and we
s  s

a r e  a ssu m in g  t h a t  th e  p r e s s u r e  g r a d ie n t  is  z e r o  t h e r e ,  i . e .  =  0.  

H ence a  T a y lo r  e x p a n s io n  o f  ( 3 . E : 3 )  a b o u t th e  s t a g n a t io n  p o in t  

y ie ld s

T z  "  v  1
u =  1̂  3^ + + 9 J T  + --------J » ( 3 .  E : 4 )

2
w here y =  U (x  ) + g ( ip ) .  When e =  c  a  s in g u la r it y  s t r u c t u r e  o f

l e s s  s

t h is  form  w ould h a v e  ^  =  0 , w hile f o r  0 < e - e  «  1 ,  y  s h o u ld  bel s i
sm a ll, p o s it iv e  an d  some f u n c t io n  o f  e - e  .

S
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S o lu t io n  ( 3 . E : 4 )  s u g g e s t s  t h a t  in th e  n e ig h b o u rh o o d  o f  th e

s t a g n a t io n  p o in t , th e  a p p r o p r ia t e  a s y m p to t ic  s c a lin g  is

u ~ X -  . ( 3 . E : 5 )

How ever th e  v is c o u s  te rm , u ( u u  ) ~ X,  is  th e n  fo u n d  to  be o f  th ev v>
same o r d e r  o f  m agnitude a s  th e  in e r t ia  te rm s, uu ~ X . H ence th e

X

p ro p o s e d  in v is c id  s in g u la r it y  s t r u c t u r e  is  in c o r r e c t ,  and f o r  th e  

s c a lin g  ( 3 .  E : 5 )  v is c o u s  te rm s m ust be r e t a in e d .

We n o te  a t  t h is  p o in t  t h a t ,  r a t h e r  th a n  w orking in Von M ises  

c o o r d in a t e s  ( x , ^ ) ,  we c o u ld  h a v e  u s e d  th e  p r im it iv e  v a r ia b le s  ( x , y )  

and come to  th e  same c o n c lu s io n . S p e c if ic a l ly ,  f o r  | X [ «  1 ,  th e  

le a d in g -o r d e r ,  in v is c id ,  b o u n d a r y -la y e r  e q u a tio n  in p r im it iv e

v a r ia b le s  is

uu + Vu = X , u +  V =  0 ( 3 . E : 6 a )x y x Y
w here, y  =  g ( X )  + Y ,  v  =  ug^ + V,  g ( X )  is  a n y  f u n c t io n  o f  X , and

f o r  s im p lic it y  we h a v e  a ssu m e d  =  1 .  The s o lu t io n  is

u = y /  X ^  + r z c o s h  (13Y ) , ( 3 .  E : 6b )

where 6  an d  y  a r e  u n d e te rm in e d  c o n s t a n t s ,  and 'x -> 0 a s  e -> e .2 2 s

T h is  s o lu t io n  s u g g e s t s  t h a t  in th e  v ic in i t y  o f  t h e  s t a g n a t io n  p o in t  

u ~ X , Y  ~ 1 a n d  y  ~ - l o g ( X ) / / 3 ,  w hich a g r e e s  w ith ( 3 . E : 5 ) .

Model p ro blem  o f  a  m oving w all

B e f o r e  p ro c e e d in g  to  d e s c r ib e  o t h e r  c a n d id a t e s  f o r  th e  

s in g u la r it y  s t r u c t u r e ,  we d e s c r ib e  f i r s t  a model problem  which h a s  

th e  same s in g u la r it y ,  b u t  f o r  which more a c c u r a t e  n u m e rical r e s u l t s
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ca n  be o b t a in e d . The c h o s e n  problem  c o n s is t s  o f  flow  o v e r  a

s e m i- in f in it e  f l a t  p la t e  ( le a d in g  e d g e a t  x = 0 ) ,  w ith b oth  th e  

in v is c id  s l ip  v e lo c it y  and th e  w all v e lo c it y  b e in g  n o n -z e r o . T h is  

flow  is  n o t  p e r io d ic , and no e ig e n v a lu e  n e e d s to  be fo u n d .

A s b e f o r e  th e  b o u n d a r y -la y e r  flow  is  d e s c r ib e d  b y  th e  s t e a d y  

b o u n d a r y -la y e r  e q u a t io n s  in Von M ise s c o o r d in a t e s ,

uu =  U (U ) + u ( u u  ) , ( 3 . E : 7 a )
x e e x v v

and we c h o o s e  a s  b o u n d a ry  c o n d it io n s ,

u =  U > 0 on iff =  0 , ( 3 .  E : 7 b )w
u -» U ( x )  =  1 -  x + A x 2 a s  if) -» oo, ( 3 . E : 7 c )

e

i . e .  a  c o n s t a n t  p o s it iv e  w all v e l o c it y ,  and an e x t e r n a l v e lo c it y  

which d e c e le r a t e s  a t  th e  s t a r t  o f  th e  p la t e , b u t  th e n  a c c e le r a t e s  

f u r t h e r  dow nstream  (A > 0 ) .  T h is  model problem  is  s im ila r  to  one

c o n s id e r e d  b y  E l l i o t t ,  Cow ley and Sm ith ( 1 9 8 3 )  when t h e y  were  

s t u d y in g  th e  MRS s in g u la r it y  o v e r  a d o w n stre am -m o vin g  w all. In d e e d ,

i f  A is  z e r o  o r  s u f f i c i e n t l y  sm all (a n d  U < 1 )  th e n  an MRS
w

s in g u la r it y  d e v e lo p s  a t  th e  f i n i t e  lo c a t io n  dow nstream  w here a

s t a g n a t io n  p o in t  d e v e lo p s  w ithin  th e  b o u n d a ry  la y e r . H ow ever, i f  A

is  s u f f i c i e n t l y  la r g e , th e r e  is  o n ly  a  sm all re g io n  o f  a d v e r s e

1
p r e s s u r e  g r a d ie n t , 0 == x ^  x (A ) = ^r-, and a s o lu t io n  ca n  be fo u n d

d d.A

f o r  a l l  x . H en ce th e r e  is  an in te rm e d ia te  v a lu e  o f  A, s a y  A , ab o ve
s

w hich no s in g u la r it y  fo rm s , b u t  b e n e a th  which one d o e s . We a r e

in t e r e s t e d  in th e  s t r u c t u r e  o f  th e  s in g u la r it y  (a ssu m in g  t h a t  th e r e  

is  o ne) f o r  A = A .
s

The problem  s p e c if ie d  b y  ( 3 . E : 7 )  was s o lv e d  f o r  v a r io u s  v a lu e s  

o f  A, u s in g  a  n u m e rical schem e which was b a s e d  on th e  FD m ethod
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d iscu sse d  in sec tio n  3 .3  (th e  various m odifications included

d if f e r e n t  s t r e t c h in g  f u n c t io n s ) .  T h e  n u m e rical r e s u l t s  show ed t h a t

f o r  la r g e  X th e  v e lo c it y  u was p o s it iv e  f o r  a l l  x .  H ow ever, a s  X

was d e c r e a s e d  to w a rd s th e  c r i t i c a l  v a lu e  X ^  0 . 4 2 5 9 ,  a  s t a g n a t io n

p o in t  b egan to  d e v e lo p  aw ay fro m  th e  w all a t  a  f in i t e  d is t a n c e

dow nstream , x =  x . I t  was c o n firm e d  t h a t  s o lu t io n s  o b ta in e d  f o r  
s

X < X d e v e lo p e d  in to  in v is c id  MRS s in g u la r it ie s  a t  p o in t s  o f
S

non-zero  p r e s s u r e  g r a d ie n t  ( E l l i o t t  et. al. 1 9 8 3 , W illiams et al. 

1 9 8 3 ) .

F ig u r e s  3 . E : 1 - 3  d is p la y ,  a t  d is c r e t e  p o in t s  o f  x an d  f o r  

v a r io u s  v a lu e s  o f  X c lo s e  to  b u t  g r e a t e r  th a n  X , th e  v e l o c it y  u
S

v e r s e s  b o th  th e  s tre a m f u n c t io n  \fi and th e  lo c a l b o u n d a r y -la y e r

norm al y . The lin e s w ith d e c r e a s in g  minima in u r e p r e s e n t

in c r e a s in g v a lu e s o f  X. F ig u r e  3 . E : 4  d is p la y s  th e minimum v e l o c it y

u o v e r  ifj, i. e . min  ( u ) . a g a in s t  x f o r  X = 0 .4 2 5 9 and X = 0 . 4 2 5 9 5

( r e p r e s e n t e d b y  th e s o lid  lin e  and th e  d o tte d lin e r e s p e c t i v e l y ) .

T h is  g ra p h in d ic a t e s t h a t  a t  X = 0 . 4 2 5 9 , min
V

u i s lin e a r  in x

e x c e p t  when u g e t s v e r y  sm a ll, where th e a c c u r a c y  o f  th e

c a lc u la t io n s  is  in some d o u b t. I f  we d e n o te  th e  p o s it io n  o f

u =  min (u )
min x , y>

b y  (x  , \b ) ,  t h is  s u g g e s t s
o o

t h a t  f o r  0 < X -X
s

«  1 and

U «  I X ~ X  I «  
min 1 o 1 1 ,

min (u )  <x ( x -  x )p o i ( 3 . E : 8)

a lth o u g h  th e r e  may o f  c o u r s e be lo g a rith m s, e t c . in t h is

r e la t io n s h ip . F ig u r e  3 . E : 5 a  d is p la y s u
min

a g a in s t  X , from which we

c o n c lu d e  t h a t u =  0 a t  a f in i t e  
m in

v a lu e o f  X . F u r t h e r ,  a s
s

X ^  X ,
s

th e  n u m e ric a l r e s u l t s  a ls o  t e n t a t iv e ly  s u g g e s t  t h a t  th e  s t a g n a t io n
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point develops a t the point o f  zero  p ressu re  gradient, i . e . that

x x ( s e e  f ig u r e  3 . E : 5 b ) .  How ever th e  r e s u l t s  (o b ta in e d  w ith th e
o d

f i n e s t  g r id  o f  9 6 0 1x 4 8 0 1 p o in t s )  g iv e n  in ta b le  3 . E : 1  a r e  n o t  

c o n c lu s iv e .

T a b le  3 . E :  1

A u X X
mi n o d

0 . 6 0 . 3 4 9 5 3 3 0 . 6 6 1 7 9 9 0 . 8 3 3 3 3 3

0 . 5 0 . 2 6 9 3 3 7 0 .8 3 8 7 0 2 1 .0 0 0 0 0 0

0 . 4 5 0 . 1 8 0 5 4 5 0 .9 6 9 6 5 3 1 . 1 1 1 1 1 1

0 . 4 3 0 . 0 9 5 1 5 7 1 . 0 5 8 9 1 3 1 . 1 6 2 7 9 1

0 . 4 2 7 0 . 0 6 1 5 9 1 1 . 0 9 0 1 5 8 1 . 1 7 0 9 6 0

0 . 4 2 6 5 0 . 0 4 9 0 4 1 1 . 1 0 0 0 8 9 1 . 1 7 2 3 3 3

0 . 4 2 6 0 . 0 2 7 6 5 5 1 . 1 2 0 2 3 9 1 . 1 7 3 7 0 9

0 .4 2 5 9 5 0 .0 2 2 4 5 2 1 . 1 2 5 5 8 6 1 . 1 7 3 8 4 7

In  an a tte m p t to  o b ta in  th e  a s y m p t o t ic  b e h a v io u r  o f  u (A ) a smin
A -» A , we t r ie d  f i t t in g  th e  n u m e rical r e s u l t s  to

S
n

u (A ) =  k (A -  A) \  ( 3 . E : 9 a )
min 1  s

and

n r -v m
u (A)  =  k (A -  A) 2 l o g ( A  -  A) , ( 3 . E : 9 b )

min 2  s  ^ s  J

w here A , k , k , n , n and m a r e  e m p irica l c o n s t a n t s .  The
s  1  2  1  2

s o lu t io n s  f o r  A from  b o th  f i t s  a g re e d  w ell, g iv in g  A ^  0 . 4 2 5 9 .
s  s

H ow ever th e  o t h e r  c o n s t a n t s  d id  n o t  c o n v e r g e  to  c o n s is t e n t  v a lu e s  

a s  A d e c r e a s e d  to w a rd s A ( e . g .  n d e c r e a s e d  from  0 . 4  to  0 . 2 6 ,  and
S 1

n g from  0 . 4  to  0 . 2 8  r e s p e c t iv e ly  w ith A in th e  ra n g e  o f  0 . 4 5  to

0 . 4 2 5 9 5 ) .

In  an a tte m p t to  u n d e r s t a n d  th e  n u m erical r e s u l t s  f o r
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0 < A -  A «  1 ,  we h a v e  a ls o  exam ined th e  form  o f  th e  MRS
s

s in g u la r it y  s t r u c t u r e  in th e  lim it o f  th e  p r e s s u r e  g r a d ie n t  a t  th e  

s t a g n a t io n  p o in t  becom ing sm a ll.

A s S y c h e v  ( 1 9 8 0 ) ,  E l l i o t t ,  Cow ley and Sm ith ( 1 9 8 3 )  and

W illiam s and S te w a rts o n  ( 1 9 8 3 )  h a v e  show n, th e  MRS s in g u la r it y  h as  

th e  s c a lin g

*  „ x1/2, v l / 2
u „ X *  ,

an d  a non-zero  p r e s s u r e  g r a d ie n t  in th e v i c i n i t y  o f  th e  s t a g n a t io n

p o in t . T h is  s in g u la r it y c o n s is t s  o f  t h r e e a s y m p to t ic r e g io n s : ( i)  a

re g io n w here y  =  0 ( 1 ) a t  th e  w all, ( i i ) a  re g io n 0 ( l o g ( - X ) ) away

from  th e  w all, where th e  v e lo c it y is sm a ll, and ( i i i )  a re g io n

0 ( 2 1 o g ( - X ) ) away from th e  b o u n d a ry w here th e  v e l o c it y  is 0 ( 1 )

a g a in .

F o r  c o n v e n ie n c e  we b r ie f l y  o u t lin e  th e  a s y m p to t ic  s t r u c t u r e  o f  

t h is  s in g u la r it y .  F i r s t ,  we exam ine th e  m iddle la y e r  where

y  = g ( X )  + Y  . ( 3 . E : 10)

S u b s t it u t in g

1 / 2
tf(Y ) = B + |Xo 1 f  + X f  + ____o 1 1 1 ( 3 . E:  1 1a )

w here B q is  a c o n s t a n t ,  in to  th e  s t e a d y  b o u n d a r y -la y e r  e q u a t io n s ,

and e q u a t in g  c o e f f ic ie n t s  o f  pow ers o f  X , e t c .  we o b ta in  
1/2

f  =  o
( - 2^)

W s in h  z  , ( 3 .  E : 1 1 b )

2  1
f  =  2cr ( 1 + c o s h  z  ) + cr c o s h  z  -  = £ s in h  2 z  , ( 3 . E : 1 1 c )1 1  2 o

w here z  =  /3(Y -  Y  ) ,  and |3, Y  , cr and <r a r e  c o n s t a n t s .  I f  f  is0 0 1 2  1
to  m atch w ith th e  y  = 0 ( 1 )  wall la y e r , e t c . ,  th en  i t  t u r n s  o u t  th a t

<r =  0 , an d  b e c a u s e  o f  th e  t r a n s fo r m a tio n  ( 3 .  E : 10 )  we ca n  ta k e  Y  =  0 
2  o
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w ith o u t lo s s  o f  g e n e r a lit y .

In  th e  low er la y e r  w here y  = 0 ( 1 )

¥ ( y )  =  * 0 ( y )  +  | X | ^ ( y )  + . . .  , ( 3 . E : 1 2 a )

w here ^  ( y )  is  a  o
(tf ( 0 ) = 0 ,  ( 0 ) = U0 Oy w

f u n c t io n  d e te rm in e d  b y  th e  u p stre a m  s o lu t io n  

to  s a t i s f y  th e  wall b o u n d a ry  c o n d it io n s ) ,  and

l
ry ( ■- #! - ¥  I1 0

_ 7 2
J  o

1
C

d y  . ( 3 . E : 1 2 b )

We s u p p o s e  t h a t

T i-. -tty - &2y$  „ B -  c e  -  c  e -  . .  . a s  y  ■ ) co,o o o  1 j » ( 3 . E : 1 2 c )

and th e n ,

$ " " i 1 V
3c |3zc 1 

1 1 01<DICO
____

i

c u 0 1
+ . . . as y  -> co. ( 3 . 7 : 12d)

B e f o r e  a  m atch betw een th e  two la y e r s  c a n  b e made, g ( x )  n e e d s  to  be  

s p e c if ie d .  T h e a p p r o p r ia t e  e x p a n s io n  is

g ( x )  =  - g  log I XI  +  g + . . .  . ( 3 . E : 1 3 a )o 1 1 o

M atching betw een th e  two la y e r s  show s t h a t

9o
1_ 
2/3 ’

<rl

g o =  y  log
(-2/^)

2 3 c

1/2

- C  U 
1 1

0  2 2 
3  C 0

3
3

( 3 . E : 1 3 b , c )

( 3 . E : 1 3 d )

T h e re  is  a n o th e r  la y e r  lik e  th e  wall la y e r  w ith th e  s c a lin g

y  =  2 G ( X )  + y .  D e t a ils  o f  t h is  la y e r  a r e  o m itte d  f o r  b r e v it y ,

a lth o u g h  we n o te  t h a t  G ~ g to  le a d in g  o r d e r .

In  o u r  a tte m p t to  u n d e r s t a n d  th e  m arg in al MRS s in g u la r it y ,  we

a r e  in t e r e s t e d  in th e  b e h a v io u r  o f  th e  c o n s t a n t s  3» c  , c  , e t c .  a so 1

273



H -> 0 . H e re  B  and c  w ere e s t im a te d  from  th e  n u m e rical r e s u l t s  ' l  o
u s in g  th e  f a c t  t h a t  f o r  sm all X ,

P
-U  (0 )

e
T x

00

and
u  X e x p (2 /3 y  )

1 min

2(3*

w here v  is  00
th e blow ing v e l o c it y  and y  is  th e  p o s it io n  w here

min

u o c c u r s .
min

The c a lc u la t io n s  s u g g e s t t h a t  b o th  P and c  in c r e a s e  
0

a s  A -> A ,
s

b u t s u f f i c i e n t  a c c u r a c y c o u ld  n o t be o b ta in e d  to

d e m o n stra te a d e f in it iv e  p a ra m e tr ic d e p e n d e n c e on A -  A . A

co m p a riso n  o f  th e  in e r t ia  and v is c o u s  te rm s show ed t h a t  t h e y  a r e  o f  

th e  sam e o r d e r  o f  m agnitude n e a r  xji = \J) a s  x -» x f o r  A -  A «  1 .
o o s

We h a v e  a ls o  c o n s id e r e d  a  num ber o f  o t h e r  s o lu t io n  m ethods in 

o r d e r  to  o b ta in  im proved n u m e ric a l r e s u l t s .  F o r  in s t a n c e , p r e v io u s  

a u t h o r s  h a v e  h ad s u c c e s s  in id e n t if y in g  s in g u la r it ie s  u s in g  s e r ie s  

e x te n s io n  t e c h n iq u e s  ( e . g .  Van D yke 1 9 8 4 ) .

A s a  f i r s t  a tte m p t we assu m e d  t h a t

00 00

u = Y U ( y )  Xn ,
e /  , n sc

ii 7  Wn ( y )  xn ,, u, = w s = 1  , ( 3 . E : 1 4 a )

n= 1
I. ■ .i A
n = 1

and s o u g h t  a s o lu t io n  o f th e form

00

•A = V  0n ( y )
n

X where ii << ( 3 . E : 1 4 b )
l 4
n= 1

T h e c o e f f ic ie n t s  U , W w ere c h o s e n  so  t h a t  th e  p r e s s u r e  g r a d ie n t
n n

was f a v o u r a b le  f o r  sm all x ( t o  a c c e le r a t e  th e  f l o w ) ,  a d v e r s e  f o r  

la r g e r  x ( t o  d e c e le r a t e  th e  flo w  to w ard s a  s t a g n a t io n  p o i n t ) ,  and  

th e n  f a v o u r a b le  a g a in  ( s o  t h a t  a s t a g n a t io n  p o in t  w ould o n ly  j u s t  

f o r m ) .  On s u b s t it u in g  in to  th e  b o u n d a r y -la y e r  e q u a t io n s , and

e q u a tin g  p ow ers o f  x , we o b ta in  f o r  n ^  2 ,
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( 3 . E : 1 5 a )

0  + y  0  -  ( n + 1 )  0
n n n

n - 1

= - n + )  m I 0 0 - 0 0  1 ,n /  m n + l-m  m n + l - m  J
m=2

w here

* * I  p.  ■ ( 3 . E : 1 5 b )

n = 2

A d is a d v a n t a g e  o f  t h is  fo rm u la tio n  i f  f a s t ,  h ig h ly  a c c u r a t e ,

n u m e rica l s o lu t io n s  to  th e  o r d in a r y  d if f e r e n t ia l  e q u a t io n s  a r e  to
//

be o b t a in e d , is  th e  p r e s e n c e  o f  th e  y  0  term  in ( 3 . E : 1 5 a ) .
n

In  o r d e r  to  e lim in a te  t h is  o r  s im ila r  te rm s , we c o n s id e r e d  a  

model problem  w here flow  o r ig in a t e s  from  x =  -oo, a n d , f o r  exam ple,

U = 1 -  e x p ( x )  + A e x p ( 2 x ) ,  U =  e x p ( - 2 e x p ( x )  ) +  A e x p (2 x )  .
e w

To s im p lif y  th e  s e r ie s  e x p a n s io n s  a  new c o o r d in a t e  £; =  e x was 

in tr o d u c e d . S o lu t io n s  were th e n  s o u g h t  o f  th e  form

0 = Y <P (y) €  . u =V U i ,  U =V W i , ( 3 .  E:
n e n w Z ^ n

16 )

n=0 n=0 n=0

where 0 q =  y  and UQ = W = 1 .  On s u b s t it u t in g  in to  th e  

b o u n d a r y -la y e r  e q u a t io n s  we o b ta in  f o r  n 2: 1

n - 1

0 - n 0 = - n U + ) m | 0  0  “ 0 0  - U U  | = R  , ( 3 . E : 1 7 a )
n n n I m n - m  m n - m  m n - m l  n

m=l

0 (0) = 0,
n

0 (0) = w ,
n n

0  (oo) = U 
n n

( 3 . E : 1 7 b )

N ote t h a t  th e  o p e r a t o r  on th e  le f t -h a n d  s id e  o f  ( 3 . E : 1 7 a )  is  j u s t  

th e  harm onic o p e r a t o r , w hich made it  sim p le to  u s e  a f o u r t h -o r d e r ,  

f i n i t e - d i f f e r e n c e  d is c r e t is a t io n  ( s ix t h -o r d e r  a c c u r a c y  was o b ta in e d  

b y  R ic h a r d s o n  e x t r a p o la t io n ) .

275



The so lu tion  procedure was to  f i r s t  obtain 0 and 0 by

s o lu t io n  o f

(0 ) -  n<f> = R , 0 (0) = W , 0 (y ) = Un n n  n n n c o  i
( 3 .  E : 1 8 a )

and th e n  0  an d  0  from

// // // / // rym // / //
( 0  ) -  n 0  =  R , 0  ( 0 )  =  -  0  d y , 0  ( y  ) =  0 , ( 3 . E : 1 8 b )n n n n  J n  n ooO

( 0  ) = 0  , 0  ( 0 )  =  0 ,  0  ( y  ) =  [  °°  0  d y  ,n n n n oo J n
( 3 . E : 1 8 c )

r e s p e c t iv e ly .  N ote  t h a t  a b ad  c h o ic e  o f  b o u n d a ry  c o n d it io n s  a t  y ^

( t h e  a p p ro x im a tio n  to  in f in it y )  ca n  s ig n if ic a n t ly  a f f e c t  th e

a c c u r a c y  o f  th e  s o lu t io n s  a t  la rg e  n . T h e ab o ve  s p e c if ic a t io n  was 

fo u n d  to  be o p tim a l.

To c h e c k  th e  a c c u r a c y  o f  o u r  r e s u l t s  y  was v a r ie d  o v e r  4 5 ,00
1 5  1 5  1 5

6 0 , 12 0  an d  18 0 , and u n ifo rm  g r i d - s i z e s  o f  H =  ------ , —  an d  --------
’ a  256 5 1 2  1024

1 5
were u s e d . F o r  X =  0 . 5 ,  i t  was a d e q u a te  to  u s e  y  = 4 5  and H = —  

to  o b ta in  a s o lu t io n  up to  3 0 0  m odes. As a c h e c k  on th e  a c c u r a c y  o f  

o u r  s o lu t io n  we m on ito red  0  ( y  ) , w hich, from  a b o v e , s h o u ld
1 n oo 1

- 5
be z e r o . O n ly  modes f o r  which t h is  was le s s  th a n , s a y ,  10  were 

assu m e d  to  be r e lia b le .

In  o r d e r  to  exam ine th e  s in g u la r it y  s t r u c t u r e  we c o n s t r u c t e d

th e  s e r ie s  f o r  v  , i . e .00

=  V  n ( U y  - <t> ) €
L* n n

( 3 . E : 1 9)

n=l

and th e n  u s in g  P ad e a p p ro x im a n ts t r ie d  to  id e n t if y  th e  p o s it io n  o f  

th e  s in g u la r it ie s  in th e  £  p la n e  f o r  d i f f e r e n t  c h o ic e s  o f  A. When 

a s t r o n g  MRS s in g u la r it y  fo rm e d , th e  p o s it io n  o f  th e  s in g u la r it y  on 

th e  r e a l,  p o s it iv e  £  a x is  c o u ld  be id e n t if ie d  from  th e  p o le s  o f  th e
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denominator o f  the Pade approx imant. However, when the MRS

s in g u la r it y  was m arginal th e  p o s it io n  o f  th e  p o le s  c o u ld  n o t  be  

r e l ia b ly  id e n t if ie d . T h u s  an a tte m p t to  f in d  th e  d e p e n d e n c e  o f  th e  

p o le s  on A -  A was n o t  s u c c e s s f u l  ( in d e e d  i t  was h a rd  to  id e n t if y  

A b y  t h is  m e th o d ). F u r t h e r ,  f o r  a g iv e n  v a lu e  o f  A, we a tte m p te d
s

to c a lc u la t e  m ax(v ) ,  in o r d e r
K 00

to  id e n t if  y  i t s d e p e n d e n c e  on

A - A . H ow ever, th e  r e s u l t s  w ere
s

ag ain n o t r e lia b le enough to  be

o f u s e  in o u r  q u e s t  f o r  th e  s in g u la r it y s t r u c t u r e . In  p a r t ic u la r ,

i t was d i f f i c u l t  to  r e c o g n is e th e  x p o s it io n w here m ax( v  ) 
K oo

o c c u r r e d .

A t te m p te d  V is c o u s  S t r u c t u r e  w ith  u ~ X ~

T h e n u m e rica l r e s u l t s  o f  th e  p r e v io u s  s u b -s e c t io n  f o r  A c lo s e  

to  A , s u g g e s t  t h a t  in th e  v ic in i t y  o f  th e  s t a g n a t io n  p o in t ,
s

u ~ ~ X ( i . e .  s c a lin g  ( 3 . E : 5 ) ) ,  and t h a t  th e  s t a g n a t io n  p o in t

d e v e lo p s  a t / n e a r  th e  p o in t  o f  z e r o  p r e s s u r e  g r a d ie n t . In  an a tte m p t  

to  f in d  a s in g u la r it y  s t r u c t u r e  we t h e r e f o r e  assu m e ju =  0 ,

s u b s t it u t e

u = Xw, ¥  =  XC ( 3 . E : 2 0 a , b )

in to  th e  v is c o u s  b o u n d a r y -la y e r  e q u a t io n , e x p an d  in pow ers o f  X , 

and o b ta in  a t  le a d in g  o r d e r  in X

w( w -  Cw ) = u  + w( ww ) . ( 3 . E : 2 1 a ) ̂ K 2 K K

B y  r e s c a l in g  we ca n  ta k e  n =  1 w ith o u t lo s s  o f  g e n e r a l it y  

(fi2 > 0 ) ,  and th e  a p p r o p r ia t e  b o u n d a ry  c o n d it io n s  f o r  m atch in g  with  

S' =  0 ( 1 )  a r e

277



w -» ±B+£ as C (3 . E: 21b)

w here B + a r e  p o s it iv e  o r  n e g a t iv e  c o n s t a n t s  d e p e n d in g  on w h eth er X 

is  g r e a t e r  o r  le s s  th an  z e r o  ( s e e  ( 3 . E : 2 0 )  and r e c a l l  t h a t  u m ust 

be p o s i t i v e ) .

In  o r d e r  to  c h e ck  w h eth er b o u n d a ry  c o n d it io n s  ( 3 . E : 2 1 b )  ca n  be  

s a t i s f ie d ,  one p o s s ib i l i t y  w ould be to  u s e  a n u m e rical 's h o o t in g '  

te c h n iq u e  s t a r t in g  from  ^=+oo w ith a g iv e n  v a lu e  o f  B+ . F o r  p o s it iv e  

B+ ( i . e .  X > 0 ) ,  i t  is  a ls o  n e c e s s a r y  to  s p e c if y  th e  m agnitu de o f  

an e x p o n e n t ia lly  sm all term  p r e s e n t  a s  C, -> oo. A lt e r n a t iv e ly  f o r  

B + > 0 , a s h o o tin g  te c h n iq u e  ca n  be u s e d  w here w( 0 )  and w^(0) a r e  

v a r ie d  u n t il  th e  a s y m p to t ic  c o n d it io n s  ( 3 . E : 2 1 b )  a r e  s a t i s f ie d .  F o r

exam ple, b y  u s e  o f  th e  l a t t e r  te c h n iq u e  sy m m etric  s o lu t io n s  were 

fo u n d  f o r  a  ra n g e  o f  v a lu e s  o f  w( 0 )  > 1 ,  e a ch  w ith a c o r r e s p o n d in g  

B + =  B ; th e  r e la t io n s h ip  betw een th e  two is  i l l u s t r a t e d  in f ig u r e  

3 . E : 6 a .  T h is  in d ic a t e s  t h a t  f o r  X > 0 , a  sy m m etric  s o lu t io n  c a n  be  

fo u n d  f o r  a l l  w( 0)  > 1 ,  which y ie ld s  a  u n iq u e  B+ s a t is f y in g

( 3 . E:  2 1 b ) .

F o r  n e g a t iv e  B+ , one o f  t h e  b o u n d a ry  c o n d it io n s  ( 3 . E : 2 1 b ) ,  s a y  

th e  one a s  ^  +oo, c o m p le te ly  s p e c if ie s  th e  s o lu t io n  b e c a u s e  th e r e  

a r e  no e x p o n e n t ia lly  sm all te rm s p r e s e n t  a s  | £ |  -» oo. We t h e r e f o r e  

d e n o te  th e  s o lu t io n  b y  w ( £ ; B  ) .  N o te  a ls o ,  t h a t  s in c e  ( 3 . E : 2 1 a )  i s

sym m etric in th en i f  a  s o lu t io n , w, with b o u n d a ry c o n d it io n s

( 3 . E : 2 1 b )  e x i s t s  th en s o  d o e s o n e , ust(£) =  w( - £ ) ,  with b o u n d a ry

c o n d it io n s

m  -> ±B_C a s  C ±oo > ( 3 . E : 2 2 a )

h e n ce  w(C >) =  w ( £ ; B  ) .  I f a s o lu t io n  to ( 3 .  E : 2 1 )  is  to  be fo u n d  f o r

X < 0 , i t  fo llo w s  t h a t
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w ( 0 ; B  ) = w ( 0 ) = w ( 0 ; B  ) a nd w ( 0 ;  B ) = - w  ( 0)  = - w  ( 0 ;  B  ) .  ( 3 . E : 2 2 b )+ - K + K K -

U sin g  a n u m e ric a l s h o o tin g  m ethod s t a r t in g  fro m  C =  C > we 

c a lc u la t e d  w ( 0 ; B )  an d  w^(0;  B ) ; f ig u r e  3 . E : 6 b  d is p la y s  w( 0 )  a g a in s t  B 

an d  f ig u r e  3 . E : 6 c  w^ ( 0 )  a g a in s t  B . No two v a lu e s  o f  B+ , B c o u ld  be  

fo u n d  s a t is f y in g  ( 3 . E : 2 2 b )  -  n o te  t h a t  a s y m p to t ic  a n a ly s is  show s

t h a t  w -> - 1 ,  w -» 0 b o th  a s  B -» 0 -  and a s  B -> -oo ( s e e  bel ow) .  H ence  

we c o n c lu d e  t h a t  th e  p ro p o s e d  a s y m p to t ic  s t r u c t u r e  b a s e d  on 

( 3 . E : 2 0 )  d o e s n o t  e x is t ,  d e s p it e  th e  f a c t  th e  n u m e rica l r e s u l t s  o f  

s e c t io n  3 . 4  and th e  p r e v io u s  s u b s e c t io n  a p p e a r to  be c o n s is t e n t  

w ith t h is  s c a lin g .

In  o r d e r  to  c o n firm  t h is  c o n c lu s io n , we h ave  a ls o  exam ined th e  

s in g u la r it y  s t r u c t u r e  in p r im it iv e  v a r ia b le s .  S p e c if ic a l ly ,  on

s u b s t it u t in g

y  = g ( X )  + Y,  ~ X f ( Y )  , ( 3 . E : 2 3 )

w here g ( X )  is  a n y  f u n c t io n  o f  X , in to  th e  b o u n d a r y -la y e r  e q u a tio n ,  

and e x p a n d in g  in p ow ers o f  X , we o b ta in  a t  le a d in g  o r d e r  in | X | ,

f  -  f f  =  1 + f  . ( 3 .  E :2 4 a )

A prim e d e n o te s  d if f e r e n t ia t io n  w ith r e s p e c t  to  Y , =  1 h a s  ag ain

been a ssu m e d , an d  th e  a p p r o p r ia t e  b o u n d a ry  c o n d it io n s  (d e d u c e d

1
e it h e r  from  th e  in v is c id  s o lu t io n  o r  fro m  ( 3 . E : 2 1 b ) )  a r e

N o te  t h a t  |3 = B  , /3 =B  i f  X > 0 , an d  £  = - B  , B  = - B  i f  X < 0 . 
+ + -  -  + - -  +
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f  „ -  a  e x p ( 0  Y )  
2 + +

a s  Y  -) +oo , ( 3 . E : 2 4 b )

f  „  - -  a  e x p ( - 0  Y )  
2 -

a s  Y  -> -co , ( 3 . E : 2 4 c )

w here a + , 0 + a r e  c o n s t a n t s  ( a + , |3+ > 0 f o r  X > 0 ;  a + < 0 ,  0 ± > 0

f o r  X < 0 ) .  T h e t r a n s fo r m a tio n  Y -> Y -lo g (  l a  | ) / 0  , allo w s u s  to  ta k e ,

w ith o u t lo s s  o f  g e n e r a l it y , a +=<r, where <r= 1 i f  X > 0 and < r= -1 i f

X < 0 .

N u m erical s o lu t io n s  o f  ( 3 . E : 2 4 )  co n firm e d  t h a t  f o r  X > 0 

( 3 .  E : 2 4 b , c )  c o u ld  be s a t i s f ie d  f o r  a n y  0 + , b u t t h a t  f o r  X < 0 no

r e g u la r  s o lu t io n  f o r  a n y  0 c o u ld  be fo u n d  which h ad  th e  r e q u ir e d

e x p o n e n tia l grow th b o th  a s  Y  -> +co an d  a s  Y  -» -oo.

I t  m ight be a rg u e d  t h a t  a c c u r a t e  n u m e rical r e s u l t s  a r e  h a r d  to

o b ta in  a t  v e r y  sm all o r  v e r y  la rg e  v a lu e s  o f  0 + , a n d  t h a t  a t  one o f  

t h e s e  e x tre m e s a  s o lu t io n  f o r  X < 0 m ight e x is t .  H ow ever, a s  th e

fo llo w in g  a n a ly s is  in d ic a t e s ,  t h is  is  n o t  th e  c a s e .

F i r s t ,  we c o n s id e r  th e  c a s e  o f  small  0  and w rite

z  =  0 Y , f ( Y)  =  1  F ( z )  ; ( 3 . E : 2 5 a )

th e n  e q u a tio n  ( 3 . E : 2 4 a )  becom es

10 ** o •• •
F  -  F F  =  1 + 0  F  . ( 3 . E : 2 5 b )

A t le a d in g  o r d e r  in 0 th e  e q u a tio n  is  in v is c id  w ith s o lu t io n

F  ~ £  s in h  b z , ( 3 . E : 2 6 a )
b

w here, <r is  a  c o n s t a n t ,  and b y  s l ig h t l y  m o d ify in g  ( 3 . E : 2 5 a ) ,  we can  

ta k e  b = 1 w ith o u t lo s s  o f  g e n e r a l it y . H ig h e r -o r d e r  c o r r e c t io n s  can  

be o b ta in e d  b y  p e rfo rm in g  an e x p a n s io n  in pow ers o f  0 :

F  = o* s i n h ( z )  + 0 2 F i  + . . . . ( 3 .  E : 2 6 b )
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S u bstitu tion  into equation (3 . E:25b) y ie ld s

/ //
2 c o s h ( z )  F  -  s i n h ( z ) (  F  + F  ) =  c o s h  z ,  ( 3 . E : 2 7 a )l l i

a  s o lu t io n  o f  w hich is

- z

F =  c  c o s h  z  +  c  c o s h  z1 2  l ta n h  z  d z

z

+ 2  c o s h  z

-  — c o s h  z

1
c o s h  z

d z ( 3 .  E : 2 7 b )

-z
ta n h  z  log [ tanh ; z ] d z  .

F o r  th e  s o lu t io n  to  h a v e  th e  c o r r e c t  a s y m tp o tic  b e h a v io u r  a s  

| z |  -» oo, i t  fo llo w s  t h a t  c^  =  0 . Th en  a s  z  -> 0 ,

F  „ c  1 2
Z 1 3

+ 2 + 6 Z + ■■■

- ? [ k 3ln [ h z ] - b z + ■■■] ■

( 3 . E : 2 8)

T h e lo g a rith m ic  term  s u g g e s t s  th e  e x is t e n c e  o f  a  ' c r i t i c a l  la y e r '  

n e a r  z  =  0 , w here v is c o u s  f o r c e s  c a n n o t be n e g le c t e d . The

d is t in g u is h e d  s c a lin g  f o r  th e  c r i t i c a l  la y e r  is  Y  ~ 1 ,  an d  m atching  

w ith ( 3 . E : 2 8 )  s u g g e s t s  t h e  e x p a n s io n

f  =  crY + ^ c 2 + 0 2 f a + /33 f 3 + /34 l n ( | 3 ) f 4 + 0 4f 4 + . . .  . ( 3 . E : 2 9 )

S u b s t it u t io n  o f  ( 3 . E : 2 9 )  in to  ( 3 . E : 2 4 a ) ,  y ie ld s  a f t e r  a  l i t t le  

m a n ip u la tio n ,

f 2 = 5y + X  • f3 ■  k y2 • f  = - V -  — y4 6 2<r ’ ( 3 .E:30a)

f l  = k 4 + U  <  -  41 ' + gy4 ( 3 .E:30b)
w here
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g + crYg -  2<rg = crY2 , ( 3 . E : 3 1 a )
4 4 4 c.

and g^ -> — ^ Y 2 lo g ( | Y | ) a s  | Y |  -» co . ( 3 . E : 3 1 b )

F o r  a s u c c e s s f u l  m atch to  be made w ith z  = 0 -  an d  z  =  0 + , g (Y )
4

m ust be a  sym m etric f u n c t io n o f Y . F o r (r =  1 ,  th e  sy m m etric

p a r t ic u la r  s o lu t io n  to ( 3 . E : 3 1 a ) w ill s a t i s f y ( 3 . E : 3 1 b )  b e c a u s e  th e

com p lem entary f u n c t io n s ( i. e . Y 2 and an a n tisy m m e tric one which

b e h a v e s  lik e exp  ( -crY 2/ 2 ) a s | Y |  -> co), grow le s s  f a s t a s  | Y  [ -» co

than th e  p a r t ic u la r  s o lu t io n . H ow ever, f o r  cr = - 1 ,  a s o lu t io n  to

( 3 . E : 3 1 a )  d o e s  n o t e x is t  which s a t i s f i e s  ( 3 . E : 3 1 b )  b o th  a s  Y  -> +oo 

and a s  Y  -» -oo.

A s y m p to t ic  s o lu t io n s  f o r  large (3 h a v e  a ls o  been s o u g h t . The  

m ost o b v io u s  s c a lin g  in t h is  c a s e  is

Y  =  |  , f  ( Y ) ~ 13 f ( z )  , ( 3 .  E :  3 2 a ,  b)

which y ie ld s  on s u b s t it u t io n  in to  ( 3 . E : 2 4 a )

f  -  f f  =  f  . ( 3 . E : 3 2 c )

T h is  e q u a tio n  h a s  s o lu t io n s

f  =  c  e x p ( b z )  -  b , ( 3 . E : 3 2 d )

w here b an d  c  a r e  c o n s t a n t s .  H ow ever, f o r  no c h o ic e  o f  b o r  c  do 

t h e s e  s a t i s f y  th e  b o u n d a ry  c o n d it io n s  ( 3 . E : 2 4 b , c )  b o th  a s  z  -> oo and  

a s  z  -» -oo.

O t h e r  c a n d id a t e s  f o r  t h e  s i n g u l a r i t y  s t r u c t u r e

T h e  a b o v e  arg u m en ts seem  to  r u le  o u t  a  s in g u la r it y  s t r u c t u r e  

b a s e d  on th e  s c a lin g  u ~ $  ~ X , Y ~ 1 .  N e x t we c o n c e n t r a t e  on X < 0 ,
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and t r y  a  more g e n e ra l s c a lin g

■n =  fx (X )Y  , =  -  -  f ( n ,  X) . ( 3 .  E : 3 3 a ,  b)

The b o u n d a r y -la y e r  e q u a tio n  th e n  becom es

f 2
V

-  f f
V V

X( f f  -  f  f
T/17 X n jjX

) + X f f  -  1 -  fi2f . ( 3 .  E : 3 3 c )
v v v

We w ill make th e h y p o t h e s is t h a t to  le a d in g o r d e r  th e  s in g u la r it y

is in v is c id ( t h is seem s to be s u g g e s t e d  b y some 7 c o n t in u a t io n '

model pro blem s -  s e e  b e lo w ), which im ples t h a t  p  «  1 .  F o r  maximum

in t e r a c t io n  a t  th e  c o r r e c t io n  te rm , we w ill a ls o  assu m e  t h a t  

X
— --------H2 , i . e .  t h a t  n  =  [ - l o g ( - X )  ] _ 1 /2  . ( 3 . E : 3 4 )

S u b s t it u t io n  o f

f  =  f  q (7)) + v  f  x (n )  + M2 f'2 (T?) + . . .  ( 3 .  E : 3 5 )

in to  e q u a tio n  ( 3 .  E : 3 3 c )  y ie ld s  a f t e r  some a lg e b ra  ( r e c a ll  X < 0 and

u > 0)

f  =  
0

1
p s in h  , ( 3 . E :3 6 a )

ii a c o s h  + a c o s h  Bin 
1 2 1

r v 2tan h  fir) dr) .
J 0

( 3 . E :3 6 b )

In  o r d e r t h a t f  and f  m aintain  
0 1

t h e ir  a s y m p to t ic o rd e r in g  a s

V  -> oo, we r e q u ir e  a =  0 . The s o lu t io n  f o r  f  is  th e n  g iv e n  b y

-*)
CO

_:
__

_J

2
= /3tanh (37)

cosh |3t)
a ^ 2 -  (3%osh  /3t) -  sinh 3̂t)

cosh (3t) < s in h

(3 .E:36c)

F o r  a l l  /3 > 0 , t h is  s o lu t io n  le a d s  to  lo g a rith m ic  term s a s  7) -> 0 

w h a te v e r th e  c h o ic e  o f  ( t h e  0 ( f i)  term  was in c lu d e d  in ( 3 .  E : 3 5 )  

in th e  hope t h a t  a j  c o u ld  be c h o s e n  to  rem ove th e  lo g a r ith m ). F o r

283



th e  same r e a s o n s  a s  f o r  u ~ ~ X , 3  «  1 ,  t h e s e  lo g a rith m ic  te rm s

c a n n o t be sm o othed o u t  b y  a c r i t ic a l  la y e r , and h e n ce  th e  ab o ve

a s y m p to t ic  s t r u c t u r e  is  in c o r r e c t .  F u r t h e r , i t  d o e s n o t a p p e a r to

be p o s s ib le  to  ad d  o t h e r  te rm s in to  ( 3 . E : 3 5 )  to  r e c t i f y  th e

problem . O b v io u s ly  th e  same c o n c lu s io n s  ca n  be re a c h e d  u s in g  Von

M ises c o o r d in a t e s  r a t h e r  th a n  p r im it iv e  v a r ia b le s .

A s l ig h t  v a r ia t io n  on th e  a b o v e  is  to  allow  th e  term  in

( 3 .  E : 3 3 c )  to  o c c u r  a t  le a d in g  o r d e r  b y  c h o o s in g  fi =  ( —X ) n f o r

n > 0 . In  Von M ises c o o r d in a t e s  t h is  c o r r e s p o n d s  to  a  s c a lin g

u = (-X )u (X , O  > *  = ( -X )1-nC • (3. E: 37a, b)

S u b s t it u t io n  o f  a  p e r t u r b a t io n  e x p a n s io n ,

v = v  ( £ )  + ( - X ) u  ( £ ) + . . .  + ( - X ) 2nu ( < )  + . . .  ( 3 .  E : 3 7 c )0 1 v

in to  th e  b o u n d a r y -la y e r  e q u a tio n  d e m o n s tr a te s  t h a t  a t  le a d in g  o r d e r

t v2 / ( l - n K l / 2  , _ _  0 0  v
v q  =  (fi2 + c  £  ) , ( 3 .  E : 3 8 a )

where \l is  a s  d e f in e d  b e n e a th  ( 3 . E : 1 b ) ,  and c  is  a c o n s t a n t .

H e n ce , th e  le a d in g -o r d e r  s o lu t io n  is  r e g u la r  o n ly  f o r  c e r t a in

v a lu e s  o f  n , e . g .  n = 1 / 2 .

F o r  i l l u s t r a t io n ,  th e  c a lc u la t io n  f o r  n =  1 / 2  h a s  been ta k e n

to  n e x t  o r d e r . The g o v e rn in g  e q u a tio n  f o r  u is  (n o te  t h a t  f o r

n = 1 / 2  we ca n  ta k e  v  = 0 )

v  [ 2v - — v  | + v  (u  l  2 I K j  1 0
£ *3) = V (u V  ) - fT - .
2 OK 0 0 0 ? K 2

( 3 .  B: 3 8 b )

A s e r ie s  s o lu t io n  a b o u t £  =  0 d e m o n s tra te s  t h a t  a g a in  lo g a rith m ic  

term s a r e  p r e s e n t  a s  £  -> 0 ( t h e s e  a re  a c o n s e q u e n c e  o f  th e  v is c o u s  

f o r c in g  in th e  ab o ve  e q u a t io n ) . T h e r e f o r e  a c r i t ic a l  la y e r  m ust be  

p r e s e n t ,  and i t  t u r n s  o u t  to  be e s s e n t ia l ly  th e  same a s  t h a t
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c o n s id e r e d  e a r l ie r .  B e c a u s e  t h is  c r i t ic a l  la y e r  c a n n o t  s u c c e s s f u l l y

m atch to  lo g a rith m ic  term s in b o th  <  > 0 and < < 0 , we a r e  f o r c e d  

to  c o n c lu d e  t h a t  t h is  s in g u la r it y  s t r u c t u r e  is  r u le d  o u t .

A s in g u la r it y  s t r u c t u r e  h a s  a ls o  been s o u g h t  with ( c f .  

( 3 . E : 3 3 a , b )  )

T) =  f i( X ) Y  > * = - X  fi f ( v ,  X) , ( 3 .  E : 3 9 a , b)

fi »  1 ,  and | |  «  1 .  The le a d in g  o r d e r  e q u a tio n  o f  an e x p a n s io n  

in pow ers o f  fi is  e s s e n t ia l l y  ( 3 . E : 3 2 c ) ,  w hich c o n s is t s  o f  a  

b a la n c e  betw een in v is c id  an d  in e r t ia  term s (no p r e s s u r e  g r a d ie n t  

term  is  p r e s e n t ) .  H ow ever, s o lu t io n s  to  t h is  e q u a tio n  which s a t i s f y  

th e  a p p r o p r ia t e  b o u n d a ry  c o n d it io n  a s  Y  -> co [ Y  -> -o o ], c a n n o t be  

m atched o n to  a s u it a b le  flow  f o r  Y  -> -oo [ Y  oo] e it h e r  d ir e c t ly  or 

b y  an in te rm e d ia te  re g io n  w here th e  p r e s s u r e  g r a d ie n t  is

s ig n if ic a n t  ( t h e  d i f f e r e n t  a s y m p t o t ic  b e h a v io u r s  o f  ( 3 . E : 3 2 d )  a t  oo

and -oo s u g g e s t  th e  p r e s e n c e  o f  an in te rm e d ia te  la y e r  in one  

d ir e c t io n ) .

We h a v e  a ls o  c o n s id e r e d  s c a l in g s  where fi =  ( - X )  n , i . e .

TJ =  ( - X ) " nY , ¥  =  ( - X ) 1 _ n f(T ?) . ( 3 .  E : 4 0 a , b)

T h e s e  s c a l in g s  h a v e  |X jlx̂ / jlx.| =  0 ( 1 ) ,  and f o r  n > 0 le a d  to  a

m o d ifie d  form  o f  ( 3 . E : 3 2 c ) ,  v i z .

f'" -  ( 1 - n )  ff"  + ( 1 - 2 n ) f 7 2 =  0 , ( 3 .  E : 4 0 c )

w here n < 1 / 2  is  assu m e d  s o  t h a t  a  s t a g n a t io n  p o in t  d e v e lo p s  in u .

H ow ever, s u it a b le  s o lu t io n s  which m atch a s  i) becom es la rg e  ( i . e .

f  -» /3t)( 1 n ) /n ) ,  and f o r  which u is  e v e ry w h e re  p o s it iv e ,  do n o t

e x i s t ,  t h u s  r u lin g  t h is  s in g u la r it y  s t r u c t u r e  o u t  a s  w ell. An

im p o rta n t c a s e  is  n =  1 / 4 .  T h is  c o r r e s p o n d s  to  a  v e l o c it y  p r o f i le
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t h a t  is  r e g u la r  in th e  n e ig h b o u rh o o d  o f  th e  s t a g n a t io n  p o in t , i . e .  

u ~ A ( y - y  ) 2 f o r  | y - y  I «  1 an d  IX I «  1 ,  where A is  an o r d e r  one
s  1 s

c o n s t a n t .

A r e la t e d  p o s s ib i lt y  is  t h a t  u is  r e g u la r  to  le a d in g  o r d e r  a t  

th e  s t a g n a t io n  p o in t , b u t  t h a t  th e  p r e s s u r e  g r a d ie n t  is  n o n -z e r o  

(a lth o u g h  t h is  a ssu m p tio n  a p p e a r s  to  be in c o n s is t e n t  w ith th e

n u m e rica l r e s u l t s ) .  The s c a lin g  i? =  ( - X )  y ,  th e n  le a d s  a t

le a d in g  o r d e r  to  ( 3 .  E :4 0 c )  m o d ifie d  b y  th e  a d d it io n  o f  a  c o n s t a n t  

on th e  r ig h t -h a n d  s id e  ( th e  c o n s t a n t  ca n  be n o rm a lis e d  to  1 w ith o u t

lo s s  o f  g e n e r a l it y ) .  The s o lu t io n  to  t h is  e q a tio n  is  j u s t  f  =  t) / 6 .

G iv e n  t h is  le a d in g  o r d e r  s o lu t io n , h ig h e r  o r d e r  c o r r e c t io n s  in

pow ers o f  ( - X )  ca n  be c a lc u la t e d . T h e y  s u g g e s t  t h a t  th e

d isp la c e m e n t t h ic k n e s s  and th e  blow ing v e lo c it y  rem ain f in i t e  f o r  

|X  | «  1 .  T h is  is  in d isa g re e m e n t w ith th e  n u m e rica l r e s u l t s ,  a s  is

th e  f a c t  t h a t  t h is  s in g u la r it y  s t r u c t u r e  p r e d ic t s  t h a t

1/2
min u «  ( —X ) f o r  0 < - X  «  1 .  F u r t h e r ,  i t  is  n o t  c le a r  how s u c h  a

y

s in g u la r it y  s t r u c t u r e  is  c o n t in u e d  in to  X > 0 , a  c o n s id e r a t io n  

which is  n e c e s s a r y  f o r  A -  X  sm all b u t  p o s it iv e .  O ur c o n c lu s io n  is
s

t h a t  t h is  is  n o t  th e  c o r r e c t  s in g u la r it y  s t r u c t u r e .

We h a v e  a ls o  c o n s id e r e d  a num ber o f  o t h e r  more 'e x o t ic '

s in g u la r it y  s t r u c t u r e s ;  f o r  exam ple one was b a s e d  on a b e h a v io u r  

u ~ [ - l o g ( - ' l ' ) ]  f o r  u c lo s e  to  u (a lth o u g h  t h is  t y p e  o f  b e h a v io u r
min

is  o f  c o u r s e  in d isa g re e m e n t with o u r  n u m e ric a l r e s u l t s ) .

U n f o r t u n a t e ly , none o f  them h a s  been fo llo w e d  to  a  s u c c e s s f u l

c o n c lu s io n .
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A contin u ation  approach

F in a lly , we a tte m p t to  o b ta in some in s ig h t  in to th e

s in g u la r it y s t r u c t u r e  b y in tr o d u c in g  ia new p a ra m e te r in to th e

problem , s a y n , an d  th e n  le t t in g  n te n d to  a v a lu e , h e r e  n =  1 , a t

w hich p o in t th e  o r ig in a l problem  is r e c o v e r e d . S p e c if ic a l ly , we

c o n s id e r  th e  b o u n d a r y -la y e r  problem  w here th e  p r e s s u r e  g r a d ie n t  is  

g iv e n  b y  ( —X ) n , and th e  s in g u la r it y  is  assu m e d  to  d e v e lo p  a t  X =  0 

( b y  s u it a b le  c h o ic e  o f  in it ia l  c o n d it io n s ,  e t c . ) .

T h e g o v e rn in g  b o u n d a r y -la y e r  e q u a t io n s  a r e  t h e n , f o r  X < 0 ,  

u + v  =  0 ,

uu + vu  =  -  ( —X ) n + u 
x y YY

( 3 . E : 4 1 )

When n = 0 we m ight e x p e c t  a  s t a n d a r d  MRS s in g u la r it y  to  o c c u r  a t  

X = 0 , ( o r  p o s s ib ly  a  G o ld s t e in  s in g u la r it y  i f  th e  s t a g n a t io n  p o in t  

d e v e lo p s  ' a t  th e  w a l l ' ) ,  and when n =  1 a  m arginal MRS s in g u la r it y  

o f  th e  ty p e  o f  p r e s e n t  in t e r e s t  s h o u ld  d e v e lo p .

F i r s t ,  we s o u g h t  a  s in g u la r it y  s t r u c t u r e  to  ( 3 . E : 3 9 )  w hich was 

b a s e d  on th e  MRS s in g u la r it y .  On s u b s t it u t io n  o f

= (_x)(n+1)/2 £
( 3 . E :4 2 a )

/ w \ ( 1 )  / 2  *  / v. \ *  w \ (  1 - n )  / 2  / . \
u = ( —X) (w ( < )  +  ( —X) w (C )  + •••) ,0 1

in to  th e  Von M ises b o u n d a r y -la y e r  e q u a t io n s , r e g u la r  s o lu t io n s  f o r  

wq and wi  c o u ld  be fo u n d  f o r  0 n < 1 .  H ow ever, t h e ir  lim itin g

form  a s  n ■ ) 1 was u n c le a r , p r im a r ily  b e c a u s e  th e r e  w ere a  num ber o f

unknown c o n s t a n t s  w hose m ag n itu d e , and d e p e n d e n ce  on ( 1 - n ) ,  would

be f ix e d  b y  th e  u p stre a m  s o lu t io n . T h is  a p p ro a c h  is  n o t p u r s u e d

f u r t h e r  h e r e .

287



In s t e a d , we assu m e a  s in g u la r it y  s t r u c t u r e  f o r  0 < n < 1 in 

w hich th e  in e r t ia ,  v is c o u s  an d  p r e s s u r e  g r a d ie n t  te rm s a l l  b a la n c e .  

T h e  a p p r o p r ia t e  s c a lin g  is  th en

u -  ( - X ) ( n + 1 ) / 2 v ( < )  , =  ( - X ) (n+3)/4 C • ( 3 .  E : 4 3 )

On s u b s t it u t in g  in to  th e  b o u n d a r y -la y e r  e q u a tio n  in Von M ises

c o o r d in a t e s , we o b ta in

( n + 3 )  w r -v
---------------- C w -  q w  = - 1  + w ( vw ) , ( 3 . E : 4 4 a )4 l  * J < <

w here q = 2 ( n + 1  ) / ( n + 3 ) . In  o r d e r  t h a t  th e  s o lu t io n  m atch w ith a  

v e l o c it y  p r o f i le  t h a t  h a s u =  0 ( 1 )  f o r  ^  =  0 ( 1 ) ,  th e  a p p r o p r ia te

b o u n d a ry  c o n d it io n s  a r e

w  -> B+ | C | q a s  C -> ±co , ( 3 .  E : 44b )

w here B+ a r e  p o s it iv e  c o n s t a n t s .  A s in th e  s o lu t io n  o f  ( 3 . E : 2 1 )  f o r  

X < 0 , th e  s o lu t io n  f o r  ( 3 . E : 4 4 )  ca n  be c h a r a c t e r is e d  b y  i t s

a s y m p t o t ic  b e h a v io u r  a t  in f in i t y ,  i . e .  w  =  w ( £ ;B  ) .  S im ila r ly , a  

s o lu t io n  s a t is f y in g  ( 3 . E : 4 4 b )  c a n  be fo u n d  i f

w (0 ;B  ) = w ( 0 ;B  ) and w  ( 0 ; B )=-w  (0 ; B  ) . ( 3 . E : 4 5 )+ - K + K

N um erical in t e g r a t io n  d e m o n s tr a te s  t h a t  s u c h  s o lu t io n s  e x is t

f o r  0 < n < 1 ,  and t h a t  t h e y  a r e  sym m etric a b o u t £  =  0 . The

n u m e rica l s o lu t io n s  a ls o  s u g g e s t  t h a t  B =  B  ~ 2 ( 1 - n ) / ( n + 3 )  a s  

n -» 1 ,  and an a s y m p to t ic  s o lu t io n  f o r  0 < 1 - n  «  1 ca n  be fo u n d

c o n firm in g  t h is  ( a ls o  s e e  b e lo w ). H e n ce , t h is  model problem  

s u g g e s t s  t h a t  f o r  n =  1 ,  we s h o u ld  be lo o kin g  f o r  a  s in g u la r it y  

s t r u c t u r e  w hich is  a lm o st in v is c id .  H ow ever, a s  in d ic a t e d  a b o v e , 

a s y m p t o t ic  s o lu t io n s  b a s e d  on t h is  a ssu m p tio n  h a v e  y e t  to  p ro v e

288



s u c c e s s f u l .  F u r t h e r ,  we c o n s id e r  n e x t  a  s l ig h t  m o d ific a tio n  to  

( 3 . E : 4 1 )  which s u g g e s t s  t h a t  t h e r e  may be o t h e r  s ig n if ic a n t  

d i f f i c u l t i e s .

S p e c if ic a l ly ,  we c o n s id e r  th e  b o u n d a r y -la y e r  e q u a tio n

uu =  -  ( - X )  ( - l o g ( - X )  ) 2m + u ( uu ) ,
x * *

( 3 . E : 4 6 )

an d  assu m e t h a t  a  s in g u la r it y  d e v e lo p s  a t  X = 0 . On th e  b a s is  o f  

th e  p r e v io u s  exam p le, we m ight e x p e c t  to  be a b le  to  f in d  a  

s in g u la r it y  s t r u c t u r e  f o r  m > 0  (m =  0 c o r r e s p o n d s  to  th e  main 

problem  o f  in t e r e s t ) .  The n u m e ric a l s o lu t io n s  to  ( 3 . E : 4 4 a )  f o r  

0 < 1 - n  «  1 s u g g e s t  an a s y m p to t ic  e x p a n s io n  o f  th e  form

(m+l)/2
“n ,

( 3 . E : 4 7 )
*  ~ ( - X )  j^ -lo g  |X  |J 

u ~ ( - X ) [ - l o g | X | ]  ( Gq
1

[ - l o g ( - X ) ]

S u b s t it u t io n  in to  th e  g o v e rn in g  e q u a t io n s , e x p a n s io n , m atch in g , 

e t c .  , y ie ld s

Q = ( 1 + B 2tj2 ) 1 / 2  , 0 =7i2 ( 1 + B 27j2 ) " l / 2 ( a + r  T f3 F (7 j)d 7 j)  ( 3 .  E : 4 8 a )o l J

w here B and a  a r e  c o n s t a n t s ,  and

F ( tj) =  -m  + ( 1 - m ) B % 2/ 2  + B2 ( 1 + B % 2 ) 1 / 2  . ( 3 . E : 4 8 b )

I f  th e r e  a r e  to  be no lo g a rith m ic  te rm s in u ^Ct?) ( t h e s e  n eed  to  be

a v o id e d  s in c e  a c r i t i c a l  la y e r  c a n n o t  seem to  be fo u n d  which

2
sm o o th e s them o u t ) ,  th en  th e  c o e f f ic ie n t  o f  tj in th e  T a y lo r  

e x p a n s io n  o f  ( 3 . E : 4 8 b )  a b o u t i? =  0 m ust be z e r o , i . e .

B =  ( m - l ) 1 / 2  . ( 3 . E : 4 9 )

N o te  t h a t  t h is  f ix e s  th e  a s y m p t o t ic  b e h a v io u r o f  u  , and is  ano
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a n a ly t ic  d e r iv a t io n  o f  what we h a v e  done n u m e r ic a lly  in th e  

p r e v io u s  model problem .

T h e d is a p p o in t in g  a s p e c t  o f  t h is  s o lu t io n  is  t h a t  i t  is  n o t  

v a lid  f o r  0 < m ^  1 .  T h u s  we c a n n o t  g e t  a s y m p t o t ic a lly  c lo s e  to

m = 0 , i . e .  th e  problem  we a r e  r e a l l y  in t e r e s t e d  in . T h is  s u g g e s t s  

t h a t  th e  m =  0 problem  may h a v e  a  s ig n if ic a n t ly  d i f f e r e n t

s in g u la r it y  s t r u c t u r e .  We c o n c lu d e  t h a t  a  s in g u la r it y  s t r u c t u r e  

which lo o ke d  v e r y  s t r a ig h t f o r w a r d  a t  f i r s t ,  an d  f o r  which th e  

n u m e rical r e s u l t s  s u g g e s t  th e  m o st o b v io u s  a s y m p t o t ic  s c a l in g ,  is  

in f a c t  f a r  from  sim p le .
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w(0) Figure 3.E:6a X > Q

B =  B
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Figure 3.E:6b X < 0
w ( 0 )

Figure 3 .E :6 c  X < 0 w< ^
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