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Group Spike-and-Slab Variational Bayes

Michael Komodromos*, Marina Evangelou®, Sarah Filippi*, and Kolyan Ray*

Abstract. We introduce Group Spike-and-Slab Variational Bayes (GSVB), a
scalable method for group sparse regression. A fast co-ordinate ascent variational
inference (CAVI) algorithm is developed for several common model families in-
cluding Gaussian, Binomial and Poisson. Theoretical guarantees for our proposed
approach are provided by deriving contraction rates for the variational posterior in
grouped linear regression. Through extensive numerical studies, we demonstrate
that GSVB provides state-of-the-art performance, offering a computationally in-
expensive substitute to Markov Chain Monte Carlo (MCMC), whilst performing
comparably or better than existing maximum a posteriori (MAP) methods. Ad-
ditionally, we analyze three real world datasets wherein we highlight the practical
utility of our method, demonstrating that GSVB provides parsimonious models
with excellent predictive performance, variable selection and uncertainty quantifi-
cation.
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1 Introduction

Group structures arise in various applications, such as genetics (Wang et al., 2007;
Breheny and Huang, 2009), imaging (Lee and Cao, 2021), multi-factor analysis of
variance (Meier et al., 2008), non-parametric regression (Huang et al., 2010), and
multi-task learning, among others. In these settings, p-dimensional feature vectors,
x; = (X1, .. ,.Z'ip)—r € RP for i = 1,...,n observations can be partitioned into groups
of features. Formally this means that we can construct sub-vectors, g, = {z; : j € Gi}
for k =1,..., M, where the groups G, = {Gg1,...,Gk,m, } are disjoint sets of indices
satisfying Ui\il Gr = {1,...,p}. Typically, these group structures are known before-
hand, for example in genetics where biological pathways (gene sets) are known, or they
are constructed artificially, for example, through a basis expansion in non-parametric
additive models.

In the regression setting incorporating these group structures is crucial, as disre-
garding them can result in sub-optimal models (Huang and Zhang, 2010; Lounici et al.,
2011). In this manuscript, we focus on the general linear regression model (GLM) where,

for each observation i = 1,...,n, the response, Y; can be modelled by
M
E[K|ml7ﬂ]f<szGkﬁGk> ) z':l,...,n (1)
k=1
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2 Group Spike-and-Slab Variational Bayes

where f : R — R represents the link function, § = (51,...,BP)T € RP denotes the
model coefficient vector with Sg, = {8; : j € Gi}. Beyond incorporating the group
structure, it is often of practical importance to identify the groups of features that are
associated with the response. This holds particularly true when there are a large number
of them. To address this, various methods have been proposed over the years, with one
of the most popular being the group LASSO (Yuan and Lin, 2006), which applies an
l31 norm to groups of coefficients. Following Yuan and Lin (2006) there have been
numerous extensions, including the group SCAD (Wang et al., 2007), the group LASSO
for logistic regression (Meier et al., 2008), the group bridge (Huang et al., 2009), group
LASSO with overlapping groups (Jacob et al., 2009), among others (see Huang et al.
(2012) for a detailed review of frequentist methods).

In a similar vein, Bayesian group selection methods have arisen. The earliest of which
being the Bayesian group LASSO (Raman et al., 2009; Kyung et al., 2010), which uses
a multivariate double exponential distribution prior to impose shrinkage on groups
of coefficients. Notably, the maximum a posteriori (MAP) estimate under this prior
coincides with the estimate under the group LASSO. Other methods include Bayesian
sparse group selection (Xu and Ghosh, 2015; Chen et al., 2016) and the group spike-
and-slab LASSO (Bai et al., 2020) which approach the problem via stochastic search
variable selection (Mitchell and Beauchamp, 1988; Chipman, 1996). Formally, these
methods utilize a group spike-and-slab prior, a mixture distribution of a multivariate
Dirac mass on zero and a continuous distribution over R™*  where my is the size of
the kth group. Such priors have been shown to work excellently for variable selection as
they are able to set coeflicients exactly to zero, avoiding the use of shrinkage to enforce
sparsity. For a comprehensive review see Lai and Chen (2021) and Jreich et al. (2022).

However, a serious drawback of these methods is that most use Markov Chain Monte
Carlo (MCMC) to sample from the posterior (Raman et al., 2009; Xu and Ghosh, 2015;
Chen et al., 2016). In general, MCMC approaches are known to be computationally
expensive when there are a large number of variables, and often exhibit poor mixing
and slow convergence. To circumvent these issues, some authors proposed computing
MAP estimates (Kyung et al., 2010; Bai et al., 2020), by relaxing the form of the prior,
replacing the multivariate Dirac mass with a continuous distribution concentrated at
zero (Roc¢kova and George, 2018). Although these algorithms are fast to compute, they
come at the sacrifice of interpretability, as posterior inclusion probabilities no longer
guarantee the coefficient is zero but rather concentrated at zero. Beyond this, these
algorithms only return a point estimate for 8 and therefore do not provide uncertainty
quantification — a task at the heart of Bayesian inference.

To bridge the gap between scalability and uncertainty quantification several authors
have turned to variational inference (VI). An approach to inference wherein the posterior
distribution is approximated by a tractable family of distributions known as the varia-
tional family (see Zhang et al. (2019) for a review). In the context of high-dimensional
Bayesian inference, VI has proven particularly successful, and has been employed in
linear regression (Carbonetto and Stephens, 2012; Ormerod et al., 2017; Ray and Sz
abd, 2022), logistic regression (Ray et al., 2020) and survival analysis (Komodromos
et al., 2022) to name a few. Within the context of Bayesian group regression, to our



M. Komodromos, M. Evangelou, S. Filippi, and K. Ray 3

knowledge only the Bayesian group LASSO has seen a variational counterpart (Babacan
et al., 2014).

In this manuscript we examine the variational Bayes (VB) posterior arising from
the group spike-and-slab prior with multivariate double exponential slab and Dirac
spike, referring to our method as Group Spike-and-slab Variational Bayes (GSVB).
We provide scalable variational approximations to three common classes of generalized
linear models: the Gaussian with identity link function, Binomial with logistic link
function, and Poisson with exponential link function. We outline a general scheme for
computing the variational posterior via co-ordinate ascent variational inference. We
further show that for specific cases, the variational family can be re-parameterized to
allow for more efficient updates.

Through extensive numerical experiments we demonstrate that GSVB achieves
state-of-the-art performance while significantly reducing computation time by several
orders of magnitude compared to MCMC. Moreover, through our comparison with
MCMC, we highlight that the variational posterior provides excellent uncertainty quan-
tification through marginal credible sets with impressive coverage. Additionally, the pro-
posed method is compared against the spike-and-slab group LASSO (Bai et al., 2020), a
state-of-the-art Bayesian group selection algorithm that returns MAP estimates. Within
this comparison our method demonstrates comparable or better performance in terms
of group selection and effect estimation, whilst carrying the added benefit of provid-
ing uncertainty quantification, a feature not available by other scalable methods in the
literature.

To highlight the practical utility of our method, we analyse three real datasets,
demonstrating that our method provides excellent predictive accuracy, while also achiev-
ing parsimonious models. Additionally, we illustrate the usefulness of the VB posterior
by showing its ability to provide posterior predictive intervals, a feature not available
to methods that provide MAP estimates, and computationally prohibitive to compute
via MCMC.

Theoretical guarantees for our method are provided in the form of posterior contrac-
tion rates, which quantify how far the posterior places most of its probability from the
‘ground truth’ generating the data for large sample sizes. This approach builds on the
work of Castillo et al. (2015) and Ray and Szabé (2022), and extends previous Bayesian
contraction rate results for true posteriors in the group sparse setting (Ning et al., 2020;
Bai et al., 2020) to their variational approximation.

Concurrent to our work, Lin et al. (2023) proposed a similar spike-and-slab model
for group variable selection in linear regression, which appeared on arXiv shortly after
our preprint.

Notation. Let y = (y1,...,%,) " € R™ denote the realization of the random vector Y =
(Y1,...,Y,). Further, let X = (z1,...,2,)" € R"*? denote the design matrix, where for
a group Gy, let X, = (T1,64+- -+, Tn,g,) | € R™™r Similarly, for G§ = {1,...,p}\ Gk,
denote Xge = (xljgz,...,xm(;z)—r e R"*(P=mk) where rige = {zij 1 j € G}, and
Bas = {B;j : j € G }. Wherein, without loss of generality we assume that the elements
of the groups are ordered such that 1 = G117 < G12 < -+ < Gy, = p- Finally, the



4 Group Spike-and-Slab Variational Bayes

Kullback-Leibler divergence is defined as Dk1, = Dkr(Q||P) = [, log (%) dQ, where

@ and P are probability measures on X', such that @ is absolutely continuous with
respect to P.

2 Prior and variational family

To model the coefficients 3, we consider a group spike-and-slab prior. For each group
Gy, the prior over B¢, consists of a mixture distribution of a multivariate Dirac mass
on zero and a multivariate double exponential distribution, ¥ (53¢, ), whose density is
given by,
1/1(56*“ /\) = CpA™* exp (7>\||/8Gk ”)

where Cy, = [2™# g™+ =1/20((my, +1)/2)] 7" and || - || is the fy-norm. In the context of
sparse Bayesian group regression the multivariate double exponential has been previ-
ously considered by Raman et al. (2009) and Kyung et al. (2010) as part of the Bayesian
group LASSO and by Xu and Ghosh (2015) within a group spike-and-slab prior.

Formally the prior, which we consider throughout, is given by II(3) = ®£/I:1 ;. (Ba,.),
where each II; (S, ) has the hierarchical representation,

Belzn ™ 29 (B A) + (1= )0 (Be,)
2610k ' Bernoulli(6;) (2)
Hk 1{&1 Beta(ao, bo)

for k=1,..., M, where 6o(B¢,) is the multivariate Dirac mass on zero with dimension
my, = dim(fg,). In conjunction with the log-likelihood, ¢(D;3) for a dataset D =
{(yi, x;) }_1, we write the posterior density under the given prior as,

dI(B|D) = I e P dII(B) (3)
where IIp =[5, e! (PP dI1(B3) is a normalization constant known as the model evidence.

The posterior arising from the prior (2) and the dataset D assigns probability mass to
all 2M possible sub-models, i.e. each subset S C {1,..., M}, such that z; = 1,k € S and
zr = 0 otherwise. As using MCMC procedures to sample from this complex posterior
distribution is computationally prohibitive, even for a moderate number of groups, we
resort to variational inference to approximate it. This approximation is known as the
variational posterior which is an element of the variational family Q given by

IT = argmin Dgp, (Q|II(-|D)) . (4)
QeQ

For our purposes the variational family we consider is a mean-field variational family,

M
[fyk Nk (MGkadiag(aék)) + (1 - 716)50]}

()

M
Q= {Q(M’O, 7) = Q) Qk1cy, o, 1) =

k=1 k=1
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where p € RP with pua, = {u; : j € Gi}, 0® € Ry with 0, = {07 : j € Gi}, v =
(Y1,-->vm) " € [0,1]M. Ni(p,¥) denotes the multivariate Normal distribution with
mean parameter p and covariance Y. Notably, under ) € Q, the vector of coefficients
for each group Gy, is a spike-and-slab distribution where the slab consists of the product
of independent Normal distributions,

d
[ Q) Ny oD)] + (1= 7)o,
JEGK

meaning the structure (correlations) between elements within the same group are not
captured. To mitigate this, a second variational family is introduced, where the covari-
ance within groups is unrestricted. Formally,

M
Q/ = {Q/(:U"Ea'y ®Qk /quvEGmfyk ® Yk N ILLGk;7EGk) (1 fyk)éo}}
= k=1
(6)

where ¥ € RP*? is a covariance matrix for which ¥;; =0, for i € Gy, j € Gi, k # [ and
Ya, = (Bij)ijeq, € R™ ™k denotes the covariance matrix of the kth group. Notably,
@’ should provide greater flexibility when approximating the posterior, because unlike
Q C @, it is able to capture the dependence between coefficients in the same group.
The importance of which is highlighted empirically in Section 5 wherein the two families
are compared.

Note that the posterior does not take the form @ or @’, as the use of these variational
families replaces the 2 model weights by M VB group inclusion probabilities, 7z,
thereby introducing substantial additional independence. For example, information as
to whether two groups of variables are selected together or not is lost. However, the
form of the VB approximation retains many of the interpretable features of the original
posterior such as the inclusion probabilities of particular groups.

3 Computing the variational posterior

Computing the variational posterior defined in (4) relies on optimizing a lower bound
on the model evidence, IIp, known as the evidence lower bound (ELBO). The ELBO
follows from the non-negativity of the Kullback-Leibler divergence and is given by

Ql

Lo/(D) i=Eq/ |((Di ) ~log - (™)

Intuitively, the first term evaluates the model’s fit to the data, while the second term acts
as a regularizer, ensuring the variational posterior is “close” to the prior distribution.

Various strategies exist to tackle the maximization of the ELBO, with respect to Q' €
Q' (Zhang et al., 2019). One popular approach is co-ordinate ascent variational inference
(CAVTI), where sets of parameters of the variational family are optimized in turn while
the remainder are kept fixed. Although this strategy does not (in general) guarantee the
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global optimum, it is easy to implement and often leads to scalable inference algorithms.
In the following subsections we detail how this algorithm is constructed, noting that
derivations are presented under the variational family Q’, as the equations for @ C Q’
follow by restricting X, to be a diagonal matrix.

3.1 Computing the evidence lower bound

To compute the ELBO we begin by deriving the Kullback-Leibler (KL) divergence
between the variational distribution and the prior, Dk, (Q'||II) = Eq [log(dQ’/dII)],
which we note does not change regardless of the form of the likelihood. To evaluate an
expression for this quantity, the group independence structure between the variational
distribution and prior is exploited, allowing for the log Radon-Nikodym derivative,
log (dQ’/dII), to be expressed as,

M

dQ’ dQ - (1 — ,)dé
log dIl (ﬁ) z:: k ﬁGk ;]Izk 1log (ﬁGk)+]IZk olog (1 w) O(BGk)
where w = ag/(o + bo). Subsequently, it follows that,
Z gl i M
Dy (Q'||TT) = log =& — 1k 28, ) — S~
@I = 3 (7w %~ tostder2ni)) — ()

(8)

1—
. 10g(3) + g L1y ]+ (1 = ) log 1 =2 )

where we have used the fact that Eg, ~N(uq, 2q,)[(Bc, —,ugk)TE(_;i (Ba, — )] = mi.

Notably, there is no closed form for Eq [I,,=1A|| B¢, |||, meaning optimization over
this quantity would require costly Monte Carlo methods.

To circumvent this issue, a surrogate objective is constructed and used instead, which
follows by applying Jensen’s inequality to Eqg [I., =1 A|| B¢, |l], giving,

1/2
Eqr [Lp=1AlBc, [l = vEn, (MBIl < A (Z Sii + u?) : (9)

i€Gy
Thus, Dkr,(Q'||IT) can be upper-bounded by,

M

o(p, B, 7) = Z (’yk log % — % log(det(27Xg,)) —
k=1

VMK
2

(10)

1/2
1 _
— W 10g(Cr) — yemy 1og(A) + A <Z i +“3> + (=) log 7 Zzlj)
1€Gy,

and in turn, £(Q')(D) > Eq [¢(D; B)] — o(p, X, y). Via this lower bound, we are able
to construct a tractable surrogate objective. Formally, this objective is denoted by,
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F (1, 2,7,0), where we introduce 9 to parameterize additional hyperparameters, specif-
ically those introduced to model the variance term under the Gaussian family, and those
introduced to bound the Binomial likelihood. Under this parameterization, we define,

]:(N’a EaPYvQ?) = A(/va Ea’Yaﬁ) - @(19) - Q(Na 2’7) < L:Q’(D)v (11)

where §(9) : © — R and A(u, 3,v,9) < Eq [¢(D; )] (which is an inequality under
non-tractable likelihoods). To this end, what remains to be computed is an expression
for the expected log-likelihood and the term g(©) where appropriate. In the following
three subsections, we provide derivations of the objective function F(u, %, y,6) for the
Gaussian, Binomial, and Poisson likelihoods taking the canonical link functions for each.

Gaussian

Under the Gaussian family with identity link function, Y; <N (z] B,72) for all i =
1,...,n, the log-likelihood is given by £(D; 3,72) = —2log(2n7?) — 535 ||y — XB|[%. To
model 72, an inverse Gamma prior is considered due to its popularity among prac-

2t p ~!(a,b), which has density F( 7T =% exp (=) where a,b > 0.
The prior is therefore given by II(3,72) = II(8)I'~!(7?), and the posterior density
by dII(8,72|D) = 5 e/ PB7)dII(3, 72), where IIp = prxR+ DB gI1(3, 72) and
D = {(ys, i)}, is the observed data.

titioners, i.e., 7

To include this term within the inference procedure, the variational families @ and

Q' are extended by Q, = Q x {I'"}(a’,t) : a’,b' > 0} and Q) = Q' x {T'~1(d, V) :

a’,b' > 0} respectively. Under the extended variational family O, the ELBO is given
by

QY dr=1(a’, ¥

Clog X\, 0)

arr ) ~ 108 g g

where the final term follows from the independence of 72 and 3 in the prior and varia-
tional family and is given by,

Eo, [aD;ﬂ,T?)log )],

0(0) :=Eq [1og (Wﬂ = (a'—a)k(a')+alog %/Jrlog ;‘(((j’)) + (b 7;/)&, (12)

where ¢ = {(a’,0’)}. The expectation of the log-likelihood is given by,

A(p, By, 9) = Bqr [U(D; B)] = —E(log(%) +log(b') — k(a'))

p p M (13)
21)’ <||y|2 + ZZ XTX UEQ’ [ﬁzﬁ] - 227k<y7XGkMGk>>

=1 j=1 k=1
where,
k(25 + pipg 1, € G
Eo, [3:6,] = Vi (i + pipty) ] . (14)
Ve Vhbifhj i €Gr,j €Gn,h#k

Substituting (12) and (13) into (11) gives F(u, X,~, #) under the Gaussian family.
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Binomial

Under the Binomial family with logistic link, Y; S Bernoulli(p;) for all ¢ = 1,...,n
where p; = P(Y; = 1|z;) = exp(z; 8)/(1 + exp(x; B)). The log-likelihood is given by
D, B) =" yi (z] B) —log (1 + exp(z; B)) where D = {(y;,x;)}1, with y; € {0,1}.

Unlike the Gaussian family, variational inference in this setting is challenging be-
cause of the intractability of the expected log-likelihood under the variational family. To
overcome this issue several authors have proposed bounds or approximations to main-
tain tractability (see Depraetere and Vandebroek (2017) for a review). Here we employ
a bound introduced by Jaakkola and Jordan (1996), given as

s(z) > s(t) exp{x —t_ el t?)} (15)

2 2

where s(z) = (1 + exp(—z))~! and a(t) = M, x € R and t € R is an additional
parameter that must be optimized to ensure tightness of the bound.
Using (15) allows for the log-likelihood to be bounded by,

z B+t a(ty)
2 2

UD; B) =Y yiw] B +log s(t;) — ((z] B)” —13) (16)
i=1

where ¢; € R is a hyper-parameter for each observation. Taking the expectation of (16)

with respect to the variational family gives

Eq [((D; B)] > A(p, 2,7, 9) : Z (Z Yy —1/2) 1Gkuak> - % + log s(t;)

(17)

a(ti) ¢ 2
- 9 ZZ xmleEQ/ Bjﬁl] - tz‘
j=11=1
where 9 = {t1,...,%,}. In turn substituting (17) and g(J) = 0 into (11) gives the
objective under the Binomial family.

Poisson

Finally, under the Poisson family with an exponential link function, Y; £ Poisson(\;)
for all i = 1,...,n with \; = exp(z] 8) > 0. The log-likelihood is given by £(D;3) =
Sy B —exp(z] B) —log(y!), whose expectation is tractable and given by

n M
EQ/ [E(Dv B)} = A(,LL, X7, 19) = Z (Z '-kaizIGk.u’Gk> - MQ/(xi) - IOg(y') (18>

i=1 \k=1

where Mo/ (z;) = H;ngzl Mg, (z;q,) is the moment generating function under the varia-
tional family, with Mg, (z; ¢,) = v%Mn, (zi,c,)+(1—7%) being the moment generating
function for the kth group and My, (z;q,) = exp {z] g, pa, + 52 ¢, Xa, i q, |- Unlike
the previous two families, the Poisson family does not require any additional variational
parameters; therefore, ¥ = {} and g(¢) = 0.
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3.2 Coordinate ascent algorithm

Recall the aim is to approximate the posterior II(:|D) by a distribution from a given
variational family. This approximation is obtained via the maximization of the objective
F derived in the previous section. To achieve this, a CAVI algorithm is proposed as
outlined in Algorithm 1.

In this context, the objective introduced in (11) is written as F(u, 3,7, 9) = F(ua,,,
Has, ey, Bag, Ve Y-k, ¥), highlighting the fact that optimization over the variational
parameters occurs group-wise. Further, for each group k, while the optimization of the
objective function over the inclusion probability, 7%, can be done analytically, we use
the Limited-memory Broyden—Fletcher—Goldfarb—Shanno optimization algorithm (L-
BFGS) to update p¢, at each iteration of the CAVI procedure (Nocedal, 1980). Details
for the optimization with respect to X, are presented in the following subsection. The
hyperparameters, 9, are updated using L-BFGS for the Gaussian family and analytically
for those under the Binomial family. Finally, to assess convergence, the total absolute
change in the parameters is tracked, terminating when this quantity falls below a spec-
ified threshold, set to 10™2 in our implementation. Other methods involve monitoring
the absolute change in the ELBO; however, we found this prohibitively expensive to
compute for this purpose.

Algorithm 1 Group sparse coordinate ascent variational inference.

Initialize p, X, ~y, 9
while not converged
for k € descending order(||ug, |,k =1,..., M)
pa,, < argmax,, . cpme F(uey, ey, Yo, Bag, 1k = 1,k V)
Ya, — argmaxy,, cgmxmu Fpa,, pag, B, Bag, Tk = Ly, 9)
Vi 4 argmax., cro.1] F UGy LGS EGrs BG5s Vhs V—ks V)
U <« argmaxyeo F(UGy, HGgs 2Gys BGE s Vs V—ks V)
return pu, 3, v, 9.

Reparameterization of X,

Our focus now turns to the optimization of F(uc,, paeg, Xa,, Xag, % = 1, 7-%, ) with
respect to X, . By using similar ideas to those of Seeger (1999) and Opper and Ar-
chambeau (2009), it can be shown that only one free parameter is needed to describe the
optimum of ¥, under the Gaussian and Binomial families. For the Poisson family, how-
ever, this is not the case, and so ¥, is parameterized by U,I U, where Uy, € R™k*™Mk
is an upper triangular matrix. Optimization is then performed on the upper triangular
elements of Uj.

Formally, the objective under the Gaussian family with respect to X¢, is given by

a/

1
~o tr(X¢, Xa Sa,) + 5 logdet X, — A( > Sutp)P+C (19)
1€Gy
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where C' is a constant that does not depend on X, . Differentiating (19) with respect
to Xg,, setting to zero, and rearranging gives

-1
a/
Y, = (y ngXGk + ZV;Jmk) (20)

, -1
where v, = %A(ZieGk Zii+u?)71/2. Thus, substituting ¢, = (%ngXGk erklmk) ,
where w; € R, into the objective and optimizing over wj is equivalent to optimizing
over Yg,. A similar reparameterization can be performed for the Binomial family by
following the same procedure as above, and is given by

Ya, = (X&, AiXa, +wil) ™! (21)

where wy, € R is the free parameter to be optimized and A; = diag(a(ty1),...,a(t,)).
Notably, this result follows due to the quadratic nature of the bound employed.

These reparameterizations carry the benefit of requiring one free parameter to op-
timize ¥, rather than mg(my — 1)/2. However, under this reparameterization, the
inversion of an my X mj matrix is required, which can be a time-consuming operation
for large my.

Initialization and parameter update ordering

As with any gradient-descent-based approach, our CAVI algorithm is sensitive to the
choice of initial values. As such, we suggest initializing p using the group LASSO with
a small regularization parameter, as this ensures many of the elements are non-zero. A
comprehensive evaluation of various initialization strategies is presented in Section C.2
of the Supplementary materials (Komodromos et al., 2025).

Regarding the covariance matrix X¢,, this can be initialized by using the reparam-
eterization outlined in Section 3.2 with an initial value of wy = 1 for k = 1,..., M
for both the Gaussian and the Binomial families. For the Poisson family, we propose
the use of an initial covariance matrix Xq, = diag(0.2,...,0.2). The inclusion prob-
abilities are initialized as v = (0.5,...,0.5)". For the additional hyperparameters ¥,

1/2
we use: @’ = b = 1073 and t; = (Ziw:l Y [(pers zicn )2 + xZGkEkaiVG’C]> for all
1=1,...,n.

We suggest updating the parameters in descending order of ||ug, ||, as in Ray et al.
(2020), this scheme yielded models with better performance in practice in contrast to the
other ordering schemes. A numerical study where other ordering schemes is presented
in Section C.2 of the Supplementary materials.

4 Theoretical results for grouped linear regression

4.1 Notation and assumptions

This section establishes frequentist theoretical guarantees for the proposed VB approach
in sparse high-dimensional linear regression with group structure. The full proofs of the
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following results are provided in the Supplementary Material.

To simplify technicalities, the variance parameter 72 is taken as known and equal
to 1, giving model Y = X+ ¢ with Y € R”, X € R"*? and ¢ ~ N,(0,1,). Under
suitable conditions, contraction rates for the variational posterior are established, which
quantify its spread around the ‘ground truth’ parameter 5y € RP generating the data
as n,p — 00.

Recall that the covariates are split into M pre-specified disjoint groups G1,...,G
of size |G| = my with 25:121 my, = p and maximal group size Mmax = MaXg=1,... M M-
The above model can then be written as

M
Y = ZXGkﬁGk +e, (22)
k=1

with 8g, € R™ and Xg, € R™*. Let Ps denote the law of Y under (22), Sz C
{G1,...,Gn} be the set containing the indices of the non-zero groups in 8 € RP. For a
vector 8 € RP and set S, we also write Bs = (8i)icc,.Gres € RXcres ™ for its vector
restriction to S. We write §y for the ground truth generating the data, Sy = Sg, and
so = |So| for its group-sparsity. For a matrix A € R™*" let ||A||3 = Y%, 2?21 A3 =
Tr(AT A) be the Frobenius norm and define the group matrix norm of X € R"*? by

X| = X .
IXI = max, X6, I
If all the groups are singletons, || X || reduces to the same norm as in Castillo et al. (2015).

We further define the ¢ ;-norm of a vector by ||5]|2.1 = Zﬁil I8, |l2. We assume that
the prior slab scale X satisfies

_ X _
A< A< 2), A:MU/%, A =3[ X||\/log M, (23)

mirroring the situation without grouping (Castillo et al., 2015; Ray and Szabo, 2022).

The parameter [ in (22) is not estimable without additional assumptions on the
design matrix X, for instance that X7 X is invertible for sparse subspaces of RP. These
notions of invertibility can be precise via the following definitions, which are the natural
adaptations of compatibility conditions to the group sparse setting (Bithlmann and
van de Geer, 2011; Castillo et al., 2015).

Definition 4.1. A model S C {1,..., M} has compatibility number

1 X Bll2] S|/

S) = inf
#5) =1n {IXllllﬁsllm

NBse ot < 7Bsllans Bs # o} .

Compatibility considers only vectors whose coordinates are small outside S, and
hence is a (weaker) notion of approximate rather than exact sparsity. For all 8 in the
above set, it holds that || X 3||2|S|'/2 > #(S)||X||||Bsll2,1, which can be interpreted as
a form of continuous invertibility of X for approximately sparse vectors in the sense



12 Group Spike-and-Slab Variational Bayes

that changes in Bg lead to sufficiently large changes in X3 that can be detected by the
data. The number 7 is not important and is taken in Definition 2.1 of Castillo et al.
(2015) to provide a specific numerical value; since we use several of their techniques, we
employ the same convention. We next consider two further notions of invertibility for
exact group sparsity.

Definition 4.2. The compatibility number for vectors of dimension s is

[ IXBlallSs
— inf 4 1202108177
o) =in { 1X 11821

Definition 4.3. The smallest scaled sparse singular value of dimension s is

[ IXBl
—inf{ P2
#s) = in {Xllllﬁlb

1075|5/3|§8}-

30?é5ﬁ|§8}.

While X7 X is not generally invertible in the high-dimensional setting, these last two
definitions weaken this requirement to sparse vectors. These are natural extensions of
the definitions in Castillo et al. (2015) to the group setting, and similar interpretations
and relations to the usual sparse setting apply also here, see Biihlmann and van de Geer
(2011) or Section 2.2 in Castillo et al. (2015) for further discussion.

The interplay of the group structure and individual sparsity can lead to multiple
regimes see for instance Lounici et al. (2011) and Biithlmann and van de Geer (2011).
To make our results more interpretable, we restrict to the main case of practical in-
terest where the group sizes are not too large, and hence the group sparsity drives the
estimation rate.

Assumption (K). There exists K > 0 such that mpax log mpmax < Klog M.

While related works make similar assumptions (Bai et al., 2020), introducing an
explicit constant K > 0 above allows us to clarify the uniformity in our results.

4.2 Asymptotic results

We now state our main result on variational posterior contraction for both prediction
loss || X (8 — Bo)ll2 and the usual f2-loss. Our results are uniform over vectors in sets of
the form

Bp,sn = Bpns(c0) := {80 € RP : §(Sp) = co, |Spo| < sy $loulSpl) = co},  (24)

where s, > 1, ¢ > 0 and p,, — oo (arbitrarily slowly). The sequence p,, plays the role
of an ‘arbitrarily large’ constant in the smallest scaled sparse singular value above.

Theorem 4.4 (Contraction). Suppose that Assumption (K) holds, the prior (2) satisfies
(23) and s, satisfies Mpyqqlog s, = O(log M). Then the variational posterior I1 based
on either the variational family @ in (5) or Q' in (6) satisfies, with so = |Sz,|,

Hopi/z\/so log M 0
?(pnso)

sup  Eg, 11 (B X (B = Bo)ll2 =

BOEBpnYSn
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Hopi/z\/so logM> 50

1X [ $(paso)?

for any pn, — oo (arbitrarily slowly), B, s, defined in (24) and where Hy depends only
on the prior.

Bo EBPH ,Sn

sup  Eg, I <6 |18 = Boll2 >

Contraction rates for the full posterior based on a group spike and slab prior were
established in Ning et al. (2020), as well as for the spike and slab group LASSO in
Bai et al. (2020). Our proofs are instead based on those in Castillo et al. (2015) and
Ray and Szabd (2022). We have extended their theoretical results from the coordinate
sparse setting to the group sparse setting. This approach permits more explicit proofs
and allows us to consider somewhat different assumptions from previous group sparse
works (Ning et al., 2020; Bai et al., 2020), for instance removing the boundedness
assumption for the parameter spaces or certain sample size conditions. In particular,
we can cover some settings far from i.i.d. responses, in which case || X ||?¢(pns0)* can be
thought of as the effective sample size of the problem (corresponding to roughly maxn
in compatible i.i.d. models as in the above references).

Remark 1 (Unknown variance). If the noise variance 72 is unknown, standard Bayesian

approaches either replace the unknown parameter by an estimate or assign it a hyper-
prior, such as an inverse Gamma prior as we do in the methodology section above. The
hierarchical approach has been theoretically studied in the present group sparse setting
with posterior consistency established for 72, see Ning et al. (2020); Bai et al. (2020).
However, such proofs are based on abstract testing conditions and typically require ad-
ditional assumptions, such as uniform boundedness of the parameter 3, ruling out very
strong signals. Since such a proof approach gives the exponential tail decay required to
transfer results from the true posterior to its variational counterpart (see Lemma D.3
below), it should in principle be possible to extend our VB results to the hierarchical
setting at the expense of such additional assumptions.

Remark 2. The optimization problem (4) is in general non-convex, and hence there is
no guarantee that CAVI (or any other algorithm) will converge to the global minimizer
II. However, an inspection of the proofs shows that the conclusions of Theorems 4.4 and
4.5 apply also to any element Q* € Q C Q' in the variational families for which

0 < Dyr(Q*I(|Y)) = Dxp(III(|Y)) = L(P) — Lo+ (D) = O(so log M),

where sg is the true group sparsity and Lo(D) is the ELBO. Thus, as long as the
ELBO is within O(sglog M) of its maximum, the resulting variational approximation
will satisfy the above conclusions, even if it is not the global optimum. While this is not
a condition our algorithm can check in practice, it nonetheless suggests some heuristic
robustness of the algorithmic output to not terminating at the global optimum.

The next result shows that the variational posterior puts most of its mass on models
of size at most a multiple of the true number of groups, meaning that it concentrates
on sparse sets.

Theorem 4.5 (Dimension). Suppose that Assumption (K) holds, the prior (2) satisfies
(23) and s, satisfies Mpyqqlog s, = O(log M). Then the variational posterior I1 based
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on either the variational family Q in (5) or Q' in (6) satisfies

sup EﬁOH(B : |Sﬂ| > pnlSﬁOD —0
Bo€B,,, s

for any p, — oo (arbitrarily slowly) and B, s, defined in (24).

Proofs of these results can be found in Section D. Our results can be extended to
the technically more involved case of group sparse binary logistic regression following
similar ideas to Ray et al. (2020), while they should also extend conceptually to sparse
generalized linear models as in Jeong and Ghosal (2021) under additional assumptions
such as uniform boundedness of the parameter, see Remark 1.

5 Numerical experiments

In this section, a numerical evaluation of our method, referred to as Group Spike-and-
slab Variational Bayes (GSVB), is presented. Where necessary, we distinguish between
the two families, @ and Q' presented in Section 2, by the suffixes ‘~D’ and ‘~B’ re-
spectively, i.e., GSVB-D denotes the method under the variational family Q. Notably,
throughout all our numerical experiments, the prior parameters are set to A = 1, ag = 1,
bg = M, and a = b = 1073 for the inverse-Gamma prior on 72 under the Gaussian fam-
ily. Scripts to reproduce our results can be found at https://github.com/mkomod/p3.
Furthermore, an R package implementing our methodology is available at https://
github.com/mkomod/gsvb.

To evaluate the performance of GSVB, we compare it against MCMC and the Spike-
and-Slab Group LASSO (SSGL) proposed by Bai et al. (2020). The details of the MCMC
sampler used in this study are outlined in Appendix B and an implementation is avail-
able at https://github.com/mkomod/spsl. Briefly, we ran the sampler for 500,000
iterations with a burn-in period of 100,000 iterations across four chains to report the
results. Implementing MCMC with the spike-and-slab prior is known to be computa-
tionally challenging. To assess convergence, we applied the Gelman-Rubin diagnostic
statistic (Gelman and Rubin, 1992), specifically the multivariate potential scale reduc-
tion factor (PSRF) computed across the model coefficients. While most (> 95%) MCMC
runs achieved convergence for the Gaussian and Binomial likelihood models (with PSRF
values below 1.1), we were unable to achieve convergence across all settings in the Pois-
son model. Despite the lack of full convergence in the Poisson model, the simulation
study demonstrates that the resulting posterior distribution effectively identifies the
relevant groups and concentrates appropriately around the data-generating coefficients,
making this sampler a relevant baseline for comparing our approach.

The Spike-and-Slab Group LASSO (SSGL) proposed by Bai et al. (2020) is a state-
of-the-art Bayesian method that employs a similar prior as in (2). However, unlike
GSVB, the multivariate Dirac mass on zero is replaced with a multivariate double
exponential distribution, giving a continuous mixture with one density acting as the
spike and the other as the slab, parameterized by Ay and A\; respectively. Under this
prior, Bai et al. (2020) derive an EM algorithm, which allows for fast updates; however,
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only MAP estimates are returned by default, meaning a posterior distribution for 5 is
not available. To mitigate this, debiasing methods can be used to obtain uncertainty
quantification for MAP-based methods like SSGL. Notably, Bai et al. (2020) adopt
ideas from a recent line of research based on debiasing estimates from high-dimensional
regression (van de Geer et al., 2014); these results yield an asymptotic distribution for
the model coefficients, which in turn can be used to construct confidence intervals for
the estimated coefficients.

Our study begins by first evaluating GSVB against MCMC and the debiased SSGL
on smaller scale datasets. We then evaluate the performance against SSGL on large
scale datasets as debiasing was too computationally expensive within this setting.

5.1 Simulation setup

Data is simulated for ¢ = 1, ..., n observations, each having a response y; € R and p con-
tinuous predictors x; € RP. The response is sampled independently from the respective
family with mean given by g(f3, x;), where g is the link function (and variance applicable
to the Gaussian family of 72 = 1). The true coefficient vector By = (Bo.G1»-- - Bo.Ga) | €
RP consists of M groups, each of size m, i.e., M x m = p. Of these groups, s are chosen
at random to be non-zero and have each of their element values sampled independently
and uniformly from [—fBmax, —0.2] U [0.2, Bmax], Where Bmax = 1.5,1.0, and 0.45 for
the Gaussian, Binomial, and Poisson families, respectively. Finally, the predictors are
generated from one of four settings:

Setting 1: z; S N(0p,1I,)

Setting 2: z; B N(0p, %), where ¥;; = 0.6/l fori,j=1,...,p.

Setting 3: z; £ N(0,%), where ¥ is a block diagonal matrix where each block A is a
50 x 50 square matrix such that Aj; = 0.6,7 # [ and A;; = 1 otherwise.

Setting 4: z; S N(0,%), where & = (1—a)W 1 +aV ! with W ~ Wishart(p+wv, I,)
and V is a block diagonal matrix of M blocks, where each block Vi, for k =
1,..., M, is an my x my matrix given by Vi ~ Wishart(my + v, I, ); we let
(v, ) = (3,0.9) so that predictors within groups are more correlated than variables
between groups.

To evaluate the performance of the methods, four different metrics are considered:
(i) the ly-error, |8 — Boll2, between the true vector of coefficients and the estimated
coefficient B defined as the posterior mean where applicable, or the MAP estimate if this
is returned, (ii) the area under the curve (AUC) of the receiver operator characteristic
curve, which compares true positive and false positive rates for different thresholds of
the group posterior inclusion probability, (iii) the marginal coverage of the non-zero
coeflicients, which reports the proportion of times the true coeflicient 3y ; is contained
in the marginal credible set {j : o ; # 0}, (iv) and the size of the marginal credible
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set for the non-zero coefficients, given by the Lebesgue measure of the set. The last two
metrics can only be computed when a distribution for § is available, i.e., via MCMC,
VB, or debiasing. For MCMC and GSVB, the 95% marginal credible sets for each
variable j € Gy for k =1,..., M are given by:
{0} if v <
;=4 iy £ 27071 (%) if 7o > o and 0 ¢ [y £ /701 (%))
pi E}§2<I>’1(a% + 1_%)] U{0} otherwise

M‘

where a,, = 1—7- and &1 is the quantile function of the standard Normal distribution.

5.2 Small-scale simulations and comparison to MCMC

In this section, the performance of GSVB is evaluated for the Gaussian, Binomial, and
Poisson families. Notably, we compare against MCMC, often considered the gold stan-
dard for Bayesian inference, to assess the quality of the variational posterior. In addition,
we compare with the SSGL in the Gaussian setting as subsequent post-processing (via
debiasing) can be performed to obtain uncertainty quantification.

Within this comparison, we set p = 1,000, m = 5, and vary the number of non-zero
groups, s. As highlighted in Figure 1, GSVB-B performs excellently in nearly all settings,
demonstrating comparable results to MCMC and SSGL in terms of ¢5-error and AUC.
This indicates that GSVB-B exhibits similar characteristics to these methods, both in
terms of the selected groups and the posterior mean. As anticipated, all the methods
exhibit better performance in simpler settings and show a decline in performance as the
problem complexity increases.

Regarding coverage, while MCMC shows slightly better performance compared to
GSVB, the proposed method still provides credible sets that capture a significant portion
of the true non-zero coefficients (particularly GSVB-B). However, the credible sets of
the variational posterior are sometimes not large enough to capture the true non-zero
coefficients. This observation is further supported by the size of the marginal credible
sets, with MCMC producing the largest sets, followed by GSVB-B and GSVB-D. These
findings confirm the well-known fact that VB tends to underestimate the posterior
variance (Carbonetto and Stephens, 2012; Blei et al., 2017; Zhang et al., 2019; Ray
et al., 2020). Interestingly, the set size is larger under @', highlighting the fact that the
mean field variational family (Q) lacks the necessary flexibility to accurately capture
the underlying structure in the data. Furthermore, this result indicates that the full
marginal credible quantity improves through the consideration of the interactions within
the group.

Finally, we notice that the coverage of the debiased SSGL is comparable to both
MCMC and VB. This is expected as the debiasing procedure is designed to provide
uncertainty quantification for the MAP estimate. However, the debiasing procedure
and MCMC are computationally expensive. In particular, we found that these methods
can be orders of magnitude slower than GSVB (Table 1), in turn, making the methods
less practical for large-scale problems.
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Figure 1: Performance evaluation of GSVB, MCMC, and SSGL (with debiasing for the
Gaussian family only) for Settings 1-4 with p = 1,000 across 100 runs. For each method,
the white diamond (¢) indicates the median of the metric, the thick black line ( )
the interquartile range, and the black line (——) 1.5 times the interquartile range.
Rows 1-2: Gaussian family with (n,m,s) = (200,5,5), (200, 5, 10). Row 3: Binomial
family with (n,m,s) = (400,5,5). Row 4: Poisson family with (n,m,s) = (400,5, 2).
Note that for the Binomial family, Setting 1 results in perfect separation of classes and
is excluded from the study.

5.3 Large-scale simulations

Within this section, the performance of GSVB is evaluated on larger datasets. Here
we compare against SSGL without debiasing, as the post-processing used to provide
uncertainty quantification is not computationally scalable, requiring over 8 hours of
compute for a single run, which is beyond our computational budget. However, taking
only the MAP for SSGL means the method is scalable with p. In this section, p is
increased to p = 5,000. Both the sample size and the number of active (non-zero)
groups, s, are varied as illustrated in Figure 2.
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Method Setting 1 Setting 2 Setting 3 Setting 4
GSVBD  5.1s (3.8, 5.75) 5.15 (3.7, 5.85) 5.58 (3.9s, 10.25) 5.85 (4.25, 9.35)

Gaus. GSVB-B  1.4s (1.1s, 1.8s) 1.7s (1.3s, 2.5s) 1.8s (1.3s, 6.5s) 2.7s (1.7s, 5.8s)

=5 MCMC 37m 15s (36m 45s, 38m 45s)  37m 15s (36m 45s, 39m 15s)  37m (36m 30s, 37m 30s) 37m 45s (36m 45s, 39m 15s)
SSGL 6m 11s (6m 3s, 6m 16s) 6m 33s (6m 30s, 6m 38s) 6m 58s (6m 55s, 6m 2s) 6m 55s (6m 44s, 6m 9s)
GSVB-D  10.2s (8.4s, 11.3s) 10.1s (8.2s, 10.95) 16.95 (9.9s, 19.55) 12.0s (8.6s, 18.95)

Gaus. GSVB-B 295 (1.8s, 3.85) 2.85 (2.35, ¢ 8.85 (3.3s, 13.85 3.65 (2.25, 12.55)

s=10 MCMC  51m 45s (50m 15, 53m 45s)  47m (46m 15s, 48m 30s) 46m 455 (45m 45s, 48m)  46m 45s (46m, 48m)
SSGL 6m 8s (6m 63, 6m 12s) 6m 37s (5m 265, 6m 44s) 6m 2s (6m 5ls, 6m Ts) 6m 57s (6m 41s, 6m 10s)

Binom GSVB-D - 5.0s (2.55, 8.25) 4.55 (2.7s, 7.55) 3.75 (2.35, 5.75)

o GSVBB - 5.65 (3.85, 7.45) 5.1s (3.85, 7.7s) 5.05 (3.25, 7.35)

= MCMC - 1h 11m (1h 8m, 1h 12m) 1h 19m (1h 15m, 1h 20m)  1h 9m (1h 5m, 1h 12m)

Binom GSVB-D  3.6s (3.35, 4.15) 3.35 (2.95, 3.7) 3.1s (2.9s, 5.25) 345 (245, 4.15)

=10 ) GSVB-B  12.5s (10.0s, 18.0s) 10.1s (7.9s, 14.5s) 15.5s (10.1s, 41.6s) 13.3s (10.5s, 24.0s)

. MCMC 1h 9m (1h 6m, 1h 13m) 1h 3m (1h 1m, 1h 4m) 1h 19m (1h 13m, 1h 27m) 1h 14m (1h 10m, 1h 18m)

Table 1: Median (5%, 95% quartile) runtimes for numerical experiments presented in
Figure 1. Here n = 200 for the Gaussian family and n = 400 for the Binomial and Poisson
family. Note that under setting 1 for the Binomial family there is perfect separation of
classes.

Regarding the hyperparameters, we set Ay = 1 for SSGL, making the slab identical
between the two methods. For the spike of SSGL, a value of \g = 100 for the Gaussian
and Poisson families and Ay = 20 under the Binomial family is used. These values were
selected to ensure that sufficient mass is concentrated about zero without turning to
cross-validation to select the value. Finally, we let ag = 1 and by = M for both methods.

Overall, GSVB performs comparatively or better than SSGL in most settings, ob-
taining a lower ¢o-error and higher AUC (Figure 2). As expected, across the different
methods, there is a decrease in performance as the difficulty of the setting increases,
meaning all methods perform better when there is less correlation in the design matrix.
We note that the runtime of SSGL is marginally faster than our method in Settings
1-3 and faster in Setting 4. This is explained by the fact that SSGL by default only
provides a point estimate for 5. We found that using debiasing to obtain uncertainty
quantification was too computationally expensive within this setting, exceeding a run-
time allowance of 8 hours.

Within this large-scale simulation, our method provides competitive uncertainty
quantification. In particular, GSVB-B provides better coverage of the non-zero coeffi-
cients than GSVB-D, which can be justified by the set size. As in our comparison to
MCMC, we notice that there is an increase in the posterior set size as the difficulty
of the setting increases, i.e., when there is an increase in the correlation of the design
matrix. Finally, the runtimes for each method are presented in Table 1; generally, the
runtime for GSVB is comparable or lower than SSGL. However, we notice that as the
difficulty of the setting increases, the runtime for GSVB increases and can exceed the
runtime of SSGL.

6 Application to real-world data

This section presents the analysis of three real-world datasets,! the first two being linear
regression problems wherein p > n for which GSVB and SSGL are applied, and the

IR scripts used to produce these results are available at https://github.com/mkomod/p3
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Figure 2: Performance evaluation of GSVB and SSGL for Settings 1-4 with p = 5 000
across 100 runs. For each method, the white diamond (¢) indicates the median of the
metric, the thick black line ( ) the interquartile range, and the black line (——)
1.5 times the interquartile range. Rows 1 — 2: Gaussian family with (n,m,s) =
(500, 10, 10), (500, 10, 20). Row 3: Binomial family with (n,m, s) = (1000, 5,5). Row 4:
Poisson family with (n,m,s) = (1000, 5, 3). Note that for the Binomial family, Setting
1 results in perfect separation of classes and is excluded from the study.

third a logistic regression problem where p < n, for which the logistic group LASSO is
applied in addition to GSVB and SSGL. As before, ag = 1, by = M, and GSVB was
run with a value of A = 1. For SSGL, we let A\ = 1, and Ay was chosen via ten-fold
cross-validation on the training set.

Throughout, we evaluated the predictive performance on held-out test sets alongside
the number of features selected by each method. Beyond this, given that GSVB provides
a distribution over 8, we evaluated the posterior predictive (PP) coverage. Notably, the
PP distribution is given by,

By 2", D) = / p(y*|8, 7, 2", D) dil(8, )
RP xR+
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where x* € RP is a feature vector. For the Gaussian family, this expression can be
simplified by integrating out the variance 72. Following Murphy (2007), substituting
¢ = 72 and recalling the independence of 72 and 3 in our variational family, we have,

, * ok 2)2 4 B
ﬁ(y*|ﬂf*,D) “[RPA+§7(G+1/2)716XP (_(y m2£ﬂ) + 2 > d§ dH(ﬁ)

' —a e TR

Recognizing that the expression within the integral has the same functional form as
a generalized t-distribution, whose density is denoted as t(x;u, 0%, v) = I'((v + 1)/2)/
(D(v/2)ywmo)(1 + (z — 1)/ (vo?))~¢+D/2, yields,

ply*lz*, D) = /RP t(y*;2* T B, /a’, 2a") dII(B) (25)

As (25) is intractable, we instead sample from p(y*|z*, D) by sampling § ~ II, and
then sampling 3* from Y* = u + ot, where u = z*' 3,0 = /b//a/, and v = 2d/,
where t, denotes a t-distribution with v degrees of freedom. To sample from II, we
sample zy ind Bernoulli(y;) and then g, ind N(pa,, Xa,) if zi = 1; otherwise, we set

Although not considered for the logistic regression dataset, a similar procedure is
available for the Binomial and Poisson models. This is given by sampling 3 ~ II and
then sampling y*|z*, D from the respective distribution with mean given by g(ac*TB)
where z* € RP and g is the link function.

6.1 Genetic determinants of low-density lipoprotein in mice

The first dataset we analyze is from the Mouse Genome Database (Blake et al., 2021) and
consists of p = 10,346 single nucleotide polymorphisms (SNPs) collected from n = 1,637
laboratory mice. Notably, each SNP, z;; for j = 1,...,p and ¢ = 1,...,n, takes a
value of 0, 1, or 2. This value indicates how many copies of the risk allele are present.
Alongside the genotype data, a phenotype (response) is also collected. The phenotype
we consider is low-density lipoprotein cholesterol (LDL-C), a continuous value, which
has been shown to be a major risk factor for conditions like coronary artery disease,
heart attacks, and strokes (Silverman et al., 2016).

To pre-process the original dataset, SNPs with a rare allele frequency, given by
RAF; = 5= 3" | (I(zi; = 1) + 20(z;; = 2)) for j = 1,...,p, below the first quartile were
discarded. Further, due to the high collinearity, covariates with | corr(z;, zx)| > 0.97 for
k>j,j=1,...,p—1, were removed. After pre-processing, 3,341 SNPs remained. These
were used to construct groups by coding each z;; : {0,1,2} — {(0,0),(0,1),(1,1)}, in
turn giving groups of size m = 2.

To evaluate the methods, ten-fold cross-validation is used. Specifically, methods are
fit to the validation set, and the test set is used for evaluation. This is done by computing
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the: (i) mean squared error (MSE) between the true and predicted value of the response,
given by %Hy - XBH where 7 is the size of the test set, (ii) posterior predictive coverage,
which measures the proportion of times the response is included in the 95% PP set, and
(iii) the average size of the 95% PP set. In addition, (iv) the number of groups selected,
given by 224:1 I(yx > 0.5), is also reported.

The performance of each method is presented in Table 2. The results highlight that
GSVB obtains parsimonious models with a comparable MSE to SSGL. In addition,
GSVB provides uncertainty quantification with a posterior predictive coverage of 0.945
and 0.941 for GSVB-D and GSVB-B, respectively. Finally, when the methods are fit to
the full dataset, the SNPs selected by both methods are: rs13476241, rs13477968, and
rs13483814 for GSVB-D, with GSVB-B selecting rs13477939 in addition. Notably,
rs13477968 corresponds to the Ago3 gene, which has been shown to play a role in
activating LDL receptors (Matsui et al., 2010).

Finally, in genetic studies, 2*'§ is referred to as the polygenic risk score and is
commonly used to evaluate genetic risk. While frequentist or MAP methods offer only
point estimates, Figure 3 demonstrates that GSVB can offer a distribution for this score,
highlighting the uncertainty associated with the estimate.

Method MSE Num. selected groups PP. coverage PP. length
GSVB-D  0.012 (0.002) 3.50 (0.527) 0.945 (0.027)  0.425 (0.005)
GSVB-B  0.012 (0.002) 4.00 (0.667) 0.941 (0.029)  0.421 (0.005)
SSGL 0.012 (0.002) 57.40 (5.481) - -

Table 2: Genetic determinants of LDL-C' in mice, evaluation of methods on the held
out genotype data. Reported is the 10-fold cross-validated MSE, the number of selected
groups, the posterior predictive coverage, and mean posterior predictive interval length.

6.2 Bardet-Biedl syndrome gene expression study

Here, we examine microarray data consisting of gene expression measurements for 120
laboratory rats.? Originally, the dataset was studied by Scheetz et al. (2006) and has
subsequently been used to demonstrate the performance of several group selection al-
gorithms (Huang and Zhang, 2010; Breheny and Huang, 2015; Bai et al., 2020). Briefly,
the dataset consists of normalized microarray data harvested from the eye tissue of 12-
week-old male rats. The outcome of interest is the expression of TRIM32, a gene known
to cause Bardet-Biedl syndrome, a genetic disease affecting multiple organs, including
the retina.

To pre-process the original dataset, which consists of 31,099 probe sets (the predic-
tors), we follow Breheny and Huang (2015) and select the 5,000 probe sets that exhibit
the largest variation in expression on the log scale. Further, following Breheny and
Huang (2015) and Bai et al. (2020), a non-parametric additive model is used, wherein,
Yi = p+ Z§:1 fi(zi;) + € with €; ~ N(0,72) and f; : R — R. Here, y; € R corresponds
to the expression of TRIM32 for the ith observation, and z;; the expression of the jth

2available at ftp://ftp.ncbi.nlm.nih.gov/geo/series/GSE5nnn/GSES680/matrix/
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Figure 3: Genetic determinants of LDL-C' in mice, variational posterior predictive dis-
tribution for GSVB-D (panels A.1-D.1) and GSVB-B (panels A.2-D.2) constructed for
four observations in the held out test set (fold 1). Notably, the red line ( ) repre-
sents the measured LDL-C level, with the adjacent text giving this value (y*) and the
posterior mean (). The shading of the variational posterior indicates where 90%, 95%
and 99% of the mass is contained.

probe set for the ith observation. To approximate f;, a three-term natural cubic spline
basis expansion is used. The resulting processing gave a group regression problem with
n = 120 and M = 1,000 groups of size m = 3. Denoting by ¢; . the kth basis for f;, we
have

m

bjr(Tiz) +€i . (26)
=1

M
yz‘:lH"Z

j=1k

As Dbefore, the performance of the methods is evaluated wusing ten-fold
cross-validation. Overall, GSVB performed excellently; in particular, GSVB-D obtained
a comparable 10-fold cross-validated MSE to SSGL, however, with a much smaller model
size, meaning the models produced are parsimonious while being comparably predictive
(Table 3). Furthermore, the PP coverage is in line with the nominal level, particularly
for GSVB-D, which has a larger PP coverage than GSVB-B, while also having a smaller
PP interval length.

As seen within Table 3, GSVB selects on average one group of probes per fold.
Among the 10 cross-validation folds, the most commonly selected is the group of probes
assigned to gene KLHL2/. This gene was also reported in the study of Bai et al. (2020)
that analysed the same dataset with SSGL. While the proteins encoded by both TRIMS52
and KLHL2j genes are ubiquitin ligases, to the best of our knowledge no biological link
has been made between these two genes in the literature.
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Method MSE Num. selected groups PP. coverage PP. length
GSVB-D 0.012 (0.009) 1.00 (0.000) 0.958 (0.071) 0.465 (0.024)
GSVB-B  0.012 (0.009) 1.00 (0.000) 0.942 (0.069) 0.532 (0.041)
SSGL 0.012 (0.011) 27.80 (3.190) - -

Table 3: Bardet-Biedl Syndrome Gene Expression Study, evaluation metrics computed
on the held-out test data. Average (sd.) over the 10 folds for the metrics are provided:
mean squared error, number of selected groups, posterior predictive coverage, and mean
posterior predictive interval length.

6.3 MEMset splice site detection

The following application is based on the prediction of short read DNA motifs, a task
which plays an important role in many areas of computational biology. For example, in
gene finding, wherein algorithms such as GENIE (Burge and Karlin, 1997) rely on the
prediction of splice sites (regions between coding and non-coding DNA segments).

The MEMset donor data has been used to build predictive models for splice sites
and consists of a large training and test set.® The original training set contains 8,415
true and 179,438 false donor sites, and the test set 4,208 true and 89,717 false donor
sites. The predictors are given by 7 factors with 4 levels each (A, T, C, G); a more
detailed description is given in Yeo and Burge (2004). Initially analyzed by Yeo and
Burge (2004), the data has subsequently been used by Meier et al. (2008) to evaluate
the logistic group LASSO.

To create a predictive model, we follow Meier et al. (2008) and consider all 3rd
order interactions of the 7 factors, which gives a total of M = 64 groups and p = 1,156
predictors. To balance the sets, we randomly sub-sampled the training set without
replacement, creating a training set of 1,500 true (Y = 1) and 1,500 false donor sites.
Regarding the test set, a balanced set of 4,208 true and 4,208 false donor sites was
created.

In addition to GSVB, we fit SSGL and group LASSO (used in the original analysis),
for which we performed 5-fold cross-validation to tune the hyperparameters. To assess
the different methods, we use the test data, dividing it into 10 folds, and reporting the:

(i) precision (%), (ii) recall (%), (iii) F-score (TP T 0.5;51'1?-5- 0_5FN>, (iv)
AUC, and (v) the maximum correlation coefficient between true class membership and
the predicted membership over a range of thresholds, ppax, as used in Yeo and Burge
(2004) and Meier et al. (2008). In addition, we report (vi) the number of selected groups,
which for the group LASSO is given by the number which have a non-zero £ ; norm.

Overall, the methods performed comparably, with GSVB-D obtaining the largest
recall and the group LASSO the largest precision, F-score, AUC, and ppax by a small
margin (Table 4). However, GSVB returned models that were of smaller size and there-
fore more parsimonious than those of SSGL and the group LASSO. This is further
highlighted in Figure 4, which showcases the fact that the models obtained by GSVB

3available at http://hollywood.mit.edu/burgelab/maxent/ssdata/
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Method Precision Recall F-score AUC Pmax Num. selected groups
GSVB-D 0.915 (0.013) 0.951 (0.011) 0.933 (0.009) 0.975 (0.004) 0.870 (0.016) 10
GSVB-B 0.916 (0.011)  0.958 (0.013) 0.936 (0.008) 0.975 (0.004) 0.875 (0.016) 12
SSGL 0.921 (0.012) 0.950 (0.011) 0.935 (0.009) 0.977 (0.004) 0.879 (0.015) 48
Group LASSO  0.924 (0.013) 0.952 (0.010) 0.938 (0.010) 0.977 (0.004) 0.882 (0.016) 60

Table 4: MEMset splice site detection, evaluation metrics computed on the held-out
test data. The test set was split into 10 folds, and the mean (sd.) of the metrics are
computed.
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Figure 4: MEMset splice site detection, comparison of £3-norms for each group of coeffi-
cients B¢, for k =1,...,64. The red dotted line shows groups which have been selected
by more than one method. The points indicate || ng || where 3Gk is the posterior mean
for GSVB, the MAP for SSGL, and the MLE estimate under the group LASSO. The
points are colored in black () when they are non-zero and grey () otherwise. Finally,
when available, the 95% credible set for || B¢, || is given by the solid black line.

are far simpler, selecting groups 1-7 as well as the interactions between groups 2:4
and 6:7 for both methods, with GSVB-D selecting 5:7 and GSVB-B selecting 2:6, 4:6,
and 2:4:6 in addition to these. Further, Figure 4 showcases the fact that uncertainty is
available about the norms of the groups.
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7 Discussion

In this paper, we have introduced GSVB, a scalable method for group-sparse general
linear regression. We have shown how fast coordinate ascent variational inference al-
gorithms can be constructed and used to compute the variational posterior. We have
provided theoretical guarantees for the proposed VB approach in the setting of grouped
sparse linear regression by extending the theoretical work of Castillo et al. (2015) and
Ray and Szabé (2022) for group sparse settings.

Through extensive numerical studies, we have demonstrated that GSVB provides
state-of-the-art performance, offering a computationally inexpensive substitute to
MCMC, whilst also performing comparably or better than MAP methods. Furthermore,
through our analysis of real-world datasets, we have highlighted the practical utility of
our method. Demonstrating that GSVB provides parsimonious models with competi-
tive predictive performance, and, as demonstrated in Section 6.1, selects variables with
established biological significance.

One limitation of the GSVB method lies in its sensitivity to the initialisation of the
variational Bayes parameters. In particular, if a purely random initialization is used, the
CAVT algorithm may fail to converge. This limitation reflects a broader challenge shared
by many gradient-based optimization methods. We proposed a heuristic initialisation
strategy that consistently yielded robust and satisfactory performance in our simulation
studies and we recommend that practitioners adopt this initialisation scheme. However,
further examination of different initialization and update strategies could be an insight-
ful avenue for future work which might lead to further improvements in runtime and
performance

Furthermore, different to MAP and frequentist methods, GSVB provides scalable
uncertainty quantification, which serves as a powerful tool in several application areas.
Nevertheless, VB methods are known to underestimate the posterior variance. Methods
have been proposed to correct this issue, see, for example Giordano et al. (2018), however
to our knowledge these methods are yet to be extended to the high-dimensional setting,
which may prove an interesting avenue for future research.

Finally, the proposed method can be extended to the sparse-group setting, enabling
a bi-level selection of variables within selected groups, as it has been done in the setting
of sparse group lasso (Breheny and Huang, 2009; Simon et al., 2013). Bayesian bi-level
selection has been explored in the literature by Xu and Ghosh (2015) who proposed
spike-and-slab priors for sparse group lasso. GSVB can be potentially adapted for bi-
selection by extending the prior and variational family to include a spike-and-slab prior
at the coefficient level within each group. For example, instead of using a multivariate
Laplace distribution in (2), one could use a spike-and-slab mixture instead.

Supplementary Material

Supplement to “Group Spike-and-Slab Variational Bayes” (DOI: 10.1214/25-BA1542SUPP;
.pdf). Contains derivations, proofs and further experiments.
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