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ABSTRACT9

Tall cylindrical shell structures such as tubular steel wind turbine support towers are frequently10

subject to combined bending and torsional loading, and as hub heights increase these structures be-11

come increasingly driven by the ultimate limit state of buckling. However, the complete theoretical12

linear and nonlinear buckling interaction between these two reference loading conditions has never13

been fully quantified. This paper presents a detailed computational parametric investigation into14

this interaction behaviour using computational buckling analyses undertaken within the capacity15

curve framework of the evolved Eurocode EN 1993-1-6 (2025) on metal shells, focusing specifi-16

cally on the documentation of the elastic capacity parameters. A novel approach of helical meshing17

helps to minimise computational cost while maximising finite element solution quality, particularly18

for longer torsion-dominated shells. It is documented that relatively small levels of torsion have19

a near-negligible influence on cylindrical shells dominated by bending loads, a particularly fortu-20

itous finding from the point of view of design, but that the entire elastic interaction relationship is21

highly nonlinear and length-dependent owing to the eventual development of the ovalisation under22

bending. The catalogue of behaviours described here will be extended to a complete elastic-plastic23

characterisation in due course.24
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Nomenclature25

U8 [-] Elastic reduction factor, geometric (8 = � where =’𝐺𝑁𝐴

’𝐿𝐵𝐴
) or imperfection (8 = � where =’𝐺𝑁𝐼𝐴

’𝐺𝑁𝐴
)26

j8 [-] Dimensionlesss buckling resistance (as a knockdown factor on ’?;) under bending (8 = �),27

compression (8 = �) or torsion (8 = ))28

X8 [L] Imperfection amplitude, mathematical (8 = <) or tolerance (8 = 0)29

W [-] Max. principal stress orientation angle relative to the \ axis30

W0 [-] Helical mesh orientation (0 for uniform bending, c4 for uniform torsion), evaluated as W at \ = 031

_ [-] Dimensionless cylinder slenderness (=
q
’𝑀𝑁𝐴

’𝐿𝐵𝐴
”32

_8 [L] Characteristic linear buckling half-wavelength under bending (8 = �) or torsion (8 = ))33

a [-] Poisson ratio (assumed 0.3 throughout)34


� / [-] Dimensionless long-wave length parameters35

q� q� [-] Bending-torsion interaction angle (0 is uniform bending, c2 is uniform torsion), and its ‘cross-over’36

value (*) where the buckling mode changes from a bending one into a torsional one in an LBA37

d(I,\) [L] Imperfection radial midsurface coordinate as a function of I and \ coordinates38

f2; � g2; [F�L�2] Classical elastic critical meridional and shear buckling stresses respectively39

\ [-] Circumferential coordinate (0 or 2c is most tensile meridian, c is most compressive)40

2X [-] Imperfection calibration factor (= X𝑚
X0

)41

� [F�L2] Elastic modulus (assumed 200 GPa throughout)42

:8 [-] Interaction exponent for bending (8 = �), compression (8 = �) or torsion (8 = ))43

!� A� C [L] Cylinder length, midsurface radius and thickness respectively44

;8 [L] Gauge length compliant with EN 1993-1-6 for short-wave (8 = 6G) or long-wave (8 = 6\) dimple45

tolerance assessment46

"8 [F�L] Applied uniform bending (8 = �) or uniform torsional (8 = )) moment on the cylinder47

"
A4 5

8�2;
[F�L] Reference elastic critical buckling resistance for uniform bending (8 = �) or uniform torsion48

(8 = )) calculated by closed-form classical algebraic formulae49

"8�2A [F�L] Critical buckling moment under uniform bending (8 = �) or uniform torsion (8 = )) computed50

by LBA51

"�
)�2A

[F�L] Critical buckling value of the torsional moment at q� computed by LBA52

=�� =) [-] Target number of S4R finite elements per _� or _) respectively along both the I and \ axes53

#8 [F�L�1] Meridional (8 = I), circumferential (8 = \) or shear (8 = I\) membrane stress resultants54

’8 [-] Normalised resistance under bending (8 = �), compression (8 = �) or torsion (8 = ))55

’2A [-] Reference elastic critical buckling resistance as scaling factor on all loads (= ’!��)56

’?; [-] Reference plastic collapse resistance as scaling factor on all loads (= ’"#�”57



INTRODUCTION58

Wind turbine support towers, monopiles, chimneys and other long cylindrical shell structures59

are frequently subject to combined bending and torsional loading. Bending loads introduce desta-60

bilising compressive meridional membrane stresses on one portion of the circumference which are61

known to induce highly-localised short-wave buckling failure modes (Rotter et al., 2014), while62

torsional loads introduce destabilising in-plane membrane shear stresses uniformly around the63

circumference which induce global long-wave buckling failure modes (Winterstetter and Schmidt64

2002, Schmidt and Winterstetter 2004). Bending, both uniform (Wang et al., 2020) and non-uniform65

(Wang and Sadowski, 2018), is additionally known to precipitate the ovalisation phenomenon for66

cylinders beyond a certain length which degrades the circumferential curvature of the shell making67

it yet more susceptible to buckling in the flattened regions. Both of these reference cases have68

individually received significant research attention and are relatively well understood and charac-69

terised into design equations, particularly within the recently evolved state-of-the-art Eurocode on70

the strength and stability of metal shells EN 1993-1-6 (CEN, 2025).71

However, neither destabilising membrane stress component is ever present in isolation in practi-72

cal applications, and it is currently unclear precisely how these two components interact even at the73

elastic buckling ultimate limit state nor how this interaction is dependent on the length ! or slen-74

derness of the shell as expressed by its radius-to-thickness A
C

ratio. This study sets out to illustrate75

precisely this through a comprehensive computational investigation into the uniform bending-76

uniform torsion interaction of medium-length cylindrical shells of varying ! and A
C
, controlled by77

the ‘long-wave’ dimensionless group 
 = !
A

q
C
A

(Calladine, 1983), executed with parametric linear78

elastic bifurcation analyses (LBA) and nonlinear elastic buckling analyses of perfect (GNA) and79

imperfect (GNIA) cylinders, assuming four idealised but industrially-relevant equivalent geometric80

imperfection models.81

LITERATURE REVIEW82

The historical interest on cylindrical shells under combined bending and torsion has been sur-83

prisingly limited, and much experimental, theoretical and numerical research instead focused on the84



closely-related system of cylinders under combined torsion with uniform meridional compression.85

Where they were reported, all interaction relationships adopted the functional form ’
:���
���
‚’:)

)
= 1,86

where ’��� is a normalised load or stress for either uniform bending (’�) or uniform meridional87

compression (’�) while ’) is the same but for uniform torsion. The normalisation denominators88

were either theoretical predictions for the respective reference ultimate limit state or empirically89

obtained critical values.90

The first systematic experimental programme dates back to Bridget et al. (1934) who undertook91

buckling tests of thin ( A
C

between 230 and 920) steel and brass cylinders under uniform compression92

and torsion, serving as the main validation dataset for research in subsequent decades. No numerical93

interaction relationship was proposed, but a compelling intuitive argument (subsequently proven94

correct) was postulated for why it must take on a particular shape. Then followed the work of95

Bruhn (1945) who undertook extensive and allegedly elastic buckling tests of very thin celluloid96

cylinders under varying fundamental load combinations, including uniform bending with torsion.97

Numerous entirely empirical interaction relationships were suggested, with :� varying from 1 to98

2 and :) from 2 to 2.5 for bending with torsion, or :� varying from 1 to 1.3 and :) from 2 to 399

for compression with torsion. The various proposals claimed to acknowledge some dependency100

on A
C

or !
A
, however the visual illustrations shown there did not suggest any definitive relationships101

based on the test data available. Theoretical analytical studies of uniform compression with torsion102

date back to at least Batdorf et al. (1947) who reported a linear interaction formula for linear103

buckling (:� = :) = 1), presumably as a conservative lower bound to the only available test data104

at the time (Bridget et al., 1934; Bruhn, 1945) since the authors also suggested that :� = 1 and105

:) = 2 is a better empirically-informed interaction. These, and other, interaction relationships were106

later summarised in Gerard and Becker (1957) and Schilling (1965) and, indeed, the latter author107

suggested that :� = :� = 1 and :) = 2 should be a ‘good-enough’ lower bound generally.108

The bulk of subsequent research on cylinders under combined bending and torsion was ex-109

perimental in nature and dedicated to the validation of theories of plasticity. For example, Siebel110

(1953) set out to validate their own analytical work (Hill and Siebel, 1951) by testing very small111



laboratory-scale tubes with a diameter of 1 inch and thickness ranging from 0.02 to 0.06 inches ( A
C

112

from 8 to 25) under this combined loading. Although referred to as ‘thin’ in their studies, the ge-113

ometries were purposefully selected to preclude any buckling phenomena and would be considered114

very thick by today’s standards. Clark and Rolf (1964) presented detailed results from buckling115

tests of aluminium tubes with A
C
� 100 under uniform compression, uniform bending and uniform116

torsion individually which were used to validate design formulae, but unfortunately no interactions117

were considered. Felton and Dobbs (1967) presented test data for aluminium tubes under uniform118

bending ( A
C
� 70) and uniform torsion ( A

C
� 40) individually, again for the purposes of design rule119

validation, and then postulated that a ‘satisfactory representation of the strength of round tubes120

under combined bending and torsion’ is given by a circular interaction rule (:� = :) = 2). It is121

stressed that no actual tests under combined loading were undertaken, and that the empirical base122

relates to very thick cylinders dominated by plasticity. Later, Foster (1981) published test results123

of thin ( A
C

from 300 to 1780) brass and polymer (mylar and melinex) cylinders under conditions124

including uniform compression and torsion, suggesting interaction relationships with :� = 1 and125

:) either 1.5 or 2.126

The turn of the century saw the seminal experimental and computational work undertaken by127

Schmidt and Winterstetter at the University of Essen in Germany (Schmidt and Winterstetter, 1999;128

Winterstetter and Schmidt, 2002; Schmidt and Winterstetter, 2004). A detailed literature review129

had helped the authors to identify a gap in the empirical knowledge base for stocky cylinders130

under combined uniform compression and torsion, which was duly supplemented with a targeted131

test programme of steel cylinders with A
C

from 100 to 150 which helped validate an extensive132

linear elastic and nonlinear elastic-plastic computational buckling analyses. The authors proposed133

likely the most parametrically realistic interaction parameters to date (in Winterstetter and Schmidt134

(2002)) as :� = 1�25 ‚ 0�75j� and :) = 1�75 ‚ 0�25j) , where j is a generalised dimensionless135

knockdown factor on the reference full plastic resistance of either uniform compression (j�) or136

torsion (j) ) used in the EN 1993-1-6 capacity curve framework for buckling resistance assessment.137

For increasingly thin cylinders dominated by elastic buckling, j ! 0 such that :� ! 1�25 and138



:) ! 1�75, roughly consistent with historical tendencies, while for increasingly stocky tubes139

dominated by plastic collapse j ! 1 such that :� � :) ! 2. The ’stress design’ rules for buckling140

of cylindrical shells under interactions of destabilising membrane stresses in EN 1993-1-6 are141

directly based on this work, although a (potentially very conservative) variant was adopted instead142

where :� = 1�0 ‚ j2
�

and :) = 1�5 ‚ 0�5j2
)

such that only exceptionally thick cylinders attain a von143

Mises yield circle interaction.144

Research activity into the combined bending with torsion problem has resumed only very145

recently, likely in response to the growing deployment of thin cylindrical steel shells as wind146

turbine support towers and monopiles as part of international strategies to increase renewable wind147

energy production. Ding et al. (2022a,b, 2025) generated a dataset of 48 tubular steel specimens148

with A
C

between 63 and 160 tested under torsion with uniform transverse shear (leading to a linear149

bending moment distribution in the specimen), supported by laser scanning to obtain initial surface150

imperfection patterns, and compared the test data against an upper bound von Mises yield envelope151

(:� = :) = 2) and the predictions of EN 1993-1-6:2007/A1:2017 (CEN, 2017), showing good152

agreement with the latter. Further numerical investigations with LBAs by the same research group153

(Ding et al., 2023; Ádány and Schafer, 2025) hinted that small amounts of torsion may have only154

very limited effect on the bending resistance, a finding entirely supported by the computational155

elastic buckling results quantified in this paper.156

In conclusion, for the thickest cylinders under combined uniform bending and torsion it is157

known from plasticity theory that :� = :) = 2 and the interaction is exactly circular. However, for158

increasingly thin cylinders the various proposals over the past century all have it in common that159

:) � :��� which indicates an interaction curve that ‘bulges’ towards the ’��� axis and represents160

a system where torsion interacts only weakly with either uniform compression or bending (first161

postulated by Bridget et al. (1934)). The theoretical basis for the interaction relationship is162

explored and quantified with elastic but nonlinear finite element simulations herein, including163

characterisation into an algebraic format compliant with EN 1993-1-6 (CEN, 2025). Lastly,164

the literature on the reference systems of cylinders under uniform bending or uniform torsion165



individually is extensive and detailed reviews have already been carried out elsewhere (see e.g.166

(Yamaki, 1984; Schmidt and Winterstetter, 2004; Rotter et al., 2014; Wang and Sadowski, 2020)).167

COMPUTATIONAL MODELLING168

Model and loading169

The computational investigations exploring the linear and nonlinear elastic buckling responses170

of cylindrical shells under various combinations of uniform bending" � and uniform torsion" )171

moments at constant dimensionless group
 = !
A

q
C
A were carried out with �nite element models172

implemented in the commercial ABAQUS 2023 software (Simulia, 2023). A schematic of the173

model geometry, boundary conditions, loading and reference coordinate systems is shown in Fig.174

1. Contrary to the frequent use of double symmetry boundary conditions for investigations of175

cylinders under uniform bending (Rotter et al., 2014; Wang and Sadowski, 2020; Wang et al.,176

2020), the presence of torsion necessitates the modelling and discretisation of thefull cylinder177

length and circumference with a signi�cant associated penalty to computational e�ciency (a novel178

counter strategy is presented shortly). Centroidal `reference points' were placed at cylinder ends that179

are linked rigidly to the respective edges whose meridional rotations are thus essentially restrained.180

Moments were applied at one reference point, while thedofsof the other were fully restrained (thus181

developping equal and opposite reaction moments).182

An " � -" ) interaction is created by applying a moment183

" ¹qº =
q

" 2
� ¹qº ¸ " 2

) ¹qº (1)184

inclined at an angleq to theGaxis in theG� I plane at one of the reference points (Fig. 1). Its185

projection onto theGaxis186

" � ¹qº = " ¹qº cos¹qº =
c � 2q

c
� " A4 5

� (2)187

applies a uniform bending moment on the cylinder (causing membrane stresses in theI direction,188

equal and opposite at points A (tensile) and C (compressive), with a `neutral axis' through points189



B and D), while its projection onto theI axis190

" ) ¹qº = " ¹qº sin¹qº =
2q
c

� " A4 5
) (3)191

applies a uniform torque instead (causing in-plane membrane shear). The magnitude of both192

components is controlled by the angleq such that" � ¹q = 0º = " A4 5
� and " ) ¹q = 0º = 0193

(uniform bending reference case) but" � ¹q = c
2º = 0 and " ) ¹q = c

2º = " A4 5
) (uniform torsion194

reference case), with" A4 5
� and " A4 5

) being respective reference moment magnitudes prescribed195

by theoretical considerations depending on the nature of the computational analysis being done196

(presented shortly). This algebraic treatment assumes a simple linear interpolation between" A4 5
�197

and" A4 5
) as a function ofq for the purposes of creating a load set on the model, with intermediate198

values of0 � q � c
2 representing the combined load case such that a full sweep of this range199

establishes the complete" � -" ) interaction.200

Fig. 1. Schematic of a cylinder under combined uniform bending and uniform torsion, with
coordinate systems and model details.

Reference moments201

For simulations of fully elastic buckling limit states (e.g. through LBA, GNA or GNIA), the202

reference moments exploit results from linear buckling theory of thin cylindrical shells such that203



" A4 5
�–2; = cA2Cf2; (4)204

and205

" A4 5
)–2; = 2cA2Cg2; (5)206

wheref 2; andg2; are the classical elastic critical meridional and membrane shear buckling stresses207

respectively, introduced shortly.208

A `medium-length' cylinder is one whose buckling response is considered to no longer be209

a�ected by edge boundary restraints, occurring approximately when! ¡ 10
p

AC(Fajuyitan et al.,210

2018). As detailed in Rotter et al. (2014), linear buckling of a non-ovalising medium-length cylinder211

under uniform bending can be assumed with little error to occur when the meridional membrane212

stress at the most compressed �bre reaches the classical elastic critical value for uniform meridional213

compression. This is a consequence of meridional compression buckle half-wavelengths being so214

small relative to the cylinder dimensions that they can form even in limited regions of locally215

elevated compression. It is known that this critical value is given by (Eq. D.6 in EN 1993-1-6216

(CEN, 2025), or Eq. D.2 in the 2007 version, with� G= 1 therein where it appears asf G–'2A)217

f 2; =
�

p
3¹1 � a2º

C
A

(6)218

where� anda are the Young's modulus and Poisson ratio respectively, and consequently" A4 5
�–2; is219

assumed to be independent of the cylinder length! under geometrically linear conditions.220

By contrast, Yamaki (1984) and Schmidt and Winterstetter (2004) illustrated that the linear221

buckling of cylinders under uniform torsion exhibits three length-dependent domains of behaviour.222

Very short cylinders exhibit `plate'-like buckling while very long ones exhibit `spiral' buckles223

characterised by two circumferential waves. An intermediate case of medium-length cylinders224

exists, where most industrial applications are found, and for which the linear elastic critical shear225

buckling stress is given by (Eq. D.40 in EN 1993-1-6 (CEN, 2025), or Eq. D.32 in the 2007226



version, with� g = 1 therein where it appears in an algebraically equivalent form asgG\–'2A)227

g2; =
0•85�c 2

12¹1 � a2º5•8

� C
A

� 5•4 � A
!

� 1•2
(7)228

such that" A4 5
)–2; ! 0 as! ! 1 (although eventually the equation ceases to be valid and a `long'229

reference equation takes over, albeit for shells that are out of scope of most industrial applications).230

The parametric simulations presented in this paper assumed nominal material properties for steel231

with � = 200GPa anda = 0•3, although it is stressed that as the main �ndings are always expressed232

in dimensionless form they are not unique to this choice of inputs. The general-purpose bilinear233

reduced-integration four-node S4R shell element was used throughout, widely employed in the234

computational shell buckling studies using ABAQUS (see discussion in Wang et al. (2020)).235

Principal stress analysis236

Sadowski and Rotter (2013b) undertook a series of �nite element mesh convergence studies237

for LBAs of reference structural systems, �at plates and cylindrical shells under compressive238

and shear loading, where the principal stress �elds did not necessarily align with the geometric239

axes of the system. It was found that the quality of the �nite element prediction for the critical240

LBA eigenvalue and its rate of mesh convergence were improved signi�cantly when meshes of241

quadrilateral �nite elements were generated whose edges aligned with the orthogonal principal242

stress �elds within the system. The present exploration of the" � -" ) interaction in cylindrical243

shells presents one such system that would qualify for a similar treatment. A membrane theory244

analysis of an undeformed cylinder cross-section is presented in Fig. 2, where# I , # \ and# I\ are245

the in-plane meridional (induced by" � ), circumferential (always zero) and shear (induced by" ) )246

membrane stress resultants (units of force per unit length) respectively. This allows the principal247

stress inclination angleWrelative to the\ axis in theI -\ plane to be derived when combined with a248

classical Mohr's circle analysis (assuming tension and clockwise shear positive, but anticlockwise249

positiveW).250

It may be shown that the inclination of the orthogonal principal stress axis relative to the\ axis251



Fig. 2. Principal membrane stress inclination determination.

in theI -\ plane is given by252

2W= arctan
�

2# I\

# \ � # I

�
= arctan

�
�

" )

" �
� sec\

�
(8)253

which when combined with Eqs 2 and 3 gives254



2W= arctan

 
2q

2q � c
�

" A4 5
)

" A4 5
�

� sec\

!

• (9)255

It may be shown that asq ! 0 (" ! " � ) or if " A4 5
� ¡¡ " A4 5

) , 2W! 0 and the principal256

stress directions begin to align with the cylinderI -\ axes. Conversely, ifq ! c
2 (" ! " ) ) or if257

" A4 5
) ¡¡ " A4 5

� º, 2W! c
2 and the former become inclined at45° to the latter. Unfortunately, the258

inclination has a dependency on the circumferential coordinate\ since the meridional membrane259

stress resultant# I varies ascos\ (Fig. 2a). The design of a quadrilateral element meshing260

algorithm whose element edges follow the complex principal stress �elds throughout the entirety261

of the shell is outside the scope of this paper. However, it will be shown that signi�cant bene�ts262

can still be obtained by giving the mesh a uniform inclination so that it meets the necessary2W263

principal stress �eld inclination at leastone\ coordinate, namely\ = c representing the meridian264

most compressed by the" � moment (point C in Fig. 2). This uniform mesh inclination is given by265

W0 =
1
2

arctan

 
2q

c � 2q
�

" A4 5
)

" A4 5
�

!

(10)266

and the resultingW0-inclined `helical' mesh may be generated using the methods presented in267

Sadowski and Rotter (2014). The mesh inclination would also depend on the type of analysis268

being performed through the choice of system parameters which govern the assumed expressions269

for " A4 5
�–2; and" A4 5

)–2;, although Eqs 4 to 7 were assumed here throughout. An investigation into the270

evolution ofW0 as a function ofq and
 under the elastic length-dependent reference moments271

reveals that for shorter cylinders (
 ! 0) even modest levels of torsion relative to bending have a272

strong in�uence on the membrane stress state and therefore on the mesh inclination, although for273

longer ones (
 ! 1 ) the mesh inclination is dominated by bending even for quite highq because274

" A4 5
)–2; ! 0 although" A4 5

�–2; remains the same.275

Helical meshing protocol276

In shell buckling simulations, the mesh resolution should be designed to target the smallest277

theoretically possible geometric feature (a buckle, as characterised by a half-wavelength_) which278



is likely to be encountered (Sadowski and Seidel, 2023). However, the reference load conditions279

of uniform bending and uniform torsion are respectively governed by very di�erent characteristic280

buckling modes, and the reference mesh resolution requirements will be di�erent for both.281

For the reference condition of uniform bending (q = 0), the cylinder develops local short-wave282

`ripple' buckles on the compressed meridian (Rotter et al., 2014). As a �rst approximation, under283

geometrically linear elastic conditions the dimensions of the possible critical buckles are known284

to be governed by Koiter circle theory (Brush and Almroth, 1975). The circumferentially smallest285

`chequerboard' mode has a circumferential half-wavelength_\ � 3•45
p

AC(for a = 0•3), but the286

meridionally smallest `axisymmetric' mode has a meridional half-wavelength of only_I � 1•73
p

AC287

(for a = 0•3). On the assumption that the highest quality shell buckling simulations are obtained288

when quadrilateral shell elements aresquare, then the governing half-wavelength for the reference289

uniform bending system (and" � -" ) interactions dominated by bending) is290

_� � 1•73
p

AC (11)291

and the reference mesh resolution should be controlled by choosing an element edge size to achieve292

some target number of elements=� per_� along both theI and\ axes.293

For the reference condition of uniform torsion (q = c
2), a medium-length cylinder develops in-294

clined long-wave spiralling buckles spanning the full length of the cylinder, such that the meridional295

half-wavelength_I tends to! , but characterised by an integer number of circumferential waves.296

According to the theory of Donnell as presented by Yamaki (1984) (a reinterpreted Equation 2.6.26297

therein), the circumferential half-wavelength can be shown to be given by298

_) � 0•75
q

!
p

AC (12)299

for end boundary conditions with restrained meridional displacements and for medium-length300

cylinders with/ ¡ 104 where/ � 0•95
� A

C

� 2 
 2 is the Batdorf dimensionless length parameter301

(for a = 0•3) from which an equivalent condition is
 ¡ 100C
A. This half-wavelength is usually302



signi�cantly larger than_� for torsional buckles and will be taken as the governing half-wavelength303

for the reference torsional system (and" � -" ) interactions dominated by torsion). The reference304

mesh resolution will similarly be controlled by choosing an element edge size to achieve a target305

number of elements=) per_) along both theI and\ axes.306

Fig. 3. Convergence plots comparing regular rectangular and helical meshes forq = 10° (bending
dominated system, modelled with a reference bending mesh resolution for whichW0 � 1•24°) and
60° (torsion dominated system, modelled with a reference torsional mesh resolution for which
W0 � 17•36°). All simulations here assumed a unit thickness,A

C = 100and
 = 0•5.

A series of mesh convergence analyses were performed to establish acceptable values of=�307

and=) (which are positive integers) forW0-inclined helical meshes as detailed above. Each mesh308

assumed square elements of edge size_�
=�

(if following the reference bending mesh resolution) or309

_)
=)

(reference torsional mesh resolution) as necessary. For the givenW0-inclined helical mesh,=� or310

=) (depending on choice of reference mesh resolution) were progressively increased and an LBA311

was performed to obtain the critical (lowest) positive buckling eigenvalue of the cylinder loaded312

by " ¹qº (Eq. 1) for that mesh, as illustrated in Fig. 3 forq = 10° andq = 60°. Regardless of313

W0¹qº, with increasing mesh re�nement these eigenvalues converge to some (unknown) asymptotic314

value which can be estimated by the abstraction of a Modi�ed Southwell Plot or MSP (Doerich315

and Rotter, 2010) once a few data points are available. The projection estimate of this asymptotic316

eigenvalue, and its closeness to the eigenvalue predicted by a given mesh, improves with the mesh317



resolution (increasing=� or =) and thus decreasing 1/dofswheredofsis the total number of degrees318

of freedom in the mesh).319

Fig. 4. Regular rectangular andW0-dependent helical mesh convergence: number of elements per
governing half-wavelength based on LBAs performed on cylinders withA

C = 100and
 = 0•5.

The optimal=� or =) depends on the desired proximity to the projected asymptotic eigenvalue,320

expressed in Fig. 4 in terms of a percentage relative tolerance. For the reference bending mesh321

resolution, for example,=� = 10 (i.e. element size given by_�
10 � 0•17

p
ACin the I and\ axes)322

gives an eigenvalue (for a short-wave bending buckling mode) that is within 0.1% of the asymptotic323

result. For the reference torsional mesh resolution assuming a regular rectangular (non-inclined)324

mesh,=) = 60 (i.e. element size_)
60 � 0•013

p
!

p
AC) gives an eigenvalue (for a long-wave325

torsional buckling mode) satisfying the same tolerance. Despite the=) necessary to satisfy the326

same tolerance being signi�cantly larger than=� , the resulting elements are also much larger for a327

reference torsional mesh resolution than a reference bending mesh resolution and the former has328

overall far fewerdofs than the latter. AW0-inclined helical mesh is shown to achieve the 0.1%329



tolerance with even fewer elements per_) , so its deployment is particularly bene�cial for cylinders330

dominated by torsion (q ¡¡ 0).331

As a side-note, it is remarkable that `10 elements per buckling half-wavelength' has been used332

for many decades as a casual rule of thumb for mesh design in shell buckling studies of cylinders333

dominated by meridional compression (Rotter and Teng, 1989; Teng and Rotter, 1992; Song et al.,334

2004; Rotter et al., 2014; Sadowski and Seidel, 2023), which these results appear to fortuitously335

vindicate (although the studies referenced here frequently used shell elements of higher order than336

the bilinear S4R). Based on Fig. 4, this paper adopted the mesh design where LBAs and GN(I)As337

whose responses exhibited buckling employed=� = 10 for a reference bending mesh resolution338

and=) = 20 for a reference torsional mesh resolution to achieve a relative tolerance of at least339

0•5%. All meshes were helical, following theW0 inclination for a givenq (Eq. 10). The choice340

of deployment of the reference bending or torsional mesh resolution depends on response of the341

system, and will be justi�ed as the results are introduced in what follows.342

ELASTIC CRITICAL BUCKLING RESISTANCES: LBA INTERACTIONS343

In the buckling design philosophy of the Eurocode EN 1993-1-6 on metal shells (CEN, 2025),344

and the `LBA-MNA' (Rotter, 2011) or Reference Resistance Design (Rotter, 2016) buckling design345

methods in particular, a characteristic buckling resistance' : is obtained via a system-speci�c346

resistance function known as a `capacity curve' which takes as its input a dimensionless slenderness347

_ =
q

' ?;

' 2A
that is de�ned in terms of two `reference resistances'' 2A and ' ?;. Respectively,348

these are the `reference elastic critical buckling resistance' (computable as the lowest positive349

eigenvalue from a geometrically linear and elastic bifurcation buckling eigenanalysis, or LBA) and350

a `reference plastic collapse resistance' (computable as the load corresponding to the yield plateau351

from a geometrically linear but materially nonlinear path-tracing analysis, or MNA). In the semi-352

computational LBA-MNA method, a designer must actually perform these two analyses to obtain353

the resistances as' 2A = ' ! � � and' ?; = ' "# � (which can be done for any system assuming the354

software is capable of the analysis), but in the fully algebraic RRD method the Eurocode provides355

these resistances directly as convenient algebraic expressions (currently only for a select group of356



systems, including cylinders under uniform torsion and uniform bending individually in Annexes357

D.3.5 and E.1 respectively, CEN (2025)). The development of additional characterisations for the358

LBA-MNA and RRD methods is a signi�cant ongoing research challenge (Sadowski et al., 2017),359

and a complete high-quality documentation of load interactions in particular is currently missing.360

Fig. 5. Variation of ' 2A(lowest positive eigenvalue on" ¹qº, Eq. 1, from an LBA) with" � -" )
interaction angleq for various
 andA

C.

LBAs exploring the" � -" ) interaction under the linear-elastic buckling condition were per-361

formed using theW0-inclined helical meshing protocol presented previously. The' 2A vs. q362

relationships for a number of parameter combinations are illustrated in Fig. 5, in particular di-363

mensionless lengths
 from 0.5 to 8 (roughly the `medium-length' range for LBAs where either364

reference load case is free both of short-shell boundary e�ects and asymptotic long-shell behaviours365

(Schmidt and Winterstetter, 2004; Rotter et al., 2014)). The ability of the
 group to abstract out366

the dependency on theACratio is illustrated through repeated and nearly indistinguishable
 -varying367

runs for constantAC = 50, 100 and 200. The fact that' 2A � 1 whenq = 0° and90° for all parameter368

combinations shown here means that the" A4 5
�–2; and" A4 5

)–2; elastic reference moments (Eqs 4 and 5)369

are quite accurate representations of the linear elastic bifurcation buckling behaviour individually370



under uniform bending (particularly) or uniform torsion (conservatively).371

An eigenvalue on" ¹qº (Eq. 1) is also an eigenvalue on its individual projections" � ¹qº and372

" ) ¹qº (Eqs 2 and 3 respectively), allowing the construction of normalised interaction curves in373

" �–2A

" A4 5
�–2;

vs " )–2A

" A4 5
)–2;

space as shown in Fig. 6. A selection of critical LBA eigenmodes and corresponding374

W0-inclined helical meshes are illustrated in Fig. 7. It is remarkable that the presence of small375

amounts of torsion relative to" A4 5
)–2; has negligible in�uence on the linear buckling behaviour of376

the reference bending system, and it is only once the interaction angleq exceeds an
 -dependent377

`cross-over' valueq� that the buckling mode changes from a bending one to a torsional one. This378

is a consequence of the two reference buckling modes being governed by half-wavelengths on379

geometric scales at least an order of magnitude apart so that they essentially do not interact.380

Fig. 6. Computed (dashed lines) and algebraically characterised (solid lines) LBA interaction
curves for uniform bending and uniform torsion for di�erent values of
 .

An accurate identi�cation ofq� requires the accurate detection of the" � -" ) combination381

from which the system suddenly changes from exhibiting bending-dominated LBA eigenmodes382

(and requiring a reference bending mesh resolution, Eq. 11) to exhibiting torsion-dominated LBA383

eigenmodes (and requiring a reference torsional mesh resolution, Eq. 12). As the very numerous384

LBAs were performed in an automated manner using Python scripting, the `LBANet' convolutional385



neural network-based buckling mode classi�er of Sadowski (2022) was used to detect the type of386

buckling mode `on-the-�y' (which it does by encoding the eigenmode displacements into a two-387

channel `chromatic signature' stored as a.jpg �le (Fig. 7, bottom) which is then submitted to the388

trained network for inference) and to adjust both theq increment and reference mesh resolution if389

a qualitative change in LBA eigenmode type is detected. The resultingq� vs 
 relationship (which390

strictly requires Eqs 4 to 7) is elegantly approximated as (assuming an angle in radians):391

q� �
c

4 ¸ 3•4

 0•6

(13)392

Fig. 7. W0-inclined helical meshes, LBA eigenmodes and their chromatic signatures for di�erent
values of the interaction angleq assuming a unit thickness,A

C= 50 and
 = 1.

This functional form assumesq� ! 0 as 
 ! 0 (an entirely torsion-dominated system since393

" A4 5
)–2;

" A4 5
�–2;

! 1 as ! ! 0) and q� ! c
4 as 
 ! 1 . The latter limit simply postulates a limiting394

`square' interaction as there is insu�cient data at high
 to be certain (�nite element models of395

extremely long cylinders become very expensive and ill-conditioned for execution, and
 ¡ 10396

anyway ventures into the out-of-scope `long' length domain where" A4 5
)–2; would need to take on397



a di�erent expression (Schmidt and Winterstetter, 2004)). The critical torsional moment atq�
398

normalised by" A4 5
)–2; may be approximated as399

" �
)–2A

" A4 5
)–2;

�
1•44

1 ¸ 3p



• (14)400

A bilinear lower bound on the LBA interaction relationship exploiting Eqs 13 and 14 and the two401

reference moments Eqs 4 and 5 that could be used for design calculations (see Fig. 6) may be402

formulated as403

" �–2A

" A4 5
�–2;

=

8>>>><

>>>>
:

1 if 0 � q � q� and" )–2A� " �
)–2A

" )–2A� " A4 5
)–2;

" �
)–2A� " A4 5

)–2;

if q� Ÿ q � c
2 and" �

)–2AŸ " )–2A� " A4 5
)–2;

(15)404

which, it is stressed, is valid only for medium-length cylinders. This two-part piecewise functional405

form is suggested in preference to the classical relationship of the form' : �–�

�–� ¸ ' : )
) = 1 owing to the406

unusually strong gradient discontinuity exhibited by the LBA interaction (whose shape is consistent407

with the `bulging' toward the reference bending axis reported as far back as Bridget et al. (1934)).408

The gradient discontinuity is also consistent with recent LBA results performed independently by409

Ádány and Schafer (2025) using a novel `tube' meta �nite element.410

GNA INTERACTIONS411

In EN 1993-1-6 (CEN, 2025), the buckling limit state is veri�ed with the aid of a `capacity412

curve' resistance function that acts as a parametric model of the system under consideration (Rotter,413

2002, 2005a,b; Sadowski et al., 2017; Wang et al., 2020; Sadowski and Filippidis, 2024) and which414

accounts for nonlinear phenomena though physically-meaningful dimensionless algebraic `capacity415

parameters'. One of these parameters quanti�es the e�ect of geometric nonlinearity on the elastic416

buckling limit state of the perfect shell and is de�ned by the `elastic geometric reduction factor'417

U� = ' �# �
' ! � �

. Here' ! � � = ' 2Aas previously, but' �# � is a resistance obtained from a path-tracing418

GNA which permits geometric nonlinearity (and detects snap-through buckling phenomena) but419

not material nonlinearity. All GNAs performed here usedW0-inclined helical meshing and the420



`Riks' arc-length path-tracing algorithm, details of which may be found elsewhere (e.g. Wang and421

Sadowski (2018)).422

Fig. 8. Variation of ' �# � (proportionality factor on" ¹qº, Eq. 1, from a GNA) with" � -" )
interaction angleq for various
 and A

C = 100and comparison with' ! � � (left), together with the
corresponding normalised" � -" ) interaction diagram (right).

Fig. 9. Variation ofU� with the interaction angleq for A
C = 100and various
 as computed (left)

and as characterised algebraically by Eq. 16 (right). Chromatic signatures which could not be
classi�ed with LBANet are marked with an `� ', both here and in Fig. 8.

For the reference uniform bending system (Calladine, 1983; Rotter et al., 2014; Wang and423

Sadowski, 2020; Wang et al., 2020),U� follows a complex dependency on
 varying from ap-424



proximately 0.9 (small reduction in the elastic buckling load due to limited pre-buckling geometric425

nonlinearity) at
 = 0•5 (end of the medium-length domain under geometrically nonlinear condi-426

tions) to� 0•51 (fully-developed `Brazier' cross-sectional ovalisation) for
 ¡ 7 (asymptotically427

`long' cylinders) and this relationship is characterised algebraically in Annex E. 1 in EN 1993-1-6428

(CEN, 2025). For the reference uniform torsion system,U� � 0•96 (CEN, 2025) independently429

of 
 (almost negligible e�ect of geometric nonlinearity). For" � -" ) interactions at varying
430

the elastic geometrically nonlinear buckling response is not known to have ever been explored431

previously, and Figs 8 to 10 present the �rst known theoretical results for it (with Fig. 10 extend-432

ing the application of chromatic signatures from LBA eigenmodes to GNA incremental buckling433

modes for the �rst time, which are obtained as the di�erence in global displacement state just434

after bifurcation buckling and that just before). The values ofU� at q = 0 and c
2 correctly satisfy435

the 
 -dependent Eurocode-compliant results just described, with the nonlinear elastic response436

of bending-dominated systems (q Ÿ q� , Eq. 13) being signi�cantly a�ected by pre-buckling437

ovalisation but that of torsion-dominated systems (q ¡ q � ) a�ected almost not at all (Fig. 9).438

Fig. 10. GNA incremental eigenmodes and their chromatic signatures for di�erent values of the
interaction angleq for A

C= 50 and
 = 1.



A simple bilinear lower-bound characterisation of theU� vs q relationship may be given by439

U� ¹qº =

8>>>><

>>>>
:

U�–� if 0 � q � q�

U�–� ¸ ¹ U�–) � U�–� º
�

q� q�

c
2 � q�

�
if q� Ÿ q � c

2

(16)440

whereU�–� andU�–) are Equations E.13 and D.47 in EN 1993-1-6 (CEN, 2025) for the reference441

uniform bending and uniform torsion systems respectively.442

Fig. 11. Comparison of" � -" ) interactions as obtained for celluloid cylinders tested by Bruhn
(1945) with the LBA and GNA predictions as well as the theoretical von Mises circle (where" A4 5

�–?;

and " A4 5
)–?; are the reference full plastic collapse resistances under uniform bending and uniform

torsion respectively, obtained through standard closed-form algebraic formulae).

There is precious little test data against which the computational LBA and GNA results presented443

so far can be validated, but one dataset of interest is that of the buckling tests of celluloid cylinders444

by Bruhn (1945) who they claim responded entirely elastically under combined uniform bending445

with torsion. Presented as discrete data points in Fig. 11 and compared against LBA and GNA446

predictions for representative
 lengths, the test data appears to hint at an interaction relationship447

transitioning from a von Mises circle for specimens with the lowestA
C(suggesting that the specimens448



were indeed very unlikely to have buckled fully elastically despite the authors' claim) to a �atter449

interaction relationship more resembling the non-ovalising LBA or GNA curves for highA
C.450

GNIA INTERACTIONS451

A second physical parameter consumed by the EN 1993-1-6 (CEN, 2025) capacity curve452

framework, and the last which this paper restricted to the elastic buckling response of cylinders453

under uniform bending and uniform torsion can document, is the one characterising the idealised454

elastic imperfection sensitivity of the system. The `elastic imperfection reduction factor' is de�ned455

asU� = ' �# � �
' �# �

, such that thecompletereduction of the elastic buckling resistance due to geometric456

nonlinearityandimperfection sensitivity is modelled asU = U� U� = ' �# � �
' ! � �

. The sensitivity of the457

system to four idealised imperfection models is explored here, motivated as follows.458

The �rst is a very widely adopted model of a manufacturing-related geometric imperfection459

relevant to rolled metal plate construction, and one that has been found to be among the most460

realistically damaging for cylindrical shells dominated by meridional compression (Knoedel et al.,461

1995; Pircher et al., 2001; Teng et al., 2005), is the axisymmetric weld imperfection of Rotter462

and Teng (1989). The complete imperfect geometry of the midsurface radial positiond at anyI463

coordinate is generated parametrically as464

d¹I º = A� X2¹I º = A� X< 4� c
� jI � !

2 j
�
cos

�
c
�

�
�
�
�I �

!
2

�
�
�
�

�
¸ sin

�
c
�

�
�
�
�I �

!
2

�
�
�
�

� �
(17)465

where� � 2•44
p

ACis the linear meridional bending half-wavelength andX2 describes the axisym-466

metric weld depression centered atI = !
2 (Fig. 12, upper left). The second pattern considered is the467

`cross weld' imperfection (Fig. 12, upper right), following the work of Winterstetter and Schmidt468

(2002) which aimed to create an imperfection to adversely in�uence all possible membrane stress469

states in cylindrical shells. The radial midsurface positiond is represented at anyI and\ as470

d¹I– \º = A�
�
X2¹I º?X¹I– \º ¸ X; ¹\ º¹1 � ?X¹I– \ºº

�
(18)471

where?X¹I– \º = X2¹I º
X2¹I º¸ X; ¹\ º is a weighting factor to ensure that the imperfection amplitude at the472



intersection point is preserved and not arti�cially ampli�ed. Here,X2¹I º is the circumferential473

weld depression as previously de�ned (Eq. 17) whileX; ¹\ º is a model of the longitudinal weld474

depression described as475

X; ¹\ º = X< 4� cA
� j\ � c j

�
cos

� cA
�

j\ � c j
�

¸ sin
� cA

�
j\ � c j

� �
(19)476

where it has been assumed that the shape is associated with the linear meridional bending half-477

wavelength� . The weld location\ = c corresponds to the circumferential position experiencing478

the highest compressive meridional membrane stress due to bending moments (point C in Fig. 2),479

thus ensuring that the imperfection aligns with the likely critical zone for buckling.480

The third and fourth models follow a long-standing tradition in computational shell buckling481

studies of adopting `eigenmode-a�ne' imperfections in the form of critical LBA eigenmodes (see482

discussion in Section 8 of Sadowski and Seidel (2023)), an approach that continues to be popular483

due to the convenience with which �nite element software commonly permits these to be imported484

as a mesh perturbation from one analysis to another. The interacting system o�ers two relevant and485

physically opposing candidates: the `bending eigenmode' of the reference bending system with486

localised short-wave `ripples' on the compressed meridian (q = 0 in Fig. 7), and the `torsional487

eigenmode' of the reference torsion system with global inclined long-wave buckles (q = c
2 in Fig.488

7). To generate the imperfection models independently of the helical mesh, these shapes have been489

characterised mathematically. The complete imperfect geometry assuming the bending eigenmode490

(Fig. 12, lower left) is modelled as491

8>>>><

>>>>
:

d¹I– \º = A� X< sin
� <cI

!

�
sin

� cI
!

�
cos¹=\ º if \ 0 � \ !

2 � \ � \ 0 ¸ \ !
2

d¹I– \º = A otherwise
(20)492

where< = !
_�

� 0•57 !p
AC

assuming Eq. 11 is the no. of meridional half-waves which constitute the493

`ripples' while = = 1
2 � 2cA

2_ \
� 0•45

p A
C is the no. of circumferential waves assuming a theoretical494

circumferential buckling half-wavelength_\ � 3•45
p

ACadjusted empirically by an FEM-informed495



factor of 1
2 (both = and< are rounded to the nearest integer). Additionally,\ 0 is the position of496

the most compressed meridian due to bending (\ 0 = c according to the coordinate system in Fig.497

1) and\ ! = _ \
2A is the angle occupied by a half-wave in the circumferential direction. By contrast,498

the complete imperfect geometry assuming the torsional eigenmode (Fig. 12, lower right) is here499

modelled as500

d¹I– \º = A� X< sin
� cI

!

�
sin¹=kº wherek = \ ¸

I
!

tan
� c
4

�
(21)501

such that= = VcA
! (rounded to the nearest integer) andV � 1•35/ 1•4 (Equation 2.6.26 in Yamaki502

(1984), restricted to medium-length cylinders as discussed near Eq. 12) control the number of503

circumferential buckle waves.504

Fig. 12. Illustration of four idealised imperfection models assumed in GNIA interaction calcula-
tions, together with their amplitude calibrations compliant with EN 1993-1-6 (CEN, 2025).



For imperfection sensitivity studies conducted within the EN 1993-1-6 (CEN, 2025) framework,505

and additional calibration is necessaryboth to enable a meaningful direct comparison between506

di�erent imperfection modelsand to enable imperfections assumed in �nite element simulations507

performed for the purposes of structural design to be relatable to imperfections which can be508

measured as tolerances on �nished structures. Speci�cally, in all of the aboveX< refers to the509

mathematicalamplitude of the imperfection controllable by the analyst, but that what is actually510

measurable on a completed structure relative to a gauge of set length placed against the outside wall511

is atoleranceamplitudeX0. For the weld depression and bending eigenmode imperfection models,512

the relevant Eurocode-compliant gauge is;6G= 4
p

AC(relating to a short-wave meridional `dimple'513

tolerance) while for the torsional eigenmode it is;6\ = A(relating to a long-wave circumferential514

`dimple' tolerance). The calibration betweenX< andX0 is de�ned as2X = X<
X0

and following the515

Eurocode-compliant calibration procedure of Sadowski and Seidel (2023) it may be shown that516

2X � 0•98, 0.96, 0.49 and 0.47 for the weld depression, cross weld depression (for the longitudinal517

weld component, as the circumferential weld component is consistent with the isolated case),518

bending and torsional eigenmode imperfection models respectively (roughly speakingX0 � X< , X< ,519

2X< and2X< ). In what follows, all GNIAs were performed under the same conditions as GNAs520

assuming a unit thickness,A
C = 100 and medium-length cylinders with
 = 0•5, following the521

documentation by Fajuyitan and Sadowski (2018) that for the reference bending case the greatest522

imperfection sensitivity is exhibited by cylinders just on the cusp of entering the `transitional'523

(ovalising) length domain. Interaction curves for each of the four imperfection models are presented524

in Fig. 13 while imperfection sensitivity relationships expressed asU� vs X0
C are presented in Fig.525

14 for tolerance amplitudes up toX0
C = 4.526

For the reference bending case, the weld depression imperfection model is clearly a damaging527

imperfection (both stand-alone and as a component of the `cross weld') as well as being in close528

agreement with the codi�ed EN 1993-1-6 (CEN, 2025)U� relationship (Equation E.14 therein, based529

on Wang et al. (2020)). However, the presence of modest levels of torsion molli�es the severity of530

the weld depression model's in�uence, and for a system dominated by torsion the weld depression531



model has an increasingly sti�ening e�ect to the extent that eventually' �# � � ¡ ' �# � (U� ¡ 1º.532

The phenomenon of an imperfection model inappropriately acting as a sti�ener (and thus ceasing533

to be an appropriate imperfection model for a particular shell system) has been documented before534

(Sadowski and Rotter, 2012, 2013a), and the present result should again serve as a warning against535

the naïve application of even otherwise very `popular' imperfection models in computational shell536

buckling, particularly when the simulation is in the service of a design resistance assessment. The537

bending eigenmode is revealed to not be as serious an imperfection model for the reference bending538

case (also previously found by Fajuyitan and Sadowski (2018)), and the reference torsion case is539

almost entirely una�ected by it. Although this imperfection model vaguely represents local dimples540

which do readily occur in full-scale civil engineering metal shells, for example through accidental541

indentations, its localised short-wave features are simply too small relative to the long-wave global542

response of a cylinder under torsion to have a deleterious e�ect.543

Fig. 13. GNIA interaction curves between bending and torsion for medium-length cylinders with
A
C = 100 and 
 = 0•5 assuming three di�erent idealised geometric imperfection models. The
darkest lines represent near-perfect curves (X0

C near zero) while the lightest lines approachX0
C = 4.
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