10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

BUCKLING OF ELASTIC CYLINDRICAL SHELLS UNDER

COMBINED UNIFORM BENDING AND UNIFORM TORSION

Juan Antonio Cabrera-Gonzilez!'-? and Adam Jan Sadowski?

'Universidad de Sevilla, Departamento de Mecanica de Medios Continuos y Teorfa de
Estructuras, Seville, Spain. Email: jcabrerag@us.es
2GRI Renewable Industries, Madrid, Spain
3Imperial College London, Department of Civil and Environmental Engineering, London, UK.

Email: a.sadowski@imperial.ac.uk

ABSTRACT

Tall cylindrical shell structures such as tubular steel wind turbine support towers are frequently
subject to combined bending and torsional loading, and as hub heights increase these structures be-
come increasingly driven by the ultimate limit state of buckling. However, the complete theoretical
linear and nonlinear buckling interaction between these two reference loading conditions has never
been fully quantified. This paper presents a detailed computational parametric investigation into
this interaction behaviour using computational buckling analyses undertaken within the capacity
curve framework of the evolved Eurocode EN 1993-1-6 (2025) on metal shells, focusing specifi-
cally on the documentation of the elastic capacity parameters. A novel approach of helical meshing
helps to minimise computational cost while maximising finite element solution quality, particularly
for longer torsion-dominated shells. It is documented that relatively small levels of torsion have
a near-negligible influence on cylindrical shells dominated by bending loads, a particularly fortu-
itous finding from the point of view of design, but that the entire elastic interaction relationship is
highly nonlinear and length-dependent owing to the eventual development of the ovalisation under
bending. The catalogue of behaviours described here will be extended to a complete elastic-plastic

characterisation in due course.
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Nomenclature

d(1,\)
2. %

2x

TAC

wuhAd5
8 2;

8 2A

[-] Elastic reduction factor, geometric (§ =  where =%) or imperfection (§ = where =%)

[-] Dimensionlesss buckling resistance (as a knockdown factor on
compression (§ = ) or torsion (§ =))

».) under bending ¢ = ),

[L] Imperfection amplitude, mathematical (§ = <) or tolerance (8 = 0)
[-] Max. principal stress orientation angle relative to the \ axis

[-] Helical mesh orientation (0 for uniform bending, % for uniform torsion), evaluated as W at\ = 0

a

[-] Dimensionless cylinder slenderness (= "Z—B"’:

[L] Characteristic linear buckling half-wavelength under bending 8 = ) or torsion (§ =))
[-] Poisson ratio (assumed 0.3 throughout)
[-] Dimensionless long-wave length parameters

[-] Bending-torsion interaction angle (0 is uniform bending, % is uniform torsion), and its ‘cross-over’
value (*) where the buckling mode changes from a bending one into a torsional one in an LBA

[L] Imperfection radial midsurface coordinate as a function of | and \ coordinates

[F L 2] Classical elastic critical meridional and shear buckling stresses respectively

[-] Circumferential coordinate (0 or 2C is most tensile meridian, C is most compressive)

[-] Imperfection calibration factor (= ))((—'(’)‘)

[F L?] Elastic modulus (assumed 200 GPa throughout)
[-] Interaction exponent for bending 8 = ), compression 8 = ) or torsion (§ =))
[L] Cylinder length, midsurface radius and thickness respectively

[L] Gauge length compliant with EN 1993-1-6 for short-wave (8 = 6G) or long-wave (8 = 6\) dimple
tolerance assessment

[F L] Applied uniform bending (8 = ) or uniform torsional (§ =) ) moment on the cylinder

[F L] Reference elastic critical buckling resistance for uniform bending (8 = ) or uniform torsion
(8 =)) calculated by closed-form classical algebraic formulae

[F L] Critical buckling moment under uniform bending (8 = ) or uniform torsion (8 =) ) computed
by LBA

[F L] Critical buckling value of the torsional moment at  computed by LBA

[-] Target number of S4R finite elements per _ or _y respectively along both the I and \ axes
[FL '] Meridional (8 = I), circumferential (§ = \) or shear (8 = I\) membrane stress resultants
[-] Normalised resistance under bending (§ = ), compression 8 = ) or torsion 8 =))

[-] Reference elastic critical buckling resistance as scaling factor on all loads (= 1 )

[-] Reference plastic collapse resistance as scaling factor on all loads (= ” =~ #
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INTRODUCTION

Wind turbine support towers, monopiles, chimneys and other long cylindrical shell structures
are frequently subject to combined bending and torsional loading. Bending loads introduce desta-
bilising compressive meridional membrane stresses on one portion of the circumference which are
known to induce highly-localised short-wave buckling failure modes (Rotter et al., 2014), while
torsional loads introduce destabilising in-plane membrane shear stresses uniformly around the
circumference which induce global long-wave buckling failure modes (Winterstetter and Schmidt
2002, Schmidt and Winterstetter 2004). Bending, both uniform (Wang et al., 2020) and non-uniform
(Wang and Sadowski, 2018), is additionally known to precipitate the ovalisation phenomenon for
cylinders beyond a certain length which degrades the circumferential curvature of the shell making
it yet more susceptible to buckling in the flattened regions. Both of these reference cases have
individually received significant research attention and are relatively well understood and charac-
terised into design equations, particularly within the recently evolved state-of-the-art Eurocode on
the strength and stability of metal shells EN 1993-1-6 (CEN, 2025).

However, neither destabilising membrane stress component is ever present in isolation in practi-
cal applications, and it is currently unclear precisely how these two components interact even at the
elastic buckling ultimate limit state nor how this interaction is dependent on the length ! or slen-
derness of the shell as expressed by its radius-to-thickness % ratio. This study sets out to illustrate
precisely this through a comprehensive computational investigation into the uniform bending-
uniform torsion interaction of medium-length cylindrical shells of varying ! and %, controlled by
the ‘long-wave’ dimensionless group = Al E(Calladine, 1983), executed with parametric linear
elastic bifurcation analyses (LBA) and nonlinear elastic buckling analyses of perfect (GNA) and
imperfect (GNIA) cylinders, assuming four idealised but industrially-relevant equivalent geometric

imperfection models.

LITERATURE REVIEW
The historical interest on cylindrical shells under combined bending and torsion has been sur-

prisingly limited, and much experimental, theoretical and numerical research instead focused on the
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closely-related system of cylinders under combined torsion with uniform meridional compression.
Where they were reported, all interaction relationships adopted the functional form * S )3) =1,
where ”  is a normalised load or stress for either uniform bending (* ) or uniform meridional

compression (7 ) while 7y is the same but for uniform torsion. The normalisation denominators
were either theoretical predictions for the respective reference ultimate limit state or empirically
obtained critical values.

The first systematic experimental programme dates back to Bridget et al. (1934) who undertook
buckling tests of thin (% between 230 and 920) steel and brass cylinders under uniform compression
and torsion, serving as the main validation dataset for research in subsequent decades. No numerical
interaction relationship was proposed, but a compelling intuitive argument (subsequently proven
correct) was postulated for why it must take on a particular shape. Then followed the work of
Bruhn (1945) who undertook extensive and allegedly elastic buckling tests of very thin celluloid
cylinders under varying fundamental load combinations, including uniform bending with torsion.
Numerous entirely empirical interaction relationships were suggested, with : varying from 1 to
2 and @y from 2 to 2.5 for bending with torsion, or : varying from 1 to 1.3 and :y from 2 to 3
for compression with torsion. The various proposals claimed to acknowledge some dependency
on % or %, however the visual illustrations shown there did not suggest any definitive relationships
based on the test data available. Theoretical analytical studies of uniform compression with torsion
date back to at least Batdorf et al. (1947) who reported a linear interaction formula for linear
buckling (: = Iy = 1), presumably as a conservative lower bound to the only available test data
at the time (Bridget et al., 1934; Bruhn, 1945) since the authors also suggested that : =1 and
1y = 2is a better empirically-informed interaction. These, and other, interaction relationships were
later summarised in Gerard and Becker (1957) and Schilling (1965) and, indeed, the latter author
suggested that - =: =1and :y =2 should be a ‘good-enough’ lower bound generally.

The bulk of subsequent research on cylinders under combined bending and torsion was ex-

perimental in nature and dedicated to the validation of theories of plasticity. For example, Siebel

(1953) set out to validate their own analytical work (Hill and Siebel, 1951) by testing very small
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laboratory-scale tubes with a diameter of 1 inch and thickness ranging from 0.02 to 0.06 inches (%
from 8 to 25) under this combined loading. Although referred to as ‘thin’ in their studies, the ge-
ometries were purposefully selected to preclude any buckling phenomena and would be considered
very thick by today’s standards. Clark and Rolf (1964) presented detailed results from buckling
tests of aluminium tubes with % 100 under uniform compression, uniform bending and uniform
torsion individually which were used to validate design formulae, but unfortunately no interactions
were considered. Felton and Dobbs (1967) presented test data for aluminium tubes under uniform
bending (’% 70) and uniform torsion (% 40) individually, again for the purposes of design rule
validation, and then postulated that a ‘satisfactory representation of the strength of round tubes
under combined bending and torsion’ is given by a circular interaction rule (1 = Iy =2). Itis
stressed that no actual tests under combined loading were undertaken, and that the empirical base
relates to very thick cylinders dominated by plasticity. Later, Foster (1981) published test results
of thin (% from 300 to 1780) brass and polymer (mylar and melinex) cylinders under conditions
including uniform compression and torsion, suggesting interaction relationships with : =1 and
2y either 1.5 or 2.

The turn of the century saw the seminal experimental and computational work undertaken by
Schmidt and Winterstetter at the University of Essen in Germany (Schmidt and Winterstetter, 1999;
Winterstetter and Schmidt, 2002; Schmidt and Winterstetter, 2004). A detailed literature review
had helped the authors to identify a gap in the empirical knowledge base for stocky cylinders
under combined uniform compression and torsion, which was duly supplemented with a targeted
test programme of steel cylinders with % from 100 to 150 which helped validate an extensive
linear elastic and nonlinear elastic-plastic computational buckling analyses. The authors proposed
likely the most parametrically realistic interaction parameters to date (in Winterstetter and Schmidt
(2002))as : =125,075) and 1y =175, 025]y, where j is a generalised dimensionless
knockdown factor on the reference full plastic resistance of either uniform compression (j ) or
torsion (Jy) used in the EN 1993-1-6 capacity curve framework for buckling resistance assessment.

For increasingly thin cylinders dominated by elastic buckling, § ¥ O such that : ¥ 125 and
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-y ¥ 175, roughly consistent with historical tendencies, while for increasingly stocky tubes
dominated by plastic collapse J ¥ 1suchthat - :y ¥ 2. The ’stress design’ rules for buckling
of cylindrical shells under interactions of destabilising membrane stresses in EN 1993-1-6 are
directly based on this work, although a (potentially very conservative) variant was adopted instead
where : =10, j* and H=15,0 Sj)2 such that only exceptionally thick cylinders attain a von
Mises yield circle interaction.

Research activity into the combined bending with torsion problem has resumed only very
recently, likely in response to the growing deployment of thin cylindrical steel shells as wind
turbine support towers and monopiles as part of international strategies to increase renewable wind
energy production. Ding et al. (2022a,b, 2025) generated a dataset of 48 tubular steel specimens
with % between 63 and 160 tested under torsion with uniform transverse shear (leading to a linear
bending moment distribution in the specimen), supported by laser scanning to obtain initial surface
imperfection patterns, and compared the test data against an upper bound von Mises yield envelope
(: =y = 2) and the predictions of EN 1993-1-6:2007/A1:2017 (CEN, 2017), showing good
agreement with the latter. Further numerical investigations with LBAs by the same research group
(Ding et al., 2023; Adény and Schafer, 2025) hinted that small amounts of torsion may have only
very limited effect on the bending resistance, a finding entirely supported by the computational
elastic buckling results quantified in this paper.

In conclusion, for the thickest cylinders under combined uniform bending and torsion it is
known from plasticity theory that - = Iy =2 and the interaction is exactly circular. However, for
increasingly thin cylinders the various proposals over the past century all have it in common that

1y ©  which indicates an interaction curve that ‘bulges’ towards the axis and represents
a system where torsion interacts only weakly with either uniform compression or bending (first
postulated by Bridget et al. (1934)). The theoretical basis for the interaction relationship is
explored and quantified with elastic but nonlinear finite element simulations herein, including

characterisation into an algebraic format compliant with EN 1993-1-6 (CEN, 2025). Lastly,

the literature on the reference systems of cylinders under uniform bending or uniform torsion
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individually is extensive and detailed reviews have already been carried out elsewhere (see e.g.

(Yamaki, 1984; Schmidt and Winterstetter, 2004; Rotter et al., 2014; Wang and Sadowski, 2020)).

COMPUTATIONAL MODELLING

Model and loading

The computational investigations exploring the linear and nonlinear elastic buckling responses
of cylindrical shells under various combinations of uniform bendingand uniform torsior' )
moments at constant dimensionless groep %q ;‘jwere carried out with nite element models
implemented in the commercial ABAQUS 2023 software (Simulia, 2023). A schematic of the
model geometry, boundary conditions, loading and reference coordinate systems is shown in Fig.
1. Contrary to the frequent use of double symmetry boundary conditions for investigations of
cylinders under uniform bending (Rotter et al., 2014; Wang and Sadowski, 2020; Wang et al.,
2020), the presence of torsion necessitates the modelling and discretisationfaif thdinder
length and circumference with a signi cant associated penalty to computational e ciency (a novel
counter strategy is presented shortly). Centroidal ‘reference points' were placed at cylinder ends that
are linked rigidly to the respective edges whose meridional rotations are thus essentially restrained.
Moments were applied at one reference point, whiledibfsof the other were fully restrained (thus

developping equal and opposite reaction moments).

An" -" interaction is created by applying a moment

q
Tige= v Age, " P (1)

inclined at an anglg to theGaxis in theG | plane at one of the reference points (Fig. 1). Its
projection onto thé&axis
29 ., a4s

n 1q0 =" 1q0 Cos’l_qO = c S

(2)

applies a uniform bending moment on the cylinder (causing membrane stresses dirdaion,

egual and opposite at points A (tensile) and C (compressive), with a “neutral axis' through points
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B and D), while its projection onto thieaxis

n ) 1q0 =n 1q0 SInlqO — 2C_q " )A4-5 (3)

applies a uniform torque instead (causing in-plane membrane shear). The magnitude of both
components is controlled by the angiesuch that" 1q = 0° = " A4S and " ylg=0=0

uniform bending reference case) But 1q = $°=0and" y1q=%° =" A%5(uniform torsion
2 ) 2 )

reference case), with A%43and " )A45

being respective reference moment magnitudes prescribed
by theoretical considerations depending on the nature of the computational analysis being done
(presented shortly). This algebraic treatment assumes a simple linear interpolation BetWeen

and" )A4 ®as a function ofy for the purposes of creating a load set on the model, with intermediate
values of0 g 5 representing the combined load case such that a full sweep of this range

establishes the complete -"  interaction.

Fig. 1. Schematic of a cylinder under combined uniform bending and uniform torsion, with
coordinate systems and model details.

Reference moments
For simulations of fully elastic buckling limit states (e.g. through LBA, GNA or GNIA), the

reference moments exploit results from linear buckling theory of thin cylindrical shells such that
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" %50= cRCh @

and

v A45_
12.= 2cKCg (5)

wheref 5. andg: are the classical elastic critical meridional and membrane shear buckling stresses
respectively, introduced shortly.

A "medium-length’ cylinder is one whose buckling response is considered to no longer be
a ected by edge boundary restraints, occurring approximately WhienlopKG;Fajuyitan et al.,
2018). As detailed in Rotter et al. (2014), linear buckling of a non-ovalising medium-length cylinder
under uniform bending can be assumed with little error to occur when the meridional membrane
stress at the most compressed bre reaches the classical elastic critical value for uniform meridional
compression. This is a consequence of meridional compression buckle half-wavelengths being so
small relative to the cylinder dimensions that they can form even in limited regions of locally
elevated compression. It is known that this critical value is given by (Eq. D.6 in EN 1993-1-6

(CEN, 2025), or Eg. D.2 in the 2007 version, witk= 1 therein where it appears &%_24

C
f2-_

-l ©

where andaare the Young's modulus and Poisson ratio respectively, and consequé}ﬁﬁjs
assumed to be independent of the cylinder legtinder geometrically linear conditions.

By contrast, Yamaki (1984) and Schmidt and Winterstetter (2004) illustrated that the linear
buckling of cylinders under uniform torsion exhibits three length-dependent domains of behaviour.
Very short cylinders exhibit “plate’-like buckling while very long ones exhibit “spiral' buckles
characterised by two circumferential waves. An intermediate case of medium-length cylinders
exists, where most industrial applications are found, and for which the linear elastic critical shear

buckling stress is given by (Eq. D.40 in EN 1993-1-6 (CEN, 2025), or Eq. D.32 in the 2007
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version, with 4 = 1therein where it appears in an algebraically equivalent forgsasyy

085 ¢ ? C>4 A 12

®; = 1211 2958 A I (7)

such that' |~ Oas! 'l (although eventually the equation ceases to be valid and a "long'

A45,
)—2: !
reference equation takes over, albeit for shells that are out of scope of most industrial applications).
The parametric simulations presented in this paper assumed nominal material properties for steel
with = 200GPa andha = 03, although it is stressed that as the main ndings are always expressed

in dimensionless form they are not unique to this choice of inputs. The general-purpose bilinear

reduced-integration four-node S4R shell element was used throughout, widely employed in the

computational shell buckling studies using ABAQUS (see discussion in Wang et al. (2020)).

Principal stress analysis

Sadowski and Rotter (2013b) undertook a series of nite element mesh convergence studies
for LBAs of reference structural systems, at plates and cylindrical shells under compressive
and shear loading, where the principal stress elds did not necessarily align with the geometric
axes of the system. It was found that the quality of the nite element prediction for the critical
LBA eigenvalue and its rate of mesh convergence were improved signi cantly when meshes of
quadrilateral nite elements were generated whose edges aligned with the orthogonal principal
stress elds within the system. The present exploration of“the"  interaction in cylindrical
shells presents one such system that would qualify for a similar treatment. A membrane theory
analysis of an undeformed cylinder cross-section is presented in Fig. 2, Whete and#, are
the in-plane meridional (induced By ), circumferential (always zero) and shear (induced by
membrane stress resultants (units of force per unit length) respectively. This allows the principal
stress inclination angMtelative to thé axis in thel -\ plane to be derived when combined with a
classical Mohr's circle analysis (assuming tension and clockwise shear positive, but anticlockwise
positiveW.

It may be shown that the inclination of the orthogonal principal stress axis relative tattie



Fig. 2. Principal membrane stress inclination determination.

2  Inthel-\ plane is given by

281\ )

253 2W= arctan r = arctan — sec\ (8)
\ |

s« Which when combined with Eqs 2 and 3 gives
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n A45

2WE= arctan 20 —Ts sec\ e (9)
It may be shown thatag ! 0 (" ! “ )orif" *°j* H72wi 0and the principal
stress directions begin to align with the cylinder axes. Conversely, ! 3 (" ! "))orif
" )A45n " A45, 2W! % and the former become inclined 4%° to the latter. Unfortunately, the

inclination has a dependency on the circumferential coordinatace the meridional membrane
stress resultant, varies ascos\ (Fig. 2a). The design of a quadrilateral element meshing
algorithm whose element edges follow the complex principal stress elds throughout the entirety
of the shell is outside the scope of this paper. However, it will be shown that signi cant bene ts
can still be obtained by giving the mesh a uniform inclination so that it meets the nec@vgary
principal stress eld inclination at leasine\ coordinate, namely = c representing the meridian

most compressed by tie  moment (point C in Fig. 2). This uniform mesh inclination is given by

|
nw A45

W = > arctan m — 75 (20)

and the resultingM-inclined "helical' mesh may be generated using the methods presented in
Sadowski and Rotter (2014). The mesh inclination would also depend on the type of analysis

being performed through the choice of system parameters which govern the assumed expressions

u A45
_2’

n A45

and y_20

for although Eqgs 4 to 7 were assumed here throughout. An investigation into the
evolution of W as a function ofg and under the elastic length-dependent reference moments
reveals that for shorter cylinders ( 0) even modest levels of torsion relative to bending have a
strong in uence on the membrane stress state and therefore on the mesh inclination, although for

longer ones ( !'1 ) the mesh inclination is dominated by bending even for quite higecause

w A45
)-2;°

n A45

_,. remains the same.

0 although

Helical meshing protocol
In shell buckling simulations, the mesh resolution should be designed to target the smallest

theoretically possible geometric feature (a buckle, as characterised by a half-wavelewdibh
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is likely to be encountered (Sadowski and Seidel, 2023). However, the reference load conditions
of uniform bending and uniform torsion are respectively governed by very di erent characteristic
buckling modes, and the reference mesh resolution requirements will be di erent for both.

For the reference condition of uniform bendirgg= 0), the cylinder develops local short-wave
‘ripple’ buckles on the compressed meridian (Rotter et al., 2014). As a rst approximation, under
geometrically linear elastic conditions the dimensions of the possible critical buckles are known
to be governed by Koiter circle theory (Brush and Almroth, 1975). The circumferentially smallest
“chequerboard' mode has a circumferential half-wavelength 3-45pKC(for a = 0<3), but the
meridionally smallest "axisymmetric' mode has a meridional half-wavelength of_(pnly1-73p AC
(for a = 0+3). On the assumption that the highest quality shell buckling simulations are obtained
when quadrilateral shell elements auare then the governing half-wavelength for the reference
uniform bending system (arfd -" ) interactions dominated by bending) is

1-73p AC (11)

and the reference mesh resolution should be controlled by choosing an element edge size to achieve
some target number of elementsper_ along both thd and\ axes.

For the reference condition of uniform torsiom £ 3), a medium-length cylinder develops in-
clined long-wave spiralling buckles spanning the full length of the cylinder, such that the meridional
half-wavelength ; tends to! , but characterised by an integer number of circumferential waves.
According to the theory of Donnell as presented by Yamaki (1984) (a reinterpreted Equation 2.6.26
therein), the circumferential half-wavelength can be shown to be given by

45—
) 075 1 AC (12)

for end boundary conditions with restrained meridional displacements and for medium-length
cylinders with/ j 10* where/ 095 %2 2 is the Batdorf dimensionless length parameter

(for a = 0+3) from which an equivalent condition is j 100%. This half-wavelength is usually
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signi cantly larger than_ for torsional buckles and will be taken as the governing half-wavelength
for the reference torsional system (ahd-" y interactions dominated by torsion). The reference
mesh resolution will similarly be controlled by choosing an element edge size to achieve a target

number of elements) per_) along both thé and\ axes.

Fig. 3. Convergence plots comparing regular rectangular and helical mestegs fbd° (bending
dominated system, modelled with a reference bending mesh resolution for Whicli+24°) and

60° (torsion dominated system, modelled with a reference torsional mesh resolution for which
W 17436°). All simulations here assumed a unit thickne%s, 100and = 0e5.

A series of mesh convergence analyses were performed to establish acceptable values of
and=) (which are positive integers) fMg-inclined helical meshes as detailed above. Each mesh
assumed square elements of edge sizéf following the reference bending mesh resolution) or
;)L (reference torsional mesh resolution) as necessary. For the\@nianlined helical meshs or
= (depending on choice of reference mesh resolution) were progressively increased and an LBA
was performed to obtain the critical (lowest) positive buckling eigenvalue of the cylinder loaded
by " 1g° (Eq. 1) for that mesh, as illustrated in Fig. 3 fpr= 10° andq = 60°. Regardless of
Wtq°, with increasing mesh re nement these eigenvalues converge to some (unknown) asymptotic
value which can be estimated by the abstraction of a Modi ed Southwell Plot or MSP (Doerich
and Rotter, 2010) once a few data points are available. The projection estimate of this asymptotic

eigenvalue, and its closeness to the eigenvalue predicted by a given mesh, improves with the mesh
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resolution (increasing or=) and thus decreasingddfswheredofsis the total number of degrees

of freedom in the mesh).

Fig. 4. Regular rectangular and§-dependent helical mesh convergence: number of elements per
governing half-wavelength based on LBAs performed on cylinders @n’-’(thOand = 0e5.

The optimalk= or = depends on the desired proximity to the projected asymptotic eigenvalue,
expressed in Fig. 4 in terms of a percentage relative tolerance. For the reference bending mesh
resolution, for examplez = 10 (i.e. element size given by; 0-17pKCtn thel and\ axes)
gives an eigenvalue (for a short-wave bending buckling mode) that is witt# &f. the asymptotic
result. For the reference torsional mesh resolution assuming a regular rectangular (non-inclined)
mesh,= = 60 (i.e. element sizeg; 0-013p!_pf§:gives an eigenvalue (for a long-wave
torsional buckling mode) satisfying the same tolerance. Despiteythmecessary to satisfy the
same tolerance being signi cantly larger than the resulting elements are also much larger for a
reference torsional mesh resolution than a reference bending mesh resolution and the former has

overall far fewerdofsthan the latter. AM-inclined helical mesh is shown to achieve the%.1
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tolerance with even fewer elements per so its deployment is particularly bene cial for cylinders
dominated by torsiong(jj 0).

As a side-note, it is remarkable that "10 elements per buckling half-wavelength' has been used
for many decades as a casual rule of thumb for mesh design in shell buckling studies of cylinders
dominated by meridional compression (Rotter and Teng, 1989; Teng and Rotter, 1992; Song et al.,
2004; Rotter et al., 2014; Sadowski and Seidel, 2023), which these results appear to fortuitously
vindicate (although the studies referenced here frequently used shell elements of higher order than
the bilinear S4R). Based on Fig. 4, this paper adopted the mesh design where LBAs and GN(I)As
whose responses exhibited buckling employed= 10 for a reference bending mesh resolution
and= = 20 for a reference torsional mesh resolution to achieve a relative tolerance of at least
05%. All meshes were helical, following thé4 inclination for a giveng (Eq. 10). The choice
of deployment of the reference bending or torsional mesh resolution depends on response of the

system, and will be justi ed as the results are introduced in what follows.

ELASTIC CRITICAL BUCKLING RESISTANCES: LBA INTERACTIONS

In the buckling design philosophy of the Eurocode EN 1993-1-6 on metal shells (CEN, 2025),
and the "LBA-MNA' (Rotter, 2011) or Reference Resistance Design (Rotter, 2016) buckling design
methods in particular, a characteristic buckling resistanceés obtained via a system-specic
resistance function known as a “capacity curve' which takes as its input a dimensionless slenderness

q-
_ = é\ that is de ned in terms of two ‘reference resistancesy and' ».. Respectively,

these are the ‘reference elastic critical buckling resistance’ (computable as the lowest positive
eigenvalue from a geometrically linear and elastic bifurcation buckling eigenanalysis, or LBA) and

a reference plastic collapse resistance' (computable as the load corresponding to the yield plateau
from a geometrically linear but materially nonlinear path-tracing analysis, or MNA). In the semi-
computational LBA-MNA method, a designer must actually perform these two analyses to obtain
the resistances asa="'1 and' ». ="'+ (which can be done for any system assuming the

software is capable of the analysis), but in the fully algebraic RRD method the Eurocode provides

these resistances directly as convenient algebraic expressions (currently only for a select group of
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systems, including cylinders under uniform torsion and uniform bending individually in Annexes
D.3.5 and E.1 respectively, CEN (2025)). The development of additional characterisations for the
LBA-MNA and RRD methods is a signi cant ongoing research challenge (Sadowski et al., 2017),

and a complete high-quality documentation of load interactions in particular is currently missing.

Fig. 5. Variation of' »a (lowest positive eigenvalue ch q°, Eq. 1, from an LBA) with" -"
interaction angley for various and%

LBAs exploring the" ) interaction under the linear-elastic buckling condition were per-
formed using théW-inclined helical meshing protocol presented previously. Thgvs. q
relationships for a number of parameter combinations are illustrated in Fig. 5, in particular di-
mensionless lengths from 0.5 to 8 (roughly the ‘'medium-length’ range for LBAs where either
reference load case is free both of short-shell boundary e ects and asymptotic long-shell behaviours
(Schmidt and Winterstetter, 2004; Rotter et al., 2014)). The ability of tlygoup to abstract out

the dependency on tf@'atio is illustrated through repeated and nearly indistinguishahtarying

runs for constan%z 50, 100 and 200. The factthaba 1whenq = 0° and90° for all parameter

n A45

)—2: elastic reference moments (Egs 4 and 5)

combinations shown here means that'th’ég?and

are quite accurate representations of the linear elastic bifurcation buckling behaviour individually
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under uniform bending (particularly) or uniform torsion (conservatively).
An eigenvalue ori 1g° (Eq. 1) is also an eigenvalue on its individual projectiénstg® and

"y 10° (Egs 2 and 3 respectively), allowing the construction of normalised interaction curves in

22 VS =22 space as shown in Fig. 6. A selection of critical LBA eigenmodes and corresponding

-2; )-2;
W-inclined helical meshes are illustrated in Fig. 7. It is remarkable that the presence of small

amounts of torsion relative to )A_‘;.Shas negligible in uence on the linear buckling behaviour of

the reference bending system, and it is only once the interaction grefeeeds an -dependent
“cross-over' valugy that the buckling mode changes from a bending one to a torsional one. This
is a consequence of the two reference buckling modes being governed by half-wavelengths on

geometric scales at least an order of magnitude apart so that they essentially do not interact.

Fig. 6. Computed (dashed lines) and algebraically characterised (solid lines) LBA interaction
curves for uniform bending and uniform torsion for di erent values of

An accurate identi cation ofg requires the accurate detection of the-" ) combination
from which the system suddenly changes from exhibiting bending-dominated LBA eigenmodes
(and requiring a reference bending mesh resolution, Eq. 11) to exhibiting torsion-dominated LBA
eigenmodes (and requiring a reference torsional mesh resolution, Eg. 12). As the very numerous

LBAs were performed in an automated manner using Python scripting, the "LBANet' convolutional



386

387

388

389

390

391

392

393

394

395

396

397

neural network-based buckling mode classi er of Sadowski (2022) was used to detect the type of
buckling mode “on-the- y' (which it does by encoding the eigenmode displacements into a two-
channel “chromatic signature' stored agog le (Fig. 7, bottom) which is then submitted to the
trained network for inference) and to adjust both ¢hiecrement and reference mesh resolution if

a qualitative change in LBA eigenmode type is detected. The resujtimg relationship (which

strictly requires Egs 4 to 7) is elegantly approximated as (assuming an angle in radians):

(13)

Fig. 7. W-inclined helical meshes, LBA eigenmodes and their chromatic signatures for di erent
values of the interaction angteassuming a unit thicknes%,z 50and =1.

This functional form assumeg ! 0Oas ! 0 (an entirely torsion-dominated system since

w A45

& !1 as! ! 0Oandg ! %£as !'1 . The latter limit simply postulates a limiting
_2;

‘square' interaction as there is insu cient data at highto be certain ( nite element models of

extremely long cylinders become very expensive and ill-conditioned for execution, gnd.O

anyway ventures into the out-of-scope ‘long' length domain wHe)ﬁéswould need to take on
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a di erent expression (Schmidt and Winterstetter, 2004)). The critical torsional moment at

normalised by’ )A_‘;.smay be approximated as
" 1+44
)-2; > P=

A bilinear lower bound on the LBA interaction relationship exploiting Eqs 13 and 14 and the two
reference moments Eqgs 4 and 5 that could be used for design calculations (see Fig. 6) may be

formulated as

" _ZA_% ifO g g and")on " )-2A

w A4S E n A45

(15)
W A4S

. )-2;
=% )-2;

:2—),125 ifg Yq $and" )—ZAY "2

which, it is stressed, is valid only for medium-length cylinders. This two-part piecewise functional
form is suggested in preference to the classical relationship of the form, * ):) = 1lowingto the
unusually strong gradient discontinuity exhibited by the LBA interaction (whose shape is consistent
with the “bulging' toward the reference bending axis reported as far back as Bridget et al. (1934)).
The gradient discontinuity is also consistent with recent LBA results performed independently by

Adany and Schafer (2025) using a novel ‘tube' meta nite element.

GNA INTERACTIONS

In EN 1993-1-6 (CEN, 2025), the buckling limit state is veri ed with the aid of a "capacity
curve' resistance function that acts as a parametric model of the system under consideration (Rotter,
2002, 2005a,b; Sadowski et al., 2017; Wang et al., 2020; Sadowski and Filippidis, 2024) and which
accounts for nonlinear phenomena though physically-meaningful dimensionless algebraic “capacity
parameters'. One of these parameters quanti es the e ect of geometric nonlinearity on the elastic

buckling limit state of the perfect shell and is de ned by the “elastic geometric reduction factor'

U =—t—. Here' 1 =" oaas previously, but 4 is aresistance obtained from a path-tracing

GNA which permits geometric nonlinearity (and detects snap-through buckling phenomena) but

not material nonlinearity. All GNAs performed here uséflinclined helical meshing and the
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"Riks' arc-length path-tracing algorithm, details of which may be found elsewhere (e.g. Wang and

22 Sadowski (2018)).

Fig. 8. Variation of' »  (proportionality factor ori' 1q°, Eqg. 1, from a GNA) with" -"
interaction angley for various andié: 100and comparison with;,  (left), together with the
corresponding normalised -" y interaction diagram (right).

Fig. 9. Variation of U with the interaction angle for ’—é: 100and various as computed (left)
and as characterised algebraically by Eq. 16 (right). Chromatic signatures which could not be
classi ed with LBANet are marked with an *, both here and in Fig. 8.

For the reference uniform bending system (Calladine, 1983; Rotter et al., 2014; Wang and

423

Sadowski, 2020; Wang et al., 202@), follows a complex dependency on varying from ap-
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proximately 0.9 (small reduction in the elastic buckling load due to limited pre-buckling geometric
nonlinearity) at = 05 (end of the medium-length domain under geometrically nonlinear condi-
tions) to  0+51 (fully-developed "Brazier' cross-sectional ovalisation) for; 7 (asymptotically

“long’ cylinders) and this relationship is characterised algebraically in Annex E. 1 in EN 1993-1-6
(CEN, 2025). For the reference uniform torsion systeém, 0496 (CEN, 2025) independently

of (almost negligible e ect of geometric nonlinearity). Fbr -" ) interactions at varying

the elastic geometrically nonlinear buckling response is not known to have ever been explored
previously, and Figs 8 to 10 present the rst known theoretical results for it (with Fig. 10 extend-
ing the application of chromatic signatures from LBA eigenmodes to GNA incremental buckling
modes for the rst time, which are obtained as the di erence in global displacement state just
after bifurcation buckling and that just before). The valuetlofatq = 0 and$ correctly satisfy

the -dependent Eurocode-compliant results just described, with the nonlinear elastic response
of bending-dominated systemg (Y g, Eq. 13) being signi cantly a ected by pre-buckling

ovalisation but that of torsion-dominated systems ) a ected almost not at all (Fig. 9).

Fig. 10. GNA incremental eigenmodes and their chromatic signatures for di erent values of the
interaction angley for AC: 50and =1.
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A simple bilinear lower-bound characterisation of thevs q relationship may be given by

%U_ ifO g q
U tq°= (16)

?u_ LU,y u_ e g—‘; ifqg Yq $
whereU_ andU_y are Equations E.13 and D.47 in EN 1993-1-6 (CEN, 2025) for the reference

uniform bending and uniform torsion systems respectively.

Fig. 11. Comparison of* -" ) interactions as obtained for celluloid cylinders tested by Bruhn

(1945) with the LBA and GNA predictions as well as the theoretical von Mises circle (Whéﬁé_’

and" )A_‘f,.‘r’are the reference full plastic collapse resistances under uniform bending and uniform

torsion respectively, obtained through standard closed-form algebraic formulae).

There s precious little test data against which the computational LBA and GNA results presented
so far can be validated, but one dataset of interest is that of the buckling tests of celluloid cylinders
by Bruhn (1945) who they claim responded entirely elastically under combined uniform bending
with torsion. Presented as discrete data points in Fig. 11 and compared against LBA and GNA
predictions for representative lengths, the test data appears to hint at an interaction relationship

transitioning from a von Mises circle for specimens with the Im@sﬂggesting that the specimens
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were indeed very unlikely to have buckled fully elastically despite the authors' claim) to a atter

interaction relationship more resembling the non-ovalising LBA or GNA curves for%]igh

GNIA INTERACTIONS

A second physical parameter consumed by the EN 1993-1-6 (CEN, 2025) capacity curve
framework, and the last which this paper restricted to the elastic buckling response of cylinders
under uniform bending and uniform torsion can document, is the one characterising the idealised
elastic imperfection sensitivity of the system. The “elastic imperfection reduction factor' is de ned
asU = i— such that theompletereduction of the elastic buckling resistance due to geometric

nonlinearityandimperfection sensitivity is modelled &= U U = -*—. The sensitivity of the

system to four idealised imperfection models is explored here, motivated as follows.

The rst is a very widely adopted model of a manufacturing-related geometric imperfection
relevant to rolled metal plate construction, and one that has been found to be among the most
realistically damaging for cylindrical shells dominated by meridional compression (Knoedel et al.,
1995; Pircher et al., 2001; Teng et al., 2005), is the axisymmetric weld imperfection of Rotter
and Teng (1989). The complete imperfect geometry of the midsurface radial pasigibany|
coordinate is generated parametrically as

|

ciy L C : . C !
die=A X21|°:A X4 =" 3) cos — | E , SIn — 1 E (17)

where 2-44p AGs the linear meridional bending half-wavelength afdlescribes the axisym-
metric weld depression centered at '7 (Fig. 12, upper left). The second pattern considered is the
“cross weld' imperfection (Fig. 12, upper right), following the work of Winterstetter and Schmidt
(2002) which aimed to create an imperfection to adversely in uence all possible membrane stress

states in cylindrical shells. The radial midsurface positida represented at arlyand\ as

dl=\0 = A XL 09yt—\° | X1\011  y1]—\0° (18)
where ?xt-\° = % is a weighting factor to ensure that the imperfection amplitude at the
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intersection point is preserved and not arti cially ampli ed. Hed&:1° is the circumferential
weld depression as previously de ned (Eq. 17) whié\° is a model of the longitudinal weld

depression described as

X10=x.4 LN ¢ cos C—Aj\ cj , sin C—Aj\ Cj (19)

where it has been assumed that the shape is associated with the linear meridional bending half-
wavelength . The weld location = c corresponds to the circumferential position experiencing

the highest compressive meridional membrane stress due to bending moments (point C in Fig. 2),
thus ensuring that the imperfection aligns with the likely critical zone for buckling.

The third and fourth models follow a long-standing tradition in computational shell buckling
studies of adopting "eigenmode-a ne' imperfections in the form of critical LBA eigenmodes (see
discussion in Section 8 of Sadowski and Seidel (2023)), an approach that continues to be popular
due to the convenience with which nite element software commonly permits these to be imported
as a mesh perturbation from one analysis to another. The interacting system o ers two relevant and
physically opposing candidates: the "bending eigenmode' of the reference bending system with
localised short-wave ripples' on the compressed meridips Q in Fig. 7), and the “torsional
eigenmode’ of the reference torsion system with global inclined long-wave buckkes;(in Fig.

7). To generate the imperfection models independently of the helical mesh, these shapes have been
characterised mathematically. The complete imperfect geometry assuming the bending eigenmode

(Fig. 12, lower left) is modelled as

%dll—\O:A X sin <& sin €L ocost=\° if\g Y%\ \g, %

(20)
_Edll—\O =A otherwise
where< = -~ 0:57p< assuming Eq. 11 is the no. of meridional half-waves which constitute the
‘ripples’ while== 3 2% O-45p7—éis the no. of circumferential waves assuming a theoretical

circumferential buckling half-wavelength 3-45p AQ@djusted empirically by an FEM-informed



496

497

498

499

500

501

502

503

504

factor of% (both=and< are rounded to the nearest integer). Additionallyjs the position of
the most compressed meridian due to bendiRg= ¢ according to the coordinate system in Fig.
1) and\, = s; is the angle occupied by a half-wave in the circumferential direction. By contrast,
the complete imperfect geometry assuming the torsional eigenmode (Fig. 12, lower right) is here
modelled as

I c

di-\°=A X sin Cl—l sint=k° wherek =\ | T tan 2 (21)

such that= = VC!—A (rounded to the nearest integer) avid 135/ *4 (Equation 2.6.26 in Yamaki

(1984), restricted to medium-length cylinders as discussed near Eq. 12) control the number of

circumferential buckle waves.

Fig. 12. lllustration of four idealised imperfection models assumed in GNIA interaction calcula-
tions, together with their amplitude calibrations compliant with EN 1993-1-6 (CEN, 2025).
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For imperfection sensitivity studies conducted within the EN 1993-1-6 (CEN, 2025) framework,
and additional calibration is necessdgth to enable a meaningful direct comparison between
di erent imperfection modelsand to enable imperfections assumed in nite element simulations
performed for the purposes of structural design to be relatable to imperfections which can be
measured as tolerances on nished structures. Speci cally, in all of the akovefers to the
mathematicaBmplitude of the imperfection controllable by the analyst, but that what is actually
measurable on a completed structure relative to a gauge of set length placed against the outside wall
is atoleranceamplitudeXy. For the weld depression and bending eigenmode imperfection models,
the relevant Eurocode-compliant gaugests= 4p AQrelating to a short-wave meridional “dimple'
tolerance) while for the torsional eigenmode itds = A(relating to a long-wave circumferential
“dimple' tolerance). The calibration betwe&a andX is de ned as2y = % and following the
Eurocode-compliant calibration procedure of Sadowski and Seidel (2023) it may be shown that
2x 098, 0.96, 0.49 and 0.47 for the weld depression, cross weld depression (for the longitudinal
weld component, as the circumferential weld component is consistent with the isolated case),
bending and torsional eigenmode imperfection models respectively (roughly spegking , X,
2X. and2X.). In what follows, all GNIAs were performed under the same conditions as GNAs
assuming a unit thicknes% = 100 and medium-length cylinders with= 05, following the
documentation by Fajuyitan and Sadowski (2018) that for the reference bending case the greatest
imperfection sensitivity is exhibited by cylinders just on the cusp of entering the “transitional'
(ovalising) length domain. Interaction curves for each of the four imperfection models are presented
in Fig. 13 while imperfection sensitivity relationships expressed ags % are presented in Fig.

14 for tolerance amplitudes up % =4,

For the reference bending case, the weld depression imperfection model is clearly a damaging
imperfection (both stand-alone and as a component of the “cross weld') as well as being in close
agreementwith the codi ed EN 1993-1-6 (CEN, 20RbYelationship (Equation E.14 therein, based
on Wang et al. (2020)). However, the presence of modest levels of torsion molli es the severity of

the weld depression model's in uence, and for a system dominated by torsion the weld depression
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model has an increasingly sti ening e ect to the extent that eventually ' » (U j 1°.

The phenomenon of an imperfection model inappropriately acting as a sti ener (and thus ceasing
to be an appropriate imperfection model for a particular shell system) has been documented before
(Sadowski and Rotter, 2012, 2013a), and the present result should again serve as a warning against
the naive application of even otherwise very "popular’ imperfection models in computational shell
buckling, particularly when the simulation is in the service of a design resistance assessment. The
bending eigenmode is revealed to not be as serious an imperfection model for the reference bending
case (also previously found by Fajuyitan and Sadowski (2018)), and the reference torsion case is
almost entirely una ected by it. Although this imperfection model vaguely represents local dimples
which do readily occur in full-scale civil engineering metal shells, for example through accidental
indentations, its localised short-wave features are simply too small relative to the long-wave global

response of a cylinder under torsion to have a deleterious e ect.

Fig. 13. GNIA interaction curves between bending and torsion for medium-length cylinders with
%: 100and = 05 assuming three di erent idealised geometric imperfection models. The

darkest lines represent near-perfect cur\%mear zero) while the lightest lines approa%h: 4.
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