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Abstract 

The present thesis constitutes a modelling study of turbulent flows featuring react- 

ing scalars and high rates of heat release and primarily focuses on incompressible 

flames with premixed reactants. A closure at the second moment level is adopted 

and the modelling of the critical redistribution/scrambling and dissipation terms 

in the second moment equations is in detail examined. It is shown that the stan- 
dard practice of obtaining closures by recasting models derived on a constant den- 

sity basis in a density weighted form is insufficient. Generally applicable variable 
density extensions featuring the direct incorporation of preferential acceleration 

effects are thus proposed and derived on the basis of invariant principles. Similar 

considerations are applied to the modelling of the turbulent kinetic energy dissi- 

pation production rate and appropriate variable density extensions are proposed. 
The presumed bimodal pdf approach of Bray and co-workers for premixed turbu- 
lent flames in the flamelet regime of combustion is considered. An algebraic mean 
reaction rate model is adopted following a fractal analysis of the mean flame sur- 
face density. Related numerical and modelling aspects are extensively discussed. 

The adopted closure is applied to a range of transient one-dimensional and two- 
dimensional flames stabilised in counterflow geometries and detailed comparisons 

with experimental data are performed. The obtained level of agreement proves 

most encouraging and highlights the predominant importance of the turbulent 

transport closure. A transported pdf approach for scalar statistics is also consid- 

ered and key modelling and numerical aspects are critically examined. The effects 

of mixing and turbulent transport model variations on the evolution of scalar 

statistics are extensively investigated by application to a range of passive and re- 

acting scalar flows. The shortcomings of traditional closure approximations for 

the scalar time scale for flows featuring reacting scalars and high Damköhler num- 

bers are also addressed. A suitably extended algebraic expression is accordingly 

derived and evaluated and the obtained improvements are highly encouraging. 
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pt, Vt dynamic and kinematic eddy viscosity 

p density 

a scalar vector dimension 

010 turbulent Prandtl/Schimdt number of 

E flame surface density 

T heat release parameter 

TO scalar integral turbulent time scale 

Tij viscous stress tensor 

¢ scalar quantity 

Oe9 equivalence ratio 

cij, fib, pressure gradient correlation terms 

II)ij ,Ji mean pressure gradient terms 

T scalar sample space 

Superscripts 

difference from conventional mean value 

difference from Favre averaged mean value 

(")(i) property of particle (i) 

(. )CD constant density origin model 
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(")A acceleration term 

(")D dilatation term 

(")R redistribution term 

(")S scrambling term 

(. )T transport term 

Subscripts 

(")a, (")«p specific vector/tensor component 

suppressed contraction of repeated indices 

min minimum value 

max maximum value 

u unburnt gas (reactants) 

b burnt gas (products) 

Others 

conventional mean value 

Favre averaged mean value 

<alb> conditional average of a on. b 

/ 
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Chapter 1 

Introduction 

1.1 Background 

The occurrence of chemical reaction in a turbulent flow is a phenomenon en- 

countered in many engineering applications of fundamental importance. A typical 

example is the combustion of fossil fuels in various power generating devices, a 

practice which at present comprises the major source of energy in the developed 

world (cf. Lindstedt [1091). The limited reserves of such fuels and the hazardous 

effects of formed pollutants on the environment comprise sources of primary con- 

cern and have accordingly resulted in the introduction of legislation requiring 

substantial improvements in the efficiency of combustion devices. Furthermore, 

the occurrence of accidental combustion in the form of large scale explosions or 

fires, with potentially devastating consequences, constitutes an additional cause of 

concern and necessitates the formulation of detailed hazard assessment scenarios. 

In this context, the derivation of theoretical models and the application of com- 

putational methodologies can provide considerable insight and has the potential 

to result in versatile tools for the investigation of alternative solutions. 
The derivation of such models combines two distinct areas of scientific research. 

Firstly, the formulation of mathematical descriptions of turbulence, and, secondly, 

the development of chemical mechanisms for the representation of kinetic effects. 

Given the number of additional complexities which may be present (e. g. changes 

of the state of the fuel, radiative heat transfer and compressibility effects) the 

derivation of general models for turbulent reacting flows presents a formidable 

33 
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task. A rationalisation of the problem and the study in depth of individual aspects 

thus commonly requires the consideration of distinct cases and the introduction 

of various simplifications. 
A typical example is the classical categorisation of various types of flames as 

distinguished by the degree of separation of the reactants prior to combustion. 

Hence, in diffusion flames the reactants are completely separated prior to ignition 

and the progress of reaction is strongly dependent on the local rate of mixing. 

By comparison, in premixed flames the reactants comprise a mixture of uniform 

stoichiometry. A fundamental feature of flows of the latter type is the occurrence 

of flame propagation. The effects of turbulence on both types of flames is pro- 

found since it essentially determines the rate of mixing in diffusion flames and 

strongly influences the propagation velocities and thickness of premixed turbulent 

flames. On the other hand, the formation of major pollutants is in most practical 

applications kinetically controlled and the response of the flame structure to given 
local rates of strain is uniquely determined by the assumed combustion chemistry 
description. Furthermore, the evolution of the velocity and scalar turbulence fields 

is strongly coupled with the progress of reaction, given the typically high rates of 
heat release featured by turbulent reacting flows of engineering importance. The 

primary coupling mechanism is thus the occurrence of large fluid density varia- 

tions, though similar variations of transport properties due to temperature changes 

and combustion induced pressure fluctuations may in some cases prove to be of 

equal importance [107]. 

The accurate resolution of the turbulence-chemistry interaction is thus the key 

to the derivation of successful theoretical models and imply an adequate represen- 
tation of chemistry, a satisfactory closure for the turbulence field and the accurate 
incorporation of variable density effects. In the present work attention is mainly 
focused on the latter two aspects of turbulent reacting flows within the framework 

of second moment method based approaches. The type of reacting flow primar- 
ily considered here is gaseous, adiabatic, and turbulent with premixed reactants. 
Such flows comprise a primary feature of several important engineering applica- 

tions including spark ignition engines, certain aero-propulsion systems and hazard 

assessment studies of large scale explosions. Ultimately, however, flame type dis- 
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tinctions such as those outlined above simply amount to the imposition of different 

boundary and initial conditions on the same set of governing (conservation) laws. 

The derivation of correspondingly general and flame-type independent models is 

thus highly desirable and provides appropriate guidelines for the present work. 
Below methodological aspects for a number of different modelling approaches 

are presented. The discussion focuses on methodological aspects and the relative 

advantages of each approach, leading to a description of the objectives and the 

scope of present work. 

1.2 Modelling Techniques 

1.2.1 Conservation Laws 

A complete mathematical description of turbulent reacting flows can be ob- 
tained by a set of conservation laws for mass, momentum and scalars (concen- 

trations of species and the internal energy or the enthalpy of the system) sup- 
plemented by an equation of state (such as the perfect gas law) and appropriate 
boundary and initial conditions. The conservation laws for mass and momentum 

are given below in a differential, conservative form. 

op äpul 

at + ax1 
(1.1) 

ap ui ap ul ui apa TÜR + 
at + ax, =- äxß - ax, P 9s (1.2) 

In the above equation p represents the fluid density, u= {ul, u2, u3} is the velocity 

vector, p is the pressure and gi represents an external force field (e. g. gravity). The 

laminar stress tensor Tij for Newtonian fluids and negligible bulk viscosities is given 
by the following relation. 
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The thermochemical field can be described by a a-dimensional scalar vector 

_ {¢l, 02, ... , 0o}, where individual components represent the species mass 
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fractions and the enthalpy or internal energy of the system. The corresponding 

conservation laws can be shown to assume the following common form [145]. 

EP oi 
+1P ul Oi a Jil 

+PS (1.4) 
at ax1 axI 4i 

In the above equation Ja represents a molecular diffusion flux vector for the ith- 

scalar which may be represented, for example, by Fickian diffusion for individual 

species or Fourier's law for the enthalpy. For the flows considered in the present 

work, heat losses(n) and compressibility effects are assumed negligible. As a result 

the pressure can be assumed thermodynamically constant and the fluid density 

can be obtained as a function of the local composition and the system enthalpy. 

For the further simplified case of an adiabatic flame with premixed reactants the 

introduction of a heat release factor (T) allows the following expressions to be 

derived. 
pu T -Tu C= T= 

Tb 
-1 (1.5) 

1+TC Tb - Tu Tu 

In the above relationships the subscripts u and b denote properties in the unburnt 

and burnt gas respectively, and cE [0,1] is a variable which essentially represents a 

measure of the progress of reaction. As shown below, the concept of such a reaction 

progress variable is central to the description of turbulent premixed flames within 

the framework of moment method based approaches. 
The source term So; on the right hand side (RHS) of the species equations 

(1.4) represents a chemical reaction rate. Typical functional forms for the latter 

term exhibit strongly non-linear dependencies on temperature variations and fur- 

ther dependencies on the local concentration field and pressure. Thus, following 

the introduction of comprehensive chemical schemes, the accurate numerical in- 

tegration of the species equations is not trivial and requires special attention to 

satisfy conservation properties - even in simple homogeneous cases (e. g. perfectly 

stirred reactors). 
The above numerical difficulties are compounded by the essential characteris- 

tics of turbulence which feature transient and three-dimensional fields. Further- 

more, the spatial variations of velocity and scalar vector components in turbulent 

(a) Induced for example by conduction through solid boundary interfaces and/or radiative heat 
transfer. 
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flows cover a wide range of scales, which may differ by more than two orders of 

magnitude. The domain discretisation requirements for flows encountered in most 

practical applications are therefore immense and well beyond the capabilities of 

present computing technologies. Nevertheless, such Direct Numerical Simulations 

(DNS) are possible for simplified domains and low turbulent Reynolds numbers, 

and can provide considerable insight into turbulent reacting flow phenomena. In 

general, however, currently adopted computational methodologies rely on sta- 

tistical descriptions of turbulent reacting flows, typically expressed in terms of 

moments of velocity and scalar quantities. The latter can be obtained directly 

by the integration of mean transport equations, in large eddy simulations (LES) 

and moment method approaches, or through the computation of a corresponding 

probability density function (pdf), in transported pdf methods. The basic ad- 

vantage of statistical descriptions is that the scale of spatial variations of various 

moments is comparable to the dimensions of the solution domain and thus the 

resulting discretisation requirements are of manageable proportions. On the other 
hand, given the non-linear characteristics and strongly coupled structure of the 

above conservation laws, all such statistical approaches inevitably result in closure 

problems. An outline of the principles involved and the closure issues encountered 

in the derivation and application of various such methodologies is given below. 

1.2.2 Direct Numerical Simulations 

As noted above, the application of DNS approaches is presently confined to 

cases featuring simplified geometries and/or low turbulent Reynolds numbers. The 

computational cost of such approaches becomes apparent by consideration of the 

smallest (Kolmogorov) length scales that need to be resolved and the fact that 

their ratio to the larger (integral) scales is of the order of LT/LK = Rea/4 [99]. 

Hence, if the computational domain extends to a number of IN, Ny, N, z} integral 

length scales in each direction, the total number of nodes required are of the order 

of (N. " Ny " NZ " Re9/4)/kmax, where k,,,,,. - = LD/LK and LD is the length scale 

corresponding to the peak of the dissipation spectrum. (') 

(b) A typical estimate is kmay =3 LK [99]. 



38 Chapter 1 

Nevertheless, the earliest reported application of such approaches, featuring a 

323 mesh, has been reported more than two decades ago [135]. Presently, improve- 

ments in computing technology and related calculation procedures have allowed 

resolutions of the order of 5123 [99] and provided considerable insight in the struc- 

ture of homogeneous (e. g. Jimenez et al [78]) and inhomogeneous (e. g. Chu & 

Karniadakis [32]) turbulent flows. A comprehensive discussion of the potential 

and limitations of DNS approaches for constant density flows can be found, for 

example, in the review by Reynolds [153] and Leonard [99], where a discussion of 

related numerical techniques and the application of such approaches to compress- 
ible flows is also included. 

The application of DNS approaches to turbulent reacting flows presents addi- 

tional computational difficulties given the increased number of transport equations 

that need to be considered and the coupled and highly non-linear nature of chemi- 

cally reacting systems. Furthermore, in cases featuring combustion chemistry, the 

smallest scales that need to be resolved are typically less than the Kolmogorov 

scale. Hence, reported fully three-dimensional simulations have commonly fea- 

tured reacting flows ("flames") with zero-heat release and/or simplified single 

global step type chemical schemes (e. g. Rutland & Trouve [157]). DNS including 

heat-release effects and more comprehensive chemical schemes have thus typically 

featured two-dimensional cases (e. g. Baum et al [5]). Despite these difficulties, 

such simulations have provided considerable and detailed information regarding 

several aspects of turbulent reacting flows. On the other hand, some care needs 
to be applied to the extrapolation of conclusions drawn on the evidence of simula- 
tions featuring zero or low rates of heat release, and/or very simplified chemistry, 
to more general and realistic situations. 

General reviews regarding the application of DNS approaches to turbulent 

reacting flows have been performed by Jou & Riley [85] and Givi [53]. Two 

reviews for the classical cases of diffusion and premixed turbulent flames have 

been provided by Vervisch & Poinsot [177] and Poinsot et al [141] respectively. 
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1.2.3 Moment Methods 

1.2.3.1 Average Quantities and Transport Equations 

Moment method based approaches have long provided the basis for the deriva- 

tion of theoretical models for the computation of flows in complex geometries of 

practical interest. The key aspect in the derivation of models based on such meth- 

ods is the decomposition of velocity and scalar quantities into mean and fluctuating 

parts as shown below. 

0=<o>+0' 
The mean can be defined as a time or an ensemble average 

1 pt 1N 
l im <q>= iö -J0dt or <0>= NE¢i) 

, _1 

where i=1, ... ,N denotes individual realisations. A more rigorous definition 

can be given in terms of the probability density function of 0 (f f). (c) In variable 
density flows it is advantageous to consider the density-weighted (Favre) pdf io 

(cf. Jones [79]), defined as < p> 10 =p fc [145]. The corresponding definitions for 
density weighted means and fluctuations are given below. 

- ý+ý<p> J 00dq 0EW 

<Po>= <P>o <0�>= -<plot 
> 00 (1.6) 

P 
Application of the above decomposition to equations (1.1)-(1.4) and time averag- 
ing of the resulting forms yield the mean, mass, momentum and scalar conservation 
laws. 

a<p> a<p>üj 
=0 at+ axi 

a<p>U, a<p>61üi a <p> 8 <p>uäu1 

at + axe -- ax= ax, l. s 
a<p>; i+a<P>9jOj =a<p>u_s+<s .> (1.9) at ax, ax, 

Consistently with the type of flows considered in the present work, laminar dif- 

fusion terms and external force field effects have been omitted. The turbulent 
(c>For example, the above relations may appear ambiguous in non-stationary flows. 
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correlations on the RHS of equations (1.8) and (1.9) represent turbulent transport 

terms for momentum and scalars, the Reynolds stresses (u; 'ui) and the turbulent 

scalar fluxes (i'i'), while < Sp; > is a source term representing a mean "tur- 

bulent" reaction rate. The form of the above set of equations reveals the basic 

advantage of moment methods over alternative modelling methodologies, i. e. their 

computational tractability. Moment methods, for example, allow the incorpora- 

tion of spatial symmetries and/or the approach to statistically stationary solutions 
(if appropriate), and take advantage of well developed domain discretisation and 

numerical integration techniques [48]. On the other hand, significant closure ap- 

proximations are required in the context of such methods for turbulent transport, 

reaction and density related terms. 

1.2.3.2 A Classification of Model Formulation Methodologies 

Closures for unknown terms can be devised on the basis of algebraic or trans- 

port equation models. An examination of model formulation methodologies ap- 
plied in these areas reveals a number ways by which suitable closures can be 
derived. 

" Approaches based on the dimensional analysis of unknown terms and the 
derivation of corresponding scaling expressions. A typical example is the 
definition of an eddy viscosity/diffusivity coefficient found in gradient dif- 
fusion closures. In general, the resulting expressions may comply with a 
number of (semi)-analytical constraints or in several cases be entirely intu- 
itive. 

" Phenomenological approaches based on the consideration of a hierarchy of 
flows of increasing complexity and the deduction of appropriate limiting 

forms for individual terms in the corresponding transport equations. A typ- 
ical example of such approaches is the derivation of models for the turbulent 
kinetic energy and the scalar dissipation rates (cf. Newman & Lumley [130] 

and Newman et al [131]). In these cases a group of unknown terms is repre- 
sented by a group of model terms. However, a one-to-one correspondence is 

often not possible to deduce. 
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" Methodologies featuring dynamic system approaches wherein unknown terms 

are represented by appropriate expansions in terms of relevant variables. It 

is important to note that the choice of the general functional forms (e. g. 

series expansions, Pade approximations and others) is in general prescribed. 
Furthermore, the choice of expansion arguments and scaling variables is, 

evidently, critical and remains to a large extent phenomenological and/or 
intuitive. However, approaches of this type provide a desirable theoretical 

rigour and often allow the application of exact mathematical constraints 
to the resulting expressions. Such methodologies may thus be considered 

as "equivalent system" approaches. A typical example is the derivation of 

models for the redistribution and scrambling terms in the Reynolds stress 

and turbulent scalar flux equations based on invariant principles. 

" Presumed pdf approaches wherein unknown terms are directly calculated 
by consideration of corresponding integrals. 

The above classification is not unique but provides a picture of the "tools" available 
for the derivation of required models and it remains valid beyond the scope and 
framework of moment method approaches. It is also possible that some of the 

above approaches may to a certain degree overlap, or be used in combination, for 

the derivation of specific terms. Furthermore, and regardless of the approach, the 

calibration of relevant model constants by comparison to experimental data is in 

most cases unavoidable. A historical perspective and a general discussion of such 

methodologies can be found in the review by Narashima [129]. 

1.2.3.3 Gradient Diffusion Closures 

The most commonly adopted approach to the modelling of the turbulent trans- 

port of momentum and scalars is based on dimensional analysis arguments and 

yields a gradient diffusion type approximation for these quantities. 

2 aüi aü; 2 aük uiuý = 38zýk-vt ax + äx 3bijax 
(1.10) 
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In the above equations vt represents a kinematic "eddy viscosity" transport co- 

efficient which is a property of the flow, rather than the fluid, and a is a "tur- 

bulent" Prandtl or Schmidt number. Suggested models for this coefficient have 

been based on algebraic, one-equation and two-equation models (cf. Tennekes & 

Lumley [171]). At present, the most widely adopted approach is the two-equation 

k-e model which in its "standard" high Reynolds number form [97] is described 

by the following relations. 

a<p>ka<p>uik 
_a 

µta + +Pk-<P>e 
at axi äýý Uk äxß 

a<p>j a<p>, uj 
_a µt 

at axt i 

[ai1 

QEax1 
+Cf1Pk -CC2 <p> k (1.13) 

In the above equations, pt is a corresponding dynamic turbulent viscosity (Pt = 
<p>vt), k is the turbulent kinetic energy (k = 0u'/2) and c is the turbulent 
kinetic energy dissipation rate. The source term Pk is equal to the trace of the 
Reynolds stress production term 

Pk =< p> uý'üj aa x' .i 

and is readily computed following the introduction of equation (1.10). In the 

context of the standard k-e model [97] the constants are assigned the following 

values. 

Qk=1 of=1.3 

CE, = 1.44 C2 = 1.92 Cµ=0.09 

The basic advantage of algebraic gradient diffusion closures for turbulent trans- 

port terms is computational simplicity, as compared to more sophisticated trans- 

port equation based second order models. Reported applications of the k-e model 

are numerous and have in several cases featured limited or extended variations of 
the above standard forms. Examples include low Reynolds number, force field (e. g. 

gravity) and variable density modifications. Reviews regarding the performance 

of the model and possible additions and modifications have been provided by sev- 

eral authors (e. g. Jones [79,80]; Libby & Williams [107]; Speziale [166]). Related 
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conclusions can to an extent be illustrated by a re-writing of equation (1.10) in 

terms of the anisotropy (bzj) and mean strain (Sad) tensors. 

btj = -C, 
{s3 

- 
3bs1skk, (1.14) 
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The above equation implies a unique relation between the evolution of turbulence 

anisotropy and local mean strain components. It is thus not surprising that the 

application of models of this type have resulted in reasonably accurate predic- 
tions, predominantly, in thin-shear (boundary) layer type flows where turbulence 

production is dominated by local cross-stream gradients. By contrast, the appli- 

cation of such models in flows featuring re-circulation, swirl, external force field or 
transient effects, among other examples, have resulted in less than satisfactory or 

even qualitatively incorrect predictions (e. g. negative normal stress components). 
Although, a number of such difficulties may to some extent be attributed to the 

modelling of the dissipation equation, it is evident that the structure of the model 
is not adequate for general purposes. For example, it may readily be observed 
that gradient diffusion closures preclude the existence of anisotropic turbulence 

in the absence of mean strain - in disagreement with physical reality. Further- 

more, Hinze [74] shows that the eddy viscosity coefficient should be a fourth-order 

tensor rather than a scalar quantity. Additionally, within the context of such 

methods, "history" effects in the evolution of turbulence and/or production by 

means other than mean strain are absent by definition. A recent review of possi- 
ble improvements in some of these areas featuring non-linear strain relationships 

and/or algebraic stress models can be found in the work by Speziale [166]. 

1.2.3.4 Second Moment Methods 

In second moment methods turbulent transport terms are directly obtained 
by the solution of corresponding differential equations. These can be derived di- 

rectly from the instantaneous conservation laws. Such transport equation based 

approaches offer significant advantages over algebraic eddy viscosity models. For 
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example, within the framework of second moment methods, "history" and convec- 

tion related effects on the evolution of turbulence are incorporated in a natural 

manner, while production terms by mean strain components appear in a closed 

form. Furthermore, effects induced by other anisotropy generating mechanisms, 

such as external force fields and/or mean pressure gradients, are also included. 

The latter remark is critical for the type of flows predominantly considered here. 

In these cases it has been shown, for example, that pressure gradient effects may 

dominate the evolution of turbulence and result in non-gradient transport for the 

mean momentum and scalars (cf. Bray & Libby [18]). 

On the other hand, second moment methods feature an extended closure prob- 
lem. For cases featuring constant density flows closures are required for triple 

moment, pressure strain and dissipation terms. For modelling purposes, pressure 

strain terms are customarily decomposed into pressure transport and redistribu- 

tion ("scrambling" for the turbulent scalar fluxes) parts. The modelling of the 

latter type of terms comprises the focal point of second moment methods. A 

rigorous approach for the derivation of such models is presented in the work by 

Lumley [116]. A dimensional analysis of analytically derived terms is thus usu- 

ally applied, leading to the derivation of general but unresolved functionals (cf. 

Newman & Lumley [130]). Subsequently, general model forms are deduced by con- 

sideration of dynamically equivalent systems on the basis of invariant principles 
(cf. Speziale et al [167]). However, the formulation of corresponding tensors and 

related arguments is prescribed and, at present, relies heavily on phenomenological 
interpretations of the behaviour of turbulence (cf. Lumley [117,118]). An alterna- 
tive approach for the derivation of general forms has been proposed by Pope [150] 

and features the consideration of corresponding stochastic systems. The above 

methodological approaches also provide a basis for the closure of triple moment 

and dissipation terms. 

The applications of second moment based methods to isothermal turbulent 

flows are numerous and have in many cases provided excellent results (cf. Launder 

[95]; Speziale [166]). On the other hand, in flows featuring reacting scalars and/or 

variable density effects, models are also required for density and reaction rate cor- 

relations. Following current model formulation methodologies, closures for these 
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terms are essentially dictated by the assumed thermochemistry model. However, 

within moment based methods, combustion models may only be derived by con- 

sideration of specific flames types and/or combustion regimes. These observations 
denote potentially severe limitations with respect to the general applicability of 

second moment methods. Furthermore, closures for terms similar to those found 

in isothermal flows are invariably based on a rewriting of corresponding constant 
density forms using density weighted averages. In view of the potentially vastly 
different characteristics of the evolution of turbulence in reacting flows featuring 

high rates of heat release, the above practice remains, formally, questionable (cf. 

Bray & Libby [18]). Nevertheless, the application of second moment closures de- 

rived on this basis to non-reacting variable density flows and turbulent diffusion 

flames has in several cases provided very satisfactory results (cf. Jones [79,80]). 

On the other hand, the number of similar applications featuring turbulent flames 

with premixed reactants is limited and have in several cases featured substantial 

simplifications. The formulation of sufficiently general conclusions for such cases 
is thus impeded. However, recent and more comprehensive efforts in this area 

show that the above theoretical considerations remain valid and indicate that the 
derivation of appropriate variable density extensions is possible and necessary (cf. 

Lindstedt & Väos [113,114]). Furthermore, it has been shown that a closure at 
the second moment level is indeed a prerequisite for qualitatively correct solutions 
for premixed turbulent flames [113,114]. 

1.2.3.5 Closures for Reaction and Variable Density Related Terms 

The application of moment method approaches to turbulent reacting flows en 

tails major closure difficulties. Clearly, the computation of mean reaction rates 

using exact instantaneous functional forms and averaged quantities is generally 
inadmissible. Following such approaches, the highly non-linear nature of reaction 

rate expressions may result in errors of several orders of magnitude (cf. Pope [147]). 

On the other hand, the derivation of general models based on phenomenological 

principles and dimensional arguments, as for other elements of closure, appears 

equally problematic. Similar difficulties are generally encountered for the com- 

putation of the mean fluid density and density correlation terms. An additional 
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problem is evidently related to the appropriate description of chemistry. 
The above considerations indicate that within the framework of moment method 

approaches, and given the present state of knowledge, the formulation of combus- 

tion models that are generally applicable is most demanding. However, reasonably 

accurate formulations for a range of conditions found in many engineering appli- 

cations can be derived if specific cases are considered. A starting point is the 

consideration of different combustion regimes, as distinguished by the ratio of 

characteristic chemical to turbulent time scales (cf. Borghi [8]). Such classifica- 

tions may feature the integral turbulent time scale and/or time scales associated 

with the small scale motion leading to the definition of characteristic Damköhler 

and Karlovitz numbers respectively (cf. Bray & Peters [22]; Peters [138]). Within 

the framework of moment based methods, attention is mainly focused on combus- 
tion regimes characterised by sufficiently high Reynolds and Damköhler numbers. 
In such cases, the fundamental hypothesis is that of "fast chemistry" wherein 
the instantaneous composition field responds infinitesimally fast to variations im- 

posed by the local flow field conditions. Accordingly, reaction is assumed to occur 
in asymptotically thin layers with a well defined inner structure corresponding to 

that of a strained laminar flame [138]. The effect of turbulence is thus, firstly, 

topological with respect to the location and the geometry of such instantaneous 

reaction regions and, secondly, "parametrical" with respect to the local stoichiom- 

etry and imposed strain conditions. 
The above theoretical considerations therefore imply a unique mapping of the 

evolution of species and temperature in an appropriately defined scalar space. The 

corresponding species and temperature functions can thus be deduced a priori by, 

for example, laminar flame calculations with detailed chemistry or the assumption 

of chemical equilibrium. The description of the thermo-chemistry problem is thus 

reduced to the definition and computation of suitable parameters, supplemented 
by a presumed pdf (or joint pdf) approach for the evolution of their statistics. 

Accordingly, in diffusion flames the nature of such flows suggests as an appro- 

priate parameter a measure of mixing -a mixture fraction (cf. Bilger [6]). A 

commonly adopted approximation for the scalar pdf is by means of a ß-function 

(cf. Jones [79,80]). A significant advantage of this widely adopted methodology is 
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that the chosen parameter is a passive (conserved) scalar and therefore the mod- 

elling of mean reaction rates is obviated. Following this approach the composition 
field can, as noted above, be deduced by the assumption of chemical equilibrium 

or consideration of a database of strained laminar flamelets. An obvious disadvan- 

tage of the former approach is that the formation of major pollutants of practical 
interest is kinetically, rather than thermodynamically, controlled. On the other 
hand, the latter approach requires the definition of an appropriate strain function 

and essentially a model for the conditional scalar (mixture fraction) dissipation 

rate [6]. An alternative method has been suggested by Bilger [7] which features the 

direct integration of (conditional) scalar equations in mixture fraction space - in 

addition to the above presumed pdf approach. This conditional moment closure 
(CMC) method allows the incorporation of comprehensive chemistry descriptions 

and is based on the assumption that in flames close to equilibrium the evolution of 

conditional expectations in mixture fraction space is unique along mean mixture 
fraction isolines [7]. Reviews regarding modelling and computational aspects of 

turbulent diffusion flames have been provided by, among others, Bilger [6], Jones 

[79,80]. 

The application of flamelet based assumptions to cases featuring turbulent 

flames with premixed reactants leads to the visualisation of an instantaneous com- 

position field comprising regions of unburnt or completely burnt gas. Bray & Moss 

[21] suggested that the above dichotomic characteristics can be represented by a 
bimodal pdf approach and an indicator function representing the local progress of 

reaction -a reaction progress variable. A definition for the latter quantity as a 

normalised temperature is shown in equation (1.5). However, following additional 

assumptions, such as a constant mixture molecular weight and unity Lewis num- 
bers, other definitions are possible as, for example, a normalised fuel or product 

mass fraction. The Bray & Moss [21] thermochemistry model has been subse- 

quently extended to include information about the joint velocity-scalar statistics 

resulting in the well known BML equations (e. g. Bray et al [19]; Libby [105]), and 

cases featuring non-isenthalpic combustion (e. g Bray & Libby [18]; Cant & Bray 
[24]). The validity of the resulting forms has been verified by several efforts based 

on both experimental and DNS studies (cf. Moss [128]; Rutland & Cant [156]). A 
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basic advantage of the above approach is that it permits the derivation of simple 
and consistent closures for a number of unknown terms, such as the scalar variance 
and its dissipation rate, density and reaction rate correlations and others. The 

mean composition field can also be readily obtained as a function of the mean 
progress variable and the local rate of strain by consideration of appropriate lam- 

inar flame calculations. This approach furthermore provides a framework for the 

closure of mean reaction rates. A number of such closures have been proposed 
featuring algebraic (e. g. Bray [13], Gouldin [54], Lindstedt & Sakthitharan [110]) 

and transport equation based models for the scalar dissipation rate (e. g. Borghi & 

Mantel [10]) or the mean flame surface density (e. g. Cant et al [25], Weller [181], 

Wu & Bray [182]). These efforts have been supplemented by studies regarding 
the evolution of surfaces in turbulence (e. g. Girimaji & Pope [52]) and efforts fo- 

cusing on the incorporation of strain effects on chemistry within flamelet based 

approaches (e. g. Kostiuk & Bray [91], Meneveau & Poinsot [126]). A comparative 
study of a number of reaction rate models for the flamelet regime of combustion 
has been presented by Duclos et al [45]. An alternative approach has been pro- 
posed by Bradley et al [11] and features the presumption of a f3-pdf for the scalar 
statistics. The mean reaction rate may thus be directly obtained as a function 
(integral) of scalar source terms extracted from laminar flame calculations - in 

combination with a semi-empirical relation for the incorporation of strain effects 
[11]. 

1.2.4 Large Eddy Simulations 

Large eddy simulation (LES) based methods allow detailed investigations of 
the inertial scale motion. A key aspect of such methods is thus the considera- 
tion of spatially filtered variables and the derivation of corresponding (spatially) 

averaged transport equations. Similarly to moment methods, the introduction of 
averaging results in a closure problem featuring unknown stress and flux terms 
in the spatially averaged velocity and scalar transport equations - often referred 
to as subgrid scale stresses/fluxes. The most commonly adopted model for such 
terms is that by Smagorinsky [164] which essentially comprises an LES version of 
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an algebraic eddy viscosity model [47]. More sophisticated closures are possible, 
including the scale similarity model of Bardina et al [4], the dynamic procedure 

approach by Germano et al [49] and others. An analysis and discussion of such 

approaches and filtering techniques can be found in the review by Ferziger [47]. 

The basic advantage of LES methods relies on the separation of scales by filter- 

ing. This allows a comprehensive study and resolution of the geometry dependent 

large scales motion which is often of primary importance, while for the filtered 

smaller scales, similarity and local isotropy can be assumed in agreement with the 

hypothesis of Kolmogorov [88]. Nevertheless, such methodologies require expen- 

sive numerical schemes (for the minimisation of numerical diffusion effects) and 
do not allow the incorporation of spatial symmetries or steady state flow char- 

acteristics in the calculation procedure. In general, therefore, LES methods are 

considerably more expensive than traditional moment method approaches. On the 

other hand, in transient three dimensional flows the relative computational cost 

is lower. However, at present, LES methods are more commonly viewed as close 

relatives to DNS approaches rather than practical prediction tools for engineering 

applications (cf. Reynolds [153]). Indeed, at high Reynolds number flows DNS are 

not feasible while LES methods can readily provide very detailed information for 

modelling purposes. 
The above situation, however, changes considerably in turbulent reacting flows. 

Chemical reaction is a process occurring at the unresolved small scale level and 
thus the closure of reaction related terms becomes problematic. Closure approxi- 

mations thus have to rely on the fast chemistry, presumed pdf and flamelet type 

approaches used in the context of moment methods (at a considerably lower in 

the latter case computational cost). Furthermore, variable density and preferen- 

tial acceleration effects (such non-gradient fluxes) are likely to prevail through-out 

the energy spectrum() and currently used simple sub-grid scale models based on 

gradient transport at the small scales are unlikely to be sufficient. Significant 

advances in this area are thus highly desirable. 

(d) Gertz et al [50] use the terminology persistent counter-gradient fluxes for the equivalent case 
of force field effects. 

IONDOBIBL N 
UNIV. 
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1.2.5 Transported pdf Methods 

The key aspect of transported pdf methods is the direct calculation of the 

(joint) probability density function of random dependent variables such as scalar 

and/or velocity vector components (cf. Pope [145]). Approaches of this type may 

thus constitute closures at the joint scalar level, or the joint velocity-scalar level, 

and further extensions which may include the turbulent frequency (cf. Pope [148, 

149]) and/or the mixture enthalpy for flows featuring compressibility effects (cf. 

Delarue & Pope [41]). 

Such approaches thus differ substantially from methods based on the principle 

of averaged transport equations which may provide information for a few moments 

only. By contrast, the knowledge of the joint pdf allows the computation of any 

moment for any formal argument (or functions of arguments) of the pdf, by con- 

sideration of the corresponding integrals. As a result several difficulties inherent 

in alternative closure methodologies can readily be overcome. An important ex- 

ample is the calculation of the mean fluid density and density correlation terms 

without the need to assume specific cases, flow conditions, or distinguishing fac- 

tors such as the amount of premixedness between reactants prior to ignition. In 

the context of pdf methods such distinctions amount to the imposition of different 

boundary conditions to the same equation set, rather than the consideration of 

alternative flame specific models with the obvious limitations. In fact from this 

point of view and at the present state of knowledge, pdf methods comprise the 

only rigorous approach for the calculation of partially premixed flames. Perhaps 

the most significant advantage of such methodologies, for turbulent reacting flows, 

is that they allow the direct inclusion of chemical reactions rates in their exact 

form. The latter appear as convection terms in scalar space (cf. Pope [142]). As 

a result important finite rate chemistry effects including departures from chem- 

ical equilibrium, partial flame extinction and re-ignition and/or complete flame 

blow-off can be comprehensively and rigorously represented. 
On the other hand, the pdf transport equation appears in a closed form only 

at the functional level (cf. o'Brien [134]). Closures are thus required for a number 

of unknown terms. For cases featuring closures at the joint velocity-scalar level 

the latter include conditional acceleration and dissipation terms for the transport 
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of the pdf in the velocity space, and conditional molecular flux terms for the 

transport of the pdf in the scalar space. It should be noted that for closures at 
this level the transport of pdf in the physical space appears in a closed form [145]. 

By comparison, in approaches featuring 'closures at the joint scalar level a model is 

also required for the turbulent transport of the pdf in physical space. Furthermore, 

single point closures do not provide (length) scale information for the computation 
of turbulent time scales and therefore models for the corresponding dissipation 

rates are required. This may methodologically be achieved by consideration of 
a model dissipation equation in the manner of moment method approaches (e. g. 
Hülek [66], or by extension of the pdf approach to include dissipation statistics (cf. 
Pope & Chen [151]) or by consideration of the evolution of velocity and gradient 
statistics (cf. Dopazo [44]). 

The fundamental methodological approach for the derivation of closures for all 

such unknown terms stems from the fact that pdf transport equations contain only 

conditional expectations and therefore the evolution of any pdf is deterministic (cf. 

Pope [145]). As a result equivalent deterministic and/or stochastic systems can be 

considered, with the requirement that the corresponding conditional expectations 
evolve in a similar manner to the real fluid system and satisfy essential conservation 

properties. Pope [143,145] shows that the application of stochastic approaches 

of this type are readily facilitated by the observation of a system of stochastic 

material elements ("particles") evolving in a Lagrangian manner. The formulation 

of various models thus amounts to the derivation of deterministic or stochastic 
"laws" which govern the particle movement in the corresponding sample space 
(e. g. the velocity space for conditional acceleration terms, the scalar space for 

conditional flux terms and so on). 
The above stochastic particle concept is also central to the derivation of suit- 

able procedures for the numerical integration of the pdf. Evidently, given the 

potentially large dimensionality of pdf domains, the application of traditional fi- 

nite volume or finite element techniques is in general not feasible. By contrast, 

particle approaches result in sets of ordinary differential equations whose integra- 

tion is considerably simpler. On the other hand, such Monte Carlo type methods 

are known to be associated with the generation of noise in the resulting solutions. 
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The reduction of noise levels can be readily shown to depend on the square root 

of the total number of particles (sample values) [145). A sufficiently large num- 

ber of particles thus need to be considered and accordingly, the computational 

cost of such approaches is significantly higher when compared to, for example, 

conventional moment methods. The latter statement constitutes, at present, a 

major disadvantage for the application of transported pdf approaches to complex 

practical flow configurations. However, given the continuous advances in comput- 

ing technology and the overwhelming modelling advantages of such methods, the 

magnitude of the above computational difficulties continually diminishes. 

There exist several comprehensive reviews of transported pdf methods and 

related theoretical, modelling and/or computational issues. These include, among 

others, the works by Pope [145,149], Dopazo [44] and Kollmann [871. 

1.3 The Present Contribution 

1.3.1 Objectives 

In the present thesis a number of key aspects related to the modelling of tur- 

bulence in flows featuring reacting scalars and practical rates of heat release are 

examined. Attention is primarily focused on turbulent flames with premixed reac- 
tants. The closure level adopted features second moment based methods coupled 

with both presumed and transported pdf approaches for the scalar statistics. 
An area given special attention is the modelling of turbulent transport terms 

in the mean momentum and scalar equations and the effect of these models on 
the evolution of mean and turbulence quantities. At present, a commonly adopted 

practice is the closure of transport terms through the use of gradient diffusion/eddy 

viscosity based approximations - usually supplemented by two-equation turbu- 

lence models. This practice has the advantage of computational simplicity and 
has been found to yield reasonable results for a number of cases featuring variable 
density mixing problems and turbulent diffusion flames. On the other hand, the- 

oretical analyses and experimental and DNS studies featuring turbulent premixed 
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flames (cf. Bray [14]; Heitor et al [73]; Veynante et al [178]) permit the formulation 

of fundamental objections to the application of gradient diffusion based closures 

to such flows. These objections primarily comprise two major issues. The first is 

related to the essential characteristics of the evolution of turbulence, which pre- 

dominantly features a balance between both mean strain and pressure gradient 

related effects. The latter arise from a self-induced pressure drop within the mean 

reaction zone and the resulting preferential acceleration of "lighter" burned gas 

pockets over "heavier" pockets comprising reactant gases (cf. Libby [105]). As a 

result non-gradient transport and flame induced turbulence production has been 

observed. Evidently, in gradient diffusion type closures such effects are excluded 
by definition and cannot be reproduced. 

A further area of concern is related to the structure of scalar turbulent trans- 

port close to the "cold" front of propagating flames. This region is critical for 

the determination of fundamental global properties such as the turbulent burning 

velocity. Gradient transport does and must prevail in this region. However, it has 

been shown that even in such cases the production of scalar turbulent transport 

does not only depend on local mean scalar gradients but also on terms featuring 

velocity-reaction rate correlations (cf. Bray [13]). These effects are also excluded 

by definition in eddy viscosity models. The latter observations thus strongly indi- 

cate that gradient diffusion based models are inadequate for these type of flows and 

that a higher order transport equation based closure is an essential requirement. 

On the other hand, the above conclusion may be regarded as the product 

of strict theoretical requirements and it could be argued that the significance of 

the above effects may not be critical from a practical point of view. Indeed, the 

majority of reported modelling efforts focused on other major elements of closure 

- such as mean reaction rate terms - have been based on gradient transport 

closures. Such ambiguities featuring a contrast between theoretical guidance and 

standard modelling practices are not uncommon for other types of flows. In many 

cases, however, such difficulties have been resolved by the systematic application 

and comparative analyses of different types of closure with experimental data. 

By comparison, for the case of turbulent premixed flames, the number of such 
detailed comparative studies featuring both second moment and gradient transport 
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models is limited. Furthermore, the few exceptions have in many cases featured 

the introduction of considerable simplifications - due to numerical or modelling 

reasons - which are not readily justified in the context of realistic flow simulations. 

The contribution of the present work thus features an effort to partially remedy 

the above situation and permit firm conclusions on a number of key areas. 

1.3.2 Outline 

In Chapter 2 the closure of a number of critical terms in the second moment 

equations is examined. Attention is focused to the modelling of the redistribution 

and dissipation terms in the Reynolds stress and scalar flux equations. It is shown 

that the standard practice of obtaining closures by recasting models derived on a 

constant density basis in a density weighted form is not sufficient. Variable density 

extensions featuring the direct incorporation of preferential acceleration effects 

are thus proposed and derived on the basis of invariant principles. Realisable 

model forms are derived which are suitable for both moment and joint velocity- 

scalar transported pdf calculations. This approach is subsequently applied to the 

modelling of the turbulent kinetic energy dissipation rate production terms. The 

closure of triple moment and pressure transport terms is also examined. 
In Chapter 3 the presumed bimodal pdf approach of Bray et al [19] for tur- 

bulent flames with premixed reactants in the flamelet regime of combustion is 

considered. Based on the work by Lindstedt & Sakthitharan [110] an algebraic 

closure for the mean reaction rate is obtained following a fractal analysis of the 

mean flame surface density. Alternative forms for the latter term and modelling 

and numerical aspects related to the present and other methodological approaches 

are extensively discussed. A flame front type numerical assessment study of the 

scaling behaviour of predicted burning velocities is performed - featuring both 

second moment and gradient diffusion closures. Comparisons are made with the 

experimental data of Abdel-Gayed et al [1]. 

In Chapter 4 the proposed closure is applied to the simulation of a range of 
transient one-dimensional flame propagation problems and two-dimensional flames 

stabilised in counterflow geometries. The experimental studies of Gulati & Driscoll 
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[59] and Videto & Santavicca [179] are considered for the one-dimensional cases. 
Comparisons are made between prediction featuring a number of transport and 

reaction rate model variations. For the two-dimensional cases the experimental 

studies of Kostiuk [90], Mastorakos [124] and Cheng & Shepherd [31] are consid- 

ered. The proposed second moment closure is extensively compared with exper- 
imental data and with predictions featuring a gradient diffusion closure for the 

turbulent scalar fluxes. These applications verify the validity of the modelling 

principles adopted in the present work and highlight the predominant importance 

of the turbulent transport closure. 
In Chapter 5a transported pdf approach closed at the joint scalar level is con- 

sidered in an effort to extend the applicability of the proposed turbulent transport 

closure beyond the flamelet regime of combustion and for cases requiring multi- 

scalar descriptions. Key aspects related to the modelling of transport terms in 

physical and scalar space and related proposed closures are extensively discussed. 

The merits and disadvantages of proposed methodologies for the formulation of 

appropriate numerical solution procedures are also critically reviewed. 
In Chapter 6a transported pdf approach is applied to a range of cases featuring 

both passive and reactive scalars. The primary objective is a comparative assess- 

ment of the (combined) effect of mixing and turbulent transport model variations. 
The experimental study of Ma & Warhaft [120] featuring a thermal mixing layer 

is, initially, considered and simulations are performed using a range of mixing and 
transport model variations. The obtained results indicate that mixing model dis- 

crepancies observed by analytical and theoretical studies, featuring homogeneous 

flows, are also evident in inhomogeneous flows and are magnified in combination 

with second moment models. The above study is subsequently extended to include 

flows featuring reactive scalars and one-dimensional burning velocity eigenvalue 

problems. The two-dimensional steady state flame of Mastorakos [124] is also 

considered. A numerical error analysis is additionally performed which indicates 

that particular attention is required to ensure adequate numerical resolution of 
the mixing/reaction coupling. The results obtained highlight difficulties for high 

Damköhler number flows. These are attributed to the adopted mixing time scale 

expression and a modified expression is derived. The improvements obtained are 
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highly encouraging. The need of more rigorous investigations in this area in com- 
bination with comprehensive chemical descriptions is outlined. 

In Chapter 7 the major conclusions of the present work are summarised and 

suggestions for future improvements in a number of key areas are made. 



Chapter 2 

Closure Approximations for the 
Second Moment Equations 

2.1 Introduction 

In the present Chapter attention is focused on the closure of the second mo- 

ment equations in turbulent flows featuring reacting scalars and high rates of heat 

release. Following Jones [80], unknown terms in the Reynolds stress and turbulent 

scalar flux equations are separated into two categories. The first category includes 

terms with a form similar to that observed in isothermal flows, i. e. triple moments 

and pressure transport, pressure strain and dissipation terms. The second cat- 

egory includes terms featuring reaction rate and density correlations. As noted 

above, at the present state of knowledge models for terms in the latter category are 

essentially dictated by the assumed thermochemistry model. This methodologi- 

cal approach thus precludes general model formulations which are independent of 

the specific flame type and combustion regime considered. By contrast, given the 

similarity between terms included in the first category and their constant den- 

sity counterparts, corresponding model derivation methodologies can be applied, 

which may result in more general or case independent forms. 

Currently, models for terms in the first category are commonly obtained on 
the basis of a recasting of formulations derived in the context of constant density 

flows into a density weighted form. Given the additional complexities encountered 
in turbulent reacting flows this approach appears questionable a priori. Neverthe- 

57 
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less, the application of such models to flows featuring turbulent diffusion flames 

has been found to yield results in good agreement with experiment (cf. Chen & 

Kollmann [30]; Jones [80]). By contrast, Lindstedt & Väos [112,113] observe 

that the application of such approaches to a range of cases featuring premixed 

turbulent flames results in considerable difficulties. The latter were mainly at- 

tributed to the structure of two critical terms in the context of second moment 

methods, namely, the pressure redistribution and scrambling terms. The diffi- 

culties were found to prevail regardless of the specific redistribution /scrambling 

model adopted (e. g. Haworth & Pope [70], Jones & Musonge [83], Launder et al 

[96]) and further variations in reaction related terms. The latter remarks thus 

reveal possible weaknesses and omissions of a fundamental character in the result- 

ing forms and highlight the need to consider appropriate extensions. This topic is 

discussed in the following sections. 

2.2 Second Moment Equations 

Average transport equations for the Reynolds stresses and turbulent scalar 
fluxes can be derived analytically by consideration of the instantaneous conserva- 

tion laws or the joint velocity scalar pdf (cf. Jones [79]; Pope [145]). The following 

equations can thus be obtained. (') 

a<p>u%ü; <p>ulu"u' <p>uz'U; u" 
at+ ax, -- ax, 

-<p> l axe 3 ax, / 
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(a) The turbulent scalar flux equation is given below in terms of c which may in general represent 
any reacting scalar. This notational convention has been preferred to a more generic approach 
featuring scalar vector components (O. ). Given the substantial amount of sub-indexing involved, 
the adopted convention has the advantage of clarity. The generality of the resulting turbulent 
scalar flux is, naturally, not affected. 
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The terms on the RHS of equation (2.1) represent, in order, turbulent transport 

of the Reynolds stresses (the triple moment term Tij1), effects of mean strain 
(the "production" term P, 3), effects of mean pressure gradients (I ), the turbu- 

lent pressure strain term (0tij) and viscous dissipation (< p>e23). Similarly, the 

terms on the RHS of equation (2.2) represent turbulent transport of the scalar 
fluxes (Til, ), production by mean velocity and scalar gradients (Pi, ), the effect of 

the mean pressure gradient (I ), the pressure strain term (kj, ), the turbulence- 

reaction rate correlation (Si, ) and viscous dissipation (< p>Ejc). 
It is convenient for modelling purposes to rearrange Oij into a redistributive 

and an isotropic part (cf. Jones [80]; Lumley [116]). The former reads : 
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l-'-3 

aij ` uff lap 
I 

C7ý 
' 

il 

The isotropic part can further be split into pressure transport (OT, ) and pressure 
dilatation (ý°) terms. 
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Similarly, the pressure strain term 0i, in the scalar flux equation can be de- 

composed into pressure transport (OT) and pressure "scrambling" (¢ ý) terms. 

TaP, c� SIa c� hic_-< > and ýic_-<p-> 
ax, axi 

As noted above, closures for the velocity reaction rate correlation (< uz'S, >) 

and the time-mean density weighted fluctuations of velocity and scalar (< uz' > 
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and < c" >) are in general dictated by the specific type of flow considered and 

the assumed thermochemistry model. However, in cases where the instantaneous 

specific volume of the fluid (11p) is a linear function of c, the properties of Favre 

averaging permit the following simple algebraic expressions to be derived (cf. Jones 

[80]; Libby [105]). 
<P> 

<u >= T utc" (2.3) 
Pu 

< c" >= T<p> c"2 (2.4) 
Pu 

In the above equation T is the heat release parameter defined in equation (1.5). It 

should be noted that the above expressions are given here strictly for illustration 

purposes and do not affect the generality of the discussion below. However, it may 

readily be observed that in cases where this thermochemistry description is valid 
(e. g. incompressible turbulent premixed flames [105]), the effect of mean pressure 

gradients on the evolution of turbulence appears in a simple and closed form. 

Furthermore, in such cases the pressure dilatation term may be shown to be a 

correlation of the scalar reaction rate. The instantaneous continuity equation may 

therefore be re-written as 
1Dp_ äu1 

(2.5) 
pDt äx, 

where D(")/Dt is the substantial derivative. 
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Recalling the definition p= pu/(1 +T c) the LHS of equation (2.5) can expressed 

as 
1Dp p Dc 

pDt 
=-TpuDt 
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The second of the above equations appears by virtue of the instantaneous scalar 

conservation law assuming Fickian diffusion. Substitution of the RHS of equa- 

tion (2.7) into equation (2.5), multiplication by p' and time-averaging yields the 

following relation (cf. Lindstedt & Väos [113]). 
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As shown by Jones [80] the first term is O(Re-5/4) and may thus be neglected 

in high Reynolds number flows. Given the assumed thermochemistry, the specific 

volume (p-1) c-derivative in the second term is simply equal to T/pv,. Accordingly, 

the pressure dilatation term in such cases can be approximated as : 
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2.3 Redistribution and Dissipation Models 

2.3.1 General Redistribution/ Scrambling Model Forms 

In constant density flows the modelling of the pressure strain correlation 0R 

is the focal point of Reynolds stress closures. The term is traceless and thus 

its contribution amounts purely to redistribution of the turbulent kinetic energy 

within its components. A Poisson type equation for the fluctuating component of 

pressure can be derived for variable density flows [80]. 
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The first term on the RHS of equation (2.10) has a form identical to its con- 

stant density counterpart and reveals a dependency on turbulence quantities and 

mean velocity gradients. Models derived for constant density flows, thus, scale 

redistribution/scrambling on variables related to the local state of turbulence (the 

turbulent time scale and the anisotropy tensor) and the mean strain. In vari- 

able density flows, the prevalent approach features redistribution models obtained 
by a recasting of formulations derived on a constant density basis into a density 

weighted form. Models derived on this basis will invariably take the following form 
[167]. 
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(c[b]+ o CD = <P> 8z3k1[bl ä_) t' X2.11) 
k XI 

In the above equations square brackets denote a functional dependence and b is 

the anisotropy tensor. 

b-1 -36.. 
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A partial justification for this approach is apparent through the noted similarity 
between the exact Favre averaged and constant density forms of the governing 

equations. On the other hand, the second part of equation (2.10) reveals a depen- 

dency on density correlations and it can be shown, through an order of magnitude 

analysis, that both parts are potentially of equal importance [80]. However, the 

form of the "variable density" part of equation (2.10) appears too complicated to 

be helpful in the derivation of extended variable density model formulations. 

The latter difficulty may, however, be overcome to some extent by an exami- 

nation of the role of variable density effects in the production of Reynolds stresses 

and scalar fluxes. Evidently there exists a strong link between redistribution and 

production processes. The former, essentially a minimisation of anisotropy pro- 

cess, ultimately is, or should be, modelled in terms of the magnitude and the 

causes of anisotropy. The latter principle is well established in the modelling of 

constant density flows and is clearly implied by the form of isothermal redistribu- 
tion/scrambling models. 

In combusting flows the effects associated with heat release materialise in two 

ways. Firstly, in the form of "dilatation" effects associated with the occurrence 

of velocity divergence (aick/axk). Such effects are thus included in strain related 
terms (P,, and P,, ). Secondly, in the form of preferential acceleration effects (cf. 

Libby & Bray [106]), associated with the mean pressure gradient terms (1,3,4)2C). 

The latter may alternatively be considered as density correlation effects since : 

<uZý>=- 
px 

<du>=- 
p 
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The relative importance of the above terms to the budget of the second mo- 

ments budget, can be evaluated by consideration of the ratio of pressure gradi- 

ent ((D 
, j) and strain related terms (Pty). For the simple case of a planar (one- 
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Figure 2.1: Contours of function 
.T= 

(v, 7, )2rr. Symbols denote: DNS by 'Irouve et 
al [172] (0), DNS by Cant & Rutland [156] (Q), experiment by Gulati & Driscoll [59] 
(A) and experiment by Videto & Santavicca [179] (o). Shaded area indicates a defüiite 

prevalence of strain over preferential acceleration effects. Dashed line and arrow at T=5 
indicate domain of practical applications. 

dimensional) steady state flame, the mean momentum equation yields 
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where ich is the turbulent burning velocity-. Substitution of the above expression 

into the pressure gradient term (iii) allows the following approximation for the 

peak ratio to be obtained, in terms of the local ( "2) and flame front (uu) 

turbulence intensities. 
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A graphical representation of .T= 
('u7 /u; 

u)2rr contours can be found in Fig- 

ure 2.1, where the conditions of the DNS studies of Cant & Rutland [156] and 

Trouve eßt ; il [172] have been superimposed along with two of' the experir iental 

cases [59.179] discussed below. 
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Absolute values of JýD11/P1i may be deduced provided that an estimate of 

can be obtained. Evidence provided by experimental [59] and theoretical studies 
[2,11,64,105] indicate that the peak value of ( can be expected to be in the range 

0.1 <(<0.3. For practical applications (5 < rr <7 and 1.5 < uT/uü < 2.5) the 

corresponding values of .F are in the range 20 < ,F< 40. Thus, the importance 

of mean pressure gradient terms can typically be expected to significantly exceed 

that of strain related terms. 

From a modelling point of view the above observation is crucial since the gen- 

eral form (2.11) reveals that models derived on a constant density basis feature 

a scaling of redistribution exclusively on mean strain. In variable density flows 

involving conserved scalars, where modelling approaches based on the density 

weighted recasting procedure denoted by equation (2.11) have been found suc- 

cessful, the contribution of the density correlation/mean pressure gradient terms 

is not significant compared to strain related terms [80]. Hence, the turbulence 

generation mechanisms are similar to those found in isothermal flows. 

By contrast, in turbulent premixed flames "production" by strain is not the 

primary cause of anisotropy. Therefore, regardless of specific model formulations 

the rate at which energy is transfered between components (the rate of minimi- 

sation of anisotropy) is substantially lower than the rate at which anisotropy is 

produced. In view of the aforementioned obvious connection between production 

and redistribution, model formulations for the latter should, therefore, explicitly 
include an additional part representing preferential acceleration effects. The ac- 

celeration redistribution/scrambling parts should obviously have a tensorial form 

and OA respectively) as single term invariant "corrections" would result in a 

non-traceless redistribution term k 0). Furthermore, physically, these terms 

signify additional transfer of energy between components and should relate di- 

rectional information. The complete variable density redistribution/scrambling 

models should thus take the following general forms. 

OR 
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Following the introduction of the acceleration vector (ak), the corresponding re- 
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distribution/scrambling terms can be defined as [33,162] 

(2.15) Oý =- 
(A3k[b, <u">] + Aik[b, <u">]) <p>ak 

c= 
-Aik[b, <u">, <c">]<p>ak 

where 
1a <P> ak <p> OXk 

In the above equations Alk [b, < u" >] and Aik [b, < u" >, < c" >] are third and 

second rank isotropic tensors respectively. 
A general second order formulation in b for Alk [b, < u" >] and Aik [b, < u" >, < 

c" >] can be found in Appendix A. The second order forms contain 19 unknown 

coefficients for which only 12 relations can be derived by application of the zero- 

trace and realisability constraints. Hence, 7 coefficients have to be determined 

empirically. The latter poses a formidable problem in the context of an inhomo- 

geneous reactive flow. However, a partial solution may be obtained by physical 

considerations. 
Preferential acceleration effects in the Reynolds stress equations serve as a 

means of conversion of a part of the combustion induced heat release into an 

increase of the energy of turbulent fluctuations. There exists thus, a direct anal- 

ogy to buoyant flows where, through density correlations, acceleration serves as a 

similar means of conversion between energy forms, such as turbulent kinetic and 

potential energy. Perhaps, the most striking similarity between the two types of 

acceleration effects can be found in their dominant effect on the evolution of the 

scalar flux vector. The analogy between the two cases becomes an identity when 

the Boussinesq approximation is valid. The latter is also to be expected on purely 

physical grounds. If the motion of a fluid parcel is observed from a non-inertial 

frame of reference, it is then impossible to distinguish between effects induced by 

acceleration due to a pressure-gradient or a force field effect (e. g. gravity) since 

both are linearly super-imposed in the momentum equation. The response of tur- 

bulence to both acceleration vectors may therefore be expected to be identical. 

Hence, the corresponding tensors (Ali 
, 

AZT. ), which scale redistribution and are k 
independent of the acceleration vector, must also be identical. This conclusion is 
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of considerable practical value. A first advantage is that additional exact mathe- 

matical constraints can be derived and applied (Shih & Lumley [162]). It is thus 

generally required that (omitting functional dependencies [] for clarity) : 

AlkAki Aik=0 Ali_<Ul (2.16) 

and 
Ai1, = Aki Akk =< c" > (2.17) 

A second more important advantage is that acceleration redistribution models can 
be developed separately from other elements of the closure. A practical illustration 

is given below. 

2.3.2 Reynolds Stress and Scalar Flux Dissipation Terms 

The dissipation tensor (E, j) can be treated in a similar manner to the turbu- 

lent pressure strain correlation The term is thus here decomposed into an 
isotropic and a deviatoric part 

22 
(2.18) Eia = 

1Ezj 
-3 bzj j, +3 Sijj 

In constant density flows it is customary to assume that at high Reynolds numbers 

the contribution of the non-isotropic part is negligible - in agreement with Kol- 

mogorov's local isotropy hypothesis [88]. Jones [79] suggests that the occurrence 

of density fluctuations is unlikely to change this small scale feature and that it 

may thus be assumed that 

ýiý =2 6ij and EZ, =0 

since e2C is not an invariant. 

Bray & Libby [106] on the other hand, argue that when reaction occurs in 

thin layers (flamelets) the generation of large velocity gradients in a preferential 
direction (that normal to a flamelet) will result in a situation where the assumption 

of local isotropy is violated. Accordingly, "corrections" in the form of decay terms 
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based on the mean reaction time scale have been introduced [106], 

<Sc> 2di'C"t Cn 2f <Sc> 
ii ' 

piEZj=CD 
Ci2 Cii2 

+<Pi-6ijC and </I>Ei, =CiD Ili Ci 
3 c"a 

RR Eij eic 

where CD and CD are model constants. However, in contrast to the exact form of 

equation (2.18) the proposed correction term (eR) for the Reynolds stress equa- 

tion is not traceless. Furthermore, the term (eR) will not vanish in the limiting 

case of a zero-heat release flame. Clearly, at the latter limit (given small molecular 

weight variations of the mixture and negligible laminar viscosity effects) the veloc- 

ity field remains unaware of reaction -a fact that should be reflected in all model 

terms. Similar arguments - based on exact constraints - cannot be raised for 

the corresponding term (eR) in the scalar flux equation. However, the proposed 

term (ER) accounts for local anisotropic effects and it should therefore vanish at 

the limit of high turbulence Reynolds numbers and low Damköhler numbers. The 

latter argument is also valid for the term in the Reynolds stress equation (ER). 

Evidently, models formed by the chosen set of scaling parameters, or it appears 

any single-term correction, will not satisfy the above requirements. 
A more effective approach is suggested by the decomposition given in equa- 

tion (2.18). Due to its traceless form, the non-isotropic part of the dissipation 

tensor (ejj) does not represent an energy decay process, but transfer of energy 
between components due to the effect of small scale anisotropy. The process, 

therefore, essentially corresponds to a redistribution mechanism which will oc- 

cur in addition to the action of the pressure strain term. Thus, Lumley [116,117] 

argues that in effect redistribution models, do account for both pressure and "dissi- 

pation" redistribution. The implicit assumption of this approach is that the effect 

of small scale anisotropy is modelled directly in terms of large scale quantities, 

such as the Reynolds stress anisotropy tensor bzj and the inertial time scale Elk. 

The DNS studies of Gertz et al [50], treating flows with pronounced anisotropic 

effects, lend strong support to this approach. Therefore, 

R< >Ei Redistribution Model -28< >E 2.19 
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should be a valid approximation. Similar considerations apply to the correspond- 
ing terms in the scalar flux equation. Hence 

OS2, - p>e2C = Scrambling Model (2.20) 

should also be valid. In view of the above discussion, specific "flamelet" dissipation 

terms are not considered here. 

2.3.3 Specific Model Forms 

2.3.3.1 The Generalised Langevin Model 

The constant density redistribution model adopted here is derived on the basis 

of a stochastic Lagrangian model - the Generalised Langevin Model of Haworth 
& Pope [70,721. The latter features a non-linear return to isotropy and no distinc- 

tion between "slow" and "rapid" part type redistribution. The model has been 

tested over a wide range of homogeneous turbulence and free shear flows [70,72]. 

An important feature of the model is that it also yields a closure for the pressure 
scrambling term in the scalar flux equation (cf. Pope [150]) and thus allows con- 
sistent and realisable modelling of both pressure strain correlations. The resulting 
form for the Reynolds stress equation is given below. 

lk 
O 

3D =<p> 
(k 

C[b] + Bz'kl [b] 
ox, 

_< p> Gikv, füý +< p> Gjkuluz' +< p> 
(c0+)3 

ý (2.21) 

The corresponding model form for the scalar flux equation [150] is : 

ýD -<p>k 
(c[b}+ 

8 ýki [b] 
axe 

üý C' (2.22) 

LC 
1l'C'f (2.23) _<> GikUl ICII - <P> 

ß/i2 

In equation (2.21) C,, is a constant assigned the value of 2.1 [2]. 

Haworth & Pope [70,72] proposed a functional form for GZ3 which is linear in 
the mean velocity gradients and quasi-linear in the anisotropy tensor (b). 

Gig == (a1Szj + a2bi3) + Hijkl 
axe 

(2.24) 
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H23k1 _ ß1bijbk1 + /326iksjl + 1336ilajk 

+1'laijbkl + 1'2Sikbil + 'Y36ilbjk 

+'Y4bij6kl +'Y5b1kbji +'Ysbi1Sjk (2.25) 

The model contains 11 coefficients of which 6 can be eliminated by exact con- 

straints deduced from the Navier-Stokes equations [150]. The remaining 5 were 

assigned values by matching experimental data [72]. Thus 

a2 = 3.78 ß1= -0.2 02 =0.8 /33= -0.2 

y1= 0.0 72= 1.04 y3= -2.18 

74 = 0.0 75 = 1.99 76 = -0.76 (2.26) 

and crl is given by 

ai - 
[2 

+ 
4Co 

+ alb ý+ (ß2 
+ 03 +3 'Y*) Ii +'Y*I2] (2.27) 

where 

7* =72+73+75+76 

Il - bi3 S*j S= 
11ý ö üi 

+äüß (2.28) 
Zj 2 öxj äxß 

I2=býSj bý-bijb13 

2.3.3.2 Acceleration Redistribution and Scrambling Models 

As noted above, the acceleration redistribution/scrambling parts can in prin- 

ciple be obtained by a second order model form and corresponding general scaling 

tensors based on the propositions by Shih & Lumley [162] are given below. 

A' k- 
flbzku"c" + f2(bi3u"c" + bykU"c") +f 3bjkt 3 

ýkz7 

+f4(vzjJ%zcz + bjkuz/Cfl) + f5(azjbkl + 5k3bip)ul c" + Mikbjlul C11 

+fUCjj 71,10 + fs(b 3bkl 
+ bk, b, 

l)7ll'C" 
+ 

. 
f9b 

k' 
J (2.29a) 

ýi 2i "c" + bjkl iICiI+ 6 bj lGjICII + (lý 
ýU2 + ti21uiic" +f10ý 

ýý 
fll 

ak 1 
f12 iý kl . 7ý ill l 
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Axk = hl8 kc"2 + h2u; 'c"ulc" 

Chapter 2 

+h3bzkci2 + h4 (bzlu"c"ý+ bkIuz c")u"c" (2.29b) l 

+%Z v2 2+ %2 U 2GýýCýib. uni Cis +117(b 2 
21ýýGýi + b2 1! cdlI)21ýI Lei 5 Zk 6 al (m t( k kl tl 

The structure of the above model forms (analysed in Appendix A) is arguably 

too complicated for use in practical flame calculations. Furthermore, a preliminary 

evaluation study revealed that the improvements in the quality of predictions is 

not proportionate to the computational cost that the application of the model 

entails. For the purposes of the present work, therefore, a simpler Isotropisation 

of Production (IP) type model [51] is adopted to illustrate the leading order role of 

acceleration redistribution terms. The model is of zeroth-order in the anisotropy 
tensor and may thus be obtained from the above general forms by retaining terms 

involving only Kronecker deltas. In the latter case the forms of Ask and Alk are 

considerably simplified. 

Aik = fl&k <u > +f26Zj <26'> +f3Sjk <u"> and Aik = h1Stk <c"> (2.30) 

Application of the constraints of equations (2.16)-(2.17) determines all the un- 
known coefficients. 

f1=2/5 f2=-1/10 f3=f2 h1=1/3 

Substitution of equation (2.30) into equation (2.15) and re-writing the result in 

terms of the mean pressure gradient terms (I and cI ) yields 

OA = CAR(ýDi3 - 
16z3 

kk) (2.31) 

OA = CAS4)zc (2.32) 

where CAR = -(fl + f2) and obviously CAS = -hl. Hence, 

CAR = -3/10 CA5 = -1/3 
Substitution of equations (2.21) and (2.31) into equation (2.13) yields, by virtue 
of equation (2.19), the final model form for the Reynolds stress redistribution and 
dissipation terms adopted here. 

- <p>ei; _ <p>G1kUku +<p>GjkUlfUlf+<p>6ij Coe 

+CAR I ýZ3 - 
16zj4%k) 

(2.33) 
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Similarly, substitution of equations (2.22) and (2.32) into equation (2.14) yields, 

by virtue of equation (2.20), the final model form for the turbulent scalar flux 

pressure scrambling and dissipation terms. 

-< p>eic = <p> Gikuk'c" - <P> 2U' '+ CAS(Dic (2.34) 

By contrast to the generalised Langevin model, the above IP-formulation does 

not guarantee realisability. However, following the methodology suggested by Pope 

[150], a realisable expression can readily be derived by consideration of an equiv- 

alent model at the stochastic Lagrangian level. The following form is proposed. 

du ="""+<p>- CAS pý 
ak dt + CAR 

uk -ilk 
< ul > a1 dt (2.35) 

PP 2k 

In the above equation u(') denotes the kth-velocity vector component of a material 
fluid element ("particle"). It should be noted that the above model is given in 

terms of a general acceleration vector (ak) and can therefore be readily adopted 
for the calculation, for example, of strongly stratified flows using a transported 

pdf approach, closed at the joint velocity scalar level. The corresponding acceler- 

ation redistribution and scrambling terms in the Reynolds stress and scalar flux 

equations take the following form. 

O= CAR 
[jj 

- 
3Sz, 

ý(Dkk - 
bij4)kk, (2.36) 

O1 u"c" 
ic = CAS 4)ic + CAR 4- 4)kk (2.37) 

2.4 Triple Moments and Pressure Transport 

A number of possible closures have been suggested for triple moment terms, 

mainly derived in the context of isothermal flows (e. g. Hanjalic & Launder [69], 

Dekeyser & Launder [40]). Lumley [116] suggests that pressure transports terms 

can be obtained in a consistent manner with triple moments following the intro- 

duction of the expressions below. 

uri >_ _CTuiuiiuii 
'c i >= _CTdiuiýull callpll 
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The above relationships are based on the presumption of a quasi-Gaussian be- 

haviour of velocity statistics and the proportionality constant is assigned the value 

ofCT - 0.2 [1161. 

Proposed closures for the second moment transport terms invariably feature 

formulations of extensive complexity wherein triple moments are modelled in terms 

of corresponding second moment gradients. Pope [150] shows that a closure for 

triple moment terms may also be based on stochastic principles. In the latter case 

the resulting closure features dependencies on both second moment and mean 

velocity gradients [150]. Alternatively, Bray et al [19] have derived a model ap- 

plicable to cases featuring turbulent premixed flames in the flamelet regime of 

combustion that is based on a presumed pdf approach for the joint velocity-scalar 

statistics. The latter approach also results in a complex formulation which requires 
further sub-modelling of conditional intensities. 

The above complexity, however, is arguably excessive since the contribution of 
the diffusion terms to the overall budget of the Reynolds stresses and scalar fluxes 

is expected to be moderate (cf. Jones [80]; Launder [95]). Furthermore, none of 
the various proposed closures has been extensively tested. For these reasons, a 

simpler approach is adopted in the present work and the turbulent transport of 

second moments is modelled using the generalised gradient diffusion formulation 

of Daly & Harlow [37]. 

19 Tit Tak �� az =j, -u 
axI + OT. - 19X 

cs ̀  P' ukUI axI (2.38) 

0 Tzlc Tak �� ____ äx, + OTC - äxk 
cs <p> uku1 äxß 

(2.39) 

In the above equations Cs is a constant which here assigned the value of 0.22. 

2.5 Turbulent Kinetic Energy Dissipation 

The most commonly adopted model equation for the turbulent kinetic energy 
dissipation rate, assuming a generalised gradient diffusion model for the turbulent 
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transport of dissipation, takes the following form [80]. 

a<p>E ,+ a<p>ii 
_a 

--�ae 

at ax, aXk 
CS <p>k -- ifU k 1 ax1 

-C£1 < p> =u11 ax, - CEZ < p>e (2.40) 

In the above equations CE, and C52 are assigned the standard values of 1.44 and 

1.92, while a reasonable value for C, is approximately 0.18 [79]. 

The above equation is almost entirely derived on empirical principles - the 

exact transport equation for the dissipation rate proves to be of little help for mod- 

elling purposes. Some support, however, is provided by the analyses of Lumley 

[117,118] who based on energy cascade principles, suggests that the generation 
term for the turbulence dissipation rate corresponds to the rate at which energy is 

fed to the lower wavenumber end of the spectrum. Within the "standard" model 

of equation (2.40) the "dissipation feeding rate" is essentially identified with the 

(scaled) production term of the turbulent kinetic energy. However, while this 

modelling approach is arguably sufficient in isothermal shear driven flows, vari- 

able density flows may feature a prevalence of normal strain components, due to 

dilatation, and/or counter-gradient shear stresses due to preferential acceleration 

effects. The "generation" term will thus, invariably, amount to a negative con- 
tribution. In order to provide compensation for such effects, various terms have 

been proposed in past work and include, for example, the contribution of mean 
density gradients or mean pressure gradients or the mean velocity divergence (cf. 

Jones [80]). The inclusion of any single or any combination of the latter terms 

from this point of view is largely heuristic and the calibration of relevant modelling 

constants becomes uncertain. 
This ambiguity, however, may partly be resolved by the phenomenological ap- 

proach presented above regarding the modelling of the redistribution/scrambling 
terms. Hence, relevant model forms should directly incorporate both strain and 

preferential acceleration related terms. Lindstedt & Väos [113] have thus per- 
formed calculations of turbulent premixed flames including a mean pressure gra- 
dient term in the turbulent dissipation equation. 

a<p>E a<p>u1E ak aT 
at+ axl 

[csc 
< p> E akin ax, 
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,. 
aük ýa <p> 

-CE, <p> uku1 axl - CEZ < p> =e - CE3 <u > ax` 
(2.41) 

In the context of strongly stratified flows the corresponding modelling constant 
CE3 is assigned values in the region 0.95-1.2 (e. g. Jones [80]; Launder [95]). On the 

other hand, it has been found that in turbulent premixed flames the latter constant 
has to be assigned a relatively high value (Cf3 = 1.4) [113]. The discrepancy may 

primarily be attributed to the assumed form of the strain related production term. 
As noted above, in turbulent premixed flames the latter will result in negative 

rather than positive contributions. Therefore, a higher Cf3 value is required to 

provide compensation. An alternative general form is thus considered here. 

a<p>E a<p>ujE a IC k��aE E 
at ax, axe axe k 

P= (C1Si; +C2b13+C3bi2j) kSi3 +C4G+C59 (2.42) 

=<u"> 
1ä <p> SZ' =1 

äü2 
+ 

öü3 

<p> 3x, 2 äxß äxß 

'u 
bi; = 

u' '- 32 bid bý= bý1 bi, 

In equation (2.42) Cl-C5 are constants although general formulations as functions 

of anisotropy or strain invariants (cf. Craft [33]; Launder [95]) are also possible. 
For the present purposes the second order term is omitted (C3 = 0) and thus 

equation (2.42) reduces to the "standard" model of equation (2.40) at the zero- 
heat release limit. In the latter case, the constants C2 and C5 of equation (2.42) 

can be identified with CE, and C2 of equation (2.40) and are thus here assigned 
the "standard" values of 1.44 and 1.92 respectively. Cl is assigned here the value 
of 0.5 so that a positive velocity divergence will result in a positive contribution. 
The latter fact allows the mean pressure gradient term constant C4 (CE3) to be 

assigned the reduced value of 1.2 - in better agreement with corresponding values 
in strongly stratified flows. 
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2.6 Summary 

In the present Chapter the closure of transport, dissipation and pressure strain 

related terms in the second moment equations has been examined. Particular 

attention has been given to the derivation of models for the redistribution and 

scrambling terms. It has been argued that closures obtained on the basis of a re- 

writing of constant density models in a density weighted form is not sufficient in 

cases featuring significant preferential acceleration effects, as for example, exhib- 
ited in premixed turbulent flames. The derivation of appropriate extensions has 

thus been considered on the basis of physical arguments. The well established link 

between the production of turbulent kinetic energy and its redistribution among 
individual Reynolds stress components has therefore been highlighted. On these 

grounds, it is suggested that appropriately general redistribution and scrambling 

models should directly include terms featuring preferential acceleration effects. 
The above arguments are based on a sound general principle regarding the evolu- 
tion of turbulence and remain independent of the specific type of flow or combus- 
tion regime considered. Furthermore, the derivation of corresponding consistent 

expressions comprises a well defined and straightforward mathematical task. Ad- 

ditionally, it was noted that the similarity of the phenomena considered here and 
those found in buoyant flows permits the development and calibration of corre- 

sponding terms separately from other elements of the closure in potentially much 

simpler flows than turbulent flames. Similar considerations have also been applied 
to the derivation of suitable variable density extensions of the standard turbulent 
kinetic energy dissipation production terms. 

The above considerations are independent of specific model forms. In the 

present work the latter include formulations based on the stochastic generalised 
Langevin model of Haworth & Pope [70,72] for the representation of the "con- 

stant density" parts of redistribution and scrambling terms, and an IP-type model 
for the inclusion of preferential acceleration effects. An alternative formulation 

based on Lagrangian principles, and thus inherently realisable with respect to 
joint velocity-scalar statistics, has also been proposed. Model forms suitable for 

both transported pdf and moment based methods have been derived. The mod- 


