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Abstract

The present thesis constitutes a modelling study of turbulent flows featuring react-

ing scalars and high rates of heat release and primarily focuses on incompressible
flames with premixed reactants. A closure at the second moment level is adopted
and the modelling of the critical redistribution/scrambling and dissipation terms
in the second moment equations is in detail examined. It is shown that the stan-
dard practice of obtaining closures by recasting models derived on a constant den-
sity basis in a density weighted form is insufficient. Generally applicable variable
density extensions featuring the direct incorporation of preferential acceleration
effects are thus proposed and derived on the basis of invariant principles. Similar
considerations are applied to the modelling of the turbulent kinetic energy dissi-
pation production rate and appropriate variable density extensions are proposed.
The presumed bimodal pdf approach of Bray and co-workers for premixed turbu-
lent flames in the flamelet regime of combustion is considered. An algebraic mean
reaction rate model is adopted following a fractal analysis of the mean flame sur-
face density. Related numerical and modelling aspects are extensively discussed.
The adopted closure 1s applied to a range of transient one-dimensional and two-
dimensional flames stabilised in counterflow geometries and detailed comparisons
with experimental data are performed. The obtained level of agreement proves
most encouraging and highlights the predominant importance of the turbulent
transport closure. A transported pdf approach for scalar statistics is also consid-
ered and key modelling and numerical aspects are critically examined. The effects
of mixing and turbulent transport model variations on the evolution of scalar
statistics are extensively investigated by application to a range of passive and re-
acting scalar flows. The shortcomings of traditional closure approximations for
the scalar time scale for flows featuring reacting scalars and high Damkohler num-
bers are also addressed. A suitably extended algebraic expression is accordingly

derived and evaluated and the obtained improvements are highly encouraging.
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Nomenclature

Latin symbols

a; acceleration vector
{A;,0;,U;} particle rate of change vector
ko Aij scaling tensor for “acceleration” redistribution and scrambling
b, b;; anisotropy tensor
B random walk coefficient
Biixi, Bifjk, scaling tensor for “rapid” redistribution and scrambling
C reacting scalar (e.g. reaction progress variable)
Ci,...,Cs extended dissipation equation model constants

Ce,, Ce,,Ce,,C,, standard dissipation equation model constants

C. eddy viscosity constant

Cs,Ct,C5 velocity-scalar turbulent time scales ratio parameters

Cm Bray-Moss-Libby (BML) model parameter

Co generalised Langevin model constant

Cs generalised gradient diffusion model constant ,
Cij, C’;-’;- scaling tensor for “slow” redistribution and scrambling
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26 Nomenclature

Car,Cag acceleration redistribution and scrambling model constants

Cp =eLr/u?  turbulent length scale parameter

Ch, C}; “flamelet” dissipation model constants

Cr = CEC}I,/ X reaction rate parameter

Cr reaction rate constant

CE eddy-break-up reaction rate model constant
o4 pressure transport model constant

D fractal dimension

Da Damkohler number

D, molecular diffusivity of c

D;; velocity-scalar correlation tensor

fiye ey f12 invariants in A%,

fat transition density function

fo probability density function (pdf) of ¢

In fine grained pdf

f» burning mode pdf

Fos Fus scalar and joint velocity-scalar mass density function
i external force field (e.g. gravity)

JAt increment pdf

G drift coefficient

Gij generalised Langevin model tensor

hi,..., hy invariants in A;;



Nomenclature 27

e

Hlz — z,] Heaviside function

H amount of mixing

I, strain induced reaction reduction factor

II, IIT anisotropy tensor invariants

Jit molecular diffusion flux vector of ith-scalar

Kmaz peak dissipation to Kolmogorov length scale ratio

k turbulence kinetic energy

K, K, K, binomial Langevin model parameters

Ka Karlovitz number

Lp dissipation spectrum peak length scale

Lg Gibson length scale

Ly Kolmogorov length scale

Lt integral length scale

M turbulence generating grid mesh parameter

Mg binomial distribution parameter

N particle number

Ny, selected particle number for mixing (particle interation models)
Nsamp selected particle number for mixing (binomial sampling model)
NrpEF prescribed or expected particle number per finite volume cell
Nz, Ny, N, spatial discretisation parameters in z,y, 2

P pressure

Pg binomial distribution parameter
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P;;, P Reynolds stress and scalar flux production terms

> Reynolds stress tensor trace

R, reaction rate of ¢

Re turbulent Reynolds number

Re) Taylor microscale based Reynolds number

Sic velocity-reaction rate correlation

Sij strain tensor

Sé source term for scalar ¢

S random event in augmented state space

t time

T temperature

T[¥,, ¥,) kernel function of particle interaction mixing model
Tiiks Tije Reynolds stress and scalar flux turbulent transport terms

u; = {u,v,w}  velocity vector

ur laminar burning velocity (u} denotes unstrained value)
Ur turbulent burning velocity

uE?E” scalar flux vector

u?ag’ Reynolds stress tensor

vV velocity sample space

Vi Kolmogorov velocity

wr(z) reactants consumption rate per unit flame surface

r; = {z,Y, 2} Cartesian coordinate vector

{zF, ul, _@_L } random state vector (Lagrangian description)
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Greek symbols

al(z,]

Bl(z, t] bimodal pdf parameters

7(z. ]

Q1,...,03

Bi,...,0 generalised Langevin model parameters
Viyeo ey Yoy Y

Bs, Bsamp particle interaction and binomial sampling model parameters
0 thickness

é(x,) delta function at z = z,

A finite difference of ¢

0; Kronecker delta

g turbulent kinetic energy dissipation rate
Ee scalar dissipation rate

€ measurement scale

Eijy Eic Reynolds stress and scalar flux dissipation terms
€;, €, inner and outer fractal cut-off scales

EN ' sampling error (“noise”)

¢ scaling parameter

i, normalised distance

N8 binomial deviate

3 uniform random deviate in [0, 1]

Ebin normalised binomial random deviate in [0, 1]
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M————“

e Gaussian random deviate

A Taylor microscale

L,V dynamic and kinematic viscosity

e, Vg dynamic and kinematic eddy viscosity
p density

o scalar vector dimension

0y turbulent Prandtl/Schimdt number of ¢
2 flame surface density

T heat release parameter

To scalar integral turbulent time scale

Tij viscous stress tensor

¢ scalar quantity

Peq equivalence ratio

Gijs Dic pressure gradient correlation terms ”
DQi5y Pic mean pressure gradient terms

v scalar sample space

Superscripts

f difference from conventional mean value
o difference from Favre averaged mean value
(-)® property of particle ()

(-YC¢P constant density origin model
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Subscripts

(')a: (')aﬁ

main

max

Others

<>

<alb>

acceleration term
dilatation term
redistribution term
scrambling term

transport term

specific vector/tensor component

suppressed contraction of repeated indices

minimum value
maximum value

unburnt gas (reactants)

burnt gas (products)

conventional mean value

Favre averaged mean value

conditional average of a on-b






Chapter 1

Introduction

1.1 Background

The occurrence of chemical reaction in a turbulent flow is a phenomenon en-
countered in many engineering applications of fundamental importance. A typical
example is the combustion of fossil fuels in various power generating devices, a
practice which at present comprises the major source of energy in the developed
world (cf. Lindstedt [109]). The limited reserves of such fuels and the hazardous
effects of formed pollutants on the environment comprise sources of primary con-
cern and have accordingly resulted in the introduction of legislation requiring
substantial improvements in the efficiency of combustion devices. Furthermore,
the occurrence of accidental combustion in the form of large scale explosions or
fires, with potentially devastating consequences, constitutes an additional cause of
concern and necessitates the formulation of detailed hazard assessment scenarios.
In this context, the derivation of theoretical models and the application of com-
putational methodologies can provide considerable insight and has the potential -
to result in versatile tools for the investigation of alternative solutions.

The derivation of such models combines two distinct areas of scientific research.
Firstly, the formulation of mathematical descriptions of turbulence, and, secondly,

the development of chemical mechanisms for the representation of kinetic effects.

Given the number of additional complexities which may be present (e.g. changes

of the state of the fuel, radiative heat transfer and compressibility effects) the

derivation of general models for turbulent reacting flows presents a formidable

33
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task. A rationalisation of the problem and the study in depth of individual aspects
thus commonly requires the consideration of distinct cases and the introduction
of various simplifications.

A typical example is the classical categorisation of various types of flames as
distinguished by the degree of separation of the reactants prior to combustion.
Hence, in diffusion flames the reactants are completely separated prior to ignition
and the progress of reaction is strongly dependent on the local rate of mixing.

By comparison, in premixed flames the reactants comprise a mixture of uniform

stoichiometry. A fundamental feature of flows of the latter type is the occurrence

of flame propagation. The effects of turbulence on both types of flames is pro-
found since it essentially determines the rate of mixing in diffusion flames and

strongly influences the propagation velocities and thickness of premixed turbulent

flames. On the other hand, the formation of major pollutants is in most practical

applications kinetically controlled and the response of the flame structure to given

local rates of strain is uniquely determined by the assumed combustion chemistry

description. Furthermore, the evolution of the velocity and scalar turbulence fields

is strongly coupled with the progress of reaction, given the typically high rates of

heat release featured by turbulent reacting flows of engineering importance. The

primary coupling mechanism is thus the occurrence of large fluid density varia-

tions, though similar variations of transport properties due to temperature changes

and combustion induced pressure fluctuations may in some cases prove to be of
equal importance {107].

The accurate resolution of the turbulence-chemistry interaction is thus the key
to the derivation of successful theoretical models and imply an adequate represen-
tation of chemistry, a satisfactory closure for the turbulence field and the accurate
incorporation of variable density effects. In the present work attention is mainly
focused on the latter two aspects of turbulent reacting flows within the framework
of second moment method based approaches. The type of reacting flow primar-
ily considered here is gaseous, adiabatic, and turbulent with premixed reactants.
Such flows comprise a primary feature of several important engineering applica-

tions including spark ignition engines, certain aero-propulsion systems and hazard

assessment studies of large scale explosions. Ultimately, however, flame type dis-
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tinctions such as those outlined above simply amount to the imposition of different
boundary and initial conditions on the same set of governing (conservation) laws.
The derivation of correspondingly general and flame-type independent models 1s
thus highly desirable and provides appropriate guidelines for the present work.
Below methodological aspects for a number of different modelling approaches
are presented. The discussion focuses on methodological aspects and the relative

advantages of each approach, leading to a description of the objectives and the
scope of present work.

1.2 Modelling Techniques

1.2.1 Conservation Laws

A complete mathematical description of turbulent reacting flows can be ob-
tained by a set of conservation laws for mass, momentum and scalars (concen-
trations of species and the internal energy or the enthalpy of the system) sup-
plemented by an equation of state (such as the perfect gas law) and appropriate
boundary and initial conditions. The conservation laws for mass and momentum

are given below in a differential, conservative form.

6[) apu; B
A7 + o = () (1.1)
dpu; Opuu; _ Op O |
5 om | On  ox TP (1-2)

In the above equation p represents the fluid density, © = {u1, u2, us} is the velocity
vector, p is the pressure and g; represents an external force field (e.g. gravity). The

laminar stress tensor 7;; for Newtonian fluids and negligible bulk viscosities is given

by the following relation.

(1.3)

The thermochemical field can be described by a o-dimensional scalar vector

¢ = {#1,¢2,...,0s}, where individual components represent the species mass
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fractions and the enthalpy or internal energy of the system. The corresponding

conservation laws can be shown to assume the following common form [145].

Opds Opu @i _ 0 Ju
5 " oz om TPo# (14)

In the above equation J; represents a molecular diffusion flux vector for the ith-
scalar which may be represented, for example, by Fickian diffusion for individual
species or Fourier’s law for the enthalpy. For the flows considered in the present
work, heat losses(®) and compressibility effects are assumed negligible. As a result
the pressure can be assumed thermodynamically constant and the fluid density
can be obtained as a function of the local composition and the system enthalpy.
For the further simplified case of an adiabatic flame with premixed reactants the

sntroduction of a heat release factor (7) allows the following expressions to be

derived. T T
- Pu _ - 4y — _ll -
- 1+ 71cC ¢ Tb _Tu ’ Tu : (15)

In the above relationships the subscripts u and b denote properties in the unburnt

and burnt gas respectively, and ¢ € [0, 1] is a variable which essentially represents a

measure of the progress of reaction. As shown below, the concept of such a reaction

p

progress variable is central to the description of turbulent premixed flames within
the framework of moment method based approaches. |

The source term Sy, on the right hand side (RHS) of the species equations
(1.4) represents a chemical reaction rate. Typical functional forms for the latter
term exhibit strongly non-linear dependencies on temperature variations and fur-
ther dependencies on the local concentration field and pressure. Thus, following
the introduction of comprehensive chemical schemes, the accurate numerical in-
tegration of the species equations is not trivial and requires special attention to

satisfy conservation properties — even in simple homogeneous cases (e.g. perfectly
stirred reactors).

The above numerical difficulties are compounded by the essential characteris-

tics of turbulence which feature transient and three-dimensional fields. Further-

more, the spatial variations of velocity and scalar vector components in turbulent

(a)Induced for example by conduction through solid boundary interfaces and/or radiative heat
transfer.
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flows cover a wide range of scales, which may differ by more than two orders of
magnitude. The domain discretisation requirements for flows encountered in most
practical applications are therefore immense and well beyond the capabilities of
present computing technologies. Nevertheless, such Direct Numerical Simulations
(DNS) are possible for simplified domains and low turbulent Reynolds numbers,
and can provide considerable insight into turbulent reacting flow phenomena. In
general, however, currently adopted computational methodologies rely on sta-
tistical descriptions of turbulent reacting flows, typically expressed in terms of
“moments of velocity and scalar quantities. The latter can be obtained directly
by the integration of mean transport equations, in large eddy simulations (LES)
and moment method approaches, or through the computation of a corresponding
probability density function (pdf), in transported pdf methods. The basic ad-
vantage of statistical descriptions is that the scale of spatial variations of various
moments is comparable to the dimensions of the solution domain and thus the
resulting discretisation requirements are of manageable proportions. On the other
hand, given the non-linear characteristics and strongly coupled structure of the
above conservation laws, all such statistical approaches inevitably result in closure
problems. An outline of the principles involved and the closure issues encountered

in the derivation and application of various such methodologies is given below.

1.2.2 Direct Numerical Simulations

As noted above, the application of DNS approaches is presently confined to
cases featuring simplified geometries and/or low turbulent Reynolds numbers. The
computational cost of such approaches becomes apparent by consideration of the
smallest (Kolmogorov) length scales that need to be resolved and the fact that
their ratio to the larger (integral) scales is of the order of Ly/Lg ~ Re%* [99].
Hence, if the computational domain extends to a number of { Nz, Ny, N, } integral
length scales in each direction, the total number of nodes required are of the order
of (Ng - Ny - N, - Re%/*) /K3 .., where kmqz = Lp/Lk and Lp is the length scale

corresponding to the peak of the dissipation spectrum.(®) )

(A typical estimate is kmqz = 3 Li [99).



38 Chapter 1

Nevertheless, the earliest reported application of such approaches, featuring a
323 mesh, has been reported more than two decades ago [135]. Presently, improve-
ments in computing technology and related calculation procedures have allowed
resolutions of the order of 512° [99] and provided considerable insight in the struc-
ture of homogeneous (e.g. Jimenez et al [78]) and inhomogeneous (e.g. Chu &
Karniadakis [32]) turbulent flows. A comprehensive discussion of the potential
and limitations of DNS approaches for constant density flows can be found, for
example, in the review by Reynolds [153] and Leonard [99], where a discussion of

related numerical techniques and the application of such approaches to compress-
ible flows is also included.

The application of DNS approaches to turbulent reacting flows presents addi-

tional computational difficulties given the increased number of transport equations
that need to be considered and the coupled and highly non-linear nature of chemi-
cally reacting systems. Furthermore, in cases featuring combustion chemistry, the
smallest scales that need to be resolved are typically less than the Kolmogorov
scale. Hence, reported fully three-dimensional simulations have commonly fea-
tured reacting flows (“flames”) with zero-heat release and/or simplified single
global step type chemical schemes (e.g. Rutland & Trouve [157]). DNS including
heat-release effects and more comprehensive chemical schemes have thus typically
featured two-dimensional cases (e.g. Baum et al [5]). Despite these difficulties,
such simulations have provided considerable and detailed information regarding
several aspects of turbulent reacting flows. On the other hand, some care needs
to be applied to the extrapolation of conclusions drawn on the evidence of simula-
tions featuring zero or low rates of heat release, and/or very simplified chemistry,

to more general and realistic situations.

General reviews regarding the application of DNS approaches to turbulent
reacting flows have been performed by Jou & Riley [85] and Givi [53]. Two
reviews for the classical cases of diffusion and premixed turbulent flames have

been provided by Vervisch & Poinsot {177] and Poinsot et al [141] respectively.
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1.2.3 Moment Methods

1.2.3.1 Average Quantities and Transport Equations

Moment method based approaches have long provided the basis for the deriva-
tion of theoretical models for the computation of flows in complex geometries of
practical interest. The key aspect in the derivation of models based on such meth-

ods is the decomposition of velocity and scalar quantities into mean and fluctuating
parts as shown below.

¢ =<¢>+¢

The mean can be defined as a time or an ensemble average

<P>= ligo-gfmédt or <P>= Zq‘)(z)

:—1
where ¢ = 1,..., N denotes individual realisations. A more rigorous definition
can be given in terms of the probability density function of ¢ (f,).(® In variable .
density flows it is advantageous to consider the density-weighted (Favre) pdf f:;,

(cf. Jones [79]), defined as < p> f, = p fs [145]. The corresponding definitions for
density weighted means and fluctuations are given below.

6=3+¢" $=——[Fopdp scv

<p>

<p¢>
5 #0 (1.6)

Application of the above decomposition to equations (1.1)-(1.4) and time averag-

<pp>=<p>p <¢'>=-—

ing of the resulting forms yield the mean mass, momentum and scalar conservation

laws. 5 5 ~
<p> < p> U
= 1= .
9t T g (1.7)
6<p>'&‘:+6<p>ﬁ‘,a‘;_ 0 <p> 8<p>u" i (1.8)
Ot r; Oz 0z |
8<p>5; 6<p>ﬁ}3: 3<p>uT"
i OSPoMY TSP MY | 1.
5t oz Ul (1.9)

Consistently with the type of flows considered in the present work, laminar dif-

fusion terms and external force field effects have been omitted. The turbulent

(¢)For example, the above relations may appear ambiguous in non-stationary flows.
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correlations on the RHS of equations (1.8) and (1.9) represent turbulent transport

e

terms for momentum and scalars, the Reynolds stresses (ufu;) and the turbulent
scalar fluxes (u!¢!), while < Sy, > is a source term representing a mean “tur-
bulent” reaction rate. The form of the above set of equations reveals the basic
advantage of moment methods over alternative modelling methodologies, i.e. their
computational tractability. Moment methods, for example, allow the incorpora-
tion of spatial symmetries and/or the approach to statistically stationary solutions
(if appropriate), and take advantage of well developed domain discretisation and

numerical integration techniques [48]. On the other hand, significant closure ap-

proximations are required in the context of such methods for turbulent transport,
reaction and density related terms.

1.2.3.2 A Classification of Model Formulation Methodologies

Closures for unknown terms can be devised on the basis of algebraic or trans-
port equation models. An examination of model formulation methodologies ap-

plied in these areas reveals a number ways by which suitable closures can be
derived.

e Approaches based on the dimensional analysis of unknown terms and the
derivation of corresponding scaling expressions. A typical example is the
definition of an eddy viscosity/diffusivity coefficient found in gradient dif-
fusion closures. In general, the resulting expressions may comply with a

number of (semi)-analytical constraints or in several cases be entirely intu-
1tive.

e Phenomenological approaches based on the consideration of a hierarchy of

flows of increasing complexity and the deduction of appropriate limiting

forms for individual terms in the corresponding transport equations. A typ-
ical example of such approaches is the derivation of models for the turbulent
kinetic energy and the scalar dissipation rates (cf. Newman & Lumley {130}
and Newman et al [131]). In these cases a group of unknown terms is repre-

sented by a group of model terms. However, a one-to-one correspondence is
often not possible to deduce.
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e Methodologies featuring dynamic system approaches wherein unknown terms
are represented by appropriate expansions in terms of relevant variables. It
is important to note that the choice of the general functional forms (e.g.
series expansions, Padé approximations and others) is in general prescribed.
Furthermore, the choice of expansion arguments and scaling variables 1s,
evidently, critical and remains to a large extent phenomenological and/or
intuitive. However, approaches of this type provide a desirable theoretical
rigour and often allow the application of exact mathematical constraints
to the resulting expressions. Such methodologies may thus be considered

as “equivalent system” approaches. A typical example is the derivation of
models for the redistribution and scrambling terms in the Reynolds stress

and turbulent scalar flux equations based on invariant principles.

e Presumed pdf approaches wherein unknown terms are directly calculated

by consideration of corresponding integrals.

The above classification is not unique but provides a picture of the “tools” available
for the derivation of required models and it remains valid beyond the scope and
framework of moment method approaches. It is also possible that some of the
above approaches may to a certain degree overlap, or be used in combination, for
the derivation of specific terms. Furthermore, and regardless of the approach, the
calibration of relevant model constants by comparison to experimental data is in
most cases unavoidable. A historical perspective and a general discussion of such

methodologies can be found in the review by Narashima {129].

1.2.3.3 Gradient Diffusion Closures

The most commonly adopted approach to the modelling of the turbulent trans-
port of momentum and scalars is based on dimensional analysis arguments and

yields a gradient diffusion type approximation for these quantities.

ot 2 k- e 4 - =0 1
4 d 36‘7]6 Vt[(a$j+a$i) 3 ’6:ck] (1 O)

04 3.’17;
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In the above equations v; represents a kinematic “eddy viscosity” transport co-
efficient which is a property of the flow, rather than the fluid, and o4 is a “tur-
bulent” Prandtl or Schmidt number. Suggested models for this coefficient have
been based on algebraic, one-equation and two-equation models (cf. Tennekes &

Lumley [171]). At present, the most widely adopted approach is the two-equation

k — ¢ model which in its “standard” high Reynolds number form [97] is described
by the following relations.

d<p>k +3<p>ﬁ“¢E 9 [ut Ok

=2 —___axl 3:1:; ] + P~ <p>¢€ (1.12)

Ok 633[

~2

6<p>6+6<p>u¢s %, [utas] CEIPE .. <p>1 (1.13)

ot 8:1:; 3:::; O¢ 6171
In the above equations, p; is a corresponding dynamic turbulent viscosity (u; =

< p>1;), k is the turbulent kinetic energy (k = u}:uz/ 2) and € is the turbulent

kinetic energy dissipation rate. The source term Pj is equal to the trace of the
Reynolds stress production term

Py =-<p> 6—-

8

and is readily computed following the introduction of equation (1.10). In the
context of the standard k — € model [97] the constants.are assigned the following
values.
O = 1 Og = 1.3
C,, =14 C,=192 C,=0.09

The basic advantage of algebraic gradient diffusion closures for turbulent trans-
port terms is computational simplicity, as compared to more sophisticated trans-
port equation based second order models. Reported applications of the k—& model
are numerous and have in several cases featured limited or extended variations of
the above standard forms. Examples include low Reynolds number, force field (e.g.

gravity) and variable density modifications. Reviews regarding the performance

of the model and possible additions and modifications have been provided by sev-
eral authors (e.g. Jones (79, 80]; Libby & Williams [107]; Speziale [166]). Related
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conclusions can to an extent be illustrated by a re-writing of equation (1.10) in

terms of the anisotropy (b;;) and mean strain (S;;) tensors.

gt ¢

k 1
bij = — b= [Sij — '5553'51:1:] (1.14)
1 ujuf 1 1 [0% 9
bi'=——‘:i—_.. ce—m e | R J
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The above equation implies a unique relation between the evolution of turbulence
anisotropy and local mean strain components. It is thus not surprising that the
application of models of this type have resulted in reasonably accurate predic-
tions, predominantly, in thin-shear (boundary) layer type flows where turbulence
production is dominated by local cross-stream gradients. By contrast, the appli-

cation of such models in flows featuring re-circulation, swirl, external force field or
transient effects, among other examples, have resulted in less than satisfactory or
even qualitatively incorrect predictions (e.g. negative normal stress components).
Although, a number of such difficulties may to some extent be attributed to the
modelling of the dissipation equation, it is evident that the structure of the model
1s not adequate for general purposes. For example, it may readily be observed
that gradient diffusion closures preclude the existence of anisotropic turbulence
In the absence of mean strain — in disagreement with physical reality. Further-
more, Hinze [74] shows that the eddy viscosity coeflicient should be a fourth-order
tensor rather than a scalar quantity. Additionally, within the context of such
methods, “history” effects in the evolution of turbulence and/or production by |
means other than mean strain are absent by definition. A recent review of possi-

ble improvements in some of these areas featuring non-linear strain relationships

and/or algebraic stress models can be found in the work by Speziale [166].

1.2.3.4 Second Moment Methods

In second moment methods turbulent transport terms are directly obtained
by the solution of corresponding differential equations. These can be derived di-

rectly from the instantaneous conservation laws. Such transport equation based

approaches offer significant advantages over algebraic eddy viscosity models. For
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example, within the framework of second moment methods, “history” and convec-
tion related effects on the evolution of turbulence are incorporated in a natural
manner, while production terms by mean strain components appear in a closed
form. Furthermore, effects induced by other anisotropy generating mechanisms,
such as external force fields and/or mean pressure gradients, are also included.
The latter remark is critical for the type of flows predominantly considered here.
In these cases it has been shown, for example, that pressure gradient effects may
dominate the evolution of turbulence and result in non-gradient transport for the
mean momentum and scalars (cf. Bray & Libby [18]).

On the other hand, second moment methods feature an extended closure prob-

lem. For cases featuring constant density flows closures are required for triple

moment, pressure strain and dissipation terms. For modelling purposes, pressure
strain terms are customarily decomposed into pressure transport and redistribu-
tion (“scrambling” for the turbulent scalar fluxes) parts. The modelling of the
latter type of terms comprises the focal point of second moment methods. A
rigorous approach for the derivation of such models is presented in the work by
Lumley [116]. A dimensional analysis of analytically derived terms is thus usu-

ally applied, leading to the derivation of general but unresolved functionals (cf.

Newman & Lumley [130]). Subsequently, general model forms are deduced by con-
sideration of dynamically equivalent systems on the basis of invariant principles
(cf. Speziale et al [167]). However, the formulation of corresponding tensors and
related arguments is prescribed and, at present, relies heavily on phenomenological
interpretations of the behaviour of turbulence (cf. Lumley {117, 118]). An alterna-
tive approach for the derivation of general forms has been proposed by Pope [150]
and features the consideration of corresponding stochastic systems. The above
methodological approaches also provide a basis for the closure of triple moment
and dissipation terms.

The applications of second moment based methods to isothermal turbulent
flows are numerous and have in many cases provided excellent results (cf. Launder
(95]; Speziale [166]). On the other hand, in flows featuring reacting scalars and/or

variable density effects, models are also required for density and reaction rate cor-

relations. Following current model formulation methodologies, closures for these
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terms are essentially dictated by the assumed thermochemistry model. However,
within moment based methods, combustion models may only be derived by con-
sideration of specific flames types and/or combustion regimes. These observations
denote potentially severe limitations with respect to the general applicability of
second moment methods. Furthermore, closures for terms similar to those found
in isothermal flows are invariably based on a rewriting of corresponding constant
density forms using density weighted averages. In view of the potentially vastly
different characteristics of the evolution of turbulence in reacting flows featuring
high rates of heat release, the above practice remains, formally, questionable (cf.
Bray & Libby [18]). Nevertheless, the application of second moment closures de-
rived on this basis to non-reacting variable density flows and turbulent diffusion
flames has in several cases provided very satisfactory results (cf. Jones [79, 80]).
On the other hand, the number of similar applications featuring turbulent flames
with premixed reactants is limited and have in several cases featured substantial
simplifications. The formulation of sufficiently general conclusions for such cases
is thus impeded. However, recent and more comprehensive efforts in this area
show that the above theoretical considerations remain valid and indicate that the
derivation of appropriate variable density extensions is possible and necessary (cf.
Lindstedt & V4os [113, 114]). Furthermore, it has been shown that a closure at

the second moment level is indeed a prerequisite for qualitatively correct solutions
for premixed turbulent flames [113, 114].

1.2.3.5 Closures for Reaction and Variable Density Related Terms

The application of moment method approaches to turbulent reacting flows en-
tails major closure difficulties. Clearly, the computation of mean reaction rates
using exact instantaneous functional forms and averaged quantities is generally
inadmissible. Following such approaches, the highly non-linear nature of reaction
rate expressions may result in errors of several orders of magnitude (cf. Pope [147]).
On the other hand, the derivation of general models based on phenomenological
principles and dimensional arguments, as for other elements of closure, appears

equally problematic. Similar difficulties are generally encountered for the com-

putation of the mean fluid density and density correlation terms. An additional



46 Chapter 1

problem is evidently related to the appropriate description of chemistry.

The above considerations indicate that within the framework of moment method
approaches, and given the present state of knowledge, the formulation of combus-
tion models that are generally applicable is most demanding. However, reasonably
accurate formulations for a range of conditions found in many engineering appli-

cations can be derived if specific cases are considered. A starting point is the

consideration of different combustion regimes, as distinguished by the ratio of
characteristic chemical to turbulent time scales (cf. Borghi [8]). Such classifica-
tions may feature the integral turbulent time scale and/or time scales associated
with the small scale motion leading to the definition of characteristic Damkohler

and Karlovitz numbers respectively (cf. Bray & Peters [22]; Peters [138]). Within

the framework of moment based methods, attention is mainly focused on combus-
tion regimes characterised by sufficiently high Reynolds and Damkohler numbers.
In such cases, the fundamental hypothesis is that of “fast chemistry” wherein
the instantaneous composition field responds infinitesimally fast to variations im-
posed by the local flow field conditions. Accordingly, reaction is assumed to occur
in asymptotically thin layers with a well defined inner structure corresponding to
that of a strained laminar flame [138]. The effect of turbulence is thus, firstly,
topological with respect to the location and the geometry of such instantaneous

reaction regions and, secondly, “parametrical” with respect to the local stoichiom-
etry and imposed strain conditions.

The above theoretical considerations therefore imply a unique mapping of the

evolution of species and temperature in an appropriately defined scalar space. The
corresponding species and temperature functions can thus be deduced a priori by,
for example, laminar flame calculations with detailed chemistry or the assumption
of chemical equilibrium. The description of the thermo-chemistry problem is thus
reduced to the definition and computation of suitable parameters, supplemented
by a presumed pdf (or joint pdf) approach for the evolution of their statistics.
Accordingly, in diffusion flames the nature of such flows suggests as an appro-
priate parameter a measure of mixing — a mixture fraction (cf. Bilger [6]). A

commonly adopted approximation for the scalar pdf is by means of a 8-function

(cf. Jones [79, 80]). A significant advantage of this widely adopted methodology is
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that the chosen parameter is a passive (conserved) scalar and therefore the mod-

elling of mean reaction rates is obviated. Following this approach the composition
field can, as noted above, be deduced by the assumption of chemical equilibrium

or consideration of a database of strained laminar flamelets. An obvious disadvan-

tage of the former approach is that the formation of major pollutants of practical
interest is kinetically, rather than thermodynamically, controlled. On the other
hand, the latter approach requires the definition of an appropriate strain function
and essentially a model for the conditional scalar (mixture fraction) dissipation
rate [6]. An alternative method has been suggested by Bilger [7] which features the
direct integration of (conditional) scalar equations in mixture fraction space — in

addition to the above presumed pdf approach. This conditional moment closure

(CMC) method allows the incorporation of comprehensive chemistry descriptions
and is based on the assumption that in flames close to equilibrium the evolution of
conditional expectations in mixture fraction space is unique along mean mixture
fraction isolines [7]. Reviews regarding modelling and computational aspects of
turbulent diffusion flames have been provided by, among others, Bilger [6], Jones
179, 80.

The application of flamelet based assumptions to cases featuring turbulent
flames with premixed reactants leads to the visualisation of an instantaneous com-
position field comprising regions of unburnt or completely burnt gas. Bray & Moss
21] suggested that the above dichotomic characteristics can be represented by a

bimodal pdf approach and an indicator function representing the local progress of

reaction — a reaction progress variable. A definition for the latter quantity as a
normalised temperature is shown in equation (1.5). However, following additional
assumptions, such as a constant mixture molecular weight and unity Lewis num-
bers, other definitions are possible as, for example, a normalised fuel or product
mass fraction. The Bray & Moss [21] thermochemistry model has been subse-
quently extended to include information about the joint velocity-scalar statistics
resulting in the well known BML equations (e.g. Bray et al [19]; Libby [105]), and
cases featuring non-isenthalpic combustion (e.g Bray & Libby [18]; Cant & Bray
(24]). The validity of the resulting forms has been verified by several efforts based
on both experimental and DNS studies (cf. Moss [128]; Rutland & Cant [156]). A
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basic advantage of the above approach is that it permits the derivation of simple
and consistent closures for a number of unknown terms, such as the scalar variance
and its dissipation rate, density and reaction rate correlations and others. The
mean composition field can also be readily obtained as a function of the mean
progress variable and the local rate of strain by consideration of appropriate lam-
inar flame calculations. This approach furthermore provides a framework for the
closure of mean reaction rates. A number of such closures have been proposed
featuring algebraic (e.g. Bray [13], Gouldin [54], Lindstedt & Sakthitharan [110])
and transport equation based models for the scalar dissipation rate (e.g. Borghi &
Mantel [10]) or the mean flame surface density (e.g. Cant et al [25], Weller [181],
Wu & Bray (182]). These efforts have been supplemented by studies regarding
the evolution of surfaces in turbulence (e.g. Girimaji & Pope [52]) and efforts fo-
cusing on the incorporation of strain effects on chemistry within flamelet based
approaches (e.g. Kostiuk & Bray [91], Meneveau & Poinsot [126]). A comparative
study of a number of reaction rate models for the flamelet regime of combustion
has been presented by Duclos et al [45]. An alternative approach has been pro-
posed by Bradley et al [11] and features the presumption of a 8-pdf for the scalar
statistics. The mean reaction rate may thus be directly obtained as a function

(integral) of scalar source terms extracted from laminar flame calculations — in

combination with a semi-empirical relation for the incorporation of strain effects
[11].

1.2.4 Large Eddy Simulations

Large eddy simulation (LES) based methods allow detailed investigations of
the inertial scale motion. A key aspect of such methods is thus the considera-
tion of spatially filtered variables and the derivation of corresponding (spatially)
averaged transport equations. Similarly to moment methods, the introduction of
averaging results in a closure problem featuring unknown stress and flux terms
in the spatially averaged velocity and scalar transport equations — often referred
to as subgrid scale stresses/fluxes. The most commonly adopted model for such

terms is that by Smagorinsky [164] which essentially comprises an LES version of
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an algebraic eddy viscosity model [47]. More sophisticated closures are possible,
including the scale similarity model of Bardina et al {4], the dynamic procedure
approach by Germano et al [49] and others. An analysis and discussion of such
approaches and filtering techniques can be found in the review by Ferziger [47].
The basic advantage of LES methods relies on the separation of scales by filter-
ing. This allows a comprehensive study and resolution of the geometry dependent
large scales motion which is often of primary importance, while for the filtered
smaller scales, similarity and local isotropy can be assumed in agreement with the
hypothesis of Kolmogorov [88]. Nevertheless, such methodologies require expen-
sive numerical schemes (for the minimisation of numerical diffusion effects) and
do not allow the incorporation of spatial symmetries or steady state flow char-
acteristics in the calculation procedure. In general, therefore, LES methods are
considerably more expensive than traditional moment method approaches. On the
other hand, in transient three dimensional flows the relative computational cost
is lower. However, at present, LES methods are more commonly viewed as close
relatives to DNS approaches rather than practical prediction tools for engineering
applications (cf. Reynolds [153]). Indeed, at high Reynolds number flows DNS are

not feasible while LES methods can readily provide very detailed information for

modelling purposes.

The above situation, however, changes considerably in turbulent reacting flows.
Chemical reaction is a process occurring at the unresolved small scale level and

thus the closure of reaction related terms becomes problematic. Closure approxi-

mations thus have to rely on the fast chemistry, presumed pdf and flamelet type
approaches used in the context of moment methods (at a considerably lower in
the latter case computational cost). Furthermore, variable density and preferen-
tial acceleration effects (such non-gradient fluxes) are likely to prevail through-out
the energy spectrum(? and currently used simple sub-grid scale models based on

gradient transport at the small scales are unlikely to be sufficient. Significant

advances in this area are thus highly desirable.

(d)Gertz et al [50] use the terminology persistent counter-gradient fluxes for the equivalent case

of force field eflects.

/
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1.2.5 Transported pdf Methods

The key aspect of transported pdf methods is the direct calculation of the
(joint) probability density function of random dependent variables such as scalar
and /or velocity vector components (cf. Pope [145]). Approaches of this type may
thus constitute closures at the joint scalar level, or the joint velocity-scalar level,
and further extensions which may include the turbulent frequency (cf. Pope [148,

149]) and/or the mixture enthalpy for flows featuring compressibility eftects (cf.
Delarue & Pope [41]).

Such approaches thus differ substantially from methods based on the principle

of averaged transport equations which may provide information for a few moments
only. By contrast, the knowledge of the joint pdf allows the computation of any

moment for any formal argument (or functions of arguments) of the pdf, by con-
sideration of the corresponding integrals. As a result several difficulties inherent
in alternative closure methodologies can readily be overcome. An important ex-
ample is the calculation of the mean fluid density and density correlation terms
without the need to assume specific cases, flow conditions, or distinguishing fac-
tors such as the amount of premixedness between reactants prior to ignition. In
the context of pdf methods such distinctions amount to the imposition of different
boundary conditions to the same equation set, rather than the consideration of
alternative flame specific models with the obvious limitations. In fact from this
point of view and at the present state of knowledge, pdf methods comprise the
only rigorous approach for the calculation of partially premixed flames. Perhaps
the most significant advantage of such methodologies, for turbulent reacting flows,
is that they allow the direct inclusion of chemical reactions rates in their exact
form. The latter appear as convection terms in scalar space (cf. Pope [142]). As
“a result important finite rate chemistry efiects including departures from chem-
ical equilibrium, partial flame extinction and re-ignition and/or complete flame
blow-off can be comprehensively and rigorously represented.

On the other hand, the pdf transport equation appears in a closed form only

at the functional level (cf. o’Brien [134}). Closures are thus required for a number
of unknown terms. For cases featuring closures at the joint velocity-scalar level

the latter include conditional acceleration and dissipation terms for the transport
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‘of the pdf in the velocity space, and conditional molecular flux terms for the

transport of the pdf in the scalar space. It should be noted that for closures at
this level the transport of pdf in the physical space appears in a closed form [145].
By comparison, in approaches featuring closures at the joint scalar level a model is
also required for the turbulent transport of the pdf in physical space. Furthermore,
single point closures do not provide (length) scale information for the computation
of turbulent time scales and therefore models for the corresponding dissipation
rates are required. This may methodologically be achieved by consideration of
a model dissipation equation in the manner of moment method approaches (e.g.
Hilek [66], or by extension of the pdf approach to include dissipation statistics (cf.

Pope & Chen [151]) or by consideration of the evolution of velocity and gradient
statistics (cf. Dopazo [44]).

The fundamental methodological approach for the derivation of closures for all
such unknown terms stems from the fact that pdf transport equations contain only
conditional expectations and therefore the evolution of any pdf is deterministic (cf.
Pope [145]). As a result equivalent deterministic and /or stochastic systems can be
considered, with the requirement that the corresponding conditional expectations
evolve in a similar manner to the real fluid system and satisfy essential conservation
properties. Pope {143, 145] shows that the application of stochastic approaches
of this type are readily facilitated by the observation of a system of stochastic
material elements (“particles”) evolving in a Lagrangian manner. The formulation

of various models thus amounts to the derivation of deterministic or stochastic

“laws” which govern the particle movement in the corresponding sample space
(e.g. the velocity space for conditional acceleration terms, the scalar space for

conditional flux terms and so on).

The above stochastic particle concept is also central to the derivation of suit-
able procedures for the numerical integration of the pdf. Evidently, given the
potentially large dimensionality of pdf domains, the application of traditional fi-
nite volume or finite element techniques is in general not feasible. By contrast,
particle approaches result in sets of ordinary differential equations whose integra-
tion is considerably simpler. On the other hand, such Monte Carlo type methods

are known to be associated with the generation of noise in the resulting solutions.
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The reduction of noise levels can be readily shown to depend on the square root
of the total number of particles (sample values) {145]. A sufficiently large num-
ber of particles thus need to be considered and accordingly, the computational
cost of such approaches is significantly higher when compared to, for example,
conventional moment methods. The latter statement constitutes, at present, a
major disadvantage for the application of transported pdf approaches to complex
practical flow configurations. However, given the continuous advances in comput-

ing technology and the overwhelming modelling advantages of such methods, the

magnitude of the above computational dificulties continually diminishes.

There exist several comprehensive reviews of transported pdf methods and

related theoretical, modelling and /or computational issues. These include, among

others, the works by Pope [145, 149), Dopazo [44] and Kollmann [87].

1.3 The Present Contribution

1.3.1 Objectives

In the present thesis a number of key aspects related to the modelling of tur-
bulence in flows featuring reacting scalars and practical rates of heat release are
examined. Attention is primarily focused on turbulent flames with premixed reac-
tants. The closure level adopted features second moment based methods coupled
with both presumed and transported pdf approaches for the scalar statistics.

An area given special attention is the modelling of turbulent transport terms
in the mean momentum and scalar equations and the effect of these models on
the evolution of mean and turbulence quantities. At present, a commonly adopted
practice is the closure of transport terms through the use of gradient diffusion/eddy
viscosity based approximations — usually supplemented by two-equation turbu-
lence models. This practice has the advantage of computational simplicity and
has been found to yield reasonable results for a number of cases featuring variable

density mixing problems and turbulent diffusion flames. On the other hand, the-

oretical analyses and experimental and DNS studies featuring turbulent premixed

S T H—!L.hu
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flames (cf. Bray [14]; Heitor et al [73]; Veynante et al [178]) permit the formulation
of fundamental objections to the application of gradient diffusion based closures
to such flows. These objections primarily comprise two major issues. The first 1s
related to the essential characteristics of the evolution of turbulence, which pre-
dominantly features a balance between both mean strain and pressure gradient
related effects. The latter arise from a self-induced pressure drop within the mean
reaction zone and the resulting preferential acceleration of “lighter” burned gas
pockets over “heavier” pockets comprising reactant gases (cf. Libby [105]). As a
result non-gradient transport and flame induced turbulence production has been

observed. Evidently, in gradient diffusion type closures such effects are excluded

by definition and cannot be reproduced.

A further area of concern is related to the structure of scalar turbulent trans-
port close to the “cold” front of propagating flames. This region is critical for
the determination of fundamental global properties such as the turbulent burning
velocity. Gradient transport does and must prevail in this region. However, it has
been shown that even in such cases the production of scalar turbulent transport
does not only depend on local mean scalar gradients but also on terms featuring
velocity-reaction rate correlations (cf. Bray [13]). These effects are also excluded
by definition in eddy viscosity models. The latter observations thus strongly indi-
cate that gradient diffusion based models are inadequate for these type of flows and
that a higher order transport equation based closure is an essential requirement.

On the other hand, the above conclusion may be regarded as the product

of strict theoretical requirements and it could be argued that the significance of
the above effects may not be critical from a practical point of view. Indeed, the
majority of reported modelling efforts focused on other major elements of closure
— such as mean reaction rate terms — have been based on gradient transport
closures. Such ambiguities featuring a contrast between theoretical guidance and
standard modelling practices are not uncommon for other types of flows. In many
cases, however, such difficulties have been resolved by the systematic application
and comparative analyses of different types of closure with experimental data.
By comparison, for the case of turbulent premixed flames, the number of such

detailed comparative studies featuring both second moment and gradient transport
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models is limited. Furthermore, the few exceptions have in many cases featured
the introduction of considerable simplifications — due to numerical or modelling
reasons — which are not readily justified in the context of realistic flow simulations.
The contribution of the present work thus features an eftfort to partially remedy

the above situation and permit firm conclusions on a number of key areas.

1.3.2 Outline

In Chapter 2 the closure of a number of critical terms in the second moment
equations is examined. Attention is focused to the modelling of the redistribution
and dissipation terms in the Reynolds stress and scalar flux equations. It is shown
that the standard practice of obtaining closures by recasting models derived on a
constant density basis in a density weighted form is not sufhicient. Variable density
extensions featuring the direct incorporation of preferential acceleration effects
are thus proposed and derived on the basis of invariant principles. Realisable
model forms are derived which are suitable for both moment and joint velocity-
scalar transported pdf calculations. This approach 1s subsequently applied to the
modelling of the turbulent kinetic energy dissipation rate production terms. The
closure of triple moment and pressure transport terms is also examined.

In Chapter 3 the presumed bimodal pdf approach of Bray et al [19] for tur-
bulent flames with premixed reactants in the flamelet regime of combustion is
considered. Based on the work by Lindstedt & Sakthitharan [110] an algebraic
closure for the mean reaction rate is obtained following a fractal analysis of the
mean flame surface density. Alternative forms for the latter term and modelling
and numerical aspects related to the present and other methodological approaches
are extensively discussed. A flame front type numerical assessment study of the

scaling behaviour of predicted burning velocities is performed — featuring both

second moment and gradient diffusion closures. Comparisons are made with the
experimental data of Abdel-Gayed et al [1].
In Chapter 4 the proposed closure is applied to the simulation of a range of

transient one-dimensional flame propagation problems and two-dimensional lames

stabilised in counterflow geometries. The experimental studies of Gulati & Driscoll
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159] and Videto & Santavicca [179] are considered for the one-dimensional cases.
Comparisons are made between prediction featuring a number of transport and
reaction rate model variations. For the two-dimensional cases the experimental

studies of Kostiuk [90], Mastorakos [124] and Cheng & Shepherd [31] are consid-

ered. The proposed second moment closure is extensively compared with exper-
imental data and with predictions featuring a gradient diffusion closure for the
turbulent scalar fluxes. These applications verify the validity of the modelling
principles adopted in the present work and highlight the predominant importance
of the turbulent transport closure.

In Chapter 5 a transported pdf approach closed at the joint scalar level is con-
sidered in an effort to extend the applicability of the proposed turbulent transport
closure beyond the flamelet regime of combustion and for cases requiring multi-
scalar descriptions. Key aspects related to the modelling of transport terms in
physical and scalar space and related proposed closures are extensively discussed.
The merits and disadvantages of proposed methodologies for the formulation of
appropriate numerical solution procedures are also critically reviewed.

In Chapter 6 a transported pdf approach is applied to a range of cases featuring
both passive and reactive scalars. The primary objective is a comparative assess-
ment of the (combined) effect of mixing and turbulent transport model variations.
The experimental study of Ma & Warhaft [120] featuring a thermal mixing layer
1s, initially, considered and simulations are performed using a range of mixing and

transport model variations. The obtained results indicate that mixing model dis-

crepancies observed by analytical and theoretical studies, featuring homogeneous
flows, are also evident in inhomogeneous flows and are magnified in combination
with second moment models. The above study is subsequently extended to include
flows featuring reactive scalars and one-dimensional burning velocity eigenvalue
problems. The two-dimensional steady state flame of Mastorakos [124] is also
considered. A numerical error analysis is additionally performed which indicates
that particular attention is required to ensure adequate numerical resolution of
the mixing/reaction coupling. The results obtained highlight difficulties for high

Damkohler number flows. These are attributed to the adopted mixing time scale

!

expression and a modified expression is derived. The improvements obtained are



516 Chapter 1

highly encouraging. The need of more rigorous investigations in this area in com-

bination with comprehensive chemical descriptions is outlined.
In Chapter 7 the major conclusions of the present work are summarised and

suggestions for future improvements in a number of key areas are made.



Chapter 2

Closure Approximations for the
Second Moment Equations

2.1 Introduction

In the present Chapter attention is focused on the closure of the second mo-
ment equations in turbulent flows featuring reacting scalars and high rates of heat
release. Following Jones {80], unknown terms in the Reynolds stress and turbulent
scalar flux equations are separated into two categories. The first category includes
terms with a form similar to that observed in isothermal flows, 1.e. triple moments
and pressure transport, pressure strain and dissipation terms. The second cat-
egory includes terms featuring reaction rate and density correlations. As noted

above, at the present state of knowledge models for terms in the latter category are

essentially dictated by the assumed thermochemistry model. This methodologi-
cal approach thus precludes general model formulations which are independent of
the specific lame type and combustion regime considered. By contrast, given the
similarity between terms included in the first category and their constant den-

sity counterparts, corresponding model derivation methodologies can be applied,

which may result in more general or case independent forms.

Currently, models for terms in the first category are commonly obtained on

the basis of a recasting of formulations derived in the context of constant density

flows into a density weighted form. Given the additional complexities encountered

in turbulent reacting flows this approach appears questionable a priori. Neverthe-

o7
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less, the application of such models to flows featuring turbulent diffusion flames
has been found to yield results in good agreement with experiment (cf. Chen &
Kollmann [30]; Jones [80]). By contrast, Lindstedt & Vdos {112, 113] observe
that the application of such approaches to a range of cases featuring premixed
turbulent flames results in considerable difhiculties. The latter were mainly at-
tributed to the structure of two critical terms in the context of second moment
methods, namely, the pressure redistribution and scrambling terms. The difh-
culties were found to prevail regardless of the specific redistribution/scrambling
model adopted (e.g. Haworth & Pope {70], Jones & Musonge (83|, Launder et al
96]) and further variations in reaction related terms. The latter remarks thus
reveal possible weaknesses and omissions of a fundamental character in the result-

ing forms and highlight the need to consider appropriate extensions. This topic 1s

discussed in the following sections.

2.2 Second Moment Equations

Average transport equations for the Reynolds stresses and turbulent scalar
fluxes can be derived analytically by consideration of the instantaneous conserva-

tion laws or the joint velocity scalar pdf (cf. Jones [79]; Pope [145]). The following
equations can thus be obtained.(®

e ™" e
P

J<p>uuj N 0 <p>uujuj _ -0 <p>uuyy
8t 63’)[ 8:1:,
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(a)The turbulent scalar flux equation is given below in terms of ¢ which may in general represent
any reacting scalar. This notational convention has been preferred to a more generic approach

featuring scalar vector components (¢,). Given the substantial amount of sub-indexing involved,

the adopted convention has the advantage of clarity. The generality of the resulting turbulent
scalar flux is, naturally, not affected.
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The terms on the RHS of equation (2.1) represent, in order, turbulent transport
of the Reynolds stresses (the triple moment term T;;), effects of mean strain
(the “production” term P,;), effects of mean pressure gradients (®;;), the turbu-
lent pressure strain term (¢,;) and viscous dissipation (< p>¢;;). Similarly, the
terms on the RHS of equation (2.2) represent turbulent transport of the scalar
fluxes (7j.), production by mean velocity and scalar gradients (P,.), the effect of
the mean pressure gradient (®,.), the pressure strain term (¢;.), the turbulence-
reaction rate correlation (S;.) and viscous dissipation (< p>¢;.).

[t is convenient for modelling purposes to rearrange ¢;; into a redistributive

and an isotropic part (cf. Jones [80]; Lumley [116]). The former reads :

op dp' 2 op’
R I 1 i
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T

') and pressure

The isotropic part can further be split into pressure transport (¢;,

dilatation (¢;;) terms.

2 Jp'u 2 0 u)
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Similarly, the pressure strain term ¢,. in the scalar flux equation can be de-
composed into pressure transport (¢; ) and pressure “scrambling” (¢2) terms.
ap!cﬂ a CH
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As noted above, closures for the velocity reaction rate correlation (< u!S, >)

and the time-mean density weighted fluctuations of velocity and scalar (< u; >
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and < ¢" >) are in general dictated by the specific type of flow considered and

the assumed thermochemistry model. However, in cases where the instantaneous

specific volume of the fluid (1/p) is a linear function of c, the properties of Favre

averaging permit the following simple algebraic expressions to be derived (cf. Jones
(80]; Libby [105}).

<

<ul>=rT ::> uf ¢ (2.3)
u

<'>=72P2 gn (2.4)
Py

In the above equation 7 is the heat release parameter defined in equation (1.5). It

should be noted that the above expressions are given here strictly for illustration

purposes and do not affect the generality of the discussion below. However, it may

readily be observed that in cases where this thermochemistry description is valid
(e.g. incompressible turbulent premixed flames [105]), the effect of mean pressure
gradients on the evolution of turbulence appears in a simple and closed form.
Furthermore, in such cases the pressure dilatation term may be shown to be a

correlation of the scalar reaction rate. The instantaneous continuity equation may

therefore be re-written as

1 D p 0 Uy
_ (2.5)
i, Dt O
where D(-)/Dt is the substantial derivative.
D(-) _a() . 9()
Dt 91 + Uz—é:—m— (2.6)

ad

1 0 dc
= —'r--—{ P [D 5—;{] + SC} (2.7)

The second of the above equations appears by virtue of the instantaneous scalar

conservation law assuming Fickian diffusion. Substitution of the RHS of equa-

tion (2.7) into equation (2.5), multiplication by p’ and time-averaging yields the
following relation (cf. Lindstedt & Vdos [113]).

raul ! 0 dc ap——l ap—-l
< = —
P o, > <p — y [pD 333;} P >+ <p S, 50 - > (2.8)
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As shown by Jones [80] the first term is O(Re™**) and may thus be neglected
in high Reynolds number flows. Given the assumed thermochemistry, the specific
volume (p~!) c-derivative in the second term is simply equal to 7/p,. Accordingly,

the pressure dilatation term in such cases can be approximated as :

2 1
¢3 s ‘551'3 T p— <p’Sc> (29)

2.3 Redistribution and Dissipation Models

2.3.1 General Redistribution/Scrambling Model Forms

In constant density flows the modelling of the pressure strain correlation ¢;;
1s the focal point of Reynolds stress closures. The term is traceless and thus
1ts contribution amounts purely to redistribution of the turbulent kinetic energy
within its components. A Poisson type equation for the fluctuating component of
pressure can be derived for variable density flows [80).
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(2.10)

The first term on the RHS of equation (2.10) has a form identical to its con-

stant density counterpart and reveals a dependency on turbulence quantities and
mean velocity gradients. Models derived for constant density flows, thus, scale
redistribution/scrambling on variables related to the local state of turbulence (the
turbulent time scale and the anisotropy tensor) and the mean strain. In vari-
able density flows, the prevalent approach features redistribution models obtained
by a recasting of formulations derived on a constant density basis into a density

welghted form. Models derived on this basis will invariably take the following form
1167].

o =<p>| =Cyb|+ Byubl— | k
P = <p> (£ Clbl+ Bulbi32 )
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In the above equations square brackets denote a functional dependence and b is

the anisotropy tensor.
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A partial justification for this approach 1s apparent through the noted similarity

between the exact Favre averaged and constant density forms of the governing
equations. On the other hand, the second part of equation (2.10) reveals a depen-
dency on density correlations and it can be shown, through an order of magnitude
analysis, that both parts are potentially of equal importance [80]. However, the
form of the “variable density” part of equation (2.10) appears too complicated to
be helpful in the derivation of extended variable density model formulations.

The latter difficulty may, however, be overcome to some extent by an exami-
nation of the role of variable density effects in the production of Reynolds stresses
and scalar fluxes. Evidently there exists a strong link between redistribution and
production processes. The former, essentially a mimmisation of anisotropy pro-
cess, ultimately is, or should be, modelled in terms of the magnitude and the
causes of anisotropy. The latter principle is well established in the modelling of
constant density flows and is clearly implied by the form of isothermal redistribu-
tion /scrambling models.

In combusting flows the effects associated with heat release materialise in two
ways. Firstly, in the form of “dilatation” effects associated with the occurrence
of velocity divergence (Ouy/0z;). Such effects are thus included in strain related

terms (P,, and P,.). Secondly, in the form of preferential acceleration effects (cf.

Libby & Bray [106]), associated with the mean pressure gradient terms (®;,, ®;.).

The latter may alternatively be considered as density correlation effects since :

<u; >= _Spu> <c'>= <pc>
s = — _

<p> <p>

The relative importance of the above terms to the budget of the second mo-

ments budget, can be evaluated by consideration of the ratio of pressure gradi-

ent (¥,;) and strain related terms (P,;). For the simple case of a planar (one-
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Figure 2.1: Contours of function F = (ug/u!)?7. Symbols denote: DNS by Trouve et
al [172] (), DNS by Cant & Rutland [156] (O), experiment by Gulati & Driscoll [59]
(A) and experiment by Videto & Santavicca [179] (o). Shaded area indicates a definite

prevalence of strain over preferential acceleration effects. Dashed line and arrow at 7 = 5
indicate domain of practical applications.

dimensional) steady state flame, the mean momentum equation yields

0 <p> 0t O<p>u™
— pu ur ==
Ox 01 oxr

where up 1s the turbulent burning velocity. Substitution of the above expression

into the pressure gradient term (®,;) allows the following approximation for the

il

peak ratio to be obtained, in terms of the local (\u"?) and flame front (u!)

turbulence intensities.

o 2

2 I A0

U

®, /P >~ (U—T) T where ( = e o (2.12)
i ur "2

A graphical representation of F = (ug/u!)*T contours can be found in Fig-
ure 2.1, where the conditions of the DNS studies of Cant & Rutland [156] and
Trouve et al [172] have been superimposed along with two of the experimental

cases [H9, 179| discussed below.
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Absolute values of |®,;/P;;| may be deduced provided that an estimate of
can be obtained. Evidence provided by experimental [59] and theoretical studies
2, 11, 64, 105] indicate that the peak value of ¢ can be expected to be in the range
0.1 < ¢ < 0.3. For practical applications (5 < 7 < 7 and 1.5 < ur/u;, < 2.5) the
corresponding values of F are in the range 20 < F < 40. Thus, the importance

of mean pressure gradient terms can typically be expected to significantly exceed

that of strain related terms.

From a modelling point of view the above observation is crucial since the gen-
eral form (2.11) reveals that models derived on a constant density basis feature
a scaling of redistribution exclusively on mean strain. In variable density flows

involving conserved scalars, where modelling approaches based on the density
weighted recasting procedure denoted by equation (2.11) have been found suc-
cessful, the contribution of the density correlation/mean pressure gradient terms
is not significant compared to strain related terms [80]. Hence, the turbulence
generation mechanisms are similar to those found in isothermal flows.

By contrast, in turbulent premixed flames “production” by strain is not the
primary cause of anisotropy. Therefore, regardless of specific model formulations
the rate at which energy is transfered between components (the rate of minimi-
sation of anisotropy) is substantially lower than the rate at which anisotropy is
produced. In view of the aforementioned obvious connection between production

and redistribution, model formulations for the latter should, therefore, explicitly

include an additional part representing preferential acceleration effects. The ac-
celeration redistribution/scrambling parts should obviously have a tensorial form
( fj and qbf}: respectively) as single term invariant “corrections” would result in a

non-traceless redistribution term (¢f # 0). Furthermore, physically, these terms

signify additional transfer of energy between components and should relate di-

rectional information. The complete variable density redistribution/scrambling

models should thus take the following general forms.

R CD A
ij = fﬁ’zj + ¢i3 (2.13)
o = Bi + O, (2.14)

Following the introduction of the acceleration vector (a;), the corresponding re-
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distribution/scrambling terms can be defined as [33, 162]

SR (Ajk[b, <u”>]+ Al b, <u” >]) < p>ay (2.15)

@ﬁ: = —Ailb, < u’' >, <" >l p>ay

where

1 0 <p>
ad, — — ———— ——————e——
. <p> Oxy

In the above equations A%.[b, <u”>] and Aifb, <u"”>,< " >] are third and
second rank isotropic tensors respectively.

A general second order formulation in b for A%, [b, <u”>] and Ai[b, <u">,<
¢” >] can be found in Appendix A. The second order forms contain 19 unknown
coefficients for which only 12 relations can be derived by application of the zero-
trace and realisability constraints. Hence, 7 coefficients have to be determined
empirically. The latter poses a formidable problem in the context of an inhomo-
geneous reactive flow. However, a partial solution may be obtained by physical
considerations.

Preferential acceleration effects in the Reynolds stress equations serve as a
means of conversion of a part of the combustion induced heat release into an
increase of the energy of turbulent fluctuations. There exists thus, a direct anal-
ogy to buoyant flows where, through density correlations, acceleration serves as a
similar means of conversion between energy forms, such as turbulent kinetic and
potential energy. Perhaps, the most striking similarity between the two types of
acceleration effects can be found in their dominant effect on the evolution of the
scalar flux vector. The analogy between the two cases becomes an identity when
the Boussinesq approximation is valid. The latter is also to be expected on purely
physical grounds. If the motion of a fluid parcel is observed from a non-inertial
frame of reference, it is then impossible to distinguish between effects induced by
acceleration due to a pressure-gradient or a force field effect (e.g. gravity) since
both are linearly super-imposed in the momentum equation. The response of tur-
bulence to both acceleration vectors may therefore be expected to be identical.

Hence, the corresponding tensors (Aj., Aix), which scale redistribution and are

independent of the acceleration vector, must also be identical. This conclusion is
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of considerable practical value. A first advantage is that additional exact mathe-

matical constraints can be derived and applied (Shih & Lumley [162]). It is thus

generally required that (omitting functional dependencies | | for clarity) :

and
Aix = Ak A =<c"> (2.17)

A second more important advantage is that acceleration redistribution models can

be developed separately from other elements of the closure. A practical illustration

is given below.

2.3.2 Reynolds Stress and Scalar Flux Dissipation Terms

The dissipation tensor (¢,;) can be treated in a similar manner to the turbu-

lent pressure strain correlation (¢;;). The term is thus here decomposed into an

i1sotropic and a deviatoric part :

2. ] 2. .
Eiy = [&‘zj ~ ‘:'3'51'35] + §5ij€ (2.18)

In constant density flows it is customary to assume that at high Reynolds numbers

the contribution of the non-isotropic part is negligible — in agreement with Kol-

mogorov’s local isotropy hypothesis {88]. Jones |79] suggests that the occurrence

of density fluctuations is unlikely to change this small scale feature and that it

may thus be assumed that

since &€,. 1s not an i1nvariant.

Bray & Libby [106] on the other hand, argue that when reaction occurs in
thin layers (flamelets) the generation of large velocity gradients in a preferential

direction (that normal to a flamelet) will result in a situation where the assumption

of local isotropy is violated. Accordingly, “corrections” in the form of decay terms
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based on the mean reaction time scale have been introduced [106],

<Sc> u;rcnu;rcn 2 B f <Sc> ——
= — T =3, and <P>Eije = = U; C"
< p> E?J CD CH2 cn? +< p> 35335 p 1C D 6”2 1
e —— Nt s
R R
€1 Eic

where Cp and C{) are model constants. However, in contrast to the exact form ot
equation (2.18) the proposed correction term (g;}) for the Reynolds stress equa-
tion is not traceless. Furthermore, the term (eg) will not vanish in the limiting
case of a zero-heat release flame. Clearly, at the latter limit (given small molecular
weight variations of the mixture and negligible laminar viscosity effects) the veloc-
ity field remains unaware of reaction — a fact that should be reflected in all model

terms. Similar arguments — based on exact constraints — cannot be raised for

the corresponding term (e:%) in the scalar flux equation. However, the proposed

term () accounts for local anisotropic effects and it should therefore vanish at

the limit of high turbulence Reynolds numbers and low Damkohler numbers. The
latter argument is also valid for the term in the Reynolds stress equation (g).
Evidently, models formed by the chosen set of scaling parameters, or it appears

any single-term correction, will not satisfy the above requirements.

A more eftective approach is suggested by the decomposition given in equa-
tion (2.18). Due to its traceless form, the non-isotropic part of the dissipation
tensor (g;;) does not represent an energy decay process, but transfer of energy
between components due to the effect of small scale anisotropy. The process,
therefore, essentially corresponds to a redistribution mechanism which will oc-
cur in addition to the action of the pressure strain term. Thus, Lumley (116, 117]
argues that in effect redistribution models, do account for both pressure and “dissi-
pation” redistribution. The implicit assumption of this approach is that the effect
of small scale anisotropy is modelled directly in terms of large scale quantities,
such as the Reynolds stress anisotropy tensor b;; and the inertial time scale £/ k.
The DNS studies of Gertz et al |50], treating flows with pronounced anisotropic
effects, lend strong support to this approach. Therefore,

2
Qﬁg — < p>¢;; = Redistribution Model — §5ij< p>E (2.19)
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should be a valid approximation. Similar considerations apply to the correspond-

ing terms in the scalar flux equation. Hence

> — < p>€,. = Scrambling Model (2.20)

should also be valid. In view of the above discussion, specific “flamelet” dissipation

terms are not considered here.

2.3.3 Specific Model Forms

2.3.3.1 The Generalised Langevin Model

The constant density redistribution model adopted here is derived on the basis
of a stochastic Lagrangian model — the Generalised Langevin Model of Haworth
& Pope [70, 72|. The latter features a non-linear return to isotropy and no distinc-
tion between “slow” and “rapid” part type redistribution. The model has been
tested over a wide range of homogeneous turbulence and free shear flows [70, 72).
An important feature of the model is that it also yields a closure for the pressure
scrambling term in the scalar flux equation (cf. Pope [150]) and thus allows con-

sistent and realisable modelling of both pressure strain correlations. The resulting

form for the Reynolds stress equation is given below.

c 0u ~
D _ <p> | 20, bl + B -
(b?,j P ( 1. J[ ] + Jkl[b] 81,'[ ) k

= < p> Gy u" , + <p>G; !+ <p> (CO+§—)61-35 (2.21)

The corresponding model form for the scalar flux equation [150] is

£ O 1 —
QfﬁD =<p> (:-...- J,[b] + B”k,[b] :‘ ) u;c” (2.22)
Eo ——
= <p>Guulc — <p> Eu”c” (2.23)

In equation (2.21) C, is a constant assigned the value of 2.1 [2].
Haworth & Pope (70, 72| proposed a functional form for G;, which is linear in

the mean velocity gradients and quasi-linear in the anisotrOpy tensor (b).

€
Gij = z(alézj T ObezJ) + H?.jkl axl (224)
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H, ki = $10:0k + B20ik051 + B30:10;k
+418:50k1 + Y20ikby + ¥30ibjik
+’}’4bij5kt T ’Ysb:k5ﬂ + ’Ysbiz5jk (2-25)

The model contains 11 coefficients of which 6 can be eliminated by exact con-

straints deduced from the Navier-Stokes equations [150]. The remaining 5 were

assigned values by matching experimental data [72]. Thus

0y =378 B, =—0.2 B, =08 F3 = —0.2
Y1 = 0.0 Yo = 1.04 Y3 = —2.18
¥4 =0.0 5 =199 v5 = —0.76 (2.26)

and o 1s given by

1 3 1
X1 = — ['2' + ZCO + 0525?:‘ ~+ (,62 ~+ ﬁ3 -+ 57*) Il + ’)’*12} (227)
where
Y =Y+ 7+ 75 + Ve
1k [0T; 0,
I = bt ST ¥ = : ~_J _
1 I%1 SU G I:a.’L‘J -+ (9:1?1] (2 28)
12 = bfjs::,‘ bfj — ﬂb[j

2.3.3.2 Acceleration Redistribution and Scrambling Models

As noted above, the acceleration redistribution/scrambling parts can in prin-
ciple be obtained by a second order model form and corresponding general scaling

tensors based on the propositions by Shih & Lumley [162] are given below.

zk — fl tku"c” + f2(613u ¢ + 6 uuc”) + f3 tku"d’
+ f4(b”u’,;c” + b; u”c") + f5(0,;061 + 5k,bw)u ' + fedirb; lu
'I'f't'bikb]lut " + fo(by;bkr + biybi)u ’c’ + fg blku"c” (2.29a)

+f1o(b; “kc" T kau 'c") + fu mbizu? "+ fr2(8:50%, + 53kbzz)“z’c"
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..-"'""h—--'".-'-"l-—-"

AL =h 6lkc”2 + hou!'c"uic"
+habic™ + ha(byulc” + bulc)ul'c” (2.29D)
‘|‘h5b C”2 -+ hﬁbﬂul ”bkmu” ¢+ h (bzzukc” -+ bklu”c”) ;’c”

The structure of the above model forms (analysed in Appendix A) is arguably
too complicated for use in practical flame calculations. Furthermore, a preliminary
evaluation study revealed that the improvements in the quality of predictions is
not proportionate to the computational cost that the application of the model
entails. For the purposes of the present work, therefore, a simpler Isotropisation

of Production (IP) type model [51] is adopted to illustrate the leading order role of

acceleration redistribution terms. The model is of zeroth-order in the anisotropy
tensor and may thus be obtained from the above general forms by retaining terms

involving only Kronecker deltas. In the latter case the forms of A7, and A,; are

considerably simplified.

zk — fl 1k <U > +f251_7 <'U, > +f3 ik <UH> and A;z = h 10,k <c'> (2.30)

Application of the constraints of equations (2.16)-(2.17) determines all the un-

known coefhcients.

h=2/5 f=-1/10 fi=fi h=1/3

Substitution of equation (2.30) into equation (2.15) and re-writing the result in

terms of the mean pressure gradient terms (®,, and ®,.) yields

1
= Cap(®;; — g%‘bkk) (2.31)

A= Cu 9P, (2.32)
where C4, = —(f1 + f2) and obviously C4s, = —h;. Hence,

Ca, =—3/10 Cy, =—1/3

Substitution of equations (2.21) and (2.31) into equation (2.13) yields, by virtue

of equation (2.19), the final model form for the Reynolds stress redistribution and
dissipation terms adopted here.

(pfj—<p>sz_,, = <p>G, u”u"+<p>G u" u; + <p>0;; C,&

i
+Can ((I)ij — §5zj¢’kk) (2.33)
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Similarly, substitution of equations (2.22) and (2.32) into equation (2.14) yields,
by virtue of equation (2.20), the final model form for the turbulent scalar flux

pressure scrambling and dissipation terms.

6‘ e
$5 — <p>eic = <p>Gipulc! — <p> -ji-u”c” + Ca Dic (2.34)
By contrast to the generalised Langevin model, the above IP-formulation does
not guarantee realisability. However, following the methodology suggested by Pope
[150], a realisable expression can readily be derived by consideration of an equiv-

alent model at the stochastic Lagrangian level. The following form is proposed.

(p) _ ~
<p> ’ U " — Ug
du(p) s [ g CAS p ] ax dt + CAR Q-If—é*?“—) <U?> a; dt (235)

In the above equation uff) denotes the kth-velocity vector component of a material
fluid element (“particle”). It should be noted that the above model is given 1n
terms of a general acceleration vector (a,) and can therefore be readily adopted
for the calculation, for example, of strongly stratified flows using a transported
pdf approach, closed at the joint velocity scalar level. The corresponding acceler-

ation redistribution and scrambling terms in the Reynolds stress and scalar flux

equations take the following form.

[ 1
‘i’fg — CAR q)ij — gézj@kk — bijq)kk (236)

1 u"c”
¢zc CAS (I)I.C T CAR A k

By (2.37)

2.4 Triple Moments and Pressure 1ransport

A number of possible closures have been suggested for triple moment terms,
mainly derived in the context of isothermal flows (e.g. Hanjalic & Launder [69],
Dekeyser & Launder [40]). Lumley [116] suggests that pressure transports terms
can be obtained in a consistent manner with triple moments following the intro-

duction of the expressions below.

<prun>_ —CTUHU?U? <p c’'>= —CTC"’U»?U?
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The above relationships are based on the presumption of a quasi-Gaussian be-
haviour of velocity statistics and the proportionality constant is assigned the value
of CT ~ 0.2 [116].

Proposed closures for the second moment transport terms invariably feature
formulations of extensive complexity wherein triple moments are modelled in terms
of corresponding second moment gradients. Pope [150] shows that a closure for
triple moment terms may also be based on stochastic principles. In the latter case
the resulting closure features dependencies on both second moment and mean
velocity gradients [150]. Alternatively, Bray et al [19] have derived a model ap-
plicable to cases featuring turbulent premixed flames in the flamelet regime of
combustion that is based on a presumed pdf approach for the joint velocity-scalar

statistics. The latter approach also results in a complex formulation which requires

further sub-modelling of conditional intensities.

The above complexity, however, is arguably excessive since the contribution of
the diffusion terms to the overall budget of the Reynolds stresses and scalar fluxes
is expected to be moderate (cf. Jones [80]; Launder {95)). Furthermore, none of
the various proposed closures has been extensively tested. For these reasons, a
simpler approach 1s adopted 1n the present work and the turbulent transport of

second moments 1s modelled using the generalised gradient diffusion formulation
of Daly & Harlow |37].

0Tiju 1 _ O k -, 0wl
o + ¢, = Fy |:C <p> Zujly 8:1:1 (2.38)
aﬂ[c a k Tﬁ a'U-HC”
o + ¢F = o Cs<p> FUU } (2.39)

In the above equations | is a constant which here assigned the value of 0.22.

2.5 Turbulent Kinetic Energy Dissipation

The most commonly adopted model equation for the turbulent kinetic energy

dissipation rate, assuming a generalised gradient diffusion model for the turbulent
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transport of dissipation, takes the following form [80].

d<p>E O<p>wéE O k — OF
—— — = — O, < p>=uju] —
0t 0x; OZ}. <P g *7 o,
g —~— O0Ug £ _
_Cgl <p> EUzU;fg'af' —ng<p> EE (240)

In the above equations C,, and C,, are assigned the standard values of 1.44 and
1.92, while a reasonable value for C,, is approximately 0.18 [79].

The above equation is almost entirely derived on empirical principles — the
exact transport equation for the dissipation rate proves to be of little help for mod-
elling purposes. Some support, however, is provided by the analyses of Lumley

(117, 118] who based on energy cascade principles, suggests that the generation

term for the turbulence dissipation rate corresponds to the rate at which energy 1s

fed to the lower wavenumber end of the spectrum. Within the “standard” model

of equation (2.40) the “dissipation feeding rate” is essentially identified with the
(scaled) production term of the turbulent kinetic energy. However, while this
modelling approach is arguably sufficient in isothermal shear driven flows, vari-

able density flows may feature a prevalence of normal strain components, due to

dilatation, and/or counter-gradient shear stresses due to preferential acceleration
effects. The “generation” term will thus, invariably, amount to a negative con-
tribution. In order to provide compensation for such effects, various terms have

been proposed in past work and include, for example, the contribution of mean

density gradients or mean pressure gradients or the mean velocity divergence (cf.
Jones [80]). The inclusion of any single or any combination of the latter terms
from this point of view is largely heuristic and the calibration of relevant modelling
constants becomes uncertain.

This ambiguity, however, may partly be resolved by the phenomenological ap-
proach presented above regarding the modelling of the redistribution/scrambling
terms. Hence, relevant model forms should directly incorporate both strain and
preferential acceleration related terms. Lindstedt & Vaos [113] have thus per-
formed calculations of turbulent premixed flames including a mean pressure gra-

dient term in the turbulent dissipation equation.

d<p>E O<p>WE 0 k — OF
— = — | (s, < p>zuju) —
0t i 8.731 a.’Ek P £ K ‘6:1:1
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(2.41)

In the context of strongly stratified flows the corresponding modelling constant

C., is assigned values in the region 0.95-1.2 (e.g. Jones [80}; Launder [95]). On the

other hand, it has been found that in turbulent premixed flames the latter constant

has to be assigned a relatively high value (C,, = 1.4) [113]. The discrepancy may
primarily be attributed to the assumed form of the strain related production term.

As noted above, in turbulent premixed flames the latter will result in negative
rather than positive contributions. Therefore, a higher C,, value is required to

provide compensation. An alternative general form is thus considered here.

O<p>e O<p>ue 0 E—-;;——-—,,@é" g
—_— E— — ———— T S >': — | — <K —~—
0t T 0x; 0z [Cg\’p suku’ oz, p=> kP
P = (C16i;+ Caby, + C3b%) kS;y + C4 G + Cs & (2.42)

1 0 <p> l10u; Ou;

— I Si — | et}

G =<u> <p> 0x T [83{,— axi}

TN 9
bij — uz~u3 “513 b?j — btzbl]

In equation (2.42) C,-Cs are constants although general formulations as functions

of anisotropy or strain invariants (cf. Craft {33]; Launder [95]) are also possible.

For the present purposes the second order term is omitted (C3 = 0) and thus

equation (2.42) reduces to the “standard” model of equation (2.40) at the zero-

heat release limit. In the latter case, the constants C; and Cs of equation (2.42)
can be identified with C,, and C,, of equation (2.40) and are thus here assigned

the “standard” values of 1.44 and 1.92 respectively. C] is assigned here the value

of 0.5 so that a positive velocity divergence will result in a positive contribution.
The latter fact allows the mean pressure gradient term constant Cy (C.,) to be

assigned the reduced value of 1.2 — in better agreement with corresponding values
in strongly stratified flows.
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2.6 Summary

In the present Chapter the closure of transport, dissipation and pressure strain
related terms in the second moment equations has been examined. Particular
attention has been given to the derivation of models for the redistribution and
scrambling terms. It has been argued that closures obtained on the basis of a re-
writing of constant density models in a density weighted form is not sufficient in
cases featuring significant preferential acceleration effects, as for example, exhib-
ited in premixed turbulent flames. The derivation of appropriate extensions has
thus been considered on the basis of physical arguments. The well established link
between the production of turbulent kinetic energy and its redistribution among
individual Reynolds stress components has therefore been highlighted. On these
grounds, 1t 1s suggested that appropriately general redistribution and scrambling
models should directly include terms featuring preferential acceleration effects.
The above arguments are based on a sound general principle regarding the evolu-
tion of turbulence and remain independent of the specific type of flow or combus-
tion regime considered. Furthermore, the derivation of corresponding consistent
expressions comprises a well defined and straightforward mathematical task. Ad-
ditionally, it was noted that the similarity of the phenomena considered here and
those found in buoyant flows permits the development and calibration of corre-
sponding terms separately from other elements of the closure in potentially much
simpler flows than turbulent flames. Similar considerations have also been applied
to the derivation of suitable variable density extensions of the standard turbulent
kinetic energy dissipation production terms.

The above considerations are independent of specific model forms. In the
present work the latter include formulations based on the stochastic generalised
Langevin model of Haworth & Pope (70, 72] for the representation of the “con-
stant density” parts of redistribution and scrambling terms, and an IP-type model
for the inclusion of preferential acceleration effects. An alternative formulation
based on Lagrangian principles, and thus inherently realisable with respect to

joint velocity-scalar statistics, has also been proposed. Model forms suitable for

both transported pdf and moment based methods have been derived. The mod-



