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ive
ABSTRACT

The thesie ig divided into two paris. In the first part, we
examine the problem of Reggeization or non-Reggeirzation of the massive
vector meson. We take the case of a massive vector meson {neubral) pole
occurring in the elastic scattering ﬂfnf -+7;ﬂ7 o Some well-known recults
are obtained by appiying clastic unitarity and assuming sh.
digpersion representation along with single Regge pole dominance. Assuming 2
perturbative expansicn for the Regge trajectory assumed $o pass through

4 = 1, and also the residue, we then obtain in Chapter I certain

important conditions in the 6th, order of periurbation,

In Chapter II1, we make a conventional field theory check of thesc
conditions.

The second part makes use of the partial wave Dethe-Salpeter equatiorn
to study “he leading singularities in the complex angular womentum plane
of the continued partial wave ampiitude corresponding to the elastic
scattering of scalar particies. In chapters III and IV the kernel of
the BS-equation is taken to be the 4th ordec box diagram containing two
intermcdiate vector mesons (massive) in the encrgy chamel.

The same methods are then appiied to the set of 6th order graphs that

were discussed in part I. This forms Chapter V cf this work.



TITRODUCEION

(1)
Some years back it was suggested by Mandelstam and others that

to romove cortain ambiguities in the Lign energy behaviour of the
relativistic scattoering amplitudes, Regge's boundary condition in
potential scabtering when cosd or momentum transfer goes to irfinity
throvgh unphysical values be adopted in tho relativistic cases Such a
boundary condition (Reggo bchaviour) zlso serves to determine subtractions
. . : s : (5)
in the Mandelstam representation for the relativistlic scattering case.
Puarthermore, due to crossing symmetry this also determines the high eneray
pehavicur when momenstun transfer is fixed. However, one knows that
dispersion relations and seneralized unitarity equations themselves have
been abstrasztied Irom vho converiional Feynman disgram cxpansion of field
C ey
cheory, where the resulits are put on the mass-shell. Ilence oue cxpests
that at least for the requireuncnts of consistency to the epproscncs of
relativistic quanvun mechanics, such a behaviour should be predictable
from the high cnergy properties of the Feynman zmplitudes. We say ot
least becauvse it is a drastically new idea in itself that elementary
varticies 1lhat entcr the Lagrangian in a field vheory may lic on Regge
trajscborics.

It was towards this dirsction that a number of atlempts were made
recontly to study the high encrgy behaviour of the Feynman amplitudes.
Howover; due to the large class of Feynmpan diagrams it has not been
possible so far to make a general study of relativistic scattering
amplitudes in field theory., It is only possitle to study models of field

theory in which diegrams of certain topological siructure occurs, The
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high enungy behaviour then turns out to be not always in agreemcut with
shat abtained fror one or wmoro Regsc palse irn the angular momentum plane.
Here we would like to point out that tliere exists an important connection
between the high energy behaviour of a scatiering amplitude (Here onwords
we are only talking about relativistic scattering amplitudos) F(s,t) in
the crosged chamnels; i.c. %~ and the u-channels for a given process,
and the singularitics of its transform F(s, %) in the complex angular
momentum plane. Such a connection is given by the so called Froissari~
Gribov formulg1gxcept for a finitc number of partisl waves, This relation
gives rise to the subject of high encrgy behaviour of relativistioc
goattering amplitudes and to the stvdy of the anelytizity properties
in the complex angular momentur plane. The modeis of field theury in

(53)

which disgrams possess their propor dual and do net invelve meore than
two particle intermediate states have been shown to depict Regue behaviour
afvor summation of iteratced (two particie) ladders corresponiing to them.
However; those nol possessing preper dual and involving multipartiecle
intermediste states have led to complicated singularities such as the
Gribov—~Pomeranchuk singularitices and the Regge-cuts, etc. Such diagrams
have all throce Mandelstam double spectral functions in their dispersion
representation and are commonly known as'non~planar graphs' in the
litorature.

The purpose of this thosis is to study field thooretic models to
sec vhat singularities they give rise to in the complex angular momembum

plane, Since there are two approaciies (essen%ially connected in the

final analysis) for such a study, namely



{3Y ths high energy behaviour of Foymman amplitudes, and

Foiy - (48) i

\.l) the partial wave Bethe-Salpstar equaticn; we nave divided the
entire thesis into two parts. The first part cntitled as "Elementary
Particles as Regge poles in Field Theory" deals with the important
question of Reggeization of intermediate noutrel vector meson pole (a
concept which we explain in the beginning of +this work) in the elastic
scattering of charged pseudo-scalar pions. r iaportant set of graphs
in low orders of renormalized perturbation theory on which the question of
Reggeization or non-Reggeization of the fixed vector megon poic wests

(15)
ig known to be of gixth order. These graphs are siudied and il is shown
that there high energy behaviour is not compatiblic with the merc
assumption of a Regge-pole the trajectory of whica passes through the
vector meson, and vhe usazl assumpiion of elastic uunitarity. In fact,
it appears that ihe Hegge-cut contribution to the high encrgy behaviour
of thesc daagrams is as likely as the Dlegge~pole contribution. This
appears plausible, because as sald carlier,; models of field theory which
do not consist of 'planar' graphs may not necessarily give Regge~pole
behaviocur. And hence such models do not correspond to a sct of
coupled Schrddinger cquations for the manifestation of composite states
as in potential scatitoring.

Since our arguments hcre depend so much on others work we have given,
for the sake of intelligibility and completeness, some necessary results
from high energy dispersion ti.eory which wo find useful in our problem.

(16)
Thus; in Chapter I, a buwicf account of the Sommeriseld-liatson transform

is @iven which helps to writc thc asymptotic boliaviour in our prohlem,
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This is in congplete agroement with the one obiuainable from the Frolssart-~
Gribov formla provided the ususl asywptolic behaviour of the t~channel
absoxrpkive pext Af(syt) §§3<m b(s)ta(s> for simple Regge pole behaviour
ig assumed. Flastic unitacity is then defined and its predicrions
obtained for the residue and trajectory of the Regme pole in the sixih
order.

In Chaptcr II we examine the asymptotic behaviour of the 6th order
Peynman graphs. There are three known graphs which are important in
this connection. Thoir asymnptotic behaviour is calculated and the rceults
sumued., The coefiicicits of the asymptotic beheviour of those grapls
can be sompared with the oued predizted from dispergion theory. It is

.

founl to violate clagtic unibtarity provided the assunction ithot the
vectar pavticle De a Regge pole ig xept.
Cconrlusion ard ramarks cre givea ir the final soctioa of this

part.

The Appendix £.T glves a pinch calculation in our problem.



CHAPTER I 5e

'REGCELZATION!

Section 1: Regreizations ite Meaning and Notetion
2. .

A problem of great interest is to see what happens o
'elementary'! particles introduced as fixed poles in the lowest order
of renormalized perturbation theory when higher orders are also included,
that is whother thoy romain ‘elementary! and correspond to fixed
Kronecker type singularities(1) in the angular momentum plane or start
moving becoming members of Rogge~trajectories(2).

In early discussions of Regge-Poles(1) it was assumed that
an 'elementary particle' of renormalizecd Lagrangian field theory would
not lie on a Regge trajectory. Instead it would correspond to a special
term in scattering amplitudes describing scattering at its particular
value of A (angular momentum) and would not agree with the analytic
continuation from large ReN. Such a term would contain a pole in the
energy at the mess of the particle.

The belicf that a shorp distinction between Regge ideas and
ficld theory existod was based on expericnce with scalar or pseudo-scalar
mesons interacting with spinor or scalar nucleons. It was pointed out
by Gcll-Mann and Goldberger(3) that if one considers radictive corrcctions
involving massive vector bosons the situation is quite different and in
the 4th order of perturbation there are indications that those terms
which in second order are fimed singularities in the A-plane (6;0 type)
start moving in the angular momentum plane like a Regge pole the trajectory

a(s) of which depends on encrgy. Before we proceed to give an example

to illustrate whet Roggeization means, we would first elarify some of our
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3 ! 1 - . v .
notatlon’4) %0 be used in the firel part of tlis work,
Notatrons We snall be concerncd with the elastic scattering in the
s-channel, where, of course, s 1s taken to be the total encrgy squared.

Thus,
5 = 4(\,9_2+112) 3

where g 1is the centre of mass momentum, and p the mass of ‘the external
particles in this =qual mass case. Also the remaining Handelstam

(5)

varianies are d=fincd as 3

t = -ng(?wcose), u = —292(1+coss),

where & ig the C.M. scattering angle., We ghall be intercsted in the high
encrgy 1imit in the crossed channel(S), ice, thne limit when 2 —u - o
(or cos® * e ) and s wuld be kept fixed. The choice of metric is

given by

2
D = - Y oY
PP, = Py T BB

The symbol < would indisate asymptotic equivalence.

Examples Roggeigation iz illustrated with the following example.
Congsider a pole of the elustic scattering amplitude F(s,t) in the

g~channcl 5 5
pog"

F(s,t) = (1.1)
s~¢-

which descisibes a particle of spin zero in g¢3—theory. For t — o

F(s,t) =~ _,;.é_- t (1.2)

o
If higher orders in g =re includcd, one expects the above to transfocm



(6)

into the HBommerfeld~Watson represertations

(S) il &) .
T(s,t) ™ == (1 - e u.a\s))va(s) s (1.3)
sin?fa\s)
with a(s) = 0+ gga](s)+g4a2(s)+,.,a...3 9 (1e4>

woere we have assumed for Reggeization inaht the trajectory passes through
the scalar particle pole. From gqg - perturbation theory it was prowved hy

8 - - . .
(&) and later by vather gencral constdcrations

Federbabh(7), Polkinghorne
. . (9 . o N

uy Tiktoupolos'”’ that taking the most icading terms asymptotically (a.c.
the terms which contain highor povers of Int or t vwhere t 1s tle
asyrptotic variable) in a given order of perturbarion theory which omes

from a laddexr graph in thalt order the Regge-trajectory coming from iteraiions
&) 1

o ladders was

als) = =1+ g“K() (1057

.,
where K(g) is the feynman integral for the bubhle diagram s - :?(;u;;ii
which is evaluvated in two dimcnsions Tos the zare of convergence.

(10)

Thig rosuit was alsc deduced by Lee and Saviyer by the Bethe-Salpeter
equrtion approach which would be o subject of inbercst in Part IT of this
workoe

Cicarly the trajoctory (105) does not pass through the scalar
particic pele and hence it i3 not Rerrreized. Also the trajectory has
other unphysical properties such as the term K(s) is unbounded at its
rormal threshold s = 4u2. A similar situation holds for the nuclcon pole

in pilon-nuclicon scattering although o complete proor for higher orders

is lacking in this casc. The situntion seems ic change wiaen maszsive



wectbor mason cocupled to conservee current is inbroduccd into *the

. X . {11) .
Lagrangran, For ingtance, in a paper by Gell-Mann' /ot als., it was
shown by ¢ very syotematic survey of praths uapto sixth crder of perturbation
theory that a epinor nuclecon pole in a vector—~spinor theory starts moving
when higher orders aro also taken into account. Bubt ‘scalar nucleon!
coupled to vector meson cannot be Reggeized. However, thore is a serious
simplification in their work, in that they negleect all those Feynman
dlagrang which pogsess the third Mandelstam spectral function which

(12)

znounts to ignoring Gribov singularitics,and cuts in the angular

1
momentum plane the eoxistence of which was shown ty Mandelstam( 3)0
¥e would like to oxamine the same problem for a massive neubtral

. . . e + e . L.
vector meson pole in the interaciion w7 7w —= T ir with the interaction

bLagrangian given by

*
A / = ..Q}E . __Qg > .0
s = 3 ® "3z ox !
1 1
%
+g 9o
[
where & = Scalar charged boson field.

neutral vector meson field.

1

P n
Althougl. we have not explicitly added a direct pion=-pion term to the
interaction, such a term would not essentially alter our conclusionse
The seccond term and the direct pion-pion term in the interaction is in
fact necessitated by rencormalizebilily requirements. However, as will he
shown later, graphs corresponding to such terms may not be very important

from asyuptotic considerations and hence may be negiecitede This problem
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was first examlacd by Freund and Oebme<'5) both for the case when

- + - . . . - }
99 - 90 77 is mediated hy two and a’'sc Ly three neutral vector

MeSOnLS e
In whet follows, we re-exemine *his problem and consider the

onc in which threc vector particles arc involved in the intermediate stato,

Section 2. Results from Dispersion Appicach

T12) Continued Partial Wave Amplitudc and Elastic Unitarity,

First we propose to rccapitulate some of the well~known resultsz
;n complex angular momentum analysis which follow from the Regie pole
assumpbtions and the validity of dispersion relations. To be able 1o geb
some useful predictions out of those results which vould be matched with
the results of conventional field theory one then naturally expands the
{anctions invol-red such as Regge-trajectory ols), +he residue functicn Bls),
e%Ce, in powers of the renormaliged conpling congtant g. These expansions
=re then Ted back into the dispersien formulaec and by compearison of
ccefficients of various povers of gg useful prediclions are obtained,
which are then ready to be matched with Feynaeon resulits-

We have earlier introduced Sommerfeld-Watson representation
without systematicelly defining complex angular momentum as it is generally
given in the literature. In what follows we proceed to do so and give
certain important results of dispersion theory. Cur purpose will not be
mathematical rigour, it will rather be completeness and »eadability of
this dissertation. 1n doing so, we would follow lectures of Oehme(15) on
thig topic.

One defines an analy®ie funcsion F(s,A) of two complex variables

s and *which upiquely\]6) internolates betwecer the physical partial wave



10,
amplitude T (s) for sufficiently large <. Then
F(s, Re%;«@ = Fﬂ(s) for £ even/odd and € >N, On tre bhngis
(16) . . , .
of Carlson's theorem 7y for uniqueness of ihe interpolation, one assumes
boundedness for F(s,)O in the region Re A ;3 N. This criterion is
not satisfied by the physical particl wave amplitudes because of bad

asymptotic propertics of Ee(cosﬁ) vihen "5 ‘-+ « which enter into

the definition of Fé.(s).

'J

3
F,(s) = & ([ d{cos9) 2;(cose)F(s,t(cose)) (1.6)

e

Moreover, such an interpolation would not be physiczlly meaningful also
9 T I &
because it does nct make explicit the physical propertics of the system.

We therefore impose tho restriction on F{s,t) that it should satisfy

a subtracted dispersion relation for fixed values of s(i?) ¢t the type

T-1 00
1 ,
F(s,t) = 2 C (s)t" + n} / A
; 7 o,
b (5 -t)

(1.7)

—

u‘N(u’-u)

N 00
+ 4 f aut Au(sau!)
T
u

9]

where A, and A ere absorptive parts of F(s,t) in the % and the
u~chamnels respectively inclnding possible pole terms where the number
N corresponds to subbtractions and makes integrals convergent. Iquations

{(1.6) and (1.7) give
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¥ (g) = / o 12 2,01 —-“'E)g- At(s,v)ﬂ»(..»,)“}u(syv) }
e v, 23 i 2q° L
(with VOQQMin (to,uo) (1.8)

~. . ' .
Here one uses the fact that for 2N the polrsnomial and the subtrections
de not contribtute to the partial wave projeciion. Also one uscs the
usual representation for Q {=z)
7

v

e g

1
Qe(z) = L / d(cos8)Py(coss)

-1 Z=COS%
9
end Qé—ﬂzzﬂkﬂ)QAZL
Consider the functions
]
¥, (sN) = & / v | oaiw )& (8,7)
tyur 7 T — VN e S By ’
v 4 ,‘r_j ’
D <, (v}

They are rogular for ReA >N and sufficiontly bowded for %~+_i ico

. ' . . . [N "N
in crder to he uniquely determined by their valucs for Rens= 2N
£

This is however not truc for (1.2) because the factor (=1) when generalised
. . +3TTN X '
to complex anguler momentum is e— and is not bounded when A Lﬁ 0 .

The physical partial wove enpiitude determines Ftipa for ReN = £,

) - . - . . s e
vz even/cudc Hevwce it is convenient to imtroduce two scparate inter-

polating functions

2

[m
F, (s,N = %_ dv = Q)\(1+-—~Xé ) A + (2,v) (1.9)
- v, 2q 29 -
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where
A, (syv) = Ay(e,v) & 4, (s5v) (1.10)

which then uniqucly interpoiale between physical partial waves, and

(1,17,18)

correspond to differvnt signaturc Since Q)Kz) is an anslytic
fanction of 2z except for branch points at 2z = + 1, ~oco5 and also
A+(s,v) iz a regular function in the cut s-plane, E+ (s,?O as gi;én hy
(1.9) is an analytic function of s and Nwhich i;~regular for ReN > I
and for all valucs of s except those on the cut in the s~planc.

One,; therefore, has the reality condition
*, % %
Fi (S ’ 7\ ) = F-_t(sﬁ-)\) (1311)

At this stage; we would like to define the elastic unitarity which is
continued in the complex angular momentum plane. In the next chapter,
vie see that this would play a very important role in cur problem.

The elastic uritarity for partial wave amplitude Eé(s) iss

F, (s+2) - F, (s-i&) = 2ip(s+i8)F ,(s-ie )F (s+ie)

w?
where p(s) = S “___

S

and 4p2< ] <Si

and s; = 16p2 is the inclastic threshold.
One defines its zaalytic continuation for complex € (infact N

in our notation) as :

F(etie ,N) - P(s-i&,N) = 2ip(s+ig)F(s~ie N)F(s+ig, N (1.12)
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where as earlier

V/ s-4p2
o(s) =Y ——m (1.13)

s

and 4512 < s <Si (= 16H2)

(b) Asymptotic Behavicur and Commerfeld Watson Representation

(6)

Barliery; we have menticned what is Sommerfeld-Vatson
representation. Here we would like to give a few points on its derivation.
One of the most important ways in which Regge~poles can be
manifested is through the asymptotic behaviour of the scattering
amplitudes in the crossed channel. This we do as follows.

For real s setisfying 523492 one virites

Fsst) = F+(s,t) + T _(s;%), (1.14)
where

s - ,.t "t
Figs,t) =5 % (241) F&(s) {PE(H —3 ) + P&(q_ .2_;2.)}

2q
(1.15)
By the usual techniques (1,6,17,18) one replaces part of the sum by an
integral +4
! (e o, 0=
F+(s,t) = 2 (24 F&(S)P&(H—-—z—)
- 4= c 2q
1 Yl
e aN 1) F;(s,%Q%- %
2 Y sinTN\ -

¥

< [ me p et oo

Rq~ 2q
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whore we have uzed the analyitic intsrpolation F_.L(s,'?\) as defincd in
(1.9) for Fe N-N, Te then assume iho. lf‘+(s,',\) con be soatinucd to the
1ot upic Poh=—=5. In deing so we meet isclated singularities such
as Regge pclos, cte. PFurthe- that the continued function is sufficiently

bounded for iIm7\l—> e Then one vritzs

#+3. 00

!\2‘[1—\

+
ol S ; A) L (s N3 | = —
Rlow) = oy [ M) i Rl B - =)

1 -

2

t - 1
X D YN OREX OO A
A 2q2 even £2 ¢ 2q2
€ odd

FIRRY
hy
n /

\
(20, + 1) ™
= |
+ ‘ .
/ . (1\

- e e — r

+ _ %

o (i P o)k LP (-1 - =%
1

sliny,
1

oty
[y

+ 2 (1 + %5 j , (1.17)
* 29

where n  dis the number of Regae-poles,

The sesond term in (1.17) is non-zerc only for fixed values
of €, in this casc €= ¢ and 1, In fact such tcrms are the s0 called
non-continuable type and correspend to clementary poles and hence to fixed
(6\181 type) cingularitics. For a complete discussion of such singularities
we invite the weader's attention tc Ref.15 (lectures by Ochme). However
for £>1 such terms would be igncred compleiely, and even if we aprroach

he value 0= 1 from the right of Jwi in the wngular mczmentum plane it
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would be assumed that their contribution to the amplitude is negligible
as compared to those of the Regre~poles at least in the high energy
1imit,

The Regge~poles in the angular-momentum plane are defined as

no et (s)
F (s,n) = 2 T TP (1.18)
x i=1 c;(:l) (s) = A

{ -
whors we have ncglected other singularitics, and a;_l)( s) are the Regge-

trejectories corresponding to even or odd signature of ths ith Regre-pole

f .
and ﬁil)(s) are the residues of these poles depending on s. To> obtain

the asymptotic behaviour of F(s,t) vhen t -» ¢, , one uses the asympiotic

(15)

1imit of Legenire polynomials P7£Z> and other relievant properities

We then mee that the integral along the line Red= =% in (4.17) in tbe
L
asymptovic limit vanishes l.ke + ~ while the Regge—-poles give the

following contribution to F*(s,t)

n .(i)
by*/(s)
Pis,t) &0 ®3n o E L

& (o)
e (fz e = ) < ‘
(2)=1 smm&i)(g) (1.12)

(i)
S
ra,; (s) o

(1) o
(4) ' (?i | 3/2) + \ (1), \
where " (g) =N a = (s) B ) (1.20)

- r (e 1) =

Formula (1.20) can alternatively pe deduced from an assumption
regarding the hish enersgy beheviour of the absorphive parts occd&ing

in (1.9) and (1.10),
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T,«-& (93 RN )
J\t(s, 5) ® Zbi” (=5 & (1.21)
3 =

thus ssgtablicting also tlie cguivalense of the Froissert-Gribov formula
109) anl the Sommerfeld-Wabson asymptoitic representalion. ¥or details

uf proof we again refer Lo Oehme's lectures i Ref, (15_9

Ge Predictions of Elastic Unitarity

The elagiic unitarity wzs continued in the complsx angular
momeitbwa plane has already been dcfined by ecuations (7.12) (ani (1.13);.
Jois cquetion gives very useful predictions wheu the Regge~Pole
assvmpuion g bullt into it., Bur before we proceed to do so, we would
liks no make & fev remarks regarding the signalare of the Regge

amplitude associated with ouwre problein.

(15)

;

Following Traund and Dehme wve suppose that there exists a

. \ e . .
Tewding Degpe~traliactory q_(s; {odd) asscciated with a vector megon of
nase o owevh p<m < 2p s where o is the pion mass, ¢ dis the

snerey sguared in the cenire of mass system and hence is the channel

in which scatbering takesz place. Thile V6 ig +he momenium transfor and

()

Yo the crossed momerium iransfer. "hesc variables are the usual Mandelstam
varisbles deseribling the elastic scabtering of equal mnss parbicles. In

the zbove ws hare assumed an cdd trajectory for the vector megon if the

Reggeization 1s vossibles This i1s because one assurmes the interaction

to be invariant wunder cherge~conjugation. Now congider the following
%4

Sl + -
Clwe™ >, = {~1) |7« >

1 i
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where (@ 7w >, imdicates the initial stadto. Since lhe assuuptilon
e
algs s.plies to the virtual state of ocd number of interpediate-neutral

vector mesonsg, w2 must have

¢l nP o= (-1)® a0 ®> = - |a0°® > (1.22)

where n = 1,3 depending on whether we have an inbermediate state of

one or three vector mesons. Of course, we camot have a state ol five
intermediate vector mesons becauscof elastic unitarity which is later
defined for our case. Conservation of C-parity demands that £
{relative orbital angular momentum) be odd and honce that charge parity
be negative, This would then imply that (if Reggeization is possible)
the trajectory should pass through odd istal angular momentum states.
The feact that the trajectory assocliated with the vector mesons in this
model is odd, is of importance in connection with summation of graphs
which will be digrussed when we come 1o deal with the question of
avaiuating the contribution of the Regge--trajectory to the sixth order of
perturbation theoxry.

The unitarity eguation which we defined earlier vas nore suited
to = scattering in whiech even the intermediate states congisted of
scalar particles. For cur problem, where we have intermediate states of
either one or three vector particles, elastic unitarity has different

mass 1rangese.
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Tras Ig
Fls+io,\) - Fls=io,\) =~ 2:1p(::+ﬂ'0‘)17‘(s»§ia,%}F(s—io,?x) (1.23)

witli the mass range
2 <o <& 2 \
4t K s < sy = (me2n) (1.24)

and u Sm< 21
where § is the pion mass, m the vector meson mass, and 8, is the

inelastic threshold. p(s) is defined in (1.13). As siated earlier one

pssumes a single simple Regge-pole in the arngular momeniwa plans,

_ B (s) o :
F (8,N) = == + R (=, 7 (1.25)
o (s) =N

where the function R_(S,%Q is regular at A= Q;(S)a In what follows,
for trevity, we would not indicate explicitly the signature of the
trajectory but assume it to be odd alweys.

With the assumption of a single Regge-polc the Summérfeld—Watson
asymptotic form (1.19) takes a simpler form consistiang of just one

term instead of the summation

b(s)

-7 3
F(s,t) e - - (1-e Iﬂa(s)) ta(s, (1.26)
sin % als)
where & implies asymptotic equivalence in the limit when t+ - . In
this work; we shall stick Jo this nctation for asymptotic behaviour,
unless otherwise mentioned. Also bhe function b(s) is given by (1.20)

and in tne asymptotic 1limit it determines the bebaviour of the zbsorptive



pars ir the t-channel as ¢
8, (5,%) w B(s) M) (1.26)"

Now a useful equation which will give several informotions regarding the
nature of Regge—functions such as Rogge-trajectory and residue, etc,; for

7

a given order of perturbation theory, can bhe cbtained by combining (1023)

and (1,25) and evaluating nearN= c(s). One then obtains the following.

] -'O(S) ﬁ*(S)
Ima(s) = % (1.27)
1 = 2ip(s) R (s,a(s))

Before going over to the actual Feynman calculation we expand the functions

B(s), b(s) and a(s) in powers of the renormalized coupling constant g,

o'

—~~
n
i

) g6b3(s) ” ggb4(s) F ovenanes

£

, 8
Q3(s) + g 64(s) F seeenne (1.28)

<0
0

~_r
!

1 + g201(s) + g4m2(s) + snesesese

Q

—~
w0

~
i

As stated earlier, due tn charge conjugation invariance only graphs with
odd vector mesons in the s~channel will be considered. Also as remarked
earlier elastic unitarity (sce eqns. (1923) and (1a24})&oes not allow
more then three vector mesons in the intermediate state for higher orders.
For gecond and fourth order of perturbation theory, we need consider the

following graphs, ouly
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—)\‘., \NV\A< \ e S / \;\\ W/
° / f;!" h ~ /\/\& ,_)A '<“'x‘;.1 /é//v \

(1) t {i1) (1i1)

FIGURE I

charged picn line

g = neutrol vector-meson line,

(19)

vhere the graphs (ii) and (iii) help to renormalize the theory in
4th order in e

It ig clear that thcsc graphs do not contribute significant values
to the asymptotic behavicurs of the zbsorptive parts in the t-channel
because they do not involve g~channel intermediate states, which could
be cut and put on the mass~ghell =~ the usual Cutkosky's(zo) mcthod for
determining discontinuity or absorptive part in a given channel, However;
the graph Fig.1 (iii) has onc such intermediate state. Yet when it is
cut it breaks up into a Bern graph which in fact factors out and hence
this graph agein does not contribute asymptotically something significant
to the ahsorptive part in iae t-channel. Hence (1026)‘ gives b1=b2=0°
Therefore, from (1.20) it follows on comparison of coefficients of g2 and
g4 that B,=p,=C. This explains why we have ignored these terms in (1.28).

Now it is easy to see that the Born graph Fig.i. (i) gives the following



coutritwtion to F(s,t)

422qP (1% L2y

F':Ss1;) ~ ___,_-____,u.____.%f-‘h...._-.._.
s = m
()
\—:1;5 t (1.29)

so that the first term in the perturbatior expansion of (1.26) should

be of order gzo This cannot be so unless we take =0 as is clear by

combining {1.26) with (1.28) to set 3

. /. 2
1 - e“lﬁ( HO(g )) 4

P(s,t) ~ (g6b3(s)+38b4(s)+.,..) t.expe {(gza1+g ot
)

5

2

~1{g"a. et .
| Z e )

LT

where we have written

sin7T(1+g2a1+g4a2+‘.-)=-nainw‘(g2a1+g4a2+..a.)

and then approximated this by

~7T(g2@1+g4a2+¢..«) ’
since the value of the renormalized coupling consiant is assumed to be swal:
ané hence the argumens of the sine very small. Also we have factored
out from ta(s)(= t1+g2@1+ °"*) and written the rcomaining part in
the expcnential form., From the above form of F(s,t) it 1s obvious
‘that o, should be taken to be gerc for only then the existence of an
agymptotic term ~ t corresponding to a Born graph is possible. The

. . / »
above asymptotic ezpansion of F;sit) can now Le written as :
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2
<

Rlg, i)~ \g6b +58’,¢...} - g -t.eng(gdu?+g6u3+...)x
“ (g’ CRTACT Y C -
Int
, . 2
—2 2 4 s g2{13" g40'[*‘n e \ 204%‘{'840:4}‘ L]
~ e (#“b 48D +...)@ —( - 2 <% = > —..L}
’ﬁ.&q 3 4 a /l Q
< 2 2

t {} + (g4a2+g6a3+e..)lnt + ;, (54a2 g6a3 -oo) 1n2u+-.-

e ]

p .
-?n 3 baaq 28
o~ -3 ) + - b, {t+—~o.a. tlnt+0(t)
2 4 T, 2 372
8 .
2g
4 e (o(tlnt))s e (<—- 22 ) 518t + o(t1at) j
e ) ‘
2g12
- — (2baa)tvt+0(tlnt)} 4 eenen (1.30)
Taq, 373
5 .

where in each order we have only retained the leading asymptotic terms.,
This assumption is very common among pecple of high energy perturbation
theory., Here also it is assumed that the high energy behaviour of the
scattering amplitude is determined by the sum of the leading high energy
behaviour in each order of perturbation theory. We would not discuss the
validity of such an assumptzion vhich has been studied by several authors

in comnection with high energy behaviour in perivurbation theory(21).
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. ’ o - . ~m ) .
Comparing \1.29) and the Born teraw in (4.30), we geths

it

s e s ’\LL’ )

wp(e) o) b,le) ‘%

s 3
(1.31)
. =3(su?) )
T ———5—  By(s
4q2 3

where the last equation follows from the general relation (1.20) between
b(s) and B(s). At this stage one notices that in (1.30) almost all terms
have G, common in the denominator which becauge of (1.31) implies that the
Born term should factor out in the high energy behaviour of Feynman graphs
of at least 2nd, 4th and 8th orders in this model.

We can now make use of equation (1.27) which itself is & result of
elastic unitarity to obbtain a very importent prediction regarding the
gixth order (in g) imaginary vparisof b(s) and B(s),

6 ¥, o\, O %,
T [1+g462(s>+g6a3(s)+9.°] _ -0(s)[ & Byls)+e By(s)+eas ]

¢

[1 - 2id(s) (gZRj(s)+,..-)]

~

- o) [€285(e)+6 858 )ucn I 1210 () (R)()50(6™) |

(where we assume R(s) to be of order g2 or higher and

also for brevity we write R(s, a(s))as R(s) only)

4

Comparing coefficients of g’ on both sides we get s~

T ao(s) = 0 which with the help of (1031) implies

0 = Imqg(s) = Imb3(s) = Imﬁs(s); with 4p%gs<si = (m+2u)2 (1.32)
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. . o 6 . .
Alsc comparison of coefficients of g in the above gives

Tnay(s) = =0(s) 5’3"(3) (1.33)

from (1028) it follows that for Regge~trajectory to pass through the

vector particle with spin 1 and mass m, it is necessary, that the
coefficients uh(mz) = 0 for all order n. a1(s) however vanishes identically
and az(me) from (1.31) is zero. And these conditions are found to be true

(15)

in the actual Feymman calculation also, However, one vital important
condition for Reggeization in conformity with elastic unitarity is (1e32).
A way to check it in perturbation theory is to perform the conventional
Feynman calculation for all important 6th order Feymman graphs and sum up
their high energy behaviour. To determine b3(s) and its analytic properties
one needs to go to the sixth order Feynman graphs because of the following
reagon. If dispersion relations of the type (1.7) are assumed to hold

a relation between the high energy beheviour of the Feynman amplitude and
that of its absorptive part in a given chanrel will naturally exist. Now
the high energy behazvicur of the absorptive part in turn is determined by
b(s) (eqn.(1.26)'). Hence our assertion follows.

In the next chapter we shall take up this problem of calculating
b3(s) from Feynman graphs and compare the results with the ones which we have
deduced here.

But before we go to the next chapter we would like to point out
that the ahbsence of imaginary part is a very important requirement for
Reggeization, because it would mean that the vector particle is coupled

(15)

through sense rather thon non-sense chamnel
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CHAPTER 11

PERVUSBALITON CALCUTLATION

Te Dominent Gravhs in sixth order.

In what follows we shall see that the formulae (1.30) and (1.32)
will play a particularly importent role. The former, which was originally
bagsed on the Sommerfeld~Watson representation, will serve as a guide to
find graphs giving leading asymptotic behaviour comparable to it in eauh
order, Tke Born graph (FIG.1.(i)) asymptotically goes as t. The graphs
which go as t in 4th order have already been given in FIG.1. There
appears to be no other graph in 4th order for the odd trajectory. Hence to

lowest orders these graphs seem to satisfy the criterion for Regge~behaviou:
i.Ga

F(s,1) ., o{s) +(8)

10 2
- C(S) tv {1'*‘ 0(54)1nt + O(g )11’1 t

21
+ €02 }

where C(s) is order g2 and O(gn) indicates terams of order gn or higher in
2o

The above equation in fact follows from (‘I.=3O)t To be consiswent
with the above requirement we must now look for graphs that bchave
(asymptotically) as tlnt in the sixth order. Applying the rules of
determining high energy bchaviour of perturbing graphs(7’9), one finds

that the following graphs contribute to the asymptotic behaviour tlnt.
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(iii)

It is easy to see that there are no other graphs that behave asymptotically

as tlnt. Congider for instance Figure (2)'.

FLGUEE (2)1,

22)

which is of 6th order because of a double corner( which has a coupling
strength g2 instead of Jjust ? associated with it. This graph, however,

is not as divergent as tlnt., This is because, due to the presance of a
double corner not enough powers of t can appear in the numerator of the
Feynman integral. As shall be indicated, these powers(7’14) arise out of the

scalar products between momenta at the vertices induced by the metric

. . o & .
tensor guw appearing in the propagator By of the massive vector

k2 - mZ
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mesons which enter the Feyrman celoulaion. Hence any graph which does
nwi behave as fast as  tlnt can be negiccted. Because, as can be seen

by applying formula (109) and the fact that if F(S,t) «tIlnty, A ~ iTt3 a

t
high energy behaviour of 1int in the crossed channel comes from a
singularity at <£= 1 in the angular momentum plane. Any ‘torm slower
than tlnt will correspond to a singularity to the left of £= 1. And
since we are interested .in the leading singularity in the angular momentum
plane, we may as well neglect asymptotic terms slower than tlnt., Any
other graphs involving direct coupling can be excluded on the basis of
the argument given aboves

Before we go on with the actual perturbatioan caleulation, we
would again like to make a few points regarding ouvr notation. IEarlier, we
have defined the Mandelstam variables, In terms of the momeanta iu Fig.2.

we have

2 2 2, 2
5 = (pyle,)” = (p,#k,)" = 4(g™%)

is the Centre of muss energy squared
% = (191—92)2 = (,7k,)% = ~2g°(1-~cos9),
is the momentum trarsfer squared. And
o= (2y%,)% = (2, = k)% = -20° (1+c0s9),

is the cross momentum transfer squared. As said'earlier9 we skail be

interested in the high erncrgy limit in the crossed chamnel. icea,

cosd = o (s being fixed)s The method adopted for writing Feynman
(23)

integrals is due to Chisholm » However, for a complete determination

of C and D functions occurring in the Chisholm form, we resort to
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some useful results by Tiktopoulos(9), Eden(24) and Halliday(9).

So far we have not mentioned anything about the high energy
behaviour of the crossed graphs in the sixth order that should also
contribute to the Sommerfeld~Watson asymptotic representation for F(S,t)a
In fact, such graphs may some time turn out to be crucial to the
asymptotic behaviour of the amplitude F(s,t)c In the perturbation
calculations their contributions nay some time alier appreciatly
the agyoptotic bohavicur coming from the uncrossed ones;,

Fortunately, this doeg not happen in our case as will be sghown later in
more detail. At the moment we would drop the discussion on crossed
graphs with a remark that the corossed graphs corresponding to the sixth
order graphs in Fig.2. are obtained by the usual method of replacing t

(9)

by u and vice-versa.

2a Planar Graph

The graph Pig. 2. (i) is easily recognised as a planar graph
according to the definitions of planarity! and 'non=-planarity' of graphs
given in ref. {9).

The asymptotic contribution to the numerator of the Feynman
integral corresponding to this graph is

0oy, By5A) x (-28)° (2.1)
(23)

where C(aB}Q ig the usual discriminant in the Feynman calculation,

The powers of t come about from the scalar products induced by the tensor

o occurring in the propagators., Congider, for excomple, the NN

vertex~contributions at the end of the propagator with Feyrnman parameterCﬁﬁ?

~
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Thess contributions are obtained by adding the momenta of the pion lines
1f they avre in the same direction ox subtracting(ee) if they are oppositely

directed at a vertex. Thus we obtain from owe propagator

BB = .( L )

(2.2)
where we have ignored those terms in the numerator which come from the

shift of origin(7’25) in the symmetric integration(23’25) over inbterhnal
loop momenta, The partial justification in ignoring such *terms being that
such terms do not involve sufficient logarithmic powers in the asymptotic
limit. And since we are intercested in the dominant asymptotic terms in &
corresponding to leading (right most) singularity in the angular momeniua
plane, we may neglect them. Such an assumption is not totally justified,
because, it may well be possible that the infinite series of these siowly
behaving terms when added up might change the high ensrgy behaviour
completely. BExamples to this effect have in fact been found by Trueman
and Yao(21), ard others(26), However, for simple cases like high energy
behaviour of ladder graphs C%ﬁa) there is some evidence(21) that such
complete high energy behaviour does not change the nature of the singularity
thot isy, for example, a Regge—pole behaviour may remain unchanged even
after accounting for all the asymptotic terms, although, the trajectory
may change sliglitly,

Then, our problem becomes similar to a scalar case with the
only difference that having calculated the high energy behavicur of the
graph Pig. 2.(i) taking every particle to be scalar and applying results of

(9)

7\«¢3 high energy hehaviour theory ”’, we multiply the resulting expression
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with (-2t)3,
Hence we have the follovwing contribution to the Feynman

in%egral corresponding to dip ggram Fig.2. {i)

2 3
T VAN §
F(l)(g t)~ (-41;) e /H de. Ay I;L d?\é‘(1-— Za +By ) £ 7\3 X
- i=1
6(a B M) [Dle B.2us8,8) ] (2:3)
171 J itit3ce?
where the discriminants € and D are given by s
{ -
( P OTBINTA, » %yPy+By Py
D‘G‘iBi‘}‘j) =
- A D
h o agtByriyiA, pP,* PPy
+ A (p1+k )
20\ \
LR I S REIY
| +73(p1+K1)
- , =R (
= g(a‘iﬁi')}]) + f(q‘if’i’)&)s + h(u'lﬁi?\jym ) \204)
(vhere i = 1,2 § j = 1,2,3)
For brevity we shall be omitiing i, j.
c(apN = a, BN, + -
1711 }\2 7\2 (2.5)

-, oot 524-7\2+7§
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where further

g(apN = a,NB + a17\252+o,1 61(0,2+52+7\2+7\3)+ 6B+ Bt NN
and f(aBN = 7\1 7&7\3 ?(2(«6)

h(aﬁ)\;mQ) = D(s=0, 'bzoga.ﬁ?\;mQ)

= ~m2( NN )e C(afN) s C given by (2.5). y,
2°°3

in the above, to determine the functions f and g, we have applied the
knowledge of p-to-k paths as introduced by Tik’copoulos.(9 ) Also G6
is a constant depending upon the order of the graph. In this case,
therefore, ’
2 3
Gg = <—ﬁ-— ) (2.7)
qr
Thus we write (2.3) as @

. ' 1 -3
F(l)(s,t) ~(~2t)3G6 /’ Hda ApANS(1-Z (a+p+N )C(epN [gt+d ]

© (2.8)

where now d(a,ﬁ?\;s,mQ) = f(apNs + h(am\;mz) (2.9)

and f,g,h are given in (2.5) and (2.6) . We now find its asymptotic limit,

(7,8,9)

Hhen t - oo , we must look for the zeros of g(aBMN in variables

a, B and N, This is done by the procedure of 'scaling' as first introduced

(1),

by Federbush One transforms

1t
—

(‘11, @2) - p1(c1.1,cu2) vwiith 0,1 + cu2

(Byy By) = p(BysBy) with B+ f, =1
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Then
da,da,dB,dB, AT, aT,0,aBa 0,80, 4 p Te(a g,1) x
Oq(é:* P, ”EJQ
1o(as ap) | | ole,s8)
b [l
Ea(c'w;s 52 g a(g.]’F)

15 the Jacobsan of the transformation which is positive definite within
the region of integration defined by Feynman integral. Yie shall be
interested in integrating only over that region of the parameters p1,p2
which immediately surrounds the origin in o and P, — spaces. Vhence

(2.8) has its asymptotic behaviour determined by
F(i)(s,t)u(-ztﬁ%f l da, dﬁ_{ N (NN 0G#0(R)=1)B(E, 43,1 )x
/_‘D
€(B1+BZ~1)C(O(P),7\j)j dp,a0( 0y )%
o]

g .-3
[_p.ipzatm(ow) 3 B)] (2.10)

where & = Z(GPN p)

1l

a 7\ a ')bB +a [31 (A +73) 2§2(7\1+7\2)+ 0{p) (2:11)

and O(p) has terms involvingﬁﬁ,pza
The last integral over p; and P, in (2,10) hes the

following leading asymptobic behaviour

5
- v~3
% e A(Ey=2 g1 -2
Of dp1dp2(p1p2)[!o1p2bt+do] 5(8) 7 a_ «t “lnt (2.12)
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where in g and do we have neglocted terms O(p) » The expreggion
for & has already been given in (2.11), where we have only to ignore terms

irvolving o While from (2.5), (2.6) and (2.9),
- - L2y 2
dozd(0=ai=[3i)=U(7\j,s,m ) ANNs = m ¢(7\j) (2.13)

where f (?5) EC(O=G1=61373) £A{k2¥xéh3 +73)W

Therefore, the asymptotic behaviour becomes :.

3
3
(1) 5 a3 [ N
P/ (sgt) o ( é-t 1nt)(~2t) fo ag, ag, d§ a62 EL an 8 (1= JQ )b) X

- =7
x 0(1-8,-5,)0 (1-B,-B,) #(n,) U7 (hg5m,m°) [ E(EEN ]

Integrating over G, and E2 with the help of the é'~function and then

2
performing 31— and E}- integrations, one obtaing

13 2
71 (s, 8) (-48,) 410t / ﬂ aN o z VR OWER S
ol J=

=1
x 1nf?\2 (N ) (i 3)} (2:14)

where U()ﬁg s,mz) is given in (2+13). Hitherto; ou¥ results completely
agree with those of Oehme and Freund(15). The only slight difference
being that we have here cartied out integrations over four of the
parameters which were left unintegra%ed in Ochme and Freundis work

referred earlier., The possibiec advantage in so doing is simplicity of
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expraescion.
In Section (3a) we would calculate the asymptotic behaviour

of the non-planar graphs given already in Fig. 2. Cur treatment of these

(15)e Th

graphs difTers essentially from that of Ochwe and Freund

(27)

e

(28)

treatment we have adopted iz hased on the work cf Polkinghorne

A\

(
and Tiktopoulos 9/e

3. Nor—planar graphs,

(a) Agympbotic behaviours:

The contributions (asymptotic) of the non-plgnar graphs
7ige2. (i1) and (iii) appearing in Fig.2. are cqual because the two
graphs are topologically equivaleont. Hence we shall calculate the
contribusion of ornly one of wchem and finally double it to add to that of the
planar graph.

As in the vrevious case, the numerator contribution to the
Foymman integral for the graph Fig.2(ii) is (—2t)3, which again follows
fron the type of arguments given earlier for thes planar graph where we
show that induced scaler products between momenta give rise to factors
of t» Agasin, of course, we have neglected terms arising from shift of
origin in the usual process of ‘symmetric integrationt', dence one
writes ]

P00(a, 0502 (-20)%g [ aage N80 hen 1) Ola, )

o

-3
Xl: g(a»a 537\) t + d (G'y 557\559[’12)]
(2.15)
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where the usual rules of pto -k paths(zg) to determine the coefficient

of + and s give :

g(a" 633\) = 0‘1 31(0'2+62+7\2+?\3) + a’1 BZ?B'*' Gzﬂi')\a" 0.-262?1 (2a16>

and the function d which also contains the coefficient of s 1is s

d(@aﬁs)ﬁ s,m2)

it

U(N syme)+ 0(ay By 1

(2.17)
¢(7\) + 0'(ay By N f

The functions U (7gs,m2) and J(N are given in (2.13). The

1l

Also, C(a,BN

terms involving (Q,B) or (a1,a2;B1,B2) grouped under O(Q,B§7Q or O'(Q,B;%)
de not contain the leading terms in the asymptotic limit and hence may be
neglected.,

Now we first illustrate what happens if we proceed, as in the
previous manner, to carry out the ‘scaling' procedure of integrating near

(30) to determine the asymptotic behaviour of the graph

the end-points
under discussion. When t = oo, one locks as earlier for the zeros of the
function g(a,BsN) given in (2.16). The integration is carried out over
that region which is the immediate vicinity of the zeros of g(a,B;?Qo
The function g(a,B,7Q vanishes at points which are of two types s

(a) End points of the physical region of integration of the Feynman
parameters. Usually by this, onc means the lower limits of the undistorfed
positive Feynman integrations. As remarked earlier these correspond to

edges of the hypercontour and are given by putting a certain number of a's

equal to zero,
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(b) Apart from the end-points or edges there are other points inside
the physical region of the hypercontour at which the function g(a,B,)J
vanishes., These points in the asymptotic lindit give rise to pinches
of the hypercontour trapping the contour at a certain point and thus
preventing further distortion of it.

Now if one ignores the type of zeros given in (b), and procecds
to integrate near the edges for the asymptcotic behavicur of the non-—

planar graphs under consideration, one chtains the following ¢

A’ O
F(ll)(s,t;mz)..,(—2t)3G6 / AT, a3 dB,ldBZO(a - 1)6(e1+32 ~1) x Cipfs M)
[¢]

T

1

¢ 3
d7\J / an dpo(p1/32/ (O(D + ;75"1) l:g(a‘i’ Bi375)p1,02«t

)
+ Tolay)s %3 s,m2>] (2.18)

~

1
-~ (=46, ) $1nt f da‘1...d7\3 &(a3+§-1)&(§1+é2-1)5( ;1%3 - @ x

e}

, -2
goox | 28Ty | (2.19)

The transition from (2018) to (2.19) is only defined mathematically
when g as a function of transformed variables 'Ei, Ei, 73 (i =1,25
J = 1,2,3) does not vanish within the domain of integration. However this is

not so. A glance at the function g in (2.16) tells +that it vanishes inside
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the dumain and consequently its transform & vanishes without all of its
terms having to vanish separately. For detail we would give the form of

tihis function

L > 2.

Z; (ai’gi;?}]) = EL{EJI (7\2"'7\_))) + 31[3’27\3 + G:ZE’])\Z - 32(62?\1 P (20?0)

where we have ncglected two terms which involve p1 and pb as we are
integrating neer o w € %0, (8=-0),

Now, we easily see that this process of integrating near the
edges would give a double pole lying on one of the contours of intesgraticn
in (2.19). This double pole is fixed (not dependent upon © ~ the
asymptotic variable) and ocne clearly does not have a well~defincd procedure
of avoiding it. Furthermore, by neglecting the p-dependent terms in &
one shifts the actual position of the singularity. This situation essentiall:
arises out of ihe approximation scheme of integrating near the cdges for
the asymptotic behaviour. ¥e, thercfore, apply Polkinghorne's procedure(ZS>
for integrating over the pinches, where we have to carry out a few
integrations exactly till we obiain the logavithmic term and then make
the ccrrect choice of the logarithmic branch. This technique enables

us to appropriately account for the pinsh contribution.

De Imaginary term.

In what follows we shall show how this procedure generates
an imaginary term coming from the correct choice of the branch of the
logarithm, Thc demonstration of the pinch arising in the asymptotic limit

in our case and its contribution when the contour is distorted is given
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in the Appendix, Adopbting the notation in Ref. (28) wo may rewrite

g occurring in (2.16) as Tollows

8(0s87) = N (ayt2y N8By 1) + (@2, 2]1) (2221
where  Pyo= ay(Brhg)s Py = Bylaphy) (2,22}
Q = b, (7\2—1- ')3) (2.23"
and the pinchos occur at positive values of %y ~nd (32 (and hence on
the physical sheet) given by Gy = P1 '}\;1 , (32 = P2 ')\'1-1 (2024,

Then following Polkinghorne the pinch contribution can be

obtained by multiplying the integrand in (2.15) with the factor(31)

-1 ~1 .
Mo (e = BN) (8, - Fphng )

end integrating over ay and (32.

Thus we obtain the following s

1

; 3
F(ii)(s,t;mz)a(mQt)3G a7, H an, da,dB N b
6 2t PP Ty
o o

i =1 =1
X 6‘(0,1+(31+ N PH NP,
3
\—_\

)

+ [—Jf»\j - 1) C(a1,ﬁ1,)3) [(QFP’IPZ}‘\'})%&, ]—2 (2025>
J=1

where

L)
| S o
a' = d ga _p X1
|
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MTne residusl cocfficient (4P ~9,.]) in ihe pinch contribution (2 25)
vanishes if a,= O or By =0 (sec equations (2.22) and (2.23)). Hence
1
inteerating near these end-poiunts, cone gets the following logerithmic

cenhancomans 3

\
P (g, 50 ) =i )t1n+f H NS/
3=
where U(}ﬁgs,mz) is given by {2.13)

4. Crossed graphs

So far, we have not seen how crossed graphs are obtained and what
ig their contribution in our problem. This short section will be devoted
to such graphs in the sixth order of perturbation. Ccnsider the

~ . s P - “ PERY
transformation % 7* u on the planar grapn Fig. 3“f1v;

Y 4

| 1 Y
. ; Po w
1_____., U 7oy . % ¥ ._.,,,_‘,‘_‘.._.,,___g —_ \\5_
2} =
L/ £ / \
A G N7 VN,
2 1 ‘4{ 7 A %
x, . kN Tn, o4
A T 10 ko1 Ky

(1) (1) (1)
FIGURE 3

the graph thus obtained on the right id defined to be the crossed graph
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corresponding to the given graph on the left. The discriminant D
appearing in the Feynman integral of such a graph is obtained from that
of the original graph by replacing + by u and keeping s fixed.

Thus

1+ u

D = fetgt+h &——3 1D°

I

gu+ fs+ h

g%t + % + n° (2,27)

I

where superscript ¢ stands for the crossed graphs and in terms of the

original uncrossed graph cne writes s

g° = ~Zy £° = f-g and b° = 8 Zgjm
i=1

+ h., (2"28)

In deriving equations (2.27) and (2.28), we make use of the condition
4

= .
s+t+tu = m,
: ;i

i=1
which, as cne knows, is rclated to the mass~shell conditions of the
external momenta. "Te notice that when t - o, we have to integrate
near the region where g=o, and thereforc the functiocns £ and 1° Tor
the crossed graph are exactly the same as those of the original uncrossed
graph. Vhereas, the function gc = =g, It is now easy to see that,
forgetting for the time being the powers of + in the numerator, the
denominator gives exactly tae same asymptotic behaviour as in the uncrossed
case. This happens because in the asymptotic behaviour of the integral
in our case a power ('é'c)m2 occurs which takes care of the negative sign of
gc(= -2) e However, the numerator consisting of (-t) in the uncrossged

graph is now replaced by (-u) in %he corresponding crossed one. But since
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our limit * — oo implies u —~- mr(‘.“for the physical region utt = const.
for fixed s) the asymptotic behaviour of the corresponding crossed graph

is +tlnt instend of —-tlnt. Vhence onc writes
> —__.’ - ' -
P (s,0) 530 B0 (5,m) = —5(3)(s,1) (2.29)

Now the question of signature of the assumed Regge—trajectory becomes
rather important at this stage. Barlicr, we argued that in this problem
where odd number of vector particles were involved in the s~channel one
had to assume an odd Regge—trajectory a_(s) for the Reggeization, if
possible, of the vector meson. Ve may alsc easily see that for the total
agsymptotic behaviour of a graph in our scheme one has to subtract the
contribution from the corresponding crossed graph as well, because the total

absorptive part
A_(S,V) = At(s,v) - Au(s,v) 9

which through eqn. (1.9), determines the behaviour in the angular
momentum plane, or, alternatively, the high energy behaviour in the crossed
channel. Since for the planar graph under discussion the corresponding
crossed graph has cqusl and opposite (in sign) asymptotic behaviour
(see eqn. (2.29)), the total asymptotic behaviour of the graph Fig.2(i)
and its corresponding crosscd one (As indicated in Figure 3 and 4, we
use primes for the crossed graphs)becomes in magnitude twice of either of
them.,

This also applies to the non~planar graphs Fig. 2(ii) and (iii),

and their corresponding crossed ones (ii)!' and (iii)! (See Fig.4).
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FISURE 4

In this case, however, as is shown in the Appendix A.I, there is an
arbitrariness involved in the sign of the pinch contribution coming from
the graph Fig. 4(ii) (or (iii) because the two are equivalent) and its
crossed one (ii)'. This arbitrariness arises out of the choice of the
branch of logarithm cccurring in cur calculation. For a particular choice
of the logarithmic branch it is indeed possihle to have a non-vanishing
imaginary part in the sum ovar 211 the sixth order graphs.

Hence making use of (2.14), (2026) and the fact that the crossed
contributions get added up to the uncrossed ones giving twice as much, we

obtain the following leading asymptotic behaviour in ths sixth oxder

§
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{6) 2 . 2
F\P/ (s, t3m )uu(-GG)t (21nt+xw)b3(s9m ) (2.30)
where 1 3 ?3»
2 \ -1/n 2
b3(s,m ) = ]. ]—{ d?ﬁ é( _?3—1) U (’ﬁ9s’m ) x
o J=1 =1

E lné\;1(7\1+7\2)(732+7\3)} s mj

(2.31)

He Conclusions end Remarks.,

Ve have now derived from conventiconal perturbation theory the
expression for the function b3(s,m2) as given by equation (2.31)., This
function as we know occurs as the coefficient of g6 in the perturbation
expansion of b(s) (see eqn. (1.28)) which itself is related to the
asymptotic behaviour of the absorptive part in the t~channel (eqn.(2.26)‘)n
At this stage, therefore, we are in a position to make a comparison with
the results of dispersion relations and unitarity obtained in Chapter I.

Consider the integral
3 -

f1ﬂ any 6 2173—1)[7\17\2%35-m2(7\17\2+7\27\3+7§?\1)]—1 (2.32)
=

o j=1

(32)

occurring in (2.31). One may write a dispersion relation for this in
the complex s-plane., It turns out that it has a branch point at s = 9m2 and
an asscciated cut starts at this value. If the mass of the vector meson

in our problem is cqual to that of the scalar (or pseudo—soalar) pilons

which is allowed by the rather general mass-range (see eqn. (1.24))
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ussumed for the vector meson, ithe branch point at s = 9m2 can he identified
with the inelastic threshold., Honce cne expects that within the elastic
ranze, (2.32) does not have an imaginary part. The same applies to the

other integral in (2.31), that is

It

1. LB, 3
/ H NS Lgﬁnu‘%xﬁe,m’f) 1] KN 2) 0tng) 1
o J=1 J= :

although, in this case it is slightly more difficult to write a dispersion
integral with known weight function. However, the analytic properties do
not appear to change with the introduction of the extra 1ogafithmic factor,

that is we again have a branch point at s= 9m2 coming from the denominator

ocnsigting of U()B;s,mz), and an associated inelastic cut. This mecans that
(33)

b3(ssm2) possesses a non=zero imaginary term that would contradict

the vital oondition (1.28) derived from the elastic unitarity in the last
chapters The condition (1.32) is based upon simple Reggo~pole behaviour (1025)
of the vector meson apart from the elastic unitarity (1.23% One obvious
consequence of all this would be to conclude that, if unitarity (elastic)

is to preserve , simple Regge-pole behaviour of the vector meson is not
entirely justified. In fact, itaappears‘thai there is a Réggeﬁpole which
correspondg to the planar graphs of the type Fig. 2(1) and its suitable._
iterations in the s~chennel, plus some other equally important singularity
corresponding to the non-planar graphs of the type FngQ(ii) and its

suitable iterations. This would then lend some further truth to the

already existing beliof that Regge-poles are associated with 'end=point effects,
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that is they arise out of intogrations near the edges of Feynman hyper—
contours associated with planar ladders. Models of ficld theoxry in which
cne deals with such graphs correspond to potentizl scattering and hence
Regge-pole behaviour is expected., However, in a fully relativistic model
in field theoxry where Feynman diagrams possess all three Mandelstam double

(5)

spectral functions s the Regge~pole approximation is not possible.

In the following we shall make a few remarks rélated to our results,
(1) Ve may remark here on the apparent simplicity of the pinch arising
in our graph as compared to the pinch arising in the graph discussed by
Polkinghorne in Section 4 of Ref. (28). In our case the pinches move towards

the end-points a,=0 and B1=o when we integrate near themj whereas in the

1
more complicated (and higher order) graph discussed in ref.(28), one
requires at least (n+3) parameters to be set equal to zero (see eqn.(29)

of Ref.f8)) to move the pinches to the origin. But this is not at all
important in relation to what we discuss here., Vhat is important is that
agymptotically there do arise pinches inside the physical contours of '

integration of parameters a, and Bg [ see eqn. (2.24)] which have to be

2
appropriately accounted for before one goes on to integrste near the edges
for logarithmic enhancement in the asymptotic behaviour [ Sce eqns.(2.25)
and (2.26) ]o Also since the behaviour so obtained turns out to be of the
same order ( mtlnt) as that of the planar graph, one cannot simply ignore .
it. Hore we would like to mention that we do not believe as does A.N. Chesiis)
that complete cancellations can arise ocut of the addition of crossed graphs

(i)', (i1)! and (ii1)' (given in Fig.3 and Fig.4) to their uncrossed

counterparts, thus introducing Kronecker type singularities in the angular
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momentum plane. Ve find that the imaginary asymptotic behaviour is
associnted with the occurrence at t = wo=ig of a singularity given by
pinches in the ¥ and y integrations ard end-points in the p-integrations.
This contradicts the elastic unitarity if the pure Regpe~pole assumption
is retained, which is undesirable,

(2) If the pion line is replaced by the nucleon line, our arguments

remain unaffected. This is because when spin is considered cne obtains

a spin-dependent factor in the numerator of the asymptotic behaviour of the
Feynman integral. The remaining integral being spin-independent is similar
to that occurring in the case already considcred. And since as we have
found that this part does not Reggeize, inclusion of spin would not make any
difference. Hence the vector meson does not Reggeize even in the vector—
spinor intcractions. The case with spin could also be dealt with on the

(ﬁ)’

basis of helicity formalism (Pnrrity consorving) of Gell-Mann et al

(33) could again be established

and the factoring of the spin independent part
on these lines. Thus we find that as far as graphs upto sixth order are
concerned a vector particle does not Reggeize for the odd=-parity part of the
secattering amplitude in the complex angular momentum plane, And that this
non-Reggelzaticn helds both for the case of vector—scalar and vector-spinor
theories.

(3) Ve would again like to stress that, what we have done earlicr, should be
true strictly when the lecadiag asymptotic terms are kept, only. The result
may change if in each order of perturbatiocn theory all the asymptotic terms

wore retained. However, for a complete high energy behaviour, one has to

resort to more powerful and rigorous mathematical technigues such as Mellins
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: (31) L s
transform method of Bjorken and Wu'~ '/, which hag been developed in stages
by Trueman and Yao(21), and then for complete hish enkryy belaviour of

(21)

ladder diagrams by Polkinghorns.

(4) Finally, we would like to point out the importance of going to higher
orders ani checking whether the asymptotic behaviour agrees with the
predictions of unitarity and S-W transform or not. But this problem, no
doubt, gets more and more involved as one goes to higher orders, because
the choice of graphsbecomes larger and larger. There is, however, another
cqually interesting problem, although not directly included in the
'Regpeization programme' of Gell-Mann et a1(11), which is iteration of
diagrams tc gencrate ladder diagrams and then summing up the infinite
series of high energy terms coming from each order. The iteration can also
be donc by the methods of partial-wave Bethe Salpeter equation Wherékn

one takes an irreducible Feyuman diagram as the kernel of the equation.

In part II e would discuss this problem and apply it to the case when

the non-planer graph Fig. 2(ii) is the kernel. Ve would, howcver, apply

a two particle iteration procedure and therefore, a priori, may not

(13,28)

expect to cbtain a Regge-cut in the angular momentum plane.

An interesting mode of iteration in the s—channel in connection

(28)

with a Regge~-cut behaviour in the light of Polkinghorne's work 1s given

by the following diagrams

S sy

- ow
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Hoie wo nobice that a planar Jadder has beea inserted in a non-planar

graph. The mode of iteration, as we suve, is not _two particle, and it is

not possible to pick out an irreducible graph which would serve as a
kernel of an integral cquation for the iterated amplitude, Ve may,
however, find the high eonergy behavicur of the corresponding Feynmen
amplitude using the technique of Ref.(28), Then summing the infinite
asymptotic series generated by the iteration in the s-channel, one may

(7,8,9,28)

explicitly cbtain the form of the cut. The reduced graph

obtained in the high energy limit from Fig.(5) is given in Fig.(5).

T ot
FIG.(5)"

The graph between the vertices (b) and (c¢) when evaluated in two dimensions

(28)

gives an exprossion for the Regge—-cut contribution to the high energy
behavicur in t. However, the two blobs eb and cd in this diagram are
additional, and one expects they would change the form of the spectral
function entering in the cut-contribution as referred above.

Thus, we see that any diagrom which does not satisfy two particle
uniterity, and has the third double spectral function,according to the

(13)

conjecture of Mandelstam is expected tc generate a Regge—-cut after

suitable iteration.



PART 1i
VECTOR MESCNS AND COMPLEX

ANGULAR MOMFNTUM
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Racently there has bssn a general irierest in the Regge Foles
in Field Taeory, i was pointed out earlier that elementary particles
which are introduced as fixed (nop--continuabls) singulariiies in the
4.plane or as the Born terms in the lowest order, start moving,becoming
members of Regge trajectories when higher ordexs are also included,

The process of including higher order correztions in the coupling

constant or iteration as we have earlier called it, can also be

performed by means of the Bethe-Salpster equation. This problem

however differs from the so-cailed Reggeization (oe non-Reggeization)
problem which has been dealt with in Part I for the special case of vector
mesons;

In analogy with potential scattecing,Regge poles in Field
theory represent composite particles, bound states or reschances., It
would bs nice to have elementary particles repressated by Regge poles,
because, then they could ba looked upch as dynawmical slates composed of
one another.  Considering all this a conjecturs was made by Chew,
Frautschi(3)and Mandelstam(4)that a criterion fox a bhootstrapped theoxy
is the absence of Kronecker delta terms in all channels.,

In the foregoing work we attempted to verify this conjecture for
the vector mescn channel in ocur problem upto sixth order of perturbation
theory. Our answer was possibly no Reggelzation for the vector meson.
In higher orders the number of graphs becomes unmanageable. Ve are
in the following tnerefore content to situdy the analyticity of particular

modes of iteration Ffor the 4th and 6th order diagrams involving two and
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-

three vector mesons in the energy channel respectively. Vle assume

the interaction between a spiu zers "nucleon® and vector bosons occurs throvg
a conserved curreni. Thus the vector neson is a gauge particle(37)
and the coupling is rencrmalizable,

In Chapters IIT and IV we would consider the iteratinon to
nvolve two vector mesoms. The box graph (Fig.6) invclving two
vecior mesons in our problem is logarilhmicelly divergent. Since
the vector mesopn is coupled to the scalar “"nucleoa®™ through a
vonserved cuxrrent, we can remove this divergence by adding the suitable
comvinabicis of direct interection 4th order grapus as is explained
in the beginning of (hapter IITI. We then perform the integration
over the loop momenta. In Chapter IXI, Section 2, the partial wave
projection is perrormed which is then continued in the complex € plane.
This however holds only fox He £>1. Therefore, the analytic continuation
into the region Re ¥31 is necassary. In the contiuvation to €= 1,
we night meet Kronecker delta type singularities. We ignore all such
terms, because, we are interesied only in the analygtic part of the
scattering amplitude. After this continuation we keep only the part
of amplitude which is singular at € = 1.

In chapter IV, Section 1, we define the Bethe Salpeter(48)
equrtion and perform its partial wave projection. The singular part
of the box diagram is thon put as the keirnel of the partial wave
(42)

B3~equation which is sclved by Fredholm's method in Section 2.

The solution, however, does not originally hold for ¢ = 1. In

Sectlon 3, this is continued to the point €= 1. In Section 4, we
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Pind whe singularities of the solution near © = 1.  Ws obtain two
Regge poles the trajectories of which intersect for s ::6#2, thus
defining a branch point in the s~plane. Also for zero coupling
1imit the trajectories pass thrcugﬁ 4= 1 and give a simple pole for
?68 -~ the transition amplitude obtained by iterating only the part
singular at v= 1. Also towards the end of this chapter, we apply the
asympbotic theory to this problum and ggain obtain two simple Reggs
poles near ¥= 1 with approximately the same trajectories ag derived
before.
Tr: Chapter V we apply the method of Chapters IIT and IV to
the problem of iterating the sixth order graphs discussed in Part I
of this work. W2 take as the kernel of the partial wave BS-equadion,
the sum of partial wovs projections of lhe sixth crder graphs of
Part T. The methed of iteratbtion is again two pariicle and thevefore
ne cannot preclude tvhe possibility of a Regge behaviour. In effect,
in this problem threc different ladders corresponding to the Graphs
of Fig.2 are generated, and the results then summode Each ladder also
includes a corresponding ladder coming from the crossed graph. Thus,
in Tact the complete sixth order leading singular amplitude in the
€~plane is generstua vy the partial wave BS-~equation formalism.
Also, since, in this problim a dlagram is involved which has a
nonmdefinite(9)coefficient of t (the asympiotic variable) in the
Feynman denominator, it would pcssess a non-vanishing third

Handelotam double spectral function. Two particle iteration of
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(51)

such a diagram is known to lead to an essential singularity

the € ~plane. However, this does not hold in our model because the

1
kernel happens to be separable or degenerate(éz)c
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Section |  Feynman Calculation

As siated earlier, we are interested i the iteration of the

4th order btox diagram of

P2 Pe
¥ig.6.  The method we use for 31ty e S
o M
. . e 3 i
sich wi iteration is the i
&
s (48) s — g s
rartial wave Betha-Salpeter Sy Gz
o,
Tk k| O A + - i
iquaticn. For +that maiiter, we R SRS EE
) P 2
propose vo firsv calculate 1 ?i: 3
Fig. 6

the exact Feynmau amplitude in
+he 4th crder, We shall then btake its partial wave punjection; etc.,
o be fed into the partial wave Bothe Seipoior Dguaition for the study of
analytic bekaviour. Before we start with the Feynman calculation,, we
would mention our notation, briefly. To each internal scalar 'nucleon'
line, corresponds the propagator,

_.i[qz - qu + ig] -1 (3-1)
where £t is the scalar 'nucleon' mass, The propagator for the internal
vector meson line indicated by a wavy line isg

2 2 -1 '
- - m + i ¢~2
i[q ie] 8, (3.2)

where m is the mass of the vschor meson. Further with each three point
vertex, we associate a quantity ig/7™ , where g is the coupling constant.

The transition amplitude for the graph in Fig. 6 1s given by
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4
R * 2 2. . 2
1Fipij) = <%_>fd4q F(q) {{q ~m +ic€] [(q~p3) - Mz—!- ie] x

2

2 . 2 2.
x [(q_Pl"Pz)z_m +13_|[(C_I"'P1) - B%%igll
(3.3)

where
P(a) = [(2p-a)(2py=a) y[(atp,~p,)(2+pp~py) | (304

is a polynomial in q of 4th order, and pij = pi'pj (193 = 1,00094)

are the scalar products of four vectors. It is easy to see that the
integral (3.3) is logarithmically divergent. Hence, 1t is necessary
to remove the divergence before we evaluate the expression. For that
matter; we adopt the conventional procedure of renormalization(36),
assuming gauge invariance of the theory. This in turn demands the
introduction of a term of the form ®@*7&37 in the lagrangian.

In addition to the above, there will be a term consisting of a direct
scalar ‘nucleon' scalar 'nucleon® interaction of the type 7VP4 .

However, to remove the divergence from Figure 6, we only require ah
additional %erm in the Lagrangiax of the type @@*mh37 . Accordingly,
in the 4th order, we shall have two more diagrams (see Figure 7) to add
to Figure 6. This would then remove the logarithmic divergence as in

( \
the case of Scalar Electrodynamics‘22’36’.

Thusy in practice, we just
ignore the divergent term in (3.3), and since we would be interested in

the leading singularity at €= 1, we do not have to add the graphs in



(9]
N

figave T explicitly to the

N
result in (3.2). This is o R -\,/! <
’ N ~%

because such graphs do not
have t-dependence and hence (a) (b)
in their partial-wave
projection contribute terms Figo 7
1like dao(fiied Kronecker type singularities)., However such terms
cceur to the left of €= 1 in the angular momentum plane and hence may
be neglected.

Therefore, we separate from (3.3) the dlvengent part, by

(37)

making use of Feynman parametrizetion and the allowed shift of

.. (2537 e At . s , - s .
origin . This divergent part is then compietely ignored in the

(25)

subsequent calculation. We then apply symmetric integration procedure

to the convergent part to rewrite (3.3) in the form

B.(p..p @)  By(p,.,%)
1 (3.5)

where f d406 C[d.cx ao dor dot 5( 1) (3.51)

1=1.
Before giving the interpretation of the new symbols in (3.5),

we spzll fix the Lorentz frame to be the centre-—of-mass system for the
particles (1,2) and (3,4) ({(Figure 6).
Thus, B, (p ,CO and B,\p ,&) are, in the C.M. system for the

particles (1,2) and (3,4), of the form



\Ji
On
°

2 2 2 ‘ -
B1(S;t§pi,/l s IOC) = Ba, \WOL) = 3A1(PiJOC)°A2(Pi9O€) + 8 - 2%,

2 2 2 2 . L2
Bz(s’tgpiﬁ‘lu s 1 IOC)E Bg(tga) = [0-1 (plia) -t ][Az(pii O) - t}’ (396)

where

by(pgset) = {0p=1) py#0y(pp4p,) + (@1,

. (3.7)
Az(pi9a') = A-‘ (piQC‘) + P4 + P2 . ”
In the above formulae
2

5 = (p1 &+ Pe) 9

and
42
t = (PJ;"PQ\/ ] (368)

are respectively the total energy syuared ond square of the momertum
transfer in the C.M. system. The explicit expression for B1 and B2
. . . \ . 2 2 2 -

are given in Appendix A,II. The quantity D(sgt;pi, £o,m" | o) = D(%,q)
A . . . . 2 N

is the usual well-known Feynmah denominator, linear in s,t,pi,# and

2 . . . . e -

m , whose explicit foum is also given inh Appenaix A.II, The transition

2

function defined by (3.5) is in fact a function of S;t;PiaU snd m2 and

will be denoted from now onwards as F(s,t;pi), where 1 = 1,2,3,4.

Before we go over to the next section where we shall be dealing
with the partial wave projecuvion of the Box diagram and then its
ahalyticity in the complex {%plane, we would like to specify our
notation concerning the Bethe-Salpeter Ejuation variables.  The
following coordinate system is going 1o be useful for the partial wave

Bethe-Salpeter Equation,



p, = { M§»+ m> . q }

N
P, = {(E%% - w) , ~q }
(3.9)
Pa T {<ME-+ w?) 1}
¥3 7 2 I L
We shall also use the following generic symbol
E = (w;0) 5 a=|g]| (3.9")

for a two-dimensional space-time vector whose space coordinate g
» . - s - . 5 -
varies through the region (0O.0); while the time or enengy variabie

from (-ou -co),

Secticn 2¢  Partial wave projection and apalyticity of

F,(838,E') in 4~plane.

o

Ve start by defining Eb(sgpi) as the partial wave projection
of F(s,t;pi), This is done to avoid the question of convergence
of the partial wave infinite series

B(s,t5p0) = N (2£41) P (2)F,(s.0%)
Flsstipy) = ) (2T ls,00)

whence inversion beccmes doubtful.

Hence we define F6 directly ass
+1

{(zidz , (3.10)
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where z = cos 0 is related to t through the relation

zw.qgé-i- zqq‘z ? (3111_'.)

t = (ahw')z - q
where q and @ have been introduced earl ier.
Since F(s,t;pi) contains the functions B, %300) and Bz(t;x)
which are respectively linear and quadratic functions in %
(Appendix A.II), the following formula(38)

+1
.[ xm(GLX)_lpé(X)dx = ZUmﬁé(Uﬁ ,(for m < ¢)

-1 (3.12)

is going ‘to be useful in taking the partial wave projection. Notice
that in the above formula for m > € +there are Kronecker delta type
singulaxrities. Since we shall be interested only in the analytically
continuable terms in the complex angular momentum plane we shall ignore
such fixed singularities, Also since F(s,t;pi) has the function
Dz(t§00 in one of its denominators (see Bqugtion 3.5), its partial
wave projection Ea(s;pi) will contain, apart from the single 616
function, a derivative of Q, as well.

Using the above and a suitable representation for the

(38)

derivative of the Qg function

1 P T N | n = fmnpre 1
020,00) = Ble+1:3)H (2,07 7)27 7 (=) (&4n) .. (rl)o T 070,
3.13
where ( )
H (6,07 %) = F(3eednt1,30+dnsd5443/2507 %),
(3.14)

T(3) T{er1)

B(o41,%)
I{er3/2)

]
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we cah write F5(39P§_)’ defined by (3.10), as

2
o 4 . rl N £ j j
FolsiE,8') = ~(g /p2)B(4+153kaq )77 ) (d Y00) . (3.15)
j=0

the symbolical expreslsions in (3.15) are in Tact abbreviations for

(d€"5,¢6(3)) = f dazdaé[d(a)18”3¢6(3)(az,aé); j=0,1,2
o (3.16)
whers A(®) = *,0, and
1 4
() (o ay) = f dalaa3&< “i“1> [r(e)17% ) ().
O &

1=1

P
¢ (3,17}

For simplicity all the explicit dependence upon s,&, E',MQ and m2 in

Fg is being ignored. Such a dependence, apar’ from the factor (qq')&"-1

outside, also occurs, through fg(j) (see Appendix A.II), in ‘;06( 3)
and therefore in F,. Also, the explicit form of 7() is given in the

2 (3)

aforementioned Appendix. Here we would like to mention that the = 2 8
depend upon € only through the hypergeometric functions Ho and H_];
According to the properties of Q'€ , and therefore of Ho and H,], we can
continue our F@(Sﬁpi) to the complex f~plane in a usual way(1o’15).

For Ims £ C 1%t can be easily shown that 7(a) can never vanish
in the domain of Oﬁi—-in‘tegrations, so that the@éj)ts are analytic for
all?, except at the points &= — (2k+1)/2 (k = 1,2,...), where they
have simple poles due to the H functions. But, these poles are

cancelled by the zeros of B(f4+13%) and therefore cannot affect the

analyticity of Py in (3.15). However, we notice that d(a) = a0

vanishes when either or both O and & are zero, In which case the

2 4

function Fg becomes singular for a certain region in the &-plane.
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We also notice that the singularities of Fy can only come from a
region where &(% vanishes, waich is the edge of the 012914)
integration space.

Thus, (d{;j,¢{§j)) is analytic for Re£> j-1, and since
Jj = 0,1,2 no singularities of(péj) are meta

The above analysis shows ‘that F{ﬁs;g,if), dofined by (3.15)
exists only for? satisfying Rz €>1. In order to extend the domain
of analybicity of F, into the region 0<Re £ L 1, we continue
analytically only the function (deZ’ ¢g?)), since the others are
regular in this region. The remaining functions shuuld be taken
into consideration, of course, together witk (d{LZ, @g?)), when one
gets to the region Re € <0 and Re € £ -1,

Using the Lygumont™ expansion(39) ofcxzemz ando 48“2 in the
neighbourhood off =~ 1, we obtaihs

—

2

2

)

+ (5“’1)0’.2_16110( -+ o0 0

-1
=(£=1) cf(az) + o 5

—1 (3.18)

'6"2'_1 ~1 { -1
%, ={£-1) €(a4 ) o+ o, + \6—1)a4 Ena4+ cea o

Multiplying the above together, we get

(0, ) 722 [ale) 1972 = (4-1)7%6(0) )6 (et )+ (£-1) 7L

{a wla(a2)+a2“1€(a4)§ + regulayr terms at €=i.

The expansion (3.19) then a“lows us to write the expansion for the

whole function (df;z, wg?)), as follows,

4



61,

(dﬂ—zng(z)) - (6—1)~2@6(2)(0,0)+(€_1)~1 X
-1 (2) -1 {2
X {“/docz 5 Pg (OL2,0)+ [d.océocé ¢ )(Osa4)}
+ regular terms at =1 , (3.20)

which is obtained from the substitution of (3.19) in (3916) for

j = 2, One examines, at this stage, the residues of the apparent
doubie and simple poles in (S«ZO). Also, one further notices that
Gue to the structure of wif) (Appendix A.II) ¢§f)(0,0) when £ 1,

behaves liks

. (2) . ) — —ry am ~1
Lim ¢,°“7(0,0) = ~4(£€~1) dalga3§(a1+a3 1)[T(a2_a4_0)] ,
£ =1
” (3.21)
and
0, %) (a,,0) and ¢.*)(0,a,) ben ; i1
P X P : Oy ehave respectively like
(2) -
. i/ . 2 \
Lim ¢, " (®,,0) » ~ (£-1)(3-a,) " da, da,d(a, +o,+a 1) [7(0a,=0) ] ,
< =1
Lim ¢ (2)(0 a,) =» - (£-1)(2-a )2 da,da, (o, +o +ot =1 ) [T(a ~O‘]~1
2 774 4 1773 1 73 74 274

(3.22)

Therefore, by applying L'Huspital's rule to (3.20), we may evaluate

the residues, and hence we fipd that (d{}z, ¢i?)) in fact has a simple

pole at €= 1, and its actual Lavrent expansion is

2 - >
(2,0, 2 {11 lAls ,m®)eB (s 0% 58,8 )

+ Cyls,uf,m%5E,E01 (3,23)
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where

2 . -1
A = al — = =
Als ,m”) 4Jda1c13§(a1+a li[T(azua4 0) ]

3
(3.24)
-
B(s,uz,mz;gsz') = t]éa do ga3a2 1{.o(a1+a2+a3—1) X
X Tmlxa =0)- (&—az\ ~4$(a ro, =107 (a =0, =0) }

+ {/éaldaéda3a4 [?(a1+a4+a3n1) X

S ) | -1
X T (az—o) (2~a4) ~4§(a1+a3m1)-f (azzaézo):B -

i

(2)
/ﬁazdaé(azaé) 04 (c aocll_) .

(3.25)

where each of the above two curly brackets contains integrals
regularized at the lower limit. This is so, because, the integrals
appearing in (3.20) are in turn assumed to be regularized respectively
atO(Q = 0 and oc4 = 0, The definition of regularization is given in
Appendix A.III. Finally, since Ce(s,uz,ngg, g) is a regular function
in the neighbourhood of ¢ = 1, such that C1(s,u29m2;£§, g') = 0, we need
not give it explicitly.

Hence by using (3;23), (3.24), (3.25) and (3.15), we can

write F y) ass
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Fols:E,E )= (g"/,,2)B(0+133) (aa) e fe=1) e als,mP)e

2

2 2
+ Bls,n 58, 81)4C, (5,02 %, 80)-(aT 1,0, (1)

L

“(d69¢@(0)}}

(3,26}

In this form F, is analytic for all € satisfying Re € > 0 and

&

¢ % 1, Toré=1, F, has a simple pole(4o) as (3.26) shows,

£
As remarked earlier, one may, by using the same technique,

continue F(, in ¥ into the region ~1 <Re 4 é 0, and so enlarge the

domain of analyticity of Fy towards the left of Re € = C.  The

only difference that appears is that both functions (deQ, ¢$€)) and

(d{%1,@{51)) have now to be tuken into account for stch a

continnation,

Since we are particularly interested in the singular part ot' the

expansion (3.26), we introduce a special notation for it, i.e.

Fos,8,8') = (3%, 2)R(6+1;4) (qa ) 7 lals,m?) (=101,
(3.27)
where the superscript s to F , indicates the singular part or the
part containing the simple pole.
In the next chapier; we shall put (3.26) as a kernel of the
Bethe Szlpeter equation and try to find its solution by the Fredholm
method, Also, inh the begianing of the naxt chapter, we shall discuss

some important points regamding the BS-equation and its solution when

the kernel is separable (which also would be defined there). However,
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in pessing we shall make a few remarks here, In the Eguation (3.27)

()

& in the complex apkgular momentum

ws have found the singular part F
plane by an analytic continuation procedure represented by (3.18).

The singular part (3,27) (Singular at € = 1) represents an analytic
function in the whole {-plane except at the points €= 1, =1,-2,..,
where it has simple poles all of which except ¢ = 1 come from the
function B(€ + 15 &) (Bq.(3.14)).

We shall suppose that the nature of the singularity at © = 1
of the whole amplitude obtained by iterating (3.26) is not very
different vom the nature of the singularity at € = 1 obtained by
iterating only (3;27). The reasoning is very similar to that when
considering the asymptotic Lehaviour of the graphs (See Part I of this
work); One assumes that the asympictic behaviour of the sum is given
by the sum of the leading terms in each order of the perturbation
theory.  As mentilored in Part I, although generalily speakilhg,
counter—examples against this assumption can be found, yet such examples
do not change essentially the pature of the singularitys for example
Regge and non-Regge bchaviour especially for planar graphs.  However,
the technique of the BS—-equation does not seem to share the obvious
draw-back of requiring the coupling to be weak as it is for the
case of the asymptotic theory. In the asymptotic theory of Feynman
graphs one demands the interchange of the two limiting procedures

(as discussed above), which, a priori seems to be justified only when

the coupling is weak.
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et o st 1

BETHE-S4LPETER EQUATION

Section 1:  Partial wave projectirn of the BS-equation and

symnetrization of the kernel:

In the last chapter, we have already defined the BS-wvariables
E(q,w) we shall find convenient to use here, However, the partial
wave Bethe Salpeter equation itself was not introduced. Here we fivrst
introduce the Bethe-Szlpeler equation for the elastic scaitering and

then take its partial wave projection.

P, P, P, P, P p T,
-~ / B ""‘?7/ _‘«.v-m*%*::—i-)—-:/fﬁ‘\f e
p T = ( F + Foo (, T
N\ : N
- R ﬁ?;»m\uw,/‘€~“"\xw -
Py 3 1 3 1 Pg Ps

The Bethe--Salpeter equation of two idential scalar particles of mass m

can be written as:

T(5:8,E';8-Q') = Fi{s;E,E*;§-8")

+ I/ZWf dzi"q"zjézﬁ”hz(S;E”Z)F(s;g,g";q-au) )

X T(S;E“,E';ﬁ“"f’l') (4.1)
where oo Yoo
fd?'i’;' = dqr dw ; and
o
~co

—

— f
h(sig"z):—"fZ'fT[ § (r,% + w" )Z—q"2~,LL2'+i€}{ ('J%&_,n )2

N

2 2 .
- q" = +ie}] s
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2 I4
depends only on &'"" (our abbreviation for q"z;m”?) i.e. does not

involve angular variables g'"(0",o'"). §'

being the unit vector
having (0",90") as its polar angles.
The partial wave projection defined by (3.10), can be
~ewritten ass ‘ ‘
Pl ) = (%) [ r(siEg8-3P,08:4)a@8")
(4,2)

We define the following new variables in the C.ll. system.

cos 6" = §+§" = x; cos 6' = §-§4' = z ;
5 L 5 L (4.3)
and cos ¢ = zx + (1-x")2(1-2" Yeos(p=p") = ¢
where 4' = (0',0'), §" = (6",0") and § itself is along the
Z=—axis, Then )
fdza" = f ci(cos@‘“)[ ap" ~ /'ca’ay!.ﬂ“ (4.4)
!, >0
where the Jacobgan
J = l Alx,y) I = } 1—3:2-<'y'2-zz+2xyz
d{ces 0",9") -
= N Kix,y,z) (4.5)
Hence the above transformation implies,
fdzﬁ" - [dxdy RME:Y (K)a (4.5)
N K
where © is the usual step function.
41)
However one can write (41
00 -
{ \'
giK) _ (2€+1)P ()P ,(y)?,(2) .
‘\/_ I{ L (407)

=0
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Therefore, performing vartial-wave projection of (4.1) according to
(4.2) and making use of equations (4.6) and (4.7), plus the

orthogonality of the Legendre Polynomials,

+1 26,, -
f P‘e(z)P&l(z)dz = 2‘6"‘1 : (408)
-1

one immediately obtains the partial-wave BS-equation ase
F,(8:8,E")T (815", E")

2
T,(4;8,E")=F (s;a,a'mwfd“zﬂ
¢ ¢ Ns “)2~q“2~M2+ie][(Vé—w”) -q
oo +w -
2 2
2
~Usig]
(4.9)

For our purposes, we shall use Fas of (5.27) in place of Fﬂahere.

This form of the partial wave BS equz%ion is not particuvlarly
suitable forstudying the anslyticity of its kernel in the Qs -
plane. This is because, in the kernel of (4.9) there is no symmetry
between the variables & and &". And hence when we define the norm
of the kernel, we notice that we obtain two different domains in the
©_plane for the kernel to be Hilbert-Schmidt type(42),‘ (The definition
of the Hilbert-Schmidt type kernel and its norm will follow later in

(42)
more detail)s Therefore, we rewrite (4.9) in the symmetrized form™> ‘ass

R, (s58,8') = K, (88,8 )+ [ 8K (a8, 8" )R (s;8,E1),
(4.10)

where the symmetrized kernel K , , in terms of the old kernel
F,o(s:E,E")

[(M§ +w’)‘-q'z~u“+ie][(M§~w')~q‘2—;}+ie] ,




68.

is defined as:

Kp(s58,8") = h(s;E) F,°(s:8,E)h(s;EY)
Ry(s;8,8') = his;E) T, (s3E,E" )(s;E") , )
L ) (4.11)
hla;8) = (2m)7? [{{'§ +w)g*-1%ie} x
1
X {{d% - w)2~q2~ﬂ2+ie}]"2

In the right hand side of the first equation in (4.11) the supsrscript
g %o F, indicates the singular part (having pole at &= 1) of F,
given by (3.27) which we are .yoquired to iterate in our work,

The form (4.10) represents an imtegral equation for the
resolvent of the kernel X 6(8;&, £). Ve can write it in the operator

form as

R4s) = K (s) + Kgls) Ry(s) , (4.12)
where R s) is then simply expressed in terms of R fsf, &) as

Ry(si,E) = < E[R(s)]E" > (4013)

That the form (4.12) is completely identical to (4.10) is
trivially verified by inserting a complete set of states in (4.12) and
again making use of (4.13)

Tae inbegral equation (4,19) belongs to a class of singular
integral equations because of its kewrnel being unbounded in the domain
of integration. However, this could be avoided in two steps as

follows. If we consider the wnphysical region s<:¢$2 then we know
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tnat the pinches!®)in the w-plane in the kernsl of (4.9) oan be
(44),

avoided, This can be done by a counter-clockwise Wick®'s rotation

@ - dw (4.14)

w? = iw'
of the intermediate energy variables, up to their imaginary axes.
This prescription also makes the arguments of the Legendre functions
CQE and those of their derivatives positive definite,thereby making the
kernel oompact(44).

There are, howevery some objections against such simultaneous
rotations of the integration contours, which point at the possibility
that such a procedure would give rise to additicnal singularities like
complex ones in the energy plane; However, one hopes tha’ this trouble
can be avoided if one considers thsse rohtations as series of

(46/in

infinitesimal transformations carried through step by step esch
W —integration.

Section 23 Fredholm's Solution,

In this section, we shall find & domain in the complex ¢ ® s -
(42),

plane where the Fredholm's theory is applicable in our case,

That is one finds a domain A({,s where the kernel is square integrable

%, ()] % = fdzgdzz—;' K, (s:8,8'|%a%2a%E" <o ,(4.15)

where Ké(s) is the symbolical notation for the integral operator
having K&(S;E,E,') as a kernel, We mention here once again that we

are dealing with the singular part (3.27) of the kernel only, i.e.



T0.
K (838,8') = (g°/, 21B(£+1;4)A(s5m%) (4-1)" { (qa") ¥ x

5 _L _L
X [(M-% T LA P [(“f-% - w)2q?Piie]T? «

L 1
S [(V% + w')z"Q'z—#2+i€]_z [(J% - w')2~q'2my2+ie]"2}

(4.16)

The integral operators satisfying (4.15) are called Hilbert-Schmidt
type,
Also in (4.16) one notices that the kernel is scparable and

of rank ohe, where a separable rank n kernel is defined as
n -

K(x,x') = Z £, (x)g, (x'), (4.17)

-

i=1
where fi(x), gi(x') are two scis of square integrable functions.

A simple power-counting procedure for determining the required

domain A(4,s) is briefly described as follows. The real
£ ~intersection of the complex A(<£,s)domain is determined by
considering the following limits in (4.15)

(1) €89 = & 7, »8L)~ (c9c0) when £~ 0
and &, Ec') remain fixed. This 1limit in (4.15) would require for
square~integrability, Re €< 02 We would get the same inequality if
either& or €' - o, This is a consequence of symmetrization which
we hinted al earlier, In counting powers above we would also
include the powers coming from the integrations and would reguire the
total degree of divergence D < 0.

(i1) To calculate the other end of the real section of

A(£,s) in the £-plane, we would need the following other limit,
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(Q9Q’) = (qo‘tgqé‘t) "’(090) whaen + =0 (qoa‘lé fixed).

This limit in (4.15) would require, by the same power counting
procedure as above,

Re ¢ > mé/z .
Again, it would make no difference if either q or g! —> O provided, as
above, other variables arc different from zero and fixed.

No new restriction on Re © is obtained by considering any
other possible choices of limits, remembering, of course, that for
A(L3;e) we should only take the smallest interval., This turnsout to
be

-3/2<Re €< 0.,

Fence the domzin where Fredholm's theory is applicable is
, 2 ;
Al€ys) = {£,8; ~3/2< Re £ < Oslarg(/iu —:s|<7r§

(4.18)

whe:r.*e; clearly, [arg(é,u.z-s},ér takes care of the condition
Ro o< 4% (see the argument leading to (4.14)),
and defines the contributions to&(<;58)n the complex s~plahe.
It is also easily verified tha’s our kernel (4.15) belongs to

(42)

the ‘trace class in the same domain (4,18).

We define ah nth treoce of Kg(s) in & £,8)as

n R T
Ty 1{8(5) = /d El‘} Gz“"'d &n 1\8(8951852)1&8(53%23€§ LRI

zzﬂ(s;gn,gl) <o , (4,19}
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whence, also

Tr K@(s) = [dzE_', 1{6(3;5,5) <o, (4.20)

in the domain A(<£,s)e

Within this domain the resolvent equation (4.12) can be
(42>as

solved

[I—K{,/(s)]'—l Ky (s38,8)

)
[Dmli-&% Det (IK,) }K&(s;g,g' ),
4

R, (558, E')

il

(. K, =Ky K, being symmetric)

(4.21)
where the determinantal series(1o) is
Det (I-K,(s)) = exp.{Tr 1:1(1-1156{;:))}
ST BT 2 (Tr K.‘an)'(Tr K,
= T - =+ 1/20 ) - - SR
ZiJ n , ne'm
n=1 n=1

2 o2
=71~Tr K, - (£ Tr K, -3 (Tr K5 = oa

(4.22)
The formal convergence of this series inA(<€, &)} can be csteblished
according to the line of approach of Lee and Sawyer (see the Appendix
of Reference (1 0)), Thus the series in the numerator can also be
shown to converge because it is essentilally derived from the one
in the denominator. At this stage a few remarks are in order.
(1) The series (4.22) can also be shown to converge in A(4€,s)

for the full kernel obtained by substituting (3.26) in the symmetrization
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(4;11), Uowever, we are interested in the singular part FEFS) in
(4,11) alone, and we shall show that because of separability and rank
one property of thne singular part, higher powers than the first of
TrKg(s) in the series development of Det(1-K {s)) all cancel.
(ii) This remark copcerns Lee and Sawyer’s(1o)proof for convergence
of the series (4.22). ©Prior to defining a transformation which takes
the infinite domain of integration into a finite one which is required
for the applicability of the Fredholm's method, they define a
symmetrization of the kernel which gives the same Fredholm™ determinant
as for the unsymmetrized case. Thelr symmetrization is clearly
different and need not be confused with ours. Lgain, it is possible
to define a transformation similar to (4.7) of Ref,{10) which makes the
domain of integration for the evalvation of the traces finite in our
case alsos We, however, shall not neced this in our work here.

Now we shall discuss how in our case, the rank of the singular
part of the kernel (4.16) being one, the series (4.22) has just two
‘terms.

According to definition (4.19) of the nth trace, the series

A
for the Fredholm denominator(%z)can also be written as:

Det(I-K,(s)) = T - /kﬂ(s;al,il)d2§1+1/2;/yd251d2§2 %

{ KE(S;Elegl) Kﬂ(sz‘ilygz)
KolssE08) K, (s5E,,8,) |
- a3t [[[ Peiafeaey | ryleity) KleiEyE,) KyleiE,,Ey)
Kﬂ(sgg3’gl) K»@(S;E3’EZ),KE(S;E3’E3)

+ s (4.23)
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When the rank of K, is 1, one writes (see (4.17)),

Kﬂ(s;gi’gj) = f{,,(sgii) ga(sggj) . (4.24)

Then it follows from elementary properties of determinants that a

typical determinani of (4.23) of order n2 2 wiich can bs rewritten as

fg(El) gﬂ(El) fﬂ(él) ga(az) oo fg(El) gg(gn)
fgigz) ga(gl) fg{gz) gg(éz)_ cer £,(E)) gg(én)
f&(En) ga(zl) fé(Enl gé(éz) coe fa(én) ge(én)

(where we have suppressed the s—dependence for brevity) vanishes.
In fact, in general, it could be proved that if the rank of Ky
is n, then all the determinants in (4.23) of order highsr than or

)

equal to (n + 1) will vanish. Hence in our case

It

Dot (1=K () = 1-[ KlosEper,) 4%

(4.25)

!

I- MKAS):

The formula (4.21) for the resolvent now becomes
Ryfasf, ) = [I-TK,(s)]7 . Ky(s55,8) 5 (4.26)

the adjoint of (1 - K /s) Inow being I.

This is because in this case the functional derivative

) )
Xﬁg det(I—Kg) = gqiizyll [I~(K6)11] = - I
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Bquations (4.11) and (4.26) then imply

T,@(S;P;,E,') =[ 1~ Tr"K,@(S) ]~1 F@(S)(Si‘z"g') ’ (4.27)

where we are using the singular part (4.16) of the kernel Kﬂ(s;g,gt)

and, of course, F{a’s is given by (3.27).

Section 33 Analytic Continuation.

The region A(£,s) given by (4,18), where the solution of
(4.9) exists, 1s not of interest to us. This is because 1t does not
include the point € = 1 where our attention is going %o be
concentrated. We shall, therefore, analytically coutinue T z to a
larger domain in the €-plane than (4.18) which will also include the
point = 1, Thus, the analytically continued partial wave amplitude
T ,will have the representation of the form (4,27) only in the region
(4.18), and will agree with the actually found solution of (4.9) there
as well,

Yince F;(s;g,g!) is meromorphic, having poles at € = 13=1,=254.s
as a function of € apd defined in the whole complex £-plane the
complications arise from T:c-K&(s) alone, Let us therefore define a
new function fg,(s;,uz,mz) meromorphic in ¢, such that it has
representation of the form Tr'{és) when £,8 € A(£,s) (For the
actual form of TrK,(s) inA(£,s) see the Appendiz (41V). Having
such a function f@ we can substitute it for TrK{Zand an analytical

continuation of TE is carried out,
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What only remains now is to find the actual form of the
function f ,with the desired properties. This can be done without
ditficulty by explicit evaluation of TrK (s) in the domain A(£,s)
which we do in the Appendix A.IV. The integral which we have
evaluated there, is

]6

?

1
2, 2 )
V,(s,t")=]dqdwg h“(8;€)= 5 B(£+3/2;-4) dx[p ~sx(1-x)
o -

(4.28)
for |arg(plesx(1-x))| < .

This is meromorphic ir the entire € .plane and has sinple

poles al

€ - - (2k+ 1)/2 (k= 1,290.0), and

i

4

it

0,1;2,4-45 coring from the Gamma functions in
B( 2+ 3/2;~%), which itself is defined by (3.14).

Therefore; the desired form of f, is

2 2 -
fz(syu ,m )Efe(s)=Tr K6(3)=g4/2w2 A(s,mZ)B(6+1;%)(6—1) 1.

Vo (s,u°)
— 4 2 1 "'1
=g /4 A(s,m7)B(£+3/2;-£)B(£+1;3) (£~1) X
1
X f. dx[#z—sx(l-x)

o

]6

= = 84/2 WA(ssmz)[(ﬁ-l)sin W&]_l X

1
e j‘dx[ﬂzasx(l—x)]z s (4.29)

o



5 5 TTe
where| arg(# ~sx(1-x)) | or |arg(4y —s)| < w,

The equation (4.29) represents a meromorphic function in the whole
complex €~plane having simple poles a% all positive and hegative

integers, ewctpt ol =1 where & hasr o dauble pole.

Hence using (4.27) and (4.29), one writes

Il

T (8:5,8') = [1-Tr Ky(s)]7! £, %(e;5,8")

1l

[ 1-£,(s)77" £, (s52,81),  (4.30)

s L. )
where ¥ , is given by (3.27).
Now on the mass-shell pi =L42 (i=1,40.,4), and hence fwom

(3.9), it follows that

2 2 2 2 2 2
= p., = (Vs/2+w) =g =(Vs/2-w)"~q
# 1 (4.31)
= (fs/24w1)%mq?= (s /20 ) 2=q1 2,
which are clearly satisfied by taking
w = w' = 0, and then )
q2 = Q'Z = (S“4u2)/4. (4.32)

Using, again, (4.27), (4.29) ard (4.32), one can write the transition

amplitude as

2 -
<S"4“ T S(e) = Ng,s) [D(e.s)]h (4.33)

N 2

Pal

where p 22 5
N(gs) = (g°),,3) (sin we) (220 Als,m)3(4+154)
(4.34)

1
D(£,s) = wrl(é—l) sin w£ + (g4/2)A(s,m2)[ dx[uz—sx(1~x)]£
e

(4.35)
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In (4;33) we have introduced a superscript on the transition
amplitude just to indicate that we have been using the singular part
(4;16) of the kernel in the partial wave Bethe-Salpeter equation

and expect that this would correspond to the singular part T{f of the
partial wave amplitude; As defined earlier the singular behaviour
refers to the singularity at €= 1. In passing we would like to
give the form of the function A(s,mz) occurring in the foregoing
formulas The function A(s,m?) which was first met in (3;24) where
the form of T was referred to the Appendix (A.4), coxresponds %o the
lowest order (i.es, 4th order) sclf-erergy graph (Figure 7(a)) in the
vector meson scalar “"nucleon" interaction evaluated in the two

(8)

dimensional space' ‘for conpvergence. Thus

4m -8 -

. 1
('16[5(4m2—s)] 2tan 1( ; )?; s < 4m2,

. 2, .
fi\sgnl J = *'\; (4:036)

2, -3 -1, s 3
{ ~16[s(s-4m") 1 %tan b~ (—25)%; 5> 4n” .

Note that A(sgm?) becomes infinite when s = 4m2 o

Section 4: Conclusion and Discussion:s

The properties and behaviour of the T{f in the complex angular
momentum plance can how be easily seen through equations (4;33) to
(4036), Here we just wish to mention that T, is analybtic when £
is a negative integer, since poles of the function B( €+ 15 %) are
cancelled by the corresponding zeros of sin Te

One of the characteristic singularities that Tes possesses in

the ¥-plane is when its denominator vanishes for a particular value of
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(£,8) in the (6 @ s )uplane. In the neighbourhood of & = 1, which,
as remarked earlier, is of special interest being the leading
singularity we meet in the analytic continuation towards the left in
the € —plane, ihe only singularitigscf T f (in the 2-plane) are given oy
the ronts of the equation

D(é,so) = 0, (4037)

Heore 8, is certain fixed allowed value of s,
We would now like to discuss in detail the properties of the

roots of (4.37). 2
g-4lLT g

Let eb be a root of equation (4.37) then (77~ ) .TES(S)

is singular at (fg,so) oniy if N(ﬂo,so) # 0. Such singularities,
which move in the €-plane as s varies in a certain domain are known as
moving singularities, If the equation (4.37) has a non-repeated root
= fb when, s = s, say, it will have, according to the well-known

theorem on implicit functions, one and only one solution in 4

¢ = afs), (4238)

which reduces to€'0 when s = s, anda (s) will be single-valued in
‘the neighbourhood of so; The equation (4.38) is the well-~known
equation for various Regge surfaces(47).

The situation becomes quite different when the given

equation (4.37) has a multiple root 4= 4% for s = s_ as we shall show

may happen in our case, Then (4;38) is a non-upiform function of s

in any domain which includes the point (f;,so). For example, let
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£ = 46 be a root of multiplicity 2, say, at (@O,so), then

5,D =0 but 3, 2D 4 o0 . (4.39)
o] o]

A point which simultaneously satisfies

D(¢y8) =0, 9,D(,s) =0, (4.40)

is called an isolated critical point(47); The corresponding 85, must
then satisfy the equation obtained by eliminating € from (4.40). The
points so obtained are known as the ¢~discriminant locus, and are
usually denoted by

£, D(£,8) = 0 . (4.41)

At a point defined by (4;41) the equation (4.37) has at least two
equal roots iné. It is also clear then that the condition (4.40) is
precisely the condition for a multiple pole of [ (s—éﬂ»z) /4]"&?63(5)
in the €-plane, Fufthermore; the condition (4.41) is also a

(47)

necessary but not a sufficient condition for existence of a branchpoint

in (4.38).

In our case “he explicit form of D(¢,s) in the neighbourhood of

L=1is
2 4 '
D(¢,s) = —(4-1)7 + g~ G(s) , (4042)
where
3 - 1
%(6#2—3)[3(4m2—s)]_2tan 1 ( ; )2 ;(s<4m2)
4m -8
G(s) = 101
-l o 2,3 2
%’(s—é,uz)[s(s—élmz)]zln{(” 4m2)i+sj } (s>4m2)
(s=4m~)2-g2
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To obbain (4.42) from (4.35), we have replaced Sin 7€ by — 7(4-1)

and have used the integral representation (see Appendix A,IV) of

1
/ dx [u,z-sx(l--x)]46
o

in terms of the hypergeometric function

F(-€,3:3/2, 5/s=4 2) .
which itself is approximated near € = 1 by

2(8—6P§l
3(s-4al%)

We have, of course, also used the expression (4.36) for A(spmz)o

Therefore, the equation (4.37), as an equation in€, has two
roots, both of them being functions of s given by pulting (4.42) equal

$0 Zero. Thue

(S

& 1 + gz[G(s)] R

1

11
!

al(s)
(4.44)

N

£ 1 - EZ[G(S)] v

2

11
It

az(s)

and are the two branches of the function (4.38). In other words,

this means that there are two points in the{ -plane which correspond

to a given point 5 in the s-plane. As s varies, then each of the 51'2"
points moves in their common plane thus defining two 5’-curves;

These two curves in the f~plane do not in general meet, but if
they do, the points of intersection are given by the roots of the
f-discriminant (4;41). The condition for the equation (4+38) to have
a branch point is given by coincidence of the €—curves at the point of

their intersection.
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The above analysis shows that bke two braaches of the Ffunction

€ =0d(s) intersect at the ppints given by the solution of
Ap(L,s) = G(s) = 0 (4.45)

The above is satisfied when s = s, = 6u2, and furthermore this point
is also the branch point of (4;38);
In conclusion we may say that ocur partial wave amplitude

T z(s) has_two simple moving Regge poles, given by the equation (4.44) in

the neighbourhood of € = 1 for s # 6”2; The Roegge trajectory has in
fact two branches (4.44) which intersect at the branch-point s = s = 6/
It is worth hoticing that the two Regge poles have in fact
arisen frow the procedure of analytic continuation o the region
£ = 1 of the BS-equation, Indeed, it is not difficult to trace the
actual origin of the second Regge pole. In Section 3, if we look
at the equation (4.28) which we need for trace calculation, we realize
that it diverges ualess Re € <~13 where Re? = ~1 is the leading
singularity for a four-point ladder in the case of spinless ¢
theory(8); However, in our case due to the spin of the vector
particles, the leading singularity in the C-plane lLas shifted to the
right by two vnits. In the neighbourhood of €= 1, (4,28) is divergent
(badly) and +*hus the continuation to this point gives an extra factor
of sin®T< near 4= 1 (Bquation (4.29)) and hence the denominator D(%,s)
becomes quadratic in (&-1) (See the equation (4.42)).
It is interesting to compare our result with the one expected

from the theory of asymptotic behaviour of Feynman  integrals as
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applied to the present model,
In this cose the lowest order irreducible Feynman graph the

leading asymptotic behaviour of which one should study is

d

N

wherc the solild line represents the "scalar" nucleon, and the wavy

line represonts the vector meson, The asymptotic (leading) behavioue
7=
of this graph is( ?)
4 2 ‘
g t(én t)eAls,m ), (4,46)
whera A(s,mz) is exactly the same function as (4.36). Since the

required process of itewation is such that the following asymptotic

series 1s generated:

[00]
1 1 -1/ ‘
g%t A? Z(ngz fn )20 1/\2:1—1); . (4.47)
n=1

one sumB this series to get the leading asymptotic behaviour as

1 1 -
= 2 2 <
gzt A% (;1+82A‘(S,m )_t1~g Az(s,mz):}. (4.48)

This implies two simple Regge poles with the trajectories

2 % 2
431’2 =1 x g"A%(s,;m") :
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with the plus and the minus signs for {% andflg, respectively;
This result also shows that there are again two simple poles Hear &= 14
The trajectorics are in almost complete agreement with +those from the
partial-wave Bethe~Salpeter methods (see equation (4;44)). The ohly
difference is an extra factor of (6u?~s)%'which seems to arise from gn
syon fuller analysis of the BS~equation methods; The factor of

(6#2—5)%'in (4;44) gives rise to a branch point in the s-plane at
8 = 6u?;

It follows from the above, that the second pole in fact
arises fuolh the presence of spin of the vector particle in this model,
which in turn requires that the iteration should involve 4th, 8th,
12th,;.e powers of g; Before we finish this chapter we would like o
emphasize again that we have ignored in our analysis all the non=~
continuable terms such as Kionecker delta singulerities, ‘yﬁl etc,
Such terms may othsrwise be present ih a geporal partial wave
projection of our box graph Figure 6 (see the equation (3.12) and the
following argument).

Our arguments, therefore, apply to the analytic part of the
partial wave amplitude, Iﬁe analyticity of such an amplitude

only near € = 1 is studied.
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CHAPTER V

ANALYPICITY OF DIAGRAMS INVOLVING THREE VECTOR MESONS

Section 1: Partial Wave Projection and Analyticity of the Sixth

Crder Diagrams.

The method and hotation adopted here is exactly the same as
in Chapters IIT and IV of this work.

We shall be interested in the partial wave projection of the
Feynman amplitude corresponding to the set of sixth order diagrams
given in the Figure 2. The Feynman expression corresponding to these
diagrams is, however, divergent. 4 suitable renormalization procedure
is, therefores; necessary. We choose the same renormalization
procedure as that of Part I and Part II of this work. Having done all
this we keep only the term 8t3 in the characteristic numerator of the
Feynman amplitude which appears for the graphs (i), (ii) and (iii)
(Pigure 2). This characteristic numerator always appears when spin
particles are considered. The remaining ignored part would correspond
to the singularities in the complex € —plane which occur to the left
of ¢ = 1 - the point where the leading singularity is expected. This
gives us a considerable simplificabtion of calculation as opposed to the
last model where we performed the exact Feynman calculation before
taking the partial wave prjection. Again, we have ignored the explicit
addition of graphs coming from & &* Wﬁ?ﬂi interaction because such
graphs would give rise to singularities either fo the left of ¢ =1
in thes4é-plane or to fixed Kronecker delta type singularities.  The

partial wave amplitudes for the graphs (i),(ii) and (iii) of Figure 2,
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by using the equations (3,10),(3.12),(3.13) and (3.14),can be obtained
ass:

F, D (s58,80) = 4(°,2) Bl&+1,3)(aqn) P! «

R
x [(a 1 73,0 07+ (r%]e, 13,

(1379
where *Pg Y (5.1}
(1R . (1) )
Pe (aBN) = 6tdI) Py (aBN)
( L (5.2)
0, 1 (apn) = ~0i-ap)e, ) (aom)

and (I) stands for (i),(ii) or (iii) of Figure 2. The notation
43 I .
{ !dII 9¢6( )) is given by the equations (3,18) ard (3.17).

Thus, we have

£ . -
(d 33 ) (I)) = dadﬁd%[dw(aﬁ%)]6'3¢ (I)(aﬁx)
(503/
o
3
aadpdN =: daldazdﬁldﬁz-ﬂ AN, F{Zo-B8+TN-1)
j=1 7
whereg06( I)(OL,B?\) canh be calculated as in the previous case.
After some algebra, one obtaihs
(1) _ —tg, (D) -1 | -2 (1)%,
0, (aBN) = AlapN)T 76D T T T TH +6(£+1) 7. D H,
3
I -3
+ (@+1)(6+2)D£ ) Ty HZI ) (5.4)

where H_,H,;H, are hypergeomstric functions given by (3.14)« These

-1
functions depend on ¢ as well as on Oy = [qufciI(Oﬂﬁ\)] 'TI(O¢$\).

(5.5)

(See the Appendix A.II) .
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Also
Ty (aBN) = - Dél)(aﬁ%) - dz(aﬁk)[(w‘w')z-qz-Q'z] ’
(546)
(1)

and when d; 7 0, T > - Do

“lso _ (5.7)
=2
5 (¢,07%) = 1
LY

QM& now give dI explicitly for the three diagrams
digy(aBn) = a, B, (0 +By+R,+0g )40, 6, (o +5, +R +N, )+ Ny By

+ azkzﬁl , (5.8)

d(ii)(aﬂk) = d(iii)(aﬁk)zalﬁl(a2+32+%2+x3)+a1%3ﬁ2+a2%2?1
- 7\10"'232 ° (509)

From (5.4), it follows that

I .
(5.10)

Log M ey g = ~(e-1)e-200 -0, )™ 8]y o

where & and DO(I) are the usual Feynman numerator and denominator

(23)y, (1)

(often called discriminations The subscript zero to D

nmeans take t = O in the denominator.
It is easy to see that for planar graphs d(oPN) is positive definite
and hence from (5.1) and (5.2) it follows that

L
e
(i)
Therefore @, = This corresponds to the fact that in the s&-plane

= 0, as it should,

single dispersion representation for planar graphs there is no
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(43)
contribution from the left hand cut. This is because for such graphs

the third double spectral functionptu is zero.(9)
In order to satisfy the requiremenﬁs of Carlson's theorem

and to have analytic functions which uniquely interpolate the physical
partial waves for sufficiently large Re £ in the complex 6--p?La,ne, we

introduce ‘the usual decomposition into even and odd functions(15)
[ F,éI> ]i . We consider only the cdd amplitude and the "-" subscript

will be omitted from now on for simplicity., Therefore, we have for the
odd amplitude

r (1,80 = a(e®)2) Bier1, 1) aa ) (far 73,0, )

(5.11)
where
R L
. £-3 I
(Id1l6~39¢5(1)) = [(Id1l6—3a¢@(1) ) - (,dll a¢@( ).)] :
(,)L,R (5.12)
and @, . are given by (5.2).
Now one defines
FE(S;E,E') = [\).F,@(I)(S;g,g‘) P (5.13)

-

the sum taken over all the diagrams (i),(ii) and (iii) of Figure 2.

It also includes automatically their crossed counterparts (i)', (ii)!

and (iii)!' of Figures 3 and 4. This is because the crossed graphs,

which are obtained from the uncrossed ones by an interchange of t and

u,will have the coefficient of t as, say, (—d(i)) (d(i) being the coefficient
of t+ in the denominator  the Feynman amplitude for the uncrossed graph (1)),

(k- (m)® .
and hence they are either included in ) or ¢, depending upon
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whether (-dI) becomes positive or negative; The reader at this stage
is reminded of the arguments we gave on crossed graphs (Chatper II,
Section 4) wheh we were considering this problem as the high energy
limit in the crossed channell There we had %o worry about the sign of
the contribution of the crossed graphs. In the partial wave projection
(5;12) this sign automatically comes out to be the same as in the last
case,

If we keep Ims # O for the moment, the singularity of F, in
the € -plane will come only from the vanishing of dIGmB%); However, it
is easy to see from (5.11)-(5.13) that for Re & > 2, F, is an analytic
function of 4 which agrees with the physical partial wave amplitude Tfox
€ = 3,5,040

In order to consider F , in the neighbourhood of ¢ = 1 we make
use of ah analytic continuation procedure in 4 The procedure to be
adopted here has again beeh exaplained earlier (Chatper III, Section 2)
in detail. We now look for the zeros of dI as a function of SN
such that it produces a leading singularity in the € -plane. Such a
singularity cannot be produced from a point inside the afA
integrations. This is because when dI vanishes one writes (see the
equation (3.18))

d

I =2

and this apparent pole cancols with the corresponding zero of the “test

function" (5.10).



90.
In (5.14), of course, we assumed that d; vanishes due to a
zero inside the afSA ~integration space.

However, another interesting possibility is the vanishing of

.

dI on the end-points of the hypercontour. e then introduce the
so—~called "scaling" transformation(7),
ap = Py Oy, 0, = piOy; a4 32 =1,
(5.15)
ﬁl = pz Iél’ ﬁz = Pzpz j pl + 52 i
These transformations would give a Jacobgan as Tollowings—
da, da., dB,dB, = {( )+1d d F(1 —2 o, i) 5(1_2 B )} x -
19%2CP 197, = Loy Pp ) 98y Pz = Py}
Also dI can now be written ass
dI = plpz dI s (5017)

where
dgy) = d(i)(aﬁx)=“131(P1“2+pzaz+%2+%3)+“232(p1“1+p231+%3+x2’

+ a1%232+a2%231 , (5.,18)

and

( )(aax)_d( )(ask) =0 ﬁl(p1a2+p232+%2+%3)+% a1ﬁ2+%2a27
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Bquation (5.17) shows that d; vanishes when either or both of

P and.p2 are zero. However, we notice that'a(ii) Gi(iii)) can

still vanish inside the domain of OBAN integrations wven if we put

Py=Pp=0.
Then (5.3) with the help of the above transformation becomes
1
. &3 (1) o= =2~ -3 I e
(aI WPy ) = ]'dpdadﬁdk(plpz) [dI(p,aE%)] ¢6( )(p,aﬁk) .
(o]
(5.20)
where
o o 3
dpdadfdN = dpldpzdalaazdﬁldﬁz ?:1 dkj ®
2 2 2
< 8(1-3 a )u(lmE z. )E(plz a.+0.% B+
i=1 i=1 i=1 i=1
3 -
+ 4 N, = 1), (5.21)
j=1

Section 23 Analytic Continuaticn.

As we have already stated earlier, for Re éﬁ> 2, the function
(5, 13) is ahalytic in€ . We are now interested ‘n contlnu;nn F, to
the left of ¢ = 2, 1In doing so, we cbtain = pole at €= 2
(equation (5.14)) which, however, cancels with a corresponding zero of
(5;10). That was when we only accounted for the zeros of dI lying
inside the domain of integratioh. Considering the end-point zeros
of d(I), we introduced the above scaling transformation and obtained
(5.20). Now we have to continue this result to the left of € = 1 in

the ¢~plane., When we say to the left of a certain point we also

include the analyticity at that point itself,
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Applying the continuation procedure represented by (3.19)

(which is in fact a Laurent expansion near € = 1), onec obtains:

(0,005 = (&=1)726(p,)8(p, )+ (&~1) " [, 6, )40, 16 (p0,) ]
+ leg. at ¢ = 1. (5;22)

{r
Therefore, integrating over the "test function" ¢e\1)5(5020) canh be

rewritten ass

3 - o - H
(a 4-33%(17_‘ (£=1) 2/' dadﬁd.x[dxa—:a%n,]

I p1=p2=0

1 = £=3 (I))

A
» 1 P¢ p =0

+ (4—1)"1[[ d&dﬁdﬁi} dp2p7—
v ° 1
-1 e £-3 I
+f ap,p; (dg goé( )),o ol (5.23)
(o] 2 - 'S
The last two integrals in (5.23) are aseumed to be regularized atb

Py = 0] =0 , as follows

1 -1, 3 (1) ! “hew 3 ()
Rego /°dp2p2 (dI Pg )pf=0 = [ dpzpz {(dI Pe )P~:O
o g ‘b ’
(5.24)
. ' 1'1 ~1g £-3, (1), _ 1d -1g(g €3, (1),
eg- “P1Py 1 Pe Jp,=0 T | 1P 1 % p,=0
Fo) [e]
< 63 (1) ]
- (d . o
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Tt follows as in (5.10) that

Lo, ") (amm) e lee1) (2 [ (op ()=
e ]P1,2:° ) (¢=2)[(-D_""7) A]p1,2=0

From (5.26), it is obvious that in (5.23) and hence in F, (s ')
(see equation (5.13)), there is a simple pole at € = 1. The simple

pole in (5.23) has the following residue

1
. £-3 I - - - -
Iélnf (e-1)(d; gqo,a( My = -.fdocd,?s’dxdl 7N )[DO(I)(BZEM] '
S -
where 3 Bol@M), 2 , (5-27)
g qAABAN = ad. ap F{1.-3 ., - 7.
daadpan daldp.zd[‘?ldjﬁz 1}21 d')\J \11:1a1)d‘(1ii,12’1) x

y 5(13§i N

and here DO(I) andAo are the same for all three diagrams becanse they
do not contain p~dependent terms. We shall give their expressions
later when we have performed some integrations.

Now we notjco further that for diagrams (ii) ahd (iii) of
Figure 2, E(ii) (Bn) (or E(iii) ©BN)) as given by (5.19) still
vanishes, this time at an inside point of the o\ integration
hypercontour. Howevery this will not produce an additional
singularity in the ©€-plan> as can be seen from the Laurent
expansion of E(ii) &3 neer € = 2 which is obtained by simply
replacing d(;;) by E(ii) in (5.14). Tt could be easily checked that,
as in the previous case, this pole at € = 2 is again cancelled with a

corresponding zero of [§05( ii) (aBN) ]'a

[N

(11)~0
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Hence we see that an imbternal zero of d(ii) does not produce the
leading singularity of Fg s which is a simple pole at€¢ = 1 and is
produced by the end-point zeros of d(ii)° This is an important
result and will be referred to later, Now the reader is again
reminded of our treatment of this problem in the asymptotic limit of
the crossed channel (see Part I Chapter II of this work).
There we found that in the asymptotic limit t — o, the contours of the
Feynman integrations are pincheds Properly distorting the contours,
one obtains an imaginary contribution (asymptotic). Here again we
are confronted with a similar problem of having to properly distort
the contours away from the singularities.

Thus, we can carry out the d&%dJ integrations in (5.27) for

the three diagrams and obtain the following wesults (49)

£=3 (ii),(iii)
N, (A,+N.)
X [7\17\27\3s-m2A0(7\)]—1{1n “lﬁ\';%“fé- + i7r} R
2
. (1) (5.28)
. 3 i), _ - -1
Lin(e-1) a5y 2,0, )_fdvxé‘(zp\-l)[xlxzxss n®a_ (M) 171
2
A
X 111{ 2
(%1+%2)(%2+%3)
(5,29)
where
A = A(p. o =
o (M (py&,p,BsN) P =p,=0 (NN FR N3 AGN )

(5.30)
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The expression [7\1 27\39 -m, A (M ] sn (5;28) Azl (5;29)
is in fact DO(OC.H)\) evaluated for P;=P,= 0 o One may compare
the imaginary part in the contributions (5.28) of the non-planar
graphs ((ii) and (iii) of Pigure 2) to the singular part of the partial
ave scattering amplitude Fg with the crossed chahnel high energy
behaviour of these graphs(5o)(Equation (2.26) of Chapter II). This
result is then found to be consistent with the high energy behaviour
provided the Froissart-Grivov formula (1. 9) is valid, This is
because the high energy (rather high momentum transfer) behaviour
gives the asymptotic behaviour of the t~channel absorplbive pari as

i t, Therefore, the Froissart-Gribov formula (1.9) gives

£

1 t
2y | At lie =By A (s,t0) ~ =t (5.31)
2q” St 2q - (€=1)

A

a simple pole at® = 1.

Thus, the eguation (5. 13) may now be split into two parts

F, = F, 578y p TCE (5.32)

where

A(s,mz)gz_1)’1,

(5.33)

F€Sin8'(s;€:€') = & 27Ti(g6/77‘2) B(&-l:‘é‘)(qual

This time A'(s,mg) is a more complicated bubble diagram than the

previous model of two vector mesons.
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In this case, therefore, A'(s,mz) is the Feynman expression

for the diagram s--» j:>€££;;;><:: evaluated in two dimensions

agaln, for convergence roguirénentsy thus

A'(s,mz) = 4fd7\o“(’s7\—1)[7\17\27\3s—m2Ao(?\)]"1 s (5.34)

where O, N is given by (5.30)

In (5.32) Fy © is regular at €= 1.

We motive that the residue of the simple pole at U= 1 is pure
imaginary; This pure imaginary contribution is inconsistent with an
assumption that the total amplitude Tg(s) has a simple moving Regge
pole singularitya (s)— a(s) associated with a vector meson such that
it satisfies contihued elastic unitarity in the s—channel (see Chapter I).
The consequence of assuming elastic unitarity and a single Hegge pole
trajectory requires +that in the sixth order perturbation expansion the
imaginary part of the residue of the simple pole vanishes for s in the
elastic region (equgtion (1.32)) However, if the number of Regge
poles in the Regge amplitude is assumed to be more than one, no such
restriction on the imaginary part of the residues is found.

Such is the case in the model we are dealing withe It will be shown
in the next Section that we obtain two simple Regge poles on using

(5433) as the kernel of the Bethe-Salpeter equation.
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Section 3: Conclusion and remarkss

Now in generating the perturbation series through the
BS~equation, we apply again the procedure developed in Chapters III and
Iv; of this works That isywe write the partial wave BS-equation for
the transition amplitude T‘aas:

Toles8,5') = Fyls;E,E') + zw/hzgnhz(s;a“)Fﬂts;z,a") x -
X 3{6(3353',5' ) (5.35)
where h(ssE) is given by (4;11);

Now, we again define symmetrization as in (4.11) and obtain
the resolvent equation as glven in Chapter IV by (4;10)0 Since we
are as in the last case interested to use the singular part (5;33) as
the kernel of the BS-equation and since the kernel here also is
separable (rank one), we may solve it by Fredholm's method as in the
last case; The solution can be written as

2

(85— 1,%(s58,21) = n(4,8)[D(,s)T70 ,  (5.36)

where

2
N(&,s):(Zwi)(g6/W4Xsin ﬂﬂxs-iu )A'(s,m2)3(8+1,%) '

. (5.37)
where we have chosen the plus sign in (5.33),

and,
-2 . . 6 2
D(£,8} =7 “(£~1)sin & + (2ig )A'(s,m”) x

1
x‘[ dX[Nzwsx(I“X)]g s (5.38)
o
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where, as in the previous problem,the integral in (5,38) is solved in
Appendix 4.1V,

The singularities near €= 1 are as usual given by putting
(5;38) equal to zero and approximating it near € = 1. Thus, we again

obtain two simple Regge poles with the following trajectories

¢, = ocl(s) =1 + Ni g3 NG!'(s)
(5.39)
62 = aé(s) =1 - Ni g3 NGt (s) ,
where G'(s) = (w/3)(6/=s)A" (s,m°) , (5.40)

and A'(s,m2) is given by (5.34),

We again find that these two simple pole trajectories intersect
for 8 = 6u?, thus defining the branch point in the s-plane,

An interssting feature of our analysis is the followings
since the lowest order (6th ocrder) graphs considered by us do possess
the Mandelstam third double spectral function and the iteration chosen
gsatisfies two particle unitarily, we may expect an essential
singularity(12’43’51)in the €-plane near ¢ = 1. This; however, does
not happen in our case, because such a singularity would arise from
a non—separability of thc kernel of the Bethe-Salpeter equation.
When the kernel is symmetric and not separable, it could be proved(52),
in general, vthat the series (4;23) of the Fredholm®™s denominator would
not converge, and that the kernel would possess a denumerable infinity
of eigenvalues N, where A is related to the coupling constant.

These eigenvalues will have anh accumulation point at N - o« .

This would happen if the kernel is non-separable, in our case hear ¢ = 1,
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Also, since the singularity in our case near 4= 1 is
essentially produced from the end-point zeros of the functions dI
and the iteration is two particle without the introduction of a
ladder in the t-channel<28), one cannot expect any thing but Regge
poles; The appearance of the imaginary contribution to the part of
the amplitude singular near € = 1 indicatesthat in the crossed channel
high energy behaviour, Feynman integration contours get pinched as was
shown in Part I of this work. This happens at the points where dr
vanishes from within the integration Space;

Here again two poles arise from the mode of iteration of the
lowest order irreducible graph in our problem. Again the application
of asymptotic theory in this case can be visualised parallel to the
lines of Section 4 of the last Chapter. The result would turn out
to be two poles with almost the same trajectoriles as (5;39).

However, such Regge pole models should not be confused with
the problem of Reggeization of the vector meson which was the subject
matter of Part I of this worke The basic difference in such models and
the Reggeization problem is that in the latter one looks systematically
for those graphs in every order of perturbation theory which give a
leading asymptotic behaviour compatible with the dispersion theory
and the elastic unitarity; The procedure of iteration of the sixth
order graphs of Figure 2 chosen here is such that it depicts the
Regge pole behaviour., However, it was pointed out at the end of

Port I, that it is possible to construct a mode of iteration of the
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sixth order diagrams (Figure 2) which depicts the Regge cut
behaviour (Figure 5) and that in the sixth order these two modes
of iterations give equal contrihutionsto the high energy behaviour -

in the crossed channel,
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APPENDIX A,I

Pinch Calculation

In this Appendix, we shall first show how the pinch arises in
the asymptotic limit in our ca.se; Secondly, we shall describe a method
based on a more general technique of Rief,(28) to evaluate the pinch
contribution in our cass,

The integral (2.15) can be written as followss

P *2 Y2 =1 ' -3

I = j aﬂ/ dxf dy 7\1" |:(xy~+,8)t+d] . (A.1.1)
O Xl Yl

where 1
x = '}\1[-012-:-}\1 Otl(ﬁl+7\3)] ,
y = ﬁz—v\l‘lﬁl(al-mz) , (A.1.2)
—1 . )

B = a151(7\2+7\3)+7\1 0t1,6’1(;5’1+7\3)(oc1+7\2).

The factor 7\1.~1 in (A.1.1) comes from the Jacobgan
] o | Eerfi Nty
0lay 38,0048, 5N 9055 Ng)

Also 48 in (A.1.1) is a combined notation for the integrations over

oy ,61 ,7\1 ,7\2 and ?\3. It is worth noting that the positive -~ definite-
ness of the Janobgan is assuved provided we avoid the end-point singularities.
This can be done by a limiting procedure in which one integrates from, say,
some lower limit € (a positive number,however small) and then lets € = 0 .

In (4.1.1), we have ignored the usual over~all ¢ -function which in fact

serves to determine the limits of integration. We shall show for/pinch
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contribution it is necessary that both'xl,yl be negative and:xz,y2

be positive, Performing integration over y in (A.1.1), we get
0

/ x
= 'i‘tf 1 dﬁf | Sy, + e
o b4

1

_ 1.
x{(xy1+ﬁ)t+did ] ’ (A,1.3)

The integrand does not have a pole at x = O, but the terms separately
do. Therefore, a procedure must be chosen to avoid the seeming
pole here, The first term has two poles: one at x = O and the other
at ¥ = y2-1 (—dt-1-ﬁ); It is easy %0 see that when t— oo ~ie and [
is sufficiently small, the x-contour gets pinched at the origin and
we shall have o choose a detour pulling over one of the poles in the
lower half plane,and hence the contribution from the first term in

(Ao1o3) iss

3
1 2 -2, "1 L
+ (2wi) ¢ (Bt+ad) %1 as , (A.1.4)
o '
x-plane

where the choice of sign is \ﬁ

quite arbitrary. However, the ;5?5

second term in (A.1.3) does not

contribute because the two poles

coming from the same direction

do not pinch the contour and

hence can be avoided. It may be pointed out here that the choice

of detour is again quite arbitrary. One could take az detour in the
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upper half plane and obtain in such a case a non-zero asymptotic
contribution from the second term of (A.1.3). However, these two
ways of avoiding the poles are completely equivalent. It is important
to note, as remarked earlier, that Shas to be sufficiently small in a
region of the'Feynman hyperspace! which gives rise to the pinch at the
origin of the x-contour, In fact,; as is clear from the earlier }
discussion, the region of integration should be near the zeros of S,
Moreover, this region is of particular interest to us, because, it
gives rise to enhanced logarithmic asymptotic factors (i;e; extra
factors of 1nt.)

Thus, if we further integrate (4.1.4) near the zeros of 3

in the limit when | t|= e , we obtain

I ~ = (2wi)2'1d"2t‘21nt , (A.1.5)

where in our case just one logarithmic factor appears because the

(9)

tT-path in our diagram is of length ¢ = Z. The expression for d
in (A.1,5) is given by (2.17).

We would, however, like to obtain the same result by
integrating (4.1.3) over X and y flvet, which would give us a factor
containing logarithm, and then we would take the as&mptotic limit of
the resulting equation; This should indicate that the coreect choice
of the branch of logarithm is important in such calsulations and that
the pinch contribution also depends on the choice of sheet, which, in

our case is the physical one,defined by putting lines corresponding to

az andﬁ% on the mass shell.
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Thus, performing the integration in (A.1.3), one easily

obtains the followings

3 _ Tl vy, +8)t+d [ (% +8)t+d]
= =L (T2 1{ -2 1732 L iKY
I = =k R
= /’ V5] R1 (Be1a) Xlr{[('lyl+ﬁ)t+ T : 2+B)t+ T ]

o}

+ R(B,t) ] (A.1.6)

where R(B,t) is a rational function of t given in the following:

(lexz)y° t
R(ﬁ’t) = [—( < . -
Ly, P trdd () Y +P) trd ]
(=%, )y, t -
- 1 2 1 :](ﬁt+d}"1 .
{(x1Y1+B)t+d}{(x2y1+ﬁ)t+d]

(A.1.7)
It is easy to see that the asymptotic behaviour of the second term

in (Ae1.6) is less divergent than that of the first term because it
contributes a factor of t less, Hence this term may be neglected
because we are only inverested in the leading behaviouw:r. The fact
that in the asymptotic limit +the pinch contribution is pure imaginary
is also in agreement with the result of A.R. Swift(35)who obtains a
similar result for a Feynman integral using the method of Mellin
transform(34)a

Now, we shall examine the logarithmic term in the asymptotic
1imit; From eg. (A.71.2) it is clear that the lower limits of the
(x;y) integrations in (A;1.1.) may become hegative (for positive
Feynman parameters) whereas the upper limite must be positive. In
such a case the (x;y) integrations pass through the origin of their

respective spaces and this is the basic reguirement for a pinch at the
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origin in the (x,y) integration spaces. So when %,y are less

than zero ( and 8 is sufficiently smally as it is required since we
are next going to integrate near the end-points which makeS-0 ) and

t — 408, the two factors in the numerator of the logarithm both tend
t0 =00 4 18, and those in the denominator both tend to 4o ~ie .

Hence the correct logarithmic branch is then defined by

n 1 = + 2w (4.1,8)
where we arbitrarily took the one with

in 1 = - 271, (A.1.9)

in our asymphotic caleulations of graphs Fig.4(ii) as well as
Fig.4(ii)2 The choice of the logarithmic branch does not therefore
vary for the non-planar and its corresponding crossed non-planar graph
in our discussion anhi hence is the same as well for graphs Fig.4(iii) and
(1i1)'. Hence the pinch contribution to (A.1.1) is given by Egn.(4.1.4)
with positive sign on the right. It is clear from the above procedure
that the pinch contribution to an integral of the type (A;1.1) comes
from the region insid? the domain of integration where both x and y vanish
simultaneously. Thus it follﬁws that this contribution from the entire
Feynman hyperspace defined by Feyhman parameters (along with total
¢' ~function constraint, etc;) cah be easily extracted by multliglying
the integrand by d'(x) ¢'(y) or by

N Slay~N THB e 1608,-N, T (e N8, ],
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and integrating overa, and/32. This is what we have done in the
\
last chapter where we went further to integrate near the ‘edges' of

the hypercontour to obtain a log factor;
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APPENDIX A, II

Box Diagram and Partial Wave Projection

We here give the exact form of certain relations appearing
in the earlier work. They are obtained after tedious but straight—
forward algebraic manipulation;

The usual Feynmen denominator D(s, t,p R ,mzl a) = D(t3a)

is defined, by using the notation indicated on Fig.6, as
D(t;a) = dla)t + D(O;a)

a(a) (As2.1)

I
Q
(23

24

D(0sa)

2 2 2
ay 3s + a1a 4p +a3 4 p2+a 2p3

"y 2
+ - 7
Q, a3p4 (a1 + a3)m a +a )
All the pi’s (i=1,04454) arc considered as functions of the
corresponding Wyq.¢f. q' and s through the relation (3.9)

We also define a quantity

7(a) = = D(0;a) ~d(a)[ (w-w')“-qg“~q!

ola) = [2qq'd(a)]™? 7(a) . (A.2.3)

The functions B1(s,t,§p§,u2,m2] a) = B1(t;a) and

B,(syt ,p n2,m? la) = B2(t;a) defined in (3.6) are of the form
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Bl(t;a) = bl(a) t + Bl(o;a) o
(A.2.4)
bl(a) = =2 =3 (1-a2)(1—a4)

i - — —1— - ' 2
B,(05a) = (3) (6a1a3+3a1+3a3+1)s+3,[(1~a4)(2a1+1)p1
+ (1-a,)(20,+1) 2;(1—a Y(2a, +1) 2
4 37+ 7/Py 2 17+ /P3

+1(1~a2)(2a +1)p2}}
B,(E9) = BTt ™+ B UAM(k=0) 4 AZ(t=0)Jt+ Ay (t=0) Al(t=0)

bz(a) = =] —(1~a2)(1-a4)

2, , 2 2
Ay (t=0) = -a3(a1+1)sT(1~a4)(1+a1)p1na3(1-a4)p2

2 2
+ (1-a2)(1+a1)p3+o¢3(1-—o¢2)p1 . (As2.5)

20, v 2, (1. 2
A (£=0) = -y (ag+1)s+or, (1-0, ) py+(1+0y) (1-0t, ) pJ

' 2 2
+ al(l—az)p3+(1+a3)(1-a2)p4 .

Having defined the partial wave projection by the relation
(3¢10), we introduced the functions fe(‘])(s;g,g' |OC)Ef6(J)('OL) in the

formulae (3+17)e These have the form

£, () = 21_(£,672) [ 7(a) I7'B, ((w-w1)2~qP-q' %5 )

2;a)

- (6+1)H1(6,0r2)[7(a)]"ZBZ((w—w')Z*qz-q'

(A.2.61)
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£

4(1)(06) = Ho(ﬁ,f—z){?lbl(oc) + [Zbg(oc) ((w-w1)2=q?aqr?)s

+ by(a) (A2(£=0)4a2(£=0)) J7 (o) ] -

- (e 1)H, (2,072 [7() T 262 (a) ((w-07)%=qP=q1 %)+

+ bola) (A2(£=0))] (£.2.6M)

£, (@) = p2(a) [2H(£,07%) = (GeDH (8,07 3)] (42,611
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APPENDIX A.TIT.

Laurent!s Expansion,

In Chapter III, Section II, we have introduced the so~called
Laurent expansion (39) of the generalized function az , where N is a

complex parameter and “‘1\ itself is defined as

PN {0 for a <0 (A.3.1)

[0 4 =
+ a% for a >0

The test functions, (if we can call them like 'bha'b); are analytic
functions ¢7\(a)with finite support, ieses they vanlsh when o > i.

We need not require any special derivative properties of ;0?\(06)
as a function of a since only QD?\(O) has appeared in our oalculation, but
we should assume that QD-)\(OC)is integrable itself,

The calculation we have presented in Chapter ITI (Section II) may
also be obtained by regularizing the integral at the particular point and
therefore extending its domain of definitibn with respect to the domain
in the complex M=plane,

Following the Reference (39) we write the Laurent expansion of @,

near N = = 1 as

N ~1 -1 =1 n, n_°
o = [M1]778(a) + o "+ o nfb(%+1) ig o, (A.3.2)
where -
(@ ,py) = £ oo™ [y (a)=p, (0) ] (A.3.3)

(azllgna+,¢x) = fi daa”llgnafwx(a)—wx(O)]
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Note, thatN\ in our case is equal to €~2, so that singularities at
N = ~1 are in fact singularities at €= 1.

We should also mention that we do not obtain by the
expansion {4,3.2) the Laurent expansion of the whole functional
(O&’ qo?\) near N=~ 1. It may happen that}\E_ml Pn(0) goes to zero

n o . .
as (M1)7 ¢ and an apparent pole simply disappears.
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APPENDIX A,IV.

Trace Calculation.

We here present explicit evaluation of the Tr Kg(s)
defined by eq.(4.20) in the domain A(£,s) [eq.(4.18) ].
According to the definition of Tr Kg(s), relation (4.16)

we should calculate only the integral of the following form

+co oo

.[ ./ a?"2[n(s;0,q) 12awdq = Vg(s;#z) (A.2.1)
co O

which exists in the region A(4,s). In {A.4.1), a counter—clockwise
rotation of the energy W integration contour to the imaginary axis
is assumed.

Expressing[h(s;w,q)]2 as an integral

[h(s30,)]% = (2m)7] ax [(o-(3=x¥=8)2eq e’ mex(1-x) 172

(A.4.2)
and then integrating over w we obtain
2 -
Vo(s,u%) = (1%/2) JL ax /2 aq ? P2 (PP oex(1-x))73/2 |
(A,4,3)

The denominator in (A.4.3) cannot vanish inside the domain
of q and x integrations since s is in A(<€,s).

After writing q2 = % and making use of the Mellin's transform

[ee]
S, dt t”’l(t+a)‘P = BN, p-N) al P , (Add.4)

for |arg a|<m, Re N> 0 and Re p > Re N\,we have
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velssu?) = (@2/2)B(6+>/2,-¢) ‘gldx[uz-sxu-x)]a .
2 (A.4.5)
for jarg (p“~ex(1-x))| < 7.

If we go to the region s>4p2, Ve(s,pz) will be defined by
the relation (A.4.4) only for Re € > =1, and £#. 0,1,2540e
This follows from the fact that the integrand in (A.4.4) may then
vanish inside the domain of the x~integration and therefore produce
additional singularities for Re € < -1 For l arg (4p2~s) |<7T
(Au4.4) is en analytic function in the whole €~plane except at a

denumerable number of points which are

< - (2 + ‘1)/2 (k= 152ye0e)

and

4

Il

041425000 (hod.6)

where V £ has simple poles .
Therefore (Ae4'4) represents in a certain way the analytic
continuaticn of (Ae4.1) in the € ~plane.
Let Iarg (4p2~s ) l<71‘ te satisfied. We change the integration
variable in (4.4.5) as
x! = 2x ~ 1
and then by using the integral representation for the hypergeometric

function of the form

Bb,0-b)P(a,b3052) = L5 77 (1-1)°0 7 (1-42)72 at
for Rec> Reb> 0 and I arg (1~2) l< 7 we finally obtain

Volsm®) = (777,867 /2,-0) (%) 0)% F(-e,4:3/2;5/ (s-?))

(A.4,7)
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The hypergeometric function appearing in (A.4.7) is also
an analytic function in the whole cut s~plane, with cut from

s = 42 up to the infinity.
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