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ABSTRACT 

The thesis is divided into two parts. In the first part, we 

examine t]aa problem of Reggeization or non-Reggeization of the massive 

vector meson. We take the case of a massive vector meson (neutral) polo 

occurring in the elastic scattering 77-16 	
- 

- Some well-known results 

are obtained by applying elastic unitarity and assuming the 

dispersion representation along with single Regge pole dominance. Assuming 

perturbative expansion for the Regge trajectory assumed to pass through 

= 1, and also the residue, we then obtain in Chapter I certain 

important conditions in the 6th. order of perturbetion, 

In Chapter II, we make a conventional field theory check of those 

conditions. 

The second part makes use of the partial wave Dethe-Salpeter equation 

to study -she leading singularities in the complex angular momentum p]ane 

of the continued partial wave amplitude corresponding to the elastic 

scattering of scalar particles. In chapters III and IV the kernel of 

the BS-equation is taken to be the 4th ordec box diagram containing two 

intermodi.ate vector mesons (massive) in the energy channel. 

The same methods are then applied to the set of 6th order graphs that 

were discussed in part I. This forms Chapter V of this work. 



IVTRODUCTION 

(1) 
Some years back it was suggested by Mandelstam and others that 

to remove certain ambiguities in the hien energy behaviour of the 

(2) 
relativistic scattering amplitudes, Rogge's boundary condition in 

potential scattering when cos or momentum transfer goes to infinity 

through unphysical values be adopted in the relativistic case. Such a 

boundary condition (Rogge behaviour) also serves to determine subtractions 

(5)  An the Mandelstam representation for the relat]vistic scattering case, ' 

Furthermore, due to crossing symmetry this also determines the high energy 

behavicur when momentum transfer is fixed. However;  one knows that 

dispersion relations and generalized unitarily equations themselves ha-,:e 

been obstruated from 	convenUonal Feynman diagram expansion of field 
(23) 

theory, where the results are put on the mass—shell. Hence one experts 

that at least for the require-Rents of consistency to the approaches of 

relativistic quantum mechanics, such a behaviour should be predictable 

from the high energy properties of the Feynman amplitudes. We say at 

least because it is a drastically new idea in itself that elementary 

particles that enter tine Lagrangian in a field Theory may lie on Reggo 

trajectories. 

It was towards this direction that a number of attempts were made 

recently to study the high energy behaviour of the Feynman amplitudes. 

Howe'ver, due to the large class of Feynman diagrams it has not been 

possible so far to make a general study of relativistic scattering 

amplitudes in field theory, It is only possible to study models of field 

theory in which diagrams of certain topological structure occuro The 



2. 

high e-:lergy behaviour then turns out to be not always in dgreomcnt with 

Mat obtaine6 from oncN or more RGGZe ;:-,.-19G,  in the angular momentum Diane. 

Here we would liki to point out that there exists an important connection 

between the high energy behaviour of a scattering amplitude (Here onwards 

we are only talking about relativistic scattering amplitudes) F(s,t) in 

the crossed channels, 

and the singularities 

momentum plane. Such 

(17) 
Gribov formula except  

i.e. t- and the u-channels for a given process, 

of its transform F(s, ) in the complex angular 

a connection is given by the so called Froissart- 

for a finite number of partial waves. This relation 

gives rise to the subject of high energy behaviour of relativistic 

scattering amplitudes and to the study of the analyticity properties 

in the complex angular momentum plane. The models of field theory in 
(3 

which diagrams possess their proper dual-an
)  
d do not involve mere than 

two particle intermediate states have been shown to depict Regge behaviour 

after summation of :iterated (two particle) ladders corresponding to them. 

However, those not possessing proper dual and involving multipartiole 

intermediate states have led to complicated singularities such as the 

Gribov-Pomeranchuk singularities and the Rogge-cuts, etc. 	Such diagrams 

have all three Mandelstam double spectral functions in their dispersion 

representabion and are commonly known as'non-planar graphs in the 

literature. 

The purpose of this thesis is to study field theoretic models to 

see what singularities they give rise to in the complex angular momentum 

plane. Since there are two approaches (essentially connected in the 

final analysis) for such a study, namely 
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(i the high energy behaviour of Feynman amplitudes, and 

(48) 
(ii) the parties] wave Bebhe-Salp:,,tar eaunticr we have divided the 

entire thesis inLo two parts. The first part entitled as "Elementary 

Particles as Rogge poles in Field Theory" deals with the important 

question of Reggaization of intermediate neutral vector meson pole (a 

concept which we explain in the beginning of this work) in the elastic 

scateing of charged pseudo-scalar pions. Ar important set of graphs 

in low orders of renormalized perturbation theory on which the question of 

Reggeization or non-Roggeization of the fixed vector meson poic rests 
(15) 

is known to be of sixth order. These graphs are studied and it is shown 

that there high energy behaviour is not compatible with the mere 

assumption of a Regge-pole the trajectory of whicn passes through the 

vector meson, and the usaal assumption of elastic uriitaritye In fact)  

it appears that the Regge-cut coLtribution to the high energy behaviour 

of these dlagrams is as likely as the Regge-pole contribution This 

appears plausible, because as said earlier, models of field theory which 

do not consist of 'planar' graphs may not necessarily give Regge-pole 

behaviour. And hence such models do not correspond to a set of 

coupled Schr6dinger equations for the manifestation of composite states 

as in potential scattering. 

Since our arguments here depend so much on otherS work we have given, 

for the sake of intelligibility and completeness, some necessary results 

from high energy dispersion t,eory which wo find useful in our problem. 
(16) 

Thus, in Chapter I, a,bi2ief account of the Sommerfeld-Watson transform 

is given which helps to write the asymptotic behaviour in our problem, 
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This is in complete agreement with the one oh6ainable from the Froissart-

Gribov form-L..1a provided the usual asyd.ptotdc behaviour of the t-channel 

	

t-0 	 .1 absorptive part A 	00 t(s,t) r•-• 	b(s)t ( 	for simple Regge pole behaviour 

is assumed. Elastic unita.cjty is then definod and its predieldons 

obtained for the residue and trajectory of the Rego pole in the sixth 

order. 

In ChLlpter. II we examine the asymptotic oehaviour of the 6th order. 

Feynman graphs. There are three known graphs which are important in 

this connection. Their asymptotic behaviour is calculated and the results 

summed. The coefficionl4of the asymptotic behaviour of theso graphs 

can be compared with thc, onwpredioted from disporsin theotv. :ft is 

fount to violate elastic unitarity iirovided the assai*tio:A that Yee 

vector particle be a Rogge pole is krpt, 

Cerlusion and romorko are given in the final section of tlis 

The Appendix A,I gives a pinch calculation in our problem. 



CHAPTER 
	 5. 

'REOCEIZATION'  

Section 1: Reggeization; itc Meaning and Notation 

A problem of Ercat interest is to see what happens to 

'elementary' particles introduced as fixed poles in the lowest order 

of renormalized perturbation theory when higher orders are also included, 

that is whether they remain 'elementary' and correspond to fizaa 

Kronecker type singularities(1)  in the angular momentum plane or start 

moving becoming members of Regge-trajectories(2). 

In early discussions of Regge-Poles(1)  it was assumed that 

an 'elementary particle' of renormalized Lagrangian field theory would 

not lie on a Regge trajectory. Instead it would correspond to a special 

term in scattering amplitudes describing scattering at its particular 

value of N(angular momentum) and would not agree with the analytic 

continuation from large Re?\ Such a term would contain a pole in the 

energy at the mass of the particle. 

The belief that a sharp distinction between Regge ideas and 

field theory existed was based on experience with scalar or pseudo-scalar 

mesons interacting with spinor or scalar nucleons. It was pointed out 

by Gall-Mann and Goldberger(3) that if one considers radiative corrections 

involving massive vector bosons the situation is quite different and in 

the 4th order of perturbation there are indications that those terms 

which in second order are fined singularities in the -N-plane (lc type) 

start moving in the angular momentum plane like a Regge pole the trajectory 

a(s) of which depends on energy. Before we proceed to give an example 

to illustrate what Reggeization means, we would first clarify some of our 
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notation(4) to be used in the firs part of this work. 

Notatiorit We shall be concerned with tho elastic scattering in the 

s.---;hannel, where, of course, s is taken to be the total energy squared. 

Thus, 	
s = 4(g+42) 

where 	is the centre of mass momentum, and µ the mass of the external 

particles in this equal mass case. Also the remaining Mandelstam 

variables(5) are d?fined as ; 

/ 	/ 
t 	2

0-cose), u 	
2
oi-2g2(1 

wbere e is the C.M, scattering angle. We shall be interested in the high 

energy limit in the crossed channel(5), i.e. the limit when t= -u -* co  

(or costa co  ) and s wculd be kept fixed. The choice of metric is 

given by 

= P P P 	
2 

µ 11 	0 	• 

The symbol ." would indicate asymptotic equivalence. 

Exalsal2t Beggeization is illustrated with the following example. 

Consider a pole of the elastic scattering amplitude F(s,t) in the 

s -channel 	2 2 
g 

F(s,t) s 2 

, which describes a partiolL-) of spin zero in gq)3  -Theory. For t -+ cx) , 

P
2 

F(s,t) - -------- t° 
	 (1.2) 

2 
s—u 

2 
If higher orders in g r,re includod, one expects the above to transform 
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into the Sommerfeld-Watson(6) representation: 

b(s) 
F(s9t) 	

e-14-a(s)).6a(s) (1,3) (1  

st If a(s) 

with 
	

a(s) = 	0 4- g2c,(s)-1-g4a,
2
(s)+ 	0.003 	 (114) 

where we have assumed for Reggeizetion that the trajectory passes through 

-the scalar particle pole. From gc,3  - perturbation theory it was proved b;,,  

Fo:lerbabh(7), Polkinghorne(8)  and later by rather general consderations 

(o) 
Tiktoupolos 	that taking the most leading terms as 	(1,o‘ 

the terms which contain higher powers of let or t rihere t is the 

asymptotic 7ariable) in a given order of porturbaion theory which. , omes 

from a ladder graph in that order the Rogge-trajectory coming from, iterations 

1J,dders was 

a(s) = -1 ± 04-K(50 
	

(1.5) 

where K(s) is the Feynman integral for the bubble diagram s 

which is evaluated in two dimensions for the sake of convergence. 

This result was also deduced by Lee and Sawyer(10) by the Bethe-Salpeter 

equation approach which would bo a subject of interest in Part II of this 

work. 

Clearly the trajectory (105) does not pass through the scalar 

particle pole and hence it is not Regeized. Also the trajectory has 

other unphysical properties such as the term K(s) is unbounded at its 

normal threshold s 4
2
. A similar situation holds for the nucleon pole 

in pion-nucleon scattering although a complete proof for higher orders 

is lack ing in this case. The situation seems is change when manly° 
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-.-ector meson coupled, to conserved ourrenb in introduced into the 

L3gTang2an. For instance, in a paper 	Gel?-Hann`1) et alp , i1eras ^s 

shown by L' very sytematic survey of craTths apt() sixth order of perturbation 

theory that a spinor nucleon pole in a vector-sDinor theory starts moving 

7hen higher orders aro also taken into account. But 'scalar nucleon' 

coupled to vector meson cannot be Roggeized0 However, there is a serious 

simplification in their work, in that they neglect all those Feynman 

61a6Tams which possess the third Mandelstam spectra] function which 

amounts to ignoring Gribov(12) singularitics,and cuts in the angular 

momentum plane the existence of which was shown by Mandelstam(13)  

We would like to examine the same problem for a massive n,:utial 

vector meson pole in the interaction Tr IT --> '71-  71 	with the interaction 

Lagrangian given by 

H. 
int 
. = 

2i 

 

dx11  

2 * 
+g NgoT A A 

.where 	E Scalar charged boson field. 

neutral vector meson field. 

Although we have not explicitly added a direct pion'-pion term to the 

interaction, such a term would not essentially alter our conclusions. 

The second term and the direct pion-pion term in the interaction is in 

fact necessitated by renormalizability requirements. However, as will be 

shown later, graphs corresponding to such teius may not be very important 

from asymptotic considerations and hence may be neglected. This problem 
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was first examined by Freund and Cehme(15) both for the case when 

'4) IT 	Tr 71 is mediated by two and a:so by three neutral vector 

mesons, 

In what follows, vr,.: re-examine this problem and consider the 

one in which three vector particles are involved in the intermediate state, 

Section 2. Results :from Dispersion Approach  
Continued Partial Wave Amplitude  and Elastic Unitarit:j 

First we propose to recapitulate some of the well-known result; 

in complex angular momentum analysis which follow from the Reggo pole 

assumptions and the validity of dispersion relations, To be able to get 

uscfu'i predictions out of those results which could be matched with 

the results of conventional field theory one then naturally expands the 

f',1nctjons invol-ed such as Regge-trajectory a(s)9  the residue functicn P(s), 

etc., in powers of the renormalized coupling constant g. These expansions 

are then fed back into the dispersion formulae and by comparison of 

coefficients of various powers of g
2 useful predictions are obtained, 

which are then ready to be matched with Feynman results. 

We have earlier introduced Sommerfeld-Watson representation 

without systematically defining complex angular momentum as it is generally 

given in the literature. In what follows we proceed to do so and give 

certain important results of dispersion theory. Cur purpose will not be 

mathematical rigour, it will rather be completeness and readability of 

this dissertation. In doing so, we would follow lectures of Oehme(15) on 

this topic, 

One defines an analy':ic font „ton F(sA of two complex variables 

s and ?.which uniquely
(16) 

interr)olates between 	playsThal partial wave 
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amplitude F r(s) for sufficiently lame -6. Then 

F(s, Rely= -E) = F_„(s) for £ even/odd and & >To On tree basis 

of Carlson's theorem( 0), foruniqueness of the interpolation, one assumes 

boundedness for F(s,N in the region Re?\ %: N, This criterion is 

not satisfied by the physical partial wave amplitudes becaase of bad 

asymptotic properties of p&(cos‘')) when 
	

z 
	

CO which enter into 

the definition of us). 

Fo(s) = a 	 d(cosO) P (cose)F(s,t(cos0)) 
	

(1.6) 
-1 	-6 

Moreover, such an interpolation would not be physica]ly meaningful also 

because it does not make explicit the physical properties of the system. 

We therefore impose the restriction on F(s,t) that it should satisfy 

a subtracted dispersion relation for fixed values of s(17)  of the type 

F(s,t) = 
N-1 

cn(s)tn  t 
IT 

N 
at' 	

At(s,t') 
11=0 

 

  

N
(-0- t) 

uN 

FT )( 	,u1) du' 	A u(s - 

u u'N(u'-u) 
(1.7) 

where At and Au 
are absorptive parts of F(s,t) in the t and the 

u-channels respectively including possible pole terms where the number 

N corresponds to subtractions and makes integrals convergent, Equations 

(1.6) and (1.7) give 



	

dv 1 	Q (1+---v -) A + (sly) 

	

vo 2q 	2g 
Fa (s,?) = 

f,, 

(1.9) 

(s) "Nr • 	• 
dv 	1 	

2- At  (s,v).+1,-1) Au(s,v) vo 	2g2 	2g 

(with von; Min (t o  ,u o) 	(1.8) 

Here ono uses the fact that for 6.›N the polynomial and the subtractions 

do not contribute to the partial wave projection° Also one uses the 

usual representation for Q ( z) 

Q.c.,( Z) 	2, 	d(cos0)13.6(cos9) 	1 
2—O OS 

a.od 
	Q-z) = 

Consider the functions 

tu
N) Ir 

1 dv 

V 

v  ) — • t (S, ) 

They are r,::gular for TO\ >IT and sufficiently ho ceded for N-4 ioo 

in order to be uniquely determincA by their values for Re7\ = 

This is however not true for (1.8) because the factor (-1)^C  when generalised 

to complex angular momentum is e— 	and is not bounded when I 7\ H c°  • 

The physical partial wave anplitude determines F ,FFa 
 for. ReN = 

t—  

even/odds liecee it is convenient to introduce two separate inter—

polcIting functions 
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where 

A+ 	(sv) = At ' (s v) + A u(s v) 	 (1.10) 

which then uniquely interpolate between physical partial waves, and 

correspond to different signature(11713) Since 4x(z) is an analytic 

function of z except for branch points at z = + 1, -co; and also 

A+  (s,v) is a regular function in the cut s--plane,, F+ (s?) as given by 

(1.9) is an analytic function of s and Nwhich is regular for Re? > N 

and for all values of s except those on the cut in the s-plane. 

One, therefore, has the reality condition 

* 
F 	(s* 
	

* ) = F+(s' 

At this stage, we would like to define the elastic unitarity which is 

continued in the complex angular momentum plane. In the next chapter)  

we see that this would play a very important role in our problem. 

The elastic unitarity for partial wave amplitude Fe (s) is: 

Fz(s+s) 	Fc,(s-is) = 2ip(s4d8)Elz(s-ic)F,6(afie) 

where p (s) 

and <: s. 412  s 1 

and 	s.1  = 16µ2  is the inelastic threshold. 

One defines its analytic continuation for complex & (infact 

in our notation) as 

F(s+is,N) -F(s-ie,N) =2.ip(s+is)F(s-ia,N)F(s+ia,?\) 	(1.12) 



where as earlier 
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0-4g
2 

(s) = ---- ( 1 . 1 3 ) 

and 4112  < s < si  (= 16112) 

(b) 	Asym  totic Behaviour and Sommerfeld Watson Representation 

Earlier, we have mentioned what is Sommerfeld-Wa-bson (6) 

representation. Here we would like to give a few points on its derivation. 

One of the most important ways in which Regge-poles can be 

manifested is through the asyffntotic behaviour of the scattering 

amplitudes in the crossed channel. This we do as follows. 

For real s satisfying s;%41.2.2  one writes 

F(sa t) = F+(sa t) + 11_(s3 t), 	 (1.14) 

where 

F+ • (s,t) = 2 	(241) Fe,  ( s ) 	1°,6( 
	

2 
1+ -- 

2,1 
) + 	1 	

t 
2) — 

Pz(- — 
— 	 2q 

(1.15) 

By the usual techniques (196,17,18)  

integral 

one replaces part of the sum by an 

N 
F+(sat) = Z (2.6 	(s)% (1+ —1Q2) 

•&= o 	2q 

IT 1 

	

I 	dN d- 1 ) 
zwi 	y 	s invN 

x 

PT(-1- 	+ P (1-i- 	) 	(1.16) 
og  2 — 	2c12 

x 



14. 

whore we have used the analytic interpolation 	as deft/Ica in 

(1.9) for ReN>N. 	then assume the;, F.4.(6.2;) can be continued to the 

loft upto Pe T= -4, In doing so we m)e-t isolated singularities such 

as Regge poles, etc. Furthe:• that the continued function is sufficiently 

bounded for lIm-X1-> co. Then one writes 

F is t) , clX(2N-1) 	F + ' (s 	P (-1 - 
L. 	2g 

—3. too 

2 

+ P (1+ - (s) 	F
+ 
 (s 0)P (1+ —j--) 

2g- 	seven 	2g2'  

odd 

(i) 
7 (2a + 1) 

) 	
(i)

‘ /2 	
t 

P
a 
(-1 - . 	, 

2q2 I + 

+ p 

	( 1 + t 	j 

CI

, +

\ 	 2 1  
2g .... 

whore n js the number of Regge-po]es, 

(1.17) 

The seoend term in (1.17) is nonzero only for fixed values 

of 	in this case •&.-- o and 1, In fact such terms are the so called 

nen-continuable type and colrespond to e]ementary poles and hence to fixed 

ype) singularities. For a complete discussion of such singularities 

we invite the reader's attention to Ref.15 (lectures by Ochme). However 

for 6>1 such terms wsu3d be ignored completely, and even if we p7.:roach 

the value 6= 1 from the right of 	in the angular momentum plane it 



15. 

would be assumed that their contribution to the amplitude is negligible 

as cormared to those of the Regge-poles at least in the high energy 

The Regge-poles in the angular-momentum plane are defined as 

Pit)  (s) 

F (s,+ (1.18) 
i=1 a+ (s) A 

(i , 
where we have neglected other singularities, and a''

) 
 0) are the Regge- 

+ 

trajectories corresponding to even or odd signature of the ith Regge-pole 

and P.c.i)(s) are the residues of these poles depending on s. TD obtain 

the asymptotic behaviour of F(s,t) when t -> „,, one uses the asymptotic 

limit of Legendre polynomials P-4z) and other relevant properties(15) 

iva then see that the integral along the line Fed= 4 in (1.17) in the 

asymptotic limit vanishes like 	while the Regge-poles give the 

following contribution to F (s3t) 

F 	

( 
t-+ co 	

0i)(s) 	-fura(i)(s) 	a(i)  (s) 
: 4_,s 9t) 	 (1+ 	t — 

(i)=1 sinra(i)(s) 
(1.19) 

r (a i)  + 3/2) 	-2a(i) 

(
t 	(, 

where 	b(i)(s) =' IT  	0 	
± 
	s) 	

i)
s) 

r (4i)+ 1) 
Formula (120) can alternatively be deduced from an assumption 

regarding the high energy behaviour of the absorptive parts occirring 

in (1,9) and (1.10), 

0.20) 
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A . ( s b) 
.1v- 00 

() 154. 	(s) (1.21) 

thus establiening aiso the °gal-valence of the Froissart-Gribov formula 

1.9) and the Sommerfeld-Watson asymptotin representaLion. For details 

of proof we again refer io Oehme's lectures in Ref. (15). 

c. 	P72edictions of Elastic Unitaritql 

The elasic unitarity as continued in the complex angular 

momentum plane has already been defined by ecuations (,12) (and (1.13)), 

rols ovption gives very useful predictions when the Recce-Pole 

assumpion is built into it. But before we proceed to do so, ve would 

like to n,,,O.De a fele remarks regarding the signaire of the Regge 

amplitude associated with .cur problem 

( Fr?und and Oehm 15)  e 	, we suppose that there exists a 

lee0ing Rer2:ge-trajectory a (s) (odd) associated with a vector meson of 

!dass m w th It <.m <41 9  where g is the pion mass, s is the 

energy souared in the centre of mass system ani hence is the channel 

in which scattering takes place, Wh.ae4T, is the momentum transfer and 

,ra the ornssed momentum transfer These variables are the usual Mandelstam" 

variables describin7, the elastic scattering of equal mass particles, In 

the above we ha-re assumed an odd trajectory for the vector meson if the 

'lleggeization is possible. This is because one assumes the interaction 

to be invaxiant under cherge-conjugation, Now consider the following 

017'T' > 	. t-1; 
1 
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+ 	indicates [he initjal state. Since the assumption 

also eeplles to the virtual state of ocd number of intermediate-neutral 

vector mesons, we must have 

CI naPi-. (-1)n  InOt)ci> = 	InW°  > 
	

(i ,22) 

where n 1,3 depending on whether we have an intermediate state of 

one or three vector mesons. Of courses  we cannot have a state of five 

intermediate vector mesons becauscof elastic unitarity which is later 

defined for our case. Conservation of C-parity demands that 

Telative orbital angular momentum) be odd and hence that charge parity 

be negative. This would then imply that (if Reggeization is possible) 

the trajectory should pass through odd ti5tml angular momentum states. 

The fact that the trajectory associated with the vector mesons in this 

model is odd, is of importance in connection with summation of graphs 

whLch will be disnussed when we come to deal with the ouestion of 

evaluating the contribution of the Regge-trajectory to the sixth order of 

pertarbation theory. 

The unitarity equation which we defined earlier was more suited 

to a scattering in which even the intermediate states consisted of 

scalar particles. For our problem, where we have intermediate states of 

either one or three vector particles, elastic unitarity has different 

mass ranges. 



T1 a Ls 

P(s4i.oN - P(s-ioN 	 (1.23) 

with th6 mass range 

41.4
2  < s 	s. = (ml 212)2 
	

(1.24) 

and µ m 2p 

where p is the pion mass, Tn the vector meson mass, and si  is the 

inelastic threshold. p(s) is defined in (1.13). As stated earlier one 

assumes a single simple Regge-polo in the angular momentum plane. 

F_(0,7) = 
p (s) 

(s) — 
R_(s,i) 	(1.25) 

where the function R (s,N is regular at 	a(s). In what follows, 

for brevity, we would not indicate explicitly the signature of the 

trajectory but assume it to be odd always. 

With the assumption of a single Regge-polo the Summerfeld-Watson 

as:,,mototio form (1.19) takes a simpler form consisting of just one 

term instead of the summation 

F(s,t) 
b(s) 

(1 - eira(s)) ta(s) 

sinVa(s) 
(1.26) 

where 	implies asymptotic equivalence in the limit when t -> co o In 

this work;  we shall stick to this notation for asymptotic behaviour, 

unless otherwise mentioned. Also the function b(s) is given by (1.20) 

and in tne asymptotic limit it determines the behaAour of the absorptive 
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part it the t-channel as : 

At 7k  (s t) 	- 
b
I 	

t 
-) rs) (1.26)' 

Now a useful equation which will give several informations regarding the 

nature of Regge-functions such as Rogge--trajectory and residue, etc.;  for 

a given order of perturbation theory, can be obtained by combining (1.23) 

and (1.25) and evaluating near?\= a(s). One then obtains the following. 

Ims(s) 
—p(s) p*(s) 

(1.27) 
1 - 2.i,P(s) 144.(sla(s)) 

Before going over to the actual Feynman calculation we expand the functions 

P(s), b(s) and a(s) in powers of the renormalized coupling constant g;  

b(s) 	. 	g
613
3
(s) + 5

8
b4(s) + .... .0. 

8 .
3 	b 

P 
p(s) 	= 	g°0, (s) + --p4  (s) + .... .0. ,  (1.28) 

s) 	= 	1 + g2a1(s) + g4a2(s)  + 	OOOOOO 

As stated earner, due to charge conjugation invariance only graphs with 

odd vector mesons in the s-channel will be considered. Also as remarked 

earlier elastic unitarity (see eqns. (1,23) and (1.20does not allow 

more than three veotor mesons in the intermediate state for higher orders. 

For second and fourth order of perturbation theory, we need consider the 

fol].oeing graphs, only 
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20. 

FIGURE I 

= 	charged pion line 

neutral vector-meson line, 

where the graphs (ii) and (iii) help to renormalize(19)  the theory in 

4th order in g. 

It is clear that these graphs do not contribute significant values 

to the asymptotic behaviours of the absorptive parts in the t-channel 

because they do not involve s^-channel intermediate states, which could 

be out and put on the mass-shell - the usual CubkosIcy's
(20) method for 

determining discontinuity or absorptive part in a given channel. However 

the graph Fig.1 (iii) has one such intermediate state. Yet when it is 

cut it breaks up into a Born graph which in fact factors out and hence 

this graph again does not contribute asymptotically something significant 

to the absorptive part in tine t-channel. Hence (1.26)1  gives b1=b2=0. 

Therefore, from (1.20) it follows on comparison of coefficients of g
2 and 

g4 that pl=pro. This explains why we have ignored these terms in (1.28). 

Now it is easy to see that the Born graph Fig.1. (i) gives the following 
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cozitribtLtion to F(s,t) 

F(s,t) 
2 2/ 	t 

qg q 0+-772) 

M 

  

 

2 2g_2  

s-ra 
t (1.29) 

so that the first term in the perturbation expansion of (1.26) should 

be of order g2. This cannot be so unless we take c=a as is clear by 

combining (1.26) with (1.28) to get : 

1 - e
-ig(140(g2)) 

F(sIt) 	(g6b3(s)4134(s)+•,..) 	t.exp. (g2a
1
+84n +, 

/ 4 -77\g -a ±g 
e int 

where we have written 

/ sin7T0+g2  a1 -1-g4a2 	- )= 	(g2  a,1-1-g4a2+....) 

and then approximated this by 

/  -7,,e a,1-1-g
4  a,24....) 

since the value of thn renormalized coupling constant is assumed to be sma1: 

and hence the argument of the sine very small. Also we have factored 
2 

out t1 from tc(s)( t -Fg 1 	1 	) and written the remaining part in 

the expcmntigl form. From the above form of F(s9 t) it is obvious 

that a
1 
 should be taken to be zero for only then the existence of an 

asymptotic term - t corresponding to a Born graph is possible. The 

above asymptotic expansion of F(s,t) can now be written as 



c2(1
3  ' 
4e.
4 
4  

2a:1+g4 

02 	a2 

2 

1 	/ _4_ 
kg a2  g ap..)1nt 

1 	/
6 
 4 , 6

a3'  
J.
8" 

)21n2t+,.. 
k   

xt 

1( 13. a.2 
3 2 

2: 

22. 

F(s,-;,)-(-6b fs814 	1 	
2 	

Z; 	6 
3 	4 	- • , 	6 	x., (g 2 +g a 3 

1nt 

-2 , ---- 	2osi.g.4  be...) 
ttn  

-2g2  2g4  'b a 	2g6 , 
3)t+-- 	33 3 b4  ) 	7rat + 	b3a2tint4 0(t ) 

7T 	0,2 	7-1-CG 2 L  a2 	2 - 

2g
8 	2g10  

(0(tint1.— 
ira2 	7aMa2  

tint 4 0(tlnt) j 

2g12  
\ (2b

3
a
3
a
2
) tint + 0(tlnt) 

 

(1.30) 
7T a

2 

 

where in each order we have only retained the leading asymptotic terms. 

This assumption is very common among people of high energy perturbation 

theory. Here also it is assumed that the high energy behaviour of the 

scattering amplitude is determined by the sum of the leading high energy 

behaviour in each order of perturbation theory. We would not discuss the 

validity of such an assumptlon which has been studied by several authors 

in connection with high energy behaviour in perturbation theory(21) 



r2(s) b, 

_3(s,_ m2)  

4g.
2 	P3(s) 

(1.31) 

Comp9.ring (1.29) ar:: tilr: Born term in (;.10), we get: 

23. 

where tlie last equation follows from the general relation (1.20) between 

b(s) and 0(s). At this stage one notices that in (1.30) almost all terms 

have a2 
common in the denominator which because of (1.31) implies that the 

Born term should factor out in the high energy behaviour of Feynman graphs 

of at ].east 2nd, 4th and 8th orders in this model. 

We can now make use of equation (1.27) which itself is a result of 

elastic unitarily to obtain a very important prediction regarding the 

sixth order (in g) imaginary parts of b(s) and P(s). 

no(s)F g6p*3(s)+g8P4*(s)+... 

[1 - 2ir(s) (g24(s)+,...) 

p(s)
6 *, , 8 *- 	2, 	2 

Cg 	(s)+g 6 (s)+0(,.][1+2ip(s)g kR (s)+0(g-)) ] '4 	' 	1 

(where we assume R(s) to be of order g2 or higher and 

also for brevity we write R(s, a(s))as R(s) only) 

Comparing coeffjcients of g4 on both sides we get :- 

Im a2(s) = 0 which with the help of (1.31) implies 

	

0 = Ima2(s) = Imb3(s) = Imp3(s); with 41-12=s<isi = ([0-21)2 
	

(1.32) 

Im  [1--4_ 
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Also comparison of, coefficients of g
6  in the above sivos 

ImG3(s) = —p(s) 4(s) 
	

(1.33) 

From (1.28) it follows that for Regge-trajectory to pass through the 

vector particle with spin 1 and mass m, it is necessary, that the 

/ coefficients a1(m2  ) = 0 for all order n. a1
(s) however vanishes identically 

and a
2
(m2) from (1.31) is zero. And these conditions are found to be true 

in the actual Feynman calculation(15)  also. However, one vital'important 

condition for Reggeization in conformity with elastic unitarity is (1.32). 

A way to check it in perturbation theory is to perform the conventional 

Feynman calculation for all important 6th order Feynman graphs and sum up 

their high energy behaviour. To determine b
3
(s) and its analytic properties 

one needs to go to the sixth order Feynman graphs because of the following 

reason. If dispersion relations of the type (1.7) are assumed to hold 

a relation between the high energy behaviour of the Feynman amplitude and 

that of its absorptive part in a given channel will naturally exist. Now 

the high energy behaviour of the absorptive part in turn is determined by 

b(s) (eqn.(1.26)'). Hence our assertion follows. 

In the next chapter we shall take up this problem of calculating 

b
3
(s) from Feynman graphs and compare the results with the ones which we have 

deduced here. 

But before we go to the next chapter we would like to point out 

that the absence of imaginary part is a very important requirement for 

Reggeization, because it would mean that the vector particle is coupled 

through sense rather than non-sense channel(15) 
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CEAPITP II 

PER1URBATION CALCULATION 

1. Dominant Graphs  in sixth order.  

In what follows we shall see that the formulae (1.30) and (1."i2) 

will play a particularly important role. The former, which was originally 

based on the Sommerfeld-Watson representation, will serve as a guide to 

find graphs giving leading asymptotic behaviour comparable to it in each 

order. The Born graph (FIG.1.(i)) asymptotically goes as t. The graphs 

which go as t in 4th order have already been given in FIG.1. There 

appears to be no other graph in 4th order for the odd trajectory. Hence to 

lowest orders these graphs seem to satisfy the criterion for Regge-behaviou7 

i.e. 

F(s9 t) c(s) ta( s)  
(,10)1112t  

- 	 0'  0(s) t. [1+ 0(g4)1nt + 	‘  

2! 

is  where C(s) 	order g
2 and 0(gn) indicates terms of order g

n or higher in 

g • 

The above equation in fact follows from (1.30). To be consistent 

with the above requirement we must now look for graphs that behave 

(asymptotically) as tint in the sixth order. Applying the rules of 

determining high energy behaviour of perturbing graphs(7'9) one finds 

that the following graphs contribute to the asymptotic behaviour tint. 
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1' 

(ii) 

FIGURE 2. 

(1) 

It is easy to see that there are no other graphs that behave asymptoticalb 

as tint. Consider for instance Figure (2)'. 

FIGURE (IP. 

which is of 6th order because of a double corner
(22) 

which has a coupljng 

strength g2 instead of just 1 associated with it. This graph, however, 

is not as divergent as tint. This is because, due to the presence of a 

double corner not enough powers of t can appear in the numerator of the 

Feynman integral. As shall be indicated, these powers(714) arise out of 

scalar products between momenta at the vertices induced by the metric 

tensor g appearing in the propagator 

 

of the massive vector 

  

k2  ^m2 
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mesons which enter the F-,yr_man 	"Hence any graph which does 

bohaw. as fast as tlnt can be neglected. Because, as can be seen 

by applying formula (1.9) and the fact that if f(slt) -tint, At  - igt3 a 

high energy behaviour of tint in the crossed channel comes from a 

singularity at .&= 1 in the angular momentum plane. Any term slower 

than tint will correspond to a singularity to the left of .6. 1. And 

since we are interested.in the leading singularity in the angular momentum 

plane, we may as well neglect asymptotic terms slower than tint. Any 

other graphs involving direct coupling can be excluded on the basis of 

the argument given above. 

Before we go on with the actual perturbation calculation, we 

would again like to make a few points regarding our notation. Earlier, we 

have defined the Mandelstam variables. In terms of the momenta in Fic.2. 

we have 

s = (p1+1  )2 = (P2-14(2)2  = 4(241t2) 

is the Centre of mass energy squared 

N 	 , t (p1-p2)2  (k1-k 2)2  -2,2(1  ki-co0, 

is the momentum transfer squared. And 

u = (p1-k2)2  = (p2  - k1)2  = -2q
2 
(1+cos0), 

is the cross momentum transfer squared. As said earlier, we shall be 

interested in the high enz‘rgy limit in the crossed channel. i.e., 

cos& -400 (s being fixed). The method adopted for writing Feynman 

integrals is due to Chisholm(23) However, for a complete determination 

of C and D functions occurring in the Chisholm form, we resort to 
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some useful results by Tiktopoulos(9) Edon(24) and Halliday(9). 

So far we have not mentioned anything about the high energy 

behaviour of the crossed graphs in the sixth order that should also 

contribute to the Sommerfeld-Watson asymptotic representation for F(s,t). 

In fact, such graphs may some time turn out to be crucial to the 

asymptotic behaviour of the amplitude F(s,t). In the perturbation 

calculations their contributions may some time alter appreciably 

the aaymptctio behaviour eoming from the uncrossed ones°  

Fortunately, this does not happen in our case as will be shown later in 

more detail. At the moment we would drop the discussion on crossed 

graphs with a remark that the crossed graphs corresponding to the sixth 

order graphs in Fig.2. are obtained by the usual method of replacing t 

by u and vice-versa.(9)  

2. Planar Graph 

The graph Fig. 2. (i) is easily recognised as a planar graph 

according to the definitions of fplanarityl and 'non-planarity' of graphs 

given in ref. (9). 

The asymptotic contribution to the numerator of the Feynman 

integral corresponding to this graph is 

,c(av isiob) x ( -2t)3 
	

(2.1) 

whore C(01,) is the usual discriminant(23) in the Feynman calculation. 

The powers of t come about from the scalar products induced by the tensor 

occurring in the propagators. Consider, for example, the 

vertex-contributions at the end of the propagator with Feynman parameter 
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These contributions are obtained by adding the momenta of the pion lines 

if they are in the same direction or subtacting(22) if they are oppositely 

directed at a vertex. Thus we obtain from one propagator 

gw(2131-1-81)12(2p21-q1)1,.. (2p1+q1).(2p2+q1) 	(-2t) for t--* „ 

(22) 
where we have ignored those terms in the numerator which come from the 

shift of origin(7,25)  in the symmetric integration(23,25)  over internal 

loop momenta. The partial justification in ignoring such terms being that 

such terms do not involve sufficient logarithmic powers in the asymptotic 

limit. And since we are interested in the dominant asymptotic terms in 

corresponding to leading (right most) singularity in the angular momentum 

plane, we may neglect them. Such an assumption is not totally justified, 

because, it may well be possible that the infinite series of these slowly 

behaving terms when added up might change the high energy behaviour 

completely. Examples to this effect have in fact been found by Trueman 

and Yao(21)  and others(26). However, for simple cases like high energy 

behaviour of ladder graphs (V3) there is some evidence(21) that such 

complete high energy behaviour does not change the nature of the singularity 

that is, for example, a Regge-pole behaviour may remain unchanged even 

after accounting for all the asymptotic terms, although, the trajectory 

may change slightly. 

Then, our problem becomes similar to a scalar case with the 

only difference that having calculated the high energy behaviour of the 

graph Fig. 2.(i) taking every particle to be scalar and applying results of 

N/3  high energy behaviour theory(9), we multiply the resulting expression 
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(2,3) 

a1P1+P1P2 

c D 	p. 
21 2 2 

with (-2t)3. 
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Hence we have the following contribution to the Feynman 

integral corresponding to diagram Fig02.(i) 

	

i 	2 	-3- 

'1 
4 

	

F(i)(s,t). (-2t)-G j 	da..d1.3 : 	0,6'0- 1 
6 	i

I 

=1 1 1 j=1 	:, 

	

o 	i=1 

-3 
C(ai(~i?~)[ D( 13i?\ j s , t)] 

where the discriminants C and D are given by s 

a1+1314.X1+ 2 
p(aiPij) = 

a+ +?\,. 
2 '2 2 3 

(p
1+lc1) 

a1P1+PP2 a2p1+132p2 	1Ns-m0\ 	) 1 2 .3 

F.? 
•
3(1)1 -I-kl ) 

(2.4) 

a1+131-1-Y 	--?\2 

a24432-1-
2
+7 

g(aj.13i)) + 	))s h(aiP2\j;m2) 

(where i = 1,2 ; j = 1,2,3) 

For brevity we shall be omitting 	j• 

c(cp,) = 
(2.5) 



where further 

g(aP.)  " a2X2131 	a12r32+a1131 (a24132+?\2+7\3)+ a2(32(a1431+?\14.72 

and f(aPN 	.1\1 Y2 

h(a0)\;m2) El D(s.,ol t=o;a0m2) 

-m2(?)4:2\2-4 3). C(a0); C given by (2.5). 

in the above, to determine the functions f and g, we have applied the 

knowledge of p-to-k paths as introduced by Tiktopoulos.(9) Also G 6 

is a constant depending upon the order of the graph. In this case, 

therefore, 
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2.6) 

/ E2 
G 6 - 	 

4T )3 (2.7) 

Thus we write (2.3) as : 

F(i)(sl t) .(-2t)3G6 
	

1 ffda df3d2v6(1-E(a7,14n)C(a0N [gt+d 

(2.8) 

where now d(aPq s9m2) = f(4?)s h(aP4m2) 	 (2.9) 

and f,g,h are given in (2.5) and (2.6) . We now find its asymptotic limit. 

When t-4 oa 9  we must look for the zeros (7 8'9) of g(a137) in variables 

a,13 and T. This is done by the procedure of 'scaling' as first introduced 

by Federbush(7). One transforms 

(a1 a2) 	p1(711,2) with a1 	a2 = 1 

(P1' 122) 	P2(1'k) with  P-1 4' P72 = 



Then 

32. 

dai  da2d dp2  -+ acri a;o4731  dr32c1 dp2  411)2-1  ( 	32-1) x 

N 6( 131+ (32- 1)1,  U 

where a(alY a2) 	a(Pl'f32)  
n 	r— 
ta(c7v 	a( ilr2) 

(P1 

lo the Jacobian of the transformation which is positive definite within 

the region of integration defined by Feynman integral, 	shall be 

interested in integrating only over that region of the parameters pi  02  

which immediately surrounds the origin in Al  and p2  - spacns. Whence 

(2.8) has its asymptotic behaviour determined by 
3 

1  T- F( i)( s9  t (-2t ) 3G61 	, - 	1 1 d pl 	cTA ( X 4-X42",
3 

 +0 (p)-1)SUi +7,2— ) X 

0 	i=1 	jr-1 

following leading asymptotic behaviour 

d  P  dP2(C1 )2) 	qt+do]  
0 

c(ri+k—oc(o(p),%\_) r dP P2 d (pi  p2)x 
0 

t+d(0(p)sa,13) 5) g  

where g - (71'.N 10) 

- Pl• a 	7(1 Rl(.2+7 )+   62k(YY+ C415)  

and 0(p) has terms involvingpl ,p2. 

The last integral over pi  and p2  in (2.10) has the 

(2.10) 

(2.11) 

1 -2 do .t lnt (2.12) 



1 3 . 	3  

dX. 6( 	?\.-1) U .s9 m
2  ) x 11(1)(sIt)- (-4G6)tlnt ir 	f- 
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where in -g and do  we have neglected terms o(p) 	The expression 

for 	has has already 'been given in (2.11), where we have only to ignore terms 

involving 	While from (2.5), (2.6) and (2.9), 

cloEid(0=0,i•=f3i)EsU(N;s9 m2) ....?\17\2?y-m207\j) 

where c  ("7 ) 	( 0 =af-- ; ) t-1.X2-1X2X3  +X3X1  

Therefore, the asymptotic behaviour bedomeS t. 
3 

p(i)(s,t)-(-I t-2j.nt)(-2t)3  11  dada:2dr'1 a2 1 	S(1- 

o jr-1 

(2.13) 

x S(1-c7i--a-2)s(1-T3,1-73.2) rod u-1(;;s9m2)[gti-3),) 

Integrating over C,T,2 and p2 with the help of the 6-function and then 

performing rti- and -F.,- integrations, one obtains 

o j =1 	i-1 

	

L 
2 (?
)
4\
2
)(X

2'
4\ 
	

(2014) 

\ Where IJOy sv m2) is given in (2013)0 Hitherto, out results completely 

agree with those of Oehme and Freund(15). The only Slight difference 

being that we have here cart ied out integrations Over four of the 

parameters which were left unintegrated in Oehme and Freunds work 

referred earlier. The possib]e advantage in so doing is Simplicity of 
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expresion. 

In Section (3a) we mould calculate the asymptotic behaviour 

of the non-planar graphs given already in Fig. 2. Our treatment of these 

graphs differs essentially from that of Oehme and Yreund(15). The 

treatment we have adopted(27)  is based on the work of Polkinghorne
(28) 

and Tiktopoulos
(9)
. 

3. Non-planazraphs. 

(a) Loulstic behaviour: 

The contributions (asymptotic) of the non-plqnar graphs 

Ftg.2. (ii) and (iii) appearing in Fig.2. are equal because the two 

graphs are topologically equivalent. rtence we shall calculate the 

contribution of only one of mhem and finally double it to add to that of the 

planar graph. 

As in the previous case, the numerator contribution to the 

Feynman integral for the graph Fig.2(ii) is (-2t)3, which again follows 

from the type of arguments given earlier for the planar graph where we 

show that induced scalar products between momenta give rise to factors 

of t. Again, of course, we have neglected terms arising from shift of 

origin in the usual process of 'symmetric integration'. Hence one 

writes 

F( 	)( s,t ;m2 )- (-2.0306  I dal'. 3gal+ 3-1 ) 	13,?\ ) 

--3 
x 	g(a,, 13,?\) t 	d (a, S,X;s1 m2) 

(2.15) 
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where the usual rules of p-to -k paths(29) to determine the coefficient 

of t and s give 

g(a2P2 ')  = 4/1P1(a2+132-1-?\+7\) 	a1P2?+  '213n- a2P271 
(2.16) 

and the function d which also contains the coefficient of s is : 

d(cte l  1397\; a9 m2 ) 

Also, c(a,(3i)  

= U(7vi s,m2)+ 0(a, p0) 

- 	+ 0'(G91312) f 
	

(2.17) 

The functions U (Ns,m2) and V(?) are given in (2.13). The 

terms involving (a, (3) or (a
12 a22  .p12 (32) grouped under 0(a,(30) or 01(a,WO 

do not contain the leading terms in the asymptotic limit and hence may be 

neglected. 

Now we first illustrate what happens if we proceed, as in the 

previous manner, to c 

the end-points(30) to 

under discussion. Wh 

airy out the 'scaling' procedure of integrating near 

determine the asymptotic behaviour of the graph 

en t co, one looks as earlier for the zeros of the 

function g(a,PN given in (2.16). The integration is carried out over 

that region which is the immediate vicinity of the zeros of g(a1(3,7)0 

The function g(a,PIN vanishes at points which are of two types : 

(a) End points of the physical region of integration of the Feynman 

parameters. Usually by this, one means the lower limits of the undistorted 

positive Feynman integrations. As remarked earlier these correspond to 

edges of the hypercontour and are given by putting a certain number of a's 

equal to zero. 
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(b) .tpart from the end-points or edges there are other points inside 

the physical region of the hypercontour at which the function g(ap 3Os) 

vanishes. These points in the asymptotic limit give rise to pinches 

of the hypercontour trapping the contour at a certain point and thus 

preventing further distortion of it. 

Now if one ignores the type of zeros given in (b), and proceeds 

to integrate near the edges for the asymptotic behaviour of the non-

planar graphs under consideration, one obtains the following : 

s,t;m2).-(-2t)3G
6 

i 
de4r,icra2ailidr52br'(cT1+a2-1)6(i7142-1) 

O 

x cga-Al; Ai)x 
0 

3  

J

1 	, 

x j 	I 	I . 
0 j=1 

dPidp2(pi p2)6'(0(pi)-1- )-- •)P1P24t  

 

- 3 
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The transition from (2.18) to (2.19) is only defined mathematically 

when 	as a function of transformed variables 1S., p., 	 (i = 1,2; 

j = 1,2,3) does not vanish within the domain of integration. However this is 

not so. A glance at the function g in (2.16) tells that it vanishes inside 
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the dt.main and consequently its transform g vanishes without all of its 

terms having to vanish separately. For detail we would give the form of 

this function 

g (a.1  5(3.0))  = 717 O.2' 	4.  a'1 62 	-F  a22 - 71i 2?\1 1 (2.20 

where we have neglected two terms which involve p1  and 
13
2 as we are 

integrating near p1  7._ s Z, P2 (c-to) 

Now, we easily see that this process of integrating near the 

edges would give a double pole lying on one of the contours of integration 

in (2.19) This double pole is fixed (not dependent upon t - the 

asymptotic variable) and one clearly does not have a well-defined procedure 

of avoiding it. Furthermore, by neglecting the p-dependent terms in 

one shifts the actual position of the singu!arity. This situation essentiall: 

arises out of the approximation scheme of integrating near the edges for 

the asymptotic behaviour. r;e1  therefore, apply Polkinghorne's procedure' 28\  

for integrating over the pinches, where we have to carry out a few 

integrations exactly till we obtain the logarithmic term and then make 

the correct choice of the logarithmic branch. This technique enables 

us to appropriately account for the pinch contribution, 

b. 	Imaginary term. 

In what follows we shall show how this procedure generates 

an imaginary term coming from the correct choice of the branch of the 

logarithm, The demonstration of the pinch arising in the asymptotic limit 

in our case and its contribution when the contour is distorted is given 
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c(a
19 	j 

p 	x) [( QI-Pi P2 1)t+di ]-2  1\ 
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in the Appendix. Adopting the notation in Ref. (28) wo -may rewrite 

g occurring in (2.16) as follows 

g(0,313/7) = 1  (-a2  -4-1)1  N71)(R2  -P2  2'71) 

where 	P1  = a (3 X.. -11+  -), 	P2 = Ya14:X2)  

Q 	= 	al P1 (?\2+  

(Q-1-1) 	?\1) 
1P 2 1 

(2.22) 

(2,,23\  

and the pinches occur at positive values of a2  ,nd p2  (and hence on 

the physical sheet) given by a2  = P1 -1 	'2 
= P2 	(2.2e, 

Then following Polkinghorne the pinch contribution can be 

obtained by multiplying the integrand in (2.15) with the factor(31)  

1 	

(a2 	pl"\-11) (62  - 2 `• 
\11) 

and integrating over 
a2 and P2' 

Thus we obtain the following 

n(ii)( 	 2iriS,tpn2),-k—at)3  -- G6 2f 

1 
f 	dal d pi ?\71  

j=1 0 

1 

1 0 

3 

where 
d = d 

a2 	Pi 1)\-1 -1 
= p 

'2 	2' 1 



F(ii)(s,t;m2 )"°(411C6 )tlnti 
O j 	 a =1  

I 	1 

(2.26) 

(i) (i)' 	 (i)' 

I 
\ 

t A-411:1 I 

I 	• 

/ 

39. 

The r,-;sidu::,1 coefficient (Q.;!-PIP2%) in the pinch contribution (2.25) 

vanishes if a,. 0 or p1 = 0 (see equabiuns (2.22) and (2.23)). Hence 

integrating near these end—points, one gets the following logarithmic 

enhancement 	3 	3 

where U(Npsl ma) is given by (2.13). 

4. 	Crossed graphs  

So far, we have not seen how crossed graphs are obtained and what 

is their contribution in our problem. This short section will be devoted 

to such graphs in the sixth order of perturbation. Consider the 

transformation t 	u on the planar graph Fig. Mi) 

FIGURE 3 

the graph thus obtained on the right id defined to be the crossed graph 
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corresponding to the given graph on the left. The discriminant D 

appearing in the Feynman integral of such a graph is obtained from that 

of the original graph by replacing t by u and keeping s fixed. 

Thus 

t U 
D = fs+gt+h 

 

Dc = gu + fs + h 

 

  

  

= gc.t + fcs + he (2.27) 

where superscript c stands for the crossed graph; and in terms of the 

original uncrossed graph one writes g 
4 

gc = -g, fc = f-g and hc = m,2  + h. (2.28) 

 

i=1 

  

In deriving equations (2.27) and (2.28), we make use of the condition 
4 

s+t+u = 2 m. 
1=1 

which, as one knows, is related to the mass-shell conditions of the 

external momenta. 7e notice that when t 	009  we have to integrate 

near the region where g=o9  and therefore the functions fc  and he  for 

the crossed graph are exactly the same as those of the original uncrossed 

graph. Whereas, the function gc = -g. It is now easy to see that, 

forgetting for the time being the powers of t in the numerator, the 

denominator gives exactly too same asymptotic behaviour as in the uncrossed 

case. This happens because in the asymptotic behaviour of the integral 

in our case a power (g )-2occurs  which takes care of the negative sign of 

g
c
(= -g). However, the numerator consisting of (-t) in the uncrossed 

graph is now replaced by (-u) in the corresponding crossed one. But since 
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our limit t-> co implies u 	cv(*.°for the physical region u+t = const. 

for fixed s) the asymptotic behaviour of the corresponding crossed graph 

is +tlnt instead of -tint. Vhence ono writes 

F(i)(s,t) 	F(i)1(s,u) = -F(i)  ( 
	

(2.29) 

Now the question of signature of the assumed Regge-trajedtory becomes 

rather important at this stage. Earlier, we argued that in this problem 

where odd number of vector particles were involved in the s-channel one 

had to assume an odd Regge-trajectory a_(s) for the Reggeization, if 

possible, of the vector meson. 17e may also easily see that for the total 

asymptotic behaviour of a graph in our scheme one has to subtract the 

contribution from the corresponding crossed graph as well, because the total 

absorptive part 

A-(sv) = At(s'v) - Au(s9v) 9 

which through eqn. (1.9), determines the behaviour in the angular 

momentum plane, or, alternatively, the high energy behaviour in the crossed 

channel. Since for the planar graph under discussion the corresponding 

crossed graph has eaual and opposite (in sign) asymptotic behaviour 

(see eqn. (2.29)), the total asymptotic behaviour of the graph Fig.2(i) 

and its corresponding crossed one (As indicated in Figure 3 and 4, we 

use primes for the crossed graphs)becomes in magnitude twice of either of 

them. 

This also applies to the non-planar graphs Fig. 2(ii) and (iii), 

and their corresponding crossed ones (ii)' and (iii)' (See Fig.4). 
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t 

 

t 	U 

FILTURE 4 

In this case, however, as is shown in the Appendix AEI, there is an 

arbitrariness involved in the sign of the pinch contribution coming from 

the graph Fig. 4(ii) (or (iii) because the two are equivalent) and its 

crossed one (ii)'. This arbitrariness arises out of the choice of the 

branch of logarithm occurring in our calculation. For a particular choice 

of the logarithmic branch it is indeed possible to have a non-vanishing 

imaginary part in the sum ol-Dr all the sixth order graphs. 

Hence making use of (2.14), (2.26) and the fact that the crossed 

contributions get added up to the uncrossed ones giving twice as much, we 

obtain the following leading asymptotic behaviour in thu sixth order  
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where 

b
3
(s
'
m2) . g 

3 

N.-1) U l( ivos m2) x j/ / 

j=1  

In 21(7\1+72)(12.1-X3)] ari 

(2.31) 

5. 	Conclusions and Remarks.  

We have now derived from conventional perturbation theory the 

expression for the function b
3
(sm2) as given by equation (2.31). This 

function as we know occurs as the coefficient of g6  in the perturbation 

expansion of b(s) (see eqn. (1.28)) which itself is related to the 

asymptotic behaviour of the absorptive part in the t-channel (eqn.(2.26)1 ). 

At this stage, therefore, we are in a position to make a comparison with 

the results of dispersion relations and unitarity obtained in Chapter I. 

Consider the integral 
3 	 3 

fl 	 —1 

I d?\j 	/ 7 )-1)LY\27s-m2( 	2?\3 ?\17\2+4-7\3) )  
0 i=1 	j=1 

occurring in (2.31). One may write a dispersion relation(32) 

(2.32) 

for this in 

the complex s-plane, It turns out that it has a branch point at s = 9m2 and 

an associated cut starts at this value. If the mass of the vector meson 

in our problem is equal to that of the scalar (or pseudo-scalar) pions 

which is allowed by the rather general mass-range (see eqn. (1.24)) 
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1.ssumed for the veotOr mason_, they branch point at s = 9m2 can be identified 

with the inelastic threshold. fence one expects that within the elastic 

range, (2.32) does not have an imaginary part. The same applies to the 

other integral in (2.31), that is 

1. 	0. 
f 	171 riNjS 	-1) U-10, p,m2  

0 JO 
n[i\*12(2\1+7\) (7\+7\3) 	7 

although, in this case it is slightly more difficult to write a dispersion 

integral with known weight function, gowever, the analytic properties do 

not appear to change with the introduction of the extra logarithmic factor, 

that is we again have a branch point at s= 9m2 coming from the denominator 
\ consisting of 1.1(X4s,m2  ), and an associated  inelastic cut. This means that 

3 

b (sm2  ) possesses a non-zero imaginary term(,33) that would contradict 

the vital condition (1.32) derived from the elastic unitarity in the last 

chapter. The condition (1.32) is based upon simple Rogge-pole behaviour (1.25) 

of the vector meson apart from the elastic unitarity (1,23). One obvious 

consequence of all this would be to conclude that, if unitarity (elastic) 

is to preserve p simple Regge-pole behaviour of the vector meson is not 

entirely justified. In fact?  it appears that there is a Rogge-pole which 

correspond0-  to.the planar graphs of the type Fig. 2(i) and its suitable 

iterations in the s-channel, plus some other equally important singularity 

corresponding to the non-planar graphs of the type Fig.2(ii) and its 

suitable iterations. This would then lend some further truth to the 

already existing belief that Rogge-poles are associated with lend point effects,; 
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that is they arise out of intogrations near the edges of Feynman hyper-

contours associated with planar ladders. Models of field theory in which 

one deals with such graphs correspond to potential scattering and hence 

Regge-pole behaviour is expected. However, in a fully relativistic model 

in field theory where Feynman diagrams possess all three Mandelstam double 

spectral functions(5), the Regge-pole approximation is not possible. 

In the following we shall make a few remarks related to our results. 

(1) We may remark here on the apparent simplicity of the pinch arising 

in our graph as compared to the pinch arising in the graph discussed by 

Polkinghorne in Section 4 of Ref. (28). In our case the pinches move towards 

the end-points al=o and rye when we integrate near them; whereas in the 

more complicated (and higher order) graph discussed in ref.(28), one 

requires at least (n4.3) parameters to be set equal to zero (see eqn.(29) 

ofi/ef.0)) to move the pinches to the origin. But this is not at all 

important in relation to what we discuss here. Vlhat is important is that 

asymptotically there do arise pinches inside the physical contours of 

integration of parameters a2  and P2  [ see eqn. (2.24)] which have to be 

appropriately accounted for before one goes on to integrate near the edges 

for logarithmic enhancement in the asymptotic behaviour [ See eqns.(2.25) 

and (2.26) jo Also since the behaviour so obtained turns out to be of the 

same order ( 	as that of the planar graph, one cannot simply ignore (33) 

it. Here we would like to mention that we do not believe as does A.N. Chester 

that complete cancellations can arise out of the addition of crossed graphs 

(i)t, (ii)! and (iii)t (given in Fig.3 and Fig.4) to their uncrossed 

counterparts, thus introducing Kronecker type singularities in the angular 
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momentum plane. We find that the imaginary asymptotic behaviour is 

associated with the occurrence at t = ap-ic of a singularity given by 

pinches in the x and y integrations and end-points in the 18-integrations. 

This contradicts the elastic unitarity if the pure Regge-pole assumption 

is retained, which is undesirable. 

(2) If the pion line is replaced by the nucleon line, our arguments 

remain unaffected. This is because when spin is considered cne'obtains 

a spin-dependent factor in the numerator of the asymptotic behaviour of the 

Feynman integral. The remaining integral being spin-independent is similar 

to that occurring in the case already considered. And since as we have 

found that this part does not Roggeize, inclusion of spin would not make anY 

difference. Hence the vector meson does not Reggeize even in the vector-

spinor interactions. The case with spin could also be dealt with on the 

basis of helicity formalism (Parity conserving) of Gell-Mann et al
(ii) 

and the factoring of the spin independent part(33) could again be established 

on these lines. Thus we find that as far as graphs upto sixth order are 

concerned a vector particle does not Reggeize for the odd-parity part of the 

scattering amplitude in the complex angular momentum plane. And that this 

non-Reggeization holds both for the case of vector-scalar and vector-spinor 

theories. 

(3) Vie would again like to stress that, what we have done earlier, should be 

true strictly when the leading asymptotic terms are kept, only. The result 

may change if in each order of perturbation theory all the asymptotic terms 

wore retained. However, for a complete high energy behaviour, one has to 

resort to more powerful and rigorous mathematical techniques such as Mellins 
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) (34 transform method of Bjorkon and Wu' 	, which is been developed in stages 

by Trueman and Yao(21), and then for complete hi,4?,11 ener6y behaviour of 

ladder diagrams by Polkinghorne.
(21) 

(4) Finally, we would like to point out the importance of going to higher 

orders and checking whether the asymptotic behaviour agrees with the 

predictions of unitarity and S-W transform or not. But this problem, no 

doubt, gets more and more involved as one goes to higher orders, because 

the choice of graphsbecomes larger and larger. There is, however, another 

equally interesting problem, although not directly included in the 

'Reggeization programme' of Gell-Mann et 
al(11) which is iteration of 

diagrams to generate ladder diagrams and then summing up the infinite 

series of high energy terms coming from each order. The iteration can also 

be done by the methods of partial-wave Bethe Salpeter equation wherein 

one takes an irreducible Feynman diagram as the kernel of the equation. 

In part II we would discuss this problem and apply it to the case when 

the non-planar graph Fig. 2(ii) is the kernel. Vie would, however, apply 

a two particle iteration procedure and therefore, a priori, may not 

expect to obtain a Regge-cut
(13,28) in the angular momentum plane. 

An interesting mode of iteration in the s-channel in connection 

with a Regge-cut behaviour in the light of Polkinghorne's
(28) work is given 

by the following diagram: 
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:re notioo that A planar 7adder has been inserted in a non-planar 

graph. The mode of iteration, as we s:ie, is not two karticle, and it is 

not possible to pick out an irreducible graph which would serve as a 

kernel of an integral equation for the iterated amplitude. We may, 

however5 find the high energy behaviour of the corresponding Feynman 

amplitude using the technique of Ref.(28). Then summing the infinite 

asymptotic series generated by the iteration in the s-channel, one may 

explicitly obtain the form of the cut. The reduced(7'8'9'28) grqh 

obtained in the high energy limit from Fig.(5) is given in Fig.(5)'. 

t 

The graph between the vertices (b) and (c) when evaluated in two dimensions 

gives an expression for the Regge-cut contribution
(28) to the high energy 

behaviour in t. However, the two blobs ab and cd in this diagram are 

additional, and one expects they would change the form of the spectral 

function entering in the cut-contribution as referred above. 

Thus, we see that any diagram which does not satisfy two particle 

unitarity, and has the third double spectral functionpaccording to the 

conjecture of Mandelstam(13) is expected tc generate a Regge-cut after 

suitable iteration. 



PART .1.1 

VECTOR MESONS AND COTOPLOC 

ANGULAR monaum 
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INTEalliCTION 

Recently there has been a general Ir.t,erest in the Regge Poles 

in Field Theory 	Tt was p7)inted out earlier that elementary particles 

which are introduced as fixed (non—continuable) singOarities in the 

.a plane or as the Born terms in the lowest order, start moving,beooming 

members of Regge trajectories whoa higher orders are also included. 

The process of including higher order corrections in the coupling 

constant or iteration as we have earlje2 called it, can also be 

performed by means of the Bethe—Salpeter equation. This problem 

however differs from the so--called Reggaization (or non—Reggeization) 

problem which has been dealt with in Part I for the special case of vector 

mesonsv 

In analogy with potential scattering,Regge poles in Field 

theory represent composite partic7.e9, bound states or resci,ances, 	It 

would be nice to have elementary particles represented by Pegge poles, 

because, then they could be looked upon as dynamical states composed of 

one another 	Considering all this a conjecture was made by Chew, 

Frautschi (3\ /and Mandelstam(4)that a criterion for a bootstrapped theory 

is the absence of Kronecker delta terms in all channels, 

In the foregoing work we attempted to verify this conjecture for 

the vector meson channel in cur problem upto sixth order of perturbation 

theory. 	Our answer was possibly no Reggeiza/4ion for the vector meson. 

in higher orders the number of graphs becomes unmanageable. We are 

in the following therefore content to study the analyticity of particular 

modes of iteration for the 4th and 6th order diagrams involving two and 
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three vector mesons in the energy channel respectively. We assume 

the interaction between a spin zero "nucleon° and vector bosons occurs lux)ogla 

a conserved current. 	Thus the vector meson is a gauge particle(37)  

and the coupling is rencrmalizable. 

In Chapter3 III and. IV we would consider the iteration to 

involve two vector mesons. 	The box graph (Fig.6) involving two 

vector mesons in our problem is logarithmically divergent. 	Since 

'one vector meson is coupled to the scalar "nucleon" through a 

conserverl current, we can remove this divergence by adding the suitab3e 

combinations of direct interection 4th order graphs as is explained 

in the beginning of Chapter III. We then perform the integration 

over the loop momenta. 	In Chapter III, Section 2, the partial wave 

projection is persermed which is then continued in the complex -6 plane. 

This hoaever holds only for Re -11, 	Therefore, the analytic continuation 

into the region Re-* is necessary. 	In the continuation to -6= 1, 

we might meet Kronecker delta type singularities. 	We ignore all such 

terms, because, we are interested only in the analytic part of the 

scattering amplitude. After this continuation we keep only the part 

of amplitude which is singular at 	1. 

In diapter IV, Section 1, we define the Bette Salpeter(48)  

equo,tion and perform its partial wave projection. 	The singular part 

of the box diagram is then put as the kernel of the partial wave 

BS—equation which is solved by Fredholm's method(42)in Section 2. 

The solution, however, does not originally hold for & ,---, 1. 	In 

Section 3, this is continued to the point 6. 1. 	In Section 4, we 
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fineF. .6ho singularities of the solution near 	= 1. 	We obtain two 

, 
Regge poles the trajectories of which intersect for s 	0P,

2 
 9  thus 

defining a branch point in the s-plane. Also for zero coupling 

limit the trajectories pass through 	i and give a simple pole for 

s 
- the transition amplitude obtained by iterating only the part 

singular at-6., 1. 	Also towards the end of this chapter, we apply the 

asymptotic theory to this problem and again obtain two simple Reggo 

poles near Z= 1 with approximately the same trajectories as derived 

before. 

In Chapter V we apply the method of Chapters III and IV to 

the problem of iterating the sixth order graphs discussed in Part I 

of this work. W take as the kernel of the partial gave RS-equation, 

the sum of partial wave projections of '.ne sixth order graphs of 

Part I. 	The method. of ite-ation is again two particle and therefore 

one cannot preclude the possibility of a Regge behaviour. 	In effect, 

in this problem three different ladders corresponding to the Graphs 

of Fig.2 are generated, and the results then sullimodo Each ladder also 

includes a corresponding ladder coming from the crossed graph. 	Thus, 

in fact the complete sixth order leading singular amplitude in the 

--plane is generm,tein.by the partial wave BS-equation formalism. 

Also, since, in this problem a diagram is involved which has a 

non-definite(9)coefficient of t (the asymptotic variable) in the 

Feynman denominator, it would possess a non--vanishing third 

Mandelc±tevidoimble spectral function. 	Two particle iteration of 
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such a diagram is known to lead to an essential singularity
(51) 

the'e—plane. 	However, this does not hold in our model because the 

kernel happens to be separable or degenerate
(42) 
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CH=1 III 

'4TH ORLER BOX DIAGRAM' 

Section 1 	Feynman Calculation 

As stated eathex, we are interested In the iteration of the 

4th order box diagram of 
P2 	114 

Yig06. 	The method we use for 

such 	iteration is the 

I,artial wave Beths-Salpeter(48) 
	

$ 	 2 t 

Equation. 	For that matter, we 

propose.. to first calculate 

the exact FeynmalA amplitude in 

    

    

P1 	p3  
t t 

Fig., 6 

the 4th order, 	We shall then take its partial ware projection, etc., 

to be fed into the partial wairti Beth° 3&apoter EqUaaen. for the study of 

analytic behaviour. 	Before we stavt with the Feynman calculation,, we 

would mention our notation, briefly. 	To each internal scalar 'nucleon' 

line, corresponds the propagator, 

2 	2 	. 	-1 
-i[q - 	lc] 	 (3.1) 

where %t is the scalar 'nucleon' mass. The propagator for the internal 

vector meson line indicated by a wavy line is; 

r 2 	2 	. , -1 
-11q. 	m 	1E.1 	

g1-4z3 
(3.2) 

where m is the mass of the voctor meson. Further with each three point 

vertex, we associate a quantity igArr y where g is the coupling constant. 

The transition amplitude for the graph in Fig. 6 is given by 
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is]•.x 

X [(q—P1—P2)2—W2-146][(T-1)0 2-•  0
2
+16]}

-1

a 

(303) 

where 

P(q) 	[(2p1 —q)(2133—q) ][(q+-24—p3)(q+p2—p.1)] 
	

(3.4) 

is a polynomial in q of 4th order, and p1  = P.'p (i,j = 17-24) 

are the scalar products of four vectors. 	It is easy to see that the 

integral (3,3) is logarithmically divergent. 	Hen3e, it is necessary 

to remove the divergence before we evaluate the expression. For that 

matter, we adopt the conventional procedure of renormalization(36)  

assuming gauge invariance of the theory. This in turn demands the 

introduction of a term of the form 	,(1,x4.7 TT in the lagrangian. 

In addition to the above, there will be a term consisting of a direct 

scalar 'nucleon' scalar 'nucleon= interaction of the type 7vP4  . 

However, to remove the divergence from Figure 6, we only require an 

additional term iu the Lagranglara of the type coso*1.V • Accordingly, 

in the 4th order, we shall have two more diagrams (see Figure 7) to add 

to Figure 6. This would then remove the logarithmic divergence as in 

(2236\  
the case of Scalar Electrodynamics' ' 	• 	Thus, in practice, we just 

ignore the divergent term in (3.3), and since we would be interested in 

the leading singularity at Z. 1, we do not have to add the graphs in 
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1 
where zloc 

Figure 7 explicitly to the 

result in (3.1). 	This is 

because such graphs do not 

have t—dependence and hence 

in their partial—wave 

projection contribute terms 
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(a) 

Fig. 7 

(b) 

like-Co (fixed Kronecker type singularities). 	However such terms 

occur to the left of 	I in the angular momentum plane and hence may 

be neglected. 

Therefore, we separate from (3.3) the divergent part, by 

making use of Feynman parametrization(37)  and the allowed shift of 

origin(25'37). 	This divergent part is then completely ignored in the 

subsequent calculation. 	We then apply symmetric integration procedure
(25) 

to the convergent part to rewrite (3.3) in the form 

B (p..9  a) 	B2(pii,a) 
2 	

..) 
1  13  + .-- 7--J--7. 
D .., 57) 	Dll)..

ij
pc0 J 9 (Plj 	' 

4 	(3.5) 

2 	4_, 1 
da
3 
 da
4 
 S( 7 a. — 0 

(3.5') 
i.1 
of the new symbols in (3.5), Before giving the interpretation 

we shall fix the Lorentz frame to be the centre—of—mass system for the 

particles (1,2) and (3,4) (figure 6). 

Thus, B1(p1j,c) and B2(pipa) are, in the C.M. system for the 

particles (1,2) and (3,4), of the form 
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B
1 
 (s
' 
 t.p2  /12  m2I0) E 151(t;00 = 3A.1(pvcc)°A2('pi'  a) 	s - 2t, 

B2  (s'  t-p
2
i1

2  
1 9m

2
la)E B

2  (tp) 

where  

= [t2(pi' 	t ][A-2Pi' ( 	c) 	t], -1'  

A (P..a) = ((10-1) P3  +a3 (P1-2 ) 	(a
4 
 -1)D

1 
 9 

A2 - (14x) = 1-1(13:14 + Pi 	p2 

(3.6) 

(1, 7) 

In the above formulae 

s = (Pi * P2)2  
and. 

2 
t = (pi-p3) , (3.8) 

are respectively the total energy slaared 2.nd square of the momentum 

transfer in the C.M. system 	The explicit expression for B1  and B2 

are given in Appendix A,II. 	The quantity D(s,t;p21_, 

is the usual well-known Feynman denominator, linear 

m
2
9 whose explicit form is also 

/229m2I ct) 	D(t,c) 

in s,t1p1 ,g
2 
 and 

given in Appendix A.II, The transition 

function defined by (3.5) is in 
2 fact a  functions,t, 	

2 and  m
2 

and 

will 	denotedbe frora ncwormards as p(syt; . P2)  ,where 	
1,2,3,4. 

i 

Before we go over to the next section where we shall be dealing 

with the partial wave projecbion of the Box diagram and then its 

analyticity in the complex -6-plane, we would like to specify our 

notation concerning the Bethe-Salpeter Equation variables. The 

following coordinate system is going to be useful for the partial wave 

Bethe-Salpeter Equation, 
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f-Kr 
NS 
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P2  

( 3 . 9 ) 

p3 
(-/kr-) + cue) 

7  

2. 

t  

  

p4  — 	—a  

  

We shall also use the following generic symbol 

= ( ;(1) 	.9. 
	 (3.9') 

for a two—dimensional space—time vector whose space coordinate q 

varies through the region (0;00)1  while the time or energy variable co 

from (— 

Partial wave projection and anal icily of 

Fz(s;E, 1 ) 	in e.,--plane. 

PI  WestartbydefiningF,(s;.)as the partial wave projection  

of F(s,t;p2i). 	This is done to avoid the question of convergence 

of the partial wave infinite series 
00 

2 V: =F(s v t;p.) 	i (2,41) P_6(z)E1',6(s 

,e= 0 

whence inversion becomes doubtful. 

Hence we define FL directly ass 

(s.13.-= 2-1(qq 1 ) 	7(s t.7D)P (z)Cz 1 
	 (3.10) 

Section 2: 
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where z = cos 0 is related to t through the relation 

, 
t 	= 	(W-W..,2 _, q2  -q.,2  + 2qqlz 	(3.11) 

where q andc0  have been introduced earlier. 

, 
Since, F(slta 	contains the functions 131'  (t,oc) and 132(tpc) )  

which are respectively linear and quadratic functions in t 

(Appendix A.II), the following formula
(38) 

+1 

xm(o--x)-11)6(x)dx = 20-  ,..26(0--) ,(for m C z) 

	

-1 	 (3.12) 

is going to be useful in taking the partial wave projection. Notice 

that in the above formula for m > & there are Kronecker delta type 

singularities. 	Since we shall be interested only in the analytically 

continuable terms in the complex angular momentum plane we shall ignore 

P) suchfixecisiasularitiee.AlsosinceF(s,t;.has the function  

D
2
(-4.0) in one of its denominators (see Equqtion 3.5), its partial 

wave projection F,g(s;pi
2  ) will contain, apart from the single Q.6  

function, a derivative of Glz  as well. 

Using the above and a suitable representation for the 

derivative of the Qz function(38) 

ono (T)  = E  „ 4 ' .1.4.)11n  " Tr2)2--&-1(..)n(z+n),..„44)T-L-n-1 
or  

(3.13) 
where 

1 	1  
din( -6,T 

2 
 )= F(1-41n.-1-1,7:  3 +1- ;-&-F 	

2
3/2;0- 	), 

InW riz+ii BLA.121) =  
p(z1-3/2) 

(3.14) 



59. 
we can write F.(s,p.2  ), defined by (3.10), as 

2 

F_6(s;fL f  ) 	-( 8
4
/272  )13  ( 49-4'1  ; 1 Xcici I  )4+1 C-C.‘(c3:/ j  Cozj  ) 	(3.15) 

j=0 

the symbolical expressions in (3.15) are in fact abbreviations for 
1 

(de 	,Tz( ) ) = ir da2da4[d(a)]„(j) (a2' a4' )- j=0,1,2 

O 	 ( 3 . 1 6 ) 
where d(a) = a2a4  and 

 

1 

= f c.1  • 
(3,1 7 ) 

0..luoc3  ( 

0 i=1 
2 

For simplicity all the explicit dependence upon sX,V,/../
2 
and m in 

P.6  is  being ignored. 	Such a dependence, apart from the factor (qq') 

outside, also occurs,, through fg(j)  (see Appendix A0II), in coz(J) 

and therefore in Pg. Also, the explicit form ofr(c) is given in the 

aforementioned Appendix. Here we would like to mention that the ff(j)'s 

depend upon .& only through the hypergeometric functions Ho  and H10 

According to the properties of. Qz  , and therefore of Ho  and H1, we can 

continuo our P (s-p.
2  
) to the complex 6-plane in a usual way

(1015) 

For Ims 0 it can be easily shown that r(a) can never vanish 

inthedomainofac.-integrations, so that theyoz- s are analytic for 

except at the points 	(2k+1)/2 (k = 1„2,„..), where they 

have simple poles due to the H functions. But, these poles are 

cancelled by the zeros of B(Z+1;1) and therefore cannot affect the 

analyticity of F, in (3015). 	However, we notice that d(a) =cx2a4 

vanishes when either or both 0c . wad a
4 

are zero. 2 

function F.& becomes singular for a certain region in the ef-plane. 

(j) 
TZ ("2'"4)  

a.1-1) [7-(a) 	6 (j)(a). 

In which case the 
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We also notice that the singularities of 	can only come from a 

region where d(a) vanishes, which is the edge of the (0t29c 4) 

integration space. 

( j) Thus, (dZ-j  99.6  ) is analytic for Re' j-1, and since 

( j =09 112 no singularities of co.&j)  are met,. 

The above analysis shows that F.g(s;,), defined by (3.15) 

exists only for Z satisfying Rs L>1. In order to extend the domain 

of analyticity of 11,&  into the region 0<lie Z < 19  we continue 

(2) analytically only the function (a6-2  9 ) since the others are z 

regular 1.n this region. The remaining functions shuuld be taken 

/ -2 ( into consideration, of courser  together with 0 	Tz2.)  ), when one 

gets to the region Re Z <0 and Re Z < --1. 

Using the 1,6=ontl'h expansion(39)  cfa2Z-2  anda 4
Z-2  in the 

neighbourhood ofZ 1, we obtain: 

a2 	2..(Z-1)
-1 
 fla) 	a2

-1 
 + (Z-1)a

2 
-1Zna2+ oeo 

a4 	2=( -C.-1) 1  6( a4 ) + a -1 
	(Z-1)a -1Zna + . 

	(3.18) 

Multiplying the above together, we get 

(a2a4 ) 
, 

[d(a)]-6-2  = (Z-1)-2fla
2
)fla4)-4-(Z-1)-1- 

I a
4
-16'(a

2
)+a

2-16'(a )i 	regular terms at Z=1. 
(3.,19) 

The expansion (3.19) then al.lows us to write the expansion for the 

whole function (d'e-2 7)(2)) as follows, 
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(LIZ-229,6(2)) = (e-1)-2c06(2)(0,0)+1) _1  x 

x data -1 (2) ,&(2)( avO )+P-ae`4 	",a4 ) ] 
+ regular terms at -Ci=1 o 	(3.20) 

which is obtained from the substitution of (3.19) in (3.16) for 

,,, 2. 	One examines, at this stage, the residues of the apparent 

double and simple poles in (3.20). Also, one further notices that 

(2) , 
due to the structure of coz  (Appendix A0II) 	c42)(090) when -&-+ 1, 

behaves like 

Lim coz(2)(0:0) = —4(Z-1)paida3fla1  +a3  —1)[7-(a2— —a4-- '
0)11 

(3.21) 

and 
co (2)(a210) and coi.,(2)(0.a4  ) behave respectively like •  

-1 
Lim 9,6 	- (.6-1M-a

2)
2pa1da36'(a1-4-oc2+a3-1)[da =0)] , 

-' 1 

Lim co,c(2)(0, 	- (Z-1)(2—a,t)
2
paida3S(al+a3+a4-1)[T(a2=0)] —1 

(3.22) 

Therefore, by applying Lilluopital's rule to (3.20), we may evaluate 

the residues, and hence we find that (d'2, c_0 )) in fact has a simple 

pole at &= 1, and its actual Laurent expansion is 

(dZ-2,Ti.,(2))= —i(Z-1)-1A(s,m2)+B(ss22,m2;') 

(3.23) 
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A(s,m2) = 4frla1  Oci,e(o:.+a3  -1)[7(a2=a4=0)]-1  j 	3  

(3.24) 

((Ida1  da2  da3 a2L  -ir  C(a1 2  i-oc3  -1) x L   

1,  
x T ka4=0)-(2-a2)

2-4fl 	1 a1-1-a3-1)T (a2=a4
=0) 

B(s24
2
pm
.2
;4V) = 

+ Lida
1
dada3a4-1 • -1 ) 

-1 	
a2=0).(2-a4)

2
-46(a13-1)-7 

1 (a_=a4  =0) 
-̂N 

I
--

da2daA(a2a4
)-1

T1
(2)(a

22a4)  E  

(3.25) 

where each of the above two curly brackets contains integrals 

regularized at the lower limit. 	This is so, because, the integrals 

appearing in (3.20) are in turn assumed to be regularized respectively 

ato 	0 and a4  = 0. The definition of regularization is given in 

Appendix A.III. 	Finally, since Cz(s,p,m
2; ,e) is a regular function 

in the neighbourhood of.6- 1, such that 01(slp,m;EI E1 ) = 0, we need 

not give it explicitly. 

Hence by using (3.23), (3.24), (3.25) and (3.15), we can 

write -6 F as: 
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6+ F 	V)=(g

4
/
2,7r2)13(6+1;1)(qqt) 	

1 
 .i(6-1)

-1 
 -A(s,m

2
)+ 

B(sd.i
2
Dm
2
;,E1 )+Cz(s,A

2
,m
2
;EiV)-(c1C6- tTz

(1)
) 

, (0 ) )1 
(3.26) 

In this form F is analytic for all 6 satisfying Re .6 > 0 and 

6 	1. 	For -6. 1, Fz  has a simple pole(40)  as (3.26) shows. 
As remarked earlier, one may, by using the same technique, 

continue F in 6  into the region -1<Re 	C  0, and so enlarge the 

domain of analyticity of F6 towards the left of Re -6 = 0. The 

6 	( 
only difference that appears is that both functions (d -2 p 9 

2)\  
 and 

(d -1,,n (1)) have now to be taken into account for such a 

continuation. 

Since we are particularly interested in the singular part of the 

expansion (3.26), we introduce a special notation for it;  i.e. 

Fs( 99 1  ) 	(g4/277.2)B('6+1;1)(qq!)41A(87M2)(Z-1)-1, 

(3.27) 

where the superscript s to F indicates the singular part or the 

part containing the simple pole. 

In the next chapter;  we shall put (3.26) as a kernel of the 

Bethe Salpeter equation and try to find its solution by the Fredholm 

method. Also, in the beginning of the next chapter, we shall discuss 

some important points regarding the BS-equation and its solution when 

the kernel is separable (which also would be defined there). However, 
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in passing we shall make a few remarks here. 	In the Equation (3.27) 

( wa have found the singular part F s)  ej 	in the complex angular momentum 

plane by an analytic continuation procedure represented by (3.18). 

The singular part (3.27) (Singular at ... 1) represents an analytic 

function in the whole L—plane except at the points &= 1, 

where it has simple poles all of which except-6 = 1 come from the 

funct.Lon B(6  + 	2) (Eq.(3.14)). 

We shall suppose that the nature of the singularity at 	= 1 

of the whole amplitude obtained by iterating (3.26) is not very 

different from the nature of the singularity at Z. 1 obtained by 

iterating only (3.27). 	The reasoning is very similar to that when 

considering the asymptotic behaviour of the graphs (See Parq; of this 

work). One assumes that the asymptotic behaviour of the sum is given 

by the sum of the leading terms in each order of the perturbation 

theory, 	As mentioe.,ed in Part I, although generally speaking, 

counter—examples against this assumption can be found, yet such examples 

do not change essentially the nature of the singularity; for example 

Regge and non—Regge behaviour especially for planar graphs. However;  

the technique of the BS—equation does not seem to share the obvious 

draw64oack of requiring the coupling to be weak as it is for the 

case of the asymptotic theory. 	In the asymptotic theory of Feynman 

graphs one demands the interchange of the two limiting procedures 

(as discussed above), which, a priori seems to be justified only when 

the coupling is weak. 



65. 

CHAPTER IV 

BETRE-SALPETER EQUATION  

Section 1: 	Partial wave projection of the BS7equation and 

aymmetrization of the kernel: 

In the last chapter, we have already defined the BS-variables 

q co) we shall find convenient to use here. However, the partial 

wave Bethe Salpeter equation itself was not introduced. Here we first 

inti-oduce the Bethe-Salpeter equation for the elastic scattering and 

then take its partial wave projection. 

PA P2  

F = 

Pi 	P3  P1 	r3 P P 
Fig. 8 

The Bethe-Salpeter equation of two idential scalar particles of mass m 

can be written as: 

T(s;,V;i•Cit ) = F(s; s V;I•4.' ) 

1., q„_ 2 	. 	2 ” 1 / 2irf d2  Vq"2 
 a 	h (s, 	)F(s;,V;i-ei") 

	

x T(s;V,V;t1"*CP) 	(.1) 

where m 	+co 
f 2 . d 	1;_-- Ida f du) ; and 

o -00 

_ 	s 
h(s;V

2 
 )=4-27711( rfT 

AN. 

w")2_(1,2-p?4i6.1 (1/24)11)2 
5k 

- - q"2-p2+ici] a 
9 

P4 P2 P6 
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2 

depends only on V (our abbreviation for q"2,01) i.e. does not 

involve angular variables ii."(0",e); 	being the unit vector 

having ( 0", 	) as its polar angles. 

The partial wave projection defined by (3.10), can be 

,ewritten as: 

F (s t. g I  °p:r4r) = 

(4,2) 

We define the following new variables in the C.M. system. 

cos O = 1.•q" = 	cos ot = 8,11 = z 

and c3s p = zx 	(1-x2)-2(1—z )cos(co—T") = y 
	(403) 

where  it E (0,41 ), i" E (0",e) and CI' itself is along the 

z—axis. 	Then 

F(s;,V;i.it)P,e(cI.EP)d(t_ril 

—1 

+1 f 24.0" 
d(cos0") 	dpu 	fdxdy1,11 

t>0 

(4.4) 

where the Jacobian 

 

 

I 
a(ccs 0",T") I 

 

  

 

1—x
2
-7
2
—z
2
+2xyz 

  

= 4 K(x,y,z) 	(4.5) 

Hence the above transformation implies, 

f

d2 8 (K) f dxkly --D  
rf K 

(4.6) 

where e is the usual step function. 

(41) 
However one can write 

00 
9(K) = IT Nn (2.41)P (x)P (y)P (z) 
RF K 	2 L (407) 
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Therefore, performing partial-wave projection of (4.1) according to 

(4.2) and making use of equations (4.6) and (4.7), plus the 

orthogonality of the Legendre Polynomials, 

+1 

f Pz(z)Pv  (z)dz 

-1 

2.ezz  

- 2&i-1 (4.8) 

one Immediately obtains the partial-wave BS-equation as: 
F (s 	g")T (s"V) 6 *g " 	6 $'E _ 

T (s. V)=F (s• 	 ')+27r d`" P P 	$ 6 	2

-Ho  [(kis 	")2-q"2--/")2-q"2--/ 1-461[(4"s-w")2---cei - --  -2: 
2 

-A--i-iel 

(4.9) 

For our purposes, we shall use Pz
s of (3.27) in place of F..6  here. 

This form of the partial wave BS equition is not particularly 

suitable for studying the analyticity of its kernel in the 	0 3 - 

plane. This is because, in the kernel of (4.9) there is no symmetry 

between the variables g and V. And hence when we define the norm 

of the kernel, we notice that we obtain two different domains in the 

Z-plane for the kernel to be Hilbert-Schmidt type(42).' (The definition 

of the Hilbert-Schmidt type kernel and its norm will follow later in 

more detail). Therefore, we rewrite (4.9) in the symmetrized form(43)  as: 

= Kz(s;,g1 )-ild2VK,g(s;g,V)R.,6(s;V,V), 

(4.10) 

where the symmetrized kernel IC 	in terms of the old kernel 

F s(s• ' P  

[( 	 $ 



is defined as: 

Kz(s;,V) = h(s;) F6s(s;,V)h(s;V) 

Rz(s;P;,V) = h(s;) Tz(s;,V)h(s;V) 

h (:;; ) 	= (21T)1  [i(1 4-co)2—g2-1:124.iel x  

x  1(1, 

68. 

(4.11) 

In the right hand side of the first equation in (4.11) the superscript 

o to Fziudicates the singular part (having pole at v = 1) of F 

given by (3.27) which we are .required'  to iterate in our work. 

The form (4,10) represents an integral equation for the 

resolvent of the kernel IC.e(s;, V). 	We can write it in the operator 

form as 

R 40) . Ifs (s) 	K,&(s) Rz(s) 	(4.12) 

where R ,c(s) is then simply expressed in terms of R 	e) as 

Ez(13; 2 	< 	I 	> 	 (4.13) 

That the form (4.12) is completely identical to (4.10) is 

trivially verified by inserting a complete set of states in (4.12) and 

again making use of (4.13),. 

The integral equation (4.10) belongs to a class of singular 

integral equations because of its kernel being unboundea in the domain 

of integration. However, this could be avoided in two steps as 

follows. 	If we consider the unphysical region s<4.2
2 

then we know 
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that the pinches(1°)in thew—plane in the kernel of (4.9) can be 

avoided. This can be done by a counter—clockwise Wick's(44)rotation 

Cu 	W 	
(4.14) 

WI -4 1W 1  , 

of the intermediate. energy variables, up to their imaginary aces. 

This prescription also makes the arguments of the Legendre functions 

C2,6  and those of their derivatives positive definite„thereby making the 

kernel compact(44). 

There are, however, some objections against such simultaneous 

rotations of the integration contours, which point at the possibility 

that such a procedure would give rise to additional singularities like 

complex ones in the energy plane, However, one hopes that this trouble 

can be avoided if one considers these rotations as series of 

infinitesimal transformations carried through step by step(46)111 

Cu —integration. 

Section 2: Fredholm's Solution. 

In this section?  we shall find a domain in the complex CD s 

plane where the Fredholm's theory(42)is applicable in our case. 

That is one finds a domain A(to s)where the kernel is square integrable 

1 1K,6(s)1 1 2  ' fd2U.211 
 
ITIC-z(s;2V 12d2u,2zt < co , ( 4 . 1 5 ) 

where K (s) is the symbolical notation for the integral operator 

having Ks.;,V) as a kernel. We mention here once again that we 

are dealing with the singular part (3.27) of the kernel only, i.e. 
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K (s- El) = (g4/2772)B(41;1 )A(s;rn
2
)(Z-1)

-1 
 e(qq') " 

X [(44 (02—q2—/224.16] 1  [(44 — (02—q2—P2-1-161--i  x 

x  [(44 "2„c112_424.ic]-1 [( hi 	co, )2_(42 2_12.4.i6]-11  

(4016) 

The integral operators satisfying (4.15) are called Hilbert—Schmidt 

type, 

Also in (4,16) one notices that the kernel is separable and 

of rank one, where a separable rank n kernel is defined as 

K(x,x1 ) 	fi(x)gi(x1 )4, (417) 

1=1 
where fi(x), g.(x') are two sots of square integrable functions. 

A simple power-counting procedure for determining the required 

domain L\(.6,0s) is briefly described as follows. 	The real 

6  —intersection of the complex L(Z,$)domain is determined by 

considering the following limits in (4.15) 

(i) 	(9E 	= ,00A ' %tit) -+ (0900) when t-3' 0 

and o/ o V remain fixed. This limit in (4.15) would require for 

square—integrability, Re 6<0: Vie would get the same inequality if 

either or E' -400. 	This is a consequence of symmetrization which 

we hinted at earlier, 	In counting powers above we would also 

include the powers coming from the integrations and would require the 

total degree of divergence D <0. 

(ii) To calculate the other end of the real section of 

A(6vs) in the -6—plane, we would need the following other limit, 
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(chg.') = (ciot2 qott) —0,0) when t 

	
(clo,q-O fixed). 

This limit in (4,15) would require, by the same power counting 

procedure as above, 

Re •& > —3/2 . 

Again, it would make no difference if either q or qt -4  0 provided, as 

above, other variables are aifferent from zero and fixed. 

No new restriction on Re is obtained by considering any 

other possible choices of limits, remembering, of course, that for 

A( &; s) we ohould only take the smallest interval. 	This turrsout to 

be 

—3/2<Re < 0 , 

Fence the domain where Predholmls theory is applicable is 

A(-64,$) = 	—3/2<Re E < 0.9 1arg( 4/12—sl<Tri 

(4.18) 

2 
where, clearly, arg ( 4/1  —s)1 sgr takes care of the condition 

Re s< 4/-=2  (see the argument leading to (4.14)), 

and defines the contributions to 15 2 S kn the complex s--plane. 

It is also easily verified that our kernel (4.16) belongs to 

the trace class(42) in the same domain (4.18). 

We define an nth tr;,,..:e of Kz(s) in A( •C:  s) as 

Tr K (s) = f d2Z:1:-3 2  • *(12.'n KZ( 8  ; 	9  )KZ( S ; E2*q 

s;gn,q < , 	(4019) 
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Tr IC ( s ) = f d2E 	s 	g) < ( 4. 20 ) 

in the domain L.( '62  S ). 

Within this domain the resolvent equation (4.12) can be 

solved(42)as 

Itz(o.;, Et) 	[ I—Kz( s) ]--1  Kz( s ; g ;, 	) 

= [Dot (T--Kz 	1  [ 3R  Det ( 	s ; 5 r  t ) 

( •,` KeT  = K.e; 	beiy13 symmetric) 
(4.21) 

where the determinantal series(10)  is  

Det ( 	s )) = exp. Tr ln ( I—Xz( s ) )1 
cc ,

.1. 
 , n 

_. "."*"""' 	1/2! n --  
n=1 

 

(Tr K:.).(Tr K,t3r11 ) 

 

L.! 
n=1 
m=1 

r_t•M 

 

• • • 

= Y — Tr Kz  — (2 Tr Icz2-2(Tr 1.C,6 ) 2) — 

( 	22 ) 

The formal convergence of this series in A(&, s. ) can be established 

according to the line of approach of Lee and. Sawyer (see the Appendix 

of Reference (1 0)). 	Thus the series in the numerator can also be 

shown to converge because it is essentially derived from the one 

in the denominator. At this stage a few remarks are in order. 

(1) The series (4.22) can also be shown to converge in A(Z,$) 

for the full kernel obtained by substituting (3.26) in the symmetrization 

whence, also 
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(0.11). 	However, we are interested in the singular part F.&(s) in 

(4.11) alone, and we shall show that because of separability and rank 

one property of the singular part, higher powers than the first of 

TTY,&(s) in the series development of Det(1—KL(s)) all cancel. 

(ii) This remark concerns Lee and Sawyer's
(10)proof for convergence 

of the series (4.22). Prior to defining a transformation which takes 

the infinite domain of integration into a finite one which is required 

for the applicability of the Fredholm's method, they define a 

symmetrization of the kernel which gives the same Fredholm'v determinant 

as fur the unsymmetrized case. Their symmetrization is clearly 

different and need not be confused with ours, Again, it is possible 

to define a transformation similar to (A.7) of Ref.(10) which makes the 

domain of integration for the evalration of the traces finite in our 

case also. We, however, shall not need this in our work here. 

Now we shall discuss how in our case, the rank of the singular 

part of the kernel (4.16) being onel the series (4.22) has just two 

terms. 

According to definition (4.19) of the nth trace, the series 

fox the Fredhoim denominator
(42)

can also be written as: 

Det(I—K(s)) = I — 	(s.,1' 1  )cl
2 

1 
 +1/2111 	

1
d2 

2 

lys;E1lE1 ) 	lysl'E1 ,E2 ) I 

lys;E2,E1 ) Kz( s;E2,E2 ) 

1/3•! jil d2E1  d2E2  d2E 3 

Kz( s;13Y Kz( s;c'E2 )  K.e( s;IrY 
Kz(s; 2 s 1 ) Tlys;E2 , 2 ) Kz(s; 2 , 3 ) 

K,c(s;E3 ,E1 ) Kz( s;E30E2 ) lys;E3 , 3 ) 

( 4.23 ) 
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When the rank of Ic6  is 1, one writes (see (4.17)), 

K.e(s;cXj) = f,c(s5Ei) gz(s;E.) 	(4.24) 

Then it follows from elementary properties of determinants that a 

determinant of (4Q23) of order n 2 wLich can be rewritten as 

fz(z; ) gz(Ei ) 	f,&( y gz(Y 0 0 0 f -& (E ) gZ  Nn ) -1.  

y et 2 )g,g( 1 ) 	 g,e 	.•• f z(c2 ) 	( 2, 	fp12 ) g z(En ) ,  

) g 	) r. 	1 

e eo•oaeo•0oeoe•oe 

O00••••o ******** 0 

f 	 g 	) II 	2 l••• f,5(  fl )  g-e( n )  

(where we have suppressed the s—dependence for brevity) vanishes. 

In fact, in general, it could be proved that if the rank of Kz  

is n, then all the determinants in (4.23) of order higher than or 

equal to (n 4- 1) will vanish. 	Hence in our case 

Det (I K (s)) = I —f K (s•d2E 1- -'1' 	1 

(4.25) 
= 	r - TrK,(s) 

The formula (4.21) for the resolvent now becomes 

R 	 ;.e(s;E r  E l ) 	[ I — TrKz(s)]-1 	IC„ s , (4.26) 

the adjoint of [I — K4s) bow being I. 

This is because in this case the functional derivative 

det(I—K) a mr-r  
, 6 11 

typical 
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Equations (4.11) and (4.26) then imply 

E1 ,6(s;,V) 	I 	Tr.Kz(s) T 
1 F (s)(4-;,V) 

	
(4.27) 

where we are using the Rinalam_part (4.16)  of the kernel K (s. 

and, of course, Fzs  is given by (3027). 

Section 3: lalytic Continuation. 

The region A(&s ) given by (4.18), where the solution of 

(4:.9) exists, is not of interest to us, 	This is because it does not 

include the point = 1 where our attention is going to be 

concentrated. 	We shall, therefore, analytically continua T to a 

larger domain in the t—plane than (4.18) which will also include the 

point Z. 1. Thus, the analytically continued partial wave amplitude 

T will have the representation of the form (4027) only in the region 

(4.18), and will agree with the actually found solution of (4.9) there 

as well. 

Since F5(s;61 v) is meromorphic, having poles at .6 = 1;-1,-2,... 

as a function of .6 and defined in the whole complex.e-plane the 

complications arise from TrKz(s) alone. Let us therefore define a 

new function f OL2,1/12) meromorphic in ti, such that it has 

representation of the form Trqs) when 	c 6.(Z, s) 	(For the 

actual form of TrK.6(s) in G(.6,s ) see the Appendix (1101`)• 	Having 

such a function f we can substitute it for TrK and an analytical 

continuation of T is carried out. 
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What only remains now is to find the actual form of the 

function fzwith the desired properties. This can be done without 

difficulty by explicit evaluation of TrICL(s) in the domain A(Z,$) 

which we do in the Appendix AJN, The integral which we have 

evaluated there, is 

2  
1 

r 	 1 Vz(s,I22):::-Idqdwq2,42h2(s; V= 7r — B(.64-3/2;--Of dxLp2  — 	-6
sx(1—x) j , 2 

o 

(4.28) 

	

for 	arg (/.22—sx ( 1—x )) I < 7r. 

This is meromorphic in the entire .e,,,plane and has simple 

poles at 

— (2k + 1)/2 (k = 1,2,...), and 

a 09 129..., coming from the Gamma functions in 

B( 4 3/2;—'09  which itself is defined by (3.14). 

Therefore, the desired form of f6  is 

	

f 	7 (s-ki 2 
7 m

2 	(s)=T:r K (s)=g4/27;  2 A(5,m2 )3(•41; -1- )(4-1)-1  . 

v( S
3
ki2 ) 

= g4/ A(s m2)B(-43/2;—.033(.64-1;1)(Z-1) —1 4  ' 

x 	dx[1.12-12 —x)] 

= 	g4/2 ITA(s0m
2
)[(Z-1)sin 77"-&]-1 

 x 

1 
x d.x[/22—sx(1—x)] (4.29) 



whore arg(A
2—sx(1—x)) I or larg(41

2-s)l <:1T* 
	77. 

The equation (4.29) represents a meromorphic function in the whole 

complex &--plane having simple poles at all positive and negative 

integers, 	at t=1 	aL asArtil_ kat*, 

Hence using (4.27) and (4.29), one writes 

Tz(s;') = [1—Tr Kz(s)]
-1 

Fe&
s
(s;') 

= 	[ 	1 —fz(8)] —1  F 	 P 

	

(s. 	" S. , 

s where F is given by (3.27). 

(4.30) 

Eigworithemass—shell 2 .=ii2 (i.11..,?4), and hence from 

(3.9), it follows that 

g2  = p1 = (4424-w)2—q2=(4S/2—W)2—q2  

(4.s/21-w 1 ) 2—q 2=(4-s/2-6P)2—q 12  

which are clearly satisfied by taking 

w = W' 	= 0, and then 

q2  = q t  2 
= (s—'1J2) /4. 

(4.31) 

(4.32) 

Using, again, (4.27), (4.29) and (4.32), one can write the transition 

amplitude as 

s-4,122 
Tzs(E) = 14(Z,$) [D(L„s)]-1 	(4.33) 

where 
N(Z,$) = (g4/277.3)(sin 

A  2 
77.4 	) A(s,m2)3(Z+1;1) 

(4.34) 
1 

D(Z,$) = 7-1(Z-1) sin ITZ 	(g/2)A(s,rn2 	dx[g2—sx(1—x) 

(4.35) 

4 
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In (4033) we have introduced a superscript on the transition 

amplitude just to indicate that we have been using the singular part 

(4.16) of the kernel in the partial wave Bethe—Salpeter equation 

and expect that this would correspond to the singular part Tz  of the 

partial wave amplitude. As defined earlier the singular behaviour 

refers to the singularity at -6= 1. 	In passing we would like to 

give the form of the function A(s2m
2
) occurring in the foregoing 

, 	% 
formula. The function Ao2m

2  ) which was first met in (3024) where 

the form of 	was referred to the Appendix (11.114, corresponds +0 the 

lowest order (i.e., 4th order) self—energy graph (Figure 7(a)) in the 

vector meson scalar "nucleon" interaction evaluated in the two 

dimensional space(8)for convergence. Thus 

s 	—
1 

1 6[s(4m2—s)] tan
-1 

 ( ---2-- )2; s < 4m2 , 
4m —s 

2, 
s 	= 	 (4.36) 

2 	—1 	s 
2' 

1 1....-16[s(s-4m )] 2tan h ( — )2 . s.> 4m2 
s-4m  

Note that A(s,m
2
) becomes infinite when s = 4m

2 
. 

Section 4: 	Conclusion and Discussion: 

s  
The properties and behaviour of the T z  in the complex angular 

momentum plance can now be easily seen through equations (4.33) to 

(4.36). Here we just wish to mention that T is analytic when 

is a negative integer, since poles of the function B( -6+ 1; i) are 

cancelled by the corresponding zeros of sin IT.& 

One of the characteristic singularities that T; possesses in 

the Z—plane is when its denomiiator vanishes for a particular value of 
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(t,,$) in the (6 CD s )—plane. 	In the neighbourhood of .6 = 1, which, 

as remarked earlier, is of special interest being the leading 

singularity we meet in the analytic continuation towards the left in 

theZ—plane, the only singularitieseT; (in the 6—plane) are given by 

the roots of the equation 

D(4, s0) = O. 	 (4.37) 

Here so 
is certain fixed allowed value of s. 

We would now like to discuss in detail the properties of the 

roots of (4-37). 

Let *eo be a root of equation (4.37) thou 
s-4111/2 

l~s ( s )  

 

is singular at (Z0,s0 	
-6 ) only if N( 0,s0) / 0. 	Such singularities, 

which move in the Z—plane as s varies in a certain domain are known as 

moving singularities, 	If the equation (4.37) has a non—repeated root 

Z. o 
when, s = soy say, it will have, according to the well—known 

theorem on implicit functions, one and only one solution in .6 

a(s), 

which reduces toZ o when s = soy anda(s) will be single—valued in 

the neighbourhood of so. The equation (4.38) is the well—known 

equation for various Regge surfaces(47) 

The situation becomes quite different when the given 

equation (4.37) has a multiple root Z. Z for s s0 as we shall show 

may happen in our case. Then (4.38) is a non—uniform function of s 

in any domain which includes the point (t,s0). For example, let 

(438) 



1 	
( s<4m2  ) 

4m —s 

2  
(s-4m )24-s2  —64

2
)[s(s-4m

2 
 )]21n1-----f—r--r-1; 

(s-4m 

G(s) 

( s>4m2  ) 

(4.43) 

o 
be a root of multiplicity 2, say, at (g o  ,s o), then 

z D = 0 but 6.6 
2D 4 0 . 

o 
 

0 

A point which simultaneously satisfies 

D(6,$) = 0, azD(.6,$) = 0, 

is called an isolated critical point(47). The corresponding 

80. 

(4.39) 

(4.40 

so must 

then satisfy the equation obtained by eliminating & from (4.40). The 

points so obtained are known as theZ—discriminant locus, and are 

usually denoted by 

ts,&  i)(Z,$) 	= 0 . 
	 (4.41) 

At a point defined by (4.41) the equation (4.37) has at least two 

equal roots in.& . 	It is also clear then that the condition (4.40) is 

precisely the condition for a multiple pole of [(s-4/12)/4]-6Tzs(c") 

in the Z—plane. Fuothermore, the condition (4.41) is also a 

necessary but not a sufficient condition for existence of a branchpoint(47)  

in (4.38). 

In our case the explicit form of D(-6,s) in the neighbourhood of 

& 1 is 

D(Z,$) = —(Z-1)2 	g4 G(s) 
	

(4.42) 

where 
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To obtain (4.42) from (4.35), we have replaced sin 1T' by 	Tr( Z--1) 

and have used the integral representation (see Appendix A,IV) of 

r 2 ' jr d. Ldu ).6  

in terms of the hypergeometric function 

F(-0/2, s/s.-4 
2
) 

which itself is approximated near .6  = 1 by 

2(s-6?) 
3(s-4124 ) 

We have, of course, also used the expression (4.36) for A(s„m
2 
 

Therefore, the equation (4.37)9  as an equation ins., has two 

roots, both of them being functions of s given by putting (4.42) equal 

to zero, 	Thus 
1 r 

1 
E a

1
(s) = 1 +  g2 LG(s)]1 

.62 E a2(s) = 1 - g
2[G(s)]2  

(4.44) 

and are the two branches of the function (4.38). 	In other words, 

this means that there are two points in theZ -plane which correspond 

to a given point s in the s-plane. As s varies, then each of the .e1$2- 

points moves in their common plane thus defining two -6 -curves. 

These two curves in the &plane do not in general meet, but if 

they do, the points of intersection are given by the roots of the 

-6-discriminant (4.41). The condition for the equation (4.38) to have 

a branch point is given by coincidence of the6-curves at the point of 

their intersection. 
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The above analysis shows that bho two branchea of the function 

a(s) intersect at the ppints given by the solution of 

,L,613(6,$) E G(s) = 0 	(4.45) 

The above is satisfied when s = so al21  and furthermore this point 

is also the branch point of (4,38). 

In conclusion we may say that our partial wave amplitude 

T s(s) has two simple moving Reese poles, given by the equation (4.44) in 

the neighbourhood of -& = 1 for s 	The Rogge trajectory has in 

fact two branches (4.44) which intersect at the branch-point s = so  = 6A 

It is worth noticing that the two Regge poles have in fact 

arisen froB the procedure of analytic continuation to the region 

= 1 of the BS-equation, 	Indeed, it is not difficult to trace the 

actual origin of the second Regge pole. 	In Section 3, if we look 

at the equation (4.28) which we need for trace calculation, we realize 

that it diverges unless Re 	:-.;-1; where ReZ, -1 is the leading 

singularity for a four-point ladder in the case of spinless co
3 

theory 8). However, in our case due to the spin of the vector 

particles, the leading singularity in the '6-plane has shifted to the 

right by two units. 	In the neighbourhood of 	1, (4,28) is divergent 

(badly) and +hus the continuation to this point gives an extra factor 

of sinTrZ near & = 1 (Equation (4029)) and hence the denominator D(&,$) 

becomes quadratic in (L-1) (See the equation (4042)). 

It is interesting to compare our result with the one expected 

from the theory of asymptotic behaviour of Feynman integrals as 
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applied to the present model, 

In this case the lowest order irreducible Feynman graph the 

leading asymptotic behaviour of which one should study is 

where the solid line represents the "scalar" nucleon, and the wavy 

line represents the vector meson, 

of this graph is(7-9) 

The asymptotic (leading) behaviour 

, 
g4 ttZn t)-Ats,m2  ), 

where A(sl m
2 
  ) is exactly the same function as (4.36), 

(4.46) 

Since the 

required process of iteTation is such that the following asymptotic 

series is generated: 
00 

g2t 2
A
1 

£11 t)
2n-1

/1(2n-1)! (4.47) 

n=1 

one sums this series to get the leading asymptotic behaviour as 

s2t A2  rtl+g
2 
 A2 (s0m
22 

 A2(s,m
2 
 )1 • 

This implies two simple Regge poles with the trajectories 

.6
12 

= 1 	g2  A2(s,m2) ,  

(4.48) 
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with the plus and the minus signs for Z/  andZ2, respectively. 

This result also shows that there are again two simple poles near Z. 1. 

The trajectories are in almost complete agreement with those from the 

partial—wave Bethe—Salpeter methods (see equation (4.44)). 

2 
difference is an extra factor of (6a —s)2  which seems to arise from an 

:won ,  fuller analysis of the BS—equation methods. The factor of 

(6P?—s)2  in (4044) gives rise to a branch point in the s--plane at 

s = 442. 

It follows from the above, that the second pole in fact 

arises fog the presence of spin of the vector particle in this model9  

which in turn requires that the iteration should involve 4th, 8th, 

12th„... powers of g, 	Before we finish this chapter we would like to 

emphasize again that we have ignored in our analysis all the non—

continuable terms such as Kronecker delta singularities, (5'zi  etc. 

Such terms may otherwise be present in a general partial wave 

projection of our box graph Figure 6 (see the equation (3012) and the 

following argument). 

Our arguments, therefore, apply to the analytic part of the 

partial wave amplitude. 	The analyticity of such an amplitude 

only near Z . 1 is studied. 

The only 



85. 

CHAPTM V 

ANALYTICITY OF DIAGRAMS INVOLVING THRER VECTOR MESONS 

Section 1s Partial Wave Projectip and Analyticity of the Sixth 

Order Diagrams. 

The method and notation adopted here is exactly the same as 

in Chapters III and IV of this work. 

We shall be interested in the partial wave projection of the 

Feynman amplitude corresponding to the set of sixth order diagrams 

given in the Figure 2. The Feynman expression corresponding to these 

diageams is, however, divergent. A suitable renormalization procedure 

is, therefore, necessary. 	We choose the same renormalization 

procedure as that of Part I and Part II of this work. Having done all 

this we keep only the term 8t3  in the characteristic numerator of the 

Feynman amplitude which appears for the graphs M I  (ii) and (iii) 

(Figure 2). This characteristic numerator always appears when spin 

particles are considered, The remaining ignored part would correspond 

to the singularities in the complex 6  -plane which occur to the left 

of-6 . 1 - the point where the leading singularity is expected. This 

gives us a considerable simplification of calculation as opposed to the 

last model where we performed the exact Feynman calculation before 

taking the partial wave prriection. Again, we have ignored the explicit 

addition of graphs coming from 	.1)* V/ 7,74 	interaction because such 

graphs would give rise to singularities either to the left of .& = 1 

in theZ-plane or to fixed Kropecker delta type singularities. The 

partial wave amplitudes for the graphs (i),(ii) and (iii) of Figure 2, 
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by using the equations (3010)9(3.12)9(3.13) and (3.14)can be obtained 

as: 

(I) F 	(s° 	= 4(g
6 
1 
 2) 8(-41,-11)(cie) 1  " 	1W 

where 

x [(Idl iz-3,9 ( "R ) 	( -)e(Id 

.9,( '' )) 9 	 (5.1) 
(1)R  Tie& 	(aj) = 0(dI) yo,6(1)(aA) 

(I)
L 	 (5.2) 

q),6 	(aPX) = -19(-di)Tz
(I)

(a/TA) 

and (I) stands for (i),(ii) or (iii) of Figure 2. 	The notation 

( 	Z.-3DT,&"  ) is given by the equations (316.) and (3.17). 

Thus, we have 	1 
6-3 (d 	s Soz 	) = (/) 

	

	f dadOd7qdI(aA)Y6-30 (I)(a5X) 

3 
dad0dX = da1  da2 ' de1 ' 

de .11 	d",Nj  S(2co-E04.EN-1) 2 j=1   

wherecoz( I ) (a,e?\) 	can be calculated as in tho previous case. 

After some algebra, one obtains 

(5.3) 

Cp. 
(I) 	- [6D(I)  -1 	-2 (I)

2 
' H., & 	(a137\)  '''' 0(a/ )'r 	TI /40+6"1-1)TI Do 	1 

11.1 3 
+ (Z+1)(Z+2)Do''' T1--1-12I ' 	(5.4) 

where Ho'HH2 
are hypergeorietric functions given by (3.14). These 

functions depend on Z as well as on Ori = [2Cn i di(OCA)]-17,(a,67)) 

( 5.5) 

(See the Appendix 
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Also 

] T
I 
 (apX) = — D(1)((x0X) — dI  (oc,3X)[(cd 	2—g2—q ' —q2 

	2 
—q'  ,_ 

(5.,6) 
( 

and when dI 	0 2  T
I  -> D 

0

I) 
 

lso 
—2‘ ) —› 1 

(5,,7) 

WIL now give di  explicitly for the three diagrams 

d(  ) (ate`) = a1f31(cc2+p2+7\2+7‘3)+a2P2(cl1+,61-0\1+7\2)+a17\2p2  

a2"/\ 1 ' 
	(5.8) 

d(ii)( aA )  d(iii)( aM\ )=(x1/31 ( a2-°2+?\2'7\3 )4-a1?\3P24-a2\2P1 

N1a202 . 
	

(5.9) 

From (5.4), it follows that 

[T,e,(i)(0004d =0  = —(Z-1)(.6-2)[(-1) (i))-6  6.1d =0 I - 

(5.10) 

where L  and Do(1)  are the usual, Feynman numerator and denominator 

(often called discriminations(23)), 	The subscript zero to D(1) 

means take t = 0 in the denominator. 

It is easy to see that for planar graphs d(00X) is positive definite 

and hence from (5.1) and (5,..2) it follows that 

T L  = 0 , as it should. 

Therefore 9,6
(i)

L
M 	This corresponds to the fact that in the s—plane 

single dispersion representation for planar graphs there is no 
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contribution from the left hand cut
(3) 

This is because for such graphs 

the third double spectral functionP tu is zero.
(9) 

In order to satisfy the requirements of Carlson's theorem 

and to have analytic functions which uniquely interpolate the physical 

partial waves for sufficiently large Re e in the complex Z—plane, we 

introduce the usual decomposition into even and odd functions
(15) 

iF p) ]± 	We consider only the odd amplitude and the fi—" subscript 

will be omitted from now on for simplicity. Therefore, we have for the 

odd amplitude 

.41 	1Z-3 	(I) 
Fc(I)(s;E,V) = 4(E4

6
/77.2) .13(-41,1)(qc11 ) 	(idi l 	„pz 	) 

(5.11) 
where 

(Id1lZ-309.6(/)) = (I)R. 
lklai l 	

3
19,& 	) 	(Icy 	09.6

//IL )] 

and P ee, 

(I)L2R 

are given by (5,2). 
	 (5.12) 

Now one defines 

7 5, 
	 7 

	 (5.13) 

the sum taken over all the diagrams (i),(ii) and (iii) of Figure 26 

It also includes automatically their crossed counterparts (i) ,9(ii)i 

and (iii)' of Figures 3 and 4. This is because the crossed graphs, 

which are obtained from the uncrossed ones by an interchange of t and 

u,will have the coefficient of t as, say, (—d(i)) (d(i)  being the coefficient 

of t in the denominator cf the Feynman amplitude for the uncrossed graph (i)), 

(I)L 	(I)
R  

and hence they are either included in co.e, 	or c0 ,6 	depending upon 
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whether (-d1) becomes positive or negative. The reader at this stage 

is reminded of the arguments we gave on crossed graphs (Chatper II, 

Section 4) when we were considering this problem as the high energy 

limit in the crossed channel. There we had to worry about the sign of 

the contribution of the crossed graphs. 	In the partial wave projection 

(5012) this sign automatically comes out to be the same as in the last 

case. 

If we keep Ims / 0 for the moment, the singularity of F6  in 

the .6—plane will come only from the vanishing of dIWN,, However, it 

is easy to see from (5.11)-(5.i3) that for Re & > 2, F.6  is an analytic 

function of & which agrees with the physical partial wave amplitude for 

= 3,5,... 

In order to consider F in the neighbourhood of 6. 1 we make 

use of an analytic continuation procedure in 4 The procedure to be 

adopted here has again been exaplained earlier (Chatper III, Section 2) 

in detail. We now look for the zeros of aI as a function of 0:RX 

such that it produces a leading singularity in the & -plane. Such a 

singularity cannot be produced from a point inside the 0" 

integrations. This is because when d
I vanishes one writes (see the 

equation (3. 18) ) 

dI 'e"." 3 	6'  ( 61 ) = 	-f R 	 (5.14) eg. at -6 = 2  

and this apparent pole cancel3with the corresponding zero of the "test 

function" (5.10). 
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In (5.14), of course, we assumed that dI vanishes due to a 

zero inside the 00\-integration space. 

However, another interesting possibility is the vanishing of 

dI 
on the end-points of the hypercontour. 	We then introduce the 

so-called "scaling" transformation(7)y 

a1 	= p1 61P= 	 = 1 
2 	pl. 2' 	+ 1 	2 

(5„15) 

p1 	- -2 ' 	 p 
1' 2 = P272 
	 = 1 

These transformations would give a Jacobian as folluAng:- 

2 	2 
= i(Pip2)

+1
dpi

„.., 
d.p2  S(1.1 10ci) 6(1-

i
E 
1
P OI x 

= 
x 1cla.2c171d:g2 

Also di 
can now be written as: 

dal doc2c161 d'82 

dI = 	p2 dZ s, 	 ( 5.17 ) 

where 

( i ) 	( ) ( 	)=74171(  P1372+P272+7\2+7\3 ) +.a.272 P1-(71+P 271+7\1+7\2 ) 

+ 122+73722 1 ' 	(5.1a) 

and 

7:17(ii)(aPX).217(iii)(cc'6X)=.67171(P132+P22+7\2+7\3)±7\37X17424-N274271 

- .a272X1 	(5.19) 
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Equation (5.17) shows that di  vanishes when either or both, of 

p1 and p2 are zero. However, we notice that 	((iii)) can 

still vanish inside the domain of a 	integrations even if we put 

p1 = P2 " 
Then (5.3) with the help of the above transformation becomes 

1 
co .& 	= f dpdaciTkIMp ip2 r6-2[-cii  (d e-3„ (I)) 	 (Ptc7X)rel-3Soz(i)(ThcTA) 

0 
(5.20) 

where 

3 
dpdadai.7\ = dp1clp2da1cia2d7i d7 2  =1 d  

2 	2 	2 	2 
:.< S(.1—E5J6'(1.—I 7 . )cs(p z -6.+,0 n 78 

1  i=1 	1=1 	1i=1 :` 2 i=7i 1 1  
3 

+ 2.; ?.. — 1) . 	 (5.21) 
j=1 j  

Section 2: Analytic  Continuation. 

As we have already stated earlier, for Re -6> 2, the function 

(5.13) is analytic in 	We are now interested ;Lta continuing 11,b  to 

the left of •et = 2. 	In doing so, we obtain a pole at •6= 2 

(equation (5.14)) which, however, cancels with a corresponding zero of 

(5.10). 	That was when we only accounted for the zeros of dI lying 

inside the domain of integration. 	Considering the end—point zeros 

of d(I), we introduced the above scaling transformation and. obtained 

(5.20). Now we have to continue this result to the left of & = 1 in 

the .6—plane. When we say to the left of a certain point we also 

include the analyticity at that point itself. 
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Applying the continuation procedure represented by (3.19) 

(which is in fact a Laurent expansion near . 1), one obtains: 

(p1p2) 
 2 (Z-1)-2e(p1)6‘(p2)+(.6-1)-1[P2 1S(P0A-P1-16(P2)] 

+ Ileg. at 	= 1. 	(5.22) 

Therefore integrating over the "teat function" Sod ` ;.:(5.20) can be 

rewritten as: 

Z-3 	(I) 	, 	-2f 	r -d 	( I ) ( d 	(f) 	t 	) 	dacipdAi i 	co,e, 	] 	=0  
Pi=o2 

- 
+ 	( .6-1 )-1[ 1 drld'iffd?\1,1

4 
dp2p2

-1 
 ( dI

-3 
 9,6(I)  ) pi =0  

	

0 	r 1 
+Jo 	0-PiPi.

-1 
 (di
- -6-3 

 9) Z
( I) 
 ) p2=0 +i i , 

The last two integrals in (5023) a:'e asemed to be regularized at 

A l  - 0 -p 2  as follows 

(5.23) 

r 

	

c910 	d1 	
(I) 

) 

	

( ) 	
f Reg. 	

l 
jP2P2 I LI' 	 ri° 	p =0 	cl• 2- 2  1 	.O 	 0  

(I) 

(5.24) 

- 	) 	= f l  dp p  -1 c  
Reg. f dpipi-1  (dI 	coz(I)  n =0  

1-2 	1 1 	( 	(I) )p2=0 
0 	 0 

- (a 	cr) 	) 	° 

	

I 	t, 	p1=p2=0/   

(5.25) 
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It follows as in (5.10) that 

[ 9.6(I)(a(\)]  
P1,2=°  

= -(-e-1)(Z-2)[ (-Do
rn)-Z-A] 	_o  

P1,2-  

(5.26) 

From (5.26), it is obvious that in (5.23) and hence in Fe(sg,V) 

(see equation (5013)), there is a simple pole at . 1. 	The simple 

pole in (5.23) has the following residue 

Lim (.6-1 )(clIZ-3(i)) = 
	r iziac171dX-c11-2C7aX)[Do ( I  ) (3Xcc) 1-1  

,c) (5.1X) 8 	 (5.27) 2 
cicied7\ = dal  dTE2c171  d72  

x 

and here Do
(1) and L o are the same 

do not contain p-dependent terms. We shall give their expressions 

later when we have performed some integrations. 

Now we notico further that for diagrams (ii) and (iii) of 

Figure 2, 141,:(ii)(Uaq (or I(iii)(7/72)) as given by (5.19) still 

vanishes, this time at an inside point of the ?\ integration 

hypercontour. However, this will not produce an additional 

singularity in the 

expansion ofd(ii) 

replacing d(ii)  by 

as in the previous 

corresponding zero 

-&-aolan3 as can be seen from the Laurent 
Z-3 

near 6 = 2 which is obtained by simply 

7(ii)  in (5014). 	It could be easily checked that, 

case, this pole at & = 2 is again cancelled with a 

of [9z(ii)  
(ii) r 

where 3 
H 	6).46(1.- 3.)s(1... 	) x 

1=1 
(1-Z 	) 

j=1 j  
for cal three diagrams because they 
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Hence we see that an internal zero of d(ii)  does not produce the 

leading singularity of Fz, which is a simple pole at -Z = 1 and is 

produced by the end—point zeros of d(ii). This is an important 

result and will be referred to later. Now the reader is again 

reminded of our treatment of this problem in the asymptotic limit of 

the crossed channel (see Part I Chapter II of this work). 

There we found that in the asymptotic limit t --> co, the contours of the 

Feynman integrations are pinched. Properly distorting the contours, 

one obtains an imaginary contribution (asymptotic). Here again we 

are confronted with a similar problem of having to properly distort 

the contours away from the singularities. 

Thus, we can carry out the Eedri integrations in (5.27) for 

the three diagrams and obtain the following results (49) 

1z-3 	(ii)i (iii LfaNS(D\-1) x Lim (6-1)(1 d (ii)i,(iiip 	5.9-g 

?N, CX2+N 
x [N3. 7\27\3s—m2 	1  A0 (N)]— in  — 

?\2*)\3 
(5.28) 

Lim( .e--1)(d(i)  z— 3 cp 	) fd .X6 	 ) [X X X s -.2 DO 1 x  

'er->1 	
1 2 3 

x In{ 
(7\1±?\2 )(1\2+N3) 

(5.29) 

where 

A0
(X) = 6i(P17x9P27'N)11°1=P2=0 

	
(7\17\2+712?\34-?\37,1) 

(5.30) 

?\2
2 
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The expression [N1N2X3s—m2A0(7\)] zn (5028) alla (5029) 

is in fact Do(cON evaluated for P1-P2= 0 	. One may compare 

the imaginary part in the contributions (5.28) of the non—planar 

graphs((ii) and (iii) of Figure 2) to the singular part of the partial 

lave scattering amplitude Fo with the crossed channel high energy 

behaviour of these graphs(50)(Equation (2.26) of Chapter II). 	This 

result is then found to be consistent with the high energy behaviour 

provided the Froissart—Gribov formula (1.9) is valid. This is 

because the high energy (rather high momentum transfer) behaviour 

gives the asymptotic behaviour of the t—channel absorptive pari; as 

171  t. 	Therefore, the Froissart—Gribov formula (1.9) gives 

oa 

dt 2Q,e(14- 	A,(s,,V) 	--1-- --2 
Zq 
2 

(6-1) 2q jo 

(5,31) 

a simple pole at6 = 1. 

Thus, the equation (5.13) may now be split into two parts 

F— F sing°4- F regu 
	

(5.32) 

where 

Fzsin3*(s;,,V) = t 271-i(g
6/772) B(41;1)(qq l )

.41 
 A(s,m

2
)(Z-1)

-1 
 2 

(533) 

This time A'(sl m
2 
  ) is a more complicated bubble diagram than the 

previous model of two vector mesons. 
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In this case, therefore, A'(st m
2 
  ) is the Feynman expression 

for the diagram s--ot >cx 	evaluated in two dimensions 

again, for convergence requirbments; thus 

AI ( s ,m
2 
) = fdno(EX-1)[7\1i\2T,3s—m2.%(7\)]-1 

	
(5.34) 

wheretio VOis given by (5.30). 

In (5.32) Fzre6  is regular at Z. 1. 

We gotioe that the residue of the simple pole at •&..: 1 is pure 

imaginary. This pure imaginary contribution is inconsistent with an 

assumption that the total amplitude Tz(s) has a simple moving Regge 

pole singularitycc(s)-4 a(s) associated with a vector meson such that 

it satisfies continued elastic unitarity in the s—channel (see Chapter I). 

The consequence of assuming elastic unitarity and a single Regge pole 

trajectory requires that in the sixth order perturbation expansion the 

imaginary part of the residue of the simple pole vanishes for s in the 

elastic region (equation (1.32)). 	However, if the number of Regge 

poles in the Regge amplitude is assumed to be more than one, no such 

restriction on the imaginary part of the residues is found. 

Such is the case in the model we are dealing with. It will be shown 

in the next Section that we obtain two simple Regge poles on using 

(5.33) as the kernel of the Bethe—Salpeter equation. 
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97. 

Now in generating the perturbation series through the 

BS—equation, we apply again the procedure developed in Chapters III and 

IV. of this work. That is„we write the partial wave BS—equation for 

the transition amplitude Tzas: 

11.6(s4 ,V) = Fz(s;,V) + 2771d2Vh2(s;V)Fz(s;,V) x 

x Tz(s;VIV) 

where h(sM is given by (4.11)0 

Now, we again define symmetrization as in (4.11) and obtain 

the resolvent equation as given in Chapter IV by (4.10). Since we 

are as in the last case interested to use the singular part (5.33) as 

the kernel of the BS—equation and since the kernel here also is 

separable (rank one), we may solve it by Fredholm's method as in the 

last case. The solution can be written as 

4_2 / 	 —1 
(!i'--)--  Tzs(s;,,,V) = N(z,$)[0(z.$)] (5.36) 

where 

2 
N(Z,$)=(2771)(g6pw4Xsin 77-4(!--21 )A'(s,m

2
)3(41,1) 

(5.37) 

where we have chosen the plus sign in (5.33), 

and, 

D(Z,s4 = ir 2(Z-1)sin 77'& 	(2ig
6
)Al(stm

2
) 

x 
 f

1 
dx[11

2 
 —sx( 1—x ) 

x 

(5.38) 

(5.35) 
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where, s in the previous problem,the integral in (5.38) is solved in 

Appendix A. N. 

The singularities near Z. 1 are as usual given by putting 

(5.38) equal to zero and approximating it near = 1. Thus, we again 

obtain two simple Rogge poles with the following trajectories 

1 E a1(s) = 	
Ti g

3 
4G1(s) 	

(5.39) 
Z2 	E M2 (s)= 1 — 	g3  krbt(s) 

Where G I (S) = (7713)(6/LS)A? (SaM2) , 	 (5.40) 

and Al(Eom
2
) is given by (5.34). 

We again find that these two simple pole trajectories intersect 

for s 6m2I  thus defining the branch point in the s-plane. 

An interesting feature of our analysis is the following 

since the lowest order (6th order) graphs considered by us do possess 

the Mandelstam third double spectral function and the iteration chosen 

satisfies two particle unitarily, we may expect an essential 

1 ,,1)in  singularity(2435 	the &--plane near Z = 1. 	This, however, does 

not happen in our case, because such a singularity would arise from 

a non—separability of the kernel of the Bethe—Salpeter equation. 

When the kernel is symmetric and not separable, it could be proved
(52) 

in general, That the series (4.23) of the Fredholies denominator would 

not converge, and that the kernel would possess a denumerable infinity 

of eigenvalues T, where 'Xis related to the coupling constant. 

These eigenvalues will have an accumulation point at '2\ 	co . 

This would happen if the kernel is non—separablepin our cases  near 	= 1. 
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Also, since the singularity in our case near Z. 1 is 

essentially produced from the end—point zeros of the functions di  

and the iteration is two particle without the introduction of a 

ladder in the t—channel
(28)

y one cannot expect any thing but Regge 

poles. The appearance of the imaginary contribution to the part of 

the amplitude singular near . 1 indicatesthat in the crossed channel 

high energy behaviour, Feynman integration contours get pinched as was 

shoran in Part I of this work 	This happens at the points where dI  

vanishes from within the integration space. 

Here again two poles arise from the mode of iteration of the 

lowest order irreducible graph in our problem. Again the application 

of asymptotic theory in this case can be visualised parallel to the 

lines of Section 4 of the last Chapter. The result would turn out 

to be two poles with almost the same trajectories as (5.39). 

However, such Regge pole models should not be confused with 

the problem of Reggeization of the vector meson which was the subject 

matter of Part I of this work. The basic difference in such models and 

the Reggeization problem 	is that in the latter one looks systematically 

for those graphs in every order of perturbation theory which give a 

leading asymptotic behaviour compatible with the dispersion theory 

and the elastic unitarity. The procedure of iteration of the sixth 

order graphs of Figure 2 chosen here is such that it depicts the 

Regge pole behaviour. However, it was pointed out at the end of 

Part I, that it is possible to construct a mode of iteration of the 
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sixth order diagrams (Figure 2) which depicts the Regge cut 

behaviour (Figure 5) and that in the sixth order these two modes 

of iterations give equal contributions to the high energy behaviour.  

in the crossed channel. 
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APPENDIX A.I  

Pinch Calculation  

In this Appendix, we shall first show how the pinch arises in 

the asymptotic limit in our case. Secondly, we shall describe a method 

based on a more general technique of]lef.(28) to evaluate the pinch 

contribution in our case. 

The integral (2.15) can be written as follows: 

p2 x
2 	

jr  y
2 	

—1 	—3 

j
r 	dp jr 	dx 	 dy xi7 	 (A,1 . 1 ) 

where 
= '7\1[ 0147\3 ] 

y 	= 	(32 —1\1 l ie1( al -0\2 ) 2 
	 (A.1.2) 

= 	al )31 (?\2+?\3 +7\1-1 1 '61 "1+7\3 	4X2 ) • 

in (A.1.1) comes from the Jacobian 

(x y 	sPi.  ,N1 I-A2;x3) 
a( a23)32 	'01 'N1'7\2' 7\3 ) 

Also dO in (A.1.1) is a combined notation for the integrations over 

cci  ,131 	,N2  and Ns 	It is worth noting that the positive — definite— 

ness of the Jacobian is assured provided we avoid the end—point singularities. 

This can be done by a limiting procedure in which one integrates from, say, 

some lower limit a(a positive number however small) and then lets c 	0 . 

In (A.1.1), we have ignored the usual over—allS—function which in fact 

serves to determine the limits of integration. We shall show fol pinch 

0 

The factor T1̀ "1 

J 1 
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contribution it is necessary that both x1,y1  be negative andx2,y2  

be positive. Performing integration over y in (A.1.1), we get 

n2 	 x2 

f 

2.)\ 

	

	 1 —1 
2t 	jr 	cbc [124(xy2A-IME4-J1

2 

o 	xi  

1 
xi (xy1+(3);771i7  • (A.1,-3) 

The integrand does not have a pole at x = 0, but the terms separately 

do. 	Therefore, a procedure must be chosen to avoid the seeming 

pole here. The first term has two poles one at x = 0 and the other 
—1/ —1 at x y2 k—dt —Y3), 	It is easy to see that when t--> 00 —ie and /3 

is sufficiently small, the x—contour gets pinched at the origin and 

we shall have to choose a detour pulling over one of the poles in the 

lower half plane and hence the contribution from the first term in 

(A01.3) is: 

(277-31)  
2t 

a2 
2 —1  

d.0 , (A.1.22.) 

x—plane 

where the choice of sign is 

quite arbitrary. 	However*  the 

second term in (A.1.3) does not 

contribute because the two poles 

coming from the same direction 

do not pinch the contour and 

hence can be avoided. 	It may be pointed out here that the choice 

of detour is again quite arbitrary. One could take a detour in the 
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upper half plane and obtain in such a case a non—zero asymptotic 

contribution from the second term of (A.1.3). 	However, these two 

ways of avoiding the poles are completely equivalent. 	It is important 

to note, as remarked earlier, thatf3has to be sufficiently small in a 

region of the'Feynman hyperspace' which gives rise to the pinch at the 

origin of the x—contour. In fact, as is clear from the earlier 

discussion, the region of integration should be near the zeros of Q. 

Moreover, this region is of particular interest to us, because, it 

gives rise to enhanced logarithmic asymptotic factors (i.s. extra 

factors of int.) 

Thus, if we further integrate (A.1.4) near the zeros of $ 

in the limit when It1-4. co 2  we obtain 

(277')2
-1
d
-2

t
-2

1nt , 	(A.1.5) 

where in our case just one logarithmic factor appears because the 

7—path(9)  in our diagram is of length 	2. The expression for d 

in (A.1.5) is given by (2.17). 

We would, however, like to obtain the same result by 

integrating (A.1.3) over x and y first, which would give us a factor 

containing logarithm, and then we would take the asymptotic limit of 

the resulting equation. This should indicate that the correct choice 

of the branch of logarithm is important in such calculations and that 

the pinch contribution also depends on the choice of sheet, which, in 

our case is the physical one„defined by putting lines corresponding to 

a andP2  on the mass shell. 
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Thus, performing the integration in (A.1.3), one easily 

obtains the following: 

—2 	rx1Y4-0)t+d][(xy1-0)t+d] I = :72; f L'cip 2%1-'Dot+d) xln 2t 

	

	 [(x1Y11-0)t-f-dj (x2Y2+P)t+aT 
co 

R(13,t) (A.1.6) 

  

where R(bilt) is a rational function of t given in the following: 

(x
1
—N.. )y t 

R(0,t) = 
xYt3lti-d3i(x1

y+P)ti-d3 

(x
1
—x
2)y1  

t 
(Pt+d)-1  

(:.‘1-.Y14-3 ) t+cl 	(:'ncY1+‘e)t-i-c113(A.1.7 ) 

It is easy to see that the asymptotic behaviour of the second term 

in (A.1.6) is less divergent than that of the first term because it 

contributes a factor of t less. Hence this term may be neglected 

because we are only interested in the leading behaviour. The fact 

that in the asymptotic limit the pinch contribution is pure imaginary 

is also in agreement with the result of A.R. Swift(35)who obtains a 

similar result for a Feynman integral using the method of Mellin 

transform(34) 

Now, we shall examine the logarithmic term in the asymptotic 

limit. 	From eq. (A.1.2) it is clear that the lower limits of the 

(x,y) integrations in (L01.1.) may become negative (for positive 

Feynman parameters) whereas the upper limits must be positive. 	In 

such a case the (x2y) integrations pass through the origin of their 

respective spaces and this is the basic requirement for a pinch at the  
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origin in the (x,y) integration spaces. 	So when x1,y1 

are less 

than zero ( and p is sufficiently small; as it is required since we 

are next going to integrate near the end-points which make(-a0 ) and 

t-4 4-00-i8, the two factors in the numerator of the logarithm both tend 

to -co 	is, and those in the denominator both tend to 4.00-ic . 

Hence the correct logarithmic branch is then defined by 

In 1 
	± 276 	 (A.1.8) 

where we arbitrarily took the one with 

In 1 
	— 2471 , 	 (A.1.9) 

in our asymptotic calculations of graphs Fig.4(ii) as well as 

Fig.4(ii). 	The choice of the logarithmic branch does not therefore 

vary for the non-planar and its corresponding crossed non-planar graph 

in our discussion aria hence is the same as well for graphs Fig.4(iii) and 

(iii)'. 	Hence the pinch contribution to (A.1.1) is given by Eqn.(A.1.4) 

with positive sign on the right. 	It is clear from the above procedure 

that the pinch contribution to an integral of the type (A01.1) comes 

from the region inside the domain of integration where both x and y vanish 

simultaneously. Thus it follows that this contribution from the entire 

Feynman hyperspace defined by Feynman parameters (along with total 

0P-function constraint, etc.) can be easily extracted by multisaying 

the integrand by (x) 6(y) or by 

7\
1
-1  61 a2-7\1 1  ( 1-EN3 ) a1 y[02-7\1-1  (a

1
+7\
2
)
1
91 I 9 
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and integrating averoc2  andi320 This is what we have done in the 

last chapter where we went further to integrate near the lodges' of 

the hypercontour to obtain a log factor. 
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APPENDIX A. II 

Box Diagram and Partial Wave Projection  

We here give the exact form of certain relations appearing 

in the earlier work. They are obtained after tedious but straight-

forward algebraic manipulation. 

1 \ / 
The usual FeYnnlen denominator 1)(SMPi

2 
 9112  21112  1 a) = Dlta) 

is defined, by using the notation indicated on Fig.6, as 

D(t;a) = d(a)t + D(0;a) 

	

d(a) = a2m4 	 (A,2.1) 

D(0;a) = a 	s 	rt 	 2 	2 
I 3 	-la  el

2 
 l-a3a4 102+a1a2

p3 + 

2 	• 
+ a2a3

p
4 
- (a

1 
a
3
)m2  - (a

2 
 +a
4 
 )22  

/ All the pi's 0.=1,...94) are considered as functions of the 

correspondingtolq,O r  q' and s through the relation (3.9) 

We also define a quantity 

r(a) = 	D(0;a) -d(a)[ (co-col )2-q2-q'2] 
	

(A.2.2) 

and 
o-(a) = [2qq1d(a)]-1  r(a) • 

\ The functions Bi(s,topi,g2  ,m2  I a) E Bi(tta) and 

1 B2(s,t;pi2  1 p2  1m2  la) E B2(t;a) defined in (3.6) are of the form 

(A.2.3) 



B1' (t*a) = b1  (a) t + B1'  (0.a) 
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(A.2.4) 
b1  (a) = -2 -3 (1-a2)(1-a ) 

B1' (0*a) = (1) i-(6a1a3+3a1+3a3+1)s÷3.[(1-a )(2a +1)p 4 	1 	12 

2 + (1-a4)(2a3+1)p+(1-a2)(2a1+1)p3
2  

+ (1 -a2)(2a3+1)p24ji 
132(t-;ce) =1;1(ce)C-+ 13,_(.1() rAI-J-t= •+ A,27-(f= o) 	ejt:--0) A,I(171--o) 

b2( CI) = -1 	( 1-a2 ) ( 1-Ct4 ) 

A
2
(t=0) = -a3(a1+1)s+(1-a )(1+a )p-1-a (1-a )13

2 
1 1

2 
3 	4 -2 

2 
(1-a2)(14-a1)1334-a3(1-a2)P1

2  
(A.2.5) 

, A2
2

( t=0) = -a1(a3+1)s+a1(1-a4)p1
2  +k1+a3)(1-a )p

2 
4 2 

+ a1  ( 1-a2)p3+( 1+a3) ( 1-a24 )p2 . 

Having defined the partial wave projection by the relation 

(3.10), we introduced the functions f6(j)(4,Et la)Efz(j)(v) in the 

formulae (3.17). These have the form 

f
(0)

(a) Ei 2Ho(Zs6
2
)1-7(a)] 1B1  ((W-W')

2
-q
22;a) 

(.41)141(-6,0-2)[T(a)]
-2
B2((w-w"22-(112;a)  

(A.2.6') 
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r 2 fz(1)(a) E Ho(Z,T72)12131  (a) 	1.2b 2(a) ((w-wt )2-q-qt2)+ 

2 + b2(a) (A1
2  (t=0)+A(t=0))]7-1  (a) 

( .61-1 )Hi(Z,Tr-2) [7(a) ]-1[214(a) ( (ce-wi )2-q2-q12)-1- 

2 + b2(a)(A
z(t=0))] 	(A.2.6") 1 

f (2)(a) E-b2 	 2 
2(a) [2Ho ) 	(.41)H1(Z 	(A.2.6"t) 
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APPENDIX  

Laurentls Expansion.  

In Chapter III, Section II, we have introduced the so—called 

.)\ Laurent expansion (39)  of the generalized function a s  where 	is a 

complex parameter and a+
.)\  

itself is defined as 

[ 0 for a 	0 a+  = a for a > 0 
(A.3.1) 

The test functions, (if we can call them like that), are analytic 

functions 9.x(a)with finite support, i.e. they vanish when a 	1. 

We need not require any special derivative properties of Tr?\(a) 

as a function of a since only co•x(0) has appeared in our calculation, but 

we should assume that cox(a)is integrable itself. 

The calculation we have presented in Chapter III (Section II) may 

also be obtained by regularizing the integral at the particular point and 

therefore extending its domain of definitiPn with respect to the domain 

in the complex T--plane. 

Following the Reference (39) we write the Laurent expansion of a
+ 

near X = 1 as 

= [N+1]-1  S(a) + a+ + a 1 00 
(N+1)n1grict+ (A.3.2) 

n=0 

where 
, 1 	1 -1 
ka+  :40N) = 	daa 1, .9.(a)-co(0)] 

( aTl igna+tcoN) = dacj"1 ignaka ( a ) ....9N( 0 )] 

(A.3.3) 



111. 

Note, that?\ in our case is equal to Z-2, so that singularities at 

= —1 are in fact singularities at &= 1. 

We should also mention that we do not obtain by the 

expansion (A.3.2) the Laurent expansion of the whole functional 

(ate, 	near 7\.= — 1. 	It may happen that,lim1 
 4c1N(0)goes to zero 

A-4-  

as ( T+ 1 ) fc'jo and an apparent pole simply disappears, 
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APPENDIX A.N. 

Trace Calculation. 

We here present explicit evaluation of the Tr 1(s) 

defined by eq.(4.20) in the domain L“-&,$) [0q.(4.18) ]. 

According to the definition of Tr 11(s), relation (4.16) 

we should calculate only the integral of the following form 
+00 00 

I q242[h(s;c0,0] 2dWdq E Vz(s;i12) 
	

(A.4.1) 
- co 0 

which exists in the region A(Z9 s). In (A.4.1), a counter—clockwise 

rotation of the energy w integration contour to the imaginary axis 

is assumed,' 

Expressing [ h( s ;co, q) ]2 as an integral 

[h(s;W,q)]2  = (277),r dx [(W1—(1—x)4--s)
2
+q
2
+g
2 
—sx(1 —x)] 

—2 

(A.4.2) 

and then integrating over CO we obtain 

1 	2.42(  q2.-1-#2—sx(1—x))-3/2 Vz(s,,L4
2
) = 2/2) fo  dx j dq q 

(A.4.3) 

The denominator in (A.4.3) cannot vanish inside the domain 

of q and x integrations since s is in 6,$). 

After writing q2  = t and making use of the Mellin's transform 

co 
fo  dt t7\-1(t+a)-P = B(N,p-7\) a7\"P 

for larg al<H7T, Re N > 0 and Re p > Re T, we have 

(A.4.4) 



Te(s;122) = (72/2)B(Z+3/2,--6) 1 1.21x[1/2-sx(1-x)]
t 
	113. 

for iarg (112-sx(1-x)) t < ̂ C - 
	 (A.4.5) 

If we go to the region s>41/2, 	(s1122) will be defined by 

the relation (A.4.4) only for Re > -1, and L. 0,1,2,... 
This follows from the fact that the integrand in (A.4.4) may then 

vanish inside the domain of the x-integration and therefore produce 

additional singularities for Re -& 	-1. 	For 1 erg (422-s)1<ir 

(A.4.4) is an analytic function in the whole 6-plane except at a 

denumerable number of poin-bs which are 

= 	(2k 	1)/2 	(k = 1,2,...) 

and 

= 0,1,2,... 	 (A04.6) 

where V has simple poles; 

Therefore (A.4.4) represents in a certain way the analytic 

continuation of (A0401) in the 6  -plane. 

Let larg (4122-s)1<gr be satisfied. We change the integration 

variable in (A04.5) as 

xt = 2x-- 1 
and then by using the integral representation for the hypergeometric 

function of the form 

Mb,c-b)F(albpiz) = .g1 tb-1(1_t)c-b-10_,_\- TZ) a  dt 

for Rec > Reb> 0 and I erg (1-z) l< 71" we finally obtain 

Vz(s,/..t ) = (it,2/2)B(.6+
3
/2,-.0(A

s
/4)

-6 
F(-Zpi;3  /2;s/(s-42)) 

(A.4.7) 
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The hypergeometric function appearing in (A.4.7) is also 

an analytic function in the whole cut s-plane, with cut from 

s = 4112 up to the infinity, 
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