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Abstract

This thesis is in the field of Optimal Control. It addresses research questions concerning
both the properties of optimal controls and also schemes for control system stabilization

based on the solution of optimal control problems.

The first part is concerned with the derivation of necessary conditions of optimality
for two classes of optimal control problems not covered by earlier theory. The first is the
class of optimal control problems with a combination of mixed control-state constraints
and pure state constraints in which the dynamics are described by a differential inclusion
under weaker hypotheses than have previously been considered. The second is the class of
optimal control problems in which the dynamics take the form of a non-smooth differential
equation with delays, and where the end-time is included in the decision variables. We
shall demonstrate that these new optimality conditions lead to algorithms for solution of

certain optimal control problems not amenable to earlier theory.

Model Predictive Control (MPC) is an approach to control system design based
on solving, at each control update time, an optimal control problem. This is the subject
matter of the second part of the thesis. We derive new MPC algorithms for constrained
linear and nonlinear systems which, in certain significant respect, are simpler to implement
than standard schemes, and which achieve performance specifications under more general

conditions than has previously been demonstrated. These include stability and feasibility.

Keywords:  optimal control, nonlinear control, linear systems, predictive control, sta-
bility, state constraints, mixed constraints, feasibility, necessary conditions, time delays,

maximum principle, free time problems, differential inclusions.
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Chapter 1

Basic Concepts of Nonsmooth

Analysis

Techniques of nonsmooth analysis are widely used through this part of the thesis. We

describe here some of the key concepts. For more details see [16,21, 25, 55].

1.1 Some Notation and Background

Euclidean Space: Let z be a point in R”, the Euclidean norm of = = (z1,...,x,) is
written |z|:

|z| = /22 + ...+ 22.

The closed unit ball in R™ is denoted by B:
B:={zeR":|z| <1}

We write B(z,7) or x + B to indicate the closed ball of radius r > 0, centered at x € R™.
Given a nonempty subset S C R", S denotes the closure of S. The interior of S is written
int(S) while bdry(S) := S\ int(S). The distance of a point z € R" from the set S is
defined by

ds(w) = inf |y — o]

Theorem 1.1.1. Given a subset S C R", the distance function dg : R™ — R s Lipschitz
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continuous with Lipschitz constant k = 1. Moreover we have have that a point x € S if

and only if dg(z) = 0.

In some sense dg(.) gives an analytical description of points that lie in S. The

indicator function Ig(.) will also serve for this purpose:

0 ifzes
Is(z) ==
+o00 otherwise.

Projs(x) denotes the projection of a point z € R™ onto the closed set S C R™. It is the

set

Projs(z) :={s € S :dg(z) = |z — s|}.

We have that Projg(x) # 0. It may contain more than one point.

Space of Functions: Let f : R" — RU {400} be a lower semicontinuous function
(Ls.c.), with possibly unbounded values. We write f € F(R™;R). The domain of a lower

semicontinuous function f is defined by

dom f:={z e R": f(z) < +o0o}.

The epigraph of f is given by

epi f:={(z,\) €dom f xR : \> f(x)}.

Here are some well-known elementary facts about l.s.c. functions (see, e.g. [12]):

1. fis Ls.c., if and only if epi f is closed in dom f x R.

2. f is Ls.c., if and only if for every € dom f and for every ¢ > 0 there exists a

neighborhood V' of z such that

fy) =z f(z) —¢ Vy eV
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In particular then

liminf f(y) > f(2).

Yy—x

3. If f1 and fo are l.s.c., then fi; 4+ f2 is Ls.c..

4. If (fi)ier is a family of L.s.c. functions then their superior envelope is also l.s.c., that

is, the function f defined by

f(x) == sup fi(x)

el

is l.s.c..

5. If S C R™ is compact and f is l.s.c., then infg f is achieved.

Observe that if S C R™ is a closed set then Ig(.) is Ls.c..

The space of absolutely continuous functions z : [S,7] € R — R" is written

WHL([S, T]; R™). Tt is equipped with the norm

T
Izl = 2(S) + /S 20| d.

For p € [1,00), LP([S, T]; R™) denotes the Banach space of measurable R"-valued functions

z:[S,T] C R — R" such that fST |z()|P dt < oo, with norm

T
2|l zr = (/5 |2(t)[P dt )/

L>([S,T]; R™) denotes the Banach space of measurable essentially bounded functions z :

[S,T] € R — R"™, with the norm

|zllLe = inf sup  |z(t)].
nullsets Zc[S,T] te[S,T\T

Multifunctions: Take two sets X and Y, a multifunction F' : X ~ Y is a mapping

from X to subsets of Y. We will also refer to a multifuntion also as a multivalued function
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or a set-valued map. The graph of F, written GrF, is the set
GrF = {(z,y) :y € F(x)}.

We say that F' is closed if GrF' is a closed set for the topology of X x Y. Projg(.), for

example, is a closed multifunction, and is a function if and only is S is convex.

Measures: We write NBV1(S,T) for the space of functions of bounded variation
from an interval [S,T] C R to R that are increasing, vanishing at the point S and right
continuous on (S,T). As is well know each function v € NBV*[S, T] uniquely determines
a positive Borel measure on [S,7] and vice versa. We loosely refer then to elements
v € NBVT[S,T] as positive measures. The total variation of v is defined by |v|rv. :=
f[&T] v(dt). To give some intuition about this fact observe that if u is a positive measure

then the function

w(S,t] t>S8
fu(t) =
0 t=2S

satisfies f,(.) € NBV T[S, T]. In the other direction, given a function f(.) € NBV T[S, T]

its weak derivative df in the sense of distributions defines a positive measure on [S,T],

/ST¢’f=—/ST¢df,

for every continuously differentiable function ¢(.) vanishing at S and T. (¢’ denotes the

that gives meaning to

derivative of ¢).

We say that a sequence (v;);cn of positive measure converges weak* to a measure v if, for

every continuous function f on [S, 7], we have that

lim f(t) vi(dt) = f(t) v(dt).

i—=00 JI8 T (5,7

Given a weak* convergent sequence v; — v, there exists a countable subset Z C (S,T)
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such that

/ vi(ds) — v(ds),
[S,t) [S,t)

for all ¢ € ([S,T]\ 7).

Proposition 1.1.2. Take a weak* convergent sequence {u;} in NBV T[S, T], a sequence
of Borel measurable functions {~; : [S,T] — R"}, and a sequence of closed, uniformly
bounded multifunctions {A; : [S,T] ~ R"}. Take also a closed and convexr multifunction

A(.) and a positive measure jr. Assume that

limsup GrA; C GrA

1—00
vi(t) € Ai(t) pi-a.e., fori=1,2,...

and

Wi — o weakly®.

Then, along a subsequence,
Yi(O)pi(dt) = vo(t)po(dt) weakly”,
where vo(.) is a Borel measurable function that satisfies

Yo(t) € A(t) po-a.e..

Proof. A proof of this result can be found in [55], Proposition 9.2.1. O

1.2 Normal Cones

Normal vectors to a certain set S C R™ at a point xg € bdry(S) may intuitively be
described as ‘orthogonal’ directions along which trajectories depart from S at a maximum
rate. In the case in which S is a smooth manifold defined as the level set of a continuously

differentiable function h : R® — R:

S:={z e R": h(x) <0},
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normals

Figure 1.1: Left: A proximal normal vector { to S at zy. Right: Nonsmooth boundary
and limiting normals.

the (unique) normal direction at xg € bdry(S) is represented by the gradient Vh(zg) at
xo (we here assume that Vh(zg) # 0). In this case we can think of the normal vector
v = Vh(xzo) as the vector that maximizes the rate of increase of t — h(zg + tv) at
t = 0. (Observe that h(zg+tv), for t sufficiently small, can be approximated, using Taylor
expansion, by h(xg) + Vh(xo) - tv). Generalizations to sets S with nonsmooth boundaries

permit there to have more than one such v.

Definition 1.2.1. Given a closed set S C R™ and a point x € S, the proximal normal

cone to S at xg, written NI (x0), is the set
NE(xg) :={¢ € R™: 3t > 0 so that ds(xo + t¢) = t[C]}.

Element in N¥ () are called proximal normals. NE () = {0} whenever zg € int(S).

A geometric interpretation of proximal normals is provided in Figure ¢ €
NZ (o) if there exists a point z € R™ such that z¢ € Projg(z) and ¢ is a scaled version

of x — xq, i.e. there exists A > 0 such that

¢ = XMz — x9).

The normal cone provides local information about the nature of the boundary of the

set S. From this geometric interpretation it is not surprising that proximal normals can
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also be expressed as vectors satisfying the following quadratic inequality. (We recall, once

again, that details for all the results presented in this introductory chapter can be found

in [16,21,25,55]).

Proposition 1.2.1. A vector ( € NZ (o) iff there exists o = o((,z0) > 0 such that

C-(z—x0) <oz —z0)* VS

In the case S is convex such inequality holds with o = 0.

Remarks.

(@)

For every zg € S, N 5 (z9) is a convex cone. However it needs neither be open nor
close and it can be trivial, N (z9) = {0}, at points where the set S is concave and

it is not C?-smooth. Consider for example a set S defined by
S = {(z,y) €R?:y > —|z|}.

It is easily seen that the proximal normal cone is trivial at the origin. (Indeed we
cannot find a ‘ball’, as in the interpretation of Figure that intersect S only at

the origin).

Assume that S admits a representation of the form
S ={xeR": h(x) <0},

where h(.) € C? is twice continuously differentiable. (We also assume Vh(xg) # 0).

Then, for z € bdry(S), NE(z¢) = {AVh(z) : A > 0}.

The multifunction z — NZ'(z) is not closed (we recall that a set-valued map is
said to be closed if its graph is closed, see page 18). This means that there may
exist converging sequences (z;,(;) — (2o, (o), with z; € S and ¢; € NI (x;), such
that (o ¢ N 5 (x9). Many useful relationships, involving normal cones, are derived
as limit processes with respect to the basepoint x. In the analysis of optimization

problems, for example (that are often regarded as limit of perturb problems), the
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closure of N g (.) is a fundamental property to establish relationships involving normal

directions to a set.

Definition 1.2.2. Given a closed set S C R™ and a point x € S, the limiting normal cone

to S at xg, written Ng(xg), is the set
Ng(zo) :={¢ € R" : there exists v; — xo,(; — ¢ such that x; € S,(; € Ng(a:z)}

FElement in Ng(zo) are called limiting normals.

Now, Ng(.) has closed graph, and for every point = €bdry(S) we have that Ng(z) contains
nonzero elements (see Figure [1.1). For z € int(S),

Ns(z) = Ng (z) = {0}.

However Ng(z) may not be convex. Convexity turns out to be particularly useful when

we have to deal with functions that have values in the limiting normal cone.

Theorem 1.2.3 (Mazur’s Theorem). Let X be a Banach space and let p; be a sequence
in X which converges weakly to a limit p. Then there exists a sequence made up of convex

combinations of the p;’s that converges strongly to p.

In this thesis we will make extensive use of this result. A typical situation will be
the following. Take a sequence {p;(.)}ien C L([S, T]; R™) that converges weakly in L' to

a certain p(.). Assume also, that for a sequence x; — xg, x; € S, the relationship
pi(t) € Ng(z;) a.e.

is satisfied. In general, we cannot expect that p(t) € Ng(xzg) holds in the limit. We may
use though Mazur’s Theorem to conclude that p(t) € co Ng(xo) a.e. t € [S,T]. (‘co’ stands

for convex hull).

Definition 1.2.4. Given a closed set S C R"™ and a point x € S, the Clarke normal cone

to S at o, written N§ (z0), is the set

N§ (x0) := co Ng(z0)
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Element in Ng(xg) are called Clarke normals.

1.3 Subdifferentials

We generalize the concept of ‘gradient’ for functions that are not differentiable. Through-
out this section f : R” — RU {400} is a lower semicontinuous function. We simply write

feF.
Definition 1.3.1. Take f € F and a point x € dom f.

(i) The proximal subdifferential of f at x, written Opf(x), is the set
Opf(x) == {C €R": (¢, ~1) € N&p; p(x, f(2))}.
FElements in Op f(x) are called proximal subgradients.
(i) The limiting subdifferential of f at x, written Of(x), is the set
Of(x) :={C€R": (¢, —1) € Nepi (w, f(x))}.
Elements in Of (z) are called limiting subgradients.

(iii) The Clarke subdifferential of f at x, written Oc f(x), is the set
Oof(zx) :=codf(z).
Elements in Of (x) are called Clarke subgradients or generalized gradients.

Subdifferentials inherit properties from the respective normal cones. Therefore, for

example, the multifunction x — 9f(x) is closed and
Of () = {¢ € R™ : there exists x; — xg, (; — ¢ such that x; € dom f,(; € Opf(x;)}-

Now, however, 0f(z) may be empty at points x where Ng(x) contains only elements of

the type (¢,0). We call these elements asymptotic subgradients.
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Definition 1.3.2. Take f € F and a point x € dom f. The asymptotic limiting subdif-
ferential of f at x, written 0 f(x), is the set

aoof(x) = {C eR": (Ca()) € Nepif('ra f(l‘))}

Observe that
Nepi(x, f(z)) = {U A0f (), —1)} U {<8°°f<x>,o>}.
A>0
Proposition [1.2.1] implies the following representation of proximal subgradients.

Theorem 1.3.3. Let f € F and x € dom f. Then ¢ € Opf(x) iff there exist o > 0 and
n > 0 such that

f) = f@)+¢ - (y—2a)—oly—a>, Vye€ax+nB.

If f is convex then o = 0.

Let ¢ € Opf(xg) for some xy € dom f. Then

f(y) — f(zo) > ¢ - (y —x0) — oly — x|, Vy € zo + nB. (1.3.1)

Assume now that f(.) is Lipschitz continuous on a neighborhood Vj of xg with Lipschitz
constant K. As it is well known, in a smooth setting, Lipschitz behavior around a point x
is equivalent to having |V f(x)| < K, for some constant K and for every x in an arbitrarily
‘small’ neighborhood of xy at which the gradient exists. The same result holds true, in a

nonsmooth setting:

Theorem 1.3.4. Take f € F and xg € dom f. Assume that f is Lipschitz continuous on

a neighborhood Vy of xg with Lipschitz constant K. Then:
(i) Of(xo) is nonempty and Of(xg) C KB
(ii) 0% f(xo) = {0}

Viceversa, if either (i) or (ii) are satisfied, then f is Lipschitz continuous on a neighborhood

of xg.
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Proof. The proof of this result can be found in [55], Chapter 5. O

Let us see some examples.
Example 1.3.1. (In each of the following cases f is a function from R to R)

(i) f(y) = ly| and = 0. Then
Opf(z) =0f(x) = 0cf(x) =[-1,1] and 0% f(z)={0}.
(ii) f(y) = —|y| and x = 0. Then
Opf(x) =0, 0f(z) ={-1,1}, 0cf(z) = [-1,1] and 0% f(z)={0}.
(iii) f(y) = |y|"/? and z = 0. Then
Opf(x) = 0f(x) = Oc f(x) = (=00, +00)  and 0% f(z) = (—00, +00).
(iv) fly) = sign{y}|y|"/? and x = 0. Then

Opf(a) = 0f(@) = dcf(x) =0 and 9 f(x) = [0, +00).

Unbounded or empty subdifferentials give warning that the slopes of the function
around the basepoint may not be bounded. In the presence of such pathologies, asymptotic
subdifferentials supply additional information about the directions of these arbitrarily large

slopes. In Example [1.3.1f¢v), we have seen that 0f(0) = @ and 9 f(0) = [0, +o0). This

tells us that the ‘infinite’ slope near the origin is positive.

1.4 Subdifferential Calculus

We recall now some of the main results about subdifferentials. See [16,21,25,55] for details.

A. (Links between Normal Cones and Subdifferentials) Take a closed set S C R"

and x € S. Then

Opds(z) = NE(z)NnB  and dpls(z) = N&(x).
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B. (Limits of derivatives) Take a function f : R”™ — R, a point € R™ and any subset

Q C R” having Lebesgue measure zero. Assume that f is Lipschitz continuous
on a neighborhood of . Then, by Rademacher’s theorem, f is almost everywhere

differentiable and

codf(z) =co{¢:3x;i — z,x; ¢ O,V f(x;) exists and V f(x;) — (}.

C. (Sum Rule) Take f; € F, i = 1,...,m, and a point x € N;dom f;. Define f =

fi+ ...+ fim. Assume that all the functions, except possibly one, are Lipschitz

continuous on a neighborhood of x. Then

0f(x) C 0fs(z) + ...+ Ofm(a).

D. (Max Rule) Consider a family f; € F, i = 1,...,m, and a point € N;dom f;.

Assume that all the functions, except possibly one, are Lipschitz continuous on a

neighborhood of x. Then:

O( max fi)(x) C{ Y Ndfi(w): N >0forallieI(z)and Y N\ =1}

ettt iel(z) iel(z)

1=

in which

I(z):={ie{l,....m}: fi(x) = mjaxfj(x)}

E. (Chain Rule) Take a locally Lipschitz continuous function G : R” — R™, a lower

semicontinuous function g : R™ — R U {+o0}, and a point u € R™ such that

= g(G(u)). Assume

G(u) € dom g. Define the lower semicontinuous function f(u) :

that:

The only vector n € 0*°¢(G(u)) such that 0 € 9(n - G)(u) is n = 0.

Then

Of(u) C {¢ : there exists n € dg(G(u)) such that £ € d(n- G)(u)}.
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1.4.1 Perturbation Analysis

In this thesis, techniques based on perturbation analysis will be used in several contexts.
The idea is to replace a given problem, that may be difficult to analyze, by a perturb
version of it that is easier to investigate and that gives approximate solutions of the

original problem.

Inf Convolutions

Imagine, for example, that we would like to study the properties of some function g :
R™ — R, but we are prevented from doing so because, say, g(.) is not sufficiently regular.
A standard approach to dealing with this difficulty is to construct a family {g(.) : € > 0} of
regularized functions, that are easier to analyze, such that lim.o gc(.) = g(.), and obtain
information on ¢(.) in the limit. One such procedure is given by convolving ¢(.) with
a smooth mollifier ¢.(.), depending on a parameter ¢ > 0, that is nonnegative valued,

vanishes outside eB and satisfies

/.../@(x) dzy...dz, = 1.

Thus,
ge(x) = //g(y)gbe(x —y) dyy ...dyy.

The function g(.) so constructed is now continuously differentiable. However, there is not
an easy link between the derivative of this ‘integral’ convolution and subgradients of the
original function g(.). We use instead a procedure called inf convolution where the integral
operation to generate the family {g.(.) : € > 0} is replaced by a minimization procedure

g.@) 1= int {g(u) + <y~ af) (14.1)

The key properties of the quadratic inf convolutions are reported in the following propo-

sition.

Proposition 1.4.1. Take a Lipschitz continuous function g : R™ — R with Lipschitz
constant K. For each € > 0, take g.(.) to be the function obtained by the quadratic inf
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convolution procedure [I.4.1. Take any x € R™ and e > 0. Let § be a vector achieving the
infimum in (one such vector exists), and set

ne(w) = 2¢ 7 (z - ).
Then

(a) ge(.) is Lipschitz continuous with Lipschitz constant K.
2
(b) g(x) > ge(x) > g(x) — fre.

(c) ge(2) — ge(x) < ne() - (2 — ) + € Yz — z|? for all z € R™.

(d) ne(x) € Ipg(7).
(e) v =l < Ke.

Observe, in particular, that limjog.(z) = g(z) and limgn(xz) € Og(z) (such
a limit exists because ¢(.) is a Lipschitz function). Furthermore, this inf convolution
technique allows to regularize minimization procedures. Say we would like to solve the

following optimization

;Ielgf(ff) + g(z),

where S is some closed subset of R”, f : R” — R is some continuously differentiable
function and g : R®™ — R is assumed to be only Lipschitz. Let us look at the ‘regularized’

problem

;relg f(x) + ge(x)'

Because of Proposition we would expect that a minimizing point z, for the refor-
mulated problem, can be taken to be arbitrarily close to a solution of the original problem

(see Theorem |1.4.2)). By Proposition then, z. is also a minimum for the problem

éréi;f(x) + ge(z0) + ne(xo) - (x — z0) + e*1|x — a:0|2,

where ¢g(.) has been replaced in the minimization process by a continuously differentiable

function. Thus, now, we have a standard ‘smooth’ optimization problem.
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Perturbed Minimization
Minimization problems are among the mathematical problems that are most frequently
encountered in applications. Consider the following:

Minimize f(x) over z € S, (M)

where f € F and S is a closed subset of R". In the classical framework, in which f(.) is

continuously differentiable, we can search for minimizers among points x that satisfy

whenever x € int S and evaluate f(.) on the boundary, to check whether minimizers are
located on the boundary. Here we may use the information that if Vf(z) # 0, then

v=—Vf(x) is a direction of decrease of the function, i.e.
f(z+tv) < f(x), fort > 0 sufficiently small. (1.4.2)

However, it is possible to formulate the minimization problem (M) without requiring that
f(.) is differentiable and, in the modern theory, a framework is often adopted in which
f(.) is assumed to be merely lower semicontinuous. It is known that lower semicontinuity
is (almost) the only requirement for a minimum of (M) to exist: if S is compact or f
is coercive, then (M) has a solution. In the general case we may need to add a ‘small’

perturbation to f in order to achieve a minimum (see Figure [1.2]).

Theorem 1.4.2 (Ekeland). Take a complete metric space (X,d(.,.)), a lower semicon-

tinuous function f: X — RU {400}, a point z¢g € dom f, and e, A\ > 0. Assume that

f(zo) < inf f(x) + Ae.
reX
Then there exists x) € X such that

(a) f(xzy) < f(xo) and d(zy,x0) < A.

(b) f(zx) < f(z) +ed(z,zy) for allz € X.
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()
/f

1 \

0 X

Figure 1.2: Illustration of Ekeland’s Theorem

Therefore the function x — f-(x) := f(x) +ed(z,x)) attains a minimum at xy.

The fact that the theorem allows (X,d(.,.)) to be an arbitrary complete metric
space adds great flexibility to the problem. Note that, even in the case in which f(.) is
differentiable, the perturbed function f(.) is not. Subdifferential calculus gives a tool to

address nonsmooth optimization problems.

Proposition 1.4.3. Take f € F and x € dom f. Assume that x achieves the minimum

value of f over a neighborhood of x. Then

0 e pr(:c)

Conversely, if f is convex and 0 € Op f(x), then x is a global minimum of f.

Furthermore:

if 0 ¢ dcf(x), and if ¢ is an element of Ocf(x) having minimal norm, then v := —(

satisfies (|1.4.2)).

Proof. See [25], Theorem 1.5 and Corollary 2.7. O
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Exact Penalization

A research theme that has been particularly productive in the solution of constrained
optimization problems is to to recast (M) as a problem involving no constraints

migann f(z)+ Kg(x). (PM)

Here g(z) is a penalty function that takes value zero when = € S and is greater than zero
when x ¢ S. This penalizes, in the minimization process, points z ¢ S. We would expect,
then, that for large K the perturb problem would yield a point Z that approximately solve
the original problem (M) and approximately satisfies the constraints. The reformulation
(PM) is in general easier to solve and gives approximate solutions of the original problem.
It is sometimes helpful to consider penalty functions that are not differentiable. In the
extreme case, when g(z) = Ig(z) we have that the penalization is exact, in the sense that

1) = 1 10) + 152,

Therefore, if Z is a minimum for (M) and f(.) is Lipschitz continuous, then

0€d(f+Is)(x) CIf(z)+ Ns(z).

When f is continuously differentiable we obtain the following well known fact

=V f(z) C Ns(z),

and thus minimizing points  need to be sought either from z € int(S) where V f(z) = 0,

or from z € bdry(S) where Vf(z) + (=0, and ( € Ng(z).

In some applications, however, we would like to use penalty functions ¢(.) that are more
regular than Ig(.) and that are defined everywhere, i.e. dom g = R™. Surprisingly perhaps,

the distance function dg provides an exact penalization as well.

Theorem 1.4.4. Let (X,d(.,.)) be a metric space. Take S C X and f: X — R. Assume
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that f satisfies a Lipschitz condition on X with Lipschitz constant K. Let T be a minimizer

for
inf f.
1%]”

Choose any K > K. Then T is a minimizer also for the unconstrained minimization

problem

1£1(ff + Kdg.

If K > K and S is a closed set, then the converse assertion is also true: any minimizer T
for the unconstrained problem is also a minimizer for the constrained problem and so, in

particular, T € S.

Proof. See [55], Theorem 3.2.1. O
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Chapter 2

Optimal Control

In this chapter we provide an overview of Optimal Control Theory, in preparation for the
technical material presented in the subsequent chapters. For more details on the result

presented see, e.g., [21,55].

2.1 The Maximum Principle
Optimal control concerns the study of optimization problems of the following form

Minimize J(z(.), u(.)) := £(@(T)) + [i L(t,2(t),u(t)) dt

over absolutely continuous R"-valued functions z(.) : [0,7] — R"
and measurable R™-valued functions u(.), such that:

z(t) = f(t,z(t),u(t)) t€]0,T] a.e.,

u(t) e U te[0,T] ae.,

z(0) =29 and z(T)eC.

The data for (P) comprises an interval [0,7] C R, T" > 0, functions ¢ : R — R, L :
[0, 7] x R" x R™ — R and f : [0,7] x R™ x R™ — R", and sets C' C R™ and U C R™.
We will call (P) an optimal control problem. The system (f,U) is composed of a dynamic
function f and a control set U. The variable x is referred to as the state of the system

while w is referred to as the control. The functional J{(.) is called cost or objective function.

Hypothesis 1 (The classical regularity hypotheses). The function ¢ is continuously dif-
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ferentiable. The functions f and L are continuous, and admit derivatives fp(t,x,u) and

L, (t,x,u) with respect to x which are continuous in all variables (t,z,u).

The time evolution x(t) of the state depends on the choice of a control policy u(.)
and it is referred to as state trajectory. A process (z(.),u(.)), consisting of a control policy
u(.) and the corresponding state trajectory x(.), is said to be admissible if the constraints
in (P) are satisfied. This means that u(.) is a measurable function with values in the

control space U and z(.) is an absolutely continuous solution of the differential equation

z(t) = f(t,z(t),u(t)) tel0,T]ae.,
z(0) = xo,

which satisfies z(T") € C.

The aim is to find a control policy u(.), such that the process (Z(.),u(.)) is admissible
and minimizes the cost J(z(.),u(.)) over all admissible processes (z(.),u(.)). We call
an admissible process (Z(.),u(.)) a local minimizer if J(Z(.),u(.)) < J(z(.),u(.)) for all
admissible processes (z(.),u(.)) that satisfy |z — Z|| < €, for some € > 0. It is common to
refer to a local minimizer (Z(.), u(.)) as an optimal (or local optimal) process or solution. In
particular we are interested in finding a set of conditions that characterizes and restricts the

search for a minimizer of (P), i.e. conditions satisfied by any optimal process (Z(.),ua(.)).

We call this set of conditions Necessary Conditions.

The norm || . ||, in the definitions above, refers to the norm induced by the chosen topology
of the state trajectories. Typically || .|| refers to the L> norm, i.e.
|x||fee := sup |z(t)].
te[0,7]

We also consider the W1 norm on the space of absolutely continuous functions, written
whi(o, T); R™):
T
el = o)+ [ (o) .

A local minimizer with respect to the W1 topology is called a W1 ! local minimizer while
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a local minimizer with respect to the L® norm is called a strong local minimizer. Observe
that it is preferable, if possible, to derive necessary conditions for W1 local minimizers.
Indeed the Wh! norm is stronger than the L> norm and therefore the class of Wh! local
minimizers is larger than the class of L°° minimizers. It follows that, by choosing to work
with Wb local minimizers, we are carrying out a sharper analysis of the local nature
of necessary conditions than would be the case if we chose to derive conditions satisfied
by strong local minimizers. However during this introduction, for simplicity, we will use
the anonymous norm || .|| to indicate the L®> norm and we will refer to a strong local

minimizer simply as a local minimizer.

The hypotheses on the data do not imply that every measurable control u(.) generates
a state trajectory z(.). We could formulate a linear growth assumption on the dynamics
function to guarantee this, but we will not assume this at the moment. In fact in this
thesis we are only interested in necessary conditions. Therefore we will always assume the
existence of at least one admissible process. Notice however that if the control set U is
unbounded then the integral fOT L(t,z(t),u(t)) dt may not be well defined. In this case we
extend the meaning of ‘admissible’ by requiring an admissible pair for (P) to satisfy the
constraints of the problem and to be such that J(.) is well defined. Nevertheless for the

moment we assume the following.

Hypothesis 2. The set C C R" is closed and U C R™ is bounded.

The first general set of necessary conditions for an optimal control problem of the
form (P) was given in [48] by Pontryagin, Boltyanskii, Gamkrelidze and Mishchenko. This
result dates from about 1960. Before recalling it let us first introduce the Hamiltonian

associated to (P).

Definition 2.1.1. The Hamiltonian function H* : [0, T] x R® x R® x R™ — R associated
to the problem (P) is defined by

H t,z,p,u) =p- f(t,v,u) — AL(t, 2, ).

When A = 1 we usually write H in place of H'. The mazimized Hamiltonian of the
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problem is the function H defined by

HA(t, 2, p) := sup H(t,z,p,u).
ueU

Theorem 2.1.2 (Pontryagin Maximum Principle). Let (Z(.),u(.)) be a local minimizer
for (P). Assume Hypotheses and @ Then there exist an absolutely continuous function
p(.) € WH([0,T);R™), called the co-state or adjoint arc, and A\ € {0,1}, satisfying the
nontriviality condition

(p(1),A) #0 Vi e0,T],
the transversality condition]|
—p(T) = AVLZ(T)) +n, for somen € No(z(T))

the adjoint equation

—p(t) = H(t,2(t),p(t), a(t)), a.e.,

and the maximum principle or Weierstrass condition

HA(t,Z(t), p(t), a(t)) = H (t, Z(t), p(t)), a.e..

If the problem is autonomous (that is if f and L do not depend on t), then one may add

to the conclusions the constancy of the Hamiltonian
HA(Z(t),p(1) = ¢, a.e.

for some constant ¢ € R.
Remarks.

(a) A couple (p,\) satisfying the necessary conditions listed above is commonly called
‘multiplier’. Observe that if (p,\) is a multiplier, then every positive multiple

a(p,\), o > 0, is also a multiplier. The multiplier (p,A) in Theorem can

1V denotes the gradient operator. N¢ denotes the set of orthogonal directions. It is defined in Chapter

U
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then be chosen to satisfy the following condition

A [lpllzee = 1.

The adjoint and state equations together resemble the classical Hamiltonian system

of differential equations, precisely
&= H)(t,x,p,u), —p = Hp(t.2,p,u).
The terminology for the Hamiltonian function H was inspired by this fact.

The case A = 0 is called abnormal case. In this degenerate situation the necessary
conditions convey no useful information, because they make no reference to the cost.
This may reflect the situation in which the constraints are so restrictive that they

identify an optimal solution regardless of the cost.

The Weierstrass condition provides, in principle, values of the optimal control
u = u(t,z,p) as a function of (¢,z,p). Knowledge of & can then be used to solve the
adjoint equation and the state equation. Indeed, they provide a system of 2n dif-
ferential equations and we have 2n boundary conditions given by the transversality

condition and by the initial conditions.

Theorem may fail when we allow an unbounded control set U. In this case we

have to compensate with a further assumption.

Hypothesis 3. There exists € > 0 and an integrable function k(.) € L*(0,T) such
that

|(fas L) (8 2, u(t)| < k(1), a-e.,

for all © such that |z — Z(t)| < e.

Note that this assumption concerns only the control % and it is localized around Z.
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2.2 Nonsmooth Necessary Conditions

Hypothesis [1] is overly restrictive for some applications of interest. We have seen how
we can deal with unbounded controls, but we may still need to allow for discontinuous
dynamics with respect to time or yet allow functions that are not differentiable. Nons-
mooth behavior of the functions involved in the optimal control problem (P) arises in a
variety of contexts. Indeed, a continuous function that models some dynamical process is
in general not differentiable. This assertion is made precise by the following result that is

a consequence of Baire Category Theoremﬂ

Theorem 2.2.1. Let S C R™ be a compact set, and C(S) :={f : S — R| f is continuous}
be the space of continuous functions equipped with the L topology. Then the set of

nowhere differentiable functions over S is dense in C(S).

Differentiability then is a severe assumption. Yet necessary conditions such as The-
orem [2.1.2)are given in terms of the derivative of the functions involved in the optimization
problem. An important breakthrough occurred in the 1970s, when Clarke’s theory of gen-
eralized gradients, based on generalizations of the concept of subdifferential of a convex
function, allowed for a local description of “nonsmooth” functions. This provided a bridge
to necessary conditions of optimality for nonsmooth variational problems. For an intro-
ductory account on nonsmooth optimal control problems see [16,21,25,55]. Let us recall

the optimal control problem (P)

/

Minimize J((.), u(.)) := £(T)) + [i L(t,2(t), u(t)) dt

over absolutely continuous R™-valued functions z(.) € W1([0, T]; R™)
and measurable R™-valued functions u(.), such that:

(t) = f(t,z(t),u(t)) te|0,T] a.e.,

u(t) e U te[0,T] ae.,

z(0)=xz9 and «(T)eC,

where now we consider the following assumptions.

Hypothesis 4. (i) (.) is locally Lipschitz continuous and C C R™ is closed.

2The author wish to thank Cristopher Hermosilla for brushing up from his memories this classical result.
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(ii) f(.,x,.) and L(.,z,.) are L x B measurable for each x € R™ (L and B denote,
respectively, the o-algebras of Lebesgque subsets of R and of Borel subsets of R™.)
There exist € > 0 and k(.,.) : [0,T] x R™ — R such that t — k(t,u(t)) is integrable
and

|f(t,x,u) - f(t,l’/,U)‘ + \L(t,x,u - L(tvxlvu))’ < k:(t,u)|:z: - $,|
for all z,2' € T(t) + €B and u € U.

The following Theorem is due to Clarke, see [16].

Theorem 2.2.2 (Nonsmooth Maximum Principle). Let (Z(.),u(.)) be a local minimizer
for (P). Assume Hypothesis . Then there exist an absolutely continuous function
p(.) € WH([0,T);R™), called the co-state or adjoint arc, and A\ € {0,1}, satisfying the
nontriviality condition

(p(t),A) #0 vt €[0,T],

the transversality condition
—p(T) € MH(Z(T)) + Ne(z(T)),

the adjoint inclusion (below cod, indicates the convex hull of the subdifferential with
respect to x)

—p(t) € co D H (¢, (1), p(t),u(t)), a.e.,
and the maximum principle or Weierstrass condition

HAt, Z(t), p(t), a(t)) = H (¢, Z(t), p(t)), a.e..

If the problem is autonomous (that is if f and L do not depend on t), then one may add

to the conclusions the constancy of the Hamiltonian
HA(E(t),p(1) = ¢, ae.

for some constant ¢ € R.

This theorem generalizes the original Pontryagin maximum principle (Theorem

2.1.2)). Nonsmooth, Lipschitz behavior is now allowed and the necessary conditions cover
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a much larger range of applications. A proof of this theorem is typically derived from
necessary conditions for a more general class of optimal control problems, see [16,21,25,55].

We investigate such conditions in the next section.

2.3 Differential Inclusions

A convenient framework for the study of optimal control problems is to consider for every

point (¢,z) the whole set of possible directions

F(t,x):= f(t,z,U) ={f(t,z,u) :u e U}.

Although it may seem more artificial this framework gives much more flexibility to our
formulation and represents an ideal mathematical environment in which to prove various

types of necessary conditions. The new optimal control problem is formulated as following

Minimize g(x(T"))
over absolutely continuous R™-valued functions x(.) € Wh1([0, T]; R")
(Pr) § satisfying the following constraints:

@(t) € F(t,z(t)) tel0,T] ae.,

z(0)=xz9 and z(T)eC.

Differential equations are replaced in this setting by the more general concept of differential
inclusions. Indeed for a.e. t € [0,7] now the admissible velocities belong to a certain set
F(t,z(t)). F :[0,T] x R" ~ R™ is a given set-valued function, that for every point
(t,x) associates a set F'(t,z) C R™. Set-valued maps are sometimes called multifunctions
or multivalued functions. Note that standard optimal control problems such as (P) are
included in the formulation above. It is sufficient to consider an extra state z(.) and define

a new dynamic constraint set F(¢,z) := {(f(¢t,z,u), L(t,z,u)) : w € U}. Problem (P) is
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then equivalent to the following

/

Minimize g(x(T")) + z(T)
over absolutely continuous R""!-valued functions (z(.), 2(.)) € Wti([0, T]; R**1)
satisfying the following constraints:

(1), (1)) {(f(t,x,u),L(t,:c,u)) Lu e U} te0,7] ae.,

(2(0),2(0)) = (z9,0) and (z(T),2(T)) € C x R.

This procedure of absorbing the integral cost in the dynamic constraints is named state

augmentation.

The optimal control problem (Pr) naturally models situations in which the control con-
straints depend on time U = U(t) or on the state U = U(z) or on both U = U(t,z). We
refer to state dependent control constraints as mized constraints. A typical form of mixed

state-control constraints is

Ut,z) ={ueR™:uel, ¢(t,z,u) <0, Y(t,z,u) =0},

where ¢ : [0,T] x R? x R™ — R? and 9 : [0, T] x R” x R™ — R¥ are given functions. Nev-
ertheless we focus at the moment on optimal control problems (Pr) described by a general
multivalued function F. In so doing we can forget about controls and mixed constraints,
and use properties of set-valued maps to derive necessary optimality conditions. (see [2]

for details on set-valued analysis).

Absolutely continuous function x(.) that satisfy the differential inclusion &(t) € F (¢, z(t))
a.e. are called F-trajectories. If additionally they satisfy all the other constraints in (Py),
they are referred to as admissible F-trajectories. The concept of local minimizer is easily
generalized in this setting. An admissible F-trajectory z(.) is said to be a local minimizer
if, for some € > 0, we have ¢(Z(T")) < g(z(T")) whenever z(.) is an admissible F-trajectory

satisfying || — Z|| < e. Define graph of F'(¢,.) by GrF(t,.).

Hypothesis 5. (i) The function g(.) is locally Lipschitz and the set C is closed. The
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multifunction t — GrF(t,.) is measurable and, for some € > 0, the following set is
closed for a.e. t,

{(z,v) € GrF(t,.): |z — z(t)| < €}.

(ii) There exist ¢ > 0 and k(.) € L' such that the following hold for a.e. t and each
z, 2’ € T(t) + €B,
F(t,z) C F(t,2') + k(t)|z — 2/|B.

Conditions (i) can be equivalently expressed by
aH (F(t,2), P(t,2)) < k(D]z — 2],

in which d(.,.) is the Hausdorff distance metric: given two sets A, B C R™, d¥ is defined
by

d(A, B) := max{supdp(z), supda(z)}.
€A zeB

This explains why we refer to a multifunction F(.,.) satisfying Condition (ii) as a Lipschitz

continuous multifunction with respect to the state x.

Theorem 2.3.1 (Extended Euler-Lagrange Conditions, see [55]). Let Z(.) be a local mini-
mizer for (Pr). Assume Hypothesis E‘S] Then there exist and absolutely continuous function
p(.) € WHL([0,T);R™), called the co-state or adjoint arc, and X € {0,1}, satisfying the
nontriviality condition

(p(t),A) #0 Vvt €[0,T],

the transversality condition
—p(T) € X0g(z(T)) + Ne(z(T)),
the adjoint inclusion
p(t) € co{n:(n,p(t)) € Ngrr,)(T(t),2(t))}, a.e.,
and the maximum condition or Weierstrass condition

p(t) v <p(t) z(t), Yv € F(t,z(t)), t € 0,T] a.e..
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Remarks.

(a)

The (maximized) Hamiltonian associated with this problem is defined by

H(t,x,p) := sup p-wv.
vEF (t,x)

Therefore we may write the maximum condition as

This set of necessary conditions is referred to as generalized or extended Euler-
Lagrange conditions. The Euler-Lagrange conditions, originally, refer to a set of
necessary conditions for problems in the calculus of variations that are optimization
problems in which the state of the system is not subject to dynamic constraints, i.e.
F(t,x) = R™. Indeed (Pr) could be interpreted as an ‘extended’ calculus of variation

problem where the cost is reformulated as following

T
Minimize g(x(T)) +/0 Icrpg,) (o(t),2(t)) dt.

We used the word ‘extended’ because the cost now is allowed to take the value +oo,

a feature that was not considered in the classical theory of calculus of variations.

The Lipschitz condition (iz) in Hypothesis [5| proves to be inadequate when we allow
unbounded dynamics. Consider the example in R? illustrated in Figure where

F(t,z,y) == {(v1,v2) : v1 + zvy < 0}. It is easily seen that
d (F(t,z,y), F(t,2',y')) = +o0

whenever x # 2. To overcome this problem Loewen and Rockafellar proposed in [44]
a generalization of Hypothesis (u) called epi-Lipschitz condition. This asserts the

existence of an integrable function k(.) and constants 5 > 0 and € > 0 such that

F(t,x) NB(z(t); N) C F(t,z") + (k(t) + BN)|z — 2’| B
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\|/ax,

N\

Figure 2.1: Unbounded Dynamic

holds for all N € N, z,2’ € B(Z(t);¢) and ¢t € [0,T] a.e..

The nonsmooth maximum principle is easily deduced from the extended Euler-
Lagrange conditions. Indeed, if F(t,z) = f(t,x,U) for some set U C R™, then
after suitable reductions (see [55, Chapter 6]), the adjoint inclusion takes the follow-
ing form

p(t) € co {n: (n,p(t)) € Narpir, ) (Z(1), 2(1))}, ace.. (2.3.1)

Now we can use the fact that for a function h : R® — R™ and a point y such that

h(.) is Lipschitz continuous on a neighborhood of y we have

(1, 8) € Narn()(y, M(y)) = n € 9= hl(y).

(See [55, Proposition 5.4.2].)

We conclude from (2.3.1]) that p(t) = > Aini, for some A; > 0 such that > (A =

1, and some n; such that n; € 0y[—p(t) - f(t,z(t),u(t))]. Therefore

—p(t) € co O H (L, 2(1), p(t), u(t)),

as desired. Similar argumentations may be exploited to give ‘explicit’ necessary

conditions for optimal control problems featuring mixed state-control constraints
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(see Chapter [4]). (‘Explicit’ in the sense that the necessary conditions are expressed

in terms of the functions that define the mixed constraints).

2.4 A Free End-Time Problem

An important feature of some optimal control problems is that the time interval over which

the optimization is performed is not fixed, and the final time T is itself a choice variable.

Minimize g(T,z(T))
over absolutely continuous R™-valued functions z(.) € WhH1([0, T]; R™)
(Pr) { and interval [0, T satisfying the following constraints:

x(t) € F(t,z(t)) t€[0,T] a.e.,

z(0) =29 and (T,z(T)) € C.

The cost function g(.) now depend on the time horizon T'. In this case we need to extend
the concept of local minimizer. The minimization is now conducted over pairs (T, z(.))
composed of a final horizon time 7" and an F-trajectory x(.) defined over the interval
[0,T]. To measure the distance between two pairs (71, x1(.)) and (7%, z2(.)) we need first
to extend the state trajectories on the whole interval [0,+00) so to give a meaning to
|1 — x2||. We do so by defining any F-trajectory (T, z(.)) to be constant after its interval
of definition, to wit 2(7) = z(T) for 7 > T. Let a pair (T,z(.)) be admissible, i.e. it
satisfies the constraints in (Pr). We say that it is a local minimizer if, for some ¢ > 0 and

for all admissible (T, z(.)) satisfying

T —T|+|lz—z]| <e

we have that g(T,z(T)) < g(T, z(T)).

This class of problems is generally recast as a fixed-time problem by means of a time

transformation. Suppose that (T,Z(.)) is a local minimizer for (Pr). Fix o € (0,1) and
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consider the new fixed time optimal control problem

Minimize g(7(T),y(T))

over absolutely continuous R"*!-valued functions (7(.),y(.)) € Wti([0, T]; R**1)
(Pr){ satisfying the following constraints:

(7(t),9(t)) € {(w,wv) :w e [1 —a,14+a],ve F(r(t),y(t))} tel0,T] ae.,

(7(0),2(0)) = (0,20) and (7(T),y(T)) € C.

The important feature of (Pr) is that there exists a transformation Q that maps an
admissible state trajectory (7(.),y(.)) into an admissible state trajectory of the original
problem (Pr). Moreover this transformation preserves the value of the cost. To be precise

Q is defined as following

for some function w(.) such that w(s) € [1 — a,1 4+ a] a.e.. We can define a trajectory
of the original problem by x(t) := y(77!(¢)). Indeed z(.) is now defined on the interval

[0,7 = 7(T)] and satisfies

Since the trajectory (7(t) = t,Z(t)) is admissible for (Pr) and Q(7(t) = t,Z(t)) = (T, Z(.))
it follows that (7(¢t) = ¢,Z(t)) is optimal for (Pf). Theorem asserts the existence of a
multiplier (r(.),p(.),A) (r(.) relative to the additional variable 7) satisfying the extended

Euler-Lagrange conditions. In particular we have from the transversality condition that

(—r(T),—p(T)) € Nog(T,z(T)) + Nc(T,z(T)), (2.4.1)
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and from the mazimum condition that
r(t) + p(t) - £(t) = max {w(r(t) + p(t) -v) 1 v € F(t,Z(t)) and w € [1 — o, 1 + a] }.
This last condition in particular implies, fixing v = Z(t), that
—r(t) = H(t,z(t),p(t)) a.e., (2.4.2)

where H(t,Z(t),p(t)) = p(t) - Z(t) is the Hamiltonian of the original problem. It follows
that H is actually an absolutely continuous function and its value at T is fixed by the
transversality condition. Notice also that if the problem is autonomous, then the dynamic
in (Pp) does not depend on 7. Therefore in the autonomous case r(t) = 0 and we can
add to the necessary conditions the constancy of the Hamiltonian, (in a stronger form for

free end-time problems since the constant ¢ = 0)
H(z(t),p(t)) =0, Vt € [0,T]. (2.4.3)

In summary: Let (7,Z(.)) be a local minimizer for the free end-time optimal control
problem (Pr). Then it satisfies the necessary conditions of Theorem at the optimal
time T = T. Indeed, if we freeze the end-time T = T, then Z(.) is, in particular, a local
minimizer for the fixed end-time problem. Moreover the extra degree of freedom given by
the fact that T is a decision variable is accommodated by extra necessary conditions such
as Equation [2.4.1] and Equation [2.4.2] If the problem is autonomous, then one may add

to the conclusions the constancy of the Hamiltonian Condition [2.4.3

2.5 State Constraints

We may want to investigate situations where the state trajectory is not allowed to enter
certain regions of the state space. In such circumstances we include a pathwise constraints

in the formulation of the problem, say

h(t,z(t)) <0, Vt € [0,T]
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where h : [0,7] x R — R is a given function.

Hypothesis 6. h is upper semicontinuous and locally Lipschitz with respect to x (uni-

formly with respect to t).

We come back in this section to studying the smooth framework of Section [2.1]
This is because we want to give an intuition of the effect that the state constraint have on

the necessary conditions. The optimal control problem of interest is now the following

Minimize ¢(x(T))
over absolutely continuous R™-valued functions z(.) € WhH1([0, T]; R™)
and measurable R™-valued functions u(.), such that:

(Po)§ a(t) = f(t,z(t),ut)) te[0,T]ae.,

h(t,z(t)) <0, Vt € 0,7,

(

u(t) e U te[0,T] a.e.,
(
(

0)=z9p and z(T)e€eC.

8

\

We have chosen to formulate the state constraints as a functional inequality because it is
a convenient starting point for the derivation of necessary conditions for other types of

state constraints.

(a) Consider the following formulation of the state constraints

x(t) € K(t), t € [0,T]

where K(.) is a given multivalued function. In this case we can choose h to be

h(t,x) := d;g(t) ().

(b) The case of multiple constraint inequalities

(h1y...,hi)(t,z(t)) <0

is dealt with defining h(t, z) := max{hi(t,z),..., hi(t,z)}. Observe here the impor-

tance of the Lipschitz hypothesis on h.



2.5. STATE CONSTRAINTS 49

(c) Consider a problem in which the constraint is only imposed on a closed subset
Z clo,T],

h(t,z(t)) <0, Vvt e

If h is a bounded continuous function such that B(t, .) is Lipschitz continuous, uni-

formly in ¢, then the constraint can be equivalently expressed as
h(t,xz(t)) <0, Vt € [0,T]

where

h(t,x) ifteZ
h(t,x) =

inf(y . h(t,z) otherwise.
Again here notice that it is important for this reformulation to consider state con-

straint functionals that are merely upper semicontinuous.

What effect does the state constraint have on the necessary conditions? To see this
let us assume for the moment that h is continuous, and admit a continuous derivative
hy(t, x) relative to x. We may expect the problem to be reformulated as a state constraint
free optimal control problem by penalizing trajectories that do not satisfy the relation
h(t,z(t)) < 0. In other words if (Z(.),u(.)) is an optimal process for (P¢), then it is also
optimal for the new state constraint free problem

_ Minimize £(z(T)) + fOT h(t,z(t))m(t) dt

(Po)
&= f(t,z,u),u e U, ae, z(0)=wxand z(T) € C,

where m(.) is a suitable chosen, non negative value function such that

m(t) =0 ift € {s €[0,T]: h(s,z(s)) < 0}.
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We can apply Theorem to (P¢) and obtain the following conditions

(q(t), A) # 0 vt
—q(T) € AVL(Z(T)) + No(z(T))
—4(t) = q(t) fa(t, 2(t), u(t)) — Aha(t, Z(t))m(t), a.e.

q(t) - f(t,2(t), u(t)) = sup,ep q(t) - f(¢, 2(t),u)

for some multiplier (¢(.),A). These conditions capture the essence of the necessary con-
ditions with state constraints. However, we have not been very precise about the nature
of the function m(.) that may possibly take unbounded values. A rigorous derivation
of the necessary conditions require the introduction of a function of bounded variation

v :]0,T] — R such that

v is constant on any subinterval of {¢ € [0,T] : h(t,z(t)) < 0},

(¢, \,v) #0

and, for all ¢t € (0, 7]

—q(t) = Q(0)+/ q(s) fz(s,2(s), u(s)) dS/ ha (s, 7(s))dv(s).

S [S,t)

Of course now ¢(.) is a function of bounded variation itself. Since we want to express
necessary conditions in terms of absolutely continuous functions it is customary to de-

fine a new co-state p(.) that is obtained from ¢(.) by subtracting the ‘irregular’ term

f[S,t) hy(s,Z(s))dv(s):

q(t) — f[s’t) he(s,z(s))dv(s) ift €[S,t)

q(T) — f[S,T} hy(s,z(s))dv(s) ift=T.

p(t) =

Now p(.) € WHL([0, T]; R") and together with A and v satisfies the following set of neces-

sary optimality conditions: the nontriviality condition

(p, A\, v) #0,
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the transversality condition
—(p(T) + /[S - hy dv) € AVL(z(T)) + N (z(T))
the adjoint equation
—p(t) = (p@) + /[St) R du> -l 3(0), (1)), ace.

and the maximum principle or Weierstrass condition

(p(t) + /[S,t) ha du) f(t,Z(t),ut) = 21615 (p(t) + /[SJ) hy du) < f(t,z(t),u), ae.

The necessary conditions may then be expressed in terms of a measure, since any function
of bounded variation v uniquely determines a Borel measure p such that p(I) = [; dv(t)

for all closed subintervals I C [0, T].
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Chapter 3

Optimal Control Problems with

State Constraints

The concept of stratified necessary conditions for optimal control problems, whose dy-
namic constraint is formulated as a differential inclusion, was introduced by F. H. Clarke.
These are conditions satisfied by a feasible state trajectory that achieves the minimum
value of the cost over state trajectories whose velocities lie in a time-varying open ball of
specified radius about the velocity of the state trajectory of interest. Considering differ-
ent radius functions stratifies the interpretation of ‘minimizer’. In this chapter we prove
stratified necessary conditions for optimal control problems involving pathwise state con-
straints. As was shown by Clarke in the state constraint-free case, we find that, also in
our more general setting, the stratified necessary conditions yield generalizations of earlier
optimality conditions for unbounded differential inclusions as simple corollaries. Some
simple examples are provided, giving insights into the nature of the hypotheses invoked
for the derivation of stratified necessary conditions and into the scope for their further

refinement.
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3.1 Literature Review

This chapter provides necessary conditions of optimality for state constrained optimal

control problems in which the dynamic constraint is modelled as a differential inclusion:

Minimize £(z(S), z(T))

over arcs x(.) € WHL([S, T]; R") satisfying
(P) i(t) € F(t,z(t)), for ae. t €[S, T,
(x(5),2(T)) € E,

h(t,z(t)) <0, for all t € [S,T] .

The data for (P) comprises an interval [S,T] C R (T" > S), a set E C R™ x R", functions

C:R"xR"™ - Rand h:[S,T] xR" — R, and and a set-valued map F': [S,T] x R" ~» R".

Absolutely continuous arcs z(.) that satisfy the differential inclusion %(t) € F(t,z(t)) a.e.
are called F-trajectories. If additionally they satisfy all the other constraints in (P), they
are referred to as feasible F-trajectories. Feasible F-trajectories that minimize the cost

over the set of feasible F-trajectories are called minimizers.

Suppose for the time being that the state constraint h(¢,z(t)) < 0 is absent from the
above formulation. (This case is captured by setting h(.,.) = —1.) The earliest general
necessary conditions for an F-trajectory Z(.) to be a minimizer were provided by F. H.
Clarke, under hypotheses that included the requirement that the multifunction F(.,.) is
convex valued and bounded and that F'(¢,.) is Lipschitz continuous w.r.t. the x variable,

in the following sense: there exists € > 0 and k(.) € L' such that

F(t,x) C F(t,2)+k(t)|x —2'| B for all z,2’ € Z(t) + ¢ B, ae.. (3.1.1)

The necessary conditions assert that there exists an absolutely continuous function p(.)
called the co-state function which, together with the minimizing F-trajectory z(.), satisfies
a generalization of Hamilton’s system of equations (the ‘Hamiltonian inclusion’), and a

set of boundary conditions (the ‘transversality conditions’). Subsequent work on such
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conditions (see [44], [40] and, for an expository account, [55]) culminated in a set of
conditions valid for unbounded, possibly non-convex valued differential inclusions, in which
the generalized Hamiltonian inclusion was replaced by a combination of the Generalized

Euler Lagrange inclusion

B(t) € co{q|(q,p(t)) € Nayr,)(2(t),2(1))} ace. (3.1.2)
and the Weierstrass condition
p(t)-z(t) > p(t)-v forallve F(t,z(t)), ae.. (3.1.3)

(The notation Ng, p(;,) Will be recalled shortly.) Also, the Lipschitz continuity hypothesis
on F(t,.) (3.1.1) was replaced by a less restrictive condition, a typical example of which

is: there exist k(.) € L', ¢ > 0 and 8 > 0 such that, for all N > 0,

F(t,z)N(z(t)+ N B) C F(t,2') + (k(t) + BN)|z — 2| B (3.1.4)

for all z,2" € Z(t) + € B, a.e..

(Notice that the Lipschitz constant grows linearly with the size of the intersecting ball
on the left side.) The motivation here is that, for unbounded differential inclusions, the
earlier imposed Lipschitz continuity condition is overly restrictive. If, for example,
we wish to cover differential inclusions representing a two state differential inequality of
the form

1 < 182

the Lipschitz continuity is not satisfied because the Hausdorff distance between the
sets {(e1,e2)ler < w1es} and {(e1,e2)ler < zjes} is infinite, for 1 # z}. On the other
hand, condition , which we call the ‘pseudo-Lipschitz’ continuity condition with
linear growth, is clearly satisfied. (Condition is also referred in the literature as

epi-Lipschitz continuity condition.)

More recently, Clarke has taken this research in a new direction, by introducing the concept
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of ‘stratified’ necessary conditions, w.r.t. a given radius function r(t) or, more generally, a
radius multifunction. Here, the object is to derive necessary conditions of optimality when
the feasible F-trajectory z(.) is a minimizer in comparison to all feasible F-trajectories

x(.) whose velocities are restricted to satisfy the condition:
z(t) € z(t)+r(t)B.

[¢]
(The notation B denotes the open unit ball in R™). Clarke showed that if the data satisfies
a form of the pseudo-Lipschitz condition (3.1.4), now incorporating the radius function

7(.), namely: there exist e > 0 and k(.) € L! such that
F(t,x) N (x(t) +r(t) IE%) C Ft,2)+k®)|z—2'| B forall x,2' € Z(t) +¢ B, ae.,

and also satisfies a technical condition, referred to as the ‘tempered growth’ condition, then
the generalized Euler Lagrange inclusion (3.1.2) and a restricted form of the Weierstrass
condition (3.1.3)) are satisfied (for some p(.)), that is

p(t)-z(t) > p(t)-v forallve F(t,z(t)) N (z(t) +r(t)ﬁ§), a.e..

The stratified necessary conditions have a number of useful consequences:

First, they yield as straightforward corollaries necessary conditions under refinements
of the pseudo-Lipschitz condition with ‘linear growth’ hypothesis ; these are
obtained by considering a sequence of radius functions tending to infinity, a.e. We
discuss several of these below. Some such refinements could, possibly, be obtained by
techniques similar to those originally used to prove necessary conditions under hypothesis

(3.1.4), but only at the price of taking apart and reworking a rather complicated analysis.

Second, they are the starting point for the derivation of state-of-the-art necessary
conditions for problems with ‘mixed’ (control and state) constraints [24], [23]. This is

because, if the controlled differential inclusion and the mixed constraint is recast as a
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differential inclusion, the differential inclusion satisfies the hypotheses for application of

the stratified necessary conditions, under very general hypotheses on the original data.

Third they provide a framework for studying necessary conditions for a weak minimizer
z(.), i.e., an admissible arc that, for some § > 0, is minimizing w.r.t. admissible arcs that
satisfy

z2(t) — Z(t)| + |2(t) —E(t)| < & ae..

For problems in the calculus of variations in which no dynamic constraints are imposed
on feasible trajectories, it can be shown, via straightforward application of the Pontryagin
maximum principle or direct variational analysis, that weak minimizers (in the above
sense) satisfy the Euler Lagrange, transversality conditions and a restricted form of
the Weierstrass condition. If, however, we now add a dynamic constraint in the form
of a differential inclusion # € F(t,z), weak minimizers may fail to satisfy the above
necessary conditions, even in seemingly benign situations, in which F'(t,.) is convex valued
and satisfies the global Lipschitz continuity condition (3.1.1)). The stratified theory per-

mits us to explore the ‘extra’ hypotheses required to exclude this surprising phenomenon.

The principal contribution of our approach is to show that the stratified necessary con-
ditions remain valid (with appropriate modifications), when a pathwise state constraint,
h(t,xz(t)) < 0, is included in the problem formulation (P). The conditions obtained
reduce precisely to those in [18] and [20] when the state constraint is omitted. We allow
general (set valued) radius multifunctions R(.) in place of Z(.) + r(.)IE%, as in [20]. We also
examine examples aimed at providing insights into the ultimate limitations on possible

generalizations of such necessary conditions.

Finally, we comment on the methodology for proving stratified necessary conditions. It
might be thought that this was a simple matter of replacing (for each number N > 0) the
possibly unbounded multifunction F(.,.) by the bounded multifunction F(t,.) N (z(t) +

(r(t) A N)B), applying known necessary conditions, and passage to the limit, as N — co.
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But this would require F'(t,.)N(Z(t)+ (r(t) AN) B) to have Lipschitz continuity properties;
unfortunately, however, the constructed multifunction can fail to be continuous (let alone
Lipschitz continuous in some useful sense), even if F'(t,.) satisfies the (global) Lipschitz
condition ([3.1.1). Consider the case F(z) = {1+ z} U {0} and z = 0. The dynamic F is

clearly Lipschitz continuous. Yet the intersection

F() B {0} ifx >0

F(z) otherwise
turns out to be discontinuous at the origin. We follow a simple and effective proof
technique proposed by Clarke (‘lifting’), now in the state-constrained setting, in which we
deal not directly with F(t,.) N (Z(t) + (r(t) A N) B) itself, but instead through a proxy, a
related multifunction taking as values sets in a higher dimensional state space, which has

much better regularity properties.

We refer the reader to Chapter [1] for details on the notation used in this chapter. See also
the Notation table at the end of the thesis. Observe, in particular, that in this chapter B

denotes the open unit ball in R™. It’s closure is written B.

3.2 Stratified Necessary Conditions for State Constrained
Optimal Control Problems

The object is to derive necessary conditions for a feasible F-trajectory z(.) to be a mini-
mizer. Local minimizers both with respect to the state and the velocity are considered.
Some direct implications of these conditions are then stated on the form of corollaries.

Proofs will follow in later sections.

Take a feasible F-trajectory z(.) for (P). We shall say that R(.) is a radius multifunction

(for z(.)) if R(.) is a measurable multifunction and, for each ¢ € [S,T], R(t) is an open
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convex set such that

z(t) € R(t) a.e..

Definition. 7(.) is a Wb! local minimizer w.r.t. a given radius multi-function R(.) for

z(.), if there exists e > 0 such that

((x(S),2(T)) = £(z(5), z(T))

for all feasible F-trajectories z(.) such that ||z — Z|ly11 < € and

#(t) € R(t) ae..

We will also refer to a Wh! local minimizer w.r.t. a given radius multi-function R(.)

simply as a R(.)-weak minimizer.

The following hypotheses are invoked: for some € > 0,

(H1) ¢(.,.) is Lipschitz continuous on a neighborhood of (Z(S),z(T)). E C R™ x R" is
a closed set. The radius multifunction R(.) is measurable and takes values open

convex sets.

(H2) h(.,.) is upper semicontinuous near (¢,z(t)), for all ¢ € [S,T], and there exists a
constant kj, such that

|h(t,l‘,) - h(t,$)| < k‘h|3§', - CL‘|,
for all ¢t in [S,T] and all 2/, z € Z(t) + €B.

(H3) F(.,.) takes values non-empty subset of R”. The restriction of F(¢t,.) to Z(t) + B
has closed graph. F(.,.) is measurable w.r.t. the product £ x B-algebra, where £
and B denote the o-algebras of Lebesgue subsets of [S, T] and of Borel subsets of R"

respectively.

(H4) There exists a function k(.) € L'(S,T) such that

F(t,2"YN R(t) C F(t,z) + k(t)|z — 2’| B,
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for all z, 2’ € Z(t) + €B, a.e. t € [S,T].

(H5) There exist numbers rg > 0 and v € (0,1), and a function 7(.) € L'(S,T) such that

r(t) > ro a.e. and

i) z(t) +~y~'r(t) B C R(t)

i) F(t,z) N (x(t)+r(t) B) # 0
for all z € Z(t) + €B, ae. t € [S, T).

Theorem 3.2.1 (Stratified necessary conditions). Let Z(.) be a W local minimizer for
(P) w.r.t. the radius multifunction R(.). Assume (H1)-(H5). Then, there exist an arc
p(.) € WHL([S,T);R™), a nonnegative number X\, a monotone non-decreasing function

w(.) € NBVH[S,T] and a p-integrable function m(.), such that

(i) A+ Il + lallry. = 1,
(ii) 5(t) € co{n s (n,p(t) + figp m()1(ds)) € Newrgr, ) (@(1), 3(1) } ac,
(iii) (p(S), = [P(D) + figymlshu(ds)| ) € NOU(E(S),5(T)) + N (a(S), 2(T)).
(iv) ((t) + Ji5 m()nlds)) - £(t) = (p(t) + fig m(s)a(ds) - v
for allv € F(t,2(t)) N R(t) a.e. t €[S, T,
(v) m(t) € O>h(t, (t)) p-a.e. and supp{p} C {t : h(t,z(t)) = 0}.

Here 07 h(t,x) is the set

07 h(t,x) = {&|there exist z; — z,t; — t,& — &,s. t., for each i,

Vxh(ti, :L‘Z) exists,ﬁi = vxh(t“.ﬂjz) and h(ti,l‘i) > 0} .

We recall that the pathwise state constraint has been formulated as a functional in-
equality constraint h(t,z(t)) < 0, in which h(.,.) is upper semicontinuous and uniformly
Lipschitz continuous in the second variable. The versatility of this formulation was
first noted and employed by Clarke in [16]. It covers the intrinsic formulation x € A(t)

employed elsewhere in the literature (see, e.g. [1]), in which A(.) is a closed valued
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lower semicontinuous multifunction since, in this case, we may take h(t,z) := dy)(z).
The way in which the hybrid subgradient 97 h(.,.) is defined, via limits of gradients
at points (t;,z;) at which h(t;,x;) > 0, is crucial to ensuring non-triviality of the
necessary conditions in this case (it implies that m(.) satisfies |m(t)| = 1 p-a.e., indeed

for a pair (¢;,x;) such that z; ¢ A(t;), the gradient Vd,q,)(z;) exists if and only if

XTi;—aq )

projag,(wi) = {a;} contains a single element, and in this case Vdy,) (7)) = o—a]

Notice that the condition supp{u} C {t : h(t,z(t)) = 0} is inserted for emphasis; it is
actually implied by m(t) € 97 h(t, Z(t)) p-a.e., since 9, h(t,Z(t)) is an empty set at those
times ¢ where h(t,z(t)) < 0. (See ( [55], Chap. 9) for further discussion of this state

constraint description.)

The first corollary we state is a variant on the stratified necessary conditions in which a
‘bounded slope’ condition, and an accompanying compatibility condition, replace (H4) and
(H5). This set of necessary conditions, proved by Clarke [18] in the state constraint-free
case, has been particularly useful as a starting point for deriving necessary conditions cov-
ering optimal control problems falling outside the formulation (P), for example problems

involving mixed state/velocity constraints [23].

Corollary 3.2.2. The assertions of Theorem remain valid when hypotheses (H4)
and (Hb5) are replaced by (Hj)*, (H5)*:

(H4)* There exist € > 0 and k(.) € L'(S,T) such that

|z —Z(t)| < e,v € F(t,z) N R(t),(c,B) € Nng(t,.)(xvv) = |a| < k(t)|8].

(H5)* For some w > 0,
() +wk(t) B C R(t).

The strict relation between Conditions (H4) and (H4)* should not be surprising. Indeed,
we may see this as a generalization of the classical result that links Lipschitz functions
with almost everywhere differentiable functions that have uniformly bounded derivatives.

Suppose F' were a single-valued function, independent of ¢t. Then, for a point z such that
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VF(z) exists, we would have that (see Remark (d) of Theorem [2.3.1))
(o, 8) € Noop(y(@, F(z)) = a=—5-VF(z).

The relation between Conditions (H4) and (H4)* is made more precise in the proof of
Corollary[3.2.2] See also [20]. Notice, however, that Condition (H5) is a better assumption
than (H5)*, because in (H5), the radius multifunction R(.) does not depend on the pseudo-
Lipschitz constant k(.). Yet (H5)* is needed when we assume (H4)* in place of (H4).
Justifications can be found in [20, Prop. 2]|. See also [18]. We recall the results in [20]

and [18] for convenience of the reader.

Proposition 3.2.1. Assume (H/) is satisfied. Then (H4)* is also satisfied with the same
radius R(.), the same k(.), and the same €.

Vice-versa, assume that (H4)* and (H5)* are satisfied. Then, for every n € (0,1)
and following possibly a reduction in the size of €, (H/}) is satisfied with the same k(.) and
with the radius multifunction (1 —n)R(.), i.e.,

F(t,2YNn (1 —=n)R(t) C F(t,x) + k(t)|z — 2’| B,

for all x,2’ € T(t) + €B, a.e. t € [S,T].

The second corollary we state provides necessary conditions under hypotheses which cap-
ture, as a special case, the ‘pseudo-Lipschitz continuity condition with linear growth’
hypothesis . Here we show that the rate of growth can be traded against the inte-
grability conditions on k(.) and its scaled higher powers. This corollary was proved earlier

by Clarke [18] in the state constraint-free case.

Corollary 3.2.3. The assertions of Theorem remain valid when R(t) = R" a.e. and
when hypotheses (H4) and (H5) are replaced by the hypothesis:

(H4)** There exist a number o > 0 and non-negative measurable functions k(.) and [(.)
such that
k(.) andt — B(t)k“(t) are integrable
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and, for each N >0,
F(t,z)N (z(t)+ N B) C F(t,2') + (k(t) + Bt)N*) |z — 2| B

for all z,2" € T(t) + €B a.e.

3.3 Counter Examples and Discussion

Suppose that the feasible F-trajectory Z(.) is a weak minimizer for problem (P) in the
sense of the discussion of the introduction, i.e. there exists » > 0 such that Z(.) is a

minimizer w.r.t. admissible F-trajectories that satisfy
lz(t) —z(t)] < r and |&(t) —z(t)] < r ae.

Suppose that hypotheses (H1)-(H3) are satisfied and also the stronger (global) form
of the Lipschitz continuity assumption (H4) is satisfied, but not (H5). Are the
generalized Euler Lagrange condition, transversality condition and some restricted form
of the Weierstrass condition still valid? This question can be addressed within the
framework of stratified necessary conditions, by regarding z(.) as a W1 local minimizer
w.r.t. the constant radius multifunction R(t) = z(t) + rB. Clarke ( [18], pp. 46-47)
showed through a counter-example that, if the ‘tempered growth’ condition (H5) is
dropped, this is not the case. We provide another example illustrating the critical role of
the tempered growth condition: if (H5) is dropped from the hypotheses of Thm.
then we cannot guarantee the simultaneous satisfaction of the generalized Euler Lagrange

and the transversality conditions.

Example 1. Consider

Minimize — (1)
over arcs x € WH([0,1];R?) satisfying

z(t) € F(t,x(t)) ae.

xg(O) = 0,
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in which

F(t,x) = {(61,62) S RQ ’ el = 0, eo = k(t)ml}.

Here, k(.) is any positive function in L(0,1) which is not essentially bounded.

Take an arbitrary number » > 0. Then the F-trajectory z(.) = (1 = 0,z2(.) = 0)) is a
minimizer w.r.t. the radius multifunction R(.) = rB. To see this, suppose to the contrary

that there exists a feasible F-trajectory x(.) = (z1(.),x2(.)) with lower cost and such that
&(t) € R(t) a.e.. (3.3.1)

We have z1 > 71 = 0, whence #(t) = (0,z1k(t)) is not essentially bounded. This implies

that, on a set of positive measure, &(t) ¢ R(t), in contradiction of ([3.3.1)).

Hypotheses (H1)-(H4) of Thm. (with h(.) = —1) are satisfied for the above radius
multifunction, but not (H5). This is because, for any v € (0,1) and (z1,22) € R? such

that z1 # 0, the relation
Fit,2) (= {0,21k(0)}) ¢ () + B

is satisfied on a set of positive measure, in violation of the tempered growth condition.

Let us now examine the generalized Euler Lagrange and transversality conditions. They

assert the existence of an arc p(.) = (pi1(.),p2(.)) and A > 0, not both zero, satisfying:

pa(t) = 0
p1(t) +pa(t)k(t) = 0 (3.3.2)
and
p1(0) =0, pi(1) = 0 (3.3.3)

p2(l) = A.



3.3. COUNTER EXAMPLES AND DISCUSSION 65

If A = 0 then also p = 0, a contradiction. If, on the other hand, A > 0 then (3.3.2]) implies

pi(l) = A/Olk(t) dt < 0

in contradition of (3.3.3). We conclude that the generalized Euler Lagrange and transver-

sality conditions cannot both be satisfied in this example.

Recall that the radius multifunction R(.) in Thm. is required to take open-set
values. The second example tells us that the assertions of the theorem are no longer valid

in general, if the radius function is assumed, instead, to take closed-set values.

Example 2. Consider the problem

Minimize — (1)
over arcs x € WH([0,1];R!) satisfying

z(t) € F(t,x) a.e.

and such that x(0) =0,

in which

F(t,x) = {0} U{l + [z} .
Consider two different choices of radius multifunctions

R(t)=B and R(t) =B,

the first of which takes values open sets and the second closed sets. Then the F-trajectory
Z(.) = 0 is a minimizer w.r.t. either choice of radius multifunction. To confirm this
assertion suppose, contrary to the assertion, that there exists a feasible F-trajectory z(.)

w.r.t. the radius multifunction R(.)

i(t) € R(t)

(for either choice of R(.)), which has lower cost. Then z(1) > z(1) = 0.
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Define ¢ := min{t’ € [0,1]|x(t) > 0 for all ¢ € [¢/,1]}. Then, since z(.) is continuous and
z(0) = 0, we have that ¢ < 1, z(f) = 0 and x(¢) > 0 for all ¢ € (¢,1]. We deduce that
0<z(l) =0+ fgl #(s)ds. But then there is a set of points ¢t € (¢, 1], having positive
measure, on which #(t) # 0 and @(t) = 1+ |x(¢)| ¢ R(t) . This is not possible, since z(.) is
assumed to be feasible w.r.t. either choice of radius multifunction R(.). So Z(.) is indeed

a minimizer w.r.t. to either radius multifunction.

There is a unique set of non zero multipliers (p(.),\) (modulo scaling) satisfying the
generalized Euler Lagrange and transversality conditions, namely p(.) = 1, A = 1. Notice

however that the Weierstrass condition
p(t) - 2(t) = max{p(t) -e|e € F(t,z(t)) N R(t)} a.e.

is satisfied for R(.) = B but not for R(.) = B.

Example 3. The stratified framework allows to consider examples that require less re-
strictive hypotheses than has previously been considered. We now construct an example
in which the hypotheses of Corollary are satisfied but previous set of hypotheses such
as Condition are not.

Consider the case of a property developer that builds two different kind of houses:

“social housing” and “commercial housing”. We define

x1(t) := {size of commercial housing at time ¢}

8

2(t

(
(
1(t
(

size of social housing at time t}

<

investment rate for commercial housing}

) ={
) =1
) :=A{
uz(t) := {investment rate for social housing}.

We suppose that the estate company prefers to invest on the more expensive commercial
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housing that gives a better profit. This is formalized by defining the following cost

min  —(z1(T) + Bxo(T))

for some 8 > 1. Nevertheless investment on social housing is regulated by a governmental

law. Precisely we define the constraint us(t) > a(xa(t))(ui(t))* where
a(z) := M — min{M, x},

and M represent the minimum amount of social housing that should be built. It can be
easily checked that the dynamic F'(t,z1,z2) := {(u1,u2) : ua(t) > a(xs)(uq(t))*} satisfies
Hypothesis (H4)** of Corollary but it does not satisfy previous hypotheses with

linear growth such as Hypothesis (3.1.4)).

3.4 Proof of Theorems and Corollaries

The proof of Thm. will be the end-result of applying known, ‘unstratified’, necessary
conditions for problem (P) to a sequence of optimal control problems and passage to the

limit. The known necessary conditions referred to here are:

Proposition 3.4.1. The assertions of Thm. are valid when R(t) = R"™ for allt. In
this case, (H4) is the Lipschitz continuity condition on F(t,.): there exists k(.) € L' and
€ > 0 such that

F(t,2') C F(t,z) + k(t)|zr —2'|B a.e. (3.4.1)

for all x,2' € Z(t) + €B. (HD) is superfluous (as it is implied by (H4)) for a suitably
adjusted €, and the qualifier ‘v € F(t,z(t)) N R(t)’ in the Weierstrass condition (iv) is

interpreted as ‘v € F(t,z(t))".

Proof. See ( [55], Thm 10.3.1). Notice that , if (3.4.1]) is satisfied, then hypothesis (G2)
of this theorem is automatically satisfied (for 5 = 0 and the same k(.) and €.) O

We observe that a number of reductions can be performed at the outset to simplify the

analysis (cf. [18]).
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Lemma 3.4.2. The assertions of the Thm. are valid in general if they can be verified

in the special case when
(a): Z(.) =0,

(b): The interval [S,T] = [0,1] and the function r(.) in hypothesis (H5) is a positive

constant r(.) = 1o for some constant ro > 0,

(c): #(.) is a L™ local minimizer w.r.t. R(.), and not merely a Wb local minimizer,
i.e. Z(.) minimizes the cost over all feasible F-trajectories x(.) satisfying ||z(.) —

Z()||e <€, for some fized e.

The justification for these reductions is straightforward. We need to show, in each case,
that the data can be transformed so that the relevant additional hypothesis is satisfied and
that the assertions of the (special case of the) theorem, applied to the transformed problem,
can be interpreted as an assertion of the desired properties of the original problem. (a) is
dealt with by a translation of Z(.) to the origin, following which the multifunctions F'(¢, x)
and R(t) become F(t,z(t)+z)—{z(t)} and R(t)—{z(t)}. (b) is dealt with by introducing
a new independent variable T related to the original time variable ¢ according to 7(t) =
cfé r(s)ds, in which c¢ is a positive constant adjusted so that 7(7") = 1. Concerning (c) we
observe that, if Z(.) is merely a local W! minimizer, it is a L minimizer for a modified

problem into which is introduced the additional constraints:
1 .
2(0) — (0)] < ¢ and / (t) — F(E)]dt < e. (3.4.2)
0

The problem with additional constraints can be treated as a problem of the form (P)
by means of state augmentation. In view of the fact that the extra conditions (3.4.2)
are not active at x(.) = Z(.), the necessary conditions for this related problem imply the

desired necessary conditions for the original problem. Henceforth then we assume (a)-(c).

We next define and list salient properties of a well-known construct from convex analysis,
namely the gauge function g(.) of an open convex set I' containing the origin. The role of

the gauge function is to quantify the extent to which a point lies in I'.

Lemma 3.4.3. Take an open convex set I' containing the open ball of radius ro centered
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at the origin. Define the function g(.) : R™ — [0, +00) to be
g(f) :==inf{A>0:\"1feT}.
Then g(.) has the following properties:
1. g(cx) = cg(z) for every constant ¢ > 0.
2. g(x) =0 if and only if x = 0.
3. g(.) is Lipschitz with Lipschitz constant 1/rg.

4. P={xeR":g(x) < 1}.

In view of (H5), we may choose 1 € (0,0.5) such that, for all x € B and N > 120277,

(1—2n)"1roB C Ry(t) and F(t,z) NreB # 0, a.c.. (3.4.3)
Here
Ry (t) :== R(t) N NB.

Now take g;(.) to be the gauge function of Ry(t).

Following Clarke [18,20] we embed information about F'(.,.) in a new multi-function
F(.,.):]0,1] x R" ~» R" x R taking values subsets in R"1: For each (¢,z) € [0,1] x R",

g i | (EeOIEC01ee Fta).gfe) <1—np ifoe B

{0} otherwise.

Lemma 3.4.4. ﬁ(, .) takes values non-empty sets. For a.e. t, ﬁ(t, .) has closed graph.

Furthermore,

F(t,x) C F(t,2') + k(t)|x — «'|B, for all z,2 € ¢B, a.c.,
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Proof. The fact that F (.,.) takes values non-empty sets follows from 1) Showing
that F(,.) has closed graph is a simple exercise. To establish that F(¢,.) is Lipschitz
continuous on €B with the stated Lipschitz constant, take z, 2’ € eB and (e, &) € ﬁ(t, x).

We have two possibilities:

A €< k®)lz—a'|, By (H5) there exists a velocity e’ € F(t,2’) such that g.(¢’) < 1. Then

nro

(0,0) € F(t,2) and

(ce9) - 0.0 < =T 10y < Rje -

B. £ > k(b= By the pseudo Lipschitz hypothesis (H4) there exists a velocity e’ €

nro

F(t,2') such that |e — ¢’| < k(t)|x — 2'|. Since in this case %{;x,' must be smaller
than 1, € cannot be too far from e, so that ¢’ € Ry(t). More precisely the point

(¢'e’,€) with ¢ = ¢ — M= g admissible. Indeed
/ ]‘ / ]‘ / !/
(@) S gi(e) + e — ¢l < (L= &n) + “h()le —a'| < (1= &n).

Therefore (¢'¢/,¢') € F(t,z') and

(€e,€) = (€, &) < |ee = €'/ + 16 = €| < (6 = €)(Je] + 1) + e — €| < k(t)]w — 2.

O
For each ¢ € [0, 1] define now the function ¢; : R — R, to be
70

) = max{ 1% (gle) — (1~ 20)),0}.
The following properties of ¢;(.) will be of particular significance

Pi(e) =0 iff gi(e) <1—2n

¢e(e) — dule))] < %Ie — €| (3.4.4)

o) 2 T i gle)>1- 3.

With these definitions and constructions behind us, we are ready to start the proof of

Thm. This will hinge on properties of a sequence of optimization problems (P;),
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involving the arbitrary sequence ¢; | 0. Define

1
Ji(z(.),y(.)) ;== max {E(x(()),x(l)) —£(0,0) + 622, 1-— y(l)} + /0 e (2(t))dt (3.4.5)
and consider the optimal control problem

Minimize J;(z(.),y(.))

over (z(.),y(.)) € WHL(]0,1]; R"® x R) satisfying
(P) ((t),5(t)) € F(t,z(t)) for ae. t€[0,1],
(x(0),2(1)) € E, y(0) =0

h(t,z(t)) <0 forall te]0,1].

Denote by S the set of feasible F-trajectories for (P;). Then J;(z(.),y(.)) defines a con-
tinuous function on S with respect to the W' metric. Noting that J; is non-negative, we
see that (Z(.) = 0,%(.) =t — t) is an €7 solution of (P;). It follows then from Ekeland’s

Theorem that there exists (x;(.),y;(.)) € S such that

1
leillwiongn < & and A\Mﬂ—ﬂﬁgq, (3.4.6)
and (x;(.),yi(.)) is a minimizer for the perturbed problem:

Minimize J; (z;(.), v () == Ji (2 (), 5i(.))
(F) +eil2(0) — zi(0)] + € [y ([(t) — @:(8)] + [5(t) — a(t)])dt
over (z(.),y(.)) €S.

Using the usual state augmentation techniques to eliminate the integral terms in the cost,
we can reformulate (E) as an optimization problem to which the already known special
case Prop.[3.4.T] of the theorem is applicable. Note, in particular, that the multifunction
involved F'(t,.) is Lipschitz continuous. Bearing in mind that the multifunction F(t,.)
does not depend on y and y does not appear in the integral cost term, we observe that the
costate ¢ corresponding to the y-variable is in fact constant. Prop.[3.4.1] tells us then that
there exist, for each 4, p;(.) € W1 ([0,1];R™), ¢; € R, \; > 0, u; € NBVT[0,1], x; € [0,1]

and a Borel measurable function m; : [0, 1] — R™ such that

(A1) @i+ Ipilles + llpillrv. + A = 1.
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(A2) pilt) € cof s (W pilt) + fip mils)a(ds),ai) € N, (i(0),4(0), (1)
10} x AieiB x NieiB 4 {0 x Ny (:(1)) x {0}}.

(A3) (pi(0), ~[pi(1) + [lo. mi()pids)]) € Np(ai(0),:(1)) +
+ B x {0} + /\1)(185(562(0), J?Z(l))

(A4) g = \i(1—x;). Observe that in the case when £(z;(0),z;(1))—£(0,0)+€ > 1—y;(1)
we have that y; = 1.

(A5) (pit) + / ma()pa(ds)) - #1(6) + quin(t) — Neoe(&:(0)) >

[0,%)

(pi(t) + / mi(s)pi(ds)) - (§€) + @i§ — Xidi(§e) — iei(|€e — &i(E)] + € — vi(1)])

[0,t) _
for all (&e, &) € F(t,z;i(t)).

(A6) m;(t) € 07 h(t,x;(t)) pi-a.e. and supp{p;} C {t : h(t,x;(t)) = 0}.

By (3.4.6) we can arrange by subsequence extraction that
.Z‘Z(t) —0 a.e., yl(t) —1 a.e..

It may be deduced from (Al) and (A2) and the Lipschitz continuity properties of F(t, )
that the p;(.)’s are uniformly bounded and the p;(.)’s are majorized by a common integrable
function. We may conclude that, following an extraction of subsequences, p; — p uniformly
in Wbl and p; — p weakly in L', ¢; — q, A\s = \, s — p weakly™, mydu; — mdp weakly™
and x; — x for multipliers p(.), g, A, 4, x such that

q+ [lpllze + [lullzv. + A=1. (3.4.7)

We have derived a set of conditions satisfied by x;(.), pi(.), ¢, pi and A;, for each i. The
convergence analysis of ( [55], Thm. 2.5.3 and Prop. 2.6.1) permits us to deduce the

following properties of their limits:
(B1) p(t) € CO{I/ s (v, p(t) + f[O,t) m(s)u(ds),q) € NGrﬁ(t,.)(O’O’ 1)} a.e..
(B2) (p(0), ~[p(1) + fig 1y m(s)p(ds)]) € Ng(0,0) + Wde(0,0).

(B3) ¢> (p(t) + /[0 () (€€) + g€~ (o) e
for all (e, §) e F(t,0).
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(B4) m(t) € 97 h(t,0) p-a.e. and supp{u} C {t: h(t,0) = 0}.

Note next the following lemma relating the normal cones to the graphs of F(¢,.) and F(t, .).
The straightforward proof, that depends on establishing the relationship for proximal
normals and then exploiting the interpretation of normal vectors as limits of proximal

normals at neighbouring points, is omitted.

Lemma 3.4.5. Take any x € eB. If a vector («, 3,7) € NGrﬁ(t .)(.%,ff,f), where gi(f) <

1- 277} then (O‘vé-ﬁ) € NGTF(t,.)(xv f)

It follows from (B1) that

(C1) (1) € col v (v, p(t) + [io M(5)p(ds)) € Nerrgr,)(0,0)} ae.

Recall that ¢i(e) = 0 if g¢(e) < 1 — 2n and, in particular, that ¢¢(0) = 0. Also
(1 —2n)Rn(t) = {e|g:(e) < 1 —2n}. It follows from (B3), upon setting £ = 1, that

(C2) (blt) + figy mls)ulds)) e < 0

for all e € F(t,0) N ((1 —2)(R(t) N NIB%)).

Define A = Ax. Then we see from (C1), (B2), (C2), (B4) and that a restricted
form of the assertions of Theorem [3.2.1] in which the Weierstrass condition holds for v’s
in the subset F(t,0)N ((1 —2n)(R(t) N NIB%)) of F(t,0) N R(t), are satisfied, provided we
can show that

IpllLoe + llullrv. + A # 0.

To confirm this ‘non-triviality’ relation, we make essential use of the Weierstrass condition
(Ab) for each i. Let Z € [0,1] be the set of full measure comprising ¢ € [0, 1] such that
(&5(t), 9s(t)) € F(t,x4(t)), the Weierstrass condition (A5) and hypotheses (H4) and (H5)
are valid for each 7. We can always arrange by extracting a suitable subsequence that one

of the following three cases applies:

Case 1: 4;(t) = 1 a.e., in which case y;(1) = 1, for all 4.
Case 2: There exist {t;} C Z and « € [0,1] such that ¢; 1 1 and y;(¢;) < 1 — « for all i.
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Case 3: There exists {t;} C Z such that t; T 1, 9;(¢;) < 1 for each i, and y;(¢;) — 1.

Case 1: if y;(t) = 1 for all i then, for each i, x;(.) is actually an F-trajectory. Since
it satisfies the constraints of problem (P) we must have £(z;(0),z;(1)) — £(0,0) + € >
0(x;(0),z;(1)) — £(0,0) > 0 =1 —y,(1). It follows that the term (1 — y;(1)) is not active
in the evaluation of ‘max’ operation in the cost. Consequently x; = 1 and ¢; = 0. So

(¢,A) = (0,A) and it follows from (3.4.7) that
Ipllzes + v, +X = 1.

Case 2: Consider the Weierstrass condition (A5). According to (H5) since (1—2n)"troB C
Ry (t) and F(t, z;(t))NreB # () a.e., we can choose e € F(t, z;(t)) such that g;(e) < 1—2n.
Set € = 1. We have for each ¢
(pi(ti) +/[o )mi(s)ﬂi(ds)) di(t) + @gi(t) — Nide (24(t)
Jti

2 i)+ [ mi(s)m(@s) e+ a Nille — (4] + 1~ st

‘We obtain in the limit as ¢ — +oo the relation

(Ipllze + Enllullry:) N > qa.

If ¢ # 0 then ||p||zee + kn||pt||z.v. > 0. If on the other hand ¢ = 0, then

and by ([3.4.7),
Ipllze + |pllrv. + A = 1.

Note that, in this case, A = 0 implies ||p||z + ||pl|7.v. = 1.

Case 3: By definition of F(.,.) we know that i;(t) = g;(t)e; for some ¢; € F(t, x;(t)) such

that gi(e;) < 1 — g;(t)n. By extracting subsequences we can arrange that either of the
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following situations must arise:

g (i) <1 —giti)n (3.4.8)

ge.(ei) =1 —gi(ti)n (3.4.9)

for each 7. Suppose first (3.4.8) is true. Take any & € (vi(t;), 1] such that g, (e;) <1 —n¢
and fix e = e;. Then, from (A5) again,

(pi(t:) +/[0t-) mi(s)pi(ds)) - (ei(i(ti) — &) + qi(¥i(ts) — &) = Ni(e, (9ilti)es) — b, (Ee))

— Ai€i([€ei — gilti)e] + 1€ — gi(t)])-
Since |e;| < N and ¢;(.) has Lipschitz constant 1/2N,
. 1 .
|66 (gi(ti)ei) — b, (€ei)| < 1€ —Galta)] -

Estimating terms as before, dividing across the inequality by (£ — 9;(¢;)) and passage to
the limit gives

1
(Ipllzee + Fallulrv) N +5A 2 q .

1 1
(Il e + knllpllzyv.) N + A= 50

It follows that, if ¢ > 0, (|[pllze + knllplrv.)N + %X > (. If, on the other hand, ¢ = 0,

then A = X and ||p||ze + ||ullzv. + A = 1, by (3.4.7).
Suppose finally that (3.4.9) is true. Take £ = 1 and take e to be a point ey €
F(ti, z;i(t;)) N NB such that g, (ep) <1 — 2n. Then, still from (A5), we have

(IIpillzoe + knllpillrv.) 2N + Xi€&i3N > qi(1 — §(t;)) + Nidy, (&5 (t:)).
Since gy, (%i(ti)) = 9i(ti)ge,(ei) = 9:i(t:)(1 — 9i(t;)n) — 1 —n (recall that in case 3, 9;(t;) —
1), by (3.4.4) and (3.4.9) we have that ¢, (&;(t;)) > T2 for all i big enough. Thus

nro 5y nro
(||pHL +thMHT.V.)2N =z A4N ()\+C])4N
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If g > 0 then |[p|| s +kn || pl7.v. > 0. Tf g = 0, then (g, A) = (0, ) and |[p]| oo+ el v +X =
1 follows by (|3.4.7)).
The foregoing demonstrates that, in all cases the multipliers arising in the limit are

non-trivial. We may scale them so that
1Pl + lullzv. + A=1. (3.4.10)

Reviewing (C1), (B2), (C2), (B4) and (3.4.10)), we see that all assertions of the theorem
has been proved except that the Weierstrass condition is satisfied, a.e., only with respect
to e’s satisfying

e € F(t,0)N ((1 —2n)(R(t) N NIB)) .

Now take n; | 0 and N; — oo. (B1), (B2), (B4), (C1), (C2) and are satisfied
with (p, M,X, m) replaced by some (p;, ui,Xi, m;). It is important to note that the Euler
Lagrange inclusion (B1), whose right side is evaluated at z = 0, ensures that the integral
bound on the p;(.)’s is independent of i. So we may extract subsequences that are in
relevant respects convergent and yield in the limit multipliers (p, u, X, m) with the required

properties. The Weierstrass condition is now strengthened to allow
e € F(t,z(t)) N R(t).

The fact that, for each t € [0,1], R(t) is an open set is required to satisfy this analysis.

Proof of Cor. [3.2.2]

Proof. We assume that z(.) = 0. As earlier remarked, there is no loss of generality in so
doing. Clarke [20, Prop. 2] shows that if a multifunction F'(.,.) satisfies the bounded slope
condition (H4)* and condition (H5)* then, for any n € (0, 1), it satisfies also the pseudo
Lipschitz condition (H4) w.r.t. the radius multi-function (1 — n)R(.) and with the same
Lipschitz constant k(.), following, possibly, a reduction in the size e. Also, (H5) in this
setting is a consequence of (H4) and (H5)* if, as we can always arrange, k() > 1 a.e and
e < w. Application of Thm. [3.2.1] now yields the assertions of Cor. [3.2.2] except that the
Weierstrass condition applies only w.r.t. the restricted radius multi-function (1 — n)R(.).

The full set of necessary conditions is provided by taking any sequence 7; | 0, obtaining the
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necessary conditions for each i with reference to (1 —n;)R(.), and passage to the limit. [J

Proof of Cor. [3.2.3

Proof. We may assume that e has been chosen such that € < 1 and k(t) > ko for some
ko > 0. Setting N = 0 in (H4)** yields

z(t) € F(t,x) + 2¢k(t)B for all x € Z(t) + B a.e..
Take any m > 4. Setting N = mk(t) also yields
F(t,z) N (Z(t) + mk(t)B) C F(t,2') + (k(t) + m*B(t)k*(t))B ,

for all z,2" € Z(t) + B a.e..

We see that (H4) and (H5) are satisfied for v = 3, r(t) = 2k(t), the radius function
R(t) = #(t) + mk(t)B and Lipschitz constant (k(t) + m®3(¢t)k*(t)) € L'. Apply Thm.
to obtain the assertions of the corollary, but in which the Weierstrass condition is
valid only for e € F(t,z(t)) N R(t). Now take m; T co. Replacing m by m; for each i, we
obtain the full assertions of the corollary from these conditions, in the limit as i — oo, as

in our earlier analysis. O
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Chapter 4

On Optimal Control Problems

with Mixed Constraints

Hybrid first-order necessary conditions are derived for nonsmooth, constrained optimal
control problems. They imply, as a special case, both a Pontryagin type maximum prin-
ciple and a generalization of the FEuler-Lagrange equation of the calculus of variation. A
notable feature is the presence of constraints, on the state and on the state and control
jointly, within the study of stratified necessary conditions introduced in Chapter 3| for

optimal control problems with pure state constraints.

4.1 Literature Review

This chapter concerns the derivation of necessary conditions of optimality for optimal
control problems. Given functions ¢ : R” x R" — R and A : [S,T] x R" x R™ — R, we

want to minimize the cost J(.,.) defined as follows
T
J(x(),u(.)) == L(z(S),z(T)) +/S A(t,x(t),u(t)) dt . (4.1.1)

The pairs (z(.),u(.)) over which the optimization task is to be performed are solutions of

the differential equation

z(t) = f(t,x(t),u(t)), ae. tel[S,T]. (4.1.2)
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Here [S,T] is an interval of R and f(.) is a function mapping [S,T] x R™ x R™ to R".
A solution of is referred to as a process (z(.),u(.)), where for a given Lebesgue
measurable control variable u(.), the R™-valued arc z(.) is a Carathéodory solution of
the differential equation. WH'([0,T];R") (sometimes written W'!) denotes the set of

absolutely continuous R™ valued functions on [0, 7] equipped with the norm

T
el = |(S)] + /S (1)) dt |

Elements z(.) € WHL([S, T]; R™) are called arcs.

Assume for the time being that the control wu(.) is subject to constraints u(t) € U, for
some control set U and that A = 0. In particular our hypotheses will always allow
for such restriction by a state augmentation technique. Earlier ‘nonsmooth’ necessary
conditions for a process (Z(.),u(.)) to be a minimizer were provided by Clarke, [13,15].

Such conditions assert the existence of an arc p(.) satisfying an adjoint inclusion

—p(t) € D p(t), F(t, ., at))(&(t), ae. te[S,T] (4.1.3)

together with a transversality condition and the following Weierstrass condition

ma (p(t), £(1,3(t), ) = (p(0), F(1,3(0),0(1)), ace. 1€ [5,T]. (4.1.4)

Subsequent works by de Pinho and Vinter [29] replaced the adjoint inclusion (4.1.3]) with
one which incorporates the stationarity condition of the maximum in (4.1.4)), that is, for
a.e. t €[S, T

(—B(t),0) € dc (p(t), f(t, ., ) (@(1), a(t)) — {0} x N (a(t)) . (4.1.5)

The new adjoint inclusion essentially coincide with the Euler-Lagrange equation for the
generalized problem of Bolza [14]. Observe that, in order to derive the adjoint inclusion
, no regularity assumptions are required for the dynamic f(.) with respect to the
control u. In contrast requires f(.) to be integrably Lipschitz in x and u and the



4.1. LITERATURE REVIEW 81

set U to be closed. Notice, also, that (4.1.3) and (4.1.5)) are two different conditions when

Ao (p, f(; (@, u) # Oc(p, [, w) (@) X o (p, (-, u))(w),

and each of them can supply different information about minimizers (see examples in
[22] and [29]). Applicability of the above necessary conditions have been extended to
more general optimization problems in which the processes involved in the minimization
are subject to constraints, such as, endpoint constraints (z(S),z(T)) € E for some set

E CR"” x R", inequality state constraints
h(t,z(t)) <0, (4.1.6)
where h is a function h : [S,T] x R™ — R and mixed state-control constraints
(x(t),u(t)) € S(t), (4.1.7)

where S(t) C R™ x R™ for any ¢t € [S,T]. Recently Clarke and de Pinho [23] provided
necessary conditions for an optimal control problem under constraints , when the
set-valued map S(.) satisfies a bounded slope condition and an accompanying compatibility
condition. They show that such assumptions are very general and subsume many of
the assumptions typically invoked for the derivation of necessary conditions with mixed

constraints.

In this chapter we derive necessary conditions for optimal control problems with both
state and mixed (state and control) constraints, when the set S(.) satisfies a bounded
slope condition. Such extension was already shown in [6] in a non stratified framework.
Our analysis is significantly easier and direct. The state constraints function h(.) is only
assumed to be upper semicontinuous with respect to the time variable ¢ in place of contin-

uous. This is useful when we consider, for example, the constraint hA(.) to be active only
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on a subinterval Z C [S,T]. h(.) can then be redefined to suit our formulation as

m otherwise

where m is a lower bound for h(.). Our approach is based on [5]. We show that the mixed

constraints can be absorbed into the dynamic as

F(t,x) = {(f(t,x,u),u) : (xz,u) € S(t)} .

The problem is recast as a differential inclusion optimal control problem with (only) state

constraints where the results in Chapter [3] can be applied.

Along the lines of the studies on ‘stratified’ necessary conditions we consider ‘R(.)-weak’
minimizers, i.e. minimizers with respect to all feasible processes whose control actions are
constrained in a time-varying convex set R(t). (Notice that in chapter we referred to this
kind of minimizers as local W ! minimizers with respect to the radius multifunction R(.).)
This choice is inspired by the fact that the adjoint inclusion(s) exploit only properties of
the dynamic function f(.) around the optimal control @(.) of interest. All the hypotheses

on the data are also restricted to such convex set R(t), to vary t € [S,T].

In the case of differential inclusions the bounded slope condition translates into a type
of Lipschitz condition, in the Hausdorff topology, around the optimal trajectory, now
z(t) = (f(t,z(t),u(t)),u(t)). In [5] and [18] it is shown that such Lipschitz condition (or
the corresponding bounded slope condition) is not sufficient, alone, to establish necessary
conditions for ‘R(.)-weak’ minimizers (see also Section of the previous chapter). A
compatibility condition, named the tempered growth condition, has to be assumed: there

exist numbers 79 > 0 and v € (0, 1), and a function r(.) € L' such that 7(¢) > ry a.e. and
i) z(t) +~y~r(t) B C R(t)
i) F(t,z)N(x(t)+r(t) B) # 0.

In [18] and [5] examples are provided showing the necessity of the nonempty intersection

in (ii). We show that the requirement r(¢) > 79 > 0 is also needed. An other example is
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provided showing that the use of a convex set-valued map R(.) in place of a time-varying
ball, around the optimal process of interest, can give more information into the scope
of finding optimal processes. A parallel between the bounded slope condition and the

Lipschitz continuity of the set S(.) is discussed as well.

Finally we decouple the control action u(.) = (v(.),w(.)). This allow, in particular, to

recover as a special case both the adjoint inclusions (4.1.3) and (4.1.5]).

Concerning the organization of the chapter: in the next section we state the main results
whose proofs are postponed at the end of the chapter. Two examples are provided in
section [4.3| which illustrate the advantages and the necessity of the hypotheses invoked. In
particular by allowing a convex set-valued map R(.) we may enlarge the set of competing
processes gaining stronger conclusions. Section [£.4] is dedicated to special cases in which

the mixed constraint is described by equality and inequality functionals.

4.2 Necessary Conditions: Main Results

We consider the following optimal control problem

p

Minimize J(2(.), u(.)) = £(x(S), =(T)) + [a A(t, z(t), u(t))dt,

over processes (z(.),u(.)) such that

#(t) = f(t,2(t), u(t)), ae. telsT),
(P) u(t) = (v(t),w(t)), w(t) e W(t), ae. tel[S,T),

(@(t),0(t)) € S(t, w(t)), ae. tel[S,T],

h(t, z(t)) <0, tels,T),

(x(9),z(T)) € E .

A process (x(.),u(.)) satisfying all the constraints in (P) is called feasible.

Definition 4.2.1. The feasible process (Z(.),u(.)) is an R(.)-weak minimizer if it mini-
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mizes the cost

over all the feasible processes (x(.), u(.)) satisfying
|l =zl <e and w(t) € R(t) ae..

The Lebesgue measurable set valued map R(.) takes open and convex values and u(t) €

R(t) a.e.. This is a generalization to the case |u — u(t)| < r setting R(t) = u(t) + rB.

All the hypotheses on the data are restricted around the local minimizer (z(.), a(.)).
Given a set S C [S,T] x R" x R™ we define S(t) := {(z,u) : (t,x,u) € S}. In the same

way we can define the sets S(t,w), S(t,z), S(¢t,z,w) and R(t,w). For some € > 0:

(H1) £(.,.) is Lipschitz continuous on a neighborhood of (z(S),z(T)). W(.) has Borel

measurable graph and F is closed.

(H2) h(.,.) is upper semicontinuous near (¢,z(t)), for all ¢ € [S,T], and there exists a
constant kj, such that

|h(t,2") — h(t,2)| < kplo’ — 2],
for all ¢ in [S,T] and all 2/, x € Z(t) + €B.

(H3) f(.) and A(.) are Borel measurable functions.

For a.e. t € [S,T] and every w € W(t) the functions (z,v) — f(t,x,v,w) and

(x,v) — A(t,z,v,w) are Lipschitz continuous on a neighborhood of
((Z(t) + €B) x R(t,w)) N S(t,w),

The Lipschitz constants, possibly depending on ¢ and w, are £ x B measurable
functions (£ and B denote, respectively, the o-algebras of Lebesgue subsets of R and
of Borel subsets of R%). We use the notation kZ (¢, w), ki (t, w), k2 (t, w) and k2 (¢, w)
respectively for f and A with respect to each component. Therefore for any (x1,v1)

and (w2, v2) on a neighbourhood of ((Z(¢) + eB) x R(t,w)) N S(t, w),

|f(t, 21,01, w) — f(t, 22,02, w)| < KL (E,w)|21 — 22| + K (8, w)|vr — 02
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and

|A(t, x1,v1,w) — A(t, 22, v2,w)| < kﬁ(t,w)\xl — xo| + kf}(t,w)\vl — Vg .

(H4) There exists a measurable function kg(.) such that kg(t) > kg > 0 and for every
w € W(t) and (z,v) € ((Z(t) + €eB) x R(t,w)) N S(t,w) the following holds almost
everywhere

(@, 8) € Ny (2,0) = |a| < ks(t)|B].

(H5) There exists n > 0 such that (u(t) + nks(t)B) C R(t)

(H6) The following functions are summable

Kt o), kp(ta), ks[RI o))+ k(o))

Hypothesis (H4), named Bounded Slope Condition, was first introduced by Clarke
for differential inclusions in [18]. We assume S(¢,w) to be locally closed at relevant points,
so that (H4) is well defined. Observe that the Lipschitz condition (H3) for the functions
f(t,z,.) and A(t,z,.), is only assumed with respect to the v-part of the control. In the
unmixed case u = w € W(t) and no Lipschitz regularity is required with respect to the
control. When v = v and S(t) = {(z,u) : v € U} we recover the adjoint inclusion,
condition . We are now ready to state our main theorem. It provides an extension
to [5], [23] and [6]. Define the hamiltonian of the system to be

Hy(t,z,v,w,p) = (p, f(t,x,v,w)) — AA(t, z,v,w) .

Theorem 4.2.2. Let (Z(.),u(.)) be R(.)-weak minimizer as in definition and u(.) =
(v(.),w(.)). Assume (HI)-(H6). Then, there exist a multiplier (p(.),u(.),\) € Wht x
NBVT[S,T] x R>g and a p-integrable function m(.), such that

(N) A+ llpllze + [lullzv. =1 .

(T) (p(a), —q(b)) € AIH(z(S), 2(T)) + Ne(z(S),2(T)) -
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(W) For almost every t € [S,T] and any u € R(t) N S(t,z(t)), u = (v,w),w € W(t), we
have that
H\(t, 2(t),u(t), q(t)) = Hx(t, Z(t), u, q(t)) -

(C) q(t) == p(t) + f[a,t) m(s) u(ds) when t € (a,b) and q(b) := p(t) + f[S,T] m(s) p(ds).
m(t) € 7 h(t,z(t)) p-a.e. and supp{u} C {t: h(t,z(t)) = 0}.

Above, the generalized gradient 07 h(t,z) = {limy, 4 )tz VA(ti, ;) :  the
gradient Vh(t;,z;) exists and h(t;,x;) > 0}. It is well known that the set of lower semi-
continuous functions with uniformly bounded subdifferentials coincides with the set of
Lipschitz continuous functions. In the same fashion the Bonded slope condition (H4) is

strictly related to Lipschitz type regularities for the set S (this is shown in [18]).

Theorem 4.2.3. Suppose that ks(t)kl(t,w(t)) € L*(a,b). Then theorem is still

valid when the bounded slope condition (H4) is replaced by a pseudo Lipschitz condition

(H}') There exists a measurable function kg(.) such that for every w € W(t) and z,x’ €
Z(t) + B
S(t,w,z) N R(t,w) C S(t,w,2") + ks(t)|x — 2'|B, a.e.

and (H5) is replaced by the following tempered growth condition (H5'): there exist numbers

70 > 0 and v € (0,1), and a function v(.) € L'(a,b) such that r(t) > ro a.e. and
i) a(t) +~y7r(t) B C R(t)

i) S(t,w,z)N (v(t) +r(t) B) # 0.

4.3 Examples

In engineering applications we often have situations where certain variables wu;, i =
1,..., N, control respectively pressure, temperature, volume and other physical quan-
tities. In addition, in tracking problems, every variable is allowed to deviate of a specified
amount from a reference control action. For such applications it may be essential to allow
convex restrictions of the type u = (u1, ..., uy) € [, [u; ,u]] (say @ = 0 is the reference

under consideration). In the next example we show that such convex restrictions can give

more information about a certain minimizer than the classical approach |u—u| < e. Indeed
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Figure 4.1: Illustration of Example The function ¢(.) on the left and the set
S(t,w)N[—1,+00) on the right.

necessary conditions can be used as sufficient conditions for an arc not to be a minimizer.
Imagine that a certain optimal control problem is formulated as in (P). Theorem
is first applied to have a general idea of possible optimal candidates (z,u) with respect
to control constraints |u — u| < € for some € > 0. The problem is then reformulated to
allow for larger controls. Is (Z, @) still a minimizer for the reformulated problem? In other
words if the constraint |u — u| < € is now relaxed, can we still apply Theorem to
check whether the candidate (Z,u) satisfies the necessary conditions? We illustrate this

point in the next example.

Example 4.3.1. Minimize the following functional cost

1
_% x(1)+/0 L(x(t),u(t))dt

over pairs (z(.),u(.)) such that u = (v,w) € R?, @(t) = v, x(0) = 0, z(1) € (—o0,0] and

the following inequality mized constraint is satisfied
v+z| <w.
The Lagrangian L(.) is defined as
L(z,u) :=g() — |z| +w,

where g : R — R is the function represented in figure and defined as, g(v) :=

min{1, [v],2 —v}. We claim that (z = 0,u = 0) is a R(.)-weak minimizer for the convex
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map R(t) = (—1,+00) x R, for allt € [0,1]. Indeed, when v > —1,

1 1 !
-3 3:(1)+/0 L(:r(t),u(t))dtz/o g(v) +v>0.

Notice that a constraint on v of the type v € (—1,400) is necessary for otherwise: take
v=—a forallt€0,1] and w = —a + at = v(t) + |z(t)|. The feasible process (z(.),u(.))

has a strictly negative cost, for a > 3/2, indeed

1 2

1 1
—;x(1)+/0 L(x(t),u(t))dt:3a+/0 (1-a)ydi=1-3a.

Notice also (as illustrated in ﬁgure that the set S(t,w) = {(x,v) € R? : v+ |z| < w}
satisfies the Bounded slope condition, while S(t,w) N [—1,400) violates it at the point
(1+w,—1) for which (1,0) € Nslf(t)m[_17+oo)(1 +w, —1).

As soon as we relax constraints on the admissible value for v, (x = 0,4 = 0) stop
being an R(.)-weak minimizer but the necessary conditions for ball-shaped R(.) fail to detect
this behaviour. We apply necessary conditions, as described in Theorem[{.2.3, in both the
cases R(t) = (—2,400) xR and R(t) = 2B, for allt € [0,1]. We know that (z = 0,u = 0)
is not a R(.)-weak minimizer for such choices of R(.). Yet, in the case R(t) = 2B, the
necessary conditions fail to eliminate it as a possible minimizer. Necessary conditions for

this system are valid in normal form A\ = 1. The Weierstrass condition (W) guarantees

that for almost every t € [S,T], u € R(t) N S(¢,0)
p(t) v < L(0,u) = g(v) + w.

1. In the case R(t) = 2B we have that v € (—2,2) and the condition u € S(t,0) implies
v < w. This yields the estimation for p, p(t) € [(1/2),1], for a.e. t € [0,1]. Every
value for p € [(1/2),1] is feasible for conditions (T') and (A) too.

2. When we allow a convex set-valued map R(t) = (—2,+00) x R the Weierstrass
condition supplies extra information. Indeed for v > 1 the Lagrangian L(0,u) =

2—v4wand p(t) < 2 =0 as v — +o0.

Our second example shows that condition (H5) is necessary.
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Example 4.3.2. Consider the following optimal control problem

Minimize — z(1)

(v € R(t) :==(-1,1) ae. te[S,T]

The admissible control u(t) = |x(t)| yields the trajectory x(t) = e'~'. This is the only
feasible process. Indeed x(1) = 1 and any other pairs (z(.),u(.)) would violate the condition
u(t) € (—=1,1) a.e.. Observe that the bounded slope condition is satisfied for this problem
with ks(t) = 1. The Weierstrass condition (W) in Theorem [4.2.9 provide the estimation

p(t)- (e —u) >0, Yue (1) ae.

This inequality implies that p(t) < 0. On the other hand the transversality condition
provides p(1) = A > 0. The contradiction is due to the fact that (H5) is not satisfied for

this problem. Indeed we cannot find a constant n > 0 satisfying
ety n<l1

for a.e. t € [0,1]. The tempered growth condition (ii) in Theorem[{.2.5 is satisfied for this

example but Hypothesis (i) is not.

4.4 Special Cases
Suppose that the set S(.) has the special structure
S(t) :={(z,u) € R" x R™ : ¢(t,z,u) € D(t)}. (4.4.1)

Here ¢ : [S,T] x R" x R™ — R"* and ® : [S,T] ~ R" is Lebesgue measurable and takes
values closed sets. Notice that this setting covers, in particular, the case of equality and

inequality constraints defining ®(¢) respectively as {0} and (—oo, 0]. We consider then the
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non-decouple problem

Minimize J(z(.), u(.))
over processes (z(.),u(.)) s.
B(t) = f(t, 2(t),u(t)),
o(t,x(t),u(t)) € ©(t), ae.
h(t,z(t)) <0,

(z(9),z(T)) € E .

(Ps)

Now the Lipschitz hypothesis for f(.) and A(.) is supposed on both the = and u variable.

(H3') For a.e. t € [S,T], f(t,.), A(t,.) and ¢(t,.) are integrably Lipschitz continuous on a
neighbourhood of (Z(t) + eB) x R(t)) N S(t).

We want to obtain explicit necessary conditions involving directly the function ¢(.) and the
set valued map ®(.) in place of the implicit N g( p- To such end we recall a result of [23],
precisely Proposition 4.1, according to which if (o, 3) € Ngg(x,u) and the following
constraint qualification holds trud]]

A€ Nowy(o(t,z,u)), 0€ I\ 9(t,.,.) (v, u) = A=0.

then (a, 8) € I\, ¢(t, ., .))(x, u) for some X\ € N (o(t, 2, u)).

(CQ) There exists M : [S,T] — R measurable such that for a.e. t € [S,T], (z,u) € S(t),
x € (t) + eB and u € R(t) we have

At) € Ny (9(t,z,w), (o, B) € DN, 0(t, ., ) (x,u) = |A| < M(2)|8].

The latter has the advantage of implying the Bounded Slope Condition hypothesis (H4)
with kg(t) = M(£)k%(t), which we will assume to be integrable, (see [23] for details).

Corollary 4.4.1. Let (z(.),u(.)) be a R(.)-weak minimizer for (Ps). Assume (H1), (H2),
(H3'), (CQ) and hypotheses (H5) and (H6) where ks(t) = M(t)kS(t). Then there exists a
multiplier (p(.), p, m(.), o) which satisfies all the conclusions of Theorem . If in ad-

dition ¢ is strictly differentiable at (Z(t),u(t)) a.e., then there exists a measurable function

1Apply the chain rule (part E of Section l to the characteristic function Is = Ig 0 ¢
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A [S,T] — R” satisfying
ME) € N (6(2. (0. 5(1)) ac.

such that the adjoint inclusion takes the explicit multiplier form

(=5(£),0) € Do {a(t), F (2 -+2)) = AoA(t, ...) — (AE), 6t . N (D), alt), ace.

Furthermore \ satisfies the inequality

A < MO{la(OIKL(E) + Xk (1)}, ace..

4.5 Proofs of Theorems

Theorem [[.2.3, We reformulate (P) as a differential inclusion optimal control problem
with state constraints by including the mixed constraint in the dynamic. We use then
Corollary of Chapter [3|and techniques developed in [23]. Observe at the outset that,
without loss of generality, the integral cost in (P) can be neglected by setting A(.) = 0.
This reduction is standard when the Lagrangian A(.) and the dynamic f(.) share the same

hypotheses. We also assume that
1. For every t € [S,T], W (t) is a finite set.

2. There exist C' > 0 such that, for almost all ¢t € [S,T] and w € W (¢):

(z,v) € (Z(t) + €B) x R(t,w) N S(t,w) =

(kL (t,w) — kL (t, @) + ks )|k (t,w) — k] (t, @)| + | f(t.2,u) = 2(t)] < C.

Justifications in adopting such reductions can be found in [55, Lemma 6.3.1]. For each

t €[S, T] and x € Z(t) + B, define
F(t,x) .= {(f(t,z,u),0(t,u)) : u= (v,w), (xz,v) € S(t,w),w € W(t)}. (4.5.1)

Here 0(t,u) := c(t)(u — u(t)) for some integrable function c¢(t) that will be set later on.

The new optimization problem where the dynamic is modelled as a differential inclusion
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is the following
Minimize £(x(S),z(T))

over arcs (z(.),z(.)) € Whl satisfying
(Pr) < (&(t),2(t) € F(t,z(t)), ae. telS,T],

h(t,xz(t)) <0, forallte [S,T],

(x(S9),z(T)) € E, z(a)=0.

\
The F-trajectory (Z(t),z(t) = 0) is a Wh! local minimizer with respect to the set-valued
map R(.) defined as

au]l

(t) == R x c(t) (R(t) — a(t)) .

All the hypotheses under which Corollary of Chapter [3|is valid are satisfied provided
we can show appropriate regularity properties for F(.). The following Lemma states

exactly the requirements needed.
Lemma 1. Fizw € W(t) and (xz,v) € Z(t) + B x R(t,w) N S(t,w) and take (o, B,T) €
NérF(t,.)(x’ f(t,x,u),0(t,u)). An integrable function k(.) can be found such that for almost
every t € [S,T],

ol < k@)(B] + I7])-

Furthermore

(,0) € O {=(B, f(t, s, w)) = (7, 0(t, -, w)) + 2k()(|6] + [T s(tw) (- )} (2, 0).
The function k(.) can be taken as follows

k(t) := kLt w) + ks(t kL (¢, w).
(t) e 2 (t,w) s()wgl%) 2 (tw)

Observe that thanks to our reductions k(.) is an integrable function and the maz operation
is well defined. Lemma 1 is essentially proved in [23, Proposition 9.1] where c(.) is defined
by means of the function k(.).

According to Corollary 2.2 of [5] there exist an absolutely continuous function
p(.) € WH1 a constant 7, a nonnegative number A, a monotone non-decreasing function

u(.) € NBVT[S,T] and a p-integrable function m(.), such that
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(3) Do+ Irl + Iplleee + lllzy. =1,
(i6) (1) € co{n: (p(t) + [y m)nds). ) € N& iy, (@(0),5(0),0)} ace.,
(iii) (p(a) = [p(b) + figzy mls)n(ds)| ) € NOLU@(S),2(T)) + N (a(S), 2(T)),
(iv) r=0.

(v) For any (e1,es) € F(t,2(t)) N R(t), a.e. t €[S, T,

ww+/ﬂm@mmww»z@@+/ m(s)u(ds), e1) + (r, c2)

[a,t)
(f) m(t) € 97 h(t,z(t)) p-a.e. and supp{p} C {t: h(t,z(t)) = 0}.

By (i7) and Lemma 1

(1,0) € Ip{=(q(t), f(t; -, ., (1)) + 2k()|qg(t)|ds(t,m(e)) (- )} (@(E), 0(2))-

Recall that ¢(t) := p(t) + f[a 1t)m(s)u(ds) for t € (a,b). By definition dc = cod. Also,
by well know properties of generalized gradients, given two Lipschitz functions f and g,

Oc (=f) = —0c f and Oc(f +g) C dcf + dcg. Then

(=5(t),0) € dc {{a(t), f(t,., . @(1)}(&(1), 0(t)) (4.5.2)

Remark. Condition (4.5.2)) yields a stronger conclusion than the adjoint inclusion (A)
stated in Theorem It, indeed, gives an L' bound on the norm of p(t), which is a

fundamental property when considering perturbed problems and sequences. ]

Theorem [{.2.3. The proof technique is the same as in the proof of Theorem [£.2.2] but it
will be the end-result of applying Theorem of Chapter [3]instead of Corollary It
is sufficient, then, to show that hypotheses (H4) and (H5) of [5, Theorem 2.1] are satisfied

for the dynamic defined in (4.5.1]), i.e.

(L) There exists a function kp(.) € L*(S,T) such that

F(t, )N R(t) C F(t,z) + kp(t)|z — 2'| B,



94 CHAPTER 4. MIXED CONSTRAINTS

for all z, 2’ € Z(t) + €B, a.e. t € [S,T].

(G) There exist numbers 7 > 0 and v € (0,1), and a function rr(.) € L'(a,b) such that
rp(t) > 7 a.e. and
i) z(t)+ v lrp(t) B C R(t)
i) F(t,z) N (x(t)+rp(t) B) # 0
for all z € Z(t) + €B, a.e. t € [S,T].

As in [5] we make the additional reduction r(t) = r¢ for some constant ro. (L) and (G)

are satisfied for

_H® + ko

ve (1), ret):=7"tvet) r(t) and ¢t): ro(r—Tv — 1)

It is a direct consequence of assumptions (H4’) and (H5'). We verify, for example, (G)(i).
By (H5')(i7), for every = € Z(t) + eB (without loss of generality e < 1), there exists

v € S(t,w,z) such that |v — 9| < rg. In particular (f(¢, z,v,w),c(t)(u —u)) € F(t,z) and

\(f(t,x,v,w),c(t)(u - ’l])) - (f(t,.%',ﬁ),(]” <

< kg(t)e + k{:(t)ro +c(t)ro = ro(y v — 1)e(t) + e(t)ro = rp(t) .
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Chapter 5

Euler-Lagrange Conditions for

Delayed Systems

This chapter is the first of two chapters on necessary conditions for optimal control prob-
lems, in which time delays are present in the dynamic constraint. They differ according
to the manner in which the dynamic constraint is formulated. Here, it takes the form of
a retarded differential inclusion. In the next chapter the dynamics are described instead
by a differential/delay equation. The necessary conditions for the retained differential
inclusion are of independent significance. But they are also of interest because, as we shall
see in the next chapter, their derivation can be used as a step to obtaining a very general

Pontryagin-type Maximum Principle for differential delay-equation problems.

There is already a literature on necessary conditions for retarded differential inclusion
problems. In this chapter we improve on earlier work in several respects. First, our
formulation is, in some respects, more general. Most notably, it permits the end-time to
be free. (In the earlier literature of retarded differential inclusion problems, the end-time
is fixed, or has been treated incorrectly.) Second, we strengthen earlier statements of
necessary conditions (even when we do not take account of the new conditions associated
with the free end-time), replacing the Hamiltonian inclusion by the more precise (partially

convexified) Euler Lagrange Inclusion.

Proof techniques based on nonsmooth analysis, perturbations and limit processes via Eke-
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lands variational principle has been successfully used in the last 30 years to address
problems which does not incorporate delays, c.f. [55]. We extend applicability of such

techniques to optimization problems featuring constant delays on the state variable.

First necessary conditions are proved for a simple, delayed problem in the calculus of
variations in which the end-time is fixed. These necessary conditions will represent the
basic step for the derivation of more general set of necessary conditions valid for optimal
control problems in which the system dynamic is modeled by differential inclusions. The
final step consists in the introduction of additional freedom in the formulation of the

problem by considering free end-time problems.

5.1 A Delayed Lagrange problem

Minimize £o(2(S)) + 1(x(T)) + [, A(t,x(1)) dt +
JEL(tx(t — ho)...,x(t — hy), @ (t)) dt

subject to
(FL)
z(t) € E(t) a.e. t € [S — hg, S),
z(t) € R(t) a.e. t €[S, T],
x(S) ey .
Here hg = 0 < h; < ... < hg are given real numbers. Minimization is conducted over

absolutely continuous functions z(.) € WH([S, T]; R") extended to an L function on
[S — hg, S]. We refer to a state trajectory z(.) on [S — hy,T] as an arc. An arc z(.) is said

to be feasible if the following conditions are satisfied
xz(t) € E(t) a.e. t €[S —hg,S), #(t) € R(t) ae. t €[S, T] and z(S)eCy.

Let the feasible arc Z(.) be a local minimizer for (F'L), i.e. for some § > 0 the arc z(.)

achieves the minimum of the cost over all feasible arcs x(.) satisfying

|2 — Z|| oo (5=hy,5) + o= Zllwrrgr < 6.

We write

(t —ho), ..., 5(t — hy)).

8l

2(t) = (
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Hypotheses for the data are as follows:

(L1) The functions ¢o(.) and ¢1(.) mapping R™ — R are locally Lipschitz continuous and
the set Cy C R™ is closed.

(L2) E:[S — hg,S) ~ R™ is a Lebesgue measurable multifunction which takes as values

closed subsets of R™. Furthermore E(t) C rB for some r € R.

(L3) The Lagrangian L(t, z,v) is assumed to be Lebesgue measurable with respect to ¢
and locally Lipschitz with respect to (z,v), i.e. for any N > 0 there exist § > 0 and
k(.) € L' such that, for a.e. t € [S,T],

|L(t, z,v) = L(t, 2", 0")| < k(t)(|z = 2'[ + v = 2]),

for all 2,2’ € z(t) + 0B and v,v’' € (Z(t) + NB) N (R(¢) + IB).

(L4) A(.,z) is Lebesgue measurable for all z € z(t) 4+ 0B and A(t, .) is integrably Lipschitz
with Lipschitz constant ka(.) € L'(S — hy, S).

(L5) R:[S,T] ~ R™is a Lebesgue measurable multifunction which takes as values closed

subsets of R™.

Theorem 5.1.1. Assume hypotheses (L1)-(L5) and let the feasible arc z(.) be a local
minimizer for (FL). Then there exist arcs q;(.) € WYY([S — h;, T|;R"), (i = 0,...,k)

satisfying

(a) A transversality condition at the end-time t =T

G(t)=0, te[T—h;,T),Vi=1....k and —qo(T) € dty(Z(T))

8l

and at timet =8
q0(S) + -+ -+ qx(S) € 9lo(z(9)) + Ny (2(5)) -

(b) An Euler-Lagrange type condition for a.e. t € [S — hy,S] and a.e. t € [S,T],

respectively

(01) =(q1(t)X[5—hy,5)(t) + - - - + Ak (E)X[5—hy,5) () € COOA(t, Z(t)) + cONp 1) (Z(1))
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(b2) (Go(t — ho), .-, qk(t — hi)) € 00{77 D (mao(t) + ..+ qr(t)) € OL(t,2(t —
ho), .., 2(t — hy), #(t)) + {0} x NR(t)(i:(t))}, te[8,T] ae..

(¢) The Weierstrass condition: the following hold for all u € R(t), a.e. t € [S,T],

(qo(t) + ...+ qr(t)) - u — L(t,2(t),u) <

(q0(t) + ..+ aqr(®) - 2(t) — Lt 2(1), 2(t)) -

Proof. The quite lengthy proof of Theorem will be divided in several steps. It uses
arguments of nonsmooth analysis, measurable selections and limiting processes. Similar
strategies has been employed in [56], [17] and [19] for optimal control problems without

time delays.

Hypotheses reductions. Without loss of generality we can assume Z(.) = 0 and
[S,T] = [0,1]. Also, the functions ¢y(.), ¢1(.), A(t,.) and L(¢,.,v) can be assumed to be
globally Lipschitz. Hypothesis (L3) is then replaced by the stronger global form

(L3*) For every N > 0 there exists y > 0 and kx(.) € L'(0,1) such that
L(t,z,v) = L(t, 2", 0")| < kn(t)(|z — 2| + [v = 0']),

for a.e. t € [0,1] and all 2, 2’ € R"**+1) and v,v' € NBN (R(t) 4+ onB).

This is achieved by replacing the original function L(.) by the composition

L(t,z,v) := L(t,.,v) o trs(z)
of L(.) with the Lipschitz function

z z € 0B
trs(z) ==

E 0 otherwise .

Observe that Z(.) is still a local minimizer for the transformed problem and the conclusions

are not affected by such modifications away from the optimal state.
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Cost Regularization. We make use of inf-convolutions and decoupling techniques to

regularize the cost and apply a direct analysis of the delays. Define the function (i > 2)
Gi(z) = inf {t1(y) +ilz — y|*}
yeR”

Such function, known as inf-convolution, enjoys the following properties (below the se-

quence (o;);en C Ry is such that a; | 0 as i — 400)

1. 4;(.) is Lipschitz continuous on R"™.
2. li(z) — oy < li(x) < li(x), for every x € R™.

3. For all z € R" exists z; € x + ;B and (; € Op¥1(2;) such that

Giy) — bi(x) G- (y— ) +ily — 2, VyeR™

We define the new regularized cost as follows

Ji(¢, 20, w0, - . ., Wk, V) =
0 1
bo(zo) + B A(t,¢(t))dt+&(x(1))+/0 L(t,wo(t), ..., w(t),v(t)) dt+

1 1
z/ kN(t)\wo(t)—x(t—ho)]2dt+...+i/ oy (O)[we(t) — 2t — he)[2 dt .
0 0

The z-dependence of L(.) is ‘decoupled’ by introducing new control variables w;, j =
1,..., k. The perturbed problem is now ‘regular’ with respect to x and we can use a direct
analysis to seek for necessary conditions. Above we used the notation x(t) = ¢(t) when
t <0and z(t) =z + f(f v(s)ds when ¢ > 0. The function J;(.) takes values on the space
X defined as follows

X = {(gf), xO, W, - ., Wk, V) | ¢ € L(—hyg,0), ¢(t) € E(t) a.e. and xy € Cy,

kywj € LY0,1), j =1,...k, v(t) € NBNR(t) ae. and ||¢||r + |xo| + [Jv]|1 < 5}.
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We equipped such space with the metric

||(¢7 o, Wo, - - - ,U)k,’l))”X =

0
/ [¢(t)] dt + |zo| + [|knwollpr + ... + [lknwgl[ 1 + [[Env] 1
—hy,

The normed space (X, ||.||x) is a complete metric space and the functional J;(.) is contin-
uous on (X, |[|.][x). We presently show the existence of a sequence p; | 0 as i — 400 such
that

Ji(0,...,0) < ig{f,]ﬁp?. (5.1.1)

Take any element (¢, xg,wo,...,wk,v) € X. By the strengthened Lipschitz hypothesis,

condition (L3*), we have that

Ji(¢p, o, wo, . .., wg,v) > Ji(p, o, (. — ho),y ..., x(. — hg),v)
1

1
= [ kv(Olwo®) ~ ot~ ho)lat ...~ [ h(e)fun(e) ~ (e~ ) de
0 0

+1 /01 kn(t)|wo(t) — z(t — ho)|*dt + ...+ /01 Exn(t)|wy(t) — z(t — hy) |2 dt .
Since £;(x(1)) > ¢1(z(1)) — o, for some «; | 0, we can conclude by optimality that
Ji(¢,x0,x(. — hg),...,x(. — hg),v) > J;(0,...,0) — ;.
Thus, defining the following quantities,

0= </01kN(t) dt)é, by i (/OlkN(t)|wj(t)—x(t—hj)\th>2 =0,k

we have that

=

‘]i(QSa:EvaO)"'vwk,U)2Ji(oa-"ao)_ai_abo—...—abk+ib(2)+---+ib2:
k 2 2
1 a a (k+1a
Ji(0,...,0) — i + ) bj——)—— ] > Ji(0,...,0) —q; — —— .
(00 a—i—j:0<(z2] 23 4z‘>— ( )~ 4i

Inequality (5.1.1) is satisfied with p? = a; + (ktlli)“z.
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Variational Analysis. Because of expression (|5.1.1), Ekeland’s variational prin-
ciple can be applied for the optimization problem infy J;(.). According to Ekeland
Theorem there exists a sequence (¢;,&;, Wo, - - ., Wki, V;)ien C X such that for each i,

(3, & Woss - - -, Wi, v;) minimizes the perturbed functional J;(.) defined as

Ji(¢7x07w07 < ,’wk,’l)) + piH((bax(tha <oy Wi, ’U) - ((Z)iv‘fia Wiy - - - 7wkiavi)HX (512>

over elements (¢, zg, wy, ..., w,v) € X and

(&4, &is wois - - - Wiy vi) [ x < pi - (5.1.3)

Define the feasible arc x;(.) according to z;(t) := ¢;(t) when ¢t < 0 and x;(t) := & +
fg vi(s)ds when t > 0. Then, by inf-convolutions properties, ¢;(.) satisfies the following
inequality

li(a(1)) = Li(zi(1) < G- (2(1) = 2:(1)) + ila (1) — (1), (5.1.4)
for some (; € Opli(z;) and some z; close to z;(1). By the sequence (z;);en iS
convergent and z; — 0 as i — +00 .

Definition 5.1.2. Define, for each fixed ¢ € N, the absolutely continuous functions g;;(.) €
Wl’l([—hja 1;R™) (j =0,...,k) according to

q'ji(t — hj) = 2ikN(t)($i(t — hj) — wji(t)) t e [O, 1]
qji(t) =0 te[l—hpl], j=1,....k

q0i(1) = —¢; -

Observe that for a.e. ¢t € [0,1]
|G5i(t — hy)| < kn(t) + pikn(t) - (5.1.5)

This follows directly from the minimization of J;(.) in (5.1.2) by considering wo
jl(¢u §i7 Wo, W1+« -y Wk, v’i)r cey WE jl(¢l7 57;7 Wiy - - - 7w(k71)i7 Wk, U’i)' Indeed7 for each

1 € N, the functional cost

1 1 1
/ L(t,...w...,vi)dt—ki/ kN|w—$i(t—hj)|2dt+pi/ k:N]w—wji\dt
0 0 0
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is minimized over w € L' at wj;. By measurable selection arguments (c.f. [25, Corollary
5.5]) it follows that the integrand is minimized, for a.e. ¢t € [0, 1], at w;;(t). Consequently,

by well know properties of nonsmooth calculus
jS(t — hj) S 8ij(t, wai(t), . ,’wki(t), ’Uz‘(t)) + pikN(t)B,

and (5.1.5)) follows from the Lipschitz hypothesis on L(.).

Step 1. Theorem [5.1.1] will be the end result of considering particular varia-
tions in the minimization process ([5.1.2)) (only with respect to some “directions”). Fix
(xo, wo, ..., wE,v) = (&, woi, - . ., Wki, v;) and let only ¢(.) to vary in the minimization of

Ji(.). Then the functional

h1 hi
i/o kn (8)|wis(t) — ot — ha) P dt + ... + i/o kv (8)|wei () — &(t — hy)| di-+

0 0
/ AL d(1)) dt + p; / 16(8) — a(t)] de

—hy —hg

attains minimum at ¢;(.) over ¢(.) € L (—hy,0) satisfying ¢(t) € E(t) a.e. and ||¢|| L~ +
|&i| + vl < 0. We label such functional ®;(.). After a change of coordinate in the

integral, ®;(.) can be rewritten as

0
/h pild(t) = ¢i(t)] + AL, ¢(1)) + ikn (¢ + ha)wis(t + h) = ¢(E) X[y 0)(1)
— g
ik () |woi(t 4+ ) — (02X, 0)(8) di
Once again we invoke measurable selections’ results, according to which the integrand is
minimized for ¢ € Q; (for some Q; C [—hy,0]) at ¢;(t) over ¢ € E(t). We restrict attention
to t € ; where the relation ¢;(t) 4 |&| + ||vil| L1 < ¢ is strictly satisfied and the constraint

can be neglected. Note that the sequence (£2;);cn converges to a set of full measure. By

definition the absolutely continuous functions g¢;;(.) satisfy

— (@)X [=hy,0)(t) + -+ Qi) X[—np,0 (1) € OA(L, 9i(1)) + Np)(di(t)) + piB, (5.1.6)

for all ¢t € ;. Inclusion (5.1.6) can be regarded as a forerunner of the Euler-Lagrange
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condition (b1) in the assertions of Theorem

Step 2. We now fix ¢ = ¢;. Observe at the outset that for any a,a;,b,b; € R™ the

following inequalities hold true

|CL — b|2 = |ai — b1|2 + |(CL — (LZ‘) — (bl — b)|2 + 2<ai —b;,a — ai> — 2<6Li —b;,b— bl>
(5.1.7)
(@ —a;) = (b = b)|* < 2(|(a — a)|* + (b = 0)) -

We use the above calculation (5.1.7) with a = x(t — hyj), a; = z;(t — hj), b = w;(?),
b = wji(t), forany i € N, j =0,...,k and ¢ € [0,1]. Then by (5.1.2) and (5.1.4)), for any
(¢s, g, wo, . . ., wg,v) € X the following functional ¥;(xg, wo, ..., wk,v)
1
tolo) + le() =i + [ Lt (o). wn(e) o) de+
zz/ e (8)|wo(t) — wou(H)2dt + .. +2@/ b (O)lwn(t) — wia(O[ de+
1
2¢/ o (8) (¢ — ho) — wa(t — ho)[2dt + ... + 22’/ oy (D)t — h) — s(t — hi) 2 dit
0 0
1
—(q0i(0) + .-+ + qxi(0)) (zo — &) — /0 (q0i(t) + - - -+ qri(1)) (v(t) — vi(t)) dt
1 1
| ot = ho)awnste) = wo(®) e+ .+ [ e~ b wns(t) - wn(0) de
0 0
1 1
i [ v (Oluo®) — wn )] e+ pi [ k(@) — wato)] e
0 0

1
pilzo — &l + pi /0 kv (B)[o(t) — vi(D)]dt - (5.1.8)

attains a minimum at (&, wo;, - . . , Wk;, v;) over elements (¢;, xg, wo, ..., wg,v) € X. Here

we replaced £;(z(1)) with £;(z;(1))+ G- (z(1) — (1)) 4 i|z(1) —2;(1)|* according to (5.1.4)),

and made use of integration by part. In particular take any ¢ = ¢j; and h = h;

1
/0 d(t — B)(a(t — h) — mi(t — b)) dt =
1+h 1
[ it mete = == dt= [ i) - o) de =
h 0
1
a(D)(a(1) = (1)) = gO)(@(0) = 2:(0)) = [ at)(w(t) = vi(0)

Note that the initial history of the state trajectory is fixed x(t) = ¢;(t), t < 0 and that,
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by definition, ¢(¢) =0 on [1 — h, 1].
As a function of the initial condition xg — W;(xg, wo;, . . ., W, v;), the optimality

at & yields the following “proximal” transversality condition

q()i(()) + ...+ qki(O) S 860(&') + NCO (fl) + p;B . (5.1.9)

Step 3. We proceed by fixing 29 = &; in the functional ¥(.) defined in (5.1.8]). We know

that (wo;(.), ..., wki(.),v;) is a minimizer for

1 1 1
/L(t,wg(t)7...,wk(t),v(t))dt+(Qk:i/ k:N(t)dtJri)/ lo(t) — v (t)]? dt+
0 0 0
1 1
2z’/ kzv(t)lwo(t)—wm(t)\QdH---Jr%/ ke () [wi (8) — wri(t) | di+
0 0

1
- /O (@0i(t) + -+ qua(8)) (0(8) — vit)) dt

1 1
/ qu(t — ho)(w()l‘(t) — ’wo(t)) dt + ...+ / q;ﬂ(t — hk)(wkz(t) — wk(t)) dt+
’ 1 ’ 1
pz‘/o ]CN(t)|’LUO(t) —wgi(t)|dt+...+pi/0 k:N(t)\wk(t) —’wki(t)|dt+

1
o /0 v (8)[o(t) — vi(t)| dt .

Observe that the constraint ||¢;||re + |§| + ||v||z1 < 6 and v € NB are inactive at v;(t)
for t € ; for some set €; such that meas{€;} — 1. A by now familiar measurable selec-
tions’ argument allow us to conclude that, for ¢ € €;, the point (wg;(t),. .., wg(t),vi(t))
minimizes the integrand over (wy, ..., wy,v) such that v € R(t). This provides a version

of the Euler-Lagrange condition (b2), for ¢ € €,

<qu(t — ho), - ,q'ki(t — hk), qu(t) + ...+ Qki(t)) €

OL(t, w(]i(t), e ,wki(t), Ui(t)) + pik(t)B + {0} X NR(t)(Ul) . (5.1.10)

Notice at this point the importance of the Lipschitz condition (L3*) on a neighborhood of
R(t) in order to derive (5.1.10) and write OL.
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Step 4. It remains to derive an approximated Weierstrass condition (¢). We claim that

L(t,woi(t), ..., wgi(t),v) — (qoi(t) + ... + qri(t)) (v — vi(t)) + pikn(t)|v — vi(t)| >

L(t,woi(t), . . ., wii(t), vi(t))  (5.1.11)

for all v € NBNR(t) and t € [0,1] a.e..
If this were not the case, there would exist a set of positive measure S and A > 0

such that

L(t,woi(t), ..., wri(t),v(t) — (qoi(t) + ... + qrs(t))(v(t) — vi(t))+

pik(t)|v(t) — vi(t)| < L(t,woi(t), ..., wg(t),vi(t)) — A (5.1.12)

for each t € S and for some measurable function v(t) € NB N R(t) defined on S. Define
the arc x(t) := ¢;(t) for t < 0 and =z(t) := & + fgv(s)ds, where we extended then the
function v(.) to the whole set [0,1] by setting v(t) = v;(t) when ¢t ¢ S. Notice that we
can reduce the size of S to have arbitrarily small measure, say meas(S) = e. Therefore
|z(t) — z;(t)| < 2Ne for all t € [0,1]. Fix xg = &;, (wo, ..., wk) = (wo;, - .., wy;) and take
z(.) and v(.) as above. From we derive

/ Lt wos(t), ., wia(£), vi (1)) dt
S
< (by optimality)

ilz(1) — ()% + / L(t,wo;i(t), ..., wki(t),v(t)) dt+
S
1 1
Qi/ k:N(t)\x(t — ho) — (lZi(t — h())|2 dt+ ...+ Qi/ k‘N(t)|CC(t - hk) — xi(t — hk)’2 dt+
0 0

_/(QOi(t)—|—...+Qki(t))(v(t)—vi(t)) dt—i-,Oi/]fN(t)’U(t)—Ui(t)‘dt
S S
< (by (B-112))

1
/(L(t, woi(t), . .., wei(t),vi(t)) — A) dt + i4N?€ + k <4N2622i/ kn(t) dt) :
S 0

This shows that Ae < (i4N 2+ kAN?2i fol kn(t) dt) €2 which gives the desired contradic-

tion if € is chosen sufficiently small.
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Asymptotic analysis. A familiar analysis of the limit completes the proof. Observa-
tion 5) provides a common uniform integral bound for the functions go;(.), .. ., gr(.).
Dunford-Pettis Theorem ensures then weak convergence in L' to some arcs go(.), .- ., dx(.).
From and definition we conclude that ¢;;(.) = ¢;(.) uniformly (j =0, ..., k),
¢ — 0, and (s, woi, - . -, Wk, v;) — (0,...,0) strongly in L.

Conditions ((5.1.6)), (5.1.9), (5.1.10|) and provide the assertions (a), (b) and
(¢) in the limit. Condition ([5.1.11)) in the limit yields actually a weaker form of (c), i.e.

(qo(t) + ...+ k() - u — L(t,2(t),u) <

(qo(t) + ... +qu(t)) - z(t) — L(t,2(t), 2(t)) ae.

for all v € NB N R(t). Letting N 1T 400 we complete the proof. Note that the Euler-
Lagrange inclusion (b2) ensures that the integral bound on the ¢;n’s be independent of

N.

5.2 Differential-difference inclusion

In this section we consider a general optimal control problem in which the dynamic is

modeled as a differential inclusion with time delays.

Minimize ¢(x(S),z(T))
over arcs z(.) € WHH(S,T) and x(.) € L®(S — hy, S) s.t
(D) #(t) € F(t,z(t — ho),...,z(t — hi)) ae. t €[S, T]
z(t) € E(t) a.e. tG[S hi, S)
(x(S5),2(T)) €

An arc z(.) is said to be feasible if all the constraints in (D) are satisfied. A local minimizer
for problem (D) is intended with the same topology used in the previous section. More
precisely we say that a feasible arc Z(.) is a local minimizer for (D) if it minimizes the

cost over all feasible arcs x(.) ‘near’ z(.), i.e.,

|z = Zl| Lo (s5-np,8) + 2= Zllwraisr < 0 (5.2.1)
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for some 6 > 0. Take a set-valued map R : [S,T] ~ R™ whose values are open and
convex sets and assume that z(t) € R(t) a.e.. Such a function will be referred to as radius
multifunction (for the arc Z(.)). If, in addition to (5.2.1)), we require the competing feasible
arcs z(.) to satisfy

#(t) € R(t) ae. t € [S,T] (5.2.2)

then we say that z(.) is a local minimizer with respect to the radius multifunction R(.).
This concept of local minimizer yields a set of necessary conditions called “stratified” nec-
essary conditions. Those conditions are stronger and more general than that provided for
a local minimizer (relative only to condition [5.2.1)). For a detailed discussion on stratified
necessary conditions we refer the reader to [5,18].

We recall the notation
Z(t) == (Z(t — ho),...,z(t — hy)) .
Hypotheses on the data are imposed around the minimizer Z(.) and restricted to the radius
multifunction R(.):
(G1) £:R"™ x R™ — R is locally Lipschitz continuous and the set C' C R™ x R" is closed.
(G2) Hypothesis (L2).

(G3) R:[S,T] ~ R"™ is a multifunction which take as values open and convex subsets of

R™.

(G4) F(t,z) is nonempty and closed for all (t, 2) € [S,T] x R™**+1 Tts graph, denoted
as GrF(t,.), is closed for each t € [S,T] and F is £ x B"*+1) measurable.

(G5) There exists a function kp(.) € L'(S,T) and € > 0 such that
F(t,2) NR(t) C F(t,2) + kp(t)|z — 2/|B,

for all z, 2" € z(t) + €B, a.e. t € [S,T].

(G6) There exist numbers 7 > 0 and 3 € (0,1), and a function 7(.) € L'(S,T) such that

r(t) > 7 a.e. and

i) z(t) + 87 r(t) B C R(t)
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i) Ft,z)Nn(z@t)+rt)B) # 0
for all z € Z(t) + €B, a.e. t € [S,T].

Theorem 5.2.1. Assume (G1)-(G6) and let Z(.) be a local minimizer for (D) with respect
to the radius multifunction R(.). Then there exist arcs q; € WYL([S — h;, T;R™), (i =

0,...,k), and a nonnegative number X\ such that
(i) llgol[ze + A = 1.

) (@) (a0(S) + -+ (), ~a0(T)) € N0U(a(S), 2(T)) + Ne(a(S), #(T)).

(b) i(t) =0, t € [T — hy, T), for eachi=1... k.
(iii) (a) for a.e. t € [S — hy, S]
—(@1(E)X[5=h1,81(E) + - - - + @k (E)X[5-n4,5] () € cONE ) (Z(1)).
(b) for a.e. t € [S,T]

(QO(t - hO)’ s aq]ﬂ(t - hk)) € 00{7’ : (na QO(t) +... q]c(t)) € NGTF(t,)(Z(t)vi'(t))}

(iv) For a.e. t € [S,T] and allv € F(t,z(t — ho),...,Z(t — hg))

(@) + - qe®) - 2(t) > () + ..., q&(?)) - v.

5.2.1 Hypotheses reductions & Preliminaries

The strategy of the proof follows classical ideas of recasting (D) as a Lagrange Problem
including cost integrand penalty terms to take account of the dynamic constraints. In
particular we penalize the cost by means of a modified distance function p(.) (measuring
the distance of #(¢) from the dynamic constraint set F'(¢,x(t — hg),...,x(t — hg))), as

follows
T

0(x(S),z(T)) + /S p(t,z(t — ho),...,x(t — hg), (t)) dt.
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The new modified problem is of the type studied in

Reductions. Notice that a number of reductions can be made at the outset. The assertions

of Theorem [5.2.1] are still valid if they can be verified in the special case when

0x(S),z(T)) =L(z(T)) and C=Cpx Ch, (5.2.3)
() =0, (5.2.4)
r(t)=ro te[S,T] and [S,T]=][0,1]. (5.2.5)

Reduction (5.2.3) is dealt with introducing an extra state z(.) and defining the set Cy :=
{(z,2) | z=x}. We then rewrite (D) as follows

Minimize ¢(z(T),z(T))

over arcs #(.) and z(.) € WLY(S,T) and (.)€ L>®(S — hy, 9) s.t.
#(t) € F(t,z(t — ho),...,x(t — hy)) a.e. t €[S, T

2(t) =0 ae. t € [S,T]

z(t) € E(t), a.e.t€[S—hg,>S)

(2(5),z(S)) € Cy and (2(T7),z(T)) € C; =C.

Reduction is achieved by translating the origin to Z(.) regarding the z-dependent
data while ([5.2.5)) is achieved by changing the independent variable from ‘¢’ to ‘T(t) =
c-f. ST r(s) ds’, arranging the constant ¢ such that 7(7") = 1. Henceforth we assume —
(5-2.5). Observe that in particular hypotheses (G5) and (G6) take the form

(G5*) There exists a function kp(.) € L1(0,1) and € > 0 such that
F(t,2)NR(t) C F(t,2') + kp(t)|z — '|B,

for all z, 2" € €B, a.e. t € [0,1].
(G6*) There exist numbers ro > 0 and 7 € (0,0.5) such that

i) (1-2n)"'rgB C R(t)

i) F(t,z)Nro B # 0

for all z € €B, a.e. t € [0,1].
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Gauge function. Choose any N > (1—2n)~! 7o, and write Ry(t) := R(t) N NB. Then the
reader may verify that hypotheses (G5*) and (G6*) are still satisfied with Ry(.) in place
of R(.). We label these further modifications to (G5*) and (G6*) with (G5**) and (G6**)

We describe points which lay in the convex set Ry(t), for a.e. ¢t € [0, 1] by means

of the following gauge function g; : R™ — R of Ry (t), defined as
gi(f) :=inf{A > 0: A" f € Ry(t)}. (5.2.6)

Lemma 5.2.2. The gauge function g.(.) satisfies the following properties:
1. gi(cf) = cgi(f) for every constant ¢ > 0 and every f € R™.
2. g(f)=0if and only if f =0.
3. gi(.) is Lipschitz with Lipschitz constant 1/rq.

4. For everyt € [0,1], Rn(t) ={f € R": g:(f) < 1}.

Distance function. Define the function y : R™ — R™ as follows

1 ifd<1l-n¢

x(d) :== IN
1+ —d-(1-n) ifd>1-n.

nro

Observe that x(.) is a Lipschitz continuous function. Now consider the modified distance,

for t € [0,1], z € R™*+1) and v € R™

t,2,0) ;= mi - . 5.2.7
plt.0) = min_fo—ex(a(c) (5:2.7)

For any ¢ € [0,1] and z € B, we define F(t,z) to be the set

F(t,z) :={ex(gi(e)) : e € F(t,z2)}, (5.2.8)

so that p(t, z,v) = A . (v). Note that, in particular, the multifunction F(.) satisfies
hypothesis (G4).
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Ry (1)

e e X(gt(.é’))

Figure 5.1: Geometric idea of the proof of Lemma [5.2.3

Lemma 5.2.3. Assume (G5**) and (G6**). Then there exists k(.) € L'(0,1) such that
the distance function p(.) defined in satisfies the following properties:

(i) p(t,z,.) is Lipschitz with Lipschitz constant 1 with respect to v, for any z € €B, a.e.
t €[0,1].

(ii) p(t,.,v) is locally Lipschitz with Lipschitz constant k(t) with respect to z, for a.e.
t €[0,1] and for all v € Ry(t).

(i1i) Take any v € (1 —n)Rn(t). Then p(t,z,v) =0 if and only if v € F(t,z).

Proof. Properties (i) and (ii7) are a direct consequence of the definition since p(t,z,v) =
d};(t’z) (v) and since x(g¢(v)) = 1 when v € (1 — n)Rn(t).

The idea (see figure is that the function x(.) pushes away points e € F(t, 2)
which lay outside Ry (t). On the other hand thanks to hypothesis (G6**) we can always
find a point ey € F(t, z) NroB and thus strictly inside Ry (). Therefore for any v € Ry(t)
the “cost” of e ¢ Ry(t) (for evaluating the minimum in the definition of p) is greater
than that for any point eg € F(t,2z) NroB. But if p(t,z,v) = |v — ex(g:(e))| for some
e € F(t,z) N Ry(t) then we can use the pseudo Lipschitz condition (G5**).

Analytic arguments follow. Fix any v € Ry(t), z € €B, and ¢ € [0, 1] such that (G5**)
and (G6**) are satisfied. Note in particular that |v| < N. Assume that p(t, z,v) =
lv —ex(gi(e))| for some e € F(t, z) for which g;(e) > 1. Choosing ey € F(t,z) NroB (such

eo exists according to (G6**)) we have that

v —ex(g:(e))] < |v = eox(g:(eo))| = [v = eo.
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Recall that y and g; are Lipschitz continuous with Lipschitz constant respectively 2N /ron
and 1/rg. Therefore

_ 1
14 2N/ro < gi(ex(gi(e))) < gi(v) + (ro) v —eo| < 1+ %(m + N) < 1+4+2N/ro.

This last estimate provides a contradiction. For every z € eB the minimum in the definition
of p is attained at a point e € F(¢,z) N Ry (t).

Chose any 2,2’ € eB. Let e be a closest point to v (with respect to the distance
defined by p) in F(t,z). Then, since e € Ry(t), condition (G5**) guarantees the existence
of a point e; € F(t,2') such that |e—e1| < kp(t)|z—2|. Observe that if kp(t)|z—2"| > ro+N
then according to (G6**) we can find es € F(t,2) NroB such that

le —ea| < N +ro < kp(t)|z— 2] .
Set ¢’ € F(t,2') as follows

er if kp(t)z—2|<ro+ N

ea if kp(t)]z—Z2|>ro+ N .
By construction ¢’ satisfies the following estimates
le — €| <min{N +ro, kp(t)]z — 2|} . (5.2.9)

We are ready to prove part (i7) of the Lemma. We make use of the Lipschitz regularity
of the functions g;(.) and x(.) (with Lipschitz constant respectively r; ' and 2N (ron) ')
and estimates |e|] < N and (5.2.9). Observe also that |¢/| < |e — €| + |e] < 2N +rg. The
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following hods true,

p(t, 2 v) = p(t,z,v) < o —ex(gi(e)| — v —ex(g:(e))]
< le'x(gi(€) — ex(gi(e))l
< e'x(ge(€) = €'x(ge(e))| + [€'x(ge(e)) — ex(ge(e))]|

< Je'] Ix(ge(e”)) — x(ge(e)] + x(gi(e))|e — €|

2N
< (€] == + x(gile) > e—e¢
(1 2+ () fe =]
2N 2N
< ((2N+r0) 2+1+> le — €|
7’077 To
2N 2N
< <(2N+T0) 5 +1+>kp(t) |z — 2|
L) To
Assertion (i) is verified for k(t) = ((2]\7 +19) 271\; +1+ %) kr(t). O
o T

We also recall a version of the Gronwall’s Lemma for delayed systems.

Lemma 5.2.4 (Gronwall). Let ¢; € WHY([S — by, T);R™), (T > S, i = 0,...,k, hg =
0 < hy <...<hi€R), be such that q¢;(t) = 0, when t € [T — h;,T)|, i = 1,...,k and
qo(T) = qo. Assume that there exist nonnegative integrable functions kp(.) and v(.) such

that for a.e. t € [S,T]

|(q0(t_h0)a7q]€(t_hk |<kF E|Q'L ‘+U
Then for all t € [S,T]

T
sup |Qz(t)| < e(k—l—l)f kr(s)ds {|C]0| +/ e—(k—l—l)fUTkF(s)dsU(o_) dO‘} ]
t

i=0,....k

Proof. For any j =0,...,k and t € [S,T — h;] it follows from the fundamental theorem
of calculus that ¢;(t) = ¢;(T — hj) + fjtlh, gj(s) ds (recall that the ¢;’s are absolutely
J
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continuous). Therefore the following estimates hold true

T—h,; T
lg;(8)] < rqj<T—hj>|+/ 14;(s)] ds = \W—hjm/m 1455 — hy)| ds <

J

190(T) / Z\ql ) +0(s) ds < |ao(T |+/ Zm [ +u(s) ds = g(t).

Observe that the inequality above was obtained for any ¢ € [S,T' — h;]. It can nevertheless
be extended for t € [T'— h;,T] since the inequality |g;(t)| < g(t) is clearly satisfied for
t € [T — hj,T], ¢;(.) = 0 on such interval. A quick calculation shows that

% [6_(k+1)ftT kr(s) dsg(t)} > e_(k'H)ftT ki (s) dsv(t)

which in turn yields the desired conclusion integrating both sides of the inequality. O

5.2.2 Proof of Theorem [5.2.1]

Recall that following our reductions Theorem [5.2.1]is proven as soon as we derive necessary

conditions for the modified problem

;

Minimize ¢(x(1))
() e WhH0,1) and () € L®(—hg,0) s.t
(D) #(t) € F(t,z(t — ho),...,z(t — hy)) a.e. t €[0,1]
z(t) € E(t) a.e. t € [—hy,0)
z(0) e Cyp and x(1) € C,

over arcs x

where Z(.) = 0 is a local minimizer for (D) with respect to the multifunction Ry (.).

We label Sjg ) the set of competing feasible arcs in the minimization of £(.) such that

Spo,1] := {;U() | z(.) € L(—hi,0)  and  x(t) € E(t) ae. t € [~hy,0),

() e WhH0,1)  and  @(t) € F(t,z(t — ho),...,z(t — hy)) a.e

z(0) € Cy, (1) e C;  and (t) € (1 —n)RNn(t) ae.,

@l hi0) + Izl < 6,
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and we define X to be the set

X = {1:(.) | 2(.) € L®(—hy,0)  and  a(t) € E(t) ae. t € [~hy,0),

z(.) e WhH(0,1), 2(0) € Cy  and  i(t) € (1 — )Ry (1) a.e.,

[l Lo (—ny0) + 12llwrr01) < 5}.

On such spaces we define the metric

el x = 2l Lt (—ny0) + 2w,

With this metric the spaces X and Sjg ;) are complete. Furthermore the functional /(.)

defined by

is Lipschitz continuous on X with Lipschitz constant k, with respect to the norm |.||x.

The optimal control problem (D) can be then rewritten as

Minimize £(z(.)) over z(.) € Sy C X.

It follows by Exact Penalization Theorem ( [55, Theorem 3.2.1]) that z = 0 is also a

minimizer for

Minimize £(z(.)) + keinf{||z — y|x : y € Spo.1)}

over arcs z(.) € X.

We use the notation ds, , (z(.)) = inf{[|z — y[|x : y € Sjp,1)} and define the function
¢:R"— R, as
o
¢(e) ;= max {5(9,5(6) —(1-2n)), 0} . (5.2.10)

The following properties of ¢(.) will be of particular significance (for any e, e’ € R™):

|M@—¢dﬂﬁék—d : (5.2.11)
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Finally define the functional J(.) on X to be

1 1
J(x(.)) ::/0 p(t,x(t—ho),...,x(t—hk),a‘c(t))dt—l—/o o(2(t))dt + dey (2(1)).

Two different situations can arise (this approach was developed by Ioffe in [40]):

A. either there exist ¢’ € (0,d) and C' > 0, such that for any z(.) € X satisfying ||z|x < ¢
we have

dsg y (2() < CT(2(.), (5.2.12)

B. or there exists a sequence of arcs y; € X, such that y; - 0in X as i — oo and

Ao i) > (20)T (5 ). (5.2.13)

We consider first case A. The arc £ = 0 is still a local minimizer for the problem
min {Z(l’()) + kCJ(x(.)) s x(.) € X}. This is a Lagrange type problem considered in
section |5.1| where R(t) = (1 — n)Rn(t) and

L(t’ Z,’U) = k‘gC(p(t, Z’U) + gb(”))
2 (x) = é(a:) + keCdc, (x)
lp(.)=0 and A()=0.

All the hypotheses of Theorem are satisfied (recall Lemma [5.2.3) for existence of arcs
¢(.) € Whi(—=h;,0), (i =0,..., k) satisfying

(a) A transversality condition at the end-time t =1
q(t)=0, te[l—hyl),Vi=1...,k and —q(1) € 84:(0) + k,Cddc, (0)

and at time ¢t =0

q0(0) + -+ + qx(0) € N, (0).
(b) An Euler-Lagrange type condition for a.e. t € [—hg, 0] and a.e. ¢ € [0, 1], respectively

(b1) —=(q1()X[=h1,0) (1) + - - + Ge()X[=hy,0) (1) € cONE(1)(0)
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(02) (do(t —ho)s---,qu(t —hi)) € 00{77 c(mao(t) + ...+ aw(t) € keC Op(t,
0,...,0) + {0} x keC 9p(0) + {0} x NR(t)(O)}, te0,1] ae..

(c) The Weierstrass condition: the following hold for all v € R(t), a.e. t € [0, 1],

(qo(t) + ...+ aqu(t)) - v = kC(p(t,0,v) = $(v)) <

(qo(t) + ...+ qx(t)) - 0 = keC(p(t,0,0) = ¢(0)) = 0.

Case A furnishes the desired necessary conditions asserted in Theorem with A =1
(except a restricted form of the Weierstrass conditions that will be dealt with at the
end of proof). Indeed in (b2) Ng)(0) = {0} and d¢(0) = {0}. This follows from the
fact that 0 is in the interior of R(t) and that ¢(v) = 0 whenever v € (1 — 2n)Rn(t).
The latter was pointed out in (5.2.11)). Moreover the function p(.) coincides with the
distance function in a neighborhood of the origin (Lemma which implies the inclusion
9p(t,0,...,0) C Ngrp,)(0,...,0). Finally from (c) we obtain the following (weak form

of the) Weierstrass condition

(qo(t) + ...+ qx(t)) - v<0

if we restrict attention to points v € F(¢,0,...,0) N (1 —2n)Rn(t).

Case B. Notice first of all that the functional J(.) is continuous on (X, ||.||x). This is an
easy calculation. By there exists a sequence of arcs y; € X, such that y; — 0in X
as 1 — o0 and dg;, , (¥i(-)) > (2¢)J(yi(.)). We conclude that y;(.) is a “(Zi)_ldg[oyl] (yi(.))-
minimizer” for the problem of minimizing J(.) over X. Observe that ds, , (vi(.)) = 0 as
i — oo since y; — 0 in X and 0 € Sjg y).

We are under the hypotheses where Ekeland’s theorem can be invoked: for each 1,

there exists z;(.) € X such that x;(.) is a minimizer for the perturbed problem

0 1
min J(z(.)) 4+~ </ |z(t) — x;(t)|dt + |x(0) — z;(0)| +/0 |z (t) — Jbi(t)|dt)

_hk

over arcs z(.) € X,

and ||lz; — yillx < ds,(i(.))/2. This last inequality tells us that x;(.) ¢ Sjo 1, for any
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i € N. The same inequality shows, as well, that lim; , ||z;||x = 0. We have obtained

once again a Lagrange problem as studied in section |5.1) with R(t) = (1 — n)Rn(t) and

L(t,z,v) = p(t, z,v) + d(v) + i Lo — &;(t)],
At z) =i Yo — z4(t)],
(1(z) =dc,(x) and fo(x) =i ta — 2;(0)].

Particular attention has to be paid to establishing validity of hypothesis (L3). According to
Theorem we can find arcs (p;, A, pi, m;) which satisfy exist arcs gj;(.) € Whl(—h;, 1),
(j=0,...,k and i € N) satisfying

(a;) A transversality condition at the end-time ¢ = 1
qji(t) =0, t€[l—h;1],Vi=1...,k and —qoi(1) € ddc, (zi(1))
and at time ¢t =0

20i(0) + -+ + qxi(0) € i B + Ng, (:(0)) .

(b;) An Euler-Lagrange type condition for a.e. t € [—hy, 0] and a.e. t € [0, 1], respectively

(013) —(quilt)X[—n1,0)(E) + - -+ Qi) X [—ny0 () € i B + coNppy (2i(t))
(125) (oi(t — ho), -+, it — hi)) € 00{77 s (mqoi(t) + o+ q(t)) € Ap(t, wi(t —
ho), ..., it — hy), &i(t)) + {0} x 9¢(&:(t)) + {0} x NR(t)(ﬂ'Uz‘(t))}a t €[0,1] a.e..

(ci) The Weierstrass condition: the following hold for all v € R(t), a.e. t € [0, 1],

(@0i(t) + -+ awi(t) - v = plt,@i(t),v) = o(v) —i o — @i(t)] <

(qoi(t) + -+ qri(t)) - @i(t) — p(t,i(t), 2:(t)) — P(wi(t)).

The fact that the modified distance function is Lipschitz is essential here to invoke Theorem
and to derive uniformly integrably bounds for ¢;;(.)’s (j =0,...,k and ¢ € N). We
may conclude that, following an extraction of subsequences if necessary, g;; — ¢; uniformly
in Wht and ¢j; — ¢; weakly in L, for some ¢; € Wi (—h;,1), i =0,...,k, and the g;’s

satisfy
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(a) A transversality condition at the end-time ¢t = 1
¢j(t)=0, te[l—h;1],Vji=1....,k and —q(l) € Ng,(0)

and at time ¢t =0

q0(0) + -+ + qx(0) € Ng, (0) .
(b) An Euler-Lagrange type condition for a.e. ¢ € [—hy, 0] and a.e. ¢t € [0, 1], respectively

(01) —(q1()X[=n1,01 (1) + - -+ G () X[=hy 00 (1) € cONp(#)(0)

(02) (Go(t — ho),-..,qx(t — hy)) € co{n : (n,qo(t) +...+ qk(t)) € 0p(t, O,...,O)},
t €10,1] a.e..

(¢) The Weierstrass condition: the following hold for all v € (1—2n)Rx(t)NF(¢,0,...,0),
a.e. t €[0,1],

(go(t) + ...+ qx(t)) - v <0.

The proof of the Theorem (or better a restricted form of it) is completed if we can show
that go(t) # 0 for all ¢t € [0,1]. Indeed (a), (b), and (c) gives the desired assertions with
A=0.

Observe that from the inequality ||z; — yil|x < ds, ,;(¥i(.))/2 we can conclude that
x; ¢ Sjp,1), for any i € N. This mens that either ;(t) ¢ F(t,x;(t — ho),...,xi(t — ht)) on

a set of positive measure €; C [0, 1] or z;(1) ¢ C;.

If z;(1) ¢ C; for infinitely many 7 then from the transversality condition (a;) we obtain

the estimate

|qoi(1)] = 1
which ensures the desired nontriviality condition in the limit.
If on the other hand #;(t) ¢ F(t,z;(t — ho),...,x;(t — hy)) on a set of positive measure §);
and for infinitely many ¢ then we distinguish two cases:
B1 : &;(t) € int((1 —n)Rn(t)), a.e. t € .

B2 : @(t) € bdry((1 — n)Rn(t)), for ¢ in a set of positive measure Q; C ;.
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Let us examine case Bl: recalling Lemma and the definition of p(.), we have that

dﬁ(t,zi(tfho),.“,a:i(tfhk))(i‘i(t)) = p(t, .rz'(t — ho), S ,xi(t — hk), xz(t)) > 0,

so that every 5 € 9p(t, zi(t — ho),...,xi(t — hg), . )(&;(t)) satisfies |3| = 1, when ¢ € Q.
Therefore by (b2;) it follows that

1
\q()i(t) + ...+ qki(t)\ =1+ 5,

where we use the fact that every a € 0¢(&;(t)) satisfies |a] < 1/2 since ¢(.) is Lipschitz
with Lipschitz constant 1/2. Therefore ||go+. . .+qx| £ (0,1) = 1+1/2 and the nontriviality
condition ||go||zee > 0 is proved by means of Gronwall’s Lemma [5.2.4]

We turn to the last case B2. Take a point e € F(t,z;(t — ho), ..., zi(t — hg)) NroB

whose existence is ensured by (G6**) and fix v = e in (¢;). Then
la0i(t) + -+ qra(D)23(t) — €| > ¢(@i(t)) — i e — @i(t)].

for a.e. t € ;. Notice that when t € Q; the derivative i;(t) € bdry((1 — n)Rn(t))
which makes ¢(z;(t)) = ron/2. Dividing across the inequality by |#;(t) — e|] which satisfies

0 < |#;(t) — e|] < 2N, we obtain

lgoi(t) + ... + qui(t)] >

The right part in the inequality above is greater than 0 for ¢ sufficiently large. Consequently
the estimate |lqo + ... + qxll £ (0,1) > 0 is proved once again and the desired nontriviality
condition follows by Gronwall’s Lemma In all cases the multipliers arising in the
limit are nontrivial.

All assertions of the theorem has been proved except that the Weierstrass condition

is satisfied, a.e., only with respect to e’s satisfying
e € F(t,0)N ((1 —2n)(R(t) N NIB))

Now take n; | 0 and N; — oo. Conclusions (a)-(c) are satisfied with (qo, . .., gk, \) replaced

by some (qo;, - - -, ki, Ai). It is important to note that the Euler Lagrange inclusion (b2),



5.3. FREE TIME PROBLEMS 121

whose right side is evaluated at £ = 0, ensures that the integral bound on the ¢;;(.)’s
is independent of ¢ (by Gronwall’s Lemma). So we may extract subsequences that are
in relevant respects convergent and yield in the limit a multiplier (qo, ..., gk, A) with the

required properties. The Weierstrass condition is now strengthened to allow for
e € F(t,z(t)) N R(t).

The fact that, for each t € [0,1], R(t) is an open set is required to satisfy this analysis.

5.3 A Free End-Time Optimal Control Problem for Re-

tarded Systems

We consider the following optimal control problem, the distinguishing features of which
is the presence of time delays in the dynamic constraint and the fact that the end-time is

included in the decision variables:

Minimize g(x(S), T, z(T))

over intervals [S, T] and arcs z(.) € WHL([S, T]; R") satisfying
(FT)q @(t) € F(t,z(t — ho),...,z(t — hg)), a.e.te[S,T]

z(t) € E(t), a.e.t€[S—hg,»S)

(x(S),T,z(T)) € C.

A feasible arc (z(.),T) comprises a real number 7' > S and an absolutely continuous

function z(.) : [S,T] — R satisfying

&(t) € F(t,z(t — ho),...,x(t — hg)) a.e. t € [S,T] and (x(S5),T,z(T)) € C,

in which z(s), for s < S, is in the space of L* functions and satisfies z(s) € E(s) a.e..

Given a feasible arc (z(.),T) we write

2(t) = (3(t — ho), ..., 5t — hy)) .
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We say that a feasible arc (Z(.),T) is a local minimizer if
9(@(8), T, 2(T)) > g(x(S),T,z(T))
for all feasible arcs (z(.),T") such that, for some e > 0,

d((z(),T); (2(.),T)) < e

where

d((z(),T); (' (), T")) :=

vT’
2 = 2|l oo (s—tos) + 12(S) = 2/(S)] + /0 () — &' ()] dt +|T = T'].

The arc (z(.),T) has the interpretation #(¢) := 0 when ¢t > T.

Define the ‘maximized’ Hamiltonian

H(t,z,p) = max p-v.
( p) UEF(t,z)p

We invoke the following hypotheses in which (Z(.), T) is the arc of interest.
(F1) g(.) is locally Lipschitz and C' C R™ x R x R™ is a closed set.
(F2) Hypothesis (L2). (see page 97).

(F3) F(t,z) is nonempty and closed for all (t,z) € R x R®*#+1)  GrF(t,.) is closed for
each t € R and F is £ x B"*+1) measurable. There exist kp(.) € L*(S,T), 3 > 0
and § > 0 such that for a.e. t € [S,T]

F(t,2 YN (z(t) + NB) C F(t,z) + (k(t) + BN)|z — 2’| B

for all N > 0 and z, 2’ € z(t) + IB.

(F4) There exist cp > 0 and o > 0 such that for a.e. t € [T — o, T + 0]

F(t,z) C cpB,

F(t,2) C F(t,2z) + cplz — 2|B,
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for all 2, 2" € 2(T) + JB.

Theorem 5.3.1. Assume (F1)-(F4) and let (z(.),T) be a local minimizer for (FT) such
that T > S. Then there exist ¢; € WY([S — hy, T);R™), (i =0,...,k), A\ >0 and ( € R
such that

(N) llgollz> + X > 0.

(T) (T1) (qo(S)+...+qx(S), ¢,—q(T)) €

A0 g(z(S),T,z(T)) + Nc(z(S), T, z(T)) .

(T2) qi(t)=0,te [T~ h;,T)], for eachi=1...,k.

(E) (E1) —(q1()X[5—hy,5)(t) + -+ + @k (E)X[S—hy,5) (1) € cONE () (Z(1)), a.e.

t e [S—hk,S]

(E2) (do(t —ho),--.,dk(t —hi)) € 00{77 C(Mqo(t) + .+ ak(t)) €

NGTF(t,,)(z(t),gé(t))}, a.e telST).
(W) For a.e. t €[S, T)

Mt 2(1) qo(t) + - -+ ar(t)) = (q0(t) + - + () - 2(2) -

(A) CG €8s H(t>2(T)aQO(T)) :
t—=T

Proof. Observe that when we freeze the end time T = T problem (FT) reduces to a
standard fixed end-time problem of the type studied in section Conclusions (N) to
(A) are satisfied except that of the existence of the multiplier ¢. Assertions (T1) and
(A) are proved in several stages and by direct perturbation of the end time. To this end
we first consider a smooth cost and C = Cp x R x R™. The removal of this temporary

hypotheses concludes the proof. We adapt techniques developed in [55], Chapter 8.

Step 1. (Free end points and smooth cost): Consider the following special case of
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(FT)

Minimize go(z(S)) + g1(T, (T)) + €ga2(T)

over arcs (z(.),T') satisfying

x(t) € F(t,z(t — hg),...,z(t — hg)), a.e. t €[S, T
x(t) € E(t), a.e. t €[S — hg, S),

z(S5) € Cy .

where g1 is twice continuously differentiable and gg, go are Lipschitz with Lipschitz constant
respectively ko and ko. The hypotheses on the data are (F2)-(F4) and Cy C R™ is a closed
set. Let (Z(.),T) be a local minimizer for this special case. Existence of multipliers \
and ¢o(.),...,qx(.) satisfying conditions (N), (E) and (W) is simply implied by Theorem
freezing the final time T at the optimal time 7" = T. Theorem also implies the

formulae
—qo(T) = AVug1 (T, 2(T)) and qo(S)+...+ak(S) € Ny (2(S)) +Adgo(2(S5)) - (5.3.1)

We consider variation of the optimal arc Z(.) around T backward and forward in time.
Consider the arc (53(‘)|[S—hk,T—a]vT — o) where the notation Z(.)[g_p, 7, represents
the arc Z(.) restricted to the interval [S — hy, T — o]. By optimality we know that

(i‘(.)\[S,hk’T,U],T — o) must have cost not less than (z(.),T), i.e.

g(T —0,2(T — o)) + ega(T — ) > g1 (T, 2(T)) + ega(T) . (5.3.2)

Since g1(.,.) € C? we can apply a Taylor expansion at the point (7,Z(7T)). So there exists

r1 > 0 such that for all o sufficiently small

gl(T — 0,£(T —0)) =
— — — — — — T .
01 (T,5(T)) - Vaogi (T, 5(T))o — Vag(T, #(T)) / F(t) dt + 1102

T—o

By the optimality condition ((5.3.2]) and the fact that —qo(T') = AV ,g(T, Z(T)) we conclude

that

1 / " o) - #(0) dt > AVagr (T, 2(T)) — Ak — Arior

0 JT—o
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Now we invoke hypothesis (F4) to conclude that, for a.e. t € [T — o, T],

z(t) € F(t,z(t)) C F(t,z2(T)) + cplz(t) — 2(T)|B .

Thus
1 /T B _ 1 (T _
L[ H AT e erlaDIE [0 - (D
0 JT—o 0 JT—¢
AVrg1 (T, :f(T)) — Xeky — A\rqo .
which, in the limit, yields
AVrg(T,Z(T)) <lim esssup H(t,2(T),qo(T)) + Aeks. (5.3.3)

a0 T—o<t<T+o

Next, we investigate variations of the optimal arc forward in time. To such end we need to
extend (.) on the interval [T, T + o]. Select a measurable function v(t) : [T, T + o] — R"
such that v(t) € F(t,2(T)) a.e. t € [T, T + o] and

H(t, 2(T), qo(T)) = qo(T) - v(t) . (5.3.4)

We take o < hi. Define the arc y(t) := Z(t) for t < T and y(t) := z(T) + f% v(s) ds for
t € [T, T + o). By Filippov’s Theorem (c.f. [27], Theorem 1) there exists an F-trajectory
x(.) on [T, T + o] such that z(T) = Z(T) and

TJrO' % TJrO'
/ i(t) — v(t)| dt < e H)CF/ ARt y(),2(t—h1),....3(t—hy)) (Y () dt .

Again, by hypothesis (F4), we have that

T—i—a
/T ARt y(t)5(t—ha),...a(t—hy)) V(1)) dt <

T+o B B T+o _
cr / |2(T) — 2(8)] + [2(T) — y(t)] dt < cp / |2(T) — 2(8)] dt + (cpo)? .
T

At this point we carry out an analysis similar to the ‘backward’ case. From the optimality
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of the arc (#(.),T) it follows that

g1(T + 0,2(T + 0)) + €g2(T + 0) > g1 (T, &(T)) + eg2(T).

and by Taylor expansion we obtain

1 T-‘rO’ _
J/ (T - () dt < \Vpgi (T, #(T)) + Ao + Aeky .
T

Because of our choice of v(.) (see (5.3.4)) the following holds true

T4o _ T+o 3 B
/ aol(T) - #(t) dt > / H(t, 2(T), qo(T)) di—
T

T
T—i—a
|qo(T)|e”k+er e, { / |2(T) — z(t)| dt + cF(f?} :
T

The above calculations combine together to give

lim _essinf H(t,2(T),qo(T)) < AVrg(T,z(T)) + Aeks
o0 T—o<t<T+o

which together with (5.3.3)) implies

AVrg(T,z(T)) € tejsTH(t, Z2(T), qo(T)) + AekoB . (5.3.5)

Step 2. (Lipschitz cost): Take a Lipschitz function g(.) with Lipschitz constant kg

and a closed set C C R™ x R and consider the optimization problem

(

Minimize §(z(S), T, z(T))

over arcs (z(.),T) satisfying

x(t) € F(t,z(t — hg),...,z(t — hg)), a.e. t €[S, T]
z(t) € E(t), ae. t €[S — hg, S),

(2(9),T) € C .

\

Once again hypotheses on the data are (F2)-(F4) and we assume that (Z(.),T) is a local
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minimizer for the problem. Set, for each 7 € N,

Ti(To(2),2(.),y()) = §(x(S), 7(8), y(8)) + i (|T = 7(T)* + [«(T) — y(T) ),
and consider the new optimization problem

Minimize J;(T,7(.), z(.),y(.))

over arcs (z(.),T) and (7,y) € R x R" s.t.

(7(t), 2(t),y(t)) € {0} x F(t,z(t — ho),...,z(t — hg)) x {0}, a.e.
z(t) € E(t), a.e. t €[S — hg, S),

(2(8),7(5)) € C,

d((x(.), T); (2(), 1)) + |7 =T+ |y — 2(T)| < 8" .

Minimization is performed over arcs (T, 7(.), z(.),y(.)) € W where W represents the fea-
sible arcs (T, 7(.),z(.),y(.)) satisfying the constraints in (P). 7(.) and y(.) are constants

and we simply write 7 and y. We define a metric on W as follows

™vT'
(7, 2(.),y, Dllw = lzllris-n,.s + 2] + /0 ()| dt + |T| + |7[ + |y| -

The functional J;(.) is continuous on (W, ||.||w) and (W, ||.||w) is a complete metric space.
We claim that the feasible arc (T,T,%(.),#(T)) € W is an e?-minimizer for (P) for some

i

sequence ¢; | 0 as ¢ — 400, one for which Ekeland’s Theorem can be applied, i.e.,

Ji(T,T,z(.),z(T)) < inf  J(T,7,2(.),y) +e .

(T,7,z(.),y)eEW

Indeed, take any arc (T, 7,z(.),y) € W, then

Ji(T,7,2(.),y) > §(x(S), 72(7) — kgla(r) =yl + i (|T = 71> + [a(T) = y) =
9(@(8), T, 2(T)) = kgl (r) = 2(T)| = kgla(T) =yl +i (|T = 7* + |a(T) — y*) =
k(14
43
The claim is proven defining €? := k‘g(lJrC%) /(47). Ekeland’s Theorem furnishes a sequence
(T;, 73, 24(.), ;) such that 7; — T,T; — T,y; — 2(T) and z;(.) — Z(.) in the topology
induced by the metric ||.|[yy, that is W1 in [S,T] and L' in S — hy, S]. Observe that
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a priori z;(.) and Z(.) are defined on two different intervals. The W' convergence is
intended with respect to the extensions of z;(.) and z(.) on the whole interval [S, T; V T
as x;(t) := x;(T;) for any t > T; and viceversa Z(t) := z(T) for any ¢t > T. Furthermore

for each i € N, (T}, 74, x;(.), y;) € VYV minimizes the functional

9(x(S5), 7(5),y(5)) + €l7(S) = 7a(S)| + €ly(S) — vi(S)| + €ilx(F) — i (5)[+
S
i (|7 = (D) +|a(T) — y(T)*) + 61/ |(t) — xi(t)] dt
S—hy

T ;NT
eilT—Ti]—l—ei/S \i(t)—x‘i(t)\dt—i—ei/T @i(t)] dt .

over arcs (T, 7,z(.),y) € W. We are in a situation already studied in step 1. The integral
cost €; fST |z(t) — 23 (t)| dt + € fs‘?_hk |x(t) — x;(t)| dt is eliminated by a standard state

augmentation technique. In particular

S T
/ 2(t) — ai(t)| dt = / et — ) — 2t — )| - (5,50 (8) .
S—hp S

There exist gj; € WH1(S — hj, T3), (j = 0,...,k), ¢; € R, 7, € R" and \; > 0 such that
(recall (9.2.4) and (9.2.5))

(a;) |lqoillzee + |7s| + |Gl + XA = 1.
(bi) q;i(t)=0,t € [T; —h;,T;], for each j =1... k.

(Ci) ((j@i(t — ho), . ,qki(t — hk)) € 00{77 : (n,qoZ-(t) + ...+ qki(t)) S NGrF(t,.) (mz(t —
ho)y - it — hi) #:(8) + {0, .., 0, Ne€rx(s.s.n (D)} % )\ieiIB%}, ae. t €[S, T

(d;) For a.e. t € [S,T;] and all v € F(t,x;(t — ho),...,zi(t — hy))
(qoi(t) + ..+ qri(t)) - v — Nieg|v — i (t)] < (qoi(t) + ... + qri(t)) - (1) -
(ei) —qoi(Ti) = 2i\i(@i(T3) —yi), —G =2iA(m —T0), 1 = qoi(Ts),
(QOi(S) + ...+ Qki(S), CZ',Ti) S )\lc‘)g(azz(S),Tz,yz) + Né(ﬁZ(S),TZ) X {O} + A€ B.

(fi) 2i\(T; — ) € ess H(t, zi(T; — ho), ..., 2i(T5 — hi), qoi(T3)) + Ni€i(1 + cp)B.

t—T;



5.3. FREE TIME PROBLEMS 129

Condition (a;) and (¢;) and Gronwall’s Lemma ensure a uniform bound for
Goi(-)y---,qki(.). Thus, there exist qo(.),...,qx(.), A > 0 and ¢ € R such that
Goi(.) - - -, Gri(.) converge weakly in L' to go(.),...,qdr(.), \i = A and ¢; — ¢ and

(@) llgollpo +A=1.
(b) qj(t)=0,t€ [T —h;,T), foreach j =1..., k.

(c) (qo(t—ho),---,qr(t —hi)) € 00{71 c (o) + -+ @) € Neppg,) (@t —
ho), ..., E(t — hk),i(t))}, ae. telsT).

(d) For a.e. t € [S,T)]

H(t,2(1), qo(t) + - + (1) = (qo(t) + ... + a(D)) - Z(t) -

(€) (90(S) + ...+ a(5), ¢, —ao(T)) € N0g(a(S), T, 2(T)) + Ne(z(S), T) x {0}

() ¢ € essH(t, (D). o).

t—

Step 3. (General end-point constraints): We are ready to prove Theorem in

its full generality. We recall the optimization problem (FT)

Minimize g(x(S), T, z(T))

over intervals [S,T] and arcs z(.) € WHL([S, T]; R") satisfying
(FT){ @(t) € F(t,x(t — hg),...,x(t — hy)) a.e. t € [S,T]

z(t) € E(t) ae. t € [S — hy, S)

(x(S),T,z(T)) € C,

where the feasible arc (z(.),T) is a local minimizer. Introduce a new state trajectory y(.)

governed by y(t) = 0 and take a sequence ¢; | 0 as i — +oo and define

gi(z(S),y(S), T, z(T),y(T)) :=
max {g(z(5), T.y(5)) — g(x(S), T, 2(T)) + €, |y(T) — z(T)|}.
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Observe that g;(z(S),#(T), T, z(T),z(T)) = € and that for any feasible arc (z(.),T') and
Y, gi(z(S),y(S),T,z(T),y(T)) > 0. According to Ekeland’s variational principle there
exists of a sequence (y;,x;(.),T;) (z; — Z in Wt on [S,T] and in L! on [S — hy, 5],
T; — T, y; — z(T)) such that for each i € N, (y;, z;(.), T;) minimizes the functional

S

0@(8).9(8). T.a(T). () + e [ Jalt) =as(o) i

TVT;
wd$—m@N+ﬂw$—%6N+ﬂA #(t) — 24(0)] dt + T — T

over feasible arcs (y,z(.),T). According to step 2 there exist g;; € WH(S — h;, T;),
(j=0,...,k), ¢ € R, r; € R™ and \; > 0 satisfying conditions (a)-(f) of step 2:

(Ai) llqoillLee + [ril + Xi = 1.
(Bi) qji(t) =0,t e [T; — h;,T;], for each j =1... k.

(Ci) (Goi(t = ho),-- -, Gri(t — hi)) € 00{77 2 (mq0i(t) + -+ @ri(t)) € Nerra, (it —
ho), e ,l’i(t — hk),mz(t)) + {(0, ..., 0, Ai@'X[S,S—}-hM (t))} X AieiB}, a.e. t € [S,TZ]

(D;) For a.e. t € [S,T;] and all v € F(t,z;(t — ho),...,zi(t — hg))
(qoi(t) + ...+ qri(t)) - v — Neilv — & ()] < (goi(t) + ... + qri(t)) - (1) .
(E;) We define C := {(z,y,T) : (z,T,y) € C}. Then

(q0i(S) + ... + qri(S), 74, Gy —qoi(T3), —13) €

Ai0gi(z:(S), yi(S), Ti, 2:i(Ti), yi(T)) + N (wi(S), i(S), Ti) x {(0,0)}.

(Fi) G € t(iS%H(t,xz(Ti —ho), -, xi(Ti — hi), qoi(Ti)) + Ai€i(1 + cp)B.

Observe that, for ¢ sufficiently large,

9i(@i(S), 4:i(S), Ti, wi(Ti), yi(T)) > 0
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This implies what follows: say that g(x,y,T) := g(x,T,y) then

0gi(xi(S), yi(S), T, (1), yi(T)) C 7idg(xi(S),vi(S), Ti) x {(0,0)}+
(1 —7){(0,0,0,e,—¢) : |e|] =1}

for some v; € [0,1]. So from (E;) above r; = —qo;(T;) and |r;| =1 — ;. Thus

and Theorem [5.3.1] follows in the limit.

5.4 The Maximum Principle

The results obtained lead naturally to a form of the maximum principle of Pontryagin
(when the dynamic is formulated in terms of a retarded differential equation with control)
by imposing temporary additional hypotheses on the data of the original optimal control
problem. The assertions of the non-smooth maximum principle are deduced from the
necessary conditions for the differential inclusion problem. It can be shown (c.f. [55,
Chapter 6]) that the temporary additional hypotheses can be imposed without loss of
generality, and can therefore be discarded. This is presented in detailed in the next

chapter.
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Chapter 6

Free time optimal control

problems with time delays

Solutions to optimal control problems for retarded system&ﬂ on a fixed time interval,
satisfy a form of the Maximum Principle, in which the co-state equation is an advanced
differential equation. In this chapter we present an extension of this well-known necessary
condition of optimality, to cover situations in which the data is non-smooth, and the final
time is free. The fact that the end-time is a choice variable is accommodated by an extra
transversality condition. A traditional approach to deriving this extra condition is to
reduce the free end-time problem to a fixed end-time problem by a parameterized change
of the time variable. This approach is problematic for time delay problems because it
introduces a parameter dependent time-delay that is not readily amenable to analysis; to
avoid this difficulty we instead base our analysis on direct perturbation of the end-time.
Formulae are derived for the gradient of the minimum cost as a function of the end-time.
It is shown how these formulae can be exploited to construct two-stage algorithms for the
computation of solutions to optimal retarded control problems with free-time, in which a
sequence of fixed time problems are solved by means of Guinn’s transformation, and the
end-time is adjusted according to a rule based on the earlier derived gradient formulae for

the minimum cost function. Numerical examples are presented.

!The material present in this chapter is the subject matter of the publication [9]
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6.1 Literature Review

This chapter concerns optimal control problems involving retarded systems. A notable
feature of the problems considered is that the end-time is a decision variable. Our aim
is to provide necessary conditions of optimality, sensitivity information and numerical

schemes for the solution of such ‘free end-time’ problems.

Within a traditional delay-free context, optimal control problems with free end-time can
be reformulated as standard optimal control problems on a fixed time interval, by means
of a parameterized transformation of the time variable. Optimality conditions for free
end-time problems can be obtained from those fixed end-time problems by applying the
latter to the reformulated problem. Likewise, computational schemes for fixed end-time
problems translate into schemes for free end-time problems, via the transformation. In

this sense, the study of free end-time problems is a footnote to fixed end-time analysis.

For retarded systems, however, reduction of free end-time problems to fixed end-time
problems, for purposes of deriving optimality conditions and of computing minimizers, is
problematic. This is because the time transformation, designed to fix the end-time, gives
rise to a non-standard optimal control problem for retarded systems with state dependent

time-delays, which are difficult to analyse.

In this chapter, we describe an alternative approach to the analysis of free end-time
optimal control problems, which does not depend on a transformation of the time variable.
Instead we use techniques based on direct perturbation of the end-time. The end result
is a modified transversality condition, providing the extra information about the optimal
end-time, expressed in terms of the ‘essential value’ of the maximized Hamiltonian. These
techniques were originally used to derive optimality conditions for delay-free optimal
control problems with measurably time-dependent data [26]. They are used here, for

retarded systems, apparently for the first time.

The implications of the transversality condition for the computation of optimal control
problems are then explored. We shall see that this transversality condition leads to

formulae for the sensitivity of the minimum cost (of the optimal control problem on
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a fixed time interval) to perturbations of the end-time. An algorithm for the solution
of free end-time problems is proposed, in which solutions to optimal control problems
on a sequence of time intervals [0,7;] are computed and the end-times T; are adjusted
according to a gradient descent scheme based on the sensitivity formulae. Numerical
experiments demonstrate the superior performance of algorithms which make use of the
sensitivity formulae, as compared with algorithms based on numerical approximation of

gradients of the final time value function.

The analytic underpinnings of the chapter is a version of the Pontryagin maximum
principle for free end-time optimal control problems involving retarded systems and with
non-smooth data, stated in Section In our formulation, time delays occur only in the
state variables. The time delays are of finite number and of fixed length. The initial state
segment is fixed. We make some comments on the relation of this optimality condition
with those in the extensive literature on optimal control of retarded systems, which
includes the papers [27], [28], [43], [47] and Warga’s monograph [58]. For an early survey,
see [3].

Earlier non-smooth necessary conditions for time delay problems, in which the dy-
namic constraint has the form of a retarded differential inclusion, are due to Clarke et
al. [27], [28]. The optimality conditions of these papers take the form of a Hamiltonian
inclusion. This can be applied to derive a maximum principle for problems in which
dynamic constraint takes the form of delay differential equation, but this has been
shown only in the case that the differential equation depends smoothly on the state
variable. Our necessary condition is derived, by contrast, from a generalization of the
Euler Lagrange condition, and this leads to a maximum principle allowing non-smooth
dependence of the differential equation on the state variable. (We mention that, in
other respects, [28] addresses a more general class of problems than that considered
here, in which the initial state trajectory segment is a choice variable and the delays are
distributed.) Morduckhovich had earlier derived generalization to time delay problems of
the Euler Lagrange condition. But Morduckhovich’s condition is not accompanied by the
Weierstrass condition (as in our result), which is an important supplement to the necessary

conditions, nor are the implications for problems in which the dynamic constraint takes
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the form of a delay differential equation explored. Warga [58] has shown how a wide range
of optimal control problems involving time delays can be fitted to a general optimization
framework, allowing non-smoothness. None of this earlier ‘non-smooth’ literature treats
free end-times, the key feature of the optimal control problems in this study. Necessary
conditions for smooth retarded optimal control problems with free end-time have earlier
been derived by Kharatishvili and Tadumadze [43], in the form of a ‘one-sided’ transver-
sality condition relating to the free end-time. By contrast, we present a full ‘two-sided’
transversality condition. The two sided condition is an essential tool in the derivation

of our sensitivity formulae and in the construction of the proposed computational scheme.

Detailed analysis, including proofs of the optimality conditions and derivation of the sen-

sitivity relations are presented in chapter

Notation: In Euclidean space, the length of a vector z is denoted by |z|, and the closed
unit ball {z ||z| < 1} by B. dp(x) denotes the Euclidean distance of the point z from a
given closed set D, namely min{|z — 2’| |2’ € D}. xp(.) denotes the indicator function of
D, which takes the value 1 on D and 0 on its complement. co F' denotes ‘closed convex
hull’ of a set F C R*¥. WHL([0,T];R") (sometimes written W11) denotes the set of

absolutely continuous R” valued functions on [0, 7).

6.2 A Free End-Time Optimal Control Problem for Re-

tarded Systems

We consider the following optimal control problem, the distinguishing features of which

is the presence of time delays in the dynamic constraint and the fact that the end-time is
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included in the decision variables:

Minimize g(T,z(T))
over intervals [0, 7], measurable functions

u(.) : [0,T] = R™ and arcs x(.) € WH([0, T]; R™)

(D) satisfying
z(t) = f(t,z(t — ho),...,x(t — hg),u(t)), a.e.
u(t) e U(t), ae. te|0,T]
z(t) = ¢(t), te[~hi,0]
(T,z(T)) e C.
Here hy = 0 < h; < ... < hi are given real numbers, g(.) : R x R* — R,

#() : [~hg, 0] = R” and f : R x R?*(+1) 5 R™ — R™ are given functions and C' C R x R

a given set. U(.) : R~ R™ is a given multi-function.

A process (x(.),u(.),T") comprises a real number 7' > 0, an absolutely continuous function

z(.) : [0,T7] — R™ and a measurable function u(.) : [0,7] — R™ satisfying
z(t) = f(t,z(t — ho),...,x(t — hg),u(t)) and wu(t) € U(t) ae.,

in which z(s), for s < 0, has the interpretation x(s) = ¢(s). The first and second
components of processes are called state trajectories and control functions. A process

(x(.),u(.),T) is said to be feasible if (T, z(T)) € C.

A feasible process (Z(.),u(.),T) is a minimizer if it achieves the minimum of g(7T',z(T))

over all admissible processes (z(.), u(.),T).

6.3 A Maximum Principle

We invoke the following hypotheses (in which (Z(.),u(.), T) is the process of interest).

Here, and below, we adhere to the following notational convention: given any state tra-

jectory x(.) on [0,T] we extend it to [—hg,T], imposing the value z(t) = ¢(t) for t < 0,
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where ¢(.) is the specified ‘past history’ function of the state. We write
Z(t) == (Z(t — ho),...,z(t — hy)).

For some ¢ > 0,

(H1) g(.,.) is locally Lipschitz continuous, ¢(.) € L*>(—hy,0) and C is closed. U(.) has

Borel measurable graph.

(H2) f(.,z,.) is £ x B measurable for each z € R"**+1) (£ and B denote, respectively,
the o-algebras of Lebesgue subsets of R and of Borel subsets of R™.) There exists
k(.,.) : [0,T] x R™ — R such that t — k(¢,u(t)) is integrable and

‘f(t7zvu> - f(t7z/7u)’ < k(tv u)‘z - Z,‘

for all z,2’ € zZ(t) + 0B and u € U(t), a.e. t € [0,T].

(H3) There exist ¢y > 0, k¢ > 0 such that
ol <ep and  [f(tzu) — F(t 2 w)| < kyle —

for all z,2' € 2(T) + 6B and u € U(t), a.e. t € [T — 6,T + §].

Define the Hamiltonian

H(t,z = (zo,...,xk),p,u) :=p- f(t,x0,..., Tk, u) .

and write H(t, z,p) = max,cy ) H(t, 2,p, u) (the ‘maximized’ Hamiltonian).

Theorem 6.3.1. Assume (H1)-(H3). Let (Z(.),u(.),T) be a minimizer for (D). Then
there exist p;(.) € WH([=h;, T|;R™), i = 0,...,k, and X > 0 such that (\,po(.)) # 0 and

(i) (a): for a.e. t €[0,T]

— (po(t — ho)y ., pk(t — hg)) € o0 H(t,z(t),po(t) + ... + pr(t),u(t)).

(b): pi(t) =0, fort € [T —h;, T, i=1,..., k.
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(ii) for a.e. t €[0,T],

H(EE0.o0) + .+ pu(8).5(0) = max H(L3(0).p0(8) + .+ palt). )

(iii) for some ¢ € essT’H(t,Z(T),po(T))
t—

(€, —po(T)) € X0g(T,%(T)) + No(T, z(T)).

Sketch of Proof. Full details of the proof of Thm. [6.3.1] are given in chapter We
recall a broad outline of the proof. First necessary conditions are proved for a smooth,
end-point constraint free problem in the calculus of variations with time delays, over a
fixed time interval. The proof hinges on Clarke’s decoupling technique, in which state
trajectories are replaced by augmented control functions. Ekeland’s theorem and inf-
convolutions are employed to allow for a non-smooth cost. Exact penalty techniques
from [40] are then used to prove necessary conditions for problems in which the dynamic
constraint takes the form of a differential inclusion, in the form of a generalized Euler
Lagrange condition, Weierstrass condition and transversality condition. The necessary
conditions are generalized to allow for free end-times, by means of analysis based on direct
perturbation of the end-time. Imposing temporary additional hypotheses on the data
of the original optimal control problem (formulated in terms of a retarded differential
equation with control), we interpret this problem as a special case of the differential
inclusion problem. The assertions of the non-smooth maximum principle are deduced
from the necessary conditions for the differential inclusion problem. It is finally shown
that the temporary additional hypotheses can be imposed without loss of generality, and

can therefore be discarded.
Od

In the case when the cost function and also the functions defining the dynamic constraints
are C! functions w.r.t. the state and ‘delayed state’ variables, the Maximum Principle
takes a simpler form, expressed no longer in terms of the collection of functions p;(.),

i=1,...,k, but a single costate function p(.) satisfying an advanced differential equation.
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p(.) is related to the p;(.)’s according to

k

p(t) = sz-(t) for t € [0,77] .
=0

Corollary 6.3.1. Let (z(.),u(.),T) be a minimizer for (D). Assume, in addition to (H1)-
(H3), that

(Hj): z — f(t,z,u(t)) is C' near z(t) a.e., the multifunction t — f(t,2(t),U(t)) is con-
tinuous at T and g(.,.) is C* near (T,Z(T)).

(a): Smooth Free-time Maximum Principle. There exist p(.) € W1([0,T]; R") and
A >0 such that (A, p(.)) # (0,0) and

k
(i) =p(t) = Xjo 7 (Ot + hi) Vi, f (£ + i, Z(t + ha), Ut + ha)), a.e. t € [0,T).
=0

(i) H(t,z(t),p(t),u(t)) = ulggé)H(t,Z(t),p(t),u) a.e..

(iti) (H(T, 2(T),p(T)), ~p(T)) = A\Vg(T,&(T)) +n, for some n € No(T,&(T)).

(b): Smooth Fixed-time Maximum Principle. If, further, C = {T'} x C (for some
fized T and C C R™), then there exist p(.) € Wh' and X > 0, (p(.),\) # 0, satisfying
conditions (i)-(ii) above and, in place of (iii), the condition

(iii’): —p(T) = AVa4g(T,z(T)) +n, for somen e Na(z(T)).

6.4 Sensitivity Relations
Denote by (D7) the ‘fixed end-time’ case of (D), in which
C = {T} x C for some C' C R" and g(.,.) is C. (6.4.1)

Now T'(> 0) is interpreted as a parameter in the fixed end-time problem.

We provide formulae governing changes in minimum cost when the end-time varies. These

formulae will be used later to construct algorithms for solving the free end-time problem
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via a sequence of simpler, fixed end-time problems. Define the end-time value function

V(.) to be the extended valued function on (0, c0):
V(T) = inf{g(T,z(T)) |(x(.),u(.),T) is an admissible process for Dr}.

The following proposition relates Clarke subgradients codV (T) and multipliers in the

Maximum Principle:

Proposition 6.4.1. Take T > 0 and consider the T-parameterized family of fixed time
problems (D) defined by (D) under assumption in (6.4.1)). Assume hypotheses (H1)-(H3).
Let (z(.),u(.),T) be a minimizer for (Dg). Assume that

(R): V{(.) is Lipschitz continuous on a neighborhood of T .

Then there exist p;(.) € WY ([—hy, T);R™), i = 0,...,k and X > 0, (po(.),\) # 0,
satisfying conditions (i) and (ii) of Thm. as well as the condition

(iii’) (a): —po(T) = AVag(T,Z(T)) + &, for some & € Na(2(T)).

(b): ess H(t,Z2(T),po(T)) N X (Vrg(T,z(T)) — codV(T)) # 0.

t—T

Sketch of Proof. Consider the free-time problem, in which the cost g(7, z(7T)) is replaced
by the cost §(T,x(T)) = g(T,z(T)) — V(T). If (z(.),u(.),T) is a minimizer for (D7) then

g(Twi.(T)) = g(T’@<T)) - V(T) =0.

On the other hand, for any 7" and any feasible process (x(.), u(.),T") we have, by definition
of V(.)
9(T,(T)) = g(T,2(T)) = V(T) = 0.

The preceding relations imply that (Z(.),@(.),T) is a minimizer for a modified, free end-
time problem, in which g¢(.,.) is replaced by g(.,.). The sensitivity relation results from

applying the Thm. to the modified problem. ]

Conditions (i), (i¢) and (4ii’)(a) are simply the standard conditions on the ‘multipliers’
(p(.),A), in the form of the adjoint inclusion, Weierstrass condition and transversality

condition, for the fixed end-time problem (D). Interest focuses on the sensitivity relation
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(#4:")(b), which links subgradients of the final time value function and these multipliers.
The significance of the relation becomes clearer when we specialize to the smooth case;

here we obtain an explicit formula for the gradient of V'(.):

Corollary 6.4.2. Take (%(.),u(.),T) to be a minimizer for (Dy). Assume (H1)-(H4).
Let p(.) € W satisfying conditions (i), (i) and (iii’) of Cor. with A = 1. We
assume further that
(R'): V(.) is C' on a neighbourhood of T.
Then

VrV(T) = Vryg(T,z(T)) = H(T, 2(T),p(T)) -

6.5 Computation of Minimizers

We propose a methodology for the computation of minimizers for the free end-time problem
(D). In the absence of time delays, there is a simple procedure for adapting algorithms for
the solution of fixed end-time problems with parameters (i.e. constant state components)
to applications in which the end-time is free. This is based on a parameterized scaling
of time, which has the effect of replacing the original free time interval [0, 7] by a fixed
time interval while introducing an extra scalar parameter into the problem specification.
This approach is problematic when time delays are present, because the scaling affects the
length of the time delays. The approach of this paper avoids this difficulty. It is based
instead on computing the solution at each stage of a sequence of fixed end-time, delay
free problems, and adjusting the end-times according to a rule based on the preceding

sensitivity relations.
We assume that the delays are commensurate. This means

(CD): There exist A > 0 and integers ng = 0 < ... < ng such that
hk:AXnk, fOI‘iZO,...,kJ.

Fix T > 0. A classical construction, attributed to Guinn [38], permits the replacement
of the fixed end-time problem Ds of Section by an equivalent delay free problem
on the interval [0, A]. The construction involves wrapping state trajectories and control

functions on the full interval [0, T] onto the subinterval [0, A]. The fact that the left end-
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point value of a wrapped state component must coincide with the right end-point value of
the preceding wrapped state component merely contributes extra endpoint constraints of

a standard nature. The resulting state dimension is N x n, where
N = min{N'|N' x A>T} .

By setting the dynamics for the last wrapped state component to zero over an appropriate
subinterval of [0, A] we can adapt the method to cover situations in which T is not an
integer multiple of A. Guinn’s construction has been exploited computationally in [?].

The following procedure is based on the availability of optimal control code to compute

the solution to a fixed end-time optimal control problem and to generate adjoint variables.

Procedure: Select an end-time Ty. Fix a parameter o« > 0. Construct end-times Tj,
i =1,2,... recursively as follows. Given T;

Step 1. Reformulate (Dr;) as a delay free problem (Guinn’s construction).

Step 2. Compute the solution to the reformulated problem and store the optimal process
(2%(.),u?(.), T;) and terminal value of the adjoint arc p*(7;).

Step 3. Compute the sensitivity of the end-time value function

vi = Vrg(T;,2'(T;))—

T - f(Th, 24Ty — ho), ..., 2 (T, — hy),
ug%%)p( ) - f(T, 2 ( 0) ' ( k) )

Step 4. Set Ty, = T; — ary; .

6.6 Numerical Examples

The procedure described in Section has been applied to two examples of free time
optimal control problems with time delay. In each case an optimal control solver was
applied to the fixed end-time optimal control problem on a sequence of intervals [0, T;], for
i =1,2,... following, in each case, elimination of the time delays by the Guinn transfor-
mation. Calculations were performed with the nonlinear optimization code IPOPT [57]

imported into the toolbox ICLOCS [60]. The sequence of end-times {7;} was generated
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using two ways for estimating the gradient of the value function V(.) at the final time:
firstly by exploiting the sensitivity formulae as in step 3 of the procedure described in

Section and, secondly, by finite difference approximations.

6.6.1 Linear Dynamics

The first example is the optimization problem

Minimize [ (z(t)? + u(t)?)dt + 0.1
over T'> 0, z(.) and u(.) satisfying
(1) = 2(t) + 0.82(t — 1) + 0.9u(t)
z(t) =1, te[-r0]

2(T) =0

where r = 0.15. z(.) and u(.) take scalar values. This takes the form of problem (D)
following state augmentation. The step size adopted in the gradient descent method is
a = 0.21, while the adopted stopping criteria are the maximum number of iterations
imaz = 150 and |V V(T;)| < e = 2.4 - 1075,

The end-time value function V' (.) was computed by direct evaluation of the minimum cost
for fixed end-times in a grid and interpolation, in order to gain insights into the perfor-
mance of the gradient descent algorithm. The value function V (.) has one global minimum.
Fig. 1. illustrates how, for various starting times, the steepest descent algorithm based
on sensitivity calculations successfully sought out the minimum time Topt = 1.446, giving
the minimum cost V(Typt) = 5.37 and the initial and final value of the adjoint variable
p(0) = 9.46 and p(T") = 0.79 respectively.

In further experiments, numerical evaluation

V(L) = V(Ti = h)
h

VoV(T;) = (6.6.1)

(typical value h = 2.4 - 107%) provided unreliable approximation of gradients of the value
function, often leading to increments of the end-time of incorrect sign and to divergent

behavior.
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Figure 6.1: End-time value function and performance of algorithm based on sensitivity
formulae, for various starting times: T = 0.5(0), Ty = 3.5(<).
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6.6.2 Control of a renewable resource

The second example involves optimal harvesting of a resource, when the growth of the
resource is governed by a logistic model mediated by the control action. Such models were

considered in [45] and used for optimization studies in [28,30] and elsewhere.

.

Minimize f(;[ e P CRz(t) " tu(t)® — pu(t)) dt +0.1T?
over T'> 0 and x(.), u(.)satisfying
(1) = ax(t) (1 - %) — ()

z(t) =2, te[-r0]

The state variable z(t) and the input wu(t) are, respectively, the biomass population and
the harvesting effort. The parameters are the harvesting cost Cr = 0.2, growth rates
a = 3 and b = 5, discount rate § = 0.05 and market price p = 2. r = 0.5. Fig. 2 shows
the operation of the gradient descent procedure (based on the sensitivity formulae) with
parameter o = 0.2 and stopping criteria i,,q, = 100 (maximum number of iterations) and
VTV (T;)| < € = 1073, Rapid convergence to the global minimizer was observed for a vari-
ety of starting times. Further experiments demonstrated that, often, numerical evaluation
of the gradients was too inaccurate for implementation of a reliable computational scheme.
The minimum time, optimal cost, terminal value of the state variable and initial value of
the adjoint variable were found to be Toypg = 12.24, V(Topg) = —26.146, x(T) = 3.439,
p(0) = —0.814 The optimal control and state are shown in figures
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Part 11

Model Predictive Control
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Chapter 7

Overview of Model Predictive

Control

Model Predictive Control (MPC), also termed receding horizon control, is an approach to
control system design based on solving, at each control update time, an optimal control
problem. In this thesis we consider applications of MPC to stability problems, where the

aim is to steer a given system towards an equilibrium point.

7.1 Stability of Discrete Time Systems

In this first chapter we introduce the key concepts that will be required to describe prop-
erties of MPC schemes. Basic tools classically used to derive stability results are also

provided.

K, Ko and KL functions

We define the following classes of comparison functions:

K = {p:Ry — Ry | pis continuous, p(0) = 0 and is strictly increasing}
K = {p:Ry — Ry |peK and is unbounded}
KL = {B:Ry xRy — Ry | Bis continuous, Vr > 0 limy_,o, (r,t) = 0 and

vt >0 B(-1) € Koo}

In the definitions above we use the notation Ry to denote the positive real numbers.

Sometimes we write R>q in place of Ry. To familiarize ourselves with these classes of
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functions let us give some examples: consider the function a(r) = tan=!r. We can easily
check that a € K. However a ¢ K, since lim,_,o, a(r) = 7/2 < +o0o. Examples of K
functions are a(r) = r¥, for k > 0 while B(r,t) = r¥e™t, to vary k > 0 are examples of KL

functions.

We shall use concepts of asymptotic stability based on these comparison functions. We

also recall some classical results due to Lyapunov.

Equilibrium Points, Asymptotic Stability, Lyapunov Functions

Let us consider the following discrete time system

where g : R — R" is a given function and xp € R" represents the initial state of the
system. The notation z* denotes the successor state in the evolution of the system. Thus
z(k+1) :=g(z(k)), k=0,1,2,.... When we want to make explicit the dependence from
the initial condition we write x(k;xz¢), k > 0, for a solution of the system satisfying the

initial condition z(0;z¢) = xo.

A point z* € R" is said to be an equilibrium point for the system x+ = g(z) if z* = g(a*).
As a generalization of this concept, we say that a set Y C R"” is forward invariant if the
evolution of the system remains in Y whenever it reaches Y, i.e. g(x) € Y is verified for all

x €Y. If * is an equilibrium point then the set {z*} is, in particular, forward invariant.

Definition 7.1.1 (Asymptotic Stability). Let x* be an equilibrium for the system x* =
g(z). We say that x* is asymptotically stable on a forward invariant set' Y, containing x*,

if there exists a ICL function B such that the inequality
|z (k; z0) — 2*| < B(|zo — 27|, k)

1s satisfied for all xg € Y and k € NOP_-] We refer to B as the attraction rate.

N represents the natural numbers. To avoid confusion with different notation in the literature Ny :=
NuU {0}.
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The two main ingredients expressed by Definition are the following:

Attraction: for all zg € Y

lim x(k;xg) = x*.
k—o00

Stability: For all ¢ > 0 there exists § > 0 such that

Veg € B(z*;0)NY = |z(k;z0) — 2% <e.

These properties follow directly from the fact that g € L. Sometimes, with an abuse of
notation, we will refer to a system (in place of a point) satisfying Definition as an

asymptotically stable system. The definition of Lyapunov function is given as follows.

Definition 7.1.2 (Lyapunov Function). Consider a system xt = g(z), an equilibrium
x* of such system and a forward invariant set Y. A function V 'Y — Ry is called a

Lyapunov function for x+ = g(z) and z* if the following conditions are satisfied:

(i) there exist oy, s € Koo such that
ar(|z —a%) < V(z) < az(|z — 27)
forallx €Y and
(ii) there exists ay € K such that
Vig(z)) < V(x) — av(jz —z™)

forallz €Y.

Theorem 7.1.3 (Lyapunov). If V is a Lyapunov function on'Y for the system z™ = g(x)

and the equilibrium x*, then x* is asymptotically stable on Y .

Proof. A proof of this result can be found for example in [36, Chapter 2]. O

Control Systems

In practical applications dynamical systems are not always asymptotically stable. In

these situations we may wish to perturb the system through external factors so to achieve
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asymptotic stability. This is done by means of control variables that are inserted in the
(discrete) differential equation. The choice of such control parameters changes the behavior

of the system. This leads to the following dynamical model:

7 = f(z,u) (7.1.1)

where f : R” x R™ — R" is a map which determines the successor state 27 in dependence
of the current state x € R™ and the control input u € R™. The state trajectory
emanating from initial state ¢ and generated by the control sequence u = (u(k))ken,
is denoted by z,(k;xo), k € Ny. Here, the trajectory z,(-) is defined iteratively by
zu(k + 1;20) = f(au(k;z0), u(k)) and x,,(0, z¢) = xo.

Before extending the concept of asymptotic stability to this framework let us first introduce
some notation. First of all the state of the system z and the control u may be subject to

constraints. We formulate constraints on admissible z and u as following

(z,u) €€, (7.1.2)

for some set &€ C R™ x R™. This may equivalently be written as

reX and wueU(x)

where the space of admissible states X is defined by

X :=projga(€) ={zx € R": Ju € R" s.t. (z,u) € £}. (7.1.3)

and, for a given admissible state x € X, the control constraints are defined by

Uz) :={ueR": (z,u) € £}.

We will use both the notation (z,u) € £ and x € X,u € U(x), depending on our conve-

nience.

Definition 7.1.4 (Admissible control sequence). A sequence of control values u =
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(u(0),u(1),...,u(N—=1)) is called admissible for o € X and N € NU{oo} if the conditions
f(zu(k;z0),u(k)) € X and u(k) € U(zy(k;x0))

hold for all k € {0,1,...,N — 1}. The set of all admissible control sequences of length
N € NU {oo} is denoted by U™ (x0).

Definition 7.1.5 (Equilibrium, Asymptotic Stability, Basin of Attraction). We say that
a point z* € X is a (controlled) equilibrium, if there exists a control u* € U(x*) such
that f(z*,u*) = x*. The equilibrium x* is said to be asymptotically stable if there exist a
feedback law p : R™ — R™ and a set S C X such that ¥ is asymptotically stable for the
resulting closed loop system x+ = f(z, u(x)) = g(x) on the set S. This means that for any

initial state xg € S the closed loop trajectory x,(k;xo), k € No, generated by

zu(k+ 1;20) = f(zu(k;xo), p(xu(k; o)),  xu(0520) = xo, (7.1.4)

remains feasible, i.e., (x,(k;x0), u(z,(k;z0))) € € holds for all k € Ny, and satisfies the

estimate

|z, (k;z0) — | < B(|lwo — 2], k), keN

for some ICL-function 5. We refer to the set S as the basin of attraction of the asymptot-

ically stable equilibrium z*.

7.2 The MPC Algorithm

All the ingredients necessary to define the MPC algorithm have been introduced. MPC
provides a procedure to compute the feedback values p(z) that will eventually stabilize the
system. The idea is as follows. We first find an open loop control u that steers the system
towards the controlled equilibrium (z*,u*). This is achieved by minimizing the ‘distance’
of the trajectories of the system from the equilibrium. In this respect then we choose the
‘best’ control u that moves the system towards the equilibrium. We then use knowledge of

open loop controls to construct a feedback control. Let us clarify this procedure. Define
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running costs £ : R” x R™ — Rxq satisfying ¢(z*,u*) = 0 and

(e —2*) < (x) = inf L(x,u) <7z — 2™ VeeX (7.2.1)
- uell(x)
for two Koo-functions 7, 7. The corresponding cost function Jy : R™ x (R™)N — R>q and
optimal value function Vi : R" — R>o U {+00} are given by

N—

= Uy (ks ), u(k and Vy(x):= inf J(z,u
> () V@)= inf ()

,_A

for N € NU {oo}, 2 € X and u € U™ (x) with the convention Vy(z) = +oo if x ¢ X or
UN (z) = . Fixing a finite prediction horizon (or optimization horizon) N, the MPC loop

is defined as follows:

Algorithm 1. (Basic MPC algorithm for a system (f,&), a controlled equilibrium

(z*,u*) € €, and an horizon N € N.) Define z,,, (0;z¢) := o, k := 0,
1. Set z = x,, (k;z0), solve the optimal control problem
Minimize Jy (z,u) = S0 o Uz (k; ), u(k))
over u € UN(z) such that
xy(k+ Lx) = f(zy(k;2),u(k) k=0,...,N—1 and x,(0;z) ==z
and denote a respective minimizing control sequenc by u(.) € UN ().
2. Define the MPC feedback value by pn(x) := @(0).

3. Compute z,, (k+ 1;z0) by (7.1.4) with p = pp, set k:=k+ 1 and go to 1.

This iteration yields a closed loop trajectory for the implicitly defined MPC feedback law
Uy X = R™,

A Variant of the Basic MPC Algorithm

It is common to find in the literature variations of the basic MPC algorithm that may

improve, in particular cases, the performance of the scheme. A popular one is to add

*Whenever U™ () # 0, existence of a minimizer @(.) € U™ () satisfying Jn(z,%) = Vi (z) is assumed
in order to avoid technical difficulties. Standard assumptions on the data of the system can be given to
ensure this, see [36].
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terminal constraints and/or terminal costs in the optimal control problem to be solved at

each control update time.

Algorithm 2. (Extended MPC algorithm for a system (f, &), a controlled equilibrium

(x*,u*) € €, and an horizon N € N.) Define x,, (0;20) := o, k := 0,

1. Set x =z, (k; ), solve the optimal control problem

Minimize Jy(x,u) = Ziv;(} Uxy (ks ), u(k)) + F(zy(N;z))

over u € UN (z) such that 2+ = f(z,u) and z,(N;z) € Xo
and denote a respective minimizing control sequence by @(.) € UN (z).
2. Define the MPC feedback value by uy(z) := u(0).

3. Compute z,,, (k+ 1;2¢) by (7.1.4) with u = py, set k := k+ 1 and go to 1.

Here Xy C X is a given subset and it is referred to as terminal constraint while F': X — R

is a given function and it is referred to as terminal cost.

Definition 7.2.1. Let Xog C X be a terminal constraint for the MPC algorithm. The
feasible set for horizon N € N is defined by

Fy = {zo € X : Ju(.) € UN (20) with x,(N;x0) € Xo}.
The set of admissible control sequences is now defined by
Uy, (z) = {u(.) e UM (z) : 24(N;z) € Xo}-

Remark 7.2.2. Observe that the costs £(.) and the horizon N, as well as, the constraint
set &, the terminal costs F(.) and the terminal constraint Xo, are all design parameters

that are chosen according to performance specifications.

Recursive Feasibility

Before proceeding let us also generalize the concept of forward invariance. Observe, at the

outset, that when the terminal constraint is absent from the formulation, that is Xy = X,



158 CHAPTER 7. OVERVIEW OF MODEL PREDICTIVE CONTROL

then the feasible set for a horizon length N € NU {oo} is simply defined by
Fn = {z € X :UN(x) # 0}. (7.2.2)

The set Foo is also called wviability kernel. Foo is the largest set where the MPC feedback
can be defined.

Definition 7.2.3. A set C C X is said to be (controlled) forward invariant or viable if,

for each x € C, there exists u € U(x) such that f(x,u) € C holds.

Observe that every forward invariant set C C X satisfies the inclusion C C F, and
that the set of admissible states X is, in general, much larger than the viability kernel
Fs. Methods which can be used in order to compute invariant sets can be found in [8].
Construction of viable set is an important topic in MPC. In order to avoid that the MPC
loop becomes infeasible we should always carefully choose a viable set C C S where the

MPC feedback law can be defined.

Definition 7.2.4. A set C is said to be recursively feasible if it is forward invariant with
respect to the MPC feedback law py, that is un(z) € U(z) and f(z,un(z)) € C for all

zel.

7.3 The Dynamic Programming Principle

In this section we recall a standard result in optimal control theory that will be of particular
relevance for our analysis. We state the result for an optimal control problem of the

following form

Minimize Jy(xo, )
(OC) < over control sequences u € LI;(VO (o) such that

xt = f(z,u) and z(0) = xo.

Notice that we choose the notation L{é(vo to denote the admissible control sequences. The

case of Algorithm 1 is covered by choosing Xy = R™.

Theorem 7.3.1 (The Dynamic Programming Principle). Consider the optimal control

problem (OC') and assume that the initial condition is such that Z/{é(vo (xo) # 0. Then for
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all N e NU{+oo} and M =1,...,N we have that

M-1
V(wo) = inf o) { > Uwa(k; wo), u(k)) + VN—M(fcu(M;:vo))} : (7.3.1)
FN—m O k=0

If, in addition, an optimal control sequence u(.) € UN (zq) for (OC) exists, then the inf in
(7.3.1) is a min and

M-—1
Vn(zo) = Uza(k;xo),u(k)) + VN (xa(M; xg)).
k=0

For M =1 we obtain the following equality

Vn(z0) = L(z0, N (20)) + VN—1(f (0, n (20)))-

Proof. See, e.g., [36]. O

7.4 Stability of MPC Schemes: Classical Theory

Infinite Horizon Optimal Control

Consider the basic MPC algorithm with horizon N = +4o00. Now in general the value
function V., associated to the infinite horizon optimal control problem is not bounded.
But let us assume, for the moment, that we could find a recursively feasible set & C X,

for the infinite horizon MPC feedback law (o, such that the following holds
ar(jJz — %) < Veo(x) < 2|z — 2*|) Ve € S (7.4.1)

for some K, functions a1 and as. Now, since by the Dynamic programming principle we

have that
Voo (2) = (2, p1oo (7)) + Voo (f (7, oo (2))) V2 € S,

and since running costs £(.) have been designed to satisfy Condition we have that
Vo provides a Lyapunov function for the closed loop system z+ = f(z, oo()), and the

desired stability results follow from Theorem [7.1.3]
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Relaxed Dynamic Programming

The last result shows that the infinite horizon optimal control may be used to derive a
stabilizing feedback control . Unfortunately, a direct solution of infinite horizon optimal
control problems is in general impossible, both analytically and numerically. This is why
we consider the optimal control problem on a finite horizon N, that can be solved at
least numerically. Of course now we may loose stability, feasibility, and optimality, see,
e.g., [51]. The challenge is to see whether we may impose particular conditions on the

data in order to maintain the nice properties given by the infinite horizon problem.

For a finite N € N, Theorem [7.3.1] yields the equality

V() = U(zo, pn (2)) + Vva (f (2, pn (2)))-

The problem of finding a Lyapunov function, in principle, would be solved if we could
prove that Vy(x) < Viy_1(z). However this is not in general verified. A technique often
used in the literature (see for example [36]), to promote the N-horizon optimal value
function Vjy to a Lyapunov function consists in imposing reasonable assumptions on the

data that guarantee the validity of a relaxed dynamic programming principle, i.e.,

V(o) = al(zo, pn (o)) + Vi (f (20, pv(0))), (7.4.2)

for some a € (0, 1] and for all z( in a certain viable set S.

Theorem 7.4.1 (Suboptimality ). Suppose that the value function Vi for horizon N € N
satisfies the relazed dynamic programming principle for a certain « € (0,1] on a set S C X.

Then the suboptimality estimate

Joo(@, pn) < Vi ()/ax

holds for all x € S.

Proof. Details of the proof are given in [36]. O
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Stability and Suboptimality using Stabilizing Constraints

A first attempt to ensure asymptotic stability and feasibility of the MPC scheme, for a
certain finite horizon N, was to incorporate suitable terminal constraints and costs in the

optimal control problem to be solved in each MPC step, as in Algorithm 2.

Theorem 7.4.2. Consider the MPC algorithm with terminal constraints (Xo, F) and

optimization horizon N. Assume that

(i) Xo is viable, i.e.
Ve € Xo Juy € U(z) : f(z,uz) € Xo

(ii) and that the same control u, (for all x € Xo) satisfies

F(f(a,u0)) + U, us) < Fla).

Assume also that
ar(le —z¥]) < Vn(z) < aa(|lz—2*]) and Ll(z,u) > az(jlz —2%|) Ve e X

for some a1, a2, a3 € Koo. Then the MPC closed loop system x+ = f(z, un(x)) with MPC
feedback law pn is asymptotically stable on Fu. In this framework the relaxed dynamic

programming principle is satisfied with o = 1.

Idea of the proof. For every point xg € Fy_1 by definition there exists an admissible
sequence uy_1(.) € Uﬁ}fofl(:co) such that © = z,,_, (N — 1;20) € Xo. The hypotheses on

the data implies that

(i) every control sequence un_1(.) € L{é(vo_l(xo) can be extended to a sequence uy(.) €

Ug(vo (xo). Precisely

Uy k=N-—1.
(ii) Such extension reduces the cost and it can be proved that

Vi (zo) < Vv—1(20).
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Therefore Vi is a Lyapunov function on the recursively feasible set Fy. O

Unfortunately, the construction of such stabilizing constraints may be challenging
and their use may considerably reduce the operating range of the MPC scheme, cf. [36,

Chapter 8] or [46] for a detailed discussion.

Stability and Suboptimality without Stabilizing Constraints

We would like then to analyze the MPC scheme without additional terminal constraints
or costs. There is a vast literature concerning the study of MPC schemes without terminal
constraints. We refer the reader to [33,34,36,37,41,54,59] and the reference therein. In this
framework there are essentially two main approaches to ensure asymptotic stability and
feasibility of the MPC algorithm. The first method assume the existence, for every point
x € X of an open loop control that steers the system sufficiently fast to the equilibrium.

This hypothesis is known as controllability assumption and it states the following:

Assumption 7.4.3. There exists v > 0 such that the inequality
Vn(z) <v-0(x),  VaelFn,

holds for all N > 2. Here £*(x) := inf,cp(p) £(z, u).

Remark 7.4.4. (i) The name controllability condition stems from the fact that the in-
equality Voo (xz) < C requires the system to be controllable to x* sufficiently fast, since
otherwise implies Voo () = +00. For the particular form of the bound ~ assumed
above, for instance the exponential controllability assumption w.r.t. £ used in [36, Chapter
6] would be sufficient.

(ii) These inequalities could be replaced by inequalities in which ~ depends on N,
thus allowing for less conservative estimates, cf. [59]. However, in order to keep the

presentation simple, in this thesis we will work with the assumption on a single 7.
Under Assumption the following result holds (see e.g. [35]).

Theorem 7.4.5. Let Assumption[7.4.3 and Condition (7.2.1)) be satisfied. Then for each
compact set K C Fu there exists N € N such that for each N > Ny, the MPC algorithm

s recursively feasible on a set S O K and the value function for optimization horizon N
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satisfies

Vn(f (@, pn(x)) < Vi(z) — bz, pn(2))

for some o € (0,1] and all x € S. Therefore Vy is a Lyapunov function on S which in

turn gives the desired asymptotic stability result.

Observe that this Theorem in combination with Theorem [7.4.1] gives also the sub-
optimality estimate

AV (x) < Vy(x) < Vao(x)

for all z € S. There are several techniques present in the literature to estimate the sub-
optimality rate az and the horizon Ny necessary to stabilize the system. We refer to [35]

for details.

A different approach to obtain stability, feasibility and sub-optimality of the MPC scheme,
was introduced by Kerrigan in [42, Chapter 5]. This method requires the assumption that

the family of feasible sets {Fn}nen is stationary.
Assumption 7.4.6. There exists Ng € N such that Fn, = Fny+1-

Note that if Assamption is satisfied, then Fpy, = F and, in particular, F
is recursively feasible for the MPC feedback law jix;,. Theorem is still satisfied, with
appropriate modifications (S = Foo and N = Ny), if Assumption is replaced by
Assumption

7.5 Stability of MPC Schemes: Recent Developments

The classical theory is somewhat restrictive, regarding the severity of the hypotheses that
need to be imposed on the terminal cost or on the growth of the infinite horizon optimal
value function. Recent Research in MPC has been directed at weakening these hypotheses.

As we shall show in the next chapter, the conditions on the terminal cost or on the
value of the cost, can be replaced by a weak controllability condition. This condition is
expressed in terms of properties of the value function. It can be verified directly in simple
cases, and the assumption that it is satisfied for a large class of control systems would

appear to be a reasonable one.
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Traditionally, the problems of establishing global and local stability of MPC
schemes have been treated separately. It has also been common to consider first the
case of linear systems, and then consider nonlinear systems. In recent work in MPC, the
cases are all treated together. As we shall see in the next chapter, stability properties can
be established for general nonlinear control systems under a weak controllability condition,

which can be expressed both in terms of local and global stability.

7.6 Robustness

In practical applications we seldom have perfect information of the dynamic of the system.
Moreover, the measurement of the state of the system at each control update time (step 1
of the MPC algorithm) may be imprecise. In such situations we would like the asymptotic
stability of the MPC closed loop to be robust (See Definition with respect to mea-
surement errors, mismatches between the dynamical formulation and the real behavior of
the system, and additive disturbances. Indeed, the MPC algorithm has been constructed
to produce a feedback controller, and the very reason to design a feedback controller is to

cope with uncertainties.

Let us consider a generic feedback law p : R” — R™ and an equilibrium z* of the closed
loop 7 = f(x, pu(x)). Let us also assume that z* be asymptotically stable (for the feedback
w) with basin attraction S C X. To take account of measurement errors, mismatches of the
formulation, and additive disturbances we include parameters e and d in the formulation
of the problem, i.e.,

vt = f(z,ulx +e)) +d. (7.6.1)

Given an initial state xg € X, and sequences e = (eg,...,¢e;) and d = (dy, . ..,d;) we use
the notation xﬁd(k; xo) to indicate a solution of (|7.6.1) with respect to the sequences e
and d, i.e.,

i (k + Li20) = f(ag! (ks zo), plafy! (ks o) + e(k))) + d(k)

for k=0,1,...,0— 1.

Definition 7.6.1. The equilibrium x*, of the closed loop x* = f(x,u(x)), is said to be
robustly asymptotically stable on int{S}, if there exists a class-KL function B such that for
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each € > 0 and each compact set C C int{S} there exists 6 > 0 such that for all sequences

e=(ep,...,e—1) and d = (dy,...,d;_1), satisfying
(1) max{|eo|,...,|ei—1],|dol, ..., |d—1]} < ¢
(i1) xzd(k;x) €C forall k={0,1,...,1},
we have \xzd(k‘,xﬂ < B(|x|, k) + €, for all k ={0,1,...,1}.
The following result can be found in [32].

Proposition 7.6.2. If there exists a Lyapunov function V(.), for x* = f(x,u(z)) and
x*, defined on S that is continuous on int{S}, then the equilibrium x* of the closed loop

xt = f(z,u(x)) is robustly asymptotically stable on int{S}.

In this thesis we will discuss about robust stability only marginally. In Chapter
O for example, we will study continuity properties of the value function, which, under
suitable assumptions, as we have seen in the previous section, represents a Lyapunov
function for the MPC loop. Yet we will not directly consider systems of the type .
Nevertheless, there are several important reasons to consider the idealized and less real-
istic disturbances-free case: first of all the satisfactory behavior of the MPC closed loop
(without disturbances) is a natural necessary condition for the correct functioning of our
controller. Indeed, if we cannot ensure proper functioning of the controller in the ab-
sence of disturbances we can hardly expect it to work in real applications. Second, the
assumption that our model represent an exact prediction, greatly simplifies the analysis
and provides us with sufficient conditions under which the MPC algorithm works (at least
in the simplified case). Moreover, as Proposition suggests, we can use the analysis
of the simplified case to investigate the functioning of the MPC algorithm when the more
realistic case is considered. The study of systems governed by will be the

subject of future investigations.
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Chapter 8

Stability and feasibility of state
constrained MPC

In this chapter we investigate stability and recursive feasibility of a nonlinear receding
horizon control scheme without terminal constraints and costs but imposing state and
control constraintsﬂ Under a local controllability assumption we show that every level set
of the infinite horizon optimal value function is contained in the basin of attraction of the
asymptotically stable equilibrium for sufficiently large optimization horizon V.

For stabilizable linear systems we show the same for any compact subset of the
interior of the viability kernel. Moreover, estimates for the necessary horizon length N are

given via an analysis of the optimal value function at the boundary of the viability kernel.

We briefly recall some notation: B denotes the closed unit ball in R™. Given a set S C R",
cl{S} denotes its closure, int{S} its interior and 9S := cl{S} \ int{S} its boundary.
Furthermore, a continuous function 7 : R>g — R>¢ is said to be of class K if it is strictly
increasing and satisfies 7(0) = 0. If n € K is also unbounded, 7 is called a class K-
function. A function 8 : R>¢p x R>g — R>q is called KL-function if it is continuous,
satisfies (-, 1) € Ko, t € R>g, is strictly decreasing in its second argument for all r > 0,

and limy_,o, B(r,t) = 0 holds.

'Most of the content presented in the next two chapters has been submitted for publication, see [11]
and [10]. This research has been mainly carried out while the author was visiting the University of
Bayreuth.
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8.1 Relations to the Literature

Model predictive control (MPC) is a controller design technique relying on the iterative
solution of optimal control problems. In this chapter we study stability and recursive
feasibility of nonlinear MPC schemes without stabilizing terminal constraints or costs.
For such schemes, it is known that stability for sufficiently large optimization horizons can
be deduced from controllability assumptions or — alternatively and almost equivalently
— bounds on the optimal value functions, see [33,34,36,37,41,54,59].

Here we extend this body of literature by taking into account state constraints
without assuming viability of the state constraint set or boundedness of the optimal value
function on this set or its viability kernel. In the first part of the chapter we consider gen-
eral nonlinear systems and assume a local controllability assumption in a neighbourhood
of the equilibrium to be stabilized. Under this condition, we first analyse the behaviour
of the closed loop on level sets V.51[0,C] of the infinite horizon optimal value function.
Using a technique similar to [49] we obtain recursive feasibility and an adaptation of an
argument from [33] yields asymptotic stability with V.5'[0,C] contained in the basin of
attraction, provided the optimization horizon N is suffiently large. Moreover, quantitative
estimates on the necessary length of N are given. This result is then extended to com-
pact sets lying in the domain of V., and avoiding suitable defined exceptional regions O.
Overall, this part of the chapter can be seen as a (discrete time) extension of [41] to the
state constrained case and with additional quantitative estimates for V.

In the second part of the chapter we specialize the results to the linear quadratic
case with convex constraints. We show that in this setting any compact subset K in
the interior of the viability kernel is contained in the basin of attraction for sufficiently
large N and give an estimate of N in terms of the distance of K to the boundary of the
viability kernel. These quantitative results rely on an estimate of the growth of the optimal
value function V, at the boundary of the viability kernel which we obtained adapting a
technique from [31]. A particularly nice case appears when V, is bounded on the viability
kernel and we show that this property implies stationarity of the feasible sets in the sense
of [42, Chapter 5].

The chapter is organized as follows. After describing the setting in Section [3.2
Section 8.3 contains the nonlinear asymptotic stability and feasibility results. The spe-

cialization to linear systems is presented in Section
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8.2 Model Predictive Control

The MPC algorithm has already been introduced in the previous introductory chapter.
We repeat the main lines to make this chapter self-contained. The reader acquainted with

the definition of the MPC algorithm may wish to jump this section.

We consider discrete time systems governed by the system dynamics

v = f(z,u) (8.2.1)

where f : R” x R™ — R" is a map which determines the successor state T in dependence
of the current state x € R™ and the control input « € R™. The state trajectory emanating
from initial state xp and generated by the control sequence u = (u(k))ken, is denoted
by z,(k;x0), k € No. Here, the trajectory z,(-) = z,(;20) is defined iteratively by
zy(k + 1;20) = f(zu(k; z0), u(k)) and x,(0,z9) = xo. Constraints for the state z and the

control u are modeled by a suitably chosen subset £ C R™ x R™, i.e., we require

(x,u) € €. (8.2.2)

Hence, for a given set £, the set of admissible states is given by the projection of the set

& on the state space R", i.e.

X = projpa(€) ={x € R" : Ju € R" s.t. (z,u) € £}, (8.2.3)

Furthermore, for a given admissible state x € X, the control constraints can be represented
by U(z) := {u € R™ : (z,u) € £}. Using these definitions the concept of an admissible

control sequence can be defined as follows.

Definition 8.2.1 (Admissible control sequence). A sequence of control values u =

(u(0),u(1),...,u(N—1)) is called admissible for zo € X and N € NU{oo} if the conditions

flay(k;xo),u(k)) € X and u(k) € U(xy(k;z0))

hold for all k € {0,1,...,N — 1}. The set of all admissible control sequences of length
N € NU {oo} is denoted by U™ (x0).
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Let z* € X be a (controlled) equilibrium, i.e. there exists u* € U(x*) such that
f(z*,u*) = x* holds. Our goal is to find a static state feedback p : R — R™ and a
basin of attraction S C X such that z* is asymptotically stable for the resulting closed
loop system z* = f(xz, pu(x)). This means that for any initial state zo € S the closed loop

trajectory x,(k;xo), k € No, generated by
Tu(k + 1;20) = f(@u (ks zo), plzu(k; o)), ©u(0;20) = o, (8.2.4)

remains feasible, i.e., (z,(k;xo), u(x,(k;20))) € £ holds for all k € Ny, and satisfies the
estimate |z, (k;zo) — 2*| < B(|xo — x|, k), k € Ny, for some KL-function f.

In MPC, the feedback values pu(x) are computed by solving optimal control prob-
lems. To this end, running costs £ : R” x R™ — R>( satisfying ¢(2*, u*) = 0 and

n(le —a*|) < (x) := ig{llf( )E(m,u) <7(|lz — ™) VeeX (8.2.5)
- ue T

for two Koo-functions 7, 7] are defined. The corresponding cost function Jy : R"x (R™)N —

R>¢ and optimal value function Viy : R” — R>g U {+o0} are given by

N-1
In(z,u) = Z Uzy(k;x),u(k)) and Vy(x):= 1LI{11£ J(x,u)
=0 u€ (z)

for N € NU {oo}, € X and u € UV (z) with the convention Vy(z) = +oo if z ¢ X or
unN (x) = 0. In principle, the stabilization problem could be solved by solving the optimal
control problem for N = oo. However, solving optimal control problems on an infinite
time horizon is, in general, computationally hard. This explains why we pursue a different
approach: model predictive control (MPC), also termed receding horizon control. Fixing
a finite prediction horizon (or optimization horizon) N and setting ,(0; ) := zo, k := 0,

the MPC loop is as follows:

1. Set z = x,(k; x0), solve the optimal control problem
Miny, ¢ N (7) IN (T, w)

and denote a respective minimizing control sequenceﬂ by @ € UV (z).

*Whenever U™ () # 0, existence of a minimizer @ € U™ (z) satisfying Jn(x, %) = Vi (x) is assumed in
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2. Define the MPC feedback value by uy(z) := u(0).
3. Compute z,(k + 1;20) by (8.2.4)) with = pn, set k:=k+ 1 and go to 1.

This iteration yields a closed loop trajectory for the implicitly defined MPC feedback law
un : X — R™. However, because of the truncation of the optimization horizon, stability,

feasibility, and optimality may get lost, see, e.g., [51].

8.3 Recursive Feasibility and Asymptotic Stability

In order to guarantee that the optimal control problem in Step 1 of the MPC loop is
feasible, we need to ensure U (z) # 0 for © = x,, (k;x0), k € Ny. This problem can
be solved by incorporating suitable terminal constraints and costs in the optimal control
problem to be solved in each MPC step. However, the construction of such stabilizing
constraints may be challenging and their use may considerably reduce the operating range
of the MPC scheme, cf. [36, Chapter 8] or [46] for a detailed discussion. Hence, we want
to analyse the scheme without additional terminal constraints or costs. In particular,
feasibility of the MPC algorithm in each step and asymptotic stability of the resulting
closed loop has to be ensured. To this end, the following local controllability condition is

employed.

Assumption 8.3.1. There exists a neighbourhood N of x* and a positive constant v € R
such that
Voo(z) < v - 0 (), VeeNNX.

Remark 8.3.2. Note that in contrast to previous literature on the subject, such as for

example [35, 36], here we only require the inequality to hold locally around z*.

In order to formalize recursive feasibility, some notation is needed. The feasible set

for a horizon length N € NU {oo} is defined as
Fy={zec X U (z)#0}. (8.3.1)

The set F is also called wviability kernel. Furthermore, a set C C X is said to be (con-

trolled) forward invariant or viable if, for each = € C, there exists u € U(z) such that

order to avoid technical difficulties.
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f(x,u) € C holds. Observe that every forward invariant set C C X satisfies the inclusion
C C F~ and that the set of admissible states X is, in general, much larger than the
viability kernel Fo,. Methods which can be used in order to compute invariant sets can
be found in [8]. The set C is said to be recursively feasible if it is forward invariant with

respect to the feedback law py, that is, un(z) € U(z) and f(z, un(x)) € C for all z € C.

8.3.1 Asymptotic Stability on Level Sets

Ideally we would like the basin of attraction S to coincide with Fo, since the viability
kernel is the maximal set on which an admissible feedback can be defined. However, this
is, in general, not possible. The reason for this is that the closer we get to the boundary of
Foo, the more costly (in the sense of our objective Jy) it may become to steer the system
to x* and if this happens then the optimization criterion may lead the MPC closed loop to
stay near the boundary of F, instead of approaching x*. Hence, a central task considered
in this chapter is to estimate the basin of attraction S C F,, and — conversely — given
a set K C F to estimate an optimization horizon N such that K C § is guaranteed.

As a first step, we consider the problem to determine a recursively feasible set. To
this end, for a given horizon length N € N U {oc} and a positive constant C' define the
level set

Vil0,0] :={z € X : Vy(z) < C}.

Since the running costs are supposed to satisfy (8.2.5)), existence of the lower bound
M := inf ¢*(z)>0 (8.3.2)

zeX\N

is ensured. Then, for every z € Vy 1[0, C]\ WV, the inequality

Vn(z) <~y -0 (z)<vy- sup F(z)<C (8.3.3)

holds for all z € NN X. Summarizing, a constant 8 = S(C, M,~) only depending on
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Assumption Condition (8.2.5)), and a parameter C' can be found satisfying
Vn(z) <B-0*(x) Yz eVy'0,0] and NNX CVy'0,Cl (8.3.4)

This in particular shows that Assumption [8.3.1] can be extended to arbitrary level sets

V1[0, C]. This fact is exploited in order to prove Theorem m

Theorem 8.3.3. Let Assumption and Inequality (8.2.5) be satisfied. Take any
positive real number C satisfying (8.3.3) and let M be defined as in (8.3.2]). In addition,

choose Ny € N such that the inequalities

/B _ 1 No—l

C <5> <M and 1—an,>0 (8.3.5)
N

are satisfied with B = max{C/M,~v} and ay = (> (%) . Then, for every N > Ny

and every x € V1[0, C), we have
Vn(f(z, un(x))) < Vn(z) = (1 — an)l(z). (8.3.6)

In particular Vy(-) is a Lyapunov function on the recursively feasible set Vﬁl[o, C] which

implies recursive feasibility and asymptotic stability of the MPC' closed loop.

Proof. The proof is an adaptation of the arguments developed in [35] to our setting.
In particular, Variant II from Section 3.2 of this chapter is used, whose idea was taken
from [54]. Take any x € V, 1[0,C]. Then Vi (z) < C and by hypothesis there exists an

admissible control sequence u* € UN () such that Vy(z) = Jy(x,u*). If we define
U = l(zy (k;2),u*(k)) for ke{0,1,...,N—1},

then Vi (z) can be written as Vi (z) = EZ;(I) U+ VN_p(@yr(p; ) forany p=0,1,..., N —
1. This implies V_p(zy*(p;2)) < C, ie., zyx(p;x) € Vﬁip[o, C]. Since /3 only depends on
C, v, and M (and not on the optimization horizon) from (8.3.4) we obtain the inequality
VN_p(@ur(p;x)) < BLy. Therefore

N-1 1

Vn(z) = l < U, + Bl (8.3.7)
k=0 0

bS]
|

i
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If f(x,pun(z)) is feasible, i.e., if f(x,un(x)) € Fn holds or, equivalently,
UN (f(x, un(z))) # 0, we obtain the inequality

N-2
Vn(f(z,un(2) < D b+ Va(wus (N = L5 2))
k=1
= Vn(x)— by —Un_1 + Va(zys (N — 1;2)). (8.3.8)

In general, however, without additional hypotheses, we cannot guarantee feasibility of
f(z, pn(z)). Still, by setting Va(xy, (N — 1;2)) = +oo in case of infeasibility we can
extend to this case.

We keep this in mind and show z,« (N —1;2) € NNX and, thus, Va(z,«(N—1;2)) <
0o. Indeed, by , Zi\;—pil U, < (B —1)¢, holds which implies

N-1 5 N-1 PIR% N-1 g\
g€k>(6—1>k§1€ > (7%) k§2£k>”'><6—1> v
forpe {0,1,...,N —1}. When p =0, since z € VA?l[O,C’], we obtain
3 V!
C Z VN(QJ) Z (5—1) gN—l, (8.3.9)
g \V-1
B-0*() > Vin(z) > (6_1> tyoa. (8:3.10)

According to our choice of N Inequality implies *(zy« (N —1;2)) < ¢n_1 < M and,
in view of z,,, (N—1;z) € X and (8.3.2), zux (N —1;2) € NNX where our local Assumption
can be invoked. Consequently feasibility and Va(zy«(N — 1;2)) < vln_1 < Bln_1
hold. A further appeal to (8.3.8)) and (8.3.10)) now gives

VN (f (2, pun(2))) < V(@) = Lo+ (B — D1 < Vi(z) — (1 — an)l (),

i.e. Inequality (8.3.6) and recursive feasibility of the level set V5 '[0,C]. From this and

the bounds on Vi induced by (8.2.5)) and (8.3.4)), the Lyapunov function property of Vi

and asymptotic stability follow by standard arguments, see, e.g. [34, Section 5. O

Remark 8.3.4. The optimization horizon Ny guaranteeing stability in Theorem |8.35.
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grows like 2(C/M)InC as C — +oo. Indeed the horizon N must satisfy

2Inp
N> Ing—1In(g-1)

and f ~ (C/M) as C — ooE| We claim that this bound can be improved under additional
hypotheses. Let N be a neighbourhood of the origin such that N N X is controlled forward
invariant Define M = infxeX\N *(x) and assume that the horizon N only satisfies
the first inequality in , now with respect to the constant M. Then feasibility of the
MPC closed loop trajectory is ensured —as proved in Theorem — since Ty, (N—1;x) €
NNX which is forward invariant. Since feasibility is now ensured, the estimates from [87,
Section 6] can be applied to get the improved value

b (B-1Y
AR R

which is positive when N > 2—1—%. Hence, this bound for the optimization horizon

N behaves asymptotically as (C/M)InC for C — +o0.

Often more restrictive controllability conditions are assumed in order to ensure
asymptotic stability, see, e.g. [54] or [35] where our local Assumption was assumed
on a (controlled) invariant subset of the viability kernel. We like to point out that no
‘viability’ conditions — such as forward invariance — nor regularity hypotheses on the

dynamics f(-,-) and the control constraint set U(-) are imposed on X in this section.

8.3.2 Global stability

Theorem implies that for each compact set K C X satisfying C := sup Vo (K) < oo
the MPC controller yields asymptotic stability for N > Ny with a basin of attraction
S 2 Vy 10,C] 2 K. In order to analyse which kind of sets K have this property, we
consider the set V1[0, +00) = {x € X : Vo(z) < +00} and the decreasing family of sets

Vtn, +o0) D Viln + 1, +00) with varying n € N. For these sets we consider the set

$We use the notation f(z) ~ g(x) as  — oo to indicate that the functions f(-) and g(-) have asymp-
totically the same behaviour, i.e., that lim;_, o ggz; =1 holds.

4Such a neighborhood N exists under the assumptions of Theorem as one may define N as the
interior of a sublevel set of V.
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valued limit

O = lim V_!'[n, +o0) = ﬂ Vo [n, +00),

n—oo
neN

cf. [2, Section 1.1]. In many cases of interest the set O has zero measure. If, for exam-
ple, the value function is uniformly bounded or continuous on V1[0, +00), then the set
V10, +00) N O is empty. Later on, conditions ensuring one of these two stipulations are
investigated for linear systems, see Section [8.4

The relevance of the set O for MPC stems from the following claim: take any

compact set K C V1[0, 4+00) \ O. Then we claim that there exists C' € R~ such that
VLl0,C1 2 K.

Suppose to the contrary, it would exist a convergent sequence (xy)nen, C K such that
r, =z € K and Vi (2,) > n. Thus x, € V![n,+o0o) and z € O. This is not possible
since ¢ € K.

The following theorem shows the consequences of this claim for the MPC controller.

Its proof is an immediate consequence of the facts stated so far in this section.

Theorem 8.3.5. Let Assumption and Condition (8.2.5) be satisfied and K C
V10, +00)\O be a compact set. Then there exists N € N such that for each N > N the
MPC closed loop is recursively feasible and asymptotically stable with basin of attraction

SOK.

Theorem provides a nonlinear extension of the linear results shown in [49].
It tells us that, for a sufficiently large horizon, the MPC algorithm provides a recursively
feasible and asymptotically stable closed loop on every compact set in which the value
function is finite, as long as we avoid ’small” areas of bad behaviour (close to O). Note
that Theorem is also applicable if state constraints are present and thus extends [41].

The set O can comprise points z satisfying Voo (z) = +00, but may also contain
points x which are controllable to z* in finite time with V() < co. The latter situation

is shown in the following example.

Example 8.3.6. Consider the one dimensional system x = ua® + (1 — u)(z — 3) with
X =[-1,2], U = {1} U {0} and equilibrium x* = 0. Here, for a cost function, say

U(z,u) = |z|, the set V5[0, +00) is equal to X. Nevertheless, the set O is nonempty
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Figure 8.1: Illustration of the pointwise bounded value function V(-) for Example
8.3.0l

since O = {1} holds and V(1) is finite, cf. Figure[8.1]

8.4 Linear Systems

This section is dedicated to linear constrained systems
xT = Az + Bu, (x,u) € &. (L)

For this class of systems we will be able to provide more precise estimates for the constants
involved in the general nonlinear results of the last section. Moreover, we will be able to
characterize the “exceptional set” O in more detail and investigate the relation between
the stabilizable set S and the viability kernel F.

Like for nonlinear systems, we will base our analysis on the controllability As-
sumption It should be noted that for linear systems an alternative methodology
for ensuring stability and recursive feasibility of the MPC closed loop is available, cf. [49].
However, this approach requires precise knowledge on the growth of the value function and
can, thus, be seldomly applied if constraints are present. In contrast to that, techniques
based on Assumption [8.3.1] can be applied since this condition is significantly easier to
verify. Below, we prove that Assumption [8.3.1] can always be ensured for a large class of

linear constrained systems. To this end, we make the folowing two assumptions.
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Assumption 8.4.1. The constraint set £ is convex, compact, and contains the origin

(0,0) in its interior.

Assumption 8.4.2. The linear system described by the pair (A, B) is stabilizable.

8.4.1 Characterization of the Viability Kernel for Linear Systems

In the next two propositions we characterize the viability kernel F, in order to gain insight

into the structure of the set § on which the MPC feedback law py stabilizes the system.

Proposition 8.4.3. Consider the nonlinear system (8.2.1)) and the viability kernel Fu
defined by (8.3.1). Then, the following claims hold:

(a) If € is compact and the dynamics f(-,-) are continuous, Foo is compact.

(b) If € is conver and the dynamics f(-,-) are linear, Fs is a convezx set.

Proof. Without loss of generality let Fo # 0. We show that o, is bounded and closed in
order to prove part (a) of the proposition. Since F, C X, boundedness follows directly
from the boundedness of £. Hence, it remains to show Foo = cl{Fs}. Take any z €
cl{Fx}. Then in particular z € X. By definition of closure we can find points z; € Fio
such that x; — = and by definition of F,, we can find admissible controls u; such that
f(zi,u;) € Foo holds for every i € N. Now each pair (z;,u;) belongs to the compact set €
so that extracting a subsequence if necessary (x;,u;) — (x,u) € £. But then by continuity
f(z,u) € cl{Fs}. This proves that for every = € cl{Fu}, there exists u € U(z) such that
f(z,u) € cl{Fx}, namely, cl{Fx} is a forward invariant set. Therefore cl{Fs} C Foo
which completes part (a) of the proof since the reverse inclusion is obvious.

Part (b) is a straightforward application of the respective definitions. Take z1, 2 €
F~ and a convex combination Az +(1—X)z2, A € [0, 1], of them. By definition there exist
up € U(x1) and ug € U™ (x2) such that (xy, (k;z1),u1(k)) € € and (xy, (k; x2), u2(k)) € €

for every k € Ny. Because of the linearity of the dynamics
Ay (k5 1) 4 (1= N) @y (k5 22) = Ty +(1-Nyus (k5 A21 + (1 = N)2)

holds and the result is a consequence of the convexity assumption on £. O

Proposition tells us that, in our linear setting and under Assumption [R.4.1

the viability kernel Fo, is a convex and compact set. We characterize it further.
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Proposition 8.4.4. Consider the viability kernel Foo given by (8.3.1) and linear dynamic
as in . Let Assumption be satisfied. Then, the following assertions hold.

(a) The set A\Fs is forward invariant for any X\ € [0,1]. More precisely, take any

A €[0,1] and x € \F, there exists an admissible control sequence u = (u(k))ren €

U™ (x) such that

(xy(k;x),u(k)) € \eCE  and xy(k;x) € AFoso V k € No.

(b) If, in addition, Assumptz'on holds, the origin is contained in the interior of the
viability kernel, i.e., 0 € int Fi.

Proof. Fix any A € (0, 1]. If A = 0 the result is obvious being 0 an equilibrium. Given any
T € AFoo we have that x/\ € Fo, and thus there is uy € U°°(xz/A) such that

(Tuy (ksxz/XN),ur(k)) € € and  my, (k;z/N) € Foo V k € Np.

Define the control sequence u := Auy, we claim that v € U*(x). By linearity
A2y, (k;2/X) = x4 (k; ) holds and part (a) follows upon multiplication by A.

Part (b). Since the pair (A, B) is stabilizable, a feedback law F' € R™*™ exists such
that o(A + BF') < 1 holds, i.e. all eigenvalues of the closed loop given by A + BF are
contained in the interior of the unit circle, cf. [39]. As a consequence, constants C' > 1 and
o € (0,1) exist such that, for each state o € R", the closed loop solution (xp(k;zo))ken,

generated by xp(k + 1;20) = (A+ BF)xp(k;xo), zr(0;20) = x0, satisfies
lzr(k;20)| < ||(A+ BF)|| |zo] < Co|zo VEk e Np. (8.4.1)

This shows in particular that |(zr(k;xo), Fxr(k;20))| < Co®(||F|| + 1)|zg| holds. Recall
that (0,0) € int& by hypothesis. Therefore existence of an e-ball eB C &£ is ensured.
Hence, (xp(k;xo), Frp(k;zg)), k € Np, is admissible, which implies z¢ € Fo, for arbitrary

xo € 6B with C(||F|| +1)d < e. This completes the proof of the proposition. O

According to Propositions [8.4.3] and [8.4.4] when Assumptions [8.4.1] and [8.4.2] are

in force, the viability kernel F, is a compact and convex set containing the origin in its

interior and, for any A € [0, 1], the shrunk set \F is controlled forward invariant, i.e. for
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any © € A\F, there exists a feasible state trajectory remaining in AF,, for any time. In
addition, by the fact that F, is the maximal forward invariant set, we have information

about the behaviour of feasible trajectories on 0F.

Proposition 8.4.5. Consider the discrete time system (8.2.1) and assume that the dy-
namics f(-) are continuous. If © € OFs, every feasible trajectory will remain on the

boundary unless it touches 0X .

Proof. The result derives from the fact that Fo is the maximal forward invariant set. If
there were a control u € U(x) for z € 0F \ 0X such that f(z,u) € int F, then by
continuity this would be true on a neighbourhood of x making F., larger. For details we

refer to [50]. O

8.4.2 Linear Quadratic MPC

The following Proposition provides a uniform bound for V(:) on the interior of the vi-
ability kernel. This is a key ingredient in order to characterize the operating range of
the MPC feedback law py. In particular, the set O constructed in Subsection if

nonempty, can contain only points of the boundary of the viability kernel.

Proposition 8.4.6. Let Assumptions[8.4.1] and[8.4.9 be satisfied and let quadratic running

costs £ : R™ x R™ — R>q be given by

N T
Uz, u) = (T uT) ? (8.4.2)
NT R u
with symmetric matrices @ € R™™ and R € R™*™. Then, for each X € [0,1) the optimal

value function is uniformly bounded from above on A\F, i.e., a constant M = M(\) € Rx>q

exists such that Voo(x) < M holds for all v € A\F.

Proof. We borrow techniques from [31, Lemma 12]. Fix any A € (0, 1) and choose z € AF
(the result is obvious for A = 0). As we have seen in Proposition a) there exists

ur € U*°(x) such that
(T, (k;x),ur(k)) € A6 and  zy,(k;x) € \Fx V k € Ny,

i.e. a feasible state trajectory which remains in the interior of F,. In addition, since
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(A, B) is stabilizable, a feedback law F' € R"™*" exists such that the corresponding closed
loop 4. = (A + BF)xp satisfies Inequality (8.4.1)), i.e.

lxp(k;x)| < H(A—!—BF)kH lz| < C’Uk|x| V k € Ny

for some C' > 1 and o € (0,1) which, in particular, implies zp(k;x) — 0 as k — oc.
However, the pair (zp, Fxr) may not satisfy the constraints. The idea is to take a convex
combination of these two trajectories and exploit linearity and convexity of the data to
show that such a combination defines a feasible trajectory which converges to 0. When a
sufficiently small neighbourhood of the origin is reached, the constraints can be neglected
and the feedback law F' is applied. This procedure yields a uniform bound for V().
Analytic arguments follow.

Using the control sequence up given by up(k) := Fxp(k;z), k € Ny, we have
l(xp(k;2), up(k))| < CoF(||F|| + 1)|x| < LA dmin V k € Ny (8.4.3)

where L := C(||F| + 1)dmaxd;li1n with dmin := infyeox 2] > 0 and dpax = sup, ¢ x |z] <
oo. Hence, (zp(k;z),urp(k)) € LAE holds for all k € No. If AL < 1, up € U®(x) so
that xp(k;z) is feasible for every k € Ngp and a uniform bound for V(-) is given by
SUP, ¢ x Joo(®, up) < a for some a € R>g.

Otherwise, for AL > 1, the control sequence u is defined as u(k) := pur(k) + (1 —
pur(k), k € No, with p := % € (0,1). Then, by linearity of the dynamics

zy(k;x) = pay, (ki x) + (1 — )z, (ko).

Our choice of p implies puX + (1 — p)LA < 1 and, thus, (2, (k;z),u(k)) € € for all k € Ny
which is, in turn, equivalent to admissibility of u. Now since zp(k;x) — 0 as k — oo, if k

is taken large enough, the pair (x,(k;z),u(k)) € eA€ for some € € (u,1). More precisely,
(xu(k;z),u(k)) € eA€ holds if (recall Estimate (8.4.3))

pA 4+ (1 — p)LAc® < e

Call k* the first integer such that this condition is satisfied. If for example € := u + PT“,

then k* is such that o*" < % and so it is the only integer satisfying loga(ﬁ) <k <
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log, (£z) + 1.

The point z,,(k*; x) € AeFoo and the procedure followed so far can be iterated, say
m times, until z,(mk*;z) € Ae™F5 and Ae™L < 1. We keep calling u the admissible
sequence that transfers the point © € A\Fs to the point x,(mk*;z) € Ae™F. As soon
as the condition A\e™L < 1 is satisfied, we switch to the feedback F which ensures that
the system feasibly converges to the origin with uniformly bounded costs for each state
contained in Ae™F,. Since X and the constraint set are bounded, the prior caused costs
are also uniformly bounded since the number of steps needed in order to reach this set is

bounded by mk*. Note that in particular
Voo (2) < Jier (@, u) + Joo (@ (ME™; ), up). (8.4.4)

This, in addition to the convergence to the origin already shown in [31, Lemma 12],
provides bounds on the number of steps required in order to reach an arbitrarily small

neighborhood of the origin — independent of the chosen initial state x € A\ F. O

We are now ready to show that for linear quadratic systems, in Theorem As-
sumption and Condition (8.2.5)) can be replaced by the easily checkable Assumptions

and Moreover, the set V1[0, +00)\ O, see Theorem can be replaced by

the interior int Fo, of the viability kernel.

Theorem 8.4.7. Let Assumptions|8.4.1] and [8.4.2 hold. Furthermore, let the dynamics
be given by and the running costs by (8.4.2) such that the matriz comprised of Q, R,

and N is positive definite. Let K C int Foo be a compact set. Then, a prediction horizon
Ng € N exists such that, for each N > Nk, the MPC feedback law puy asymptotically

stabilizes the closed loop at x* = 0 on a recursively feasible set S O K.

Proof. Since the running costs ¢ are positive definite there exist constants ¢, ¢ such that
clz| < 0*(x) < ¢|x|, i.e. Condition holds. Furthermore, since the origin is contained
in the interior of the constraint set £ and the pair (A, B) is supposed to be stabilizable,
a neighborhood N of the origin exists such that an LQR can be applied neglecting the
constraints. Then, the solution P of the algebraic Riccati equation fulfills V(o) =
xt Pzo < c|xo|? < pl*(w0) with p := cc™! on N where c is the maximal eigenvalue of P,

implying Assumption [8.3.T
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Moreover, since K is compact and contained in int F,, we can conclude that K C
int AF for some A € (0,1). Hence, by Proposition Vs is bounded on a neighborhood
of K and consequently K C V!0, +00) \ O.

Hence, all assumptions of Theorem [8.3.5| are satisfied and the assertion follows from

this theorem. O

Next, under the assumptions of Theorem [B.4.7] we are going to investigate the
dependence of the horizon Nx on the distance of the compact set K from the boundary of

the viability kernel 0 F. To this end, denoting the control u in (8.4.4]) by u,, we obtain

sup Voo(x) < sup  Jpp+ (2, uz) + sup Joo(z,up) < pmk* + «,
T € AFso T € AF o zeX

for constants «, 8 > 0 only depending on the data of the problem (m = 0 holds for AL < 1).
We emphasise that m depends on A, indeed m is the first integer which satisfies €™ < ﬁ
We also observed that k* can be chosen to be the unique integer which satisfies logg(%) <

k* <log,(£z)+ 1. Consequently defining 3 := Bk* we obtain SUP, e A Fy, Voo(Z) < Bm+ a.

Following our choice € = p + PT“ (where we recall p = /\)&j)) we have that e =1 — %
This yields an estimate for the growth of m. More precisely m ~ Lllf/\L as A — 1.

When we are in a sufficiently small neighbourhood of the origin, say dB, constraints
can be neglected and Vio(x) = 27 Pz, where P is the solution of the algebraic Riccati
equation. This in turn gives a bound for Vi (-) of the type Voo (z) < p|z|? for all x € JB.
Away from the origin, when constraints are present this bound is no longer satisfied. We
have shown, though, that it is possible to find constants 8 and & := max{p,a/d} such
that

Vo () < Bmy + a|z|?

with m, — 400 when z — 0F. Note that the upper bound diverges to +00 as r — 0F .

The discussion above can be summarised in the following corollaries.

Corollary 8.4.8. Let the assumptions of Proposition [8.4.0 be satisfied. Then there exist
constants & > 0 and § > 0 depending only on the data of the problem such that for any
r € int Foo

Voo(z) < Bmz + 6z|ac|2
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with m; — +00 when x — 0Fo. Asymptotically, m, behaves lik’ My ~ % as

r — 0F oo, where w € [inf,cpr, |z|,sup,cxr_|z|] and L is from the proof of Proposition

[8.4.6. Moreover, m, =0 in a sufficiently small neighbourhood of the origin.

Proof. We only have to verify the assertion m, ~ % for some w € [f~, f*] where

f~ = infyepr, |z| and f* := sup,cr_|z|. To this end, we introduce a well known

construct from convex analysis to compare A and dist(z; 0F~) when z € A\0F,
g(z) :=inf{y > 0: v 'z € Fo}.

This function is Lipschitz with Lipschitz constant 1/f~.
For every x € A\0F, A € (0,1), we define 7(x) to be a projection of x onto 0F .
Then dist(x;0Fs) = |x — m(z)|. Moreover g(z) = A and g(w(x)) = 1. Therefore

1

dist(x;0F ) -
= ist(x )

L= A=g(n(z)) - g(z) < = [z — m(z)|

1
fi
On the other hand

A

1—
dist(x;0Fx) < ]; —z| < fr —

O

Using this estimate we arrive at the following estimate for the optimization horizon

needed in order to ensure K C S.

Corollary 8.4.9. Given a compact set K C int F., there exists a constant D, only

depending on the data of the problem, such that

D
74 < —. 8.4.5
sup Voel) < Gist(I, 0 ) (8.45)
Moreover, whenever N > N, where N is the smallest integer satisfying
In(8 — 1)
N 2 4.
K22t BB -1 (84.6)

for B = max{D - (M - dist(K;0Fx))~', v}, then the MPC closed loop is asymptotically

5Given any set  C R™ and z € R", dist(z; Q) denotes the Euclidean distance of the point x from the
set 2. Given a second set K C R", dist(K; Q) := mingcx dist(x; Q).
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stable with recursively feasible basin of attraction S O K. Asymptotically, Ng behaves like

D . D
M - dist(K;0Fs)  \dist(K;0Fx) )"

Proof. The bound in (8.4.5) follows directly from Corollary choosing a constant D
sufficiently large. Theorem and Remark then yield the inequalities for Ni. [

The following example illustrates that the required prediction horizon grows rapidly

for initial values approaching the boundary of the viability kernel.

Example 8.4.10. We consider the controllable and, thus, in particular stabilizable linear

system given by

with constraints X := [—100,100] x [—1,1] and

T
9 1 -1 1 -1 Uy T
U:=<ueR*: §<1111)
1 1 -1 -1 Us
The quadratic stage costs are given by
T T
T1 100 0O 1 Uy 1 0 Uy
Uz, u) = +
T2 0 1 T2 U9 0 100 U9

Then, the minimal stabilizing horizon N = min{N € N : z,,(k;z9) — 0 for k — oo}
w.r.t. the origin (controlled equilibrium for u* = (0 0)T) in dependence of given initial

values are shown in the following tableﬂ

1|05 0.5 0.5 0.5 0.5 0.5

2| 0.910.991]0.999 | 0.9999 | 0.99999 | 0.999999

~

N| 6 6 7 10 13 16

5Note that the point (0.5, l)T is not contained in the viability kernel Foo. N was computed with the
Matlab-routine mpc_ExampleBGW.m which is available for download at
http://num.math.uni-bayreuth.de/de/team/Gruene_Lars/publications/boccia_et_al_feasibility_2013.
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8.4.3 Boundedness of V,, on the Viability Kernel F_

In the preceeding Subsection we considered the stabilization task for arbitrary com-
pact sets contained in the interior of the viability kernel F.. However, it follows from
Theorem that for each sufficiently large N MPC will yield asymptotic stability with
the basin of attraction S containing the whole viability kernel Fu if sup Vo (Foo) is finite.
In this final section we show that this property implies stationarity of the feasible sets Fy.

We say that the feasible sets Fn become stationary, if there exists Ny € N with
Fn = Fn, for all N > Ny. In [42, Theorem 5.3] (see also [35, Section 5.1]), it was
shown that stationarity of the feasible sets is sufficient for recursive feasibility of F for
all optimization horizons N > Ny 4 1. In the following theorem we show that it is also

necessary for V4, being bounded on the viability kernel Fo.

Theorem 8.4.11. Consider the linear system (L) with positive definite quadratic running

costs £ and let Assumptions |8.4.1] and [8.4.2 be satisfied. Then, if Voo(x) < ¢ holds for

some ¢ € Ryg and all x € Fy, the feasible sets Fn become stationary for some Ny € N.

Proof. By definition F 2O Foo. An adaptation of the proof of Proposition m(b) shows
that Fp is convex and it is an easy excercise to prove that Vy is convex. We prove the
result by showing the existence of Ny with Fn, = Foo, which implies stationarity. We
proceed by contradiction, i.e., we assume that F 2 Fo holds for every N € N. If N € Nis
chosen sufficiently large, then for every zo € Fy \ Fo we have that Viy(xg) > ¢+2. Indeed,
any trajectory originating at xy cannot reach F and in particular remains outside a ball
around the origin. Fix a natural number N € N with such property and observe that by
convexity of the set F we may chose x € Fn \ Foo and y € 0F such that Ay+(1—N)z €
Fn \ Foo for all A € (0,1). This implies the inequalities Vy(Ay 4+ (1 — A)x) > ¢+ 2 for all
A€ (0,1) and Vi (y) < Voo(y) < c. Then for all A € (0, 1), convexity of Vy yields

c+2<VnAy+ (1 =Nz) < AVn(y) + (1 = N)Vn(z) < Ae+ (1= N)Vy(2).

For A sufficiently close to 1 we obtain the desired contradiction. (Note that Vi(z) is

bounded). O

The converse is not true in general as shown in the following Example [8.4.12
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u=1 u=-2x u=-1
P A ~ A ~ A N
——— —ts 5 i
V.. (~1)=w T X V.(1)=w
x,(15%,) X,(25 %) A(35%)

Figure 8.2: Illustration of the finite time controllability for Example |8.4.12

Example 8.4.12. Consider the discrete time system in R given by
T =2r+4u with constraint set € := [—1,1] x [—1,1].

Since every x € X = [—1,1] is a controlled equilibrium (u = —x) Foo = X and, thus,
FN = Foo actually holds for every N € N. Yet, for any positive definite quadratic cost
Voo fails to be bounded on OF and grows unboundedly for x — 0Fs, as the following
computation shows.

If xg = 1 the only admissible control sequence u is u = —1 for every time instant.
Indeed z,(k; 1) = 1 for every k € N. Therefore as soon as we define a cost say £(z,u) = x>
we have that Voo (1) = +00. The point xo = —1 has a similar behaviour. Every other initial
point xy € (—1,1) = X \ {1, =1}, different from 1 and —1, can be controlled to zero in
finite time by

Ugo (k) = — sign(y,, (k; xg)) min{2]a:umo (k;xo0)l, 1}

Howewver, the closer xg to 1 or —1, the longer it will take before an interval of the form

[—9,0] for 6 € (0,1) can be reached. Hence, as xo — 1 or zg — —1, the value function

Voo(xo) tends to +oo, cf. Figure .
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Chapter 9

Linear MPC and Continuity of the
Value Function

In Chapter [§] we studied stability and recursive feasibility of non-linear MPC schemes
without stabilizing terminal constraints or costs but imposing state and control constraints.

We then applied those results to linear systems deriving stronger properties.

We continue in this chapter with the investigation of linear MPC algorithms. Particular
attention is paid to furnish sufficient conditions for the infinite horizon optimal value
function Vo (.) to be continuous. The regularity of the value function is a fundamental
condition to establish robustness properties of the MPC scheme, see for details [32]. A
perhaps surprising example shows that the value function can be discontinuous at the

boundary of the viability kernel but only if we allow the dimension of the system n > 3.

Aim of the chapter is also to highlight the difference of our formulation with respect to
previous results. In [49] stability and recursive feasibility was shown for controllable linear
quadratic systems with mixed linear state and control constraints on any compact subset
of I := dom V4, the domain of the infinite horizon optimal value function. This is shown
to coincide with the points that can be steered to the origin in finite time. We show the
same results of [49] adapted to our setting with a particular emphasis on analyzing the
basin of attraction for a given prediction horizon N. Stabilizable linear systems are also

considered in [53] but in an unconstrained framework.
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We repeat once again the definition of the MPC algorithm to make the chapter self con-

tained.

9.1 Model Predictive Control

Asymptotic stability of the discrete time linear constrained system
zt = Az + Bu, (x,u) € &€ (9.1.1)

with respect to the origin is investigated. The data for comprises matrices A €
R™" B € R™™ and a set £ C R® x R™. The successor state 7 is determined by the
dynamics (A, B) in dependence of the current state € R™ and the control input u € R™.
The state trajectory emanating from initial state x¢ and generated by the control sequence
u = (u(k))ken, is denoted by x,,(k; z¢), k € Ng. Here the trajectory x,, is defined iteratively
by

Ty(k + 1;20) = Axy(k;20) + Bu(k) and  x4,(0;x¢) = xo.

For a given set &, the set of admissible states is given by the projection of the set

& onto the state space R", i.e.
X :=projga(€) ={zx € R": Ju € R" s.t. (z,u) € £}.

Furthermore, for a given admissible state x € X, the control constraints can be represented
by
U(z) ={ueR": (z,u) € £}.

The constraints in (9.1.1)) may equivalently be written as z € X and u € U(z) and we
refer indistinctly to either formulations depending on our convenience. Two important

concepts to be considered when dealing with constraints are feasibility and admissibility.

Definition 9.1.1 (Admissibility and Feasibility). A sequence of control values u =
(u(0),u(l),...,u(N — 1)) is called admissible for zo € X and N € N U {oo}, if the
conditions

(xu(k;xo),u(k)) € €  and xy(N;z0) € X
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hold for all k € {0,1,...,N — 1}. The set of all admissible control sequences of length N
is denoted by UN (xq). The feasible set for a horizon length N € NU {oo} is defined as

Fy={z e X :UN(z)#0}. (9.1.2)

The set Foo s also called viability kernel.

Our goal is to find a static state feedback p : R®™ — R™ which asymptotically
stabilizes the system (9.1.1)) on a set S C X containing the origin. This means that
for any initial state zo € S the closed loop trajectory x,(k;xo), k € No, generated by

2, (05 20) = xo and
xu(k + 1;20) = Az (ks o) + Bu(z,(k; x0))), (9.1.3)

remains feasible, i.e., (z,(k;x0), n(xu(k;20))) € € holds for all k& € Ny, and satisfies the
estimate

|z, (k; x0) — | < B(|lwo — x|, k) VkeNy

for some KL-function S. The basic assumption on the data of (9.1.1) needed to prove

stability is as follows.

Assumption 9.1.2. The constraint set € is convez, compact, and contains the origin (0,0)

in its interior. Furthermore, the linear system described by the pair (A, B) is stabilizable.

MPC offers an algorithmic procedure to accomplish the stabilization task where
the feedback values p(z) are computed by solving optimal control problems. To this end,

quadratic running costs £ : R” x R™ — R> specified by

Uz, u) = (T ul) @ N ! (9.1.4)

NT R U
with symmetric matrices @ € R"*™, R € R™*™ such that

0 (z) = uiel%gm Uz, u) > n|z|? (9.1.5)

holds in X for some 1 € Rso. This property is, e.g., satisfied if @) > 0 (positive definite),

N =0, and R > 0. The corresponding cost function Jy : R x (R™)Y — R~ and optimal
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value function Viy : R" — R>o U {400} are given by

N-1
In(z,u) = ) Mzu(k; ), u(k)),
k=0
Vn(x) := uegljg(ac) J(xz,u)

for N € NU{oo}, z € X, and u € UV (z) with the convention Vy(z) = +oo if 7 ¢ X or
UM (z) = 0.
Fixing a finite prediction horizon (or optimization horizon) N and setting

Ty (05 20) 1= o, k := 0, the MPC loop is as follows:

1. Set & = x,, (k;x0), solve the optimal control problem
miny, ¢ 4~ (z) N (@, u)

and denote a respective minimizing control sequence by 4 € UN (:13)
2. Define the MPC feedback value by py(x) := @(0).

3. Compute z,, (k+ 1;20) by (9.1.3) with © = un, set k:=k+ 1 and go to 1.

This iteration yields a closed loop trajectory for the implicitly defined MPC feed-
back law pny : X — R™. A main obstacle to applicability of the MPC scheme described
above concerns the feasibility of the MPC closed loop at each time step k, i.e., UV (x) # 0
at stage 1. The problem could be circumvented by incorporating suitable terminal con-
straints and costs in the optimal control problem to be solved in each MPC step. However,
the construction of such stabilizing constraints might be challenging and can reduce the
operating range of the MPC scheme, cf. [36, Chapter 8] and [46] for detailed discussions.
In such cases, MPC without stabilizing constraints or costs can provide a valid alternative
which is why we analyse this variant in this paper. Without stabilizing constraints, prov-
ing feasibility of the MPC algorithm in each step and asymptotic stability of the resulting
closed loop poses a considerable challenge. Ideally, we would like to find the maximal
set § € X on which the MPC feedback law uy asymptotically stabilizes and the

closed loop x,, (-;x) remains feasible. Such set S is called basin of attraction. Observe

"Whenever U™ (z) # 0, existence of a minimizer @ € U () satisfying Jn (z,7) = Vn(z) is assumed in
order to avoid technical difficulties.
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that it is necessarily a subset of the following set

Io:={z e X :Fueld™(x)st. lm z,(k;z)=0}

k—o0

comprising points x € X that can be feasibly driven (open loop) to the origin. In order
to characterize S we now introduce the following concepts of invariance. A set C C X is
said to be (controlled) forward invariant or viable if, for each x € C, there exists u € U(x)
such that ™ € C. Observe that every forward invariant set C C X satisfies the inclusion
C C Fw and that the set of admissible states X is, in general, much larger than the
viability kernel Fo,. Methods which can be used in order to compute invariant sets can
be found, e.g., in [8]. The set C is said to be recursively feasible if it is forward invariant
with respect to the feedback law up, that is, uy(x) € U(z) and Az + Buy(x) € C for all

zeC.

9.2 Stability on Level Sets

We now recall some results from the previous chapter. We need them to prove other

results and the different exposition may aid understanding.

Under Assumption[9.1.2|a prediction horizon length can be determined such that recursive
feasibility and asymptotic stability of the MPC scheme proposed in the previous section
is ensured. To this end, first a local bound on the optimal value function V, is deduced
which is then extended to arbitrary level sets. For a given horizon length N € N U {oo}

and a positive constant C' the level set is defined as
Vil0,C) = {2z € X : Vy(z) < C}.

Proposition 9.2.1. Let Assumption hold and consider system (9.1.1)) with quadratic
running costs as in (9.1.4). Then, there exists a neighbourhood N° C X of the origin and

a constant v € Rsq such that the following inequality holds
Veo(z) < 7 - 0% (2) VzeN. (9.2.1)

Proof. Since the origin is contained in the interior of the constraint set £ and the pair
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(A, B) is supposed to be stabilizable, a neighborhood N of the origin exists such that

an LQR can be applied neglecting the constraints. Then, the solution P of the algebraic

Riccati equation fulfills Vi (zo) = 2 Pz < c|zol? < - *(x0) on N with ~ := en~! where
c is the maximal eigenvalue of P and 7 is defined in (9.1.5]). O

Condition is used in the nonlinear MPC literature as a main assumption to
prove stability cf. [36,54]. It is referred in the literature as ‘controllability’ assumption.
This stems from the fact that Vo (z) < C' is equivalent to the system being asymptotically
controllable to the origin sufficiently fast, since otherwise (9.1.5)) would imply Voo (z) = oc.

We next show that Condition can be extended to hold on arbitrary level

sets. This will in turn provide the desired stability and recursive feasibility properties.

Proposition 9.2.2. Let the assumptions of Proposition be satisfied. Then for any
N € N and C € R-g we have that

Vn(z) < 8- 0(x) Ve V]\71[0, ],

for some constant f = B(C) independent of N. Furthermore the constant C' can be chosen

sufficiently large to satisfy Vil[O, C] 2 N for N from Proposition|9.2.1|
Proof. Since the running costs satisfy (9.1.5]), existence of the positive lower bound

M:= inf ¢ (z)>0 9.2.2
o @) (9.2.2)

is ensured. Then, for every = € Vi '[0, C]\ N, the inequality

C

C
M ()

holds and the first part of the Proposition is proved since, when x € N, Vo(x) < v - £*(x)
by Proposition Observe that the constant 5 = [(C, M,~) only depends on the
constant C' and on the parameters in Inequality (9.2.1) and Condition (9.1.5). Choose
C € Ry to satisfy

sup (*(z) < C/. (9.2.3)
zeEN

Such C exists since the costs ¢(-) are quadratic. Then, since N is bounded, the last
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assertion follows directly from

sup Vy(z) <~v- sup £*(z) < C.
reN zeN

We are ready to state our stability and feasibility result.

Theorem 9.2.3. Consider the same hypotheses and the resulting neighbourhood N as in
Proposition|9.2.1. Take any positive real number C' satisfying (9.2.3)) and let M be defined
as in (9.2.2). In addition, choose Ny € N such that the inequalities

/B _ 1 N()*l
C (B) <M and 1—an,>0 (9.2.4)

N
hold with B := max{C/M,~} and ay := (> (%) . Then, for every N > Ny and every

z € Vi '[0,C], we have
Vn(Az + Bun(x)) < Vy(z) — (1 — an)l*(x). (9.2.5)
In particular, Vi (-) is a Lyapunov function on the recursively feasible set V[0, C] which

implies recursive feasibility and asymptotic stability of the MPC' closed loop.

Proof. The proof follows from Theorem of Chapter [§| which in turn is based on ideas
from [54]. Note that the assumed quadratic running cost in combination with Condition
(9.1.5)) imply existence of Koo-functions g1, g2 : R>g — R>q satisfying o1 (||z]]) < ¢*(z) <

02(||x]|) — an assumption needed in Chapter O

Observe that our results can be extended to general running costs if Condi-

tion (9.2.1)) and o1 (||z||) < €*(z) < g2(||z]|) are verified.

9.3 The Basin of Attraction

In this section we study the relations between the basin of attraction S, I, and the

viability kernel Fo,. By their definitions it is already known that

S§CIle C Foo
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It is interesting to understand under which conditions the reverse inclusions are also true.
Without additional conditions, the answer is no, as shown for instance in Example [8.4.12]
In order to answer this question, we need the following characterization of the viability

kernel Fo.

Proposition 9.3.1. Consider the linear system (9.1.1)) and let Assumption be sat-
isfied. Then the wviability kernel Fu, defined in (9.1.2), is a compact and convez set
containing the origin in its interior. Furthermore if x € 0Fo, every feasible trajectory

will remain on the boundary O0F~ unless it touches 0X.
Proof. See previous chapter. O

The following proposition provides a first link between the sets F and I. It
provides a uniform bound for V,, on certain subsets of the interior of the viability kernel,

a key ingredient in order to characterize the operating range of the MPC feedback law.

Proposition 9.3.2. Let Assumption[9.1.9 be satisfied for (9.1.1)). Then, for each X € [0, 1)
the optimal value function is uniformly bounded from above on AFs, i.e., a constant

M = M(X) € Rxq ezists such that Voo(z) < M holds for all x € A\Feo.

Proof. Full details of the proof can be found in Chapter It makes use of techniques
developed in [31, Lemma 12]. A broad outline is as follows.

For every point g € int F» two trajectories can be generated. One uses stabi-
lizability of the system and the other exploits viability of F. Accordingly a feedback
law F' € R™*" exists such that the corresponding closed loop a:; = (A + BF)xp satisfies
zp(k;x) — 0 as k — oo. However, the pair (zp, Fxr) may not satisfy the constraints
while the second trajectory remains in F,, for any time but may not approach the origin.
The idea is to take a convex combination of these two trajectories and exploit linearity
and convexity of the data to show that such a combination defines a feasible trajectory
which converges to 0. When a sufficiently small neighbourhood of the origin is reached,
the constraints can be neglected and the feedback law F' is applied. This procedure yields

a uniform bound for V. [l

Note that both properties in Assumption [9.1.2] are essential here. Simple examples
can be constructed in which V, is unbounded and discontinuous in the interior of F if

say £ is not convex or (A, B) is not stabilizable. Note also that according to Proposition
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int Foo C Is. Indeed I coincides with the domain of V., as a straightforward
adaptation of [49, Theorem 2| shows.

Another immediate consequence of Proposition [9.3.2] concerns stability and recur-
sive feasibility on any compact set K C int F,. Indeed, any such K satisfies K C int AF
for some A € (0,1). By Proposition Voo is bounded on a neighborhood of K and
stability and recursive feasibility follows from Theorem [9.2.3] This leads to the following

theorem.

Theorem 9.3.3. Assume the hypotheses of Proposition [9.3.3. Let K C int Fs be a
compact set. Then, a prediction horizon Ni € N exists such that, for each N > Nk, the
MPC feedback law puyn asymptotically stabilizes the closed loop at the origin on a recursively

feasible set S O K.

Remark 9.3.4. Theorem[9.5.5 corrects and improves [49, Theorem 7]. In [49] the authors
allow compact sets K C I which may contain points at the boundary of Foo and use
arguments which exploit continuity of the value function on such sets K. As we show in

Example[9.7] continuity of the value function may not be satisfied at the boundary of Feo.

Example illustrates that the required prediction horizon may grow rapidly

for initial values approaching the boundary of the viability kernel.

9.4 Stationarity of Feasible Sets

In the preceding section we considered the stabilization task for arbitrary compact sets
contained in the interior of the viability kernel F,. Particularly, it follows from Theorem
that, for each sufficiently large N, MPC will yield asymptotic stability with the
basin of attraction S containing the whole viability kernel Fuo, if sup Voo (Foo) is finite. In
Chapter [§] we showed that this property implies stationarity of the feasible sets Fy.

We say that the feasible sets Fn become stationary, if there exists Ny € N with
Fn = Fn, for all N > Nj. In [42, Theorem 5.3] (see also [35, Section 5.1]), it was shown
that stationarity of the feasible sets is sufficient for recursive feasibility of Fo, for all
optimization horizons N > Ny + 1. The following theorem states that it is also necessary

for V4 to be bounded on the viability kernel F.
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Figure 9.1: Illustration of Example

Theorem 9.4.1. Consider the linear system (9.1.1) with positive definite quadratic run-
ning costs £ and let Assumption be satisfied. Then, if Voo(x) < ¢ holds for some

c € Rog and all x € F, the feasible sets Fn become stationary for some Ny € N.
Proof. See Theorem [8.4.11 O

Example 9.4.2. The converse is not true in general. This was shown in Chapter[§ for
a discrete time system. We now show that the converse of Theorem s not satisfied

even in a continuous time setting. Consider the following continuous time system given

by
a(t) [ w2(t)
i) )\ ult)
with
-1<z;1 <1

u(t) € [-1,1] and

Here, Foo does not coincide with X and 0Fs comprises points x for which Veo(x) = +00

and points x for which Voo (+) is finite (see Figurefor an illustration of this example).
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We easily see that there exists a time T > 0 such that Fr = Foo and every starting
point (x1,22)T € X such that o = \/m has infinite cost. Indeed, once the trajec-
tory reaches the controlled equilibrium point (1,0) it has to stay there forever: as soon as
u > 0, x1(t) increases violating the constraint x1 < 1. At the same time, if u < 0 for say

an interval of time (t,t + €) we would have that

t+e s
l’l(t+€)—1:/ / u(r) dr ds
t t

t+e
= /1; (t+e—r)u(r) dr.

But then z1(t+¢) — 1 > xa(t +¢) = ftt+€ u(r) dr since

t+e
/ (t+e—r—1u(r)dr>0.
t

We conclude this section with the following remark: if the infinite horizon optimal
value function were continuous on F., stationarity, as proven in Theorem would be
fulfilled as soon as the condition I,, = F is verified. Indeed, since F, is a compact set,
if Vi is pointwise bounded and continuous on Fo, then it is also uniformly bounded and
Theorem [9.4.] can be invoked.

Continuity of the value function is important for other applications in MPC, such

as robustness, cf. [32].

9.5 Continuity of V

For the reasons just mentioned, the goal of this section is to deduce sufficient conditions
for continuity of the value function V. To this end, first lower semicontinuity is derived

before a sufficient condition for upper semicontinuity and, thus, continuity is given.

Proposition 9.5.1. Consider linear systems (9.1.1) and quadratic running costs £ :
R" x R™ — Rsq. Let Assumption be satisfied. Then, the value function Vs :
R™ — RU{+o00} is conver and lower semicontinuous on Fs, and continuous on int{Fuo}.

In particular, Vo(+) is strictly increasing on every ray starting from the origin and the

estimate Voo (Ax) < AVo(2) holds for every A € [0,1] and z € R™.

Proof. To show that V() is a convex function is an easy exercise. Proposition
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implies Vo (z) < oo for each x € int{F}. Hence, Vo (-) is continuous on the interior of
its convex domain int{F.}. It remains to show that Vi(-) is lower semicontinuous on
0Fso, i.€., that

liminf Vi (y) > Voo(x) (9.5.1)

Y=z, Y€ Foo
holds for every z € 0Fs. Take a sequence (z;)ien, C Foo such that z; — z and
liminfr s yoe Voo (y) = limiio Vo(xs). If Vig(x;) — 400 the result is obvious. We
assume then, without loss of generality, that control sequences u; € U*°(x;), i € Ny, exist,
satisfying Joo(zi,u;) < Vo(wi) + €, for some € > 0. Let N € N be given. Then, tak-
ing a subsequence if necessary, we have that u; — u € U™ (z) for the truncated sequence
u; € UN (). Compactness of the constraint set € (Assumption was used in order to
conclude this convergence — at least for a subsequence if necessary. Continuity of Jx (-, -)
implies
Vn(z) < Jn(x,u) = Zlgglo IN (x4, ui)

< liminf Joo (z;, u;) < lim Voo (z;) + €.

i—00 T;—T

Since the right hand side of this inequality does not dependent on N and € > 0 was chosen
arbitrarily, the desired Inequality (9.5.1) holds which implies lower semicontinuity. O

Remark 9.5.2. The assumptions of Proposition|9.5.1] can be weakened to requiring only

convexity of the running costs £ : R™ x R™ — Rx.

Proposition tells us that in order to prove continuity of V. only upper semi-
continuity has to be established. Observe at the outset that in dimension n = 1, when
V : R — RU{+4o00}, upper semicontinuity is given for free by convexity. However, convex-
ity is no longer sufficient when the dimension increases. Consider the following instructive

example, see, e.g. [52, page 83], in R?

flzy) =10 r=y=0

+00 elsewhere.

This function is convex since it is the support function of the parabolic convex set C' =
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{(z,y) : = + (¥?/2) < 0} namely, f(z,y) = SUP(yv)ec (U, v) - (@,y). Yet it is not upper
semicontinuous at the origin. Indeed every sequence (%, x), a > 0, has limit « as x \, 0.

The following theorem provides a sufficient condition in order to ensure continuity of
the value function V. also on dF.,. Explanations on set-valued analysis and a discussion

of this condition are given in Sections and [9.7.2] respectively.

Theorem 9.5.3. Suppose that the set-valued map
x~ G(zr) ={uecU(z): Ar+ Bu € Fuoo}, (9.5.2)

T € Fuo, 18 continuous. Then, the value function Vi, is continuous on Fuo.

Proof. Observe that it is sufficient to show that

limsup Voo(y) < Vo(x) Ve dFe.

Y=, Y € Foo

Hence, pick x € 0F. Again, we notice that if Vo(z) = +oo we are done. We assume
henceforth that Voo (x) < 400. In this case, the dynamic programming principle implies
the existence of No € N and u € U™No(x) such that
No—1
Voo(2) + € > Z Uy (k;x),u(k)) + Voo (xy(No; )) (9.5.3)
k=0
for some € > 0, xy(k;x) € 0Fso, k=0,...,Ng — 1, and z,(No; z) € int{Fuo}.
Now, take any z € 0F and y € F. By hypothesis the map (9.5.2)) is continuous
at z, so that for every u, € U(z) with Az + Bu, € F, and y — z, there exists u, € G(y)
such that u, — u,. Observe that in particular G(y) # 0, for every y € Fu, by definition

of Foo. In the following calculation we use this fact for z = x,(k; x) setting u(k) = u, for
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k=0,...,Ny—1.

limsup Vao(y)
Y=,y € Foo

< limsup {l(y,uy)+ Voo (Ay + Buy)}
Y=, Y€ Fo

< limsup {(y,uy)+ limsup Vi (Ay + Buy)
Y=, Y€ Foo Y=,y € Foo

={(x,u(0)) + lim sup Voo (y)
y—Az+Bu(0),y € Foo

No—1

<> Uaa(kia)ulk) + limsup Vae(y)
k=0 y*}xu(N();x)’yE-Foo

IN

No—1 (9.5.3)

= Uzy(k;x),u(k)) + Vo (zy(Nos ) < Viol(z) + £
k=0

In the last equality we used continuity of the value function in the interior of F, to

conclude that imsup, . (Ny:z), ye 7o Voo (y) = Voo (zu(No; ). O

9.6 An Illustrative Example

In this section we illustrate several of our results by an example in which the value function
Vs is continuous and uniformly bounded on the viability kernel Fo,. This is used in order
to illustrate the assertions of Proposition and Theorem [9.4.1] i.e., it is demonstrated
that the trajectory leaves the boundary of F,, only after touching the boundary of the
constraint set X and that the feasible sets Fx become stationary. Furthermore, the
forward invariant neighbourhood N of the origin from the proof of Proposition [9.2.1] is
constructed explicitly. Most of the results are illustrated graphically to give an idea into

the nature of the problem.

Example 9.6.1. Consider the constrained linear system

zf 1 11 T 0
= + u
xy -1.1 1 T2 1
with (x1,22) € X :=[-1,1] x [-1,1] and uw € U := [—1,1]. The running costs are defined
as £(z,u) = |z|> +|ul?, i.e. the matriz Q and R are taken equal to the identity matriz and

N =0.
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Assumption is fulfilled for Example First, N is constructed. To this
end, the unique symmetric and positive definite solution P of the discrete algebraic Riccati
equation

P=ATPA—-ATPB(R+ BT"PB)'BTPA+Q
is computed. This yields the value function V.. (z) = 27 Pz of the unconstrained problem.
The corresponding optimal feedback law is given by Fx := —(R+ BT PB)"'BT PAz, see,
e.g., [7, Section 10.2]. Next, the number

pe= min {J:E{acI:I}i';IrleaU} VOO(SU) ’ xféllal}( VOO(:C)} '

is computed. Then, by convexity arguments, the level set V~1[0, p] is our desired set A/,
cf. Figure (left).

The feasible sets F, N € N, can be explicitly determined and the equality F3 =
Fs can be shown. We observe that the system is symmetric on opposite quadrants,
i.e. A(—z)+ B(—u) = —(Axz + Bu) and that the point (1,0) can be steered into N in four
steps with controls u(0) = ... = u(3) = 1, see also Figure (left).

Define the points Q, T and © as in Figure (right). The only control that renders
points on the boundary of F3 feasible is w = 1, on the half space x93 < 0, and u = —1
on the half space x2 > 0. Points on the segment joining (—1,0) and 2 can be mapped
into (—1,0). In particular (2,1)* = (—1,0). Points on the segment QI are mapped
into (—1,0)Q and (I',1)* = Q as illustrated by Figure (a). Finally the segment T'O is
mapped into Q.

The above calculations show that Proposition applies to this example. A more
careful computation shows that the number of steps required to reach the origin is at most
six, cf. Figure[9.3] Thus I = F and indeed F3 = F. Finally, continuity of V,, always
holds in R? cf. Proposition m

Acknowledgement
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Figure 9.2: (left): Representation of two trajectories (dotted curves in red) for the
system with control u = 1 at each step, starting at (1,0) and I'. The feasible set F;
in white, N in yellow (oval shaped). (right): The constraints defining 7; (blue) and
F2 (yellow) intersect in Q (on the half space z3 < 0). Analogously I' is defined as
intersection of 7, and F3 (red, F3 = Fo). © is the intersection with the line z; = 1.

Figure 9.3: Number of steps required to reach the origin, from the inner color (1
step) to the outer one (6 steps).
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9.7 Sufficient Conditions for Continuity of V

We continue our investigation about the continuity of the infinite horizon optimal value
function V,(.). Observe that all the conditions provided can be adapted to yield continuity
of the optimal value function for any given finite horizon N.

In particular in the following sections we give sufficient conditions under which the
set-valued map is continuous, which according to Theorem ensures continuity
of V. To this end, some concepts from set-valued analysis are needed, which we define

in the first section of this appendix.

9.7.1 Set-Valued Analysis

Let Z and Y be metric spaces. A set-valued map from Z to Y, F': Z ~» Y, associates a
set F'(z) CY to each point z € Z. We say that F is closed if it has closed set images.
Henceforth we assume that Y is compact and that F and Dom F := {z € Z : F(z) # 0}

are closed.

Definition 9.7.1. A set-valued map F : Z ~'Y s called
o upper semicontinuous at z € Dom F' if for every e > 0 there exists § > 0 such that

F(Z') C F(2) + B V2 €2+ dBNDomF.

o lower semicontinuous at z € Dom F' if for every € > 0 there exists 6 > 0 such that

F(z) CF(¢)+ B V2 €2+ dBNDomF.

We say that F is upper (lower) semicontinuous if it is upper (lower) semicontinuous at

every point z € Dom F'.

We say that F' is continuous if it is upper and lower semicontinuous on Dom F.
Furthermore, observe that F' is upper semicontinuous if and only if Graph F' := {(z,y) €

Z xY :ye€ F(z)} is closed.
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\

Figure 9.4: Representation of the set U(z) as a section of €.

Definition 9.7.2. The upper and lower limit of F : Z ~Y at z € Z are defined as

limsup F(2) :={v €Y : liminf dist(v;F(z")) =0},

2l —z 2z’ € DomF,
liminf F(2') :={veY: lim  dist(v; F(2')) = 0}.
2=z z/ € DomF,

In particular the inclusions liminf,. ,, FI(z') € F(z) C limsup,/._,, F(2") hold.
Equalities hold if and only if F' is respectively lower and upper semicontinuous. For

details of definitions and properties of set-valued maps, we refer the reader to [?].

9.7.2 Sufficient Conditions for Continuity of G from (9.5.2)

We first observe that continuity of x ~ U(z) is a direct consequence of the definitions.
Indeed U(x) — as shown in Figure — is a section of the compact and convex set &.
Compactness of £ also implies, at once, that the graph of G(-) is closed.

By [2, Proposition 1.5.2], G is continuous at x € F if there exists u € G(z) such
that Az + Bu € int{Fs}. In particular, this implies continuity on int{F}. G is also
continuous at z € F when G(z) = {u}. Indeed, since G is upper semicontinuous, for

any sequence I, — &, T € Foo = Dom G, we have that

G(xzn) CG(x)+€,B=u+¢,B, forsomee,]O.
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Ax,#+Bv N | Ax,+Bu

Figure 9.5: Continuity proof in R?, Theorem [9.7.3|(iii).

Therefore any sequence (up)peny With u, € G(x,) # 0 will converge to u. Continuity of
the set-valued map G(-), then, has to be checked only at points z € 0F for which G(x)
is not a singleton and Az + BG(z) C 0F .

Proposition 9.7.3. Assume that the matrix B has full rank. Then, the map G from
(19.5.2) and thus also the value function Vi are continuous on the whole feasible set Fu

i the following cases:
(i) BU(z) is strictly convex for every x € 0F .
(ii) Fso is strictly convexr.

(iii) The state dimension is n = 2 and the constraints are of the form & = X x U for

X CR?%, U CR™.

Proof. The cases (i) and (i) follow from the considerations before this proposition. Indeed,
by our convexity assumptions, for any z € 0F the intersection Az + BU(z) N Fso =
Az 4+ BG(x) is either a singleton or contains points in int F»,. Those are exactly the
situations in which continuity is assured.

For proving (iii), fix v € G(z), © € 0F« and take a sequence of points x, €
Foo, 1 € N, such that x, — =, as n — +0o0. We assume that x is a point for which
Az + BU N F C 0Fwo, for otherwise G(.) is continuous and there is nothing to prove.

For every n € N, G(z,,) # 0, so that there exists v, € G(x,). If Az, + Bv, —
Az + Bu, as n — +oo the proof is concluded. Assume, then, that there exists v € G(z),
v # u, such that Az + Bwv is a cluster point for the sequence (Ax,, + Bvy,)nen. Observe

that the convex combination between the origin, Ax + Bu and Ax + Bw is contained in
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Figure 9.6: On the left the constraint set C for example On the right C is
projected onto the plane x5 = —1.

Foo- Since Az + BU N Fyso € OF the two convex sets Az + BU and F4, can be separated
(see figure , i.e. there exists ¢ € R? such that

(- (Az+ Bw) > (- (Azx + Bu) = (- (Ax + Bv) > ( - z,

for all w € U and z € F. In particular, ¢ - (Ax+ Bu) > (- (Az, + Bvy,) > (- (Azy, + Bu).

If u € G(x,) we define u,, := u. Otherwise assume that n € N is such that Az, +Buv,
is in a neighbourhood of Az + Bv. The lines s € [0, 1] — s(Ax,, + Bvy)+ (1 —s)(Ax, + Bu)
and ¢ € [0,1] — ¢(Az + Bu) must intersect at Az, + B(Sv, + (1 — 5)u) € F. Indeed
s(Axy, + Buy) + (1 — s)(Axzy, + Bu) = q(Ax + Bu) is a linear system with two equations
and two unknown. Define u, = sv, + (1 — §)u € G(x,). In this way we construct a
sequence (up)nen such that u, € G(zy,) and u, — u as n — +oo. Therefore G(.) is lower

semicontinuous and (i7) is proved. O

The following example illustrates a situation in which V, fails to be continuous.

Example 9.7.4. Consider the set C given by the cone shown in Figure i.e., the
conver hull between the point V = (0,2,—1) and the circle B = {(x1,z2,23) : x2 =

—1,|z1|> + |z3]?> < 1}. Note that C contains the origin. Define the discrete linear system
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x'l" 1 1 0 T Ul
z5 =101 0 o |+ u |
:L‘gr 01 1 T3 us

u € [~1,1]% and x € C. This system satisfies Assumption . Moreover it can be verified
that C = Foo. We consider running costs £(z,u) = |z|? + |ul?.

We claim that the value function Vi is discontinuous at (0, —1,—1) implying that
G is discontinuous, too.

Indeed Vo (0,—1,—1) < 7 and the origin can be reached within two steps but any
point © = (x1,T2,23) on the semicircle I' = {(x1,—1,23) : 21 < 0,23 < Oand |21]? +

\z3|2 = 1} has infinite cost since

xr1 + [—2,0]
2T = Ax 4+ BUN Foo = 2o+ [—1,1] NnC=uw,
I3+[—2,0]

and the system does mot move from such position. An illustration of this fact is given in
Figure . If a feasible point P € ", P # x exists then by construction P = A\V+(1—M\)y
for some X\ € (0,1) and y € B. Using the fact that |y1|? + |y3|?> < 1 and that x € T we
conclude that |Py|> + |Ps|? < 1. This is a contradiction. Indeed (Pp)? + (P3)? > 1 since
(P1, P3) € (v1,23) +[-2,0]? and v € T.
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Chapter 10

Concluding Remarks

In this thesis current available theory has been extended in several significant ways that

are here summarized.

In the first part, dedicated to Optimality Conditions, we derived improved necessary con-
ditions for solutions to optimal control problems along the lines of recent work by Clarke.
A specific aim was to verify whether some of this recent work on necessary conditions
could be extended to cover classes of optimal control problems featuring pathwise state
constraints.

For free time optimal control problems with time delays we first proved necessary
conditions in a very general nonsmooth setting (a nonsmooth version of the Maximum
Principle is here present for the first time in the literature) and then we used those nec-
essary conditions to derive sensitivity information and construct new algorithms for the
computation of optimal trajectories.

Finally, in the second part of the thesis, dedicated to Model Predictive Control
(MPC), we proved stability and recursive feasibility of MPC schemes under weaker hy-

potheses than have previously been considered.

Before giving a detailed summary of the results achieved, we briefly comment on the

methodology used to obtain those results.
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10.1 Methodology

The first part of the thesis is concerned with the derivation of first order necessary condi-
tions of optimality for a range of optimal control problems not previously considered in the
literature. The methodology used in the derivations is typically based on perturbations
analysis pioneered by Rockafellar, Clarke and others (see for example [16]). The idea is as
follows. Given a solution to a problem with a feature, say a state constraint, that is diffi-
cult to analyze, we seek a nearby solution to a ‘perturbed’ problem which does not have
this difficult feature (through the introduction of penalty terms, for example). We derive
necessary conditions for the perturbed problem, and obtain those for the original problem
by passage to the limit. This perturbational approach is different from the methodology
used by Pontryagin et al. [48] in the first derivations of optimality conditions such as the
Maximum Principle, based on a study of reachable sets and their approximations. The
perturbational approach is particularly effective for nonsmooth optimal control problems.
Nonsmooth calculus is a fundamental tool for our analysis even when the data of the

problem considered is smooth.

The second part of the dissertation is concerned with stability results using Model Pre-
dictive Control (MPC) techniques. The MPC scheme provides a feedback control law
that is designed to stabilize the system. This feedback is obtained by solving optimal
control problems. The proofs of our stability results are based on showing (by means of
a “relaxed” dynamic programming principle) that the value function of the optimization
problem associated is indeed a Lyapunov function, i.e. it is decreasing over the trajectories
of the system. We then specialized our results to the case in which the dynamic of the
system is linear and the constraint set is convex. The algebraic Riccati equation is used
to explicitly reconstruct the value function of the problem. Moreover we employed several
ideas from convex analysis. The ‘gauge’ function, for example, is used to describe convex

sets.

Numerical simulations are performed using Matlab routines. In Chapter [6] optimization
problems were solved with the nonlinear optimization code IPOPT [57] imported into
the toolbox ICLOCS [60]. A code for the example of Chapter [8]is available for download

at http://num.math.uni-bayreuth.de/de/team/Gruene_Lars/publications/boccia_
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et_al_feasibility_2013| (mpc_ExampleBGW.m).

10.2 Contributions

Some of the content presented in the thesis has been published or submitted for publication
see [4,5,9,10] and [11]. Other material as in Chapter |4| and Chapter [5| will be the subject
matter of future publications.

As a whole the thesis was divided in two parts. The first part dealt with the search
for open loop strategies to solutions of optimal control problems. The second part was

centered on the search for closed loop strategies to system stabilization.

Part I: Optimality Conditions

Part I is composed of two main subparts. Chapters [3| and 4| are concerned with the
derivation of necessary conditions of optimality for constrained systems while Chapters

and [6] deals with delayed systems.

Constrained Systems

Chapter First it is shown that the stratified necessary conditions, introduced by
Clarke in [18], remain valid (with appropriate modifications), when a pathwise state con-
straint is included in the problem formulation. The conditions obtained reduce precisely

to those in [18] and [20] when the state constraint is omitted.

We allow general (set valued) radius multifunctions R(.) in place of a ball around the
optimal trajectory, as in [20]. This generalization greatly simplify the analysis when
dealing with mixed constraints. Moreover, it is shown that the use of convex radius
multifunction R(.) is particularly useful when using necessary conditions as a tool to

eliminate possible candidates (see Section |4.3)).

The stratified framework considered in Chapter [3| (and subsequently extended for more
general classes of problems in Chapters 4| and [5)) improves on previous research in at least
two directions. First the hypotheses invoked for the derivation of necessary conditions are

asserted to hold only locally around optimal trajectories. This is an important feature
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when considering that necessary conditions typically give only local information. Second

it leads, naturally, to the study of weak minimizers.

We examine examples aimed at providing insights into the ultimate limitations on possible
generalizations of such necessary conditions. Particularly in Section [3.3] we showed the
necessity of the tempered growth condition (H5) or (H5)* and of the fact that the radius

multifunction takes values open sets.

The methodology for proving stratified necessary conditions represent part of our
contribution. In Chapter |3| we follow a simple and effective proof technique proposed by
Clarke (lifting), now in the state-constrained setting, in which we deal not directly with
the original dynamic, but with a related multifunction taking as values sets in a higher
dimensional state space, which has much better regularity properties. An alternative
proof technique is proposed in Chapter Indeed the techniques of Chapter [5| can be
easily adapted to the framework of Chapter Here we get rid of dynamic constraints
by penalizing the cost with the violation of an arc from satisfying such constraints. We
proved that such perturbed problem has the required properties for invoking known

results on classical problems of calculus of variations.

Chapter Validity of stratified necessary conditions is extended to cover classes of
optimal control problems where not only pure state constraints but also mixed state and
control constraints are considered. The theory is supported by several examples that
illustrate why some of the assumptions imposed are essential. It is also shown how our
framework represent a convenient starting point for the derivation of necessary conditions
for many important classes of optimal control problems. Our formulation is indeed very
general and our results subsume many other results previously studied in the literature

(this was already observed in [23] for problems without state constraints).

Delayed Systems

Chapter In this chapter we considered retarded systems. State constraints are not
taken into account. However, it is our belief that the methodologies used may be extended

to this case in future research. Necessary conditions for a delayed and free time optimal
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control problem are derived by means of a self contained analysis. The methodology

adopted is new.

Standard approaches to solve optimal control problems with free end-time are based on a
time transformation that is designed to fix the end-time. For retarded systems, however,
reduction of free end-time problems to fixed end-time problems, for purposes of deriving
optimality conditions and of computing minimizers, is problematic. This is because the
time transformation gives rise to a non-standard optimal control problem for retarded
systems with state dependent time-delays, which are difficult to analyse. We describe an
alternative approach to the analysis of free end-time optimal control problems, which does
not depend on a transformation of the time variable. Instead we used techniques based on
direct perturbation of the end-time. The end result is a modified transversality condition,
providing the extra information about the optimal end-time, expressed in terms of the
‘essential value’ of the maximized Hamiltonian. These techniques were originally used
to derive optimality conditions for delay-free optimal control problems with measurably

time-dependent data [26]. They were used for retarded systems for the first time.

Chapter [6f The implications of necessary optimality conditions and in particular of the
transversality condition for the computation of optimal solutions are explored. We show
that the transversality condition leads to formulae for the sensitivity of the minimum
cost (of the optimal control problem on a fixed time interval) to perturbations of the
end-time. An algorithm for the solution of free end-time problems is proposed, in which
solutions to optimal control problems on a sequence of time intervals [0, T;] are computed
and the end-times T; are adjusted according to a gradient descent scheme based on the
sensitivity formulae. Numerical experiments demonstrate the superior performance of
algorithms which make use of the sensitivity formulae, as compared with algorithms based

on numerical approximation of gradients of the final time value function.

Part II: Model Predictive Control

Part [[] is composed of two chapters. The first chapter contains a proof of the main
theorem about stability of MPC schemes. This theorem leads to several results particu-

larly when we consider systems with linear dynamics. In the second chapter we discuss
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continuity of the value function.

Chapter We investigate recursive feasibility and asymptotic stability for nonlinear
MPC schemes with state and control constraints without imposing stabilizing terminal
constraints or costs. In the literature, stability and feasibility for this types of MPC
schemes is ensured assuming a global controllability assumption on the whole space where
we want stability to be achieved. In contrast we assume only a local controllability con-
dition around the equilibrium to be stabilized. This weaker condition is particularly im-
portant for at least three reasons. First and obvious reason is that it is easier to verify.
Second the results obtain, invoking only local conditions, are global, in the sense that
asymptotically stability is achieved for (almost) every point for which there exists at least
an open loop control that steers the system to the equilibrium. A third advantage of our
local hypothesis is that it provides a framework to investigate stability for a lineariza-
tion of the nonlinear model, around an equilibrium point. Indeed we show that the local

controllability assumption is always satisfied for stabilizable linear systems.

We provide for the first time in the literature a relationship between controllability types
assumptions and stationarity of the feasible sets. Those seemingly different hypotheses

have been successfully employed to prove stability and feasibility of MPC schemes.

Chapter [0 This chapter is dedicated to linear quadratic MPC schemes. Relationships
between the level sets of the infinite horizon optimal value function, the basin of attraction
of the equilibrium point, and the viability kernel are provided. Moreover we carry out a

careful analysis that provides several significant properties of these sets.

Continuity of the optimal value function Vi, is discussed in details. A main contribution of
the chapter is to provide sufficient conditions that ensure continuity of the value function.
Such sufficient conditions include as a special case inward pointing conditions classically

assumed to prove continuity of the optimal value function.

Many examples are provided that illustrate our results. A perhaps surprising example
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shows that the value function can be discontinuous at the boundary of the viability kernel

but only if we allow the dimension of the system n > 3.

10.3 Directions for future research

Optimality Conditions

(H4)**

Necessary conditions of optimality for optimal control problems with unbounded
dynamics are typically derived under assumptions that include a Lipschitz type
condition on the dynamic set F'(.). As a byproduct of our analysis, in Chapters
and [4] we were able to prove the validity of optimality conditions under the following

assumption:

There exist a number o > 0 and non-negative measurable functions k(.) and 3(.)
such that
k(.) and t — B(t)k“(t) are integrable

and, for each N > 0,
F(t,z)N (z(t)+ N B) C F(t,2') + (k(t) + Bt)N*)|z — 2| B

for all 2,2’ € Z(t) + B a.e.. Condition (H4)** is a refinement of the classical epi-
Lipschitz condition introduced by Loewen and Rockafellar in [44] that requires aw = 1
and B(.) = o > 0. An interesting question that has not been answered in the thesis is
whether this hypothesis is optimal for the derivation of necessary conditions, namely
whether the integrability of the function t — 3(t)k*(t) is necessary for Theorem 3.2.3]
to hold.

In Chapters [f| and [6] we considered free time optimal control problems featuring
constant delays with respect to the state variable. Many open questions remains

unaddressed.

— The maximum principle for optimal control problems described by ordinary dif-
ferential equations with controls, is derived from the generalized Euler-Lagrange
conditions for problems described in term of differential inclusions. Our analy-

sis therefore does not allow delays both on the state and on the control. This



218

CHAPTER 10. CONCLUDING REMARKS

is an important class of problems to investigate in future research.
— Distributed and Time dependent controls are not considered.

— An other immediate extension to our setting is the introduction of state con-

straints.

— For standard optimal control problems without delays the state of a system
x(t) at time t belongs to a finite dimensional space. When a single delay 0 is
included in the problem formulation the state of the system at time ¢ becomes
{z(t+ 1) : 7 € [-0,0]} that belongs to an infinite dimensional space. There
are many open problems in areas where it is necessary to consider infinite
dimensional state spaces, for example existence of minimizers and relaxation
procedures, Hamilton-Jacobi analysis, second order local sufficiency conditions,

and sensitivity analysis.

Model Predictive Control

e In Chapter [§] we gave estimates for the optimization horizon N required to ensure

stability of the MPC algorithm. Such performance estimates are quite conservative
with respect to what it is observed numerically. Nevertheless in [36] it is shown
that for some pathological situations these estimates cannot be improved. Can we
derive better estimates for classes of problems that do not include those pathological

situations?

In Chapter [§] we proved stability of the MPC scheme under a local controllabil-
ity assumption. Such controllability assumption is then shown to be automatically
satisfied for stabilizable linear quadratic systems. This suggests the following. If
a certain nonlinear system can be linearized around the equilibrium and such lin-
earization is stabilizable then our stability results apply. What can we say about

equilibrium around which the system cannot be linearized?

The local controllability assumption employed in Chapter [§| provides stability results
in the sense of Lyapunov. Can we still obtain weaker stability results by relaxing

our hypotheses?

Finally a word about robustness of the MPC scheme. It is a well known fact (see [32])

that continuity of the optimal value function V4, (discussed at the end of Chapter E[)
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and robustness of the MPC scheme are strictly related. Can our sufficient conditions

for continuity of the value function be exploited in this direction?
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int A
O0A or bdry(A)
co A

da(z)
xal(-)

14(.)

KL

cm([S, T]; R™)

Stands for almost everywhere

Space of n-vectors of real numbers
Natural numbers

Non-negative real numbers

Euclidean norm of a vector z € R"

Norm of a matrix M € R™ ™, || M|| := supj,<; |[Mz|
The closed unit ball in R”, {z||z| < 1}
Closure of a set A C R

Interior of a set A C R”

Boundary of a set A CR", A:= A\ int A
Convex hull of a set A C R”

The distance of a point € R™ from A C R", min{|z —
||z e A}

The indicator function of A C R™, which takes the value 1
on A and 0 on its complement.

Not to be confused with x4(.) defined above, this is also
called indicator function but takes the value 0 on A and
400 on its complement.

Class of continuous and strictly increasing functions 7 :
R>p — R>g such that n(0) =0

Subclass of unbounded functions n € K

Class of continuous functions 3 : R>9xR>9 — R>( such that
B(-t) € Koo, t € R>p. [ is strictly decreasing with respect
to the second argument and for all » > 0, lim;_,~ S(r,t) =0
holds.

m-times continuously differentiable R™-valued functions,
,xp) € C™([S,T];R™) are continuous and
the i-derivative %x(t) exists and it is continuous i =
1,...,m.

ie, z = (x1,...
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Wl’l([s7 T];R™)

GrI'(.)

NBV*[S,T]

(sometimes written W) denotes the set of absolutely con-
tinuous R"-valued functions on [S,7T] equipped with the
norm

b
lellwra = z(a)] + / (1)) dt

Elements z(.) € W1([a,b]; R") are called arcs.

Graph of a multifunction T'(.) : R® ~» R¥. Tt is the set
{(z,v) € R" x RF|v € T'(x)}. A multifunction is a map
which associates a set I'(z) C R¥ for any z € R®

The space of increasing, real-valued functions p(.) on [S, T
of bounded variation, vanishing at the point S and right
continuous on (5,7). The total variation of a function
wu(.) € NBVT[S,T] is written ||u||7v.. As is well known,
each function p(.) € NBV T[S, T] defines a Borel measure
on [S,T]. This associated measure is also denoted p.

Nonsmooth Analysis (c.f. [2,16,21,25,55])

Np(z)

N§ (@)

Normal cone (sometimes limiting normal cone) of a set D C
R* at z € D

Np(z) Z:{W|E|l‘i£)f, T — T s.t.

limsup T @ %)

b |z — ;]
T—T;

<0 forallz'EN}.

Here the notation x; i Z indicates that x; € D along the
convergent sequence x; — T.

Limiting normal cone, see Np(Z)

Proximal normal cone of the set D C R* at z € D
NE(Z) :={r |3t >0s.t. dp(Z+tr)=t|r|}.

It can be proved that Np(Z) coincides with the
lim SUp_ b, NE(x), limsup intended in the sense of
Kuratowski.

Generalized (Clarke) normal cone N§(z) := co N5(x),
where co stands for convex hull.



of(z)

opf(

Kl
N—

9o f(T)
ess h(T)

Tt

(limiting) sub-differential of a lower semicontinuous func-
tion f : R¥ — RU {+o0} at a point Z € dom f := {x €
RF| f(z) < +oo},

of(z) = {§|3& = and o — 7, f(x;) — f(2):
Jin sup & (v —x) — fz) + fxy)

T—T; ’$ - $z|

<0, Vi e N}.

Proximal sub-differential of a lower semicontinuous function
f:RF - RU{+oo} at a point z € dom f := {z €
R¥| f(z) < +o0},

Opf(z) :={|3 0,0>0:
flx)—f(@) > € (x—Z) — olz — z|?, forall z € = + 0B}.

Generalized (Clarke) sub-differential dc f(z) := co 0f(Z)

Essential value of measurable an essentially bounded func-
tion A(.) : I — R at a point ¢ € I, (I is an open interval)

— (g— ot
oss h(r) := [a”,a™]
where
a” = lim essinf h(r) and a" = lim esssup h(7).
30 relt—4,t44] 610 reft—5,t+9]

If h(.) is continuous, then ess h(7) = {h(t)}.

Tt

223



224



225

Bibliography

1]

A. V. Arutyunov and S. M. Aseev. Investigation of the degeneracy phenomenon of
the maximum principle for optimal control problems with state constraints. SIAM J.

Control Optim., 35(3):930-952, 1997.

J.-P. Aubin and H. Frankowska. Set-valued analysis. Modern Birkhauser Classics.
Birkh&user Boston Inc., Boston, MA, 2009. Reprint of the 1990 edition [MR1048347].

H. T. Banks and A. Manitius. Application of abstract variational theory to hereditary
systems—a survey. IEEE Trans. Automatic Control, AC-19:524-533, 1974.

P. Bettiol, A. Boccia, and R. B. Vinter. Stratified necessary conditions for unbounded
differential inclusions with state constraints. In IEEE 51st Annual Conference on

Decision and Control (CDC), pages 7703-7707, Maui, Hawaii, USA, December 2012.

P. Bettiol, A. Boccia, and R. B. Vinter. Stratified Necessary Conditions for Differential
Inclusions with State Constraints. SIAM J. Control Optim., 51(5):3903-3917, 2013.

H. A. Biswas and M. d. R. de Pinho. A maximum principle for optimal control prob-
lems with state and mixed constraints. ESAIM: Control, Optimisation and Calculus

of Variations, to appear.

R. Bitmead and M. Gevers. The Riccati Equation, chapter Riccati Difference and Dif-
ferential Equations: Convergence, Monotonicity and Stability, pages 263-291. Com-

munications and Control Engineering Series. Springer, Berlin, 1991.
F. Blanchini and S. Miani. Set-Theoretic Methods in Control. Birkh&user, 2008.

A. Boccia, P. Falugi, H. Maurer, and R. B. Vinter. Free time optimal control problems
with time delays. In IEEE 52st Annual Conference on Decision and Control (CDC),
Florence, Italy, December 2013.



226

[10] A. Boccia, L. Griine, and K. Worthmann. Stability and feasibility of state-constrained

linear mpc without stabilizing terminal constraints. In MTNS, 2013. submitted.

[11] A. Boccia, L. Griine, and K. Worthmann. Stability and feasibility of state constrained

mpc without stabilizing terminal constraints. 2013. submitted.

[12] H. Brezis. Functional analysis, Sobolev spaces and partial differential equations. Uni-

versitext. Springer, New York, 2011.

[13] F. Clarke. Maximum principles without differentiability. Bull. Amer. Math. Soc.,
81:219-222, 1975.

[14] F. Clarke. The generalized problem of Bolza. SIAM J. Control Optimization,
14(4):682-699, 1976.

[15] F. Clarke. The maximum principle under minimal hypotheses. SIAM J. Control
Optimization, 14(6):1078-1091, 1976.

[16] F. Clarke. Optimization and nonsmooth analysis. Canadian Mathematical Society
Series of Monographs and Advanced Texts. John Wiley & Sons Inc., New York, 1983.

A Wiley-Interscience Publication.

[17] F. Clarke. Methods of dynamic and nonsmooth optimization, volume 57 of CBMS-
NSF Regional Conference Series in Applied Mathematics. Society for Industrial and
Applied Mathematics (STAM), Philadelphia, PA, 1989.

[18] F. Clarke. Necessary conditions in dynamic optimization. Mem. Amer. Math. Soc.,

173(816):x-+113, 2005.

[19] F. Clarke. Necessary conditions in optimal control and in the calculus of variations. In
Differential equations, chaos and variational problems, volume 75 of Progr. Nonlinear

Differential FEquations Appl., pages 143-156. Birkh&user, Basel, 2008.

[20] F. Clarke. A general theorem on necessary conditions in optimal control. Discrete

Contin. Dyn. Syst., 29(2):485-503, 2011.

[21] F. Clarke. Functional analysis, calculus of variations and optimal control, volume 264

of Graduate Texts in Mathematics. Springer, London, 2013.



22]

[23]

[24]

[29]

[30]

227

F. Clarke and M. d. R. de Pinho. The nonsmooth maximum principle. Control
Cybernet., 38(4A):1151-1167, 2009.

F. Clarke and M. R. de Pinho. Optimal control problems with mixed constraints.
SIAM J. Control Optim., 48(7):4500-4524, 2010.

F. Clarke, Y. Ledyaev, and M. d. R. de Pinho. An extension of the Schwarzkopf
multiplier rule in optimal control. STAM J. Control Optim., 49(2):599-610, 2011.

F. Clarke, Y. S. Ledyaev, R. J. Stern, and P. R. Wolenski. Nonsmooth analysis and
control theory, volume 178 of Graduate Texts in Mathematics. Springer-Verlag, New

York, 1998.

F. Clarke and R. B. Vinter. Optimal multiprocesses. SIAM J. Control Optim.,
27(5):1072-1091, 1989.

F. Clarke and G. G. Watkins. Necessary conditions, controllability and the value func-
tion for differential-difference inclusions. Nonlinear Anal., 10(11):1155-1179, 1986.

F. Clarke and P. Wolenski. The sensitivity of optimal control problems to time delay.
SIAM Journal on Control and Optimization, 29:1176-1215, 1991.

M. d. R. de Pinho and R. B. Vinter. An Euler-Lagrange inclusion for optimal control
problems. IEEE Trans. Automat. Control, 40(7):1191-1198, 1995.

L. Gollmann, D. Kern, and H. Maurer. Optimal control problems with delays in state
and control variables subject to mixed control-state constraints. Optimal Control

Appl. Methods, 30(4):341-365, 2009.

R. Gondhalekar, J. Imura, and K. Kashima. Controlled invariant feasibility - A
general approach to enforcing strong feasibility in MPC applied to move-blocking.
Automatica, 45:2869 — 2875, 2009.

G. Grimm, M. Messina, S. Tuna, and A. Teel. Examples when nonlinear model

predictive control is nonrobust. Automatica, 40:1729 — 1738, 2004.

G. Grimm, M. Messina, S. Tuna, and A. Teel. Model predictive control: for want
of a local control Lyapunov function, all is not lost. IEFEE Trans. Automat. Control,

50:546-558, 2005.



228

[34] L. Griine. Analysis and design of unconstrained nonlinear MPC schemes for finite

and infinite dimensional systems. SIAM J. Control Optim., 48(2):1206-1228, 20009.

[35] L. Grine. NMPC without terminal constraints. In Proceedings of the IFAC Confer-
ence on Nonlinear Model Predictive Control 2012 (NMPC’12), pages 1 — 13, 2012.

[36] L. Griine and J. Pannek. Nonlinear Model Predictive Control: Theory and Algorithms.
Communications and Control Engineering. Springer London Dordrecht Heidelberg

New York, 2011.

[37] L. Griine, J. Pannek, M. Seehafer, and K. Worthmann. Analysis of unconstrained
nonlinear MPC schemes with varying control horizon. SIAM J. Control Optim., 48
(8):4938-4962, 2010.

[38] T. Guinn. Reduction of delayed optimal control problems to nondelayed problems.
J. Optimization Theory Appl., 18(3):371-377, 1976.

[39] D. Hinrichsen and A. Pritchard. Mathematical Systems Theory I. Number 48 in Texts
in Applied Mathematics. Springer, Berlin Heidelberg, 2005.

[40] A. Ioffe. Euler-Lagrange and Hamiltonian formalisms in dynamic optimization. Trans.

Amer. Math. Soc., 349(7):2871-2900, 1997.

[41] A. Jadbabaie and J. Hauser. On the stability of receding horizon control with a general
terminal cost. IEEFE Transactions on Automatic Control, 50(5):674-678, 2005.

[42] E. C. Kerrigan. Robust constraint satisfaction: Invariant sets and predictive control.

PhD Thesis, University of Cambridge, 2000.

[43] G. L. Kharatishvili and T. A. Tadumadze. Formulas for variations of solutions to a
differential equation with retarded arguments and a discontinuous initial condition.

Mat. Sb., 196(8):49-74, 2005.

[44] P. D. Loewen and R. T. Rockafellar. Optimal control of unbounded differential in-
clusions. SIAM J. Control Optim., 32(2):442-470, 1994.

[45] R. May. Stability and Complezity in Model Ecosystems. Princeton, 1975.



[46]

[48]

229

D. Mayne. An apologia for stabilising terminal conditions in model predic-
tive control. Int. J. Control., 2013. to appear, published online under DOI
10.1080,/00207179.2013.813647.

B. S. Mordukhovich and R. Trubnik. Stability of discrete approximations and neces-
sary optimality conditions for delay-differential inclusions. Ann. Oper. Res., 101:149—

170, 2001. Optimization with data perturbations, II.

L. S. Pontryagin, V. G. Boltyanskii, R. V. Gamkrelidze, and E. F. Mishchenko. The
mathematical theory of optimal processes. Translated from the Russian by K. N.
Trirogoff; edited by L. W. Neustadt. Interscience Publishers John Wiley & Sons, Inc.
New York-London, 1962.

J. Primbs and V. Nevisti¢. Feasibility and stability of constrained finite receding
horizon control. Automatica, 36:965-971, 2000.

M. Quincampoix. Differential inclusions and target problems. SIAM J. Control
Optim., 30 (2):324-335, 1992.

T. Raff, S. Huber, Z. K. Nagy, and F. Allgéwer. Nonlinear model predictive control
of a four tank system: An experimental stability study. In Proceedings of the IEEE
Conference on Control Applications, pages 237-242, Munich, Germany, 2006.

R. T. Rockafellar. Convex analysis. Princeton Mathematical Series, No. 28. Princeton

University Press, Princeton, N.J., 1970.

J. S. Shamma and D. Xiong. Linear nonquadratic optimal control. IEEE Trans.

Automat. Control, 42(6):875-879, 1997.

S. E. Tuna, M. J. Messina, and A. R. Teel. Shorter horizons for model predictive con-
trol. In Proceedings of the American Control Conference, pages 863—-868, Minneapolis,
Minnesota, USA, 2006.

R. Vinter. Optimal control. Modern Birkhauser Classics. Birkh&user Boston Inc.,

Boston, MA, 2010. Paperback reprint of the 2000 edition.

R. Vinter and H. Zheng. The extended Euler-Lagrange condition for nonconvex

variational problems. SIAM J. Control Optim., 35(1):56-77, 1997.



230

[57] A. Wéchter and L. T. Biegler. On the implementation of a primal-dual interior
point filter line search algorithm for large-scale nonlinear programming. Mathematical

Programming, 106(1):25-57, 2006.

[58] J. Warga. Controllability, extremality, and abnormality in nonsmooth optimal control.

J. Optim. Theory Appl., 41(1):239-260, 1983.

[59] K. Worthmann. Stability Analysis of unconstrained Receding Horizon Control. PhD
thesis, University of Bayreuth, 2011.

[60] E.J.V.Wyk, P. Falugi, and E. C. Kerrigan. Imperial College London Optimal Control
Software (ICLOCS). Solves nonlinear optimal control problems with constraints,

2010.



	Abstract
	Declarations
	Preface
	Contents
	List of Figures
	I Optimality Conditions
	Chapter  Basic Concepts of Nonsmooth Analysis
	Some Notation and Background
	Normal Cones
	Subdifferentials
	Subdifferential Calculus
	Perturbation Analysis


	Chapter  Optimal Control
	The Maximum Principle
	Nonsmooth Necessary Conditions
	Differential Inclusions
	A Free End-Time Problem
	State Constraints

	Chapter  Optimal Control Problems with State Constraints
	Literature Review
	Stratified Necessary Conditions
	Counter Examples and Discussion
	Proof of Theorems and Corollaries

	Chapter  Mixed Constraints
	Literature Review
	Necessary Conditions: Main Results
	Examples
	Special Cases
	Proofs of Theorems

	Chapter  Euler-Lagrange Conditions for Delayed Systems
	A Delayed Lagrange problem
	Differential-difference inclusion
	Hypotheses reductions & Preliminaries
	Proof of Theorem 5.2.1

	Free Time Problems
	The Maximum Principle

	Chapter  Free time optimal control problems with time delays
	Literature Review
	A Free End-Time Optimal Control Problem for Retarded Systems
	A Maximum Principle
	Sensitivity Relations
	Computation of Minimizers
	Numerical Examples
	Linear Dynamics
	Control of a renewable resource



	II Model Predictive Control
	Chapter  Overview of Model Predictive Control
	Stability of Discrete Time Systems
	The MPC Algorithm
	The Dynamic Programming Principle
	Stability of MPC Schemes: Classical Theory 
	Stability of MPC Schemes: Recent Developments
	Robustness

	Chapter  Stability and feasibility of state constrained MPC
	Relations to the Literature
	Model Predictive Control
	Recursive Feasibility and Asymptotic Stability
	Asymptotic Stability on Level Sets
	Global stability

	Linear Systems
	Characterization of the Viability Kernel for Linear Systems
	Linear Quadratic MPC
	Boundedness of V on the Viability Kernel F


	Chapter  Linear MPC and Continuity of the Value Function
	Model Predictive Control
	Stability on Level Sets
	The Basin of Attraction
	Stationarity of Feasible Sets
	Continuity of V
	An Illustrative Example
	Sufficient Conditions for Continuity of V
	Set-Valued Analysis
	Sufficient Conditions for Continuity of G from (9.5.2) 


	Chapter  Concluding Remarks
	Methodology
	Contributions
	Directions for future research

	Notation
	Bibliography


