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Fig. 1. Normalized coprime factor feedback cofiguration.

) = Q' > 0be generalized controllability and observability Gramians

of the realizations o6&~ and@, respectively, so that
(A-BD™'C)P+ P(A—BD™'C)
+(BD™") (BDT') <0
AQ+QA+C'C L.

Suppose that the realization #@ris inverse-weighted balanced, so thatl.h e

P = @Q =diag (0’1[‘;1, RO SN S [‘,T“, AU (T,\Y[SN)

=diag(¥1,%2), o1 >:-->0ony >0

and that it is partitioned compatibly witi; andX, as

Q
=

ThenG : =(A,,,B,,C.,D) = (I + A)G is stable and minimum

phase wheréd\ € RH., satisfies|Al|o < 6 with

N
s:=-1+ ][ <1—|—20M/1—|—022 +203)

i=r+1

Proof: The theorem is a modification of Lemma 2 in [15] (re-

placing (1) by equalities an@ by GT).

I1l. N ORMALIZED COPRIME FACTOR H~, CONTROLLER REDUCTION

In this section, we derive guaranteadriori stability and perfor-
mance bounds when a normalized coprime fagtar controller [11]

is replaced by a reduced-order approximation.

Let G be a given plant and consider the normalized feed-
back configuration shown in Fig. 1 [11], [1ZJ. The closed-loop
to [:1z] is given by
H(G,K) = [K"I]' (I - GK)'[-G I]. For anyy > 7opi =
: K stabilizesG}, the suboptimali{.. control
problem is to find all internally stabilizing controllet® such that
[|H(G, K)||s= < 7. Any suchK is called ay-suboptimal controller.
The next lemma summarizes the solution of the suboptimal probl

. o T
transfer matrix from [w{ w3 ]

inf{||H(G. K)||-

[11], [17].

Lemma IIl.1: Let G have a minimal state-space realizatio
G £(A,B,C,0). Then there exist unique, stabilizing, positive
definite solutionsX; andY: to the algebraic Riccati equations

A'X:+ XA - XoBB'Xo+C'C =0
AY> + Yo A — Y2C'CY> + BB’ =0

respectively, andyopt = /14 Amax(X2Y2) > 1. For anyy >
vV1—~"2sothat0 < § < landZ =

Yopt > 1 defines :=

(©)2
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(I- ~,/*2;3*2Y2X2)71. Then ally-suboptimal controllers are given
by
K =(01:1Q + 012)(0:1Q + 922)71
QERH [|Qlle <7 (6)
where
_®ll 612
@ =
| Oa ®22:|
[A-BB'X, | zB 5 'zv,C’
| —p2B'X, I 0 € RHeo )
| -Y~*C 0 B
[Z(A=Y>C'C)Z™" | ZB Z»(
e 'z 372B' X, I 0 € RHw.
-37C 0 BI
(8)

@
Proof: The proof can be found in a slightly different formin [11].
A-matrix for® ! is obtained from the realization @ using (4)
and (5) and the fact that — Y>C'C' = (I+Y>X2)(A— BB’ X»)(I+
Y5 X5)"! [3]. |

Remark Ill.1: Taking@ = 0 in (6) gives the central controller in
the form of the right coprime factorizatiolf1; = ®,:0,5 =(A —
BB'Xs - 372ZY>C'C, ZY>C', —37 2B’ X5,0).

The following result shows that we can perform a relative reduction
on a coprime factorization of any-suboptimal controlleK . It is sim-
ilar to the one stated by [9], except that the coprime factorizatiai of
is not required. It is also given in a form that allows a feedback inter-
pretation of the relative error function.

Theorem 111.1: Let K be a~-suboptimal controller foiG. Sup-
pose thatk’ = UV ! is a right coprime factorization ok’ and let

Pl i
[UTVT] = ({I+A) [UTVT]l be a relative approximation of

[U"v"]". Definek = TV . Then

1) H (G, K) = (I 4+ AYH(G, K)[I + AH(G, K)] "
w2 ifA € RH.and|All« < v thenH (GK) € RHoo
and|[H (G, K ) lloo < (7/1 = |Al|=7).
Proof: This follows from [9] and the fact that

)

H(G,K) - H(G. K)
=H(G,K)— (I + AYH(G, K)[I + AH(G,K)]™"

= [H(G.K) ~ JAH(G. K)[I + AH(G. K)] ™. 9)

|
The effect of relative controller reduction on the closed loop is shown
in Fig. 2. Note that the stability condition and the bound on perfor-
mance degradations require the evaluatiof] Af|| ... The following
result gives am priori bound on| A||- by using the inverse-weighted
ebalanced truncation method of Theorem 1.1 on the controller gener-
a'?or@.
Theorem II1.2: Let all variables be as defined in Lemma I1I.1. Let
= P’ > 0 be the controllability Gramian of the realization®f *
in (8) and letQ = Q' > 0 be the observability Gramian of the realiza-
tion of @ in (7) so that

r

(4)
()

[Z(A-Y2C'C)Z ' P+ P[Z(A-Y2C'C)Z7Y]
+ZBB'Z' + ZY>C'CY2Z' =0

(A-BB'X2) Q+Q(A - BB'X>)
+ 87" XoBB X, + 87C'C = 0.
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Fig. 3. Normalized configuration for Section IV.

#(G, K) equation at the bottom of the page. Define the reduced order controller
Ku = @12@;;21 = fi“, Bl, él,O> ThenH(G, K“) is stable if
~v6 < 1, in which case

#asmsececcansecnnncsssnancantenccscscsacncnccanaanana
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Fig. 2. Normalized feedback configuration perturbation. ~

Vé

IH(G. K1)l < 1

ThenP = ZY>Z' andQ = 5~ *X,. Suppose that the realization @r

is inverse-weighted balanced, so that (2) holds, and that it is partitioned
compatibly withS; andS. as IV. NORMALIZED H o, CONTROLLER REDUCTION
In this section, we derive guaranteacpriori stability and perfor-

mance bounds when a normaliz&d. controller [12], [13] is replaced

A A By

© = (10) by a reduced-order approximation. This is a slightly modified normal-
ized H, control problem compared to the one in Section Il and is
. ) shown in Fig. 3.
whereDe = diag(I, 3I). Then Let G be a given plant. The closed-loop transfer matrix from
. R ['urlT sz]T to [:1T ZE]T is given byﬁ(G, K) = HG,K) + J
6= {('f)” (?12} = | An By (11) WwhereJ := diag(0. —I). The nextlemma summarizes the solution of
©21 O , Do the suboptimal problem [12], [17].
Lemma IV.1: Let G have a minimal
is stable and minimum phase atl = (I + A)® where A € state-space realization G =(A4,B,C,0). For any
RMo satisfies||All« < 6 whereé is defined in (3) andr} =~ > 4, := inf{”ﬁ(G, K)||« : K stabilizesG} there exist
B (1= ~y7237%v})7* wherevi.. .. vk are the (distinct) eigen- ynique, stabilizing, positive—definite solution$.. and Ya. to the
values ofX5Y5. algebraic Riccati equations
Proof: The theorem follows from a simple manipulation of (4)
and (5) and Theorem I1.1. [ ] A'Xoo + XeoA+C'C— (1-77%) Xae BB' X =0
Let® = (I+A)O®,with||Al|- < §, be obtained usinTg the relative (12)
reduction procedure of Theorem II1.2 so tf{zﬁ)ﬂé%}] = I+ AV + Y + BB — (1= 74 ?) Yo O/ OV =0
A) [@i@@fz]T. If we take [UTVT]T = [@ﬂ@ﬂ]r in Theorem (13)
IIl.1, we can give a controller reduction procedure with guaranteed
priori stability and performance bounds. With Anax (X0 Vo) < 72, Let Zoo = (I — v 2V Xoo) ™' Then

Corollary 1ll.1: Let all variables be as defined in Lemma Ill.1 andall v-suboptimal controllers are given as (6) where (14) and (15) at the
let K1, = ©:,@3, be the central controller defined in Remark 111.1.bottom of the next page hold true.
Suppose thdf is an inverse-weighted balancing transformation@or Proof: The proof can be found in [12], [17]. The realizations for
so that ©®, ® ! are obtained from [17] since the normalized problem in Fig. 3
, corresponds to a generalized regulator problem

T 'Zv,Z' (T

T
— 37X, T A | -BpL, B
:dlag (01[51""’0-7"IST’07'+IIST+11"--,(TJ\"ISN) P= Dé1C 0 DliZ
= di'(Lg'(El,Ez) C D;zl 0

with o1 > --- > an > 0. Apply the similarity transformatiofi’ to  whereD?, = [I 0] andD,, = [0 I]. For this generalized plant,
K and partition compatibly wittE; andX, as shown in the first [17] gives the central controller, as shown in the first equation at the

-1 ! 3—27 ’ T-lzvoc' | R
K= T (A—BB_YZ—,J ZYQCC)T ‘ T ZY,C | Ay

—B72B'X,T \ 0
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bottom of the page. The-matrix for® ! in (15) is obtained from the
realization of® as

A—(1=~v%BB'Xoo+ ZooBB' X0 — Z.YoC'C
= Zoo (A= (1 =747 )YauC'C) 23!

where the second expression is obtained using the fact that

A—(1-~"7PBB'X.. - Z..Y..C'C
=Z (A= BB'XoZoo — (1 -7 2)YC'C) Z2".

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 46, NO. 9, SEPTEMBER 2001

0 < 3 <1.LetP =P >0 beageneralized controllability Gramian
of the realization 0®~"' in (15) andQ = @' > 0 be a generalized
observability Gramian of the realization @f in (14) so that

[Zeo (A - 3°YoC'C) ZZ'| P
+ P [Zo (A - Y C'C) 23] + ZoBB' Z.,,
+ Z.Yo C'CY Z, <0

(A-#"BB'X.) Q+Q(A-3°BB'Xx)
+ XBB' X, +C'C <0.

Then

The implications of performing a relative reduction on a coprime 1) the generalized Gramia#sand( can be taken as

factorization of anyy-suboptimal controllek is analyzed in the fol-
lowing theorem.

Theorem IV.1: Let K be any~-suboptimal controller fof7. Sup-
pose thatI[( = UV~ is a right coprime factorization ak” and let
o]
[U"v']". Definek = TV . Then

1) H(G.K) = [ﬁ(G, K)— JAH(G. K)] [T + AH(G, K)]™'

whereJ = diag(—1I,0).

2)f Al < (1 4+ 9t and

A € RHw then H(G.K) € RHe and
IH(G, K)o < (v + (1 4+DA]l) /(1= (1T 4+ D A]l).

(I+a)[U'v’ ]T be a relative approximation of

Proof: The proof follows from Theorem Ill.1 on noting that

H(G,K) = H(G, K) + J and

H(G, K) - H(G, K)
= [H(G,K) — [|AH(G,K)[I + AH(G, K)] "
= [H(G,K) + JJAH(G, K)[I + AH(G, K)] "
[

For the remainder of this section, we assume that >
max{1,vopt }. This is not a severe restriction sineg,e < 1

P=3"%Z..YuZ,
Q=5""Xo:

(16)
7

2) suppose that the realization #r is inverse-weighted balanced,
so that (2) holds, and that it is partitioned compatibly with
andX¥, as (10). Ther® in (11) is stable and minimum phase
and® = (I + A)® whereA € R'H., satisfies||A|ls < 6

andé is defined in (3) withv? = 37 "vZ(1 — v~ 2v2)2 where
vi,...,v3 are the (distinct) eigenvalues &f.. V..
Proof:

1) Rearranging (12) and multiplying by 2 gives
(A—"BB' X)) 57" Xoo + 87" Xoo (A — 3°BB' X )
+XoBB'X. +37°C'C =0.

This proves (17) sincé 2 > 1. Rearranging (13), pre- and post-
multiplying by 37! Z.. and3~' Z__, respectively
A3 2 2o Yoo Zos + B2 2o Yoo 21 AL
+B?ZoBB' Z 4 2o Yoo O CYoo Zhy = 0

if and only if G is stable and has Hankel norm less than 1 [13]. WhereA. = Z..(A — 3°Y,.C'C)Z%'. This proves (16) since

The following result gives am priori bound on||A||. using the

inverse-weighted balanced truncation method of Theorem I1.1 on t@¢ This is a straightforward application of Theorem II.1.

generato® and is similar to Theorem Il1.2.

72> L
|
Similar to Corollary Ill.1, we use Theorems IIl.1 and IV.2 to give

Theorem IV.2: Let all variables be as defined in Lemma IV.1. Supa controller reduction procedure with guaranteggtiori stability and

pose thaty > max{1l,v.pt} and defines /1 —~72 so that

performance bounds.

A— (1=~ BB'X.. [ ZoB  Z Yol

S B I
C 0 I
[ Zo (A= (1 —772) Yo C'C) 25 ‘ ZwB Z.YoC'
o2 BX. ‘ I 0 € RH... (15)
I —C 0 I

A-(1- qr’_z)BB’XOQ - 7Y, C'C ‘ Zoo Yoo O

Kii=0:03< [

-B'X., |

0
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A TABLE |
[|H(G, K)||o : U-CLOSED-LOOP SYSTEM IS UNSTABLE

Order of K 5 4 3 2
1K — Klloo 2.2963 | 2.2034 | 2.3707 | 1363.2
e oL -107 v |7e 2.2952 | 2.2965 | 2.4130 | 16.8565
G2 ©22]-(0 Vi 2.2052 | 2.2963 | 2.3780 | 14.7970
I - GK)~1G(K - K)lloo 2.2963 | 2.2939 U v
-~ #)(10%, o%17 (07 V'IT)|w 2.2051 | 2.2965 | 11.7788 | 7.8843
(1621 62]- [0 {7]) [-NT MT]T||os 2.2952 | 2.2063 | 2.3792 | 35.7589
lldiag(r~11, n@~* ((OF, OF T~ (07 VT]T) loo | 2.2952 | 2.2963 U U
I ([(3)2l 622]-(0 f/]) & diag(v~ 11, )||eo 2.2952 | 2.2963 U U
16 - ©)8 Y| 2.2052 | 2.2963 U U
|©~1(® ~ O)|lx (Our algorithm) 2.2963 | 2.2929 | 2.3592 | 7.5637

Corollary IV.1: Let all variables be as define in Theorem 1V.2 andection, we can use Theorem [V.1 to write the stability condition as
let K11 = ©®,0,," be the central controller. Suppose tfais an 14 ||H(G, K11)||~ < 6~' and the performance bound as
inverse-weighted balancing transformation ®rso that

IH(G, K1)
BT 2 Yoo ZL (T IIH(G Kuy)ll2 + [|A[J2 (14 [H(G, K11)||)
=377 X T 1= (14 [[H(G. K11)ll=)8)
=diag(o1 Loy, .os0, o0t gy sonTsy) provided thatl + || H(G, K 11)||e < 57", where||H(G. K1)~ and
= diag(X1, T9) ||A||2= need to be calculateal posteriori This can be considered as a

justification for the LQG-based balance-and-truncate method of [10].
If |H(G,K:1)||~ is calculated instead, then (9) shows that the sta-

with oy > --- > onx > 0. Apply the similarity transformatiofl’ to ., o , )
K, and partltlon compatibly with:, andX, as shown in the second bl(l)llt};lgoggét(l)?et;ecomeﬁH(G, Kl < & and the performance

equation at the bottom of the page. Define the reduced controller

K11 = @12@72 —(An B1 C1, ). ThenH(G K11) € RH If ||H(G K11)||2+||A|| ||H(G Kll)”o@

8 < (14 ~)~" in which case IH(G, Kl < —[H(G. K11)[|6
) R Y+ (14 7)5 which reproduces the controller reduction results of [9] (see [9,
I1H(G, K11)||eo < =15 Th. 17]).
V. EXAMPLE

Remark IV.1: There are two sources of conservatism in the stability
condition and performance degradation bound?-?(QG, K) compared To demonstrate the effectiveness of the controller reduction proce-
to H(G, K). First, the bounds that are derived are relatethte- 1)  dure we consider synthesizing a reduced-ofider controller for the
rather thany. Second, the priori bound on||A||« uses the general- HIMAT vehicle taken from the:-Analysis and Synthesis Toolbox [2].
ized Gramiang® and@ which satisfy the inequalities of Theorem IV.2.The model consists of two-input, two-output and four states that rep-
However, in practice, that conservatism does not reflect on the qualigsents a scaled, linearized plant of a remotely piloted vehicle version
of the controller approximation. of an advanced fighter. We used the same weighting functions for the

Remark IV.2: It is interesting to note that in the limit — oo, we loop shaping design suggested in [2].
haveX., — X5,V — Y; andZ.. — I[13]. Thus the normalized For the normalized coprime factor design case we ysed2.2952
"H control problem reduces to the normalized LQG problem. That iy synthesize a 6-th ordét.. ~-suboptimal controller which is re-

K, is the unique stabilizing controller that minimizg# (G, K)||.. duced using several methods and compared to the approach given here
When this controller is approximated using the method given in thimd the results are listed in Table | (see [4] and [17] for details of these

‘ AM filz Bl
A= B'BB'Xeo = Zoo Yoo O'C)T | T7'ZoYoo O | s, iy Aoy B,

Kllé
_B'X..T | 0 & G o
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TABLE I
REDUCED ORDER CONTROLLER PERFORMANCE

Order of K 5 4 3 2
1Al 0.0005 | 0.0021 | 0.1961 0.9963
8 0.0005 | 0.0026 | 0.2201 1.9340

Estimated [|[H(G, K)||co using ||Allcc | 2.2980 | 2.3065 | 4.1736 | ||A]lcoy > 1

Estimated ||H(G, K)|co using § 2.2980 | 2.3092 | 4.6382 ¥ >1
Actual ||H(G, K)o 2.2963 | 2.2929 | 2.3592 7.5637
o TABLE Il
[|H(G, K)||oe : U-CLOSED-LOOP SYSTEM IS UNSTABLE
Order of K 5 4 3 2
1K ~ K|loo 2.3210 | 2.3182 | 2.3954 | 1146.52
e, eL]T - (07 V7)o 2.3199 | 2.3212 | 2.4338 | 15.4278
(102 G221-[0 Voo 2.3199 | 2.3210 | 2.4015 | 16.6340
(I - GK)"1G(K ~ K)||oo 2.3210 | 2.3186 U U
N-N M) ([@}; eLT (0T VT]T) lloo 2.3198 | 2.3212 U 7.4912
0 ([éz, 0,]-[0 {,]) [-NT MT]T|o 2.3199 | 2.3210 | 2.4031 | 69.6613
lldiag(»~11, @~ ([©F, OF 7 - (07 V1) lleo 2.3199 | 2.3210 U U
I (1621 22]- [0 V1) & diag(r'1, Dlleo 2.3199 | 2.3209 U U
(6 - ©)0~ 2.3199 | 2.3210 U U
|®~1(® — O)||ec (Our algorithm, using exact Gramians) 2.3210 | 2.3178 | 2.3869 | 8.1069
|©~1(® - O)||co (Our algorithm, using generalized Gramians) | 2.3210 | 2.3178 | 2.3843 | 8.1055

TABLE IV
REDUCED ORDER CONTROLLER PERFORMANCE

Order of K 5 4 3 2
[|Afoo 0.0006 | 0.0026 | 0.2344 1.0844
& 0.0006 | 0.0032 0.2686 2.3311

Estimated ||72(G, K)||oo using [|A[leo | 2.3272 | 2.3484 | 13.9601 r+ Al > 1

Estimated [|H(G, K)||oo using & 2.3272 | 2.3554 | 29.6997 (r+1)5>1

Actual [|H(G, K)|leo 2.3210 | 2.3178 | 2.3843 8.1055

methods). Table | indicates that our approach seems to perform betteéFhe design was repeated for the normalized case withy = 2.32

than any of the other procedures. Table Il gijf#s|| -, its upper bound and Table Il summarizes the results. Similar conclusions can be drawn
§, estimates fof| H(G, K)|| using||A[|.. andé, and compares the as in the normalized coprime factors case for the quality of the con-
estimates with the actual value fi#{(G, K)||... The table demon- troller reduction. Table IV indicates that whéiaA .. or its bounds
strates that the bounds suggested are good indicators for the qualitisdérge, then the bound on performance degradation is quite conserva-
the truncation when the controller is moderately reduced. The highime. Tables | and 11l show that, apart from providiagpriori stability

the level of truncation, the more conservative the bound on performararel error bounds, the quality of our approximation is at least as good as
degradation. any of the other techniques. Using the energy propagation concept in-
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troduced by [14], and applied to the closed-loop model reduction algo-  An Improved Version of the Singularity-Induced

rithm of [6], it can be shown that the eigenvalues of the Gramians used Bifurcation Theorem
in our controller balancing and truncation have a controller input/output
energy interpretation. Yang Lijun and Tang Yun
VI. CONCLUSION Abstract—t has been shown recently that there is a new type of codi-

] ] ] ] mension one bifurcation, called the singularity-induced bifurcation (SIB)
It is shown that the Gramians (or generalized Gramians) for the nafising in parameter dependent differential-algebraic equations (DAES) of
malized controller generat® are given in terms of the synthesis Ric-lt_ftl)e_form gbh:ffhand 0 =g, and \évhiC_h oclcurs g«fanerii:jalfly W(T%n an equi-
cati equation solutions. This is exploited to givesgpriori upper bound 'IPrium path of the DAE crosses the singular surface defined byg = 0
thq lati hen the i p bal 9 dt E_)p techni and det g, = 0. The SIB refers to a stability change of the DAE owing
ontherelauve grror w en. € Inver§e- .aan.ce runca 'On. echniquey'some eigenvalue of a related linearization diverging to infinity when the
used to approximat®. This approximation induces a relative reducjacobian g, is singular. In this article an improved version (Theorem 1.1)
tion on the coprime factors of the normalized central controller. Com# the SIB theorem with its simple proof is given, based on a decomposition
bined with the bound on the relative approximation error, this givédeorem (Theorem 2.1) of parameter dependent polynomials.
guaranteed priori bounds on closed-loop stability and performance Index Terms—Differential-algebraic equation (DAE), parameter depen-
degradation. A theoretical justification for controller reduction tecrfient polynomial, singularity-induced bifurcation (SIB).
nigues based on balancing with respect to the synthesis Riccati solu-
tions is thus established. The technique also provides an intimate link
. . I. INTRODUCTION
between the controller synthesis and controller reduction problems.

Parameter dependent differential-algebraic equations (DAES) of the

form
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