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Abstract

The probing of the quantum nature of a macroscopic object is an open problem. Approaches
in preparing quantum superposition towards a larger scale, which has been progressively
accessible in a variety of experimental implementations, may detect new physics or extend
the boundary of quantum theory. Development on a nano-mechanical system in the
framework of quantum optics and information theory has opened new research directions.
It paves ways to manipulate the wavefunction of a massive particle over a large spatial
range and probe its quantum behavior to an unprecedented precision.

In this thesis, quantum superposition on a mechanical system is studied theoretically in the
light of possible implementations under current techniques in order to test superposition
principle and the quantum nature of gravity in the mesoscopic region. The work includes
two lines of study. In the first line, the motion of the center of mass (c.m.) of the
mechanical system is coupled to its internal spin system magnetically, and a Ramsey
scheme is developed based on coherent spin control. The wavepacket of the test object,
under a spin-dependent force, may then be delocalized to a macroscopic scale. A gravity
induced dynamical phase (accrued solely on the spin state, and measured through a
Ramsey scheme) is used to reveal the above spatially delocalized superposition of the
spin-nano-object composite system that arises during the scheme. A remarkable immunity
to the motional noise in the c.m. (initially in a thermal state with moderate cooling) and
also a dynamical decoupling nature of the scheme itself is revealed. A careful examination
of the perturbation effect due to setup imperfection and environment-induced decoherence
is performed, which shows that the Ramsey fringes have a high tolerance on those unwanted
faults under realistic experimental conditions. The scheme also facilitates a gravimetry
protocol that potentially could be developed for a novel on-chip gravimeter with a precision
of 107%¢/+/Hz.

In the second line, an opto-mechanical experiment is proposed to entangle the motion of
two mechanical oscillators through their mutual gravitational interaction. The feasibility of

such an experiment is critically examined within the framework of cavity optomechanics. It



is shown that within the decoherence time of mechanical noise and potentially gravitational
induced state collapse [1, 2], entanglement between mirrors could be obtained when the
initial state of the cavity field is prepared in some particular states. Strategies that give
enhancement to entanglement generation rate are studied in light of quantum estimation
theory. It is shown that for a cavity initially in a coherent state, the resulting entanglement
generation rate would be enhanced linearly with the amplitude of the coherent state.
Lastly, it shows that in the proposed setup Casimir effect would significantly affect the
gravity-induced entanglement. A proper shield can eliminate the detrimental effect of
Casimir force, which, however, will constrain the closest distance between the mirrors in

its implementation.
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Chapter 1

Introduction

1.1 Quantum superposition on mechanical oscillator

Since its discovery more than one century ago, quantum mechanics has puzzled the sci-
entific community with foundational questions. Indeed, while everybody agrees on the
power of quantum mechanics for the description of microscopic systems, such as atoms and
molecules, and on its applicative power, from electronics to the most recent developments
in quantum information processing and computing, there is still a lot of debate about
the transition from the microscopic to the macroscopic world, where experience shows
that quantum mechanics does not seem to be valid and is substituted by classical physics
[7, 8]. As an example, the naive use of quantum mechanics for the description of the
macroscopic world would lead to predictions contradicting our experience, such as in the
well-known case of Schrodinger’s cat. While it is a relatively simple task to define what the
microscopic and the macroscopic worlds are, it is difficult to draw a line separating these
worlds. Finding the border between the two worlds is an important foundational issue,
and so far, many solutions have been proposed to describe the transition from quantum to

classical physics, from more widely accepted theories based on decoherence processes due
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CHAPTER 1. INTRODUCTION

to the interaction with an external environment [9, 8] to more debated theories, which
propose modifications of quantum mechanics but have not been tested so far, such as the
spontaneous localization theories [10, 11, 1, 12] In this framework, mesoscopic physics, i.e.,
the physics of systems which lie somewhere in between the microscopic and macroscopic
worlds, plays an important role since one can play with parameters which are intuitively
related to the transition from quantum to classical, such as the total mass or the total
number of atoms involved in the dynamics of the systems. Examples of experiments with
mesoscopic systems are given by double-slit interference with very large molecules [13], the
production of nonclassical states of light by means of optomechanical systems [14, 15, 16],
and the study of coherence in trapped nanoparticles [17, 18, 19]. In all these experiments,
the scientific community is producing quantum superpositions of states of larger and larger
systems, and there has been a lot of work related to quantifying the macroscopicity of
such superpositions [20]. The generally accepted idea is that, by taking more macroscopic
regimes and by making the interaction with the environment weaker and weaker, one
can finally reach a regime wherein alternative theories, as opposed to orthodox quantum

mechanics, will become experimentally testable [12].

The probing of the quantum nature of a macroscopic object is an open problem.
Promising results have been obtained by macro-molecular interferometry [13] and routes
have been proposed for further massive objects using varied technologies. Most proposals
include mesoscopic cantilevers coupled to light [14, 15, 16]. Recently levitated objects of
masses ~ 10° amu confined in harmonic traps have been proposed as a fruitful system for
studying macroscopic coherence and non-classicality as here the objects can, in principle,
be cooled to their ground state. For example, free flight interferometry of such objects

has been proposed with the creation of superpositions being induced by either diffraction
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CHAPTER 1. INTRODUCTION

in a grating [21, 22], or by optomechanics [23] or by spin-motion coupling [17]. These
require measuring the position of a nano-bead with a very high spatial resolution, namely
being comparable to their de Broglie wavelength — which makes this technique significantly
more difficult with the increase of mass. In addition, mass variation in the interference
ensemble can diminish the visibility of this interference pattern. A recent scheme which
aimed at circumventing the above problems advocated using Ramsey interferometry of
a levitated diamond with an NV center [5]. The sensing of a gravitational field in the
Ramsey interferometry by tilting the interferometer was used as evidence of the coherence

between the distinct motional states of the center of mass of the diamond nano-crystal.

Preparing a mechanical oscillator with appreciable mass scale in its distinct kinetic
energy superposition will pave ways to probe gravitational phenomenon in the quantum
region. Quantum mechanics (QW) and General relativity (GR) are the two pillars on which
modern physics based, and their interplay has been of great concern over centuries. An
early neutron interferometry experiment [24] has shown that classical Newtonian gravity
could have a potential effect in quantum wavefunction interference. In the relativistic
region, the time dilation effect would lead to a visibility reduction in the interference
pattern [25, 26] and potentially lead to a universal decoherence of a macroscopic quantum
state [27]. However, QM and GR are incompatible on their fundamental concepts, a
phenomenon predicted by one may not respect the principle in the other. For instance,
a stationary superposition of a massive object is denied in principle since the associated
spacetime is ill-defined according to GR [28]. On the other hand, the indeterministic and
non-local nature inherently in quantum mechanics may question the casual structure of
GR in some way.To date, no unified framework has been fulfilled and the mainstream is
expecting to have such a theory to describe gravity as a quantum theory. Practically, it

is of great difficulty to conduct a test in the region where phenomenon predicted from
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CHAPTER 1. INTRODUCTION

two theories are comparably distinct. An unambiguous test on is either experimentally
unattainable or conceptually debating. Quantum information theory brings new prospects
to test the quantum nature of gravity in the low energy region in the lab [29, 30, 31].
Two massive objects with their wavefunction delocalized in principle could be entangled
through their gravitational interaction if gravity is quantum. If the experiment could
be pushed to the region where such gravity-induced non-local correlation is ambiguously

detected, one could at least faithfully rule out a classical force nature of gravity.

1.2 This thesis

In this thesis, the quantum superposition of a mechanical oscillator is studied in the
context of generating and evidencing distinct macroscopic quantum states and relevant
gravitational phenomena for a quantum system. The contents are organized as follows:
In chapter 2, a Ramsey interferometry scheme based on an optically levitated particle is
studied under realistic conditions. In chapter 3, a new form of Ramsey interferometry based
on a free particle is proposed in the scheme of preparing large spatial separation of the
mechanical superposition. Noise bound is given by evaluating the environment decoherence.
In chapter 4, a gravimetry scheme is presented based on the Ramsey interferometry in
the previous two chapters, and precision analysis in the framework of quantum estimation
theory is presented in studying the optimal sensitivity under noise condition. The final
chapter is devoted to studying the quantized nature of gravity on an opto-mechanical
system. The central task is to seek possible state preparation and enhancement on

witnessing gravity-induced entanglement in an unambiguous way.
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Chapter 2

Matter-Wave Interferometry of a

Levitated Thermal Nano-Oscillator

Usually, experiments to test such macroscopic superpositions can be quite involved and
experimentally demanding. Cooling a large ensemble to a sufficiently low temperature
may exhibit quantum behavior [19, 18, 32|. However, it is a great challenge to create
highly non-classical states of the center of mass (c.m.) of a mesoscopic object by cooling
to its ground state. Therefore, it would be useful to test superposition principle on a
mechanical oscillator in its thermal equilibrium with the environment. Conventional
matter-wave interferometry, for instance, the double slit experiment, relies on a spatial
interference pattern generated by ensembles of particles. In advancing to test particles of
large mass, the experiment would soon meet the ceiling that mass variation and velocity
spread would challenge the spatial resolution of the interference pattern. A scheme based
on a high fitness cavity facilitates the preparation and probing of non-classical states of a
mechanical oscillator [33], however, it is challenging to achieve sufficient optical quality,
which is required to put the mechanical object into a distinguishable state via interaction

with a single photon and the resultant time resolution is also limited. In this chapter a
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CHAPTER 2. MATTER-WAVE INTERFEROMETRY OF A LEVITATED THERMAL
NANO-OSCILLATOR

Ramsey interferometry is described based on levitated nano-particle in a recent proposal
[5]. The scheme would overcome the experiment challenge above and would allows for

sensing quantum behaviour of the mechanical motion of the particle solely by a spin control.

2.1 Ramsey interferometry on spin-mechanical sys-

tem

The basic mechanism is a type of qubit-oscillation interaction that enables a dynamical
control of the mechanical motion. The system considered is a nano scale diamond bead
containing one nitrogen-vacancy (NV) center levitated by an optical tweezer in high
vacuum, as depicted in Fig.2.1. The mechanical oscillation considered is the translational
displacement of the centre of mass motion along the trapping axis, defined as z. In the
vicinity of the centre of the waist of the trapping beam it is well approximated as a
harmonic potential. The NV centre employed is an effective spin 1 system with a energy
diagram as shown in Fig.2.2. The ground and excited states are split by the magnetic
interaction between the two unpaired electrons at the NV center: namely,the energy of
two electrons being parallel (m, = £1) is higher than those being antiparallel (m; = 0).
For the ground 3A that is normally used for spin-motional coupling, the split between
ms = 0 and m, = £1 is D = 2.87 GHz and the transitions between could be addressed
by microwave. The degeneracy in my = £1 could be lifted by an external magnetic field
due to Zeeman effect as electron spin possesses a magnetic dipole. The motion of the
bead is coupled to the spin state of the NV center by means of a static magnetic field
gradient which can be generated by a magnetized sphere with a permanent dipole moment

m = (0,0, m,) oriented along the z axis. Defining a reference frame such that the centers

16



CHAPTER 2. MATTER-WAVE INTERFEROMETRY OF A LEVITATED THERMAL
NANO-OSCILLATOR

Figure 2.1: An optical trap holds a diamond bead with an NV center with both weakest
confinement and spin quantization along the z axis. A magnetized sphere at zy produces
spin-dependent shifts to the center of the harmonic well. An angle 6 between the vertical
and the z axes places the centers of the wells corresponding to the | + 1) and | — 1) spin
states in different gravitational potentials. Starting with an arbitrary coherent state, the
c.m. of the bead oscillates as different coherent states in the center-shifted, spin-dependent
well (red solid and dashed lines), accumulating a relative gravitational phase difference
due to the superpositions. At time t; = 27/w, this phase can be read from Ramsey
measurements on spin. The blue shaped zone shows a generic orientation of the NV center’
s axis 2’ with respect to z [3]

17
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637 nm

2.87GHz

Figure 2.2: (Left) Structure of nitrogen-vacancy (NV) centre. The single substitutional
nitrogen atom (N) is accompanied by a vacancy (V) at a nearest neighbour lattice position
[4]. (Right) Schematic energy structure of the NV center. Electrons transitions between
the ground state >A and excited state of manifolds 3 E where superscript 3 represents the
spin multiplicity, i.e. the number of allowable my spin state, separated by 1.945 eV (637
nm), produce absorption and luminescence.

of the harmonic potential and the magnetized sphere are at positions (0,0, 0) and (0, 0, 29),

(3lmi)f-m

respectively, one can expand the magnetic field of the sphere B(r) = £2 35— ) around

Am

the origin (0,0,0) and get

Mo M

Bx = _BO x, By = _BO Yy, Bz = o |ZO|3

+2By 2, (2.1)

where By = 3pugm./(4mz;). Therefore the interaction between the spin of the NV center

and the vibrational motion can be described by the Hamiltonian

Hig = —A[2S. (c+ ) = /= Sy (a+al) = /<28, (b+bD)], (2.2)

Wy Wy
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where

(2.3)

2muw,

with m being the mass of the bead, gyy being the Landé factor of the NV center, S, Sy,
S, being the spin operator along the quantised axis along B,, up the Bohr magneton and a,
b, ¢ the annihilation operator of the oscillation in x, y, z and the corresponding frequencies
are wy, Wy, w;, respectively. Given the value of magnetization of a commercial magnetized
sphere (with radius ry = 40 um) M = 1.5 x 10° A/m, the corresponding magnitude of
dipole momentum is |m| = 47/3 X r§ x M ~ 4 x 1077 A-m?. Experimentally the trapped
particle could be possibly located at z, = 60 um giving a field gradient By ~ 2 x 10*
T/m. In this section the interaction between the spin and the z and y directions in Eq.
(2.2) will be neglected but their effect will be analyzed in section 2.3, on the basis that
Wy, Wy > w,. In support of this approximation, Fig. 2.3 and 2.4 present the experimental
schematic diagram of the device and data measured in the laboratory from a nanodiamond
levitated in moderate levels of vacuum of approximately 10 mB using 200 mW of 1064 nm

trapping power [3]. It measures &= ~ 2 ~ 0.18. Due to asymmetry in the laser focus 34],

<

oscillation frequencies in the radial directions are separated by approximately w/2m =5
kHz. The lower axial z frequency arises from the smaller electric field gradient along the
beam axis in comparison to x and y. The x or y frequency is revealed to the balanced
photodiode by rotating the polarization of the trapping light, while z is measured on the
individual photodiodes as the interference of the scattered and unscattered light producing
a signal which is sensitive to the phase (i.e. position) of the particle along the optical axis
[35].

Finally, adding the free Hamiltonian of the bead and of the NV center so that the total
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1064 nm Vacuum chamber Balanced
laser F================= photodiode
1
1
1
' 1
! 1
1
Beam 1 !
expander 1 Microscope objective :

Figure 2.3: Experimental schematic of the optical dipole trap. A 1064 nm laser beam
is tightly focused by a high numerical aperture (0.95) objective. The polarization of
the trapping light can be rotated by a half-wave plate. Scattered light from levitated
nanodiamonds is collected by a lens and sent to a balanced photodiode in an interferometric
scheme, providing a position dependent signal from the levitated nanodiamond.

250
N2 A7
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E15-
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e
[a] L
o 1
o

0.5+

20 40 60 80 100 120 140
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Figure 2.4: Power spectral density (PSD) as a function of w at approximately 10 mB using
200 mW of trapping power. Fourier transforming the position dependent signal yields the
PSD of the trapped nanodiamond. The axial z frequency has been scaled by a factor of
20 for clarity.

Hamiltonian of the system is given by

H =D S?+ hw.cle — 20 S, (c + 1), (2.4)

The Hamiltonian above represents a harmonic oscillator whose center depends on the
eigenvalue of S,. Please note that in its derivation the Zeeman splitting of |[+1) and |—1)

due to the zeroth order expansion of B, is cancelled by adding a uniform magnetic field
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along z.

Starting at ¢ = 0 from the state |¥(0)) = |B) |s.), where |5) is a coherent state of the
center of mass (c.m.) quantized motion of the bead in the harmonic well centered at
z = 0 and |s,) is an eigenstate of the operator S, with eigenvalue s, = 41,0, —1, the
dynamics under above Hamiltonian could be solved by rotating the system to a new frame
by the displaced operator D(«) = D((—25.\ + 2A)\/hw.), where the exact dynamics
for coherent state could be easily obtained and then transforming it back to the original
picture. With the property of displacement operator, we obtain the Hamiltonian in the

new picture

4)\?s?
H' = D' (a)H D(a) = DS? + hw,c'c — hwsz, (2.5)
and the initial state in the new frame reads:
[W(0))" =D¥(a) |8, 5.) = ™7V —a,s.), (2:6)
the time evolution under H’ is then given by
(1) = FHR(O)) = e HPEEED (8 - a)e 5. (2.7)

Afterwards by transforming back to the initial frame, one obtains the final state at t:

[W(t)) =D(a) [W(t))
(2.8)
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the system evolves at time t to the state |G(t, s,)) |s.) where

|/B(t7 Sz)) - e_%(D_hWZUQ)teiuQ sin(w,t)

X [(B —u)e™™=" +uy, (2.9)

and u = 2(s, A)/hw,. It shows that starting in with a coherent state, the bead undergoes
a displaced oscillation conditioned on the spin state. The oscillator returns to its original
state |3) after a full mechanical period at time ¢y = 27 /w, as expected, while a geometric
phase, ¢; = 2mu?, has been picked up whose value is proportional to the area enclosed by
the trajectories in the phase space. It could be seen from the derivation that this phase
essentially stems from the non-commuting property of the displacement operator, given
by D(a)D(B) = e =" D(a + B). This type of phase, produced by cyclic displacement
acting on a mechanical oscillator, has been shown to have a distinct quantum feature
by comparison from the one obtained on a classical oscillator with classical driven field
[36, 37]. In a similar vein, this coherent phonon coupling could be in principle used to
test modification on commutation or energy dispersion relationship in the framework of
quantum gravity[36, 38]. Tt is also worth noting that, this phase ¢; is independent of the
amplitude of the mechanical oscillation 3, meaning that any randomness on the initial
motion of the oscillator would not affect the phase and the subsequent measurement on it.
Remarkably, it would feature an immunity to initial thermal noise on the oscillator in the

interferometry schemes presented in this and next section.

2.1.1 Detecting a gravitationally induced phase

A Ramey interferometry could be implemented on the spin-motional coupling mechanism

and used to measure classical gravitational field on the trapped bead [5]. The idea starts
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with preparing the system in a separable state |3) |s, = 0). The NV spin could be initialised
to |0) by optical fluorescence [39] very effectively. A microwave (MW) pulse is sent to
introduce Rabi oscillation between NV spin states and generate a superposition between
|+1) and |—1). The interaction between MW and NV spin could be described by the
Hamiltonian

HMW = h(QNV,—i-l |—|—]_> <0| + QNV,—I |—1> <0| + h.C.), (210)

where Qx4 is the Rabi frequency between spin state |0) and |£1) and h.c. represents
the Hermitian conjugate terms. Setting Qyv41 = 2 and much larger than any other
coupling constant such that the dynamics by other interaction could be neglected during
the MW pulse. Applying for a pulse duration ¢, = 7/(2v/29), the initial state |0)
becomes |W(0)) = |3) (|—1) + |—1))/v/2. Due to the spin-oscillator coupling discussed
above, the center of mass (c.m.) of the bead undergoes a conditional displacement, the
hybrid system evolves to a state which involves superpositions of |5(t,s, = +1)) |+1)
and |B(t,s, = —1))|—1). The two components in the superposition would propagate and
oppositely and symmetrically in space such that at time ¢y the the phases accumulated
on each component are equal. In order to obtain a phase different to be measured, quite
naturally, local gravity on the mass of the trapped bead is introduced as an external field
that only interact with the mass but not with the spin. The spatial variation of the matter
wave of the oscillator will see a gravitational potential difference by simply tilting the
trapping axis by some angle 6 with respect to vertical direction. This is in the same spirit
of COW experiment [24], which firstly demonstrated that gravitational potential would
have a influence on the quantum state as a kind of scalar A-B effect. The new Hamiltonian

including the gravitational potential is

H =D S? + hw,cle —2(A S, — AN (c+ch), (2.11)
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with AX = -L-mgcosf. To note, here a point like geometry of the bead has been

2mw
assumed in calculating the gravitational potential. The time evolution for the initial state

|T(0)) = (|B) |[4+1) 4+ |—1))/v/2 could be solved easily by the frame transformation method

and at time ¢ is given by

_ A1) D) + 161 1)) =1

[W(t)) 7 ,

(2.12)

with

S8A AN

QAN 2\, oL 20 2A)
’6/<t7:l:1)> =et nw I S\ mwwt

— F hw)e + o E> (2.13)

B+

where a global phase has been factored out. It could be seen clearly the evolution of distinct
components in the above superposition are becoming asymmetric in phase space under
the influence of gravity and collecting a relative phase difference due to the gravitational

potential. The state after an oscillation period ty = 27 /w, is

[+1) + ei2%a |-1)

(W (t0)) = 18) ( 7 : (2.14)
with
32T A AN
Ade = R (2.15)

The spin and oscillator system are again separable and the phase difference A¢g in concern
is collected on the spin state. It can be revealed by applying another MW pulse by H,,,,
in completing a Ramey measurement on the spin state. Namely, after a second MW pulse

e~ Hmwip/h the spin state is

) = 21— %) (1 +1) +]-1)) - %(1 4 ¢iB6aY |0y (2.16)
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the spin state S, = 0 could be optically detected [39] with a occurrence rate given by:

Py = cos? (#) ; (2.17)

which gives a direct connection between the value of the phase shift and spin population.
Subsequently, a interference pattern for detection signal F, with respect to A¢g could
be obtained by varying the tilting angle 6. Practically, for each different tilting angle
#, the displacement on the equilibrium position of the bead in z due to gravity would
change as well. Henceforth, in respond the uniform magnetic field that used to cancel
the zero order Zeeman shift on the spin has to been modified. Now on could consider
the experimental parameters necessary to obtain a good visibility of the interferometric
fringes in a setup in which we are allowed to vary the angle 6. As realistic values for the
setup, we consider w, ~ 100 kHz and diamond spheres whose radius R ~ 100 nm, so that,
considering the density 3500 kg/m3 for diamond, the corresponding mass is ~ 1.25 x 1077
kg. A good resolution of interferometry fringes in the population in Eq. (2.17) is given for
AANty/(F*w, cos ) ~ 1, which makes the value of the population change completely from
0 to 1 when 6 varies between 7/2 — 7/20 and /2 (the z axis is horizontal for § = 7/2).
Assuming that the magnetic field in Eq. (2.1) is generated by a magnetized sphere with
radius ro = 40 um and magnetization M = 1.5 x 105 A /m (typical for commercial magnets),
and zy = 120 um, one has, according to m, = M - (47/3)r3 and Eqgs. (2.3) one has a
magnetic gradient of 9B/dz ~ 10° T/m and consequently the desired sensitivity for the

fringes of A¢pg.

Conceptual argument on the origin of the phase A¢g

It has been claimed in [5, 3, 40] that the relative A¢¢ phase is a direct evidence of the

existence of the superposition (2.12) and is revealed via spin detection only. It would
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not be developed if the c.m of the trapped particle were not in a spatially separated
superposition state. As A¢g o< g can never appear as a relative phase between spin states
unless spatially separated states of c.m were involved in the superposition |5(t, +1)) |[+1) +
|B(t,+1)) |41) /v/2 for 0 < t < to, the detection of Agg evidences such a superposition.

However, in the comment [6], the author has posed an opposite opinion that the Ramsey
measurement on the spin would not sufficiently evidence the existence of the superposition
of c.m. for time 0 < ¢ < ty. It points out that the origin of the phase could be interpreted
in a different way without invoking a quantum superposition for the c.m. The contention
states that the interference manifested in the spin state at time t; does not stem from
spatial separation of the matter wave since it can also be interpreted as a pure Zeeman
effect even in the absence of any zero order magnetic field initially in the setup. In
supporting the contention, the author first performs a coordinate shift Z = z 4+ Az, on the

c.m.motion such that the new Hamiltonian (2.11) will be rewritten as [6]:

. 2mw,
H = DS? + hw, e’ — 20 S.(¢1 + &) + 24/ ";i“ Az\S, (2.18)

where A z, = gcosf/w?. Then it is shown that grouping the first three terms into H; and
defining the fourth one as Ho, since H; and H, commute, the unitary exp —iH t/h could
be split into exp (—iHat/h) exp (—iH;t/h) and the evolution could be obtained by apply
the two unitary despite their orders. Cleary, evolution given by exp (—iH;t/h) would
separate the wavepackets of the particle but as shown before by itself would not result
in any measurable phase on the spin state, while exp (—iﬁgt) would feature the phase
A¢q. In the contention it argues that the phase to be measured is provided by Hs which
is irrelevant to the mechanism that creates the superposition as [Hy, Hs] = 0, conjecturing
that the phase measured is irrelevant to the spatial separation of the oscillator as opposed

to the claim in [5].
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The pitfall of the pure Zeeman interpretation in comment [6] could be revealed in several
ways. Theoretically, despite the fact that state |3'(¢, £1)) is oscillating at a displaced
centre where there is finite magnitude, however, the entire inhomogeneous magnetic field
term of the Hamiltonian is exploited to accomplish the spin-motional interaction, and is
thereby not available anymore to impart a Zeeman phase on the state. In practice, two
types of phase will behave differently in accounting for noise. The Zeeman phase derived in
comment [6] will suffer from the initial mechanical uncertainty (position and momentum)
of the trapped particle being subjected to an inhomogeneous field. In contrast, the
gravitational phase as claimed in [5] and here, would be immune to any initial randomness
in the motion which is a remarkable feature and will be elaborated later. Therefore, in
principle, one could verify the origin of the phase by evaluating the dependence of the
visibility of the fringes on the initial temperature of the trapped particle. Practically, a
visibility drop is expected if the phase is contaminated by initial thermal noise, provided
other sources of noise are well isolated.

Actually, the pure Zeeman phase interpretation narratives a classical evolution for the
oscillator that it is oscillating with a shifted equilibrium position under gravitational
potential, as opposed to a quantum picture in which the particle is in a superposition of
oppositely displaced oscillation. As been depicted in Fig.2.5, the origins of the energy
difference sourcing relative phase come differently in the two pictures, though they result
in the same value. Due to the displaced equilibrium position away from the origin and
under the magnetic field considered, it sees a certain magnetic field and accumulates a
pure Zeeman phase on the spin superposition |+1) + |—1).

Notwithstanding, if the Zeeman phase interpretation were true and the c.m. motion of the
oscillator does behave classically, one could in principle reproduce the same result by a

classical description without assigning a quantum operator to the motion. Interestingly, by
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Figure 2.5: Energy diagram for the intermediate state during the evolution B is the
magnetic field strength, which is set to be zero at the origin. (left): In the quantum picture
[5], the intermediate state of the system is a superposition of two wavepackets propagating
oppositely and symmetrically. They see an equal Zeeman effect on the energy level of its
spin state, while the c.m. motion sees different potential due to gravity. (right): In the
classical picture [6], the particle behaves as if it is situating at some position away from
the origin with only the spin state in a superposition acquiring a phase due to Zeeman
energy splitting.

applying a semi-classical model used in [37], the exact phase A ¢ could be derived. To be
precise, the motion of the trapped bead is a classical trajectory z.(t) and in the presence
of a magnetic gradient, it modulates the transition frequency of the spin state. The
prescription in [37] has invoked a non-invasive assumption that the back action from the
spin to the trajectories of the oscillator is neglected during the evolution. the interaction

Hamiltonian is written as

2mw,
h

H™ = —4 )\ z(t)8S.. (2.19)

The gravity is to shift the equilibrium position of the particle in the trap Z.(t) = z.(t) — Az,

and in the shifted frame the interaction Hamiltonian would be

2mw,

h

HE™ = 4\ (Z(t) + Az,)S.. (2.20)
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Then the accumulated phase on the spin at a given time ¢ is

_ —)\1 / 2””’2 / ) + Az,)ds. (2.21)

The extra factor of two before the integral is to account for the phase difference between

|[+1) and |—1). When after a full oscillation ¢ = 27 /w,, the first part of the integral would

vanish and the final phase is

8 2muw, o
o(t) _ﬁ)\ W /0 Azyds

16mA Az, Zn;wz |

(2.22)

- hw,

Clearly, the exact gravitational phase could be reproduced by a classical description on the
oscillator, however, the assumption has made on neglecting the spin-mechanical interaction
(otherwise one has to deal with the back actions from the spin to the oscillator, which is
indeed going back to the quantum picture). That is to say, during the whole evolution
the spin system is disconnected from the oscillator, which is in contradiction to the real

observation .

2.2 Robustness on interference fringes

The time necessary to complete a Ramsey scheme is a mechanical period of the trapped
particle, which is normally of the order of t; = 50 us in considering a frequency 10° Hz.
This must be compared with the coherent time of both the spin and motional superposition
in accounting various noise sources and realistic condition on the experiment preparation.
The magnetic field generated by a fixed magnet will drift in a timescale of hours, which is

much larger than the system evolution time. Therefore the related noise effect from the
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magnet could be neglected. Practically it should require the magnet sample to be single

domain in order to avoid the effect of the domain wall moving.

2.2.1 Thermal state of the oscillator

Firstly, it is worth to consider a more realistic situation that the c.m. of the trapped bead
is in a thermal state with a finite temperature. As is emphasized in the introduction, it
would be useful to evidence the superposition (2.12) under the noisy case and the fact
that the signal A¢g being independent of the amplitude  would result in an immunity to
any initial thermal randomness on the oscillator. Explicitly, consider any thermal state of
c.m. of the trapped bead the initial density matrix py, for the Ramsey scheme, to begin

with, is now written as

pu = [ B P(8)18) (8] © 3(1+1) + |-)((+1] + (1)), (223)

1

P e~ 181*/min is the Glauber P representation for the thermal state with ny,

where Py, =

being the average thermal excitations. At time ¢ it will evolve to

1

[ 3 Pu(8)18) 810 341 + B )+ B ) 2

Basically, though a mixture of many Schrodinger cats |5'(¢,+1)) |+1) + |5'(t,—1)) |—1)
is generated for 0 < t < ty, the spatial separation between the wavepackets in each

cat is identically 2\ (measured in phase space) such that the relative phase produced

SAAN
h2w

by the gravitational potential difference is uniformly A¢, = AE,t = t despite
having different initial amplitude and trajectories |3'(¢, sz)). After the evolution over one
oscillation period, the state of the system is again factorizable and the interference signal

A¢¢ is not affected by the statistic randomness Pyy,.
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This immunity of the interference to thermal states hinges on the mass being trapped in a
harmonic potential and will also apply for interference schemes based on free particles later
in Chapter 3. However, anharmonic effects of the trapping potential would contaminate
this robustness, therefore, in avoiding any anharmonicity a initial cooling is still required,
for instance using feedback cooling on the oscillator to temperatures of mK [35, 34] would

suffice.

2.2.2 Motional decoherence

Motional decoherence on the c.m. motion of the oscillator kicks in when the particle is
exchanging energy with the environment particles [41]. Such a process includes collisions
with residual gas partials in the trapped chamber, scattering and absorption of trapping
light, blackbody photons, and thermal emission of radiation. The environmental particles
are essentially measuring the system all the time through their interaction and resolving
any distinct quantum superposition in the preferred basis [8]. The dynamics of those
decoherence processes could be seen as random kicks that carry out the which-path
information of the two counter propagated wave packets in the spatial superposition, would
eliminate the coherence of the c.m. of the oscillator and the reduced spin system at the
end, which subsequently reduces the visibility of the following Ramsey measurement by
the principle of complementarity. That is, the environment acts as being continuously
measuring the position of the c.m. state of the oscillator and diminishing the coherence
of the quantum superposition. In general, exact evaluation on the motional decoherence
is carried out by solving the master equation for a given system-environment model.
Specifically, in most models it predicts a decoherence rate scaling quadratically with the
separation size of the superposition. This means in the limit when the size of the separation

of the superposition in concern is much smaller than the De-Broglie wavelength of the
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environment particle, it is not possible to resolve the distinct state in the superposition,
therefore the corresponding decoherence effect would be neglected in the case. Considering
the parameters in [5] that suffice a good visibility resolution, the maximum separation
between the wavepackets in the superposition (2.12) is given by Az, = 4\ z9/hw ~ 0.1nm,
which much smaller than the wavelength of any type of photons in the environment. For
instance, the decoherence rate associated with the photon scattering from the trapping
laser [5], which is the leading noise resource in this scenarios, will at maximum be scaling
with Az3, R*/A3 ~ 1072 by comparing with the time scale 10 i s of the scheme. Gas
collision might be detrimental as the De-Broglie wavelength of the residual molecule is
comparable with Ax,;, however, it could be suppressed by preparing the system in a high
vacuum chamber so that the scattering rate is reduced significantly with the gas pressure.
Note that, in Chapter 3, exact evaluation of the decoherence dynamics would be provided

in seeking for the maximum attainable size of the spatial superposition.

2.2.3 NV spin decoherence from diamond defects

Diamond possesses a rich set of paramagnetic centers which interact with the NV center
and cause its decoherence. Mostly there are two sources, namely nuclear spin from 3C
and electron spin from nitrogen defect. For the setup we have in mind, sample of type II
diamond will be used: due to the large density of the N defects the electron spins dominate
the decoherence process, since the electron-electron dipolar interaction is much stronger
than hyperfine interaction, while in some very pure diamond sample nuclear spin in *C' is

the main source of decoherence [42, 43]. The Hamiltonian of an NV spin interacting with
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the electron spin bath can be written as:

H=DS)+> Au(S2SE+ S0k + S0SK) + Hyarn
k

) (2.25)
Hyaer, = ch,k[l —3(nZ,)?[S; 57 — Z(S;FSIZ +5757)]
j<k

with .

A =1 = 37?125

i
e (2.26)
Jik r?,k

Where 7y and v are the gyromagnetic ratios for the NV and N spin respectively, r is the
distance between the interacted spin, nj. = rji/|rjx|, S° and S¥ is the NV and bath spin
respectively. Hyqn represents the interaction among the electron spin bath. Note that
as NV spin has a large natural isotropic term D = 2.87 GHz, the spin flip-flop process
SgS;j + 5255 in the interaction is strongly suppressed by the argument of rotate wave
approximation. This means the decoherence of NV spin is basically a dephasing process.
The bath spin would effect a random phase noise on any spin superposition.

The exact dynamics of electron spin-induced decoherence is difficult to solve because the
Hilbert space grows exponentially with the system size. Unlike the case of a bosonic bath,
the master equation technique is not applicable in the electron bath scenario since acquiring
the spectrum of the bath is equivalently complicated as solving the exact dynamics [44, 45].
Numerical strategies like Monte Carlo sampling the P representation could address the
high complexity of a large system and their results agree well with the experimental
data [46, 47]. A phenomenological model that is usually considered assumes a coherence

decaying function

T(t) = el=(7/12)"] (2.27)
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that features out a characteristic spin coherence time 7T, and the power parameter, varying
over the specific diamond sample, could be measured experimentally in a various way.
For instance, in the type of bulk diamond, it supposes a range for a from 2 to 3 [46, 47].
Sequential pulse techniques could be applied to extend t,, such as Carr-Purcell-Meiboom-
Gill (CPMG) sequences [48]. Basically, the idea is to flip the spin state |+1) or |—1)
periodically during the evolution, which would cancel out the effect of the perturbative
field that oscillates faster than the center spin. That is to say, in the fast components of
the random field generated by the spin, the bath would be rotated out by the periodic
spin flip operation. However, in the case of nanodiamond bead which is considered as
the nano-oscillator in this work, the exact decoherence feature is less clear than its bulk
counterpart [43] and there were few reports on spherical nano diamond. NV centers
in isotopically-purified bulk diamond can have electron spin dephasing times 7, > 1ms
measured with a spin echo sequence [49], but such long times have not been found for
nanodiamonds. The longest times have been achieved by making nanodiamonds from
pure bulk material with a low concentration of spin defects: nitrogen impurities must be
reduced and ideally also '*C. This material can then be milled [46] or preferably etched
with reactive ion etching (RIE) to form nanoparticles. Nanodiamond pillars with 300-500
nm diameter, made with RIE have shown a spin-echo T time of over 300 us [50]. Pillars
with 50 nm diameter and 150 nm length have achieved a spin-echo T3 time of 79 us [51].
The coherence time T3 could be made less demanding by means of appropriate decoupling
techniques, and by slightly changing the Ramsey scheme in order to accumulate the
gravitational phase over more than one cycle. Nevertheless, with T, = 79 us it would get

perfect visibility of the interference fringes.
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2.3 Fault tolerance on experiment imperfection

Besides the environment-induced noise effect on the spin and mechanical oscillator, the
analysis performed neglected some terms in the Hamiltonian, making it effectively one-
dimensional, instead of genuinely three-dimensional, as it would be in real experiments
with optical tweezers. The simplified model allowed us to catch the features of the
scheme proposed in an easily understandable way. In this section, the terms neglected are
evaluated by calculating the perturbation effect on the interferometry scheme of concern.
The previous analysis for the spin-motional coupling is restricted to the one-dimensional
case, i.e. the coupling between the spin and the transverse motion of the trapped bead
along the x and y directions is neglected. In the following, evaluation of the terms
f}—;Sx(a +a') and ZJ)—zSy(b + b") is carried out by a perturbative approach and the main
scope of the treatment is accessing the effect on the interference fringes corresponding to
the gravity-induced phase difference in Eq. (2.15). Defining the appropriate zeroth-order

Hamiltonian as

Hy=DS?+ hwga'a + ﬁwbeb + hw,c'e

+2AX,(a + a') + 240, (b + b)) + 2AN(c + ), (2.28)

which differs from the Hamiltonian in Eq. (2.4) by adding the quantized motion along the
directions x and y. The extra gravitational terms due to these transverse oscillations has

been included through the constants:

h

2mwy

1
AN,y = 5™y cos Os.y : (2.29)
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where 0, and 6, are the angles between the direction of the gravitational acceleration and

the z and y directions respectively. The evolution of the system with the full Hamiltonian

H = Hy+V,+V,

Vi = MuSe(a+a'), V, =M,S, (b+b), (2.30)

can be obtained by treating the terms V, and V, perturbatively with respect to the
Hamiltonian (2.28), whose eigenstates are products of eigenstates of S, and displaced
number states [52]:

|E(0) > = D(Oé) |n27ny7nz> ® |Sz> ) (231)

n,s,

correspondingly the unperturbed eigenvalues reads:

—s. A+ A)N,)?

5O _p Ds? 4\
N5, an—i— S, oo,

1=x,Y,2

(2.32)

In Eq. (2.31), we have n = (n,,n,,n,) and D(«) is a three-dimensional displacement

operator, i.e., D(o) = Dy(a,)Dy(cy,) D, (), with

—2)s, + 2A\, 2A\, 2A\
a, = o , Ol = T Oy = hwyy (2.33)

The first-order correction to the energy due to V, V, is zero since
(82| Vay |sz) = 0. (2.34)

The first nontrivial deviation from the underperturbed dynamics can be obtained by

correcting the energies up to second order and, accordingly, the eigenstates up to first
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order. The corrected energy eigenstates and eigenvalues are therefore given by

HrlLsz s,
B2 = 20 (R + 3 o (B, (2.35)
k#n,s!, 1Sz k,s,

where Z! is an appropriate normalization factor, and

2

B, B0+ Y ’

Z n,sz (2.36)
k#mn,s’, n Sz - Ek s,
where:
HT,L ,Szik,sl, T <En Sz V + Vy) l(<(,2’z> . (237>

By substitution, explicit expression for Hy _ ., . is given by

H), o = (0,5 DN (a)A(Sx(a + al)ys + Sy (b + b')v,) D(e) [k, 57,)
=MV20n, sk, AV KOs~ 1,00 + Vo + 10k 4100 + 2000k, . Yo (2.38)

+/\’7y5nx,kx[\/ k‘yéky_lmy —|— A/ k’y —|— 15ky+1,ny —|— 2ay5ky7ny]ygz,kz

where
G\ n., k) (sz| Sx|sz'y, for n, — k, = 2A
Vp k. = (2.39)
iG(\, n., k) (sz| Sy |sz'y, for n, — k, =2A + 1
and
G\, s, k) (sz| Sy [s2') , for n, — k, = 2A
sz,k:z = (2.40)
—iG(\,n., k) (sz| Sx |s2'), for n, — k, =2A +1
with
. kz' 2)\ ky—n, l )2 ky—ns 2)\ )
G0ne k) = | S5 e 4B L) 241
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where Eﬁj”z is general Laguerre polynomials and A a integer. In calculating the above
terms, properties of displaced number state have to be applied [53].

For any initial state, the perturbative dynamics at any time ¢ can be obtained by expanding
it into the basis given by Eq. (2.35) and multiplying each term in the expansion by the
corresponding exponential factor eXp(—%Er(ll,gzt). In particular we have calculated the
evolution of our system from the same initial state as in Sec.Il. As a result, the motional
and spin state will not be separable at every time instant ¢ > 0 since the phase acquired
is related to the initial amplitude nontrivially. In order to investigate quantitively the
perturbation effect, one can quantify how much the perturbed evolution deviates from
the unpertutbed one by computing the fidelity F = [(¥®(t5) |[¥©(ty))| between the
perturbed state | ¥ (9)) and unperturbed state | (¢y)) after one oscillation period. We
have computed fidelities for a very large range of parameters, with A ranging from zero to 0.1
and 7, and v, ranging from zero to 0.4: this choice includes also the realistic experimental
conditions of our proposal, where w, = w, = 10w,, corresponding to v, = 7, ~ 0.32. We
found that the fidelity decreases with increasing values of A, , and v,, but only by a very
small amount in the range considered: in all cases the value of the fidelity stays above
99%, which assures that our treatment in Sec. II is accurate enough. This is somehow
surprising, but the reason relies on the fact that the first-order correction in the energies is
exactly zero due to the selection rules, so that the first significant correction to the energies
is second order in 7, and 7, so that even relatively large values of these parameters have
little effect on the evolution of the spin-diamond system.

Finally, it is important to investigate how these results depend on the oscillation amplitude
[ in evaluating the thermal influence on the scheme. Numeric calculation runs for the
fidelity between the unperturbed and perturbed state vary given by different magnitude of

the initial coherent state of c.m. are shown in Fig.2.6. Clearly, the fidelity is still very
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Figure 2.6: Fidelity F' = [ (0@ (to) | ¥©(t)) | against the the magnitude of |3,| = |8,| =
|8:] = |Bo| under realistic parameter A = 0.01/w, and 7, = 0.4,7, = 0.5

close to unity for coherent states whose average thermal occupation number is up to 600.
Since any thermal state can be represented in a diagonal form in coherent basis, our initial
state (for a thermal particle) reads:

() = 5 [ €5 Pu(B)

F) (] (141 + =) (+1] + (=1)), (2.42)

-

where § = (Bs, By, B=) and Py,(B) is the Glauber P representation for the thermal state,
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where (n;) is the average excitation number in each direction. Under the unperturbed

Hamiltonian Hy Equ.(12) the final state after a full oscillation is

o (t0) =5 / &5 P (B)(18) 1) +18) [=1) ) (B (41| + (Bl (1] ™)
1

= 5 [ EFPu(B) (WOF.41)) + [, D) (@G, +D)] + (¥ (5, - D)

1 — -, -,
=5 [ @FPa()o(3)

(2.43)
while the final state for the perturbed case (to the second order correction in the perturba-

tion analysis and here we denoting the corresponding propagator by U®)(t,) ) is

p(t) =U (t0) pin (0)UT? (t)

1

—5 [ EFPAEVDE41) + (WG, -D) (WAE +1) + (¥, )

=5 [ @FPu(3)a(3)

(2.44)
where [U® (5, £1)) = U®(t,)|F) |+1) is obtained numerically. By the virtue of the

concavity of the fidelity of two density matrix,

- —, -,

F (o) (to), pl3 (t0)) > / 423 Pu(B)F (' (B), e @ (5)), (2.45)

the lower bound of F’ (0(0)(5), 0(2)(5)) could be approximately estimated from sampling the
value of 3y from Pth(g) providing a sufficient sample size. However, given the insensitivity
of ' = | <\If(2)(ﬁ, +1) ‘ vO (3, j:1)> | against the magnitude 8 up to 150 (up to what we are
capable of simulating), we conclude that for a thermal state F' (pgg) (to), pgi) (to)) is bounded
by a high value within the simulation range. Reminding that the average excitation number
for a coherent state |3o) is (n) = |By|?, we conjecture that our perturbation analysis is not

sensitive to the initial thermal effect for the temperature (1 mK correspond to ~ 1000
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thermal occupations) we consider, since going beyond such the temperature we would
encounter anharmonicity in the trap potential and invalidate the scheme. Therefore, the
analysis corresponds to robustness of the schemes up to temperatures of the order of 1mK,

so that only feedback cooling is sufficient for our scheme to work [35].

2.3.1 The effect of the random orientation

Once the nanodiamond is trapped in the potential, it is very likely that the orientation of
the NV center quantization axis, with respect to which the splitting D is computed, is
random with respect to the trap axis. Measuring the optically-detected magnetic resonance
spectrum of the NV electron spin in an applied magnetic field will reveal the orientation
of the NV center with respect to the applied magnetic field and hence the trap axis. This
orientation could be controlled in the x-y plane by adjusting the linear polarization of the
trapping light because the nanodiamonds are not spherical. Using rod-shaped diamonds
would increase this control [54]. Alternatively, the birefringence of diamond [55] might be
used to control the orientation with circularly polarized light [56].

In this section, without introducing extra measurements and manipulation on the NV’s
orientation, the resulting systematic errors due to the misalignment between the axes of
NV center and the trap would be measured. By assuming the coupling due to transverse
motion is negligible, which has been verified by previously calculation, the Hamiltonian is
then given by

H =DS? + huw.cle + QA)\(CT +¢) — 2X(epSy + ¢Sy + c.S.)(ch + c), ( )
2.46

where ¢, ¢, and c, are the direction cosines of the NV symmetry axis 2’ with respect to

the trapping axis z and whose values are obtained by a rotation transformation between
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these two axes, bounded by the condition ¢} + ¢ + ¢; = 1. Generally there is no exact
analytical solution for this Hamiltonian, so we divide it into two parts by H = Hy + Hy,
where

Hy = DS? + hw.cle + 2AX(c" + ¢) — 2Xe.S.(c" + ¢), (2.47)

for which we can solve analytically, and

Hr = —2X (¢S, +¢,S,)(c" 4+ ¢), (2.48)

which will be treated perturbatively, in analogy to the case of transverse perturbation in
previous section. The time evolution of initial state |3) (|0) 4-|—1))/v/2 under Hamiltonian
(2.46) can be calculated numerically by means of a perturbative expansion to the second
order. As the system is not separable for any time instance, the density operator of the
spin is calculated via tracing out the motional degree of freedom on the joint state after a
complete oscillation. Based on the reduced spin system, the Ramsey signal afterwards
can be calculated and used to reconstruct the interference fringes over a range of angles
between the trapping axis z and the direction of the gravitational acceleration.

One can investigate the dependence on the orientation of the NV center by changing the
parameters ¢, and c,. Since the system is rotationally invariant along the trapping axis,
then the simulation could be simplified by taking ¢, = 0 and consider ¢, varying from 0
(aligned case) to 1 (perpendicular case).

Fig. 77?7 shows how the interference fringes, given by the population P(s, = 0) of the
state |s, = 0), as a function of the tilting angle 6 and of the direction cosine ¢, (¢, = 0
corresponds to the NV center being parallel to the trapping axis, while ¢, = 1 corresponds
to the case in which the NV center is orthogonal to it). Explicitly, it compares the

interference fringes in the case of perfect alignment with the fringes in the orthogonal case.
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The interferometry fringes turn out to be qualitatively robust against the misalignment,
i.e., the visibility of the fringes does not change over quite a long range of values of ¢,
when the NV axis is deviating from the paraxial case, and only show a limited reduction at
the extreme case. It can therefore deduce that, if one want to perform a proof-of-principle
experiment to show the existence of the gravity-dependent phase factors in the evolution
of the components of the spin state, we do not have to worry too much about correcting

the orientation of the NV center with respect to the trapping axis.

200

0 20 40 60 80 100 120 140 160 180
0 6 (degree) 0 /degree

Figure 2.7: (Left) Fringes of spin zero population P(s, = 0) as a function of the orientation
0 of the trapping axis, z, with respect to the direction of the gravitational acceleration, and
of the direction cosine ¢, = 0 corresponds to the NV center being parallel to the trapping
axis, while ¢, = 1 corresponds to the case in which the NV center is orthogonal to it. The
initial motional state has been taken equal to the vacuum state of the quantum oscillator.
(Right) Comparison for fringes of the perfect (¢, = 0) and the most perturbed case ¢, = 1
shows a reduction on the visibility. The other parameters are such that A = 0.01 J and
AN/ cosf =11.9 J.

The result in Fig. (??) have been obtained with A = 0.01 J and AX/cos€ = 10 J, and
for a motional initial state corresponding to the vacuum state of the quantum oscillator.
In order to investigate the effect of an initial thermal distribution one must carry the
simulation starting from a generic initial coherent state for the oscillator. Up to an average

thermal occupation number of c.m. motion (N) = 600 no visibility reduction has been
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observed as shown in Fig.2.8, which assures us that the initial thermal distribution should
not affect our predictions at least up to temperature of the order of 1 mK. However going
beyond such the temperature might invalidate the assumption of harmonic confinement
of the trapped particle. Therefore it would be pointless to evaluate the performance of

our system for a larger number of excitation. The robustness to the temperatures up to
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Figure 2.8: Fringes of spin zero population P(s, = 0) over a range of the amplitude of the
initial coherent state |3) from 20 - 30. The other parameters are such that A = 0.01 J and
AN/ cos = 11.9 J. The perturbation is tiny that those plots are almost overlap

1 mK, also shows that the proposal is promising for an experimental realization. Both
the terms neglected in obtaining the results in Sec. 2.1 and the misalignment terms are
not a problem if one want to perform an experiment aimed at obtaining interference
fringes demostrating the existence of gravity-induced phases in the spin state. For other
applications of a Ramsey scheme, such as in metrology considered in later chapter, one will
need a perfect quantitative agreement between the theoretical predictions and the data
obtained. In this case, one would either have to measure the exact value of ¢, in order to
know to which slice in Fig. (?7?) the actual fringes correspond, or one will have to correct

for misalignment. This is currently experimentally achievable, for example by the methods
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shown in [56]. Finally, it is worth noting that the perturbative approach can be useful to
study the effect of similar spurious coupling terms in experimental proposals involving the

coupling of the motion of nanoparticles with spin degrees of freedom [38, 17, 15].

2.4 Conclusion

In this chapter, full dynamics of a Ramsey scheme based an NV center in a harmonically
trapped nano-diamond is studied. Ambiguity on interpretating the origin of the Ramsey
signal has been resolved in various approach, assuring a quantum picture on the c.m. motion
of the mechanical oscillator. Perturbation due to system imperfection and the environment-
induced noise on the spin and mechanical state is critically analyzed. Numerical evaluation
on the unwanted coupling between spin and the transverse motion has shown that the
fidelity between the realistic and the unperturbed state is always above 99% in the
proposed experiment. This assures that the experiment should confirm the one-dimensional
theory, which allows for a very clear physical interpretation of the results. In the case of
misalignment, the quantitative agreement with the one-dimensional model is lost, but the
qualitative behavior of the interference fringes stays valid up to very high deviations from
the perfectly aligned case. Therefore, a proof-of-principle experiment aimed at showing
the existence of Ramsey interference fringes induced by gravity can be performed without

caring too much about the alignment between the NV center and the trapping axis.

45



Chapter 3

Free Nano-Object Ramsey
Interferometry for Large Quantum

Superpositions

It is expected by a significant community of researchers that when one reaches a super-
position of quantum states separated spatially by ~ 100 nm for objects of mass ~ 10°
amu or larger, some hitherto unseen modifications of quantum mechanics [12, 57] or self
gravitational effects (Schrodinger-Newton equations) [58] may start manifesting. Even
practically, such highly non-classical states will have varied applications in quantum tech-
nology. Hence generating such states, and indeed evidencing them, is of prime importance
in the macroscopic frontier of quantum technology. Over the years several proposals
for probing spatial superpositions of confined macroscopic objects have been proposed
[14, 16, 15, 18, 13, 19, 17], but tethering/trapping naturally limits the distance that
superposed state can be separated, and the trapping mechanism itself might offer a route
to decoherence. Thus many recent proposals involve free flight — they have proposed to

achieve large spatial superpositions through nonlinear optomechanics using cavity induced
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measurements [19] and through Talbot intereference of a nano-object ensemble [21]. How-
ever, access to strong optomechanical nonlinearities and/or the conditional preparation
of superpositions are required in the former set of proposals, while mass dispersion is a

difficulty encountered in the latter type of proposals.

3.1 Preparation and detection on large quantum su-

perposition using free nano-object

In this chapter a Ramsey scheme of untrapped nano-objects is presented to create and
probe superpositions. The scale of the superposition is controllable through flight time and
magnetic field gradients, while the mass does not appear in the relevant interferometric
phase. The scheme is based on the spin-oscillation coupling system introduced in Chapter
1 while considering a free nano-object without a harmonic confinement. Under coherent
control on the internal state the wavepacket of the particle could be split and merged in a
double-slit interferometry fashion. If further, the interferometric arms are subjected to
different gravitational potentials, a dynamical phase is induced and measured solely on
spin state which evidences the spatially separated superposition of the test object. The
phase itself is independent of the mass so that the nanoparticle ensemble used in the
experiment can have a wide range of masses of about the same order of 10° amu. With
the capability of generating a highly spatially separated superposition and being robust
to motional noise, our system paves the way to testing some modifications of quantum
theory, such as continuous spontancous localisation (CSL) [57]. As shown in Fig. 3.1, we
first assume that a nano-diamond with a single spin-1 nitrogen-vacancy (NV) center is

prepared with its c.m. in a low temperature thermal state in a harmonic trap, say, by
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feedback cooling [59, 60]. The NV spin’s symmetry axis is aligned with the trapping axis,
x, and with its spin state initialised to |0) (by standard optical pumping). The trapping
axis x is tilted by € with respect to the direction of the gravitational field and after that
a uniform magnetic field gradient OB /0z is introduced which covers a certain region in
the vicinity of the trapped particle and couples its spin and motional degrees of freedom
(DOF) along z.

Starting at ¢ = 0 we release the nano-object and immediately send a microwave (MW) pulse
that creates a spin superposition (|41) +|—1))/v/2. The untrapped particle will propagate
freely under a spin dependent force and the gravity of the mass, the corresponding
Hamiltonian is

Jia 0B

HS — % — gNVIuB%SA'Zi ‘l— mg COS 9:%, (31)

where up is the Bohr magneton, gyy is the Lande g-factor, 6 the tilting angle of the
initial trap with respect to the gravitational direction, g the free fall acceleration, S, is the
spin z operator of the NV spin, p and & are the momentum and position operator along
the trapping axis respectively. Considering the c.m. motion initially to be an arbitrary
coherent state |3), under Hamiltonian (3.1) the particle will propagate in a way that its

wave packets spatially separate and accelerate along x. The state at time ¢ is then:

_ [ 41D) D) + v, 1)) [-1)
V(1)) = 3 : (3.2)

which is the superposition aim to demonstrate by the following Ramsey scheme. Note
that, as the harmonic confinement is removed, the c.m. motion of the free particle is not a
coherent state anymore. It propagates under a uniform force while the wave function of
the c.m. is smearing in space. The propagation of wave packets then has to be reversed

and brought back that completes an interferometry. This is done by flipping the spin
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state of each counter-propagating component at some appropriate times ¢; and t,, by
which the spin dependent force will reverse and decelerate/accelerate the particles. The
split wave packets would eventually merge back after a relevant time, forming a two arm
interferometer.

In principle the direct transition from spin |4+1) to |—1) is not dipole allowed since
two quanta of angular momentum would be required, and Raman type transition has
not been reported yet. Notably, in this particular scenario where the nano-diamond is
delocalised substantially in a magnetic inhomogeneity, the Zeeman splitting between |£1)
will be appreciably large to enable a coherent transition between |+1) and |—1) mediated
via the spin |0) state. This spin flip operation is accomplished by a multi-MW pulse
sequence as depicted in Fig.3.2. The spin flips happen at t; when the counter-propagating
components are located at © = Axy,/4 and © = —Ax) /4, respectively, where A z is their
maximum separation. The local magnetic fields seen by the NV center have the same
magnitude but opposite directions, therefore the corresponding energy diagram for the
spin system has the same Zeeman splitting between |+1) and |—1), but their ordering
is swapped, as shown in Fig. 3.2. Now suppose we want to flip the system state from
(9t +1)) [+1) + [0 (t, =1)) |=1))/V2 to (|9 (t1, +1)) [=1) + [tb(tr, —1)) [+1))/v/2. The
first MW pulse is sent to drive a Rabi oscillation €; between the ground state |0) and
the degenerate states of |[+1), and |—1),, without affecting the other level and after a
certain duration of the pulse it brings the spin state to |0). This is followed by a second
MW pulse that hits the transition between |0) and the degenerate states of |[—1), and
|+1) , fully transferring population to these latter states. Therefore we could effectively
reverse the spin state in each superposed state by a two MW pulse sequence. The shortest
pulse duration of MW accessible would be of 10 ns, corresponding to a bandwidth of

~ 100 MHz. The Zeeman splitting between the |+1) and |—1) spin states is about 56
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GHz/T x0B/0x x Axyp /4 ~ 56 GHz (assuming a 10"T/m magnetic inhomogeneity),
which is sufficiently large to resolve the two resonance §2; and €2,. If the timing of the
spin manipulation is controlled by t; = %tg = }1153, the system would end up again with a
separable state at time t3. Temporally, the MW pulse timing is precise to 5 ns or better
and the duration of each pulse would be as short as 10 ns. While the uncertainty in pulse
sequences would in principle result in decoherence on the reduced spin state at the end,
however such an effect would be negligible if the total free flight time is much larger than
the pulse times.

The unitary evolution including the spin flip sequence discussed above could be written as

Uit =U(13) - C - U(1p) - C - U(7y)
(3.3)

:eleTg/h .C . e*ZHTQ/h .C - e*ZHﬁ/h’

where C' represents spin flip operator and ideally one could assume the spin flip is done
instantaneously, operationally represented by C' = (|—1) (+1] + [+1) (—1]). The time
intervals are 73 = t3 — ty, 7 = to — t; and 7y = t;. One could re-arrange the above

expression in a operator-wise way that

U,y —esm (20 P FE—m3ms P =i (ratms) )

x 6—3#(717§F1F3+7—17—22F1F2+7—2t§F2F3+2T17273F1F2) (34)

N 3 77,23 t; . N 3
W BT o ot sze—ﬁp(zi TfFi+27273F2+271(T2+T3)F1)7

where F; = F3 = uBngg—fgz —mgcosf, and Fy = —uBgNV%—fSZ — mgcosf. Given by

T1 = T3 = T2 /2 as required separable condition, we have

—t%(uBgNVBB/6x§Z—7ng cos 9)2 —itg o

Utot = e 24m eTp , (35)
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which is simply a wave packet spread operator plus a spin dependent phase shifting term.
Now apply this unitary operator to our initial state [1(0)) = |8) (|+1) + |-1))/v/2 and

solve it in the position representation, giving (by dropping any global phase terms)
1 id
[U(ts)) = 7 [wlta)) (H1) + 7 |=1)). (3.6)

|1(t3)) is the final motional state of the c.m., written in position representation as

(x—xzg—poty/m—gcos 9t§/2)2

(x| P(ty)) = e ™% 2" , (3.7)

where py and x( are the initial momentum and position of the c.m., respectively, and

o = 4—h(1 + (wig)*

—L 15— is the wave packet spread in its free propagation at time #3 with w is

the trapping frequency before the particle is released. The relative phase accumulated on
the spin is given by

1 0B
by = ﬁgtgnguBﬁ_x cos, (3.8)

which is the extra phase stemming from the superposition of spatially separated trajectories
subjected to an auxiliary field (local gravity in this case). Clearly the phase information
accumulated on spin state is neither dependent on the initial kinetic condition of the
trapped particle (for instance py or xg), nor any disturbance on the frequency w of the trap.
It could be measured by completing the Ramsey scheme: The second MW pulse on the
NV spin at time t3 will map this phase to the population of state |0), whose probability
then could be measured by optical fluorescent detection: Py = cos® (¢,/2). Practically, the
particle will be re-trapped for repeated measurement and either 6 or t3 would be used as a
controllable parameter that shifts the value of ¢4, with respect to which a fringe of F is

resolved. The maximum spatial separation Az, of the superposed components is given at
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half the propagation time t3 by

1 OB [t3\°
A =2 X — — (= 3.9
Ty X ngNV,uB I (4) ) ( )

now one can analyse the achievable scale of magnitude this separation under realistic
parameters. Considering a diamond sphere of radius R ~ 100 nm and with a density
of 3500 kg/m?, whose mass is then ~ 1.25 x 107! kg (corresponding to 7.5 x 10° amu).
The coherent evolution time t3 is limited by the coherence time of the system accounting
for all possible detrimental effects, which will be discussed below and here we suppose
a realistic value of ~ 100 us [49]. Under an field gradient of 22 ~ 107 T/m [61] one
immediately obtain a separation of Axzjy; ~ 100 nm. Interestingly, this is comparable
to the size of the test nano object. So a good position measurement at time t3/2, such
as those used in feedback cooling [59], can even discriminate the two components of the
superposition spatially. Of course, this measurement will destroy the superposition so
that the superposition has to be tested through the ¢, induced fringes in other runs
of the experiment where measurements are only done at t3. Nonetheless some runs of
the experiment measuring spatial position at time ¢3/2 will confirm the picture that the
components superposed are indeed spatially separated by 100 nm. The magnitude of the
phase under the above experimental parameters is calculated by ¢, ~ 10°, and such large

value would lead to a very high sensitivity of the subsequent interferometric measure.

3.1.1 Comparison to Ramsey-Bordé interferometer

The free flight scheme might look similar to Ramsey Bordé interferometry(RBI) [62] and
its adaption to nano-diamond implementation [38], however the central task is the witness
of macroscopic superposition (in a sense of large spatial delocalisation for a massive object).

Given that RBI in principle could be used for generating a state of the same type like
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(3.2), its ability to achieve a desirable superposition scale is limited. In astandard RBI
setup, as schematically shown in Fig.3.3, the superposition (of both atom and momentum
eigenstates) is created by resonant photon absorption of a two-level atom (one photon mo-
mentum is transferred to the excited state), and such a momentum difference provides the
matter wave splitting during the free flight stage (the dark time stage). The macroscopic
scale in this case is determined by the single-photon momentum difference of superposition
states from the initial preparation. The momentum difference between the component
states could be amplified by employing a large momentum transfer technique (such as
in multiphoton Bragg diffraction where the atom coherently scatters 2n photons from
a pair of antiparallel laser beams without changing its internal state) hence boosts the
delocalisation effect (it is up to about 100 Rk transfer could be achieved [63]). However
the superposition scale is far beyond what RBI could reach: To create a 100 nm separation
of a 10 amu particle within the coherent time 100 s, a total photon momentum transfer
of the order of 10® is required.

In free flight scheme presented here, a different mechanism for approaching such macro-
scopicity: the first microwave pulse creates the spin superposition of states|+1). Then due
to the spin-state dependent force which is implemented by an external field inhomogeneity,
each component of the superposition would lead to the propagation of the particle in
an opposite direction. The scale of the maximum spatial separation could be increased
by the field gradient. Within the realistic experimental condition our proposed scheme
allows a substantially boost to achieve a delocalisation of the massive object within a short

coherence time.
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3.2 Visibility of the interference fringes

The free particle scheme is expected to be more robust to noise perturbation and fault
tolerance to systematic imperfection compared with the trapped counterpart in Chapter 2.
Due to the untrapped natured, the c.m. of the particle is free of scattering and heating
effect from trapping laser light in its propagation. Regarding spin coherence, the spin
manipulation in completing the free flight scheme has naturally secured a longer coherence
time; the sequence of MW pulses applied, namely (7/2), — (7), — (7). — (7/2),, is actually
forming a dynamical decoupling sequence [48] that would echo out the noise attributed to
any slow and spin relevant effect such as quasi static spin bath. Furthermore, practically
one could apply additional pulses to swap the spin state from the NV center into a nulcei
spin nearby (which usually has a much longer coherence time than electron spin) in the
diamond sample during the flight, and then swap back upon closing the scheme.This would
substantially extend the coherence time on the spin state. Moreover, since nanodiamond
has rotational degrees of freedom. The NV position inside the nanodiamond is unknown,
leading to an unknown spin-dependent torque. However, this can be neglected in our
experiment because of a torque echo effect, which has not previously been discussed in
the literature to our knowledge. The |+1) spin state will experience an unknown torque
in some direction and the |—1) spin state will experience an equal and opposite torque.
When we swap the spin states of these two components, they will each experience the
same magnitude of torque in the opposite direction to that before the swap. As the time
periods before and after the swap are equal, both superposition components end up with
no net torque. The two components will rotate in some direction and then rotate back to
their initial orientation. This simple analysis relies on the assumption that the diamond is
not spinning, so the torques in the two periods commute. Additionally, regarding to the

sensitivity to the noise from the magnetic field, the slow random variation of the magnitude
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of the gradient (due to imperfection implementation) would result in a random drift in
Zeeman split for NV spin and introduce dephasing effect. Of course, such dephasing noise

would be cancelled out by the spin echo effect as elaborated above.

3.2.1 Free particle with finite temperature

Remarkably, the phase ¢, is independent on the initial motional condition, featuring an
immunity to the initial motional noise, the same feature already revealed in the trapped
case in Chapter 2 ; consider an initial motional state py, = fﬁ d*BPy,(B) |B) (B, where
Py, is the Glauber P representation for thermal state. The spin is initialised to |0) in the
trap so that it is decoupled from the motion, and as soon as the particle is released, |0) is

converted to (|41) 4 |—1))/+v/2. Then at time ¢ = t5 we have,

1
pun(t3) :§/Bdﬁpth(ﬂ) [¥(t3)) 5 (W (t3)l 5 (3.10)

® (|41) + € | 1)) ((+1] 4+ e (—1]).

Obviously the state of composite system is again factorizable, though the motional
wavefunction of c.m. in each component of the thermal ensemble is different from the
original one due to the free propagation, the relative phase accrued by the spin states is
not affected by initial thermal motion nor the deformation of the wavepacket. Moreover,
the factorizability in the free flight case is not affect by any anharmonicity from the initial
preparation in the trap, in comparison with the trapped case, hence the initial cooling is
less demanding. According to the wave function (3.7) of the motional state at the end,
the initial position and momentum would only affect a thermal drift of the center position
of the wavepacket at t3 along the axis. This may invalidate the uniform inhomogeneity
assumption on the magnetic field, resulting in extra higher order terms in Hamiltonian

(3.1) if the thermal drift is important. However, this more of a issues of implementing
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a uniform magnetic gradient in a large spatial span in practice. Additionally, one could
adapt the free flight scheme by using a magnetic pulse to implement the spin-motional
coupling. Then the initial thermal noise will be in principle irrelevant.

Nevertheless, a feedback cooling on initial state of the c.m. to mK [59] (by which the
harmonic potential could barely sustain the thermal excitations) will suffice to guarantee
the particle will not leave the trap before the flight scheme. This factorizability despite
the untrapped motion (which naturally gives rise to dispersion) is a non-trivial feature of
the type of the spin-oscillation S, (c + ¢f).

Usually, in standard Ramsey Bordé type free flight interferometry, either built on a cloud of
atoms or nano-diamond [62, 38], the initial velocity distribution of the c.m. motion would
results in a dephasing effect on the matter wave superposition. This is because of a Doppler
shift in the laser detuning frequency seen by the travelling atom when it is addressed by a
laser pulse that facilitates the matter wave splitting [62]. The momentum imprinted on
the excited state through the detuned transition would have a certain variance associated
to the velocity distribution and manifests a random phase on the distinct state in the
superposition. Of course in the free flight case considered, a Doppler shift on the MW
resonant frequency is unavoidable in considering a thermal particle. However, the Doppler
shift would not decohere the superposition generated it the free flight scheme; the beam
splitting mechanism of the matter wave is not from from resonant absorption but the spin
dependent force, which is determined by the external field and inherent property of the
NV center. Therefore, in principle the Doppler shift will not affect the evolution of each
component of the superposition and irrelevant to the motional coherence. This could be
seen as a clear advantage over Ramsey Bordé scheme [38] where extra state flip operation
is required to fix the noise effect.

Indeed, the Doppler shift on MW transition would contaminate the practice of spin
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manipulation by reducing the fidelity of 7/2 or # MW pulse operation, however it is
negligible in the realistic concern; Consider a coherent state for the c.m. motion of the

NV center, the Doppler shift linewidth could be found by (for a rough estimation)

ZoWy

5F = fox 2= fy : (3.11)
C C

where fy = 2.87 GHz is the microwave frequency in use and c is the speed of light. vy, 2o
are the velocity and displacement amplitude of the harmonic oscillation, respectively. We
consider a frequency of 100 KHz and z; = 100 nm which gives vy = 0.0628 m/s and then
we eventually have § f = 0.601 Hz. This is much smaller than the typical linedwidth of a
NV center of ~ 10 MHz [39]. For a thermal state of c.m., with a temperature cooled to
about 1mK in the trap, the RMS velocity is about v; = \/m ~ 0.002 m/s therefore

the Doppler shift would not be a concern in our scheme.

3.3 Decoherence by thermal and background radia-
tion

Collisional and thermal decoherence are mostly considered in matter wave interferometry
and optomechanical systems [64, 65]. Practically, the collisional decoherence is suppressed
by preparing the system in a high vacuum chamber. The relevant environmental decoher-
ence effect is then from the background radiation and thermal emission and absorption of
the free particle [21, 66]. In exploiting the free flight scheme for generating a macroscopic
quantum state whose spatial separation is comparable with the wavelength of the radiation,

a exact evaluation of the decoherence dynamics is necessary to seek the maximum separa-
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tion allowed by the relevant decoherence effect. Those effects could be seen as as random
momentum kicks on the particle that continuously measure the which-path information of
the free flight trajectories. In considering a massive particle, the full dynamics of the free

flight scheme is now described by the master equation,

p=—l o)+ 3 Lilo) (3.12)

where p is the density matrix of the c.m. motion of the massive particle, H, represents

the unitary evolution, and

2 .
dn vng 4 —ivng 4

Lip) = / dvyi(v) / e ) (3.13)

1 4m

are the generators for state reduction with ~; the spectral rate and ¢ indicating the specific
radiation mechanism and n is the direction cosine along the c.m. propagation axis x. For
absorption and scattering, the radiation field is assumed in thermal equilibrium at room
temperature T,,, = 300 K. The absorption of radiation rate is then proportional to the
absorption cross section and to the thermal occupation number, given by [21]

4(v R)? ( hv
P kB Tem}

Vabs(V) = — 1)_1Im{§(y>—_1}7 (3.14)

med (v)—2

where v is the frequency and €(v) is the relative permittivity. For scattering spectral rate,

8(v R)S hv
(eXP kB Tem;

Vsca(V) =

— 1)_1Im\i(y)—_1\2. (3.15)

3 b (v) —2

In terms of thermal emission of radiation, usually the internal temperature of the particle
is higher than the environment temperature due to trap heating in the preparation stage

before released. In accounting for the worst case, assuming the scenario T;,; > T.,,, in
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which the stimulated emission by the back ground radiation is negligible. The thermal
spectral emission rate is then given by the Blozmann factor [67],

4(v R)? hv e(v)—1

mTed

1. (3.16)

’Yemi(m =

Two methods here are provided in assessing the decoherence rate from Eq.(3.12). The
first one is based on a semi-classical picture, that being more illustrative, and a theoretical
estimation of the upper bound of the overall decoherence rate is obtained. Note that

generator L;(p) is a trace preserving operator since

ivng 4 —ivng 4 ivng 4 —ivng 4

Tryle = “pec “—pl=Tryle e “pe e “]—-1=0, (3.17)

meaning the propagation of each wave packet remains unchanged (in a sense the particle
is undamped), hence only a dephasing on the superposition is involved. Intuitively, by the
isotropic assumption on the radiation and the perturbative nature of the noise considered
(random momentum kicks), the radiation would not alter the momentum of each component
on average during the flight. Note that in the unitary case the spread of the Gaussian
wavepackets of each of the two components is up to 10 times the initial ground state width
1009 = 10y/h/mw ~ 0.1 nm, which is much smaller than the maximum spatial separation
between them Azjy; ~ 100 nm (taking the initial trap frequency w as 105 Hz), then one

could approximate intermediate state (3.2) by a virtual state

_ |x@) |41) + [—2(t) 1)
T = 7 (3.18)
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where |z(t)) is the eigenstate of the position operator, Z |+xz(t)) = +z(t) |+ z(t)) and
+x(t) represents the trajectories of each components in space. Henceforth, the upper

bound of the decoherence rate by L; could be calculated on

‘\D(t_o)> _ Az /2) [+1) + [-Aww/2) [-1) (3.19)

2 V2
This state would suffer the maximum dephasing effect hence impose an upper bound

on the actually decoherence effect. The decoherence rate 7; on density matrix p (%0) =

}\y(%z»’ <\I!(t§)|/ is then given by
== [an) [ Dpeseany (320)

where I'; = [ dw7;(w). A numerical result could be obtained by sampling the spectrum of
the diamond response and the blackbody spectrum for a range of internal temperatures
according to Equ.(2.13)-(2.15). Finally, an upper bound on the corresponding visibility

drop of the Ramsey fringes K at time ¢3 is given by
K = | (+1] pspin(ts) |=1) [ = €~ 2 mtl (+1] pspin(0) | 1) | (3.21)

whose evaluate is shown in Fig.3.4 with respect to various internal temperature and flight
time ts.

Secondly, an exact evaluation of the spin coherence (visibility) is obtained by solving the
master equation exactly [68, 69]. Defining an off-diagonal density pp(t) matrix acting in a
projected c.m. motion Hilbert subspace by pp(t) = 2 (—=1| p(t) |+1), then the visibility of

concern is given by K (t) = |Tr,,{pp(t)}|. The master equation could be projected to the
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same subspace that yields

dpp(t) _ —£H+pD(t) + %pD(t)H_ - Z»Ci(pD(t))? (322)

dt h

where H™ = (—1| Hy|—1) and H' = (+1| Hs|+1) are the effective Hamiltonian acting on

the corresponding c.m. subspace,

n2

0B
H* = om T ng,uggf + mg cos 0z (3.23)

To proceed with the calculation, defining an interaction picture on by
iH~ —iHt
o (t) = eH o p () HH/n (3.24)

such that, by getting into this interaction picture the unitary parts in master equation

(3.22) is implicit that yields a differential equation for pl,(¢)

_ ﬁ [eiH*t/fL ikt PD(t) e—iki:e—iH+t/h . péa)] (325)

where £ = >, [ dvdn? % is representing the integral operation on k = vn,/c. Now

—iH u/h iHtu/h (

multiplying this equation from left by e and right by e with u an independent

free parameter) on the above equation,

dt
_ /dudn2 i(v) [~ (=/h ke 4y omikd =il (t=u)/h (3.26)

o dph(t) .
e—zH u/h pD( )61H+u/h

47

o e_iH_u/h’pf)(t)eiHJru/h].
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Now using the Baker-Hasudroff formula to exchange the two exponential one could have

iH™(t—uw)/h ,iki iX1 V1P gikd LiH ™ (t—u)/h

e = el
(3.27)
ok p—iHY (t—u)/h _ =Xz, —iH* (t—u)/h ,~iki ,~iY2P
with e o2
X = ———(t —u)? —
= )+ 2 (i)
—kX\T 22
X, = — —u)? —
2= At F0) + ()
k
Vi=Yo=—(t— (3.28)
! 2 hm< u)

A" = gnvup0B/0x + mgcosf

AT = —gnyupdB/0x + mgcos
Taking the trace Tr,, over c.m. motion on Eq.(3.26) and substituting the above identity,
by cyclic invariance of the trace operation it yields

I
Ty, e/ dpcjijt(t)emmm]

= /dl/dn2 %V) {e e 2Ty, [eiH‘(t—u)/hpD(t)e—z'Hﬂt—u)/h]
™
(3.29)
— T e (1))

— /dudn2 %;) {(eF5mm WP IO )Ty, [emiHu/hpL () iH w/h]

Integrating this differential equation over time from 0 to ¢t; = t3/4 (before the first spin

flip) yields

Tr,, [e—iH_u/hpg(t)eiH"'u/h]
(3.30)

~ t1 -\t o '
= exp {L( / (e 5m =" _ 1)ds}Trg[e ™4/ ph (0)e /M,
0
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Finally by setting u = ¢ and applying the cyclic invariance on the trace, Equ. (3.30)

becomes

[t —_at N .
Tr,[pp(t)] =exp {L (/ ds[e’kgrﬂfn (s=1)* _ Y Tr[e ™ " pp(0)e 1
0 ot (3.31)
= exp (£ LT gy o )
K
where Kk = \/ k gNV/LB%—f /m. The first exponential term is responsible for radiation

decoherence in concern, and one could see in the long time limit ¢ > 1/k the value of error
function is close to 1, then the decay function would be approximately by ~ exp (—>_.I'; ).

The second term in Eq.(3.31) represent the collapse and revival of the coherence of
the spin state by the unitary evolution as the spin state is not separable from the c.m.
motional state during the flight and would be unity when complete the propagation at
time t3. By substituting the initial state p(0) = py @ ({(+1] + (=1])(|+1) + [-1))/2, At
time t3 the decay function on Tr,,[pp(t)] could be obtained by evaluated the integral with
realistic data as shown in Fig.(3.5). In comparison with the upper bound estimation
previously, the exact evaluation shows a larger parameters window that is sufficient for

achieving superposition scale of ~ 100 nm.

3.4 Testing spontaneous collapse models

Using the macroscopicity measure [20]

1|/ M\*¢t
p = logy, ”ﬁ‘ (E) 1—81 (3.32)

where K is the visibility of the interferometry measure, M the total mass of the object,

m. the mass of a proton and ¢ the total time during which the coherence is maintained.
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A high visibility of our interferometry would impose a value of u = 24 for our system,
which is comparable to the largest among the proposed experiments to date, such as those
employing oscillating micromirrors or larger molecules. Since macroscopicity is intimately
connected to the testability of any macrorealistic modification of quantum theory, in this
regard, another key purpose for the creation of the spatially large superposition will be to
test the continuous spontaneous localiztion (CSL) model [57], which is characterized by
the locallization length rcgy, and rate Acgr. The former is about 100 nm which sets the
scale above which the delocalized matter wave gets localized. The latter represents the
average collapse rate at one proton mass, on which the interferometric experiment could
place a bound. For our scheme, if we were to observe a high visibility (as expected from

the above considerations of environmental decoherence), it would bound the collapse rate

to [12]
1
N2t

A< ~ 107" s (3.33)

where N is number of protons of our test object, which is 10° in our case. The version of
CSL by Adler (A ~ 1072 s7!) [57] should thus already decohere our superposition by a
mechanism beyond standard quantum theory, while, to access the version by GRW [70]
(A ~ 10716 s71) one will need to extend the coherence time of the NV centre spin by two

orders of magnitude, which is challenging.

3.4.1 Other intrinsic decoherence

In order to unambiguously test CSL, it is crucial to rule out the significance of other
hypothetical localization effects in the mescoscopic region considered in the free flight. For
instance, the gravitational time dilation effect [27], which couples the internal degree of
freedom to the c.m. motion of a compound system when the state of the latter is spatially

separated in the direction of a gravitational field, will induce a decoherence process on a
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c.m. subsystem. Specifically, it singles out a dephasing time by

/2 hc?
=\ = 3.34
7d N kB g T’int Am ’ ( )

where T}, is the internal temperature of the composite system and A, is the size of the c.m.
superposition. In evaluating the resultant time scale in a free flight scheme, considering
the set up when the axis is tilted vertically (6 to be 7) so that the gravitational potential
difference in the superposition (3.2) is maximum. The internal temperature of the particle
is supposed to be T;,; = 1000 K which is much higher than the environment temperature
but still allows a superposition of size Az = 100 nm according to Fig.3.4. Substituting
to the time dilation rate in [27] immediately yields a decoherence time scale of 1000 s,
which is sufficiently far from the scale of the coherence time considered. In a similar
vein, decoherence predicted by other gravitational collapse models are not important on
the superposition scale of concern here. Considering the gravitationally induced collapse
[28, 71], the model usually considered in mechanical systems is provided by [72], in which
the decoherence rate is determined by the self-gravitational energy AFE calculated over
the mass distribution of a superposed system [28, 73]. In an assumption of the total mass
being evenly distributed over a number of nuclei with mass m; and radius a, and the
atomic spacing is much larger than the superposition size Az involved, AFE could be
calculated by [33],
6 1

and for the case of superposition size much large than the atomic spacing [71]

6
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where z is the ground state spread of the particle and a = 1071 m and m; ~ 10727 kg is
the size and mass of the nucleus, respectively. A gravitational coherence time scale could

be then estimated by 7¢p = h/AFE which in the limiting case Az > a is given by

= 10" - m(s). (3.37)

Clearly, gravitational decoherence becomes important when the macroscopic quantum
superposition approaches the mass scale of 10713 kg with a separation size of larger than
the radius of nucleus. Such a mass scale is normally considered in the mechanical oscillator
in opto-mechanical systems, in which effort has been put in boost the superposition size
of the oscillator to a that potentiates a test on the gravitational collapse model [33, 14].
For nano-particle with m = 10717 kg and a superposition size of Azy; = 100 nm, the
gravitational coherence time scale would be 100 s.

Moreover, the free flight scheme also facilitates engineering a superposition of distinct
kinetic energy states. This could be done by changing the initial spin state to (]0) +
[4+-1))/v/2 so that only c.m. state coupled to |+1) is accelerating/decelerating under the
magnetic field gradient. The resulting maximum superposition in the momentum basis is

given at t; when the first spin flip pulse is applied

V2

Considering the gravitational decoherence model by [74, 75], in which the author sources

space-time textures as the underlying state reduction mechanism that manifestly by

_47TG@

92 [*, 6% ll, (3.39)

L(p) =
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where mp is a normalised mass and © is an effective parameter characterising a space-time
feature on state reduction in [75]. It predicts a dephasing time scale of

2
Imy,

Te

on a superposition of [p?) and |p3). Therefore, a high interferometric visibility observed
on state |U(¢)) would then constrain the effective parameter © of space-time textures to

< 10% contingent.

3.5 Multiple NVs. scenario for signal enhancement

Diamond samples with multi-NVs are easy to obtain and provide a large spin-dependent
fluorescence increasing the sensitivity of the final spin measurement. It has been experimen-
tally demonstrated that the orientations of all those NV centers’ axes could be identically
alligned to one of the four possible directions in the diamond crystal and their spin states
could also be collectively manipulated and measured with Ramsey pulses [76, 77, 78].
The mechanism in this multi NVs scenario will follow the similar formula developed
above, starting with an arbitrary coherent state for the c.m. and a [ fold product state
of (J+1) + |—1))/+/2 for spin ensemble, the composite system ends up again a separable
state in which the spin state is trivially a [ fold product state of (|+1) 4 e~ |—1))/V/2.
Evidencing this accrued phase on the multi-spin ensemble would reveal the superposition
of the intermediate state of the corresponding collective spin-c.m. system. For a nano-
diamond with [ NVs (realistically [ is of the order of 100), the initialisation of the spin

system (after the first MW pulse on the nano diamond) would be a product state of those

l
spin

individual spin systems: |¢). = (|4+1) + |=1))®!/2!, to which the c.m. motion couples
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magnetically, they are coupled under new Hamiltonian,

A2

0B
H=2 o ZgNVuBa—S Jc+mgcos€:c (3.41)

Note that since only the spin state |+1) of each NV centre is relevant to the ballistic
expansion process of the matter wave, one could describe each spin as a pseudo-spin-
1/2 system and characterise the output state by a collective spin J summing up all the

pseudospins. |2,D)lspm could be rewritten as

_ ®n R(— n)
spzn - 2l TL' | Z |+1 - (342)

which could be seen as a superposition of N-qubit symmetric Dicke state:
DF) = [+ 1) =), (3.43)
k

where the summation k is over all the permutations of n’s +1 and (I —n)’s —1. During the
free propagation, the matter wave of the nano object would undergo a ballistic expansion,
whose trajectories are determined by the spin value m = 2n — [ of the corresponding Dicke
state. The intermediate state at time ¢ in this scenario is W, (t) = > [, m)|Dp) /2!,
where |1, m) is the motional state of the CM that coupled to Dicke state |D}') with a
spin value of m. Interestingly, at time t3 the final state of the composite system is again

separable,

Wap(ts) = o7 [0(0)) 3 2% Df) (3.4

n

where [1(t3)) has the formula of Equ.(3.7 ). The reduced spin state of (3.44) is exactly an
product state of (|[4+1) +¢*%s |—1))/v/2, on the basis of which this phase could be measured

via the Ramsey pulse and hence reveal the intermediate superposition >~ |, m)|Dy) /2.
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3.6 Conclusions

In this chapter, a method is shown to generate and evidence superpositions of two c.m.
states of a free (with no mechanical confinement) nano-object of ~ 10? amu mass. The
untrapped nature of the particle, in conjunction with spin dependent acceleration/deceler-
ation in an external magnetic field gradient enables us to reach 100 nm spatial separations
between the superposed components. This can open up possibilities of testing some of the
spontaneous collapse models such as Adler’s model [57] through a method that is qualita-
tively very different from the recently proposed non-interferometric tests [79, 80, 81, 82].
The scheme completely surpasses the scale of the spatial separation possible through
a trapped particle of the same mass [5] by 10 orders of magnitude. In comparison to
the adaptation of the Ramsey Bordé technique to nano-objects [38], this scheme have
employed a state-dependent force that significantly boosts the delocalization scale of the
matter wave. Such a macroscopicity is unattainable via photonic momentum kicks in
Ramsey Bordé method, and the concomitant Doppler dephasing is negligible in the NV
case. A positive feature is that the relevant interferometric phase can be probed solely via
spin Ramsey interferometry without directly measuring matter wave distribution [83, 21].
Moreover, from the point of view of control, an electron spin in solid is a promising system
with lower noise compared to optical frequency fields in cavity-optomechanics, while its
coupling to the c.m. through a magnetic field gradient could potentially be easier than
achieving strong optomechanical couplings. Uniquely, the MW control is also naturally a
dynamical decoupling that suppresses those slow detrimental dynamics, so that the best
coherence times of 100 us can be used. The fact that the scale of spatial separation can
be increased substantially by using untrapped particles, and yet be evidenced solely by a
spin-only Ramsey interferometry in a gravitational potential, and indeed be independent

of both the initial thermal state of the nano-object and its mass greatly facilitates the
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possibility of the interferometric probing of large superpositions. In view of the fact that
manipulation of a spin-full levitated nano-object is being intensely pursued experimentally

[60] at the moment, the scheme should be realizable in the near future.
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Figure 3.1: An untrapped nano-object undergoes an illustrated interferometric scheme.
A magnetic field gradient 3 9B (Whose direction is designated by x and titled by 6 with
respect to gravity) couples the c.m. and the spin of the particle. Starting with a spin state
(|+1) 4+ |—=1))/v/2 at t = 0, the wave packets of the particle split and accelerate until time
t1, when a set of microwave (MW) pulse is sent to flip the spin states, which decelerates
both the wave packet components leading to their motion along the axis reversing after
a relevant time. The second set of MW pulses, sent at time t,, reverses the direction of
acceleration of the separated wave-packet components once again so that after ¢, they
start to decelerate while approaching each other and merger together at t3, when a MW
pulse is sent to perform the Ramsey measurement.
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Figure 3.2: Position dependent energy split of the spin system due to the delocalized CM
state of the nano diamond in an inhomogeneous magnetic field.
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Figure 3.3: Schematic setup of standard Ramsey Bordé scheme. Red arrows represents
the 7/2 laser transition and consequent beam splitter operations with 7 krecoil transfer to
the c.m. motion in the laser’s direction. At time t3 two of the interferometric paths merge
at the detecting end.
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Figure 3.4: Estimation on motional decoherence: Axj, is the maximum spatial separation
and Tj,; is the internal temperature of the test object. A large high visibility window
indicates the strong robustness of our scheme against motional noise.
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Figure 3.5: Estimation on motional decoherence: Azj; is the maximum spatial separation
and T;,; is the internal temperature of the test object. A large high visibility window
indicates the strong robustness of our scheme against motional noise.
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Chapter 4

Gravitometry based on

nano-mechanical object

The Ramsey interferometry presented in previous chapters can be viewed as a metrological
scheme in measuring an external field or perturbation. That is if the local gravity g is
treated as an unknown parameter, one may estimate the real value of the gravitational
phase A ¢¢/2 and so forth the value of g by inferring from the statistics in obtaining
the interference pattern Py = cos® A ¢g/2 with a certain precision. In this regard, it
facilitates a new type of gravimeter device for measuring local g. The resolution of the
interference fringes K with varying tilting angle # is intimately linked to the precision
in the estimating the gravitational phase A ¢q. A highly sensitive interferometry would
provide high accuracy in the estimation [84]. For a realistic concern, the spin-oscillator
system is under the influence of many types of noise all the time. In the last section, it
has shown a remarkable feature of the scheme of being immune to initial motional noise
on the oscillator, provided a certain cooling that suppresses any anharmonicity. Internal
and external noise effect in on both degree of freedom are present when the system is

evolving into a quantum superposition during the evolution. Therefore, it is important
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to derive a signal to noise ratio under a noisy scenario and look for the strategy that
optimises the metrology scheme [85, 86]. The section will be devoted to carrying out a
precision analysis of the phase detection in the framework of quantum estimation theory
and evaluate the performance of gravimeter scheme based on a mechanical oscillator under

a certain decoherence effect.

4.1 Quantum estimation theory

Generally, an estimation process consists of three fundamental procedures [84, 87]; Firstly,
preparing a probe in some prescribed state. The probe then interacts with some perturba-
tion that yields a rotation of the probe’s state parameterized by a physics quantity/pa-
rameter of interest in the Hilbert space on which the probe’s state is defined. Finally, a
post measurement is performed on the probe in order to infer the value of such quantity
of concern.

The error associated with the parameter estimation will come in two-ways: First is the
statistical variance depending on the measurements performed and the particular data
analysis that is carried out. This error is usually quantified by Fisher Information (FI)[88]
evaluated from its associated classical probability distribution obtained from the mea-
surement statistics. Secondly, more importantly, errors also comes from the quantum
fluctuation of probe’s state prior to any measurement conducted. The intrinsic uncertainty
in distinguishing the origin and perturbed state of the probe would impose an ultimate
uncertain on the parameter to be estimated. Indeed, the smallest error one can get on
the inferred parameter depends on the quantum state in which the probe is prepared. In
quantum estimation theory, the error due to the indistinguishability between quantum
states is quantified by Quantum Fisher information, which essentially could be viewed as

a quantitive measurement of the statistic distance between different states [89, 85, 90, 91].
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To remark, the two quantities in concern, namely QFI and FI, are connected by the
measurement scheme. Due to the disturbing nature of measurement, actually precision
subjected to a specific measurement would be reduced from that permitted by QFI and
different strategies will, in general, correspond to different sensitivities to the parameter.
Therefore, one of the central tasks in quantum metrology is to find the optimal strategies of
measurement scheme that would achieve the ultimate limit on the precision. Furthermore,
optimization could be done for the initial probe state that maximises the associated QFI.
Non-classical probe states would exhibit a quantum supremacy in precision enhancement
by exploiting the non-classical correlation in the initial quantum state [84, 87, 92, 86, 93].
For instance, a preparation of N independent probes would result in an estimation accuracy
within a standard shot noise limit that the associated signal-to-noise ratio is scaling at
VN, whereas using N entangled probe one could surpass the shot noise limit and possibly
approach the accuracy with signal-to-noise ratio scaling at N [92, 87|

Additionally, the minimum uncertainty in the estimation will also strongly depend on
the type of post-data analysis one performs on the results of the measurement chosen
[90, 86]. This is because usually, the optimal strategies depends on the true value of the
parameter to be estimated, which is unknown beforehand. On some occasions, one may
have a global estimation scheme being independent on the actual parameters. Normally,
a prior knowledge of the parameters is needed in order to adapt the estimation scheme
iteratively to apporach a better accuracy. Lastly, estimation under noise is important in a
realistic concern. The classical noise that comes from systematic imperfection or human
error could be addressed trivially by taking more experiment runs that suppress this
uncertainty. However, quantum noise, namely the decoherence effect would contaminate
the metrology scheme by either reducing the maximum accuracy allowed by the system or

affecting the optimal strategies. The manifestation of the quantum noise would be largely
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dependent on its inherent property and the initial probe state, therefore, with a good
comprehension of the decoherence dynamics or the noise spectrum [86], noisy metrology

could be developed in this direction [92, 94, 93].

4.1.1 Theoretical framework for optimal measurement

Theoretically, there are general rules to calculate the Quantum Fisher information associ-
ated with a given probe state. Consider a probe state p, that depends on some parameter

¢ of interest. By writing py4 in its eigenbasis

Po = Zai |thi) (il (4.1)

where «; is the eigenvalue, the associated Quantum Fisher information (QFT), designated

by H(pg) could be calculated by [90]

H(p¢) _ 22 | (V] Do [Vn) |2' (4.2)

o, + a,

the minimum error in estimating ¢ by any measurement scheme, operationally represented

by standard derivation is then bounded by

Adsqu = 1//N H(p,0) (4.3)

where N represent the standard shot noise limit by the numbers of experiment runs
being carried out on a single system prepared each time in the state pg or a multiple
independent and identical copies p, involved. This bound is called standard quantum limat

that imposes a fundamental theoretical limit on the standard derivation on ¢ obtained
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from any subsequent measurement.
Now for a given quantum measurement, represented by a POVM (positive operatored-value
measurement)[90]: {IIx}, > IIx = I with Iy the element and X the outcome. The

conditional probability of having outcome X is given by Born rule
p(X¢) = Trlpsllx]. (4.4)

Practically, estimation on ¢ amounts to finding an estimator QB(X 1, Xa, ...) that map the set
X of measurements of the outcomes into the space of parameters. According to classical
estimation theory, the standard deviation of estimator q5 is bounded by the Cramer-Rao

inequality

Ao > 1//N F(p,9). (4.5)

where F(Ilx, ¢) is the Fisher Information associated to the conditional probability p(X|e)

and calculated by [88, 90|

F.o) = X102 < a6, (46)
X

The Cramér-Rao bound (CRB) (4.5) imposes an upper limit on the A¢cp obtained by any
estimator from p(X|¢), which could be saturated by an optimal estimator. For instance,
maximum likelihood estimator (MLE) could saturate CRB asymptotically by the central
limit theorem. As in general, F'(Ilx, ¢) < H(p,), and the CRB could coincide with the
SQL by maximizing the Fisher information F(Ilx,¢) over the quantum measurement
IIx such that F'(Ilx, ¢) = H(py) [89]. The corresponding optimal measurement could be

theoretically constructed by introducing the Symmetric Logarithmic Derivative (SLD) Ly,
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a self-adjoint operator satisfying the equation
Ipy
L Ly=—. 4.7
oPo + Polo = 5 (4.7)
A POVM is called optimal if and only if it satisfies the condition [89]
HX,O = /\xnprp, )\X C R, (48)

by which the associated FI saturate QFIL. For the pure case when p, is invertible, Eq.(4.8)

could be multiplied by p;l from right and equivalent to
Hx(1—-Ax L, =0. (4.9)

Therefore, in the pure state case the optimal POVM could be simply constructed by the

set of projector over the eigenstates of L

L= Aw|Zm) (Eul (4.10)
M

where Ay is the eigenvalue of Ly of which the estimator is built on. In the case of mixed
state when p, is invertible, solution on optimal POVM would be less trivial. Hereby, it is
important to point out that the optimal POVM derived from the probe state €14 may either
not correspond to a realistic implementation, or be dependent on the parameter ¢, which
is unknown as a prior. While in practice one tries to follow some measurement strategy
and checks how close to the SQL the strategy is in an adaptive way. Nevertheless, it
would be useful in analyzing the variation of the two bounds and investigation discrepancy

between QFI and FI in the noisy scenario as shown later in this chapter.
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4.2 Precision bound in gravitometry with nanome-

chanical oscillator

In both interferometry scheme presented in Chapter 2 and 3, it features a metrology
scheme in estimating the local free acceleration g. The probe state is initially prepared in
|[+1) + |—1) and after a complete mechanical oscillation period 27 /w or free flight time
to rotates to [1) = (|+1) 4 €7 |—1))/v/2 with ¢, = gnvup2E cosfgt]/h. In unifying
the phase expression for both the trapped and freeflight case, the numerics factored in
front are neglected and t; is the mechanical period or the free flight time and also called
interrogation time for later convienece. The gravitational phase in both scenarios exhibits
a dependence on cubic scale to the evolution time tg and is proportional to local free fall
parameter g. Precision on an estimation on g is equivalent to the one obtained on the
gravitational phase ¢, itself as be connected by error propagation that 6 g = %5%. The

associated QFI of ¢ from state py = |1)s) (¢s| is calculated by,
Hips,) = 1 (11)

which gives the QFT associated to estimate g by

OB 3
gNVIB G, cos Ot
H(pg) = (8g¢g)2 = ( % 0)27 (4'12>

Clearly, it means that the ultimate precision for estimating ¢ is actually connected to
the visibility resolution of the interferometry itself. This accuracy bound has been also
seen in those by atom interferometry in measuring g [95, 96, 97, 98]. The measurement
that extracts the phase information consists a 7/2 microwave pulse described by a unitary

rotation on the spin Uy,,, and a spin projective measurement by [0) (0 on pg, . Since Upy,
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is not dependent on ¢4, the QFI would not be altered due to the rotation invariance in
Eq.(4.2). Practical |0) (0] is implemented by a certain fluorescence signal with probability
Py = % for the spin in zero state |0) and 1 — Py otherwise. The corresponding Fisher

information is then given by

F(g) :Zp(x|¢g)[a¢gln(p(x|¢g))ag¢g]
0.1 (4.13)

_1.0F, 4,001 = Ry)

=5 P +0-P) ' —)P =1
which is exactly the same with the QFI given by pys, on estimating ¢,. This means
that in the ideal case (without considering the noise) the Ramsey scheme is the optimal

measurement of phase estimation on pg,. The CRB on the standard deviation in estimating

g for a single measurement is then given by

1 h
Ag > = 55 5 (4.14)
NF(g) 9gnvupg, cosoty

Substituting realistic value for experiment parameter considered in previous chapter by
%—f =10° T/m , one get H(p), = F(g) ~ 10*, and the precision after one shot measurement
is bounded by

5y =Ag/g>10" (4.15)

Since the QFI is dependent on the interrogation time ty, precision enhancement by
extending to would be super-classical and free of shot noise limit [84, 87], which is a general
routine to achieve ultra sensitivity in the gravimetry scheme [95, 96, 97, 98]. Practically, for
a repetition rate given a frequency w = 10° in the trapped case, one have dg ~ 10~°g/ VHz.
For the flight scheme, in which the characteristic frequency is smaller, w = 27 /t3 = 103 /s

that gives §, ~ 1078¢g/vHz. In principle, two schemes based on mechanical oscillator
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are adequate in its metrological performance with the same setup yet comparison could
come in two ways. In one hand, in lowering the frequency, initial cooling becomes more
demanding to keep the particle within the trap all the time. Whilst being trap free,
the free flight scheme would not have such a cooling request for arbitrarily propagation
time. However, the price to pay is affording a large space range, which is not of concern
in the trapped case. For instance, consider the case of § = 7/2, a complete free flight
with millisecond has to afford a traveling distance gt3/2 ~ 0.1 cm with an accuracy by
1075¢/ v/Hz. Therefore, in favor of a mobile on-chip gravimeter, the trapped particle would
suffice while in pursuing a ultra-sensitive measurement free flight scheme is preferred.
Currently, the best precision is recorded by the conventional atom interferometry in the
drop tower, with an absolute sensitivity of 1.2 x 1078¢/ VHz [96]. For an on-chip device,
gravimetry with BEC [98, 97] has reported a precision of ~ 10~%¢/v/Hz with a volume of a
one-centimeter cube. Gravimetery on nano-mechanics has shown a competing sensitivity in
doing one shot measurement. However, unlike atom interferometry, large number ensemble
is not current attainable. The Multi-NV spin case considered in previous chapter could be
seen as a realisation of spin ensemble that the number of the spin with one sample would
in principle improve the sensitivity in the shot noise limit.

Atom gravimetry in those schemes are in general based estimating a gravitational phase

from a Ramsey-Borde type interferometry,

A" g~ Ak T? (4.16)

where 7' is the total dark time in their Ramsey Bordé scheme during which the gravitational
phase is collected in the relevant state. Ak is the effective wave vector representing the
momentum difference on the motional state of the atom. The high precision in atom

interferometry scheme benefits from a very long interrogation time, which is up to 1 s
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[98, 96]. For the nano-mechanical system considered here, the coherence time is up to 1 ms
by spin dephasing under a proper decoupling scheme by current technique [49]. One may
attempt to extend the interrogation time ¢, in the free flight case via swapping the electron
spin of the NV center to a nearby nuclei spin whose coherence time has shown to be 0.5 s.
However, by switching off the electron spin one immediately turns off the spin-motional
coupling that gives the cubic scale enhancement on the interrogation time and fall back to
the Ramsey Bordé case. It is worth noting that a mechanical protocol based on non-linear
interaction in an opto-mechanical system recently proposed has also shown a competitive
accuracy, in which initial cooling on the cavity mirror is important and demanding [99].
Nevertheless, as has been argued in the previous chapter in comparing with Ramey Bordé
scheme on atom interferometry, either a trapped or free flight system would facilitate
a mobile table-top or even on-chip gravimeter with robustness against the mechanical
noise and initial temperature effect. The simple nature of spin control and readout via
mircrowaves make the scheme more experimentally approachable as collimation on the

pulse is not required.

4.2.1 Precision bound under noise effect

Since the gravitational phase ¢, is immune to any initial thermal noise, a cooling to
mK would suffice as initial preparation of the mechanical system. Given the analysis of
environment-induced decoherence in previous chapters, the reduced density matrix of the

spin state to measure could be written in the basis of |[£1) and |0) as

1 O e_v(t) ei()bg
5 1
Ps, =3 0 0 0 (4.17)
e 1D e—idg () 1
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where ty is the mechanical period and

V() = v () + Yeno(t) (4.18)

where vy (t) is the phenomenological decay function [46, 47] on NV spin as introduced in
Chapter 2 , and 7en, (t) is the environmental decoherence function calculated on free flight
or trapped scheme. Note that, as a pure dephasing model by Hge = >, ApS2S¥ + Hyayp, is
considered for spin coherence, namely H, commutes with all the rest Hamiltonian, the
overall decoherence function (¢) from the two different noisy process is then additive.

The associated QFI on estimating g from pg, is calculated by (4.2), which gives

H(pg,) = € D (0y09)* = e H(py,), (4.19)

which is simply scaled down by the decay function e=2"*) from H (pg,) in the unitary case.
Indeed this is expected since the decoherence features a visibility drop on the observed
fringes. For the Ramsey measurement that extracts the phase information, the density

matrix after a /2 pulse is given by

1 0 e 2Weitgrav
7 o=1u Ui
®g 2 Mw 0 0 0 MW
e~ 2(t) p—idgrav () 1
(4.20)
% 0 0 —cosAp  —V2sinA¢p  cosAg
1 e—2(t)

=5 0 1 0|+ 1 —v2cosA¢p  2cosAp  /2cos Ag

0 0 % cos A V2sinA¢p  —cos Ag

84



CHAPTER 4. GRAVITOMETRY BASED ON NANO-MECHANICAL OBJECT

The resulting signal for detecting |0) is then

Py = Tr[pg, |0) (0] (4.21)

1
= 5(1 +e W cos )

The FI is calculated by

F(g)= ) plx]9)0s,n(p(x]0,))0y0,]’

r=0,%+1
B 1

p(z = 0[g)
_ e gin? ¢,

1 — e=27) cos? ¢,

e Wsin? ¢, + e Wsin? ¢, (4.22)

p(x = £1]g)

(0464)",

which gives the uncertainty bound for one shot measurement of

~ 1 — e=27(®) cos?
Gy > \/ % (9,0,)" (1.23)

e=21(t) sin? ¢,

To note, Ramsey measurement is not always optimal under any phase noise as the FI in
this case only saturates the QFI when ¢, = (2k 4+ 1)7/2 (with k being a integer). This
expression of the precision bound by Eq.(4.23) also appears in typical Ramsey spectroscopy
[100, 101] under a pure dephasing model. As illustrated in Fig. 4.1, the value of FI only
coincides with QFI for ¢, = m/2 and deviates from its maximum value over ¢,. Moreover,
as the decay term e 27® is time-dependent, meaning the metrological enhancement by
engaging a longer interrogation time ¢y, would diminish exponentially. Therefore, it implies
an optimization carrying on the interrogation time ty. As these two quantities are under
experiment control, the optimal strategy would be obtained by determining the best
operating point ¢, = kn/2 (k being an integer) and the optimal interrogation time ¢,,.

Given the exact expression of y(t) and substituting ¢, = kn /2, t,, could be calculated by
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Figure 4.1: QFI and FI plot with respect to the estimated phase uncertainty A¢g,q, under
decoherence effect with e=27®) set to be 0.8

taking derivative on the RHS of Eq.4.23 with respect to ¢y and equate to zero,

d e—2(to)
@ 6_6) —0
dio” 1ty (4.24)
dy(to) 2
= tg—t), L, =2
O dty o=t = 3

by which the actually value of ¢,, could be solved numerically under the realistic data for

obtaining 7(t), and yield the optimal bound on by

0% > : (4.25)
7 MBQNV%—f cos 0

Yenv(t) could be evaluated by Eq.(31) from the decoherence results in Chapter 3 and for
ynv(t) choosing an empirical value @ = 2 and a dephasing time by 1 ms, the optimal
interrogation time is then ¢,, = 0.001 s, and the corresponding error bound is 5901” ~
3.8 x 1079 for one shot measurement. With the repetition rate given by 1/t,,, one get a

precision of § g/g ~ 1078 /v/Hz.
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Optimal measurement under decoherence

Naturally, one may ask why Ramsey measure in the noisy case does not correspond
to the optimal case when ¢, is not m/2. Therefore, it will be revealing to analyse the
parameterization of SLD and the associated optimal POVM for the probe state of both
pure and mixed case.To simplify the analysis, note that condition Eq.(7) and Eq.(8) are
invariant under any unitary rotation that is independent on ¢4, one can eliminate the spin

|0) basis and write the density matrix gy, as
1
po, = 5(L+s4-0), (4.26)
with o = (04, 0y, 0,) the Pauli operator in the basis of |[+1) and |—1) and
Sp = e 7 (cos bg, sin ¢y, 0) (4.27)

the vector representing py, in the Bloch sphere. Note that dp/0¢, = s, - 0 with s; =
e~V (—sin ¢,, cos ¢y, 0) which is orthogonal to s, then by the identity of Pauli matrix
that

(s¢-0)-(sL-0)=(sp-sL)(L+i(syp xsL)-0) (4.28)

immediately one could find the corresponding SLD is give by L, = s, - ¢ by the condition

(4.7). Suppose the element of the optimal POVM is represented by

Iy =nx(1+¢-0), (4.29)
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Figure 4.2: In the Bloch sphere defined by |+1) and |—1), the state vector s4 and SLD
vector s are orthogonal, and the element of optimal POVM ¢ is situating at the plane
defined by this two vector

with £ representing the direction in Bloch sphere. For p, being not necessarily pure, one

has to apply the condition (4.8) on ITy. Using Pauli matrix property, one has

£ (s¢ xs1)=0, (4.30)

which means the optimal POVM is in the subspace spanned by {s4,s,} in the Bloch
sphere, as shown in Fig.4.2. To simply the calculation, one can write § = §;84 + &2, and
substitute to Eq.(4.8) by equating the real and imaginary part yields a set of equations for
&1,& and Ay, given by [102]

1+ e 7Wg = Aye70g, (4.31a)
14 e"0¢ = Axe Vg, (4.31b)
&= Ax(e® —¢) (4.31c)

o = e—v(t))\X(l — e—“/(t)&) (4.31d)
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Clearly, in the pure state case where e ¥® = 1, the set of Eq.(4.31) reduces to

1 + G_W(t)gl = )\ng, (432&)

S = Ax(1-&), (4.32b)

which immediately yields a solution £ + £2 = 1. Therefore, in the pure state case the
POVM can be arbitrarily chosen for a set of operators specified in the unit circle in the
Bloch sphere as shown in Fig.4.2. Actually, this explains why Ramsey measurement is
globally optimal in the unitary case; the elements of the POVM representing the Ramsey

measurement are given by (before the /2 microwave pulse)
R 1
M = S(L+0,). (4.33)

The corresponding Bloch vectors in {s,, s } basis are (cos ¢4, —sin ¢,) and (— cos ¢, sin @)
which satisfies the optimal condition & + &3 = 1 for any ¢,, meaning that the Ramsey
measure is globally optimal.

In the noisy case when e™®) < 1, the set of Eq.(4.31) yield a unique solution, £ = 4s
with Ay = e~ 7. This means the optimal POVM is the projection over the pure state
orientating along s; = (cos ¢,, —sin ¢, 0) in the Bloch sphere (which is orthogonal to the
vector of p, in Fig.4.2). Clearly, the optimal POVM in noisy case would dependent on
the parameter ¢ to be measured. Indeed, the POVM of Ramsey scheme, representing by
(1,0,0) in Bloch sphere would only be optimal when ¢, = 7/2 such that it coincides with
S| . In the extreme case when they becomes orthogonal that Ramsey measure would yield
no information on ¢, corresponding to the zero value of FI in the previous observation.
Practically, an adaptive method is employed in approaching the optimal measurement. It

begins with a rough estimated value for the parameter of interest. In the gravimeter case,
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say ¢" is obtained by a simple free fall test. Initialising the experiment parameters so that
by(g°) = /2, while the true value of ¢, will be in the vicinity of 7/2 that assure a good
precision. Having obtained the first few sets of data one could have a better estimation,
g' whose value may be different from ¢° and the experiment set-up would be modified
accordingly for ¢g,q,(g') = 27/2 and prepared for next measurement. With the knowledge
updated on the estimation, ¢ would be approaching the real value and guarantee the
subsequent experiment setup closer to the optimal case ¢,(g"). Repeatedly, the upgrade
process will refine the measurement which eventually saturates at the quantum CRB and

obtains the ultimate precision.

4.3 Post-data processing and Simulation

In the previous section we focussed on the limits to the sensitivity of measurements of
the quantum phase imposed by quantum mechanics. Knowing the minimum error on
the measured phase does not give any information on how such a limit can be achieved.
The knowledge of the optimal estimator associated with the phase estimation and the
phase-dependent state of the system on which we want to perform measurements might tell
us the ideal POVM to implement, but still does not give any direct information on how to
process the data coming from such POVM. Keeping in mind that Ramsey interferometry
is optimal for any value of ¢, in the noiseless case, and for the particular case ¢, = 7/2 in
the case of dephasing. In practice one would concentrate on how to estimate the phase
from the Ramsey measurements on the spin system. Only when one has defined the
procedure to estimate the phase ¢, and from its knowledge the gravity acceleration g, will
the problem of the optimality of such a procedure then be addressed .

The two main strategies adopted to estimate a phase from measurements on a system

with a phase-dependent state are the mazimum likelihood estimation (MLE) and the
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Bayesian estimation procedures. Here Bayesian method is chosen in a numerical simulation
since it facilitates an adaptive method that makes the estimator converges faster in the
usual case. Assuming that N repetitions of the same experiment has given us a set of N
outcomes X = x1, T9,...,xy and that from these outcomes one wants to infer the value of
the phase ¢. In the real case, each measurement answers the question whether the spin is
in the state with S, = 0, so the outcomes will be counting either yes or no. Given the

true value of the phase ¢ (abbreviation for ¢,), each outcome has a probability given by

Pz = yes|s) = o2 (4.34)
1 — cos ¢
Pz, = nol¢) = 1~ Pla; = yeslg) = o0 (4.35)

The estimation of the phase corresponds to compute the conditional probability of the

outcome ¢ given the actual set of data X, i.e., P(¢|X). Using Bayes’ rule, one has:

P(¢|X) P(X) = P(X[9) P(¢), (4.36)

where P(X) and P(¢) are the a priori probabilities of the corresponding variables. P(X)
is not important as it is irrelevant to ¢ and can be absorbed into the normalization factor of
the final distribution. On P(¢) one has to make assumptions in proceeding the estimation.
Strategy in choosing a proper prior would affect the convergency property of the scheme.
The usual assumption is that one has no prior knowledge on the true value of the phase,
so one assumes a uniform distribution on a given interval: one could use some knowledge

of the details of the experiment to determine the spanning of a random distribution on
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the interval, say [0, 7]. The probability of the sample X given the phase ¢ is:

N

P(X|¢) =Y P(xil¢) (4.37)

i=1
so the a posteriori probability of for the phase is given by:

N

P(¢|X) = % — NZ P(z9) (4.38)

where N is obtained by normalizing the distribution. From the probability distribution
obtained one can then estimate the phase as the mean value of the variable ¢ and its error
as the standard deviation of the same variable over the same distribution. In a simple
case out of N measurements, m of them have given the yes result, the inferred probability
distribution for the phase ¢ is given by:

P(X|¢) P(¢)

POIX) =55

(4.39)
=N P(z; = Y ES|¢)" P(z; = NOJ¢)" ™™

It is known that, in the asymptotic limit of very large IV, the Bayesian estimation saturates
the Cramer-Rao bound given by the Fisher information. However the practical problem
arises of how accurate the estimation can be for a finite number of measurements. It
could be see that there are values of N for which the probability that fluctuations in the
populations measurements can lead to inaccurate estimation of the phase. Assuming that
the phase belongs to the interval [0, 7]: this can be justified by setting the direction of
the trap is such that the interval [—7, 0] can be excluded. In other words, a first rough
experiment will be performed in which the direction 6 of the trap is varied, in order to get

interference fringes in the population of the state with S, = 0 as a function of # and then
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fixing the value of the angle such that the population is close to 0.5 and the slope of the
function of the phase is negative.

Fig. 4.3 show the variances of the estimated gravitational phase ¢4, from simulated
experiments as as a function of this unknown phase. The simulation is run under the
experiment parameter considered and the decay function 7(t) is set to be a certain value
to examine the convergence of the adaptive method used in Bayesian estimation. The solid
line is the CRB obtained from the FI (4.22) and the dashed horizontal line is the quantum
CRB, and note that both of them have been scale by the number of the simulation run
M = 500. The evident deviation from the expected behaviour (CRB) at the extremes
of the phase interval (0, 7) is due to zero FI at those operational point, and practically
it corresponds to the case in which the value of the phase is measured at the flat top of
the fringes and bears no information on the parameter g. Clearly, it shows that even in
the worst case (theoretical FI drops significantly), using adaptive method would saturate
the best precision bound. Notably the variance is almost constant around the optimal
region ¢g.q, = 7/2, which indicates that only by a few iterations in the adaptive method
proposed above we could obtain a fairly high precision.
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Figure 4.3: Variance of estimation against the phase shift A¢gg,q, under the dephasing effect
e = 0.6 (left) and e=7® = 0.6 (right). The blue curve is the theoretical expectation
and the red dot is the simulation data
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4.4 Conclusion and remarks

To this end, a novel gravimetry based on a nano-mechanical system with finite temperature
is proposed in this chapter. Estimation on g is based on measuring a gravitational phase
from a Ramsey interferometry with two types of implementation, namely the trapped
and free flighted scheme. In both cases, it predicts a sensitivity that scales cubically
with the interrogation time 107 x ¢, 5/ 2g/ VvHz and also yield a dependence on the
thermal temperature of the c.m. motion of the nano-mechanics. An ultra sensitivity of
10-3¢g/v/Hz is attainable under the realistic environment-induced decoherence on both
spin and motion state. Noisy analysis indicates that the optimal operation would be
obtained upon acquiring a value of estimated phase to be 7/2, which is asserted also by
the numerical simulation. As a gravimeter, the scheme based on the nano-particle has

advantages of being operationally simple and robust to mechanical noise.
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Chapter 5

Testing the quantum nature of
gravity with an optomechanical

system

Heuristic approaches to probe the quantum nature of gravity in a lab are usually focusing
on studying how a massive object interacts gravitationally with another massive object
whose matter wave is delocalized. If one naively associate a gravitational field source
by the delocalized mass in its spatial distribution, one may formally come up with a
superposition of gravitational field. Many proposals involve generating such a field by
preparing a massive object with its center of mass motion being put in a superposition
of distinct states [29, 103, 104, 105] and in those schemes, a probe mass is introduced
whose kinetic motion is then tracked to reveal any quantum nature of the superposition
of gravitational fields it sees [23, 106, 105]. Despite the different implementations, these
schemes are essentially in the framework of a conventional double slit experiment in testing
whether the gravitational interaction respects the consistency of quantum mechanics; if

the probe mass can measure the field of a gravitational cat state with sufficient precision
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it would gain which-path information, a state reduction on the cat state in a spacelike
distance could be observed simultaneously, in which case it implies that the gravity between
them must be quantized. Essentially, testing the quantum nature of gravity by quantum
complementarity is to probe the gravity-induced quantum back action between the massive
object through gravity, which has naturally assumed that entanglement is created through
gravity. Quantum information theory shed new light on probing the quantum nature
of gravity in a two body system. Considering two massive objects spacelike separated
whose mutual interaction is only through gravity. Now consider one or both of them
being in a superposition of the center of mass motion, by assuming a superposition of
gravitational field, quantum entanglement may arise between these two objects. If the
gravitational interaction between them were some classical force, by the theorem of Local
operation and Classical Communication (LOCC) [107], there will be no entanglement
generation between these two object under any dynamics. In an analogy case, one could
think Coulomb force, which is essentially a manifestation of a quantized EM field, as the
quantum bus to entanglement two remote ions [108]. Detecting the gravity-induced back
action demands on an ultra-high resolution on the kinetic motion of the test object, for
instance, by conventional double-slit experiment, revelation relies on an immeasurably fine
resolution to Planck length [109].

Opto-mechanical systems have been ubiquitously used in studying quantum phenomena
in a macroscopic system. For the capability of quantum mechanically manipulating and
detecting a massive mechanical oscillator via optical field, opto-mechanical systems pave
ways to test and probe prediction by quantum theory to appreciable mass scale. For
instance, in the study of the transition from quantum to classical behavior, opto-mechanical
systems have been promoted to test possible modification on standard quantum theory

[57, 68, 73]. A more sophisticated scheme has been proposed for probing sub Planck
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scale physics or relativistic effects such as time dilation effect on a quantum system to an
unprecedented precision [25, 110]. To date, great effort has been made progressively to put
those proposals into experiment [111, 79, 112, 32, 23, 19]. In the task of witness quantum
nature of gravity, opto-mechanical system is employed as the workhorse for generating

highly delocalized matter wave and sensing desirable quantum behavior.
5.0.1 A toy model: two-body gravitational cat state

Azx Azx
€-=-=-> J. A, €--->

Figure 5.1: A model of two gravitational cat states as a showcase of demonstrating the
emergence of entanglement through the gravitational interaction between two cat states.

An intuitive picture of understanding how two masses may get entangled through
superposition of gravitational field could be found in a recent work [29], where the author
proposes an interferometric scheme [22] to certify possible quantum correlation between
adjacent interferometers due to gravity. As a toy model, considering two test object with
identical mass m held steadily in a stationary superposition of spatially distinct Gaussian
wavepacket |L), and |R), with (L; | R;) = 0. The separation between the center of the
wavepackets in each superposition is Az and the distance between two centers of the

superposition is d, as depicted in Fig.5.1, the initial state we considered is

We(t)) = %(IL>1+|R>1)® (1L)y + [R),)- (5.1)
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Without any external field /dynamics (except the one that supports the superposition), the
time evolution of the joint state of the two object is governed by their mutual gravitational
interaction. Wavepacket of one mass will subject to a superposition of the gravitational
field by the superposition of matter wave of the other. The associated gravitational
energy will be different between distinct components in the superposition and will imprint
different dynamical phase for distinct components of the joint states of the two mass

system, representing as

[0 (1)) =5 (€45 L), |L), + €957 | L), |R), .

+ e |R), |L), + "7 |R), |R),),

where ¢, , represents the gravitational phase accumulated between two distinct compo-
nents/trajectories in the superposition of the joint state with the subscripts order refers to
the different object. Note that the associated phase due to the supporting dynamics has
been made implicit as they would not contribute to entanglement generation by LOCC
argument.

For simplicity, suppose the stationary superposition on both masses has enough coherence
time and the kinetic motion of both the wavepackets are altered negligibly and in calculat-
ing the gravitational energy the geometry of the mass distribution in each wavepacket is

neglected. Each term could be then calculated by

t G 2
¢r.r(t) = drr(t) = /0 WTTLA_x)dT
2
t GmQ
¢1,r(t) :/0 —h(d—i—AQ;)dT (5.3)

LoGm?
Or,L(t) I/O de

where ¢, 1.(t) = ¢r r(t) is due the symmetry of the configuration. If each mass is treated
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manifestly as a distinct system with the spatial state |L) and |R) being the eigenstates,
theoretical measures on quantum entanglement could be applied and a natural choice
is the entropy measure [107, 41], given by S(p,) = Tr(p.logp,) where p, is the reduced
density matrix of the systems. It gives

S(p) =— Z X[\ [%) (5.4)

where \; = 1/2 & /T + cos Ap/2+/2 are the relevant quantities with A¢ = ¢ppL + ¢ R —
2¢p L. This quantity, S(p,), is strictly positive if the joint state Eq.(2.2) is entangled
[41]. Immediately one could discover that the entanglement between the two mass system
(in the degree of freedom representing by the spatial states |L) and |R)) monotonically
increases over A¢ from 0 to 7 and reach its maximum at A¢ = w (and evolves periodically

afterward). Substituting all the relevant phase terms ¢, , and taking the limit of d > Az,

one has 2 . . .
m
Ap = -2 t
¢ h {d—QAx+d+2Ax d—Am} (5.5)
B sz(Ax)zt '
N hd3
Remarkably, it singles out an effective entanglement growth rate
OAG /Ot = Gm?*(Ax)?/(hd®) (5.6)

between two massive superpositions and the magnitude is related to the second order of
the associated gravitational potential energy, which presumes such effects to be comparably
small. A similar term in the form of Gm?(Az)/hd? has been featured as a figure of merit in
testing the quantum coherence of gravitational field superposition [105, 103]. Realistically,

achieving the conditionA¢ = m might be bottlenecked by two obstacles. Firstly, most of the
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decoherence on distinct motional state |L) and |R) would increase with the spatial scale of
the superposition. Even in the case of perfect isolation from any external perturbation, say
gas particles or photons, matter wave superposition would ultimately suffer from thermal
radiation noise due to its internal energy (blackbody radiation) [66]. Even for current
state-of-the-art, it is experimentally demanding [29] to ensure that the entanglement
growth rate may surpass the decoherence rate in any noisy mechanism. Secondly, the
distance between proximal components in the superpositions, namely d — Az could not be
arbitrarily close to zero as Casimir Force would eventually become important at a certain
scale and brings an additional mechanism. In avoiding that, the minimum distance d —2Ax
could be made on the order of 100um, such that the Casimir effect would be a 10th the
mutual gravitational interaction [113, 114]. Nevertheless, the entanglement growth rate
0A¢/0t being the ideal case for two stationary massive superposition would be further
damped by a certain pre-factor in realizing a complete scheme including preparation,
propagation and detection stages.

Lastly, in studying the role of gravity in a quantum mechanical system, it is also
important to note the potential for gravitational decoherence on the c.m. superposition
[1, 2, 72]. In the region where entanglement through gravity is testable, the gravitationally
induced collapse would potentially become significant hindering any stable macroscopic

quantum state.

5.0.2 Viable quantised model for Newtonian gravity

In this section, a quantized interaction model is derived from the mutual gravitational
interaction between two mechanical oscillators in the assumption that gravity is quantum
(In the framework of Newtonian gravity). A similar model has been developed for Coulomb

force between two ions that predicting phonon exchanging quantum mechanically [108].
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It is shown that an EPR type state could be produced under this type of quantized
interaction and based on which an optomechanical system will be introduced to test the
quantum nature of gravity. Consider two identical oscillators with mass m, frequency w,,
and their initial equilibrium position separated by a distance d which is assumed much
larger than the spatial variation of each oscillator. By Taylor expanding the gravitational
interaction potential to the second order, it gives

_ Gm? _Gm? T —x9  TE Tl X129
|$1 — T9 — d| d

Ug

where x; and x5 are the displacements of the oscillators from their original equilibrium
position. In analyzing the dynamics of the oscillator under gravitational interaction from
above expression, the zero order term is not affecting the dynamics and the first order
terms could be eliminated via some coordinate translation since physically this is just
a shift in the equilibrium position of the oscillator. The terms quadratic in x; and x5
would introduce a static frequency shift to the bare frequency and the term proportional
to x1z9 induces a coupling to the lowest order between the motions of the oscillators.
The quantized model for gravitational interaction is introduced by taking x; and x, as

quantum operators Z; and 25 such that the coupled term could be written as

HE, = Qclar + al)(as + ab) = Qg (arad + alay) + Qe (alal + ayay) (5.7)
where Qg = ﬁGTmQ and a; and aj are the annihilation and creation operator for the

oscillators. The first order terms in the above Hamiltonian alag + CL11-CL2 represents an
energy change between two oscillators in a periodic fashion [115]. The second order terms,
a§a£ + ajas, which is neglected in [108] in spirit of rotating wave approximation. However,

it would be responsible for creating quantum correlation. Clearly, the corresponding
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unitary e%¢ (afa}+a102) ig i the form of two mode squeeze operator [107]. It is widely used
in producing two modes squeezed vacuum state which demonstrate the original thought
EPR type state. To see this explicitly, assume the two oscillators are initially in their
ground state |¥,,) = |0), ,|0),., and at some time ¢ the joint state of the coupled system
is

alal ajag
W (t)) =ePetareatac) o) 10),

=v/1 — tanh® Qg Z tanh? Qg2 n) . |n)

n=0
which reveals a quantum correlation between the two oscillators in their phonon number

and phase.

5.1 Optomechanical system

>
8

=

Figure 5.2: Sketch on a cavity with a moving end mirror. The mirror interacts with the
cavity field via radiative pressure.

The opto-mechanical system proposed in this chapter, shown schematically in Fig. 5.2,
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is a cavity comprising a highly-reflection end mirror and another moving end with harmonic
bound which may be driven by an external force. An optical field could be injected into
the cavity through the highly reflected mirror end and kept inside. Given the length of the
cavity L and single-mode approximation of optical field mode, the light oscillating inside
the cavity could be described by Hy = hw.c'c where w, oc L™! is the resonant frequency of
the cavity and cf,c are the field operators for this optical mode. The light inside the cavity
interacts with the moving mirror through radiation pressure[116] (From a microscopic
point of view, it is the photon momentum exchange between the optical field and the
mirror), and changes the equilibrium position of the mechanical oscillator by dz, which in
return would alter the resonant frequency by w. o< x + L. Typically the variation dx is by
comparison tiny that dz/L < 1, which by truncating higher order terms [117]) yields a
modification to the Hamiltonian of the optical field Hy = Aw.c'c — hw,.(6x/L)ctc. The full
Hamiltonian including the moving mirror which is also described by a quantum mechanical

oscillator with mass m and frequency w,, is

H = hwee'e + hwpala — hn(a’ + a)c'e (5.8)

Where a' and a are the creation/annihilation operators for the mechanical mode and
no = Towp/ L is the opto-mechanical coupling strength including the zero-point fluctuation
Ty = \/m A complete derivation including all optical modes could be found in [117]
where the full electro-magnetic radiation with boundary condition is quantized. As we
consider very small movement for the mirror (compared to the cavity length) and only a
single mode in the cavity, the full Hamiltonian in [117] would be simplified to the form

(5.8). The time evolution corresponding to the above Hamiltonian in a frame rotating
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with cavity resonant frequency wy is given by [118§]

U(t) = (1020 ghel lg(@)al +o* (ol ,iemala, (5.9)
where k = n/w,,, f(t) =t —sin(t), g(t) = (1 — e “m!). As a Kerr-like term appears in the
evolution unitary one expects that physically the dynamics of the optomechanical system
may possess a Kerr-like nonlinearity. Recalling that Kerr medium has been widely used
for producing non-classical states [119, 120], in a similar vein this system may offer route

to produce a non-classical state of both optical field and a mechanical oscillator.

5.1.1 Generating non-classical state of the mechanical oscillator

The opto-mechanical coupling derived above provides a paradigm to generate various
non-classical state for the mechanical oscillator via engineering the input optical field.
Naively, suppose that the optical field in the cavity initially in a superposition of Fock
state |0) and |n) and the mechanical oscillator is initially in its ground state |0), then the

joint state for our systems is

1

[w(0)) 7

(10) + |n)) ®0), (5.10)

under the Hamiltonian 5.8 at any time ¢ it will propagate to [118§]

1

ﬁ(l0> 0) + ™ W n) |8(1))), (5.11)

V()

where (t) = Be~“m! + kn(1 —e~“m'). The mechanical oscillator is displaced conditionally
on the photonic state it coupled and enters a superposition of two different coherent states

with time-dependent amplitude, quite similar to what we saw in trapped particle case.
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The spatial separation of the superposition approaches its maximum value at half the
mechanical period, which is given by 2kNx.

It is clear that a straightforward way to enhance the superposition scale is by increasing
the interaction parameter k and photon number N in the initial optical state. . However,
preparing Fock state superpositions of type (|0) + |n})) is difficult and fragile to phase noise
on the optical field [121, 122]. Instead, a more experimentally friendly way is using single
photon state through a beamsplitter [14, 112] as the input state or using a coherent state
drive the cavity, which would enhance the driving on the mirror’s oscillalton [118]. Here

taking coherent state as a example,

(W (0)); = ). @ [B),

where |o), represent a coherent state for cavity field initially. Under the Hamiltonian (5.8)

at time ¢t it evolves to

(1)) = % S0 10y (1)), (5.12)

The motion of the oscillator, in this case, could be seen as a statistical ensemble of
oscillations whose magnitude is proportional to n. In the task of creating quantum
superposition, a distinct feature need be remarked in the above scheme. Firstly, whatever
the state the optical field starts in, after a full mechanical period, the oscillator will
be separable from the optical field, as we have encountered in the case of spin-motional
coupling in the previous chapter. As has been emphasized, the advantage of such close-loop
dynamics enable controlling and sensing the system dynamics solely via the optical field
without direct measurement of the mechanical oscillator, which, in one way, makes the

scheme more experimental friendly, and in another way immune to initial thermal noise
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on the mirror.

5.2 Description of coupled opto-mechanical sysytems
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Figure 5.3: A sketch of two opto-mechanical systems with their moving end mirror in
proximity and interacting gravitationally.

We consider two opto-mechanical systems connected only via the mutual gravitational
interaction between two oscillating ends, as depicted in Fig.5.3. Strictly, assuming a point
like geometry of the mirrors to simplify the expressions for the gravitational force, though
in reality there will be some numerical corrections for a real mirror, the total system could

be described by a Hamiltonian

2
D; 1
H = E (2m + §mwm$?) - E ha; (CICO i + Ug(x1, 72) (5.13)
i=1,2 i=1,2

where 1y = —np = n and U, (21, 22) = Gm?/|d + (z2 — x1)| is the gravitational potential

and only considering first and second order contributions. Substitute expression (5.0.2)
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with neglecting the zero order term, one gets

2 2
pitp 1 1, 1 1,
= 12m 2 + (—mw2 - _fyg)x% + (_mwrzn - _’yg)xg

— hm (c}cl + Sf) x1 — hno (CECQ + Sg) Ty — 7§x2x1

H

where 7} = 2Gm?/d® and S{ = —S5 = S* = Gm*/d®. As discussed before, the linear
and quadratic terms in z; by Eq.(5.0.2) would lead to a frequency shift (as the quadratic
terms behave as an effective spring on the oscillator) and displacement on the oscillators,
respectively. The term ~;zoz; represents a back action from one mirror to the other and is
responsible for the generation of the entanglement. The unitary operator corresponding to
the time evolution of this Hamiltonian can be found easily by working in the normal modes
description of the two oscillators. Defining the centre of mass mode z. = (22 + 21)/v/2

and stretch mode z, = (zy — 21)/v/2, which forms a coordinate transformation

In the normal mode picture, the Hamiltonian (5.14) could be rewritten as

2 2 1 1
H= p—CQ—:npS -+ §mw2mg + §(mw2 - 27;)x§ + Ajxe + Aas (5.15)
hn h
Ae= T Gy — ) = ary [
c 2 .
\f me - (5.16)
A = — 29) =A% ;
\/§ (n(nl + n2) + ) \ 2mw,

and n; = c}cj are the cavity field number operators and the notation A\. and A\, are

introduced for later convenience. Notably, the manifestation of the coupling terms vy zax

2

in the original Hamiltonian is a frequency shift between two normal modes that w? = w?,
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and w? = w? — 275 /m. An equivalent decomposition could have been performed in terms of
the creation and annihilation operators directly, though by which a slightly less transparent

definitions is encountered that b, = (by+b1)/v/2 and b, = (1/v/2)[(bh—b1) f_+ (by—b1)/ f1].

fe = \/ws/wm £ \/wp/ws being the creation and ladder operator for normal modes. In
either approach, the original Hamiltonian could be cast in terms of decoupled normal

modes as,

H =hwcl ey + hwoches + B blb, + hw,blb, 5.17)
5.17

+ Ae(B] + be) + Ao(B] + by).
To obtain an evolution operator in which operators of different order are split into different

exponential terms, we first move to the interaction picture by performing a rotation

exp (iHot/h) where Hy = hw.blb. + hwsblb,. This leads to the interaction Hamiltonian,

Hyp =Xc(ble™" + boe ™) + A (ble™" + bye ™).

The time dependence is most easily dealt with through a Magnus expansion U;(t) =

exp Y, (2] where,

et
91:—1/ Hy(r)dr
h Jo

_hwc (gc(t) bc Wbc) ™ hw, (£S(t> bs £S(t>bs)’

with &.(t) =1 — e ™ and &,(t) = 1 — e ™. The second order term can be computed as

follows,

1 t t1

Q= — 5/ / Hy (1), Hy (1)) dtrd
0o Jo

\2 2

L (wet — sinw,t) + i wst — sin w;t)

2
h2w2(

S S
h2w? ( 2

For k > 3, 2, = 0 and the Magnus expansion terminates. Finally, transforming back to
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the Schrodinger picture, and taking a frame rotating with the fields, we find the evolution

operator corresponding to the the Hamiltonian in Eq. (2.17),

U(t) :eikz (n2—n1)?(wet—sin wet) ei[ks(rn+n2)+25’]2(w5t7sin wst)
w ehe(n2=n1)(E(Obl—Ee(t)"be) o[k (n1-+12)+28](€s (DI ~£5 (1)bs) (5.18)

% efiwcblbctefiwsb‘;bst.

where k, = /n/2mw3, k2 = \/n/2mw? = (w./w,)*?k, and S = S/w,. Note, in passing
exp (iHpt/h) through to the right the 1 terms are replaced by their complex conjugates.
Actually, by expanding the squared terms above (note the third and fourth exponential
terms don’t lead to a coupling of the cavity fields). A slight rearrangement on the unitary
(5.18) would yield a factor

Up x ei[kgfs(t)*kgfc(t)]fllﬁz7 (519)

where f,(t) = wgt —sin(wst) and f.(t) = w.t—sin(w.t). This term make the field interaction
more explicit and revealing that two optical fields are connected thought the gravitationally

coupled quantised c.m. motion. Defining

which represents this strength of this effective interaction that might give rise to any
appreciable quantum correlation. Therefore, it is natural to expect its coefficient § k& to be
a order of unity, though there will also be a strong dependence on the input state of the
fields for the consequent effect of Ug.

As a concrete example, suppose that the optical field in either cavity is prepared in a state
(10) +|1))/+/2 and the mirrors are both in their ground state |0),,. Having prepared the

oscillators in their ground state, the initial state of the corresponding center of mass and
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stretch mode are also in ground state |0), and |0),. This ground state assumption serves
to simplify the calculation sufficently yet still to reveal some key features of the scheme
in generating entanglement through gravity. A more realistic case of considering mirrors
starting with a finite temperature will be addressed later in the context of noise analysis.

Under unitary (5.18) the joint state of the two opto-mechnical systems at time ¢ is

|, (t)) = U(t){%(|0> +[1))(10) + (1)) 0)..10) .}
! 25’ns>

= Z{e"*E05 0y |0Y |0),
+ RO Hilks 2850 0Y 1) | ko)

2

+ LD +i(Rat29)2 £ 1Y |0} | — ko)

(k. +28)n,)

n pilks+25)2 fs(t) 11) 1) |0),. [2(ks + 2§)775>}

in which and from now on the subscript ¢ = 1, 2 indicates the cavity field and ¢, s indicates
the center of mass and stretch modes. As a remark, the dynamics on the states of the two
normal modes are asynchronous due to the frequency mismatch w. # w, that is stemming
from the gravitational perturbation. This indicates that the mechanical oscillation is no
longer decoupled from the cavity field at any time instant, in contrast to the single cavity
case where they become separable at multiple of the mechanical period. For instance,
if choosing the evolution time ¢ to be the period of stretch mode Ts = 27/ws, one has
ns = 0 while 7. # 0, thus while the stretch mode could return to its initial state, the
centre of mass mode will be excited by a few phonons ~ |k.(1 — exp(27w,./w;))|* and vice
versa. |W;) is similar to the intermediate state in the free flight nano-particles scheme
proposed in [29], however, in which the back action on the mechanical motion due to the
gravitational coupling is neglected and therefore yields a periodic factorizability of the c.m.

motion and the spin states. As elaborated before, such factorizability will result in an
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immunity to any initial condition on the oscillator. Therefore, including the gravitational
perturbation on the mechanical trajectories will mean the scheme is susceptible to the
initial temperature of the mirrors. As a matter of fact, cooling on the c.m. motion of the
mirror is essential in suppressing the thermal noise.

In order to see entanglement arise, it is instructive to consider the case where the gravita-
tional back action does not greatly affect the mirror state. The cavity state and mirror
then could be approximately decoupled after a period T, and the cavity state can be

written as

W, (r)) = %{64@'5%@) 0)]0) + k2 fe(rs)tilks +28)2 fs(7s)

0) 1)

1}

(5.22)

+ eihefe(ro)Filks +25)%fo(7) 1) | ) 4 i(2hst25)%fs(7s)

In this pure state assumption, it is straightforward to calculate the resulting entanglement
entropy measure (5.4), given by given by S(p;) = —Tr[p; log p1], where p; = Tra[p1a] is
the reduced state for one of the cavity field states. This can be readily evaluated by

diagonalising the density matrix, the relevant quantities are then the eigenvalues A4,

Ay = 1+ cosd k(r,)]"?, (5.23)

1 " 1 [
2 22
and the state is maximally entangled when 0 k(7)) = w. To see the explicit connection

between the entanglement condition and gravity, expanding Eq. (5.20) in terms of the

gravitational terms 7§ at time 7, = 27 /w, and to the first order it shows

5k(Ts) = k?fs(Ts) - kgfc(7c>

_ o k?[(&)‘q’ W N Sin 27 w,. /wy
Wy W 2

- 2 Vg _ 2
~ 21 ki —L= = 21 k2,

2
mw;

] (5.24)
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Gm

. In particular, it shows that § k(7;) scales as the square of the maximal

where v, =
superposition size A, = 2k. xy of the mirror during the evolution by Eq.(5.11). Similarly,
this analysis has a natural semi-classical description as introduced in section (5.1). In the
assumption of zero-back action on the motional state, the mirrors are driven conditionally

by the Fock state |l[) they are coupled to and the trajectories of the expectation values of

their position are driven along a closed circle in phase space, given by
(z;(t,1)) = (1) 2k, 20l(1 — cos wt), (5.25)

where [ = 0, 1 labels the Fock state that drives the oscillator and j labels the mirror and
Ty = \/h/me is the ground state spread of the wavefunction. Note that in writing down
(x;(t,1)) the term S has been dropped since it represents a uniform displacement on the
mirror position for all the components in the superposition. The gravitational phase on

each component at time 7, is given by,

Gm? [* dt
Ppg = 7 /0 d+ ((xa(t, q)) — (z1(t,p)))

(5.26)

Expanding to second order in (z;(¢,1)), which is consistent with the order considered in

Hamiltonian (5.14), after a full oscillation and each phase is given by

p _Gm227r
07 ah w
Gm? k. xq kczg .5
= = 1 ¢ ¢ 5.27
o1 =P10 dh[+d+(d)] ( )
Gm? k. xq kexo . o
= 1+2 4
b =L+ 250 4 ety

leading to the quantity of concern in the eigenstate (5.23) by A¢ = ¢11 + doo — 2001 =

21 k2 Gm/d3w?, which yields exactly the same result as 6 k(1) eq. (5.24). Thus the fields
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pick up exactly the phase produced by the gravitational potential energy between the
mirrors in the various superpositions.

Finally, it is important to calculate the time scale required to generate appreciable
significance that is detectable by any experimental verification, as opposed to any potential
decoherence effect. One could treat the quantity § k(7s) as an indicator for the rate of
entanglement generation (as the entanglement could only be revealed at a periodic time
instant, a time derivative on d k(t) is meaningless). Suppose under the initial state |0) 4 |1)
of cavity field, the maximum entangled state is obtained after N round of oscillation,
0 k(NT1g) = 7, the total evolution time 7, will scaled as

dPw

Te ~ G (5.28)

Obtaining values for k2 ~ 1 will in principle be a significant experimental challenge [112],
which suggest an optical fitness of ~ 107 [123] . Assuming mirrors of mass m = 107'%kg, at
a separation of d = 1pm, this implies a timescale on the order of 7, ~ 10%*w,, s, which would
be of 107 s if consider an ideal case of frequency 10® Hz typically. With the maximum
separation on the c.m. superposition of that mirror given by A z = 2k, x(, the gravitational

decoherence by Eq.(34) is estimated by [112]

h

mima

k?c Zo (529)

TGp ™~

Substituting the relevant parameters 7¢p ~ 10s. If further imposed that the entanglement
is generated within a single mechanical period, namely taking N = 1, this would require
Wy, ~ 1072Hz. Hence by interaction to a single photon superposition of the cavity state,
the entanglement would never be built up before the superposition is eliminated by

decoherence.
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By the heuristic argument above, one has to enhance the cavity driving to allow a larger
superposition size of the mirrors that enhances the effective entanglement rate § k(75) in
competing with possible decoherence. As one could expect, by useing |0) = (]0)+|N))/v/2
as the initial cavity state, the associated entanglement generating rate is then given by
N?26 k(7,), which would result in a quadratic improvement on the corresponding time scale

that 7/ ~ , in which case it would be within the gravitational decoherence time

according to Eq.(5.29). Intuitively, the strategy that enhancing § k(75) could be revealed
in the view of quantum estimation theory. As shown above in the assumption of zero
gravitational back action on the mirrors, entanglement generation is effectively dictated
by the unitary Uy = e *®m172 n the language of quantum metrology, one could treat
the Hamiltonian (16) as an implementation on estimating the unknown parameter ¢ k()
and the entanglement witness on the cavity state is serving as the final measurement
procedure that infers the information on dk. In this regard, a strategy that enhances the
entanglement generation by U, could be conjectured by choosing an initial state of the
cavity field that provides the best precision bound. Formally, the optimal initial state on

cavity field would produce the largest quantum Fisher information, H associated to U, on

the parameter dk, which is given by [90]

H(tho) = 4 (tho| A (R1fiz)? o) (5.30)

in which vy is the joint initial state of two cavity fields in concern and H(1) is the
quantum Fisher information. Of course, in the task of witnessing entanglement generated
by Ug, |to) has to be a product state, which simplify the calculation on A (7;75)* and
gives

(o] A(nng) [ho) = (oly A (11) [o), X {(oly Al71)? |o)y (5.31)
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where [¢o), , represents the initial state on each cavity field. In the case of [¢12) =
(10) 4 |N))/v/2, the variance of number operator on either state is ~ N2, which gives a
QFI by N2. The quadratic scale in N for QFI would be responsible for the quadratic
enhancement in the entanglement generation rate. One could also evaluate the metrological
significance predicted by (5.30) by coherent state |a;) or squeezed coherent state |ay, 1)

containing the same mean photons on the cavity field, given by

H(la), |az)y) = (oal; A (1) Jaa); X (sl A7) |ag),
(5.32)

= |on[*| el

and
H(lar), |az),) = (enly A (721) o), x (aaly A(Rn)? [ag),
(5.33)
= Jan|? e | e~ 42

where the squeezed vacuum contribution has been dropped in considering a small squeezing
parameter. Therefore, one may expect a scaling of |a;|? by coherent state or furthermore
|a1|? €74 by squeezed coherent state for the enhancement on § k. It is important to
stress that, the intuition gained from quantum estimation theory is somehow at most an
indication on how initial state may be engineered, the theoretical enhancement of QFI may
not be attainable. Quantum entanglement verification is more complicated than quantum
coherence (which for instance manifests as visibility in interferometry) and the general
routine in quantum estimation theory may not be theoretically applicable in estimating
the degree of entanglement. Furthermore, as quantifying quantum entanglement itself
is a complicated problem, for instance for a specific family of quantum states one has
to construct a particular quantum witness that is sufficient to verify any entanglement.
This might imply that the optimal verification may be locally dependent on the quantity

that gives rise to the entanglement. In a similar vein, in the realistic case where a
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mechanical system with finite temperature and under environment-induced decoherence,
any enhancement on entanglement witness signal would drop to some extent or be
substantially diminished. In the following sections, the investigation is carried on the
coherent state and some limiting case non-classical state for the initial cavity field in

seeking any stable enhancement on the entanglement generation rate ¢ k.

5.2.1 Coherent driving field

Since the state (|0) +|N))/v/2 is difficult to produce, it is useful to consider a more realistic
and experimentally accessible case, in particular where the cavity fields and the mirror
modes are initially in coherent states. Let [¢(0)) = |ou), |a2), |Be). |5s),, then the state

evolves by Eq.(17) and is given by,

A5 k2 (n—m)? fo (1) gibe(n—m) (Be €c(8) — 5260 (1)

ay
vVm!vnl

o ills(men)+25] £2(0) il (m--n)+25](Bs €4 (6" ~B3¢5(6) (5.34)

() =N
n,m=0
X m)y n)y @ (@5, (8) e [P (1))
Where N = exp —M is the normalisation factor and [¢¢,,(t)), and |¢3,,(t)), are

the coherent states of the centre of mass and stretched modes given by,
|5 (1)) = |Bee™™ " + ke(n — m)(1 — e™™")) (5.35)
and

|95 (1)), = [Boe™™" + [ky(n + m) + 25](1 — e7")) (5.36)

Immediately it shows that at t = 27 /w,. (t = 2 /w;) only the centre of mass (stretched)

mode decouples from the cavity fields. This means at any time instant ¢ > 0 the cavity
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fields and the mirrors are non-separable. It is also worthy noting that, while the reduced
state of the mirrors remains a mixture of normal mode coherent states at all times, the
mirrors themselves can be entangled through their mutual gravitational potential and so
the states are non-classical. In general, this mixture will contain coherent states displaced
by all modes of the cavity fields which are appreciable excited. This makes it difficult
to define a proper superposition size on the oscillators that previously appear in the
expression of entanglement generation rate. However one could take as an indicator
the variance of the position operator of the reduced state of an individual mirror. As
an approximation, consider the limiting case when the back action leads to a negligible
change in the mirror motion. Then if the mirror state itself is initial in a coherent state,
it gives (Az)? = (22/2)(1 + 8ko(k. 4+ v/25))|a>(1 — cos(wmt)), which indicates that the
delocalization size of the quantum state of the mirrors scale with square root of the photon
number, and is a maximum at half a mechanical period. With such quantity one could

have an estimation on the corresponding gravitational decoherence time scale by Eq.(5.29)
h 6 1\
= ——(——-— dt. 5.37
ep / 2Gmmy (5a Ax) (5:37)

5.2.2 Theoretical verification for entangled state

In order to see an entangled state created in the coherent state case, it is instructive to
first consider a somewhat unrealistic situation that the mirror normal modes are initially
in the ground states and after a centre of mass period 7 = 27 /w,. both modes decouple
from the fields, namely the gravitational back action from the superpositions of the mirrors
is negligible. The general case would be addressed later in this section. With the periodic

factorability, the joint cavity state at time 7, is then given as (by dropping any global
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phase)
ey = 2 zkg(n—m)2fc(7'c)eik§(n+m)2fs(Ts)
(5.38)
x RSO ), |n),
The state could be rewritten as [118]
o) = z AR OO S SO ) )y, (5.30)

where o , .
a2el[ks fs(Ts)—kz fs(7)]

vl (5.40)

oilk2 fs () +k2 f ()] n2+2ks S fo () n In), .

State (5.40) could be viewed as a multicomponent cat state of the second cavity field

0 k(rs)™ (the superposition involves more than two distinct

[118] with an amplitude of ase
components). Therefore, it could be found that for certain value of dk(7), number state
of one cavity field |m), will become correlated with a multicomponent cat state of the
other and the two field are then entangled. For instance, consider a limiting case when
dk(t) = 7 (though being unrealistic for the parameters considered previously) and in
principle one could set [k2f,(7) + k2f,(7)] to be 57 /2 and 2k,S f,(7) to be 27. The state

|C(m,n)) will be a two components cat state |as) + i |—aw) if m is even or 7 |ag) — |—aw)

otherwise. Hence, the joint state |t).,) in this case will be a entangled state written as

[eaw) = (1+) [an)y )y + (1= 1) [=a1); [~an), . (5.41)

This can be thought of as a perfect correlation between the mirrors and the ideal limiting
case of the for the experiment would like to achieve. However, entanglement verification in

this type of state is often missed in many of the standard entanglement witness, including
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the Simon and Duan’s criteria [124, 125]. An effective witness would be constructed based

on a hierarchy of field operator moments provide by [126], and the one in used here is

1 (al) (a1a})
s =1 (ag) (ala) (miabas) | (5.42)

<a§@2> <a1a£a2> <aia1a§a2>

whose negative value indicates inseparability. Taking the state WCM} as an example, the

corresponding determinant s is then given by

coth (Jag|* + |ag|?)
Sil’lh2 (‘041’2 + ‘CKQ’Q)

(5.43)

s = —|on|?|as[*

which is negative for any non-zero a; of state |t)eqy). More importantly, the witness (5.42)
is capable of verifying entanglement for a mixed state, which is of more concern in thermal
and decoherence scenarios. In the pure state assumption, the witness on state |Ycqy),

designated by sg, has an exact evaluation, given by

S0 :|a|6{1 o 262\a|2[A+B—2] o e4|o42(c—1)

(5.44)
+ 2A€2|a\2(0—1)+2|a\2[A—&-B—Q}}'
with
A = cos [20 k(Ts)]
B = cos [2k2 fo(15) + 2k2 f4(75)] (5.45)

C' = cos [46 k(75)]
The derivation in obtaining each term in the matrix is shown in the Appendices. Here

it has set a; = as = «a, which corresponds to the optimal configuration. Immediately,

one could see that the entanglement witness only depends on the modulus squared of the
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coherent state parameters, and so is insensitive to any (unknown) relative phase differences
between the fields. Actually, one can gain an intuition for why this must be the case
from considering |0) + |n) cavity initial states. Heuristically, what is important is the
spatial separation of the c.m. superposition of the mirror arising from the difference in
displacement resulting from the coupled |0) and |n) states. This difference is essentially
coming from the radiation pressure of the photons, not the oscillations of the mirror. To
characterize when a verification on entanglement to occur, it is illustrative to investigate
the dependence with respect to k. and k, in the determinant sy as shown in the density

plot in Fig.2.4
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Figure 5.4: Density plot of witness s under initial cavity field of (left)|a = 1) and (right)
|a = 5) over parameter k. and k., which has been scaled by v, from their realistic value

Notably, it specifies some parameters regions in which sy has its local minimum, which
is interpreted as a maximum verification corresponding to the entangled state |1)qq,). It is
also interesting to observe a state-dependent property that the location and width of the
minimum dark zone shifts and shrinks for a larger a. In particular, when k? f.(7) is set to

be 27, the witness sg will be reduced to

So = 2|a|%[cos (4 k) — 1]e2lel cos [4mdk—1] (5.46)
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which is negative the all the time, meaning the state |4, ) is always non-separable in
presence of any non-zero dk. Moreover, it features a dependence on the amplitude of the
coherent state a for the minimum turning point of Sy, given by cos (478 ky,) — 1 = —1/]a?.
As the actual value of dk is presumably very small, this minimum condition could be

converted to

5 ke ~ 1/]al. (5.47)

Clearly, an enhancement that scales with |« is revealed on the entanglement generation
rate 0 k. Hereby the enhancement due to the amplitude of coherent driving on the initial
cavity field is verified. Interestingly, it is one order less than expected from the metrological
argument for a coherent state under unitary Ug. One might conjecture that the witness
by Eq.(5.42) is not sufficient enough to extract the full information associated to the
entanglement. For a realistic scenario, taking mirror mass as 107!? kg and a separation of
d = 1pm and again assume k. ~ 1 is approachable, the time scale of having entanglement
witness 7°° is given by

T = — (5.48)

Therefore, for a mechanical oscillator of frequency 10° Hz, in order to detect the entan-
glement in a single oscillation period, an initial coherent field in the cavity with a mean
photon number of 10° (corresponding to an amplitude of o ~ 10*) is required. Under such
a large value of «, the superposition size of the mirror is then presumably greater than
a = 1071 m in the self-gravitational energy term that the gravitational decoherence time
scale is estimated by

Tap = —= ~ 10°s. (5.49)

Another feature to note here is that the width of the corresponding dip of the minimum

0 k in the plot is shrinking with increasing coherent amplitude « as shown in Fig.5.6,
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Figure 5.5: Witness on p. over d k under different « in assuming a unitary evolution, the
numerics has been scaled from realistic value by 7,

meaning the witness s is effective only to a particular parameter region of § k. Therefore,
in practice, the experiment setup has to be tuned in response to any different input
coherent state on the initial cavity field. However, this could be viewed as a great
advantage in discriminating entanglement generated by gravity from other possible fields
unambiguously. A fine resolution by large o on the dip of minimum 6 k,, would rule out
any other entanglement mechanism on two mirrors and the cavity fields. As an example,
suppose the two oscillators were connected also via a Coulomb force in the case when
each mirror contains an electron. It is straightforward to apply the formula developed in
this chapter exactly for the case of a quantized Coulomb interaction [108] and derive the

corresponding entanglement generation rate 6k¢ by Coulomb force. This is given by

k. €2

md3w,

6kC ~ k2 x (5.50)
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In comparison with the one by gravity

Gm
d3w,’

5k ~ k2 x (5.51)
their ratio is then 6k¢/0k% = k./G x m?/e? ~ 10°. Therefore, increase the amplitude of
coherent driving on an initial cavity state would provide sufficient resolution on the 0 k,,
that ensures an unambiguous verification on the entanglement created by gravity between

mirrors.

5.2.3 Oscillators with finite temperature and motional decoher-

ence

In regard to the robustness of the scheme, it is important to consider a general case when
the initial state of the c.m. motion of the mirrors are at a finite temperature and the
evolution is affected by the environmental decoherence. As the exact wave function for
the oscillators are unknown, the mirror normal mode state (denoted by subscript M) can

be described in thermal state

1 _1Be? _18s)?
= e [ [ 5) (5] 9 18 (6 (5.52)
TN
where n, = 1/(e"@/k8Te) and n, = 1/(e"*/¥875) are the average thermal excitation

numbers in two normal modes of the mirrors with 7, and T the corresponding temperature.
At t = 0, assuming the cavity field and mirrors states are separable, the density matrix

describing the state of the system therefore evolves as,

p(t) = U () (peas(0) @ pl(0)) U ()", (5.53)
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where the initial density matrix for the cavity fields is pea, = |a), (a]; ® |a), (af,. At time
7 only the stretch mode is separable from cavity field thus its thermal state is irrelevant.
By tracing out the mirror state over centre of mass mode |/3), and carried out the integral

over its thermal distribution (appendices), the reduced density matrix on the cavity state

is given by -~
_ a™ )T k2 () l(n-m)2—(a—-p)?)
Pcav (Ts) _N —F—— €
m%;,q vm!nlplg!
o pi2m{[ks (m4n) 4282 [y (pHa) +25]2) (5.54)
% e—Zkg(m—n—p+q)2(ﬁc—i-%)(l—coswc‘l's) m> <p’ ’n> <q‘ :

where A is the normalisation factor. The inseparably feature of the evolution, which
intrinsically is stemming from the gravitational back action on the mechanical trajectories,
manifests a thermal decoherence on the reduced cavity state with by a decay term defined
by Ty, = —2k2(71c + 3)(1 — cos( 2m), which depends on the initial temperature of the
centre of mass mode and the strength of gravitational effect. More explicitly, by expanding

the cosine term cos(£= 27) in powers of 7, = 5™ one finds
S c

[y =2k2[1 — cos(w,s)]
(5.55)
Lo o 4

= kerg +0(7)-
Interestingly, the thermal term I'y, scales quadratically in v, in comparison with § k(7;),

see Eq.(5.24). By choosing a proper entanglement measure, one could evaluate the thermal

effect and impose necessary cooling condition on the centre of mass modes of the mirrors.

5.2.4 Environmentally induced decoherence

The mirrors are in general coupled to a finite temperature bath that results in a finite

lifetime for the coherence of their c.m. superposition. The mechanism could be evaluated
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by a solving the master equation for the open quantum system. Following [8, 127, 68]
in the macroscopic regime considered here, damping on the oscillator is negligible and
the non-unitary parts in the master equation are dominated by a diffusion term, which,

evaluating in position basis of the mirror, is given by

Li(p) = Dlx;, [z:, p(t)]], (5.56)

where z; is the position operator for each mirror, D = 2mkgTyw/Q where @ is the
mechanical quality factor and T} is the temperature of the environment bath. One could
derive the relevant form of master equation for normal modes by a simple transformation
that yields [9]

dp 1

Dy
dt  ih

[H, )] ~ 2efae, lres p(1)] — Tl 0 (1), (557
where p is the overall state of cavity and mirror and D, = D, = D are the coefficients
for the corresponding diffusion terms for the center of mass and stretch mode of the two
oscillators. Note that, in writing down Eq.(5.57) one has assumed that each mirror is
interacting with an independent environment bath [128]. In the actual case, though two
mirrors would immerse in the same bath surrounding, the normal modes decomposition in
master equation would be still valid; Firstly, the super-operator £;(p) = 2% [z;, [z;, p(t)]] in
bare modes has implicitly involved Born-Markovian condition that the bath is memoryless.
Any information that back acted on the bath form one mirror by the bath would disappear
quickly before being carried on to the other mirror. Secondly, suppose the actual form
of master equation in normal form is different from Eq.(5.57). Then by performing the
decomposition backwards to the bare modes, it would yield an effective interaction term

between two mirrors in the form of zx9, meaning that two mirrors could be entangled
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through the bath and eventually it contradicted to the nature of decoherence process. In
validating Eq.(5.57), one could also assume a parameter region that gravitational coupling
7 is weaker than the dissipation term D, say by having a large Q factor.

Consider the same initial state in previous section that p(0) = pew(0) ® pM. The
exact solution for the evolution of the off-diagonal term on the reduced cavity state
Trar[|m) (k| |n) (1] p(t)] could be obtained by a modified method from [127] (with details

enclosed in appendices). At time 7 it gives

Trar{|m) (klp) (al p(74)}

k2 Fe(ro)l(n=m)? —(g—p)?] i2m{ s (m-+n)+ 28] [k (p+q) +25]}

(5.58)
o o [2k2 (fict 3 +Tc Ge(rs)(m—n—p+q)?) (1—cos wers)
w ¢~ Ts Gs(7s)(m+n—p—q)? [m) (pln) (q ,
with
B k? kg Ty
c — 8 Qh
k2 kg Ty, w,
T, = S On (w_)4
m | (5.59)
Gt 4sin (w,t) 4 Sin (2w.t)
e\") = 3w, SWe
) =t - 4sin (wgt) N sin (2wst)

3wg 3wg
which gives I'.G.(t) ~ 67 kf% Since it is desirable to have an implementation of
k. ~ 1 and a slow mechanical oscillation according to Eq.(5.24), the quality factor is
quite demanding to ensure the scheme is not affected significantly by the environmental
decoherence. Now one could investigate the robustness of the coherent enhancement
scheme using different initial cavity states and in this section the evaluation is carried

on a coherent state |a) and [¢hon) = [0) + |N))/v2 with N = |a|?>. By the solution of

Equ.(5.59) one could readily obtain the final density matrix p. at time 7 for a give peq,(0)
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by

pe =Y (Pl (al peav(0) [m) [n) Tear{|m) (K| |p) (al p(r,)}- (5.60)

applying the witness matrix would yield an exact expression for entanglement verification,

given by
s :|a|6{1 o 26—2(Ath+Ac+As)62|a\2[A+B—2} . e—S(Ath+AC)€4|a\2(c—1)
(5.61)
+ 26—2(3Ath+3Ac+As)A62|a\2(0—1)+2\a|2[A+B—2]}.
with .
Ay = 2K (7 + 5) (79)?
kT,
A, = 67 K2 (hch) (5.62)
2
kg
A :67Tk:§(1—|—ﬁ — ’yg) Bob

2 47 hwQ
and A, B, C is given in Equ.(5.45).
If again assume k2 f.(7.) is set to be 27, and expand cosine term in terms of dk(7,) to

the second order of v,, the witness is simplified to

2
_ Yo\ — 21442

(5.63)

— 26_2(|a‘2k§7§+Ath+Ac+As)

)

Comparing with 5 by Eq.(45) being non-positive in the pure case, here a positive value
would be obtained on s4. Here it is worth to note that, a positive value of the witness
does not necessarily rule out the entanglement on p¢,,, the noise effect evaluated on the
witness measure may be overestimated. The minimum condition for 7, could be obtained
by taking s’ = 0, which could be then solved numerically for various coherent amplitude «
of the initial cavity state and under a different noisy condition, as shown in Fig. 2.6 with

numerics being scaled from the realistic parameters for demonstration.
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Figure 5.6: Witness s; calculated by Eq.(5.61) over various value of 7, and under and
different thermal noise strength Ay, = A, here A, and A, is set to 1073 and A 0.01, 0.02,
0.03. Each plot shows a minimum ~, which gives the best verification and the curve drifts
under different noise strength.

5.3 Casimir force between mirrors

Lastly, when the closest distance between cavity mirrors approaches a scale of um, the
Casimir effect, originated from vacuum fluctuation between mirror, becomes relevant. The
Casimir force, under a certain assumption (in a non-retarded limit and assuming no edge

effects between the two dielectrics plates) is given by

Fcasi = _%52 (564)

where C' ~ 1.57 x 1072° N/m for the material considered in [114] and S is the area of the

cavity mirror. The attractive nature of Casimir force would effectively lead to a reduction
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on the effective mechanical frequency of the cavity mirrors by

mwly = mw; — %SQ. (5.65)
Taking the parameters w. ~ 10® Hz and d ~ 107% m as considered in previous analysis
and the area of mirror to be 10~® m?, the effective spring constant of Casimir force would
be comparably with that of the mirror. In principle, effective coupling between mirror
mediated by Casimir force would lead to entanglement generation, which is the main
obstacle in verifying gravitational induced entanglement [29]. Shielding such coupling
would be achieved by placing a thin plate between the mirror with sufficient stiffness,
such that a quantum bus via Casimir force is not feasible. Experimentally, shielding has
previously been employed to protect small mass measurement from Casimir effect [129]
with a shield size of 3pum in used . In considering a spacing between the mirror and the
shield at rest of at least 1.1um, the seperation between mirrors would be constrained to

d > 5.2um.

5.4 Conclusion and outlook

To conclude, an experiment within the framework of an opto-mechanical system is proposed
to test possible the quantum nature of the gravitational interaction between two mechanical
objects. When the two oscillators’s c.m. state is driven by the cavity field, the gravitational
effect based on a quantized model of Newtonian gravity is fully and critically investigated for
the opto-mechanical system. Upon a certain implementation, though still experimentally
demanding for a high optical and mechanical quality factor, it is shown that entanglement
could be generated via the gravitational coupling between two mirrors within the coherent

evolution time scale of the opto-mechanical system and consequently manifests a quantum
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correlation on the two cavity field state. The dependence on the initial cavity state
for the entanglement generation rate paves a way to optimal strategies in the light
of quantum estimation theory. However seeking a general routine in this direction is
obscured by a poverty of sufficient entanglement witness working for the continuous
variable system. In the case that has a cavity field initially prepared in a coherent state,
under a particular witness an enhancement scaling linearly with the amplitude of the
coherent field is revealed. The inseperability between the mirror and the cavity field in
the unitary evolution introduced extra noise as well as the initial thermal randomness and
impose a cooling demand on the center of mass mode of the two mirrors. Given a realistic
data, environment-induced noise effect could be evaluated with the work on decoherence
analysis. Lastly, shielding the coupling from the Casimir effect is discussed that enable an
ambiguous identification for gravitational induced entanglement, yet constraints will be
imposed on the minimum separation between the mirrors.

Further work may go in two lines. Firstly, on the track of exploiting the enhancement by
using a coherent state as the initial cavity state, one may find an optimal witness in the
framework of quantum estimation theory. The state-dependent feature of entanglement
verification may imply that operationally one may determine the witness in an adaptive
way. On the other line, following the intuition gained from the metrological interpretation
on the enhancement scaling, one may investigate the case of using a squeezed coherent
state for the initial cavity field, in which both the quadrature of the squeezing parameters

may matter.
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Conclusions

Central to all the investigations of this thesis has been the study of the preparation and
detection of quantum superposition of a nano-mechanical oscillator. The ¢.m. motion of
the mechanical system is coherently controlled by a spin or an optical field such that the
delocalized scale of the matter wave can be sufficiently large to test different theoretical
models. New phenomena would be generated based on the non-classical state of the
mechanical object and subsequently manifest a phase or a quantum correlation on the
spin or the optical field, respectively. By properly engineering the scheme one can probe
that significance with very high precision.

In the context of spin-mechanical coupling, a Stern-Gerlach (SG) type interferometer
is studied on an implementation of a nano-diamond bead at finite temperature. In the
case of harmonic confinement, a thorough analysis of the full dynamics including the
unwanted coupling terms is carried out. Perturbations due to system imperfection and
the environment-induced noise on the spin and mechanical state are critically analyzed
and have shown that the scheme is fault tolerant in a high fidelity under the realistic
experimental conditions provided. In the untrapped scenario, this SG type interferometer
is extended to achieve larger spatial delocalization of the c.m. It has been shown that,
under a proper spin control method, this free flight scheme enables generation of a 100
nm spatial separation between the superposed components for a diamond bead with

10° amu mass. Such macroscopicity can open up possibilities of testing some of the
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spontaneous collapse models such as Adler’s model [130]. The scheme completely surpasses
the scale of the spatial separation possible through a trapped particle of the same mass
[5] by 10% orders of magnitude. In comparison to the adaptation of the Ramsey Bordé
technique to nano-objects [38], it is the state-dependent force that significantly boosts the
delocalization scale of the matter wave and permits a macroscopicity which is unattainable
via photonic momentum kicks in Ramsey Bordé method. Moreover, from the point of view
of control, an electron spin in solid is a promising system with lower noise compared to
optical frequency fields in cavity-optomechanics, while its coupling to the c.m. through a
magnetic field gradient could potentially be easier than achieving strong optomechanical
couplings. In both cases, a positive feature is that the relevant interferometric phase can
be probed solely via spin Ramsey interferometry without directly measuring matter wave
distribution [83, 21]. Moreover, it is shown that the signal has an immunity to initial
thermal noise on the mechanical motion and good robustness to environment decoherence
up to a 1 ms scale, by which initial preparation is less demanding and an mK cooling
on the thermal temperature would suffice. The interferometry scheme could be used to
develop a new type of gravimeter. Its estimation of local free-fall parameter ¢ is shown
to have a sensitivity that scales cubically with the coherent evolution time, which, under
experimentally accessible condition one could achieve an excellent accuracy in one shot
measurement comparably with other advanced techniques. Noisy analysis indicates that
the optimal operation would be obtained in an adaptive way with properly choosing the
post-processing method. As a practical device, the scheme based on the nano-particle has
advantages of being operationally simple and robust to mechanical disturbance. As the
nano-object is being intensely pursued experimentally, realization of this scheme is within
the scope.

In the context of opto-mechanical system, a scheme based on two identical optical cavities
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is studied in probing quantum nature of the gravitational interaction between the adjacent
moving mirrors. A quantized model of Newtonian gravity is introduced and the dynamics
of the opto-mechanical system under the gravitationally induced coupling between two
mechanical oscillators is fully and critically investigated in their normal modes picture. It
is shown that entanglement could be generated within the coherent evolution time scale of
the opto-mechanical system and be verified by measuring the quantum correlation of the
two cavity fields, provided an enhancement on the entanglement generating mechanism is
applied by engineering the initial cavity state. It is shown that, by preparing the initial
cavity state in a coherent state, the entanglement generation rate grows linearly with
the amplitude of the cavity oscillation under a particular witness measure. Quantum
estimation theory may provide a hint for seeking optimal initial preparation on the cavity
field. Experimental realization is quite demanding in terms of achieving high optical and
mechanical quality factor and cooling. Realistic evaluation including noise effect singles
out an inherent thermal noise effect on the subsequent entanglement witness measure and
implies initial cooling on one of the normal modes of the two mirrors. Lastly, a shielding
method is discussed in order to eliminate the fatal problem of Casimir effect for a faithful
detection of a gravity-induced quantum phenomenon, however, the implementation would

impose a constraint on the closest separation between the mirrors.
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.1 Determinant of witness matrix

In this section, the calculation details is provided in deriving the relevant results mentioned
previously. Pure state case: In the unitary case, each element in Eq.(5.42) could be
calculated by the average on state [tcq,)
(aT) . a*6|a‘2[e—Qi(kgfs(Ts)—szc(Ts))+e—2i(k§fs(Ts)-Hﬂgszc(Ts))_2]
V) =

X e—i(szs(TS)+ka2fC(TS)+Dg)
)
2 2 _
(arad) = |a|?e?lol leosskefe(r) =], (66)
2[2i(k2 fs(m5) —k2k2 fe(rs)) 4 o2i(k2 fs (rs)+h2E2 fe(rs)) _
(aagag) = a]a|ze|a‘ [ ere ettt ce 2

i(3K3 fs (ms) —kZkZ fe(s)+Dg)

(aas) = |af?, (aafajas) = |al*

X e

where Dy = 4k, S fs(7s) and 52 term has been dropped as a global phase.

mized state case: In the general case, the density matrix for the total system at time
Ts is given by
P = ATTOTYT 52 o) 442 o)) (42— ?)
m7n7p7q

X eZ(kg fs (TS)_szc (7s))(mn—pq) eiDg (m+n—p—q)

m!n!plq!

x / 32 3o e~ helm k) Bene () =B (rs) (67)

_ 2 _ o 2
X e FSGS(TS)(m+n p q) e FCGC(TS)(m n p+‘])

XD (7)) |97 (7)), (P (T)], (P (T6) [, @ [m) {pl ) (g

where I's . and G is given by Eq.(58) and |®7,(75)) , and |}, (75)) are given by Eq.(34),
(35), respectively and [®;,,(75)), = |}, (7)), = [Bs), by tracing over two normal modes
state, one get

Do = AT O )T 02 o) 2 o) (k22
m,n,p,q

ei(kgf5 (15)—k2 fe(7s)) (mn—Kkl) eiDg (m+n—p—q)

min!plq!

/dﬁze—_icZeke[ﬁc(m—n—k—&—l)mc(rs)*—ﬂgnc(q—s)] (68)
X <kc<k - l)"ic(Tm) + ace—iwcn |kc(m - n)lﬁc(Tz) + Oéce_iwcTs>

% €_FS GS(7—3)(m+n—p—q)26—1"C Ge(7s)(m—n—p+q)? |m> <p| |n> <q|
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The integral could be carried out by the thermal expansion and the property of Gaussian
integral, and yields Eq.(57).

.2 Exact solution for master equation in normal modes

Here the derivation for the decoherence term I'y . and G is provided. The method is an
adaption from [68, 69]. Defining an off-diagonal density pp(¢) matrix acting in a projected
c.m. motion Hilbert subspace by pp(t) = 2 (p, q| p(t) |[mn), where |p,q) = |p), |q),, the
off-diagonal term of the reduced cavity density matrix is then py, e = Tr{pp(t)}|. The
master equation Eq.(56) could be projected to the same subspace that yields

dpp(t) i

DU — 17 p(0) = %0 (OVH = Tolbes (s (1)) = T [ s 00, (69)

where Yoy = Deyy/52— and HY = (p,q| H,|p,q) and H~ = (m,n| H, |m,n) are the

We, s

effective Hamiltonian acting on the corresponding c.m. subspace,

H" =hwblbe + hwblbs + NPU(bL + b,) + AP9(b] + b,)

_ (70)
H™ =hweblbe + Twgblbs + N (b1 + be) + A7 (b1 + by)

where the optical oscillation part is dropped as been irrelevant to the dynamics in concern,

and
h

A = —=n(n—m)

V2 (71)
sl =m) +5)

iH*t/h

mn __
A=

Now defining unitary operator UL (t) = e and an interaction picture on by

pp(t) = U-(t)pp()UL(~1) (72)

such that, by getting into this interaction picture the unitary parts in master equation
(3.22) is eliminated, and this gives a differential equation for pl, ()

dpp(t)
dt

= T U-()[be; [be; pp )] U (t) + T U-(2) [bs, [bs, pp ()] UL (2). - (73)

Multiplying from the left by U_(—u) and from the right by U, (u) (with v an independent
parameter) on the above equation, one have

U (@22 () =10 (¢~ w)fbes (s p (T (¢ — )

dt (74)
+YU_(t — u)bs, [bs, po ()] UL(t — u)
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Taking the trace over normal modes on both sides of the equation

dpp(t)
dt

T{U- () d L2207, ()} = YU (¢ = w)U- (t = u)be, bes p (8]}

+ TT{UL (= w)U-(t — u)[bs, [bs, pp ()]}

(75)

Using the cyclic invariance in the trace, one can factor out pp(t) from the double commu-
tator, that is

Tr{U4(t = w)U-(t = w)lbe, [be, po()]1} = Tr{[be, [be, Ur(t = w)U-]] pp(t)}

TE{U (¢ — W)U (t — w)lbes [bes p (O]} = Te{lbs oo U (6 — ) U po(8)} 00

Using Baker-Hasudroff identity, one can calculate the double commutator and have

{[be, [be, Uy (t = w)U-(t — w)]]}
=4k (n —m —p+q)*(1 — coswe(t — u))* U, (t — w)U_(t — u)

{[be; [be, Up(t = w)U-(t — w)]]}
=4k (n+m —p— q)*(1 — coswy(t — u))*Uy(t — u)U_(t — u)

Substituting back to Eq.(75) yields

U () oy (1) U ()
= {4Y k(1 — coswe(t — u))? + 47T, k2(1 — cosw,(t — u))? (78)
x Te{U_(u) pp(t) Uy (u)}

by which the time integral can be immediately carried out by

tdsAY k2 (n—m— 2(1—coswe(s—u))?
TH{U- (Wph (U (u)} =l TeHlnmmpa)*-cones (e

X eft ds 4T sk (n+m—p—q)* (1—cos ws(t—u))?] (79)
x Tr{U_(uw)pp(0)Uy(u)}.

Now by setting u = ¢, the left hand side term in above equation is exactly P pq(t) =
Tr{pp(t)}|, and given by

Prn,pq(t) ekt g g | STa Ko g g
x Tr{U-(t)pp (0) U+ ()}

3T ck2(n—m—p+q)? 3T k2 (ntm—p—q)2
_ 6_ c c(nlgﬂ p+q) Gc(t)e_ s 5(n16m p—q) Gs(t)

x Te{U-(t) pj U+ (1)} X (P, ¢l pean(0) [m, 1)

(80)
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where G, is given as Eq.(5.59). Carrying on the calculation on Tr{U_(t) pj}. U, (t)} would
yield exactly the terms in obtained in the unitary case.
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