Morse Index Bound for Minimal Two Spheres

Yuchin Sun

A thesis presented for the degree of
Doctor of Philosophy of Imperial College
and the
Diploma of Imperial College
Department of Mathematics

2019



I certify this thesis and the research to which it refers are the product of my
own work, and that any ideas or quotations from the work of other people published
or otherwise, are fully acknowledged in accordance with the standard referencing
practices of the discipline.

ii



The copyright of this thesis rests with the author. Unless otherwise indicated,
its contents are licensed under a Creative Commons Attribution-Non Commercial
4.0 International Licence (CC BY-NC). Under this licence, you may copy and redis-
tribute the material in any medium or format. You may also create and distribute
modified versions of the work. This is on the condition that: you credit the author
and do not use it, or any derivative works, for a commercial purpose.

When reusing or sharing this work, ensure you make the licence terms clear to
others by naming the licence and linking to the licence text. Where a work has
been adapted, you should indicate that the work has been changed and describe
those changes.

Please seek permission from the copyright holder for uses of this work that are
not included in this licence or permitted under UK Copyright Law.

iii



Acknowledgments

I would like to express my gratitude towards my advisor André Neves. This work
would not have been possible without his generous support and insightful guidance.
I would like thank Xin Zhou for many valuable discussions and inspiring suggestions.

iv



ABSTRACT
Morse Index Bound for Minimal Two Spheres

Yuchin Sun
André Neves, Advisor

Colding and Minicozzi proved in their work [CMO8] that a geometric invariant, that
we call width, can be realized as the sum of areas of minimal 2-spheres. We prove
that there exists a collection of such minimal 2-spheres with Morse index bound

one.
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Chapter 1

Introduction

1.1 Motivation

There are two perspectives on the motivation of the main result. One from Morse
theory and the other from the space of minimal surfaces. We describe both of them
briefly below.

1.1.1 Morse Theory

Finite-dimensional Morse theory was developed by Morse [Mil63] to study geodesics.
Index of a critical point of a proper nonnegative function on a manifold reflects its
topology. The topology of the space of closed curves is well studied by Morse the-
ory. For example, we know that the space of closed curves on S™ has the homotopy
type of a CW-complex with one cell each in the dimensions 0, n — 1, 2(n — 1),...
Since geodesics are critical points of energy functional for curves, a natural ex-
tension of Morse theory of closed geodesics would be a Morse theory of harmonic
surfaces, which are critical points of energy functional for surfaces. However, the
non-degeneracy of energy functional for surfaces can’t be solved easily as in the case
of closed curves. Sacks and Uhlenbeck introduced a-energy [SU81], which can be
perturbed to be Morse functions. The a-energy approaches the usual energy as the
parameter « in the perturbation goes to one, and the corresponding critical point
of a-energy converges to a harmonic map. However, without curvature assumption
[LLW17] or finite fundamental group [CT99] for the ambient manifold (M, g), the



harmonic sphere constructed by a-energy fails to realize the energy as a goes to one
[LW15][Mool7, Remark 4.9.6]. Thus, we are motivated to prove the Morse index
bound of the harmonic sphere produced by the min-max theory [CM08], which rules
out the energy loss.

1.1.2 Space of Minimal Surfaces

On the other hand, harmonic maps from the sphere are conformal thus are minimal
surfaces. In the thesis the sphere implies the two dimensional sphere, and harmonic
sphere implies harmonic map with sphere as its domain unless stated otherwise.
Almgren and Pitts’ min-max theory proves the existence of embedded minimal hy-
persurfaces in closed manifold of dimension at least three at most seven. Using it
Marques and Neves [MN16] proved the existence of an embedded minimal hyper-
surface with certain Morse index bound (the Morse index bound is equal to the
dimension of the families used in the min-max process, see [MN16] for the details).
This result plays an important role in proving Yau’s conjecture [Son18], the conjec-
ture states that for any closed three manifold there exist infinitely many embedded
minimal surfaces. Moreover, Antoine Song [Son18| proved that there exist infinitely
many embedded minimal hypersurfaces in any closed Riemannian manifold of di-
mension at least three at most seven using Almgren and Pitts’” min-max theory.
However, Almgren and Pitts’ min-max theory doesn’t say anything about minimal
surfaces in higher codimension. While using the min-max theory of harmonic sur-
faces by Colding and Minicozzi [CMO08], there’s no restriction on codimension. So
it motivates us to prove the Morse index bound of the harmonic sphere produced
by the min-max theory of Colding and Minicozzi [CMO08], which doesn’t have the
hypersurface restriction.

1.2 Min-Max Theory with Different Functional

Min-max theory is a way of finding critical points for variational problems. Let us
recall the history of min-max theory. The idea of using min-max argument to show
the existence of critical points for variational problems goes back to H.A. Schwarz
in the 1870s in his work on harmonic functions. For finding closed geodesics on
a sphere it was accomplished by Birkhoff [Birl7] in 1917. Since m;(5?) is trivial,
geodesic on a sphere cannot be obtained by simply minimizing the length of a closed
curve. One needs to consider the sweepouts, which is the set A of continuous maps

o1 :S' % [0,1] — S?,



so that

1. for each ¢t the map o (-, ) is in WhH?2
2. the map t + o4(,t) is continuous from [0, 1] to W12

3. o1 maps S' x {0} and S x {1} to points.

We now consider the homotopy class Agl, which is defined to be the set of map
o’ € A that is homotopic to o7 through maps in A. The width in this case, which
we denotes by WW,, is defined to be the following:

W.:= inf max E(o'(-,1)),

0'/6]\0—1 te [0)1]

here E(0’(-,t)) denotes the energy of the closed curve o'(-,t). W, is a geometric
invariant. One can sweep S? out by the one parameter family o (-, t) of closed curves
and pull the sweepout tight using curve shortening process, which is considering the
closed curves as piecewise linear maps with the chosen energy bound and replacing
them with the unique shortest geodesic segments (the uniqueness is guaranteed by
the energy bound). If the sweepout o, induces a nontrivial class in m9(S5?), then we
have
W, > 0,

and each map in the tightened sweepout whose energy is close W, must itself be
close to a geodesic. Geodesics are critical points for energy of closed curves. That
is how we prove the existence of closed geodesic on S? using min-max argument.

For finding minimal surfaces in any closed manifold M isometrically embedded
into some Euclidean space RY, with dimension at least three and nontrivial homo-
topy group m3(M), we have the min-max family for energy functional constructed
by Colding and Minicozzi [CMO08], which they used to prove the finite extinction
time of Ricci flow. Colding and Minicozzi’s min-max theory follows the same strat-
egy as Birkhoff’s: In this case, sweepout is defined to be the set A of continuous
maps

o:58*x[0,1] = M,

so that

1. for each ¢t the map o(-,t) is in C° N W12
2. the map t + o(+, ) is continuous from [0, 1] to W2 in a strong sense,

3. o maps S? x {0} and S? x {1} to point maps.



We now consider the homotopy class A,, which is defined to be the set of map
¢ € A that is homotopic to o through maps in A. The width in this case, which we
denotes by W, is defined to be the following:

W := inf max E(6(-,t)), (1.1)

G€As te(0,1)

here E((-,t)) denotes the energy of the map 4(-,¢). Given a map u : ¥ — M, the
energy of it is defined to be:

B(w) = [ (7l

energy functional F will be defined again precisely in section 2.1.1. Note that W is
a geometric invariant depends on the manifold M only.

Now we pull the sweepout o tight, in a continuous way, by harmonic replacement.
Then if o induces a nontrivial class in 73(M), we have

W >0,

then each map in the tightened sweepout whose energy is close to W must itself
be close to a finite collection of harmonic spheres. Close in both varifold distance
and bubble tree sense, this will be defined precisely in section 4.2. Now we state
Colding-Minicozzi’s min-max theorem:

Theorem 1.2.1 (Colding-Minicozzi, [CMO08]): Given a closed manifold (M", g) with
dimension n > 3, and a map o € A representing a nontrivial class in 73(M), there
exists a sequence of sweepouts v;(-,t) € A, with

lim max E(v,(-,t)) =W,

j—o0 t€(0,1]
and so that given e > 0, there exists j and § > 0 so that if j > j and
Area(vyi(-,s)) > W =6,
then there are finitely many harmonic maps u; : S — M, i = 0, ..., n, with

dy (v5(- 8), {uitieg) < €.

Here dy(-,-) denotes the warifold distance, which will be defined in definition
3.3.1.

Corollary 1.2.2: Given a closed manifold (M", g) with dimension n > 3, and a
map o € A representing a nontrivial class in m3(M). If a sequence of sweepouts
v;(+,t) € A, has the property that

lim max E(v,(-,t)) =W,

Jj—o0 t€(0,1]



we define ¢; to be E(v;(-,t;)) = maxycp1 £(v;(-, 1)), then there exists a collection
of finitely many harmonic spheres {u;}", such that {v;(-,¢;)}; "converges” to up

to subsequence. Moreover,
m

> E(uw)=W.

1=0

We will prove how theorem 1.2.1 implies corollary 1.2.2 in section 4.2 and define
the ”convergence” mentioned in corollary 1.2.2 again precisely.

Min-max theorem by Colding and Minicozzi shows that the width W is realized
by the sum of energy of finitely many harmonic spheres. Harmonic spheres are
critical points for energy functional. Since harmonic spheres are conformal thus are
also minimal surfaces. That is how we prove the existence of minimal surfaces using
min-max argument.

We can also do min-max to find critical points for a-energy. Let (M, 0,6, A, A,)
be given as before. a-energy F, of amap v’ : ¥ — M is defined to be the following:

B () = /2(1 + |V )

Clearly, when a = 1, we have E)(v') = 47 4+ 2E(u). We can do the min-max
argument using a-energy to define width. That is

W, := inf max E,(6(-,t)),

GE€Ms t€]0,1]
and if o induces a nontrivial class in 7w3(M) then we have
Wy > 4m,

for all @« > 1. The difference between doing min-max argument for energy and a-
energy is that for a > 1, E, can be perturbed to be a Morse function, thus Morse
Theory can apply and we know that there exists a map u, : S? — M which is a
critical point for F,, and

Eo(uy) = W,.

Now given a sequence {q;}ieny with o > 1, and a; — 1 as © — 00. As oy — 1, u,,
converges to a harmonic sphere. We refer to [MMS88] for the details.

On the other hand, min-max theory for the area functional was first introduced
by Almgren in the early 1960s [Alm62] and improved by Pitts in 1981. It pro-
vides the existence of an embedded minimal hypersurface in any closed manifold of
dimension at least three at most seven.



1.3 Main Theorem and Related Theorems

1.3.1 Morse Index Bound for Embedded Minimal Hypersurfaces

If ¥ is a smooth embedded closed minimal hypersurface, its Morse index is the
maximal dimension of a subspace of normal variations restricted to which the second
variation of area quadratic form is negative definite.

Using Almgren and Pitts’ min-max theory Marques and Neves [MN16] proved
the following theorem:

Theorem 1.3.1 ([MN16])): Let (M", g) be an n-dimensional closed Riemannian man-
ifold with 3 < n < 7. Given an integer k, there exists an embedded minimal
hypersurface X"~ ! with the following properties:

1. Area(X) = wy,
2. Index(X) < k,

here wy, is the width for the k£ parameter sweepout. We refer to [MN16, theorem
1.2] for the precise definition.

In other words, there exists an embedded minimal hypersurface by Almgren
Pitts” min-max theory with Morse index less than or equal to the number of pa-
rameters (dimension of the families used in the min-max process).

1.3.2 Main Theorem

If v is a harmonic sphere, its Morse index is the maximal dimension of a subspace
of variations restricted to which the second variation of energy quadratic form is
negative definite. We will define it again precisely in section 2.1.21. The main
theorem of the thesis is the following:

Theorem 1.3.2 (Main Theorem): Let (M", g) be a closed Riemannian manifold with
n > 3, g generic and a nontrivial homotopy group m3(M). Then there exists a
collection of finitely many harmonic spheres {u;}7,, u; : S* — M, which satisfies
the following properties:



L. Z:ZO E(ul) =W,
2. 3" Index(u;) < 1,

here W is the width. (See (1.1) or definition 4.2.3.)

The existence of finitely many harmonic spheres in theorem 1.3.2 is given by
Colding and Minicozzi’s min-max theory [CMO08]. Theorem 1.3.2 is a variant of
1.3.1. We compare the difference between them here. Besides the obvious differ-
ence of harmonic spheres and embedded minimal hypersurfaces, energy functional
and area functional, the embedded minimal hypersurface used in 1.3.1 is given by
Almgren-Pitts’ min-max theory, thus could have several components. When con-
sidering the variation of it, it means the variation of the whole configuration instead
of each component. The index of theorem 1.3.1 is the maximal dimension on which
the second variation of the energy functional of the whole configuration is negative
definite. While in theorem 1.3.2, the index bound it obtains is the sum of each
component, which is stronger than the bound for the whole configuration.

1.3.3 Harmonic Maps with Morse Index Bound

For obtaining a harmonic sphere v with index bound without the property of energy
identity, i.e. E(u) = W, in theorem 1.3.2, there’s another way by using a-energy to
do min-max. This is done by Micallef and Moore in [MMS88]. We now state it and
sketch the idea of the proof here.

Theorem 1.3.3 ([MMS88]): Let (M, g) be a closed Riemannian manifold with non-
trivial homotopy group 7, (M). Then there exists a harmonic sphere with Morse
index bound k — 2.

If the metric g in theorem 1.3.3 is generic and the manifold has nontrivial m3(M)
then theorem 1.3.3 gives the existence of a harmonic sphere with Morse index bound
one.

So we consider the special case of theorem 1.3.3 such that m3(M) is nontrivial.
The ideal of the proof is to do min-max using a-energy as we stated in section 1.2.
Let (Eq, {;}ien, Ua;) be given as in section 1.2 so we know that by Morse theory
we have Index(u,,) = 1 for any «; > 1. Since u,, converges to a harmonic sphere



w as ¢ — 0o. Then by [Mool7, Lemma 4.10.7] we have

Index(u) < liminf Index(u,,) = 1,

1—00

But the convergence doesn’t preserve energy identity. i.e.,

lim E,,(uq,) # 47 + E(u).

1—+00
1.3.4 Morse Index Conjecture

Marques and Neves proved that in the Almgren-Pitts setting, for one parameter
case there is either an unstable embedded minimal surface with multiplicity one or
one-sided minimal surface with even multiplicities and unstable double cover. They
also proved in [MN18] under the assumption of multiplicity one, given any integer
k, there exists a minimal hypersurface ¥ with Index(X) = k, and area of 3 equals
to the width. Thus they proposed the following Morse Index Conjecture.

Morse Index Conjecture Given a manifold (M™,g), 3 < n < 7, g generic,
and an integer k. There exists a smooth, embedded, two-sided and closed minimal
hypersurface X" such that Index(X) = k

For harmonic maps, under the assumption that all the harmonic spheres ob-
tained by min-max are of strong convergence, we are able to conclude that there
exists a harmonic sphere which realizes the width and whose Morse index is exactly
one. We recall that in section 1.2 we say that each map in the sweepout whose en-
ergy is close to W must itself be close to a finite collection of harmonic sphere, the
assumption here is to assume that there exists a sweepout, so that for each map in
the sweepout whose energy is close to the width, must itself be close in W12-norm
to one harmonic sphere whose energy realizes the width.

Definition 1.3.4 (Image set): Given a sweepout {;(+,t)};en, we define the image set
Y ({7, 1) }jen) to be

U({y;(-, t) }jen) := {{uz}ﬁo : there exists a sequence {i;} — oo,

t;; € [0,1], such that (-, ;) converges to {u;};~,,

and iE(u,) = W}



We will define image set again and what kind of convergence it refers to precisely
in section 4.2.

Proposition 1.3.5: Let (M™,g) be a closed Riemannian manifold with n > 3, ¢
generic and a nontrivial homotopy group m3(M). If there exists a sweepout {7v;(-, )} jen
which induces a non-trivial class in 73(M), and for each of {u;}1", € W({v;(, 1)} en),
{u;}I", contains only one harmonic sphere. Then all the harmonic sphere in the
image set has Morse index one.

By Proposition 1.3.5, Morse Index Conjecture is true for harmonic sphere when
k =1 under the assumption of strong convergence.

1.3.5 Countability for Harmonic Maps with Bounded Energy

Before proving the main theorem we need the result of countability for harmonic
maps with bounded energy. We first define the equivalent classes of maps.

Definition 1.3.6: Given u : S? — M, we define the equivalent class of u to be the
following;:

[u] :={g:5* = M| If u= go¢ for some ¢ € PSL(2,C).}

Recall that PSL(2,C) is the group of conformal automorphisms of S?. So the
equivalent class of a map u : S? — M is all the maps differ from u by a conformal
automorphism of the domain S2.

Theorem 1.3.7: Given a closed manifold (M™, g), with n > 3, g generic, then the set
of all harmonic spheres up to equivalent class with bounded energy is countable.

Theorem 1.3.7 is expected, given that we know a similar result holds for minimal
embedded hypersurfaces. Namely:

Theorem 1.3.8 ([Shal7]): Given a closed manifold (M",g), 3 < n < 7, with g
generic, the set of embedded minimal hypersurfaces with bounded area and index
is finite.

The idea to prove theorem 1.3.8 is the following: assume theorem 1.3.8 is not
true, then there exists infinitely many embedded minimal hypersurfaces {¥;};en

9



with bounded area and index. By the compactness theorem [Shal7], {¥;};en con-
verges to a minimal embedded hypersurface > with the same area and index bound
up to subsequence. We can use {¥;};ey to construct a nontrivial Jacobi field on
Y. Then it contradicts the assumption of generic metric, which implies there’s no
nontrivial Jacobi field on minimal submanifolds [Whil7].

However, harmonic spheres with bounded energy are merely branched minimal
immersions with bounded area. Theorem 1.3.8 doesn’t imply theorem 1.3.7. The
proof of theorem 1.3.7 brings together several important results like bumpy metric
theorem for minimal surface [Whil7, theorem 2.1], bumpy metric theorem for har-
monic map [Mool7] and comparison between second variation of area and energy
of a minimal surface [EMOS].

Before we prove theorem 1.3.7, the key step for theorem 1.3.7 is the following
lemma 1.3.9, which is an analogy of theorem 1.3.8:

Lemma 1.3.9: Given (M, g), g generic, the dimension of M is at least three, and a
harmonic sphere u : S* — M. There exists € = €(u) > 0, so that if f is a harmonic
sphere with the following property

/ Vf—Vu? <6
52

In other words, Lemma 1.3.9 states that for generic metric harmonic spheres of
same equivalent classes are locally isolated.

The idea of the proof is inspired by theorem 1.3.8. We argue by contradiction,
if such € > 0 doesn’t exist, then there exists a harmonic sphere u : S? — M, a
sequence of harmonic spheres { f;}ien, [fi] # [u], such that

IV f; — Vul* < 1/i,
S2

We can use the sequence {f;};en to construct a nontrivial Jacobi field for energy
functional on u. We can’t use bumpy metric theorem for harmonic map [Mool7]
since it only applies to prime harmonic sphere. By [MMS88, theorem 3.1] the nontriv-
ial Jacobi field for energy functional on u induced a Jacobi field for area functional
on u. We are left to check that u is an immersed minimal surface without branch
points. By bumpy metric theorem for harmonic spheres [Mool7, theorem 5.1.1.],
we know that the image of u is an immersed minimal surface free of branch points
given that g is generic. Thus by [Whil7], which states that there’s no nontrivial

10



Jacobi field on minimal immersed submanifold for g generic, we have the desired
contradiction.

To prove theorem 1.3.7 , we pick {x1,zs,...,x,,} C S? such that the union of
each geodesic balls centered at z; with radius 1/n covers S2ie., 8% C Uf;l Bl/n(xi).
Then we consider the set

Fn) = {111 VI < s for i = 1,0},

here €, is the constant given in [SU81, main estimate 3.2] , we need €g, to obtain
strong convergence in W12 such that we can use lemma 1.3.9 to conclude that F(n)
is finite for each n € N, so |J, o F(n) is countable. Thus the set of harmonic spheres
with bounded energy is countable.

1.3.6 Idea of the Proof for Theorem 1.3.2

Given a manifold (M", g), n > 3, with g generic and a nontrivial w3(M ), we consider
a family of sweepouts {v;(-,?)}jen, 7; : S? X [0,1] = M, which induces a nontrivial
class in m3(M) with the following property:

lim max E(v,(-,t)) = W.

Jj—ro0 tel0,1]
We define ¢; to be E(v;(-,t;)) = maxejo,1) £(7;(-,t)). By corollary 1.2.2 there exists
a collection of finitely many harmonic spheres {u;}!™, u; : S* — M, and

m

> B(u) =W,

=0

such that {v;(-,¢;)}; converges to up to subsequence. More precisely, for every u; €
{ui}iy, there exists a sequence of conformal automorphisms {44} jen, 9; : S? — 52,
such that v;(-,t;) o 7,0; converges to u; weakly in W12 sense up to subsequence.

Recall that U({v;(-,t)};) is the image set of {7;(-,t)},; (see definition 1.3.4).
The idea is if {u;}7", € U({v;(--t)};) have > ", Index(u;) > 1, then we are able to
perturb {v;(-,%)}, to a new sweepout {7;(-,t)}, such that

L {3;(1)}; s homotopic to {3, 1)}

2. lim; 00 maxX¢e(o,1] E(:Yj('ﬂf)) =W,

11



3w € ({5 (1)),

then since lim;_,o maxcjo1] E(7;(+,t)) = W, by corollary 1.2.2 we know that the im-
age set U({7;(-,t)};) is nonempty. Let {v;}:" € W({3;(-,t)};). If Y°1% Index(v;) >
1, we can perturb {%;(-,?)},; again. By theorem 1.3.7, we know that the set of all
harmonic spheres up to equivalent class with bounded energy W is countable, so we
can perturb the sweepout inductively such that it is away from all harmonic spheres
whose sum of Morse indexes is greater than 1. Since the perturbed sweepout is in
the same homotopy class as {7;(-,?)},; and has the property that the maximal slice
of energy approaches W as 7 — oo, it converges to a collection of finitely many
harmonic spheres whose sum of Morse indexes is bouned by 1.

Before we construct {7;(-,t)}; we define the variation of a map. Suppose M is
isometrically embedded in RY and let II : RY — M be the nearest point projection
from RY to M. Given a map v : S?> — M and X : §2 — R", with each X° ¢
C>(5?), we consider the variation of u with respect to X to be the following:

ug := I o (u+ sX),

then it’s clear that if another map v : S* — M is close to u in W12(S?, M) sense,
the variation v, will be close to u, as well.

Now we sketch how to construct {7;(-,t)};. Assume {w;}7", € Y({v,(-,1)},)
such that {v;(-,¢;)}; converges to up to subsequence, and » ", Index(u;) = k > 2,
then there exists k variations {X;}F_, X;: S? — R, with the following property:
for each X, there exists at least one u; € {u;}" so the second variation of energy
of u; with respect to X; is negative. i.e.,

d?

@ s=0
The idea is using {X;}}; to perturb ~;(-,¢). We first prove in lemma 6.1.1 that
for ~;(-,t) close to {u;}i%, there exist corresponding cutoff functions 7 : S* — R.
We can define X; := 1 o (¢}) 71X 0 (¢/)7!, and define the variation of ~;(,t) with
respect to X; to be:

E(HO (ul + 8X1)> < 0, = 1, ,]ﬂ

k
Yjs(-,t) =10 (fyj(-,t) + ZSZXI)7
=1

here s = (sy,...,5;) € B¥, B* is the k-dimensional unit ball, so that the energy of
Yj,s(, t) is concave while changing s € B*. That is, define E!(s) := E(v;(-,1)), B! :
B* — R, and we have

D?*Ej(s) <0, Vse B

12



If we can construct a continuous function s; : [0,1] — B¥ so that Vst (1) =
v; (-, t) when v;(-, ) is away from {u;}I", (when ¢ is away from ¢,), and decrease the
energy by certain amount when v;(-,t) is close to {u;}1*,. i.e.,

E(js;0(-1) < E(y( 1) — ¢, (1.2)

for some constant c. Since lim;_, maxyecpo 1] E(7;(-, 1)) = imje0 E(v;(-,15)) = W,
equation 1.2 implies

lim Bl 0(+t)) S W~
then the sequence {7, s, (- ;) }; does not converge to {u;};",, and ;) (-, t) is the
desired sweepout. In order to construct s;(t), we observe the following one param-
eter gradient flow {¢%(-,x)} € Diff(B¥), with x € B* as starting point, generated
by the vector field: B

s —(1—[s|)VE!(s), seB"

¢5(-, ) decreases the energy, except that |s| = 1 or VE}(x) = 0, that means the
starting point x is the maximal point for the energy. The assumption of the lower
bound of Morse index, > " Index(u;) = k > 1, now enables us to construct a
continuous curve y; : [0,1] — B* avoiding the maximal point of the function E;
as t varies. Namely, let x; : [0,1] — B* be the maximal point for Ei(s), ie.,
VE!(x(t)) = 0, z(t) is a continuous curve on B* k > 2. Since the dimension of
B* is larger than 1, we can choose a continuous curve y;(t) on B¥ which does not
intersect with x;([0, 1]), then we can use {¢%(-,y;(t))} to decrease energy, construct
s;(t) and obtain the new sweepout 7;(-,t) := v;s,)(-,t). The new sweepout is in
the same homotopy class as {v;(,?)};, and

E®;(ht) < W =g,

so 7,(+,t;) does not converge to {u;}*,. We can repeat the procedure inductively
and obtain a sweepout which is in the same homotopy class as {v;(-,t)};, but away
from all harmonic spheres whose sum of Morse indexes is larger than one. Then
we can conclude that it converges to a collection of finitely many harmonic spheres
whose sum of Morse indexes is bounded by 1.
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Chapter 2

Preliminaries

2.1 Harmonic Maps

2.1.1 Definition of Harmonic Maps

Let M and N be Riemannian manifolds of dimension m and n, respectively. We
write the metric tensor of M as

(haﬁ)a,ﬁzl,...,ma

and the one of N as
(gij)i,jzl,...,na

and we use the following notations:

(ho‘ﬁ a,=1,..m, inNverse metric tensor

h = det(hag),
I3, = %h”“s(hg(;,7 + hys3 — hgys), Christoffel symbols of M
(9")ij=1...n, inverse metric tensor
g = det(gi;),
F;‘kz = lgil (9jik + Grij — Gjk), Christoffel symbols of N

2
Definition 2.1.1 (energy density): If f: M — N is a map of class C', we define its

14



energy density as

in local coordinates (z',...,2™) on M, (f! ..., f*) on N.

The value of e(f)(x) seems to depend on the choice of local coordinates. We
are now going to interpret e(f) intrinsically and see that it’s not so. Recall that
f7ITN is a bundle over M with metric g;;(f(z)), while T7*M has metric (h*?(z)).
Now we consider the the differential of f

f 0
- d @ -y

o g

df

a section of the bundle T*M ® f~'T'N. Then, with aax—ﬂ = ggi 8?”- we have

1 of 0
o) = gt )

2
1
§<df, df )reriof 17N

Definition 2.1.2 (Energy): The energy of a C'-map f: M — N is

B(f) = /M e(f)dM,

here dM is the volume form of M with respect to metric h. In local coordinates,
we can write it as dM = dvol, = Vhdz! A ... A dz™.

Definition 2.1.3 (Conformal Change of Riemannian Metric): Let M be a m-dimensional
Riemannian manifold. Given two metrics h and h* on M, if the angles between two
vectors with respect to h and h* are always equal to each other at each point of M,
we say that h and h* are conformal to each other. A necessary and sufficient con-
dition that A and h* of M be conformal to each other is that there exist a function
p: M — R such that

h* = e* h.

We call such a change of metric h to h* a conformal change of Riemannian metric

Theorem 2.1.4: If the dimension of M is two, then the energy of a C'-map f is
invariant under conformal change of Riemannian metric.

Proof. We compare the difference of energy density (definition 2.1.1) of f on the
manifolds (M, h) and (M, e*h), where p is a real-valued function on M. Let ey (f)

15



denote the energy density of f with respect to metric A and e, (f) denote the
energy density of f with respect to metric e*h, we have

—2
ee2on(f) = e “Pen(f).
Moreover, we compare the volume form
dvol2pp, = €"Pdvoly,

here m is the dimension of M. Thus,

g (f) = / ecaon(f)dvoloany

M
= / em=Dee, (f)dvoly, (2.1)
M
= E(M,h)(f)a
the last equality holds because m = 2. O
Lemma 2.1.5: The Euler-Lagrange equation for E is:
1 0 af - of7 ofk
— ——(VRh*? =) + hoP ()T — =0. 2.2
\/Eaxa(\/_ axﬁ) + (I) ]k(f(x))gxa axﬁ 0 ( )

Proof. Let f be a smooth critical point of . We let ¢ be a vector field along f. It
means that ¢ is a section of f~'T'N. In local coordinates

; 0
v =¢'(2)5 i
© induces a variation of f by
fi(@) = exp () (te(2)), (2.3)

so we have 5

B t:oft(x) = p(x).
As f is a critical point of E, we have

d

JR— E pr—

dt lt=0 (7)) =0,

16



thus

d 1 af; of
0=2| 5 [ e 2L O%s el A . da™
= [ S @aas <>>§f OF 4 hda' n.. o™
04,3 8]”690
/h @)z === Vhda! A A da™
of of!

/1
2
0 .
—/Mw( hho‘[aa?f)gij(f(x))gpjdxl/\.../\dxm

N afz afk j
~ [ h g @) G g VA A da”

we can integrate by part assuming ¢ is a compactly supported bounded section of
f7'TN. Putting n; = ¢;;¢7, and thus ¢/ = g"/n;. We then obtain

B 1 0 aﬁﬁf
O——/]\/[ﬁw<\/ﬁh oxa )nz\/_dl’ A ..o ANdz™
fz afk

1 .
—/ §haﬁglj(gij,k+gk]z gzkj)a . Pl \/_dSC A Ndx™
M

k
'ij ( ))a a O B \/_d.’ll' A AN dx™

0 aft
=— | —==——=(Vhh*’ —=—)nVhd dz™
/ T (VAR e’ A .\ da
k
/ h“ﬁrﬁkaf or mVhdz' A .. A dz™
M2 Az 0xP
Then we have the desired equation 2.2. O]

We are going to interpret equation 2.2 intrinsically now.
Definition 2.1.6 (tension field): We call the tension field of f to be the following
7(f) := traceVdf.

Lemma 2.1.7: Intrinsically, the Euler-Lagrange equation for E' is

7(f) = 0. (2.4)
Proof. Let f be a smooth critical point of . We let ¢ be a vector field along f. It

means that ¢ is a smooth section of f~'T'N. In local coordinates

0

17



¢ induces a variation of f by
fi(z) = eXP(y) (to(x)). (2.5)

Let V/7'TN denote the Levi-Civita connection on f TN, and we have

1 . a
d(,O _ vfa TN( i

. e, 2.
[ 6 ) © da 26)

We also have to take derivative with respect to t. Here % is a vector tangent

to M x R. The Levi-Civita connection on M and the trivial connection on R
yield the Levi-Civita connection on T*(M x R) ® f~'T'N. Moreover, instead of
Vé\}(i) = (f*VN)BL, we shall simply write VBL.

Sz z& X

ofl 0

afi o
o= Ot Of

=V o o '

=V

® dxa’tzo (2 7)

af’t ® X

1 d
0= Gl B =3 [ Gy

<dft7 Bdft dM’t =0

(df ,dip)d

I
s\a\b =

(df,V o ¢ ® dz*)dM

g

= —/ (traceVdf, p)dM
M

2 df, ¢ @ dx*)dM

The third equality follows from equation 2.7 and the forth equality follows from
equation 2.6. Thus, the Euler-Lagrange equation for F is

r(f) = 0.

18



We now write 7(f) in local coordinatas and show that it is equivalent to equation
2.2. Let V denote the Levi-Civita connection in T*M ® f~1T'N as before.

of

iﬁ(df) f(axad Ofl)
:83:j£ ﬁd”aa?w +(V_2,dz%) 3"” aii +(Voz o 5 fj) 8f;d9:°‘ (2.8)
2 pi 1 | ;
3f“£xﬁd o e afl+af;F§ja?fk ggadxa’
then we have
S

We compare equation 2.9 and equation 2.2. They are equivalent since one can easily
compute that

L O ppesOfty L0 i apOft D s OF L ap OOF
(Vhh )_\/ﬁ(ax“\/ﬁ)h s+ (520 55 +h

Vh 0x® 0z oz ‘Ox 0z Dz
th h7hsy oh®” gf 5 = (W0 hs,.0) %f; + heP ajjg; g
% 2 £i
h“ﬁrgﬁ% + ho? ajagxﬁ' o
The operator
Ay = %%(\/ﬁhaﬁ%) (2.11)

is called Laplace-Beltrami operator of M. By equation 2.9 and equation 2.10 we
have the following equality

af’ of*
I e 9B

Definition 2.1.8 (Harmonic Map): Given a C? function f : M — N. It is a harmonic
map if

7(f) = Anf + h°T (2.12)

7(f) =0.

Let M be a m-dimensional submanifold of the n-dimensional Riemannian man-
ifold N. The metric on N induces a metric on M and for sections X Y of TM we

have . .
VXY = (VXY)',
where ()T : T,N — T, M denotes the orthogonal projection.

19



Definition 2.1.9 (Second Fundamental Form): For X, Y € .M , we define the second
fundamental form of the manifold M in the ambient manifold NV to be the following

Ay (X,Y) = (VYY):,

here (-)* denotes the orthogonal complement of 7, M in T, N.

If f: M — N is an isometric immersion. This means that for each p € M, there
exists a neighborhood U for which

f:U—= f(U)
is an isometry. We define
o o, of 0
o= F-(50) = G ap

A submanifold f(M) of N is call minimal if its mean curvature vanishes. i.e.,

h? (VN e,) " =0, (2.13)

here (-)* denotes the orthogonal complement of T, M in T, N.

Theorem 2.1.10: An isometric immersion f : M — N is harmonic if and only if it
represents a minimal submanifold of V.

Proof. 1f f is an isometric immersion, we can write mean curvature in local coordi-
nates as the following:

WPV ea) = hPV) e = h* (V] ea)"

B
— paByogN _ pafoM
h Veﬁea h V%G'Ia
_ hocﬁvN | afz a' B 0 (2.14)
o 3% O Of B
Pfi 0 ofi ofi o 0
= h*P - hPTE . — pPTY
Dra0z, 0f1 U0 0B OfF o8 9

We compare equation 2.14 and equation 2.9 and see that vanishing mean curvature
implies the vanishing tension field:

r(f) =0

20



Lemma 2.1.11: For smooth maps f : M — N, p: N — @ between Riemannian
manifolds, the following chain rule holds

r(po ) = ROVap(o Iy 4 (dp)o ().

Proof. By simple computation we have that

T(po f) = traceVd(po f)

0
_ paB
=h"V o axﬁ(pof)
8p 8f'
_ poB
of op of (2.15)
—_ paB ; af ~J
=0 (Vg ag@fz)aicﬂ Th 5 (Ve gs)
of of
_ pap 9Py O9] 9]
h <va?fi 0fj) Ox® OxP +(dp) e (7(f))
of of
af
= h*Vdp (a T =-5) + (dp) o (7(f)).
m
Remark. In particular, if f is a harmonic map, then we have
of of
— paB I
T(po f) = hVdp(52. 55). (2.16)

Remark. Given Riemannian manifolds (M, h) and (N, g), N is isometrically embed-
ded in R*¥. We consider a harmonic map f : M — N C R¥, then by 2.12 and 2.16
we know the tension field of f becomes:

of of
o>’ W)
here A, is Laplace-Beltrami operator defined as 2.11 and Ay(+,-) is the second
fundamental form of N in RF.

Anf — b Ay (

— 0, (2.17)

Definition 2.1.12 (Curvature Tensor): The curvature tensor RY of connection V on
manifold IV is

RN(X,Y)Z =VxVyZ —VyVxZ — Vixy|Z,
for vector fields X,Y, Z on N. We define the components ngkl by

v, 0 0,0 0 N
(B (G 507) 37" 5F e = Tt

and the Ricci curvature of N to be

RN = gklek:]l
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Now we state the Bochner Lemma, for the proof we refer to [Mool7, theorem
4.6.1).

Lemma 2.1.13 (Bochner Lemma): Let f: M — N be a harmonic map, then

M a_fa_f o hath(SRN af G.f a.f af
B dav Oxd UM 9z 9B Oxy Oxd

Alel(f)) = [Vdf2 + h WP R

Now we give a few examples of harmonic maps.
Example 2.1.14: Constant maps and identity maps are harmonic maps.

Example 2.1.15 (Harmonic functions): In the case N = R, harmonic maps are
simply harmonic functions, since

Il =0,
and the Euler-Lagrange equation 2.12 becomes:
Ay f=0.

Example 2.1.16 (Geodesics): If dimension of M is one, the Euler-Lagrange equation
2.2 can be written as _ A
Bf L AP

dz? *de de

which is the equation for geodesics.

2.1.2 Second Variation for Energy

Let

fst(x) = f(l’,S,t),

f:M X (—€€) X (—€,¢6) > N (2.18)

be a smooth family of maps between Riemannian manifolds of finite energy. M
may have nonempty boundary, in which case we require f(z,s,t) = f(z,0,0) for
all x € OM and all s, t.

Theorem 2.1.17: For a smooth family of maps f : M — N defined as 2.18, with

0

V ::E
0

ar

fst

s=t=0

fst'

s=t=0
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To simplify the notation, we write f instead of f,;. The second variation of energy
is:
92
050t ls=t=0

E(fst) :/M<VV7 VW) ppndM
—/ tracey (RN (df, VYW, df ) j-rrndM (2.19)
M

0
+/ (V taf traceyVdf) p-1pndM,

here V denote the Levi-Civita connection in f~'TN.

Proof.
13530 TV sgim =G ) oy
= (Ve 3" 5 g
{78V 50" 3 o
(Y 50 Va5 g
<Vavat8_f 8fﬁd >T*M®f—1TN
< 88{ ngl af da” 855d$ﬁ>T*M®f—1TN
+(V e, %dw Vo %dx >T*M®f1m’

then we evaluate everything at s =t = 0 and get
82
0s0t |s=t=0

E(fs) :/M(VV, VW) p-1pydM

f f
L g 2 M
* /M <V 5em Vgt 83 8:1:5 >T*M®f—1TNd

— /M trace(RN (df, V)W, df) j-1ondM

:/ (VV, VW>f*1TNdM
M

/ <Vaaf tmceMVdf> AM
M 0s f-ITN

— / trace(RN(df, VYW, df) j-1pndM.
M
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Corollary 2.1.18: If f(x,0,0) : M — N is harmonic we have

] B = [ VW -
— /M tracen (RN (df, VYW, df ) j-rpndM.
Proof. Since f(x,0,0) : M — N is harmonic we have
7(f(2,0,0)) = traceVdf(z,0,0) = 0.
Then it’s obvious that 2.20 follows from 2.19. O

We write the second variation of energy as

02
62E(f)<v7 W) = 05Ot s:t:OE(fSt>.

Definition 2.1.19 (Index Form): The index form of a harmonic map f: M — N is
defined by

I(V, W) = / (VV, VW) jorqndM
M

(2.21)
— / tracen (RN (df, VYW, df ) j-rpndM.
M
We define the Jacobe operator of f to be
Tr(V) := —AV — tracey RN (V, df )df, (2.22)

here A is the Laplacian on sections of f~T'N given in local coordinates on M by
A =hP(fVY) o (V) o,
ox™ ozB
so we have

(V. W) = / (T5(V), W)dAM.

Proposition 2.1.20 ([LW02]): For a smooth family of maps fs : M — N defined as
2.18, with
0

V ::E
0

ar

fst

s=t=0

fst'

s=t=0
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Let foo = f be a smooth harmonic map. We have the Jacobi operator J; defined

as (2.22) to be the following:
0

jf(v) = _g s:OT(fS(])‘

Proof. The proposition follows from the computation below:

- E(fa) = 2 /W‘Vﬁ”
D50t ls=t=0" " Dsls=o [y " 2.Afs¢) |t=0

f3t>dM

0
- % s—O/ < st 875‘ fSt
= [ g e g fa+ [ )~
Ju 8550 *0 8253:: ot 007 950t | s=1=0

0

/]V[<—$ SZOT(fS[)),W>dM
=/QMWMWM

M

The second to last equality follows by fyo is harmonic. Then it implies that
0
Ti(V)=—=| _7(f).
]

Definition 2.1.21 (Index): The index of a harmonic map f : M — N is the maximal
dimension of the subspace X of I'(f~'TN) on which the index form is negative

definite on X.

We define the nullity of a harmonic map f as the dimension of kernel of [J;. The

nullity of a harmonic map f is also finite when M is compact. Any
V € kerJ, f

is called a Jacobi field for the harmonic map f.

Definition 2.1.22: [Stable Harmonic Maps| We call a harmonic map stable if index

of it is zero.

The second variation of energy of a harmonic map f derived in (2.19):
92
050t | s=t=0

B(f) = [ (VV.9W)pirwdd

—/hwme#WW#UWMM
M

25
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implies that if N has nonpositive sectional curvature, then
/ tracen (RN (df, V)V, df ) j-rpndM < 0
M

thus any harmonic map into N is stable. This shows the difference between the
stabilities of harmonic maps and minimal submanifolds. As we mentioned in the
example before, when f : M — N is an isometric immersion, f is harmonic if and
only if f is a minimal immersion. Suppose N is the Euclidean space. Then f as a
harmonic map is always stable. On the other hand, the catenoid in R? is a complete
minimal surface which is not a stable minimal surface. Conversely, for the cylinder
S3 x R the standard embedding

F:8% 5 S3 xR

is a stable minimal imbedding. But as a harmonic map it is unstable. The identity
map which is obviously harmonic. But it might be unstable. R. T. Smith showed
that the identity map in S™ is unstable and index of it is n+ 1. In general, we have
the following result:

Theorem 2.1.23 ([Xin80]): When n > 2, any stable harmonic map from S™ into any
Riemannian manifold must be a constant map.

Theorem 2.1.24 ([Xin80]): Let M be a compact manifold. When n > 2, any stable
harmonic map from M into S™ must be a constant map.

When manifold M is two-dimensional. Instead of isometric immersion, it’s
known that the conformal parameterisation of a harmonic map is a minimal surface
(see theorem 2.1.38). Let X, be a Riemann surface with genus ¢ and v : ¥, - M
be a (possibly branched) minimal immersion. We define i4 to be the index of u as
a critical point for area functional, and let i be the index of u as a critical point
for energy functional £. We have the following comparison result:

Theorem 2.1.25 ([EMO0S8]): Let v : ¥, — M be a (possibly branched) minimal
immersion of a closed Riemann surface of genus ¢ into a Riemannian manifold M.
Then

g <ia <11+,

where, if b = total number of branch points of u counted with multiplicity then

6g — 6 —2b, for b<2g—3,
r= 4g—2+2[%b], for 29 —2<b<4g—4,
0, for 49—3<0b.

Remark. For a minimal immersion u : S? — M, the index of it as a harmonic sphere
and the index of it as a minimal immersion is the same.
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2.1.3 Harmonic Maps from Riemann Surface

Let (X,h) be a two-dimensional Riemannian manifold and that the coordinates

(x',2%) are chosen on ¥ for which % and % are always orthogonal and of the

same length w.r.t. the metric (-, ), of ¥, that is
(v 5, = (o 53)
Oxl’ Ozt /' \Ox2’ 0x2/ 1

< o 0 > _0

ozl 0x2/n

This is equivalent to the metric h being represented by
M (2)(do' @ da' + do® ® dz?)

with a smooth function X : ¥ — R.

Definition 2.1.26 (Conformal Structure): A surface (3, h) with a conformal structure
is a two-dimensional differentiable manifold with an atlas whose transition functions

y = ¢(x) satisfy
dy' @ dy' + dy® ® dy? = e’ (dz' ® da' + da® @ dx?)
y = (y',9y%), z = (', 2?), for some function p : 3 — R.

Definition 2.1.27 (Riemann Surface): A Riemann surface is a complex manifold of
complex dimension 1.

Thus, given a Riemann surface (X, h), coordinate charts on a ¥ are given by
maps
w; Uy — C,

U; open in Y, for which the transition functions
w0t i(UsNU;) — o (U;NUy),

are holomorphic maps between open subsets of C.

We write the coordinates in C as
z=x+1y.

For a coordinate transformation w(z) = u(z, y)+iv(z,y), we thus have the Cauchy-
Riemann equations

ou_ o
oxr 0Oy’
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ou v
oy~ o
and in particular
Oudu Odvdv  Oudu  Ovdv
5rox " Gxox ~ dydy * Oydy
Ouodu  Ov v
9z dy 0wy
We see that a Riemann surface has a conformal structure in the sense of definition
2.1.26.

We define operators
L 1(2 _ Zﬁ)
0z 2\ox oy/’
1,0 .0
5 = 23 +igy)
and 1-forms
dz = dx +dy,
dz = dz —idy.

() -1-(2)

()0 #(2)

Definition 2.1.28 (Conformal Metric): A Riemannian metric (-,-) on a Riemann
surface X is called conformal if in local coordinates it can be written as

These satisfy

N (2)dz @ dz,

for some positive, real valued function A(z) on X. This means

(2802

We refer to lemma 9.1.1. of [Jos11] for the proof of the following lemma:

Lemma 2.1.29: Every Riemann surface admits a conformal metric.
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For the rest of the section, ¥ will represent a Riemann surface with a conformal
metric \?(z), and (M, g) a Riemannian manifold. Then we have energy density (see
definition 2.1.1) of a C! map w : ¥ — M in local coordinates is

1 ou' Ou?
e(u) = /\Q—(Z)Qij(u(z))ag,
and the energy of u is

E(u) = /E gij(u(z))%g %dzdz. (2.24)

Lemma 2.1.30: Given a Riemann surface (3,h) with h = A*(2)dz ® dz. A map
w: Y — M of class C? is harmonic if it satisfies

0’ ; ou? ou*

Proof. Recall that the Euler-Lagrange equation for energy is

ol OuF

1 9 (\/ﬁh(w%)+h“5(z)F§k(U(2))@@:

NS RE

(see (2.2)), and
0 X
frap = ()\2 0)

substituting A then the Euler-Lagrange equation becomes

o’ 4T (u ))a_uja_“k_
920z e T

Remark. Tension field of u is
g, 0
T (u) % az.
Moreover, let M be isometrically embedded in RY, consider equation 2.17 and we
can write the Euler-Lagrange 2.25 as the following

() = o

here (-)" denotes the orthogonal projection on T}, M.
Definition 2.1.31 (Weakly Conformal Map): A C'-map u : X — M is called weakly

conformal if 5 &
u Ou
(5 a>g =0
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We are going to show that every harmonic map from Riemann sphere is weakly
conformal.

Definition 2.1.32 (Hopf differential): Given a map w : 3 — M, the Hopf differential
of u is

ou 8u>d2

Yu(2)d" = <8z 0z

here dz? := dz ® dz.

We can see that ¢, = 0 if and only if u is weakly conformal.

Theorem 2.1.33: If u : ¥ — M is a harmonic function. Then the Hopf differential
1, is a holomorphic function.

Proof. In local coordinates we have
( )aui ou?
9\ 5, a2

We have to show that for « harmonic we have

Yu(2) =

0 ou' ou?
oz (w550 ) =0
0 ou' ou? O%ut ou? out Ou? Ou®
52 (95 s 5o ) = 2050 555 + gk o
0%ut ou? ou® oul ou’
= 204 g0z gy T Gk~ i ~ 9w G
o’ 1 9*u ; our oul
a2 (e 2

Now we consider the case ¥ = S? S? = {(z1,79,23) € R® : 23 + 23 + 25 = 1}
with the following two coordinate charts:

Y1 - 52 \ {(0,0, 1)} — (C, @1(1’1,1’2,.’133) = 1 . (513'1 + i.ﬁﬂg),
— 43
1 .
21 SPN{(0,0,=1)} = €, a1, w2, 35) = T—— (31 = i),
+.T3
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observe that the coordinate transformation is
_ B 1
paopr 1 CA\{0} = C\ {0}, propr’(2) = -,

and it’s holomorphic. Thus we have verified that S? is a Riemann surface.

Lemma 2.1.34: Every holomorphic quadratic differential on S? vanishes identically.

Proof. We put z = ¢;(x) and write the given holomorphic quadratic differential in
the chart ¢; as

Y(2)dz?,  with ¥ : C(= ¢1(S*\ {(0,0,1)})) — C holomorphic.
Then with ¢y(z) = w = £ for z # 0,

0222 = () (92) du? = () du?

Since we have a holomorphic quadratic differential on S2, it has to be bounded as
w — 0. We conclude that 1) is an holomorphic function on C with

P(z) = 0 as z — oo,
hence ¢ = 0 by Liouville’s theorem. O]

Corollary 2.1.35: Harmonic map u : S? — M is weakly conformal.
Proof. By theorem 2.1.33 and lemma 2.1.34. m

Here we also present a theorem by Almgren [Alm66, Lemma 1] which is an
application of holomorphic differentials:

Theorem 2.1.36 ([Alm66]): Any nonconstant conformal harmonic map
u:S?— S CR?

is a parametrization of a totally geodesic two-sphere in S3

Proof. Suppose that
w:S?— S CR?

is any parametrized minimal surface, let - denot the usual dot product in R*, then:

ou ou
u-u:l:awt—()—%-

31



Since u is weakly conformal we have:

ou Ou 0— ou Ou
0z 0z 0z 0z
and
@ . @ — )2
0z 0z ’
here \? is a positive real function on S?, and differentiation yields:
Pu Ou  Pu Ou 0 Pu Ou  u  Ou

922 0z 020z 0z =~ 02 0z 020z 0z

Since w is harmonic, by (2.26), we have
Pu\T
=0
<8z82 > ’

0%u
prng U,
9.0z
for some smooth function p on S%. Hence

this implies

0 10*u 0*u 0 0%u
(=2 2) =9 = —=0.
0z <8z2 822> (az("“)> 022
This implies that the quadratic differential

<02u ‘ 82u>d24

022 922

vanishes by [Hop89, Lemma 2.6]. Then the space spanned by u, g—z, % must be

preserved by 0/0z and 9/0Z and hence parallel, and this implies that « maps into
a three plane in R*. O

Definition 2.1.37 (Area Functional): Given a Riemann surface ¥ with a conformal
metric A\*(dz@dx +dy®dy), (M, g) a Riemannian manifold isometrically embedded
in RV, and v : ¥ — M of class C'. The area functional A is defined to be:

ou Ou
. C(3, M) —» R = | |50 A o |dady.
A (S, M) - R, A(u) /Eax aymy
Since
o e < (2 )
ox Oyl — 2\lox oyl /-
We can see that E(u) > A(u) and the equality holds if and only if u is weakly
conformal.
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Remark. We mentioned minimal surface before (we defined minimal surface as a two
dimensional submanifold whose mean curvature vanishes, see 2.13). Notice that the
critical point of A defined above is a minimal surface.

Theorem 2.1.38: A weakly conformal harmonic map u : ¥ — M is a critical point
for the area function A.

Proof. If u is weakly conformal and harmonic, and ¢ — u(t) is a smooth family of
maps with «(0) = u, then

E(u(t)) =2 A(u(t)) and  E(u(0)) = A(u(0)).
That implies

d d
0= %E(U(t)) o EA(U(t)) Y
so u is critical for the area function A. O

We have proved that any harmonic map on sphere is weakly conformal thus
minimal.

2.1.4 Weakly Harmonic Surface

Throughout the section, (3, h) will represent a Riemann surface, and (M, g) will
represent a closed Riemannian manifold which is isometrically embedded in RY.
Up to now we have only considered smooth maps (or at least C?(3, M) maps), it’s
necessary to extend the definitions given to the case of Sobolev space Wh2(X%, M)
defined as follwoing;:

Definition 2.1.39 (Sobolev Mappings):
W22, M) = {u € WS, RY)| wu(z) € M}. (2.27)

Remark. The definition of W"?*(X, M) doesn’t depend on the dimension of RY in
which the closed manifold (M, g) is isometrically embedded. (see [H02, lemma
1.4.3]).

It’s known that since dimension of ¥ is two. The Sobolev space W12(3, M)
defined as 2.27 is equilavent to the completion of C*°(X, M) with respect to the

norm || - ||yre:
9 9 1/2
fulhwne i= [+ [ 1)
¥ %
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for u : ¥ — M C RY. In other words, C°°(3, M) is dense in WH2(X, M) (see
[Ha09, theorem 2.1] for the proof).

In order to define weakly harmonic surface, we introduce nearest point projection
II: RY — M which maps a point z € RY to the nearest point of M. Since we
assume M is a closed manifold isometrically embedded in RY, there is a tubular
neighborhood

Ms = {z € RY : dist(z, M) < 6},

such that II is well-defined and smooth. For a map v : ¥ — M C RV, u =
(ul,u?, .., uN), and u € WH2(X, M), we write Vu as the sum of gradient of u® for
i=1,..,N. That is, Vu := 3" V!, and energy of u is simply

N
:Z/ |Vu'[2dvoly,,
i=1 Y2

or equivalently, V is the Levi-Civita connection of the bundle v 'TRY. For a given
X € C>=(%,RY), we consider the variation of u with respect to X defined as the
follwoing

us = Il o (u+ sX), (2.28)

u, is well-defined for s small enough such that the image of u+ sX is in the tubular
neighborhood Ms.

Definition 2.1.40 (Weakly Harmonic Map): We say that u € W2(X, M) is weakly
harmonic if and only if for any X € C°°(Z, RY) we have

o Els) = ()

lim - = 0. (2.29)

Lemma 2.1.41: If u € W'2(32, M) is weakly harmonic. Then u satisfies the following
equation
Asu L T, M,

in the distrubution sense, i.e. VX € C*(X,RY), if X(z) € Ty M almost every-

where, then
ou 0X
1
/Eh <8a:0‘ 0P >dVOh 0,

or equivalently u satisfies the following equation

ou Ou
Bz’ aw) 0,

in the distribution sense, i.e. VX € C®(3,RY), we have

/M{_h <§3;‘ gj/;> h%<A (;;w%>,)(>}dvolh=0.
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Proof. The variation u, of v can be written as the following:

us =Ilo (u+ sX) =u-+ sXj,

where
/ (u+ stX)X'dt.
Hence 9 8X
u
E(uy) = / haﬁ ps >dvolh+o( ).

Thus (2.29) is equivalent to

Ou 8X

. aB

Since II is smooth, it follows that as s — 0,
X — dIT,(X),

which is the orthogonal projection of X on 7,,M. By assumption X = dII,(X)
almost everywhere. Therefore we have

/E peA( (i“a SX )dvol, = 0.

For the case X (x) ¢ T\,;)M we have

ou 00X,
ox®’ Ozb >dV01h

wg/) Ou 0
:/Eh <a - BdH(X)>dvolh

wg/ Ou 0X wg/ Ou ou
:/Eh (o dil(5 5)>dvolh+/h 7 HesslL, (X, ) )dvoly

:/Eh <§; S;;>dvolh—/ha5<X AM(aaua ;uﬁ)>dvo1h,

The last equality follows from [Sim96, 2.12.3]. O

0 = lim haﬁ<

s—0

Given amap u : ¥ — M, v € WH(S, M), and X € C*(Z,RY), by Taylor
polynomial expansion of II we have the following;:

us = Il o (u+ sX)

s (2.31)
= u + sdll,(X) + 5HessHu(X, X) + o(s?).
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By applying V to 2.31 we have

Vus, =Vu
+ s(dI,(VX) + HessII, (X, Vu))

2
+ % (2HessIL, (X, VX) + VHessIL, (X, X, Vau)) + o(s2),

and the energy of uy is
E(uy) :/E<Vu, Vu)ds
s /E (Vu, dIT, (VX)) + (Vu, HessTT, (X, Vo)) dS.
+52{ /E (11, (VX), dIL,(VX))dS
+2 /Z (HessIL, (X, V), dIL,(VX))dS (2.32)
+ /E<HessHu(X, Vu), HesslI, (X, Vu))dX

+ % /E (Vu, (2HessIL, (X, VX) 4+ VHessIL, (X, X, Vu)))dZ}
+o(s%).
We now state the second variation of energy here:
S E(u)(X, X) ;zd—2
ds?

- / (dIL,(VX),dIT,(VX))dE

E(us)

s=0
L2 / (HessTT, (X, Vi), dTT,(V X)) dS.
>

+ / (HessII, (X, Vu), HessIT, (X, Vu))d
s

+ % / (Vu, (QHeSSHu(X, VX) + VHessII, (X, X, VU))>dZ'
)

(2.33)

Consider a map u € WH#(X, M), and a sequence of maps {u;}jen, u; € WH(X, M)

for all j, such that ||u; — ul|y1.2 — 0 as j — oco. Then for any X € C*(3,RY), it’s
clear that from (2.33) we have

S E(u)(X, X) — 0°E(ui)(X,X) =0, asj— oo.
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It’s known that weakly harmonic map from Riemann surface ¥ is smooth [H91].
Thus for a weakly harmonic map u : ¥ — M C R¥, the variation of energy with
respect to the variation defined below

us(x) := o (u(x) + sX(x)),

for some X € C°°(3, RY) is equivalent to the variation defined as (2.5) when s — 0.
That is, consider the smooth section dIT,(X) of w='TM and the variation of u
defined by

U () 1= expy,( (tdIL, (X)). (2.34)
We have p J
ds s:oE(uS) dt = 0E<ut>'

So we have for a weakly harmonic map u, the second variation of energy (2.33) is
equivalent to

SPEu)(X,X) = / (VV,VV)y1rpdS

> (2.35)

—/tmceg(RM(du, VYV, du)—17prd,
b

for V' = dIl,(X).

2.1.5 A Priori Estimates and Removable Singularities

Let ¥ be a Riemann surface, with conformal metric
N(dz @ dz + dy ® dy),

here A is a smooth real function on ¥, and let (M, g) be a compact Riemannian
manifold. Given a harmonic map

f:X— M.

Recall that the energy density takes the form

elf) = 21\2 () ox

Lof af
Af)=z5:

_2>,

dy

and the area density

It follows that
a(f) < e(f),
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with equality holds if and only if f is conformal. We can rewrite the Bochner
formula mentioned in lemma 2.1.13 in terms of a(f) as

Ale(f)) = |Vdf|> + 2Ke(f) — 2K (o)a(f)?, (2.36)

here K is the Gaussian curvature of ¥ and K (o) is the sectional curvature of the
two-plane generated by df/0x and 0f/0y. If K(o) < 1, our inequality between
a(f) and e(f) implies that

Ale(f)) = [Vdf* +2Ke(f) — 2e(f)* = 2Ke(f) — 2(f)". (2.37)
When K =0 and K (o) < 1 we have

Ale(f)) > —2e(f)*. (2.38)

Corollary 2.1.42: If M has nonpositive sectional curvatures, there are no harmonic
map from S? into M and any harmonic map from 72 into M must be totally
geodesic. If M has negative sectional curvatures, there are no harmonic maps from
S? or T? into M.

Proof. If ¥ = S2, we can choose the Riemannian metric on ¥ so that K = 1. By
(2.36) we have
Ae(f) > 0.

But the continuous function e( f) must obtain a maximum at some point. So there’s
no harmonic map from S? to M with nonpositive sectional curvature.

If ¥ = T2, we can choose the Riemannian metric on ¥ so that K = 0. In this
case we have

Ae(f) = |Vdf|* = 2K(o)a(f)* <0,
at the maximum point of e(f). With the assumption K (o) < 0 we know that

Vdf =0,

which implies that f is totally geodesic.

The case where M has negative sectional curvatures is proven similarly. O]

We are going to state the e-Regularity theorem and sketch the proof. The idea
is to use the Bochner inequality (2.38):

Aldf|> > C|df P,
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with the constant C' depending only on M, ¥, and a standard result in PDE shows
that

supldff? < ¢ [ JafPas.
Q ¥

for any open €2 compactly contained in ¥, where C” is a constant depends only on
M, %, and dist(£2, 0%).

Theorem 2.1.43 ([SU81] Main Estimate 3.2): Let ¥ be a compact Riemann surface
and M a compact manifold. Then there exist constants ry > 0, €5, > 0, and C' > 0
such that if D, is a disk of radius » < ry in X and f : D, — M is a harmonic map,
then

| etz < e

r

implies that
C
supe(f) < o [ e(fiE.

D7'/2

Once we know that Vf € L° | it then follows from equation (2.30) that Af €
L., which implies by standard estimates on the inverse of the Laplacian that

f e W2 for all p < co. Hence we deduce that Af € WP and hence f € WP for

loc loc loc

all p > 0. We can then repeat this argument to show that f € W/llf)f, VEk, and so the
smoothness of the solution follows.

The e-regularity theorem states that if the energy on a ball of small radius is
sufficiently small, the maximum of the energy density on a ball of half the radius
is bounded by a constant multiple of its average over the original ball. We start by
proving this for harmonic maps on disks in the complex plane when the metric on
the plane is flat:

Lemma 2.1.44: Suppose that f : D; — M is a harmonic map from a unit disk D,
in complex plane, with the standard Euclidean metric ds? = dx ® dx + dy ® dy, into
M a compact Riemannian manifold with sectional curvature K (&) < 1. Then for
any ro € (0,1/2), if

e(f)dX < m(ry — 2rp), (2.39)
Dy
then we have the following inequality:
max o sup e(f) < 4r. (2.40)

o€(0,1] Dy,

Proof. Choose o € (0, 1] so that
og sup e(f) > o? sup e(f), forall o€ (0,1],

1—op leo
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and choose py € Dy_,, such that

eo = e(f)(po) = sup{e(f)(p) : p € D10y}
It suffices to show that if o2ey > 4r2 then (2.39) cannot hold. But

0o
() sup e(f) < og sup e(f) = ageo,
D1_6q/2 Di—o

implies that
sup e(f) < 4ep.
D1_6q/2

and by the inequality o2ey > 4r2 we have that

o %

N
so that the disk of radius r9/,/eq about pg is contained in D;. If we rescale this
disk to radius 7, and define a new harmonic g : D,, — M by

9(q) = f(po + \/ie_o)

so we have
e(9)(0) =1, ande(g) <4on D,,.

It now follows from (2.38) that
Ae(g) > —2(e(g))* > —32.

If we define a smooth function A : D,, — R in terms of the standard Euclidean
coordinates (z,y) on the disk by

h=e(g) —[1—8(«* +v*)],

then
Ah = A(e(g)) +32 >0,

since h is subharmonic hence by mean value inequality we have

0 = 7mrah(0) < / hd%

Dy,

< /D (e(g) — (1 — 8(u? +v%)))dx

70

21 o
< / e(g)dys — / / (1 — 8r*)rdrds,
Dy, o Jo

and an integration yields the inequality

/Dl e(f)de > / e(g)dS > m(r2 — drd).

Dy,

Thus we have proven the contrapositive of the assersion (2.39). O
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proof for theorem 2.1.43. We only do the case for flat metric on D, here. First note
that r3 < & implies that

Zrt < (- ar).
Thus, if

T T,

e(f)d>¥ < — we can set e(f)de = =2,
D, 16 Dy 9
and (2.39) implies
/ () = 51 < m(rf — 4r)
Dy 2

= max o sup e(f) < 4ri = §/ e(f)dx.
Dy

ce(0,1] Di_s T

Under rescaling from D; to D, the energy integral remains unchanged, while

1 1
Al ] o) = e,

and hence we have

/ e(f)d < T — max o sup e(f) < §/ e(f)dx.
D r

16 o€(0,r] Dy_y s

Now we set 0 = r/2 to obtain:

r 8

/m e(f)dE < 116 — (5)2%132@@) < ;/Te(f)dE.

Finally, we set €5, = 7/16 and C' = 32 to finish the proof in our special case. O

Theorem 2.1.45 (Removable singularity, [SU81]): Let M be a compact manifold and
D be the unit disk, if u : D\ {0} — M is a smooth harmonic map with finite energy,
then u extends smoothly as a harmonic map from D to M.

Removable singularity theorem is originally proved by Sacks and Uhlenbeck in
[SU81] Here we sketch the proof following the more conceptual proof by Parker
[Par96]. The technique is also used to prove there’s no loss in energy of the neck
domain in later section. It shows that harmonic maps with small energy on long
cylinder are almost radial then reaches the conclusion that harmonic maps with
energy bounded away from 0 is far from being conformal, thus there’s no energy
loss on the long cylinder.

We focus on the case where the metric on D is flat metric and can be written
as:
ds® = dr* + r2d0* = e~ (dt* + db?),
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where r = e~!. Given a compact manifold isometrically embedded in RY, consider
smooth harmonic map u : D — M. We use (r,0) coordinates centered at p with
B,.(p) € D\ {0}. Then by e-regularity theorem (see Theorem 2.1.43) we know that
there exists €4, > 0 so that whenever the energy on the punctured disk satisfies

E(u) < €y,
then
r? sup |Vu(z)]* < CE(u).
IEBT/2( )
This implies that when F(u) < €4, the supremum of r|%%] and |24| on the disk of

radius r/2 about p is less than \/2CFE(u). Thus implies

‘ )< 2CE(u), (2.41)

supremum of )
P ot

in terms of the (u, ) coordinates.

The (¢,6) coordinates establish an isomorphism from the punctured disk to a
half-infinite cylinder [0, 00) x S and the energy is simply:

T
8ut0’d9 " (t):§/02ﬂ

mwzlﬂmw+mmw

Now we write dy for /060 and likewise 0; for 0/0t. Recall that M is isometrically
embedded in some Euclidean space RY, thus (2.17) gives the following relation

8u

]ww

Let

8ut0‘d9

P@:il%

Then we have

(Ou+ Oju)" =0, (2.42)
which implies that
2 2
K'(t = (02, Opu)df) — (010gu, Opu)db
0 0
2

(O} + OFu, Opu)do

So we know K (t) = P(t) + ¢ for some constant ¢. But then the boundedness of
energy implies that K (t) = P(t¢). Our next goal is to calculate P”(t). Instead of

42



writing Vgi (2 a8 the Levi-Civita connection on u~'T'M we should simply write
00

Ve and likewise for V,.
27
PI(#) = 0, / (V1D Dy} O
271(’) 2
:/ |Vt(99u\2d9+/ (VZ0pu, Opu)df
027r 027r 21
:/ |Vt09u|2d9+/ (RM (04u, 89u)8tu,89u>d9+/ (Vo V1 0pu, Opu)dl
0 0 0
2T 27
2/ (RM(&U,&;U)&U,@@U)d@—/ (V10yu, VgOgu)dh
0 0

2w 2m
—/ (RM(atu,agu)ﬁtu,ﬁgu)d9+/ |V gOpul?db.
0 0
(2.43)

The last equality is yielded by (2.42). Since fo% %d@ = 0, by Wirtinger’s inequality
we have

2m 2m
2P(t) :/ |Ogu|*d6 S/ |05ul?do,
0

0
and

2w
/ |05u|? — |VeOpul*dd < Oy sup |Opu| P(t),
0

where C depends on the second fundamental form of M. Similarly
2m
/ ((RM (D, OOy, Dyuh|dB < Cy sup [Opul2P (),
0

where the constant C'; now depends on the curvature of M. Putting it all together
we have

P"(t) > 2P(t) — Cy sup{|dpul, |du[*} P(t),
by the boundedness of F(u) and (2.41), we could choose B,.(p) C D\ {0} so that
sup{|9pul, |0ul*} < 1/C5. Thus
P"(t) > P(t). (2.44)

Given a sequence of real numbers {7}};en, Tj — 00, consider the function f;(t)
such that it satisfies the following equation

£ (@) = fi(®),
with f;(0) = P(0) and f;(7;) = P(T;). We know the solution of f;(¢) is the
following:

B 1
C1—a2

«
1—a?2

fi(t) (P(0) —aP(T}))e" + (P(T;) —aP(0)e™, t€[0,T;], (245)
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where a = ei. Then by maximum principle we have
P(t) < (1), telT.
As j — oo, eli — oo. It implies that P(t) decays exponentially:
P(t) < Cye,

In the (r,0) coordinate it gives
e(u) < Cr,

which establishes Holder continuity of the extension and shows that the limit is C*
by bootstrapping.

2.1.6 Existence of Minimal Sphere and the Sphere Theorem

Now we state the famous theorem by Sacks and Uhlenbeck and introduce the a-
energy they used to overcome the noncompactness of conformal automorphisms of
the domain.

Definition 2.1.46 (a-energy): Define the a-energy of a map u : ¥ — M to be

Eo(u) = /Z (1+1vuP)"

Remark. Unlike the energy functional, a-energy is not conformal invariant.

Theorem 2.1.47 (Sacks and Uhlenbeck, [SU81]): If M is a compact simply con-
nected Riemannian manifold, then M contains at least one nonconstant minimal
two sphere.

We sketch the idea of the proof here.
Since M is compact and simply connected there’s a least integer ¢ > 2 such that
H,(M;Z) # 0, and it follows from the Hurewicz isomorphism that
mi(M) =0, for 0 <i<gq, andm,(M)=H,(M;Z)

Let M be the space of smooth maps from S? — M and let 7 : M — M be defined
by 7(f) = f(0), the evaluation of f at the base point 0 € S? = CU {oo}. It’s a
well-known fact from homotopy theorey that 7 is a fibration with fiber

MP = W_l(p>7
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the set of basepoint preserving maps from S? to M. Moreover,
(M) = mhya(M),
and the fibration 7 induces a long exact sequence
s = (M) = (M) = T (M) = -
We note, moreover, that 7, : mp(M) — m,(M) possesses a right inverse
by (M) — 7 (M),

induced by the inclusion ¢ : M — M, which takes a point to the constant map at
that point. Hence the long exact sequence splits and we conclude that

(M) Z (M) @ 7o (M).

In particular we have

Tq—2(M) = 7y (M) # 0.
Now we identify the m,_o(M) with the space of free homotopy classes of maps from
S92 into M. We can perturb the a-energy for o > 1 to make it nondegenerate
and thus a Morse function. Choose a nonzero element 5 € m,_2(M), let
Minimax(E,, 8) := inf max E,(u(x)).

u=p reS9-2

Since f # 0, there exists € > 0 such that
Minimax(E,, ) > €, Va > 1.

Given a sequence of real numbers {q; }ien, o > 1, such that a; — o0 as i — oo. Let
u; : S? — M Dbe critical point of E,, with E(u;) = Minimax(FE,,, 3) (the existence
of such critical point u; is guaranteed by Morse theory, see[Josl1, theorem 1.11.2.]
for the precise statement and the proof.) There is a priori estimates for {u;} [SU81]
(which is similar to theorem 2.1.43) so that if

lim inf (sup |Vu;|) < o0,

71— 00 SQ

then u; converges smoothly to a harmonic sphere u : S?* — M as i — oo up to
subsequence. If

sup |Vu,;| = 0o, 1 — 00,

SQ
then by rescaling the metric we can make liminf; , (supg. |[Vu;|) < oo and find
the harmonic map. That proves the existence of minimal two sphere in a compact
simply connected manifold.

We briefly state the sphere theorem as below and outline the idea of the proof,
the same argument could be found at [MMS88]. We’ll also mention how it proves
the existence of minimal surface with Morse index bound one on a closed manifold
M with 73(M) nontrivial.

45



Theorem 2.1.48 (Sphere theorem, [MMS88]): Suppose that M is a compact smooth
simply connected Riemannian manifold of dimension at least four which has positive
isotropic curvature. Then M is homeomorphic to a sphere.

The idea behind the proof is to show that M is a homotopy sphere and apply
the solutions to the generalized Poincaré conjecture in dimensions no less than four
to conclude that M is homeomorphic to a sphere.

By definition, a compact connected manifold M of dimension n is a homotopy
sphere if 7, (M) = 0 for all integers such that 0 < ¢ < n. Thus if M isn’t a homotopy
sphere there must be an integer ¢ with 0 < ¢ < n such that 7, (M) # 0, and we
choose the smallest such integer. By the Hurewicz isomorphism theorem, ¢ is also
the smallest positive integer such that H,(M;Z) # 0. By Poincaré duality, we can
assume that ¢ < n/2.

By similar argument as we just discussed in the proof of theorem 2.1.47, we ob-
tain a sequence u; : S? — M of critical points of E,, with F(u;) = Minimax(E,,, 3).
Since 8 € m,_2(M) is nontrivial, each u; has Morse index no larger then (¢ — 2).
Thus there is a subsequence of u; converges to a harmonic map u with same Morse
index bound ¢ — 2. So if (M) = m5(M) # 0, then there exists a minimal two-
sphere with Morse index at most one.

To complete the proof, we state the following lemma :

Lemma 2.1.49 ([MMS88]): Suppose that M is a Riemannian manifold which has
positive isotropic curvature. Then the Morse index of any harmonic two-sphere is
at least 1/2(dimM) — (3/2).

If 7 (M) is nontrivial it implies that v has index bound (¢—2) < (1/2)(dimM )—2
which contradicts Lemma 2.1.49. So m,(M) = 0 for all ¢ < dim(M) and thus M is
a homotopy sphere.
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Chapter 3

Compactness for Harmonic
Spheres

3.1 Bubble Convergence

Recall that S? = {(z1,22,73) € R : 22 + 23 4+ 23 = 1} is a Riemann surface. S*
and S~ will denote the nothern and southern hemispheres of S%, p™ = (0,0,1) and
p~ = (0,0,—1) the north and south poles. We denote the stereographic projection
by .
T1 + 122

1— T3 ‘

Given a ball B,(z) C S? the conformal dilation taking B,(x) to S~ is the compo-
sition of translation # — p~ followed by dilation of S? about p~ taking B,(p~) to
S-.

IIg: S? CR® —» CU {0}, MHg(z1, e, 23) =

Definition 3.1.1 (Mdbius transformations): The group of automorphisms of the Rie-
mann sphere is known as PSL(2,C), it’s also known as the group of Mdbius trans-
formations. Its elements are fractional linear transformations

¢(2) =

az+b
cz+d’

ad — be # 0,

where a, b, c,d € C.

The group PSL(2, C) is noncompact; A maximal compact subgroup of PSL(2,C)
is the group of isometries of S2.
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Definition 3.1.2 (Bubble Convergence): We say that a sequence {7;};en, 7 : S* —
M, of WY2(S% M) maps bubble converges to a collection of W2(S? M) maps
UQ, -y Uy S? — M if the following hold:

1. The v; converges weakly in W1?(S? M) to ug and there’s a finite set Sy =
{},...,28°} € S? so that the v; converge strongly to ug in W?(K, M) for
any compact set K C S?\ Sp.

2. For each i > 0, we get a point 2;, € Sy and a sequence of balls B,, (i)

with y; ; — 2;,. Further more, let D;; be the dilation that takes the southern
hemisphere to B; j(v; ;). Then the map v; o D, ; converges to u; as in 1.

2
e . Tiyg | Tigg | Y1, Yig,il
Cif g 1o, then 2 4 =2 4 20 T2). s g
3 1 7£ 2 Tig,j + Tiq,5 + Ti1,jTig,j5

4. 3" B(u;) = jhj})lo E(;).

Now we give two examples of bubble convergence.
Example 3.1.3: Consider u as a fixed harmonic map and the sequence v; to be:
v; =uo W,
Where ¥; : S? — 52 is a sequence of divergent dilations. Then the sequence {v;}jen
bubble converges to wu.

Example 3.1.4: Let IIg be the stereographic projection
s : S*\ {(0,0,1)} — R?
and let z = x + iy be complex coordinate on R? = C, if we set

1 22+ 1/j
fla=—+e= 0
Then the map

Uj:HEIijOH‘gi;SQ—)Sa

is conformal and harmonic. Since each v; is a rational map of degree two, we have
E(v;) = A(vj) = 8r. Moreover, v; converges to identity map away from 0. The
identity map has energy 4m. The other 47 of energy disappears at 0 but can be
accounted for by composing with a divergent sequence of conformal dilations. In
this case, the conformal dilation takes f; to

B =5l = 7+,

which converges to the conformal inversion about the circle of radius one
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We introduce dp(-,-) here to describe bubble convergence. Notice that dp(-,-)
is not a distance function like || - ||y1.2 or dy (-, -) (see definition 3.3.1).

Definition 3.1.5: Given a collection of finitely many harmonic spheres {u;}?,, and
let E=3""E(u;). For v: 5% — M, we say

dp (7, {ui}izg) <€
if the following holds:

n

> (/Q V(y — V(ui o Di)\Q)l/Q < (3.1)

i

/ IVA|? < 3¢® +2(n + 1)k, (3.2)
SAUizo
n 1/2
S ([ o) < 33)
i=0 SN\

for some conformal dilations D; : S? — S2, i = 0,...,n, and pairwise disjoint
domains Qo, ..., 2, Ui, O C 52

We write dp(y, {u;}l,) > € if there’s no pairwise disjoint domains {{;}?, and
conformal dilations {D;}!_, satisfying (3.1), (3.2), and (3.3).

3.2 Compactness for Harmonic Maps

Theorem 3.2.1 ( [Par96)): Let {u;}ien ;ui : ¥ — M Vi € N, be a sequence of
harmonic maps from a Riemann surface > to a compact Riemannian manifold M
with bounded energy Ej. i.e.,

Then u; bubble converges to a finte collection of harmonic maps {v;}7-,. Moreover,

m

Zlglcjo E(u;) = Z E(v;).
5=0

Remark. Given compact manifolds M, N, for general harmonic maps f : M — N
(here we use the same notation as definition 2.1.1), it’s proved by Takakuwa in
[Tak98] such that if m = dimM is no less than 3 the set of harmonic maps with
energy bounded by a constant is sequentially compact. That is, if a sequence {f;}
of harmonic maps of M to N converges in the weak topology of W™ than there
exists a subsequence of {f;} which converges in the C* topology.
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Theorem 3.2.1 also holds for a sequence of almost harmonic maps.

Theorem 3.2.2 ([CMO08]): Suppose that 0 < € < €, ( €, is given in theorem 2.1.43),
Ey > 0 are constants and {v;};en, 7; : S = M, is a sequence of C® N WH2(52%, M)
maps with E(v;) < Ej satistying:

L A(y) > E(v) — 1/

2. For any finite collection of disjoint closed balls B in S? with

[ v <e
B

there is an energy minimizing map v : B — M that equals to 7, on G%B with

1
/ |V’yj—Vv]2< —-.
ip J

8

Then {v;};en bubble converges to a finite collection of harmonic spheres uy, ..., Uy,
up to subsequence.

Definition 3.2.3: Given a sequence of maps {u; }ien, u; : 2 — M. We define S to be
the set of points where energy concentrates. That is:

inf ( lim / \Vuj|2) > esu},
r>0 j—)OO Br(:c)

here €5, > 0 is the constant given in theorem 2.1.43. Since E(u;) < Ey, we know
that S is a finite set.

S::{J:EE

Now we sketch the proof for Theorem 3.2.1. We refer to [Par96] for the details.

Sketch proof for Theorem 3.2.1. Let u; : ¥ — M be the sequence of harmonic maps
with bounded energy Ejy. Let S be given as definition 3.2.3. We know that S is a
finite set since the energy is bounded. For = ¢ S, there exists r, > 0 and J, € N so
that:

/ |Vu;|? < g, for j > J,.
B”‘z(x)
By theorem 2.1.43, we have

sup e(u;) < C/r2, VieN.
B'rz/2(x)
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By Arzela-Ascoli theorem there is a subsequence of u; converges smoothly to a
harmonic map v, : B, (z) — M. Define

Vo = U Vg

zeX\S

Then vy is harmonic on £\S. Since S is finite, by the removable singularity theorem
2.1.45, we know that vy extends to a smooth harmonic map on Y. Therefore, u;
converges to vy smoothly on any compact set K C ¥\ S.

We pick x € § and fix a radius p > 0 so that z( is the only singular point in
By,(x) and choose a sequence €; — 0 by letting €; < min{p,1/j} be the largest

number with
ESU,
/ ’VUO‘z < —5 -
B, (@) J

Let r; > 0 be the smallest radius such that

inf / |Vu;|? = €6u/2
yEBEj -y ($) st ($)\B1"J (y)

We choose a ball B,,(y;) C B, (z) with

/ |Vuj]2 :ESU/Q.
Bej (x)\BT‘j (yj)

Since u; — vy on compact subset of B,(z) \ {x} we get that
y; —x and r; =0, as j — oo.

After passing to a subsequence, we have r; < €;/j% [Par96, lemma 1.3]. For each j,
let ¥; be the conformal dilation that takes B, (y;) to S~. Let D; :=IIgo ¥, oIIg".
The dilated map @; defined by:

U

. -1
]—u]oDj

has the same energy as u;, i.e., E(u;) = E(u;). Hence we can consider the sequence
u; and argue as before to have that there is a harmonic map v; and finite singular
set Sp such that 4, converges strongly to v; on any compact set K C X\ Sy.

Since the maximal energy concentration at any y € S is at most:

inf [ lim ]Vuj|2] — €su/2.

r>0 L j—o0 By (z)
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We can repeat this procedure finitelcollection of harmonic maps {v;} which u; bub-
ble converges to. Now we're left to show that lim; . E(u;) = Y ", E(v;), which is
equivalent to showing

lim |Vu,|? = 0. (3.4)
I70 J B (@)\Bjr; (y))
We call the following neck maps by restricting u; to the intermediate annular region

B, (z) \ Bj;(y;). As we've shown in the proof of theorem 2.1.45, it suffices to
consider the coordinate change

ds* = dr?* + r’df* = e?e_%(dt2 + d6?),

~t and

Pj@):g/o%

where €;e~ % = jr;. Recall that we have

Pi(t) = F;(t)

where 7 = ¢je

tQ
Q0 g0, 1 e 0.13)

by (2.44). By (2.45) we get that

—_

Py(t) <

(P;(0)—aP;(T;))e'+

(Pj(Ty)—aP;(0))e™, t€[0,T;], (3.5)

1—a2 1—a2

where o = €5, The energy of u; restricted on B, (z) \ Bj,, (y;) is

T}
/ Va =2 [ P
Be, (@)\Byr; (4;) 0

< [{iZzh0 -anm)e
+ T3 (P(T) — aPy(0)e " fat

<C(P;(0) + P5(T3)).

By [Par96, lemma 1.7, P;(0) + P;(7;) — 0 as j — co. So there’s no energy loss on
neck maps. O

3.3 Properties of Bubble Convergence

Now we introduce varifold distance and state the relation between bubble conver-
gence and varifold convergence. The following definition of varifold distance dy (-, -)
can be found at [CM11, Chapter 3].
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Definition 3.3.1 (Varifold Distance): Fix a closed mainifold M, let
P ng — M

be the Grassmannian bundle of (unoriented) k-planes, that is, each fiber P;'(p)
is the set of all k-dimensional linear subspaces of the tangent space of M at p.
Since G M is compact, we can choose a countable dense subset h,, of all continuous
functions on G, M with supremum norm at most one. Given a finite collection of
maps

fi:Xi_>M7 fiEWLZ(XivM)7Z.:]-7"'7k17

g; Y; =M, g e WY, M),j=1,.. ks,

here { X} {Y; 2?2:1 are compact surfaces of dimension k. We consider the pairs
{(X;, F))}, and {(Y, Gj)}?il with measurable maps
Fy: X; — GyM, and G;:Y; — G, M,

so that
fi:PHOE; andgj:PHoGj.

(F;(z) is the linear subspace of df;(T,M).) Jy, is the Jacobian of f;, then the varifold
distance between them is defined by:

kl k'2
Z hnOEin—Z/ hnOGng]..
i=1 /X j=17Y;

Since M is a closed manifold isometrically embedded in RY. We can define varifold
distance using RY instead of M. Namely, let

dy ({fitis g}z =) 2™ (3.6)
n=0

Py : GRY - RY

be the Grassmanian bundle of k-planes. We can choose a countable dense subset
{h,} of all continuous functions on G;RY with supremum norm at most one. If
the pairs {X;, F;} and {Y}, G;} represent compact surfaces {X;, Y;} of dimension k
with measurable maps F} : X; — G,R"Y and G;: Y, — G,RY | so that

fi = ﬁ o EJ

Then the varifold distance between them is defined by

dv, ({fi}i4, {gj}?il) = Zg—n :
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Proposition 3.3.2 (Colding-Minicozzi, [CMO08]): If a sequence {v;} of W'?(S5?% M)
maps bubble converges to a collection of finitely many smooth maps wuy, ..., u, :
S? — M then it also varifold converges to uy, ..., U,.

Proof. Let E = 3"""  E(u;), since v; bubble converges to {u;}?, we assume with-
out loss of generality that dp(v;, {u;}) < 1/j. So there exists conformal dilations
D] € PSL(2,C),i = 0, ...,n, and pairwise disjoint domains ), ..., %, |, Q} € S2.
such that the following holds:

n

S ([ 196 - Vo phE) " <1 (3.9

i—0
[l <3/ 2 D, (3.9)
SR,
n . 1/2
> (/ \V(uion)F) < 1/j. (3.10)
i—0 JSs)\9!

For each wu;, let U; denote the corresponding map to Go M. Similarly, for each
75, let R; denote the corresponding map to GoM. We will also use that the map
Vu — J, is continuous as a map from L2 to L! and thus area of u is continuous
with respect to energy of u. (see [CMO8, proposition A.3])

The proposition now follows by showing for each i and any h € C°(GyM) that

_ : J _
z_;/s ho s = ;}E& /Q hioUio Didyop;
~ ;}LTO /Q hoRjJ,,

= hm h o RjJ%.

J—00 UZQZ

_A2hORjJ7j,

where the first equality is simply the change of variables formula for integration,
and the last equality follows from (3.9). O

Lemma 3.3.3: Given ; : S* — M, ~, € WYA(S? M), i = 1,2. If dy(y1,72) = 0,
then

E(n) = E(y).
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Proof. Given e > 0, there exists a regularization 7; of v; with [|3; — v;||w1.2 < €, and
3; € C%(S% M) [SU81, Section 4]. The map ¥; induces a C! pullback metric g; on
S? (possibly degenerate, we can perturbe the metric to overcome this, see [CMOS,
Appendix D.2]) By the existence of isothermal coordinates [Jos91, Theorem 3.1.1],
there is a unique orientation preserving C*'/? conformal diffeomorphism 7; such
that

T S;O — Sggi,

here g is the round metric on S? with constant curvature 1. We have
E(fion) = E(r;: S;, — S;) = Area(S}). (3.11)
The condition ||5; — 7;|lw12 < € implies that

E(m) = E(y) < E(h) — E(2) + 2, (3.12)

and
dv (51, %2) < C(€) + dv(71,72), (3.13)

here C' is a continuous function such that C'(¢) — 0 as ¢ — 0. Without loss of
generality, let hg in definition 3.3.1 be the constant map 1, so that

%772 ‘/ T / Y2

= |Area(y1) — Area(72)],

(3.14)

and by (3.11), (3.12), (3.13), and (3.14) we have that

E(n) — E(72) < E(n) — E(72) + 2¢
= Area(7;) — Area(9z) + 2¢

S dV(ﬁhf?Q) + 2e
< C(€) + 2e.

Since € > 0 could be arbitrary small we thus have E(v;) = E(7,). ]

Given a collection of harmonic spheres {u;}",. Since u; : S* — M, u; €
Wh2(S2, M) for each i, and M is a closed Riemannian manifold isometrically em-
bedded in RY, we have that

Zui o¢;: 5% = RY, Zuz o ¢ € WH(S% RY),
i=0 i=0

for all ¢; € PSL(S,C).
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Claim 3.3.4: For a map v € WH2(S?, M) with dg(v, {u;}ly) < €, € < 1, We have
the following inequality

inf{ . |Vy — V(iul o¢i)|2
=0

b € PSL(2,C)} < C(n)e,

for some constant C'(n) depends on {u;} .

Proof. For any {¢;}", € PSL(2,C) and pairewise disjoint domains {Q;}?, C S?
we have the following inequality:

; Vo~ Y V(o a)l <) (] 196 =vwo o)

+/ Nalk
SAUL,

+z(/m w0 62,

By dp (7, {ui}io) < €, we know that there exist pairwise disjoint domains {Qr, C
S?% and conformal transformations {¢;}", € PSL(2,C) such that

n

' 2; (/sz\m [V(uso QEZ’)P)

7=

<2 +3¢% +2(n + 1)eE,
here E =" , E(u;). It implies the desired result:

inf{/SQ|V7—V(2n:UiO¢i)|2
=0

here C(n) =5+2(n+1)> ", E(u;). O

¢ € PSL(2,C)} < C(n)e,

Now we know that by proposition 3.3.2 bubble convergence implies varifold
convergence, but the converse is not true, since varifold convergence simply implies
that the images of two maps is close in measure sense. The following Proposition
states that varifold convergence implies the term dp(-,-) goes to zero if the term:

inf{ y |V — V(ZuZ o ¢;)|?
i=0

¢ € PSL(2, c>}
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also goes to zero.

Proposition 3.3.5: Given a collection of finitely many harmonic spheres {u;}?_,, for
all € > 0, there exists § > 0 so that if v € W'%(S5% M) satisfies the following
conditions:

inf{ V- V(> w0 i) er € PSL(Q,(C)} <4,
i=0

and

dy (7, {uitiso) <9,
we have

dp(7y, {uitisg) <e

Proof. For the case that {u;}, contains only one harmonic sphere say ug, then
given € > 0 and let § = €/2. The condition

inf{/ |V7—V(uoogb)|2‘¢ePSL(Q,(C)} <4
-

implies that there exists ¢y € PSL(2,C) such that fs? |Vy— V(uo o QSO) |* < ¢, thus
we have dg(v,ug) < €.

For the general case it suffices to consider that {u;}!", = {uo, u;}. We argue by
contradiction, suppose there exists € > 0 and a sequence {7, };en, 7; € WH2(S?%, M),
such that

inf { /32 |V,—V( Z u;op;) |

i=0,1

6 € PSL(2,0)} < 1/j,and dyz, (75, {wi}icor) < 1/

but does not imply dp(7;, {uo, u1}) < € for all j € N. That means for any parewise
disjoint domains Q; C S?, QN Q; = {0}, and conformal automorphisms ¢; €

1/2
PSL(2,C), i =0,1 with 37, <f52\9,_ |V (u; 0 ¢i)|2> < €, we have either

/52\U ) |V;? > 3¢ + 4eE, (3.15)

where F = E(ug) + E(uy), or
1/2

> (/Q [V = V(ui o ¢i)|2> > e (3.16)

1=0,1
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(see definition 3.1.5). We first consider the case of (3.15) assuming the follow-

1/2
ing condition )., < Jo IVY; — V(u; 0 ¢i)|2> < €. We consider the following
inequality

Lot [ vne =3 ([ vweors [ o [F o)

1=0,1

<2 ([ o

i=0,1

w2 [ 9P ([ 19 = Ve o))
Qi Qi
[y -VweoP+ [ Vweo))
Q 52\Q,
< Z / |V, * + 26(/ |V7j|2)1/2 + e+ €
i=0,1 "k Q
Since dy,, (v;,{u;i}i=0,1) < 1/7, by Lemma 3.3.3 we know that
lim E(v;) = E(ug) + E(uq).

Jj—00

For j sufficiently large, we have that

E(y,) = / Vol / VP
U; S2\U;
< Z/ \Vyj\2+2e(/ V)2 4+ e+ &
Q Q;

i=0,1

< Z / [V [* + 2€(E(uo) + E(ul))l/2 + 22,
Q;

i=0,1

which implies that
/ IV, < 4e(E(uo) + E(un))" + 262,
Sz\Ui Q;

contradicting our assumption (3.15).

Now we consider the case of (3.16). By our assumption of the sequence {7;};en:
inf { J2 IV = V(Xm0 wi 0 ¢4) [P |di € PSL(2, (C)} < 1/4, we know that for each
J there exist (bé, ¢{ such that

/ IV — V(g 0 ¢ +us o ¢F)|* < 2/4,
52
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which implies that:

dyy, ((ug 0 @) + uy 0 ¢7), {u;}imo,1) <dy, (g 0 &) + ur 0 ¢, ;)
+ dy, (7, {wi }izo,1) (3.17)
<C(j) +1/j,

for some C/(j) — 0 as j — oo. Since (ug o ¢ +u; 0 ¢1)(S?) = (ug o (¢} o (¢1)71) +
u1)(S?), we can assume ¢ is identity for all j € N. Thus by (3.17) we know that
(ug o @) +u1)(S?) can be arbitrarily close to {ug(S5?),u1(S?)} as j — oo in measure
sense in RY (see definition 3.3.1), this implies that {¢]};cy is a divergent sequence
in PSL(2,C). Now we choose R > 0 so that for R > R we have the following

1/2
(/ |Vu1|2> <e/5, Vp €S2
S2\ B (p)

Since {gb%}jeN is diverging, then for j sufficiently large we can find ¢ € S? such that
/ IV (ug o )| +/ Vu, | < €2/10, (3.18)
Br(q) S2\Br(q)
Then the assumption (3.16) implies

5\ /2 i 1/2
</ |V’7j - VU1| ) + (/ |V’Yj - V(uo o gb0)| ) > €. (319)
Br(q) S2\Br(q)

From the inequality

L= Vwod+upz|([ vy -vuP+ [
S2

Br(q) S2\Br(q

([ NwesPs [ vup)
Br(q) 52\Br(q)

with the assumption [g, |[V7y; — V(ug o @)+ u1)|* < 2/j and (3.19) we have the
following;:

/ |Wwo%W+/‘ WmFZ/ V) — Va2
Br(q) S2\Br(q) Br(q)

w[ 9= Ve P
5*\Br(q)

= [ 1V = Voo g+ un)?
S2

> /5,

V% = Vw0 )

Y

for j sufficiently large. It contradicts with the assumption (3.18). Thus we have
proved proposition 3.3.5. O
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Remark. Combining claim 3.3.4 and proposition 3.3.5 we have for all ¢ > 0, there
exists 0 > 0 such that

dB(77 {uz}?:()) < €,
if and only if

n

inf{ o |V”Y—V(Zuio¢i)‘2

=0

i € PSL(ZC)} <0,

and
dVR (’77 {uz}?zo) < 0.
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Chapter 4

Min-Max Constructions

4.1 Sweepout by Curves: Birkhoff’s Min-Max Theory

Min-max theory is a way of finding critical points for variational problems. Here
we state Birkhoft’s work on the curve shortening process, and the idea of using it to
prove the existence of geodesics. Colding and Minicozzi use the same idea to maps
from S? to the manifold to show the existence of harmonic maps.

Curve Shortening Process

Fix a large positive number L and define A as the space of all piecewise linear maps
(geodesics) from S' to M with L breaks. Such that the length of each geodesic seg-
ment is at most 27, parametrized by arclength proportionately and with Lipschitz
bound. Let G C A denote the set of immersed closed geodesics in M of length at
most 2w L. Note that A is finite dimensional.

Given a piecewise smooth curve v with at most L-breaks. We fix a partition of
S1 by choosing 2L evenly spaced points
Lo, .- ToL = To € Sla

so that |z; — z;41| = m/L. The idea of curve shortening process is replacing =y
with geodesics on each even interval, i.e., [xq;, T2j11] by the geodesic with the same
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endpoints to get a piecewise linear curve 7, : S' — M, and again replacing 7. on
each odd interval, i.e., [T2j41, To;j4+2] by the geodesics with the same endpoints to get
the piecewise smooth curve v,. Now we reparametrize 7, so that it’s parametrized
by arclength proportionately. We call the above replacing and reparametrization
curve shortening process and denote this procedure by the map . U satisfies the
following conditions, for the proof we refer to [CM11, Chapter 5].

1. W(y) is homotopic to v, and Length(¥(v)) < Length(v),
2. U(y) depends continuously on +,
3. There’s a continuous function ¢ : [0,00) — [0, 00), with ¢(0) = 0, so that

Length?(y) — LengthQ(\If(v)))
Length®(¥(7)) ’

dist*(7, 9(7)) < o

4. Given € > 0, there exists § > 0, so that if v € A with dist(y,G) > € then
Length(¥(v)) < Length(y) — 4.

Defining the Sweepout

Let 2 be the set of the maps
oS % [0,1] = M,

so that:

1. For each ¢ the map o(-,t) is in WhH2(S1, M).

2. The map t — o(-,t) is continuous from [0, 1] to W?(St, M) with respect to
the norm || - ||yy.z.

3. o0 maps S' x {0} and S' x {1} to point maps.

Given a map o € €),, the homotopy class €2, is defined to be the set of maps € ()
that are homotopic to o through maps in 2. The width W = W (o) associated to
the homotopy class €2, is defined by taking infimum of maximum of the energy of
each slice (-, t). That is

W = inf max E(6(-,1)).

60 t€[0,1]
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The width W is always nonnegative and is positive if ¢ is in a nontrivial homotopy
class. For W > 0 we choose a sequence of sweepouts {o,} in A such that:

ax FE(o;(-,t) < W +1/5.
max E(o;(t)) /J
Since o; € A, for all 7 € N, it’s parametrized proportionately by arclength, thus we
have E(v;) = 2rL - Length®(v;). Now we tighten the sweepout by curve shortening
procedure W. Let v;(-,t) = ¥(o;(-,t)). Since the curve shortening procedure will
leave the map in the same homotopy class. Thus again we have:

tel0,1] (
= E(v(-,t;)) for some t; € [0, 1]
< E(UJ('7tj))
< . i
_tIél[(gi}li] <O-J<7t))<W+1/]7

By property 4 of the curve shortening procedure we know that if j is sufficiently
large o;(+, ;) is close to a geodesic. So we conclude the following: Each curve in
the tightened sweepout whose length is close to the length of the longest curve in the
sweepout must itself be close to a closed geodesic. In particular, there are curves in
the sweepout that are close to closed geodesics.

4.2 Colding and Minicozzi’s Min-Max Theory

Harmonic Replacement

Given a closed manifold M of dimension at least three, isometrically embedded in
RY for some N, we turn next to maps from S? to M. The rough idea is the same
as for curves: we define an energy decreasing procedure and show that it strictly
decreases the energy of those maps which are away from harmonic maps. The energy
decreasing map will again be constructed by local replacement, but this time we
use replacement by harmonic (energy-minimizing) maps on balls with small energy.
This is often referred to as harmonic replacement. The first key property that
makes harmonic replacement useful is that the energy functional is strictly convex
on small energy maps. The precise statement is given by the following result of
Cloding-Minicozzi, [CMO08]:

Theorem 4.2.1 (Colding-Minicozzi, [CMO8]): There exists a contant ¢; > 0 (depend-
ing on M) so that if u and v are W12 maps from B; C R? to M, u and v agree on
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0By, and v is weakly harmonic with energy at most €, then

1
|Vu|* — |Vo|? > 5 Vv — Vul?.
B1 Bl

By

An immediate corollary is the uniqueness of solutions to the Dirichlet problem
for small energy maps. The second consequence is that the harmonic replacement
is continuous as map from C°(By, M) NW12(By, M) to itself if we restrict to small
energy maps, the continuity of harmonic replacement is like the property 2 of curve
shortening process, allowing us to tighten the sweepout by harmonic replacement
and construct the new sweepout .

Corollary 4.2.2 (corollary 3.4 [CMO08]): Let ¢; > 0 be as in theorem 4.2.1 and set
N ={ueC'B, M)NW"(B;, M)|E(u) < € }.

Given u € NV, there’s a unique energy minimizing map w equal to u on dB; and w
is in . Furthermore, there exists C' depending on M so that if ui,us € N with
corresponding energy minimizing maps wy, ws, and we set E = E(uy)+ E(us), then

\E(wl) - E(w2)| S C|U1 — u2|COE + O|VU1 - V’LLQ|L2E1/2. (41)

Finally, the map from u to w is continuous as a map from C°(B;) N W12(B;) to
itself.

Proof. In the proof, we will use nearest point projection defined in section 2.1.4, and
choose the tubular neighborhood Mj of M in RY so that II is a smooth function
defined on Ms. For any x € M, we have dII, (V') < |V|. Therefore, there’s a constant
Ch depending on M so that for any = € M;, we have |dIL. (V)| < (1 4 Cnlz —
II(x)[)|V|. In particular, we can choose 0 > 0 small enough so that dII, (V) < 2|V|
for all x € M.

Define a map vy by
V1 = ITo (U}Q + (U,l — Ug))

so that v; maps to M and agrees with u; on 0B;. We have
2
E(v) < <1+CH|U1_U2’CO> <E(w2)+2(E(w2)E(u1—u2))1/2—|—E(u1—u2)>. (4.2)

Since E(w;) < E(vy) and by symmetry we can assume E(wy) < E(w;) so that (4.2)
implies (4.1).
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For showing the continuity, we suppose that u u; are in N with u; — u in
CoBy, RY) N Wh2(B,RY) and w w; are the corresponding energy minimizing
maps. We will first show that w; — w in W12(By,RY). To do this, we set

vj = Mo (w+ (u; —u)),

so that v; maps to M and agrees with u; on dB;. Since u; — u in C°(By, RY) N
Wt2(By,RY), by (4.1) we have F(w;) — E(w), so we get that E(v;) — E(w;) — 0.
Therefore, applying theorem 4.2.1 to w; and v; gives that ||v; — w;||y12 — 0. Since
u; — u in CO(By, RY) N WH2(By,RY) and

w—vj:HO(w_w_(uj_u))’

it follows that ||w — vj||w12 — 0. The triangle inequality gives ||w — w;||w12 — 0.

Finally, we will argue by contradiction to see that w; — w in C°(By). Suppose
instead there’s a subsequence (which we still denote w;) with

|wj —w|co > € > 0. (4.3)

Using the uniform energy bound for the w; together with theorem 2.1.43 we can pass
to a further subsequence so that the w; converge uniformly in C? on any compact
set in B;. Finally, by [Qin93] we know that w; are also equicontinuous near 0B,
so Arzela-Ascoli theorem gives a further subsequence that converges uniformly on
B to a harmonic map w,, agrees with w on the boundary. However (4.3) implies
that |we —w|co > € > 0 which contradicts the uniqueness of small energy harmonic
maps. This completes the proof. O

Definition 4.2.3 (Width): Let 2 be the set of continuous maps ¢ : S? x [0,1] — M
so that for each ¢ € [0,1] the map o(-,t) is in C°(S?, M) N W'2(S% M), the map
t — o(-,t) is continuous from [0, 1] to C°(S? M) N W'(S?, M) in a strong sense.
Given a map f € €1, the homotopy class {25 is defined to be the set of maps o € €2
that is homotopic to [ through maps in 2. We'll call any such o a sweepout. The
width W = Wg(5, M) associated to the homotopy class (23 is defined by:

W= inf max E(o(-,t)). (4.4)

o€Qg tel0,1]
We could alternatively define the width using area rather than energy by setting

Wy, := inf max Area(o(-,1)).
A o€Qp t€(0,1] ( ( ))
Remark. We're interested in the case where 8 induces a map in a nontrivial class
in m3(M). In that case the width is positive and equals to the area of a non-
empty finite collection of minimal 2-spheres. Corollary 4.2.2 gives a proof that
the width is positive when the homotopy class is nontrivial or, equivalently, that
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if max;ejo,1) E(0(+,t)) is sufficiently small then o is homotopically trivial. Namely,
since t — o(+,t) is continuous from [0, 1] to C°(S?, M), we can choose r > 0 so
that B.(p) C S? and o(B,(p),t) C B! for some convex geodesic ball B ¢ M
for every t € [0,1]. If each o(-,t) has energy less than €; given by theorem 4.2.1,
then replacing o (-, t) outside of B,.(p) by the energy minimizing map with the same
boundary values gives a new sweepout & (-, ). & is homotopic to ¢ by theorem 4.2.1.
Moreover, the entire image of &(+,¢) is contained in B* by [Josl1, lemma 4.1.3]. It
follows that & is homotopically trivial by contracting each (-, ¢) to the point o(p, t)
via a geodesic homotopy.

Now we will define an energy decreasing map from g, for 5 € m3(M) nontrivial,
to itself. This should be thought of as a generalization of Birkhoft’s curve shortening
process that plays a similar role when tightening a sweepout by curves.

Theorem 4.2.4: There’s a constant ¢y > 0 and a continuous function ¥ : [0, 00) —
[0, 00) with U(0) = 0, both depending on M, so that given any 4 € €z without
nonconstant harmonic slices and § € m3(M) nontrivial, there exists v € Qg so that

E((-1) < E(G(-, 1)),

for each t and so for each ¢ with E(%(-,t)) > W/2 we have the following: If B
is any finite collection of disjoint closed balls in S* with [, |Vy(-,1)[* < € and
v UBGB%B — M is an energy minimizing map equal to (-, ¢) on UBegéﬁB, then

/U L IVy(-,t) — Vo] S U(EF(, 1) — E(y(-,1))).

Theorem 4.2.4 is like properties 3 and 4 of curve shortening process. Note that
if £(5(-,t)) and E(v(-,t)) are close then theorem 4.2.4 implies that (-, ) is close
to harmonic maps. (-, t) is constructed from 7(-,¢) by harmonic replacement on
a family of balls in S? varying continuously in ¢, and then use theorem 4.2.1 and
corollary 4.2.2 to argue that harmonic replacement does decrease the energy of (-, )
by certain amount bounded away from zero if 4(-,¢) isn’t harmonic. Finally, use
corollary 4.2.4 to conclude that (-, ¢) varies continuously in ¢ and it’s a sweepout
homotopic to 7(+,t). For the proof of theorem 4.2.4 and technical details of choosing
such balls in S? we refer to [CMOS].
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Statement of Min-Max Theory

Definition 4.2.5 (Minimizing sequence): Given a sweepout v, (-, t) : S x [0,1] — M,
we call {v;(-, ) }jen a minimizing sequence if

lim max E(v,(-,t)) = W.

Jj—roo t€(0,1]
We call {v;(,t;)}jen a min-maz sequence if

lim E(v;(-,£;)) = W.

Jj—o0

Proposition 4.2.6 (Proposition 1.2 [CMO08]): Given a closed manifold M with di-
mension n > 3, and a map [ € ) representing a nontrivial class in 7w3(M). The
width of energy W, and the width of area W4 associated to the homotopy class €23
are equal.

Remark. Let {7;}jen be a minimizing sequence for W. Since Area(y;(-,t)) <
E(v,(-,t)), and W4 = W by Proposition 4.2.6, we have that

W4 < lim max Area(v,(-,s)) < lim max E(v,(-,s)) = Wa,

Jj—00 s€[0,1] T j—o0s€[0,1]
which implies that {7;},en is a minimizing sequence of area functional for W, too.
Definition 4.2.7: We define the equivalent class of u : S? — M to be:
[u] == {g " M‘ if u = go ¢ for some ¢ € PSL(Q,(C)},
Remark. Given maps v, {u;}", € WH2(5% M) with dg(v, {u;}",) < €, we have

d(7,{9i}tio) <€ if [g:] = [wil, i =0, ..., n.

Definition 4.2.8 (Image set): The image set A({v;(-,t)}) of {7;(-,t)} en is defined
to be:

A 1) }en) = {{[ul]}:‘:O ‘there exists a sequence {i;} — 00,1, € [0,1],
such that v;,(-,%;,) bubble converges to {Ui}?:o},

Theorem 4.2.9 (Colding-Minicozzi, [CM08]): Given a closed manifold M with di-
mension n > 3, and a map § € () representing a nontrivial class in 73(M), there
exists a sequence of sweepouts 7;(-,t) € Qg with max,cp17;(-,s) — W, and so
that given € > 0, there exists 7 and ¢ > 0 so that if j > 7 and

Arca((-5) > W = 4,
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then there are finitely many harmonic maps u; : S — M, i =0, ..., n, with

dB(’YJ'(WS)ﬂ {ul ?:0) <,
and

Proof. Choose a sequence of maps ¥ € €2z with

1
Ev:(-,t) < W 4+ —
mmax (%5 (-, 1)) +j,

and 7;(+,t) is not harmonic unless it is a constant map.

Applying theorem 4.2.4 to 7; gives a sequence v; € {1z with

E(7j<'7 t)) < E(’?j('v t))

We will argue by contradiction to show that 7; have the desired property. Suppose
that there exists j, — oo and s € [0, 1] with

Area(’ij(': Sk)) >W - 1/k7
but doesn’t imply the following
dp (v, (- s0), {[wilbimo) <6, V{[ul}ip € F7, (4.5)

here F*! denote the set of collections of harmonic maps from S? to M so that
the sum of the energies is at most W + 1. We denote dp(v;, (-, sx), FV 1) > € for
the above constraint. Now we have

W —1/k < Area(v;, (-, sk)) < E(7;, (s sk))
< B, (- sx))
< THE ]
< Inax E (1) < W +1/jk,
so we get
E(ﬁ]k(? Sk)) - E(Pyﬁc('v Sk)) < 1/k + 1/]k — 07 (46)
and similarly
Em/jk('? 3k>> - AT@Q(%%('? Sk)) — 0, (4'7>

With (4.6) and recall the property of ¥ by theorem 4.2.4 and it gives the following:

68



If B is any finite collection of disjoint closed balls in S* with [, |[V7;, (-, s)]* < €
and v : Upepg B — M is an energy minimizing map equal to 7;, (-, sx) on UpepzdB,
then

| 19050 = Vol < (B (1) = B )

< U(1/k+1/4;) — 0.

Therefore, (4.7) and the above statement show that {v; (-, sx)} is a sequence
of almost harmonic maps, we can apply theorem 3.2.2 to get a subsequence of
i, (-, ;) which bubble converges to a collection of harmonic maps, contradicting
the assumption dp(7;, (-, sk), FV ') > e. We have proved the theorem. O

Corollary 4.2.10 (Colding-Minicozzi, [CMO08]): Given a closed manifold M with di-
mension n > 3, and a map § € () representing a nontrivial class in 73(M), there
exists a sequence of sweepouts ;(-,t) € Qg with max,cj17;(-,s) — W, so that
given € > 0, there exists 7 and § > 0 so that if j > j and

Area(y;(-,5)) > W = 4,
then there are finitely many harmonic spheres u; : S? — M, i =0, ..., n, with

dy (75 (-, 8), {ui}izg) < e

Proof. By proposition 3.3.2 bubble convergence implies varifold convergence, thus
theorem 4.2.9 implies corollary 4.2.10. O

Remark (Parameter spaces). Instead of using the unit interval [0,1] as the parameter
space for the maps in the sweepout and assuming that the maps start and end in
point maps, we could have used any compact finite dimensional topological space
P and required that the maps are constant on 9P (or 9P = 0)).

Equivalent Statement

The goal of this section is to prove that any min-max sequence bubble converges
to a finite collection of harmonic spheres up to subsequence, the statement doesn’t
follow immediately from theorem 4.2.10 since theorem 4.2.10 only states that there
exists a sweepout, so that whenever the area of a slice of the sweepout is close to the
width it must be close to a finite collection of harmonic spheres in bubble tree sense
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itself. Theorem 4.2.10 is proven by showing that given any minimizing sequence
{7 (-,t)}jen, we can apply theorem 4.2.4, so that the pulled-tight sequence

7j('7 t) = qj(’?j('? t))7

(see theorem 4.2.4) contains a min-max sequence which bubble converges to a col-
lection of finitely many harmonic spheres {u;}? , (whose sum of the energy realizes

the width). That is,
{[wil}izo € A7 () }jen).

Our goal is showing that any minimizing sequence {7;(,?)};en,

lim max B(3 (1)) = W,

j—o0 t€(0,1]

has nonempty image set A({%;(-,?)};en). To do this, we observe that
E(; (1) < E(3(-, 1)),

for each j and for all ¢ € [0,1]. Since we already know that there exists a finite
collection of harmonic spheres {[u;]}1, € A({7;(-,%)}jen). We can choose sequence
{ji} = o0, t;, €0,1], such that {;,(-, ;) } bubble converges to {[u;]}I-,. Moreover,
it’s shown in the proof of theorem 4.2.4 (see [CMO8, theorem 2.1]), ¥(7;(-,¢)) is
obtained from 7;(-,¢) by doing harmonic replacement on the disjoint closed balls
on 5% with energy at most €; > 0 (given in theorem 4.2.1), so by therorem 4.2.1 we
have

E;(1) = E(y(1) = IV%( t) = V()%

2
Corollary 4.2.11: Given a sweepout {;(-, )}jeN, the pulled-tight of it: {v;(-, %)} en
given by [CMO08, Theorem 2.1] has the following property:

P, = BO(-0) > 5 [ 93,6, = V(0P

Proof. The pulled-tight sweepout 7;(-, t) is constructed by doing harmonic replace-
ment on ¥;(+,t) over domain B C S? with the energy of ¥;(-,¢) on B at most ¢ > 0.
Then by theorem 4.2.1 the corollary follows. O]

With the above observation, we can state the following theorem:

Theorem 4.2.12: Given a closed manifold M with dimension n > 3, and a map
B € € representing a nontrivial class in m3(M), then for any sequence of sweepouts
’S/j € Qﬁ Wlth

lim max B(3;(-,5)) = W,

Jj—00 s€[0,1]
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there exists a subsequence {i;} — oo, t;; € [0,1], and a collection of finitely many
harmonic spheres {u;}!" , such that

dp (%, (- ti;), {uitizg) < 1/3,

and

Proof. Given a minimizing sequence {7; }en such that

max E(7;(-,s)) < W +1/2j. (4.8)

s€[0,1]

Applying theorem 4.2.4 to 7; gives a sequence v; € g with

E(; (1) < E(;(,1))-

We choose ¢; € [0,1] so that E(v;(-,t;)) = maxsejo1 E(7;(-,5)). By similar argu-
ment in the proof of theorem 4.2.9 we know that {;(-,¢;)},en is an almost harmonic
sequence, and by theorem 3.2.2, there exists a collection of finitely many harmonic
spheres {u;}?_, and subsequence i; — oo so that

dp(vi; (- t5;), {wi}ing) < 1/2].
By corollary 4.2.11 and (4.8) we have that

% . V35 t5) = V(- 6) P < B30 t5)) — E(y(+, 1)) < 1/5

Thus we have
dB(i/ij('v tij)a {Uz}?zo) — 0, J — 00,
which is the desired result. O
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Chapter 5

Countability for Harmonic Maps
with Bounded Energy

5.1 Bumpy Metric

The world bumpy metric was introduced by Abraham in [Abr70]. Given a compact
manifold M, let H := H'(S', M) be the Hilbert manifold of absolutely continous
maps ¢ : S' — M, and E, : H — R the energy function for a Riemannian met-
ric g on M. The a critical point ¢ € H of F, is a closed geodesic parametrized
proportionately to arclength. As the group S! acts continuously on H by

SUH — H,
0(c)(t) =c(0+1), (0,c,t) €S xH xS,

and F, is invariant under this action. The orbit S'(c) of a critical point ¢ € H
consists entirely of critical points. In [Abr70], bumpy metric is defined as the the
metric g, such that the Hessian of F, has a one dimensional null space, the tangent
space of S'(c) at c. A metric is called generic if it’s a countable intersection of open
dense subsets of the metric space, thus dense. We will talk about generic metric
more later. It’s showed in [Ano82] that bumpy metric is generic. We now state the
bumpy metric theorem for geodesics:

Theorem 5.1.1 (Bumpy Metric Theorem for Geodesics, [Ano82]): If M is a compact
manifold, then for a generic choice of metric on M, all nonconstant smooth closed
geodesics have the property that their only Jacobi fields are those generated by the
St action on H.
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Now we define generic metric for a specific metric space. For k& € N, the space
of L? Riemannian metrics on M simply denotes an open set of the Hilbert space of
L?-sections of the second symmetric power of 7% M.

Definition 5.1.2 (Generic Metrics, [Mool17]): By a generic Riemannian metric on a
smooth manifold M we mean a Riemannian metric that belongs to a countable
intersection of open dense subsets of the spaces of L? Riemannian metrics on M
with the L? topology, for some choice of k € N, k > 2.

Remark. Notice that generic metric always implies a countable intersection of open
dense subsets of the metric space. For geodesics and harmonic maps the metric
space is L2 [Mool7], and for minimal submanifolds it’s C¥ Riemannian metric for
q > 3, [Whil7].

Definition 5.1.3 (Bumpy Metric [Whil7]): A metric g on M is called bumpy if there
is no smooth immersed minimal submanifold (minimal with respect to g) with a
non-trivial Jacobi field.

Theorem 5.1.4 (Bumpy Metric Theorem for Minimal Submanifold, [Whil7]): If M
is a compact manifold, then for a generic choice of metric of C? g on M (q > 3),
there are no minimal submanifolds with nonzero normal Jacobi fields. That is, each
minimal submanifold has nullity 0.

We outline the idea of bumpy metric theorem here. Let A denote an open subset
of C'% Riemannian metrics on M. Given a compact manifold N of dimension less
than M, if u is a map from N to M let v’ denote the set of all maps u o ¢ where
¢ : N — N is a diffeomorphism. (Thus the element of v’ are all parametrizations
of the same surface u(N).)

Bumpy metric theorem 5.1.4 is a study of the space Z of ordered pairs (g, u'),
where ¢ € A and u is minimal with respect to g. First we define the projection
map 7 defined as the following:

T:Z 3 A

(g,0) = g.
It’s shown in [Whil7, theorem 2.1] that 7 is a Fredholm map with Fredholm index
0. Moreover, the kernel of Dm(g, ') has dimension equal to the nullity of u’ (i.e.,
the maximum number of linear independent normal Jacobi fields on u" with respect

to area functional and metric g.) By the Sard-Smale theorem, this implies that the
regular value of 7 is generic.
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Bumpy Metric Theorem for Harmonic Maps

To state the bumpy metric theorem for harmonic maps, first we need to define prime
harmonic map.

Definition 5.1.5 (Chapter 5 [Mool7]): Suppose that f,h : S* — M are harmonic
spheres. f is called a branched cover of h if there exists a holomorphic map g :
S? — S? of degree d > 2 such that f = hog. We call f a prime harmonic sphere
if it’s not a branched cover of another harmonic sphere.

Definition 5.1.6 (branch point): A point p € ¥ is a branch point for the harmonic
map f: X — M if (0f/0z)(p) = 0, where z is any complex coordinate near p.

Definition 5.1.7: If p is a branch point of f but there exists some neighborhood V'
containing p such that f(V') is an immersed surface, then we say that p is a false
branch point.

Definition 5.1.8 (Chapter 5 [Mool7]): If f : ¥ — M is a parametrized minimal
surface we say that p € ¥ is an injective point for f if

df(p) #0, and  f~'(f(p)) =0.

If f:X¥ — M is connected and has injective points, we say it is somewhere injective.

Lemma 5.1.9 (Chapter 5 [Mool7]): If a harmonic map f : ¥ — M is somewhere
injective, then it is prime.

Lemma 5.1.10 (Chapter 5 [Mool7]): If a conformal harmonic map f : ¥ — M is
prime, its injective points form an open dense subset of 3.

Theorem 5.1.11 (Bumpy Metric Theorem for Harmonic Maps, theorem 5.1.1[Moo17]):
If M is a compact smooth manifold of dimension at least three, then for a generic
choice of Riemannina metric on M, all prime compact parametrized minimal sur-
faces f : ¥ — M are free of branch points and lie on nondegenerate critical sub-
manifolds, each such submanifold being an orbit of the group G of conformal auto-
morphisms of ¥ which are homotopic to the identity.

Remark. In Theorem 5.1.11, nondegeneracy of a prime harmonic map means that
the Jacobi field of it are those generated by the automorphisms of X.

In our case ¥ = S? and G = PSL(2,C). Given a harmonic sphere u : S? — M,
if u is prime then it’s free of branch points by Theorem 5.1.11. If u is not prime
it can be written as a branched cover of a prime harmonic sphere, and all of its
branched points are false. Theorem 5.1.11 implies that for all harmonic spheres
w:S* — M, u(S?) is an smooth immersed minimal submanifold.

We define the nullity N of a functional at a critical point u is the dimension of
the space of Jacobi fields of the functional at w.
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Theorem 5.1.12 (theorem 3.1[EMO08]): Given a harmonic sphere u : 5% — M, let

N4 =nullity of u as a critical point of the area functional A,

Ng =nullity of u as a critical point of the energy functional E,

NE =dimension of the space of purely tangential Jacobi fields of u,
as a critical point of E.

Then
Ny=Ng —NE.

5.2 Countability of Harmonic Spheres with Bounded En-
ergy

Lemma 5.2.1: Given (M, g), g bumpy, the dimension of M is at least three, and a
harmonic sphere u : S? — M. There exists € = €(u) > 0, so that if || f — ul[y12 <,
f:S? — M harmonic, then [f] = [u]. (See definition 4.2.7 for [u].)

Proof. Given a harmonic sphere u : S — M, Theorem 5.1.11 implies that u(S5?) is
a smooth immersed minimal sphere. We argue by contradiction. If not, then there
exists a sequence of harmonic spheres { f; }ien, fi : S? — M, such that || f; —u|ly12 <
1/i and [f;] # [u] for all i € N. By strong convergence in W12 Theorem 2.1.43,
and Arzela-Ascoli theorem we know that the convergence f; — w is smooth and
uniform. Thus we can choose subsequence i(j) — oo as j — oo such that

| iy () — u(z)| < 1/4, Vo € S, (5.1)

and
< 1/j, Vz € S, (5.2)

Oz Oz
where (2*) denotes the local coordinate system of S?. Since fi(;) is harmonic we
have that

0—0=7(fiy)) — 7(u)
:/1§
o Os

Thus there exists ¢; € (0,1) such that

Tluts(fig) — w))dt.

0= —

T(u+t(fig) — u))-

t=t,

75



Let

— Jigy —u
w := lim .
j=o0 Maxgese | fig)(x) — u(x)]
By proposition 2.1.20, we know that w is an nontrivial Jacobi field. i.e., J,(w) = 0.
Assume that f;;)(S?) # u(S5?) for all j € N. Since f;(S?) # u(S?) implies that w is
not purely tangential, Theorem 5.1.12 implies that u has a nontrivial Jacobi field
for area functional as a smooth immersed minimal surface. This contradicts the
bumpy metric assumption.

Now we consider the case that f;;(S?) = u(S?) for all j € N. If u is a prime
harmonic sphere, then Theorem 5.1.11 implies that w is generated by PSL(2,C),
contradicting the assumption [fj;)] # [u]. Now we consider the case that u is not
prime.

Claim 5.2.2: For j sufficiently large, we have

deg(fi(j)) = deg(u).

Proof of the claim. It’s known that if two maps are homotopic then they have the
same degree. The stradegy of the proof is similar and can be found in [Hir94,
Chapter 5].

For j sufficiently large, by equation 5.1 we know that f;;) is homotopic to w.
That is, there exists a continuous map H; : S? x [0, 1] = u(S?):

Hj(z,t) == ~l(t), z € S,

such that H;(z,0) = u(x) and H;(x,1) = fi;)(z) for all z € S?, where 47 (¢) denotes
the unique geodesic with respect to the intrinsic metric starting from u(x) with end
point at fi;(x). Since fi;1(S?) = u(S?), and by Lemma 5.1.10 we can choose
y € u(S?) so it satisfies the following conditions:

1. Vp € u(y), du(p) # 0,

3. y is a regular value for H; and H;|s(s2x[0,1))-

H '(y) is a compact 1-dimensional submanifold with boundary (H loszxo)) ().
In other words, it contains embedded arcs which are transverse to 9(5? x [0,1]). By

[Hir94, Chapter 5], given p; € Hj_l(y), there is an unique py € Hj_l(y), p1 # pa2, and
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a component arc I' € Hj_l(y) with T = {p1,po}. By [Hir94, Chapter 5, Lemma
1.2], p1 and p, are of opposite type for Hj|ss2x[o17). This implies that for any
p1 € u!(y), there is an unique corresponding py € flzjl) (y). Then it follows that
degree of u and degree of f;;) are the same for j sufficiently large. m

By the smooth convergence of f;;y — u, and deg(fij)) = deg(u). Let u= ¢ o
for some prime harmonic map . We can write f;, as a branched cover of a prime
harmonic map h;;,i.e., fi, = gi; 0 hi;, with deg(fi;)) = deg(g;,) = deg(u). By lemma
5.1.9 and lemma 5.1.10 we know that h; is somewhere injective and the injective
points of h;; form an open dense subset of S2. So we obtain a sequence of prime
harmonic spheres h;; that converges strongly to a prime harmonic sphere @ in w2,
It is the desired contradiction. O]

Corollary 5.2.3: The €(u) > 0 given as lemma 5.2.1 is invariant under the equivalence
relation. i.e., given harmonic spheres f, g : 5% — M, if [f] = [g], then €(f) = €(g).

Proof. We argue by contradiction. Given harmonic spheres f,g : S? — M with
[f] = [g], and assume €(f) > €(g). Then there exists a harmonic map u : S* — M
with

o) < [ 1Vu=Vai* < (),

such that [u] # [g]. Since [g] = [f], there exists ¢ € PSL(2,C) such that fo¢ = g.
This implies

o) < [ [u=af = [ [vu-V(ro0)
= [ V(o s ) = vrR <)

thus we have [u] = [u o ¢~!] = [f] = [g], which is the desired contradiction.

Definition 5.2.4: We define FV to be:

FV = {[f] | f: 5% = M harmonic , B(f) < W}

Corollary 5.2.5: Given a closed manifold (M, g), with generic g and the dimension
of M is at least three. The set " is countable.
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Proof. We pick a finite set {z, ..., 22"} of S? so that S? C Uiil By jn(2E). (Bi/n (k)
is the geodesic ball centered at the point z¥.) We define F" (n) to be:

P = {1 rer.

IVfI? < €gu, for k=1, ...,p"},

where €, > 0 is the constant given in Theorem 2.1.43. We can see that:
FV =] F"(n).
neN

Now we prove that 7" (n) is finite. If not, then there exists a sequence {[f;]}ien C
FW(n),and [f;] # [f;] ifi # j. By Theorem 3.2.1, f; bubble converges to a harmonic
map f € FV up to subsequence. Because of the assumption:

/ IVfil? <€ VieNk=1,..p"
Bl/n(xﬁ)

By Theorem 2.1.43, this implies that the convergence is strong in W'? and f €
FW(n). Then it contradicts Lemma 1.3.9. O
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Chapter 6

Main Result

6.1 Unstable Lemma

The main focus of the section is lemma 6.1.1: proving the energy is concave for maps
that are sufficiently close to a finite collection of harmonic spheres in bubble tree
sense. We first consider the simplest example, for a given map v € WH2(S? M),
and X € C=(S? RY) with

2 E(u)(X, X) < 0.

By the form of second variation of energy (see (2.33)), clearly if € > 0 is sufficiently
small, then for any v € W2(S? M) with ||y — ul|yr2 < ¢, we have

S2E(v)(X, X) < 0.

Now we consider the general case, given a finite collection of harmonic spheres
{u;}iy with " Index(u;) = k > 0. Index assumption implies there are k corre-
spongding vector fields {X;}F_,, X; € C*(S? RY), positive constant ¢; > 0 for each
[, and the corresponding harmonic spheres v; € {u;}!", such that

52E(’Ul)(Xl,Xl) =—< 0.

Now the goal is to choose ¢ > 0 so that for any v € W2(5% M) with dg(v, {u;}7,) <

¢, we can construct {X;}f_,, X; € C(S% RY), then the variation v, = ITo (y+sX))
satisfies

d? 1
a5 oo /S Vaul? < 502 E(u) (X1, X)),

for each [.
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The proof of lemma 6.1.1 is long and detailed but the idea behind it is simple.
It can be roughly spoken as the following: if dg(v,{u;}!,) < € for some 7 €
Wh2(S2, M), since v; € {u;}", there exist ; C S* and D; € PSL(2,C), so that

’V"}f — V(’UZ o Dl)’2 < 62,

9
and
/ |V (v, 0 Dl)|2 < 62, (6.1)
S\
see definition (3.1.5). If € is sufficiently small the following term is small
pe
ds2 |0 o VLo (v, 0 Dy + sX; 0 Dy)|? _E . 0/ IVIIo (v + sX; 0 Dy)|?.

By choosing a suitable cutoff function 7, we can make the following term small

d? d?
el 0/ [VILo (v + s X; 0 Dy)|? )

/ ‘VHO(")/—i-SXlODl)P.
s=0 o

Let X; = X, 0D, and v, =1l o (7 + SXI), observe that

d2
F*E(u)(X,X) = dsleso |, [VIIo (v 0 Dy +sX o Dy)[?
P : (6.2)
+ - / |VIIo (v 0 D+ sX o D)2
ds? ls=0 S52\Q,

The first term of the right hand side of (6.2) is close to d f o2 |V7s]?, and the
second term is small because of (6.1). We have the desured 1nequahty
pe
ds?

/|v%|2< —62E(v)(Xy, X)).

s=0

We now state and prove the unstable lemma and specify how to choose € > 0 and
-

Lemma 6.1.1 (Unstable lemma): Let M be a closed manifold of dimension at least
three, isometrically embedded in RY. Given a collection of finitely many harmonic
spheres {w;}y with Y%  Index(u;) = k. There exist 1 > ¢y > 0 and € > 0, so
that if dp(vy, {ui}l,) < € for v € Wh2(S2% M), then we can construct vector fields
(X3, X, € C"X’(SQ,RN) for each [, define the variation v, of v as

")/+28le s = 81,...,Sk) € Bk,
and let E.(s) := E(vs), so that the following hold:
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1. E,(s) has a unique maximum at m., € B%, (0).

V10

2. The map v — m, is continuous.

3. Vs € B we have

1
——1Id < D*E,(s) < —cold, (6.3)
Co
and 1
Co
E,(my) — 2_Co|m7 - 5’2 < E,(s) < E(m,) — Eym'y — sl (6.4)

Proof. Index assumption implies there are k correspongding vector fields {X;}¥_,,
X; € C=(S?%,RY), positive constants ¢; > 0 for each [ = 1,...,k, and the corre-
sponding harmonic spheres v; € {u;}", such that

2 E(v)(X;, X)) = —; < 0. (6.5)

Let £ := ¢/C > 0, C is a constant which will be chosen later. By (2.33), there
exists 6(¢) > 0 depending on {M, X;} such that

02 E(v) (X1, Xi) — 02 E(y) (X, Xi)| <€, (6.6)

for all v with [o, Vv, — V> < 6(£). We define vy, := I o (v + sX;). There exists
p > 0 such that for all p € S? and o < p we have:

d2
e & / Vo2 <€, and / VX <€ (6.7)
ds*ls=0 /g, (p) By(p)
We choose J € N so that )
_ < 6.8

and define £; to be min { fBl/J(p) \Vvlﬂ p € 52}, i € N, note that e; is strictly
positive. We now choose € > 0 to be the constant satisfying the following inequality

max{e?, (3¢> + 2(n + 1)eE)} < min{e;/2,&,8(€)},
and consider v € W12(S? M) with dg(v, {u;}",) < €. Since v; € {u;}",, there is
Q; € S? and a conformal dilation D; : S? — S? such that

IVy — V(v o D)) < é, (6.9)

Qz

and
/ |V(UZ o Dl)|2 < 62. (610)
52\Q
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Moreover, we can choose Ql with €, C Ql so that
/ VY2 < 3¢ +2(n + 1)eE,
U\

here B = 3" E(u;). Assume that S? \ (D; o Q) and S?\ (D; o €) are geodesic
balls which center at some point p € S?, namely, S*\ (D;o Q) = B,(p) and
S%\ (D; o ) = B,«(p) for some 1 < k < 2. By equation 6.10 we know that

/ ’VU[’2<€J/2,
Br(p)

and it implies that » must be smaller than 1/.J.

Now we define the following piecewise smooth cutoff function, which was intro-
duced by Choi and Schoen [CS85], n : [0, 00) — [0, 1]:

0, for z <rk,

n(z) =< (k+1) = (logz)/(logr), for r¥ <z <r,
1, for = >,
so that
d 0, for z<rk
d—n(x) =< —1/xz(logr), for r* <z <,
* 0, for = >r,
and

T dn 2 2n(k — 1)
/0 /7:k (a(x)) xdxdd = “Tlogr

Since we have r < 1/J, (6.8) implies that

2m(k—1)

2 —1)¢.
logr < ﬁ(k )¢

Now we define n; = noy, : S* — [0, 1], where y; : S* — [0,00) and y;(q) = z for
q € OB,(p). m; is compactly supported in S?\ B,«(p) and has value 1 in 5%\ B,(p),
then

AJva<2ﬂk—mg (6.11)

Let Xl’ = (0 D)X, o Dy, and define v; s = Il o (v, + sX;), 75 := Lo (y + SXI’)
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Then we have:
2

/ |V’Uls| ‘
s=0

/ |VUZ’S 2
5=0 DlOQl

0 B(7)(X[, X]) — *E(u) (X, X))

‘_ ‘ds2 | sl - d52

s=0

2
5= 0/ Vsl = d52

d32
d2
+ ) / |V'Ul,s|2‘
ds®1s=0 Js2\ (D00,
d82 s=0 52\Q, s
(6.12)
Since le Vo, — V|2 < €2 < §(€), (6.6) implies that

d? ) )
a5 0</Qz [VYsl” = [V(vs 0 Dy )‘ <, (6.13)

Since S?\ (D; o ;) = B,(p) by the assumption, the choice of € implies that r < p
and equation 6.7 implies that

d2

/ |VU;7S 2
5=0 J52\(D;o0)

Now we consider the last term of equation 6.12, namely:

T
5=0 Jg2\

d2
ds?

by equation 2.33 we have:

d? ~ ~ ~
Sl 1wk [ RE ey [ (VR VAP
571s=0 Jsn\q 52\ 52\
<[ v
A\
- 1/2 /
vai([ vy ([ v
( U\ ) < Q\Q )
+ s @)1 [ VAP
peS? A\

(6.15)

here C is a constant which depends on M (since HesslI,(-,-) is bounded by the
second fundamental form of M [Sim96, Appendix 2.12] and VHesslI is bounded by
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curvature of M). Then

[owxe=[  vmxp
Q\Y By (p)\B, .k (p)

:/ |<V77[)Xl —+ UZVXZF
Br(p)\B,.x (p)

< / VX, |?
Br(p)\B,x (p)
5 2\ /2 2\ /2
+2sup ) ( [ vaar) " ( Vi)
pEeS? Br(p)\B, 1 (p) Br(p)\B,k (p)

-HWWMW/ Vil
B (p)\B,x(p)

peS?

<C2£7
(6.16)

for some constant Cy(M, X)), the last inequality follows from equation (6.11) and
(6.7). By (6.16) we can bound (6.15) by:

d2
ds?

Finally, combining the inequality (6.13), (6.14), and (6.17) we have that (6.12) is
bounded by

0/ |V’75|2‘ < O%¢ + C1/ O + C sup |Xl(p)|2€ < C%€. (617)
5=0 J52\q,

peS?

O’ EM) (X, X)) = 8 E(u0) (X1, X)) < €+ &+ Cs¢. (6.18)

Since £ = ¢;/C, we now pick C' to be a constant strictly larger than 5(C3 + 2), then
we have

2
—gcl < % s:OE’Y(S) < —%cl,
since j—; E.(s) is continuous with respect to ¢, there exists x;(M, X;, u;, €) > 0
such that
6 d? 4
<75 s:tEW(S) <@ for all ¢t € [—ry, k).

We can choose a constant a(k;) > 0, let~)~(l = a(k;)(n o D)) X; o Dy, and redefine
the variation of v to be v, := Il o (7 + sX;) so that
3 d?
2
J— J— < —_
n)5a< 33,

We finish the proof by choosing a constant 0 < ¢y < 1 such that ¢y < min;—; aQ(ml)%cl

1
E.(s) < —a2(/<l)§cl, for all t € [—-1,1].

77777
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Corollary 6.1.2: Let M be a closed manifold of dimension at least three, isometrically
embedded in RY. Given a collection of finitely many harmonic spheres {u;}", with
SoroIndex(u;) = k. Let 1 > ¢y > 0 and € > 0 be given as lemma 6.1.1. For a
map vy € W'2(S2, M) with dp (7, {u;}7-,) < €, let {X;}F_, be vector fields given as
lemma 6.1.1. For 0 € W2(S? M), we define

k
o, i=Mo(o+ > sX) fors=(s1,....s) € B,
=1

and let E,(s) := E(0s), m, be the maximum of E,(s). There exists J, > 0, such
that for o € W12(S5?%, M) satisfying

| 1vy=vof <5,

the following properties hold

1. E,(s) has a unique maximum at m, € B%, (0).
V10

2. The map o — m, is continuous.

3. Vs € B* we have

1
——1d < D*E,(s) < —cold, (6.19)
Co

and

1

szl = sl < Bo(s) < B(my) - Dy — s|?. (6.20)

Eq(mo) —

Proof. By lemma 6.1.1, Vs € B*, we have

1
—C—Id < D?E(s) < —cold. (6.21)
0

For each s € B¥, there exists §(s) > 0 so that for all 0 € W2(S? M) with

/ Vo — V’y!Q < 0(s),
SQ

we have

1
——1d < D*’E,(s) < —cold. (6.22)
Co

Let 0, := min,cgr (s)

Claim 6.1.3: 6, > 0.
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Proof of the claim. If not, there exists a sequence {si}ieN_suCh that lim; . 0(¢;) =
0. Since B* is compact, we have that lim,; ;.. s; = s € B, and d(s') > 0 implies
the desired contradiction. O]

Thus Vo € WH2(5?%, M) with

/32 Vo — V]? <4,

we have

1 _
——Id < D*E,(s) < —coyld, Vse B". (6.23)
Co

6.2 Deformation Theorem

Let M be a closed manifold with dimension at least three, isometrically embedded
in RY. Consider a map 3 € (2 representing a nontrivial class in 73(M), let W be the
width associated to the homotopy class Q3 (see definition 4.2.3, (4.4)), and given a
sequence of sweepouts 7, (+,t) € {23 which is minimizing, i.e.,

lim max E(v,(-,t)) = W.

Jj—roo t€(0,1]

Moreover, let K = < {[E}]}™, ..., {[k} k]}?gf} be a finite set of finite collection of

equivalent classes of harmonic spheres, so there exist a constant ¢, > 0 and j, € N
such that

dB(/yj("t% {ki}:ilo) > €k, Vt € [07 1]7
forall 3 > ji, [ =1, ..., Ng.

Theorem 6.2.1 (Deformation Theorem): As assumed above, given a collection of
finitely many harmonic spheres {u;}?_, with ) ,Index(u;) =k > land >, E(u;)
W. There exists a sequence of sweepouts {7;(-,?)}jen such that

1. fy}(-,t) is homotopic to ’yj(wt),

2. {7}(-;t)}jen is a minimizing sequence,
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3. there exists j;, € N such that
dp(i(-,t), {kl}My) > ex  for I =1,...,Ni,Vt € [0,1],
for all j > 7.
4. there exists €; > 0 and J € N such that
Ap((- 1), {uskig) > e VL€ [0.1],

for all 7 > J.

Proof. Assumption " Index(u;) = k implies there are k correspongding vector
fields {X/}F |, X] € C>=(S?,RY), such that 6*F(v,)(X], X]) < 0, for v; € {u;}",.
Let € > 0 be given as lemma 6.1.1. By proposition 3.3.5, there exists 0 > 0 such
that dp (v, {wi}?) <e, if

inf{ . |Vy — V(Zuz o ¢i>|2
=0

¢ € PSL(Q,(C)} <4
and

v (7, {witizo) <9,
for v € W12(S% M). We consider the following sets:

[j,5/2 = {t € [0, 1]

inf { /SQ |V, (-, t) — ZV(ui o Di)ﬂDi € PSL(2,C)} < 5/2},

and
oz = {8 € [0,1]]dvy (3500, fuibiy) < 8/2}.

Let Ujs/0 = 1j5 N I} 5. Proposition 3.3.5 implies that dg(v;(- 1), {ui}io) <€, for
all t € Ujs5/2. We define

Et< {Y}l 1 : / |V HO ’)/] —|—ZSZ s (Sl,...,8k> EBk.

For t,, € Ujs/2, by lemma 6.1.1, we can construct vector fields {X;(t,)}F,, and
the hessian of EJ™ (s, {X(tm)}/_,) with respect to s € B*, which we denote by
D2E! (s,{Xi(tm)}, satisfies

1 . _
——1Id < DIE (s, {Xi(tm) }2y) < —cold, Vs € B (6.24)

Co
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here ¢y is a constant given by lemma 6.1.1. By corollary 6.1.2 and the continuity of
v (-, t) in WhH2(S? M) with respect to ¢, we know there exists d(t,,) > 0 so that for
all t € (L, — 0(tm), tm + 6(tm)) N Ujs/2 we have

1 . _
——1d < D}E!(s, {Xi(tm)}1=y) < —cold, Vs € B*. (6.25)
Co

Let I'™ := (tp, — 0(tm), tm + 0(tm)) N Ujs2, since Ujs/o is compact we can cover
Ujs/2 by finitely many I*, say I™, ..., I"1. Moreover, after discarding some of the
intervals, we can arrange that each ¢ is in at least one closed interval I, each I'm
intersects at most two other I*’s, and the I**’s intersecting I*» do not intersect
each other. For each m = 1, ..., Ny, choose a smooth function &,,(t) : [0,1] — [0, 1]
which is supported in I, and

Ny
D () =1,Vt€[0,1].

We define X;(t) to be
Ny ~
Xi(t) = &ut)Xi(tm), te[0,1],l=1,. .k (6.26)
m=1

Consider E'(s, {X(t)}1,), if Xi(t) = Xi(t,,) for some t € Uj;s/s, then obviously
we have —1d < DIEi(s, {Xi(t)})) < —cold, Vs € ?k If Xi(t) = 04(t) X;(ta) +
8p(1) Xy (tp), since 6,(t) + p(t) = 1, we have for all s € B*

2
——1d < DIE}(s. {Xi()} 1)
0

= D2E!(s,{0a(t) Xi(ta) + 6(t) Xi(ts) })
< S2(t)D2EL(s, {Xi(ta) o)) + G5 () D2EL (s, {Xi(ty) }y)
g—%m.

(6.27)

The last inequality follows from 67 (¢)+0;(t) > 1/2 By (6.27), we can choose ¢ = ¢o/2
such that —17d < DZE!(s, {X(t)}_,) < —cId, Vs € B*. Now we define

k
Yislt) =100 () + D siXilt)), s = (s1,..,.50) € B,
=1

and let Ef(s) := E(v;4(-,t)), then we have

1. E%(s) has a unique maximum at m;(t) € B%(O).
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2. The map ~;(-,t) — m;(t) is continuous.

3. Vs € B¥ and Vt € Uj 5/5 we have
1 2 ot
_Eld < D*E;(s) < —cld, (6.28)

and

Bi(my(0) — o my(6) — s < Bils) < Bimy (1)) — Slmy(0) = s (6.29)

Recall V{[k!]}", € K we have: dp(v;(-,t), {ki}") > ¢ for [ =1,..., Ny, Vt € [0,1].
for all j > j,. Without loss of generality (by rescaling {X;(¢)}F_, and c), we can
assume that there exists j; € N such that

dp(7j.s(- 1), {K}M) > ¢ for I =1,...,N;, Vs € B vt € [0,1], (6.30)
for all j > j;.

Claim 6.2.2: For ¢ belongs to the closure of Uj /o \ Ujs;3, there exists a constant
e =e(8,{u;}" o, {X;}5,) > 0, so that for all j € N, s € B* satisfies

E(vs(1) < E(y;(-, 1) + ¢,
then
dp(7j,s(- 1), {ui }izg) > 2¢.

Proof. We argue by contradiction. Assume that there are sequences s, € B* and
t. € I satisfying

E(vjs (5 1) < E(y;(- ) + 1/1, (6.31)
and

dp (V.5 (1) {uiting) < 2/i.

Let s — s = (s1,...,5;) € B¥ and ¢, — t. Hence we have dg(v;(-, 1), {u;}l) = 0,
which implies that there are pairwise disjoint domains {Q;}7,, U ,Q; C S?, and
conformal dilations {D;}} such that 377" [e\, [V(u; 0 D;)|* = 0. For nontrivial
harmonic sphere u; : S* — M, |, s\Q; |V (u;0D;)|? = 0 is only possible when €; = S2.
That implies {u;}", only contains one harmonic sphere, say uy. The index assump-
tion Y . Index(u;) = k now becomes Index(ug) = k, and 0?E(ug)(X], X]) < 0
for { = 1,...,k. Moreover, the X;(¢t) we constructed in (6.26) is simply X,. By
vj.s(- 1) € CO(S%, M) N WH2(S?%, M), we have

uo(x) = (2, 1)
k

=Tlo (y(z,t) + Y s Xi(x)),

=1
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the equality holds for all z € S?. Moreover, because I is the nearest point projection
defined on a tubular neighborhood of M in RY, which implies the following

k
Z X[ (x) = uo(z) — vj(x,t) + v(z), v(x)e Ti)(z)M.

So we have

§2E(up)(Y,Y) < 0, (6.32)
if s # 0. (6.32) implies that

E(;(,1) = E(Ile (ug +Y)) < E(uo), (6.33)

with the equality holds if and only if s = 0. On the other hand, by assumption
(6.31)

E(uo) = E(v55(-,1)) < E(7;( 1)),

which forces s to be 0. Thus v;(-,t) = ug, which contradicts that ¢ belongs to the
closure of Uj 5,2 \ Uj5/3. O

Now we consider the one-parameter flow
{#5(--2) }o0 € Diff(B*)
¢§(7 ) . B* x [0,00) - Bka
generated by the vector field:
s —(1—|s]’)VE!(s), s € B*. (6.34)
Claim 6.2.3: For all k < i, there is 7; depending on {{ui}?zo, (X}, K, e} so that
for any t € U; 5/2, and v € B* with [v — m;(t)| > k we have:

C

E(¢}(v,T3)) < EL(0) - =

(6.35)

Proof. By m;(t) € B*. (0) and (6.29) we know that for ~;(,t), ¢ € U, 5/2, we have:

V10

sup Ej(s) = Ej(m;(t)) < E;(0) + ¢

tp 20" (6.36)
ES
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So, to prove (6.35), it suffices to show the existence of T} such that

o= mi(t)] = 5 — BN (v, Ty)) < sup Ei(s) - ¢
sc Bk 5

We argue by contradiction and assume that there exists a constant ;11 >k >0 a
sequence {t;}ien C Ujs/2, and {s;}en C B* with |s; —m;(t;)] > k such that
c
10
Combining (6.37) with (6.36) we have E;l(gbzl(sl, ) > E;l (my(t;)) — €. Since ¢5(-, -)
is an energy decreasing flow, we have

B (6! (s0,1)) = B}'(0) =

J

(6.37)

B}(6] (s1,2)) > E{/ (6! (s1,1) > E}f(my()) = 2, VO <w < 1.

Since both Uj 5o and B* are compact, we obtain subsequential limits ¢ € Ujs/2 and
s € B* with c
t t t
Ei(¢5(s, 7)) > |§)Tl<pl Ei(v) — = Vo > 0. (6.38)

Since 7, (+,t) — m;(t) is a continuous map, |s; —m;(;)| > & implies |s —m;(t)]
. Thus we have lim,_, |¢§(s, x)| = 1 and thus we deduce from the equation (6.38
that ‘

sup E(v) > sup Ej(v) — 2, (6.39)

[ul=1 o] <1 5
On the other hand, m;(t) € B%(O) implies [v — m;(t)| > 2/3 for all v € B* with

10

|v| = 1. Hence, by equation 6.29 we have

9\ 2
sup Ej(v) < sup Ej(v) — @ (—) < sup Ej(v) — @,
jol=1 jl<1 2\3 jol<1 5
which gives us the desired contradiction. O

We define a continuous homotopy:
Hj 2 U spa % [0,1] — By 5;(0),
so that
(0 = i (1) — ms(t)] > K, > 0.
H(t,0) = 0, and telUr;f;/Q |H(t,1) —my(t)] > k; >0

We are able to define H} due to the assumption ), Index(u;) = k > 2. So we can
choose a continuous path in Bf/Qj(O) away from the curve of m;(t), t € U; /2. By
claim 6.2.3, there exists T} for t € Uj 5/, such that:

E;j(¢5(Hj(t,1),Ty)) < E5(0) — .
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Let ¢; : [0,1] — [0,1] be a cutoff function which is supported in Uj s/, and has
value one in Uj /3, value zero in [0,1] \ Uj 5/2. Define:

H;(t,x) = Hj(t, c;(t)x),
and

We now set s;(t) = (s}(t),...,s5(t)) € B* to be

sj(t) - (bt‘(Hj(n 1)7 Cj(t)Tj% ift e Uj=5/2’

J

and

We define 7;(-, ) to be:

) = 1o (35,6 + 3 s 0X0).

=1
Since s; is homotopic to the zero map in B*, so 7;(+,t) is homotopic to v;(-, ).

Claim 6.2.4: {7}(-,)}jen is a minimizing sequence.

Proof. From the energy non-increasing property of {¢}(-,z)} € Diff(B*) we have
that for all ¢ € [0, 1]

E(v;(-,1)) = Ej(¢5(H;(t, 1), ¢;()T5)) < Ej(H; (¢, 1)). (6.40)
Moreover, from (2.32), we know that there exists a continuous function ¥ : [0, co) —
[0, 00) with W(0) = 0 such that

k

B30+ 0) = B 0)| < 0 (I siXillwas ).

=1

and Hj(t, 1) € B ,; implies that

E(y; (-, 1)) = Ej(&5(H;(t, 1), ¢;()T}))
< Ej(H;(t, 1))

. (6.41)
< By 0) + 9 (55 3 I Xillwrs).
I=1
By (6.41) and that +;(:, ) is homotopic to v;(,t) we have that
W < lim max E(y;(,1) = lim max E(y;(-,t) =W,
which finishes the proof O
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Claim 6.2.5: There exists j;, € N such that
dp(7i(-, 1), {Eym) > ¢ forl=1,.., N, Vt €[0,1],

for all j > j.

Proof. The claim follows from the assumption 6.30. O]
Claim 6.2.6: there exists €¢; > 0 and J € N such that

dp(7;(, 1) {uitig) > €5, VE€[0,1],
for all j > J.

Proof. There are three cases to consider.

Case 1: t € [0,1] \ Uj5/2

v;(-, 1) = (-, t) for all 4, so there exists ¢; > 0 such that dp(vj(-, 1), {ui}iy) > €
for all 7 € N.

Case 2: t € Uj 5/3

By claim 6.2.3 we have
E(v(-,t)) = Ej(¢4 (H)(t,1),T)))

By — &
< E3(0) 10
C
— E(~(- _ = ;
(5 0) =150 W EN,
SO c c
]lggotergaigE(%( t))<]lggotrg[g>f]E(%( ) =1=" 15

It implies that there exists e; > 0 so dp(V;(:,t), {ui}jzg) > €2, or else by lemma
3.3.3 limy oo maxep, , , E(7j( 1) = > OE(uz) =W.

Case 3:t € Ujs2 \ Ujs/3

By (6.41) we have
BG,0) £ Bos(,0) + 9 (55 Z X2,
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for a continuous function ¥ : [0,00) — [0,00) with ¥(0) = 0. and claim 6.2.2
implies that there exists e3 > 0 so dp(7;(+, 1), {ui}i=) > €3 for j sufficiently large.
Let €; = min{ey, €2, €3}, so we have

dB('Yj('?t)v {uz}?:()) > €7, Vt € [07 1]’

for j sufficiently large. O]

We have proved theorem 6.2.1. O

Theorem 1.3.2

Let (M, g) be a closed Riemannian manifold of dimension at least three, g generic
and a nontrivial homotopy group ms(M), let W be the width associated to the homo-
topy class Qg (see definition 4.2.3, (4.4)). Then there exists a collection of finitely
many harmonic spheres {u;}™,, u; : S* — M, which satisfies the following proper-
ties:

2. % " Index(u;) < 1.

Proof. Denote by U the collections of equivalent classes of harmonic spheres {[w;]},
with "  Index(u;) > 1 and )", E(u;) = W. By corollary 5.2.5, U is countable

and thus we can write U = {{[u}] Mo {23, } with Y7 E(ul) = W and
ot Index(ul) > 1 for each [ € N.

Given a minimizing sequence {;(-, )} en, we consider the collection of harmonic
spheres: {[u;]}iy, and by Theorem 6.2.1 there exists {7;(-,t)}jen so that

1. %1.(-71&) is homotopic to v;(+, 1),

2. {7} (-,t)}jen is a minimizing sequence,
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3. there exists ¢; > 0 and 7; € N such that
dB(F)/Jl(at% {Ull ?:10) > €1, Vi € [07 1]7

for all j > 4.

We can apply Theorem 6.2.1 again at the minimizing sequence {’y}(-, t)}jen, with

{[u?]}2, the given collection of harmonic spheres, and set the compact set of har-
monic spheres K to be K' := {{[u}]?2}}, and obtain {+7(-, )} en so that

1. 47(-,t) is homotopic to v;(-, 1),
2. {77(-,1)}jen is a minimizing sequence,
3. there exist €1, €5 > 0 and 71,75 € N such that
dp(v; () {u}ite) > @, J >, Yt €[0,1],
=12

Proceeding inductively we can find {7]"} en such that

L. (-, 1) is homotopic to 7;(-, 1),
2. {7j"(-;t)}jen is a minimizing sequence,
3. there exist ¢ > 0 and ¢y € N, [ = 1, ..., m, such that

dB(’yjl(ﬂf)?{'u’i 110) > €, ] > i, Vit € [07 1]

We can choose an increasing sequence p,, > i,, such that

1
E™ () < W + —.
max (Vo (551)) < +

The sequence {7, (-,t)}men is a minimizing sequence, thus by Theorem 4.2.12,
there exists a sequence {t,, }men C [0, 1] and a collection of finitely many harmonic
spheres {v;};%, with > " ) E(v;) = W, such that {7]" (-, tm) }men bubble converges
to up to subsequence. i.e.,

dB(’yg:n(-,tm), {vi}"y) = 0, m — oc.

Since 7, (-, t) is away from U as m — oo so we have ) " Index(v;) < 1, this is
what we wanted to prove. O
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Proposition 1.3.5

Let (M, g) be a closed Riemannian manifold of dimension at least three, g generic
and a nontrivial homotopy group m3(M). Let {;(-,t)};en be a sequence of sweepouts
which induces a non-trivial class in w3(M). If for each {u;}—y € A({v;(-,t)}jen),
{u;}- contains only one harmonic sphere. Then there {v;(-,t)}jen has Morse
index one.

Proof. We argue by contradiction, if not, there exists a harmonic sphere u : S* — M
such that v € A({;(-,t)};en), and is stable (see definition 2.1.22).

Let €(u) > 0 be given by Lemma 1.3.9, and let ¢; > 0 be the constant such that
if
|Vf — VU|2 < €1,
S2

for amap f € W12(S? M), then the nearest point projection map on u with respect
to X (x) := f(z) — u(x) is well-defined in the sense that

E(f)=E(lo (u+ X)).

We define € to be the minimum of {e;, €(u)/10}. By Theorem 4.2.9, there exists
0 > 0 such that if
Avea(y; () > W =3,

then

dp(7; (- 8), {uitizg) < €/2,
for a collection of finitely many harmonic maps. By the assumption {u;}?_, contains
only one harmonic sphere, say us : S* — M, then dg(v;(-, s), us) < €/2 implies that

/52 |Vv,(x,s) — Vus(z)|? < €/2.

We consider the following set:
Lis = {t € [0,1]|E(y;(-,t)) > W —4}.

Since u € A({v;(-,t)};en). There exists t; € I;5 such that

|V (z,t;) — Vu(z)]? < e
S2
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Claim 6.2.7: Let I_j,é be the connected component of I; s which contains ¢;. For all
t € 1,5, there exists ¢(t) € PSL(2,C) such that

IVt = V(o s(o)F <«

Proof. Let §(t) > 0 be the constant such that
[ 19w0) = VP <o Vs € (- b0+ 5(0),
S2

We can choose this 6(¢) > 0 since (-, t) is continuous strongly in W'2(S2, M) with
respect to t. We know that for s € (t; — 0(¢;),t; + 0(¢;)) we have

SQ

+ (/52 Vi (z, ) — V;(z, t5)]%)

([ IVada) = Dyt )

<3Ve < ve(u)

(/S2\vus(a:)—vu(x)\2)1/2 <(/ Vug(z) — Vv (z, 5)[2)

1/2

By Lemma 1.3.9 we know that [u] = [uy]. Since [, is compact, Utefj(g(t -

6(t),t 4 6(t)) forms a finite subcovering of I;5. We can do the previous argument
finitely many times and get [u,] = [u], Vs € I;;.

Let s be an end point of 4, i.e. s € 0I;5. We know that E(v;(-,s)) = W — 6,
and

/ IV;(z, 5) — Vus(z)? < e,
S2

for a harmonic sphere u, : S* — M such that [u,] = [u]. Since u is strictly stable
s0 is us. By the choice of € > 0 we know that

B(y(-,8)) = B(ILo (s + (35 8) — w,))) > Elu,) = W.

This is the desired contradiction. O
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