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Abstract

Epidemiological modellers face significant challenges during outbreaks of novel pathogens, particularly the
need for rapid and precise modelling with limited and delayed data. The COVID-19 pandemic revealed
the insufficiency of current methods in addressing these challenges and highlighted the need for more
innovative approaches to infectious disease modelling. Motivated by these issues, this thesis aims to aid
epidemiologists in building more robust models by developing novel Bayesian methods that enhance the

accuracy and reliability of epidemiological models, especially for emerging pathogens such as SARS-CoV-2.

Specific contributions of this thesis are as follows: Chapter 2 introduces a new method for estimating
marginal likelihoods using thermodynamic integration, facilitating model selection through Bayes fac-
tors. Applied to COVID-19 data, this approach reveals the pitfalls of model selection and emphasises
the importance of rigorous methods. In Chapter 3, a range of probability density functions is fitted to
hospitalisation distributions for COVID-19 patients in Brazil, providing crucial inputs for epidemic mod-
els. Spatial heterogeneity in hospitalisation times is explored, offering insights into regional variations in
disease dynamics. Chapter 4 shifts focus to data quality, investigating reporting delays in COVID-19 mor-
tality data for Brazil. A novel method using Gaussian Processes is proposed to correct reporting delays,
enabling real-time monitoring of epidemiological trends with greater accuracy. Building on these method-
ological advancements, Chapter 5 explores the impact of regularisation in a renewal-equation-based R
model, demonstrating the importance of informative priors in accurately estimating importations during

emerging epidemics.

The methods proposed here aim to assist infectious disease modellers in rapidly responding to emerging
threats using Bayesian statistical tools. Overall, this work combines traditional epidemiological approaches
with modern statistical and machine learning methods to address the challenges faced during the COVID-

19 pandemic, providing a framework for improving infectious disease modelling in future outbreaks.



Contents

(1 Introductionl 1
[I.1 COVID-19 pandemic| . . . . . . ... ... o 1
[1.1.1 ~ Epidemiology of COVID-19| . . . . . ... ... ... .. ... ............ 2
[1.1.2  Modelling of COVID-19| . . . . . . . . . . . . 3

|L.2  Basic epidemiological quantities|. . . . . . . .. ... 6
[1.3  Bayesian modelling| . . . . .. .. ... oo oo 8
[1.3.1 Bayesian inference| . . . . . . . .. ... 8
[L.3.2  Markov Chain Monte Carlo| . . . . . . ... . ... ... ... . ... .. ... 9
[1.3.3  Model diagnostics| . . . . . ... Lo 10
[1.3.4  Probabilistic Programming Languages| . . . . . . .. . .. ... ... ... ..... 11
[1.3.5  Kullback-Leibler divergence| . . . . . . . . ... ... oo o 11

[1.4 Model selection| . . . . . . ... 12
[1.4.1 Information Criterial . . . . . . . . . . . . . . .. 12
[1.4.2  Marginal Likelihood and Bayes factors| . . . . . .. ... ... ... ... ...... 13

[1.5  Statistical models used in infectious disease modelling| . . . . ... ... ... ... ... 14

il



[1.5.2  Autoregressive Model| . . . . . ... oL 15
[1.5.3 _Gaussian Processes| . . . . . . . . ... Lo 16

[1.6 Renewal Equation| . . . . . . . . . . .. ... 18
[L.L7 Thesis alms| . . . . . . . . o oo e 18
|2 Application of referenced thermodynamic integration to Bayesian model selection)| 21
21 Introductionl. . . ... ... ... 22
[2.1.1 Thermodynamic Integration|. . . . . . . . . . . . .. ... 23
2.1.2  Our contributions|. . . . . . . . ... 25
.............................................. 26
2.2.1 eferenced TI|. . . . . . . . . 27

[2.2.2  Taylor Expansion at the Mode Laplace Reference| . . . . . . . ... ... ... ... 28
[2.2.3 Sampled Covariance Laplace Reference|. . . . . . . . . ... ... ... ... .... 29
[2.2.4  Reference Support| . . . . . . ... 30
[2.2.5  'Technical Implementation| . . . . . . ... ... ... ... 00000000 31

[2.3 Applications|. . . . . . . .. 31
[2.3.1 1D Pedagogical Example | . . . . . . .. ... .. 32
[2.3.2 2D Pedagogical Example with Constrained Parameters|. . . . . . ... . ... ... 34
2.3.3  Benchmarks—Radiata Pine |. . . . . . . . . . . 35
[2.3.4  Model Selection for the COVID-19 Epidemic in South Korea | . . . . . . .. . ... 37

24 Discussion | . . . . . .. 44

il



|3 Inference of COVID-19 epidemiological distributions from Brazilian hospital datal 49

3.1 Introduction | . . . . . . . .. 50
3.1 Qur contributions|. . . . . . .. Lo 51
ethods | . . . . . . 51

3.2.1  Datal. . . . . o o1

[3.2.2  Model fitting| . . . . . . ... 55

3.3 Results|. . . . . . o 57
[3.3.1  Brazilian epidemiological distributions| . . . . . . ... ... . 0000000 57
[3.3.2  Subnational Brazilian epidemiological distributions| . . . . . . . ... ... ... .. 61
[3.3.3  Sensitivity analyses|. . . . . .. ... 68

3.4 Discussion|. . . . . . oL 69
3.5 Conclusions| . . . . . . . 73
[4  Gaussian Process Nowcasting: Application to COVID-19 Mortality Reporting| 74
4.1 Introduction|. . . . . . . . L 75
K11 Related Methodsl . . . . . .. ... . o 76
[4.1.2  Our contributionsl. . . . . . . . . . . 76

[4.2  Gaussian Process nowcasting| . . . . . . . ... ... oL Lo 78
[4.2.1 Nowcasting| . . . . . . . . . . 79

M.2.2 Latent GPl. . . . . . . . . . 82

iv



4.4 Results|. . . . . .

{.4.1 Retrospective testing| . . . . . . . . ... ..o

4.4.2 Comparing against human experts| . . . . . . . ... .. ... ... ... ... ...

[.4.3  Sensitivity analysis|. . . . . ... o

14.5  Discussion| . . . . . . . . e

|5 Identifying importations in a renewal equation epidemic model|

5.1 Introduction|. . . . . . . . .. e

[5.2.2  Simulating the data] . . . . . ... . .. ... ...

[5.2.3  Model fitting| . . . . . . ..

...............................................

[5.3.1 Scenario 1: double spike| . . . . . . . ... ...

[5.3.2  Scenario 2: seasonal importations|. . . . . .. ...

5.4 Discussion|. . . . . . . .




129
. umimary o NAINEZS| . . . v v v v 0 e e e e e e e e e e e e e e e e e e e e e e e e e e e e

61 S v of indings| 129

B2 Overall COMCIISIONS] « - . « « « « o o e e e e e 135

|A Appendix: Gaussian Process Nowcasting: Application to COVID-19 Mortality Re- |

163
[A.1 Retrospective testing| . . . . . . . . . . . .. 163
[A.2 Model diagnostics|. . . . . . . .. 168
[A.3 Sensitivity analysis| . . . . . . ... oo o 171

vi



List of Figures

(L1 __COVID-19 cases worldwide| . . . . . . . . . . .. .. ... 2
[1.2 " Illustration of generation time and serial interval| . . . . . .. .. ... ... 000 8
|1.3 Examples of the prior draws from GPs with selected kernels| . . . . . ... ... ... ... 17
[2.1 Exampleof Apaths|. . . . ... ... oo 24
[2.2 " Tllustration of steps from the 1D pedagogical example| . . . . . . ... .. ... ... ... 33
[2.3  Contour plots of un-normalised densities| . . . . . .. ... ... o000 34
2.4 'The HMC-evaluated expectations for different methods|. . . . . . . . . . ... .. ... .. 36
[2.5  Log-evidence of M; and My for the three algorithms| . . . . . .. ... .. ... ... ... 37
|2.6 Logarithms of Bayes factors for the analysed COVID-19 renewal models| . . . . . . . . .. 42
2.7 Posterior distributions for models’ parameters for models favoured by BFs| . . . . . . . .. 43
[2.8 True and predicted cases of SARS-CoV-2 infections in South Korea| . . . . . . .. ... .. 44
[3.1 _Distribution of onset-to-death for selected states of Brazil| . . . . . . ... ... ... ... 52
|3.2  Demography of COVID-19 patients in Brazil|. . . . . ... ... ... ... .. ...... 53
3.3 Histograms of hospitalisation distributions and fitted PDFs| . . . . . .. ... ... .. .. 58
|3.4 Estimates of mean times for hospitalisation distributions for each state of Brazil|. . . . . . 63

vii



[3.6  Posterior distribution of mean times for selected hospitalisation distributions If. . . . . . . 66
|3.7  Posterior distribution of mean times for selected hospitalisation distributions IIf . . . . . . 67
|3.8  Estimated mean per distribution in different scenarios| . . . . . . .. ... ... ... ... 68
[3.9 Change in active infections|. . . . . . . . . . ... L 70

[4.1 Daily COVID-19 deaths in Brazil and R; estimates using ground truth and nowcasted data| 77

[4.2  Daily COVID-19 deaths in Brazil by a data release and constructed reporting triangle| . . 80
[4.3  The change in the distribution of delays for Manaus| . . . . . .. ... ... ... ..... 81
|4.4  Example of weekly reporting delay with negative signal for Amazonas| . . . . .. ... .. 86
|4.5 Comparison of reported and nowcasted numbers of deaths generated by two models I|. . . 88
|4.6 Comparison of reported and nowcasted numbers of deaths generated by two models IT| . . 89
|4.7  Distribution of reporting delays for each of the retrospective tests| . . . . . . . . . ... .. 90
|4.8  Retrospective testing for the whole of Brazil using the 2D additive GP model| . . . . . .. 91
[4.9 RMSE and CRPS for tested nowcasting methods| . . . . . ... ... ... ... ...... 91
[4.10 Human experts and 1D SE4SE data-split GP model estimates] . . . ... ... ... ... 92
|[4.11 Human experts’ estimates of the true number of deaths|. . . . . . ... ... ... ... .. 92

[4.13 Model fits with different overdispersion r prior density for the 1D SE+SE data-split GP |

model. | . ., 94

14.14 Posterior distribution of the overdispersion r parameter depending on the chosen prior |

density for 1D SE+SE data-split GP model. | . . . . ... ... ... ... ... . ... .. 94

viii



|4.15 Kullback-Leibler divergence between the R; value estimated using raw data and nowcasted |

14.16 Nowcasted and reported deaths due to COVID-19 death for Brazil generated with the 2D |

additive GP modell . . . . ... oo 96

[4.17 Nowcasts made by the 1D SE-+SE data-split GP model for selected states of Brazil| . . . . 97
[0.1 Example of Relaxed Bernoulli sampled values| . . . .. ... ... .. ........ ... 105
[5.2 Simulation scenario I model fits|. . . . . . . . .. ... 108
[5.3 Simulation scenario l: errors| . . . . . . ... ..o 109
[5.4 Simulation scenario I: parameters posterior distributions| . . . . . . ... ... 110
[5.5  Simulation scenario IT: model fits| . . . . . . . . . . ... 112
[5.6 Simulation scenario Il: errors| . . . . . . ... o oo 113
[5.7  Simulation scenario II: parameters posterior distributions| . . . ... ... ... ... ... 114
. imulation scenario III: model fits|. . . . . . . . . ... . ... .. o 116
[5.9 Simulation scenario IIl: errors| . . . . . . . . . ... 117
[.10 Simulation scenario III: parameters posterior distributions| . . . . . . ... ... ... ... 118
[5.11 Simulation scenario IV: simulated seasonal importations data . . . . .. . ... ... ... 121
[5.12 Simulation scenario IV: model fits|. . . . . . . . ... ... o o oL 122
[5.13 Simulation scenario IV: errors| . . . . . . ... oL Lo 123
[5.14 Simulation scenario IV: model fits|. . . . . . . .. ... oo oo 124
[5.15 Simulation scenario IV: errors| . . . . . . . . ... 125
|A.1 Nowcasted and reported deaths due to COVID-19 death for Rio de Janeiro] . . . . .. .. 164

ix



|A.2 Retrospective tests for the 1D SE GP nowcasting model| . . . . . ... ... ... ..... 164

|A.3  Retrospective tests for the 1D SE+SE GP model. | . . . . . ... ... ... ... 165
[A.4 Retrospective tests for the 1D SE+Mat(1/2) GP model. |. . . .. ... .. .. ... .... 165
[A.5 Retrospective tests for the 1D SE+Mat(3/2) GP model. |. . . .. .. ... ... ... ... 166
|A.6 Retrospective tests for the 1D SE+SE data-split GP model. | . . . . ... ... ... ... 166
|A.7 Retrospective tests for the 2D additive kernel GP model. | . . . . ... ... ... ... .. 167
|A.8 Retrospective tests for the NobBS model. | . . . . . . . ... ... ... ... .. ...... 167
[A.9  Traceplots for the 1D SE+SE data-split GP model. | . . . . ... ... ... ... ... .. 169
|A.10 Traceplots for the 2D additive GP model. |. . . . ... ... ... ... ... ........ 170
|A.11 Sensitivity analysis I| . . . . . . . . . .. 171
[A.12 Sensitivity analysis IIf. . . . . . . . ... oo oo 171
|A.13 Sensitivity analysis III) . . . . . ... .. oo oo 172
[A.14 Sensitivity analysis IV| . . . . . . .. ... 172




List of Tables

[1.1 Bayes factors interpretations|. . . . . . . . ... 14
[2.1 Evidence calculated with different method| . . . . . . . . ... ..o oL 35
|2.2  Comparison of Bayes factors for radiata pine models| . . . . . ... ... ... .. 38
|2.3  Log-evidence estimated by Laplace and referenced TI approximationsf. . . . . . ... . .. 41
3.1 Summary of the distribution data extracted from SIVEP-Gripe databasel. . . . . . . . .. 53
[3.2  Number of data points per state for each of the hospitalisation distributions| . . . . . . . . 54
|3.3  Probability density functions| . . . . . ... .. oo o oo 55
3.4 PDEFs with analytical formulae for mean and variancef. . . . . . . . ... ... ... ... 55
[3.5  Bayes factors for the analysed distributions and model| . . . . . . .. ... ... ... ... o7
|3.6  Preferred PDFs for hospitalisation distributions| . . . . . . . .. ... ... ... .. 59
13.7  Epidemiological distributions for COVID-19 for Brazil, China, France and US| . . . . . . . 60
[3.8  Brazilian States and Regions | . . . . . . . . ... 61
[3.9  State-level onset-to-death estimates for gamma PDF| . . . . . ... ... ..o 0000 65

71

72

Xi



[T

Priors for the analysed models|. . . . . .. ... ... ... ... .. ... 87

|5.1 Ranges of R diagnostics for the different models parameters in considered scenarios.| . . . 119
|[A.1 Diagnostics for the 1D SE+SE data-split GP model. |. . . . . .. ... ... ... ..... 168
|A.2  Diagnostics for the 2D additive GP model. | . . . . .. ... o000 168

xii



Acknowledgements

None of this work would have been possible without the constant support of my supervisors. Thanks to
Sam for always being a source of guidance, having answers to my questions, and offering fresh ideas to try
out. And thanks to Tom, who wasn’t just my supervisor but also a friend. Thank you for always believing
in my abilities more than I did, making me feel confident and comfortable to ask questions, and involving

me in numerous interesting opportunities outside the scope of my PhD.

I also want to express my gratitude to other senior members of the group, whose inputs were fundamental
in shaping my projects: Swapnil, Seth, and Oliver. Thank you for your patience, invaluable contributions,

and insightful feedback.

Special thanks to the people I worked with on the various Brazil modelling projects during the pandemic,
especially Tom, Henrique, Ricardo, and Charlie. Your dedication, friendliness, and teamwork made even
the most stressful and busy times manageable and the work smoother. Your support and collaboration

were truly invaluable.

I would have gotten nowhere without the help and support from my academic mentors: Liza, Ettie,
and Xenia. Thank you for advising me on how to navigate the complexities of academic life, and more

importantly, for becoming my good friends.

It was a pleasure to be part of the Machine Learning and Global Health group — even before it officially
became that. Thanks to all the members for building a friendly, approachable, and insanely knowledgeable
community of researchers and for always making me feel welcome at our many offices, in London, Oxford,

Bristol, Copenhagen, and Singapore.

Thanks to my MRes/PhD cohort: Tori, Olivia, Sam, Lanre, and Jack. I couldn’t have picked a better

xiii



group of peeps to share the joys and pains of doing a PhD. Thank you to Nora and Nora for being my

sports, arts, and spritz companions.

The support and encouragement of my friends from back home meant the world to me throughout this
journey. Massive thanks to Szczury: Kasia, Malwina, Pola, and Hania, and Ziemniaczki: Marta, Aga,
Iska, and Michal. You’ve all been there for me for more than half of my life, for better and for worse.

Dziekuje! I love you all.

Thanks to Zdenék for helping me unwind, relax, and have fun during the last year of my PhD. Dékuji!

Needless to say, I would have never been able to get this far without the support of my family. Thank you

for encouraging me to reach for the stars.

Finally, I'd like to thank the countless individuals who contribute to the development and maintenance
of freely available software and libraries, especially Stan and Numpyro, which have been indispensable to
my research journey. Their commitment and active engagement on forums are invaluable to the scientific

community and deserve more recognition and appreciation.

Xiv



Copyright Declaration

The copyright of this thesis rests with the author. Unless otherwise indicated, its contents are licensed
under a Creative Commons Attribution-Non Commercial 4.0 International Licence (CC BY-NC). Under
this licence, you may copy and redistribute the material in any medium or format. You may also create
and distribute modified versions of the work. This is on the condition that: you credit the author and do
not use it, or any derivative works, for a commercial purpose. When reusing or sharing this work, ensure
you make the licence terms clear to others by naming the licence and linking to the licence text. Where a
work has been adapted, you should indicate that the work has been changed and describe those changes.
Please seek permission from the copyright holder for uses of this work that are not included in this licence

or permitted under UK Copyright Law.

Xv



Statement of originality

I declare that all the work presented in this thesis is my own, and any contributions from others are duly

acknowledged through references or description provided below.

Chapter 2 has been published as Hawryluk, I., Mishra, S., Flaxman, S., Bhatt, S., Mellan, T.A. (2023)
"Application of referenced thermodynamic integration to Bayesian model selection." PLOS ONE, 18(8):
e0289889. |https://doi.org/10.1371/journal.pone.0289889) The code accompanying the paper is
available at https://github.com/mrc-ide/referenced-TI, Part of this work has been done by myself
and my co-authors during my MRes degree at Imperial College London in 2020. This work was then
continued during my PhD, including substantial changes in the writing and carrying out additional analyses

and writing and publishing the paper.

Chapter 3 has been published as Hawryluk, I., Mellan, T.A., Hoeltgebaum, H., Mishra, S., Schnekenberg,
R.P., Whittaker, C., Zhu, H., Gandy, A., Donnelly, C.A., Flaxman, S., and Bhatt, S (2020) "Inference
of COVID-19 epidemiological distributions from Brazilian hospital data", Journal of The Royal Society
Interface. Royal Society, 17(172). https://doi.org/10.1098/rsif.2020.0596. The code accompanying
the paper is available at https://github.com/mrc-ide/Brazil_COVID19_distributions, Dr Thomas
A. Mellan carried out the calculation of R; for the nation-wide and state-specific hospitalisation densities
estimates, and is appropriately acknowledged in the chapter where the figure he generated is shown. Dr
Henrique Helfer Hoeltgebaum, Dr Ricardo P. Schnekenberg and Dr Thomas A. Mellan have provided the

code for extracting and processing the data from the Brazilian hospitalisations database.

Chapter 4 has been published as Hawryluk, I., Hoeltgebaum, H., Mishra, S., Miscouridou, X., Schneken-
berg, R.P., Whittaker, C., Vollmer, M., Flaxman, S., Bhatt, S., Mellan, T.A. (2021) "Gaussian process

nowcasting: application to COVID-19 mortality reporting." Proceedings of the Thirty-Seventh Confer-

Xvi



ence on Uncertainty in Artificial Intelligence in Proceedings of Machine Learning Research, 161, 1258-
1268. https://proceedings.mlr.press/v161/hawryluk2la.html. The code accompanying the paper
is available at https://github.com/ihawryluk/GP_nowcasting. Dr Thomas A. Mellan carried out the
calculation of R; for the pre-nowcasted and nowcasted data and is appropriately acknowledged in the

chapter where the figures he generated are shown.

The code accompanying Chapter 5 is available at https://github.com/ihawryluk/importations

Xvii



Chapter 1

Introduction

1.1 COVID-19 pandemic

In December 2019 in Wuhan, Hubei Province in China, the health facilities reported several clusters of
patients with pneumonia of unknown origin |Zhu et al.| 2020|. The cases were linked to a local seafood
and wet animal market. Upon the epidemiological investigation of the Chinese Centre for Disease Control,
the sequenced samples from the patients revealed an infection with a novel coronavirus, named 2019
novel coronavirus or 2019-nCoV |Li et al., 2020bl [Zhu et al.l [2020]. The new pathogen spread quickly
across Wuhan and then to other parts of China. Despite introduction of the travel restrictions in China,
quarantines and lockdowns, the virus eventually spread worldwide, facilitated by international travel.
The World Health Organisation (WHO) declared it a Public Health Emergency of International Concern
on 30" January 2020. On the 11* Feb, the WHO officially named the disease caused by the novel
virus COVID-19 [WHO) |2019|. On the same day, the International Committee on Taxonomy of Viruses,
responsible for developing the classification of viruses and taxon nomenclature, announced a new name for
the virus — severe acute respiratory syndrome coronavirus 2 (SARS-CoV-2), due to its genetic similarity
to the coronavirus responsible for the 2003 SARS outbreak |Gorbalenya et al.}|2020|. Finally, the WHO

announced a global COVID-19 pandemic on 11" March 2020.

The rapid spread of SARS-CoV-2 prompted governments worldwide to implement various public health
measures, including lockdowns, social distancing, mask mandates, and widespread testing, in an effort

to slow transmission and reduce the burden on healthcare systems. Scientists worldwide also joined



forces trying to contribute to stopping the evolving pandemic and saving lives: from the development of
treatment and vaccines, through analyses of the virus to understand its biology, testing the efficacy of
different types of protective equipment, to modelling the spread of the virus given different hypothetical

scenarios including introductions of non-pharmaceutical interventions.

The overarching topic of this thesis is the latter — proposing new statistical methods which can aid the
epidemiological modeller in characterising the severity and spread of an emerging pathogen with case

studies from the COVID-19 pandemic.

: Our World
Daily new confirmed COVID-19 cases
7-day rolling average. Due to limited testing, the number of confirmed cases is lower than the true number of
infections.
Europe North America
8M 4M
6M 3M
am 2M
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Figure 1.1: COVID-19 cases in Europe, North America, South America, Africa, Asia and worldwide.
Figure obtained from https://ourworldindata.org/covid-cases on 30-01-2024.

1.1.1 Epidemiology of COVID-19

SARS-CoV-2 is a coronavirus ( Coronaviridae family) |Gorbalenya et al.|2020]. Coronaviruses are common

animal and human pathogens, typically causing upper or lower respiratory tract infections, depending on
the virus type. Three zoonotic coronaviruses have spilt over from animal reservoirs in the last two decades:

severe acute respiratory syndrome virus (SARS-CoV), Middle-East respiratory syndrome virus (MERS-



CoV) and SARS-CoV-2. All three of those infect mainly the lower respiratory tract and can lead to fatal

acute respiratory distress syndrome |Gorbalenya et al., 2020/ [Lamers and Haagmans| [2022].

SARS-CoV-2 shares 79% sequence similarity with SARS-CoV across the entire genome. The symptoms
of severe COVID-19, the disease caused by the SARS-CoV-2 virus, are similar to those of the SARS-CoV
infection. Despite the phylogenetic similarity, SARS-CoV is more virulent, but its outbreak in 2003 was
halted much quicker with public health interventions than the SARS-CoV-2 outbreak. This is likely due
to easier identifiability of cases (majority presented symptoms) and the fact that SARS-CoV-2 is thought

to replicate much quicker in the initial phases of the infection |Lamers and Haagmans| 2022|.

The main transmission routes for SARS-CoV-2 are respiratory droplets and aerosols. The mean incu-
bation period lasts about 3-5 days |Galmiche et al., [2023) [Wu et al.| |2022]. The lighter infection can
be asymptomatic or cause common cold-like symptoms, such as cough, sore throat, congestion, fever,
headache, fatigue, and diarrhoea. In severe cases, shortness of breath appears, followed by a progressive
respiratory failure |[Guan et al.||2020, Lamers and Haagmans| 2022|. The common risk factors for severe
COVID-19 include older age, male sex and obesity, whereas the most common co-morbidities are heart
failure, cardiac arrhythmia, diabetes, kidney failure, chronic pulmonary disease, and hypertension |Lamers

and Haagmans| 2022

1.1.2 Modelling of COVID-19

Mathematical modelling plays a pivotal role in epidemiology, offering invaluable insights into the trans-
mission dynamics and potential impacts of infectious diseases’ spread. Modelling is extensively utilised
for endemic diseases, in order to control their prevalence, estimate the effects of treatment roll-outs, and
infer the relations between the pathogen circulation and other factors, like climate or urbanisation. Dur-
ing the outbreaks, the modelling is an indispensable tool for understanding transmission routes, assessing
intervention strategies, and predicting disease spread. It is also essential for informing timely and effective

public health responses.

Mathematical modelling of the spread of COVID-19 at the beginning of the pandemic was extremely im-
portant to the policymakers deciding on restrictions aiming to curb the spread of the virus and protect the

most vulnerable populations. During the early stages of the COVID-19 pandemic, numerous mathemat-



ical models emerged to grasp the complexities of the novel coronavirus’s spread. These early modelling

endeavours aimed to unravel the intricate transmission dynamics, assess potential outcomes, and guide

public health interventions |Ferguson et al.,|2020, |Wu et al.| 2020b|. Key parameters were meticulously

examined, including the basic and effective reproduction numbers Ry and R; (the basic epidemiological

parameters are explained later in Section 2020b), serial interval [Wu et al.| [2020b| or infection

fatality rate |Verity et al.| 2020].

These estimated parameters played a foundational role in constructing models that simulated various
possible scenarios of the disease dynamics under an unmitigated epidemic or through introducing non-

pharmaceutical interventions such as isolating infected individuals and their contacts, social distancing,

schools and businesses closure, shielding vulnerable people or tiered lockdowns [Davies et al.)|2020b, 2021b)

\Ferguson et al.| 2020| [Flaxman et al.| 2020| [Hellewell et al., 2020} Kucharski et al.|2020|. These simulated

scenarios were aimed to help policymakers and health authorities formulate strategies to mitigate the

impact of the pandemic.

Main challenges

Unlike the endemic disease with established patterns, during the outbreaks and with the emergence of
novel pathogens, the modelling presents unique challenges to the infectious disease modellers. In the
COVID-19 pandemic, those difficulties were mainly caused by the lack of data on the epidemiology of the
novel virus and the rapidly evolving situation worldwide. More specifically, some of the main challenges

included:

e Limited data: At the outset of the pandemic, there was limited data available on the novel coron-

avirus, including its transmission dynamics, infection fatality rate, incubation period, and other key

parameters |Ferguson et al.| 2020, Kucharski et al.| 2020} Salje et al.l 20204, [Verity et al.l 2020].

An additional challenge in this area was caused by many infections being symptom-less or causing
flu-like symptoms, which led to cases being unidentified and not recorded . Since
the testing capacity at the beginning of the pandemic was low and offered only to the most severe
cases, the true numbers of infections in these early phases remained unknown. Many of the first

modelling studies on SARS-CoV-2 were based on limited data collected from the Diamond Princess

cruise ship [Mizumoto et al.L |2020L |Verity et al.| |2020|. While this data was undoubtedly invaluable

4



at the time, it had to be used with caution and several assumptions, as the population and behaviour
of passengers and staff of the cruise ship do not resemble the typical population. Moreover, as the
outbreak of the disease took place in China, all the data available to researchers originated from one

specific country. This lack of data made it challenging to develop accurate models.

Uncertainty in parameters: The point made above directly led to a large uncertainty in any pa-
rameters estimated by the models. Wide, uninformative priors had to be applied, combined with

the inability to quantify the true numbers of infections. This often resulted in equally wide uncer-

tainty around the outputs of the models, such as Ry or R; |Gostic et al.|[2020], which were of the

most interest to policymakers [Davies et al.| [2020a) [Ferguson et al.| 2020} Kucharski et al.,|2020)

\Prem et al.||2020]. Additionally, modellers were asked about the effectiveness of hypothetical non-

pharmaceutical interventions, which had never been applied on such a scale in the modern world.

This caused modellers to make a lot of assumptions, which had to be thoroughly tested and often

led to different answers |Baral et al.,[2021}Chinazzi et al.| 2020} |[Ferguson et al.| 2020, |Kissler et al.|

12020| [Kulldorff et al.| [2020} Salje et al. 2020a).

Effectiveness of interventions: Another challenge in estimating the effectiveness of interventions, pos-
sibly the most important issue for policymakers at the time, was the dependency of the effectiveness
on a variety of factors that were impossible to predict. For example, effectiveness depended on the
compliance of the people, the timing of the introduced interventions, the efficacy of face masks and

other protective equipment, and a plethora of other factors, making it difficult to quantify their

impact accurately |Ferguson et al., [2020} |Flaxman et al.||2020| Kissler et al.||2020].

Data quality and reporting bias: Variations in testing capacity, reporting practices, and case defini-

tions across regions and countries introduced challenges in interpreting epidemiological data

'man et al., [2020, [Mellan et al.l|2020| [Wu et al.| [2020b|. Modellers had to account for biases and

uncertainties in surveillance data to develop reliable models. Additionally, due to the critical situa-
tion in many hospitals, data relating to hospitalisations and COVID-19 deaths often suffered from

reporting delays.

Heterogeneity in transmission: Transmission of the virus varied across different populations, regions,
and settings, leading to challenges in modelling its spread accurately. Factors such as population

density, demographics, and healthcare infrastructure influenced transmission dynamics and required

consideration in models [Davies et al.L |20203,HKissler et al.H2020| |Prem et al.| |2020|.
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e Rapid spread of the virus globally: The rapid spread of the virus and its evolving dynamics presented
challenges for modellers. They had to devise models capable of capturing the intricate interplay
between factors such as human behaviour, public health interventions, and the virus’s biology. As
the pandemic progressed, the complexity of the global situation and the emergence of new variants
of concern necessitated modellers to continually update and refine their models to incorporate the

latest information and insights. |Faria et al.l [2021}|Volz et al.||2021].

In the subsequent sections of this chapter, I will introduce definitions, explanations and examples of epi-
demiological quantities, the basics of Bayesian statistics, and some statistical models used in epidemiology.
These are concepts that the reader of this thesis should be familiar with to understand the methodologies

proposed in the following chapters.

1.2 Basic epidemiological quantities

In this section, I introduce the definitions of the epidemiological quantities used in infectious disease

modelling, which are used throughout this thesis.

Basic and effective reproduction numbers

One of the key parameters in infectious disease models is the basic reproduction number Ry. It is used
to measure the transmission potential of a pathogen and is defined as an average number of secondary cases
caused by one infected individual in a fully susceptible population [Anderson and May} 1991} |Diekmann

et al., 1990].

In practice however, the more common version of this parameters is the effective reproduction number
R; |Anderson and May||1991} |Gostic et al., 2020|. Similarly to Ry, R; denotes the average number of sec-
ondary cases caused by a single individual, although the index t refers to the specific time of the epidemic.
This is crucial, as the reproductive number will vary during the course of the epidemic, whereas the Ry
is considered a fixed and pathogen-specific value relating to the susceptible population. The variation in
the value of R; can be caused by numerous factors changing over time. Those include behaviour-related

factors, such as differences in connectivity patterns due to e.g. migration, season or social distancing re-



strictions or increased personal hygiene awareness due to public health campaigns (washing hands, wearing
face covering). Other aspects influencing the R; are biology-related, such as increased immunity due to

vaccinations or recovery from the infection, or mutations leading to variants of interest or concern.

Basic and effective reproduction numbers are central to infectious disease modelling, as their value indicates
whether the epidemic will die out or grow. If R; < 1, then every infected person infects on average less
than 1 other person, which means that the epidemic is "under control" and is likely to die out without
additional interventions. On the other hand, if R; > 1, the disease is likely to spread within the population
until it reaches its threshold or final size, unless interventions are executed in order to curb this spread

[Diekmann et al.|{1990].

Prevalence and incidence

In epidemiology, prevalence refers to a number or fraction of the population that is suffering from a given
condition (e.g. diabetes) or is infected with a given pathogen (e.g. influenza) at a specific time or a period
of time |Anderson and Mayl [1991]. It is used to gain insight into the current burden of the disease in
the population of interest. This value can increase or decrease over time, as opposed to the cumulative
number of cases, which denotes the total number of cases of the disease since the beginning of the

outbreak or over a specified time frame.

Another key measure of the rate at which the disease or a health condition is spreading is incidence.
Incidence denotes the number of new infections in the population of interest at a specific time [Anderson

and May||1991].

Generation time and serial intervals

The generation time and serial interval are used to describe the time between the successive generations
of cases, however, their meaning and calculation are slightly different. The generation time is defined
as the time between the infection of the primary case (infector) and the infection of the secondary case
(infectee) |Wallinga and Lipsitchl 2007|. The serial interval denotes the time between the symptoms

onset of the primary and secondary cases |Anderson and May}|1991].

For the illustration of the generation time, incubation period and serial interval, see Fig.[1.2

7



time from onset
incubation  to transmission
period (TOST)
A A

r Y N

Infector infection symptoms transmission

¢ ® o—
Infectee infection symptoms
® ®
\ )
Y
serial
interval
|\ b & Py
.3 g
generation incubation
interval period
: : : —
Qa, 0 a, T

Figure 1.2: Ilustration of generation time and serial interval. «; denotes the time of infection of the
infector, as is the time of infection of the infectee. Generation time is equal to s — a1, whereas the serial
interval is equal to 7. Figure from |Sender et al.| |2022l.

1.3 Bayesian modelling

The focus of this thesis is improving methods used in the Bayesian modelling of infectious diseases. Here I
will introduce terminology relating to Bayesian statistics necessary to understand the methods developed

in the remaining chapters. For a more detailed introduction to the Bayesian modelling and analysis, the

reader is referred to e.g. |Gelman et al.|[2013], Lambert||2018|,|McElreath|[2016|, Rasmussen and Williams|

[0

1.3.1 Bayesian inference

The Bayesian inference is based on the following equation:

p(0ly) o< p(0)p(y|0) (1.1)



where y denotes the observed data and 6 is a set of the model’s parameters. Here, p(6) is the model’s
prior probability, p(y|f) is the likelihood and p(f|y) denotes the posterior. The symbol o« means that

the posterior is proportional to the product of the prior and likelihood.

The above is derived from the Bayes theorem, where additionally we have the normalising denominator:

P0)P(y|0)
Plly) = —&—"—+ 1.2
O) = 5,1 (12)
Here, the « sign can be replaced with =, as the denominator is present on the right-hand side. This

denominator is a constant value, also called a normalising constant (or marginal likelihood or model
evidence). While not necessary for the inference itself, a normalising constant can be used for model

selection (as explained later in Section|1.4.2).

1.3.2 Markov Chain Monte Carlo

Markov Chain Monte Carlo (MCMC) provides a versatile approach to addressing the challenging tasks of
sampling from multi-dimensional distributions for obtaining numeric results. It is particularly valuable in
Bayesian statistics for approximating complex posterior distributions. MCMC methods allow researchers
to draw samples from a distribution when direct sampling is impractical or impossible. These obtained

samples can be directly employed for tasks such as parameter inference and prediction.

There exist many sampling methods under the umbrella of MCMC. The simpler ones, such as the random
walk Metropolis algorithm or Gibbs sampling may require a very long time to converge to the target
distribution. Hamiltonian Monte Carlo (HMC) represents an MCMC technique designed to overcome
the challenges of many common MCMC approaches, such as random walk patterns or sensitivity to the
correlation of the parameters. HMC uses the first-order gradient to inform a sequence of steps, allowing
HMC to achieve faster convergence, even for high-dimensional distributions. Nowadays, the most up-
to-date Probabilistic Programming Languages (Section come with the state-of-the-art No-U-Turn-
Sampler (NUTS) [Hoffman and Gelman||2014|, which allows the users to perform HMC without specifying

the step size or the number of steps.



1.3.3 Model diagnostics

To assess the performance of the sampling algorithms, identify potential issues with convergence, sampling
efficiency or mixing, as well as verify the reliability of the posterior distributions, diagnostic tools for

MCMC can be used. Some of the most common tools are explained below.

Trace plots display the values of the MCMC sampled model’s parameters (y-axis) over iterations (x-axis)
in each of the MCMC chains. Examining the plots, we can discover whether the algorithm has converged
to a target distribution. Additionally, trace plots can suggest whether the algorithm explored sufficient

parameter space (i.e. good mixing).

R or Gelman-Rubin statistics, compares the within-chain and between-chain variability to assess con-

vergence |Gelman and Rubin| [1992, [Vehtari et al.| [2021]. A desirable value of R is below 1.01.

Effective Sample Size (ESS) quantifies the number of independent samples in the MCMC output. It

accounts for auto-correlation and provides a more accurate estimate of the actual sample size for inference.

Density plots of the model’s parameters posteriors show the sampled values of the parameters in the
form of histograms or density plots. Examining them allows us to identify multi-modality or skewness in

the distributions, as well as assess the uncertainty and reliability of the range of sample values.

The diagnostic tools mentioned above pertain mostly to the sampling algorithms. Additionally, to assess
the correctness of the model choice and its fit to the data, practitioners often carry out prior- and posterior-

predictive checks.

Prior predictive checks are used to assess if the chosen priors are reasonable and whether the data
could be produced by the model without incorporating any information coming from the likelihood. To
perform a prior predictive check, one must sample values from the priors of the model without using the
observed data. These sample values can be then compared to the observed data to gauge insights into the

correctness of the selected priors.

Posterior predictive checks are similar, however, instead of sampling from the prior distributions, the
values are sampled using the fitted model, which is based on the likelihood and the observed data. These
samples can be then compared to the observed data to assess if the two sets align, and if the patterns of

the observed dataset were reproduced.
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For details about the diagnostic checks and the Bayesian workflow, I refer the reader to the comprehensive

paper on this topic by |Gelman et al.||[2020].

1.3.4 Probabilistic Programming Languages

The increasing interest in probabilistic (Bayesian) modelling in a variety of fields gave rise to the de-
velopment of Probabilistic Programming Languages (PPLs). They are a category of programming
languages and libraries designed to facilitate probabilistic modelling and inference. PPLs provide a frame-
work for expressing Bayesian models and performing inference in an automated way. Their outputs allow

the practitioners to reason about uncertainty, make predictions, and diagnose the fitted models.

The first language considered a PPL is BUGS (Bayesian inference Using Gibbs Sampling) developed by
Gilks and Spiegelhalter in the early 1990s |Gilks et al.}|1994]. Since then, many new PPLs have been
invented. Amongst the most popular ones, we can list Stan |Carpenter et al.| 2017], PyMC3 [Salvatier
et al.l[2016], Edward [Tran et al., 2016|, Turing.jl |Ge et al.}|2018| or Pyro |Bingham et al.|2018| (and its

alternative backend NumPyro |[Phan et al.;|2019|).

In this thesis, the code for the Bayesian models used for analyses in Chapters and are written using
Stan (with PyStan interface [Stan Development Team|), code for Chapter and part of [2|is written in

NumPyro.

1.3.5 Kullback-Leibler divergence

Kullback-Leibler (KL) divergence also known as relative entropy, measures the distance between
two probability distribution |[Kullback and Leibler} [1951]. It has wide applications in information theory
and can quantify e.g. how much information is gained when comparing statistical models. Mathematically,

the KL divergence between two probability densities p and ¢ is defined as:

o

Dy (pllq) = /

—00

platog (425 da (13)
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1.4 Model selection

Model selection is an important part of the Bayesian workflow |Ding et al.| 2018} |Gelman et al.| [2020].
As all models are merely an approximation of the world around us, we can rarely be certain about the
mechanics of the phenomena we are trying to model. Therefore, an advisable step of any Bayesian analysis
is modifying the model of interest, e.g. by changing the priors or likelihood functions, in order to find the
model that explains the observed data, generalises to the new unseen data or provides reliable predictions.
The definition of "the best" model is not straightforward — good models should be accurate while not
overfitting the data, they should be robust and stable, interpretable and not overly complex. Because of
these many conditions on which the models should be compared to each other, the task of model selection
is not an easy one. Many metrics and mechanisms have been developed to aid the model selection process.
Those include for example DIC, BIC, cross-validation, proper scoring, Bayes factors and many more [Ding
et al.||2018|. Chapter pertains specifically to the model selection process, and more details about this
can be found there. Additionally, some of the most common methods of model selection are explained

below.

1.4.1 Information Criteria

AIC — Akaike Information Criterion is an estimator of prediction error |Akaikel [1974]. Let us denote
the number of parameters of the model with k£ and the maximised value of the likelihood function with ﬁ,
then the AIC value is defined as:

AIC = 2k — 2In(L) (1.4)

The idea behind the AIC is that it balances the goodness of fit (through the log-likelihood) with the
complexity of the model (penalised by the number of parameters). When comparing models, the one

minimalising the AIC value is the most favourable.

BIC — Bayesian Information Criterion is similar to AIC, but penalises the free parameters more strongly
[Schwarz, [1978|.
BIC = kln(n) — 2In(L) (1.5)

Importantly, BIC is not intended to predict out-of-sample model performance and there are arguments

against calling it a 'Bayesian’ method |Gelman et al.}|2014].
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DIC — Deviance Information Criterion is a generalisation of AIC more widely used in Bayesian modelling

[Spiegelhalter et al.||2002|. If we define the deviance D(6) as

D(0) = —2log(p(y|0)) + C (1.6)

where y is the data, 0 are the parameters of the model, p(y|@) is the likelihood, and C' is a constant that

cancels out so can be neglected, then we can define DIC as

DIC = D(0) + 2pp (1.7)

In the equation above, 6 is an expectation of § and 2pp = D(#) — D(A) refers to an effective number of
parameters. The main difference between the AIC or BIC and DIC is that for DIC we no longer require
the maximum likelihood, but we can use the readily available MCMC samples instead to compute the @

[Ding et al.||2018, |Spiegelhalter et al., 2002].

WAIC — Widely Applicable Information Criterion (or Watanabe-Akaike information criterion) is closely
related to DIC, and particularly popular in the context of Bayesian model selection |Watanabe}|2010|. As
opposed to AIC or BIC, WAIC has the property of averaging over the posterior distribution rather than

conditioning on a point estimate |Gelman et al.}|2014} |Vehtari et al.}|2017].

1.4.2 Marginal Likelihood and Bayes factors

Marginal Likelihood [Gelman et al.|2013|, also known as model evidence or normalising constant,

is enclosed in the denominator part of the Bayes theorem:

(0ly,m)

q
p(Bly,m) = 1.8
(1. m) = L70% (18)
where the denominator (model evidence) is equal to:
stolm) = [ a(6ly. m)ao (19)

Here we denote y — data, m — model, 6 - vector of the model’s parameters. p() is the posterior distribution,

and ¢(f) the un-normalised density. For clarity, we will drop the indexing on y and m as it is implied.
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Bayes factors (BFs) are a statistical measure used for quantifying the evidence for one hypothesis (or
model) over another [Kass and Rafteryl|1995|. Bayes factors can be calculated as the ratio of two marginal

likelihoods z; and z3 of two competing models M; and My:

BFy =2 (1.10)
21

A common interpretation of BFs has been proposed by |Kass and Raftery| [1995] and is presented in
Table For simple models, such as those including conjugate priors or those with a low number of
parameters, marginalised likelihood z can be obtained analytically or using numerical quadrature methods,
e.g. trapezoidal rule. Similarly, for discrete parameters, the denominator of the Bayes rule turns into a
computable sum. In general, however, calculating the marginal likelihoods is very difficult or impossible
for complex models [Gelman and Meng| (1998, e.g. dynamic, spatial or Bayesian hierarchical models that
often involve approximating very high-dimensional integrals. The general critique against Bayes factors
is their sensitivity to the priors, however, some scientists argue that is a desired feature of a Bayesian

method for model comparison.

BFy Evidence against M,
1to 3.2 Barely worth mentioning
3.2to0 10 Substantial
10 to 100 Strong

>100 Decisive

Table 1.1: Interpretation of the Bayes factors values proposed in|Kass and Raftery| [1995].

1.5 Statistical models used in infectious disease modelling

In this section, I will introduce some basic statistical models used in the modelling of infectious disease
dynamics. Historically, infectious disease epidemics have been modelled using a mathematical STR model
introduced in [Kermack and McKendrick| [1927|. The basis of the SIR model and its variations is a
system of differential equations describing the dynamics of individuals between tree compartments: S -
susceptibles, I - infected, R - recovered or removed. The original, basic form of this system of equations
is given below, with parameters 8 denoting the transmission or contact rate and - denoting the rate of

recovery:
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dt N

al S()I(t)

a B N — (1)

Cil—]: =~I(t) (1.11)

Here I will introduce some basic statistical models which are currently used in infectious disease modelling,

and which I utilise in the further chapters of my thesis.

1.5.1 Random Walk

Random walk is a mathematical random process describing a path consisting of a number of steps
defined by random factors in space |Codling et al.| | 2008]. Considering X1, X», ... such that X,, € R? and
X, are independent and identically distributed (iid) random variables, we can define a random walk as a

sequence (Sp)n>0, such that:

S():Z,

Sp="S8u1+X, n>1 (1.12)

where z € R? is the starting point, and X, are the steps.

A random walk in which steps are normally-distributed, that is X, ~ A (u,0) is called a Gaussian

random walk.

1.5.2 Autoregressive Model

An autoregressive model is a random process in which every successive step depends linearly on its

previous values |Besag) |1974|. An AR(p) denotes an autoregressive process of order p and is defined as
P
X; = Z GiXii+ € (1.13)
i=1
where ¢; are the parameters of the model.
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1.5.3 Gaussian Processes

Gaussian Process (GP) defines a collection of random variables, such that any finite set of those random
variables has a multivariate normal distribution |Rasmussen and Williams||2006|. It is a non-parametric

stochastic process widely used in statistical modelling.

The defining properties of a Gaussian Process are mean function m(x) and covariance function also called

a kernel k(x,2’). For a real process f(x) these can be defined as:

k(z,2') = E[(f(z) — m(2))(f(2') — m(2)], (1.14)

and the GP will be then written as

f(x) ~ GP(m(x), k(z,2")) (1.15)

Most kernels include two parameters: lengthscale | and variance o®. The lengthscale controls the length
over which the GP output is expected to vary — a shorter lengthscale will produce results that are
more wiggly and rapidly changing, capturing short-range variations, whereas a longer lengthscale causes
smoother, slower-changing functions, capturing long-range variation. The variance controls how much the

functions can deviate from their mean.

Some of the most common kernels in Gaussian Processes are:

linear kpin(z,2') = 0 + o2(x — ¢)(2’ — ¢), where c is a constant,

squared-exponential a.k.a. radial basis function (RBF): ksg(z,2’) = o2 exp (— (IQZQ,)?),

wlx—a|

periodic kper(7,2') = 0 exp (—2 sin? (T) éz), where p is the length of one complete cycle,

—v L\ VY o
Matérn kypag(z, 2’5 v) = %‘1(1/) <\/2y%> K, (\/2V|w = ‘), where K, is a modified Bessel function

of the second kind.
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The examples of prior draws from the GPs with these kernels are given in Fig.

Linear Kernel GP Squared-Exponential Kernel GP
2
1
0
> >
-1
-2
X X
Periodic Kernel GP Matérn Kernel GP
2
1
0
> > \
-1
-2
0 2 4 6 8 10 0 2 4 6 8 10
X X

Figure 1.3: Examples of the prior draws from zero-mean GPs with linear, squared-exponential, periodic
and Matérn kernels.

Many more kernel functions are available. It is also possible to combine multiple kernels by addition or
multiplication (or a combination of both), or other methods preserving the property that a covariance

matrix of the process is positive semi-definite.

Gaussian Processes are a powerful and flexible statistical tool which can aid in tackling problems such
as regression analysis, forecasting, classification, clustering and many others. Since they are a prob-
abilistic method, they allow incorporating uncertainty into the predictions and estimates. One of the
main drawbacks of this method is that they typically are computationally expensive and non-scalable to
large datasets. Many researchers have tackled this problem and proposed a range of improvements, from
solving the computational issues to using approximate methods [Flaxman et al.|2015 Liu et al.||2020|

Riutort-Mayol et al.;|2022| | Titsias||2009, Wang et al.||2019].
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1.6 Renewal Equation

Renewal equation is used ubiquitously in modelling infectious disease incidence |Cori et al.,|2013] |Fraser|
2007a}|Pakkanen et al.}|2023]. It provides a framework for describing the rate of change of new infections

over time, taking into account the interactions between susceptible and infectious individuals.

This is typically modelled assuming that the mean incidence I(t) at time ¢ follows the renewal equation:

1) = /O T B — Ty (1.16)

Here, the term S(t, T) denotes the transmissibility of the pathogen at the calendar time ¢ and time since
infections 7, reflecting its viral load and the contact rates between the infectious and susceptible individuals

|[Fraser} |2007Db].

Another formulation of the renewal equation used for modelling incidence is given in |Pakkanen et al.
[2023]:

1(t) = Ry / I(t - T)g(r)dr (117)
0
in which g(.) is the probability density function (PDF) of the generation interval.

The information provided in sections|T.2]-[I.6]was intended to give the theoretical and technical foundation
for the projects presented in the remaining chapters. In the final section of the Introduction, I will

summarise the aims of this thesis.

1.7 Thesis aims

The outbreak of the COVID-19 epidemic in China in December 2019 and its global spread in the following
months, highlighted both the need for statistical modelling of infectious diseases and the weaknesses and
limitations those models suffer from. Typically, the use of modelling in the field of infectious disease is
carried out over extended periods of time, allowing to build on years of research into the epidemiology
of the pathogen, with access to large and varied datasets. In the case of an outbreak of a new, rapidly
spreading pathogen, for which no vaccine or effective cure is readily available, the modelling has to be

executed fast, with very limited and often lagged data, as discussed earlier in Section The challenges
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faced by the epidemiological modellers in the beginning and during the COVID-19 pandemic emphasised
the importance of collaborative work between scientists, public health authorities and even the public. The

outbreak of COVID-19 also highlighted the many gaps in the current approaches to epidemic modelling.

Motivated by these issues posed by the statistical modelling of infectious diseases, the overarching aim
of this thesis is the development of methods, which can aid epidemiologists in building more accurate
and trustworthy models of emerging pathogens. The proposed methods are applied in the modelling of
the SARS-CoV-2 epidemiology, as this pathogen emerged and was spreading worldwide during the work

presented here was undertaken.

In Chapter I explore a new method for estimating the marginal likelihoods using thermodynamic
integration. This allows the use of Bayes factors to perform the model selection. First I explain how to
use this approach on a few pedagogical examples, and finally, I employ it to present the pitfalls of model

selection on a COVID-19 dataset.

Using this newly developed framework, in Chapter |3| I fit a range of probability density functions to
hospitalisation distributions for COVID-19 patients in the Brazilian healthcare system and select the best-
fitting ones. Those distributions, such as symptoms-onset-to-death-time, were needed as an integral input
in the COVID-19 epidemic models, and their correctness was necessary for the appropriate surveillance
and policy making. I obtain the mathematical densities on the national- and state-level and compare the

outcomes, exploring the spatial heterogeneity of the hospitalisation times across Brazil.

In Chapter I change the focus to the correctness of the data itself. Namely, I investigate the reporting
delays in the COVID-19 mortality database for Brazil and propose a new method of correcting them
using Gaussian Processes. The main aim of this work is to obtain a realistic real-time overview of the

epidemiological situation, rather than relying on the data suffering from under-ascertainment and delays.

Building on this work on appropriate model building and selections, in Chapter I investigate the iden-
tifiability in a renewal-equation-based R; model. Using simulated datasets, I show examples of how regu-
larisation through an informative prior can lead the model towards correct inference of the importations
in the emerging epidemic, and how a wider prior can result in unrealistic estimates of the parameters, still

providing a good fit to the observed data.

Finally, in Chapter |§|I summarise the findings of my PhD thesis and discuss their potential impact on
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infectious disease epidemic modelling. T also talk about the limitations and possible further directions of

this work.
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Chapter 2

Application of referenced thermodynamic

integration to Bayesian model selection

Evaluating normalising constants is important across a range of topics in statistical learning, notably
Bayesian model selection. However, in many realistic problems, this involves the integration of analytically
intractable, high-dimensional distributions, and therefore requires the use of stochastic methods such as
thermodynamic integration (TT). In this chapter we apply a simple but under-appreciated variation of
the TI method, here referred to as referenced TI, which computes a single model’s normalising constant
efficiently by using a judiciously chosen reference density. The advantages of the approach and theoretical
considerations are set out, along with pedagogical 1 and 2D examples. The approach is shown to be
useful in practice when applied to a real problem — to perform model selection for a semi-mechanistic
hierarchical Bayesian model of COVID-19 transmission in South Korea involving the integration of a 200D

density.
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2.1 Introduction

Mathematical modelling of infectious diseases is widely used to understand the processes underlying
pathogen transmission and inform public health policies. With advances in both computing power and
availability of data, it is possible to build more complex, robust and accurate models. The increasing
importance of epidemiological models requires synthesis with rigorous statistical methods. This synthesis
is required to estimate necessary parameters, quantify uncertainty in predictions, and test hypotheses

|Grassly and Fraser| 2008|.

Fundamental to creating reliable mathematical models in epidemiology was the popularisation of Markov
Chain Monte Carlo (MCMC) methods, which enable fitting complex models to datasets of various sizes.
MCMC allows us to sample from complicated probability distributions, without having to know the nor-
malising constant [Gelman and Meng||1998|. However, to fit an epidemiological model to the data, first,
we need to come up with a model. For example, to fit a multivariate linear regression, we need to choose
the covariates and pick prior probability densities for every parameter in the regression equation. To fit a
generalised linear model, we need to choose a link function. For a simple epidemiological example, consider
fitting a probability density function to a distribution of onset-to-death time (see Chapter. We have
a choice of multiple probability densities, such as gamma or log-normal, and additionally, the number of

parameters depends on the hierarchical structure of the model.

In practice the decision to choose a model is often based on heuristics, relying on the knowledge and
experience of the modeller, rather than through a systematic selection process [Stocks et al.|[2018| [Sun
et al.|[2015]. Several model selection methods are available, but those methods often come with a trade-
off between accuracy and computational complexity. For example, widely used in epidemiology Akaike
Information Criterion (AIC) or Bayesian Information Criterion (BIC) (see are easy to compute, but
come with certain limitations |Grassly and Fraser| 2008|. Specifically, they do not take into account the

parameters’ uncertainty or the prior probabilities and might favour excessively complex models.

The marginal likelihood (see [1.4.2)), or normalising constant of a model, is a feature central to the princi-
ples and pathology of Bayesian statistics. For example — given two models representing two competing
hypotheses, the ratio of the normalising constants (known as the Bayes factor), describes the relative

probability of the data having been generated by one hypothesis compared to the other. Consequently, at
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a practical level, the estimation of normalising constants is an important topic for model selection in the

Bayesian setting |[Kass and Raftery| 1995

In practice, estimating a normalising constant relies on "integrating out" or marginalising the parameters
of the model to get the probability the associated hypothesis produced the data. But in general, this is
difficult, because we cannot easily integrate arbitrary high-dimensional distributions — certainly analytical
or quadrature-based methods are of little help directly. The widely used Laplace method allows an analytic

approximation to the normalising constant, by approximating the integral of interest by an n-dimensional

Gaussian integral |Tierney and Kadane|, |1986|. The properties of Gaussian densities greatly facilitate

mathematical analysis.

In general, practitioners turn to a range of more accurate approaches, typically based on statistical sam-

pling. Specific examples include bridge sampling [Bennett} |1976, Meng and Wong, |1996a/b|, stochastic

density of states based methods nested sampling , annealed importance
sampling , integrated nested Laplace approximation , power posteriors
land Pettitt} 2008} Lartillot and Philippe| 2006/, steppingstone sampling , thermodynamic
integration |Friel et al.l|2017||Gelman and Meng} 1998 |[Kirkwood| 1935} |Lartillot and Philippe| [2006| and

others. For a comprehensive review of these methods, we refer to|Friel and Wyse||2012|, Gelman and Meng|

[1998, Llorente et al.|[2023].

This work focuses on the latter — thermodynamic integration — in particular on the development of the

practical details for efficient application for Bayesian model selection.

2.1.1 Thermodynamic Integration

By way of introduction for researchers unfamiliar with thermodynamic integration (TI), TI allows us to
estimate the ratio of two normalising constants in a general and asymptotically exact way. Instead of
marginalising the associated densities explicitly in terms of the high-dimensional integrals, using TT we
only have to evaluate a 1-dimensional integral, where the integrand can easily be sampled with MCMC.
To see how this works, consider two models labelled 1 and 2 with normalising constants z; and zo. Fach
z is given by

%= /qi(e)do, ie{1,2}, (2.1)
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where ¢; is an un-normalised density for model M; with parameters 8, that gives the model’s Bayesian

posterior density as

pi(0) = qi?) ,ie{1,2}. (2.2)

T
To apply thermodynamic integration we introduce the concept of a path between ¢1(0) and ¢2(), linking
the two densities via a series of intermediate ones. This family of densities, parameterised by the path
coordinate ], is denoted by ¢(A; @). An example path in A is shown in Fig.

1.0

20 25 3.0 3.5 4.0 4.5 5.0 5.5 6.0

Figure 2.1: Tlustration of quﬁif_ N for the 1d example density in parameter 0 at selected A\ values along the

path. The example comes from the pedagogical exercise given later in Section [2.3.1) where more details
are given.

The density ¢()\; ), linking ¢; to g and defining the intermediate densities, can be chosen to have an

optimal or in some way convenient path. A common choice based on convenience is the geometric one

q(%;0) = ¢3(0)a;*(8), A€ [0,1]. (2.3)

The important point to note is that for A = 0, g(A; @) returns the first density ¢(0;0) = ¢1(0), for A =1
it gives q(1;0) = ¢2(0), and for in-between A values a log-linear mixture of the endpoint densities. Just
as we have defined a family of densities, there is an associated normalising constant for any point along

the path, that for any value of X is given by

20 = /Q a0, (2.4)

A further small but important point to avoid complications is to have densities with common support, for

example, Q(A = 1) = Q(\ = 0). Hereafter support is denoted by (2.
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Having set up the definitions of ¢()\; ) and z(\), the TT expression can be derived, to compute the log-ratio
of z1 = z(A =0) and z3 = z(A = 1), while avoiding explicit integrals over the models’ parameters 6. This

is laid out as follows:

1
log 22 / Arlog z(\) dA
zZ1 0
1
1
= [ ——8\2(\)dx
| )

L
_ /0 Z()\)aA/Qq()\,O)dOd)\
Lo
| <t [ @ozatxie) a0y doay

1
= /0 Ep()\;ﬂ) [8)\10gq()‘70)] dA
1
(I2(9)}
= E o |1 d\
/o P00) [Og 01(0)
1
Q2(9)]
E, .0 |lo d\, 2.5

Here we started with the fundamental theorem of calculus (first step), rules of differentiating logs (second
step), definition of z()) (third step), assumed exchangeability of 9y and [ d@ and log differentiation rules
again (fourth step), identifying the expectation Ey(\,9) from sampling distribution ¢();0) (fifth step),
differentiation of the geometric path for g(A) (sixth step), and finally equivalence of sampling from ¢
and p. The final line in the expression summarises the usefulness of TI. Instead of having to work with
complicated high-dimensional integrals of Eq. to find the log-Bayes factor log %7 which measures the
relative probability of getting the data from one hypothesis compared to another, we only need to consider

a l-dimensional integral of an expectation, and that expectation can be readily produced by MCMC.

2.1.2 Our contributions

In this chapter, we examine the details of a referenced TI approach, which is a variation on the TI theme
that we find useful to enable fast and accurate normalising constant calculations. Our main contributions

are as follows:

e We show how to generate a reference normalising constant from an exactly-integratable reference

density, through sampling or gradients, and with parameter constraints. We present how to use
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this reference in the TT method to efficiently estimate a normalising constant of an arbitrary high-

dimensional density.

e We discuss performance benchmarks for a well-known problem in the statistical literature |Williams|
1959|, which shows the method performs favourably in terms of accuracy and the number of iterations

to convergence.

e Finally the technique is applied to a hierarchical Bayesian time-series model describing the COVID-

19 epidemic in South Korea.

In relation to other work, we recognise using a reference for thermodynamic integration is a topic that
has been raised, especially in early theoretically-oriented literature |Diciccio et al.||1997| |Grosse et al.|
2013} Neal, |1993]. Our additional contribution is to bridge the gap from theory and simple examples
to application, which includes choosing the reference using MCMC samples or gradients, examination of
reference support, comparisons of convergence, and illustration of the approach for a non-trivial real-world

problem.

The remainder of this chapter is set out as follows: in Sectionwe provide a comprehensive explanation
of the referenced thermodynamic integration and go over some practical recommendations. In Section
[2:3] we present a number of pedagogical examples, followed by a more complex and realistic example of
applying the methodology to COVID-19 modelling. Finally in Section we summarise the findings and

discuss the limitations of the proposed method.

2.2 Methods

In this section, we explain in detail the referenced thermodynamic integration and suggest some practical

approaches for generating the reference density.
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2.2.1 Referenced TI

Introducing a reference density and associated normalising constant as

z
Z = Zref
Zref
1
q(0) }
= Zref€X E, g |lo dX, 2.6
£ p/o q(,\,e)[ 8 oot () (2.6)

yields an efficient approach to compute Bayes factors, or more generally to marginalise an arbitrary density
for any application. To clarify notation, here z is the normalising constant of interest with density ¢, zyef
is a reference normalising constant with associated density gref. In the second line, the ratio z/z.ef is

straightforwardly given by the thermodynamic integral identity in Eq.

While the Eq.can be directly applied to conduct a pairwise model comparison between two hypotheses,

by introducing a reference we can naturally marginalise the density of a single model |Diciccio et al.,|1997|

1993|. This is useful when comparing multiple models, as n > (;L) for n > 3. Another motivation to

reference the TT is the MCMC computational efficiency of converging the TI expectation. In Eq. with

judicious choice of gyef, the reference normalising constant z.f can be evaluated analytically and account

for most of z. In this case log qqi%) tends to have a small expectation and variance and converges quickly.

This idea of using an exactly solvable reference, to aid in the solution of an otherwise intractable problem,

has been a recurrent theme in the computational and mathematical sciences in general |Dirac and Bohr|

11927, Duff et al.||2015, |Gell-Mann and Brueckner}|1957| Voc¢adlo and Alfe, [2002|, and variations on this

approach have been used to compute normalising constants in various guises in the statistical literature

|Bacle et al.,|2016} Cameron and Pettitt} 2014} [Fan et al. 2011} |Friel and Pettitt} |2008| [Friel and Wyse|

12012, [Friel et al.||2017| Lartillot and Philippe} 2006, |Lefebvre et al., 2010, |Neal,|1993| Xie et al.|2011]. For

example, in the generalised stepping stone method, a reference is introduced to speed up the convergence

of the importance sampling at each temperature rung |Baele et al.| 2016||Fan et al.| 2011]. In the work

of |Lefebvre et al.| [2010], a theoretical discussion has been presented that shows the error budget of

thermodynamic integration depends on the J-divergence of the densities being marginalised. Noting this,

\Cameron and Pettitt| [2014] illustrates a 2-dimensional example in their work on recursive pathways to

marginal likelihood estimation. And in the power posteriors method, a reference is used but the reference

is a prior density and thus zer = 1 |Friel and Pettitt||2008|. This approach is elegant as the reference need
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not be chosen — it is simply the prior — however, the downside is that for poorly chosen or uninformative
priors, the thermodynamic integral will be slow to converge and susceptible to instability. In particular

for complex hierarchical models with weakly informative priors, this is found to be an issue.

For referenced TT as presented here, the reference density in Eq. can be chosen at convenience, but the
main desirable features are that it should be easily formed without special consideration or adjustments
and that z..f should be analytically integratable and account for as much of z as possible. Such a choice
of z.ef ensures the part with expensive sampling is small and converges quickly. An obvious choice in this
regard is the Laplace-type reference, where the log-density is approximated with a second-order one, for
example, a multivariate Gaussian. For densities with a single concentration, Laplace-type approximations
are ubiquitous, and an excellent natural choice for many problems. In the following section, we consider
approaches that can be used to formulate a reference normalising constant z,.¢ from a second-order log-
density (though more generally other tractable references are possible). In each referenced TI scenario, we
note that even if the reference approximation is poor, the estimate of the normalising constant based on
Eq.remains asymptotically exact—only the speed of convergence is affected (subject to the assumptions

of matching support for end-point densities).

2.2.2 Taylor Expansion at the Mode Laplace Reference

The most straightforward way to generate a reference density is to Taylor expand the log-density to second

order about a mode. Noting no linear term is present, we see the reference density is

() = exp (loga(60) + 560~ 60)"H (6 - 00)) .1

where H is the Hessian matrix and 6y is the vector of mode parameters. The associated normalising

constant is

Zref — / Qref(e)de

—00

/oo exp (log a(680) + % (0 —60) H (6 — 00)) i6

—00

ato0) [~ e (; (6 00)TH (6 - eo>> a0

—00

= q(6p)\/det(2rH1). (2.8)
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This approach to yield a reference density, using either analytic or finite difference gradients at mode, tends
to produce a density close to the true one in the neighbourhood of 8y. But this is far from guaranteed,
particularly if the density is asymmetric, has non-negligible high-order moments, or is discontinuous for
example exhibiting cusps. In many instances, a more reliable choice of reference can be found by using

MCMC samples from the whole posterior density.

2.2.3 Sampled Covariance Laplace Reference

A second straightforward approach to forming a reference density, which is often more robust, is by drawing

samples from the true density ¢(0) to estimate the mean parameters 6 and covariance matrix 3, such that

0al6) = a(@)exp (56~ 6)'E 6 -6) (29)

Then the reference normalising constant is

Zret = q(0)1/det(273) . (2.10)

This method of generating a reference is simple and reliable. It requires sampling from the posterior ¢(8)
so is more expensive than gradient-based methods, but the cost associated with drawing enough samples
to generate a sufficiently good reference tend to be quite low. In the primary application discussed later,
regarding structured high-dimensional Bayesian hierarchical models, we use this approach to generate a

reference density and normalising constant.

Though the sampled covariance reference is typically a good approach, it is not in general optimal within
the Laplace-type family of approaches — typically another Gaussian reference exists with different param-
eters that can generate a normalising constant closer to the true one, thus potentially leading to overall
faster convergence of the thermodynamic integral to the exact value. Such an optimal reference can be

identified variationally (see Hawryluk et al. |2023]).
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2.2.4 Reference Support

If a model involves a bounded parameter space, for example, 61 € [0,00), 82 € (—1,00) etc., as commonly
arise in structured Bayesian models, in referenced TI the exact analytic integration for the reference
density should be equivalently limited. This is necessary not only so the reference is closer to the true
density to speed up convergence, but also so MCMC samples from both densities can be drawn on the
same parameter space, as is required for the thermodynamic integrand in Eq. to be well-defined.
However, the calculation of arbitrary probability density function orthants (an orthant is a specific region
in a multi-dimensional space or more precisely a bounded n-dimensional space), even for well-known
analytic functions such as the multivariate Gaussian, is in general a difficult problem. High-dimensional
orthant computations usually require advanced techniques, the use of approximations, or sampling methods
|[Azzimonti and Ginsbourger| [2016| |Curnow and Dunnett| 1962} [Miwa et al.}|2003||Owen| 2014} |Ridgway|
2016, |Ruben||1964|. Fortunately, we can simplify our reference density to create a reference with tractable
analytic integration for limits by using a diagonal approximation to the sampled covariance or Hessian
matrix. For example the orthant of a diagonal multivariate Gaussian can be given in terms of the error

function [Brown, |1963],

2ot = q(0)y/det(2rXdion) TT | 1+ exf u , (2.11)
ik \/ 258

where K denotes the set of indices of the parameters with lower limits a;. $92¢ is a diagonal covariance
matrix, that is one containing only the variance of each of the parameters, without the covariance terms
and E?iag denotes the i*" element of the diagonal. Restricting our density to a diagonal one is a poorer
approximation than using the full covariance matrix. In practice, however, this has not been a substantial
drawback to the convergence of the thermodynamic integral—and again we state that the quality of the
reference affects only convergence rather than the eventual accuracy of the normalising constant. This
behaviour is observed in the practical examples later considered, though we do recognise the distinction
between accuracy and convergence and matters of asymptotic consistency using an MCMC estimator with

finite iterations are not clear-cut.
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2.2.5 Technical Implementation

Referenced TT was implemented in Python, using PyStan for sampling and inference. Using Stan enables
fast MCMC simulations with Hamiltonian Monte Carlo and No-U-Turn algorithm |Carpenter et al.,|2017|
Hoffman and Gelman| 2014/, and portability between other statistical languages. In the online repository,
we also provide an example of carrying out referenced-TI in NumPyro [Phan et al.,|2019]. The code for
all examples shown in this chapter is available at https://github.com/mrc-ide/referenced-TI. In the
examples shown in Section we used 4 chains with 20,000 iterations per chain for the pedagogical
examples, and 4 chains with 2,000 iterations for the other applications. In all cases, half of the iterations
were used for the burn-in (alternatively warm-up, |Carpenter et al., 2017]). Mixing of the chains and the
sampling convergence was checked in each case, by ensuring that the R value was < 1.05 and investigating
the trace plots. The R is a standard MCMC diagnostic that assesses the convergence of multiple parallel
chains running in an MCMC simulation. It is computed by comparing the variance between chains to the
variance within each chain. If chains have not fully converged, their variances will be larger compared to

when they have reached convergence |Gelman and Rubin| [1992.

In all examples, the integral given in Eq. was discretised to allow computer simulations. Each expec-

tation Eqy.g) [log Z(I)Ezg] was evaluated at A = 0.0,0.1,0.2,....,0.9, 1.0, unless stated otherwise. To obtain
the value of the integral in Eq. we interpolated a curve linking the expectations using a cubic spline,
which was then integrated numerically. The pseudo-code of the algorithm with sampled covariance Laplace

reference is shown in Algorithm [i]

2.3 Applications

In this section, we present applications of the referenced TI approach. In subsections andwe
give 1- and 2-dimensional pedagogical introductions to the approach. In subsectionwe select a linear
regression model for a well-known problem in the statistical literature, and finally in subsection we
consider a challenging model selection task for a structured Bayesian model of the COVID-19 epidemic in

South Korea.
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Algorithm 1 Referenced thermodynamic integration algorithm

Input ¢ - un-normalised density, ¢, - un-normalised reference density, A - set of coupling parameters
A, N - number of MCMC iterations

Output z - normalising constant of the density ¢

1: Define un-normalised density ¢ and the reference density ¢yef

2: Calculate zf analytically by using the determinant of the covariance matrix, as per Eqs @or
3: for A € A do

4: Sample N values 6,, from q’\que_fA

5: forn=1,2,...,N do

6: Calculate log qi(f?gi)

7 end for

8: Compute the mean, E) = %Eﬁzllogqi(f%i)

9: end for
10: Interpolate between the consecutive Ey values to obtain a curve dylog(z()))
11: Integrate dxlog(z(A)) over A € [0, 1] to get log =
12: Calculate z = zyef - €xp (1ogzrzef)

2.3.1 1D Pedagogical Example

To illustrate the technique we consider the 1-dimensional density

4(0) = exp <—;\/|9—4 —;(9—4)4> LOER, (2.12)

with normalising constant z = ffooo q(0)df. This density has a cusp and it does not have an analytical

integral that easily generalises to multiple dimensions.

In this instance the Laplace approximation based on the second-order Taylor expansion at the mode will
fail due to the cusp, so we use the more robust covariance sampling method. Sampling from the 1D
density ¢(0) we find a variance of 62 = 0.424, giving a Gaussian reference density g.c¢(f) with normalising

constant of zf = 1.559. The full normalising constant, z = zrefzif, is evaluated by Eq. by setting

(1=%)
f

re:

is evaluated at 5 points along the coupling parameter path A = 0.0,0.2,0.5,0.8,1.0, shown in Fig.

up a thermodynamic integration along the sampling path ¢q . The expectation, E,(.g) {log qqgé)}

In this simple example, the integral can be easily evaluated to high accuracy using quadrature |Piessens
et al., [1983| |Virtanen et al., 2020|, giving a value of 1.523. Referenced TI reproduces this value, with the
convergence of z shown in Fig. converging to 1% of z with 500 iterations and 0.1% within 17,000

iterations.

This example illustrates notable characteristic features of the referenced TI. Here the reference g.o(9) is a
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Figure 2.2: Tllustration of steps from the 1D pedagogical example. (a) qufi; N for the 1d example density

Qref(e)
iteration, shown at each value of A sampled. (¢) A-dependence of E,n0) [log q‘](f—%)}, the TI contribution

in parameter 6 (Eq.[2.12) at selected A values along the path. (b) Expectation Egy.g) [log ﬂ} vs MCMC

to the log-evidence. (d) Convergence of the evidence z, with 1% convergence after 500 iterations and 0.1%
after 17,000 iterations per A.

good approximation to g(6), with zr accounting for most of z (zyef = 1.02z). Consequently Zif is close to

1, and the expectations, E;(y.g) [log %] , evaluated by MCMC for the remaining part of the integral are

Qref

small. For the same reasons, the variance at each A is small, leading to favourable convergence within a

small number of iterations. And finally E,(y.) [log 4(6) } weakly depends on A, so there is no need to use

(
qref(e)
a very fine grid of A values or consider optimal paths—satisfactory convergence is easily achieved using a

simple geometric path with 4 A-intervals.
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2.3.2 2D Pedagogical Example with Constrained Parameters

As a second example, consider a 2-dimensional unnormalised density function with a constrained parameter

space:

q(61, 62) = exp(—0O),

o-1 > 9<+12j+1992
4 T g 2

i,je{1,2}

61 € [0,4+00) and O € (—o0, +00). (2.13)

A reference density gyf(6) can be constructed from the Hessian at the mode of ¢(8). To marginalise it on

diag

ot (0) based on a diagonal Hessian,

a parameter space with restricted support, we use a reference density ¢
that has an exact and easy to calculate orthant. All densities are shown in Fig.

q(©) grer(®), full covariance 105 3 gref(®), diagonal covariance
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Figure 2.3: Contour plots of the un-normalised density ¢ (left) and its two reference densities gyef, one
using a full covariance matrix (middle) and another using a diagonal covariance matrix (right) that can
be easily marginalised. The red line shows the lower boundary 6; = 0 and the shaded 6; < 0 region to
the left of the line is outside of the support of the density q.

[P
[SH)

o
o

To obtain the log-evidence of the model, we calculated the exact value numerically [Piessens et al.||1983

\Virtanen et al., 2020, and using a sampled diagonal covariance matrix, as per Eq.|2.11} to account for the

lower bound of the parameter ;. Without this restriction the final normalising constant is overestimated
— if the support of the parameters in the MCMC is not the same as for the analytic z,¢ calculation, zef
as shown in Eq[2.6]does not cancel with the TI reference. A numerical comparison of the referenced TI

to quadrature is presented in Table [2.1]
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Table 2.1: Evidence calculated with different methods. Constraint correction refers to imposing the
integration limits on the reference as per Eq. Diagonal covariance means a covariance matrix where
only the diagonal (variance) terms are non-zero. Full covariance is a covariance matrix in which all terms
can be non-zero. * obtained numerically [Piessens et al.||1983| [Virtanen et al.|[2020].

Method Evidence
Exact* 3.31
Laplace with full covariance 5.55

Laplace with diagonal covariance
+ constraint correction

Ref TT with full covariance 4.79
Ref TT with diagonal covariance
+ constraint correction

3.81

3.33

2.3.3 Benchmarks—Radiata Pine

To benchmark the application of the referenced TI in the model selection task, two non-nested linear
regression models are compared for the radiata pine data set |Williams| [1959]. This example has been
widely used for testing normalising constant calculating methods since in this instance the exact value of
the model evidence can be computed. The data consists of 42 3-dimensional data points, expressed as y; -
maximum compression strength, x; - density and z; - density adjusted for resin content. In this example,
we follow the approach of |Friel and Wyse|[2012|, using the priors from therein, and test which of the two

models M and My provides better predictions for the compression strength:

M :yi=a+B(x;—Z) +e,e~NO,771),i=1,..,n,

Moy =~v+06(z —2) +m,m ~NO,p1),i=1,..,n. (2.14)

In this example, we tested five methods of estimating the model evidence: Laplace approximation using
a sampled covariance matrix, model switch TT along a path directly connecting the models |Lartillot and
Philippe} |2006/ [Vitoratou and Ntzoufras| 2017 (by model switch TI we mean a classic thermodynamic
integration method of estimating a ratio of two evidences, that is without the use of the reference density
and without calculating the two evidences separately), referenced TI, power posteriors with equidistant
11 A-placements (labelled here as PP11) and power posteriors with 100 A-s (PP1qg), following the example
from Friel and Wyse||2012|. For the model switch T1, referenced TT and PPy; we used A € {0.0,0.1,...,1.0}.
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The expectation from MCMC sampling per each A for model switch TI, referenced TI, PP1; and PPygg
and fitted cubic splines between the expectations are shown in Fig. Both reference and model switch
TT methods eliminate the problem of divergence of expectation for A = 0, which is observed with the
power posteriors, where samples for A = 0 come from the prior density function. And both reference and

model switch have smaller residuals for splines in A fitted to Ey(y.9) [log qq(f%)} than power posteriors.
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Figure 2.4: The HMC-evaluated expectation of E,.g) {log %} vs coupling parameter A is given for

models M7 and My for four methods of calculating the model evidence: (a) model switch TT, (b) referenced
TI, (¢) power posteriors with 11 A-placements and (d) power posteriors with 100 A placements. Model
switch TT (a) creates the path directly between two competing densities, therefore only one line is shown
(see Eq. [2.5). In each of the plots, the evaluated expectation for a given A is shown with the dot, and the
lines connecting the dots were obtained through interpolation.

For each approach, the splines fitted to Ey (. [log qq(f(zz))} were integrated to obtain the log-evidence for
models My and Ms, and the log-ratio of the two models’ evidences for the model switch TI. The rolling
means of the integral over 1500 iterations for referenced TI and PP1qg for M; and My are shown in Fig.|2.5h

and b. We can see from the plots, that referenced TI presents favourable convergence to the exact value,
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whereas PP1gg oscillates around it. Figs and d show the distribution of log-evidence for the same
model generated by 15 runs of the three algorithms: Laplace approximation with a sampled covariance
matrix, referenced TI and PP1gg. Although all three methods resulted in a log-evidence satisfactorily close
to the exact solution, the referenced TI was the most accurate and importantly, converged fastest — 308
MCMC draws compared to 55,000 draws needed for the power posterior method to achieve a standard
error of 0.5%, excluding burn-in (see Table [2.2).
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Figure 2.5: Log-evidence of My and M; for the three algorithms. (a) and (b) show the rolling mean of
log-evidence of M; and My over 1500 iterations per A obtained by referenced TI (blue line) and PPjgg
(orange line) methods. The exact value is shown with a red dashed line. (c¢) and (d) show the mean
log-evidence of the two models evaluated over 15 runs of the three algorithms. The exact value of the
log-evidence is shown with the dotted line.

2.3.4 Model Selection for the COVID-19 Epidemic in South Korea

The final example of using referenced TI for calculating model evidence is fitting a renewal model to

COVID-19 case data from South Korea during the first 200 days of the pandemic. The model is based on
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Table 2.2: Comparison of Bayes factors for radiata pine models for each method. Here we show BF5; = %

to determine whether model M5 is better than model M;. Both TI and referenced TI methods used 111
equidistant A-s. Power posteriors method was used with 11 (PPy;) and 100 (PPygp) A-s. The third
column shows the total number of MCMC steps required to achieve a standard error of 0.5%, excluding
the warm-up steps. * - using sampled covariance matrix.

Method BFy MCMC steps
Exact 4552.35 -
Laplace approximation® 6309.10 -
Model switch TI 4557.63 2,365
Referenced TI 4558.71 308
PPy 4463.71 41,514
PPigo 4757.82 55,000

a statistical representation of a stochastic branching process whose expectation mechanistically follows a
renewal-type equation. Its derivation and details are explained in |[Pakkanen et al.|[2023] and|Mishra et al.

[2020] and a short explanation of the model is provided below.

COVID-19 Model

The COVID-19 model shown is based on the renewal equation derived from the Bellman-Harris process
[Mishra et al.,|2020, | Pakkanen et al.||2023|. Here, we give a short overview of the AR(2) model (see.
The model has a Bayesian hierarchical structure and is fitted to the time-series data containing numbers of
new confirmed COVID-19 cases per day in South Korea from 31% Dec 2019 to 18" July 2020, obtained from
https://opendata.ecdc.europa.eu/covidi9/casedistribution/csv. The incidence y(t) is modelled
by a negative binomial distribution, with a mean parameter taking the form of a renewal equation. That

is, the number of new confirmed cases y(t) is modelled as:

y ~ NegBin(f(t), ¢), (2.15)

where ¢ is an overdispersion or variance parameter and the mean of the negative binomial distribution is

denoted as f(t) and represents the daily case data through a renewal part:
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f(t) =Ro /_0 fit —=m)g(r)dr. (2.16)

As the case data is not continuous but is reported per day, f(t) can be represented in a discretised, binned

form as:

FO) =R f(t—1)g(r). (2.17)

T<t

Here, g(7) is a Raleigh-distributed serial interval with mean GI, which is discretised as

5+0.5 L5
gs = / g(T)dr for s =2,3,... and ¢ = / g(T)dr. (2.18)
s—0.5 0

Ry, the effective reproduction number, is parametrised as R; = exp(e;), with exponent ensuring positivity.

€; is an autoregressive process with two-days lag, that is AR(2), with ¢; ~ N(—=1,0.1), ea ~ N(—1,0) and

€t ~ N(pres—1 + paer—a,0¢) for t = {3,4,5,...}. (2.19)

The model’s priors are:

o~ NT(0,0.2),
p1~ NT(0.8,0.05),
p2 ~ N1(0.1,0.05),
¢~ N*(0,5),
GI ~ N7(0.01,001).

(2.20)

The model is fitted to the time-series case data and estimates a number of parameters, including serial

interval and the effective reproduction number, R;.

Three modifications of the original model are tested here:
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e variation of the infection generation interval for values GI = 5,6,7,8,9,10,20 — where GGI denotes

the mean of Rayleigh-distributed generation interval,

e changing the order of the autoregressive model for the reproduction number, for AR(k) with k& =

2,3, 4-days lags,

e varying the length of the sliding window for estimating the reproduction number for values in W =

1,2,3,4,7 days.

Within each group of models, GI, AR and W, we want to select the best model through the highest
evidence method. The dimension of each model was dependent on the modifications applied, but in all
the cases the normalising constant was a 40- to 200-dimensional integral. The log-evidence of each model
was calculated using the Laplace approximation with a sampled covariance matrix, and then correction

to the estimate was obtained using the referenced TT method.

The first group of models analysed was the AR(2) model described above but with the GI parameter
fixed to a certain value instead of inferring that parameter from the data. AR(3) and AR(4) models had
additional parameters p3 and p4, which allowed us to model the autoregressive process with a longer lag
(3- and 4- days respectively). Finally, models W =k, k = 1,..,7 were similar to the AR(2) model, but
the underlying assumption of these models is that the R; stays constant for the duration of the length of

the sliding window W = k.

Results

Values of the log-evidence for each model calculated by both Laplace and referenced TI methods are
given in Table Interestingly, the favoured model in each group, that is the model with the highest
log-evidence, was different when the evidence was evaluated using the Laplace approximation than when
it was evaluated with referenced TI. For example, using the Laplace method, a sliding window of length
7 was incorrectly identified as the best model, whereas with referenced TT window of length 2 was chosen
to be the best among the tested sliding windows models, which agrees with the previous studies of the
window-length selection in HIN1 influenza and SARS outbreaks |Parag and Donnellyl|2020]. This exposes
how essential it is to accurately determine the evidence, even good approximations can result in misleading

results. Bayes factors for all model pairs are shown in Fig.
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Table 2.3: Log-evidence estimated by Laplace and referenced TI approximations. In each section, a model
with the highest log-evidence estimated by Laplace or referenced TT method is indicated in bold. The
credible intervals for log-evidence come from calculating the quantiles of the integral from Eq. where
the integral values were obtained from the spline interpolated using running means of the expectations
per A over all iterations.

Log-evidence Log-evidence

Model Laplace ref TT [95% Crl]

GI=5 -1274 716 [-715.6, -715.2]
GI=6 -1274 -703 [-703.3, -702.7]
GI=7 -1255 -732 [-732.4, -731.8|
GI=8 -1245 -685 [-685.5, -684.7|
GI=9 -1310 -803 [-802.8, -802.3]
GI=10 -1313 -805 [-805.1, -805.3]
GI=20 -1170 =796 [-796.3, -795.5]
AR(2) 1207 711 [-711.2, -710.6]
AR(3) -1293 =704 [-704.7, -703.7]
AR(4) -2166 -821 [-820.6, -819.2.]
W=1 -1260 -802 [-802.1, -801.6]
W=2 -1069 =791 [-791.2, -790.7]
W=3 -1003 -807 [-807.5, -807.2]
W=4 -940 -811 [-811.1, -810.7]
W=7 -875 -814 [-813.7, -813.5]

Interpretation of the COVID-19 model selection

The importance of performing model selection rigorously is clear from Fig. where the generated R,
time-series are plotted for the models favoured by Laplace and referenced TI methods. The differences
in the R; time-series show the pitfalls of selecting an incorrect model. The differences between the two
favoured models were most extreme for the GI = 8 and GI = 20 models. While a GI = 8 is plausible, even
likely for COVID-19, GI = 20 is implausible given observed data |Bi et al.L[2020]. This is further supported
by observing that for GI = 20, favoured by the Laplace method, R; reached the value of over 125 in the
first peak—around 100 more than for the GI = 8. The second peak was also largely overestimated, where
R; reached a value of 75. It is important here to note, that we chose the South Korea COVID-19 cases
dataset for demonstrating purposes rather than for the conservative epidemiological analysis. This time
series contains only cases which were reported, but many have been undetected due to lower diagnostics
capacity at the time of the study and high numbers of symptomless infections, as discussed in For a

more reliable estimate of the epidemiological quantities from that time, we would refer to recorded deaths,
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Figure 2.6: Logarithms of Bayes factors for the analysed COVID-19 renewal models, evaluated using the
normalising constants ratios obtained by referenced TI. In each cell, the colour indicates the value of the
BF 5 for models M (row) and Ms (column). Higher values (brighter orange colour) suggest that M is
better than My, and values below 0 (blue palette) indicate that M; is worse than Ms. GI = 8 performed
best out of fixed GI models (a), W = 2 best out of sliding window models (b), and AR(3) performed
better than AR(2) and AR(4) when the autoregressive lag was varied (c¢). For the interpretation of the

BF values see |Kass and Rafteryl |1995||.

as they would be much more trustworthy. Additionally, the South Korean dataset potentially contains

super-spreading events, which would require special treatment in the analysis in order to avoid R; spikes

for the general population.
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Figure 2.7: Posterior distributions for models’ parameters for models favoured by BFs using the Laplace
approximation (orange lines) and referenced TT (blue lines). Note, that the fitting data in this example
contains superspreading events and is not reliable at the time numbers of cases of COVID-19 rather than
deaths (which leads to very high values of R; on certain days) so is not representative of SARS-CoV-2
transmission generally.
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We find it interesting to note that all models present a similar fit to the confirmed COVID-19 cases data
(see Fig.. This makes it impossible to select the best model through visual inspection and comparison
of the model fits, or by using model selection methods that do not take the full posterior distributions
into account. Although the models might fit the data well, other quantities generated, which are often of
interest to the modeller, might be completely incorrect. Moreover, it emphasises the need to test multiple

models before any conclusions are drawn, especially with complex, hierarchical models.
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Figure 2.8: Cases of SARS-CoV-2 infections in South Korea from the data (shown with bars) and the cases
predicted by different models. On each graph, predictions made by the model favoured by the Laplace
approximation are shown with a blue dashed line, and predictions made by the referenced TI-favoured
models are shown with an orange dashed line. The lines in all three subplots are largely overlapping,
revealing that all models fit the case data similarly well.

The Laplace approximation can often be sufficient to pick the best model, but not in this epidemiological
model selection problem. We can see in Table that the evidence was the highest for the "boundary"
models when the Laplace approximation was applied. For example, for the sliding window length models,
when the Gaussian approximation was applied, the log-evidence was monotonically increasing with the
value of W within the range of values that seem reasonable (W = 1 to 7). In contrast, with referenced

TI, the log-evidence geometry is concave within the range of a priori reasonable parameters.

2.4 Discussion

Summary of the findings

The examples shown in Sectionillustrate the applicability of the referenced TI approach for calculating

model evidence. In the radiata pine example, referenced T1I performed better than the other tested methods
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in terms of accuracy and speed. When using referenced TI, at A = 0 values are sampled from the reference
density rather than the prior, as is the case for the power posterior method, which should be closer to
the original density (in the sense of Kullback-Leibler or Jensen-Shannon divergence, see. This leads
not only to a more accurate estimate of the normalising constant but also to much faster convergence of
the MCMC samples. A detailed theoretical characterisation of rates of convergence is beyond the scope
of this chapter, nonetheless, the empirical tests presented consistently show faster convergence than with
comparative approaches. This is useful, especially for evaluating model evidence in complex hierarchical

models where each MCMC iteration is computationally demanding.

In the application to the renewal model for the COVID-19 epidemic in South Korea, we showed that for
a complex structured model, hypothesis selection by Laplace approximation of the normalising constant
can give misleading results. Using the referenced TI, we calculated model evidence for 16 models, which
enabled a quick comparison between chosen pairs of competing models. Importantly, the evidence given
by the referenced TI was not monotonic with the increase of one of the parameters, which was the case
for the Laplace approximation. The referenced TT method presented here will be similarly useful in other

situations, particularly where the high-dimensional posterior distribution is uni-modal but non-Gaussian.

Model selection methods

In epidemiology, as well as other fields, the best model is often picked using simple methods such as AIC
or BIC |Grassly and Fraser,|2008]. Their main advantage is that they can be computed with virtually no
additional computational cost and are often provided by off-the-shelf statistical software. It is important to
note, that neither AIC nor BIC incorporates the uncertainty of the parameters and the model’s predictions
|[Kass and Rafteryl|1995|. As a result, AIC often favours the models with a larger number of parameters,
and although BIC penalises more complex models, it might give misleading answers when multiple models
with similar scores are compared [Kass and Raftery| |1995|. Additionally, none of these methods takes
into account prior probabilities of the parameters |Xie et al. |2011] and does not force the researcher to
consider prior predictive checks on model appropriateness [Yang, [2005]. Fully Bayesian model selection
methods which compare the models’ evidences are often more appropriate, as they take into account the
full posterior densities, instead of just maximum a posteriori probability estimates [Pooley and Marion|

2018].
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Another model selection method, popular due to its accuracy and computational efficiency is the Leave-one-

out cross-validation (LOO-CV) algorithm using Pareto-smoothed importance sampling (LOO-CV PSIS)

and Widely Applicable Information Criterion (WAIC) [Vehtari et al.l2017]. The main benefit of these

methods is that they use the MCMC samples in order to assess the goodness of fit, instead of re-fitting
the model as is normally the case with cross-validation (CV). LOO-CV generally fails when applied to the
temporal data, such as the time-series cases data for the COVID-19 model from subsection|2.3.4] because

the assumption of conditional exchangeability between observations is not satisfied for these types of data

[Vehtari et al.| 2019]. However, these shortcomings of the LOO-CV methods are now partially resolved

|Biirkner et al.}|2020].

Using model evidence and BFs as a method of model selection has been disputed in scientific literature

[Llorente et al.| 2023| Navarrol |2019] |Vehtari and Ojanen| 2012|. BFs have been shown to be sensitive

to the choice of priors of the model, which some consider to be a disadvantage. However, we show in
Section that sometimes it proves useful when the competing models generate outputs that cannot
be compared to the empirical data. It is also possible that all competing models make similar predictions

under sensible priors, but their marginal likelihood might differ substantially once integrated over the

parameter space |Vehtari and Ojanen) 2012]. Due to this sensitivity, evaluating the BFs over a range of

possible prior choices is recommended, which may become computationally expensive |Kass and Raftery|

1995|. In general, however, if a sample size is sufficiently large, the effect of the priors is small
aftery ehtari an janen . Worth noting as well, that s indicate which one of the two
Raf 1995, [Vehtari and Oj 2012|. Worth i 11, that BFs indi hich f th

models is relatively better, and do not give an absolute score of an individual model’s accuracy. For a

comprehensive discussion of the applicability of BFs, we refer the reader to|Llorente et al.|[2023|, Vehtari

land Ojanen| [2012].

Limitations and future work

Although referenced thermodynamic integration and other methods using path-sampling have theoretically
asymptotically exact Monte Carlo estimator limits, in practice several considerations affect accuracy. For

example, biases will be introduced to the referenced TI estimate if one endpoint density substantially

differs from another. An example of this and explanation is provided in Hawryluk et al.|[2023].

Furthermore, the discretisation of the coupling parameter path in A can introduce a discretisation bias.
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For the power posteriors method, |Friel et al. [2017| propose an iterative way of selecting the A-placements
to reduce the discretisation error. (Calderhead and Girolami| [2009] test multiple A-placements for 2- and
20D regression models and report relative bias for each tested scenario. In the referenced TI algorithm
discretisation bias is negligible — the use of the reference density results in TT expectations that are
both small and have low variance, and therefore curvature with respect to A. In our framework, we use
geometric paths with equidistant coupling parameters A between the un-normalised posterior densities.
There exist other possible choices of the path constructions, for example, a harmonic |[Gelman and Meng|
1998| or hypergeometric path [Vitoratou and Ntzoufras}|2017]. This optimisation might be worth exploring,
however, as illustrated in Fig. the expectations evaluated vs A are typically near-linear with referenced

TT suggesting limited gains, although the extent of this will differ from problem to problem.

We presented two possible theoretical methods of building the reference density, but we acknowledge
that there might be other ways of doing that, e.g. using variational approximation or multi-step Taylor
expansion. These ways are further developed in [Hawryluk et al.|[2023]. Additionally, we have shown
that the referenced TI converges faster than the model switch TI and power posteriors method. It would
be worthwhile to further test the speed of the algorithm against other available methods of simulating

normalising constants.

From the perspective of modeling emerging pathogens, where the results of repeated, real-time analyses
are required immediately, the computational load of calculating Bayes factors presents a significant dis-
advantage. The time required for the referenced thermodynamic integration algorithm to converge highly
depends on the dimensionality of the model and the appropriate choice of the reference density. As such,
we do not advocate that this method is superior to other widely used methods readily available through
statistical packages in R or Python, such as cross-validation or DIC, especially for modeling the ongo-
ing pandemic. However, we believe this method should be known to practitioners from various domains,
including epidemiology, and should be easy to implement for their models, particularly in cases where
cross-validation gives ambiguous outputs, or when they want the priors of the model to have a greater

influence on the selected best model.
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2.5 Conclusions

Normalising constants are fundamental in Bayesian statistics. In this chapter, I gave an account of
referenced thermodynamic integration (TI), in terms of theoretical consideration regarding the choice of
reference, and showed how it can be applied to realistic practical problems. I showed how referenced TI
allows efficient calculation of a single model’s evidence by sampling from geometric paths between the un-
normalised density of the model and a judiciously chosen reference density — here, a sampled multivariate
normal that can be generated and integrated with ease. The referenced TI method has practical utility for
substantially challenging problems of model selection in epidemiology and we suggest it has applicability

in other fields of applied machine learning that rely on high-dimensional Bayesian models.

Building on this work, in the next chapter I further apply the Bayes factors and referenced thermodynamic
integration in an epidemiological setting. Specifically, I use the method within a Bayesian hierarchical
model to select the best-fitting densities (likelihoods) for various hospitalisation distributions, such as

onset-to-death, which play a crucial role in modelling COVID-19 infections.
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Chapter 3

Inference of COVID-19 epidemiological

distributions from Brazilian hospital data

Knowing COVID-19 epidemiological distributions, such as the time from patient admission to death, is
directly relevant to effective primary and secondary care planning, and the mathematical modelling of the
pandemic generally. We determine epidemiological distributions for patients hospitalised with COVID-19
using a large dataset (N = 21,000 — 157,000) from the Brazilian Sistema de Informagcao de Vigilancia
Epidemiolégica da Gripe database. A joint Bayesian subnational model with partial pooling is used to
simultaneously describe the 26 states and one federal district of Brazil and shows significant variation in
the mean of the symptom-onset-to-death time, with ranges between 11.2 — 17.8 days across the different
states, and a mean of 15.2 days for Brazil. We find strong evidence in favour of specific probability
density function choices: for example, the gamma distribution gives the best fit for onset-to-death and the
generalised log-normal for onset-to-hospital-admission. Our results show that epidemiological distributions
have considerable geographical variation, and provide the first estimates of these distributions in a low

and middle-income setting.
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3.1 Introduction

Surveillance of COVID-19 has progressed from initial reports on 315% December 2019 of pneumonia with

unknown etiology in Wuhan, China [World Health Organisation| |2020a], to the confirmation of 9,826

cases of SARS-CoV-2 across 20 countries one month later [World Health Organisation) 2020b|, to the

current pandemic of greater than 28 million confirmed cases and 900, 000 deaths globally to dat

\Health Organisation,|2020c|. Early estimates of epidemiological distributions provided critical input that

enabled modelling to identify the severity and infectiousness of the disease. The onset-to-death distribution

[Donnelly et al.}|2003} Garske et al.,|2009], characterising the range of times observed between the onset of

first symptoms in a patient and their death, proved crucial in early estimates of the Infection Fatality Ratio

(IFR) where it was used to estimate the cumulative number of deaths at the beginning of the epidemic

in Wuhan |Verity et al.,|2020]. Similarly, the onset-to-death distribution was used in recent approaches to

modelling the transmission dynamics of SARS-CoV-2 to estimate the reproduction number R; and other

important epidemiological quantities such as serial interval distribution [Dana et al.||2020| Flaxman et al.|

12020} | Jombart et al., {2020} Linton et al.,|2020| Wu et al.| 2020alc|.

Initial estimates of COVID-19 epidemiological distributions necessarily relied on relatively few data points,
with the events comprising these distributions occurring in a period of time that was short compared to

the temporal pathologies of the disease progression, resulting in wide confidence or credible intervals and

a sensitivity to time-series censoring effects |Verity et al.2020]. Global surveillance of the disease over

the past 197 days has provided more data to re-evaluate the time-delay distributions of the disease. In
particular, public availability of a large number of patient-level hospital records — over 390,000 in total

at the time of writing — from the SIVEP-Gripe (Sistema de Informagao de Vigildncia Epidemioldgica

da Gripe) database published by Brazil’s Ministry of Health |[Ministério da Satude} 2020, provides an

opportunity to make robust statistical estimates of the onset-to-death and other time-delay distributions
such as onset-to-diagnosis, length of ICU stay, onset-to-hospital-admission, onset-to-hospital-discharge,

onset-to-ICU-admission, and hospital-admission-to-death.

'Referring to the date of the article publication 25™ Nov 2020.
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3.1.1 Owur contributions

In this work, we fit and present an analysis of these epidemiological distributions, with the chapter set out as
follows. Sectiondescribes the SIVEP-Gripe database [Ministério da Saude||2020|, from which the data
were obtained, and the methodological approach applied to fit distributions using a hierarchical Bayesian
model with partial pooling. Section describes the results from fitting epidemiological distributions at
the national- and state-levels to a range of probability density functions (PDFs). The results are discussed
in Section including associations with socioeconomic factors, such as education, segregation, and

poverty, and conclusions are given in Section

3.2 Methods

3.2.1 Data

The SIVEP-Gripe database provides detailed patient-level records for all individuals hospitalised with
severe acute respiratory illness, including all suspected or confirmed cases of severe COVID-19 reported
by both private and public sector healthcare institutions, from small rural hospitals to large metropolitan
academic centres [Baqui et al.;|2020} [Bastos et al.l[2020]|de Souza et al.l [2020| | Ministério da Saude,|2020|
Niquini et al. |2020|. The records include the dates of admission, onset of symptoms and outcome (death
or discharge) and state where the patient lives and where they are being treated, among other diagnosis-
related variables. We extracted the data for confirmed COVID-19 records starting on 25* February 2020
and considered records in our analysis ending on 7*" July 2020. The dataset was filtered to obtain rows
for onset-to-death, hospital-admission-to-death, length of ICU stay, onset-to-hospital-admission, onset-
to-hospital-discharge, onset-to-ICU-admission and onset-to-diagnosis. Onset-to-diagnosis data were split
into the diagnoses confirmed by PCR and those confirmed by other methods, such as rapid antibody and
antigen tests, called non-PCR throughout this chapter. Entries resulting in distribution times greater than
133 days were considered a typing error and removed, as the first recorded COVID-19 case in Brazil was

on 25" February 2020 |The Lancet} 2020

Additional filtering of the data was applied for onset-to-ICU-admission, onset-to-hospital-admission and

onset-to-death in order to eliminate bias introduced by potentially erroneous entries identified in the data
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for these distributions. We removed the rows where admission to the hospital or ICU or death happened on
the same day as the onset of symptoms, assuming that these were incorrectly inputted entries. The decision
to test removing the first day is motivated firstly by the observation of several conspicuous data entry
errors in the database, and secondly by anomalous spikes corresponding to same-day events observed in
these distributions. An example of anomalous spikes in the onset-to-death distribution is shown in Fig.

for selected states.
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Figure 3.1: Distribution of onset-to-death for Maranhéao, Rio de Janeiro, Sao Paulo and Rio Grande do
Sul. Anomalous spikes for the first day can be observed for Maranhao and Rio de Janeiro, indicating they
might be a reporting error.

Sensitivity analyses on data inclusion, regarding the removal of anomalous spikes in first-day data indicative
of reporting errors (e.g. onset to hospital admission), and regarding the sensitivity of the dataset to time-

series censoring effects, are set out in the Results Section m

A summary of the data, including the number and range of samples per variable from the SIVEP-Gripe
dataset is given in Table The age-sex structure of hospitalised patients in the database with confirmed
COVID-19 diagnoses is presented in Fig. A breakdown of the number of data samples per state is

provided in Table
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Table 3.1: Summary of the distribution data extracted from SIVEP-Gripe database lMinistério da Saude
2020]. Numbers of samples (Ngamples) are given for the whole country.

Distribution Ngamples Range (days)
Onset-to-death 59,271 1-114
Hospital-admission-to-death 52,821 0-99
ICU-stay 21,709 0-89
Onset-to-hospital-admission 141,618 1-129
Onset-to-hospital-discharge 69,478 0-120
Onset-to-ICU-admission 46,617 0-101
Onset-to-diagnosis (PCR) 156,558 0-129
Onset-to-diagnosis (non-PCR) 19,438 0-102
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Figure 3.2: Demography of COVID-19 patients in Brazil. The left plot shows the number of confirmed
COVID-19 cases and the right shows the number of confirmed COVID-19 deaths. data were extracted
from the SIVEP-Gripe database from 25" Feb 2020 up to 7" July 2020. |Ministério da Sal’ldel |2020l
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3.2.2 Model fitting

Gamma, Weibull, log-normal, generalised log-normal [Singh et al.,|2012|, and generalised gamma [Stacy|
1962| PDFs are fitted to several epidemiological distributions, with the specific parameterisations provided
in Tables [3.3]and their means and variances in Table[3.4]

Table 3.3: Probability density functions. y denotes the data, I'(+) is a gamma function. GG — generalised
gamma |Stacy||1962], GLN — generalised log-normal [Singh et al., [2012].

PDF

Gamma(y|a, 3) = %ya_l exp(—pBy)

2
Log-normal(y|u, o) = \/ﬂay exp <_% (103%) >

GG(yla,d,p) F(é) d x4 exp (— (%)p)
p
GLN(y“'L?Ua S) %m exp( |10gy ,U| )

Table 3.4: Probability density functions with analytical formulae for mean and variance. y denotes the
data, T'(:) is a gamma function. GG — generalised gamma [Stacy} [1962|, GLN — generalised log-normal
[Singh et al.; 2012|.

PDF Mean Variance
Gamma(y|o, §) 3 e
Weibull(y|e, o) ol (1+1) (D (14+2)-T2(1+ 1))
Log-normal(y|u, o) exp (u + ‘7—2) (exp (62) — 1) exp (21 + 0?)
2
Gilods) SRR o | - ()
exp(j1) [1 + ﬁ} exp(2p) [l + %}—[Mean]g,

GLN(y|p, 0, s) (it

S=3z 10J< (1))2/%((;3)) S=3%, 27 (1+(—1)j>21/8%

The parameters of each distribution are fitted in a joint Bayesian hierarchical model with partial pooling,
using data from the 26 states and one federal district of Brazil, extracted and filtered to identify specific

epidemiological distributions such as onset-to-death, ICU-stay, and so on.

As an example consider fitting a gamma PDF for the onset-to-death distribution. The gamma distribution
for the i*™® state is given by

Gammal(ay, 5;) , (3.1)

where shape and scale parameters are assumed to be positively constrained, normally distributed random
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variables

a; ~ N(OBrazil, 01) (3.2)

and

Bi ~ N(BBrazil, 02) - (3.3)

The parameters aprazi and Bprazil denote the national level estimates, and

o1~ NT(0,1), 00 ~ NT(0,1), (3.4)

where N*(-) is a truncated normal distribution. In this case, parameters apraz1 and Bpraz are estimated
by fitting a gamma PDF to the fully pooled data, that is including the observations for all states. Prior
probabilities for the national level parameters for each of the considered PDFs are chosen to be N*(0,1).
The only exception was for the more complex generalised gamma distribution which used more informed
priors to speed up fitting. The priors for the generalised gamma distribution were chosen based on the
previous fits to be: pprazi1 ~ NT(2,0.5), 0Brazii ~ NT7(0.5,0.5) and Sprazi ~ N1(1.5,0.5). Additionally,

for all fitted densities, the mean and variance parameters were constrained to be positive.

Posterior samples of the parameters in the model are generated using Hamiltonian Monte Carlo (HMC)

with Stan |Carpenter et al.||2017| Hoffman and Gelman, [2014]. For each fit, we use 4 chains and 2,000

iterations, with half of the iterations dedicated to warm-up.

The preference for one fitted model over another is characterised in terms of the Bayesian support, with the
model evidence calculated to see how well a given model fits the data and comparison between two models
using Bayes factors (BFs). BFs provide a principled fully Bayesian approach to select between models,

incorporating the full posterior densities and thus also the uncertainty of each of the parameters instead of

point estimates |Jefferys and Berger} 1992| | Jeffreys||1965, |Sivia and Skilling| 2006} Smith and Spiegelhalter|

1980|. Moreover, BFs naturally balance the complexity and accuracy of the compared models, ensuring
that the excessively complex models are not automatically favoured. Historically simpler methods have

been favoured, as BFs can be costly to compute for complex models, however using recent efficient methods

this is not an issue (see Hawryluk et al.|[2023| or Chapter . The details of how to estimate the model

evidence and calculate the Bayes factors for each pair of models are given in the previous Chapter

Data cleaning and the analysis of the results were conducted using Python (version 3.7.7) programming
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language |[Python Software Foundation|. PyStan (version 2.19.0.0) interface was used for running model
fitting with Stan |[Stan Development Team|. The code and data for this analysis are available online at

https://github.com/mrc-ide/Brazil_COVID19_distributions!

3.3 Results

3.3.1 Brazilian epidemiological distributions

Five trial PDFs — gamma, Weibull, log-normal, generalised log-normal and generalised gamma — were

fitted to the epidemiological data shown in Fig.|3.3

All of the models’ fits were tested by using the Bayes factors based on the Laplace approximation and
corrected using referenced thermodynamic integration |Gelman and Meng, 1998, |[Hawryluk et al.||2023|
Meng and Wong] (1996a|, as described in Chapter The thermodynamic integration contribution was
negligible suggesting the posterior distributions are satisfactorily approximated as multivariate normal.
The conclusions on the preferred PDF were not sensitive to the choice of prior distributions, that is the
preferred model was still the favoured one even when more informative prior distributions were applied for
all PDFs. The Bayes factors used for model selection are shown in Table The discrepancy between
the best models selected by the Bayes factors shown in Table and the visual assessment of the fits
in Fig. is due to the BFs calculated for the full hierarchical models including the subnational partial-

pooling, whereas the figure shows fits only on the national level.

Table 3.5: Bayes factors (BFs) for the analysed distributions and models. For each distribution (rows),
the values represent BF for the best-fitting model against other models. A value of 0 indicates the model
that fits the data the best. Value > 10 indicates very strong evidence against the given model compared
to the best one. GLN - generalised log-normal, GG - generalised gamma. NA - not analysed. The BF
values are reported here as 2log(B;;) following the notation from |Kass and Raftery| [1995|.

Distribution Gamma Weibull Log-normal GLN GG
Onset-to-death 0 2156 2208 198 301
Admission-death 0 195 4349 3096 188
ICU stay 0 231 588 607 352
Onset-to-hospital-admission 4000 17073 494 0 NA
Onset-to-hospital-discharge 2819 8346 6079 0 3087
Onset-to-ICU-admission 798 4359 142 0 1244
Onset-to-diagnosis (PCR) 1111 10400 13882 0 1257
Ounset-to-diagnosis (non-PCR) 578 793 4340 0 461
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Figure 3.3: Histograms for onset-to-death, hospital-admission-to-death, ICU-stay, onset-to-hospital-
admission, onset-to-hospital-discharge, onset-to-ICU-admission onset-to-diagnosis (PCR) and onset-to-
diagnosis (non-PCR) distributions show data for Brazil extracted from the SIVEP-Gripe database
listério da Satde} [2020]. For each distribution, solid lines are for fitted PDFs and the dashed line shows the
cumulative distribution function of the best-fitting PDF. The left-hand side y-axis gives the probability
value for the PDFs and the right-hand side y-axis shows the value for the cumulative distribution function.
All values on the x-axes are given in days. State-level fits are shown in Figs. and

The gamma PDF provided the best fit for the onset-to-death, hospital-admission-to-death and ICU-stay
data. For the remaining distributions — onset-to-diagnosis (non-PCR), onset-to-diagnosis (PCR), onset-to-
hospital-discharge, onset-to-hospital-admission and onset-to-ICU-admission — the generalised log-normal
distribution was the preferred model. The list of preferred PDFs for each distribution, the estimated mean,
variance and PDFs’ parameter values for the national fits are given in Table Due to the large volume

of data, the 95% credible intervals (Crl) for parameters of each of the preferred PDFs was less than 0.1
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wide, therefore in Table we show only point estimates.

Table 3.6: For each COVID-19 distribution the preferred PDF with the largest Bayesian support is
listed, along with the estimated mean, variance and other parameters of the PDF. 95% credible inter-
vals are given in brackets for mean and variance. The parameters p;, p2 and ps for the preferred PDFs
gamma and generalised log-normal (GLN) are given in the form Gamma(z|p1,p2) = Gamma(a, 3) and
GLN (z|p1,p2,p3) = GLN (1, 0, ), with the formulae of the PDFs given in Table The credible inter-
vals for parameters p;, po and p3 are less than 0.1 wide, so only the point estimates are shown. { The
variance diverges for the onset-to-diagnosis (non-PCR) PDF.

Distribution Preferred PDF Mean (days) Variance (days?)  p1 p2  p3
Onset-to-death Gamma 15.2 (15.1, 15.3)  105.3 (103.7, 106.9) 2.2 0.1 -
Hospital-admission-to-death Gamma 10.0 (9.9, 10.0) 84.8 (83.2, 86.4) 1.2 01 -
ICU-stay Gamma 9.0 (8.9,9.1) 649 (63.1,668) 12 01 -

Onset-to-hospital-admission Gen. log-normal 7.8 (7.7, 7.8) 35.7 (35.0, 36.5) 1.8 06 1.8
Onset-to-hospital-discharge Gen. log-normal 17.6 (17.6, 17.7) 248.7 (233.7,265.6) 2.7 0.3 1.2

Onset-to-ICU-admission Gen. log-normal 8.5 (8.4, 8.5) 48.0 (46.1, 50.0) 1.9 06 1.8
Onset-to-diagnosis (PCR) Gen. log-normal 12.5 (12.5, 12.6) 252.3 (236.4, 269.6) 2.3 0.3 1.2
Onset-to-diagnosis (non-PCR) Gen. log-normal 14.5 (14.3, 14.7) T 23 03 1.0

Additionally, in Fig. in each instance the cumulative probability distribution is given for the best
model fit, revealing that out of patients for whom COVID-19 is terminal, almost 70% die within 20 days
of symptom onset. Out of patients who die in the hospital, nearly 60% die within the first 10 days since

admission.

The estimated mean number of days for each distribution for Brazil is compared in Table with values
found in the literature for China, the US and France. The majority of the data obtained through searching
the literature pertained to the early stages of the epidemic in China, and no data were found for low- and
middle-income countries. The mean onset-to-death time of 15.2 (95% Crl 15.1 — 15.3) days, from a best-
fitting gamma PDF, is shorter than the 17.8 (95% CrI 16.9 — 19.2) days estimate from [Verity et al.||2020]
and 20.2 (95% Crl 15.1 — 29.5) days estimate (14.5 days without truncation) from Linton et al.|[2020].
In both cases, estimates were based on a small sample size from the beginning of the epidemic in China.
The mean number of days for hospital-admission-to-death of 10.8 (95% CrI 10.7 — 10.9) for Brazil closely

matches the 10 days estimated by |Salje et al.|[2020b].
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3.3.2 Subnational Brazilian epidemiological distributions

The onset-to-death distribution, and other time-delay distributions such as onset-to-diagnosis, length of
ICU stay, onset-to-hospital-admission, onset-to-hospital-discharge, onset-to-ICU-admission, and hospital-

admission-to-death, have been fitted in a joint model across the 26 states and one federal district of Brazil

using partial pooling.

The explanation of the abbreviations for the states of Brazil used throughout the figures and tables in this

section is given in Table

Table 3.8: Brazilian States and Regions

Abbreviation State Region
AC Acre North
AP Amapa North
AM Amazonas North
PA Para North
RO Rondénia North
RR Roraima North
TO Tocantins North
AL Alagoas Northeast
BA Bahia Northeast
CE Ceara Northeast
MA Maranhao Northeast
PB Paraiba Northeast
PE Pernambuco Northeast
PI Piaui Northeast
RN Rio Grande do Norte Northeast
SE Sergipe Northeast
DF Distrito Federal Central-West
GO Goias Central-West
MT Mato Grosso Central-West
MS Mato Grosso do Sul  Central-West
ES Espirito Santo Southeast
MG Minas Gerais Southeast
RJ Rio de Janeiro Southeast
SP Sao Paulo Southeast
PR Parana South
RS Rio Grande do Sul South
SC Santa Catarina South

The mean number of days, plotted in Fig. [3.4] shows substantial subnational variability — for example the
mean onset-to-hospital-admission for Amazonas state was estimated to be 9.9 days (95% CrI 9.7 — 10.1),

whereas for Mato Grosso do Sul the estimate was 6.7 (95% Crl 6.4—7.1) days and Rio de Janeiro - 7.2 days
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(95% Crl 7.1 — 7.3). Amazonas state had the longest average time from onset-to-hospital-admission and
ICU-admission. The state with the shortest average onset-to-death time was Roraima. Santa Catarina
state on the other hand had the longest average onset-to-death and hospital-admission-to-death time, as

well as the longest average ICU-stay.

We also observe discrepancies between the five geographical regions of Brazil. For example, states belonging
to the southern part of the country (Parana, Rio Grande do Sul and Santa Catarina) had a longer
average ICU-stay and hospital-admission-to-death time as compared to the states in the North region.
Full results, including detailed estimates of mean, variance, and estimates for each of the distributions’
parameters for Brazil and Brazilian states can be accessed at https://github.com/mrc-ide/Brazil_

COVID19_distributions/blob/master/results/results_full_table.csv.

For a visualisation of the uncertainty in our mean estimates for each state, see the posterior density plots
in Figs. and Additional national and state-level results for the onset-to-death gamma PDF,
including the posterior plots for mean and variance, are shown in Fig. [3.5] The values of the posterior

mean and variance are given in Table
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Figure 3.4: Estimates of the mean time in days for onset-to-death, hospital-admission-to-death and each
of the other distributions fitted in the joint model of Brazil. Estimates are grouped by the five regions of
Brazil, North (blue), Northeast (light blue), Central-West (green), Southeast (orange), and South (red).
For state Acre (AC), the onset-to-diagnosis (non-PCR) mean diverged due to the small number of samples
(n=1). Abbreviations are explained in Table
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Table 3.9: State-level onset-to-death estimates for gamma PDF: mean, variance, parameters values,
with 95% confidence intervals. The parameters p; and ps are given in the form Gamma(z|pi,p2) =
Gamma(a, $). The full PDFs for other distributions are available at https://github.com/mrc-ide/
Brazil _COVID19_distributions/blob/master/results/results_full_table.csv. Abbreviations are

explained in Table

State  Mean (days) Variance (days?) p1 D2

AC 174 (16.1,18.8) 119.4 (98.8, 143.6) 2.6 (2.2, 2.9) 0.1 (0.1, 0.2)
AL 14.0 (13.4,145) 825 (74.3, 91.9) 2.4 (2.2,25) 02(0.2,02)
AM 156 (15.3,16.0) 95.3 (89.1, 102.1) 2.6 (2.4, 2.7) 0.2 (0.2, 0.2)
AP 145 (13.2,16.0) 99.1 (79.8, 122.7) 2.1 (1.9, 2.4) 0.1 (0.1, 0.2)
BA  15.1 (147, 15.6) 116.6 (107.9, 126.1) 2.0 (1.9,2.1) 0.1 (0.1, 0.1)
CE 161 (15.8,16.4) 116.4 (111.1,122.0) 2.2(2.2,2.3) 0.1 (0.1, 0.1)
DF 164 (15.6,17.2) 105.0 (92.7, 119.0) 2.6 (2.3,2.8) 0.2 (0.1, 0.2)
ES 17.0 (16.4, 17.5) 107.8 (98.2, 118.1) 2.7(2.5,2.9) 0.2(0.1,0.2)
GO 145 (13.8,15.2) 87.9 (77.9,99.1) 2.4 (2.2,2.6) 0.2 (0.2, 0.2)
MA  15.0 (14.6, 15.4) 89.4 (82.7, 96.5) 2.5 (24, 2.7) 0.2 (0.2, 0.2)
MG 151 (14.6, 15.7) 95.1 (86.3, 104.7) 2.4 (2.2,2.6) 0.2 (0.1, 0.2)
MS 148 (13.3,16.4) 93.9 (74.8, 116.8) 2.4 (2.0,2.7) 0.2 (0.1, 0.2)
MT 14.1 (13.1, 15.1) 80.6 (67.2, 96.4) 2.5 (2.2,2.8) 0.2(0.2,0.2)
PA  14.7 (145, 15.0) 90.2 (85.7, 94.9) 2.4 (2.3,2.5) 0.2 (0.2, 0.2)
PB  14.0 (13.4, 14.5) 787 (71.2,87.3)  2.5(2.3,2.7) 0.2 (0.2, 0.2)
PE  13.0 (12.7, 13.2) 89.7 (84.6, 95.1) 1.9 (1.8,1.9) 0.1 (0.1, 0.2)
PI 16.5 (15.6, 17.4) 114.8 (99.4, 131.7) 2.4 (2.1, 2.6) 0.1 (0.1, 0.2)
PR 157 (15.1,16.4) 91.9 (81.8, 102.7) 2.7 (2.5,2.9) 0.2 (0.2, 0.2)
RJ 14.2 (14.0, 14.4) 103.3 (99.5, 107.3) 2.0 (1.9,2.0) 0.1(0.1,0.1)
RN 152 (14.6, 15.9) 91.9 (81.8, 103.0) 2.5 (2.3,2.7) 0.2 (0.2, 0.2)
RO 14.7 (13.6, 15.8) 92.1 (76.4, 110.0) 2.3 (2.1,2.6) 0.2 (0.1, 0.2)
RR  11.2 (10.2, 12.1) 68.1 (55.9, 83.0) 1.8 (1.6, 2.1) 0.2 (0.1, 0.2)
RS 154 (14.7,16.2) 116.0 (103.0,130.8) 2.1 (1.9,2.2) 0.1 (0.1, 0.1)
SC  17.8(16.7,19.0) 146.8 (125.1,173.5) 2.2 (1.9,2.4) 0.1 (0.1, 0.1)
SE 134 (12.2,145) 1125 (91.4,138.6) 1.6 (1.4,1.8) 0.1 (0.1, 0.1)
SP 162 (16.0, 16.4) 114.8 (111.6, 118.0) 2.3 (2.2,2.3) 0.1 (0.1, 0.1)
TO 148 (135,16.2) 97.3 (79.1, 119.7) 2.3 (2.0,2.6) 0.2 (0.1, 0.2)
Brazil 15.2 (15.1, 15.3) 105.3 (103.7, 106.9) 2.2 (2.2,2.2) 0.1 (0.1, 0.1)
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Figure 3.6: Posterior distribution of mean times (in days) for onset-to-death, hospital-admission-to-death,
ICU stay and onset-to-hospital-admission, sorted by mean value. Plots are colour-coded by the geographi-
cal region to which the state belongs: North (yellow), Northeast (green), Central-West (orange), Southeast
(purple), and South (blue). Abbreviations are explained in Table

66



Onset-Discharge

P

PE- ‘
SE-

AC- .
AM -

CE-

A-

MA-

RO-

AL-

MT -

RR-

BA-

RJ-

SP-

PB-

RN-

DF -

AP-

o_

RS-

MS- t
ES-

TO-

sc-

G_

PR-

PI-

State

G

M

State

A
P
AP
M
R

TO

A
c
S
P
M
B
D
VS
R
R
E
S
S
[
AL
P
P

c
M
A
E
A
N
E
B
T
A
F
S
R
s
c
P
P
E
R
GO
MG
0

R

RJ

Onset-ICU-Admission

;
f

8 10 12 14
Days

State

Onset-PCR-Diagnosis Onset-non-PCR-Diagnc

AM-
CE-
AP-

AL-

RJ- ‘
ES-
: PI-
BA-
RJ- sP-
MA - RS-
PA- ALl
ES- MA-
AC- e
PB- oe
PE- e
SP-
PA-
SE-
AM-
TO-
RN-
PB-
G_
sc-
MT-
DF-
PR-
O_
AP-

State

DF -

sc-

MG -

RN -
M

BA-

PI-

RO-

PR-

GO-

MT - G

SE-

RO-

RR-

Days Days

Figure 3.7: Posterior distribution of mean times (in days) for onset-to-hospital-discharge, onset-to-ICU-
admission, onset-to-diagnosis (PCR) and onset-to diagnosis (non-PCR), sorted by mean value. Plots are
colour-coded by the geographical region to which the state belongs: North (yellow), Northeast (green),
Central-West (orange), Southeast (purple), and South (blue). Abbreviations are explained in Table
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3.3.3 Sensitivity analyses

In order to remove the potential bias towards shorter outcomes from left- and right-censoring, we tested
the scenario in which the data to fit the models was truncated. For example, based on a 95% quantile of
35 days for the hospital-admission-to-death distribution, entries with a starting date (hospital admission)
after 224 June 2020 and those with an end date (death) before 15¢ April 2020 were truncated, and the
models were refitted. With censored parts of the data removed, the mean time from start to outcome
increased for every distribution, e.g. for hospital-admission-to-death it increased from 10.0 days (95% Crl
9.9 — 10.0) to 10.8 (95 % CrI 10.7 — 10.9), and for onset-to-death it changed from 15.2 days (95% Crl
15.1 — 15.3) to 16.0 (95% CrlI 15.9 — 16.1). The effect of truncation on censored data is given in Fig. [3.8

Onset-to-hospital-admission | . ® 1stday removed
1st day not removed

Onset-to-death ( .
Onset-to-ICU-admission .
Hospital-admission-to-death { .
8 10 12 14
Onset-to-death . (

ICU-stay .

® Censoring

Hospital-admission-to-death . 1 ®  Censoring corrected

9 10 1" 12 13 14 15 16
Days

Figure 3.8: Estimated mean per distribution in different scenarios: excluding first-day data points (top)
and censoring correcting (bottom). The credible intervals were not shown as due to the large amount of
data available the intervals were negligible.

To test the impact of keeping or removing entries identified as potentially resulting from erroneous data
transcription (see the Methods Section|3.2), we fitted the PDFs to some of the distributions on a national

level with and without those entries. For onset-to-hospital-admission, onset-to-ICU and onset-to-death we
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found that generalised gamma PDF was preferred when the first day of the distribution was included, and
gamma (for onset-to-death) and generalised log-normal PDFs if the first day was removed. For hospital-
admission-to-death, a gamma distribution fitted most accurately when the first day was included, and
Weibull when it was excluded. Removing the first-day results in the mean values shifting to the right
by approximately 1 day for both onset-to-hospital- and ICU-admission, and by 0.5 days for hospital-

admission-to-death (see Fig. [3.8).

3.4 Discussion

Using Bayesian hierarchical models, we fitted multiple probability density functions to several epidemio-
logical datasets, such as onset-to-death or onset-to-diagnosis, from the Brazilian SIVEP Gripe database

[Ministério da Saude, |2020).

Summary of the findings

Our findings provide the first reliable estimates of the various epidemiological distributions for the COVID-
19 epidemic in Brazil and highlight a need to consider a wider set of specific parametric distributions.
Instead of relying on the ubiquitous gamma or log-normal distributions, we show that often these PDFs
do not best capture the behaviour of the data. For instance, the generalised log-normal is preferable for
several epidemiological distributions in Table These results can specifically inform modelling of the
epidemic in Brazil [Mellan et al.}|2020|, and other low- and middle-income countries |Walker et al.| 2020].

We expect they are also highly relevant to the epidemics unfolding in other countries.

Geographic heterogeneity

Across Brazil, the epidemic has strong geographic heterogeneity, with some states such as Amazonas and
Maranhéo reported to be at advanced stages [Buss et al.}||2021] [da Silva et al.} [2020]. To accurately
describe the observed differences at the subnational level, it is essential to account for variation in model
parameters by state. By making use of the state-level custom-fitted onset-to-death distributions reported
here, we have estimated the number of active infections on 23' June 2020 across ten states spanning the

five regions of Brazil using a Bayesian hierarchical renewal-type model |Flaxman et al.} 2020} |[Mellan et al.|
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12020} Mishra et al.} 2020]. The relative change in the number of active infections from modelling the cases

using heterogeneous state-specific onset-to-death distributions, compared to using a single common Brazil
one, is shown in Fig.to be substantial. we observe relative changes of up to 18% more active infections,
suggesting common assumptions of onset-to-death spatial homogeneity are unreliable and closer attention

is required when fitting models of SARS-CoV-2 transmission dynamics in large countries.

Bahia- Il

Mato Grosso- H

Sao Paulo-

District Federal-
Parana-
Amazonas-

Rio Grande do Sul-
Maranhao-

Santa Catarina-
Roraima-

Mean

16
14
12

0 5 10 15
Change in active infections (%)

Figure 3.9: This figure shows the percentage change in active infections, estimated on the 23rd June 2020,
that results from using state-specific onset-to-death distributions (see Table compared to a single
national-level one. The effect for each state is coloured according to the mean of the state’s onset-to-death

gamma distribution, given in days. The mean onset-to-death for Brazil is 15.2 days. Figure courtesy of
Dr Thomas A. Mellan.

Notably, large subnational variability was observed for all fitted distributions, with the mean onset-to-
death ranging between 11.2 days in Roraima to 17.8 in Santa Catarina. Hospital-admission-to-death time
showed substantial variation between the regions of Brazil, ranging between 8.1 and 11.3 in the North,
and between 9.6 and 12.8 in the South. A plausible hypothesis is that the observed differences in outcome
timings could be explained by greater difficulty accessing hospitals in the North, or by a limited access to

equipment such as ventilators.

Correlations with socioeconomic factors

In order to explain the origin of the geographic variation of average distribution times across states, shown
in Fig. we present a basic exploratory analysis based on relevant high-level features. We examined

the correlation between socioeconomic factors, such as education, poverty, income, wealth, deprivation



and segregation, using several socioeconomic state-level indicators obtained from|Barrozo et al.[|2020] and
additional datasets containing the mean age per state and percentage of people living in the urban areas
(urbanicity) |Brazilian Institute of Geography and Statistics|. The Pearson correlation coefficients, shown
in Table suggest that poverty, income, segregation and deprivation elements were most strongly cor-
related with the analysed onset-time datasets. In particular, poverty was strongly negatively correlated
with hospital-admission-to-death (-0.68), whereas income and segregation had a high positive correlation
coefficient for the same distribution (40.60, +0.62 respectively). The strongest correlation was observed for
hospital-admission-to-death and deprivation indicator, which measures the access to sanitation, electricity
and other material and non-material goods |Barrozo et al.||2020|. Interestingly, the indicators measuring
economic situation were more correlated with average hospitalisation times than mean age per state. This
suggests that although low- and middle-income countries typically have younger populations, their health-
care systems are more likely to struggle in response to the COVID-19 epidemic. Socioeconomic factors
have also been shown to correlate with the accessibility of the COVID-19 diagnosis in the Metropolitan
Region of Sao Paulo, which emphasises the impact of the spatial heterogeneity of the socioeconomic status
on the various aspects of the epidemic, from capturing the active cases to providing treatment for the
patients |[de Souza et al., |2020]. More detailed analysis is necessary to fully appreciate the impact of the
economic components on the COVID-19 epidemic response.

Table 3.10: Pearson correlation coefficients for mean distribution times and socioeconomic indicators. The
sample size was equal to 27 (number of states).

Onset- Admission-  Onset-  Onset-hospital Onset-ICU  Onset-diagnosis

ICU-stay death death discharge admission admission (PCR)
Education -0.32 -0.25 -0.62 0.41 0.48 0.39 0.34
Poverty -0.31 -0.31 -0.68 0.52 0.69 0.54 0.49
Deprivation 0.38 0.35 0.71 -0.49 -0.59 -0.49 -0.41
Wealth -0.08 0.26 0.37 -0.24 -0.07 -0.21 -0.17
Income 0.21 0.28 0.60 -0.35 -0.40 -0.33 -0.35
Segregation 0.40 0.35 0.62 -0.43 -0.57 -0.47 -0.30
Mean age 0.13 0.25 0.43 -0.45 -0.57 -0.68 -0.25
Urbanicity 0.12 0.11 0.43 -0.34 -0.52 -0.40 -0.19

Spatial heterogeneity is not the only source of variability in hospitalisation times. Although in this study
we did not stratify the population according to age or other demographic features, other recent studies
have utilised the SIVEP-Gripe database to characterise the COVID-19 epidemic in Brazil. Namely, they
looked at the regional and ethnic distribution of the hospitalised patients |Baqui et al.||2020}|Niquini et al.|

2020|, age-sex structure and clinical characteristics such as co-morbidities and symptoms |de Souza et al.|
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Table 3.11: Pearson correlation coefficients for mean distribution times. The sample size was equal to 27
(number of states).

Onset- Admission-  Onset-  Onset-hospital Onset-ICU  Onset-diagnosis

Distribution death death discharge admission admission (PCR)
Onset-death 1 0.69 -0.35 0.06 0.24 0.15
Admission-death 0.69 1 -0.52 -0.48 -0.20 -0.36
Onset-discharge -0.35 -0.52 1 0.39 0.43 0.40
Onset-hospital-admission  0.06 -0.48 0.39 1 0.72 0.53
Onset-ICU-admission 0.24 -0.20 0.43 0.72 1 0.50
Onset-diagnosis (PCR) 0.15 -0.36 0.40 0.53 0.50 1

2020, |Niquini et al.||2020]. de Souza et al.||2020| show that 65.5% of cases are patients over 50 years old.
Moreover, they also found that 84% of the patients reported having at least one underlying condition. It is
clear, that both age and co-morbidities are highly correlated with adverse outcomes such as hospitalisation
or death, and to calibrate the epidemiological models of COVID-19 the time-onset distributions presented

in this study could be refined even further.

Limitations

In the work presented we acknowledge several limitations. The database from which distributions have
been extracted, though extensive, contains transcription errors, and the degree to which these bias our
estimates is largely unknown. Secondly, the fitted PDFs are based on observational hospital data and
therefore should be cautiously interpreted for other settings. Thirdly, though we have fitted PDFs at
subnational as well as national levels, this partition is largely arbitrary. Further work is required to

understand the likely substantial effect of age, sex, ethnic variation, co-morbidities, and other factors.

Post study

The results of this study have been utilised and confirmed by studies conducted after the results presented
in this chapter have been published in [Hawryluk et al.| [2020]|. The spatial heterogeneity of the COVID-19
infections in Brazil has been further explored for example in [Brizzi et al.|[2022|, where evidence is given
for the spatial and temporal variation in the in-hospital mortality rates across Brazil. Those variations
are hypothesised to be driven mainly by the shortages in healthcare capacity due to regional inequalities

and increased healthcare pressure [Brizzi et al.l [2022]. Additionally, in [Castro et al.| [2021], the authors
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add political misalignment between the states of Brazil to the reason for the geographic heterogeneity and
emphasise the differences in the surveillance systems in the country, which led to the epidemic spreading

disproportionally and in an unmitigated way in the states with poorer surveillance.

The posteriors of the fitted densities provided input to other epidemiological models, including modelling
the epidemic in the whole of Brazil |Mellan et al.}[2020|, investigating the epidemiology of a newly emerged
SARS-COV-2 variant of concern in Amazonas |Faria et al.}[2021] and COVID-19 spread elsewhere |[Eales
and Riley| 2024|. In Inward et al|[2022|, the authors use the PDFs that we have proposed as ’best’
fitting ones and fit those PDFs for Argentina, Brazil, Colombia and Mexico using state-level data and the

hierarchical model with partial pooling based on the method proposed in this chapter.

3.5 Conclusions

In this chapter, I provided the first (at the time of the study) estimates of the common epidemiological
distributions for the COVID-19 epidemic in Brazil, based on the SIVEP-Gripe hospitalisation data [Min-
istério da Satidel [2020|. T discovered an extensive heterogeneity between the different states. Quantification
of the time-delay for COVID-19 onset and hospitalisation data could provide useful input parameters and
priors for COVID-19 epidemiological models, especially those modelling the healthcare response in low-

and middle-income countries.

The best-fitting densities approximating each of the hospitalisation distributions in this chapter have been
selected using Bayes factors and the observed data extracted from the healthcare system database. This
process assumed that all the observed data were correct. In reality, the data suffers from many limitations
— specifically in the case of close to real-time reporting of hospitalisation during the peak pandemic times,
the data tends to be lagged. In the next chapter, I dive deeper into this topic and propose a method of

correcting the delays in the observed hospitalisation data, focusing on mortality reporting in Brazil.
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Chapter 4

(Gaussian Process Nowcasting: Application

to COVID-19 Mortality Reporting

Updating observations of a signal due to delays in the measurement process is a common problem in signal
processing, with prominent examples in a wide range of fields. An important example of this problem is
the nowcasting of COVID-19 mortality: given a stream of reported counts of daily deaths, can we cor-
rect for the delays in reporting to paint an accurate picture of the present, with uncertainty? Without
this correction, raw data will often mislead by suggesting an improving situation. We present a flexible
approach using a latent Gaussian process capable of describing the changing auto-correlation structure
present in the reporting time-delay surface. This approach also yields robust estimates of uncertainty
for the estimated nowcasted numbers of deaths. We test assumptions in model specification such as the
choice of kernel or hyperpriors, and evaluate model performance on a challenging real dataset from Brazil.
Our experiments show that Gaussian process nowcasting performs favourably against both comparable
methods and against a small sample of expert human predictions. Our approach has substantial practical
utility in disease modelling — by applying our approach to COVID-19 mortality data from Brazil, where
reporting delays are large, we can make informative predictions on important epidemiological quantities

such as the current effective reproduction number.

74



4.1 Introduction

In many real-world settings, current observations from a noisy signal can be systematically biased, with
these biases only being corrected after subsequent updates create more complete data. Often, these updates
occur much later in the future due to data processing or reporting delays. Not accounting for these delays
would result in biased predictions, while waiting for updates would result in a lack of timely estimates. The
need for timely estimates to predict the present is colloquially known as nowcasting and its importance
has been shown in a wide range of fields such as actuarial science, economics, and epidemiology |Bastos

et al., 2019} Kaminsky| 1987, [Lawless| [1994| McGough et al.;|2020).

Nowcasting, as defined by|Banbura et al.|[2010| at the European Central Bank, is the process of predicting
the present, the very recent past, and the very near future using time-series data known to be incomplete.
An example from economics is using monthly data to nowcast the current state of important economy
indicators such as GDP or income. More broadly, nowcasting is relevant for scenarios not only where the
data are incomplete, but when the data are comprised of a biased subsample that will be updated in the

future retrospectively, following lengthy delays.

In epidemiology, nowcasting is required due to delays in reporting arising from limitations in testing
capacity, data curation, and the requirement for pseudonymisation of patient data [Bastos et al.| [2019].
These delays are further compounded by the noise inherent in such data due to limited sampling (typically
only a subset of the population is sampled). Throughout this chapter, we specifically focus on the delays in
the reporting of deaths. An individual dies of a disease on a given day, but the delay between this event and
the death being reported (and appearing in the dataset) can be substantial because of the reasons noted
above. These reporting delays mask the true current state of the epidemic and have material consequences
for our understanding of both the present and future evolution of the epidemic. For example, the estimation
of key epidemiological quantities such as the effective reproduction number (R;) would be systematically
biased. Contemporary, real-time and unbiased estimates are necessary for effective public health planning

and policy.

In this chapter, we propose a nowcasting framework based on latent Gaussian processes (GPs). This
methodology is used to address the specific problem of delayed reporting of the true incidence of deaths

due to COVID-19 in Brazil.
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4.1.1 Related Methods

Previous methods for nowcasting exist in several different contexts. Bantbura and Modugno||2014] propose

a maximum likelihood approach with a dynamic factor model to predict GDP. 2015/ use a deep
learning approach based on long short-term memory network (LSTM) to nowcast rainfall intensity.

2018| provide a framework to gather epidemiological information and correct the reporting delays in

Brazilian data. Bastos et al. [2019] present a Bayesian hierarchical model for nowcasting applied to data

relating to dengue fever and severe acute respiratory infection cases. In/McGough et al.|[2020] a Bayesian

nowcasting approach is proposed that produces accurate estimates that capture the time evolution of the

epidemic curve. Specifically for COVID-19, Bayesian nowcasting approaches have been used to correct the

reporting delays in Bavaria and Sweden |Altmejd et a1.|, |2020L |Gi'1nther et al.L |2020 Further discussion

around the challenges in estimating reporting delays can be found in|Seaman and De Angelis [2020]. The

problem and background context for delays in reporting with corrected data in Brazil is further explained

in |Bastos et al.|[2020], |Villela| [2020].

Our methods build upon and generalize the NobBS (Nowcasting by Bayesian Smoothing) method originally

proposed by [McGough et al.| [2020|. NobBS is a Bayesian method that produces smooth and accurate

nowcasted estimates in the presence of multiple diseases. NobBS allows for both uncertainty in the delay
distribution and the evolution of the epidemic curve. While an effective method, NobBS has several
limitations, such as the inability to pick up fast-occurring changes in the delay distribution, which we
overcome in this chapter. The extensions we show result in comparable performance for COVID-19

mortality surveillance in Brazil, but present a better fit to the dynamic delays distribution.

4.1.2 Our contributions

The problem tackled in this chapter is conceptually illustrated in Fig. [4.1] The black points are the
data available to us at a given time, and the red points are the ground truth that is only available
much further in the future. It can be seen that the discrepancy between the presently available data
and the underlying ground truth data grows markedly as we approach the present — a distinguishing

characteristic of reporting delays. Alongside this, in Fig. we also show 3 estimates of the effective

!The nowcasting for COVID-19 context has been further explored after the publication of this work, e.g. in |[Birrell et al.
[2021', |Wolffram et al.l [2023|A
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reproduction number R; (defined as the average number of infections an infected individual will go on to

infect), obtained using a Bayesian hierarchical renewal-type model |Flaxman et al.l 2020, Mellan et al.|

12020, Mishra et al.| |2020|. Understanding this epidemiological quantity is vital — R; > 1 results in

epidemics growing, while R; < 1 results in epidemics declining. Fig. shows estimates of R; derived
from the raw data, while Figs and show estimates of R; derived from the ground truth data
and our nowcasting approach respectively. These plots show that not correcting for delays can lead to
a fundamentally different picture of the current epidemic state. Delays in death reporting lead to an
underestimation of the true number of deaths in the observed data — the results suggest a declining
epidemic, even though the epidemic is growing.
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Figure 4.1: A) Reported daily hospital deaths are censored in recent times due to reporting delays. This
can be seen by comparing the raw data with ground truth from two months in the future when the records
have been backdated. B-C) The effective reproduction number R; for SARS-CoV-2 infections in Brazil
from 30" Jun 2020 to 234 Nov 2020, estimated using deaths from the raw reported data released on
the 23" Nov 2020, and using a backdated ground truth based on data released on 8™ Feb 2021. D) R,
estimates based on nowcasted mortality data. Whereas the raw data results in misleading estimates of
R;, with the estimated R; < 1, by applying nowcasting to the death counts we achieve a picture of the
epidemic closer to the truth. R; estimation and the figure courtesy of Dr Thomas A. Mellan.

In this chapter, we focus on the Brazilian death data from the publicly available hospitalisation database

with deaths from both confirmed and suspected COVID-19 diagnostic status [Ministério da Satde, 2020|.

Our central premise is that using these daily death data alone causes the policy decisions to be made based
on false statistics and trends . To facilitate well-informed policy-making based on unreliable
data streams we propose and implement a nowcasting method using latent GPs. These GPs are capable
of capturing the complex correlation structure in delayed data and present an effective means to correct
the reporting delays. We use this corrected death data to calculate the effective reproduction number R;

using raw retrospective observed data, nowcasted data and the ground truth updated dataset (Fig. [4.1]).
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Our contributions are the following:

e We provide a new, flexible and accurate way to correct for delays in reporting. Our framework solves
the nowcasting problem using latent GPs and provides realistic estimates for the deaths today given
incomplete data. Our approach closely predicts the non-observed /missing values and simultaneously

learns the underlying (latent) data-generating mechanisms of the delays.

e We compare our approach to an established alternative method (NobBS), and in a novel contribution,
also provide a comparison to a small human expert panel of infectious disease epidemiologists.
Domain knowledge is of primary importance for such applications and is frequently the primary
approach taken to interpret data. In generating estimates that are improved over both existing

computational methods as well as human experts, we demonstrate the utility of our approach.

e An important contribution of this work is the results and estimates provided. Implementing our
approach enables generating more accurate estimates of the reproduction number; and in turn,
a better understanding of the evolution of the COVID-19 epidemic in Brazil. Our framework is
implemented in PyStan and the code is available online at https://github.com/ihawryluk/GP_

nowcasting,

The structure of the chapter is as follows: in Section we briefly introduce Gaussian Processes and
describe the latent GP nowcasting models with several variants. In Section we describe the data and
perform retrospective tests to evaluate the accuracy of the new models and compare them with a sample
of human experts’ predictions. Finally, we discuss the advantages and limitations of the GP nowcasting

framework in Section

4.2 Gaussian Process nowcasting

This section delves into a comprehensive explanation of the methodologies applied throughout the study.
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4.2.1 Nowcasting

Let n; denote the response variable of interest that needs to be nowcasted at time ¢. In this chapter n;
represents the reported COVID-19 mortality in a week ¢. The mortality observations, in general, consist
of measurements from an online data source, subject to distributed observation delays. The central task
of nowcasting approaches is to identify a regular time-delay structure and use this to estimate n;, at a
time when it has only been partially observed. The structure that nowcasting identifies is the additive
decomposition of the observable over the reporting delay d. That is, the true signal at a given time ¢ is

the sum over all the delayed partial observations for that time:

ng = Znt,d. (4.1)
d

The intuition behind this formulation is that the "true" deaths that occurred at time ¢ are distributed

over various delays d due to the delays in reporting them.

A visual example of partial observation in recent times is the right-censored epidemiological data shown
in Fig. 2. For all data releases, we observe steep declines in contemporary data, which is then revised
upwards as the data becomes more complete. In the COVID-19 context this occurs due to time lags in
registering and reporting death certificates [Villela) [2020]. Fig. shows that most deaths are reported
to near completeness after around 5 weeks, and 90% are reported within 10 weeks. Splitting the data by
delay index we form a 2D array in time and delay, n; 4. The filled-in part of n,q, called the reporting
triangle, is shown in Fig. . The lower triangle part of this 2D array is missing, since at any time T

only the number of deaths reported with delay d < T — ¢ are known for each epidemiological week t.

The representation of the data by time and delay, rather than time and reporting date, induces a regular
structure — one that is auto-correlated and approximately monotonically decreasing in delay (Fig.|4.2[C).
This relatively simple structure makes this problem amenable to statistical modelling. The lower triangle
of the n; ¢ matrix can be predicted with the model, and therefore an estimate of the true signal is available
for any time up to the current time by Eq. by summing over the delays. This is a common theme

from which variations of nowcasting branch out.

To model the discrete positive values of n; g, we can use a Poisson or a negative-binomial likelihood for
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Figure 4.2: A) Daily COVID-19 deaths in Brazil as reported in data releases between July 2020 and Feb
2021. Each line represents a single release. B) Total number of deaths reported per reporting delay in
weeks. Most deaths are reported with a delay of < 5 weeks. C) The reporting triangle, shows the number
of COVID-19 deaths reported each week with specific reporting delay. Mortality data were obtained from
the SIVEP-Gripe hospitalisation database [Ministério da Satde} 2020].

overdispersed data:

’Ilt’d ~ NB()\t’d, ’I") . (42)

In the negative-binomial case, the dispersion parameter r is a hyperparameter that can be learnt or given

an informative prior based on the problem. The latter approach is common among the established Bayesian

nowcasting methods |Bastos et al., 2019} |Giinther et al.||2020| [McGough et al., [2020]. The mean of the

negative binomial, A\, is often modelled as a random walk [Bastos et al.,[2019] or as an auto-regressive

process [McGough et al.l|2020| along the time dimension, that is joint independent with a learnt vector of
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delays. The second approach is taken in the NobBS model [McGough et al.l|2020|, used in this chapter

as a benchmark. Specifically, the NobBS model describes A, as:

log(A,a) = au + log(Ba) (4.3)

where oy is a latent signal for week ¢ and (3, is the probability of reporting with delay d. It is worth noting,

that with this approach, the distribution of delays (4 is fixed throughout the window of analysis.

This approach has been successful for dengue and influenza surveillance |Bastos et al.l|2019,|Codeco et al.|

, but has limitations in terms of the generality of the time-delay covariance structure that can become
apparent in more unpredictable nowcasting scenarios, such as an evolving epidemic with changing delay
distributions, as we show in Fig. Such issues can be minimised by tuning the window over which the
static delay vector is estimated, or by manually adding cross-term covariates. Here we employ Gaussian
Processes as a generic flexible alternative to model arbitrarily structured A;,. The details of this are set

out in the following section.
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Figure 4.3: The change in the distribution of delays for Manaus (state Amazonas). Each cell in this
heatmap shows the per cent of all deaths which occurred at week ¢ and were reported with given delay d.
Here we assume, that up till epidemiological week 53, all deaths have been recorded in the database. We
use all available SIVEP data up to the release on 5™ April 2021.
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4.2.2 Latent GP

The introductory model we consider consists of a latent GP with a 1D kernel. In general terms, GPs are a
class of Bayesian non-parametric models that define prior over functions (see . They are a powerful
tool in machine learning for learning complex functions with applications in regression and classification
problems [Rasmussen and Williams| |2006| |Wilson and Adams| |2013|. In recent years GPs have gained
popularity in statistics and machine learning, due to their flexibility and excellent performance for many
spatial and spatiotemporal problems |Flaxman et al.||2015| [Wilson and Adams||2013|, including COVID-
19 modelling [Qian et al.; |2020|. The covariance function, or kernel, together with the mean function
completely define a GP. The mean function is the base function around which all of the realisations of the
GP are distributed. The covariance kernel is a crucial component of the Gaussian Process, as it describes
the covariance of the Gaussian Process random variables, i.e. how similar two points are. Therefore, the

kernel defines the shape of the distribution and which type of functions are more probable.

One of the most popular choices of covariance kernel, and the one we chose to introduce the model with,

is the squared exponential kernel, kgg, with entries defined by a covariance function ksg(-,-) such that

N2 _||ti—tj||%
ksg(ti, tj) = a“exp a2 ) (4.4)

The parameter « defines the kernel’s variance scale, and p is a lengthscale parameter that specifies how
nearsighted the correlation between pairs of time points (¢;) is. The kernel results in a prior over a set of
functions to describe, )¢ 4, the mean of the statistical model in Eq. This is modelled as a zero mean
log-space latent Gaussian Process

log(Ar.a) ~ GP(0, kse) - (4.5)

Due to weak identifiability [Rasmussen and Williams| 2006|, a strategy to identify the hyperparameters
p and « is to fix the lengthscale p to the maximum delay time considered in the nowcasting problem,
and learn only the scale parameter ov. Markov Chain Monte Carlo (MCMC) is used to generate posterior

summaries for arbitrary (non-normal) latent Gaussian Processes.
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4.2.3 Generalised model
Additive Kernel Model

The basic model introduced above can be extended to provide a more expressive description of the data.

The purpose of this is to be able to describe the complex structure in ny 4.

Using the compositional kernel approach |[Duvenaud et al. |2013}|Wilson and Adams| 2013} Wilson et al.|

2016|, we can create a new additive kernel over multiple lengthscales, indexed s, as

kadd = Z ks )

log ()\t,d> ~ GP(O, kadd) . (4.6)

The lengthscale hyperparameters are fixed or given strongly informative priors, ps, while each «; is learnt.
In the simplest case, we consider a kernel with two lengthscale contributions, short- and long-range corre-
lation structure:

Kadd (tis tj) = Kiong(tirt5) + Kshort (ti, t;) + 020;5 (4.7)

plus a regularising term with a Kronecker delta function ensuring o> Gaussian noise is only added when
i = j. The choice of kernel confers bias that can result in a better generalisation. The logic of this kernel
is to split the covariance into two components: (a) a smooth long-range component, used to extrapolate
the trend into the unknown part of the reporting triangle where large distances from the observed points
exist and (b) a part for describing variation in n; g over shorter lengthscales. Additionally, the separation
of kernels provides a generic method to describe more complex data-generating processes — for example,
the long-range kernel can be squared-exponential, while the short-range can be a less smooth type with
a different power spectrum such as Matérn (1/2). This can create a general statistical model for n; 4.
Furthermore, in this regard the § contribution provides a source of regularisation which may be useful if
there is reason to believe n; 4 values are subject to variation beyond the scope of the basic nowcasting
framework. For example, if a death can switch category from a COVID-19 suspected death to a cause other
than COVID-19 in later data releases, this could result in a negative n; 4 count, which can be modelled

as an error to be regularised.
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A further modification that can be applied if the time-delay surface n; 4 has a complex structure, is to
split the data into two components and model each with separate kernels. For example, if delays of 0 or 1
weeks account for a large fraction of total counts, they can be considered separately to delays > 1. This
approach is considered later in Section m But a more generic formulation is to consider a 2D kernel

to fully account for the time-delay correlation structure, which is introduced below.

2D Kernel Model

As a further expansion of the approach described before, we introduce a separable two-dimensional kernel
over time and delay, k((t;,t;),(ds,d;j)) = ke(ti,t;)ka(d;, dj). Separable kernels can be efficiently imple-
mented using Kronecker product algebra as described in [Flaxman et al.|[2015|. Specifically, individual

Gram matrices for time and delay are combined using the Kronecker product such that

Kt,d =K K. (48)

As before, the kernel can be given an additive structure over multiple lengthscales. For example,

klong(tv d) = kltongklling )
Eshort (t, d) = ko kS
short ¢ shortVshort »

log (At,a) ~ GP(0, kiong (t, d) + Eshort (£, d)) . (4.9)

This approach captures the relationship between ¢t and d. In both 1D and 2D kernel approaches it is
possible to perform partial pooling of the model parameters by combining two or more spatial locations
with similar features, for example neighbouring states, if limited data is available. In practice, however,

we found a limited gain in doing so as our approach works well with relatively few observations.
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4.3 Data and Model properties

4.3.1 Data

The numbers of deaths per date have been extracted from the Brazilian Ministry of Health’s Sistema
de Informagéo de Vigilancia Epidemiologica da Gripe (SIVEP-Gripe) database |Ministério da Satde|
2020|. SIVEP-Gripe is a large publicly available database providing anonymised patient-level records of
all individuals who died or were hospitalised with suspected or confirmed COVID-19 in Brazil |Bastos
et al.l [2020] /de Souza et al.| [2020] Niquini et al.} [2020]. New data have been released regularly online,
every week, in the second half of 2020 considered here. In this study, we extracted all SIVEP-Gripe data
releases from 7t July 2020 to 315" May 202 We consider all cases of suspected or confirmed COVID-19
(classes 4 and 5).

There are several potential sources of error in the reported SIVEP data. One is under ascertainment —
systematic biases which are beyond the scope of correction by this nowcasting methodology. Another
source of error is delayed classification. After the initial input of patient data into the database (usually at
the time of hospitalisation), the entry might be later updated with clinical and laboratory data, including
confirmatory COVID-19 testing. Further updates will include the outcome and its date (i.e. date of death
or date of hospital discharge) and cases receive a final classification. Cases can be classified as confirmed
(class 5) or suspected COVID-19 (class 4), or other causes (classes 1-3). Despite being described as a "final
classification", reclassification does occur and it is especially common for unknown cases to be reclassified
as COVID-19 once results from confirmatory tests are informed to the health authorities. On the other
hand, some deaths attributed to suspected SARS-CoV-2 infection are later "removed" from the SIVEP
database, due to duplicate filtering or because they are eventually attributed to other diseases. That can

cause the number of deaths on certain days to decrease in consecutive data releases, as shown in Fig. 4.4

The number of deaths per day as reported by each release is presented in Fig. [£.2] together with a
reporting triangle, showing the distribution of the reporting delays across time. According to the SIVEP-
Gripe dataset, over 90% of all deaths have been reported with a delay of less than 10 weeks (Fig. )
We therefore choose the maximum reporting delay D for our data to be D = 10, and sum up all deaths

reported with a delay longer than 10 weeks. Finally, to create the reporting triangle appropriate for our

2The paper|Hawryluk et al.|[2021] was submitted in May 2021.
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Figure 4.4: Example of weekly reporting delay with negative signal for Amazonas, epidemiological weeks
27 to 42. Each week’s mortality data are plotted as a single line. Some lines fall under the y = 0 line (red
dashed line), indicating that some deaths were incorrectly assigned to a given week, which was corrected
by the following data releases.

model, we aggregate the data into weeks.

4.3.2 Model Fit

We fit and present 7 models. For 1D kernel GPs, we consider a single SE kernel (1D SE), and additive
long- and short-range component kernels (1D SE+SE and 1D SE+Mat). The additive long- and short-
range component kernels are also considered coupled with splitting the data across delays greater and
less than one (1D SE+SE data-split). Finally, we consider a 2D kernel GP model with additive long and
short-range components (2D additive). The NobBS model of|McGough et al.|[2020] is fitted and presented
for reference of the current state-of-the-art. All models are fitted to the SIVEP-Gripe weekly COVID-19

deaths reported in Brazil, at the time of the study available until 315 May 2021.

Posterior samples of the parameters in the models were generated using Hamiltonian Monte Carlo with
Stan [Carpenter et al.}|2017, Hoffman and Gelman| 2014/, using the PyStan interface (version 2.19.0.0). For
each fit, we used 4 chains and 1000 iterations, with 400 iterations dedicated to warm-up. The convergence
of each model fit was evaluated by ensuring that R < 1.01 for each parameter. Traceplots and other

MCMC diagnostic measures were also investigated (see Section in the Appendix).

Each of the models, characterised by the likelihood given in Eq. (4.2), and a latent GP part for modelling
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the Ay g (Section is trained by supplying the reporting triangle n, 4 filled with data available up to the
point of the nowcast. Each of the parameters governing the model, such as overdispersion r or lengthscales
and variances of the GPs are learnt during the model fit. The best-performing hyperparameters of the prior
distribution were selected conditioned on the observed results. The parameters and their prior densities are
given in Table The model training and nowcasting through sampling each element of the n; 4 matrix
is done simultaneously. Specifically, at each iteration parameter values are sampled and immediately used

to sample from the negative-binomial distribution to obtain all elements of the 7; ¢ matrix.

Table 4.1: Priors for the analysed models. Here T is the maximum number of weeks for which the data is
available, that is rows in the reporting triangle, and D is the maximum reporting delay, that is columns
in the reporting triangle. I' denotes a Gamma distribution. For the overdispersion parameter r, the priors
were informed by the data but tested in the sensitivity analysis (see. * the same hyperparameters
were used for the models with Matérn(1/2) and Matérn(3,/2) kernels.

1D 1D 1D 1D SE+SE 2D NobBS
SE SE+SE SE+Mat* data-split additive
r T'(500, 2) I'(500, 2) I'(500, 2) T'(500,2) I'(200, 2) I'(500, 2)
1 long N(1,1) N(15,2) N(15,2) N(15,2) - -
Q2 long - - - N(QO, 2) - -
Q11 short - N(5,2) N(5,1) N(5,1) - -
Q1 short - - - N(3, 1) - -

Q¢ - - - - N(T7 1) -

Q¢ - - - - N(D, 1) -

a1.d - - - - ./\/(0, 1) -

Q2.4 - - - - N(Ov 1) -
P1,long N(3,1) N(T,0.1) N(T,0.1) N(T,0.1) - -
P2,long - - - N(D, 0.1) - -
P1,short - N(1,0.01)  N(1,0.01)  N(1,0.01) - -
P2,short - - - N(l, 001) - -

P - . : - T .

P2t - - - - 1 -

P1,d - - - - D -

P2,d - - - - 1 -

o1 N(0,1e —6) N(0,1e—6) N(0,1e—6) N(0,1le—6) N(0,1e —T) -

P - - - N(0,1e —6) N(0,1e —T7) -

T - - - - - '(0.01,0.01)
of1] : : : : - N O\ ror)
alt] - - - - - N(aft —1],4/2)

B ; - - - - Dirichlet(0.1)

Other nowcasting methods, including NobBS, focus primarily on estimating only the 'missing’ part of the
n¢ q array and comparing the total numbers n;, that is sums of each row of the array. Here, we aim to

obtain a statistical model explaining all elements of the n; 4 matrix. The reason for that is twofold: firstly,
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having a model that describes the whole n; 4 surface well increases the reliability of the model, which
is vital in any healthcare setting. Secondly, the SIVEP-Gripe database contains hard-to-identify errors
discussed in Section therefore it is preferable to treat the reported data with additional statistical
uncertainty. The fit of the 2D GP and the NobBS models to the n; 4 matrix is presented in Fig. and
shows that the GP-based nowcasting method fits the time-delay structure much closer than NobBS. For
comparison, similar plot for the 1D GP nowcasts is given in Fig. from which it is clear that the 2D
GP fits to the delay structure better.
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Figure 4.5: Reported and nowcasted numbers of deaths with reporting delay 0 to 5 weeks generated by
the 2D additive GP and NobBS models. These plots show the columns of the reporting triangle n; 4. The
reported data are shown with solid lines, and the 50% CrlI for the nowcasts with the ribbons in the first
column, and the 95% CrI in the second column.

4.4 Results

In this section, we present the analysis of various tests of the proposed GP nowcasting model — retro-
spective testing and benchmarking against the NobBS method, comparison with the human epidemiology

experts’ predictions, and sensitivity analysis.
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Figure 4.6: Reported and nowcasted numbers of deaths with reporting delay 0 to 5 weeks generated by
the 1D GP and NobBS models. These plots show the columns of the reporting triangle n; 4. The reported
data are shown with solid lines.

4.4.1 Retrospective testing

To evaluate the accuracy of the competing nowcasting models, we fit all of the models to the retrospective
data sets available each week between 5" Oct and 30" Nov 2020, using the numbers of deaths recorded
for the whole of Brazil. This way we obtain 63 different sets of nowcasts, which we compare to the deaths
reported by the most recent SIVEP-Gripe data release from 315 May 2021. The start date gives us at
least 15 weeks of training data for each nowcast. The end date of 30'" Nov is 26 weeks before the most
recent releas so the number of deaths reported in the most recent release can be confidently taken as
a true value. The comparison is done by calculating the weighted and unweighted rooted mean squared
error (RMSE) and the continuous ranked probability score (CRPS) between the "true" values from the
most recent release and the nowcasted values. The differences between the ground truth and raw data,
as shown in Fig. , are used as weights. For each RMSE and CRPS evaluation, we use the mortality

data from the 10 weeks leading up to the date of the nowcast.

3At the time of writing, that is May 2021
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Figure 4.7: Distribution of reporting delays for each of the retrospective tests. The moment of the
"nowcast" is shown with the red dotted line in each plot. Solid line presents the data extracted from the
release of SIVEP data from 315" May 2021, and the ribbons show 50% CrI of the model fit obtained using
the 2D additive kernel GP model.

Model fits for the 2D additive GP model, including the 95% credible intervals (CrI), are shown in Figs
and Specifically, Fig. ShOWS the fits to each of the delay distributions in the reporting triangle,
and Fig. gives the fits to the total numbers of deaths per week. The fits for the remaining models
are shown in the Appendix in Figs. to GP models with 1D kernels with 2 components (SE4+SE
and SE+Mat) performed worse than the benchmark. The predictive accuracy of the other models was
comparable to that of the benchmark, as shown in Fig.|4.9] while also simultaneously giving an appropriate
statistical description of the data (Fig. [4.5). These results provide empirical evidence that our proposed
method, under correct specification, gives a complete and accurate approach for nowcasting COVID-19

death data.

4.4.2 Comparing against human experts

In addition to the forecasting metrics, as a novelty, we also evaluate how the GP nowcasting model performs

when compared to human experts’ predictions. We asked a group of infectious disease epidemiology
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Figure 4.8: Retrospective testing for the whole of Brazil using the 2D additive GP model.
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Figure 4.9: RMSE and CRPS evaluated for n; for tested nowcasting methods over the weeks 5 Oct to
30th Nov 2020. For the weighted RMSE, the weights were calculated as a difference between the ground
truth and the raw data available up to the nowcasting date.

expert to provide a series of nowcasts when presented with time-series data up to 12" Oct and 23'¢ Nov
2020 (solid lines in Fig.|4.10). They were asked for their estimates of the true numbers of deaths due to
COVID-19 in Brazil on the 8" Oct and 19*" Nov 2020. The dates were specifically chosen to represent

different scenarios. In the first one, 8™ Oct 2020, both the raw data and the updated numbers of daily

4Through a survey sent out in January 2021 to staff and students of the Department of Infectious Disease Epidemiology,
School of Public Health, Imperial College London. The answers were anonymous.
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deaths were declining. Whereas in the second date, 19" Nov 2020, the raw data were declining while the

updated release revealed that the true numbers of daily deaths were actually increasing.
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Figure 4.10: Human epidemiology experts and 1D SE+4SE data-split GP model estimates of a true number
of deaths on 8" Oct 2020 (left) and 19" Nov 2020 (right) plotted together with the reported data.

For this experiment, 36 anonymous experts provided their point estimates and confidence intervals, pre-
sented in Fig. m To extract daily deaths from the model’s weekly estimates, we performed a simple
interpolation, by setting the nowcasted number of deaths per week divided by 7 to the middle day of the

given week and interpolating the remaining values using splines (example shown in Fig. [4.12).
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Figure 4.11: Human experts’ estimates of the true number of deaths are shown with the black points and
error bars.

Notably in both cases, the median value guessed by the human experts was not far from the "true"

value (difference of 55 and 73 deaths/day respectively for the human median estimate and 13 and 72 for
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Figure 4.12: Example of the interpolation of numbers of deaths per day based on the weekly nowcasted
values. The 50% and 95% CrI for the nowcast are shown with the ribbon.

the nowcasting model mean), however, only 36% and 50% of all answers included the true value within
the provided credible intervals, respectively. The confidence intervals given by the human experts were
comparable with the 95% CrI of the model, with the model confidence narrower by 19 deaths/day for the

first date and 27 deaths/day for the second date.

4.4.3 Sensitivity analysis

We performed a basic sensitivity analysis for the 1D SE+4SE data-split GP model. We first varied the
prior for the overdispersion parameter r. This parameter is often unidentifiable by the models and has
to be chosen based on the data [McGough et al.||2020]. This is confirmed by our sensitivity analysis,

where changing the prior for  changed the width of the confidence interval, but did not impact the mean

predictions, as shown in Figs and

Changing the priors for the scale parameter « to less informative, that is increasing the variance of the
priors does not significantly affect the mean predictions (Figs. and in the Appendix). Changing
the mean of the priors does however have an impact on the predictions and results in bi-modality of the
posterior distribution if the model is misspecified, e.g. when N(0, 1) priors are used (Figs. and

in the Appendix).
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Figure 4.13: Model fits with different overdispersion r prior density for the 1D SE+4SE data-split GP
model.
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Figure 4.14: Posterior distribution of the overdispersion r parameter depending on the chosen prior density
for 1D SE+SE data-split GP model.

4.5 Discussion

We proposed a new, flexible method for correcting reporting lags and demonstrated its applicability using

COVID-19 mortality data in Brazil.
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Summary of the findings

Applying nowcasting to surveillance data suffering from reporting delays is crucial to accurately track
real-time epidemic dynamics. The limitations associated with using non-corrected data in epidemiological
analyses are highlighted with our results of the R; estimates shown in Fig. Using this raw data leads
to continued underestimation of R; and predicts a declining epidemic. Specifically, in the month preceding
the nowcast, the relative entropy value (see for the ground truth and raw data R; was on average
13.14 (max 43.8) and for ground truth and nowcasted data R; only 0.26 (max 0.35), as shown in Fig. m
By contrast, the ground truth results show that the epidemic remains uncontrolled, with R; remaining

above 1 — an important conclusion also captured by our nowcasting approach.
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Figure 4.15: Kullback-Leibler divergence (relative entropy) between the R; value estimated using raw data
and nowcasted data.

Practical applications

The emergence of SAR-CoV-2 variants of concern with altered epidemiological characteristics, such as

increased transmissibility [Volz et al.,|2021] or partial evasion of immunity |Faria et al.,[2021|, emphasises

the need for accurate and continued real-time epidemic tracking. To estimate COVID-19 mortality in
Brazil, during a resurgent phase of the epidemic concurrent with the emergence of the Gamma (P.1)
variant, we perform nowcasting using data released on the 8™ Feb 2021 and compare the predictions

to the updated numbers of deaths released on the 315 May 2021. The results of the nowcast for the
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whole of Brazil are shown in Fig. The reported data show a decline in the weekly number of deaths
since epidemiological week 54 for Brazil, however, the nowcasted results show much higher numbers of
estimated weekly deaths, closer to the true value. We performed a similar nowcasting analysis for numbers
of COVID-19-related deaths in Manaus city in the Amazonas state in Brazil, which was used in|Faria et al.
[2021]. That nowcasted data was necessary, alongside genomic data and other known properties of the
coronavirus, for mathematical modelling of a newly emerged Gamma variant of SARS-CoV-2, in order to

compare the characteristics of the new variant to the previously circulating non-Gamma lineages.
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Figure 4.16: Nowcasted and reported deaths due to COVID-19 death for Brazil up to 8™ Feb 2021
generated with the 2D additive GP model. 50% and 95% CrI for the GP model nowcasts are shown with
the ribbon. True values were obtained from the SIVEP release on the 315 May 2021.

The GP nowcasting models introduced in this chapter can be readily used for real-time monitoring of the
new outbreaks of diseases, as relatively few data points are required to train the model, ca. 3 months
here. In other applications, more data may be required, depending on the distribution of reporting delays,
variance of counts, and regularity and granularity of data. Although this study focuses on the application
of the proposed GP-based nowcasting framework to the death counts for the whole country, the GP
models can be applied at finer spatial scales, as illustrated for individual states of Brazil in Fig. This
flexibility is important due to the large heterogeneity of the healthcare system in the country [Baqui et al.|

2020} |Brizzi et al.}|2022]|Castro et al.}|2021||Hawryluk et al.||2020].

Comparison with other nowcasting models

The GP nowcasting framework we introduced was benchmarked with the established NobBS method

[McGough et al.| |2020]. The main theoretical difference between the two proposed models is how the
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Figure 4.17: Nowcasts made by the 1D SE+SE data-split GP model, using data up to 8" Feb 2021 for
Acre (AC), Amazonas (AM), Ceara (CE), Distrito Federal (DF), Para (PA), Pernambuco (PE), Rio de
Janeiro (RJ), Rondénia (RO), Roraima (RR), Santa Catarina (SC), Sao Paulo (SP) and whole Brazil.
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mean of the negative-binomial distribution, describing the number of deaths per week, is modelled. Our
model uses a latent Gaussian Process, whereas NobBS uses a first-order random walk. The 2D GP model
improves on the RMSE for point predictions and CRPS for the distribution of samples compared to
NobBS, as shown in Fig. and provides more realistic uncertainty intervals (compare e.g. Figs.
and . As well as improving predictive performance on the missing parts of the reporting triangle,
the GP framework provides a more expressive statistical model capable of better explaining the historical

reporting data (see Fig.|4.5).

Limitations

One of the limitations of the approach described here is the dependence on the historical data and the
regularity of the data releases, a limitation shared by many other nowcasting approaches. Additional
challenges include variability in the distribution of reporting delays over time. For example, during the
initial phase of the Brazilian COVID-19 epidemic, reporting delays were particularly severe. Delays in
reporting are typically most extensive during outbreaks of a novel pathogen (such as SARS-CoV-2), due to
the limitations in diagnostic availability and testing capacity. Relatedly, during epidemic peaks, the strain
on healthcare systems and administrative staff due to increasing admissions can also lengthen reporting

delays.

4.6 Conclusions

In this chapter, I have presented a new approach to modelling time-delay data, which can be used to
nowcast online data streams that have statistically distributed delays. Our approach uses latent Gaussian
Processes with additive kernels and gives a fully flexible and generic method to describe and predict the
data for unknown delays. The method has been demonstrated for assessing mortality and estimating the
effective reproduction number for COVID-19 reporting in Brazil, but can also be used for other contexts

in which delays in a measurement process exist.

So far in this thesis I discussed a method for model selection, presented evidence for the importance of
spatial heterogeneity, and introduced a method of correcting the reporting delays in the observed data.

Altogether, this touches on various aspects of building and fitting the model to the data. However, the
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practitioners often come across a situation, in which even with the correct data and reasonable, judiciously
selected model, the inherent issues with the process of model fitting cause the results to be suspicious,
or even wrong. In the next chapter, I investigate one such issue: identifiability, which is the ability of a

model to uniquely determine the values of parameters of the model based on the data.
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Chapter 5

Identifying importations in a renewal

equation epidemic model

Identifiability issues affect statistical models across various disciplines, hindering the unique determina-
tion of parameters from available data. This problem often remains undetected, especially in models
with non-interpretable parameters, where traditional diagnostics fail to signal parameter misidentifica-
tion. Such issues are prominent in epidemiological modelling, where diverse factors can yield identical
observed outcomes, complicating parameter estimation. Addressing this, we investigate the identifiability
of importations in a discrete renewal equation-based epidemic model through simulated scenarios. Our
study focuses on varying importation timing and magnitude, proposing a solution by constraining the
variance of the reproduction number (R;) using informative priors. By harnessing epidemiological insights
suggesting limited daily R; fluctuations, we hypothesise improved identifiability of importations. Through
comprehensive modelling and analysis, we demonstrate the effectiveness of our approach in identifying

importations, offering valuable insights for infectious disease modelling.
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5.1 Introduction

The problem of identifiability is ubiquitous in statistical modelling. In general, it refers to the ability to
uniquely identify the model’s parameters using the available data [Ran and Hu}|2017|. Despite variations
in data volume, quality, and model accuracy, some models may remain unidentifiable, which is attributed
to the intricate interplay between data and parameters [Sameni| [2023|. For example, if the model includes
two parameters which are confounded and only appear as a product, those cannot be uniquely identified
[Ran and Huj |2017]. Another example is a simple linear regression problem: consider a model with

intercept Sy and slope 1 and only one data point known (z,y). The model is

y=Po+ Prr+e (5.1)

Given only one data point, there exists an infinite number of combinations of values of parameters (S, 81)

that can produce the same point (z,y), so the parameters (8y, 31) are unidentifiable.

The main difficulty in diagnosing this problem is that it often goes unnoticed, especially if the model
contains non-interpretable parameters. Typically considered diagnostics for fitting statistical or machine
learning models concern the convergence or the estimate errors, but those do not offer an explicit sign of

a parameter misidentification.

This problem is widely observed in many scientific fields, including infectious disease modelling [Chowell|
2017} |Reich et al.}|2021} | Tuncer and Le}|2018|. In epidemiological statistical models, this problem manifests
itself when various mechanisms lead to the same observed outcome. For example, the number of observed
new cases of a certain disease or a pathogen infection can be caused by a variety of reasons: influx of
infected individuals from different locations, sudden increase in the reproduction number Ry, increased
testing campaigns, etc. This is especially true for quantities like Ry, as they change over time and are
not solely an inherent property of a pathogen, but rather an outcome of several variables, including the
pathogen’s transmissibility, social behaviour, immunity, and many others. One of the ways to avoid
misidentification problems in applied Bayesian statistics is to use informative priors in the models and

rigorously assess the results of the inference using the domain knowledge |Gelfand and Sahu||1999].
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5.1.1 Our contributions

In this study, we focus on the identifiability of importations in a simple renewal equation-based epidemic
model. As mentioned, the increase in observed cases could be a result of importations from some location
external to the system (location) considered, but could also be explained by increases in R;. Here, we
consider a number of simulated scenarios, where we vary the time and the magnitude of importations. We
hypothesise that regularisation through constraining the R; variance, by choosing a narrow informative
prior, can aid the models to correctly identify and estimate the importations [Gelfand and Sahu| [1999].
The reasoning behind this intuition is the fact that, based on the epidemiological studies, the value of
R, should not vary drastically day to day (excluding particular scenarios where e.g. we observe a super
spreading event or interventions aiming to curb the pathogen spread are implemented, impacting the

connectivity patterns of both healthy and infected individuals).

The structure of the chapter is as follows: in Section We introduce the model used for simulating the
data and subsequently perform fitting. The results are presented in Section where first we show three
examples of a single double-spike importation scenario in subsection m Then, in subsection m
we demonstrate the scenario where the simulated importation data has a seasonal character. Finally, in

Section we discuss the findings and their implications for infectious disease modelling.

5.2 Methods

In this section, we provide a detailed explanation of the methods employed in the study.

5.2.1 Model

The model used in this project for simulating the data and subsequent fitting is based on the widely
used discrete formulation of the renewal equation model used for parametrisation of R; |Cori et al.}|2013|

Flaxman et al.|[2020] [Fraser||2007al [Mishra et al.l [2020} Nouvellet et al.||2018].

We model the daily incidence y;, that is the number of new cases on day ¢, with a Poisson distribution
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with day-dependent mean f(¢). f(¢) is governed by a discrete renewal equation.

yr ~ Poisson(f(t))

F(8) =+ Ry f(t—7)g(7) (5:2)

T<t

where y; denotes the total number of new cases on day ¢ (incidence), p; is a number of imported cases, Ry

is an effective reproduction number on day ¢ and g(t) is a generation interval.

The R, is parametrised using a 1-dimensional Gaussian Random Walk (GRW) (see [1.5.1)). GRW is a

random walk, where the step size is sampled from Normal distribution, that is:

GRW (o,n) = [x1,%2, ....., Tp]
Tir1 =Xt +€ t=1,...,n

e ~ N (o) (5.3)

where z; is a location at time ¢ (in our case the R;) and e is a step size (change in R; between times ¢ and

t+ 1) and n is a total number of steps.

The GRW formulation for R; includes n steps and or variance as follows:

or ~ Exp(0R)
R' ~ GRW(og,n)

R=¢" (5.4)

In the formulation above we used a shortened way of describing how the GRW is used for parametrisation of
Ry, based on the GRW definition from Eq. The reader should keep in mind here that in this notation
both R’ and R are vectors of dimension n (which is the number of GRW steps, or more specifically
the number of days considered in our scenarios). Additionally, to prevent the negative values of Ry,

intermediate values sampled from a GRW are exponentiated.

The hyperprior parameter g is varied in the simulated scenarios, in order to inspect the impact of the

variance prior on the model fit to the simulated data. We tested a range of values for the 8z parameter,
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from Or = 0.1 (highest variance case) to Oz = 100 (lowest variance case). Intermediate values were tested
as well. Those values were chosen based on the typical priors used by infectious disease modellers in similar

models.

Similarly, importations are also modelled by a GRW. As an intermediate step, for each day we sample an
«a; parameter from Relaxed Bernoulli (also known as Continuous Bernoulli) distribution [Loaiza-Ganem
and Cunningham||2019|, which is then used as a multiplier for the value of y. This is done to give more
flexibility to u, as the importations in our considered scenarios are not smooth day-to-day, as well as to
improve the sampling as continuous parameters are easier to fit than discrete by the HMC algorithms.
Relaxed Bernoulli is defined over the unit interval of (0,1), and the degree of relaxation is controlled by
the temperature (temp) parameter (as the temperature approaches 0, the distribution becomes discrete).

Examples of samples from Relaxed Bernoulli distributions with different sets of parameters are shown in

Fig.

0, temp ~ U(0,1)
a ~ RelaxedBernoulli(temp, 6,,)
ou ~ Exp(1)

@ ~ GRW(o,,n)

’

w=e** (5.5)

As before, notice that u/ and p are both n-dimensional vectors.

5.2.2 Simulating the data

Typically, R; does not stay constant but changes smoothly over time. For this reason, we chose to simulate

the n-dimensional vector describing R; by setting:

R=1.15+sin(0.15 % [1,2,...,n]T) (5.6)
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Figure 5.1: Example of Relaxed Bernoulli sampled values. As the temp parameter approaches 0, the

distribution becomes discrete.

We chose the formulation in which R, oscillates around the value of 1, as consistent lower values would
quickly lead to the epidemic dying out, and higher ones would lead to the exponential growth of the case

numbers, making it difficult to focus on numbers of imported cases (this will be in detail explained in the

further sections).

We considered two main scenarios: Scenario 1 (subsection |5.3.1) considers a case where we observe two

singular importation events. In this scenario, we chose two days where we want to observe those events

and fix the number of new imported cases.

Scenario 2 (subsection |5.3.2) considers a case of importations occurring every day in a seasonal pattern.

For simulation of imported cases, we use a sine or cosine function, similarly as for simulation of R; in
Equation [5.2.2]

Finally, to simulate the generation interval g we normalise n values from the probability density function
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of the Gamma density with shape parameter a = 3 (as per|Mishra et al.||2020]).

5.2.3 Model fitting

Once the data is simulated, we fit the model described in Section to the daily incidence y¢, t =1, ...n

(observed data). We also supply the simulated generation interval to the model.

In all scenarios, the simulations were run for n = 50 days. High variance examples were run with a value

for Ry variance prior (Eq.|5.4) set to 8 = 0.1, that is

or ~ Exp(0.1)
R’ ~ GRW(og, 50)

R=¢l (5.7)

The low variance examples were run with O = 100, that is

or ~ Exp(100)
R’ ~ GRW(og, 50)

R = eR/ (5.8)

Here we use a parametrisation of the exponential distribution using rate, which means that for X ~ Exp(6),
the expected value of X will be E[X] = %. That means that for the high variance case, the mean-variance
of the GRW step will be 10, whereas for the low variance, it will be 0.01. It is important to note, that
although these values are not unrealistic, they were chosen to illustrate the problem tackled in this project
in an educational and proof-of-concept way and we do not necessarily advocate using these specific priors

for the epidemiological modelling studies.

Technical notes

All code required to reproduce the analysis presented in this chapter can be found on https://github.

com/ihawryluk/importations,
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Simulation of the data and fitting of the models were implemented in Python [Python Software Founda-
tion|, using a probabilistic programming library NumPyro [Phan et al.||2019]|. All models were run using 4

chains, with 1000 warm-up steps and 20,000 further iterations, in order to obtain satisfactory convergence.

Each model fit was evaluated using the standard procedures for fitting Bayesian models. The convergence
and correct mixing of the chains was evaluated by checking that R < 1.01 for each parameter |Gelman and
Rubin) [1992|. As the purpose of this study was to show how the choice of priors impacts the inference,
rather than obtaining a perfect fit to the data, some of the model-priors pairs have not reached convergence.
Traceplots and other MCMC diagnostics, such as Highest Posterior Density Interval (HPDI) and Effective

Sample Size (ESS) were also analysed.

5.3 Results

5.3.1 Scenario 1: double spike

In our simulations, we initially explored a scenario involving two isolated importation events. This oc-
curs, for instance, when a pathogen is emerging in a specific location or has yet to be introduced, while
simultaneously circulating in another area. Subsequently, individuals from a region experiencing an on-
going epidemic may collectively travel by plane or ferry to a location with minimal infections, potentially

including some who are already infected with the pathogen.

Second spike when R; increasing but incidence close to 0

The first variation of this scenario is a case of two importation events taking place at the time where Ry
is increasing, but the incidence is close to 0. The first spike happens at the beginning of the epidemic on
day 5, and the second one during the second wave of R, on day 40, while the values of 1 and po (numbers
of imported cases at each of the events) are varied. The outbreak is initiated with 5 cases on day 0. The
results of fitting the model to 4 examples of that are shown in Fig. while the prediction errors are

given in Fig. Selected parameters’ posterior distributions are compared in Fig. [5.4

In the first 3 examples (Fig. a-c), median posterior (blue line) recovers the true value (red line) for

both R; and p estimates regardless of the chosen prior value for R, variance. For both models, however,
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Figure 5.2: Simulation scenario with two importation events, first in the beginning of the epidemic (in-
creasing R;) and second one during the second increase in Ry, but when incidence is close to 0.

we can observe some wider credible intervals (Crl) overestimating the importations right after the actual

importation takes place.
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Figure 5.3: RMSEs for the simulation scenario with two importation events, first at the beginning of the
epidemic (increasing R;) and second one during the second increase in Ry, but when incidence is close to

0.

In the last example (Fig. and Fig.[5.3l), where py was set to be higher than uq (3 = 100, po = 300),

median posterior of the model fit with high variance underestimates both p; and pe, fully attributing the
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Figure 5.4: Selected parameters posterior distributions for the simulation scenario with two importation
events, first at the beginning of the epidemic (increasing R;) and second one during the second increase
in R, but when incidence is close to 0.

increase in the number of observed cases to the sudden peak in R;. Moreover, the model overestimates the

total number of importations following the actual importations events, that is throughout the days 10-30
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and after the uo spike on day 40. Apart from the two sudden spikes in Ry, the R; gets underestimated
elsewhere, which implies most of the incidence is fuelled by the importations, rather than community
transmission. Although it is not fully clear why the high variance model tackles well the case where
p2 = 150 but fails when g = 300 (rows ¢ and d), we hypothesise it is due to the fact that with this many
new cases observed in the data at ¢ = 40, the model considers a more plausible explanation the increase

in R; rather than importations. This however requires further investigation.
For that same example (Fig.d), the model with lower R; variance still fit the median posterior correctly.

In the simulations shown in Fig. both importation events happen when the incidence is close to 0,
which means that at the time of the importation, 1 and pg will contribute to most (if not all) of the total
cases. Because of that, it should be fairly easy for the model to correctly identify the importation rather
than contributing the increase in observed cases to the rise in R;. Still, we show that even in this simple
example the prior selected for the R; variance can have a big impact on the correct inference, which is
especially pronounced in the last example in the figure. Note, that even with a lower variance prior for
Ry, we still observe significantly wider credible intervals following importation spikes. This underscores

the challenging nature of correctly identifying importations, even in this simplified scenario.

Second spike when R; increasing

In the second variation of the two spikes scenario, we set the two importations events to take place at the
beginning of the epidemic, during the increasing Ry, that is on days 5 and 10. Again, we varied the number
of imported cases (u1 and pg) at each of the events. The results of fitting the model to those examples
are shown in Fig. the errors in Fig. and the parameters posteriors in Fig.[5.7] The distinction
between these examples and those in the previous subsection lies in the timing of the second importation
event, occurring at a point when there are already more cases emerging from community transmission, as

opposed to when incidence rates are close to zero.

As we can see in Fig. in the first two examples (a and b), when the R; variance prior is high, the
model fails to identify the importation events completely. R; is massively overestimated around the time
of the first spike, followed by the R; being underestimated for the remainder of the simulated epidemic.
Because R; is underestimated, the model assumes that most observed cases are a result of importations,

which we can observe in the plots in the second column, where the estimated curve of ji is closer to the
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(d) Second spike higher: p; = 100, pue = 300
Figure 5.5: Simulation scenario with two importation events, both at the beginning of the epidemic
(increasing Ry).

true incidence curve.

The same high R; variance model manages better when the second importation spike is higher (examples
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(d) Second spike higher: p; = 100, ue = 300
Figure 5.6: RMSEs for the simulation scenario with two importation events, both at the beginning of the

epidemic (increasing Ry).

c and d). This is likely because in those examples, at the time of the second spike, ps contributes to a

substantial fraction of all new cases on that day, which makes it easier for the model to correctly identify

the cases as imported (as shown in Fig. .
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(d) Second spike higher: p; = 100, u2 = 300
Figure 5.7: Selected parameters posterior distribution for the simulation scenario with two importation

events, both at the beginning of the epidemic (increasing Ry).

The model with lower R; variance again managed much better to recover the true curves. In all examples,
the time of occurrence of the importations and their quantity were correctly identified. Although, even in

these cases some of the posterior samples are still overestimating p following the second spike. Despite
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this, the posterior median presents a much better fit to the true data than the model with high variance.

Second spike when R; decreasing

In the third and final variation of the two spikes scenario, we kept the first importation event taking place
at the beginning of the epidemic on day 5, during the increasing R;, but we set the second one to occur on
day 20 when R, is decreasing. The results are shown in Fig. the errors in Fig.[5.9] and the parameters

posteriors in Fig.|5.10

In three of the four examples, the high variance model attributes the spike in cases to the rise in Ry,
causing a large overestimation of R; around day 5 (time of the first importation event). In examples
and , the R; after day 5 get estimated as approximately 0, and all new cases are identified as
importations throughout the time considered. Here, both importation peaks are ignored by the model.
In both of those cases, the estimated R, has the highest value reaching over 14, which is unrealistic for
most of the pathogens. There was only one example, shown in Fig. , in which the true R; curve is not
very far from the model’s estimate, however even in that case only the first importation event is correctly
picked up by the model, and the increase in cases around the time ¢t = 20 is attributed to a short and

small increase in R;.

For the model with low variance, the estimated R; curve closely follows the true curve, with a small bump
in the posterior after the second importation event at ¢ = 20. In all 4 examples, the first importation spike
is correctly identified and estimated. Despite this, the model struggles to pick up the second spike, and
instead, we can observe the bump in the estimate of R;. The low R; variance model manages to estimate
the second spike correctly only in the last example, where o = 300. In the other examples, the posterior
median i is completely flat at the second importation peak, although in examples and the Crl

covers the true peak.

For both models correct identification of the second importation event was challenging. That is because
the importation takes place when the community cases are still very high, following an increase in Ry, so
even though R, is decreasing at the time of ug, the numbers of imported cases are a smaller fraction of all

new cases.
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(d) Second spike higher: p; = 100, ue = 300

Figure 5.8: Simulation scenario with two importation events, the first one in the beginning of the epidemic
(increasing R;) and the second one in the middle (decreasing R;).
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Figure 5.9: RMSEs for the simulation scenario with two importation events, the first one in the beginning

of the epidemic (increasing R;) and the second one in the middle (decreasing Ry).
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Figure 5.10: Selected parameters posterior distribution for the simulation scenario with two importation
events, the first one at the beginning of the epidemic (increasing R;) and the second one in the middle

(decreasing Ry).
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Converge diagnostics

In all scenarios considered so far, the RMSE for the observed incidence and the incidence estimated by
the model was quite low. However, despite the high number of iterations, the models were run for, the
convergence was not satisfactory for many of the parameters of the models. Table shows the ranges of
the R diagnostic for all considered scenarios for both high- and low- R; variance models. We can see that
the high variance model was less successful in achieving the convergence, which we could also observe in

the wide estimates of the CrlI for R, for example in Fig. [5.8p-d.

Table 5.1: Ranges of R diagnostics for the different models parameters in considered scenarios.

second spike when R; .. high R; var low R; var
..increasing but inc ~ 0, equal spikes 1.00 -1.02 1.00 - 1.02
..Increasing but inc =~ 0, first spike higher 1.00 - 1.00  1.00 - 1.04

..increasing but inc = 0, second spike higher, uo =150 1.01-1.22  1.00 - 1.04
..increasing but inc = 0, second spike higher, o =300 1.03 - 10.08 1.00 - 1.08

..increasing, equal spikes 1.03-6.69 1.00-1.30
..increasing, first spike higher 1.01- 7.52 1.00 - 1.04
..increasing, second spike higher, puo = 150 1.00 - 1.17  1.00 - 1.27
..increasing, second spike higher, uo = 300 1.00-1.04 1.00-1.14
..decreasing, equal spikes 1.00 - 1.05 1.00 - 1.05
..decreasing, first spike higher 1.03-6.41 1.00 - 1.07
..decreasing, second spike higher, pus = 150 1.03-6.50 1.00 - 1.03
..decreasing, second spike higher, po = 300 1.00 - 2.82  1.00 - 1.03

5.3.2 Scenario 2: seasonal importations

In the second simulation scenario, we explore seasonal importations. In this setup, a certain number of
new cases are imported into a location daily, where the pathogen has not yet established circulation. Such

occurrences may occur, for instance, when students return to their hometowns for holidays.

In this set of examples, the simulations included seasonal importations instead of single-day influxes of

cases. That is, the importations were generated by setting

pi =100 * (1 + sin(n2/7r2 *1)) (5.9)

Here, we used a sine function to generate daily new importations with seasonal patterns. In the equation

above, n denotes the total number of days considered in the analysis, and factor n/2 ensures that there
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are two periods of the sine function included.
The examples of generated data are shown in Fig. [5.11

In Fig. we show 3 examples of fitting the previously proposed model to the generated seasonal
importations. Identifying importations using the same model as presented before, that is with GRW for
1, was unsuccessful regardless of the chosen priors. One reason for that could be that the incidence rises
extremely fast in this case of new imported cases coming into the system every day, and then the new
importations become a small fraction of all new infections (see Fig.[5.11), in which case our proposed

methodology fails, as shown in the previous examples.

One solution is to include an explicit seasonal importations component in the model. The change in the

model fitted to the simulated data is only in the p component, and its modified version is as follows:

JH ~ N+(1, 10)

0, ~ Nt (1,100)

2
e =6, % (1 + sin( T

Y £)) (5.10)

In Fig. |5.14| we show 3 examples of fitting the model with an explicit seasonal component for p to the
generated seasonal importations. As we can see, the new seasonal model is more accurate than the
GRW model and manages to capture the seasonal behaviour. Even though it estimates R; correctly, the
importations are well estimated only in the case of constant R;. Again, for the seasonal model, the choice

of the prior for the R; variance does not seem to have a significant impact on the results of the simulations.
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Figure 5.11: Simulation scenario with seasonal importations, incidence and R;. Because of a high number
of cumulative importations, the total incidence increases much faster than in the previous scenarios with
singular importation events.
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Figure 5.12: Simulation scenario with seasonal importations, where fitted model assumes p is a GRW.
Total incidence is not shown, as it is much higher than the numbers of importations, but can be seen in

Fig.
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Figure 5.13: RMSEs for the simulation scenario with seasonal importations, where fitted model assumes
1 is a GRW.
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Figure 5.14: Simulation scenario with seasonal importations, where fitted model explicitly assumes p is a
seasonal and modelled with a sin() function. Total incidence is not shown, as it is much higher than the
numbers of importations, but can be seen in Fig.[5.11
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Figure 5.15: RMSEs for the simulation scenario with seasonal importations, where fitted model explicitly
assumes /i is a seasonal and modelled with a sin() function.
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5.4 Discussion

In this study, we investigated the impact of choosing the appropriate prior for the effective reproduction

number R; on the model fit for the renewal equation based epidemic model.

Summary of the findings

We empirically demonstrate that the selection of prior strongly influences the accuracy and alignment
of epidemiological estimations with domain knowledge. It is crucial to underscore that in all scenarios
considered, the model’s fit to simulated observed data (daily new case counts) remained robust throughout
the simulated epidemic period. Consequently, selecting the most suitable model based solely on fitting
criteria becomes challenging (refer to Chapter. Although this project did not centre on a rigorous model
selection process, our focus was on illustrating the pivotal role of prior choice in the renewal model of R;

through intuitive examples.

Implications for modelling

Our study holds several implications for infectious disease modelling. Firstly, we demonstrate that con-
straining the variance of R; in the model often facilitates accurate inference of importation events. Specif-
ically, when the prior variance of R; is low, the model fitting process correctly identifies importations
instead of attributing new cases to abrupt increases in R;. This constraint aligns with epidemiological
principles, as R; typically exhibits minimal day-to-day variation, except in rare instances such as the
implementation of restrictions (e.g. non-pharmaceutical interventions like business and school closures

|[Flaxman et al.||2020]), mass vaccination campaigns, or super-spreading events.

Accurately identifying importations at the onset of an epidemic holds significant importance for modellers
and policymakers. This knowledge enables timely and targeted interventions to mitigate pathogen spread.
For instance, optimal interventions may include travel restrictions, quarantine protocols, or health screen-
ings upon arrival, rather than implementing broader measures such as lockdowns or business closures

within the affected area |Reich et al.}|2021} Wells et al.| 2020|.
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Challenges and future work

In our study, we investigate the challenges associated with inferring importations in a discrete renewal
equation based model, even in relatively straightforward simulated scenarios where p constitutes a small
fraction of new cases at time t. However, practical observations indicate that in such cases, the influence
on accurately inferring R; remains negligible provided that the variance of R; is kept low (see Fig. [5.5).
Consequently, in scenarios where p is a minor contributor to new cases, the importance of accurately
inferring the number of imported cases is arguably diminished, as most cases originate from community
transmission. Thus, implementing travel restrictions in the area of interest may have a less pronounced

impact on total incidence.

Our analysis is based on simulated data, encompassing various scenarios. However, there are additional
potential scenarios worth investigating. For instance, while we focused on scenarios where the epidemic is
in its early stages in the area of interest, exploring the identifiability of importations in ongoing epidemics
could be informative. Nevertheless, our findings suggest that even with a more informative prior for Ry,
the models we employed struggle to accurately capture importations when p represents a minor fraction
of all new cases. Furthermore, validating the method’s performance on real datasets could offer valuable

insights, although access to such data is often limited due to its nature.

Additionally, we opted for a simplistic parametrisation of Ry, contrasting with the more intricate models
commonly utilised by epidemiological modellers, which incorporate disease- or population-specific dynam-
ics (e.g. |Ferretti et al.|[2020],|Flaxman et al.|[2020], [Kucharski et al.||2020]). Our rationale for this choice
was to directly illustrate the potential impact of the priors selection on model fit. We aimed to address a
broad audience by focusing on a general case applicable to various pathogens, emphasising that a model’s
fit to observed data does not necessarily guarantee accurate parameter inference. Domain knowledge re-
mains essential for evaluating model performance and selecting the most appropriate model for further

analysis.

5.5 Conclusions

In this chapter, we showed simulated examples of un-identifiability of importations in the renewal equation-

based model of R;. The study demonstrates that the choice of prior significantly influences the correct
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inference of epidemiological quantities, emphasising the importance of aligning priors with domain knowl-
edge. The findings suggest that constraining the variance of R; aids in correctly inferring importations,
aligning with epidemiological reasoning, and has implications for recommending optimal interventions in

infectious disease modelling scenarios, such as travel restrictions and health checks.

In the next and final chapter, I reflect on the outcomes of the thesis and discuss their implications and

limitations.
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Chapter 6

Discussion

In this thesis, I have presented a suite of methods for infectious disease modelling. The methods I developed
were necessitated by the ongoing COVID-19 pandemic and are focused on modelling emerging threats,
although they can be applied to other scenarios, such as endemic diseases. The overarching theme of this
thesis was to combine modern statistics and machine learning methods (e.g. Gaussian Processes) with

more traditional approaches used in epidemiological modelling, such as renewal equation models.

In this final chapter, I will review the findings of the studies in this PhD thesis. I will also discuss their
implications for infectious disease modelling, explore their limitations, and suggest directions for future

research in the field.

6.1 Summary of findings

Chapter 2: Referenced Thermodynamic Integration

In Chapter I proposed a method for calculating model evidence called referenced Thermodynamic Inte-
gration. Model evidence can be used to perform model selection in a fully Bayesian setting. The method is
based on building a reference density, e.g. Gaussian, and then sampling from the geometric path between
the reference and the original density. I presented the practical steps of applying the method to some
pedagogical problems. I further presented the applicability of the method on a larger model of R; for

COVID-19 in South Korea, in which I also demonstrated the importance of performing model selection
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rather than only relying on the model’s fit to the observed data in order to pick the most reliable model.

The problem of model selection is ever-present in statistical modelling, and one that has been extensively
studied. Still, it remains one of the most challenging aspects of data analysis |Jordan| 2011} |Navarro|
2019|. Despite considerable efforts to develop robust methodologies and theoretical frameworks, there is a
lack of consensus on which method of model selection is optimal, and the choice of one typically depends
on the task at hand (prediction or explainability) as well as the practitioners’ personal preference. In this
chapter, I focused on only one of the available methods, Bayes factors, as it is rarely used in epidemiology,
possibly due to its complexity. One of the main purposes of this project was to showcase the calculation
of normalising constant in a very practical setting, using a method that could be relatively easily applied

to a variety of problems, as its main step is to approximate the original density with a Gaussian one.

As I showed in the COVID-19 example in Section and also in Chapter[5] it is not enough to validate
the model’s accuracy only by looking at its fit to the observed data. Rigorous model selection can help us
prevent situations where even though the fit is correct, the estimates of the individual parameters remain

unreasonable, e.g. implying large fluctuations in R;, which are uncommon in reality.

The comprehensive Bayesian model selection methods, including referenced Thermodynamic Integration,
still suffer from a range of issues, making it discouraging for practitioners to apply in their studies. Mainly,
as they focus on calculations pertaining to full posteriors distributions of samples, they are significantly
more computationally complex than simple, point-estimate based methods such as e.g. AIC or BIC.
Although with the advances in computing these issues will gradually become less problematic, for this
moment they still persist. Another major critique of the Bayes factors is their sensitivity to the priors.
Many Bayesians argue that this is in fact a desired property, as the priors are an inherent part of any
Bayesian model and should be taken into consideration when comparing different models. Navarro| 2019
also gives an example in which Bayes factors tend to give counterintuitive and wrong answers when both

of the compared models are ’extremely bad’.

Moreover, model selection methods can compare different models and ’rate’ them against one another.
They are not however a method of model assessment, that is they do not tell us anything about an
individual model. So even after fitting many models and comparing them using state-of-the-art methods
to pick ’the best’ one, the favoured model is always 'the best out of the models we tested’. We cannot ever

know whether we could come up with a different model better explaining the phenomenon or a simpler
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model.

We showed, that the referenced Thermodynamic Integration method for calculating model evidence has a
faster convergence than competing methods like Power Posteriors. It still however requires fitting multiple
models using the path between the original and reference density, and therefore a substantial computational
power. The calculations for different A placements can be parallelised as they do not depend on one another,
to shorten the total compute time. For complex multidimensional models, even sampling from a single
A-path will still require a certain amount of time and resources. This could be further improved using the

increasingly popular variational or approximate methods of inference, or normalising flows models.

The Bayesian modelling approach is increasingly favoured among infectious disease modellers (e.g. |Aswi
et al.||2019], Bhatt et al.|[2015], Davies et al.||2021a], |Faria et al.|[2021],|Flaxman et al.[[2020]), owing to its
natural ability to incorporate prior domain knowledge and accurately quantify uncertainty. A meticulous
and informed model selection process should be integral to any Bayesian analysis. In epidemiological
modelling, model selection extends beyond the final stages of analysis, where complex models are utilised
to infer quantities such as R;. It also encompasses intermediate steps, such as the selection of appropriate
prior distributions for parameters like the generation interval or onset-to-death times, as demonstrated in

the following chapter.

Chapter 3: Hospitalisation Distributions

The referenced Thermodynamic Integration method developed in Chapterwas further used in Chapter
where I fitted a range of probability density functions to COVID-19 hospitalisation distributions in
Brazil. Typically, the densities used for estimating onset-to-death time, an important quantity in infectious
disease modelling, are Gamma or Log-Normal. In this chapter, I showed that in some cases more flexible
densities, such as generalised-Gamma, provide a better fit to the underlying data. I also give a framework
for estimating those distributions on both national- and state-level, using a hierarchical Bayesian model.
Through this, I showed that the estimated mean times of onset-to-death, admission-to-death and others
are highly spatially heterogeneous. By applying a hierarchical framework, I was able to estimate those

quantities even for states where limited data was available at the time of the study.

The epidemiological parameters estimated in that chapter are fundamental for understanding an ongoing

epidemic. For the modellers, they are particularly important for estimating the reproduction number

131



and in the modelling of possible effects of interventions. Although paramount for the modelling, those
parameters are also difficult to obtain at the early stages of the epidemic — for example, a widely cited
paper by |Verity et al.|[2020] estimates the onset-to-death time in mainland China using data of only 24
deaths and onset-to-recovery using 169 cases outside the mainland China, as that was all that was available
and reliable at the time of the study. Both of these estimates were used for estimating the Case Fatality
Ratio, which was vital in those early stages of the epidemic not only for the modellers worldwide but also

for policymakers and in public health campaigns.

However, these estimates were based on the very limited spatial region and no estimates were available for
low- and middle-income countries (LMIC). As the data from countries around the world was extremely
limited and the epidemic had not fully spread worldwide yet, the spatial heterogeneity of those distribu-
tions could only be hypothesised. In this study, I was able to leverage the extensive publicly available
hospitalisation dataset for Brazil, to provide those estimates based on a substantially larger dataset, in-
cluding large hospitals and small health centres, and spanning across the entire Brazil. This enabled us to
get a grasp of the spatial heterogeneity of the character of infections in a LMIC. Moreover, even though I
used a hierarchical Bayesian model and the size of the dataset was large, the approach I presented is fast

and can be applied near real-time in the future epidemic.

As with many other studies, this approach is prone to biases in the data, which still need careful con-
sideration. One of the main issues with treating the early-epidemic dataset is the censoring effect — if
we correct for it, we are likely to have very few data points left, and if we do nothing, we are likely to
arrive at the estimates of times shorter than they would be in reality. I touched upon these issues in the
chapter’s sensitivity analysis, but in the future, this approach should be further analysed and focused on
those arising biases. Another possible bias in the data was the under-reporting of deaths and the reporting

delays, which was the topic of the following chapter.

Chapter 4: Gaussian Process Nowcasting

Shifting the focus from the model properties to the data, in Chapter I developed a method of correcting
the reporting delays based on nowcasting using latent Gaussian Processes (GPs). This method is disease-
agnostic and versatile, so it can be used in any setting where the stream of data suffers from reporting

delays. In this project, I applied it to the weekly records of deaths due to COVID-19 in Brazilian hospitals.
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GPs provide a flexible way of modelling the delays across the two dimensions of a reporting triangle,
allowing us to estimate the numbers of deaths that occurred but have not been yet reported. The newly
proposed method has been validated against a bench-marking method and provided favourable outputs

both in terms of the overall accuracy and the estimate of the uncertainty of the results.

The delay in death reporting, an issue tackled in this chapter, is only one of many problems with the
real-time data the modellers were faced with during the COVID-19 pandemic. The surveillance of cases
and deaths due to the SARS-CoV-2 infections has been a tough challenge from the early stages of the
pandemic when doctors and scientists worldwide faced the new pathogen, for which the diagnostic has not
been fully developed and hence testing required time-consuming PCR, [Msemburi et al.l (2023, Wang et al.|
2022|. This has not been available in every country due to various socio-economic reasons. Additionally,
the standards of administration, including registering patients and issuing death certificates, varied from
country to country and possibly even within the countries [Msemburi et al.||2023|. That became apparent
to the scientists early on in the pandemic, and various methods of looking at the excess deaths instead
of the reported COVID-19 deaths have been proposed. In Brazil, the SIVEP-Gripe database had been in
place before the pandemic for recording patients with severe acute respiratory illness, including all health
facilities and hospitals across the entire country. Because of that, the extent of the excess, underreported
deaths in Brazil, was likely to be lower than in some other countries such as e.g. India, where the estimated
excess deaths were huge |Jha et al.;2022||Msemburi et al.;|2023|. But even with this infrastructure in place,
the reporting delays remained a major problem, especially at times of higher burden on the hospitals, e.g.

when the spike in hospitalisations occurred due to the new variants of concern |Faria et al.||2021].

Before the COVID-19 pandemic, the nowcasting models in epidemiology have not been widely popularised
(with several exceptions, e.g. |Bastos et al.|[2019], McGough et al.|[2020]). The most recent pandemic
highlighted the issues with reporting delays and several new models have been proposed since. The novelty
of our approach was using the latent Gaussian Process — a machine learning method. Although as with
any nowcasting methods, their accuracy depends on the regularity of the reporting delays, GPs are highly
flexible, which makes them a favourable candidate even if we do not have a lot of data or if the distribution

of delays changes over time.

GPs have been utilised in many scientific fields, with a long history of use in geostatistics, physics, finance,

bioinformatics and many others. In epidemiology, their main use has been in spatio-temporal statistics
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(e.g. Bhatt et al.|[2015]), due to their remarkable interpolation properties and ability to capture complex
relationships in the data. Other benefits of using GPs are uncertainty quantification, the ability to incor-
porate priors, reduced risk of overfitting, and no need to assume specific functional relationships. That

makes them an excellent and versatile tool for solving many statistical questions.

Gaussian Processes and other machine learning methods have recently been gaining more traction among
epidemiological modellers, even outside spatial modelling. Compared to more standard statistical methods
like regression models, GPs can be considered somewhat less interpretable (especially in high-dimensional
models, although there exists a level of interpretability through the kernel function) and more cumbersome
to fit to the data and use for predictions. This is slowly being resolved by many approximate approaches,

leveraging the GPU power, and many optimised algorithms provided by common libraries.

In this chapter, I demonstrate that a model incorporating a latent Gaussian Process can yield predictions
comparable to, and in some cases, even more accurate than those of a group of human experts in epidemi-
ology. While the use of crowd-sourced forecasts has been previously explored in machine learning |Abeliuk
et al.l|2020], our focus here is specifically on individuals who are trained and experienced at analysing
epidemiological data. The decision to involve only experts in our human benchmarking exercise was moti-
vated by the fact that these individuals are relied upon by authorities, policymakers, and governing bodies
for their expertise. Therefore, we were particularly interested in assessing how our model’s predictions
compare to theirs. Further comparison of epidemiological models with human expert forecasts would not
only be valuable for calibration but also potentially for demonstrating the reliability of mathematical

models.

Chapter 5: Importations in renewal-equation model

Finally, coming back to the good model setting practices, in Chapter[5]I showed empirical examples of the
influence of priors on the identifiability of importations in a discrete renewal equation parametrisation of
R;. This again underlines the importance of an appropriate and systematic model selection process, based
not just on the goodness of fit to the observed data but including the domain knowledge regarding the
model parameters. In that chapter, I fitted a discrete-renewal equation type model of R; to simulated data,
to show that a constraint on Ry is often necessary to correctly identify and quantify the imported cases of

a disease or infection. In this project, this regularisation is carried out by assuming an informative, narrow
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prior for R; variance. As we show in the practical examples, if the model allows R; to vary significantly,
new cases of disease can be attributed to a large and sudden change in Ry, rather than the cases imported

from a different location.

The approach presented in this chapter shows that through applying regularisation, we can identify the
importation peaks in the simulated scenarios (subject to some constraints discussed in Section. Reg-
ularisation is a technique used across different statistical paradigms and machine learning (e.g. Lasso,
Ridge regression, dropout, early stopping). In Bayesian settings, regularisation naturally arises through

the use of informed priors, making it a technique routinely employed by Bayesian modellers.

In this chapter, I demonstrate a proof of principle by showcasing how regularisation techniques can facilitate
the accurate identification of both the timing and magnitude of importations in an early epidemic scenario
simulated experiment. While the task of identifying importations remains inherently challenging, we
propose that integrating the effects of importations into standard modelling frameworks and packages
should be feasible, provided that constraints on the R; are maintained. This approach should be further
tested by complementing it with real-world air passenger mobility data in future studies. Currently,
the most reliable indication of whether an infection was imported or contracted locally can be obtained
through genome sequencing data, so ideally, testing of our proposed method should be coupled with

genomic datasets.

6.2 Overall conclusions

Statistical models have a rich history of application in modelling infectious disease dynamics. However,
when faced with the emergence of a new pathogen, standard models are often insufficient in addressing the
questions posed by epidemiologists. Innovative methods, leveraging the increasing computational capacity

of modern machines, can substantially contribute to solving these modelling challenges.

Historically, Bayesian methods were primarily employed in scenarios with limited available data, where
it was necessary to build models heavily relying on domain knowledge encapsulated in the priors. While
the domain knowledge and priors remain fundamental, the emergence of a new pathogen introduces the
possibility of misleading prior information. Conversely, although data availability was initially restricted

at the onset of the COVID-19 pandemic, the volume of the datasets rapidly expanded with the global
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spread of the virus.

Recognising the imperative of data-sharing, many governments, public health agencies, and research in-
stitutions promptly introduced regularly updated online dashboards, publicly accessible or restricted to
researchers involved in pandemic response efforts. This led to an unprecedented increase in the volume of
data available to modellers, presenting new challenges. Many Bayesian models, known for their compu-
tational complexity, became even more resource-intensive during the pandemic, where rapid response was
paramount. Fortunately, the availability of libraries dedicated to optimised Probabilistic Programming is
on the rise, facilitating computations using GPUs or parallel computing. This advancement also enables

the incorporation of more sophisticated machine learning algorithms within a Bayesian framework.

Building upon this, I posit that combining standard statistical methods with modern machine learning
techniques can offer fast and accurate frameworks for many epidemiological modellers. Machine learning
has gained traction across various academic disciplines, enabling prompt processing of vast data volumes.
Nonetheless, as emphasised throughout this thesis, the domain knowledge of the modellers will remain in-
dispensable for model construction, identifying potential biases in the data, and comprehensively assessing

the results.
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Appendix A

Appendix: Gaussian Process Nowcasting:
Application to COVID-19 Mortality

Reporting

Additional materials for Chapter

A.1 Retrospective testing

The figures below show the additional retrospective tests as mentioned in the main text.
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Nowcasting of COVID-19 related deaths for Rio de Janeiro (state), up to 2020-11-30
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Figure A.1: Nowcasted and reported deaths due to COVID-19 death for Rio de Janeiro (state), generated
with a 1D SE+SE data-split GP model. Reported deaths are shown in blue, nowcasted Crl in orange.
Here the nowcasting was performed with all data available up till the SIVEP data release on the 30" Nov
2020. At that point, looking only at the reported data might indicate that the number of deaths keeps
decreasing, however using nowcasting would have revealed the uptick in the number of deaths, which was
not yet observed in the data at the time of the 30" Nov 2020 release.
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Figure A.2: Retrospective tests for the 1D SE GP nowcasting model. Deaths reported in the 315% May
2021 release are shown with blue dots, data available at the time of nowcasting with a red dashed line,
nowcasted mean values with a black solid line and 95% CrI with orange ribbon.
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1D SE+SE GP model
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Figure A.3: Retrospective tests for the 1D SE+SE GP model.

1D SE+Mat(1/2) GP model
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Figure A.4: Retrospective tests for the 1D SE+Mat(1/2) GP model.
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1D SE+Mat(3/2) GP model
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Figure A.5: Retrospective tests for the 1D SE+Mat(3/2) GP model.
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Figure A.6: Retrospective tests for the 1D SE+SE data-split GP model.
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Figure A.8: Retrospective tests for the NobBS model.
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A.2 Model diagnostics

For each of the model runs shown in this section, 4 chains were run for 1000 iterations, with 500 iterations
used for burn-in. All fits presented are done for nowcasting using all data available up to 11** Jan 2021.

Table A.1: Diagnostics for the 1D SE+SE data-split GP model.

mean sd  hdi 3% hdi 97% mcse mean mcse sd ess bulk ess tail R
P1,long 28.004 0.101  27.820 28.194 0.002 0.001 2794.0 1241.0 1.00
P2.long 29.009 0.102  28.826 29.209 0.002 0.002 2205.0 1377.0 1.01
P1 short 1.003 0.010 0.984 1.021 <0.001 <0.001 2985.0 1388.0 1.00
P2 short 1.013 0.009 0.996 1.032 <0.001 <0.001 2096.0 1691.0 1.00
Q1 long 19.165 1.570  16.248 22.085 0.074 0.053 468.0 482.0 1.01
a2 long 23.366 1.234  21.145 25.692 0.084 0.060 219.0 288.0 1.02
Q1 short 4.958 0.481 4.048 5.830 0.024 0.017 412.0 460.0 1.01
Q2 short 5.941 0.279 5.447 6.463 0.014 0.010 378.0 886.0 1.01
o1 <0.001 <0.001 <0.001 <0.001 <0.001 <0.001 1448.0 795.0 1.00
I <0.001 <0.001 <0.001 <0.001 <0.001 <0.001 583.0 1188.0 1.01
r 246.499 11.073 225.669 267.226 0.217 0.154 2632.0 1399.0 1.00

Table A.2: Diagnostics for the 2D additive GP model.

mean sd hdi 3% hdi 97% mcse mean mcse sd ess bulk ess tail R
ar:  29.169 1.015 27.467 31.164 0.018 0.013 3288.0 1544.0 1.01
oy 5.067 0.942 3.360 6.824 0.043 0.031 469.0 764.0 1.01
o4 0.548 0.119 0.346 0.778 0.005 0.004 471.0 680.0 1.01
a4 0.616 0.096 0.460 0.805 0.004 0.003 654.0 914.0 1.01
61 <0.001 <0.001 <0.001 <0.001 0.000  <0.001 1776.0 854.0 1.00
) <0.001 <0.001 <0.001 <0.001 <0.0010 <0.001 1672.0 1110.0 1.01
r 89.733 6.478 77.809 102.541 0.176 0.126 1390.0 1365.0 1.00
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Figure A.9: Traceplots for the 1D SE+SE data-split GP model.
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2D additive kernel GP model
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Figure A.10: Traceplots for the 2D additive GP model.
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A.3 Sensitivity analysis

For all sensitivity analyses, the 1D SE+SE data-split GP model has been used. Each time we run the
models with 4 chains for 1000 iterations, with 400 iterations used for burn-in. All fits presented are done

for nowcasting using all data available up to 11*" Jan 2021.
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Figure A.11: Model fits with different cuong 1, Qlong,2; Qshort,1 and agnort,2 prior density variance.
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Figure A.12: Model fits with different ciong 1, Qlong,2, Qshort,1 and Qighort,2 prior density variance.
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Figure A.13: Model fits with different cqong 1, Qlong,2, Qshort,1 and Qgpert,2 prior density. Default means
using the default priors described in Table for default x 3 prior we increased the mean in the default
priors 3-fold, Normal(0,1) means a standard prior was set to all a-s, and long- and short- default x 2
means increased mean in the default prior long- and short-part respectively.
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Figure A.14: Model fits with different cnong 1, ®long,2; Qshort,1 and gnort,2 prior density. Default means
using the default priors described in Table for default x 3 prior we increased the mean in the default
priors 3-fold, Normal(0,1) means a standard prior was set to all a-s, and long- and short- default x 2
means increased mean in the default prior long- and short-part respectively.
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