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Function spaces on Lie groups and applications

ABSTRACT

The overall goal of the thesis is to investigate hypoelliptic and subelliptic
functional inequalities of different types and the corresponding function
spaces on homogeneous nilpotent Lie groups, which include the cases of
R", Heisenberg, stratified and more general graded Lie groups. In such
settings we derive a variety of functional inequalities including Hardy,
Rellich, Hardy-Littllewood-Sobolev, Gagliardo-Nirenberg, Caffarelli-Kohn-
Nirenberg, uncertainty and other related inequalities, and their extensions.

The approach for obtaining hypoelliptic functional inequalities relies on
establishing integral versions of Hardy inequalities on homogeneous Lie
groups, for which we also find necessary and sufficient conditions for the
weights for such inequalities to be true. Consequently, we link such inte-
gral Hardy inequalities to different hypoelliptic inequalities by using the
Riesz and Bessel kernels associated to the described hypoelliptic opera-
tors.

Moreover, we describe Euler-Hilbert-Sobolev, Sobolev-Lorentz—Zygmund,
Besov type, Morrey and generalised Morrey spaces on homogeneous Lie
groups. We also study the boundedness of the Bessel-Riesz operators,
generalised Bessel-Riesz operators, generalised fractional integral opera-
tors and Olsen type inequalities.

The obtained results on homogeneous Lie groups in this thesis give new
statements in the Euclidean setting of R” when we are working with anisot-
ropic differential structures. Furthermore, even in the isotropic situation
in R", one novelty of all the obtained results is in the arbitrariness of the
choice of any homogeneous quasi-norm, and some estimates are also new
in the usual isotropic structure of R" with the Euclidean norm.
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All analysts spend half their time hunting
through the literature for inequalities which they
want to use and cannot prove.

G.H. Hardy

INTRODUCTION

N the modern literature, the classical LP-Hardy inequality has the form

f

z| &

< L||VfHLp(Rn), n>2 1<p<n, (1.1)
Lr(rn) TP

where |z|p = /27 +--- + 22 is the Euclidean norm and V denotes the
usual (Euclidean) gradient, f € C§° (R"), and the constant n%p is known to
be sharp. The one-dimensional version of (1.1) for p = 2 was obtained by
Hardy in'", and for more general p in'">. The multidimensional version
of the Hardy inequality was shown by J. Leray '*°.

The Hardy inequality has many applications in the analysis of linear and
nonlinear PDEs. For example, the criteria on existence (or nonexistence)
of solutions for the following second order partial differential equations

0
S
u p — Au =\ |u|2
‘$|E

Uy

depends on a relation between the constant A and the sharp constant -2
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from the Hardy inequality, see, e.g.,'® and**. We can also refer to”® and’!
for a relationship between the Gelfand problem and the Hardy inequality.
In the equation, instead of the Hardy potential @ one may have more
general function which motivates to study weighted Hardy inequalities.
Moreover, among many applications of the inequality we shall mention
the uncertainty principle, which was presented by Heisenberg'*’, then the
mathematical details were provided by Hermann Weyl”'®. Mathemati-
cally, on the Euclidean space R", the uncertainty principle can be stated
as the inequality

2 2 .2 n? 2 ?
( [ vl dx) ( [ el dx) > ( [0 da:) L a2

for all ¢ € Cf° (R") with the sharp constant, which can be shown as a
consequence of (1.1).

The literature concerning Hardy inequalities and related analysis is exten-
sive, and it would be impossible to do justice here to every contribution.
Nevertheless, let us refer to the following extensive surveys and books
for more information on this subject: Opic and Kufner'”’, Davies and
Hinz"*, Davies”, Edmunds and Evans®, Mazya'**'*, Ghoussoub and
Moradifam”*”?, Balinsky, Evans and Lewis'®, and the very recent book'”’
by Ruzhansky and Suragan.

Among many, one of the related functional inequalities is the following
inequality by Rellich ', which now bears his name:

4
L2Rn) n(n —4)

f

|2l

IAfllz2@ny, n =5, (1.3)

where the constant is sharp. For history and details of (1.3) we can refer
to, e.g., Davies and Hinz", and to Brézis and Véazquez®'.

There is now a whole scope of related inequalities such as Sobolev, Rel-
lich, Gagliardo-Nirenberg, Caffarelli-Kohn-Nirenberg, Hardy-Littlewood-
Sobolev, Trudinger-Moser and others playing essential roles in many sub-
jects, most importantly allowing one to obtain a priori estimates for the
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well-posedness analysis of both linear and nonlinear PDEs.

The overall goal of this thesis is to study these inequalities in the setting of
homogeneous Lie groups developed by Folland and Stein”® with an idea
of emphasising general results of harmonic analysis depending only on
the group and dilation structures.

Such groups are necessarily nilpotent, and give almost the whole class of
nilpotent Lie groups. For example, many well-known classes of nilpotent
Lie groups such as the Euclidean space, the Heisenberg group, H-type groups,
polarizable Carnot groups, stratified groups, graded groups are also examples
of homogeneous Lie groups.

Actually, it can be shown that any (connected, simply connected) nilpo-
tent Lie group is some R" with a polynomial group law: for example,
R"™ with linear group law, Heisenberg group with quadratic group law
in the last variable, etc. Note that in general, homogeneous Lie groups
do not necessarily have homogeneous hypoelliptic left invariant differen-
tial operators, but if such an operator exists, then it must be in the class of
graded Lie groups (see'**,*'?). Such groups can also be characterised by dila-
tions having rational weights, see® Section 4.1.1. An important subclass of
graded Lie groups is the class of stratified Lie groups, where a homogeneous
second-order sub-Laplacian £ can be defined. Folland”' showed that the
fundamental solution for the sub-Laplacian on stratified Lie groups be-
haves well. For more general hypoelliptic operators on graded Lie groups,
we refer to Geller®® and® Section 3.2.7. According to Montgomery'*,
nilpotent graded Lie groups, or Carnot groups, are to sub-Riemannian
geometry as Euclidean spaces are to Riemannian geometry. Especially,
the importance of nilpotent Lie groups is widely acknowledged since they
played an important role in obtaining sharp hypoelliptic estimates for dif-
ferential operators on manifolds, starting from the path-breaking paper by
Rothschild and Stein '’ (see also”*'%%).

As for function spaces on homogeneous Lie groups, we can refer to Fol-
land”" and Saka'®” for Sobolev and Besov spaces on stratified Lie groups,
to Folland and Stein” for Hardy spaces on homogeneous Lie groups. On
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graded Lie groups, we refer to”’,% for Sobolev spaces, and to*’,*’ for Besov
spaces.

In the 1990s, a lot of work concerning Hardy inequalities was already de-
veloped in the context of the elliptic operators, but not very much has
been done in the framework of (nonelliptic) hypoellipticity, in particular,
for the Heisenberg sub-Laplacians. The study of hypoelliptic functional
inequalities is important in many questions involving hypoelliptic PDEs,
sub-Riemannian geometry, unique continuation, etc. Garofalo and Lan-
conelli have an important contribution to the development of Hardy in-
equalities on the Heisenberg group with their original approach, which is
based on a far-reaching use of the fundamental solutions.

As for the setting of stratified Lie groups, in the literature, usually, there
are three types of Hardy inequalities:

1. with the homogeneous quasi-norm associated to Folland’s funda-
mental solution for £;

2. with the Carnot—Carathéodory distance, that is, the control distance
associated to the sub-Laplacian;

3. with the Euclidean distance on the first stratum of the group.

In the above three cases, the best constants in the corresponding inequal-
ities may depend on the quasi-norm that one is using. However, if one is
not interested in the best constants in such inequalities, one can work with
any of these equivalent quasi-norms. For example, Ciatti, Cowling and
Ricci*® established the Hardy inequality for the fractional order operator
£/ with 0 < v < Q/pand 1 < p < oo, namely they showed that the
operator T, f := | - |77£77/2 f extends uniquely to a bounded operator on
LP(G). In general stratified groups, each power £7/2 of the sub-Laplacian
involves a different homogeneous norm | - |,. In*, for the particular ho-
mogeneous norm | - |o, which is a limit of the norms | - |,, it was shown that
the operator norm satisfies

1T o6y 1r@) S 14+ Cy 4+ O(?). (1.4)
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Thus, in the first case, a typical Hardy inequality would take the form

_p
Q—p

f
Hm = IVirfllppe, Q=3 1<p<Q (15

LP(G

where V is the horizontal gradient, and d(x) is the so-called £-gauge. For

such types of the inequalities we refer to, e.g.7*75156°1,55,129.22245,5

As for the second case, the results on Hardy and other inequalities have
been obtained mostly on the Heisenberg group. However, the last case has
recently attracted considerable interest because of its geometrically clear
nature and importance for questions in PDEs, see for example” and’’. In
this case the horizontal Hardy inequality reads as follows

f

[l

P
< —HVHf”Lp(G), I<p<N, (1.6)
L?(G) -Pp

where the constant is sharp, NN is the dimension of the first stratum, and
|| = /a2 4+ -+ 2

is the Euclidean norm on the first stratum of G.

The Hardy (1.6), Hardy-Rellich type and a special case of the Caffarelli-
Kohn-Nirenberg inequalities on the general stratified Lie group were ob-
tained in'”. In Chapter 7 we discuss Sobolev type inequalities (improved
versions of the Hardy inequality (1.6)), uncertainty inequalities and ex-
tended Caffarelli-Kohn-Nirenberg inequalities (see Section 7.2), which, in
the Abelian case G = (R", +), extend the classical Caffarelli-Kohn-Nirenberg
inequalities with respect to ranges of parameters, see Example 7.10. More-
over, in Section 7.3 using the factorization method of differential opera-
tors, inspired by the recent work of Gesztesy and Littlejohn™ we obtain
Hardy, Hardy-Rellich and refined Hardy inequalities on general strati-
tied Lie groups. We also obtain analogues of Gesztesy and Littlejohn’s
2-parameter version of the Rellich inequality on stratified Lie groups, and
a new two-parameter estimate on R" which can be regarded as a counter-
part to the Gesztesy and Littlejohn’s estimate. Furthermore, in Section 7.4
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we prove horizontal weighted Rellich inequalities for the sub-Laplacian
and for sub-Laplacians with drift on general stratified Lie groups. We dis-
cuss how the presence of a drift improves the known inequalities. More-
over, we show several versions of weighted Rellich inequalities for the
sub-Laplacian with drift on the polarizable Carnot groups, with weights
associated to the fundamental solution of the sub-Laplacian. The obtained
results are new for the Laplacian in R", embedding the classical Rellich
inequality into a family of Rellich inequalities with parameter dependent
drifts.

My Ph.D. research also focuses on obtaining analogues of functional in-
equalities on non-stratified graded Lie groups and non-graded homoge-
neous Lie groups. Beyond stratified Lie groups, the lack of the following
properties make the topic itself even more interesting:

e non-stratified graded Lie groups G do not have homogeneous sub-
Laplacians nor Laplacian but they always have the so-called Rock-
land operators, which are left-invariant homogeneous hypoelliptic
differential operators on G;

e no homogeneous (horizontal) gradient on non-stratified graded Lie
groups means no horizontal estimates;

¢ no invariant hypoelliptic differential operator on non-graded homo-
geneous Lie groups to enter the right hand side of (1.3).

These prompt questions: how to formulate Hardy, Sobolev, Rellich and re-
lated functional inequalities on non-stratified graded Lie groups and non-
graded homogeneous Lie groups?

Recall that, in general, homogeneous Lie groups do not have to be strati-
tied or even graded, so the concept of horizontal gradients does not make
sense. Nevertheless, there are still some useful properties, such as a good
polar decomposition which, combined with dilations, allows us to investi-
gate the radial structure of the group. Therefore, on general homogeneous
Lie group, we work with the quasi-radial derivative operator R := d/dr,
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which is the derivative with respect to a radial direction with respect to
the quasi-norm | - |, and the Euler operator E := |#|R,. Note that R, is
homogeneous of order —1 and is analogous to the radial derivative % Vg
on R", where V; is the usual Euclidean gradient.

In'”, for the radial derivative operator R, the following LP-Hardy in-
equality was obtained:

f

J P
]

< Rz fllr@), 1<p<@ (1.7)
LP(G) Q—p

for all complex-valued functions f € C§°(G\{0}), where () is the homoge-
neous dimension of G. Then, in'*?, the following analogue of LP-Rellich
inequality was obtained

p2

e Q- 1D(@Q—2)

1+ 4t

f

|2

, 1<p<@/2,
L?(G)

(1.8)

for all f € C§°(G\{0}). Moreover, it is known that the constants in (1.7)

and (1.8) are sharp for any quasi-norm | - | and are attained if and only
153

if f = 0. In the setting of general homogeneous Lie group, we refer to
and'* for the weighted Hardy and Rellich inequalities with Bessel pairs in
the sense of Ghoussoub and Moradifam”, that is, the weights are related
to the existence of solutions of certain ordinary differential equations. We
also refer to'”? and'”’ for the local refined L? and L? versions of Hardy’s
and Rellich’s inequalities for sums of squares of vector fields on bounded
sets of smooth manifolds under certain assumptions on the vector fields,
respectively.

In Section 3.1.1 we show Hardy inequalities with more general weights
using the factorization method. Moreover, in Chapter 3 we discuss Hardy
inequalities with remainder terms, critical and subcritical Hardy inequali-
ties, Heisenberg-Pauli-Weyl type uncertainty principles as well as Sobolev-
Rellich, extended Caffarelli-Kohn-Nirenberg, Sobolev type (refined Hardy)
inequalities for the radial derivative and Euler operators. Most inequali-
ties are obtained with the best constants. Some of the obtained results are

23



new already in the anisotropic R" as well as in the isotropic R" due to the
freedom in the choice of homogeneous quasi-norms.

It turns out that the Euler operator E on homogeneous Lie groups has
many useful and interesting properties. For example, we show that the
operator A := EE* is a Komatsu-non-negative operator (see Lemma 2.14),
hence one can define fractional powers of the operator A = EE* as in'*!
Chapter 5, which allows us to define Euler-Hilbert-Sobolev spaces on gen-
eral homogeneous Lie groups (see Section 5.0.1). Moreover, in Section 2.2
we define the operator semigroup e "** associated with the Euler opera-
tor on general homogeneous Lie groups, which will be useful in Section
5.0.4 to define Besov type spaces and obtain Gagliardo-Nirenberg type in-
equalities associated with the norm of the Besov type spaces. Furthermore,
we discuss Sobolev-Lorentz-Zygmund and Morrey spaces on general ho-
mogeneous Lie groups and analyse their main properties in Chapter 5.
There, we also discuss the boundedness of integral operators, namely, the
Bessel-Riesz operators, generalised Bessel-Riesz operators, fractional in-
tegral operators and Olsen type inequalities in generalised Morrey spaces

on homogeneous Lie groups.

The obtained results on homogeneous Lie groups in this dissertation give
new statements already in the Euclidean setting of R” when we are work-
ing with anisotropic differential structures. Furthermore, even in the isot-
ropic situation in R", one novelty of all the obtained results is in the ar-
bitrariness of the choice of any homogeneous quasi-norm, and some esti-
mates are also new in the usual isotropic structure of R” with the Euclidean
norm, which we will be indicating at relevant places. Thus, we could have
worked directly in R” with the anisotropic structure, but since the meth-
ods work equally well in the setting of Folland and Stein’s homogeneous
Lie groups, we formulate all the results in such (greater) generality. In
particular, it follows the general strategy initiated by their work, of distill-
ing results of harmonic analysis depending only on the group and dilation
structures: in this respect, Chapter 5 shows that the harmonic analysis on
Morrey spaces largely falls into this category.
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For example, let us consider the following Bessel-Riesz operators

_ [z —ylp "
Lof@) = [ e (19

where f € L (R"),p > 1,7 > 0and 0 < a < n. The bounded-

ness of the fractional integral operators 1, , = I, on Lebesgue spaces was

1]% 114 207

shown by Hardy and Littlewood in and Sobolev in“". In the case

of R", the Hardy-Littlewood maximal operator, the generalised fractional
integral operators, which are the generalised form of the Riesz potential
I,,, Bessel-Riesz operators and Olsen type inequalities are widely anal-

ysed on Lebesgue spaces, Morrey spaces and generalised Morrey spaces

(see e.g., 3 45 147 68 67 151 148 149 106 203 123 122 and the recent survey34). For

35,37

some of their functional analytic properties, see also™”" and references

101 102 100 36 163

therein. We refer to for analysis in Morrey spaces and gen-

eralised Morrey spaces, and tog 10

in anisotropic Morrey-type spaces. For

the applications of Morrey spaces for non-Euclidean distances we refer to,
104

e.g.,

Bessel-Riesz operator (1.9) on homogeneous Lie groups

and'”. In Chapter 5, we work with the following analogue of the

lnd@) = [ T Y (1.10)
h ¢ (L+[zy~ )"

On graded Lie groups, in®, Chapter 4, the authors use heat kernel meth-

ods to study the connection between these operators and Sobolev spaces.

Here, in Chapter 5 we focus on the harmonic analysis aspects in the frame-

work of Morrey spaces in the setting of general homogeneous Lie groups.

Thus, in most cases, we note that the functional inequalities for the radial
derivative or Euler operators improve the ones with the usual Euclidean
gradient. They are also useful in deriving functional inequalities for mag-
netic operators. For example, in Section 3.5.1 we show how such inequal-
ities are useful in obtaining Hardy inequalities for Landau Hamiltonian

and for Baouendi-Grushin operator with Aharonov-Bohm type magnetic
field.

However, these functional inequalities associated to the operators R and
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E on homogeneous Lie groups do not always generalise the known in-
equalities on stratified Lie groups unless the homogeneous Lie groups are
Abelian. Therefore, in order to keep consistency with the known inequal-
ities, it is important to obtain analogues of these functional inequalities
on graded Lie group, which is the largest class of homogeneous nilpotent
Lie groups admitting homogeneous hypoelliptic left-invariant differential
operators ('**,?1?, see also a discussion in® Section 4.1). Such operators
are called Rockland operators. We note that, following the seminal paper
by Rothschild and Stein'®’, such Rockland operators can be considered as
model “approximations” of general hypoelliptic partial differential oper-
ators on manifolds. In this thesis we will work with the Rockland differ-
ential operators which are positive in the sense of operators. Thus, our
setting will include the higher order operators on R" as well as higher or-
der hypoelliptic invariant differential operators on the Heisenberg group,
on general stratified Lie groups, and on general graded Lie groups.

From now on, we let R be a positive Rockland operator, that is, a pos-
itive left-invariant homogeneous hypoelliptic invariant differential oper-
ator on a graded Lie group G of homogeneous degree v. Its powers R*
are understood through the functional calculus on the whole of G, exten-
sively analysed in®””". In Chapter 6, we discuss the following analogue of
(1.4), which we also call the Hardy-Sobolev inequalities since it contains
the classical Hardy, Rellich and Sobolev inequalities: Let 1 < p < ¢ < o0
and 0 < a < @Q/p. Let0 < b < @ and % =1 —%—i— %. Then there exists a

. p
positive constant C for all f € L2(G) such that

f

" < C|IRE fll o). (1.11)
Tla

La(G)

In the special case of ¢ = p we obtain the general hypoelliptic family of the
Hardy inequalities:

f

R

< CIRY fllre), 1<p<oo, 0<a<Q/p. (1.12)
LP(G)
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In particular, for @ = 1 and a = 2 we obtain the hypoelliptic versions of
Hardy and Rellich inequalities, respectively, which in this form are new
already on the stratified Lie groups since the operator R does not have to
be a sub-Laplacian and can be of any order. At the same time, for b = 0,
(1.11) gives a simple proof of the Sobolev inequality obtained in”’:

a 1 1
£l < CIRE flliney, 1<p<q<oo a=Q (y; - g) BNCRE)

The homogeneous and inhomogeneous Sobolev spaces L?(G) and L2(G)
based on the positive left-invariant hypoelliptic differential Rockland op-
erator R have been extensively investigated in”’ and® Section 4.4 to which
we refer for the details of their properties. In these works, the authors
generalised to graded Lie groups the Sobolev spaces based on the sub-
Laplacian on stratified Lie groups analysed by Folland in”'. Moreover,
we discuss a critical version of (1.11), Heisenberg-Pauli-Weyl type uncer-
tainty principle, Gagliardo-Nirenberg, Caffarelli-Kohn-Nirenberg, Hardy-
Littlewood-Sobolev (HLS) and reversed HLS inequalities on general graded
Lie group.

Actually, these hypoelliptic functional inequalities on graded Lie groups
follow from the convolution Hardy inequalities that we will establish in
the setting of general homogeneous Lie groups in Section 4.0.2. For exam-
ple, let us state the following convolution Hardy inequality: Let 1 < p <
g<ocand0<a<@Q/p. Let0 <b < Qand% :%—é—l—%. Assume that
]Tél)(x)] < Cy|z|*~ @ for some positive Cy = Cy(a, Q). Then there exists a
positive constant C; = C(p, ¢, a,b) for all f € L?(G) such that

< Cillfllze(e)- (1.14)

" f = Tél)
L4(G)

Pk

Indeed, we can obtain the Hardy-Sobolev inequalities (1.11) by taking TV
in (1.14) to be the Riesz kernel (2.44) of a positive Rockland operator, since
Riesz kernel satisfies the condition for 7, by Lemma 2.20. Similarly, we

)

obtain its critical versions by taking T{*) in (4.54) to be a combination of

27



Riesz and Bessel kernels. The proofs of these convolution Hardy inequal-
ities are based on the integral Hardy inequalities that we will discuss in
Section 4.0.1, for which we also find necessary and sufficient conditions
for the weights for such inequalities to be true. Moreover, we will discuss
other types of integral inequalities in Chapter 4.

As a by-product this gives a new proof of Sobolev inequalities, but most
importantly, it provides a new way of using Sobolev and other differential
structures in various weighted estimates, opening up wide perspectives
of further applications to hypoelliptic partial differential equations of dif-

185’ 190 and 189 we

ferent types, both linear and nonlinear. For example, in
clarified further links between the hypoelliptic functional inequalities and
ground states for nonlinear Schrodinger type equations, as well as with ex-
tremisers of the corresponding variational problems, see Remark 6.14. We
also refer to'™ for the applications of the hypoelliptic Gagliardo-Nirenberg
inequality to the nonlinear damped hypoelliptic wave equations, see Re-

mark 6.14.

Incidentally, in'”! we showed that our proofs of the above hypoelliptic
functional inequalities can be adapted to the setting of general connected
Lie groups using the polar decompositions from Remark 4.5, which in

192 where

particular extends Sobolev inequalities in*. We also refer to
we investigated Hardy, weighted Trudinger-Moser and Caffarelli-Kohn-
Nirenberg type inequalities on Riemannian manifolds with negative cur-

vature.

I would like to honourably emphasise that most results of this Ph.D. thesis
are included in the very recent open access book titled Hardy inequalities
on homogeneous groups by Ruzhansky and Suragan'’’, and I am listed
as the contributor of this book. There, they reviewed the most recent de-
velopments of the subelliptic functional inequalities on homogeneous Lie
groups.
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Preliminaries

HE purpose of this chapter is to provide all the key notions to present
Tour results, thereby introducing the reader to the analysis on homoge-
neous Lie groups and fixing notation for the rest of this thesis. Firstly we
discuss relevant properties of general Lie groups and algebras, then focus
on properties of homogeneous Lie groups that we will work with, and fi-
nally we introduce the notion of the Euler operator on homogeneous Lie
groups and study some of its main properties.

2.1 HOMOGENEOUS LIE GROUPS

In this section we give the definitions and basic properties of nilpotent Lie
algebras and groups following Folland and Stein’s book” as well as the
recent open access books® and'””. We can also refer to, e.g., Goodman”/,
Corwin and Greanleaf”, Ricci'® and Folland’s books”*”*” for compre-
hensive treatments of nilpotent Lie groups.

Let G be a (connected and simply-connected) Lie group with a Lie algebra
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(real and finite-dimensional) g. If the lower central series

9 =0, 8 = [6:86-1)]

of a Lie algebra g eventually vanishes in a finite number of steps, then we
say that g is nilpotent Lie algebra. Furthermore, g is said to be nilpotent of
step s if s is the smallest integer for which all Lie brackets of order s + 1
are zero, and corresponding G is called a nilpotent Lie group of step s. By
the Baker-Campbell-Hausdorff formula for sufficiently small elements X
and Y of g one has

eXpXepr:eXpH(X,Y):X—i—Y—i-%[X,Y}—P'-, (2.1)
where exp : g — G is the exponential map, H(X,Y') is an infinite linear
combination of X and Y and their iterated commutators, and the dots
denote terms of order higher than two. In the case of nilpotent Lie algebra,
the formula (2.1) is finite, and defines a polynomial map from V' x V to V,
where V' is the underlying vector space of g.

(]77

Proposition 2.1 Proposition 1.1.1). Let g be a nilpotent Lie algebra, and

let G be the corresponding connected and simply-connected nilpotent Lie group.
Then we have

(i) The exponential map exp : g — G is a diffeomorphism. Furthermore, the
group law (z,y) — zy is a polynomial map if G is identified with g via exp.

(ii) If X\ is a Lebesgue measure on g, then exp A is a bi-invariant Haar measure
on G.

Definition 2.2. A family of dilations of a Lie algebra g is a family of linear

mappings
{6,,7 >0}

from g to itself with the following properties:

e 6, = exp(Alogr), where A is a diagonalisable linear operator on g
with positive eigenvalues;
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e every J, is a morphism of g, i.e., a linear mapping from g to itself
which respects the Lie bracket:

VXY eg r>0 [6X,6Y]=06[X,Y]

We note that §,; = 0,0, for all r, s > 0. If {9, } is a family of dilations on g,
then 6, := 6,o = exp(aAlogr) gives also a new family of dilations {ST} for
any a > 0. One can always assume that the minimum eigenvalue of A is
equal to 1 by adjusting .

Note that if a Lie algebra g is equipped with a family of dilations then it
is nilpotent but the converse is not true in general. For example, Dyer®
constructed a (nine-dimensional) nilpotent Lie algebra that does not allow
any compatible family of dilations.

Definition 2.3. We say that a Lie algebra g is graded if it is endowed with a
vector space decomposition

g=a;,V;

with the property [V}, V;] C Vi;;, where all but finitely many of the V;’s are
0.

A Lie group is said to be graded when it is a connected simply-connected
Lie group and its Lie algebra is graded.

Definition 2.4. We say that a graded Lie algebra g is stratified if V; gener-
ates the whole of the Lie algebra g by taking iterated commutators, that is,
if g is nilpotent of step m then

m

0=V, ViVil=Vin, Vi=1l...m,

J=1

holds. The natural dilations on g are defined as follows

Oy (Z Xk> = ZTka, (Xk S Vk) .
k=1 k=1
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A Lie group is said to be stratified when it is a connected simply-connected
Lie group and its Lie algebra is stratified.

Definition 2.5. A Lie group G is called homogeneous if it is a connected
and simply-connected nilpotent Lie group whose Lie algebra g admits a
family of dilations {9, }.

By Proposition 2.1, (i), the exponential mapping exp : g — G is a global
diffeomorphism, hence it induces the corresponding family on G which
one can still call the dilations on G and denote by §,. So, we write ¢,.(z) or
simply rz for z € G.

Here are some examples of homogeneous groups:

Example 2.6. The Abelian group (R", +) is the simplest example of a ho-
mogeneous group with the usual dilations 6,z = rz, r > 0, z € R™.

Example 2.7. Let n be a positive integer. Then, the Heisenberg group H,,
whose underlying manifold is C* x R, is homogeneous with the dilations

Op (21, 0y 2n,t) = (rzl, o ,TZn,T‘Qt) )

If v1,..., v, are the eigenvalues of A, listed in nondecreasing order and
with each value listed as many times as its multiplicity, then the mappings
{6, = exp(Alogr)} give the dilation structure to an n-dimensional homo-
geneous group G, with

1:V1§V2§"'<I/n. (22)

Now, we fix a basis {X}},_, of the Lie algebra g such that for each k& we
have
AX k= VkX k-

Then the homogeneous dimension of the corresponding Lie group G is de-
fined by

Q= v =Tr(A). (2.3)
k=1
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Letting these X’s be orthonormal we can define a standard Euclidean
norm || - || on g, which can be also considered as a function on G by the
following formula

2] = [lexp™" || (2.4)

A homogeneous quasi-norm on G can be defined as a continuous function
z +— |z| from G to [0, 00) such that

(a)

E || and |rz|=rlz|,

forallz € Gandr > 0,

(b)

|z] =0 < z=0.

Note that quasi-norms that are C*°-smooth on G\{0} always exist.

In the sequel, we use the notation rz = §,x for the dilation of z induced by
the dilations on the Lie algebra via the exponential mapping.

The quasi-ball centred at z € G with radius r > 0 is defined by
B(x,r) ={yeG: |z "y| <r}.

Note that the quasi-ball B(z,r) is the left translate by = of B(0,r) and

B(0,7) = 6,B(0,1). We also recall that B(z,r) is compact for any z € G
and r > 0.

Proposition 2.8 (* Proposition 3.1.35 (ii)). Let G be a homogeneous group.
Then any two homogeneous quasi-norms on G are equivalent, i.e., if we fix two
homogeneous quasi-norms | - | and | -|" on G, then there are positive constants C,
Cy > 0 such that

Chlz|" < |z| < Colzl'.

The following proposition shows that every homogeneous quasi-norm
satisfies the triangle inequality up to a constant:

Proposition 2.9 ("7 Proposition 1.2.4). Let G be a homogeneous group.
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(1) For any homogeneous quasi-norm on G there is a positive constant C' > 0
such that

lzyl < C(l] +yl), Yo,y € G. (2.5)

(2) Moreover, on G, there is always a homogeneous quasi-norm | - | with the
property

|2yl < J2] + lyl (2.6)

forall z,y € G.

By Proposition 2.1 we see that the bi-invariant Haar measure on G comes
from the Lebesgue measure on g. Let us require that the Haar measure of
B(0,1) is 1 by fixing the normalisation of the Haar measure on G. Then,
in the case G = R™ with the usual Lebesgue measure, the Haar measure is
I'((n + 2)/2)/7/? times the Lebesgue measure. The notation |E| denotes
the measure of any measurable set £ C G. We also use the notation [, fdx
or [, f(z)dx for the integral of a function f with respect to this measure.

Note that
0.(E)| =r?|E|, d(rz) =r“dz,

and |B(z,r)| = r¢ forall » > 0 and = € G, where @ is the homogeneous
dimension of G.

Definition 2.10. If a function f on G\{0} satisfies
fod,=r"fforallr >0,
then we say that the function is homogeneous of degree .
Since we have for f and g that
[ 1@ g08) @ar =9 [ (100, @gtes,
the mapping f — f o d, can be extended to distributions by defining
(fodn,¢) =17%(f,¢0d),
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for any distribution f and any test function ¢ with the usual duality (-, -)
between functions and distributions. If the distribution f satisfies

fod,=r*fforallr >0,

then we say that the distribution is homogeneous of degree \. If a linear
operator D on G satisfies

D(foé,)=r*Df)od, forallr >0,

for any f, then we say that D is homogeneous of degree . Note that D f
is homogeneous of degree 1 — \ if f is a homogeneous function of degree

1L

The following polar decomposition is very important for our analysis:

Proposition 2.11 (77 Proposition 1.2.10). If G is a homogeneous Lie group
equipped with a homogeneous quasi-norm | - |, then there always exists a (unique)
positive Borel measure o on the unit sphere

S ={reG:|z|=1} (2.7)

/f dx—/ /fry )@ tdo (y)dr (2.8)

such that

holds for all f € LY(G
The convolution of two integrable functions on G is defined by
(f*g)( /f (y'z)dy = / f(zy™) g(y)dy.
G

Note that the convolution is not commutative on the non-Abelian G.

We will also often use the following Young inequality in our analysis:

Proposition 2.12 ('’ Proposition 1.2.13). Assume that 1 < p,q,r < oo and
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+1=141Iff € LPand g € L9, then we have f x g € L" and

1,1
P q

1f*gllor @) < N fller@)ll gl o)

2.1.1 RADIAL AND EULER OPERATORS

In this section we discuss radial and Euler operators and study a number
of properties that will be used throughout the thesis.

Let us begin by introducing a radial derivative operator that acts on a dif-
ferentiable function f on a homogeneous group G defined by

Ry f(ry) = S flry) i Iyl =1, 29

for any r > 0.

It can be also noticed that

d d T x-Vs
R f=—-—f(zr)=—— (—:E): flx), (2.10)
A= (x) a7l ml | ] ()
for any differentiable function f, where Vs = (110/0z;,...,v,0/0x,) and
the quasi-norm | - | can be arbitrary.

Let us now define the Euler operator on G as follows
E:= |$|R‘1|, (211)

which is homogeneous of degree 0.

Actually, one can note that the radial derivative operator does not depend
on the group structure, instead only depends on the dilations and the ho-
mogeneous quasi-norm. In the same way, the Euler operator only depends
on the dilations. Nevertheless, as discussed in the introduction, since there
is no invariant hypoelliptic differential operator on general (non-graded)
homogeneous Lie groups, we work there with the radial derivative and
Euler operators.
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Let us now show the following useful property of the Euler operators on
taking derivatives with respect to points that are not on the quasi-sphere
G: denoting p := e'r for t € R we have for z = ry € G with y € & that

- (f(e'z)) = % (f (e'ry)) = %(f (py)) = pdip(f (py)) = Ef(py) = Ef (¢'z)

which is p
d_tf (etx) =Ef (etx) . (2.12)

We will use this identity in Section 2.2. One can also note that Ef (rz) =

rd%f(rx).

There are also other useful properties of the Euler operator:

Proposition 2.13 ('*> Ruzhansky-Suragan-Y., Lemmas 2.1, 2.2 and 2.4). The
followings hold true:

(i) For the differentiable function f : G\{0} — R we have

E(f)=vf < f(rz)=r"f(x) (Vr>0,z #0),
where v € R.

(ii) Let I be the identity operator. Then the formal adjoint of the Euler operator
E has the form

E* = —QI - E. (2.13)

(iii) Moreover, we have
IEfllz2@) = IB*fl 12(c) (2.14)

for all complex-valued functions f € Cg°(G\{0}).
Proof of Proposition 2.13. Part (i). Using (2.9) for the function
flrz) =r"f(x), ¥r >0

withz :=py # 0,y € 6, weobtain Ef = vf(x).
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In the converse case, if we fix © # 0 and denote g(r) := f(rx), then the
equality Ef(rx) = vf(rx) with (2.9) implies that

d v

§(r) = fre) = “Ef(ra) = L f(ra) = Zglr),

which gives, in particular, g(r) = g(1)r", thatis, f(rz) =" f(z).

Part (ii). Taking into account the polar decomposition in Proposition 2.11
and (2.9), and using integration by parts we have for the formal adjoint
operator of E on C§°(G\{0}) that

/G Ef(2)g()dz — /0 b /6 dii Fry)glry)r@do (y)dr
- —/OOO/Gf(ry) (QTQ”WH’Q%Q(W)) do(y)dr
:—Lﬂ@@+EﬁEm.

Part (iii). The identity (2.14) follows directly from the fact that E is normal,
thatis, EE* = E*E. O

We will also work with the following operator
A = EE",
which is formally self-adjoint, namely
A=A"=—-QE - E*.
Replacing f by Ef in (2.14), for A we have
1Af 2@ = (B | o (2.15)

for all complex-valued functions f € C5°(G\{0}). Another useful prop-
erty of the operator A is that it is Komatsu-non-negative in L*(G), that is,
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(—00,0) is included in the resolvent set p(A) of A and

IM >0, VA>0, |[(A+A < MM

)~ HLQ(G)—>L2(G)

For more details on Komatsu-non-negative operators and their applica-
tions in the theory of fractional powers of operators we can refer to®” Sec-
tion A.3.

Let us now discuss this property for the operator A in the following lemma:

Lemma 2.14 (' Ruzhansky-Suragan-Y., Lemma 2.3). The operator A = EE*
is Komatsu-non-negative in L*(G):

A+ A

- Q2 QY7
) 1HL2(G)—>L2(G) < ()\2 + T + 1_6 fOT all X > 0. (216)

Proof of Lemma 2.14. By Proposition 2.13, Part (ii), for f € C5°(G\{0}) we
have

IAL+ A) fll72) = AL = E(QL+E)) fl|72c
= N[ flI72(e) + IIE(QT + E)f”%%«;) —2M(f, (QE+E?)f)
= M| flZ2) + IE(QL+E) fll72) + 2M{f, E'Ef)
= N fll2) + IBQL+E) flI72(c) + 2MES 1726y (2.17)

On the other hand, using the polar decomposition (2.8) and Holder’s in-
equality, we observe that

Ji@Pds = [ [ 1) st

— _2 OOOTQ Re/c f(ry)%da(y)dr = _%Re/{}f(a:)Ef(x)dx

Q
<2(/f rf<ac>r2d:c)é (f \Ef(x)\gdx)é,

Q
§’|fHL2(G) < |NEfll2)- (2.18)

which implies
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Using this and taking into account (2.15), from (2.17) we obtain

I(AL = E(QI+ E)) fllZ2e) = N IIfIZ2e) + 2MES 72 c) + IE(QI+ E) fll7z e

> ()\2 L@ —4) /|2
= 4 16 L2(G)

(2.19)

yielding (2.16). O

In the next proposition we want to show another useful property of the
Euler operator. Sometimes, in order to prove certain inequalities on homo-
geneous group G it is sufficient to prove them only for radially symmetric
functions. For instance, we will use such ideas in Theorems 3.10 and 3.38.
As usual, a function f = f(z) on G is called radial (or radially symmetric)
if it depends only on |z|.

Proposition 2.15. ['% Ruzhansky-Suragan-Y., Lemma 2.2] Let 1 < p < oo and

let {¢;}?_, € L},.(G) be any radial functions. If we denote

=g | rf<ry>|pda<y>)l/p, (2:20)

then we have

[ @ ]fa| o = [ @) 1s@ as @21)

forany f € L} (G). Moreover, we have

loc

[a@[Ef] i < [ @ [Er@ e e
G G

and

[ st [RE el o < [ o) [RE S@ de @23
G G

forany k € Nandall f € L], (G) such that EFf e LV (G) with sharp constants.
The constants are attained when f = f.
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Proof of Proposition 2.15. Using the representation (2.20), we obtain

[ \Faponterds =161 [ 1FPon e ar

= Ooi ry)[Pdo )@ tdr = x)|Po1(x)dx
—181 [ g [ 1enPdotntnar = [ (f@pots @20
which is (2.21).

Now we show (2.22). For this, let us first prove the inequality

B < (‘%' / |E'ff<ry>\”da<y>)p (2.25)

for any k£ € N by the induction. So, we need to check this for £ = 1. Using
Holder’s inequality, we get

= (g /. \f(ry)\”da(y))

<i| [ e 2f<ry>mdo<y>\

< (i [ 1rwaoty ) & e e o) doty
< (& [1rowrar) & ([ s )

([ \f(ry)\pdo(y))l (& [Ereop i)

Now assuming that

E] < (|6i| / |Eff<ry>\pda<y>)p (2.26)

holds for ¢ € N, we prove

07 < (g [ B0l aow)
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Then, using (2.26) we calculate

B F(r)] = [EE f(r)] <

((é/g ’Ezf(ry)\de(y));M
= (é/@ Wf(ryﬂpdd(y));l

o LA P B o) o)

(s / Wf(ry)!pda(y) (‘6| LIS B 1) dot))

< (= / |Eef(ry)|pd0(y))pl i ([ Ev el aom)’
X (/6 \Eff(ry),pda(w)ppl (|é|/\E”1f ry)|” do(y )

where we have used Holder’s inequality in the last line. Thus, we have
proved (2.25).

Now using (2.25), we obtain
/(Ek e dm—|6|/ ‘E’“ o (r)rQ@1dr

<lel [ |G|/‘Ek (o) 62()r 9 do )

= E* f a:quga: dx
[E*f ()]
G

Thus, we have proved (2.22) for any £ € N. Similarly, one can obtain
(2.23). O

45



2.2  EULER SEMIGROUP

In this section we introduce the operator semigroup {e "%}, associated
with the Euler operator, which extends the results of 15 from the Euclidean
setting R" to general homogeneous groups.

First, let us prepare some preliminary results. We define the map F :
L*(G) - L*(R x &) as

(Ff)(s,y) 1= e f(e'y) (2.27)
fory € S and s € R, and its inverse F~! : L*(R x &) — L*(G) as
(F7Yg)(z) :== r~9%g(Inr,y). (2.28)

We note that F preserves the L? norm.

We will also use the dilations U(t) : L?*(G) — L*(G) given by

Ut)f(x) = 92 f(ela). (2.29)
These form a group of unitary operators with generator U (t) = ¢®, where
B is given by

1d 1 Q _ Q
Bf = ~— == (E4+ 2 f=—iEf —is 2.
f=57U0 o Z( +2>f Bf =iy, (2.30)
where we have used (2.12). Using Proposition 2.13, Part (ii), we obtain

from (2.30) that

B:B*:—iE—i%, (2.31)
which implies
o m QN Q) e, @
EE—( B 2)(2153 2)—]133 + 1 (2.32)

By (2.27) and (2.29), we have (F'f)(s,y) = (U(s)f)(y) fory € G and s € R,
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then this with the group property of the dilations U(-) gives that

(U@ ))(s,y) = UE)U@N)Y) = Uls + 1) f)y) = (Ff)(s + 1, y).

(2.33)
If we define M : L*(G) — L*(R x &) as
1 .
M = — TET(F d 2.34
(M) == [ E s 230
then it follows from (2.33) and the change of variables that
(MU N9) == [ (FNLs +a)is
eitT )
= 5= LT EN s v)ds (239

= "(M[)(,y).

We note that the map M = F o F is the Mellin transformation, where
F is the Fourier transform on R. The map M has an explicit representa-
tion using the group structure of R* under multiplication: it is the Fourier
transform on this group.

Now we are ready to give the representation of the operator semigroup
{e~"EY,_» on homogeneous groups.

Theorem 2.16. ['* Ruzhansky-Suragan-Y., Theorem 3.1] Let G be a homoge-

neous group of homogeneous dimension Q). Let x = ry and r = |z| withy € 6.

tE*E

Then the semigroup e~ * is given by

—tQ?/4 00 2
(& (Inr—Ins)
P2 em w5 2f(sy)s9lds

VAt 0 (2.36)

—tQ?/4 00 Cins
i |x\_Q/2/ e )QS_Q/2f(sy)SQ_1ds.
0

- \Aart

(™))

In section 5.0.4 we use the Euler semigroup {e¢="F},_ to define Besov
type spaces, and to prove Gagliardo-Nirenberg type inequality in these
spaces.
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Proof of Theorem 2.16. Let us first show that

(MBf)(7,y) = 7(Mf)(7,y) (2.37)

for f in the domain D(B), which implies the fact that f € D(B) < (7,y) —
(M f)(r,y) € L*(R x &). Noting iBe™® = 9,U(t) we calculate

(MiBe™ f)(r,y) = (MU () f)(7,y) = 0,(MU(t) f)(7,y).
Now using (2.35) we get from above that
(MiBe™ f)(r,y) = 0" (M f)(7,y) = ire" (M f)(7,y), (2.38)

which implies (2.37) after setting ¢t = 0.

Now we prove that

(Me™™ f)(r,y) = ™' (Mf)(T,y). (2.39)

To obtain (2.39), we write

o0

(Me ™ f Z k' ) (7, ). (2.40)

k=0

On the other hand, by iteration we have from (2.37) that

(MB* f)(1,y) = (M f)(1,y), k=0,1,2....

Putting this in (2.40), we obtain

(e 1)) = 3 (01 ) ) = e (001 ),

Thus, we have obtained (2.39). Then, it implies that

_+R2 1 42
e B = M le " M.
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Here using M = F o F, one has

e = Flo F (e ™ Fo F). (2.41)
Then, a direct calculation gives that

F e MF)(\y) = ;—1( T FoF)(\y)

/ / et e (B f) (s, y)dsdr

% ( / it d) (P1)(s.9)ds

\/E )(3 y) S = (Pt()‘»y)’

where we have used the property of the Gaussian integral in the last line

2 ai(O— T _ (-9
e tre+i(A s)TdT: Ze Fra
R t

From this and (2.41), using (2.27), (2.28) and M = F o F with z = ry we

compute

(e F)(ry) = (F o) (ry)
Q/ngt(ln T, Y)

(ln r— a)

r
= i 9/ ¢ (£ f)(s,y)ds
1 o0 nr—inz 2
=y Q2 P z%_lf(zy)dz,

vV 47Tt 0

where we have used the change of variables z = e* in the last line.

Since we have ¢ *'F = ¢~1@Q°/1.~15* by (2.32), we obtain from above that

(e Ef)(ry) = @S ) )

1 o0 (n'rfnz)2
— —47Ttr—Q/Qe‘tQ2/4/ e LS (y)de
\% 0

1 —Q/2_—tQ%/4 X nr-mn)? @ Q-1
= mr e e w202 fzy)2™ dz,
0
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yielding (2.36). O]

Remark 2.17. One can also define F as a unitary operator from L*(G) to
L*(R x &) that interwines —i(E + Q/2) on G and —id/dt in the R-variable
on R x &, which would be essentially self-adjoint on Cj°(R x &) and
C(G\{0}), respectively.

2.3 GRADED LIE GROUPS

Graded Lie groups form the subclass of homogeneous nilpotent Lie groups
admitting homogeneous hypoelliptic left-invariant differential operators
(4,712, see also a discussion in®” Section 4.1). These operators are called
Rockland operators from the Rockland conjecture, solved by Helffer and

Nourrigat'?'.

We also note that the Rockland operators on graded Lie groups appear nat-
urally in the analysis of subelliptic operators on manifolds, starting with
the seminal paper of Rothschild and Stein'®”.

Thus, let G be a graded Lie group, i.e. a connected simply connected Lie
group such that its Lie algebra g admits a decomposition

g= @957
(=1

where the g, ¢ = 1,2, ..., are vector subspaces of g, all but finitely many
equal to {0}, and satisfying

90,80 C gorr VO €N

Such groups are then necessarily nilpotent and homogeneous, they can
be identified with R" through the exponential mapping, with n being the
topological dimension of G, with the Haar measure on G given by the
Lebesgue measure on R" through this identification.

Let G bea unitary dual of G and let H2° be the space of smooth vectors for
a representation m € G. A Rockland operator R on G is a left-invariant dif-
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ferential operator which is homogeneous of positive degree and satisfies
the condition:

(Rockland condition) for each representation 7 € G, except for the trivial
representation, the operator w(R) is injective on #:°, i.e.,

Voe HY, m(R)v=0=v=0.

Here 7(R) := dr(R) is the infinitesimal representation of the Rockland
operator R as of an element of the universal enveloping algebra of G.

Different characterisations of such operators have been obtained by Rock-
land '*° and Beals”'. For an extensive presentation about Rockland opera-
tors and for the theory of Sobolev spaces on graded groups we refer to”’
and®’ Chapter 4, and for the Besov spaces on graded Lie groups we refer

to 40

Since we will not be using the representation theoretic interpretation of
these operators in this thesis, we define Rockland operators as left-invariant
homogeneous hypoelliptic differential operators on G. This is equivalent to the
Rockland condition as it was shown by Helffer and Nourrigat in'?'.

The Rockland operators operators always exist. For example, for the Hei-
senberg group, the sub-Laplacian and its powers are Rockland operators.
If G is a stratified Lie group with abasis X3, ..., X; € g, of g1, the operators

k
R = (—1)mZGjXJ2m, Clj > 0,
j=1

are positive Rockland operators for any m € N, yielding the sub-Laplacian
for m = 1. More generally, for any graded Lie group G ~ R" with dilation
weights vy, ..., v, and abasis X3, ..., X,, of the Lie algebra g of G satisfying

D.X;=r"X;, j=1,...,n, >0,
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the operator
Yo

R = Z Jaj a; >0, (2.42)

is a Rockland operator of homogeneous degree 2uy, if 1 is any common
multiple of v4,...,v,. There are other examples of Rockland operators
that can be adapted to special selections of vector fields generating the Lie
algebra in special ways, such as for example the vector fields from the first
stratum on the stratified Lie groups. We refer to®” Section 4.1.2 for other
examples and a detailed discussion of Rockland operators.

Sobolev spaces associated to positive Rockland operators on graded Lie
groups have been analysed in”’ and in® Section 4.4. In particular, for a
positive Rockland operator of homogeneous degree v € N, for a > 0 and
1 < p < oo, we can define the homogeneous and inhomogeneous Sobolev
spaces, respectively, by the norms

lullzs o) = IR®ullne and llullzp y@ = (IREulfuy + lullye)?-

(2.43)
If G = R” has isotropic dilations, and R is a homogeneous elliptic opera-
tor with constant coefficients, these spaces coincide with the usual Sobolev
spaces on R™. If G is a stratified Lie group and R is a positive sub-Laplacian,
then these Sobolev spaces have been analysed by Folland in”'. For an ex-
tensive analysis of these Sobolev spaces on general graded Lie group we
refer to” or® Section 4.4. In particular, it was shown that these spaces are
independent of the choice of a positive operator R, so that we can drop
the subscript R in their notation, abbreviating them to L? and L?, respec-
tively. While these spaces are independent of R, the particular norms in
(2.43) depend on it.

The operators R~%" for {a € R,0 < a < Q} and (I + R)~*/" for a € R, are
called Riesz and Bessel potentials, respectively. If we denote their kernels
by Z, and B,, then we have

T,(x) = Tl-) /O Ty () dt (2.44)
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for0 < a < Q witha € R, and

B,(x) == ! ) /0 Oot%_le‘tht(x)dt (2.45)

e

v

for a > 0, where I" denotes the Gamma function, and A; is the heat kernel
associated to the positive Rockland operator R. We refer to® Section 4.3.4
for more details.

Before using Z,(z) and B,(z), we recall the following results:

Theorem 2.18 (°° Ruzhansky-Fischer, Theorem 4.2.7). Let R be a positive
Rockland operator on a graded Lie group G. Let |- | be a fixed homogeneous quasi-
norm. Let h, be a heat kernel associated with the Rockland operator. Then each h;
is Schwartz and we have

Vs, t >0 hyshg = hyps, (2.46)
Vo € G,r,t >0 huy(rz) =r “hy(z), (247)
Vi € G hy(z) = hy(z7Y), (2.48)
/Ght(x)dx =1 (2.49)
Moreover, we have
3C = Coynye >0 VE € (0,1] |s1‘1pl |0 X hy(z)| < Cant™ (2.50)

forany N € Ny, « € Nj and ¢ € N,,.

Lemma 2.19 (* Ruzhansky-Fischer, Lemma 4.3.8). Let R be a positive Rock-
land operator on graded group G and let h, be its heat kernel as in Theorem 2.18.
Let | - | be a homogeneous quasi-norm and o € Ny be a multi-index. Then for any
real number a with 0 < a < (Q + [a]) /v there exists a positive constant C' such
that -

/ £9-1 Xy (2)|dt < O] Q1o ve. (2.51)

0

Replacing a by a/v and putting a = 0 in Lemma 2.19, and using the repre-
sentation (2.44) for Z,(z), we obtain
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Lemma 2.20 (' Ruzhansky-Y., Lemma 2.4). Let |- | be a homogeneous quasi-
norm. Let 0 < a < Q and a € R. Then there exists a positive constant C' =
C(Q, a) such that

I Za ()] < Cla| @ (2.52)

Now let us prove the following useful lemma for B,, which may be not
optimal, but sufficient for our purposes.

Lemma 2.21 (' Ruzhansky-Y., Lemma 2.5). Let |- | be a homogeneous quasi-
norm. Let 0 < a < Q and a € R. Then there exists a positive constant C' =
C(Q, a) such that

Clz|~ @9, for x € G\{0},
1Ba(z)| < i for = € G\{0} (2.53)
Clz|=9, forz € G with |z| > 1.

Proof of Lemma 2.21. We split the integral in (2.53) as follows

1 0 a
B.(x) = ) /0 tvte thy(z)dt
= 1a /Iw” tv e thy () dt + —1a /00 tv e thy(z)dt (2.54)
(%) Jo T (%) Jyap
= J1 + JQ.

To estimate J; using the property of homogeneity of h, in (2.47), we calcu-

1 [k,
—a/ t;_le_t|$|_Qh‘I|7ut (i) dt
I (—) 0 |z

v

1 ol
< x| sup hi, (y / tvldt
F(%)| | <|y|=1,0§t1§1| l )l) 0 (2.55)

__ " a—Q
= x sup he, (y
al’ (2)| | <|y|:1,0§t1§1|  ( )|>

v

< Cla|* €,

late

|J1] =

where we have used that  sup  |hy, (v)] is finite by (2.50).
lyl=1,0<t: <1
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Now we estimate .J,. A direct calculation gives that

| Ja| =

1 /OO a4
~ay tv e h (fl?)dt
L(2) Jiar t

1 .
< / £y (¢ v ) |dt
|

(%) Jup (2.56)
1 R Q
< il [ 6t
c() T
< Cla|*™¢,

where we have used that ||k || L= (g) is finite since h; is Schwartz. Combin-
ing (2.54), (2.55) and (2.56), we obtain (2.53).

On the other hand, when |z| > 1, one has for .J;

v

1 Il
—a/ t;7167t|x’7Qh|I‘—ut <£> dt
I (—) 0 ||

v

1 E
< x| 7@ sup he, (y / tvtetdt
I (%)‘ | <|y|1,osng1‘ l )|> 0 (2.57)

<l sup By (y)]
lyl=1,0<t:<1

< Clz|@.

PAES

It remains to estimate .J; for |x| > 1. By a direct calculation, we obtain

1 e a
|Jo| = - / tvte thy(x)dt
T (%) Jyar
i /mt“—l—Qe—th (t~vx)dt
T (%) Jyar 1 (2.58)
1 a
< —Q o =
Syald Illie@r (%)
< Clz|€.
Combining (2.54), (2.57) and (2.58), we obtain (2.53) for |z| > 1. O
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2.4 STRATIFIED LIE GROUPS

Let us begin with the definition of stratified Lie groups.

Definition 2.22. The triple G = (R", 0, D,) is called a stratified Lie group if
it satisfies the conditions:

e For some natural numbers N = Ny, Ny, ..., N, with N+ No+. ..+ N, =
n, the following decomposition R* = RY x ... x RV is valid, and for
each A > 0 the dilation D) : R* — R" is defined by

Dy(z) = Dy(z', 2@, ... 2™) = (A2, \22@ . Amz™)
is an automorphism of G. Here 2/ = (V) € RY and 2 € R for
k=2 ...,r.
e Let N be as in above and let X1, ..., Xy be the left invariant vector
fields on G such that X;(0) = %b fork=1,...,N. Then

rank(Lie{Xy,..., Xy}) =n,

for each z € R", that is, the iterated commutators of X, ..., X span
the Lie algebra of G.

Note that the left invariant vector fields X7, ..., Xy are called the (Jaco-
bian) generators of the stratified group G and r is called a step of this
stratified group G. For the expressions for left invariant vector fields on
G in terms of the usual (Euclidean) derivatives and further properties see
e.g.*” Section 3.1.5.

The homogeneous dimension () of the stratified group G is then given by
Q=) kNi, Ny=N.
k=1

The differential operator

£=>Y X7 (2.59)

N
k=1
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is called a sub-Laplacian on the stratified group G. This sub-Laplacian £ is
a left invariant homogeneous of order 2 hypoelliptic differential operator
and it is known that £ is elliptic if and only if » = 1. The left invariant
vector fields X; have an explicit form and satisfy the divergence theorem,
which can be found in® Section 3.1.5 and ':

: 0
—1
X = )= (2.60)
8xk (=2 m=1 oxy)
where a,(fzn is a homogeneous (with respect to J,) polynomial function of

degree / — 1. We denote the horizontal gradient and horizontal divergence
by
VH = (Xl,...,XN), (261)

and

divgv := Vg - v,

respectively. We will also use the notation

2’| = \/x’12+...+x’]\2,
for the Euclidean norm on R%.

Since we have the explicit representation of the left invariant vector fields
X, in (2.60), one can readily obtain the identities

Vala'|"| =yl (2.62)

and

N / / 1y—1 /
! |2 Xl — "X N —
diVH ( T ) _ Z‘jfl| | J%j Z] 1 ij| | | | Y (263)

|27 ') 2|
forally € R, 2’ # 0.

On a general stratified Lie group G, it is known that the sub-Laplacian £
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has the unique fundamental solution u (see”"), that is,
—Lu =6,

where § stands for the Dirac distribution with singularity at the identity
element 0 of G. The homogeneous fundamental solution is strictly pos-
itive by the maximum principle proved by Bony”. Then there exists a
homogeneous quasi-norm d (£-gauge) such that

w=d* 9.
So we set
o, if 0;
dz) = (N e E (2.64)
0, if z=0.

Then, a stratified Lie group (or Carnot group) G is polarizable if the homo-
geneous norm d = u!/2~@) satisfies the following co-sub-Laplace equation
(see, e.g.,')

1 :
LG 00l := §<VH(|VHd‘2),VHd> =0 in G\{0}.

It follows that (see, e.g.,'” Proposition 2.20)

_ Q—1|Vyul*
‘CG,OOU’ - Q 9 U 3
that is,
N
uX;uX;|Vyu| Q-1
= _ 2.
jzl |V yul? Q-2 (2.65)

For example, the Euclidean space, the Heisenberg group and the H-type
groups are polarizable Carnot groups.
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2.4.1 SUB-LAPLACIANS WITH DRIFT

In this section we discuss some properties of sub-Laplacians with drift.
Although such operators can be considered on more general groups, in
Chapter 7 we will use the results of this section only in the setting of the
stratified groups G.

Let us consider the operator

N
ij=1

N

ij=1

and X € gis a left-invariant vector field on G. One can reduce (2.66) to the

on C5°(G), where the matrix (a; ;) is real, symmetric, positive definite,

form (see e.g.'"” or recent work '*")

N
Ly == X7 —7X:=Lo—7X, (2.67)
j=1
where
N
Lo=-) X} (2.68)
j=1
N _ N o 1/2
For X =} °", a;X; with a; € R let us denote || X|| := <Zj:1 aj> and
X
bx == ||2_|| (2.69)

Then, £ x with domain C§°(G) has the following properties:

Proposition 2.23 ('”* Ruzhansky-Y., Proposition 2.1). Let G be a connected
Lie group, and let X1, ..., Xx be an algebraic basis of the corresponding Lie alge-
bra g. Let v € Rand X € g\{0}. Then

e The operator Ly is symmetric on L*(G, u) for some positive measure ji on
G if and only if there are positive character x of G and constant C such
that ;1 = Cux and Vgx|e = vX|., where pux is the measure absolutely
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continuous with respect to the Haar measure p with density x;

o If we have Vyx|. = vX|. for some positive character x of G, then Lx
is essentially self-adjoint on L*(G, pux) and its spectrum is contained in
V0%, 00).

Proof of Proposition 2.23. This proposition can be proven in the exact same
way as the case v = 1, see'!” Proposition 3.1. So, let us briefly give a sketch
of the proof. Let i be a positive measure on G. Then, we have for all test
functions ¢, € C§°(G) that

N

/G (Sx@)pdp == ( /G <X§¢>wdu) — /G VX pdp

J=1

_ i ( /G XXy + /G wxjwfju) T /G X iy + /G U X p

Jj=1

N
— — 20du — ‘ L — 2
2_3( [ oxtudn=2 [ ox;uxu- [ mwgu)
Xd X
ﬂ/@d) wu+7/(g¢w I
~ [ otexirdu+2y [ oxvdn—2 [ oVuiTun+ [ v+ X
G G G G
- /G O(Lx ) + (6 29(X )t — 2V Vgt + (S + 7 X))

- /G S(Ex)d + 3,10, 1) (2.70)

where Vi = (X,...,Xn) and (--- ,---) is the pairing between distribu-
tions and test functions on G. From (2.70) we note that £x is symmetric
on L*(G, u) if and only if J(¢, ¢, u) = 0 for all ¢ and ¢, that is,

(Lo +7X)p=0, Y(XV)p = VuyVup =0, Vi € C5°(G). (2.71)

We know that the vector fields X7, ..., X satisfy Hormander’s condition,
so that £y + v.X is hypoelliptic, which implies with the first equation of
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(2.71) that i has a smooth density w with respect to the Haar measure.
Then, as in'"” Proof of the Proposition 3.1, one can show that

N
X=> a,X;, (2.72)

j=1
for some coefficients a,,...,ax. Since Xj,..., Xy are linearly indepen-

dent, then from the second equation of (2.71) we derive that
Xpw = yapw, (2.73)

where k = 1,..., N. Similarly to'” Proof of the Proposition 3.1, we find
the solution of (2.73)

w(z) = w(e) exp (7/0 Zakﬁk(t)dt> : (2.74)

k=1

which is a positive and uniquely determined by its value at the identity,
where J(t) is the piecewise C' path. We normalise w so that w(e) = 1.
Then w is a character of G.

Indeed, it is sufficient to note that for all y € G the function z — w(zy)/w(y)
is a solution of (2.73), and its value at e is 1. Then for all z,y € G we have
w(zy) = w(z)w(y), so that w is a character of G. The formulae (2.72) and
(2.73) imply Vgx|e = 7X|e with x = w. Thus, we have proved the first
part of Proposition 2.23.

As in the case v = 1 (see'"” Proposition 3.1), we consider the isometry
Usf = x Y2 f of L*(G, 1) onto L*(G, ux) to get
X2 Lx (X2 f) = (Lo +77V%) S (2.75)

Since the operator on the right-hand side of (2.75) is essentially a self-
adjoint on L?*(G, u), whose spectrum is contained in [y?b%, 00), then by
(2.75) we conclude that £ is essentially self-adjoint operator on L*(G, )
with the same spectrum.
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In Section 7.4, we assume that there is a positive character x of G such that
vHX|€ - 7X|e'

By Proposition 2.23 it means that the operator Lx is formally self-adjoint
with respect to the positive measure pux = xu, where p is the right Haar
measure of G. Thus, in this case we see that L is self-adjoint on L*(G, ux).
Moreover,

IXG,p) 3 f = X"2f € L*(G, ix) (2.76)

is an isometric isomorphism. We refer to''%,'"” and '’ for a detailed dis-

cussion about properties of the sub-Laplacians with drift.

2.4.2 HEISENBERG GROUP

Recall that the Heisenberg group H, is a manifold R*"*! with the group
law given by
(20 D 10 (@ @ )
:%ﬂn+ﬂq¢n+¢qgn+gm+%@m¢m_x®¢%%
for (M, yW W) (22, y@ @) € R" x R" x R ~ H,,, where we denote by

zWy® and @y their usual scalar products on R™. The canonical basis
of its Lie algebra b, is given by the left-invariant vector fields

;@:a”—%@,2:8w+%@,j:anm T =0, (2.77)

The canonical commutation relations of the basis {X;,Y;, T} forj=1,...,n
are given by
X,V =T, j=1,...,n,

with all the other commutators being zero. We also note that the Heisen-
berg Lie algebra b, is stratified via h, = Vi @ V2, where V; is linearly
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spanned by the X,’s and Y}’s, and V, = RT. Then, the natural dilations
on the Heisenberg Lie algebra b, are given by

D,,(X]-) = er, DT(Y}-) = TY}, DT(T) = 7’2T,
and on H,, by
D, (z,y,t) =r(z,y,t) = (m:,ry,er), (x,y,t) € H,, r> 0.

Consequently, () = 2n + 2 is the homogeneous degree of the Lebesgue
measure dxdydt and the homogeneous dimension of the Heisenberg group
H,, as well. The sub-Laplacian is given by

£ = g(xf +Y?) = i (0., - %at)2 + (9, + %at)Z.

Let us now simplify and unify the following formulations, which will be
useful in Section 7.3.2: we denote by 2’ the variables of the first stratum

- 5,1 <5 <n;
yj—n7n+ 1 S] S 27’l,

with its dimension being N = 2n. So, its norm is

N
T =2\ @) = (2.79)
j=1
We will also use the notation
Vi = X1,..., X0 Y1,....Y,) (2.80)
for the horizontal gradient. For £ we can also write
7% s . -
€= A0y + -0 + 20, with 7 = > (2,0, — y;0s,), (2.81)
j=1
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where Ay is the Euclidean Laplacian with respect to 2/, and Z is the angu-
lar derivative in the 2’-variables.
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Hardy, Rellich,
Caffarelli-Kohn-Nirenberg,
Sobolev type inequalities

on homogeneous Lie groups

His chapter is devoted to Hardy and Sobolev type inequalities and
Tthe analysis of their remainders in different forms as well as to other
related functional inequalities such as Sobolev-Rellich, Caffarelli-Kohn-
Nirenberg inequalities. Moreover, we discuss different aspects of this anal-
ysis such as their stability, higher-order inequalities, their weighted and
extended versions. In addition, Heisenberg-Pauli-Weyl type and logarith-
mic uncertainty principles are established on homogeneous Lie groups.
The analysis in this chapter is based on the joint works with Ruzhansky

and Suragan'®,'7%, 152 155 "and with Laptev and Ruzhansky'®, and with
Ruzhansky'”?,'¥. In this chapter we adopt the notations from Chapter 2

concerning the homogeneous Lie groups and the operators defined on it.
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3.1 HARDY INEQUALITIES

In this section we discuss several weighted versions of the Hardy inequal-
ity (1.7) on homogeneous Lie groups. We first establish Hardy type in-
B

equalities in L”, 1 < p < oo, with the weights of the form %

ing for different choices of o and 3, where | - | can be any homogeneous

allow-

quasi-norm. Then, using the factorization method we show the Hardy in-
equalities with more general weights. Moreover, we discuss remainder es-
timates for LP-weighted Hardy inequalities on homogeneous Lie groups,
which are new in the Euclidean setting of R”. In addition, we investigate
another improved version of LP-weighted Hardy inequalities involving
a distance and stability estimates. Furthermore, we show critical Hardy
inequalities of logarithmic type and uncertainty type principles on homo-
geneous Lie groups. Lastly, we study the relation between critical and the
subcritical Hardy inequalities. The obtained estimates will include both
the isotropic and anisotropic settings of R".

3.1.1 WEIGHTED HARDY INEQUALITIES

The classical Hardy inequalities and their extensions, such as the Caffarelli-

1
||

Kohn-Nirenberg inequalities, usually involve the weights of the form

B
(a+bla]*) P

|z|™

different choices of o and . If &« = 0 or 5 = 0, this reduces to traditional

In this section we consider the weights of the form allowing for
weights. So, we are interested in the case when o # 0 and, in fact, we ob-
tain two families of inequalities depending on whether a3 > 0 or a8 < 0:

Theorem 3.1 ('*" Ruzhansky-Suragan-Y., Theorem 8.1). Let G be a homoge-
neous group of homogeneous dimension ) and let | - | be a homogeneous quasi-
normon G. Let a,b > 0and 1 < p < oo.

(i) If af > 0and m < %, then for all f € C3°(G\{0}), we have
B

(a + blz|%)

Q—pm—p f
|x|m+1

p




(ii) If o < 0and m < W, then for all f € C5°(G\{0}), we have

(a + bz|*)7

|x’m+1

Q—pm+aB—p
P

f

LP(G)

Directly from the inequalities (3.1) and (3.2), choosing different «, 5, a, b, m
and (), one can obtain a number of Hardy type inequalities which have
various consequences and applications. For instance, in the Abelian (isotropic
or anisotropic) case G = (R",+), we have ) = n, so for any quasi-norm
|-|onR" all a,b > 0and 1 < p < oo these imply new inequalities. Thus,
if af > 0and pm < n — p, then for all f € Cg°(R"\{0}), we have
B
n—pm-—p P
p

(a+blz|*)7 df
e[ dfa]

(a + blz|)
’l"erl f

(3.3)

Lr(Rn) Lr(R™)

If af < 0and pm —af <n —p, then forall f € C5°(R"\{0}), we have

el
P

(a +ba|*)7 df
e[ dfa]

(a + blz|%)

n—pm+af—p
|x|m+1 f

p

. (3.4)

Lp(R")

LP(R™)

In the case of the standard Euclidean distance |z|p = /2% + ... + 22 by us-
ing the Schwartz inequality from the inequalities (3.3) and (3.4) we obtain
thatif «f > 0 and pm < n — p, then for all f € C§°(R"\{0})

8 a 8
p |:r|"§+1 Lp(R™) - [=I% Lp(R™)

If af < 0and pm — af < n —p, then forall f € C§°(R"\{0}), we have

8 8
n—pm+af—pl|(a+blx|%)r a+ blz|%)r
p ot LR
b Lo (R™) E Lr(R")

Note that (3.5) and (3.6) extend the inequalities that have been known for
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p = 2 for some range of parameters from°* by Ghoussoub and Moradifam
to the full range of 1 < p < oo. We also shall note that these inequalities
have interesting applications in theory of ODE (see”” Theorem 2.1).

Proof of Theorem 3.1. We may assume that () # pm + p since for Q) = pm+p
there is nothing to prove. Introducing polar coordinates (r,y) = (||, ;;7) €
(0,00) x & on G, where G is the unit quasi-sphere (2.7), and using the polar
decomposition (2.8), we have

a+blz (a + br®)
[ |x|pr|n+|p = [ [ T @) o tdoty)dr. ()

(i) Since a,b > 0, af > 0and m < % we have

a x|®)P
/ M\f(x)\pd:c
G

‘x|pm+p

< [T [tartreyremiomer (S 1) U)ot

(a + bre)fr@—rm=p »
[T [ (S st

b [Carmerirmrne [senpon L o

S Q—pm—pJy =
(a + bl |*) | Rpat f (@) f ()P
- Q—pm—p |x|pm+p—1
p (a +blz|*) ™5 | f (@)l (a + bla]®)?
T Q-pm—p /G |z D=1) [ Ryt f ()| de.

By Holder’s inequality, it follows that

a x|@)P
/ Mvadaj <P
G

| |pmte Q—pm—p
(@tblal) oo N ([ (et blal)? o)
X @W—WW‘T” dx Gwmuﬁ@ﬂ dr )
yielding (3.1).
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Let us now prove Part (ii). In the case () = pm + p — af3, there is nothing
to prove, so we assume that () # pm + p — af. By (3.7), and noting a8 < 0
and pm — aff < Q — p we calculate

a z|*)?
[ R oy
G

|x|pm+p

> e br a Q—pm—p
< bro)Bp@—1-pm—p .
—/o /6(” T (a+br&+a+bra Q—pm—p+aﬁ)

X | f(ry)[Pdo(y)dr
a r IBTQflfpm—p aBbre
- L (225 Q= pm=p) )P dot)ir

Q—pm—p+ap a + bre

(a + bre)By@=pm=p » B —p
- /d( sLaE p+a5)\f(7“y)\ do(y)ir = gL

< [Car v rre [ T dotir

P
T Q@ —pm—p+af

/ (a+ 0l2]*) | Rjal.f (2)]|.f (=) [~
‘x|pm+p71

_ /(a+b|x| )1 (@) (a+ Bl

Q-pm—p+af Jg |z (m+De=1) ||

dx

B(P

S @

"R|m|f<£€)’d3:‘.

Now we use the Holder inequality to get

(a2l p
J, e e < g

X (/G %’f@)’pdm) . </«; %|lelﬂxﬂpdﬂﬁ> % ,

which implies (3.2), as desired. ]

Now let us show higher order versions of (3.1) and (3.2).

Theorem 3.2 ('’ Ruzhansky-Suragan-Y., Theorem 9.1). Let G be a homoge-
neous group of homogeneous dimension () and let | - | be a homogeneous quasi-
normon G. Let a,b > 0and 1 < p < oo,k € N.
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(i) If aB > 0and pm < Q — p, then for all f € C3°(G\{0}), we have

Tf(@—p—p@%+ﬁ) (atblef)ef|| | (ot blal) P REF|
1 » E T T
(3.8)

(ii) If aff < 0and pm — aff < Q — p, then forall f € C§°(G\{0}), we have

(a + blz|*)7 f (a+blz]*) P RE,

[ ||

’ﬁ(@—pmﬁ—p(mﬂ)) | .
j=0 P

p
Note that when k = 1, (3.8) and (3.9) implies (3.1) and (3.2), respectively.

(3.9)

Proof of Theorem 3.2. Before starting the iteration process, let us recall (3.1),
that is,

B B
Q—pm—p | (a+blx|*)r a+ blx|¥)r
(a+ af)? (a+ el 6.10)
p ] . ||
»(G) Lr(G)
Now we replace f by R, f to have
Q (a+ble|) (a +blal*)?
—pm—=p a x P a x|%*)r
Ryl f < ———R7, . (3.11)
y ] ) ]
»(G) Lr(G)
If we replace m by m + 1 in (3.10), then we obtain
Y- o 2
Q—p(m+1)—p|(a+blz]*)r (a+ bfz|*)»
m+2 f m+1 R"r‘f
p |zt [
L7 (G) LP(G)
(3.12)
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From this and (3.11) we derive that

8
Q-—pm—p Q—p(m+1)—p (a+b|$|“)f’f
m+2
p p |z @)
8
(a+ bJal*)?
|| ||
L?(G)
Repeating this iteration process one can note that
k-1 B Ji4
- , a+ blz|¥)» a+ bjz|*)r
. P e |
=0 L7(G) LP(G)

Similarly, but iterating (3.2) one can obtain (3.9) for a8 < 0, pm—af < Q-2
and f € C5°(G\{0}). O

FACTORIZATIONS AND WEIGHTED HARDY INEQUALITIES

Here we discuss weighted Hardy inequalities on general homogeneous
groups using the factorization method of differential operators, inspired
by the recent work of Gesztesy and Littlejohn®. The approach is based
on factorizing even-order differential equations. We refer to® and® for a
thorough discussion of the factorization method, its history and different
features. We also refer to” for obtaining the Hardy inequality and to® for
logarithmic refinements by this factorization method.

In" the authors used the non-negativity of 7 ;T 3 on Cg°(R"\{0}), for
two-parameter differential expressions

Top:i=—0+alz| %2V + Blz| 2
and its formal adjoint
T)y:=—A—alz|z- V4 (6 —aln—2))z?,

for o, f € R, x € R"\{0} and n > 2. As a result, they obtained the follow-
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ing inequality for all f € C5°(R™\{0}):

(Af)(@)*dz >((n — 4)a = 28) | |2 *|(Vf)(2)*dz

-3 R™
—ala—4) | o[- (Vf)(@)]de (3.13)

R

+A((n = (e =2) = §) [ ol 1f(e) P

which implies classical Rellich and Hardy-Rellich type inequalities after
choosing special values of parameters a and /.

We will discuss the factorizaton method also on stratified groups in Sec-
tion 7.3. In particular, in Remark 7.20 we show the counterpart of the
Gesztesy and Littlejohn estimate (3.13) which follows from the non-negativity
of the operator T, 5T, ;.

Thus, by the factorization of differential expressions we obtain Hardy type
inequalities with general weights ¢(z) and ¢(x), which are real-valued
functions in L} (G\{0}), with their radial derivatives also in L} (G\{0}).
The obtained results are new already in the standard setting of R”, but the
proof below works for general homogeneous groups, in particular includ-
ing R™ with both isotropic and anisotropic structures, as well as general

stratified and graded Lie groups.

Theorem 3.3 ('®” Ruzhansky-Y., Theorem 3.1). Let G be a homogeneous group
of homogeneous dimension () and let |-| be an arbitrary homogeneous quasi-norm.
Let ¢,¢ € Lj,.(G\{0}) be any real-valued functions such that R ¢, R j¢ €

loc

L7 (G\{0}). Let « € R. Then for all complex-valued functions f € C5°(G\{0})
we have

/(¢($))2|R|z|f(iv)|2dﬂf > a/ ((2)Rpu () + ¥ (2) Ry d(2)) |f () d
G G

FalQ-1) / %u(x)mz a2 / W@V f@)Pde  (3.14)
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and

/(¢(93))2|R|xf($)\2dfv > a/ (V(@) Rz d(2) — ¢(2)Rjapth(2)) |f (2)*dw
G G

—1/¢ 2)ds — a /<<>>|f<>|dx

—(Q—l)/( ( )) ’ |d + _1 ¢ R|5L‘\¢ )]2d:v

|2 i

n /G ¢<x)R?x\¢<x>|f<x>de. (3.15)

From these we can get different weighted Hardy inequalities. For exam-
ple, in the most physical situation with ¢(z) = 1 we obtain for o € R and
for any f € C3°(G\{0}) the inequalities

2 — M Q z) — a2 (P(x))? z)|*dx
[ Rus@pds = [ (a@= 05 +aRpo(o) - aX(ute)?) 1)

and

2 . lb(if)_a :L’—O42 xQ_Q_l
x | f(x)|*dx.

Remark 3.4. If ¢(x) = |z|~* and ¢(z) = |z|~? for a,b € R, then (3.14) implies
that

/de > a(Q—a—b—1) 'f v. (3.16)
G

B [

In the case b = a + 1, we have

dz > (a(Q — 2a — 2) — o?) ‘f(x)|2dx

G |x’2a+2

¢ |z[*

Then, by maximising the constant (a(Q — 2a — 2) — o?) with respect to a
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we obtain the weighted Hardy inequality on homogeneous groups

Rinf ()P, o Q=202 [ |f(@)P
G | ]2 dx > 1 G|x|2“+2dx' (3.17)

It is known that the constant in (3.17) is sharp (see'”* Corollary 4.2). We
also discuss L version of (3.17) as well as its critical version in Theorem
3.29, and prove the sharpness of the constant.

Thus, inthecaseb=a+ 1 and a = %, we see that (3.16) gives (3.17).

Remark 3.5. If ¢(z) = |z|~*(log |z|)¢ and v (z) = |z|~*(log|z|)? for a,b,c,d €
R, then we derive from (3.14) the inequality

/ M|R|x|f($)|2dx
G

|z[2a

c+d)(log |z])t1 + (Q — 1 — a — b)(log |x|)=*?

s [ (DRI Q1 =0 DRI
log |z|)?¢
—a? [ ) P
¢ |7l
In the case when a = %, b= %, c=1and d = 0, it follows that
(log\x!)Q 2 2 ‘f(x)P
/GWI&M(@| dz > (o — a”) e dx, (3.18)

which after maximising the above constant with respect to a again, we
obtain the critical Hardy inequality

/«; —(lﬁc %”i'ﬁ Ryl f ()|*dz > i /G |J;;Tc?2’ dr. (3.19)

In Theorem 3.29 we will show L” version of (3.19) and prove the sharpness

of the constant. So, we note that (3.18) gives (3.19) when a = %

Remark 3.6. On Carnot groups, we can refer to the recent work”” on Hardy
inequalities for the horizontal gradient with a pair of non-negative weight
functions.
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Proof of Theorem 3.3. Let us consider the following one-parameter differen-
tial expression
T, = ¢(2)Ry + (),

and its formal adjoint operator on C°(G\{0})

%w) — Rym(x) + ().

where x # 0. Using this and the representation of 7}, we obtain

T = —¢(x)Riz —

(T3 Tof) (@) = =0(@)Rppy (d(2)Rjay f () — () Ryay (f () 2(2))

o(2)Y(z) f(7) — d(2) Ry d(2) Ryay f ()
—atp(x) f(2)Ripd(x) + ad(2)Y(2)Ria f () + (0 (2))? f ().

Taking into account the non-negativity of 7. 7,,, we use the polar decom-
position (2.8) to obtain

0< / (T f) ()P = / F () T T ) @)da

= Re/ f(x)(TjTaf)(x)dx = ]1 + ]2 + 13 + ]4 + I5 + I67 (320)
G

where

ni=—te [ [ seota g (ot ) ) ot

Bo==ake [ [ fomote) T rnuenn® ot

Iy = —(Q — 1)Re /O‘X’/Gﬂry) (o(ry)) a(f(ry))rQ_ldU(y)dn

r

Li=a(@-1) [ P pds - a [ Ruotel )P

Ta? / (6(2))?|f (2) d, (3.21)
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= =Re [ [ 100 360000 S (Frph® oty
and

Is —aRe/ /f ry)o(ry )i Ty (f( y))r®do(y)dr.

Let us now simplity I3, I, I5, I5 and Is. For I, by using the integration by

‘1/ / F(ry)[Pr-2do(y)dr
[ ooy

o(ry)——(6(ry)) —\J““(ry)\2 U tdo(y)dr.
3]

Using again the integration by parts to the first and third terms, we get

parts we obtain

di<f<ry>> 19 do (y)dr

he /G(¢<x>>2!7%|f<x>\2dw e / (ﬁfy? f(2)Pda
- [ A, s - 4 [ (Rolo) 110 e
_5/«;R'2x'¢(x)¢(x> w)fde - o T;Tqb ()Pdz. (3.22)

For I, let us open the bracket and write as follows

=——/ /¢> ry)(ry) | f(ry)'r?” do(y)dr

—a (ry) - ((ry)) | f (ry)[r~ do(y)dr.
[

By the integration by parts it 1mp11es

=5 [ vaRus@ls @+ 5 [ sl @)
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a(Q—1) [ d(2)¢(x) ) 2
T /G o J@ldr—a /G ()R ()| f (z)Pdz.  (3.23)

For I5, we have
-1 > d
I = —QT / / <¢<ry>>25|f<ry>|2rQ*2do<y>dr

(3.24)

For I5, one has

_! / / 1) Pr doy)dr

/ R ola)o(e) (o) + | / (R 6(o)P1 (o) da

|a;|

Finally, we calculate /5 as follows,

/ /cfﬂ“y (ry) | f(ry)[Pr~ do(y)dr

_——/quﬁ o)/ |dx——/<25 PR | () P

2_1 /G oz le | ()P (3.26)

Now we plug (3.21)-(3.26) into (3.20) to obtain

[ 0@ Ri @) P
G

o / (qﬁ(xmw(w) (@) Ryb() + (@ — AL

‘f‘OéQ xXr 2 xr Qd.f 0,
yielding (3.14).
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To obtain (3.15), we use the non-negativity of 7,7

(TaT5 F)(x) = =¢(2)Rpa) (6(2)Rya) f (7)) + () Ryay (f (2)1) ()

-0t R (a) - MO

¢(@) () f(x) = d(2)Ria (1) Rwy f ()

(@) @) R () — (@) (x) Ry () + 0 ((2))* ()
~(Q - Dé(a) f(2) Ry (@) o) f@) R ().

7|

Thus, we have

0< / (T f) (2) 2 = / F () TaTF (@) de

~ke [ f@ET @ =T+ b btk (62)
where
L=0L,I=-L =1 1L=IL+A1I=1I1I=—I
with
A= =@ 1) [ o@li@PRu (55 ) do~ [ otaRE ot o)
By these and (3.21)-(3.26), one can obtain (3.15). [

Remark 3.7. Note that proof of Theorem 3.3 can be reduced to one di-

mension (in fact to R") by fixing y in the unit quasi-sphere and taking
1

1(r) = £(ry), 6,(r) = o(ry)r™s” and ¢, (r) = b(ry)rs".

WEIGHTED L” — L? HARDY INEQUALITIES

Now we show another version of weighted Hardy inequalities with the
necessary and sufficient condition on weights for such inequalities to be
true.
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Theorem 3.8 ('° Ruzhansky-Y., Theorem 3.4). Let G be a homogeneous group
of homogeneous dimension (). Let ¢, be positive weight functions on G and let
1 < p < q < oo. Then there exists a positive constant C' such that

(/@ ¢(x)!f(a:)!qda:) v <C (/(}¢($)\Rx|f(x)|pdx> v (3.28)

holds for all radial functions f with f(0) = 0 if and only if

1/p’

([ ([ (o) o)<

(3.29)

Remark 3.9. In the Abelian case G = (R", +) and @ = n, (3.28) was investi-
gated in®' and*™.

Proof of Theorem 3.8. The proof is based on Theorem 4.1 from Section 4.0.1.
Let us introduce the following notations used in this proof: let f(r) = f(x)
for r = |z| and

D(r) = /6 e lo(ry)do(y), V()= /6 r Y (ry)do(y).

Taking into account f(0) = 0 and applying the inequality (4.1) in Theorem
4.1 we obtain

(f ¢<x>rf<x>was) = ([ [ st parasty >) ’
:(/Oooé(r)|f(r)|qdr) :(/ /Rf )dr dr)l/q

<C (/OOO (r) ’er(r) pdr) . =C (/(}¢($)|R|xf($)\pdx) p

if and only if the condition (3.29) holds. O
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3.1.2 REMAINDER ESTIMATES
FOR LP-WEIGHTED HARDY INEQUALITIES

In this section we discuss a family of remainder estimates in the weighted
LP-Hardy inequalities, with a freedom of choosing the parameter b € R
on general homogeneous groups. The obtained remainder estimates are
new already in the standard setting of R"”. The study of remainders in
Hardy and other related inequalities is a classical topic going back to* !,
Moreover, we establish Hardy-Sobolev type inequalities with an addi-

tional term and related uncertainty type inequalities.

Theorem 3.10 ('* Ruzhansky-Suragan-Y., Theorem 3.1). Let G be a homo-
geneous group of homogeneous dimension (). Let | - | be a homogeneous quasi-
norm. Let 2 < p < o0, —0 < a < %and& = Q—p—ap—%,

o :Q—p—ap—pbfplforanybER Then we have

Ruflol,,  (Q=p=er)’ [ G

¢ |zl|or D G |z|etDp

(fi | f (@)[P) ) d)”
(Jou | f () |P|c|2dd) "™

Q(p—1)—pb
p2

>,

(3.30)

p

for all functions f € C3°(G\{0}), where C,, = ¢, and

_ ; 1P — P p—1y
Cp Oglglglﬂ(( ) ="+ pt')

Remark 3.11. Since the inequality (3.30) holds for any b € R, choosing b =

Q=) 5o that C, = 0, we obtain the LP-weighted Hardy inequalities on

p
Q—p—ap\’ [ |f(z)P
( p )/Gurwwdx’

homogeneous groups
Q—p
P

RSP

G |xlor

v

, 2<p<@, (331)

—o<a<

for all functions f € C5°(G\{0}). We refer to'”* for the cases p = 2 and
a = 1 of (3.31). In the Abelian case G = (R", +) with ) = n, the inequality
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(3.31) gives the LP-weighted Hardy inequalities for any quasi-norm on R":
For any function f € C§°(R™\{0}) we have

p _ _ p p
[ [ e (o [ bt
n D go |2[P+D)

where —oo < a < 7 and 2 < p < oo. By Schwarz’s inequality with
the standard Euclidean distance |z|g = \/x? + 23 + ... + 22, we obtain the

Euclidean form of the L”-weighted Hardy inequalities on R"

Vi@, o (nmp—ap\' [ f@)F
Lt o+ 0
ol p e Joli

—oo<oz<u, 2<p<n, (332
p

df (x)
d|x|

for any function f € C5°(R"\{0}), where V is the standard gradient in R".

Remark 3.12. We also note that in the Abelian case, (3.30) implies a new
remainder estimate for any quasi-norm on R": For any f € C5°(R"\{0})
and for any b € R, we have

df (@) " _ap n—p—w)a/ |f(z)[P
Py — [ £ 8 d
/Rn d|z| = . P g |z|PaD) v
Plz|orda)” _
el (Jin Lf @) Pl x) N L S
(Jan Lf(@)IP|2[?2dx) p

As in Remark 3.11, by Schwarz’s inequality with the standard Euclidean
distance, we obtain the Euclidean version of the remainder estimate for
LP-weighted Hardy inequalities

V()" n—p—ap\" [ |f(@)]
/ ap—dr — / (aﬂ)pdx
» ol P 7 [l

p o1 p B
(f]Rn ’f(x)‘ |$|Ed$)_17 2<p<oo, —0<a< u) (3_34)
(Jan | f (@) || 32dr)” p

for all function f € C§°(R"\{0}) and for any b € R.

> C,
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Thus, we note that the remainder estimate (3.34) is new already in the
standard setting of R".

Ghoussoub and Moradifam”' proved that there exists no strictly positive
function V € C'*(0, o) such that the inequality

n—2\" 2
IV f2dx > (—) / —‘f|2dx+/ V(|z))|f)*dz
R” 2 R -’L" n

holds for any f € W'?(R"). Cianchi and Ferone® showed that for all
1 < p < n there exists a constant C' = C'(p, n) such that

[wspae= ("S0) [ e e

o [P

holds for all real-valued weakly differentiable functions f in R" such that
fand |V f| € LP(R") go to zero at infinity. Here

_n—-p
|f —clz[~ ”LP*@O(R”)

d,f = inf
g ceR | £l 2o @emy
with p* = n"T’;, and L7?(R") is the Lorentz space for 0 < 7 < oo and

216

1 < 0 < o0. In the case of a bounded domain €2, Wang and Willem~° for

p = 2 and Abdellaoui, Colorado and Peral’ for 1 < p < oo investigated the

200 201 198
4 4

improved versions of (3.32) (see also and'”’ for more details).

We also note that Sano and Takahashi obtained the improved version of
(3.32) in*” for @ = R" and o = 0 and then in*"' for any —co < a < ™2
Letn > 3,2 <p<nand —>© < a < %. Let N € N, t € (0,1), 7 <

min {1 — 1, p_TN} andd =N —n+ 1_];7_7 (7 + %)' Then there exists a

constant C' > 0 such that the inequality

p(l—t—y)
Nt

T = —
z’ap P 3;|p(a+1) (fRn |f|p|$|_apd$)¥

holds for any radially symmetric function f € W&fj(R”), f#0.
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Now let us state the following lemma which will be useful in the proof of
Theorem 3.10:

Lemma 3.13 (* Frank and Seiringer). Let p > 2 and let a, b be real numbers.
Then there exists c, > 0 such that

ja — bl > |al” — pla"ab + c,|b]”

holds, where ¢, = . m<ir11/2((1 — )P — P + ptP~1) is sharp in this inequality.
<t<

We will also use the following Caffarelli-Kohn-Nirenberg inequality:

Theorem 3.14 (**' Ozawa-Ruzhansky-Suragan, Theorem 3.1). Let G be a
homogeneous group of homogeneous dimension (). Let | - | be a homogeneous
quasi-norm. Let 1 < p < oo, a,b € R, and f € C5°(G\{0}). Then we have

p—1

1
| fIP Riat fIP, \7 |fIP !
/|$|a+b+ldx§ de bfpd(ﬁ s
G G G ’x‘p—l

(3.35)

‘Q—(a—i—b—l—l)
P

where the constant ’W

is sharp.

Proof of Theorem 3.10. First let us show the statement of Theorem 3.10 for a
radial function f € C3°(G\{0}). Since f is radial, it can be represented as

f(z) = f(]x|). By Brezis-Vazquez’s idea™, let us define

~ Q—p—ap ~

glr)y:=r —»  f(r). (3.36)
Then, taking into account f=f(r) € C(0,00) and a < %, we see that

g(0) = 0 and g(oo) = 0. Introducing polar coordinates (r,y) = (|z|, %) c
(0,00) x & on G and using (2.8), we write

J = / Rya fIP |27 da — (M)p idaj
G

P G ’x‘p(aJrl)
[o¢] d -
— 1ol [ 570

p oy P poo
o erdpfe] (LZEZRY [T ey
D

0
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- -V —ap —p—ap d _ P
= |6‘/0 ’(W) T—QTQV(T) _ T_QT%g(r) FQ-1-ap g,.

B Q—p—ap\" [ -
& (—p ) [ awpras

where |G| is the ) — 1 dimensional surface measure of the unit quasi-
sphere. Let us now apply Lemma 3.13 to the integrand of the first term in
the last expression above to get

— D — —ap —p—ap p
(E00) ) - S L[ 19
. - p
> ((Q p ap) T’Q+ap|§(7”>|p) FQ—1—ap
b

Q—p—ap\" o o A (@ gy (@ren) o,
P\, lg(r)[P 9(7“)59(7“)?“ » re i

p

d

oy | g 9(r)| ATt
Q-p—ap\” - Q-p—oap\"' o d
- (— r gl —p (——=)  150)"*G()-5(r)
p p "
d_, [P -
+ep | G(r)]

Here, we remark that

p [ BP0 L = [ Emra=o

since g(0) = g(oo) = 0 and p > 2. Thus, we obtain a “ground state repre-
sentation” of the Hardy difference .J

o] d _ p
J > Cp‘(‘;l/ ‘%g(r> rPdr = Cp/ |R|x|g(x>|p|x’piQd'ru (337)
0 G

where g(z) := g(|z|) for z € G. Now, we need the case a = % of (3.35),
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that is,

‘Q —pb

[ ol
1 p=1
<(/ |Rx|g\p|m|p%) ([iapiat#5as) " @39
G G

for any b € R. Then, combining this with (3.37) we arrive at

v (Jelglle

5 bdx>p

Qp—1) -

72 6 [ Rual@)Plelr s = c,

2 _bp p—1
p (U lglrle) =+ da)
(3.39)
By g(z) = g(|z|), € G, and (3.36), we note that
x )|Pde = |6 Tpmep pr_QZper_ldr
| z)| sl 1F(r)]
- / F@)Pla - / f@)Plafds.
G G
Similarly, we also have
x = g(x)|Pdx = |S pl-p-ap fr pr_%rQ_ldr
lellg(@)] i
= [1s@Plale s = [ |f@)Pleds
G G
We plug these equalities into (3.39) to obtain
_ )P o1y )P
7> |9 i " Us /@)l x)_l. (3.40)
p (Je IS @)IPla]2dz)”

Now, in order to show it for non-radial functions, let us consider the fol-
lowing radial function for a non-radial function f

U(r) = (é /6 |f<ry)|pda<y>)p. (3.41)

86



Then, by Proposition 2.15 we have

/G (R U[" || *Pda < /G (R [ 2| *Pda (342)

and

/IU(le)Iplwledw=/If(x)lplxledw (3.43)
G G

for any § € R. Then, since we have proved (3.30) for radial functions,
then by (3.42) and (3.43) we conclude that it also holds for all non-radial
functions f € C§°(G\{0}). O

Remark 3.15. The argument we used in the proof of Theorem 3.10, namely,
proving first the inequalities for radial functions, then by Proposition 2.15
passing from radial to non-radial functions, is useful in proving many in-
equalities of the thesis. For example, this argument can be also applied to
prove Theorems 3.1, 3.3, 3.16, 3.19, 3.20 and 3.29.

Let us now discuss the following Hardy-Sobolev type inequalities with an
additional term on the right-hand side and uncertainty type inequality:

Theorem 3.16 ('*° Ruzhansky-Suragan-Y., Theorem 6.1). For any quasi-norm
| - |, all differentiable | - |-radial functions ¢, allp > 1, Q > 2, and all f € C}(G)
we have

[ sypa < [ (s 1) [ I rypa

T (3.44)

and
[ e <o ([ Russiof ac) ( ‘T“F('i‘lmf( >\de> -
(3.45)

Remark 3.17. In the Abelian case G = (R",+), hence () = n, note that the
inequality (3.44) for ¢ = log |z| and p = n > 2 implies the following new

87



inequalty for any quasi-norm | - | on R™:

_n_
1 n—1
|z|

|f|n n 10 n
[ Wi [ prusfae -y [ 25 e,
Rrn 7] Rn Rn ||

Here, taking the Euclidean distance |z|p = /27 + ...+ 22 if we use the
Schwarz inequality, we obtain the critical Hardy inequality

n

n—

I log 1|
/ ndxg/ |Vf|"dx+(n—1)/ L22rl (i pde,  (346)
1l . ER

E n

where V is the usual Euclidean gradient on R". Recall that there is no
positive constant C' (see, e.g.'® Section 1.2.5) such that

/ |f|nd:c§C IV fI" dx
» |2[ R
for all f € Cj(R™). Therefore, it seems that it is natural to have the in-
equality (3.46) with a positive additional term. Such type of inequalities
can be useful, for instance in R", for the study of the existence and nonex-
istence of positive exponentially bounded weak solutions to a parabolic

type operator perturbed by a critical singular potential, see*”.

Remark 3.18. If we take ¢ = |z|9 in the inequality (3.45), then we obtain

/ |f|f’dxsg( / |R|-f\pdas>p ( / |m|p’ﬁ|f|pdas) T e

In the case p = 2 and Q > 3, since ﬁ > % the inequalitgl (3.47) im-

proves the uncertainty inequality (3.47) with the constant 7=; obtained
in'* and'®. Moreover, when p = @) = 2 the inequality (3.47) gives the
critical version of their inequality. In the Abelian case G = (R",+), n > 2

for any quasi-norm | - | on R” the inequality (3.47) becomes

p—1

e <2 ([ Ruspac)” ([ jelisran)
R® A\ JRrn R"
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If we take the Euclidean distance |z|g, then by the Schwarz inequality it
follows that

b

|f]Pda < 3( |Vf|pdm>p ( |;c|;;1|fypdx) o (3.48)
R~ n Rn R”

which implies the classical Heisenberg-Pauli-Weyl uncertainty principle
(1.2) when p = 2. Recall that equality in (3.48) for p = 2 holds for f =
Cexp(—blx|g), b > 0.

For the discussions on more general Lie groups and manifolds, we can
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refer to the survey’® as well as to*” and*'".

We will discuss logarithmic uncertainty principles on homogeneous groups
in Corollary 3.22, then Heisenberg-Pauli-Weyl type uncertainty principles
on graded Lie groups for general homogeneous invariant hypoelliptic dif-
ferential operators in Corollary 6.8, and then on stratified Lie groups for
the horizontal gradient with the horizontal weight in Corollary 7.5.

Let us now prove Theorem 3.16.

Proof of Theorem 3.16. By the integration by parts, we have

'(|z
¢ ’(’g ‘1 |f|Pdz = pRe ’Q — Rz fdz.
By the Young inequality for p > 1, it follows that
¢ (|« ollfP~
/ = ) iz <p [ 5 ”|Q’_1 |R\x|f|dx (3.49)

/|R|xf} dx + (p / 9 ‘f<|ce 0 |fIPd,

which is (3.44). To obtain (3.45) we use Holder’s inequality for p > 1 in
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(3.49):

/ p—1
[ 2D i < p [ U i

e z|97! e |29
p—1

Sp(AJRme@J </|¢%U; VWM) :

3.1.3 STABILITY OF LP-WEIGHTED HARDY INEQUALITIES

Sometimes the improved versions of different inequalities, or remainder
estimates, are called stability of the inequality if the estimates depend on
certain distances: see, e.g.,”* for stability of trace theorems,* for stability of
Sobolev inequalities, etc. In this section we establish a remainder estimate
in the LP-weighted Hardy inequality involving the distance to the set of

extremisers.
In order to state the theorem, let us introduce the following notations

p—ap

falw) = [a|~ %75

(3.50)

for—co<a< Qp and

B =

r(f,9): /‘logwx‘a+1 (3.51)

for functions f and g for which the integral is finite.

Theorem 3.19 ('* Ruzhansky-Suragan-Y., Theorem 4.1). Let G be a homoge-
neous group of homogeneous dimension (). Let | - | be a homogeneous quasi-norm.
Let2<p<oocand —oo < a< %. Then we have

IRmﬂp Q-—p—ap\’ R
.I' B m— xr
c |z|*P D G |z|etbep
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> ¢ <p%1> sup dr(f,cr(R)fa)’, (3.52)

for all radial functions f € C§°(G\{0}), where c;(R) = * f(R) with
flx) = f(r), |z| =, ¢, is defined in Lemma 3.13, f, and dg(-,-) are defined in
(3.50) and (3.51), respectively.

Proof of Theorem 3.19. Since we have p > 2, then as in (3.37) in the proof of
Theorem 3.10 we can obtain that

oy — p P
1) = [ Ryttt = (S22 [

P g |z|etbp
[e%¢) d p
> |6 —q
- Cp| |A ‘d?“g

171

p
|z|P~9d. (3.53)

d
p—ld _
g T G ‘drg

Now we use " Theorem 3.1 or Remark 3.21 with v = p to get

0=l /‘gk’g g |:|IQ
—¢, (p;l)/ o] pla) — RV ()
G

p

p

dx

p
log £ |22

for any R > 0. Then, noting f(x) = f(r), r = |z| it follows that

R

)2 ( _1) /’f llog—‘ |z|(e+Dp e

( _ 1) ‘f —cp(R Y|~
= / dx,
llog‘ |‘ ’x‘(aJrl

yielding (3.52).
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3.1.4 CRITICAL HARDY INEQUALITIES

In this section we discuss critical Hardy and uncertainty type inequalities
on homogeneous groups. In the Euclidean case of R" it is known that the
Hardy inequality (1.1) fails for any constant when p = n, see, e.g.,*” and'**,
and references therein. In such cases, it is natural to expect the appearance
of the logarithmic terms. In Section 3.2.1 and 3.4 we also discuss more
general critical LP-Sobolev type inequalities (see Theorem 3.29) and critical
Caffarelli-Kohn-Nirenberg inequalities (see Theorem 3.44), respectively.

Thus, we have the following critical Hardy inequalities of logarithmic
type:

Theorem 3.20 ('* Ruzhansky-Suragan-Y., Theorem 5.1). Let G be a homoge-
neous group of homogeneous dimension (). Let | - | be a homogeneous quasi-norm.
Let 1 < v < ocoand max{1l,7 — 1} < p < oco. Then forall f € C§°(G\{0}) and
all R > 0 we have

f—Ir
|x|% <10g %)

p R\IIf

< 1 P
i |x|% <log %) !

(3.54)

3R

Lr(G) L?(G)

where fr(x) = f (Rﬁ), and the constant £ is optimal.

Remark 3.21. In the Abelian isotropic case, this theorem implies'* Theo-
rem 1.1. On homogeneous group, we refer to'”' Theorem 3.1 for the case

Y =D

Proof of Theorem 3.20. First, let us consider the integrals in (3.54) restricted
to B(0, R). Introducing polar coordinates (r,y) = (\:c], ‘§—|) € (0,00) X &
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on G, where & is the quasi-sphere as in (2.7), and using (2.8), we have

/OR) ‘J;‘i'|g 1Og| “ d _/ /lf rQ 1Og Q_lda(y)dr

Rd P
- )|Pd dr — P
/Odr< 1og /|fry F(Ry)| a()) r- 2

X Re/O (log ) _7/ [f(ry) — F(Ry)[P2(f(r )—f(Ry))Wda(y)dr

= e [ (1o )_7/|fry FRYP( () — F(Ry)

where p — v + 1 > 0, so that the boundary term at r = R vanishes because
of the following inequalities

|f(ry) — f(Ry)| < C(R =)

and

Now we use Holder’s inequality to get

T y) = f(Ry)P o
/0 /6 r (log g)'v do(y)dr = P
ke [ (1g5) [ 15 = 2o - 1) T doyir

< 2 [ (o™ st - st | 20
( / /!f Ry )

log
. </OR/GTP1 (log _),, ' da(y)dr) |
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do(y)dr

df(ry)
dr




It follows that

_ P v
JRRCE
B(0,R) |x|Q‘log%‘
p
< o[ e
v—1 B(0,R)

Similarly, we obtain

1
p

_ R f ()| da:) : (3.55)

R
log —

||

3=

1
P

/ |f(2) — fR(w)VI’” dx
BOR) |z|@ log%‘
R p
log —|  |Rjuf(x)] dx) : (3.56)

p
< p / |z|P~@
v—1 B°(0,R) 2]

Thus, combining (3.55) and (3.56) we obtain (3.54).

To finish the proof, it remains to prove the optimality of the constant -7
in (3.54). The inequality (3.54) implies that
Rial f \pd$>

P P
/ i | <2 / [P@
B(O,R) |2|@ )10g I%‘ v =1 \Uswonr)
(3.57)

It is enough to prove the optimality of the constant £ in (3.57). As in

R p— %
log —

||

the Abelian case (see'” Section 3), we define the following sequence of
functions

(log(kR))'7, when |z] < 1,
E
Je(z) = <10g %) ", when 7 <|z]<E

%(logQ)%(R— z|), when £ <|z|<R
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for large k € N. Letting fu(r) = fu(z) with r = |z| > 0, we observe that

0, if r< %,
d ~ y=1_q
%fk(r) = —Wler’l (log &) if

Denoting by |&| the ) — 1 dimensional surface measure of the unit quasi-
sphere, and by a direct calculation one has

R p—= »
[ el fog Rt o
B(O.R) ||
R p— d -
|6|/ P~ log — . fk( )

R —1
= |6| ( 1) / (log E) dr
p 1 r
) P R p—
+ |S|(log 2)771 (—) / rp=1 (log E) dr
R R T

— |5 (7 ; 1) ((log(log kR)) — log(log 2)) + C. , (3.58)

where lows
og
C,p = 2P(log 2)71\6\/ P Ve P ds.
0

Since p — v+ 1 > 0, we get C,, , < co. On the other hand, we note that

@) | fi(r)
S
/B(OR ) J2[@ = ‘/ 7 [log Z|” R\V

_ |6|(1og(k3))7—1/0'1“ (log ) dr+]6|/ (log )1dr
6| (log 2)7! <%)pﬁr—l(3—m (1og§) s

2
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— 1%L 608108 (R)) ~ log(1052)) + Crpe (359)

where

R -
Cryp = (log2)7™* ( ) |(‘5|/ (log ) dr.

The inequality log £ > £~ for all # < R and the assumption p — v > —1
imply Cr,, < 0. Then, by (3.58) and (3.59), we obtain

R = »
[ el [Ryfito)]” da
B(0,R) ||
—1
p _ p
([ el ) (=)
B(0,R) ’x‘Q ‘log%‘ p
as k — oo, which implies that the constant —; 7 in (3.57) is optimal. [

The Hardy inequality (3.54) implies the following logarithmic uncertainty
type principles:

Corollary 3.22 (' Ruzhansky-Suragan-Y., Corollary 5.2). Let 1 < p < o
and q > 1besuch that  + . = 5. Let 1 <y < oo and max{l,y —1} <p < <.
Then forany R > 0 and f € C§°(G\{0}) we have

Riaif —1|| U
e [ 1 P e X
=2 P = R\P
2" (og &) 7 ol (log )" |
Moreover, we have
2
Rt/ f =~ fn o= - fn
1=z Q 2-2 - Q R )
P o Ry P p 2| log 13
2| 5" <1og m) i (10g m) o ol || L2
(3.61)

1 1
where St = 1.
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Remark 3.23. We refer to'”! Corollary 3.2 for the case v = p of (3.60) and
(3.61). For other types of uncertainty principles on general homogeneous
group, we can also refer to'”* and '"°.

Proof of Corollary 3.22. Using (3.54) we compute that

Tl e 2 Ly
2|7 (log‘%) i . x| > <log%>p .
22\ 27
SRES gRiRs: L ( [ Mz;dm)%?
p G |17|% (log%)g G
Now, we use the Holder inequality to obtain
o5 (tog ) " Ruar| sl = 2 | LI
L» || <log%>p L
Similarly, one can prove (3.61). O

3.1.5 CRITICAL AND SUBCRITICAL HARDY INEQUALITIES

In this section, we study the relation between the critical and the subcriti-
cal Hardy inequalities on homogeneous groups.

Let B™(0, R) and B%(0, R) be the quasi-balls of radius R around 0 with
respect to the quasi-norm | - | on homogeneous groups of dimensions m
and (), respectively.

Proposition 3.24 (' Ruzhansky-Suragan-Y., Proposition 6.1). Let G be a
homogeneous group of homogeneous dimension () > m + 1 > 3 with m €
N. Let | - | be a homogeneous quasi-norm. Then for any non-negative radial
function g € C5(B™(0, R)\{0}), there exists a non-negative radial function f €
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C2(B9(0,1)\{0}) such that

. Q —m m f m —-m m—1
/ | Ry ™ d — (— b ’m T = |T’
BR(0,1) m B2(0,1) 7] 6] \m—1
—1\™ m
x / Ry dz — <m—) / 9" 1) e
B(0.5) m Br(0.5) | 2|m <10g %)

holds true, where |&| and |&| are Q — 1 and m — 1 dimensional surface measure

of the unit quasi-sphere, respectively.

Remark 3.25. Note that the right-hand side of (3.62) is critical Hardy in-
equality, while the left is subcritical Hardy inequality (m < ) — 1). There-
fore, it shows the relation between critical and subcritical Hardy inequali-
ties.

Proof of Proposition 3.24. Letr = |z|,z € Gand s = ||, z € G, where G is
a homogeneous group of homogeneous dimension m. We define a radial
function f = f(z) € C}(B%(0,1)\{0}) as

fr) =g(s(r)) (3.63)

for a non-negative radial function g = g(z) € Cj(B™(0, R)\{0}), where
s(r) = Rexp (1 — T7%>. Since

Re Q—m _om_ 4

() = o s (),

m
r-m-1 = log

s m—1

we remark that s'(r) > 0 for r € [0,1] and s(0) = 0, s(1) = R. Noting

g(s) = Onear s = R, we also see that f = 0 near r = 1. Taking into account
these properties, we compute that

/ Ra "z — (Q—_m>m / Lf"
BR(0,1) m se 2™

1 _ m 1
— |6|/0 |f’(7’)‘mTQ*1d,r o (QTm) ‘6‘/0 fm(,r)ermfldr
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s'(r(s)) m
<[ 8 =|6|(Q‘—m)m1 /OR|g'<s>|msm-1ds

0 s'(r(s)) m—1

Q-m\" m—1 Bgm(s) 18l (Q-m\""
‘( m ) @—m‘g‘/o s(log%)mdswa(m—l)

—1 m m
X / R 219" dz — (_m ) / 91 —dz |,
Br(0.R) m 50 |2|m (log &)

=61 [ WO s - () el

2]

which is (3.62), as desired. [

3.2 SOBOLEV TYPE AND SOBOLEV-RELLICH INEQUALITIES

In this section we discuss sharp remainder terms of L” and weighted Sobo-
lev type and Sobolev-Rellich inequalities on homogeneous Lie groups.
Most inequalities are obtained with best constants. As consequences, we
obtain analogues of the generalised classical Sobolev type and Sobolev-
Rellich inequalities. A number of identities are derived including weighted
and higher order types. In Section 7.1 we will discuss an analogue of the
Sobolev type inequality but with the horizontal gradient on stratified Lie
groups.

3.2.1 SOBOLEV TYPE INEQUALITIES

If1 <p,p* <ooand

1 1 1
—=— =, (3.64)
p p n
then the (Euclidean) Sobolev inequality has the form
lgllzr@n) < CO)IVllLo* @n)s (3.65)

where V is the standard gradient in R".

162

Ozawa and Sasaki'® (see also'”) considered the so-called Sobolev type
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inequality with respect to the operator x - V instead of V, that is,

l9llze@ny < C'(p)l|7 - Vgl Lan)- (3.66)

For any A > 0, by substituting g(z) = h(A\x) into (3.66), one readily ob-
serves that p = ¢ is a necessary condition to obtain (3.66).

In this section we discuss the LP-Sobolev type inequality and its remainder
formula on homogeneous Lie groups G.

Theorem 3.26 (' Ruzhansky-Suragan-Y., Theorem 3.1). Let G be a homo-
geneous group of homogeneous dimension () and let | - | be any homogeneous
quasi-norm on G.

(i) Then we have

p
Hf”L;D(G) < é ||Ef||LP(([;) s 1< p <00, (367)

for all complex-valued functions f € C5°(G\{0}), where the constant & is
sharp and the equality is attained if and only if f = 0.

(ii) Denoting by

we have the identity

HuHip(G)_”UHiP(G) :p/ Ip(%u)lv_uﬁdl’v 1< p < o0, (368)
G

for all real-valued functions f € C§°(G\{0}), where
1
(hg) = (o =1) [ Ieh-+ (1 = gl s

(iii) In the case p = 2, the identity (3.68) holds for all complex-valued functions
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f € C°(G\{0}) and has the following form

2

Q

2
IEf Iz = (5) 1 £1Iz2) + HEH%f (369)

L*(G)

(iv) In the case p = 2 and () > 2 the inequality (3.67) is equivalent to Hardy’s
inequality for any g € C5°(G\{0}):

2

5 1
| < m HRlﬂ?\gHH(G) - m

—Eg
|z]

9

]

(3.70)

L2(G L2(G)
(v) In the case 1 < p < @ the Sobolev type inequality (3.67) implies Hardy's
inequality for any f € C5°(G\{0}):

f

|

< P IR, . 3.71
) Q—p H \ |fHLP(G) ( )

Remark 3.27. As mentioned above in the case of R", one can observe that
for any A > 0 by setting g(z) = h(Az) into the inequality

19lzr@) < CD)EYLoge), 1<p g<oo (3.72)

and using the fact the Euler operator is a homogeneous operator of order
zero, we note that p = ¢ is a necessary condition to obtain (3.72).

Remark 3.28. We note that Part (ii) implies Part (i). Indeed, if we drop the
non-negative term in the right-hand side of (3.68), then we obtain

p
11l o) < Q IEfllp@ . 1<p<oo, (3.73)
for all real-valued functions f € C5°(G\{0}). Consequently, to have the in-

equality (3.73) holds for all complex-valued functions we use the identity
(cf. Davies™ p. 176)

™ -1,
VzeC: |z|P = (/ ]cos@|pd9> / |Re(2) cosf + Im(z) sin 0" d6,
- - (3.74)
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which follows from the representation z = r(cos ¢ + isin ¢) by some ma-

nipulations.

So, the inequality (3.67) is valid with the sharp constant 5. We now claim
that this constant is attained only for f = 0. By (3.74), it is enough to check
this only for real-valued functions f. If the right-hand side of (3.68) is zero,

then we must obtain

—%Em = f(2),

which implies that E(f) = —% f. Taking into account the property of the
Euler operator in Proposition 2.13, Part (i), it means that f is positively
homogeneous of order —%, that is, there exists a function h : & — C such
that

f(@) = e h (i> , (3.75)

|z]
where & is defined by (2.7). In particular, (3.75) means that f cannot be
compactly supported unless it is zero.

So, Remark 3.28 shows that Part (ii), namely (3.68) implies Part (i) of The-
orem 3.26. Thus, for the part on Sobolev type inequality, we only need to
prove Part (ii). Nevertheless, we also give an independent proof of (3.67)
for complex-valued functions without using the formula (3.74), especially
since this calculation will be also useful in proving Part (ii) of Theorem
3.26.

Proof of Theorem 3.26. Introducing polar coordinates (r,y) = (|, ;) € (0, 00)
x & on G, where the quasi-sphere & is defined in (2.7), and applying (2.8)
and integrating by parts, we obtain

Ji@ras = [ [ 1 dspar

. P o p—2 df(ry)
= _é i re Re/6 lfry) P2 f(ry) o do(y)dr
= LR [ |01 B 676)
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.. s e : 1 1 _
Here, we use Holder’s inequality for  + - = 1 to get

px:—ﬁe )P 2 f(2)Ef(z)dz
/G|f(w)!d QR/@W P2 f () EF (@)d

<L ( / Hf(x)|p‘2f(:v)}qd:v>; ( / |Ef(9:)|pd9:>;

p '
-z ( / |f<as>|pdx) Y.
yielding (3.67) in Part (i).

We now prove Part (ii). If we denote
- __Pp o _
U= U(ZL‘) - _é]Ef7 V= U(:E) —f(CL’),

then (3.76) can be rewritten as

Hv||1£p(G) = Re[G |v[P~2vtdz. (3.77)

For any real-valued functions f we rewrite (3.76) and (3.77)

p 1::—2 )P 2 f(x x)dx
/Grf<:c>rd Q/@\f( P2 f (2)Ef (x)d

and
ol ) = / P2 oudz, (3.78)

respectively. On the other hand, for all LP-integrable real-valued functions
v and v we have

el ) — 1012 ) + P /G (of? — [oP~2vu)dz
= [+ (o= Dl = plol 2oy
G

:p/ L(v,u)|v — ul*dz, 1 < p < oo,
G
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where )
Livw = (p=1) [l (1= up e
0
Combining this with (3.78) one obtains (3.68).

Now let us show Part (iii). If p = 2, the identity (3.77) becomes
||U||%2(G) = Re /G vudz. (3.79)
Then, a direct calculation gives that

lullZ2@) — Ivlz2@) = llullia@ — vl +2/@<|U|2 — Revt)dz

= /(|u|2 + |v]* — 2Revu)dx
G

= / lu — v|*dz,
G

Now we prove Part (iv). First we show that the inequality (3.67) implies
(3.70). Let g = |x|f. Then we have
_ H 9.4
| dlz|

L2(G)
) . 9 (3.80)
g d

d
= —2Re/ i—gd:zc+ H—g
L2(G) G || d|z] d|z|

]

which is (3.69).

g _
IE£() oy = H g 1 o (y)dr

2

L2(G) '

2Re/ mdmgdm— —2Re/ / . Q Ydo(y)dr
= —Re/ / - )9 2do (y)dr = (Q—z)Re/ /\9\2 @3do(y)dr
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2
g

|z| L2(G)
it follows that
EF@ I = (@ - 1) e @81
\x| L2(G
We see from (3.67) and (3.81) that
2 2
g 4 g
sl el L )
|| L2(G) Q? ( || L2(G) d|z| L%(G)
which implies (3.70).

Conversely, we assume that (3.70) holds. For f = ¢g/|x| we have

([ )

L2(G)

2 2
= [If + Efllz2) = 1fllz2)

la

+2Re /G f@Ef(x)de + |Ef|17

Then, since we have

2Re[gf(x)Ef(ac)dx = 2Re/oo/ f(ry)rQimda(y)dr

/ @ [ 4 (5eP) dotoyar
- / / | (ry) 2O do (y)dr

= —Qllfl172c):
and (3.70), we obtain that

4
111z < o=y (B e@ — (@ = ) M)

which means
[fll 2@y < ||EfHL2(G
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Let us now prove Part (v). Since

[Rpai(|2| ) r@) = Ef + fller@) 2 1B fllre@) = 1f e ),
then here we use (3.67) to obtain

Q

—D
Hf”LP(G)a

IRy (|2 )|l e @) > ’

which concludes (3.71). O

Now let us state weighted LP-Sobolev type inequalities on G.

Theorem 3.29 ('* Ruzhansky-Suragan-Y., Theorem 3.4). Let G be a homo-
geneous group of homogeneous dimension () and let o« € R. Then for all complex-
valued functions f € C3°(G\{0}), 1 < p < oo, and any homogeneous quasi-
norm | - | on G for ap # @) we have

1

La < ‘ P —&f (3.82)

|| LP(G) Q —ap||f|z| Lr(G)
If ap # Q) then the constant ‘ 3 fap‘ is sharp.
For ap = Q we have

f log |x
o Y < . (589
|| LP(G) || LP(G)

where the constant p is sharp.

Remark 3.30. In the case when p = @ the inequality (3.83) was obtained
in'!. In Section 3.4, using these inequalities (3.82) and (3.83) we will ob-
tain an extended version of classical Caffarelli-Kohn-Nirenberg inequal-
ities with respect to ranges of parameters (see Theorem 3.44), which are
new in the Euclidean setting of R”, as well as on homogeneous groups.
Moreover, our methods give an improvement by replacing the full gradi-
ent by the radial derivative. In Section 3.5, we will show that Theorem 3.29
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plays a key role in obtaining Hardy inequalities for the Landau Hamilto-
nian (or the twisted Laplacian).

The inequalities (3.82) and (3.83) imply the following uncertainty type
principles:

Corollary 3.31. Let G be a homogeneous group of homogeneous dimension ()
and let o € R. Then for all complex-valued functions f € C5°(G\{0}), and any
homogeneous quasi-norm | - | on G for ap # ) we have

Q—ap
p

1
|
|

/u@mm (3.84)
G

mwmwwz'
L7 (G)

where 1/p +1/p’ = 1. For ap = Q we have

log |x
el

jz]»

\Wﬁww@z%éu@mm (3.85)

LP(G)

Remark 3.32. In the Abelian case G = (R", +), hence ) = n, taking |z|g =
%4 ...+ 22 and a = 1, using the Schwarz inequality we obtain from
(3.84) the classical Heisenberg-Pauli-Weyl uncertainty principle. We refer

to'”! Corollary 4.3 for the case p = Q of (3.85).

Proof of Corollary 3.31. Using (3.82) we obtain

1
|

Q—ap
p

Q —ap
p

f

]

Ef

el 1, > | ol f 1
G) G)

Ly ( Ly (

RS

where we have used Holder's inequality in the last line.

Z ‘

Similarly, using (3.83) one can obtain (3.85). O
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Proof of Theorem 3.29. Using the integration by parts, for ap # () we have

(L / [ 1oty
- / re- O‘Z’Re/ |f(ry)|P2f (r )@da(y)dr

Q—ap
Ef@)f@)P" [Ef ()| f (=)
/ jor dxr = ‘Q —- [ ]erralD) dzx.

Now we use the Holder inequality to obtain
p : p %
( [Ef ()] dx) (/ |/ ()] dm) ’
e |z e lz|*”

To show the sharpness of the constant we check the equality condition in

’Q—ap

|f(z ’
G |x\"‘” Q—ap

yielding (3.82).

above Holder’s inequality. For this, we consider the function

g(z) = ﬁ (3.86)

where C' € R, C # 0 and ap # (). We observe that

Eg(@)\" _ (lo@l~\ 7
( ER ) :<W> ) (3.87)

which satisfies the equality condition in the Holder inequality. Therefore,

Now it remains to show (3.83). For this, by using the integration by parts
we obtain

L@ o [ [ e re—o (1
= [ 1ot -2asa

=—p /OOO logrRe /6 fry) P2 f (Ty)df;:y)dg(y)dr

G
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p—1 1 p—1
) / !Ef(fv)||gl|fQ(x)| o laids = | [Ef ()l log |2|l| [f @)

Q Q(p—1)
o Rl ™

Here, we use the Holder inequality to have

@) Ef@)Plloglzll” \* ([ Lf@F T
[ dxép( / o dx) ( o dx) ,

which implies (3.83).

In order to show the sharpness of the constant, we check the equality con-
dition in the above Holder inequality. Consider

h(z) = (log|a])%,

where C' € R and C # 0. Then we note that

’ (|Eh<x>|| log |x||> ) (&) o 3.8

Q
2] » |7

1
C

which satisfies the equality condition in the Holder inequality. Thus, the
constant p in (3.83) is sharp. O

Let us discuss separately the case p = 2.

Theorem 3.33 ('% Ruzhansky-Suragan-Y., Theorem 3.6). Let G be a homo-
geneous group of homogeneous dimension ) and let | - | be any homogeneous
quasi-norm on G. Then for every complex-valued function f € C5°(G\{0}) we

2 _ (Q B a)Q
12(6) 2

forany o € R.

have

2 2

1
]

Q — 2«
2|

f

ER

1
Ef +

]

Ef +

f

L*(G) L3(G)

(3.89)

From (3.89) one can get different equalities and inequalities. For example,
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for a = 1, we obtain the equality

2 B (Q_2)2
12(@) 2

In (3.89), by dropping the non-negative last term we obtain the following

1 2

]

(3.90)

2]l 2 HI | 2| |

(@)

statement:

Corollary 3.34. Let G be a homogeneous group of homogeneous dimension ()
and let | - | be any homogeneous quasi-norm on G. Let o € R and ) — 2 # 0.

Then we have .

ks

f

ER

<2 , (3.91)
L2(G) 1Q — 2a] L2(G)

for all complex-valued functions f € C5°(G\{0}), where the constant in (3.91)
is sharp and the equality is attained if and only if f = 0.

Ef

This statement on the constant and the equality follows by the same argu-
ment as that in Remark 3.28. We note a special case of a = 1, then (3.90)
gives the L?-Hardy inequality

[

<~ | =Ef
]

, Q=3 (3.92)
e @~ 2|

L2(G)

2 Hl

with sharp constant.

In the case o = 0, the identity (3.89) recovers Part (iii) of Theorem 3.26.
However, in the proof of Theorem 3.33 we will use Part (iii) of Theorem
3.26.

Proof of Theorem 3.33. Taking into account (2.9) and (2.11) for any oo € R we

have
1 d 1 1 1
E—=r——=—-a—=—-a——, r=|x|
|| dr ro ro ||

On the other hand, we also have

S

ol ~ !“

ol + fE

|z Ia'
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Combining these last two equalities, we observe that

Lpropd 1ot (3.93)
] e ol
Then we obtain
2
gy ‘ o, af
|| L2(G) z|* |z L2(G)
2 — 2
_ el + 2aRe / E (i> Tt (3.94)
|| L2(G) G | ) |z]
In (3.69), replacing f by # and using (3.93) we have that
2 2 2
il = () 5 e ], 0
|| L2(G) 2 || 2|x| L%(G)

Using formula (2.8) for polar coordinates, one obtains

2aRe/]E (,ja) de - 204Re/ / re ( sz ) iay)d (y)dr

—a/ / (lf 7“2?/ ) o(y) r:—aQ‘— (3.96)
dr r2e || L2(G)
Summing up all above we arrive at
R CRDN -2 WS Pods =)
=|l5 —« f )
[zl 2 2 |« |a 2|$| L2(G)
which implies (3.89). O

3.2.2 HIGHER ORDER SOBOLEV-RELLICH INEQUALITIES

Here we show higher order version of the weighted Sobolev inequality
(3.82) by the iteration process.

Corollary 3.35. Let G be a homogeneous group of homogeneous dimension () and
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let | - | be any homogeneous quasi-normon G. Let 1 <p < oo, k € Nand o € R
be such that () # ap. Then for any complex-valued function f € C5°(G\{0}) we

have

]

f

ER

(3.97)

< ’ b
LP(G) Q —ap

Remark 3.36. In the case when k£ = 2 the inequality (3.97) can be thought of
as a (weighted) Sobolev-Rellich type inequality.

LP(G)

In the case p = 2 an interesting feature is that we also have the exact for-
mula for the remainder which provides the sharpness of the constants as
well.

Theorem 3.37 ('* Ruzhansky-Suragan-Y., Theorem 3.10). Let G be a homo-
geneous group of homogeneous dimension @) and let | - | be any homogeneous
quasi-norm on G. Let o € R and k € N be such that Q # 2c. Then for all
complex-valued functions f € C5°(G\{0}) the following inequality holds:

9 k
(")
L2(G) Q@ — 2q

The constant in (3.98) is sharp and the equality is attained if and only if f = 0.

1

[

f

ER

E* f

(3.98)

L*(G)

Furthermore, for all k € N and o € R, we have

2

L = (Q—2a>2’“ f
|| 12(G) 2 2| [| 126
k 2k—2m 2
Q — 2« 1 Q—-2a_,.
—E™ E™ .99
+mz< 5 e I e B L G

Although we often do not get sharp constants by iterative methods, since
we have the formula (3.99), we can apply it to prove that the iterative con-
stant is sharp. This may be a general feature of iterating Sobolev-Rellich
type inequalities as the same phenomena was also investigated in R" by
Davies and Hinz°, but they have used very different methods for their
analysis (see also” and ™).
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Proof of Theorem 3.37. Replacing f by Ef in (3.89) we obtain for any a € R

that
1 2 2 E 2 1 _9 2
H E*f = (Q—a) E7 | Ly @ Ef
|| L2(G) 2 [ || 2@y Il 2l 2|z| L2(G)
(3.100)
Combining (3.100) with (3.89) we get
1 2 4 2
—E2f = (Q — a) L
|| L2(G) 2 [ L2(G)
2 2
1 -2
+<9—a) —aIEerQ 2 f
2 || 2|z| L2(G)
1 ~2 2
+ H—aE? fre-Zogel
|| 2|z L2(G)
This iteration process implies
2 2k 2
%Ek f — (Q 20‘) / .
|z 12(G) 2 2% || 2
k 2k—2m 2
Q — 2a) Q—-2a_,.
+ — E™f + EmLf L k=1,2,....
mz_l ( 2 || 2|x|* L2(G)
By dropping non-negative terms, we obtain
1 2 —9 2k 2
_EFfl > (Q O‘) I (3.101)
|| [2(G) 2 |21 1| L2
If Q # 2q, this means
2 2k 2
2 1
= < < > E* f , (3.102)
2] 2y — \Q@—2a) |[x]* 7|2

which implies (3.98). Now let us show the sharpness of the constant in
(3.98). The equality

1 —2

Emlf =0
x| 2|zl

113



can be restated as

EE )+ B o,

and by Proposition 2.13, Part (i), it follows that E™~! f is positively homo-

geneous of degree —< + . Thus, if f is positively homogeneous of degree

m—1— % + «, then all the remainder terms vanish. Since this can be
2%
is sharp.

approximated by functions in C§°(G\{0}), the constant ( QEZ
Even if it were attained, then it would be on functions f which are posi-

tively homogeneous of degree m — 1 — £ + a. In this case \I“*T would
be positively homogeneous of degree —%, and these are in L? if and only
if they are zero. L

3.3 REMAINDER ESTIMATES FOR SOBOLEV TYPE INEQUALITIES

In this section we discuss L*-Sobolev type inequality (see (3.67) withp = 2)
with remainder terms, which can be viewed as an analogue of Stubbe’s

209

inequality~” on homogeneous groups.

Theorem 3.38 (' Ruzhansky-Suragan-Y., Theorem 4.12). Let G be a homo-
geneous group of homogeneous dimension () > 2. Let | - | be a homogeneous
quasi-norm. Then we have for all f € C3*(G)and 0 < § < %2, the inequality

@

Q

[P - [ i1 |dx> o=Sa ([ 1o la(ol) M)
(3.103)
with sharp constant, where
g(|z]) = M(f)(|z]) == ﬁ/@f(lwhy)da(y)
and N
So = 1818Q°T (Q-2) (F(Q/Q)Fr(g)+ Q/2)) ° (3.104)
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Remark 3.39. In the Abelian case G = (R",+) and @) = n, the inequality
(3.103) gives that

n—1

(@ V)@= [ |f(@)Pdr > &

(=) 7
<, ([ 1ol lalel

An interesting feature of the above inequality is that its constant is sharp

|
Rn

2%

2
2%
2*dx) . (3.105)

for any quasi-norm | - |, that is, it does not depend on the quasi-norm
| - |. Therefore, this inequality is new already in R". For the case of the

Euclidean distance |z|g = \/2? + 2% + ... + 22, we refer to'® Corollary 4.4
and”" Theorem 1.1.

Before starting the proof of this result, let us recall the following result®*:

Lemma 3.40 (**). Let p, q be constants, such that ¢ > p > 1. Let f be a non-
negative function. Then for all 0 < s < oo we have

(/0“ | swar

q r/q 00
rq/p—q—ldr) < Chy / | f(r)|Pdr, (3.106)
0

where (a/p— 1T (ﬂ) (4-p)/q
Cpq = (q—q/p)™"* - <L> . (@)

qa—p q—p

is sharp. Moreover, the equality in (3.106) is attained for functions of the form
Fr) = cr(car?P "V £ 1)75, ¢ > 0, ¢y > 0. (3.107)

Proof of Theorem 3.38. In this proof we will use the useful property of the
Euler operator from Proposition 2.15. In other words, we first prove the
theorem for radial functions, then by Proposition 2.15 we extend it to non-

radial case. Thus, let us assume for now that f(xz) = f(|z|). Then, by the
definition of the function g we obtain g(r) = f(r). By a direct calculation
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we have
[ Efsl) e - 5@ - 8) [ 17 el
G G

_ s ( [ 1Ferena—s@-p [ rﬂmw—ldr) |
(3.108)

where 0 < 8 < Q/2. If we set h(|z|) := |z|?f(|z|), then the integration by
parts gives that

/ TR ) Py
0
= [ 18 )+ P P
0
= [ 1F0E e [P a5 [T L FoRCar

- / S P dr - B(Q - B) / T FRe
0 0
(3.109)

On the other hand, by changing the variables s = 79727 we also have that

1
S S
5 Q=28+15Q-28 (s

/ ‘h/(T)|27“Q+1_2’BdT — / ‘(Q _ 25)8(‘2@53@;1]],(8” s Q-2 —M ———
0 0

Q-2
— -9 2 h/ 2d )
Q=29 [ S lPs
(3.110)
Taking into account (3.109) and (3.110), we rewrite (3.108) as
[ EFal)de - 5@ - 8) [ 17s])do
¢ ¢ (3.111)

= [6|(Q — 28) (/OOO s2|h’(s)|2ds) .

Now denoting ¢(s) := h'(s) and ¢(s) := s ?¢(s!), and using Lemma 3.40
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withp=2and ¢q = QQ—% =: 2" we have

| ps = [ opas - / () s

< )QQ( (Q/2)r 1+Q/2) ( /W » Smds)f

() () ] )
(Q )%( (Q/2)r 1+Q/2> (/ (o SQ2d8)§
( )QQ( Q/2 ) </ Ih(s) ]25Q2ds>22*

— (@ -28)% <L) & (He2ra Q/2))

Q—2
<z 2°,.Q-1y =
(/ rF) ) |

where we have used s = r9~2% and h(r) = v f(r) in the last line. Combin-
ing this with (3.111), we obtain that

/G EF(2))*dz — B(Q — §) / (L)) Pds

> [8](Q —28) @ (%) 2 (F(Q/2)§(g)+ Q/2)> )

2 Q-2
( / |rf<r>|2*rQ-1dr)2 _ 830 - 26) % ( )
0

x( (@/2)T 1+Q/2) (/W F(lz)) \2dx) (3.112)

Here, if we set § = (Q — \/Q? —40)/2 for 0 < § < Q*/4, then recalling

v

Qv
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g(|z]) = f(|z|) we see that (3.112) implies that

[ [ 1Faipar > @@ - 40 (525

« (RS 2))5 ([ 1P lateb )

I'Q
So (/@, "

(=)

since (3.104). Thus, we have obtained (3.103) with sharp constant for all
radial functions f € C§°(G).

)
Q-1
Q o

g<\x|>12*dx) "
(3.113)

Finally, using Proposition 2.15, and taking into account ¢(|z|) = f(|z|) in
(3.113), we obtain (3.103) for non-radial functions. The constant in (3.103)
is sharp, since this constant is sharp for radial functions by Lemma 3.40.

O

3.4 EXTENDED CAFFARELLI-KOHN-NIRENBERG INEQUALITIES

In this section, we present new Caffarelli-Kohn-Nirenberg type inequali-
ties in the Euclidean setting of R" as well as on homogeneous groups. We
will discuss their hypoelliptic and horizontal versions in Section 6.1 and
7.2, respectively.

Let us recall the classical Caffarelli-Kohn-Nirenberg inequality **:

Theorem 3.41. Letn € Nandletp,q,r,a,b,d, 6 € Rsuchthatp,q > 1,r >0,

0<6<1,and
a

| —
>
—_
9}

1
— , =+ =, —+=>0, (3.114)
p mqg nr o n

where ¢ = 0d + (1 — 6)b. Then there exists a positive constant C' such that

el @y < Cllal* IV FIl g el F e (3.115)
(
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holds for all f € C3°(R™), if and only if the following conditions hold:

1 1 -1 1 b
—+£=6<—+a )+(1—5)(—+—), (3.116)
romn D n g n
a—d>0 if 0>0, (3.117)
. 1 c 1 a-1
a—d<1 if §>0 and —-+—=-+ . (3.118)
r om P n

The aim of this section is to extend the CKN-inequalities for general func-
tions with respect to widening the range of indices (3.114). Moreover, an-
other improvement will be achieved by replacing the full gradient V f in
(3.115) by the radial derivative R f = %. It turns out that such improved
versions can be established with sharp constants, and to hold both in the
isotropic and anisotropic settings.

To compare with Theorem 3.41 let us first formulate the isotropic version
of our extension in the usual setting of R".

Theorem 3.42 ('* Ruzhansky-Suragan-Y., Theorem 1.2). Let n € N, 1 <
p.qg<o00,0<r<ocowithp+q>réel0,1]N[=%2L anda, b ceR
Assume that % + @ =1,c=06(a—1)+b(1—=9). Ifn# p(l — a), then for

any function f € C3°(R™"\{0}) we have

2] (|§—| - Vf)

In the critical case n = p(1 — a) for any function f € C{°(R"\{0}) we have

2] log |2 (i - Vf)

]

0 0

-5
)H|x|bequ(Rn)'

(3.119)

el oy < \

__r
n—p(l—a) Lo (R

1
1-0

1 Fll ey < 2° | 2 £ || gz - (3120)

LP(R®

for any homogeneous quasi-norm | - |. If | - | is the Euclidean norm on R", inequal-
ities (3.119) and (3.120) imply, respectively,

1
el gy ol gy (3121

Nl Fllor ey < \

__r
n—p(l—a)
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forn # p(1 —a), and

4 a 5 1—6
Nl f ey < 27 2l 10g |2] 5V f o gny 1215 || o » (3.122)

for n = p(1 — a). The inequality (3.119) holds for any homogeneous quasi-norm
5
| - |, and the constant ‘%‘ is sharp for p = q with a — b = 1 or for p # q

5
with p(1 — a) + bq # 0. Furthermore, the constants ‘ L and p° are sharp

n—p(l—a)
for§ =0, 1.

Note that if the conditions (3.114) hold, then the inequality (3.121) is con-
tained in the family of Caffarelli-Kohn-Nirenberg inequalities in Theorem
3.41. However, already in this case, taking p = ¢ witha —b =1orp # ¢

with p(1 — a) + bq # 0, we note that (3.121) implies (3.115) with sharp con-
5

stant. In addition, the constants ’ & and p° are sharp for § = 0 or

n—p(l—a)
d = 1. Our conditions ‘% + @ =landc=0(a—1)+b(1 — ) imply the
conditions (3.116)-(3.118) of Theorem 3.41 on the parameters, which are all
necessary for having estimates of this type, at least under the conditions
(3.114).

If the conditions (3.114) does not hold, then the inequality (3.121) is not
covered by Theorem 3.41. Therefore, this implies an extension of Theorem
3.41 with respect to the range of parameters. In this sense, we call the
obtained inequalities to be “extended Caffarelli-Kohn-Nirenberg”, from
the point of view of an extension of the range of parameters (although
Theorem 3.42 does not imply Theorem 3.41). The conditions (3.114) in
Theorem 3.41 can be considered as “integrability” conditions, in particular
ensuring the behaviour at the origin, however, both Theorem 3.42 and
Theorem 3.41 apply to functions in C§°(R™\{0}).

Let us give an example of an extension of the range of parameters:

n—2p

Example 343. Letustake l < p=¢qg=1r < 00, a = — >

,b=—"and
p
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¢ = —"=% Then (3.121) becomes

p

J 1-6
\Y
{761) S n{‘2p f;, 9 0 S 6 S ]., (3.123)
|x|Ep LP(R") |x|Ep LP(R™) |x‘E LP(R™)

for all f € C5°(R"\{0}), where V is the Euclidean gradient in R". In this

case, we have
1 b 1 1 n
-4+ —=—4+—(—1 =0,
q n p n p

which means that (3.114) fails. Thus, in this case, the inequality (3.123) is
not covered by Theorem 3.41.

The improved versions of the Caffarelli-Kohn-Nirenberg (CKN) inequal-
ity for radially symmetric functions with respect to the range of parame-
ters was investigated in”. In*”” and''?, weighted Hardy type inequalities
were obtained for the generalised Baouendi-Grushin vector fields, which
is when v = 0 gives the standard gradient in R". We also refer to'",'"” for
weighted Hardy inequalities on the Heisenberg group, to'"” and**® on the
H-type groups, to'®' for the special case of CKN on homogeneous group,

220

and to a recent paper~"’ on Lie groups of polynomial growth as well as

to references therein. For other extended CKN inequalities we refer to'”

192

on general Lie groups, and to ’ on Riemannian manifolds with negative

curvature.

Theorem 3.42 is the special case of the following theorem:

Theorem 3.44 (' Ruzhansky-Suragan-Y., Theorem 7.1). Let G be a homoge-
neous group of homogeneous dimension (). Let | - | be a homogeneous quasi-norm.
Let 1 <p,qg<o00,0<r<oocwithp+q>randd e [0,1]N [%,ﬂ and a, b,

c € R. Assume that ‘% + % = land c = 6(a—1)+b(1—0). Then we have the
following Caffarelli-Kohn-Nirenberg type inequalities for all f € C5°(G\{0}):

IfQ # p(1 — a), then

0
el Reat 1y Ml ey - B124)

il ) < 'W
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If Q =p(1—a), then
el Fll ey < 9 [[l21” g [al Ria |y ey [P iy - (3125)

The constant in the inequality (3.124) is sharp for p = qwitha —b=1or p # q
with p(1 — a) 4 bg # 0. Moreover, the constants in (3.124) and (3.125) are sharp
foré =0o0rd =1

Remark 3.45. Our conditions ‘% + @ =landc=6(a—1)+b(1—0)imply
the condition (3.116) of Theorem 3.41, and in our case a — d = 1.

Let us now explain how Theorem 3.44 implies Theorem 3.42 in the follow-
ing remark:

Remark 3.46. In the Abelian case G = (R",+) and @) = n, (3.125) implies a
new type of Caffarelli-Kohn-Nirenberg inequality for any quasi-norm on
R™ Let1 < p,q <00,0<r <oowithp+g>randde[0,1]N[=% 2] and
a, b, ceR. Assumethat%+% =1lL,n=p(l—a)andc=d(a—1)+

b(1 — §). Then we have the Caffarelli-Kohn-Nirenberg type inequality for
any function f € C§°(R"\{0}) and for any homogeneous quasi-norm | - |:

2] log J«] (-
S\ dla]

By the Schwarz inequality with the standard Euclidean distance given by
|z|p = /23 + 23 + ... + 22, we obtain the Euclidean form of the Caffarelli-

Kohn-Nirenberg type inequality:

0
1-46

., 2 F | oy - (3126

2 f ey < P°
LP(R

C a 6 17(5
H|37|EfHLr(1Rn) < P6 2|5 log ’m‘EfoLP(]Rn) H’x‘%f”Lq(Rn) ) (3.127)

where V is the standard gradient in R". Similarly, we write the inequality
(3.124) in the Abelian case: Let 1 < p,q < 00,0 < r < oo with p+ ¢ > r and
5 €0,1]n[=2, ] and a, b, c € R. Assumethat%—l—@ =1,n#p(l—a)

and ¢ = 0(a — 1) + b(1 — §). Then we have Caffarelli-Kohn-Nirenberg type
inequality for any function f € Cj°(R"\{0}) and for any homogeneous
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quasi-norm | - |:

0 1

1-0

p
H‘x’bf”m(ﬂv)‘
Rn)

el ey < \

o df
= (M)

Then, using the Schwarz inequality with the standard Euclidean distance

L

given by |z|p = \/2? + 23 + ... + 22, we obtain the Euclidean form of the
Caffarelli-Kohn-Nirenberg type inequality:

0
1-6

- NtV f ey el ey - (3129)

n—p(l—a)

el Loy < \

Thus, the inequalities (3.127) and (3.129) are new already in the Abelian
case and, moreover, (3.124) and (3.125) hold for any choice of homoge-
neous quasi-norm.

The proof of Theorem 3.44 is based on Theorem 3.29:

Proof of Theorem 3.44. Case § = 0. In this case, since we have ¢ = r and
b = c the inequalities (3.124) and (3.125) become the trivial estimate

2l fllay < 12l o) -

Case 0 = 1. Here, we have p = r and @ — 1 = c. By Theorem 3.29 and
E = |2|Ryy, for Q + pc = Q + p(a — 1) # 0 we have

C p C
el il < QW\ N2 Ef o)
p ¢
= el i e
P
=|—- “Riz ,
L _a)' 1l Rpo fll o

yielding (3.124). Now, for the case ) + pc = @ + p(a — 1) = 0 we obtain
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from Theorem 3.29 that

[z fllzr @) < pll|z|*log |2[Ef] @)
= PHWCH log || Rz |- (@)
= pll|z|*log |2| Rz f |l Lr(c)»

which is (3.125) when § = 1. Since the constants in Theorem 3.29 are sharp,
so the constants in (3.124) and (3.125) are sharp.

Case § € (0,1) N [=2, 2]. Taking into account ¢ = §(a — 1) + b(1 — 4), we
write as follows

% or (1=6)r %
el Al = ( [ lestras) = ([ B M0y

Since we have § € (0,1) N [==2, 2] and p + ¢ > r, then we use the Holder

ror
)

. . or (1-0)r __
inequality for % + === =1 to get

el o) < ( @)l dx)p ( Md)

g |z[P0=) e |z~
é 1-6
= ch_a f_b (3.130)
|| LP(G) || L4(G)

Here one can remark that when p = g and a — b = 1, the equality condition
in the Holder equality holds for any function. In the case p # ¢, we observe
that the function

h(z) = |z|F-oPA-a+0) (3.131)

satisfies the Holder equality condition

L —

= ]

If @ # p(1 — a), then using Theorem 3.29 we obtain

0 0 0

f

ER

Ef

<
]

‘ p
p(G) Q—p(l—a)

LP(G)
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5 s
p Ria)f
:‘Q_ = |'|_a L 1<p< oo (3.132)
P a T LP(G)
Now we plug this into (3.130) to get
5 5 1-5
el < | i
©e Q—p(l—a) ||~ LP(G) || L4(G)

In the case p = g and a—b = 1, since Holder’s equality conditions of (3.130)
and (3.132), respectively, hold for any function and for g(z) from (3.86),
then we can take the function g(x) as a function that satisfies Holder’s
equality condition of both (3.130) and (3.132). As for the case p # ¢ and
p(l —a) + bg # 0, similarly, one can observe that h(z) from (3.131) can
be chosen as a function that satisfies Holder’s equality condition of both
(3.130) and (3.132). Thus, we can conclude that the constant in (3.124) is
sharp whenp =ganda—b=1o0rp # gand p(1 — a) + bqg # 0.

To finish the proof, it remains to consider the case ) = p(1 — a). By Theo-
rem 3.29, we have

6 0

1
% <p° Ogll_xJEf , 1 <p<oo.
|| LP(G) |z| LP(G)
Then, we put this in (3.130) to obtain
. log || . [|° Fo
el fllr@y <0 || i BS -
|| L?(G) || La(G)
5 1-6
5 || log || f
p —Rial f T
|| LP(G) |z| L3(G)
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3.5 HARDY INEQUALITIES FOR LANDAU HAMILTONIAN
AND FOR BAOUENDI-GRUSHIN OPERATOR
WITH AHARONOV-BOHM TYPE MAGNETIC FIELD

In this section we establish Hardy inequalities for the Landau Hamilto-
nian (or the twisted Laplacian). Moreover, we discuss Poincaré type in-
equality and inequalities with more general families of weights, all with
estimates for the remainder terms of these inequalities. In addition, we
obtain weighted Hardy inequalities for the quadratic form of the magnetic
Baouendi-Grushin operator for the magnetic field of Aharonov-Bohm type.
For these, we show refinements of the known Hardy inequalities for the
Baouendi-Grushin operator involving radial derivatives in some of the
variables. In general, our approach in this section is mainly based on the
inequalities for the radial derivative and Euler operators from the previ-
ous sections. For example, to prove the Hardy inequalities for the Landau
Hamiltonian we use Theorems 3.1, 3.29, 5.5.

3.5.1 WEIGHTED HARDY INEQUALITIES
FOR MAGNETIC BAOUENDI-GRUSHIN OPERATOR
WITH AHARONOV-BOHM TYPE MAGNETIC FIELD

In this section we discuss weighted Hardy inequalities for the quadratic
form of the magnetic Baouendi-Grushin operator with Aharonov-Bohm
type magnetic field.

The classical L?>-Hardy inequality has been generalised for Baouendi-Gru-
shin vector fields by Garofalo®,

[ (Ve 4119, 1 Pdady

Q-2 2 |$|27 2
Z( 2 ) An<|x12+ﬂv+<1+v>21y|2>'f [dody, (3.133)

where z € R™, y € REwithn=m+k,mk>1,v>0,Q=m+ (1+7)k
and f € C°(R™ x R¥\{(0,0)}). Here, V. f and V, f are the gradients of f
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in the variables z and y, respectively. In the case when v = 0 we derive the
classical L?>-Hardy inequality from (3.133).

Let us put this result in perspective. Let z = (21, ..., T, Y1, ..., U) = (T, y) €
R™ x R¥ with k,m > 1, k +m = n and v > 0. Let us consider the vector
fields

0 0

Xi:_v Z.:L'“?ma Y; = (,E’Y_’ :17>k

Then, the corresponding subelliptic gradient and Baouendi-Grushin oper-
ator on R™** are defined by

V= (X1, X, Y1, V) = (Vo |2V, (3.134)

and .
A= X7+ VP =0+ 20, =V, V., (3.135)

i=1 j=1

respectively. Here, A, and A, are the Laplace operators in the variables
z € R™and y € R”, respectively. The Baouendi-Grushin operator for an
even positive integer v is a sum of squares of C* vector fields satisfying
Hormander condition

rank Lie[ Xy, ..., X;n, Y1, ..., Yi| = n.
We can define on R™** the anisotropic dilation attached to A, as
ox(w,y) = (A, A7)
for A > 0, and the homogeneous dimension with respect to this dilation is
Q=m+ (1 +7)k. (3.136)
A change of variables formula for the Lebesgue measure implies that

d o x(z,y) = \9dady.

127



It is easy to check that
Xj0dy =A0A(X;), Y00y =A0(Y)),

and hence
V’y o (5)\ = A(SAVW-

Let p(z) be the corresponding distance function from the origin for » =
(z,y) € R™ x R* such that

p=p(z) = (2" 4 (1 +7)2Jy|?) . (3.137)

By a direct calculation one obtains

x‘ ’y
1,0 = 22 (3.138)

P
The described setup is non-group setting that presents similarities.
Weighted LP-versions of (3.133) were obtained by D’ Ambrosio™: Let Q C
R" be an open set. Letp > 1, k,m > 1, , f € R be such that m+ (1+v)k >
a—fand m > yp— . Then for every f € DL?(Q, |z]|*7pllt7P~) we have

' []”
/‘f'pp—adl’dy, (3139)
Q

IV Plal? o dnay = (402
Q p

where D!7(Q,w) denotes the closure of C§°(Q2) in the norm
(J, |V7f|pwdzdy)l/p forw e L} (Q) withw > 0 a.e. on .

loc

If no point (0,y) is in €2, then the constant (%)p in (3.139) is sharp.
The inequality (3.139) has also been established in'*, and in** for Q = R"
with sharp constant. Moreover, in”’, the authors obtained the following
Hardy-Rellich type inequality

Q—a—2 ? 2 « 2 a+2 -2
5 |V7f] p < |A“/f‘ P |pr| )
R R

where the constant is sharp, p > 1, % <a<@-2, feCR"\{0}).
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The inequalities of this type have been also investigated for some subel-

liptic operators of different types, see e.g.**,*,%!,%2, 19 128 and .

Here we discuss the following refinement of the Hardy inequality for the
Baouendi-Grushin operator:

Theorem 3.47 ('* Laptev-Ruzhansky-Y., Theorem 2.5). Let (z,y) = (21, ...,
Ty Y1y s Yp) € R™ X R¥ with k,m > 1, k+ m = n. Let a1, a0 € R be such
that

Q+ay—2>0and m+ yay > 0.

Then we have

d
(e%1 v a2 -

Q+a;—2\° . V)2
> (Tl> / PV, pl z%lfﬁdxdy, (3.140)

2

+ \:U]27|Vyf|2> dxdy

for all complex-valued functions f € C§°(R"\{0}), where the constant (W)2
is sharp.

Remark 3.48. Already in the absence of weights, i.e. for oy = ay = 0, the
estimate (3.140) is new. The obtained family of inequalities extends the
known case of k£ = 0 when one has the classical Hardy inequality, and the
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case of m = 0 when one has the radial version established in'~ (always for

v = 0). We note that since we can estimate ‘ﬁ f ‘ < |V, f], the inequality
(3.140) also gives a refinement to the inequality (3.139) for p = 2. Moreover,
Theorem 3.47 implies the following inequality

/ PVl IV f I + 22|V, £12) dedy

Q+ap—2\° N Va2
> (Tl / PVl z%lfﬁdxdy, (3.141)

with sharp constant, which gives the result of D’Ambrosio (3.139) with
p =2and Q = R". We also refer to'* and?" for (3.141).

The estimate (3.140), in addition to its own interest, will play an important
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role in the derivation of estimates for magnetic operators.

Before proving Theorem 3.47 let us show the following lemma:

Lemma 3.49 (' Laptev-Ruzhansky-Y., Lemma 2.1). Let Q C R" be an open
set. Let (x,y) = (21, e, Tons Y1, -, Yp) € R™ x RF with k,m > 1, k+m = n.
Let oy, o, 5 € R be such that

Q+ay—2>0and m+ ayy > 0.

Then for any real-valued function f € C§°(Q) we have

i 2
/Qpa1|v,yp’012’<v7 + ZﬁA)dexdy > ((W) + BZ)

(o531 (o) ‘ZE|2’Y 2
< p Vapl W|f| dzdy, (3.142)
where v v v
A=l ( =L yp) e R™ x R, (3.143)
p p p

Moreover, if 0 € Q, then the constant in (3.142) is sharp.

Proof of Lemma 3.49. By opening brackets we have

KﬁWVM”M%+MMWM@=KﬁWVM”WJWMy

+ 6 / P V|2 |Af [P ddy. (3.144)
Q

By (3.138) and (3.139) withp =2, a = y(aa +2) + 2 — oy, 5 = y(2 + 2), we
have for any Q) + oy — 2 > 0 and m + ayy > 0 that

o o Q + o — 2 ? ey o 4 2
KjwvwwWJ&mwz<——§—— [ 1901 Eog R Py
(3.145)
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Taking into account the form of the magnetic field

A= (A, A) = (W, WM)
p p

in (3.143), and by a direct calculation we observe that

o ey ey o vx 2 + |z 2 \Y 2
8 [ o Vgl AsPasdy = 3 [ 19 e T BN g,
Q Q P
v 2
252/Qpa1|va’a2%|f|2dxdy. (3.146)

Now we plug (3.145) and (3.146) into (3.144) to obtain

2
/Qpa1|valazl(V7+iﬁA)f|2dz > ((W) +52>

2
x / o |v7p|”%|f|2da:dy, (3.147)
Q
which gives (3.142) by (3.138). Since the constant in (3.145) is sharp when
0 € Q by (3.139), then the constant in the obtained inequality is sharp too
when 0 € Q. m

We obtain the following corollary in R*™ for the Aharonov-Bohm poten-
tial of the type considered in®.

Corollary 3.50. Let Q C R?** be an open set. Let (x,y) = (21, 9,y) € R2xR”,
Let ay, s, 5 € R be such that oy + k(v + 1) > 0and ayy + 2 > 0. Then for
any real-valued function f € C§°(§2) and for the following Aharonov-Bohm type

magnetic field
1 Ousp Ouip |27 Vyp |27V P)
A:<— Lt L Loy L 3.148
p P V2 p V2 p ( )
we have
1 — a2 — o 2 aq _'_k(fy_'_ 1) ? 2
AV B A) Py > ( () 4
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/Q PVl UH | Pdady, (3.149)

where

— o 0 |af \ﬂvl7
V., = (le IRV ALV Al (3.150)

Moreover, if 0 € €, then the constant ((%ﬁm) + 52> in (3.149) is sharp.

Proof of Corollary 3.50. Since m = 2, we have Q) = 2 + k(1 + 7). Taking into
account |Af[2 = |Af|% |V,p| = |V,p| and [V, f|> = |V, f|? one can obtain
(3.149) in the exact same way as in the proof of Lemma 3.49. O

We are now in position to prove Theorem 3.47.

Proof of Theorem 3.47. Denote r := |z| and H(r,y) := p*'|V.,p|**. Then, by
(3.137) and (3.138) we rewrite H(r,y) as follows

H(r,y) = p™ |Vyp|? = r221 707 = o2 (r2050) o (14 9)2y[2) 05

(3.151)
To obtain (3.140), it is enough to prove the following equality

[ (o225

- / / (10,12 + 121V, £ ) ™ H (r, y)drdy
Rk JO

2

2
> rm_lH(r, y)drdy

o0 2
— ((Q +a; —2)a — oz2) /Rk/o %Mfrm_lﬂ(r, y)drdy. (3.152)

Indeed, then noting (3.151) and taking o = W we obtain (3.140).

Thus, to show (3.152) we compute

[ (o002

=[] Qo) e i ardy

2
+ r2

(vy+av-yp) ¥
p

2
> rm_lH(r, y)drdy
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Vup

2
% +r2'Y
P

ot [ /j(

+204Re/ / %rm_lH(r, y)O.f + fdrdy
reJo P

2
) |fIPr™ H (r, y)drdy

+2aRe/ / Vyp X VyfT,Q’y-O—Tn—l]{(7,,7 y)fdrdy
Rk Jo p
= Il+[2+13+14' (3153)

Let us now calculate I, I3 and I, separately. Since

Op _ 10 Vup _ (0 1)y
T 2y+2 an o 2y+2 7
PP p p
we have
87"10 ? 2 vyp ? _ 7147—’—2 + T.Q’Y(,}/ _'_ 1>2|y|2 _ TQ,Y . |v’7p|2 (3 154)
| T - dy+a ooz T 2 Y
p p p p p
Hence, for I, we get
0 o] v 2
I = o? / / | ”f' |FI2rm = H (r, y)drdy. (3.155)
—o00 J0 P

For I5 using the integration by parts we obtain

I3 = —a/ / (2’)/ +m + fya2)p0<1—azv—27—2r2w+m—1+wocz|f|2drdy
RF JO

_a/ / (al — Yy — 2y — 2)pa1_a27_47_47”47+m+7a2+1|f|2d7“dy.
Rk JO

Taking into account H (r,y) = r**7p*1~*27 by (3.151), it follows that

[3:—CY/R}C/O ((Q’y—i-m—l—von)W—i—(m—042’7—27—2)/)4%4)

x " H (r, y)| fdrdy

133



0 r2t2 |V7p|2
. 2y + m + vy + (a1 — agy — 2y — 2
a/Rk/()v < Yoy (al Qo7 g )p2’7+2) pg
X |f|2Tm_1H(T, y)drdy.

Similarly, for I, we have

I, = —a/ / div, (H(r, y)w) P2 12 dpdy
Rk Jo P

—Oz(’y + 1) /k / diVy (palfozz’ny'nyy) raz'y+27+mfl|f‘2drdy
R 0

2
— _ _ _ a]—ay—2y— 3(7 + 1) ‘y|
— a/Rk/ ( a) —agy — 2y —2)p pras

% Ta27+2’7+m 1|f|2d7’dy

_&/ / k(’)/ + 1)pa17a2772772ra2'y+2'y+m71‘f‘ZdT,dy'
Rk JO

2y

Since 7T = Wg—{"? by (3.154), then using H (r,y) = r*27p*~**Y we obtain

:_a/]Rk/ (al—Oéz”Y 2y — 2)( p2712|y|2+k(fy+1))

|V;p] ‘f‘Z m— 1H(7’ y)drdy

Then, recalling (3.137) we calculate I3 + I, as follows

13+I4:—a// (g —aey =2y =242y +m+yas + k(y+ 1))
rE Jo

\Y%
<L a1,y

_ ’VVP‘ 2, m—1
= a/Rk/ (Q+« |f|*r™ " H(r,y)drdy, (3.156)

where we have used ) = m + (1 + v)k. Now we put (3.155) and (3.156)
into (3.153) to obtain (3.152).
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Now, to show the sharpness of the constant in (3.140) we observe that

/ PPVl (V1P + 2P|V, f ) dady

d
Z/ PV p|*? <'m

Q+ar —2\° o o | V0]
S (T v %m?dmy.
Rn P

2

+ |a:|27|Vyf|2> dzdy

Therefore, the constant (%)2 in (3.140) is sharp, since we know that

the same constant is sharp in (3.139). O
We now state the main theorem of this section for complex-valued func-
tions f.

Theorem 3.51 ('* Laptev-Ruzhansky-Y., Theorem 2.4). Let (z,y) = (x1, %2, y)
€ RZ x R*. Let oy, 0,8 € R be such that oy + k(v +1) > 0, ag + 27y > 0
and —1/2 < 5 < 1/2. Recall /V;, A and p defined in (3.150), (3.148), (3.137),
respectively. Then for any complex-valued function f € C5°(R*™\{0}) we have

[ oV, i8) Py
R2+k

ar+k(y+ 1D\, a1 S tan 117 o
z((# +8) [ I ey, (3157)

2
and the constant (%ﬁm) + (B2 is sharp.

Proof of Theorem 3.51. By polar coordinates for z-plane x; = rcos¢, o =
rsin ¢, we have r = |z| and

Oup r27* 1 cos ¢ Oup r?*lsin ¢

po O (LR o U (L )y

Vo _ (1+7)y
po 20 4 (14 )2yl
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Thus, we can write
[ o Il (T, + 0820 Pdeidrady = 1y + 1 (3.158)
R2+k

where

2y+1
=T (cos00n = %2200~ i )
x rH(r,y)drdody

2

2

N

and

LT (V0 e s )/
/Rk/ / Kv +if- 1+'y<1_2—17—|)-7) !y|2)f2

r* " H (r, y)drdedy.
By opening the brackets we obtain

\3 f\2 B2 |2
/Rk / / (|a f’Q ¢ (7,2(1+’Y) + (1 + 7)2’y‘2)2) TH(T, y)drd¢dy
o 0, f 7,57"2’74-1']('
e /Rk/ / < ; 2049) + (1 4 7)2 \W) rH(r, y)drdgdy

L (oo

(1 + )2yl
and

<SlIl 00, + cos¢ T cos¢ ) f

8¢> + 7/5 2(147) + (1 i 7) |y|2
x rH(r,y)drdody

2
r2r+l H(r,y)drdody

8¢,f+zﬁ —

2
> rH(r,y)drdody

27 [e’s)
]2:// / |Vyf|2r27+1H(r,y)drd¢dy
rkJo Jo
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2
+52(1+7)2/ / / (r20+) ‘y|1‘{17)2|y‘2>27”27+1H(r,y)drdqﬁdy,

Using the Fourier series for f we can expand
y)= Y fulr,y)e™,
k=—0oc0

and by a direct calculation, we get

1 27
r2 Jo
2r r2+2

2
_ = 2
2 k (k + ﬁ,,»2(1+7) +(1+ 7)2|y\2) [ fe(r, )

7aQ’y—i—Q

2m
zr—m1n(k+ﬁ 2009 4 (1 4 7)2 ’?/\2) Z|fk7‘y

1 ) 2712 2 p2m )
Wmé“(’”ﬂ 1+7>+<1+v>2|y|2)/0 7o

) 47+2 27 2d
= T 1R / 71 do.

Now putting the obtained estimates for /; and I, in (3.158) we have

2

de

T2'y+2

EXTEEel

O] + 18—

/ p \V7p|a2|( + iBA) f|2dzydaady
R2+k

2T %S
> /]Rk/ / (’arf|2 +T’2'Y‘Vyf|2)TH(’f’, y)drdody

2 47+2+ (14 7)%y[>r> 2
o // [ (G sy ) i vrdos

- / / / (10, + 7|V, £ ) H (r, y)drddy
RE JO 0

2 oo TQ'Y
o /R /o /0 rF2 4 (14 9)%y[? |[fFrH(r,y)drdedy.  (3.159)

Since |§;p| = |V, p|, then putting m = 2 in (3.145) and taking into account
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(3.151) we obtain the following estimate for the first integral in (3.159)

21 0o
/Rk /0 /0 (‘8rf|2 + 7’27|Vyf|2)7’H(7“, y)drd¢dy

ar+ k(v + 1)\ = V)2
> (D) e o e s
R2+k

Let us now calculate the second integral in (3.159) as follows

27 0o 2y

2 T 9
H drdeod
0 /Rk/() /0 7”27+2+(1+’y)2|y|2|f| rH(r,y)drdody

2 2 r4+2 cog2 ¢ ,
=0 /]Rik / / (r2+2 4 (1 4+ 7)2|y[2)? |f|*rH (r,y)drdedy

2 o r1*25in? ¢ )
b /Rk/ / r27+2 1+’7) |y‘ ) ’f’ TH(T’, y)drdqﬁdy
2 1 + '7 2 2'y y 2
+ /k / / r27+2 il ’f|27"H(7’, y)drdody
R

(1+7)2y[*)?
B /82 /R;2+k pal ’v'Yp‘OQ

(amp Dusp |27 Vyp |2 Vyp) ’
TP
= [T L vy (3.161)
R2+k P

2dxdy

PP V2 p V2 op

Putting the estimates (3.160) and (3.161) in (3.159), we obtain (3.157). Since
we have (3.157) with sharp constant for all real-valued functions by Corol-

lary 3.50, then this constant is sharp also in the class of complex-valued
functions in (3.157). O

3.5.2 HARDY INEQUALITIES FOR LANDAU HAMILTONIAN

In this section we discuss Hardy inequalities for the Landau Hamiltonian
(or the twisted Laplacian) using the inequalities (3.2), (3.82), (3.83) and
(5.11) associated to the radial derivative operator.
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Let us recall that the Landau Hamiltonian on C" is defined as
T 2
= Z [(za% n ) v (zayj ; ) ] . (3.162)

Setting

1 ~ 1
Xj =0, — siy; and Y; =0, + &

2 53

we have "
L==> (X2+Y}) (3.163)

j=1
The twisted Laplacian can be also written as £ = —A + 1 (|z]* + |y|?) + N,
where

N => (y;0s, — z;0y;) (3.164)

j=1
is the rotation field. Let V. be the gradient operator associated with L:
Vef = (XS Xaf S Yo f). (3.165)

Let W,?(C") be the Sobolev space defined by

WpA(Cr) = {f € LX(C"): X, f,Y;f € L}(C"),1 <j<n}.  (3.166)

In the paper®, a version of the Hardy inequality for the Landau Hamil-
tonian (or the twisted Laplacian) was established for real-valued functions
f € W,;*(C"), namely, the inequality

[flPw(z)dz < | |Vefldz,
cn cn

_(IVeel? | 1P
(.U(Z) - < 52 + 4 )

where ¢ is a fundamental solution to the twisted Laplacian on C". More-

with the weight

over, it is shown there that the weight w(z) is optimal and never achieved,
and the constant 1/4 is the best for this weight, and never achieved.
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In this section we obtain the versions of Hardy inequalities for the Landau
Hamiltonian for both complex-valued and real-valued functions.

In fact, we obtain results for operators £, of the form

n

Ly =3 [, + 0(l2Dw5)" + (10, = v(12D),)°]

j=1
where v(|z|) is a radial real-valued differentiable function satisfying some
conditions, z = (z,y). Setting
Xj =0, —it(|2l)y; and Y =0y, +it(|])a;,
we write
Ve f = Xaf, Xof Yaf, L Yo f). (3.167)
As usual, we will identify C = R?.

Let 2 C R? be an open set and let £12(Q) be the completion of C§°(Q\{0})
with respect to

1fllg12i) = [1fllz2@) + [[Ef]lr2(0)- (3.168)
We then have the following result for complex-valued functions f.

Theorem 3.52. Let 01,05,03,04,a,b € R with a,b > 0, 0; # 0, 6,03 < 0
and 204 < 0,05. Let 1) = (|z|) be a radial real-valued function such that ¢ €
L? (Ry) with

loc

Ul < 5, ¥ € (0,00). (3.169)

Let Q2 be a bounded domain in C and R = sup{|z|}.

zeQ

Then we have the following inequalities:

(i) the weighted Hardy-Sobolev inequality

AL :
[t [z [irare o

for all complex-valued functions f € C5°(R*\{0});
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(ii) the logarithmic Hardy inequality

19t og sz = [ 18P0z > [ @iz og =P Pz, 3171)
for all complex-valued functions f € C§°(R*\{0}),
(iii) the Poincaré inequality

Lﬁﬁ%w—tﬂﬂw>/ (2?2 £, (3.172)

for all Eomplex—valued functions f € £5%(2) satisfying ﬁ [ € L*(2), where the
space £5°(Q) is defined in (3.168);

(iv) the Hardy-Sobolev inequality with more general weights

blz|f2)l ~ 005 — 20 b|z|f2)0s
/C(a+ ‘Z‘ ) |v£f|2dzz 2 32 4/@(61_'_ ‘Z’ ) |f|2d2

‘Z|294 ‘Z|294+2

4 / WlD)a+blaf™)™ oy (3.173)
C

‘Z|294_2

for all complex-valued functions f € C5°(R*\{0}).

Proof of Theorem 3.52. Let k(|z|) # 0 be a radial function. By polar coordi-
nates for the z-plane z = r cos ¢, y = rsin ¢, we have

|ch|2

B /OO /27r (Z cos 0 - iSiH¢a¢ +p(r)r sin¢> f 2 rd(bﬂ
n ()
< _ 1COS ¢ 2 o

+/0 /0 ( (z sin ¢0, + Oy — Y(r)r cos gb) f ) ngbw

00 2 9 9 .
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z@d)f dr
_2Re/ / < rf) rd¢w
2 1 )
— /0 /0‘ (’8Tf|2 —+ r—2‘26¢f — w<r)r2f’2) Td¢W:)

Let us represent f via its Fourier series
o
r ¢) = Z fk(’f')elkxz).
k=—0o0
Then from assumptions on ¢ we obtain

5 [ l0ut = oty 1P = 5 Sk + w0 )P

k

2m
> 2 win(k -+ () S ) = Smin(h o) [ 150

0

=) [ o

0

Thus, we arrive at
|€£f|2 1 ’ d I? |Z|2(1/J(|Z|))2 ,
d | d L) 2 de. (3174

Now, we choose different ~(|z|) in (3.174) so that we can use the inequal-
ities (3.82), (3.83), (5.11) and (3.2) to obtain (3.170), (3.171), (3.172) and
(3.173), respectively.

First, taking x(]z|) = |2|** we obtain

o r)2
/\ch\ ds > 1 | d
c |#** c |2[* |d

dz + /(C (figf% fPPdz.  (3.175)

In the Abelian case G = (R?,+), p = 2and § = 6, + 1 with 6, # 0, (3.82)
implies
=1 c \z|291+2 <
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We use this in (3.175) to obtain (3.170).

Putting (|z]) = |log|z||~2 in (3.174), one has

/ | log |||V of[2dz > /
C

2
dot / ({1221 P Log 2] | f Pz
C

(3.176)
In the Abelian case G = (R? +) and p = 2, (3.83) implies
dz > — / |f|?dz.
Combining this with (3.176) we obtain (3.171).
We take x(|z]) = 11in (3.174) to get
[¥erpas= [ |t e (@RI G177
C

In the abelian case, when 2 is a bounded domain in (R? +), and p = 2,

2
d|z| = R / | FFd=.
From this and (3.177) we derive (3.172).

(5.11) implies

Putting x(|z|) = ("“Jrlbl‘z# in (3.174), we have

2

(a+bl2")™ = /(a+b!z\92)9 d
e >
/<c |2[264 Vefl'dz 2 |2|20s e ’f dz
2(|z])(a + b|z|*
/w || 20 2| )" |f?dz. (3.178)

Again, in the Abelian case G = (R?,+) and p = 2, (3.2) gives

2

d
dz,

d|z|

_ 6263 6203
0,05 294/(a+b\z| ) deZS/(cH—bM ) F

2 ’Z|294+2 ‘Z|2€4

for a,b > 0, 6,03 < 0 and 20, < 0,05. Then, this and (3.178) imply (3.173).
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]

Now we give some inequalities for real-valued functions to show the best
estimates one can expect. While estimates for real-valued functions have
less physical meaning than those for complex-valued functions in ques-
tions of the spectral theory, they also find their use in applications to the

existence of real (or positive) solutions to some nonlinear equations.
Remark 3.53. Let 1) = 1(]z|) be a radial real-valued function such that ¢ €

L} (Ry). By a direct calculation we have for all real-valued functions f €

W,?(C") that
/C Veffdz =3 / (1602, + ) £ + 169y, = ag2D) ) d

- / VP + / 2P0 (22 P (3.179)
cr cn

where VVLI’2 is defined in (3.166). Using the well-known Hardy inequality
for n > 1, we obtain

- Mi
VeflPd —1 —=d d 3.180
[ Werbizz =17 [ Lodee [ PGP (3150

Sk

for all real-valued functions f € W,*(C") and n > 1. We note that for
¥(|z|) = 5 we recover the classical Landau Hamiltonian, i.e.

21/2 = —L and VLl/Q = Vﬁ.

Let 2 is a bounded domain in C with 0 € Q2 and R > e - sup{|z|}. Then, we
z€Q

use the critical Hardy inequality with sharp constant for f € W,?(Q) (see
for example*,”) to obtain

1 ’f|2 2 2 2
[ 1¥espaz = [ ST [ iR et @y

(108 £)

for all real-valued functions f € W}*(1). Since the constants in the Hardy
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and critical Hardy inequalities are sharp, then the constants in the ob-
tained inequalities (3.180) and (3.181) are sharp too.

Remark 3.54. In the case n = 1 of the Remark 3.53, we can also use another
type of the critical Hardy inequality (see, e.g., Solomyak®”) in (3.179) to
obtain

. £|2 ‘f’Q 2 2| £|2
L Veras 2 0 [ s [ e

where (' is a positive constant.

Remark 3.55. Let L be the magnetic Baouendi-Grushin operator on C”
with the constant magnetic field

n

Lg= Z((iawj +1,5(y;))? + (P70, + ay(x5))?),

j=1

loc

wluj (yj) and S/\; = i‘x”yayj + wQJ (mj), we write

where || = \/|z12 + ... [2,a]? Y1, e € L7 (R\{0}). Setting )?j =10y, +

vﬁcf: (leaainfag}lfva?nf>

Then, by a direct calculation for all real-valued functions f € Cg°(R*"\{0})
we have

/ P V|2V g, [P dz

= Z /(C PVl (\ (i0s, + 013 (y;)) FI* + | (12D, + 1o ;(x5)) f|2> ds

= /(C p |V7p|"‘2|VA/f|2dZ+2:/(C PVl (25 () P[00 () )L f Pz
Here, if we use the inequality (3.145) with m = k = n, hence Q = n(2+7),

then we obtain the following Hardy inequality for magnetic Baouendi-
Grushin operator on C" with the constant magnetic field

/ Pt V|2 |V i f1Pdz
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n2+7)+a -2 o a 12177 1o
Z( 5 )/Cnﬂl\vv/ﬂ QWW dz

+> /(Cn PVl ([0, (25) 1P + b5 () )] 1P dz,
=1

for any real-valued function f € Cg°(R**\{0}) with sharp constant, where
n(2+v)+a; —2>0and n + ayy > 0.
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Integral Hardy inequalities
on homogeneous Lie groups

THis chapter, whose content is based on joint work with Ruzhansky ',

is devoted to the various types of integral Hardy inequalities on ho-
mogeneous Lie groups, where instead of estimating a function by its gra-
dient, we estimate the integral by the function itself. Such integral Hardy
inequalities, namely, the convolution Hardy inequalities are useful in ob-
taining hypoelliptic functional inequalities that we will discuss in Chapter
6. In order to obtain the convolution Hardy inequalities, we first prove
weighted integral Hardy type inequalities, which provide the characteri-
sation of pairs of weights for the integral versions of Hardy inequalities to
hold.

4.0.1 WEIGHTED INTEGRAL HARDY INEQUALITIES

In this section we introduce various types of weighted L? — L9 inequalities
for the Hardy operator on homogeneous Lie groups for different ranges
of indices 1 < p,q < oo. Moreover, we show necessary and sufficient
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conditions on weights for such inequalities to be true.

Theorem 4.1 ('”° Ruzhansky-Y., Theorem 3.1). Let G be a homogeneous group
of homogeneous dimension Q. Let {¢;}?_, and {1, }7_, be positive functions on
G, and let 1 < p < q < co. Then the inequalities

(/ </B(o,x|) d W'Z)q%@)dff); <G ( / <f<x>>w1<x>dx)p @1)

and

(/G (/(G\B(O,M) f (Z)dz)q@(ﬂj)dﬁ); <G ( [G (f (w))pwz(:v)dxy (4.2)

hold for all f > 0 a.e. on G if and only if, respectively, we have

1
v

A, :=su 1(x)dx ’ 1(x _(p/_l)dx)p 00 4.3
([ o) ([ i) <00 (43)

and

1
o

— g -('-1) g
Ay Zli% (/{x|§R} qbz(x)da?) (/{|sz}(¢2($» dx) <oo. (44)

Moreover, if {C;}2_, are the smallest constants for which (4.1) and (4.2) hold,
then

Ai S CZ S (p/)p péAi, 1= 1,2 (45)
Remark 4.2. In the Abelian case G = (R",+) and Q = n, we refer to'*
for ¢ = p, to” and® for p < ¢q. Note that when ¢ = p > 1 and ¢,(z) =

|B(0, |z|)|7? and ¥ (x) = 1 in (4.1), we obtain A; = (p — 1)~*/? and

</R m/gw f(2)dz

where |B(0, |z])| stands for the volume of the ball B(0, |z|). We refer, e.g.,
to® for the inequality (4.6).

P NE N\
dx) SF( [ 15 dx) . @6)

Proof of Theorem 4.1. Let us only prove (4.1)(4.3) since (4.2)<(4.4) can be
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proved similarly.

First, we prove (4.3)=-(4.1). Then, using the polar decomposition on G and
denoting r = |z|, we can write

[ [, ] o
:/0 /GTQ‘lqﬁl ) UOT/GSQ‘lf(sy)dJ(y)dS]qda(y)df-

Setting
” 1/(pp)
= ([ [y asiom) 48)

and using the Holder inequality, we calculate

//QlaMTw—//Qlwwwwmmu

x ((1(sy))7g(s)) " dsdo(y)

(//“Ql (59)( >Ww@V@w@fm
(// Q-1 rg(s)] " dsda(y))l/p/.

(4.7)

IN

(4.9)
We denote

WQ./’Qwﬂmw<pr@fw@, (410)

/ / et NYPg(s ))*p' do(y)ds, (4.11)

Wi(r) ::/CTQ_lgzﬁl(ry)da(y), (4.12)
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for s, > 0. Now, we plug (4.9) into (4.7) to obtain

/ 21 ( / o) (z)dz)qdass /O T ( /O TU(s)ds)q/p (V(r)/¥ dr.,

(4.13)
Let us now recall the following continuous version of Minkowski’s in-
equality (see, e.g.,°" Formula 2.1 or” Theorem 2.1): Let # > 1. Then for
all f1(x), f2(xz) > 0 on (0, c0) the inequality

0o x 0 0o o0 1/6 o
/0 fi(z) (/0 f2(2)d2> dx < </0 fa(2) </Z fl(x)dx) dz) (4.14)
holds. We use (4.14) with § = ¢/p > 1 in the right hand side of (4.13) to get
1(x z)dz | dx
Lo ([, se)
p/a a/p
< / ( / Wi (r )47 d'r) ds) . (4.15)

T(s) := / 5@ (g (s)) 7 do(y),

and using (4.8), (4.11), the integration by parts, (4.3) and (4.12) we calculate
V (r) as follows

e Lo
ra([on) oo 4 o
([ ) —y ([ sQ*wl(sy))l-p’do(y)ds)W

o ([T [ ¢1<sw>da<w>ds)_l/q=pz41 ( [mwl<s>ds)_l/q.
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Similarly, using the integration by parts and (4.3), it follows that

/W1 )Y dr

—1/p’
(p'Ay) q/P/ Wi(r (/ Wi (s ) dr
= (p'A;) q/p (/ Wi (r d)

(4.16)
/p
(p'Ay) a/p' (//qublryda) )
—q/(p'p)

('A q/ppAq/P(/ Ql/ rylpda )d)

_ Aq( )q/p p(g

where we have used (4.8) in the last line. Finally, recalling (4.10) we plug
(4.16) into (4.15) to obtain

/G%(w) ( 0r> ) o= ( U(s Mjf(p')plpp/q(g(s))pdS>Q/p
— AY(p)9? p (/OOOU pd8>q/p

fe'e) ‘1/1!’
SO f ()P (sy)dor(y)ds )
0 (G}

q/p
= Al(p q/pp( e Pdas) ,

_ Aq q/p

=
N\

Q

(4.17)

which implies (4.1) with C; = A,(p')"/?' p'/a.

Now it remains to show (4.1)=(4.3). If we take

f(x) = (@) xon (l2])
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with R > 0, then we have

¢1 ) d ” (1 () da -
|z|<R
— ( / lSR(wl(x))lp’dx> b ( /| SR(z/;1<:c))1p’czgc) o 1. (4.18)

Consequently, by (4.1) we also have

C=C ( / Yy (z pdm) v ( /| SR(m(a:))l—p’dx) o
q 1/q —1/p
> ([ ( / B rs) as) /| |SR<w1<x>>1-p’dx)
q 1/q -1/p
= (/ e (/ B rs) as) /| @wmx))l-p’dxl)

Now, we combine (4.18) and (4.19) to obtain (4.3) with C > A;. O

Now let us discuss the case ¢ < p of Theorem 4.1:

Theorem 4.3 ('”° Ruzhansky-Y., Theorem 3.3). Let G be a homogeneous group
of homogeneous dimension Q. Let {¢;}i_; and {1;}}_5 be positive functions on
G,andlet 1 < g <p <oowith1/d =1/q— 1/p. Then the inequalities

</ (/B(W) / (Z”Z)q%(@dx); <G ( / <f<x>>%3<x>dx>’l° (4.20)

and

1

(/@ </G\B(07|a:) f(z)dz>q¢4(x)dx) <G ( /G (f (l“))%x(fﬁ)dx) T @21)

=
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hold for all f > 0 if and only if, respectively, we have

S
7

ae [ (] - ¢3<z>dz)g (f (Olel)<w3<z>>1—p'dz)" (s(2))! P da < o0

(4.22)
and
a=[(f . o) ([ \B(O,ul)(w(z»l—p’dz) 7 (alw)) P < co.
(4.23)

Remark 4.4. In the Abelian case G = (R",+) and () = n, the inequalities
(4.20) and (4.21) were studied in®"'.

Proof of Theorem 4.3. Let us only show (4.20)<>(4.22) since (4.21)«>(4.23) can
be proved similarly.

First, we prove (4.22)=-(4.20). Let us introduce the notations

Wa(r) ::/CTQ_lqﬁg(Ty)da(y) (4.24)

and

G(s) = / @ sy) (s (s)) P dor(y) (4.25)

for h > 0 on G to be chosen later. By the polar decomposition on G we
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obtain

[0 ([, 07 2) 0

[ oo d0<(//”¢3 Vi)
- [ ([ o)

/0 i (/OG dr) (/ Wg(r)dr>ds
o[ [ s s alsn) |

(// L h(rw) (s (rw)) 7 do(w )dr)q_ (/:OWQ(T)dr> dsdo(y)
_q// @1 (sy) (s (s a

(foO PO h(rw) (s (rw)) - ’drda<w>>q‘l
fef 1/13 (rw))1 =P drdo(w)

(L[ o)™ ([ i)Yt

Here, we use the Holder inequality (with three factors) for 2 S+ LB Ei=1

to get

/¢3 (/ P3(2))' /dz)qu < ¢ KK, (4.26)
B(0,]z|)

where

- ( L[ sttty dsda<y>)1/p

= ( /G (h(w))p(%(w))l_p'dx) 1/p7 (4.27)
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Koim ([ [Tty

f fOS 7aQ_lh(r'w)(1/13(7“?1)))l_plalrda(w) P »
X ( Gfe fos r@=1(y3(rw)) = drdo(w) > dsda(y)> (4.28)

and

(a=DLp

<// oo ([ [ m”dwu)
(/ Walr ) dsdo(y )) ’ . (429)

Let us now estimate K, and K3. So, we restate K, as

q—1

o= </G (fB(o,gff)b(g?z()i;ip/dz)p </B(07|$|)(w3(2))1plh(z)dz)pdx> p .

Here, in order to apply (4.1) with p = ¢, f(x) = (¢3(z))'? h(x) and

o) — (Y3(x) #)(1-p)
#i) S0 12 (W3(2)) 7P dz)P’ Vifa) = el

let us check that

A= (/leR(?ﬂs(iE))l_p/ (/JB(OmI)(wS(Z))l_p,dz) ’ dﬂ?)

/v
« ( /| JREE) de) <00 (430)

1/p

holds uniformly for all R > 0. Indeed, once (4.30) has been established,
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the inequality (4.1) implies that

Ky, <C (/G(¢3(x))(1—p’)(1—p+p)(h(x))pdx) o

q—1

—o( [t@ree i) " aa

To check (4.30), denoting S(s) = [ 59~ (¢3(sw))' # do(w) and using the
integration by parts we observe that

( / / (g (r) ( /0 TS(s)ds) h drda(w))
x ( [sto) "= ([ ([ soe) "soae) ([ steas)”
<(pa([fsom) ") ([ s o

For K, since we have ; = é

([ ) ()

<59 (s9) ' doy)ds)

) </G (/G\Bw,zn ¢3(Z)dz) : (/Bm,lw)(%(z))l_p,dZ) N

pP—q

x(wg(a:))lfp’dx) ! :A? <o0o. (4.32)

1/p

= p 1, then using (4.22) we note that

Now, we plug (4.27), (4.31) and (4.32) into (4.26) to obtain

[ onta (/ RCIEE W) do
q/p

<o ([ areaey i)
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which implies (4.20) after choosing h := f@bg_l.
To show (4.20)=(4.22), putting the functions

)= (/y|z|m| ¢3(Z>dz) o (/ak§|2§:v|(¢3(2))1_p/dz) o

X(’1/13(,1'))17#)((0%’5’6)(’,I")’ ]{ = 1, 2, ey

instead of f(x) in (4.20), we get (4.22), where 0 < oy, < B; with oy, N\, 0 and
By oo for k — oc. H

Remark 4.5. Actually, in'"" we showed that the proof of Theorems 4.1 and
4.3 also work on general metric measure spaces possessing polar decom-
positions

/f(x)dx:/oo f(r,w)7(r,w)dw,dr (4.33)
X o Je.

at a € X for some set ¥, C X (which may depend on r) with the mea-
sure dw, on %,, and (r,w) — a as r — 0, where X is the metric space
with a Borel measure dz, and 7 € L., f € L*(X). We used such integral
inequalities to obtain Hardy, Hardy-Sobolev, Hardy-Littlewood-Sobolev,
Caffarelli-Kohn-Nirenberg, Gagliardo-Nirenberg inequalities and their crit-
ical versions on general connected Lie groups, which include both uni-
modular and nonunimodular cases in compact and noncompact settings.
We also refer to'*® for the integral Hardy inequalities (4.1) and (4.2) on X.

183

In"®” we also established the following weighted exponential inequality:

Theorem 4.6 ('** Ruzhansky-Suragan-Y., Theorem 5.1). Let ¢ and v be pos-
itive functions defined on G. Then there exists a positive constant C such that

[owesMisn@is < ¢ [ @i @3
G G
holds for all positive f if and only if

o(x) exp (Mlog L) ()
A = sup RQ/ 5 dr < o0, (4.35)
|z|>R |z[2Q

R>0
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where (M f)(x) = \B(o—l,um fB(o,m) f(2)dz.

Remark 4.7. In the Abelian case G = (R",+) and @@ = n, the inequality
(4.34) was studied in'"’ for n = 1, and in®' for n > 1.

Since (4.34) involves Orlicz norm, we refer to> and references therein for
Orlicz estimates for the Hardy integral operator.

4.0.2 CONVOLUTION HARDY INEQUALITIES

We now discuss integral Hardy inequalities in the convolution form. We
will show in Chapter 6 that such inequalities are particularly useful to ob-
tain hypoelliptic Hardy-Sobolev inequalities and their critical versions on
graded groups if we take Riesz kernels of hypoelliptic differential opera-
tors instead of the convolution kernels.

Theorem 4.8 (' Ruzhansky-Y., Theorem 3.5). Let G be a homogeneous Lie
group of homogeneous dimension (). Let | - | be an arbitrary homogeneous quasi-
norm. Let 1 <p < g <ooand0<a <Q/p Let0 <b<Qand 5 =1—-1+5.
Assume that \Ta(l)(x)\ < Colz|*= ¥ for some positive Cy = Cy(a, Q). Then there
exists a positive constant Cy = Cy(p, q, a, b) such that

< Cil| fllzr ) (4.36)
La(G)

Ek

holds for all f € LP(G).

Proof of Theorem 4.8. Let us split the following integral into three parts as

follows
dx

/wuwmmwswm+%+%x (4.37)
G x

T dx
M, = T (y™ d) —,
1AKAMJG@xWMy,W

(1) (1 ‘e
My = T3 () fWldy ) —
G \J {la|<2ly|<ale} ||

159

where



and

M; = T (y™ d )qd—x.
3 /((;(/{y|>2|g;}| a (y x)f(y)| Y |ZL‘|b

Let us first estimate M;. We can assume that | - | is a norm without loss of
generality because of the existence such a norm (Proposition 2.9) and since
replacing the seminorm by an equivalent one only changes the appearing
constants. Although we could give a proof without this hypothesis, it sim-
plifies the arguments below.

By the reverse triangle inequality and 2|y| < |z| we note that

— T T
e 2 el — 1ol > 1o - 51 = B, (439

that is, |z| < 2|y~ 'z|. Then, since Tél)(x) is bounded by a radial function
which is non-increasing with respect to |z|, we have for M, that

1 ! dr
M d 7) -
1§/6(/{2y|<|m}|f(y)\ y) ({|I83§>Z|}| p (2)|> 2
q ‘x|)(aQ)q dx
<C d — —
- /((}(/{2|y<|w} )l y) ( 2 |z[?

In order to apply (4.1) to M;, we need to check the condition (4.3), that is,

(4.39)

1

(a—Q)q % o
/ (@) d_f”b ( / dx> <A, (440)
(2R<|zl} \ 2 || {|z|<R}

for all R > 0. For this, let us consider the cases R > land 0 < R < 1
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separately. For R > 1 we have

1
v

(a—Q)q d % >
©R<lzl} \ 2 |z {|z|<R}
1
(a—Q)q q
9 || dx
= ch (/ (7) |:c|b>
{2R<|z[}

1

< CRg (/ |x|(a—Q)q—bdx> a
{2R<[z[}

< CRgR(a—Q)Z—b-&-Q
<C,
(4.41)
since 5 =1 -2+ Land (a—Q)g—b+Q =—-% #£0.
For0 < R < 1noting (a —Q)g—b+Q = —% # (0 we observe that
(a—Q)q
/ <M> 9 CRia-@ub+Q, (4.42)
(2R<|z]} \ 2 |z
Here, taking into account & = Il) - %1 + % we obtain

|z (@=Qa g, @ o
— — dx)
/{2R<x|} ( 2 ) |z|? (/{|x<R} (4.43)

< CR©QTHIRM <

for any 0 < R < 1. Thus, the condition (4.40) holds. So, we can now apply
(4.1) to M, to obtain

MY < ()Y prAi||f] 1oo)- (4.44)

Now we estimate M;3;. Without loss of generality, we may assume again
| - | is the norm. Then, similarly to (4.38) one can observe that 2|z| < |y|
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implies |y| < 2]y~ 'z|. Taking into account this, we obtain for M; that

|y|)<a‘Q> " da
M. — d —

Here, we want to apply (4.2) to M;. To do so, we need to verify the condi-

(a=Q)p’ ﬁ
( / d_f’«“b) / (M) g | < A (4.45)
(zl<r} 17| (2R<|z} \ 2

For this, let us again consider the cases R > 1 and 0 < R < 1 separately.
For R > 1 using |T1" (z)| < C|z|*~? and Q # ap, we note that

tion

Q=

1
7

|5L'| (a=Q)p' ﬁ / P Q
/ (—) de | <C (/ ||~ @p dac) < CR" 7.
{2R<[al} \ 2 {2R<|al}

(4.46)
It follows for R > 1 that

(a—Q)p’ v’ B
(o 20 (o (2)7 ) st 2
(lel<ry} |Z] (2R<|zl} \ 2
1

i a 1 _ 1, b
s1nceb<@and§—p . T 0o

Q=

For 0 < R < 1 noting ap — @) < 0 one has

|x| (a—Q)p’ ) )
/ (—) dx < C |2|(@=Q¥ 4y < CRE-DPHQ (4.47)
2R<|ol} \ 2 {2R<[z]}

Then, it gives with
dx

— < CRY?
/{|x|<R} Eak
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that

(4.48)

Q)p +Q
P’

a—Q)p’ i
( \a:| "
{|lz|<R} |I| {2R<|z|}
<CR
<C,
since @ > band 2 =1 -1 4+ b Thus, we have verified (4.45). So, b
Q p q qQ y
applying (4.2) to M3 we obtain

1
o

Mg < () pi As|| f|| Lo c)- (4.49)

Finally, it remains to estimate M,. Let us first rewrite M, as

T dx
My =) :/ (/ ITé”(y‘lx)f(y)ldy> —.
P S S rciaeaery \S(pal<atyi<alely j?

kez
Taking into account |z| < 2|y| < 4|z| and 2% < |z| < 28!, we note that
21 |ly| < 282, As in (4.38), we assume | - | is the norm, and use the

triangle inequality to obtain
Blal = la| + 2la| =[] + [y| = y~"al, (4.50)

which means 0 < |y~'z| < 3Jz| < 3- 281, Setting I,(z) := Cylz|*9,
let us rewrite the assumption |Ta(1)(x)| < I(z). Then, we use the Young
inequality in Proposition 2.12 for 1 + ; = 1 + > with r € [1, oc] to estimate
M, as follows

M2 < ZZ kb/ f : X{2k—1<‘_|<2k+2}] * };)(l’))qdl'

kEZ

=D 27PN[f - xqerrpiear ] * Lallfae
keZ

< Z Q_kaIa : X{0<|-\<3-2k+1}||qu(G)||f : X{2k4<|-\<2k+2}||%p(@)
kEZ
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q

=Cy Z 27" (/ |$|(G_Q)rd$> 1S - Xqze-1<pai<2v+23 | 7o )
|z|<3-2k+1

kEZ

_ (a—Q)pq pq+p q
<Y 2703 2GR oy sty | g
keZ

4.51

keZ
< CZ ||f : X{2k*1<|z\<2k+2}||%p(<(;)
kEZ

< Cllf o)

since =91 | () —

P > 0and g > p.

P‘H—P q

Thus, combining (4.44), (4.49) and (4.51) we obtain (4.36), as desired. [

Remark 4.9. In the case ¢ = p, we can also prove Theorem 4.8 by using
Schur’s test”. In the setting of stratified groups, we refer to*® for such an
argument for the Riesz kernels of the sub-Laplacian. Using the Schur test,
let us give here the sketch of the proof of Theorem 4.8 when ¢ = p.

In this case, we have b = ap from § = | — 2 + 5. Let S, f := || 7"/7(f *

|2]%=%), then S¥g := (|z|~Pg) x |z|*=?, where (f,S*g) = (S.f,g). Since
the integral kernel of S, is positive, by Schur’s test we see that instead of
proving the estimate

1Saf ey < AYY BaP|| fll o)

forall f € L?(G), itis enough to exhibit a positive function 4 and constants
A, pand B, ), such that

Sa(h)(2) < Aup(h(2))” and S;(h")(z) < Buy(h(x))?

for almost all z € G.

Let us take h.(z) := |z|°"? with ¢ > 0 and consider the convolution inte-
grals
Vo |2|”? and (|| ""PRY) * |2|*9,

which arise in the computation of S,(h2") and S!(h?). We note that the
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homogeneity orders of h?" and |z|~%/?h? are (c — Q)p’ and (c — Q)p — b/p,
respectively. It follows that the homogeneity orders of hZ" * |z|2~? and
(Jz|~%PhP)x|z]|2~ @ are a— Q+(c—Q)p’ and a— Q+(c—Q)p—b/p, respectively.
Then, these convolution integrals converge absolutely in G\ {0} if and only
f0<(c—Q)Y+Q<Q—-aand0< (c—Q)p—0b/p+Q <Q —aq,ie.if

a a
max(g,—+9,) <c<@Q-—
pp p p

since b = ap. One can observe that it is true if 0 < a < Q/p.
Thus, recalling the Schur test we obtain

=2 (f # |21* D ere) < AL Bap I f oo,

where 0 < a < Q/p, 1 <p < oo, f € LP(G) and b = ap. Finally, we use this
and [TV (2)| < C|z]*=9 to obtain

M M
Hf*b SCH|f|*|b |
|| LP(G) |z LP(G)
< Ol 72 (1 f ] |21 lzr@) < Clf ey, (452)
as desired.

In the case ¢ > p, the operator in (4.36) is dominated pointwise by

a5 (171 Kos ) K2 )

where K,(r) = |z|79*%, and the above is the composition of g — g x K, s,

which maps L? into L9, followed by h |x|7§ (h * Kb ) which falls in the
q = p case.

We now discuss the critical case b = @) of Theorem 4.8.

Theorem 4.10 (' Ruzhansky-Y., Theorem 3.7). Let G be a homogeneous Lie
group of homogeneous dimension ). Let | - | be an arbitrary homogeneous quasi-
normandlet 1 <p <r <ooandp < q < (r—1)p’, where 1/p+1/p' = 1.
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Assume that for a = Q) /p we have

=Q for x € G\{0},
T2 (2)] < Co £, forx € GA{0) (4.53)
|2|=9, forz € G with |z| > 1,

for some positive Cy = Cs(a, Q). Then there exists a positive constant C, =
Cl (p7 q,rT, Q) such that

f*1)
p < CIf o) (4.54)

q Q
(g (e 1)) "1 |

holds for all f € LP(G).

Proof of Theorem 4.10. We split the following integral into three parts as fol-
lows

< T V()9 dr
IR A

’10g <e + IYII)‘ |x|?@

<3N 4+ Ny + Ng),  (455)

where

B 1 dx
Ny :=/ </ 5 (v 1fv)f(y)\dy) —
& \J2lyi<lz) ‘log (e+‘;1|)‘ 12|@

B 1 dx
v [ () 757 ) )y r
& \J{lal<alyl<dlz]} ‘log (6+‘%|)‘ 2|9

and

B 1 dx
N3 :=/ </ 75 (v 1fv)f(y)\dy) —
& \J{y/>2la1) ‘log <e+‘;1|)‘ 12|

First, let us estimate /V;. Similar to (4.38) from 2|y| < |z| we derive

— X X
el > ol — lyl > o] — 2 = L (456)
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which is |z| < 2|y~ 'z|. Setting

|z|2=9, for z € G\{0},

(4.57)
|z|=9, for x € G with |z| > 1,

T (2)] < Ea(aﬁ) =Y {

we note that Tg/)p(x) is bounded by By, () which is non-increasing with

respect to |z|. Hence, by (4.56) we can estimate /V; as follows

dx

N = /G (/{2|y|<z|} |f(y>’dy) (MSIB?II)Z} ‘T&)p<Z)’> ‘k)g (e - ﬁ) ’T 21
., T\ ¢ dx
< /«; (/{2|y|<x|} If(y)!dy) (BQ/p (5)) )log <e N ﬁ) ‘T 2@

(4.58)
To apply (4.1) to N;, we need to check the condition (4.3), that is, that

q

> T\\? dx o
(/{2R<I} <BQ/p <§>) ‘bg <€ + gﬂ) ‘T IxQ) (/{I:r<R} dx) =4

(4.59)
holds for all R > 0. In order to check this, let us consider the cases R > 1
and 0 < R < 1 separately. For R > 1 we use the second equality of (4.57)

to obtain

1
7

~ T\\Y dz : P
(/{23<|x} <BQ/p (5)) )log <e+ ﬁ)‘r IQ) (/{I<R} dm)
g . 0 do o
= (/{2R<w|} (Ban (3)) ﬁ> (4.60)
— ORV (/ |$|_Qq_de) !
{2R<]z(}

< CRORY
<C
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For 0 < R < 1 let us split the integral as follows

~ T\\Y dx
/{2R<x|} (BQ/p (5» ‘log (e + ﬁ) ‘ |2|?
B /{2R<:v|<2} <§Q/p <g>>q -

‘log (e + ﬁ)‘ |x|@

~ T\ \ ¢ dz
i /{|x>2} <BQ/p (5» ’10g (e + ﬁ) "zl ol

Here, by the second equality in (4.57) it is easy to see that the second inte-
gral in the right hand side of (4.61) is finite. For the first integral, we use
the first equality of (4.57) to obtain

~ T
/ Bosp (5)
{2R<|z|<2}

q dx

‘log (e + ‘;ﬂ)‘ |z|@

~ T
= / Ban (3)
{2R<|z|<2}

< C’/ ‘w’—Qq/p’—Qdm
{2R<|z|<2}

S CR—Q‘Z/P/'

q dx
|z|@

It implies with (4.61) that

~ X
/ Bayy (5)
{2R<|z|}

Q=

1
o

q dx </ )p
- dx
‘log <e + ﬁ) ’ 2@ {lo|<R)

< C(RfQ/p’ + 1)RQ/p’ <C

for any 0 < R < 1. Thus, we have checked (4.59). So, we can now apply
(4.1) to V; to obtain

Q=

1 1
Ny < ()7 pi Al flle(o)- (4.62)

Now we estimate N3;. Without loss of generality, let us assume again that ||
is the norm. By the similar argument used in (4.56), we derive |y| < 2|y 'z|
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from 2|z| < |y|. Then, for N5 we get

N a dx
Mo = /G (/{|y|>z|m|} ‘BQ/Z) <%>‘ !f(y)ldy) ‘log <€ * )‘ ol

In order to apply (4.2) to N3, we need to check the condition

dz ! _ N\
oo e 7] U Pr®
(4.63)

For this, let us consider the cases R > 1 and 0 < R < 1 separately. For

=

/

3

R > 1 we use the second equality of (4.57) to obtain

</ )EQ/p (5) ’ dx) e (/ |x|-QP’dx) <CR?.
{2R<[x[} 2 (2R<2]}

(4.64)
On the other hand, let us rewrite the term in the first bracket of (4.63) as
follows

Y e

dx dx

/{Iw<R} ’log (e+ )) |z|@ /Ix< }’10g <e+ )‘ |z|@

/ dx
+ 7 .
{3<lel<r} ‘log (e + ﬁ) ’ |z|@

Here, it is easy to see that the first summand in the right hand side of above
is finite since r > 1. For the second term, we have

/ dx / dx
7 < 0 S
{3<lel<r} ‘log (e + ‘%')‘ || @ {1<lz|<R} [z]@

< C(1+1logR). (4.65)
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Thus, for R > 1 the obtained estimates (4.64) and (4.65) imply

1
dx ’ ~ AL v
(/{x<R} ’10g <e n i) ‘ xQ) (/{2R<w|} ’BQ/p (§> d$>

B
<CR %(1+logR)i < C.

For 0 < R < 1in order to check the condition (4.63), let us first split the
integral

~ €T
/ oy (5)
{2R<|z|}

/

p

dx

4 ~ T
dr = / ‘BQ/}, <—>
{2R<|z|<2} 2
~ x
+ ] [P ()
{lz[>2}

Here, the second integral in the right hand side of above is finite because of

p/
da. (4.66)

the second equality in (4.57). For the first integral, we use the first equality
of (4.57) to obtain

~ T\ P 1
Bomp ()] dr < 0/ 2|7 %dx < C'log (—) :
/{23<|x<2} ‘ Qrp <2> (2R<|z|<2} R

which implies with (4.66) that

~ T
/ Ban (3)
{2R<|z|}

Then, by this inequality and

" dw < ¢ (1 +log (%)) . (4.67)

dx

1 —(r-1)
/ - <C(log(e+—)) ,
{lel<R) ‘log (e+ ﬁ)‘ e R
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noting » > 1 and ¢ < (r — 1)p’ we obtain

1

dx ’ ~ x
(/{|I<R} ‘log (e + EI\) ‘r |9 (/{2R<|x|} ‘BQ”’ (5)
Ne- N (4.68)
colule ) (402

<C.

Thus, we have checked (4.63). We can now apply (4.2) to V5 to derive

1
7

1 1
Ny < (p)7peAs|| fllr()- (4.69)

Now, to complete the proof of the theorem we estimate N,. For this, we
first write

9 = E 2 q

ke
dx

X - )
‘log <e + ﬁ) ’ |z|@

Since the function <10g <ﬁ>) |z|9 is non-decreasing with respect to ||
near the origin, there is an integer ky € Z with ky < —3 such that this
function is non-decreasing in |z| € (0,2%"!). We decompose N, with kg as

follows
Ny = Nay + Naa, (4.70)
where
= @) !
va=3 [ ( / . <y1x>f<y>\dy)
k_X_:oo 2r<lel<2 1y \S{al<alyl<aely 77
dx

X T
‘log (e + |71\>) || @
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and

o

q
Ve Y (/ 75,070 )l )
Z {2k <@ <2k+1} {\x|<2ly|<4lr|}| o W)

k=ko+1
dx

X - :
‘log (e + ﬁ) ’ |z|@

First, we estimate Ny,. Since |z| < 2|y| < 4|z| and 2F < |z| < 281, we also
have 2*~1 < |y| < 2¥72. By (4.53) and ¢ > p, for 7 € (1, 00) with 1+% = %+]%
we observe that

1@l = [ @ [ 8wl
/ Q/p 2] <1 Q/p 2] >1 Q/p
( Pg
< Oy </ ’.CEFP‘?J:; adx —|—/ ’gj‘pqungj) < 0.
|z|<1 |z|>1

(4.71)

Now, we use this and Young's inequality (see Proposition 2.12) for 1 + % =
7+ 2 with 7 € (1,00) to estimate Ny, as follows

o q
Na<o > [ ( / T (y‘1x>f(y)ldy) da
k;ﬁl 2r<lal<2t+1} \S(oi<ap<aely 7
< C||[f’X{2k*1<|-\<2k+2}} Q/p”
<O e 2 ||f'X{2k*1<\-|<2k+2}||%p(@>
k‘ k()-i-l
o . (4.72)
o> (/ )
k;oﬂ {2h<fo]<2b+1}
<c(x] )Pz
(é {2h<la]<2b+1)
=C| %

Now we have to estimate Ny;. As in (4.56), we assume | - | is the norm, and
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use the triangle inequality to obtain
Blaf = |z| + 2laf > |o| + [yl > |y~ =], (4.73)

where we have used |y| < 2|z|. We also have

1\)" 1 y
(o (7)) = (s ) ) |5
3

since <log (i» 2|9 is non-decreasing in |z| € (0, 2%*!) and 3|z| > |yt

Q

Y

x|

\
We use now this and (4.53) to obtain

N21
ko Q q dﬂ:
<oy | (/ el 150l ) r
ke {2 <lal <21y \J (la|<2lyi<afal} <log (ﬁ)) |9
9 q
k‘o —1 _F
:CZ/ / e \Z‘“(y)| Ly | de
he—oo {28 <al<2t 41} | SYJal<2ly|<4la]} ((log (ﬁ)) |x|Q>q

q
ko

|7 £ (y)|dy
<C Z T dz.
{2k <|z|<2k+1} {lz|<2]y|<4|=]} r

e ((log () 552 Q) |

Since we have |z| < 2|y| < 4|z| and 2% < |z| < 2" with k < ko, then by
(4.73) and ko < —3 we get 2871 < |y| < 2FZ and |y~lz| < 3|x| < 3 - 2ktl <
3/4. Then, introducing

)

Q
||

XB3(0)

(o ()

Qs

g(r) =

9

+

EUs)
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we obtain for Ny; that

ko

d
Ny < C / / |f(y)|1y N
oo J{2r <l <2v 1y | S el <2lyl<dlel} <1Og <‘y-1m|>>q ly—Lz| Tt

ko
<C Z [Lf - Xgar-1<)<artay] * QHqu(G)

k=—00
Using p < ¢ < (r — 1)p’ and the Young inequality for 1 + _ = ; + - with
€ (1,00), we observe that

Now € Clalire 32 1 - Xyl < Cllfley (474

k——oo

since

; dx < dt
19[77 @) = ; =C — < 00,
TP 4 TP
B(0,3/4) (log (%))p”rq |1’|Q log(g) to'+a

where we have used (Q + Q> T=qQ, "q = (r — 1)p’ in the last
line. Thus, (4.62), (4.69), (4.70), (4.72), (4.74) and (4.55) complete the proof

of Theorem 4.10. O

4.0.3 HARDY-LITTLEWOOD-SOBOLEV INEQUALITIES

In this section we establish Hardy-Littlewood-Sobolev inequality on ho-
mogeneous Lie groups as a consequence of the convolution Hardy in-
equality from the previous section. Moreover, we discuss the reversed
Hardy-Littlewood-Sobolev inequalities on homogeneous Lie groups. In
Section 6.1 we will discuss differential version of Hardy-Littlewood-Sobolev
inequality for general homogeneous invariant hypoelliptic differential op-
erators on graded Lie groups. Then, in Section 6.2 we will discuss the
relation between the best constants of hypoelliptic Sobolev and Hardy-
Littlewood-Sobolev inequalities for certain families of parameters.
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Certainly, Hardy-Littlewood-Sobolev inequality is a very classical subject

d'"?,""® and Sobolev?””. On homogeneous

going back to Hardy-Littlewoo
Lie groups, it was established by Folland and Stein”” on the Heisenberg
group, and its sharp constants were also investigated by Lieb'” in the

Euclidean setting, and then by Frank and Lieb®' on the Heisenberg group.

Theorem 4.11 ('° Ruzhansky-Y., Theorem 4.1). Let G be a homogeneous Lie
group of homogeneous dimension () and let |-| be an arbitrary homogeneous quasi-
norm. Let 0 < A < Qand 1 < p,q < oo be suchthat 1/p+1/q+ (a+)\)/Q =2
with) < a < Q/p and o + X\ < Q, where 1/p + 1/p’ = 1. Then there exists a
positive constant C' = C(Q, A, p, ) such that

f(@)g(y)
/£/£|xr4y—%dkdxdy

holds for all f € LP(G) and g € LI(G).

< Clfllze@llgllizae) (4.75)

Remark 4.12. Recently, in'?, using Theorem 4.1 the authors obtained the
following Stein—-Weiss inequality, which is a two-weight extension of the
Hardy-Littlewood-Sobolev inequality: Let 0 < A < @,1 < p < 00,0 <
Q Q 1 _ 1, odfdr 11 141
p,,ﬁ<q,a—|—ﬁ20,q—p+ ) 1,Wherep—|—p/—1andq+q,—1.
Then for 1 < p < ¢ < oo we have

u(y)h(z
[ [t iy < Cludo e, 479
o Jo Jal? Iy el ol

holds for all u € LP(G) and h € L7(G), where C is a positive constant
independent of u and h.

Proof of Theorem 4.11. We denote T¥) (z) = |z|*? with 0 < a < Q/r for
some 1 < r < oo. Then, we use the Holder inequality in left-hand side of
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(4.75) to obtain

TN 3)
— (gxT €T
// f(x)g(ly)/\dxdy _ /f(a:)<g Q%)( )dac
¢ Jo |z*ly 'zl G || (4.77)
9Ty, '
< [ fllee) T
L?'(G)

Note that from the assumptions a + A < Qand 1/p+ 1/¢+ (a+ \)/Q =2
we get ¢ < p’. Moreover, we observe that 0 < A\ < Q, o < @Q/p’ and

1/p+1/qg+ (a+ X)/Q = 2 imply

0<Q—A:Q—Q(2—1—1>+a<Q—Q(2—1—1)+9,:Q/q.
p g P q p

Taking into account 1 < ¢ < p' < 00,0 < ap’ < Q,0< Q — X < Q/qgand
(Q—N)/Q =1/q—1/p'+a/Q, we use Theorem 4.8 in (4.77) to obtain (4.75),
as desired. O

Remark 4.13 (Reversed Hardy-Littlewood-Sobolev inequality). Let us now
discuss the validity of the following reversed Hardy-Littlewood-Sobolev
inequality on homogeneous groups (see®,'”" and ™ for the recent Euclidean

analysis of such inequalities):

/G / F@ly™ e fy)dady > Congllfloe IfIEl — @78)

forany 0 < f € L' N LP(G) with f Z 0and 0 < p < 1, where A > 0 and
0 := (2Q — p(2Q + 1))/(Q(1 — p)). In the case G = (R™, +), hence Q = n,
we refer to® and '™ for the case p = 2n/(2n + \), and to”® for the case
p>n/(n+A).

Here, in the case 0 < p < Q/(Q + A), let us show that the inequality (4.78)
is not valid, that is, we show that (4.78) fails for any Cg , > 0. In the
case G = (R, +), this was shown in*> when p < n/(n + \) and in°® when
p<n/(n+A).
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We consider
fo(z) = f(x) + Ae™9h(x/e),

for anon-negative function f with compact support and for a non-negative
smooth fuction h with the property [ h(z)dz = 1, and for A > 0. Suppose
(4.78) holds for some Cy , > 0. We plug f. into the inequality (4.78) to
obtain

foGfE )yt fa( )dxdy

Coap <
’ T A
_, JoJo /1 |y M (y )dxdy-F2f4f¢LrPf‘ DA 4.79)
(fo f(@)dx + A)( [, (f(z))pdz)-0)/r '
as ¢ — 04, where we have used [, f.(z)dz = [ f(z)dz + A, and

/ fe(z pd:v—>/ ))Pdx

//ﬁ@MﬂWﬁmM@://ﬂMywvwmw
+2A//f (e7ty) LxPh(y)dedy + A% —2@// dxdy
—>/G/Gfx|y1x] fydxdy—i—ZA/(}\:d f(z)dx

since [, h(x)dz = 1. Noting (4.79) is valid for all A > 0, we can take the
limit as A — +o0 there for § > 1, thatis, p < Q/(Q + A), so that we obtain
Coxp = 0. Inthe case § = 1, thatis, p = Q/(Q + )), letting again A — +oo
in (4.79) we observe that

C 2 fG |x|)\f
QAp = (J (f pdw 1/p

(4.80)

Now it is enough to show that the right-hand side of (4.80) goes to zero for
some suitable f when R — oo. Indeed, in this case p = Q/(Q + )), if we
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put the function

|z| =@+ for 1 < |z| < R,
fr(z) = . (4.81)
0, otherwise,
for any R > 1in (4.80), then we note that
2 A d
Conp < Al IR@dT o) py-vva (4.82)

(f@(fR(x))pdm)l/p o

as R — oo, where |&] is a (Q — 1 dimensional surface measure of the unit
quasi-sphere in G.

Thus, we have proved that the reversed Hardy-Littlewood-Sobolev in-
equality (4.78) fails for any positive constant C¢ ,, when 0 < p < Q/(Q +
A).
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Function spaces
on homogeneous Lie groups

N this chapter, we introduce several function spaces on homogeneous

Lie groups, with and without differentiability properties. The spaces in-
volving radial derivatives are the Euler-Hilbert-Sobolev, which can be a
version of Sobolev spaces associated to the Euler operator, and Sobolev-
—Lorentz—Zygmund spaces. The development of these function spaces is
linked to relevant functional inequalities for the Euler operator from Chap-
ter 3. As for function spaces without the differentiable structure, we de-
fine Morrey and generalised Morrey spaces on homogeneous Lie groups.
Moreover, in these spaces, we study the boundedness of integral opera-
tors, namely, the Hardy—-Littlewood maximal operator, Bessel-Riesz oper-
ators, generalised Bessel-Riesz operators, generalised fractional integral
operators and Olsen type inequalities.

We refer to the monograph of Folland and Stein”® for the Hardy spaces
on homogeneous Lie groups. We also refer to the recent works develop-
ing function spaces on graded groups extending Folland and Saka’s con-
structions in the stratified case, see”’ and® for Sobolev spaces, and*,* for
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Besov spaces. The constructions of this chapter are based on the analysis

in the joint works with Ruzhansky and Suragan '®?, %!, 1%%,

5.0.1 EULER-HILBERT-SOBOLEV SPACES

In this section we describe an Euler-Hilbert-Sobolev space on a homoge-
neous Lie group G. First, recalling the definitions of the Euler operator E
from Section 2.1.1, let us define more general Euler-Sobolev spaces by

e52(G) = CE(G\{[0)) @, ke Z, (5.1)
that is, as the completion of C§°(G\{0} with respect to the semi-norm

1 flleer@) = IIE* fll o (@)-

By (5.1), it is easy to see that the higher order Sobolev-Rellich inequality
(8.97) with a = 0, that is,

k
p
1l < (5) 1B Fllince), 1< p < o0, k€N, 52)

holds for all functions f € £"P(G). Thus, taking into account (5.1) and
(5.2) we obtain

Corollary 5.1 (' Ruzhansky-Suragan-Y., Proposition 4.1). Let G be a ho-
mogeneous group of homogeneous dimension () and let 1 < p < oo. Then the
semi-normed space (L¥?(G), || - ||ers(c)), k € Z is a complete space. The norm of
the embedding operator v : (£2(G), || - || era(c)) = (LP(G), || - || v (c)) satisfies

k
D
||L||2km(G)—>Lp(G) < (@) , k€N, (5.3)

where we understand the embedding . as an embedding of semi-normed subspace

of LP(G).

By using Lemma 2.14 we can define fractional powers of the operator A =

181



EE* as in'*' Chapter 5 and we denote

E[® =A%z, BeR

For a brief account of the relevant theory of fractional powers we refer to®

App.A.

Now, let us state the following fractional L?-Sobolev type inequality:

Theorem 5.2 ('*> Ruzhansky-Suragan-Y., Theorem 4.2). Let G be a homoge-
neous group of homogeneous dimension @), 5 € R, and let k be a positive integer
with k > 2. Then for all complex-valued functions f € C5°(G\{0}) we have

e <€ (k- 2.4) (3) |®

L'(k+1) 2k=h
LBk = B) B(k = B)

(5.4)

where

(k) =

(5.5)

Proof of Theorem 5.2. Recalling'*! Proposition 7.2.1, p.176, we obtain the
following interpolation inequality

e, <€ (k- 5 ) IA1EE ha Tl - 6o

On the other hand, using (2.15) and (3.98) with o = 0 we also have
1-5
(k= 5ok Wi 11

_B 4
o( g )Hfuiﬂ (Q—) 1715
B
4 2
—G(k Bk) (Qg) 1l -

Finally, the combination of this and (5.6) implies (5.4), as desired. O
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Let us now define the Euler-Hilbert-Sobolev space by
H(G) = CR(@\{0) ™, 57)
i.e., as the completion of C3°(G\{0} with respect to

Hf”Hﬂ(@) = ”|E‘ﬁfHL2(G)

Taking into account (5.7) we obtain the inequality (5.4) for all f € H?(G):

ey <€ (k= 20) (2) o],

where 8 € Ry, k> 5, k€ Nand C (k — 2,k) is given by (5.5).

(5.8)

©)

Thus, from the definition of the Euler-Hilbert-Sobolev space (5.7) and in-
equality (5.4) we conclude as follows:

Proposition 5.3 ('*> Ruzhansky-Suragan-Y., Proposition 4.3). The space (H”, ||-
llue), B € R is a complete space. Moreover, the norm of the embedding operator
vi(HP || - \lme) = (L2, || - || 22) satisfies

B 2\’ ﬂ
lelles (@) 22@) < C | k= 5k a) BeR,, k>% keN. (59

Remark 5.4. Note that the operator |E|° has a bounded inverse, in particu-
lar it is injective and || - ||gs(g) is @a norm.

POINCARE TYPE INEQUALITY

In this section we discuss Poincaré type inequality on a homogeneous Lie
group G.

Let 2 C G be an open set and let £07(Q) be the completion of C§°(2\{0})
with respect to

1 giw@) = 1fle@) + [[Efllzr@), 1 <p<oo. (5.10)
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Theorem 5.5 ('*> Ruzhansky-Suragan-Y., Theorem 5.1). Let Q2 be a bounded
open subset of G. If 1 < p < oo, f € £o7(Q) and Ry f = ﬁEf e Lr(Q),
then we have the following Poincaré type inequality on Q2 C G:

Rp

o : (5.11)

LP(Q)

e

Rp
[ fllee@) < aHRmem(m =

where R = sup|z|.
e

The proof of Theorem 5.5 is based on the following proposition:

Proposition 5.6 ('** Ruzhansky-Suragan-Y., Proposition 5.2). Let Q C G be
anopenset. If 1 <p < oo, f € Eé’p(Q) and Ef € LP(Y), then we have

p
[fllzr) < @H]EfHLP(Q); (5.12)

where the space £iP(Q) is defined in (5.10).

Proof of Proposition 5.6. Let ¢ : R — R be an even, smooth function such
that

e 0 < (<,
e ((m)y=11if |r| <1,

e ((r)y=0if |r| >2.

For A > 0, let us also set ((z) := ((A|z|). Recall that we have the inequality
(5.12) for f € C§°(G\{0}) by (3.67). Taking into account the definition of
E(l)’p(Q), we note that there is some {f;}?2, € C5°(Q\{0}) such that f, — f
in £17(Q) as ¢ — oo. Let A > 0. Then, from (3.67) we observe that

16 fell oy < g (IEG) fell oy + 10 Ef) o) (5.13)

holds for all ¢ > 1. It follows that
gliglo OJe= G,
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KILI?O(EC/\)JCZ = (EQ\) f,
zlinolo GES) = GES)
in LP(12). We use these properties in (5.13) to obtain
63 ey < G {IEG) flley + 16 ED s} (519
Since we also have

(B (@) < sup [EC|, if 271 < |x| <2271

0, otherwise,

then taking the limit as A — 0 in (5.14) we obtain (5.12). [

Proof of Theorem 5.5. Recalling R = sup|z| in Proposition 5.6 we compute
e

R Rpll 1
7l < GIES Nuniey < G IR fllven = HmEf

which is (5.11), as desired. O

Lr(Q) 7

5.0.2 SOBOLEV-LORENTZ-ZYGMUND SPACES

Here we introduce several families of Lorentz type spaces and analyse
their basic properties on a homogeneous Lie group G.

We define the Lorentz type spaces by

L|“»Q7P7Q<G) = {f € Llloc(G) : ||f||L\,\,Q,p,q(G) < OO}’ 0 S P, q S 00,

where z
_ 4N e )
£z, 0,06 = G(|90|p|f(x)|) e

Here, () and | - | are the homogeneous dimension of G and the homoge-
neous quasi-norm on G, respectively. In the sequel, fixing them we will
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often use the short notation L, ;(G) := L} ,0,.4(G).

In the Euclidean case G = (R", +), for non-negative, radially symmetric
and non-increasing (with respect to the radial direction) functions f we
note that the norm || f||;,  (r») coincides with the Lorentz norm in terms of

the rearrangement, i.e.

(L teieny g5 =7 ([ ooy 2)°

where w, is the volume of the unit ball in R”, and f* denotes the symmetric

decreasing rearrangement of f.

Let us also define the Lorentz-Zygmund spaces as follows

Lpga(G) = {f € Lie(G) : I fllz, 0@ <0}, 0<pg<oo, AER,

AR
!f(x)\) de) .

where

log —

|

Q
71200 = sup (/ (W
R>0 G

Moreover, we define the Sobolev-Lorentz-Zygmund spaces by

Wle,q)\(G) = {f < Lp,q,A(G) : i]Ef S Lp,qv\(G)} )

]

endowed with the norm

1
1 loin @ = -l + H—E
|$| prq,A(G)

Furthermore, we define Wi L, ,,(G) := CgO(G)H'”WlLP’M(G).

We also define the Lorentz-Zygmund spaces involving the double loga-
rithmic weights by

LP#L/\I,)\Q (G) = {f € Llloc(G) : Hf”Lp,q,,\l,,\Q(G) < OO},
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HfHLp,q,)\l,)\Q(G) =

where A\, A\, € R and
R R
log — log —

. RIRY
?Ji%(/(g('x'p o o '”‘”)') W)'

Remark 5.7. Note that the space L, 4, 1, (G) extends the spaces L, ,1(G)
and L, ,(G) in the sence that L, ;1 0(G) = L, ,1(G) and L, ;00(G) = L, ,(G).

log

Similarly, we introduce the Sobolev-Lorentz-Zygmund spaces by

1
WlLP,tI,/\l,)\z (G) = {f € LP7q,>\1,>\2 <G> : mEf € Lp7q,>\1,>\2 (G)} ) (515)
endowed with the norm
1
[ w1000 @) = 1 12y gn; s (@ HE' ;
x Lp,q,)\l,)\Q(G)
and
WOILpﬂ,)\w\z (G) = CSO(G)H.”WILP’q’Al’AQ(G)- (5.16)

Using the special behaviour of the functions fz(z) := f (Ré—l), let us also
define the Lorentz-Zygmund type spaces £, ,,(G) by

£047(G) = A{f € Lie(G) : [ flle,,n@) < 00}, AER,

where

1

A q dr q

|f_fR|> W) :

R T\
\f—fR\) W) :

R
log —

]

Q
115,000 =D ( / (|x|p
R>0 G

For p = oo we define

[ fll 2o gn(@) = sUp </ (
R>0 G

log —

|z]
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In addition, we define the Lorentz-Zygmund type spaces £, ,, 1, (G) by

2P7q7/\1,>\2 (G) = {f € Llloc(G) : ||f||2p,q,>\1,>\2(G) < OO}, (5-17)
where
Q eR|M eR ||
= ? |log — log |log —
1000000 = 500 ( / <|x| o 11| [loz log T

de \ @
X (XB(O,eR)(x)‘f — frl + XBC(O,eR)(x)’f - fe2RD)q _x) )

|9
1, z € B(0,eR);
X B(0,eR) (x) =
0, = ¢ B(0,eR).
For p = oo we define
eR|M eR ||
= log—| [|log |log —
||f||£oo,q,/\1,k2(G) ?%lipo <\/G ( Og |$| Og Og |x|

dx 7
X (XBoer) (@) = frl + XBe©.er) (@) f = fer]))" W) :
Now, let us show several embeddings between the Sobolev-Lorentz—Zyg-
mund spaces.

Theorem 5.8 ('*> Ruzhansky-Suragan-Y., Theorem 6.2). Let G be a homo-
geneous group of homogeneous dimension () and let | - | be any homogeneous
quasi-norm on G. Let 1 < v < oo and max{l,y — 1} < ¢ < oo. Then the
continuous embedding

W&LQg’%’u(G) — »2

q

2(G)

1
oo7q775’7q

holds. In particular, for all f € WL, o1 oo (G) and for any R > 0 the
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following inequality holds

(/ XB(0.er) (@) f = [r|?+ XBe0,er) ()| f — fe2r|? dx )q
G

llog’log% ‘7 log% |9
1
R q—1 7| q q q
< 1 /WQ log 2 flog [log £ CRBf| dr| , (5.18)
v—1\Je |z ] |z

where the constant —* is sharp and fr(z) == f(R{;).

||
Remark 5.9. Note that the integrand on the right-hand side of (5.18) has
singularities for |z| = R, |z| = eR, and |z| = ¢*R. Nevertheless, we do not
need to subtract the boundary value of the functions on |z| = eR on the
left-hand side.

Remark 5.10. In the Abelian case of the Euclidean space G = R", we have
@ = nand taking |-| to be the Euclidean norm, Theorem 5.8 implies'* The-
orem 1.2. We also refer to”" for the embedding of such Euclidean spaces
for some indices and to'* for the logarithmic type Hardy inequalities in
Euclidean Sobolev-Zygmund spaces.

In the proof of Theorem 5.8, we will need the following proposition:

Proposition 5.11 (' Ruzhansky-Suragan-Y., Proposition 6.5). Let G be a
homogeneous group of homogeneous dimension () and let | - | be any homogeneous
quasi-norm on G. Let 1 < vy < oo and max{l,y — 1} < q < oo. Then for all
f € C5(G) and any R > 0 the following inequality holds

1

/ |f = fr| da
g
B(0,eR) ‘log‘log% ‘ log% 2|9
< _1 / mq—Q
v 1 B(0,eR)

Proof of Proposition 5.11. Let us first consider the integrals in (5.19) restricted

q—1 q—
1
—REf

|

eR e

]

log log

¢\
dx .

(5.19)

|z]

to a quasi-ball B(0, R). Using the polar decomposition and integration by
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parts, we obtain

J

dx

f - leq
@

(0,R) ’log ‘log Tx

R
a /0 r(log <& log log <&

log eR

/ F(ry) — f(Ry)|"do(y)dr

r=R

[(1og (log—)) / F(ry) — F(Ry) do(y )] :
! OR <log <log —)) 7+1—/ | f(ry) — f(Ry)|*do(y)dr

-1
- _%/OR (log (log—)> Re/ |f(ry) — f(Ry)|*™?
df(ry) do(y)dr.

x (f(ry) — f(Ry)) o

In the above calculation, since we have ¢ — v + 1 > 0, the boundary term

at » = R vanishes because of the inequalities

eR et gt logf—1 logZ
log | log — :/ — > —— = -
r 1 13 log <= log <*
_ 1 fFdr_ 1 f-1 R-r
log<E J, ot _logi—R % 7R10g%
and
[f(ry) — f(Ry)| < C(R —7)

190



for 0 < r < R. It follows that

| o iogtomy L 09— o
q R g—1
<5 | / () = F(Ry)

_a /R !
Y10 T log )T (log )T

df (ry)
dr

do(y)dr

(los(log )5 (log(log <)) 7"
/]f ry) — f(Ry)|T* df (ry)

o do(y)dr.

Now, we use Holder’s inequality to obtain

R
/O T log . / F(ry) — F(Ry)do(y)dr

L ( A /G U R;f)'q))vda(y)dr)q
x ( /0 ! /6 ra=l (log ?)q_l (log (1og %))q_7 dlry)

dr
This implies that

1
/ \f — fr|? da
B(0,R) )log‘log% ! log lefTb |z|@
< _q / |x|q—Q
v—1 B(0,R)

1

q

da(y)dr)

1

' dx) " (5.20)

q—1 =

eR

1
- Ef
||

log |log m

log @

i

191



Now we consider the integrals in (5.19) restricted on B(0,eR)\B(0, R):

/ |f = leq dx
B(0,eR)\B(0,R) ‘log ‘log |e log eR 2|9

eR
- | e / £(r) ~ J(Ry) o (y)ir

x (f(ry) — f(Ry))df c(i:’y) do(y)dr.

In the above calculation, since we have ¢ — vy + 1 > 0, the boundary term
at 7 = R vanishes due to inequalities

(( eR)l) / (s )
log | ( log — = —
r 1 t
—R
(log§> ((logﬁ) — 1) =1 —logﬁ > r
r R

|f(ry) — f(Ry)| < C(R—7)

and
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for R <r < eR. Thus, we have

eR
/R (log & log (log ) 1) /|f ry) — f(Ry)|"do(y)dr

eR 1 —v+1
< 4 log (10g ﬁ)
v—1Jr

< [ 15t = s |22 i
q eR 1
v 1/1? r'T (log )" T (log )~
1
X (a— 1)7 1—q
(log((log <%)~1)) 7« (log((log &%) ~1)) "
< [1ren = o | T2 dotyyar,

Here, we use Holder’s inequality to obtain

/ Fry) — F(Ry)|do (y)dr

q—1

eR
/R r(log 1og 1og

</6R/ﬁ” 10g’f Tylog 1o§y)|; ))vda(ymr) |
x @R/G”” () () )

X 'df c(l:y) ' da(y)dr) "

2=
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This implies that

/ |/ — frl" dr |\ _ _4a
L <
B(0.cR)\B(O.R) ‘log ‘log% ‘ log 28] l#I° v—1
% / mq—Q
B(0,eR)\B(0,R)

Thus, the inequalities (5.20) and (5.21) complete the proof of the proposi-
tion. O

q—1 q—
1
—Ef

]

eR e

|z]

log log

¢\
dx .

(5.21)

|z]

Similarly, one can show a dual inequality of (5.19) stated as follows:

Proposition 5.12 (' Ruzhansky-Suragan-Y., Proposition 6.6). Let G be a
homogeneous group of homogeneous dimension () and let | - | be any homogeneous
quasi-norm on G. Let 1 < v < oo and max{l,y — 1} < ¢ < oo. Then for all
f € C5°(G) and for any R > 0, the following inequality holds

1

/ |f B feR|q dx
B<(0,R) )log ‘log%‘ ! )log%‘ ]9

< ([ el
v—1 B¢(0,R)

q—1 q—
1

—Ef

||

log E

|z]

log E

]

¢ \a
log de | .

(5.22)

Now we are in position to prove Theorem 5.8.
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Proof of Theorem 5.8. Replacing R by eR let us restate (5.22)

1
/ ’f feQR‘q dx '
B<(0,eR) ‘log ‘log )log er| [z]?
qg—1
<[ gl
v—1 B¢(0,eR)

Then, the inequalities (5.19) and (5.23) imply (5.18) for f € C5°(G).

q—" 1
||

log ﬁ

log |log
|z

¢\
Ef| dx ) .

(5.23)

|z]

Now we prove (5.18) for f € W, L Qq, L, 1= (G). We first show that (5.19)
holds for f € WyL, 4=t 4= (G). Let {fm} C C5°(G) be a sequence such
that f,, — fin WiLg, a1 o = (G) as m — oo and almost everywhere by
the definition (5.16). Settmg

m(x) — f(REZ
fn(a) = fm () fv( ) .

’10g ’log % log ¢& Bl ‘

we observe that {fr., }men is a Cauchy sequence in L4(G;dx/|z|?), since
(5.19) holds for f,, — fi € C5°(G). Consequently, there is g € L9 <<G, |I|Q>
such that fr,, — gr in L(G; dx/|z|?) as m — oo. Taking into account

(a0 (r) 21 (r )
cUfrearo (i) s ()}

= {z € G\{0} : fum(2) /A f(2)},

we obtain f,, < Iml> — f ( |x\> It means that we have

f@)—f (ng—|)

= gr(z)

X
q

‘log ‘log i log <& ol
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almost everywhere. Thus, we have verified that (5.19) holds for all f €
Wi Lgg et an = (G). In a similar way, we can obtain the inequality (5.23) for
all f € W LQ 2= a=2 (G). Since the inequalities (5.19) and (5.23) hold for
all f € W)L Qu. %7%((@), then we can conclude that the inequality (5.18)
holds for f € WOlLQg’q;ql’%(G) too.

Now let us prove the sharpness of the constant —%- in (5.18). By (5.18) we
v
know that

q

q—1 q—

/ |f ()| dx
B(0,R) )log ‘log ‘ ‘log et | |z[%
logﬁ

1
17 \°
< 9 / |z]1=@ LN =Ef| de ) (5.24)
v =1 \JBwr || || Ed

holds for all f € Wy L, =l o W(B(O R)). Therefore, it is enough to show

log |log

the sharpness of the constant - in (5.24). For this, as in the Abelian case
(see'” Section 3), for large ¢ € N let us consider the following sequence of
functions
(log(log(éeR))) , when [|z] <1
fo(x) = (log (log Izl>> when 1 <|z] <&

(log(log(2e))) o }%(R— |z|), when % < l|z| <R.

It is easy to see that f, € W&Lqu’q;l’u(B(O, R)). Then, for ﬁ(r) = fo(x)
with r = |z| > 0 we obtain
0, when r < l
d ~ y=1_q
%fe(r) = 7q1 = (log (log 5 B)) 0 (log €)™, when §<r<%
—}%(log(log(Qe))) «, when f<r<R.

196



It follows that

R g—1 RIIT| 1 q
/ ||~ loge— log loge— —Efi(z)| drx
B(O.R) || |z] ||
q—1 q— q
d ~
= |6]/ ra-1 log logﬁ — fo(r)| dr
r dr

—\6|< q1> / <log—R>_1 <1og1<10g§>>1dr _
+ (log(log(2¢)))~ ( ) | / (log—)q <log (1og§>)q "ar
o (2 1 o)

L

+ (log(log(2¢)))~ ( ) | / - l(log—)q_l <log <log§>>q_vdr

—1\1¢
=: 5| <,YT> (log(log(log eR)) — log(log(log 2e))) + |S|C, 4,  (5.25)
where |G| is the () — 1 dimensional surface measure of the unit sphere, and
(tog(l0g(2¢))) )
Cyq = (Qe)q(log(log(Ze)))Wl/ s177ed(5=¢) s,
0

Since ¢ — v + 1 > 0 we note that C, ; < +00. On the other hand, we also
have

5.9 [log|log £ ‘ \logeR 21 = o Jlog [log K[| log <[ r
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_ |8|(log(log(teR)))- / % (log —R) B (log (log ?) ) o
+18] / (log —) B (log (log ?))_1 dr
18 loetion2e)y ™ (2) [ LR (100 —P”)

-
X (log (log §)> dr
r
el

=21 +I6I(log(log(log(feR))—log(log(log(2e)))+IGICR,W (5.26)
where

Oy = (log(log(2e))) ™! (}%)q

R -1 —y
X / r (R —r)! (log ﬁ) (log (log ﬁ)) dr.
R r r

2

This constant is finite since log(log =* Ry > R Lforallr < Rand ¢ — v > —1.
Thus, (5.25) and (5.26) imply that

/ |x|q Q
B(0,R)

qul €R q="
|| |z|

—1
(y it __ae) (2=’
B(0.R) ‘log‘log% ‘ og fif eR [ q

as ¢ — oo. Therefore, the constant —*5 7 in (5.24) is sharp. [

log — log |log —

—

Remark 5.13. The argument from Remark 3.15 can be applied to obtain the
inequalities (5.18), (5.19) and (5.22), which provides an alternative proof.

5.0.3 GENERALISED MORREY SPACES

In this section we analyse Morrey spaces and generalised Morrey spaces
on homogeneous Lie groups. Moreover, we discuss the boundedness of
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the Bessel-Riesz operators and fractional integral operators in generalised
Morrey spaces on homogeneous Lie groups.

BESSEL-RIESZ KERNELS ON HOMOGENEOUS LIE GROUPS

We consider the following Bessel-Riesz operators on a homogeneous Lie
group G

ey ~t* 79
Loqf(z /Kav xy ") fy)dy = /mf(y)dy (5.27)

forany f € L] (G), p>1land vy > 0, 0 < a < @ with the Bessel-Riesz
z|*—Q
kernel Ko, (v) = {80,

of homogeneous dimension Q).

where | - | is any homogeneous quasi-norm on G

Let us first calculate the L”-norms of the Bessel-Riesz kernel K|, .,.

Theorem 5.14 ('®' Ruzhansky-Suragan-Y., Theorem 2.1). Let G be a homoge-
neous group of homogeneous dimension (). Let | - | be a homogeneous quasi-norm.
If0<a<Qand~y > 0then K, ., € L*(G) and

1
(2FR)(e-Qm+Q\ 71
[ Kanllze @) ~ (Z (1+ 2FR)m )

kEZ

Q
o <D < o4

forany R > 0 and & )

Let us recall the following result, which will be used in the sequel.

Lemma 5.15 (). If b > a > 0 then Z
R>0.

(1+ ka < o0, for every w > 1 and

Proof of Theorem 5.14. Introducing polar coordinates (r,y) = (|z], 3;) € (0
,00) X & on G, where & is the sphere as in (2.7), and using (2.8) for any

R > 0, we have
/ Ko ()P di — / el
¢ (14 |z[)m
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Q)p1+Q—1 (a—Q)p1+Q—-1
- / e =101y | R
1 + T ’yp1 2k R<r<2k+1R (1 + T)7p1

keZ

where |o| is the () — 1 dimensional surface measure of the unit sphere.

Then it follows that

1
Pldx <lo r@=Q)p1+Q—-1 J..
/ | | | | Z 1 + Qk’R)’Y}n /QkR<7.<2k+lR

’0‘( =@+ _ 1) (2FR)(e=@m+Q
T (@-Qp+Q Z (1+2FR)w

On the other hand, we obtain

S lo] 1 / _ _
p1 (a=Q)p1+Q-1/
/ Hagy(@)"dr 2 2'”“ Z (1 +2FR)w QkR<r<2k+1RT '

B |0‘< a—Q)p1+Q _ 1) Z (2FR)(e=@p1+@Q
= 2'yp1<<a — Q)pl + Q) ~ (1 + QkR)'Ym

Therefore, for every R > 0 we arrive at

(QkR) Q);1+Q
Pl ~
/’ o) de Z (1+2FR)wr

kEZ

Forp, € (Q%a’ Q%) using Lemma 5.15withu = 2,a = (a—Q)p1+Q, b =

Yp1, we obtain ), % < oo which implies K, , € LP(G). O

In view of Young’s inequality (see Proposition 2.12) and taking into ac-
count the definition of the Bessel-Riesz operator (5.27), we immediately
obtain:

Corollary 5.16 ('®' Ruzhansky-Suragan-Y., Corollay 2.1). Let G be a homoge-
neous group of homogeneous dimension (). Let | - | be a homogeneous quasi-norm.
Let 1 < p,q,p1 < oowithé—i—l = %—l—pil. Let 0 < o < Q and v > 0 with

szﬂ <pp < % Then for all f € LP(G) we have

Mo fllzo@) < [1Kaqllzr @l fllzre):
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We conclude from Corollary 5.16 that I, ., is bounded from L?(G) to L(G)
and

Honllzr@)sra@) < 1Koy llLr):

HARDY-LITTLEWOOD MAXIMAL OPERATOR
IN GENERALISED MORREY SPACES

In this section we define Morrey and generalised Morrey spaces on ho-
mogeneous Lie groups. Then we define the Hardy-Littlewood maximal
operator in these spaces.

We define the Morrey spaces on a homogeneous group G of homogeneous

dimension @) by

MPUG) = {f € LL(G) : | fllamae) < o0}, 1<p<q,  (528)

loc

where

1/p
I fllama(e) = sup rOU/a=t/p) (/ \f(x)|de> .
B(a,r)

r>0,aeG
Next, for a function ¢ : R™ — Rt and 1 < p < oo, let us define the

generalised Morrey space M?¢(G) by

loc

MP(G) == {f € L§,.(G) : | fllsme(e) < 00}, (5.29)

where
1 (1 Hr
fllao@) == sup —(—/ f:ppdx) .
oy = s oo (G 1@

In the sequel, we will assume that ¢ is nonincreasing and t?/P¢(t) is non-
decreasing, so that ¢ satisfies the doubling condition, that is, there exists a
positive constant C; > 0 such that

S
Cy

ST

(r
(s)

~—

<-<2= = <

<0 (5.30)

N | —
» |3
<
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By the definition of Morrey spaces (5.28), one can observe that

Lemma 5.17 (**! Ruzhansky-Suragan-Y., Lemma 3.1). Let G be a homoge-
neous group of homogeneous dimension (). Let | - | be a homogeneous quasi-norm.
Then

HKan“Mp?*Pl(G) < HKa,vHMPl’pl(G) = ”KaﬁHLPl(G)a (5-31)

where 1 < py < py and ijfa <p < %

p
loc

Now, for every f € L} (G), we define the Hardy-Littlewood maximal

operator M by

1
M f(z) := sup W /B(w) | f(y)|dy, (5.32)

r>0

where |B(z, )| stands for the Haar measure of the (quasi-)ball B = B(x, ).

We now recall the result on the boundedness of the Hardy-Littlewood
maximal operator in the generalised Morrey spaces from the work of Arai

150

and Mizuhara'! (see also Nakai'™ for extended versions), which was ob-

tained on spaces of homogeneous type. Let us state this result on G:

Theorem 5.18 (' Corollary 4.2). Let G be a homogeneous group. Then for any
f € MP?(G)and 1 < p < oo there exists some postive constant C,, > 0 such
that

M flaeoc) < Cpll fllare(c)- (5.33)

Remark 5.19. We refer to Nakai'* for the isotropic Abelian case of (5.33),

103

and to " Corollary 3.2 for the discussions on stratified groups.

Remark 5.20. The estimate (5.33) will be very useful in the next sections
when we study boundedness of the Bessel-Riesz and more general opera-
tors in the generalised Morrey space, see e.g. proof of Theorems 5.21, 5.22,
5.24,5.26 and 5.28.

BESSEL-RIESZ OPERATORS IN GENERALISED MORREY SPACES

Here we discuss the boundedness of the Bessel-Riesz operators in the gen-
eralised Morrey space (5.29). In the Abelian case G = (R",+) and Q@ = n

202



with the standard Euclidean distance the results of this section were ob-
tained in '

Theorem 5.21 ('*! Ruzhansky-Suragan-Y., Theorem 4.1). Let G be a homoge-
neous group of homogeneous dimension (). Let | - | be a homogeneous quasi-norm.
Lety > 0and 0 < o < Q. Let f < oz,l<p<oo,arleH — < p < o
Assume that 0 < ¢(r) < Cr? forall r > 0. Then for all f € MP*(G) we have

||]aﬁf||Mqvw(G) < Cp#ﬁaQHKam”Lpl (G)HfHMPvd’(G)a (5-34)

where q = ﬂﬁpr and (r) = (p(r))P/4,

Proof of Theorem 5.21. For simplicity, let us take a = 0 when we use the
definition of the generalised Morrey (5.29) space. For every f € MP%(G),
we decompose [, f(x) as follows

Inof(x) = Li(x) + Ix(z),

where Pl mai0)
xy |1y

Ii(x ::/ dy
e A
and ey "9 f ()
Ty |1 (y

Ir(x ::/ dy,
2= AT ey )

for some R > 0.

For I, using the dyadic decomposition we have

1 u-1]a—Q

ok R<joy-1|<2trig (14 [zy~!])

-1

2kR a—Q /
< f(y)ldy
Z 1 + 2kR 2k R<|zy—1|<2k+1R | ( )|

-1

<CMf(x) Y

k=—00

(2F R)o—Q+@/pi(2k R)Q/pll
(14 2kR)™
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Now we use the Holder inequality for .- + I% = 1 to obtain
1

1 k P (a P1+Q 1/p1 —1 1/py
)] < €M f(a) ( > ) ( > <2‘fR>Q) -

=—0Q

Using
1 o B o
(2F R)(a—@)p1+@) ( (2€R)(@ @)MQ)
3 <> ~ [ Kaqllzr @)
1 k 1 7
<k:_oo (1+28R)w wez (LH2R)P
(5.35)
it follows that
[11(2)] < Cll Koy |l @) M f ) RO (5.36)

Using the Holder inequality for % + i = 1 we estimate /, as follows

| I2()]
0 2]<:R a—Q

< fy)ldy
k‘z—; ]. + 2kR 2kR§|a:y*1\<2k+1R ‘ ( )|

1
7

< (2kR)a-Q (/ >p ( ;
< dy / f)Pdy
kz; 1+ 2VR)Y \ Jok pejoy—1|<2k 1R 2k R<|oy—1|<2k+1R 17)]
L 1
i QkR a—Q /2’“'1}%/ = ( 1
_ Q-1 P
= E r< “do(y)dr / fly dy)
k:O (1+ QkR ( ok S ) QkRS\xy*1|<2k+1R’ )l

(2R ko (/ )L
—————(2"R)%/? Pd

Here, taking into account ¢(r) < Cr” we obtain for I, that

IA
Q

k=0

(2FR)o-@+Q/m

k P (ok p\Q/P
119 R) P(2°R)(2"R)

L)) < 0||f||Mp¢<@)z

<0 f||Mp¢(G)Z T 7R, (2K R)PHQ/P!
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Using the Holder inequality again, we arrive at

@Ry (e N
1) < Cll ey (3 R S @Ry .
k=0

k=0

By the assumptions p; < % and 3 < —a, we have 3p;, + Q < 0. Then,
Theorem 5.14 implies that

1/p1 _ 1/p1
Z (2kR)(e~@m+Q < (v (26 R)(0-Qmi+Q e
(1+2FR)m - (1+ 2kR)p1 a | LP1(G)-

k=0 keZ

Thus, we have for I, that
1(0)] < CllKar @)1 s RO, (5.37)
Summing up the estimates (5.36) and (5.37), we obtain
o f @) < ClEas lims@) (M @) RO + || fllgmo) 5 )

Here, assuming that f is not identically 0 and that M f is finite everywhere,

one can choose R > 0 such that R? = i fﬂ/f / 9;) . Then, it follows that
MP: (G)
,i Q

Pq 1+
o f(2)] < C||Km\|Lm(G>||f||Mi¢(G (Mf(z)) o,

Bplp

for every x € G. Taking ¢ =
that

, for any r > 0 we obtain from the above

q 1-k q
</| | Ila,vf(x)|qu) < Ol Kas i@ |l e, (/| | IMf(:v)Ipdx)
x|<r z|<r

Dividing both sides by (¢(r))?/9r%/ we arrive at

<f\ﬂc|<r |[a,»yf(l‘)|Qd$> ‘

Sy IM f ()P
< O\ Kl o @I F15,700 Ul )
Y(r)rals e

MP9(G) (¢(r))PlarQ/a ’
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where ¥(r) = (¢(r))?/9. Thus, we take the supremum over » > 0 to con-
clude that

1
o Fllasaviey < CllEan o |1 | pisie 1M F 5oy

which implies (5.34), after applying (5.33). O

By Lemma 5.17 we note that the Bessel-Riesz kernel belongs to the Mor-
rey spaces. We use this property in the following statement refining the
estimate (5.34):

Theorem 5.22 ('*' Ruzhansky-Suragan-Y., Theorem 4.2). Let G be a homoge-
neous group of homogeneous dimension (). Let | - | be a homogeneous quasi-norm.
Lety>0,0<a<Qandl <p<oo Let f < —a, g2 <py<pi < 5%
with py > 1. Assume that 0 < ¢(r) < COr for all v > 0. Then for all
f € MP?(G) we have

[ anfllarev @) < Crooll Kanllvrzm @) | f 1o @), (5.38)

where q = ﬁﬁfpo and 1 (r) = (¢(r))P/1,

Proof of Theorem 5.22. We decompose 1,  f(x) as follows

Lo f(2) = L(z) + D(x).

where

_ ey 1"
W= [ TR O

and
i

Ir(z) = /BC(LR) Wf(y)dy

206



for R > 0. Using the dyadic decomposition, we have for I; that

-1

—1|la—Q
v J2RR<|ay 1 <2k IR (1 + [zy=t|)7

-1

QkR a—Q
d
< Z o /%RSWHQMRU(@/)\ y

-1

<CMf(x) Y

k=—o0

(2F R)>~Q+@/pz (QkR)Q/p/z
(1+2+FR)" ’

where 1 < p, < p;. Here, Holder’s inequality for p% + pi; = 1 implies that

-1

k p2+Q 1/1’2 1 1/1’2
nn a3 GRS (¥ e

k=— k=—00

For simplicity, throughout this proof we take a = 0 when we use the defi-
nition of the generalised Morrey (5.29) space.

By making use (5.35), we obtain

nl < carfo) ([ Kz (oar)” ponh

<|z|<R

(5.39)
< CHKQ,,YHMpgym (G)Mf<I)RQ/p1.

For I,, we use the Holder inequality for ]lg + z% = 1to get

= (@R Q/f( / v
L(z)| < —————(2"R)~/? fy)|Pdy .
8 <3 e R (L)

Since
1/172
(/ R o)y
2k R<|zy—1|<2k+1R 7

92k R)(a—=Q)+Q/p2 ok R)(a—Q) 1/p2
D) > o 2h) (/ @) . (5.40)
2k R<|zy—1|<2F+H1 R

(14 2kR)Y (14 2kR)™
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it follows that

. . <f dy) 1/p2
> (2"R)*p(2"R 2k R<|zy—1|<2k+1R
11(0)] < Cllfllasmoey 3 Bl o2 ) (st

L (1+2FR)Y (2kR)Q/p2
1/p2
Sy oy iy KB ey
k Q/ ( 2k R<|xy—t|<2FHIR " oy
<0||fuMp¢G>Z¢> (*R)(2"R)" (@ )T ~

By the assumption ¢(r) < Cr” and the estimate

<f2kRS|xy*1\<2k+1R Kg?y(ffy )dy> _
(QkR)Q/p2_Q/p1 ~ ||Ka,fy ||M:02,p1 (G)

forevery k =0, 1,2, ..., we obtain

|]2(IE)| < C”KGKYHMPQ'W(G)||f||Mp,¢((G) Z(2kR)5+Q/p1_
k=0

Since 8 + Q/p, < 0 it follows that
12(2)] < CllEKagllasram )1l asnoo B (5.41)
Summing up the estimates (5.39) and (5.41), we obtain
Lo F@)] < Cl Ko llvmam @ (MF@) R+ ]| agoqey R,

Assume that f is not identically 0 and that M f is finite everywhere, then
Mf(x)

we can choose R > 0 such that R? =
Hf”]up ¢(G)

. Inserting this in the above
estimate we arrive at

Q

7

P 1+
Loy f(2)] < CllKayllamar @ ||f||Mi$(G (M f(x)) .
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It follows for any r > 0 that

1

( /. Lo @) de )

1—-k
< Ol o @ oy /

z|<r

IMf(:r)I”d:c) "

where ¢ = ﬁﬁ Pip . Here, dividing both sides by (¢(r))?/4r?/¢ we obtain

1

(f\m|<r ’[a,fyf(l’)’qu)
P (r)rela

1
< Ol Ko lamem @ L5200,

(Jiper 1M () prtz)
x (G(r)larQla

where 9(r) = (¢(r))?/9. Now we take the supremum over r > 0, and then
use (5.33) to obtain

1
1 Loy £l nraw ey < Cllelle»m(G)||f||Mf¢/aq ||Mf||%3¢
< .0l Kanllar2on @) | f1 arr.0(6),

as desired. m

By Lemma 5.17, we note that Theorem 5.22 implies Theorem 5.21

o fllav@) < ClliEaqllamer @)l fllamee)
< ClKanlle @) 1 |arr o)

In order to improve our results, we present the following lemma, which
states that the kernel K, ., belongs to the generalised Morrey space M?*>*(G)
for some p, > 1 and some function w.

Lemma 5.23 ("*' Ruzhansky-Suragan-Y., Lemma 4.1). Let G be a homoge-
neous group of homogeneous dimension (). Let v > 0, p, > 1 and () — p% <a<
Q. Assume that w : Rt — R with w(r) > Cr*=9 for all r > 0. Then we have
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Ko, € MP(G).

Proof of Lemma 5.23. Note that it is enough to evaluate the following inte-
gral around zero

|x|(a7Q)p2
/ K27 (v)dx :/ ——dx
Zl<rR w<r (14 |z])P2

< o] pla=@prAQ-1g,. < CwP2(R)RO.
0<r<R

Dividing both sides of the above inequality by w??(R)R® and taking p,
th-root, it follows that

1/p2
P2
(fWSR K‘”’(x)dx> < CY/p
w(R)RY/p2 - ’
which implies
1/p2
(f\xISR Kg%(ac)dx>
b w(R) R/ < 00,
as desired. m

Theorem 5.24 ('*' Ruzhansky-Suragan-Y., Theorem 4.3). Let G be a homoge-
neous group of homogeneous dimension (). Let | - | be a homogeneous quasi-norm.
Let 0 < o < Q,v>0and1l < p < oco. Let w: RY — RY satisfy the
doubling condition (5.30) and assume that w(r) < Cr=* for all r > 0, so that
K.~ € MP*(G) for Qﬁ_a < py < % withpy, > 1. Let f < —a < —Q —f
and assume that 0 < ¢(r) < CrP forall r > 0. Then for all f € MP?(G) we

have

||[owf||Mqa¢(G) < Op,¢7Q|lKa;y||MP2'“(G)Hf”MP@(G)» (5-42)

where q = m%”fa and 1 (r) = (¢(r))P/1,

Remark 5.25. Note that Theorem 5.24 gives the best estimate among the
last three theorems. Indeed, if we take w(R) := (1 4+ R%/%)R=Q/P1 for some
q1 > p1, then we obtain || Ky || prew () < || Koy || mr2r (@)- Hence, Theorem
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5.24 and Lemma 5.17 imply that

“Ia"YfHMq’w(G) < C”KOI,’YHMP?*“(G)||f||Mp,¢(G)
< CllEanllmrzn @)l fllame o)
< ClKayllzo@lfllaree)

Proof of Theorem 5.24. Let us write I,  f(z) in the form

Loy f(x) = Li(2) + L2(2),

where laso
T
I () ::/ |zy | _{(y)dy
Br) (L+|zy=t)
and 5y 1" F ()
Ty |
h)= [ B,
Bewr) (L+|zy=t)7

for some R > 0.
By using the dyadic decomposition, let us estimate /; as follows

-1

lzy ™ * U f ()
Ii(z)| < / 4y

k=—00

-1

2kRa Q /
< J()|dy
Z G Tl ()]

-1

<CMf(x) )

k=—o00

(2F R)*~Q+Q/p: <2kR)Q/plz
(1+2FR)v

By the Holder inequality for -+ , = 1, it follows that

-1

& QpatQ 1/p2 1 1/ps
o< carsi 3 @(fﬁ s ) (X @)

k=—0oc0 k=—o00

For simplicity, throughout this proof let us take a = 0 when we use the
definition of the generalised Morrey (5.29) space.
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Recalling (5.35) we obtain

1

nwi<ons) ([ ) pe

< C|| Ko llarree o) M f (2)w(R) R
S CHKOCN||Mpz,w(G)Mf<I')RQ_a.

<|z|<R

(5.43)

where we have used the assumption w(r) < Cr~“ in the last line.

Now, let us estimate I, as follows

— (2"R)* ¢ /
Ly(z)| < — d
| 2( )| & (1 + 2’“R)7 2% R<|ay~1|<2+1R |f<y)’ Y

o

] "
<CY S (2FR)9/P fy)Pdy
=0 (1 "’ 2kR>7( ) 2kR§|$y*1|<2k+1R ‘ ( )‘

o0

< Oy 3

k=0

1/p2
(28FR)*¢(2*R) <f2kR<|zy—1|<2k+1Rdy>
(1+ ZkR (2kR)Q/p2 ’

1/p2
where we have used that (fszS‘xyﬂ'QkHR dy) b2 (28 R)Q/P2, By (5.40)
it follows that

= (2"R)~ sz
L] < Cllf oo Y- e
k=0

- 1 1/p2
(kaRg\xy—1|<2k+1RKa,v<xy )dy>
% (2F Ry :

Since we have ¢(r) < Cr® and w(r) < Cr=* for all r > 0 by assumption,
we arrive at

1 1/p2
<f2kR§|wy*1\<2k+1RKg,Qv(xy )dy>
(2" R) (2 R)ar

(@) < Cll fllapeoe) Y 2" R)GH
k=0
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Here, using

1 1/p2
<f2kR§\xy*1|<2k+1R Kgfv(xy )dy)
w(2FR)(2FR)Q/r2

< ”Kaﬁ”MP?"“(G)

for every k = 0,1,2, ..., we obtain for I, that

[e.o]

1L (2)] < Cll Kapllamee @)l fllame Y (2FR)H
= (5.44)

< CHKocﬁHMPQ,w(G) ||f||MP7¢(G)RQ_a+B,

since () — ao+ 8 < 0. Summing up the estimates (5.43) and (5.44), we have
[Tar [ ()] < CllKanllamee) (M f (@) RO + || fllarpo ey RO,

Assume that f is not identically 0 and that M f is finite everywhere. Then
M f(x)

. Hence, we obtain
Hf”Mp ‘15(([})

we can choose R > 0 such that R? =

oy £ ()] < ClE s llarmas )| F | iy (M f ()@=,

It follows for any r > 0 that

1

(Aq |I°Wf($)|qd:v> '

1/q
e L I (/| ‘ Mf@Pds)
x| <r

where ¢ = 57— Dividing both sides by (¢(r))P/1rQ/1 we get

+Q

1

(f|r|<r |]a,7f(x)|de> q
W (r)r/a

1/q
iy (e MF@Pr)
< C||Kosr| [liwsy
= ClRaallarze @ awe @) ™ gy orar@ia
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where (1) = (¢(r))P/9. Finally, taking the supremum over r > 0 and using
(5.33), we obtain

17
o fllasas(ey < CllEanllamallfymaic 1M I3
< Coo.0l Kapllare @) fllare ()

as desired. 0

GENERALISED BESSEL-RIESZ OPERATOR IN GENERALISED MORREY SPACES

In this section we discuss the boundedness of some generalisations of the
Bessel-Riesz operators. Moreover, we establish Olsen type inequality for
such operators in generalised Morrey spaces on homogeneous Lie groups.

We define the generalised Bessel-Riesz operator I; ., by

pllzyt)
L f(z) = / P U faydy, (5.45)
Py ( ) G(l_i_‘xy_l’)py ( )
where v > 0, p : Rt — R satisfies the doubling condition (5.30) and the
condition -
pt
/O gt < oo, (5.46)

Note that if we take p(t) = t*~@ for v < a < @, then we obtain the Bessel-
Riesz kernel (5.27) oy a-e
Ty |
Koo = Bor = s oy

Theorem 5.26 ('*' Ruzhansky-Suragan-Y., Theorem 5.1). Let G be a homoge-
neous group of homogeneous dimension Q). Let | - | be a homogeneous quasi-norm
and let v > 0. Let p and ¢ satisfy the doubling condition (5.30). Assume that ¢
is surjective and for some 1 < p < q < oo satisfies the inequalities

[0 < oy, (547)

and

¢mArﬂw“+/mmW@ﬁS@me% (5.48)

ty—Q+1 1—Q+1
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forall r > 0. Then we have
||Iﬁ77f||Mq,¢P/‘I(G) < Cp,q@,Q”fHMP@(G)- (5-49)
Proof of Theorem 5.26. For every R > 0, we decompose I; - f(z) as follows

iy f(x) = 1 5(2) + Lo 5(2),

hle): /B(a:,R) ( 4y

14 [zy=t])

where

and

(2) = ey Df(y)
Bale) = [ T

For [, ;(x), we obtain

ey~ )
L e O

Alzy)
< /| Ao W)l

zy~ <R |fL’y

_ plzy~')
_kzzoo/Q’“RS:vy —tp Tagp Wldy

1| <ok+1R |2y

By (5.30) and since
2k:+1R ~ k k
p(t) P2*R) p(2 R)
/2kR 2577Q+1al c(2kR) 2 k> C(QkR) (5.50)
it follows that
naoi<e 3 BN [
Lp 2kR \:vy71|<2k+1R y y
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< CMf(z) i %

2k R
<o 3 [ P

R
— CMf(x )/0 tﬁ%ildt.

Here, we use (5.48) to obtain
()| < CM [f(2)(@(R)) P9/, (5.51)

For I, ;(x), applying (5.30) we have

L+ |zy~t)

ey )
< /| o ey MGy
= ey )
- PEVD) )1y

o Y 2FR<|zy~1|<2F+1R \:cy
p2kR /
<C £ (y)ldy.
Z |zy—1|<2k+t1R

Using Holder’s inequality, it follows that

ool < [ Ay

1
G (Lwea®) )
Ls(x)] < C d d
Lo ()] Z Ry \ oy ™ S—L

<o EEM([ o)
sz Y- Q+ |zy—1|<25+1R yney .

For simplicity, throughout this proof let us take a = 0 when we use the
definition of the generalised Morrey (5.29) space.
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Taking into account this definition (5.29), we arrive at

2k+1R) (2k+1R)
QkR) -

[ L25(2)| < O fllarrs ) Z

2k+1R

<C|rf||Mp¢(G>Z / ADKD) oy

t)o(t
= Cllflmece /R AN 4,

where we have used the fact that

2k+IR ~ ~(ok+1 k+1 ~(ok+1 k+1
[ ES 5 Gy PO I
ok R —Q+1 (2k+1R)w—Q+1 (ZkR)V—Q
Now, we use (5.48) to obtain
| L5(x)| < Cll fllaiwscy (d(R))P. (5.52)

Summing up the estimates (5.51) and (5.52), we obtain

| I f ()] < C(M f(2)(@(R) P9 4 || f | sgmo ) (S(R))P').

Assume that f is not identically 0 and that M f is finite everywhere. Then
since ¢ is surjective we can choose R > 0 such that

®(R) = M f(z) ||f|’X41p,¢(G)

For x € G, it follows that

I f@)] < COLF@) 1o

which implies

1/q 1/q —p
(/ Ifmf(w)lq> sc(/ |Mf(w)|p> T I
B(0,r) B(0,r)
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Now, we divide both sides by (¢(r))?/%r?/4 to get

o (e /) . en "

1 1 P e o
<75 (7 o M) W1

Taking the supremum over r > 0 and using the boundedness of the max-
imal operator M on M??(G) shown in (5.33), we obtain (5.49), as de-
sired. o

Now let us show the following Olsen type inequality for the generalised

Bessel-Riesz operator I, :

Theorem 5.27 ('*' Ruzhansky-Suragan-Y., Theorem 5.2). Let G be a homoge-
neous group of homogeneous dimension (). Let | - | be a homogeneous quasi-norm
and let v > 0. Let p and ¢ satisfy the doubling condition (5.30). Assume that ¢
is surjective and satisfies (5.47) and (5.48). Then for 1 < p < py < oo we have

W I fllatoe < CoslW il on o ey (559)
provided that W e M»>%'™(G).

Proof of Theorem 5.27. By Holder’s inequality, we have

1

— W(z)I5,f(x)|Pdx
rQ B(O,r)| ( )P’Y ( )’

p2—p

1 p/p2 1 PP P2
< | —= W(x p2d$> (—/ I f(x P2de) )
(TQ/BM| ()] o ) @)
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By taking the p-th roots and dividing both sides by ¢(r), we obtain

1 (1 Lo\
7 Ga L, W)
1 1 . 1/172
< G (1@ g, VI 2)

i (8 g oot
r P2 B(0,r

For simplicity, we take a = 0 in the definition of the generalised Morrey
(5.29) space.

In the last inequality, taking the supremum over » > 0 and using the in-
equality (5.49), we arrive at

W 157 Fllare@) < Cpo@lWllypywoime o 1l FIl,,, 2o
L2 p? (@)

. o .
Since 1 < p < P2 < oo, we put ¢ = L2 into (5.49) to obtain (5.53). O

FRACTIONAL INTEGRAL OPERATORS IN GENERALISED MORREY SPACES

In this section we investigate the boundedness of more general fractional
integral operators. Moreover, we show Olsen type inequality for such op-
erators in generalised Morrey spaces on homogeneous Lie groups.

We define the generalised fractional integral operator T, by

pllzy)
Tfa:::/—fydy, 5.54
P ( ) G |a:y‘1|Q ( ) ( )
where p : RT — R* satisfies the doubling condition (5.30) and the condi-
tion X
/ @dt < 0. (5.55)
0

As in the usual Euclidean case, if we take p(t) = t%, 0 < a < @, then we
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obtain the classical Riesz transform
1
T =] = _— .
@) = 1S @) = [ i )y

Theorem 5.28 ('*' Ruzhansky-Suragan-Y., Theorem 6.1). Let G be a homoge-
neous group of homogeneous dimension (). Let | - | be a homogeneous quasi-norm.
Let p and ¢ satisfy the doubling condition (5.30). Assume that ¢ is surjective and
forsome 1 < p < q < oo satisfies the inequalities

/ Ty < oy, (5.56)

and

o(r) /O ' @dﬁ / h Mdt < Cy(p(r))P'e, (5.57)

forall r > 0. Then we have

1T lygucrtn gy < Coaoll Flamoe. (5.58)

Proof of Theorem 5.28. For every R > 0, we decompose 7),f(x) as follows

T,f(z) = Ty (x) + Tu(z),

where

_ G
Ti(z) = /B o (el W)

and

) = [ iy

y (lzy=)
For Ti(x), we have

Ty(a)| < /| PUzy D), 1)1y

zy~ <R |$y_l|Q
~1

> / ('“”?HQ')U( )ldy.

P kR<|zy—1|<2k+1R |J:y
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By (5.30), it follows that

-1

melse Y fe [ ol

k=—00

-1

<CMf(z) > p(2"R)

k=—o00

2’“+1R
< CMf(x Z /2
= CMf(z) /OR ?dt,

where we have used the fact that
kR 2kR

Thus, by (5.57) we obtain for T} (z) that

Ty(@)| < CM f(a)(6(R))#~9/.

For T5(z), using (5.30) we have

mmm/ UV, 1)1y

zy~1|>R |xy_1|Q
=i/ 2=y D) 11y
0 J 2FR<|zy—1|<2k+1R |y~

2kR
QW%LMWMJMW”

<C
k=0

2FT1R p(t) 2kF1R
2

(5.59)

(5.60)

For simplicity, throughout this proof let us take a = 0 when we use the

definition of the generalised Morrey (5.29) space.
In the last inequality, we use the Holder inequality to obtain

e}

Ta(2)] < C
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kR 1-1/p 1/p
o(/ w) (f i)
|lzy—1|<2k+t1R lzy—1|<2k+1R



o0

2kR 1/p
< d
o Z (2kR)@/p (/|zy1<2k+1R F) y)

< C|l fllarmss) Zp(2k+13)¢<2k+13)

k=0

00 2k+1R 00
e PO _ e[ p00)
< Cllllmoer 1 [ Bl [ 2D

where we have used the inequality

2k+t1R ok+1R
/ Mdt > Cp(2"™ R)p(2"™ R) / L
2kR t 2kR t (5.61)
= Cp(2"" R)p(2"™" R) In 2.
Thus, by (5.57) we obtain for 75(z) that
To(2)] < Cllfllamse)(D(R))/. (5.62)

Summing up the estimates (5.60) and (5.62), we arrive at

I Tpf ()] < CMf(@)(S(R) P+ || fllas(e) (S(B)).

Assume that f is not identically 0 and that M f is finite everywhere. Then
since ¢ is surjective, we can choose R > 0 such that

S(R) = Mf(@) 3o

For z € G it follows that

T, @)] < COLF@) e

which implies

1/q 1/q q—p
([ msr) <[ pr@p) e
B(0,r) B(0,r)
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Here, we divide both sides by (4(r))?/4r%/4 to get

G (2 L, 500
<C o «Mfmwjuﬂuﬁiw@

Finally, taking the supremum over » > 0 and using the boundedness of
the maximal operator M on M??(G) shown in (5.33), we obtain (5.58), as
desired. O

Now let us turn to the Olsen type inequalities for the generalised fractional
integral operator 7, and Bessel-Riesz operator I, .

Theorem 5.29 ('*' Ruzhansky-Suragan-Y., Theorem 6.2). Let G be a homoge-
neous group of homogeneous dimension (). Let | - | be a homogeneous quasi-norm.
Let p and ¢ satisfy the doubling condition (5.30). Assume that ¢ is surjective and
satisfy (5.56) and (5.57). Then we have

HWTPfHMP¢(G) < Cp:d)vQHW”Mp27¢p/I72(G)Hf|’Mp’¢(G)7 I< p < p2 <00,

(5.63)
provided that W e M»>%'™(G).
Proof of Theorem 5.29. By the Holder inequality, we have
5 W@
— T €T X
r? JBo) ’
<

(5] wera)™ (5] mawsa) ”
_ ) |1P?dx — T)|P2—Pdr .
79 J 0. 9 JBo.r ’
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Taking the p-th roots and dividing both sides by ¢(r), we arrive at

1 1 » 1/1’7
- (T—Q / W) dm)
1 1 . 1/172
< Gy (r_Q /B(o,@ W)l dm)

1 1 PPy PP
— (= T b7 d .
T o) (TQ /Bmm)‘ ) x)

For simplicity, we take a = 0 when we use the definition of the generalised

Morrey (5.29) space.

In the last inequality, we take the supremum over r > 0 to get

W, fllaro@) < Cop @I Wl srrm2 o 1T f | pa=p

pP2 D)
L% (@)

Since 1 < p < % < oo, we put ¢ = }% in (5.58) to obtain (5.63), as

desired. n

Theorem 5.30 ('*' Ruzhansky-Suragan-Y., Theorem 6.3). Let G be a homoge-
neous group of homogeneous dimension (). Let | -| be a homogeneous quasi-norm.
Let 0 < o« < Q, 1 <p <ooand~y > 0. Let w: RT — RT satisfy the
doubling condition and assume that 0 < w(r) < Cr=® for all r > 0, so that
K., € MP*(G) for Qf?y_a < pe < % with py > 1, where ¢ = 6+%D—a' As-
sume that 0 < ¢(r) < CrP forall r > 0, where f < —a < —Q — (3. Then we

have

Wiy fllare@) < CrollW, p.orre (G)Hf”MPv‘?(G)a (5.64)

provided that W € M p2,6P/P2 (G), where + =
p2

Q=

1
p
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Proof of Theorem 5.30. By the Holder inequality for p% + § =1, we have

1

— W(x)Io~f(x)|Pdx
@ o W @)

1 p/p2 /4 p/q
<|—= Wi(x pde) (—/ I f(z qda:) .
(5 [, e o [, Mead @)

Taking the p-th roots and dividing both sides by ¢(r), we obtain

5 (s [, W) "
< e (70 W 02)

1 1 . 1/(1
. (¢(r))pla (T_Q /B(O,r) Honf (@) dx) .

For simplicity, we take a = 0 when we use the definition of the generalised
Morrey (5.29) space.

In the last inequality, we take the supremum over r > 0 to get
HWIa,'nyMp,d>(G) < CHWHM;;2,¢F/PQ (G) HIDlv'YfHMq@p/q (G)’

which implies (5.64) by Theorem 5.24 after putting (1) = (¢(r))?/9. O

5.0.4 BESOV TYPE SPACES

In this section we define Besov type spaces using the Euler semigroup
{e~"EY, o introduced in Section 2.2. Moreover, we establish another type
of Gagliardo-Nirenberg inequality in these spaces.

We define the Besov type space B*(R x &) as the space of all tempered
distributions f on R x & with the norm

19| Ba(rxe) = Stug{t_mHFe_tBQF_lfHLw(RxG)} < 00, (5.65)
>
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where the operators B and I’ are defined in Section 2.2, and & is the quasi-
sphere G := {x € G : |z| = 1}. Now let us state the following Gagliardo-
Nirenberg type inequalities:

Theorem 5.31 ('* Ruzhansky-Suragan-Y., Theorem 4.2). Let G be a homo-
geneous group of homogeneous dimension (). Let 1 < p < q < oo. Then there
exists a positive constant C' = C(p, q) such that

HfHLq Rx&) < OHR| \pr/quG)”f”lBPI/)(/pq—q)(RxG) (566)
holds for all f € BY/P=D(R x &) such that R, f € LR x &).

tB2

In the proof, we will use the following representation for e=*", which is a

corollary of Theorem 2.16:

Corollary 5.32. Let F' and F~' be mappings as in (2.27) and (2.28), respectively.
Then we have

Fe B 1f(7° Y)

( ’ _j)g) fsds.  G67)

\/ 4rt
Proof of Corollary 5.32. Plugging e~ = ¢!@*/4c~"E (2.27) and (2.28) into
the left hand side of (5.67), and using (2.36) we obtain
Fe ™ P f(r,y)
Q /4 _Q/2 (Inr— 1ns)
=F etQ2/4e em @ 92572 f(In s, y))ds
( Nz (s7%f(Ins,y))
_ TQ/Qe —rQ/2 6—7@723)2 f(lHS, y)
v 47T S

_(T s1)2

- f(s1y)ds,

ds

N Vart J -
which is (5.67), where we have used the change of variables s = e°! in the
last line. O

We will also use the one-dimensional case of the following result:

226



Theorem 5.33 ('** Theorem 1). Let 1 < p < q < oo. Then forall f € LY(R")
there exists a positive constant C' = C(p, q,n) such that

1—
1 llzecey < CUV N Gay | £l gy (5.68)

where

flle e = sup {t—a/z
t>0, zeR™

( 47;)”/2 /R f (y)e‘x‘y'%dy'} .

We are now ready to prove Theorem 5.31.

Proof of Theorem 5.31. By Theorem 5.33 with n = 1 and Corollary 5.32, for
any y € G we have

[ 1 par

. [ofry) [
=¢ / Vit s

T
—Cq/ |R-|f(ny)|”dr( sup ¢/ p))‘F R (r, y)D 7
R

t>0,reR

IO f (s, y)ds

d?“( sup 2/ (2(a=p)) ‘
t>0,reR

-

a—p
<C / Ry f(r,y)[Pdr (suptp/ (2(g=p)) HF —tB? -1 fH )
L>(Rx6)

/ RS )P 1% 0 e

since (5.65). Thus, we integrate the above inequality with respect to y over
G to obtain the desired Gagliardo-Nirenberg inequality (5.66). O
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Hypoelliptic functional inequalities

N this chapter we derive a variety of functional inequalities for general

homogeneous invariant hypoelliptic differential operators on nilpotent
Lie groups. The obtained inequalities include Hardy, Rellich, Gagliardo-
Nirenberg, Caffarelli-Kohn-Nirenberg, Hardy-Littllewood-Sobolev (HLS)
and reversed HLS inequalities, and Heisenberg-Pauli-Weyl type uncer-
tainty principle. Moreover, we also discuss the relation between the best
constants of the hypoelliptic Sobolev and Hardy-Littlewood-Sobolev in-
equalities for certain families of parameters. In this chapter, we adopt
the notations introduced in Section 2.3 concerning the graded Lie groups.
Most of the results of this chapter are available in the joint work with

193

Ruzhansky .

6.1 HYPOELLIPTIC HARDY, RELLICH, CAFFARELLI-KOHN-NIRENBERG
AND HARDY-LITTLEWOOD-SOBOLEV INEQUALITIES

Some of the hypoelliptic functional inequalities that we discuss in this
section have been known in the case of the sub-Laplacians, however, for

more general hypoelliptic operators almost all of them appear to be new as
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no approaches for obtaining such estimates have been available. The ap-
proach developed in this section relies on the integral versions of Hardy
inequalities on homogeneous groups from Chapter 4. Namely, we link
such integral Hardy inequalities to different hypoelliptic inequalities by
using the Riesz and Bessel kernels associated to the described hypoelliptic
operators.

For example, since we have (2.52) for the Riesz kernel Z,, from (2.44), tak-
ing T{"(z) = T,(z) in Theorem 4.8 and noting that R™+ f = f * Z, by®
Corollary 4.3.11, we obtain

Theorem 6.1 (' Ruzhansky-Y., Theorem 5.1). Let G be a graded Lie group
of homogeneous dimension () and let R be a positive Rockland operator of ho-
mogeneous degree v. Let | - | be an arbitrary homogeneous quasi-norm. Let
l<p<g<ooand < a< Q/p. Let0§b<Qand%:%—é+$.
Then there exists a positive constant C' such that

f

2] < C|IRY fllLoey (6.1)
x|

La(G)

holds for all f € L?(G).

Remark 6.2. When G is a stratified group, if we let R = —£ be the positive
sub-Laplacian and ¢ = p, hence b = ap, then (6.1) becomes

f

[

<CON=L)2fllmmw), l<p<oo, 0<a<Q/p, (6.2)
LP(G)

which is the fractional Hardy inequality (1.4) obtained by Ciatti, Cowling
and Ricci®.

Moreover, note that the Hardy-Sobolev (6.1) inequalities contain the clas-
sical Hardy, Rellich and Sobolev inequalities, which we will discuss in the
following remarks:

Remark 6.3. In the case ¢ = pand a = 1, the inequality (6.1) gives the Hardy
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inequality on graded groups

Hé[ < CIRE Flmey, 1<p<Q, 6.3)

LP(G)

for all f € L¥(G). Tt implies the classical Hardy inequality when G =
(R",+) and R = —A is the positive Laplacian, hence ) = nand v = 2,

I

where V is the usual Euclidean gradient.

< Cl[(=A)2 flle@n < ClIVFllr@n, 1 <p<oo,  (6.4)

Lr(R™)

Remark 6.4. In the case ¢ = p and a = 2, the inequality (6.1) gives the
Rellich inequality on graded groups

I
|22

for all f € L5(G). It implies the classical Rellich inequality when G =
(R™,+) and R = —A is the positive Laplacian, hence Q = nand v = 2,

I
|z]

scmﬁﬂm@%1<p<%, 65)

LP(G)

n
< CllAfllprwny, 1 <p< 5 (6.6)

Lr(R")

We note that the hypoelliptic versions of Hardy (6.3) and Rellich inequal-
ities (6.5) are new already on stratified groups, since the operator R does
not have to be a sub-Laplacian and can be of any order.

Remark 6.5. In the case b = 0, the inequality (6.1) gives the Sobolev inequal-
ity on graded groups, see® Proposition 4.4.13, (5): Let 1 < p < ¢ < oo and
0<a<@/pwithd = ]lj — é Then there exists a positive constant C' such
that

Hf”Lq((G) < CHR%f”LP(G) (6.7)
holds for all f € L?(G).

Remark 6.6. We can also prove Theorem 6.1 by using the Schur test argu-
ment from Remark 4.9 and the analysis on graded Lie groups developed
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in®. We first prove it for p = q. By (4.36), we have

f *T(l)
H;b/q <Ol fllzece) (6.8)

b
|z L4(G)

forall f € L9(G), where 0 < b < Q and 1 < ¢ < co. Here, since we have
(2.52), taking Tb(/lg(x) = Ty/q(x) and using R v f = f xI,), by®” Corollary
4.3.11, we obtain from (6.8) that

f

Fk

< ClIR¥ fllLee) (6.9)
L1(G)

holds for all f € L, (G), where 0 < b < Qand 1 < ¢ < oo.

Now for p < g, we use the Sobolev inequality (6.9) to get

/ b a
3 < CIR¥ fllaw) < CIRY fllLr(), (6.10)
|| La(G)
whereO<a<Q/pand%:%—%+$.

Similarly, since we have (2.53), taking T (x) = B,(z) in Theorem 4.10 and
then using (I +R)~+ f = f x B, by® Corollary 4.3.11, we obtain the critical
case b = Q of Theorem 6.1:

Theorem 6.7 (' Ruzhansky-Y., Theorem 5.6). Let G be a graded Lie group
of homogeneous dimension () and let R be a positive Rockland operator of ho-
mogeneous degree v. Let | - | be an arbitrary homogeneous quasi-norm and let
I<p<r<ooandp <q< (r—1)p, wherel/p+ 1/p’ = 1. Then there exists
a positive constant C = C(p, q, r, Q) such that

f
<log (e + %))q 2| La(G) < Ol e (6.11)

holds for all f € Ly, (G).
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The Hardy inequality (6.1) implies the following Heisenberg-Pauli-Weyl
uncertainty principle for general homogeneous invariant hypoelliptic dif-
ferential operators:

(193

Corollary 6.8 Ruzhansky-Y., Corollay 5.7). Let G be a graded Lie group
of homogeneous dimension () and let R be a positive Rockland operator of ho-
mogeneous degree v. Let | - | be an arbitrary homogeneous quasi-norm. Let
l<p<g<ooand0 < a < Q/p. Let0§b<Qand%:%—§+%.
Then there exists a positive constant C' such that

a g
WMW%WWMW@ZCAWQWx (6.12)

holds for all f € L?(G), where 1/q+ 1/¢' = 1.

Remark 6.9. Sometimes it is possible to obtain uncertainty principles with-
out using Hardy inequalities, see, e.g., Ciatti, Ricci and Sundari*’. On
stratified groups, we also refer to, e.g.,* and **.

Proof of Theorem 6.8. Using Holder’s inequality and (6.1), we obtain

a b f
IR Slusc el oy > € |

b
WWMW@ECAUMWx
)

L9(G

]

As another consequence of Theorem 6.1, we also obtain a family of ex-
tended Caffarelli-Kohn-Nirenberg inequalities on graded groups.

Theorem 6.10 (' Ruzhansky-Y., Theorem 5.9). Let G be a graded Lie group
of homogeneous dimension () and let R be a positive Rockland operator of ho-
mogeneous degree v. Let | - | be an arbitrary homogeneous quasi-norm. Let
1 <pg<oo,d€ (0,1)and 0 < r < oo withr < %5 for 6 # 1. Let
0<a< Q/pand B, v € R with ér(Q — ap — Bp) < p(Q + ry — rB) and

B(1—6) —da < v < B(1—8). Assume that "0&2EU==00) 4 (=00 _
Then there exists a positive constant C' such that
" fller@) < ClRE |0 Nl o (6.13)
Ln(G) = Lr(G) L1(G) )
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holds for all f € L?(G).

In the Euclidean case G = (R", +) with ) = n, if the conditions (3.114)
are not satisfied, then the inequality (6.13) is not covered by the classi-
cal Caffarelli-Kohn-Nirenberg inequality, see Theorem 3.41. Therefore, the
inequality (6.13) actually also gives an extension of Theorem 3.41 with re-
spect to the range of parameters. Let us give an example:

Example 6.11. If l <p=gq=r<n,a=1,R=—-Aandy = p(1—-9) -9,
then (6.13) takes the form

] Il o gy < CH<—A :

||| fHLp - (6.14)

Lp(R™)

Here, we can take e.g. 5 < —n/pory < —n/p so that the conditions (3.114)
fail, then the inequality (6.14) is not covered by Theorem 3.41.

Remark 6.12. We note that the conditions 5 =y =0,a > 0,1 < p < Q/a,
1<q¢g<r<pQ/(Q-—ap)andd = (1/qg—1/r)(a/Q+1/q—1/p) " satisfy all
the conditions of Theorem 6.10. Indeed, 6 = (1/¢—1/r)(a/Q+1/q—1/p)7},
r > gand Q —ap > 0 imply r < %5, while r < pQ/(Q — ap) gives
or(Q —ap — pp) < p(Q +ry —rp) since f = v = 0and § < 1. In this
case,d = (1/q—1/r)(a/Q+1/q—1/p)~Land (1 — ) — da < v < B(1 — )
are equivalent to “2<t2(? (;3)*7*“5)) + (1;5)T = 1 and ad > 0, respectively.

Thus, (6.13) recovers also the Gagliardo-Nirenberg inequality previously
obtained in'** and'® on graded groups

1fllz@)

(6.15)
forall f € L?(G) N LI(G).

We also note that when G = (R"”,+), Q = nand R = —A, in the special
casep = ¢ = 2and a = 1, the inequality (6.15) essentially gives the classical
Gagliardo-Nirenberg inequality* and '**.

In'"” we also obtained the following critical case a = @ /p of the Gagliardo-

Nirenberg inequality (6.15):
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Theorem 6.13 ('’ Ruzhanksy-Y., Theorem 3.3). Let G be a graded Lie group
of homogeneous dimension () and let R be a positive Rockland operator of homo-
geneous degree v. Let 1 < p < oco. Then we have

_ Q 1-p/r T
£ 1|2y < Cr' =P[R FI| b 1 F 1170y (6.16)

for every r with p < r < oo and for every function f € Lg,, (G), where the
constant C depends only on p and Q).

Remark 6.14. Actually, there are already some applications: for example,
in'® and ' we showed that the best constants of the Sobolev inequality
(6.7) with inhomogeneous norm (replacing ¢ by r), the Gagliardo-Nirenberg
inequality (6.15) with ¢ = p and its critical version (6.16) can be related to
ground states (least energy solutions) of the following Schrodinger-type
equation

RE ([REu@)|* Réu(n) + u(@)2u(z) = Ju(@)]>u().

Note that this is also a differential equation if a/v is an integer. They are
also related to the the variational problem

d= inf  £(u),
ueLg (G)\{0}

for functionals
1 a P 1 1
() :-/ Réu(a)] da:+—/ \u(x)]pda:——/ ()| da
P Jg P Jc rJe
and

30 = [ (IREu@) + @)l = @)l ) o

For such discussions in the setting of stratified groups we refer to'".

Furthermore, in'®* the authors use the Gagliardo-Nirenberg inequality (6.15)
to investigate global in time well-posedness for small data for the semilin-
ear damped hypoelliptic wave equation.

We also refer to?'* for the similar investigations but in the Dunkl settings.
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Another type of Garliardo-Nirenberg inequality involving Besov norms
on graded groups was obtained in'*.

Moreover, in'*"" using the critical Gagliardo-Nirenberg inequality (6.16) we
obtained the following hypoelliptic Trudinger and Brezis-Gallouet-Wainger
inequalities:

Theorem 6.15 (" Ruzhanksy-Y., Theorem 3.5). Let G be a graded group of
homogeneous dimension ) and let R be a positive Rockland operator of homoge-
neous degree v. Let 1 < p < oo. Then there exist positive o and C such that

/G <exp(a|f(:v)|”')— 3 %(a|f(w)|”')k> dr < Ol ey (617)

0<k<p—1, k€N

. . Q ,
holds for all functions f € L, , (G) with |R¥» f[|rr(e) < 1, where1/p+1/p" = 1.

Remark 6.16. In the case G = (R"”,+) and R = —A is the Laplacian, the
inequality (6.17) was obtained in'®. In this Abelian case, we can also refer
to"”” for p = 2, to'® for p = n = 2, and to” for p = n > 2. We also refer
to'” for the weighted versions of (6.17).

Theorem 6.17 ('’ Ruzhanksy-Y., Theorem 4.4). Let G be a graded group of
homogeneous dimension () and let R be a positive Rockland operator of homoge-
neous degree v. Let a,p,q € Rwith 1 < p,q < oo and a > Q/q. Then there
exists C' > 0 such that we have

1fll @) < C(1+log(1 + |[RY" fll pag))) " (6.18)

for all functions f € Ly, (G) N LY(G) with ||f||Lg/p(G) <1

Remark 6.18. In the case G = (R",+) and R = —A is the Laplacian,
the inequality (6.18) was obtained by Brezis and Wainger®” by employ-
ing Fourier transform methods. In this case, we also refer to Engler66 for
n/p,m € Z,and to Ozawa'® for the general case without using the Fourier
transform.

Theorem 6.19 (' Ruzhanksy-Y., Theorem 4.7). Let G be a graded group of
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homogeneous dimension () and let 1 < p < oo. Then we have

[ 1@lde < Callllg, o001 + Hog ) (6.19)

for any function f € Ly, , (G) and for any Lebesgue measurable set 2 with |€2] <
oo, where the constant Cy depends only on p and (), and |Q}| denotes the Lebesgue
measure of ().

Remark 6.20. When G = (R", +) and R = —A is the Laplacian, the inequal-
ity (6.19) was obtained in** Lemma 2 and in'®’ Theorem 3. In*?, using this
estimate and Morrey’s technique the authors proved the Brezis-Wainger

inequality: for any function f € L R") and for each z,y € R", the

n/p+1 (
inequality

@) = FW) < Clifllee,  @mle =yl(1+ [logle —y|)'/7, 1 <p < oo,

holds true, where the constant C' depends only on n and p.

Remark 6.21. For logarithmic Sobolev inequalities we can refer to, e.g., the
lecture notes” by Guionnet and Zegarlinski, and to''® for discussions on
metric measure spaces.

Proof of Theorem 6.10. Case § = 1. In this case, note that Z2&t2(B0-0)——ad)) .

pQ
% =lgives§=-—1— X 5- ltmeans that the condition dr(Q —ap—p) <

p(Q+ry—rp)is equivalent to the trivial estimate p@ < p(@. The condition
B(1—90) — 5a <7y < B(1—90)gives —a < v < 0, which implies r > p with
6=, r" 0 . Thus, in this case, we observe that (6.13) is equivalent to

Case 0 € (0, 1). We write

, o) f@)| 0 N
|||93|Vf||m<@>=</ || f (2 ) (/ |x‘r(ﬁ1 5 [P dz | .

Note that § > 0, @ > ap and (1 —§) —~v > 0 imply r(dQ + p(5(1 —9) —
v — ad)) > Ofwhﬂe&“(Q—ap—ﬁp) <p(Q+ry—rf),0 <landr < ;%5
give > 1 and

> 1, respectively. Then by using

pQ
r(0Q+p(B(1—8)—y—ad)) a=or 5)
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= 1, we obtain

Holder’s inequality for Z0&te(80-0)——ad) | (1—q&)r

pQ

Iz Fllre)

5Q+p(B(1—6)—7—ad) -

<< |f(a?)|<mw(?ocwd$) & ( If(x)lqu)q
G

B m% G |z|P
f £
= | e :
|95|B ; Lm(@ =7 La(G)
(6.20)
We also note that the conditions pomw 6(?1@5)—7—a6) >dr >0and (1 —9) —
v > 0imply
IpQ BA—6)—~
. >0, 6.21
S pBl-0—1-aw) 5 - ©21
while @ > ap and § > 0 give
opQ BA—96)—vy
: <Q. 6.22
Q+pB—-0)—y—a)) 622
Then, (6.21), (6.22) and
g B 1 B 1 N 5(1_65)_’7
= e
@ P onEee @
with v > (1 — J) — da imply 5Q+p([3(i116(25)—’y—a5) > p, so that we can use
Theorem 6.1 in (6.20) to obtain (6.13). O]

Consequently, by working with Riesz kernels of positive Rockland opera-
tors, we subsequently obtain the following differential version of Hardy-
Littlewood-Sobolev inequalities:

Theorem 6.22 (' Ruzhansky-Y., Theorem 5.12). Let G be a graded Lie group
of homogeneous dimension () and let | - | be an arbitrary homogeneous quasi-
norm. Let 1 < p,qg < 00,0 <a < Q/pand 0 <b < Q/q. Let 0 < \ < Q,
0<a<a+Q/pand 0 < < bbe such that (Q — ap)/(pQ) + (Q — q(b —
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B6)/(qQ) 4+ (a+ N)/Q =2and o+ X < Q, where 1/p + 1/p" = 1. Then there
exists a positive constant C = C(Q, \, p, o, B, a, b) such that

f(@)g(y)
// ey tap g

holds for all f € L?(G)and g € LY(G).

< Clfll gz e lgll 2oy (6.23)

Proof of Theorem 6.22. We first prove it for a # 0 and b # 0. We want to use
Theorem 4.11 in the left-hand side of (6.23) to get

f(@)g(y g
//‘a(1x>MMy§ﬂmm%) . , (6.24)
c Je ||y~ z[Myl || L% (G)
where p; := prflp and ¢; = #&5) For this, let us check the conditions

of Theorem 4.11. Note that 0 < a < @/p implies 1 < p; < oo, while
0 <b< @Qgand 0 < f < bimply 1 < ¢ < oco. We also note that
0<a<a+Q/p implies0 < a < Q/p) withp} =p;/(p1 — 1) and

— —q(b— A 1 1 A
Q-ap Q—qb-p atr 1 atr

0 Q Q n @ Q

Thus, since we also have 0 < A < @ and a + A < @, by Theorem 4.11 we
obtain (6.24).

9 —

Now we estimate the right-hand side of (6.24) by using the Sobolev (6.7)
and Hardy-Sobolev inequalities (6.1).

Note that we have 1 < p < p1 < 00,0 < a < @/pand § :%—pilsince

P = prip' Then we can apply the Sobolev inequality (6.7) to obtain

1fllzrre) < Cllfllize)- (6.25)

From @ —q(b—f) >0and Q —gb > 0 we get 0 < #ﬁm < @, thatis, 0 <

Bq1 < Q. We also note that b/Q = 1/q— 1/q1 + 8/Q since 1 < ¢ < ¢ < 0.
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Then, we can use the Hardy-Sobolev inequality (6.1) to obtain

< CHQHLg(G)- (6.26)
L7 (G)

H 9
ly|?
Finally, putting (6.25) and (6.26) in (6.24), we obtain (6.23).

In the case a = 0, the inequalities (6.26) and (6.24) give (6.23).

When b = 0, we have § = 0 since 0 < 3 < b, then (6.24) and (6.25) imply
(6.23). O

6.2 ON THE BEST CONSTANTS IN HLS AND SOBOLEV INEQUALITIES

In this section we discuss the relation between the best constants of Sobolev
and Hardy-Littlewood-Sobolev inequalities on graded groups for certain
families of parameters.

Since the homogeneous order of the Riesz potential I_,(y~'z) and |y~ x|~
is equal to —\, then taking p = ¢, f = gand A = Q —2afor 0 < a <

()/2 in (4.75) with o = 0 we obtain the following version of the Hardy-

Littlewood-Sobolev inequality on graded groups

[ [ Ry ) T ) dady| < U g, forall f € L5 (E)
GJG LQ+2a(G)
(6.27)

Let Cys be the best constant in (6.27). We show the relation between this
constant and the best constant Cs in the Sobolev inequality (6.7) with p =
2Q/(Q +2a),0 < a < Q/2,and q = 2, that is, Cs is the best constant in the
inequality

I lisey < CUI gs, forall f € L2@0(@). (628)

We note here that the Riesz potential /, as well as homogeneous Sobolev
spaces norm in (6.28) above correspond to the particular fixed positive
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Rockland operator R of homogeneous degree v, and is defined by | f{| ;2 ¢) =
|RY fllze(c). While it is known®”" that these Sobolev spaces are indepen-
dent of the choice of a positive Rockland operator R, the best constants
clearly depend on the precise expressions of the norms.

Theorem 6.23. Let G be a graded group of homogeneous dimension (), and let
0 < a < Q/2. Then we have
Cs = Chs. (6.29)

Remark 6.24. In the Euclidean case, we refer to'*,*' %0 for the best con-
stant in Hardy-Littlewood-Sobolev inequality, and refer to'®,'?,%!" and '¥
for the best constant in Sobolev inequality. We also note that according
to our knowledge the best constant in the Hardy-Littlewood-Sobolev in-
equality is not known yet on general stratified groups (beyond the Heisen-
berg group). Indeed, in®', Frank and Lieb found the value of the best
constant in the Hardy-Littlewood-Sobolev inequality on the Heisenberg
group, however, using |y~'z| ™" instead of the Riesz potential in (6.27). Al-
though the homogeneous functions | - |~ and I_,(-) are equivalent, the
best constant in the Hardy-Littlewood-Sobolev inequality does depend on
the choice of this weight. In our case, it is the use of the Riesz potential

that implies the validity of Theorem 6.23.

Remark 6.25. In*"7,** and '™ the best constant in the Sobolev inequality with
inhomogeneous norm for the parameters different than those in (6.28) is
expressed in the variational form as well as in terms of the ground state
solutions of the nonlinear Schrodinger equation when G is (R", +), the
Heisenberg group, and a general graded group, respectively.

Proof of Theorem 6.23. Taking into account that R ™7 f = f *Z, (see® Corol-
lary 4.3.11), we rewrite the left-hand side of (6.27) as

/G /G Iza(y‘lx)mf(y)dwdy‘: /G FR fda| =[R2, f)]

=R £, R = IR fll72()-

(6.30)
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Putting (6.30) in (6.27), we arrive at

12 ) < C'HLS||f||LQ2+Qa : (6.31)

S TG)

Since Cs is best constant in (6.28), that is, Cs is the best constant in (6.31),
we have Cs < Chrs. On the other hand, similarly, one can obtain (6.27)
with the constant Cs from (6.28) using (6.30), which means Cis < Cs. [
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Functional inequalities
on stratified Lie groups

IN this chapter we discuss versions of some of the inequalities from the
previous chapters on stratified Lie groups using the horizontal gradient
(2.61) and sub-Laplacian (2.59).

As already mentioned in the introduction, in the literature there are three
types of estimates on stratified Lie groups available: with the Carnot—Cara-
théodory distance, the fundamental solution of the sub-Laplacian £ or the
Euclidean distance on the first stratum of the group. Here, in this chapter
we concentrate on the last two cases.

First, we show Sobolev type and Caffarelli-Kohn-Nirenberg inequalities
with weights from the first stratum of a stratified group G. Such inequali-
ties also give new insights (proofs) in the Euclidean setting. Moreover, the
Caffarelli-Kohn-Nirenberg inequalities on G are new even in the Abelian
case, that is, in the Euclidean case these extend the classical Caffarelli-
Kohn-Nirenberg inequalities with respect to ranges of parameters, see Ex-
ample 7.10.
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Then, we use the factorization method, similar to the ideas explained in
Section 3.1.1, but now in the setting of stratified groups. As a result we ob-
tain two-parameter inequalities analogous to the Gesztesy-Littlejohn type
inequalities (3.13).

Finally, in Section 7.4 we show an embedding of the classical Rellich in-
equality '** for f € Cg°(R"\{0})

2, o =47 [ |f(x)P
/Rn |IAf(x)|*de > 16 /n B dr, n#2, (7.1)

into a family of inequalities associated to (sub-)Laplacians with drifts. Such
operators have recently attracted considerable interest in the literature in
the context of the spectral multiplier estimates (see''®'"” and '*").

In particular, in R* with n > 5, forall ¢; € R for i = 1,...,n and all
f € C°(R™\{0}) we obtain a new family of inequalities

2
n 2 - > i
A+Zai8z. / = e !

' . 16 |1 [ 2R )

i=1 L2(R™,pux) o

-2 £ I
y ) 2 =21 7.2
+ X||f||L2(R ,ux)+ X 2 ’33| LQ(R",MX)’ 72

where duy = e Xi=1%%dy and dx is the Lebesgue measure, and bx =

3 (Z?:l a?) 1/2. Note that the inequality (7.2) reduces to the classical Rel-
lich inequality (7.1) if all a; = 0. If a@; # 0 for some ¢ = 1,...,n, then
the drift term ), a;0,,, although being of low order, brings an improve-
ment to the Rellich inequality in the form of the addition of two positive
terms in (7.2) compared to (7.1). Given the drift, the choice of the measure
itx is essentially unique to make the operator self-adjoint. Moreover, the
constants in (7.2) are sharp in the sense that there exists a sequence of func-
tions such that the equality in (7.2) is attained in the limit of this sequence

of functions.

In addition to (7.2), we obtain the weighted versions of such inequalities:
Let ux and by beasin (7.2). Letn > 3,a; e Rfori=1,...,nand leta € R
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with n + 2a — 4 > 0. Then we have

|| (A +) aiaxi> i
=1 L2 (R pix)
(n + 2a — 4)%(n — 2a)? 02 £112
= 16 |HQJ‘ fHL2(R"
(n+2a —2)(n —2a —
2

2

LX)

2
1 T [

(7.3)

+ b%

for all functions f € C°(R"\{0}). If (n — 2a)(n — 2ae — 2) # O witha > 1
and n > 2q, then the constants in (7.3) are sharp, in the sense that there
exists a sequence of functions such that the equality in (7.3) is attained in
the limit of this sequence of functions.

In order to put in perspective the weighted Rellich inequalities, let us re-
call the following LP-Rellich inequality that was obtained by Davies and
Hinz": Let 2 be a proper, non-empty open subset of R™. Let V € C(Q) be
a positive function such that AV < 0 and A(V*) < 0 for some a > 1. Then
for p € (1, 00), and for all functions f € C§°(2), we have

P’ T (V)P
[ieveisore < () [ Lo arwra. ¢
If we take 2 = R"\{0}, a = =% and V/(z) = |z > with -1 < o < 252,
then (7.4) yields

@) < o ) \afer
fo it < (mmam- e ri=m) L |x\2°‘+4_f§§’

for any f € C°(R™"\{0}). For a Rellich-type inequality with the weight

given by a mean distance function we refer to'® Corollary 6.2.7 and**. We
224

also refer to*' for inequalities on the Heisenberg group, to”** on H-type
groups, to'”? for Rellich inequalities for Hérmander’s sums of squares of
vector fields. On stratified groups, we can refer to'”® and'” for Hardy-

129 128 126
s

Rellich inequalities, to'*, and '*° for the inequalities with the weights

in terms of the fundamental solution of the sub-Laplacian, and to'”* on
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5 19 20 a11c1212

general homogeneous groups. See also”, as well as references

therein.

Thus, in Section 7.4 we discuss the inequalities (7.2) and (7.3) on strati-
fied Lie groups. For this, we first prove a new weighted Rellich inequality
without drift with horizontal weights, see Theorem 7.26. Then, in the case
of polarizable Carnot groups we show a family of weighted Rellich in-
equalities for the sub-Laplacians with drift, where the weights are given
by the powers of the fundamental solution of the sub-Laplacian. In this
chapter, we adopt the notations introduced in Section 2.4 concerning the
stratified Lie groups.

The exposition of the present chapter is based on the joint works with
]87 194

Ruzhansky and Suragan'”’, and with Ruzhansky

7.1 HORIZONTAL HARDY AND SOBOLEV TYPE INEQUALITIES

In this section we show an analogue of the Sobolev type inequality from
Section 3.2 on a stratified Lie group G using the horizontal gradient (2.61).
Moreover, we show the equivalence of the Sobolev type and Hardy in-
equalities (1.6) in L?, and that the Sobolev type inequality refines the Hardy
inequality.

Theorem 7.1 ('Y Ruzhansky-Suragan-Y., Theorem 3.1). Let G be a stratified
group with N being the dimension of the first stratum, and let o € R. Then for
any f € C3°(G\{z' = 0}) we have

|N — apl
p

- va

, 1 <p<oo, (7.6)
|z’

LP(G)

[ N 1oy

where | - | is the Euclidean norm on RN. If N # ap, then the constant |Np”p |

is
sharp.

Remark 7.2. In the Abelian case G = (R",+), wehave N =n, Vg =V =
(Ouys - -, 0y, ), the inequality (7.6) implies the LP-weighted Sobolev type
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inequality obtained in'%, that is,

| I I 28 -
p 2|5 Lr(R™) |5 LP(R")
for all f € C§°(R"\{0}), where |z|g = \/2? + ... + 22 and the constant is

sharp.

Remark 7.3. In Section 7.3.1 we will obtain special case of (7.6) by the fac-
torization method, see Theorem 7.16.

By using the Schwarz inequality in the right hand side of (7.6) we note that
it can be a refinement of the L”-weighted Hardy inequality on stratified
groups from'”*:

Corollary 7.4. Let G be a stratified group with N being the dimension of the first
stratum, and let o € R. Then forany f € C3°(G\{2' =0}),and all 1 < p < oo,

we have
IN — ap|

p

f

"]

Vuf

|:LJ|04—1

, (7.8)
LP(G)

Lr(G)

where | - | is the Euclidean norm on RY. If N # ap then the constant % is
sharp.

Thus, the inequality (7.6) can be regarded as a refinement of (7.8).

225

We refer to”~ for the Hardy type inequalities on crystallographic groups.

As in Corollary 3.31, using the Holder inequality, from the inequality (7.6)
one can derive the following horizontal version of the uncertainty inequal-

ity:

Corollary 7.5. Let G be a stratified group with N being the dimension of the first
stratum. Let 1 < p < coand o € R. Then for any f € C3°(G\{2' = 0}) we

have
x - VHf

]

N — ap| 2
' 1*fll gy =2 ——— [ (@) de, (7.9)
LP(G) Ly () p G

where | - | is the Euclidean norm on RN and 1/p + 1/p = 1.
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Remark 7.6. We refer to'”” Corollary 6.1.3 for the case a = 1 of (7.9) with
Vy instead of x - V. Note that in the Abelian case G = (R", +), taking
N = n and a = 1, using the Schwarz inequality from (7.9) we obtain the
classical Heisenberg-Pauli-Weyl uncertainty principle.

Let us now prove Theorem 7.1.

Proof of Theorem 7.1. We may assume that ap # N since when ap = N
the inequality (7.6) is trivial. Using (2.63) and the divergence theorem, we

have @)
T 1 x’
pr— p 1
o o N—ap/@,’f (@)Fdive (|x'|ap) o

S Re/pf(:c)lf( 2t Valy,

N | /|ap
f ()"~ 1
. d
‘N—ap / |z’ - Vaflda
p—1
F@P - Vafl
<X —apl Jo e o
p—1 1
p i AV p P
<| (U ) ™ ([ Tuiy,)
N —ap |2[oP e ||

yielding (7.6), where we have used Holder’s inequality in the last line.
Now let us prove the sharpness of the constant. We note that the function

h(z) = —x—or N #oap,

satisfies the following equality condition in Holder’s inequality

Ul Vah (@) ()

‘N—&p

‘x/’ap ‘x/‘ap '

Approximation of this function by functions in C§°(G\{z’ = 0}) concludes
that the constant X=22l > is sharp. O

The above also gives a simple proof of a part of ' Theorem 2.12.
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We also note that the proof of Theorem 7.1 gives the following similar
statement in R™: Letx = (2/,2”) € R¥Y xR"Y,1 < N <nand a € R. Then
for any f € Cg° (R"\ {#/ =0}),and all 1 < p < 0o, we have

[N — ap|
p

f

]

Vi

|$l|o¢—1

, (7.10)
LP(R")

LP(R™)

where |2/| is the Euclidean norm on RY. If N # ap then the constant @

is sharp.

The best constant in the Hardy inequality (7.10) when o = 1 was conjec-
tured by Badiale and Tarantello in'® Remark 2.3. Then, it was solved in*”

and'”°.

Now, let us show the equivalence of the Sobolev type and Hardy inequal-
ities on stratified groups in L*:

Theorem 7.7 ('Y Ruzhansky-Suragan-Y., Theorem 3.4). Let G be a stratified
group with N being the dimension of the first stratum with N > 3. Then the
following two statements are equivalent:

(a) Forany f € C3°(G\{z' = 0}), we have
2 /
1£llz2@) < S lle"- Vi fllize)- (7.11)

(b) Forany g € C3°(G\{«' = 0}), we have

xl

2
M'VHQ

9 c_
- N-2

(7.12)
||

L2(G) L*(G)

Proof. Let us first show that the statement (a) gives (b). For this, setting
g = |2'| f we have

g T
2" Vi fl2e) = H—— + 7 Vayg
HE 2’| [a] L2(G)
g | g(x) o' v’ ’
|| L2(G) c 7] 2| || L2(G)

250



Using (2.63), we observe that

g(x) 2’ ' 2
—2Re/—/—/-V gxd:)s:—/—/v g(x)|"dz
AR S

B A T g

Then, from the statement (a) and (7.13) we obtain that

g |’ 4 9 ’

- < — (N — 1) H -Vug R

|| L2(G) N? ( ‘x/’ L2(G || L2(G)
which implies (7.12).

Now, let us show the converse case. We assume that (b) holds. Then,
setting f = g/|2'| we get

/

Eh V(|2 |f) =|If +2" - Vuflizg

L*(G)

= 1/l + 2Re | a'f@)VaFde + - Tuf
Here, using (2.63) we note that
QRe/ o' f(x)Vifde = —N| |72
G

It follows with the statement (b) that

4 /
111726y < m(“% Vauflliae — (N = DIfl72@);

yielding (7.11). O

7.2 HORIZONTAL CAFFARELLI-KOHN-NIRENBERG INEQUALITIES

In this section we introduce new Caffarelli-Kohn-Nirenberg type inequali-
ties in the setting of stratified Lie groups. The proof is quite simple relying
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on weighted Hardy inequalities and the Holder inequality. However, we
note that already in the Euclidean setting of R” it also gives an extension
of Theorem 3.41 from the point of view of indices.

Theorem 7.8 ('Y Ruzhansky-Suragan-Y., Theorem 4.1). Let G be a stratified
group with N being the dimension of the first stratum. Let 1 < p,q < oo,
0<r<oowithp+q>randd € [0,1]N[=22]. Leta, b c € Rand
N # p(1 — a). Assume that

or N (1—=208)r
p q

=1and ¢c=6d(a—1)+b(1-9).

Then we have

)

1 1°f @) < 121V ey N2 P F ey (714)

N

forall f € C§°(G\{0}). The constant in the inequality (7.14) is sharp when
p=quwitha —b=1orp+# qwith p(1 —a) + bqg # 0, or when § = 0, 1.

Remark 7.9. In the Abelian case G = (R",+), wehave N =n, Vg =V =
(Opys - - -0y, ), the inequality (7.14) implies the following Caffarelli-Kohn-
Nirenberg type inequality: Let 1 < p,q < 00,0 <r < ocowithp+¢q > r
and 6 € [0,1] N [=4,E]. Leta, b, c € Rand n # p(1 — a). Assume that

%’" + (1_(1) =land c¢=0d(a— 1)+ b(1 — ). Then we have

)

Nz zf Nl e @y < ‘ 1215 1l ) H|93|EfHLq grys  (7:15)

p
n+pla—1)

for all f € C°(R™\{0}), where |z|p = /23 + ... +22. The constant in
the inequality (7.15) is sharp when p = ¢ witha — b = 1 or p # ¢ with
p(1 —a)+bg #0,orwheno =0, 1.

In the following example, let us show that the inequalities (7.15) give an
extension of the classical Caffarelli-Kohn-Nirenberg inequality from The-
orem 3.41 with respect to the range of indices:

Example 7.10. If wetake 1 < p = ¢ = r < 00, a = —"‘Tfp, b= — and
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c= —”;573 in (7.15), then we obtain

1-6
f Vf f
n—op S n—2p _ﬁ I O S 5 S 17 (7~16)
|$|Ep LP(R™) |x|Ep LP(R™) |I|E LP(R™)

for all f € C§°(R™\{0}), where V is the usual Euclidean gradient in R". In

this case, since
1 b 1 1 n
-4+ —=—4+—(—1 =0,
q n p n p

which means that (3.114) fails, so that the inequality (7.16) is not covered
by Theorem 3.41.

Remark 7.11. We refer to'” for the local and global weighted (singular)
Trudinger-Moser inequalities with remainder terms, critical Hardy-type
and weighted Gagliardo-Nirenberg inequalities on general stratified groups.

Proof of Theorem 7.8. Case 6 = 0. In this case, we have ¢ = r and b = ¢ by
% + @ =land ¢ = §(a—1)+b(1 —9), respectively. Then, the inequality
(7.14) becomes the trivial estimate

2" Fllzaey < 12" pasy

Case § = 1. Here we have p = r and a — 1 = c. From the inequality (7.8)
for N 4 ¢p # 0 we obtain

e e e [ R

p
N +cp

In this case, the constant in (7.14) is sharp, since the constant in (7.8) is

sharp.
Case § € (0,1) N [=2, 2]. Taking into account ¢ = §(a — 1) + b(1 — 4), we
write
1 1
c SN [f@) [f@)m N7
1l = [ lae1taran) = ([ R T )
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Since we have § € (0,1)N[=<, 2] and p+q > r, here we can use the Holder

(1-0)r
q

inequality for %" + = 1 to obtain

F) 1-6
) @ N (e,
1oy < ([ iedgan) ([ e

é 1-6

f

|ZE,|1_Q

f

|ZE'|_b

. (7.17)
L?(G) L4(G)
In the case p = g and a — b = 1, we see that Holder’s equality condition is
satisfied for any f € C5°(R™\{0}). We also note that in the case p # ¢ the
function

hy() = |o'| = P10 (7.18)
satisfies Holder’s equality condition

hal? B/

|x/‘p(1—a) - |x/|—bq'

Since N # p(1 — a), then by the inequality (7.8) we have

0 0 6

\Y
/j;—a S ' y /H_J; (7.19)
|| L?(G) N+pla—1)| |||2'| LP(G)
Now, we use this inequality in (7.17) to obtain
5 5 -5
21l 2y < \ . ml -
N +pla—1)| |27 po 112170l 1oy

When we prove (7.19), in the same way as in the proof of Theorem 7.1, one
can observe that the function

hs(x) = [2'|,  C #0, (7.20)

satisfies Holder’s equality condition. Hence, we see that in the case p = ¢
and a — b = 1 Holder’s equality condition of the inequalities (7.17) and
(7.19) holds true for the same function h3(x) in (7.20). We also note that
in the case p # ¢ and p(1 — a) + bg # 0 Holder’s equality condition of
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the inequalities (7.17) and (7.19) holds true for the same function hy(x) in
(7.18). Thus, we have observed that the constant in (7.14) is sharp when

p=qa—b=1lorp+#qp(l—a)+bg#0. O

7.3 HORIZONTAL INEQUALITIES BY FACTORIZATION

In this section we obtain Hardy-Rellich and improved Hardy inequalities
by the factorization method, similar to the ideas discussed in Section 3.1.1,
but now on stratified Lie groups. In the isotropic Abelian case, we refer

87 90

to®,” and to the recent paper® for obtaining Hardy and Hardy-Rellich

inequalities using the factorization method.

7.3.1 TwWO-PARAMETER HARDY-RELLICH INEQUALITIES BY FACTORIZA-
TION

In this section we apply the factorization method on general stratified Lie
groups.

Theorem 7.12 ('®” Ruzhansky-Y., Theorem 4.1). Let G be a stratified group
with N > 2 being the dimension of the first stratum, and let «, 3 € R. Then for
all complex-valued functions f € C§°(G\{z' = 0}) we have

-Vl
I e 2 v -2 - 20) | T2F| - E T
L3(G) L2(G)
+ (a(N — 4)(N —2) —a?*(N — 2) +2B8(4 — N) — 32
2
+ afB(N —2)) H J,CQ (7.21)
|2/| L2(G)
We note that the term 2’ - V; f can be eliminated.
Remark 7.13. If we use the Cauchy-Schwarz inequality
!x’\“ B ’|2
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in (7.21), we obtain

I£f1Z2) = (@(N —2) = 28 — o)

%] |l 2

+ (a(N —4)(N —2) — o*(N — 2) +28(4

+aB(N H’ || L. )

Using the weighted Hardy inequality (7.8) for a(N — 2) — 26 — o > 0 we
get

N(N —2)(N — 4 N(N —4 N2 —4N +8
Iwﬂﬁmnz( (N-2)(N—-4) NN -4) o

A a- s A

2
—B%+ (N - 2)ap) H |fo E (7.24)
L2(G)

Here, one can note that except for the case N = 4 (which is the critical case
of the Rellich inequality) one can always choose the parameters o and 3
so that the right-hand side of (7.24) is positive.

Remark 7.14. In the Abelian case G = (R",+), wehave N =n, Vy =V =
(Opys -y O, ) is the usual Euclidean gradient, the inequality (7.21) implies
for a, f € R and for any f € C3°(R"\{0}) with n > 2 the inequality

IAFIIZ ey
> -2 -20) ||
e Eava
| [? L2(R")
+ (a(n —4)(n—2) —a*(n —2) +28(4 —n) — B> + aB(n — 2)) # ;(Rn) :
(7.25)

Proof of Theorem 7.12. We will be applying the factorization method with
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the following differential expressions for two real parameters «, 3 € R:

Tupim —L4al Vi, D (7.26)

2 ]

and its formal adjoint

Thy = Lot Y N =2 =f (7.27)

|2 |22

where 2’ # 0. For any function f € C§°(G\{z’ = 0}) let us now calculate
(T 5Topf)(x) as follows

(T T ) (@)
(L AV aN=2=B\ (o (Vaf) | B@)
‘( ST P )( (NG o=+ !x’P)
Il(va) - Vg N —
S @+ S8 e + T2 0 o)

s (2T (L) 4 2T (VD)

wP \JP 2]t 2]t
o () (- -5

(7 28)
Now we calculate (7, 57, 5 f)(x) as follows

v B
( aﬂT ,Bf)( ) (_£+am|x/|2H + |x/|2>

X (—(Lf)(x) e (Eﬁj)(x) (o - |2x)/|; 5)f(as))

257



— @ perra (2 (S0 ) - LR epw + (v -2 (L) @)

o (-2 () - 50)
v (Tt () @ - T - )

|4 |2'[4

cor (= () (S - -2 () )

+ 52M. (7.29)

]

Since we have

o(i)o

I
2
el

1 (pp) @

X, (Xf 2x;f> @

e

<.
I

[
Mz

1

<.
Il

|22 /] 2] 2[4

((Xzf)(x) (X ) 8())*f(x) 2f($))

WE

1

<.
I

_ EN=) 42" (Vaf)(z) _ (2N - 8)f( 7) (7.30)
/]2 P /[ '
and
¢V} v v (Vi f)(a)
’x,P (‘x/‘g) ‘:L./l ]Z ]X]| | ’$/‘4
- " (Vuf)(z) (7.31)
22 |:L"|6 |ZE,|4

_ _Qf(x) L7 (VHf)(@?

2[4 2[4
we obtain for (7, ;70 5f)(x) + (TasT, 5 f)(x) that

(T3 5 Tasf) (@) + (Ta s T 5.f) ()

258



(1)) g2 (Tule) o))

/|2 |ZE’|4 ’$/|4

=2(L%f)(7) + 2a(N — 2) < z
o (AL (T oy g 1)

|22 ] |z

~ 2aB(N - >{(,|2 +2a 2( <$|xEH>< va;f)

-9 AT () ) e

. (7.32)

In order to simplify this, let us calculate the following expression

(Ve (2 (Vaf) ) — (N — z' - (Vi f)(z) (@)
2 () () -2 - R o oy
25 @)@ S (X))
- o 22 X

o — 9y Ve )) (Eﬁf)(@ (N —2) {Jgﬁ

2 (X)) 28 j(ka)(:v>+4Zivzlff§c(ka)(w)

|’[* 2| [
oy =TTy 0
o (Vaf) (@) 25N T (XX f)(z v
— (N —3) (IZ'V{)( ) 22 |x,|<4 Il )+2(N_2)J|;E/|4).

Using this in (7.32), we arrive at

(T3 5T s ) (@) + (Ta s T3 5.f) ()
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(£)(x)

|2

=2(L%f)(z) + 2a(N = 2) — 48)—"—2—
- (Vuf)(x)

[
+ (2a(N = 2)(4 — N) 4+ 20*(N — 2) — 2a8(N — 2)
f(@) o2t Wk (XX ) ()

| ]

+ (—4a(N — 2) — 20*(N — 3) +88)

+ (AN —16)8 4 28%) -~ . (7.34)

Since T, ;T 5 + Ta,3T, 5 is non-negative, using the integration by parts we

[ Tusp@de + [ 1T

= /G @) (T3 5T s+ TopTh ) f)(@)dz > 0.

obtain

Now, we put (7.34) into this inequality to get

/|£f )|?dx + (2a(N —40) /f ’93’2

+ (—4a(N —2) — 2a%( )+ 86) / f@)E - (Vaf) ) dx

.’IL'/’4

+ (20(N — 2)(4 — N) + 203(N — 2) — 2a8(N — 2)

+(4N—16)5+252)/ Ol Z / )i (XX ) @ )dxzo.
G

|2/ ']
7,k=1

(7.35)

Since we have

f@Een@, (X;.0) (@) (X, ) ()
/ \x’l2 Z/@ |2

-3 [ T ot
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_, / f@)(@ - (Vuf)(x | Vauf)(z (7.36)
G

|2/ [* \ﬂf’l2
and

f@ rr:rkXka)() F(@)7) (X, f) ()
Z/ |2/ [4 Z/ |2/ |4 dz

7,k=1

_QZ/f %iikf dr _Z/xxk |x|4ka)< >dx

-5 [ TN

7,k=1
F(@)2(Xif)(z F(@) (@) (Xif)(2)
—(N+1) Z/ o ) 1z +4]kzl/ ‘x ’6 dx
/ :1:’|4 / |:c’|4 dx
/'x Vﬁf'f: 2, (7.37)

then the inequality (7.35) follows that

2 / (LF)(2) 2dz+ (Aa(N—2)—85—4a(N—2)+8B—202(N—3)+202(N—3))
G

/f (Vef)@) .

Iw [

+ (2a(N —2)(4 — N) + 2a*(N — 2) — 2a3(N — 2) + (4N — 16)B +23%)

f (@) / (Ve f)()]
dr — —403)
¢ |o'[* Iév’\2
/|95 (Vuf)(x d >0,
|2/ |*
which implies (7.21), as desired. O

Now let us show a very elementary proof of a version of the Hardy in-
equality (7.8) with a = 1 on stratified Lie groups using the factorization
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method.

Theorem 7.15. Let G be a stratified group with N > 3 being the dimension of
the first stratum. Then for all complex-valued functions f € C3°(G\{z' = 0})
we have

f

|2/]

N -2

IVafllee > 5

, (7.38)
L2(G)

where the constant X2 is sharp.

Proof of Theorem 7.15. Here we use the following one-parameter differen-
tial expression

Ta = VH + Oéw,

and its formal adjoint

~ /-

o X
TT = _d1VH<'> + aw,

«

where 2z’ # 0 and a € R. Taking into account (2.63) we have

TITof = —(£f)(x) — adivy <|gf—|2 f) () + o’ (Eﬁzf S0 4 o2 {;Tﬁ

— —(£f)(x) — adivy ( u ) flz) + 09],;(/72)

|2
ala+2—N)
|2

= —(L£N)(z) + ().

Using the integration by parts and the non-negativity of T+T,, it follows
that

0< [ TufPds = [ TG T (a)ds
(@)
2

:/|VHf|2dx+oz(oz—|—2—N)/ dr,
G G

that is,

/|VHf]2dea(N—2—a)/ @) dx.
G G

|22
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From this we derive (7.38) after maximising the constant with respect to
«. The sharpness of the constant in the obtained inequality was shown
11~ 173

in*’”. [

The interesting result here is that by modifying the differential expression
T, the factorization method gives a refinement of the Hardy inequality
(7.38):

Theorem 7.16 ('*” Ruzhansky-Y., Theorem 4.5). Let G be a stratified group
with N > 3 being the dimension of the first stratum. Then for all complex-valued
functions f € C3°(G\{2' = 0}) we have

N =2

-2

x - VHf

/]

f

||

: (7.39)

L2(G)

L*(G)
where the constant 232 is sharp.

Remark 7.17. By Theorem 7.7 we know that the L?-weighted Sobolev type
inequality (7.39) implies L?>-Hardy inequality (7.38).

Proof of Theorem 7.16. Here we work with the following one parameter dif-
ferential expression

~  2-Vpg o
B E N
and its formal adjoint
" [ LA

where 2’ # 0 and a € R. Using (2.62) we observe that

(559 (=5)

]'Vk:—l x;Xj I; X z Y / -2 / :L‘z z
LALLM LI
jk=1
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_ ZL A0 A@) | D BN T 6 @)
2 2 22
S (X f) (@)

|2

(:L'/ . VH) (L) _ Zk:l x;<;<ka)<x> + Zl’;g(—l)|$/‘72Xk|$/‘f(x)

']

_ 2 (Vaf)(z)  fx)

N '] |

Taking into account these identities, we obtain

THTaf(x)
:_Z]k 1 _] (Xka)( )—(N—l)

|2

Using (2.62) we also note that
N !

Z / f@) )T} xklelika)('I)dx — (N- 1)2/ (@%(ka)(x)dx

7,k=1

Qz/fm%f%FZ/WWWWWN%x

|22

—Z/ff%&HMMW%WM

7,k=1

f )y, (X f) (2 f 2 (Xif)(@)
N+1Z/ W d+22/ |I|4 dx

]kl

|95 |2
__(N-1) /f VHf ) g2 —/“” Va @, 740,

|22 |22

Using the integration by parts and the non-negativity of the operator fj T,
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we obtain

0< [ [Fuffde = [ TOT )@
:_/(zﬂlj%ﬂx&xmmﬂ w>wﬂ7<<VMx»>d
G

|2 |22

X

+a(a— N + 2)/ |f(x)|2dx
G

|2

Here, we use (7.40) to get

2 (Ve @P o O 5o
J (G o ealigarzs

|22 |22

which follows that

/ 2" VHf )’ der > a((N —2) — «) S )|2d3:.

/|2 |$'|2

As before, we obtain (7.39) after maximising a((N — 2) — a) with respect
to a. The sharpness of the constant follows from Theorem 7.1. O

7.3.2 FACTORIZATIONS ON THE HEISENBERG GROUP

Now we discuss the Hardy-Rellich inequalities on the Heisenberg group.
In this section we adopt the notations concerning the Heisenberg group
from Section 2.4.2 as well as some new notation that will be useful in the

computations:
x;, 1 <j<nm; ~ X1 <75 <n;

A SR X, =7 (7.41)
Yji—n,n+1 <7< 2n, Y p,n+1<j<2n,

and

(7.42)
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Taking into account the above notations, Vy and the sub-Laplacian are
defined by

VH = (Xl,...,XN) (743)
and

N n

_ 7 . 2 7 2
£:= ZX]Q = Z (az; - J2+ at) + (65;-+n + Ejat> ; (7.44)

j=1 j=1

respectively. Therefore, we see that N = 2n and the formulae (2.62) and
(2.63) also hold on the Heisenberg group.

For the following formulation we recall the angular derivative operator
Z =" (x;0,, — y;0.;) given in (2.81).

Theorem 7.18 (' Ruzhansky-Y., Theorem 5.1). Let o, 3 € R. Then for all
complex-valued functions f € C3°(H,\{z' = 0}) we have

2

\Y
el 2 - a2 S
L2(H,
~ 2
—a(a—4) %
2 .
+B((N — 4)(a —2) - B) # .
L2(H,

@ )ZT (@ t)

H, |z’|?

— 2 d%’dt—l—aHTfH%g(Hn)
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and

v 2
1£F |22 > (Na—28) H f

EIRIPS
7-Vufll?
oo+ | FE
L2(Hy,)

+ (2(N —4)(a(N — 2) — B) — 2a*(N — 2) + afN — 3?)

|~’|2

L2(Hy)
f@ HZTf(&
+ 2« @) =~ Qf(x ) dz' dt — CY||Tf||%2(Hn)'
- 2]
(7.46)
Moreover,
Vuf ?
1111z, = (N = a)er = 26) H ¥
|$ | L2(H,)
2
OV 40 —2) - )| -
L2(H,)
F(F 2T (7t
— % 1@, 1) ,gf(x’ )df’dt+ozHTf||%2(Hn)
- |2']
for a(a —4) >0, and
AV
12112,y 2 (=26 + a(N — @) — da) |H\f
! L2(H,,)
2
@IV~ (@ =2) = §) ~20°(N —=2) + N — )| =
xz L2(Hy,)
2T ~1
20 | HED )|~/y2f( e,
(7.48)

for a(a+4) > 0.

Remark 7.19. For functions f(2’,t) = f(2’) the last two terms in the above
inequalities vanish, while for functions f(z’,t) = f(|z'|,t) wehave Zf =0,

so that the inner product term involving Z f vanishes. One can also note
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that the estimates (7.45) and (7.47) for a > 0, and (7.46) and (7.48) for a < 0
show that ||T'f||;2m,) is also controlled by ||Lf||;2,), although without
the weight, which is natural in view of the homogeneity degrees.

Remark 7.20. In the case G = (R",+), wehave Vi =V = (0,,, ..., 0, ), and
we can note that 7" = [X, Y;] = 0. So, the last two terms in (7.45) and (7.46)
vanish. Therefore, in this case, (7.45) would coincide with the Gesztesy
and Littlejohn’s estimate (3.13), while (7.46) would give the following new
estimate for o, € Rand f € C{°(R"\{0}) withn > 2:

IAFN122n)
\V4
> (nar — 29) ,3}(
L2(R™)
v VP (7.49)
4
(I(OZ+ ) ‘ZL’|2 L2
f 2

+ (2(n — 4)(a(n — 2) — B) — 2a*(n — 2) + afin — ?)

|z[? L2(Rn)

Remark 7.21. Let us show that the term

TEDITIE gy

H,, \x

in Theorem 7.18 is actually real-valued. Indeed, using integration by parts
we obtain

) ZTf(2,t)
f(‘r7 )~ f(xJ )dx/dt
H, 2|2

—Z f x t x]ayg yjaxj)(atf(flat))

|72

dz'dt

IS [ GFED (0, (1@ 0., og
2 4

—0,, (F(&@,1))dy, (log [F|?)) d&dt
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- %Z /H log | *(3y, ((F, 1)) Pua, F (7, 1)
7j=1 n
= 00, (f(@,1)) Dy, (T 1)) dt

=52 [ g F 0, (£ 00, F0) + 0, (11 0))00, @)
j=17Hn

:zn: / log [ Re(@y, (f (. t))9re. (1)) ddt.
i J,

Remark 7.22. Note that we can use that ZT' = T'Z and integration by parts
in ¢, so that the term

TEDETIE) gy - - (2 1)
L2 (Hy)

H, |72 2| 2]

can be seen as an interaction between the central and the angular deriva-
tives.

Writing (2.81) in the form

7]

T = £ — Ay —
£ & 1

T2, (7.50)

we have

f(@)ZTf(x)

B, |7

Lf f Awf f 1
= (0 1) s~ (BT 017 090
L2 (Hn) L2 (Hn)

dz'dt
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Consequently, inequalities (7.45) and (7.46) can be also written as

2

Vuf
£ Ry > (N — 4)a — 26) HTH
|| L2(Hy)
~ 2
— afa—4) %
|| L2(Hn)
f 2

+ BN —4)(a=2) = p) )

ef f Azf f o
Con (T,,T,) + 90 <TT + ST
217 ) o, 12 1o,

|72

(7.52)
and
V 2
1L f1? L2, > (Na —28) H—fff
|27'| L2(H,)
~ 2
—a(a+4) %
2] L2(H,)
f 2
+(2(N = 4)(a(N = 2) = B) — 20*(N — 2) + aiN — ) || =
|2'| L2(H,)
ef f Azf f o
o (T,, T,) 2 <T L) =T B,
22 ) g, 717 e,
(7.53)

respectively.
Proof of Theorem 7.18. Similarly as the proof of Theorem 7.12, we apply the

factorization method with the differential expressions (7.26) and (7.27). We
refer to'" for the rest of the proof. O

7.4 RELLICH INEQUALITIES FOR SUB-LAPLACIANS WITH DRIFT

Here we discuss Rellich inequalities for sub-Laplacians with drift on strat-
ified Lie groups. In this section we adopt the notations introduced in Sec-
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tion 2.4.1 concerning the sub-Laplacians with drift.

7.4.1 HORIZONTAL RELLICH INEQUALITIES FOR SUB-LAPLACIANS
WITH DRIFT ON STRATIFIED LIE GROUPS

In this section we establish weighted Rellich inequalities for sub-Laplacians
with drift on a stratified Lie group G expressing the weights in terms of
the Euclidean norm on the first stratum of G. In Section 7.4.2, we will
show a version with weights in terms of the fundamental solution of the
sub-Laplacian on polarizable Carnot groups.

Theorem 7.23 (' Ruzhansky-Y., Theorem 3.2). Let G be a stratified group
with N > 3 being the dimension of the first stratum.

o Ifé e Rand —N/2 < § < —1, then we have

‘,ch ? ><(N—26—4)(N+25)>2 £
|20 L2(Gpx) 4 ']+ L2(Gpx)
N—26—2)(N+26-2)| f | fP
+7°b% ( )2( ) prY 0% || ,
2] L2(G,ux) || L2(G,px)
(7.54)

for all functions f € C3°(G\{z' = 0}), where Lx, bx and px are defined
in (2.67), (2.69) and (2.76), respectively. If (N + 20)(N + 20 — 2) # 0,
then the constants in (7.54) are sharp.

o Inthecase 6 = 0and N > 4, we have

NN =N\ f |I?
1Cx 12 z( )
(G 4 1211l 2@ )
(N=22] £ |
+’7253(T ] + 0% F 12 pyyy (7:55)
T 226 ux)

for any function f € C3°(G\{2' = 0}) with sharp constants.

The constants in (7.54) and (7.55) are sharp in the sense that there exists a se-
quence of functions such that the equalities in (7.54) and (7.55) are attained in
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the limit of this sequence of functions, respectively.

Remark 7.24. In the case (N — 2§ —2)(N 420 —2) > 0, by dropping positive
terms in (7.54) we obtain the following “standard” Rellich type inequality

2

Lyt

| 21°

f

|xl|6+2

. (7.56)

L2(G,ux)

2 )2 ((N—26—44)(N+25)>2

LQ(GJ—LX

for all functions f € C3°(G\{z' = 0}), where 6 € R with —N/2 < § < —1
and N > 3.

Similarly, we derive from (7.55) that

2

f

|2

NN = 4)>2 (7.57)

2
e o 2 (G

LQ(GHLLX)

for any function f € C°(G\{z' = 0}) and N > 4.
Remark 7.25. In the Abelian case G = (R",+), wehave N =n, Vy =V =

(Days -, O, is the usual Euclidean gradient, if we take X = SV 4;0,,
with a; € Rand § = —a, then (7.54) gives (7.3) for « > 1 and n > 2a with

sharp constants, while (7.55) implies (7.2) again with sharp constants.

We will use the following Rellich inequality in the proof of Theorem 7.23:

Theorem 7.26 (' Ruzhansky-Y., Theorem 3.1). Let G be a stratified group
with N > 3 being the dimension of the first stratum. Let § € R with —N/2 <
0 < —1. Then we have

Lf

2 |°

f

|LU/ ’64—2

(7.58)

>'(N—25—4)(N+26)‘
4

L2(G) L*(G)

for all functions f € C(G\{z' = 0}). If we assume N + 20 # 0, then the
constant is sharp.

Proof of Theorem 7.26. Replacing a by 6 + 2 let us rewrite (7.8) for p = 2

f

|x’|5+2

Vuf
|x/|5+1

: (7.59)

‘N—25—4’
>
) 2

L2(G L*(G)
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where the constant is sharp when N — 2§ — 4 # 0. On the other hand,'”
Theorem 5.1 with p = 2 and v = 2 follows that

ﬁf > N + 26 -2 va (7 60)
[ 17 ey 2 '] '
L2(G) L2(G)
for2 — N <28 <0and N > 3. Here, replacing 3 by  + 1 we get
Lr S ’N”‘S‘ Vi f (7.61)
2 N2 | 2 |+ [ L2

for2— N <2§+2<0and N > 3. Thus, from (7.59) and (7.61) we obtain
(7.58).

Now let us show sharpness of the constant in (7.58). In'”® Proof of The-
orem 3.1, the authors proved the sharpness of the constant in (7.59) by
checking the equality condition in Holder’s inequality. Namely, the func-
tion |2/|“" satisfies this equality condition for any real number C; # 0.
Similarly, in'”® Formula 5.7 (i.e. in the proof of (7.61)), checking again the
equality condition in Holder’s inequality, one can note that the same func-
tion |2/|* satisfies the equality condition. Therefore, we can conclude that
the constant in (7.61) is sharp when N +2§ # 0, hence the constant in (7.58)
is also sharp for V + 24 # 0. O

Now we are ready to prove Theorem 7.23.

Proof of Theorem 7.23. Let x be the positive character on G from Proposi-
tion 2.23, and let ¢ = g(z) € C*(G\{z' = 0}) be such that f = y~'/%g.
Then, noting (2.76) we write

X2Lx (x?g)
|2/|9

Lxf

X2 Lx f
|2/|°

[ |°

LQ(G#‘X) H L2 (Ghu‘) ’ L2(G7“)
Using (2.75) and integration by parts we obtain

2

i _ || Lo+ %% )9
| ]°

1% 1] 2@ ) L2(G.p)

273



2

Eog ?

+ 2922 Re / Log@)g(@) )y
2(G,u) G

|9C/|5 |2/[20 ‘55 ° L2(G,p)
Log ? 272 / 474 ?
= — 27v°byRe d + v°bx
|x’|5 LGy X Z |x’|2‘5 |x’|5 LG
Log ’ 272 Vig(z)|?
|£L'/|6 LG + 27 bX |$/|26
M
2
272 434
— 467*0% Re Z/ !w’IZM L X50(0)olz) ;. Y || , (7.62)
L2(G,u)

where £, := —£ is the positive sub-Laplacian.

Here, the third term can be simplified as follows

X ng
Re Z/ |m/|25+2 dx

lg(x g (x
=(204+2-N) |x’|25+2 z —Re Z |:L"|25+2 da:,

which is

v Xj9(x 20 + 2 - N
Re Z/ |a;’|25+2 da: / |a:’|25+2

Taking into account this, we rewrite (7.62) as follows

Lxf]” Log ||’ - ng ’
P Fl PR
L2(G,px) L2(G,p) 2(Gyp) (7 63)
2 2 :
272 g 414 g
L2(G“U,) L2(Gnu‘)

By the Rellich (7.58) and Hardy (7.59) inequalities, we obtain from (7.63)
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that

‘ﬁXfQ >(uv_%—4xN+2®)2 g |
/[0 L2Gux) 4 ||+ L2(G,p)
2 2 2
g 9,0 [N —20—2 g
+ 4% || = + 29%b (
2P L2 * 2 21+ 2
2
g
|ZL‘ | L2(G,p)
It follows that
‘ﬁfo :><MP4w—4XN+2®)2 P
N (R 4 2142 1| 2y
2 2
s || f 90 (N—=20—2)(N+20-2)| f
+ b W +77b% 5 2/[51 :
L2(G,ux) L2(G,ux)
(7.64)

As discussed in the proof of Theorem 7.26, one can note that the same
function satisfies the equality conditions in Holder’s inequalities. There-
fore, the constants in (7.54) are sharp.

Similarly, one can obtain (7.55), the unweighted case § = 0, but using the
following Rellich inequality from'*° Formula 1.5 instead of (7.58):

f

|2

N(N — 4)

1£F e 2 =

, N >5, (7.65)
12(€)

where the constant is sharp and f € C§°(G\{z' = 0}). The sharpness
of the constants in (7.55) also follows from the same argument as for the
constants in (7.54). ]

7.4.2 RELLICH INEQUALITIES FOR SUB-LAPLACIANS WITH DRIFT
ON POLARIZABLE CARNOT GROUPS

In this section we discuss the weighted Rellich inequality for sub-Laplacians
with drift on a polarizable Carnot group G, where the weights are given
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by the powers of the fundamental solution of the sub-Laplacian.

Theorem 7.27 ('”* Ruzhansky-Y., Theorem 4.1). Let G be a polarizable Carnot
group of homogeneous dimension () > 3 and let § € R with @ + 20 — 4 > 0.
Then we have

(Q+20 —4)*(Q — 9—2
> d" | Vgd| fl],,
H|VHd| L2(Gux) 16 H |V ud| HL (G,ux)
1 (Q+260 —2)(Q — 260 — 2) )
+’}/4b4 f —|—’}/2b2 ( ) dﬁflf ,
e : 1
a2
+29°0%(Q = 1)3Q = 4) |4 f[[ 2 g 0
20420Q—2
2 | o (@ d|L(d O ) — 3V (O d)?)
¢ |Vad|

x| f(z)Pdux(x), (7.66)

for all functions f € C§°(G\{0}), where Lx and by are defined in (2.67) and
(2.69), respectively.

Remark 7.28. In the Euclidean case G = (R",+), we have N = n, Vg =
V = (04, ..., O, ) is the usual Euclidean gradient, d = |z|g is the Euclidean
distance. In this case, if we take X = Zfil a;0,, with a; € R, then noting
|V ud| = 1 we see that the last two terms in (7.66) cancel each other, so that
we get (7.3).

Remark 7.29. We refer to Kombe'”” Theorem 4.1 for the case v = 0, hence
Lx = Ly, of (7.66), where £, := —£ is the positive sub-Laplacian.

Proof of Theorem 7.27. Let g = g(x) € C°(G\{0}) be such that f = x~/2g.
Since L?(G, n) € g — x~Y2g € L*(G, ux) by (2.76), we can write

XLy f

H |VHd| 2(G ) H |V id|

L2(G,p)

1/2£X (X_1/2

9)

= X
H |VHd| L2(G,p)

276



where 1 is the Haar (Lebesgue) measure on G. Here, using (2.75) and
integration by parts we calculate

0 2 2
»CXf —— (Lo +7°b%)g H—ﬁog
‘Mvﬂd| 2Gux) ey MVEA e
) 2
+ 2+%1? Re/—ﬁ )g(x)dx + ~*b?
N d —
—L — 2722 Re /—X2 x)g(x)dx
o G 8]0y DD [ g ol
2 dg 2
+ 4% H Log + 2922 Vg
’de| L2(G,pu) ’de| L2(G 1) * |VHd| L2(G,u)
414 o ’ 2,2 dze
by || —— 2v°b X d
2,2 & ’ 474 0 ’
Eog + 294 Vg +77°b
H [V id| L2(G,p) * |V d| L2(G,pu) . |VHd| 2(G,pu)
—d29 1X d
2,2
+49°b QReZ/X]g \V e ————dx
422 RGZ/X wdm
Y Ox Jg |V d|3
& ’ 2,2 d’ ’ 414 0 ’
= Log + 29°b% || /=——V &y + 70y || =——9¢g
H ’de| L2(G.p) X |VHd| L2(G,p) X |de| L2(G,u)

+ L+ 1. (7.67)

To continue the proof, we need the following Hardy and Rellich inequali-
ties from '

Theorem 7.30 ('* Theorem 3.1). Let G be a polarizable Carnot group with
homogeneous dimension () > 3. Let 1 < p < QQ and o € R be such that o > —Q).
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Then we have

Vud-VufP Q+a\’
da+p‘H—Hdg;>< ) / d°| fPde, 7.68
/G > (S52) iy (7.68)

for f € C°(G\{0}) with sharp constant.

Theorem 7.31 (> Theorem 4.1 or™). Let G be a Carnot group with homoge-

neous norm d = u'/?=9 and Q > 3. Let a € R be such that Q + o — 4 > 0.
Then we have

d* (@+a—-4%Q—a) IVHdI
[l e > e | R s, @69)
for f € C°(G\{0}) with sharp constant.

Then, Theorems 7.30 and 7.31 imply that

2

d’ Q+20-2\%, , | 2
2v%b% |de|VHg e )227253( (—2 ) |d 1gHL2(G,M) (7.70)
S
forQ +260 —2 > 0, and
(Q+26—4) (Q—20)%, ,_
H|de| 2(G )_ 16 Hd 2’VHd‘gHL? G,p) (771)
N7

for @ + 20 — 4 > 0, respectively. These inequalities with (7.67) imply for
Q + 20 — 4 > 0 that

S (Q + 20 — 4)*(Q — 20)

” |VHd|

0—2 2
2Gpux) 16 Hd |de|gHL2(G’“)
Q+20—2\" o1 12 T (i
o (_ S 1 I ey
2 5 H HL2(G,u) XV ud| L2(G,p)
(7.72)
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Now let us simplify /; as follows

o Xd
I = 49%b% QReZ/X]g |V e ———dx
d29 lX d
= —4’}/2[)2 HRGZ/ de

d29—1X d
4 GRQZ/ lg(x ( T d] )dx,

which implies

_d29 lX d
]1 —472bX6’ReZ/X]g Wdl’

A1 X.d
_2721)292/ l9(z)*X; ( I )dx. (7.73)

1 — .
Taking into account d = u2-@ we write

20—-Q N 20—Q

+(2_Q)ZW_2(2_Q)ZU|QV_T\3X |V ul.

Thus, by this and (2.65) we obtain for /; that

I = —2:220 / <ZX (d‘%v 12('2‘1)) l9(z)Pdz

= —29%%0(20 + Q — 2) / um|g(x)]2dx
G
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= —27%b50(20 + Q — 2) / lg(z) |2 d* 2 du. (7.74)
G

Next, we calculate /5. Integrating by parts, we have

d29X |VHd|
2
X (V] (7.75)
272 )2 H
= 27°b% Z/Lq X]< ST )dw.
Putting d = uTa we get
42 X;|V | s wre o1
ZX( 2T )_(Q_Q) 25\ Wap (= 19)
N
Q-1 2.0 X,u 20-29+2 X \V;ﬂd)
=(2-Q)? X u 2= J - J
SR> (S war VP
=(2-Q)P N+ (2—-Q)1 ) (7.76)

By (2.65) one has for J; that

Q-1 w9 Xju \_(Q-12-Q) »= Y (Xju)?
ZX (= war) = Tt 2

—1 20 Qi\f: B Q—l)u22egZXquj\VHu]
\VHUP 2-Q) |V iul?

j=1

_ (Q—l)(Q@—Q) % Q—1 2-0 Lu 2(@

U 2-9

—1
Q-2 T " Ve T Q-2

For J, we have

)2 202
LFS L (777)

N N
:ZXJ u2053%+2 XJ|VHu| _ 29—2Q+2u%2XJUX]‘VHU|
IV ul® 2-Q IV ul®

j=1
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20 2Q+2 Z |VHU| 29 2Q+ i X |VHU|
|

Vgul? |V gult
7j=1
_20-2Q+2/(Q—1 JE B LIVyu| 20-20:+2 |V |V gl |?
2-Q \Q-2 |V aul? Vaul!

(7.78)
where we have used (2.65) in the last equality.

Now, using the representations of .J; and J, we rewrite (7.76) as follows

& X |V | 22 Lu
ZX( Sl =@ vEe - 9uFE 1 2- Q@ Digas

20—-2Q+2
HQ = 2% 7@ |Vul (Y gul £V | — 3]V 5|V gul[?).

Plugging this into (7.75) we arrive at
d* X;|V yd|
22 )2
I, = 24y E /\g X]< ST )daz

= 228(Q — 1)(3Q — 4) / E3 g2 Pda

G

20—2Q+2
+272b§((62—2)2/u TG V| NV rul L]V gl = 3|V |V rul[2)|g(2) P da.
G

Noting u = d*>~9 we obtain for I, that

I, = 29°8(Q — 1)(3Q — 4) / 2 g(z) e
G
20+2Q—2

o [
TV | T

'OV pd|L(d' 9|V yd]) = 3|V (d' = Vd])[*)
x |g(z)]*dz. (7.79)

Finally, putting (7.74) and (7.79) in (7.72) and using (2.76) we obtain (7.27),
as desired. N
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Conclusion and future work

In general, homogeneous Lie groups do not have to be stratified or even
graded, so there may be no horizontal gradients nor homogeneous left-
invariant hypoelliptic differential operators. Nevertheless, in order to ob-
tain analogues of the classical functional inequalities on general homoge-
neous Lie groups, we can work with the radial derivative or the Euler
operators, or integral inequalities, where instead of estimating a function
by its gradient, we estimate the integral by the function itself. Moreover, it
turns out that it is possible to obtain functional inequalities with the best
constants in some cases, implying new results already in the anisotropic
R™ case as well as the isotropic R" case due to the freedom in the choice
of any homogeneous quasi-norm. Consequently, using the obtained func-
tional inequalities, we defined the Euler-Hilbert-Sobolev, Sobolev-Lorentz-
—Zygmund, Besov type, Morrey and generalised Morrey spaces on general
homogeneous Lie groups, and provided their embedding properties.

The non-stratified graded Lie groups do not have a homogeneous sub-
Laplacian nor Laplacian but they always have the so-called Rockland op-
erators, which are left-invariant homogeneous hypoelliptic differential op-
erators. Here, we managed to link the integral versions of Hardy inequal-
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ities on homogeneous Lie groups to their hypoelliptic versions through
the Riesz and Bessel kernels of the Rockland operators (hypoelliptic left-
invariant homogeneous differential operators, following the Helffer-Nour-
rigat’s resolution of the Rockland conjecture in the 80s). Consequently, this
leads to general hypoelliptic versions of Hardy-Sobolev, Hardy-Littlewood-
Sobolev, Caffarelli-Kohn-Nirenberg, Gagliardi-Nirenberg and other inequal-
ities. Inequalities of such type are important by themselves but also play
an important role in wider analysis, in particular in view of the seminal re-
sults of Rothschild and Stein'®” linking the analysis of hypoelliptic differ-
ential operators on nilpotent Lie groups to differential operators on man-
ifolds. The approach developed in this thesis for obtaining hypoelliptic
functional inequalities relies on establishing integral versions of Hardy in-
equalities on homogeneous Lie groups, for which we also found necessary
and sufficient conditions for the weights for such inequalities to be true.

Furthermore, we discussed versions of some of the above inequalities in
the setting of stratified Lie groups using the horizontal gradient and sub-
Laplacian. There are three versions of Hardy type inequalities on strati-
fied Lie groups available in the literature: with the Carnot—Carathéodory
distance, and the fundamental solution of the sub-Laplacian £ and the
Euclidean distance on the first stratum of the group. In this thesis, we
discussed the last two cases. Moreover, using the factorization method
of differential operators, inspired by the recent work of Gesztesy and Lit-
tlejohn® we obtained Hardy and Hardy-Rellich inequalities on general
stratified Lie groups, which in particular, implies a new two-parameter es-
timate on R" which can be regarded as a counterpart to the Gesztesy and
Littlejohn estimate. Furthermore, we showed the Rellich inequalities with
the horizontal weights for the sub-Laplacian and for sub-Laplacians with
drift on stratified Lie groups, also with the weights associated to the fun-
damental solution of the sub-Laplacian. The obtained results are already
new for the Laplacian in the usual Euclidean setting of R", embedding
the classical Rellich inequality into a family of Rellich inequalities with
parameter dependent drifts.

In addition, using the obtained inequalities we also established Heisenberg-
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Pauli-Weyl type uncertainty principles on stratified Lie groups for the hor-
izontal gradient with the horizontal weight, and on graded Lie groups for
general homogeneous invariant hypoelliptic differential (Rockland) oper-
ators, and on homogeneous Lie groups for the radial and Euler operators.

One possible future development of the subject is to extend the obtained
results to more general settings. Since we know from the works'®® and '
that Theorems 4.1 and 4.3 hold on general metric measure spaces pos-
sessing polar decompositions, then by our method it might be possible
to extend other functional inequalities to the settings possessing polar de-
compositions. For example, we have already succeeded to extend them
to a general connected Lie group in'”!, and to Riemannian manifolds with
negative curvature in'*.

Another possible development is to work on applications of the obtained

functional inequalities to hypoellitic PDEs. In particular, they can be ap-

plied to higher order hypoelliptic equations, where the traditional heat

kernel methods largely fail due to the heat kernel being no longer real-

valued. For example, as we mentioned in Remark 6.14, the best constants

of the Sobolev and Gagliardo-Nirenberg inequalities can be expressed in

the variational form as well as in terms of the ground state solutions of the

corresponding nonlinear hypoelliptic equations (see'™,"" and'®). More-

over, in'* the authors use the Gagliardo-Nirenberg inequality to investi-

gate global in time well-posedness for small data for the semilinear damped
hypoelliptic wave equation. We also refer to'® for the study of very weak

solutions to hypoelliptic wave equations. Thus, since functional inequali-

ties are usually useful in obtaining a priori estimates for the well-posedness
analysis of PDEs, for future research it is natural direction to study hypoel-

liptic PDEs using the obtained hypoelliptic functional inequalities.
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