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Topics in sampling schemes based on Markov processes
ABSTRACT

In this thesis we consider several topics related to the construction of optimal Markovian

dynamics in the context of sampling from high-dimensional probability distributions.

Firstly, we introduce and analyse Langevin samplers that consist of perturbations of the
standard overdamped and underdamped Langevin dynamics. The perturbed dynamics
is such that its invariant measure is the same as that of the unperturbed dynamics. We
show that appropriate choices of the perturbations can lead to samplers that have improved
properties, at least in terms of reducing the asymptotic variance. We present a detailed
analysis of the new Langevin samplers for Gaussian target distributions. Our theoretical

results are supported by numerical experiments with non-Gaussian target measures.

Secondly, we present a general framework for the analysis and development of ensemble
based methods, encompassing both diffusion and piecewise deterministic Markov pro-
cesses. For many performance criteria of interest, including the asymptotic variance, the
task of finding efficient couplings can be phrased in terms of problems related to the theory
of optimal transportation. We investigate general structural properties, proving a singu-
larity theorem that has both geometric and probabilistic interpretations. Moreover, we
show that those problems can often be solved approximately and support our findings with
numerical experiments. Addressing the convergence to equilibrium of coupled processes

we furthermore derive a modified Poincaré inequality.

Finally, under some conditions, we prove exponential ergodicity for the zigzag process

using hypocoercivity techniques.
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NOTATION AND BASIC CONVENTIONS

For a vector € R?, its Euclidean norm is denoted by |z| = \/Z;'i:1 x;. The identity
operator or identity matrix is denoted by I. In some occasions we use the notation Iy
for the d x d-identity matrix to avoid confusion. For a matrix A, its transpose is denoted
by AT. The set of orthogonal matrices (i.e. those satisfying AAT = ATA = I) of size
d x d is referred to as O(R?). The sets of symmetric (A7 = A) and skew-symmetric
(AT = — A) matrices are denoted by ]Rgl;rg and Rglfefv respectively. The trace of a matrix A
is denoted by Tr A. For two quadratic matrices A and B (of the same size) their Frobenius
inner product is given by A : B = Tr(AB) and their commutator by [A, B] = AB — BA.
The range and null spaces of a linear operator A are denoted by Ran A = {Az} and

ker A = {x : Ax = 0} respectively.

Given a measure 7 and a measurable function f, we employ the short-hand notation
7(f) = [ fdr. The Dirac delta measure centred at = will be denoted by 0, i.e. d,(f) =

f(z). The total variation norm between two probability measures p and v is given by
i =y = sup |p(4) = v(4)]

If two random variables X and Y have the same law, this fact is indicated by X ~ Y.
Furthermore, % denotes convergence of random variables in distribution. The law of a

d-dimensional Gaussian random variable with mean z and covariance matrix > is denoted

by N (z,X).

The space of real-valued k-times continuously differentiable functions is denoted by C*(R%)
and the corresponding subspace of functions with compact support by C*(R?). In par-
ticular, the spaces of smooth and compactly supported smooth functions are denoted by
C>®(R?) and C®(R?) respectively. The Hessian (8i8jf)%:1 of a function f € C%(R?) is
denoted by either VV f or Hess f, depending on the context. Given a measure m on R,
we make use of the space L?(7) of m-square integrable functions on R?, equipped with the

scalar product

)i = [ fodm. g€ L2

and associated norm || f H%Q (m) = (f, f)r2(x). Moreover, the corresponding Sobolev spaces
H¥(7) are needed occasionally, consisting of those functions whose weak derivatives up to
order k belong to L?().
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Part 1

Introduction






1. THE SAMPLING PROBLEM

Sampling from probability measures in high-dimensional spaces is a ubiquitous problem in
the applied sciences, e.g. in machine learning, computational molecular dynamics and in
Bayesian statistics. In particular, we are faced with the problem of computing expectations
with respect to a probability measure 7 on R%, i.e. we wish to evaluate integrals of the

form

m(f) = [ flz)r(de). (1.1)
Rd

As is typical in many applications, particularly in molecular dynamics and Bayesian infer-
ence, the density (for convenience denoted by the same symbol 7) is known only up to a
normalisation constant; furthermore, the dimension of the underlying space is quite often

large enough to render deterministic quadrature schemes computationally infeasible.

A standard approach to approximating such integrals is Markov chain Monte Carlo (MCMC)
techniques [51, 94, 128], where a Markov process (X¢);>0 is constructed which is ergodic

with respect to the probability measure 7. Then, defining the long-time average

T
wilf) =7 [ 7 as (12

for f € L(7), the celebrated ergodic theorem guarantees almost sure convergence of 77 ( f)

to m(f) as T'— oo.

There are infinitely many Markov processes that are ergodic with respect to a given target
measure, leading to challenging and mathematically rich inverse problems. Naturally, the
choice should be dictated by the requirement that 77 (f) can provide a good estimator of
7(f), for a fixed computational cost. More precisely, the process (X;);>o shall converge
to equilibrium as fast as possible, exploring the state space thoroughly and effectively,
and, moreover, lend itself to efficient numerical implementations. The goal of providing
principled guidelines for the construction of suitable Markov processes has spurred math-
ematical research across a wide range of disciplines, including the analysis of parabolic
partial differential equations, spectral theory, functional inequalities and the theory of
optimal transportation. This thesis shall make a contribution towards these lines of inves-

tigation.
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In this introduction, we shall clarify some of the topics alluded to in the preceding para-
graph. Towards this end, Section 1.1 provides a brief review of the mathematical back-
ground needed in the analysis of Markov processes, leading to natural comparison criteria
for MCMC samplers outlined in Section 1.2. In Section 1.3 we summarise the classes
of Markov processes considered in this thesis. An overview of the main results and the

structure of this work can be found in Section 1.4.

1.1 PRELIMINARIES ON MARKOV PROCESSES

We start our review by briefly recalling some background material on continuous-time
Markov processes and by fixing relevant conventions and notations. Further details con-

cerning the topics in this section can be found in [10, 24, 45, 48, 113].

Let E be a Polish space®, equipped with its Borel o-algebra B(£). We will denote the
space of probability measures on (E,B) by P(E) and the space of signed measures with
bounded variation by M(E). The space of real-valued bounded measurable functions on
E will be denoted by By,(E) and the space of bounded continuous functions on E by Cp(E).

Both By(L£) and Cy(E) turn into Banach spaces when endowed with the supremum norm
[/ lloo = sup | f()]. (1.3)
el

On some probability space (2, F,P), let us consider a continuous-time stochastic process

(Xt)t>0 taking values in F, and denote its associated natural filtration by
]:tX =o0(Xs: s<t). (1.4)
The process (X;);>0 satisfies the Markov property if
P[X; € B|FX] = P[X; € B|X,], forall BeB(E),0<s<t. (1.5)

A convenient way of describing (time-homogeneous) Markov processes is via their transi-

tion functions:

Definition 1.1. A time-homogeneous transition function is a mapping p : [0,00) X E X
B(E) — R such that the following properties hold:

1. pi(x, ) € P(E), for all (t,x) € [0,00) x E, (1.6a)
2. po(x,-) = 0z, forallx € E, (1.6b)
3. p.(,B) € B([0,00) X E), for all B € B(E), (1.6¢)

*A Polish space is a separable and completely metrisable topological space.
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as well as the Chapman-Kolmogorov equation:

prvs(e, B) = / ool B)pu(,dy), s,t> 0, € E, B ¢ B(E). (1.7)
E

The process (Xi)i>o is said to be a time-homogeneous Markov process with transition

function p if (X¢)i>0 and p are related via
P[X1s € B|FX] = ps(X;, B), P-as. for all s,t >0, B € B(E). (1.8)

Note that p(z,-) is the law of X, if the process is started at z (i.e. Xo = =z, P-almost
surely). In the following, we will always restrict our attention to Markov processes con-

structed in the way just described.

Associated to (X;);>0 we define a semigroup of bounded linear operators (.S¢)i>0 on By(£)
via

(Sef)(x) = E[f(X¢)|Xo = 2], t=>0,2€E, feBy(E). (1.9)

Observe that by virtue of (1.8), the above can equivalently be stated as

(Su/)() = /E (e, d)f(y). 120,z €E, f < By(E). (1.10)

According to the Chapman-Kolmogorov relation (1.7), (St)¢>0 indeed satisfies the semi-

group properties

S() == ], Stss = St+s, t, S 2 0. (].].].)

Furthermore, (S;);>0 is contractive,

[Siflloe < I fllocs  f € By(E), t =0, (1.12)
positive
f20 = S5 >0, (1.13)
and conservative,
Si1=1, t>0, (1.14)

where 1 denotes the constant function on F, taking the value 1. Let us also introduce the

adjoint semigroup (S} ):>0 acting on M(E) by

(S7m)(A) = /E pile, Ap(de). A€ B(E), p€ M(E). (1.15)

The semigroups (S;);>0 and (S} );>¢ are dual to each other, in the sense that

[ siran= [ racsin, (1.16)
E E
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for f € By(E) and p € M(E).

Let us now introduce two of the central themes in this thesis: invariant measures and

ergodic Markov processes.

Definition 1.2 (Invariant measures). A probability measure m € P(E) is called invariant

for (Xi)i=o if
/Stfdﬂ:/ fdm, (1.17)
E E

for all f € By(E). Equivalently, 7 is invariant if Sfm ==, for all t > 0.

Invariant measures should be thought of as equilibria of the dynamics; in probabilistic
terms, a measure 7 € P(FE) is invariant for (X;)¢>o if Xo ~ 7 implies X; ~ 7 for all £ > 0.
A Markov process is ergodic if there is a unique equilibrium that is approached by the law

of the process for large times. This can be formalised as follows:

Definition 1.3 (Ergodicity). The Markov process (Xi)i>0 is said to be ergodic if the

following conditions hold:

1. (X¢)i>0 admits a unique invariant measure ™ € P(FE),

2. for every initial measure mg € P(E) the time averages % fOT(SfWo) dt converge weakly

to , i.e.
17 %
—/ /fd(S;km)dtL/fdw, (1.18)
TJo JE E

for all f € Cy(F).

In this case, (Xt)i>0 is also said to be ergodic with respect to 7, and 7 is called an ergodic

movariant measure.

Remark 1.1. The precise notion of ergodicity varies considerably across the literature.
In the theory of dynamical systems, a probability measure m € P(E) is usually said to
be ergodic if (1.18) holds, provided that Xo ~ m. This concept is closely connected to
certain irreducibility properties of the process (Xi)¢>0 on the support of w. Note that in
this framework there can be multiple ergodic measures. We refer the reader to [143] for
more details. In our context, it is unreasonable to assume that the process is started in
equilibrium. Rather, the essence of Definition 1.3 is the convergence of the process towards
a unique equilibrium for large times. The precise notion of this convergence also varies
according to the setting. In (1.18), the limit is taken in the Césaro sense (i.e. considering

time averages) which translates naturally into the statement

T
%/O f(Xt)dtm/Efdw, (1.19)
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almost surely and in L' (), and this formulation is widely known as Birkhoff’s ergodic
theorem. As explained in the introduction, (1.19) is the linchpin for Markov chain Monte
Carlo algorithms as considered in this thesis. Let us remark that Césaro convergence is
a particularly weak requirement; for instance it is implied by ordinary weak convergence
of probability measures (Sfmy — ) and of course also by strong convergence in total
variation norm (||Sfmo — w||rv — 0). Further information concerning different notions of

convergence in relation to ergodic properties can be found in [99] and [133].

STRONGLY CONTINUOS SEMIGROUPS

The study of continuous-time Markov processes is greatly enriched by the theory of
strongly continuous semigroups on arbitrary Banach spaces. Here, we content ourselves
with highlighting the crucial role played by the concept of strong continuity in the defini-
tion of generators and refer the reader to [47] and [116] for much more thorough treatments
of the subject.

Definition 1.4 (Strong continuity). Let (B, || - ||z) be a Banach space, and (St)¢>0 be a
one-parameter family of bounded linear operators on B. Then (St)i>0 is said to be strongly

continuous if

1Sef = fllz — 0, (1.20)
t—0
forall f € B.

For a strongly continuous semigroup on a Banach space (B, | - ||)p, we can define its

generator (£, D(L)) by

S, f—
Lf:limﬂ, feDL), (1.21a)
t—0 t
D(L) = {f €B: %ir%@ exists in (B, || - ||B)} : (1.21b)
H

The theory of strongly continuous semigroups then shows that (£,D(L)) is closed and
densely defined. Unfortunately, the semigroup (S¢):>0 defined in (1.9) usually fails to be
strongly continuous on (By(E), || - |lec). In particular, the domain D(L) as defined above
might not be dense in B. There are (at least) two standard ways of dealing with this

problem:

1. If an invariant measure 7 is available, then for any p € [1, o], formula (1.10) extends
straightforwardly to a contraction semigroup on LP(7) by Jensen’s inequality. For
1 < p < oo, the extended semigroup is then strongly continuous in LP(7) under
minimal regularity assumptions on the paths of (X;)¢>0, for instance, if the paths
are right-continuous almost surely. Henceforth, we will assume that all Markov pro-

cesses under consideration satisfy this property. For the bulk of Part II an invariant
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measure 7 will be fixed and therefore it will be convenient to work with the extended

semigroups on LP(r) and, in particular, on L?(7), since the latter is a Hilbert space.

2. In Part III, we will refrain from fixing an invariant measure and instead make the
further regularity assumption that (S¢);>0 satisfies the Feller property, i.e. that
(St)t>0 can be realised as a strongly continuous semigroup on Cy(E), the space of
functions that vanish at infinity. For a more detailed introduction to the theory of

Feller semigroups and precise statements, we refer to Section 10.1.

In applications, the domain D(L) of a generator is usually very hard to determine explicitly.
Fortunately, it is almost always sufficient to perform manipulations on suitable dense

subspaces:

Definition 1.5 (Core). Let (L, D(L)) be the generator of a strongly continuous semigroup
on a Banach space (B, || - ||g). Then the graph norm on D(L) is given by

[flloey = Ifl8+1£5],  f€DL). (1.22)

A subset D C D(L) is called a core if it is dense in D(L) with respect to | - [|p(z)-

The significance of the foregoing definition is the following. If D is a core for (£, D(L)),
then L|p contains all the information on the corresponding semigroup in the sense that

the smallest closed extension of L|p is precisely (£, D(L)), see [4, Section A-I-1].

FOKKER-PLANCK AND KOLMOGOROV EQUATIONS

Let us return to the Markov semigroup (S¢);>0 defined in (1.9) and suppose that strong
continuity holds, either for the extended semigroup on LP(7), or in terms of the Feller
property on Cp(E). In both cases, the generator (£, D(L)) is well defined and the backward
Kolmogorov equation

oSt f = LS f, feDKL), (1.23)

holds, governing the evolution of observables of the dynamics. We remark that usually
(St)t>0 has sufficient regularising properties to ensure that Sy(B) C D(L) for ¢ > 0, such
that (1.23) in fact holds for all f € B. In the preceding statement, it is understood that
either B = LP(7) or B = Cy(FE), depending on the context.

A similar relation holds between the law of (X;);>0 and the adjoint of L, defined in a
suitable sense. To make this precise, let us now assume that the transition functions are

absolutely continuous with respect to a reference measure m on F, i.e.

pe(x,dy) = pi(x, y)m(dy), (1.24)
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and that the law of Xy is given by mo(x)m(dz). Then, at least formally, the law of X is

given by m(z)m(dx), where 7 satisfies the Fokker-Planck equation
8t7'l't = ETﬂ't. (125)

Here, LT denotes the (formal) adjoint of £ in L2(E,m), i.e.

| fegam= [ (£ingam (1.26)
E E

for functions f and g in a suitably rich class of test functions. If 7 is an invariant measure
for (X¢)¢>0. absolutely continuous with respect to m, then clearly its density (for conve-

nience denoted by the same letter) has to satisfy the stationary Fokker-Planck equation
Lir=0. (1.27)

Let us already mention that in the case of Feller semigroups (rigorously introduced in Def-
inition 10.2), the preceding statement has the following rigorous version (see for instance
[97, Proposition 8.1.2]):

Theorem 1.1. Let L be the generator of a Feller semigroup. Then m € P(E) is an

muariant measure for the corresponding process if and only if

/ Lfdr =0, forall feDL). (1.28)
B

Let us seize the opportunity to stress the crucial conceptual role that (1.27) plays in the
context of this thesis. Given a measure 7 € P(F), our aim is to find Markov processes
that are ergodic with respect to it and enjoy favourable (statistical) properties. In terms
of the stationary Fokker-Planck equation, we are led to study subclasses of operators that
satisfy (1.27).

PROPERTIES OF THE GENERATOR IN L?(7)

In the two final sections of this review, let us assume that (X;);>0 is ergodic with respect
to m, and that (X;);>0 has right-continuous sample paths almost surely. As explained
previously, (S;)¢>0 then extends to a strongly continuous semigroup on the Hilbert space
L?(7). In this situation, the generator £ enjoys a number of useful properties that we will
summarise here. First of all, let us introduce the following subspace of L?(7), consisting

of m-centred functions:

Li(n) = {fe L¥(n): n(f) = 0}. (1.29)
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Note that we naturally have the decomposition
L*(r) = L3(n) @ span{1}. (1.30)

According to (1.14) and (1.17), the semigroup (S;);>0 leaves both span{1} and L3(7)
invariant. In particular, it is often convenient to think of (S;);>0 as a strongly continuous
semigroup on L3(7). The following proposition shows that the generator £ interacts nicely

with the decomposition (1.30). The proofs are contained in [19].

Proposition 1.1 (Properties of the generator in L%(7)). Let (X¢)i>0 be a Markov pro-
cess with right-continuous paths, ergodic with respect to w, and (S¢)i>o0 the corresponding
strongly continuous semigroup on L%(w) with generator (L,D(L)). Then the following
hold:

1. The spectrum of L is contained in the left half-plane:

o(L) C Reg x iR. (1.31)
2. L1 =0, and 0 is a simple eigenvalue of L, i.e.

ker £ = span{1}. (1.32)

3. The range Ran L is dense in L3(r), so in particular

/Efdw:O, feD(L). (1.33)
E

Moreover, Ran £ = L3(7) if and only if O is an isolated point in the spectrum o(L).

In the latter case, L is invertible on L3(w) and the inverse is given by

L'f=— [ Sfdt, feLin). (1.34)
0
Conwversely, if the integral (1.34) converges in L*(t) for all f € L&(x), then 0 is an

isolated eigenvalue in o(L).

REVERSIBILITY AND SELF-ADJOINTNESS

As in the previous section, let us assume that (X;)¢>0 is ergodic with respect to m € P(E),
inducing a strongly continuous semigroup (S;);>o with generator £ on L?(7). Evidently,
if Xg ~ m, then Xy ~ 7 for all ¢ > 0. A stochastic process with this property is called
stationary. As we will see in Definition 1.6 and Theorem 1.2, the dynamical behaviour of
(Xt)t>0 with respect to time reversal in stationarity is intimately related to self-adjointness

properties of L.
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Definition 1.6 (Reversible process). A stationary stochastic process (Xi)i>o0 is called

reversible if for all T > 0, the processes (Xi)o<t<t and (X1_t)o<t<r have the same law.

In terms of the transition functions, reversibility can be expressed in the form

Roughly speaking, at equilibrium the probability of the process making a transition from
x to y equals the probability of the backward transition from y to x. In the physics
literature, reversibility is often called ‘detailed balance’, hinting at the fact that 7 is not
only (globally) invariant, but also locally, i.e. when only pairwise transition probabilities

are considered. The proof of the following result can be found in [77, Section 3.3.2].

Theorem 1.2. The following are equivalent:

1. If Xo ~ m, then the process (Xi)i>0 is reversible.

2. The semigroup (St)i>o is self-adjoint in L*(r), i.e.
‘) Ytg L2(7) — ot y9) L2 (7)) =Y Y] ™). .
(f, S19) (Sif,9) t>0, fg€el?(n) (1.36)

3. The generator L is self-adjoint in L?(x).

Remark 1.2 (Symmetry and self-adjointness). Since the generator of a self-adjoint semi-
group is necessarily self-adjoint, in order to verify the third condition in Theorem 1.2 it is

sufficient to show that L is symmetric on a core D, i.e.

(f,L9) 2y = (LS, 9 12(),  fr9 €D. (1.37)

Remark 1.3. Although the notion of reversibility has only been defined for stationary
processes, the second and third conditions of Theorem 1.2 make perfect sense for processes

out of equilibrium. It is therefore natural and meaningful to discuss reversibility properties

of (X¢)i>0 even if Xg oo 7.

We close this review by observing that any generator of a strongly continuous semigroup

on L?(m) can be split into its symmetric and antisymmetric parts,
L=S+T, (1.38)

where

S= %(£+£*), T - %(/;f.c*), (1.39)

denoting by L£* the adjoint of £ in L?(r). As Theorem 1.2 shows, this decomposition

carries meaning with respect to the dynamical properties of (X;);>o. In particular, the
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antisymmetric part 7 is related to nonreversible behaviour. Informally speaking, the latter

manifests itself in directed motion as commonly observed in transport phenomena.

1.2 COMPARISON CRITERIA

In this section, we will connect the theoretical background reviewed in the previous section
to the task of selecting appropriate Markovian dynamics for MCMC samplers. More
specifically, we will see how key algorithmic performance criteria are naturally related to

certain properties of the corresponding generators.

Let (X;)t>0 be a continuous-time Markov process with right-continuous paths, ergodic
with respect to 7 € P(E). For a fixed observable f € L'(7), our goal is to quantify the

accuracy of the estimator
~ 1t
w(f) =7 [ fxa (1.0
0

Recall that according to Remark 1.1, 7p(f) = n(f) as T — oo. A natural measure
capturing the quality of the approximation for finite T" is the mean square error (MSE)

defined by
MSE(f,T) := By |71(f) — (/)] (1.41)

where E, denotes the expectation conditioned on the process (X;)¢>o starting at = € E.

It is instructive to study the decomposition
MSE(f,T) = p*(f,T) + o*(f,T), (1.42)
introducing

u(f,T) = [Eulir ()] = 7(f)]  and  o*(f,T) = Eq |70 (f) — Eairr (f)[
= Var[mr(f)]. (1.43)

Here p(f, T) measures the bias of the estimator 77 (f) and o?(f, T) measures the variance
of fluctuations of 77 (f) around the mean. In the sequel, we will outline the connections

between these two quantities and properties of the generator £ corresponding to (X;)>0.

1.2.1 CONVERGENCE TO EQUILIBRIUM AND SPECTRAL GAP

Let us denote the law of X; by 7 and the initial distribution by 7. Often, we can then

establish a decay estimate of the form

d(ms, m) < Ce Md(mg,7), >0, (1.44)
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where C' > 1, A > 0 and d is an appropriate distance on the space of probability measures
P(E). The constants A and C' measure the speed of convergence to equilibrium, and in
particular allow to control p(f,7") in many situations (see for instance Lemma 1.1 below).
It is clearly desirable to find a process (X¢):>o that allows C to be chosen as small and A

as large as possible.

The metric d can be selected among a wide range of options (see for instance [52] for an
overview). Typically, this choice will greatly impact both the mathematical tools available
as well as the scope of the results, particularly in high-dimensional settings. Let us already
refer the reader to Chapter 3 where a comparison between Wasserstein distances, relative
entropies and L?(7)-based distances is made in the context of overdamped Langevin dif-

fusions targeting a Gaussian measure (see in particular the discussion in Section 3.2).

In the case when the measures 7, (7:):>0 and 7 have densities with respect to a reference
measure m on E (for convenience denoted by the same letter) and the density associated

to 7 is strictly positive, we can choose

d(r, %) = |7t = 72| p(m) = (/ (r'(x) — 72(z))” —m) . (1.45)
T E ()
With this distance, (1.44) turns out to be equivalent to the following decay estimate of

the semigroup (S¢)¢>o:
1Sef = (A2 < Ce X f = 7Pl g2y > f € L) (1.46)
Note that the above is equivalent to
156/l 220y r2(m) < Ce™, (1.47)

where (S;)¢>0 is considered as a semigroup on L3 (7). This setting is quite restrictive, since
the requirement ||mg — 7| r2(my < o0 (equivalently, mo € L?(™)) enforces very stringent
decay conditions on the tails of mp; in a sense the process has to be started already close
to equilibrium. On the positive side, this setting is very amenable to analysis since (1.47)
is closely related to the spectrum of the generator £. In order to make this precise, let us
denote the optimal decay rate in (1.47) by A\*(L), i.e.

log [[Sell 22 () - £2(m) . log |5t L2 (x) > 2(m)

(L) = }r>1’(f) " Jim . , (1.48)
and the spectral gap of the generator by Agap(L), i.e.
Agap(L) = inf (Reo(=L) \ {0}). (1.49)
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We then have that
0< A (L) < Agup (L), (1.50)

by the general theory of strongly continuous semigroups, see [47, Corollary 1.13]. For
Markov processes, the semigroup (S;);>0 usually has additional smoothing properties,
for instance in the sense that S;f € D(L) for all f € L?(r) and ¢t > 0. In this case, an
appropriate spectral mapping theorem holds, and \*(L) = Agap (L) follows (for an in-depth
discussion, see [4, Chapter 6]).

If we restrict our attention to decay estimates of the form (1.46) with C' = 1, then the

decay rate can be characterised in terms of a functional inequality [10, Theorem 4.2.5]:

Theorem 1.3. For A\ > 0, the following are equivalent:
1. Poincaré inequality:
(F D)ty < 3 U (D) )iy f € DIL) N ER() (1.51)
2. The decay estimate (1.46) holds with C = 1.

Strikingly, the validity of the Poincaré inequality only depends on the symmetric part
of the generator. This phenomenon will be discussed in more detail in Part II, see in

particular the discussion following Theorem 2.1.

Finally, let us show that the decay of the bias p(f,7) as T — oo can be controlled in
terms of the constants A and C in (1.46).

Lemma 1.1. Let (X;)i>0 be ergodic with respect to w, such that for t > 0, X; ~ m; is

absolutely continuous with respect to m, with % € L?(w). Suppose that the semigroup

(St)t>0 satisfies (1.46). Then for f € L>(m),

1
C _\T dﬂ—o 2
< —(1- - h ‘

Proof. We denote by m; the law of X; given Xy ~ my. Furthermore, let h := c}iﬂﬂl S L2(7r).
Then

C

1 3k R —
lme = wllrv = S ISEh = Ul < 5 198 2 2 1h = ey < e Mh =1l L2

where S} denotes the L?(7)-adjoint of S;. Since f is assumed to be bounded, we immedi-

ately obtain

T\ 12
OO ~ ol = ()] < 5 1l e (Vo |52] )

™
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and so, for Xy ~ m,

1/2
() = 7O = 55 (1= sl (Vars |52}

as required. O

1.2.2 FLUCTUATIONS AND ASYMPTOTIC VARIANCE

In order to study the variance term o2(f,T') in the decomposition (1.42) let us present the

following result [19]:

Theorem 1.4 (Central limit theorem). Let (X;);>0 be ergodic with respect to m, started
at equilibrium, i.e. Xo ~ m, and consider f € L?(x). If f € RanL, then

T
ﬁ(%/o f(X,th—w(f)) —L s N(0,203), (1.52)

T—o00

where the asymptotic variance is given by

o7 = ([, ) r2(n)» (1.53)

and ¢ € D(L) is a solution to the Poisson equation

—Lo=f, m(¢)=0. (1.54)

Remark 1.4. The condition Xo ~ m can be weakened in many situations. For instance,
it has been proved in [19, Theorem 2.6] that the former can be dropped under a stronger
ergodicity assumption, namely if the limit in (1.18) is required to hold with respect to
the total variation distance of probability measures (instead of merely in terms of weak

convergence of time averages).

In the above theorem, N (0,20]20) denotes a Gaussian random variable with mean zero
and variance QJJ%. The result hence shows that o?(f,T) ~ 27~/ QJJ% for large T'. Let us
comment on the condition f € Ran £. From Proposition 1.1 we know that this requirement
necessarily implies 7(f) = 0. However, observables that only differ by a constant clearly
have associated central limit theorems with the same asymptotic variances. Replacing f
by f — m(f), we are therefore entitled to assume f € L2(m) without loss of generality.

Equivalently, we can alter the Poisson equation (1.54) in the following way:

—Lo=[f—n(f), m(¢)=0. (1.55)

From (1.50) and Proposition 1.1, we see that establishing the decay estimate (1.46) is

sufficient to ensure that Ran £ = L3(r), guaranteeing that the central limit theorem
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(1.52) holds for all f € L?(m)f. Moreover, in this case (1.34) immediately implies the

estimate o
oF = (L) Nipey < 5 12y f € L) (1.56)

Consequently, the constants A and C'in (1.46) not only control the bias u(f,T'), but also the
asymptotic variance 0]%. Combining (1.53) with (1.34) we see that the asymptotic variance
can be expressed as an integrated autocorrelation function (see also [7, Proposition IV

1.3)):
o2 = / B [(f(Xo) — =(f)) (F(X2) — 7(f))] dt. (157)

Intuitively speaking, reducing the asymptotic variance therefore amounts to reducing the

correlation (or increasing negative correlations) of the values (f(X¢))i>o0.

Remark 1.5. For Markov chains, criteria involving the asymptotic variance are strongly
related to the Peskun ordering (see [105] and references therein). Let us mention that the
comparison of Markovian dynamics for MCMC' sampling is not limited to the study of
the asymptotic variance or the speed of convergence to equilibrium. Other criteria include
large deviation rate functionals for the ensemble measure %fg’ Ox((dx) [44, 125] and
scaling limits for Markov chains [14, 129]. Also of interest are nonasymptotic estimates
as provided in [78].

1.3 A SELECTION OF ERGODIC MARKOV PROCESSES

After having outlined the general mathematical framework in Section 1.1 as well as nat-
ural comparison criteria between Markov processes in the context of MCMC sampling in
Section 1.2, we will now present the concrete examples that will be considered in this

thesis. Throughout, we will assume that the target measure is given by

1
m(dz) = Ee_v(x)dm./ (1.58)

where the potential V' € C*°(RY) is such that
7 = / e V@ dz < 0. (1.59)
Rd

In applications, the normalisation constant Z is typically unknown and the potential V'
(and some of its derivatives) can be evaluated pointwise. For convenience, the density
m(x) = %e‘v(z) will be denoted by the same symbol. The Markov processes in this
section will be constructed in such a way that 7 (or an extension of it) is invariant, and
usually ergodic. These should therefore be considered as candidates for the use in Markov

chain Monte Carlo sampling schemes.

"More generally, any decay estimate showing convergence of the integral in (1.34) is sufficient.
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1.3.1 DIFFUSION PROCESSES

Let us consider the case when (X3)¢>¢ is a diffusion process defined by the solution of the
following It6 SDE,
dX; = a(Xy) dt + V2b(X;) AW, (1.60)

with drift coefficient a : R — R? and diffusion coefficient b : RY — R?™ both having
smooth components, and where (W;);>¢ is a standard R™—valued Brownian motion. We
assume that the (strong) solution to (1.60) exists for all ¢ > 0. Associated with (1.60) is

the infinitesimal generator £ formally given by
Lf=a-Vf+Q:VVf, [feC*RY, (1.61)

where Q = bb', VVf denotes the Hessian of the function f and : denotes the Frobenius
inner product. In general, () is nonnegative definite, and could possibly be degenerate.
In particular, the infinitesimal generator (1.61) need not be uniformly elliptic. To ensure
that the corresponding semigroup exhibits sufficient smoothing behaviour, we shall require

that the generator (1.61) is hypoelliptic in the sense of Hérmander [70]:

Definition 1.7 (Hypoellipticity). Let £ be a linear differential operator on RY, acting
on the space of distributions (Cgo(Rd))/. Then L is called hypoelliptic if Lf € C®(R?)
implies f € C™(RY).

If @ is positive definite at every point, then L is elliptic, so in particular hypoelliptic
(see [53, Chapter 7]). In the case when @ is degenerate, a priori £ possesses smoothing
properties only in certain directions. However, the interplay between a and @ (drift and
diffusion) is often sufficient to ensure hypoellipticity also in this situation. The following
classical theorem makes this precise. Note that a set {Xk}fzo of homogeneous first-order
linear differential operators with smooth coefficients on R? (i.e. operators of the form
X =), a;0;) naturally gives rise to a Lie algebra by considering linear combinations and
(iterated) commutators [A, B] = AB — BA. More precisely, we define Lie(Xo, ..., Xg) to

be the linear span of the family
{Xi}{io, {[Xin]}z{(jzov {[[Xi’ Xj]v Xk]}z{(j,k:O? SRR (1-62)

Clearly, Lie(Xo, ..., Xx) is closed under the operation of taking commutators, and hence

indeed a Lie algebra.

Theorem 1.5 (Hérmander). Let £ be a linear differential operator on R of the form
1 K
L :X0+§ZXi, (1.63)
k=1

where {Xk}é"zo s a set of homogeneous first-order linear differential operators with smooth
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coefficients. Assume that the Hormander condition
Lie(Xo, ..., Xg) =span(0y,, ..., 0x,) (1.64)
holds. Then L is hypoelliptic.

Let us denote by £ the (formal) adjoint of £ in L?(R%). On account of the Fokker-
Planck equation (1.25), the process (X;);>0 has convenient regularity properties if 9; — yal
is hypoellitpic as an operator on (Cgo(RdH))/. In this case, ergodicity properties can be

deduced under natural conditions, leading to the following result (see [82], [90, Theorem

2.7], [124, Corollary 7.2]).

Theorem 1.6. Let the generator L be of the form (1.63) and assume that the span of the
family
(Xt XXy X X)L X} umor oo - (1.65)

equals span(0y,, ..., 0r,). Then the transition functions pi(x,dy) associated to (1.60) as
well as any invariant measures have smooth densities with respect to the Lebesgue measure.
Furthermore, if there exists an invariant measure with strictly positive density, then this

measure is unique, and the process (Xy)i>o is ergodic.

Remark 1.6. Observe that the family (1.65) differs from (1.62) by the omission of Xq in
the set {X;},. The generation property corresponding to (1.65) in Theorem 1.6 is often
termed the parabolic Hormander condition. If the latter is satisfied, then the associated

diffusion process as well as (slightly abusively) the generator L are called hypoelliptic.

The following result provides a necessary and sufficient condition on the coefficients of
(1.60) for the diffusion process to be invariant with respect to a target distribution 7 as

given in (1.58).

Theorem 1.7. Consider a diffusion process (X¢)i>0 on R? defined by the unique, non-
explosive solution to the Ité SDE (1.60) with drift coefficient a € C1(RY, R?) and diffusion
coefficient b € CH(RY, R*™). Then (X;)i>0 is invariant with respect to 7 if and only if

a=QVlogm+V-Q+7, (1.66)
where Q = bb' and v € C'(RY,R?) is a vector field satisfying
V- (my) =0. (1.67)

If additionally v € L'
RdXd

(7), then there exists a skew-symmetric matriz function C : R4 —
such that v = %V - (mC) . In this case the infinitesimal generator can be written as

an L?(7)-extension of
Lf= %V ((Q+O)nVf), feCiRY). (1.68)
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The proof of the first part of this result can be found in [113, Ch. 4]; similar versions of this
characterisation can be found in [141] and [72]. For the existence of the skew-symmetric
matrix C see, e.g., [49, Sec.4, Prop. 1]. See also [98].

Remark 1.7. The matrices Q and C in (1.68) are related to the decomposition (1.38) of

L into L*(7)-symmetric and skew-symmetric parts, i.e.
1 1
Sf =V (QrVf), Tf==V-(CrV)) (1.69)

satisfy S* = S and T* = —T, where the adjoint is taken in L*(r). In particular, the

process generated by (1.68) is reversible if and only if C' = 0. Denoting by QY2 the
1/2

unique positive semidefinite square root of QQ and writing A; = Z?:l Qij 0;, we have the

representation

d
S=) A4, (1.70)
=1

which will turn out to be useful in Part III, Chapter 11 in the construction of coupled
processes. Let us point out that the process associated to (1.68) can be interpreted as
a diffusion on a Riemannian manifold with metric tensor @ (see [10, Section 3.2] and

(55, 96]).

Remark 1.8. If (1.66) and (1.67) hold and L is hypoelliptic then it follows immediately

from Theorem 1.6 that (X)i>0 is ergodic with unique invariant measure .

Generalising the above framework, we can consider It6 diffusions in an extended phase
space of dimension D > d, ergodic with respect to a measure 7. We then require that 7

has marginal 7, i.e.
[, 7w ) dy = n(a), (1.71)
R
where z € R?, y € R¥ and d+d = D.
There are various well-known choices of dynamics which are invariant (and indeed ergodic)

with respect to the target measure 7.

1. Overdamped Langevin dynamics. Choosing b = [ and v = 0 we obtain
dX; = —VV(X;)dt + V2dW;, (1.72)

see for instance [113, Section 4.5]. A suitable discretisation of (1.72) accompanied
by a Metropolis-Hastings step leads to the popular Metropolis adjusted Langevin
algorithm (MALA) [128, Section 6.5.2]. The analysis of (1.72) also plays a crucial
role in modern approaches to optimisation such as stochastic gradient descent (SGD)
[58, Chapter 2.8].
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2. Nonreversible overdamped Langevin dynamics. Choosing b = I, and  # 0 such that
(1.67) holds gives rise to

dX, = — (VV(X,) — v(Xy)) dt + V2dW,. (1.73)

Following Remark 1.8, the dynamics (1.73) is ergodic with respect to 7. In particular

choosing y(z) = JVV (x) for a constant skew-symmetric matrix J we obtain
AdX; = —(I + J)VV(Xy) dt +V2dW,, (1.74)

which will be studied in more detail in Part 1I, Chapter 3.

3. Preconditioned and geometric Langevin dynamics. Choosing v = 0 and taking an

arbitrary positive definite matrix @) leads to the dynamics
dX; = —QVV(Xy)dt + /2QdW,. (1.75)

The matrix ) can be thought of as a preconditioner, taking account of different

scales inherent in the potential V. More generally, we can consider Q : R? —

Rdxd

sym: taking values in the symmetric positive definite matrices, allowing for locally

adaptive preconditioning. The dynamics associated to this choice read
dX; = —QVV(X,)dt + (V- Q(Xy)) dt + /2QdW, (1.76)

which can be interpeted as Langevin diffusion on a Riemannian manifold, the metric

tensor of which is given by @, sce Remark 1.7.

4. Underdamped Langevin dynamics. For an arbitrary symmetric positive definite

‘mass’ matrix M € ngxrg, let us consider the augmented target density

0.0 = o (Vi@ - g M), (1.77)

where (¢q,p) € R?¢, and Z is an appropriate normalisation constant. A short calcu-
lation shows that (1.71) is satisfied. Choosing

—1
v((q,p)) = ( —ngg) ) and b= ( \?f ) c R2dxd, (1.78)

where ' € ngﬁg is a symmetric positive definite ‘friction’ matrix, the conditions of

Theorem 1.7 are satisfied for the target density 7. The resulting dynamics (g, pt)e>0
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is determined by the underdamped Langevin equation

dg; = M~ 'p, dt. (1.79a)
dp; = —VV(q;) dt — TM~'p, dt + V2T dW, (1.79Db)

It is straightforward to verify that the generator is hypoelliptic, [90, Sec 2.2.3.1],
and thus (g¢, pe)e>o is ergodic. The popular Hamiltonian Monte Carlo algorithm
[31, Chapter 5] can be roughly understood as a particular implementation of the
dynamics (1.79), involving a splitting scheme between the Hamiltonian part and the

noise (Ornstein-Uhlenbeck) part.

. More generally, consider the augmented target density 7 on R?? as above, and choose

N Mﬁlp_MJIVV(Q) N 0 2dxd
v((q,p)) = ( V() - v M-1p > and b= < JF > e R4 (1.80)

dxd

skow € constant skew-symmetric

where p and v are scalar constants and Jp, Jo € R
matrices. With this choice we arrive at the perturbed underdamped Langevin dy-

namics

dgs = M 'p dt — pJ1VV (g dt, (1.81a)
dp; = =VV(q) dt — vJoM ‘p;dt — TM 1p,dt + V2T dW, (1.81b)

which is the main object of study in Part II. It is straightforward to check that (1.80)
satisfies the invariance condition (1.67), and thus Theorem 1.7 guarantees that (1.81)

is invariant with respect to 7.

. In a similar fashion, one can introduce an augmented target density on R(™+2)d

with

2 2 2
. 7(%+\u1| o lum| +V(q))
W(q,p,ul,---,Um)OCG s

where p, ¢, u; € R¢, for i = 1,...,m. Clearly
/ %(Q7p7u17"'7um)dpdu1 dum:ﬂ-(Q)
RdxRmd

We now define ~ : R(m+2)d _y R(m+2)d by

m
j=1

41



and b : R(m+2)d N R(m+2)d><(m+2)d by

0 0 0 0 0
0 0 0 0 0

b 0 0 arlyy 0 0

(@ psuts ey ) = 0 0 0 Vool 0 7
0 0 O O \/amIdXd

where \; € R and a; > 0, for i = 1,...,m. The resulting process (1.60) is given by

d
dge = pidt, dp, = =V,V(g)dt+ Y N (t)dt,
j=1

du; = —Aipe dt — ayu} dt + 2a; AW}, (1.82)
duf® = —Appe dt — appuf™ dt + 2, AW/,

where (Wg )i>0,j=1,...,m are independent R?—valued Brownian motions. This process
is ergodic with unique invariant distribution 7, and under appropriate conditions on
V', converges exponentially fast to equilibrium in relative entropy [109]. Equation

(1.82) is a Markovian representation of a generalised Langevin equation of the form

t
dqt = Pt dt, dpt = —VqV(qt) dt — / F(t — S)ps ds —+ N(t),
0

where N (t) is a mean-zero stationary Gaussian process with autocorrelation function
F(t), ie. E[N(t) ® N(s)] = F(t — 8)Lgxq and F(t) = 37" el

. Let 7(2) o exp(—®(2)) be a positive density on R” where D > d such that
m(z) = / (z,y) dy,
RD—-d
with (z,7) € RYxRP~?, Then choosing b = Ipyp and v = 0 we obtain the dynamics
dX; = —V,®(X,, Yy) dt + V2dWE, dY, = —V,®(X,, Y;)dt + vV2dWY,

for two independent Brownian motions (W/*);>o and (W/);>0. The joint process

(X, Y2)i>0 is immediately seen to be ergodic with respect to 7.
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1.3.2 THE ZIGZAG PROCESS

In recent years, there has been a growing interest in using piecewise deterministic Markov
processes (PDMPs) [36] in the context of sampling problems. These are processes that
move deterministically between random events, usually along the trajectories of an ODE.
At those events, a random transition (e.g. a ‘jump’) occurs. Both the deterministic
dynamics as well as the random transitions can be chosen with a great deal of flexibility,
resulting in a range of possible PDMP algorithms. Let us mention here the bouncy particle
sampler (BPS) [28], the zigzag sampler [22], randomised Hamiltonian Monte Carlo [27],
and event-chain Monte Carlo techniques [102, 103]. The recent papers [50] and [139]

provide good overviews in a general framework.

In this thesis we will concentrate on the zigzag process in order to illustrate some of our
results. Hence, let us give a brief outline of its dynamics. The exposition here follows [22]
and [23] in style and notation. Similarly to underdamped Langevin dynamics (see (1.79)),
the zigzag process targets a probability measure in an enlarged state space. Specifically,
consider F = R% x {~1,1}¢, and denote by x the uniform probability measure on {—1, 1}4.

The extended target measure is then given by
T=7TQRk, (1.83)

where we recall that 7 has been defined in (1.58). A crucial ingredient are the ‘flip
operators’ F; : {—1,1}% — {—1,1}¢ given by

0 j#i

(F:0); =
-0, j=i.

(1.84)

Furthermore, let us introduce the switching rates \; : E — [0, 00), satisfying the following

relation with respect to the potential V:
Ai(z,0) — \i(z, Fi0) = 0,0,V (x), (x,0)eE,i=1,...,d. (1.85)
Equivalently (see [22]), there exists a continuous function v : £ — [0, 00)¢, satisfying
vilz, Fi0) = ~vi(2,0), i=1,....,d, (1.86)

and

Ai(z,0) = (00;V (2))+ + iz, 0), (1.87)

where a, = max(a,0). Following [23], we call v the excess switching rate and v = 0 the
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canonical switching rate. The zigzag process is defined by its generator

d
ﬁf(x,@) = Z(eiaif(xve)'i')‘i(mae) ’ (f(ZE,Fle) —f(:l?,e))), (l‘, 0) € E: (188)

i=1

acting on functions f € D, where

D

{f:E—HR:f(-,@) € O (RY) for all § € {—1,1}d} (1.89)

is a core for L.

Roughly speaking, the zigzag process moves along straight lines in directions determined
by # € {—1,1}%. At random times a switch occurs, i.e. 6; is replaced by —6; for some
i € {1,...,d}. Those events are sampled according to the switching rates \;, i.e. at a
point (x,0) € E, the probability for the switch 6; — —6; in the time span [¢,t + €] is
given by \;(z,t)e + o(¢). For more details on the construction and simulation of zigzag
processes we refer the reader to [21] an [22], as well as to [36] for more general piecewise

deterministic Markov processes.

It is straightforward (see [22, Theorem 2.2]) to show that

/Efd%:(), fen, (1.90)
FE

i.e. 7 is indeed an invariant measure for the zigzag process. Ergodicity is much harder to
show and will be addressed in Part IV, Chapter 17. In Part III, we will show how to use

coupling ideas in the context of PDMP samplers.

For future reference, it will be convenient to have the decomposition of £ into L?(7)-
symmetric and skew-symmetric parts available (see (1.38)). To this end, let us introduce

the operators
R;: L*(7) = L*(7), (Rif)(x,0) = f(x,F0), ic{l,...,d}. (1.91)

Then, the symmetric and skew-symmetric parts can be expressed in the form

d
S = %(£+£*) = %;(MV +27) (R — 1), (1.92a)
1 1
T=3(L=L) =352 (200 +6:0V) (B~ 1)), (1.92b)

i=1

see Chapter 17, Section 17.1 for more details. Furthermore, S admits the representation
S =0, ArA;, with

Ai = = (|0iV] +29%) "2 (R - 1), (1.93)

1
2
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in direct analogy with (1.70) in the context of diffusion processes.

1.3.3 MCMC WITH MANY PARTICLES: COUPLING

Taking into account recent advances in computing architecture, it is tempting to run
the dynamics put forward in Sections 1.3.1 and 1.3.2 in parallel. For instance, in [88] it
was proposed to propagate an ensemble of paths following the underdamped Langevin
dynamics (1.79) and adjust the parameters M € ngxrg and I' € ngxrff according to the
empirical covariance of neighbouring replicas. Another approach is to use coupled noise
for the different copies of the dynamics in order to produce anti-correlated samples. Here,
we will give an illustrative example of this idea; the topic will be explored in much greater

detail in Part III.

Let n € N be the number of particles (or ‘walkers’) and consider a matrix-valued function

of n arguments G : (R%)" — R*>*"d We assume that G is symmetric at every point, i.e.
Gzr,...,x) ! =Gz, x0), (x1,...,2,) € (RH" (1.94)

Furthermore, let us view G as an n x n-matrix with R¥?-entries, i.e. Gij is a d x d-matrix

for i,5 € {1,...,n}. With this notation, we require that

n
ZGij(x17"'7xn)Gij(I1a"'ax’n)T :Idxd (195)
7=1
for all i € {1,...,n}. Consider the ‘interacting’ overdamped Langevin dynamics for n
particles:
dX} = -VV(X))dt + V2 Gy(X},.... X" dB], i=1,...,n, (1.96)
j=1

together with the extended observable
1

Using (1.94) and (1.95), it can be shown by Levy’s characterisation of Brownian motion
that (1.96) can be written as

dX} = -VV(X}))dt +v2dBl, i=1,...,n, (1.98)
where (Bf)tzo are standard Brownian motions that are however not necessarily indepen-

dent. Since for each i € {1,...,n}, the process (X});>0 is ergodic with respect to 7, the

coupled dynamics (X}, ..., X");>0 is (under certain conditions) expected to be ergodic
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with respect to a measure 7 on (RY)" satisfying
/ F(x1,...,2p)day ... dzy. . dey = 7(z), i€ {l,...,n}. (1.99)
(R)n

In other words, 7 is a coupling of n copies of w. Observe furthermore that

1 T
lim —/ F(X},...,Xt”)dt:/ fdr, (1.100)
0 R4

i.e. the dynamics (1.96) in conjunction with the observable (1.97) leads to an asymp-
totically correct estimator. It should be noted that this approach relies on a Markov
process targeting an augmented invariant measure and is hence somewhat related to the
underdamped Langevin dynamics (1.79) (leaving (1.77) invariant) as well as to the zigzag
process (leaving (1.83) invariant). An obvious question is which choices of the matrix-
valued function G : (R9)" — R"¥X7d Jead to efficient sampling algorithms, both in terms
of asymptotic variance and speed of convergence to equilibrium. This and similar problems

will be studied extensively in Part III.

1.4 OUTLINE OF THE THESIS

Let us come back to the sampling problem introduced at the very beginning of this in-
troduction, i.e. to the task of computing the integral fﬂ%ad f dm by means of the long-time

ergodic average
1 (T

lim —/ f(Xt)dt:/ fdm. (1.101)
T 0 ]Rd

In Section 1.1 we have seen that suitable time-continuous Markov processes (X;);>0 can be
described effectively in terms of the corresponding semigroups (S¢)¢>0 and their generators
(L,D(L)). Note in particular that £ and 7 have to be related through the stationary
Fokker-Planck equation (1.27) in order for (1.101) to be valid. As Section 1.2 showed,
the speed of convergence to equilibrium (quantified in terms of the constants C' and X in
(1.44)), as well as the asymptotic variance (quantified in terms of central limit theorems
of the form (1.52)) are appropriate (and complementary) measures for the accuracy of
MCMC estimators. Moreover, they are directly related to the spectral gap of L (see
(1.49)) and to the study of the solutions to the associated Poisson equation (1.54). In
Section 1.3 we presented a wide variety of Markov processes for which (1.101) holds. This
thesis shall make a contribution to developing the mathematical understanding according
to which a Markov process among those shall be chosen. As a guideline, we can informally

state our objective as follows, highlighting its essence as an inverse problem:

Problem 1.1. Let 7 € P(R?) be a target probability measure of interest. Find a generator
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L of a Markov process satisfying
Lir =0, (1.102)

such that the spectral gap Agap(L) is mazimised and the asymptotic variance szc(ﬁ) 1s
minimised, cither for a particular observable [ or across a class of observables. More
generally, we can consider an augmented target measure © € P(RP), with D > d, such

that its marginal on R% is given by .

We wish to emphasize that Problem 1.1 is not well posed as stated here, mainly because it
does not take the computational cost of simulating a given Markov process into account?.
Indeed, observe that under the time rescaling £ +— 7L the stationary Fokker-Planck
equation (1.102) remains invariant, while the spectral gap and the asymptotic variance
behave as

Agap(TL) = TAgap(L), 07(7L) = %aj%(,c),
i.e. they improve if 7 > 1. Clearly, this rescaling does not lead to an improved sampler

however since it requires a smaller discretisation time step when applied in practice.

Let us now describe the structure and main results of the thesis.

e Part II is dedicated to the study of nonreversible perturbations of well-established
sampling schemes, in particular to those based on overdamped and underdamped
Langevin dynamics (see (1.72) and (1.79)). In Chapter 3 we revisit the nonreversible
overdamped Langevin dynamics (1.73) that has already been the subject of various
works [41, 71, 72, 89, 144]. In particular, the authors of [89] have performed a de-
tailed study of the spectral gap corresponding to the generator in the Gaussian case.
Our contribution (Theorems 3.1 and 3.2) is a similar decay estimate in Wasserstein
distances, recovering the same rate A, but achieving sharper control of the con-
stant C, especially in high-dimensional settings. The bulk of Part II is concerned
with the perturbed underdamped Langevin dynamics (1.81), based on the published
work of the author [42]. In Chapter 4 we investigate the ergodic properties of this
dynamics and prove exponential decay to equilibrium using the theoretical frame-
work developed in [141]. Moreover, we obtain an overdamped limit, connecting the
perturbed overdamped and underdamped dynamics. The perturbed underdamped
Langevin process introduces a number of parameters in addition to the mass and
friction tensors which must be tuned to ensure that the process is an efficient sam-
pler. In Chapter 5 we hence consider the task of sampling from a Gaussian measure,
analysing the limiting cases of both small and large perturbations. In this way, we
obtain guidelines and algorithmic procedures for adjusting the parameters of the dy-

namics according to the covariance of the target distribution, leading to a decrease in

*In general, efficient numerical implementations are not discussed at great length in this work (see
however Chapter 6). We take the opportunity to refer the reader to [43] and [120] where suitable algorithms
aimed towards the simulation of dynamics similar to those featuring in Part II are developed.
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asymptotic variance. While these results are valid for Gaussian target densities, we
advocate these particular parameter choices also for more complex target measures.
To demonstrate their efficacy, in Chapter 6 we present a discretisation scheme for
the simulation of perturbed underdamped Langevin dynamics and perform numerical
experiments in the context of diffusion bridge sampling. The corresponding target
measure is a perturbation of a high-dimensional Gaussian distribution, allowing us
to connect this setting to our results from Chapter 5. Chapter 8 contains additional
proofs and supplementary material. For a more detailed overview of the results con-
cerning the perturbed underdamped Langevin dynamics we refer the reader to the

introductory section of Chapter 4.

Part III will pick up the thread from the example presented in Section 1.3.3 and
develop a general framework for the construction of coupled samplers based on the
ergodic Markov processes considered in Sections 1.3.1 and 1.3.2. Chapter 9 gives a
survey of this approach and provides an illustration of the main results in terms of a
simple example. We refer the reader to this chapter for a more thorough exposition of
the obtained results. Chapter 10 lays the foundation of the developed theory, giving
a characterisation of coupled processes in terms of a particular set of operators (see
Proposition 10.1) and providing a practical approach to the construction of couplings
(see Section 10.4). In Chapter 11 we show how various examples fit into the general
framework including coupled overdamped and underdamped Langevin dynamics as
well as zigzag processes. Chapter 12 contains a central limit theorem for coupled
processes, yielding an explicit expression for the associated asymptotic variance. It
turns out that the latter can be given a natural interpretation in terms of the theory
of optimal transportation. This connection is explored in detail in Section 12.2.
In Chapter 13 we introduce a perturbative approach to finding optimal couplings
in terms of reducing the asymptotic variance. The results are illustrated in terms
of numerical examples. The topic of Chapter 14 is the study of the convergence
to equilibrium for coupled processes. In particular, we derive a suitable Poincaré

inequality adapted to our setting.

Part IV is devoted to the study of exponential convergence to equilibrium for the
zigzag process introduced in Section 1.3.2, using the hypocoercivity techniques de-
veloped in [40] in the context of underdamped Langevin dynamics. Under the as-
sumption that the state space is compact and given a certain nonvanishing condition

on the excess switching rate, we are able to prove a decay estimate of the form (1.46).
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Part 11

Nonreversibility






2. NONREVERSIBLE PERTURBATIONS AND SAMPLING — AN OVERVIEW

Reversibility plays a central role in the study of Markovian dynamics, connecting the
stochastic behaviour of a process under consideration (namely the invariance of its law
under time reversal) with functional-analytic properties of the corresponding generator
(namely self-adjointness). This fundamental relationship has already been exposed in
Theorem 1.2; furthermore, the decomposition of the generator into symmetric and skew-
symmetric parts (and therefore into reversible and nonreversible contributions) was a

recurring theme in Section 1.3.

In order to subsume the work in this part of the thesis under a common framework, it is
helpful to generalise the notion of reversibility. To this end, let us assume that the Markov
process (X¢)i>0 is ergodic with respect to 7 € P(E), with associated strongly continuous
semigroup (S¢)¢>0 and generator £ acting on L?(7). Moreover, suppose that ¥ : £ — E

is a bijective measurable involution (meaning that W o W = I) that leaves 7 invariant, i.e.

/fd?T/fC)\I/dﬂ', I € By(E). (2.1)
E E

Clearly, ¥ induces a bounded linear operator W : L?(7) — L?(7) acting via f + f o W.
Following [90. Section 2.2.1.2], we then say that (X;);>¢ is U-reversible (or reversible up

to W) if the semigroup (St)¢>o is W-symmetric in L*(x), i.c. if

<f7 @Stg>L2(7r) - (Stf7 @g>L2(7T)7 > 07 f7g € LQ(TI'), (22)

or, equivalently, if the generator £ is U-symmetric.

<fa \Tjﬁg>Lz(7r) = <£fa \Tjg>L2(7r)a t >0, f?g € D(ﬁ) (23)

We remark that relative symmetry (such as ¥-symmetry) of operators has been investi-
gated extensively in [69]. On the level of the stochastic process, U-reversibility means that
if the process is started in stationarity (i.e. Xo ~ ), then (X;)o<t<7 and (¥U(X7—_¢))o<t<T

have the same law, for all 7" > 0.

The concept of W-reversibility is a direct generalisation of that of ordinary reversibility;

indeed a [-reversible process is just reversible in the sense of Definition 1.6. One of the most
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topical representatives of reversible Markov processes in our context is the overdamped
Langevin dynamics (1.72). The following examples illustrate the notion of WU-reversibility

(with nontrivial involutions).

Example 2.1 (Underdamped Langevin dynamics). Introducing the momentum flip op-

erator
P(g.p) = (¢.—p), (g,p) € R*, (2.4)

it is well-known (see [90, Section 2.2.3] or Lemma 5.2(a) below) that the underdamped

Langevin dynamics (1.79) is P-reversible, i.e. its generator £y has the symmetry property

(f, PLog)12z) = (Lof, Pg) 12y, [,9 € D(Lo). (2.5)

The notation Ly has been chosen in anticipation of the developments below, suggesting
that the corresponding dynamics should be considered as ‘unperturbed’. For any 7" > 0,
and under the assumption that (go,po) ~ 7 (where the invariant measure 7 has been

defined in (1.77)), the processes (qi, pr)o<t<r and (¢r—¢, —pr—t)o<t<7 have the same law.

Example 2.2 (Zigzag process). Assuming that the excess switching rate v : E — R does

not depend on 6, the zigzag process (see Section 1.3.2) is reversible with respect to

P(x,0) = (z,—0), (z,0) € B. (2.6)

Let us now comment on the role of reversibility (and nonreversibility) in the context of
Markov chain Monte Carlo sampling, focussing for the moment on ordinary reversibility
(i.e. I-reversibility). It has been observed in various works [20, 41, 71, 72, 73, 89, 108, 126,
127, 138] that nonreversible processes have improved convergence properties in terms of
asymptotic variance and spectral gap. To give an impression, we recall here the setting and
results laid out in [127]. The framework involves a fixed reversible process, the generator
of which is perturbed by a skew-adjoint operator in such a way that the target measure
of interest is still invariant. Clearly, the process obtained in this way is nonreversible. To

be precise, the authors of [127] work under the following assumption:

Assumption 2.1. Suppose that Ly is the generator of a reversible stochastic process,
ergodic with respect to m € P(E). Assume furthermore that 0 is an isolated point of o(L),
i.e. Agap(L) > 0. Suppose that A is skew-symmetric in L*(), i.e.

(£, A@) 12y = —(Af, 9 2(x),  f,9 € D(A). (2.7)

Assume that L = Lo+ A is the generator of a Markov process, ergodic with respect to T,
and that D(L) C D(A).

Remark 2.1. In order for the process generated by L to be ergodic with respect to , it is
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clearly necessary that

/ Afdr =0, feD(A), (2.8)
E

or, in the case when 7 is absolutely continuous with respect to a reference measure,
Al =0. (2.9)
In this sense, the skew-symmetric perturbation has to leave the target measure invariant.

The following two results show that the performance of the sampler, measured in terms

of spectral gap and asymptotic variance, is improved by the perturbation:

Theorem 2.1 (Spectral gap for nonreversible perturbations). Let Assumption 2.1 be
satisfied. Then
Agap (Lo + A) > Agap(Lo). (2.10)

This result is a direct consequence of the fact that the validity of the Poincaré inequality
(1.51) in Theorem 1.3 does not depend at all on the skew-symmetric part of the generator.
We wish to emphasize that the equivalence between (1.51) and (1.46) only holds in the
case when C' = 1. In other words, by adding a nonreversible perturbation A, one may hope
to achieve an improved exponential convergence rate \ at the cost of allowing a constant
C > 1. Quantifying this trade-off is challenging and will be addressed in Section 3.1 (in

the context of overdamped Langevin dynamics targeting a Gaussian measure).

Theorem 2.2 (Asymptotic variance for nonreversible perturbations). Let Assumption 2.1
be satisfied and assume that the operator (—L£) ™2 A(—L£)~? is bounded. Then

o7 (Lo + A) < 0F(Lo), fe L) (2.11)

Versions of the foregoing result can be found in [41, 73, 127].

The primary example illustrating the framework established in Assumption 2.1 is the
nonreversible overdamped Langevin dynamics as written in (1.74), the generator of which

can be decomposed as L = Ly + A, where
Lo=-VV-V+A and A=JVV -V, (2.12)

recalling that .J is a skew-symmetric matrix, i.e. J' = —J. Under appropriate growth
on conditions on V' (equivalently, decay conditions on the tails of 7), it turns out that
Assumption 2.1 is satisfied (especially, Agap > 0). For precise statements, see for instance
[41]. We remark here that those conditions are satisfied in particular if 7 is a Gaussian
measure. In those cases therefore, Theorems 2.1 and 2.2 immediately show that adding a

nonreversible term to the dynamics never decreases the performance of the sampler when
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measured in terms of spectral gap and asymptotic variance, independently of the chosen
matrix J. Another (perhaps more striking) way of saying this is that the choice J = 0
is the worst® possible (at least according to the criteria based on the spectral gap and

asymptotic variance).

Naturally, the question arises of whether the preceding ‘success story’ can be continued in
the more general setting of W-reversible processes. To be specific, consider the generator

of the perturbed underdamped Langevin dynamics (1.81)

’

L=M"'p -Ve=V,V-V,-TM 'p -V, +T:V,V,—puyVV -V, —vJM p-V,,

N~

Lham Etherm Epert

-~

Lo
(2.13)

decomposed into the perturbation L+ and the unperturbed operator Ly, which can be
further split into the Hamiltonian part Lna, and the thermostat (Ornstein-Uhlenbeck)
part Liherm, see [113, 90, 91]. As already observed in Example 2.1, Ly enjoys the P-
reversibility property (2.5) with respect to the momentum flip (2.4). A short calculation

(see Lemma 5.2(c) below) shows that

<fa pﬁpertg> L2(7) — _<£'pertf7 pg> L2(7)> fi9€ D(Epert)y (2-14)

ie. Lpert is ‘skew-adjoint with respect to P’. The setting is therefore very similar to
the one described in Assumption 2.1, the main difference being that the scalar product
(-,-) has been replaced by the indefinite symmetric bilinear form (-, P-) r2(#)- The detailed
study of perturbed underdamped Langevin dynamics is the subject of the Chapters 4-
6; for a more detailed summary of our results we refer the reader to the introductory
section of Chapter 4. Let us already remark here that the analogues of Theorems 2.1
and 2.2 unfortunately fail to hold. However, we will be able to find suitable choices for
the matrices Jy, Jo, M and I' that improve the performance of the sampler in certain
situations. Moreover, our analysis sheds light on the general principles underlying the

design of optimal perturbations for W-reversible dynamics.

*We remark that adding a nonreversible perturbation makes the accurate simulation of the ensuing
dynamics computationally more intricate, hence in this sense, J = 0 is the ‘best choice’. The demands
of finding a suitable dynamics that is both optimal in terms of (continuous-time) convergence properties
as well as efficient implementations are therefore opposing. In [43], the authors discuss how to strike this
balance in practice.
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3. PERTURBED OVERDAMPED LANGEVIN DYNAMICS REVISITED

The topic of this chapter is a careful analysis of the decay properties of the nonreversible

overdamped Langevin dynamics (1.74),

dX; = —VV(X;)dt + JVV(X;) dt + V2dW;, (3.1)

where we recall that J € Rgléi,

subject of various works [41, 71, 72, 73, 89, 125, 126]. On account of Theorems 2.1
and 2.2 in the preceding chapter, the perturbation JVV(X;)dt generically leads to an

is a skew-symmetric matrix. This process has been the

improvement, both in terms of the spectral gap and the asymptotic variance. A pertinent
question, however, is how to optimally choose the skew-symmetric matrix J. In the case

when the target measure is Gaussian, i.e.

1

V(z) = 3% Sz, x€RY (3.2)
where S € ngxrg is a fixed symmetric positive definite matrix, this question has been
studied in [89]. The authors show that it is possible to choose J in such a way that the

decay estimate (1.46) holds with optimal decay rate A\ = %, and that a matrix J with

this property can be obtained in an algorithmic way. However, their analysis leads to
a complicated expression for the constant C' that moreover tends to infinity when the
dimension d grows large. A similar analysis (considering more general dynamics) for the
decay in relative entropy was performed in [62]. In this chapter we obtain estimates for
the convergence to equilibrium in Wasserstein distances, yielding a much more accessible
expression for C' that moreover is dimension-independent®. The method of the proof relies
on coupling techniques that have been used in similar contexts (see [46] and references
therein). A key additional ingredient is an appropriate change of the Euclidean metric
(see Lemma 3.1 below), a technique that is reminiscent of those employed in Section 4.1

and Chapter 17 for establishing exponential convergence to equilibrium in L?(7).

The results in this chapter were obtained in collaboration with Claudio Bellani (now a PhD
student at Imperial College London) on a visit to Prof. Andreas Eberle at the University

of Bonn, the hospitality of which is greatly acknowledged.

*More precisely, the optimal value for C is determined by the condition number x(S), which, depending
on the application, might introduce a dimension dependence.
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3.1 EXPONENTIAL DECAY TO EQUILIBRIUM IN WASSERSTEIN DISTANCES

We begin by recalling the definitions of the Wasserstein distances under consideration:

Definition 3.1 (Couplings and Wasserstein distances). Let p € [1,00). The space of
probability measures on R with finite p-th moment will be denoted by 'Pp(Rd), i.e.

Pp(RY) = {w € P(RY) : /Rd |zP m(da) < oo} . (3.3)

The set of couplings C(u,v) C P(RY x R?) between two probability measures pu,v € P(RY)
consists of those probability measures whose first and second marginals are given by u and

v respectively. The LP-Wasserstein distances are then defined by

1

. P

W) = (_nt [ o=y aaean) (3.0
vEC(1,v) J R

Throughout, we will denote by (X¢):>0 the solution to (3.1) and assume that the potential

V is given by (3.2). Our main result shows that the optimal decay of the nonreversible

dynamics as measured by the Wasserstein distances can be accurately quantified in terms

of the condition number of the precision matrix S (in the following denoted by «(.5)):

Theorem 3.1 (Optimal convergence to equilibrium in Wasserstein distances). Let p €

[1,00) and denote Xy ~ m;. For every S € ngﬁg and € > 0, there exists a skew-symmetric
matriz J € RYY such that

Wy (i, o) < Ce MW, (o, 7), (3.5)
where Ty S

A= ; . C<\/K(S)+e. (3.6)

Remark 3.1. The skew-symmetric matriz J can be obtained by the same algorithm as
introduced in [89]. Using this method, J — oo as e — 0. In the limit, this would require a
vanishing time-step for the discretisation. Hence, in practice there is a trade-off between
optimising the constant C' while maintaining a reasonable order of magnitude for the matriz
J. The exponential rate X\ is the same as the one obtained in [89] and [62] for the decay in
L?(7) and relative entropy, respectively. Using [56, Proposition 3], it is possible to extend

this result to the limiting case p = oco.

Remark 3.2 (Reversible versus nonreversible decay estimates). In the reversible case

(i.e. when J =0), the decay estimate (3.5) holds with A = minRe o (5) < '1‘25 and C = 1.

This is an instance of the trade-off between C' and X thal was already alluded to in the

discussion following Theorem 2.1.
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Before proving Theorem 3.1, we will present another result that might be of independent
interest. Consider the linear SDE

dX, = —BX,dt +vV2QdW;, X ~ 7o, (3.7)

where Q € R™¥4, X, € R% and B € R¥? is assumed to satisfy the following assumption:

Assumption 3.1. The matriz B is diagonalisable and positively stable, i.e.

o(B) C (0,00) x iR.

Under Assumption 3.1, the process defined by (3.7) is ergodic with respect to a (possibly

degenerate) Gaussian measure 7 € P(R?).

Remark 3.3. The condition that B is diagonalisable is not necessary, but it allows us to
state the results in a simplified form. Our methods can be extended to the nondiagonalisable

case by using for instance Lemma 4.7 in [5].

We have the following contraction result for solutions of (3.7).

Theorem 3.2 (Wasserstein contraction). Suppose that Assumption 3.1 is satisfied and let
p € [1,00). Define
A =minReo(B). (3.8)

Then there exists a constant C' > 0, explicitly computable and only depending on B, such
that
Wy (1, 1) < Ce MW, (po, o), (3.9)

where 19, vy € Pp(RY) are arbitrary initial laws for the dynamics (3.7), and u, vy denote

the laws of the corresponding solutions for t > 0.

Remark 3.4. By choosing v = m, we immedialely obtain a decay estimate quantifying
the rate of convergence to equilibrium of the form (1.44). The proof of the above theorem
will provide an explicil expression for the constant C. In fact, it is given by m , where
k(G) s the condition number of the matrix G obtained in Lemma 3.1 below. Theorem
3.2 is analogous to [5, Theorem 1.3] (see also [6, Theorem 4.9]), where a similar decay

estimate has been obtained for a class of relative entropies.

For the proof of the foregoing theorem, we will need the following lemma:

Lemma 3.1. Suppose Assumption 3.1 is satisfied and let X be defined as in (3.8). Then

there exists a symmetric positive definite matriz G such that
GB+ BTG > 2)\G (3.10)

in the sense of symmetric matrices.
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Proof. Let {wi}?zl be a (normalised) set of linearly independent eigenvectors of B. A

short calculation shows that

d
G wat (3.11)
i=1
fulfills condition (3.10). For details, see the proof of Lemma 4.3 in [6]. O

We now proceed to the proof of Theorem 3.2:

Proof of Theorem 3.2. Let G be a positive definite matrix satisfying (3.10), the existence

of which is guaranteed by Lemma 3.1. Associated to G, we define the distorted norm

a= |G1/2£L'| —Vz -Gz, zecR% (3.12)

|z

and the corresponding Wasserstein distances

P
Woatu) = (Lt [ o= alfataoay) (3.13)
yeC(p,v) JRd

Observe that

\/gmin|x| < |x|G < \/.gmax‘x|a S Rda (3'14)

and correspondingly

vV gmian(Nv V) < Wp,G(Na V) <y gmaXWp(M7 V)7 JNAS Pp(Rd)7 (3'15)

where gmin and gmax denote the smallest and the largest eigenvalues of G respectively. Now
consider two solutions (X;):>0 and (Y;)¢>0 of (3.7), with the initial distributions Xo ~ po
and Yy ~ v, driven by the same Brownian motion. We realise those solutions on a joint
probability space, i.e. the initial law of the joint process is given by a coupling of g and
vg. The difference Z; := Xy — Y; satisfies the ODE

Zl = —BZ,. (3.16)

For Z; # 0, we immediately deduce that

d 1Z,- (GB+ BTG)z,
Gl %la =5
dt 2 | Zt|cx

< —AZila, (3.17)

using (3.10). By Gronwall’s inequality, this implies
E|Z[E, < e P'E|Zo L. (3.18)

Clearly, E|Z;|7, is an upper bound for W;G(ut, vy). Taking the infimum over couplings of
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the initial laws pg and vy we hence arrive at

Wy.a(p, v) < C_Ath,G(MO, V). (3.19)
From the estimates (3.15) it follows that

Wy (e, ) < Cc_/\th(,uo, V), (3.20)

. o Ymax __ . oy
with €' = | /222 = /15(G), where #(G) denotes the condition number of G. O

Remark 3.5. The proof technique of changing the norm (or the scalar product) in the
context of nonreversible stochastic processes is now routinely applied in many contexts. To
illustrate the idea, let us mention that the above proof without introducing the distorted

Wasserstein distance W), ¢ would allow us to deduce a contraction with rate
< 1
A = minReo <§ (B+ BT)) <A, (3.21)

the spectral gap of the symmetric part of B, while the skew-symmetric part would drop
out in the calculation. The latter is not skew-symmetric with respect to |- |, allowing us
to recover the improved contraction rate. The proofs in [5] and [6] proceed along similar
lines, introducing distorted relative entropy functionals. We also refer to [11] and [62] for
similar approaches. Although in a different context, the calculations in Sections 8.3 and

Chapter 17 use very similar ideas.

We finally return to the proof of Theorem 3.1.

Proof of Theorem 3.1. The claim follows by carefully tracing the arguments in [89]. In-
troducing Y; = S'/2X, and J = SY/2J8Y2, the original dynamics

dX, = —(I + J)SX,dt + V2dW, (3.22)
is equivalent to
dY; = —(S + J)Yidt + V2524w, (3.23)

The authors of [89] then proceed to show that it is possible to construct (algorithmically)

an orthonormal basis {1; ;-1:1 of R? such that

Tr S

i - S = 7

i=1,....d. (3.24)

Let G be the symmetric positive definite matrix with eigenvectors {1}, and associated
eigenvalues {)\i}gzl, chosen such that A\; > 0 and \; # A for j # k. The requirement
B )\k + /\j

Wby - by, = = ViS¢, JjFk, (3.25)
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together with J? = —.J, determines J uniquely. Furthermore,

Tr S

= 2
7 A, (3.26)

min Reo (S + j) =

and 3.10 holds (see [89, Section 3.2]). Clearly, by choosing the cigenvalues of G closely
together, we can enforce that k(G) < 1+e¢, for any € > 0. By Theorem 3.2, it follows that
the solutions to (3.23) satisfy

W, (7, 7) < Ce MW, (7o, 7), (3.27)

where Y; ~ 7y, © denotes the corresponding invariant measure, and 1 < C < 1 +¢. The
result now follows from noticing that W, (7, 7) = W), s(m, ) and the equivalence estimate

(3.15). O

3.2 DISCUSSION

As the results in this chapter show, the exponential decay rate A\ for linear diffusions
is remarkably stable in the sense that it does not depend on whether it is measured in
terms of L?(7), relative entropies or Wasserstein distances. The same cannot be said
about the constant C'. In fact, its exact numerical value as well as its dependence on
the dimensionality of the problem are highly sensitive to the chosen distance between
probability distributions. According to Theorem 3.1 the Wasserstein distances are well
suited to quantify the exact dependence of C' on the nonreversible perturbation. This
result opens up various avenues for further research. Firstly, the class of skew-symmetric
matrices J that lead to an optimal exponential rate X is relatively large (for instance, the
algorithm presented in [89] contains a significant number of arbitrary parameters). It is
therefore a natural problem to optimise the choice of J taking into account both A and
the estimate for C' obtained in this chapter. Secondly, the proof of Theorem 3.2 appears
to be valid also in infinite dimensions (under suitable conditions), i.e. in the context of
SPDEs. This observation suggests us to employ and analyse the proposed methodology in
the settings of inverse problems [135] as well as sampling techniques for Gaussian random

fields [132]. Those topics are currently under investigation.
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4. PERTURBED UNDERDAMPED LANGEVIN DYNAMICS

The objective of the remainder of Part 11 is to compare the performances of the perturbed
underdamped Langevin dynamics (1.81) and the unperturbed dynamics (1.79) according
to the criteria outlined in Section 1.2 (namely spectral gap and asymptotic variance). For

the reader’s convenience, let us recall that the former is defined by

dg; = M pydt — puJ,VV(g) dt, (4.1a)
dp; = —VV(q)dt — vJoMp, dt — DM 1p;dt + V20 dW;, (4.1b)

where M € ngﬁg and I' € Rg}fﬁg denote the symmetric positive definite mass and friction

matrices, Ji, Jy € ngxcfv the skew-symmetric perturbations, and p, v € R the correspond-
ing perturbation strengths. We begin our investigations of (4.1) by establishing ergodicity
and exponentially fast return to equilibrium in Section 4.1 and by studying the overdamped
limit of (4.1) in Section 4.2. As the latter turns out to be nonreversible and therefore ac-
cording to Theorems 2.1 and 2.2 in principle superior to the usual overdamped limit (1.72),

this calculation provides us with further motivation to study the proposed dynamics.

For the bulk of this line of work, we consider the same setting as in Chapter 3 and focus
on the particular case when the target measure is Gaussian, i.e. when the potential is
given by V(q) = 3¢ - Sq with a symmetric and positive definite precision matrix S (i.e.
the covariance matrix is given by S~!). Our analysis partly relies on the fact that under
this assumption the dynamics (4.1) becomes a generalised Ornstein-Uhlenbeck process for
which the entire spectrum of the generator — or, equivalently, the Fokker-Planck operator —
can be computed analytically and, in particular, an explicit formula for the L?()-spectral
gap can be obtained [101, 110, 111]. In the Gaussian setting, we advocate the following

conditions for the choice of parameters:
M = S, I'= ’}/S, SJlS = JQ, on=rv. (42)

Under the above choices (4.2), we show that the large perturbation limit lim,, 0]20 exists
and is finite and we provide an explicit expression for it (see Corollary 5.5). From this
result, we derive an algorithm for finding optimal choices for J; in the case of quadratic

observables (see Algorithm 2).
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If the friction coefficient is not too small (v > v/2), and under certain mild nondegeneracy
conditions, we prove that adding a small perturbation will always decrease the asymptotic

variance for observables of the form f(¢) =q-Kq+1-q+ C:

@O'ch o =0 and d—uQUf o <0,

see Theorem 5.1. In fact, we conjecture that this statement is true for arbitrary observ-
ables f € L?(w), but we have not been able to prove this. The dynamics (4.1) (used in
conjunction with the conditions (4.2)) proves to be especially effective when the observable
is antisymmetric (i.e. when it is invariant under the substitution ¢ — —¢q) or when it has
a significant antisymmetric part. In particular, in Proposition 5.4 we show that under
certain conditions on the spectrum of .Ji, for any antisymmetric observable f € L?(r) it

holds that lim,, a]% = 0.

Numerical experiments and analysis show that departing significantly from (4.2) in fact
possibly decreases the performance of the sampler. This is in stark contrast to the per-
turbed overdamped Langevin dynamics (1.73), where it is not possible to decrease the
spectral gap or increase the asymptotic variance by any perturbation (see Theorems 2.1
and 2.2). For that reason, until now it seems practical to use (4.1) as a sampler only when
a reasonable estimate of the global covariance of the target distribution is available. In
the case of Bayesian inverse problems and diffusion bridge sampling, the target measure 7
is given with respect to a Gaussian prior. In Chapter 6 we demonstrate the effectiveness

of our approach in these applications, taking the prior Gaussian covariance as S in (4.2).

Remark 4.1. In [89, Remark 3] another modification of (1.79) was suggested (albeit with
the simplifications T' =~ -1 and M = 1):

dg = (I — J)M 'p, dt, (4.3a)
dp; = —(I + J)VV(qy) dt — TM p,dt + V20 dW;, (4.3b)

J again denoting a skew-symmetric matriz. However, under the change of variables p —

(I + J)p the above equations transform into

dg = M~'p dt, (4.4a)
dpy = —VV (q;) dt — TM ™ p, dt + V 20 dW, (4.4b)

where M = (I +J) "M —J)"  and I = (I + J)"'I'(I — J)~. Since any observable f
depends only on q (the p-variables are merely auziliary), the estimator Tr(f) as well as its
associated convergence characteristics (i.e. asymptotic variance and speed of convergence
to equilibrium) are invariant under this transformation. Therefore, (4.3) reduces to the
underdamped Langevin dynamics (1.79) and does not represent an independent approach

to sampling. Suitable choices of M and I' will be discussed in Section 5.5.
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4.1 ERGODICITY AND EXPONENTIAL CONVERGENCE TO EQUILIBRIUM

In this section we study some of the ergodicity properties of the perturbed underdamped

dynamics (4.1). We recall from (2.13) that its generator is of the form

L=M1'p-V,~V,V-V,~TM 'p-V,+T:V,V, —uiVV -V, —vJM 'p-V,.

~-
*Cham ‘ctherm [rpert

v

Lo

(4.5)

We have the following regularity result:

Lemma 4.1. The infinitesimal generator L is hypoelliptic.

Proof. The proof consists of verifying the conditions of Hérmander’s theorem (Theorem

1.5) for the generator (4.5) and can be found in Section 8.1. O

An immediate corollary of this result and of Theorem 1.7 is that the perturbed under-
damped Langevin process (4.1) is ergodic with unique invariant distribution 7 given by
(1.77).

As explained in Section 1.2.2, the exponential decay estimate (1.46) is crucial for our
approach, as in particular it guarantees the well-posedness of the Poisson equation (1.54).
From now on, we will therefore make the following assumption on the potential V| required

to prove exponential decay in L?(7):

Assumption 4.1. Assume that the Hessian of V is bounded and that the target measure
m(dq) = %e‘vdq satisfies a Poincare inequality, i.e. there exists a constant C'p > 0 such
that

2
( f2d7r—/ fdw) gop/ \Vf?dr, fe H'(n). (4.6)
R4 R4 R4

The validity of (4.6) is related to sufficiently fast growth of V' at infinity (see for example
[141, Theorem A.1]). Further conditions (including e.g. the Bakry-Emery criterion) are
presented in [10, Chapter 4]. The fact that the inequalities (1.51) and (4.6) bear the same
name is no coincidence. In fact, the former reduces to the latter when L is the generator

of overdamped Langevin dynamics (1.72) and 7 is the corresponding invariant measure.
Theorem 4.1. Under Assumption 4.1 there exist constants C' > 1 and X > 0 such that

the semigroup (S;)i>0 generated by L exhibits exponential decay in L*(m) as in (1.46).

Proof. The proof uses the machinery of hypocoercivity developed in [141] and can be found
in Section 8.3. Using the framework of [40] employed in Chapter 17, we conjecture that

the assumption on the boundedness of the Hessian of V' can be substantially weakened
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and more quantitative decay estimates (in particular with respect to p, v and ) can be
obtained. O

4.2 THE OVERDAMPED LIMIT

In this section we develop a connection between the perturbed underdamped Langevin dy-
namics (4.1) and the nonreversible overdamped Langevin dynamics (1.73). The analysis is
very similar to the one presented in [90, Section 2.2.2] and we will be brief. For convenience
in this section we will perform the analysis on the d-dimensional torus T¢ 22 (R/Z)4, i.c.

we will assume g € T?. Consider the following scaling of (4.1):

1
dg; = —-M7'pidt —phVeV(q)dt, (4.7a)

1 1 1 1
dpf = —quV(qg)dt—g—qunglpgdt—E—Qerlpgng\/ﬂth, (4.7b)

valid for the small mass/small momentum regime M — %M, p;, — ep;. Equivalently,
those modifications can be obtained from substituting I' — ¢~!T" and t + £~ !¢, and so in
the limit as ¢ — 0 the dynamics (4.7) describes the limit of large friction with rescaled

time. It turns out that as ¢ — 0, the dynamics (4.7) converges to the limiting SDE
dg = —(vJo + T) 7'V, V(q) dt — pJ1 VeV (q) dt + (vJy + T)~V2r dW,. (4.8)

The following proposition makes this statement precise.

Proposition 4.1. Denote by (¢f,p;)i>0 the solution to (4.7) with (deterministic) initial
conditions (q5, p5) = (Ginit, Pinit) and by (q¥)i>0 the solution to (4.8) with initial condition
@ = Ginit- For any T > 0, (¢f)o<t<r converges to (¢¥)o<i<r in L2, C([0,T],T?)) as
e —0, e

lim E( sup |¢f —¢;]?) = 0.

=0 o<t
Proof. The proof can be found in Section 8.2. By a more refined analysis, it is also possible

to get information on the rate of convergence; see, e.g. [114, 115]. O

Remark 4.2. The overdamped limit (4.8) respects the invariant distribution, in the sense

that 7(dq) = %e‘vdq 1s twariant. To see this, we have to check that

LT(e™V) ==V (v +T) Ve ) + Vq - (p1Vee™)
+ Vg (w2 + D)0 (—vdy + F)flvqefv) =0,

where LV refers to the L*(R)-adjoint of the generator of (4.8), i.e. to the associated
Fokker-Planck operator. Indeed, the term V- (ue_lequ) vanishes because of the skew-
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symmetry of Ji. Therefore, it remains to show that
Vo (0o +T) (=l +T) 7 = (T +T)"'V,e V) =0,

i.e. that the matriz (vJo + )T (—vJo + 1)~ — (vJo + )7L is antisymmetric. Clearly,
the first term is symmetric and furthermore it turns out to be equal to the symmetric part
of the second term:
, 1
(vl +T) '+ (vl +1) 1) = 5((yJ2 + ) (vl +T)(—vJo +T) !
+ Wl + D) Ny + T)(—vdo +T)71)

=(Wwh+D) ' T(—v)o+T)71,

N | —

so 7 is indeed invariant under the limiting dynamics (4.8).

The limiting SDE (4.8) is nonreversible due to the term —pu.J;V,V (g;) dt and also because
the matrix (vJy +I')~! is in general neither symmetric nor skew-symmetric. This result,
together with the fact that nonreversible perturbations of overdamped Langevin dynamics
of the form (1.73) have improved performance properties (see Theorems 2.1 and 2.2),

motivates further investigation of the dynamics (4.1).
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5. SAMPLING FROM A (GAUSSIAN MEASURE

In this chapter we study in detail the performance of the Langevin sampler (4.1) for
Gaussian target densities, first considering the case of unit covariance. In particular, we
study the optimal choice for the parameters in the sampler, the exponential decay rate
and the asymptotic variance. We then extend our results to Gaussian target densities with

arbitrary covariance matrices.

5.1 UNIT COVARIANCE — SMALL PERTURBATIONS

In our study of the dynamics given by (4.1) we first consider the simple case when V(q) =
%|q|2, i.e. the task of sampling from a Gaussian measure with unit covariance. We will
assume that M = I, I' = ~I and J; = Jy =: J (so that the g— and p—dynamics are
perturbed in the same way, albeit possibly with different strengths p and v). Using these

simplifications, (4.1) reduces to the linear system

dg, = pidt — pJq, dt,
dp; = —qi dt — vJpdt — ypy dt + /2y dW,. (5.1)

We will consider quadratic observables of the form
fla)=q Kq+1-q+C, (5.2)

with K € Rg;nﬁl, I € RY and C € R (however it is worth recalling that the asymptotic
variance JJ% does not depend on C, see Section 1.2.2). We also stress that f is naturally
assumed to be independent of the auxiliary variable p. Let us remark that an extension
of our results to more general observables would be interesting, but not straightforward.
Our first aim will be to study the dependence of the asymptotic variance ch (see (1.52))

on the parameters p and v, i.e. the function
0: R*=R, (gv)— afc,

assuming a fixed observable f and perturbation matrix J. We will furthermore focus

on small perturbations, i.c. on the behaviour of the function © in the neighbourhood
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of the origin. Our main theoretical tool will be the Poisson equation (1.54), as can be
seen from the proofs in Section 8.4. Anticipating the forthcoming analysis, let us already
state our main result, showing that close to the origin, the function © has favourable
properties along the diagonal 1 = v. In other words, perturbations of equal strength
(1 = v) always lead to an improvement in asymptotic variance under the nondegeneracy
conditions [J, K] # 0 and [ ¢ ker J, and when the damping is strong enough (y > v/2):

Theorem 5.1. Consider the dynamics

dg; = pe dt — pJg, dt, (5.3a)
dps = —q; dt — pJpy At — yp, dt + /2y dW;, (5.3b)

with vy > /2 and an observable of the form flq) =q-Kq+1-q+C, where K € ngxn‘f, l e R¢

and C € R. If at least one of the conditions [J, K] # 0 and | ¢ ker J is satisfied, then the

asymptotic variance of the unperturbed sampler is at a local mazimum independently of K
and J (and 7, as long as v > V/2), i.e.

2

2 _ 2
au0f|#:0 =0 and 3,05 =0

< 0. (5.4)

Remark 5.1. We wish to stress that in (5.4), U]% s a function of w only, since p = v
has been assumed. Addressing the nondegeneracy conditions, we will see in Section 5.3,
Ezample 5.8, that if [J, K] =0 and | € ker J, then the asymptotic variance is constant as

a function of p, i.e. the perturbation has no effect.

Theorem 5.1 will follow from Corollary 5.1 and the discussion following Proposition 5.2
below. In the sequel, we will divide our study and investigate purely quadratic and purely

linear observables separately.

PURELY QUADRATIC OBSERVABLES

We have the following result:

Proposition 5.1. Let [ =0, i.e. f(q) =¢q-Kq+ C. Then © satisfies

v®|(u7u):(070) =0 (5.5)
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and

Hess @|(le/):(070) =

~(+ &+ %) (Te(JKJK) = Tr(PK?)) (& + L —9) Tr(J2K?)

—2Tr(JKJK) (=5 + 3+ ) Te(JKJK)
(5.6)
(55 + 1 =) Tr(J2K?) (55 — 1) Tr(J2K?)
H(— + 1+ ) Tr(JKJIK) ~(H5 + ) Tr(JKIK)
Proof. See Section 8.4. O

The above proposition shows that the unperturbed dynamics represents a critical point
of ©, independently of the choice of K, J and . In general though, Hess ©|(,,,)—(0,0) can
have both positive and negative eigenvalues. In particular, this implies that an unfortunate
choice of the perturbations will actually increase the asymptotic variance (in contrast to
the situation of perturbed overdamped Langevin dynamics (1.74), where any nonreversible
perturbation leads to an improvement in asymptotic variance as detailed in Theorem 2.2).
Furthermore, the nondiagonality of Hess ©|(,, ,)—(0,0) hints at the fact that the interplay of
the perturbations J; and Jy (or rather their relative strengths p and v) is crucial for the
performance of the sampler and, consequently, the effect of these perturbations cannot be

satisfactorily studied independently.

Example 5.1. Assuming J? = —I and [J, K] = 0, it follows that

2@
aﬂlo‘(u V)

920
=00) = %Ol

1 2
=(0,0) = ; TI'(K ) > O,
for all nonzero K. Therefore in this case, a small perturbation using either only J; or only

Jo will increase the asymptotic variance, uniformly over all choices of K and ~.

As already hinted at in the introduction to this chapter, it turns out that it is possible
to construct an improved sampler by combining both perturbations in a suitable way.
Indeed, the function © can be seen to have good properties along p = v. We set pu(s) = s,

v(s) := s and compute
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d2
)
ds?

= (1,1) - Hess O], 1)—(0,0)(1, 1)
s=0

1 oo 2
_ (7 togt 73) (Tr(JKJK) — Tr(J°K?)) — N Tr(JKJK)
11 I 11
+2- (5 += =) (PK?) + (-5 + - +7 ) Te(JKJK)
v 7y
11 11
+ (= —Z) Tr(J2K? _(—+—)TrJKJK
(’y?’ 7) D=ty )
4 1
— <7 — - ~ — ;) (Tr(JKJK) — Tr(J?K?)) < 0.

The last inequality follows from

4 s 1
v——=-7"-=-<0 and Tr(JKJK)—-Tr(J?K?) > 0.
2 8
Both inequalities are proven in Section 8.4, Lemma 8.3, where the last inequality is strict
if [J, K] # 0. Consequently, choosing both perturbations to be of the same magnitude
(1 = v) and assuring that J and K do not commute always leads to a smaller asymptotic
variance, independently of the choice of K, J and . We state this result in the following

corollary:

Corollary 5.1. Consider the dynamics (5.3) and a quadratic observable

flq) =q-Kq+C.

If [J, K] # 0, then the asymptotic variance of the unperturbed sampler is at a local maxi-

mum independently of K, J and v, i.e.

2 _ 2 2
8“Uf’u=0 = 0, and 8H0f =0 < 0.

Example 5.2. Let us set p(s) := s and v(s) := —s (this corresponds to a small pertur-
bation with JVV(q;)dt in ¢ and —Jp,dt in p). In this case we get

d?e 1 A +3y%+5 Tr(J2K?
— __ 1. rHante (Tr(Q]KJK) — Tr(JQK?)) _4¥7
ds® [ 2 gl Y

<0 >0

which changes its sign depending on J and K as the first term is negative and the second
one is positive. Whether the perturbation improves the performance of the sampler in
terms of asymptotic variance therefore depends on the specifics of the observable and the

perturbation in this case.
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LINEAR OBSERVABLES

We have the following result:

Proposition 5.2. Let K =0, i.e. f(q) =1-q+ C. Then © satisfies
VOl (u)=(0,0) = 0

and
22U 2y |1
Hess O], - = .
[(u)=(0.0) ( WP 0

Proof. See Section 8.4. O

Let us assume that | ¢ ker.J. Then 8,%@\ uwv=0 < 0, and hence Proposition 5.2 shows
that a small perturbation by pJVV(q),dt alone always results in an improvement of
the asymptotic variance. However, if we combine both perturbations uJVV(q:)dt and

vJp;dt, then the effect depends on the sign of

_2’73|Jl|2 27|J”2 2 2 3 2
. = —(2 y —4 Jl .
(u V)< 2| JIP? 0 , (207" = dp) 1|

This quantity will be negative if p and v have different signs, and also if they have the same
sign and 7 is large enough. Following the discussion about purely quadratic observables
(see Proposition 5.1 and Corollary 5.1), we impose the condition ¢ = v. We then end up
with the requirement

20243 — 4wy > 0,
which is satisfied if and only if v > /2.

Summarising the results of this section, for observables of the form f(q) = ¢- Kq+1-q¢+C,
choosing equal perturbations (u = v) with a sufficiently strong damping (y > v/2) always
leads to an improvement in asymptotic variance under the conditions [J, K] # 0 and
[ ¢ ker J. This is finally the content of Theorem 5.1.

Numerical examples show that the conditions v > v/2 and p = v are indeed necessary for
the conclusions of Theorem 5.1 to hold (an explanation in terms of the spectrum of the
generator will be provided in Section 5.2 below). In particular, an unfortunate choice of

the perturbations will actually increase the asymptotic variance.

Let us illustrate this by plotting the asymptotic variance as a function of the perturbation

strength p (see Figure 5.1), making the choices d = 2, 1 = (1,1)7,

K:<2O> and Jz(o 1). (5.7)
0 1 -1 0
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Figure 5.1: Asymptotic variance for linear and quadratic observables, depending on relative perturbation and
friction strengths
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The asymptotic variance has been computed according to (8.18a) and (8.19). Going
beyond the results of this section, the graphs give an impression of the behaviour of the

asymptotic variance for large values of u, discussed further in Section 5.3.

Figures 5.1a, 5.1b and 5.1c¢ show the asymptotic variance associated with the quadratic
observable f(q) = ¢ - Kq. In accordance with Theorem 5.1, the asymptotic variance
is at a local maximum at zero perturbation in the case y = v (see Figure 5.1a). For
increasing perturbation strength, the graph shows monotone decay for y — oo (this lim-
iting behaviour will be explored analytically in Section 5.3). If the condition p = v is
only approximately satisfied (Figure 5.1b), our numerical example still exhibits decaying
asymptotic variance in the neighbourhood of the critical point. In this case, however, the
asymptotic variance diverges for growing values of the perturbation p. If the perturba-
tions are opposed (p = —v), it is possible for certain observables that the unperturbed
dynamics represents a global minimum. Such a case is observed in Figure 5.1c. In Figures
5.1d and 5.1e the observable f(q) = [-q is considered. If the damping is sufficiently strong
(y > v/2). the unperturbed dynamics is at a local maximum of the asymptotic variance
(Figure 5.1d). Furthermore, the asymptotic variance approaches zero as p — oo (for a
theoretical explanation see again Section 5.3). The graph in Figure 5.1e shows that the
assumption of v not being too small cannot be dropped from Theorem 5.1. Even in this

case though the example shows decay of the asymptotic variance for large values of pu.

5.2 EXPONENTIAL DECAY RATE

Recall the definitions of the optimal decay rate A*(L£) and the spectral gap Agap(L) from
(1.48) and (1.49). In [101, Proposition 2.1] it was proven that the Ornstein-Uhlenbeck
semigroup (S¢)>0 considered in this section is differentiable. In this case (see [47, Corollary
3.12]), it is known that the optimal decay rate and the spectral gap coincide, i.e. \*(£) =
Agap(L£). In this section we will therefore analyse the spectral properties of the generator
L in the Gaussian case. In particular, this leads to some intuition of why choosing equal

perturbations (p = v) is crucial for the performance of the sampler.

First, notice that the dynamics (5.1) is of Ornstein-Uhlenbeck type, i.e. we can write

dX; = —BX,dt + /2QdW;, (5.8)

-1 0 O
g * Q= : (5.9)
I ~I+vJ 0 ~J

and (W;);>o denoting a standard Wiener process on R??. The generator of (5.8) is then

with X = (¢,p)",

given by
L=—Bx-V+Q:VV. (5.10)
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In [101] (see also [110]), it was proven that the spectrum of £ in L?(7) is given by
s
o(L)=4-=Y njAj:n; €N X €0(B) . (5.11)
j=1

Note that o(L£) only depends on the drift matrix B. In the case where u = v, the spectrum
of B can be computed explicitly.

Lemma 5.1. Assume that u = v. Then the spectrum of B is given by

o(B) = {Mﬂ/(%)z 1+ %!A € J(J)} U {W\ — /(%)2 1+ %u € J(J)} * (5.12)

Proof. We will compute O'(B — %I) and then use the identity
o(B) = {)\Jr%\)\ea(B—%I)}. (5.13)
We have

det (B - %I— )\I) — det ((,u— %I— )J) (MJ+ %I— /\I> +1)

— det <,uJ—)\I+ (%)2—11) - det <MJ—)\I— (%)2—1-.7)

where [ is understood to denote the identity matrix of appropriate dimension. The above

quantity is zero if and only if

)\—\/(%>2—1EU(MJ) or A—i—\/(%)z—lea(,uj).

Together with (5.13), the claim follows. O

Using formula (5.12), in Figure 5.2a we show a sketch of the spectrum o(—L) for the case
of equal perturbations (@ = v) with the convenient choices n = 1 and v = 2. Of course,
the eigenvalue at 0 is associated to the invariant measure since £I7 = 0. The arrows
indicate the movement of the eigenvalues as the perturbation p increases in accordance
with Lemma 5.1. Clearly, the spectral gap of L is not affected by the perturbation. Note
that the eigenvalues on the real axis stay invariant under the perturbation. The subspace
of L:(7) associated to those will turn out to be crucial for the characterisation of the

limiting asymptotic variance as p — oo (see Remark 5.6).

To illustrate the suboptimal properties of the perturbed dynamics when the perturbations

are not equal, we plot the spectrum of the drift matrix o(B) in the case when the dynamics

*Notice that (%)2 — 1 is understood to be a complex number for v < 2.
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Figure 5.2: Effects of the perturbation on the spectra of —£ and B.

invariant measure

L4
®

D
| ——————e1. oot
0 — n =2
D

I T I J AN &

0 0.5 1 15 2

(a) o(—L) in the case p = v. The arrows (b) o(B) in the case J; = 0, i.e. the dynamics is
indicate the movement of the spectrum as the only perturbed by —vJapdt. The arrows indicate
perturbation strength s increases. the movement of the eigenvalues as v increases.

is only perturbed by the term vJopdt (i.e. p=0) for n =2, v =2 and

0 -1
J2:<1 0 ), (5.14)

(see Figure 5.2b). Note that the full spectrum o(—L) can be inferred from (5.11). For
v = 0 we have that the spectrum o(B) consists only of the (degenerate) eigenvalue 1. For
increasing v, the figure shows that the degenerate eigenvalue splits up into four eigenvalues,
two of which get closer to the imaginary axis as v increases, leading to a smaller spectral
gap and therefore to a decrease in the speed of convergence to equilibrium. Figures
(5.2a) and (5.2b) give an intuitive explanation of why the fine-tuning of the perturbation

strengths is crucial.

We close this subsection by providing autocorrelation plots (see Figure 5.3) for the linear
observable considered in Figure 5.1d (with a friction coefficient of v = 2.5). It is well-
known that the asymptotic variance is given by the integrated autocorrelation function
(see Section 1.2.2),

7t = [ B l(ftan) = ) (7la) ~ () . 5.15)

Comparing Figures 5.3a and 5.3b yields additional insight into the mechanics of the vari-
ance reduction: the increase of the imaginary part of the eigenvalues of £ (as indicated in
Figure 5.2a) leads to oscillations in the autocorrelation function and therefore to cancel-
lations in (5.15). A similar effect has already been observed in [125] for the nonreversible

overdamped Langevin dynamics (1.74).
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Figure 5.3: Autocorrelation plots for the perturbed and unperturbed dynamics

Linear observable, y=v=0, 7=2.5 __Linear observable, y=v=5, y=2.5
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(a) Unperturbed underdamped Langevin dynamics (b) Perturbed underdamped Langevin dynamics

5.3  UNIT COVARIANCE — LARGE PERTURBATIONS

In the previous section we observed that for the particular choice of perturbation J; = Jo
and g = v the perturbed Langevin dynamics demonstrated an improvement in perfor-
mance for g in a neighbourhood of 0, when the observable is linear or quadratic (see
Theorem 5.1). Recall that this dynamics is ergodic with respect to a standard Gaussian
measure 7 on R?* with marginal = with respect to the g-variable. As before, we shall
consider only observables that do not depend on p. Moreover, we assume without loss of
generality that 7(f) = 0. For such observables we will write f € LZ(7) and consider the
canonical embedding L3(7) C L?(#). We emphasize that LZ(7) consists of functions that

only depend on ¢, whereas functions in L?(7) may depend on both ¢ and p.

In this section will analyse the asymptotic variance for large values of . The generator

of (5.3) can be written as

L=p-Ng—q-Vp+v9(—p-Vp+Ap)+u(—=Jqg-Vy—Jp-V,) = Lo+ pnA,  (5.16)

Lo A
where we have introduced the notation Lpey = pA. In the sequel, the adjoint of an

operator B in L?(7) will be denoted by B*. In the rest of this section we will make

repeated use of the Hermite polynomials
e laf? o, — lz|? 2d
ho(z) = (—1)%e 2" V% 27, ae N (5.17)
invoking the notation = = (¢, p) € R??. For m € Ny we define the Hilbert spaces

Hp, = Span{ha : |O’| = m}a <f7 Q>’m = <f7 g>L2(7Ar)7 [,9 € Hp.
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The following result (Theorem 5.2) holds for operators of the form (5.10), providing an
orthogonal decomposition of L?(7) into invariant subspaces. The drift and diffusion ma-
trices B and @) are assumed to be such that £ is the generator of an ergodic stochastic

process with smooth transition functions (see [6, Definition 2.1] for precise conditions).

Theorem 5.2. [6, Section 5]. The following hold:

(a) The space L?(T) has a decomposition into mutually orthogonal subspaces:

L2(7) = @ H,,.

meNg

(b) For all m € No, Hy, is invariant under L as well as under the corresponding semi-

group (St)e>0-
(¢) The spectrum of L has the following decomposition:

2d
o) = |J oLlm,), oLlm,) == a: o] =m, \ €o(B)
j=1

meNy

Remark 5.2. Note that by the ergodicity of the dynamics, ker L consists of constant
functions (see Proposition 1.1) and so ker L = Hy. Therefore, L3(7) has the decomposition

L3(7) = L*(7)/ ker L = €D Hy.

m>1

Our first main result of this section is an expression for the asymptotic variance in terms

of the unperturbed operator £ and the perturbation A:

Proposition 5.3. Let f € L3(w) (so in particular f = f(q)). Then the associated asymp-

totic variance is given by
2 _ 2 2 g% 1y—1
o5 =(f, —Lo(Ly + p A"A) " f)r2(7)- (5.18)

Remark 5.3. The proof of the preceding Proposition will show that L3 + u? A*A is in-
vertible on L3(7) and that (L3 + p2A*A)~Lf € D(Ly) for all f € LE(7).

To prove Proposition 5.3 we will make use of the generator with reversed perturbation
L_=Ly—pA
and the momentum flip operator
P: L(7) — L§(7),  f(g,p) = fla.—p), (5.19)
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already presented in Example 2.1. Here, we drop the bar for notational convenience.
Clearly, P? = I and P* = P. Further properties of L, A and the auxiliary operators £_

and P are gathered in the following lemma:

Lemma 5.2. For all f,g € C®(R?*?) N L%(%) the following hold:
(a) The generator Lo is symmetric in L*(T) with respect to P:
(f, PLog)12(7) = (Lof, Pg)r2(7)-
(b) The perturbation A is skew-adjoint in L*(7):
A= —A.
(¢c) The perturbation A is skew-symmetric in L*(T) with respect to P:
(f; PAG)12(z) = —(Af, Pg) 12(7)-

(d) The operators Ly and A commute:

[Lo, A]f = 0.
(e) The perturbation A satisfies
PAPf = Af.
(f) L and L_ commute,
L, L_]f =0,
and the following relation holds:
(f; PLPg)12z) = (L f,9) 12(7)- (5.20)

(9) The operators L, Lo, L_, A and P leave the Hermite spaces Hp, invariant.

Remark 5.4. The claim (d) in the above lemma is crucial for our approach, which itself

rests heavily on the fact that the q— and p—perturbations match (J; = Js).

Proof of Lemma 5.2. To prove (a), consider the following decomposition of Ly as in (4.5):

-~

Lham Ltherm
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By partial integration it is straightforward to see that

(f, £ham9>L2(ﬁ) = —(Lham/f 9>L2(7?)

and

(fs Linermg) 2(7) = (Lthermf, ) 12(7)5

for all f,g € C®°(R?¥) N L3(%), i.e. Lpam and Liperm are antisymmetric and symmetric
in L?(7) respectively. Furthermore, we immediately see that LpamPf = —PLpamf and
['thermPf = Pﬁthermf, so that

(f,LoPg)r2z) = (f, —LhamPg + LineemP9) 127y = (Lof, P9) 12(7)-

We note that this result is well known (see [90, Section 2.2.3.1] for instance) and holds
in the more general setting of Chapter 4 for the infinitesimal generator (4.5). The claim
(b) follows by noting that the flow vector field b(q,p) = (—Jgq,—Jp) associated to A
is divergence-free with respect to 7, i.e. V - (7b) = 0. Therefore, A is the generator
of a strongly continuous unitary semigroup on L?(7) and hence skew-adjoint by Stone’s
Theorem [47, Theorem 3.24]. The claim (c¢) follows from combining (b) and (e) (proved
below). To prove (d) we use the decomposition Lo = Lyam + Liherm to obtain

[E()v A]f = [‘chamy A]f + [Etherm; A]f7 f € COC(RQd) n L2(%) (521>
The first term of (5.21) gives

[P'vq_(J'pr_JQ'Vq_JP'Vp]f
= ([p- Vo, =Jq- Vgl +[p- Vo, =Jp-Vy] + [=q- Yy, =Jq - V]
+[=q-Vyp,=JIp-V|) f
= Jp-Vof = Jp-Vof +.Jq-Vypf — Jq- Vpf =0.

The second term of (5.21) gives
[0 Vo4 8p, Alf = [=p -V, =Jp- V| f + [Ap, =Tp- V], (5.22)

since Jgq - V, commutes with p -V, + A,. Both terms in (5.22) are clearly zero due the
skew-symmetry of J and the symmetry of the Hessian V,V, f.

The claim (e) follows from a short calculation similar to the proof of (a). To prove (f),
note that the fact that £ and £_ commute follows from (d), as

[L,L1f = [Lo+ pA, Lo — pAlf = =2u[Lo, Alf =0, feC(R*)NL*7),
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while the property (f, PLoPg)r2z) = (L-f,9)12(#) follows from properties (a), (b) and
(e). Indeed,

(f, PLPg)12z) = (f,P(Lo+ pA)Pg)r2z) = (f, (PLoP + pA) g) 127
= ((Lo—pA)f.9)2m) = (L[, 9)12(7)

as required. To prove (g) first notice that £, Ly and L£_ are of the form (5.10) and therefore
leave the spaces H,, invariant by Theorem 5.2. It follows immediately that also A leaves
those spaces invariant. The fact that P leaves the spaces H,, invariant follows directly by
inspection of (5.17). O

Now we proceed with the proof of Proposition 5.3:

Proof of Proposition 5.3. Since the potential V is quadratic, Assumption 4.1 clearly holds
and thus Theorem 4.1 together with Proposition 1.1 ensures that £ and £_ are invertible
on L3(7) with

(—L£)7! = /Ooo Sy dt, (5.24)

and analogously for £=1. In particular, the asymptotic variance can be written as

of = (f, (=) 2.

Due to the respresentation (5.24) and Theorem 5.2, the inverses of £ and £_ leave the
Hermite spaces H,, invariant. We will prove the claim from Proposition 5.3 under the
assumption that Pf = f which includes the case f = f(q). For the following calculations
we will assume f € Hp, for fixed m > 1. Combining statement (g) with (a) and (f) of
Lemma 5.2 (and noting that H,, C C>(R??) N L?(7)) we see that

PLP =" and PLyP =L (5.25)

when restricted to H,,. Therefore, the following calculations are justified:

(£ Pirge) = & (L) Piagey + (. (£ Puoge)
= L0 Py + (P LY PP o)
= LU0 D aotey + U (L) Proge)
= L0 4 (L7 Pusgey
where in the second line we have used the assumption Pf = f and in the third line

the properties P? = I, P* = P and equation (5.25). Since £ and £_ commute on H,,
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according to the statements (f) and (g) of Lemma 5.2 we can write
(L)' (L)t =L (—LL) T L(—LL) T = —2L0(LL )
for the restrictions on H,,, using L+ L_ = 2Ly. We also have
LL_ = (Lo+ pA) (Lo — pA) = L+ p* A" A,

since Lo and A commute. We thus arrive at the formula

0F = (f,—Lo(L+ W A" A) " )2y, [ € Hpne (5.26)
Now since (£3 + p? A*A)~1f = (LL_)"Lf € D(Lo) for all f € L%(7), it follows that the
operator —Lo(L3 + p2A*A)~1 is bounded. We can therefore extend formula (5.26) to the
whole of L?(7) by continuity, using the fact that L3(7) = D1 Hm. O

Applying Proposition 5.3, we can analyse the behaviour of 0]2c in the limit of large pertur-

bation strength g — oco. To this end, we introduce the orthogonal decomposition
L3(7m) = ker(Jq - V) ® ker(Jq - Vy)*, (5.27)

where Jq - V, is understood as an unbounded operator acting on L(), obtained as the
smallest closed extension of Jq - V, acting on C°(RY). In particular, ker(Jq - V,) is
a closed linear subspace of L3(7w). Let Il denote the L3(7)-orthogonal projection onto
ker(Jq - V4). We will write a?(u) to stress the dependence of the asymptotic variance
on the perturbation strength. The following result shows that for large perturbations,
the limiting asymptotic variance is always smaller than the asymptotic variance in the
unperturbed case. Furthermore, the limit is given as the asymptotic variance of the

projected observable I1f for the unperturbed dynamics.

Theorem 5.3. Let f € L&(w) (so in particular f = f(q)). Then

. 20\ — 42 < 52(0).

Mh_{go of(p) = ony(0) < 07(0)
Remark 5.5. Note that the fact that the limit exists and is finite is nontrivial. In partic-
ular, as Figures 5.1b and 9.1c demonstrate, it is often the case that lim, JJQC(,u) =00 if

the condition 1 = v is not satisfied.

Remark 5.6. The decomposition (5.27) can be interpreted in terms of the spectrum o(L)
as follows: First observe that for functions f that only depend on q, f € ker(Jq-V,) is
equivalent to f € ker A. Lel us denote by 6 = ﬂueR (Lo + pA) the part of o(Loy) that is
not affected by the perturbation and by

E = span{f € L2(%) : there exists \ € & such that Lof = \f} C L*(#)
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the corresponding subspace. In the case when the eigenvectors of L span L*(7) it is
straightforward to see that ker(A) = E *. In Figure 5.2a,  has been highlighted by

diamonds.

Proof of Theorem 5.3. Note that Ly and A*A leave the Hermite spaces H,, invariant and
their restrictions to those spaces commute (see Lemma 5.2, (b), (d) and (g)). Furthermore,
as the Hermite spaces H,, are finite-dimensional, those operators have discrete spectrum.
As A*A is nonnegative self-adjoint, there exists an orthogonal decomposition L3(7) =
@, W; into eigenspaces of the operator —Lo(L3 + p2A*A)~!, the decomposition € W;

being finer then € H,, in the sense that every W; is a subspace of some H,,. Moreover,
—Lo(LF + P A*A) Hw, = —Lo(L5+ 12X) w,,

where \; > 0 is the eigenvalue of A*A associated to the subspace W;. Consequently,

formula (5.18) can be written as

UJ% = Z<fi7 _ﬁo(ﬁé + ,U/Q)\i)ilf»LQ(ﬁ), (528)

1

where f = ). f; and f; € W;. Let us assume now without loss of generality that Wy =
ker A* A, so in particular A\g = 0. Then clearly

lim oF = (fo, —Lo(£3) " fo) r2(z) = (fo. (=L0) " fo) 12(z) = 07, (0).

HU—>00

Now notice that Wy = ker A*A = ker A, proving the equality in the claim. It remains to
show that O'%f(O) < a?(O). To see this, we write

07(0) = (f, (=Lo) " 2 = (If + (L =T f, (=Lo) " (ILf + (L =TI f)) 127
= J%f(()) + U(Qlfr[)f(o) + R,

where

R = (ILf, (~L0) ™ (1 = T f) 12gz) + (1 = T, (—L£0) 'TLf) (s,

Note that since we only consider observables that do not depend on p, IIf € ker(Jgq - V)
and (1 —1II)f € @,-; W;. Since Ly commutes with A, it follows that (—Lg) ™! leaves both
Wy and ;< W; invariant. Therefore, as the latter spaces are orthogonal to each other,
we deduce that R = 0, from which the result follows. O

From Theorem 5.3, it follows that in the limit as i — oo, the asymptotic variance 0]20(/1)

TUSng the decomposition of Lz(%) into Hermite polynomials provided by Theorem 5.2, this is the case
if and only if the corresponding drift matrix is diagonalisable, i.e. if and only if v # 2.

HIndeed, the fact that f € ker A is equivalent to f € E is casy to check if f is an eigenvector of L
(recall that f is then an eigenvector of Lo + p.A as well, using Lemma 5.2(d)). The claim then follows by
extending linearly.
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is not decreased by the perturbation if f € ker(Jg-V,). In fact, this result also holds
true non-asymptotically, i.e. observables in ker(Jq - V,) are not affected at all by the

perturbation:

Lemma 5.3. Let f € ker(Jq- V). Then JJ%(M) = O’?(O) for all pn € R.

Proof. From f € ker(Jq-V,) it follows immediately that f € ker A*A. Then the claim
follows from the expression (5.28). O

Example 5.3. Recall the case of observables of the form f(q) = ¢- Kq+1-q+ C with
K € R4 | € R and C € R from Section 5.1. If [J,K] = 0 and [ € kerJ, then

Sym

[ eker(Jg-Vy) as
Jq-Velq-Kq+1-q+C)=2Jq - Kq+Jg-l=q- (KJ—JK)qg—q-Jl=0.

From the preceding lemma it follows that 0?(;1) = 0?(0) for all p € R, showing that the

assumption in Theorem 5.1 does not exclude nontrivial cases.

The following result shows that the dynamics (5.3) is particularly effective for antisym-

metric observables (at least in the limit of large perturbations):

Proposition 5.4. Let f € Li(7) satisfy f(—q) = —f(q) and assume that ker J = {0}.

Furthermore, assume thatl the eigenvalues of J are rationally independent, i.e.
o(J) = {£i\, £iXo, ..., £iNg} (5.29)
with \; € Rsg and Y, ki\i # 0 for all (k1,...,kq) € Z2\ (0,...,0). Then

Mh_)ngo af(u) = 0.
Proof of Proposition 5.4. The claim would immediately follow from f € ker(.Jq - V)*
cording to Theorem 5.3, but that does not seem to be so easy to prove directly. Instead,

we again make use of the Hermite polynomials.

Recall from the proof of Proposition 5.3 that £ is invertible on L3(7) and its inverse leaves
the Hermite spaces H,, invariant. Consequently, the asymptotic variance of an observable
f € L3(7) can be written as

o0

Uf - <fa ( Iz(w Z mf ‘C|Hm)71Hmf> L2(7)» (530)

m=1

where I, : L§(7) — Hy, denotes the orthogonal projection onto Hy,. From (5.17) it is

clear that hg is symmetric for |«| even and antisymmetric for |«| odd. Therefore, from f
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being antisymmetric it follows that f € €B,,51 ,0aq Hm- In view of (5.12), statement (c)
in Theorem 5.2 and (5.29) the spectrum of £y can be written as

2d
o(Llm,) = 1Y _ B+ Cap: la| =m, B € o(J) (5.31a)
j=1
d
=Qip Z((y] —jra)\j+Copy: |laf=m p, (5.31b)
7=1

with appropriate real constants C,~ € R that depend on a and . but not on p. For
la] = Z?il a; = m odd, we have that

(aj —ajrq)A; # 0. (5.32)

d
=1

J

Indeed, assume to the contrary that the above expression is zero. Then it would follow
that o = a4 for all j = 1,...,d by rational independence of A1,...,\q and |m| would
have to be even. From (5.31b) and (5.32) it is clear that

sup {r > 0: B(0,r) No(L]m,) =0} == oo,
where B(0,7) denotes the ball of radius r centered at the origin in C. Consequently, the

spectral radius of (—£L|p,, )" and hence (—L|y,, )"t itself converges to zero as pu — oo.

The result then follows from (5.30). O

Remark 5.7. The idea of the preceding proof can be explained using Figure 5.2a and
Remark 5.6. The eigenvalues in the fived spectrum & (on the real azis, highlighted by dia-
monds) correspond to Hermite polynomials of even order. The independence condition on
the eigenvalues of J prevents cancellations that would lead to fized eigenvalues associated

to Hermite polynomials of odd order. Therefore, antisymmetric observables are orthogonal
to I = ker A.

The following corollary gives a version of the converse of Proposition 5.4 and provides

further intuition into the mechanics of the variance reduction achieved by the perturbation.

Corollary 5.2. Let f € Li(7) and assume that limﬂﬁooaj%(,u) =0. Then

/ fdg=0
B(0,r)

for all r € (0,00), where B(0,r) denotes the ball centered at 0 with radius .
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Proof. According to Theorem 5.3, lim, O'J% (1) = 0 implies o #(0) =0. We can write

otip(0) = (Lf, (—Lo) ' ILf) r2(z) = %(Hf; ((=Lo) ™"+ (=L£5) ") ILf) 127 (5.33)

and recall from the proof of Proposition 5.3 that (—£g)~! and (—£})~! leave the Hermite
spaces Hp, invariant. Therefore ker ((—Lo) ™! + (—£§)™') = {0} in L(7). and in partic-
ular 0’121f(0> = 0 is equivalent to ITf = 0. This in turn shows that f € ker(Jq- V). From
(Jqg-V)*=—Jq-V, it follows that

ker(Jg - V) =im(Jq-V)* = im(Jq- V). (5.34)

Hence, there exists a sequence (¢;); € C(R?) such that Jq-V¢; — f in L?(r). Taking
a subsequence if necessary, we can assume that the convergence is pointwise mw-almost
everywhere and that the sequence is pointwise bounded by a function in L!(7). Since J

is antisymmetric, we have that Jq-V¢; = V - (¢;Jq). Now Gauss’s theorem yields

/ V- (¢5Jq)dq =/ ¢jJq - dn,

B(0,r) AB(0,r)

where n denotes the outward normal to the sphere dB(0,7). This quantity is zero due
to the orthogonality of Jg and n, and so the result follows from Lebesgue’s dominated

convergence theorem. O

5.4 OPTIMAL CHOICES OF J FOR LINEAR AND QUADRATIC OBSERVABLES

Assume that f € L3(m) is given by
fla)=q Kq+1-q—TrK,

with K € ngxrff and | € R? (note that the constant term is adjusted to guarantee that
7(f) = 0). Our objective is to choose J in such a way that lim, U]%(,u) becomes as
small as possible. To stress the dependence on the choice of J, we introduce the notation

UJ% (u,J). Also, we denote the orthogonal projection onto (ker.J)* by Hlfer 7

Lemma 5.4 (Zero variance limit for linear observables). Assume that K = 0 and 1, ;I =
0. Then
. 2 .
#lirlgoaf(u, J)=0.

Proof. According to Theorem 5.3, we have to show that ITf = 0, where II is the L?(r)-
orthogonal projection onto ker(Jg - V). Let us thus use (5.34) and prove that f €
im(Jq - V). Indeed, since Hl%erjl = 0, by Fredholm’s alternative there exists v € R? such
that Ju = I. Now define ¢ € LE(7) by ¢(q) = —u - g, leading to f = Jq- V¢, so the result
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follows. |

Lemma 5.5 (Zero variance limit for purely quadratic observables). Let | = 0 and consider
the decomposition K = Ko+ Ky into the traceless part Ky = K — TrdK -1 and the trace-part

K, = % - 1. For the corresponding decomposition of the observable

f(q) = folg) + fi(qg) =q- Kog+q- Kig—Tr K

the following holds:

(a) There exists a skew-symmetric matriz J such that

. 2 .

#11_>Ir010 o, (1, J) =0, (5.35)
and there is an algorithmic way (see Algorithm 1) to compute an appropriate matriz
J in terms of K.

(b) The trace-part is not effected by the perturbation, i.e. 0;2‘1 (u, J) = U;%l (0) for all
weR.

Proof. To prove the first claim, according to Theorem 5.3 it is sufficient to show that
fo € ker(Jq - V)*+ = im(Jq-V). Let us consider the function ¢(q) = q - Aq, with A €
Rf;rg It holds that Jg - V¢ = 2¢ - (J'Aq) = ¢ - [A, J]q. The task of finding a skew-
symmetric matrix J such that lim, 0]200 (11, J) = 0 can therefore be accomplished by
constructing an antisymmetric matrix J such that there exists a symmetric matrix A with
the property Koy = [A, J]. Given any traceless matrix K there exists an orthogonal matrix
U € O(R?) such that UKoU” has zero entries on the diagonal, and U can be obtained in
an algorithmic manner (see Section 8.5). Assume thus that such a matrix U € O(R?) has
been found and choose real numbers ay,...,aq € R such that a; # a; if i # j. We now set
A = diag(ay, ..., a,), and
WKUT)y e o
Gy wem o TIET (5.36)
0 if i = j.

Observe that since UKoUT is symmetric, .J is skew-symmetric. A short calculation shows
that [A,J] = UKoU?. We can thus define A = U" AU and J = U? JU to obtain [A, J] =
K. Therefore, the matrix J constructed in this way indeed satisfies (5.35). For the second
claim, note that f; € ker(Jq - V), since Jq -V (g- %q) = 2¥q - Jg = 0 due to the

skew-symmetry of .J. The result then follows from Lemma 5.3. O
We would like to stress that the perturbation J constructed in the previous lemma is far
from unique due to the freedom of choice of U and a,...,aq € R in the proof. However,

it is asymptotically optimal:
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Corollary 5.3. In the setting of Lemma 5.5 the following holds:

. . 2 o 2
Jnin (Hll)rréo o (p, J)) =a7,(0).
Proof. The claim follows immediately since f; € ker(Jq- V) for arbitrary skew-symmetric
J as shown in (5.4), and therefore the contribution of the trace part f; to the asymptotic

variance cannot be reduced by any choice of J according to Lemma 5.3. O

As the proof of Lemma 5.5 is constructive, we obtain the following algorithm to determine

optimal perturbations for quadratic observables:

Algorithm 1. Given K € R‘Sjyxnﬁl, determine an optimal skew-symmetric perturbation .J

as follows:

1. Set Ko =K — K. 1.

2. Find U € O(R?) such that UKoU" has zero entries on the diagonal (see Section
8.5).

3. Choose a; € R, ¢ = 1,...d such that a; # a; for i # j and set

- UKoU?T);;
Jij = ( 0 )m

a; — a;
for i # j and J;; = 0 otherwise.
4. Set J=UTJU.

Remark 5.8. In [}1], the authors consider the task of finding optimal perturbations J for
the nonreversible overdamped Langevin dynamics given in (1.74). In the Gaussian case this
optimisation problem turns out be equivalent to the one considered in this section. Indeed,
equation (39) of [41] can be rephrased as f € ker(Jq-V)*. Therefore, Algorithm 1 and its
generalisation Algorithm 2 (described in Section 5.5) can be used without modifications to

find optimal perturbations of overdamped Langevin dynamics.

5.5 (FAUSSIANS WITH ARBITRARY COVARIANCE AND PRECONDITIONING

In this section we extend the results of the preceding sections to the case when the target

measure 7 is given by a Gaussian with arbitrary covariance, i.c. V(q) = %q - Sq with
S € R&xd symmetric and positive definite. The dynamics (4.1) then takes the form
dg; = M 'pydt — pJ1Sq, dt, (5.37a)
dp; = —=Sq; dt — vJoM ~tp, dt — TM~tp, dt + V2T dW,. (5.37b)
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The key observation is now that the choices M = S and I' = 45 together with the

transformation § = S'/2¢ and p= S~/?p lead to the dynamics
dg = pidt — pSY2J, 5%, dt, (5.38a)
dpy = —q At — pS~ Y2 1S 2p, dt — vp, At + /2 AW, (5.38b)

which is of the form (5.3) if J; and J3 obey the condition SJ;.S = J,. Clearly the dynamics
(5.38) is ergodic with respect to a Gaussian measure with unit covariance, in the following

denoted by 7. The connection between the asymptotic variances associated to (5.37) and

(5.38) is as follows:

For an observable f € L3(m) we can write
I IR g
VI [ a)ds—nn) = V(7 [ Faas 7).
0 0
where f(q) —= f(S~2¢). Therefore, the asymptotic variances satisfy a? = 5%, where 5;%_
denotes the asymptotic variance associated to the process (qg¢):>0. Because of this, the
results from the previous sections generalise to (5.37), subject to the condition that the

choices M = S, I' =~S5 and SJ1S = Jo are made. We formulate our results in this general

setting as corollaries:

Corollary 5.4. Consider the dynamics

dgy = M 'pydt — pJ,VV(q) dt, (5.39a)
dp; = —VV(q) dt — pJoM~Lp,dt — TM~tp, dt + V2T AW, (5.39b)

with V(q) = %q - Sq. Assume that M = S, T' = ~S with v > V2 and SJ1S = Jy. Let
f € L3(x) be an observable of the form

flQ)=q-Kq+1l-q+C (5.40)

with K € ngxlff, I € R and C € R. If at least one of the conditions KJ1S # ST K
and | ¢ ker.J is satisfied, then the asymptotic variance is at a local mazximum for the

unperturbed sampler, i.e.

2

#,o <0

@p?‘uzo =0 and 820

Proof. Note that

fla)=f(SV2q)=q STV RS+ SV g+ C=q - Kq+1-q+C

is again of the form (5.40) (where in the last equality, K=S51Y2KS 12 and [ = $~1/2
have been defined). From (5.38), a; = Ef, and Theorem 5.1 the claim follows if at
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least one of the conditions [K,SY2.J,8Y2] # 0 and [ ¢ ker(S'/2J,5'/2) is satisfied. The
first of those can easily seen to be equivalent to S‘l/Q(KJS — SJK)S_l/2 # 0, which is
equivalent to K J1.S # SJ1 K since S is nondegenerate. The second condition is equivalent
to SY/2.7,1 = 0, which is equivalent to J;l # 0, again by nondegeneracy of S. O

Corollary 5.5. Assume the setting from the previous corollary and denote by II the or-
thogonal projection onto ker(J1Sq - V). For f € L*(r) it holds that

lim Jj%(u) = U%f((]) < o;(()).

U—00

Proof. Theorem 5.3 implies lim,, 5}%(;1) = 5%]?(0) < 5}2?(0) for the transformed system
(5.38). Here f(q) = f(S5 /%) is the transformed observable and II denotes the L2(r)-
orthogonal projection onto ker(Sl/QJlSl/zq - V). According to the relation a}% = E%, it is
sufficient to show that (ILf) o S~1/2 = IIf. This however follows directly from the fact
that the linear transformation ¢ — ¢ o S'/2 maps ker(S'/2.J,8/2¢ - V) bijectively onto

ker(J15q - V). |

Let us also reformulate Algorithm 1 for the case of a Gaussian target with arbitrary

covariance.

Algorithm 2. Given K, S € R4 with f(q) = ¢- Kq and V(q) = %q - Sq (assuming S is

Sym

nondegenerate), determine optimal perturbations J; and Jy as follows:

1. Set K = S V2K5/2 and Ko = K — 1K . T.

2. Find U € O(R?) such that UKoU" has zero entries on the diagonal (see Section
8.5).

3. Choose a; € R, ¢ = 1,...,d such that a; # a; for i # j and set

7. _ WEU");
" a; — aj )

4. Set J=UTJU.

5. Put J; = S~Y27871/2 and J, = §1/2.781/2,

Finally, we obtain the following optimality result from Lemma 5.4 and Corollary 5.3.

Corollary 5.6. Let f(q) =q-Kq+1-q—Tr K and assume that chrJl = 0. Then

min lim o2(u, Jy, J- =02 (0),
O Ay <H_>Oc f(M 1 2)> fl( )s
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where f1(q) = q- Kiq, K1 = Tr(ST_IK)S. Optimal choices for Jy and Jo can be obtained
using Algorithm 2.

Remark 5.9. Since in Section 5.1 we analysed the case where Ji and Jo are proportional,
we are not able to drop the restriction Jo = SJ1.S from the above optimality result. Analysis

of completely arbitrary perturbations might be the subject of future work.

Remark 5.10. The choices M = S and I' = ~S have been introduced to make the consid-
ered perturbations lead to samplers that perform well in terms of reducing the asymptotic
variance. However, adjusting the mass and friction matrices according to the target co-
variance in this way (i.e. M = S and I' = ~vS) is a popular way of preconditioning
the dynamics, see for instance the geometric approach in [55] and mass-tensor molecu-
lar dynamics [13]. Here we will present an argument as to why such a preconditioning
1s indeed beneficial in terms of the convergence rate of the dynamics. Let us first as-
sume that S is diagonal, i.e. S = diag(s(l), e S(d)) and that M = diag(m(l), . ,m(d))
and T = diag(y(V, ..., 4D) are chosen diagonally as well. Then (5.37) decouples into

one-dimensional SDFEs of the following form:

dg!” = ——p{dt, (5.41a)
m(l)
) . (1) .
dpgz) = —s(l)qt(z)dt — #pgz)dt +4/29@OdW;,  i=1,...,d. (5.41b)

Let us write those Ornstein-Uhlenbeck processes as

. 0 -t , 0 0
1) __ m? (1) _
B — ( S0 o) ) , QY= ( 0 W) ) . (5.42b)
@ v

As in Section 5.2, the rate of the exponential decay of (5.42a) is given by minReo(BW).

A short calculation shows that the eigenvalues of B™ equal

) _ ~() N 7\ s
L2 om() 2m/(9) m@)’

Therefore, the rate of the exponential decay is mazximal when

M \2 40
(7 )) ") (5.43)

2mi m(?)

i which case it is given by
s(@

m(i)’

(9 =
Naturally, it is reasonable to choose m®) in such a way that the ezponential rate ()\(i))*
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s the same for all i = 1,...,d, leading to the restriction M = ¢S with ¢ > 0. Choosing
¢ small will result in fast convergence to equilibrium, but also make the dynamics (5.41)
quite stiff, requiring a very small timestep At in a discretisation scheme. The choice of ¢
will therefore need to strike a balance between those two competing effects. The constraint
(5.48) then implies I' = 2¢S. By a coordinate transformation, the preceding argument also
applies if S, M and I" are diagonal in the same basis, and of course M and I" can always
be chosen that way. Numerical experiments show that it is possible to increase the rate of
convergence to equilibrium even further by choosing M and I' nondiagonally with respect
to S (although only by a small margin). A clearer understanding of this is a topic for

further investigation.
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6. NUMERICAL EXPERIMENTS

In this chapter we will illustrate our analytical results for the perturbed underdamped
Langevin dynamics (4.1) by some numerical experiments in a high-dimensional setting.
To this end, we introduce an appropriate integration scheme in Section 6.1. The actual

experiment will be detailed in Section 6.2.

6.1 NUMERICAIL SCHEME

In this section we introduce a splitting scheme for simulating the perturbed underdamped
Langevin dynamics given by equation (4.1). In the unpertubed case, i.e. when J; = Jo = 0,

the right-hand side can be decomposed into parts A, B and C according to

M1 0 0
al )= PUar ¢ dt + . :
Pt 0 —VV(qt) —I'M~ + Vv 2Fth

A B O

i.e. O refers to the Ornstein-Uhlenbeck part of the dynamics, whereas A and B stand for

the momentum and position updates, respectively.

One particular splitting scheme which has proven to be efficient is the BAOAB scheme,
(see [86] and references therein). The string of letters refers to the order in which the

different parts are integrated, namely

1
Pny12 = Pn — AtV (gn),

2
1 _
Q71+1/2 = qn+ §At -M 1p71+1/27
p = eXp(—Aterl)an/z + VI — e 2TAIN(0, 1),
1 14
n+1 = qny1/2t QAt'M 'p,

.1
Pnt1 = P~ §At - VV(gnt1).

We note that many different discretisation schemes such as ABOBA, OABAO, etc. are
viable, but that analytical and numerical evidence has shown that the BAOAB-ordering
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has particularly good properties to compute long-time ergodic averages with respect to
g-dependent observables. Motivated by this, we introduce the following perturbed scheme,

introducing additional Runge-Kutta integration steps between the A, B and O parts:

Paris = o gAIVV(g), (6.2
Gni1/2 = qn—l—%AﬁM’lan/Q, (6.2b)
G = REGAL G0, (6:20)

p o= exp(—AHTM ™+ vsM ™ ))py 1o+ VI — e TAN(0,1),  (6.2d)
qi{+1/z = RK4(%A75>Q;L+1/2)’ (6.2¢)
Qi1 = q5+1/z+%At-M*1ﬁ, (6.2f)
pnit = o gAYV (g, (6.28)

where RKy(At, qp) refers to fourth order Runge-Kutta integration of the ODE

g=-nIVV(qg), ¢(0)=qo, (6.3)

up until time Af. We remark that the Jo-perturbation is linear and can therefore be
included in the O-part without much computational overhead. We emphasize the fact
that many different splitting schemes could be investigated: although the BAOAB-scheme
works well for unperturbed underdamped Langevin dynamics, it is not clear whether this
remains true for the perturbed version. Moreover, the perturbations introduced by J; and
Jy can be added in various places. Other discretisation schemes for the ODE (6.3) could
be useful as well, for instance one could use a symplectic integrator, taking advantage of
the Hamiltonian structure of (6.3). However, since V' as the Hamiltonian for (6.3) is not
separable in general, such a symplectic integrator would have to be implicit. Note that
(6.2c) and (6.2e) could be merged since (6.2¢) commutes with (6.2d). Here, we content
ourselves with the above scheme for the numerical experiments. Investigation of optimal
numerical schemes for perturbed Langevin dynamics is an interesting problem for further

research.

Remark 6.1. The aforementioned schemes lead to an error in the approximation for
m(f) since the invariant measure w is not preserved exactly by the numerical scheme. In
practice, the BAOADB-scheme can therefore be accompanied by an accept-reject Metropolis
step as in [88], leading to an unbiased estimate of w(f), albeit with an inflated variance.
In this case, after every rejection the momentum variable has to be flipped (p — —p)
in order to keep the correct invariant measure. We note here that our perturbed scheme
can be ‘Metropolised’ in a similar way by ‘flipping’ the matrices J1 and Jo after every

rejection (Jy — —Jy and Jo — —J3) and using an appropriate (volume-preserving and
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time-reversible) integrator for the dynamics given by (6.3). A similar approach in the

context of nonreversible overdamped Langevin dynamics has been investigated in [120].

6.2 DIFFUSION BRIDGE SAMPLING

To numerically test our analytical results, we will apply the dynamics (4.1) to sample a

measure on path space associated to a diffusion bridge. Specifically, consider the SDE

dX, = —VU(X,) ds + /28~ 1dW,,

with Xg € R™, § > 0 and the potential U : R™ — R obeying adequate growth and smooth-
ness conditions (see [65, Section 5] for precise statements). The law of the solution to this
SDE conditioned on the events X(0) = z_ and X(s4) = x4 is a probability measure 7
on L%([0,s4],R") which poses a challenging and important sampling problem, especially
if U is multimodal. This setting has been used as a test case for sampling probability
measures in high dimensions (see for example [15] and [112]). For a more detailed intro-
duction (including applications) see [17] and for a rigorous theoretical treatment the works
[17, 64, 65, 66].

In the case U = 0, it can be shown that the law of the conditioned process is given by
a Gaussian measure my with mean zero and precision operator S = —gA on the Sobolev
space H!([0, s4],R"™) equipped with appropriate boundary conditions. The general case
can then be understood as a perturbation thereof: The measure 7 is absolutely continuous

with respect to mg with Radon-Nikodym derivative

dm

e o exp (— ¥), (6.4)
where
B [t 1 , 1
U(z) = 5 G(z(s),B)ds and G(z,p)= 5\VU(3:)| — BAU(x).
0
We will make the choice x_ = x4y = 0, which is possible without loss of generality as

explained in [16, Remark 3.1], leading to Dirichlet boundary conditions on [0, s;] for the
precision operator S. Furthermore, we choose s; = 1 and discretise the ensuing s-interval

[0, 1] according to
[0,1] = [0,s1) U [s1,52) U...U[s4-1,Sq) U[sq, 1],

in an equidistant way with stespize sj;1 —s; = § = #. Functions on this grid are

determined by the values z(s1) = z1,...,x(sq) = x4, recalling that z(0) = z(1) = 0 by
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the Dirichlet boundary conditions. We discretise the functional W as

d
(z1,...,2q) = gazg(%ﬁ) = §5Z <%U’(a¢i)2 _ lU/’(m)) 7

such that its gradient is given by

B

5(5(2[]’(%’,‘)(]"(&81) — lUW(wi)), = 1,...,d.

(VU); = 3

We denote by As the discretised Dirichlet Laplacian on [0, 1] with stepsize 0. Following
(6.4), the discretised target measure 7 has the form
1 o)

7= Ze*Vdm with  V(z) = ¥(z) — S ¥ Asz, T€ R

In the following we will consider the case n = 1 with potential U : R — R given by
U(z) = $(z* — 1)? and set 8 = 1. To test our algorithm we adjust the parameters M, T,
Jp and Jo according to the recommended choice in the Gaussian case, (4.2), where we take
S = §5 - As as the precision operator of the Gaussian target. We will consider the linear
observable fi(z) =1 -z with [ = (1,...,1) and the quadratic observable fy(z) = |z|?. In
a first experiment we adjust the perturbations J; and .Jy to the observable fs according
to Algorithm 2. The dynamics (4.1) is integrated using the splitting scheme introduced
in Section 6.1 with a stepsize of At = 10~* over the time interval [0, 7] with 7" = 102.
Furthermore, we choose initial conditions g9 = (1,...,1), po = (0,...,0) and introduce
a burn-in time 7y = 1, i.e. we take the estimator to be 7(f) ~ T+Rf;0 f(ge)dt. We
compute the variance of the above estimator from N = 500 realisations and compare the

results for different choices of the friction coefficient v and of the perturbation strength p.

The numerical experiments show that the perturbed dynamics generally outperform the
unperturbed dynamics independently of the choices of g and v, both for linear and
quadratic observables. One notable exception is the behaviour of the linear observable
for small friction v = 1073 (see Figure 6.1a), where the asymptotic variance initially
increases for small perturbation strengths ;. This does not contradict our analytical re-
sults, since the small perturbation results Theorem 5.1 and Corollary 5.4 are only valid if
v > /2. We remark here that the condition v > v/2, while necessary for the theoretical
results from Section 5.1, is not a very advisable choice in practice (at least in this exper-
iment), since Figures 6.1b and 6.2b clearly indicate that the optimal friction is located
around vy ~ 10~!. Interestingly, the problem of choosing a suitable value for the fric-
tion coefficient v becomes mitigated by the introduction of the perturbation: While the
performance of the unperturbed sampler depends quite sensitively on v, the asymptotic
variance of the perturbed dynamics is a lot more stable with respect to variations of v. A
somewhat surprising phenomenon is that the standard deviation o associated to the linear

observable decays in the range v € [10, 100] for the unperturbed sampler (see Figure 6.1b).
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We confirmed this behaviour by further numerical experiments and remark that as the
target measure 7 is fairly complicated, convexity of the function v — ¢ should not be

expected.

In the regime of growing values of u, the experiments confirm the results from Section
5.3, i.e. the asymptotic variance approaches a limit that is smaller than the asymptotic

variance of the unperturbed dynamics.

As a final remark we report our finding that the performance of the sampler for the
linear observable is qualitatively independent of the choice of J; (as long as J is adjusted
according to (4.2)). This result is in alignment with Propostion 5.4 which predicts good
properties of the sampler for antisymmetric observables. In contrast to this, a judicious
choice of Jj is critical for quadratic observables. In particular, applying Algorithm 2
significantly improves the performance of the perturbed sampler in comparison to choosing

J1 arbitrarily.
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Figure 6.1: Standard deviation of 7(f) for a linear observable as a function

bation strength p
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7. DISCUSSION

Starting in Chapter 4 we introduced and analysed a new family of Langevin samplers
consisting of perturbations of the underdamped Langevin dynamics, adding auxiliary drift
terms in the equations for both the position and the momentum variables in such a way
that ergodicity with respect to the fixed invariant distribution is maintained. These new
Langevin samplers were studied in detail for Gaussian target distributions where it was
shown, using tools from spectral theory for differential operators, that an appropriate
choice of the parameters can improve the performance of the sampler, at least in terms of
reducing the asymptotic variance. The performance of the perturbed Langevin sampler
when applied to non-Gaussian target densities was tested numerically on the problem of

diffusion bridge sampling.

The work presented here can be improved and extended in several directions. First, a rig-
orous analysis of the perturbed underdamped Langevin dynamics for non-Gaussian target
densities is needed. The analytical tools developed in [41] can be used as a starting point.
Furthermore, the study of the actual computational cost and its minimisation by an appro-
priate choice of the numerical scheme and of the perturbations in position and momentum
would be of interest to practitioners. In addition, the analysis of our proposed samplers
can be facilitated by using tools from symplectic and differential geometry. Finally, the
mathematical formalism underlying the perturbation of W-reversible processes introduced
in Chapter 2 and leveraged in the proofs of Chapter 5 is not exclusive to underdamped
Langevin dynamics. As pointed out in Example 2.2, the zigzag process enjoys very similar
structural properties. We hence envisage that an analogous approach might be fruitful
in the investigation of perturbations of piecewise deterministic Markov processes. All of

these topics are currently under investigation.
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8. PROOFS AND ADDITIONAL MATERIAL

This chapter contains various proofs referred to in the main body of Part II. In Section
8.1 we show that the generator (4.5) is hypoelliptic (Lemma 4.1) and hence the associated
process possesses the smoothing properties guaranteed by Theorem 1.6. Section 8.2 is de-
voted to the proof of the overdamped limit for perturbed underdamped Langevin dynamics
(Proposition 4.1), connecting it to the nonreversible overdamped Langevin dynamics. In
Section 4.1 we give an overview of the theory of hypocoercivity [141], used in order to prove
the crucial exponential decay estimate (1.46) for the perturbed underdamped Langevin
dynamics. Section 8.4 is comprised of the computations for the derivatives of the asymp-
totic variance in the Gaussian case as presented in Section 5.1 of Chapter 5. Finally,
we present in Section 8.5 an algorithmic way of orthogonally transforming a symmetric
tracefree matrix into one with zeros on the diagonal. The former is a crucial ingredient in
the Algorithms 1 and 2 presented in Section 5.4 of Chapter 5.

8.1 HYPOELLIPTICITY

The proof of Lemma 4.1 proceeds by checking the conditions of Hormander’s theorem
(Theorem 1.5). A very similar argument showing the hypocoercivity of unperturbed un-

derdamped Langevin dynamics can be found in [90, Section 2.2.3.1].

Proof of Lemma 4.1. We first note that £ in (4.5) can be written in the ‘sum of squares’

form,
1 d
L=Xo+5 Xt
k=1
where
Xo=M1p V=V, V-V, —pu)VV-Vy—vJoM p-V,-TM p-v,
and

Xp=ep -T2V, k=1,...,d

Here {ek}%zl denotes the standard Euclidean basis and T''/? is the unique positive definite
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square root of the matrix I'. The relevant commutators turn out to be
Xo, Xy] = e - TV2M YTV, = Vg —voV,), k=1,....d
Because I has full rank on RY, it follows that
span{Xy : k=1,...d} =span{d,, : k=1,...,d}.

Since
er - TYV2M YTV, —vJoV,) €span{X, :j=1,...d}, k=1,...,d,

and span({(FlﬂM*lvq)k ck=1,...,d}) =span{0,, : k=1,...,d}, it follows that

span({Xy:k=1,...,d} U{[X0,Xy] : k=1,...,d})
=span ({0, :k=1,...,d}U{0, :k=1,...,d}),

so the assumptions of Hérmander’s theorem hold. O

8.2 THE OVERDAMPED LIMIT

We begin with a technical lemma required for the proof of Proposition 4.1:

Lemma 8.1. Assume that the conditions from Proposition 4.1 are satisfied. Then for
every T > 0 there exists C' > 0 such that

E| sup |pj]* | <C.
0<t<T

Proof. Using variation of constants, we can write the second line of (4.7) as

() —1 1 [t _e=9,; -1
p% = e ?(VJZ-FF)M Po — g/ e T(VJZ+F)N[ qu(q;) dS
0

1 () .
+g\/2r / e WIATIM T gy
0

By Youngs’s inequality, we see that

2
E sup [pf><3-| sup ¢~z (Rt T)M! ’ (8.3a)
0<t<T 0<t<T
1 TS ’
+E—2Eoittl£[ /0 e 2 VU VV(gs)ds (8.3b)
1 RGOS ?
+E—2E sup \/2F/ e 2 VP dWs| |. (8.3¢)
0<t<T 0

102



Since o ((vJo + )M ™) = o (M~Y2(vJo + T)M~Y/2) C Ry x iR, the term on the right-
hand side of (8.3a) is bounded. For the term in (8.3b), observe that
ds,

1 t

< —5 sup /

E7 o<t<T Jo
(8.4)

since V' € C''(T%) and therefore V,V is bounded. By the basic matrix exponential estimate
|e~ W 2ATIM ™| < (et for suitable C' and w, we see that (8.4) can further be bounded

by
1 b g t=9 C oL
—C sup / e T2 d5:—<1—e 2w52),
€% o<t<rJo 2w

2 2
2 (w4

(&

t —s —
| e ey geas
0

1
—E sup
7 o<u<T

so this term is bounded as well. The term in (8.3c) is bounded by the Burkholder-Davis-Gundy

inequality and a similar argument to the one used for the term in (8.3b) applies. O
We now proceed to the proof of Proposition 4.1:

Proof of Proposition 4.1. Equations (4.7) can be written in integral form as
1 t t
(vJa+1)g; = (vJo +1)q5 + g/ (vJy + )M 'pids — ,LL/ (vda+ 1)1V V(gs)ds
0 0

and
t 1 t
[ 9Vigds = L [ e+ DM s - VETW ) = <65 - o), (55)
0 0

where the first line has been multiplied by the matrix vJs +I'. Combining both equations
yields

t
G = / (T + T)VaV(gd)ds — (s + T)7 (55 — po)
t
— u/ J1V4V(gs)ds + (vJy + )~ 1V2r W
0

Now applying Lemma 8.1 gives the desired result, since the above equation differs from
the integral version of (4.8) only by the term e(vJy + I') " (p§ — po) which vanishes in the
limit as £ — 0. O

8.3 HYPOCOERCIVITY

The objective of this section is to prove that the perturbed dynamics (4.1) converges
to equilibrium exponentially fast, i.e. that the associated semigroup (S¢)¢>o satisfies the
estimate (1.46). We will use the theory of hypocoercivity introduced in [141] (see also the
exposition in [113, Section 6.2])*. We start by providing a brief review of this theory.

*An alternative would be to employ the framework developed in [40] as we do in Chapter 17.
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Let (#, (-, -)) be a real separable Hilbert space and consider two unbounded operators A :
H — H"™ and T : H — H with domains D(A) and D(T ) respectively, T skew-symmetric.
Let D C H be a dense vectorspace such that D C D(A) ND(T), i.e. the operations of A
and T are authorised on D. The theory of hypocoercivity under consideration is concerned
with equations of the form

O¢h + Lh =0, (8.7)

as well as with the associated semigroup (S):>0 generated by L = A*A — T, where it is
understood that A*A = " A*A;. Let us also introduce the notation K = ker L. With
the choices H = L*(7), A=T"?V, and T = M~ 'p-V, -V, V-V, = uJiV,V -V, -
vJoM 'p - V,, it turns out that L is the (flat) L?(R?%)-adjoint of the generator £ given
in (4.5) and therefore equation (8.7) is the Fokker-Planck equation (see (1.25)) associated
to the dynamics (4.1). For convenience, we will use the notation o = I'Y2 for the unique
symmetric positive definite square root of I'. In many situations of practical interest,
the operator A*A is coercive only in certain directions of the state space, and therefore
exponential return to equilibrium does not follow in general. In our case for instance, the
noise acts only in the p-variables and therefore relaxation in the g-variables cannot be
concluded a priori. However, intuitively speaking, the noise gets transported through the
equations by the transport part of the dynamics. This is what the theory of hypocoercivity
makes precise. Under some conditions on the interactions between A and T (encoded in
their iterated commutators), exponential return to equilibrium can be proved. This idea is
strongly related to Hérmander’s theorem (Theorem 1.5), in the context of regularisation of
solutions to hypoelliptic equations (hence the name ‘hypocoercivity’). Let us remark that
in Chapter 17 the problem of missing coercivity in certain directions is circumvented in a
somewhat different manner. To state the main abstract theorem, we need the following

definitions:

Definition 8.1 (Coercivity). Let T be an unbounded operator on H with domain D(T)

)

and kernel K. Assume that there exists another Hilbert space (H, (-, -)5), continuously and

densely embedded in K. For a constant A > 0, the operator T is said to be A-coercive if
(Th, )z > MRl

for all h € K+ ND(T).

Definition 8.2 (Relative boundedness). An operator T on H is said to be relatively
bounded with respect to the operators T1, ..., T, if the intersection of the domains "D(T})

is contained in D(T) and there exists a constant a > 0 such that
ITh] < a(ITyhl[ + ...+ [[Tah])

holds for all h € D(T).
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We can now proceed to the main result of the theory.

Theorem 8.1. [141, Theorem 24] Assume there exists N € N and possibly unbounded
operators
CO, Cl, ey CN+1, Rl, ceey RN+1, Zl, sy ZN+1,

such that Co = A,
[C5,T] = Zj41Cj41+ Rjp1, (0<j<N), Cny1=0, (8.8)
and for all k=0,1,..., N

(a) [A, Cy] is relatively bounded with respect to {Cj}o<j<i and {C; A} o<j<i—1,

(b) [Cy, A*] is relatively bounded with respect to I and {Cj}o<j<r,

(¢) Ry is relatively bounded with respect to {Cj}to<j<rp—1 and {CjA}to<j<p—1, and

(d) there are positive constants (Aj, Aj)1<j<n4+1 such that \jI < Z; < AjI.
Furthermore, assume that E;'V:() C’;k Cj is k-coercive for some k > 0. Then, there cwists

C >0 and X\ > 0 such that
1Sell3t /a1 50 < Ce™™, (8.9)

where H' C H is the subspace associated to the norm

N
llagr = o[ IR112 + D IOkl (8.10)
k=0

Remark 8.1. The property (8.9) is called hypocoercivity of L on H' := (K*, || - [|31).

If the conditions of the above theorem hold, we also get a regularisation result for the

semigroup (S¢)i>0 (see [141, Theorem A.12]):

Theorem 8.2 (Hypocoercive regularisation). Assume the setting and notation of Theorem
8.1. Then there exists a constant C > 0 such that for allk =0,1,...,N and t € (0,1] the
following holds:

7]

ICkSibll < C--

heH.

We are now well-prepared to give the proof of Theorem 4.1:

Proof of Theorem 4.1. We prove the claim by verifying the conditions of Theorem &.1.
Recall that Cp = A =0V, and

T=M"'p-Vy=V,V-Vy,—uiVyV -Vy—vJoM 'p-V,.
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A quick calculation shows that
A* =M 'p -0V,

so that indeed
A*A=TM 'p-V,-T:V,V, = Linerm

and

A*A =T =-L".

We make the choice N = 1 and calculate the commutator
A, T =M YV, +vJaV,).

Let us now set Cp = chflvq, Zy=1and R = yo—MflJQVp7 such that (8.8) holds for
j = 0. Note that [A, A] = 0T, [A, C1] = 0 and [A*, C1] = 0. Furthermore, we have that

[A, A" = oM 0.
We now compute
[C1,T] = —oM ' (Hess V)V, + poM ' (Hess V).J,V,,,

choose Ry = [C}, T]. Z> = I and recall that Co = 0 by assumption (of Theorem 8.1). With
those choices, Assumptions (a)-(d) of Theorem 8.1 are fulfilled. Indeed, Assumption (a)
holds trivially since all relevant commutators are zero. Assumption (b) follows from the
fact that [A, A*] = 0 M 1o is clearly bounded relative to I. To verify Assumption (c), let
us start with the case £ = 1. It is necessary to show that R} = VO'M_IJQVP is bounded
relatively to A = oV, and A?. This is obvious since the p-derivatives appearing in R; can
be controlled by the p-derivatives appearing in A. For k& = 2, a similar argument shows
that Ry = —oM ' (Hess V)V, + puoM ! (Hess V').J;V, is bounded relatively to A = oV,
and C) = oM _1Vq because of the assumption that HessV is bounded. Note that it is
crucial for the preceding arguments to assume that the matrices ¢ and M have full rank.
Assumption (d) is trivially satisfied, since Z; and Z; are equal to the identity. It remains
to show that

N
C:=> CiC;
j=0

is k-coercive for some k > 0. It is straightforward to see that the kernel of C' consists of

constant functions and therefore

(ker C)* = LE(7).

"I'his is not true automatically, since [A, A] stands for the array ([A;, Ax])jk-
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Hence, k-coercivity of C' amounts to the functional inequality

2
[ oa s v lovy)ar [ par= ([ rar) ). sem®,
R2d R2d R2d

By positive definiteness of M and o, there exist constants c1, co > 0 such that
T —1_ _Tyr—1
cl <oo” <col, ciI <M oo" M " <col,

in the sense of positive definite matrices. Therefore, the above is equivalent to

2
/ (!Vq.f\2+\vp.f|2)d%>%</ f*dz - (/ fd?r) ) feH\(7),
R2d R2d R2d

with a possibly different constant &, i.e. a Poincaré inequality for 7. Since 7 = 7 ®
N(0, M), coercivity of C' boils down to a Poincaré inequality for 7 as in Assumption 4.1.
This concludes the proof of the hypocoercive decay estimate (8.9). Clearly, the abstract
H!-norm from (8.10) is equivalent to the Sobolev norm in H!(7), and therefore it follows
that there exist constants C' > 0 and A > 0 such that

1Sef e zy < Ce M| f |l (). (8.11)

for all f € H'(7)/K, where K = ker C' consists of constant functions. Let us now lift this

estimate to L2(7). There exists a constant C' > 0 such that

2
Bl < C D NICkhlr2@),  f € H'(R). (8.12)
k=0
Therefore, Theorem 8.2 implies

1S1f iz < Cllf ey, f € LA(F), (8.13)

for t = 1 and a possibly different constant C. Let us now assume that ¢t > 1 and f €
L?(7)/K. Tt holds that

1Sef L2y < ISef lercry = 1Se-181fllariczy < Ce MV [1S1f | gy, (8.14)

where the last inequality follows from (8.11). Now applying (8.13) and gathering constants
results in

1Sefllr2@z) < Ce M fllrz@). f € LX@)/K. (8.15)

Note that although we assumed ¢ > 1. the above estimate also holds for ¢ > 0 (although
possibly with a different constant C') since ||S¢[|12(7)- 12(7) is bounded on [0, 1]. O
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8.4 THE ASYMPTOTIC VARIANCE FOR SMALL PERTURBATIONS IN THE LINEAR CASE

Our objective in this section is to give the proofs for the results discussed in Section
5.1. Recall the notations from (5.8), (5.9) and (5.10), in particular the definitions of the

matrices B and (). Moreover, let us introduce the notation

R’ — K 0 c RQdXQd’ Z: l c RQd,
0 0 0

such that the observable (5.2) reads
f@)=z-Kz+1-z—-TrK,

where, without loss of generality, we have chosen C' = — Tr K in order to have 7(f) =
0 (recall from Section 1.2.2 that the asymptotic variance does not depend on additive
constants). The following calculations proceed very much along the lines of [41, Section
4]. Since the target measure 7 is Gaussian (and so in particular, the Hessian of V is
bounded), Assumption 4.1 is satisfied and exponential decay of the semigroup (S¢)i>0 as
in (1.46) follows by Theorem 4.1. According to Theorem 2.2, the central limit theorem
(1.52) holds and the asymptotic variance is given by

o} = (o, [)r27), (8.16)

where ¢ is the solution to the Poisson equation

—Lo=f, () =0. (8.17)

In the sequel we will solve (8.17) analytically. By the uniqueness of the solution to the
Poisson equation (8.17) and linearity of £, ¢ has to be a quadratic polynomial, so we can
write

¢px)=x-Cx+D-xz—-TrC,

where C' € Rg}‘féz‘j and D € R?? (notice that C' can be chosen to be symmetrical since

x-Cx does not depend on the skew-symmetric part of C'). Plugging this ansatz into (8.17)

yields
~L(x)=a-A2Cx+ D) —yTr,C=a-Ke+1-2—TrK,
where
2n
Tr, C = Z Cii
i=n-+1
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denotes the trace of the momentum component of €', and we have introduced the matrix

A = B”T. Comparing different powers of x, this leads to the conditions

AC+CAT =K, (8.18a)
AD =1, (8.18Db)
yTr, ¢ =TrK. (8.18c)

Note that (8.18¢c) will eventually be satisfied by existence and uniqueness of the solution

to (8.17). Then, by the calculations in [41, Section 4], the asymptotic variance is given by
07 =2Tr(CK)+D-1. (8.19)

For the calculations in the proof of Proposition 5.1, the following lemma will come in

handy:

Lemma 8.2. Consider the matrixz equation
Uy +yYul =w, (8.20)

for symmetric matrices Y € Rg}‘frﬁm and W € Rggﬁ?d in block form

Y, Y. W, W,
Y= 2, o w=|_ "*) (8.21)

ie. Vi, W; € R4 v =y, V! =Y, Wil =Wy and W] = Ws. Furthermore, let

0o I
U= (_I 7}_) € R2x2d 4 5. (8.22)
Then'Y s given by
1 1 T
Y| = 5 YWy + ;(Wl -+ Wg) — Wy — WQ , (8.23&)
1 1 T
Y = 5 Wy + ;(WQ — WQ ) , (823b)
1
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Proof. Inserting (8.21) and (8.22) into (8.20), we obtain the system of matrix equations

Yy + Yy =Wy, (8.24a)

Y1 +Ys + Y3 = W, (8.24b)
Y, Y 4 Yy =W, (8.24c)
Yy — Y5+ 29Ys = Ws. (8.24d)

Note that (8.24b) and (8.24c¢) are equivalent by taking the transpose. Combining (8.24a)
and (8.24d) yields (8.23c). By adding (8.24b) and (8.24c), and using (8.23c), we obtain
(8.23a). Finally, we compute (8.23b) by inserting (8.23a) and (8.23c) into (8.24b). O

Proof of Proposition 5.1. Recall that the asymptotic variance is given by (8.19), where C
solves (8.18a), with A = BT, and B is the drift matrix in (5.9). We will use the notation

= [ Cilwr) Calpv)
) (c{mm cgm,u))’

and the abbreviations C(0) := C(0,0), C*(0) := 9,C|,,,—0 and C¥(0) := 0,C|,,—0, and
analogously for A(0), A*(0) and A”(0). Let us first determine C(0), i.e. the solution to

the equation
0 I o I ! K 0
C(0) + C(0) = .
-1 ~I —I ~I 0 0

Employing Lemma 8.2, we see that

1 Y 1

LK +3K 1K

C(0) = ( TR > (8.25)
Ik 4K

Taking the p-derivative of (8.18a) and setting = v = 0 yields
AR(0)C(0) + A(0)CH(0) + C*(0)A(0)T + C(0)A#*(0)" = 0. (8.26)

Notice that
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Again using Lemma 8.2, the solution to equation (8.26) is seen to be

wn_ [~ DK EIK - FK. )
C(O)_< —%KJ—%[K,J] _7(#+%1)[K,J] : (8.28)

We employ a similar strategy to determine C¥(0): Taking the v-derivative in equation
(8.18a), setting ;1 = v = 0 and inserting C'(0) and A(0) leads to the equation

0 I . , 0o I\ 0 —sK.J
(_I 71)0(0”0(0)(_1 VI>—<%JK _%Q[KJ]),

which can be solved by

1 41 1r_1 1
- (G U )

using again Lemma 8.2. Note that Tr(CK) = Tr(C1K), and so
o1

98l —0 = 2 Tr(CY(0)K) = — (= +

R + Z) “Tr([K, J]K) = 0,

since clearly Tr([K, J], K) = Tr(KJK) — Tr(JK?) = 0. In the same way it follows that
0,0|u,v—0 = 0, proving (5.5).

Taking the second pi-derivative of (8.18a) and setting = v = 0 yields
2AM(0)C™(0) + A(0)CH*(0) + C*(0)A(0)" 4 2CH(0)A*(0)" = 0, (8.30)

employing the notation C#*(0) = 97C/|,,,=0 and noticing that 954 = 0. Using (8.28) we

calculate

AM(0)CH(0) 4+ CH(0)A*(0)T = ( (%2 + +% [, [K, J]] _%JQK_}_ LK, J] ) |

—=KJ?—1[K,J|J 0

As before, we make the ansatz

B CMN(Q) C##(o)
o= ( o) ci) >

and apply Lemma 8.2 to obtain

C[l,/l, Y 1 73 2 2 1
1) = iy (2JKJ—JK—KJ)—;JKJ.
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Now
1 2
20| p—0 = 2Tr(CY*(0)K) = — (’y + = - A/3> (Tr(JKJK)—Tr(JQKz))—; Tr(JKJK)

gives the first entry of the Hessian appearing in (5.6). We proceed in the same way to

vv

determine C7”(0). Analogously, we get

A¥(0)C"(0) + C7(0)A"(0)" = ( "y 0 (KJ? = 3[K, J)J) ) '
Y

1

gl
JKJ — 3J[K.J)) 55 (K, J)J — J[K, J])
Solving the resulting matrix equation (similar to (8.30)) results in

1 1 1 1
cv(0)= | — — — | (KJ? + J’K) — 4+ — | JKJ
") <475 4v>( + oK) (2”/5 "2 ) ’

leading to

2 _ vv (L1 ooy (1 1
920|,0—0 = 2 Tr(CY (0)K) = (73 2 Tr(J2K?) 55t o Tr(JKJK),

. . . . v
in accordance with the corresponding term in (5.6). To compute the cross term C1"(0),

we take the mixed derivative 8ZV of (8.18a) and set = v = 0 to arrive at
AM(0)C"(0)+A”(0)C*(0)+ A(0)CH (0)+C* (0) A(0)" +C*(0) A (0)" +C¥(0)A*(0)" = 0.
Using (8.28) and (8.29) we see that

AM(0)CY(0) + A”(0)CH(0) + CH(0) A (0)T + ¥ (0) A (0)T
— (#_Al‘)[J’[K'/JH %JKJ—%J[K,J]—%[K,J]J
-\ HIET+ £K?+ 3K, J) - £[K, J]J (77 + 1) K. )] '

Lemma 8.2 yields the solution

1 5 1 1
cro)y=(-—-—=+-——)[JI[K,J —JKJ
1() ( 4f}/3+4 4,}/)[’[ ) H+7 )
leading to
8MV@‘M:V:0:2Tr(Cl (O)K) = $+;—“/ TI'(J K )—|— —7—3—|—;+’}/ TI'(JKJK)
This completes the proof. O

Proof of Proposition 5.2. By (8.18b) and (8.19) the function O satisfies
O(u,v)=1-A""L
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Recall the following formula for the blockwise inversion of matrices using the Schur com-

. o
(U V) :<(U—VX L)1 ) (8.31)
WX

provided that X and U — VX ~'W are invertible. Using this, we obtain

plement:

O, v) =1+ (—pJ + (v I —v) ™)L (8.32)

We remark that ker(yI — vJ) = {0}, and so the matrix vI — vJ is invertible: Indeed,
taking the scalar product of the equation (yI — vJ)z = 0 with z shows that necessarily
x = 0. Taking derivatives in (8.32), setting u = v = 0, and using the fact that J7 = —.J
leads to the desired result. O

The following lemma is used in the calculation leading up to Corollary 5.1.

Lemma 8.3. The following holds:

(a) 7—%—73—%<0f0r7€(0,oo).

(b) Let J,K € R with J = —JT and K = KT. Then Tr(JKJK) — Tr(J2K?) > 0.
Furthermore, equality holds if and only if [J, K] = 0.

Proof. To show (a), we note that vy — 74; -3 - % <y - 745 -y =71 - ,Y% —42). The

3
function f(v) :=1- % —~2 has a unique global maximum on (0, 00) at Yy = 81/6 with

J(Ymin) = —2, so the result follows.

For (b), we note that [J, K]T = [J, K], and that therefore [J, K]? is symmetric and non-

negative definite. It immediately follows that
Tr([J, K]?) > 0,
with equality if and only if [/, K] = 0. Now expand
Tr([J, K]*) = 2( Tr(JKJK) — Tr(J2K?),

which implies the advertised claim. O

8.5 ORTHOGONAL TRANSFORMATION OF TRACEFREE SYMMETRIC MATRICES INTO A
MATRIX WITH ZEROS ON THE DIAGONAL

dxd
Sym

U € O(R?) such that UKUT has zeros on the diagonal. This is a crucial step in Algorithms

Given a symmetric matrix K € R3¢ with Tr K = 0, we seek to find an orthogonal matrix
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1 and 2 and has been addressed in various places in the literature (see for instance [81]
or [18, Section 2.2]). For the convenience of the reader, in the following we summarise an

algorithm very similar to the one in [81].

Since K is symmetric, there exists an orthogonal matrix Uy € O(R?) such that UoKU! =
diag(A1, ..., Ag). Now the algorithm proceeds iteratively, orthogonally transforming this
matrix into one with the first diagonal entry vanishing, then the first two diagonal entries
vanishing, etc, until after d steps we are left with a matrix with zeros on the diagonal.
Starting with A, assume that A; # 0 (otherwise proceed with A2). Since Tr(K) =
Tr(UpKUL) = 3", N = 0, there exists \j, j € {2,...,d} such that \1\; < 0 (i.e. A\; and
A; have opposing signs). We now apply a rotation in the 1j-plane to transform the first

diagonal entry into zero. More specifically, let

cosae 0O ... O —s?na 0O ... O
0 1 0
v =| Y Lo c ORY)
sinae 0 0 cosa 0 J
0 0 1
0
0 0 0 1

with o = arctan —3\\—; We then have (UonKUOTUiT)H = (0. Now the same procedure

can be applied to the second diagonal entry Ao, leading to the matrix UsU; UOKUOTUlTUQT
with

(UoU Uy KUL UL UL 11 = (UoU UgKULUT UL )99 = 0.

Iterating this process, we obtain that Uy ...U; UOKUOTUlT . UdT has zeros on the diagonal,
so Uy...UiUg € O(RY) is the required orthogonal transformation.
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Part 111

Couplings






9. INTRODUCTION TO ENSEMBLE BASED APPROACHES

In this part of the thesis, our aim is to construct and analyse MCMC samplers based on
a collection of interacting particles. Before describing our approach in greater detail, let

us take the opportunity to place our work in a broader context.

The task of approximating (high-dimensional) probability distributions is often approached

by considering empirical measures associated to an ensemble of n particles, i.e.
1 n
T Zéxw = 7, (9.1)
n
1=

where X (@) stands for the location of the ith particle and 6, denotes the Dirac measure cen-
tred at x. Usually, the particles are moved according to some (more often than not stochas-
tic) dynamics, judiciously crafted in order for the empirical measure 7, := % Yoo X to
approach 7 when t reaches a terminal value (finite or infinite) or the number of particles
tends to infinity (or both). This general idea and various modifications thereof have been
particularly influential in the statistical inference of hidden-state Markov models (stochas-
tic filtering or sequential Monte Carlo techniques, see for instance [38, 122] and references
therein). Ensemble based methods have also been employed in the contexts of optimisation
[119, 123], molecular dynamics [131], Markov chain Monte Carlo [88, 106], or variational
Bayesian inference [95]. Let us also mention the works [2] and [68], combining different
aspects of various sampling strategies. The increasing availability of parallel-processing
computational architectures has further encouraged the development and analysis of sim-

ilar methodologies.

From a mathematical standpoint, many of the aforementioned algorithms targeting a
probability measure 7 on some state space E naturally produce probability measures 7
on the product space E = [[;-, Ei. where Ej is an identical copy of E. standing for the
state space of the ith particle. Denoting by P; : P(E) — P(E;) the mappings that send

probability measures on E to their marginals on E;, one then obtains the measure

- > P 9.2)
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as an approximation for 7. Clearly, the map
_ 1
Im:PE E T — Pi(7 .
P(E) = P(E), 7w = Pi(F) (9:3)

is far from injective since II(7) only depends on the marginals of 7. This viewpoint shows
that there is a considerable flexibility when generating the joint measure 7, immediately
suggesting fruitful connections to the theory of couplings of probability measures [93, 137]
prominently encountered for instance in relation to optimal transport problems [140, 142]
or decay estimates in Wasserstein distances (see Chapter 3). Since in applications I1(7) is
only an approximation of the target measure of interest, the freedom to design appropriate
couplings can be used to suppress bias, variance and discretisation errors. This general
idea has proved to be very versatile, leading to powerful simulation techniques such as
multilevel Monte Carlo [54], coupling from the past [121] and antithetic variates [83,
Section 9.2].

Let us now more specifically describe our approach in this part of the thesis, applying the
general ideas outlined above for the construction of coupled MCMC samplers (recall that
a particular example was already presented in Section 1.3.3). To this end, suppose that
we are presented with a Markov process (X;):>0 on an appropriate state space F, ergodic

with respect to a measure m € P(E), i.e.

lim l/OTf(Xt)dt:/Efdw, f e Li(n). (9.4)

T—o00 1

Next, let us consider n identical copies of E, (X;);>0 and 7, denoted by E;, (X})>0 and m;,
for i € {1,...,n}. Our main object of study is the class of Markovian couplings (X¢)>0
of {(X})iz0:i€{l,...,n}} on the product space E = []!" | E; that obey certain mild
regularity assumptions. In particular, we characterise those couplings in terms of their
infinitesimal generators in Chapter 10. For an observable f € L'(7), we can then define
the extended observable F' : E — R by

1 .
Fxy, ... ap) = ﬁzf(Ii)' (9.5)
From (9.4) it is then immediate that

R Y
Tlgnoﬁl F(Xt)dt_/Efdw, (9.6)

i.e. the coupled process (X;)¢>0 in conjunction with the observable (9.5) provides a valid
sampling scheme. Let us remark that the framework we develop starting in Chapter 10
accommodates the case when the spaces F;, the processes (Xf)tzo and the measures 7;

are not identical, allowing for almost arbitrary combinations of the examples encountered
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in Section 1.3.

The study of observables of the form (9.5) provides a compelling dual perspective on the
‘sum of marginals’ operator (9.3). Recall that we denote by B,(E) the space of bounded

measureable functions and consider the ‘extension operator’
_ 1 &

I By(E) = By(E),  f — > i (9.7)
i=1

provided by (9.5). For # € P(E) and f € By(E) we clearly have (II7)(f) = 7(1I* f),
showing that understanding the class of observables given by (9.5) is sufficient for analysing
the properties of measures of the form (9.2). This idea features in particular in Chapter

14 in the analysis of the exponential convergence to equilibrium for coupled processes.

OVERVIEW OF THE MAIN RESULTS BY MEANS OF A SIMPLE EXAMPLE

In this section we present our main findings informally by means of a very simple example,
pointing to the exact statements in the forthcoming chapters. Let us stress that our
results hold in much greater generality, in particular also including the recently fashionable

piecewise deterministic Markov processes (PDMPs) introduced in Section 1.3.2.

Let us consider n = 2 particles (the locations of which are denoted by X and Y') moving
in one dimension respectively according to the overdamped Langevin dynamics (1.72). In
other words, (X¢)i>0 and (Y;)i>0 satisfy the SDEs

dX, = —V'(X;)dt +V2dB?, (9.8a)
dY; = —V'(Y,) dt +v2dBY, (9.8b)

where we recall that the potential V' € C°°(R) is such that
7Z = / e Vdz < oo, (9.9)
R

and (BY);>0, (B} )i>0 denote standard one-dimensional Brownian motions. Still following
Chapter 1, each of these processes considered separately is ergodic with respect to m =
%e*‘/dx, i.e. (9.4) holds. Note that we have deliberately refrained from stating that the
Brownian motions (BY);>o and (BY);>0 are independent. Indeed, notwithstanding any
dependence between these, it is immediate that (9.6) holds for the extended observable
F(z,y) = 1(f(z) + f(y)). as defined in (9.5). One of the main objectives of our analysis
is to find couplings between (BY)i>o and (B/);>0 such that the induced joint process
(Xt, Y:)e>0 has favourable properties, in terms of the asymptotic variance associated to
(9.6) as well as in terms of convergence to equilibrium of II(7;), where 7; denotes the joint
law of (X, Y;) and II has been defined in (9.3). The dependence between (BY);>o and
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(BY)>0 can be conveniently encoded in a suitable matrix-valued function G : R? — R**2,

X\ [—V(Xy) AW
d<n>__<_VO®>dL+Jﬂ%XhK)Qm¢>, (9.10)

writing

for two independent Brownian motions (W)¢> and (W/);>0. In this sense, the optimisa-
tion problem alluded to above is naturally posed over an appropriate set of matrix-valued

functions.

In Chapter 10 we introduce the general framework, leading to a characterisation of possible
couplings in terms of infinitesimal generators of the dynamics. In the present example,

recall that the generators of the one-particle dynamics are given by
Lo=-V'(2)0:+ 05, Ly=-V'(y)dy+0;. (9.11)
The generators of possible couplings (X, Y;)¢>o turn out to be of the form
Lr:=Ly+Ly+T, T =2a0,0,, (9.12)

where o : R? — [~1,1] is a function with suitable regularity properties. The connection
between a and G will be made precise in Chapter 11. We use the term ‘coupling operator’
when referring to I' and denote the set of such operators by G. Note that I'" as defined in
(9.12) vanishes on functions that depend either only on z or only on y. In Proposition
10.1 we will see that this property essentially characterises coupling operators in general.
As it turns out (see the discussion in Section 10.3), not every coupling of ergodic Markov
processes is such that the joint process is ergodic. Hence, we introduce the subset G° C G
of ergodic coupling operators that do preserve ergodicity. In the present example, Ly is
elliptic whenever —1 < a < 1 pointwise and therefore the corresponding coupling operators
are ergodic according to Theorem 1.6. Intuitively, the nonergodic coupling operators in
G\ GY can hence be thought of as lying ‘at the boundary’ of GY.

On G° we can consider the map I' — 71, where 71 stands for the unique invariant measure
associated with Lr. It is immediately clear from the construction that any 7p arising in
this way is a coupling of 7 to itself (i.e. 7 has marginal 7 in both directions). We argue
in Chapter 12 that a wide range of optimisation problems in our context can be cast in

the following form, very closely linked to the theory of optimal transportation,

min [ cd7ap, 9.13
FEQO/E' T ( )

where ¢ is an appropriate cost function. Indeed, we show in Section 12.1 that the task of
optimising the asymptotic variance of a coupled process with respect to a given observable
is equivalent to (9.13), for a cost function that is constructed from the solution of a

related Poisson equation. Addressing the problem (9.13), we first note that the dependence
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I' — [zcd7p is highly nonlinear, in particular, for I' € G° and X € [0,1], the mapping
A |, 7 cdmar generally exhibits many local minima and maxima®. Nevertheless, we find
that under suitable conditions the function I' — f cdmr does not attain its extrema on
interior points. This is the main result of Section 12.2 and is stated rigorously in Theorem
12.3. In the example under consideration, this implies that optimal couplings necessarily
satisfy ||allco = 1, leading to singular (i.e. degenerately elliptic) generators Lr. This
conclusion is interesting in two respects: Firstly, it complements standard results from
optimal transport theory showing that optimal couplings are typically singular in a certain
sense. We stress, however, that the problem (9.13) is genuinely different from problems
occurring in optimal transport theory, and that our proof uses fundamentally different
techniques. Secondly, this result supports the folklore that optimal MCMC samplers use

the least amount of noise necessary to guarantee their ergodicity.

While the results from Chapter 12 indicate the possible locations of optimal coupling
operators I' in the set G, they do not help to actually find them in practice. In Chapter
13 we address this problem by considering small perturbations around the trivial coupling
0 € G corresponding to independent Brownian motions. This leads to a much more
tractable optimisation problem that can be solved explicitly in concrete examples and gives
promising results in our numerical experiments. In the present example, ‘mirror coupling’
(Bf = —BY) turns out to be optimal in terms of reducing the asymptotic variance of
monotone observables, in the sense of the optimisation problem just referred to. However,
for different observables (perhaps exhibiting other types of symmetries) more intricate

coupling strategies turn out to be advisable.

In Chapter 14 we analyse the rate of convergence to equilibrium for coupled processes. As
we will see, the former can be characterised in terms of an inequality of Poincaré type that
is in turn related to an appropriate Hilbert space constructed in terms of the coupling.
Applied to the present example, this result shows that the rate of convergence can be
improved if the potential V' is symmetric, i.e. V(z) = V(—z). In general, the speed of
convergence to equilibrium can also be slower, in the sense that the constant C' in (1.46)

might be greater than one. We leave an exploration of this phenomenon for future study.

* This claim is made assuming that AT' € G° for all A € [0, 1].
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10. COUPLED PROCESSES AND COUPLING OPERATORS

This chapter is devoted to the interplay between couplings of Markov processes and their

infinitesimal generators. We start by specifying the setting and notation.

10.1 PRELIMINARIES, NOTATION AND SETTING

In this section we extend on some of the background material from Section 1.1, and
in particular give a more thorough treatment of Feller processes. The Feller framework
is appropriate since it allows us to proceed in the analysis without fixing an invariant
measure (or other reference measure) as we did in Part II. For more details concerning
the mathematical setting we refer to [26, Chapter 1],[75, Chapter 3 and 4], [76, Chapter
4], and [79, Chapter 17].

FELLER SEMIGROUPS

Recall that for a given locally compact Polish space E we denote the space of bounded,
Borel measurable functions by By(E) and the space of bounded continuous functions by

Cy(E). We will furthermore need the space of functions vanishing at infinity:

Definition 10.1. A function f € Cy(FE) vanishes at infinity if for all € > 0 there exists
a compact set K C E such that |f(z)] < e for allz € E\ K. The space of functions
vanishing at infinity is denoted by Co(E).

The spaces By(E), Cy(E) and Cp(F) become Banach spaces when equipped with the
supremum norm, denoted by |- ||~. Let (X;);>0 be a Markov process on E with semigroup
(St)t>0 as defined in (1.9). As already remarked in Section 1.1, (S;);>0 is usually not
strongly continuous on By(E) (recall Definition 1.4). If the Feller property is satisfied it

allows us to recover strong continuity on the smaller space Co(E):

Definition 10.2 (Feller process). The Markov process (Xi)i>o is a Feller process, if the

corresponding semigroup (St)i>0 satisfies the following properties:

1. (S¢)t>0 leaves Co(E) invariant, i.e. S¢f € Co(E) for all f € Co(E) and t > 0.
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2. (St)e>0 is strongly continuous on Co(E), i.e.

i f = Flloo =20 (10.1)

for all f € Co(E).

In the following, we will denote the semigroup (S;)¢>¢ restricted to Co(E) by the same
letter and call it a Feller semigroup. To put the foregoing definition into context let us

cite the following result:

Lemma 10.1. /26, Lemma 1.4] If (S¢)e>0 satisfies the first condition of Definition 10.2,

then each of the following are equivalent to strong continuity on Co(E):
1. For every f € Co(E) and x € E:

lim S;f(z) = f(x).

t—0

2. For every f € Co(E) the mapping

[0,00) x E— R
(t,z) — Sif ()

18 continuous.

3. The mapping

[0,00) x E x Cyp(FE) = R
(ta €T, f) = Stf(‘r)

1S continuous.

Given a Feller semigroup, we can straightforwardly define its generator (£,D(L)) as in
(1.21), noting that due to strong continuity, £ is closed and densely defined in Cy(E).
Throughout this thesis, we will always assume that E is a manifold, not necessarily con-
nected, such that the space of smooth compactly supported functions CS°(E) is meaning-
fully defined. The state spaces of all Markov processes considered in Section 1.3 naturally
fulfil this requirement. Let us remark, however, that our framework can be extended to
more general spaces (in particular of infinite dimensionality), replacing CS°(E) by suitable

function spaces adapted to the particular setting.
We will restrict our attention to the class of rich Feller processes:

Assumption 10.1. All considered Feller processes are rich*, i.e. C°(E) C D(L).

*We adopt this terminology following for instance [84, Section 1.5] and references therein.
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Clearly, Co(E) does not contain constant functions (apart from the zero function). In
preparation for Section 10.2, we therefore need to extend the domain D(L) to a suitable
(dense) subset of Cy(E). Following [134] (see also [76, Section 4.8]), we start with the

following definition.

Definition 10.3 (Locally uniform convergence). Let (fn)nen be a sequence in Cy(E).
Then f, is said to converge locally uniformly to f € Cy(E) if for every compact set

K C E, the sequence fn|k converges uniformly to fl|r, i.e.

sup |fn(x) — f(z)| — 0. (10.4)
zeK

We can now equip Cp(F) with the topology of locally uniform convergence (note however
that this does not lead to a Banach space) and define the extended generator (£, D(L))
as in (1.21), i.e.

Sef — f

Lf= %1_1)1(1) " (10.5a)
A Y . :
DL)=1f€Cy(E): %m{l} exists locally uniformly p . (10.5b)
—

By the conservativeness of (S¢)i>0 (see (1.14)), we immediately see that 1 € D(L) and
L£1 = 0, i.e. £ vanishes on constant functions. Moreover, (/:',D(/j)) is an extension of
(L,D(L)), i.e. D(L) C D(L) and £~|D(£) = L. Hence, we will from now on drop the tilde

when no confusion is possible.

Through It6’s formula, the generators of Feller processes are naturally connected to mar-

tingale problems, as can be seen from the following definition and theorem!:

Definition 10.4 (Martingale problem). Let £ : D(L) C By(E) — By(E) be a linear
operator. A pair ((Q, F,P), (X¢)t>0), where (Q, F,P) is a probability space and (X¢)i>0
is a stochastic process, is a solution to the martingale problem for (L, D(L)), if for all
f € D(L) the process

t
M = X0 = f0X0) = [ (DX ds, ez 0 (10)
0
is a martingale with respect to the natural filtration (F{X)>0 generated by (X;)i>o0 (see

(1.4)).

The martingale problem is said to exhibit uniqueness, if whenever ((Q, F,P), (X;)i>0) and
((Q, F,P), (Xt)tzo) are two solutions, it follows that Po X1 =Po X1,

In fact, martingale problems offer a powerful approach to continuous-time Markov processes, reaching
far beyond those satisfying the Feller property [48]. However, without the latter, uniqueness of the solutions
to martingale problems is usually quite challenging to obtain.
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The martingale problem is said to be well-posed, if for all my € P(E) there exists a solution

with Xo ~ mo, and uniqueness holds.

Theorem 10.1 (Well-posedness for Feller generators). Let (L, D(L)) be the generator of
a Feller process. Then (10.6) is a martingale for all f € D(L). Conversely, let D C D(L)
be a core (see Definition 1.5). Then the martingale problem for (L, D) is well-posed.

The generators of Feller processes can essentially be characterised by the so-called ‘maxi-
mum principle’. We conclude our overview by stating this fact, starting with the following

definition:

Definition 10.5 (Positive maximum principle). [26, Lemma 1.28] A linear operator
(L,D(L)), D(L) C By(E), satisfies the positive maximum principle if

f(zo) =sup f(z) >0 implies Lf(xg) <0, (10.7)
rel

forall f € D(L) and z¢ € E.

We now have the following characterisation:

Theorem 10.2 (Hille-Yosida-Ray). [26, Theorem 1.30] A linear operator (L, D(L)) on
Co(E) is closable and its closure is the generator of a Feller semigroup if and only if the

following three conditions hold:

1. D(L) C Cy(E) is dense.
2. (L, D(L)) satisfies the positive maximum principle.
3. Ran(\ — L) is dense in Co(F) for some A > 0.

Remark 10.1. Once (L, D(L)) is the generator of a strongly continuous semigroup (St)¢>0
on Cy(E), there is a canonical extension to By(E). Indeed, by the Riesz representation
theorem there exist unique transition functions (pi(x,-);>00ecr) such that (S¢)i>0 has the

representation (1.10) which can then be trivially extended to By(E).

Local linear operators acting on C2°(R%) and satisfying the positive maximum principle
are necessarily (possibly degenerately) elliptic differential operators of second order. This

can be summarised in the following form ([34, Theorem 0.1], [76, Section 4.5]):

)

Theorem 10.3 (Courrege). Let (£,D(L)) be the generator of a rich® Feller process on
E =R with almost surely continuous sample paths. Then there exist functions @ : R* —

fLocality of a linear operator £ acting on C° (Rd) is defined by the condition that supp L¢ C supp ¢,
for all ¢ € C°(R?). By Peetre’s theorem [117], £ is then necessarily a differential operator. Furthermore,
the locality property is directly related to the continuity of the paths of the associated stochastic process
il £ is a generator.

8See Assumption 10.1.
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R4 and a : R — R? such that

sSym

S 0f@)
Z Qi@ 8:13 8% +Zaz 5 f e CR®RY. (10.8)
! i=1 E

i,j=1
The matriz-valued function Q) is pointwise positive semidefinite.

Remark 10.2. The structure of Feller processes with discontinuous paths is determined
by Courrége’s theorem as well, but since we will not make use of this fact we prefer to
present o simplified version. Note also that Courrége’s theorem does mot guarantee that
an operator of the form (10.8) can be extended to the generator of a Feller process. In
particular, further reqularity assumptions on the coefficients a and () need to be made in

order for this conclusion to hold.

PRODUCT SPACES

We will be dealing with a collection of locally compact Polish spaces FE;, indexed by
i € {1,...,n}, and denote their cartesian product by E := E1 x ... x E,. For f € By(E;),
it is of course understood that also f € B,(E), then depending only on the coordinate z;
in = (x1,...,2,). To a given function f € C°(E;) or f € Cy(E;), we will also associate
the canonical element in B,(E). We wish to emphasize though that clearly f does not in
general have compact support or does not vanish at infinity when considered as a function
on E. Frequently, the spaces E; will be identical copies of each other, i.e. £ = E™. Given
f € By(E), we will then write f; € By(E) for the function given by

filz1, ..., xn) = f(zi), (x1,...,2,) € E. (10.9)

Sums of unbounded operators are defined in the usual way: For two operators (A, D(A))
and (B, D(B)) defined on the same Banach space X (i.e. D(A) C X and D(B) C X),

their sum is defined via
(A+B)f:=Af+Bf, feDA+ B):=D(A)ND(B), (10.10)

see for instance [47, Chapter III]. In the case when (A, D(A)) and (B,D(B)) are defined
on two distinct spaces By(L2;) and By(Ej), i # j, (i.e. D(A) C By(L;) and D(B) C By(Ej)).

their sum is defined as
A+B:=AxI+1® B, D(A+ B):=D(A)KXD(B), (10.11)

where & denotes the canonical topological tensor product on By(E; x E;) (see [1] and [4,
A-13.7)).
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10.2 COUPLED PROCESSES AND COUPLING OPERATORS

Assume that for i € {1,...,n} we are given locally compact Polish spaces E;, represent-
ing the state spaces of n distinct particles. Furthermore, for i € {1,...,n}, let us fix
Feller semigroups (S!);>0 on F; with generators (L;,D(L;)) and associated Feller pro-
cesses (X})i>0 on appropriate stochastic bases (€, P;, F;), representing the dynamics of
those particles (in the following these processes will be referred to as the ‘one-particle

dynamics’). Let us also assume that the spaces C2°(E;) are cores for the semigroups

(51 ezo0-

Remark 10.3. By Watanabe’s Theorem (see for instance [79, Proposition 17.9]), C2°(E;)
is a core for L; if it is dense in D(L;) and invariant under (St)i>o. It is possible to extend
our framework by exchanging C°(E;) for other cores, say D;, as long as the first condition

in Definition 10.7 s altered accordingly.

Consider now a Feller process (X;);>0 on the product space E := Ej X ... X E,, together
with its associated semigroup (S5;);>0 on By(E) and generator (£, D(L)) in Co(E). We

will denote the E;-valued coordinate processes of (Xt)tzo by (X'ti)tzo.

Definition 10.6 (Feller couplings). The process (X;)¢>o0 is called a Feller coupling of the
processes (X})i>o0, if its marginals are given by these processes, i.e. if for alli € {1,...,n},
the processes (X})i>o0 and (X])i>0 induce the same law on the space of cadlag functions

D([0, 00), E;) 1.

Our aim in this section is to characterise the infinitesimal generators of such coupled

processes.

Remark 10.4. We are making the following two assumptions when considering the class
of processes described above. Firstly, we assume certain continuily properties of the pro-
cess (Xi)i>0, see Lemma 10.1. Restricting our attention to the class of Feller processes
allows us to use the theory of strongly continuous semigroups on Banach spaces as briefly
hinted at in Section 1.1 for the development of the theoretical framework. In examples
and applications however (see Chapters 11 and 13), we will relax this assumption a bi,

allowing for more general processes.

Secondly, we consider processes (Xt)tzo that are Markovian. Obuviously there are many
non-Markovian couplings of the underlying processes (X});>0 and indeed those might be of
particular interest for applications. Hence we plan to investigate the possibility of extending

our framework in this direction in a forthcoming project.

We now proceed to introduce a class of linear (unbounded) operators (I', D(I')) on By(E):

YEvery Feller process has a cadlag modification, see [26, Theorem 1.19].
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Definition 10.7 (Coupling operators). Let (I', D(I")) be a (possibly unbounded) operator
on By(E). Then (I, D(T)) is called a coupling operator if the following conditions are
satisfied:

1. Test functions that only depend on one component of & = (xy,...,x,) are in the
kernel of I": For alli € {1,...,n} and f € CX°(E;) it holds that f € D(I") and

T'f=0. (10.12)
2. The operator
Lr=> Li+T (10.13)
i=1

with domain D(Lr) = @' D(L;) ND(T) is closable and its closure is the generator

of a Feller process on .

The Feller semigroup corresponding to a coupling operator will be referred to by (S_’tF)tZO.

Furthermore, the set of coupling operators will be denoted by G, i.e.
G ={I:D(') C By(E) — By(E) : Conditions 1 and 2 are satisfied.}.

Remark 10.5. We will not distinguish (notationally) between Lr and its closure. Notice
also that the first condition in Definition 10.7 necessitates thinking of I' as an operator
defined on (a subspace of) By(E) (rather than Co(E)), because CX(E;) ¢ Co(E). The
second condition is naturally concerned with Lr being the generator of a semigroup on

Co(E) (and hence with the natural restriction of I").

We have the following result, characterising completely the set of rich Feller couplings in

terms of the coupling operators G:

Proposition 10.1. For any I' € G, the Feller process generated by Lr as defined in
(10.13) is a coupling of the processes ((X})i>o0, i € {1,...n}). Conversely, if (X¢)i>0 is a
Feller coupling of the processes ((Xf)tzo, ie{l,... n}), then its generator is of the form
(10.13), with T € G.

Proof. Let T' € G, and consider the process (X;)i>0 generated by the corresponding op-
erator Lr as defined in (10.13). Let us fix i € {1,...,n}. Clearly, C>*(E;) C D(Lr) and
Lrf=Lif for f € CX(E;). Hence, for all f € C°(E;), the process

PR — F(Xo) / (Cif)(R)ds, >0, (10.14)

is a martingale with respect to the natural filtration (]:tX)tZO generated by (X;)¢>0, accord-

ing to Theorem 10.1. From the uniqueness of the martingale problem for the generator L;
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(see again Theorem 10.1) and the fact that C2°(E;) is a core for £;, it follows that (X})¢>o

has indeed the same law as (X} )¢>o.

Conversely, assume that (X;);>0 is a Feller coupling of the processes ((Xg)tzo, ied{l,... n})
and denote its generator by (£,D(L)). For fixed i € {1,...,n}, we first argue that

CX®(E;) € D(L), referring to the domain of the extended generator defined in (10.5b).
Indeed, this amounts to showing that for all f € C2°(E;) the limit

1 -
1 _ _ =4
%g% " (Sef — 1) (10.15)
exists uniformly on compact sets. By the coupling property (Definition 10.6), we have
that S;f = Sif for f € C°(E;). Therefore (and since C°(E;) € D(L;) by assumption),
it follows that the limit (10.15) even exists uniformly on the whole of E.

We can now define I := £ — 327" | £; on D(T') := D(L) N @7, D(L;). It is then sufficient
to show that T satisfies the first condition of Definition 10.7. To this end, take f € C2°(F;)

in the martingale problem for £ to see that
A = 1) = [N as— [(EnE)as 120, (019

is a martingale, again with respect to the natural filtration (.E/X )>0 generated by (X¢)¢>o-
Since (X})i>0 and (X});>0 are equal in law by assumption, it follows that (X});>o is a
solution to the martingale problem for £;. Hence, fot(ff)()_fs) ds has to be a martingale
as well. Since this process is of finite variation (and the initial condition for the process

(X1)t>0 can be chosen arbitrarily), this implies I'f = 0. |

Remark 10.6. Similar approaches, describing couplings in terms of coupling operators,
are known in the literature. See for instance [32, Chapter 2, Definition 2.7] and references
therein. The exact result of Proposition 10.1 and its proof using martingale problems seems
to be new and in particular relevant for Conjecture 2.18 and Open Problem 2.19 in [32].

Example 10.1. Independent (or trivial) coupling: The zero operator I' = 0 is always in

G. as the conditions of Definition 10.7 clearly hold. Indeed, consider the operator
Lo=> L (10.17)

on the domain D(L) := @ﬂ?(ﬁi). It is straightforward (see for instance [4, A-I 3.7]) to

show that Ly is the generator of a Feller semigroup (S);>0 given by

n
Sof = (H Si) [, feB(E), t>0, (10.18)
i=1
and that the associated Feller process is just (X?)i>0 = (X{, ..., X)¢>o0, i.e. it is obtained
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from independent copies of the underlying processes.

Let us briefly discuss some of the implications of the conditions in Definition 10.7. As
can be seen from the proof of Proposition 10.1, the first condition is instrumental in
guaranteeing that the coupled process (X ¢)¢t>0 has the correct marginals. To put the second
condition into context, we recall that generators of Feller semigroups can be characterised
by means of the Hille-Yosida-Ray theorem in terms of the positive maximum principle
(see Definition 10.5 and Theorem 10.2). As we will see in examples (Chapter 11), the
latter often restricts the ‘size’ of coupling operators, so that the set G often turns out
to be ‘bounded’ in a certain sense. Let us close this section by mentioning the following

conjecture:

Conjecture 10.1. The set G is convex.

It is obvious that the first condition of Definition 10.7 is closed under convex combinations.
The second condition could be addressed by appealing to the Hille-Yosida-Ray theorem
(Theorem 10.2). Indeed, the first condition of this result if trivially satisfied by our
assumption that C°(E) € D(Ly). The second condition (positive maximum principle)
is clearly closed under convex combinations. Proving that the third condition is closed
under convex combinations poses some technical challenges that we are not presently able

to overcome.

10.3 ERGODICITY OF COUPLINGS

From here on, let us make the following assumption, natural in the context of MCMC

samplers:

Assumption 10.2. The one-particle processes (X})i>o are ergodic.

Recall that according to Definition 1.3, ergodicity entails that each process (X})¢>0 admits
a unique invariant measure; those will be denoted by 7; in the sequel. Following up on

Example 10.1, we see that the semigroup (S7);>0 as given in (10.18) with generator Lo as

defined in (10.17) is ergodic with respect to the product measure
n
7o = Q) mi (10.19)
i=1

on E. Unfortunately, it turns out that not all coupling operators I' € G induce ergodic
coupled processes, even under the Assumption 10.2 (for an example, see [92, Section 3.1]).

We therefore make the following definition:

Definition 10.8 (Ergodic couplings). A coupling operator I' € G is called ergodic, if the

Feller process generated by Lr is ergodic. The corresponding subset of ergodic coupling
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operators will be denoted by GY. The unique invariant measure associated to I' € GO will

be denoted by 7.

Remark 10.7. By construction, the measures Tr are couplings of the one-particle invari-

ant measures (m;)"y.

Remark 10.8. For the analysis, ergodicity of the coupling is a crucial requirement (al-
though with more work it might be possible to extend some of the results to the case when
ergodicity fails to hold). Let us emphasize however that the validity of (9.6) does not de-
pend on this, as only the marginal property of the coupling is used in its derivation. Hence
i practice it is harmless to use nonergodic couplings, and in fact our results obtained
in Chapter 12 (in particular, Theorem 12.3) suggest using couplings that are at least not
straightforwardly seen to be ergodic. In this case, quantities measuring the performance of
the sampler (such as the asymptotic variance corresponding to certain observables) might

be undefined or depend on the initial condition.

In general, ergodicity might fail in various ways. For instance, the process might not admit
any invariant measure at all, or convergence towards a unique invariant measure (in the
Césaro sense) might not hold. The following result shows that the situation is simpler in

our context:

Lemma 10.2. Let Assumption 10.2 be satisfied. Then the following hold:

1. Every Feller coupling admits at least one invariant measure.

2. If a Feller coupling admits a unique invariant measure, then the process is ergodic,
i.e. (1.18) holds.

Proof. We proceed along the lines of the proof of the Krylov-Bogolyubov theorem [35,
Section 3.1]. Let v; € P(E;) be arbitrary initial conditions for the processes (X{)i>0. By

ergodicity, the families (7})¢>o of Césaro averages

w4y =1 /0 ((S17m) (A)ds, A B(E),

are convergent, and therefore tight. Let (X;);>0 be a Feller coupling and denote the
corresponding Césaro averages by (7);>0. For any t > 0, 7; is a coupling of (7)™ ;.
Using Lemma 16.1 (proved in Section 16.1), we see that (7;);>0 is tight. By Prokhorov’s
theorem, there exists a weakly converging subsequence, the limit of which is an invariant
measure (as in the proof of the Krylov-Bogolyubov theorem). This proves the first claim.
Now let us assume that there exists a unique invariant measure. Since any convergent
subsequence of (7;);>0 has to converge to the same limit, and the sequence is tight, the

second claim follows. O
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Corollary 10.1 (Regular couplings). Let Assumption 10.2 be satisfied and consider a
Feller coupling (X,)i>0. If the corresponding transition functions (p,(x, ))ts0zci are mu-

tually absolutely continuous (i.e. if the process is regular), then (X;)i>o is ergodic.

The measures m;, as well as 71 (for I' € GY) induce the usual Hilbert spaces L*(m;) and
L?(7r) of square-integrable functions. Let us also recall the subspaces of centred functions,

defined by
Li(7r) = {f € L*(zr) | 7r(f) = 0}, (10.20)

and analogously for L3(m;). Since any Feller process has a right-continuous version, the
semigroups (S} );>0 have unique extensions to strongly continuous semigroups on L?(7r),
see Section 1.1. Before moving on to a somewhat more explicit description of coupling

operators, let us mention the following open question, related to Conjecture 10.1:

Conjecture 10.2. The set GY is conver.

10.4 A GENERAL WAY OF CONSTRUCTING COUPLING OPERATORS

In this section we describe an approach to construct coupling operators explicitly in ap-
plications. The particular form presented here is also theoretically important since some

of the calculations in later sections depend on it (especially the proof of Theorem 12.3).

As in the previous section, we assume that the marginal processes are ergodic with respect
to invariant measures m; (see Assumption 10.2). Furthermore, let us assume that the

generators £; can be written as

K;
Li=—> (A" A, + T (10.21)

k=1
where (A})* denotes the adjoint of A} in L?(m;), and T* is skew-symmetric in L?(;).
Clearly, this decomposition into symmetric and skew-symmetric parts is always possible,
and in many cases the operators A} and 7" can be chosen to have convenient forms (see
Section 1.3). Note however that the decomposition (10.21) is not unique since there are (in-
finitely) many ways of choosing the operators A}. A particular choice of decomposing the
generators £; as in (10.21) hence essentially amounts to the choice of square roots for the
symmetric parts. We remark here that naturally C>°(E) € D(A}) and C(E) € D(TY)
are implicitly assumed, authorising the computations in later sections. The following

lemma is essential for the construction in this section:

Lemma 10.3. Let A, and T* be given as in equation (10.21). Then

spanl C ker AL, spanl C ker 7" (10.22)
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forallie{1,...,n}, ke {l,...K;}.

Proof. See [141, Proposition 2]. By the conservativeness of (Si)i>0, 1 € ker £; for all
i€ {l,...,n}. It follows that

K;
(L) oy = = 3 431200 =0,
k=1

and hence A};l = 0. For the second claim, notice that

K;
T1 = (Ei + Z(AZ)*AZ) 1=0.

k=1

We may now set
T= Y agul@,... o) ALA (10.23)
(i,4,k,1) €T
for appropriate measurable functions o : E — R and where we have introduced the set

of admissible indices
J={(i,j, k1) eN":1<i,j<mi#j1<k<K;,1<I<K;} (10.24)

associated to the decomposition (10.21). Applying Lemma 10.3, we see immediately that
the first condition of Definition 10.7 is satisfied. The second condition will typically en-
force certain bounds on the functions a;j; via the positive maximum principle (Definition
10.5) as well as regularity constraints if we are interested in Feller couplings. Those prop-
erties will have to be determined according to the particular form of the generators L;.
Furthermore, whether I' as defined in (10.23) belongs to G° will also depend on the choice

of the functions aj.

It is not clear whether the construction presented in this section exhausts the class of

coupling operators G. We present this problem as a conjecture:

Conjecture 10.3. Fori € {1,...,n}, assume that we are given generators (L;, D(L;)) of

ergodic Feller semigroups. Then there exist decompositions of the form (10.21) and a set

of functions
U= {(oigr) i jppes £ — R} (10.25)
such that
G={T= > oyudidl: ayucly. (10.26)
(4,5,k,0)eT
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In the case when the underlying processes (X});>o are R%-valued (i.e. F; = R%) and
have continuous paths almost surely, Courrége’s theorem (Theorem 10.3) provides an ex-
plicit characterisation of Feller generators. If furthermore these processes are ergodic with
respect to given invariant measures, the decomposition of their generators into symmet-
ric and skew-symmetric parts can be made explicit (see Theorem 1.7 and Remark 1.7).

Combining these theorems, we obtain the following partial result:

Proposition 10.2. Let E; = R% for positive integers d; € N and assume that the processes
(X))i>0 are ergodic and solve the Ité SDEs

AdX] = af(X) dt + V26 (XE) AW}, (10.27)

where a' € C1(R% R%), bt € CY(R%E RY>*™)  and (W])i>0 are standard m;-dimensional

Brownian motions. Then the conclusion of Conjecture 10.3 holds.
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11. EXAMPLES OF COUPLED PROCESSES

Here we will illustrate the framework developed in the last chapter with concrete examples,
revisiting some of the dynamics already introduced in Section 1.3 to address the task of

sampling from the measure

1
m(dx) = Ee_v(m)dx, x € RY, (11.1)

where V € C*®(R?) is a potential satisfying

Z :=/ e V@dr < oo, (11.2)
Rd

11.1 OVERDAMPED LANGEVIN DYNAMICS

Our first group of examples is concerned with the overdamped Langevin dynamics, intro-
duced in (1.72). Let us start with the one-dimensional case, already encountered in the

introduction to this part (Chapter 9).

TWO PARTICLES IN ONE DIMENSION

We consider n = 2 particles moving in dimension d = 1, each of them according to the
dynamics
dX, = =V'(X,)dt + V2dW,. (11.3)

Note that in order to precisely fit into our framework developed in Chapter 10, the process
(Xt)>0 is required to be a Feller process according to Definition 10.2. This property can be
guaranteed by imposing certain growth conditions on the potential V', see [87, Proposition
5.9] and [97, Theorem 5.3.2, Example 5.3.3]. However, we wish to remark that the Feller
property is not crucial in practice and dispensing with this regularity requirement still leads
to perfectly well-defined couplings as will become clear in Lemma 11.1 below. According

to Remark 1.7, the generator of (11.3) is given by

L=-V(2)0, + 0> = —}0,, (11.4)
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where the adjoint is taken in L?(7). In particular, £ can naturally be written in the
form (10.21), with A = 0, and 7 = 0. To illustrate trivial couplings (see Example 10.1)
consider first two independent identical copies of (11.3), denoted by (X¢,Y;);>0, hence

evolving according to the dynamics

dX, = =V'(X,)dt + V2dWE, (11.5a)
dy; = —V/(Y;) dt + V24w, (11.5b)

on the product space £ = R?. Since for now the processes (Wj);>o and (W})i>0 are
supposed to be two independent standard Brownian motions, the generator of (11.5) is
given by

Lo=L,+ Ly, (11.6)

with £, = =V'(2)0, + 82 = =030, and Ly, = =V'(y)9, + 9] = —8;0,. in agreement with

Example 10.1, equation (10.17). The invariant measure of (11.5) is given by the product

o = T @ Ty = %6_(V(I)+V(y))dxdy. (11.7)

Now let us consider nontrivial couplings. Following Section 10.4, we may set
I' = 2a(x, y)0p 0y, (11.8)

for an appropriate measurable function a : R? — R (we have inserted a factor of 2
for convenience). According to Proposition 10.2, the set of operators of the form (11.8)
exhausts the set of coupling operators G. Clearly, the first condition of Definition 10.7
is satisfied for this set of operators (this is already guaranteed by using the construction

from Section 10.4). The second condition enforces
—1<a(r,y) <1, foralzyeR. (11.9)
Indeed, observe that
Lr=Lo+T =V, U(2) -V, +Q(z): V.V, (11.10)

where z = (z,y), U(z) = U(z,y) = V(z) + V().

Q) = Qlay) = (a(; ) 0‘(?”) , (11.11)

and where : denotes the Frobenius inner product of matrices. According to Courrege’s
theorem (see Theorem 10.3), L1 satisfies the positive maximum principle (required by the
Hille-Yosida-Ray Theorem 10.2) only if Q(z) is nonnegative definite for every z € R? .

From this, we immediately deduce the constraint (11.9).
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Remark 11.1. We are deliberately vague about the regqularity properties of a. If we
restrict our attention to Feller processes, a certainly has to be at least continuous, and
there are multiple results in the literature guaranteeing the Feller property under mild
further assumptions on «, in particular, Héolder reqularity [3, 97]. For a discussion of the
martingale problem for gemerators with discontinuous coefficients see the recent preprint
[85] and references therein. Note that even in this simple case, it is very challenging to
characterise exactly the set G as introduced in Definition 10.7. In applications, however,
the Feller property is not crucial. Lemma 11.1 below shows that measurability of o is

sufficient to ensure that a reasonable coupled process can be constructed.

Assuming that (11.9) is satisfied, the dynamics induced by the generator (11.10) are (at
least formally) given by

X\ [(-V'(Xy) dwp
d <Yt> = (—V/()@)) dt +v2G(X,, V) (thy) : (11.12)

where G(z,y)G(x,y)" = Q(x,y), for instance
Gy} = ( ( cosBy)  gla.y) sinﬂ(x,y)) | 1113)
g

z,y)sinBla,y)  cosBlz,y)

with B(z,y) = %arcsin la(z,y)| and g(z,y) = sgn a(z,y). We have chosen this parametri-
sation since it generalises readily to higher dimensions (see below). Let us stress that
writing the dynamics in the form (11.12) is vital for applications, since it enables its
simulation in a straightforward manner. The following lemma shows that the process con-
structed in this way is indeed a coupling in the sense of Definition 10.6. Furthermore, it

turns out that only minimal regularity of « is required.

Lemma 11.1. Let a be measurable. Then the dynamics (11.12) can be written as
X V(X dBf
alt) = (X gp 4 vz (45 : (11.14)
v,) "\ v dB!
with two Brownian motions (Bf)i>o and (B} )i>o0 that are in general not independent.
Proof. The claim follows from applying Lemma 16.2 from Chapter 16 to the components

of the SDE
dB? dwy
e : (11.15)
dBY awy

noting that G* := (gcos 3 sin ) and GY := (gsin 8 cos 3) indeed satisfy condition (16.3)
with N =1 and M = 2. O

Note that the function « (equivalently the pair 3 and ¢) encodes the coupling between the
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Brownian motions (B );>o and (B} )¢>0. The parameter § € [0, 5] is related to the strength
of the coupling, whereas g € {—1,1} is related to its direction. Indeed, if 5 = 0, then
(B¥)i>0 and (B});>0 are independent (‘trivial coupling’, see (11.5) and Example 10.1).
If 3= 7 and g = 1, then B} = B} for t > 0, almost surely (‘synchronous coupling’).
Likewise, if 8 = 7 and g = —1, then B} = —B{ (‘mirror coupling’).

Remark 11.2 (Ergodic couplings). If the bound (11.9) is satisfied with strict inequal-
ities, then the generator (11.10) is elliptic, and hence, by Theorem 1.6 and Corollary
10.1, the coupled process is ergodic. Let us mention that this condition is not necessary
for ergodicity. Indeed, consider the coupling operator I' = —20,.0,, inducing the so-called
‘two-point motion’ [12], i.e. (X¢)i>0 and (Yi)i>o are driven by the same Brownian mo-
tion, only differing by their initial laws. Under mild regularity conditions (i.e. Lipschitz
continuity of the coefficients), it can be shown that (X, Yi)i>0 is ergodic with respect to
r = %e‘v(‘”)@,y(dxdy), see for instance [92, Theorem 2.1].

THE GENERAL CASE

Here, we will extend the discussion from the previous section to the general case of n

particles moving in d dimensions, i.c. we are concerned with couplings of the dynamics
dX} = -VV(X))dt +V2dW}, i=1,...,n, (11.16)

the processes (X})¢>0 being Ré-valued. If the Brownian motions (W});>0 are independent,
then the joint process (Xt)tz() = (X}, ... , X{")t>0 is ergodic with respect to the product
measure 7o = @, m; on R™ (see Example 10.1) and the corresponding generator is given

by
d

n
Lo=> Li, Li=-=VV(x;) Ve, + Az, ==Y (0,)0} (11.17)
i=1 k=1
Here, 8,2 denotes the derivative with respect to the k-th component of x;, and the adjoints
are taken in the spaces L?(m;). Clearly, the generators £; are decomposed as in (10.21)
with A?C = 8,2 and 7; = 0.

i

Remark 11.3. Instead of (11.16), we can also consider the more general dynamics
dX} = —QiXHVV (X)) dt + (V- Q)(X)) dt + L, VV (X)) dt + 1/2Q:(X7) dWy, (11.18)

witht=1,...,n, J; € ngxe(é, being skew-symmetric matrices and Q; : RT — ngfg being
positive definite matriz-valued functions, as discussed in Section 1.3. Note that in this
case the processes (X})i>o are not copies of each other, since Q; and J; may not be the

same for different particles.
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To construct nontrivial couplings, we may set

n d
L= > > ayudidf (11.19)

ij=1,i£j k=1

for appropriate® functions v : R™ — R, following Section 10.4. Note that 8,28{ is
symmetric with respect to the interchange of indices (i, k) <> (7,1), and so we may assume
that ojjn = ajir. As in the one-dimensional case, the generator of the coupled system
Lr = Lo+ T is a second order differential operator which we require to be (possibly
degenerately) elliptic in order for the second condition of Definition 10.7 to be satisfied

again with reference to Courrcge’s theorem (Theorem 10.3)).
g g

To derive more easily verifiable conditions on the functions c;;x;, let us introduce a matrix-
valued function (or matriz field) Q : (RY)" — R"*"d a5 follows. Firstly, it is helpful to
view the target space of @ as R4 = (RIX)mxXn_ e e think of Q(z1,...,7,) as
an n X n-matrix the entries of which are themselves d x d matrices. In other words,
Qij(w1,...,my,) is a d x d matrix for every pair (i,) € {1,...,n}? The matrix field Q can
then be defined by

Igxa 1=
Qij(:rl,...,:cn) = ’ ) .7 (1120)

ajj(z1,...,Tp), E
where a;j(x1,...,2,) € R4 denotes the matrix with entries (ijri(@r, ..oy Tn))ki=1,.d-
Note that Q(z1,...,z,) as defined in (11.20) is symmetric as a matrix in R">*"? by our

assumption that a;jx = ajik.

Remark 11.4. The matrices QQ;j can now be thought of as describing the coupling between

the particles i and j.

As in the one-dimensional case, the generator of the fully coupled system can be written
as
Lr=Lo+T =V, U(2)-V,+Q(2):V,V,, (11.21)

introducing the notation z = (z1,...,7,) € R"" and U(z) = Y7 | V(x;). To make
the connection to SDEs and arrive at a description analogous to (11.12), let us consider
matrix fields G : (R9)"™ — (R*)MX" gatisfying

Z Gij(l'la ey CL‘n)Gij(xl, ey :Cn)T — Idxda (1122)

Jj=1

for all i = 1,...,n. Here the transposition 7 is taken in R?¢. Note that matrix fields of

*Concerning the regularity of these functions, the discussion from the previous section applies, see in
particular Remark 11.1.
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this form give rise to the matrix fields Q : (R%)" — R"*" defined in (11.20) via Q = GGT

(where the transposition is taken in R™®*"d),

Remark 11.5. The advantage of constructing the coupling in terms of the matriz field
G is that pointwise positive semi-definiteness of Q) is automatically satisfied. A practical
way to fulfil the constraint (11.22) is to choose matriz fields g;j : (RY)"™ — R*? that are

orthogonal pointwise, i.e.
9ii (21, - T0)Gij (@1, )T = gig(an, ) g2, 2n) = Laxa, (11.23)

for alli,j = 1,...,n and (z1,...,2,) € (RD™, as well as weights w;; : (RY)® — R
satisfying

n
> wii(r, .. wn) =1, (11.24)
7j=1

for alli =1,...,n. Then, setting Gi; = w;;jgij, condition (11.22) holds. Intuitively, the
orthogonal matrices g;; encode the coupling between particle i and j through a rotation of
the noise. The weights w;; can be interpreted as the relative coupling strengths between the
particles. Observe that both g;; and wij may depend on (x1,...,xy), i.e. on the locations

of all the particles. This construction is a direct generalisation of (11.13).

Assuming GG' = @, the dynamics associated to the generator (11.21) is (again, at least

formally) given by
dX] = -VV(X))dt+v2) Gi(X},... . X[ AW/, i=1,....n, (11.25)
7j=1

P n
where ((Wtj )t>0> are assumed to be independent standard Brownian motions. As in
= 1

j=
the one-dimensional case, we have the following lemma:

. n
Lemma 11.2. There exist R%-valued standard Brownian motions ((Bg)@o) % not nec-
]:

essarily independent, such that the dynamics (11.25) can be written as
dX! = -VV(X})dt + V2dBi, i=1,...,n. (11.26)
Proof. The argument is identical to the one used in the proof of Lemma 11.1. O

Concerning the ergodicity of couplings, we have similar findings to those of Remark 11.2.
If the matrix field (11.20) is positive definite at every point (i.e. the generator (11.21) is
elliptic), then Theorem 1.6 and Corollary 10.1 imply that the coupled process is ergodic.

An example of nonergodic couplings can be found in [92, Section 3.1].

Example 11.1 (Two particles). The foregoing constructions become more explicit when

considering only n = 2 particles. To simplify the notation, we denote their positions by
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x =z an y = x9. The diffusion matrices (11.20) reduce to

Q(m,y)=< faxd a(x’y)>, (11.27)

ol(z,y)  Iixd

with o : (R9)? — R4, Using Schur complements [30, Appendix 5.5], we see that Q(x,y)

is positive semidefinite if and only if
O[(I,y)TOé(l‘,y) < IdXd7 (1128)

in the sense of symmetric matrices (Loewner ordering). The corresponding coupling op-

erator is given by
(Tf)(z,y) =2Tx (o (2,9) Vi, f(2,y)), € CTRxRY, (11.29)

where the matrix of mixed derivatives ngqb is given by (V?By@lj = (0r;0y;9)ij- In order
to illustrate the construction from Remark 11.5, let g : (R? x RY) — R9*9 be a field of

orthogonal matrices (see (11.23)) and put

Glr.y) = ( cos B(z,y)Iixd sinﬁ(ac,y)g(x’y)) ’ (11.30)

sin B(z,y)g" (x,y)  cos B(x,y)laxa

the function 3 : R? x R% — [0, 7] again regulating the strength of the coupling, and being
associated with the weights w;; in (11.24). From GG = Q it follows that « and g are
connected via

a=2cosfsinf - g. (11.31)

11.2 UNDERDAMPED LANGEVIN DYNAMICS

For fixed v > 0 (‘“friction’) and positive definite M € R¥X¢ (‘mass’), the dynamics

Sym
dg; = M 'p,dt, (11.32a)
dpy = —VV(q) dt — yp, dt + /2y AW, (11.32b)

is ergodic with respect to the measure

1 ~
= Eef(v(q)%pw ")dgdp, (q,p) € R¥, (11.33)
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Z being an appropriate normalisation constant (see Section 1.3 for details). The generator

is given by

L= Milp'vq = VV(@) - Vp+7(=p-Vp+4y) (11.34a)
d
=T =) AfA, (11.34b)
k=1

where T = M~'p -V, — V V(q) - Vp is skew-symmetric in L*(r), Ay = /70p,. and the
adjoint is taken in L?(7). To construct a coupled sampler of n processes, we may proceed

as in the overdamped case and set

n d

T= > ) aiud, o), (11.35)

i.j=1,ij k,1=1

for appropriate functions a;jp; : (R?24)™ — R, denoting by 8;% the derivative with respect to
the k-th component of p of the i-th particle. Following very closely the discussion in Section
11.1, we can introduce matrix fields Q : (R??)? — (R¥X4)"X" and G : (R?4)" — (RIXd)nxn
satisfying (11.20) and (11.22) (with (z1,...,z,) replaced by (q1,p1,-- -, qn, Pn)) such that

the generator of the coupled system is given by

n

Lr=> (M 'p;i- Vg, = VoV(gi) -V, —9pi - Vy,) + Q(2) : V2, Vs, (11.36)

i=1

making again use of the notations z = (q1,p1,...,¢n,Pn): 2p = (p1,...,pn) and such that

the associated dynamics are given by

dgi = M~ 'pidt, (11.37a)
n
j=1
for i =1,...,n. Also in this case, it is straightforward to see that an appropriate version

of the Lemmas 11.1 and 11.2 holds.

Remark 11.6. Generalising the above to the case where the particles have different fric-
tions ~; and masses M; or some or all of them move according to perturbed versions
of underdamped Langevin dynamics as considered in Part II is straightforward (see also
Remark 11.3).

Example 11.2 (Overdamped and underdamped Langevin dynamics). It is also possible

to couple different types of dynamics (such as overdamped and underdamped Langevin
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dynamics). For instance, consider the generators

L1=-VV(z) Vy+ Ay, (11.38a)

as in (11.17) and (11.34a). Setting

U= aul® qp)0w0p (11.39)
k=1

and following along the lines of Sections 11.1 and 11.2 will result in the coupled dynamics

dX, = —VV(X,)dt + v2dB, (11.40a)
dgr = M~ 'pydt, (11.40b)
dpr = =V V(g)dt —yp dt + /2y ngQ), (11.40c¢)

where the Brownian motions (B}l))tzo and (Bt@)tzo are in general not independent (and

the exact dependence results from the choice of the functions ay;).

11.3 THE ZIGZAG PROCESS

The objective of this section is to show how the framework from Chapter 10 can be
employed in the construction of coupled samplers from piecewise deterministic Markov
processes, using the example of the zigzag process introduced in Section 1.3.2. For ease of
exposition, we restrict our attention to the one-dimensional case. Let us briefly recall the

setting from Section 1.3.2, specialising to the case d = 1.

The state space under consideration is £ = R x {—1,41}, and the generator of the zigzag

process reads
Lf(x,0)=00,f(x,0)+ Nz, 0)(f(x,—0) — f(z,0)), feCXE), (11.41)
where the switching rate X is given by
Az, 0) = max(0,0V'(z)) + v(x). (11.42)

We refer to Section 1.3.2 for more details concerning the dynamics of the process generated
by (11.41). According to [21, Proposition 1] and [139, Appendix B.2|, the zigzag process

satisfies the Feller property; for more general pieccewise deterministic Markov processes
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this topic has been studied in [37, see Theorem 27.6]. The measure

1 v -
™= ge V@) e @ (51 + 641) (11.43)

is invariant, and, under some additional assumptions’, ergodic. Recall from Section 1.3.2

that £ can be decomposed in the form
L=—-AA+T, (11.44)

where

1 1\"? 1
A= <Z|V’| + 57) (R-1), T=00,+ EHV’(R - 1), (11.45)
and the ‘flip operator’ R is given by
(Rf)(z,0) = f(x,—0), feCX(E). (11.46)
To construct a coupled sampler from two zigzag processes, let us introduce the following

notation: We consider the state space £ = R? x {—1,+1}2, denoting its elements by

(x,y,0z,0,). Furthermore, we will make use of the flip operators
(Baf)(,y, 02, 0y) = [y, =02, 0y),  (Ryf)(2,y,02,0y) = f(x,y,00,=0y).  (11.47)
Following Section 10.4, let us set
I = (@, y, 00, 6,)(Re — 1)(Fy — 1), (11.48)
for an appropriate function a : £ — R, i.e. I' acts as

(Ff)(l’, Y, Oz, 0y> = a(x, Y, 0z, ey) (11.49)
: (f(l? Y, 0567 gy) - f(l', Y, _9567 Qy) - f(:r,y, 9%7 _gy) + f($7y7 _ng _Qy))

on test functions f € C2°(E). Note that I' vanishes on functions that either depend on

only = and 6, or only on y and 6,. The next task is to obtain bounds on « that ensure

fSee Chapter 17, as well as [21] and [23]. Let us mention in particular that ergodicity is guaranteed
whenever the excess switching rate « is strictly positive.
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that the second condition in Definition 10.7 is satisfied. To this end, let us expand

(L0 f) (e, 9.00.0,) = (L + Ly +T)f (2,9, 62, 6,) (11.50a)
=0,0.f(2,y,0z,0y) + 0,0, f(x,y, bz, 0y) (11.50b)

— (Mz,02) + ANy, 0y) — a(z,y,05,6y)) f(z,y,0s,0y) (11.50¢)

+ Mz, 0,) — a(z,y,0,,0y)) f(z,y,—04.0y) (11.50d)

+ My, by) — alz,y,0:,6y)) f(z,y, 0., —0y) (11.50e)

+ o, y, 0,0y f(x,y, =0z, —0y). (11.50f)

For (11.50) to be the generator of a Markov process (in particular, for it to satisfy the

positive maximum principle), the following inequalities have to be satified:

Az, 02) + My, 0y) — a(z,y,0,,0,) >0, (11.51a)
M, 0z) — afx,y, 0y, 0y) >0, (11.51b)

My, 0y) — a(z,y, 0y, 0y) >0, (11.51c)
o(z,y,0z,0,) >0, (z,9,04,0y) € E. (11.51d)

These conditions can be interpreted as saying that the transition probabilities for the
coupled piecewise deterministic Markov process cannot be negative. Clearly, the conditions

(11.51) are equivalent to
0 < a(z,y,0y,0y) <min (A(z,0,),A\(y,0y), (2,9,0.,0,) € E. (11.52)

Let us briefly comment on the dynamical behaviour that the coupling operator (11.49)
introduces. As can be seen from (11.50f), « is connected to ‘double flips’, i.e. the event
that both particles change their directions at the same time. Setting « to either the lower
or the upper bound in (11.52) will either discourage or encourage those double flips. As in
the case of the overdamped and underdamped Langevin dynamics, the coupling behaviour
(encoded in «) is allowed to depend on the point (z,y,0,,0,) € E. We also remark that
the process generated by Lr as in (11.50) can be simulated conveniently by using the
methods summarised in [21, Appendix B].

Remark 11.7. The construction in this section can be generalised to couplings of multiple
zigzag processes in arbitrary dimensions by following a similar approach to the one taken
in Section 11.1.
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12. ASYMPTOTIC VARIANCE AND OPTIMAL TRANSPORT

In this chapter we analyse the asymptotic variance associated to estimators based on cou-
pled processes (Section 12.1) and connect the result to the theory of optimal transportation
(Section 12.2).

12.1 A CENTRAL LIMIT THEOREM FOR COUPLED PROCESSES

The objective of this section is to establish a central limit theorem characterising the
convergence in (9.6) and to find an expression for the associated asymptotic variance in
terms of ergodic coupling operators I' € G and invariant measures 7p. In particular, our
aim is to compare between estimators based on couplings (as in (9.6)) and the one-particle
estimators (9.4). Naturally, Assumption 10.2 is still in force. Moreover, let us assume the

following;:

Assumption 12.1 (Invertibility of the one-particle generators). The generators L; are
invertible on L3(m;), i.e. for all f € L3(m;) there exists ¢ € D(L;) N L3(m;) such that

—Lip= /. (12.1)

We refer to Section 1.2.2 for sufficient conditions ensuring the validity of the foregoing
assumption, mentioning in particular exponential decay of the semigroups (S})¢>o in L?(m;)
as in (1.46). In the following, let us fix observables of interest f; € L3(m;), recalling from
the discussion in Section 1.2.2 that the assumption 7;(f;) = 0 can be made without loss
of generality. Denoting the corresponding solutions to the Poisson equations (12.1) by ¢;

and supposing Xé ~ 7;, Theorem 1.4 implies the central limit theorems

I :
VI (7 [ 5= m) S v0.20) (122)
T 0 T—o00 o
where the asymptotic variances are given by

O'chi = <fi7¢i>L2(7ri)' (123)

We will now establish a central limit theorem for the coupled process (Xt)tZO induced by
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ergodic coupling operators I' € GY and associated to extended observables of the form

F= %Z £ (12.4)
i=1

Theorem 12.1. Central limit theorem for coupled processes. Let Assumption 12.1 be
satisfied and assume that T € G°. Furthermore, let X ~ 7r. Then

VT (% /OT F(X,)dt — mm) — 5 N(0,202). (12.5)

T—oo

The asymptotic variance 012; s given by

1< .
ot = —~ > ot - /Ecog d7r, (12.6)
i=1
where .
&= > iy, (12.7)
i<j

the functions (¢;)i_, being the solutions to the Poisson equations (12.1).

Remark 12.1. Note that in the case of the trivial coupling I' = 0 (see Example 10.1), we
have that

/_Zog d7o =0, (12.8)
E

since T s the invariant measure associated to the process generated by Lo. Therefore in

this case, we obtain the result that the asymptotic variance 0% 1 given by the arithmetic

mean of the asymptotic variances O'J%Z_ of the one-particle processes, divided by n. This
result is expected, since the computational cost of computing the evolution of the processes

(X})¢>0 is likewise increased by a factor of n.

Remark 12.2. Observe furthermore that
/_r:pg dar =0, (12.9)
E

hence using L1 = Lo+ T we can equivalently express the asymptotic variance as
1 n
2 2 —
.= E -+ | T'¢dnr. 12.10
9= P i /E $drr ( )

Proof of Theorem 12.1. First observe that by the fact that 7y is a coupling of (m;)!_;, we

have that 7p(F) = 0. The Poisson equation

—Lr®=F, #7p(®) =0, (12.11)
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has a solution given by

1 n
¢ =— i 12.12
n;qﬁ (12.12)

resting on the fact that I'® = 0 by the first condition of Definition 10.7. Again, the
condition 7p(P) = 0 is satisfied by the coupling property of 7p. Using Theorem 1.4, we

see that the central limit theorem (12.5) holds with asymptotic variance
o7 = (F, @) 2(n)- (12.13)

Expanding the above yields

1o I I L _
op = /(E;ﬁ) ﬁ;¢j dFFZﬁ;/Efi@dﬂr-i—n—QZ/Efiéf)jdﬂr

E ij=1
1#£]

E

1 — _
= 5> [ Leeam,
=1

where in the last equation we used the fact that 7p has marginal 7; in the i-th coordinate,
expression (12.3), as well as the definition of £ in (12.7). O

12.2 CONNECTIONS TO THE THEORY OF OPTIMAL TRANSPORTATION

In this section we will always assume that Assumption 12.1 is satisfied, so that the central
limit theorems from the previous section hold. Theorem 12.1 then shows that, in order to

reduce the asymptotic variance, we are led to the problem of minimizing the expression

/ (—Lof) d7r.
E

Remarkably, this expression depends on I' through the measure 7r only*. Since 7r has
fixed marginals (i.e. they do not depend on I'), this task is very reminiscent of the
Kantorovich problem [142, Chapter 1] appearing in the theory of optimal transportation
[140, 142]. To make this connection more precise, let us introduce the following terminol-
ogy:

Definition 12.1 (Admissible couplings). The set of couplings of the marginal invariant
measures (m;)i_, will be denoted by C. A coupling © € C is called admissible, if it arises
as the invariant measure of an ergodically coupled process, i.e. if there exists I € G° such
that

/ Lrfdr =0, (12.15)
E

* Another way of saying this is that the map I' — o3 factors through the map T' — 7r, i.e. with respect
to the asymptotic variance, no information is lost by considering only the invariant measure of the joint
process.
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for all f € D(Lr). The set of admissible measures will be denoted by C°.

Let us first recall the formulation of the Kantorovich problem [142, Chapter 1]:

Problem 12.1 (Kantorovich). For a fized cost function c € Cy(E), find & € C such that

T € argmin/ cdm. (12.16)
weC D

E
Our aim in this section can be summarised in the following form, only replacing C by the
subset C°:

Problem 12.2. For a fized cost function c € Cy(E), find & € C° such that

T e argmin/ cdT. (12.17)

Teco E

Equivalently, find minimisers of the function
"R, T / cd7r. (12.18)
B

Remark 12.3. As already pointed out, setting c = —Lo&, with & as defined in (12.7), is
equivalent to the problem of optimising the asymptotic variance for a particular observable.
Other choices for ¢ might be of interest. For instance, one might aim to optimise the
asymptotic variance across a set of observables simultaneously. In this case, it seems
reasonable to consider cost functions of the form ¢ = Zj cj, where c; is the cost function
associated with the jth observable. Assuming that all the particles evolve in the same
state space E, another natural objective would be to maximise the average distance of the

particles at equilibrium, leading to a cost function of the type

n
(a1, yan) =— Y dlag, ay), (12.19)
ij=1
i)
for some metric d on E. More generally, for some function g : R — R it might be

worthwhile to consider .

ij=1

i#]
A cost function of this type would be reasonable if one aims to use the empirical measure of
an ensemble of particles in order to precondition the dynamics (see [88]), in which case the
particles should neither be too close nor too far away from each other. We emphasize that
since in our framework the marginal processes are held fixed, our results are not directly

applicable to the algorithm presented in [88]. However, we expect that the results might be

generalised to this conterxt.

152



Let us also remark that the assumption ¢ € Cy(E) is mainly for technical convenience
and both the continuity and the boundedness assumption can be weakened. Since we are
interested is situations where the process (X)i>o takes values in a compact set with high
probability (i.e. the target measures m; are concentrated in a compact set), boundedness of

c 18 not a severe restriction.

Remark 12.4. Clearly, it holds that

inf / cdm > inf / cdm, (12.21)
7eCl J | 7eC J i
so the solutions to the usual optimal transport problems provide lower bounds for Problem

12.2.

In the Kantorovich formulation, the cost function c is often induced by a distance (for
instance c¢(x,y) = (d(x,y))P forn =2, 1 <p < o0), penalising couplings that put probabil-
ity mass on pairs of points (x,y) where x and y are far apart from each other (hence the
name optimal transport). In the setting of MCMC' (in particular in the context of variance
reduction), it is plausible to encourage the particles to stay away from each other, leading
to sample diversity and improved exploration of the state space. In this respect, our setting
bears certain similarities with the use of optimal transport problems in functional density
theory, see [35].

The set C° depends on the generators £;. Furthermore, C% is a strict subset of C. The
support of an ergodic invariant measure for a Markov process with continuous paths is
necessarily connected, for instance, while in general the support of a coupling is not. The

following example illustrates that CY is indeed usually significantly smaller than C:

Example 12.1 (The set CY contains only few singular measures). Consider the setting
from Section 11.1, i.e. two particles moving in one dimension according to overdamped
Langevin dynamics. Let us fix a coupling I' € G° and assume that the invariant measure
7ir is supported on the zero set of a smooth function H : E — R with nowhere vanishing

gradient, i.e.
supp7r C {(z,y) € E:  H(z,y) = 0}. (12.22)

This implies that 7p is supported on a submanifold of £ and is hence necessarily sin-
gular with respect to the Lebesgue measure. Frequently, optimisers of standard optimal

transport problems are of this type (see Theorem 12.2 below). Itd’s formula implies that

H(X;) = H(Xo) +/Ot(GTVH)()_(S) AW, + /Ot(E_FH)()_(s)ds, t>0, (12.23)

where G is given in (11.13). Choosing the initial condition Xo ~ 7 results in H(X;) =
H(Xop) = 0 almost surely, for all + > 0. It then follows that both of the remaining

integral terms individually have to be zero (owing to the decomposition into martingale
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and bounded variation part). The quadratic variation of the martingale part is given by
t —_—
/ w(Xs)ds, w = (0,H)*+ 4cosBsinf- (0, H)(0,H) + (0,H)>. (12.24)
0

Since the quadratic variation has be to be zero for all ¢+ > 0, it follows that d,H =
+0yH on supp7r. Since H is smooth with nonvanishing gradient, it turns out that
supp Tr is contained in either one of the diagonals * = y or * = —y, in fact either
T = %e‘v(”)éz,y(dxdy) or Tp = %e‘v(x)5x+y(dxdy), noting that the latter is only
possible if V' has the symmetry property V(z) = V(—z). We conclude that, at least in

the example considered here, C° contains only very few singular measures.

From the theory of optimal transportation it is known that solutions of the Kantorovich
problem (Problem 12.1) are typically quite singular, in the sense that they are supported

on small sets. Consider for instance the following version of [100, Theorem 1.2]:

Theorem 12.2. Let n = 2, By = Ey = R? and consider a cost function ¢ € C%(R?*),
Suppose that 71,75 € P(R?) are two compactly supported probability measures and that 7
is a solution of Problem 12.1. Let (z0,y0) € R*? be such that det(V3,c(zo,y0)) # 0, where
V%yc denotes the matriz of mized partial derivatives. Then there exists a neighbourhood
N of (xo,y0) such that N'Nsupp 7 is contained in an n-dimensional Lipschitz submanifold
of R?4. In particular, the restriction of © to N is singular with respect to the Lebesgue

measure on R,

As Example 12.1 shows, singular measures often do not belong to C°. The aim of this
section is to show a similar singularity property for Problem 12.2. Informally speaking,
we will see that under reasonable conditions, the optimisers of (12.18) are not attained
for coupling operators in the interior of G°. To make this statement precise, let us fix the

decompositions
K

Li=— Z(A’,;)*A’,; + T (12.25)
k

=1

of the underlying generators (see Section 10.4) and lay the focus on coupling operators of
the form (10.23), denoting this set by G(A):

GA) = T= > ayuAd]: ayu:E—-R;yNG, (12.26)
(i,5,k,1) €T

where we recall the set J of admissible indices, defined in (10.24). We wish to stress
however that the distinction between G(A) and G is often obsolete (see Proposition 10.2).

The subset of ergodic coupling operators will similarly be denoted by G°(A). Let us now
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introduce the ‘tangent space’ to G(A):

TG(A) = Z OéijklAz;Ag | il € CSO(E) . (12.27)
(1,5,k,1)eT

Remark 12.5. The definition of TG(A) encapsulates the first condition of Definition 10.7
in the sense that elements of TG(A) vanish on functions that only depend on one variable,

whereas the second condition is not accounted for.
In order to state our main result, we need the following definition:
Definition 12.2 (Interior points). An operator T' € G°(A) is called an interior point, if
1. for all AU € TG(A) there exists C > 0 such that Lr + edl' € G°(A) for all
g€ (—C,0),
2. the operator Lr is invertible on L3(7r),
8. dTLy'f € C(E) for all AT € TG(A) and all f € C(E) N L3(7r).

Remark 12.6. The first condition is the essence of the foregoing definition, describing
the geometric intuition of interior points. The third condition is mostly technical, since in
applications L'fl usually possesses sufficient smoothing properties in order for the compo-

sition dI'L Y to preserve continuity.

Remark 12.7 (Lyapunov functions). It is possible and often convenient to replace the
second condition by the weaker requirement that invertibility holds on a suitable subspace
Vr of L3(7r). Our results in this section will then continue to hold, provided that the cost
function ¢ satisfies ¢ — Tr(c) € Vr for all interior points I'. As an example, assume that

there exist Lyapunov functions K; : E; — [1,00) for the one-particle dynamics, i.e.
LiKi < —ailki + b, (12.28)

for suitable constants a; > 0, b; > 0. Defining K = >_1_| K;, it follows immediately from
I'IC = 0 that K is a Lyapunov function for Ly, independently of the coupling operator T.
Under certain minorisation (irreducibility) conditions (see [63], [91, Chapter 2.4]), one

can show that Efl 1s tnvertible on

Vr = {f € Li(7r) : H%Hm < oo} . (12.29)

See also [57, Theorem 3.2].

Example 12.2. In the setting of Section 11.1 (overdamped Langevin dynamics), it is
straightforward to see that I' as defined in (11.8) satisfies condition 1 of Definition 12.2
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if and only if —1 < a(z,y) < 1 for all (z,y) € R?, ie. if and only if the bound (11.9)
is strict. More generally, I' as defined in (11.19) satisfies condition 1 if and only if the
matrix @ as defined in (11.20) is (strictly) positive definite pointwise. Those conditions
are clearly equivalent to the (pointwise) ellipticity of the corresponding generators Lr.
In the case of underdamped Langevin dynamics (Section 11.2), analogous statements are
valid. Similarly, couplings of zigzag processes (Section 11.3) satisfy condition 1 if and only
if the bound (11.52) is strictly satisfied.

For our further discussion, we will need the following derivative formula:

Proposition 12.1. Let I' € G°(A) be an interior point, dI' € TG(A), and consider the
family of operators Lt + edl’ € G°, for ¢ small enough. Let the associated family of
invariant measures be denoted by 75 and fix ¢ € Cy(E). Then the function  — J5 cdm

s differentiable in € = 0, and the derivative is given by

=0 (/ Cdﬁ) = / c[£] " (drr1) dat, (12.30)

L L

d

de

where the adjoints are taken in L*(72).

Proof. The proof can be found in Section 16.3. O

Remark 12.8. Notice that our notation entails that ir = 7?%. Moreover, the right-hand
side of (12.30) is well defined. Indeed, by the second condition in Definition 12.2, [E_ﬂ_l
is well defined on LE(72) and furthermore Randl'* C L3(72) due to

/dr*fdﬁg = /(dFl)derlQ =0, feCXk), (12.31)
E E

using that dI'l = 0 according to Lemma 10.3.

For an interior point I' € GY(A) and dI" € TG(A) let us introduce the suggestive notation

B (/E cdfr§> : (12.32)

Definition 12.3 (Critical points). Let I' € G(A) be an interior point. Then I' is called

critical if

d [ d
— dip = —
ar J5 T A

as well as the following terminology:

d
4 - 12.
ar [, cdfr =0 (12.33)

for all dI' € TG(A).

In our aim to find minimisers of the function I' > [ i cd7r, it is natural to seek critical

points. The following is our main result in this section:
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Theorem 12.3. Let c € Cy(E). Then either all interior points are critical, or no interior

point is critical.

Example 12.3. Let ¢ be of the form

(a1, ... xn) = g1(x1) + ..o+ gn(zn), (12.34)

for appropriate functions g; : F; — R. Then, since 7t is a coupling of the fixed marginals
(m)_, the function I' = [pedip = Y0 . 1, 9i dmi is constant, and hence all interior

points are critical.

Before proceeding to the proof of the theorem, let us give a few remarks:

Remark 12.9. Informally, Theorem 12.3 states that the mapping G°(A) 5 T + [7 cdmp
18 either locally constant or does not attain its extrema on interior points. In other words,
if I'— fE cd7r is not constant, then its extrema lie ‘at the boundary’ of G°(A), although
we have not rigorously defined this term, and moreover, [z cdfr is not even well defined

for monergodic couplings.

Remark 12.10. A striking consequence of Theorem 12.3 is that under mild conditions,
independent coupling (associated to 0 € G°) of overdamped or underdamped Langevin
dynamics is not optimal for any criterion of the form fE cdrr. Theorem 12.83 comple-
ments results from the theory of optimal transportation that state that optimal couplings
are generically singular in terms of their support (see Theorem 12.2). Indeed, considering
the exzample of overdamped or underdamped Langevin dynamics, the ‘boundary of G°(A)’
consists of couplings that lead to degenerately elliptic generators that are in general not
hypoelliptic (see Definition 1.7 and Theorem 1.5). In particular, the corresponding invari-
ant measures are not in general absolutely continuous with respect to the Lebesgue measure

(compare this with Theorem 1.6).

Remark 12.11. Theorem 12.3 also supports the folklore that optimal Markov chain Monte
Carlo samplers use as little noise as possible to guarantee ergodicity, as degenerately elliptic
operators correspond to dynamics where noise only acts in certain directions (at a given
point in space and time). This should also be contrasted with Theorems 2.1 and 2.2, as
the process of making a reversible sampler nonreversible can be thought of informally as
decreasing the ratio between random and deterministic behaviour. For a similar line of

thought, see the discussion of the excess switching rate ~v in Chapter 17.

Remark 12.12. Let us examine the function GO(A) > ' ff cdrr along a ray. More
precisely, fir AU € TG(A), set L. := Lo+edl for e small enough, and consider the function
€ > fE cdm., where (7e)e denotes the corresponding family of invariant measures. Since

dl' is relatively bounded with respect to Lo in L*(7g), we have the following Neumann
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power expansion for € small enough:

/_cdfre:/Ec 1+;(—s)j[(d1“£_51)*]j 1d7. (12.35)

E

For details, see [91, Theorem 5.2]. The factor of (—e)’ in expression (12.35) signals
oscillatory behaviour, and indeed it is straightforward to construct examples (for instance
in the Gaussian case), where (12.35) exhibits multiple local minima and mazima as a
function of € (see for instance the graph related to linear coupling in Figure 13.2¢ below).
This finding is not in contradiction with Theorem 12.3. Indeed, as Theorem 12.3 shows,
at those extrema there are directions of ascent (or descent) in TG(A) not aligned with the

considered ray and thus, those extrema turn out not to be critical when considered in the

whole of G(A).

Let us now prove Theorem 12.3 and start with the following key lemma. Its significance

derives from the fact that the second statement manifestly does not depend on T'.

Lemma 12.1. Let ¢ € Cy(E) N L3(7o) and I' € G°(A) be an interior point. Then the

following conditions are equivalent:

1. The following holds for all admissible indices (i, j, k,1) € J:

ALAIES (¢ = 7r(e)) = 0. (12.36)

2. There exists f € D(Lo) such that both of the following hold:

(a) for all admissible indices (i,j,k,1) € J it holds that
ALATf =0, (12.37)

(b)
Lof =c. (12.38)

Proof. First assume that (12.36) holds for all (4, j,k,1) € J. Then setting

[ =Lt (e - 7r(e))

immediately implies (12.37). Furthermore, from (12.37) and (12.26) it follows that Lpf =
Lof, implying
Lof = (c—7r(c)), (12.39)

as well as f € D(Ly). Equation (12.39) clearly implies that To(c) = 7r(c), and hence
7r(c) =0, leading to (12.38).
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The reverse implication follows similarly by first observing that (12.37) and (12.38) imply
that Lrf = ¢, and hence 7r(c) = 0. Combining this with (12.37) shows that (12.36)
holds. (I

Proof of Theorem 12.3. Clearly, we can without loss of generality assume that 7o(c) = 0.
According to Definition 12.3 and Proposition 12.1, an interior point I' € G°(A) is critical
if and only if

/_ ¢[£:] 7 (@r*1) dar = 0, (12.40)
E

for all dI" € TG(A), which is equivalent to

/E (A}CA?EEI (C — 7_TF(C))) ikl dar =0, (12.41)
(i.3,k,1)eT

for all (aijr)jknes C C(E). The latter statement is clearly equivalent to the first
statement in Lemma 12.1. The result now follows by noting that the second statement in

Lemma 12.1 does not depend on I'. O
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13. A PERTURBATIVE APPROACH FOR THE STUDY OF THE ASYMP-
TOTIC VARIANCE

Informally speaking, Theorem 12.3 shows that the objective of optimising the asymptotic
variance 0% leads to the requirement that I' € G°(A) should be chosen to be a ‘boundary
point’ (see the discussion in Remark 12.9). While being an interesting theoretical result,
it does not give much guidance about how to choose a suitable coupling in practice (after
all, both minima and maxima are obtained ‘at the boundary’ of G%(A4)). In this section

we therefore develop a perturbative approach, based on operators of the form
(5 = Lo+ edl, dI' € TG(A), (13.1)

for € small enough. In the following, we will assume that ¢ € Z, where Z C R is an
appropriate interval such that Z? € G° for all € € Z. As usual, we consider observables
of the form F = %Z;":l fi, for some f; € LE(m;), and suppose that Assumption 12.1 is
satisfied. To stress the dependence of the asymptotic variance on the parameter € we will
write 0% (g). Note that a similar setting has already been considered in Remark 12.12.
There, we investigated the dependence of the asymptotic variance (or more generally, of
the quantity [ 5 ¢d7:) on the parameter €. Here, we are rather interested in the choice of

the ‘direction’ d' € T'G(A), starting from the trivial (independent) coupling L.

Combining the expression (12.6) with either (12.35) or (12.30) we see that

d , _
EUFL_:O = /Edrg d7o, (13.2)
where £ is given by
1
§=— D i, (13.3)
i<j

in terms of the solutions to the Poisson equations (12.1). The benefit of (13.2) is that its
right-hand side consists of expressions that are known in principle, as the measure 7y is
given by the product 7o = @' | m;. It therefore serves as a starting point for finding a
suitable coupling operator I' € G. Let us summarise our approach in this section in the

following form:

Problem 13.1. Given invariant measures 7; € P(E;) and observables f; € Li(m;), find a
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coupling operator I' € G such that
/ I'¢ dmg (13.4)
E

18 minimised.

Problem 13.1 can be thought of in two different ways: Firstly, it can be interpreted as
a linearisation of Problem 12.2. Indeed, (13.4) depends linearly on I', whereas (12.18) is
highly nonlinear (for an illustration of this fact, see the power expansion (12.35)). Another
way of seeing this is by noting the similarity between (13.4) and the second term appearing
on the right-hand side of (12.10). Not surprisingly, Problem 13.1 turns out to be much
easier to (approximately) solve in practice. Note that by linearity, properties similar to the
one expressed in Theorem 12.3 hold for Problem 13.1 (at least if G is convex). Choosing a
coupling I' € G according to the formulation of Problem 13.1 is clearly heuristic. However,

we have had good results with it in numerical experiments (see below).

Secondly, when a solution of Problem 13.1 is available, it is reasonable in practice to only
implement a small perturbation of the independent sampler (i.e. choose £ to be small).
Such a choice will not be optimal over all couplings in G according to Theorem 12.3.
However, it is then guaranteed that the performance of the sampler is at least slightly
improved. Let us also note that the formulation of Problem 13.1 does not require the

coupling to be ergodic, as opposed to the formulation of Problem 12.2.

The aim of this section is to analyse Problem 13.1 for some of the examples presented in
Chapter 11 and to present some numerical experiments. To this end, let us introduce the

shorthand notation

So4(T) := /Erg do, (13.5)

stressing the infinitesimal (approximate) nature of the objective in Problem 13.1. In the
sequel, I will be given in terms of a function «, belonging to a set A. To emphasize this
dependence we will write I',. We will not impose regularity constraints on the function «
(beyond measurability), so that the operators I',, will in general not induce couplings that
satisfy the Feller property (see Remark 11.1) and hence strictly speaking do not belong to
g.

13.1 OVERDAMPED LANGEVIN DYNAMICS IN ONE DIMENSION WITH TWO PARTICLES

Consider the setting from the first example presented in Section 11.1. Then, (13.5) takes

the form

(T = [ | aleg)of (@) (e V0 duay, (13.6)
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where ¢ is the solution to the Poisson equation
(V) = f. w(d) =0, (13.7)
and f € L&(7) is an observable of interest. Furthermore, I' is given as in (11.8), with
ac A:={a:R* = R|ameasurable, —1<a <1}. (13.8)

Recall from Section 11.1 that o € A induces a well-defined coupled process (Lemma 11.1)
that however does not satisfy the Feller property in general (further regularity assumptions
would be required). The following optimality result is immediate from an inspection of

(13.6):

Proposition 13.1. Let a* € A be given by

oz, y) = 1 if ¢'(x)¢'(y) <0, (139)

Ui P@)dy) >0,
Then Lo+ solves Problem 13.1 in the sense that 60%(Lo+) < d07.(Ly) for all a € A.

Remark 13.1. Clearly, we have

/Fa*fdfrp <0, (13.10)
E

for o* as defined in (13.9). We stress the difference between this expression and (13.6),
where we compute the same integral, but with respect to To. By comparison with (12.10),
we see that 0%(La+) < 0%(0), i.e. Do+ always improves on independent coupling. However,

we do not know whether Uy« is optimal in the sense of Problem 12.2.

It is instructive to compare the solution of Problem 13.1 found in Proposition 13.1 to the
solution of the Kantorovich problem (see Problem 12.1). Recall that Problem 13.1 can be
considered to be a linearisation of Problem 12.2, which in turn is related to the Kantorovich
problem in the sense that the minimisation is carried out over a smaller set of couplings
(namely those couplings that are invariant measures of coupled processes, see Definition
12.1). For our experiments, we choose the quadratic potential V(z) = %xQ, i.e. the task
of sampling from a Gaussian measure. Furthermore, we consider the linear observable
f1(x) = z, the quadratic observable f»(z) = x? and the ‘mixed’ observable f3(x) = x? — .
In Figure 13.1, we plot the invariant measure of the coupled processes induced by (13.9)
(left-hand side) and compare them to the solutions of the Kantorovich problem* (right-
hand side). with the appropriate cost function ¢ = —Lo¢ as given in Section 12.2. As

it turns out, the solutions to Problem 13.1 and the standard Kantorovich problem look

*The optimal transport map was computed using the Python library POT 0.4.0 (accessible from
https://pypi.python.org/pypi/POT/0.4.0) which is based on the algorithm proposed in [25].
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Figure 13.1: Comparison of invariant measures associated to solutions of Problem 13.1 and optimal trans-
port maps as solutions to the Kantorovich problem for the example of overdamped Langevin dynamics in

dimension one with quadratic potential.
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remarkably similar (at least in shape). We hence conclude that in the example considered
here, Problem 13.1 is a good approximation of Problem 12.2, keeping in mind that the
solution of the Kantorovich problem provides a lower bound for the objective function of
Problem 12.2 (see Remark 12.4).

The following lemma serves to examine a few test cases and gain further intuition. For

convenience, let us assume that f (and therefore, by elliptic regularity ¢) are smooth.

Lemma 13.1. Let ¢ € LE(n) solve the Poisson equation (13.7).

1. Assume that f € Li(m) is monotonically increasing (decreasing). Then ¢ is non-

negative (nonpositive).

2. Assume that V and f are symmetric, i.e. V(—x) = V(x) and f(—x) = f(x) for
all x € R. Furthermore, let f be monotonically decreasing (increasing) on (—oo,0].

Then ¢'(z) -« <0 (¢'(x) -2 >0) for all x € R.

The proof can be found in Section 16.4. The following two corollaries are direct conse-

quences of Lemma 13.1 and Proposition 13.1:

Corollary 13.1 (‘Mirror coupling’). In the setting from the first part of Lemma 13.1,

solves Problem 13.1, in the sense that 6%(Ly+) < 60%(Ty) for all o € A.

Corollary 13.2 (‘Symmetric coupling’). In the setting from the second part of Lemma
15.1,

o (z,y) = (13.11)
-1 ifx-y >0,

solves Problem 13.1, in the sense that 60%(La+) < 60%(Ty) for all o € A.

A few comments on the findings from Corollaries 13.1 and 13.2 are in order. If the observ-
able is monotone (Corollary 13.1), then it turns out that choosing the ‘mirror coupling’
dBf = —dBY in (11.14) is optimal in the sense of Problem 13.1. This result has a clear con-
nection to popular variance reduction techniques such as ‘antithetic variates’ [83, Chapter
9.2], where correlations between random variables are used to produce cancellations. In
the case of symmetric observables (Corollary 13.2), optimal coupling in the sense of Prob-
lem 13.1 leads to a more sophisticated strategy: When the two particles (the locations
of which are again denoted by = and y) ‘are on the same side of the potential’ (meaning
that z > 0 and y > 0 or x <0 and y < 0), then the Brownian motions should be coupled
according to dBf = —dBY, as in the case of monotone observables. When the particles are

on opposite sides (z > 0 and y < 0 or z < 0 and y > 0), according to Corollary 13.2 it is
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best to switch to ‘synchronous coupling’, dBf = dB}. Intuitively this can be understood
as follows: By symmetry, the situation where z > 0 and y < 0 with synchronous coupling
(dB¥ = dBY}) is equivalent to z > 0 and y > 0, with mirror coupling (dBf = —dB}). Since
f is monotone on [0, 00), this argument provides a plausible explanation for optimality
by appealing to Corollary 13.1. Finally, let us mention that numerical experiments show
that using mirror coupling in the case of observables of the type encountered in Corollary
13.2 (‘naive antithetic variates’) actually leads to a less effective sampler in terms of the

asymptotic variance (see Figure 13.2Db).

Let us consider now the same set-up as in the numerical experiments presented in Figure
13.1, i.e. we consider a Gaussian target measure (V(z) = 1z?), and the observables
fi(xr) = x (inear’), fo(z) = 22 (‘quadratic’) and f3(z) = 2? —  (‘mixed’). In Figure
13.2, we plot the asymptotic variances for fi, fo and f3, associated to different coupling
schemes as a function of the coupling strength 5. To be precise, the ‘Poisson’ coupling is

defined by

a(z,y) = 2sin 5 cos 8 if ¢'(x)¢'(y) <0, (13.12)

—2sinfBcos B if ¢/'(x)¢'(y) >0,
¢ being the solution to the Poisson equation (13.7) for the corresponding observable,
and # € [0, 7] denoting the coupling strengthf. For 8 = 0, we recover independent
coupling, whereas 3 = 7 leads to the optimal coupling from Proposition 13.1. According
to Corollaries 13.1 and 13.2, Poisson coupling coincides with mirror coupling for f; and
with symmetric coupling for f5. To illustrate the effect of couplings that are not tailored to
the observable of interest, we also plot the asymptotic variances associated to symmetric
coupling for fi, mirror coupling for f5, and both mirror and symmetric coupling for f3. For
f3, we furthermore consider a coupling strategy that uses the derivative of the observable
instead of the derivative of the solution to the Poisson equation, specifically, the coupling

induced by

RN EL LS A OO s

—2sin B cos 3 it f'(x)f'(y) > 0.
The motivation for this is that in applications, the solution to the Poisson equation is often
hard to obtain*, whereas the gradient of the observable is readily available. By integration

by parts we have

/ Vf-v¢d7r=/ f2dr >0, (13.14)
]Rd Rd

suggesting us to use Vf as a surrogate for V¢ (at equilibrium, the scalar product of V f

and V¢ is positive on average).

fFor 8 € [0, %1, the function 2sin § cos is monotone, taking values in [0, 1]. We chose this parametrisation
in order for it to be consistent with (11.13).

fHowever, often one aims to approximate the solution to the Poisson equation in order to use it as a
control variate, see for instance [39, 104, 130]. It suggests itself to use those approaches in conjunction
with the coupling strategy developed here.
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In all the cases considered, the Poisson coupling turns out be the most efficient, uniformly
in the coupling strength 5. The fact that the absolute value of the derivative %\ 8=0
is maximal for Poisson coupling is precisely the content of Proposition 13.1, whereas
the fact that the asymptotic variance for Poisson coupling is maximal at S = 0 follows
from Remark 13.1. It is interesting to note the monotonity of the asymptotic variance
associated to Poisson coupling with respect to the coupling strength (5; this phenomenon
is not covered by our theory. Importantly, the efficiency of a certain coupling strongly
depends on the considered observable. Indeed, the mirror coupling (which is excellent for
the linear observable, see Figure 13.2a) leads to an increase of the asymptotic variance
for the quadratic observable (see Figure 13.2b). Similarly, the symmetric coupling (suited
for the quadratic observable), does not improve the performance for the linear observable
(but the performance is also not worsened). In Figure 13.2¢, we observe that the coupling
based on the derivative of the observable (see (13.13)) works almost as well as the Poisson
coupling, so this might be a reasonable choice in applications, although further studies are
needed. For a comment about the minimum of the graph associated to mirror coupling

for the mixed observable (see Figure 13.2c) we refer to Remark 12.12.

13.2 OVERDAMPED LANGEVIN DYNAMICS WITH MULTIPLE PARTICLES IN ARBITRARY
DIMENSIONS

Let us extend the discussion from the previous section to arbitrary dimensions, first con-
sidering the case of two particles (as done in Example 11.1). Using the expression (11.29),

we see that
doh(la) = / (Vo(y) - ala,y)Vo(x)) e VOV drdy, (13.15)
RIxRd
where o : R? x R? — R%*9 is a matrix-valued function satisfying (11.28), i.e.

ae A= {a : RY x R? — R4 measurable, oz, y) a(z,y) < Igxg for all z,y € ]Rd} ,

(13.16)
and ¢ is the solution to the Poisson equation
—(=VV-V+A)p=f x(¢)=0. (13.17)
Since (11.28) implies
IVo(y) - alz,y)Vé(r)| < [Vo()[[Vo(y)], =y R, (13.18)

we get the following optimality result:
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Figure 13.2: Dependence of the asymptotic variance on different coupling schemes and coupling strengths.
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Proposition 13.2. Assume that o* € A is chosen such that

Vo(y) - o (2,9)Ve(z) = —|Vo(2)||Ve(y)l, =y €R™. (13.19)
Then o* solves Problem 13.1, i.e. 604 (Ta+) < 305 (Ly) for all a € A.

In the case when the solution ¢ to the Poisson equation is known it is straightforward
to construct a matrix-valued function a* such that both (11.28) and (13.19) are satisfied.
For instance, any orthogonal matrix trivially satisfies (11.28), and (13.19) can be dealt
with by choosing an appropriate rotation or reflection. As an example let us mention the

following reflection in the plane spanned by V¢(x) and Ve(y):

— — — ——\T
Vo(r)+Vo(y) ) (Ve(z)+Ve(y) .
Idxd - < /i>(/—\ P 4 ) if V¢($) 7& Oa V(rb(y) ?é 07
(Vo@)+0(w)) o
o (w,y) = Vo(x) + Vo(y) # 0, (13.20)
Iixa otherwise.

Here, % = ‘%:;—‘ is used to denote the normalised gradient of ¢. As mentioned in Section
13.1, the solution to the Poisson equation is usually hard to obtain in applications (but the
popular methodology using control variates relies on approximations thereof). Inspired
by the integration by parts formula (13.14), it seems reasonable to use the normalised

gradient of the observable W as a surrogate for %, ie.

(

— — — —\T
V@) +V i) ) (V) +VEy) .
Idxd - ( /\> (/\ 2 ) if Vf(l') 75 0) vf(y) 7é 07
(V@+V1®) T
af(z,y) = Vf(z)+Vf(y) #0, (13.21)
| Liva otherwise.

We recall that a comparison of the couplings associated to (13.20) and (13.21) was per-
formed in the one-dimensional case (see Figure 13.2c) where oy almost achieved the same
reduction of the asymptotic variance as a*. Based on (13.14) and numerical experiments
we conjecture that choosing a; guarantees an improvement in terms of the asymptotic

variance for small perturbations:

Conjecture 13.1. Let f € L3(w) and ¢ € L3(w) be the corresponding solution to the
Poisson equation (13.17). Then

S0k = [ (Vo) age. Vo) e VOV drdy <o (1322
Rdx R4

The complexity of the foregoing optimisation problems is increased substantially when

considering more than two particles. From a practical perspective, it is desirable to specify
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the coupling in terms of the matrix-valued function G appearing in (11.25) since this
formulation is needed for the implementation of the numerical scheme. The linearised
optimisation objective (Problem 13.1) however is formulated in terms of the coupling
operator I'. Passing from the latter to G involves the computationally expensive task
of computing the square root of the matrix @) defined in (11.20). The construction and
effective implementation of optimally coupled samplers with multiple particles therefore
remains a subject for future work, but could be based on the results for the case of two
particles. To give an impression, let us outline an idea based on the notation introduced
in Remark 11.5. It is natural to choose the orthogonal matrices g;; describing the coupling
between the ith and the jth particle according to (13.20), i.e.

(

— — — — T
Vo(r:)+Vd(z;) ) (Vo) +Vo(z;) .
x; T . -
9ij(T1, . an) = Vo(z;) + Vo(zj) # 0,
Tixa otherwise,
(13.23)

or, when the solution ¢ to the Poisson equation (or an approximation thereof) is not
available, according to (13.21). Since the benefit of the coupling in terms of reducing
the asymptotic variance is directly related to the value of the expression in (13.19), it
is plausible to choose the weights w;; (see (11.24)) in such a way that particle x; is
preferentially coupled to particle z; if [V (z;)| and |Vé(x;)| are similar in magnitude.
To make this precise, denote by o : {1,...,n} — {1,...,n} the permutation that orders
the particles according to |V¢l, i.e.

IVo(zo1)| 2 V(@) 2 - 2 [VO(To(n-1))| Z [VO(To(m))]- (13.24)
Then, denoting the coupling strength by 3 € [0, 7], we can set the weights as follows:

wy; = cos 3, i=1,...,n,

wo(l)a(Q) = sin ﬁ, wa(3)0(4) = sin ﬁ, e wa(n—l)a(n) = sin ﬁ, (1325)

w;; = 0 otherwise.

Let us emphasize that the sorting of the particles according to |V¢| is supposed to be
performed at every time step. We have compared this coupling strategy to simple pairwise

coupling without sorting?, i.e. replacing the second line of (13.25) by
wip =sinf, wsq=sinf, ... wp_1, =-sinp, (13.26)

for the example of sampling a standard Gaussian measure (V = $|z|?) in d = 10 dimensions

$This is equivalent to running n/2 two-particle samplers independently in parallel.
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Figure 13.3: Comparison between pairwise couplings with and without sorting according to |V¢| for a Gaus-
sian target measure in d = 10 dimensions and with n = 10 particles.
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with n = 10 particles for the quadratic observable fi(z) = 3|z|? and the mixed observable
fo(x) = 5|x[? +1- 2, where | = (1,...,1). As Figure 13.3 shows, the sorting strategy as
detailed in (13.25) leads to a smaller asymptotic variance in comparison to simple pairwise

couplings.

13.3 THE ZIGZAG PROCESS

Recall the setting from Section 11.3 and fix an observable of interest f € L2(7) . For

notational convenience, let us introduce the shorthands

(M++(.’I?,y) = OZ(.’L',:I/, +17 +1)* (,Y+,(.’I7,y) = Q(T~7/7 +17 _1)7
Oé__t,_(.%',y) = a(xaya _17 +1)7 a——(xvy) = a(xaya _17 _1)

Taking the constraint (11.52) into account, we will optimise over the set
A= {a:R?x {~1,1}> - R|ameasurable, 0 < a < min (A\(z,0;), \(y, 0,))}.

The corresponding coupling operators (see (11.49)) will be denoted by I',. We have the

following lemma the proof of which can be found in Section 16.4.

TWe use the notation #(dz) = %efv(”)d:c to distinguish it from the invariant measure 7 on the full
space R x {—1, 1}, given in (11.43).
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Lemma 13.2. The zigzag process satisfies

S0b(La) = 5 [ (wy) F@)F e VIO daay,
R2
d(@,y) = aps(2,y) + o (2,9) — as(2,y) — a_(z,y), (13.28)

where ¢ € L2(7) is a solution to
~(=V'¢'+ ") = 1. (13.29)

Remark 13.2. Observe the remarkable coincidence that (13.29) coincides with the Poisson
equation (13.7) for the overdamped Langevin dynamics. We employ the notation gz; to
distinguish (13.29) from the Poisson equation (16.25) in the whole space E = R*x{—1,1}2.
The following result is immediate from the expression (13.28):

Proposition 13.3. Let o* € A be given by

min (A(z,0.), Ay, 0,)),  if ¢/ (x)¢ ()06, < 0

0, otherwise.

a*(x,y,0,,0,) = (13.30)

Then T+ solves Problem 13.1 in the sense that 604 (Cax) < 00%(Ty) for all a € A.

Remark 13.3. The comment from Remark 13.1 applies here as well.

Combining Lemma 13.1 with Proposition 13.3 immediately yields the following corollaries:

Corollary 13.3. In the setting from the first part of Lemma 15.1,

Il’lil’l ()\(l‘, gir)aA(yaHU)) 9 Zf 01‘0y S 0

Ué*(%y, emaey) - (1331)
0, otherwise,
solves Problem 13.1, in the sense that 60%(Ly+) < 60%(Ty) for all o € A.
Corollary 13.4. In the setting from the second part of Lemma 13.1,
min (A(x,0;), My, 0y)) , if xy0,0, <0
o (x,y, 0p, 0,) = (A, 62), Ay, b))  wybely (13.32)

0, otherwise,
solves Problem 13.1, in the sense that 60%(La+) < 60%(Ty) for all o € A.

The results from Corollaries 13.3 and 13.4 can be interpreted intuitively in the following
way. As already pointed out in Section 11.3, setting a(x, y, 05, 6,) = min (A(z, 0,), AM(y,0y))
encourages simultaneous flips of the velocities §, and 6, (when the particles are at lo-

cations = and y, with velocities 6, and 6,), whereas the flips occur independently if
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a(x,y,0,,0,) = 0. The coupling associated to (13.31) therefore leads to an increased
probability of simultaneous flips precisely when the two particles move in opposite direc-
tions. Observe that simultaneous flips preserve the value of 6,0, , while single flips change
its sign. As a consequence, the relative amount of time during which the two particles
move in opposite directions is increased by the coupling associated to (13.31). Similarly to
the case of mirror coupling for overdamped Langevin diffusions (see the discussion follow-
ing Corollary 13.2), it is plausible that this dynamics leads to cancellations for monotone
observables in the spirit of antithetic variates. The interpretation of Corollary 13.4 is
analogous to the one of Corollary 13.2. For illustration, we consider again the case of a
quadratic potential V(z) = 322 (i.e. a Gaussian target measure) and a linear observable
f(x) = x. The coupling is chosen according to Corollary 13.3, i.e. in a suitable manner
for the linear observable, modulated by a parameter 8 € [0, 1], analogously to (13.12) and
(13.13). In Figures 13.4a, 13.4b, and 13.4c we plot the associated asymptotic variance,
the relative time the particles move in opposite directions, as well as the average distance
between the particles. Those graphs support the foregoing intuitive arguments. The fact
that the average distance between the particles increases with the strength of the coupling
is interesting, since it suggests that the state space can be explored more efficiently by us-
ing appropriate couplings. In Figure 13.4d we plot a typical trajectory of the joint system.
Comparing this graph with the optimal transport map depicted in 13.1a, we conclude that
the solution to Problem 13.1 found in Proposition 13.3 is somewhat close to the solution
of the Kantorovich problem, but not nearly as much as the corresponding solution in the
case of overdamped Langevin dynamics. Interestingly, the aforementioned similarity is
much more pronounced in the case when the target distribution is heavy-tailed. As an
example, we plotted a typical trajectory of a mirror-coupled zigzag process targeting a
Cauchy distribution in Figure 13.4e. We did perform numerical experiments for quadratic
observables. For them, an improvement in the asymptotic variance is hardly noticeable.
Furthermore, a typical trajectory for the coupling induced by (13.32) very much resem-
bles the typical trajectories for the independent coupling. As it seems, couplings of zigzag
processes are not very efficient in the setting of Lemma 13.1.2. A possible explanation
is that piecewise deterministic Markov processes are more ‘rigid’ than diffusions (in fact,
by definition, they move deterministically during a considerable time span), allowing less

flexibility in terms of couplings.
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Figure 13.4: Coupling for the zigzag process according to Corollary 13.3.
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14. A REMARK ON THE RATE OF CONVERGENCE TO EQUILIBRIUM

In this chapter, we study the rate of convergence to equilibrium for coupled processes. For
convenience, let us assume that the spaces E; and the operators £; are identical copies
of cach other. When addressing the marginal process(es), we will usually suppress the
indices and write £ and E. Furthermore, let us fix an ergodic coupling operator I' € G°
and denote as usual the corresponding generator and semigroup by L = Lo + I' and

(S])i>0 respectively. In the sequel, we will make use of the following subspace of centred

observables in L3 (7r):

- 1 &
Li(7p) = {F € Li(7r)| there exists f € L3(n)such that F = - Zfl} C Li(7r).
i=1
(14.1)

Clearly, the space i%(ﬁr) comprises the observables of interest in our framework. By using
the extension operator IT* from (9.7), L3(71) can equivalently be defined via L2(71) =
I1*L2(71). The main result of this chapter is the following characterisation of exponential

convergence to equilibrium.

Theorem 14.1. For A > 0, the following are equivalent:

1. Poincaré inequality:

1
<F7 F>L2(7Tl'r‘) < X<F/ (_EF)F>L2(7?F) (142)
for all F € D(Lr) N L(7r).
2. Exponential decay:
ISEF 22y < € M IF I Z2(rnys €20, (14.3)

for all F € L(7r).

Remark 14.1. Theorem 14.1 is well known if i%(ﬁp) 1s replaced by the whole space
L%(ﬁp), see Theorem 1.3. For our purposes however, it is natural to restrict attention to
the smaller space Li(7r). In particular, by the duality (II7)(f) = 7(II*f) eaplained in
Chapter 9, the decay estimate (14.3) implies exponential convergence of the laws (117¢)¢>0,
with the same rate.
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The proof of Theorem 14.1 relies on the following lemma:

Lemma 14.1. Let F' € L3(r) with F = 13" | f;, f € L&(r). Then

SiF = %Z(Slf)ia t>0. (14.4)

i=1

In particular, LE(7r) is invariant under the flow of (S} )i>0.
Proof. For F € Cy(E) N L3(7r) we have
(SFF) (21, ..., x) = E[F(X)| X0 = (x1,...,2,)]
1 & L
= D E[F(XDIXo = (1. .., 20)]
i=1

= %ZE[f(XZ)‘Xé =] = %Z(Stf)(xz)

i=1 i=1

Between the second and the third line, we used the fact that the process (Xt)tZ() has
(X});>0 as its ith marginal, so in particular, the law of f(X}) depends on the initial
condition Xy only through X} = x;. For arbitrary F € f/%(T_rp) the result follows by a

standard density argument. O

Proof of Theorem 14.1. The proof is verbatim the same as for the usual result [9, Theorem
1.3], [10, Theorem 4.2.5]. However, the fact that L2(7) is invariant under the flow (S});0
is crucial. For completeness let us sketch the proof: Let F' € i%(ﬁ'r) and assume that the
Poincaré inequality (14.2) holds for some constant A > 0. Then

d (1 aro02 - 7 ol ol ol

5 §||SL FHL?(ﬁp) = <SL F, ’CFSL F>L2(frp) < _A<SL F, SL F>L2(frp)7 (14-6)
where the last inequality uses the fact that S} f € i%(ﬁp) according to Lemma 14.1.
Exponential decay as in (14.3) follows by Gronwall’s Lemma. The converse direction

follows by performing a Taylor expansion of the decay estimate (14.3) around ¢t =0. O

To explain the significance of Theorem 14.1, let us start by writing (14.2) in the form

1 n 1 n
(D) + = S0 o fidiean) € 5 [ 40P rem + + 3 Ui (L)) eogeny |
i,j=1 i,j=1
7] i#j

(14.7)
using the marginal property of 7p. Clearly, (14.7) deviates from the usual one-particle
Poincaré inequality (1.51) by the additional terms involving summation over pairs of par-

ticles. To make this more precise and analyse the impact of these terms, let us define the
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following bilinear form on L3(7):

n

1
(f,9) = (fs9) o) + - > {fi9i) 120y, Fr9 € Li(m). (14.8)
ij=1
i
For F = Y71 fi and G = Y7 | g; we have that (F,G)p2(z.) = n{f,g). Hence, {,-)
is both symmetric and nonnegative definite, but (f, f)) = 0 is possible for f # 0. It is

therefore natural to define the equivalence relation
frgie= (f-g9,f—g) =0, fg€Ljn), (14.9)
and the corresponding Hilbert space
H:=Li(n)) ~. (14.10)

Using again the correspondence F'=»"" | fi, we see that (f, f)) = 0 if and only if F' =0
ar-almost surely. By ergodicity, this is also equivalent to LrF = 0, #r-almost surely.
We hence see that L respects ~-equivalence classes, i.e. f ~ g if and only if Lf ~ Lg.
Denoting the induced operator on H by Ly, it is then immediate each of (14.2) and (14.7)
is equivalent to

(F.1) < 345 (~L)), fEHADIL), (14.11)

By its similarity to the one-particle Poincaré inequality (1.51), the formulation (14.11) is
convenient for the comparison between the spectral gaps of the underlying and the coupled

dynamics.

Let us assume from now on that £ is self-adjoint in L3(7) with discrete spectrum, with
— Le; = wici, O0<pr <pe <, ... (1412)

where the eigenvectors (e;);ey form an orthonormal basis in L3(7). The optimal constant
in the one-particle Poincaré inequality (1.51) is then clearly given by A = pq. In the study
of the coupled Poincaré inequality (14.11), two interesting effects might occur. Firstly, the
spectrum of L4 might be different from the spectrum of L. Secondly, £, might not be
symmetric with respect to (-, -)). Let us start with the first point. Clearly, o(Ly) C o(L),
more precisely

o(Ly) = {Ni: (ei,e;) #0}. (14.13)

Example 14.1. Consider the dynamics

dX, = —VV(X,)dt + v2dB,, (14.14a)
dY, = —VV(Y;)dt — V2dB,, (14.14b)
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with a standard R%valued Brownian motion (Bt)t>0. Let us assume that the potential
V' grows sufficiently fast at infinity such that the one-particle generator £ has compact
resolvent and hence discrete spectrum in L%(W). Furthermore, suppose that the eigenvalues
and eigenfunctions are labelled and ordered as in (14.12). Let us now assume that V is
even, i.e V(z) = V(—=z), and that the process is ergodic. The invariant measure is then
given by

ar(dedy) = %e_v(”)éwﬂ, dzdy, (14.15)

and the corresponding new (degenerate) scalar product in L2(7) turns out to be

/ f(@)g(z)e V) da (14.16a)
2Z< f(z)g(—x)e V@) ag + y f(—x)g(a:)ev(“)dx). (14.16Db)

Notice that by the symmetry of V', all the eigenfunctions of £ are either even or odd.
Moreover, a short calculation shows that {(f, f)) = 0 if and only if f is odd (meaning that
—f(x) = f(—x)). Using (14.13), we see that

o(Ly) ={N\i: eiisodd}. (14.17)
Another short calculation shows that L4 is symmetric with respect to (-, -)), i.e.

(f, Lrugh = (Lnfg), feHNDL). (14.18)

If the first eigenfunction e; is odd*, it therefore follows that the coupled Poincaré inequality
(14.7) holds with the constant A = uso, showing an improved rate of convergence for the

coupled dynamics.

Example 14.2. Let us examine the second point, i.e. the possibility of £ not being
symmetric with respect to (, -, -)). For simplicity, assume that o(Ly) = o (L), i.e. (e, €;) #
0 for all ¢ € N. Consider the case when the measures g and 7 have densities with respect
to a common dominating measure m (for convenience denoted by the same symbols), and

suppose there exist constants ¢, co > 0 such that
01770($) < ’I_TI‘(I) < C27_T0(£L‘), re L. (1419)

This is the case precisely when the norms in L?(%o) and L?(#r) are equivalent. For
F =37 fi. we have that n{(f, f) = (F, F)p2(z) as well as n(f, f)r2(n) = (F, F) 12(z,)-

*In one dimension, it can be proved that the first eigenfunction is always odd by appealing to the node
theorem for Schrodinger operators in Sturm-Liouville theory [136, Chapter 9]. We conjecture that this
fact might also be true in higher dimensions, but are not able to give a proof or a reference. Our special
thanks go to Sabine Bogli and Ari Laptev for discussing this question with us.
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Using (14.19), we hence conclude that

llf, e < (F ) < ealfs Py f € L), (14.20)

By assumption, the marginal process satisfies the Poincaré inequality (1.51) as well as the

equivalent decay estimate
10 gy < ¢ P ey £ € L3R, (14.21)
with A = p;. By the equivalence (14.20), we conclude that
IS¢ Fll72zpy < Ce M| Flli2(zp, t>0, F € Lj(ar), (14.22)

with C' = g—f Comparing (14.21) and (14.22), we see that the coupled process achieves
the same exponential rate of convergence as the one-particles processes, but possibly with
a worse constant C' in front of the exponential. The latter can be characterised in terms

of the equivalence estimate (14.19).

Conclusively, the speed of convergence to equilibrium can be both faster (as in Example
14.1) and slower (as in Example 14.2) for coupled processes, in comparison with the
underlying one-particle processes. We leave a more thorough investigation of the Poincaré

inequality (14.7) for future work.
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15. DISCUSSION

In this part of the thesis we introduced a general framework for the construction and
analysis of coupled MCMC samplers, most notably observing an interesting connection
with the theory of optimal transportation. Our work can be extended in several directions.
On the theoretical side, proving or disproving the Conjectures 10.1, 10.2 and 10.3 would
further illuminate the structural properties of the developed theory. Moreover, establishing
a more rigorous connection between the optimal transport problems 12.1, 12.2 and 13.1
might lead to further developments bridging the theories of Markov processes and optimal

transportation.

In terms of applications in sampling, a more detailed study of the couplings between many
particles is needed, a starting point being the results in Section 13.2. Furthermore, it
would be desirable to relax our assumption that the laws of the marginal processes remain
unchanged, as this would allow for more pronounced interactions between the particles. In
this regard, the inclusion of the methodology put forward in [88] in our framework would

be of particular interest for practitioners.

In the broader context of statistical computation, it seems that coupling approaches along
the lines developed here could be fruitfully applied in the context of the calculation of
transport coefficients and sensitivities [8, 67]. More speculatively, it would be interesting
to investigate the use of our ideas in the context of multilevel Monte Carlo [54] or compu-

tational optimal transport [118]. We leave these directions for future investigations.
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16. PROOFS AND ADDITIONAL MATERIAL

In this chapter we provide proofs and additional material related to the content of Part
III. In Section 16.1 we provide an additional lemma required in the proof of Lemma 10.2,
addressing the ergodicity of coupled processes. Section 16.2 is concerned with orthogonal
transformations of Brownian motions, playing a crucial role in the proofs of Lemmas 11.1
and 11.2. The purpose of Section 16.3 is to show the proof of Proposition 12.1 which is
concerned with the derivative of the invariant measure with respect to an infinitesimal
change of the coupling. Finally, Section 16.4 gathers the proofs of Lemmas 13.1 and 13.2
addressing the properties of solutions to one-dimensional Poisson equations related to the

overdamped Langevin dynamics and the zigzag process.

16.1 TIGHTNESS OF COUPLED MEASURES

Let us first recall the definition of tightness of a set of probability measures:

Definition 16.1 (Tightness). Let E be a Polish space and P C P(E) be a set of probability
measures. Then P is said to be tight, if for all € > 0 there exists a compact set K. C F
such that u(E\ K.) < e for all p € P.

The following lemma shows that tightness is inherited by couplings of sets of probability
measures. This property is convenient when addressing ergodicity properties of coupled

processes (see Lemma 10.2).

Lemma 16.1 (Tightness of couplings). Let (E;)l", be a collection of Polish spaces and
Pi C P(E;) be tight sets of probability measures. Denote by C C P(E, X ... x Ey) the set
of couplings of (P;)i_,, i.e. € C if and only if for i =1,...,n there exist u; € P; such
that fi has the marginals (p;)7—,. Then C is tight.

Proof. The proof is an adaptation of [142, Lemma 4.4]. Let ¢ > 0. By assumption, there

exist compact sets K! C E; such that p;(E; \ K!) < e, forall i € {1,...,n} and p; € P;.
Let E:=FE x...x E, and K = K| x ... x K,,. For fixed marginals wi € P; and any
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coupling fi of (y;)?"_,, we have that
ME\K) <) m(E\K;) <n-e. (16.1)
i=1

The claim now follows since this bound is independent of the choice of (). ]

16.2 RANDOM ORTHOGONAL TRANSFORMATIONS OF BROWNIAN MOTIONS

The following lemma has been extracted from [45, page 56], see also [107, Theorem 8.4.2].
This result states that the set of Brownian motions is preserved under possibly time-
dependent linear transformations possessing certain orthogonality properties. Importantly,
no regularity constraints with regard to the time-dependence are required beyond mea-

surability. This fact is crucial in the proofs of Lemmas 11.1 and 11.2.

Lemma 16.2 (Random orthogonal transformations). Suppose that the RN -valued stochas-

tic process (X¢)i>0 s a solution to the SDE
dXt = Otth, XO = Xo, (162)
where (Wy)i>o is an M -dimensional standard Brownian motion generating the filtration

(F)i>0, and (O)i>o is a product-measurable (Fi)i>o-adapted process taking values in

RNXM = Assume furthermore that

00! = Inxn (16.3)
forallt > 0, almost surely. Then (X;)¢>0 is an N -dimensional standard Brownian motion.

Proof. The components
M
Xi=ah+ / Okawk (16.4)
k=10

are continuous local martingales. Their covariations are given by

t ¢
(X% X7, = Z/ O*k0Itd[B*, B!, = / > 0F0F ds = g;;t. (16.5)
ki 70 0 %
The claim follows therefore by Lévy’s characterisation of Brownian motion. O

16.3 THE DERIVATIVE FORMULA FOR INVARIANT MEASURES

Here, we provide the proof of the derivative formula (12.30) that allows us to compute the

change of the invariant measure under an infinitesimal change of the coupling.
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Proof of Proposition 12.1. The idea of the proof stems from [87] in the context of invariant

measures for discretised SDEs and was also advertised in [91, Remark 5.5].

For convenience, let us first introduce the notation g = —(/:ii)_ldF *1. Furthermore, we

will make use of the projection operators
o= [ odrf. Moo (16.6)
I

acting on L%(7r). Using ¢ = (Il + II*+)c in (12.30), we see that (12.30) is equivalent to

d

de

eo/EHLC (d7r) = _/E (1) [£i] 7 (ar 1) as. (16.7)

We may thus without loss of generality assume that IItc = ¢ (i.e. Ilc = 0), and will do so in
the following. Furthermore, let us also assume that ¢ € C°°(E) such that the calculations
in the sequel are justified. The general case then follows by a standard approximation

argument. A short calculation (using the fact that #2(Lpc) = 0) shows that
/_ Lic-(1+¢eg)drf = &2 /_(ch)g d7d = O(?). (16.8)
E E
Inserting IT 4 IT+ = I, we see that the above is equivalent to

/ L8 e - (1 + eg) A7l + 5/ Idlc - (1 + eg) dTg = O(£2). (16.9)
E E

At the same time, we have that
/_E%adﬁ% =0. (16.10)
E

Using again IT + II*+ = I and IIZr = 0. (16.10) can be expressed as

/H%%H%dfr; = —S/Hdrcdﬁ. (16.11)
E E

We can now combine (16.9) and (16.11) to arrive at

/HJ‘E%HJ‘C~ (1 +eg)dmp — / I il cdag = O(e2). (16.12)
E E

Let us introduce the ‘pseudo-inverse’
Q- = I L' T — eIl L0 AT £ T (16.13)
acting on L2(72). We have that

I it Q. = It — Il £ Il £ (16.14)
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2

ie. in L3(7Y), Q- inverts £ up to an error of order 2. Upon replacing ¢ by Q.c in

?

(16.12), it follows that

/_ c(1+eg)dald — / cdrt = O(e?), (16.15)

E I

recalling that II'c = ¢ by assumption. In the last step, we have used the fact that there

exists a constant C' > 0 such that

<C, (16.16)

/_ M L TN £ T e d g
)

uniformly in . Indeed, the integrand is bounded by the third condition of Definition
12.2 and the fact that the coefficients of dI' have compact support. The bound (16.16)
is required to ensure that the corresponding integral expression hidden on the right-hand
side of (16.15) is indeed of order £2. Finally, deviding by ¢ in (16.15) and letting ¢ — 0
yields the desired result. O

16.4 PROPERTIES OF THE SOLUTIONS TO ONE-DIMENSIONAL POISSON EQUATIONS

The proofs in this section essentially leverage the fact that the Poisson equations under

consideration can be solved up to quadratures in one dimension.
Proof of Lemma 15.1. Variation of constants shows that ¢ is given by

¢ (z) = <— /_; f(s)e V¥ ds + C’) eV @), (16.17)

for some constant C' € R. The requirement that m(¢) = 0 necessitates C' = 0. Indeed,
from 7(f) = 0 it follows that the integral term in (16.17) goes to zero as x — oo, and
therefore & (2)

acll}:?oo eV(m)

C. (16.18)

By L’Hopital’s rule, we have that

2\ o—V(2)
lim d(z)e

2—koo [FeV(s)ds - eV (@) =C. (16.19)

The requirement that ¢ is integrable with respect to m(dz) o e~V () 4z implies that

i —V(x) —
xkr:iloc qb(a:)e 0-
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Furthermore (again by L’Hopital’s rule),

€T
lim eV ds. e V@ = — lim V'(z), (16.20)

r—+o00 0 r—+00

which cannot be zero since ffooo e V@) dz < co. Hence, C = 0.

To prove 1.), notice that from 7(f) = 0 and monotonicity, it follows that there exists
x* € R such that f(z*) = 0. Let us assume that f is monotonically increasing (for
monotonically decreasing f the reasoning is analogous). We then have that f < 0 on

(—oo,z*] and f >0 on [z*, 00). Consider now the function

/ f(s)e V@ ds, zeR. (16.21)

Clearly @ is increasing on (—oo, z*] and decreasing on [z*,00). From 7(f) = 0 it follows
that lim, 1o ®(z) = 0 and hence ®(z) > 0 for all z € R. This proves the claim since

#(x) = D)V @),
To prove 2.), first observe that 7(f) = 0 implies

/Ox f(s)e Vs +/ f(s)e™VE)ds = 0. (16.22)

Furthermore, the symmetry properties of f and V show that

0 0
/ F(s)e™V(®ds — / F(s)e”V®ds = 0, (16.23)
—00 0

using the substitution s — —s. Equations (16.22) and (16.23) together imply that ®(0) =
0, for @ as defined in (16.21). The claim now follows using an analogous argument to the

one used in the proof of 1.). ]
Proof of Lemma 13.2. Recall from (13.4) that

60Ty / & d, (16.24)

where &(z,y) = ¢(z)d(y) and ¢ : R x {—1,+1} — R is the solution to the (one-particle)

Poisson equation

00:¢(x,0) + Nz, 0) (d(z, —0) — (z,0)) = f(x), n(¢)=0. (16.25)

Note that for convenience, we have assumed without loss of generality that 7(f) = 0. Let
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us now calculate

/E‘P§ d’ﬂ'o = % Z . /]R? <O‘(I1 Y, 9537 09) : |:¢($, 0$)¢(y7 ey) - QS(‘Tv ew)gb(yv _‘93/)_

Op==%1,0,—+
— ¢(z, —0,)9(y, 0y) + d(z, —02) (v, —0:,/)} ) o~ (V(@)+V(y) dzdy

= i/ﬂ@ <{a++(x,y) To(z,y) — oy (z,y) - a+(1:,y)]

: [m(x)m(y) + - (2)p—(y) — P4 (2)d—(y) — ¢<x>¢+(y>} ) e~ VIV dzdy

=2 /R 2 ([a++<x, y)+a—(2,) - ar(2,y) - a (z, y)} -

- {mm) vy <x>] ' {my) - ¢_<y>]>e—<v<@+wy” dady, (16.26)

where again we employed the notation ¢+(x) = ¢(z,+1). Observe now that equation

(16.25) can be recast as

Ouhs () + Ay ( (16.272)
—0p¢— () + A () (¢4 () — d—(2)) = f(2), (16.27b)

&
=
&
|
<
+
—~
8
=
I
=
&

where both ¢4 and ¢_ have to be integrable with respect to the measure %e*V(I)dw and

satisfy
/ (61 (2) + b (2)) e Pda = 0. (16.28)
R

Adding (16.27a) and (16.27b) leads to
(0e = V') (94 — ¢-) =2, (16.29)

using Ay (z) — A_(z) = V'(z). Finally setting d,¢ = (¢4 — ¢-) and comparing with
(16.26) leads to the desired result. Note that as in the proof of Lemma 13.1, (16.29)
determines ¢ — ¢_ uniquely under the condition that ¢ — ¢_ is integrable with respect
to e~V (@ dz. O

188



Part 1V

Ergodicity of piecewise

deterministic Markov processes






17. HYPOCOERCIVITY FOR THE ZIGZAG PROCESS

The aim of this chapter is to investigate the ergodic properties of the zigzag process in-
troduced in Section 1.3.2. In particular, under certain conditions we are able to prove
exponentially fast convergence to equilibrium of the corresponding semigroup. We will
consider the case of a compact state space, replacing R? by the torus T¢. In situations
where the target measure is sufficiently concentrated this setting is a reasonable approx-
imation. Extending the analysis to unbounded state spaces poses significant technical
difficulties and will be addressed in future work. The results in this chapter have been

obtained in collaboration with Julien Roussel (PhD student at CERMICS Paris).

Let us briefly recall the setting already outlined in Section 1.3.2, but counsidering the
compact state space E = T? x {—1,1}%. The target measure is T = 7 ® x, where 7 o
e V@) dz is the measure of interest, associated with a smooth potential V' € C*(T?), and
% is the uniform probability measure on {—1,1}¢. Recall that the generator of the zigzag

process is given by

d
Cf(w.0) = (6:i0if (x,0) + Ni(2,0) - (f(x, Fi0) = f(2,0)), (x,6)€E,  (17.1a)
i=1
feD= {f {E—R: f(-,0) € C(T% for all € {—1, 1}d}, (17.1b)
where the flip operators F; : {—1,1}¢ — {—1,1}% are defined as follows:

A
(Foy, =" 7 (17.2)
—0; Jj=1.

The switching rates A; : E — [0,00) are given by

where we recall that a; = max(a,0) denotes the positive part. The excess switching rate

is a continuous function v : E — [0, 00)? satisfying

vi(z, Fi0) = vi(x,0), i=1,...,d. (17.4)
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For our main result in this chapter, we will need the following assumption connecting the

potential V' and the switching rate ~:

Assumption 17.1. There exists a constant 6 > 0 such that
|0V (2)] + vi(z,0) > 6 (17.5)
forall (x,0) € E,i=1,...,d.

The condition (17.5) places a lower bound on the excess switching rate «y in regions where
the partial derivatives of V' are small. In other words, a small amount of additional noise
is needed for our proof to work. For the performance of the sampler, however, it seems
desirable to use the canonical switching rate v = 0, reducing diffusive behaviour and
pronouncing the nonreversible nature of the dynamics*. The proof of ergodicity in the
case v = 0 has posed a difficult challenge in the past due to the fact that irreducibility
of the process was hard to obtain. This issue has only been resolved recently in [23],
using very different technique from ours (namely methods based on Lyapunov functions).
Using the approach in this chapter, it is not obvious how to substantially weaken the
condition (17.5). However, our proof appears to bear potential to treat a broader class
of piecewise deterministic Markov process in a generalised framework. Moreover, the
approach presented in this chapter at least in principle allows to obtain explicit estimates
for the constants appearing in the decay estimate. We leave these developments for future

work.

In the following we will as usual denote the semigroup associated to the generator £ by

(St)t>0. Under the foregoing assumptions, exponential decay as in (1.46) holds:

Theorem 17.1 (Exponential convergence to equilibrium). Let Assumption 17.1 be satis-
fied. Then there exist constants A\ > 0 and C' > 1 such that

1S f = 7(F)lez) < Ce M f —=7(f)llrz@z), t =0, f € L*@). (17.6)

Remark 17.1. Recall that the foregoing decay estimate immediately implies the validity

of a central limit theorem of the form (1.52) as discussed in Section 1.2.2.

17.1 FUNCTIONAL-ANALYTIC SETTING AND OUTLINE OF THE PROOF

The proof of Theorem 17.1 relies on the method developed in [40] (see also [29, 59, 60, 61]).
In this section we will fix the framework and outline the general strategy. We will naturally

work in the Hilbert space

L2(7) = {f tEoR: [ fl2m < oo} , (17.7)

*See for instance the discussion in [21, Sections 4 and 5].
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where

- 1
||f||%2(ﬁ) - /EdeTF = ﬁ Z / f2 :L’ 9 da:) (17.8)

0e{—1.1}
All the adjoints in this chapter will be taken with respect to the induced scalar product

(*;)12(7)- It will turn out convenient to make use of the operators

already introduced in (1.91), such that £ can be concisely written as
d
L= (00 + N(R; — I)). (17.10)
=1
In the sequel, we will make repeated use of the facts gathered in the next lemma:

Lemma 17.1. The following hold:

1. For alli=1,...,d, the operator R; is self-adjoint in L*(T).

2. Foralli=1,....d, the formal adjoint of 0; in L*(T) is given by
Of = —=0i + 9V, (17.11)

i.e.

(f.0i9)r2z) = (=0 + OV f. ) 127, [fog9 € L*(7). (17.12)

Proof. For the first claim, we see that R; is symmetric since

Z /f’l‘9 (7, F30) (dx) = Z /fTFH (x,0) m(dx) (17.13)

0e{-1,1}7 fe{—1,1}4

can be obtained by letting 6 — F;0 and noting that F? = I. Furthermore, R; is self-adjoint
since it is defined on the whole of L?(7). The second claim follows easily by integration

by parts. O

Using the foregoing lemma, we can now calculate the (formal) adjoint of £ in L?(7),
d
L5=> (=00, + 00,V + (R; — T)\i) (17.14)

1=1
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as well as its symmetric and skew-symmetric parts:

1 1

S=5L+L)= 5;(@‘/ +27v) (Ri — 1), (17.15a)
1 1

T=5L-L)=3 Z (20:0; + 0:(3V)(R; — I)). (17.15b)

i=1

Furthermore, the decomposition § = Z?:1 A7 A;, defining

Ai =S (|0V] +2v0) 2 (R - 1), (17.16)

N | —

will prove useful and has already been exploited in the construction of coupled zigzag sam-
plers (see Section 11.3). Finally, we will make extended use of the orthogonal projection

onto the space of functions that do not depend on 6, given by

1

Uof = o > [0, feD, (17.17)

0e{—1,1}4

or, equivalently, by
d
1

Il = ﬁH(Ri—i—I). (17.18)

=1

Indeed, the following is true:
Lemma 17.2. Iy is an orthogonal projection in L*(7), i.e. 113 =11y and 11} = Ily.

Proof. The property 112 = Ily is immediate (note the prefactor of 2%) Orthogonality
(IT; = IIp) follows from the symmetry of the expression

1
(. Tog) 127y = 3 /T o f@ey || D, gl@6)] w(de).  (17.19)
fe{—1,1}4 fe{—1,1}4

O

We will now briefly explain the strategy of the proof. It is well known that the exponential

decay estimate (17.6) with C' = 1 is equivalent to a Poincaré inequality of the form

(f: ey < UL P2y, fFeDNLT), (17.20)

> =

see Theorem 1.3. However, (17.15a) clearly shows that functions that do not depend on 6
are in the null space of S. Together with (f, (=L)f)r2z) = (f, (=8)f) 12(7), this implies
that (17.20) cannot hold. Intuitively, this shows that the skew-symmetric part 7 plays

a crucial role in driving the process towards equilibrium. The idea behind the proof is
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therefore to introduce an equivalent scalar product such that the skew-symmetric part
does not drop out in an inequality of Poincaré type. To be more specific, let us introduce

the operator

G = (I+ (TTy)*(TTy)) ™" (TTIy)* (17.21)

and the modified entropy

Hef) = W 1Bae) — U Clzey S € L) (17.22)

for some € € (—1,1) to be specified later. The following two lemmas are crucial for our
approach; their proofs can be found in the next section (see Lemma 17.10 and Remark

17.4).

Lemma 17.3. The operator G is bounded.

In particular, (17.22) is indeed meaningful for all f € L?(7).

Lemma 17.4. For all e € (—1,1), Hc is an equivalent norm on L*(T), i.e. there ewist

constants cy, Cy > 0 such that

cnllfllizm < He(f) < Collfllf2my, £ € LPR). (17.23)

Setting (f, f)e := Hc(f) and extending by polarisation’ yields an equivalent scalar prod-

uct on L?(7). Let us now define the entropy dissipation functional

D.(f) =(=Lf. f)es [f€ED, (17.24)

motivated by the fact that

SH.(S.) = ~2D.(S.f). feD. (17.25)

The proof of Theorem 17.1 now relies on the following proposition, establishing a coercivity

result:

Proposition 17.1. There exists £ € (0,1) and X\ > 0 such that

D=(f) 2 Ml f €D (17.26)

The proof of Proposition 17.1 requires a significant amount of preparation and will there-
fore be given at the end of this chapter in Section 17.4. Taking this step for granted, we

can already prove the main result:

"To be specific, we set (f.g)e := 1 (He(f +g9) — He(f — 9)).
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Proof of Theorem 17.1. Using (17.25), (17.26) and (17.23), we see that

d
SHASu) = =2D=(Suf) < —2MSuf r2(m) < —22Ci - HelS1S), (17.27)

for all f € D. The desired decay estimate now follows from Gronwall’s inequality and the
equivalence bounds (17.23). Finally, for arbitrary f € L?(7), the result follows by density
of D in L*(7). O

Remark 17.2. The approach presented here bears strong similarities to the proof of The-
orem 8.2 in Section 3.1. In fact, it is no coincidence that we denote the operator (17.21)
and the matriz obtained in Lemma 3.1 by the same letter, highlighting the similar role
they play in the respective arguments. There is also a notable connection to the theory of

hypocoercivity developed by Villani [141], employed in Section 4.1.

Remark 17.3 (Relationships to underdamped Langevin dynamics). It is interesting to
note that the generator of the underdamped Langevin dynamics (1.79) (for simplicity with
M =1 and T =~(q)-1I) can be written in the form

['underdamped =p- vq - qu(q) : vp - V(Q> (p ! vp + Ap) (17'283)
d d
= —7(0) Y 0},0p, + Y _ (95,04, — 03.0p,), (17.28b)
i=1 i=1
S T

and that the generator of the zigzag process has the very similar form

d d
Luigrag = — Y AT A+ (Aj0; — 07 Ay) . (17.29)
i=1 =1
S T

This correspondence motivates some of the techniques used in this chapter. We mention
in particular the recent works [74, 130] where similar methods have been employed in the

study of exponential convergence to equilibrium for the underdamped Langevin dynamics.

17.2 MICROSCOPIC AND MACROSCOPIC COERCIVITY

One key ingredient in the proof of Proposition 17.1 is the insight that coercivity estimates
similar to (17.26) hold for S and T separately on the orthogonal subspaces ITyL?(7) and
(I —TIp)L%(7). The terminology is due to the intuition that coercivity on (I —1IIy)L?(7) is
related to equilibration of the auxiliary variables # € {—1,1}¢ (‘microscopic coercivity’),
while coercivity on IIyL?(%) is related to equilibration in T¢ (‘macroscopic coercivity”).
Let us start with the following crucial lemma, illuminating the interaction of Il with S

and 7
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Lemma 17.5. The following hold:

1. Slly =0, (17.30a)
2. 11,711, = 0. (17.30b)

Proof. First notice that R; — I vanishes on functions that do not depend on 6. The first
claim then follows immediately since for any f € L?(7), Ilpf does not depend on 6. For
the second claim, note that for any f € D, TIlyf is of the form Zle 0;0;¢, where ¢ does
not depend on . Applying Iy therefore leads to cancellations, verifying (17.30b). O

Lemma 17.6 (Microscopic coercivity). Let Assumption 17.1 be satisfied. Then

—(S8F, N2 = 0l =) fllr2z), f € D. (17.31)

Before proving Lemma 17.6, we need a preliminary result. To this end, let us introduce

the vector space of functions on {—1,1}4,
0= {g : {—1,1}d—>R}, (17.32)

endowed with the scalar product

fo=g > FOW0) (17.33)

0e{-1,1}4
Clearly, (0, (-,-)e) is a Hilbert space of dimension 2¢. For i € {1,...,d}, let us fix real
constants ¢; > 0, and consider the linear operator
1
R:0 -0, (Rf) 52% f(Fi0)), (17.34)
1=

where we recall the definition of the flip operator F; from (17.2). Then R is self-adjoint,
nonnegative definite, and its spectrum (and hence its spectral gap) can be computed

explicitly:

Lemma 17.7. The spectrum of R is given by

d
— {ch i€ {o,1}d}. (17.35)

The null space of R is spanned by constant functions, i.e. ker R = span{1}. Furthermore,

min (oc(R) \ {0}) = miin G (17.36)
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Proof. For n € {0,1}4, let us introduce g, € © by

d

an(0) =T 07 (17.37)

=1

It is straightforward to see that (g;),c 0,1}« forms an orthonormal basis in ©. Furthermore,

d
Rgn = (Z mq> gn» (17.38)

i=1

implying (17.35). Clearly, the null space of R is spanned by go = 1. The spectral gap
(17.36) follows directly by examination of (17.35). O

Proof of Lemma 17.6. By (17.30a), we can assume without loss of generality that IIpf = 0,
i.e. that

> fx.6)=0 (17.39)

0e{—1,1}4

holds for all z € T?. Let us now fix € T¢ , set ¢; = |0;V(z)| + 27i(x) and consider the
associated operator R. Notice that by (17.39), f(x,-) € © is orthogonal to the null space
of R, and therefore, by Lemma 17.7,

() Rfe Do = (minloV+2) 3 ¥ Fwd)

0e{—1,1}
o
2 E f2($a 0),

0c{-1,1}

(17.40)

v

where the bound in the second line is guaranteed by Assumption 17.1. Finally, we obtain

the desired result by integrating over T¢ with respect to 7. O

The following lemma relies on the fact that since T? is compact, the measure 7 satisfies a

Poincaré inequality (see [10, Chapter 4]), i.e. there exists a constant C'p > 0 such that

2
( Pan- [ fdw) <Cr [ ViR, fe ), (17.41)
Td Td Td
Lemma 17.8 (Macroscopic coercivity). The following holds:
ITHofll72z) = CplMofll72z). f €D (17.42)
Furthermore, the following is true in terms of symmetric operators:

GT1l, > Ally, (17.43)
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Cp

where A = o5

Proof. First note that

2

1 SN
Hmef”%ﬂ(ﬁ):ﬁ Z /]l'd Zeiﬁ Z Oif(x,0) | w(dx), (17.44)

fe{-1,1}4 i=1 0e{-1,1}4

since (R; — 1Ty = 0. We can now expand the square, observe that the cross terms vanish,
use 2 = 1 as well as the Poincaré inequality (17.41) to arrive at (17.42). For the second
claim, notice that (71lp)*(7T1ly) is self-adjoint (see [80, Theorem 3.24]) and hence, using
spectral calculus,

GTTg = 6(TTlp)"(TTg)),  h(a) = T (17.45)

Together with (17.42), (17.43) follows. O

17.3 AUXILIARY LEMMAS AND BOUNDS

In this section we collect a few auxiliary lemmas that will be needed in the proof of

Proposition 17.1 in order to bound certain terms in the calculation.

Lemma 17.9. G satisfies G = 11gG and G = G(I — 11p).

Proof. Rearranging (17.21), we have
G =1, T°I,G — 11, 7. (17.46)

In view of this, ITJ = Il implies G = IIyG. The second claim (equivalent to GIIy = 0)
follows immediately from (17.30b). O

The following lemma is instrumental in guaranteeing that the modified entropy H. is well
defined.

Lemma 17.10. G satisfies the bounds

1 N
1Gfllr2@) < 5”(1— o) fllr2y  f € L*(7) (17.47)

and

TGSl L2 <IN =To) fll2), | € LP(7). (17.48)

Remark 17.4. The estimate (17.47) immediately implies that G is bounded with norm
(at most) %, proving Lemmas 17.5 and 17.4.

199



Proof of Lemma 17.10. For f € D, it follows from (17.21) that
Gf + (THy)" (THy)G f = (T1ly)" f. (17.49)
Taking the scalar product of this equation with Gf, we see that
G S o) + ITC T2y = (TGS I o) f) 2(s), (17.50)

where on the left-hand side we have used the fact that 1[G = G, according to Lemma
17.9, while the expression on the right-hand side rests on the fact that

(TG Mgf) 2z = MeTHeG f, f)20z) = 0, (17.51)
using again [IyG = G as well as (17.30b). The identity (17.50) now implies the bounds

IGfI 2 + ITGF 72 < NI =) fll 2@ ITG fll 2y (17.52a)

1
< T =T00) fllZ2 ) + I TGF 12z (17.52b)

using Cauchy-Schwarz’s and Young’s inequalities. The first of these bounds implies
(17.48), whereas the second one implies (17.47). Finally, the same holds for all f € L?(7)
by density of D in L?(7). O

The next lemma is needed in the proof of Lemma 17.12:

Lemma 17.11. The following holds:

T 2(I —1ly) = Iy Z 0:0,0; 0. (17.53)
i,7=1
i#j

Proof. We will show this identity by computing the adjoint
(I T%(I — y))" = (I — ILy) T y.

To this end, let us calculate

d d
:%Z 20;0; + 0;(0;V)(R; — I)) <Z&@'H9>
j=1 =

d
=) 0:0,0:0;1Tp + - Z 0,(0;V)(R; — I)0;0:11, (17.54)
1,j=1 19 1
d d
=) 00,0019 — > (2iV)0,1y.
ij=1 i=1
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In going from the second to the third line, we used the fact that (R; — I)0; = 0;(R; — I)
for i # j, as well as (R; — I)Ily = 0 and 67 = 1. Using (17.54), we deduce that

d d d
(I-Tp)T°Tp =Y _ 0;0;0:0;1p — Ty Y _ 0:0,0,0,Tlg = »_ 6;0,0;0;TIy, (17.55)
ij=1 ij=1 ”;1
i#]

using that for any f € D, 0;0;1lg¢ does not depend on 6, leading to cancellations when
11y acts on the corresponding sum. Now taking the adjoint of (17.55) leads to the desired
result. O

Lemma 17.12. There exists a constant C; > 0 such that
IGT (I =Tg) fllr2m < CillI =Wo) fllromy | € L2(@). (17.56)

Proof. First observe that the bound (17.56) would immediately be implied by the bound-
edness of the operator G7 (I —IIy), i.e. the existence of a constant C' > 0 such that

IGT (I — o) fll 2wy < Cllfll2zy, | € D- (17.57)

Indeed, (17.56) would follow by replacing f by (I —1lp)f in the above estimate and using
the fact that I — Iy is a projection, i.e. (I —1IIy)? = (I —IIy). Moreover, the boundedness
of GT (I —1lp) is equivalent to the boundedness of its adjoint

d d —1
— (I =Tp)TG* =~ Y 0;6;0,0;11 (1+ Za,;%ak) : (17.58)
i,j=1 k=1
i#]

-1
By elliptic regularity ([53, Chapter 7]), (1 + ZZZI 0;0k> is a bounded operator from

-1
L?(7r) to H*(r). Clearly, Iy (I+ ZZZI 8};&) is therefore bounded from L?(7) to
H?(r). From the definition of H?(7), we see immediately that

d
— ) 0:0;0,0

ij=1
i#j

is bounded from H?(7) to L?(7). In summary, this shows the L?(7)-boundedness of the

operator appearing in (17.58), leading to the advertised claim. O

Lemma 17.13. There exists a constant Cy > 0 such that
1GSfll2z) < Coll(I —p) fllr2z), f€D. (17.59)

Proof. We start with the following preliminary calculation, using the representation intro-
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duced in (17.29):

d
MyTS = —Tly Y (Aj0; — 97 A)(10;V | + 275) A A;
',j—l
=1l Z o7 Ai(|0;V] + 27J)A iy (17.60)
i,j=1

_nga* (|0 V| + 2).

In going from the first to the second line, we have used the representation of Iy in (17.18),
as well as the fact that (R; + I)AF = 0. The same identity shows that the terms with
i # j vanish. From the second to the third line we used furthermore that A4;A7A; = A;.
We wish to emphasize that the derivatives of |0;V| are to be interpreted in a weak sense.
Noting that IIy7T = Il Zl L 0FA; and applying (1 + (7T11p)*(T1Lp)) "' on both sides of
(17.60), the required bound follows from the definition of G in (17.21), the boundedness
of the function |0;V'| + 2v; and the estimate (17.47). O

Remark 17.5. Our motivation to consider the problem on the compact state space T%
derives from the fact that otherwise the function |0;V'|+2~; might be unbounded (especially
in order to guarantee a Poincaré inequality of the form (17.41)) and thus the conclusion
of the preceding lemma would not be justified. In the unbounded case, it might be possible

to establish Lemma 17.13 using finer reqularity properties of GG.

17.4 COERCIVITY OF THE ENTROPY DISSIPATION FUNCTIONAL

We are now in a position to join all the preparatory results from Sections 17.2 and 17.3.
Proof of Proposition 17.1. We have

D(f) = (St ez +e(GTo, o) +e(GST frem
- 5<TGf7f>L2(7?) e(SGf, f)r27)- (17.61)

The first term in (17.61) can be controlled using microscopic coercivity (Lemma 17.6).

For the second term, write
(GTf, Nz = (GTUI =) f, ez + (GTIof, fr2), (17.62)

noting that the two parts can be controlled using Lemma 17.12 and Lemma 17.8 (macro-
scopic coercivity), respectively. The third term in (17.61) can be addressed using Lemma
17.13, and the fourth term using Lemma 17.10. The fifth term vanishes due to SG =
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SllyG = 0, according to (17.30a). Putting everything together, we arrive at

D(f) > (6 =)l = g) fl1F2(z) — £(C1 + C)|(I = Ug) fl| 20z Mo f 1| 27y + Mg f 1172
= xTsx,

introducing the notation
o fll 122 S 5.4/2
(1 —TIo) fll 2 (7) S_+/2 Sy

S = €A, Ser = —8(01 + CQ), S++ =0—c. (1765)

where

The smallest eigenvalue of S is given by

5+ 84

1(€) 3

%\/(5—— =S )2+ (52 (17.66)

The claim now follows by noting that € can be chosen such that u(e) > 0 (for instance by
observing that 1(0) = 0 and #/(0) = A > 0). O

17.5 DISCUSSION

In this chapter we showed how the hypocoercivity techniques developed in [40] can be em-
ployed for the analysis of ergodic processes of the zigzag process. However, weakening the
assumptions that the state space is compact and the excess switching rate does not vanish
in certain regions remains challenging. Our work can be extended in several directions.
Firstly, our approach seems to hold promise for addressing the ergodicity of piecewise de-
terministic Markov processes in a more general setting (as outlined for example in [139]).
Following up on this, it would be possible to derive more explicit estimates on the con-
stants C' and A appearing in (17.6), hopefully leading to more principled guidelines for

choosing a particular piecewise deterministic Markov process in practice.
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