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ABSTRACT

In this thesis the basic mechanisms underlying the behaviour of
parametric subharmonic oscillators are examined in four different ways.
The two most successful of these approaches are extended to pradiet, in
detail, the steady-state and transient characteristics of certain types
of practical subharmonic oscillators which are suitable for use as

fast phase-switching logical elements in digital computers. Particular
attention is paid to the strong influence of the more significant para-
sitic elements upon the performance of these devices. For what is
believed to be the first time, analytical techniques have been used to
obtain theoretical results which agree quantitatively, rather than

merely qualitatively, with reality.
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STHBOLS

Most of the commonly-used symbols have their conventional significances
For example, the upper-case symbols V and I represent the steady (d.c.)
values or amplitudes of alternating (a.c.) voltages and currents respect=
ively. The lower-case symbols v and i represent the corresponding instant-
aneously-varying quantities.

The amplitudes of normalised quantities are usually represented by
upper-case Roman letters, their instantaneous values by the corresponding
lower~case letters.

With certain exceptions, curly Italic eapitals signify nonlinear
operators, equations, functions ox parameters.

Apart from established usages, such as © andty for angles, T for
normalised time and 9 for normalised frequency, the Greek symbols are
assigned arbitrarily.

Several symbols have more than one meaning. In those parts of the text
where confusion might otherwise arise, the less usual meanings are identifi-
ed by primes. Primes are never used to indicate differentiation.

Subscripts identify a particular mcaning of a more generally-defined
parameter, thus:

k = damping parameter; kL = load damping parameter,

¢

Notations peculiar to this thesis are:

i

phase-angle of charge; 4% = eritical value of qJ.

o dy N . o s
(1) vy = g¢s the derivative of y with respeet to normalised time,

I

(2) ¥ = the approximate value of y,
(3) ¥(%)
(&) Y(oo)

1]

the value of Y at time 7,

]

the steady-state value of Y at T = , used only in the chapter

on transient phenomena.
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CHAPTER ONE

1, Introduction

1,1 Definition of area of research

This thesis is concerned with the behaviour of certain resonant systems
governed by nonlinear non-autonomous differential equations. In these
systems sustained fundamental, harmonic ;r subharmonic oscillations can occur
only in the presence of a pumping signal. We are primarily interested in
the case of subharmonic oscillations of order one-half, (i.e. those taking
place at half the pump frequency), although lower orders of oscillation are
possible,

Such systems, usually referred to as subharmonic oscillators, but
properly subharmonic resonators, are of importance because their steady-state
oscillation can have either of two equi-probable phases differing by =
radians, If a pumping signal is applied to such a device, then under suitable
conditions the oscillation will build up towards a steady state which has one
or other of the two possible phases. Fhase selection will depend on the
phase and amplitude of any residual oscillation existing at the instant of
turn-~on. In the absence of residual oscillation the phase selection will be
governed by noise. It is therefore possible to control the final binary
phase-state of the device by means of a very small-amplitude determining
signal., This phase-locking signal may be applied shortly before the instant
of turn-on, and can be removed soon after the build-up commences.

Devices having the controllable bistable phase property described above

have been used as storage elements and majority-logic switching circuits in
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digital computers. The detailed theoretical and experimental investigation
of subharmonic oscillators suitable for such applications constitutes the

chosen area of research.

1.2 BSurvey of previous work on subharmonic oscillators

The existence of the phenomenon of subharmonic oscillation, or resonance,
was recognised as long ago as 1859 when Meldel described his now famous
experiment on the maintenance of transverse vibrations in a string longitu~
dinally excited by means of a tuning fork, In 1883 Lord Rayleigh2 explained

Melde's results by means of the equation

5 + kb + 6(n° -2  sin 2pt) = O (1.1)
in which k and «a were assumed to be small. This is a Mathieu equation
extended to include the influence of damping, He obtained a solution of
the form

cos pt + A3Sin 3pt + B3

0 = Alsin pt + B cos 3pt + +ee.,

1
(1.2)
in which the first two terms represent an oscillation at a freguency equal
to one-half of the driving frequency 2p. The other terms represent odd
harmonics of the subharmonic frequency p. Linear differential equations of
this type have formed the basis of much of the subsequent theoretical work.
In 1926 Fallou3 described a static frequency divider consisting of a

series resonant circuit containing a nonlinear iron-cored inductor, and in
1929 and 1936 Rouelleb"5 published some experimental data on subharmonics in
similar ferroresonant circuits. The occurrence of subharmonic oscillations

7

in loudspeakers was discussed by Pederson6 in 1935, and in 1941 McCrumm
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experimentally determined the starting conditions and ranges of voltage and
current for which the oscillations can occur. Steady subharmonic oscilla-
tions of orders down to the one-seventh in a series circuit were reported by
Spitzer8 in 1945,

Since Rayleigh's time it has been customary to approach the theoretical
explanation of subharmonic oscillations by way of one of the classical
differential’ equations known to have subharmonic solutions, These include
the Mathieu and Duffing equations. An attempt is usually made to adapt the
chosen equation to fit the behaviour of a physical system. This method of
attack has probably been used because these differential equations have an

9,10,11,12 which, however, becomes relatively

extensive mathematical literature
useless when the equations are modified by additional terms in order to
account for particular physical phenomena. The differential equation
approach has been virtually mandatory because of the close interrelation
between the influences of the significant parameters in subharmonic oscill=
ators, A "commonsense" thecoretical approach, of a kind which might succeed
in the investigation of linear time-invariant systems, would almost inevitably
lead to misconceptions and incorrect conclusions. Among the more serious
pitfalls is the danger of inadvertantly using the principle of superposition
in the analysis of nonlinear systems. In recent years some success has been
had with non-differential equation methods, particularly the method of
piccewise~linearisation as exemplified by the work of Lavi and Finzilj, but
these have certain limitations which will be discussed in Chapter 4.

In 1949 an approximate subharmonic solution of the forced Duffing
15

equation was obtained by Levenson14 who used a perturbation method. Ludeke

and Hayashi16, in 1951 and 1953 respectively, both attacked it by means of



the method of harmonic balance. These authors did not compare their results
with any experimental data.

Up to this time the subharmonic oscillator had been regarded either as
a passive frequency-divider of no more than academic interest, or as an
explanation of certain anomalous effects which had been observed in power
transmission systems. In 1954, however, von Neumann17 and Gotol8’19
simultancously and independently realised that the device could be used for
the storage of binary phase-coded information. It was then that Goto
coined the term '"'parametron' to designate subharmonic oscillators intended
specifically for use as logical circuit storage elements.

In 1955 Goto20 discussed the practical application of magnetic para-
metrons in digital computers. He also treated phase-initiation switching
in terms of a Mathieu equation empirically modified by the addition of
damping and nonlincar detuning terms.

One-half, one-third and one-fifth-order subharmonic oscillatory solu-
tions of certain variants of the forced Duffing equation were obtained by
Hayashizl in 1956. The specific equation he investigated for %th—order
subharmonics was

F+xy+y = X cos 2T+ X (1.3)

in which the forcing function contains both steady and oscillatory terms.
The initial conditions leading to certain kinds of oscillation were obtained
but not compared with any experiment. A similar equation was further in=~
vestigated by Hayashi, Nishikawa and Abezz, but again without experimental
verification.

Subsequently, certain digital computers utilising magnetic parametrons



2l

were developed in Japan: in 1956 Takahashi and Goto23 discussed the memory
for such a computer and in 1958 Murogazq, Muroga and Takaéhima25 and Goto26
dealt with the principles of majority logic and system design to be employed
therein,

In 1958 Zen'iti, Sekiguti and Takasima27 described what appears to be
the sole example of a parametron using the phenomenon of ferroelectric
capacitance. They found its frequency capabilities to be considerably
inferior to those of the magnetic parametrons.

The idea of using the depletion layer capacitance of a junction diode
as the nonlinear reactive element, (the "varactor"), led to the possibility
of very much higher frequencies of operation. Varactor parametrons were
described by a number of authors, These include Zen'iti, Fusimi, Kataoka
and Yamanaka®® in 1957, Zen'itiZ? in 1958, Sterzer and Beam®* and Hilibrand
and Beam>© in 1959.

Since 1957 most of the work published on parametrons has tended to fall
into one or other of two categories: the experimental and the theoretical.

30

Wholly experimental work was reported in 1959 by Sterzer and Beam” and by

32

Sterzer”” who constructed an unbalanced stripline varactor parametron which

operated satisfactorily at a pump frequency of 4 kMc/s. Without invoking
any theory, he discussed how it might be used in a hypothetical microwave
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computer, Onyshikevych, Kosonocky and Lo coverced the same ground in some=

Sh

what more detail, In 1961 Abeyts, Borgini and Crosby’' constructed a com=
puter subsystem using balanced varactor parametrons pumped at 3.7 kMc/s,
but without very convincing results. No other systems employing varactor

parametrons seem to occur in the literature.

The purely experimental approach suffers from certain disadvantages. So
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various and complicated are the phenomena for different physical circuits
and even for the same circuit under slightly differing conditions, that it
is virtually impossible to arrive at any kind of "optimum" design or to make
any progress in understanding the mechanisms involved by means of this
method alone,

Theoretical work since 1957 has been concerned primarily with the treat-
ment of idealised and even arbitrary mathematical situations. The stimulus
for this seems to have been the parametric amplifier which, as was shown by

Bloom and Chang35

s could be treated in terms of idealisations with con~
siderable success., Attempts to apply their ideas to the parametron were
less successful and extremely poor correlation between theory and experiment
resulted, Hilibrand, Mueller, Stocker and Gold36 treated such an idealised
parametron and attempted to predict its transient behaviour by extrapolation
from a small-signal quasi-static analysis which assumed infinitelf slowly~
varying amplitudes and phases. Since this analysis did not predict even

the steady-state phenomena, it is not surprising that the transient solution
should be inadequate, apart from the fact that it involved the violation of
the quasi-static assumption. By means of a very similar analysis Nethercot37
treated a parametron in which the phase of oscillation was switched by a
large-amplitude over-riding signal of the opposite phase.® This type of
switching involves large-amplitude signals, for which the theory does not
hold. The paper contains certain mathematical errors, as does that of

38

Rouche .

The "classical' approach reappeared in a paper published in 1960 by

This is the so-called method of Forced Phase Switching.
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Hayashi, Nishikawa and Abeaz, who gave an elegant analysis of the Jth-order
subharmonic solution of an idealised system obeying a variant of the Duffing
equation:

H0

7 + ky + ay + by3 =X cos 2T + X (1.4)

In none of these papers was an attempt made to relate the theory to
any physical system and this is understandable in view of the nature of the
effects to be explained., Furthermore, it has been usual to restrict atten-
tion to those cases in which the pumping frequency is exactly twice the
small-signal resonant frequency, This restriction has led to an unrealistic
picture of the capabilities of these devices.

Since 1961, the year in which the present investigations were initiated,
the subject appears to have been virtually neglected., This is possibly due
to pessimistic reports concerning the relative slowness of the transients.
These reports may be attributed to concentration on the resonant mode of
operation which, as we shall see, is not necessarily the best way of using
a parametron, In addition it should be pointed out that the parametron
computer, being an R.F. system, requires a much narrower bandwidth than the
more usual types of computer in which the frequency spectrum must extend
from d.c. up to the highest frequency of intecrest. It is therefore likely
that the parametron will come into its own when computer operation fre-
quencies are increased considerably beyond those possible at the present

time,

1.3 Aim of thesis and formulation of problem

We have seen that rescarch on subharmonic oscillators has tended to

follow two seldom~intersecting paths: the theoretical and the experimental.
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This thesis aims to bring these two paths together and to provide a com=
prehensive and reasonably accuratc background for the understanding of the
mcechanisms involved in the production of stecady-state subharmonic oscilla-
tions, In addition it aims to explain the processes governing the mamner in
which the oscillations build up from a small initial level to their final
amplitude, The thesis then attempts to predict the quantitative behaviour
of actual parametrons which are known to have fast-transient capabilities
and other desirable properties, in order to find the optimum conditions for
their use., The investigation treats transient as well as steady-state
phenomena, and it is found that practical devices obey neither of the
"classical" differential equations, those of Mathieu and Duffing, except as
a very gross approximation. As far as transients are concerned, previous
work has exhibited a preoccupation with the amplitude transient to the
neglect of the phase transicnt, perhaps for traditional reasons., It will
be seen that neither the amplitude nor the phase transient can be considered
in isolation, and that the latter is at least as important as the former,
particularly since we are dealing here with phase-coded information.

We shall endeavour to obtaln our results in the form of algebraic
expressions and to cschew analogue,numerical or graphical methods, since
these merely verify that a satisfactory model has been chosen to represent
the device, i.e. that the inifial assumptions made were reasonable ones.
Such methods do not, in general, lcad to new insights, neither do they give
results unobtainable from experiment., Computer methods may be useful in
cases where there is no information about the solution, but the parametron
can be regarded as its own analogue, Furthermore, if there are more than

two independent parameters coverning the behaviour of the system, it is



28
virtually impossible to produce numerical or graphical results to cover all
possible combinations. A new set of parameters requires the digital computer
programme to be re-run with a new data-tape, or the potentiometers of the
analogue computer to be re-set. On the other hand, the end-product of the
analytical approach consists of equations which are valid for all com-
binations of parameters which do not violate the original assumptions. Thus
there cxists the possibility of optimising the system on the basis of such
equations.

One of the objects of the present work is to discover the limits to
which analytical methods can reasonably go in the investigation of nonlinear
problems of the kind under consideration.

There has been in the past little success in the quantitative or even
qualitative prediction of the transient phenomena, so that particular
attention is paid to this subject gnd to the influences on it of the initial

conditions and phase-switching mechanisms.

1.4 Statement of original work

Except where specific reference is made to the work of others, the
content of this thesis represents the results of original research carried
out independently by the author. Particular attention is drawn to the
quantitative agreement obtained between the theoretical and experimental
results, under both transicnt and steady-state conditions, and to the fact
that devices of practical utility, rather than idealised models, have been

considered.,
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CHAPTER TWO

2e The Mathematical and Physical Environment of Subharmonic

Oscillators

2.1 Linear resonators and oscillators

Linear stationary-parameter oscillators and energised resonators are
superficially alike since both contain a resonant structure and a source of
power., However, they differ in several important respects. In general
terms these are:

(i) The resonator must be supplied with alternating power, whereas

the oscillator derives energy from a real or virtual negative damping

sustained by a d.c. power-supply. The oscillator therefore requires
some means for coupling the source of power into its resonant circuit
but the directly-energised resonator does not.

(i1) The behaviour of the linear resonator is described by the

differential equation

T+ ky+y=x(%) = X.sinvT (2.1)

This has the sole periodic solution

y(T) X . sin (VT=- € ), (2.2)
V(1-12)2 + (k)2

1 -oF
kv

where tg ¢

Multiples or submultiples of the driving frequency 4 cannot occur. Thus the
frequency of the oscillation induced in a linear time-invariant resonator is
always the same as that of the energising source. The solution (2.2) also

shows that the amplitude and phase of the oscillation are uniquely determined
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by the amplitude X and frequency- of the forcing function and by the
demping k. Equation (2.1) describes an Energised Linear Resonator with

Stationary Parameters, This is a non-autonomous system in the sense that

the vibrations die away if the excitation x(T) is removed. Otherwise a
steady-state solution exists. The amplitude of y(T) can be infinite for
resonance (¥ =1) and no damping (k=0), but this is not a physical case,

and does not affect the argument. The amplitude and phase of the vibrations
in a linear stationary-parameter oscillator, on the other hand, are com=-
pletely independent of the characteristics of the system, The differential
equation of a linear oscillator is independent of the variable (e.g.

voltage, current, charge) chosen. It is of the form

2 o
¥ -2y +y-=0. | (2.3)
This represents an autonomous system., The phase of y is arbitrary since
there is no reference phase, and the amplitude of y increases exponentially

without limit. The frequency of oscillation, however, is fixed at

Vo= )1 - K (2.4)

Thus the linear resonator is a physically realisable system, but the
true linear resonator is not. In a real oscillator the amplitude always
limits at a value defined by some nonlinearity in the damping, no matter
how weak that nonlinearity may be. The canonic model of a real oscillator is

the generalised van der Pol equation

oo o
vy + r}(y).y +y =0, (2.5)

'}(y) is a nonlinear damping function, negative for small y and positive

for large y. This is an autonomous equation and has a steady-state solution

of defined amplitude but arbitrary phase.
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2.1.,1 Negative Damping

29

The concept of negative damping was found useful by Page”” in explain-
ing the behaviour of certain oscillators containing negligible nonlinearity,
and by Whiteheadqo in treating the transient behaviour of the super-
regenerative oscillator, In the latter case the device can be regarded as
linear until nonlinear dissipative limiting of the amplitude "suddenly"
occurs. In cases such as these, the differential equation will have the
form of (2.3), whether the oscillation is due to a real negative resistance,
such as a suitably-biassed tunnel diode, or to a virtual negative resistance
caused by positive feed-back,

Neégative damping has also been invoked to explain the behaviour of sub-
harmonic oscillators, but seems to have given rise to misleading ideas in
this context., In particular it has not led to a satisfactory explanation of
the strong inter-relationship between the amplitude and phase in these
devices., In particular, the results so obtained cannot be extrapolated to
account for large-signal phenomena.

The possibilities of thec concept will be investigated in more detail in
Section 4.2, Chapter L.

Attention will now be directed to linear systems in which non-harmonic

oscillation is possible.

2.2 Linear systems with periodically time~varying parameters

In the previous section we have considered linear systems with time=
invariant parameters. It was seen that in the case of resonators, the
oscillation takes place at the driving frequency, and that in the case of

oscillators, the vibrations occur in the vicinity of resonance, VY = 1.0,
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If the oscillator or resonator contains nonlinecar damping, up~harmonics can
be excited, but subharmonics can only be obtained in systems having non-
constant reactance or restoring force. Two kinds of non~constant restoring

force are possible: those which are periodic functions of time

f(t) = f£(t + T), where T = one period;
and those which are functions (linear or nonlinear) of the displacement
(voltage, current, etc.).

In this Section we consider linear systems with periodically time-
varying restoring force, or reactance. The classical example of such a
system is the Mathieu equation. For our purposes this may be written in
the form*

¥+ 3@ -X.sin 29T ) = O, (2.6)
This equation can have up~harmonic, fundamental or subharmonic oscillatory
solutions of order one-half for, roughly speaking, 4 less than %, cqual to
% or near unity, respectively. The exact conditions for oscillation,
however, depend on the pump amplitude X as well as the frequency 4 . This
is shown in Figure 2.1, which indicates the regions of the (V,X)-plane
within which #th-order subharmonic and harmonic oscillations can occur. The
solutions within these regions are unstable in the sense that the amplitude

of the oscillation grows without limit as time increases,

* Equation (2.6) can be expressed in the canonical form by means of

the transformations

X:gg- ﬁ):

1
———— R "U = Z'\/—-
S :

and by replacing sine by cosine, so that (2.6) becomes

&L + (a - 2q cos 22)y = O. (2.7)
dz
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As we have remarked above, the solutions of the Mathieu equation are
well known, and certain aspects of them ére qualitatively similar to the
results obtained from experimental balanced parametrons. The only physical
devices obeying Mathieu's equation accurately are those in which the
"restoring force'" is directly controlled by the external force. An example
is a rcsonant circuit containing a capacitor with plate~separation

mechanically varied in such a way that the following law is obeyed :

c(%) =¢(0). (1 - X sin20T) L, xc<1, (2.8)

However, the high-frequency parametrons with which this thesis is
concerned contain reactances which are essentially functions of the
"displacement" and their behaviour can be predicted accurately only when
this dependency is taken into account,

Goto28 has somewhat arbitrarily used the Mathieu equation as a basis
for explaining the behaviour of cxperimental parametrons, The poorness of
this approximation becomes evident when Figure 2.1 is compared with
Figure 2.2 which shows the regions of instability of a typical experimental
parametron. Moreover, since the Mathieu cquation is linear, no steady~
state oscillatory solution can exist, neither is amplitude hysteresis™
predicted. For these reasons Goto has empirically modified the Mathieu

equation by the addition of damping and nonlinear terms, resulting in
o0 [ 2 .
y+ky+yld+a+ By -X.sin 29T) =0 (2.9)
in order to account for the experimental results., Good agreement was still

not obtainéd.

* See Chapter 6, Section 6.4.
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The distinction between the oscillator and the externally-excited re-
sonator becomes obscure in a linear system with periodically time-varying
paramcters., Such a system can be regarded as ''a resonator plus a forcing
function" or equally well as "a resonator plus virtual negative damping'.
It resembles a resonator in that the external signal alternates, but differs
from it in two ways:

i) the phase angle of the oscillation is related to that of the

periodic forcing-function,

ii) the amplitude of the oscillation is not limited and can grow

without bound. This behaviour is similar to that of a linear oscilla-

tor with constant parameters and negative damping.

Equation (2.6) is a special case of the more general lincar differential
equation with periodically time=varying coefficients

£(0).F + £,(T).y + £(8)y = O (2.10)
The coefficients fj are all periodic functions of TG :
fj(w:) = fj(‘r;+ ™, j=1,2, 3,

where T is the period of the forcing function.

We shall see later that some of the nonlinear differential equation
models of real parametrons can be expressed in Linear Time-Varying form as
a first approximation, but the resulits of any analysis conducted on this

basis will apply only for very small signal amplitudes,

2.3 Nonlinecar systems

The parametrons to be investigated in this thesis are all characterised

by nonlinear differential equations. At this point it is important to draw
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a distinction between true subharmonic oscillation and the so-called '"sub-
harmonic oscillation'" of autonomous systems. True subharmonic oscillation,
or resonance, can occur only in lincar or nonlinear non-autonomous systems,
The other type of oscillation, however, is due to the synchronisation (or
entrainment) of a self-running system to a submuitiple of the frequency of
an cxternal signal, Confusion betwcen the two phenomena seems to exist in
the literature., This may be due to the superficial similarity between them.
An example occurs in Hayashin.

True subharmonic rcsonance can only take place in non-autonomous

systems of the general type

i‘% [Q,i LGy x(v) )] + g—,{sf ,(3, x(€) ﬂ +F 6, 2@ ) = o

B - (2.11)
This equation must fulfil the following conditions.
(1) The forcing function must be periodic:

x(®) = x(7T + g ),

where T is the period of the induced oscillation,

(2) The forcing function x(T) must be present in at least one of the

functions ﬁfl or ’}3.

(3) No sustained oscillation may take place in the absence of the forcing
function,

Differential equations which have subharmonic solutions will be of the
type (2.11), but it does not follow that all such differential cquations
necessarily have subharmonic solutions.

It is easy to see that (2,11) includes linear differential equations

with time-varying cocfficients,of the general type (2.10). A specific

example is the modification (2.9) of the Mathieu equation used by Goto, for
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which

J o

Fa
T2

?}3 = y(1 +a+ ﬁya - x(v) ),

2R
T = IV,

znd the three conditions are fulfilled.

i}

ky ,

A typical nonlinear example is the generalised Duffing equation

Y+ ky+ %(y) = x(T) (2.12)

where Qﬁ(y) is a nonlinear function. In this case

f}l =¥ 4
r}a = ky H
'\}3 = A}(y) - X('U) ’

and T can again be chosen to fulfil condition (1),

An example of (2,11) which obviously does not have a subharmonic
solution is the linear stationary-coefficient differcential equation (2.1)
for which

{3"1 = Yo
F2
¥3

and all three conditions can still be satisfied.

ky ,

y ~ x(T)

The spurious subharmonic oscillation, which is in reality subharmonic
synchronisation, occurs in autonomous systems characterised by the general~-

ised van der Pol cquation

¥+ (\}(y)fb" +y = x(7T), (2.13)

Herer}(y) is a nonlinear damping function which is negative for certain
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values of y. It is evident that condition (2) is violated., Since the
damping can be negative, self-oscillation is possible in the absence of
x(T), so that condition (3) is not fulfilled either.

Subharmonic syﬁchronisation in a system described by a canonical van

der Pol equation with forcing function
x(6) = X.cos 2VT + Xo

and nonlinear damping

Qf(y) = -£Q1 - y2)
has been treated theoretically by Hayashi, Shibayama and Nishikawaqa. They
showed that for the case
X, = 0.5, £= 0.2,
which implies a rather weak nonlinearity, subharmonic synchronisation of
order one-half is possible over a narrow range of requencies near » = 1.0,
It can be seen that the entrained oscillation will have two possible
stable phases, n radians apart, with respect to the phase of the alternating
part of x(%¥). Furthermore, if the system parameters are such that self-
oscillations just fail to occur, then under certain circumstances they can
be "triggered" on by the application of x(¥). To a certain extent this
behaviour does resemble true subharmonic oscillation and could be used for
the storage of binary phase-coded information in a similar way. This
suggestion might form a basis for further research.
The celebrated and muCh-quoted'paper of Mandelstam and PapalexiqB,
desplite outward appearances, also deals with subharmonic synchronisation of
this kind. It treats the case of a valve feed-back oscillator obeying an

equation of the form (2.13) with a nonlinear damping term
Fy) = [k - (ay + vy° + qu)]
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which is positive for small y and negative for large values of y. Their
paper deals particularly with the case in which the system is not in a state
of self-oscillation and is turned on by a synchronising function x(T) having
the frequency 2% where 9 is near unity,

In subsequent work in this thesis we shall find that the differential
equations of practical parametrons all conform to the type (2.11) and obey
the associated conditions. In somec cases it will be seen that the non-

linearity is contained in the function ‘}1 rather than in nj-B.



CHAPTER THREE

bR Nonlinear Reactive Elements

3.1 Physical nonlinear reactive elements

In the previous Chapter it has been remarked that periodically time-
varying reactance per se is, in general, inadequate for the construction of
high-frequency parametrons, The practical '"non-mechanical' parametrons with
which this thesis is concerned must contain nonlinear reactance., Nonlinear
dissipation may be present also, but is to be regarded as an undesirable
parasitic, contributing nothing to the generation of subharmonics. This may
be contrasted with the situation in frequency multipliers, Multiplication
can be achieved through the use of either nonlinear reactance or nonlinear
dissipation, although the efficiency of the frequency conversion will be
much reduced in the latter case.q

We shall now consider what physical nonlinear reactive elements are
possible for use in parametrons and shall discuss factors leading to the
choice of a type suitable for use in high-frequency devices.

Subharmonic oscillations can be excited in almost any resonant system
containing nonlinear rezactance, so long as the system as a whole has a
sufficiently high quality factor Q. The magnitude of @, which is properly
a quantity relating to lincar systems, and is somewhat ill-defined in non-
linear systems, will set an upper limit to the frequency at which the para-
metron can be operated.

Practical nonlincar reactive elements are either inductive or capaci=
tive; to a first approximation these can be regarded as duals of one

another, To a higher approximation, the duality generally fails, since
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infinitely many nonlinear characteristics are possible, First let us con-

sider nonlinear inductive elements.

3,1l,1 Nonlinear inductive elements

Inductors which owe their nonlinearity to saturation effects in iron
or ferrite cores have been used extensively in Japan. For example the
25

MUSASINO-1 parametron computer described by Goto26 and others ~ used such

inductors wound upon "binocular" two-hole ferrite cores in balanced para-
metrons. However, although these parametrons proved to be extremely reliable,
it was found that the hysteresis losses in the cores limited the maximum
usable pumping frequency to about 2 Mc/s, and that the highest computer
clock-frequency was about 6 Kc/s. In a later Japanese parametron computer
designated PC-2, the corresponding frequencies were 6 Mc/s and 100 Kc/s
respectively.

Kaufman and Pnt‘e:i.fferLPS have reported an inductive parametron in which
the coil is wound upon a cylindrical anisotropic thin film of permalloy
deposited on a beryllium-copper conductom The permezbility of the film
is made to vary in sympathy with an axial pumping current and a time-varying
inductance results. If the permeability was a linear function of the pump-
ing current, the device might be expected to obey Mathieu's equation quite
closely, However, as in other inductive devices, saturation effects will
inevitably introduce nonlinearities, and hysteresis losses will limit the
frequency of operation. It was found that a parametron using this kind of
inductance could be pumped at 20 Mc/s, making possible a clock frequency of
300 Ke/s. These frequencies are somewhat greater than those possible with

the earlier inductive parametrons, but still not as high as those obtainable
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in Yconventional!' computers.
Because of their restricted frequency capabilities, a detailed in=-
vestigation of parametrons employing nonlinear or time-varying inductors

has not been undertaken in the present work,

3,1,2 HNonlinear capacitive elements

One possible kind of nonlinear capacitive reactance is the barium
titanate capacitor, This is a ""conventional'' capacitor which uses a ceramic
containing BaTiO3 as the dielectric material, The nonlinearity of the
capacitance arises from the dependence of the permittivity of the dielectric
upon the applied voltage. These capacitors are very lossy and are not
suitable for high~frequency use.27

Another type of nonlinear capacitive reactance whieh has been
investigated46 is the barrier=-capacitance of a selenium rectifier, The
intrinsic rate of capacity-variation with applied field is reduced by the
thin insulating layer in series with the p-n junction, and the device is
suitable only for very low-frequency operation since the Q decreases to
unity at about 1 Mc/s.

A very much more promising device for use at high frequencies is the
depletion-layer capacitance of a reverse biased silicon or germanium p=n
junction diode. The theory of these diodes has been given by Shockley47.
Their behaviour can be described quite accurately by means of the equivalent
circuit48 of Figure 3,1, This consists basically of a parallel combination
of voltage-sensitive capacitance C(V) and nonlinear conductance G(V), At

high frequencies the series resistance Rs of the semiconductor material

and the lead inductance L become significant. At very high frequencies,
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Figure 3.1 =

Equivalent circuit of p-n junction varactor diode.
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G(V) is swamped by C(V), and R_ is the only loss element of any importance.
The lead inductance L can be minimised by making the diode short and thick.
If a suitable varactor is chosen, L can generally be neglected in practice,
RS is usually designed to be as small as possible. For the frequencies
employed in the experimental work rcported in this thesis its effect may be
neglected, On the other hand, we shall see that G(V) can become important
at such frequencies, particularly under conditions of heavy pumping, and
therefore cannot always be neglected.

In order to be able to treat the varactor as a nonlinear circuit
element, mathematical models of the functions C(V) and G(V) are required.
The characterisation of varactors in these terms is considered in the next

Section,

3.2 Characterisation of varactors

Z.2.1 Nonlincar capacitance

It is well known 36,47 that the voltage~dependence of the depletione

layer capacitance of a junction diode is given quite accurately by

c(vg) = R+ g)™" . (3.1)

Here VB is the external reverse bias applied across the diode, ¢ is the
"built-in" junction contact potential, n is an exponent between O and 1
depending on the grading ot the junction and K is & constnnt governed by the
geometry of the device. The curve defined by equation (3.1) is shown in
Figure 3.2(a). The capacitance-law expressed in this form is not particu-

larly suitable for comparison with measurements on actual varactor diodes.

For that purpose, it is advantageous to write the capacitance law in an
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(¢) Nonlinear capacitance law referred to instantaneous external

voltage v. This representation is used for analytical purposes.

Figure 3.2 = Representations of the nonlinear capacitance.
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alternative second form:

-n

c(vo) = KV,

(3.2)

where Vo = VB + @ is the total junction bias., The curve defined by this
law is shown in Figure 3.2(b), Since C(g) = Kg =, the constant K can be

eliminated, yielding
_V ] “n
= 9
cv) = c(g) l s | . (3.3)

The exponent n is therefore given by

1 [:igg}q
n = & !_C(¢ . (3.4)
lg ’ -.?}—- }

o

That is, n can be determined from the slope of the C(Vo), Vo-characteristic
plotted on log~log coordinates., If the varactor obeys the law (3.1), then
the characteristic is a straight line,

For specifically analytical purposes, a third variant of the nonlinear
capacitance law is useful, In this case the origin of the voltage-axis is
transforred to the total-bias point V , as indicated in Figure 3.2(c). The
voltage variable is now considered to be v, the time-varying part of the

voltage across the junction, and the law becomes

Cv) = K(Vg+ g+ v)™"
~ ¥_y-n
= ¢ a+7) (3.5)
o
where C0 = KV ™ is the small=signal capacitance at the total-bias point

V .
o
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2e2.2 Sxperimental verification of the validity of the assumed

nonlinear capacitance law

The small-signal capacitance C(VO) of severalvdifferent types of
abrupt~junction varactor diodes has been measured. The measurements were
performed on a Boonton R-X meter for C(Vo) < 25 pF and on a Marconi Q-
meter for C(VO) > 25 pF, The reverse bias voltage VB was applied ex=-
ternally and the peak-~to-peak voltage across the diode was kept as small as
was consistent with accurate measurements. This precaution is particularly
important under conditions of zero or forward bias, since the incremental
capacitance is then a strong function of voltage. If the amplitude of the
alternating signal is too great, the measured capacitance will be in cxcess
of the true value. In each case the magnitude of the junction contact
potential ¢ was fixed by choosing a value which gave the best fit to a
straight line when the C(VO),VO- information was plotted on logarithmic
coordinates. The exponent n could then be found from the slope of this
straight line. The value of n is rather strongly dependent on the exact
choice of ¢.

Figure 3.3 shows the measurced nonlinear capacitance characteristics of
typical cxamples of a number of different types of varactor diodes. A large
number of examples were actually measured: only represcntative characteris=
tics are shown here. In nearly all cases the assumed law (3.3) is obeyed
accurately., The exception is the Transitron SC-1 silicon varactor diode:
no value of ¢ could be found which caused the experimental points to lie
along a straight line. In addition, for values of VB less than about 2
volts, and for zero and forward bias, these varactors were found to be very

much more lossy than the other types. For these reasons they were not used
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in expeéimental work,

As well as diodes specifically designed to be varactors, measurements
were also made on a number of Mullard OA-10 germanium junction diodes. These
functioned quite well as nonlinear capacitors although their exponents n
were only about 0,35. Since parts of the theoretical work (to be given) will
assume that n = 0,5, thesc diodes were also rejected for experimental work.

Most of the experiments have been carricd out using the G.E,C. SVC 3 RE
silicon varactors. Thege are relatively high-Q units and obey the assumed
law from well into the region of forward bias to the onset of reverse break-
down, Their measured values of n average about 0.4, somewhat less than the
theoretical value of ¥ for abrupt-junction varactors.48 In spite of this,

good agreement between theory and practice has been obtained,

3.2.3 The representation of the nonlinear capacitance on the basis of

its charge-voltage relationship

For certain analytical purposes it will be desirable to characterise
the nonlinear capacitance in terms of an instantaneous charge which is a
function of the instantaneous voltage. Figure 3.2(c) shows the nonlinear
oapacitance law referrcd to the instantancous external voltage v, with the
origin placed at the total bias voltage V0 = VB +¢g , The shaded areca
under the curve represcnts the increment of charge on the varactor junction

due to a voltage excursion v. It is given by

v v

q = ‘j’ Clv)av = Co‘f (1 + %— )R av
(o] (o] °
R i-n.

0'0 (1+§—) -1
1-n o} .

4}



The inverse of this is 1

AN

Len 1-n
CV . q+l) -1
’

[oJNe]

which takes particularly simple forms when

n

where N is a positive integer.

2
1+N

given in the following table:

, & lincar capacitor,

o

oo _
2 N Y PN E
3 o 3 COVO
1

s
Vo [}xp cyv %]
oo

If we perform the normalisations:

y =

50

(3.6)

Expressions for v for these valuecs of n are

Table 3.1
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then

y = ﬂl—n)zu]l"n -1, 0<n<1,

and the charge-voltage relations become:

n y
6] 2
% z(1 + % z)
% z(1 + % z + %5 22) Table 3.2
3 3 1 2.1 3
m z(1 + gztigz *+ 35g 2 )
z(1 + 1z + % 2> + %E 22+ vared)
1 2
= e =1

Some of these nonlinear recctance characteristics are shown in Figure
3.4, They arc valid only for certain ranges of z and y. The non-physical
parts of the characteristics are shown as broken lines.

The graded-junction varactor diode has a nonlinear capacitance
characteristic with n close to % , which is a value which does not occur in

Table 3.2. The abrupt-junction varactor, however, has n close to %, which

is a value leading to the very simple expression for y in the second place
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of the taoble. It is desirable to usc a varactor with the greatest .possible
nonlinearity: the abrupt-junction varactor affords the largest rate of
change of capacitance with voltage readily obtainable at the time of
writing. Recently, however, experimental 'hyper-abrupt' varactors have

49

been reported, in which n is approximately unity over a certain range of
reverse bias voltages. The possibilities of such devices are not explored
in detail in this thesis, but suggest an interesting point of departure for

further work, as will be indicated in Sub-Sections 5.5.2, and 5.5.3.

3.2.4 Note on the mathematical model for the charge-voltage

characteristic when n =

The derived normalised charge-voltage relation for the case n = 4 is

y = =z + % z2 )
so that z is a two-valued function of y. One of the values 1s physical

but the other is not. 'The non-physical part of the corresponding (y,z)-
characteristic is that for which the capacitance %% is negative., When one
works in terms of the charge-variable z, it is necessary to reject any
theoretical results corresponding to the "forbidden" part of the character-
istic, This is indicated in Figure 3.4 by a broken line., At the point

y = =1, %% becomes infinite, approximating the behaviour of a real varactor,

2.,2.5 Nonlinear conductance

Although the voltage-sensitive conductance G(V) is shunted out by the
effective parallel capacitance C(V) at sufficiently high frequencies, at
lower frequencies and for very large signal levels its influence may be

important., It is thereforc desircble to be able to treat it mathematically.
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The conductance G(V) can be characterised adequately by means of the. well

known diode law

..)\(VB+ v) _

i = Is(e 1) .

Here i is the total (dircct + instantanecous) current flowing, I is the so-

called saturation current and VB and v are respectively the direct external

bias voltoge and the applied instantancous voltage, both being defined here

as positive for the dircction of reverse bias. The quantity'A is the

reciprocal voltage qe/KT = 38 volt-l at 2500, where q, is the charge on

an eclectron, K is Boltzmann's constant and T is the Absolute temperature,
In subsequent work we shall work in terms of the opcrating-point

voltage

so that the diode law will be written in the form

AW g+ v)
i = Is(e -1). (3.7)
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CHAPTER FOUR

4, Preliminary Investigation of Parametric Subharmonic Oscillators

4,1 'Evolution' of parametron circuits

4,1,1 Introduction

Contrary to the situation with linear circuits, little progress can be
made in the understanding of nonlinear systems without consideration of
specific circuits, A general theory embracing all circuit possibilities,
particularly those involving more than one kind of nonlinearity, seems to be
out of reach at present. Some elegant general results on the energy re-—
lationships in dissipationless nonlinear systems have been obtained by
Manley and Rowe50 and by Manleysl. Some general theorems concerning the
energy and co-energy in nonlinear lossless circuits composed of either
capacitors or inductors (but not both) have been given by Cherry52. The
power dissipated in nonlirear all-resistor circuits has been treated in an
analogous way in terms of 'content! and 'co-content' by Millar53. Unfortun~
ately, these thecorems do not apply to practical systems in which all three
kinds of element are present.

An additional complication in the study of non~linear circuits is that
parasitic elements can cause a change of kind as well as of magnitude,
unlike their behaviour in linear eircuits.

The selection of parametrons suitable for use as fast computer ele-
ments must therefore be made on the basis of experimental evidence. The
complexity of the awslysis of individual circuits is such that the effort

of treating systems of unknown utility is largely wasted.



56

4,1,2 Paramctron circuits

As indicated in Table 4,1, in which all dissipative elements have been
omitted for the sake of simplicity, it is possible to trace the "evolution'
of, and the relationships between, various kinds of practical parametron
circuits from the starting-point of the Parametric Amplifier. The left-
hond column of the Table contains devices which employ nonlinear inductance,
while the right-hand column contains those using nonlinear capacitance,
These devices will hereinafter be referred to as inductive and capacitive
parametrons respectively,

The Parametric Amplifier consists basically of three linear sharply-
tuned circuits resonant separately to the pumping frequency fp, the signal
frequency fs and to the difference frequency fp - fs (the so-called idling
frequency). These threc resonant circuits are coupled together via a
nonlinear reactance., If the signal frequency is made exactly half the
pumping frequency, then the idling circuit may be omitted since fp- fs= fs.
If the pumping amplitude is large enough, subharmonic oscillations of order
one-half can be cxcited in the "signal circuit, resonant to fs. The result
is the high-Q Dcgenerate Parametric Amplificr, It is referred to in the
Table as the Type I Parametron, The external signal can be omitted for the
moment: it will reappear later under the guise of the "phase-locking"
signal, Because of the sharp tuning, the induced subharmonic oscillations
will be reasonably sinusoidal and a small-signal analysis is satisfactory.
This fortunate from a mathematical point of view, since the differential
equation of the complete paramctron is fourth-order nonlinear (equivalent
to two simultaneous sccond-order nonlinear equations), the analysis of which

presents severe difficulties.
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At this point it may be remarked that certain of the inductive and
capacitive parametrons on opposite sides of the Table can be regarded as
rough duals of each other. Thus if the nonlincar capacitance can be

represcented by a serics

qlv) = Cv + ‘€2v2 +€3v3 + oarrreses (4.1)

where g and v are the instantaneous charge and voltage; and the nonlinear

inductance by a series
) = L.i +£2i2 +3£3i3 torrenne (4.2)

where @ and i are the instantanecus flux and currcnt, then it can be seen
that the nonlincar functions are in a sense dual. However, since the non=-
linear coefficients T and.Z% are not in general proportional to one

J

another:
tj % cOnSt.Ij Py

the duality will be but approximate,

Bloom and Chang35 have treatcd the case of a Type I Inductive De-
generate Parametric Amplifier by a small-signal '"high-Q" method, using the
power series exponsion (4.2) for Q(i), truncated at the second term, Their
results apply only for signal lcvels much lower than thoseencountered in
parametrons, furthermore, in order to simplify the calculations, they do not
consider the case in which the pump is detuned from resonance,

Hilibrand, Mueller, Stocker and Gold36, while not being specific about
circuits, have in effect studied an identical system, in their case regarded
as a Type I capacitive parametron. Their rcsults apply only very approxima-
tely to a practical device, and again detuning is not considered,

The Type I Parametrons, which are Degenerate Parametric Amplifiers, can
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be made to convert pump power into subharmonic power with good efficiency.
However, they suffer from the severe disadvantage that the amplitude of the
subharmonic oscillation is able to change only very slowly during a phase-
switching operation. This is because of the considerable energy-storage
of the sharply-tuned resonant circuits which are needed to suppress
practically and analytically undesirable harmonics. Behaviour of this
kind is distinctly not what is required of a fast switching element. We are
therefore led to consider how the amplitude transient may be speeded up.

The resonant case treated in the references mentioned above is not an
optimum condition for the production of fast transients, cven in the absence
of filters,

The fost-switching requirement leads us to the Type II Unbalanced
Double-Tuned Parametrons of the Table, in which some of the non-essential
energy-storing rcactive elements have been removed. However, the elimina-
tion of these elements means that in general a large number of unwanted
harmonics will appear because the filtering is now poor. A reasonably
accurate analysis will become exceedingly difficult. Nevertheless,
NethorcotB? has used the method of Bloom and Chang to treat a Type II induc-
tive parametron as though it were of Type I, His results do not apply for
the circuit considered because it cannot physically fulfil the conditions
of the analysis. Thus he assumes that the small-signal part Lo of the
nonlinear inductance can, with a suitable pair of capacitances, be used to
form two coupled high-Q resonant individually to 2fs and fs' However, the
total inductance can be regarded as linear only for vanishingly small signal
levels, Therefore the assumption that an efficient filtering action can be

obtained fails for any finite signal level, and the sharp-tuning approximation
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is invalid,

A further step in reducing the number of encrgy-storing elements
results in the parametron circuits of Typc III in Table 4,1. These consist
simply of a nonlinear reactance and a linear recactance of the "opposite"
kind, the circuit being "resonant" to one-half the pumping frequency. A
Type III(a) inductive parometron has been studied by Hayashizl and Type IIT
(v) capacitive parametrons by Aiken and Fin2152 and by Hedderley53 although
the latter author introduces additional energy-storing reactances into his
lossless circuit. The Type III parametrons are extremely difficult to
analyse since they suffer from the disadvantages of unbalance and lack of
filtering in full measure: the subharmonic output signal is very non-
sinusoidal and consists of the pump frequency, the subharmonic frequency
and many harmonics of all orders. A typical cxample of the waveforms
encountered in a Type III(b) capacitive parametron in which a varactor is
used as the nonlinear reactance is shown in Figure 4.1,

To sum up this far, we conclude that in certain circumstances, un-
balanced parametrons may be useful. However, if they are sufficiently
sharply~tuned to be amenable to analysis, (Types I and II), then they become
relatively useless as switching elements because the transients are so long.
They may, howecver, make excellent frequency dividers, but this aspect does
not concern us herc, Type III unbalanced parametrons, on the other hand,
have fast-transient capabilities, but are not readily treated by analytical
methods,

The problem is to obtain a reasonably sinusoidal subharmonic output,
and at the same time to have as 1little energy-storage as possible. A

solution is to add together two circuits of Type IIT in such a way that the
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nonsinusoidal subharmonic outputs of each combine to produce an approxi-
mate sinusoid. This "adding" process is illustrated diagrammatically in
Figure 4,2, Two different ways of adding together a pair of capacitive
Type III parametrons arc shown, resulting in the Balanced Types IV(a) and
IV(b). Note that in these devices the orientation of the nonlinear reactive
elements becomes important. We shall refer to the Type IV(a) capacitive
device as a galanced Sceries Parametron (BSP) because its varactors are in
"series', and to the Type IV(b) capacitive circuit as a Balanced Parallel
Parametron (BPP) since its varactors are in "parallell,

These balanced parametrons combine the advantages of low energy-storage
and reasonably sinusoidal output with several other virtues which will be
discussed in Chapter 7., The present thesis is primarily concerned with these
types since they afford a good compromise between practical utility and
theoretical manageability,

The Type IV(a) inductive parametron has been used26 as a computer
clement, but has not been treated theoretically except by Lavi and FinzilB,
who perform a piecewise-linear analysis assuming a squarc-wave pump. The
Type IV(a) capacitive parametron has been uscd in some experimental in-
vestigationssz’33 but no theoretical explonation of the observed phenomena
has been given.,

Type IV(b) inductive paramctrons do not scem to occur in the literature,
although the Type IV(b) capacitive paramectron has been used in some sketchy
experimentqu.

The balanced parametrons have the major advantage that they effectively
isolate the pump and subharmonic circuits from each other, so that they

interact only via the nonlinear reactances., This means that virtually none
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of the pump frequency appears in the output and none of the subharmonic
frequency in the input. Thué there is a self-filtering action which does
not involve additional energy-storing elements., Furthermore, since the
devices are balanced from the point of view of the subharmonic signal, only
odd harmonics of the subharmonic frequency occur, thus improving the purity
of the output, see for example Figure lL.3.

In practice the balance of the BSP is, in general, scomewhat inferior to
that of the BPP, primarily because of the different effects of parasitic
capacitances, These matters will be discussed in more detail in Chapter 6
which deals with experiments on the steady-state behaviour of the devices.
Suffice it to say for the moment that the BPP is inherently the better-

balanced of the two parametrons.

4,2 TFirst-order quasi-static theory

Before we go on to consider parametrons in detail, it will be in-
structive to treat a typical device by means of an approximate small-
signal quasi-static method due to Hilibrand et a136. This method by passes
the formulation of actual differential equations. The example selected
here is the Type IV(a) capacitive parametron, or BSP, the basic circuit of
which is given in Figure 4.4,

The method is based on the expansion of the reactive nonlinearity in
a power series about the total bias point Vo. Only the first two terms of
this scries will be retained. This at once restricts the validity of the
analysis to small voltage excursions about Vo' By considering the voltages
across and the currents flowing in this simplified nonlinear reactance, it

will be possible to set up equivalent circuits for the parametron at the
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various frequencies of interest. It will be assumed that the rates of change
of amplitude and phase of the subharmonic voltage_vs developed across L are
negligibly small: this is the quasi-static assumption., It is not necess-
arily fulfilled in practice, but will grecatly simplify the calculations.

It is assumed that there are no losses, that the transformer is ideal

and that its ratio is 1:2 so that

v3 = vh = -vp .
The "accurate" varactor law is
v y=n
= o —
clv) Co(l Vo)

which is approximated here by its first-order expansion
~ -n L
Clv) = Co(l n VO). (4.1)

Now C(v) is by definition dgq > s0 that the current flowing in a varactor is
dv

. 4y dv .
i v ° 3t cv)¥ .
Therefore i, = C(Vl)ﬁl

and i, = C(vz)v2 .
also v, = =v + v
1 P s

Vs = -vp - vS R

so that the total varactor current is

: Va Y9
i= i,-14 % Co(l -0 )62 - Co(l -0 )&1
(o] (o]
nC
- . -0 4 (,2_ .2
= C o= ¥) + W d (vi - v5)

v
= - -3 P
ECO vs(n Vo + 1) .
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In terms of the normalised quantities

v _ v

X = B2 o y = )
' v Vv

o] o

this reads
B i I
. a_ +
+ ZCovo dt l-y(nx 15] .

Let us define the pump by
X =X sin 2 ot = -jix(edcWt o gmdewt)

and assume that the subharmonic can be approximated by
~ . <1 Jwt *  ~jwt
¥ = Y sin(wt + 8) = -3§(Y1e -Y e ) (4.2)

where
= je
Yl Ye
%

Then F(nx + 1) = -j%(Ylert - ¥

~jwty, 1 =jut, x jwt
e )+ an(Yle + Yl e ),

Jowt and Y; enJBWt since

in which we have rejected the cross-products Yle
they have been tacitly assumed negligible in (4.2). Differentiation yields

the approximate current flowing in the inductor L at the subharmonic

frequency ws

g q Jwt =jwty, .1 - ~jwt jut
i= 2wCOV0]:§(Yle + Y; e )+34nX( Ye + Yz e {_ .

If this is divided by ¥ = V0§ , we obtain the approximate equivalent
admittance due to the varactors at the subharmonic frequency. This appears

in parallel with L and written in the usual notation is

Y,

jowC - nwC X Y
] ]

-

1t

1

6-326

&
0%k

JEwCO
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The first of these terms represents a capacitance of magnitude ZCO while
the second represents an admittance the nature of which depends on 6, Thus
it is a pure negative conductance for ® = 0, n , a pure positive conductance
for 8 = % g s and becomes capacitive or inductive for 6 = f s 722 or -~ f ’
Eﬂ respectively.

It 1s to be noticed that, strictly speaking, the solution obtained by
this analysis is neither steady-state nor transient, but applies only to
the conditions obtaining shortly after the instant of turn-on when the
amplitude of the subharmonic is very small and is changing extremely slowly.

The angle © can be identified as the phase with which the oscillation
is initiated, and upon which subsequent events depend, as we shall now show.

The equivalent circuit at the subharmonic frequency w,when 6 = O or =,
is shown in Figure 4.5(a), It consists of a tuned circuit in parallel with
a negative conductance and therefore gives rise to exponentially growing
oscillations., If, on the other hand, 6 = = g s then the equivalent circuit.
is as shown in Figure 4,5(b) and now contains a positive conductance which
leads to exponentially decaying oscillations, Such considerations enable us
to draw a rough diagram of the way in which the small-signal amplitude may
be expected to change with variations in the initial phasc angle, as in-
dicated in Figure 4.5(c).

It is possible to determine the net power generated at the frequency w,

It is found that this also depends on 6, For 6 = O or =, the power generated

is
P = + 3 vvﬁ
w 2, » BB
10, Vo

but for 6 = =z g » power is removed from the subharmonic oscillation:
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Pw is zero at the intermediate phases % £ , £ Eﬂ

for which the device is
purely reactive,
It is possible to calculate the current flowing in one of the varactors

and hence the admittance of a varactor at the pump frequency. The result

is
: 1o 4°
ﬁqééw = JaC, 2nmCo —%f
v 2
= j2wC  + InuC s s
[¢] [¢] VvV
o'p

that is, a capacitance C_ in parallel with a conductance 3 G, vhich is
always positive. The power supplied by the pump is therefore

v 2V

2
PZw =/-—15L> . G 20 H ano + 5P
\’\/2— Y

since there are two varactors. This is equal to the power Pw generated at
the subharmonic frequency at the particular phase-angles O or n, Power-
balance occurs only at these phase angles. Conservation of energy there-
fore means that the small-signal subharmonic phase aﬁgle must tend to one
or other of these values,

The nonlinear reactancc will generate harmonics of the subharmonic
frequency w. Since the system is balanced, only the odd harmonics will
occur., Thus if we include a term —j%(YBGijt - Y; ¢™3%) i1 the assumed
solution ? to account for the third harmonic, the admittance appearing in
parallecl with L at the frequency w is found to be

"% = g2 - mox GOtY o,
w o o

4
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However, since the amplitude and phasc of the third harmopic are not known
in relation of those of the subharmonic, the present method does not enable
us to discover its effect on the admittanceqéb, and no advantage is to be
obtained by its inclusion.

To sum up, the method described here does indicate that the small-
signal cecquivalent circuit of a parametron is, in a sense, a function of the
past history of the device, However, it has several serious shortcomings
among which may be mentioned the following,.

(1) No steady-state solution is predicted.

(2) The solution which is obtained fails to hold rigorously under
transient conditions, For example, the equivalent circuit of Figure 4.5(a)
suggests an amplitude solution

Y(t) = ¥(0).o Xt |

but such a solution violates the quasi-static assumption,
(3) Detuned cases are not covered.

It is therefore necessary to investigatc other possible methods of attack.

4,3 Piecewise-linear theory

In thé previous section the example of the BSP has been analysed by
means of a small-signal quasi-static method. The results were found to be
of very limited application. In this section the possibilities of the
method of piecewise=linearisation will be investigated. For comparative
purposes, the problem selected here is the same as the one treated in the
last section,

In the piecewise-linear (PWL) method the nonlinearity is represented
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by a chain of straight-line elements. The greater the number of elements,
the more accurate is the reprcsentation and the final result of the analysis.
In the present case, the nonlinear charge-voltage characteristic of a
varactor will be represented by a highly approximate model consisting of
two straight-line elements, as shown in Figure 4.6(a). The varactor is
supposed to have two possible states, the Z~state in which the capacitance
is zero, and the I-state in which it is infinite. The properties of these

states are summarised below,

Varactor Varactor Varactor
State .
capacitance voltage charge
Z 0 V>-Vo q = 0
I o v=-Vo q < 0

In the Z-state the varactor can have any constant charge without affect-
ing the results., The charge is here assumed to be zero for simpliecity, In
the following analysis, charge-storage effects are neglected,

The previous section used an approximation, cquation (4.1), to the non-
linear capacitance function which consisted of a single straight line on the
(C, v)-plane, The slope of this line was a function of the exponent n, and
the representation was valid only for very small signal levels, The present
two-line representation, on the other hand, will apply only for large signal

amplitudes, We shall not specify how large at this point.
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Figure 4.6(b) shows the physical circuit of the BSP to be analysed,
It is similar to that of Figure k4.4 but has in addition a series loss ele~
ment Rp in the pump circuit, It is found that this resistance must be
included if the details of the large-~signal waveforms are to be explained.
A load RL in parallel with the inductor L is insufficient for this purpose.
The equivalent circuit is given in Figure 4.6(c). Rp appears twice
because the input transformer is taken to be ideal and has been eliminated,
The nature of the mechanism of the large-signal subharmonic oscillation
will be clarified if at first the influence of the damping is neglected.

The following sub-section treats this zero-damped case.

4,3,1 The case of zero damping

Three circuit equations apply for all possible combinations of the
varactor states Z and I. The subscripts 1 and 2 will refer to quantities
associated with the varactors C1 and 02 respectively. The individual

varactor voltages are

v, = vp+vs Zz -V, (4,3)
vy =V, T Vg Z -V, (L. 4)

while the subharmonic voltage appearing across L is

Vs = L(q2 - ql) . (4-5)
Since there arc two varactors, each of which can exist in two states, there
are four possible parametron modes. They are:

(1) the ZlZZ = mode in which both varactors are in the =zero-

capacitance state,
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(2) the 2112— mode in which the varactors are in
(3) the IlZE- mode different states and
(4) the I,I,- mode , in which both varactors are in the

infinite-capacitance state. The behaviour of the parametron will be
examined for cach mode separately. Mode-sequencies corresponding to physical
types of oscillation will then be determined.

The pump will be supposed to be a perfect voltage source except when
presented with a short circuit. In that case, zero output voltage will be

assumed,

4.3.1-1 The lez- mode

This mode is characterised by q = 0 and a5 = 0. It follows that the
subharmonic current i_ = &5 - él is zero. Equation (4.5) shows that the
subharmonic voltage Ve is also zero. Thec system is balanced, so that no
power is transferred from the pump to the subharmonic oscillation, The

pump voltage is impressed directly across the varactors. ZEquations (4,3)

and (4.4) show that a necessary condition for the mode is

or in terms of the normalisations established in the previous section
X > - l . (4.6)
This means that the negative excursion of the pump oscillation must not

exceed the total bilas voltage if the mode is to exist,

4e3,1,2 The Z3Io- mode

Here the varactor Cl‘is in the zero-capacitance state while the varactor

02 is in the infinite-capacitance state, The parametron is unbalanced and



punp power is transferred to the subharmonic frequency. The varactor

voltages are

Ve = Vot v > - Vo s (4.7)
Vp S VT V.= - A (4.8)
while the varactor currents are
‘.11 = 0, (4.9)
8, # 0. (4.10)
Equation (4.8) shows that the subharmonic voltage is
= +
v vp Vo
or in normalised form
Yy = X + 1 .
For the particuler pumping function
x = X sin 2wt
used in the previous secction, this reads
y = X sin 20t +1 ., (4.11)

Elimination of v_ from equations (4.7) and (4.8), followed by normalisation,
indicates that the condition for the existencec of the 2112 mode is again
x > -1, (4.12)
The subharmonic current is during the mode can be found from equation

(405). Since ql = O,

i

vs - Lq2

so that

. 1
15 I 5vs at.

In normalised form, the solution of this is
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€ = X1 - cos 20t) + 20t + £(0) , (4.,13)

where E = 2les ,» the dimensionless subharmonic current and E(O) is

\'

its value at t = 0°

403.1!3 T}le IlZZ" mOde

This is similar to the ZiIZ— mode, but the roles of the two varactors
arc now reversed. Proceeding as before, the subharmonic voltage is found to
be

y = =X sin 20t - 1 (4,24)
under the condition

x > =1,
The subharmonic current is
§ = - XQ - cos 2wt) - 20t - T(0) . (4.15)

5]

be3.1.4 The IjIp- mode

The fourth possibility is the mode in which both varactors are in the

infinite-capacitance state., The varactor voltages are both fixed:

v1 = vp + vs = - VO

v, = vp -V, T VO .

Addition of these equations shows that

vp = = VO

or x =-1 (4,16)
which means that the pump is presented with a "short-circuiting" voltage-vo

and limits at this value. Subtraction of the equations shows that the
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subharmonic voltage v is zero. Equation (4,5) then indicates that the

subharmonic current is is constant during the mode,

4,3.1,5 Mode-sequences

If X < 1, no subharmonic oscillation is possible and the behaviour of
the parametron is described by the Z1Z2- mode, At X = 1, oscillation
consisting of an alternation of Z112 and 11Z2— modes '"'suddenly" commences.
If X > 1, oscillation continues, but now 1112- modes appear interspersed
between the 2112 and Ilz - modes.

Thus the simplest mode-sequence supporting oscillation occurs for
X =1, Let ué consider this case. Since the system is balanced, it will
be sufficient to consider only onc subharmonic half-cycle, The other half-
cycle will follow by symmetry, In the Z1I2 mode, the voltage waveform is
given by cquation (4.,11) and is shown in Figure 4.7(b),

The current waveform is given by equation (4,13) which contains an
undetermined constant ﬁ;(O). Tt is possible to express this constant in

terms of t., the instant at which the mode commences., To do this, we first

1’
notice that the subharmonic voltage must obey the boundary condition

y(tl) = - y(tl + £ ). (4.17)

If equation (4.11) is substituted into this, the following expression for
tl is obtained:

sin 2w, = "%c . (4.18)

It is evident that tl cannot exist for X < 1, The next step is to formulate

a boundary condition on the subharmonic current. Since this current flows

in the inductor L, it cannot be discontinuous. It must therefore obey the
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condition
T(t) = -8, + ). (4.19)

This can be used to eliminate }g(O) from equation (4,13), yielding for the
current

Eg(t) = X(cos 2wt - cos 2wt) + 2w(t - tl) - T . (4,20)

Finally, by putting X = 1 in equation (4.18), we find

= -1
5 = b ?

so that the solution is

% (t) = 20t - cos 2ut - 2 . (4.21)

The current waveform specified by this expression is shown in Figure 4.7(c).

nV
o]

2wl

is a function of the frequency w, whercas the amplitude of the voltage is

It should be remarked that the amplitude of the un-normalised current

not.

If the pump amplitude X is increased beyond unity, 1112_ modes appear
between the ZlIE and Ilza— modes. The oscillation is now described by the
sequence

--ZlI2 —1112 -1122 -IlI2 —2112 ~ cte,

Since y is zcro during the I.I_- modes, the boundary condition (4.17) still

112
applies. Equation (4.18) for the time t; at which the Z I,- mode begins

therefore remains valid. The current 35 is constant during the I.I_- modes,

1tz
so that the boundary condition (4.19) can no longer be applied to the Z112-
mode. It can be seen by symmetry that € must be zero at t = Ea » Equation

(4413) then gives

E (t) = 29t - X cos 2wt - = . (4,22)

2
4ls
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Figure 4,8 shows the various waveforms in the BSP calculated for the
case X = 3,0, The waveforms are very similar to those observed experiment=
ally under conditions of heavy pumping., This may be seen by comparing the
predicted voltege and current waveforms of Figure 4,8(b),(c) with the
photograph of Figurc 4.9,

Figure 4,10 shows the thcoretical and experimental relations between
the pump amplitude X and the subharmonic amplitude Y, For the present case
of zero damping, the theoretical (¥,Y)-profilc is. independent of frequency.
In practice, the shape of the profile does depend on the frequency to some
extent, particularly near resonance, ¥ = 1.0, However, resonance implies
"small-signal' operation, for which the PWL method is inappropriate. If
the subharmonic frequency is detuned sufficiently away from resonance, the
shape of the (X,Y)-profile becomes relatively insensitive to frequency
variations. The experimental profile in Figure 4,10, was measurcd for
such a detuning,4) = 0,6, It can be seen that the agreement with theoreti-
cal predictions is surprisingly good, considering the extreme approximation
made concerning the nonlinear reactance characteristic of the varactors.
Certain differences between the theoretical and practical curves should be
pointed out.

(1) The experimental profile exhibits hysteresis, whereas the
theoretical result does not., It is apparently necessary to invoke damping
if this phenomenon is to be explained by the PWL method, *

2) The slopes of the profiles are similar in the range

1.0< x < 2.0 ,

although theory predicts a larger subharmonic voltage amplitude than is

* We shall see in Chapter 6 that another theorctical approach predicts

hysteresis even in the lossless case.
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Experimental circuit:

SVC 3RE silicon varactor diodes,
RP = 50 &,
resonant subharmonic frequency f = Le€7 /s

Operating conditions:

Frequency of operation f_ = 2.8 Ve/s,
-nfs/fo =‘V =Oo6,

pump voltage amplitude VP =1.0 volts,

total bias voltage VO = 0.7 volts,

JoX o= 143,
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Vo= 0.7 volte
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observed in practice., The difference can be attributed to degradation of
the performance of the physical parametron because of

(1) dissipation and

(2) the usc of varactors with a reactance characteristic

less nonlinecar than was assumed in the theory,

(z) The amplitude Y of the theoretical profile increases linearly
as X increases, but the experimental curve falls to zero at X = 2,55, The
abrupt cessation of oscillation is caused by dissipation due to forward
diode-conduction in the varactors. This nonlinear damping becomes

important only for fairly large values of X,

4,%2,1,6 Transient response in the case of zero damping

In the present lossless case, thecory predicts that if the pump voltage
is suddenly applied to the parametron, the oscillation immediately commences
at its steady-state amplitude. This is at variance with the experimental
observation that several cycles of subharmonic oscillation are required for
the amplitude to build up to the steady-state value. It is evident that
transient phenomena cannot be explained by the PWL method unless damping

is included,

4,3.2 The case of finite damping

In the foregoing sub=-section the possibilities of the PWL method have
been explored for the lossless case. Several shortcomings were apparent,
some of which were due to omission of the damping. Let us now attempt to
find the corresponding results when the pump-circuit resistance Rp is not

negligible,
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The parametron can still exhibit four different modes, as in the loss-
less case. The no-oscillation lez-mode is unaffected by the introduction

of Rp. The unbalancrd ZiIZ and I,Z_-modes, however, become more difficult

1Z2
to treat theoretically because of the gppearance of the time-constant L/Rp.
The IlIz-mode is also influenced by this time-constant, but can be dealt
with guite simply because the output terminals are disconnected from the
pump in this balanced condition.

The equations corresponding to (4.3) and (4,4) for the varactor volt-
ages are now

v, = vp+vs-Rp 811 = -V, (4,23)
V2=Vp"vs-Rp&2 = -V, (4.24)
while equation (4.5) for the inductor voltage remains unchanged,

The calculations will be considerably simplified if time, frequency

and current are normalised with respect to the time-constant L/Rp:

N

To= REt » a dimensionless time-variable,
L

y'o= %—L- » the dimensionless frequency,
p

e _  RYJ . :

> = o) s the dimensionless current.
v
o

These three quantities have specialised definitions in this sub-section,
For this reason they arc primed to distinguish them from the similar, but
differently defined, quantities used elsewhere. (Thus T and 4 are defined
with respect to the resonant angular frequency w . Such a frequency does
not exist in the present case),

The leé-mode equations are thc same as in the lossless case, while

the equations for the ZiIz, Ilzé and 1112- modes are derived in Appendix 4.1,



The complete set of equations is summariscd below for convenience,

/

T = x- y+1
y > -1+ x)

ZlZZ—mode
Subharmonic voltage y = 0, (4.25)
'
Subharmonic current € = 0 (4,26)
Constraint x > -1 (4.27)
lea-mode
1 r p "C/
y = 'ZJL/Z [E\I:Sin 2\)"{7, +cos ZVI“L{] + ty(o)- 2y X/2 }e.‘
1+hy 1t+hy

(4,28)
(4,29)
(4,320)

IlZZ-mode

/

/
Yy .':—.-%. l;'v.’Sin 2«))/"[’ +cos 2'\)’"5;] + '}‘(O)'l‘ M—

1+l 2 1+ 2
’ - (4,21)
§ ==(x+y+1) (4e32)
y< 1+x (4.33)
IlIZ-mode
y = y(0) &= 772 (4. 34)
t'= -2y (4.35)

TheM™initial conditions" y(0) in the above expressions are to be

interpreted as being defined separately for each mode,

87
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4,2,2.1 Mode=sequences in the case of finite damping

The simplest conceivable mode=sequence lcading to subharmonic oscilla=
tion is again an alternation of Z112 and 11Z2 modes. Let the Zila-mode
T

/
begin at 'Fl and end at "Ui + e At these instants the subharmonic

currents must be equal and opposite, giving the following boundary condition

’
on %g :

/ / /! ’ 1

$(TY = =¥ (T, + ), (4.36)
corresponding to (4.19)., Substitution of equation (4.29) into this yields

/ / /
x(Tp) =y (T 1 = =x(Ty + 5+ 5T+ 2) -1 (b3)

There is a similar boundary condition on y at the beginning and end of the

mode:

y(Tll) = = y(rc/l + 5[’) . (4.38)

If y is eliminated betwecen this and (4.37) there results

x(T) +x(T + L) + 2 = o (t.39)

/
With the assumed function for x(v), this gives for the instant at which the
mode starts

X.sin 2yTy +1 = O, (4. 40)

If X> 1, then in one complete pump-cycle there are two possible values of
fﬁa which satisfy this equation. Experiment indicates that actual values of

fga lie in the range

- T T
L < T - P
Zy' == 1 = Ll’yl

for the particular mode-sequence considered, The least pump amplitude which

will support subharmonics is again X = 1.0.
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To find the voltage solution, the unknown constant y(0) in equation
(4,28) can be expressed in terms of‘I{ by means of (4.38). The complete

solution for y during the ZiIZ-mode is found to be
/ ’
i (*,=T)

. 2y’ X . ' 2 . , /!
y(T©) = ‘\)_/_2 2yesin 2\;"!2 + cos 29T - —e—-——:;?;;- (2~J./s:Ln 24 '{;’l+ costTl)
1+hy l+e
i
(4,40)
starting at the amplitude
/ ’ 7
v(T,) = 2y X (2v:sin 2v’c,+ cos 2*,;1'[:/ ) tanh &= . (4.51)
1 +2 1 1 7
L+by 2y

Equation (4.40) is of the form ,

y(‘ﬂ/) = A.sin (Zv"c/+ €) + B.e-q; ,
Thus the voltage waveform is composed of a sequence of segments, each con-
sisting of the sum of a sinusoid and a decaying cxponential. The coeffici-
ents A and B are such that the boundary conditions are satisfied,

Figure 4,11 contains voltage and current waveforms calculated according
to equations (4,40) and (4.29) respectively for two different values of s
The smaller value corresponds to heavy damping and/or low freguencies, FPe
larger to light damping and/or high frequencies. The functions % B.e
have been superimposcd upon the voltage waveforms in order to clarify the
manner in which they are built up. These theoretical waveforms are very
similar to those encountered in practice, As an example, Figure 4.12 shows
typical experimental voltage and current waveforms for a case in which
damping due to Rp is important. This photograph should be compared with the
calculated results of Figure 4.11(c) and (d).

Figure 4.11 also illustrates the point that if X is kept constant at
the value 1.0, and if the frequency v is reduced, then the peak amplitude

Y of the subharmonic voltage also decrecases. This is in accord with
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= 0.7 volts,

<
Y

total bias voltage
therefore X = Q.86.

=508, L= 19 pH,
therefore 4= wL/RP = 6.7

typical

to R
D



922

experimental observations,

The good agreement obtained here is all the more remarkable when it is
noticed that the calculated waveforms do not always satisfy the conditions
(4.20) and (4.33). The interpretation of this anomaly must be that the
initial assumptions upon which the theory is based are not strietly realistic
ones, Thus the (q,v)-characteristic of a real varactor is less sharp than
has been assumed here, so that in practice the varactor voltage excursions
are not abruptly curtailed when the "infinite-capacitance' I-state is
reached. |

The only way in which mathematical rigour can be achieved in the PWL
analysis of a lossy parametron is to specify that the oscillation must
always consist of the mode-sequence

- 2112 - 1112 - Ilz2 - 1112 - etc,
It was found in the lossless case that the duration of the Illz-mode
decreased to zero as X was reduced towards unity. In the present case,
however, it is necessary for these modes to persist even for X = 1.0,

The ensuing calculations are complicated by the fact that the starting-
times of two different modes must now be determined (instead of just"fa).
Indeed, it is found that the relevant times can be calculated only by

solving a palr of simultaneous trancendental equations.* This would require

*  The equations in question are

/ 7
/ '%('—C -"C )
-1 = X(T;) = (1+X(TO) ) e 1 o)
and ( ’ /)
/ -(T —(T / ,
2(1+x("C'o) Je e M'E(E’v:sin 2v<’[i+cos 2v’[]’_)+1+x('cg_) e“'ﬂ/'v_l‘l
L+l ’

/
s . . . .
where*];o is the starting-time of an Illa-mode and"f1 of a 2512~mode. Were it
not for the factor # in the exponent of the first equation, the solution

would be a comparatively simple matter,
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the use of graphical or numerical (computer) techniques, Since the object
of the present work is to find purely algebraic explanations of the
mechanism of subharmonic oscillation, this line of attack has been dis-

continued,

4,3,3 Criticism of the piecewise=linear approach

The primary advantage of the PWL approach is its ability to predict
complicated waveforms, However, the nature of the mathematics associated
with the method is such that it does not afford a suitable basis for the
formulation of a more general or more accurate theory. In particular, there

seems to be little prospect of the euergence of a useful treatment of the

transient phenomena.,

4,44 Possible ways in which the differential equations of varactor

parametrons may be formulated

Up to this point, the mechanism of subharmonic oscillation has been
investigated by two quite different approaches. The first, an essentially
small-signal method, lcd to cquivalent circuits for the various frequencies
of interest, These circuits gave a useful intuitive picture of how the
oscillations arise, but not to quantitatively realistic results. The second
method, which was applicable only to the investigation of large-signal
phenomena, gave remarkably good results for the steady-state waveforms and
for the detuned (X,Y)-profile in the case of a lossless parametron. However,
when dissipation was introduced, the method was not entirely satisfactory,
and quickly led to analytical difficulties,

Neither approach gave any prospect of an adequate treatment of the



9L
transient phenomena. In the first method, the limitation was the quasi-static
assumption, The second method gave no useful information about the transient
response in the lossless case., In the dissipative case cycle-by-cycle trans-
ients would have to be computed numerically, a laborious and uninformative
process., An analytical solution would certainly not be possible.

The inevitable conclusion is that the problem must be attacked by
means of the solution of differential equations, Attention will now be
directed to this end., In order to establish a secure foundation on which
to base more exact calculations, we shall in this section derive and discuss
the differential equations of certain simple unbalanced parametrons. In the
next Chapter, these will be extended to include the more useful balanced
types.

A1l parasitic (i.e. non-essential) elements will, for the moment, be
omitted. They are important only when accurate results are required, and
tend to complicate the simplicity sought at this stage.

Contrary to the situation in a linear system, the nature of the differ-
ential equation of a nonlinear system depend . on the way in which it is

5h

formulated, Certain forms of the equation may be very much more amenable
to reasonably accuratec analysis than others. This point may be illustrated
by referring to the simple nonlinear-capacitance parametron, Type III(b) of
Table 4.1.

For conveience, the circuit of this device is re-drawn in more detail
in Figurc 4,13, The instantaneous pump-voltage is vp and the voltage across
the linear tuning inductor L is v;+ The instantancous current g is the rate

of change of the charge on the nonlinear capacitor C(v). For the sake of a

concrete example, this capacitor is taken to be a varactor, oriented as
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Idealised Type III(b) Varactor Parametron.
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indicated by the diode symbol. The instantaneous voltage across the varact-
or is v. Finally, the circuit contains a series loss-resistance R to
account for resistance in the pump source and other parts of the parametron,

The following discussion will use the normalisations x, y and z for the
pump voltage, subharmonic voltage and varactor charge respectively, as
defined previously.

By summing the voltages around the loop:
LC z + RC oz + y = x (4.42)

Now let us put L C_ = 1/&02, w C R = k, and normalise the time-

variable:
N = w b,
then
2
£2 vk 4y = x, (bes3)
dro

%+ kS o+ y = x, (L, 4ls)
where the circles signify differentiation with respect to the normalised
time. This equation superficially resembles a linear equation, but only
because an explicit nonlinear rclation between the varactor voltage y and
charge z has not yet been introduced, This may be done in three different
ways.
(1) Let us take the varactor law in the form of equation (3.5), Chapter 3:

cv) = ¢ + F)7T (4, 45)
o] .

Let the variable for the differential equation be the varactor voltage v.

. d
Then since E% = C(v),
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so that the First Form of the differential equation is

Lla™§ |+ k)™ 5§+ y = x(@) (4. 16)

where, for cxample, x(%) = X:sin 24T for }th-order subharmonic oscillations.
(2) A second possibility is to take thc same form of the nonlinear reactance
law, but to let the main variable be the voltage across the inductor,

vy =V - vp. Then a Second Form of the differential equation is

I

%'t L(l+x+y)-n (;c + ;)]4. k(l+x+y)—n (i + oy) iy=0,
V.

" where now ¥y = V£ » This can be written more simply:
0

2 .
?L%E . d—m2 [ (l+x+y)1 nJ + l—lfﬁ . %—5[ (l+x+y)l n] + 3 =0,
d

(4, 47)
Notice that the pumping function x is now imbedded in the nonlinear parts
of the equation,
(3) The third and most interesting result is obtained when one works in
terms of the variable g, the charge on the varactor junction. To this end
we use the v = ﬁf(q) representation of the varactor, as derived in Sub=

Section 3.2.3, Chapter 3:

L
1-n )l—n
v = Vo (-CT + g+ 1 -1 , (4. 148)
« O 0 /

so that a Third Form of the differential equation is immediately

1
2+ ki + [@n)z+1]T" -1 = x(%)|,.09)




co

9
vhich is a special case of the generalised Duffing equation (2.12), Chapter
2, and which is valid for 0<n <« 1. If n =1, as is possible in certain

recently reported varactor54? then the v = T}(q) law must be written (sce

Table 3.1, Chapter 3)

9 ,
COVO
vo= V| e - 1 , (4,50)

which results in the differential equation

Z + kz + e? =1 = x(t) . (4,51)

Following the remarks of Sub-Section 3.2.3, Chapter 3, equation (4o 49)

becomes particularly simple for

igﬁ » N a positive integer.
Thus if n = {% , which is approximately the value for an abrupt-junction

varactor, we get the equation

Z + k2 + gz + % 22 = x(c) (4,52)
which is in the canonical form of the Duffing equation,

Similarly, onc can construct a table of differential equations for the

variovs =nccial values of ni

N n
0 0 Z+ k2 + z = x(T)
1 3 T+ KE oz o+ % 22 = x(T)
2 T2, L 5.
2 5 7+ kz + g + 3 2z + 25 = x(T) Table 4,2
°Z°+ kZ+ Z+:2LIZ +"—" 2 + vae =x(l'[')
ot e
z+ ki + el -1 = x(T)
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The case n = 4 gives the simplest nonlinear equation in this Tables It
is also the most important practically, since abrupt-junction varactors have
n near 0,5 and give the greatest nonlinearity readily available,

The two different "voltage' forms of the differential equation, egua=-
tions (4.46) and (4.47),can be treated analytically only if the nonlinear
functions are approrimated by their truncated power=series expansions.

This immediately restricts attention to small-signal operation because the
approximation will fail as soon as the relevant normalised variable approach-
es unity (i.c. as soon as the voltage concerncd approaches Vo). However,

the Third Form of the equation in terms of the charge variable z can be
treated exactly (for the special values of n), and since no approximation
need be invoked, the analysis will hold for large-signal operation with

v = Vo'

Whatever may be the exact parametron configurations selected for de-
tailed study, the considerations of this section will apply to the extent
that several diffcrent but cqually valid differential equations can be ob-

tained for a single system, some of which may bc more useful than others,
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CHAPTER FIVE

Se Differential Equations of Balanced Varactor Parametrons

5«1 Introduction

It has been remarked in Sub-Section 4,1,2 of the previous chapter that
balanced parametrons have several practical and theoretical advantages over
the unbalanced types. The rest of the thesis will therefore be devoted to
a detailed study of certain balanced varactor parametrons which have been
found by experiment to have good transient characteristics.

It was indicated in Table 4,1 that two basic types of balanced varactor
parametron exist., They were referred to there as the Types IV(a) and IV(b)
capacitive parametrons. Following the nomenclature of Sub-Section 4.1.2,
they will henceforward be referred to as the BSP and BPP respectively.

In the first part of this chapter, differential equations will be
derived for both types of parametron, assuming the C = ﬁ}(v), or "voltage"
representation for the reactive nonlinearities. In order to predict the
quantitative behaviour of actual parametrons, it will be necessary to include
the effects of parasitic elements. These elcments are primarily linear,
although forward dicde-conduction in the varactors constitutes a nonlinear
parasitic and is difficult to treat, Subsequently, it Qill be shown that
the two differential equations are sufficiently similar in form to be assimi-
lated into a single, more general, mathematical model. This generalised
"voltage" equation will contain nonlinear functions which must be replaced
by approximations before analytical solution can be undertaken. For this
reason, the second part of the chapter is concerned with the derivation of

mathematical models based on the v ='3(q), or ''charge" representation of the
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nonlinear reactive characteristic of the varactor. It will be seen that
under certain conditions this representation gives rise to differential
equations in which the nonlinear functions do not require approximation
before solution is attempted. The chapter ends with a discussion of methods

for solving the derived differential cquations.

5.2 The derivation of the differential equation of the balanced series

paramctron (BSP) using the ''voltage" representation of the capacitive

nonlinearity

The physical circuit of the BSP is shown in Figure 5.1(a). The pump-
ing voltage vp is coupled via the transformer T to a resonant circuit con-
sisting of the two varactors Cl and 02 and the inductance L, GL is the load
conductance and VB is the bias voltage external to the varactors.

In order to construct an equivalent circuit suitable for analysis, the
following five assumptions are made.

(1) The pump generator vp is taken to be an approximately zero-impedance
source,

(2) The transformer T is assumed to be ideal with 1:2 turns ratio and
centre-tapped secondary, so that vp appears twice in the equivalent circult
of Figure 5.1(b).

(3) A varactor is represented by a parallel combination of a nonlinear
capacitance and a nonlinear conductance defined by the laws (3.5) and (3.7)

discussed in Chapter 3:

clv) C, (1 + “;—)'n (5.1)

(o]
~AVg+ v) )

I (e
s

and I(v) 1), (5.2)
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Figure 5.1(b) - Equivalent circuit of BSP for analysis.
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respectively, whore
clv) = %% , the incremental nonlinear capacitance,
Co is the small=-signal capacitance at the total bias point V°= VB+ P,

I(v) = the nonlinear diode current,
Is = the saturation current and
/\ = % , where q, is the charge of an clectron, K is Boltzmann's

KT
constant, and T is the Absolutc temperature.

(4) The stray capacitances, which for moderately high-frequency operation
have a pronounced influence upon the behaviour of the device, are lumped as
a single capacitance CS in parallel with L and GL.

(5) The storage of minority carriers in the varactor junctions is assumed
to be negligibly small,

These assumptions are concerned only with the process of setting up an
adequate mathematical model of the device, and must be distinguished from
the further assumptions which will have to be made when the resulting
differential equations are to be solved.

The nonlinear capacitance is defined by

clv) = W (5.3)

dv ?
so that the instantancous current flowing in a varactor is

3 = -d;g = gir-

If the variables are normalised thus:

y=§,x=‘_’3,‘1’}=wot, (5.5)
i

then, as is shown in Appendix 5.1, it is possible to write the complete

differential equation of the BSP in the following form:
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(1 - B)§P + kL'§ +y +

. & T R .
Yo Tn) E:c—z[ghxw) -(L+x+y) +2k .gg |e ¢ simh cy| =0

(5.6)
This cquation is valid for 0L n & 1. Here
(Do = 1 (507)
,\/ L(c  + c/
is the small-signal resonant angular frequency,
B = 200 (50 8)
2C +C
) s

is a parameter to account for the cffect of the stray capacitance,

- /\vB

k= 95L& I , e (5.9)

v v

o
is a damping parameter due to the conductance of a varactor diode,
k= o, LG (5.10)

is a damping parameter due to the load conductance and

c = AV = Ty (5.11)
XT

is a normalised voltage parameter appearing in the nonlincar conductance
function, The first three terms of the differential equation (5.6) corrcs-
pond to a damped resonator consisting of the linear elements in the para=
metron: Co’ Cs, L and GL' The fourth term is caused by the nonlinear
rcactances, and appears in a form analogous to the corrcsponding part of the

unbalanced equation (4.47), Chapter 4. The fifth term is a nonlinear damping
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function to account for the varactor conductances G(v). This function con-~
sists of two parts. The unsymmetrical part e ¥ occurs because the nonlinear
conductances are in series from the point of view of the pump, The sub-
harmonic, on the other hand, seces these conductances in parallel, hence the
presence of the antisymmetrical part sinh cy.

As far as the gencration of subharmonics is concerned, the pumping
function x(T) is coupled to the tuned circuit only via the nonlinear rcact-
ances, This can easily be seen by setting n equal to zero in equation
(5.6), This has the effect of linearising the reactances. The fact that
x remains in the nonlinear damping term is of no consequence here, since
nonlinearities in the damping cannot give rise to subharmonic oscillations.

The cssential difference between the differential equations of balanced
and unbalanced parametrons now becomes clear: it lies in the nonlinear
terms containing the_subharmonic voltzge variable y. Thesc terms are un-
symmctrical functions of y in the unbalanced parametrons but antisymmetrical

functions in the balanced devices.

5.3 The derivation of the differentizl equation of the balanced parallel

parametron (BPP) using the 'woltage" representation of thc capaéitive

nonlinearity

The physical circuit of the BPP is shown in Figure 5.2(a)., The
varactors C1 and 02 are now both connected in the same polarity., The pump
vp and the bias voltage VB are connected in series to the centre-tap of the

tuning inductance L, across which is the load RL. It is possible to use two

separate inductors instead of L, but in general this leads to poor balance,



Figure 5.2(a) -
Physical circuit of BPP.
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Figure 5.2(b) -
Equivalent circuit of BFP for "voltage" eanalysis.




107
If L is a bifilar® winding upon a toroidal ferrite core, very good balance

can be obtained, Furthermore, there will be close-coupling between the two

halves of L, which, although not esscntial for the operation of the circuit,

will enable a considerable simplification of the theory to be made.

The equivalent circuit of Figure 5.2(b) results from the following

assumptions,
(1) The pump source has zero internal impedance.

L.

Fl-

(2) The two halves of L are perfectly coupled, so that M =
(3) As in the case of the BSP, each varactor is represented by a
parallel combination of a nonlinear capacitance and a nonlinear

conductance,

(4) The stray capacitance CS is lumped in two equal halves across

the two varactors.

. . . . . . Mk
By making the same normalisations as were used in the previous section,

it is shown in Appendix 5.2 that the complete differential equation of the

device is

(1-B)‘$?+1cL.§r+y+

+ i -_ia (l+ +_—21_ )l—n_(l+x 1 )l—n +k _d_. =CX inh % =0
Ion g2 [ 2y vt | ¢ st T

(5.12)
which is again valid for 0 { n £ 1.0,
* Two wires are wound together on a ferrite toroid, the turns being
spaced cvenly around its circumferencec. )
*x 2

Except that the resonant frequency is here w

N TC+7¢C)
(see Appendix 5.2). . o s
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S.4 Generalisation of the differential equations

If the differential equations (5.6) and (5.12) for the two kinds of
balanced parametron arc compared, it can be scen that they differ only in
minor details. They can therefore be assimilated into the following single

differential equation covering both types

(1 - B)Y + kﬁ + oy o+

+ B a (Lxtday )T Pe (Tt -1 )1‘IE| P l:e‘cx inh 2 ac:].—.o
a(l-n] 2 *reay xm2ay v*aT St 2 acy

2

(5.13)

where a 2 for the BSP,

a 1 for the BPP,

This is of the gencral form of cquation (2,11):

, _
*Z? [%l(x,y):' + %—Ln}a(x,y)jl + '\}3(3:.3') = 0

discussed in Section 2.3, Chapter 2, with

ﬂjl(x,)’) = (1-B)y + %1[ (1+X+:2Lay)l-n‘(l+x-%ay)l-n} ’
ﬁ}g(x,Y) =lgy + kve—cx.sinh 3 acy ,
’}B(X,y) = Yy

and is of the type for which true subharmonic resonance can occur.

5.5 The derivation of the differential equation of the balanced parallel

parametron (BPP) using the "charge" rcpresentation of the reactive

nonlinearity

The analysis based on the v = ?}(q) representation of the nonlinear
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capacitance characteristic of the varactor is considerably more complicated
than that based on the C = % (v) representation. This, together with the
fact that in practice the BPP is a more uscful device than the BSP, suggests
that it is advisable to restrict the detailed large-signal "charge' analysis
to the case of the BPP, The corresponding analysis of the BSP follows very
similar lines but does not lead to any new insights.

The practical utility of the BPP resides largely in its very fast turn-
of f capability. This can be achieved by simultaneously biassing both the
varactors into forward conduction with a sufficiently sharp-edged pulse,

The Q of the circuit is then reduced to the point where the subharmonic
oscillations are quenched within about one cycle.* This will be discussed
further in Section 7.5, Chapter 7 which deals with gquantitative measurements
on the transient phenomena and related practical details.

We shall now derive a differential-equation model for the equivalent
circuit of Figure 5.2b, based on the v = §(gq) representation of the non-
linear recactances.

It is found that the expressions become exceedingly unwieldy if the
nonlinear part G(v) of the varactor conductance is included in the theoreti-
cal model., It is therefore assumed that the parametron is never operated
under conditions of appreciable forward conduction, and this is justified
on the practical grounds that such conduction leads to excessive consumption
of pump power, to distortion of the pump waveform and in particular to the
degradation of the transicnt response. The presence of resistance Rp in
series with the pump helps to inhibit the first two of there undesirable

effects, since then the pump never sees a short circuit. Neglecting the

* sce, for cxample, Figure 7,33,
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nonlinear varactor conductance does, however, mean that the ccssation of
subharmonic oscillation at pump amplitudes which are large (compared with
the bias voltage VO) will not be predicted.

In the course of the following derivation, usc will be made of the fact
that the v = t}(q) cxpression becomes particularly simple if the exponent
n is %, as has been secn in Section 3.2,2. In a subsequent section, the
corresponding mathematical model for the case n = 1 will be obtained, since
this gives the largest possible nonlinearity for a varactor, and may be of

importance in the future,

5.5,1 The case n = &

The complete equivalent circuit to be analysed appears in Figure 5.3.
In terms of normalised charges and voltages, the reactance characteristics

of the two varactors for the case n = 1 are

z (
(

¥, 3 - 1) (5.14)

+1) ., (5.15)

Z,

7

el = |

and Yo = z7

The subscripts correspond to these used in the Figurc for the un-normalised
guantities. It is shown in Appendix 5.3 that if there is perfect coupling
between the two sections of the tuning inductor, then by working in terms
of the sum of the varactor charges

u o= oz <oz (5.16)
and the difference between them

z2 = oz, + oz : (5.17)
the following three equations are obtained:

uw = 4(1+§), (5.18)
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Pigure 5.3 =

Equivalent circuit of EFP for "charge" analysis.
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1-B)y + Gk, + k)y + y = BY (5.19)

and

—

kp.u + Box + 8k (1-B).& (z + u )+§(B+k k )[g(z + ut )+ u_l = 0.

(5,20)
The parameters here are:
w = t the small=-signal resonant angular frequency
o A L(2C_+ C_) ’ s
ZCO
B = EE;—_:_—E; = % mozL C,s the stray-capacitance parameter,
kp = moCoRp, the pump-circuit damping parameter,
kv = L Gv, the linearised damping parameter duc to the varactor

conductances,

kL N L GL, the load damping parameter,
By eliminating u, the sum of the varactor charges, between equations
(5,18) and (5.20), it is possible to obtain a differential equation in the

inductor voltage y and the difference z between the varactor charges:

kp {%(1-13)#*:5 + 4 [(1-B)y-13z (zy-yz)} + Bzox + (B+k k )( 6z5 3+;,r z)

'E Emm% = O,

(5.21)
Equations (5.19) and (5.21) constitute the "charge'" mathematical model

for the BPP in the case where n = 3, Ideally, it would be desirable to
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climinate the charge variable z between these equations. Unfortunately,
this is not possible, and the pair must be solved simultaneously, Equation
(5,19} is second-order linear, and prescribes the relationship between the
charge and the voltage, while (5.21) is first-order nonlincar, and contains
the reactance characteristic of the parametron in a non-approximated closed
form.

For a recasonable reverse bias voltage VB,
I - AV

5 B
G = F e << w L

so that the damping parameter kv can be neglected for conditions under which
forward varactor conduction is avoided.

The advantage of expressing the differential equations in the ''cliarge"
form (5.19) with (5.21), rather than in the "voltage" form (5.13), is that
in the former case only simple integral powers of the variables occur and
not fractional or irrational powers. For example, if n = %, a practical
value for abrupt-junction varactors, equation (5,13) contains the nonlinear
reactance function ~ff;E:§5§— - 4/i:§:%5§— s which leads to analytical

difficulties unless expressed in approximate form.

5¢5.2 The case n = 1.0

In the previous sub-section we have obtained the detailed '"charge"
mathematical model for a practical BPP in which the varactors are character-
ised by the exponent n = %, Ve have remarked earlicr that 'hyper-abrupt!
junction varactors have been realised in which n is approximately unity over
a certain range of reverse bias voltages VB. Parametrons utilising varactors

with this degree of nonlinearity may become important in the future since

they should be both more efficient and have faster switching capabilities
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than those employing varactors with n = 3.
The "charge" differential equation for the simplest of the unbalanced
parametrons, Type III(b) of Table 4.1, has already been derived for the
case n = 1, It appears at the foot of Table 4.2 and is

%+ kg + eZ-1 = x(%),

where k is a series damping parameter and x(T) is the pumping function.
Turning now to the complete BPP, it is found that in place of equations
(5.14) and (5.15), we have for the varactor voltages
yp = e -1

Y, = e -1

so that the equations for the sum and difference of the varactor voltages

are respectively

u
¥ ¥ Y, = 2(e® cosh g -1) (5.22)
u
L .2 .z
and yp"¥, =y = -2 ¢ sinh 5 (5.23)

where u is the sum of and z is the difference between the varactor charges,
as before., The result is that the first-order differential equation corres=~

ponding to (5.20) is now

- u u
° a ,2 z 2 z _
kp[?u + 2(1 B)dm'(e cosh 2;] +Bx+(B+kvkp)(e cosh 5 ~ 1 ) = o0,
(5.24)
while the linear equation (5.19) remains unchanged, By eliminating u between

equations (5.23) and (5.24) we finally obtain

o o o
y_z Z\ 2a1-p) [ X Z, L0 (1 cotn® 2
kp [ZB (y 5 coth 2) 2(1-B) (2 coth 5 + Tyz (1-coth 2))] +

- b 2y -
+ Bx (B+kvkp)(l + 4 coth 2) 0.

(5.25)
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This, together with equation (5.19), constitutes the mathematical model
of the BPP for the case n = 1, If (5.25) is compared with (5.21), certain
similarities will become apparent. However, the former is so much more

complicated than the latter that its solution will not be attempted here,

It is included for thc scke of comploetencsss

5¢.5+3 Comparison of the simplified "charge" ecquations for n = 2

and n = 1
The essential differences between the mathematical models for the cases
n =3 and n = 1 become clearer if a simplification is made. Suppose the
stray capacitance and pump-circuit damping are negligible, so that B = 1 and
k, = 0. Then equations (5.21) and (5.25) become respectively
y2 + %g.za +2x = o 3

]
n

O, forn

and -

i » coth 24 x-1=0

2 2 ? 1.

for n

If, in addition, the dampings due to the load and varactor conductances are
neglected, so that kv and kL are zero, then the linear equation (5.19) is

just

This makes it possible to cxpress thce simplified cquations in terms of the

charge variable z only:

(%)°

n
rops

+ %g 2+ P -1) = 0 for n

and -%?'z.°.coth§z+(x-l) = 0 for n

"
]
.
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Both of these belong to the general type (2,11). In the first case

the relcvant functions are

{\}1 = B !}2

and in the second case

%1 s % (}2‘

o ¥,

1
+ Z'\/ 16 Z + X 1

|
o
-

T,

- 2(x—1).tanh§ .

5.6 Discussion of method for solving the differential equations

In the absence of an exact solution, there are many ways in which a
nonlinear differential equation might be attacked. The number of possibili-
ties is sharply reduced by the following requirements.

| (1) The solutions should be algebraic. Thus graphical or numerical
solutions are to be rejected unless absolutely unavoidable.

(2) Transient solutions as well as steady-state solutions are sought.

55

For example the classical method of Poincare”” is applicable only to

the discovery of periodic solutions of differential equations of the type

T o+ y = x(v) +/\~q(y,§),

where x(t) is a forcing function and Mis a "small" parameter attached to
the nonlinear and damping terms. The periodic solutions correspond to
stondy-state conditions. Under transient conditions, however, the solutions
are non-periodic, so that methods of this kind must be rejected,

The only simple approach which fulfils all the requirements is the
method of slowly-varying amplitude and phase, also known as the method of
Harmonic Balance. This involves the assumption that the solution can be

written as a Fourier series of harmonic terms
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[Sla]

y = Elﬁﬁwm{wm+%mﬂ (5.26)
oo

= TEL-_:; [YSN(’U).sin NoT + YCN(“C).cos IW‘IE‘, (5.27)

where the amplitudes YHOE) and phases SNQE) are unknown functions of time
to be determined. This solution is substituted into the original differ-
ential equation. The coefficients of sin NYT and cos W] are then equated

separately to zero, resulting in a set of equations in Ys and Yé and

N

their derivatives and powers. The slowly-varying amplitude and phase

i)

assumption is that

Y=ty , BNy .
This means that the rate of change of the amplitude and phase of each term
is small compared with the associated frequency. Consequently all deriv~
atives of order higher than the first, and all products of first-order
derivatives are to be neglected. The result is a set of first-order

equations for the rates of change of amplitude and phase:

(o]
YN = ‘}IN ( Yl, Yz, eseere 61, 92,......)

(5.28)
Q
eN = q’zﬂ- ( Yl, Yz’ e s0 e ) Gl, 92’ nuloo)

where I =1, 2, 3, eeee .
In principle this (infinite) set of equations is soluble for the amplitudes
and phases of the frequency components.

In practice it ie not possible to retain an infinite number of terms
in the assumed solution. If it is known in advance ( e.g. from experimental
evidence ) that the solution is nearly sinusoidal, then a few terms or cven
a single term of the Fourier series may be sufficient. If such an approx-
imation is made, all cross~product terms in frequencies greater than the

highest frequency in the assumed solution must be neglected,
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In general the original differential equation will contain "arbitrary"
nonlinearities. An example is equation (5.13). In order to apply the method
of Harmonic Balance it is necessary to expand such nonlinear functions into
power series. Mathematical feasibility usually demands that these series be
truncated after a few terms. This approximation leads to errors unless the
signal level is very small. In certain cases, however, for example equation
(5.21), the nonlinearities appear as simple powers and since no series
approximation is required, solutions can be found for large signal levels.

The forms (5.26) and (5.27) of the assumed solution are inconvenient
when the differential equations to be solved are at all complicated. Math-

ematical simplicity is achieved by writing the solution in the form
oo

y = I;: =30, (T)e( 0, - @) s

where ej(nﬁﬂt+ %JGC))

noj-»

Instead of equating the coefficients of sin 17T and cos H¥T separately to
zero, the same result is obtained with much less effort by equating the
coefficients of (a}+ a%) and j(gn- qg) separately to zero.

Equations (5.28) for the rates of change of the amplitudes and phases
of the frequency-components of the solution will be referred to as the
Intermediate Solution. The steady-state solution is found by equating all
the time-derivatives to zero. In order to find the transient solutions,
however, thc set (5.28) must be solved as it stands. Since the functions

S}IN and oy BTe generally nonlinear, exact solution is seldom possible

and further approximate methods must be invoked.
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CHAPTER SIX

6. Steady-State Phenomena

6.1 Introduction

This Chapter is concerned with the steady-state solutions of differen-
tial equations of real balanced parametrons. It begins by approximating
the nonlinear functions in the generalised 'voltage' equation to the point
where analytical treatment becomes possible. The solution of the equation
is then obtained and compared with measurements on typical balanced para-
metrons, The possibilities and limitations of this small-signal result are
discussed. Next, the detailed "charge" differential equation is solved. No
approximation of the mathematical model is required in this cases The
Chapter ends with an investigation of the improved accuracy of the result,

with particular reference to large-signal operation,

6e2 Approximation of the generalised "voltage! differential equation

for solution

It has been pointed out in the previous Chapter that the analysis of
parametron-models based on the C =ﬁ§(v) representation of the nonlinear
capacitances involves the use of two different kinds of approximation,
Firstly, there are the approximations concerned with the simplification of
the "exact" differential equations to the point where it is feasible to use
the chosen method of analysis. This stage of approximation is not always
essential. In certain cases the nonlinesr functions may already exist in
the form of simple integral powers. Again, they may be of a type suitable

i . 56
for direct treatment by, for example, the Ritz-Galerkin method. Secondly,
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there is the approximation which is introduced when particular assumptions
are made about the nature of the solution, Such assumptions always have to
be made unless the nonlinear differential equation in question can be
solved exactly, This is seldom possible. The errors due to these separate
causes tend to be multiplicative, producing drastically incorrect results
for conditions under which they are both important,

The generalised '"voltage® differential equation describing the
behaviour of both the BSP and the BPP, which was derived in Section 5.4,
must now be reduced to a suitable approximate form, If the analysis is
restricted to the case of small=-signzsl oscillations about the total bias
voltage Vo’ then it is possible to replace the nonlinear functions by their
truncated power-series expansions about Vo. The results obtained by this
procedure will apply only when the relevant variables of expansion are 1eés
than unity, otherwise the power series will fail to converge and the
approximations will not hold, The nonlinear reactance function appearing

in equation (5,13) can be expanded as follows:

L+x+3 ay)l-n -QL+x-3 ay)l-n =

%0
= ;2;: %! [ﬁ(x+%ay)r- (x~fay)* i] . T;;! (2-n-s) =

ay - nxay + in(ntl) anay+ %é(ay)%] - %n(n+l)(n+2)[%3ay+ %x(ay)%]+...,

(6.1)

where a = 2 for the BSP and a = 1 for the BPP,
The nonlinear damping function can be expanded in the following

mannexr :
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=cX

e sinh 1 cay =
o0 O_O_(
. -+
Y (-ox)"(3 cay)®sT
‘= =3 r! (2s+1)

=t {ay - cxay + %02 [xzay+ i—z(ay);l- %03 LxBaw -];_ix(ay)3 + ......}.
(6.2)
It is interesting to observe that the expansions (6.1) and (6.2) of the
reactive and resistive nonlinear functions differ only in their coefficients.
If they are both terminated somewhat arbitrarily at the third power, so as
to avoid excessive mathematical complication, the following approximate

nonlinecar differential equation is obtained:

2

d 2
T+k Y ty*e EEE o xy + B(xzy + = 12 a 3%] +
(6.3)

+2%B|}'xy+6(xy+ 2y3)‘l 0,

which is valid so long as the conditions
x| < 1
'2 aYI < 1
are both fulfilied.
The constants appearing in this equation are defined beclow.

The coefficient

-AV
=k +3cal k, = woL(GL + 3 a2A Ie A B)

is a parameter containing (a) the effects of the load damping'kL=wo L GL

and (b) the component of the nonlinecar varactor damping due to the bias
I =Av
voltage VB, namely, kv= W, L vf e » The parameters
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« =%Bn , B = %B’n(n-lrl)

are coefficients of the nonlinear reactance function, while

Yy = t czazkv, 6 = % cBaakv

are coefficients of the nonlinear damping function.

The first three terms of equation (6.3) relate to the linear oscilla=
tory system which results when all the nonlinearities and time-varying
parameters are eliminated., The first square bracket contains the approxim-—
ate reactive nonlinearityj; the second the approximate resistive nonlinearity.
The sign of x has been changed in (6,3). This is permissible since x has
not yet been defined. |

It may be remarked in passing that if the voltage variable y is

3

sufficiently small, the terms in y~ may be neglected, so that equation (6.3)

becomes linear with time-varying coefficients:

£ | > a 2
== | @+ 20+ 2px7) y| +5z |kt 2yx+28x7) y| +y=0,
q T (o}

(6.4)
which is a practical example of the form given in equation (2.10), discussed

in Section 2.2, Chapter 2.

6.2,1 Discussion of the validity of the approximate differential
cquation

From the point of view of the output signal, the resistive nonlinearity
is a hyperbolic-sine function of voltage. It is therefore a much more
'violent! function than is the reactive nonlincarity. This means that the
nonlinear resistance docs not become important until the voltage excursion

is quite large, but then 'suddenly" dominates the device behaviour. Thus
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it can be seen that the truncated series approximation to the resistance
function will, in general, be considerably less valid than the approximation
to the nonlinear reactance function, If the signal-level is small enough,
the approximation to the resistance function can be regarded as satisfactory.
However, the influence of the nonlinear resistance will be slight under
such conditions. Moreover, for moderate values of reverse bias voltage VB’
the nonlinear resistonce may be neglected altogether, since then kv, which

- AV
is proportional to e B , becomes extremely small,

6.3 Steady-state solution of the generalised '"voltage" equation

In finding an approximate solution of equation (6,3) for the case of
subharmonics of order one-half, the rcquirements of the scction relating to
the transient response (Section 7.3) will be anticipated, It will be

assumed that the normalised voltage y can be approximated by

¥ = Y(T).sin(WT + 6(T) ), (6.5)
where the amplitude Y(T) and phase 8(FT) are unknown functions of time, the
phase being referred to that of the normalised pumping voltage
x = X.,sin 29 (6.6)
which is taken to have zero phase-angle.
In order to solve (6.3) by the Harmonic Balance method, it is necessary

to calculate the following nine quantities:

- x5 5)"
- %5 | ) (©.7)
- &)’ | )
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This can be done in terms of conventional trigonometrical Cartesian

coordinates
Ysﬁt) = Y(®),sin 6(t)
and Yc("c) = Y(¥).cos 6(T) ,

so that (6,5) is

~

y = YS(%).COS'VW: + YC(T)OSin'VrU .

However, the use of these coordinates leads to extremely long and tedious
calculations. Considerable simplification of the process results if
complex=-polar coordinates are employed.

Thus (6.5) becomes

-3 Y()(a - a* ) , (6.8)

1 ej(V"C+ e(¢) )

~
¥y

where a(¥) =

»

and the pumping function (6,6) is now given by
x = -j2X(a20~320 - #2320 ) . (6.9)

The nine quantities indicated in (6,7) are calculated using (6.8) and

(6.9) and the following quantities are rejected:

(1) 3 on*3 5 x

a, s a7, o 5, because they correspond to harmonics 34 and

5% , which arc assumed by (6,8) not to occur;
2

Qo 2% 00 o 02
(2) v, 8, Y, 0 » ¥, becausc it is assumed that the amplitude and
phase of y change slowly with time, so that all second derivatives and

products of first derivatives are negligible. The cohditions for this are
o)

6] <»  ama |i<w

and experiment indicates that these should be fulfilled for the turn-on

transients in practical parametrons.
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It is shown in Appendix 6.1 that if the resultant nine quantities (6.7)

are substituted into equation (6.3), and the coefficients of (a + a ) and
jla = a ) are separately equated to zero, then the following pair of equa-

tions is obtained:

[>]

L2 ) . 2
21)% [1+;3(x2 + %—- : YE)J + (v +8) ,: ko+5(X2 + g—-ya)] +

i G| o
+ X Lavcag-v )+ v %“ cos 26 + X.l}a v-% + (8 -8) :’sin 26 =0,
(6.10)

and :

o > 2 T
%l:ko + 5(X° + % Ya)] - My +23)[ 1+8(x° + & YE)J +1 4+
(4]

0 ¥ | ¥ o
+ Xo | a® (20-V)+ v, T_J sin 20-X 2aq)T + (W -8) cos 20 = 0

(6.11)
The immediate objective is attained by setting the time-derivatives
% and g equal to zero, so that the equations for the steady-state solution
are

2 2 2
lpko +’1?6(X2 + %‘-— Y") =H% X.cos 26 +%py X.sin 26 = O ,(6.12)

2 2.2, 85 2y L a2
and W°-1)+ »p(X"+ ol ) +Ma X,sin 20 ~¥y X.cos 26 = O,

(6.13)

which are of the form

-A,cos 20 + B.sin 20 + C = O,

" A,sin 26 - B,cos 20 + F = 0,
Elimination of 6 gives the steady-state amplitude solution

o+ 8% = ¢+ PP, (6.14)
while the steady-state phase-solution is

AF - BC

tg 26 = T (6.15)
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In terms of the quantities in equations (6.12) and (6.13),equation

(6.14) gives:

(w)[uw.m] Uvdwvdza ] fggafﬁéﬁﬂz

(6.16)
This can be solved for Y to yield
5 pon
2 p-F)-se, 5, ] (@Pa?]  [eerp® + s247)]?
== |3~ -X + [X 2
&

(ev)°+ & ) (Bv)2+62_ K4 (p9)°
(6.17)

which applies for both the Balanced Series Parametron and the Balanced

oo

P

s

Parallel Parametrone. The "Frequency Characteristic", or the boundary of the
region om the ('v,X)-plane within which half-order subharmoniecs are possible,
is given by putting aY¥ = 0 in equation (6.16):
0 312 2 212
(wXx) I:(alv) +7 ] [ -1) +B‘Ux] +9 [ko + 6}{]
(6.18)
This expression is independent of "a" and therefore applies for both BSP
and BPP as it stands, although it must be remembered that the three damping
parameters k , I and & will not be the same in the two cases. Equation

(6.18) yields the following rather complicated explicit expression for X(v):

2. 2[0’.'\)) +'r:] [ﬁ('p -1)+k {:Jfow) +T2:| EB('\) 1)+k§[ 1 e -l) (mk )

2
(pw)? & VIO w2 |

(6.19)

(pw)°

A reasonably simple phase solution does not occur unless the nonlinear
damping terms T and 8§ are smell (i.e. the varactors are not driven into

forward conduction), in which ease A =’\)2aX and B = 0, so that
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F
tg 20 = T’

or making use of the amplitude solution, which is now A2 = c® + F2

tg 26 £ af (é)2 -1
2
= <+ M—) - 1 (6-20)
J (2

H

3

which is independent of "a" and Y. A corresponding Y-independent ex-
pression for the phase can be obtained for ¥ and § not small, but is very
much more complicated than this, Rearrangement of equation (6.20) shows
that the curves of constant steady-state phase-angle on the (®,X)-plane are
the rectangular hyperbolae

NX = x Eg . Sec 20 (6.21)
o

If the nonlinear damping terms ¥, § are ncglected, the following

expression for the (¥ ,X,Y) amplitude-solution is obtained in place of

(6.17):
-
v = & /1 (—1-"—‘32—->¢ (ox)? (i{-‘-’) x4 (6.22)
i a2 P 'V2 ] Y ] .

while the (W,X) Frequency Characteristic (6.19) becomes

2
¥ = 1'7"’2 +3 @ @ -1-‘-‘12- +1 &) -(%;—)
BY By ’

(6.23)

The results obtained above may be expected to agree with practical
measurements when the following three conditions are simultaneously ful-
filled.

(1) The pump amplitude must be limited: l X‘ <1,

(2) The subharmonic voltage amplitude must also be restricted:

IYl <-§ .
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(3) The subharmonic frequency must be ncar the resonant frequency

of the parametron: 4 = 1,

6.4 Comparison of the steady-state solution of the generalised 'voltage"

differential equation with experiment

The parametrons investigated in this thesis have been designed to have
resonant frequencies in the vicimity of 5 Mc/s, The choice of such a fre-
quency means that the inductive components are physically small and easily
constructed. At the same time the complications of operation at much higher
frequencies are avoided. The present theory should apply equally well to
parametrons operated at higher frequencies so long as the circuits can be
regarded as being composed of lumped elements.

In all cases the inductive elements consist of evenly=-spaced turns
upon half-inch diameter Ferroxcube toroids. Accurately centre-tapped
inductors are obtained by using bifilar windings, that is, the two wires
are wound together around the toroid.

The stecady-state theory developed in the previous scction has been
compared with measurements on a typical experimental BSP, the circuit of
which is shown in Figure 6,1. The balance of this type of parametron is
somewhat impaired by the presence of distributed capacitance betwcen the
windings of the unbalance-to~balance input transformer, The result is the
appearance of a component at the pump-frequency in the output voltage across
L. Considerable improvement could be cffected by adding a trimming capacit-
ance as indicated in the Figure., An alternative procedure would be to
interpose a grounded screen between the two windings, but this is not easily

provided in the case of toroidally-wound transformers.
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The varactors used werc G.E.C. type SVC 3 RE silicon junction diodes.
The transformer was 18:18 turns quadrifilar wound (both primary and second-
ary were centre~tapped) on a Ferroxcube BS toroid, while the inductor L
' consisted of 48 turns on a similar toroid.

The directly-measurable parameters of the device were:

VB = 0, zero external bias voltage,

Vo = ¢ = 0,7 volt for silicon,

C, = 13.4 pF, approximately the same for both varactors,

L = 18,7 uH,

fo = 14,39 Mc/s, measured by finding the frequency at which the least

pump voltage was needed for sustained subharmonic oscillation
and
GL = 20 53 mho.
The stray capacitance Cs,‘which has to account for all the strays in the

circuit, could not be measured directly, However, it is easily calculated

from

1

= ——— -2 C = 1-{-2,8 pF-
s (2nfo)2L °

This is considerably greater than 2 Co, so that the stray capacitance
parameter is

2C

. S0 o _.
B = = =¢ 0.38 .
(o} S

The nonlinear capacitance-law exponent n was approximately 0,44 for each
varactor.
From the above circuit parametcrs, it is possible to calculate the

following quantitics which will be required in the computation of the

theorctical solution:
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k = 0,0102, the linear damping parameter,

11

@ 0,0846, the first nonlinear capacitance coefficient,

B = 0,0610, the second nonlinear capacitance coefficient.

Figure 6,2(a) shows, for a considerable range of frequency » and pump
amplitude X,

(1) the measured region of unconditional (soft) subharmonic oscillation
of order one-half (the Frequency Characteristic) and

(2) the corresponding theoretical region calculated according to
equation (6.23). The two regions are dissimilarly shaded, The agreecment
is good for frequencies within * 4% of resonance apd for pump amplitudes X
up to about 0.8. This region of agrecement can be seen more clearly in
Figure 6.2(b). TFor X > 0,8, the truncated series approximation to the
nonlinear reactance function begins to fail. Furthermore, the onset of
forward conduction in the varactor diodes, which has been neglected here,
would cause the 'large-X' limit of oscillation to occur at a smaller pumping
amplitude (for a given value of 4 ) than the present theory predicts. For
values of & less than about 0.95, the disagreement between theory and
practice becomes quite severe, lorgely because of the approximate nature of
the differential equation (6.3) upon which the theory is bascd.

Figure 6,2(a) also shows he 'small-X' limit of unconditional (soft)
oscillation as predicted by the plecewise-lincar theory of Section 4.3,
Chopter 4. A combination of this result for4y <<0,95 and the present theory
for ¥ > 0,95 affords a reasonable approximation to the actual behaviour of
the device,

For a fixed value of % , equation (6,22) defines a curve on the (X,Y)-

plane which is referred to here as the (X,Y)-profile. Figure 6.3(b) shows
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such profiles, calculated for the same BSP as before, It can be seen that
if 4 << 1.0, the profiles are double-valued in ¥ for a certain range of
X. Let us consider, for cxample, the particular profile for 4 = 0,98, If
X is slowly incrcased from zero, there is no oscillation at all until the
value XFC lying on the Frequency Characteristic is reached. At this point
oscillation suddenly commences and the amplitude jumps to ¥ = YFC’ For
larger valucs of X, Y remains on this stable upper part of the profile,
which corresponds to the positive internal root of equation (6.22). If X
is increased sufficiently, Y decreases to zero again and remains zero no
matter how large X becomes, If, on the other hand, X is steadily decreased,
the upper part of the profile is re-traced until the 'nose" (XN, YN) is
reached, The amplitude then abruptly drops to zero. The part of the
profile beneath the "nose' is given by the negative internal root of (6.22).

Thus in the range

XN <x < XFC ’

amplitude hysteresis occurs, a common phenomenon in nonlinear systems.

Figurce 6.,3(a) shows the measured (X,Y)-profiles. It can be seen that
hysteresis occurs as predicted. Quantitative agrecment between the theoreti=-
cal and actual profiles is obtained only in the region

X < 0.75
Y < 0.80,
although they are qualitatively similar outside this region.

The path traced out in (4 ,X,Y)-space by the points (X ¥y) of the
profiles will be called the 'nose=locus'. The equation of this curve can
be found by setting the root in equation (6.22) equal to zero. The project-

ion of the locus on the (¥,X)=plane is therefore the curve
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2
XE = .l_cQ...
ah) .

Theoretical and experimental projections of the nose-loci are shown in
Figures 6,2(a) and 6.2(b). In general, Y is large along a nose-locus, so
that the agreement between the predicted and actual curves is good only near
resonance (M= 1),

Three~dimensional (4 ,X,Y)-surfaces for the amplitude response arc
given in Figures 6.4(a) and 6,4(b), 1In these diagrams the range of has
been restricted to those wvalucs for which reasonable agrecment between theory
and practice is obtained., At lower frequencies the actual (X,Y)-profiles
tend towards the shape predicted by PWL theory., See for example Figure
4,10, Chapter 4, The surfaces of Figure 6.4 are remarkebly similar in
shape, particularly in the vicinity of resonance, The nosc-loci are indicat=-
ed by heavy dashed lines.

Figure 6.5(a) shows experimental curves of constant steady-state sub=
harmonic phase-angle 6, Phase angles were measurcd by observing the
separation of the positive-going zero-crossings of the pump and subharmonic
voltage waveforms displayed on an oscilloscope. The measurements are some=
what difficult to make at the experimental frequencies. This is particularly
true for operating conditions which cause the subharmonic waveform to depart
from the sinusoidal. The procedure adopted here was to judge the phase=~
position of the fundamentzl component of the subharmonic waveform as
accurately as possible by eye. The rcsults of a number of independent read-
ings were then averaged,

The corresponding theoretical curves of constant 6 are shown in Figure

6.5(b). They were calculated from equation (6.21) and are in fact portions
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of rectangular hyperbolaec. The predictcd phase angles are in close agrec-
ment with experiment in the small-signal rcgion. Flsewhere the agrecement

is reasonable.

6.4.,1 Summary and conclusions

The potentialities of the approximate "voltage'!" differential-equation
approach have been investigated in somec detail for a typical practical
parametron. Good quantitative agreement between theory and practice has
been obtained for operating conditions which did not violate any of the
assumptions and approximations subsumed during the process of solution.
Even when some of the constraints were exceeded, the solution was still
qualitatively satisfactory.

The theoretical results have been computed without taking into account
the influence of the nonlinear damping coefficients y and 6§, If they are
included, the calculations become much more complicated than is considered
reasonable in view of the small margin of improvement which may be expected.
Thus, that part of the theoretical Frequency Characteristic which corres-
ponds to large values of X would agree more nearly with the experimental
curve. This would be so because the varactors support large—amplitude
voltages at the pump frequency under such conditions. Therefore the
influence of the nonlinear damping coefficient e™ (and hence the influence
of the coefficients ¥ and §) comes into play.

The disagreement between theory and practice for values of 4) less than
0,95 and for values of X greater than about 0.8 is primarily due to the
small-signal validity of the approximate differential equation (6.3)., Had

we been able to solve (5.13) directly, large-signal agreement might have
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been obtained,

The relative success of the above analysis acts as a powerful en-
couragement to develop a theory based on solutions of the '"charge' differen=-
tial equations (5.19) and (5.21), and to discaver to what extent the range
of valldity is increased, 8Since these cquations can be solved in the large-
signal case without further approximation, botter agreement can be expected
so long as the varactors are not driven into forward conduction. This is
because inclusion of the nonlinear damping complicates the ''charge' model
to an intolerable degree. The steady-state solution of these "charge"

equations constitutes the substance of the remainder of this chapter,

6.5 Steady-state solution of the differential cquations of the large-

signal "charge'" model

It was shown in Section 5.4 that the differential-equation models for
the two basic kinds of balanced varactor parametron were sufficiently
similar to be treated simultancously when the C = ﬁ}(v), or "voltage',
representation of the varactors was employed. It is reasonable to suppose
that this is also the case when the v ='§(q), or '"charge'" rcpresentation is
used,

The Balanced Parallel Paramctron (BPP) has been chosen for detailed
analysis because, as indicated in Section 5.5, it is the more practically
useful of the two devices. The analysis of the BSP follows very similar
lines, but since no new phenomena arise, it is not treated here by the
"charge" method.

The somewhat complicated derivation of Section 5.5 led to the following

pair of differential equations for the ''charge'" model; a second-order
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linear equation relating the instantaneous normalised voltage y to the
instantaneous normalised differential charge =z:

Qo 2 a
1-Bly + (B +k)y + y = Bz, (6.24)
v
and a first-order nonlinear equation in y and z containing the nonlinear

charge-voltage law in non-approximated form:

kp{%(l-B);f* 2+ 4[(1—B)y—Bz](z§'-yg)} +Bzx + (B+kvkp)(:l%z5—z3+y2z)

=g E{”] = o, (6.25)

If the damping parameters kv and kL (due to the varactor conductance and to
the loading respectively) arc negligibly small, and if therc is no stray

capacitance C_, so that B = 1, then equation (6.24) becomes simply

(¢ 1]

y = =z (6.26)

which can be substituted into (6.25) to give a single equation in z only:

1
which, by rejecting the term in kp and %6 zq, may be scen to be related to

ukp("é’% -2’0+ B+ 2+ Px-1) = o, (6.27)

a "squared" Mathieu equation, However, we shall not, for the moment, treat
this simple case, but rather equations (6.24) and (6.25) simultaneously
with the proviso that forward diodc conduction is not involved, so that the
parameter kv may be neglcéted.

In accordance with the terminology employed in the "voltage'" analysis,
we again assume that the pump is defined by

x = X.sin 2 M (6,28)

where X is the amplitude, and no phase-angle need be included because the
phases of all other signals will be defined with reference to the pumping
signal. We shall also continue to use the method of harmonic balance so

that our steady-state results, although approximate, will be consistent with
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the transient results, which do not seem to be analytically obtainable by
any other simple method,

Since the system is balanced, the waveform of the voltage appearing
across the inductance and also the differential charge waveform may be
assumed to be predominantly sinusoidal; only odd harmonics occur, and
experiment indicates that they do not become important until quite large
values of detuning (4 &€ 1) arc reached. These assumptions are further
justified by the degree to which the results approximate reality.

Accordingly, the normalised subharmonic voltage is assumed to be

¥ = Y sin (T + 0), (6.29)
and a similar assumption is made concerning the normalised subharmonic
differential charge |

¥ = zZsin (DT +{), ~ (6.30)
in which the amplitudes Y and Z and the phases 0 and W are for the moment
taken to be non-time-varying quantities. The reason for this is that a
general analysis valid for the transient as well as the steady-state case
(i.e. including the time-derivatives %, 8, etc, ), which was possible when
the approximate "woltage' representation was uscd, becomes so complicated as
to be impracticable. Therefore the steady-state will be treated with both
kp and kL present, but the transient response will be investigated separately
for the two important cascs:

(1) when the pump-circuit damping kp is the dominant loss parameter and

(2) when the load damping k; dominates.

Substitution of (6.29) and (6.30) into the linear differential equation
(6.24) yields, when integrated twice:

o

z =-Y [_L sin(VT+ 6) + M cos(VT+ G] s (6.31)



e

2
where L = l_::i.él:@l and M = ;E . (6.32)
B 4

In place of (6.25), we now form the approximate nonlinear differential
equation

1S [x, ¥, '7:‘] = o, (6.33)
where ¥ and % are given by (6.29) and (6.31) respectively and x is given
by (6.28). Because of the complexity of (6.25), it is advantageous to

write x, y, and z in the forms:

X = —jEX(aZe_j26 - a*aejao), where « = %ej(VT+e), (6.34)
¥ = =i¥(a - a*), (6.35)
z = =Y(ap* + a®*B), where B = M + jL. (6.36)

3 x3 5 5

Having formed (6.33), and rejected the terms a”, a*”, o/, «*7, corres-
ponding to frequencies higher than 4 (because of the approximation (6.29)
that they are not important), we equate the coefficients of (a + a* ) and
-jla - a* ) scparately to zero., This procedure is equivalent to, but much
simpler than, a harmonic~balance calculation in terms of trigonometric
functions.

Omitting the damping parameter kv’ which is due to varactor conductance,
one obtains the following pair of equations defining the steady-state be-
haviour of the BPP:

2

YZ(L2+ M2)2aa* (2MNV G - %L)+ 3L(L2+ MT - 1) - 4o +

-Xl“M(3L2+ Ma)cos 26 + 21° sin 26:]= 0 (6.37)

and
Y2 (12 M2)%ua* (29 Lo + 20+ MG+ wP) - 1) - Wi, Wk

+ X [—L(3M2+ La)cos 26 + 2M° sin 26:[ =0 (6.38)
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where
5 = %;kp(%—l) (6.39)
o
o = "By
P §
e I .

The corresponding solution for the subharmonic charge can be found from

the steady-state rclations

7

and W = o,

12 + ¥2)y°

n

Equations (6.37) and (6,38) are of the form

A,cos 20 + B,sin 20 + C =0

1

(6,40)
Dycos 26 + E,sin 20 + F =0

whence the steady-state amplitude of the subharmonic voltage, ¥, is given by
(4B~ BD)® = (AF - CD)° + (BF - CE)° (6.41)

and the corresponding phamse-angle 6 by

AF - CD
tg 26 = B2
CE - EF (6.42)
After some rearrangement, equation (6.41) turns out to be
2l 2.4 2 2
LXS(L°+ M°)" = (LC + MF)S + 4(MC - LF) (6.43)
where
C = (1% M2)%Y2(AM. Y § - %L) + LIS M- 1) - Yo,
(6, 44)
F = ~(L%442)2Y2 (31,0 5 + g—ZM) + M(3@P%)- 1) = Wiowik,

Written in full, equation (6.43) is

uxz(La+ Ma)'+ =
2
= [%E(L2+ 142)3Y2+ M2 + 3(L2—(L2+ M2)2) + !+M<r(M.'vkL + L)] +

2
+ AE}v 8. (L2+ M2)PY2- o1 + Mo (L, A k. - M)] . (6.45)
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It is possible to invert this equation in order to obtain an explicit
expression for Y, but the result is somcwhat unwieldy.
Equation (6.42) for the phase angle is

2 2 2 2
te 20 = L(L+ 3zM°),C = M(M™+ 31°).F (6.46)
2(12.F + M2.C)

which does not lend itself to further simplification unless kL is the only
damping parametcr of importance.

There is an ambiguity in the interpretation of equation (6.46),
Physically, it is known thaf the stable subharmonic oscillation can have
either of two fixed phase angles 180° aparte. However, since

tan 26 = tan 2(6 % g—“ ),

where N is an integer, equation (6,46) permits the existence of another pair
of steady-state phase angles oriented at 90o to the first pair. Selcction
between the two possibilitics will follow from the stability considerations
of Chapter 7, Sub-Section 7.4.6.

In order to gain some insight into the significance of these com-—

plicated solutions, certain special cases will be considered.

6.5.1 Special Case 1

The simplest form of the solution is obtained when all the circuit

demping is absent and there is not stray capacitance:

This special case corresponds to an idealiscd conscervative system described

by the simultancous equations



5

2 1 4 2 _
z (x-1) + ¢ 2 +y =0

and 00 (6.47)

Yy =2
These reduce to the single equation

2P + - 2+ 2(x-1) = 0. (6.18)

The solution of this equation is obtained by putting M and § equal to zero,

so that (6.45) gives

2
X% = B—z— . ,%T} R TCIRS 1)] (6.49)

for the amplitude, while (6,46) gives simply
tg 20 = ©0 (6.50)

for the phase., Thus, in this case, the phase angle is always & 450 regard-
less of the operating point (W,X), This is no longer true when there is
any kind of damping in the systcm.

Equation (6.49) for the subharmonic amplitude defines a three-
dimensional surface in (W ,X,Y)-space, "inside" which lie the corresponding
surfaces for real non-conservative systoms, The interscction of the surface
with the (¥,X)-plane is the Frequency Characteristic shown in Figure 6.6.
The (¥ ,Y) and (M ,X)-profiles are given in Figures 6,7 and 6,8 respectively,
The solid curves correspond to stable values of the amplitude Y; the
broken curves to unstable values.* Two perspective drawings of the complete
(V,X,Y)-surface appear in Figure 6,9,

It can be seen that this idealised model predicts the persistence of
subharmonic oscillation down to zero frequency, and down to zero pump

amplitude at all frequencies less than /= 1,0, This behaviour differs

* The question of stability is discussed in Section 7.4,6. Chapter 7.
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Pigure 6.9 - Two aspects of the 'exoskeletal' (#,X,Y) - surface

for Special Case 1.
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somewhat from that of a real parametron, but the gencral characteristics of
this "exoskeletal! surface are consistent with practical measurements.

Most of the deviations between this solution and recality are accounted
for by the various damping parameters. The parameters kp and kL, due to
the pump-circuit resistance and the load conductance respectively, have
rather different effects. It will be convenicent to consider them
scparately, The ncxt sub-scction considers a device in which kp is the

only damping parameter of importance.

6.5.2 Special Case 2

The steady-state behaviour of a rcal parametron can be predicted quite
accurately if one includes in the theory the effects of the source resis-
tance Rp and the stray capacitance Cs' The following conditions are assumed

to apply:

k20, k = 0 k=0, B

The conditions

k = 0w LG = 0
v o} v
and kL = wOL GL = 0

mean that the load conductance GL and the varactor conductance Gv are

negligible, Thus typical values are

Rp = 500 ¢ |, £, =5 Mc/s,
R, = 100 KQ , C, = 20 pF,
R, = 100 K¢ , L = 20 pH.

so that k= 0.3 and k= Ik = 0,012, giving k_ S>> or k).
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The amplitude equation (6.43) is now

2
1 = Eé(m)a ¥ 3. (% 1)] + (w 8)2()* , (6.51)
where [ = L-l, and the phase equation (6.46) becomes

2 2
tg 20 = %z (LY)< + 3([ - 1) (6.52)

§& (1Y)

Equation (6.51) for the amplitude resembles that obtained in Special Case 1,
but now the parameters L and § appear, due to the stray capacitance CS and to
the damping kp. It is intercsting to observe that if CS is zero, then B=1
so that the damping term & containing kp vanishes., This illustrates the
importance of including parasitic clcments in the analysis of systems of
this kind,

The equation (6.52) for the phase-angle shows that € depends on both
the detuning and the subharmonic amplitude Y, except in the resonant case
A=1, for then [ =1 and

tg 20 = %% , (6.53)

independently of Y.

The Frequency Characteristic is obtained by putting ¥ = O in (6.51).
The result is similar to Special Case 1 in that the characteristic goes to
X =0at & =1, but now the shape of the curve is modified by the influence
of the stray capacitance parameter B, although it is not affected by the
damping paramcter kp. Stray capacitance has the effect of narrowing the
range of frequencies for which subharmonic oscillation is possible at a
given pump amplitude,

The explicit solution for the subharmonic amplitude can be found from



(6.51):

2
1 -2 1 2
2 a-r? . 2 -9 | gor2)2 a2
(25)%+(v 6)° (25)%+(w 8)° (Z5)% (w8)°

Y2 - I~2
(6.54)

If this is compared with the corresponding result for the approximate
yoltage' solution, equation (6.,22), certain similarities become apparent.
A significant difference is the absence in (6,.54) of the term in X° outside
the radical. This mcans that the (#,X,Y).-surfacc will not go to zero at
large values of X,

As in the case of the "voltage" analysis, the coordinates (XN,YN) of
the nose-locus are found by equating the interior of the root in (6.54)

to zeros

x = 3. 38 (1 -2 , (6.55)
e (%5)2+(4)5)2

15 2
ZE a-re)

2 2
(%2-) + (V5)°

<
1

v o[

. (6,66)

It can be shown that the phasc-angle ON along the nose-locus is given by

- 22
tg 20y = -3 AE (6,57)

a function of %y, kp and B only. This result should be compared with (6.53)
for the phase angle at resonance,

The subharmonic phase angle predicted by (6.52) is in close agreement
with experimental wvalues measured in the vicinity of resonance. However, as
the frequency is reduced below resonance, the present theory predicts that
0 decrcases, whercas in practice it increases. The considerations of Sub-

Section 7.4.6.1, Chapter 7, will show that sgn(kp), and hence sgn(d), should
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be reversed for all frequencies A) less than unity: the theoretical results
are then in accord with experiment.

The comparison of thesc results with expcrimental measurements will
be deferred until a third Special Case has becn dealt with: that in which

the predominant source of circuit damping is the load resistance RL‘

6.5.3 Special Case 3

The conditions corresponding to those assumed in the snalysis by means

of the "voltage" model arc

The amplitude and phase equations now become more complicated than in
Special Case 2. They arc given by (6.45) and (6.46) respectively, where
now

L(L+M)Y +3L(L+M2 1)
"% ’ (6.58)

%M(L+M 2Y + M(3 1+ M - 1) .,

Q
I

F

The amplitude equation is therefore

2
5x2 (12 W) = %E(L2+ 12)2v% 1P+ 3(1%- [12 Ma:]azl + 26(180)° .

(6+59)
An explicit solution for Y can be obtaincd from this:
) 3[:(L2+ M2)2. Léw - 12 1 2P 12 - ha)?
oo 5 2 )
5 (L) (6.60)

The coordinates (XN,YN) of the nosc are again given by equating the internal

root to zero:

_ 21M (6.61)
X (12n)2
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1 5L @2 1755 2] -1 2
Y = ———A T me— .
N (1242) %(L2+M2 ) .

(6.62)

The steady-state phase-angle is given by (6.46) with C and F as
specified by (6.57). The resulting expression is Y-dependent and complicated.
However, it will be shown in Sub-Section 7.4.2, Chapter 7 that a Y-indepcnd-
ent result for € can be found by working in terms of the charge phasc-anglec
LP . Further, it will be shown in Sub=Section 7.4.3 that the phase-angle
along the nose-loous is given by the simple oxpression ‘

tgoy = - .

6.6 Comparison of the large-signzl "'charge" theory with experiment

The circuit of a typical experimental Balonced Parallel Parametron is

given in Figure 7.33(b). The measurcd parameters of such a device were

v, = 0,
V= ¢ = 0.7 volt,
. = 16.3 pF,

L = 26,95 uH,

£, = 74295 Mc/s,

R, = 3902,

from which the following quantities were calculated:
B = 20 °LC = 0.4,
k = wCR = 0,26,
p oop
Figure 6.10 shows the measurcd Frequency Characteristic for the para-

metron described above. The curve is compared with the thecoretical

characteristics calculated for two values of B from equation (6.51) of
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Figure 6,10 =-. _
' Measured frequency characteristic and nose locus for an
experimental EFP compared with theoretical characteristics
calculated for the indicated wvalues of B.

kp; 0.26, k; assumed zero.
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Special Casc 2, in which the influence of kL is neglecteds The characteris=—
tic§6gree over a large range of frequencies if B = 0.2, If the calculated
value B = 0,45 is used, the agrecement is less good, but for large detuning
is still superior to the corresponding result given by the "voltage'" theory.
It is interesting that the theoretical characteristics go to X = 0 at

A) = 1,0, unlike the measurcd curve, The reason for this is that the
Frequency Characteristic specifici by equation (6.51) is independent of the
damping paramcter & and hencc of kp. If the complete expression (6.45) is
used, it is found that the characteristic is actually dependent on both kp
and kL’ and that it no longer goes to X = 0 at4 = 1, However, the accuracy
obtained by the use of the simpler theory of Special Case 2 is considered
adequate for most practical purposes.

Theoretical and experimental (X,Y¥)-profiles for three values of 4 arc
shown in Figure 6.11. The large-signal agreement is much bettcr than was
obtained by the "voltage" mocthod. In particular, in the strongly-detuncd
case ¥ = 0,8, the colculated and measured curves are similar cven for values
of X in excess of 7,0, a very large-signal condition, At such values of
detuning and pump amplitude, the subharmonic voltage waveform becomes very
""'spiky' since its harmonic content is high. Thc voltages were therefore
measured with a true-RMS voltmeter, and the rcadings subsequently converted
to equivalent peak values for comparison with the theory.

If the load-damping paremecter EL dominates the response, the theoretical
frequency characteristic and nose-locus present an appcarance considerably
different from that of the corresponding curves when the pump-circuit damp-
ing parameter kp dominates. As an example, Figure 6.12 shows the curves

calculated from equations (6.59) and (6.61) of Special Case 3 for the
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following set of paramcters:

k =0

b
kL = 0,2
B = 0.45.

This set characterises a BPP with zero pump impedance, typical stray
capacitance and a heavy load RL. As might be ecxpected, these curves super-
ficially resemble those of the approximate ''voltage" analysis. For moderate
detunings away from resonance, it can be scen that the frequency'character—
istic and the nose-locus both rapidly approach the curves for the zero-
damped case, This indicates that the parameter kL is of little importance

except near resonance,

6.7 Comments on the steady-statc phenomena

An occurate prediction of the small-signal steady-state phenomena in
the immediate vicinity of rcsonance has been obtained on the basis of the
approximate "woltage' analysis, The accuracy became less good for large
signals and significant detuning, The '"'charge" analysis offers considerable
improvement for large signals and detuned cases. The price paid for this is
an increase in the complexity of the analysis, particularly when the in-
fluences of both the significant damping parameters are included. It
should be pointed out that the '"woltage' analysis took into account the
parameter kL only; it is probable that the frequency characteristic would
have been predicted more accurately had kp been included also, but little
improvement in the large=-signal agreement could be expccted.

In order to understand the rcsultslof the "'charge" analysis clearly,

three special cases have been considered., It was found that even when all



the parasitic damping and stray-capacitance elements were neglected,
(Special Case 1), the predicted steady-state responsc was in better overall
agreement with reality than that given by the preovious analysis. The sub=
sequent Special Cases 2 and 3 examined the different effects of kp and kL
respectively, It was found that engineering accuracy was obtained when all
the damping was ascribed to kp. |

Thus, to sum up, the theory described in Special Case 2 has been found
to be in adequate agrecment with theory over a large part of the (§,X)-plane
if the following conditions are fulfillead:

(1) nonlinear diode-conduction in the varactors must be avoided,

(2) the loading due to R, must not be too great.
Since the algebraic expressions of Special Case 2 are not unduly complicated,
the level of approximation used therein will be adopted for the major part

of the transient theory to be described in the next Chapter.,
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CHAPTER SEVEN

7a Transient Phenomena

7.1 Historical background

Theoretical work on the transient behaviour of parametrons is scarce in
the literature, and there has been very little success in the quantitative,
or even qualitative, predictions of transient phenomena.

36

Hilibrand and his co-workers”  have obtained an approximate exponential
solution for the small-signal amplitude transient by means of a quasi-static
analysis% This procedure begins by neglecting all the time-derivatives.
Since the transients must therefore be extremely slow, the value of their
results is open to question. The influence of the initial conditions upon
the subsequent transient behaviour was not considered, neither was an
expression derived for the phase transient. In a system which operatés on,
and is operated by phase-coded information, the phase transient is at least
as important as the amplitude transient.

Nethercot37 has treated Forced Phase Switching on the basis of very
similar small-signal quasi-static assumptions. His results are even less
valid, since this type of switching is essentially a large-signal operation,
involving the overriding of an existing subharmonic oscillation by one of
large amplitude and opposite phase.

Hayashi et alal’22

have investigated the stability of certain theoreti=-
cal unbalanced parametric oscillators obeying differential equations of the

Duffing type. They obtained some results concerning the initial conditions

For a discussion of this method see Section 4,2, Chapter 4.
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which lead to various kinds of oscillation, but did not treat the actual

time-transients.,

7.2 Introduction

We have seen in the previous chapter that calculations based on the
"voltage'" model for the balanced parametrons do not give a particularly
accurate account of the steady-state phenomena, except for small=-signal
operation near resonance, It follows that transient analyses of the
"voltage'" model will also be inaccurate. However, in order to illustrate
some features of the transient phenomena, the next section contains a
simplified version of such an analysis, This retalns only the essential
stray-capacitance and detuning parameters, and combines mathematical brevity
with a reasonable qualitative prediction of the behaviour of experimental
devices, The insights gained will serve as guides later in the chapter
where the involved but more accurate treatment in terms of the ''charge"
model is undertaken,

In the following work it will be assumed that the subharmonic phase
angle is to be switched by the method of Phase InitiationBz. This means
that the oscillation is first quenched, either by modulating the pumping
signal with a rectangular pulse, or by forward-biassing the varactors so that
the effective Q of the parametron is rapidly reduced to a small value, The
latter variation of the method enables very fast quenching to be achieved,
but can only be applied to the BPPF, In either case a small locking signal
of appropriate phase is then injected into the parametron, and finally by
removing the quenching signal, oscillatory conditions are restored. The

amplitude and phase of the ensuing subharmonic oscillation will then change
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with time until they eventually settle down to their steady-state values,
The final amplitude is unique, but there are two possible ultimate phases
differing by = radians. The selection between these two possibilities
depends, in general, on both the initial phase and the initial amplitude
established by the locking signal.

It will be assumed that the amplitude of the phase-locking signal is
sufficiently small to be neglected once the transient has begun., It is
found in practice that this assumption is fulfilled even if the amplitude is
almost as large as that of the steady-state oscillation., Normally, how=
ever, much smaller initial amplitudes would be employed. This would enable
a single oscillating parametron to determine the ultimate phase of a con=
siderable number of others, yielding a large fan-out factor32. In the ab-
sence of a definite phase-initiation signal, the final phase-angle and the
form of the transient depend on the residual noise in the parametron at the
instant at which the quenching is removed. The investigation of noise-
initiated transients lies outside the scope of this thesis.

In Forced Phase Switching, however, quenching is not involved. The
parametron is pumpcd continuously and a large overriding signal is applied
to force the oscillation into the new phase, This case should properly be
treated by an analysis which includes the presence of the forcing signal,
but the resulting expressions are even more complicated than those given in
the present work. Nevertheless, the detailed transient theory which follows
does apply to the case of Forced Phasc Switching if the forcing signal is
removed as soon as suitable unambiguous large=amplitude initial conditions
have been established and the transient is then allowed to proceed. The

method has the disadvantage that poor fan-out factors are usually obtained,
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7.3 Transicnt analysis of the generalised voltage model

7.%,1 Simplification of the generalised "voltage! model for

transient solution

It is possible to derive small-signal solutions for the instantaneous
transient phase and amplitude from the first-order differential equations
(6.10) and (6.11) of Section 6.3 by neglecting the coefficients of the terms
nonlinear in Y and integrating. The complexity of the resulting express-
ions is such that their utility is severely limited. Moreoever, as we have
already seen, the steady-state solutions derived for these equations were
not remarkable for their accuracy, even when the nonlincar terms were in-
cluded. This was due to the approximations introduced by the use of trun—
cated series expansions of the nonlinear functions. It is evident that
little is to be gained by performing transient calculations on such an
involved basis.

It will, however, be instructive to obtain the transient solutions of
a simplified f;rm of equations (6,10) and (6.,11). To do this, we shall
neglect the sceccond-order nonlinear reactance parameter f§ and all the damping
parameters k, ¥ and 8. Only the first-order nonlincar rcactance parameter
a will be retained. This contains the exponent n and the stray-capacitance
parameter B, These simplifications mean that the device must be operated
under conditions which ensure that
(i) the subharmonic voltage amplitude is small (Y<X1),

(ii) the pump voltage X is small enough to avoid nonlinear varactor
conduction and
(iii)the linear damping is negligible.

The influence of the linear damping can, of course, be considerced here, but
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it affects thc form of the small-signal results so little that its inclusion
was not considered justifiable, TFurthermore, it causes the argument to be
obscured by the complication of the ensuing calculations.

Equations (6.10) and (6.11) arc reduced to the following pair:
2Y + o X¥(28 =%).cos 26 + 2 a XY, sin 20 = 0,

. (7.1)
o D
and Y - 9Y(26 +0) +4aX¥(20 =4 ).sin 26 - 29 aXY¥.cos 26=0.

The parameter a, which accounted for the differences between the BSP and the
BPP, does not appear at this level of approximation., It is associated only
with the terms nonlinear in Y, which have been neglected.

The corresponding simplified differential equation for the instantan-

eous subharmonic voltage y may be written

2 | B

5 | (l+2ax)yJ +y=0. (7.2)

dv " o
This is reminiscent of, but different from, the Mathieu equation, which, in
a similar notation, is

d2 in

S+ (14 2ax)y =0, with x = X (53%) 29w .

d'Ea cos
Like the Mathieu equation, (7.2) is linear with a time=varying coefficient,
and will have no non-zero steady-state solution, (sce Section 2,2, Chapter
2). Ve shall, however, bc able to trecat the initial part of the transient
for which the amplitude is small,

The boundary of the region of oscillation can be found by equating the

=} [}
time derivatives Y and & in (7.1) to zero. Elimination of Y and 6 then gives

A 2| 2
[%‘;J = (@x)? (7.3)

This curve on the (4 ,X)-plane is the Frequency Characteristic. It is shown
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in Figure 7.1, in which the unstable région is shaded. As might be expected,
this is a less accurate result than was obtained in Section 6,4, but will
neferthelcss be adequate for a qualitative treatment. The dashed line
aX = 1 indicates the upper limit of validity of the truncated series
approximation to the nonlinear reactance function.

Equations (7.1) give the following expressions for the rates of change

of amplitude and phase with time:

_?E aX(2n2 1) . cos 26 (7.4)
B 2@ - (aX)?)
and 6 = (-v201 + @x)2] ) +ax (1 - 292),sin 26 _ (7.5)

24 (1 = (aX)?)
These two solutions can be written in a concise matrix form which is suitable

for comparison with more accurate results to be obtained later:

‘-1 ol g % (B. cos 26
} et - . (7.6)
LE) lj \-6 ]A+B. sin 20

.

where

2 2
A - ne (1 + (aX)=) = 1 (7.7)

29 (1 - (aX)?)

and

2
B = 3 (2‘\) - l) . (708)

21 (1 - (aX)?)

Solutions of the equations (7.6) will be obtained in the following sub=

section.

7.3:2 Transient solutions for the generalised voltage model

The first-order differential equation for the phase~transient can be
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integrated at once:

> _A 4 acze) :
L[EVL ==3 O/ A+ B. sin 26 * (7.9)

The form of the solution depends on whether A is greater or less than B,

In the region of soft oscillation in which we are interested, we have the

condition
2 2
(aX)? > 1—-—21)—— (7.10)
g '
which is contained within the condition
B > A (7.11)
so that '
2 2
27T = -1 in A.tg 6 +B-V B - A + constant.
B2 - A2 Atg 8 + B +4 BS - 42

(7.12)
The constant can be expressed in terms of the initial phase angle 6(0) at
the time T = 0. With a certain amount of rearrangement the transient phase

is then given by

S.tg 6(0) =[ A + B,tg 6(0)1 tanh ST

tg 8(T) S + [A.tg 6(0) + B} tanh ST ’
(7.13)
2 2
s = - A
where B (7.13,)
The amplitude transient is given by
]
Y/Y = B.cos 26 (7.15)
3}

This equation cannot be integrated as it stands., If, however, the phase
solution (7.12) is substituted into it, it becomes homogeneous, Integra-

tion then yields

%(39 = %N/A [2B.sin 26(0).sinh°ST - 4] + B[ S.cos 26(0).sinh 25T + B,cosh 257

(7.16)
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This shows that the amplitude transient depends on both of the initial
conditions ¥(0) and 6(0), whereas the phase transient depends only on the
initial phase angle 6(0). Thus, in the present approximation, the rhase~
time relation is independent of the subharmonic amplitude, and the ampli=~
tude~time relation can bc normalised with respect to the initial amplitude
¥(0). Equation (7.15) contains trigonometrical functions of 2 6(0). This
implics that the amplitude phenomena duc to an initial phase angle 8(0) are
the same as those duc to an initial angle 6(0) + m.

Since this is a preliminary investigation of the transient behaviour,
it is appropriate to look for a particularly simple case, Such a casc is
afforded by putting A = O, This implies that our attention is confined,
for the moment, to points on the (4},X)-plane which lie on the curve

2
@)® = L= | (7.17)
¥

which®* is indicated in Figure 7.1, It is now found that the instantaneous

phase and amplitude are given by

tg 6(T) = tg 6(0) [ T gfg] = 5% 6(0) (7.18)
and Y(T) = ¥(0) o/ cos 28(0),sinh 28T + cosh 28 (7.19)

respectively, where

S = A 192 . (7.20)

The (Y,8)~curves obtained by climinating the time are, in this par=

ticular case, the rectangular hyperbolae

¥ sin 286 = YZ(O).sin 20(0) , (7,21)

%
This is not the curve defining the Frequency Characteristic: seec

equation (703 ) .
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An example of thesc curves for the special case A = 0 is shown in Figure
7e2e

A given pair of initial conditions Y(0), 6(0) define a point such as P
on the (Y,6)~plane, The phase and amplitude of the oscillation will then
simultaneously change with time in the manner described by the trajectory
passing through the point P, time increasing in the direction of the arrow,
The actual variations of phase and amplitude with time must be determined
from equations (7.12) and (7.15) respectively. Inspection of equation
(7.15) shows that if 6(0) = O or m, then

Y(rg) = ¥(0).e™ST

which is the maximum possible rate of rise. Similarly if 6(0)= g or gE ,
then

¥(T) = v(0),eT
leading to monotonic decay from the starting amplitude Y(0).

We can show how the initial part of the transient oscillation envelope
depends upon the choice of initial condition by plotting cquation (7.15) for
various values of the initial phase-angle 6(0). The result is shown in
Figure 7.3. It is interesting to sce that for certain values of 6(0), the
amplitude decreases and then increases again.

Such behaviour can be obscrved in practice when the initial amplitude
Y(0) is sufficiently greater than noise-level at T = O, Monotonic decay,
however, cannot occur in a real system, since residual noise will always
eventually trigger oscillation into one phase or the other, in a random
manner,

It is noteworthy that quitc a large deviation of 6(0) away from the

values giving the fastest rates of rise does not delay the turn-on
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significantly: large delay occurs only for narrow ranges of 6(0) in the
vicinity of g and - %‘ .

Figure 7.4 shows phase-time curves given by equation (7.18) for
various values of 6(0). The curves are 21l of the same shape, and are
merely displaced along the T =axis. In the present approximation they are
independent of Y(0).

Since it is difficult to visualise how the vector Y changes in phase
and amplitude as time increases, Figure 7.5 shows this variation in
(Y,6,T )=space for a constant initial amplitude Y(0), (the exact value of
which is of no consequence) and for various values of 6(0)., This is a
pseudo-perspective drawing in that magnitudes and angles maintain their true
values. It can be seen that even for 6(0) near g , 8(T) is close to O or
n by the time ST = 3, This threc-dimensional diagram will help us to
understand the complicated phenomena we shall encounter in more accurate
treatment of the transients in Section 7.kh.

A quantity of considerable interest is the number of cycles of sub=
harmonic oscillation necessary for the amplitude Y(T) to increase by a
factor '"e". This quantity has been nomed the "dimensionless risetime' by
Hilibrand and his co-worker536; it cvidently has meaning only when the
oscillation envelope is a pure increasing exponential, i.e. onc should
consider only those initinl conditions which lead to a maximum rate of rise.
The general condition for pure exponential envelopes is that the initial
phase angle be given by

+r3 -8B

tan 0(0) 1

where the upper sign corresponds to growing and the lower sign to decaying
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oscillations., This may be verified by substituting

- A

sin 26(0) = =

cos 28(0) = +

it

into equation (7.15), which then yields

Y(T) = Y(O)OG:S(U L]

Note that these remarks are true for all values of A, so that we can cal=
culate the dimensionless risetime anywhere within the shaded region of
Figure 7.1,

Let us call the dimensionless risetime p. Then

po= Eﬁl— , (7.22)

where

242 L 2
-AZ = (1=-%»°)° =~ 4 "(aX) . (7,23)

42 (ax)? =1 )

Hence curves of constant dimensionless maximised risetime are given by
2
- 2
(pn)a . (l‘—-%——) + 1
N
(un)? + 1

(aX)? = ) (7.24)

_n2\2 '
As p—>o0, (aX)E__.a(—]&—IV——-—-g) , that is, the dimensionless risetime

becomes infinitely long at the boundary of the region of oscillation, as
might be expected.

Curves of constant pu on the (Y ,X)-plane are shown in Figure 7,6. If
this diagram is compared with the experimental result for a typical IFP,
see Figure 7,46 , it will be seen that there is viry rough agreement for
A) = 1 and for sufficiently sucll . The thecorcticcl curves of constant y are
not two-valued functions of */» Zhis is due to the oxtrorw cpmproximation of tho
nonlinear reactonee and also to tho negleot of the influcencc of forwvard

varactor conluction at large Xe
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The effcct of dissipation in the parametron is to reduce S, thus slow-
ind down the maximum rate of rise of the oscillations. The nonlinear
dissipation leads to complete cessation of oscillation for sufficiently
large X.

The present theory gives p = O for aX = 1, i.e, it predicts zero
risetime for this value of aX, which is clearly nonphysical and outside the

range of approximation.

7.4 Transient anslysis of "charge' model

We shall now attempt a considerably more accurate analysis of the
transient behaviour of the balanced parametron in response to an initiation
signal of given phase 6(0) and amplitude Y(O). As in the case of the
detailed steady-state analysis, attention will again be restricted to the
case of the Balanced Parallel Parametron (BPP), That this is a reasonable
restriction will be seen in Section 7.5 which deals with experiments on the
transient phenomena., It is shown there that this is the device of greatest
practical utility, For example, the BPP can be completely quenched in less
than one subharmonic cycle, whereas in the case of the BSP, the oscillations
must be allowed to decay slowly at a rate determined by the natural "Q" of
the device: +this can be a very slow process. The BPP has the further ad-
vantages that it is inherently well-balanced if a bifilar-wound inductor is
employed, and no input transformer is required, thus simplifying its con-
struction.

It has been shown in Section 5.4 that the "voltage" differential equa-

tions for the two kinds of balanced varactor parametron differ only in minor
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details, and experiment confirms that the behaviour of the two differs only
in magnitude and not in kind., A generalised ''charge' theory able to predict
the behaviour of both types is feasible, but the extra complication is not
considered justifiable in a work of this nature.

As was found to be the case in the detailed steady-state analysis, the
treatment of the transient response will be much facilitated by the choice
of the differcnce between the charges on the two varactors as the main
variable,

The complete simultaneous differential equations describing the be-
haviour of this "charge' model are (5.19) and (5.21)., Following the proced-
ure established in Section 7.3, it is necessary to substitute into these
equations assumed solutions for the voltage and the charge. These solutions
will have unknown time-varying amplitudes and phases. By using the method
of harmonic balance with the "slowly-varying amplitude and phase' approxima=
tion, it will then be possible to find a pair of first~order nonlinear
differential equations for § and 5. However, the transient analysis is
exccedingly complicated if all threec of the damping paramcters kp’ kv, kL
due to pump circuit resistance, varactor conductance and load conductance
respectively, are included in equations (5.,19) and (5.21)., The analysis
does, however, bcocome feasible if the two important damping parameters k
and kL are considered separately., The steady-state analysis has shown that
inclusion of the sole damping parameter kp is sufficient to account quite

closely for the experimental amplitude phenomens, but that an accurate

treatment of the resonant phenomena requires that kL be included alsoe

In the next Section the relevant first-order differential equations will

be obtained for a BPP in which kp is the dominant damping parazmeter, In a
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subsequent Section, the process will be repeated for a device in which kL
dominates, The relative possibilities of these intermediate solutions for

further analysis will then be considered.

7.4.1, Intermediate harmonic-balance solution for the case in which

R, dominates the device behaviour.

In the case in which the pump-circuit resistance Rp dominates the device

behaviour, the differcntial equations (5.19) and (5.21) become

1-8)Y + y = Bz, (7.25)

and
kp{%(l—B)zL+2 + 4 ,:(1-B)y - Bz] (zy - y%)} + B{zz(x—l) + %—6- 2’ + yEZ} =

=F [x,y,z] =0, (7.26)

respectively.

This means that

(1) the linearised varactor conductances Gv are negligible, so
that kv = 0,

(2) the load conductance GL is very small, so that kL = 0 and

(3) only the damping parameter kp due to pump-ciréuit resistance Rp
is retained.
Further, as in the corresponding steady-state case, it is assumed that the
parametron is not operated under conditions in which nonlinear losses due to
forward diode conduction in the varactors are of importance, This restric=-
tion is also a practical requirement in that such losses are exponential
functions of voltége and lead to excessive consumption of pump power and
undesirably slow transients,

The equivalent circuit which results from these simplifications is shown
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in Figure 7.7. It contains only the two ideal varactors ql(v) and qz(v),
the closely-coupled tuning inductance L, thc stray capacitance Cs, the pump
generator vp and the pump=-circuit resistance Rp.

We now require the intermediate (aﬁd incidentally the stecady-state)
solution of the pair of differential equations (7.25) and (7.26) relating to
this equivalent circuit, It is again assumed that both the instantaneous
voltage and the instantaneous charge can be approximated by sinusoidal
functions of time, but now with amplitudes and phases which are unspecified
functions of time., Thus the approximate normalised subharmonic voltage is
taken to be

@) = Y("C).sin[v‘t' + e('v)] , (7.27)

and the approximated normalised subharmonic differential charge to be

Be) = 20v).sin [0 +P(0)], (7.28)
where U = w,t is the normalised time.
It has been shown in Section 6.5 that the steady-state voltage and

charge amplitudes are related by

) = [CFee),
and that the corresponding phase angles are indistinguishable
voel) = Y (e,
This leads us to enquire whether the voltage and charge coordinates may not
preserve these pafficularly simple relationships to a reasonable degree of
accuracy under transient conditions, and if so, whether or not a simplifica~
tion of the process of analysis may be expected.
If the expressions (7.27) and (7.28) are substituted into equation

(7.25), the coefficients of sin #T and cos ¥ 7T are equated separately to
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zero, and all sccond derivatives with respect to U are neglected, then one

finds that

0 0
Yo+ v(l-—B)(ZYc - ”Ys) + Bv(ZZC “"Zs)

(7.29)

n

c [}
and Y -yQ-B)QY_ +pY ) = - By(2z_ + yZ ),

where a circle above a symbol has its usual meaning of 4/d7T, and

Y = Ycos®, Y = Y,sin6, )

c s ( )
7.30

Zc = Z.coskP ’ ZS = Z.sinLP . f

If equations (7.29) are differentiated and the second T =derivatives

are again neglected, there results

[} o
Ys = -0 Zg s
[e] [ (7031)
and Y, = - [ Z,
2
where [ = -B;—-—
1-97(1-B)

as in the stecady-state analysis.

[ -]
Elimination of Yc and YS between (7.29) and (7.31) yields

2
= (2CY), 5 _
Y -(B’;).zc Mz, , (7.32)

2y
and Y —-(z—r-).z-[‘z. (7.33)

By
If these expressions are squared and added, and the products of derivatives

are neglected since they are assumed to be small, one obtains a simple

expression for Y in terms of the charge variables Z and (.P :

¥ = Ar2+a), O (7.34)
3
where n = i[-—

:By} .
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Equation (7.34) is valid under both steady-state and transient conditions.

[+
If ) is small compared with 4, which is generally the case, then

1

2 o
. V)1 —‘92(1-13)]» b,

n

so that Yz"rzf. (7.35)
This means that in the present case, the particularly simple steady-state
relation quoted above does apply approximately to the transient case. Thus

it is possible to investigate the voltage transient in terms of the charge

variables with negligible loss of accuracy. This is a considerable ad-
vantage, because it is found that if one attempts to carry out the transient
analysis in terms of the voltage variables, the expressions become very
much more involved and intractable.

If one is to work in terms of the charge coordinates % and 4J0nly, it
is necessary to find, in placc of (7.27), an expression for ? in terms of
Z and LP which is valid under transient conditions. Such an expression can
be obtained from the linear differential equation (7.25), and it, together
with the assumed solution (7.28) for Z, must then be substituted into the
nonlinear differential equation (7.26). Finally, one will obtain a pair of

first-order differential equations of the form
2) =% (2), Pv) ),
ber) =z, g ),

which describe the way in which the (hitherto unkmown) amplitude and phase of
the subharmonic charge change with time. Although the functions"ff1 and h}é
will in general be nonlinear, these equations will be very much simpler than
the equivaient equations for the time-derivatives of the amplitude and phase

o o
of the subharmonic voltage, Y and © respectively. This is apparently due to



18y

the fact that the capacitive nonlincarity is defined herec as a function of
charge and not as a function of voltage. If this pair of nonlinear differ-
ential equations can subsequently be solved for Z(T) and d,/("'i), it is then
a relatively simple matter to find Y(%) and 6(¢) - to a good approximation -
by means of
vi(r) = (22

and e(v) = U}) ) .

The necessary mathematical operations will again be much facilitated by
working in terms of complex polar coordinates. Thus the assumed charge

solution (7.28) is written

-iZly - ¥*) , (7.36)

z

where vy = % ej(ﬁ«"-C-PL‘)("C) ) ,

and, as shown in Appendix 7.1, the required expression for ¥ in terms of

charge coordinates is, from equations (7.32) and (7.33),

T o= alty +y*) + 52 +T )y - y¥) (7.37)
or2
where = == .
: By

As before, the pumping function is taken to be

x = X.sin 29T,
and in terms of the present symbols this reads
- +5
X = -j2X(Y20 Jaqj - Y*a e Jakp) . (7038)
The next step is to form instead of equation (7.26), the approximate

differential cquation

v [?x,?,%’ = 0 (7.39)
in which x,¥ and % are given by (7,38), (7.37) and (7.36) respectively,
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Because of the assumption that the variables ¥ and Z arc pure sinusoids,

the quantities YE, 7*3, Y5 and ‘Y*5

s, corresponding to the harmonic fre-

quencies 3% and 54 , must be rejected in (7.39), Further, because of the
slowly-varying amplitudc and phasc assumption, all the sccond-order-small
time derivatives are to be rejected. These matters are set out in detail

in Appendix 7.2, It is shown there that the following pair of first-order

equations in Z and { is obtained:

%kp(% - 1R +$) + X.cos 2p - 2a[£ = o, (7.40)

o 0
gkp(lB - 1)22. -§+ l6kpav(l:% - ];lr + 1)—3 + 2 X,sin ZLP -3+

+ 272y 3+ 2&®)=0 (7,41)
32 ‘ * *
If one puts 3
—_ 32k r
L =16kpa’))([%-lr +l) = —;2-%)—[{-_—— ’
=L & .
n(z) = gk G - 1)2°
3
n = 2al = A s
By

2 2
r(z) = 3(T —1)+53—2-Z ,
then the equations read simply
0 z
m(z) - (W+§) + Xocos 2 = n z =0, (7.42)
(5m(z) + L) -g + 2X.sin 2+ r(z) + 3 = o C(7443)

In matrix form they are

n, m(Z) -g {’D.m(Z) + X.cos 2y

= s (7.44)
~(5m(z)+L), 3 | ( =Y r(Z) + 2X.sin 2
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o (=4
from which it is casily seen that the explicit equations for Z and q} are

2]
-‘;j =21§ [ 3n®.m(2) + X.cos 2 ) - m(2).(r(2) + 2X.sin 2¢) ] )
q<3= —% [(Bm(Z) +L)W.m(2)+ X cos 2 )+ n(r(z) + 2X,sin ZLP):! ’
where
n, m(2z)
A = = 3n2 + m(5m +1),

~(5m(z)+ ), 3n |
The square matrix in (7.44) contains parameters rclating specifically to
the transient response, its column multiplier contains the rates of change
of phase and amplitude, whilc the right-hand column matrix contains the
steady-state amplitude and phase solutiomns,

The pair of first-order nonlinear differential equations (7.44) con-
stitute the sought "intermediate solution" for the case in wvhich kp
dominates the paramctron behaviour. It can easily be verified that they
give the correct steady~state results by putting E and qb equal to zero.

The amplitude is then given by

B2 = P4 4(ny)? (7.45)

or in full
2 2
o =302 -1 A | e Pe] T (7.46)

while the steady~state phase anglc is given by
3(r2 - 1) + 25 . 72(e9)
r _ 32
tg 24/@0) Y
ST A

The (e¢) in these cquations implies that sufficient time has elapsed for

* (7.47)

steady-state conditions to have been attained., If we use (7.46) and (7.47)
to find the solutions for the stcady state voltage amplitude Y(c@) and phase
6(%0) by means of ecquation (7.35)

) = L) )2,
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we obtain again cquations (6,51 ) and (6.52 ) which were previously found in

Section 6.5. Comparison of the phase equations confirms that in the present

case
Pee) = @) .
In the next section, the "intermediate solution" will be obtained for

the case in which kL dominates the behaviour of the device.

7.4,2 Intermediate harmonic-balance solution for the case in which

Ry, dominates the device behaviour *

The transient solution for the case in which the load resistance RL is
the sole source of loss in a BPP must be based on the following pair of
simultaneous differential equations, which are obtained by putting k= 0

and k= 0 in cquations (5.19 and (5.21), Section 5.5.1:

(1 - B)Y + kLS’r + y = BZ , (7.48)
and
2 (x - 1) + %3 2 + yaz = 0, (7.49)

The first step is to find an approximate expression for y in terms of

z from equation (7.48), This expression for y must be substituted in

(7.49), which can then be solved for z. We shall again uge the following

cipressions for X, y and z:

x = X,gin 2v%T
¥ = ¥(%).sin(WT+ 6(T) ),
Z =

2(T).sin(W T+ (T) ),

The steady-state solutions corresponding to this case have been found

in Special Case 3, Section 6.5, Chapter 6.
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or in complex form

, 0T 40)

Y = =j¥(a - a*) , where q (7.50)

=jZ(y - x¥*),  wherey =3 ej0vq’+¢0 . (7.51)

N
1

It is shown in Appendix 7.3 that the required approximate expression

for y, in terms of the amplitude and phase of the charge, is

= (azfp - b2 + cZ)(y + y*)= j(a.% + bzﬁ'/ - dZ)(y - yx*) ,(7.52)

where
1 [: 1-B 2 2
8 = m— b {==) IM + M(3L +M)]
V(L2+M2)2 ( B )
1-B 2 3
b = l: L)-ZL_I
V(L +M )2 ( -
(7.53)
c = M
LZ + MZ ’
L
d & —————
L2 + u°

and L and M have their usual values. Following the method used before,
substitution of equation (7.52) for ¥ and equation (7.51) for Z into equa-

3 and 7*3 s corresponding to the

tion (7.49) and rejection of the terms in ¥
third harmonic of the subharmonic frequency, finally yields the following
pair of first-order equations for the amplitude and phase transient

behaviour:

naldae

0
2(ac + bd) - 2(ad - bc)q) = 2¢cd - X.cos 2\4.)

2(%ad + be) s - 2(ac - 3bd)kp = ¢+ 3(a°-1)+ 3Ezz+ 2X,sin 24}.



These can be written shortly:

[
2(ac + bd) , 2(ad - be) J % 2cd - X.cos 2y
2(3ad + be), 2(ac - 3bd) | \‘-i’ PH3(at-1)+ %E.ZZ+2X.sin 2y

(7.55)

Equations (7.55) should be compared with (7.44) which is the corres-
ponding result when all the damping is ascribed to the source resistance R_.
It can be scen that the two equations are of the scme form, but that (7.55)
is more complicated. It is interesting that the only nonlinear term in
(7.55) is the %E Z2 in the column matrix on the right, Unfortunately, this
circumstance does not enable us to find an exact transicnt solution.

The steady-state behaviour is given by setting the time-derivatives
equal to zero., For the amplitude we obtain

16(cd)® + (c° + 3(a%-1) + %5 72)? = i4x? , (7.56)

which is identically equation ( 6.58), Scction 6.5, as may be seen by using
equation (7.53) and the relation between the charge and voltage amplitudes
7 = 12+ ¥)r°

which results from the steady-state version of (7.52). The equation for the

steady-state charge phase angle is

wal - - [ 23 &7
1 Leca ’

from which Z2 can be eliminated by means of (7.56) to give

2)4

2,2

X“(L- + M

tg 2 =+ // -1 . (7.57)
\ A 1(1)2
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It must be pointed out that, unlike the case in which the source damp-

ing kp dominates, the phase angles of charge and voltage can no longer be

regarded as approximately equal; they are related by either of the equations

L.tg - M
L+ Mtgy

tg ©

2 2
or tg26 = U= 17).tg 20+ oML (7.58)

MP- 12) - 2um,tg 24

which can be derived from equation (A7,6) of Appendix 7.3, and are valid
under both steady-state and transient conditions.
A Y-independent expression for the voltage phase angle can be obtained
from (7.57) and (7.58):
oML, N/ﬁxa(L2+ W)t
wo- 12 TN uam)?

oML [xe(real)t
Me- 12N n(Ly)?

+

This is much more complicated than (7.56), and is a further indication of

the advantages of working in terms of the charge variables.

7.4.3 Remarks on the phase-angles of the oscillatory charge and

voltage along the nose-locus

In the case in which kp is the major damping parameter, the phasc-—
angles of the steady-state charge and voltage oscillations at the nose of the
(X,Y)-profile are the same. They are given by equation ( 6,56), Section 6.5,
Chapter 6.

In the other case considered, where kL dominates, the charge and volt-

age phase—angles at the nosc are no longer the same., Since, by equation
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(6.60), Bection 6.5, Chapter 6, the X-coordinate of the nose-locus is

X = .———_@L
N (L2+ MZ)E

it follows from cquation (7.57) that
tg 2y = O
This means that in thils case the phase-anglelyN of the oscillatory chorge is

constant along the nose-locus. Equation (7.58) shows that the corresponding

voltage phase-angle 6, is given by

N
2LM
tg 20 = —_——
N MZ- LZ
or tg GN = - % .

This is not constant, but is a function of the frequency4’, the load

damping and the stray-capacitance parameter B,
P J p

7.4.4 Assessment of the relative merits of the two intermediate

solutions

As they stand, neither of the intermediate solutions (7,44) or (7.55)
can be solved exactly, In the case of zero-damping they both reduce to the
same intermediate solution. Under certain conditions exact integration is
then possible, This case is treated in the next Section, 7.4,5. If the
damping is not negligible, it is found that both of the intermediate solu=-
tions (7.44) and (7.55) can be integrated for

7z K 1,

but the resulting algebraic equations are very much simpler for (7.44).
For this rcason, the kp-dominated case has been selected for detailed

investigation later in the Chapter,
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7.4.5 FExact transicnt solutions under conditions of zero damping

It is possible, under certain conditions, to find exact transient
solutions for conscrvative (lossless) parametrons, corresponding to the
"exoskeletal" steady-state solutions of Section 6.5, Special Case 1. Such
transient solutions do not relate to practical devices, but will give some
useful insights into the mechanism of their transient behaviour. In
general, equations such as (7.44) and (7.55) cannot be integrated exactly.
However, if all domping is neglected, they both rcduce to the following

pair of equations

n 0]

(SIS

X.cos 2.
= "U , (7.59)

) o
0 3n -y 3(M2-1) + %—2-22 + 2X.sin 2y
which are exactly integrable under certain conditions,
First, let us eliminate the time-variable T, We obtain a single

equation which relates the instantaneous amplitude and phase:

2_ 5. R
. ay o 3(r -1)+ b7 7Z 4 2¥.sin EQ) (7.60)
* 4z ‘ 3X.cos 2\ ° *

If this is written in the form

a\ ‘
d_%) - - R (7.61)

then in order to integrate, we require an integrating factor p such that

Euler's criterion

ag%s) - 5(%%) (7.62)

is satisfied, Such a factor is
u o= g3 (7.63)

and the resulting equation for trajectories on the (Z,q))-plane is
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-/3 2 1 : _
.72+ 2 (%) + H F + xsin 2 = o0, (7.64)

where C is a constant for a particular trajectory. Examples of these curves
are shown in Figure 7.8 for a case of soft oscillation, and in Figure 7.9
for a case of hard oscillation, The singularities, which are indicated in
the diagrams by open circles, correspond to points on the steady-state
W,X,Z)-surfacc. In the casc of soft oscillation theré are three singulari-
tics, of which the outer two corrcspond to the two stable phases of oscilla-
tion. The central one corresponds to the absence of oscillation and it
will be seen that the amplitude increases infinitely slowly from this point,
In the case of hard oscillation there are five singularities, of which two,
identified by (u,u) in Figure 7.9 , correspond to unconditionally unstable
points on the "underneath" of the W,X,32)-surface.

We shall now seek solutions for the variation with time of Z(T) and
\P@V). To do this, we use equations (7.6%4) and (7.59) to form the homogen-
eous first order nonlinecar differential equations

2 = '}
0 (7.65)

VAEREX(D

which apply for zero damping. In principle these are integrable.

]
Thus, under the conditions kp = 0, kL = 0, the cquation for Z is from

(?7.59)

ralo

= % . COS ELP (7.66)

which can be homogenised by means of (7.64) to give

z .1 J 2 -E(r‘?-l) + %-2 Z + c.z‘“ﬁj 2 (7.67)




Figure 7.8 - Exact zero-damped trajectories for a case o
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Figure 7.9 - Exact zero-damped (Z,(]D)-tra,jectories for a case of hard

oscillation.

Parameters: 4 = 0.70
X =075
k=0
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This is integrable only for C = O, in which case the differential equation

for the amplitude transient is

(SN ISH

>
L \/ X2 - E(rz-l) + 1—2 ZZ:I (7,68)

lc=o_ n 5

o
The equation for ¥ is, from (7.59),

[+]

P =- % [ro(Z) + 2X,sin 2\!}] (7.69)

If 7 is eliminnted from this by means of (7.64) we obtain

O - %( 2r?-1) + 3.sin 2 + 5c.z‘“/3_l (7.70)

which is homogencous only for C = 0, and is then integrable:

o

¢

= % [3(r2-1) + 2X,sin 2\])] (7.71)

C=0

Equation (7.68) for the transient charge amplitude can be integrated at

once, the form of the result depending on whether %i(r2-1)| = lp is

greater or less than unity. This criterion determines whether or not soft
(unconditional) subharmonic oscillation takes place, Soft oscillation

occurs for
|
|P|< 1
in which case the transicnt amplitude solution* for trajectories passing

through the origin of the (2,))-planc is

ST 7 2 '\/ 1-p2'\/ l-(p+aZ2(O))2~ + 1 = p2 - a pZZCO)
e F - (m))
«/ 1—p2A/ l-(p+aZ2)2 + 1 = p2 - a pZ?

-

(7.72)

¥ An explicit solution for Z(T) is obtainablc but is more cumbersome.
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and Z(0) is the value of Z at T = O
This shows that if the initial amplitude Z(0) is zero, then the rise-
time is infinitely long, i.e. the origin of the (Z,@)—trajectory diagram

for the case of soft oscillation is stable,

A simple solution occurs for the case of resonance, for whichp = O,
and
2 .t
R ( z )2 J1-222%0) +1 (7.73)
z(0) 1. .25
ALVl - a7 d + 1 .
Generality is not lost by choosing the initial condition
2 1
z=(0) = z = 32X,
which makes
Ky
n 7z
e = . (7.74)

32X +4f (32%)2 -

This curve is shown in Figure 7.10(a). The amplitude of the envelope of
the subharmonic oscillation increcases to a maximum at (= O, and then de-
creases again. In this zero-damped case and for the present definition of
the time-origin, the transient amplitude solution is independent of sgn(T).

Equation (7.71) can be integrated to give a solution for the transient
behaviour of the phase angle 4). In the region of soft oscillation, which
is defined by ' pl < 1, the solution is

eSPq: = ot sin 2y 1 +p.sin 2{(0) +V 1 - p2 cos 2¥(0)

P+ sin 24’(0) : 1+p.sin 2\’)-&- '\}l‘PZ cos 2\'}
(7.75)
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Figure 7.10(a) - Exact zero-damped amplitude transient for the resonan3

case and for C = 1.0.
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Figure 7.10(b) - Corresponding exact zero-damped phase iransient.
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wherel¥(0) is the initial phase angle at“l = O, and p and SP have the
meanings previously defined. In the special case of resonance, and for the
choice of initial condition(P(O) = - f (corresponding to 2(0) =4/32X ),
this result reduces to just

S T
e P

This transient phase solution is shown in Figure 7.10(b), and the composite
phase-amplitude-time response in (‘P,Z,“C)~space is illustrated for the
case C=0 in Figure 7.11, This diagram gives one a visual picture of the
nature of the transients to be investigated.

The amplitude and phasc solutions (7.72) and (7.75) each contain only
one initial condition. This is a consequence of the constraint C=0, For
trajectories which do not pass through the origin of the (Z,LP)-plane, C
is not zero, and the corrcsponding amplitude and phase solutions (if we
were able to obtain them) would each contain two initial conditions, Z(0)
and ) (0).

We shall now turn to the case in which the damping is not zero and is

attributed to the parameter kp.

7.4.6 Small-signal transient theory in the presence of damping :

trajectories and stability

The first-order differential equations describing the transient be-
haviour of the subharmonic phase and amplitude, such as equations (7..44)
or (7.55), are both nonlinear and inhomogeneous. They cannot be integrated
exactly., We shall therefore make use of an approximate method. This is

based on certain experimental observations, Under most conditions of



Figure 7.11 - Composite phase-amplitude-time response I'or th

demped resonant case and for G = Q.
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practical interest, that is, within the region of soft oscillation, and with
certain restrictions on the initial phase-angle, the greater part of the
oscillation-envelope of the growing subharmmonic voltage VS i1s an approxim=
ately exponential function of time. As the oscillation grows, nonlineari-
ties eventually cause the amplitude to limit at the steady-state value
Vsﬁn). A typical practical example of such an amplitude-transient is shown
in the photograph of Figure 7.12. It can be seen that the only part of the
envelope which is not approximately exponential is the region near the
steady-state value Vs@xﬂ.

This behaviour suggests that the initial part of the transient, upon
which the remainder thereof is highly dependent, could be treated by putting

7 K 1
in the transient theory and neglecting 2?. It would then be possible to
approximate the final part of the transient by terminating the rising
amplitude at the steady-state value Z(©), This value can, of course, be
calculaéed without assuming 2 <=1,

The equations determining the transient behaviour under the domination
of the loss-parameters kp and k; are (7.44) and (7.55) respectively., The
approximation 2 <X 1 results in a much greater simplification of the first
than of the second. Fortunately, most of the dissipation in a practical
parametron can be ascribed to kp. The major part of the detailed transient
theory will therefore be based on equation (7.44),

The conditions
k, =0, i = 0, 72 &K1
will be imposed. They mean that the conductances of the varactors and of the

load are negligible and that the oscillatory differential charge is small
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compared with the static varactor charge. It is now possible to find
equations for the transient amplitude and phase from (7.44). Without any

restrictions on ¥, X, kp or B these equations are

% = % . cos 2y (7.77)
v 1
and P = - ;;é [ LX.cos 2§ + n(r + 2X.sin 2¢/) |, (7.78)
respectively, where
r, = 3(° - 1),

Elimination of T between these two equations gives a first-order equation
relating the instantaneous amplitude and phase of the oscillatory charge:

i 4z _ _ 3nX, cos 2y (7.79)
Z° ay  X.cos 2y + 2nX.sin 2¢+ n.r ’

This will be written shortly

az _ 3 cos 2 . a(2y) (7.80)
Z L * o. cos 2+ sin 2P+ p ’
v
wnere p= 52 = 2 (1) . (7.81)
2 Ik
and o= 3= = B—§ . (7.82)

Equation (7.80) can be integrated to vield a relation between Z(T) and
w(T) for sufficiently small Z. However, before this is done, it is worth
noticing that the ranges of ¢ which correspond to positive and negative
values of Z can be found from (7.77). Thus it can be deter iined whether
7(T) increases or decreases with time. Hence the direction of traversal of
the trajectories can be predicted. This small-signal information will
ultimately enable us to find the stability of the singularities without

recourse to a formal stability analysis., Such an analysis would be difficult
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in view of the complexity of (7..44),

It follows from (7.77) that since n, X and Z are all positive,

b

o -1 e -7
Z>Ofor( 4g‘¢<4 and
14 = = 7

/
ﬁ[<q)<:;2f
7z << 0 f b
T~ or .
2% - — Iz
A

The two sets of conditions determine the sign of E. They are summarised in
Figure 7.13, in which IZ! increases in the shaded and decreases in the
unshaded regions. The conditions apply not only for the initial conditions
z(0), (P(O) but also for the ensuing trajectories, provided 2 <« 1. If
there is no damping, the latter proviso is redundant, as may be seen by
referring to Figures 7.8 or 7.9.

The form of the solution of (7.80) depends on

sgn (1 + o - p2)

At first sight it might be supposed that the curve on the (¥ ,X)-plane

defined by
ec=1+( == ) =1+ o8

would coincide with the steady-state boundary between the region of hard
oscillation and the region of no oscillation. This boundary has already
been identified as the projection of the (4 ,X,Y) nose-locus on to the w,X)-
plane, However, the supposition is incorrcct since the projection of the
nose-locus is given by

2 2

2 _ 2 B = 2. . i
p —1‘”(%':,)1:13‘1-3) 1+ (5. 55 ) -

The practically interesting part of the (¥ ,X)-plane is that for which
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Pigure 7.13 - Diagram indicatinz the phase angles which are
associated with growing or decaying oscillabions.
For zero damping the diagram is valid for 211 4

for non-zero dampine 1% is valid for Z<& 1.



soft (unconditional) oscillation occurs. It is defined by
p2<1.

This region is contaimed within the larger domain
p2 < 1+ .
The various regions mentioned are indicated in Figure 7.23, and their

significance will become apparent in the associated Sub-Section 7.4.8.

The solution of (7.80) for p2<l + 0'2 is

- 3 (1+6%) 5)
D.Z ° v oY - [ p+,/l+o‘2 .cos(E'P-E):’ .

g
2 2
+g -
o +\)1+o'2. cos(2@ - §) v 1o -p
’ 2 [ 2 2 =0
1+0™+ p.cos(2Y -8)+[1+c"-p . sin(2( -¥)
(7.83)
1
where tgcg =5
and D is a constant defining a particular trajectory.
In the case of resonance (¥ = 1) this becomes simply
L
-3 (1+67) _
D .z 3 + %) oo - ) = o, (7.84)

since p = O.

If is interesting to notice that at resonance the shape of the tra-
jectories is independent of the pump amplitude X, This is because p is
the only function of X in (7.83),

If the damping parameter kp is zero, so that o = 0, then the solution

(7.83) reduces to
C.% -4/3 + % (rz_ 1) + X, sin 24} = 0 (7:85)

where C = D.X. This can at once be identified as equation (7.64) which was
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. . . 1 Z2 .
derived under the zero-damping assumption, except that here 35 is absent
because of the small-signal assumption., In the region p2 > 1+ 02, which
lies "outside" that of immediate interest, the trajectories take on a

different form:

beqii?
- =(1+¢")
D.7 + ]:p + Jl+o‘2 . cos(ZW-E)] .

| ( -,/1+c-2 ) tg 220~ ¥)
. eXp O‘(EQ)-‘%)- ) E— .arc tg P § = 0,
P2_1_0_2 p2 -1- 0‘2
(7.86)

7.4,6,1 Explanation of certain anamalous theoretical results

Although the ''charge'" theory so far developed gives a satisfactory
explanation of

(1) the steady-state amplitude phenomena and

(2) the transient phenomena under conditions of zero damping,
certain anomalies occur when the steady-state phase-angle and the transient
behaviour in the presence of finite damping are to be predicted., It is
found that the anomalous thcoretical results are ornly obtained for fre-
quencies below resonance. Careful interpretation of the damping parameter
k_ is necessary if physically possible rcsults are to be obtained, It was
seen in Chapter 3 that for the case n = %, the varactor charge q was a

two=valued function of the voltage v. Thus, referring to Figure 3.4,

%% = %? can be either positive or negative at v = O (y = 0), Hence the

small~-signal varactor capacitance
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can have, as far as the theory is concerned, a positive or a negative sign,
the latter being non-physical,

Further, since

k = wCR ,
Y cop

this damping paramcter can also be either positive or negative, It is
therefore to be expected that certain non-physical theoretical results may
be encountered corresponding to negative values of kp.

It is found that theory is in accord with experiment over a large range
of operating conditions if the sign of kp is reversed for all values of &
less than unity.

These congiderations affect the following parameters, all of which

contain kp as a coefficient:

L= s Rty

= e (3o
mo= g (5 1)72
= 4 (1o
5 = gk (5-1),
o = 4kp/Bx1.

The parameter S, which contains 02, is unaffected by sgn(kp). For simplic=
ity, all the quantities mentioned above are given in the text with positive
signs. The calculated results have been obtained with the appropriate sign

of k .
P

7.4.6,2 Typical small-signal (Z,Y )-trajectories

(Z,q))-trajectories have been calculated according to the
small~-signal equations for a typical practical parametron with the measured

paramcters

kp = 0.28 3 B = 0, Ll'so ‘
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Figure 7.14 shows trajectories computed from equation (7.84) for
resonance. In this particular case, Z is proportional to X for a given
phase-angle QJ, so that the curves arc all the same shape. Hence neither
a radial scale nor a particular value for X need be given. The directions
of the arrows, which indicate the motion of the tip of the (Z,LP)—vector as
time increases, have been established by referring to the conditions of
Figure 7.13.

Figure 7,14 illustrates several important points:

(1) The trajectories are not, in general, even approximately
hyperbolic,.

(2) There are two pairs of critical phase-angles for which the phase
remains time-invariant. Critical angles leading to growing oscillations will
be referrecd to as (Pc + , those leading to decaying oscillations as Q)c- .
The time-invariance obtains for small amplitudes only. We shall see later
that for large amplitudes of Z, the corrcsponding trajectories eventually
depart from straight lines.

(3) In the resonant case, the angle between qfc+ and LPC- is 90°,
It will be scen that in non-resonant cases this angle differs from 900.

(4)  The quantity g%) is zero at the critical phase angles tpci .
This means that in a sufficiently small time-interval the amplitude changes
while the phase remains constant. All the trajectories except those
corresponding to (pc- (nere 56° or 236°), cventually depart from the origin
and tend towards one of the other pair of critical angles (Pc+ (here -340

or 146°),

(5) The quantity %%)is zero at the angles

URIETE
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where N is an integer. At these particular phase-angles the phase changes
while the amplitude remains constant: This is true for all values of
tuning, resonant or non-resonant.

Figure 7,15 illustrates some (Z,{/)-trajectories computed according to
the Z <=1 approximation for a sct of typical practical conditions giving

rise to hard oscillation:

N = 0.9

X = 0,5

k. = 0,28
Y

B = Oo 450

Note that the considerations of Sub-Section 7.4.6.1 relating to sgn(kp) were
taken into account in computing these curves. The diagram shows that for
small signal amplitudes, all the trajectories tend ultimately towards the
origin as time incrcases. For certain ranges oflp, however, the amplitude
Z can increase before it finally decreases. This rather unusual behaviour
has been observed in practical parametrons initiated with small-amplitude
signals in the region of hard oscillation,

It can be shown that for cxtremely large values of the damping para-
meter o, the trajectories tend towards the form indicated in Figure 7.16.
The trajectories now consist of circular arcs for all phase angles except
for the critical angles g)ci , which are &% -E and % l}i‘ » If this
diagram is compared with Figure 7.8 for the corresponding zero-damped case,
it can bc seen that the trajectory-diagrams encountered in practice fall
somewhere between these two extremes,

The infinitely-hemvily damped trajectories of 7.16, cannot, of course,

be related to any physical situation. The steady-state amplitude tends to
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k 2x
2

Figure 7.15 - (2,§)-trajectories computed according to the smell-
amplitude approximation for a case of hard oscillation.
The parameters are: n = 0.9, X = 0.5, k.= 0.28, B = 0.L5.

by
The shape of the curves is independent of Z.
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Figure 7.16.- _
The form assumed by the small-signal (Z,(,b)—tm,jectories

in the limit C—wo0 ™
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zero as the gamping increases towards infinity, so that the diagram merely

indicates the end-point of a trend.

7.4.7. Large-signal trajectories in the presence of damping

In the presence of the damping parameter kp, the differential equation
for the large-signal (Z,§))-trajectories is given by eliminating the time-
variable T between the pair of equations (7.44), Section 7.4.1. The result
is

142 __ 3nW.m(Z)+ X.cos 2] - m(ZLLﬁr(Z)+ 2X,sin Edd ,
Z'ay  *[5m(2) + L[v.n(Z)+ X cos 2Y] + n[ r(Z)+ 2X.sin 2¢]

(7.87)
where r(Z) and m(Z) are functions of Z°, It is not possible to integrate

this exactly, so that we shall resort to an adaptation of the isocline

method in order to obtain the integral curves? The above equation is of .

the form

1 e
Za dkP - (Z,q’)
whererg-is a nonlinear function of Z and q/. Now consider the curves

%‘ 4z Z; = constant.

As indicated in Figure 7.17, the trajectory which passes through a point P

of such a curve makes a constant angle g + & with the direction of the Z~

tg & = Z;

vector, where

* Even if we were able to integrate this expression exactly, it is
probable that the result would be transcendental, requiring graphical

solution, so that one might as well use graphical procedures throughout.



/ The Isotan curve
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tg Q.

Figure 7.17 - Construction of Isotan curves.
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The curves ﬁ}(z,q)) =T are not isoclines in the usual sense, but thelr
polar equivalent;  they will be referred to as "Isotan curves'". The
concrete example of equation (7,87) leads to the following expression for

Isotan curves:

[n‘é - :] l:r + 2X,sin 2tp—_] + [3n+ (s5m +£) 7T, ][ m» + X.cos 24)]: o

which for convenience in calculation may be written

2

mV + '} HI‘ (7.88)

x\/ 1 + 12

arc tg H + arc cos

?

B 72
2 2
= arc tg H + arc cos P 2X (Vs + 32 H)
| 2
1+H 7.89)
_ 2(nZ: - m)
Where H = (5m T L)z T 3n .

In order to construct a family of (Z,q))-trajectories for a specified
set of conditions (&’,X,kp,B), it 1s necessary to plot Isotan curves for a
range of values of the constant Z; s such as -1, 0, +1, ©O . Then line-
seg¢ments making an angle ( g + arc tg € ) with the direction of the Z-
vector must be drawn at intervals along the Isotan curves. Finally, the
trajectories can be constructed by connecting together the line-segments,

Some (Z,q))-trajectories for the typical practical case

A = 1.0
X = 0.5
kp = 0,3
B = 0.5

have been calculated according to the above procedure and are i1llustrated in

Figure 7.18. The conditions are similar to those used in the calculation of



Pigure 7.18 = Large-signal (Z,{)-trajectories given by the Isotan method
fOI‘ the Case’v= 100; X = 005, kP= 0.3, B = 0050
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Figure 7.1). If the two diagrams are compared, it will be seen that the
trajectories are of the same shape near the origin Z = 0. The present
large-signal diagram shows that those trajectories which pass through the
origin progressively deviate from straight lines as Z increases. Further-
more, for large values of Z the loci of %Ea = 0 deviate from the straight
lines QJ= + E and become the "figure-of-eight™ curves Z; = 0.

These integral curves show an interesting phenomenon: there is a strong
tendency for the trajectories to approach the S-shaped 'backbone!" curve,
which we shall refer to as the S-curve, much more quickly than they approach
the singularitics (indicated by open circles). This means that the phase
approaches its steady-state value ) (°0) much more rapidly than the amplitude
approaches Z(0), This is an important conclusion when phase-initiation is
required, for it means that the parametron can be operated in a "linear"
mode (analogously to a method sometimes applied to the super-regenerative
oscillator®in which the oscillation is quenched before the steady-state
amplitude Z(¢) is reached. This enables the parametron switching to be
accomplished much faster than would otherwise be possible, leading to
increased computing speeds.

Figure (7.18) indicates the further intecresting possibility that phase=
switching can be accomplishcd merely by altering the amplitude Z(0) of the
initiating signal, the phase {)(0) thereof being kept constant. To see how
this unusual situation can occur, consider Figure (7.19), This diagram
shows only the trajectories which pass through the origin of the (Z,q/)—

plane, One of these connects the singularities Sn and So’ corresponding to

*  See, for example, Pag839 or Whiteheadqo.
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Pigure 7.19 - Diagram illustrating phase-switching by

amplitude~variation.
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stable phases "n'' and "O" respectively. The other trajectory, the separat-
rix, divides the planc into two regions: initial conditions lying in the
unshaded region lead ultimately to the singularity Sn’ those lying in the
shaded region lead to So' Now consider the line (Ao, An) which cuts the
separatrix in the three points Po’ 0, Pn' Suppose the initial conditions
are constrained to lic along this line, that is, QJ(O) is fixed and Z(0)

is varied, Then if

0 < #(0) < P,

or
P << Z(0) < A,

the stable phase "7#'' will be initiated; whercas if

0 <T 7(0) < P

or
P, < z(0) < A,
the stable phase "O" will be initiated, Thus it is cvident that if initial
conditions "mear'" the separatrix are required, the exact magnitude of 2(0)
becomes critical if reliable phase~initiation is to be achieved.
Figurc 7.20 illustrates some large-signal trajectories constructed by
the Isotan method for a point on the (& ,X)-planc below resonance and lying

within the region of hard oscillation. The conditions for this diagram are

y o= 0.9,
X = 0.50,
k_ = 0.28,
P

B = 0.9,

and are the same as those of Figure 7.15, which shows the corresponding

small=Z trajectorics. In computing these curves, the sign of kp has been
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Figure 7.20 - Large-signal (Z,LP)—";xajectories calculated by the Isotan

method for the case:p = 0.9, X = 0.5, k = 0.232, 3 = 0.L5.
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changed in accordance with the considerations of Sub-Section 7.4.6,1, There
are now five singularities. The origin is a stable nodej the two outer
gingularities are stable spirals, The remaining two singularities corres-
pond to the points (u,u) on the trajeqtory diagram for the lossless case,
Figure 7.9. As in that diagram, they are again unstable saddle-points.

The entire (Z,q))-plane ig divided into three regions by the two
broken lines, All initial conditions lying within the region containing the
origin give rise to trajectorics leading ultimately to the origin, but the
amplitude does not necessarily decay monotonically  That is, it may increase
before it finally decreases., In the other two regions the trajectories
eventually reach one of the stable outer singularities., The amplitude can
now decrease before it inareases.

As Z increases, the two arms of thc separatrix form a double spiral
expanding in a counter-clockwise direction. The broken lines passing
through the unstable saddle-points each form a pair of spirals "interleaved"
betwecen the first double gpiral. For sufficiently large values of 7, the
(Z,q))-plane always contains a similar system of spirals, no matter what
valuecs of # and X are selected. It is only relatively near the origin that
the trajectory-diagrams become significantly different.

Finally, Figure 7.21 shows an example of (Z,q))-trajcctories for a set
of conditions under which no steady-state exists; in this case, above the
regonant frequency, As might be cxpected, all the trajectories tend

tovcrds the origin,

7.4.7,1 Summary

The various rclationships which can exist between the subharmonic
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amplitude and phase under large-signal transient conditions have been
investigated. The study has given certain insights into parametron be=-
haviour and indicates how fast phase switching can be achieved:

(1) The device should be operated in the region of soft oscillation
if large logical gain®*is required. Thus it is desirable to choose an
operating point at which a large-amplitude singularity can be selected by
means of a very small-smplitude initial signal., In the region of hard
oscillation, large-amplitude initiation is required if a stable singularity
is to be reached.

(2) Operation in the '"linear' mode is desirable if the fastest speed
of operation is to be attained. This means that the Z,Q)—information con-
tent of the parametron is utilised to initiate a second device before the
first has achieved its stezdy state. This kind of operation would also be
possible in cases of hard oscillation if use were made of the "loop"

trajectories which grow but ultimately converge on the origin.

7.4,8 Approximate trcatment of transient behaviour

It was seen in the previous section that the exact trajectories cannot
be found without recourse to numerical or graphical techniques for solving
the relevant differential equations. The same will be true of the exact
amplitude and phase transients. It will therefore be necessary to use the
approximate method enviscged at the beginning of Sub-Section 7.4.6. On the

basis of results already obtained, we shall now sec what this involves.

* Logical gain is defined as the number of computer switching elements
which can be controlled unambiguously by a single switching element of the

same kind.
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It has been remarked that in practice a parametron would be used only
in the region of soft oscillation, otherwise the possibility of using a very
small-amplitude signal to initiate the ultimate phase would be lost., It is
therefore appropriate to consider transients occurring in this region.
Refer, for example, to Figure 7.1%4, which shows typical small-signal tra-
jectories. The proposed method allows the tip of the (3, )-vector to
follow such a trajectory into the large-signal region. When the final
steady-state amplitude Z(®) (given by the large-signal steady-state analysis)
is reached, the trajcctory is to be constrained to follow a circular arc of
radius Z(0) until the phase reaches the value {(00)., The tip of the vector
then remains stationary at the singularity (Zﬁxﬂ,(P@n) ). It is found in
practice that the trajectories tend to lie near the S~-curve. The approach
should thercfore give a reasonable approximation to the true amplitude
transient, although it will tend to underestimate the actual risetime. A
consequence of the method is that the phase will undergo a '"jump’, no matter
what small-signal initial conditions are chosen., This is an unavoidable
consequence of abruptly limiting the amplitude at its steady-state value.
The initial part of the phase-transient, for which Z is sufficiently small,
should, however, be adequately predicted.

It might be thought that an alternative approach would be to constrain
the approximate trajectory in such a way that the phase isstopped at q)(av
and the amplitude is subsequently allowed to proceed to Z(w), This possi=-
bility must be rejected for two reasons,

(1) A non-physical amplitude=jump would be involved.

(2) There is no guarantee that the phase-angle of a small-signal tra-

jectory would ever reach lP(dﬂ. On the other hand, the amplitude must
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always reach Z(e@), cxcept, of course, for initiation at the critical angles
\pc‘, in which case the amplitude decays monotonically to zero.

Figure 7.22 shows in diagrammatic form the kinds of transient response
to be expected for three different {(0) at a constant 2(0). The transient
response is shown for the trajectory diagram and for the amplitude and phase
responses. The exact curves are indicated in hecavy lines; the approxima=~
tions are shown in broken lines. Diagrams 7.22(a1), (az) and (a3) are for
a case in which the initial condition lies on the S~curve, while the dia-
grams (b) and (c¢) rclatc to initial conditions lying on one side and the
other of the S-curve, The phase-jump is indicated in each case and is
seen to taoke place from the critical angle LPC+ to the final angle (/(9),

The real-time phase transient response will now be determined on the

basls of this approximate approach.

7.4,8.1 The approximate transient phase solution in the presence of

damping

The equations for the real-time phase and amplitude transients under
the condition Z <& 1 are (7.78) and (7.77) respcctively. The equation
(7.78) for'djis homogeneous in q), whereas (7.77) for 7 is inhomogeneous.
The phasc equation will thercfore be solved first. In terms of the o, p-

notation established in Sub-Section 7.4.6. it is

B s - - a@y) (7.90)
3n * p + owcos 2P+ sin 2

As in the case of the solution of the corresponding trajectory problem, the
form of the integral of the right member of (7.90) depends on sgn(l+02-pz).
If p2 <:1+02’ a condition which encompasses the whole of the region of

soft oscillation, p2 < 1, (see Figure 7.24), then the real-time transient
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phase solution is
25T . ot V1+of cos 2V -5)

1+ 6 + pocos P-F) + /1 + o~ pz.sin(ztl) -€),

(7.91)
where
S = %% V/ 1+ 02 - pZ ’
tg§ = -cl;

and 4 is o constant of integration which can be cxpressed in terms of the
initial phase angle by substituting into the expression q)= KP(O) for

T =o0. Only one initial condition appears becausc the nature of the phase
transient is independent of the amplitude so long as Z << 1. Inclusion

of the initial phase angle leads to an unwicldy expression, so that we shall
use the solution in the form given above., This is satisfactory because the
phase-transient curves are, in the present approximation, always of the same
shape for given values of & , X, kp and B, so that a variation in the choice
of P(0) mercly has the effect of shifting the entire (LP,W;)-curve bodily
along the [ -axis in such o way as to cut the ¢-axis in the value w(O).

If this result (7.91) is compared with equation (7.83) for the tra-
jectory under the same conditions, it will be seen that the right member of
the phasc expression appears imbedded in the trajectory expression also,

For the resonant condition # = 1 we have p = 0, so that (7.91) reduces
to the simple result

25 T
he © = tg ( £ + ‘g

where
_ 2X /
SU = 35 1+ 02 .

In this case the explicit phase solution can be written

-y, (7.92)
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) 2so_fc) \ 1 .
(P(WJ = arc tg (Ae -3 arc tg ( 5') -7 - (7,93)

An example of the phase-transient curves for the typical practical

case
Ly = 1.0
k = 0,28
P
B =

0. 45

is shown in Figure 7.23, Thénﬁump-amplitudg parameter X appears only in
the quantity SU and its sole effect is to alter the time-scale, i.e., an
increase of X increases the rate at which 4)changes with time., For this
resonant case the curves are symmetrical about the critical phase-angles,
but this is no longer true for off-resonance tuning.

The general transient phase solution for 1 + 02 = p2 can be written
in a variety of ways. Anticipating the requirements of the next sectionm,
we shall need an explicit solution for W(WU from which it will be possible
to calculate the transient amplitude under the condition Z << 1. For this

purpose it is convenient to write the phase solution in the form

[jinnhh J S(t-T) = (p-oltgl +1 ,  (7.9%)
J’l':crz_ 2

where the tanh is to be taken when the R.H.S. is « 1 and the ctnh when the

R.H.S. is > 1, and in which the constant of integration now appears as an

arbitrary time-origin 'Eo. This solution can be expressed in terms of the

initial phase-angle by putting 4’= (p(O) when ‘0 = O and eliminating VCO.

The same result is obtained for both the tanh and ctnh functions:

tg O = V1 + %= 02 .t W) Lo+ p +tg W)L tamh 5T
J1+ P g2 4 [1 + (po)atg P(0) ] . tanh 8T

(7.95)
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Figure 7.23 - Phase transient response curves calculated according to

the small-amplitude approximation Z K 1. The vdarameiers
are 4 = 1.0

knz C.28

B = 0,45

and the curves are valid for any velue of XK.
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7-4.8,2 The approximate real-time transient amplitude solution in

the presence of damping

In order to find the real-time transient amplitude solution in the
presence of damping and under the condition Z <<(1, an expression is
required for cos 24) in terms of the normalised time :

cos 2 (%) = 3 (v) . (7.96)
Such a function can be obtained from the general solution for the phase-
transient. If this solution is substituted into equation (7,77) for the
rate of change of amplitude with time, the resulting differential equation
is separable and can be integrated:

£ = 2. %@ ar. (7.97)

The expression for § (%), valid for any initial phase-angle P(o) is, in
its general form, a complicated function of U, However, it becomes simple
for the particular cases of the critical angles QJC+ and q)c" referred to
in Sub-Sections 7Zl&2 and 7,4.8, These critical angles are identical to
the angles of the straight-line trajectories of the small=signal (Z,q))-

diagrams, Phase-initiation at \Vci (0) leads to stationary phase during the

initial part of the transient and the function Q}(Tj degenerates into a
constant., We shall therefore begin by considering the amplitude transients
corresponding to these important special cases before going on to the

general case of arbitrary LP(O).

7.4.8.3 Transient amplitude solutions for initiation at critical

phase-angles

If the parametron is initiated at one of the c¢ritical phase angles

q)ci (0), then the ensuing amplitude variation is given by
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ST

= % . COS ZKPC = constant., (7.98)

It follows that the transient amplitude solution is

2%)| = 2O)exp (EF L cos2{ ). (7.99)

Yo

An expression for cos 2(Pc is now required. This can be obtained from the
o
differential equation (7.78) for the phase transient, Let { =0, so that

p + o.ocos2 +sin2p = 0 (7.100)

The solution of this for q)c is

mopt N1+ o2 (7.101)

cos 2 =
q)c 1+ 02

which may be substituted into equation (7.99) to give for the critically=

initiated amplitude transients:

/ 2
7("c) = %(0).exp ( XU -—opV) +2°2 — £ ) (7.102)
QQ i l1+to oo

This shows that for critical phase initiation the small-signal part of

the amplitude transient is a pure exponential, which may grow or decay,

according to the sign of the interior of the bracket in equation (7.102).
Referring to the (Z,{))-trajectory diagrams, critical (straight-line)
trajectories leading to the origin correspond to exponentially decaying
oscillations. The critical trajectories leading away from the origin
correspond to exponentially growing oscillations. Amplitude transients
relating to other, non-critical, trajectories cannot be described in terms
of simple exponentials, Because of the small-smplitude approximation

Z <3:1, a subharmonic transicnt initiated at these angles maintains a
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constant phase-anglce as time increases. An oxact analysis would reveal that
q)changes with time to some extent even for the critical initiating phase-
angles,

We shall now consider what types of amplitude-transient behaviour ensue
upon critical-angle phase initiation for various values of pump amplitude

X and subharmonic frequencyd . This can be done by determining

sgn (-op = \/1 +o° - p2 ) (7.103)

in the various regions of the (4 ,X)-plane shown in Figure 7.24, taking
into account the considerations of Sub-Scction7.l4.6.1l,which mean that the
sign of o must be reversed for#< 1.0, In this diagram the unshaded region
p- << 1, in which soft oscillation occurs, is the only one of practical
interest., This is because the full advantages of phase-initiation, such
as the possibility of controlling the phasc of a large-amplitude subharmonic
oscillation by means of a determining signal of much smaller amplitude,
can only be realised in this region. In the region of hard oscillation, the
transient can lead to a stable non-zero oscillation only if the initial
amplitude is sufficiently greater than zero., The minimum possible initial
amplitude (for a given valuc of A ) progressively increases as the nose of
the (¥ ,X,¥)-surface is approached.

The change in the sign of ¢ can be accounted for by writing o.sgn p

instead of o, Then the condition for exponentially growing oscillation is

# f1+ o - p2 > op.sgn p = G|p| ’ (7.104)

and the two signs attached to the root must be considered separately.

Taking the positive root, the condition is

+\ﬁ'+°2"P2 >G|P|;
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235

or, squaring both sides,

1+06° -5 > (op)
il.e.
1+ > p2(1+02)
or
l>pz.
Thus the positive root corresponds to growing oscillations in the region
p2 < 1., Note that this result is independent of o, i.e. it is independent
of the damping paramcter kp.

Toking thc negative root, the condition for growing oscillation is

- J1+ o - p2 > alp|
which can only be fulfilled for |p| < 0. This condition cannot be
satisfied, so that the negative root never gives rise to growing oscilla=
tions.
By means of similar calculations, the following teable can bec built upe.
Plus signs indicate growing oscillations and minus signs indicate decaying
oscillations, The regions defined by 1 + 02~<:p2 do not appear in the table

because then the root is imaginary and exponcntial solutions do not exist.

Table of sign of i\/l + 02 - p2 - p! :

Region of (¥ ,X)-plane Positive root Negative root
-1 <:p <0 + -
O<lp <+ 1 + -

-\£+0‘2<p<—1 - -

1 < p<*'\/l+0’2 - -
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This table confirms that oscillations grow from arbitrarily small
initial amplitudes only in the region of soft oscillation. Elsewhere they
decay towards zcro.

It must be pointed out that the rates of rise and fall of the oscilla-
tion envelope for these critically-initiated transients are not nccessarily
maximum. It will be scen’ that slightly greater rates are possible for ini-~
tiation at phase-angles other than critical. However, the present theore-
tically-predicted rates should be in rcasonable agrecment with the
experimentally~determined maximum rates of incrcase and decreasc.

It has already been mentioned in Sub=-Section 7,3.2 that the dimension-
less risetime, the number of subharmonic cycles p required for the amplitude
to increase by a factor ¢, is a quantity of considerable interest. We shall
also have occasion to refer to the dimensionless fall-time, This is defined
here as the number of cycles of oscillation required for the amplitude to
decrease by a factor e. In this latter case p is negative.

The concept of dimensionless rise- and fall-times has meaning only
for initiation at the critical phase-angles.

Curves of constant p are given by

N n( 1+ of (7.105)
+

,/l+0'2-pa-cr|p[ )

It is shown in Appendix 7.4 that this can be rearranged to give the follow-

ing expression for the curves in terms of the independent variable X:

%2 - 1+ (0'+ % I rz-l')z \ (7.106)
)
ny

The sign of the square root in (7.105) does not affect this result, so that

it applies for both positive and negative values of [, corresponding to

* 1In a subsequent section.
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growing and decaying oscillations respectively,
In the idecalised '"skeletal' case in which both damping and stray capa-
citance are absent, equation (7.106) becomes simply

2 2
€= (R e (2 [yt

«  (7.107)
Curves of constant dimensionless rise- and fall-time for this case are
shown in Figure 7.25. The curves for positive and negative p coincide if
there is no damping; the associated invariance with respect to sgn(u) is
reflected in (7.107). The curves resemble a mirror-image of the correspond-
ing results of the highly approximate treatment of Sub-Section 7.3.2, shown
in Figure 7.6. The resemblance is largely fortuitous, and in any case does
not apply for large valucs of X,

Figure 7.26 shows curves of constant dimensionless rise- and fall~time
calculated from equation (7.106) for the typical practical case

k

p
B

0.28,

0.45.
The solid curves are for positive and the broken curve for negative values
of po It can be scen that for a given magnitude of p, the curves corres-
ponding to the positive and negative signs now coincide at resonance only.
Elscwhere they follow different paths. As in Figure 7.25 for the lossless
case, p is infinite on the Frequency Characteristic and decreases as the
operating point (4 ,X) moves into the interior of the region of soft
oscillation., However, Figure 7,26 illustratecs certain new phenomena which
appear when damping is present,

(1) Except at resonance, for every point within the region of soft

oscillation p2-<: 1, there is a positive and a negative value of p, the
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Curves of constant Dimensionless Risetime p for zero

damping and for no stray capacitance.
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p
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Pigure 7.26 - Curves of constant dimensionless risetime and fall-

time u on the (4,X)-plane for the case

kp = 0028’ B = 0014-5.
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magnitudes of which are different. In the lossless case, the magnitudes are
the same.

(2) The magnitudes of u are increascd by the presence of stray
capacitance and loss, consequently the rates of change of amplitude are
decreased,

(3) For every point within the region of temporary oscillation
1< p2 <1+ 02 (which includes the region of hard osclllation, see Figure
7.24), therc arc two negative values of p with different magnitudes. This
rcgion of temporary oscillation does not exist in the lossless case since
then the only singularities are foci, whereas here the zero-amplitude
singularities are nodes.

Experimental rcesults will be given in Section 7.5.

7.4,8.4 Transient amplitude solutions for initiation at arbitrary

phase-angles

It has been seen that in order to find the transient amplitude response
for initiation at arbitrary non-critical phase-angles it is first necessary
to find a general expression for cos 2§ as a function of time. Such a
function b&(@ﬂ must be substituted into equation (7.97), which can then be
integrated to yield the amplitude response. A convenient general relation-
ship between.%’and T is the form of the transient phase solution given by
equation (7.95), Section 7.4.7., which for the present purpose may be

written

tg q) =  C.tanh ST+ D
A.tamh ST+ B



where A = 1+ (p-oplg P(0)
B = (Jl1+ 02— 92
C = =(c+p+tg Y(0))
D = f1+o% % +tg Y (o)

and q)(o) is the initiating phase-angle at ‘U = 0, Then, by making use of

the identity

2
cos2p = rota W

1+ tg°

the required time-function is

(7.108)
(Aotanh ST + B)® + (C.tanh ST + D)2

Y () = (hatanh ST+ B)° - (C.tanh ST _+ D)°
It is shown in Appendix 7.5 that when this is substituted into equation
(7.97) and the integrations are performed, the complete amplitude solution

for initiation at arbitrery phase angles Y(0) is

o 2
=(1+%)
u4.z5 L r}1(17,({)(0) ). exp r\}z(T,L,U(O) ), | (7.109)

where
M (T,{(0) ) = (Awsich ST + B.cosh 5T )° +
l s ] [ )
+( C.sinh ST + D,cosh ST )°
(1-13 (B+A 28T
=— -ollg3 Je “*p
B-A
LT, P0) ) = -2 £, 5T+ are tg poo )B )

and UAiS a constant which can be determined from

3(1+6%)
A.200)° -4, Po) 1Y 0, Po) ).
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Equation (7.109) is a rather complicated function for general use, but is
given here for the sake of completeness. Fortunately, however, a simplifica=-
tion occurs at resonance, for then p = 0, and it is shown in Appendix 7.6

that in this case the amplitude solution can be written

31+0?) ,
AT = cosh 2So‘(rf+‘to).expko‘.gd[2so_('f +“Co)])
f)) = ’
(7.110)
2X 2
where So‘ = % 1+ g s
S B )
TO = 28 gd (E - 2q)(0) ) )
o
1
(&j = arc tg 5
<A = a constant containing 7(0),
and gd(u) = ¢ is the gudermannian of u defined by
= I,.2
u 1n.tg (}+ + 2)0
The above expression for Z(T) is simple to use, but for detuned

Y =1
cases (W#¥ 1) it is best to construct the amplitude solutions graphically

from the appropriate (Z,LP)-trajectories and the (4) ,'U )-curves of the phase
solution,

The relationship between this solution and the corresponding one for
critical-angle phase initiation can be seen by letting "Co-—> £ o9, which
makes cosh 2 SG(T +f'Co) —3> exp [: 2 SG(’C +“Co)] , so that the amplitude

solution tends to

S
%’6)v=1 = pr[ X g . La .rc_| = eXp [.:t %A

1+o

\ ' + ]
2
1 o
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which is the same as the result obtained from equation (7.102), Section
7. L{‘. 8. 1.
As an example, curves of Z versus ‘T have been computed from equation

(7.109) for the typical practical case

v = 1,0
X = 1.15
k = 0,28
p

B = 0145

From these quantities the parameters required for the solution are found to

be
5. = 0,231,
e = 21.9°%,
—_—
h(1i?) = 0.0k

Pigure 7.27 shows amplitude response curves for certain initial phase~

angles lying in the range
-34° < ho) << 56°,

This quadrant contains half the possible amplitude solutions and is bounded
by the critical angles \Pc+ and.%%'. The same amplitude solutions are
obtained for initial angles differing by 180° from those given in the dia-
gram., The response curve for LPC'(O) = 56° is a pure decaying exponential,
A phase-shift of only -0.5° has a dramatic effect upon the response: the
curve for (P(O) = 55.50 decays at first, goes through a minimum and then
grows indefinitely,

Further changes of qKO) towards -340 have a less pronounced effect
upon the response. However, a very interesting and unexpected result is

that for a certain range of (P(O) near 420, the response is (at least



2w
Z(0)

25

2.0

1.5

1:0

0S5
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Theoretical amplitude response curves for the

.typical practical case:
= 1.0,
X = 1.15,
k = 0.28,
b
B = 0-11-5’

when the initial phase-angle $(0) is varied.
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initially) faster than the exponentially increasing envelope obtained for
initiation at q}c+(0) = —340. This point is brought out by presenting the
amplitude transients on a logarithmic scale, as in Figure 7.28. The ex-
ponential solutions now appear as straight lines., All the other solutiomns,
with the exception of the one for Q)c'(O) = 560, eventually acquire the
slope of the rising exponential. The time taken for the solution to become
nearly exponential depends on w(O).

Since the present theory is for small signal levels, the initial ampli-
tude Z(0) is generally much less than unity. Therefore, by the time the
large-signal amplitude Z(0) is reached (in accordance with the approximate
treatment described in Sub-Section 7.4.8.), the solution can be regarded
as a virtually pure increasing exponential delayed by a time which depends
on (P(O)‘

Figure 7.29 shows in three-dimensional form the calculated amplitude-

time response as a function of the initial phase angle in the range

-34° << (o) << + 146°,
The other 180° necd not be shown since the response curves are repeated in
that range. The amplitude Z(T) is again normalised with respect to Z(0)
and plotted logarithmically. The marked scensitivity of the amplitude
responsc to the initial angle in the vicinity of q)(O) = 56° is evident.
In accordance with our approximate approach, the response curves in Figure
7.29 have been limited at a stecady-state amplitude Z(09), here 6,3 db above
Z(0). Inspection of the diagram reveals that Z(®) is reached in the least
time for (P(O) about 42°. 1In this case the initial slopc of the response=-
curve is actually zero, but rapidly becomes steeper than exponential. This

suggests that for the set of conditions considered, initiation near this
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angle is desirable if the moximum speed of parametron—~switching is to be
obtained.

Ixcept for critical-angle initiation, the instantaneous phase angle
changes continuously as the instantaneous amplitude varies. This happens
in such a way that the minima of the response curves always occur at
+ 450 or & 1350.

The diagram shows that some of the response curves dip below the
straight line corresponding to the decaying exponential solution.. It will
be scen in the next section, which deals with experimental ocbservations

on transient phenomena, that this also occurs in practice.

7,5 Experimental investigation of transicnt phenomena

7.5.1 Introduction

The object of this section is to determine to what extent the preceding
transient theory agrees with measurements on practical devices, The
amplitude transients are relatively easy to measure, but obsecrvations on
the phase transients require a special technique,

The first part of the section contains a description of the experiment=-
al arrangements used to obtain a stable and controllable oscilloscope dis—~
play of the transient phenomena. Subsequently, possible methods of
quenching the BSP and BPP arc discussed. The techniques employed for measur-
ing the amplitudc and phasc transients are then described. Finally, the
results of some measurements are given in a form suitable for comparison

with the theoretical predictions.,
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745,2 Experimental arrangements for measurements on phase-initiated

transients

The arrangement of the equipment used in the experimental investigation
of the transient phenomena is indicated in the block diagram of Figure
730 A pumping source of frequency 2f cenergies the parametron under test
via a 502 attenuator which is used to set the pump amplitude Vp’ The pump
also energiscs a parametron which oscillates continuously at the frequency
f. The latter parametron is uscd for three purposes:

(1) as a source of phase-initiation signals at the subharmonic

frequency,

(2) in order to synchronise the oscilloscope and

(3) to provide an input signal to the elcctronic counter.

This device is necded becausc the phenomena to be investigated are extremely
sensitive to small variations in the frequency, which must therefore be
measured with accuracy., Since pump frequencies up to 20 Mc¢/s arc used and
the limit of the frequency meter is about 10 Mc¢/s, the subﬁarmonic rather
than the pump frequency is monitored. The continuously=-oscillating para-
metron will be rcferred to as the Phaselock Paramctron. It should be of a
type similar to the one under investigation, but with a somewhat higher
resonant frequency. This ensures that the parametron under test recesives
adequate phaselock amplitude up to its maximum frequency of operation.

A sampling oscilloscope was selected for several reasons.

(1) TIts widc bandwidth and good amplitude calibration mean that
instantaneous voltage amplitudes can be measured over a large range of
frequencies without frequency-response corrections being required.

(2) It has good sensitivity and sufficiently high input impedance to

avoid excessive circuit loading.
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Figure 7.30 - Experimental Arrangement for Observation and Measurement

of Phase-Initiated Transients.

(a) Hewlett-Packard Sampling Oscilloscope, Model 185B with dual-trace
Vertical Amplifier Model 187B.

(b) Nagard Double Pulse Generator Type 5002 C.

(c) Hewlett-Packard Electronic Counter Model 524C with Video Amplifier -
Model 526A.

(d) General Radio Unit Oscillator,0.5 - 50 Mc/s, Type 1211-C.
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(3) There is provision for the connection of an X-Y coordinate pen
recorder, This is possiblc because the sampling oscilloscope works in an
"analogue'" manner, the high-frequency input signals being translated to a
very much lower frequency for display purposcs. The traces of transient
waveforms which can be obtained in this way are more accuratc than those
obtainable photographically since the pen has a better resolution than a
C.R.T. trace,

The count-down circuits of the sampling oscilloscope produce syn=
chronising pulses at a repctition rate of about 100 Ke¢/s, locked to a
submultiple of the pump frequency f, These are used to trigger the Pulse
Generator which in turn produces pulses of controlled delay, width and
amplitude which are used (by means to be described below) to quench the
subharmonic oscillations of the parametron under test,

For reference purposes, the instant at which the quenching=-pulse is
removed from the paramctron is defined to be t = O,

If it is assumed that the parametrons in a given practical computing
system are all similar, then the phase-locking signal applied to one para=
metron is simply the nonsinusoidal output of another parametron of similar
characteristics.

The theory developed in the preceding work, however, assumes that the
phase-locking signal is a pure sinusoid of prescribed amplitude VS(O) and
phase 6(0), so that it is desirable to usc a signal of this kind in the
present experimental investigations, In the system described herc, the
phase-locking signal is derived from the continuously-oscillating Phaselock

Parametron, the output of which consists of the subharmonic frequency f and
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odd-order harmonics 3f, 5f, 7f, etc., their relative amplitudes depending
on the pump amplitude and frequency. In accordance with the above require-
ment, the unwanted harmonics are removed by a low-pass filter which is
designed to cut off at about 2f, A disadvantage of this arrangement is that
the derived phaselock=-signal has an amplitude which is strongly dependent
upon the amplitude and frequency of the pumping signal.

A possible solution to this problem would be to use a van der Pol-type
oscillator entrained to the Zth-subharmonic of the pump frequency; the
output of this device should be sensibly constant in amplitude. A tunnel-
diode balanced synchronised oscillation was tried for this purpose since it
has satisfactory limiting, filtering and frequency-following properties.
However, it was rejocted because of its small output level, its noisiness
and its tendency to oscillate at very high frequencies even in the presence
of good decoupling arrangemecnts.

The filter is followed by an attenuator of negligible phase-shift,
the function of which is to set the initial subharmonic amplitude Vs(O).
This,in turn, is followed by an R-C phase-shifting network of fairly constant
attenuation, the purpose of which is to set the initial phase-angle 9(0).
Additional phase-shift can be introduced for special cxperimental purposes
by inserting a 50 @ delay line of suitable electrical length at the input to
the filter, and large-amplitude phase-initiating signals can be obtained by
inserting an amplifier as well.

Figurc 7.31 is a photograph of the equipment used for the experimental
investigation of the transient phenomena. The clectronic counter and the
X,Y¥-recorder have been omitted for clarity. The sampling oscilloscope dis-

plays a typical amplitude transient,






2R
The contents of the schematic block in Figure 7.30 designated ''Quench
circuit and parametron under test' can take several different forms depend-
ing both on the kind of parametron and the type of quenching to be empioyed.
There are two ways in which the subharmonic oscillations can be guenched,
by Pump Modulation and by Pulse-Biasssing the varactors.

First consider Pump Modulation., This involves the periodic "dis~

connection" of the pump source from the parametron, which may be of any
type, balanced or unbalanced. In general, the amplitude of the subharmonic
oscillation will decay slowly upon the application of the "disconnecting"
quench-pulse, The rate of decay is governed by the effective Q of the
parametron, and sincc this is fairly high, the turn-off is necessarily a
slow process occupying many cycles of oscillation at the natural frequency
of the device, This limits the rate at which phase-initiated switching can
be accomplished,

As an example, the practical circuit of a BSP with pump modulator is
shown in Figure 7.32. A simple balanced modulator employing fast diodes
disconnects the pump from the BSP upon application of a positive-going
quench pulse, Since the parametron and modulator are balanced, while the
pump source is unbalanced, the effect of the interwinding capacitance in
transformer Tl must be neutralised by means of the adjustable trimmer CT‘
Otherwise the output of the BSP will be contaminated with the pump fre=-
quency and its harmonics (4f, 8f etc),

Phase~-switching in the BPP can also be accomplished by Pump Modulation,

In this case the balance of the device is not affected by stray capacitances.

€.g8s Qutronics Q5-100,
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The interrupted pumping signal is applied directly to the centre-tap of the
tuning inductor, which is a neutral point from the point of view of the sub-
harmonic voltage. A diagram of a typical arrangement is shown in Figure

7'33(a)0

The method of quenching by Pulse Biassing the varactors will now be

considered, This attractive alternative possibility can be applied to the
BPP very simply, but not to the BSP without undue complication (because of
the orientation of its varactors). In the BPP both the varactors are
oriented in the same polarity so that they can be simultaneously biassed
into forward conduction, thus lowering the Q of the device to the point where
oscillation ceases in a fraction of a cycle, This can be an extremely fast
process because the BPP looks non-inductive from the point of view of a
gquench-pulse applied to the centre-tap of the tuning inductance. Since this
input is a high-impedance point during the oscillatory régime the pump and
quench signals can be added together by means of the resistors Rp and Rq’
resulting in the simple arrangement of Figure 7.33(b),

The forward diode current used to quench the oscillations must be kept
as small as possible, otherwise excessive storage of minority carriers in
the junctions will lead to appreciable turn-on delay when the forward bias
is removed (i.e. the full Q of the parametron will not be restored immediat-
ely).

Therefore, if this type of quenching is used, the initial part of the
transient may not be explained by the present theory. If, however, the
time-origin is transferrcd to a later instant at which the minority carriers
have leaked away, the transient will be predicted adequately.

It is found in practice that complete quenching can be accomplished in
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less than onc subharmonic cycle by the method of Pulse Biassing. An

example is shown in the photograph of Figure 7.3kL.

7.5.3 Method of measuring instantancous amplitude and phase

The instantancous amplitude of the subharmonic oscillation is measured
by observing the heights of successive peaks as displayed on an oscillo=
s5COope. Vs(t) is found by multiplying the readings by the turns-ratio of
the output transformer (if any).

Measurement of the steady-state phase angle is not easy at the fre=-
quencies of interest. The cycle-by-cycle measurement of time-varying phase
angles presents cven more severe difficulties. The instantaneous phase,
unlike the instantaneous amplitude, is an elusive and ill-defined quantity.
Various ad hoc definitions arc possible., Thus one could superimpose the
pump and subharmonic waveforms and measurc the time-displacement of the
peaks. This displacement cxpressed as a fraction of one subharmonic cycle
would give the phase anglc in radians. An alternative method, and one which
has been adopted here, is to measurc the displacement of the zero-crossings
of the two waveforms. In gencral, the two methods give different recsults
for the same transient, This is particularly true when the phase is chang=-
ing quickly or whcn the subharmonic waveform contains a large proportion
of harmonics, the phases of which change at different rates. The second
method was selected because a zero-crossing is a more precisely-defined
instant than a peak, leading to improved reproducibility of measurements.

It is worth mentioning that measurement of the transient phase angle
would not have been possible without the use of a sampling oscilloscope,

Only a very small amount of time~jitter could be tolerated. In the early
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0.5 psec/cm

Figure 7.3, =
Example of Fast Quenching by Varactor Biassing.

Parameters: A) = 1.0 £ = 7.23 Mc/&
X = 1.4 @ =07 v
kp_ 0.28 V= 1.0
B = 0.45 Vo= 1.6 v
R:= 330 Q
;Rq: 330 Q ]

‘Note that vg is measured at the secondary of the BPP

. 1
transformer. It is approximetely ig-v
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stages of the work many attempts at transient phase measurement were made
using conventional oscilloscopes with auxiliary count-=down circuits, In no
case could a sufficiently stable display be obtained.

For a given set of operating conditions, the amplitude and phase
measurements were repeated for successive cycles until ultimately both
became constant and steady-state conditions were reached,

The short-term stability of the experimental system was such that
instantaneous phase-angles could be measured to a self-consistent accuracy
of about = 2° The long-term stability was not sufficient for reliable
phase measurements to be taken from the X-Y "analogue! pen recordings.

These took about 30 seconds per trace.

In the resonant case, the measurement technique described above is
accurate even when the harmonic content of the signal is quitc large due to
forward diode conduction at large pump émplitudes. This is because the
zero-crossings of all the harmonics are coincident at resonance, It is
possible to explain why this should be so as follows, At resonance the
impedance seen by the "fundamental! subharmonic frequency is purely resis-
tive, The harmonics of the fundamental are due to the nonlinearity of this
resistive impedance, However, there is no fundamental voltage at the zero-
crossings, so that there can be no harmonic voltage at the corresponding
instants either,

In detuned cases, on the other hand, the impedance becomes reactive,
The relative phases of the harmonics are now such that the zero-crossings of
the total waveform are displaced relative to those of the fundamental. Such
displacement tends to lead to a systematic error in the phase measurements;
the magnitude of the error will in general increase with detuning.

Thus the phase definition used is not ideal but it is convenient for

experimental purposes.
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7.5.4 Transient measurements

The major part of the transient theory has been based on the considera-
tion of the Balanced Parallel Parametron (BPP), although the reasoning in
the case of the Balanced Series Parametron follows very similar lines., Most
of the transient experiments have therefore been conducted on a typical BPP,

the relevant parameters of which are summarised below,

Small-signal resonant frequemcy: f_ = 7,226 Mc/s.
Pump-circuit damping parameter:. kp = 0,28.
Stray capacitance parameter: B = 0.45,
Nonlinear capacitance-law exponent: n = 0,4,

The damping parameter kL depends on the wvalue of the load RL’ This load was
intentionally kept as small as possible in the transient experiments so that
the theoretical assumption that kL is negligible might be fulfilled. The
parameter kp was made relatively large by using a high value for Rp(350 2 )
Figure 7.35 consists of a set of pen-recordings of amplitude transients
for the resonant case %y = 1. The (X,Y) "analogue" signals were obtained
from the sampling oscilloscope, The subharmonic signal actually recorded
is vé, the transformer secondary voltage, which is approximately %3 Ve In
order to avoid initial delays due to charge-storage effects, the quenching
was accomplished by pump modulation. The modulated pump waveform appears
at the foot of the Figure, The transient recordings were made for different
values of the initial phase-angle 6(0); in each case the initial amplitude
V;(O) was kept constant at 65 mV, It can be seen that as the initial phase
angle increases, the time taken to reach the limiting amplitude V;Gw)=l25 nV
becomes progesaively longer. Vhen 6(0) reaches approximately 650, the

transient becomes "infinitely" long. In practice, however, there is always
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sufficient residual noise to trigger eventual oscillation. If 8(0) is
increased beyond this critical value, the time taken to rise to full
amplitude becomes progressively shorter again, but the phase of the final
steady-state oscillation is now shifted through 180°,

If the amplitude-response recordings of Figure 7.35 are compared with
the theorctical curves of Figure 7.27, it will be scen that the dependence
of the rate-of-rige upon the initial phase-angle is predicted with remarkable
accuracy, The only significant error is that the actual and theoretical
critical phase-angles leading to the "worst" response differ by 9O .

Figure 7.36 shows measured (Y,0)-trajectories for the same set of
conditions. The points were obtained by direct mcasurement of waveforms and
not from the pen-recordings. These curves should be compared with the
theoretical (Z}P)—trajectorics of Figure 7.18, calculated for similar
conditions, The agreement is again excellent, cven to the predicted
"kinks" in the non-critical trajectories in the neighbourhood of the origin,
which also occur in the small-signal trajectory diagram of Figure 7.1k.

Some measurcd amplitude-transients for initiation at various phase
angles 6(0) and a constant initial amplitude V;(O) are plotted logarithmi-
cally in Figure 7.37. These curves should be compared with the theoretically-
predicted transients of Figure 7.29, (for which the logarithmic amplitude
scale is different). The types of response for various initial phase-angles
are very similar in the two cases. In particular, it may be pointed out
that the measured amplitude response curve for €(0) £ 65° zctually docs dip
below a decaying exponential, in agreement with the theoretical prediction
concerning q)(O).

/
Figure 7,38 shows the effect of increasing the initial amplitude VS(O)
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while the initial phase 0(0) is kept constant. The parametron now behaves
in a manner reminiscent of the superregencrative oscillator operated in the
so=-called logarithmic modeqoz the time token for the amplitude to reach
its steady-state value is an approximately logarithmic function of the
initial amplitude. This is exactly what would be cxpected on theoretical
grounds for initiation near a critical phasec-angle,

Measured phose-transients for the resonant case are given in Figure
739, The curves arc difficult to mcasurc accuratély, but for those ranges
of phase-angle which correspond to small amplitudes, agrec guite well with
the theoretical phase-response curves of Figure 7.23. Figure 7.40 shows
theoretical phase transients calculated according to the approximate
method of Sub-Section 7.4.8: the curves given by the small-signal theory
either "stop at'" or "jump to' the steady-state phasc-angles given by the
large-signal theory. These transients differ in several respects from the
actual ones, but the general agreement is satisfactory.

In order to make clear the manner in which the actual instantancous
phase and amplitude change with time, Figure 7.4l shows a drawing of a pair
of typical transients in (Y,0, )-spacc for initiation at phase angles ©(0)
close to the separatrix and for Y(0) about 4 Y(®¢). The arrows represent
positions of the Y-vector at ecqual increments of time.  The two curves,
which are always 180° apart, pass closc to the U ~axis, but ultimately
spiral around the broken lines (parallecl to the T -axis) which represent:
the positions of the stable singularities.

Figures 7,42 to 7..45 inclusive show the measured phase-initiated ampli-
tude transients and trajectories for two values of detuning away from

resonance: A) = 0,9 and 4 = 0,8, The amplitude-response curves are similar
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to those of the resonnnt case, but the initial phase-anglcs for which the
various kinds of response occur are now differcnt. The trajectory
diagrams show the typical counter-clockwise rotation of the outer stable
singularities as the detuning is increased.

Finally, Figure 7.46 shows som¢ experimentally-determincd curves of
constant '"dimensionless risetime" p, In order to obtain these curves, an
extremely small phase-locking signal was applied, so that thc initial
part of each tramsient might be truly small-signal, The quantity p was
determined in cach case by counting the number of subharmonic cycles re-
quired for the amplitude to increase by a factor 2.7. These curves should
be compared with the theoretical predictions of Figure 7,26 for the same
circuit parameters, Apart from the expected differences near # = 1,0,
which arc due to the neglect of kL in the theoretical case, and the differ-
ences at large pump amplitudes, which are due to the neglect of nonlinear

diode conduction, the agreement is highly satisfactory.
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Figure 7.46 =

Measured curves of constant dimensionless risetime p

for a BPP characterised by kp: 0.28, B = 0.45.

Compare with the theoretical curves of Figure 7;26.
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CONCLUSIONS

A large part of the problem proposed at the outset has been solved,
In the early chapters of the thesis an attempt has been made to bring
order to the hitherto disparate theoretical and experimental work previously
published on the subject. The mathematical and physical relationships
between the possible types of lumped-element parametric subharmonic oscilla-
tor have been elucidated with the aid of an 'evolution' chart, On the
basis of these considerations and experimental evidence, the types most
suitable for use as fast-phase-switching parametrons in digital computers
have been selected, These devices have been treated by several different
mathematical approaches with varying degress of success. These are
summarised below,
(1) The first-order quasi-static theory developed in Chapter 4, Section
4,2, gave perhaps the simplest and most easily apprehended insights into
the nature of parametron behaviour: In particular, the strong inter-
relationships between the amplitude and phase phenomena were brought out.
The theory suffered, however, from lack of rigour and its inability to
account for any but extremely small-signal phenomena.
(2) TUnder certain conditions the piecewise-linear theory of Section 4.3
gave rise to a satisfactory explanation of the very large signal steady-state
phenomena, but offered no prospect of extension to the analytical (rather
than numerical) treatment of the transient phenomena.
(3) The limitations of these two approaches led, in Chapter 5, to the
investigation of the possibilities of differential-equation models, These

models were of two kinds: the simpler were based on the representation of
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varactor capacitance as a nonlinear function of voltage. Owing to the
nature of the nonlinear functions, the differential equations of these
'voltage' models could be solved approximately only under small-signal
conditions. Nevertheless, they gave accurate steady-state results for such
conditions, Accurate prediction of transient phenomena by the use of
Yivoltage" models was found to be impracticable, The second and somewhat
more complicated kind of model made use of the representation of the
varactor voltage as a nonlinear function of charge. The advantage of this
model was that under certain conditions the nonlinear function reduced to

a sum of integral nowers, This made it possible to find solutions having
large~signal validity.

Chapter 6 was concerned with the prediction of steady-state phenomena
using both ''voltage' and "charge' models. Transients were treated in
Chapter 7, initially by the simplified "'woltage'' approach. The remainder
of this final chapter was devoted to a detailed ''charge' investigation of
transient phenomena. The results obtained were in excellent agreement
with experimental observations and for the first time the detailed
quantitative mechanism of the hitherto poorly-understood trammiont phenome
ena has been givens

The analyses given in this thesis necessarily lack generality: in
the class of nonlinear devices treated, exact results can only be obtained
if specific nonlinear laws arc considered, A more general theory would
have wider application but poorer accuracy.

Suggestions for further work are indicated below.

(1) It is desirable to zeneralise the "'charge" theory to cover the

operation of both BSP and BPP and to include in it the effects of those
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parasitic elements which only become important at very high frequencies,
These elements include the series inductance and resistance of the varactor
diodes,

(2) At the highest frequencies of operation, the lumped-element approxima-
tion becomes inadequate, It is therefore necessary to extend the theory
to cover distributed parametrons, Such a theory might perhaps be valid
for hypothetical parametrons operating at optical frequencies,

(3) Finally, for the maximisation of switching speeds, it would be of
interest to determine how phase-switching might be accomplished without
alteration of energy-levels. Such an optimisation procedure, however,
would probably involve the use of a digital computer and lies outside the

scope of the present work.,
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Appendix 4,1

Piccewise~linear mode-equations for the BSP: the case of

finite domping

The behaviour of the BSP is governed by cquations (4.5), (4.23) and

(4.24), If we make use of the normalisations

i‘d<

<
o

L
1}
o<:,m<

R t
/
T = -£ , the dimensionless timc,

v

’ R§
B -2~ | the dimensionless inductor current,
o ,

the last two of which are pecculiar to the problem in hand, the threce

equations become

0y 0y
y = §,-%, (a4,1)
¥y = xty- E; > -1 (A4,2)
y, = x-y- §’2 Z -1 (a4,3)

respectively. The circles above quantities in (A4,1) signify differentiation

/
with respect to T .

A4.1.1 The ZyIp- mode

The Z,I,- mode is defined by constraining equations (A4,2) and (A4,.3)

with the conditions v, = -Vo and Ql = 0, The result is the following set
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of equations for the varactor voltages and currents:

¥y, = x*ty > -1, (Al L)
y, = -1, (ak.5)
8§ = o0, (44.6)
‘gé = x=-y+1, (Al7)

A differential equation for the subharmonic current y can be found by

substituting (A4.6) and (A4,7) into (Ak.1). The result is
[2] [-]
y ty = x. (A4 8)

As before, the pumping function will be defined by

/
x = X.sin 29T, (Ak,9)
/
where 4 = wL/RP.
The solution of (A4.8) with this value of x is
‘ ZV’X / ¢t ¢t 2'1)’}( -"U,
y(T) = ===, | 2V/,sin 29T + cos 2V | + | y(0) - ==,le ,
1+4y 1+4Y
(A4,10)
where y(0) is the value of y at ™' = O. Equation (A4.4) indicates that
this result is subject to the condition

(%) -1 - X.sin 2V’ (AL, 11)

The normalised subharmonic current flowing in L during this mode is

given by equation (A4.7):

/ /

= §, = x-y+1 (Ak,12)

where y is the solution (A4.10).
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Al'{’oloz The Ilzz- mode

As in the lossless case, the rBles of the two varactors are reversed

during the ZlIE- mode, The differcntial equation for y is now

S+ oy = -2, (A4,13)
so that
r 1 ’ V4
y(T) = = 2—”—}2-,-2 2V.sin 2V T+ cos 2V "V |+ y(0) + 2’DX12 e-rc,
1+ 14NV C
(Ak.14)

subject to the condition
¢
y) < 1+ X,sin 2‘1)'"5'. (A4.15)

The subharmonic current is

\é’= - ¥1 = -(x + y + 1), (Al-+.l6)

At.1.3 The I3I>- mode

In this case the varactor voltages and currents are

v, = -1 (A4,17)
y, = -1 (A4.18)
¥ = x+y+1l (A4.19)
gé = x=y+1 . (A4,20)

Substitution of (A%,19) and (A4,20) into (Ak.1l) gives

[+]
2y + y = 0, (A4,21)
The solution of this is
s
~-T
y = y(0) e /2, (A4, 22)

where y(0) is the voltage at the beginning of the modes The subharmonic

current is

/
(§= - 2¥e (A}-F'ZB)
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Appendix 5.1

Derivation of the differential eguation of the BSP using the C =(:}(v)

representation of the capacitive nonlinearity

Referring to Figure 5.,1(b), Section 5,2, the following nine equations

describe the equivalent circuit:

vy =V, v, (45.1)
Vp TV, T Vg (45.2)
v. -n dv
i =cQ+7#)  —, (45.3)
(o]
v, =-n dv
ig = C (1 +2) == s (A5.4)
O
ve =L (4 - i5) (45.5)
: AVt v, )
i =i, =I(e -1), (45.6)
. -A(v_+ v2)
ig - is =1I(e ~-1) (45,7)
dv
:1.3 =i, = Cs _E‘: s (45,8)
is - i,+ =G v, . (45,9)

Elimination of i,, i,, izs 1, igs ig from equations (A5,3) to (45.9)
inclusive results in

. 1 Vo, 1
LCYV +LGY +v +LC, d,c[(1+ )#r )6]+

AV ~-Av -Av
B d
+ L Ise I (e 2 -e 1 ) =0,

(45.10)
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Introduction of the normalisations

y = Zg sy X = Zp and T= ot ,
Yo Vo

where W, 1s the small=-signal angular resonant frequency, together with the

use of equations (45,1), (A5.2) and the identity

2 [ :
g_'“. [(l+y) ’ %%:] = 1—35 . i‘; l_ (1+b’)“1__| , (A5.11)

effects the simplification

2

w "L C 2

60 Q o o) d l-n l-n
moaL Coy+to LG y+y+—g—7—. o [kl+x+y) =-(1+x~-y) i] +
-I\VB
+ 2 W, L Is e a - /\Vox

= - 3R e sinh Avo. =0

o i

(45,12)
The small-signal angwlar resonant frequency W, may be determined by setting
n equal to zero (thus linearising the reactances) and neglecting all the

damping, which gives

2

a0 2 no
W, L Cs y + 2wo

LC Y +y=0, (A5,13)
so that

w S = L (5.7)
o LZaco + CSS . .

If we define a '"stray capacitance parameter!

B = 2% s (5.8)

2C_+ C

o] S
which gives

2 -

w,“LC_ = 1-B, (AS.14)
2

w“LC = 3B, (a5,15)



and write

w11 "N
k = o 5 e P
v

'S

o
k’L = wOLGL,
c = /\VO,

then the complete differential equation becomes

(1-B)'§°+ kL'g' + oy o+

2
B d 1-n Y O 4
+ (i) d"CZ ( (L+x+y) (1+x=y) ] + akv. an

which is the required result, equation (5.6),

e “®sinh cy]
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Appendix 5.2

Derivation of the differential equation of the BPP using the C = Q¥(v)

representation of the capacitive nonlinearity

The thirteen equations describing the equivalent circuit of Figure

5.2(b), Section 5.3, are

L P (45,16)
vp = v3 - vy (A5.17)
Ve T Vs + vy, (A5.18)
LA ) (A5,19)
v. =n d4dv
i) =i, =C (1 + F) dtl (45.20)
o
v2 -n, dv2
15 - 16 = CO(l + -V—o) Et— (A5.21)
‘ dvl
il = - % CS T (AS.'22)
dv2
ig = 3 C. = (A5.23)
~A(V_+v. )
s . B V1
iy - iy = I ( 1) (A5.24)
—A(VB+V2)
ig =iy =1 (e -1) (A5.25)
v,=:xL L G-i)+nd G -i) (45.26)
I T S at “tu Tty .
IR Y DY
v, =3 L g (4 17) + M d,c(l3 17) (A5.27)
v, = i7 R (A5,28)
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Elimination of the currents iy 1, 13, 1y, 15, 1gs 17 yields

! v.\ n v.\=n ~AV ~Av ~Av
"s+(']1iL+M)%'€ co{'\bv—i) {rl—(l+v—2) %2}+Ise B{e A 1}+

0

+ % Cs(\'rl- %2) + 2 G VS:I = 0. (45.29)

This equation can be expressed in terms of the two variables vp and v

only if the two halves of the tuning inductor L are closely coupled, In
that case M = % L, so that from equations (A5,26) and (A5.27),

v

3 = Vi (A5.30)

and consequently from (A5.16), (A5,17), (A5.18) and (A5.19):

v, = 3 LA (A5.31)
v, = -3 Ve " Vg (A5.32)

This pair of equations, together with the normalisations of Appendix 5.1,

converts (A5.,29) into

%woﬁcs§°+ wOLGL§r+y+
% w 2, ¢ 2
+ - -
T S @ty - Qexdy)tTR |+
-n 2
qT
wkl I -hV AV x
+ 0_'s B 4 o _. ¥ | -
7 e = e sinh /\vo 2] 0 . (45,33)

We can again determine W s the small-signal angular frequency of

resonance by putting n = O and neglecting all damping:
1 to 2 oo )
szZLCSy+%wOLCOy+y=O, (A5.34)

whence

w,© = _I__.(-ZTL*TI-@T . (45,35)
o s
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The resonant frequency of the BPP is thus twice that of a BSP constructed
with the same varactors and with the same value of L., This is because the
varactors are now effectively in series at the subharmonic frequency.

In terms of the previously~defined quantities B, kv’ kL and c, the
differential equation becomes, with a reversal of the sign of x to conform

with its sign in the equation for the BSP,

(1 B)oo + 8 B . d2 )l-n )1-n
BY ¢ dey vy iy (Itxdy)™ 7= Qix=3y +
+ k. %ﬁ [e-cx sinh 2 ¢y = O:l (45.36)

which is equation (5:12)s
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Derivation of the differential equations of the BPP using the v
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= Hq)

representation of the capacitive nonlinecarity:

the case n = %

The fourteen equations for the equivalent circuit of Figure 5.3

V5 % =45 7 45
VP + v5 =TV <tV
vp + v5 = v3 =V
v, = v3 + vy
Vs 5 V1T Vo
-, 1 -
' 9 g l-n
v, = V 1-(1-n) -1
1 ° ..{ CoVo]
- 1
q 1-n
27 Y {}+(1'n) cv } -
L o0
& - =30 b,
a6 B §7 =2 Cs 62 !
P~ by =G vy,
aS - &6 - Gv Vo
v = 1 L (i = o) + M5 = &)
3 N q3 q8 qs Q.8 ’
1 . ve . .
vy, = L (q5 - qg) + M(q3 - q8) ’
Vg T QSRL'

If n is set equal to 3

(45,37)
(45,38)
(45.39)
(45, 40)

(A5.41)

, (A5.42)

, (A5,43)
(A5, 44)
(A5.45)

(A5.46)

(45, 47)

(A5, 48)
(A5.49)

(45.50)

and if the usual normalisations

are:
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- Y.
y"v)
(o}
g = el
CV »
[o o]

are made, then equations (A5.42) and (A5.43) become

v, = mG o -1) (5.14)
and y, = z7(%+ zy ¥ 1) (5.15)

respectively, If the pumping voltage is also normalised:

and the quantities
y3: Ty YS: Zos ZB’ 2y 25’ Zg
are eliminated, and if in addition it is assumed that perfect coupling
exists between the two inductors, so that
Moo= %L,

then the following four equations are obtained:

(zl z7)+(zl z,f)jz -(zl-z7),
(A5.51)

oy T e ) - () =3

(zlz- z72) - (z+ 27) = (g + z7) [%(zr z7) - IJ ,
(A5.52)

S

yl-y2=y=

v+ (0L G + o LG)y+-Ew LCy-%waLc(zl 27) (45.53)

and

' C, G
x+ o CR | IV - 2+ 55 2C 2yt Tl 6.0 (yy* ya)] + 3t yp) =0

(A5.54)
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The sum of the varactor charges will be defined by
%) - Z2, = u, (5.16)
and the difference between them by
2ot 23 = oz (5.17)
Then from equation (AS5.51)

Y.ty = % (5 +u%) +u, (45.55)

and from equation (45.52),

u = - l*(l + %) . (5-18)

Substitution of (5.17) into (A5,53) gives
% (DOIEL ng; + wOL(GL + -}Gv):;' +y= %mozL Co ?z.o (45.56)
and substitution of (5.16) and (45.55) into (A5.54) gives

° d 1, 2 2 T 1,2 2 = .
wOCORpu+x+%wOCR ll:g(z +u)+\J]+(§+Gva)l:8(Z+u)+u c

s p dv
(45.57)
If the following quantities:

B = % wozL C,
k = wCR ,
p ©op
k = oL G ,
v o v
Ky = e

(which are identified in Sub=-Section 5.5.1) are used to simplify (A5.56) and

(45.57), there results

By + G+ i) Fry = BY , (5.19)

and -
k.  + Bux + %kp(l-B).%E (24 u2)+%(B+kvk?)[:%(z2+u2)+§J = ?, )
5.20

as required,
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Appendix 6.1

Approximate solution of the generalised "voltage'' differential

equation

By using the assumed value of y given in (6,8):

¥ = =3 ¥T) (a - a*),
where @« = % ejCVT-+ 6(T) ) ,

and the valuc of x given by (6,9):

x = - ij(a2€-320 - a*ZOJEG),

it is possible to express all the quantities (6,7) in the form
ll(a +a%*) - 3 lz(a - o*)

if fhe powers of a and o* s corresponding to the harmonics of # , are
neglected. In the following Table, the expression for ll and Xa fﬁr each
of the required nine quantities (6:7) is given, with the omission of the
second-order-small derivatives indicated in the fourth column. The fifth
column contains the neglected harmonic terms.

Substitution of these quantities into (6,4) and separation of the

coefficients of (e + a® ) and j(a - a* ) gives the pair of equations (6.10)

and (6.11).



Neglected 2nd-oxder

Neglected

Quantity 7\1 7‘2 smll derivatives. harmonic terms.
¥ 0 Y - -
o o) o}
y (v + 6) Y - -
o9 o o
¥ 2pY -Yv(» + 20) %, s, %, 8° -
~\0 1~ o 0 - 1 % o 3
(x %) =X|Ycos2e + T( -8)sin2¢ K|¥sin2g - Y{V -8)cos28 - a’, oo
( ~)00 1,0. - Q (o] . . o . . o] ) o0 a6 o0 °2 3 3
x ¥ 79X} ¥(28-9)cos2e + 2Ysinze| | Hvx| ¥(28-9)sin2e - ZYCOSZEA Yo, 6, ¥, a’, af
2,0\ 0 2 o 20
(x°F) X (p + 8) XY - aj,a*j, as:a*s
24400 28 2 o] 90 a0 09 o .
(%) »E°Y - x°x(p + 28) 1, ¥, ¥, 82 &,a0, o
(7)) i 7 (p + 9) TYZY - aj’ a*3
7 8, .29 3 rn ° 2 ° 92 ol o
(3;))00 --l:'v.(/f -Z'vfj(’l) + 28) Ys, %, Y, 87, fZ aj, a*3

£62
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Agpendix 731

Expression of ¥(T) in terms of charge coordinates for the case in

which Rp dominates the device behaviour

A relation between ¥Y(T) and 2(T), valid under conditions of slowly-

varying amplitude and phase, is given by equations (7.32) and (7.33). They

are
[
Ys = aZc - rZs,
o
Y =wz - [ 32,
(] S (]
where
a = -Z—E
By
Now

5 Ys;cos VT + Yc.sin’\)‘t 5

so that substituting for Ys and Yc,
o~

[o] G
y = (a Zc - rZs).COSv'E - (a Zs + rZC).SJ.n’D‘U,

a %.cos("v‘lf-*-q)) - Z(atT)+r).sin('VT+ y),

il

or in terms of the complox notation y = 3 VT L’}),

¥ o= a2y +y*) + §2ag+ My = ¢*) .
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Appendix 7.2

Derivation of the intermediate differential equations for the case

in which Rp dominates the device behaviour

The construction of the approximate form (7.39) of equation (7.26)
involves the cxpression of the following nine instantaneous quantities in

terms of the charge amplitude Z and phase :

~h R ~ g 2 L
Al ¥ %y 32 7
> o S

z TV E ?P
. 2
2 x 52 ¥

This can be donec by substituting in them equations (7.38), (7.37) and (7.36)
for x, ¥ and ¥ respectively. The assumption that y and z are pure sinusoids

5

means that the harmonic terms in 73 and ¥ must be neglected. Following the
slowly-varying amplitude and phase assumption, the second-order small
derivative products

(<3 ~] -3 ~]

2y, ©, ¢

0 oo

must also be neglected. (The quantities Z and Y have already been omitted
in arriving at the expression for §7in charge coordinates). If the quantities

in the above table arec written in the form

n

£(y,2) = My + %) - i =),
then the coefficients xl and 12 are given in the following table. The
neglccted terms are also indicated. Substitution of the resultant
expressions into (7.26), followed by separation of the terms in (y + y* )

and =j(y - ¥*) at once gives the required equations (7.40) and (7.41).



Neglected 2nd-order Neglected
)‘l ' )‘2 small derivatives .| harmonic terms
Fve) 2 2 2% - 0,773, 45,075
Lror (e« $) 2 | Er(eaw+3r) 2 i, 22,¢* a7
LrorsLeawsrlf) 22 %F(I'Za” +37) 22 A R L
Lowrafever1§) 2| - aver) A - P
-7 or v orl§ ) 2 L (ap - 3r) 22 2§, 27, §° 7
0 i—zz - 1'3, ’r#}:"c‘ "5‘*5
% 77X cos 24p % 2%.sin 24 - 1 T, R
] 5 55 ) 3, 435
723 - daraf? 2+ 2a) 2 2, 27, ¢ v, 4

962
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Appendix 7.3%

Derivation of approximate expression for ;Ct) in charge coordinates

for thc case in which Ry, dominates

R ~ . . .
Write y and z in Cartesian coordinates:

¥ = Ys.cosN‘E+-Yc.sinv‘E, vhere YS = Y.sin 0, Yc = Y,cos 03
(A7.1)

o~ - -— . —

Z = Z.cosyT + Z,.sinvT , where Z_ = Z.sing, Z, = Z.coqu.
(47.2)

Substitute these approximations into equation (7,48), separate out coeffi-
cients of cos#Tand sinA7 and neglect second derivatives of the amplitudes,

and obtain

2] 2 H o
(1-B)(2‘ch-’v Ys)+ kL(YS+'ch) + Y =BW (2zc-'vzs),

(47.3)

O 2 0 .9 _
(l—B)(-ZvYS—’V Yc)+ k.L(Yc-’\JYs) * Y, B’V(-EZS vzc).

Differentiate and again neglect scecond derivatives:

+
=
TN
"
i
Na
-

L
(A7.4)

=

<O O
]

=

<O

It

[

No

-~y

o (o] o]
P+ M2)Y =-L7Z -M2Z,
(o] [+

(12+ M‘2)§s (47:5)

i

1
=
Do
+
=
[\

' -] o
Eliminate Yc and Ys between (A7.3) and (A7.5) and rearrange to obtain

expressions for Yc and Ys:
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[4) [»]
Y =aZ +bZ -cZ -d7,
o [+ (A706)
Y =aZ -b % +clZ -d% ,
s S [o] C
where a = 12 S 2[ 4(1;3) LM + M(3L%+ Mz)j' ,
A (LH+MT)
b o= 2[: 2(28) f- 12) - 21? ],
B (L+M7)
c = 1
120
L
a = .
1242

It remains to express equations (A7.6) in a concise complex form. To do
this, replace (47.6) into (A7.1) and put

sin(WT+P) = -jly -~ ¥* ,

cos(‘V‘THP) | y +v*% ,

where
J(NT +
Y % eJ( )-

The result is

¥ = ¢+ x%@2Y = bE+ c2) - 3y - ¥*)(aZ + b2 - az)

[+ o
From (A7,6) ignoring Z, and Z_: (L%+ Ma)Y2 = .,
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Appendix 7.4

Calculation of expression for curves of constant dimensionless

rise- and fall-time on the (¥,X)-plane

Write equation (7.105) in the following form

2
A = constant = 2mX = 1tg

n -
+ ./1+02-pa- olpl

Then
A2(1+02-pa) = (1+ct+ Ao!p' ),

so that putting in the expression for A and writing p in full,
21 2 ° amx | 2 |
[% YT I’* - ll } 1ol e ]

n

O,

Therefore the required expression for XM,u) is

2
> 1+ [§'+ nh “—2 - 1] ]
5

[éﬂi
ny
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Appendix 7.5

Transient amplitude solution in detuned case

The solution is given by equations (7+97) and (7+108):

fee- & 4w,

2 2
and (1) = (A tanh ST+ B)a- (C tanh ST + D)2
(A tanh ST + B)™+ (C tanh ST+ D)

The latter can be written in the form

Yoy » 22504 g
ae ™ 4 pe2ST 4 g
where
a = (a+B)% (Cc+D)° =[ o4 (B~1)2 ](B + A)a,
b o= 2% 4% 02 cd) =2 - B2 a1 |- 42),
¢ = (A-B)% (c-D)°= [§2+ ®+1)° | (B -4),
f = (a+B)% (Cc+D)?= [&@- B-1)7° |@+ A)a,
g =22 2% ?) = 2 |rP 821 | (B 42),
h o= (A=-B)% (C-D)?= [:Ta- ®+1)%| (8- 1)>,
and T = p - o,
. . ) .. 25
Therefore, if the variable of integration is changed to u = e ’
(‘rc)drc 1|1 ‘ fu° + gg + h .
'} - 2% ju- 2 .+
au + bu-+tec

and the form of the integral depends on sgn(q), where

q = b> - Lac
= -16(BC - AD)?

= -16(BT)3(B2- #2)2
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which is always < O, so that the complete solution is

L [ 2g=b( -E + % ):l.arctan]:-———-——zau b J+
v =q v —=q

+ %(é-%)ln(au2+bu+c)+%lnu.

%—S- InZ + const =

The constant terms are

2nS _ 4
X 7 3B’
_1_[ NS TS ] . 2B
J=q 1+¢
28 1-B-oF (Bta,
f—— BT B~A
—q »
b = £
= £ .
v/ =q
li--ll = B
2(a c) 1+o_2 ’
h - - (B+O‘Q)o
c 2
1+c

so that some rearrangement results in

k. (1+0'2)1n 7 + constant =

3
- +
1 (lTE)- o (g:%) u+p
=1In{lau+b+cu-)-c % In u + 2 arc tan =
-— >
where

au + b + cu-l = 4T2[ (A,sinh 8T+ B,cosh S"C)2+(C.sinh ST +D,cosh S%

Finally we obtain

‘-{-'(l+cr2

)
Az = '\}1(’17, p(0) ) exp (\\drz(rC,LP(O) )
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where

%, (T, ) )
and

%, (T, Y0) )

(A,sinh ST+ B,cosh ST )2+(C.sinh ST+ D,cosh ST )2,

1-B B+A, 2ST
(= olgg) 7+ p

- £
20 B ST+ arc tan 3

which is the required general amplitude solution,
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Appendix: 7.6

Transient amplitude solution in the resonant case

In the resonant case the transient amplitude solution can be found
most simply from the appropriate transient phase solution (7,92) and the
trajectory cquation (7.84). These arc respectively-

T +T
286( o )

te( %:+§ -‘{J)l

28 T y .
where e 2° = IAI = ltg(£+§ -\P(O) )I , and
‘A 3(1"‘0' ) eo‘(g -2q—’ )
o2 - cosZ'g =D
The phase eguation (7.92) gives
[
S
2so_(’t+fco) ln!tg (¢ +3 -SU)I
or
E - 2(P = gudermannian (2SG(T+VCO) ),
so that using the relation
sec(gd x) = cosh x
the required solution is
3(l+o* )
o7 = cosh 2sd(q: + "Co).exp [o‘.gd 2sd(rc +T, )—:l
N=1

with

C[ = .-.]:— -1
o = 25_ gd (% -2¢00) ),
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