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ABSTRACT  

In this thesis the basic mechanisms underlying the behaviour of 

parametric subharmonic oscillators are examined in four different ways. 

The two most successful of these approaches are extended to pralict,in 

detail,the ateady-state and transient characteristics of certain types 

of practical subharmonic oscillators which are suitable for use as 

fast phase-switching logical elements in digital computers. Particular 

attention is paid to the strong influence of the more significant para-

sitic elements upon the performance of these devices. For what is 

believed to be the first time, analytical techniques have been used to 

obtain theoretical results which agree quantitatively, rather than 

merely qualitatively, with reality. 
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SYMBOLS  

Most of the commonly-used symbols have their conventional significance. 

For example, the upper-case symbols V and I represent the steady (d.c.) 

values or amplitudes of alternating (a.c.) voltages and currents respect-

ively. The lower-case symbols v and i represent the corresponding instant-

aneously-varying quantities. 

The amplitudes of normalised quantities are usually represented by 

upper-case Roman letters, their instantaneous values by the corresponding 

lower-case letters. 

With certain exceptions, curly Italic capitals signify nonlinear 

operators, equations, functions or parameters. 

Apart from established usages, such as 0 and* for angles,rt for 

normalised time andyfor normalised frequency, the Greek symbols are 

assigned arbitrarily. 

Several symbols have more than one meaning. In those parts of the text 

where confusion might otherwise arise, the less usual meanings are identifi-

ed by primes. Primes are never used to indicate differentiation. 

Subscripts identify a particular meaning of a more generally-defined 

parameter, thus: 

k = damping parameter; kL  = load damping parameter, 

q). phase-angle of charge; (1)o  = critical value ofcp. 
l 

Notations peculiar to this thesis are: 

o 
(1) y -the derivative of y with respect to normalised time, 

(2) y = the approximate value of y, 

(3) Y(T) = the value of Y at timert, 

(4) Y(oo) = the steady-state value of Y atrt = 00 p used only in the chapter 

oil transient phenomena. 
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LIST OF PRINCIPAL SYMBOLS 

Lower-Case Roman Symbols  First used 

on page  

    

      

2 for the Balanced Series Parametron 
a = 	(i) 	 • 	• 	• 108 

1 for the Balanced Parallel Parametron 

(ii) a constant 

b = 	a constant 

c = 	(i) AV° 	• 	• 	• 	• 	• 	• 	. 104 

(ii) a constant 

d = 	(i) differential operator 

(ii) a constant 

e = 	2.7182818 	, base of Naperian logarithms 

f = 

f
o
= 

f
P 

 = 

fs= 

i = 

i 
P
= 

is= 

J = Ar=7 

k = 	damping parameter • • . • • • • • • 21 

kii= woL GL, damping parameter due to load conductance GL. . 1(4 

k
P 
 = woCoR s damping parameter due to pump-circuit resistanceR

P
•112 

kv= 	woLGv,damping parameter due to varactor conductance G. 104 

32 k r3 
Q,= 	---2i---  , frequency-dependent damping parameter used in B'1) 

'accurate' transient theory . • 

	

. . 	185 • • 	•  

(i) periodic function of time (f1f  f2, 	 ) • • • 32 

(ii) frequency 

resonant frequency 	. 	• 	. 	.. • • . . 65 

pump frequency 	. 	• 	• 	• 	• • • • . 56 

subharmonic frequency. 	• 	• 	• • . . . 56 

instantaneous current (i11  i2, 	 ) • • • i  51+ 

instantaneous pump current 

instantaneous subharmonic current • • • . 75 
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First used  

on page  

28Z2  = .81p(i - 1)Z2, amplitude-dependent damping 

	

parameter used in 'accurate' transient theory • 	• 	. 185 

	

n = (i) nonlinear capacitance law exponent • 	• 	• 	• 	• 44 
:3 41 (ii) ---,„ detuning parameter used in 'accurate' 
BV.1  

transient theory. 	• 	• 	. 	• 	• 	• 	. 182 

q = 	instantaneous charge (q1, q2, 	) • 	• 	• 	. 	. 	. 	49 

qe= 	charge of an electron 	• 	• 	• 	• 	• 	• 	. 	54 

ciP= charge varying at pump frequency 

m= 

qs= 	charge varying at subharmonic frequency 

5 
r = 	3(

„..2 	2 
- 1) + =-Z , amplitude-dependent detuning 32 

parameter used in 'accurate'transient theory. 

ro= 	3(-2- 1)4  shall-signal part of r. 	• 	• 	• 

t = time. • • • • • • • • • • 

u = 	sum of normalised varactor charges • • • 

• . 185 

. . 203 

0 0 . 21 

0 0 li 110 

V = 

v P. 

v= s 

x = 

y = 

z  = 

instantaneous voltage (v1, v2, 	 ). 	. 

instantaneous pump voltage 	. 	• 	• 	• 

instantaneous subharmonic voltage. 	• 	• 

• • 	• 	• (i) arbitrary forcing function . 

(ii) independent variable 
v 

(iii) -2-
Y 
normalised instantaneous pump voltage Vo 
.• • • 	• (i) arbitrary dependent variable • 

v 
(ii) instantaneous 

. 	. 

. 	. 

• • 

• • 

. 	• 

• • 

. 	. 

. 

• 

• 

to 

46 
67 

67 

36 

68 

23 

68 

50 

77
s 
 , normalised 	subharmonic voltage 

o 
(1)-29-' 	(z1, C V 	normalised charge 	z2, 	) 	• 

o o 
(ii) difference between normalised varactor charges . 	. 110 



Upper-Case Roman Symbols  
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First used  

  

  

on page  

    

A = 
	

• a constant (A1, A2, 

B 	i () 

	

	0  20 =   , stray-capacitance parameter. 	• 	. 	. 104 
2C + C o s 

(ii) a constant (B1,  B2, 	 ) 

C = 	(t) capacitance 	. 	. 	• 	• 	• 	. 	. 	• 	33 

(ii) a constant 	. 

Co= 	(:v)V , small-signal varactor capacitance at the bias - o 
point Vo  . 	. 	. 	• 	• 	. 	• 	• 	• 	. 	. 	46 

Cs= 	total lumped stray capacitance 	• 	• 	• 	• 103 

D = 	a constant 

E = 	a constant 

F = 	a constant 

G = 	conductance (Gl' G2' 	)• 	 70 • • 	. 	• 	. 

GL= 	load conductance . 101 • . 	. 	• 	• 	• 	. 	. 

Gv= 	linear part of varactor conductance • 	• 	• 	• 	. 104. 

H = 	m) 	, parameter used in construction of 
(5m 44)4+ 3n - 

Isotan curves. ▪ 216 • • 	• 	. 	. 	. 

I = 	d.c. current . 54 • • 	• 	• 	• 	• 	. 

Is= 	diode saturation current . 5/4. • • 	• 	. 	• 	. 

K = 	(i) Boltzmann's constant: 1.38044 X 10 16  erg degree
-1 . 54. 

(ii) constant depending on diode geometry. 	• • 	• 	44 

L = 	(i) inductance. 	 44 

	

2, • • • 
	• • • 	. 

1 - V
2
kl - B)  

(ii)r-1  - 	, detuning parameter 	. 142 
M
)  

M = 	(i) mutual inductance, 	• 	• 	• 	• 	• 	• 107 
kL (ii) ypi-,, load damping parameter , 	• 	• 	. 342 

) 
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First used  

on page 

	

N = 	positive integer. 	• 	• 	. 	• 	• 	. 	50 

	

0 = 	zero 

	

P = 	power- 	• 	. 	• 	• 	• 	• 	• 	. 	69 

	

Q = 	'goodness' factor 	. 	• 	• 	• 	• 	• 	. 	. 	40 

	

R = 	resistance 

-R 

	

P
= 	pump-circuit resistance . 	. 	• 	. 	. 	74 

	

R = 	varactor series loss resistance • 	. 	. 	• 
a 

	

RL= 	
load resistance • 	• 	• 	• 	• 	• 	• 	74 

	

S = 	parameter used in approximate transient theory 

S = g li - p2  . 	• 	• 	• 	• 	• 
P n 

2X \/1 + go. 	• S = 	 • 	• 	• 	• a 3n 
T = 	(i) Absolute temperatuxo. 	. 	• 	• 	• 	• 

	

(ii) period of oscillation • 	• 	• 

V = 	(i) d.c. voltage • 	• 	• 	• 	• 	4 	• 

(ii) peak amplitude of alternating voltage 

VB= 	d.c. bias voltage 	• 	• 	• 	• 	• 	• 

Vo= 	vBi- p, total varactor junction voltage . 	. 

V
P 
 = amplitude of pump voltago• 	. 	. 	• 	• 

V
q 
 = amplitude of quench pulses 	. 	. 	• 	• 	• 	. 259 

Vs= 

	

	amplitude of subharyonic voltage . 	• 	• 	• 	69 
V 

X =-11  , normalised amplitude of pump voltage 	• 	• 	23 
io 

Xom 

	

	V  B , normalised bias voltage. 	. 	• 	• 	23 
Vo 

Y = 

	

	Vs , normalised amplitude of subharmonic voltage . . . 68 
Vo  

Ye= 	Y.cos 0, cosine component of Y .. . 	. 117 • . 

. 

. 

. 

. 

167 

197 

228 

. . 54- 

• . 36 

4 • 42 

• . 44 

• . 46 

• 69 



Ys= 

Z = 

Z
c

= 

Zs= 

17 

First used 

on page 

Y.sin 91  sine component of Y. 	. 	• 	• 	• 

normalised amplitude of difference between varactor 

charges 	. 	. 	i 	6 	• 	• 	 • 	• 	• • 

. 

• 

117 

114.1 

Zcos 0, cosine component of Z 	• 	• 	• • 182 

Z.sin 4i,  sine component of Z 	. 	• . • 182 

Upper-Case Italic Symbols 

. . 241 a constant 	. 	. 	• 	. 	. 	• 	. 	• 	. 

nonlinear capacitance coefficient 	• 	• 	• 	• 	• 	• 	58  

denotes a nonlinear differential equation 	• 	. . 	. 112 

nonlinear function  (1,` 2, 	 ) • 	• 	• 	• 	• 	30 

nonlinear inductance coefficient . 	• 	. 	58 

admittance • 	 • . 68 

Lower-Case Greek Symbols  

a = 	(i) ;Bn, first nonlinear capacitance coefficient . 	. 	. 121 

(ii)i eiNT+ A) . 	• 	. 	• 	• 	• 	. 	• 

(iii) a constant . 	. 	. 	. 	. 	• 	• 	. 	. 	33 

p = 	(i) tEb(n+1), second nonlinear capacitance coefficient . 121 

(ii) M + jL  . 	• 	• 	• 	. 	. 	. 

(iii) a constant . 	• 	• 	• 	• 	• 	. 	33 

Y = 	(i) —c 1 4 2 2 a kv' first nonlinear conductance coefficient • . 121 



CY = 2n 	BV 

2X 2X  
4k 
—E 

ro = 	2 - 

. 	• 	• 

• • 

. 	• 	• 

. 	• 	• 

= 

S= 

r3= 

( ii) 	VC+ LP) 	• 

. 	. 	• 	• 	. 	• 

. 	1 3 2 	nonlinear capacitance coefficient. ki)r a kv, second 

(Wt.  kp(-11., - 1), a damping parameter 	• 	. 	• 

i 	. 
a constant value of T

llv az 	an Isotan curve 	. 
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First used 

on page 

• 

• 

• 

• 

184. 

121 

343 

214. defining 

8 = phase-angle of subharmonic voltage with respect to 

pump voltage . 	• 	• 	• 	• 	• 	• 	• 	• 	• • . 68 
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CHAPTER ONE 

1. Introduction 

1.1 Definition of area of research 

This thesis is concerned with the behaviour of certain resonant systems 

governed by nonlinear non-autonomous differential equations. In these 

systems sustained fundamental, harmonic or subharmonic oscillations can occur 

only in the presence of a pumping signal. We are primarily interested in 

the case of subharmonic oscillations of order one-half, (i.e. those taking 

place at half the pump frequency), although lower orders of oscillation are 

possible. 

Such systems, usually referred to as subharmonic oscillators, but 

properly subharmonic resonators, are of importance because their steady-state 

oscillation can have either of two equi-probable phases differing by n 

radians. If a pumping signal is applied to such a device, then under suitable 

conditions the oscillation will build up towards a steady state which has one 

or other of the two possible phases. Phase selection will depend on the 

phase and amplitude of any residual oscillation existing at the instant of 

turn-on. In the absence of residual oscillation the phase selection will be 

governed by noise. It is therefore possible to control the final binary 

phase-state of the device by means of a very small-amplitude determining 

signal. This phase-locking signal may be applied shortly before the instant 

of turn-on, and can be removed soon after the build-up commences. 

Devices having the controllable bistable phase property described above 

have been used as storage elements and majority-logic switching circuits in 
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digital computers. The detailed theoretical and experimental investigation 

of subharmonic oscillators suitable for such applications constitutes the 

chosen area of research. 

1.2 Survey of previous work on subharmonic oscillators 

The existence of the phenomenon of subharmonic oscillation, or resonance, 

was recognised as long ago as 1859 when Meldel  described his now famous 

experiment on the maintenance of transverse vibrations in a string longitu-

dinally excited by means of a tuning fork. In 1883 Lord Rayleigh
2 

explained 

Melde's results by means of the equation 

0 + ke + 0(n2  - 2 a sin 2pt) = 0 	(1.1) 

in which k and a were assumed to be small. This is a Mathieu equation 

extended to include the influence of damping. He obtained a solution of 

the form 

e = Alsin pt + Bicos pt A3sin 3pt + B3cos 3pt + 

(1.2) 

in which the first two terms represent an oscillation at a frequency equal 

to one-half of the driving frequency 2p. The other terms represent odd 

harmonics of the subharmonic frequency p. Linear differential equations of 

this type have formed the basis of much of the subsequent theoretical work. 

In 1926 Fallou3 described a static frequency divider consisting of a 

series resonant circuit containing a nonlinear iron-cored inductor, and in 

1929 and 1936 Rouelle4'5  published some experimental data on subharmonics in 

similar ferroresonant circuits. The occurrence of subharmonic oscillations 

in loudspeakers was discussed by Pederson6 in 1935, and in 1941 McCrumm7 
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experimentally determined the starting conditions and ranges of voltage and 

current for which the oscillations can occur. Steady subharmonic oscilla-

tions of orders down to the one-seventh in a series circuit were reported by 

Spitzer8  in 1945. 

Since Rayleigh's time it has been customary to approach the theoretical 

explanation of subharmonic oscillations by way of one of the classical 

differential' equations known to have subharmonic solutions. These include 

the Mathieu and Duffing equations. An attempt is usually made to adapt the 

chosen equation to fit the behaviour of a physical system. This method of 

attack has probably been used because these differential equations have an 

extensive mathematical literature9°10,11,12  which, however, becomes relatively 

useless when the equations are modified by additional terms in order to 

account for particular physical phenomena. The differential equation 

approach has been virtually mandatory because of the close interrelation 

between the influences of the significant parameters in subharmonic oscill-

ators. A "commonsense" theoretical approach, of a kind which might succeed 

in the investigation of linear time-invariant systems, would almost inevitably 

lead to misconceptions and incorrect conclusions. Among the more serious 

pitfalls is the danger of inadvertantly using the principle of superposition 

in the analysis of nonlinear systems. In recent years some success has been 

had with non-differential equation methods, particularly the method of 

piecewise-linearisation as exemplified by the work of Lavi and Finzi13, but 

these have certain limitations which will be discussed in Chapter 4. 

In 1949 an approximate subharmonic solution of the forced Duffing 

equation was obtained by Levenson14 who used a perturbation method. Ludeke15 

and Hayashi16, in 1951 and 1953 respectively, both attacked it by means of 



the method of harmonic balance. These authors did not compare their results 

with any experimental data. 

Up to this time the subharmonic oscillator had been regarded either as 

a passive frequency-divider of no more than academic interest, or as an 

explanation of certain anomalous effects which had been observed in power 

transmission systems. In 1954, however, von Neumann17 and Goto
18
'
19 

simultaneously and independently realised that the device could be used for 

the storage of binary phase-coded information. It was then that Goto 

coined the term "parametron" to designate subharmonic oscillators intended 

specifically for use as logical circuit storage elements. 

In 1955 Goto
20 

discussed the practical application of magnetic para-

metrons in digital computers. He also treated phase-initiation switching 

in terms of a Mathieu equation empirically modified by the addition of 

damping and nonlinear detuning terms. 

One-half, one-third and one-fifth-order subharmonic oscillatory solu-

tions of certain variants of the forced Duffing equation were obtained by 

Hayashi21  in 1956. The specific equation he investigated for ith-order 

subharmonics was 

y 
(4 	U 

+ ky + y3 = X cos 21; + X
o ' (1.3) 

in which the forcing function contains both steady and oscillatory terms. 

The initial conditions leading to certain kinds of oscillation were obtained 

but not compared with any experiment. A similar equation was further in-

vestigated by Hayashi, Nishikawa and Abe22, but again without experimental 

verification. 

Subsequently, certain digital computers utilising magnetic parametrons 
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were developed in Japan: in 1956 Takahashi and Goto23 discussed the memory 

for such a computer and in 1958 Muroga24, Muroga and Takashima25 and Goto26 

dealt with the principles of majority logic and system design to be employed 

therein. 

In 1958 Zen'iti, Sekiguti and Takasima27 described what appears to be 

the sole example of a parametron using the phenomenon of ferroelectric 

capacitance. They found its frequency capabilities to be considerably 

inferior to those of the magnetic parametrons. 

The idea of using the depletion layer capacitance of a junction diode 

as the nonlinear reactive element, (the "varactor"), led to the possibility 

of very much higher frequencies of operation. Varactor parametrons were 

described by a number of authors. These include Zen'iti, Fusimi, Kataoka 

and Yamanaka28  in 1957, Zen'it129  in 1958, Sterzer and Beam3°  and Hilibrand 

and Beam31 in 1959. 

Since 1957 most of the work published on parametrons has tended to fall 

into one or other of two categories: the experimental and the theoretical. 

Wholly experimental work was reported in 1959 by Sterzer and Beam3°  and by 

Sterzer32 who constructed an unbalanced stripline varactor parametron which 

operated satisfactorily at a pump frequency of 4 kMc/s. Without invoking 

any theory, he discussed how it might be used in a hypothetical microwave 

computer. Onyshkevych, Kosonocky and Lo33 covered the same ground in some-

what more detail. In 1961 Abeyte, Borgini and Crosby34 constructed a com-

puter subsystem using balanced varactor parametrons pumped at 3.7 kMc/s, 

but without very convincing results. No other systems employing varactor 

parametrons seem to occur in the literature. 

The purely experimental approach suffers from certain disadvantages. So 
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various and complicated are the phenomena for different physical circuits 

and even for the same circuit under slightly differing conditions, that it 

is virtually impossible to arrive at any kind of "optimum" design or to make 

any progress in understanding the mechanisms involved by means of this 

method alone. 

Theoretical work since 1957 has been concerned primarily with the treat-

ment of idealised and even arbitrary mathematical situations. The stimulus 

for this seems to have been the parametric amplifier which, as was shown by 

Bloom and Chang35, could be treated in terms of idealisations with con-

siderable success. Attempts to apply their ideas to the parametron were 

less successful and extremely poor correlation between theory and experiment 

resulted. Hilibrand, Mueller, Stocker and Gold36 treated such an idealised 

parametron and attempted to predict its transient behaviour by extrapolation 

from a small-signal quasi-static analysis which assumed infinitely slowly-

varying amplitudes and phases. Since this analysis did not predict even 

the steady-state phenomena, it is not surprising that the transient solution 

should be inadequate, apart from the fact that it involved the violation of 

the quasi-static assumption. By means of a very similar analysis Nethercot37  

treated a parametron in which the phase of oscillation was switched by a 

large-amplitude over-riding signal of the opposite phase.* 	This type of 

switching involves large-amplitude signals, for which the theory does not 

hold. The paper contains certain mathematical errors, as does that of 

Rouche.38 

The "classical" approach reappeared in a paper published in 1960 by 

This is the so-called method of Forced Phase Switching. 



26 

Hayashi, Nishikawa and Abe22, who gave an elegant analysis of the 3th-order 

subharmonic solution of an idealised system obeying a variant of the Duffing 

equation: 

00 	0 	
=X"C + X

o 
	(1.4) 

In none of these papers was an attempt made to relate the theory to 

any physical system and this is understandable in view of the nature of the 

effects to be explained. Furthermore, it has been usual to restrict atten-

tion to those cases in which the pumping frequency is exactly twice the 

small-signal resonant frequency. This restriction has led to an unrealistic 

picture of the capabilities of these devices. 

Since 1961, the year in which the present investigations were initiated, 

the subject appears to have been virtually neglected. This is possibly due 

to pessimistic reports concerning the relative slowness of the transients. 

These reports may be attributed to concentration on the resonant mode of 

operation which, as we shall see, is not necessarily the best way of using 

a parametron. In addition it should be pointed out that the parametron 

computer, being an R.F. system, requires a much narrower bandwidth than the 

more usual types of computer in which the frequency spectrum must extend 

from d.c. up to the highest frequency of interest. It is therefore likely 

that the parametron will come into its own when computer operation fre-

quencies are increased considerably beyond those possible at the present 

time. 

1.3 Aim of thesis and formulation of problem  

We have seen that research on subharmonic oscillators has tended to 

follow two seldom-intersecting paths: the theoretical and the experimental. 
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This thesis aims to bring these two paths together and to provide a com-

prehensive and reasonably accurate background for the understanding of the 

mechanisms involved in the production of steady-state subharmonic oscilla-

tions. In addition it aims to explain the processes governing the manner in 

which the oscillations build up from a small initial level to their final 

amplitude. The thesis then attempts to predict the quantitative behaviour 

of actual parametrons which are known to have fast-transient capabilities 

and other desirable properties, in order to find the optimum conditions for 

their use. The investigation treats transient as well as steady-state 

phenomena, and it is found that practical devices obey neither of the 

"classical" differential equations, those of Mathieu and Duffing, except as 

a very gross approximation. As far as transients are concerned, previous 

work has exhibited a preoccupation with the amplitude transient to the 

neglect of the phase transient, perhaps for traditional reasons. It will 

be seen that neither the amplitude nor the phase transient can be considered 

in isolation, and that the latter is at least as important as the former, 

particularly since we are dealing here with phase-coded information. 

We shall endeavour to obtain our results in the form of algebraic 

expressions and to eschew analogue, numerical or graphical methods, since 

these merely verify that a satisfactory model has been chosen to represent 

the device, i.e. that the initial assumptions made were reasonable ones. 

Such methods do not, in general, lead to new insights, neither do they give 

results unobtainable from experiment. Computer methods may be useful in 

cases where there is no information about the solution, but the parametron 

can be regarded as its own analogue. Furthermore, if there are more than 

two independent parameters coverning the behaviour of the system, it is 
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virtually impossible to produce numerical or graphical results to cover all 

possible combinations. A new set of parameters requires the digital computer 

programme to be re-run with a new data-tape, or the potentiometers of the 

analogue computer to be re-set. On the other hand, the end-product of the 

analytical approach consists of equations which are valid for all com-

binations of parameters which do not violate the original assumptions. Thus 

there exists the possibility of optimising the system on the basis of such 

equations. 

One of the objects of the present work is to discover the limits to 

which analytical methods can reasonably go in the investigation of nonlinear 

problems of the kind under consideration. 

There has been in the past little success in the quantitative or even 

qualitative prediction of the transient phenomena, so that particular 

attention is paid to this subject and to the influences on it of the initial 

conditions and phase-switching mechanisms. 

1.4 Statement of original work 

Except where specific reference is made to the work of others, the 

content of this thesis represents the results of original research carried 

out independently by the author. Particular attention is drawn to the 

quantitative agreement obtained between the theoretical and experimental 

results, under both transient and steady-state conditions, and to the fact 

that devices of practical utility, rather than idealised models, have been 

considered. 
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CHAPTER TWO 

2. The Mathematical and Physical Environment of Subharmonic  

Oscillators  

2.1 Linear resonators and oscillators  

Linear stationary-parameter oscillators and energised resonators are 

superficially alike since both contain a resonant structure and a source of 

power. However, they differ in several important respects. In general 

terms these are: 

(i) The resonator must be supplied with alternating power, whereas 

the oscillator derives energy from a real or virtual negative damping 

sustained by a d.c. power-supply. The oscillator therefore requires 

some means for coupling the source of power into its resonant circuit 

but the directly-energised resonator does not. 

(ii) The behaviour of the linear resonator is described by the 

differential equation 

y 
00 	v 

+ icy + y = x(ti) = X.sin V '17, 

This has the sole periodic solution 

(2.1) 

y(T) = 

  

X 

 

. sin (VT- E ), 	(2.2) 

    

y/(1-1)2  (cy)2  

 

where tg E = 1 -":12  
k 

Multiples or submultiples of the driving frequency y cannot occur. Thus the 

frequency of the oscillation induced in a linear time-invariant resonator is 

always the same as that of the energising source. The solution (2.2) also 

shows that the amplitude and phase of the oscillation are uniquely determined 
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by the amplitude X and frequency -v of the forcing function and by the 

damping k. Equation (2.1) describes an Energised Linear Resonator with 

Stationary Parameters. This is a non-autonomous system in the sense that 

the vibrations die away if the excitation x(17,) is removed. Otherwise a 

steady-state solution exists. The amplitude of y(%) can be infinite for 

resonance (1)  =1) and no damping (k=0), but this is not a physical cases  

and does not affect the argument. The amplitude and phase of the vibrations 

in a linear stationary-parameter oscillator, on the other hand, are com-

pletely independent of the characteristics of the system. The differential 

equation of a linear oscillator is independent of the variable (e.g. 

voltage, current, charge) chosen. It is of the form 

09 	o 
y - 2ky + y = O. 	 (2.3) 

This represents an autonomous system. The phase of y is arbitrary since 

there is no reference phase, and the amplitude of y increases exponentially 

without limit. The frequency of oscillation, however, is fixed at 

") 11 k
2 	

(2.4) 

Thus the linear resonator is a physically realisable system, but the 

true linear resonator is not. In a real oscillator the amplitude always 

limits at a value defined by some nonlinearity in the damping, no matter 

how weak that nonlinearity may be. The canonic model of a real oscillator is 

the generalised van der Pol equation 

y + rJ(y).3,- 	y = 0. 
	 (2.5) 

fj(y) is a nonlinear damping function, negative for small y and positive 

for large y. This is an autonomous equation and has a steady-state solution 

of defined amplitude but arbitrary phase. 
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2.1.1 Negative Damping 

The concept of negative damping was found useful by Page39  in explain-

ing the behaviour of certain oscillators containing negligible nonlinearity, 

and by Whitehead4°  in treating the transient behaviour of the super-

regenerative oscillator. In the latter case the device can be regarded as 

linear until nonlinear dissipative limiting of the amplitude "suddenly" 

occurs. In cases such as these, the differential equation will have the 

form of (2.3), whether the oscillation is due to a real negative resistance, 

such as a suitably-biassed tunnel diode, or to a virtual negative resistance 

caused by positive feed-back. 

Negative damping has also been invoked to explain the behaviour of sub-

harmonic oscillators, but seems to have given rise to misleading ideas in 

this context. In particular it has not led to a satisfactory explanation of 

the strong inter-relationship between the amplitude and phase in these 

devices. 	In particular, the results so obtained cannot be extrapolated to 

account for large-signal phenomena. 

The possibilities of the concept will be investigated in more detail in 

Section 4.2, Chapter 4. 

Attention will now be directed to linear systems in which non-harmonic 

oscillation is possible. 

2.2 Linear systems with periodically time-varying parameters  

In the previous section we have considered linear systems with time-

invariant parameters. It was seen that in the case of resonators, the 

oscillation takes place at the driving frequency, and that in the case of 

•••J 

oscillators, the vibrations occur in the vicinity of resonance, 1) = 1.0. 



and by replacing sine by cosine, so that (2.6) becomes 

A.2 
dz2 

(a - 2q cos 2z)y = 0. (2.7) 
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If the oscillator or resonator contains nonlinear damping, up-harmonics can 

be excited, but subharmonics can only be obtained in systems having non-

constant reactance or restoring force. Two kinds of non-constant restoring 

force are possible: those which are periodic functions of time 

f(t) = f(t + T), where T = one period; 

and those which are functions (linear or nonlinear) of the displacement 

(voltage, current, etc.). 

In this Section we consider linear systems with periodically time-

varying restoring force, or reactance. The classical example of such a 

system is the Mathieu equation. For our purposes this may be written in 

the form* 

V+ y(1 - X.sin 21)Pr) = 0. 	(2.6) 

This equation can have up-harmonic, fundamental or subharmonic oscillatory 

solutions of order one-half for, roughly speaking, less than -a-, equal to 

or near unity, respectively. The exact conditions for oscillation, 

however, depend on the pump amplitude X as well as the frequency V . This 

is shown in Figure 2.1, which indicates the regions of the (l),X)-plane 

within which -th-order subharmonic and harmonic oscillations can occur. The 

solutions within these regions are unstable in the sense that the amplitude 

of the oscillation grows without limit as time increases. 

* 	Equation (2.6) can be expressed in the canonical form by means of 

the transformations 

X = 	
1 

a , 	= 	= z 
vra— 
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As we have remarked above, the solutions of the Mathieu equation are 

well known, and certain aspects of them are qualitatively similar to the 

results obtained from experimental balanced parametrons. The only physical 

devices obeying Mathieu's equation accurately are those in which the 

"restoring force" is directly controlled by the external force. An example 

is a resonant circuit containing a capacitor with plate-separation 

mechanically varied in such a way that the following law is obeyed: 

c(V) = C(0). (1 - X sin 21)t)-1, X< 1, 	(2.8) 

However, the high-frequency parametrons with which this thesis is 

concerned contain reactances which are essentially functions of the 

"displacement" and their behaviour can be predicted accurately only when 

this dependency is taken into account. 

Goto28 has somewhat arbitrarily used the Mathieu equation as a basis 

for explaining the behaviour of experimental parametrons. The poorness of 

this approximation becomes evident when Figure 2.1 is compared with 

Figure 2.2 which shows the regions of instability of a typical experimental 

parametron. Moreover, since the Mathieu equation is linear, no steady- 

state oscillatory solution can exist, neither is amplitude hysteresis*  

predicted. For these reasons Goto has empirically modified the Mathieu 

equation by the addition of damping and nonlinear terms, resulting in 

y + ky + y(1 + a + (3y
2 - X. sin 21) T) = 0 
	

(2.9) 

in order to account for the experimental results. Good agreement was still 

not obtained. 

See Chapter 6, Section 
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oscillator, after Sterzer.  . 
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The distinction between the oscillator and the externally-excited re-

sonator becomes obscure in a linear system with periodically time-varying 

parameters. Such a system can be regarded as "a resonator plus a forcing 

function" or equally well as "a resonator plus virtual negative damping". 

It resembles a resonator in that the external signal alternates, but differs 

from it in two ways: 

i) the phase angle of the oscillation is related to that of the 

periodic forcing-function, 

ii) the amplitude of the oscillation is not limited and can grow 

without bound. This behaviour is similar to that of a linear oscilla-

tor with constant parameters and negative damping. 

Equation (2.6) is a special case of the more general linear differential 

equation with periodically time-varying coefficients 

f1(V).7 + f2(''0; + f3
(U).y = 0. 	(2.10) 

Thecoefficientsf.are all periodic functions of eu: 

rtf.(T) = f.( +1) 	j = 1, 2, 3, 

where T is the period of the forcing function. 

We shall see later that some of the nonlinear differential equation 

models of real parametrons can be expressed in Linear Time-Varying form as 

a first approximation, but the results of any analysis conducted on this 

basis will apply only for very small signal amplitudes. 

2.3 Nonlinear systems 

The parametrons to be investigated in this thesis are all characterised 

by nonlinear differential equations. At this point it is important to draw 
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a distinction between true subharmonic oscillation and the so-called "sub- 

harmonic oscillation" of autonomous systems. True subharmonic oscillation, 

or resonance, can occur only in linear or nonlinear non-autonomous systems. 

The other type of oscillation, however, is due to the synchronisation (or 

entrainment) of a self-running system to a submultiple of the frequency of 

an external signal. Confusion between the two phenomena seems to exist in 

the literature. This may be due to the superficial similarity between them. 

An example occurs in Hayashi 1  . 

True subharmonic resonance can only take place in non-autonomous 

systems of the general type 

- 1(Y, x(iT,)) + i*, 1- 4 2(y, x(t)) + (1-3(y, x(t) 	= 0. 
(2.11) 

This equation must fulfil the following conditions. 

(1) The forcing function must be periodic: 

x(V) = x('1; + 
2  
- ), 

where T is the period of the induced oscillation. 

(2) The forcing function x('10 must be present in at least one of the 

functions (̀,1 or 1 	" 4- 3.  

(3) No sustained oscillation may take place in the absence of the forcing 

function. 

Differential equations which have subharmonic solutions will be of the 

type (2.11), but it does not follow that all such differential equations 

necessarily have subharmonic solutions. 

It is easy to see that (2.11) includes linear differential equations 

with time-varying coefficients,of the general type (2.10). 	A specific 

example is the modification (2.9) of the Mathieu equation used by Goto„ for 

d2 

dt2 



which 

A4-1 = 

2 

(4 3 
T = 

Y 

ky 
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y(1 + 

2n 

2 
4' (3Y - x(rt) ), 

 

and the three conditions are fulfilled. 

A typical nonlinear example is the generalised Duffing equation 

2; + ky + 4- (y) = x(91) 	(2.12) 

where (S(y) is a nonlinear function. In this case 

1 = .1 	y  

J2 = ky 

13 	= "- (y) - x(T) , 

and T can again be chosen to fulfil condition (1). 

An example of (2.11) which obviously does not have a subharmonic 

solution is the linear stationary-coefficient differential equation (2.1) 

for which 

Y 

ky 

y x(T) 

and all three conditions can still be satisfied. 

The spurious subharmonic oscillation, which is in reality subharmonic 

synchronisation, occurs in autonomous systems characterised by the general-

ised van der Pol equation 

c'f+ t\l(y).Y 	Y = x(%)- 
	

(2.13) 

Here rl(y) is a nonlinear damping function which is negative for certain 
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values of y. It is evident that condition (2) is violated. Since the 

damping can be negative, self-oscillation is possible in the absence of 

x(T), so that condition (3) is not fulfilled either. 

Subharmonic synchronisation in a system described by a canonical van 

der Pol equation with forcing function 

x(%) = X.cos 24)T,+ X 
 

and nonlinear damping 

J(y) = - C(1 - y2) 

has been treated theoretically by Hayashi, Shibayama and Nishikawa42. They 

showed that for the case 

X
o = 0.5, E= 0.2, 

which implies a rather weak nonlinearity, subharmonic synchronisation of 

order one-half is possible over a narrow range of requencies near V = 1.0. 

It can be seen that the entrained oscillation will have two possible 

stable phases, n radians apart, with respect to the phase of the alternating 

part of x(t). Furthermore, if the system parameters are such that self-

oscillations just fail to occur, then under certain circumstances they can 

be "triggered" on by the application of x(1). To a certain extent this 

behaviour does resemble true subharmonic oscillation and could be used for 

the storage of binary phase-coded information in a similar way. This 

suggestion might form a basis for further research. 

The celebrated and much-quoted paper of Mandelstam and Papalexi43  

despite outward appearances, also deals with subharmonic synchronisation of 

this kind. It treats the case of a valve feed-back oscillator obeying an 

equation of the form (2.13) with a nonlinear damping term 

A-4(y)  = 	(ay .1. by2 	cy4)i 
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which is positive for small y and negative for large values of y. Their 

paper deals particularly with the case in which the system is not in a state 

of self-oscillation and is turned on by a synchronising function x(t) having 

the frequency 21) where Vis near unity. 

In subsequent work in this thesis we shall find that the differential 

equations of practical parametrons all conform to the type (2.11) and obey 

the associated conditions. In some cases it will be seen that the non-

linearity is contained in the function 7.1  rather than in (4.3. 
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CHAPTER THREE 

3. Nonlinear Reactive Elements 

3.1 Physical nonlinear reactive elements  

In the previous Chapter it has been remarked that periodically time-

varying reactance per se is, in general, inadequate for the construction of 

high-frequency parametrons. The practical "non-mechanical" parametrons with 

which this thesis is concerned must contain nonlinear reactance. Nonlinear 

dissipation may be present also, but is to be regarded as an undesirable 

parasitic, contributing nothing to the generation of subharmonics. This may 

be contrasted with the situation in frequency multipliers. Multiplication 

can be achieved through the use of either nonlinear reactance or nonlinear 

dissipation, although the efficiency of the frequency conversion will be 

much reduced in the latter case.44 

We shall now consider what physical nonlinear reactive elements are 

possible for use in parametrons and shall discuss factors leading to the 

choice of a type suitable for use in high-frequency devices. 

Subharmonic oscillations can be excited in almost any resonant system 

containing nonlinear reactance, so long as the system as a whole has a 

sufficiently high quality factor Q. The magnitude of Q, which is properly 

a quantity relating to linear systems, and is somewhat ill-defined in non-

linear systems, will set an upper limit to the frequency at which the para-

metron can be operated. 

Practical nonlinear reactive elements are either inductive or capaci-

tive; to a first approximation these can be regarded as duals of one 

another. To a higher approximation, the duality generally fails, since 
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infinitely many nonlinear characteristics are possible. First let us con-

sider nonlinear inductive elements. 

3.1.1 Nonlinear inductive elements  

Inductors which owe their nonlinearity to saturation effects in iron 

or ferrite cores have been used extensively in Japan. For example the 

MUSASINO-1 parametron computer described by Goto
26 and others

25 
used such 

inductors wound upon "binocular" two-hole ferrite cores in balanced para-

metrons. However, although these parametrons proved to be extremely reliable, 

it was found that the hysteresis losses in the cores limited the maximum 

usable pumping frequency to about 2 Mc/s, and that the highest computer 

clock-frequency was about 6 Kc/s. In a later Japanese parametron computer26 

designated PC-2, the corresponding frequencies were 6 Mc/s and 100 Kc/s 

respectively. 

Kaufman and Pfeiffer45 have reported an inductive parametron in which 

the coil is wound upon a cylindrical anisotropic thin film of permalloy 

depodted on a beryllium-copper conductor: The permeability of the film 

is made to vary in sympathy with an axial pumping current and a time-varying 

inductance results. If the permeability was a linear function of the pump-

ing current, the device might be expected to obey Mathieu's equation quite 

closely. However, as in other inductive devices, saturation effects will 

inevitably introduce nonlinearities, and hysteresis losses will limit the 

frequency of operation. It was found that a parametron using this kind of 

inductance could be pumped at 20 Mc/s, making possible a clock frequency of 

300 Kc/s. These frequencies are somewhat greater than those possible with 

the earlier inductive parametrons, but still not as high as those obtainable 



in "conventional" computers. 

Because of their restricted frequency capabilities, a detailed in-

vestigation of parametrons employing nonlinear or time-varying inductors 

has not been undertaken in the present work, 

Nonlinear capacitive elements  

One possible kind of nonlinear capacitive reactance is the barium 

titanate capacitor. This is a "conventional" capacitor which uses a ceramic 

containing BaTiO
3 

as the dielectric material, The nonlinearity of the 

capacitance arises from the dependence of the permittivity of the dielectric 

upon the applied voltage. These capacitors are very lossy and are not 

suitable for high-frequency use.27 

Another type of nonlinear capacitive reactance which has been 

investigated46  is the barrier-capacitance of a selenium rectifier. The 

intrinsic rate of capacity-variation with applied field is reduced by the 

thin insulating layer in series with the p-n junction, and the device is 

suitable only for very low-frequency operation since the Q decreases to 

unity at about 1 Mc/s. 

A very much more promising device for use at high frequencies is the 

depletion-layer capacitance of a reverse biased silicon or germanium p-n 

junction diode. The theory of these diodes has been given by Shockley47. 

Their behaviour can be described quite accurately by means of the equivalent 

circuit48  of Figure 3,1. This consists basically of a parallel combination 

of voltage-sensitive capacitance C(V) and nonlinear conductance G(V), At 

high frequencies the series resistance R
s of the semiconductor material 

and the lead inductance L become significant. At very high frequencies, 
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Figure 3.1 - 
Equivalent circuit of 15-n junction varactor diode. 
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G(V) is swamped by C(V), and Rs  is the only loss element of any importance. 

The lead inductance L can be minimised by making the diode short and thick. 

If a suitable varactor is chosen, L can generally be neglected in practice. 

R
s is usually designed to be as small as possible. For the frequencies 

employed in the experimental work reported in this thesis its effect may be 

neglected. On the other hand, we shall see that G(V) can become important 

at such frequencies, particularly under conditions of heavy pumping, and 

therefore cannot always be neglected. 

In order to be able to treat the varactor as a nonlinear circuit 

element, mathematical models of the functions C(V) and G(V) are required. 

The characterisation of varactors in these terms is considered in the next 

Section. 

3.2 Characterisation of varactors  

.3.2.1 Nonlinear capacitance  

It is well known 36'47 that the voltage-dependence of the depletion- 

layer capacitance of a junction diode is given quite accurately by 

C(VB) = K(VB  + 0)-n  . 	 (3.1) 

Here VB is the external reverse bias applied across the diode, 0 is the 

"built-in" junction contact potential, n is an exponent between 0 and 1 

depending on the grading at the junction and K is consttln.c, governed by the 

geometry of the device. The curve defined by equation (3.1) is shown in 

Figure 3.2(a). The capacitance-law expressed in this form is not particu-

larly suitable for comparison with measurements on actual varactor diodes. 

For that purpose, it is advantageous to write the capacitance law in an 
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(a) Nonlinear capacitance law referred to the external bias voltage VB. 

C(V0) 

= 	K.V -n 
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(b) Nonlinear capacitance law referred to the total junction bias V0= Vi 

This representation is used in varactor measurements. 	+0 
N-n 	, V v  + V) 	= c(1+ 	), 

where Co= 

v—b- o 
(c) Nonlinear capacitance law referred to instantaneous external 

voltage v. This representation is used for analytical purposes. 

Figure 3.2 - Representations of the nonlinear capacitance. 



alternative second form: 

C(V0) = KV 
o
-n  (3.2) 

where V
o 

V
B + 0 is the total junction bias. The curve defined by this 

law is shown in Figure 3.2(b), Since C(0) = K0-n, the constant K can be 

eliminated, yielding 

[ 

V -n 

C(V0) = C(0) 1 	 (3.3) 

The exponent n is therefore given by 

n 
lg 

lg 

rc(vo
) L7-73 (3.4) 

 

- V 
O 

  

   

     

That is, n can be determined from the slope of the C(V
o
), V

o-characteristic 

plotted on log-log coordinates. If the varactor obeys the law (3.1), then 

the characteristic is a straight line. 

For specifically analytical purposes, a third variant of the nonlinear 

capacitance law is useful. In this case the origin of the voltage-axis is 

transferred to the total-bias point Vo, as indicated in Figure 3.2(c). The 

voltage variable is now considered to be v, the time-varying part of the 

voltage across the junction, and the law becomes 

C(v) = K(VB  + 0 + 

= C
o
(1 +

)""11 
V
o 

(3.5) 

where Co = KVo-n  is the small-signal capacitance at the total-bias point 

V . 
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5.2.2 Experimental verification of the validity of the assumed 

nonlinear capacitance law 

The small-signal capacitance C(V0) of several different types of 

abrupt-junction varactor diodes has been measured. The measurements were 

performed on a Boonton R-X meter for C(V
o) < 25 pF and on a Marconi Q-

meter for C(V
o) 5 25 pF, The reverse bias voltage VB was applied ex-

ternally and the peak-to-peak voltage across the diode was kept as small as 

was consistent with accurate measurements. This precaution is particularly 

important under conditions of zero or forward bias, since the incremental 

capacitance is then a strong function of voltage. If the amplitude of the 

alternating signal is too great, the measured capacitance will be in excess 

of the true value. In each case the magnitude of the junction contact 

potential 0 was fixed by choosing a value which gave the best fit to a 

straight line when the C(V 
o  )

1 V
o  - information was plotted on logarithmic 

coordinates. The exponent n could then be found from the slope of this 

straight line. The value of n is rather strongly dependent on the exact 

choice of 0. 

Figure 3.3 shows the measured nonlinear capacitance characteristics of 

typical examples of a number of different types of varactor diodes. A large 

number of examples were actually measured: only representative charadteris-

tics are shown here. In nearly all cases the assumed law (3.3) is obeyed 

accurately. The exception is the Transitron SC-1 silicon varactor diode: 

no value of 0 could be found which caused the experimental points to lie 

along a straight line. In addition, for values of VB  less than about 2 

volts, and for zero and forward bias, these varactors were found to be very 

much more lossy than the other types. For these reasons they were not used 
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in experimental work. 

As well as diodes specifically designed to be varactors, measurements 

were also made on a number of Mullard 0A-10 germanium junction diodes. These 

functioned quite well as nonlinear capacitors although their exponents n 

were only about 0.35. Since parts of the theoretical work (to be given) will 

assume that n = 0.5, these diodes were also rejected for experimental work. 

Most of the experiments have been carried out using the G.E.C. SVC 3 RE 

silicon varactors. These are relatively high-Q units and obey the assumed 

law from well into the region of forward bias to the onset of reverse break-

down. Their measured values of n average about 0.4, somewhat less than the 

theoretical value of 3  for abrupt-junction varactors.48  In spite of this, 

good agreement between theory and practice has been obtained. 

The representation of the nonlinear capacitance on the basis of 

its charge-voltage relationship 

For certain analytical purposes it will be desirable to characterise 

the nonlinear capacitance in terms of an instantaneous charge which is a 

function of the instantaneous voltage. Figure 3.2(c) shows the nonlinear 

capacitance law referred to the instantaneous external voltage v, with the 

origin placed at the total bias voltage Vo  = VB  +93 	The shaded area 

under the curve represents the increment of charge on the varactor junction 

due to a voltage excursion v. It is given by 

q  = ir C(v)dv 	co 	(1 V )-n dv 
o 

1-n. C V 
o o+ I - ) 	-1 

1-n 	o 
V 
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The inverse of 

v 	= 	Vo 

this is 

1-
V  
n 

1 

-1 (3.6) q + 1 yn C 	. ( 	

0 0 

which takes particularly simple forms when 

N n 	1+N 

where N is a positive integer. Expressions for v for these values of n are 

given in the following table: 

n v 

0 --- 	a linear capacitor. , C
o 

 

i 
+ 2  -1 VON. 

	

ev- 	1) 
o o 

2 
3 

V 1. 	1. ___q_ 	1  
C V 	

)3 ..1  1 
0[(5 

o o 

. 

. 

. 

. 

. 

. 

1 Vo  exp 647- 	- 1 
0 0 

If we perform the normalisntions: 

Y 	Vo 

z  = 
C V ) 0 0 

Table 3.1 
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r
(1-n)z + 1 11-n  -1 	0 < n < 1, 
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then 

Y = 

and the charge-voltage relations become: 

n Y 

0 z 

4' z(1 + 7 
1  
4.-  z) 

2 
-5 

1 1 
 z(1 + '5 z + 	 7 z2 ' 

4 
1 ,l + 3 zi- 	1-E5g  zk 	-8. 	z2 + 5.-6. 	z3) 

. 
• . . 

1 

1 
z(1 + i z +

1 
z

2 + 
24 

z3 + 

z 	, = 	e 	-.,_ 

	 ) 

Table 3.2 

Some of these nonlinear reactance characteristics are shown in Figure 

3.4. They are valid only for certain rnnges of z and y. The non-physical 

parts of the characteristics are shown as broken lines. 

The graded-junction varactor diode has a nonlinear capacitance 

1 characteristic with n close to 
3 - which is a value which does not occur in 

Table 3.2. The abrupt-junction varactor, however, has n close to I-, which 

is a value leading to the very simple expression for y in the second place 
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Figure 3.4 - 
Theoretical charge/voltage characteristics for 

varactors with various values of the exponent n. 
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of the table. 	It is desirable to use a varactor with the greatest .possible 

nonlinearity: the abrupt-junction varactor affords the largest rate of 

change of capacitance with voltage readily obtainable at the time of 

writing. Recently, however, experimental "hyper-abrupt" varactors have 

been reported,49 in which n is approximately unity over a certain range of 

reverse bias voltages. The possibilities of such devices are not explored 

in detail in this thesis, but suggest an interesting point of departure for 

further work, as will be indicated in Sub-Sections 5.5.2. and 5.5.3. 

3.2.4 Note on the mathematical model for the charge-voltage  

characteristic when n =  

The derived normalised charge-voltage relation for the case n = is 

1 z 	z2  4 
so that z is a two-valued function of y. One of the values is physical 

but the other is not. The non-physical part of the corresponding (y,z)- 

Lla characteristic is that for which the capacitance 	is negative. When one dv 

works in terms of the charge-variable z, it is necessary to reject any 

theoretical results corresponding to the "forbidden" part of the character-

istic. This is indicated in Figure 3.4 by a broken line. At the point 

.2.12 y = -1, dv  becomes infinite, approximating the behaviour of a real varactor. 

3.2.5 Nonlinear conductance  

Although the voltage-sensitive conductance G(V) is shunted out by the 

effective parallel capacitance C(V) at sufficiently high frequencies, at 

lower frequencies and for very large signal levels its influence may be 

important. It is therefore desirable to be able to treat it mathematically. 
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The conductance G(V) can be characterised adequately by means of the. well 

known diode law 

-A(VB+ v) i = Isle 	- 	. 

Here i is the total (direct + instantaneous) current flowing, Is  is the so-

called saturation current and VB and v are respectively the direct external 

bias voltage and the applied instantaneous voltage, both being defined here 

as positive for the direction of reverse bias. The quantity A is the 

reciprocal voltage qs/KT = 38 volt-1  at 25°C, where qc  is the charge on 

an electron, K is Boltzmann's constant and T is the Absolute temperature. 

In subsequent work we shall work in terms of the operating-point 

voltage 

V
o 

= VB + 0 , 

so that the diode law will be written in the form 

-A (vo- 0 + v) 
Isle 	- 1). (3.7) 
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CHAPTER FOUR 

4. Preliminary Investigation of Parametric Subharmonic Oscillators 

4.1 'Evolution' of parametron circuits 

4.1.1 introduction 

Contrary to the situation with linear circuits, little progress can be 

made in the understanding of nonlinear systems without consideration of 

specific circuits. A general theory embracing all circuit possibilities, 

particularly those involving more than one kind of nonlinearity, seems to be 

out of reach at present. Some elegant general results on the energy re-

lationships in dissipationless nonlinear systems have been obtained by 

Manley and Rowe
50 

and by Manley51. Some general theorems concerning the 

energy and co-energy in nonlinear lossless circuits composed of either 

capacitors or inductors (but not both) have been given by Cherry52. The 

power dissipated in nonlinear all-resistor circuits has been treated in an 

analogous way in terms of 'content' and 'co-content' by Millar53. Unfortun-

ately, these theorems do not apply to practical systems in which all three 

kinds of element are present. 

An additional complication in the study of non-linear circuits is that 

parasitic elements can cause a change of kind as well as of magnitude, 

unlike their behaviour in linear circuits. 

The selection of parametrons suitable for use as fast computer ele- 

ments must therefore be made on the basis of experimental evidence. 	The 

complexity of the analysis of individual circuits is such that the effort 

of treating systems of unknown utility is largely wasted. 
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4.1.2 Parametron circuits  

As indicated in Table 4.1, in which all dissipative elements have been 

omitted for the sake of simplicity, it is possible to trace the "evolution" 

of, and the relationships between, various kinds of practical parametron 

circuits from the starting-point of the Parametric Amplifier. The left-

hand column of the Table contains devices which employ nonlinear inductance, 

while the right-hand column contains those using nonlinear capacitance. 

These devices will hereinafter be referred to as inductive and capacitive 

parametrons respectively. 

The Parametric Amplifier consists basically of three linear sharply-

tuned circuits resonant separately to the pumping frequency f , the signal 

frequency f
s and to the difference frequency fp 

- f
s 
(the so-called idling 

frequency). These three resonant circuits are coupled together via a 

nonlinear reactance. If the signal frequency is made exactly half the 

pumping frequency, then the idling circuit may be omitted since f-f = f 
p s s 

If the pumping amplitude is large enough, subharmonic oscillations of order 

one-half can be excited in the "signal" circuit, resonant to fs. The result 

is the high-Q Degenerate Parametric Amplifier. It is referred to in the 

Table as the Type I Parametron. The external signal can be omitted for the 

moment: it will reappear later under the guise of the "phase-locking" 

signal. Because of the sharp tuning, the induced subharmonic oscillations 

will be reasonably sinusoidal and a small-signal analysis is satisfactory. 

This fortunate from a mathematical point of view, since the differential 

equation of the complete parametron is fourth-order nonlinear (equivalent 

to two simultaneous second-order nonlinear equations), the analysis of which 

presents severe difficulties. 
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At this point it may be remarked that certain of the inductive and 

capacitive parametrons on opposite sides of the Table can be regarded as 

rough duals of each other. Thus if the nonlinear capacitance can be 

represented by a series 

q(v) = Cov + t2v2  + t3v3  +  	(4.1) 

where q and v are the instantaneous charge and voltage; and the nonlinear 

inductance by a series 

I(i) = Loi +f 2i2 3  i
3  +  
	

(4.2) 

where 1.  and i are the instantaneous flux and current, then it can be seen 

that the nonlinear functions are in a sense dual. However, since the non-

linear coefficients 't andX. are not in general proportional to one 

another: 

t j 	const. 

the duality will be but approximate. 

Bloom and Chang35 have treated the case of a Type I Inductive De- 

generate Parametric Amplifier by a small-signal "high-Q" method, using the 

power series expansion (4.2) for i(i), truncated at the second term. 	Their 

results apply only for signal levels much lower than thoseencountered in 

parametrons, furthermore, in order to simplify the calculations, they do not 

consider the case in which the pump is detuned from resonance. 

Hilibrand, Mueller, Stocker and Gold36, while not being specific about 

circuits, have in effect studied an identical system, in their case regarded 

as a Type I capacitive parametron. Their results apply only very approxima-

tely to a practical device, and again detuning is not considered, 

The Type I Parametrons, which are Degenerate Parametric Amplifiers, can 
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be made to convert pump power into subharmonic power with good efficiency. 

However, they suffer from the severe disadvantage that the amplitude of the 

subharmonic oscillation is able to change only very slowly during a phase-

switching operation. This is because of the considerable energy-storage 

of the sharply-tuned resonant circuits which are needed to suppress 

practically and analytically undesirable harmonics. Behaviour of this 

kind is distinctly not what is required of a fast switching element. We are 

therefore led to consider how the amplitude transient may be speeded up. 

The resonant case treated in the references mentioned above is not an 

optimum condition for the production of fast transients, even in the absence 

of filters. 

The fast-switching requirement leads us to the Type II Unbalanced 

Double-Tuned Parametrons of the Table, in which some of the non-essential 

energy-storing reactive elements have been removed. However, the elimina-

tion of these elements means that in general a large number of unwanted 

harmonics will appear because the filtering is now poor. A reasonably 

accurate analysis will become exceedingly difficult. Nevertheless, 

Nethercot37 has used the method of Bloom and Chang to treat a Type II induc-

tive parametron as though it were of Type I. His results do not apply for 

the circuit considered because it cannot physically fulfil the conditions 

of the analysis. Thus he assumes that the small-signal part Lo  of the 

nonlinear inductance can, with a suitable pair of capacitances, be used to 

form two coupled high-Q resonant individually to 2fs  and fs. However, the 

total inductance can be regarded as linear only for vanishingly small signal 

levels. Therefore the assumption that an efficient filtering action can be 

obtained fails for any finite signal level, and the sharp-tuning approximation 
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is invalid. 

A further step in reducing the number of energy-storing elements 

results in the parametron circuits of Type III in Table 4.1. These consist 

simply of a nonlinear reactance and a linear reactance of the "opposite" 

kind, the circuit being "resonant" to one-half the pumping frequency. A 

Type III(a) inductive parametron has been studied by Hayashi21  and Type III 

(b) capacitive parametrons by Aiken and Finzi52  and by Hedderley53  although 

the latter author introduces additional energy-storing reactances into his 

lossless circuit. 	The Type III parametrons are extremely difficult to 

analyse since they suffer from the disadvantages of unbalance and lack of 

filtering in full measure: 	the subharmonic output signal is very non- 

sinusoidal and consists of the pump frequency, the subharmonic frequency 

and many harmonics of all orders. A typical example of the waveforms 

encountered in a Type III(b) capacitive parametron in which a varactor is 

used as the nonlinear reactance is shown in Figure 4.1. 

To sum up this far, we conclude that in certain circumstances, un-

balanced parametrons may be useful. However, if they are sufficiently 

sharply-tuned to be amenable to analysis, (Types I and II), then they become 

relatively useless as switching elements because the transients are so long. 

They may, however, make excellent frequency dividers, but this aspect does 

not concern us here. Type III unbalanced parametrons, on the other hand, 

have fast-transient capabilities, but are not readily treated by analytical 

methods. 

The problem is to obtain a reasonably sinusoidal subharmonic output, 

and at the same time to have as little energy-storage as possible. A 

solution is to add together two circuits of Type III in such a way that the 
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Figure 4.1 - Photograph of varactor.voltage waveform in a typical 

Type III(b) capacitive pammetron. 
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nonsinusoidal subharmonic outputs of each combine to produce an approxi-

mate sinusoid. This "adding" process is illustrated diagrammatically in 

Figure 4.2. Two different ways of adding together a pair of capacitive 

Type III parametrons are shown, resulting in the Balanced Types IV(a) and 

IV(b). Note that in these devices the orientation of the nonlinear reactive 

elements becomes important. We shall refer to the Type IV(a) capacitive 

device as a Balanced Series Parametron (BSP) because its varactors are in 

"series", and to the Type IV(b) capacitive circuit as a Balanced Parallel 

Parametron (BPP) since its varactors are in "parallel". 

These balanced parametrons combine the advantages of low energy-storage 

and reasonably sinusoidal output with several other virtues which will be 

discussed in Chapter 7. The present thesis is primarily concerned with these 

types since they afford a good compromise between practical utility and 

theoretical manageability. 

The Type IV(a) inductive parametron has been used26 as a computer 

element, but has not been treated theoretically except by Lavi and Finzi13, 

who perform a piecewise-linear analysis assuming a square-wave pump. The 

Type IV(a) capacitive parametron has been used in some experimental in-

vestigations32'
33 

but no theoretical explanation of the observed phenomena 

has been given. 

Type IV(b) inductive parametrons do not seem to occur in the literature, 

although the Type IV(b) capacitive parametron has been used in some sketchy 

experiments34. 

The balanced parametrons have the major advantage that they effectively 

isolate the pump and subharmonic circuits from each other, so that they 

interact only via the nonlinear reactances. This means that virtually none 
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Type III(b) capacitive parametrons. 
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of the pump frequency appears in the output and none of the subharmonic 

frequency in the input. Thus there is a self-filtering action which does 

not involve additional energy-storing elements. Furthermore, since the 

devices are balanced from the point of view of the subharmonic signal, only 

odd harmonics of the subharmonic frequency occur, thus improving the purity 

of the output, see for example Figure 4.3. 

In practice the balance of the BSP is, in general, somewhat inferior to 

that of the BPP, primarily because of the different effects of parasitic 

capacitances. These matters will be discussed in more detail in Chapter 6 

which deals with experiments on the steady-state behaviour of the devices. 

Suffice it to say for the moment that the BPP is inherently the better-

balanced of the two parametrons. 

4.2 First-order quasi-static theory 

Before we go on to consider parametrons in detail, it will be in-

structive to treat a typical device by means of an approximate small-

signal quasi-static method due to Hilibrand et a136. This method by passes 

the formulation of actual differential equations. The example selected 

here is the Type IV(a) capacitive parametron, or BSP, the basic circuit of 

which is given in Figure 4.4. 

The method is based on the expansion of the reactive nonlinearity in 

a power series about the total bias point V
o. Only the first two terms of 

this series will be retained. This at once restricts the validity of the 

analysis to small voltage excursions about Vo. By considering the voltages 

across and the currents flowing in this simplified nonlinear reactance, it 

will be possible to set up equivalent circuits for the parametron at the 
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(b) Detuned case: fs= 0.9wfo= 6.48 3./Tc/s,V = 0.9. VP= 1.0 v, 1.c= 2.02 v. 

Figure 4.5 - Photographs of typical -waveforms in brJ:. 
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Figure 4.5(c) - Small-signal amplitude-phase relationship. 
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various frequencies of interest. It will be assumed that the rates of change 

of amplitude and phase of the subharmonic voltage v
s developed across L are 

negligibly small: this is the quasi-static assumption. It is not necess-

arily fulfilled in practice, but will greatly simplify the calculations. 

It is assumed that there are no losses, that the transformer is ideal 

and that its ratio is 1:2 so that 

v3 	= v 	-v p  

The "accurate" varactor law is 

C(v) = C0(1 + 
0 

which is approximated here by its first-order expansion 

C(v) 	C
o
(1 - n i). 	 (4.1) 

0 

Now C(v) is by definition -4212  , so that the current flowing in a varactor is dv 

dv = C(v)'0' • dv • dt 

Therefore 
i1

= C(v
1)r1 

and 	
i2 = C(v2)1.72 • 

also 	v1  = -v + vs  P 

v2  = -v - v p 

so that the total varactor current is 

i = i
2 - i1 r2.4  Co(1 - n T

2  ).t.2 - Co(1 - n 	)ir 
Vo

1 
 1 0 

nC
o C

o(ir2- i1)+  2V 	
(v d 	2 - v  ) 

0 

	

dt '-1 	"2' 

-2C 	v (n 	+ 1) o dt 	s V 
o 
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In terms of the normalised quantities 

V 
0 

2 
vs 
V  

this reads 

i 	= 	-2C 
o  Vo dt — [y(n.x + 1)] 

Let us define the pump by 

x = X sin 2 wt = -jiX(ej2wt e-j2wt)  

and assume that the subharmonic can be approximated by 

31r  = Y sin(wt + 6) = -ji(Yiejwt  - Y: e-jwt) 

where 

(4.2) 

Y
1 

= YeJe  

Then 7(nx + 1) = -ji(Yiejwt  -Yi e-jwt)+ nX(Y
1  e
-jwt+ Y*

1 e
jwt) 

4  

in which we have rejected the cross-products Yle j3wt  and Y1' e-j3wt  since 

they have been tacitly assumed negligible in (4.2). Differentiation yields 

the approximate current flowing in the inductor L at the subharmonic 

frequency w: 

i = -2wC o Vo 
[(y ejWt+ Yi 	) 	

'jWt y* 
e

jwt 
\  

If this is divided by v = V03; we obtain the approximate equivalent 

admittance due to the varactors at the subharmonic frequency. This appears 

in parallel with L and written in the usual notation is 

= j2wC
o 

- nwC X 
o 1 

Yl  

= j2wCo  nwCo  V e-j20  _2 	• 
V  
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The first of these terms represents a capacitance of magnitude 200  while 

the second represents an admittance the nature of which depends on e. Thus 

it is a pure negative conductance for 6 = 0, n , a pure positive conductance 

u 	 7,1 for 	= ± -and becomes capacitive or inductive for 6 	or -  2 	
, 
	 = T-+ , - 4 	4 ' 

111 4  respectively. 

It is to be noticed that, strictly speaking, the solution obtained by 

this analysis is neither steady-state nor transient, but applies only to 

the conditions obtaining shortly after the instant of turn-on when the 

amplitude of the subharmonic is very small and is changing extremely slowly. 

The angle e can be identified as the phase with which the oscillation 

is initiated, and upon which subsequent events depend, as we shall now show. 

The equivalent circuit at the subharmonic frequency w,when 6 = 0 or 7E, 

is shown in Figure 4.5(a). It consists of a tuned circuit in parallel with 

a negative conductance and therefore gives rise to exponentially growing 

oscillations. If, on the other hand, 6 = t 7  , then the equivalent circuit 

is as shown in Figure 4.5(b) and now contains a positive conductance which 

leads to exponentially decaying oscillations. Such considerations enable us 

to draw a rough diagram of the way in which the small-signal amplitude may 

be expected to change with variations in the initial phase angle, as in-

dicated in Figure 4.5(c). 

It is possible to determine the net power generated at the frequency w. 

It is found that this also depends on 6. For e = 0 or u, the power generated 

is 
V V2  

w 	+ incoC 	, o Opn 	V
o 

but for 6 = f 
2  , power is removed from the subharmonic oscillation: 
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= 	inwCo . •. 

± 2 
V
o 

P
w is zero at the intermediate phases ±± 7- for which the device is 

purely reactive. 

It is possible to calculate the current flowing in one of the varactors 

and hence the admittance of a varactor at the pump frequency. The result 

is 
2 

- j2wC
o 
+ inwC

o 
Y1 

2w 	 X 

2 
j2wC

o + inwCo 
v
s 2 

V V 
o p 

that is, a capacitance Co  in parallel with a conductance 4 G aw  which is 

always positive. The power supplied by the pump is therefore 

2  
V 	 V 2V 

P = 	nwC0 • E--2 2w 	
G 
2w V

o 

since there are two varactors. This is equal to the power Pw  generated at 

the subharmonic frequency at the particular phase-angles 0 or n. Power-

balance occurs only at these phase angles. Conservation of energy there-

fore means that the small-signal subharmonic phase angle must tend to one 

or other of these values. 

The nonlinear reactance will generate harmonics of the subharmonic 

frequency w. Since the system is balanced, only the odd harmonics will 

occur. Thus if we include a term -j(Y3  ei3wt  - Y*3  e
-j3wt) in the assumed 2  

solution 5 to account for the third harmonic, the admittance appearing in 

parallel with L at the frequency w is found to be 

1 *  (1)  = j2wCo 	
Y + Y nwC

o
X 	1 	3 

Y1 

Pw 
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However, since the amplitude and phase of the third harmonic are not known 

in relation of those of the subharmonic, the present method does not enable 

us to discover its effect on the admittance - , and no advantage is to be 

obtained by its inclusion. 

To sum up, the method described here does indicate that the small-

signal equivalent circuit of a parametron is, in a sense, a function of the 

past history of the device. However, it has several serious shortcomings 

among which may be mentioned the following. 

(1) No steady-state solution is predicted. 

(2) The solution which is obtained fails to hold rigorously under 

transient conditions. For example, the equivalent circuit of Figure 4.5(a) 

suggests an amplitude solution 

y(t) = y(0).e'kt 

but such a solution violates the quasi-static assumption. 

(3) Detuned cases are not covered. 

It is therefore necessary to investigate other possible methods of attack. 

4.3 Piecewise-linear theory 

In the previous section the example of the BSP has been analysed by 

means of a small-signal quasi-static method. The results were found to be 

of very limited application. 	In this section the possibilities of the 

method of piecewise-linearisation will be investigated. 	For comparative 

purposes, the problem selected here is the same as the one treated in the 

last section. 

In the piecewise-linear (PWL) method the nonlinearity is represented 
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by a chain of straight-line elements. 	The greater the number of elements, 

the more accurate is the representation and the final result of the analysis. 

In the present case, the nonlinear charge-voltage characteristic of a 

varactor will be represented by a highly approximate model consisting of 

two straight-line elements, as shown in Figure 4.6(a). 	The varactor is 

supposed to have two possible states, the Z-state in which the capacitance 

is zero, and the I-state in which it is infinite. The properties of these 

states are summarised below. 

State Varactor 
capacitance 

Varactor 
voltage 

Varactor 
charge 

Z 0 v > - V
o 

q= 0 

I cx00 v 	= - V
o 

q < 0 

In the Z-state the varactor can have any constant charge without affect-

ing the results. The charge is here assumed to be zero for simplicity. In 

the following analysis, charge-storage effects are neglected. 

The previous section used an approximation, equation (4.1), to the non-

linear capacitance function which consisted of a single straight line on the 

(C, v)-plane. The slope of this line was a function of the exponent n, and 

the representation was valid only for very small signal levels. The present 

two-line representation, on the other hand, will apply only for large signal 

amplitudes. We shall not specify how large at this point. 
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Z-state 
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state 

Figure 4.6(a) - 

Idealisation of varactor 

voltage-charge 

characteristic. 

Figure L.6(b) - 

Physical circuit. 

V 
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Figure L.6(c) - 

Esuivalcnt circuit 

for Diecewise-

linear analysis. 
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Figure 4.6(b) shows the physical circuit of the BSP to be analysed. 

It is similar to that of Figure 4.4 but has in addition a series loss ele-

ment R in the pump circuit. It is found that this resistance must be 

included if the details of the large-signal waveforms are to be explained. 

A load RL  in parallel with the inductor L is insufficient for this purpose. 

The equivalent circuit is given in Figure 4.6(c). R appears twice 

because the input transformer is taken to be ideal and has been eliminated. 

The nature of the mechanism of the large-signal subharmonic oscillation 

will be clarified if at first the influence of the damping is neglected. 

The following sub-section treats this zero-damped case. 

4.3.1 The case of zero damping 

Three circuit equations apply for all possible combinations of the 

varactor states Z and I. The subscripts 1 and 2 will refer to quantities 

associated with the varactors C
1 and C2 respectively. The individual 

varactor voltages are 

vl  = vp vs 	- Vo 
	 (4.3) 

v2 = vP 
 - v

s 
 :7,7c; - V

o 	 (4.4) 

while the subharmonic voltage appearing across L is 

v = L(q2  qi) • 	 (4.5) 

Since there are two varactors, each of which can exist in two states, there 

are four possible parametron modes. 	They are: 

(1) 	the Z1Z2  - mode in which both varactors are in the zero-

capacitance state, 
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(2)  the Z.1'2  - mode in which the varactors are in 

(3)  the I
1
Z- mode different states and 

(4)  the I1I2-  mode 	in which both varactors are in the 

infinite-capacitance state. The behaviour of the parametron will be 

examined for each mode separately. Mode-sequencies corresponding to physical 

types of oscillation will then be determined. 

The pump will be supposed to be a perfect voltage source except when 

presented with a short circuit. In that case, zero output voltage will be 

assumed. 

4.3.1.1 The Z1Z2- mode 

This mode is characterised by ql  = 0 and q2  = 0. It follows that the 

subharmonic current is  = 42  - 41  is zero. Equation (4.5) shows that the 

subharmonic voltage vs  is also zero. The system is balanced, so that no 

power is transferred from the pump to the subharmonic oscillation. The 

pump voltage is impressed directly across the varactors. Equations (4.3) 

and (4.4) show that a necessary condition for the mode is 

p 
> - vo 

or in terms of the normalisations established in the previous section 

x > -1. 	 (4.6) 

This means that the negative excursion of the pump oscillation must not 

exceed the total bias voltage if the mode is to exist. 

4.3.1.2 The ZiI2- mode 

Here the varactor C
1 is in the zero-capacitance state while the varactor 

C
2 is in the infinite-capacitance state. The parametron is unbalanced and 
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pump power is transferred to the subharmonic frequency. 

voltages are 

The varactor 

vl 	= 	v
p 
+ vs 	- Vo (4.7) 

v2 	= 	vp - v 	= 	- V
o (4.8) 

while the varactor currents are 

41 (4.9) 

q2 	# 	0 • (4.10) 

Equation (4.8) shows that the subharmonic voltage is 

vs = v + Vp 	o 

or in normalised form 

y = x + 1 . 

For the particular pumping function 

x = X sin 2wt 

used in the previous section, this reads 

y = X sin 2wt + 1 . (4.11) 
Elimination of v

s from equations (4.7) and (4.8), followed by normalisation, 

indicates that the condition for the existence of the Z112  mode is again 

x 7 	- 1 . 	 (4.12) 

The subharmonic current i
s during the mode can be found from equation 

(4.5). Since ql  = 0, 

v
s 

= L•ci.  

so that 

E  sdt. 

In normalised form, the solution of this is 



where 
V 

its value at t = 0° 

= 
2wLi 

77 
= X(1 - cos 2wt) + 2wt + tc,;(0) 	(4.13) 

the dimensionless subharmonic current and (0) is 

4.3.1.5 The 11Z2- mode 

This is similar to the Z112- mode, but the Ales of the two varactors 

are now reversed. Proceeding as before, the subharmonic voltage is found to 

be 

y = - X sin 2wt - 1 

under the condition 

x > - 1. 

The subharmonic current is 

(F)  = - X(1 - cos 2wt) - 2wt - 	. 

(4.14) 

(4.15) 

4.5.1.4 The 1112- mode 

The fourth possibility is the mode in which both varactors are in the 

infinite-capacitance state. The varactor voltages are both fixed: 

vl = vp  + vs = Vo 

v2 = v - vs = - Vo . 

Addition of these equations shows that 

v 	= - Vp 	o 

or 	x = - 	 (4.16) 
which means that the pump is presented with a "short-circuiting" voltage-Vo  

and limits at this value. Subtraction of the equations shows that the 
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subharmonic voltage vs  is zero. Equation (4.5) then indicates that the 

subharmonic current is 
is constant during the mode. 

4.3.1.5 Mode-sequences  

If X < 1, no subharmonic oscillation is possible and the behaviour of 

the parametron is described by the Z1Z2- mode. At X = 1, oscillation 

consisting of an alternation of Z112  and 11Z2- modes "suddenly" commences. 

If X > 1, oscillation continues, but now 1112- modes appear interspersed 

between the Z112  and I1Z2- modes. 

Thus the simplest mode-sequence supporting oscillation occurs for 

X = 1. Let us consider this case. Since the system is balanced, it will 

be sufficient to consider only one subharmonic half-cycle. The other half-

cycle will follow by symmetry. In the Z112  mode, the voltage waveform is 

given by equation (4.11) and is shown in Figure 4.7(b). 

The current waveform is given by equation (4.13) which contains an 

undetermined constant 'g(0). It is possible to express this constant in 

terms of t1, the instant at which the mode commences. To do this, we first 

notice that the subharmonic voltage must obey the boundary condition 

y(t1) 	= - y(ti  + 	). 
	 (4.17) 

If equation (4.11) is substituted into this, the following expression for 

t1 
is obtained: 

sin 2wt1 = 	— . X (4.18) 

It is evident that t1 
cannot exist for X< 1. The next step is to formulate 

a boundary condition on the subharmonic current. Since this current flows 

in the inductor L, it cannot be discontinuous. It must therefore obey the 
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(b) Subharmonic voltage y. 

(c) Subharmonic current 
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0 	TC 	TC 	3 7 	W t 
2 

(d) Varactor voltage yl. 
Figure 4.7 - 

BSP waveforms predicted by the PWL method. 

Conditions: zero damping, X = 1.0. 

2 
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condition 

(t1) = -(t1  + .(71-c)  ). 	(4.19) 

This can be used to eliminate ;(0) from equation (4.13), yielding for the 

current 

(t) = X(cos 2wt1  - cos 2wt) + 2w(t - t1) 	n . 	(4.20) 

Finally, by putting X = 1 in equation (4.18), we find 

t1 = - 4w  

so that the solution is 

= 2wt - cos 2wt IE 
2 (4.21) 

The current waveform specified by this expression is shown in Figure 4.7(c). 
n Vo It should be remarked that the amplitude 20-7---L - of the un-normalised current 

is a function of the frequency w, whereas the amplitude of the voltage is 

not. 

If the pump amplitude X is increased beyond unity, 1112- modes appear 

between the Z112  and 11Z2- modes. The oscillation is now described by the 

sequence 

-Z1I2  -1112  -I1Z2  -1112  -ZiI2  - etc. 

Since y is zero during the IiI2- modes, the boundary condition (4.17) still 

applies. Equation (4.18) for the time t1  at which the Z112- mode begins 

therefore remains valid. The current `g is constant during the I1I
2  modes, 

so that the boundary condition (4.19) can no longer be applied to the Z1I2- 

n mode. It can be seen by symmetry that 	must be zero at t = 1-70  . Equation 

(4.13) then gives 

(t) 
Z1  I2  2 

= 2wt - X cos 2wt - -2- . (4.22) 
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Figure 4.8 shows the various waveforms in the BSP calculated for the 

case X = 3,0. The waveforms arc very similar to those observed experiment-

ally under conditions of heavy pumping. This may be seen by comparing the 

predicted voltage and current waveforms of Figure 4.8(b),(c) with the 

photograph of Figure 4.9. 

Figure 4.10 shows the theoretical and experimental relations between 

the pump amplitude X and the subharmonic amplitude Y. For the present case 

of zero damping, the theoretical (X,Y)-profile is. independent of frequency. 

In practice, the shape of the profile does depend on the frequency to some 

extent, particularly near resonance, V = 1.0. However, resonance implies 

"small-signal" operation, for which the PWL method is inappropriate. If 

the subharmonic frequency is do-tuned sufficiently away from resonance, the 

shape of the (X,Y)-profile becomes relatively insensitive to frequency 

variations. The experimental profile in Figure 4.10. was measured for 

such a detuning,l) = 0.6. It can be seen that the agreement with theoreti-

cal predictions is surprisingly good, considering the extreme approximation 

made concerning the nonlinear reactance characteristic of the varactors. 

Certain differences between the theoretical and practical curves should be 

pointed out. 

(1) The experimental profile exhibits hysteresis, whereas the 

theoretical result does not. It is apparently necessary to invoke damping 

if this phenomenon is to be explained by the PWL method.* 

(2) The slopes of the profiles are similar in the range 

1.0 .4: X < 2.0 , 

although theory predicts a larger subharmonic voltage amplitude than is 

* We shall see in Chapter 6 that another theoretical approach predicts 

hysteresis even in the lossless case. 
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(a) Pump voltage x. 

y4 

(b) Subharmonic voltage y. 

(c) Subharmonic current 'S . 

/ 	1 	i  
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	 t>. 

(a) Varactor voltage yl. 
Figure 4.8 - 

BSP waveforms predicted by the PWL method. 
Conditions: zero damping, X= 3.0. 
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Subharmonic 
voltage v

s 

subharmonic 
current 

Figure 4.9 - 

Subharmonic voltage and current waveforms for a typical 

practical BSP. ( Photograph). 

Experimental circuit: 

SVC 3RE silicon varactor diodes, 

R = 50 2, 

resonant subharmonic frequency fo  = 4.67 Mc/s. 

Operating conditions: 

Frequency of operation fs  = 2.8 Mc/s, 

:.f 
s 
 /f 

o
=5) = 0.6, 

pump voltage amplitude V =1.0 volts, 

total bias voltage Vo  = 0.7 volts, 

X = 1.43. 
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PWL theory 

,-o- 

Experiment/  
1 

Figure 4.10 - 

(X,Y) - profile for typical experimental BSP ccmoared 

with curve given by PWL theory for the case of zero- 

damping. 

Experimental circuit:  

SVC 3RE silicon varactor diodes. 

R = 50 2 (internal resistance of pump). 

fo 
= Resonant subharmonic frequency = 4.67 Mc/s, 

fs = frequency of oscillation = 2.8 Mc/s 

fs/fo  = v = 0.6.. 

V.0= 0.7 volt. 
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Observed in practice. The difference can be attributed to degradation of 

the performance of the physical parametron because of 

(1) dissipation and 

(2) the use of varactors with a reactance characteristic 

less nonlinear than was assumed in the theory. 

(3) The amplitude Y of the theoretical profile increases linearly 

as X increases, but the experimental curve falls to zero at X = 2.55. The 

abrupt cessation of oscillation is caused by dissipation due to forward 

diode-conduction in the varactors. This nonlinear damping becomes 

important only for fairly large values of X. 

4.3.1.6 Transient response in the case of zero damping 

In the present lossless case, theory predicts that if the pump voltage 

is suddenly applied to the parametron, the oscillation immediately commences 

at its steady-state amplitude. This is at variance with the experimental 

observation that several cycles of subharmonic oscillation are required for 

the amplitude to build up to the steady-state value. It is evident that 

transient phenomena cannot be explained by the PWL method unless damping 

is included. 

4.3.2 The case of finite damping 

In the foregoing sub-section the possibilities of the PWL method have 

been explored for the lossless case. Several shortcomings were apparent, 

some of which were due to omission of the damping. Let us now attempt to 

find the corresponding results when the pump-circuit resistance R is not 

negligible. 
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The parametron can still exhibit four different modes, as in the loss- 

less case. The no-oscillation Z1Z
2 
 -mode is unaffected by the introduction 

of Rp. The unbalanond
2  and 11Z2

-modes, however, become more difficult 

to treat theoretically because of the appearance of the time-constant L/R . 

The 
12-mode is also influenced by this time-constant, but can be dealt 

with quite simply because the output terminals are disconnected from the 

pump in this balanced condition. 

The equations corresponding to (4.3) and (4.4) for the varactor volt-

ages are now 

vl = vp 
v
s 
- R

p 
1
1 	

- V
o (4o23) 

v2 	v
p 
- v

s 
- R

p 
4
2 	

-Vo, 

 

(4.24) 

while equation (4.5) for the inductor voltage remains unchanged. 

The calculations will be considerably simplified if time, frequency 

and current are normalised with respect to the time-constant L/R : 

./ = R• t -R_ , a dimensionless time-variable, 
L 

the dimensionless frequency, 
p 

R q 
...) = 	_P..... , the dimensionless current. 

Vo  

These three quantities have specialised definitions in this sub-section. 

For this reason they are primed to distinguish them from the similar, but 

differently defined, quantities used elsewhere. (Thus 't and It are defined 

with respect to the resonant angular frequency wo. Such a frequency does 

not exist in the present case). 

The Z1Z2-mode equations are the same as in the lossless case, while 

the equations for the Z.112, I1Z2  and 1112- modes are derived in Appendix 4.1. 



(4.28) 
(4.29) 
(4.3o) 

= x - y + 1 

y> -(1 + x) 

y = y(0) e-T72  

= - 2y 
(4.34) 
(4.35) 

12-mode 

Z_ I2  -mode 

I 	/ 

2%;}C 	/ . aV
ire +cos

rC  
Y 	,2 	2virEl  + y(0) 2V'X 	, e- 

1+41) 	 1+41/ 

I Z -mode 

2v'X  
ic 2v; sin 2y/97'  +cos 21)CG/  

1+4v 

= -(x + y + 1) 

y < 1 + x 

e 

-(4.31) 
(4.32) 
(4.33) 

y (0)+  EY- 17a  
1+4y 

The complete set of equations is summarised below for convenience, 

Z1Z2  -mode 

Subharmonic voltage y = 0. (4.25) 

Subharmonic current = 0 (4.26) 
Constraint 	: x > - 1 (4.27) 

The "initial conditions" y(0) in the above expressions are to be 

interpreted as being defined separately for each mode. 
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4,3.241 Mode-sequences in the case of finite damping 

The simplest conceivable mode-sequence leading to subharmonic oscilla- 

tion is again an alternation of Z112  and 11Z2  modes. Let the Z1I2-mode 

/ 	/ 	n begin at 97
1 and end at 97 + -/ . At these instants the subharmonic 

	

'1 	,,,,, 

currents must be equal and opposite, giving the following boundary condition 

corresponding to (4.19). Substitution of equation (4.29) into this yields 

/ 	n 	n x(cU1  ) - y(rU1  )+ 1 = - x(9:1  + v) + y(nE1  + -v,) -1 (4.37) 

There is a similar boundary condition on y at the beginning and end of the 

mode: 

= - y("4.  + 
n 
,) • (4.38) 

If y is eliminated between this and (4.37) there results 

x(re) + x(rei  + 	+ 2 = 0. 	(4.39) 

With the assumed function for x(%), this gives for the instant at which the 

mode starts 

X.sin 2v rc
1 + 1 = 0. 
	 (4.4o) 

If X> 1, then in one complete pump-cycle there are two possible values of 

rul  which satisfy this equation. Experiment indicates that actual values of 

1  /  lie in the range 

- n
' 4 Ta. 

2V 

for the particular mode-sequence considered. The least pump amplitude which 

will support subharmonics is again X = 1.0. 



y ( ft ) 
2v 1 X 
1-1-4y/2 

To find the voltage solution, the 

(4.28) can be expressed in terms of T1 
solution for y during the Z1I2-mode is 

1- 

2y: sin 2viTi  + cos 2v/T1  
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unknown constant y(0) in equation 

by means of (4.38). The complete 

-R/V' (2v: sin 2v/T+ 

found to be 

(T1-it ) 
2e 

1 + 
/, 

cos2vT 1 
-/ 

starting at the amplitude 

Y 	
n iv --1.

‘
Cr

lf 
= 	2  (2V:sin 2VIT/1+ cos 2V(17/1  ) tanh 1+14Ai 

Equation (4.40) is of the form 

y(* i*C) = A. sin (2vV + E ) + B.e-rt  

W 

(4.4o) 

(4.41) 

Thus the voltage waveform is composed of a sequence of segments, each con-

sisting of the sum of a sinusoid and a decaying exponential. The coeffici-

ents A and B are such that the boundary conditions are satisfied. 

Figure 4.11 contains voltage and current waveforms calculated according 

to equations (4.40) and (4.29) respectively for two different values of y/. 

The smaller value corresponds to heavy damping and/or low frequencies, the 

larger to light damping and/or high frequencies. The functions t B.e 

have been superimposed upon the voltage waveforms in order to clarify the 

manner in which they are built up. These theoretical waveforms are very 

similar to those encountered in practice. As an example, Figure 4.12 shows 

typical experimental voltage and current waveforms for a case in which 

damping due to R is important. This photograph should be compared with the 

calculated results of Figure 4.11(c) and (d). 

Figure 4.11 also illustrates the point that if X is kept constant at 

the value 1.0, and if the frequency v is reduced, then the peak amplitude 

Y of the subharmonic voltage also decreases. This is in accord with 
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10.2 

-0.2 
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(a) 
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• 
2 

(b) 

Calculated subharmonic voltage (a) and current (b) for the 
case X = 1.0, V= 1.0. • 

(c) 

(a.) 

_0%4r[ 0 	 311 2172 

Calculated voltage (c) and current (d) for the case X = 1.0,17'= 5.0. 

Figure 4.11 - Waveforms in BSP with finite damping. PWL method. 
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Subharmonic 
voltage vs  

Subharmonic 
current is 

A 

2.4 v(pp) 

7.0 mA(pp) 

Figure 4.12 - 

Subharmonic voltage and current waveforms in a typical 

BSP under conditions for which the damping due to R
P 

is important. (Photograph). 

Experimental circuit:  

Same as for Figure 4.9. 

ODerating.  conditions:  

Frequency of operation f = 2.8 Yo/s, 

therefore f s  /fo  = 1) = 0.6; 

pump voltage amplitude V
2 
 = 0.6 -colts, 

total bias voltage 	Vo = 0.7 volts, 

therefore X = 0.86. 

R = 50 2, L = 19 µH, 

therefore V= wI/Rp  = 6.7. 
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experimental observations. 

The good agreement obtained here is all the more remarkable when it is 

noticed that the calculated waveforms do not always satisfy the conditions 

(4.30) and (4.33). The interpretation of this anomaly must be that the 

initial assumptions upon which the theory is based are not strictly realistic 

ones. Thus the (q,v)-characteristic of a real varactor is less sharp than 

has been assumed here, so that in practice the varactor voltage excursions 

are not abruptly curtailed when the "infinite-capacitance" I-state is 

reached. 

The only way in which mathematical rigour can be achieved in the PWL 

analysis of a lossy parametron is to specify that the oscillation must 

always consist of the mode-sequence 

- 7.112  - 1112  - 1122  - 1112  etc. 

It was found in the lossless case that the duration of the I
1
I
2
-mode 

decreased to zero as X was reduced towards unity. In the present case, 

however, it is necessary for these modes to persist even for X = 1.0. 

The ensuing calculations are complicated by the fact that the starting- 

„/ . times of two different modes must now be determined (instead of just'L l). 

Indeed, it is found that the relevant times can be calculated only by 

solving a pair of simultaneous trancendental equations.* This would require 

The equations in question are 
( 
T.  To) - 1 - x(ru1) = (1+x(To) ) e 

and 
• rio)  = 2v / X  2(1+x(T0) -( - 
	

2(211.sin 2vtil+cos 2V0+1+x(el) [e-n4(-1 
1-1-4p 

where do  is the starting-time of an I1I2-mode and(C, of a 7II2-mode. Were it 

not for the factor .- in the exponent of the first equation, the solution 

would be a comparatively simple matter. 
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the use of graphical or numerical (computer) techniques. Since the object 

of the present work is to find purely algebraic explanations of the 

mechanism of subharmonic oscillation, this line of attack has been dis-

continued. 

4.3.3 Criticism of the piecewise-linear approach  

The primary advantage of the PWL approach is its ability to predict 

complicated waveforms. However, the nature of the mathematics associated 

with the method is such that it does not afford a suitable basis for the 

formulation of a more general or more accurate theory. In particular, there 

seems to be little prospect of the euergence of a useful treatment of the 

transient phenomena. 

4.4 Possible ways in which the differential equations of varactor 

parametrons may be formulated 

Up to this point, the mechanism of subharmonic oscillation has been 

investigated by two quite different approaches. The first, an essentially 

small-signal method, led to equivalent circuits for the various frequencies 

of interest. These circuits gave a useful intuitive picture of how the 

oscillations arise, but not to quantitatively realistic results. The second 

method, which was applicable only to the investigation of large-signal 

phenomena, gave remarkably good results for the steady-state waveforms and 

for the detuned (X,Y)-profile in the case of a lossless parametron. However, 

when dissipation was introduced, the method was not entirely satisfactory, 

and quickly led to analytical difficulties. 

Neither approach gave any prospect of an adequate treatment of the 
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transient phenomena. In the first method, the limitation was the quasi-static 

assumption. The second method gave no useful information about the transient 

response in the lossless case. In the dissipative case cycle-by-cycle trans-

ients would have to be computed numerically, a laborious and uninformative 

process. An analytical solution would certainly not be possible. 

The inevitable conclusion is that the problem must be attacked by 

means of the solution of differential equations. Attention will now be 

directed to this end. In order to establish a secure foundation on which 

to base more exact calculations, we shall in this section derive and discuss 

the differential equations of certain simple unbalanced parametrons. In the 

next Chapter, these will be extended to include the more useful balanced 

types. 

All parasitic (i.e. non-essential) elements will, for the moment, be 

omitted. They are important only when accurate results are required, and 

tend to complicate the simplicity sought at this stage. 

Contrary to the situation in a linear system, the nature of the differ-

ential equation of a nonlinear system depend, on the way in which it is 

formulated.54 Certain forms of the equation may be very much more amenable 

to reasonably accurate analysis than others. This point may be illustrated 

by referring to the simple nonlinear-capacitance parametron, Type III(b) of 

Table 4.1. 

For conveience, the circuit of this device is re-drawn in more detail 

in Figure 4.13. The instantaneous pump-voltage is v and the voltage across 

the linear tuning inductor L is vL. The instantaneous current 4 is the rate 

of change of the charge on the nonlinear capacitor C(v). For the sake of a 

concrete example, this capacitor is taken to be a varactor, oriented as 



vL  
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C(v) v 

  

  

  

Figure 4.13 - 

Idealised Type III(b) Varactor Parametron. 
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indicated by the diode symbol. The instantaneous voltage across the varact-

or is v. Finally, the circuit contains a series loss-resistance R to 

account for resistance in the pump source and other parts of the parametron. 

The following discussion will use the normalisations x, y and z for the 

pump voltage, subharmonic voltage and varactor charge respectively, as 

defined previously. 

By summing the voltages around the loop: 

L C 	+ RCo 	y= x. 	(4.42) 

Now let us put L C
o = l/wo

2
' wCR = k, and normalise the time-

variable: 

= (0ot, 

then 

d2z 	dz 
k dti  + y = x 

drt 
(4.43) 

which can be written 

00 
z + kz 	y = x, 	 (4.44) 

where the circles signify differentiation with respect to the normalised 

time. This equation superficially resembles a linear equation, but only 

because an explicit nonlinear relation between the varactor voltage y and 

charge z has not yet been introduced. This may be done in three different 

ways. 

(1) Let us take the varactor law in the form of equation (3.5), Chapter 3: 

C(v) = C
o (1 

v )-n 
V 
0 

(4.45) 

Let the variable for the differential equation be the varactor voltage v. 

T 	21a hen since 	= C(v) dv 



E  . . dTc  (1+x+)-n  

where now y = 

0 
(x + yA+ k(l+x+y)-n  (X 

This can be written more simply: 

( r ) + y=0, 
vL 
V .  

4 = C(v) 
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or z = (1+y)-n  ; 

so that the First Form of the differential equation is 

  

ci [(1+y)-n  y 	+ k(l+y)-n y + y = x() (4.46) 

 

where, for example, x(T) = X.sin avt for l-th-order subharmonic oscillations. 

(2) A second possibility is to take the same form of the nonlinear reactance 

law, but to lot the main variable be the voltage across the inductor, 

vL  = v - v . Then a Second Form of the differential equation is 

2 1 	d [ 	(14.3c4.3)1-1 k 	II + (14107)1-n] 
' 

4.  y= O. 1-n ' 	dre 1-n ' dT, 

(4.47) 

Notice that the pumping function x is now imbedded in the nonlinear parts 

of the equation. 

(3) The third and most interesting result is obtained when one works in 

terms of the variable q, the charge on the varactor junction. To this end 

we use the v = (q) representation of the varactor, as derived in Sub- 

Section 3.2.3, Chapter 3: 

-n v 	V
o 	

(1 V 
[ 

	

	
q + 1 

C  
o o 

  

- 1 (4.48) 

    

so that a Third Form of the differential equation is immediately 

 

1 

  

00 	0 

	

+ kz 	[(1-n) z + 11 1-n  - 1 = x('T) 0(4.49) 
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which is a special case of the generalised Duffing equation (2.12), Chapter 

2, and which is valid for 04.c n C 1. If n = 1, as is possible in certain 

recently reported varactorsiT then the v = 1-(q) law must be written (see 

Table 3.1, Chapter 3) 

. V  e 00 
-2-- . v 

0 

which results in the differential equation 

00 
z + 	ez + 	- 1 	= x(ti)  (4.51) 

Following the remarks of Sub-Section 3.2.3, Chapter 3,equation (4.49) 

becomes particularly simple for 

n = 1+N , N a positive integer. 

Thus if n = 1  2 	which is approximately the value for an abrupt-junction 

varactor, we get the equation 

0* 	0 	1 z + kz + z + - 4 z-2 = x(`G) 
	

(4.52) 

which is in the canonical form of the Duffing equation. 

Similarly, one can construct a table of differential equations for the 

--necial values of n: 

11 
	

(4.5o) 

,-- 
N n 

0 0 0 
z 
00 
 + kz 	z = x(17) 

1 .1. 
2 °2') 1 + k.  + z + T z2  = x(t) 

2 2 
7 3 

00 	0 	1 	2 	1 	_ z + kz + z + - z 	+ -- z 	- x(r) 3 	27 

• 
• . . . 

oo 1 

00 	0 	2 	1 3 z + kz + z + ilz 	+ -- z 	+ ... = x(r7) 
or 	3• 
Y + ld: + ez  - 1 = x(T) 

Table 4.2 
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The case n = 2 gives the simplest nonlinear equation in this Table. It 

is also the most important practically, since abrupt-junction varactors have 

n near 0.5 and give the greatest nonlinearity readily available. 

The two different "voltage" forms of the differential equation, equa-

tions (4.46) and (4.47),can be treated analytically only if the nonlinear 

functions are approximated by their truncated power-series expansions. 

This immediately restricts attention to small-signal operation because the 

approximation will fail as soon as the relevant normalised variable approach-

es unity (i.e. as soon as the voltage concerned approaches V0). However, 

the Third Form of the equation in terms of the charge variable z can be 

treated exactly (for the special values of n), and since no approximation 

need be invoked, the analysis will hold for large-signal operation with 

v 	Vo.  

Whatever may be the exact parametron configurations selected for de-

tailed study, the considerations of this section will apply to the extent 

that several different but equally valid differential equations can be ob-

tained for a single system, some of which may be more useful than others. 
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CHAPTER FIVE 

5. Differential Equations of Balanced Varactor Parametrons 

5.1 Introduction 

It has been remarked in Sub-Section 4,1.2 of the previous chapter that 

balanced parametrons have several practical and theoretical advantages over 

the unbalanced types. The rest of the thesis will therefore be devoted to 

a detailed study of certain balanced varactor parametrons which have been 

found by experiment to have good transient characteristics. 

It was indicated in Table 4.1 that two basic types of balanced varactor 

parametron exist. They were referred to there as the Types IV(a) and IV(b) 

capacitive parametrons. Following the nomenclature of Sub-Section 4.1.2, 

they will henceforward be referred to as the BSP and BPP respectively. 

In the first part of this chapter, differential equations will be 

derived for both types of parametron, assuming the C = 1(v), or "voltage" 

representation for the reactive nonlinearities. In order to predict the 

quantitative behaviour of actual parametrons, it will be necessary to include 

the effects of parasitic elements. These elements are primarily linear, 

although forward diode-conduction in the varactors constitutes a nonlinear 

parasitic and is difficult to treat. 	Subsequently, it will be shown that 

the two differential equations are sufficiently similar in form to be assimi-

lated into a single, more general, mathematical model. This generalised 

"voltage" equation will contain nonlinear functions which must be replaced 

by approximations before analytical solution can be undertaken. For this 

reason, the second part of the chapter is concerned with the derivation of 

mathematical models based on the v =71(q), or "charge" representation of the 
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nonlinear reactive characteristic of the varactor. It will be seen that 

under certain conditions this representation gives rise to differential 

equations in which the nonlinear functions do not require approximation 

before solution is attempted. The chapter ends with a discussion of methods 

for solving the derived differential equations. 

5.2 The derivation of the differential equation of the balanced series  

parametron (BSP) using the "voltage" representation of the capacitive 

nonlinearity 

The physical circuit of the BSP is shown in Figure 5.1(a). The pump-

ing voltage v is coupled via the transformer T to a resonant circuit con-

sisting of the two varactors C1  and C2  and the inductance L. GL  is the load 

conductance and VB  is the bias voltage external to the varactors. 

In order to construct an equivalent circuit suitable for analysis, the 

following five assumptions are made. 

(1) The pump generator v is taken to be an approximately zero-impedance 

source. 

(2) The transformer T is assumed to be ideal with 1:2 turns ratio and 

centre-tapped secondary, so that v appears twice in the equivalent circuit 

of Figure 5.1(b). 

(3) A varactor is represented by a parallel combination of a nonlinear 

capacitance and a nonlinear conductance defined by the laws (3.5) and (3.7) 

discussed in Chapter 3: 

C(v) = Co(1 + 
	 (5.1) 

and 	I(v) = I
s
(e 

-A(VB+ v) -1) 	 (5.2) 



Gll Cl  
C2 

T 

V 

V 

V„ V 

Figure 5.1(a) - Physical circuit of BSP. 

V 
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a 

Varactor_l. _ _ Varactor 2. 

 

Figure 5.1(b) - Equivalent circuit of BSP for analysis. 
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respectively, where 

2a C(v) = 	the incremental nonlinear capacitance, 
dv '  

C
o is the small-signal capacitance at the total bias point Vo

= V
B
+ 0 

I(v) = the nonlinear diode current, 

I
s 	= the saturation current and 

A 	= qe , where q
e is the charge of an electron, K is Boltzmann's KT 

constant, and T is the Absolute temperature. 

(4) The stray capacitances, which for moderately high-frequency operation 

have a pronounced influence upon the behaviour of the device, are lumped as 

a single capacitance Cs  in parallel with L and GL. 

(5) The storage of minority carriers in the varactor junctions is assumed 

to be negligibly small. 

These assumptions are concerned only with the process of setting up an 

adequate mathematical model of the device, and must be distinguished from 

the further assumptions which will have to be made when the resulting 

differential equations are to be solved. 

The nonlinear capacitance is defined by 

C(v) = dv 	 (5.3) 

so that the instantaneous current flowing in a varactor is 

dv 

	

1 = sla 	) c(v.  

	

dt 	'•dt 

If the variables are normalised thus: 

(5.4) 

	

y= s 	x = 	, 
V 	V 

	

0 	o 

= coot , (5.5) 

then, as is shown in Appendix 5.1, it is possible to write the complete 

differential equation of the BSP in the following form: 



KT 
C 	= nV o = ciVo (5.11) 

(1 B)3*()  + ILL.; y 

B . d2 
+2k 24- e-  . sinh cy = 0 2 El+x+Y)1-11-(1+x+y)1-1] +

27=17 	
cx . 

are 	 v.drt 

(5.6) 
This equation is valid for 	1. Here 

wo 
1 (5.7) 

 

 

L(2c 
0

C s) 
 

 

is the small-signal resonant angular frequency, 

B 2C 
 (5.8) 

 

2C
o 
 + C 

 

 

is a parameter to account for the effect of the stray capacitance, 

k 	w L Is
o 	

- AvB 	
(5.9) v  

is a damping parameter due to the load conductance and 

V 
 

is a damping parameter due to the conductance of a varactor diode, 

kL  = wo L GL 	 (5.10) 

is a normalised voltage parameter appearing in the nonlinear conductance 

function. The first three terms of the differential equation (5.6) corres-

pond to a damped resonator consisting of the linear elements in the para-

metron: Co, Cs, L and GL. The fourth term is caused by the nonlinear 

reactances, and appears in a form analogous to the corresponding part of the 

unbalanced equation (4.47), Chapter 4. The fifth term is a nonlinear damping 
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function to account for the varactor conductances G(v). This function con-

sists of two parts. The unsymmetrical part e-cx  occurs because the nonlinear 

conductances are in series from the point of view of the pump. The sub-

harmonic., on the other hand, sees these conductances in parallel, hence the 

presence of the antisymmetrical part sinh cy. 

As far as the generation of subharmonics is concerned, the pumping 

function x(rC) is coupled to the tuned circuit only via the nonlinear react-

ances. This can easily be seen by setting n equal to zero in equation 

(5.6). This has the effect of linearising the reactances. The fact that 

x remains in the nonlinear damping term is of no consequence here, since 

nonlinearities in the damping cannot give rise to subharmonic oscillations. 

The essential difference between the differential equations of balanced 

and unbalanced parametrons now becomes clear: it lies in the nonlinear 

terms containing the subharmonic voltage variable y. These terms are un-

symmetrical functions of y in the unbalanced parametrons but antisymmetrical 

functions in the balanced devices. 

5.3 The derivation of the differential equation of the balanced parallel  

parametron (BPP) using the "voltage" representation of the capacitive 

nonlinearity 

The physical circuit of the BPP is shown in Figure 5.2(a). 	The 

varactors C
1 

and C2 are now both connected in the same polarity, The pump 

v and the bias voltage VB are connected in series to the centre-tap• of the 

tuning inductance L, across which is the load RL. It is possible to use two 

separate inductors instead of L, but in general this leads to poor balance. 
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C2 

VB 

Varactor 2. 

RL 
	MAN 	 

	Qvs 

L/4 	LA 
f 

Iv 
l 

Figure 5.2(b) - 

Figure 5.2(a) - 
Physical circuit of BPP. 

Equivalent circuit of Bi-? for "voltage" analysis. 



(1 - B)Y+ kL.Y + y + 

B . d2 

1-n d%2  
d  + kv  . — [ dT 

-cx e 	 sinh cyl = 0 [(a.+x+-13,)1—n—(i+x4y)11 

* * 	Except that the resonant frequency is here 

(see Appendix 5.2). 

2 
0 	L(2C0  + Cs) 
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If L is a bifilar*  winding upon a toroidal ferrite core, very good balance 

can be obtained. Furthermore, there will be close-coupling between the two 

halves of L, which, although not essential for the operation of the circuit, 

will enable a considerable simplification of the theory to be made. 

The equivalent circuit of Figure 5.2(b) results from the following 

assumptions. 

(1) The pump source has zero internal impedance. 

(2) The two halves of L are perfectly coupled, so that M = 
1 L. 

(3) As in the case of the BSP, each varactor is represented by a 

and a nonlinear parallel combination of a nonlinear capacitance 

conductance. 

(4) The stray capacitance 

the two varactors. 

C
s 
is lumped in two equal halves across 

By making the same normalisations as were used in the previous section, 

it is shown in Appendix 5.2 that the complete differential equation of the 

device is 

(5.12) 

which is again valid for 0 	n 	1.0. 

Two wires are wound together on a ferrite toroid, the turns being 

spaced evenly around its circumference. 
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5.4 Generalisation of the differential equations  

If the differential equations (5.6) and (5.12) for the two kinds of 

balanced parametron are compared, it can be seen that they differ only in 

minor details. They can therefore be assimilated into the following single 

differential equation covering both types 

(1 — B)y 	lc") 	y + 

2 1 	, 	;.] + 	B 	d 	
4--x-2aY,1-n -a+x-ay)

1-  + akv.(1:6 e-cxsinh acy =0 
dq- 

(5.13) 

where [ a = 2 for the BSP, 

a = 1 for the BPP, 

This is of the general form of equation (2.11): 

1
3
(,,y) = 0 

discussed in Section 2.3, Chapter 2, with 

1(IS (x y) = (1-B)y 	1-x+ ay)l-n- i1 , 	1-n (1 	kl+x--21-ay)1-111 

(1
2
(x
'
y) = kg + k

ve
-cx  .sinh acy 

13(x1Y) = Y, 

and is of the type for which true subharmonic resonance can occur. 

5.5 The derivation of the differential equation of the balanced parallel 

parametron (BPP) using the "charge" representation of the reactive  

nonlinearity 

The analysis based on the v = (4-(q) representation of the nonlinear 

d2 

1-1-1(xPY;1 (c+.2(x'Y  
+ 

d 
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capacitance characteristic of the varactor is considerably more complicated 

than that based on the C = 66(v) representation. This, together with the 

fact that in practice the BPP is a more useful device than the BSP, suggests 

that it is advisable to restrict the detailed large-signal "charge" analysis 

to the case of the BPP. The corresponding analysis of the BSP follows very 

similar lines but does not lead to any new insights. 

The practical utility of the BPP resides largely in its very fast turn-

off capability. This can be achieved by simultaneously biassing both the 

varactors into forward conduction with a sufficiently sharp-edged pulse. 

The Q of the circuit is then reduced to the point where the subharmonic 

oscillations are quenched within about one cycle.* This will be discussed 

further in Section 7.5, Chapter 7 which deals with quantitative measurements 

on the transient phenomena and related practical details. 

We shall now derive a differential-equation model for the equivalent 

circuit of Figure 5.2b, based on the v = (q) representation of the non-

linear reactances. 

It is found that the expressions become exceedingly unwieldy if the 

nonlinear part G(v) of the varactor conductance is included in the theoreti-

cal model. It is therefore assumed that the parametron is never operated 

under conditions of appreciable forward conduction, and this is justified 

on the practical grounds that such conduction leads to excessive consumption 

of pump power, to distortion of the pump waveform and in particular to the 

degradation of the transient response. The presence of resistance R in 

series with the pump helps to inhibit the first two of there undesirable 

effects, since then the pump never sees a short circuit. Neglecting the 

see, for example, Figure 7.33. 
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nonlinear varactor conductance does, however, mean that the cessation of 

subharmonic oscillation at pump amplitudes which are large (compared with 

the bias voltage Vo) will not be predicted. 

In the course of the following derivation, use will be made of the fact 

that the v = c)-(q) expression becomes particularly simple if the exponent 

n is i, as has been seen in Section 3.2.2. In a subsequent section, the 

corresponding mathematical model for the case n = 1 will be obtained, since 

this gives the largest possible nonlinearity for a varactor, and may be of 

importance in the future. 

5.5.1 The case n =  

The complete equivalent circuit to be analysed appears in Figure 5.3. 

In terms of normalised charges and voltages, the reactance characteristics 

of the two varactors for the case n = i are 

y1 = 	( 	- 1) 
	

(5.14) 

and 
	z7  ( 	z7  + 1) . 	 (5.15) 

The subscripts correspond to those used in the Figure for the un-normalised 

quantities. It is shown in Appendix 5.3 that if there is perfect coupling 

between the two sections of the tuning inductor, then by working in terms 

of the sum of the varactor charges 

U = Z7 PM 	zi 	 (5.16) 

and the difference between them 

Z = z_ zl 

the following three equations are obtained: 

u = -4 (1 + 	) , 
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v 
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Figure 5.3 — 
Equivalent circuit of BPP for "charge" analysis. 
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(1-B).7 + (ikv  + kL)ir + y = B.z (5.19) 

030 if L(2C0  Cs) 
4 , the small-signal resonant angular frequency, 

and 

1 	d 	2 	21 	1, 2 	2, 
k .0 + B.x + ak (1-B) --(z + u /-1-(B+k k 	u I+ o p 	.dtc 	v p u u] = 0. 

(5,20) 

The parameters here are: 

2C 
 

2C + C_ 	wo 	 - 	2L Co, the stray-capacitance parameterj  

kp  = woCoRp1 the pump-circuit damping parameter, 

kv = wo L Gv, the linearised damping parameter due to the varactor 

conductances, 

= wo  L GL, the load damping parameter. 

By eliminating u, the sum of the varactor charges, between equations 

(5.18) and (5.20), it is possible to obtain a differential equation in the 

inductor voltage y and the difference z between the varactor charges: 

1 	° {--(1-B)z4z + p 4 4 [(1-B)y-Bd 1 
f(z;-yZ)) + Bz3x + (B+kvkp)( -- 16z5  -z

3 2 z) 

rx,Ypd = 0. 

(5.21) 

Equations (5.19) and (5.21) constitute the "charge" mathematical model 

for the BPP in the case where n = 	Ideally, it would be desirable to 
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eliminate the charge variable z between these equations. Unfortunately, 

this is not possible, and the pair must be solved simultaneously. Equation 

(5.19) is second-order linear, and prescribes the relationship between the 

charge and the voltage, while (5.21) is first-order nonlinear, and contains 

the reactance characteristic of the parametron in a non-approximated closed 

form. 

For a reasonable reverse bias voltage VB, 

I
s 

- AV
B G = 	e 	
<Cwo

L, V
o 

so that the damping parameter kv  can be neglected for conditions under which 

forward varactor conduction is avoided. 

The advantage of expressing the differential equations in the "charge" 

form (5.19) with (5.21), rather than in the "voltage" form (5.13), is that 

in the former case only simple integral powers of the variables occur and 

not fractional or irrational powers. For example, if n = 	a practical 

value for abrupt-junction varactors, equation (5.13) contains the nonlinear 

reactance function 1/1+x+iay 	- 4/1+x lay 	which leads to analytical 

difficulties unless expressed in approximate form. 

5.5.2 The case n = 1.0 

In the previous sub-section we have obtained the detailed "charge" 

mathematical model for a practical BPP in which the varactors are character-

ised by the exponent n = 2. We have remarked earlier that "hyper-abrupt" 

junction varactors have been realised in which n is approximately unity over 

a certain range of reverse bias voltages VB. Parametrons utilising varactors 

with this degree of nonlinearity may become important in the future since 

they should be both more efficient and have faster switching capabilities 



are respectively 

Yl 4. Y2 

and Y1 - Y2 = 

2(e2  cosh 2 — - 1) 

Y = -2 e2 	2 sinh — z 

(5.22) 

(5.23) 

than those employing varactors with n = 2. 

The "charge" differential equation for the simplest of the unbalanced 

parametrons, Type III(b) of Table 4.1, has already been derived for the 

case n = 1. It appears at the foot of Table 4.2 and is 

00 	0 
+ CZ  - 1 = X(nr) p Z 	k.z  

where k is a series damping parameter and x('.) is the pumping function. 

Turning now to the complete BPP, it is found that in place of equations 

(5.14) and (5.15), we have for the varactor voltages 
-zi 

Y1 	- 1 

+z?  
Y2 	- 1 

so that the equations for the sum and difference of the varactor voltages 

where u is the sum of and z is the difference between the varactor charges, 

as before. The result is that the first-order differential equation corres-

ponding to (5.20) is now 

(524) 

k 1:1311 + 2(1-B)Ii(e2  cosh f) +Bx+(B+kv  kp 	2 )(e2  cosh — 1 ) 

= 0,  

while the linear equation (5.19) remains unchanged. By eliminating u between 

equations (5.23) and (5.24) we finally obtain 

o o 
k [2B (2  - coth 	-2(1-B) 	coth + 11;y2 •• (1-coth2  ))1"  p y 2 

+ Bx - (B+k k )(1 + coth 	= 0. v p 	2 	2 

(5.25) 
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This, together with equation (5.19), constitutes the mathematical model 

of the BPP for the case n = 1. If (5.25) is compared with (5.21), certain 

similarities will become apparent. However, the former is so much more 

complicated than the latter that its solution will not be attempted here. 

It is included for the sakc. of conplotcncss. 

5.5.3 Comparison of the simplified "charge" equations for n =  

and n = 1 

The essential differences between the mathematical models for the cases 

n = i and n = 1 become clearer if a simplification is made. Suppose the 

stray capacitance and pump-circuit damping are negligible, so that B = 1 and 

k = 0. Then equations (5.21) and (5.25) become respectively 

y2 	2 
z  z3x - z2 = 0 	forn= 3  

and 	
. coth 7  + x - 1 =0 , for n = 1 . 

If, in addition, the dampings due to the load and varactor conductances are 

neglected, so that kv  and kLare  zero, then the linear equation (5.19) is 

just 

ocs 
y = z . 

This makes it possible to express the simplified equations in terms of the 

charge variable z only: 

(m2 _,_ ig A 
1 	2 	2 

Z 	Z (X - 1) = 0 for n = 

and 2 Z00 . coth 2— 	(x - 1) = 	0 for n = 1 . 
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Both of these belong to the general type (2,11). 	In the first case 

the relevant functions are 

   

(11 = 2 
= 0' 	= t z 	16  z + x - 1 

and in the second case 

= z,= 0 
2 	P 	f).. 	2(x -1).tanh l: 2 

5.6 Discussion of method for solving the differential equations  

In the absence of an exact solution, there are many ways in which a 

nonlinear differential equation might be attacked. The number of possibili-

ties is sharply reduced by the following requirements. 

(1) The solutions should be algebraic. Thus graphical or numerical 

solutions are to be rejected unless absolutely unavoidable. 

(2) Transient solutions as well es steady-state solutions are sought. 

For example the classical method of Poincare55  is applicable only to 

the discovery of periodic solutions of differential equations of the type 

y + y = x(t) +141(Y);), 

where x(rc is a forcing function and JA is a "small" parameter attached to 

the nonlinear and damping terms. The periodic solutions correspond to 

steady-state conditions. Under transient conditions, however, the solutions 

are non-periodic, so that methods of this kind must be rejected. 

The only simple approach which fulfils all the requirements is the 

method of slowly-varying amplitude and phase, also known as the method of 

Harmonic Balance. This involves the assumption that the solution can be 

written as a Fourier series of harmonic terms 
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y = 

c.50. 

Yer). sin 

[y 

[1\19% 	eN(T) 

N'V't + 	YcN(rC).cos 

(5.26

ao 

 

NVd (5.27) 

foT=0 

11=0 

where the amplitudes Yri(t) and phases 6N(rt) are unknown functions of time 

to be determined. This solution is substituted into the original differ-

ential equation. The coefficients of sin W)T and cos WT are then equated 

separately to zero, resulting in a set of equations in Ysll  and 
cN 

 and 

their derivatives and powers. The slowly-varying amplitude and phase 

assumption is that 

a 
YN<e-N1) 	• 

11 

This means that the rate of change of the amplitude and phase of each term 

is small compared with the associated frequency. Consequently all deriv-

atives of order higher than the first, and all products of first-order 

derivatives are to be neglected. The result is a set of first-order 

equations for the rates of change of amplitude and phase: 

Y 	
lN ( Y1' Y2 

81
, 82' csi ' 	 ) 

6N = 	( v 
J2N 	'11  Y2' 	 , 81' 82' 

 

) 
(5.28) 

  

where 	= 1, 2, 3, .... 
In principle this (infinite) set of equations is soluble for the amplitudes 

and phases of the frequency components. 

In practice it is not possible to retain an infinite number of terms 

in the assumed solution. If it is known in advance ( e.g. from experimental 

evidence ) that the solution is nearly sinusoidal, then a few terms or even 

a single term of the Fourier series may be sufficient. If such an approx-

imation is made, all cross-product terms in frequencies greater than the 

highest frequency in the assumed solution must be neglected. 
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In general the original differential equation will contain "arbitrary" 

nonlinearities. An example is equation (5.13). In order to apply the method 

of Harmonic Balance it is necessary to expand such nonlinear functions into 

power series. Mathematical feasibility usually demands that these series be 

truncated after a few terms. This approximation leads to errors unless the 

signal level is very small. In certain cases, however, for example equation 

(5.21), the nonlinearities appear as simple powers and since no series 

approximation is required, solutions can be found for large signal levels. 

The forms (5.26) and (5.27) of the assumed solution are inconvenient 

when the differential equations to be solved are at all complicated. Math- 

ematical simplicity is achieved by writing the solution in the form 
co 

y = 	j)I(rC).- 	3 ) 

where i(Nvrc+ eN(T)) a = ge 

Instead of equating the coefficients of sin lavtand cos limn separately to 

zero, the same result is obtained with much less effort by equating the 

coefficients of (a + a*) and j(a. - a*) separately to zero. 
N N 

Equations (5.28) for the rates of change of the amplitudes and phases 

of the frequency-components of the solution will be referred to as the 

Intermediate Solution. The steady-state solution is found by equating all 

the time-derivatives to zero. In order to find the transient solutions, 

however, the set (5.28) must be solved as it stands. Since the functions 

(1- 	and 2N 2N are generally nonlinear, exact solution is seldom possible 

and further approximate methods must be invoked. 
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CHAPTER SIX 

6. Steady-State Phenomena 

6.1 Introduction 

This Chapter is concerned with the steady-state solutions of differen-

tial equations of real balanced parametrons. It begins by approximating 

the nonlinear functions in the generalised "voltage" equation to the point 

where analytical treatment becomes possible. The solution of the equation 

is then obtained and compared with measurements on typical balanced para-

metrons. The possibilities and limitations of this small-signal result are 

discussed. Next, the detailed "charge" differential equation is solved. No 

approximation of the mathematical model is required in this case. The 

Chapter ends with an investigation of the improved accuracy of the result, 

with particular reference to large-signal operation. 

6.2 Approximation of the generalised "voltage" differential equation 

for solution 

It has been pointed out in the previous Chapter that the analysis of 

parametron-models based on the C =r4(v) representation of the nonlinear 

capacitances involves the use of two different kinds of approximation. 

Firstly, there are the approximations concerned with the simplification of 

the "exact" differential equations to the point where it is feasible to use 

the chosen method of analysis. This stage of approximation is not always 

essential. In certain cases the nonlinear functions may already exist in 

the form of simple integral powers. Again, they may be of a type suitable 

56 
for direct treatment by, for example, the Ritz-Galerkin Method. Secondly, 
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there is the approximation which is introduced when particular assumptions 

are made about the nature of the solution. Such assumptions always have to 

be made unless the nonlinear differential equation in question can be 

solved exactly. This is seldom possible. The errors due to these separate 

causes tend to be multiplicative, producing drastically incorrect results 

for conditions under which they are both important. 

The generalised "voltage" differential equation.  describing the 

behaviour of both the BSP and the BPP, which was derived in Section 5.4, 

must now be reduced to a suitable approximate form. If the analysis is 

restricted to the case of small-signal oscillations about the total bias 

voltage Vo, then it is possible to replace the nonlinear functions by their 

truncated power-series expansions about Vo. The results obtained by this 

procedure will apply only when the relevant variables of expansion are less 

than unity, otherwise the power series will fail to converge and the 

approximations will not hold. The nonlinear reactance function appearing 

in equation (5.13) can be expanded as follows: 

11-n 	Al-n (1 + x + ay)  1-n (1 + x 	ay/ 

[I(x+ay)r- (x-iay)r  I . n• 	-n -s) = 
s=1 

= ay nxay + in(n+l)rx2ay+ 11.7(ay)3] - in(n+1)(n+2)[;3ay+ tx(ay)3]+..., 

(6.1) 

where a = 2 for the BSP and a = 1 for the BPP. 

The nonlinear damping function can be expanded in the following 

manner: 

1 

r=1 
	r! 
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-cx e 	sinh 1 eay = 

00 00 

(-cX)r(; ca 
2s+1 f  

 

x2ay+ 21(ay)31-  tc3  x3ay+ •34-x(ay)3  

  

=1.4ay - cxay + 1o2  

  

  

   

   

(6.2) 

It is interesting to observe that the expansions (6.1) and (6.2) of the 

reactive and resistive nonlinear functions differ only in their coefficients. 

If they are both terminated somewhat arbitrarily at the third power, so as 

to avoid excessive mathematical complication, the following approximate 

nonlinear differential equation is obtained: 

> 
r=0 
	t 

	

s=0 	r (2s+1) 

d2 Si?+k0Er+y+ 2 —Ectxy +p(x2y+i--2-a2y3/ ]  dtt 

+ 2 -d7u  [ 	 fy• xy + 	2 	
12 y + — a2  y- 31 -1 

 = 0, 

which is valid so long as the conditions 

I x I < 1 

(6.3) 

2 aY 1 	I < 1 

are both fulfilled. 

The constants appearing in this equation are defined below. 

The coefficient 
-1\v 

ko = ki,  + 1  c a
2 k

v 
= w L(G

L 
+ 1  2 	 2 a

2A I
se 	B) 

is a parameter containing (a) the effects of the load damping ..0 lc,=wo  L GL  

and CO the component of the nonlinear varactor damping due to the bias 
I
s  - AVB  voltage VB, namely, kv= coo  L 	e 	. The parameters V
0 



a = Bn = 	Bh (n+l) 4 
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are coefficients of the nonlinear reactance function, while 

1 
2a x 
	1 3 2 

= 	c a x, 	8 = 	c a 

are coefficients of the nonlinear damping function. 

The first three terms of equation (6.3) relate to the linear oscilla-

tory system which results when all the nonlinearities and time-varying 

parameters are eliminated. The first square bracket contains the approxim-

ate reactive nonlinearity; the second the approximate resistive nonlinearity. 

The sign of x has been changed in (6.3). This is permissible since x has 

not yet been defined. 

It may be remarked in passing that if the voltage variable y is 

sufficiently small, the terms in y3  may be neglected, so that equation (6.3) 

becomes linear with time-varying coefficients: 

in Section 2.2, Chapter 2. 

6.2.1 Discussion of the validity of the approximate differential 

equation 

From the point of view of the output signal, the resistive nonlinearity 

is a hyperbolic-sine function of voltage. It is therefore a much more 

'violent' function than is the reactive nonlinearity. This means that the 

nonlinear resistance does not become important until the voltage excursion 

is quite large, but then "suddenly" dominates the device behaviour. Thus 

I [ 
+ 

2 

cr,
2 [(1 + 2ax + 2px2) y + 2" (k 2yx + 28x2) y 

drr.; 	o 	+ Y ' 0, 

(6.4) 

which is a practical example of the form given in equation (2.10), discussed 
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it can be seen that the truncated series approximation to the resistance 

function will, in general, be considerably less valid than the approximation 

to the nonlinear reactance function. If the signal-level is small enough, 

the approximation to the resistance function can be regarded as satisfactory. 

However, the influence of the nonlinear resistance will be slight under 

such conditions. Moreover, for moderate values of reverse bias voltage VB, 

the nonlinear resistance may be neglected altogether, since then kV, which 
- AYB 

6.3 Steady-state solution of the generalised "voltage" equation 

In finding an approximate solution of equation (6.3) for the case of 

subharmonics of order one-half, the requirements of the section relating to 

the transient response (Section 7.3) will be anticipated. It will be 

assumed that the normalised voltage y can be approximated by 

yelo.sin(N`c + e(`t) ), 	(6.5) 

where the amplitude Y(cL) and phase e(T) are unknown functions of time, the 

phase being referred to that of the normalised pumping voltage 

x = X.sin 2WU 	 (6.6) 

which is taken to have zero phase-angle. 

In order to solve (6.3) by the Harmonic Balance method, it is necessary 

to calculate the following nine quantities: 

is proportional to e , becomes extremely small. 

7 
g, 
Y 

. 
Y 

- (4)°  (xi) b  

— (x2Y)°  (x2,4y)°°  

- (Y3)°  )°° (3r
3 

(6.7) 
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This can be done in terms of conventional trigonometrical Cartesian 

coordinates 

Y
s
ft) 	e(Y.) 

and Y
c
(t) 	= Y(t).cos e(t) 

so that (6.5) is 

Y 	= 	Ys
(%).cos VT + y

c
(cr).sinvru 

However, the use of these coordinates leads to extremely long and tedious 

calculations. Considerable simplification of the process results if 

complex-polar coordinates are employed. 

Thus (6.5) becomes 

-j y(%)(a - a*  ) , 	 (6.8) 

iNT+ 0('"v)  ) where a(V) = e 

and the pumping function (6.6) is now given by 

x 	= -j2X (a2e-j20 	120 2 eja • (6.9) 

The nine quantities indicated in (6.7) are calculated using (6.8) and 

(6.9) and the following quantities are rejected; 

(1) a3, d3 a5 e5, because they correspond to harmonics 3v and 
5 19, which are assumed by (6.8) not to occur; 

($0 00 oo 2 02  
(2) Ye, 0, Y, 

0 
 Y , because it is assumed that the amplitude and 

phase of y change slowly with time, so that all second derivatives and 

products of first derivatives are negligible. The cohditions for this are 

I g I << 1? 	and 	$ 

and experiment indicates that these should be fulfilled for the turn-on 

transients in practical parametrons. 
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It is shown in Appendix 6.1 that if the resultant nine quantities (6.7) 

are substituted into equation (6.3), and the coefficients of (a + a ) and 

j(a - a ) are separately equated to zero, then the following pair of equa-

tions is obtained: 

2i 9  [1.113(X2  + 	.Y2) 	+ (V +0) ko+8(X2  + i-Y2) 	+ 
2 	0 

1.1 
+ X. cc (26- )+ y y cos 20 + X, 2a V. i +- 1(N 26) sin 20 = 0, 

(6.1o) 

and 

-- [-jk
o  + b(X

2 
Y 	) 	- V (1) +26) l+fl(X` + -g

2 
 Y2)

-  

+ 1 + 
Y 	 ,  

-1))+ y.. y ] sin 20-X 2alq + y(V 20) cos 20 = 0 
[ 	

ci7 	0 
+ X. aN (2(1  

(6.11) 

The immediate objective is attained by setting the time-derivatives 
0 	0 
Y and 0 equal to zero, so that the equations for the steady-state solution 

are 

a2 A) 	2 ko +1,8(X2  + 8 Y ) -1)2cc X.cos 26 +Ty X.sin 20 = 0 ,(6.12) 
2 (10 2_1)+ ,020(x2+ 	_2)  and 	I+/V2a X.sin 20 -Ty X. cos 26 = 0, 

(6.13) 

which are of the form 

-A.cos 20 + B.sin 2e + C = 0, 

A.sin 20 - B.cos 28 + F = 0, 

Elimination of 0 gives the steady-state amplitude solution 

A2 + B2 = C2 + F2 

while the steady-state phase-solution is 

tg 20 = 	AF-BC  CA-BF • 

(6.14) 

(6.15) 



('V2-1)+koSj) 1 ('V
2_1)2+(,,,k0)2 

2 2 	2 2 
00 + 8 	+ 8 

(6.19) 

126 

In terms of the quantities in equations (6.12) and (6.13),equation 

(6.14) gives: 	 2 	2 — 	 2 
(VX)2  [(av•2 	

2 2 a2 2 	.1..,,2R + 6(x2+  ft....  y2 ‘1 ) 	+Ar . Ley2-1)+0) (X + -8— Y d 	 ) 	• r 	0 	'' 
(6.16) 

This can be solved for Y to yield 

1-- (a024.72 	.---0,1cc:v2 8,(1_,FT2 p(1-'V-olco 	2  
Y2=  ; 	 

a 

	

	
2 2 - ).92 	(0,,02 62 X 

(N)
2
4- 6

2 	
(PV) +8 

(6.17)
- 
 

which applies for both the Balanced Series Parametron and the Balanced 

Parallel Parametron. The "Frequency Characteristic", or the boundary of the 

region on the (y,X) -plane within which half-order subharmonics are possible, 

is given by putting aY = 0 in equation (6.16): 
(40c)2 [I (ov)2+1, 	0)242 4.1

2 

This expression is independent of "a" and therefore applies for both BSP 

and BPP as it stands, although it must be remembered that the three damping 

parameters k0, rf and Swill not be the same in the two cases. Equation 

(6.18) yields the following rather complicated explicit expression for X(v): 

[lc 	450c1 2 

(6.18) 

2 1LaV)24-16-[0(1)2-1)+kod 
X r: 

(131))
2 	

8
2 

A reasonably simple phase solution does not occur unless the nonlinear 

damping terms '' and 8 are small (i.e. the varactors are not driven into 

forward conduction), in which case A =1)2aX and B = 0, so that 
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tg 20 = 	, 

or making use of the amplitude solution, which is now A2 = C2 + F2 

tg 26 = ± 	(g)2  - 1 

= ± 	 1 	 (6.20) 

which is independent of "a" and Y. A corresponding Y-independent ex-

pression for the phase can be obtained for y and 8 not small)  but is very 

much more complicated than this. Rearrangement of equation (6.20) shows 

that the curves of constant steady-state phase-angle on the (9,X)-plane are 

the rectangular hyperbolae 

,V X 	= ± ko . sec 26 • 
	(6.21) 

a 

If the nonlinear damping terms y, 6 are neglected, the following 

expression for the (1),X,Y) amplitude-solution is obtained in place of 

(6.17): 

Y2 

}

- X2 	(6.22) 

while the (1),X) Frequency Characteristic (6.19) becomes 

2 14 X = 1 (11) 	p - , 2 	(11 
2 ,  

PV 

2 

	

1-e 	1 (a12 ko 

	

2 	T ‘13' 	aV 	. 

(6.23) 

The results obtained above may be expected to agree with practical 

measurements when the following three conditions are simultaneously ful-

filled. 

(1) The pump amplitude must be limited: I XI < 1. 
(2) The subharmonic voltage amplitude must also be restricted: 

I < 
 
• 
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(3) The subharmonic frequency must be near the resonant frequency 

of the parametron: 	•) #:3' 	1. 

6,4 Comparison of the steady-state solution of the generalised "voltage"  

differential equation with experiment 

The parametrons investigated in this thesis have been designed to have 

resonant frequencies in the vicinity of 5 Mc/s, The choice of such a fre-

quency means that the inductive components are physically small and easily 

constructed. At the same time the complications of operation at much higher 

frequencies are avoided. The present theory should apply equally well to 

parametrons operated at higher frequencies so long as the circuits can be 

regarded as being composed of lumped elements. 

In all cases the inductive elements consist of evenly-spaced turns 

upon half-inch diameter Ferroxcube toroids. Accurately centre-tapped 

inductors are obtained by using bifilar windings, that is, the two wires 

are wound together around the toroid. 

The steady-state theory developed in the previous section has been 

compared with measurements on a typical experimental BSP, the circuit of 

which is shown in Figure 6.1. The balance of this type of parametron is 

somewhat impaired by the presence of distributed capacitance between the 

windings of the unbalance-to-balance input transformer. The result is the 

appearance of a component at the pump-frequency in the output voltage across 

L. Considerable improvement could be effected by adding a trimming capacit-

ance as indicated in the Figure. An alternative procedure would be to 

interpose a grounded screen between the two windings, but this is not easily 

provided in the case of toroidally-wound transformers. 



SVC 3 RE 

Ferroxcube B 50 ,S?: 

p 

Pump 

V 

SVC 3 RE 

Lumped equivalent distributed interwinding 
capacitance of transformer and other stray 
capacitances. 

Unbalance- 	Balancing 
to-balance 	capacitor 
transformer 

Figure 6.1 - 
Circuit of exlrerimental BSP with method of 

neutralising stray capacitances. 
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Subharmonic 
voltage 



130 

The varactors used were G.E.C. type SVC 3 RE silicon junction diodes. 

The transformer was 18:18 turns quadrifilar wound (both primary and second- 

ary were centre-tapped) on a Ferroxcube B5 toroid, while the inductor L 

consisted of 48 turns on a similar toroid. 

The directly-measurable parameters of the device wdre: 

VB = 0, zero external bias voltage, 

V
o = 0 = 0.7 volt for silicon, 

C
o = 13.4 pF, approximately the same for both varactors, 

L 	= 18.7 1111, 

f
o 	4.39 Mc/s, measured by finding the frequency at which the least 

pump voltage was needed for sustained subharmonic oscillation 

and 

GL = 20 1.1 mho. 

The stray capacitance Cs, which has to account for all the strays in the 

circuit, could not be measured directly. However, it is easily calculated 

from 

C
s 	

1  
- 2 Co = 42,8 pF. 

(211f0)2L 

This is considerably greater than 2 C
o, so that the stray capacitance 

parameter is 
2Co 

2C C 
o s 

The nonlinear capacitance-law exponent n was approximately 0.44 for each 

varactor. 

From the above circuit parameters, it is possible to calculate the 

following quantities which will be required in the computation of the 

theoretical solution: 

B = 



131 

ko = 0.0102, the linear damping parameter, 

a = 0.0846, the first nonlinear capacitance coefficient, 

p = 0.0610, the second nonlinear capacitance coefficient. 

Figure 6.2(a) shows, for a considerable range of frequency 	and pump 

amplitude X, 

(1) the measured region of unconditional (soft) subharmonic oscillation 

of order one-half (the Frequency Characteristic) and 

(2) the corresponding theoretical region calculated according to 

equation (6.23). The two regions are dissimilarly shaded. The agreement 

is good for frequencies within ± 4% of resonance and for pump amplitudes X 

up to about 0.8. This region of agreement can be seen more clearly in 

Figure 6.2(b). For X> 0.8, the truncated series approximation to the 

nonlinear reactance function begins to fail. Furthermore, the onset of 

forward conduction in the varactor diodes, which has been neglected here, 

would cause the 'large-X' limit of oscillation to occur at a smaller pumping 

amplitude (for a given value of ,V) than the present theory predicts. For 

values of 1) less than about 0.95, the disagreement between theory and 

practice becomes quite severe, largely because of the approximate nature of 

the differential equation (6.3) upon which the theory is based. 

Figure 6.2(a) also shows he 'small-X' limit of unconditional (soft) 

oscillation as predicted by the piecewise-linear theory of Section 4.3, 

Chapter 4. A combination of this result for <0.95 and the present theory 

for V > 0.95 affords a reasonable approximation to the actual behaviour of 

the device. 

For a fixed value of 	equation (6.22) defines a curve on the (X,Y)- 

plane which is referred to here as the (X,Y)-profile. Figure 6.3(b) shows 
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such profiles, calculated for the same BSP as before. It can be seen that 

if ') < 1.0, the profiles are double-valued in Y for a certain range of 

X. Let us consider, for example, the particular profile for y = 0.98. If 

X is slowly increased from zero, there is no oscillation at all until the 

value Xpc  lying on the Frequency Characteristic is reached. At this point 

oscillation suddenly commences and the amplitude jumps to Y = YFC. For 

larger values of X, Y remains on this stable upper part of the profile, 

which corresponds to the positive internal root of equation (6.22). If X 

is increased sufficiently, Y decreases to zero again and remains zero no 

matter how large X becomes. If, on the other hand, X is steadily decreased, 

the upper part of the profile is re-traced until the "nose" (XN, YN) is 

reached. The amplitude then abruptly drops to zero. The part of the 

profile beneath the "nose" is given by the negative internal root of (6.22). 

Thus in the range 

XN  < X < XFc  

amplitude hysteresis occurs, a common phenomenon in nonlinear systems. 

Figure 6.3(a) shows the measured (X,Y)-profiles. It can be seen that 

hysteresis occurs as predicted. Quantitative agreement between the theoreti-

cal and actual profiles is obtained only in the region 

X < 0.75 

Y < 0.80, 

although they are qualitatively similar outside this region. 

The path traced out in (9,X0 Y)-space by the points (XN,YN) of the 

profiles will be called the 'nose-locus'. The equation of this curve can 

be found by setting the root in equation (6.22) equal to zero. The project- 

ion of the locus on the (V,X)-plane is therefore the curve 
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X2 = 
(ko  2 

Theoretical and experimental projections of the nose-loci are shown in 

Figures 6.2(a) and 6.2(b). In general, Y is large along a nose-locus, so 

that the agreement between the predicted and actual curves is good only near 

resonance (4)= 1). 

Three-dimensional (V ,X,Y)-surfaces for the amplitude response are 

given in Figures 6.4(a) and 6.4(b). In these diagrams the range of has 

been restricted to those values for which reasonable agreement between theory 

and practice is obtained. At lower frequencies the actual (X,Y)-profiles 

tend towards the shape predicted by PWL theory. See for example Figure 

4.10, Chapter 4. The surfaces of Figure 6.4 are remarkably similar in 

shape, particularly in the vicinity of resonance. The nose-loci are indicat-

ed by heavy dashed lines. 

Figure 6.5(a) shows experimental curves of constant steady-state sub-

harmonic phase-angle e. Phase angles were measured by observing the 

separation of the positive-going zero-crossings of the pump and subharmonic 

voltage waveforms displayed on an oscilloscope. The measurements are some-

what difficult to make at the experimental frequencies. This is particularly 

true for operating conditions which cause the subharmonic waveform to depart 

from the sinusoidal. The procedure adopted here was to judge the phase-

position of the fundamental component of the subharmonic waveform as 

accurately as possible by eye. The results of a number of independent read-

ings were then averaged. 

The corresponding theoretical curves of constant 0 are shown in Figure 

6.5(b). They were calculated from equation (6.21) and are in fact portions 

a9 	• 
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Figure 6.4(a) - • 

Measured (v,X,Y)-surface for 

experimental BSP. 

k
o 
= 0.010 

a = 0.085 

= 0.061 

•Pe 
r. 

1.5 

1.5 

'F6- 

Agure 6.4(b)- 
Calculated (v,X,Y)-

surface for the same case. 



0.6 

0.4 

0.2 

137 

- 40°  

• 
5' 

- 35°  • 

- 30°  

• 
• • • 

• 

1.0 

02 

1  

• • 

• • 
0.8 - 	•  

• 
• • • • 

_ 20°  
O° 

0.6 0- 
• 
• • 

0.4 - 

.95 	.96 	• 97 	• 9 8 	.99 	1.00 	1.01 	1) 

Figure 6.5(a) - Measured curves of constant steady-state phase-angle e 
for BSP. Parameters as for figure 6.4. 

.95 	. 9 6 	.97 	.98 	.99 	1.00 	1.01 	.1) 
Figure 6.5(b) - Calculated curves of constant steady-state phase-angle 

for the same case. 



138 

of rectangular hyperbolae. The predicted phase angles are in close agree-

ment with experiment in the small-signal region. Elsewhere the agreement 

is reasonable. 

6.4.1 Summary and conclusions  

The potentialities of the approximate "voltage" differential-equation 

approach have been investigated in some detail for a typical practical 

parametron. Good quantitative agreement between theory and practice has 

been obtained for operating conditions which did not violate any of the 

assumptions and approximations subsumed during the process of solution. 

Even when some of the constraints were exceeded, the solution was still 

qualitatively satisfactory. 

The theoretical results have been computed without taking into account 

the influence of the nonlinear damping coefficients y and 8. If they are 

included, the calculations become much more complicated than is considered 

reasonable in view of the small margin of improvement which may be expected. 

Thus, that part of the theoretical Frequency Characteristic which corres-

ponds to large values of X would agree more nearly with the experimental 

curve. This would be so because the varactors support large-amplitude 

voltages at the pump frequency under such conditions. Therefore the 

influence of the nonlinear damping coefficient ecx  (and hence the influence 

of the coefficients y and 8) comes into play. 

The disagreement between theory and practice for values of y less than 

0,95 and for values of X greater than about 0.8 is primarily due to the 

small-signal validity of the approximate differential equation (6.3). Had 

we been able to solve (5.13) directly, large-signal agreement might have 
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been obtained. 

The relative success of the above analysis acts as a powerful en-

couragement to develop a theory based on solutions of the "charge" differen-

tial equations (5.19) and (5.21), and to discover to what extent the range 

of validity is increased. Since these equations can be solved in the large-

signal case without further approximation, better agreement can be expected 

so long as the varactors are not driven into forward conduction. This is 

because inclusion of the nonlinear damping complicates the "charge" model 

to an intolerable degree. The steady-state solution of these "charge" 

equations constitutes the substance of the remainder of this chapter. 

6.5 Steady-state solution of the differential equations of the large- 

signal "charge" model  

It was shown in Section 5.4 that the differential-equation models for 

the two basic kinds of balanced varactor parametron were sufficiently 

similar to be treated simultaneously when the C = r)-(v), or "voltage", 

representation of the varactors was employed. It is reasonable to suppose 

that this is also the case when the v =1(q), or "charge" representation is 

used. 

The Balanced Parallel Parametron (BPP) has been chosen for detailed 

analysis because, as indicated in Section 5.5, it is the more practically 

useful of the two devices. The analysis of the BSP follows very similar 

lines, but since no new phenomena arise, it is not treated here by the 

"charge" method. 

The somewhat complicated derivation of Section 5.5 led to the following 

pair of differential equations for the "charge" model; a second-order 
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linear equation relating the instantaneous normalised voltage y to the 

instantaneous normalised differential charge z: 

(1-B )3/9  + (-kv  + ki.); + y = 
00 
Bz (6.24) 

and a first-order nonlinear equation in y and z containing the nonlinear 

charge-voltage law in non-approximated form: 

il
k p 4 1(1_B)z4 + 4[1(1-B)y-Bz-j(4-y2)1 +Bz3x + (B+k 

v  kp 1.0 )(4z5-z3+y2z) 

= 0, 	(6.25) 

If the damping parameters kv  and kL  (due to the varactor conductance and to 

the loading respectively) are negligibly small, and if there is no stray 

capacitance C
s so that B = 1, then equation (6.24) becomes simply 

y = oo z 	 (6.26) 

which can be substituted into (6.25) to give a single equation in z only: 

4k (°z°  z - z
oo  
z)
o, 
 + (z)2 z4 	z2(x-1) = 0, (6.27) 

which, by rejecting the term in kp  and 16,  z4, may be seen to be related to 

a "squared" Mathieu equation. However, we shall not, for the moment, treat 

this simple case, but rather equations (6.24) and (6.25) simultaneously 

with the proviso that forward diode conduction is not involved, so that the 

parameter k
v 

may be neglected. 

In accordance with the terminology employed in the "voltage" analysis, 

we again assume that the pump is defined by 

x = X.sin 2' 	 (6.28) 

where X is the amplitude, and no phase-angle need be included because the 

phases of all other signals will be defined with reference to the pumping 

signal. We shall also continue to use the method of harmonic balance so 

that our steady-state results, although approximate, will be consistent with 
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the transient results, which do not seem to be analytically obtainable by 

any other simple method. 

Since the system is balanced, the waveform of the voltage appearing 

across the inductance and also the differential charge waveform may be 

assumed to be predominantly sinusoidal; only odd harmonics occur, and 

experiment indicates that they do not become important until quite large 

values of detuning (9 << 1) are reached. These assumptions are further 

justified by the degree to which the results approximate reality. 

Accordingly, the normalised subharmonic voltage is assumed to be 

(.y4  = Y sin (VT + 0), 	(6.29) 

and a similar assumption is made concerning the normalised subharmonic 

differential charge 

Z = Z sin (VIT + 	(6.30) 

in which the amplitudes Y and Z and the phases 0 and 1p are for the moment 

taken to be non-time-varying quantities. The reason for this is that a 

general analysis valid for the transient as well as the steady-state case 
0 0 

(i.e. including the time-derivatives Y, 0, etc.), which was possible when 

the approximate "voltage" representation was used, becomes so complicated as 

to be impracticable. Therefore the steady-state will be treated with both 

k and kL  present, but the transient response will be investigated separately 

for the two important cases: 

(1) when the pump-circuit damping k is the dominant loss parameter and 

(2) when the load damping kL  dominates. 

Substitution of (6.29) and (6.30) into the linear differential equation 

(6.24) yields, when integrated twice: 

z = - Y [-L sin(VC+ 0) + M cos(Vrt+ 0-)] , 	(6.31) 



where L 1 - 2(1-B)  
B 2 

and M 
kL  

Bly (6.32) 

114.2 

In place of (6.25), we now form the approximate nonlinear differential 

equation 

[x, 7, 	a, 	 (6.33) 

where 7.  and z are given by (6.29) and (6,31) respectively and x is given 

by (6.28). 	Because of the complexity of (6.25), it is advantageous to 

write x, y, and z in the forms: 

2 -j20  - a*  2e),  j20 	j(vri-e) 
-j2X(ae where a = 7e 	(6.34) 

-jY(a a*), 	 (6.35) 

= 	-Y(ap* + e 3), where p = M + jL. 	(6.36) 

Having formed (6.33), and rejected the terms a3y 
a*3 a51  a*5, corres-

ponding to frequencies higher than 1)(because of the approximation (6.29) 

that they are not important), we equate the coefficients of (a + a*  ) and 

-j(a - a*  ) separately to zero. This procedure is equivalent to, but much 

simpler than, a harmonic-balance calculation in terms of trigonometric 

functions. 

Omitting the damping parameter k
v, which is due to varactor conductance, 

one obtains the following pair of equations defining the steady-state be-

haviour of the BPP: 

y2(1,24. m2)2aa*(2141,06  .7531,)+ 3L(L2+ M2 - 1) - 4m0.  + 

-x [m(3L2+ M2)cos 20 + 2L3  sin 20] = 0 	(6.37) 

and 

-Y2(L2+ M2)2aa* (21)1,8 + iM)+ M(3(L2+ M2) - 1) - 

+ X [L(3M2+ L2)cos 28 + 2M3  sin 20] = 0 	(6.38) 



where 

1 	1 8 = T  kp(E  — 1) 
4k 

cr = __E By 

 

(6.39) 

1143 

 

1 
Ft • 

  

The corresponding solution for the subharmonic charge can be found from 

the steady-state relations 

Z2  = (L2 + M2)Y2 

and 4) = 0. 
Equations (6.37) and (6.38) are of the form 

whence 

and 

After 

where 

= 

+ 

A.cos 20 + B.sin 20 + C = 0 

D.cos 26 + E.sin 20 + F = 0 

the steady-state amplitude of the subharmonic 

(AE- BD)2  = (AF 	CD)2  + (BF - CE)2 

the corresponding phase-angle 0 by 

AF - CD  20 	= 

(6.4o) 

voltage, Y, is given by 

(6.41) 

(6.42) 

out to be 

(6.43) 

1) — 4mas  
(6.44) 

1) = 4MaAnci,  

+ L)] 2  + 

2 
• (6.45) 

tg 
CE-BF 

some rearrangement, equation (6.41) turns 

2, 2 	2 4 4x 	+ m ) 	= (LC + MF)2 + 4(MC 	LF)2 

C = (L2+ m2)2Y2(1M.v 8 — 	 — 32L) + 3L(L2+ m2— 

F 	_(1,24442)2y2(iL.v 	240  + 	m(3(1,244/2)_ 

Written 

32 ' 

in full, equation (6.43) is 

4a2(I,2+ M2)4 = 

[e+ m2)3y2.4. m2 	3(1,241,24. m2,2, 
32 	 » + 4Mo(MlVki,  

4[1)8.(L2+ M2)3Y2- 2LM + 4mcr(L.) ILL  - m)] 
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It is possible to invert this equation in order to obtain an explicit 

expression for Y, but the result is somewhat unwieldy. 

Equation (6.42) for the phase angle is 

tg 20 
L(L2+ 3M2).0 - M(M2+ 3L2).F 

2(0.F + M3.C) 
(6.46) 

which does not lend itself to further simplification unless kL  is the only 

damping parameter of importance. 

There is an ambiguity in the interpretation of equation (6.46). 

Physically, it is known that the stable subharmonic oscillation can have 

either of two fixed phase angles 180°  apart. However, since 

tan 20 = tan 2(0 ± 1212-1  ), 

where N is an integer, equation (6.46) permits the existence of another pair 

of steady-state phase angles oriented at 90° to the first pair. Selection 

between the two possibilities will follow from the stability considerations 

of Chapter 7, Sub-Section 7.4.6. 

In order to gain some insight into the significance of these com-

plicated solutions, certain special cases will be considered. 

6.5.1 Special Case 1 

The simplest form of the solution is obtained when all the circuit 

damping is absent and there is not stray capacitance: 

0, kv  = 0, 0, B = 1. 

This special case corresponds to an idealised conservative system described 

by the simultaneous equations 



and 

z2(x-i)  
16 
00 

y = z. 

z4 + y2 = 0 
(6.47) 

11+5 

These reduce to the single equation 

/00\2 	1 
6  4 
	2 

+ 	7  + Z (X-1) = 0. 
1 

(6.48) 

The solution of this equation is obtained by putting M and 8 equal to zero, 

so that (6.45) gives 

2 
4x2  = -3 [5. 7 N-4 Y

2 
+ 3(1t)4- 1) 

for the amplitude, while (6,46) gives simply 

tg 20 = 00 

(6.49) 

(6.50) 

for the phase. Thus, in this case, the phase angle is always I 45o regard-

less of the operating point (1),X). This is no longer true when there is 

any kind of damping in the system. 

Equation (6.49) for the subharmonic amplitude defines a three-

dimensional surface in (16X,Y)-space, "inside" which lie the corresponding 

surfaces for real non-conservative systems. The intersection of the surface 

with the (V,X)-plane is the Frequency Characteristic shown in Figure 6.6. 

The (0Y,Y) and (N ,X)-profiles are given in Figures 6.7 and 6.8 respectively. 

The solid curves correspond to stable values of the amplitude Y; the 

broken curves to unstable values.* Two perspective drawings of the complete 

(N,X,Y)-surface appear in Figure 6.9. 

It can be seen that this idealised model predicts the persistence of 

subharmonic oscillation down to zero frequency, and down to zero pump 

amplitude at all frequencies less than 11J= 1.0. This behaviour differs 

The question of stability is discussed in Section 7.4.6. Chapter 7. 
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somewhat from that of a real parametron, but the general characteristics of 

this "exoskeletal" surface are consistent with practical measurements. 

Most of the deviations between this solution and reality are accounted 

for by the various damping parameters. The parameters k and kL, due to 

the pump-circuit resistance and the load conductance respectively, have 

rather different effects. 	It will be convenient to consider them 

separately. The next sub-section considers a device in which k is the 

only damping parameter of importance. 

6.5.2 Special Case 2  

The steady-state behaviour of a real parametron can be predicted quite 

accurately if one includes in the theory the effects of the source resis-

tance R and the stray capacitance C. The following conditions are assumed 

to apply: 

k
P 
	0, k

v 
= 0, kL= 0, B 

The conditions 

k 	= w L G = 0 
o v 

and 	kT, = woL GL 
= 0 

mean that the load conductance GL 
and the varactor conductance G

v 
are 

negligible. Thus typical values are 

R = 500 	2 	, f
o  

= 5 Mc/s, 

R
v 

= 100 K2 	, Co 
= 20 pF, 

RL  = 100 K2 L = 20 pH. 

so that kp  = 0.3 and kv  = kL  = 0.012, giving kpv or kL). 



1.50 
The amplitude 

4X2  = 

where r- = L-1, and 

tg 20 

equation (6.43) is now 

5 (Ly)2 4.  3 •  (r 	1)  
32\  

the phase equation (6.46) 

= 	(LY)2  + 3(r-2- 32 

(,v 8)2( Ly)4 , 

becomes 

1) 

(6.51) 

(6.52) 

,y8 (LY)2 

Equation (6.51) for the amplitude resembles that obtained in Special Case 1, 

but now the parameters L and 8 appear, due to the stray capacitance Cs  and to 

the damping k . It is interesting to observe that if C
s 
is zero, then B=1 

so that the damping term 6 containing k vanishes. This illustrates the 

importance of including parasitic elements in the analysis of systems of 

this kind. 

The equation (6.52) for the phase-angle shows that 0 depends on both 

the detuning and the subharmonic amplitude Y, except in the resonant case 

42= 1, for then E = 1 and 

tg 20 = 2—' , 	 (6.53) 32 8 

independently of Y. 

The Frequency Characteristic is obtained by putting Y = 0 in (6.51). 

The result is similar to Special Case 1 in that the characteristic goes to 

X = 0 at q) = 1, but now the shape of the curve is modified by the influence 

of the stray capacitance parameter B, although it is not affected by the 

damping parameter k . Stray capacitance has the effect of narrowing the 

range of frequencies for which subharmonic oscillation is possible at a 

given pump amplitude. 

The explicit solution for the subharmonic amplitude can be found from 
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(6.51): 

   

2 

  

  

1.2 (1- F2) 32  

(2-32)2+(v 8)2  

  

Y2 = 
(1 - r2) 32  

(3(3)2+('V 8)2  
••• 

9(1-r
2)2- 

 4x2  
5 

('=-32)
2 
 + 	8)

2 

      

      

      

(6.54) 

If this is compared with the corresponding result for the approximate 

"voltage" solution, equation (6.22), certain similarities become apparent. 

A significant difference is the absence in (6.54) of the term in X2  outside 

the radical. This means that the ()),X,Y).-surface will not go to zero at 

large values of X. 

As in the case of the "voltage" analysis, the coordinates (X_ YN  ) of 11 2   

the nose-locus are found by equating the interior of the root in (6.54) 

to zero: 

XN  

YN 

2 

N 8 (1 -r2) (6.55) 

(6.66) 

• 
(.2...)2+(1)8)2 
'32' 

(1 -r-2) 32 

(32-)2+ 	 )8)2  

It can be shown that the phase-angle ON  along the nose-locus is given by 

tg 20N  (6.57) 

a function of '9, 	and B only. This result should be compared with (6.53) 

for the phase angle at resonance. 

The subharmonic phase angle predicted by (6.52) is in close agreement 

with experimental values measured in the vicinity of resonance. However, as 

the frequency is reduced below resonance, the present theory predicts that 

0 decreases, whereas in practice it increases. 	The considerations of Sub- 

Section 7.4.6.1, Chapter 7, will show that sgn(k )) and hence sgn(5), should 
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be reversed for all frequencies ' less than unity: the theoretical results 

are then in accord with experiment. 

The comparison of these results with experimental measurements will 

be deferred until a third Special Case has been dealt with: that in which 

the predominant source of circuit damping is the load resistance RL,. 

6.5.3 Special Case 3  

The conditions corresponding to those assumed in the f:nalysis by means 

of the "voltage" model are 

The amplitude and phase equations now become more complicated than in 

Special Case 2. They are given by (6.45) and (6.46) respectively, where 

now 

(6.58) 

) 
. 

The amplitude equation is therefore 

4X2(L2+ M2)4 = [—(L2+ M2)
3
Y
2
+ 

m24.3(L2_ 524. m2 I 2 2 
+ /6(IZi)2  . 32 

(6.59) 
An explicit solution for Y can be obtained from this: 

Y2 
3[1(L2+ m2)2_ L21 - m2 2.jx2(1,24. m2)4_ 4(LM)2  

 

2_ (L2 
M2)3 32 	 (6.60) 

The coordinates (XN,YN) of the nose are again given by equating the internal 

root to zero: 

XN 
2LM  

(L24.m2)2 
(6.61) 

C = 

F = 

- 2- L(L2+ M2  )2y2 4.  31,(1,24.M2 32 

- 2_ M(L2+ m2)272 4. M(3 L2+ m2  

- 1) 	, 

- 1)  
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YN (1,24.m2) 	• 	2..(1,24.m2)  
32 

(6.62) 

The steady-state phase-angle is given by (6.46) with C and F as 

specified by (6.57). The resulting expression is Y-dependent and complicated. 

However, it will be shown in Sub-Section 7.4.2, Chapter 7 that a Y-independ-

ent result for 0 a21.1  be found by working in terms of the charge phase-angle 

. Further, it will be shown in Sub-Section 7.4.3 that the phase-angle 
along the nose-loous is given by the simple expression 

M tg N = 	. 

6.6 Comparison of the large-signal "charge" theory with experiment  

The circuit of a typical experimental Balanced Parallel Parametron is 

given in Figure 7.33(b). The measured parameters of such a device were 

V
B 

= 0, 

V
o 	

0 = 0.7 volt, 

C
o 

= 16.3 pF, 

26.95 pH, 

fo = 7.295 Mc/s, 

R
P 
 = 3502, 

from which the following quantities wore calculated: 

B = 	w
021' 

Co  = 0.46, 

k = wCR = 0.26. 
o o p 

Figure 6.10 shows the measured Frequency Characteristic for the para-

metron described above. The curve is compared with the theoretical 

characteristics calculated for two values of B from equation (6.51) of 

1 
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Figure 6.10 -. 

Measured frequency characteristic and nose locus for an 

experimental BPP compared with theoretical characteristics 

calculated for the indicated values of B. 

kip= 0.26; kL  assumed zero. 
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Special Case 2, in which the influence of kL  is neglected. The characteris-

tic agree over a large range of frequencies if B = 0.2. If the calculated 

value B = 0.45 is used, the agreement is less good, but for large detuning 

is still superior to the corresponding result given by the "voltage" theory. 

It is interesting that the theoretical characteristics go to X = 0 at 

9 = 1.0, unlike the measured curve. The reason for this is that the 

Frequency Characteristic specifici by equation (6.51) is independent of the 

damping parameter 8 and hence of k . 	If the complete expression (6.45) is 

used, it is found that the characteristic is actually dependent on both k 

and kL, and that it no longer goes to X = 0 atdP = 1. However, the accuracy 

obtained by the use of the simpler theory of Special Case 2 is considered 

adequate for most practical purposes. 

Theoretical and experimental (X,Y)-profiles for three values 01'1) are 

shown in Figure 6.11. The large-signal agreement is much better than was 

obtained by the "voltage" method. In particular, in the strongly-detuned 

case 1) = 0.8, the calculated and measured curves are similar even for values 

of X in excess of 7.0, a very large-signal condition. At such values of 

detuning and pump amplitude, the subharmonic voltage waveform becomes very 

"spiky" since its harmonic content is high. The voltages were therefore 

measured with a true-RMS voltmeter, and the readings subsequently converted 

to equivalent peak values for comparison with the theory. 

If the load-damping parameter kL  dominates the response, the theoretical 

frequency characteristic and nose-locus present an appearance considerably 

different from that of the corresponding curves when the pump-circuit damp-

ing parameter k dominates. As an example, Figure 6.12 shows the curves 

calculated from equations (6.59) and (6.61) of Special Case 3 for the 
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following set of parameters: 

k = 0 

kL  = 0.2 

0.45. 

This set characterises a BPP with zero pump impedance, typical stray 

capacitance and a heavy load RL. As might be expected, these curves super-

ficially resemble those of the approximate "voltage" analysis. For moderate 

detunings away from resonance, it can be seen that the frequency character-

istic and the nose-locus both rapidly approach the curves for the zero-

damped case. This indicates that the parameter kL  is of little importance 

except near resonance. 

6.7 Comments on the steady-state phenomena  

An accurate prediction of the small-signal steady-state phenomena in 

the immediate vicinity of resonance has been obtained on the basis of the 

approximate "voltage" analysis. The accuracy became less good for large 

signals and significant detuning. The "charge" analysis offers considerable 

improvement for large signals and detuned cases. The price paid for this is 

an increase in the complexity of the analysis, particularly when the in-

fluences of both the significant damping parameters are included. It 

should be pointed out that the "voltage" analysis took into account the 

parameter kL  only; it is probable that the frequency characteristic would 

have been predicted more accurately had k been included also, but little 

improvement in the large-signal agreement could be expected. 

In order to understand the results of the "charge" analysis clearly, 

three special cases have been considered. It was found that even when all 
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the parasitic damping and stray-capacitance elements were neglected, 

(Special Case 1), the predicted steady-state response was in better overall 

agreement with reality than that given by the previous analysis. The sub-

sequent Special Cases 2 and 3 examined the different effects of k and kL  

respectively. It was found that engineering accuracy was obtained when all 

the damping was ascribed to k . 

Thus, to sum up, the theory described in Special Case 2 has been found 

to be in adequate agreement with theory over a large part of the (V0X)-plane 

if the following conditions are fulfilled: 

(1) nonlinear diode-conduction in the varactors must be avoided, 

(2) the loading due to RL  must not be too great. 

Since the algebraic expressions of Special Case 2 are not unduly complicated, 

the level of approximation used therein will be adopted for the major part 

of the transient theory to be described in the next Chapter. 
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CHAPTER SEVEN 

7, Transient Phenomena 

7.1 Historical background 

Theoretical work on the transient behaviour of parametrons is scarce in 

the literature, and there has been very little success in the quantitative, 

or even qualitative, predictions of transient phenomena. 

Hilibrand and his co-workers36 have obtained an approximate exponential 

solution for the small-signal amplitude transient by means of a quasi-static 

analysis': This procedure begins by neglecting all the time-derivatives. 

Since the transients must therefore be extremely slow, the value of their 

results is open to question. The influence of the initial conditions upon 

the subsequent transient behaviour was not 

expression derived for the phase transient. 

and is operated by phase-coded information, 

as important as the amplitude transient. 

Nethercot37 has treated Forced Phase 

considered, neither was an 

In a system which operates on, 

the phase transient is at least 

Switching on the basis of very 

similar small-signal quasi-static assumptions. His results are even less 

valid, since this type of switching is essentially a large-signal operation, 

involving the overriding of an existing subharmonic oscillation by one of 

large amplitude and opposite phase. 

Hayashi et al21'22 have investigated the stability of certain theoreti-

cal unbalanced parametric oscillators obeying differential equations of the 

Duffing type. They obtained some results concerning the initial conditions 

For a discussion of this method see Section 4.2, Chapter 4. 
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which lead to various kinds of oscillation, but did not treat the actual 

time-transients. 

7.2 Introduction 

We have seen in the previous chapter that calculations based on the 

"voltage" model for the balanced parametrons do not give a particularly 

accurate account of the steady-state phenomena, except for small-signal 

operation near resonance. It follows that transient analyses of the 

"voltage" model will also be inaccurate. However, in order to illustrate 

some features of the transient phenomena, the next section contains a 

simplified version of such an analysis. This retains only the essential 

stray-capacitance and detuning parameters, and combines mathematical brevity 

with a reasonable qualitative prediction of the behaviour of experimental 

devices. The insights gained will serve as guides later in the chapter 

where the involved but more accurate treatment in terms of the "charge" 

model is undertaken. 

In the following work it will be assumed that the subharmonic phase 

angle is to be switched by the method of Phase Initiation32. This means 

that the oscillation is first quenched, either by modulating the pumping 

signal with a rectangular pulse, or by forward-biassing the varactors so that 

the effective Q of the parametron is rapidly reduced to a small value. The 

latter variation of the method enables very fast quenching to be achieved, 

but can only be applied to the BPP. In either case a small locking signal 

of appropriate phase is then injected into the parametron, and finally by 

removing the quenching signal, oscillatory conditions are restored. 	The 

amplitude and phase of the ensuing subharmonic oscillation will then change 
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with time until they eventually settle down to their steady-state values. 

The final amplitude is unique, but there are two possible ultimate phases 

differing by n radians. The selection between these two possibilities 

depends, in general, on both the initial phase and the initial amplitude 

established by the locking signal. 

It will be assumed that the amplitude of the phase-locking signal is 

sufficiently small to be neglected once the transient has begun. It is 

found in practice that this assumption is fulfilled even if the amplitude is 

almost as large as that of the steady-state oscillation. Normally, how-

ever, much smaller initial amplitudes would be employed. This would enable 

a single oscillating parametron to determine the ultimate phase of a con-

siderable number of others, yielding a large fan-out factor32. In the ab-

sence of a definite phase-initiation signal, the final phase-angle and the 

form of the transient depend on the residual noise in the parametron at the 

instant at which the quenching is removed. The investigation of noise-

initiated transients lies outside the scope of this thesis. 

In Forced Phase Switching, however, quenching is not involved. The 

parametron is pumped continuously and a large overriding signal is applied 

to force the oscillation into the new phase. This case should properly be 

treated by an analysis which includes the presence of the forcing signal, 

but the resulting expressions are even more complicated than those given in 

the present work. Nevertheless, the detailed transient theory which follows 

does apply to the case of Forced Phase Switching if the forcing signal is 

removed as soon as suitable unambiguous large-amplitude initial conditions 

have been established and the transient is then allowed to proceed. The 

method has the disadvantage that poor fan-out factors are usually obtained. 
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7.3 Transient analysis of the generalised voltage model 

7.3.1 Simplification of the seneralised "voltage" model for 

transient solution 

It is possible to derive small-signal solutions for the instantaneous 

transient phase and amplitude from the first-order differential equations 

(6.10) and (6.11) of Section 6.3 by neglecting the coefficients of the terms 

nonlinear in Y and integrating. The complexity of the resulting express-

ions is such that their utility is severely limited. Moreoever, as we have 

already seen, the steady-state solutions derived for these equations were 

not remarkable for their accuracy, even when the nonlinear terms were in-

cluded. This was due to the approximations introduced by the use of trun-

cated series expansions of the nonlinear functions. It is evident that 

little is to be gained by performing transient calculations on such an 

involved basis. 

It will, however, be instructive to obtain the transient solutions of 

a simplified form of equations (6.10) and (6.11). 	To do this, we shall 

neglect the second-order nonlinear reactance parameter p and all the damping 

parameters k, y and 8. Only the first-order nonlinear reactance parameter 

a will be retained. This contains the exponent n and the stray-capacitance 

parameter B. These simplifications mean that the device must be operated 

under conditions which ensure that 

(i) the subharmonic voltage amplitude is small (Y<K1)„ 

(ii) the pump voltage X is small enough to avoid nonlinear varactor 

conduction and 

(iii)the linear damping is negligible. 

The influence of the linear damping can, of course, be considered here, but 
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it affects the form of the small-signal results so little that its inclusion 

was not considered justifiable. Furthermore, it causes the argument to be 

obscured by the complication of the ensuing calculations. 

Equations (6.10) and (6.11) are reduced to the following pair: 

2Y + a XY(26 -'.').cos 20 + 2 a XY. sin a = 0, 

(7.2.) 
and Y - 9Y(26 +9 	4) ) +VaXY(2; -).sin 20 - 21) aXY. cos 20.0. 

The parameter a, which accounted for the differences between the BSP and the 

BPP, does not appear at this level of approximation. It is associated only 

with the terms nonlinear in Y, which have been neglected. 

The corresponding simplified differential equation for the instantan- 

eous subharmonic voltage y may be written 

d
2 

(1 + 2ax)y]  + y = 0. 	 (7.2) 
d972 L 

This is reminiscent of, but different from, the Mathieu equation, which, in 

a similar notation, is 

,12 
1=-2-  + (1 + 2ax)y = 0, with x = X (cos) 21) 2  dT, 

Like the Mathieu equation, (7.2) is linear with a time-varying coefficient, 

and will have no non-zero steady-state solution, (see Section 2.2, Chapter 

2). We shall, however, be able to treat the initial part of the transient 

for which the amplitude is small. 

The boundary of the region of oscillation can be found by equating the 

time derivatives q and g in (7.1) to zero. Elimination of Y and A then gives 

_ 1)2 2 

iv2 

This curve on the ('1),X)-plane is the Frequency Characteristic. It is shown 

(aX)2 	 (7.3) 
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in Figure 7.1, in which the unstable region is shaded. As might be expected, 

this is a less accurate result than was obtained in Section 6.4, but will 

nevertheless be adequate for a qualitative treatment. The dashed line 

aX = 1 indicates the upper limit of validity of the truncated series 

approximation to the nonlinear reactance function. 

Equations (7.1) give the following expressions for the rates of change 

of amplitude and phase with time: 

0 	

aX(29 2  - 1) 	. cos 28 
	 (7.1+) 

2 V(1 - (aX)2) 

0 	(1-V2[1 + (aX)21 + aX (1 - 2V 2).sin 28 	(7.5) and e 
2,1)(1 (aX)2) 

These two solutions can be written in a concise matrix form which is suitable 

for comparison with more accurate results to be obtained later: 

0 
1 Y 

B. cos 2e 

1 A + B. sin 28 

 

(7.6) 

  

   

   

   

where 

A /1)
2  (1 + (aX)2) 	1 

2V (1 - (aX)2) 
( 7 . 7 ) 

and 

aX (292  - 1)  

2'0 (1 - (aX)2) 
(7.8) 

Solutions of the equations (7.6) will be obtained in the following sub-

section. 

7.3.2 Transient solutions for the generalised voltage model 

The first-order differential equation for the phase-transient can be 
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integrated at once: 

d(2e)  fdrc 
A + B. sin 2e 	(7.9) 

The form of the solution depends on whether A is greater or less than B. 

In the region of soft oscillation in which we are interested, we have the 

condition 

(002 >1 
-1)2  \ 2 

,p2 j 

which is contained within the condition 

(7.10) 

B > 
	

(7.11) 

so that 

2 rt 	-1  
In 

'NI B2  - A2  

A.tg e + B - vi  B2  - A2 ( \  
A.tg 6 + B + V B2  - A2   I 

+ constant. 

(7.12) 

The constant can be expressed in terms of the initial phase angle 8(0) at 

the time 17, = 0. With a certain amount of rearrangement the transient phase 

is then given by 

tg e(rC ) 

 

S.tg 0(0) -[ A + B.tg e(o)] tanh Srr  
S + [A.tg 0(0) + Bj tanh S"C 	' 

(7.13) 

(7.14) 
where S = 	B2 - A2 

The amplitude transient is given by 

0 
Y/Y = B.cos 26 	 (7.15) 

This equation cannot be integrated as it stands. If, however, the phase 

solution (7.12) is substituted into it, it becomes homogeneous. Integra-

tion then yields 

() _ 1 Toy - El/A F2B.sin 2e(0).sinh2ST- 	+ B[S.cos 2e(0).sinh 2ST+ B.cosh 2ST] 

(7.16) 
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This shows that the amplitude transient depends on both of the initial 

conditions Y(0) and 6(0), whereas the phase transient depends only on the 

initial phase angle 0(0). Thus, in the present approximation, the phase-

time relation is independent of the subharmonic amplitude, and the ampli-

tude-time relation can be normalised with respect to the initial amplitude 

Y(0). Equation (7,15) contains trigonometrical functions of 2 8(0). This 

implies that the amplitude phenomena due to an initial phase angle 0(0) are 

the same as those due to an initial angle 6(0) + 

Since this is a preliminary investigation of the transient behaviour, 

it is appropriate to look for a particularly simple case. Such a case is 

afforded by putting A = 0. This implies that our attention is confined, 

for the moment, to points on the (1),X)-plane which lie on the curve 

1 - V 2  (aX)2  = 
,122 	 (7.17) 

which* is indicated in Figure 7.1, It is now found that the instantaneous 

phase and amplitude are given by 

tg 6(ct ) = 	tg 0(0) I 1 - tanh  1+
SL  

tanh ST 
-2ST 

= e 	tg e(o) (7.18) 

  

	

and Y(4-C) = Y(0) 	cos 26(0).sinh 2S95 + cosh 2S 

respectively, where 

	

S = 	67: 2  

The (Y,6)-curves obtained by eliminating the time are, in this par-

ticular case, the rectangular hyperbolae 

Y2  sin 28 	= Y2  (0).sin 20(0) . 	(7.21) 

This is not the curve defining the Frequency Characteristic: see 

equation (7.3). 
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An example of these curves for the special case A = 0 is shown in Figure 

7.2. 

A given pair of initial conditions Y(0), 0(0) define a point such as P 

on the (Y,0)-plane. The phase and amplitude of the oscillation will then 

simultaneously change with time in the manner described by the trajectory 

passing through the point P, time increasing in the direction of the arrow. 

The actual variations of phase and amplitude with time must be determined 

from equations (7.12) and (7.15) respectively. Inspection of equation 

(7.15) shows that if e(o) = 0 or 7t, then 

Y(r6) = Y(0).e+Sri  

which is the maximum possible rate of rise. Similarly if 0(0)= -5 or 

then 

Y(t) = Y(0).e-Srt  

leading to monotonic decay from the starting amplitude Y(0). 

We can show how the initial part of the transient oscillation envelope 

depends upon the choice of initial condition by plotting equation (7.15) for 

various values of the initial phase-angle e(o). The result is shown in 

Figure 7.3. It is interesting to see that for certain values of 0(0), the 

amplitude decreases and then increases again. 

Such behaviour can be observed in practice when the initial amplitude 

Y(0) is sufficiently greater than noise-level at 7;= 0. Monotonic decay, 

however, cannot occur in a real system, since residual noise will always 

eventually trigger oscillation into one phase or the other, in a random 

manner. 

It is noteworthy that quite a large deviation of 8(0) away from the 

values giving the fastest rates of rise does not delay the turn-on 
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significantly: large delay occurs only for narrow ranges of 0(0) in the 

7 vicinity of T  and - -f . 

Figure 7.4 shows phase-time curves given by equation (7.18) for 

various values of 8(0). The curves are all of the same shape, and are 

merely displaced along the IT 	In the present approximation they are 

independent of Y(0). 

Since it is difficult to visualise how the vector Y changes in phase 

and amplitude as time increases, Figure 7.5 shows this variation in 

(Y,619G)-space for a constant initial amplitude Y(0), (the exact value of 

which is of no consequence) and for various values of 0(0). This is a 

pseudo-perspective drawing in that magnitudes and angles maintain their true 

values. It can be seen that even for 8(0) near 2 	8(rt) is close to 0 or 

7t by the time ST = 3. This three-dimensional diagram will help us to 

understand the complicated phenomena we shall encounter in more accurate 

treatment of the transients in Section 7.4. 

A quantity of considerable interest is the number of cycles of sub-

harmonic oscillation necessary for the amplitude Y(97) to increase by a 

factor "e". This quantity has been named the "dimensionless risetime" by 

Hilibrand and his co-workers36; it evidently has meaning only when the 

oscillation envelope is a pure increasing exponential, i.e. one should 

consider only those initial conditions which lead to a maximum rate of rise. 

The general condition for pure exponential envelopes is that the initial 

phase angle be given by 

tan e(o) S 
A 

where the upper sign corresponds to growing and the lower sign to decaying 
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oscillations. This may be verified by substituting 

sin 2e(0) 	- A 
 

p cos 28(0) = 

into equation (7.15), which then yields 

Y(T) = Y(0).e.±81  . 

Note that these remarks are true for all values of A, so that we can cal- 

culate the dimensionless risetime anywhere within the shaded region of 

Figure 7.1. 

Let us call the dimensionless risetime p. Then 

  

(7.22) 

where 

21IS 

S2 = 132 - A2 
(1_,02)2 v  4(002 

(7,23) 
41)2( (aX)

2 
 - 1 )  

Hence curves of constant dimensionless maximised risetime are given by 

2 (f, 	2  ( 	)2 1170 	-- 1 -11 -_-_- 	1 
(002  = 	1)  2 (7.24) 

(117)2 4. 1  

( 	

2)2 
--e. As pac, (aX)2---> 	

9 

1 - V  , that is, the dimensionless risetime 
2  

becomes infinitely long at the boundary of the region of oscillation, as 

might be expected. 

Curves of constant p on the (9,X) -plane are shown in Figure 7.6. If 

this diagram is compared with the experimental result for a typical UP, 

see Figure 7.4.6 , it will be seen that there is very rough agreement for 

V= 1 and for sufficiently s=11 	The theoretical curves of constant p. are 

not two-valued functions of",./. 2his is Ellie to the extrorlo ai72roxioation of the 

nonlinear reactance and also to the neglect of the influence of forward 

varactor conduction at largo X. 
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The effect of dissipation in the parametron is to reduce S, thus slow-

ind down the maximum rate of rise of the oscillations. The nonlinear 

dissipation leads to complete cessation of oscillation for sufficiently 

large X. 

The present theory gives p. = 0 for aX = 1, i.e. it predicts zero 

risetime for this value of aX, which is clearly nonphysical and outside the 

range of approximation. 

7.4 Transient analysis of "charge" model 

We shall now attempt a considerably more accurate analysis of the 

transient behaviour of the balanced parametron in response to an initiation 

signal of given phase 0(0) and amplitude Y(0). As in the case of the 

detailed steady-state analysis, attention will again be restricted to the 

case of the Balanced Parallel Parametron (BPP). That this is a reasonable 

restriction will be seen in Section 7.5 which deals with experiments on the 

transient phenomena. It is shown there that this is the device of greatest 

practical utility. For example, the BPP can be completely quenched in less 

than one subharmonic cycle, whereas in the case of the BSP, the oscillations 

must be allowed to decay slowly at a rate determined by the natural "Q" of 

the device: this can be a very slow process. The BPP has the further ad-

vantages that it is inherently well-balanced if a bifilar-wound inductor is 

employed, and no input transformer is required, thus simplifying its con-

struction. 

It has been shown in Section 5.4 that the "voltage" differential equa-

tions for the two kinds of balanced varactor parametron differ only in minor 
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details, and experiment confirms that the behaviour of the two differs only 

in magnitude and not in kind. A generalised "charge" theory able to predict 

the behaviour of both types is feasible, but the extra complication is not 

considered justifiable in a work of this nature. 

As was found to be the case in the detailed steady-state analysis, the 

treatment of the transient response will be much facilitated by the choice 

of the difference between the charges on the two varactors as the main 

variable. 

The complete simultaneous differential equations describing the be-

haviour of this "charge" model are (5.19) and (5.21). Following the proced-

ure established in Section 7.3, it is necessary to substitute into these 

equations assumed solutions for the voltage and the charge. These solutions 

will have unknown time-varying amplitudes and phases. By using the method 

of harmonic balance with the "slowly-varying amplitude and phase" approxima-

tion, it will then be possible to find a pair of first-order nonlinear 
0 	0 

differential equations for Y and e. However, the transient analysis is 

exceedingly complicated if all three of the damping parameterskP,kv, kL

due to pump circuit resistance, varactor conductance and load conductance 

respectively, are included in equations (5.19) and (5.21). 	The analysis 

does, however, become feasible if the two important damping parameters k 

and kL  are considered separately. The steady-state analysis has shown that 

inclusion of the sole damping parameter k is sufficient to account quite 

closely for the experimental amplitude phenomena, but that an accurate 

treatment of the resonant phenomena, requires that kL  be included also. 

In the next Section the relevant first-order differential equations will 

be obtained for a BPP in which k is the dominant damping parameter. In a 
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subsequent Section, the process will be repeated for a device in which 

dominates. The relative possibilities of these intermediate solutions for 

further analysis will then be considered. 

7.4.1. Intermediate harmonic-balance solution for the case in which 
1110  dominates the device behaviour.  

In the case in which the pump-circuit resistance R dominates the device 

behaviour, the differential equations (3.19) and (5.21) become 

- B) 	y 
a. 

= Bz, (7.25) 

and 

0 

k p 4 Iv(1-B)z4z + 4 [(I -B)y - Bz] 	- 	+ B z3(x -1) + 

P.. ‹/Y/mi= 0  , 

5 2 
16 z 	

yz = 

(7.26) 

respectively. 

This means that 

(1) the linearised varactor conductances Gv are negligible, so 

that k
v = 0, 

(2) the load conductance GL  is very small, so that kL = 0 and 

(3) only the damping parameter k due to pump-circuit resistance R 

is retained. 

Further, as in the corresponding steady-state case, it is assumed that the 

parametron is not operated under conditions in which nonlinear losses due to 

forward diode conduction in the varactors are of importance. This restric-

tion is also a practical requirement in that such losses are exponential 

functions of voltage and lead to excessive consumption of pump power and 

undesirably slow transients. 

The equivalent circuit which results from these simplifications is shown 
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in Figure 7.7. It contains only the two ideal varactors qi(v) and (12(v)' 

the closely-coupled tuning inductance L, the stray capacitance Cs
, the pump 

generator v and the pump-circuit resistance R . 

We now require the intermediate (and incidentally the steady-state) 

solution of the pair of differential equations (7.25) and (7.26) relating to 

this equivalent circuit. It is again assumed that both the instantaneous 

voltage and the instantaneous charge can be approximated by sinusoidal 

functions of time, but now with amplitudes and phases which are unspecified 

functions of time. Thus the approximate normalised subharmonic voltage is 

taken to be 

-Or) = Y(T),sin[vT + e(T)] , 	 (7.27) 

and the approximated normalised subharmonic differential charge to be 

= ZW.sin [VT; -4(t)] 	(7.28) 

where t = w
ot is the normalised time. 

It has been shown in Section 6.5 that the steady-state voltage and 

charge amplitudes are related by 

y2 (x)) 	r2z2(00, 

and that the corresponding phase angles are indistinguishable 

e(—) 	k) (oo). 

This leads us to enquire whether the voltage and charge coordinates may not 

preserve these particularly simple relationships to a reasonable degree of 

accuracy under transient conditions, and if so, whether or not a simplifica-

tion of the process of analysis may be expected. 

If the expressions (7.27) and (7.28) are substituted into equation 

(7.25), the coefficients of sin firG and cos VT are equated separately to 
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Y
c 

= Y.cos e 0  Y 
 

Y. sin 0 

Zc 	= Z. cos tp 	Zs  = Z. sin 4) . 

Elimination 

Ys  = ( 212  \ 

Bv3 ) 
zc• - r zs (7.32) 

of Yc and Ys between (7.29) and (7.31) yields 
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zero, and all second derivatives with respect toct are neglected, then one 

finds that 

Y
s 
	v(1-B)(2Yc  - vYs  ) = + BY(2 Z)c  - Zs  ) 	

(7.29) 
and 	Y

e v (1-B) (2% + I/IC ) = By( 2 Zs  + lac ), 

where a circle above a symbol has its usual meaning of d/d9:1  and 

(7.30) 

If equations (7.29) are differentiated and the second T-derivatives 

are again neglected, there results 

0 
Y
s 
O 

and Y 

where r 

- r zs  , 

- 	z , 
Bv
2 

1 ""1.(1 "43) 

(7.31) 

as in the steady-state analysis& 
O 0 

and Y
c (7.33) 

If these expressions are squared and added, and the products of derivatives 

are neglected since they are assumed to be small, one obtains a simple 

expression for Y in terms of the charge variables Z and(p : 

Y2 

where n 

z2(r2 

Lir3  
B1,3  

n • ) (7.34) 
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Equation (7.34) is valid under both steady-state and transient conditions. 

If(p is small compared with )1,), which is generally the case, then 

r-2 
= )0 1E -92(1-B): 4 r 	T, 

so that 	Y2 = I 2Z2. 	 (7.35) 

This means that in the present case, the particularly simple steady-state 

relation quoted above does apply approximately to the transient case. Thus 

it is possible to investigate the voltage transient in terms of the charge  

variables with negligible loss of accuracy. This is a considerable ad-

vantage, because it is found that if one attempts to carry out the transient 

analysis in terms of the voltage variables, the expressions become very 

much more involved and intractable. 

If one is to work in terms of the charge coordinates Z and (1)only, it 

is necessary to find, in place of (7.27), an expression for 3)4  in terms of 

Z and (11) which is valid under transient conditions. Such an expression can 

be obtained from the linear differential equation (7.25), and it, together 

with the assumed solution (7.28) for z, must then be substituted into the 

nonlinear differential equation (7.26). Finally, one will obtain a pair of 

first-order differential equations of the form 

2cr) 	q) (T) ) , 

q)(T) = 12( z(T), () (re) ), 

which describe the way in which the (hitherto unknown) amplitude and phase of 

the subharmonic charge change with time. Although the functions f1  and 12  

will in general be nonlinear, these equations will be very much simpler than 

the equivalent equations for the time-derivatives of the amplitude and phase 

of the subharmonic voltage, Y and e respectively. This is apparently due to 
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the fact that the capacitive nonlinearity is defined here as a function of 

charge and not as a function of voltage. If this pair of nonlinear differ-

ential equations can subsequently be solved for Z(T) and 0), it is then 

a relatively simple matter to find Y(/;) and O(1) - to a good approximation 

by means of 

Y2(T) 
ti  r2z2CI 

	

I 	, 

and 	e(%9 	4) (re) 

The necessary mathematical operations will again be much facilitated by 

working in terms of complex polar coordinates. Thus the assumed charge 

solution (7.28) is written 

where 

z = -jZ(y - y*) 

Y = 0
(vr + er) ) 

-2-   

(7.36) 

and, as shown in Appendix 7.1, the required expression for y in terms of 

charge coordinates is, from equations (7.32) and (7.33), 

= 	aZ(y + y*) + jZ(a 11) 	)(y - y*) 	 (7.37) 

212  
Bv3  • 

As before, the pumping function is taken to be 

x = X.sin 2VT, 

and in terms of the present symbols this reads 

x = -j2X(y2ej42 +j24o y* e 	) . (7.38) 
The next step is to form instead of equation (7.26), the approximate 

differential equation 

Ecsr),g] 
	

0 	 (7.39) 
in which x,' and are given by (7.38), (7.37) and (7.36) respectively. 

where a = 
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Because of the assumption that the variables 7 and "Z' are pure sinusoids, 

the quantities y3, y*30  y5  and y*5, corresponding to the harmonic fre-

quencies 3'y and 5v , must be rejected in (7.39). Further, because of the 

slowly-varying amplitude and phase assumption, all the second-order-small 

time derivatives are to be rejected. These matters are set out in detail 

in Appendix 7.2. It is shown there that the following pair of first-order 

equations in Z and (I) is obtained: 

1 1 .g p(.7 - 1)Z2(ii +1)) + X.cos 21.) - 2a1-1= 0, 	(7.40) 

1)e. + 16kpa9([t - 11r + 1)1 + 2 X.sin 24) - 3+ 

+32 z2 + 3 1-( [-+ 2a) = 0 , (7,41) 

If one puts 

= 16k 	- 
P 	ilr  

m(Z) = ikp(i 1)Z2  

n 	= 2a r 	4r3  
B#))3  

2ki, r 3  
B2N 4 

r(Z) = 3(r2  - 1) + 	Z2  

then the equations read simply 
0 

m(Z) • ()4) + X.cos 21) -n - Z 
Z = 0, (7.42) 

0 
(5m (Z) + t) -zZ  + 2X.sin 21.1) 	r(Z) 

	3n 	= 0. 	 (7.43) 

In matrix form they are 

, (7.44) 
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from which it is easily seen that the explicit equations for Z and q) are 

Z 
= 	3n.m(Z) + X.cos 4) m(Z).(r(Z) + 2X.sin 2 y) 	, 

° 	1 

where 

= 

[(5m(z) -F,c)(4).m(z)-1- x cos 2())+ n(r(Z) + 2X.sin 24J)1 p 

= 3n2  + m(5m +k). 
n, 	m(Z) 

-(5m(Z)+ ), 3n 

The square matrix in (7.44) contains parameters relating specifically to 

the transient response, its column multiplier contains the rates of change 

of phase and amplitude, while the right-hand column matrix contains the 

steady-state amplitude and phase solutions. 

The pair of first-order nonlinear differential equations (7.44) con-

stitute the sought "intermediate solution" for the case in which k 

dominates the parametron behaviour. It can easily be verified that they 

give the correct steady-state results by putting Z and (I) equal to zero. 

The amplitude is then given by 

A 4X2 = r2 + 4(m1P)
2 
	 (7.45) 

or in full 

2 2 
4X2  = [3(i2  - 1)+ 	.Z2(m)1 + [V Z2  @°)-1 	(7. ) 

while the steady-state phase angle is given by 

tg 2(1)((x>) = 

 

3(r2  - 1) + 32  2- • z2(4 

1) 8. Z2  (oo) 
(7.47) 2m N 

The (00) in these equations implies that sufficient time has elapsed for 

steady-state conditions to have been attained. If we use (7.46) and (7.47) 

to find the solutions for the steady state voltage amplitude Y(04 and phase 

6(fo()) by means of equation (7.35) 

Z2(c) = (L.Y(co) )2 y 
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we obtain again equations (6.51 ) and (6.52 ) which were previously found in 

Section 6.5. Comparison of the phase equations confirms that in the present 

case 

4(00) = 0(0°) . 

In the next section, the "intermediate solution" will be obtained for 

the case in which kL  dominates the behaviour of the device. 

7.4.2 Intermediate harmonic-balance solution for the case in which 

RL dominates the device behaviour *  

The transient solution for the case in which the load resistance RL  is 

the sole source of loss in a BPP must be based on the following pair of 

simultaneous differential equations, which are obtained by putting k = 0 

and kv = 0 in equations (5.19 and (5.21), Section 5.5.1: 

(1 - B)3r°  + kL; + y = Bz , 	 (7.48) 

and 

z3(x - 1) + 	z5  + y2z = 0. 	 (7.49) 

The first step is to find an approximate expression for y in terms of 

z from equation (7.48). This expression for y must be substituted in 

(7.49), which can then be solved for z. We shall again use the following 

expreszions for X, y and z: 

x 	= X.sin 29t 

Y(1:).sin(Wr+ e(T) ), 

Z('1) . sin(' )'L+ (ft) ),  

The steady-state solutions corresponding to this case have been found 

in Special Case 3, Section 6.5, Chapter 6. 



or in complex form 

= -g(a - a*) 	where a = e (NR' +0 )  

z = -jZ(y - y*), 	where y = 2 ei(Vcr +IP)  

(7.50) 

(7.51) 
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It is shown in Appendix 7.3 that the required approximate expression 
for y, in terms of the amplitude and phase of the charge, is 

= (aZ tt) - bZ + cZ)(y + y*)- j(aZ + bZ4) - dZ)(y y*) 

where 

1 	1-B) LM + M(3L2  + M2)1 
V(L

2+M2)2 ti 	B 

1 	2  (1B13. (M2 L2) 2L3 1 
V(L2+M2' )2 

M  

L2 + M2 

d = 	 
L2 + M2 

a = 

b = 

,(7.52) 

(7.53) 

and L and M have their usual values. Following the method used before, 

substitution of equation (7.52) for 3- and equation (7.51) for z into equa-

tion (7.49) and rejection of the terms in y3  and y*3, corresponding to the 

third harmonic of the subharmonic frequency, finally yields the following 

pair of first-order equations for the amplitude and phase transient 

behaviour: 

2(ac + bd) -1 - 2(ad bc)(1) 	= 2cd X. cos 2+ , 

% _ 	(7.54) 
2(3ad + bc) 	- 2(ac - 3bd).1  = c2+ 3(d2-1)+ 32Z2  + 2X.sin 214 



These can be written shortly: 

2(ac + bd) 	2(ad - bc) 

2(3ad + bc), 2(ac - 3bd) 
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c2+3(d
2-1)+ 322—.Z2+2X.sin 2111'  

2cd - X.cos 2q) 

(7.55) 

Equations (7.55) should be compared with (7.44) which is the corres-

ponding result when all the damping is ascribed to the source resistance R . 

It can be seen that the two equations are of the same form, but that (7.55) 

is more complicated. It is interesting that the only nonlinear term in 

(7.55) is the 32  2— Z2 in the column matrix on the right. Unfortunately, this 

circumstance does not enable us to find an exact transient solution. 

The steady-state behaviour is given by setting the time-derivatives 

equal to zero. For the amplitude we obtain 

(c2 	3(d2-1) + 2_ z2)2 16(cd)2  + 4x2 	(7.56) 52 

which is identically equation ( 6.58), Section 6.5) as may be seen by using 

equation (7.53) and the relation between the charge and voltage amplitudes 

z2 = (L2 + m2)y2 

which results from the steady-state version of (7.52). The equation for the 

steady-state charge phase angle is 

tg 21) 	 32  
I c2 3(d24) 4  2_ z2 

4cd 

from which Z2  can be eliminated by means of (7.56) 

tg2lp / x2(1,2  + m2)4  - 
ANI 4(1 	 • 202  

(7.5'7) 

to give 
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It must be pointed out that, unlike the case in which the source damp-

ing k dominates, the phase angles of charge and voltage can no longer be  

regarded as approximately equal; they are related by either of the equations 

L. tg tp - 
L + M. tg 111 

(m2_ L2).tg 2,h 1/4}, 	+ 2ML or 	tg 20 	 (7.58) 
(,12_ L2) - 2ML,tg 24) 

which can be derived from equation (A7.6) of Appendix 7.3, and are valid 

under both steady-state and transient conditions. 

A Y-independent expression for the voltage phase angle can be obtained 

from (7.57) and (7.58): 

tg 

tg 20 = 
2ML 	

x2(1,24. m2)4 

M2- L2 4(LM)2  
- I 

 

    

    

1 
2ML /x2(1,21.m2)4 

M2- L2 , N 4(LM)2  
1 

This is much more complicated than (7.56), and is a further indication of 

the advantages of working in terms of the charge variables. 

7.4.3 Remarks on the phase-angles of the oscillatory charge and  

voltage along the nose-locus  

In the case in which k is the major damping parameter, the phase-

angles of the steady-state charge and voltage oscillations at the nose of the 

(X,Y)-profile are the same. They are given by equation ( 6.56), Section 6.5, 

Chapter 6. 

In the other case considered, where kL  dominates, the charge and volt-

age phase-angles at the nose are no longer the same. Since, by equation 
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( 6.60)) Section 6.5, Chapter 6, the X-coordinate of the nose-locus is 

XN (L2+ M2)2 

it follows from equation (7.57) that 

tg 2q)N  = 0. 

This means that in this case the phase-angle 4)N  of the oscillatory charge is 

constant along the nose-locus. Equation (7.58) shows that the corresponding 

voltage phase-angle AN  is given by 

tg 2ON  = 

or 	tg ON  = 

2LM 

M2- L2 

E 

This is not constant, but is a function of the frequencyi), the load 

damping kL  and the stray-capacitance parameter B. 

7.4.4 Assessment of the relative merits of the two intermediate  

solutions  

As they stand, neither of the intermediate solutions (7.44) or (7.55) 

can be solved exactly. In the case of zero-damping they both reduce to the 

same intermediate solution. Under certain conditions exact integration is 

then possible. This case is treated in the next Section, 7.4.5. If the 

damping is not negligible, it is found that both of the intermediate solu-

tions (7.44) and (7.55) can be integrated for 

Z 	1, 

but the resulting algebraic equations are very much simpler for (7.44). 

For this reason, the k -dominated case has been selected for detailed 

investigation later in the Chapter, 

2LM 
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7.4.5 Exact transient solutions under conditions of zero damping  

It is possible, under certain conditions, to find exact transient 

solutions for conservative (lossless) parametrons, corresponding to the 

exoskeletal" steady-state solutions of Section 6.5, Special Case 1. 	Such 

transient solutions do not relate to practical devices, but will give some 

useful insights into the mechanism of their transient behaviour. In 

general, equations such as (7.44) and (7.55) cannot be integrated exactly. 

However, if all damping is neglected, they both reduce to the following 

pair of equations 

 

x.cos 2(p 
, (7.59) 

3(r2-1) 32  2—.Z 2X.sin 24) 

which are exactly integrable under certain conditions. 

First, let us eliminate the time-variable 9:, We obtain a single 

equation which relates the instantaneous amplitude and phase: 

Z. W 

3(r2
-1)+ 52   .Z + 2X.sin 24) 

	

I) 	3 _ 	. 	 . 

	

dZ 	3X. cos 24) 	(7.60) 

If this is written in the form 

 

p(z,W) (7.61) dZ Q ( Z, 4)) 

then in order to integrate, we require an integrating factor p such that 

Euler's criterion 

3(pP)_ 	3(pQ)  at az 

is satisfied. Such a factor is 

Z1/3  P = 	 (7.63) 

and the resulting equation for trajectories on the (Z4)-plane is 

(7.62) 
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c.z-4/3  / (r2_1) 1— z2  X, sin 2tp = 0 2 	32 (7.64) 

where C is a constant for a particular trajectory. Examples of these curves 

are shown in Figure 7.8 for a case of soft oscillation, and in Figure 7.9 

for a case of hard oscillation. The singularities, which are indicated in 

the diagrams by open circles, correspond to points on the steady-state 

(N,X,Z)-surface. In the case of soft oscillation there are three singulari-

ties, of which the outer two correspond to the two stable phases of oscilla-

tion. The central one corresponds to the absence of oscillation and it 

will be seen that the amplitude increases infinitely slowly from this point. 

In the case of hard oscillation there are five singularities, of which two, 

identified by (u,u) in Figure 7,9 , correspond to unconditionally unstable 

points on the "underneath" of the (V,X,Z)-surface. 

We shall now seek solutions for the variation with time of Z(T) and 

q?('ti). To do this, we use equations (7.64) and (7.59) to form the homogen-

eous first order nonlinear differential equations 

= 1-1(z) 0 
= 12(14 

(7.65) 

which apply for zero damping. In principle these are integrable. 

Thus, under the conditions k = 0, kL  = 0, the equation for Z is from 

(7.59) 
0 zx 
7 	. 	— 

n 
. cos 211.) 

which can be homogenised by means of (7.64) to give 

1 
I. 5/ x2 _r-,2(r2_,) 4.  1 z2 	C.Z -4/31 2 L2 	77  

(7.66) 

(7.67) 
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Figure 7.8 - Exact zero-damped trajectories for a case of soft 

oscillation. The parameters are 

/1)-= 1.0 

X= 1.0 

k = 0 
p 
B = 100 
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Figure 7.9 - Exact zero-damped (Z,(p)-trajectories for a case of hard 
oscillation. 

Parameters: 	= 0.70 

X = 0.75 

k = 0 
P 
B = 1.0. 



0 
2n 	3(r2  -1) + 2X.sin 21) = — 

C=0 
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This is integrable only for C = 0, in which case the differential equation 

for the amplitude transient is 

. 1 ,\,/ x2 _ [1(2_1) 4. 	Z2'.] 2  
2 C=0 n  

The equation for 4)  is, from (7.59), 

- - 	1- [I r
o  (Z) + 2X.sin 3n  

If Z2  is eliminated from this by means of (7.64) we obtain 

(7.68) 

(7.69) 

(c 
= 

3n 2(f2-1) + 3X. sin 2 4) + 5C. Z-413] (7.70) 

which is homogeneous only for C = 0, and is then integrable: 

(7.71) 

Equation (7.68) for the transient charge amplitude can be integrated at 

once, the form of the result depending on whether 2_1-2_1)1 = 1p 
2)0' is 

   

   

greater or less than unity. This criterion determines whether or not soft 

(unconditional) subharmonic oscillation takes place, 	Soft oscillation 

occurs for 

(pi < 1 

in which case the transient amplitude solution* for trajectories passing 

through the origin of the (Z49-plane is 

SP e  	_ ( Z 2 

75) - 

 AITTA/ 1 -(p+aZ2(0))2  + 1 

1-p2  A/ 1-(p+aZ2)2  + 1 - 

-  p2 a pe(0)  

p2 	a p z2 

   

   

(7.72) 
* An explicit solution for Z(i) is obtainable but is more cumbersome. 
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where a _ 1 
- 32X ' 

--- / 77 2X 
- 	- p 2 S r n 

and Z(0) is the value of Z at 	= 0. 

This shows that if the initial amplitude Z(0) is zero, then the rise-

time is infinitely long:  i.e. the origin of the (Z,10-trajectory diagram 

for the case of soft oscillation is stable. 

A simple solution occurs for the case of resonance, for whichp = 0, 

and 

2X .11; 
( Z en 

• 

(7.73) 
_ a2z4(0) 	.4 _ 1  

ITO ) 
+ 	1 

Generality is not lost by choosing the initial condition 

Z2(0) 	= 	= 	32X 

which makes 

Z2  = (7.74) 
32X +1/(32X)2 - Z4 

This curve is shown in Figure 7.10(a). The amplitude of the envelope of 

the subharmonic oscillation increases to a maximum at 	0, and then de-

creases again. In this zero-damped case and for the present definition of 

the time-origin, the transient amplitude solution is independent of sgn('T). 

Equation (7.71) can be integrated to give a solution for the transient 

behaviour of the phase angle q). In the region of soft oscillation, which 

is defined by 1 pl < 1, the solution is 

p+ sin 24)  
p+ sin 24)(0)1 • 

ST- 
e P 	= 1 + p.sin 24(0) +V 1 - p2  cos 2q)(0)  

1+ p.sin 2 	- p2  cos 2 4) 

(7075) 
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Figure 7.10(a) - Exact zero-darmed amplitude transient for the resonant 

case and for C = 1.0. 

0 

-459  

-9g 
-3 	-2. 	- I 	0 	I 	z 	3 Si, 

Figure 7.10(b) - Corresponding exact zero-damped phase transient. 
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where 111(0) is the initial phase angle at ¶ = 0, and p and S have the 

meanings previously defined. In the special case of resonance, and for the 

choice of initial condition00) = - 
4 
 (corresponding to Z(0) .An257 ),  

this result reduces to just 

S rt 
e  P 	tg 
	 (7.76) 

This transient phase solution is shown in Figure 7.10(b), and the composite 

phase-amplitude-time response in (q),Z,T)-space is illustrated for the 

case C=0 in Figure 7.11. This diagram gives one a visual picture of the 

nature of the transients to be investigated. 

The amplitude and phase solutions (7.72) and (7.75) each contain only 

one initial condition. This is a consequence of the constraint C=0. For 

trajectories which do not pass through the origin of the (Z4)-plane, C 

is not zero, and the corresponding amplitude and phase solutions (if we 

were able to obtain them) would each contain two initial conditions, Z(0) 

and 4)(0). 
We shall now turn to the case in which the damping is not zero and is 

attributed to the parameter k . 

7.4.6 Small-signal transient theory in the presence of damping :  

trajectories and stability 

The first-order differential equations describing the transient be-

haviour of the subharmonic phase and amplitude, such as equations (7.44) 

or (7.55), are both nonlinear and inhomogeneous. They cannot be integrated 

exactly. We shall therefore make use of an approximate method. This is 

based on certain experimental observations. Under most conditions of 



Figure 7.11 - Composite phase-amolitade-time response for the zero-

damoed resonant case and for C = 0. 

20C 
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practical interest, that is, within the region of soft oscillation, and with 

certain restrictions on the initial phase-angle, the greater part of the 

oscillation-envelope of the growing subharmonic voltage Vs  is an approxim-

ately exponential function of time. As the oscillation grows, nonlineari-

ties eventually cause the amplitude to limit at the steady-state value 

V
s(c4), A typical practical example of such an amplitude-transient is shown 

in the photograph of Figure 7.12. It can be seen that the only part of the 

envelope which is not approximately exponential is the region near the 

steady-state value Vs(00). 

This behaviour suggests that the initial part of the transient, upon 

which the remainder thereof is highly dependent, could be treated by putting 

Z ‹,"=, 1 

in the transient theory and neglecting Z2. It would then be possible to 

approximate the final part of the transient by terminating the rising 

amplitude at the steady-state value Z(oo). This value can, of course, be 

calculated without assuming Z 

The equations determining the transient behaviour under the domination 

of the loss-parameters k and kL  are (7,44) and (7.55) respectively. The 

approximation Z C< 1 results in a much greater simplification of the first 

than of the second. Fortunately, most of the dissipation in a practical 

parametron can be ascribed to k . The major part of the detailed transient 

theory will therefore be based on equation (7.44). 

The conditions 

kv  = 0, kL  = 0, Z 	1 

will be imposed. They mean that the conductances of the varactors and of the 

load are negligible and that the oscillatory differential charge is small 
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Figure 7.12 - Photograph illustrating approximately exponential 

behaviour of initial part of 

Conditions: Vs(0) = 13 mV, 

VB= 0, 

= 1.0, 

9(0) = -22°. 

Modulated pump (q.v. ). 

amplitude transient. 
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compared with the static varactor charge. It is now possible to find 

equations for the transient amplitude and phase from (7.44). Without any 

restrictions on .V X, k or B these equations are 
0 

. 	cos 2 (I/ 	 (7.77) 

and _
2 [ LX.cos 24) + n(r

o+ 2X.sin 21
1  )] , (7.78) 

3n  

respectively, where 

ro  = 3(r2  - 1). 

Elimination of rt, between these two equations gives a first-order equation 

relating the instantaneous amplitude and phase of the oscillatory charge: 

X 
n 

1 dZ _ 
Z•du) - 

3nX. cos 2lti 
214) 	2nX.sin 24)+ n.ro 

(7.79) 

This will be written shortly 

dZ _- 3 	cos 24) . d(240)  
Z 	4 ' o. cos 2(-i- sin ap+ p 

r
o 	

1- 2X 	(r2- 1) 2X 

/ 	4k 
___P= 	-  

2n 	Bli 

Equation (7.80) can be integrated to yield a 

where P =  

and cr 

(7.81) 

(7.82) 

relation between Z(T) and 

(7.80) 

TM for sufficiently small Z. However, before this is done, it is worth 

noticing that the ranges of 1.1) which correspond to positive and negative 

values of Z can be found from (7.77). Thus it can be deter pined whether 

Z(M) increases or decreases with time. Hence the direction of traversal of 

the trajectories can be predicted. This small-signal information will 

ultimately enable us to find the stability of the singularities without 

recourse to a formal stability analysis. Such an analysis would be difficult 



O 

0 for 

4 

in view of the complexity of (7.44). 

It follows from (7.77) that since n, X and Z are all positive, 

_7 ,+  Z --:, 0 for ( 4 	C and 

1 J...1., 
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} 

0 
The two sets of conditions determine the sign of Z. They are summarised in 

Figure 7.13, in which IZI increases in the shaded and decreases in the 

unshaded regions. The conditions apply not only for the initial conditions 

Z(0), (1)(0) but also for the ensuing trajectories, provided Z <5,1. If 

there is no damping, the latter proviso is redundant, as may be seen by 

referring to Figures 7.8 or 7.9. 

The form of the solution of (7.80) depends on 

sgn (1 
4. 0? 	p2).  

At first sight it might be supposed that the curve on the ('1 ,X)-plane 

defined by 
4k 2  

P
2 

= 1 + ( --2  ) 	= 1 + B 

would coincide with the steady-state boundary between the region of hard 

oscillation and the region of no oscillation. This boundary has already 

been identified as the projection of the (4),X,Y) nose-locils on to the (1),X)-

plane. However, the supposition is incorrect since the projection of the 

nose-locus is given by 
2 

p2 	A ) 	= 1 + ( 	1-  = 1 + ( 	. 91s • 	32 ' NE, 
P 

The practically interesting part of the (V ,X)-plane is that for which 

2 
) 



Z decreases with t.imo. 

with time. 

37c 

Z decreases with time. 
57c 

Figure 7.13 - Diagram indicating the phase angles which are 
associated with growin7 or decaying oscillations. 

For zero damping the diagram is valid for all Z, 

for non-zero damping it is valid for Z < 1. 
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soft (unconditional) oscillation occurs. It is defined by 

2 1. 

This region is contained within the larger domain 

p2 .4:: 1 + a . 

The various regions mentioned are indicated in Figure 7.23, and their 

significance will become apparent in the associated Sub-Section 7.4.8. 

The solution of (7.80) for p2 <1 + a is 

    

D.Z ecr(2(1' P+ 7.7 ...(211) -1!) :I 
p  

 

    

    

1+c2. cosutp 

l+cr + p. cos (24) -2S)+\/1+ag-p2. sin (24) 

\/1+a-p2 

= 0 

(7.83) 

where tgsE = 1— 

and D is a constant defining a particular trajectory. 

In the case of resonance (V = 1) this becomes simply 

(1+ag) 
D .z 3 	+ ecr(2)cos(24,  - 	= 0, 	(7.84) 

since p = 0. 

It is interesting to notice that at resonance the shape of the tra- 

jectories is independent of the pump amplitude X. This is because p is 

the only function of X in (7.83). 

If the damping parameter k is zero, so that o = 0, then the solution 

(7.83) reduces to 

-4/3 C.Z 	
2 (r

2_ 1)  + X. sin 24 = 0 	(7.85) 

where C = D.X. This can at once be identified as equation (7.64) which was 



.arc tg 

jp2 _ 1  _ 02 
(p-11+er2  ) tg 12(2)- t ) { 

(7. 86 )". 

= 0. 
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derived under the zero-damping assumption, except that here 3 -
2  Z

2  is absent 

because of the small-signal assumption. In the region p
2 	

1 + C2  , which 

lies "outside" that of immediate interest, the trajectories take on a 

different form: 

- - 4  (1+cr2  
D. z 3 	+ 	p + 11+6 . cos(2l11-'4 )1 

[ 	2crp .exp cr(24)- ) 

7.4.6.1 Explanation of certain anomalous theoretical results  

Although the "charge" theory so far developed gives a satisfactory 

explanation of 

(1) the steady-state amplitude phenomena and 

(2) the transient phenomena under conditions of zero damping, 

certain anomalies occur when the steady-state phase-angle and the transient 

behaviour in the presence of finite damping are to be predicted. It is 

found that the anomalous theoretical results are only obtained for fre-

quencies below resonance. Careful interpretation of the damping parameter 

k is necessary if physically possible results are to be obtained. It was 

seen in Chapter 3 that for the case n = i, the varactor charge q was a 

two-valued function of the voltage v. Thus, referring to Figure 3.4, 

dg 	 dz 
= dv 	dy -- can be either positive or negative at v = 0 (y = 0). Hence the 

small-signal varactor capacitance 

C
o dv v=0 
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can have, as far as the theory is concerned, a positive or a negative sign, 

the latter being non-physical. 

Further, since 

kp  = woCoRp , 

this damping parameter can also be either positive or negative. It is 

therefore to be expected that certain non-physical theoretical results may 

be encountered corresponding to negative values of k . 

It is found that theory is in accord with experiment over a large range 

of operating conditions if the sign of k is reversed for all values of 1) 

less than unity. 

These considerations affect the following parameters, all of which 

contain k as a coefficient: 
p 

1 	= 	32k p r  3/82 A 1,  , 4, , 

m = 1 1 13kp( 	- 1)Z2  , 

S 	. 	 k p 
1 ( — - 1) , B 

a 	= 	Lik 
P
/BV . 

The parameter S, which contains a
2 

is unaffected by sgn(kp). For simplic- 

ity, all the quantities mentioned above are given in the text with positive 

signs. The calculated results have been obtained with the appropriate sign 

of k . 
p 

7.4.6.2 Typical small-signal (Z,‘P)-trajectories  

(ZI T)-trajectories have been calculated according to the 

small-signal equations for a typical practical parametron with the measured 

parameters 

= 0.28 B = 0.45. 
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Figure 7.14 shows trajectories computed from equation (7.84) for 

resonance. In this particular case, Z is proportional to X for a given 

phase-angle q), so that the curves are all the same shape. Hence neither 

a radial scale nor a particular value for X need be given. The directions 

of the arrows, which indicate the motion of the tip of the (Z,4))-vector as 

time increases, have. been established by referring to the conditions of 

Figure 7.13. 

Figure 7.14 illustrates several important points: 

(1) The trajectories are not, in general, even approximately 

hyperbolic. 

(2) There are two pairs of critical phase-angles for which the phase 

remains time-invariant. Critical angles leading to growing oscillations will 

be referred to as ()
c 	, those leading to decaying oscillations as ()c- • 

The time-invariance obtains for small amplitudes only. We shall see later 

that for large amplitudes of Z, the corresponding trajectories eventually 

depart from straight lines. 

(3) In the resonant case, the angle between 1)
c
+ and qkc- is 900. 

It will be seen that in non-resonant cases this angle differs from 90°. 

(4) The quantity .0 	is zero at the critical phase angles (4 c
± )  dZ 

This means that in a sufficiently small time-interval the amplitude changes 

while the phase remains constant. All the trajectories except those 

corresponding to (pc- (here 56°  or 236°), eventually depart from the origin 

and tend towards one of the other pair of critical angles (i)c+ (here -34°  

or 1460). 

dZ (5) The quantity Tcp is zero at the angles 

= N . 
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Sr, I 

210 

Figure 7.1 - (Z4)-trajectories calculated accordLr.' to the 

small-amplitude aonro:,:i:nation for the 

practical Daramete-.-s 

v = 10 

= 0.20 

The curves are inde7)on.,:ent of A 
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where N is an integer. At these particular phase-angles the phase changes 

while the amplitude remains constant: This is true for all values of 

tuning, resonant or non-resonant. 

Figure 7:15 illustrates some (Z,q))-trajectories computed according to 

the Z 	approximation for a set of typical practical conditions giving 

rise to hard oscillation: 

= 0,9 

X = 0.5 

k = 0.28 

B = 0.45. 

Note that the considerations of Sub-Section 7.4.6.1 relating to sgn(k ) were 

taken into account in computing these curves. The diagram shows that for 

small signal amplitudes, all the trajectories tend ultimately towards the 

origin as time increases. For certain ranges oflpl  however, the amplitude 

Z can increase before it finally decreases. This rather unusual behaviour 

has been observed in practical parametrons initiated with small-amplitude 

signals in the region of hard oscillation. 

It can be shown that for extremely large values of the damping para-

meter a, the trajectories tend towards the form indicated in Figure 7.16. 

The trajectories now consist of circular arcs for all phase angles except 

for the critical angles (pc± which are ± it  and .± 	. If this 

diagram is compared with Figure 7.8 for the corresponding zero-damped case, 

it can be seen that the trajectory-diagrams encountered in practice fall 

somewhere between these two extremes. 

The infinitely-heavily damped trajectories of 7.16, cannot, of course)  

be related to any physical situation. The steady-state amplitude tends to 
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2 

2 

Figure 7.15 - (Z4)-trajectories computed according to the small-

amplitude approximation for a case of hard oscillation. 

The parameters are: v = 0.9, X = 0.5, kp= 0.26, 3 = 0.45. 

The shape of the curves is independent of Z. 
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Figure 7.16 
The form assumed by the small-signal (Z, (P)-trajectories 
in the limit cr,.,,0 
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zero as the damping increases towards infinity, so that the diagram merely 

indicates the end-point of a trend. 

7.4.7. Large-signal trajectories in the presence of damping 

In the presence of the damping parameter k , the differential equation 

for the large-signal (Z,14)-trajectories is given by eliminating the time- 

variable rC between the pair of equations (7.44), Section 7.4.1. The result 

is 

1 dZ 	3n[N.m(Z)+ X.cos 24'j - m(Z)t r(Z)+ 2X.sin 21.0  
Vdtp 	[5m (Z) + it;1[9.m(Z)+ X cos 249 	nE r(Z)+ 2X.sin 2113 

(7.87) 

where r(Z) and m(Z) are functions of Z2. It is not possible to integrate 

this exactly, so that we shall resort to an adaptation of the isocline 

method in order to obtain the integral curves! The above equation is of r  

the form 

1 	dZ 	
=  1-(Z, 4)) Z &I,  

where is a nonlinear function of Z and Lfr . Now consider the curves 

1. dZ 
Z 

As indicated in Figure 7.17, the trajectory which passes through a point P 

of such a curve makes a constant angle 2  + 2 with the direction of the Z-

vector, where 

tg 2 = 

Even if we were able to integrate this expression exactly, it is 

probable that the result would be transcendental, requiring graphical 

solution, so that one might as well use graphical procedures throughout. 

= constant. 
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Figure 7.17 - Construction of Isotan curves. 
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The curves 11-(Z q)) .4 are not isoclines in the usual sense, but their 

polar equivalent; they will be referred to as "Isotan curves". The 

concrete example of equation (7.87) leads to the following expression for 

Isotan curves: 

+ 2X.sin21)J + [3n + (5m + 	Inv + X. cos 24]. 0 

which for convenience in calculation may be written 

2(1) = arc tg H + arc cos 

arc tg H + arc cos - 

2(n2:. - m)  where H = 
(5m + 	+ 3n • 

In order to construct a family of (Z,4))-trajectories for a specified 

set of conditions (V,X,k „B), it is necessary to plot Isotan curves for a 

range of values of the constant Z..)  , such as -1, 0, +1, co. Then line- 

segOments making an angle ( 221  + arc tg 2 ) with the direction of the Z-

vector must be drawn at intervals along the Isotan curves. Finally, the 

trajectories can be constructed by connecting together the line-segments, 

Some (Z,111)-trajectories for the typical practical case 

11) 1.0 

X = 0.5 

0.3 

0.5 

have been calculated according to the above procedure and are illustrated in 

Figure 7.18. The conditions are similar to those used in the calculation of 



Figure 7.18 - Large-signal (Z,C-trajectories given by the Isotan method 
for the caseV= 1.0, X = 0.5, k = 0.3, B = 0.5. 
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Figure 7.11e  If the two diagrams are compared, it will be seen that the 

trajectories are of the same shape near the origin Z = O. The present 

large-signal diagram shows that those trajectories which pass through the 

origin progressively deviate from straight lines as Z increases, Further-

more, d  for large values of Z the loci of Tlp = 0 deviate from the straight 

lines q). t 4  - and become the "figure-of-eight" curves 	= 0, 

These integral curves show an interesting phenomenon: there is a strong 

tendency for the trajectories to approach the S-shaped "backbone" curve, 

which we shall refer to as the S-curve, much more quickly than they approach 

the singularities (indicated by open circles). This means that the phase 

approaches its steady-state value 4)(00) much more rapidly than the amplitude 

approaches Z(00). This is an important conclusion when phase-initiation is 

required, for it means that the parametron can be operated in a "linear" 

mode (analogously to a method sometimes applied to the super-regenerative 

oscillator)*in which the oscillation is quenched before the steady-state 

amplitude Z(00) is reached. This enables the parametron switching to be 

accomplished much faster than would otherwise be possible, leading to 

increased computing speeds. 

Figure (7.18) indicates the further interesting possibility that phase-

switching can be accomplished merely by altering the amplitude Z(0) of the 

initiating signal, the phase (1)(0) thereof being kept constant. To see how 

this unusual situation can occur, consider Figure (7.19). 	This diagram 

shows only the trajectories which pass through the origin of the (z,q))-

plane. One of these connects the singularities SE  and So, corresponding to 

See, for example, Page39 or Whitehead40. 
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Figure 7.19 - Diagram illustrating lohase-switchinF, by 

amplitude-variation. 
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stable phases "it" and "0" respectively. The other trajectory, the separat- 

rix, divides the plane into two regions: initial conditions lying in the 

unshaded region lead ultimately to the singularity Sn, those lying in the 

shaded region lead to So. Now consider the line (A 0  , Alt) which cuts the 

separatrix in the three points Po, 0, Pn. Suppose the initial conditions 

are constrained to lie along this line, that is, q)(0) is fixed and Z(0) 

is varied, Then if 

0 C Z(0) < Po  

or 

P < Z(0) < A
n 

the stable phase "g" will be initiated; whereas if 

0 < Z(0) <4: Pn  

or 

P
o < Z(0) < Ao 

the stable phase "0" will be initiated. Thus it is evident that if initial 

conditions "near" the separatrix are required, the exact magnitude of Z(0) 

becomes critical if reliable phase-initiation is to be achieved. 

Figure 7.20 illustrates some large-signal trajectories constructed by 

the Isotan method for a point on the (N IX)-plane below resonance and lying 

within the region of hard oscillation. The conditions for this diagram are 

A,) = 0.90 , 

X = 0.50, 

0.28, 

0.90, 

and are the same as those of Figure 7.15, which shows the corresponding 

small-Z trajectories. In computing these curves, the sign of k has been 
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31t 
2 

Figure 7.20 - Large-signal (Z,0-trajectories calculated_ b7 the Isotan 

method for the case:1)=.  0.9, X = 0.5, kn= 0.23, 3 = 0.45. 
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changed in accordance with the considerations of Sub-Section 7.4.6.1. There 

are now five singularities. The origin is a stable node; the two outer 

singularities are stable spirals. The remaining two singularities corres-

pond to the points (u,u) on the trajectory diagram for the lossless case, 

Figure 7.9. As in that diagram, they are again unstable saddle-points. 

The entire (Z4)-plane is divided into three regions by the two 

broken lines. All initial conditions lying within the region containing the 

origin give rise to trajectories leading ultimately to the origin, but the 

amplitude does not necessarily decay monotonically That is, it may increase 

before it finally decreases. 	In the other two regions the trajectories 

eventually reach one of the stable outer singularities. The amplitude can 

now decrease before it increases. 

As Z increases, the two arms of the separatrix form a double spiral 

expanding in a counter-clockwise direction. The broken lines passing 

through the unstable saddle-points each form a pair of spirals "interleaved" 

between the first double spiral. For sufficiently large values of Z, the 

(Z,0-plane always contains a similar system of spirals, no matter what 

values of IV and X are selected. It is only relatively near the origin that 

the trajectory-diagrams become significantly different. 

Finally, Figure 7.21 shows an example of (Z,4))-trajectories for a set 

of conditions under which no steady-state exists; in this case, above the 

resonant frequency. As might be expected, all the trajectories tend 

towards the origin. 

7.4.7.1 Summary 

The various relationships which can exist between the subharmonic 
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Figure 7.21 - 
Large-signal (Z,C-trajectories for detuning above 
resonance:a case in which no stable oscillation exists. 

= 1.04, x = 0.5, kp= 0.28, B = 
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amplitude and phase under large-signal transient conditions have been 

investigated. The study has given certain insights into parametron be-

haviour and indicates how fast phase switching can be achieved: 

(1) The device should be operated in the region of soft oscillation 

if large logical gain*is required. Thus it is desirable to choose an 

operating point at which a large-amplitude singularity can be selected by 

means of a very small-smplitude initial signal. In the region of hard 

oscillation, large-amplitude initiation is required if a stable singularity 

is to be reached. 

(2) Operation in the "linear" mode is desirable if the fastest speed 

of operation is to be attained. This means that the Z,4 -information con-

tent of the parametron is utilised to initiate a second device before the 

first has achieved its steady state. This kind of operation would also be 

possible in cases of hard oscillation if use were made of the "loop" 

trajectories which grow but ultimately converge on the origin. 

7.4.8 Approximate treatment of transient behaviour 

It was seen in the previous section that the exact trajectories cannot 

be found without recourse to numerical or graphical techniques for solving 

the relevant differential equations. The same will be true of the exact 

amplitude and phase transients. It will therefore be necessary to use the 

approximate method envisaged at the beginning of Sub-Section 7.4.6. On the 

basis of results already obtained, we shall now see what this involves. 

* Logical gain is defined as the number of computer switching elements 

which can be controlled unambiguously by a single switching element of the 

same kind. 
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It has been remarked that in practice a parametron would be used only 

in the region of soft oscillation, otherwise the possibility of using a very 

small-amplitude signal to initiate the ultimate phase would be lost. It is 

therefore appropriate to consider transients occurring in this region. 

Refer, for example, to Figure 7.14, which shows typical small-signal tra-

jectories. The proposed method allows the tip of the (Z, )-vectorto 

follow such a trajectory into the large-signal region. When the final 

steady-state amplitude Z(c4) (given by the large-signal steady-state analysis) 

is reached, the trajectory is to be constrained to follow a circular arc of 

radius Z(00) until the phase reaches the value 4)(oo).  The tip of the vector 

then remains stationary at the singularity (Z(w),11)(00) ). It is found in 

practice that the trajectories tend to lie near the S-curve. The approach 

should therefore give a reasonable approximation to the true amplitude 

transient, although it will tend to underestimate the actual risetime. A 

consequence of the method is that the phase will undergo a "jump", no matter 

what small-signal initial conditions are chosen. This is an unavoidable 

consequence of abruptly limiting the amplitude at its steady-state value. 

The initial part of the phase-transient, for which Z is sufficiently small, 

should, however, be adequately predicted. 

It might be thought that an alternative approach would be to constrain 

the approximate trajectory in such a way that the phase is stopped at ()(00) 

and the amplitude is subsequently allowed to proceed to Z(40). This possi-

bility must be rejected for two reasons. 

(1) A non-physical amplitude-jump would be involved. 

(2) There is no guarantee that the phase-angle of a small-signal tra-

jectory would ever reach (1)(00). On the other hand, the amplitude must 
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always reach Z(0, except, of course, for initiation at the critical angles 

Qpc-, in which case the amplitude decays monotonically to zero. 

Figure 7.22 shows in diagrammatic form the kinds of transient response 

to be expected for three different(P(0) at a constant Z(0). The transient 

response is shown for the trajectory diagram and for the amplitude and phase 

responses. The exact curves are indicated in heavy lines; the approxima-

tions are shown in broken lines. Diagrams 7.22(a
1
)
' 
(a2) and (a3

) are for 

a case in which the initial condition lies on the S-curve, while the dia-

grams (b) and (c) relate to initial conditions lying on one side and the 

other of the S-curve. The phase-jump is indicated in each case and is 

seen to take place from the critical angle 1pc-F to the final angle000. 

The real-time phase transient response will now be determined on the 

basis of this approximate approach. 

7.4.8.1 The approximate transient phase solution in the presence of 

damping 

The equations for the real-time phase and amplitude transients under 

the condition Z C< 1 are (7.78) and (7.77) respectively. The equation 
O 	 0 

(7.78) for 4) is homogeneous in 4), whereas (7.77) for Z is inhomogeneous. 

The phase equation will therefore be solved first. In terms of the a, 

notation established in Sub-Section 7.4.6. it is 

4X dct - 	d(2(1)) 	(7.90) . 3n 	p 	2(1)+ sin 211) 

As in the case of the solution of the corresponding trajectory problem, the 

form of the integral of the right member of (7.90) depends on sgn(1+a2-p2). 

If p2 .<1+021  a condition which encompasses the whole of the region of 

soft oscillation, p2  < 1, (see Figure 7.24), then the real-time transient 

p— 
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'Agure 7.22 - The nature of the approximations to the trajectory and to the amplitude and phase responses for 
(a) initiation on the S-curve and (b) and (c) initiation off the S-curve. 



phase solution is 

A.02SeG 	p 	+ a? 	cos (2 (1; - 11; ) 

1 + cr + p, cos (2 (1)--) + Jl + cr2- p2.sin(2 
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(7.91) 

where 

3n 
	1 + cr

2 
p
2 

tg = 1 

and A is a constant of integration which can be expressed in terms of the 

initial phase angle by substituting into the expression (p= q1(0) for 

O. Only one initial condition appears because the nature of the phase 

transient is independent of the amplitude so long as Z 	1. Inclusion 

of the initial phase angle leads to an unwieldy expression, so that we shall 

use the solution in the form given above. This is satisfactory because the 

phase-transient curves are, in the present approximation, always of the same 

shape for given values of v  , X, k and B, so that a variation in the choice 

of T(0) merely has the effect of shifting the entire ((),T)-curve bodily 

along the ¶-axis in such a way as to cut the T-axis in the value T(0). 

If this result (7.91) is compared with equation (7.83) for the tra-

jectory under the same conditions, it will be seen that the right member of 

the phase expression appears imbedded in the trajectory expression also. 

For the resonant condition ?) = 1 we have p = 0, so that (7.91) reduces 

to the simple result 
2S 1; 

Ae a 	= tg ( + (7.92) 

where 	

Scr = 
3n v/l 2X 	

+ off . 

In this case the explicit phase solution can be written 
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2S q) 
(1?0-0 = arc tg (Ae Cr  - 	arc tg ( 	) 	(7.93) 

An example of the phase-transient curves for the typical practical 

case 

1.0 

0.28 

0.45 

is shown in Figure 7.23. The pump-amplitude parameter X appears only in 

the quantity Sd  and its sole effect is to alter the time-scale, i.e. an 

increase of X increases the rate at which (1) changes with time. For this 

resonant case the curves are symmetrical about the critical phase-angles, 

but this is no longer true for off-resonance tuning. 

The general transient phase solution for 1 + a
2 	

p2 can be written 

in a variety of ways. Anticipating the requirements of the next section, 

we shall need an explicit solution for (PM from which it will be possible 

to calculate the transient amplitude under the condition Z •<<" 1. For this 

purpose it is convenient to write the phase solution in the form 

ctnh 
tanh 	S(T - To) = (p 	o).tglP + 1 	(7.94) 

  

2 2 

 

where the tanh is to be taken when the R.H.S. is < 1 and the ctnh when the 

R.H.S. is 17.>-1, and in which the constant of integration now appears as an 

arbitrary time-origin To. This solution can be expressed in terms of the 

initial phase-angle by putting q). (1(0) when I = 0 and eliminating co. 

The same result is obtained for both the tanh and ctnh functions: 

tg q) = 	A 6- p2  .tg q)(0) — Ecr p + tg q)(0)1. tanh  

+ a2- p2  + I1  + (p-o).tg T(0) I 	tanh S rL  

(7.95) 
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7.4.8.2 The approximate real-time transient amplitude solution in 

the presence of damping 

In order to find the real-time transient amplitude solution in the 

presence of damping and under the condition Z << 1, an expression is 

required for cos 214) in terms of the normalised time 

cos 21V (`t) = 3 n) . 	 (7.96) 

Such a function can be obtained from the general solution for the phase-

transient. If this solution is substituted into equation (7.77) for the 

rate of change of amplitude with time, the resulting differential equation 

is separable and can be integrated: 

dZ )1.C1 	N40r) drr. = — (7.97) 

The expression for 1 (ti'), valid for any initial phase-angle q)(0) is, in 

its general form, a complicated function of ¶ . However, it becomes simple 

for the particular cases of the critical angles q1c4-  and q)c-  referred to 

in Sub-Sections 7.4.6.2 and 7.4.8. These critical angles are identical to 

the angles of the straight-line trajectories of the small-signal (z,t())-

diagrams. Phase-initiation at Qpc± (0) leads to stationary phase during the 

initial part of the transient and the function /4011 degenerates into a 

constant. We shall therefore begin by considering the amplitude transients 

corresponding to these important special cases before going on to the 

general case of arbitrary 41(0). 

7.4.8.3 Transient amplitude solutions for initiation at critical 
phase-angles  

If the parametron is initiated at one of the critical phase angles 

ye'!" (0), then the ensuing amplitude variation is given by 



- cr p 	+ a?  - p 2  = Z(0).exp ( — n 1 + a
? 

z(rc) 
go 
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Z - 
	

n X . cos 2lP = constant. 
	(7.98) 

It follows that the transient amplitude solution is 

= Z(0).exp (nti  . cos 2 q)c) . 	(7.99) 

An expression for cos 2(.1)c is now required. This can be obtained from the 

differential equation (7.78) for the phase transient. Let 4) = 0, so that 

p + o . cos 2y + sin c 	
0 	(7.100) 

The solution of this for (pc is 

cr p 	+ 	p2 	(7.101) cos 2 yc 
a
2 

which may be substituted into equation (7.99) to give for the critically-

initiated amplitude transients: 

Z(ct) 

(7.102) 

This shows that for critical phase initiation the small-signal part of 

the amplitude transient is a pure exponential, which may grow or decay, 

according to the sign of the interior of the bracket in equation (7.102). 

Referring to the (Z,Y)-trajectory diagrams, critical (straight-line) 

trajectories leading to the origin correspond to exponentially decaying 

oscillations. The critical trajectories leading away from the origin 

correspond to exponentially growing oscillations. Amplitude transients 

relating to other, non-critical, trajectories cannot be described in terms 

of simple exponentials. Because of the small-amplitude approximation 

Z <5:11  a subharmonic transient initiated at these angles maintains a 
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constant phase-angle as time increases. An exact analysis would reveal that 

4)changes with time to some extent even for the critical initiating phase-

angles. 

We shall now consider what types of amplitude-transient behaviour ensue 

upon critical-angle phase initiation for various values of pump amplitude 

X and subharmonic frequency)). This can be done by determining 

sgn (-up ± fl + c2  p2 	(7.103) 

in the various regions of the (N,X)-plane shown in Figure 7.24, taking 

into account the considerations of Sub-Section7.4.6.1,which mean that the 

sign of a must be reversed foriV<:1.0. In this diagram the unshaded region 

2 
p C 1, in which soft oscillation occurs, is the only one of practical 

interest. This is because the full advantages of phase-initiation, such 

as the possibility of controlling the phase of a large-amplitude subharmonic 

oscillation by means of a determining signal of much smaller amplitude, 

can only be realised in this region. In the region of hard oscillation, the 

transient can lead to a stable non-zero oscillation only if the initial 

amplitude is sufficiently greater than zero. The minimum possible initial 

amplitude (for a given value of /11) progresftvely increases as the nose of 

the ()),X,Y)-surface is approached. 

The change in the sign of a can be accounted for by writing msim p 

instead of a. Then the condition for exponentially growing oscillation is 

/3. 	072 	p2 > ap.sgn p = alpl 
	

(7.104) 

and the two signs attached to the root must be considered separately. 

Taking the positive root, the condition is 

+ \j/1 + 	p2 	1 
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or, squaring both sides, 

1 + a2  - p2 > 	
,2 

i.e. 

1 + a2  ;2> p2(1+a2) 

or 

1 > p2 , 

Thus the positive root corresponds to growing oscillations in the region 

p2 	1. Note that this result is independent of a, i.e. it is independent 

of the damping parameter k . 

Taking the negative root, the condition for growing oscillation is 

- /1 + a?  - p2 	> crl p I 

which can only be fulfilled for Ipl < 0. This condition cannot be 

satisfied, so that the negative root never gives rise to growing oscilla-

tions. 

By means of similar calculations, the following table can be built up. 

Plus signs indicate growing oscillations and minus signs indicate decaying 

oscillations. The regions defined by 1 + a2-(4
2 do not appear in the table 

because then the root is imaginary and exponential solutions do not exist. 

Table of sign of ± J1 + a2 - p2 - cr Ipl 

Region of (V ,X)-plane Positive root Negative root 

- 1 <p < 0 + - 

0 <p <+ 1 + - 

- Nil+c2  < p < - 1 . - 

- - 1 < 	p <+Y  l+ 
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This table confirms that oscillations grow from arbitrarily small 

initial amplitudes only in the region of soft oscillation. Elsewhere they 

decay towards zero. 

It must be pointed out that the rates of rise and fall of the oscilla-

tion envelope for these critically-initiated transients are not necessarily 

maximum. It will be seen that slightly greater rates are possible for ini-

tiation at phase-angles other than critical. However, the present theore-

tically-predicted rates should be in reasonable agreement with the 

experimentally-determined maximum rates of increase and decrease. 

It has already been mentioned in Sub-Section 7.3.2 that the dimension-

less risetime, the number of subharmonic cycles u required for the amplitude 

to increase by a factor e, is a quantity of considerable interest. We shall 

also have occasion to refer to the dimensionless fall-time. This is defined 

here as the number of cycles of oscillation required for the amplitude to 

decrease by a factor e. In this latter case u is negative. 

The concept of dimensionless rise- and fall-times has meaning only 

for initiation at the critical phase-angles. 

(7.105) 

11  4. 	p2 
P I 	j  

It is shown in Appendix 7.4 that this can be rearranged to give the follow- 

ing expression for the curves in terms of the independent variable X: 

1 + 
(a+  In 	r2  - 1  I )2  X

2 (7.106) 

(4Vn) 

The sign of the square root in (7.105) does not affect this result, so that 

it applies for both positive and negative values of µ0  corresponding to 

* In a subsequent section. 

Curves of constant u are given by 

1 + a
2 

= 2n • 
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growing and decaying oscillations respectively. 

In the idealised "skeletal" case in which both damping and stray capa-

citance are absent, equation (7.106) becomes simply 

2 	2 2 	+ 	5) 	) 4 X
2 

) 
pn 	 (7.107) 

Curves of constant dimensionless rise- and fall-time for this case are 

shown in Figure 7.25. The curves for positive and negative i  coincide if 

there is no damping; the associated invariance with respect to sgn(p) is 

reflected in (7.107). The curves resemble a mirror-image of the correspond-

ing results of the highly approximate treatment of Sub-Section 7.3.2, shown 

in Figure 7.6. The resemblance is largely fortuitous, and in any case does 

not apply for large values of X. 

Figure 7.26 shows curves of constant dimensionless rise- and fall-time 

calculated from equation (7.106) for the typical practical case 

kp  = 0.28, 

B= 0.45. 

The solid curves are for positive and the broken curve for negative values 

of p. It can be seen that for a given magnitude of p, the curves corres-

ponding to the positive and negative signs now coincide at resonance only. 

Elsewhere they follow different paths. As in Figure 7.25 for the lossless 

case, p is infinite on the Frequency Characteristic and decreases as the 

operating point ()),X) moves into the interior of the region of soft 

oscillation. However, Figure 7.26 illustrates certain new phenomena which 

appear when damping is present. 

(1) Except at resonance, for every point within the region of soft 

oscillation p2 <1, there is a positive and a negative value of P., the 
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magnitudes of which are different. In the lossless case, the magnitudes are 

the same. 

(2) The magnitudes of µ are increased by the presence of stray 

capacitance and loss, consequently the rates of change of amplitude are 

decreased. 

(3) For every point within the region of temporary oscillation 

• 1 < p2  <1 + a2 (which includes the region of hard oscillation, see Figure 
7.24), there are two negative values of µ with different magnitudes. This 

region of temporary oscillation does not exist in the lossless case since 

then the only singularities are foci, whereas here the zero-amplitude 

singularities are nodes. 

Experimental results will be given in Section 7.5. 

7.4.8.4 Transient amplitude solutions for initiation at arbitrary 

phase-angles  

It has been seen that in order to find the transient amplitude response 

for initiation at arbitrary non-critical phase-angles it is first necessary 

to find a general expression for cos 21P as a function of time. Such a 

function I(`D) must be substituted into equation (7.97), which can then be 

integrated to yield the amplitude response. A convenient general relation-

ship between 4) and 't is the form of the transient phase solution given by 

equation (7.95), Section 7.4.7., which for the present purpose may be 

written 

tg l 	= 	C.tanh ST+ D 
A. tanh ST+ B 



where 	A 1 + (p - ap)tg (1)(0) 

j1 + 	p2  

+ p + tg 4)(0) ) 

	

cy,2_ p2 	tg 	(0)  
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and 00) is the initiating phase-angle at`C = 0. Then, by making use of 

the identity 

cos 21p 1 - tg2  t-P  
1 + tg2  

the required time-function is 

(cc) = (A.tanh S T + B)2  - (G,tanh srr + D)2  

(A.tanh stt + B)2  + (C.tanh ST + D)2  
(7.108) 

It is shown in Appendix 7.5 that when this is substituted into equation 

(7.97) and the integrations are performed, the complete amplitude solution 

for initiation at arbitrary phase angles 00) is 

 

4(1+02)   
.Z3 	= J1(T, 00) ).e., 12(97,()(0) ) (7.109) 

where 

 

 

110-c, (to) ) = 	A. sinh S rC + B. cosh S )2  + 

+( C.sinh St + D.cosh ST )2  

 

   

2n , (pm ) = - ar ' 2 • ST+ arc tg B  

(1-B 
P-cr 

 V B+A \ 2ST 
-107-7 )e  

B 

   

   

and (A is a constant 

(1+a2) 
.z(0)3 

which can be determined from 

1  (0, 4(0) ).expe,12(0,((0) ). 1 
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Equation (7.109) is a rather complicated function for general use, but is 

given here for the sake of completeness. Fortunately, however, a simplifica-

tion occurs at resonance, for then p = 0, and it is shown in Appendix 7.6 

that in this case the amplitude solution can be written 

11(14-a) 
04.z 3 

y=1 
= cosh 2Scr rt + To). ext. gd E2S0.(q.  +T 0).1) 

   

• 

(7.110) 
j--- where S

u 
= 2X -- 	1 + a7 0  3n 

1 	-1 
C̀o = 2S gd  ( S 

= arc tg 1 

a constant containing Z(0), 

and gd(u) = 0 is the gudermannian of u defined by 

u = ln.tg (.
4- 
11  g) 

2 

The above expression for Z(T) is simple to use, but for detuned 

  

1)=1 
cases (V/ 1) it is best to construct the amplitude solutions graphically 

from the appropriate (Z4)-trajectories and the (q),9:)-curves of the phase 

solution. 

The relationship between this solution and the corresponding one for 

critical-angle phase initiation can be seen by letting cto--4- ± 00, which 

makes cosh 2 So.(rr +To) 	exp [r --1. 2 Scr(rt+rro)] 	so that the amplitude 
• 

solution tends to 

   

Sa exp[ 2 
1+a

2 

 

   

= exp f X 	1 
a 	• ti n F7  

1-1-cr 

 

) 9=1 

   

    

200) ) 
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which is the same as the result obtained from equation (7.102), Section 

7.4.8.1. 

As an example, curves of Z versus t have been computed from equation 

(7.109) for the typical practical case 

= 1.0 

X = 1.15 

k 
p 

= 0.28 

B = 0.45 

From these quantities the parameters required for the solution are found to 

be 

S
a 	0.231, 

21.9°, 

3  
. 4(1+0-?) 	0.104.  

Figure 7.27 shows amplitude response curves for certain initial phase-

angles lying in the range 

-34°  <l\)(0) < 56°. 

This quadrant contains half the possible amplitude solutions and is bounded 

by the critical angles kpc-F and(bo  -. The same amplitude solutions are 

obtained for initial angles differing by 180°  from those given in the dia-

gram. The response curve for 1)c-(0) = 56°  is a pure decaying exponential. 

A phase-shift of only -0.5°  has a dramatic effect upon the response: the 

curve for ((0) = 55.5° decays at first, goes through a minimum and then 

grows indefinitely. 

Further changes of y(o) towards -34°  have a less pronounced effect 
upon the response. However, a very interesting and unexpected result is 

that for a certain range of (pm near 42°, the response is (at least 
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Theoretical amplitude response curves for the 

typical practical case: 

= 1.0, 
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B = 0.45, 

when the initial phase-angle 4)(0) is varied. 
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initially) faster than the exponentially increasing envelope obtained for 

initiation at ()c+(o) -340. This point is brought out by presenting the 

amplitude transients on a logarithmic scale, as in Figure 7.28. The ex-

ponential solutions now appear as straight lines. All the other solutions, 

with the exception of the one for 470-(0) = 56°, eventually acquire the 

slope of the rising exponential. The time taken for the solution to become 

nearly exponential depends on (11(0). 

Since the present theory is for small signal levels, the initial ampli-

tude Z(0) is generally much less than unity. Therefore, by the time the 

large-signal amplitude Z(44 is reached (in accordance with the approximate 

treatment described in Sub-Section 7.4.8.) the solution can be regarded 

as a virtually pure increasing exponential delayed by a time which depends 

on (1)(0). 

Figure 7.29 shows in three-dimensional form the calculated amplitude-

time response as a function of the initial phase angle in the range 

-34° < (1)(0) 	146°  

The other 180°  need not be shown since the response curves are repeated in 

that range. The amplitude Z(%) is again normalised with respect to Z(0) 

and plotted logarithmically. The marked sensitivity of the amplitude 

response to the initial angle in the vicinity of y(0) = 56°  is evident. 

In accordance with our approximate approach, the response curves in Figure 

7.29 have been limited at a steady-state amplitude Z(oo), here 6.3 db above 

Z(0). Inspection of the diagram reveals that ZOO is reached in the least 

time for q)(0) about 42°. In this case the initial slope of the response-

curve is actually zero, but rapidly becomes steeper than exponential. This 

suggests that for the set of conditions considered, initiation near this 
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angle is desirable if the maximum speed of parametron-switching is to be 

obtained. 

Except for critical-angle initiation, the instantaneous phase angle 

changes continuously as the instantaneous amplitude varies. This happens 

in such a way that the minima of the response curves always occur at 

45°  or .k 135°. 

The diagram shows that some of the response curves dip below the 

straight line corresponding to the decaying exponential solution. It will 

be seen in the next section, which deals with experimental observations 

on transient phenomena, that this also occurs in practice. 

7.5 Experimental investigation of transient phenomena 

7.5.1 Introduction 

The object of this section is to determine to what extent the preceding 

transient theory agrees with measurements on practical devices. The 

amplitude transients are relatively easy to measure, but observations on 

the phase transients require a special technique. 

The first part of the section contains a description of the experiment-

al arrangements used to obtain a stable and controllable oscilloscope dis-

play of the transient phenomena. Subsequently, possible methods of 

quenching the BSP and BPP arc discussed. The techniques employed for measur-

ing the amplitude and phase transients are then described. Finally, the 

results of some measurements are given in a form suitable for comparison 

with the theoretical predictions. 
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7.5.2 Experimental arrangements for measurements on phase-initiated 

transients  

The arrangement of the equipment used in the experimental investigation 

of the transient phenomena is indicated in the block diagram of Figure 

7.30. A pumping source of frequency 2f energies the parametron under test 

via a 502 attenuator which is used to set the pump amplitude V . The pump 

also energises a parametron which oscillates continuously at the frequency 

f. The latter parametron is used for three purposes: 

(1) as a source of phase-initiation signals at the subharmonic 

frequency, 

(2) in order to synchronise the oscilloscope and 

(3) to provide an input signal to the electronic counter. 

This device is needed because the phenomena to be investigated are extremely 

sensitive to small variations in the frequency, which must therefore be 

measured with accuracy. Since pump frequencies up to 20 Mc/s are used and 

the limit of the frequency meter is about 10 Mc/s, the subharmonic rather 

than the pump frequency is monitored. The continuously-oscillating para-

metron will be referred to as the Phaselock Parametron. It should be of a 

type similar to the one under investigation, but with a somewhat higher 

resonant frequency. This ensures that the parametron under test receives 

adequate phaselock amplitude up to its maximum frequency of operation. 

A sampling oscilloscope was selected for several reasons. 

(1) Its wide bandwidth and good amplitude calibration mean that 

instantaneous voltage amplitudes can be measured over a large range of 

frequencies without frequency-response corrections being required. 

(2) It has good sensitivity and sufficiently high input impedance to 

avoid excessive circuit loading. 
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Figure 7.30 - Experimental Arrangement for Observation and Measurement 

of Phase-Initiated Transients. 

(a) Hewlett-Packard Sampling Oscilloscope, Model 185B with dual-trace 

Vertical Amplifier Model 187B. 

(b) Nagard Double Pulse Generator Type 5002 C. 

(c) Hewlett-Packard Electronic Counter Model 52)C with Video Amplifier 

Model 526A. 

(d) General Radio Unit Oscillator,0.5 - 50 Mc/s, Type 1211-C. 
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(3) There is provision for the connection of an X-Y coordinate pen 

recorder. This is possible because the sampling oscilloscope works in an 

"analogue" manner, the high-frequency input signals being translated to a 

very much lower frequency for display purposes. The traces of transient 

waveforms which can be obtained in this way are more accurate than those 

obtainable photographically since the pen has a better resolution than a 

C.R.T. trace. 

The count-down circuits of the sampling oscilloscope produce syn-

chronising pulses at a repetition rate of about 100 Kc/s, locked to a 

submultiple of the pump frequency f. These are used to trigger the Pulse 

Generator which in turn produces pulses of controlled delay, width and 

amplitude which are used (by means to be described below) to quench the 

subharmonic oscillations of the parametron under test. 

For reference purposes, the instant at which the quenching-pulse is 

removed from the parametron is defined to be t = 0. 

If it is assumed that the parametrons in a given practical computing 

system are all similar, then the phase-locking signal applied to one para-

metron is simply the nonsinusoidal output of another parametron of similar 

characteristics. 

The theory developed in the preceding work, however, assumes that the 

phase-locking signal is a pure sinusoid of prescribed amplitude V
s(0) and 

phase 0(0), so that it is desirable to use a signal of this kind in the 

present experimental investigations. In the system described here, the 

phase-locking signal is derived from the continuously-oscillating Phaselock 

Parametron, the output of which consists of the subharmonic frequency f and 
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odd-order harmonics 3f, 5f, 7f, etc., their relative amplitudes depending 

on the pump amplitude and frequency. In accordance with the above require-

ment, the unwanted harmonics are removed by a low-pass filter which is 

designed to cut off at about 2f. A disadvantage of this arrangement is that 

the derived phaselock-signal has an amplitude which is strongly dependent 

upon the amplitude and frequency of the pumping signal. 

A possible solution to this problem would be to use a van der Pol-type 

oscillator entrained to the -th-subharmonic of the pump frequency; the 

output of this device should be sensibly constant in amplitude. A tunnel-

diode balanced synchronised oscillation was tried for this purpose since it 

has satisfactory limiting, filtering and frequency-following properties. 

However, it was rejected because of its small output level, its noisiness 

and its tendency to oscillate at very high frequencies even in the presence 

of good decoupling arrangements. 

The filter is followed by an attenuator of negligible phase-shift, 

the function of which is to set the initial subharmonic amplitude Vs(0). 

Thislin turn, is followed by an R-C phase-shifting network of fairly constant 

attenuation, the purpose of which is to set the initial phase-angle 8(0). 

Additional phase-shift can be introduced for special experimental purposes 

by inserting a 50 2 delay line of suitable electrical length at the input to 

the filter, and large-amplitude phase-initiating signals can be obtained by 

inserting an amplifier as well. 

Figure 7.31 is a photograph of the equipment used for the experimental 

investigation of the transient phenomena. The electronic counter and the 

X,Y-recorder have been omitted for clarity. The sampling oscilloscope dis-

plays a typical amplitude transient. 
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The contents of the schematic block in Figure 7.30 designated "Quench 

circuit and parametron under test" can take several different forms depend-

ing both on the kind of parametron and the type of quenching to be employed. 

There are two ways in which the subharmonic oscillations can be quenched, 

by Pump Modulation and by Pulse-Biasssing the varactors. 

First consider Pump Modulation. This involves the periodic Ildis_ 

connection" of the pump source from the parametron, which may be of any 

type, balanced or unbalanced. In general, the amplitude of the subharmonic 

oscillation will decay slowly upon the application of the "disconnecting" 

quench-pulse. The rate of decay is governed by the effective Q of the 

parametron, and since this is fairly high, the turn-off is necessarily a 

slow process occupying many cycles of oscillation at the natural frequency 

of the device. This limits the rate at which phase-initiated switching can 

be accomplished. 

As an example, the practical circuit of a BSP with pump modulator is 

shown in Figure 7.32. A simple balanced modulator employing fast diodes 

disconnects the pump from the BSP upon application of a positive-going 

quench pulse. Since the parametron and modulator are balanced, while the 

pump source is unbalanced, the effect of the interwinding capacitance in 

transformer T
1 must be neutralised by means of the adjustable trimmer CT' 

Otherwise the output of the BSP will be contaminated with the pump fre-

quency and its harmonics (4f, 8f etc). 

Phase-switching in the BPP can also be accomplished by Pump Modulation. 

In this case the balance of the device is not affected by stray capacitances. 

e.g. Qutronics Q5-100. 
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The interrupted pumping signal is applied directly to the centre-tap of the 

tuning inductor, which is a neutral point from the point of view of the sub-

harmonic voltage. A diagram of a typical arrangement is shown in Figure 

7.33(a). 

The method of quenching by Pulse Biassing the varactors will now be 

considered. This attractive alternative possibility can be applied to the 

BPP very simply, but not to the BSP without undue complication (because of 

the orientation of its varactors). In the BPP both the varactors are 

oriented in the same polarity so that they can be simultaneously biassed 

into forward conduction, thus lowering the Q of the device to the point where 

oscillation ceases in a fraction of a cycle. This can be an extremely fast 

process because the BPP looks non-inductive from the point of view of a 

quench-pulse applied to the centre-tap of the tuning inductance. Since this 

input is a high-impedance point during the oscillatory regime the pump and 

quench signals can be added together by means of the resistors R and R p 

resulting in the simple arrangement of Figure 7.33(b). 

The forward diode current used to quench the oscillations must be kept 

as small as possible, otherwise excessive storage of minority carriers in 

the junctions will lead to appreciable turn-on delay when the forward bias 

is removed (i.e. the full Q of the parametron will not be restored immediat- 

ely). 

Therefore, if this type of quenching is used, the initial part of the 

transient may not be explained by the present theory. If, however, the 

time-origin is transferred to a later instant at which the minority carriers 

have leaked away, the transient will be predicted adequately. 

It is found in practice that complete quenching can be accomplished in 
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less than one subharmonic cycle by the method of Pulse Biassing. An 

example is shown in the photograph of Figure 7.34. 

7.5.3 Method of measuring instantaneous amplitude and phase  

The instantaneous amplitude of the subharmonic oscillation is measured 

by observing the heights of successive peaks as displayed on an oscillo-

scope,
s
(t) is found by multiplying the readings by the turns-ratio of 

the output transformer (if any). 

Measurement of the steady-state phase angle is not easy at the fre-

quencies of interest. The cycle-by-cycle measurement of time-varying phase 

angles presents even more severe difficulties. The instantaneous phase, 

unlike the instantaneous amplitude, is an elusive and ill-defined quantity. 

Various ad hoc definitions are possible. Thus one could superimpose the 

pump and subharmonic waveforms and measure the time-displacement of the 

peaks. This displacement expressed as a fraction of one subharmonic cycle 

would give the phase angle in radians. An alternative method, and one which 

has been adopted here, is to measure the displacement of the zero-crossings 

of the two waveforms. In general, the two methods give different results 

for the same transient. This is particularly true when the phase is chang-

ing quickly or when the subharmonic waveform contains a large proportion 

of harmonics, the phases of which change at different rates. The second 

method was selected because a zero-crossing is a more precisely-defined 

instant than a peak, leading to improved reproducibility of measurements. 

It is worth mentioning that measurement of the transient phase angle 

would not have been possible without the use of a sampling oscilloscope. 

Only a very small amount of time-jitter could be tolerated. In the early 
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stages of the work many attempts at transient phase measurement were made 

using conventional oscilloscopes with auxiliary count-down circuits. In no 

case could a sufficiently stable display be obtained. 

For a given set of operating conditions, the amplitude and phase 

measurements were repeated for successive cycles until ultimately both 

became constant and steady-state conditions were reached. 

The short-term stability of the experimental system was such that 

instantaneous phase-angles could be measured to a self-consistent accuracy 

of about ± 2°. The long-term stability was not sufficient for reliable 

phase measurements to be taken from the X-Y "analogue" pen recordings. 

These took about 30 seconds per trace. 

In the resonant case, the measurement technique described above is 

accurate even when the harmonic content of the signal is quite large due to 

forward diode conduction at large pump amplitudes. This is because the 

zero-crossings of all the harmonics are coincident at resonance. It is 

possible to explain why this should be so as follows. At resonance the 

impedance seen by the "fundamental" subharmonic frequency is purely resis-

tive. The harmonics of the fundamental are due to the nonlinearity of this 

resistive impedance. However, there is no fundamental voltage at the zero-

crossings, so that there can be no harmonic voltage at the corresponding 

instants either. 

In detuned cases, on the other hand, the impedance becomes reactive. 

The relative phases of the harmonics are now such that the zero-crossings of 

the total waveform are displaced relative to those of the fundamental. Such 

displacement tends to lead to a systematic error in the phase measurements; 

the magnitude of the error will in general increase with detuning. 

Thus the phase definition used is not ideal but it is convenient for 

experimental purposes. 
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7.5.4 Transient measurements  

The major part of the transient theory has been based on the considera-

tion of the Balanced Parallel Parametron (BPP), although the reasoning in 

the case of the Balanced Series Parametron follows very similar lines. Most 

of the transient experiments have therefore been conducted on a typical BPP, 

the relevant parameters of which are summarised below. 

Small-signal resonant frequency: f
o 	7.226 Mc/s. 

Pump-circuit damping parameter:. k
p 	0,28. 

Stray capacitance parameter: 	0.45.  

Nonlinear capacitance-law exponent: n = 0.4. 

The damping parameter kL  depends on the value of the load R, This load was 

intentionally kept as small as possible in the transient experiments so that 

the theoretical assumption that kL  is negligible might be fulfilled. The 

parameter k was made relatively large by using a high value for R (350 2 ). 

Figure 7.35 consists of a set of pen-recordings of amplitude transients 

for the resonant case 1)2 = 1. 	The (X,Y) "analogue" signals were obtained 

from the sampling oscilloscope, The subharmonic signal actually recorded 

1 is v;, the transformer secondary voltage, which is approximately 375- vs. In 

order to avoid initial delays due to charge-storage effects, the quenching 

was accomplished by pump modulation. The modulated pump waveform appears 

at the foot of the Figure. The transient recordings were made for different 

values of the initial phase-angle 0(0); in each case the initial amplitude 

V
s(0) was kept constant at 65 mV. It can be seen that as the initial phase 

angle increases, the time taken to reach the limiting amplitude V
s 
 (00)=125 mV 

becomes progessively longer. When 0(0) reaches approximately 65°, the 

transient becomes "infinitely" long. 	In practice, however, there is always 
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Figure 7.35 - "Analogue" pen-recordings of amplitude transients for the 

resonant case. Pareters:11)=. 1.0, X = 1.15. k = 0.28,13=0.45 
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sufficient residual noise to trigger eventual oscillation. If 0(0) is 

increased beyond this critical value, the time taken to rise to full 

amplitude becomes progressively shorter again, but the phase of the final 

steady-state oscillation is now shifted through 180°. 

If the amplitude-response recordings of Figure 7.35 are compared with 

the theoretical curves of Figure 7.27, it will be seen that the dependence 

of the rate-of-rite upon the initial phase-angle is predicted with remarkable 

accuracy. The only significant error is that the actual and theoretical 

critical phase-angles leading to the "worst" response differ by 90  . 

Figure 7.36 shows measured (Y,0)-trajectories for the same set of 

conditions. The points were obtained by direct measurement of waveforms and 

not from the pen-recordings. These curves should be compared with the 

theoretical (0)-trajectories of Figure 7.18, calculated for similar 

conditions. The agreement is again excellent, even to the predicted 

"kinks" in the non-critical trajectories in the neighbourhood of the origin, 

which also occur in the small-signal trajectory diagram of Figure 7.14. 

Some measured amplitude-transients for initiation at various phase 

angles e(o) and a constant initial amplitude
s(0) are plotted logarithmi-

cally in Figure 7.37. These curves should be compared with the theoretically-

predicted transients of Figure 7.29, (for which the logarithmic amplitude 

scale is different). The types of response for various initial phase-angles 

are very similar in the two cases. In particular, it may be pointed out 

that the measured amplitude response curve for e(0) frlj65°  actually does dip 

below a decaying exponential, in agreement with the theoretical prediction 

concerning (1)(0). 

Figure 7.38 shows the effect of increasing the initial amplitude Vs(0) 
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while the initial phase 0(0) is kept constant. The parametron now behaves 

in a manner reminiscent of the superregenerative oscillator operated in the 

so-called logarithmic mode40: the time taken for the amplitude to reach 

its steady-state value is an approximately logarithmic function of the 

initial amplitude. This is exactly what would be expected on theoretical 

grounds for initiation near a critical phase-angle. 

Measured phase-transients for the resonant case are given in Figure 

7.39. The curves are difficult to measure accurately, but for those ranges 

of phase-angle which correspond to small amplitudes, agree quite well with 

the theoretical phase-response curves of Figure 7.23. Figure 7.40 shows 

theoretical phase transients calculated according to the approximate 

method of Sub-Section 7.4.8: the curves given by the small-signal theory 

either "stop at" or "jump to" the steady-state phase-angles given by the 

large-signal theory. These transients differ in several respects from the 

actual ones, but the general agreement is satisfactory. 

In order to make clear the manner in which the actual instantaneous 

phase and amplitude change with time, Figure 7.41 shows a drawing of a pair 

of typical transients in (Y,O,T)-space for initiation at phase angles 0(0) 

close to the separatrix and for Y(0) about i Y(0°). The arrows represent 

positions of the Y-vector at equal increments of time. 	The two curves, 

which are always 180°  apart, pass close to the 97-axis, but ultimately 

spiral around the broken lines (parallel to the T -axis) which represent 

the positions of the stable singularities. 

Figures 7.42 to 7.45 inclusive show the measured phase-initiated ampli-

tude transients and trajectories for two values of detuning away from 

resonance: e1) = 0.9 and A) = 0.8. The amplitude-response curves are similar 
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to those of the resonant case, but the initial phase-angles for which the 

various kinds of response occur are now different. 	The trajectory 

diagrams show the typical counter-clockwise rotation of the outer stable 

singularities as the detuning is increased. 

Finally, Figure 7.46 shows some experimentally-determined curves of 

constant "dimensionless risetime" i. In order to obtain these curves, an 

extremely small phase-locking signal was applied, so that the initial 

part of each transient might be truly small-signal. The quantity µ was 

determined in each case by counting the number of subharmonic cycles re- 

quired for the amplitude to increase by a factor 2.7. 	These curves should 

be compared with the theoretical predictions of Figure 7,26 for the same 

circuit parameters. Apart from the expected differences near v.= 1.0, 

which are due to the neglect of 	in the theoretical case, and the differ- 

ences at large pump amplitudes, which are due to the neglect of nonlinear 

diode conduction, the agreement is highly satisfactory. 
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CONCLUSIONS 

A large part of the problem proposed at the outset has been solved, 

In the early chapters of the thesis an attempt has been made to bring 

order to the hitherto disparate theoretical and experimental work previously 

published on the subject. The mathematical and physical relationships 

between the possible types of lumped-element parametric subharmonic oscilla-

tor have been elucidated with the aid of an 'evolution' chart. On the 

basis of these considerations and experimental evidence, the types most 

suitable for use as fast-phase-switching parametrons in digital computers 

have been selected. These devices have been treated by several different 

mathematical approaches with varying degrees of success. These are 

summarised below. 

(1) The first-order quasi-static theory developed in Chapter 4, Section 

4..21  gave perhaps the simplest and most easily apprehended insights into 

the nature of parametron behaviour4 In particular, the strong inter-

relationships between the amplitude and phase phenomena were brought out, 

The theory suffered, however, from lack of rigour and its inability to 

account for any but extremely small-signal phenomena. 

(2) Under certain conditions the piecewise-linear theory of Section 4.3 

gave rise to a satisfactory explanation of the very large signal steady-state 

phenomena, but offered no prospect of extension to the analytical (rather 

than numerical) treatment of the transient phenomena. 

(3) The limitations of these two approaches led, in Chapter 5, to the 

investigation of the possibilities of differential-equation models. These 

models were of two kinds: the simpler were based on the representation of 
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varactor capacitance as a nonlinear function of voltage. Owing to the 

nature of the nonlinear functions, the differential equations of these 

"voltage" models could be solved approximately only under small-signal 

conditions. Nevertheless, they gave accurate steady-state results for such 

conditions. Accurate prediction of transient phenomena by the use of 

"voltage" models was found to be impracticable. The second and somewhat 

more complicated kind of model made use of the representation of the 

varactor voltage as a nonlinear function of charge. The advantage of this 

model was that under certain conditions the nonlinear function reduced to 

a sum of integral powers. This made it possible to find solutions having 

large-signal validity. 

Chapter 6 was concerned with the prediction of steady-state phenomena 

using both "voltage" and "charge" models. Transients were treated in 

Chapter 7, initially by the simplified "voltage" approach. The remainder 

of this final chapter was devoted to a detailed "charge" investigation of 

transient phenomena. The results obtained were in excellent agreement 

with experimental observations and for the first time the detailed 

quantitative mechanism of the hitherto poorly-understood fremniant phenom. 

cna has been given. 

The analyses given in this thesis necessarily lack generality: in 

the class of nonlinear devices treated, exact results can only be obtained 

if specific nonlinear laws are considered. A more general theory would 

have wider application but poorer accuracy. 

Suggestions for further work are indicated below. 

(1) It is desirable to generalise the "charge" theory to cover the 

operation of both BSP and BPP and to include in it the effects of those 
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parasitic elements which only become important at very high frequencies. 

These elements include the series inductance and resistance of the varactor 

diodes. 

(2) At the highest frequencies of operation, the lumped-element approxima- 

tion becomes inadequate. 	It is therefore necessary to extend the theory 

to cover distributed parametrons. Such a theory might perhaps be valid 

for hypothetical parametrons operating at optical frequencies. 

(3) Finally, for the maximisation of switching speeds, it would be of 

interest to determine how phase-switching might be accomplished without 

alteration of energy-levels. Such an optimisation procedure, however, 

would probably involve the use of a digital computer and lies outside the 

scope of the present work. 
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Appendix 4.1 

Piecewise-linear mode-equations for the BSP: the case of 

finite damping 

The behaviour of the BSP is governed by equations (4.5), (4.23) and 

(4.24). If we make use of the normalisations 

x 

V
o 

R t 
= --P-

L  
- 

R 4 
= V  

, the dimensionless time, 

, the dimensionless inductor current, 

the last two of which are peculiar to the problem in hand, the three 

equations become 

Y 

Y1 

Y2 

= 

= 

= 

0, 	0, 

..4  2 - t 1 

x- y- 	2  ?:- V 

x + y - 	 3. 	-.-- . - 1 

- 1 

(A4.1) 

(A4.2) 

(A4.3) 

respectively. The circles above quantities in (A4.1) signify differentiation 

with respect to rir . 

A4.1.1 The Z1I2- mode 

The Z1I2  - mode is defined by constraining equations (A4.2) and (A4.3) 

with the conditions v2  = -Vo  and 41  = 0. The result is the following set 
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of equations for the varactor voltages and currents: 

= x 	Y  - 1 (A4.4) 

- 1 (A4.5) 

o (A4.6) 

x - y + 1 . (A4.7) 

A differential equation for the subharmonic current y can be found by 

substituting (A4.6) and (A4.7) into (A4.1). The result is 

y
0 	0 

+ y = x . 	 (A4.8) 

As before, the pumping function will be defined by 
I / 

x 	= 	X. sin 211) re 	 (A4.9) 

where V = (11/14 . 

The solution of (A4.8) with this value of x is 

[ 
y(r6 = 2//X 	[12'1/.sin 2+ cos 211/rd 

1+4912 	
1)Y 	+ y(0) 21/X 

1+4i)#2 e 

(A4.1°) 
where y(0) is the value of y at re= 0. Equation (A4.4) indicates that 

this result is subject to the condition 

y (rt) 	- 1 - X.sin 2't) 	(A4.11) 

The normalised subharmonic current flowing in L during this mode is 

given by equation (A4.7): 

2 = x y + 1 	 (A4.12) 

where y is the solution (A4.10). 
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A4.1.2 The 1122- mode 

As in the lossless cases  the roles of the two varactors are reversed 

during the Z12- mode. The differential equation for y is now 

0 
Y 	x 	 (A4.13) 

so that 

. 	 / 
yot) - 29 X,, 2V:sin 2VCe+ cos 20e + y(0) + .?L):2L 	e-rt 

1+411) c• 	 1+LEV'2 _  
(A4.14) 

subject to the condition 

y(q) < 1+ X. sin 2Nt. 
	

(A4.15) 

The subharmonic current is 

- 	1 = 	(x + y + 1). 	 (A4.16) 

A4.1.3 The 1112- mode 

In this case the varactor voltages and currents are 

Yl = 1 	 (A4,17) 

Y2 	- 1 	 (A4.18) 

x + y + 1 	 (A4.19) 

52 	x y + 1 	 (A4.20) 

Substitution of (A4.19) and (A4.20) into (A4.1) gives 

2y + y = 0 . 	 (A4.21) 

The solution of this is 

y = y(0) e rZ/2 	 (A4,22) 

where y(0) is the voltage at the beginning of the mode. The subharmonic 

current is 
2y. 	 (A4.23) 
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Appendix 5.1 

Derivation of the differential equation of the BSP using the C ="(v)  

representation of the capacitive nonlinearity 

Referring to Figure 5.1(b), Section 542, 

describe the equivalent circuit: 

v1 = v 	+ vs $ 

v2 = vp - vs $ 

v1 1-n 	dv1 

the following nine equations 

(A5.1) 

(A5.2) 

(A5.3) 

(A5.4) 

(A5.5) 

, 	 (A5.6) 

$ 	(A5.7) 

(A5.8) 

(A5.9) 

Co 	+ i1 = 	V 	dt 0  

v 	-n 	dv2 
i6 	Co(1  = V 	dt ' 0  

vs 	dt = L 	(i4  - i3) 

-)N(VB 	v1) 
i2 = I (e 

	

	- 1) 

-A(VB+ v2) = Is(e 	- 1) 

dvs  
i3 	i2 = Cs dt 

i
5 
 - i

4  =GL  vs • 

Elimination of i1' i2' i3' i4'  i5, i6 from equations (A5.3) to (A5.9) 

inclusive results in 

LCV +LGLs 	s v +LC — s s 	o dt (1+V1) - Vo 	1 (1 + 
v, -n 

-AvB d 	-Av2 - nvl  
+ L Ise 	TEE  (e 	-e 	) = 0. 

(A5.10) 
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Introduction of the normalisations 

v
s 	x = 	and 9:= wot $ V 	V 0 	0 

where wo is the small-signal angular resonant frequency, together with the 

use of equations (A5.1), (A5.2) and the identity 

[I, 	-n dvl 	1 	d2 [ (147)1 (A5.11) a+y) 	..7T7 
drt 	d% 	1-n d't2 

effects the simplification 

w0  2LCs  y + wo L GL 
y + y 	 O 0 	d + 

1 - n 	
a+ N1 -n x+y)  

40  

d% 

w L C 	2 [ 

-AVB 2w LI e 
o sd 

 Avox 
V • dit 	e 	sinh 	o .y] = 0 
o — 

(A5.12) 

The small-signal angular resonant frequency wo may be determined by setting 

n equal to zero (thus linearising the reactances) and neglecting all the 

damping, which gives 

00 	0. 
wo
2 LC  

s 
y + 0

2 LCo y +y=0, 	(A5.13) 

so that 

2 	 1  wo 

	

	 (5.7) L(2C0  + Cs) 

If we define a "stray capacitance parameter" 

2 Co 	 (5.8) 
2Co  + C  

which gives 

02 L Cs = 1-B 	 (A5.14) 

wo
2 LC

o 
= 	 (A5.15) 



k 	= 	wo L Is e
- AVB 

V 
 

V 
 

(5.9) 

and write 
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ILL 	wo L GL 

A vo , 
then the complete differential equation becomes 

(1-B) 
 

+ kL.y  + y 

(5.10) 

(5.11) 

d2 1 	A 
(1+x+Y;

1-n -,
(1+x -y)1  4.  2kv 

d 
det e-cx sInh [I 	. = 0 757.7)* drc2 

which is the required result, equation (5.6). 
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Appendix 5.2 

Derivation of the differential equation of the BPP using the C = (1-(v)  

representation of the capacitive nonlinearity 

The thirteen equations describing the equivalent circuit of Figure 

5.2(b), Section 5.3, are 

	

vp  = -v4  - v2 	 (A5.16) 

	

v3  - vl 	 (A5.17) V
P 
 = 

	

Vs  = v3  + v4 	 (A5.18) 

	

Vs  = vl  v2 	 (A5.19)  

v11-n dv1 i1 - i2 = Co(1 -- V ) dt 0  

v -n dv2 
i5 	i6 = Co(1  V ) 	dt 

= - 	
dv1 

1 	s dt 

dv2 
i6 = j Cs dt 

- (VB+vi) 
i3 	i2 = Is(e 	- 1) 

-A(VB+v2) 
i5 - i4 

=
s
(e 	- 1) 

v3  = T L 7̀-1.E  (i3- i7 ) + m IT  (i4  

1 d v4 	4 dt = L 	(i4  - i7 	dt ) + m --(i3  - i7  ) 

(A5.20) 

(A5.21) 

(A5.22) 

(A5.23) 

(A5.24) 

(A5.25) 

(A5.26) 

(A5.27) 

vs  = i7 RL 	 (A5.28) 
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Elimination of the currents il, i2' i3, i4' i5' i6' i7 yields 

/ v\-n. 	-AvB  -Av2  -Ay].) ( ) vs + 	+ M) I 	v2 -n  t 	t 	4.?-1  - (1+ Tp) v21 +Ise 	e 	e 

+ 	Cs(frl- +2) + 2 GL  vsl = 0. (A5.29) 

This equation can be expressed in terms of the two variables v and vs 

only if the two halves of the tuning inductor L are closely coupled. In 

1 that case M = 4 - L, so that from equations (A5.26) and (A5.27), 

v3 = v4 , 
	 (A5.30) 

and consequently from (A5.16), (A5.17), (A5.18) and (A5.19): 

v1  = i vs  - vp 	 (A5.31) 

v2 = _ 1 V 	 (A5.32) 2 	V s " p 

This pair of equations, together with the normalisations of Appendix 5.1, 

converts (A5.29) into 

1 wo  2.Csy 00 wo L GL ; + y + 

w 2L C
oo  	d2 

1 	n 	(1 -x+iY)1-n  - (1-x-iy)1 -n  
drE 

woL Is 
V  

-AVB d 	Ay x 

[i . e 	a,L e sinh AVo 2 = 0 , (A5.33) 

We can again determine wo, the small-signal angular frequency of 

resonance by putting n = 0 and neglecting all damping: 

whence 

wo2L Cs 	+ 	wo2  L Co  (7+ y = 0 , 	(A5.34) 

4  wo 
2 - 	 (A5.35) L(2C + ) 	. 

o 
C 
 s 
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The resonant frequency of the BPP is thus twice that of a BSP constructed 

with the same varactors and with the same value of L. This is because the 

varactors are now effectively in series at the subharmonic frequency. 

In terms of the previously-defined quantities B, kv, kL  and c, the 

differential equation becomes, with a reversal of the sign of x to conform 

with its sign in the equation for the BSP, 

2 
-47 [(1+x+-2-y)1•-n_ 

(ilic.iy)l-n] + (3.-B)S° + kii. , y  + Y + 7.
B  
71  • 

drt. 

d + k 	e-cx  sinh -a- cy v d% [  

which is equation (5.12)t 

(A5.36) 



Vs 

vs 

1 

y2 

= 	v3  

= 

V
o 

Vo 

v4  , 

ql- 

1 

- 1 

- 1 

1-n 

1 
0 of 

1+(l-n) -IL 
1-n 

C V o o 

41 
	= 2  Cs 

iT
1 1 

- 47 = Cs 2 

q2- 43 = Gv vl 

45 - 46 = 	v2, 

1 - v 	= 	L ( q 3 4 3 
1 

v4 = T.; L (q5 

vs = 482L- 

- q8) 

- 48) + 

m6; - q8) 

- q8) , 
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Appendix 5.3. 

Derivation of the differential equations of the BPP using the v = c4'(q) 
representation of the capacitive nonlinearity: the case n =  

The fourteen equations for the equivalent circuit of Figure 5.3 are: 

Gp  = 45  - 43 	 (A5,37) 

vp + v, = -v2  - v4  p 	 (A5.38) 

V
P  
+ v5  = v3  - v1 	 (A5,39) 

(A5,40) 

(A5.41) 

(A5.42) 

(A5.43) 

(A5.44) 

(A5.45) 

(A5.46) 

(A5.47) 

(A5.48) 

(A5.49) 

(A5.50) 

If n is set equal to i and if the usual normalisations 



	

zi+ z7 ) = 	+ z? ) 

y + 	(woL GL  + 22 	G v  ); + wo  2L C s;7= 
	00 

(A5.51) 

z7) - 1
J 

, 

(A5.52) 

(A5.53) 

1 
Yl-  Y2 = y - 7+ 

(z12_ z72 )  _ 
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-2-- 
C V 
0 0 

are made, then equations 

yl 	= 	
z.1(71+ 71 - 1)  

(1 and 	Y2 	= 	47k; 	+ 1) 

(A5.42) and (A5.43) become 

(5.14) 

(5.15) 

respectively. If the pumping voltage is also normalised: 

x = -_2 
V  

and the quantities 

Y3i+ P YL, Y5, z2, Z3, Z4, Z5, Z6 

are eliminated, and if in addition it is assumed that perfect coupling 

exists between the two inductors, so that 

, 

then the following four equations are obtained: 

1 2 	2 	
kz12+ z72) Y14- Y2 	Tt(z1 	) 	(zi- Z7 ) =  ( 

2 	2) 
 
,1 
_I 

and 

x woCoRp7
- 2)+ 



and 

u + B.x + 1, (.1 	dcr (z24. u2).4(B.I.kvkp) 
"glZ

2 
 411
2  )+11] = 0, ,  

(5.20) 

The sum of the varactor charges will be defined by 

Z7 - zl = u 

and the difference between them by 

+ 	= z. 

Then from equation (A5.51) 

1 , 2 	21  
Yl 	Y2 = 	1/4z 	u  / 

and from equation (A5.52), 

- 4(1 + 2) 
	

• 

Substitution of (5.17) into (A5.53) gives 

wo2L Cs; + woL(GL  + 4Gv);.  + y = iwo2L Co  z 
00 
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(5.16) 

(5.17) 

(A5.55) 

(5.18) 

(A5.56) 

and substitution of (5.16) and (A5.55)  into 

% wCR u+ x o o p 	0C8Rp  -Ft  73(z + u )  

(A5.54) gives 

+ (i+ G R ) -36( 2+ u2) + u = vp o z  + u 

(A5.57) 

If the following quantities: 

B 	- 	i w 
0  2L Co  P 

k
P 	

= w o oR C 	0  
p 

kv = wL Gv , co  

ki, 	woL GL 

(which are identified in Sub-Section 5.5.1) are used to simplify (A5.56) and 

(A5.57), there results 

0.-BLy (4. kv  + kL) y + y = B. (5.19) 

as required. 
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Appendix 6.1 

Approximate solution of the generalised "voltage" differential 

equation 

By using the assumed value of y given in (6.8): 

= - j Y('T) (a - a*), 

where 	a = 	ej(99; + e(T) ) 

and the value of x given by (6,9): 

x 	= 
	

j2X (a2e-j2e e2ej20),  

it is possible to express all the quantities (6.7) in the form 

X1(a+ a) - j X2(a 	a*) 

if the powers of a and a*  corresponding to the harmonics of Y), are 

neglected. In the following Table, the expression for Ni  and X2  for each 

of the required nine quantities (6.7) is given, with the omission of the 

second-order-small derivatives indicated in the fourth column. The fifth 

column contains the neglected harmonic terms. 

Substitution of these quantities into (6.4) and separation of the 

coefficients of (a a*  ) and j(a - a*  ) gives the pair of equations (6.10) 

and (6.11). 



Quantity X 1 X2 
Neglected 2nd-order 
small derivatives. 

Neglected 
harmonic terms. 

Y.  0 Y - • - 

0 ....y  o 
Y(1) + e) 

o 
Y - - 

00 
7 

o 
2 V Y 

o 
- YV(01) 	+ 2e) I-4, Zr, 1% 4732  - 

(x 7)°  ii-_,-72c. 
o o 
Ycos2Q + Y(i) -CsinPe [ : ;in2.9 	- Y(1) -e)cos29 - 3 -3 a y a- 

(x Too i 2) 	0),t(2g-V)cos2G + 2Ysin2g ,:]-1)'/: 
o 

Y(2g-V)sin2E) - 2Ycos2Ej Ye, g, °Y, t42   3 a3 , a 

(x2Y o  ) ;17X2Y(i) + 0 2  
e) IX Y 2  

3 	*3 	5 	*5 a 	36( 	3 	a 	,a 

(x2y) 2° VX Y - ,71,X Y1,
00 	 o i 	2 	,1) + 2Q) 

00 	00 	00 	.2 
ye, e, Y, e 3 	*3 	5 	5 a 	, a 	, 	a 	,a" 

(73)0 (1) + 13) 4 
3 Y3 9 4 12Y - 3 	*3 a 	a , 

(:75)°° 
je, 	,_29_ 
0 1 

0 
- -3 NY

3( 9 + 2e) 4  7(4, 	7, V, 7(2  3 	*3 Ct 	, 	a 



a 

Now 
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Appendix 7.1 

Expression of 7(17) in terms of charge coordinates for the case in 

which Rp dominates the device behaviour 

A relation between Y(T) and Z(%) valid under conditions of slowly- 

varying amplitude and phase, is given by equations (7.32) and (703). They 

are 
0 

Ys = a Z
c 	zso  
0 

Yc = -a Zs — r-  zco  
where 

y 	Y *cos 	+ Y .sin•V‘r 

so that substituting for Ys  and Ycl  

y 
	

(a 2c rz).dosy% - (a s rzc 
a Z.cos(VT,+Y) - Z(ay+f-).sin(4)9:4), 

or in terms of the complex notation y = ej(vrc+g)) 

y = a 2(1' + y*) + iz(04+(')(y y* ) 
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Appendix 7.2 

Derivation of the intermediate differential equations for the case 

in which Rp dominates the device behaviour 

The construction of the approximate form (7.39) of equation (7.26) 

involves the expression of the following nine instantaneous quantities in 

terms of the charge amplitude Z and phase 

—4 z 	z - - s y 	z ''. 
-2 Rd 
y 	z 

° - 	y  2 , z ,-,..- y 	z z z  ,....,3 

z3  x 
e., 
z
5 , y2 ,- z 

This can be done by substituting in them equations (7.38), (7.37) and (7.36) 

for x, Sr' and z respectively. The assumption that y and z are pure sinusoids 

means that the harmonic terms in y3  and y5  must be neglected. Following the 

slowly-varying amplitude and phase assumption, the second-order small 

derivative products 
0o 	a 	(1.)  2 
Z 

UO 	00 
must also be neglected: (The quantities Z and q/have already been omitted 

in arriving at the expression for y in charge coordinates). If the quantities 

in the above table are written in the form 

f(MD = Xl(Y 4(*) jX2(Y 1r*  ) ) 

then the coefficients Xi  and X2  are given in the following table. The 

neglected terms are also indicated. Substitution of the resultant 

expressions into (7.26), followed by separation of the terms in (y + y* ) 

and -j(y - y*) at once gives the required equations (7.40) and (7.41). 



Quantity X 1 X2 
Neglected 2nd-order 
small derivatives 

Neglected 
harmonic terms 

42. z z 1 
ii.  (V +4)) Z5  -8-5 	40  z z - Y 3, I*3, 15, I*5 

, 

3; .i r:7 
 f , 

l  1: 1 	'Y r + [2av -Er (1) ) z3  — r(2av + 3r ) Z2Z ., t/1  , 	2 , 4)2 
1 31 r#3 

a „t y z 1 
'17 r (viI-  +L2a1) 4-ri Li) ) Z

3 
T" r ( -2aN + 31-  ) Z

2Z 1(11, 	 2, (p2 * 73 	T 
3  

, ,t z y 1 	 , 0 
- 7+- • (vr + Deo +1-1 y ) Z' 

• 3 - — (ay + r ) Z2Z 4 - T
3

3
. 
T

*3 

2' 7 s'o - -1. (vr + Lay +FA ) z3 4- 
1 (ay - 3r ) Z2Z wl,  (2 42 3 	*3 

 , 	"1* 

Z3 3 0 3 -2-4.- z - ...,5 	_ 0,*5 T. 	, 	-u 	2 ' 	,  r3' T 

ig3x -4-. 1 z3 x.cos 24) 
1 -2- z3  X. sin 214/ - 3 	* 	* /1. 	, T 3 , tr5  , 7 5  

Z5 0 5 -B- Z - T3, T*3, 'T5, ti''''5 

2,,, 
Y z 

.. 
- -1-- a r Z2z 2 4- 3 r(r + 2a kr)) z3 rn, , z2 ,, 	

2 
 ti 

1^3 , 1*3  . 
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Appendix 7.3 

Derivation of approximate ex_pression for 7(1) in charge coordinates 

for the case in which RI, dominates 

Write 7 and rij  in Cartesian coordinates: 

y = Y .cosiv't + Yc.sinWt 	where Ys = Y.sin 0, Yc = Y.cos 0; 

(A7.1) 

z = s.CosVIT: + Zc .sinVIT , 	where Zs  = Z.sin(P„ Zc  = Z.cos(). 

(A7.2) 

Substitute these approximations into equation (7.48), separate out coeffi- 

cients of cosVrand sinVt and neglect second derivatives of the amplitudes, 

and obtain 

(1-B)(2) 4- N2Ys)+ kL(Cs+NYc) + Ys = B/0 (2Zc  - s))  
(A7.3) 

° 
(1-B)(-2Ws-AV2  Yc)+ kL(Yc-APYs) + Yc = BN (-2Z -VZ ). s c 

Differentiate and again neglect second derivatives: 

0 
L Ys + M Ye = Zs  

L Yc - M Ys =- Ze ; 

hence 2 2 (L + M c = - L Zc - M Zs, 

(L2+ M2fis =-LZ +M r2)  

where 
2 1 	(1-B)  

BN 2  

(A7.4) 

(A7.5) 

kL 
By ' 

Eliminate Y and Ys between (A7.3) and (A7.5) and rearrange to obtain 

expressions for Y and Ys: 



Yc = a Zc + b Zs - c Zs - d Zc, 
o Ys = a Zs b 	Zc + c Zc d Zs 

(A7.6) 
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where 	a 

d 

b 

L2+M2  2 	
4(1-B 

	M(3L2+ 
m2 )1 

/V() 	B 

1 	[I 2(1-B) (M2-  L2) - 2L3  .frp (L2+m2 )2 	B 

L2+M2 • 

L 
L2+M2 

It remains to express equations (A7.6) in a concise complex form. To do 

this, replace (A7.6) into (A7.1) and put 

sin(Vt+q» 	- 749 

cos('vcr (1) ) 	(y 	y*) 

where 	
= 	ei(Nrt + 

The result is 

y 	= 	+ y119 (aZ ti) b2 + cZ) 	i(Y - Y*)(a2+ bZ4) - dZ) 
f) 	

o2 	21 2 From (A7.6) ignoring Zc and Zs: (L + M )Y = 



+ 1 	[ nN 
2/4X 2 = 0. 

Appendix 7.4 

Calculation of expression for curves of constant dimensionless 

rise- and fall-time on the (NX-plane  

Write equation (7.105) in the following form 
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2 A2 (1+ -p2) 	(1+a2+ AoIpI )2, 

so that putting in the expression for A and writing p in full, 

A = constant = 2N1X 	1 + a? 

11-42-p2- alp' 
	• 

Then 

Therefore the required expression for OVA') is 

X2  
r2  -' 1 1  

2 

2 • 



Appendix 7.5 

Transient amplitude solution in detuned case  

The solution is given by equations (7.97) and (7.108): 

dZ = Z 

and 	7 (rt) = 

1C• 	J11,1 OT) dT, 

(A tanh SZ + B)2- (C tanh Sz + D)2  

(A tanh ST + B)2+ (C tanh Sri+ D)2  

The latter can be written in the form 

where 

a 

(ti) = 	feLFST + 	ge2ST + h 

T2+  (B-1)2 ](B + A)2, = 

LESTc ae 	+ 	be
src
2 	+ 

	

(A + B)24. 
(C  + D)2 	= 

d 

[ 

b = 2(B2- A2+ D2- 02) = 2 rT2- B2  + 1 11(B2- A2), 

= (A - B)2+ (C - D)2 = F1,2+ (B  + 1)2 j (B - A)2, 

f = (A 4.  B)2... 	(C + D)2 = [T2- (B - 1)2  ] (B + A)2,  

g = 2A... D24.  02) 	= 2(B2-2 [T2+ B2- 1 ] (B2- A2),   

h = (A - B)2.... 	(C  _. D)2 = [I T2_ (B  + 1)21. (B - A)2$  

and T = p 	- 	a . 

Therefore, if the variable of integration is changed to u = e2ST  

fu2  + eLf13. 	) • 
au2 + b ti + c 

and the form of the integral depends on sgn(q), where 

q = b2 - 4ac 

= -16(BC - AD)2  

= -16(BT)2(B2- A2)2 
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fl(rC)dcE - 1 1 2S 	u  • du, 



(11. 2) 	
„ 

LA, Z3 	= `11( rr, 4)(0) ) exp (42(rC, (11(0) ) 1 

[ ( 

2  ln u + 2 arc tan 	
1-B1 

- 

	

T 1 		̀ B-Al u  
(B+Al  

4 3  (1+c2)ln Z constant = 

= ln(au + b + cu-1) 

which is always < Op  so that the complete solution is 

27nS 1nZ + const - 	1  

  

2g-b( + ) .arctan tau + b+ 

ITC 

  

    

	

f 	h % 	A 
+ 	t - 	/ ln tau

2  + bu + c; h  - ln u. 
a c 

The constant terms are 
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2nS _ 4 
X — 3 

1 [ 

Bp  

  

 

2g - b( + a c 
-2aB 

1+a
? 

  

2a 	1 - B aT 	( B+A l  

-F 	
BT 	‘B-A 1  p  

c. 

2 
B 

171.  

1( _ ) 
a c)  

_ 	(B + ap).  p 
1+a

2 

so that some rearrangement results in 

where 

au + b + cu -1 = 4T2[1 (A.sinh S9:+ B. cosh ST)2+(C.sinh ST+D.cosh 

Finally we obtain 

B 	
p 



{
(4 2(CT  P 4)(0) ) = -2o" -ii Srr+ arc tan 

and 1-B 	B+A 2ST cr)(E.7) e 	+ p 

302 

where 

11(2, q)(0) ) 	(A,sinh ST+ B.cosh SrC )2+(C.sinh ST+ D.cosh SrC)20  

which is the required general amplitude solution. 



4(1+a?) 
A .z3  = cosh 2S0.(r1 + rt0). exp [cr. gd 2,50.(ir + 

v=1 
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Appendix: 7.6  

Transient amplitude solution in the resonant case  

In the resonant case the transient amplitude solution can be found 

most simply from the appropriate transient phase solution (7.92) and the 

trajectory equation (7.84). 

2S (T+T
o) 

These are respectively 

 

t 	+ 

   

9:0  where 	e
2S 	

= 	Al 	= 1 tg (4 + ; - q)(0) )1 	, and 
Cr  

Z3

4 2 -(1-1-0-  ) ems( -24) ) 	 . i 	= 
cos('g -24) ) 

The phase equation (7.92) gives 

2S0.(rt + To) = In I tg ( -17c.  + -1 

or 

- 24J 	= gudermannian (2S0,(T+To) ), 

so that using the relation 

sec(gd x) = cosh x 

the required solution is 

with 

1 
cro = 2S

a 
 gd-1( 	-2(1)(0) ). 

4)1 
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