
Sampling, Testing and Estimation with

Stein Reproducing Kernels

Xing Liu

Submitted in partial fulfilment of the requirements for the degree of

Doctor of Philosophy

in the Department of Mathematics, Faculty of Natural Sciences,

Imperial College London.

October 2024



Abstract

Statistical models have grown increasingly complex to better capture the diverse data types present in

modern applications. However, this complexity has created significant challenges for statistical inference.

A key obstacle is that many of these models are unnormalized, meaning that the model likelihood can

only be evaluated up to an intractable normalizing constant. In such cases, traditional methods that

rely on the exact model likelihood—such as likelihood-ratio tests for model evaluation or maximum

likelihood estimation for model fitting—are no longer feasible.

To address the challenges posed by unnormalized models, one promising tool is the kernel Stein

discrepancy (KSD). KSD is a statistical divergence that leverages the Stein reproducing kernel—a

reproducing kernel based on Stein’s method—to allow tractable computation without requiring the

normalizing constant of the model likelihood. Consequently, KSD has facilitated the development of

novel algorithms that can be efficiently applied to unnormalized models across various statistical tasks,

including sample approximation, goodness-of-fit testing, and parameter estimation.

This thesis focuses on identifying the limitations of existing KSD-based methods and proposing novel

solutions. First, we focus on KSD-based methods for sample approximation. We address the curse

of dimensionality inherent in a widely used KSD-based sample approximation method, and propose

an extension that mitigates this issue by using linear projections. Second, we turn our attention to

goodness-of-fit tests based on KSD. We identify two key limitations of such tests: their lack of test

power against multi-modal alternatives, and their lack of robustness under data contamination. For

each limitation, we introduce new solutions. Finally, we explore the use of KSD in parameter estimation.

We compare the relative statistical efficiency of KSD-based estimators to alternative methods, providing

insights into how the kernel choice can affect their efficiency.
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sp The (Hyvärinen) score function of a probability density function p, defined as sp : Rd →
R
d with sp(x) = ∇x log p(x). . . . . . . . . . . . . . . . . . . . . . .

E[·] Expectation of a random variable . . . . . . . . . . . . . . . . . . . .

Var(·) Variance of a random variable. . . . . . . . . . . . . . . . . . . . . .

k A real-valued kernel on X × X . . . . . . . . . . . . . . . . . . . . .

Hk Reproducing kernel Hilbert space associated with kernel k . . . . . . . . . .

Cr Set of r-times continuously differentiable functions f : Rd → R. . . . . . . . .

Cr
b Subset of Cr containing functions with bounded r-th order partial derivatives . . .

C(1,1) Set of functions k : R
d × R

d → R such that (x,y) ↦→ ∂1j∂2jk(x,y) exists and is

continuous for all j = 1, . . . , d, where ∂ijk(x,y) denotes the partial derivative of k with

respect to the j-th coordinate of the i-th argument. . . . . . . . . . . . . .

C(1,1)
b Subset of C(1,1) containing functions k such that (x,y) ↦→ ∂1j∂2jk(x,y) is bounded, for

all j = 1, . . . , d. . . . . . . . . . . . . . . . . . . . . . . . . . . .

Lp(Q) Space of functions f : Rd → R that are Lp-integrable with respect to a probability

measure Q ∈ P(Rd), i.e.,
∫
Rd |f(x)|pQ(dx) < ∞. . . . . . . . . . . . . . .

∥ · ∥op Operator norm defined as ∥A∥op = supx∈Sd−1 ∥Ax∥2 for a matrix A ∈ R
s×d . . . .
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Chapter 1

Introduction

Statistical models permeate all scientific disciplines, serving as an essential tool for describing observed

data and making inferences about the underlying data-generating process. Thanks to the rapid

development of computational resources, statistical models have grown increasingly complex, allowing

for more accurate and flexible data representations. However, this added flexibility also introduces new

challenges for downstream tasks in statistical inference.

One of such challenges stems from the intractability of the model likelihood. Many statistical inference

procedures are likelihood-based procedures that rely on the ability to evaluate the model likelihood for

a given datum and parameter. Examples of such procedures include likelihood-ratio tests (Hogg et al.,

1977, Chapter 8.7) for goodness-of-fit testing and maximum likelihood estimation (van der Vaart, 2000,

Chapter 5) for model fitting. However, as statistical models become more complex, the normalizing

constant of the model likelihood often becomes intractable and also challenging to estimate accurately.

As a result, most likelihood-based methods are no longer feasible. Developing alternative tools for such

models has been a major research focus in computational statistics.

This thesis aims to tackle this challenge of intractability in three areas of computational statistics:

sample approximation, goodness-of-fit testing, and parameter estimation. These fundamental tasks

arise frequently in practice and are essential for extracting meaningful information from data, both in

the frequentist and in the Bayesian frameworks (Casella and Berger, 2002; Green et al., 2015; Gelman

et al., 2020). Specifically, we focus on the following tasks:

1. Sample approximation concerns the approximation of a given probabilistic distribution by

a finite set of samples. For example, in Bayesian analysis, one often wishes to make inference

with the posterior distribution, which typically requires computing its moments, such as the

posterior mean or variance. In frequentist analysis, quantiles of a distribution are often required

for constructing confidence intervals. However, these expectations or quantiles are rarely available

in closed form except in special cases. This necessitates the use of Monte Carlo methods to obtain

sample-based approximations of the target distribution.

2. Goodness-of-fit testing evaluates how well a given distribution aligns with observed data.

This process typically involves hypothesizing that the data were generated from a particular

13



14 Chapter 1. Introduction

probabilistic distribution, and rejecting this hypothesis if significant deviations are observed. This

step allows for the detection of substantial violations of model assumptions, thereby ensuring the

reliability of subsequent inferences.

3. Parameter estimation focuses on fitting a statistical model to observed data. In frequentist

analysis, this often involves specifying a family of candidate probability distributions, possibly

parameterized by some model parameters, and identifying the distribution within the family that

best describes the data according to a pre-specified criterion, often through optimizing the model

parameters. Parameter estimation is an integral part of statistical modelling and is important

for many downstream tasks, such as making predictions or identifying hidden patterns of the

observed data.

We focus on statistical models that admit explicit density functions with a potentially intractable

normalizing constant. In this setting, the aforementioned tasks become particularly challenging. Such

models are common in frequentist analysis, including most exponential family models (Barndorff-Nielsen

1978, Part III; Bishop 2006, Section 2.4; Efron 2022), large graphical models (Jordan and Weiss, 2002),

or deep neural networks (Zhang et al., 2018; Song and Kingma, 2021). Unnormalized models are

also ubiquitous in Bayesian analysis (Robert et al., 2007), where, by the Bayes’ rule, the normalizing

constant of the posterior distribution involves integration over the entire parameter space, which is

typically unavailable in closed form unless the model is designed to be conjugate to its prior. However,

unnormalized models exclude those specified only by a generative process, such as generative adversarial

networks (Goodfellow et al., 2014) or simulation-based models (Lintusaari et al., 2017).

One viable approach to addressing the challenge of intractable normalizing constants is through the use

of kernel Stein discrepancy (KSD). KSD is a statistical divergence based on Stein reproducing kernels

(Oates et al., 2017), a family of reproducing kernels constructed using Stein’s method (Stein, 1972) to

allow tractable computations without needing to know the normalizing constant of the model density.

Consequently, a key advantage of KSD over other statistical divergences such as the Kullback-Leibler

divergence is that it can be computed efficiently even when the normalizing constant of the model is

intractable. This makes KSD a popular tool in computational statistics and machine learning, inspiring

many novel methods for a variety of applications, including sample approximation (Liu and Wang,

2016), goodness-of-fit testing (Chwialkowski et al., 2016; Liu et al., 2016), variance reduction (Oates

et al., 2017), parameter estimation (Barp et al., 2019), generalized Bayesian inference (Matsubara et al.,

2022), and many others; see Anastasiou et al. (2023) for a review.

Outline Despite the success of KSD, many problems with the methods it has inspired remain unsolved.

This thesis aims to identify and address some of the limitations in applying kernel Stein discrepancy to

various problems. A brief summary of the key contributions is provided in Table 1.1. The rest of this

thesis is structured as follows.

1. Chapter 2 provides motivation and background. We start by introducing unnormalized models

and explaining the challenges they give rise to. We then provide the background on kernel Stein

discrepancy, including prerequisites on kernel methods, integral probability metrics, and Stein’s

method. Next, we review how KSD has been applied to address the intractability issue in three
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Table 1.1: Summary of contributions in this thesis. Each chapter focuses on a different task in
computational statistics and addresses a specific problem of existing methods that are based on kernel
Stein discrepancy.

Task Problem to solve Contributions Publication

Chapter 3 Sample approximation Curse of dimensionality Grassmann SVGD Liu et al. (2022)

Chapter 4 Goodness-of-fit testing
Blindness against
multi-modal alternatives

pKSD tests Liu et al. (2023)

Chapter 5 Goodness-of-fit testing Lack of robustness Robust-KSD tests Liu and Briol (2024)

Chapter 6 Parameter estimation
Comparison of statistical
efficiency with competitors

Theoretical results and
empirical examples

Work in progress

computational statistical tasks, namely sample approximation (Section 2.3.1), goodness-of-fit

testing (Section 2.3.2), and parameter estimation (Section 2.3.3). These three tasks will be

explored in detail in the following chapters. Our contributions to each task are briefly summarized

at the end of Section 2.3.1, Section 2.3.2 and Section 2.3.3, respectively.

2. Chapter 3 focuses on sample approximation. We begin by reviewing the Stein Variational

Gradient Descent (SGVD) algorithm of Liu and Wang (2016), which is a method based on kernel

Stein discrepancy and is designed for generating finite samples that can approximate a target

distribution. A well-known limitation of this method is its poor scalability with dimension (Ba

et al., 2019). Motivated by this, we propose a novel variant capable of mitigating this issue by

using linear projections. Through a range of empirical assessments, we demonstrate the superior

performance of our proposed method, especially when the target distribution exhibits a sparse

structure.

3. Chapter 4 and 5 focus on goodness-of-fit testing. Assessing the goodness-of-fit (GOF) of a

statistical model can be challenging when the model likelihood has an unknown normalizing

constant, since traditional methods like likelihood-ratio tests or Kolmogorov-Smirnov tests are no

longer applicable. We review how KSD has been used to construct goodness-of-fit tests applicable

to such models, leading to a family of kernel GOF tests called KSD tests (Chwialkowski et al., 2016;

Liu et al., 2016). We then identify two limitations of these tests. The first limitation, discussed in

Chapter 4, concerns the lack of test power of these tests against multi-modal alternatives. We

address this issue by proposing to boost the test power by using stochastic perturbations via

Markov processes. The second limitation, articulated in Chapter 5, concerns the lack of robustness

of these tests under data contamination or model misspecification. We subsequently propose

the first robust kernel goodness-of-fit test, which is a direct generalization of the KSD test and

guarantees robustness under no extra computational cost than the standard KSD test.

4. Chapter 6 focuses on parameter estimation. Parameter estimators are often constructed by

minimizing some divergence between observed data and the statistical model (Pardo, 2005; Basu

et al., 2011), whereby the maximum likelihood estimator corresponds to choosing the Kullback-

Leibler (KL) divergence. However, when the model likelihood has an unknown normalizing
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constant, the KL divergence is no longer applicable, and other options such as score matching loss

(Hyvärinen, 2005) and KSD (Barp et al., 2019) have been proposed as promising alternatives. We

compare the statistical efficiency of these methods, providing insights into how the performance

of KSD-based estimators can be affected by the choice of kernels. Our results highlight the

inefficiency of the KSD-based estimators compared with the score matching counterpart.

5. Chapter 7 concludes with a summary of the main contributions and a discussion on open research

questions.



Chapter 2

Background

Our primary interest is in performing inference with statistical models that involve an unknown

normalizing constant. Let P ∈ P(Rd) be a probability measure on R
d. We assume P admits a

probability density function p with respect to the Lebesgue measure, taking the form

p(x) =
p∗(x)

Z
,

where p∗ is an unnormalized density function, and Z =
∫
Rd p

∗(x) dx is a positive constant called the

normalizing constant. Typically, pointwise evaluation of p∗ is feasible, but the normalizing constant Z

lacks a closed-form expression, as the integral of p∗ is often infeasible to compute. We call such models

unnormalized models.

Unnormalized models arise frequently in statistics and machine learning. In frequentist analysis, common

examples include many modern density estimation models (Canu and Smola, 2006; Sriperumbudur et al.,

2017), exponential families (Barndorff-Nielsen, 1978), energy-based models (Cho et al., 2013; Zhang

et al., 2018), and large graphical models (Jordan and Weiss, 2002). In Bayesian inference, Bayesian

posteriors are typical unnormalized, except in special cases where the model is designed to be conjugate.

Unnormalized models pose challenges to many tasks in statistical inference. For example, to construct

finite-sample approximation of unnormalized models, Markov chain Monte Carlo (MCMC) methods

(Meyn and Tweedie, 1993; Gilks et al., 1995; Robert and Casella, 2004) are often used, but these methods

tend to be slow (Blei et al., 2017) and can struggle in high dimensions (Levin and Peres, 2017, Chapter

7). When testing for goodness-of-fit of unnormalized models, classic methods such as likelihood-ratio

tests (Hogg et al., 1977, Chapter 8.7) and Kolmogorov-Smirnov tests (Kolmogorov, 1933) are no longer

applicable, since they either demand the normalization constant Z to have a closed-form expression

in order to compute the likelihood ratio, or require access to the cumulative distribution function of

P or a sample-approximation of it, neither of which is readily available for unnormalized models. In

parameter estimation, fitting a statistical model using maximum likelihood estimation requires that the

likelihood can be evaluated for any given values of data and parameters; however, with unnormalized

models, the normalization constant Z of the likelihood is unknown and also depends on the parameters

to optimize, making maximum likelihood estimation impractical.

17
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In some cases, one can still approach the aforementioned tasks by resorting to approximations of p(x).

This can be done by approximating p(x) with pseudo likelihoods (Besag, 1974) or profile likelihoods

(Murphy and Van der Vaart, 2000). On the other hand, if the model is generative (Mohamed and

Lakshminarayanan, 2016), meaning that generating samples from P is straightforward, then it might

also be feasible to replace p(x) by finite-sample approximations, leading to the field of likelihood-free

inference. A rich literature exists in this field, encompassing MCMC methods (Murray et al., 2012),

distribution testing (Gretton et al., 2012; Gerber and Polyanskiy, 2024), parameter estimation (Bernton

et al., 2019; Briol et al., 2019), and approximate Bayesian computation (Marin et al., 2012; Lintusaari

et al., 2017; De Visscher et al., 2024). However, all these methods inevitably introduce approximation

errors, potentially resulting in loss of statistical efficiency. Another limitation is that constructing

accurate approximations can be computationally demanding, especially because many unnormalized

models are not generative and sampling from them can be non-trivial.

An alternative solution is to develop tools that can be implemented without the normalizing constant.

More precisely, this can be done by leveraging statistical divergences that are computable even with

unnormalized models. One such divergence is the kernel Stein discrepancy (KSD), a family of statistical

divergences based on kernel methods and Stein’s method. KSD has been successfully applied to various

statistical inference tasks; a review is given by Anastasiou et al. (2023).

Outline of the chapter In this chapter, we will introduce KSD and explain how it can address

the challenges posed by unnormalized models. Section 2.1 covers basic concepts and results in the

theory of reproducing kernel Hilbert spaces. Section 2.2 provides the necessary background on integral

probability metrics and Stein discrepancies, before introducing kernel Stein discrepancy. Section 2.3

reviews how KSD has been applied to tackle the challenges of unnormalized models in three areas of

computational statistics: sample approximation, goodness-of-fit testing, and parameter estimation. For

each area, we also provide a brief summary of our contributions.

2.1 Reproducing Kernel Hilbert Spaces

We briefly review the theory of reproducing kernel Hilbert spaces (RKHS). A full treatment is given by

Berlinet and Thomas-Agnan (2004) and Steinwart and Christmann (2008). We will focus on RKHSs of

real-valued functions f : X → R defined on some Euclidean domain X ⊆ R
d, although extensions to

complex- or vector-valued functions and non-Euclidean domains also exist (Carmeli et al., 2006, 2010).

2.1.1 Characterization of RKHSs

A reproducing kernel Hilbert spaces is a Hilbert space that possess a reproducing kernel, defined next.

Definition 2.1 (Reproducing kernel). Let H be a Hilbert space of real-valued functions on X equipped

with inner product ⟨·, ·⟩H. A function k : X × X → R is a reproducing kernel of the Hilbert space H if

(i) ∀x ∈ X , k(·,x) ∈ H, and

(ii) ∀x ∈ X , ∀f ∈ H, ⟨f, k(·,x)⟩H = f(x).
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An RKHS is often denoted as Hk to emphasize its dependence on the reproducing kernel k. Condition

(ii) in the above definition is called the reproducing property, since it states that the value of the function

f at any point x can be reproduced by the inner product of f with k(·,x). The reproducing property is

a key property of RKHS that makes them extremely useful in machine learning and statistics.

RKHSs can be characterized as Hilbert spaces where the evaluation of functions at a fixed point is a

continuous mapping. This characterization is specified by the following Riesz’s representation theorem.

Theorem 2.1 (Riesz’s representation theorem; Berlinet and Thomas-Agnan, 2004, Theorem 1). A

Hilbert space H of functions on X has a reproducing kernel if and only if all the evaluations functionals

ex : H → R defined by ex(f) = f(x), for x ∈ X , are continuous on H.

Having characterized RKHSs, we now focus on the characterization of reproducing kernels, which would

allow us to identify when a given function is a reproducing kernel. To do so, we introduce the class of

positive definite functions. A function k : X × X → R is called positive definite (or positive type) if

∀n ≥ 1, ∀a1, . . . , an ∈ R, ∀x1, . . . ,xn ∈ X ,

n∑

i=1

n∑

j=1

aiajk(xi,xj) ≥ 0 .

The above condition is equivalent to the positive semi-definiteness of the matrix (k(xi,xj))1≤i,j≤n,

known as the Gram matrix, for any x1, . . . ,xn and any n ≥ 1. It can be shown that positive definite

kernels characterize the class of reproducing kernels—the reproducing kernel of any RKHS is positive

definite, and, conversely, any positive definite kernel k induces a unique RKHS Hk. The converse

implication is known as the Moore–Aronszajn theorem, due to Moore (1935) and Aronszajn (1950).

Theorem 2.2 (Moore–Aronszajn theorem; Berlinet and Thomas-Agnan, 2004, Theorem 3). Let

k : X × X → R be a positive definite kernel. Define H0 to be the space spanned by the functions k(·,x),
for x ∈ X , and endow H0 with the inner product

⟨f, g⟩H =

n∑

i=1

m∑

j=1

aibjk(xi,yj) ,

where f =
∑n

i=1 aik(·,xi) and g =
∑m

j=1 bjk(·,yj). Let H be the set of functions on E that are pointwise

limits of Cauchy sequences in H0. Then H is the unique Hilbert space of functions on X with k as

reproducing kernel.

The Moore-Aronszajn theorem also reveals the close connection between the properties of a reproducing

kernel and of the functions in its associated RKHS—from the form of f and g in the above theorem,

it is not surprising that many properties of the kernel k, such as boundedness and smoothness, are

inherited by the functions in Hk. Moreover, this theorem suggests that an RKHS can be constructed

by specifying a positive definite kernel k. The next result then characterize all reproducing kernels on

a domain X .

Theorem 2.3 (Kernel trick; Berlinet and Thomas-Agnan, 2004, Theorem 4). A function k : X ×X → R

is a reproducing kernel or a positive definite kernel if and only if there exists a mapping ϕ : X → H0,

where H0 is a Hilbert space equipped with inner product ⟨·, ·⟩H0 , such that k(x,y) = ⟨ϕ(x), ϕ(y)⟩H0 , for

all x,y ∈ X .
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This theorem claims that, to verify if a function is a reproducing kernel, one can check whether it

can be expressed as an inner product in some Hilbert space. Intuitively, the function ϕ maps an

element x in X to some potentially higher-dimensional representation ϕ(x) in the Hilbert space H0.

Consequently, in machine learning, ϕ is commonly known as the feature map and the space H0 is

called the feature space. Unlike the unique correspondence between RKHSs and reproducing kernels as

stated in Theorem 2.2, the relationship between reproducing kernels and feature maps is not one-to-one

(Steinwart and Christmann, 2008, Chapter 4.1).

Theorem 2.3 is known as the kernel trick and is a direct consequence of Riesz representation theorem.

The kernel trick is a powerful tool in machine learning and statistics, as it states that to evaluate inner

products of the feature map ϕ, one only needs to evaluate the associated kernel function. This provides

significant flexibility by allowing one to work with high-dimensional feature spaces without needing to

explicitly compute the feature map and the inner product, while retaining linearity due to the ability of

representing kernel evaluations by inner products in the feature space. Using the kernel trick, many

algorithms that involve inner products have been “kernelized”, meaning that the inner products are

replaced by reproducing kernels. Examples include support vector machines (Schölkopf and Smola,

2002), algorithms for pattern recognition (Shawe-Taylor and Cristianini, 2004), and many other methods

in machine learning (Hofmann et al., 2008). As we will elaborate in Section 2.2, the kernel trick is

also essential in constructing statistical divergences that both have computational tractability with

unnormalized distributions and exhibit desirable statistical properties.

2.1.2 Properties of RKHSs

In the previous section, we have shown that RKHSs and its associated kernels are uniquely determined,

and properties of the functions in an RKHS are closely connected with the properties of the kernel.

These motivate practitioners to design appropriate kernels so that the functions contained in the RKHSs

possess desirable properties for the downstream task. We now review some kernel properties and their

implications for the functions in an RKHS. Examples are provided in the next section.

Universality Universality refers to the capacity of an RKHS to approximate any function in some

function class of interest to an arbitrary precision. Intuitively, it describes whether an RKHS is

“rich” enough to contain sufficiently many functions. Several definitions of universality exist in the

literature, each differing by the choice of the domain X , the function to be approximated, and the

notion used to measure the approximation error. One example is the notion of cc-universality (Carmeli

et al., 2010; Sriperumbudur et al., 2010a), which states that the RKHS H induced by a kernel k is

dense in C0(X ) endowed with the topology of compact convergence, where C0(X ) is the space of all

continuous, real-valued functions on X . Examples of cc-universal kernels include squared-exponential

kernels, Laplacian kernels, inverse multi-quadric kernels and Matérn kernels; see Section 2.1.3 for the

precise definition of some of these kernels. Other notions of universality include c0-universality and

Lp-universality ; see Sriperumbudur et al. (2011) for a review.

Characteristicity Characteristicity concerns the ability of a kernel to embed probability measures

into RKHSs (Sriperumbudur et al., 2010b). Formally, let P(X ) be the set of probability measures
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on X and let k : X × X → R be a reproducing kernel. The kernel mean embedding of a probability

measure Q ∈ P(X ) is the function in Hk defined by µQ(·) =
∫
X k(·,x)Q(dx) = EX∼Q[k(·,X)]. The

kernel k is called characteristic if the kernel mean embedding exists for all probability measures in

P(X ) and is injective. In other words, characteristic kernels ensure that each probability measure has a

unique representation in the RKHS. This allows us to compare probability measures by comparing their

kernel mean embeddings. This principle forms the basis behind the construction of many notions of

dissimilarity between probability measures, which are widely used in applications such as distribution

testing (Gretton et al., 2006, 2012), independence testing (Gretton et al., 2007), and nonparameteric

or generalized Bayesian inference (Fukumizu et al., 2013; Matsubara et al., 2022); see Muandet et al.

(2017) for a review.

Differentiability Differentiability of a kernel can be inherited by functions in the associated RKHS. To

state this formally, we first set up our notation. For i ∈ {1, 2} and coordinate j ∈ {1, . . . , d}, denote by

∂ijk(x,y) the partial derivative of k with respect to the j-th coordinate of the i-th argument. Moreover,

define a multi-index α = (α1, . . . , αd) to be a vector of non-negative integers, and define its degree as

|α| = ∑d
i=1 αi. Given a multi-index α, we define the differential operator ∂α,α = ∂α1

11 . . . ∂αd

1d ∂
α1
21 . . . ∂αd

2d .

Given an integer m ≥ 0, a kernel k is called m-times continuously differentiable if ∂α,αk : X × X → R

exists and is continuous for all multi-indices α with |α| ≤ m. The next result concerns the differentiability

of functions in the RKHS associated with an m-differentiable kernel.

Theorem 2.4 (Steinwart and Christmann, 2008, Corollary 4.36). Let d be a positive integer and

suppose X is an open subset of Rd. Let m ≥ 0 be an integer and let k be an m-times continuously

differentiable kernel on X with RKHS Hk. Then every f ∈ Hk is m-times continuously differentiable,

and for any multi-index α with |α| ≤ m and x ∈ X , we have

|∂αf(x)| ≤ ∥f∥H ·
(
∂α,αk(x,x)

)1/2
,

where ∂αf(x) = ∂α1 . . . ∂αdf(x).

In this thesis, we will focus primarily on once continuously differentiable kernels, i.e., those k : X×X → R

for which (x,y) ↦→ ∂1j∂2jk(x,y) exists and is continuous for all j = 1, . . . , d. We will denote the set

containing such functions by C(1,1).

2.1.3 Examples of RKHSs

We finish the review for RKHSs by providing several examples of reproducing kernels. More examples

can be found in Schölkopf and Smola (2002, Chapter 1).

1. The family of polynomial kernels is defined as

k(x,y) =
(
x⊤y + c

)p
,

where c > 0 and p ∈ N. The associated RKHS is a finite-dimensional vector space containing all

real-valued p-th order polynomials on X .
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2. The family of squard-exponential (SE) kernels, also known as Gaussian kernels, is defined as

k(x,y) = exp

(
−∥x− y∥22

2λ2

)
,

where λ > 0 is known as the bandwidth. Such kernels are infinitely differentiable, and so are the

functions in the RKHS that they induce.

3. The family of inverse multi-quadric (IMQ) kernels is defined as

k(x,y) =

(
1 +

∥x− y∥22
2λ2

)−b

,

where λ > 0 and b > 0. The IMQ kernels have a polynomial decay rate, contrasting to the

exponential decay of SE kernels. Consequently, the RKHS associated with IMQ kernels contains

functions with slower decay rates than those in the RKHSs associated with SE kernels. This

can be desirable since when using RKHSs to construct discrepancies for probability measures, in

which case slowly decaying functions can improve the discrepancy’s capability of discerning the

difference in the tails of probability measures; see Section 2.2.7 for a detailed discussion.

Based on existing reproducing kernels, construction of new kernels is simple. Let (kn)n≥1 be a sequence

of reproducing kernels on X . It can be shown that the following functions are also reproducing kernels

(see Steinwart and Christmann 2008, Lemma 4.5, Lemma 4.6, Corollary 4.17 and Saitoh et al. 2016,

Corollary 2.5):

1. Sums of kernels: k(x,y) = k1(x,y) + k2(x,y) is a reproducing kernel.

2. Multiples of kernels: For any α ≥ 0, the function k(x,y) = αk1(x,y) is a reproducing kernel.

3. Products of kernels: k(x,y) = k1(x,y)k2(x,y) is a reproducing kernel.

4. Tilted forms of kernels: For any w : X → [0,∞), the function k(x,y) = w(x)k1(x,y)w(y) is a

reproducing kernel.

5. Limits of kernels: If there exists a real-valued function k such that k(x,y) = limn→∞ kn(x,y)

pointwise for all x,y ∈ X , then k is a reproducing kernel.

In the main body of this thesis, we will primarily use either the SE or IMQ kernel (Chapter 3, 4, 6), or

their tilted forms (Chapter 5).

2.2 Kernel Stein Discrepancy

This section introduces kernel Stein discrepancy, a class of statistical divergences computable with

unnormalized models. A statistical divergence is a notion of dissimilarity between distributions. Formally,

it is a function D : P(Rd) × P(Rd) → [0,∞) such that D(Q,P ) = 0 if and only if Q = P , for all
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probability measures Q,P ∈ P(Rd). When D is also symmetric and satisfies a triangle inequality, it is

also called a distance or metric. Examples of statistical divergences (that are not distances) include

KL divergence and α-divergences (Cichocki and Amari, 2010), while distances include Total Variation

distance, Wasserstein distance (Villani, 2008), and Kolmogorov-Smirnov distance (Kolmogorov, 1933).

The concept of statistical divergences dates back to Mahalanobis (1936), and since then, it has become

fundamental in computational statistics and machine learning. Many well-known methods can be

shown to be defined with an appropriate statistical divergence. Examples include the likelihood-ratio,

chi-square and Kolmogorov-Smirnov tests for goodness-of-fit (Pardo, 2005, Chapter 3), non-parametric

distribution tests (Sejdinovic et al., 2013; Bonnini et al., 2014), variational inference (Blei et al., 2017),

maximum likelihood estimation (William, 1981), and generalized Bayes (Knoblauch et al., 2022).

However, when concerning distributions with an unknown normalizing factor, most statistical divergences

become challenging to compute. This is where kernel Stein discrepancy (KSD) comes to rescue. KSD is

a family of statistical divergences that can be computed efficiently with unnormalized distributions

while enjoying desirable statistical properties. To motivate KSD, we first introduce a closely related

class of dissimilarities called Integral Probability Metrics (IPM; Müller, 1997) in Section 2.2.1. We will

then introduce Stein’s discrepancies and Stein reproducing kernels, two main building blocks of KSD,

in the subsequent subsections.

2.2.1 Integral Probability Metrics

IPMs measure the discrepancy between two distributions by the worst-case difference in the expectations

of some test functions under these distributions. Given a class F of real-valued functions on R
d, an

IPM between two probability measures Q,P ∈ P(Rd) is defined as

DIPM(Q,P ;F) := sup
f∈F

∣∣EX∼Q[f(X)]− EY∼P [f(Y)]
∣∣ = sup

f∈F

∣∣∣
∫

Rd

f(x)Q(dx)−
∫

Rd

f(y)P (dy)
∣∣∣ .

(2.1)

The function class F fully characterizes the IPM and dictates its properties. A suitable F should

ensure that the size of the IPM gives a meaningful notion of how far apart Q and P are. Intuitively, F
should be rich enough to capture the differences between Q and P , but also simple enough so that the

supremum can be computed efficiently.

By choosing an appropriate F , IPMs can enjoy desirable properties. One such properties is separation,

meaning that DIPM(Q,P ) = 0 ⇐⇒ Q = P for all Q,P ∈ P(Rd). In other words, IPMs can give a

meaningful characterization of the equivalence of two probability measures. Technically, for (2.1) to be

an IPM, the separation property is required, otherwise it would not be an metric1. In the general case

where separation might not hold, (2.1) is sometimes called an Integral Probability Pseudo-metric.

Sometimes it is sufficient for the separation property to hold for a fixed probability measure P , i.e.,

1Given a set S, a metric on S is a function ρ : S×S → [0,∞) such that (i) ∀x ∈ S, ρ(x, x) = 0, (ii) ∀x, y ∈ S, ρ(x, y) =
ρ(y, x), (iii) ∀x, y, z ∈ S, ρ(x, y) ≤ ρ(x, z) + ρ(z, y), and (iv) ρ(x, y) = 0 =⇒ x = y. If (i)-(iii) hold, then ρ is called a

pseudo-metric. That is, a pseudo-metric needs not satisfy (iv).
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DIPM(Q,P ) = 0 ⇐⇒ Q = P for all Q ∈ P(Rd), in which case DIPM is said to be P -separating.

Another property often required of IPMs is its ability to metrize weak convergence. An IPM D is said to

metrize weak convergence if, for any sequence {Qn}n ⊂ P(Rd), the convergence DIPM(Qn, P ;F) → 0

holds if any only if Qn → P weakly. Intuitively, this property states that weak convergence of probability

measures can be characterized by convergence in the IPM, so that the relative size of the IPM can be

used to quantify the closeness of two probability measures.

Many well-known metrics on probability measures can be expressed as IPMs. For example,

• The 1-Wasserstein distance (Villani, 2008) corresponds to choosing F = {f : Rd → R : | ML(f) ≤
1}, where ML(f) := supx ̸=y |f(x) − f(y)|/∥x − y∥2 denotes the Lipschitz constant of f . This

is due to the well-known Monge-Kantorovich-Rubinstein duality (Villani, 2008, Theorem 5.10,

Remark 6.5).

• The Total Variation (TV) distance corresponds to choosing F = {f : Rd → R | ∥f∥∞ ≤ 1}
(Müller, 1997, Theorem 5.4).

• The bounded Lipschitz or Dudley metric corresponds to choosing F = {f : Rd → R | ML(f) +

∥f∥∞ ≤ 1} (Müller, 1997, pp. 435).

• The Maximum Mean Discrepancy (MMD, Gretton et al., 2012) between two probability measures

Q and P is defined as

MMDk(Q,P ) = sup
f∈Hk;∥f∥Hk

≤1

∣∣EX∼Q[f(X)]− EY∼P [f(Y)]
∣∣ , (2.2)

where k is a reproducing kernel and Hk is its associated RKHS. It corresponds to choosing F in

the IPM to be the unit ball of a Reproducing Kernel Hilbert Space, i.e., F = Bk := {f ∈ Hk :

∥f∥Hk
≤ 1}.

These IPMs have played a crucial role in the development of statistics and machine learning and there

is an extensive literature on applying them to address challenges in computational statistics. However,

when P is unnormalized and Q is an empirical measure formed by observed data, computing these

IPMs can be challenging. Indeed, computing the IMP for a general F involves integrating over both

Q and P , namely the terms EX∼Q[f(X)] and EY∼P [f(Y)] in (2.1). While computing EX∼Q[f(X)] is

simple when Q is an empirical measure as the expectation reduces to a finite sum, the expectation

over P typically cannot be computed in closed-form. One naive approach is to draw samples from

P and approximate EY∼P [f(Y)] by Monte Carlo estimation; however, this is also not feasible since

sampling from an unnormalized distribution P is often challenging. As a result, all aforementioned

examples of IPMs, namely 1-Wasserstein distance, TV distance, Dudley metric and MMD, are not

appropriate for this problem setup where P is unnormalized and Q is an empirical measure. Moreover,

other well-known (non-IPM) statistical divergences such as Kullback-Leibler divergence (Csiszár et al.,

2004; Van Erven and Harremos, 2014) or α-divergences (Cichocki and Amari, 2010) suffer from similar

computational limitations, since they require the likelihood function of both Q and P to be known.
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To circumvent this issue, a class of statistical divergences called Stein discrepancies has been proposed

(Oates et al., 2017; Gorham and Mackey, 2015, 2017), whereby F is chosen to consist of functions

whose integration over P is known in closed-form, thus allowing tractable computation of the integrals

in the IMP objective (2.1). Such functions can be constructed by leveraging Stein’s method, which

provides a recipe for designing rich families of functions that integrate to zero under a given P that has

appropriate regularity conditions. The next section reviews Stein’s discrepancies.

2.2.2 Stein Discrepancies

A key ingredient of Stein’s discrepancies is Stein’s method (Stein, 1972; Chen et al., 2010). Stein’s

method is best known as a technique for distributional approximation, whereby the goal is to quantify

the error made in approximating the distribution of some random variable by another distribution. It

was first conceived by Charles Stein (Stein, 1972) for bounding the approximation error by normal

distributions, and it has since been extended to other distributions including Poisson, exponential,

and Geometric distributions. In the probability and statistics literature, Stein’s method has been a

fundamental tool for deriving the rate of convergence of distributional limit theorems. A detailed review

of Stein’s method is given by Ross (2011).

In recent years, Stein’s method has received considerable interests from the communities of computational

statistics and machine learning, widening its application to other problems besides distributional

approximation. These novel applications include quality assessment of MCMC samples (Gorham and

Mackey, 2015, 2017; Gorham et al., 2019), variance reduction (Oates et al., 2017; Sun et al., 2023b),

sample compression (Riabiz et al., 2022; South et al., 2022), gradient flows for sample approximation

(Liu and Wang, 2016; Korba et al., 2021; Duncan et al., 2023), goodness-of-fit testing (Liu et al., 2016;

Chwialkowski et al., 2016), parameter estimation (Barp et al., 2019), and many others.

A core component of Stein’s method is the construction of functions that integrate to a known quantity

under a given probability measure P on R
d. This is done by identifying (i) a class of functions G on

R
d, and (ii) a linear operator T acting on G, such that

EX∼P [(T g)(X)] = 0 , for all g ∈ G . (2.3)

When the above equality holds, the pair (T ,G) is said to satisfy the Stein identity for P . The function

class G is known a Stein set, and the operator T is called a Stein operator. Examples for T and G
will be discussed later in Section 2.2.3 and Section 2.2.4. For the remainder of this subsection, we will

assume that a pair (T ,G) satisfying the Stein identity is given, and focus on the construction of a

family of statistical divergences by leveraging this identity.

One specific use-case of the Stein identity is in constructing IPMs that are computable with unnormalized

distributions. If the function class F in the IPM (2.1) is chosen to take the form T G := {T g : g ∈ G},
then EY∼P [f(Y)] = 0 for all f ∈ F by the Stein identity; that is, the term involving the expectation

over P vanishes, and the IPM becomes DIPM(Q,P ;F) = supf∈F |EX∼Q[f(X)]|. If furthermore Q is

an empirical measure, then the remaining expectation can be computed easily as it reduces to a finite
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sum. Of course, to compute this IPM, one still needs to solve the supremum over F , which can be

challenging if F is “too large”. We will defer a detailed discussion on the choice of F to Section 2.2.4.

This observation motivates a statistical divergence called Stein discrepancy. More formally, given a pair

(T ,G) that satisfies the Stein identity for P , the Stein discrepancy (Gorham et al., 2019) between a

distribution Q ∈ P(Rd) and P is defined as

S(Q,P ;G) = sup
g∈G

∣∣EX∼Q[(T g)(X)]
∣∣ . (2.4)

Stein discrepancies are not symmetric due to the asymmetric role of Q and P in the construction.

Moreover, due to the Stein identity (2.3), it is clear that, regardless of the choice of the Stein set G, the

Stein discrepancy is zero when Q = P , namely S(P, P ;G) = 0.

However, the Stein identity does not imply the converse, so that S(Q,P ;G) = 0 does not necessarily

imply Q = P . In many cases, we are interested in identifying a pair (T ,G) that can fully characterize

the distribution P in the sense that S(Q,P ;G) = 0 ⇐⇒ Q = P ; in other words, we need the Stein

discrepancy to be P -separating. Formally, this requires the pair (T ,G) to satisfy the following condition

known as Stein characterization:

Q = P ⇐⇒ EX∼Q[(T g)(X)] = 0 for all g ∈ G . (2.5)

The Stein discrepancy defined using a pair (T ,G) that satisfies the above Stein’s characterization for P

will have the desired P -separation property that S(Q,P ;G) = 0 ⇐⇒ Q = P . This property is required

for most applications of Stein discrepancies as it ensures that the Stein discrepancy is a valid statistical

divergence can distinguish when two distributions are different. In the following two subsections, we will

provide an example of a Stein operator and a Stein set that satisfy the Stein characterization whenever

the distribution P is sufficiently regular.

2.2.3 Langevin Stein Operator

In this section, we present a Stein operator for distributions P that admit a sufficiently smooth density

function. Let P be a probability measure on R
d with Lebesgue density p ∈ C1, and assume p is supported

on R
d, i.e., p(x) > 0 for x ∈ R

d. The (Hyvärinen) score function is defined as sp(x) := ∇ log p(x),

where the gradient is with respect to the argument x. The Langevin Stein operator Ap is a linear

operator acting on vector-valued functions g = (g1, . . . , gd) ∈ C1(Rd) and is defined as

(Apg)(x) := ⟨sp(x), g(x)⟩+ ⟨∇, g(x)⟩ , (2.6)

where ⟨∇, g(x)⟩ =
∑d

j=1 ∂jgj(x). For the remainder of the thesis, we will also write ∇⊤g(x) as a

shorthand for ⟨∇, g(x)⟩.

There are two ways of showing that Ap is indeed a Stein operator. First, it can be related to the

infinitesimal generator of the overdamped Langevin diffusion, which corresponds to replacing g in

(2.6) by the gradient ∇u of a scalar-valued function u (Gorham and Mackey, 2015). Importantly, if T
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is the generator of a sufficiently regular Markov process with P as its equilibrium distribution, then

EX∼Q[(T g)(X)] = 0 for all sufficiently regular g (Barbour, 1988, 1990; Gotze, 1991). This approach of

constructing Stein operators is also known as the generator approach. Second, that (2.6) integrates to

zero under P can also be seen by applying the Divergence Theorem (see, e.g., Bourne, 1977, p.159),

or integration by parts, which states that, for any bounded domains X ⊂ R
d and any continuously

differentiable function g,

∫

X
⟨∇, g(x)p(x)⟩ dx =

∮

∂X
⟨g(x)p(x), n(x)⟩S(dx) ,

where
∮
∂X denotes the surface integral over the boundary ∂X of X , the vector n(x) denotes the unit

normal to the boundary X , and S(dx) denotes the surface element at x ∈ ∂X . Using this observation,

Oates et al. (2017, Lemma 1) and Chwialkowski et al. (2014, Lemma 5.1) showed that the Stein identity

EX∼Q[(T g)(X)] = 0 holds for the operator (2.6) whenever g is sufficiently regular, both when X is a

compact subset of Rd and when X = R
d.

2.2.4 Langevin Kernel Stein Discrepancy

Another design choice in Stein’s discrepancies is the Stein set G. As previously noted, G needs to

be sufficiently rich to characterize P , but also simple enough so that the maximization objective in

(2.4) can be efficiently computed. One approach to construct such G is to use Reproducing Kernel

Hilbert Spaces (RKHS, Berlinet and Thomas-Agnan, 2004), leading to the kernel Stein set. Let

k : R
d × R

d → R be a scalar-valued reproducing kernel with associated RKHS Hk, and assume

k ∈ C(1,1)
b := {κ ∈ C(1,1) : (x,y) ↦→ ∂1j∂2jκ(x,y) is bounded, ∀j = 1, . . . , d}. The kernel Stein set

(Gorham and Mackey, 2017) is defined as

Gk :=



g = (g1, . . . , gd) : g ∈ Hk,

d∑

j=1

∥gj∥2Hk
≤ 1



 . (2.7)

In words, Gk is the unit ball in the d-times Cartesian product Hd
k equipped with the norm ∥g∥Hd

k
=

(∑d
j=1 ∥gj∥2Hk

)1/2
for g = (g1, . . . , gd) ∈ Hd

k. Together with the Langevin Stein operator Ap, the pair

(Ap,Gk) can be shown to satisfy the Stein identity for P whenever P finitely integrates ∥sp∥2 (Gorham

and Mackey, 2017, Proposition 1). This is summarized in the following result.

Proposition 2.5 (Zero mean functions; Gorham and Mackey 2017, Proposition 1). Assume k ∈ C(1,1)
b .

If EX∼P [∥sp(X)∥2] < ∞, then EX∼P [(Apg)(X)] = 0 for all g ∈ Gk.

Using the pair (Ap,Gk), the Stein discrepancy is called Langevin Kernel Stein Discrepancy (Oates et al.,

2017; Liu et al., 2016; Chwialkowski et al., 2016; Gorham and Mackey, 2017), where “Langevin” refers

to the use of the Langevin Stein operator, and “kernel” emphasizes the use of RKHSs to construct the

Stein set Gk.

Definition 2.2 (Langevin kernel Stein discrepancy). Let k ∈ C(1,1)
b be a scalar-valued reproducing

kernel, and let P be a probability measure on R
d with Lebesgue density function p ∈ C1. The Langevin
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kernel Stein discrepancy between Q ∈ P(Rd) and P is defined as

D(Q,P ) = sup
g∈Gk

∣∣EX∼Q[(Apg)(X)]
∣∣ . (2.8)

Since Gk is symmetric in the sense that g ∈ Gk implies −g ∈ Gk, the Langevin kernel Stein discrepancy

can be defined equivalently without taking the absolute value in (2.8).

Moreover, the pair (T ,Gk) also characterize P under regularity conditions. The next result states this

formally. It is a special case of Barp et al. (2022, Proposition 3.4); see also Gorham and Mackey (2017,

Theorem 7). For a reproducing kernel of the form k(x,y) = h(x− y), where h : Rd → R, Bochner’s

theorem (Berlinet and Thomas-Agnan, 2004, Theorem 20) shows that h is the Fourier transform of a

unique bounded positive measure. We call such measure the spectral measure of h.

Theorem 2.6 (KSD P -separation). Suppose k is a reproducing kernel of the form k(x,y) = w(x)h(x−
y)w(y), where h ∈ C2 has a fully supported spectral measure, and w : Rd → (0,∞) with w ∈ C1

b .

Let P ∈ P(Rd) have Lebesgue density function p ∈ C1 with p(x) > 0 for x ∈ R
d, and assume

EX∼P [∥sp(X)∥2] < ∞. Then for all Q ∈ P(Rd) such that EX∼Q[∥sp(X)∥2] < ∞, we have D(Q,P ) =

0 ⇐⇒ Q = P .

Proof of Theorem 2.6. The proof is a combination of Proposition 3.4 and Theorem 3.5 in Barp et al.

(2022). Their Proposition 3.4 shows that the claim in the theorem holds when (i) Hk ⊂ C1
b (R

d), where

Hk is the RKHS associated with k, and (ii) k is D
1
L1(R

d)-characteristic (Barp et al., 2022, Definition

C.5). By Theorem 2.4, condition (i) is met whenever k has the assumed form and h ∈ C2. Moreover,

combining Barp et al. (2022, Theorem 3.5.a) and the discussion before their Theorem 3.5, we conclude

that the kernel k(x,y) = w(x)h(x− y)w(y) is DL1(Rd)-characteristic so long as the spectral measure

of h is fully supported and w ∈ C1
b is positively valued.

Kernel assumptions The function w(x) in the reproducing kernel is often called a tilting function.

When w(x) ≡ 1, the reproducing kernel takes the form k(x,y) = h(x− y), in which case it is called

stationary or translation-invariant. Kernels of the form k(x,y) = w(x)h(x− y)w(y) are hence called

tilted stationary kernels. In fact, Barp et al. (2022, Theorem 3.2) presents this result for more general

kernels, and we made this restriction only for the sake of exposition. Nevertheless, tilted stationary

kernels already cover most kernels used in practice, and all kernels used in the remainder of this thesis

will take this form. Moreover, the assumptions on k in Theorem 2.6 are met by most commonly used

kernels, such as SE kernels, IMQ kernels, and their tilted forms; see Section 2.1.3 for the definition.

KSDs with other Stein operators Langevin KSD is only one special instance of KSDs; other Stein

operators can also be used to construct KSDs. One example is the diffusion kernel Stein discrepancy

(Barp et al., 2019), which uses a Stein operator arising from the generator of a more general diffusion

process. Nevertheless, the Langevin KSD has received more attention in the literature (Liu and Wang,

2016; Chwialkowski et al., 2016; Chen et al., 2018, 2019; Barp et al., 2022; Kanagawa et al., 2023).

In this thesis, we will focus exclusively on Langevin KSD, and therefore we will shorten Langevin KSD

to KSD for brevity throughout the remainder of this thesis.
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2.2.5 Estimation of Langevin Kernel Stein Discrepancy

A main advantage of the Langevin KSD over other statistical discrepancies is that it is computable

even if p is unnormalized. This is because (i) the supremum in (2.8) admits a closed-form solution, and

(ii) equation (2.8) does not depend on the normalizing constant of p.

The former has been shown in many works: when sp ∈ L1(P ) ∩ L1(Q), the squared Langevin KSD

D2(Q,P ) admits the following double-integral form

D2(Q,P ) = EX,X′∼Q[uP (X,X′)] =

∫

Rd

∫

Rd

uP (x,x
′)Q(dx)Q(dx′) , (2.9)

uP (x,x
′) := sp(x)

⊤sp(x
′)k(x,x′) + sp(x)

⊤∇2k(x,x
′) +∇1k(x,x

′)⊤sp(x
′) +∇⊤

1 ∇2k(x,x
′) , (2.10)

where ∇⊤
1 ∇2k(x,x

′) =
∑d

j=1 ∂1j∂2jk(x,x
′), and ∂1j∂2jk(x,x

′) is the partial derivative defined before

Theorem 2.4, and ∇ik(x,x
′) = (∂i1k(x,x

′), . . . , ∂idk(x,x
′))⊤ is the partial derivatives with respect to

the i-th argument, respectively. For a proof, see, e.g., Barp et al. (2022, Corollary 2.10).

Importantly, uP depends on p only through sp, which does not depend on the normalizing constant

of p due to cancellation: for any constant Z > 0, we have ∇ log(Zp) = ∇ log p + ∇ logZ = ∇ log p.

Consequently, uP can be computed without needing to evaluate the normalizing constant Z of p. This

is a key property that makes KSD a flexible tool that have led to many applications in computational

statistics; see Anastasiou et al. (2023) for a review.

The double-integral form (2.9) suggests that the squared Langevin KSD can be efficiently estimated

using Monte Carlo estimation. Given a random sample Xn := {Xi}ni=1, where each Xi is drawn

independently from Q, two natural estimators for D2(Q,P ) are the U-statistic

D2
u(Xn) =

1

n(n− 1)

∑

1≤i ̸=j≤n

uP (Xi,Xj) , (2.11)

and the V-statistic

D2(Xn) =
1

n2

∑

1≤i,j≤n

uP (Xi,Xj) . (2.12)

U-statistic versus V-statistic Both estimators are consistent. The U-statistic sums over distinct

pairs of samples and is unbiased; consequently, it has been the more popular choice in the literature

(Liu et al., 2016; Liu and Wang, 2016; Jitkrittum et al., 2017; Liu et al., 2023; Schrab et al., 2022). In

comparison, the V-statistic sums over all pairs of samples and is a biased estimator, but it coincides with

the squared KSD computed with the empirical measure Qn := n−1
∑n

i=1 δXi
, i.e., D2(Xn) = D2(Qn, P )

(Gorham and Mackey, 2017), which can be a convenient property for some applications (Liu and Briol,

2024). In general, U- and V-statistics are known to have similar asymptotic properties (Grams and

Serfling, 1973, Theorem 5.1) in the infinite sample limit. Leveraging the rich literature on U- and

V-statistics, the asymptotic behavior of (2.11) and (2.12) can be characterized using well-established

theory. A full treatment to U- and V-statistics can be found in Serfling (2009, Chapter 5 and 6).
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2.2.6 Stein Reproducing Kernels

The function uP in (2.10) is also a reproducing kernel, known as the Stein reproducing kernel (Oates

et al., 2017). The KSD (2.8) is closely related to Maximum Mean Discrepancy (MMD) as it can be

shown to be equivalent to an MMD with the Stein reproducing kernel (Hodgkinson et al., 2020; Barp

et al., 2022); for the definition of MMD, see (2.2). This is summarized in the following result.

Theorem 2.7 (KSD as MMD; Barp et al. 2022, Theorem 2.8). Assume P ∈ P(Rd) admits a Lebesgue

density p > 0, and let k : Rd × R
d → R be a positive definite kernel with associated RKHS Hk such

that for any g ∈ Hk, the function pg is differentiable. Then Ap(Hk) := {Apg : g ∈ Hk} = HuP
. If

furthermore Ap(Hk) ⊂ L1(P ) and EX∼P [f(X)] = 0 for all f ∈ Ap(Hk), then

D(Q,P ) = MMDuP
(Q,P ) , for all Q ∈ P(Rd) .

This result highlights the close connections between KSD and MMD, and it underpines many theoretical

developments in KSD. For example, this observation is used in showing the ability of KSD to control

weak convergence of measures (Barp et al., 2022), in proving the convergence rate of KSD-based sample

approximation methods (Shi and Mackey, 2024), and in deriving kernel goodness-of-fit tests that are

robust to data contamination (Liu and Briol, 2024).

2.2.7 Other Theoretical Properties

P -separation The most fundamental property required of KSD is P -separation. One set of conditions

for P -separation is presented in Theorem 2.6. These conditions are met by most kernels commonly used

with KSD, including Gaussian kernel, IMQ, Laplacian, and Matérn. Furthermore, the conditions on the

score function are satisfied for all targets P for which the KSD (2.8) is well-defined (Barp et al., 2022),

including mixtures of Gaussians or models with strongly log-concave tails. The P -separation property

is crucial for all applications of KSD, as it ensures that the KSD is a valid statistical divergence.

P -convergence control Also widely studied in the literature are the convergence properties of

KSD. One such property is P -convergence control, meaning that, for any sequence of probability

measures {Qn}n, the convergence D(Qn, P ) implies Qn → P weakly. Conditions under which KSD

controls P -convergence are studied extensively in Barp et al. (2022); Gorham and Mackey (2017). Barp

et al. (2022, Theorem 3.11) showed that, for sequences {Qn}n that are tight (Billingsley, 1999, pp. 8),

KSD based on standard translation-invariant kernels controls P -convergence if ∥sp∥2 grows at most

root exponentially, i.e., sp(x) = O(exp(c
∑d

j=1

√
|xj |)), for some constant c > 0. The P -convergence

property is of interest because it is required for Stein variational gradient descent (SVGD), a technique

for approximating a target distribution P by finite samples, to produce approximations that converges

weakly to P (Liu et al., 2017).

Metrization of P -convergence If the converse of P -convergence control also holds, namely

D(Qn, P ) → D(Q,P ) ⇐⇒ Qn → P weakly, then D is said to metrize P -convergence. Barp
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et al. (2022, Theorem 4.8) shows that, under regularity conditions on P and with suitably constructed

kernel k, the KSD metrizes P -convergence.

Convergence of polynomials Weak convergence is equivalent to convergence of the expectation of

all bounded, continuous functions (Durrett, 2019, see, e.g., Theorem 3.10.1), which preclude unbounded

functions such as polynomials. Polynomials are an important class of functions because their expectations

are closely connected to moments of a probability measure, such as the mean and variance. Therefore,

understanding how KSD controls the convergence of polynomials can be important for some applications

where convergence of moments is desired, such as when using KSD to assess the approximation quality

of MCMC samples (Gorham and Mackey, 2015, 2017). To this end, Kanagawa et al. (2022) studies

conditions under which convergence in KSD implies convergence of polynomially growing functions.

2.3 Applications to Computational Statistics

Kernel Stein discrepancy has led to the development of numerous novel tools for tackling computational

statistical problems (Anastasiou et al., 2023). This section provides a brief overview of its application

in three key areas: goodness-of-fit testing, sample approximation, and parameter estimation. The

remaining chapters will then be devoted to identifying and addressing challenges with these novel tools.

Throughout this section, we will restrict our attention to statistical models P that admit a Lebesgue

density p ∈ C1. We will also assume regularity conditions are met so that the KSD is P -separating.

The (unknown) data-generating distribution, however, needs not have a Lebesgue density.

2.3.1 Sample Approximation

Many tasks in statistical inference requires sampling from a target probability measure P ∈ P(Rd). For

example, in Bayesian analysis, samples drawn (approximately) from a Bayesian posterior are needed in

order to estimate expectations over the posterior, such as posterior means or variances. In frequentist

analysis, sampling is needed for approximating the quantiles of a distribution, or constructing confidence

intervals. Since these expectations or quantiles are typically not available in closed-form, one often

needs to resort to Monte Carlo approximations, where a finite sample {xi}ni=1 ⊂ R
d is constructed so

that the empirical measure Qn = n−1
∑n

i=1 δxi
approximates the target measure P .

A common approach is Markov chain Monte Carlo (MCMC) algorithm (Hastings, 1970; Levin and

Peres, 2017), which generate approximate samples by constructing a Markov chain that leaves the target

distribution invariant. Despite being widely studied and applied, MCMC algorithms can sometimes

incur considerable computational cost with complex models or large datasets (Blei et al., 2017).

An alternative is to use optimization-based algorithms. One well-known example is variational inference

(VI, Blei et al., 2017), which approximates the target distribution P by distributions in a chosen

class Q of distributions, called the variational family. Typically, Q is constructed to consist of simple

distributions such that sampling from them is considerably easier. The best approximation Q∗ ∈ Q
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can be found by minimizing a statistical divergence between Q and P . A common choice is the

Kullback-Leibler (KL) divergence; that is, P is approximated by

Q∗ ∈ argminQ∈QDKL(Q,P ) , (2.13)

where DKL(Q,P ) is the KL divergence defined as

DKL(Q,P ) :=

∫
q(x) log

q(x)

p(x)
dx = EX∼Q[log q(X)]− EX∼Q[log p

∗(X)] + logZ ,

where we have assumed P and Q admit probability density functions p, q, respectively, with respect to

the Lebesgue measure. In particular, the above decomposition implies that (2.13) does not depend on

the normalization constant Z of p = p∗/Z.

Construction of the variational family Q can be non-trivial. It needs to be rich enough to provide a

good approximation for the target P , while sufficiently simple so that sampling from any distribution

in Q is efficient. One way to choose Q is to consider a set of distributions obtained by transporting

some reference distribution via continuously differentiable mappings, i.e., Q = {T#Q0 : T ∈ F}, where

F ⊂ {T : Rd → R
d} is some candidate class of mappings, Q0 ∈ P(Rd) is a reference distribution, and

T#Q0 denotes the pushforward measure, i.e., the distribution of T (X) when X ∼ Q0. The optimal map

T ∈ F is then learned by solving (2.13).

If F is in some sense dense in the space of functions, this method can approximate any sufficiently regular

target distribution, since it can be shown that for any two distributions Q0, P satisfying regularity

conditions, there always exists a map T such that T#Q0 = P (Villani, 2008). However, an overly large

F would render the optimization problem in (2.13) computationally infeasible. An important question

is hence how to choose F to balance the approximation accuracy while maintaining computational

tractability? One approach is to restrict to a class of parametrized and invertible maps, leading to

Normalizing Flows (NF, Rezende and Mohamed, 2015; Marzouk et al., 2016). However, even in this

case, choosing a suitable parametric family to achieve both accuracy and computational efficiency is

still non-trivial.

An alternative is proposed in Liu and Wang (2016), whereby F is chosen to be a non-parametric family.

This algorithm, known as Stein variational gradient descent (SVGD), seeks a mapping of the form

T (x) = T ϕ(x) = x+ ϵϕ(x), where ϕ is selected to optimally transport towards the target p among all

vector fields in a reproducing kernel Hilbert space (RKHS). SVGD is based on the key observation

that, in this case, the optimal decay direction for the KL divergence coincides with the expectation

EX∼Q[(Apϕ)(X)] of the Langevin Stein operator. This is made precise in the following result; see also

Anastasiou et al. (2023, Theorem 1).

Theorem 2.8 (Liu and Wang 2016, Theorem 3.1). Assume Q,P admit positive density functions q, p

on R
d, and p ∈ C1. For any ϵ ∈ R and ϕ ∈ C1(Rd) with supx∈Rd ∥∇g(x)∥2 < ∞, where ∥ · ∥2 denotes

the spectral norm, define the function T ϕ(x) = x+ ϵϕ(x). Then

− d

dϵ
DKL(T

ϕ
#Q,P )

∣∣∣
ϵ=0

= EX∼Q[(Apϕ)(X)] .
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Algorithm 1 Stein Variational Gradient Descent (SVGD; Liu and Wang, 2016).

1: Inputs: n initialized particles {x0
i }ni=1; iteration number nepochs; step size ϵ > 0.

2: for t = 0, 1, . . . , nepochs − 1 do
3: Compute xt+1

i = xt
i + ϵϕ(xt

i) for i = 1, . . . , n, where

ϕ(xt
i) =

1

n

n∑

j=1

[
sp(x

t
j)k(x

t
j ,x

t
i) +∇1k(x

t
j ,x

t
i)
]
.

4: end for
5: Return: Particles {xnepochs

i }ni=1.

The LHS of the above equality is the decay rate of the KL divergence for an infinitesimally small

movement along the vector field ϕ, while the LHS appears in the objective of Langevin kernel Stein

discrepancy (2.8) (with g replaced by ϕ). Therefore, Theorem 2.8 outlines the connection between the

KL divergence and the Langevin KSD—by maximizing this decay rate over all vector fields ϕ in the

unit ball Gk of an RKHS defined in (2.7), we have

sup
ϕ∈Gk

{
− d

dϵ
DKL(T

ϕ
#Q,P )

∣∣∣
ϵ=0

}
= sup

ϕ∈Gk

EX∼Q[(Apϕ)(X)] = D(Q,P ) ,

where D(Q,P ) is the Langevin KSD defined in (2.8). This also suggests that the optimal vector field

that attains the supremum coincides with the function that attains the supremum in the KSD objective,

called the witness function of the KSD, which has the following closed-form expression

ϕ∗(·) ∝ EX∼Q[sp(X)k(X, ·) +∇1k(X, ·)] .

In practice, Q = n−1
∑n

i=1 δxi
is an empirical measure of n particles {xi}ni=1, which can be initialized

from any distributions, such as the standard Gaussian. SVGD then iteratively updates each particle xi

along the optimal transport direction ϕ∗ by xi + ϵϕ∗(xi), where the expectation in ϕ∗ is replaced by a

Monte Carlo estimation. This algorithm is summarized in Algorithm 1. Compared to NFs, SVGD does

not require a parametric family of mappings to be explicitly specified, making it readily implementable

even for non-experts in VI.

SVGD is a deterministic interacting particle system, as the update step is deterministic given the

particles. The two terms in the transport map g∗ play different roles. The first term sp(X)k(X, ·)
drives the particles towards the high probability regions of P due to the gradient term sp(X). The

second term ∇1k(x, ·) is a repulsive force keeping the particles dispersed. This is because the update

x ↦→ x+ ϵ∇1k(x,y) would decrease the value of k(x,y), which can be viewed as a measure of similarity

between x and y. This repulsion mechanism is crucial for preventing mode collapse: without the

second term and if only one particle is used, the SVGD update would reduce to finding the maximum a

posteriori (MAP) point of p. Consequently, SVGD can also be viewed as an interpolation between the

MAP and a full particle-based approximation (Liu and Wang, 2016).

Convergence of SVGD The convergence of SGVD as nepochs → ∞ has been well understood.

Liu (2017, Theorem 3.3) first proved the convergence of SVGD to the target distribution, assuming
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the algorithm is initialized with a continuous distribution rather than a finite sample. This result is

later refined by Korba et al. (2020); Salim et al. (2022); Sun et al. (2023a), who established explicit

rates of convergence, path-independent constants and weaker regularity conditions on the target P .

Additionally, Duncan et al. (2023) investigated conditions for exponential convergence. However, these

results are rather restricted because they assume an infinite sample size (n → ∞), or an infinitesimal

step size (ϵ → 0), or both. In the literature, the algorithm under these regimes are sometimes called the

infinite-particle, continuous-time SVGD (Shi and Mackey, 2024; Balasubramanian et al., 2024), which

is different from the n-particle, discrete-time algorithm used in practice. More recently, finite-sample,

discrete-time rates under mild conditions on P are derived in Shi and Mackey (2024); Balasubramanian

et al. (2024), with the latter showing a near-optimal rate of 1/
√
n.

Extensions of SVGD Numerous extensions of SVGD have been proposed. Amortized SVGD (Feng

et al., 2017) is a computationally efficient alternative when inference with multiple target distributions is

needed. Gradient-free variants are developed for target densities whose score functions are unavailable or

expensive to evaluate (Han and Liu, 2018; Yan and Zou, 2021). Other improvements include extensions

for discrete spaces (Han et al., 2020), graphical models (Zhuo et al., 2018; Wang et al., 2018), and

Riemannian manifolds (Liu and Zhu, 2018). SVGD has been applied to a wide range of problems, such

as learning Variational Autoencoders (Pu et al., 2017), meta learning (Pu et al., 2024), reinforcement

learning (Liu et al., 2017; Haarnoja et al., 2017; Liu et al., 2020), uncertainty quantification (Xie et al.,

2024), anomaly detection (Chen et al., 2023), and science and engineering (Morelli et al., 2023; Liu

et al., 2024b; Zhao et al., 2024; Liu et al., 2024a).

One limitation of SVGD is its poor performance when the target distribution P lies in a high-dimensional

space. Specifically, it is found that in this case, the particles generated by SVGD can collapse onto the

modes of the target, an issue known as variance collapse (Ba et al., 2022). In Chapter 3, we will dive

into this problem and propose an extension that can mitigate this issue.

2.3.2 Goodness-of-Fit Testing

Goodness-of-fit (GOF) testing (Lehmann and Romano, 2022, Chapter 16; D’Agostino, Ralph B, 2017)

aims to assess how well a model fits some given data. More formally, given a model P and observations

drawn from some distribution Q, GOF testing compares the null hypothesis H0 : Q = P against the

alternative hypothesis H1 : Q ̸= P . Addressing this question is crucial before using the model for

predictions, decision-making, or providing probabilistic guarantees on key quantities of interest.

To test such hypotheses, one approach is to compute a statistical divergence D between the data-

generating distribution Q and the model P . If the divergence satisfies D(Q,P ) = 0 ⇐⇒ Q = P , then

testing H0 : Q = P is equivalent to testing H0 : D(Q,P ) = 0. If furthermore D(Q,P ) can be estimated

given observed data, and that the null distribution of its finite-sample estimator is available or can

be approximated, then the GOF test can be performed whereby H0 is rejected for large estimates of

D(Q,P ). One example of such GOF tests is the Kolmogorov-Smirnov test, where D is the Kolmogorov-

Smirnov distance (Kolmogorov, 1933). Others include tests based on KL divergence (Vasicek, 1976;

Song, 2002) or phi-divergences (Noughabi and Balakrishnan, 2016; Jager and Wellner, 2007).
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Unfortunately, when P is unnormalized, many well-known statistical divergences cannot be estimated

efficiently. This is the case for KL divergence, phi-divergences, Wasserstein distance (Del Barrio et al.,

1999), and Maximum Mean Distance (Gretton et al., 2012). Tests based on these divergences require

either a known normalizing constant, or a large number of samples to approximate the model P ; see also

the discussion in Section 2.2.1. However, when P is unnormalized, computing its normalizing constant

can be challenging, while sampling from P can be computationally expensive and can introduce extra

errors. Kolmogorov-Smirnov test, on the other hand, are restricted to univariate distributions.

One feasible choice for D is the KSD. As explained in Section 2.2.5, the KSD D(Q,P ) can be computed

when P is unnormalized and samples from Q are available. Based on this observation, Liu et al. (2016);

Chwialkowski et al. (2016) proposed a GOF test, called the KSD test, which we describe next.

GOF test based on KSD Given independent random variables Xn = {Xi}ni=1 drawn from some

Q, the KSD test rejects H0 : Q = P for D2(Xn) > γ, where D2(Xn) is the V-statistic estimate (2.12)

and γ is a decision threshold chosen to control the Type-I error of the test. The value of γ can be

determined by considering the null distribution of D2(Xn), but this distribution is not usually tractable.

Instead, bootstrap procedures are often used for approximation. One procedure uses the bootstrap

samples of the form

D2
W(Xn) =

1

n2

n∑

i=1

n∑

j=1

(Wi − 1)(Wj − 1)uP (Xi,Xj) , (2.14)

where W := (W1, . . . ,Wn) ∼ Multinomial(n; 1/n, . . . , 1/n). This bootstrap procedure proceeds by (i)

drawing B i.i.d. copies {Wb}Bb=1 of W, (ii) computing D2
Wb(Xn) for each Wb, and (iii) approximating

the p-value as

p(Xn) =
1

B + 1

(
1 +

B∑

b=1

✶
{
D2

Wb(Xn) > D2(Xn)
})

, (2.15)

where ✶{A} denotes the indicator function for the event A. This procedure is called Efron’s bootstrap or

weighted bootstrapping (Arcones and Gine, 1992; Janssen, 1994). Intuitively, it weighs each observation

by a multinomial weight, which mimics recomputing the test statistic using data re-sampled from Xn

without replacement. The KSD test is summarized in Algorithm 2.

Given a prescribed test level α ∈ (0, 1), the KSD test rejects H0 if p(Xn) < α. This is equivalent to

rejecting H0 if D(Xn) > q2B,1−α(Xn), where the test threshold q2B,1−α(Xn) is the (1 − α)-quantile of

{D2
Wb(Xn)}Bb=1 conditional on Xn, i.e.,

q2B,1−α(Xn) = inf

{
u ∈ R : 1− α ≤ 1

B + 1

(
1 +

B∑

b=1

✶{D2
Wb

n
(Xn) ≤ u}

)}
.

The KSD test is asymptotically well-calibrated for H0 : Q = P (Liu et al., 2016, Theorem 4.3), and

when KSD is P -separating, this test is consistent, meaning that the probability of rejection approaches

one as the sample size n → ∞ whenever Q ̸= P (Chwialkowski et al., 2016; Liu et al., 2016).
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Algorithm 2 KSD test for goodness-of-fit (Chwialkowski et al., 2016; Liu et al., 2016).

1: Input: Data Xn = {xi}ni=1; bootstrap sample size B; test level α ∈ (0, 1).
2: Compute the test statistic D2(Xn) by (2.12).
3: for b = 1, 2, . . . , B do
4: Draw Wb ∼ Multinomial(n; 1/n, . . . , 1/n) and compute the bootstrap statistic D2

Wb(Xn) by
(2.14).

5: end for
6: Compute the p-value p(Xn) by (2.15), and reject H0 : Q = P if p(Xn) < α.

Other bootstrap procedures Other bootstrap procedures such as wild bootstraps (Leucht and

Neumann, 2013; Shao, 2010) have also been used to approximate the p-value for KSD tests (Jitkrittum

et al., 2017; Schrab et al., 2022; Liu et al., 2023). Compared with Efron’s bootstrap, wild bootstraps

have the advantage that they can be tuned to work for dependent data (Chwialkowski et al., 2016).

However, for independent data, which will be the focus of this thesis, both Efron’s bootstrap and wild

bootstrap have similar empirical performance; see Section 5.B.7 for a comparison.

U- and V-statistics in KSD testing We have described the KSD test where the test statistic is

the V-statistic (2.12). The same test procedure works with the U-statistic estimate (2.11) by replacing

the indices in all double sums with distinct indices i ̸= j. Both statistics are used in the literature of

KSD testing; see Liu et al. (2016); Jitkrittum et al. (2017); Schrab et al. (2022) for U-statistics, and

Chwialkowski et al. (2016); Schrab and Kim (2024); Liu and Briol (2024) for V-statistics. Empirically,

the performance when using the U- or V-statistic is similar, as we will verify numerically in Section 5.C.

From the theoretical view point, however, the non-negativity of the V-statistic might be convenient for

some applications such as developing robust variants of the KSD test, which is discussed in detail in

Chapter 5.

Applications KSD tests and their extensions have found success across a wide range of data types,

including correlated MCMC samples (Chwialkowski et al., 2016; Liu et al., 2016), time-to-event data

(Fernandez et al., 2020), directional data (Xu and Matsuda, 2020), Riemannian manifold data (Xu and

Matsuda, 2021), discrete data (Yang et al., 2018), network data (Xu and Reinert, 2021), functional data

(Wynne et al., 2022), point processes (Yang et al., 2019), and latent variable models (Kanagawa et al.,

2023). Advances have also been made to address some of the limitations of KSD tests, including high

computational cost for large samples (Jitkrittum et al., 2017; Huggins and Mackey, 2018), the need to

evaluate the gradients of the model likelihood, which can be impractical for complex models (Afzali

and Muthukumarana, 2023; Fisher and Oates, 2023), and the challenge of tuning kernel bandwidths

(Schrab et al., 2022).

In Chapter 4 and 5, we identify two additional limitations of KSD tests, namely the lack of test power

against multimodal alternatives and the lack of robustness to data contamination. Both scenarios are

common in practice. Statistical models with multiple modes are ubiquitous in Bayesian modelling for

localization problems (Ahn et al., 2013), astrophysics (Tak et al., 2018), and geophysics (de Figueiredo

et al., 2019). On the other hand, real-world data often subject to contamination, such as outliers from

erroneous measurements or noises from corrupted sensors. These two chapters will formalize these

limitations and propose new variants of the KSD test to address these issues.
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Algorithm 3 Minimum KSD estimation (Barp et al., 2019).

1: Input: Data Xn = {xi}ni=1; parametrized model M(Θ); reproducing kernel k.
2: Find an estimator θLn satisfying θLn ∈ argminθ∈Θ

∑
1≤i,j≤n uPθ

(xi,xj), either by numerical optimiz-
ation or by closed-form solution.

2.3.3 Parameter Estimation

A third application of statistical divergences is in parameter estimation. Let Θ ⊂ R
m be a parameter

space, where m is a positive integer, and let Pθ be a parametric model indexed by a parameter θ ∈ Θ.

The goal of parameter estimation is to find θ∗ ∈ Θ such that Pθ∗ best approximates the underlying

distribution of some observed data.

One natural approach to find the optimal parameter θ∗ is to minimize some statistical divergence

between the data-generating distribution Q and the model. Often in practice, Q is observed only via

finite samples, so a finite-sample estimate for the divergence, called a loss function, is used instead. This

principle is known as minimum divergence estimation or minimum distance estimation (MDE, Pardo,

2005; Basu et al., 2011). Formally, given i.i.d. samples Xn = {Xi}ni=1 drawn from some Q ∈ P(Rd) and

given a loss function L : (Rd)n ×Θ → R, the MDE of a model {Pθ : θ ∈ Θ} is defined as an estimator

θLn satisfying

θLn ∈ argminθ∈Θ L(Xn, θ) .

For specific model families and loss functions, such an estimator can be derived using a closed-form

solution. For more general cases, numerical optimization can be used to compute this estimator.

One famous example of MDE is the maximum likelihood estimator (MLE), which corresponds to

choosing the Kullback-Leibler (KL) divergence as the statistical divergence. The loss function in this

case is the negative log-likelihood L({Xi}ni=1, θ) = −∑n
i=1 log pθ(Xi). Other statistical divergences or

distances used in MDE include the Maximum Mean Discrepancy (MMD, Dziugaite et al., 2015) and

Wasserstein metric (Frogner et al., 2015).

One limitation of MDE using the aforementioned divergences is that they might no longer be feasible

when Pθ belongs to an unnormalized model class. Indeed, to compute the KL divergence, the normalizing

constant of Pθ needs to have a closed-form expression for any given parameter values, which is not the

case for unnormalized models. On the other hand, MMD and Wasserstein metric require extra samples

from the model, but generating samples from unnormalized models can be computationally challenging.

One solution is to use statistical divergences that depend on the model only through its score function

spθ(x) := ∇x log pθ(x). As discussed in Section 2.2.5, the score spθ(x) does not depend on the normalizing

constant of pθ. This allows minimum divergence estimators based on such statistical divergences to be

computed even for unnormalized models, where conventional likelihood-based approaches like MLE are

out of reach.

Two most representative score-based divergences are the Fisher divergence, also known as the score

matching (SM) loss, and the kernel Stein discrepancy (KSD). Minimum divergence estimators based on
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these divergences are called score-matching estimators (Hyvärinen, 2005, 2007) and minimum kernel

Stein estimators (Barp et al., 2019), respectively. Various extensions of these estimators have also been

developed. For example, Barp et al. (2019) extended the SM loss and the KSD by incorporating a

preconditioning term called the diffusion matrix, which can enforce robustness of the resulting estimator.

Song and Ermon (2019); Song et al. (2020) trained generative models using an annealed version of the

SM loss, whereby the data and the model are convolved with Gaussian noises at different temperatures.

Qin and Risteski (2023) proposed a generalized SM loss, which unifies the standard, preconditioned

and annealed SM losses.

Algorithm 3 summarizes minimum KSD estimation, where the loss function is chosen to be the V-statistic

defined in (2.12). Alternatively, the U-statistic estimate (2.11) can be used instead.

In Chapter 6, we will compare the relative statistical efficiency of the score-matching estimators and the

minimum KSD estimators. The statistical efficiency of an estimator can be quantified by its asymptotic

variance under a Central Limit Theorem (CLT), where a larger covariance indicates less efficiency.

Several works have studied the statistical efficiency of SM estimators (Koehler et al., 2022; Qin and

Risteski, 2023); however, the efficiency of the minimum KSD estimators has not been explored. In

Chapter 6, we will provide both theoretical and numerical results to compare the efficiency of these two

estimators. Our findings will demonstrate that KSD estimators can be significantly less efficient than

SM estimators when the kernel is not properly chosen, highlighting the importance of kernel selection

in using KSD for parameter estimation.
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Sample Approximation: Grassmann Stein

Variational Gradient Descent

Stein variational gradient descent (SVGD) is a deterministic particle inference algorithm that provides

an efficient alternative to Markov chain Monte Carlo. However, SVGD has been found to suffer

from variance underestimation when the dimensionality of the target distribution is high. Recent

developments proposed to sidestep this issue by using projections, where both the score function and the

data are projected onto one-dimensional subspaces. In this chapter, we show empirically that this can

severely overestimate the epistemic (model) uncertainty. We then propose Grassmann Stein variational

gradient descent (GSVGD) as an alternative approach, which permits projections onto subspaces with

an arbitrary dimension. GSVGD updates the projectors simultaneously for the score function and

the data, and the optimal projectors are determined through a coupled Grassmann-valued diffusion

process which explores favorable subspaces. Both our theoretical and experimental results suggest that

GSVGD enjoys efficient state-space exploration in high-dimensional problems that have an intrinsic

low-dimensional structure.

3.1 Introduction

Variational inference (VI) (Blei et al., 2017) is an optimization-centric framework for approximating

complex distributions that are intractable (only known up to a scale factor): given any target distribution

with probability density function p, VI searches over a user-defined class of distributions Q for an

optimal q ∈ Q that is closest (in terms of a discrepancy or divergence) to p. Extensively applied in the

field of Bayesian inference, VI has the attraction of being scalable to big datasets, although it leads

to biased estimation unless Q is broad enough to include the target distribution. This is in contrast

to Markov chain Monte Carlo (MCMC) algorithms (Gilks et al., 1995), which allows asymptotically

exact sampling from the true target distribution, but does not scale well to big datasets and high

dimensionality due to long mixing times (Levin and Peres, 2017).

The choice of Q in VI is crucial to guarantee a good approximation to p while retaining computational

tractability. The classical mean-field approximation, which assumes that the distributions in Q have

39
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independent marginals, can be overly simplistic in many cases. To address this, a growing line of work

in VI with Normalizing Flows (NFs) (Rezende and Mohamed, 2015) seeks to construct an invertible

map T so that the pushforward distribution of T (X), with X ∼ q and q ∈ Q, will form a flexible

approximation to p.

Stein variational gradient descent (SVGD) (Liu and Wang, 2016) was introduced as a particle-based

variational inference method in which the map T seeks to move a set of particles along a vector field

which is chosen within a reproducing kernel Hilbert space (RKHS) to optimally transport towards the

target p. Building on the kernel Stein discrepancy (Liu and Wang, 2016), the SVGD transport both

drives the particles to the high-probability regions of p and enforces repulsion between the particles

to prevent mode-collapse. It hence has the advantage of being “particle-efficient” in that even a small

number of particles can achieve good approximation of p. Although this has made SVGD a popular

tool in a range of applications including meta-learning (Yoon et al., 2018) and learning diversified

mixture models (Wang and Liu, 2019), it is found that the marginal variance of the resulting particles

scales inversely with the dimension, resulting in under-estimation of the variance. This was studied

analytically in Ba et al. (2022), in which the authors attribute this issue to (i) an uneven scale of

variance for the two terms in the SVGD update, and (ii) a deterministic bias due to the dependence of

the particle positions at each step.

Recently, Gong et al. (2021a) proposed a sliced version of kernel Stein discrepancy (KSD) analogous to

other sliced discrepancies (Kolouri et al., 2019), and an associated sliced SVGD (S-SVGD). This variant

of SVGD decomposes the kernel-based dynamics along a sequence of 1-dimensional projections, called

slices. Empirical results (Gong et al., 2021a, Appendix J.5, Table 5) showed that the S-SVGD dynamic

can mitigate the variance under-estimation issue of SVGD in high dimensions. However, S-SVGD is

constrained to 1-dimensional projection, and only seeks the optimal slices for the data but keeps the

slices for the score function deterministic. As we demonstrate in this chapter, these can lead to inflated

variance of the S-SVGD estimation.

In this chapter, we introduce a unified approach where a non-uniform probability distribution over the

projectors for both the score function and the data are adaptively updated to emphasize directions in

which there is the largest discrepancy. This is achieved by introducing a stochastic diffusion process

taking values in the Grassmann manifold (Bendokat et al., 2020) which evolves along with SVGD

particles. By tuning the diffusion process parameters we can adjust the trade-off between exploration

and exploitation of suitable projections. In addition, using projections onto higher dimensional spaces

allows us to take into account the correlations/interactions between components and thus producing

more accurate uncertainty estimates.

Contributions: Motivated by S-SVGD, we propose a novel algorithm, Grassmann SVGD (GSVGD),

which employs m-dimensional projectors (compared with the 1-dimensional ones in S-SVGD) to evolve

the particles towards the target distribution and to mitigate variance under-estimation. We show

numerically that our method is competitive to SVGD and S-SVGD on high-dimensional synthetic and

benchmark problems while more accurately estimating the epistemic uncertainty.
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KSD

slices (1-dim.)

projectors (m-dim.)

maxSKSD

GKSD

SVGD (Liu and Wang, 2016)

GSVGD (ours)

S-SVGD (Gong et al., 2021)

Figure 3.1: A summary of different SVGD algorithms. SVGD uses no projections, S-SVGD uses
1-dimensional projections, and GSVGD (proposed method) uses m-dimensional projections with an
arbitrary 1 ≤ m ≤ d, where d is the dimensionality of the problem.

3.2 Background

Stein Variational Gradient Descent Let X = R
d and P be a probability measure over X with

continuously differentiable density p which is positive on X and can be evaluated up to a normalization

constant. We are interested in approximating P by transporting a known measure Q, defined over X
and with continuously differentiable density q, to P via a sequence of maps that minimize a given loss.

Choosing the loss to be the Kullback-Leibler (KL) divergence defined as

KL(Q,P ) =

∫

X
q(x) log(q(x)/p(x)) dx

allows us to minimize the discrepancy KL(T#Q,P ) over maps T : X → X where T#Q is the pushforward

of Q with respect to T . In Liu and Wang (2016), the authors choose a specific parametrization

T (x) = x + εϕ(x) where ϕ lies within the unit ball Bd
k := {ϕ ∈ Hd

k : ||ϕ||Hd
k
≤ 1} of the Cartesian

product Hd
k := {ϕ = (ϕ1, . . . , ϕd) : ϕi ∈ Hk, ∀i} of the RKHS Hk associated with kernel k : X ×X → R.

The crucial observation of Liu and Wang (2016) is that the maximal rate of decay of the KL divergence

with respect to ϵ is the kernel Stein discrepancy (KSD) (Chwialkowski et al., 2016; Liu et al., 2016),

which is defined in (2.8) and recalled below

D(Q,P ) = sup
ϕ∈Bd

k

EX∼Q[Apϕ(X)] , (3.1)

where X ∼ Q, the function sp(x) = ∇ log p(x) = ∇x log p(x) is the score function and Apϕ(x) =

sp(x)
⊤ϕ(x) + ∇⊤ϕ(x) is the Stein operator associated to P . The key advantage of KSD is that it

quantifies the difference between two measures P and Q where only the score function of P is available,

which is the typical situation in Bayesian inference for complex models. The supremum in (3.1) is

attained by the function ϕ∗(·) := EX∼Q[Apk(·,X)] = EX∼Q[k(·,X)sp(X) +∇2k(·,X)], where ∇2k(·,X)

denotes the gradient with respect to the second argument. This leads to the result (Liu and Wang,

2016, Theorem 3.3) ∇ϕKL(T#Q,P )|ϕ=0 = −ϕ∗(x) where ∇ϕ is the functional derivative and T (x) is

the map parameterized as above. This suggests that ϕ∗ is, according to KL divergence, the best choice

of function to use in T to map Q to P .

The expression for the optimal ϕ∗ forms the basis of the SVGD algorithm. Particles xt = (xt
1, . . . ,x

t
N )
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at step t, are evolved using the following update rule

xt+1
i = xt

i + ϵϕ̂∗(xt
i), (3.2)

for i = 1, . . . , N and t = 0, 1, 2, . . ., where

ϕ̂∗(·) =
1

N

N∑

j=1

[
k(·,xt

j)∇ log p(xt
j) +∇2k(·,xt

j)
]

(3.3)

is an estimator of ϕ∗(·) obtained by replacing Q with 1
N

∑N
i=1 δxt

i
. Intuitively, (3.2) is an Euler

discretization with step-size ϵ of the following system of ODEs

dxi

dt
(t) =

1

N

N∑

j=1

[
k(xi(t),xj(t))∇ log p(xj(t)) +∇2k(xi(t),xj(t))

]
, i = 1, . . . , N,

for particle positions x1(t), . . . ,xN (t). Under regularity conditions, SVGD converges to the target P as

N → ∞ and t → ∞; see Section 2.3.1 for a discussion.

Tackling the Curse of Dimensionality The SVGD algorithm has shown to be asymptotically exact,

in the sense that in the limit of infinite particles and vanishing step-size the particles will converge to

the target density (Lu et al., 2019). However, in the finite particle regime, SVGD may fail to adequately

explore the state-space, exhibiting mode collapse and variance under-estimation, particularly in high

dimensions (Liu et al., 2016; Zhuo et al., 2018; Gong et al., 2021a).

The deterioration in performance in high-dimensions can be understood from the update rule defined

in (3.3). The RHS consists of two terms: a kernel-averaged score function 1
N

∑
j k(·,xt

j)∇ log p(xt
j)

which attracts particles towards modes of the target density, and a repulsion term 1
N

∑
j ∇2k(·,xt

j)

which encourages particle diversity by pushing nearby particles away from each other. As has been

observed in Liu and Wang (2016, Section 3.2) and studied analytically in (Zhuo et al., 2018, Section 3),

the influence of the repulsion term drops dramatically with increasing dimension, effectively reducing

SVGD to a gradient ascent method for log p. As a result, the estimation of SVGD can suffer from a

significant under-estimated variance for high-dimensional targets.

Various developments have been proposed to mitigate this issue; we now discuss the most relevant to

our work, the sliced approach of Gong et al. (2021a), and defer a review of the others to Section 3.3.

Gong et al. (2021a) addressed this problem by projecting both the particles and the score function

along one-dimensional directions, known as slices, leading to the max sliced kernel Stein discrepancy

(maxSKSD). This approach hinges on the fact that measuring KSD along finitely many slices is sufficient

to capture all geometric information of two distributions, as long as optimal slices are used. Given a

user-defined orthonormal basis O in R
d, the maxSKSD takes the form

maxSKSD(Q,P ) =
∑

r∈O

sup
gr∈Sd−1

sup
ϕ∈Bk

EX∼Q[s
r
p(X)ϕ(X⊤gr) + r⊤gr∇ϕ(X⊤gr)] (3.4)

=
∑

r∈O

sup
gr∈Sd−1

sup
ϕ∈Bkr,gr

EX∼Q[sp(X)⊤ϕ(X) +∇ · ϕ(X)] , (3.5)
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where srp(x) := sp(x)
⊤r is the score projected along a slicing direction r and Bk is the unit ball of

from RKHS Hk for some kernel k : R× R → R. The subscript gr is used to emphasize that for each r

a new optimal gr must be found. In (3.5), Bkr,gr is the unit ball of the RKHS corresponding to the

matrix valued kernel kr,gr(x,y) = rr⊤k(g⊤r x, g
⊤
r y). This can be seen from standard results regarding

matrix valued kernels (Paulsen and Raghupathi, 2016, Chapter 6) and this will be relevant to our later

developments.

The idea of the maxSKSD approach is that the r ∈ O will slice the score function of the target, and for

each of those slices the input is sliced according to some other directions gr. It is known that, under

some standard regularity conditions, maxSKSD discriminates measures (Gong et al., 2021a, Corollary

3.1). Replacing KSD with maxSKSD in SVGD results in sliced-SVGD (S-SVGD; Gong et al. (2021a)).

An issue with this procedure is that the basis O is a user-defined choice and may result in inefficient

performance. Additionally, restricting gr and r to one dimension might not capture the underlying

structure as effectively as higher dimensional projections. Our approach, described in Section 3.5, will

use projections onto subspaces that have dimension potentially greater than one. The framework of

these subspace projections is described next. This framework also allows us to explore projections in

the underlying geometry more efficiently by using Riemannian optimization.

Grassmann Manifold Let m ∈ {1, 2, . . . , d}. A crucial ingredient of our proposed method is the

Grassmann manifold of m-dimensional subspaces in R
d (Bendokat et al., 2020), defined as

Gr(d,m) = {E ⊆ R
d : dim(E) = m}.

The intuition behind our proposed method is to define a KSD that seeks the worst possible discrepancy

over all distinct subspaces of dimension m, where the worst-case subspace can be found with gradient-

type optimization on the Grassmann manifold. We briefly review the key ingredients of optimization

on the Grassmann manifold; a more detailed discussion is deferred to Section 3.A.

To make sense of optimization on the Grassmann manifold, we first need to represent each subspace

E ∈ Gr(d,m) in memory. One way of doing so is by a projection operator that maps every x ∈ R
d to

an element in the subspace. To this end, we define a projector of rank m to be a d×m matrix A with

orthonormal columns, i.e. A⊤A = Im, where Im is the m×m identity matrix. It then follows that AA⊤ is

a projection matrix since (AA⊤)2 = AA⊤ and (AA⊤)⊤ = AA⊤. Denote by [A] = {Ay : y ∈ R
m} ⊂ R

d

the image of A.

We represent each subspace E ∈ Gr(d,m) by any projector A for which [A] = E. This is always possible

since, for each projector A the subspace [A] is trivially an element of Gr(d,m), and, conversely, for any

E ∈ Gr(d,m), we can construct a corresponding projector A by column-wise appending the elements of

any orthonormal basis of E. Such A is unique up to an orthogonal transformation: for any projectors

A,B, the subspaces [A] = [B] if and only if A = BC for some orthogonal matrix C in R
m×m. As we

will show in Section 3.4, the proposed KSD does not depend on which projector is chosen so long as it

corresponds to the same subspace E.

Given a representative A of [A] ∈ Gr(d,m), the tangent space at [A] is defined as T[A]Gr(d,m) = {∆ ∈
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Figure 3.2: An illustration of a gradient ascent step on the Grassmann manifold.

R
d×m : A⊤∆ = 0}. We endow a Riemannian metric on T[A]Gr(d,m) by restricting the standard matrix

inner product ⟨∆, ∆̃⟩0 = Tr(∆⊤∆̃) to elements ∆, ∆̃ in T[A]Gr(d,m). It is then clear that ΠA = Id−AA⊤

is a projection operator of R
d×m onto T[A]Gr(d,m): ΠAG = (Id − AA⊤)G ∈ T[A]Gr(d,m), for any

G ∈ R
d×m (Boumal, 2020, Proposition 3.53).

Let F be a function defined on Gr(d,m) that is smooth in a proper sense (Boumal, 2020, Section 3).

Given a base point [A] ∈ Gr(d,m), maximizing F requires (i) finding a vector field of the steepest

ascent of F at [A], and (ii) moving from [A] along that vector field without leaving the manifold.

On the Grassmann manifold, the direction of the steepest ascent is no longer represented by the standard

(Euclidean) gradient ∇F([A]). Instead, it is given by the Riemannian gradient of F at [A], given by

gradF = ΠA∇F([A]) ,

where [∇F([A])]ij = ∂F([A])/∂Aij . That is, gradF is the projection of the Euclidean gradient ∇F([A])

onto the tangent space at [A]. For (ii), one means of moving along a manifold in a given direction is by

the exponential map (Boumal, 2020, Section 10.2). In our work, we use the polar retraction (Boumal,

2020, Definition 3.41), which is an accurate (second order) approximation of the exponential map that

is amenable to computation, and is defined as

R[A](∆) = [UV ⊤] , (3.6)

where [A] ∈ Gr(d,m), and A+∆ = USV ⊤ is a thin Singular Value Decomposition (see, e.g., Boumal

2020, Section 9.6).

To summarize, with a step-size δ > 0, one step to maximize F starting from a base point [A] is given by

[A′] = R[A](δ gradF) .

See Figure 3.2 for an illustration. This is a generalization of the standard gradient ascent to the

Grassmann manifold (Boumal, 2020, Section 4.3).

3.3 Related Work

Besides the sliced-SVGD of Gong et al. (2021a,b) reviewed in the previous section, many other

developments of SVGD involving Rimeannian manifolds or projections have been proposed. Liu and
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Zhu (2018) extends SVGD to tasks defined on Riemannian manifolds and Shi et al. (2021) proposes a

variant applied to non-Euclidean spaces (such as a simplex) via mirror descent. These are fundamentally

different from our work, which concerns problems on the Euclidean space, while evolving the projectors

on the Grassmann manifold. Closer to our method is the pSVGD of Chen and Ghattas (2020), where

the particles are projected onto a subspace defined by the top eigenvectors of a gradient information

matrix. This method however suffers from practical issues, e.g., finding the eigen-decomposition would

incur a computational cost that is cubic in the dimension.

Other attempts to alleviate the curse-of-dimensionality problem of SVGD include Message Passing

SVGD (Zhuo et al., 2018) and graphical SVGD (Wang et al., 2018), both of which are limited to

problems where the target distribution is defined on a probabilistic graphical model (PGM) with a

known Markov structure. In contrast, GSVGD can be applied to distributions of an arbitrary form.

3.4 Grassmann Kernel Stein Discrepancy

The starting point of our proposed approach is to introduce a novel Stein discrepancy which incorporates

dimension reduction features through the use of a projector. To this end, for a projector A of rank

m we introduce a matrix-valued kernel kA arising from an embedding on R
d into a m-dimensional

subspace where m ≤ d

kA(x,y) = AA⊤k(A⊤x, A⊤y) , x,y ∈ R
d ,

where k : Rm × R
m → R is a scalar-valued positive definite radial kernel on R

m. That is, k(u,v) =

Ψ(∥u− v∥2),u,v ∈ R
m, where Ψ: R → R and ∥·∥2 is the Euclidean 2-norm. Before proceeding, since

we shall be performing optimization over Gr(d,m), we must be sure that for any two projectors A,B

that are equivalent in Gr(d,m), the kernels kA, kB are equal. The next lemma assures us of this.

Lemma 3.1. Let A,B be two projectors of rank m with [A] = [B], then kA = kB.

Proof of Lemma 3.1. One can show (e.g., see Bendokat et al. 2020) that B ∈ [A] if and only if there

exists an orthogonal matrix C ∈ R
m×m such that B = AC. Then, using the orthogonality of C we

obtain

kB(x,y) = (AC)(AC)⊤k((AC)⊤x, (AC)⊤y)

= ACC⊤A⊤k(C⊤A⊤x, C⊤A⊤y)

= AA⊤Ψ
(
∥C⊤(A⊤x−A⊤y)∥2

)

= AA⊤Ψ
(
∥A⊤x−A⊤y∥2

)
= kA(x,y) ,

for all x,y ∈ R
d.

Safe in the knowledge that kA is well-defined over Gr(d,m), we may define an associated KSD, which
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reveals how this choice of kA induces a projection of the data and score function.

KSDA(Q,P ) = sup
ϕ∈BkA

EX∼Q[sp(X) · ϕ(X) +∇ · ϕ(X)] (3.7)

= sup
ϕ∈Bm

k

EX∼Q

[
(A⊤sp(X)) · ϕ(A⊤X) +∇ · ϕ(A⊤X)

]
. (3.8)

where BkA is the unit ball of the RKHS corresponding to kA and Bm
k is the unit ball of the m-times

Cartesian product of Hk, the RKHS corresponding to k. Contrasting this to (3.4), setting m = 1 and

r, gr = A results in (3.8). The r⊤gr term in (3.4) becomes Im in (3.8) since A has orthonormal columns.

Analogous to the approach for KSD (see Liu et al. 2016), we exploit the kernel trick to express KSDA:

KSDA(Q,P ) = EX,X′∼Q

[
(A⊤sp(X)) ·A⊤sp(X

′)k(A⊤X, A⊤X′)
]

+ 2EX,X′∼Q[(A
⊤sp(X)) · ∇2k(A

⊤X, A⊤X′)] + EX,X′∼Q[Tr(∇1,2k(A
⊤X, A⊤X′))] ,

(3.9)

where X,X′ ∼ Q are i.i.d. random variables, ∇ik(A
⊤x, A⊤x′) denotes the gradient of k with respect to

the i-th argument, ∇1,2k(·, ·) is the matrix with ij-th entry ∂2k(x1,x2)/∂x
i
1∂x

j
2, and Tr(·) denotes the

trace.

It is clear that KSDA does not characterize probability measures for any fixed A. For example

if P = N (0, C) and Q = N (0, C ′) are distinct probability measures such that A⊤C = A⊤C ′, then

KSDA(Q,P ) = 0. This motivates us to consider the worst-case discrepancy taken over all m-dimensional

subspaces. We define the Grassmann Kernel Stein Discrepancy (GKSD) as

GKSD(Q,P ) = sup
[A]∈Gr(d,m)

KSDA(Q,P ) . (3.10)

The following theorem, proved in Section 3.B.1, guarantees that GKSD is able to discriminate distinct

distributions. The assumptions on P,Q are standard (Gong et al., 2021a).

Theorem 3.2. Let P,Q be Borel probability measures with continuously differentiable densities p, q both

supported on R
d with lim∥x∥2→∞ q(x) = 0 and suppose the kernel k(u,v) = Ψ(∥u−v∥2) is characteristic

and bounded with continuous second order partial derivatives. Then the GKSD (3.10) equals 0 if and

only if p = q.

Remark 3.2.1. A radial kernel k(x,y) = Ψ(∥x− y∥2) is characteristic if and only if it is integrally

strictly positive definite (Sriperumbudur et al., 2011). In particular, the assumptions of Theorem 3.2

hold for Gaussian and Inverse Multi-quadric kernels.

Intuitively, using projections could be beneficial when the target distribution has a sparse structure.

Moreover, projecting on multivariate subspaces for sp(x) will allow us to better account for the

correlation between dimensions. With optimal projectors, correlations can be captured regardless of

the projection dimension, since both GKSD and maxSKSD can discriminate distinct distributions. In

practice, however, optimal projectors are not available, and hence projecting onto 1 dimension can lead

to suboptimal approximation due to weak correlation signals.
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Algorithm 4 Grassmann Stein Variational Gradient Descent (GSVGD).

1: Inputs: M initialized projectors [A0,l] ∈ Gr(d,m), l = 1, . . . ,M ; Initialized particles {x0
i }Ni=1;

iteration number nepochs; step sizes ϵ, δ > 0.
2: for t = 0, 1, . . . , nepochs − 1 do
3: For l = 1, . . . ,M , compute the kernel bandwidth using the projected particles {At,lx

t
i}Ni=1 and

the median heuristics described in Section 3.6.
4: Update particles xt+1

i = xt
i + ϵ

∑M
l=1 ϕ̂At,l

(xt
i) for i = 1, . . . , N , where

ϕ̂At,l
(xt

i) =
1

N

N∑

j=1

[
At,lA

⊤
t,lsp(x

t
j)k(A

⊤
t,lx

t
j , A

⊤
t,lx

t
i) +At,l∇2k(A

⊤
t,lx

t
j , A

⊤
t,lx

t
i)
]
, (3.11)

and the kernels bandwidths are chosen by median heuristics.
5: Update projectors

At+1,l = R[At,l]

(
δΠAt,l

∇αt([At,l]) +
√
2TδΠAt,l

ξt,l

)
,

for l = 1, . . . ,M , where ξt,l ∈ R
d×m has i.i.d. N (0, 1) entries, and R[At,l] is defined in (3.6).

6: end for
7: Return: Particles {xnepochs

i }Ni=1.

3.5 Grassmann Stein Variational Gradient Descent

Equipped with this new form of kernel discrepancy we can perform a variant of SVGD which we call

Grassmann Stein Variational Gradient Descent (GSVGD). More specifically, we seek to find

ϕ∗
A ∈ arg sup

ϕ∈BkA

− d

dϵ
KL(T#Q,P )

∣∣∣
ϵ=0

, (3.12)

where T# = I + ϵϕ, and I is the identity map. The supremum on the RHS of (3.12) is attained by

ϕ∗
A(·) = EX∼Q[AA

⊤sp(X)k(A⊤·, A⊤X) +A∇2k(A
⊤·, A⊤X)] ,

for which it is clear that

− d

dϵ
KL(T ∗

#Q,P )
∣∣∣
ϵ=0

= KSDA(P,Q) , T ∗
# = I + ϵϕ∗

A .

To transport the particles efficiently, at every step, we seek to identify the subspace [A] ∈ Gr(d,m)

with the largest discrepancy between P and Q, so that we select

[A∗] ∈ arg sup
[A] ∈ Gr(d,m)

KSDA(P,Q), (3.13)

for which KSDA∗ = GKSD(P,Q). In practice, the objective (3.13) can be (approximately) solved by

searching for a critical point of KSDA(P,Q) at which its Riemannian gradient vanishes. This is justified

by the following proposition, which states that, when the probability measures P and Q differ in some

low-dimensional subspace [A0], then [A0] is indeed a solution sought by (3.13).

Proposition 3.3. Suppose the conditions in Theorem 3.2 hold for the kernel k and measures P,Q with
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associated densities q, p. Assume further that the kernel satisfies the smoothness condition Assumption 3.1

in Section 3.B.2.1, and that there exists [A0] ∈ Gr(d,m) such that q, p admit the following decomposition

q(x) ∝ qm(P0x)ξ(ΠA0x) (3.14)

p(x) ∝ pm(P0x)ξ(ΠA0x), (3.15)

where P0 := A0A
⊤
0 , ΠA0 = Id −A0A

⊤
0 as before, and pm, qm and ξ are smooth, positive functions that

are integrable on R
d (i.e. they are unnormalized densities). Then gradKSDA(P,Q)|A=A0 = 0.

Remark 3.3.1. The assumption on the decomposition (3.14) and (3.15) holds when the density q agrees

with the target p except in the subspace [A0]. An example is that q is a prior, and p is the posterior

induced from q and a likelihood function that depends on x only through A0x. See Section 3.B.2 for

more discussions and the proof.

Sequentially solving the optimization problems (3.12) and (3.13) every time-step yields a particle

transport scheme which terminates if and only if the GKSD between the target distribution and the

current particle distribution is zero, which implies P = Q under the conditions of Theorem 3.2.

Replacing Q by an empirical distribution of particles (x0
1, . . . ,x

0
N ), and denoting by (xt

1, . . . ,x
t
N ) the

set of particles obtained at step t, the scheme becomes

xt+1
i = xt

i +
ϵ

N

N∑

j=1

[
AtA

⊤
t sp(x

t
j)k(A

⊤
t x

t
i, A

⊤
t x

t
j) +At∇2k(A

⊤
t x

t
i, A

⊤
t x

t
j)
]
, i = 1, . . . , N , (3.16)

At ∈ arg sup[A]∈Gr(d,m) αt([A]) , (3.17)

where αt([A]) = KSDA(Qt, P ), for Qt(dx) =
1
N

∑N
i=1 δxt

i
(dx).

Optimal Projections via SDEs Proposition 3.3 implies the “optimal” projection A0 is one critical

point of αt, but it does not imply the critical point is unique. Indeed, the problem (3.13) is non-convex

and there might be multiple local maximizers, from which finding global maxima is generally NP-hard.

A well-known remedy is to add white noise to the gradient flow (Aluffi-Pentini et al., 1985; Geman and

Hwang, 1986), allowing the trajectory to escape from local maxima. Mathematically, such methods can

be formulated in terms of Stochastic Differential Equations (SDEs). In this particular instance, we

explore the use of SDEs taking values on the Grassmann manifold. We consider stochastic dynamics

defined by the solution of the following Stratonovich SDE

dA(t) = µ gradαt([A]) dt+
√
2TµΠAt ◦ dW (t) (3.18)

= µΠA(t)∇αt([A(t)]) dt+
√
2TµΠA(t) ◦ dW (t) ,

where W (t) is a R
d×m-valued Brownian motion and µ, T > 0. Combining the particle and projector

evolution we can consider the full system as a discretization of the following coupled ODE-SDE

ẋi(t) =
1

N
A(t)

N∑

j=1

[
A(t)⊤sp(xj(t))k(A(t)

⊤xi(t), A(t)⊤xj(t)) +∇2k(A(t)⊤xi(t), A(t)⊤xj(t))
]
,

dA(t) = µΠA(t)∇αt([A(t)]) dt+
√
2TµΠA(t) ◦ dW (t) .
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We see that the parameter T acts as a temperature, facilitating moving between local minima of the

function α by annealing the loss function. The parameter µ controls the relative timescale between the

evolution of A(t) and the particles (xt
1 . . . ,x

t
N ). In particular, when µ ≫ 1, the distribution of A(t) will

converge much faster to equilibrium than the particles. In the other extreme, when µ ≪ 1 the projector

A(t) will evolve on a slower timescale than the particles, so that the particles will reach their stationary

configuration for a fixed projector before it evolves.

To simulate the Stratonovich SDE (3.18), we leverage the formulation of diffusions on a Riemannian

manifold, making use of the associated retraction map—see Staneva and Younes (2017); Baxendale et al.

(1976); Belopolskaya and Dalecky (2012)—where the Gr(d,m)-valued SDE (3.18) can be expressed in

the form of a system of Ito SDEs

A(t) = R[A(t)] (B(t)) , (3.19)

dB(t) = µΠA(t)∇αt([A(t)]) dt+
√
2TµΠA(t)dWt . (3.20)

With step-size δ > 0, an Euler-Maruyama discretization for (3.20) results in

At+1 = R[At]

(
ΠAt∇αt([At]) δ +

√
2TδΠAtξt

)
, (3.21)

where ξt is a d×m matrix with independent Gaussian entries. Note that we “absorb” the constant µ

into the step-size δ for simplicity.

Batch Generalization An important observation is that at each step (3.17), xt+1
i is different from

xt
i only in the image of A. This contrasts with both SVGD as well as S-SVGD, both of which update

the particles along all dimensions. One extension is to use more than one projector At,l ∈ R
ml×d

for l = 1, . . . ,M , where 1 ≤ M ≤ d and
∑M

l=1ml ≤ d. At each optimization step, we could impose

orthonormality using QR factorization, so that the d×d matrix At formed by column-wise concatenation

of At,1, . . . , At,M , is orthogonal. However, this requires O(d3) operations, which can be prohibitive for

large d.

We therefore propose to impose orthonormality every 1000 steps. This means the projectors at each

step are no longer guaranteed to be orthonormal and could thus lead to redundancy in the search

dimensions. Nevertheless, we still find that using multiple projectors could be beneficial in practice,

potentially because it improves the chance of covering the most relevant subspace. The full algorithm

is presented in Algorithm 4.

Computational Cost Each iteration of the particles update in Algorithm 4 requires O(MNdm(N +

d)) operations. Compared with the O(Nd(N + d)) cost for S-SVGD, the extra factor Mm arises from

the fact that (3.11) involves matrix multiplication with At,l, which can be avoided in S-SVGD due to

simplification by using the canonical basis. However, this extra computation can be largely reduced

by using a fixed number of projectors M and projection dimension m. In our experiments, we find

M = 20 projectors are sufficient. A reasonable choice of m, however, will depend on the specific problem.

Finally, each step of the projector update requires O(Mdm2) due to the retraction map, which reduces

to the same cost as the slice update in S-SVGD when M = d and m = 1.
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Connections to S-SVGD The major differences between GSVGD and S-SVGD are that (i) GSVGD

allows projecting onto a arbitrary low-dimensional subspace, (ii) GSVGD updates the projectors via

Riemannian optimization on the Grassmann manifold, whereas S-SVGD optimizes the slices in the

unit ball of Rd, and (iii) the projectors for the score function and the data are set to the same in

GSVGD but not in S-SVGD. In particular, S-SVGD slices the score function with a fixed basis O (i.e.

the canonical basis), and such arbitrary choice may result in inefficient exploration of the state-space

if the basis vectors r ∈ O do not align with the latent dimensions of the target. On the other hand,

optimizing the projectors for the score function and the data separately would lead to a complex joint

optimization program that is practically challenging. GSVGD strikes a balance by using the same

projector for the score function and the data.

3.6 Experiments

We study the uncertainty quantification property of GSVGD against existing methods such as SVGD and

S-SVGD on a number of experiments. We conclude from our experiments that SVGD can underestimate

the uncertainty, S-SVGD can overestimate it and GSVGD, with appropriate projection dimensions,

yields the best estimates. For GSVGD, we use the batch approach of Algorithm 4, where at most

M = 20 projectors with the same projection dimension m are used. The temperature T is set to a

small value and is gradually incremented to a larger one via an annealing scheme. The learning rates

for all methods are tuned for optimal performance on the multimodal mixture example, and the same

choices are used for the other experiments.

In all experiments, we use the Gaussian kernel defined by k(x,x′) = exp
(
−∥x− x′∥22/(2σ2)

)
with

bandwidth σ2 = med
2/(2 log n), where med is the median of the pairwise distance of the particles. This

follows the heuristic in Liu and Wang (2016). To quantify sample quality, we use the energy distance

(Székely and Rizzo, 2013) between the approximation and the ground truth. However, we find that the

energy distance is not sensitive to differences in correlations between multivariate samples. Therefore,

we also evaluate how well each method captures the dependence between multivariate samples by the

covariance estimation error ||Σ̂−Σ||2, where || · ||2 is the Frobenius norm, Σ is the ground truth sample

covariance matrix given by a Hamiltonian Monte Carlo (HMC) (for non-synthetic data), and Σ̂ is the

estimated covariance. For further details including selection of the learning rate ϵ and temperature T ,

see Section 3.C. All the code is available at github.com/ImperialCollegeLondon/GSVGD.

Multivariate Gaussian The first toy example is a d-dimensional multivariate Gaussian p(x) =

N (x; 0, Id). For each method, 500 particles are initialized from N (x; 21, 2Id), where 1 ∈ R
d denotes

the vector of ones. This is a standard benchmark used to illustrate the diminishing variance issue of

SVGD (Liu and Wang, 2016; Gong et al., 2021a; Zhuo et al., 2018). We show empirically that GSVGD

is able to mitigate this problem by plotting the dimension-averaged estimates for the marginal variance

in Figure 3.3. We see that GSVGD estimates stay roughly at 1 for all dimensions as expected, whereas

the SVGD estimates scale inversely with dimension. S-SVGD, on the other hand, over-estimates the

variance. We remark, however, that GSVGD5 appears to be biased with a lower variance. This is due

to the variance underestimation issue of SVGD persisting in 5 dimensional subspaces.

https://github.com/ImperialCollegeLondon/GSVGD
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Figure 3.3: Estimating the dimension-averaged marginal variance of p(x) = N (x; 0, Id) across different
dimensions d. GSVGD1 means GSVGD with 1-dimensional projections. Black solid line marks the true
value. Results are averaged over 20 repetitions. GSVGD1 refers to GSVGD with projection dimension
set to m = 1, and similarly for GSVGD2 and GSVGD5.

(a) Multimodal mixture. (b) X-shaped mixture.

Figure 3.4: Marginals of target and estimated densities in the first 2 dimensions. Red dots are the
particles after 2000 iterations and the target density is shown by the contour. Both targets have
dimension 50.

Multimodal Mixture In the second example, the target distribution is a mixture of 4 d-dimensional

Gaussian distributions p(x) =
∑4

k=1 0.25N (x;µk, Id) with uniform mixture ratios. The mean vectors of

the multimodal mixture are defined as µk = (
√
5 cos(2kπ/K+π/4),

√
5 sin(2kπ/k+π/4), 0, . . . , 0)⊤ ∈ R

d,

for k = 1, . . . 4; see Figure 3.4a. That is, the target in the first two dimensions is a mixture of 4 Gaussian

distributions with modes equally spaced on a circle of radius
√
5, whilst in the other coordinates

it is a standard Gaussian. Particles are initialized from N (0, Id) and only the first two dimensions

need to be learned. The primary goal is to investigate whether GSVGD can efficiently recover this

low-dimensional latent structure by adapting the projectors. As shown in 3.5a, GSVGD1 and GSVGD2

outperforms S-SVGD in all dimensions in terms of the energy distance, while GSVGD5 is able to

achieve a competitive performance. SVGD, on the other hand, fails to capture the uncertainty of the

target, as shown in Figure 3.4a.

X-Shaped Mixture The target in this experiment is a d-dimensional mixture of two correlated

Gaussian distributions p(x) = 0.5N (x;µ1,Σ1) + 0.5N (x;µ2,Σ2). The means µ1, µ2 of each Gaussian

have components equal to 1 in the first two coordinates and 0 otherwise, and the covariance matrices
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(b) X-shaped mixture.

Figure 3.5: Energy distance between the target distribution and the particle estimation. Results are
averaged over 20 repetitions. 95%-confidence intervals are shown by the shaded regions.
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Figure 3.6: HMC, SVGD, S-SVGD and GSVGD solutions, as well as the posterior mean and 95%
confidence interval after 1000 iterations.

admit a correlated block diagonal structure as follows:

Σ1 =



1 δ

δ 1
0

0 Id−2


 , Σ2 =




1 −δ

−δ 1
0

0 Id−2


 ,

where δ = 0.95 controls the correlation between the first two dimensions. The mixture hence manifests

as an “X-shaped” density marginally in the first two dimensions (see Figure 3.4b). Figure 3.5b shows

that GSVGD1 and GSVGD2 achieve a better approximation quality than both SVGD and S-SVGD

across all dimensions. This is further verified by plotting the first two coordinates of the final particles

in 3.4 (b). On the other hand, GSVGD5 shows a slightly suboptimal performance for dimensions larger

than 30. This is potentially because of the inefficiency due to projecting the particles to 5-dimensional

subspace in the case we only care about the first 2.

Conditioned Diffusion Process The next example is a benchmark that is often used to test

inference methods in high dimensions (Cui et al., 2016; Chen and Ghattas, 2020; Detommaso et al.,

2018). We consider a stochastic process u : [0, 1] → R governed by

dut =
10u(1− u2)

1 + u2
dt+ dxt , ut = 0 , (3.22)
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where t ∈ (0, 1], and the forcing term x = (xt)t≥0 follows a Brownian motion so that x ∼ q = N (0, C)

with C(t, t′) = min(t, t′). We observe noisy data y = (yt1 , . . . , yt20)
⊤ ∈ R

20 at 20 equi-spaced time

points ti = 0.05i, where yti = uti + ϵ for ϵ ∼ N (0, σ2) with σ = 0.1, and uti is generated by solving

(3.22) at a true Brownian path xtrue. The goal is to use y to infer the forcing term x and thereby the

solution state u.

The prior we use for x is the Brownian motion described above. The dynamic is discretized using an

Euler-Maruyama scheme with step size ∆t = 10−2, leading to a 100-dimensional inference problem.

Due to the almost sure continuity of the Brownian path, we expect the solution u to have an intrinsic

low-dimensional structure. Figure 3.6 shows the mean and 95% credible intervals of the particle

estimation of u after 1000 iterations. Compared with a reference HMC, all methods are able to estimate

the mean accurately, but SVGD and S-SVGD either underestimate or overestimate the credible intervals.

GSVGD projecting on 20 dimensions gives the most accurate uncertainty estimates. Choosing a good

projection dimension is non-trivial even in this simple problem; however, by plotting the energy distance

between the HMC reference and the results against different projection dimensions (Figure 3.11 in

Section 3.D.2), we see that so long as we do not project onto very low or high dimensions, GSVGD

achieves a greater degree of agreement with the reference HMC than SVGD and S-SVGD.

Bayesian Logistic Regression Following Liu and Wang (2016), we consider the Bayesian logistic

regression model applied to the Covertype dataset (Asuncion and Newman, 2007). We follow the

same setting as Liu and Wang (2016) by placing a Gaussian prior p0(w|α) = N (w; 0, α−1Id−1) on the

regression weights w with p0(α) = Gamma(α; 1, 0.01). We are interested in the posterior p(x|D) of

x = [w, α]. The model was tested on a subset of the Covertype dataset, and we use HMC posterior

samples as a gold standard for evaluating the posterior approximations. The original dataset consists of

581,012 data points and 54 features with binary labels, which is too large for the HMC sampler. As a

result, a subset of 1,000 randomly selected data points was used, although other methods that are more

scalable to data size, such as the stochastic gradient Langevin dynamics (SGLD) of Welling and Teh

(2011) or the HMC-ECS of Dang et al. (2019), could have been used to allow inference on the entire

dataset.

To evaluate the results, we used both the energy distance and the covariance estimation error ∥Σ̂−Σ∥2,
where ∥A∥2 =

√∑d
i,j=1A

2
ij is the Frobenius norm of a matrix A ∈ R

d×d, and Σ̂,Σ are respectively the

sample covariance matrices of the particle estimation and of a HMC run treated as the ground truth.

The covariance estimation error was used because we found that the energy distance is not sensitive

enough to differences in the second moments.

Similar to the synthetic experiments, we see in Figure 3.7 that there exists an optimal projection

dimension (around m = 10) such that GSVGD more accurate approximates the covariance matrix

whilst yielding similar energy distances as S-SVGD. Moreover, S-SVGD severely overestimates the

uncertainty, also shown in Figure 3.8, whereas SVGD severely underestimates it. We also observed

from Figure 3.7 that the covariance between distinct variables is overestimated compared with the

HMC reference, as shown by the large values (in absolute term) of the off-diagonal entries. On the

other hand, GSVGD projecting onto m = 10 dimensional subspaces showed greater alignment, despite

having a similar energy distance as S-SVGD (Figure 3.7a). Again, we emphasize that the performance
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Figure 3.7: Energy distance and covariance errors for SVGD, S-SVGD and GSVGD in the Covertype
experiment.

of GSVGD deteriorates when the projection dimension is extreme, e.g. when m equals 1 or the full

dimension of the problem (m = 55).

3.7 Conclusion and Discussion

We introduced Grassmann Stein Variational Gradient Descent (GSVGD), a novel extension to the

SVGD algorithm, to tackle the curse-of-dimensionality problem. At each step, GSVGD seeks the

subspace in which the proposal and the target has the largest discrepancy measured by the Grassmann

Kernel Stein Discrepancy (GKSD). The evolution of the particles and the projector is determined

through a coupled ODE-SDE system, which allows trade-offs between exploration and exploitation. The

GSVGD algorithm can be easily extended to a batched version that uses more than one projector. Our

experiments demonstrate that GSVGD is able to achieve improved performance over existing methods

when the target distribution has an intrinsic low-dimensional structure, especially more accurately

quantifying the epistemic uncertainty.

Limitations of GSVGD: One limitation of GSVGD is the choice of projection dimension and

number of projectors to use in order to attain superior performance. One possible way is to perform a

grid search over a range of feasible values and then assess the performance using metrics that measure

particle diversity. We leave this as an open question for future work. In addition, our Grassmann-valued

SDE introduces additional hyperparameters, which potentially require tuning on a case-by-case basis

for each problem. In Section 3.6 we present some heuristics for tuning GSVGD hyperparameters that

we found yielded consistent results, but we would recommend future work to study the sensitivity of

the hyperparameters.

3.A Further Background Materials on the Grassmann Manifold

We provide a brief overview of the Grassmann manifold and optimization on the Grassmann manifold.

We focus only on the essential components required to understand the proposed method; a thorough

treatment of these topics is beyond the scope of the thesis. For more details, we refer the interested
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Figure 3.8: Covariance matrices for Covertype.

readers to Bendokat et al. (2020) regarding the theoretical perspectives of the Grassmann manifold,

and Boumal (2020); Absil et al. (2008) regarding optimization on Grassmann and other manifolds.

The Stiefel and Grassmann Manifolds The Grassmann manifold Gr(d,m) (Boumal, 2020, Section

9) is the space of all m-dimensional linear subspaces in R
d. Each element of Gr(d,m) is an equivalence

class of d×m matrices whose columns form an orthonormal basis for the same subspace. To this end,

define the Stiefel manifold St(d,m) := {A ∈ R
d×m : A⊤A = Im}, where Im is the m×m identity matrix.

That is, St(d,m) is the set of projectors of rank m as defined in Section 3.2. The Grassmann manifold is

built from the Stiefel manifold by identifying matrices whose columns span the same subspace. Formally,

define an equivalence relationship ∼ as A ∼ B ⇐⇒ A = BC for any C ∈ O(m), the group of orthogonal

matrices in R
m×m. Gr(d,m) is the quotient space

Gr(d,m) = St(d,m)/ ∼ = {[A] : A ∈ St(d,m)} , where [A] = {B ∈ St(d,m) : A ∼ B} .

The Grassmann manifold is an instance of quotient manifolds on which we can define smooth functions;

see Boumal (2020, Chapter 9) for a full treatment of quotient manifolds and Boumal (2020, Chapter

3) for the precise definition of smoothness of a manifold-valued function. This allows the use of

gradient-type optimization to find the critical points of a smooth function. A function F defined on

Gr(d,m) differs from one defined on St(d,m) in that the former must preserve invariance of the chosen

projector; that is, F([A]) depends only on the subspace [A] ∈ Gr(d,m) but not on A. An example is

the matrix-valued kernel defined in Lemma 3.1: A ↦→ kA(x,y) = AA⊤k(A⊤x, A⊤y), x,y ∈ R
d.

Tangent Spaces and the Riemannian Gradient To define the Riemannian gradient gradF([A])

of a smooth function F on Gr(d,m), we endow Gr(d,m) with the standard inner matrix product

g[A](∆, ∆̃) := ⟨∆, ∆̃⟩0 = Tr(∆⊤∆̃) restricted to ∆, ∆̃ ∈ Gr(d,m). The Riemannian gradient is then

defined by the relationship

g[A](gradF([A]),∆) =
d

dδ
F(R[A](δ∆))

∣∣∣
δ=0

,

for ∆ ∈ T[A]Gr(d,m) := {∆ ∈ R
d×m : A⊤∆ = 0}, and R[A](·) is a retraction (Boumal, 2020, Definition

3.41) that sends [A] along a chosen direction while remaining on the Grassmann manifold. In particular,
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T[A]Gr(d,m) is called the tangent space at [A] (Boumal, 2020, Definition 3.10). The Riemannian

gradient is simply the orthogonal projection of the standard gradient ∇F([A]) to the tangent space:

gradF([A]) = ΠA∇F([A]), where ΠA = Id −AA⊤, and [∇F([A])]ij =
∂

∂Aij
F([A]).

Riemannian Gradient Descent To find a critical point of F where its Riemannian gradient is

zero, Riemannian gradient descent (RGD), which generalized the standard gradient descent to a

Riemannian manifold, can be used. In RGD, we start from [A0] ∈ Gr(d,m) and iterate [At+1] =

R[At](−δ gradF([At])) for t = 0, 1, . . . and step size δ > 0. Intuitively, gradF([At]) finds the direction

of the steepest descent at [At], and the retraction R[At](·) is the action of moving along Gr(d,m) in

that direction.

3.B Proofs of Theoretical Results

This section contains the proofs for the theoretical results presented in Chapter 3. It is organized as

follows: Section 3.B.1 shows Theorem 3.2; Section 3.B.2 includes the proof for Proposition 3.3 and

discussions on the assumptions imposed on the kernel and the density functions of the candidate and

target distributions.

3.B.1 Proof of Theorem 3.2

The idea of the proof is to rewrite GKSD as a double integral type discrepancy, similar to Liu et al.

(2016, Theorem 3.6), and the proof shall largely follow. We will then conclude that the discrepancy

distinguishes p, q given the assumptions on the kernel.

The main difference to Liu et al. (2016, Theorem 3.6) is that we shall be using a matrix-valued kernel

formed from the projection A, as written in (3.8), rather than a standard scalar-valued kernel. This

means we must introduce some extra notation. First, given a density q on R
d, we will be using the

operator Aqf(x) = sq(x)
⊤f(x) +∇⊤f(x) for functions f : Rd → R

d and abuse notation so that for

functions F : Rd → R
d×m we have AqF (x) = (AqF1(x), . . . ,AqFm(x)) ∈ R

1×m where Fi : R
d → R

d is

the i-th column of F .

The next lemma is a vectorized version of Liu et al. (2016, Lemma 2.2, Lemma 2.3) and the proof

follows by applying those results elementwise to F .

Lemma 3.4. Under the assumptions on q in Theorem 3.2, if F : Rd → R
d×m has bounded entries and

is continuously differentiable, then

EX∼Q

[
(sp(X)− sq(X))⊤F (X)

]
= EX∼Q [ApF (X)] .

Remark 3.4.1. The boundedness condition on F is to ensure it lies in the Stein class of q (Liu et al.,

2016, Definition 2.1), since q is assumed to be supported on all of Rd, so that Liu et al. (2016, Lemma2.2,

Lemma2.3) can be applied. A similar condition on F can be imposed when the support of q is a compact

subset X of Rd.
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Now we derive the analogy to Liu et al. (2016, Theorem 3.6) using Lemma 3.4, the proof is largely the

same as the proof of Liu et al. (2016, Theorem 3.6), which we include for clarity.

Lemma 3.5. Let k(u,v) = Ψ(∥u− v∥2) be a characteristic kernel where Ψ is bounded with continuous

second order partial derivatives. Under the assumptions in Theorem 3.2 the projected KSD can be

expressed as follows

GKSD(Q,P ) = sup
[A]∈Gr(d,m)

EX,X′∼Q

[
(A⊤δp,q(X))⊤A⊤δp,q(X

′)k(A⊤X, A⊤X′)
]
, (3.23)

where δp,q(x) = sp(x)− sq(x).

Proof of Lemma 3.5. Define v(x,x′) = Ap(Ak(A⊤·, A⊤x′))(x) ∈ R
1×m. Since k is assumed to be

bounded, we can apply Lemma 3.4 with F (x) = Ak(A⊤x, A⊤x′) to yield

EX,X′∼Q

[
(A⊤δp,q(X))⊤A⊤δp,q(X

′)k(A⊤X, A⊤X′)
]

= EX,X′∼Q

[
v(X,X′)A⊤δp,q(X

′)
]

= EX,X′∼Q

[
δp,q(X

′)⊤Av(X,X′)⊤
]
.

The assumption on the second order partial derivatives of the kernel and the proof of Liu et al. (2016,

Theorem 3.6) assure us that we can apply Lemma 3.4 again with F (x′) = Av(x,x′)⊤ to get

EX,X′∼Q

[
(A⊤δp,q(X))⊤A⊤δp,q(X

′)k(A⊤X, A⊤X′)
]

= EX,X′∼Q

[
Ap(Av(X, ·)⊤)(X′)

]
.

Straightforward calculations along with A⊤A = Im show that

Ap(Av(x, ·)⊤)(x′) = (A⊤sp(x))
⊤(A⊤sp(x

′))k(A⊤x, A⊤x′) + (A⊤sp(x))
⊤∇2k(A

⊤x, A⊤x′)

+∇1k(A
⊤x, A⊤x′)⊤A⊤sp(x

′) + Tr(∇1,2k(A
⊤x, A⊤x′)) ,

where ∇i denotes the gradient of k with respect to the i-th argument, and ∇1,2k is the matrix with

ij-th entry ∂2k/∂xi
1∂x

j
2. This completes the proof since it is the integrand of (3.7).

Proof of Theorem 3.2. First, if p = q then Lemma 3.5 immediately tells us that the discrepancy is zero

since δp,q = 0. Now suppose the discrepancy is zero. Take any projector A, then ∥A⊤x−A⊤x′∥2 ≤ ∥x−
x′∥2 since AA⊤ is a projection matrix. As k is a radial kernel we know that Ψ is monotonically decreasing

(Scovel et al., 2010, Theorem 1.1). Therefore, k(Ax, Ax′) ≥ kd(x,x
′), where kd = Ψ(∥x − x′∥2). By

Lemma 3.5,

0 = GKSD(Q,P ) ≥ sup
[A]∈Gr(d,m)

EX,X′∼Q

[
(A⊤δp,q(X))⊤A⊤δp,q(X

′)kd(X,X′)
]
. (3.24)

Now choose A as the matrix formed by stacking the first m canonical basis elements. Since k is

characteristic and radial, we know that Ψ(∥x−x′∥2) = Lν(∥x−x′∥2) where Lν is the Laplace transform

of a measure ν on [0,∞) with full support (Sriperumbudur et al., 2011, Proposition 5). Therefore,

kd(x,x
′) = Ψ(∥x − x′∥2) = Lν(∥x − x′∥2) and kd is also characteristic and hence integrally strictly

positive definite.
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Using this we can conclude from (3.24) that A⊤δp,q = 0, which implies A⊤sq = A⊤sq so the first m

entries of the two score functions are the same. Repeat this argument by setting A to be the next m

canonical basis elements until we have checked all canonical basis elements. We then deduce that the

score functions are equal in all coordinates, which implies p = q as required.

3.B.2 Proof of Proposition 3.3

We prove that, provided the densities of the distributions Q,P differ only in a subspace identified by a

projector A0 of rank m, the Riemannian gradient gradα([A]) is zero at A = A0. That is, the optimal

subspace [A0] is indeed a solution sought by the objective

sup
[A]∈Gr(d,m)

KSDA(Q,P ) ,

where KSDA(Q,P ) is given by (3.9).

In the rest of this section, we first state an assumption on the form of the kernel in Section 3.B.2.1

that is mild but can greatly simplify the proof. In Section 3.B.2.2, we then provide intuition on the

assumption of the decomposibility of the densities of Q and P and give a concrete example. The proof

is presented in Section 3.B.2.3.

3.B.2.1 Assumption on the Kernel

In Theorem 3.2, we have assumed the kernel takes the form k(u,v) = Ψ(∥u− v∥2), i.e. it is a radial

kernel defined in Sriperumbudur et al. (2011). To simplify the form of gradα([A]) in our proof, we

introduce the following reformulation of Ψ and impose a smoothness condition.

Assumption 3.1 (Smoothness of kernel). There exists a twice continuously differentiable function

Φ : R → R for which Ψ(s) = Φ(s2) for all s ≥ 0. That is, the kernel has the form k(u,v) = Φ(∥u−v∥22).

Remark 3.5.1. The continuous differentiability condition on Φ is for convenience only and is mild. In

particular, both Gaussian and Inverse Multi-Quadric kernels satisfy Assumption 3.1.

3.B.2.2 Assumption on the Densities

Intuitively, the decomposition (3.14) and (3.15) states that the the candidate density q and the target p

are distinct only in the subspace [A0]. It can be viewed as a type of sparsity assumption. Both the

multimodal mixture and the X-shaped mixture examples in the experiments satisfy this assumption,

where it is easy to check that such functions qm, pm, ξ can be found with [A0] = {ae1 + be2 : a, b ∈ R}
being the subspace spanned by the first two canonical basis vectors e1, e2. See Section 3.6 for the precise

definition of the target densities in these two examples.

More generally, this assumption holds when q(x) is a prior, and p(x) ∝ q(x)f(y|P0x) is the posterior

induced by observational data y and a likelihood function f(y|A0A
⊤
0 x) that depends on x only through
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its projection onto the subspace [A0]. When the columns of A0 are canonical basis vectors, this means

the data-generating process only depends on a subset of the parameters x. A similar setting is also

considered by Chen and Ghattas (2020), where the authors argue that such a likelihood function is a

reasonable approximation when the variation of the likelihood is negligible outside some eigenspace of a

gradient information matrix.

3.B.2.3 Proof of the Main Result

We begin by deriving an expression for the Euclidean and Riemannian gradients of α([A]) with respect

to a projector A. The proof for Proposition 3.3 will then be provided later in this

Lemma 3.6. Suppose that Assumption 3.1 holds, and that p, q satisfy the same assumptions in

Theorem 3.2. Then, given a projector A, the Euclidean gradient of α([A]) at A is

∇α([A]) = 2EX,X′∼Q[k(A
⊤X, A⊤X′)δp,q(X)δp,q(X

′)⊤A

+Φ′
(
∥A⊤X−A⊤X′∥22

)
δp,q(X)⊤AA⊤δp,q(X

′)(X−X′)(X−X′)⊤A] , (3.25)

where X,X′ ∼ Q are i.i.d. copies, Φ′ is the first derivative of Φ, and [∇α([A])]ij = ∂α([A])/∂Aij.

Moreover, letting ΠA := Id−AA⊤, the Riemannian gradient of α([A]) at A is gradα([A]) = ΠA∇α([A]),

where

α([A]) = 2EX,X′∼Q

[
k(A⊤X, A⊤X′)δp,q(X

′)δp,q(X)⊤A (3.26a)

+Φ′
(
∥A⊤X−A⊤X′∥22

)
δp,q(X

′)⊤AA⊤δp,q(X)(X−X′)(X−X′)⊤A
]
. (3.26b)

Proof of Lemma 3.6. Letting G be the right-hand side of (3.25). We will show that, for any t ∈ R and

projectors A,B of rank m,

α([A+ tB])− α([A]) = t · Tr(G⊤B) +O(t2) .

Let w := x − x′ so that k(A⊤x, A⊤x′) = Φ(∥A⊤w∥22) for a projector A. Starting with α([A]) in the

form of (3.23),

α([A+ tB])− α([A]) = EX,X′∼Q

[
δp,q(X)⊤(A+ tB)(A+ tB)⊤δp,q(X

′)Φ

(∥∥∥(A+ tB)⊤w
∥∥∥
2

2

)]

− EX,X′∼Q

[
δp,q(X)⊤AA⊤δp,q(X

′)Φ

(∥∥∥A⊤w

∥∥∥
2

2

)]
.

With direct computation, the RHS of the above equation gives

α([A+ tB])− α([A])

= EX,X′∼Q

[
δp,q(X)⊤AA⊤δp,q(X

′)

(
Φ

(∥∥∥(A+ tB)⊤w
∥∥∥
2

2

)
− Φ

(∥∥∥A⊤w

∥∥∥
2

2

))]
(3.27a)

+ 2tEX,X′∼Q

[
δp,q(X)⊤AB⊤δp,q(X

′)Φ

(∥∥∥(A+ tB)⊤w
∥∥∥
2

2

)]
(3.27b)

+O(t2) . (3.27c)
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We now seek a linear approximation of the function A ↦→ Φ(∥A⊤w∥22), where A is a projector of rank

m. Since Φ is continuously differentiable by assumption, it admits a first-order Taylor expansion at

∥A⊤w∥22, which gives

Φ

(∥∥∥(A+ tB)⊤w
∥∥∥
2

2

)
− Φ

(∥∥∥A⊤w

∥∥∥
2

2

)

= Φ

(∥∥∥A⊤w

∥∥∥
2

2
+ t

(
2w⊤AB⊤w + t

∥∥∥B⊤w

∥∥∥
2

2

))
− Φ

(∥∥∥A⊤w

∥∥∥
2

2

)

= Φ

(∥∥∥A⊤w

∥∥∥
2

2

)
+ tΦ′

(∥∥∥A⊤w

∥∥∥
2

2

)(
2w⊤AB⊤w + t

∥∥∥B⊤w

∥∥∥
2

2

)
− Φ

(∥∥∥A⊤w

∥∥∥
2

2

)
+O(t2)

= tΦ′

(∥∥∥A⊤w

∥∥∥
2

2

)(
2w⊤AB⊤w

)
+O(t2) . (3.28)

The rest of the proof for the form of the Euclidean gradient follows by substituting (3.28) into (3.27)

and using properties of the trace operator:

α([A+ tB])− α([A]) = 2tEX,X′∼Q

[
Φ′

(∥∥∥A⊤w

∥∥∥
2

2

)
δp,q(X)⊤AA⊤δp,q(X

′)w⊤AB⊤w

]

+ 2tEX,X′∼Q

[
δp,q(X)⊤AB⊤δp,q(X

′)Φ

(∥∥∥A⊤w

∥∥∥
2

2

)]
+O(t2)

= 2tEX,X′∼Q

[
Φ′

(∥∥∥A⊤w

∥∥∥
2

2

)
δp,q(X)⊤AA⊤δp,q(X

′)Tr
(
ww⊤AB⊤

)]

+ 2tEX,X′∼Q

[
Φ

(∥∥∥A⊤w

∥∥∥
2

2

)
Tr

(
δp,q(X

′)δp,q(X)⊤AB⊤
)]

+O(t2)

= t · Tr

(
2EX,X′∼Q

[
Φ′

(∥∥∥A⊤w

∥∥∥
2

2

)
δp,q(X)⊤AA⊤δp,q(X

′)ww⊤AB⊤

])

+ t · Tr

(
2EX,X′∼Q

[
Φ

(∥∥∥A⊤w

∥∥∥
2

2

)
δp,q(X

′)δp,q(X)⊤AB⊤

])
+O(t2)

= t · Tr(G⊤B) +O(t2) ,

where in the last equality we have substituted the definition of G and used the fact Tr(GB⊤) = Tr(G⊤B).

Finally, it can be shown that Gr(d,m) is a Riemannian submanifold of the Euclidean manifold, so the

Riemannian gradient is the orthogonal projection of the Euclidean gradient to the tangent spaces (see

e.g., Boumal 2020, Proposition 3.53). That is, gradα([A]) = (Id−AA⊤)∇α([A])), so (3.26) follows.

Proof of Proposition 3.3. Decomposing (3.26) into two terms, we have

gradα([A]) = 2ΠAEX,X′∼Q[k(A
⊤X, A⊤X′)δp,q(X

′)δp,q(X)⊤A]

+ 2ΠAEX,X′∼Q[Φ
′
(
∥A⊤X−A⊤X′∥22

)
δp,q(X

′)⊤AA⊤δp,q(X)(X−X′)(X−X′)⊤A] ,

(3.29)

where ΠA = Id − AA⊤. We will show that both terms equal to zero at A = A0. Firstly, define
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ξ̃ΠA0
(x) = ξ(ΠA0x) and P0 = A0A

⊤
0 . The score function of the candidate density is

∇x log q(x) = ∇x log(q
m ◦ P0)(x) +∇x log ξ̃ΠA0

(x)

= P0∇x log q
m(P0x) +∇x log ξ̃ΠA0

(x) ,

where ∇x log q
m(P0x) denotes the gradient of log qm evaluated at P0x, and where the second line

follows from the chain rule and the symmetry of P0. Similarly, the score function of the target density

takes the form

∇x log p(x) = P0∇x log q
m(P0x) +∇x log ξ(x) .

Taking the difference,

δp,q(x) = P0(∇x log p
m(P0x)−∇x log q

m(P0x)) .

Since ΠA0P0 = 0, we conclude that ΠA0δp,q(x) = 0, and the first term of (3.29) is zero.

For the second term, we define a := δ⊤p,q(x
′)A0A

⊤
0 δp,q(x) and b := Φ′(∥A⊤x−A⊤x′∥22). Since both the

terms δp,q(x) and A⊤
0 x−A⊤

0 x
′ = A⊤

0 (P0x− P0x
′) are deterministic given (P0x, P0x

′), so are a and b.

We further introduce the notations w := P0x,w
′ := P0x

′ and v := ΠA0x,v
′ := ΠA0x

′. Since qm, pm

and ξ are unnormalized densities over R
d, we can invoke the tower rule to simplify the second term as

ΠA0EX,X′∼Q

[
ab(X−X′)(X−X′)⊤A0

]
= EX,X′∼Q

[
ab(ΠA0X−ΠA0X

′)(P0X− P0X
′)⊤A0

]

= EW,W′∼qm

[
Ev,v′∼q⊥

[
ab(v − v′)(W −W′)⊤A0 | W,W′

]]

= EW,W′∼qm

[
abEv,v′∼q⊥

[
v − v′ | W,W′

]
(W −W′)⊤A0

]
,

where the first line follows from the fact that A0 = A0A
⊤
0 A0 = P0A0. Since X,X′ are i.i.d. copies, we

have EV,V′∼q⊥ [V −V′|W,W′] = EV∼q⊥ [V | W]− EV′∼q⊥ [V
′ | W′] = 0, so the second term of (3.29)

is also zero. This shows that gradα([A]) = 0 at A = A0, as required.

3.C Experimental Details

In this section, we provide implementation details for the experiments in Section 3.6.

Learning Rates The best step sizes of the gradient method for the particle update in all methods,

and for the projector or slice update in GSVGD and S-SVGD, are selected over a grid of values from

10−4 to 1 such that they give the minimal energy distance between the particle estimation and the

ground truth. This is done for the 50-dimensional multimodal example only, and the same set of

learning rates is then used for all experiments. This is done for all methods to ensure a fair comparison.

Temperature T For the temperature parameter T in (3.21), we adopt an annealing scheme where

we start with T = T0 and gradually increment it to a large value, Tlarge. Intuitively, setting T small
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would lead to faster convergence, but hinders exploration of the maxima of αt([A]) = KSDA(Qt, P ).

On the other hand, a large T means the system (3.20) is effectively sampling projectors at random

from the Grassmann manifold, thus allowing better exploration of the modes at the expense of a

slower convergence. The annealing scheme allows trade-offs between such exploration and exploitation.

Starting from T0, at each iteration t, we multiply T by 10 if the change |γt−γt−1| in the particle-averaged

magnitude (Zhuo et al., 2018) of the update function, defined as γt :=
1
N

∑N
i=1 ∥

∑M
l=1 ϕ̂At,l

(xt
i)∥∞, is

less than a pre-specified threshold, where N is the sample size, M is the number of projectors, and the

update function ϕ̂At,l
is defined in (3.11). In the experiments, we used T0 = 10−4 and Tlarge = 106, and

set the threshold to be 10−4M . This choice of the threshold is motivated by the dependence of the

GSVGD particle update on the number of projectors.

Initialization of Projectors The projectors in GSVGD are initialized with matrices formed by

one-hot vectors. This is similar to the setup in S-SVGD, where the slices are initialized to be the

canonical basis elements. When more than one projector is used in GSVGD, the projection dimensions,

m, are kept fixed for all projectors for simplicity. The number of projectors, M , is chosen such that the

projection dimensions sum up to d and is capped at 20, where d is the dimension of the problem. That

is, M = min(20, ⌊d/m⌋), where ⌊a⌋ denotes the largest integer smaller than or equal to a.

Other Setups For SVGD, we follow exactly the same setups as in Liu and Wang (2016). For S-SVGD,

we follow mostly the same setups in Algorithm 2 and Appendix G of Gong et al. (2021a), except we

updated the slices at every step instead of only when the particles have moved a sufficiently far distance

from the previous step, as suggested in their paper. As noted in their paper, this trick is to prevent

over-fitting of the slices to small samples, which is unlikely an issue in our experiments due to the large

sample size we chose. Also, we remark that, for GSVGD, the coupled ODE-SDE system introduced in

Section 3.5 suggests a principled way to balance the evolution of the particles and projectors in GSVGD

by varying the temperature T .

We ran each experiment with 20 random seeds, except Bayesian logistic regression which was repeated

10 times. The mean and 95% confidence intervals are reported in all figures. A No-U-Turn Sampler

(NUTS) (Hoffman et al., 2014) is used as a gold standard in the conditioned diffusion and Bayesian

logistic regression experiments. Each method ran for 2000 iterations, which we found to be sufficient

for convergence (see Figure 3.9).

3.D Supplementary Figures

In this section, we include supplementary figures for the experiments in Section 3.6 as well as some

ablation studies.

3.D.1 Synthetic Experiments

Figure 3.9 supplements Figure 3.5, and shows the convergence of SGVD, S-SVGD and GSVGD to the

target distribution in the three synthetic experiments in Section 3.6. We can see that the smallest
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(a) Multivariate Gaussian.
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(b) Multimodal mixture.
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(c) X-shaped mixture.

Figure 3.9: Convergence of particles in the (a) multivariate Gaussian, (b) multimodal mixture and (c)
X-shaped experiments. The dimensionality is 50 in all cases.

energy distance between the particle estimation and the ground truth is achieved by GSVGD1 and

GSVGD2, followed by S-SVGD and GSVGD5. GSVGD with any projection dimension has comparable

per-iteration convergence rate as S-SVGD except for the multivariate Gaussian target. We believe this

is because of the extra noise introduced via the coupled ODE-SDE system described in Section 3.5,

which added unnecessary complexities for this simple, single-mode target.

3.D.2 Conditioned Diffusion Process

Figure 3.11 plots the energy distance between the particle estimation of each method and a HMC

sampler against different projection dimensions, m. We see that there exists a feasible region of

projection dimensions where GSVGD achieves a greater degree of agreement with the reference HMC,

compared with SVGD and S-SVGD. This is expected given the problem setup: the forcing term is a

Brownian motion with covariance C(t, t′) = min(t, t′), and hence is correlated between time points.

This correlation means the solution state u will admit a low-dimensional structure.

Although in this case an appropriate choice of projection dimension could be inferred from the problem

setup, selecting the best projection dimension for a general problem is an open question. Nonetheless,

the shape of the curves in Figure 3.11 suggests that a feasible region should not cover the extreme ends.

3.D.3 Ablation Studies

Sample Size To evaluate the influence of sample size on the performance of GSVGD, we show

the dimension-averaged variance estimates for the multivariate Gaussian target. We follow the same

experimental setup in Section 3.6: for each of m = 1, 2, 5, we run each method for 2000 iterations

and compute the dimension-averaged marginal variance of the particle estimation of the last iteration.

Figure 3.10 shows the estimates for GSVGD1, SVGD and S-SVGD when the target is 50-dimensional.

GSVGD with other projection dimensions is not included in the figure for clarity. We see that GSVGD1

remains robust with the sample size and achieves accurate estimation. In contrast, SVGD severely

underestimates the variance in high dimensions regardless of the sample size, and S-SVGD shows slight

overestimation.
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Figure 3.10: Variance estimates for different sample
sizes, where the true value is shown by the black
solid line. SVGD-50 means 50 particles are used to
estimate the variance.

0 20 40 60 80 100
Projection Dimensions

0.00
0.05
0.10
0.15
0.20
0.25

En
er

gy
 D

ist
an

ce

SVGD
S-SVGD
GSVGD

Figure 3.11: Conditioned Diffusion Process: En-
ergy distance between HMC and GSVGD solutions
against different projection dimensions. SVGD and
S-SVGD are also included for comparison.
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Figure 3.12: Ablation study on the number of
projectors M . The target is a 50-dimensional
multivariate Gaussian. Black solid line marks the
true value.
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Figure 3.13: Run time (in seconds) against the
dimension of the multivariate Gaussian target.

Number of Projectors In Figure 3.12, we perform an ablation study of the performance of GSVGD

with respect to the number of projectors M used in Algorithm 4. The target is again the 50-dimensional

multivariate Gaussian distribution. The estimate of the dimension-averaged marginal variance is plotted

against the dimension covergae, which is defined as (M ∗m)/d; that is, it is the total ranks of the M

projectors as a proportion of dimension. For a given m, we choose M ∈ {m, 10, 20, . . . , 50}. We also

include the result for M = 2 and 5 when m = 1, and M = 2 when m = 2.

We observe that the variance estimate of GSVGD improves as M increases until the dimension

coverage reaches roughly 0.2, beyond which the performance stabilizes. This suggests that using more

projectors does not necessarily improve the estimation quality of GSVGD. It also justifies our choice of

M = min(20, ⌊d/m⌋) (corresponding to a dimension coverage of 0.4 for m = 1, 0.8 for m = 2 and 1.0

for m = 5). We remark that the estimated variance of GSVGD1 and GSVGD2 are consistently better

than S-SVGD and SVGD for all choices of M .

Time Complexities We compare the run time of GSVGD against its competitors in Figure 3.13. In

GSVGD, we used M = min(20, ⌊d/m⌋) projectors of rank m = 1 (GSVGD1-50, GSVGD1-500, where

GSVGD1-50 means 50 particles were used). We have capped M to be at most 20 instead of setting it

to the dimensionality d because this was the default setting in all experiments; however, since S-SVGD

uses all d slices, we also include the run time of GSVGD1 when using M = d projectors (GSVGD1-50
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Full, GSVGD1-500 Full) for a fair comparison.

We see that the run time of GSVGD1-50 Full and GSVGD1-500 Full grows an order-of-magnitude faster

than S-SVGD even though they use the same projection dimension and number of projectors/slices.

This is due to the extra matrix computation in the particle update of GSVGD, which in turn arises

from the fact that the projectors for the score functions are allowed to vary in GSVGD but not in

S-SVGD. In particular, the time complexity for a fixed sample size is O(d3) for GSVGD1-50 Full and

GSVGD1-500 Full, in contrast to O(d2) for S-SVGD. However, capping M to be at most 20 can greatly

reduce the run time of GSVGD in high dimensions. In fact, with such a choice of M the computational

complexity reduces to O(d2), as can be seen from the curves GSVGD1-50 and GSVGD1-500.

Finally, the computational burden of the projector update in GSVGD1-50 Full and GSVGD1-500 Full

(O(d2)) is less than that of the particle update. Hence, the main computational bottleneck of GSVGD

arises from the particle update (3.11).



Chapter 4

Goodness-of-Fit Testing Part I: Using

Perturbation to Improve KSD Tests

The kernel Stein discrepancy (KSD) test is a class of goodness-of-fit tests based on the score function

of statistical models. These tests are applicable even when the target distribution has an unknown

normalizing factor, such as in Bayesian analysis, for which traditional methods such as likelihood-ratio-

tests are no longer feasible. We show theoretically and empirically that the KSD test can suffer from

low power when the target distribution is multi-modal with misspecified mixing proportions of the

modes. To address this issue, we propose to perturb the observed sample via Markov transition kernels

with respect to which the target distribution is invariant. This allows us to then employ the KSD test

on the perturbed sample. We provide numerical evidence that with suitably chosen transition kernels,

the proposed approach can lead to substantially higher power than the standard KSD test.

4.1 Introduction

Stein discrepancy (SD) (Stein, 1972; Gorham and Mackey, 2015) is a statistical divergence between two

probability measures based on Stein’s method. More specifically, given two Borel probability measures

Q and P supported on X ⊆ R
d, the Stein discrepancy is defined in (2.4) and recalled below

S(Q,P ;F) := sup
f∈F

EX∼Q[AP f(X)] ,

where F is a set of functions on X and AP is an operator acting on F such that EX∼Q[AP f(X)] = 0

for all f ∈ F if and only if Q ≡ P . When X = R
d and P admits a positive, continuously differentiable

density p with respect to the Lebesgue measure, then the Langevin Stein operator is the natural candidate

for AP which has the crucial property that it only depends on the score function sp(x) := ∇ log p(x) of

p, which does not require evaluation of the (possibly intractable) normalizing constant of p. When a

Reproducing Kernel Hilbert Space (RKHS) (Berlinet and Thomas-Agnan, 2004) is used to construct the

function class, this discrepancy is called the kernel Stein discrepancy (KSD), and admits a closed-form

expression. This has made KSD popular for applications involving an unnormalized density, such as

66
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Figure 4.1: Power for a one-dimensional bimodal Gaussian target distribution P with mixing weight
0.5 and mode separation ∆. The candidate distribution Q is only the left component, from which 1000
samples are drawn. Our proposed methods are ospKSD and spKSD; the others are existing benchmarks.
Left and middle. Rejection rates and target densities for varying ∆; the orange and green lines overlap.
Right. Density of Q before and after 10 steps of the perturbation described in Section 4.5, as well as
the density of the target P .

Figure 4.2: Connections between KSD and the proposed divergences.

Bayesian inference (Liu and Wang, 2016), goodness-of-fit testing (Liu et al., 2016; Chwialkowski et al.,

2016; Jitkrittum et al., 2017), and sample quality measurement (Gorham and Mackey, 2015, 2017;

Gorham et al., 2019); see Anastasiou et al. (2023) for a review.

We focus on goodness-of-fit (GOF) testing, where independent samples from a candidate distribution

Q are observed and the goal is to test for evidence against the null hypothesis that Q matches a

target distribution P . When the density p of P is only available in an unnormalized form (i.e. the

normalization constant is infeasible to compute) and direct sampling from P is infeasible, classical

tests such as the Kolmogorov-Smirnov test (Massey Jr, 1951) or two-sample tests (Gretton et al., 2012;

Schrab et al., 2023) cannot be used, as they require either a tractable cumulative distribution function

or samples from P . A GOF test based on KSD, on the other hand, does not have these limitations.

However, KSD tests may suffer from low test power when the target probability measure has well-

separated modes. For example, when Q and P are mixtures of the same components but differ in the

mixing proportions, the power will converge to the test level as the modes of the components become

more and more separated (Figure 4.1). This is because the KSD statistic can be numerically close to

0 if the region where the score functions are practically different has low Q-probability. This issue,

sometimes known as the blindness to isolated components (Wenliang and Kanagawa, 2020), has been

noted in a number of works (Gorham et al., 2019; Matsubara et al., 2022; Kanagawa et al., 2022) and

addressed in some applications of KSD (Zhang et al., 2022). However, little work has been devoted to

tackling this issue in the context of GOF testing.
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Contributions Our contribution is twofold. First, we demonstrate theoretically and numerically

with a bimodal Gaussian example that the power of KSD tests can converge to the test level when

the target distribution has well-separated modes. This is different from the works of Gorham and

Mackey (2017) and Wenliang and Kanagawa (2020), which focus on the convergence of the sample

KSD but not its limiting null distribution. Second, we address this issue by introducing a perturbation

operator, giving rise to a family of perturbation-based GOF tests (Figure 4.2) which we call perturbed

kernel Stein discrepancy (pKSD) tests. The role of the operator is to perturb the candidate and the

target distributions simultaneously to create discrepancy that can be more easily detected by KSD.

We propose to use Markov transition kernels that are invariant to the target P as the perturbation

operator. The P -invariance ensures the resulting GOF tests provably control the Type-I error. The

transition kernel is non-irreducible and uses an inter-modal jump proposal, which can increase the test

power against multi-modal alternatives, sometimes substantially from the nominal level to almost 1.

Outline Section 4.2 reviews kernel Stein discrepancy. Section 4.4 formalizes the low-power problem

of the KSD test. The proposed method is presented in Section 4.5 and Section 4.6. We discuss related

work in Section 4.3, followed by experiments in Section 4.7. Section 4.8 concludes.

Notation Throughout this article, we denote by Q,P probability measures on X = R
d equipped

with the Borel σ-algebra B(X ), and assume P has a continuously differentiable, positive Lebesgue

density p. We refer to Q as the candidate distribution and P as the target distribution. Our interest

lies in testing H0 : Q = P against H1 : Q ̸= P using a finite sample {Xi}ni=1 drawn independently

from Q. We assume we can evaluate pointwise the unnormalized density p∗(x) = p(x)/Z, where Z

is an unknown constant, as well as ∇ log p∗(x), which is identical to the score function of p, namely

sp(x) := ∇ log p(x) = (∂x1 log p(x), . . . , ∂xd log p(x))⊤, where ∂xj log p(x) is the partial derivative of

log p(x) with respect to the j-th component of x.

4.2 Background

Choosing the Stein operator AP in (2.4) to be the operator mapping continuously differentiable, vector-

valued functions f : Rd → R
d to scalar-valued functions via Apf(x) := ⟨∇ log p(x), f(x)⟩+ ⟨∇, f(x)⟩,

one obtains a statistical divergence which only depends on the score function of P . If f ∈ F satisfies

regularity conditions such as lim∥x∥2→∞ f(x)p(x) = 0, then one can show that EX∼P [AP f(X)] = 0,

and f is said to lie in the Stein class of P (Liu et al., 2016, Section 2.2). The function class F is usually

chosen to be (i) sufficiently broad so that the discrepancy separates distinct probability measures, i.e.

S(Q,P ;F) = 0 ⇐⇒ Q = P , and (ii) sufficiently regular so that the right-hand-side of (2.4) can be

efficiently solved.

To this end, Liu et al. (2016); Chwialkowski et al. (2016) proposed to construct F using reproducing

kernel Hilbert spaces (RKHSs) (Berlinet and Thomas-Agnan, 2004). Specifically, let Hk be an RKHS

associated with positive definite kernel k : X ×X → R. Let Gk be the unit ball of the d-times Cartesian

product Hd
k := {f = (f1, . . . , fd) : fi ∈ Hk, ∀i}, equipped with the norm ∥f∥Hd

k
=

(∑d
i=1 ∥f∥2Hk

)1/2
.
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Choosing F = Gk and the operator AP yields the (Langevin) kernel Stein discrepancy (KSD): D(Q,P ) :=

S(Q,P ;Gk).

Assuming the kernel k has continuous first-order derivatives with respect to both arguments, Chwialkowski

et al. (2016, Theorem 2.1) showed that KSD attains a closed form: D(Q,P ) = EX,X′∼Q[uP (X,X′)],

where X,X′ are independent random variables drawn from Q, and uP is the Stein reproducing kernel,

which is defined in (2.10) and recalled below:

uP (x,x
′) := sp(x)

⊤k(x,x′)sp(x
′) + sp(x)

⊤∇x′k(x,x′) +∇xk(x,x
′)⊤sp(x

′) +∇⊤
1 ∇2k(x,x

′) ,

Crucially, uP (hence also D(Q,P )) depends on p only through sp(x) = ∇ log p(x), so KSD is computable

even without the knowledge of the normalizing constant of p.

We will assume k(·,x) lies in the Stein class of p for all x ∈ R
d, so that D(P, P ) = 0 (Liu et al., 2016,

Theorem 3.6, Proposition 3.3). When Q also admits a density q, and k is cc-universal (Sriperumbudur

et al., 2011, 2010a) or integrally strictly positive definite (Stewart, 1976, Section 6), KSD is separating,

meaning that D(Q,P ) = 0 ⇐⇒ Q = P , provided that Ex∼Q[∥sq(x)− sp(x)∥2] < ∞ (Chwialkowski

et al., 2016; Liu et al., 2016). The assumption that Q has a density can be relaxed if the target density

satisfies additional tail conditions, such as distant dissipativeness (Hodgkinson et al., 2020, Proposition

4); see also Theorem 2.6.

The KSD D(Q,P ) can be estimated using a random sample {Xi}ni=1 from Q by the following U-statistic

(Serfling, 2009, Section 5.5):

D̂
2
P :=

1

n(n− 1)

∑

1≤i ̸=j≤n

uP (Xi,Xj) . (4.1)

We have used a different notation from (2.11) in order to emphasize the dependence on the target

distribution P , which will become convenient when introducing our proposed methods later.

The KSD test uses (4.1) as a test statistic. The asymptotic distribution of D̂
2
P under H0 has no closed

form, but can be approximated with a bootstrap procedure (Huskova and Janssen, 1993) using the

bootstrap samples

D̂
2
P,b :=

1

n2

∑

1≤i ̸=j≤n

(
W b

i − 1
)(

W b
j − 1

)
uP (Xi,Xj) , (4.2)

where (W b
1 , . . . ,W

b
n) ∼ Multinomial

(
n; 1

n , . . . ,
1
n

)
follows a multinomial distribution. The test statistic

D̂
2
P is compared against quantiles of {D̂2

P,b}Bb=1 computed with B i.i.d. draws (W b
1 , . . . ,W

b
n), and H0 is

rejected for large values of D̂
2
P . The resulting test achieves the desired level α asymptotically (Huskova

and Janssen, 1993; Liu et al., 2016).

Many improvements over the standard KSD test have been proposed, e.g., to reduce the computational

cost (Jitkrittum et al., 2017), to address the curse-of-dimensionality (Gong et al., 2021a,b), and to

avoid kernel selection by adopting an aggregated testing procedure (Schrab et al., 2022). Moreover,

Hagrass et al. (2024) showed that the KSD test is sub-optimal under a certain alternative space, and

showed that it can be made minimax optimal by incorporating spectral regularization.
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4.3 Related Work

Blindness of score-based divergences The myopia of score-based divergences to mixing proportions

is a well-known issue in the literature (Oates et al., 2017; Gorham et al., 2019; Matsubara et al., 2022;

Wenliang and Kanagawa, 2020), yet it still lacks a solution. Wenliang and Kanagawa (2020) showed on

simple benchmarks that the blindness of KSD-based methods cannot be mitigated by annealing, one

approach commonly adopted in Markov chain Monte Carlo to improve their mixing against multi-modal

targets. Zhang et al. (2022) addressed the myopia of KSD in the context of parameter learning. However,

their method is specific for that application and is not applicable to GOF tests based on KSD. To our

knowledge, our work is the first to address this limitation for KSD tests, and our proposed method of

improving the test power using Markov transition kernels, which will be articulated in Section 4.5, has

not been explored as a solution to the myopia of score-based divergences.

Perturbation with convolution The idea of combining a discrepancy with perturbation has

been widely studied in other contexts, where the perturbation is often a convolution operator with

Gaussian noise. E.g., the spread divergence (Zhang et al., 2020) combines Gaussian convolution with

Kullback-Leibler (KL) divergence (more generally, f -divergences) to solve the issue that KL divergence

is ill-defined when the distributions have undefined densities or unmatched support. In generative

modelling, denoising score matching (Vincent, 2011) and Noise Conditional Score Networks (Song and

Ermon, 2019) combine Gaussian convolution with score matching to improve computational efficiency

or estimation quality. Notably, convolution is not invariant to the target distribution, thus rendering

the score function intractable. This is why we will chose a P -invariance Markov kernel.

Perturbation with convex combination In score matching, Zhang et al. (2022) addresses the

blindness of Fisher Divergence by mapping the target and candidate distributions to a convex combina-

tion with a Gaussian distribution, thereby “connecting” the well-separated modes. A similar idea cannot

be applied to improve the KSD test, as, similarly to convolution, the resulting target distribution no

longer has a tractable score function.

Perturbation with annealing Another choice of perturbation is to anneal both distributions by

raising the densities to some power, which is studied in Wenliang and Kanagawa (2020). Although the

score function remains tractable under this perturbation, annealing alone cannot solve the blindness of

score-based discrepancies, as noted by the authors and in Zhang et al. (2020). Moreover, sampling from

the annealed candidate distribution is also non-trivial.

4.4 Limitations of KSD Test

The KSD can be blind to certain discrepancies that are strongly visible in other metrics (e.g., in

the L2 norm). One example is mixtures of well-separated components that differ only by the mixing

proportions (weights). More generally, KSD will be small when the region where the score difference

∥sp(x)− sq(x)∥2 takes large values has low Q-probability.
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This is known as the “blindness” of KSD (Wenliang and Kanagawa, 2020). This limitation of KSD has

been highlighted in a number of works concerning the use of KSD for convergence assessment, model

fitting, and generalized Bayesian inference (Gorham et al., 2019; Matsubara et al., 2022; Zhang et al.,

2022; Kanagawa et al., 2022); however, its implication to the test power in GOF tests has not yet been

formalized.

In Proposition 4.1 (proved in Section 4.A.1), we formally connect the blindness issue with the rates of

increase of the sample size and the Fisher Divergence (FD) between the two distributions. The FD

between two distributions with densities p and q is defined as F (q, p) := EX∼Q[∥sp(X)− sq(X)∥22] (Liu

et al., 2016, Theorem 5.1).

Proposition 4.1. Let Q and Pν , ν = 1, 2, . . ., be probability measures defined on R
d with positive

densities q and pν , respectively. Assume EX∼Q[∥sp(X)∥22], EX∼Q[∥sq(X)∥22], EX,X′∼Q[uQ(X,X′)2] < ∞,

and the kernel k satisfies

max
{
EX,X′∼Q

[
|k(X,X′)|

]
, EX,X′∼Q

[
∥∇X′k(X,X′)∥22

]
, EX,X′∼Q

[
∥∇Xk(X,X′)∥22

]}
< ∞ . (4.3)

Let X1,X2, . . . be a sequence of i.i.d. samples from Q. Denote by Fν := EX∼Q[∥spν (X)− sq(X)∥22] the

Fisher Divergence between Q and Pν . If the sequence n1, n2, . . . ∈ N satisfies nν → ∞ as ν → ∞ and

nν = o
(
1/max

(
Fν , F

1/2
ν

))
, then

nνD̂
2
Pν

d−→
∞∑

j=1

cj(Z
2
j − 1) as ν → ∞ , (4.4)

where D̂
2
Pν

is the sample squared-KSD computed using X1, . . . ,Xnν , the random variables Zj ∼ N (0, 1)

are i.i.d., and {cj}j≥1 are the eigenvalues of the Stein kernel uQ under Q, i.e., they are the solutions to

cjϕj(·) =
∫
Rd uQ(·,x′)ϕj(x

′)q(x′) dx′ for non-zero ϕj.

Remark 4.1.1. The RHS of (4.4) is the limiting distribution of nνD̂
2
Pν

under H0 : Q = P (Liu et al.,

2016). Hence, this result shows that if the sample size nν is o
(
1/max

(
Fν , F

1/2
ν

))
, then the test power

converges to the probability of rejection under the null hypothesis, which is simply the nominal level of

the test.

Remark 4.1.2. Assumption (4.3) is standard and holds for Inverse Multi-Quadrics (IMQ) and

Gaussian kernels. IMQ kernels are preferred as they have desired tail properties to ensure a convergence

determining KSD for target densities satisfying the distantly dissipative condition (Gorham and Mackey,

2017; Hodgkinson et al., 2020). This includes Gaussian mixtures with common covariance, as well as

distributions strongly log-concave outside and on the boundary of a compact set, such as Bayesian linear,

logistic, and Huber regression posteriors with Gaussian priors, c.f., Gorham et al. (2019); Gorham and

Mackey (2017). Proposition 4.1 does not contradict this result, as it considers a different regime where

a sequence of target distributions is of interest.

Proposition 4.1 allows us to study the test power by analyzing the FD. For instance, when P is a

mixture of two Gaussian components and Q is one of its component, the FD decreases exponentially

fast to 0 with the mode separation. Proposition 4.1 then implies that an unrealistically large sample

size would be needed for the test to have a non-trivial power. This is formalized in the following result.
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Theorem 4.2. Let Q = N (0, Id) and Pν = πN (0, Id)+(1−π)N (∆ν , Id), where π ∈ [0, 1] and ∆ν ∈ R
d.

With the same notation in Proposition 4.1 and assuming k satisfies (4.3), the limit (4.4) holds if

nν = o
(
e∥∆ν∥22/64

)
.

The proof is in Section 4.A.2. Figure 4.1 provides numerical evidence for the blindness phenomenon

suggested by Theorem 4.2. It shows the rate of rejection over 100 repetitions at level α = 0.05. Using

an IMQ kernel whose bandwidth is chosen by median heuristic (Gretton et al., 2012), we observe that

the power of the KSD test approaches the prescribed level for ∆ ≥ 6. A similarly poor performance

is observed for KSDAgg (Schrab et al., 2022) and FSSD (Jitkrittum et al., 2017), two variants of

KSD. In comparison, our proposed tests, called ospKSD and spKSD, achieve an almost perfect power.

Notably, the problem of low test power persists even if the samples are drawn from both components

but with a different weight; see Figure 4.4 in Section 4.7.

4.5 KSD Test with Perturbation

We propose to increase the power of KSD test against multi-modal alternatives by perturbing both the

candidate and the target distributions with a set of Markov transition kernels (Robert and Casella,

2004, Chapter 6) and performing KSD tests on the perturbed distributions. A Markov transition kernel

is a function K : X × B(X ) → [0, 1] such that (i) for all x ∈ X , K(x, ·) is a probability measure

on (X ,B(X )), and (ii) for all A ∈ B(X ), K(·, A) is a measurable function on X . In our example, K
may also be an iterated composition of an underlying kernel, e.g. a Metropolis-Hastings kernel. The

perturbed measure of Q is (KQ)(·) :=
∫
X K(x, ·)Q(dx), and similarly for KP .

4.5.1 KSD with a Single Perturbation Kernel

We first consider a single transition kernel K. We define the perturbed kernel Stein discrepancy (pKSD)

as

D(Q,P ;K) := D(KQ,KP ) = sup
f∈Gk

∣∣EX∼KQ[AKP f(X)]
∣∣ , (4.5)

assuming KP admits a continuously differentiable density so that its score function is well-defined.

Notably, KQ need not have a (Lebesgue) density for (4.5) to exist.

The properties of pKSD are dictated by the operator K. A desirable choice should ensure that (i)

pKSD is well-defined, and in particular KP should have a continuously differentiable density whenever

P does, (ii) pKSD (4.5) can be computed efficiently, and (iii) the test can achieve a high power against

alternatives with wrong mixing weights.

Given these desiderata, we propose to choose a transition kernel K that is P -invariant, i.e. P (·) =∫
X K(x, ·)p(x) dx. A P -invariant kernel ensures KP = P , so the score function sKp = sp is unchanged

after perturbation. This means (i) and (ii) are trivially satisfied. In particular, pKSD will have a
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Algorithm 5 Goodness-of-Fit Test with spKSD.

Input: Target P ; test level α; observed sample {xi}ni=1; set of transition kernels S = {Ks}Ss=1 that
includes Kid (i.e., no perturbation); number of transition steps T .
Estimate the mode {µ1, . . . , µM} and Hessians {A1, . . . , AM} using Algorithm 6.
Use the estimated modes and Hessians to construct the Markov transition kernels Ks, as described in
Section 4.6.1.
for s = 1, . . . , S do

Perturb {xi}ni=1 with Ks by T steps to generate perturbed samples {xs
i}ni=1.

end for
Compute test statistic D̂

2
P,S using (4.7).

Generate bootstrap samples with (4.2) with uP replaced by ũP , and find the (1− α)-quantile γ̂1−α.

Reject H0 if D̂
2
P,S ≥ γ̂1−α.

closed-form expression

D2(Q,P ;K) = EX,X′∼KQ[uP (X,X′)] ,

provided that EX∼KQ[uP (X,X)] < ∞ (see, e.g., Chwialkowski et al. 2016, Theorem 2.1). Moreover,

the P -invariance allows a GOF test similar to the standard KSD test to be constructed, as we will

elucidate in Section 4.5.2. To address (iii), we employ a proposal map for K that “aggregates” densities

across the modes of the distribution. As we will demonstrate numerically, such a proposal is sensitive

to discrepancies in mixing weights.

Given i.i.d. {Xi}ni ∼ Q, a sample {X̃i}ni=1 from KQ can be constructed by running 1-step transitions

under K starting from each Xi. The pKSD can then be estimated by the U-statistic:

D̂
2
P,K :=

1

n(n− 1)

∑

1≤i ̸=j≤n

uP (X̃i, X̃j) . (4.6)

4.5.2 KSD with Multiple Perturbation Kernels

A single transition kernel can be limited in improving the test power against general multi-modal

alternatives. It also does not guarantee the separation property, as D(KQ,KP ) = 0 ≠⇒ Q = P ,

unless K is injective so that KQ = KP =⇒ Q = P (such as the convolution operator). However,

choosing only injective K would significantly restrict the class of possible options. Instead, we propose

to employ a finite collection S = {Ks}Ss=1 of P -invariant transition kernels, and require S to include

the identity transition kernel Kid, defined as Kid(x, A) = δx(A) for all x ∈ X and A ∈ B(X ), where

δx(A) = 1 if x ∈ A and 0 otherwise. In particular, D(Q,P ;Kid) reduces to the standard KSD. This

gives rise to a separating statistical divergence which we term sum-pKSD (spKSD)

D(Q,P ;S) :=

( ∑

K∈S

D2(KQ,P )

)1/2

,
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where we have overloaded the notation D(Q,P ;S) with a set S in place of a single transition kernel to

denote spKSD. The next result shows that spKSD indeed separates probability measures so long as

Kid ∈ S.

Proposition 4.3 (spKSD separation). Suppose Q,P are probability measures on X that admit positive

(Lebesgue) densities q, p, respectively. Further assume EX∼KQ[uP (X,X)] < ∞ for all K ∈ S and

EX∼Q[∥sp(X)− sq(X)∥22] < ∞. If the kernel k is cc-universal and Kid ∈ S, then D(Q,P ;S) ≥ 0 with

equality if and only if Q = P .

Proof. The stated assumptions ensure that, for all K ∈ S, D(Q,P ;K) is well-defined, and that

D(Q,P ;Kid) = D(Q,P ) = 0 ⇐⇒ Q = P (see, e.g., Chwialkowski et al. (2016, Theorem 2.2)). The

desired result then follows since K is P -invariant for all K and D(Q,P ;S) ≥ D(Q,P ).

The assumption that the alternative distribution Q also admits a density is common in KSD literature

when proving separation (e.g., Liu et al. 2016; Chwialkowski et al. 2016; Jitkrittum et al. 2017; Gong

et al. 2021b), but it can be relaxed if P is light-tailed or distantly dissipative (Hodgkinson et al., 2020;

Gorham and Mackey, 2017).

The spKSD can also be written as a double expectation akin to KSD, provided EX∼KsQ[uP (X,X)] < ∞
for all s. This allows spKSD to be estimated given a random sample {Xi}ni=1 from Q. Formally, for each

Ks ∈ S = {K1, . . . ,KS}, a sample {Xs
i}ni=1 from KsQ can be drawn by running 1-step transitions under

Ks starting from each xi. Denote by X1:S
i := concat(X1

i , . . . ,X
S
i ) the concatenation of X1

i , . . . ,X
S
i into

a single vector. We propose to estimate D(Q,P ;S) using the square-root of the following U-statistic

D̂
2
P,S :=

1

n(n− 1)

∑

1≤i ̸=j≤n

ũP
(
X1:S

i ,X1:S
j

)
, (4.7)

where ũP
(
X1:S

i ,X1:S
j

)
:=

∑S
s=1 uP (X

s
i ,X

s
j).

4.5.3 GOF Testing with spKSD

Having constructed a test statistic for spKSD in the form of a U-statistic, the next result (proved

in Section 4.A.3) derives the limiting distribution of spKSD statistic under the null and alternative

hypotheses. We denote by RQ the distribution of X1:S
i constructed as before and use the same notations

as in Proposition 4.3.

Proposition 4.4 (Asymptotic distributions of spKSD). Suppose the assumptions in Proposition 4.3

hold, and further assume EW,W′∼RQ
[ũP (W,W′)2] < ∞. Let {zj}j≥1 be independent draws from

N (0, 1) and denote by {cj}j≥1 the eigenvalues of ũP under RQ, i.e., the solutions of cjϕj(·) =

EW∼RQ
[ũP (·,W)ϕj(W)] for non-zero ϕj. As n → ∞,

1. Under H0 : Q = P , we have nD̂
2
P,S →d

∑∞
j=1 cj(z

2
j − 1).

2. Under H1 : Q ̸= P , we have σ2
u := 4Varw∼RQ

(EW′∼RQ
[ũP (W,W′)]) > 0, and

√
n
(
D̂

2
P,S −

D2(Q,P ;S)
)
→d N (0, σ2

u).
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Proposition 4.4 assumes Q also admits a Lebesgue density; when it does not, the stated results still

hold true if we additionally assume i) the conditions on Q in Proposition 4.3 for KSD to separate

probability measures, and ii) RQ(A) > 0 whenever RP (A) > 0 for any measurable set A ⊂ X S .

Similarly to the case with the standard KSD, the cumulative density function of the limiting distribution

under H0 has no closed-form expression, but the same bootstrap technique can be employed to estimate

the p-value using the perturbed samples. The complete algorithm of goodness-of-fit testing with pKSD

is given in Algorithm 5.

4.6 A Transition Kernel for Multi-Modal Alternatives

We consider transition kernels of the Metropolis-Hastings (MH) type (Metropolis et al., 1953; Hastings,

1970). At a current state x, a new state x′ is proposed by first generating a du-dimensional random vector

u from some known probability mass function g (to be specified later), then mapping to x′ = h(x|u),
where h(·|u) is some deterministic, invertible function that is differentiable with differentiable inverse.

The proposed state x′ is hence a deterministic function given x and u.

We choose in this chapter a density g defined on some discrete space U . The transition kernel is

K(x, A) =
∑

u∈U

δx′(A)g(u)α(x,x′) + δx(A)r(x) ,

where x′ = h(x|u) is the proposed state, α(x,x′) is an accept-reject rule that guarantees P -invariance,

δx(A) = 1 if x ∈ A and 0 otherwise, and r(x) = 1−∑
u∈U g(u)α(x,x′). The accept-reject rule α(x,x′)

is designed to satisfy the detailed balance condition (see, e.g., Green and Hastie, 2009, Eq. (1)):

∫

x∈A

∑

u∈U

δh(x|u)(B)p(x)g(u)α(x,h(x|u)) dx =

∫

x′∈B

∑

u′∈U

δh(x′|u′)(A)p(x′)g(u′)α(x′,h(x′|u′)) dx′ ,

(4.8)

for all A,B ∈ B(X ). One valid choice is

α(x,x′) = min

(
1,

p(x′)g(u′)

p(x)g(u)

∣∣∣∣
∂h(x|u)

∂x

∣∣∣∣
)

, (4.9)

if x′ = h(x|u) and x = h−1(x′|u′) for some u,u′ ∈ U , and zero otherwise. Here, ∂h(x|u)/∂x denotes

the Jacobian of the transformation from x to x′. Section 4.A.4 proves that α(x,x′) indeed satisfies

(4.8). The accept-reject rule (4.9) resembles those used in Reversible-Jump MCMC (Green, 1995; Green

and Hastie, 2009) and recovers the well-known MH rule when the determinant of the Jacobian is 1.

4.6.1 Choosing the Proposal Density

We propose a jump proposal h(x|u) that superposes masses at each mode of p. Our choice is motivated

by Markov kernels used in the optimization-based MCMC literature, specifically the deterministic
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jumps proposal in Pompe et al. (2020). New states are proposed by randomly selecting a mapping

from a set of candidates that are constructed using the location and geometry of the modes of p. The

resulting kernel is not irreducible, so the limiting distribution is not necessarily P . Non-irreducibility is

essential for the proposed test to work since, under the alternative, the transition kernel should perturb

Q to some other distribution for which the KSD between P and the perturbed distribution becomes

larger compared with the KSD with the unperturbed one. This is in contrast to MCMC, which requires

irreducibility so that asymptotically the chain can sample from the target distribution.

Denote by µ1, . . . , µM ∈ R
d the modes of the density p, and A1, . . . , AM ∈ R

d×d the inverse of the

Hessian matrices at those points; how to estimate these quantities will be discussed later. When p is

a mixture of elliptic distributions such as Gaussian or multivariate t-distributions, each Am can be

viewed as the covariance matrix of a component. When the Hessians do not exist (e.g., − log p is not

twice differentiable), we can set Am = Id and the remaining discussion still follows.

For a current state x, our proposal randomly selects a pair of modes and attempts to map x from one mode

to the “corresponding” point x′ in the other. Formally, let u = (u1, u2) ∼ Unif({(i, j) : 1 ≤ i ̸= j ≤ M})
be a uniform random vector over the index set of all M(M − 1) pairs of distinct (and ordered) modes,

i.e., g(u) = 1/(M(M − 1)) for all u. Given a fixed constant θ > 0, the proposal map is

h(x|u) = hθ(x|u) = A1/2
u2

A−1/2
u1

(x− θµu1) + θµu2 ,

with the inverse map h−1(x′|u) = A
1/2
u1 A

−1/2
u2 (x− θµu2) + θµu1 . Intuitively, h sends points from mode

µu1 to µu2 allowing for scaling by local Hessians, and h−1 performs the opposite operation. The constant

θ is a hyperparameter introduced to control the scale of the jump, which can increase the ability to

detect discrepancies in the mixing weights. Herein, we call θ the jump scale.

Given a current state, our proposal chooses two modes randomly, so a proposed state can potentially

lie in a low-density region, thus leading to a low acceptance probability. Pompe et al. (2020) address

this by recording an auxiliary variable for the mode index and augmenting the state space to X ×
{1, 2, . . . ,M(M − 1)}, so that at every step the new state is guaranteed to lie near a mode. However,

the same trick cannot be used in our case because the augmented density no longer has a well-defined

score function.

4.6.2 Understanding the Source of Test Power

To understand the improvement in test power against multi-modal alternatives, we characterize the

limiting distribution of a general distribution Q with a positive density q when we apply the perturbation

with infinitely many steps (i.e., KT with T = ∞). For simplicity, we assume M = 2 and A1 = A2 = Id

are identity matrices, so that the proposal function is hθ(x|u) = x − θ(µu1 − µu2) for x ∈ X and

u = (u1, u2) ∈ U = {(i, j) : 1 ≤ i ̸= j ≤ 2}. Thus, given a current state x, the transition kernel proposes

moves to x+ θ(µ1 − µ2) and x− θ(µ1 − µ2) with equal probability.

Proposition 4.5. Under the assumptions of Section 4.6.2, the limiting distribution under K with the



4.6. A Transition Kernel for Multi-Modal Alternatives 77

0

1

De
ns
ity

µ=0:8

p q q1

µ=1:0 µ=1:2

0 10
x

−10
0

10
Sc
or
e

0 10
x

0 10
x

0.50 0.75 1.00 1.25 1.50
µ

0.00
0.05
0.10 pKSD ⅅ(K1Q;P)

KSD ⅅ(Q;P)

Figure 4.3: Top. Densities and score functions of p, q and the limiting distribution q∞ in (4.10). Bottom.
pKSD with different jump scales θ, compared with KSD.

initial distribution Q is (K∞Q)(A) =
∫
x∈A q∞(x) dx, A ∈ B(X ), where

q∞(x) := p(x)

∑
s∈Z q(x+ sν)∑
k∈Z p(x+ kν)

, (4.10)

and ν := θ(µ1 − µ2).

A proof is in Section 4.A.5. Proposition 4.5 shows that the limiting density under K is the target

density p weighted by the ratio between the total masses of q and p over a discrete grid.

To understand why this helps to increase the KSD value, we first rewrite the squared KSD as

D2(Q,P ) = EX,X′∼Q[δq,p(X)⊤k(X,X′)δq,p(X
′)] ,

where δq,p(x) := sq(x)− sp(x) is the score difference. This holds whenever k is an integrally strictly

positive definite kernel (Liu et al., 2016, Theorem 3.6). The squared pKSD is then

D2(Q,P ;K∞) = EX,X′∼Q∞ [δq∞,p(X)⊤k(X,X′)δq∞,p(X
′)] ,

where, by Proposition 4.5, the score difference becomes δq∞,p(x) = sq∞(x) − sp(x) = ∇ log ϕq(x) −
∇ log ϕp(x), where ϕq(x) :=

∑
s∈Z q(x+ sν) and similarly for ϕp. The operator ϕ superposes densities

along a grid, thus allowing to create local discrepancy in the high-probability regions of Q, for example

by exchanging masses between modes.

As a concrete example, we consider the setup in Theorem 4.2, where Q = N (0, Id), and P = πN (0, Id)+

(1 − π)N (∆, Id) for some π ∈ (0, 1) and ∆ ∈ R
d. The operator has created discrepancy in high-

probability regions of Q, as demonstrated in Figure 4.3. This also highlights the role of ν: when ν = ∆,

the two components will overlap almost exactly under the perturbation, so δq∞,p(x) ≈ 0 near x = 0,

and the KSD will remain small (Figure 4.3). It is hence crucial to tune ν (equivalently, θ). One can in

principle select θ by maximizing the (approximate) test power, similarly to the idea in Jitkrittum et al.

(2017). However, gradient-based approaches are infeasible as pKSD is not differentiable with respect to
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θ. An alternative is to use grid-search over some finite set of θ values.

4.6.3 Choosing the Set of Perturbations S
It remains to choose the set of perturbations S in spKSD. We propose two ways to construct S, one

based on grid-search, and the other based on optimization.

For the grid-based approach, we choose a set of values {θs}S−1
s=1 and let S = {Kid,K1, . . . ,KS−1}, where

Ks is the transition kernel described in this section with jump scale θs. We propose to choose each

θs close to 1, following the observations in Section 4.6.2. We still refer to the resulting divergence as

spKSD.

For the optimization-based approach, we use only two transition kernels S = {Kid,Kθ}, where Kθ

has jump scale θ that is tuned by maximizing a proxy for the asymptotic test power. Due to the

asymptotic normality proved in Proposition 4.4, we can adopt the same approach in Jitkrittum et al.

(2017, Proposition 4) to approximate the asymptotic power with the ratio

D̂
2
P,KT

θ
/ σ̂u , (4.11)

where σ̂u is an estimate of the asymptotic standard deviation σu is given by the square root of

σ̂2
u :=

4

n3

n∑

i=1




n∑

j=1

Hi,j




2

− 4

n4




n∑

i,j=1

Hi,j




2

,

with Hi,j := uP (Xi,Xj) + uP (X
θ
i ,X

θ
j) and Xθ

i ∼ KT
θ Q; see also Schrab et al. (2022, Eq. 8). Since

the objective (4.11) (in particular, Kθ) is not differentiable with respect to θ, we still choose θ from a

pre-specified finite set {θs}Ss=1. The objective is hence maxθ∈{θ1,...,θS} D̂
2
P,KT

θ
/σ̂u. We call the resulting

discrepancy the optimized sum-pKSD (ospKSD).

Whether the grid-based or the optimization-based method should be preferred requires trade-offs and

depends on the specific problem at hand. The spKSD requires no held-out sets, but can suffer from

a low test power if {θs}S−1
s=1 is poorly chosen in that most of Ks fail to improve the test power. On

the other hand, ospKSD uses a judiciously tuned θ, but the data-splitting can also lead to a drop

in test power. In our experiments, we find that spKSD tends to work better for target distributions

with a simple geometry, specifically mixtures of elliptic distributions (Cambanis et al., 1981) (e.g., the

Gaussian mixture examples). However, for distributions whose mixing components have non-elliptic

contours (e.g., the mixture of t and banana example, and the sensor network localization example),

the benefit of optimization seems to overweigh the negative impact due to data-splitting, and ospKSD

outperforms spKSD.

4.6.4 Estimating Mode Vectors and Hessians

We estimate µj and Aj by the local minima and Hessians of − log p. To do so, we run in parallel a

sequence of BFGS optimizers (Nocedal and Wright, 2006) initiated at different starting points, following
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Pompe et al. (2020). BFGS is used because it returns both the local optima and approximated Hessians

at those points. The optima are then merged if their weighted Mahalanobis distance is smaller than

a pre-specified threshold. In our experiments, we initialize the optimizers from a set of size ninit,

constructed either by sampling uniformly from a hyper cube [L1, U1]× · · · × [Ld, Ud] (for spKSD), or by

using both randomly sampled data and some training set (for ospKSD). We now discuss each step in

detail.

Finding local modes In practice, the mode locations and Hessians of the density of a non-trivial

target distribution are rarely available. Pompe et al. (2020) describes a general framework to estimate

these quantities. It proceeds by running in parallel a sequence of optimizers initiated at different

starting points. This is done by minimizing the objective − log p using the BFGS algorithm (Nocedal

and Wright, 2006), which returns both the local minima and the approximated Hessian at those points.

In our experiments, we use the BFGS algorithm and run for at most 1000 iterations with each initial

point.

Mode merging Although the end points of the optimization procedure starting from different initial

points may lie close to the local minima, they will still be numerically different from each other. Pompe

et al. (2020) proposed to merge two end points mi and mj if their Mahalanobis distance weighted by

the averaged Hessians at those points is below a given threshold β. The full procedure is stated in

Algorithm 6 for completeness.

Choosing the initial points A set of ninit initial points for BFGS can be constructed either by

sampling randomly from a product of intervals [L1, U1]× · · · × [Ld, Ud] in X , or simply from a held-out

training set. The first approach will allow modes not covered by the training data to be detected, and

the second approach can lead to faster convergence of the optimization algorithm when the training

points lie near the modes of P . For spKSD, the first approach is used as we do not assume a held-out

set is available. For ospKSD, to combine the best of the two approaches whilst maintaining the same

computational budget, half of the ninit initial points are drawn randomly from the training set and the

other half are initialized uniformly from [L1, U1]× · · · × [Ld, Ud].

4.6.5 Choosing the Number of Transitions T

We discuss how to choose the number of transitions T . Clearly, T determines the form of the perturbed

distribution, thus impacting the performance of spKSD. Intuitively, T should be set to a large value

when the acceptance rate is low to ensure the limiting distribution is achieved. The spKSD could

suffer from a low acceptance rate when the estimates of the modes and local Hessians of the target

distribution are inaccurate, or when the target distribution cannot be approximated by a mixture of

elliptic distributions.

We propose two heuristics to choose this hyperparameter in practice: (i) viewing this as another

hyperparameter and tuning it using a training set by selecting from a pre-specified set of values, or (ii)

setting it to a large value (e.g., T = 1000) if the computational budget allows.
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Algorithm 6 Estimating mode vectors and Hessians; adapted from Pompe et al. (2020, Algorithm 3).

Input: Initial points s1, . . . , sM0 , small positive value β.
Initialize M0 parallel BFGS optimizers at points s1, . . . , sM0 and run the algorithm to minimize
− log p(x).
Denote the returned estimates of the local optima by m1, . . . ,mM0 and their corresponding Hessian
matrices by A1, . . . , AM0 .
Set µ1 := m1, Aµ1

:= A1 and M = 1.
for i = 2, . . . ,M0 do

if minj∈{1,...,M}
1
2

(
(µj −mi)

⊤Aµj
(µj −mi) + (µj −mi)

⊤Ai(µj −mi)
)
< β then

k := argminj∈{1,...,M}
1
2

(
(µj −mi)

⊤Aµj
(µj −mi) + (µj −mi)

⊤Ai(µj −mi)
)
.

if p∗(µk) < p∗(mi) then
Set µk := mi and Aµk

:= Ai.
end if

else
µM+1 := mi and AµM+1

:= Ai.
M := M + 1.

end if
end for
Return {µ1}Mi=1 and {A1}Mi=1 as approximates for mode vectors and Hessians, respectively.
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Figure 4.4: One-dimensional Gaussian mixture example. Samples
are drawn with a different mixing weight π.
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10 banana distributions.

In particular, we recommend a large T because, with the proposed transition kernel K, the KSD

D(KTQ,KTP ) between the perturbed distributions does not necessarily decrease as T grows. This

is because KTQ does not necessarily converge to P as T → ∞, since K is not irreducible (see the

discussions in Section 4.6.1).

4.7 Experiments

We use 51 jump scales θ equally spaced in [0.5, 1.5], a heuristic that we find works well in practice. All

samples have size n = 1000. We compare the ospKSD and spKSD tests against benchmarks including

KSD test and two variants (KSDAgg and FSSD). All experiments are run with level α = 0.05 using the

IMQ kernel k(x,y) = (1 + ∥x− y∥22/λ)−1/2, where λ is chosen to be mediani<j{∥xi − xj∥22}. KSDAgg

follows the setup in Schrab et al. (2022), and FSSD follows Jitkrittum et al. (2017). The probability

of rejecting the null hypothesis is estimated by averaging the test output over 100 repetitions, except

in the sensors location example, which is repeated 10 times. Translucent shades represent 95%-CIs.

The number of transition steps T is selected to be 10 for the Gaussian mixture example, 100 for the
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Figure 4.6: Level (left) and power (right) experiments with the multivariate Gaussian mixture example.
Gray dashed line shows the test level α = 0.05.

mixture of t and banana distributions example, and 1000 for the sensor network localization. Code for

reproducing all experiments can be found at github.com/XingLLiu/pksd.

Univariate Gaussian mixture The target has density p(x) ∝ exp
(
−1

2x
2
)
+ 0.5 exp

(
−1

2(x− 6)2
)
.

Samples are drawn with a different mixing weight π ∈ [0, 1] of the first component. The results are

presented in Figure 4.4. KSD, KSDAgg and FSSD all have a power close to the level 0.05 regardless

of the value of π, which is not surprising due to the blindness of KSD. In comparison, ospKSD and

spKSD achieve almost perfect power when π deviates from the true value 0.5.

Multivariate Gaussian mixture We then include a level study and a power study for the spKSD

and ospKSD tests using a multivariate generalization of the previous Gaussian mixture distribu-

tion. The target distribution has dimension 50 and density function p(x) ∝ πp exp
(
−1

2∥x∥22
)
+ (1−

πp) exp
(
−1

2∥x−∆e1∥22
)
, where πp = 0.5, ∆ = 6, and e1 ∈ R

d is a vector with 1 in the first coordinate

and 0 in others. Samples are drawn either from the target distribution (level experiment), or from only

the left component (power experiment). The probability of rejection over 100 repetitions is plotted in

Figure 4.6. We can see from the left plot that, under the null hypothesis, all tests have the prescribed

test level α = 0.05. In the right plot, we investigate the rejection rate under the alternative hypothesis

where the samples are drawn from the left mode only. We see that both ospKSD and spKSD achieve a

significantly higher power than the benchmarks (KSD, KSDAgg and FSSD), whose power remains

close to the level for all sample sizes.

Mixture of t and banana distributions We consider a mixture of 10 multivariate t-distributions

and 10 banana-shaped distributions with t-tails in d = 50 dimensions, also studied in Pompe et al.

(2020). Each component has an equal weight 0.02 and is centered randomly in [−20, 20]d, giving rise to

a target with sparsely located, non-elliptic modes. Following Pompe et al. (2020), each t-distribution

has 7 degrees of freedom and covariance matrix 0.1
√
dId, while each banana-shaped distribution has

density function pb,µ = pµ ◦ ϕb, where ϕb,µ(x) = (x1, x2 + bx21 − 100b, x3, . . . , xd)
⊤ with b = 0.003, and

pµ is the density of a t-distribution with 7 degrees of freedom centered at µ ∈ R
d and with shape matrix

C = diag(100, 1, . . . , 1) ∈ R
d×d. Samples are drawn with a different set of weights {wj}20j=1 formed by

sampling w̃j ∼ N (0, σ2
s), σs > 0, and normalizing wj ∝ exp(w̃j).

Figure 4.5 (left) shows the results. As σs increases, the weights in the two distributions deviate further,

https://github.com/XingLLiu/pksd
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Table 4.1: GOF tests for checking the quality of RAM samples with different scales. Reported values
are the number of rejections over 10 repetitions with level 0.05.

Methods KSD ospKSD spKSD KSDAgg FSSD

RAM scale σ
0.1 0 8 0 0 0
0.5 0 0 0 0 1
1.08 10 8 10 10 7

so ospKSD and spKSD achieve higher power. All the others perform poorly for all values of σs, because

the components have almost no overlapping high-density regions.

Sensor network localization Tak et al. (2018) use Bayesian methods to infer the locations of

sensors from noisy distance data. This is a modification of the example in Ihler et al. (2005) that has

been used as a benchmark for MCMC samplers designed for multi-modal distributions (Pompe et al.,

2020; Ahn et al., 2013; Lan et al., 2014). Here, six sensors x1, . . . , x6 are located in [0, 1]2, four of

which have unknown locations and the remaining two are known. We observe distance yij between

two sensors xi,xj with probability exp
(
− ∥xi − xj∥22/(2× 0.32)

)
. If observed, the distance follows a

Gaussian distribution yij ∼ N (∥xi − xj∥, 0.022).

Following Tak et al. (2018), we use a diffuse bivariate Gaussian prior distribution N (0, 102I2) for each

xi ∈ R
2. Let wij be the binary random variable for which wij = 1 if the distance yij is observed and 0

otherwise. The full posterior is

π(x1, . . . , x4|y,w) ∝ exp

(
−
∑4

k=1 x
⊤
k xk

2× 102

)
∏

i<j

fij(xi,xj |yij , wij) ,

where w = {wij}, y = {yij} and

fij(xi,xj |yij , wij) =

[
exp

(
−(yij − ∥xi − xj∥2)2

2× 0.022

)
exp

(−∥xi − xj∥22
2× 0.32

)]wij

×
[
1− exp

(−∥xi − xj∥22
2× 0.32

)]1−wij

.

To draw posterior samples, Tak et al. (2018) propose the repelling-attracting Metropolis (RAM), which

is an MCMC algorithm designed for efficient learning of multi-modal target distributions. RAM relies

on a Gaussian proposal with a fixed covariance matrix σ2Id to propose new states in its uphill and

downhill steps. The scale σ needs to be tuned to facilitate transitions between modes.

We run RAM with different scales σ, each for 420, 000 iterations. We discard the first 20, 000 particles

as burn-in and thin the remaining to obtain a sample of size n = 4000. We then evaluate the quality of

the samples by applying a GOF test. Figure 4.7 shows the posterior samples generated using each σ.

The samples from σ = 0.5 seem to capture all the modes of the posterior and is consistent with the

results reported in Tak et al. (2018, Figure 5), whereas samples from σ = 0.1 and 1.08 clearly miss some

modes. We then compare the test results in Table 4.1, which reports the number of rejections over 10

repetitions. All tests reject most runs for σ = 1.08 (the scale used in Tak et al. (2018)) and almost no

run for σ = 1.08, which is consistent with the posterior plots. However, for σ = 0.5, no method except
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Figure 4.7: True and inferred locations of sensors. Black plus signs mark the location of the unobserved
sensors, and black crosses indicate the location of the observed ones.

ospKSD rejected the null hypothesis, demonstrating again the ability of ospKSD to detect missing

modes. Figure 4.7 also shows the particles after perturbation by the (non-identity) transition kernel

used by ospKSD, from which some particles seem to have moved to the missing high-density regions.

spKSD in this case also performed poorly with no sample for σ = 0.1 being rejected, which is potentially

because the benefit of not having a held-out set outweighs that of using a tuned transition kernel for

this example.

Gaussian-Bernoulli Restricted Boltzmann Machine (GB-RBM) GB-RBMs (Cho et al., 2013)

are popular benchmarks for assessing kernel GOF tests (Liu et al., 2016; Jitkrittum et al., 2017; Schrab

et al., 2022). It is a latent variable model with joint density p(x,h) ∝ exp
(
1
2x

⊤Bh+ b⊤x+ c⊤h− 1
2∥x∥22

)
,

where h ∈ {−1, 1}dh , and B,b, c are fixed hyperparameters. The marginal density p(x) can be rewritten

as a mixture of Gaussian distributions:

p(x) =
∑

h

γ(h)N

(
x;

1

2
Bh+ b, Id

)
, where γ(h) ∝ exp

(
1

2

∥∥∥∥
1

2
Bh+ b

∥∥∥∥
2

2

+ c⊤h

)
. (4.12)

We consider two parameter settings: standard and multi-modal. The standard setting follows the setups

in Liu et al. (2016), in which case the RBM is unimodal. For the target distribution P , we randomly

sample the entries of b and c from a standard normal, and select the entries of B from {−1, 1} with

equal probability. We sample from a perturbed version of P where Gaussian noises with standard

deviation σ are injected into the entries of B. As σ increases, the problem becomes easier, so all tests

are able to reject with a high probability (Figure 4.8).

For the multi-modal setting, we set c = 0 and b = 0, and choose B so that the modes are well-

separated. Samples are drawn from the same model with a different c, which controls the mixing

weights. Specifically, we choose B = 6E, where E ∈ R
d×dh is formed by the top d row and dh columns

of the matrix Idmax
, where dmax := max(d, dh). This renders the local modes of p to be located at the

corners of a hyper-cube of width 6. Due to the choice of b and B, changing c only affects the weights

of the components but not their mode locations. We choose c = 0 for the target so that all components

have equal weights, and draw samples with from the same model with c = (c0, c0, 0, . . . , 0) ∈ R
dh for
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Figure 4.8: GB-RBM with the standard setting.
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Figure 4.9: GB-RBM with the multi-modal setting.

some c0 using a Gibbs sampler, which we describe in Section 4.B.

We run ospKSD and spKSD with T = 50 steps and report the results in Figure 4.9. The left plot shows

the rejection probability with different values of c0 and dh = 5. As c0 increases, the weights deviate

further from those in the target, which is detected by ospKSD and spKSD as shown by the increasing

power. The benchmarks again fail to detect this discrepancy due to the sparsity of the modes. We then

fix c0 = 5 and analyze how the performance scales with the latent dimension dh in the right plot of

Figure 4.9. With a moderate dh, the rejection probabilities of ospKSD and spKSD are significantly

larger than the others. This gap vanishes for dh ≥ 20, since a larger dh gives rise to more modes in

p and hence more possible jump directions for each point. Therefore, the probability of proposing a

“correct” move at each step declines, leading to a small acceptance rate and thus a low power.

4.8 Conclusion and Discussion

We show with a bimodal Gaussian example that GOF tests based on KSD can fail when the target has

well-separated modes. To increase its power, we propose to perturb both the candidate and the target

distributions using a Markov process before applying the KSD test. Empirical results suggest that our

methods (ospKSD and spKSD) are more sensitive to discrepancies in the mixing weights of multimodal

distributions, and can achieve remarkably high power particularly when the mixing components are

elliptic distributions. We now discuss two limitations of our proposed methods and potential future

work.

First, the ospKSD and spKSD rely heavily on accurate estimation of the mode locations and Hessi-

ans, which can be extremely challenging and computationally costly for high-dimensional problems.

Additionally, the jump proposal of the transition kernel used in the proposed methods is constructed

specifically for targets that are mixtures of elliptic distributions, which may be inappropriate for targets

with more complicated geometrical structure. Further investigations could aim to find perturbation

operators that scale better with dimensionality or that suit a wider family of target distributions.

Second, both spKSD and ospKSD require hyperparameter tuning. The spKSD, as a sum-like statistic,

requires a trade-off between the test power and the number of elements in the grid S. Although the

heuristic described in Section 4.7 is found to perform decently in our experiments, it is of practical interest

to analyze the sensitivity of the test performance to the grid size both empirically and theoretically.

The ospKSD, on the other hand, requires a held-out dataset to tune θ, potentially reducing test power
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due to data-splitting. One possible approach to mitigate this problem is to combine ospKSD with the

aggregated testing framework described in Schrab et al. (2022) to avoid splitting the data.

4.A Proofs of Theoretical Results

This section contains the proofs for the main results in Chapter 4. It is organized as follows:

• Section 4.A.1 proves Proposition 4.1.

• Section 4.A.2 presents and proves an auxiliary lemma, which gives the rate of decay of the Fisher

divergence between two distributions: a mixture of Gaussian and one of its components. This

result is then used to show Section 4.A.2.

• Section 4.A.3 proves Proposition 4.4, which concerns the asymptotic distributions of spKSD.

• Section 4.A.4 shows that the accept-reject rule (4.9) leads to a transition rule that leaves the

target distribution P invariant, as claimed in Section 4.6. It also shows that a class of transition

kernels that generalizes (4.9) also leaves P invariant.

• Section 4.A.5 proves Proposition 4.5.

4.A.1 Proof of Proposition 4.1

Fixing positive integer ν, we can write nνD̂
2
Pν

= nνD̂
2
Q+nν(D̂

2
Pν

− D̂
2
Q). Under the stated assumptions

on the kernel k and that EX,X′∼Q[uQ(X,X′)2] < ∞, we can apply Liu et al. (2016, Thm 4.1) to conclude

that, as ν → ∞,

nνD̂
2
Q

d−→
∞∑

j=1

cj(z
2
j − 1) ,

where zj , cj are as defined in Proposition 4.1. If we could furthermore show that nν(D̂
2
Pν

− D̂
2
Q) → 0 in

probability as ν → ∞, then the desired result would follow from Slutsky’s Theorem.

To prove the convergence in probability, we fix ϵ > 0 and denote by PrX1,...,Xn∼Q the probability taken

over the i.i.d. random variables X1, . . . ,Xn ∼ Q. We also omit the dependence of n on ν for brevity.

Applying the Markov inequality yields

PrX1,...,Xn∼Q(n|D̂
2
Pν

− D̂
2
Q| ≥ ϵ) ≤ n

ϵ
EX1,...,Xn∼Q[|D̂

2
Pν

− D̂
2
Q|]

=
n

ϵ
EX1,...,Xn∼Q



∣∣∣∣

1

n(n− 1)

∑

1≤i ̸=j≤n

uPν (Xi,Xj)− uQ(Xi,Xj)

∣∣∣∣




=: T .
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Using Jensen’s inequality and noting that X1, . . . ,Xn are i.i.d., we have

T ≤ n

ϵ

1

n(n− 1)

∑

1≤i ̸=j≤n

EXi,Xj∼Q

[
|uPν (Xi,Xj)− uQ(Xi,Xj)|

]

=
n

ϵ
EX,X′∼Q

[
|uPν (X,X′)− uQ(X,X′)|

]

=: T ′ .

To proceed, we substitute the definition of uPν and uQ, and apply a triangle inequality to obtain

T ′ ≤ n

ϵ

{
EX,X′∼Q

[∣∣spν (X)⊤spν (X
′)− sq(X)⊤sq(X

′)
∣∣∣∣k(X,X′)

∣∣]

+ EX,X′∼Q

[∣∣(spν (X)− sq(X))⊤∇X′k(X,X′)
∣∣]

+ EX,X′∼Q

[∣∣(spν (X′)− sq(X
′))⊤∇xk(X,X′)

∣∣]
}

≤ n

ϵ

{(
EX,X′∼Q

[
(spν (X)⊤spν (X

′)− sq(X)⊤sq(X
′))2

])1/2 (
EX,X′∼Q

[
k(X,X′)2

])1/2

+
(
EX∼Q

[
∥spν (X)− sq(X)∥22

])1/2 (
EX,X′∼Q

[
∥∇X′k(X,X′)∥22

])1/2

+
(
EX∼Q

[
∥spν (X)− sq(X)∥22

])1/2 (
EX,X′∼Q

[
∥∇Xk(X,X′)∥22

])1/2 }
, (4.13)

where the last inequality follows from Cauchy-Schwarz inequality applied to each expectation. We

bound each of the three terms individually. For the first term, we can bound as

EX,X′∼Q

[(
spν (X)⊤spν (X

′)− sq(X)⊤sq(X
′)
)2

]

= EX,X′∼Q

[(
spν (X)⊤(spν (X

′)− sq(X
′)) + (spν (X)− sq(X))⊤sq(X

′)
)2

]

≤ 2EX,X′∼Q

[(
spν (X)⊤(spν (X

′)− sq(X
′))

)2
]

︸ ︷︷ ︸
=:T1

+2EX,X′∼Q

[(
(spν (X)− sq(X))⊤sq(X

′)
)2

]

︸ ︷︷ ︸
=:T2

,

where the last line follows from the fact that (a+ b)2 ≤ 2a2 + 2b2 for any a, b ∈ R. Now, applying the

Cauchy-Schwarz inequality gives

T1 ≤ 2EX,X′∼Q[∥spν (X)∥22∥spν (X′)− sq(X
′)∥22]

≤ 2
(
2EX∼Q[∥spν (X)− sq(X)∥22] + 2EX∼Q[∥sq(X)∥22]

)
EX′∼Q[∥spν (X′)− sq(X

′)∥22]
≤ 4F 2

ν + 4EX∼Q[∥sq(X)∥22]Fν ,

where Fν := EX∼Q[∥spν (X) − sq(X)∥22] is the Fisher Divergence between Pν and Q, and where the

second line holds because

∥spν (x)∥22 = ∥spν (x)− sq(x) + sq(x)∥22 ≤ 2∥spν (x)− sq(x)∥22 + 2∥sq(x)∥22 .

A similar argument by Cauchy-Schwarz inequality shows that

T2 ≤ EX∼Q[∥sq(X)∥22]Fν .
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Combining the bounds for T1 and T2 yields

EX,X′∼Q[(spν (X)⊤spν (X
′)− sq(X)⊤sq(X

′))2] ≤ 8F 2
ν + 10EX∼Q[∥sq(X)∥22]Fν .

By the assumed boundedness of the kernel and its gradients, there exists a positive constant M < ∞
depending only on k and Q such that

max
{
EX,X′∼Q[|k(X,X′)|], EX,X′∼Q[∥∇X′k(X,X′)∥22], EX,X′∼Q[∥∇Xk(X,X′)∥22]

}
≤ M .

We hence conclude from (4.13) that

PrX1,...,Xn∼Q(n|D̂
2
Pν

− D̂
2
Q| ≥ ϵ) ≤ n

ϵ

[
M1/2

(
8F 2

ν + 10EX∼Q[∥sq(X)∥22]Fν

)1/2
+ 2M1/2F 1/2

ν

]

≤ n

ϵ
M1/2

[
F 1/2
ν

(
8Fν + 10EX∼Q[∥sq(X)∥22]

)1/2
+ 2F 1/2

ν

]

︸ ︷︷ ︸
=:T3

. (4.14)

The term T3 is O
(
max(Fν , F

1/2
ν )

)
. Therefore, if n = nν = o

(
1/max(Fν , F

1/2
ν )

)
, then the right hand

side of (4.14) converges to 0 as ν → ∞, thus nν |D̂
2
Pν

− D̂
2
Q| → 0 in probability. This completes the

proof.

4.A.2 Proof of Theorem 4.2

Theorem 4.2 follows directly from Proposition 4.1 and the next lemma, which states that the Fisher

Divergence between Q and P∆ decays with a rate at least exponentially fast in the inter-modal distance

∥∆∥2.

Lemma 4.6. Under the same assumptions in Proposition 4.1, we have EX∼Q[∥sp∆(X)− sq(X)∥22] =
o
(
e−∥∆∥22/32

)
.

Proof of Lemma 4.6. For any δ > 0, define Bδ := {x ∈ R
d : ∥x∥2 ≤ δ}. We have the following

decomposition

EX∼Q

[
∥sp∆(X)− sq(X)∥22

]

= EX∼Q

[
δX(Bδ)∥sp∆(X)− sq(X)∥22

]
+ EX∼Q

[
δX(Rd\Bδ)∥sp∆(X)− sq(X)∥22

]
. (4.15)

The rest of the proof proceeds with bounding the two terms separately. We first note that standard

computation gives

p∆(x)

q(x)
=

π exp
(
−1

2∥x∥2
)
+ (1− π) exp

(
−1

2∥x−∆∥2
)

exp
(
−1

2∥x∥2
) = π + (1− π) exp

(
∆⊤x− 1

2
∥∆∥2

)
,

and

∥sp∆(x)− sq(x)∥22 =

∥∥∥∥∥
(1− π)∆ exp

(
∆⊤x− 1

2∥∆∥22
)

π + (1− π) exp
(
∆⊤x− 1

2∥∆∥22
)
∥∥∥∥∥

2

2

=
(1− π)2∥∆∥22(

1− π + π exp
(
−∆⊤x+ 1

2∥∆∥22
))2 .
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For x ∈ Bδ, Cauchy-Schwarz inequality implies ∆⊤x ≤ ∥∆∥2∥x∥2 ≤ δ∥∆∥2. Hence,

∥sp∆(x)− sq(x)∥22 ≤ (1− π)2∥∆∥22
π2 exp

(
−2∆⊤x+ ∥∆∥22

) ≤ (1− π)2∥∆∥22
π2 exp

(
−2δ∥∆∥2 + ∥∆∥22

) ,

and the first term of (4.15) can be bounded as

EX∼Q

[
δX(Bδ)∥sp∆(X)− sq(X)∥22

]
≤ EX∼Q

[
δX(Bδ)

(1− π)2∥∆∥22
π2 exp

(
−2δ∥∆∥2 + ∥∆∥22

)
]

≤ (1− π)2∥∆∥22
π2 exp

(
−2δ∥∆∥2 + ∥∆∥22

) ,

where the last inequality follows from the fact that EX∼Q[δX(Bδ)] ≤ 1.

To bound the second term of (4.15), we note that for x ∈ R
d\Bδ,

∥sp∆(x)− sq(x)∥22 ≤
(1− π)2∥∆∥22

(1− π)2
= ∥∆∥22 .

Therefore,

EX∼Q

[
δX(Bδ)∥sp∆(X)− sq(X)∥22

]
≤ ∥∆∥22EX∼Q [δX(Bδ)] ≤ 5d∥∆∥22 exp

(
−δ2

8

)
,

by the tail probability of the norm of centered Gaussian random vectors (see, e.g., Wainwright 2019,

Proposition 2.5). Combining these results we have

EX∈Q[∥sp∆(X)− sq(X)∥22] ≤ (1− π)2∥∆∥22
π2 exp

(
−2δ∥∆∥2 + ∥∆∥22

) + 5d∥∆∥22 exp
(
−δ2

8

)

= (1− π)2π−2∥∆∥22 exp
(
− 1

17
∥∆∥22

)
+ 5d∥∆∥22 exp

(
− 1

17
∥∆∥22

)
,

where the last line follows by choosing δ = 8∥∆∥2/17. Noting the RHS of the last inequality is

o
(
− 1

32∥∆∥22
)

completes the proof.

4.A.3 Proof of Proposition 4.4

By Serfling (2009, Sections 5.5.1, 5.5.2), sufficient conditions for the stated results are

C1. EW,W′∼RQ
[ũP (W,W′)2] < ∞.

C2. Under H0: ξ1 := VarW∼RQ
(EW′∼RQ

[ũP (W,W′)]) = 0 and ξ2 := VarW,W′∼RQ
(ũP (W,W′)) > 0.

C3. Under H1: ξ1 > 0.

Now C1. holds by assumption. To show C2., we start with the following decomposition. For W′ ∼ RQ,

we can write W′ = (y1, . . . ,yS), where the marginal distribution of each ys is KsQ. Therefore, for any
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deterministic w = (x1, . . . ,xS) ∈ X S ,

EW′∼RQ
[ũP (W,W′)] =

S∑

s=1

EW′∼RQ
[uP (bX

s,Ys)] =
S∑

s=1

EYs∼KsQ[uP (X
s,Ys)] , (4.16)

where the first equality holds by the additive form of ũP (w,w′), and the second equality follows since

each expectation is only taken over the distribution of a single ys. When Q = P , each term in (4.16)

equals to EYs∼P [uP (x
s,Ys)] by P -invariance. Now, under the assumed conditions in Proposition 4.3,

the same argument in the proof of Liu et al. (2016, Theorem 4.1) shows that EYs∼P [uP (x
s,Ys)] = 0.

Hence, ξ1 = 0.

To prove ξ2 > 0 when Q = P , we suppose for a contradiction that ξ2 = 0. We then must have ũP ≡ c′

P -almost surely for some fixed constant c′. Since P admits a positive density on X by assumption, this

implies that c′ = 0. On the other hand, for any probability measure Q′ on X , taking expectation with

respect to RQ′ yields

0 = c′ = EW,W′∼RQ′
[ũP (W,W′)] =

S∑

s=1

E(X1,...,XS),(Y1,...,Ym)∼RQ′
[uP (X

s,Ys)]

=
S∑

s=1

EXs,Ys∼KsQ′ [uP (X
s,Ys)]

=
S∑

s=1

D(KsQ
′, P ) ≥ D(Q′, P ) ,

where the second equality follows from a similar argument in (4.16), and the inequality holds because

Kid ∈ S. This is a contradiction, as it would imply D(Q′, P ) = 0 for any Q′ ̸= P .

To show C3, we prove the contrapositive by supposing ξ1 = 0 and aiming to show that Q = P . If ξ1 = 0

then there must exist a constant c for which

c = EW′∼RQ
[ũP (w,W′)] ,

for RQ-almost-all w. With the stated choice of K and the assumption that Q admits a Lebesgue density,

the above identity also holds for RP -almost-all w, where RP is constructed in the same way as RQ by

replacing Q with P . Taking expectation of both sides with respect to W ∼ RP then yields

c = EW∼RP
EW′∼RQ

[ũP (W,W′)] = EW′∼RQ
EW∼RP

[ũP (W,W′)] ,

where the last equality follows from the Fubini-Toneli Theorem. Following the same argument above

for Q = P , we conclude that EW∼RP
[ũP (W,w′)] = 0 for RQ-almost-all w′, and hence

0 = EW′∼RQ
EW∼RQ

[ũP (W,W′)] =
S∑

s=1

D(KsQ,P ) ≥ D(Q,P ) .

It follows that D(Q,P ) = 0, thus Q = P .
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4.A.4 Validity of the Accept-Reject Rule

In this section, we first show in Section 4.A.4.1 that the accept-reject rule α(x,x′) defined in (4.9)

leaves the target distribution P invariant by proving that it fulfills the detailed balance equation. We

then present in Section 4.A.4.2 a more general class of accept-reject rules, which contains (4.9) as a

special case, and show that any member of this class also satisfies the detailed balance equation. The

results in Section 4.A.4.2 could be of independent interest.

4.A.4.1 A Sufficient Condition

Let K be the Markov transition kernel studied in Section 4.6.1. We first present a sufficient condition

for the detailed balance equation (4.8):

∫

x∈A

∑

u∈U

δh(x|u)(B)p(x)g(u)α(x,h(x|u)) dx =

∫

x′∈B

∑

u′∈U

δh(x′|u′)(A)p(x′)g(u′)α(x′,h(x′|u′)) dx′

(4.17)

for all A,B ∈ B(X ). For simplicity, we will write x′ = h(x|u) and x = h−1(x′|u′), so that the

dependence of x′ on u and of x on x′ is implicit.

Proposition 4.7. Let p be a probability density function on X ⊂ R
d. Suppose that h is a deterministic,

invertible function that is differentiable with differentiable inverse. Furthermore, let g be a known density

defined on some discrete space U . Consider a Markov transition kernel of the form

K(x, A) =
∑

u∈U

δx′(A)g(u)α(x,x′) + δx(A)r(x) , (4.18)

where x′ := h(x|u), δx(A) = 1 if x ∈ A and 0 otherwise, and r(x) = 1 − ∑
u∈U g(u(x,x′))α(x,x′).

Then an accept-reject rule α(x,x′) satisfies the detailed balance condition (4.17) if

p(x)g(u)α(x,x′) = p(x′)g(u′)α(x′,x)

∣∣∣∣
∂h(x|u)

∂x

∣∣∣∣ . (4.19)

Proof of Proposition 4.7. The proof largely imitates Green and Hastie (2009, Section 2.1), which shows

the claim when the density g is defined on a continuous space. Defining UB := {u : x′ = h(x|u) ∈
B for some x ∈ X} and UA := {u : x = h−1(x′|u) ∈ B for some x′ ∈ X}, we can rewrite (4.17) as

∫

x∈A

∑

u∈UB

p(x)g(u)α(x,x′) dx =

∫

x′∈B

∑

u′∈UA

p(x′)g(u′)α(x′,x) dx′ .

Noting that (x,u) ∈ A × UB ⇐⇒ (x′,u′) = (h(x|u),u) ∈ B × UA, and by the invertibility of the

transformation h, a change-of-variable formula can be applied to the right-hand-side of (4.17) to yield

∫

x∈A

∑

u∈UA

p(x)g(u)α(x,x′) dx =

∫

x∈A

∑

u∈UA

p(x′)g(u)α(x′,x)

∣∣∣∣
∂h(x|u)

∂x

∣∣∣∣ dx .
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We therefore conclude that a sufficient condition is

p(x)g(u)α(x,x′) = p(x′)g(u′)α(x′,x)

∣∣∣∣
∂h(x|u)

∂x

∣∣∣∣ .

From Proposition 4.7, it follows that, for any probability mass function g on the discrete space U with

g(u) > 0 for all u ∈ U , the detailed balance condition holds with

α(x,x′) = min

(
1,

p(x′)g(u′)

p(x)g(u)

∣∣∣∣
∂h(x|u)

∂x

∣∣∣∣
)

, (4.20)

by verifying that it indeed satisfies (4.19). This can be viewed as a generalization of the Metropolis-

Hastings (MH) rule α(x,x′) = min
(
1, p(x

′)g(u′)
p(x)g(u)

)
.

4.A.4.2 A Class of Valid Accept-Reject Rules

Accept-reject rules of the form (4.20) is not the only choice that satisfies the detailed balance condition.

For the standard Metropolis-Hastings transition kernel, alternative accept-reject rules have been studied

(Barker, 1965; Peskun, 1973; Hird et al., 2020). We follow Hird et al. (2020) to propose a class of

accept-reject rules that are valid for proposed kernels of the form (4.18).

Similarly as in Proposition 4.7, in this subsection, we will assume g is a probability mass function

defined on the discrete space U with g(u) > 0 for all u ∈ U .

Lemma 4.8. Using the same notations in Proposition 4.7, define t(x,x′) := p(x′)g(u′)
p(x)g(u) when p(x)g(u) > 0,

and t(x,x′) = 0 otherwise, where u,u′ ∈ U such that x′ = h(x|u) and x = h(x′|u′). Then the equality

(4.19) holds for

α(x,x′) = ρ

(∣∣∣∣
∂h(x|u)

∂x

∣∣∣∣ t(x,x
′)

)
,

where ρ is any function that satisfies ρ(s) = sρ(1/s), for all s > 0, and ρ(0) := 0.

Proof of Lemma 4.8. We follow the derivation in Hird et al. (2020, Eq. 4). By the definition of t, it is

obvious that t(x,x′) = 1/t(x′,x) and p(x)g(u)t(x,x′) = p(x′)g(u′). The assumption on ρ then implies

p(x)g(u)α(x,x′) = p(x)g(u)ρ

(∣∣∣∣
∂h(x|u)

∂x

∣∣∣∣ t(x,x
′)

)

= p(x)g(u)t(x,x′)

∣∣∣∣
∂h(x|u)

∂x

∣∣∣∣ ρ


 1∣∣∣∂h(x|u)∂x

∣∣∣ t(x,x′)




= p(x′)g(u′)

∣∣∣∣
∂h(x|u)

∂x

∣∣∣∣ ρ
(∣∣∣∣

∂h(x′|u′)

∂x

∣∣∣∣ t(x
′,x)

)
(4.21)

= p(x′)α(x′,x)

∣∣∣∣
∂h(x|u)

∂x

∣∣∣∣ ,
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where (4.21) follows from the fact that
∣∣∣∂h(x

′|u′)
∂x′

∣∣∣ =
∣∣∣∂h(x|u)∂x

∣∣∣
−1

by the invertibility of h.

In particular, choosing ρ(t) = min(1, t) gives the generalized MH accept-reject rule (4.20). Another

feasible choice is g(t) = t/(1 + t), which leads to a generalized version of the Barker’s rule (Barker,

1965; Peskun, 1973; Livingstone and Zanella, 2021)

α(x′,x) =
p(x′)g(u′)

∣∣∣∂h(x|u)∂x

∣∣∣

p(x)g(u) + p(x′)g(u′)
∣∣∣∂h(x|u)∂x

∣∣∣
,

whenever p(x)g(u) > 0, and 0 otherwise.

4.A.5 Proof of Proposition 4.5

We first characterize the limiting distribution when the initial distribution is a point mass δx0 for any

x0 ∈ R
d, then generalize the result to an arbitrary probability measure Q.

4.A.5.1 Limiting Distribution with a Point Mass Initial Distribution

Fixing x0 ∈ R
d, we define Ix0

:= {x0 + kν : k ∈ Z}. We first identify a stationary distribution and aim

to show that it is also the limiting distribution.

Lemma 4.9. The following probability mass function defines a stationary distribution under K:

rx0(x) =
p(x)∑

k∈Z p(x0 + kν)
,

if x ∈ Ix0 , and rx0(x) = 0, otherwise.

Proof of Lemma 4.9. A sufficient condition for the detailed-balance condition in this case is

rx0(x)g(u)α(x,x
′) = rx0(x

′)g′(u′)α(x′,x) , (4.22)

for all x,x′ ∈ R
d. Fix x. Since α(x,x′) = 0 unless x′ ∈ {x− ν,x+ ν}, it is sufficient to check whether

the above equation holds for x′ ∈ {x− ν,x+ ν}. For example, for x′ = x+ ν,

rx0(x)g(u)α(x,x
′) =

p(x)∑
k∈Z p(x0 + kν)

g(u)min

(
1,

g(u′)p(x′)

g(u)p(x)

)

(a)
=

1∑
k∈Z p(x0 + kν)

g(u′)min
(
p(x), p(x′)

)

(b)
=

p(x′)∑
k∈Z p(x0 + kν)

g(u′)min

(
g(u)p(x)

g(u′)p(x′)
, 1

)

= rx0(x
′)g′(u′)α(x′,x) ,

where (a) holds as g(u) = g(u′) by definition, and (b) follows again from the identity g(u) = g(u′).

This verifies ((4.22)). A similar derivation for x′ = x− ν completes the proof.
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The next result shows that the Markov chain defined on Ix0 is irreducible and aperiodic under mild

conditions.

Lemma 4.10. Given x0 ∈ X and consider the Markov chain with initial distribution δx0 . Then

1. All state in Ix0 are irreducible.

2. A state x ∈ Ix0 is aperiodic if p(x+ ν) < p(x) or p(x− ν) < p(x).

Proof of Lemma 4.10. To prove the first claim, it is sufficient to show that any state x ∈ Ix0 can reach

any other state y ∈ Ix0 with positive probability, i.e., for any singleton A = {y} where y ∈ Ix0 , there

exists T ∈ N so that KT (x, A) > 0, where

K(x, A) =
∑

u∈U

δx′(A)g(u)α(x,x′) + δx(A)r(x) ,

where U = {(1, 2), (2, 1)}, g(u) = 1/2 for all u ∈ U , and x′ = x′(x,u) = x + θ(µu1 − µu2) (see

Section 4.6.2). We fix x ∈ Id0 and pick y ∈ {x− ν,x+ ν}, i.e., y is the point immediately to the left

or right of x in Ix0 . The transition probability in this case reduces to

K(x, {y}) =
1

2
α(x,y) =

1

2
min

(
1,

p(y)

p(x)

)
,

which is positive as p is positive on R
d, i.e., x can move to its left or right state in one step with positive

probability. An inductive argument directly shows that x can move to any y ∈ Ix0 with positive

probability in finitely many steps. This shows 1.

To prove the second claim of this lemma, we note that if p(x+ ν) < p(x) or p(x− ν) < p(x), then the

1-step transition probability of starting from x and staying is non-zero. Indeed,

K(x, {x}) = 1−K(x, {x+ ν})−K(x, {x− ν}) = 1− 1

2
α(x,x+ ν)− 1

2
α(x,x− ν) .

Since p(x+ ν) < p(x), we have α(x,x+ ν) = min (1, p(x+ ν)/p(x)) < 1. Similarly, α(x,x− ν) < 1.

Hence, K(x, {x}) > 0, thus x is aperiodic.

Combining Lemma 4.9 and 4.10, we can identify the limiting distribution when the initial distribution

is a point mass at x ∈ Ix0 .

Proposition 4.11. If p(x+ ν) < p(x) or p(x− ν) < p(x) for all x ∈ I0, then rx0 is also the unique

limiting distribution, i.e., KT (x, A) → ∑
x′∈A rx0(x

′), for all x ∈ Ix0 and A ⊂ Ix0 . Furthermore, for a

Lebesgue-measurable set A ⊂ X and a state x ∈ X ,

lim
n→∞

Kn(x, A) =
∑

x′∈Ix

δx′(A)
p(x′)∑

k∈Z p(x+ kν)
. (4.23)

Proof of Proposition 4.11. Under the stated assumption, Lemma 4.10 shows that the Markov chain

is irreducible and aperiodic on Ix0 . Since the stationary distribution of an irreducible and aperiodic
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Markov chain defined on a countable space is also the unique limiting distribution (e.g., Meyn and

Tweedie 1993), the first part follows. (4.23) holds because, for any x, the function rx is a probability

mass function taking zero values outside of Ix.

4.A.5.2 Limiting Distribution with a General Initial Distribution

We now prove Proposition 4.5, which characterizes the limiting distribution with a general initial

distribution Q.

Proof of Proposition 4.5. Let A ⊂ X be Lebesgue-measurable. For any fixed n ∈ Z+, the probability

of A under the n-step perturbed distribution is

(KnQ)(A) =

∫

x∈X
Kn(x, A)Q(dx) =

∫

x∈X
Kn(x, A)q(x) dx .

Since |Kn(x, A)| ≤ |Kn(x, Ix)| ≤ 1 and
∫
x∈X q(x) dx = 1 < ∞, we can apply Dominated Convergence

Theorem (Bartle, 1995, Section 5.6) to conclude

lim
n→∞

(KnQ)(A) =

∫

x∈X
K∞(x, A)q(x) dx =

∫

x∈X

∑

x′∈Ix

δx′(A)
p(x′)∑

k∈Z p(x+ kν)
q(x) dx ,

where the second equality holds by applying Proposition 4.11. Substituting the definition of Ix, the

RHS of the above equality can be written as

∫

x∈X

∑

x′∈Ix

δx′(A)
p(x′)∑

k∈Z p(x+ kν)
q(x) dx =

∫

x∈X

∑

s∈Z

δx+sν(A)
p(x+ sν)∑
k∈Z p(x+ kν)

q(x) dx

(a)
=

∑

s∈Z

∫

x∈X
δx+sν(A)

p(x+ sν)∑
k∈Z p(x+ kν)

q(x) dx

=
∑

s∈Z

∫

u∈X
δu(A)

p(u)∑
k∈Z p(w + (k − s)ν)

q(u− sν) du

=: T , (4.24)

where (a) holds by applying Fubini-Toneli Theorem (Bartle, 1995, Section 10.9, 10.10) to exchange the

integral and the infinite sum, and the last line follows from a change of variable u := x+ sν for a given

s. In particular, we can apply Fubini-Toneli Theorem as
∫
x∈X

∑
s∈Z

∣∣δx+sν(A)
p(x+sν)∑

k∈Z
p(x+kν)

∣∣q(x) dx ≤
∫
x∈X

∑
s∈Z

p(x+sν)∑
k∈Z

p(x+kν)q(x) dx < ∞. Applying Fubini-Toneli Theorem again, the term T defined in

(4.24) can be written as

T =

∫

u∈X

∑

s∈Z

δu(A)
p(u)∑

k∈Z p(w + (k − s)ν)
q(u− sν) du

=

∫

u∈X
δu(A)

p(u)∑
k∈Z p(w + (k − s)ν)

∑

s∈Z

q(u− sν) du

=

∫

u∈A
p(u)

∑
s∈Z q(u+ sν)∑
k∈Z p(u+ kν)

du ,
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where the last line holds by a re-indexing of the sums on the numerator and on the denominator.

4.B Details on Sampling from Gaussian-Bernoulli RBMs

We discuss practical considerations when sampling from the Gaussian-Bernoulli RBM with our particular

choice of B (the multi-modal setting). Denote by GB-RBM(B,b, c) the joint density of the Gaussian-

Bernoulli RBM with parameters B,b, c (see the previous section for definition).

In the multi-modal setting, we set c = (6, 6, 0, . . . , 0) ∈ R
dh , and B = λE, where λ is a large, positive

constant, and E ∈ R
d×dh is the top d× dh sub-matrix of Idmax

, where dmax := max(d, dh). These lead

to a model that is a mixture of Gaussian distributions with distantly located modes. More specifically,

the modes are located at the corners of the hyper-cube in R
d with length 6.

The standard way to sample from a GB-RBM is to use a Gibbs sampler (see, e.g., Melchior et al. 2017;

Jitkrittum et al. 2017). However, the Gibbs sampling can suffer from poor mixing when λ is large. This

is because the modes will become more disconnected as λ increases, thus making it more challenging

for the sampler to learn the mixing weights correctly. This means an impractically long burn-in period

would be required for the Gibbs sampler to produce faithful samples from the ground truth.

We propose a practical method to generate faithful samples when λ is large. It is based on the

observation that, with B of the above form, varying the value of λ only affects the mean locations of

the Gaussian components in the GB-RBM, but not the mixing ratios. Indeed, for any h ∈ {−1, 1}dh ,

we have ∥Bh∥22 = λ2∥Eh∥22 = λ2dh, which is constant for all h. Substituting this into γ(h) of (4.12),

γ(h) =
exp

(
1
8λ

2dh + c⊤h
)

∑
h′ exp

(
1
8λ

2dh + c⊤h′
) =

exp
(
c⊤h

)
∑

h′ exp (c⊤h′)
,

which does not depend on λ. It follows that, given any λ, λ′ ≥ 0, if (x,h) ∼ GB-RBM(λE,b, c), then

(y,h) ∼ GB-RBM(λ′E,b, c), where y := x − 1
2(λ − λ′)Eh. This implies that we can sample from

GB-RBM(λE,b, c) with a large λ by the following procedure:

1. Use a Gibbs sampler to sample (x,h) ∼ GB-RBM(λ′E,b, c), where λ′ is small.

2. Set y = x− 1
2(λ

′ − λ)Eh.

Therefore, assuming the Gibbs sampler is capable of generating faithful samples from GB-RBM(λ′E,b, c)

for some λ′ ≥ 0, this will produce faithful samples from GB-RBM(λE,b, c) for any λ ≥ 0 large. In our

experiments, we used λ′ = 0.



Chapter 5

Goodness-of-Fit Testing Part II: On the

Robustness of KSD Tests

Goodness-of-fit testing is often criticized for its lack of practical relevance; since “all models are wrong”,

the null hypothesis that the data conform to our model is ultimately always rejected when the sample

size is large enough. Despite this, probabilistic models are still used extensively, raising the more

pertinent question of whether the model is good enough for a specific task. This question can be

formalized as a robust goodness-of-fit testing problem by asking whether the data were generated by a

distribution corresponding to our model up to some mild perturbation. In this chapter, we show that

kernel goodness-of-fit tests based on KSD are not robust according to common notions of robustness

including qualitative and quantitative robustness. We also show that robust techniques based on tilted

kernels from the parameter estimation literature are not sufficient for ensuring both types of robustness

in the context of goodness-of-fit testing. We therefore propose the first robust kernel goodness-of-fit test

which resolves this open problem using kernel Stein discrepancy balls, which encompass perturbation

models such as Huber contamination models and density uncertainty bands.

5.1 Introduction

Goodness-of-fit (GOF) testing (D’Agostino, Ralph B, 2017; Lehmann and Romano, 2022, Chapter

16) tackles the question of how well a given probabilistic model describes some observed data. More

formally, given a model P and observations drawn independently from some distribution Q, GOF

testing compares the null hypothesis H0 : Q = P against the alternative hypothesis H1 : Q ̸= P . This

process is fundamental to detecting clear violation of model assumptions before a model is used for

predictions, decision-making, or providing probabilistic guarantees on important quantities of interest.

This chapter continues our discussion on kernel GOF tests, namely the KSD tests (Chwialkowski et al.,

2016; Liu et al., 2016). Unlike most classical alternatives such as likelihood-ratio tests (Hogg et al.,

1977, Chapter 8.7) and Kolmogorov-Smirnov tests (Kolmogorov, 1933), KSD tests can be used for

models for which we do not have a closed-form expression of the density or distribution function. This

96
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is a significant advantage since it enables their use for models which are beyond the reach of other

tests, including many modern flexible density estimation models, energy-based models, large graphical

models, and Bayesian posteriors. Kernel-based GOF tests achieve this through a tractable test statistic

based on the score function (i.e., the gradient of the log-density), which is widely available since it can

be evaluated without knowledge of the normalization constant of the density. This property has made

KSD tests popular and has led to numerous extensions specializing the approach to problems from

survival analysis (Fernandez et al., 2020) to inference with manifold data (Xu and Matsuda, 2020),

graphs (Xu and Reinert, 2021) and protein data (Amin et al., 2023).

A significant drawback of GOF testing is the following conundrum: in almost all real-world applications,

models are wrong, leading GOF tests to ultimately reject the null hypothesis as the sample size grows.

However, there is often a difference between statistical significance from a GOF perspective, and

practical relevance of the model for downstream tasks. For instance, data corruption may arise in signal

processing due to sensor failures (Rizzoni and Min, 1991; Sharma et al., 2010), in classification tasks

due to mislabelled entities (Frénay and Verleysen, 2013), and in radio systems due to impulsive noise

(Blackard et al., 1993). In these cases, H0 may be rejected even though P is almost correct up to these

mild perturbations, and as such could still be a useful model for predictions or providing probabilistic

statements on quantities of interest. This conundrum has led to the development of robust tests (Huber,

1965; LeCam, 1973; Dabak and Johnson, 1994; Fauß et al., 2021), which aim to control the Type-I error

rate (the probability of rejecting the null hypothesis) under a composite null hypothesis HC
0 : Q ∈ P0,

where P0 is a family of probability distributions called the uncertainty set (Fauß et al., 2021). This

uncertainty set is constructed to include P and distributions close to P in some appropriate notion of

similarity. By designing P0 to include potential contaminations, such as adversarial contaminations or

outliers, the composite null HC
0 can now hold in realistic scenarios, thus avoiding the aforementioned

conundrum and thereby aligning statistical and practical significance.

Unfortunately, robust kernel GOF tests are absent from the existing literature on kernel tests. The

closest work is that of Sun and Zou (2023); Schrab and Kim (2024), who proposed robust tests using

uncertainty sets defined by the Maximum Mean Discrepancy (MMD; Gretton et al. 2012). These tests

require samples from both Q and P and are thus applicable when simulating from P is feasible (see,

e.g., Lloyd and Ghahramani 2015), but this would likely lead to significant additional computational

cost and a lack of statistical efficiency due to the extra error induced by simulations.

Instead, we propose a novel class of robust kernel GOF tests based on the kernel Stein discrepancy

(KSD). These tests are appropriate in the one-sample setting where only samples from Q are available,

and where only an unnormalized density of P is available. To guarantee robustness to mild perturbations,

we make use of tilted kernels proposed in a related construction for robust parameter estimation in

Barp et al. (2019); Matsubara et al. (2022). We then study qualitative and quantitative robustness,

two notions of robustness which concern the insensitivity of a test to perturbations in a neighborhood

of P and which are formally introduced in Section 5.2.3.

Contributions Our contributions are summarized in Table 5.1 and described as follows:

1. In Section 5.3, we study the robustness properties of existing KSD tests. We show that KSD tests
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Table 5.1: Summary of theoretical contributions to the robustness of kernel GOF tests provided in this
chapter.

Goodness-of-Fit Test Qualitative robustness Quantitative Robustness Result

Existing KSD test + stationary kernels ✗ ✗ Theorem 5.1
Existing KSD test + tilted kernels ✓ ✗ Theorem 5.3
Novel KSD tests proposed in this chapter ✓ ✓ Theorem 5.4

with stationary kernels are not robust both under infinitesimally small model deviation (which

we call qualitative robustness) and against a fixed class of misspecified models (called quantitative

robustness). We then show that qualitative robustness can be guaranteed by using appropriately

tilted kernels, but this is not sufficient to guarantee quantitative robustness.

2. In Section 5.4, we propose a kernel GOF test that controls the Type-I error rate against all

distributions in a KSD-ball of radius θ > 0 centered at P . This test is straightforward to implement

since it is identical to existing KSD tests up to a shift of the test statistic by θ. We then make

recommendation on how θ should be selected to ensure common perturbations such as Huber

contaminations (which includes outliers) or density-band contaminations are contained within the

KSD-ball.

Outline Section 5.2 reviews the necessary background, including kernel GOF testing based on KSD

and robust GOF testing. Section 5.3 contains our main theoretical contributions concerning the (lack

of) robustness of existing kernel GOF tests. A novel robust kernel GOF test is proposed in Section 5.4.

Numerical experiments are provided in Section 5.5. Section 5.6 concludes and discusses open questions.

5.2 Background

We now review the background that is essential for understanding the contributions of this work,

including the kernel Stein discrepancy and robust GOF testing. We begin by briefly summarizing the

notation for this chapter.

Notation Let P(Rd) denote the set of probability measures on R
d. Given an integer r > 0, Cr is

the set of functions f : Rd → R that are r-times continuously differentiable. The gradient of f ∈ C1

is denoted ∇f(x) = (∂1fx), . . . , ∂df(x))
⊤. The set C1

b contains functions in C1 that are bounded and

with bounded gradient, and the set C2
b contains f ∈ C1

b for which supx∈Rd |∇⊤∇f(x)| < ∞, where

∇⊤∇f(x) =
∑d

j=1 ∂j∂jf(x). For a function k : Rd × R
d → R with two arguments, ∇ik(x,x

′) will be

used to denote its gradient with respect to the i-th argument respectively for i = 1, 2, and we define

∇⊤
1 ∇2k(x,x

′) =
∑d

j=1 ∂1j∂2jk(x,x
′), where ∂ijk(x,x

′) = [∇ik(x,x
′)]j for i = 1, 2 and j = 1, . . . , d.

The set C(1,1) (resp., C(1,1)
b ) denotes all functions k : R

d × R
d → R with (x,x′) ↦→ ∂1j∂2jk(x,x

′)

continuous (resp., continuous and bounded) for all j = 1, . . . , d.
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5.2.1 The Kernel Stein Discrepancy

A key ingredient for kernel GOF tests is the kernel Stein discrepancy (KSD, Chwialkowski et al. 2016;

Liu et al. 2016; Gorham and Mackey 2017; Oates et al. 2017). A detailed introduction to KSD was

given in Section 2.2; here, we provide a brief summary.

Throughout, we assume P,Q ∈ P(Rd), and P admits a Lebesgue density function p ∈ C1 such that

p > 0 on R
d. Let k ∈ C(1,1) be a scalar-valued reproducing kernel with associated reproducing kernel

Hilbert space (RKHS, Berlinet and Thomas-Agnan, 2004) denoted by Hk. The Langevin KSD gives a

notion of discrepancy between Q and P and is defined as

D(Q,P ) := sup
f∈B

∣∣EX∼Q[(Apf)(X)]
∣∣ = sup

f∈B

∣∣∣∣
∫

Rd

(Apf)(x)Q(dx)

∣∣∣∣ ,

where B := {h = (h1, . . . , hd) : hj ∈ Hk and
∑d

j=1 ∥hj∥2Hk
≤ 1} is the unit ball in the d-times

Cartesian product Hd
k of the RKHS Hk. The operator Ap is a linear operator called the Langevin

Stein operator and it maps (suitably regular) vector-valued functions f to scalar-valued ones via

(Apf)(x) := sp(x)
⊤f(x) + ∇⊤f(x), where sp(x) := ∇x log p(x) is known as the (Hyvärinen) score

function of P (Hyvärinen, 2005).

When EX∼P [∥sp∥2] < ∞, the squared KSD admits the following double-integral form (Barp et al., 2022,

Corollary 2.10; Gorham and Mackey, 2017)

D2(Q,P ) = EX,X′∼Q[uP (X,X′)] =

∫

Rd

∫

Rd

uP (x,x
′)Q(dx)Q(dx′) ,

uP (x,x
′) := sp(x)

⊤sp(x
′)k(x,x′) + sp(x)

⊤∇2k(x,x
′) +∇1k(x,x

′)⊤sp(x
′) +∇⊤

1 ∇2k(x,x
′) , (5.1)

whenever D2(Q,P ) is well-defined. The function uP is also a reproducing kernel, known as the Stein

(reproducing) kernel. The main advantage of the KSD is that it is computable even if p is unnormalized.

Indeed, uP depends on p only through sp, which does not depend on the normalizing constant of p (as the

constant is cancelled due to the differentiation). The KSD can be straightforwardly estimated at O(n2)

cost using a V-statistic estimator (5.2), which is non-negative and biased but consistent. It is formed

by replacing Q with its empirical version Qn based on independent observations Xn := {Xi}ni=1 ∼ Q:

D2(Xn) := D2(Qn, P ) =
1

n2

n∑

i=1

n∑

j=1

uP (Xi,Xj) , (5.2)

where we have overloaded the notation by writing D2 : (Rd)n → [0,∞) as a test statistic. An alternative

estimator is the U-statistic (2.11), which differs from (5.2) by summing only over disjoint pairs i ≠ j.

Although the U-statistic is unbiased, it can take negative values. Therefore, in this chapter, we focus

on V-statistics, leaving a discussion on how to extend our results to U-statistics to Section 5.C.

When the kernel k is characteristic, the KSD is P -separating, meaning that D(Q,P ) ≥ 0 with

equality if and only if Q = P for all Q that finitely integrates ∥sp∥2; see, e.g., Barp et al. (2022,

Theorem 3.2). Most characteristic kernels used in kernel GOF tests are sufficiently smooth stationary

kernels of the form k(x,x′) = h(x − x′), where h ∈ C2
b and h(0) > 0. These include the squared-
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exponential kernel k(x,x′) = exp(−∥x − x′∥2/(2λ2)) and the inverse multi-quadric (IMQ) kernel

k(x,x′) = (1 + ∥x− x′∥22/λ2)−b, where b > 0, and λ > 0 is a hyperparameter known as the bandwidth.

The IMQ kernel is often preferred in practice since the resulting KSD has the desirable property of

P -convergence control (Gorham and Mackey, 2017; Barp et al., 2022). The bandwidth λ also plays a

crucial role in the performance of kernel-based tests (Reddi et al., 2015; Ramdas et al., 2015; Huang

et al., 2023), and a median-heuristic (Fukumizu et al., 2009, Section 5) is often used to select its value

in practice (Liu et al., 2016; Chwialkowski et al., 2016).

5.2.2 Kernel Goodness-of-Fit Testing

The KSD provides a natural quantity to construct a test statistic since, by the P -separation property

of KSD, testing H0 : Q = P is equivalent to testing whether D(Q,P ) = 0. Since the KSD is non-

negative, A GOF test can therefore be constructed whereby H0 is rejected for large values of the KSD

estimate (Chwialkowski et al., 2016; Liu et al., 2016). KSD tests have been used for GOF testing with

unnormalized models in a wide range of applications and data structures (Yang et al., 2018; Fernandez

et al., 2020; Xu and Reinert, 2021; Xu and Matsuda, 2021; Amin et al., 2023). Extensions have also

been developed to address its limitations, such as high computational cost (Jitkrittum et al., 2017;

Huggins and Mackey, 2018), difficulty in bandwidth selection (Schrab et al., 2022) and lack of test

power against certain alternatives (Liu et al., 2023).

A significant practical challenge with KSD tests is determining an appropriate decision threshold. A

valid threshold can be obtained by considering the quantiles of the null distribution of D2(Xn), but

since this distribution is not usually tractable, a bootstrap procedure is often employed to estimate it.

This is done by computing the empirical quantiles based on bootstrap samples of the form

D2
W(Xn) =

1

n2

n∑

i=1

n∑

j=1

(Wi − 1)(Wj − 1)uP (Xi,Xj) , (5.3)

where W := (W1, . . . ,Wn) ∼ Multinomial(n; 1/n, . . . , 1/n). This procedure, called Efron’s bootstrap

or weighted bootstrap (Arcones and Gine, 1992; Janssen, 1994), assigns a multinomial weight to each

observation, which mimics recomputing the test statistic using data re-sampled from Xn without

replacement. Other bootstrap methods such as wild bootstraps (Leucht and Neumann, 2013; Shao,

2010) are also viable, particularly when the samples are potentially correlated (Chwialkowski et al.,

2016), but we focus on the weighted bootstrap since they perform similarly for independent samples, as

shown in Section 5.B.7. The test threshold is selected as the (1 − α)-quantile of the distribution of

D2
W(Xn) conditional on Xn, i.e.,

q2∞,1−α(Xn) := inf
{
u ∈ R : 1− α ≤ PrW

(
D2

W(Xn) ≤ u | Xn

)}
. (5.4)

In practice, this quantile is approximated with Monte-Carlo estimation by first drawing B independent

copies {Wb}Bb=1 of W, and then computing

q2B,1−α(Xn) := inf

{
u ∈ R : 1− α ≤ 1

B + 1

(
✶{D2(Xn) ≤ u}+

B∑

b=1

✶{D2
Wb(Xn) ≤ u}

)}
, (5.5)
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where ✶{A} denotes the indicator function for the event A. The KSD test then rejects H0 if D2(Xn) >

q2B,1−α(Xn). This test is asymptotically well-calibrated for H0 : Q = P (Liu et al., 2016, Theorem 4.3).

When KSD is P -separating, this test is also consistent, meaning that, whenever Q ̸= P , the probability

of rejection approaches one as the sample size n → ∞ (Chwialkowski et al., 2016; Liu et al., 2016).

5.2.3 Robustness for Goodness-of-Fit Testing and Related Work

Robustness of GOF tests refers to the lack of sensitivity of the test outcome to small model deviations

(Rieder, 1982; Lambert, 1982). Model deviations can be formalized as a neighborhood P0 around a

nominal model P . The neighborhood P0 is often called an uncertainty set and encodes the practitioner’s

uncertainty on the model P . One popular example for P0 is Huber’s contamination model (Huber, 1964,

1965):

P(P ; ϵ) := {(1− ϵ′)P + ϵ′R : 0 ≤ ϵ′ ≤ ϵ, R ∈ P(Rd)} , (5.6)

where ϵ ∈ [0, 1] is the maximal contamination ratio, and the probability measure R acts as arbitrary

contamination. This model is appropriate when practitioners believe that P accurately describes all

but a small proportion of the data. Huber’s models have been studied in the context of robust GOF

testing including Huber (1965); Qin and Priebe (2017), as well as in robust estimation (Hampel, 1974;

Huber and Ronchetti, 2011). Special interests lie in the case when R is restricted to point masses,

i.e., R = δz for some z ∈ R
d, where robustness is often called bias-robustness (Huber and Ronchetti,

2011). Beyond Huber’s models, P0 can also be chosen as density-band models (Kassam, 1981), which

assume the density of the data-generating distribution is close to the model density up to a small error

(see Section 5.4.2). Moreover, P0 can be set to a ball defined via a statistical divergence or metric,

such as Hellinger distance (LeCam, 1973), Wasserstein metric (Gao et al., 2018), and Maximum Mean

Discrepancy (Sun and Zou, 2023).

Uncertainty sets P0 provide a framework for assessing the robustness of a GOF test targeting the classic

null H0 : Q = P . By studying the probability of rejection when the data-generating distribution Q

deviates from the model P but remains within P0, we can gauge the test’s robustness. In the robust

testing literature, a common approach is to consider a sequence {Pn
0 }∞n=1 of uncertainty sets with

shrinking size as the sample size n increases. This is formalized in the following notion of qualitative

robustness, inspired by Rieder (1982).

Definition 5.1 (Qualitative robustness to a sequence of neighborhood). Let P1
0 ⊇ P2

0 ⊇ . . . be a

sequence of subsets of P(Rd) that contain P and such that ∩∞
n=1Pn

0 = {P}. For any positive integer

n, let Tn : (Rd)n → R be a test statistic where a large value of Tn suggests deviation from the null

H0 : Q = P , and let γn : (Rd)n → R be a function that computes the decision threshold. A sequence of

hypothesis tests (indexed by n) that reject H0 when Tn > γn is qualitatively robust to {Pn
0 }∞n=1 if, as

n → ∞,

supQ∈Pn
0

∣∣PrXn∼Q

(
Tn(Xn) > γn(Xn)

)
− PrX∗

n∼P

(
Tn(X

∗
n) > γn(X

∗
n)
)∣∣ → 0 . (5.7)

Intuitively, this notion of robustness asks how sensitive the test outcome is under infinitesimally small
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model deviation. The shrinking size condition ensures that the probability of rejection under any

Q ̸= P does not trivially approach one due to the consistency of the test. By choosing Pn
0 to be

Prokhorov balls (Prokhorov, 1956) in Definition 5.1, we recover the qualitative robustness introduced

in Rieder (1982, Definition 2.1), which parallels the conventional notion of qualitative robustness for

estimators as argued in (Rieder, 1982, Remark 2). However, distributions in a Prokhorov ball do not

have a simple form, posing challenges to the analysis. Our definition extends it to a general sequence

of neighborhood. In Section 5.3, we will choose Pn
0 to be Huber’s contamination models, which both

significantly simplifies the analysis and encompasses a wide range of relevant scenarios. We will show

that, within Huber’s neighborhood, the standard KSD test is not qualitatively robust with stationary

kernels, but is qualitatively robust with appropriately tilted kernels.

However, qualitative robustness on its own has limitations. It only concerns the insensitivity of the test

to sufficiently small neighborhoods, but does not provide guarantees for neighborhoods of a fixed size.

The latter scenario is more pertinent, as practitioners often need to specify a certain form of model

misspecification and require the test to remain well-calibrated against such misspecified models. This

can be formalized by relaxing the point null hypothesis H0 to a composite hypothesis HC
0 : Q ∈ P0 for

some uncertainty set P0, and requiring calibration against HC
0 . This leads to the following notion of

quantitative robustness.

Definition 5.2 (Quantitative robustness to a neighborhood). Given α ∈ (0, 1) and P0 ⊂ P(Rd), a test

is quantitatively robust to P0 at level α if its rejection probability under any Q ∈ P0 does not exceeds α.

Quantitatively robust GOF tests have been developed for various types of uncertainty sets P0, including

Huber’s contamination model (Huber, 1965) and neighborhoods defined by Kullback-Leibler divergence

(Levy, 2008; Yang and Chen, 2018) or α-divergence (Gül and Zoubir, 2016). These tests enjoy

minimax optimality but require the normalizing constant of P to be known, thus not applicable to

unnormalized models. Two-sample tests that are quantitatively robust to Hellinger distance (LeCam,

1973), Wasserstein distance (Gao et al., 2018), and Maximum Mean Discrepancy (Gao et al., 2018;

Sun and Zou, 2023) have also been proposed. However, to be used for GOF testing, they require

approximation of P by finite samples, which incurs extra error and can be computationally demanding

due to the non-trivial task of sampling from P . In the remainder of this chapter, we will choose P0 as a

KSD ball centered at P . We will show how this choice naturally lends itself to a GOF test that is both

easy to implement for unnormalized models and provably robust to various types of contamination.

5.3 The (Lack of) Robustness of Existing Kernel Goodness-of-fit Tests

We will now study the robustness of standard KSD tests using stationary kernels in Section 5.3.1, then

study their tilted counterparts which are popular in the parameter estimation literature in Section 5.3.2.

5.3.1 Existing KSD Tests with Stationary Kernels are not Qualitatively Robust

Our first result states that contamination of Huber’s type can considerably affect the probability of

the standard KSD test rejecting the null hypothesis H0 : Q = P . Our result holds with the bootstrap
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threshold defined in (5.4), and all probabilities are taken over the randomness of both the sample and

the bootstrap weights W ∼ Multinomial(n; 1/n, . . . , 1/n). The proof is in Section 5.A.1.

Theorem 5.1. Assume EX∼P [∥sp(X)∥42] < ∞, the function x ↦→ ∥sp(x)∥2 is unbounded, k(x,x′) =

h(x− x′) with h ∈ C2
b and h(0) > 0, and assume the integrability conditions:

sup
z∈Rd

∥sp(z)∥42EX∼P

[
h(X− z)4

]
< ∞ , and sup

z∈Rd

∥sp(z)∥22EX∼P

[
∥∇h(x− z)∥22

]
< ∞ .

Then, for any test level α ∈ (0, 1) and any sequence {ϵn}∞n=1 with ϵ−1
n = o(n), the following holds as

n → ∞,

sup
Q∈P(P ;ϵn)

∣∣PrXn∼Q,W

(
D2(Xn) > q2∞,1−α(Xn)

)
− PrX∗

n∼P,W

(
D2(X∗

n) > q2∞,1−α(X
∗
n)
)∣∣ → 1− α .

Theorem 5.1 immediately implies that the standard KSD test is not qualitatively robust to any sequence

of Huber’s models for which ϵnn grows with n, where ϵnn is the expected number of contamination in a

sample of size n. At first glance, the lack of qualitative robustness might seem trivial given that the

KSD test is consistent, meaning that the rejection probability under any Q ̸= P approaches one as

n → ∞. However, one subtlety is that the ball P(P ; ϵn) can also shrink in size, since ϵn is allowed to

decay. The rate condition on ϵn imposes a lower bound on this decay rate. Intuitively, it implies that

ϵnn, the expected number of contamination in the sample, grows with n. In particular, this excludes the

case where ϵnn is a constant. Moreover, since Huber’s models P(P ; ϵn) are contained within Prokhorov

balls, Theorem 5.1 immediately implies non-qualitative robustness to Prokhorov neighborhoods.

The moment conditions in Theorem 5.1 are mild and are satisfied by many thin-tail distributions and

standard kernel functions. One example where Theorem 5.1 applies is when P = N (µ,Σ) is a Gaussian

with mean µ ∈ R
d, covariance matrix Σ ∈ R

d×d, and unbounded score function sp(x) = −Σ−1(x− µ),

and k is a squared-exponential or IMQ kernel. In this case, it is straightforward to verify that the

moment assumptions in Theorem 5.1 hold. We provide numerical evidence in Section 5.5.1.

Remark 5.1.1 (Unbounded Stein kernel). Theorem 5.1 is a consequence of the fact that the Stein

kernel evaluated at x, i.e., x ↦→ uP (x,x), is not bounded when the score function sp is not bounded. This

situation arises in light-tailed models such as Gaussian models, or, more generally, strongly sub-Gaussian

models (Palmer et al., 2010) which, when d = 1, are defined as those with density p such that p(
√
x) is

log-concave on (0,∞). On the other hand, this exploding-score condition excludes heavy-tailed models

with bounded score functions, such as super-Laplacian or t-distributions (Gorham and Mackey, 2017;

Barp et al., 2022).

5.3.2 Existing KSD Tests with Tilted Kernels are Qualitatively Robust

Since the lack of robustness of existing KSD tests with stationary kernels arises because the Stein kernel

is unbounded, a natural approach is to choose another kernel k which prevents this from happening.

We now show that this can be achieved using a KSD with tilted kernel, a common approach to induce

robustness for parameter estimation (Barp et al., 2019; Matsubara et al., 2022). The proof is deferred

to Section 5.A.2.
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Lemma 5.2 (Bounded Stein kernel). Suppose k(x,x′) = w(x)h(x − x′)w(x′), where h ∈ C2
b is a

stationary reproducing kernel, and the weighting function w ∈ C1
b satisfies supx∈Rd ∥w(x)sp(x)∥2 < ∞.

Then

sup
x,x′∈Rd

|uP (x,x′)| ≤ sup
x∈Rd

uP (x,x) = τ∞ < ∞.

Notably, the function x ↦→ uP (x,x) is non-negative since uP is a reproducing kernel. Moreover, Barp

et al. (2022, Theorem 3.11) shows that KSD with such tilted kernels is P -separating whenever ∥sp∥2
grows at most root-exponentially. Most stationary kernels used in KSD tests (such as the IMQ or

squared-exponential kernels) satisfy the continuity condition required of h. In this construction, the

weighting function w is used to counteract the growth of the score function sp. When the score grows

polynomially like ∥sp(x)∥2 = O(∥x∥r2) for some r > 0, it suffices to choose w(x) = (1 + a2∥x∥22)−b for

any a > 0 and b ≥ 1/(2r). This weight function is common in the frequentist parameter estimation

literature (Barp et al., 2019) and the generalized Bayesian inference literature (Matsubara et al., 2022;

Altamirano et al., 2023, 2024; Duran-Martin et al., 2024).

Intuitively, w reduces KSD’s capacity to detect details by down-weighting the tail regions of the density

p. As we will show, this is beneficial for robustifying the KSD test, although this comes at the expense

of reducing its power if detecting discrepancy in the tails is desired. This trade-off is not unique to

KSD and is common in the robust estimation literature (Basu and Sarkar, 1994; Barp et al., 2019).

The following result states that, with a tilted kernel, a small proportion ϵn of contamination in the

data has negligible influence on the outcome of the standard KSD test. The proof is provided in

Section 5.A.3.

Theorem 5.3. Assume EX∼P [∥sp(X)∥2] < ∞ and that k is a tilted kernel satisfying the conditions in

Lemma 5.2. Then, for any test level α ∈ (0, 1) and any sequence ϵn = o(n−1/2), the following holds as

n → ∞,

sup
Q∈P(P ;ϵn)

∣∣PrXn∼Q,W

(
D2(Xn) > q2∞,1−α(Xn)

)
− PrX∗

n∼P,W

(
D2(X∗

n) > q2∞,1−α(X
∗
n)
)∣∣ → 0 .

The LHS of the above convergence is the worst-case difference between the rejection probabilities of

the standard KSD test with and without data corruptions, and P(P ; ϵn) is the Huber’s contamination

model defined in (5.6). This result thus immediately implies that the standard KSD test is qualitative

robust to any sequence of Huber’s models so long as the contamination ratio decays sufficiently fast

as ϵn = o(n−1/2). The condition on ϵn allows the expected number of contaminated data nϵn to grow

with n but requires the growth rate to be slow. In particular, it is met when the expected number of

contaminated data is bounded, i.e., ϵn = O(n−1). This condition is not an artifact of the proof: in

Section 5.B.1, we show empirically that the tilted-KSD test is no longer qualitatively robust when

ϵn = n−r for any r ≤ 1/2.

The boundedness condition on ∥w(x)sp(x)∥2 bears similarity with the ones imposed for robust es-

timation methods based on KSD (Barp et al., 2022; Matsubara et al., 2022). For example, Barp

et al. (2019, Proposition 7) shows that their KSD-based estimator is globally bias-robust assuming
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x ↦→ ∥sp(x)∥2
∫
Rd ∥k(x,x′)sp(x

′)∥2Q(dx′) is bounded. This condition is slightly weaker, but often hard

to verify in practice. Moreover, although tilted kernels enforce qualitative robustness, they are not

enough to guarantee quantitative robustness. Indeed, the consistency of the standard test implies that

PrXn∼Q,W(D2(Xn) > q2∞,1−α(Xn)) → 1 whenever Q ̸= P (Liu et al. 2016, Proposition 4.2; Schrab et al.

2022, Theorem 3.3), so KSD tests with either stationary or tilted kernels are not quantitatively robust

to any neighborhoods strictly larger than {P}. We provide numerical evidence in Section 5.5.1.

5.4 Robust Kernel Goodness-of-fit Tests for KSD-Ball Uncertainty

Sets

We now propose a novel robust KSD test for the setting where the uncertainty set is a KSD-ball; i.e.,

HC
0 : Q ∈ BKSD(P ; θ) , HC

1 : Q ̸∈ BKSD(P ; θ) , (5.8)

where θ ≥ 0 and for P ∈ P(Rd) with density p ∈ C1, we define BKSD(P ; θ) := {Q : D(Q,P ) ≤ θ}. The

advantage of using a KSD-ball as the uncertainty set is that it lends naturally to a simple, tractable

test that is robust to the contamination models we reviewed in Section 5.2.3. We first describe our

novel test, which we call robust-KSD test, and show that it is quantitatively robust to KSD balls in

the sense of Definition 5.2. We then discuss in Section 5.4.2 how to choose the uncertainty radius θ

to incorporate other contamination models, such as Huber’s contamination models and density-band

models.

5.4.1 A Robust KSD Test

Given a prescribed test level α ∈ (0, 1), our robust KSD test uses the following test statistic

∆θ(Xn) := max
(
0, D(Xn)− θ

)
, (5.9)

where D(Xn) is the square-root of the V-statistic (5.2). The test rejects HC
0 for large values of ∆θ(Xn).

The decision threshold should be chosen to control the Type-I error rate for all possible Q ∈ BKSD(P ; θ),

i.e., we require γ = γ(Xn) so that supQ∈BKSD(P ;θ) PrXn∼Q,W(∆n(Xn) > γ) ≤ α. One approach to

construct γ is to use deviation inequalities for bounded functions as done in Gretton et al. (2012,

Corollary 11). However, such approach tends to be overly conservative (Gretton et al., 2012). Instead,

we propose a bootstrap procedure to construct a decision threshold. We will show that choosing

γ = q∞,1−α(Xn), the square-root of the (population) bootstrap quantile defined in (5.4), gives the

desired Type-I error control asymptotically. Our robust-KSD test therefore rejects HC
0 : Q ∈ BKSD(P ; θ)

if ∆θ(Xn) > q∞,1−α(Xn). The validity and consistency of this test is stated in the following result,

proved in Section 5.A.5. In particular, it implies that our robust-KSD test is quantitatively robust to

KSD balls in the infinite-sample limit.

Theorem 5.4. Suppose EX∼P [∥sp(X)∥2] < ∞ and k(x,x′) = w(x)h(x−x′)w(x′), with stationary repro-

ducing kernel h ∈ C2
b and weighting function w ∈ C1

b . Assume Q ∈ P(Rd) with EX∼Q[∥w(X)sp(X)∥42] <
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∞. Then

1. Under HC
0 : Q ∈ BKSD(P ; θ), we have lim supn→∞ PrXn∼Q,W(∆θ(Xn) > q∞,1−α(Xn)) ≤ α.

2. Under HC
1 : Q ̸∈ BKSD(P ; θ), we have limn→∞ PrXn∼Q,W

(
∆θ(Xn) > q∞,1−α(Xn)

)
→ 1.

Theorem 5.4 assumes the weighting function w in the kernel is bounded with bounded gradient. This

covers the case w(x) = 1, in which case k(x,x′) = h(x−x′) is an untilted stationary kernel such as IMQ

or squared-exponential kernels. Theorem 5.4 also assumes the data-generating distribution Q finitely

integrates the fourth moment of the weighted score, i.e., ∥w(x)sp(x)∥42. For tilted kernels satisfying the

conditions in Lemma 5.2, ∥w(x)sp(x)∥2 is bounded, so this moment condition automatically holds for

any Q ∈ P(Rd).

In practice, the decision threshold q∞,1−α is intractable, and we again use the Monte Carlo estimate

qB,1−α defined in (5.5) as an approximation. Compared with the standard KSD test targeting the point

null H0 : Q = P , our robust-KSD test uses the same bootstrap procedure to compute the decision

threshold, but has a slightly different test statistic ∆θ(Xn) instead of D2(Xn) (given in (5.2)) to account

for the composite null. Moreover, as θ → 0, the test statistic ∆θ approaches D(Xn), the square-root

of the test statistic of the standard test, and the KSD-ball BKSD(P ; θ) falls to the singleton {P}, so

the robust-KSD test reduces to the standard test. Our robust KSD test can hence be viewed as a

generalization of the standard KSD test to the composite hypotheses in (5.8). In particular, the robust

KSD test is also qualitatively robust whenever the conditions on k and sp from Theorem 5.3 hold; see

Proposition 5.14 in Section 5.A.3 for a formal statement and proof.

Another advantage of our robust KSD test being a direct generalization of the standard test is that

no extra computation is required to guarantee robustness. For a given θ ≥ 0, our robust test has

the same computational cost as the standard one, which scales as O(n2d), and only requires a minor

transformation of the test statistic. However, extra computation is potentially needed in determining θ,

which might require optimizing the Stein kernel. This is discussed in detail in Section 5.4.2.

5.4.2 Choosing the Uncertainty Radius

A crucial design choice in our robust tests is the uncertainty radius θ. This should be guided by the

types of contamination that the practitioner is willing to tolerate. In this section, we discuss how to

choose θ for Huber’s contamination models and density-band models when using KSD balls based on

tilted kernels.

Firstly, suppose we are considering Huber’s contamination model P(P ; ϵ0) for some ϵ0 ∈ [0, 1]. Then

θ should be chosen such that the KSD-ball BKSD(P ; θ) contains P(P ; ϵ0). The following result,

proved in Section 5.A.6, shows how to achieve this given an upper bound on the Stein kernel τ∞ =

supx∈Rd uP (x,x).

Proposition 5.5. Suppose k satisfies the conditions in Lemma 5.2 and EX∼P [∥sp(X)∥2] < ∞. Let ϵ0 ∈
[0, 1]. Then P(P ; ϵ0) ⊆ BKSD(P ; θ) if θ = ϵ0τ

1/2
∞ and this bound is tight, i.e., supQ∈P(P ;ϵ0)D(Q,P ) =

ϵ0τ
1/2
∞ .
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This result suggests that, when at most a proportion ϵ0 of data is corrupted, setting θ = ϵ0τ
1/2
∞ will

ensure quantitative robustness to P(P ; ϵ0). Note that using a similar argument as in the proof of

Proposition 5.5, Huber’s contamination models can also be related to the MMD balls; see Section 5.B.2.

One practical issue is that τ∞, the supremum of the Stein kernel, does not always admit a closed-form

expression. One way to compute it is by numerical optimization of x ↦→ uP (x,x), but this assumes

the optimizer converges and requires extra computation, thus not suitable in high dimension or when

evaluation of the score function is costly. We propose an alternative approach, where τ∞ is approximated

by the maximum of the Stein kernel evaluated at the observed data, i.e., maxi=1,...,n uP (Xi,Xi). This

approach requires no extra computation and gives a reasonable estimate with moderate or large n. In

Section 5.5, we use this approach and show empirically that the resulting test is still well-calibrated

despite this approximation. Further discussions on how this approximation affects the test performance

can be found in Section 5.B.3.

Another uncertainty model commonly studied in the literature is the density-band model (Kassam, 1981;

Hafner, 1993), defined as distributions whose density function lies within an error band of a nominal

model with density p, i.e., {Q ∈ P(Rd) : Q has density q such that |q(x)− p(x)| ≤ δ(x) for all x}, for

some function δ : Rd → [0,∞). It can be shown that density-band models can be rewritten as Huber’s

contamination models (5.6) with additional constraints on the outlier distribution (Fauß and Zoubir,

2016). However, compared with Huber’s models, density-band models have the advantage of being

more interpretable and more natural for certain forms of model disparity such as heavy tails. The

following result suggests how the uncertainty radius θ should be chosen for such models and is proved

in Section 5.A.6.3.

Proposition 5.6. Suppose k satisfies the conditions in Lemma 5.2 and EX∼P [∥sp(X)∥2] < ∞. Fur-

thermore, assume Q,P ∈ P(Rd) admit positive densities q, p on R
d and p ∈ C1. If |q(x)− p(x)| ≤ δ(x)

for some function δ : Rd → [0,∞) such that δ0 :=
∫
Rd δ(x) dx < ∞, then D(Q,P ) ≤ δ0τ

1/2
∞ .

5.5 Experiments

We will now evaluate numerically the proposed GOF tests using both synthetic and real data. Unless

otherwise mentioned, all standard KSD tests are based on an IMQ kernel k(x,x′) = hIMQ(x − x′)

where hIMQ(u) = (1 + ∥u∥22/λ2)−1/2 with a bandwidth λ2 > 0 selected via the median heuristic, i.e.,

λmed = Median
{
∥Xi −Xj∥2 : 1 ≤ i < j ≤ n

}
. All tilted-KSD and robust-KSD tests are based on

a tilted IMQ kernel with the weight function w(x) = (1 + ∥x − a∥22/c)−b, where a ∈ R
d and c > 0.

Intuitively, a and c respectively centers and scales the input. In our experiments, we choose a = 0 and

c = 1, as all data will always be centered and on a suitable scale. Moreover, since we will focus on

sub-Gaussian models, we choose b = 1/2 in all experiments. This ensures the Stein kernel is bounded.

All tests have nominal level α = 0.05.

The probability of rejection is computed by averaging over 100 repetitions, and the 95% confidence

intervals are reported. Our robust-KSD test will be shortened as R-KSD. Code for reproducing all

experiments can be found at github.com/XingLLiu/robust-kernel-test.

https://github.com/XingLLiu/robust-kernel-test
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Figure 5.1: Left. Stein kernel for P = N (0, 1) and an
IMQ kernel tilted by w(x) = (1 + x2)−b. The larger
b is, the more the tails of the function x ↦→ uP (x, x)
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rejection probability under contamination by R = δz with
z = 10.

0.0 0.2 0.4
Contamination ratio ǫ

0.00

0.25

0.50

0.75

1.00

Re
je

ct
io

n 
ra

te λ 2

0.01
0.1
1.0
10.0
100.0
med
KSDAgg

Figure 5.2: Rejection probability of robust-
KSD with different bandwidths λ. “med” is
the median heuristic. “KSDAgg” is the test
of Schrab et al. (2022). The dashed line is
α = 0.05. The vertical line is the maximal
proportion of contamination ϵ0 = 0.05 con-
trolled by robust-KSD.

5.5.1 Toy Gaussian Model

We first consider a Gaussian model P = N (0, 1), in which case the score function of the model

is sp(x) = −x and is hence unbounded. This toy example is simplistic and not representative of

the unnormalized models our test is most suited for, but it will nonetheless be helpful to study our

algorithmic choices, to verify Theorem 5.1 and Theorem 5.3 numerically, and to compare against

alternative robust tests.

Decay rate of weighting function We first draw random samples Xn of size n = 500 from

Q = (1 − ϵ)P + ϵδz, for different values of ϵ ∈ [0, 1] and z ∈ R. This setting mimics the presence of

outliers at z. Given a stationary kernel h, a natural question is “how does the choice of weight w

affect the Stein kernel and the test power?”. On the left-hand side of Figure 5.1, we plot the Stein

kernel x ↦→ uP (x, x) for different values of b. As b grows, the tails of the Stein kernel are progressively

down-weighted. We then plot the rejection probability of the standard KSD tests using these Stein

kernels when the outlier is z = 10 on the right-hand side of Figure 5.1. As b increases, the rejection

probability decreases, suggesting that the test power is lower when the tails of the Stein kernel are

overly down-weighted. This is not surprising since the Stein kernel decays faster for larger values of b,

making the test insensitive to model deviations at the tails. Ideally, w should decay just enough so that

uP remains bounded, but not too fast as it would lose power. This highlights the trade-off between

robustness and power in the choice of w. A similar trade-off has been observed in robust estimation,

where an overly decaying w can impede the estimation accuracy (Barp et al., 2019, Appendix F.2).

Henceforth, we choose b = 1/2 to balance this trade-off, as it is the smallest value that ensures uP is

bounded for sub-Gaussian models.

Kernel bandwidth We now use the same dataset to investigate how the choice of the kernel

bandwidth λ affects the performance of the robust-KSD test. It is well-known that the bandwidth plays

a crucial role in kernel-based tests and can considerably affect the ability of the test to detect model

disparities (Gretton et al., 2012; Ramdas et al., 2015; Reddi et al., 2015; Schrab et al., 2022, 2023).

In general, a smaller bandwidth is better at detecting local differences, while a larger bandwidth is
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Figure 5.3: Rejection probability under an outlier-contaminated Gaussian model with different outlier
values z and contamination ratios ϵ. The grey dotted horizontal line is the test level α = 0.05, and
the black dash-dot vertical line corresponds to ϵ0 = 0.05. The KSD tests with IMQ kernel lack both
qualitative and quantitative robustness since they reject even for small z or ϵ. The tilted-KSD test is
more robust in cases where z or ϵ are larger, but ultimately still reject the null due to their lack of
quantitative robustness.

more suited for global deviations (Schrab et al., 2023). A common strategy for bandwidth selection in

kernel-based testing is the median heuristic. Schrab et al. (2022, 2023) also proposed testing frameworks

that aggregate the test result with multiple bandwidths to give the final decision, thereby avoiding

bandwidth selection and achieving higher test power. A natural question is therefore: “how does the

bandwidth affects the robustness of the proposed test?”.

We run the robust-KSD test with various choices of bandwidths λ2 ∈ Λ ∪ {λ2
med}, where Λ =

{0.01, 0.1, 1, 10, 100} and the uncertainty radius θ is set to control at most ϵ = 0.05 contaminations in

the sample. We also compare it with the KSDAgg test of Schrab et al. (2022) using the same tilted

kernel and aggregating over the collection of bandwidths Λ. Other configurations of KSDAgg follow

the recommendations in Schrab et al. (2022, Section 4.2). This experiment is repeated 200 times to

reduce randomness, and the results are reported in Figure 5.2. For any choice of λ, the robust-KSD

test is able to control the Type-I error when ϵ ≤ ϵ0, where ϵ is the proportion of contamination in

the data, suggesting that robust-KSD remains well-calibrated for all bandwidths. If instead ϵ > ϵ0,

all robust-KSD tests eventually reject HC
0 , with λ chosen by median heuristic achieving the highest

power. The KSDAgg test is not robust and more sensitive to contamination than all robust-KSD tests

at all contamination levels ϵ. This is not surprising given that KSDAgg is designed to maximize the

test power over multiple bandwidths, rendering this test more sensitive to a wide range of alternatives,

including contaminated models. As a result, we henceforth do not include KSDAgg in our experiments.

A similar study for the standard KSD test is given in Section 5.B.4.

Standard vs. robust KSD tests Using the same dataset, we then compare KSD tests with a

stationary kernel to tilted-KSD tests and our proposed robust-KSD test in Figure 5.3. As shown in the

left two plots, with a contamination ratio ϵ of 0.01 or 0.05, the standard IMQ-KSD test rejects the point

null with high probability for large outlier values z. This aligns with the lack of qualitative robustness

of tests based on stationary kernels proved in Theorem 5.1. In contrast, the standard Tilted-KSD test

rejects with lower probability for all z values, aligning with the qualitative robustness result with tilted

kernels in Theorem 5.3. Notably, our theoretical results in both Section 5.3 and Section 5.4 apply

only to fixed kernels, thus excluding kernels based on observed data such as those selected via median

heuristic. However, our numerical results suggest that the conclusion of our theory may hold more
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Figure 5.4: Heavy-tailed experiment. Left. Log densities of a standard Gaussian model and scaled t-
distributions with different degree-of-freedom (dof) and moment-matched to Gaussian. Right. Rejection
probability of the standard and robust tests with different θ set to control the cases ν ≥ ν0 for different
values of ν0.

broadly.

The Type-I error of the tilted-KSD test still exceeds the nominal level α = 0.05, suggesting that a

tilted kernel alone is not enough to enforce quantitative robustness. Notably, the rejection probability

of Tilted-KSD is highest when z = 1 but declines for larger z. This is because uP (z, z) with the

tilted kernel peaks at around |z| ≈ 1 and then decreases with z (see Figure 5.1), making the test

more sensitive when |z| ≈ 1 but less sensitive to large outliers. In contrast, running our robust-KSD

test with a pre-set contamination control ϵ0 = 0.05, we can see from the left two plots of Figure 5.3

that it remains well-calibrated for all values of outlier z. The results also suggest that R-KSD is

conservative since its rejection probability is close to 0; we attribute this to the fact that the robust

tests are designed to control all types of contamination, of which the injected outlier is only one specific

type. To demonstrate the non-trivial power of the robust tests, we show in the right two plots the

rejection probability against different contamination ratios ϵ. As ϵ grows, R-KSD eventually is capable

of rejecting the null hypothesis H0 : Q ∈ BKSD(P ; θ) with test power approaching one.

We also compared our tests with two existing robust kernel tests, namely the robust MMD tests of

Schrab and Kim (2024) (denoted dcMMD) and of Sun and Zou (2023, Eq. (38)) (denoted MMD-Dev).

Both tests are provably quantitatively robust to Huber’s contamination models, but they are two-sample

tests that require extra samples from the model P . When the same number of samples from Q and from

P are used and the cost of simulation is negligible, the cost of a single evaluation of MMD comparable

to that of KSD. However, this cost could be prohibitively expensive when P is a more complex model.

Implementation details of these tests are deferred to Section 5.B.2. As shown in Figure 5.3, both tests

are more conservative than our proposed KSD tests. The conservativeness of dcMMD is because it is

designed for a contamination model that is stronger than Huber’s model, while the conservativeness of

MMD-Dev is because it uses a deviation inequality to construct the decision threshold, which is known

to be conservative; see e.g., Gretton et al. (2012).

Misspecified tails Finally, we now change the data-generating mechanism to study the impact of

misspecified tails. We sample from Qν = tν
√
(ν − 2)/ν, where tν is the Student’s t-distribution with

degree-of-freedom (dof) ν > 2, and the scaling factor
√
(ν − 2)/ν ensures its second moment matches

that of P . We set the uncertainty radius so that the R-KSD test is robust to Qν with ν ≥ ν0 for

different values of ν0. This is achieved using Proposition 5.6 to derive a bound on D(Qν , P ), which is
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Figure 5.5: Gaussian-Bernoulli RBM experiment. Left. Data generated from P and injected contamina-
tion in the first two dimensions. Middle. Log unnormalized densities of the data and contamination
ordered from small to large; the injected contamination is indeed abnormal since they have much lower
densities. Right. Probability of rejection with a Gaussian-Bernoulli RBM against the contamination
ratio ϵ. The robust tests are calibrated to control the Type-I error with no more than ϵ0 = 0.1 proportion
of contamination.

discussed in detail in Proposition 5.22 of Section 5.A.6.4. The results are reported in Figure 5.4. For

small values of ν, the tail of the model is misspecified, leading the robust tests with ν0 = 10 or 20 to

reject with high probability because the KSD between Qν and P is large. As ν grows, Qν converges

weakly to the standard Gaussian, making the model well-specified in the limit ν → ∞. Consequently,

neither the standard tests or the robust tests reject the null hypothesis for large ν. The robust test

with ν0 = 5 shows no power because, to be robust to tails that are so misspecified, the uncertainty

radius θ computed using Proposition 5.6 must be very large, thus resulting in a small test statistic (cf.

(5.9)) and low test power. Overall, the robust tests are more conservative than the standard one. This

is because the robust tests control all possible contaminations within a KSD-ball, while misspecified

tails are only one of the many possible such forms of contamination.

5.5.2 Gaussian-Bernoulli Restricted Boltzmann Machines

Our next experiment is an example of energy-based model called a Gaussian-Bernoulli Restricted

Boltzmann Machine (RBM) model (Cho et al., 2013). RBMs have been used in a wide range of scientific

applications (see Fischer and Igel, 2014; Zhang et al., 2019, for a review), and they are a common

benchmarks for assessing kernel GOF tests (Liu et al., 2016; Jitkrittum et al., 2017; Schrab et al., 2022).

RBMs are latent-variable models with joint density p(x,h) ∝ exp(12x
⊤Bh + b⊤x + c⊤h − 1

2∥x∥22),
where x ∈ R

d is an observable variable, h ∈ {±1}d′ is a binary hidden variable with latent dimension

d′, and B ∈ R
d×d′ ,b ∈ R

d and c ∈ R
d′ are model parameters. Computing the normalizing constant

of the marginal p(x) requires summing over 2d
′

terms, so it becomes intractable when d′ is large.

However, its score function has a closed-form expression sp(x) = b− x+Btanh(B⊤x+ c), where tanh

is applied entry-wise. We set d = 50 and d′ = 10, and randomly initialize B,b, c by sampling each

entry independently from a N (0, 1). We then generate n = 500 samples from the model by block

Gibbs sampling following Cho et al. (2013); Jitkrittum et al. (2017), and randomly replace ϵ ∈ [0, 1]

proportions of the data with outliers drawn from R = N (0, 0.12Id); see the left and middle of Figure 5.5.

As shown by the plots, the outliers are clearly abnormal since they have low density values.

We plot the rejection probabilities of the tests on the right-hand side of Figure 5.5. The standard
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Figure 5.6: Probability of rejection (top) and data and fitted models (bottom) for the KEF experiment.
(a) Extra outliers are added to the data; data and fitted models with no contamination (bottom left)
and contamination ratio ϵ = 0.2 (bottom right). (b) Different offset values δ are added to the fitted
parameter to create model deviation. The radius θ is chosen to control contamination of up to a
proportion of ϵ0 = 0.2.

IMQ-KSD and Tilted-KSD tests are not well-calibrated under the composite null HC
0 : Q ∈ BKSD(P ; θ),

while robust-KSD with θ chosen by setting ϵ0 = 0.1 controls the rejection probability below the level

α = 0.05 when the contamination ratio ϵ does not exceed ϵ0. On the other hand, when ϵ exceeds the

maximal allowed proportion ϵ0, the robust test rejects HC
0 with probability approaching 1, thus showing

its power.

When generating the synthetic data from P , we run a Gibbs sampler for 7000 steps and discard the first

2000 as burn-in and keep every 10-th datum to reduce correlation. This takes 58.40 seconds on average,

compared with 0.84 seconds required to perform the robust-KSD test. As a result, it will clearly not

be reasonable to use the robust MMD tests from Sun and Zou (2023); Schrab et al. (2023) here as

simulating a large enough number of samples from P would cost orders of magnitude more than the

cost of the GOF test. Moreover, the samples generated through Gibbs sampling are no longer i.i.d.,

thus violating the assumptions in our theoretical results. Extension to the non-independent case could

potentially be made following the approach in Chérief-Abdellatif and Alquier (2022), which studied the

robustness of estimators (instead of GOF tests) under correlated data.

5.5.3 A Kernel Exponential Family Model for Density Estimation

Our next example concerns density estimation using a kernel exponential family (KEF) model (Canu

and Smola, 2006). Given a reproducing kernel k0 : Rd × R
d → R and a reference density p0 on R

d,

we have pη(x) ∝ p0(x) exp(−fη(x)), where fη lies in the RKHS Hk0 associated with k0. We follow

the setting in Matsubara et al. (2022) which uses a finite-basis approximation of the RKHS function

so that fη(x) =
∑25

l=1 ηlϕl(x), where η = (η1, . . . , η25)
⊤ ∈ R

25 and ϕl(x) = (xl/
√
l!) exp(−x2/2) for

l = 1, 2, . . . , 25.
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We are interested in testing the goodness-of-fit of the KEF model under data contamination. Suppose

that the practitioners believe the observed data are subject to contamination, so that a robust estimator

for η is used. Robust parameter estimation for exponential family models was studied in Barp et al.

(2019), which proposed a minimum-distance estimator using KSD with tilted kernels. With a suitable

weighting function, the resulting estimator is bias-robust (Barp et al., 2019, Proposition 7) and thus not

susceptible to contamination. However, how to test the goodness-of-fit of the estimated model in this

setting remains an open question. The standard IMQ-KSD test is not suitable since it is not robust

and can thus falsely reject a good model due to contamination. Using a tilted kernel is also not enough

since it is not quantitatively robust and hence can suffer from uncontrolled Type-I error. We therefore

propose to use our robust-KSD test for this task. One challenge with the KEF model is that its density

does not have a closed form, and although sampling from P is feasible in this low-dimensional example

(d = 1), it would become challenging in high dimensions, making MMD-based tests not well-suited for

this model. Our robust-KSD test, however, does not suffer from this limitation.

We use the dataset as Matsubara et al. (2022); Key et al. (2021), which is a 1-dimensional dataset of

82 galaxy velocities (Postman et al., 1986; Roeder, 1990). To avoid using the same data for model

training and testing, we randomly split the data into equal halves, each containing ndata = 41 data

points. To each half, we then add nol independent realisations from R = N (z, 0.12) for some value

of z for the mean contamination, so that the resulting dataset has a size of n = ndata + nol and a

contamination ratio of ϵ = nol/(ndata + nol). We then fit the KEF model to one half of the data, and

perform the tests on the other half. Both the robust minimum KSD estimation and the robust-KSD

test use the same tilted kernel k(x, y) = w(x)hΛ(x− y)w(y) with w(x) = (1 + x2)−1/2 and a sum of

IMQ kernels hΛ(x − y) =
∑

λ2∈Λ(1 + |x − y|2/(2λ2))−1/2 where Λ = {0.6, 1, 1.2}. The choice of the

weighting function follows Matsubara et al. (2022) and the use of a sum kernel is recommended in Key

et al. (2021). Direct computation shows that the Stein kernel uP is bounded in this case. We choose

ϵ0 = 0.2 when computing θ for R-KSD.

The results are shown in Figure 5.6. We first study the level of our tests in Figure 5.6a. As the

outlier mean z increases, the IMQ-KSD test rejects the null H0 : Q = P with increasing probability,

suggesting that this is due to the presence of outliers. Notably, this happens even though the parameter

estimator is not susceptible to contamination; see the bottom row of Figure 5.6a for the fitted model

with and without outliers. When the tilted kernel was used, the standard KSD test has a lower rejection

probability, although it is still above the nominal level. On the other hand, the robust-KSD test is

well-calibrated for all values of z.

We then study the power of KSD tests in Figure 5.6b. To show the robust test has non-trivial power

when no outliers are present, we fit the model parameters η̂ on half of the data (without contamination)

and replace the first component by η̂1+ δ, where δ ∈ {0, 0.5, 1, 2} is an error offset, so that the resulting

model has a poor fit. Other experimental setups including the choice of θ remain the same as before.

As expected, the robust test has lower power than the standard tests; however, as the offset value δ

increases, the robust test eventually rejects with high probability, thus showing its power under no

contamination.
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Figure 5.7: Mixture-of-Gaussian experiment. Left. Contour plots of model densities. Right. Rejection
probability of the standard and robust tests. “R-KSD-0.01” refers to the R-KSD test with uncertainty
radius θ chosen by setting the maximal allowed contamination proportion to ϵ0 = 0.01, and similarly
for the others.

5.5.4 Limitations for Multimodal Models

We investigate the performance of the robust test when the model has multimodality and the data

are drawn from the same model with misspecified mixing ratios, thus revealing a limitation of our

robust-KSD test. It is well-known that the standard KSD test performs poorly with mixture models

with well-separated modes (Liu et al., 2023). This is intuitively due to the myopia of the score function,

making the test blind to disparities in the mixing ratios, and it is a general issue for KSD and other

score-based discrepancies (Wenliang and Kanagawa, 2020; Zhang et al., 2022). We demonstrate that

our robust test can also suffer from this limitation, which is made even more prominent due to the

relaxation of the point null to a KSD-ball. We consider a 2-dimensional mixture of Gaussian model

P =
∑5

j=1 πjN (γµj , I2), where πj ∝ uj with u1, . . . , u5 drawn independently from Uniform(0, 1), each

mean µj ∈ R
d has entries drawn independently from Uniform(−2, 2), and γ > 0 is a scaling factor

controlling the mode separation. The data-generating distribution Q has a different set of mixture

ratios that are randomly generated. For R-KSD, the uncertainty radius is chosen to be θ = ϵ0τ
1/2
∞ with

different values of ϵ0, and we label the corresponding result as R-KSD-ϵ0. The results are reported

in Figure 5.7. As the scale γ increases, the modes become more separated, so D(Q,P ) decreases and

eventually Q lies in a small neighbourhood of P , and hence all the KSD tests fail to reject with high

probability. This is a consequence of the aforementioned myopia of KSD tests, which affects both the

standard and the robust tests. The opposite is observed when γ is small, in which case the modes

overlap, so all tests can correctly reject the null with high probability. Compared with the standard

tests, the robust one is more conservative because it controls all possible contamination; nevertheless, it

still achieves non-trivial power when ϵ0, thus also the radius θ, is set to a small value.

5.6 Conclusion and Discussion

This chapter studied the robustness of the kernel GOF test of Liu et al. (2016); Chwialkowski et al.

(2016). We showed that existing KSD tests are not qualitatively robust when stationary kernels are used,

but achieves qualitative robustness using the tilted kernels from the robust estimation literature (Barp

et al., 2019; Matsubara et al., 2022). Since qualitative robustness is not enough to ensure calibration

when the proportion of contaminations does not vanish asymptotically, we proposed a novel robust KSD
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test that provably controls the Type-I error when the data-generating distribution lies in a KSD-ball

around the reference model, and consistently rejects otherwise. We then discussed how to choose the

radius of the ball under different contamination models, namely Huber’s contamination model and the

density-band model. Through various experiments including synthetic and real datasets, we showed

that the robust GOF test is well-calibrated and maintains non-trivial power. We now discuss several

interesting directions for future work.

Firstly, we showed consistency of the proposed robust KSD test against all alternative distributions

not lying in the null set, i.e., HC
1 : Q ̸∈ BKSD(P ; θ). In the robust testing literature, it is however also

common to restrict the alternative set to a neighborhood centered on an alternative model P ′ ̸= P and

study minimaxity against such alternative hypothesis (Huber, 1965; Levy, 2008; Gül and Zoubir, 2016;

Sun and Zou, 2023). Understanding whether our robust KSD test achieves such minimax property

could be an interesting future work.

Secondly, as discussed in Section 5.2.3, our proposed robust KSD test does not require the Stein kernel

uP to be bounded. A bounded Stein kernel is convenient as the resulting KSD-ball BKSD(P ; θ) contains

many contamination models of interest, such as Huber’s model with an arbitrary noise distribution.

However, this could be too strict in some applications where outliers cannot take an arbitrary value,

e.g., when the domain is bounded or the data acquisition procedure is highly regulated to prevent

extreme outliers. In these cases, even with an unbounded kernel, the KSD-ball could still capture all

contamination models of interest. Unbounded Stein kernels possess desirable theoretical properties such

as controlling the convergence of expectations of certain function classes (Barp et al., 2022; Kanagawa

et al., 2022); exploring whether they can lead to more powerful robust-KSD tests could therefore also

be a worthwhile future research direction.

5.A Proof of Theoretical Results

This section contains the proofs of all main theoretical results in Chapter 5. In particular,

• Section 5.A.1 proves the non-qualitative robustness result Theorem 5.1.

• Section 5.A.2 proves the qualitative robustness result Lemma 5.2.

• Section 5.A.3 proves Theorem 5.3.

• Section 5.A.4 presents auxiliary tools needed to prove the validity and consistency of the robust-

KSD test Theorem 5.4.

• Section 5.A.5 proves Theorem 5.4.

• Section 5.A.6 proves the results concerning the connection between KSD balls and different

contamination models, namely Proposition 5.5 and Proposition 5.6.

We will use the following notation throughout this section. Given i.i.d. random variables X1, . . . ,Xn ∼
Q ∈ P(Rd) and an integrable function f : (Rd)n → R, we will write for brevity E[f(X1, . . . ,Xn)] =∫
Rd · · ·

∫
Rd f(x1, . . . ,xn)Q(dx1) · · ·Q(dxn).
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5.A.1 Proof of Theorem 5.1 and Related Preliminary Results

Sketch of proof For any ϵ ∈ [0, 1] and R ∈ P(Rd), a random variable Xi drawn from Q = (1−ϵ)P+ϵR

can be written as Xi = (1− ξi)X
∗
i + ξiZi, where ξi ∼ Bernoulli(ϵ), X∗

i ∼ P and Zi ∼ R are independent,

and the equality is understood as equality in distribution. Defining the random variable M ′ =
∑n

i=1 ξi,

then M ′ ∼ Binomial(n, ϵ) and represents the number of contaminated data in a random sample Xn

drawn from Q. We will first show that the conclusion in Theorem 5.1 holds conditional on the event

{M ′ ≥ m′
0} for some integer m′

0 ∈ [0, n], i.e., when there are at least m′ contaminated data in the

sample. This will be sufficient to show Theorem 5.1 by proving that this event occurs with high

probability.

We will use the following notation in the rest of this section: Let X
∗
n be a random sample drawn

from Q. For any integer m′ ∈ [0, n] giving the number of corrupted data and any z ∈ R
d, we define

Xn,z = X
∗
n−m′ ∪ {z}m′

.

The rest of this section is organized as follows:

• We first present three preliminary results. Lemma 5.7 and Lemma 5.8 respectively bound the test

statistic D2(Xn,z) and q2∞,1−α(Xn,z) for a given number of corrupted data, m′, by quantities of

the form anuP (z, z) + bn for some an, bn. These results allow us to compare the relative rate at

which D2(Xn,z) and q2∞,1−α(Xn,z) scale with z. Both results will be used to prove Proposition 5.9,

which states that the claim in Theorem 5.1 holds conditionally on the number of corrupted data.

• Section 5.A.1.1, 5.A.1.2, 5.A.1.3 and 5.A.1.4 provide the proofs for Lemma 5.7, Lemma 5.8,

Proposition 5.9 and Theorem 5.1, respectively.

Assumption 5.1. Assume EX∼P [∥sp(X)∥42] < ∞ and k(x,x′) = h(x − x′) for some h ∈ C2
b with

h(0) > 0.

Lemma 5.7. Assume σ2
∞ := supz∈Rd EX∼P [uP (X, z)2] < ∞ and suppose Assumption 5.1 holds. Then,

for any δ > 0 and integers 0 < m′ < n, the following event holds with probability at least 1− δ:

D2(Xn,z) ≥ ϵ2m,nuP (z, z)−
2σ∞ϵm,n√

δm
,

where ϵm,n = m′/n and m = n−m′.

Lemma 5.8. Suppose Assumption 5.1 holds. Assume (i) σ2
∞ := supz∈Rd EX∼P [uP (X, z)2] < ∞, (ii)

ξ2P := EX∼P [uP (X,X)2] < ∞, and (iii) Σ2
P := VarX,X′∼P (uP (X,X′)) < ∞. Then there exist constants

C,CP,1 and CP,2 depending only on P such that, for any δ > 0 and integers 0 < m′ < n, the following

event holds with probability at least 1− δ:

q2∞,1−α(Xn,z) ≤ C log(1/α)

n
√
δ

ϵm,nuP (z, z) +
CP,1

nδ
+

CP,2 log(1/α)

n
√
δ

,

where ϵm,n = m′/n and m = n − m′, and the probability is over the joint distribution of Xn,z and

W ∼ Multinomial(n; 1/n, . . . , 1/n).
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Proposition 5.9. There exists a constant C > 0 such that the following holds. Suppose Assumption 5.1

holds. Assume the following integrability conditions hold:

sup
z∈Rd

∥sp(z)∥42EX∼P

[
h(X− z)4

]
< ∞ , and sup

z∈Rd

∥sp(z)∥22EX∼P

[
∥∇h(x− z)∥22

]
< ∞ .

Further assume that z ↦→ ∥sp(z)∥2 is unbounded. Then for any s ∈ [0, 1), there exists z ∈ R
d such that,

for any sample size n and integer m′ ∈ [n1−s/2, n) giving the number of corrupted data, the condition

n
(1−s)

2 > 2
√
2C log

(
4

α

)

implies

PrX∗

n−m′∼P,W

(
D2(Xn,z) > q2∞,1−α(Xn,z)

)
≥ 1− n−(1−s).

The assumption m′ ∈ [n1−s/2, n) ensures there is considerable amount of corrupted data in the sample,

while excluding the case where all data are contaminated (m′ = n). The constant factor 1/2 is arbitrary.

5.A.1.1 Proof of Lemma 5.7

The test statistic can be decomposed in three terms: a term with uncorrupted samples, a term with

corrupted samples, and term for interactions between these two groups:

D2(Xn,z) =
1

n

∑

1≤i,j≤n

uP (Xi,Xj)

=
1

n2

∑

1≤i,j≤m

uP (X
∗
i ,X

∗
j ) +

2

n2

∑

1≤i≤m<j≤n

uP (X
∗
i , z) +

1

n2

∑

m<i,j≤n

uP (z, z)

=
m2

n2
D2(X∗

m) +
2(n−m)

n2

m∑

i=1

uP (X
∗
i , z) +

(n−m)2

n2
uP (z, z)

= (1− ϵm,n)
2D2(X∗

m) + 2ϵm,n(1− ϵm,n)Sm,z + ϵ2m,nuP (z, z) , (5.10)

where in the last line we have defined Sm,z := m−1
∑m

i=1 uP (Xi, z) and ϵm,n := (n−m)/n.

The remainder of the proof proceeds by lower-bounding the first two terms with high probability. The

first term can be lower-bounded by 0, since D2(X∗
m) is a V-statistic and is hence non-negative. This

lower bound will be relatively good as we would expect D2((X∗
m) to approach zero at a root-m rate.

Bounding the second term in (5.10) requires bounding Sm,z. Because by assumption Xi = X∗
i ∼ P

are i.i.d. for i = 1, . . . ,m, the term Sm,z is a sum of i.i.d. random variables uP (X
∗
i , z). Moreover,

uP (X
∗
i , z) are zero-mean, because the proof of Gorham and Mackey (2017, Proposition 1) shows that

EX∗∼P [uP (X
∗, ·)] = 0 whenever EX∗∼P [∥sp(X∗)∥2] < ∞, which holds under Assumption 5.1. We can

therefore compute the variance of Sm,z as

Var(Sm,z) = E
[
S2
m,z

]
=

1

m
EX∗

1∼P

[
uP (X

∗
1, z)

2
]
≤ σ2

∞

m
, (5.11)
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which is finite since σ2
∞ < ∞ by assumption. We can hence apply Chebyshev’s inequality. Choosing

t :=

(
σ2
∞

δm

) 1
2

=
σ∞√
δm

, (5.12)

the set A1 :=
{
|Sm,z| ≤ t

}
holds with probability at least 1− δ. Furthermore, on A1, we have by (5.10)

that

D2(Xn) ≥ (1− ϵm,n)
2D2(X∗

m)− 2ϵm,n(1− ϵm,n)t+ ϵ2m,nuP (z, z) ≥ −2ϵm,nt+ ϵ2m,nuP (z, z) ,

where in the last step we have used ϵm,n ∈ [0, 1]. This shows the claim.

5.A.1.2 Proof of Lemma 5.8

To prove this lemma, we will need the following concentration bound for quadratic forms of multinomial

random vectors. This is a special instance of the Hanson-Wright inequality due to Adamczak (2015)

when the dependent random vectors follow multinomial distributions.

Lemma 5.10 (Hanson-Wright inequality; Adamczak 2015, Theorem 2.5). Let W = (W1, . . . ,Wn) ∼
Multinomial(n; 1/n, . . . , 1/n). Then there exists constant C > 0 such that, for any n× n matrix A with

entries aij ∈ R and any δ > 0, we have

PrW

(∣∣∣W⊤AW − µ
∣∣∣ ≥ C∥A∥F log

(
1

δ

))
≤ δ ,

where µ := −n−1
∑

1≤i,j≤n aij +
∑

1≤i≤n aii, and ∥A∥F = (
∑

1≤i,j≤n a
2
ij)

1/2 is the Frobenius norm.

Proof of Lemma 5.10. Adamczak (2015, Remark 2.2) shows that multinomial random vectors satisfy the

convex concentration inequality (Adamczak, 2015, Definition 2.2). Therefore, we can apply Adamczak

(2015, Theorem 2.5) to conclude that there exists constants C1, C2 such that, for any n× n matrix A

and any t > 0,

PrW

(∣∣∣W⊤AW − µ
∣∣∣ ≥ t

)
≤ 2 exp

(
− 1

C1
min

(
t2

C2∥A∥2F
,

t

∥A∥op

))

≤ 2 exp

(
− 1

C1
min

(
t2

C2∥A∥2F
,

t

∥A∥F

))
,

where ∥A∥op = sup∥x∥2≤1 ∥Ax∥2 is the operator norm, µ = EW[
∑

1≤i,j≤n(Wi − 1)(Wj − 1)aij ], and

the last step holds due to the well-known relationship between operator norm and Frobenius norm

∥A∥op ≤ ∥A∥F (see, e.g., Golub and van Loan, 2013, Eq. 2.3.7). Moreover, we can compute µ using

explicit expressions for the joint central moments of multinomial random variables (Ouimet, 2020,
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Theorem 2):

µ =
∑

1≤i,j≤n

aijEW [(Wi − 1)(Wj − 1)]

=
∑

1≤i,j≤n

aijEW [(Wi − 1)(Wj − 1)] +
∑

1≤i≤n

aiiEW

[
(Wi)

2
]

= − 1

n

∑

1≤i ̸=j≤n

aij +

(
1− 1

n

) ∑

1≤i≤n

aii

= − 1

n

∑

1≤i,j≤n

aij +
∑

1≤i≤n

aii .

For any δ > 0, we claim that the choice

t = max

(
C

1
2
1 C

1
2
2 , C1

)
∥A∥F log

(
1

δ

)
(5.13)

implies that PrW(|W⊤AW−µ| ≥ t) ≤ δ, which would complete the proof by setting C = max(C
1/2
1 C

1/2
2 , C1).

To see this, we note that the the following are equivalent

δ ≥ 2 exp

(
− 1

C1
min

(
n4t2

C2∥A∥2F
,

n2t

∥A∥F

))

⇐⇒ C1 log

(
2

δ

)
≤ min

(
n4t2

C2∥A∥2F
,

n2t

∥A∥F

)

⇐⇒ C1 log

(
2

δ

)
≤ n4t2

C2∥A∥2F
and C1 log

(
2

δ

)
≤ n2t

∥A∥F

⇐⇒ t ≥ C
1/2
1 C

1/2
2

∥A∥F
n2

√
log

(
2

δ

)
and t ≥ C1

∥A∥F
n2

log

(
2

δ

)

⇐⇒ t ≥ max

(
C

1/2
1 C

1/2
2 , C1

√
log

(
2

δ

)) ∥A∥F
n2

√
log

(
2

δ

)
.

Since log(2/δ) > 1 for δ ∈ (0, 1), the last inequality is met with t defined in (5.13). This shows that

PrW
(∣∣W⊤AW − µ

∣∣ ≥ t
)
≤ δ, thus finishing the proof.

We are now ready to prove Lemma 5.8.

Proof of Lemma 5.8. Denote by F∞ the cumulative distribution function for the conditional distribution

of the bootstrap sample D2
W(Xn,z) (defined in (5.3)) given Xn,z, and denote its (1− α)-quantile as

q2∞,1−α(Xn,z) := inf{t ∈ R : 1− α ≤ F∞(t)} .

To bound q2∞,1−α/2(Xn,z), we use a similar argument as in Schrab et al. (2023, Appendix E4) by bounding

the exceedance probability of D2
W(Xn,z). Notably, their proof cannot be applied directly here, because

they use a wild bootstrap (Leucht and Neumann, 2013) that corresponds to replacing Wi − 1 with

independent Rademacher weights, whereas in our case Wi are correlated and multinomially distributed.

To proceed, we first note that we can write D2
W(Xn,z) as a quadratic form as D2

W(Xn,z) = n−2W⊤AW,
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where A = (aij)ij with aij := uP (Xi,Xj). We can then use the Hanson-Wright inequality stated in

Lemma 5.10 applied with δ = α/2 to show that there exist positive constant C such that, for any

almost sure realizations Xn,z,

PrW

(
D2

W(Xn,z) ≥ µ/n2 +
C∥A∥F

n2
log

(
1

α

) ∣∣∣ Xn,z

)

= PrW

(
W⊤AW ≥ µ+ C∥A∥F log

(
1

α

) ∣∣ Xn,z

)

≤ PrW

(∣∣W⊤AW − µ
∣∣ ≥ C∥A∥F log

(
1

α

) ∣∣ Xn,z

)

≤ α ,

where µ := −n−1
∑

1≤i,j≤n aij +
∑

1≤i≤n aii. This implies that the (1− α)-quantile of D2
W(Xn) can be

bounded as

q2∞,1−α ≤ µ

n2
+ t =

µ

n2
+

ρα∥A∥F
n2

, (5.14)

where we have defined ρα := C log(1/α). We now further simplifies this bound by bounding µ and

∥A∥F. The matrix A is the Gram matrix of the Stein kernel uP , thus positive semi-definite. This

implies
∑

1≤i,j≤n aij ≥ 0 and aii ≥ 0 for all i, so we have

µ = − 1

n

∑

1≤i,j≤n

aij +
∑

1≤i≤n

aii ≤
∑

1≤i≤n

aii =
∑

1≤i≤m

aii +
∑

m<i≤n

aii

=
∑

1≤i≤m

aii + (n−m)uP (z, z) , (5.15)

where the last quality holds since by assumption Xi = z for i > m. Moreover, since aii = uP (Xi,Xi) ≥ 0

for any i, we can apply Markov inequality to bound the first term on the RHS. This gives that the

following holds with probability at least 1− δ/4,

∑

1≤i≤m

aii ≤ 4

δ

∑

1≤i≤m

E[aii] =
4m

δ
EX∗∼P [uP (X

∗,X∗)] ≤ 4m

δ

(
EX∗∼P [uP (X

∗,X∗)2]
) 1

2

=
4m

δ
ξP ,

where the second step holds since by assumption Xi = X∗
i ∼ P are i.i.d. for i = 1, . . . ,m, and where we

have substituted ξ2P = EX1∼P [uP (X1,X1)
2]. Combining with (5.15) implies that, with probability at

least 1− δ/4,

µ ≤ 4m

δ
ξP + (n−m)uP (z, z) . (5.16)

We now bound ∥A∥2F by again applying Markov’s inequality to show that, with probability at least
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1− δ/4, where the probability is taken over the randomness of X∗
m, we have

∥A∥2F =
∑

1≤i,j≤n

uP (Xi,Xj)
2

≤ 4

δ

∑

1≤i,j≤n

E[uP (Xi,Xj)
2]

=
4

δ

( ∑

1≤i,j≤m

E[uP (X
∗
i ,X

∗
j )

2] + 2(n−m)
∑

1≤i≤m

E[uP (X
∗
i , z)

2] + (n−m)2E[uP (z, z)
2]

)

=
4

δ

((
m(m− 1)Σ2

P +mξ2P
)
+ 2m(n−m)EX∗

1∼P [uP (X
∗
1, z)

2] + (n−m)2uP (z, z)
2
)

≤ 4

δ

((
m(m− 1)Σ2

P +mξ2P
)
+ 2m(n−m)σ2

∞ + (n−m)2uP (z, z)
2
)
, (5.17)

where the second last line holds since

∑

1≤i,j≤m

E[uP (X
∗
i ,X

∗
j )

2] =
∑

1≤i ̸=j≤m

E[uP (X
∗
i ,X

∗
j )

2] +
∑

1≤i≤m

E[uP (X
∗
i ,X

∗
i )

2]

= m(m− 1)E[uP (X
∗
i ,X

∗
j )

2] +mE[uP (X
∗
i ,X

∗
i )

2]

= m(m− 1)Σ2
P +mξ2P ,

and where we have substituted Σ2
P = EX1,X2∼P [uP (X1,X2)

2] and σ2
∞ = supz∈Rd EX∼P [uP (X, z)2].

Using the above inequality and (5.16) to bound (5.14), we conclude that the following event holds

with probability at least 1 − δ/2 − δ/4 − δ/4 = 1 − δ, where the randomness is taken over the joint

distribution of X∗
m and W,

q2∞,1−α(Xn,z)

≤ 4

nδ
ξP +

n−m

n2
uP (z, z)

+
ρα
n2

√
4

δ

(
m(m− 1)Σ2

P +mξ2P + 2m(n−m)σ2
∞ + (n−m)2uP (z, z)2

)

≤ 4

nδ
ξP +

n−m

n2
uP (z, z)

+
ρα

n2
√
δ

(
2
√
m(m− 1)ΣP +

√
mξP +

√
2m(n−m)σ∞ + (n−m)uP (z, z)

)
,

≤ 4

nδ
ξP +

ϵm,n

n
uP (z, z) +

ρα

n
√
δ

(
2ΣP + ξP +

√
2ϵm,nσ∞ + ϵm,nuP (z, z)

)

≤ 4

nδ
ξP +

2ραϵm,n

n
√
δ

uP (z, z) +
ρα

n
√
δ

(
2ΣP + ξP +

√
2σ∞

)
, (5.18)

where the first inequality holds by (5.16) and (5.17) (and using m ≤ n), the second inequality follows

from using twice the inequality
√
a+ b ≤ √

a+
√
b for any a, b ≥ 0, the third inequality holds since

m ≤ n and ϵm,n = (n−m)/n, and (5.18) holds since ϵm,n ≤ 1 and since the conditions δ ∈ (0, 1) and

ρα ≥ 1 imply

ϵm,n

n
uP (z, z) ≤ ϵm,n

n
√
δ
uP (z, z) ≤ ραϵm,n

n
√
δ

uP (z, z) .

Substituting the definition of ρα = C log(1/α), and defining the constants C ′ := 2C and CP,1 := 4ξP
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and CP,2 := C(2ΣP + ξP +
√
2σ∞), we have from (5.18) that

q2∞,1−α(Xn,z) ≤ C ′ log(1/α)ϵm,n

n
√
δ

uP (z, z) +
CP,1

nδ
+

CP,2 log(1/α)

n
√
δ

.

5.A.1.3 Proof of Proposition 5.9

We first show that the moment conditions (i)-(iii) in Lemma 5.7 and Lemma 5.8 are met, and apply

these lemmas to conclude the proof.

Step 1: Verifying moment conditions

For any x, z ∈ R
d, we can bound the squared Stein kernel as

uP (x, z)
2

=
[
sp(x)

⊤sp(z)h(x− z)− sp(x)
⊤∇h(x− z) + sp(z)

⊤∇h(x− z) +∇⊤∇h(x− z)
]2

≤ 4
[(
sp(x)

⊤sp(z)h(x− z)
)2

+
(
sp(x)

⊤∇h(x− z)
)2

+
(
sp(z)

⊤∇h(x− z)
)2

+
(
∇⊤∇h(x− z)

)2]

≤ 4
[
∥sp(x)∥22∥sp(z)∥22h(x− z)2 + ∥sp(x)∥22∥∇h(x− z)∥22 + ∥sp(z)∥22∥∇h(x− z)∥22 (5.19a)

+
(
∇⊤∇h(x− z)

)2]
, (5.19b)

where the first inequality holds since (a+ b+ c+ d)2 ≤ 4(a2 + b2 + c2 + d2) for any a, b, c, d ∈ R, and

the second inequality is due to Cauchy-Schwarz inequality. The assumption h ∈ C2
b immediately implies

that the last term in (5.19) is uniformly bounded over x, z. For the first term, taking expectation over

P and supremum over z gives

sup
z∈Rd

EX∼P

[
∥sp(X)∥22∥sp(z)∥22h(X− z)2

]

≤ sup
z∈Rd

∥sp(z)∥22
(
EX∼P

[
h(X− z)4

])1/2(
EX∼P

[
∥sp(X)∥42

])1/2

= C
1/2
P sup

z∈Rd

∥sp(z)∥22
(
EX∼P

[
h(X− z)4

])1/2
,

where the first step holds by Hölder’s inequality, and CP := EX∼P

[
∥sp(X)∥42

]
. The RHS of the last line

is finite by assumption. Similarly, the second term in (5.19) can also be bounded by Hölder’s inequality

sup
z∈Rd

EX∼P

[
∥sp(x)∥22∥∇h(x− z)∥22

]
≤ C

1/2
P sup

z∈Rd

EX∼P

([
∥∇h(x− z)∥42

])1/2
,

which is finite since h ∈ C2
b . For the third term in (5.19),

sup
z∈Rd

EX∼P

[
∥sp(z)∥22∥∇h(x− z)∥22

]
= sup

z∈Rd

∥sp(z)∥22EX∼P

[
∥∇h(x− z)∥22

]
,
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which is again finite by assumption. Substituting these bounds into (5.19), we have shown that

σ2
∞ = supz∈Rd EX∼P [uP (X, z)2] < ∞, which verifies condition (i).

To proceed, we note that a translation-invariant kernel corresponds to choosing a constant weighting

function w(x) ≡ 1 in the tilted kernel of Lemma 5.2, so that we can leverage the derivations in the

proof of Lemma 5.2. To show condition (ii), setting w(x) ≡ 1 in (5.28) to simplify uP (x,x) yields

ξ2P := EX∼P

[
uP (X,X)2

]
= EX∼P

[(
∥sp(X)∥22h(0)−∇⊤∇h(0)

)2]

≤ 2h(0)2EX∼P

[
∥sp(X)∥42

]
+ 2

∣∣∇⊤∇h(0)
∣∣2

< ∞ ,

where the first inequality holds since (a+ b)2 ≤ 2a2 + 2b2 for any a, b ∈ R. Finally, (5.30) shows that

uP (x,x
′)2 ≤ uP (x,x)uP (x

′,x′) for any x,x′, so

Σ2
P := VarX,X′∼P (uP (X,X′)) ≤ EX,X′∼P [uP (X,X′)2] ≤ EX,X′∼P [uP (X,X)uP (X

′,X′)]

(a)
=

(
EX∼P [uP (X,X)]

)2

(b)

≤ EX∼P [uP (X,X)2]

= ξ2P < ∞ ,

where (a) holds since X,X′ are i.i.d. and (b) follows from Jensen’s inequality. This shows condition (iii).

Step 2: Proving the main claim

Pick any s ∈ [0, 1) and any integer m′ ∈ [n1−s/2, n). Define ϵm,n := m′/n and m = n − m′. Let

C,CP,1, CP,2 be the constants defined in Lemma 5.8, and define the events

A1 :=
{
D2(Xn) ≥ ϵ2m,nuP (z, z)− t1(m

′)
}
, (5.20a)

A2 :=

{
q2B,1−α(Xn) ≤

C log(1/α)

n
√
δ/2

ϵm,nuP (z, z) + t2(m
′)

}
, (5.20b)

where

t1(m
′) :=

2σ∞ϵm,n√
δm/2

, t2(m
′) :=

2CP,1

nδ
+

CP,2 log(1/α)

n
√
δ/2

,

and the dependence on m′ in these quantities is through m = n−m′. It follows from Lemma 5.7 and

Lemma 5.8 applied to δ/2 that the event A := A1∩A2 occurs with probability Pr(A) ≥ 1− δ/2− δ/2 =

1− δ. These events allow us to bound D2(Xn,z) and q2B,1−α(Xn,z), which then allows us to show that

D2(Xn,z) > q2B,1−α(Xn,z) for sufficiently large z. On A, we have

D2(Xn)− q2B,1−α(Xn,z) ≥ ϵ2m,nuP (z, z)− t1(m
′)− C log(1/α)

n
√
δ/2

ϵm,nuP (z, z)− t2(m
′)

= ϵm,nuP (z, z)

(
ϵm,n − C ′

n
√
δ

)
− T (m′) ,
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where in the last line we have defined C ′ :=
√
2C log(1/α) and T (m′) := t1(m

′) + t2(m
′). This implies

PrX∗
m∼P,W

(
D2(Xn,z) > q̂B1−α(Xn,z)

)

≥ PrX∗
m∼P,W

(
D2(Xn,z) > q̂B1−α(Xn,z) | A

)
PrX∗

m∼P,W(A)

≥ (1− δ) PrX∗
m∼P,W

(
D2(Xn,z) > q̂B1−α(Xn,z) | A

)

≥ (1− δ)✶

{
ϵm,nuP (z, z)

(
ϵm,n − C ′

n
√
δ

)
− T (m′) > 0

}
, (5.21)

where the first step holds due to the law of total probability. We claim that the indicator function in

(5.21) takes value 1 for all m′ ∈ [n1−s/2, n) when the following inequalities hold:

n
(1−s)

2 > 4C ′ , ∥sp(z)∥22 >
1

h(0)

(
4T (n− 1)n2s +∇⊤

1 ∇2h(0)
)
. (5.22)

Indeed, since δ > 0 was arbitrary, we can set δ = n−(1−s), so we have

ϵm,n − C ′

n
√
δ

= ϵm,n − C ′

n
1
2
+ s

2

(a)
> ϵm,n − C ′

4C ′ns
= ϵm,n − 1

4ns

(b)

≥ ϵm,n − ϵm,n

2
=

ϵm,n

2
, (5.23)

where (a) holds since the first condition in (5.22) implies n
1
2
+ s

2 = ns+
(1−s)

2 ≥ 4C ′ns, and (b) holds since

the assumption m′ ≥ n1−s/2 implies ns ≤ n/(2m′) = ϵm,n/2. Using this and the second inequality in

(5.22),

ϵm,nuP (z, z)

(
ϵm,n − C ′

n
√
δ

)
= ϵm,n

(
∥sp(z)∥22h(0)−∇⊤

1 ∇2h(0)
)(

ϵm,n − C ′

n
√
δ

)

> ϵm,n × 4T (n− 1)n2s × ϵm,n

2

≥ ϵm,n × 2T (n− 1)

ϵ2m,n

× ϵm,n

2

= T (n− 1)

≥ T (m′) ,

where the first equality holds by setting w(x) ≡ 1 in (5.28) to compute uP (z, z), the second line follows

from the second inequality in (5.22) and (5.23), the third line holds since n2s ≥ n2s/(m′)2 = ϵ−2
m,n, and

the last line holds as direct computation shows T (n − 1) ≥ T (m′) since m′ < n by assumption. To

summarize, we have shown that for any n and z satisfying (5.22), the following holds

PrX∗
m∼P,W

(
D2(Xn,z) > q2∞,1−α(Xn,z)

)
≥ 1− δ = 1− n−(1−s) .

It remains to show that there exists z not dependent on m′ that satisfies the second inequality in (5.22),

which would imply the claimed result. Such z always exists, because, for the second inequality in (5.22),

the RHS does not depend on z nor m′ and is finite since ϵm,n = m′/n ∈ (n−s/2, 1) by assumption, while

the LHS explodes with z as we have assumed z ↦→ ∥sp(z)∥2 is unbounded. This concludes the proof.
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5.A.1.4 Proof of Theorem 5.1

It suffices to show the claim for any sequence of the form ϵn = n−s, where s ∈ [0, 1) is arbitrary. Let

the random variable M ′ be defined as at the start of Section 5.A.1. For any random sample Xn, define

the event A(Xn) = {D2(Xn) > q2∞,1−α(Xn)}. For n sufficiently large so that n(1−s)/2 > 2
√
2C log(1/α),

we can apply Proposition 5.9 to conclude that, for all n, there exists zn ∈ R
d such that the following

holds for all m′ ∈ [n1−s/2, n) = [ϵnn/2, n), we have

PrXn∼Q,W

(
A(Xn) | M ′ = m′

)
= PrX∗

n−m′∼P,W

(
D2(Xn,z) > q2∞,1−α(Xn,z)

)

≥ 1− n−(1−s) , (5.24)

where we have used the shorthand notation Xn,zn = X
∗
n−m′ ∪ {zn}m′

. We will show that the sequence

of probability measures Q := (1− ϵn)P + ϵnδzn satisfies

PrXn∼Q,W

(
D2(Xn) > q2∞,1−α(Xn)

)
− PrX∗

n∼P,W

(
D2(X∗

n) > q2∞,1−α(X
∗
n)
)

→ 1− α , (5.25)

which will imply the claimed result of our theorem. Using a concentration inequality for Binomial

distributions (e.g., Chung and Lu, 2002, Lemma 2.1) applied to the case of a Binomial(n, ϵn), we can

show that the event B := {ϵnn/2 ≤ M ′ ≤ 3ϵnn/2} holds with high probability:

PrM ′ (B) = 1− PrM ′

(∣∣M ′ − ϵnn
∣∣ < ϵnn

2

)

≥ 1− exp

(
−(ϵnn)

2

8ϵnn

)
− exp

(
− (ϵnn)

2

2(ϵnn+ ϵnn/6)

)

= 1− exp
(
−ϵnn

8

)
− exp

(
−3ϵnn

7

)

= 1− o
(
n−(1−s)

)
, (5.26)

where the last line holds since r ∈ [0, 1) implies exp(−Cϵnn) = exp(−Cn1−r) = o
(
n−(1−r)/2

)
for any

constant C > 0. Define the index set In to be the set of integers in the interval [ϵnn/2, 3ϵnn/3]. Then

PrXn∼Q,W

(
D2(Xn) > q2∞,1−α(Xn)

)

≥ PrXn∼Q,W

(
A(Xn) ∩ B

)

(a)
=

∑

m′∈In

PrXn∼Q,W

(
A(Xn) | M ′ = m′

)
Pr(M ′ = m′)

≥
(

min
m′∈In

PrXn∼Q,W

(
A(Xn) | M ′ = m′

)) n∑

m′=m′
0

Pr(M ′ = m′)

(b)
= min

m′∈In
PrXn∼Q,W

(
A(Xn) | M ′ = m′

)
Pr(B)

(c)

≥
(
1− n−(1−s)

)(
1− o

(
n−(1−s)

))
= 1−O

(
n−(1−s)

)
, (5.27)

where the first inequality follows from the law of total probability, (a) and (b) hold by the partition

B = ∪m′∈In{M ′ = m′} and again the law of total probability, and (c) follows from (5.24) and (5.26). On

the other hand, the assumed moment conditions imply EX∗∼P [uP (X
∗, ·)] = 0 as argued in the paragraph
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before (5.11) and EX∗
1,X

∗
2∼P [uP (X

∗
1,X

∗
2)

2] ≤ EX∗∼P [uP (X
∗,X∗)2] < ∞ as argued in Section 5.A.1.3,

so we can apply Arcones and Gine (1992, Theorem 3.5) with r = 2 to yield the asymptotic validity of

the KSD test when Q = P , namely

PrX∗
n∼P,W

(
D2(X∗

n) > q2∞,1−α(X
∗
n)
)

→ α .

Combining this with (5.27) shows the desired convergence (5.25).

5.A.1.5 Implications for KSDs on Non-Euclidean Spaces

The core argument underpinning the proofs in Theorem 5.1 is that the function z ↦→ uP (z, z) is

unbounded on the support of the model, which in our case is R
d. The proof per se does not rely on the

support being an Euclidean space. Consequently, this argument can potentially be extended to KSDs

constructed for models defined on other spaces, such as models for Riemannian data (Xu and Matsuda,

2021), sequence data with varying dimensionality (Baum et al., 2023), functional data (Wynne et al.,

2022), or censored time-to-event data (Fernandez et al., 2020).

5.A.2 Proof of Lemma 5.2

Direct expansion of the Stein kernel in (5.1) with a tilted kernel k gives

uP (x,x
′) = ⟨w(x)sp(x), w(x′)sp(x

′)⟩h(x,x′)

+ ⟨w(x′)sp(x
′), ∇w(x)⟩h(x− x′) + ⟨w(x′)sp(x

′),∇h(x− x′)⟩w(x)
+ ⟨w(x)sp(x), ∇w(x′)⟩h(x− x′)− ⟨w(x)sp(x),∇h(x− x′)⟩w(x′)

+ ⟨∇w(x), ∇w(x′)⟩h(x− x′) + ⟨w(x)∇h(x− x′), ∇w(x′)⟩
− ⟨∇w(x), w(x′)∇h(x− x′)⟩ − w(x)w(x′)∇⊤∇h(x− x′)

= ⟨sp,w(x), sp,w(x′)⟩h(x− x′)

+ ⟨sp,w(x′), ∇w(x)⟩h(x− x′) + ⟨sp,w(x′), ∇h(x− x′)⟩w(x)
+ ⟨sp,w(x), ∇w(x′)⟩h(x− x′)− ⟨sp,w(x), ∇h(x− x′)⟩w(x′)

+ ⟨∇w(x), ∇w(x′)⟩h(x− x′) + ⟨∇h(x− x′), ∇w(x′)⟩w(x)
− ⟨∇w(x), ∇h(x− x′)⟩w(x′)− w(x)w(x′)∇⊤∇h(x− x′) ,

where sp,w(·) := w(·)sp(·) and ∇h(x − x′) denotes ∇h evaluated at x − x′. By setting x = x′ and

eliminating identical terms,

uP (x,x)

= ∥sp,w(x)∥22h(0) + 2⟨sp,w(x), ∇w(x)⟩h(0) + ∥∇w(x)∥22h(0)− w(x)2∇⊤∇h(0) (5.28)

≤ ∥sp,w(x)∥22h(0) + 2∥sp,w(x)∥2∥∇w(x)∥2h(0) + ∥∇w(x)∥22h(0) + w(x)2|∇⊤∇h(0)| , (5.29)

where the last line follows from Cauchy-Schwarz inequality. The RHS of (5.29) is bounded over x

assuming the stated conditions on h, w and the supremum of ∥sp(x)w(x)∥2 = ∥sp,w(x)∥2. To prove the
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bound on uP (x,x
′), we denote by Hu the RKHS associated with uP , which is a reproducing kernel (see,

for example, Barp et al., 2022, Theorem 2.8). We us the reproducing property of the Stein reproducing

kernel uP and the Cauchy-Schwarz inequality for the corresponding RKHS norm ∥ · ∥Hu yields

uP (x,x
′) = ⟨uP (·,x), uP (·,x′)⟩Hu ≤ ∥uP (·,x)∥Hu∥uP (·,x′)∥Hu = uP (x,x)

1
2uP (x

′,x′)
1
2 . (5.30)

Hence, supx,x′∈Rd uP (x,x
′) ≤ ∞. In particular, uP (x,x)

1/2 is well-defined since uP (x,x) ≥ 0, which is

because the Stein kernel uP is positive definite.

5.A.3 Proof of Theorem 5.3 and Related Preliminary Results

Sketch of proof We will show a general result in Proposition 5.14, which states that the robust-KSD

test that rejects HC
0 : BKSD(P ; θ) if ∆θ(Xn) := max(0, D(Xn)− θ) > qB,1−α(Xn) is qualitatively robust

for any θ ≥ 0. This immediately shows Theorem 5.3 by setting θ = 0. To show Proposition 5.14, we

follow a similar approach in the proof of Theorem 5.1, where we will first show that the result holds

conditionally on the number of contaminated data, and use a high-probability argument to complete

the proof.

The rest of this section is organized as follows:

• Section 5.A.3.1 shows Lemma 5.11, which states that the bootstrap quantiles qB,1−α(Xn) and

qB,1−α(X
∗
n) computed using any two samples Xn and X

∗
n that differ by at most m′ elements are

close to each other with high probability.

• Section 5.A.3.2 shows Lemma 5.12, which says that the difference in the exceedance probabilities

of ∆θ(Xn) and of ∆θ(X
∗
n) is small.

• Section 5.A.3.3 shows Lemma 5.13, which says that the rejection probability of a robust-KSD test

using Xn is close to that of a test using X
∗
n, assuming Xn and X

∗
n differ by no more than o(n1/2)

elements. Its proof relies on Lemma 5.11 and Lemma 5.12.

• Section 5.A.3.4 uses Lemma 5.13 to show Proposition 5.14, which says that the robust-KSD test

is qualitatively robust for any θ ≥ 0. This result immediately shows Theorem 5.3, the proof of

which is also contained in this section.

Lemma 5.11. Assume k is a tilted kernel satisfying the conditions in Lemma 5.2. Then there exists

absolute constants C1, C2 > 0 such that, for any δ > 0 and any (deterministic) realisations Xn = {xi}ni=1

and X
∗
n = {x∗

i }ni=1 that differ by at most m′ elements, we have

PrW


∣∣D2

W(Xn)−D2
W(X∗

n)
∣∣ ≤ τ∞ϵ

1
2
m,n

n

(
C1 + C2 log

(
8

δ

))
 ≥ 1− δ ,

where D2
W(Xn), defined in (5.3), is the bootstrap sample computed using Xn, and ϵm,n = m′/n. Moreover,
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the above inequality implies

PrW


|q∞,1−α(Xn)− q∞,1−α(X

∗
n)| ≤ τ

1
2
∞ϵ

1
4
m,n

n
1
2

√
C1 + C2 log

(
16

δ

) 
 ≥ 1− δ .

Lemma 5.12. Assume EX∼P [∥sp(X)∥2] < ∞ and that k is a tilted kernel satisfying the conditions in

Lemma 5.2. For any δ, γ > 0 and any integer m′ ∈ [0, n], it holds that

sup
z1,...,zm′∈Rd

∣∣∣PrX∗
m∼P

(
D

(
X
∗
n−m′ ∪ {zi}m

′

i=1

)
> γ

)
− PrX∗

n∼P (D(X∗
n) > γ)

∣∣∣

≤ PrX∗
n∼P (|D(X∗

n)− γ| ≤ tm,n,δ) + δ ,

where tm,n,δ :=
(
4
√
2τ∞ϵm,n/

√
δn+ 2τ∞ϵ2m,n

)1/2
.

Lemma 5.13. Assume EX∼P [∥sp(X)∥2] < ∞ and that k is a tilted kernel satisfying the conditions in

Lemma 5.2. For any θ ≥ 0, any f = f(n) = o(n1/2) and any δ > 0, there exists n0 such that for any

n ≥ n0, we have

max
m′≤f(n)

ω(m′) < δ ,

where the max is over all integers non-negative m′ ≤ f(n), and

ω(m′) :=
∣∣PrX∗

m∼P,W (∆θ(X
∗
m ∪ Zm′) > q∞,1−α(X

∗
m ∪ Zm′))

− PrX∗
n∼P,W (∆θ(X

∗
n) > q∞,1−α(X

∗
n))

∣∣ .

Proposition 5.14. Assume EX∼P [∥sp(X)∥2] < ∞ and that k is a tilted kernel satisfying the conditions

in Lemma 5.2. If θ ≥ 0 and ϵn = o(n−1/2), then as n → ∞,

sup
Q∈P(P ;ϵn)

∣∣PrXn∼Q,W

(
∆θ(Xn) > q∞,1−α(Xn)

)
− PrX∗

n∼P,W

(
∆θ(X

∗
n) > q∞,1−α(X

∗
n)
)∣∣ → 0 ,

where P(P ; ϵn) is the Huber’s contamination model defined in (5.6).

5.A.3.1 Proof of Lemma 5.11

Without loss of generality, we assume Xn and X
∗
n are ordered so that xi = x∗

i for i = 1, . . . ,m. We

also define the n × n matrices U := (uij)1≤i,j≤n and U ′ := (u′ij)1≤i,j≤n, where uij := uP (xi,xj) and

u′ij := uP (x
∗
i ,x

∗
j ). Since uP is a reproducing kernel, U and U ′ are Gram matrices, thus symmetric and

positive semi-definite. Furthermore, we define W 0
i := Wi − 1 for any i = 1, . . . , n, and define the vectors

V1 := (W 0
1 , . . . ,W

0
m, 0, . . . , 0)⊤ and V2 := (0, . . . , 0,W 0

m+1, . . . ,W
0
n)

⊤, so that W0 = W−1 = V1+V2.

It follows that the bootstrap sample D2
W(Xn) defined in (5.3) can be decomposed as

D2
W(Xn) =

1

n2

∑

1≤i,j≤n

W 0
i W

0
j uij =

1

n2
(W0)⊤UW0 =

1

n2

(
V⊤

1 UV1 +V⊤
2 UV2 + 2V⊤

1 UV2

)
.
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Similarly, we can decompose D2
W(X∗

n) as

D2
W(X∗

n) =
1

n2

(
V⊤

1 U
′V1 +V⊤

2 U
′V2 + 2V⊤

1 U
′V2

)
.

Since xi = x∗
i for all i ≤ m by construction, we have uij = u′ij for 1 ≤ i, j ≤ m, so V⊤

1 UV1 =
∑

1≤i,j≤mW 0
i W

0
j uij =

∑
1≤i,j≤mW 0

i W
0
j u

′
ij = V⊤

1 U
′V1, and we can bound the following difference as

n2
∣∣D2

W(Xn)−D2
W(X∗

n)
∣∣

=
∣∣V⊤

2 UV2 + 2V⊤
1 UV2 −V⊤

2 U
′V2 − 2V⊤

1 U
′V2

∣∣

≤ |V⊤
2 UV2|+ 2|V⊤

1 UV2|+ |V⊤
2 U

′V2|+ 2|V⊤
1 U

′V2|
≤ |V⊤

2 UV2|+ 2|V⊤
1 UV1|

1
2 |V⊤

2 UV2|
1
2 + |V⊤

2 U
′V2|+ 2|V⊤

1 U
′V1|

1
2 |V⊤

2 U
′V2|

1
2 , (5.31)

where the last line follows from Cauchy-Schwarz inequality applied to the U -weighted inner product

(x,x′) ↦→ x⊤Ux′ and the U ′-weighted inner product (x,x′) ↦→ x⊤U ′x′, which are well-defined since

U,U ′ are positive semi-definite. The proof proceeds by bounding each term separately. We discuss

how to bound |V1UV1| and |V2UV2|, and the argument for U ′ is identical. We first define the n× n

matrix with (A1)ij = uij for i, j ≤ m and (A1)ij = 0, so that we can write V⊤
1 UV1 = W⊤A1W. We

can apply the Hanson-Wright lemma (Lemma 5.10) to conclude that there exists positive constants C

such that, for any δ > 0 and any almost-sure sequence Xn, the following event occurs with probability

at least 1− δ/4,

|V⊤
1 AV1| = |W⊤A1W| ≤

∣∣∣∣∣∣
− 1

n

∑

1≤i,j≤m

uij +
∑

1≤i≤m

uii

∣∣∣∣∣∣
+ C log

(
8

δ

)
 ∑

1≤i,j≤m

u2ij




1
2

≤ 1

n

∑

1≤i,j≤m

|uij |+
∑

1≤i≤m

|uii|+ C log

(
8

δ

)
 ∑

1≤i,j≤m

u2ij




1
2

≤ m2

n
τ∞ +mτ∞ + Cmτ∞ log

(
8

δ

)

≤ 2mτ∞ + Cmτ∞ log

(
8

δ

)
, (5.32)

where the second last inequality holds since |uij | ≤ supx,x′∈Rd |uP (x,x′)| ≤ τ∞, and the last line holds

since m ≤ n. Similarly, defining the matrix A2 with (A2)ij = 0 for i, j ≤ m and (A2)ij = uij otherwise,

we can write V⊤
2 UV2 = W⊤A2W, and the same argument as before shows that the following holds

with probability at least 1− δ/4,

|v⊤
2 Av2| = |W⊤A2W| ≤

∣∣∣∣∣∣
− 1

n

∑

m<i,j≤n

uij +
∑

m<i≤n

uii

∣∣∣∣∣∣
+ C log

(
8

δ

)
 ∑

m<i,j≤n

u2ij




1
2

≤ (n−m)2τ∞
n

+ (n−m)τ∞ + C(n−m)τ∞ log

(
8

δ

)

≤ 2(n−m)τ∞ + C(n−m)τ∞ log

(
8

δ

)
, (5.33)
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Combining (5.32) and (5.33), we conclude that the following holds with probability at least 1− δ/2,

|V⊤
2 UV2|+ 2|V⊤

1 UV1|
1
2 |V⊤

2 UV2|
1
2

≤
(
2(n−m)τ∞ + C(n−m)τ∞ log

(
8

δ

))

+ 2

(
2mτ∞ + Cmτ∞ log

(
8

δ

)) 1
2
(
2(n−m)τ∞ + C(n−m)τ∞ log

(
8

δ

)) 1
2

=
(
(n−m) + 2m

1
2 (n−m)

1
2

)
× τ∞

(
2 + C log

(
8

δ

))
.

The same argument shows that the last two terms of (5.31) can be bounded by the same quantity on an

event with probability at least 1− δ/2. To conclude, we have shown that with probability at least 1− δ,

∣∣D2
W(Xn)−D2

W(X∗
n)
∣∣ ≤ 2

n2
×
(
(n−m) + 2(n−m)

1
2m

1
2

)
× τ∞

(
2 + C log

(
8

δ

))

=
2

n
× (n−m)

1
2

n
1
2

(
(n−m)

1
2

n
1
2

+
2m

1
2

n
1
2

)
× τ∞

(
2 + C log

(
8

δ

))

≤ 6τ∞ϵ
1
2
m,n

n

(
2 + C log

(
8

δ

))
=

τ∞ϵ
1
2
m,n

n

(
12 + 6C log

(
8

δ

))
,

where in the second last line we have defined ϵm,n = (n − m)/n and used n − m ≤ n and m ≤ n.

Defining C1 = 12 and C2 = 6C shows the first claim. The second claim can be shown by first noting

that the above inequality implies that their (1− α)-quantiles must satisfy

∣∣q2∞,1−α(Xn)− q2∞,1−α(X
∗
n)
∣∣ ≤ τ∞ϵ

1
2
m,n

n

(
C1 + C2 log

(
8

δ

))
=: ρm,n,δ .

We will argue separately for the two cases (q∞,1−α(Xn) + q∞,1−α(X
∗
n)) ≥ ρ

1/2
m,n,δ and (q∞,1−α(Xn) +

q∞,1−α(X
∗
n)) < ρ

1/2
m,n,δ. In the former case, the above inequality implies

|q∞,1−α(Xn)− q∞,1−α(X
∗
n)| =

∣∣q∞,1−α(Xn)− q∞,1−α(X
∗
n)
∣∣×

∣∣q∞,1−α(Xn) + q∞,1−α(X
∗
n)
∣∣

q∞,1−α(Xn) + q∞,1−α(X∗
n)

=

∣∣q2∞,1−α(Xn)− q2∞,1−α(X
∗
n)
∣∣

q∞,1−α(Xn) + q∞,1−α(X∗
n)

≤ ρm,n,δ

ρ
1
2
m,n,δ

= ρ
1
2
m,n,δ .

When instead (q∞,1−α(Xn) + q∞,1−α(X
∗
n)) < ρ

1/2
m,n,δ, we have

|q∞,1−α(Xn)− q∞,1−α(X
∗
n)| ≤ max(q∞,1−α(Xn), q∞,1−α(X

∗
n)) ≤ q∞,1−α(Xn) + q∞,1−α(X

∗
n)

≤ ρ
1
2
m,n,δ ,

which combined with the previous inequality shows the second claim.
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5.A.3.2 Proof of Lemma 5.12

Pick {zi}m′

i=1 ⊂ R
d, and define Zm′ := {zi}m′

i=1. Decomposing the test statistic D2(X∗
m ∪ Zm′) using a

similar approach as in (5.10), we have

D2(X∗
m ∪ Zm′) =

m2

n2
D2(X∗

m) +
2

n2
Sm +

1

n2

∑

m<i,j≤n

uP (zi, zj) , (5.34)

where Sm :=
∑m

i=1 Ti and Ti :=
∑n

j=m+1 uP (X
∗
i , zj). Similarly, the test statistic computed using the

pure sample X
∗
n can be written as

D2(X∗
n) =

m2

n2
D2(X∗

m) +
2

n2
S∗
m +

1

n2

∑

m<i,j≤n

uP (X
∗
i ,X

∗
j ) ,

where S∗
m :=

∑m
i=1 T

∗
i and T ∗

i :=
∑n

j=m+1 uP (X
∗
i ,X

∗
j ). Using a triangle inequality to bound their

difference,

n2
∣∣D2(X∗

m ∪ Zm′)−D2(X∗
n)
∣∣ =

∣∣∣∣2Sm +
∑

m<i,j≤n

uP (zi, zj)− 2S∗
m −

∑

m<i,j≤n

uP (Xi,Xj)

∣∣∣∣

≤ 2|Sm|+ 2|S∗
m|+

∑

m<i,j≤n

|uP (zi, zj)|+ |uP (Xi,Xj)|

≤ 2|Sm|+ 2|S∗
m|+ 2(n−m)2τ∞ , (5.35)

where the last line holds since supx,x′∈Rd uP (x,x
′) ≤ τ∞ under the assumed kernel conditions due to

Lemma 5.2. We then bound |Sm| and |S∗
m| with high probability. When EX∗∼P [∥sp(X∗)∥2] < ∞, we

have EX∗∼P [uP (X
∗, ·)] = 0 as argued in the paragraph before (5.11), so it is straightforward to see that

EX∗
i∼P [Ti] = 0 for all i, and thus Sm is a sum of zero-mean i.i.d. random variables Ti. Therefore,

Var(S2
m) = mEX∗

1∼P

[
T 2
1

]
= m

∑

m<j,l≤n

EX∗
1∼P [uP (X

∗
1, zj)uP (X

∗
1, zl)] ≤ m(n−m)2τ2∞ ,

where the last step holds again since supx,x′∈Rd uP (x,x
′) ≤ τ∞. For any δ > 0, Chebyshev’s inequality

implies that the event A1 := {|Sm| ≤ √
m(n−m)τ∞/

√
δ/2} occurs with probability at least 1− δ/2.

In other words, |Sm| can be upper bounded on the high-probability event A1. A similar argument

applied to S∗
m shows that the event A2 :=

{
|S∗

m| ≤ √
m(n−m)τ∞/

√
δ/2} also occurs with probability

at least 1− δ/2. On A := A1 ∩A2, which occurs with probability at least 1− δ, we have by (5.35) that

∣∣D2(X∗
m ∪ Zm′)−D2(X∗

n)
∣∣ ≤ 4

√
m(n−m)τ∞

n2
√
δ/2

+
2(n−m)2τ∞

n2

≤ 4
√
2(n−m)τ∞

n3/2
√
δ

+
2(n−m)2τ∞

n2

= 4
√
2ϵm,n

τ∞√
δn

+ 2τ∞ϵ2m,n =: t2m,n,δ . (5.36)

where the second step holds since
√
m ≤ √

n, and in the last line we have substituted ϵm,n = (n−m)/n.

We claim that this implies that the following holds on A:

∣∣D(X∗
m ∪ Zm′)−D(X∗

n)
∣∣ ≤ tm,n,δ . (5.37)
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To see this, we first assume D(X∗
m ∪ Zm′) +D(X∗

n) ≥ tm,n,δ. In this case, (5.36) implies

∣∣D(X∗
m ∪ Zm′)−D(X∗

n)
∣∣ =

∣∣D(X∗
m ∪ Zm′)−D(X∗

n)
∣∣×

∣∣D(Xn) +D(X∗
n)
∣∣

D(X∗
m ∪ Zm′) +D(X∗

n)

=
D2(X∗

m ∪ Zm′)−D2(X∗
n)

D(X∗
m ∪ Zm′) +D(X∗

n)

≤ tm,n,δ .

On the other hand, when D(X∗
m ∪ Zm′) +D(X∗

n) < tm,n,δ, we have

∣∣D(X∗
m ∪ Zm′)−D(X∗

n)
∣∣ ≤ max

(
D(X∗

m ∪ Zm′), D(X∗
n)
)

≤ D(X∗
m ∪ Zm′) +D(X∗

n) < tm,n,δ ,

where the first inequality holds since D(X∗
m ∪Zm′), D(X∗

n) are non-negative. Combining these two cases

shows (5.37). It then follows that, for any γ > 0,

PrX∗
n∼P

(
D(X∗

m ∪ Zm′) > γ
)

= PrX∗
n∼P

(
{D(X∗

m ∪ Zm′) > γ} ∩ A
)
+ PrX∗

n∼P

(
{D(X∗

m ∪ Zm′) > γ} ∩ Ac
)

≤ PrX∗
n∼P

(
D(X∗

n) + tm,n,δ > γ
)
+ δ

= PrX∗
n∼P

(
D(X∗

n) > γ − tm,n,δ

)
+ δ ,

where the first step follows from the law of total probability, and the second line holds since PrX∗
n∼P

(
{D(X∗

m∪
Zm′) > γ} ∩ Ac

)
≤ Pr(Ac) ≤ δ This implies one side of the desired inequality:

PrX∗
n∼P

(
D(X∗

m ∪ Zm′) > γ
)
− PrX∗

n∼P

(
D(X∗

n) > γ
)

≤ PrX∗
n∼P

(
D(X∗

n) > γ − tm,n,δ

)
− PrX∗

n∼P

(
D(X∗

n) > γ
)
+ δ

= PrX∗
n∼P

(
γ − tm,n,δ ≤ D(X∗

n) ≤ γ
)
+ δ

≤ PrX∗
n∼P

(∣∣D(X∗
n)− γ

∣∣ ≤ tm,n,δ

)
+ δ ,

where in the last line we have used

PrX∗
n∼P

(
γ − tm,n,δ ≤ D(X∗

n) ≤ γ
)

≤ PrX∗
n∼P

(
γ − tm,n,δ ≤ D(X∗

n) ≤ γ + tm,n,δ

)

= PrX∗
n∼P

(∣∣D(X∗
n)− γ

∣∣ ≤ tm,n,δ

)
.

A similar argument shows the other direction:

PrX∗
n∼P

(
D(X∗

m ∪ Zm′) > γ
)
− PrX∗

n∼P

(
D(X∗

n) > γ
)

≥ PrX∗
n∼P

(
{D(X∗

m ∪ Zm′) > γ} ∩ A
)
− PrX∗

n∼P

(
D(X∗

n) > γ
)

≥ PrX∗
n∼P

(
D(X∗

n) > γ + tm,n,δ

)
− PrX∗

n∼P

(
D(X∗

n) > γ
)

= −PrX∗
n∼P

(
γ ≤ D(X∗

n) ≤ γ + tm,n,δ

)

≥ −PrX∗
n∼P

(
γ − tm,n,δ ≤ D(X∗

n) ≤ γ + tm,n,δ

)

= −PrX∗
n∼P

(∣∣D(X∗
n)− γ

∣∣ ≤ tm,n,δ

)
,

where the first step holds by the law of total probability, and the second step follows from (5.37).
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5.A.3.3 Proof of Lemma 5.13

Fix any θ, γ ≥ 0 and any integers m′, n with m′ ≤ f(n), where f ∈ o(n1/2). Define m = n−m′. Pick

Zm′ = {zi}m′

i=1 ⊂ R
d. The LHS of the inequality can be bounded as

∣∣PrX∗
m∼P,W

(
∆θ(X

∗
m ∪ Zm′) > q∞,1−α(X

∗
m ∪ Zm′)

)
− PrX∗

n∼P,W

(
∆θ(X

∗
n) > q∞,1−α(X

∗
n)
)∣∣

=
∣∣PrX∗

m∼P,W

(
D(X∗

m ∪ Zm′) > q∞,1−α(X
∗
m ∪ Zm′) + θ

)

− PrX∗
n∼P,W

(
D(X∗

n) > q∞,1−α(X
∗
n) + θ

)∣∣

≤
∣∣∣PrX∗

m∼P,W

(
D(X∗

m ∪ Zm′) > q∞,1−α(X
∗
m ∪ Zm′) + θ

)

− PrX∗
n∼P,W

(
D(X∗

n) > q∞,1−α(X
∗
m ∪ Zm′) + θ

)∣∣∣

+
∣∣∣PrX∗

m∼P,W

(
D(X∗

n) > q∞,1−α(X
∗
m ∪ Zm′) + θ

)

− PrX∗
n∼P,W

(
D(X∗

n) > q∞,1−α(X
∗
n) + θ

)∣∣∣

=: T1 + T2 , (5.38)

where the first equality holds since, for any γ ≥ 0, it can be checked that the inequality ∆θ =

max(0, D(Xn)− θ) > γ holds if and only if D(Xn) < γ + θ. We will now bound the terms T1 and T2,

respectively. Denote for brevity γz := q∞,1−α(X
∗
m ∪ Zm′) + θ and γ∗ := q∞,1−α(X

∗
n) + θ. Fix any δ > 0.

Applying Lemma 5.12 with γ = γz yields

T1 ≤ PrX∗
n∼P,W

(∣∣D(X∗
n)− γz

∣∣ ≤ tm,n,δ

)
+ δ

≤ PrX∗
n∼P,W

(∣∣D(X∗
n)− γ∗

∣∣ ≤ tm,n,δ + |γz − γ∗|
)
+ δ , (5.39)

where tm,n,δ :=
(
4
√
2τ∞ϵm,n/

√
δn+ 2τ∞ϵ2m,n

)1/2
is defined in Lemma 5.12, and (5.39) follows from a

triangle inequality. Moreover, by Lemma 5.11, there exists an event, say A, with probability at least

1− δ such that, on A,

|γz − γ∗| =
∣∣q∞,1−α(X

∗
m ∪ Zm′)− q∞,1−α(X

∗
n)
∣∣ ≤ τ

1
2
∞ϵ

1
4
m,n

n
1
2

√
C1 + C2 log

(
8

δ

)
=: ρm,n,δ .

Combining this with (5.39) implies that T1 can be bounded as

T1 ≤ PrX∗
n∼P,W

({∣∣D(X∗
n)− γ∗

∣∣ ≤ tm,n,δ + |γz − γ∗|
}
∩ A

)
+ Pr(Ac) + δ

≤ PrX∗
n∼P,W

(∣∣D(X∗
n)− γ∗

∣∣ ≤ tm,n,δ + ρm,n,δ

)
+ 2δ , (5.40)

where the second line holds since Pr(Ac) ≤ δ. To bound T2, we first note that

T2 =
∣∣PrX∗

n∼P

(
D(X∗

n) > γz
)
− PrX∗

n∼P

(
D(X∗

n) > γ∗
)∣∣

= PrX∗
n∼P

(
min(γz, γ∗) < D(X∗

n) ≤ max(γz, γ∗)
)

≤ PrX∗
n∼P

({
min(γz, γ∗) < D(X∗

n) ≤ max(γz, γ∗)
}
∩ A

)
+ Pr(Ac)

≤ PrX∗
n∼P

(∣∣D(X∗
n)− γ∗

∣∣ ≤ ρm,n,δ

)
+ δ , (5.41)

where the second line holds since |Pr(Y > a)− Pr(Y > b)| = Pr(min(a, b) < Y ≤ max(a, b)) for any

constants a, b and random variable Y , and the last line holds since Pr(Ac) ≤ δ and since on A the
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following holds

γ∗ − ρm,n,δ ≤ γ∗ −
∣∣γz − γ∗

∣∣ ≤ min(γz, γ∗) ≤ max(γz, γ∗) ≤ γ∗ +
∣∣γz − γ∗

∣∣ ≤ γ∗ + ρm,n,δ .

Substituting the bounds (5.40) and (5.41) into (5.38) gives

∣∣PrX∗
m∼P,W

(
∆θ(X

∗
m ∪ Zm′) > q∞,1−α(X

∗
m ∪ Zm′)

)
− PrX∗

n∼P,W

(
∆θ(X

∗
n) > q∞,1−α(X

∗
n)
)∣∣

≤ PrX∗
n∼P,W

(∣∣D(X∗
n)− γ∗

∣∣ ≤ tm,n,δ + ρm,n,δ

)
+ PrX∗

n∼P,W

(∣∣D(X∗
n)− γ∗

∣∣ ≤ ρm,n,δ

)
+ 3δ

≤ 2PrX∗
n∼P,W

(∣∣D(X∗
n)− γ∗

∣∣ ≤ tm,n,δ + ρm,n,δ

)
+ 3δ , (5.42)

where the last inequality holds since tm,n,δ ≥ 0. Since m′ ≤ f(n) and f ∈ o(n1/2) by assumption, we

have ϵm,n = m′/n ≤ f(n)/n = o(n−1/2). This implies

tm,n,δ =
(
4
√
2τ∞δ−

1
2 ϵm,nn

− 1
2 + 2τ∞ϵ2m,n

) 1
2 ≤

(
4
√
2τ∞δ

) 1
2
ϵ
1
2
m,nn

− 1
4 +

√
2τ

1
2
∞ϵm,n

= o
(
n− 1

2

)
,

which holds since τ∞, δ are constants, and

ρm,n,δ =
τ

1
2
∞ϵ

1
4
m,n

n
1
2

√
C1 + C2 log

(
8n2(1−2s)

)

=
τ

1
2
∞ϵ

1
4
m,n

n
1
2

√
C ′
1 + C ′

2 log(n)

= o
(
n− 1

2

)
, (5.43)

where we have defined C ′
1 := C1 + C2 log 8 and C ′

2 := 2C2(1 − 2s), and the last step holds since

ϵ
1/2
m,n

√
log(n) = o(n1/4

√
log(n)) = o(1).

Define η(m′) := tm,n,δ + ρm,n,δ, where the dependence on m′ is through m = n−m′. Then the above

derivations show that η(m′) ∈ o(n−1/2) for all m′ ≤ f(n). In particular, η (f(n)) ∈ o(n−1/2). Moreover,

substituting these into (5.42) gives

∣∣PrX∗
m∼P,W

(
∆θ(X

∗
m ∪ Zm′) > q∞,1−α(X

∗
m ∪ Zm′)

)
− PrX∗

n∼P,W

(
∆θ(X

∗
n) > q∞,1−α(X

∗
n)
)∣∣

≤ 2PrX∗
n∼P,W

(∣∣D(X∗
n)− γ∗

∣∣ ≤ η(m′)
)
+ 3δ

≤ 2PrX∗
n∼P,W

(∣∣D(X∗
n)− γ∗

∣∣ ≤ η(f(n))
)
+ 3δ ,

where the last line holds since m′ ≤ ns by assumption and m′ ↦→ η(m′) is monotone increasing by direct

computation. Taking supremum over Zm′ ⊂ R
d and m′ ≤ f(n) gives

max
m′≤f(n)

sup
z1,...,zm′∈Rd

∣∣PrX∗
m∼P,W

(
∆θ(X

∗
m ∪ Zm′) > q∞,1−α(X

∗
m ∪ Zm′)

)

− PrX∗
n∼P,W

(
∆θ(X

∗
n) > q∞,1−α(X

∗
n)
)∣∣

≤ 2PrX∗
n∼P,W

(∣∣D(X∗
n)− γ∗

∣∣ ≤ η(f(n))
)
+ 3δ

To complete our proof, it remains to show that the first term can be bounded by δ, from which the
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claimed result in Lemma 5.13 would follow by redefining δ. To proceed, we write

PrX∗
n∼P,W (|∆θ(X

∗
n)− q∞,1−α(X

∗
n)| ≤ η (f(n)))

= PrX∗
n∼P,W

(
∆θ(X

∗
n) ≤ q∞,1−α(X

∗
n) + η (f(n))

)

− PrX∗
n∼P,W

(
∆θ(X

∗
n) ≤ q∞,1−α(Xn)− η (f(n))

)

= PrX∗
n∼P,W

(√
nD(X∗

n) ≤ √
nζn,θ +

√
nη (f(n))

)
(5.44a)

− PrX∗
n∼P,W

(√
nD(X∗

n) ≤ √
nζn,θ −

√
nη (f(n))

)
(5.44b)

where the first equality holds again because |Pr(Y > a)− Pr(Y > b)| = Pr(min(a, b) < Y ≤ max(a, b))

for any constants a, b and random variable Y , the second equality holds by noting that ∆θ(X
∗
n) =

max(0, D(X∗
n) − θ) ≤ t for some t > 0 if and only if D(X∗

n) − θ ≤ t, and (5.44) holds by multiplying
√
n on both sides of the inequalities within the probabilities and defining ζn,θ := q∞,1−α(X

∗
n) + θ.

Under the assumed conditions on k and assuming EX∗P [∥sp(X)∥2] < ∞, Gorham and Mackey (2017,

Proposition 1) shows that EX∗∼P [uP (X
∗, ·)] = 0, so the V-statistic D2(X∗

n) is degenerate (see, e.g.,

Serfling, 2009, Chapter 6), and classic results on the asymptotics of degenerate V-statistics (Serfling,

2009, Theorem 6.4.1 A) shows that nD2(X∗
n) converges weakly to a non-negative distribution. Since

the square-root function x ↦→ √
x is continuous on [0,∞) and continuous functions preserve weak

limits by the Continuous Mapping Theorem (van der Vaart, 2000, Theorem 2.3), the squared-root

statistic,
√
nD(X∗

n), also converges weakly to a non-negative distribution. In particular,
√
nζn,θ does

not vanish as n → ∞. Also since η (f(n)) = o(n−1/2) as argued below (5.43), we have
√
nη (f(n)) → 0.

In summary, we have shown that

lim
n→∞

PrX∗
n∼P,W (|∆θ(X

∗
n)− q∞,1−α(X

∗
n)| ≤ η (f(n)))

= lim
n→∞

(
PrX∗

n∼P,W

(√
nD(X∗

n) ≤ √
nζn,θ +

√
nη (f(n))

)

− PrX∗
n∼P,W

(√
nD(X∗

n) ≤ √
nζn,θ −

√
nη (f(n))

))

= lim
n→∞

PrX∗
n∼P,W

(√
nD(X∗

n) ≤ √
nζn,θ

)
− PrX∗

n∼P,W

(√
nD(X∗

n) ≤ √
nζn,θ

)

= 0 ,

which completes the proof.

5.A.3.4 Proofs for Proposition 5.14 and Theorem 5.3

Proof of Proposition 5.14. For each n and R ∈ P(Rd), define Q = (1 − ϵn)P + ϵnR. Let Xn and X
∗
n

be random samples drawn from Q and P , respectively. As argued in Section 5.A.1, each random

variable in Xn can be written as Xi
d
= (1− ξi)X

∗
i + ξiZi, where Zi ∼ R and ξi ∼ Bernoulli(n, ϵn) are

independent, and
d
= denotes equality in distribution. Define the random variable M ′ =

∑n
i=1 ξi, then

M ′ ∼ Binomial(n, ϵn).

Pick δ > 0. Given any sequence ϵn = o(n−1/2), there must exists f = f(n) ∈ o(n1/2) such that

ϵn ≤ f(n)/n and f(n) → ∞ as n → ∞. Defining the event B := {M ′ ≤ ϵnn+ f(n)}, we will first show

that B occurs with high probability. Using a concentration inequality for Binomial distributions (e.g.,
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Chung and Lu, 2002, Lemma 2.1, Eq. (2.2)) applied to Binomial(n, ϵn), we have

PrM ′ (Bc) = PrM ′

(
M ′ − ϵnn > f(n)

)
≤ exp

(
− f2(n)

2(ϵnn+ f(n)/3)

)
=: tn . (5.45)

Define the event A(Xn) = {∆θ(Xn) > q∞,1−α(Xn)} and similarly for A(X∗
n). Using the above inequality

to decompose PrXn∼Q,W(A(Xn)) yields

PrXn∼Q,W(A(Xn))

≤ PrXn∼Q,W(A(Xn) ∩ B) + Pr(Bc)

=
∑

m′≤ϵnn+f(n)

PrXn∼Q,W(A(Xn) | M ′ = m′) Pr(M ′ = m′) + Pr(Bc)

=
∑

m′≤ϵnn+f(n)

PrX∗

n−m′∼P, Zm′∼R,W(A(X∗
n−m′ ∪ Zm′)) Pr(M ′ = m′) + Pr(Bc)

≤ max
m′≤ϵnn+f(n)

PrX∗

n−m′∼P, Zm′∼R,W(A(X∗
n−m′ ∪ Zm′))

∑

m′≤ϵnn+f(n)

Pr(M ′ = m′) + Pr(Bc)

= max
m′≤ϵnn+f(n)

PrX∗

n−m′∼P, Zm′∼R,W(A(X∗
n−m′ ∪ Zm′)) Pr(B) + Pr(Bc)

≤ max
m′≤ϵnn+f(n)

PrX∗

n−m′∼P, Zm′∼R,W(A(X∗
n−m′ ∪ Zm′)) + tn ,

where in the last line we have used (5.45) and that Pr(B) ≤ 1. This implies

PrXn∼Q,W(A(Xn))− PrX∗
n∼P (A(X∗

n))

≤ max
m′≤ϵnn+f(n)

(
PrX∗

n−m′∼P, Zm′∼R,W(A(X∗
n−m′ ∪ Zm′))− PrX∗

n∼P (A(X∗
n))

)
+ tn

≤ max
m′≤ϵnn+f(n)

sup
z1,...,zm′∈Rd

∣∣PrX∗
m∼P (A(X∗

m ∪ {zi}m
′

i=1))− PrX∗
n∼P (A(X∗

n))
∣∣+ tn

=: max
m′≤ϵnn+f(n)

ω(m′) + tn ,

where in the second inequality we have taken supremum over all possible values of Zm′ , and in the last

line we have defined

ω(m′) := sup
z1,...,zm′∈Rd

∣∣PrX∗

n−m′∼P

(
A
(
X
∗
n−m′ ∪ {zi}m

′

i=1

))
− PrX∗

n∼P

(
A(X∗

n)
)∣∣ .

Similarly, we have the lower bound

PrXn∼Q,W(A(Xn)) ≥ PrXn∼Q,W(A(Xn) ∩ B)
=

∑

m′≤ϵnn+f(n)

PrXn∼Q,W(A(Xn) | M ′ = m′) Pr(M ′ = m′)

=
∑

m′≤ϵnn+f(n)

PrX∗

n−m′∼P, Zm′∼R,W(A(X∗
n−m′ ∪ Zm′)) Pr(M ′ = m′)

≥ min
m′≤ϵnn+f(n)

PrX∗

n−m′∼P, Zm′∼R,W(A(X∗
n−m′ ∪ Zm′))

∑

m′≤ϵnn+f(n)

Pr(M ′ = m′)

= min
m′≤ϵnn+f(n)

PrX∗

n−m′∼P, Zm′∼R,W(A(X∗
n−m′ ∪ Zm′)) Pr(B) ,
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where in the second last line we have taken infimum over the values of Zm′ . Taking infimum over

z1, . . . , zm′ , the last line is lower bounded by

min
m′≤ϵnn+f(n)

PrX∗

n−m′∼P, Zm′∼R,W(A(X∗
n−m′ ∪ Zm′)) Pr(B)

≥ min
m′≤ϵnn+f(n)

inf
z1,...,zm′

PrX∗

n−m′∼P (A(X∗
n−m′ ∪ {zi}m

′

i=1)) Pr(B)

≥ min
m′≤ϵnn+f(n)

inf
z1,...,zm′

PrX∗

n−m′∼P (A(X∗
n−m′ ∪ {zi}m

′

i=1))× (1− tn)

= min
m′≤ϵnn+f(n)

inf
z1,...,zm′

(
PrX∗

n−m′∼P (A(X∗
n−m′ ∪ {zi}m

′

i=1))

− tn PrX∗

n−m′∼P (A(X∗
n−m′ ∪ {zi}m

′

i=1))
)

≥ min
m′≤ϵnn+f(n)

inf
z1,...,zm′

PrX∗

n−m′∼P (A(X∗
n−m′ ∪ {zi}m

′

i=1))− tn , (5.46)

where the second inequality holds since (5.45) implies Pr(B) ≥ 1 − tn, and the last line holds as a

probability is always smaller than or equal to 1. This implies

PrXn∼Q,W(A(Xn))− PrX∗
n∼P (A(X∗

n))

≥ min
m′≤ϵnn+f(n)

inf
z1,...,zm′

(
PrX∗

n−m′∼P

(
A
(
X
∗
n−m′ ∪ {zi}m

′

i=1

))
− PrX∗

n∼P

(
A(X∗

n)
))

− tn

≥ − max
m′≤ϵnn+f(n)

sup
z1,...,zm′∈Rd

∣∣PrX∗

n−m′∼P

(
A
(
X
∗
n−m′ ∪ {zi}m

′

i=1

))
− PrX∗

n∼P

(
A(X∗

n)
)∣∣− tn

= − max
m′≤ϵnn+f(n)

ω(m′)− tn .

We have therefore shown that

∣∣PrXn∼Q,W(A(Xn))− PrX∗
n∼P (A(X∗

n))
∣∣ ≤ max

m′≤ϵnn+f(n)
ω(m′) + tn . (5.47)

It remains to bound the two terms on the RHS of the above inequality. Since ϵn ≤ f(n)/n and

f(n) ∈ o(n1/2), it is clear that tn, defined in (5.45), converges to 0 as n → ∞, so tn ≤ δ/2 for sufficiently

large n. To bound the first term, we can apply Lemma 5.13, since ϵnn+ f(n) ≤ 2f(n) ∈ o(n1/2) and

thus the assumptions in Lemma 5.13 holds. We can therefore conclude that there exists n0 such that

for any n ≥ n0, we have

max
m′≤ϵnn+f(n)

ω(m′) <
δ

2
.

Using these arguments to bound (5.47), we have shown that, for sufficiently large n,

∣∣PrXn∼Q,W(A(Xn))− PrX∗
n∼P (A(X∗

n))
∣∣ ≤ δ

2
+

δ

2
= δ .

Taking the supremum over Q ∈ P(P ; ϵn) then implies, for sufficiently large n,

sup
Q∈P(P ;ϵn)

∣∣PrXn∼Q,W

(
∆θ(Xn) > q∞,1−α(Xn)

)
− PrX∗

n∼P,W

(
∆θ(X

∗
n) > q∞,1−α(X

∗
n)
)∣∣ ≤ δ .

Since δ > 0 was arbitrary, this shows the claim.
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Proof of Theorem 5.3. This result immediately follows from Proposition 5.14 by setting θ = 0, in which

case

supQ∈P(P ;ϵn)

∣∣PrXn∼Q,W

(
D2(Xn) > q2∞,1−α(Xn)

)
− PrX∗

n∼P,W

(
D2(X∗

n) > q2∞,1−α(X
∗
n)
)∣∣

= supQ∈P(P ;ϵn)

∣∣PrXn∼Q,W

(
D(Xn) > q∞,1−α(Xn)

)
− PrX∗

n∼P,W

(
D(X∗

n) > q∞,1−α(X
∗
n)
)∣∣

= supQ∈P(P ;ϵn)

∣∣PrXn∼Q,W

(
∆θ(Xn) > q∞,1−α(Xn)

)
− PrX∗

n∼P,W

(
∆θ(X

∗
n) > q∞,1−α(X

∗
n)
)∣∣

→ 0 ,

where the second line holds by taking the square-root on both sides of the inequalities, and the last

equality holds since D(Xn) = ∆θ(Xn) when θ = 0.

5.A.4 P -Targeted Kernel Stein Discrepancy

This section states preliminary results which will be needed to prove Theorem 5.4. The main tool we

use is the following generalized definition of KSD, which was originally proposed in Shi and Mackey

(2024, Definition 4).

Definition 5.3 (P -KSD). Given P ∈ P(Rd) with a Lebesgue density p ∈ C1 and a reproducing

kernel k ∈ C(1,1)
b , the P -targeted (Langevin) kernel Stein discrepancy (P -KSD) between two probability

measures Q,R ∈ P(Rd) is defined as

SP (Q,R) := supf∈B
∣∣EX∼Q[(AP f)(X)]− EY∼R[(AP f)(Y)]

∣∣ , (5.48)

where B :=
{
h = (h1, . . . , hd) : hj ∈ Hk and

∑d
j=1 ∥hj∥2Hk

≤ 1
}

is the unit ball in the d-times

Cartesian product Hd
k of the RKHS Hk associated with k.

When any input probability measure, say Q, is an empirical measure based on a sample Xn = {xi}ni=1 ⊂
R
d, we will abuse the notation by writing SP (Q,R) = SP (Xn, R) to emphasize the dependence on Xn.

It can be shown that P -KSD is a Maximum Mean Discrepancy (MMD, Fortet and Mourier, 1953;

Müller, 1997) with the Stein reproducing kernel uP (Barp et al., 2022, Theorem 2.8). When either

of the two arguments coincides with P , the P -KSD reduces to the standard KSD, as we will show in

the next section. The main benefit of working with P -KSD rather than KSD is that P -KSD satisfies

both symmetry and a triangle inequality (Shi and Mackey, 2024, Lemma 1), i.e., SP (Q,R) = SP (R,Q)

and SP (Q,R) ≤ SP (Q,R′) + SP (R
′, R), for any Q,R,R′ ∈ P(Rd) for which they are defined. These

properties allow us to show several lemmas, which will be crucial in proving the validity of our

robust-KSD tests in later sections.

• Lemma 5.15 shows that the standard KSD can be written as a P -KSD.

• Lemma 5.16 shows that SP (Q,R) admits a closed form involving expectations over Q and R.

• Lemma 5.17 shows that the P -KSD-projection of a probability measure onto a (standard) KSD-ball

centered at P admits a closed-form expression.
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• Lemma 5.18 provides a deviation bound for P -KSD when the Stein kernel is bounded. It is a

counterpart of a similar bound for MMD proved in Gretton et al. (2012, Corollary 9) and will

be used in Section 5.D to derive a robust-KSD test that is well-calibrated for finite samples.

Although our proof follows a similar idea as in Gretton et al. (2012, Corollary 9), it is not a

direct consequence of that result, because the MMD bound is for an MMD computed between

two empirical measures, whereas our result concerns P -KSD between one empirical measure and

one population measure.

The MMD has already been studied extensively in the context of both Bayesian and frequentist

robust parameter estimation; see, e.g., Briol et al. (2019); Chérief-Abdellatif and Alquier (2020, 2022);

Dellaporta et al. (2022); Dellaporta and Damoulas (2023); Alquier and Gerber (2024). A key assumption

to ensure robustness in all of these papers is that the kernel is assumed to be bounded, and this is

exactly what we are able to achieve with the KSD and P -KSD through Lemma 5.2.

5.A.4.1 Properties of P -KSD

Lemma 5.15 (KSD as P -KSD). Assume k ∈ C(1,1)
b and EX∼P [∥sp(X)∥2] < ∞. For any Q ∈ P(Rd)

such that D(Q,P ) < ∞, we have SP (Q,P ) = SP (P,Q) = D(Q,P ).

Proof of Lemma 5.15. This follows directly from the symmetry of P -KSD (Shi and Mackey, 2024,

Lemma 1) and that the assumed conditions imply EX∼P [(AP f)(X)] = 0 for all f ∈ B (Gorham and

Mackey, 2017, Proposition 1), so one of the two expectations in (5.48) vanishes when either of the two

arguments coincides with P .

Lemma 5.16 (P -KSD closed-form). Let Q,R ∈ P(Rd) and k ∈ C(1,1)
b . If EX∼Q[uP (X,X)] < ∞ and

EY∼R[uP (Y,Y)] < ∞, then

S
2
P (Q,R) = EX,X′∼Q[uP (X,X′)] + EY,Y′∼R[uP (Y,Y′)]− 2EX∼Q,Y∼R[uP (X,Y)] .

Proof of Lemma 5.16. The assumed conditions ensure S
2
P (Q,R) is well-defined. Since P -KSD is an

MMD with reproducing kernel uP (Barp et al., 2022, Theorem 2.8), we can apply Gretton et al. (2012,

Lemma 6) to yield this result.

Lemma 5.17 (P -KSD projection). Let R ∈ P(Rd) and assume EY∼R[uP (Y,Y)] < ∞. Further assume

the conditions in Lemma 5.15 hold. For any θ > 0,

infQ∈BKSD(P ;θ) SP (R,Q) = max
(
0, SP (R,P )− θ

)
= max

(
0, D(R,P )− θ

)
.

Proof of Lemma 5.17. The P -KSD SP (R,P ) is well-defined under the assumed conditions, and hence so

is SP
(
λR+ (1− λ)P, P

)
for any λ ∈ [0, 1]. Also since P -KSD is an MMD with (potentially unbounded)

reproducing kernel uP , the claim then follows by Sun and Zou (2023, Proposition 3) and noting that

their proof extends directly to potentially unbounded kernels.
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Lemma 5.18 (P -KSD deviation bound). Assume k is a tilted kernel satisfying the conditions in

Lemma 5.2 and P ∈ P(Rd) has a density p ∈ C1. For any positive integer n, any Q ∈ P(Rd) and any

δ > 0,

PrXn∼Q

(
SP (Xn, Q) >

√
τ∞
n

+ δ

)
≤ exp

(
− nδ2

2τ∞

)
,

In particular, for any α > 0,

PrXn∼Q

(
SP (Xn, Q) >

√
τ∞
n

+

√
−2τ∞ logα

n

)
≤ α .

Proof of Lemma 5.18. Let Xn = {xi}ni=1 and X
′
n = {x′}ni=1 be two samples that differ only by the first

element, i.e., xi,x
′
i ∈ R

d and xi = x′
i for i ̸= 1. Write B := {f ∈ Hd

k : ∥f∥Hd
k
≤ 1}, and denote by Qn,

Q′
n the empirical measures formed by Xn and X

′
n, respectively. The difference between the P -KSD

computed using Xn and X
′
n can be bounded as

∣∣SP (Xn, Q)− SP (X
′
n, Q)

∣∣

=

∣∣∣∣ sup
f∈B

(
1

n

n∑

i=1

(AP f)(xi)− EX∼Q[AP f(X)]

)
− sup

f∈B

(
1

n

n∑

i=1

(AP f)(x
′
i)− EX∼Q[AP f(X)]

)∣∣∣∣

≤ sup
f∈B

∣∣∣∣
1

n

n∑

i=1

(AP f)(xi)−
1

n

n∑

i=1

(AP f)(x
′
i)

∣∣∣∣

=
1

n
sup
f∈B

∣∣(AP f)(x1)− (AP f)(x
′
1)
∣∣

≤ 2

n
sup
x∈Rd

sup
f∈B

∣∣(Apf)(x)
∣∣

=
2

n
sup
x∈Rd

(
uP (x,x)

) 1
2 ,

where the last line holds by noting that

sup
f∈B

∣∣(Apf)(x)
∣∣ = sup

f∈B

∣∣EX∼δx [(Apf)(X)]
∣∣

(a)
= D(δx, P )

=
(
EX,X′∼δx [uP (X,X′)]

)1/2

= uP (x,x)
1/2 ,

where (a) follows from the definition of KSD, and the last equality holds by the double-integral form of

KSD (see, e.g., Barp et al., 2022, Corollary 2.10), which holds under the assumed kernel conditions.

Moreover, Lemma 5.2 implies supx∈Rd uP (x,x) ≤ τ∞ < ∞, so, by symmetry, we have shown that

varying a single data point xi for any i changes SP (Xn, P ) by at most a magnitude of 2τ
1/2
∞ /n. We can

then apply the McDiarmid’s inequality (McDiarmid et al., 1989) to yield that, for any δ > 0,

PrXn∼Q (SP (Xn, Q)− EYn∼Q[SP (Yn, Q)] > δ) ≤ exp

(
− nδ2

2τ∞

)
.
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It remains to bound the expectation. Using Hölder’s inequality,

EYn∼Q[SP (Yn, Q)]

≤
(
EYn∼Q[S

2
P (Yn, Q)]

) 1
2

=


EYn∼Q


EY,Y′∼Q[uP (Y,Y′)] +

1

n2

∑

1≤i,j≤n

uP (Yi,Yj)−
2

n

n∑

i=1

EY∼Q[uP (Y,Yi)]






1
2

=

(
1

n
EY∼Q[uP (Y,Y)]− 1

n
EY,Y′∼Q[uP (Y,Y′)]

) 1
2

,

where the second line follows from the definition of S2P (Xn, Q) and Lemma 5.16, and the last equality

holds since Yi,Yj ∼ Q are i.i.d. To further bound the RHS of the last line, we invoke (5.30) to conclude

that EY,Y′∼Q[uP (Y,Y′)] ≤ EY,Y′∼Q[uP (Y,Y)1/2uP (Y
′,Y′)1/2] = EY∼Q[uP (Y,Y)]. Therefore,

(
1

n
EY∼Q[uP (Y,Y)]− 1

n
EY,Y′∼Q[uP (Y,Y′)]

) 1
2

≤ 1

n
1
2

(EY∼Q[uP (Y,Y)])
1
2 ≤

(τ∞
n

) 1
2
.

Combining these results shows the first claim:

PrXn∼Q

(
SP (Xn, Q) >

√
τ∞
n

+ δ

)
≤ PrXn∼Q (SP (Xn, Q)− EYn∼Q[SP (Yn, Q)] > δ)

≤ exp

(
− nδ2

2τ∞

)
.

The second claims follows directly by setting the RHS to α and solving for δ.

5.A.5 Validity of the Bootstrap Approach

We prove the validity of the bootstrap approach in Theorem 5.4. We first discuss the intuition, and then

present two lemmas in Section 5.A.5.1. The proof of Theorem 5.4 will be presented in Section 5.A.5.2.

The bootstrap procedure used in robust-KSD is the same as the one in the standard KSD test, and

it is not immediately obvious that this gives a valid decision threshold. For the standard KSD test,

the V-statistic D2(Xn) is degenerate under the point null H0 : Q = P , i.e., EX∼Q[uP (·, P )] = 0 when

Q = P (Liu et al., 2016, Theorem 4.1), and classic bootstrapping methods for degenerate V-statistics

(Arcones and Gine, 1992; Huskova and Janssen, 1993) shows that the bootstrap quantile q∞,1−α is a

valid decision threshold. However, the same argument cannot be applied directly to our robust test,

because our null HC
0 is a composite one that contains not only P but also other distributions Q ̸= P ,

in which case D2(Xn) is no longer degenerate as shown by Liu et al. (2016, Theorem 4.1). Nevertheless,

our proof shows that q∞,1−α is still a correct decision threshold.

Intuition of the proof Let Xn = {Xi}ni=1 be a realisations from some Q ∈ P(Rd). We will first

show that the rejection probability of the robust-KSD test can be bounded as

PrXn∼Q

(
∆θ(Xn) > q∞,1−α(Xn)

)
≤ PrXn∼Q

(
SP (Xn, Q) > q∞,1−α(Xn)

)
,
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where SP (Xn, Q) is the P -KSD introduced in Section 5.A.4. We will then prove that the RHS of the

above inequality converges to the prescribed test level α as n → ∞ by showing that q∞,1−α(Xn) is a

valid bootstrap approximation for the (1− α)-quantile of the distribution of SP (Xn, Q).

To see this, we first use the closed-form expression for P -KSD (Lemma 5.16) to write

S
2
P (Xn, Q) = EX,X′∼Qn

[uP (X,X′)]− 2EX∼Qn,Y∼Q[uP (X,Y)] + EY,Y′∼Q[uP (Y,Y′)]

= EX,X′∼Qn
[uP (X,X′;Q)] =

1

n2

∑

1≤i,j≤n

uP (Xi,Xj ;Q) , (5.49)

where we have defined

uP (x,x
′;Q) := uP (x,x

′)− EY∼Q[uP (x,Y)]− EY′∼Q[uP (Y
′,x′)] + EY,Y′∼Q[uP (Y,Y′)] .

In other words, S2P (Xn, Q) is a V-statistic with symmetric function uP (·, ·;Q).

Our key observation is that S
2
P (Xn, Q) is the second-order term in the Hoeffding’s decomposition

(Arcones and Gine, 1992, Eq. 3.2) of the V-statistic estimate D2(Xn, P ) for the standard KSD defined

in (5.2). This suggests that (5.3) is an appropriate bootstrap sample. Crucially, this argument does not

require Q = P , unlike in the proof of the standard KSD test. We formalize this argument in the next

section.

A naive alternative approach to bootstrap S
2
P (Xn, Q) is to note that it is degenerate for any Q and use

standard bootstrapping techniques for degenerate V-statistics (e.g., Arcones and Gine, 1992, Theorem

3.5). However, this approach is not applicable here since, to compute the bootstrap sample, it requires

the function uP (x,x
′;Q) to be computable at any x,x′, which is not the case for uP (x,x

′;Q) since it

involves intractable expectations over Q (recall that uP has mean zero under P , but not necessarily

under Q).

5.A.5.1 Bootstrapping the P -KSD Estimate

Our proof for Theorem 5.4 relies on Arcones and Gine (1992, Lemma 3.4), which states that the

asymptotic distribution of the second-order term in the Hoeffding’s decomposition of a V-statistic

can be approximated by a bootstrap distribution. We restate this result for the case of S2P (Xn, Q) in

Lemma 5.19.

Lemma 5.19 (Arcones and Gine (1992), Lemma 3.4). Let X∞ = {Xi}∞i=1 be a random sample where

Xi ∼ Q are independent, and for any n define Xn := {Xi}ni=1. Let Qn be the empirical measure

based on Xn and define X
∗
n = {X∗

i }ni=1, where X∗
i ∼ Qn are independent conditionally on Xn. Assume

EX∼Q[uP (X,X)2] < ∞. Then, as n → ∞,

sup
t∈R

∣∣PrX∗
n∼Qn

(
n · S2P (X∗

n, Xn) ≤ t | X∞

)
− PrXn∼Q

(
n · S2P (Xn, Q) ≤ t

)∣∣ → 0 .

Using this result, we can prove that a valid bootstrap approximation for the distribution of SP (Xn, Q)

can be obtained by using the bootstrap sample DW(Xn) defined in (5.3). This is summarized in the
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next lemma.

Lemma 5.20. Assume EX∼Q[uP (X,X)2] < ∞ and let W := (W1, . . . ,Wn) be a random vector

distributed as Multinomial(n; 1/n, . . . , 1/n). Under the notation in Lemma 5.19, the following holds as

n → ∞,

sup
t∈R

∣∣PrW
(√

n ·DW(Xn) ≤ t | X∞

)
− PrXn∼Q

(√
n · SP (Xn, Q) ≤ t

)∣∣ → 0 . (5.50)

Proof of Lemma 5.20. As argued in (5.49), the squared P -KSD S
2
P (Xn, Q) can be written as a V-statistic

with symmetric function uP (·, ·;Q). Moreover, direct computation shows that EX∼Q[uP (·,X;Q)] ≡ 0,

so the symmetric function uP (·, ·;Q) is Q-degenerate of order 1 (Arcones and Gine, 1992, pp. 5). On

the other hand, it is well-known that the weighted bootstrap form can be equivalently written as an

Efron’s resampled bootstrap statistic (Janssen, 1994; Dehling and Mikosch, 1994; Janssen, 1997), i.e.,

D2
W(Xn) =

1

n2

∑

1≤i,j≤n

(Wi − 1)(Wj − 1)uP (Xi,Xj)

=
1

n2

∑

1≤i,j≤n

WiWjuP (Xi,Xj)−WiuP (Xi,Xj)−WjuP (Xi,Xj) + uP (Xi,Xj)

d
=

1

n2

∑

1≤i,j≤n

uP (X
∗
i ,X

∗
j )− uP (X

∗
i ,Xj)− uP (Xi,X

∗
j ) + uP (Xi,Xj)

=
1

n2

∑

1≤i,j≤n

uP (X
∗
i ,X

∗
j ;Qn) = S

2
P (X

∗
n,Xn) ,

where X∗
i and Qn are defined in Lemma 5.19, the notation

d
= denotes equality in distribution, the

second last line follows by the definition of uP (·, ·;Qn), and the last line. Under the assumed moment

condition, we can apply Lemma 5.19 together with the above derivation to conclude that a version of

(5.50) with the squared statistics holds, i.e.,

sup
t∈R

∣∣PrW
(
n ·D2

W(Xn) ≤ t | X∞

)
− PrXn∼Q

(
n · S2P (Xn, Q) ≤ t

)∣∣ → 0 .

The claim then follows by noting that the mapping u ↦→ √
u is everywhere continuous on [0,∞) and

that weak convergence is preserved by continuous function by the Continuous Mapping Theorem (van

der Vaart, 2000, Theorem 2.3).

5.A.5.2 Proof of Theorem 5.4

We first show that EX∼Q[uP (X,X)2] < ∞, so in particular EX∼Q[uP (X,X)] < ∞ and we can apply

Lemma 5.17. Defining sp,w(x) = w(x)sp(x), we have

EX∼Q[uP (X,X)2]

≤ EX∼Q

[(
∥sp,w(x)∥22h(0) + 2∥sp,w(x)∥2∥∇w(x)∥2h(0) + ∥∇w(x)∥22h(0) + w(x)2|∇⊤∇h(0)|

)2]

≤ 4
(
EX∼Q

[
∥sp,w(x)∥42

]
h2(0) + 2EX∼Q

[
∥sp,w(x)∥22∥∇w(x)∥22

]
h2(0) + EX∼Q

[
∥∇w(x)∥42

]
h2(0)

+ EX∼Q

[
w(x)4

]
|∇⊤∇h(0)|2

)
,
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where the second line follows from (5.29), and the last line holds since (a+b+c+d)2 ≤ 4(a2+b2+c2+d2)

for any a, b, c, d ∈ R. The RHS of the last inequality is finite under the assumed conditions on k.

We are now ready to prove the first result of our theorem. For any Q ∈ BKSD(P ; θ), we have

PrXn∼Q,W

(
∆θ(Xn) > q∞,1−α(Xn)

)

= PrXn∼Q,W

(
max(0, D(Xn)− θ) > q∞,1−α(Xn)

)

= PrXn∼Q,W

(
infQ′∈BKSD(P ;θ) SP (Xn, Q

′) > q∞,1−α(Xn)
)

≤ PrXn∼Q,W

(
SP (Xn, Q) > q∞,1−α(Xn)

)
, (5.51)

where the second line holds by Lemma 5.17 and noting that D(Xn) is equivalent to the KSD between

the empirical measure based on Xn and P , and the last line holds since Q ∈ BKSD(P ; θ). To show the

first claim of our theorem, it suffices to show that the RHS of (5.51) converges to α as n → ∞. Defining

the term

δn := PrXn∼Q,W

(
SP (Xn, Q) > q∞,1−α(Xn)

)
− PrW

(
DW(Xn) > q∞,1−α(Xn) | X∞

)
,

we can write the RHS of (5.51) as

PrXn∼Q,W

(
SP (Xn, Q) > q∞,1−α(Xn)

)
= PrW

(
DW(Xn) > q∞,1−α(Xn) | X∞

)
+ δn

= α+ δn ,

where the last step holds since q∞,1−α(Xn) is the (1 − α)-quantile of the conditional distribution

of DW(Xn) given X∞. Moreover, since we have shown that EX∼Q[uP (X,X)2] < ∞, we can apply

Lemma 5.20 to conclude that δn → 0 as n → ∞. Combining with (5.51), we have proved that

PrXn∼Q,W

(
∆θ(Xn) > q∞,1−α(Xn)

)
→ α, which shows the first claim of our theorem.

Now assume Q ̸∈ BKSD(P ; θ), so θ −D(Q,P ) < 0. We have

PrXn∼Q,W

(
∆θ(Xn) > q∞,1−α(Xn))

= PrXn∼Q,W

(
D(Xn)− θ > q∞,1−α(Xn)

)
(5.52)

= PrXn∼Q,W

(√
n
(
D2(Xn)−D2(Q,P )

)
>

√
n(q∞,1−α(Xn) + θ)2 −√

nD2(Q,P )
)
, (5.53)

where (5.52) holds since it can be checked that ∆θ(Xn) > γ if and only if D(Xn)− θ > γ for any γ ≥ 0.

The argument in Liu et al. (2016, Theorem 4.1) shows that that
√
n(D2(Xn)−D2(Q,P )) converges

weakly to a Gaussian limit assuming EX∼Q[uP (X,X′)2] < ∞, which holds since (5.30) and Jensen’s

inequality imply

EX,X′∼Q[uP (X,X′)2] ≤ EX,X′∼Q[uP (X,X)uP (X
′,X′)]

=
(
EX∼Q[uP (X,X)]

)2

≤ EX∼Q[uP (X,X)2] ,

which is finite as shown before. On the other hand, the weak convergence of
√
n(D2(Xn)−D2(Q,P ))
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also implies q∞,1−α(Xn) → 0 as n → ∞, so when D(Q,P ) > θ,

lim
n→∞

(q∞,1−α(Xn) + θ)2 −D2(Q,P ) = θ2 −D2(Q,P ) < 0 .

Combing these arguments shows that in the probability in (5.53), the LHS converges to a non-degenerate

distribution, while the RHS tends to −∞. This implies (5.53) converges to 1, proving the second claim.

5.A.6 Connections Between KSD Balls and Contamination Models

This section provides proofs for the results in Section 5.4.2.

• Section 5.A.6.1 states and proves Lemma 5.21, an intermediary result which provides a decompos-

ition of the KSD under Huber’s contamination models.

• Section 5.A.6.2 proves Proposition 5.5 using Lemma 5.21.

• Section 5.A.6.3 proves Proposition 5.6.

• Section 5.A.6.4 provides an example of using Proposition 5.6 to bound the KSD between t- and

Gaussian distributions.

5.A.6.1 Statement and Proof of Lemma 5.21

Lemma 5.21. Let ϵ ∈ [0, 1] and Q = (1−ϵ)P +ϵR, for any R ∈ P(Rd) such that EY∼R[uP (Y,Y)1/2] <

∞. Assume k ∈ C(1,1)
b and EX∼P [∥sp(X)∥2] < ∞. Then D(Q,P ) = ϵD(R,P ).

Proof of Lemma 5.21. The assumption EY∼R[uP (Y,Y)1/2] < ∞ implies that D(R,P ) is well-defined

by Gorham and Mackey (2017, Proposition 2). Moreover, when k ∈ C(1,1)
b and EX∼P [∥sp(X)∥2] < ∞,

Gorham and Mackey (2015, Proposition 1) shows that EX∼P [uP (X, ·)] = 0. Using this and the linearity

of expectation,

D2(Q,P ) = (1− ϵ)2EX,X′∼P [uP (X,X′)] + 2(1− ϵ)ϵEX∼P,Y∼R[uP (X,Y)]

+ ϵ2EY,Y′∼R[uP (Y,Y′)]

= (1− ϵ)2D2(P, P ) + ϵ2D2(R,P )

= ϵ2D2(R,P ) .

Taking square-root of both sides gives the desired result.

5.A.6.2 Proof of Proposition 5.5

The proof follows a similar approach as Chérief-Abdellatif and Alquier (2022, Lemma 3.3). Under

the assumed kernel conditions, Lemma 5.2 shows that supx,x′∈Rd uP (x,x
′) ≤ τ∞ < ∞, which implies

D2(Q,P ) = EX,X′∼Q[uP (X,X′)] ≤ τ∞ < ∞ for any probability measure Q ∈ P(Rd). In particular,
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D(Q,P ) is well-defined for any Q ∈ P(Rd) and the conditions in Lemma 5.21 are met. For any

Q = (1− ϵ)P + ϵR with Q ∈ P(P ; ϵ0), applying Lemma 5.21 shows that

D(Q,P ) = ϵD(R,P ) ≤ ϵ0D(R,P ) ≤ ϵ0τ
1
2
∞ . (5.54)

To show that this bound is tight, we can lower bound the KSD as

sup
Q∈P(P ;ϵ0)

D(Q,P ) ≥ sup
z∈Rd,ϵ∈[0,ϵ0]

D
(
(1− ϵ)P + ϵδz, P

)

= sup
z∈Rd,ϵ∈[0,ϵ0]

ϵD(δz, P )

= ϵ0 sup
z∈Rd

uP (z, z)
1
2

= ϵ0τ
1
2
∞ ,

where the first inequality holds since R = δz is only one possible type of perturbation, the first equality

follows from Lemma 5.21, the second equality holds because the supremum over ϵ is reached at ϵ0, and

the last step holds as supz∈Rd uP (z, z) = τ∞ by definition. Combining with the upper bound (5.54), we

have shown that supQ∈P(P ;ϵ0)D(Q,P ) = ϵ0τ
1/2
∞ .

5.A.6.3 Proof of Proposition 5.6

Under the assumed conditions on k, Lemma 5.2 shows that the Stein kernel is bounded by τ∞ =

supx∈Rd uP (x,x) < ∞, so in particular D(Q,P ) is well-defined for all Q ∈ P(Rd). Under the assumed

integrability condition, we have EX∼P [uP (X, ·)] = 0 as argued in the paragraph before (5.11). We can

therefore rewrite the squared KSD as

D2(Q,P ) =

∫

Rd

∫

Rd

uP (x,x
′)q(x)q(x′) dx dx′

=

∫

Rd

∫

Rd

uP (x,x
′)(q(x)− p(x))(q(x′)− p(x′)) dx dx′ .

Using the assumed bound |q(x)− p(x)| ≤ δ(x) and Lemma 5.2, we can bound the RHS of the above

line by

∫

Rd

∫

Rd

uP (x,x
′)δ(x)δ(x′) dx dx′ ≤

∫

Rd

∫

Rd

|uP (x,x′)|δ(x)δ(x′) dx dx′ ≤ τ∞

(∫

Rd

δ(x) dx

)2

= τ∞δ20 .

Taking the square-root of both sides implies D(Q,P ) ≤ τ
1/2
∞ δ0.

5.A.6.4 KSD Balls and Fat Tails

The next result serves as an example for how Proposition 5.6 can be applied to design a robust KSD

test when the model is Gaussian but data are drawn from t-distributions with equal mean and variance.
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Proposition 5.22. Let P = N (0, 1) and let Qν = tν
√
(ν − 2)/ν, where tν is the t-distribution

with degree-of-freedom (dof) ν > 2. Denote by p and qν their probability density functions, and by

F∞ and Fν their cumulative distribution functions, respectively. Then p(x) and qν(x) have exactly

two intersections a1 < a2 on (0,∞). If furthermore k satisfies the conditions in Lemma 5.2, then

KSD(Qν , P ) ≤ 4τ
1/2
∞ (Fν(a1)− F∞(a1) + F∞(a2)− Fν(a2)).

This result suggests that, to ensure quantitative robustness against the scaled t-distribution with ν

degrees-of-freedom, we can choose the uncertainty radius in the robust-KSD test to be θ = 4τ
1/2
∞ (Fν(a1)−

F∞(a1) + F∞(a2) − Fν(a2)). The intersection points a1, a2 do not have a closed form; instead, we

approximate them by numerical solvers, which is trivial for this one-dimensional problem, and the

numerical error is negligible as evidenced empirically in Figure 5.4.

Proof of Proposition 5.22. For ν > 2, the change-of-variable formula shows that the scaled t-distribution

Qν has density function q(x) = Zνq
∗
ν(x), where Zν := Γ(ν+1

2 )/
(√

π(ν − 2)Γ(ν2 )
)
, q∗ν(x) := (1 +

x2

ν−2)
−(ν+1)/2, and Γ(·) is the Gamma function (see, e.g., Forbes et al., 2011, Chapter 8.1). To show qν(x)

intersects with p(x) at exactly two points on (0,∞), we first show that qν(x) is strong super-Gaussian

(Palmer et al., 2010), i.e., x ↦→ log qν(
√
x) is convex on [0,∞). This is immediate by writing

log qν(
√
x) = logZν −

ν + 1

2
log

(
1 +

x

ν − 2

)
,

and noting that u ↦→ log(1 + u) is concave on [0,∞). Palmer et al. (2010, Theorem 2) shows that any

symmetric and strongly super-Gaussian density belongs to the class of density cross inequalities (DC+),

which are symmetric densities that cross a Gaussian density of equal variance exactly four times on

R, and take higher values than that normal density at x = 0 and as x → ∞. Since in this case both

Qν and P have unit variance, we conclude that qν and p intersect at exactly four points on R. By

symmetry of these densities about x = 0, this shows that qν and p must intersect at exactly two points

on (0,∞).

Call these two intersections a1, a2 and assume without loss of generality 0 < a1 < a2. It then follows

that qν(x) ≥ p(x) on [0, a1) ∪ [a2,∞) and qν(x) ≤ p(x) on [a1, a2). We therefore have

δ0 :=

∫

R

|p(x)− qν(x)| dx

= 2

∫ a1

0
(qν(x)− p(x)) dx+ 2

∫ a2

a1

(p(x)− qν(x)) dx+ 2

∫ ∞

a2

(qν(x)− p(x)) dx

= 2(Fν(a1)− F∞(a1)) + 2
(
F∞(a2)− F∞(a1)− (Fν(a2)− Fν(a1))

)

+ 2
(
(1− Fν(a2))− (1− F∞(a2))

)

= 2(Fν(a1)− F∞(a1) + F∞(a2)− F∞(a1)− Fν(a2) + Fν(a1) + F∞(a2)− Fν(a2))

= 4(Fν(a1)− F∞(a1) + F∞(a2)− Fν(a2)) ,

where in the second line we have again used the symmetry of normal and t densities. Applying

Proposition 5.6 completes the proof.



148 Chapter 5. GOF Testing Part II: Robust KSD

0 500 1000 1500 2000
Sample size n

10 1

100
Re

je
ct

io
n 

ra
te

r
0.4
0.45
0.5
0.55
0.6
0.7
α=0.05

Figure 5.8: Rejection probability (in log scale)
against sample size under the univariate contam-
inated Gaussian model with outlier z = 10. The
contamination ratio scales as ϵn = n−r for differ-
ent values of r.
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Figure 5.9: Rejection probability for an IMQ kernel
with bandwidth λ. “med” is the median heuristic.
“KSDAgg” is the test of Schrab et al. (2022). The
dashed line shows α = 0.05. All tests all reject H0

for large z.

5.B Complementary Experiments

This section includes additional experimental results. Section 5.B.1 discusses the rate requirement

in Theorem 5.3 and demonstrates that the KSD test is no longer qualitatively robust when this

condition is not met. Section 5.B.2 reviews the robust MMD tests included in Section 5.5.1 and presents

implementation details. Section 5.B.4 includes an ablation study on the choice of kernel bandwidths

in the robust-KSD test. Section 5.B.6 studies its scalability with dimension. Section 5.B.7 compares

robust-KSD using two different bootstrap methods: the weighted bootstrap used throughout this work,

and a wild bootstrap that is more prevalent in the kernel testing literature.

5.B.1 Decline Rate of Contamination Ratio

We show empirically that the rate requirement in the qualitative robustness result Theorem 5.3 is not an

artifact of the proof, i.e., the tilted-KSD test is no longer qualitatively robust to Huber’s contamination

models with contamination ratio ϵn if ϵn = n−r for any r ≤ 1/2, where n is the sample size. We

run the standard KSD test with a tilted kernel under the contaminated Gaussian model as described

in Section 5.5.1 with dimension d = 1 and outlier z = 10. The contamination ratio is chosen to be

ϵn = n−r for different choices of r, and the probability of rejection as n grows is shown in Figure 5.8.

The results are averaged over 400 repetitions instead of 100 repetitions as in Section 5.5.1 to reduce

numerical uncertainty. When r > 0.5, the rejection probability converges to the prescribed test level α,

which is the limit of the rejection probability without contamination. This aligns with Theorem 5.3.

However, this rejection probability no longer converges to α when r ≤ 0.5, thus showing that the

tilted-KSD test is no longer qualitatively robust.

5.B.2 Implementation Details for the Robust MMD Tests

This section provides implementation details for the two robust MMD-based tests included in Sec-

tion 5.5.1. Both tests use the Maximum Mean Discrepancy (MMD; Gretton et al., 2012, Definition 2)
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between the data-generating distribution Q and the model P as a measure of their disparity. Given a

reproducing kernel k : Rd × R
d → R, the squared MMD between Q and P are defined as

D2
MMD(Q,P ) = EX,X′∼Q[k(X,X′)] + EY,Y′∼P [k(Y,Y′)]− 2EX∼Q,Y∼P [k(X,Y)] .

Given independent samples Xn = {Xi}ni=1 from Q and Ym = {Yj}mj=1 from P , the MMD can be

estimated directly by D2
MMD(Qn, Pm), where Qn and Pm are the empirical measures formed by Xn and

Ym, respectively (Gretton et al., 2012). The computational cost of such estimate scales with sample

size n as O((n+m)2 +mCsim), where Csim is the cost of simulating one datum from P , compared with

O(n2+nCscore) for KSD, where Cscore denotes the cost of a single score evaluation. In our experiment in

Section 5.5.1, P is a Gaussian model, so both simulation and score evaluation are trivial and Csim, Cscore

are both small. Hence, we set m = n so that the costs of MMD and of KSD are comparable. Moreover,

we will use the squared-exponential kernel k(x,x′) = exp(−∥x − x′∥22/(2γ2)) and set γ2 using the

median heuristic. Squared-exponential kernels are popular for MMDs and are also used in the original

papers that proposed the two robust MMD tests (Sun and Zou, 2023; Schrab and Kim, 2024).

5.B.2.1 The MMD-Dev Test

The robust MMD test of Sun and Zou (2023, Eq. (38)), which we refer to as MMD-Dev, targets the

hypotheses

HMMD
0 : Q ∈ BMMD(P ; θMMD) , HMMD

1 : Q ̸∈ BMMD(P ; θMMD) , (5.55)

where θMMD ≥ 0 and BMMD(P ; θMMD) = {Q ∈ P : DMMD(Q,P ) ≤ θMMD} is the MMD ball centered at

P and with radius θMMD. Given a test level α ∈ (0, 1), MMD-Dev rejects HMMD
0 if DMMD(Qn, Pn) >

θMMD + γn, where γn =
√

2K/n(1 +
√− logα). Sun and Zou (2023, Theorem 4) shows that this test

controls the Type-I error for any finite n, and is asymptotically optimal against certain alternatives.

The decision threshold γn is derived using a McDiarmid-type deviation inequality for MMDs due to

Gretton et al. (2012, Theorem 8).

In our experiments, we chose θMMD = ϵ0
√
2. This ensures that BMMD(P ; θMMD) contains Huber’s

contamination models with contamination ratios up to ϵ0, which we show in the next result. Notably,

although we can compare the MMD-Dev test with our robust-KSD test on Huber’s contamination

models, they are in general not directly comparable, since they target different null hypotheses.

Lemma 5.23 (MMD balls and Huber’s model). Let k be a reproducing kernel with 0 < k(x,x′) ≤ K <

∞, for all x,x′ ∈ R
d. For any ϵ0 ∈ [0, 1], if θMMD = ϵ0

√
2K, then P(P ; ϵ0) ⊂ BMMD(P ; θMMD), where

P(P ; ϵ0) is the Huber’s contamination model defined in (5.6).

Proof of Lemma 5.23. For any Q ∈ P(Rd), we define its kernel mean embedding (Berlinet and Thomas-

Agnan, 2004, Chapter 4) as µQ(·) := EX∼Q[k(X, ·)], which is well-defined since k is bounded. By

Sriperumbudur et al. (2010b, Theorem 1), the MMD between any Q,P ∈ P(Rd) can be equivalently

written as DMMD(Q,P ) = ∥µQ − µP ∥Hk
, where Hk is the RKHS associated with k. Pick ϵ0 ∈ [0, 1] and
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R ∈ P. For any ϵ ∈ [0, ϵ0],

DMMD((1− ϵ)P + ϵR, P ) = ∥µ(1−ϵ)P+ϵR − µP ∥Hk
= ∥(1− ϵ)µP + ϵµR − µP ∥Hk

= ϵ∥µR − µP ∥Hk

= ϵDMMD(R,P ) ,

where the second equality holds due to the linearity of the expectation operator. Moreover,

D2
MMD(R,P ) = EX,X′∼R[k(X,X′)] + EY,Y′∼P [k(Y,Y′)]− 2EX∼R,Y∼P [k(X,Y)]

≤ EX,X′∼R[k(X,X′)] + EY,Y′∼P [k(Y,Y′)]

≤ 2K ,

where the last line holds since supx,x′∈Rd k(x,x′) ≤ K by assumption. This shows that DMMD((1 −
ϵ)P + ϵR, P ) ≤ ϵ

√
2K ≤ ϵ0

√
2K, so the claim holds.

5.B.2.2 The dcMMD Test

The dcMMD test (Schrab and Kim, 2024) targets different hypotheses. Given ϵ0 ∈ [0, 1], the null

assumes that the observed sample Xn is generated by firstly drawing i.i.d. random variables from some

probability measure, then corrupting them by replacing at most a proportion of ϵ0 of the sample by

arbitrary values. The hypotheses can be formalized as follows:

HdcMMD
0 : At least (1− ϵ0)× n random variables in Xn are i.i.d. from P .

HdcMMD
1 : Otherwise .

The dcMMD test rejects HdcMMD
0 if DMMD(Qn, Pn) > qMMD

α + 2ϵ0
√
2K, where qMMD

α is the empirical

quantile of B permutation samples {T b
MMD}Bb=1, and each T b

MMD is computed by (i) randomly permuting

Xn ∪ Yn, (ii) partitioning the permuted set into two subsets X
b
n and Y

b
n of size n, and (iii) computing

T b
MMD := DMMD(Q

b
n, P

b
n), where Qb

n and P b
n are the empirical measures based on X

b
n and Y

b
n, respectively.

We use B = 500, which is the default setup in Schrab and Kim (2024).

The dcMMD test gives stronger calibration guarantee than Huber’s contamination model because it

controls contamination proportion no larger than ϵ0 for any realization of the sample Xn, rather than

in expectation as required by Huber’s model. However, it is not necessarily stronger than KSD-balls or

MMD-balls, since it does not account for the case where all samples are under mild perturbation.

5.B.3 Approximating the Supremum of the Stein Kernel

As described in Section 5.4.2, in our experiments we approximated the intractable supremum τ∞ =

supx∈Rd uP (x,x) by maxi=1,...,n uP (xi,xi). We now study how this approximation affects the perform-

ance of the robust-KSD test. We run the same contaminated Gaussian experiment in Section 5.5.1

with d = 1 and outlier location z = 10. For this model, x ↦→ uP (x,x) is a simple, univariate function,

so we can compute the ground-truth τ∞ accurately by numerical optimization. Clearly, the ground
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Figure 5.10: Left. Estimated τ∞ using the trick described in Section 5.4.2 compared with the ground-
truth; the estimate becomes more accurate with larger samples. Right. Rejection probability of
robust-KSD under an outlier-contaminated Gaussian model; the Type-I error remains calibrated even
for small sample sizes.

truth τ∞ is equivalent to taking n = ∞. This is evidenced by the left plot in Figure 5.10, which shows

that the finite-sample approximation maxi=1,...,n uP (xi,xi) becomes more accurate as n increases. The

right plot of Figure 5.10 shows the rejection probability of robust-KSD with θ set to control at most

ϵ0 = 0.05 proportion of contamination. Remarkably, even when this approximation under-estimates

τ∞ (which is the case for small n), robust-KSD still remains well-calibrated. This is not surprising:

the supremum τ∞ represents the maximal contribution of a single datum x taking arbitrary values in

the entire sample space R
d, regardless of whether it is present in the observed dataset. However, in

practice, it suffices to control the contribution of any single datum in the observed dataset.

5.B.4 Ablation Study for Kernel Bandwidth in the Standard KSD Test

We evaluate how the choice of the kernel bandwidth affects the performance of the standard KSD test.

We run the same contaminated Gaussian experiment as in the previous subsection. The standard KSD

test uses an IMQ kernel with bandwidth λ2 ∈ Λ ∪ {λ2
med}, where Λ = {0.01, 0.1, 1, 10, 100} and λ2

med is

the bandwidth chosen by median heuristic. We also include KSDAgg, which also uses an IMQ kernel

for a fair comparison. As shown in Figure 5.9, all standard IMQ-KSD tests reject the point null with

high probability for large outlier values, regardless of the bandwidth value. This suggests that no fixed

bandwidth can ensure robustness, which is consistent with Theorem 5.1, and is because the Stein kernel

is unbounded regardless of the choice of λ, thus the non-robustness issue persists. The KSDAgg test

is even more sensitive to contamination than the IMQ-KSD tests. As noted in Section 5.5.1, this is

because KSDAgg is designed to optimally combine multiple bandwidths to boost the test power against

all alternatives, including contaminated models.

5.B.5 Gaussian Mean-Shift Experiment

We run a Gaussian mean-shift experiment to demonstrate the performance of our robust test against

model deviations other than contamination. We use a Gaussian model N (0, Id) in dimension d = 50,

and draw data from Qµ0 = N (µ0e1, Id), where e1 = (1, 0, . . . , 0)⊤ ∈ R
d and µ0 ∈ R is a mean-shift.

The uncertainty radius θ is chosen to be the Tilted-KSD value corresponding to µ0 = 0, 0.2 and

0.6, respectively. The purpose of this experiment is to demonstrate that the robust-KSD test is
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Figure 5.11: Probability of rejection against the mean-shift µ0 under a Gaussian model in d = 50
dimensions. Black dash-dot line. Uncertainty radius θ, which is set to be the KSD value D(Qµ0 , P )
corresponding to different values of µ0.
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Figure 5.12: Probability of rejection against the mean shift under a Gaussian model in various dimensions.
Grey dotted line. Test level α = 0.05. Black dash-dot line. Uncertainty radius θ, which is set to be the
KSD value corresponding to µ = 0.3.

well-calibrated when D(Qµ0 , P ) ≤ θ and consistent when D(Qµ0 , P ) > θ. As shown in Figure 5.11, the

standard tests reject with probability higher than robust-KSD. This is again expected since the standard

tests are not robust to contamination. For mean-shift values not greater than the black vertical line,

Qµ0 ∈ BKSD(P ; θ), so we are under the null hypothesis and robust-KSD rejects no more frequently

than the level, showing that it is well-calibrated. For larger µ0, robust-KSD rejects with probability

approaching one, thus showing its power. Moreover, when µ0 = 0 so that θ = 0, robust-KSD becomes

identical to the standard Tilted-KSD test, showing that robust-KSD is indeed a generalization of the

standard test.

5.B.6 Scalability with Dimension

We run the Gaussian mean-shift experiment in Section 5.B.5 in different dimensions; other experimental

setups remain unchanged. The uncertainty radius for R-KSD is chosen to be the (non-squared) KSD

value corresponding to mean-shift µ = 0.3. Results are reported in Figure 5.12. As dimension increases,

both the two standard tests and R-KSD have declining power in correctly rejecting for large values of µ.

This shows that both the standard and the robust KSD tests suffer from the curse-of-dimensionality,

a known issue for kernel-based tests (Huang et al., 2023; Reddi et al., 2015; Ramdas et al., 2015).

Unsurprisingly, this issue is more prominent for the R-KSD test. This is because the KSD-ball

BKSD(P ; θ) could potentially include more distributions in higher dimensions.
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Figure 5.13: Rejection probability under an outlier-contaminated Gaussian model using the weighted

bootstrap and the wild bootstrap. Black dash-dot vertical line. Uncertainty radius θ = ϵ0τ
1/2
∞ , with τ∞

estimated following Section 5.4.2.

5.B.7 Weighted Bootstrap and Wild Bootstrap

We compare the robust-KSD test using the weighted bootstrap described in Section 5.2.2 (equivalent to

the Efron’s bootstrap) against the wild bootstrap due to Leucht and Neumann (2013). For the standard

KSD test, weighted bootstrap was used in Liu et al. (2016), while the wild bootstrap is more popular in

the literature (Chwialkowski et al., 2016; Schrab et al., 2022; Liu et al., 2023). Compared with weighted

bootstrap, the wild approach is more flexible as it can work for dependent samples (Chwialkowski et al.,

2014), and theoretical guarantees on the power of the standard test were only proved with the wild

bootstrap (Schrab et al., 2022). In this work, we have used the weighted approach since we can then

leverage existing theoretical results to show the validity of the test; see Section 5.A.5.1. This is for

simplicity rather than necessity.

We numerically compare these two bootstrap methods using the contaminated Gaussian model in

Section 5.5.1 and show that the use of weighted bootstrap does not negatively impact the test. Figure 5.13

shows the rejection probability of the robust-KSD test using the weighted bootstrap (R-KSD) and wild

bootstrap (R-KSD-Wild). The uncertainty radius is chosen to be θ = ϵ0τ
1/2
∞ for different values of ϵ0,

following Section 5.5.1. In particular, ϵ0 = 0 corresponds to setting θ = 0, in which case robust-KSD

reduces to the standard KSD. As evident from the plot, these two bootstrap methods produce almost

identical results regardless of the value of θ.

5.C Extension to U-statistics

In this work, we have focused primarily on using the V-statistic (5.2) for estimating the KSD. An

alternative estimator commonly used in the literature (Liu et al., 2016; Jitkrittum et al., 2017; Schrab

et al., 2022; Liu et al., 2023) is the following U-statistic 1
n(n−1)

∑
1≤i ̸=j≤n uP (Xi,Xj). In this section,

we discuss briefly how to extend our key results to this U-statistic estimate.

Extending the qualitative (non-)robustness results The main ingredients for proving The-

orem 5.1 are (i) a deviation bound for the V-statistic D2(Xn) as shown in Lemma 5.7, and (ii) a

concentration bound for the bootstrapped quantile q2∞,1−α(Xn) as shown in Lemma 5.8. A U-statistic

counterpart of both results can be shown by following the same proof technique and replacing D2(Xn)

with the U-statistic. For example, with the U-statistic, a decomposition similar to (5.10) can be derived
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by summing over only the non-diagonal terms i ̸= j and replacing normalizing factors of the form 1/n2

to 1/(n(n− 1)). Similarly, the proof of Theorem 5.3 can be extended to U-statistics by following the

same steps in Section 5.A.3.

Extending the robust-KSD test To adapt the robust-KSD test to the U-statistic, we first note that

rejecting the null if ∆θ(Xn) > q∞,1−α is equivalent to rejecting the null if D2(Xn) > (q∞,1−α + θ)2, as

argued in (5.52) and the paragraph thereafter. A natural approach is therefore to replace the V-statistic

D2(Xn) by the U-statistic, and the bootstrap quantile q∞,1−α by the square-root of the bootstrap

quantile formed with the U-statistic. However, since the bootstrap samples (5.3) based on U-statistics

can take negative values, the bootstrap quantile can also take negative values, rendering its square-root

q∞,1−α undefined. One solution is to always not reject the null when this happens. This will make little

impact when D2(Q,P ) is large so that the bootstrap samples very likely take positive values, but will

make the test conservative when D2(Q,P ) ≈ 0 so that the bootstrap samples can take negative values

with high probability.

5.D A Robust KSD Test based on Deviation Bounds

The robust-KSD test introduced in Section 5.4 is only well-calibrated when n → ∞. In this appendix,

we now derive a robust test that is well-calibrated with finite samples. The test rejects the null HC
0

in (5.8) if ∆θ(Xn) > γn, where γn :=
√
τ∞/n+

√
−2τ∞(logα)/n, with τ∞ defined in Lemma 5.2 and

∆θ(Xn) defined in (5.9). We call this test robust-KSD-Dev (R-KSD-Dev).

The decision threshold γn is based on a deviation bound of the McDiarmid’s type (McDiarmid et al.,

1989), and the test can be viewed as a counterpart of the robust MMD test of Sun and Zou (2023).

The next result, proved in at the end of this section, shows its finite-sample validity under HC
0 as well

as its consistency under HC
1 .

Theorem 5.24. Let X∞ = {Xi}∞i=1 be a sequence of independent random variables following Q. Suppose

k is a tilted kernel satisfying the conditions in Lemma 5.2, and let θ ≥ 0. Then

1. Under HC
0 , we have supQ∈BKSD(P ;θ) PrXn∼Q

(
∆θ(Xn) > γn

)
≤ α.

2. Under HC
1 , if EX1,X2∼Q[uP (X1,X2)

2] < ∞, then PrXn∼Q

(
∆θ(Xn) > γn

)
→ 1, as n → ∞.

In Figure 5.14, we compare R-KSD-Dev with the bootstrap-based robust-KSD test, the robust MMD

test and the standard tests under the outlier-contaminated Gaussian model in Section 5.5.1. We set the

uncertainty radius to be θ = ϵ0τ
1/2
∞ for various values of ϵ0, where τ∞ is estimated following Section 5.4.2.

As expected, R-KSD-Dev controls Type-I error against Huber’s contamination with maximal proportion

ϵ0. However, when ϵ > ϵ0, it has lower power compared with robust-KSD and the MMD-based tests.

This is because R-KSD-Dev uses a deviation bound to construct the decision threshold, which is a

uniform bound over all data-generating distributions and is therefore conservative.

Since the robust-KSD-Dev test has finite-sample guarantee on the Type-I error, it might be preferable to

the bootstrap-based robust-KSD test when the sample size is small. On the other hand, the conservative
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Figure 5.14: Rejection probability under an outlier-contaminated Gaussian model. Black dash-dot
vertical line. Uncertainty radius θ = ϵ0τ

1/2
∞ , with τ∞ estimated following Section 5.4.2.

nature of the robust-KSD-Dev test suggests it might only be effective for identifying the most aberrant

behaviors.

Proof of Theorem 5.24. Proceeding as in the proof of Theorem 5.4, for any Q ∈ BKSD(P ; θ), we have

the inequality

PrXn∼Q

(
∆θ(Xn) > γn

)
≤ PrXn∼Q

(
SP (Xn, Q) > γn

)
,

By the deviation bound in Lemma 5.18, the RHS is bounded by α, thus proving the first claim.

We now fix Q ̸∈ BKSD(P ; θ) so that we are under HC
1 . The same argument in Section 5.A.5.2 shows

that
√
n
(
D(Xn)−D(Q,P )

)
converges weakly to a Gaussian distribution. On the other hand,

PrXn∼Q

(
∆θ(Xn) > γn

)
≥ PrXn∼Q

(
D(Xn)− θ > γn

)

= PrXn∼Q

(√
n
(
D(Xn)−D(Q,P )

)
>

√
n(γn + θ −D(Q,P ))

)
.

Since D(Q,P ) > θ and γn → 0 as n → ∞, the term
√
n
(
γn + θ −D(Q,P )

)
→ −∞. Therefore, the

probability in the last line converges to one, thus proving the second claim.



Chapter 6

Parameter Estimation: On the Efficiency

of Minimum KSD Estimation

Exponential family models are a class of parametric models widely known for their flexibility. However,

the likelihood function of these models is typically only available up to a normalizing constant, as the

normalization term is often intractable to compute. This limitation makes conventional parameter

estimation methods based on the model likelihood infeasible. Alternative methods instead seek to

estimate the parameter by fitting the (Hyvärinen) score function of the model, which does not depend

on the normalizing constant. Two popular estimators based on this principle are score matching (SM)

estimators and minimum kernel Stein discrepancy (KSD) estimators. Despite their shared underlying

principle, little work has been done to compare their relative statistical efficiency. This chapter aims to

bridge this gap. By focusing on well-specified models and kernels that admit a Mercer decomposition,

we establish conditions under which the KSD estimator is less efficient than or comparably efficient as

SM. Our results show that the KSD estimator can be inefficient when both the model and the kernel

are sufficiently regular, hightlighting the importance of kernel selection in KSD estimation.

6.1 Introduction

Maximum likelihood estimation (MLE) has been the de-facto choice for fitting parametric models due

to its optimality in term of statistical efficiency (see, e.g., van der Vaart 2000, Chapter 5). However, a

crucial presumption underlying MLE is the ability to evaluate the likelihood in closed-form for given

data and parameter values. This prerequisite can be overly restrictive when dealing with complex

models, where the normalizing constant is often intractable.

An example of such models is exponential family models. These models are widely used in practice

due to their flexibility in representing complex relationships (Besag, 1974; Yang et al., 2015; Canu and

Smola, 2006). However, the normalizing constant of these models depends on the parameter to be

optimized and is typically unavailable in closed-form except special cases. As a result, the conventional

parameter estimation approach using the maximum likelihood principle becomes impractical. One

156
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potential solution is to resort to estimations of the normalizing constant. However, since MLE often

requires computing the normalizing constant at multiple parameter values (this is the case when, for

example, gradient-based optimization is used to compute the estimator), this approach quickly becomes

computationally prohibitive.

An alternative approach is to instead fit the (Hyvärinen) score of the model, which bypasses the

need to compute the normalizing constant. Let P be a probability measure on R
d with Lebesgue

density function p that is positively valued. The score function of P is sp(x) := ∇x log p(x)—the

gradient of the log-density of the model with respect to the data x. Since sp(x) does not depend on the

normalizing factor of p, if a parameter estimator is designed to depend on the model only through its

score function, then it can be computed efficiently even when the normalizing constant of p is unknown.

Two methods that leverage this idea are score matching (SM, Hyvärinen, 2005) and minimum Kernel

Stein Discrepancy (KSD) estimation (Barp et al., 2019; Oates, 2022). Both are minimum divergence

estimators (Basu et al., 2011; William, 1981) obtained by minimizing some statistical divergence based

on the score function of the model.

Although both SM and KSD are suitable candidates for fitting unnormalized models, it remains unclear

how their performance compares to each other. One way to quantify their relative performance is

through their relative statistical efficiency. The efficiency of an estimator is typically quantified by its

asymptotic variance, with low variance indicating a more efficient estimator. Existing research has

focused only on the statistical efficiency of SM estimators (Koehler et al., 2022; Qin and Risteski, 2023;

Pabbaraju et al., 2023), while the efficiency of minimum KSD estimators remains understudied. This

chapter aims to fill this gap.

Outline In Section 6.2, we review the SM and minimum KSD estimators. In Section 6.4, we present

our main results on the asymptotic efficiency of minimum KSD estimation, supported by concrete

examples and empirical evidence. We conclude with a discussion in Section 6.5. Throughout this chapter,

we will use the term “minimum KSD estimator” and the shorthand “KSD estimator” interchangeably.

Notation We introduce new notation for this chapter. Let d and m be positive integers denoting the

dimensions of the sample and parameter spaces, respectively. Denote by ⊗ the vector outer-product, i.e.,

for any vectors x,y ∈ R
d, the quantity x⊗ y is the d× d matrix whose (i, j)-th entry is xiyj . Let Sm−1

denote the unit sphere in R
m. Given a matrix A ∈ R

m×m, we define λmax(A) = maxu∈Sm−1 ∥Au∥2 and

λmin(A) = minu∈Sm−1 ∥Au∥2 to be the maximum and minimum eigenvalues of A, respectively. Given a

probability measure Q ∈ P(Rd) and Q-measurable functions f, g : Rd → R
s for some integer s, we define

the L2(Q) inner-product ⟨f, g⟩L2(Q) =
∫
Rd f(x)

⊤g(x)Q(dx), the L2(Q) norm ∥f∥L2(Q) = ⟨f, f⟩1/2L2(Q),

and the space L2(Q) = {f : Rd → R
s | ∥f∥L2(Q) < ∞}. In particular, the dependence on s is implicit.

Given Q ∈ P(Rd) and a positive definite kernel k : Rd × R
d → R with associated reproducing kernel

Hilbert space (RKHS) Hk, we define the integral operator Tk : L2(Q) → L2(Q) as

(Tkf)(·) :=

∫

Rd

k(·,y)f(y)Q(dy) , f ∈ L2(Q) . (6.1)

If f is vector- or matrix-valued, then Tkf should be understood as applying Tk to each component of f .



158 Chapter 6. Parameter Estimation: Statistical Efficiency of KSD

6.2 Background

In this section, we review score-based parameter estimation. We first recall the principle of minimum

divergence estimation (see also Section 2.3.3 for a brief overview). We then review the score matching

and minimum KSD estimators, two estimators that are suitable for unnormalized models.

6.2.1 Minimum Divergence Estimators

Minimum divergence estimators (MDE, Pardo, 2005; Basu et al., 2011; William, 1981) are estimators

of model parameters obtained by minimizing some notion of loss between the observed data and model

parameters. Let Θ ⊂ R
m be a parameter space with dimension m, and let M(Θ) = {pθ : θ ∈ Θ} be a

statistical model consisting of probability densities (with respect to the Lebesgue measure) parameterized

by θ. Given i.i.d. random variable {Xi}ni=1 drawn from some (unknown) data-generating distribution Q

and given a function L : Rn ×Θ → [0,∞), the MDE is any θLn that satisfies

θLn ∈ argminθ∈Θ L({Xi}ni=1, θ) .

The function L is called the loss function and is often chosen as an empirical estimate of some statistical

divergence D : P(Rd)×P(Rd) → [0,∞) that satisfies the separation and convergence control properties,

the definitions for which can be found in Section 2.2.7.

One well-known example of MDE is the maximum likelihood estimator (MLE), where the loss function

is the negative log-likelihood L({Xi}ni=1, θ) = −∑n
i=1 log pθ(Xi). This loss can be viewed as a finite-

sample estimate for the Kullback-Leibler (KL) divergence up to a additive term that does not depend

on θ. Other choices of statistical divergence include the Maximum Mean Discrepancy (MMD, Dziugaite

et al., 2015), ϕ-divergences (Pardo, 2005), and Wasserstein metric (Frogner et al., 2015). When the

divergence employed is a distance, namely when it is symmetric and satisfies a triangle inequality, then

minimum divergence estimation is also called minimum distance estimation. Examples of distances

include MMD and Wasserstein metric, but excludes KL divergence and ϕ-divergences.

6.2.2 Consistency and Asymptotic Normality of MDE

Under regularity conditions on L and pθ, MDE enjoys desirable statistical properties such as consistency

and asymptotic normality. Assume the model is well-specified, namely there exists θ∗ ∈ Θ that recovers

the data-generating distribution, i.e., Q = Pθ∗ . It can be shown that the MDE θLn converges to the

ground-truth parameter θ∗ both in probability and almost surely as n → ∞; see Newey and McFadden

(1994, Theorem 2.1) and the discussions thereafter.

Moreover, Central Limit Theorems (CLTs) for θLn have been established (see Newey and McFadden

1994, Theorem 3.1 and van der Vaart 2000, Theorem 5.23). Under regularity conditions, the following

convergence holds weakly as n → ∞,

√
n(θLn − θ∗) → N (0,ΓL) , (6.2)
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where ΓL = g−1
L ΣLg

−1
L for some m×m matrices gL and ΣL depending on L, assuming gL is invertible.

The matrix gL is called the information matrix (Amari, 2016), and the inverse asymptotic covariance

Γ−1
L , when it exists, is called the Godambe information matrix (Godambe, 1991). In the remainder of

this chapter, we will denote the asymptotic covariance matrices of an MDE by replacing the L in the

subscript with the name of the divergence. For example, the asymptotic covariance for MLE will be

denoted as ΓMLE, and similarly for gMLE and ΣMLE.

The statistical efficiency of an estimator θLn can be quantified by the size of its asymptotic variance

measured by, e.g., the operator norm ∥ΓL∥op. The smaller the operator norm of the variance, the more

efficient the estimator.

CLT for MLE Under regularity condition, a CLT of the form (6.2) holds for the MLE (van der

Vaart, 2000, Theorem 5.39), where gMLE and ΣMLE coincide and equal to the Fisher information matrix,

defined as EX∼Q[∇θ log pθ(X)⊗∇θ log pθ(X)]. The covariance is hence the inverse Fisher information

matrix ΓMLE =
(
EX∼Q[∇θ log pθ(X) ⊗ ∇θ log pθ](X)

)−1
. Moreover, Cramér-Rao theorem (Cramér

1999; Rao 1945; Cover and Thomas 2006, Theorem 11.10.1) states that the inverse Fisher information

matrix is also the lower bound of the covariance of any unbiased estimator, and therefore MLE is

asymptotically optimal in terms of statistical efficiency (although MLE itself is not unbiased in general).

6.2.3 MDE for Unnormalized Models

We are interested in loss functions L that are computable even when the normalizing constant of pθ

is intractable. A wide range of models have an intractable normalizing constant; examples include

exponential family models (Barndorff-Nielsen 1978, Part III; Bishop 2006, Section 2.4), energy-based

models (Cho et al., 2013), and large graphical models (Jordan and Weiss, 2002). As a result, KL

divergence is no longer feasible for MDE, as the normalizing constant depends on θ, and thus evaluation

of L({Xi}ni=1, θ) requires estimation of the normalizing constant, which can be prohibitively expensive.

MMD and Wasserstein metric are also not feasible. This is because computing these metrics requires

samples from the model pθ, which often demands running extremely computationally expensive MCMC

samplers.

To overcome these challenges, one approach leverages score-based statistical divergences, which are

designed to depend on the model density only through the score function spθ(x) := ∇x log pθ(x).

Direct computation shows that evaluating spθ(x) at a given x and θ does not require computing the

normalizing constant, making minimum divergence estimation based on such divergences feasible even

with unnormalized models. Two most popular score-based divergences are the score matching (SM)

divergence (also called Fisher divergence; Hyvärinen, 2005, 2007) and kernel Stein discrepancy (Barp

et al., 2019), which we review in the following subsections.

6.2.4 Minimum KSD Estimators

We review kernel Stein discrepancy (KSD) and minimum KSD estimation. Let k : Rd × R
d → R be

a reproducing kernel, and let P ∈ P(Rd) be a probability measure with Lebesgue density p(x) > 0.
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The squared kernel Stein discrepancy (KSD; Liu et al., 2016; Chwialkowski et al., 2016; Gorham and

Mackey, 2017) between two probability measures Q,P ∈ P(Rd), denoted as D2(Q,P ), is defined in

(2.8) and restated below

D2(Q,P ) :=

∫

Rd

∫

Rd

uP (x,y)Q(dx)Q(dy)

uP (x,x
′) := sp(x)

⊤sp(x
′)k(x,x′) + sp(x)

⊤∇2k(x,x
′) +∇1k(x,x

′)⊤sp(x
′) +∇⊤

1 ∇2k(x,x
′) .

Barp et al. (2022, Theorem 3.2) showed that D(Q,P ) = 0 ⇐⇒ Q = P so long as EX∼Q[∥sp(X)∥2] and

EX∼P [∥sp(X)∥2] are finite and that k satisfies regularity conditions. A sufficient (but not necessary)

condition for k is that it is integrally strictly positive definite (ISPD, Fukumizu et al., 2009; Sriperumbudur

et al., 2010b), meaning that for any finite non-zero signed Borel measure ρ,

∫

Rd

∫

Rd

ρ(dx)k(x,y)ρ(dy) > 0 .

See Barp et al. (2019, Proposition 1) for a proof. Most kernels commonly used in practice are ISPD;

these include squared-exponential (SE) kernels, inverse multi-quadric (IMQ) kernels, and Matérn kernels.

On the other hand, one example of non-ISPD kernels is polynomial kernels.

When Q also admits a continuously differentiable density q, the KSD has the following equivalent form

in terms of the integral operator (6.1)

D2(Q,P ) = ⟨sp − sq, Tk(sp − sq)⟩L2(Q) . (6.3)

A proof is given in Korba et al. (2020, Remark 2).

KSD depends on P only through its score function sp, which does not depend on the normalizing

constant of p. Therefore, the squared KSD D2(Q,P ) can be estimated efficiently even when P = Pθ

has an unnormalized density. Given independent random variables X1, . . . ,Xn ∼ Q, one estimate for

D2(Q,Pθ) is the following U-statistic estimator

LKSD({Xi}ni=1, θ) =
1

n(n− 1)

∑

1≤i ̸=j≤n

uP (Xi,Xj) .

Using LKSD as the loss function, Barp et al. (2019) proposed the minimum KSD estimator, defined as

any θKSD
n satisfying

θKSD
n ∈ argmin

θ∈Θ
LKSD({Xi}ni=1, θ) .

Barp et al. (2019) in fact presents a more general form of the KSD estimator, called Diffusion

KSD (DKSD). Loosely speaking, DKSD generalizes KSD by including a preconditioning term in the

construction of uP . We will focus on the KSD estimator in this chapter, as it is more widely used in

the literature (Kanagawa et al., 2022; Altamirano et al., 2023).

Closed-form solution for natural exponential families When the model M(Θ) is a natural

exponential family, the KSD estimator admits a closed-form solution (Barp et al., 2019). Natural
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exponential family models are exponential family models with the canonical parametrization (Barndorff-

Nielsen, 1978, pp. 113), defined as those with probability densities of the form pθ(x) ∝ exp(θ⊤T (x) +

b(x)), where T : Rd → R
m is a sufficient statistic, and b : Rd → R. Natural exponential family models

have found broad applications in areas including modelling spatially interacting systems (Besag, 1974),

random graph estimation (Yang et al., 2015), classification and density estimation (Canu and Smola,

2006). For such models, the minimum KSD estimator takes the form θKSD
n = −1

2Λ
−1
n ηn, where

Λn :=
1

n2

n∑

i=1

n∑

j=1

k(Xi,Xj)(JT (Xi))
⊤JT (Xj) , (6.4a)

ηn :=
2

n2

n∑

i=1

n∑

j=1

[
k(Xi,Xj)(JT (Xi))

⊤∇b(Xj) + (JT (Xi))
⊤∇2k(Xi,Xj) (6.4b)

+ (JT (Xj))
⊤∇1k(Xi,Xj)

]
, (6.4c)

assuming Λn is invertible, where JT : Rd → R
d×m is the Jacobian of the sufficient statistic T defined

as [JT ]ij = ∂xi
Tj(x), for i = 1, . . . , d and j = 1, . . . ,m.

Asymptotic normality We present the asymptotic covariance of θKSD
n for natural exponential family

models, which is the primary focus of this chapter, although the CLT extends to more general model

families (Barp et al., 2019). Assume M(Θ) is a well-specified natural exponential family model. Barp

et al. (2019, Theorem 4) showed that, under regularity conditions, the θKSD
n satisfies the asymptotic

normality (6.2) with covariance ΓKSD := g−1
KSDΣKSDg

−1
KSD, where

gKSD = ⟨JT, TkJT ⟩L2(Q) =

∫

Rd

∫

Rd

(JT (x))⊤JT (y)k(x,y)Q(dx)Q(dy) , (6.5)

ΣKSD = EX∼Q[Gk(X)⊗Gk(X)] , (6.6)

and Gk(x) :=
∫
Rd ∇θupθ(x,y)Q(dy)

∣∣
θ=θ∗

. A formal statement for this CLT is given in Section 6.A.

6.2.5 Minimum Score-Matching Estimators

Another score-based divergence that can be computed with unnormalized models is the score matching

(SM) divergence (Hyvärinen, 2005), also known as the Fisher divergence. Given two distributions Q

and P with continuously differentiable probability densities q, p, respectively, the SM divergence is

DSM(Q,P ) := ⟨sp − sq, sp − sq⟩L2(Q) = EX∼Q[∥sp(X)− sq(X)∥22] .

Comparing with (6.3), the SM divergence has an analogous form to the KSD except that the integral

operator Tk is replaced by the identity operator. In Section 6.4, we will show that the asymptotic

covariance matrices of the SM and KSD estimators also differ by Tk, which is a key observation

underpining our analyses.

The SM divergence can be computed efficiently without the normalizing constant of p. Indeed, using

integration by parts, Hyvärinen (2005) shows that the SM divergence can be written equivalently as
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DSM(q, p) = EX∼Q[∥sp(X)∥22 +∆ log p(X)] + CQ, where CQ is a constant depending on Q but not on

P , the operator ∆ denotes the Laplacian operator defined as ∆f =
∑d

i=1 ∂
2
i f(x) for f : Rd → R, and

∂if(x) denotes the derivative of f with respect to the i-th coordinate of x. Therefore, when P = Pθ

takes a parametric form, CQ does not depend on θ, and minimizing DSM(Q,Pθ) over θ is equivalent to

minimizing EX∼Q[∥spθ(X)∥22 +∆ log pθ(X)], which does not depend on the normalizing constant of pθ

as neither spθ(x) nor ∆ log pθ(x) does. The SM estimator is then defined as any θSMn satisfying

θSMn ∈ argmin
θ∈Θ

LSM({Xi}ni=1, θ) , where LSM({Xi}ni=1, Pθ) :=
1

n

n∑

i=1

[
∥spθ(Xi)∥22 +∆ log pθ(Xi)

]
.

(6.7)

Closed-form solution for natural exponential families When Pθ belongs to a natural exponential

family model, SM also admits a close-form solution θSMn = −Ξ−1
n ωn, where

Ξn :=
1

n

n∑

i=1

(JT (Xi))
⊤JT (Xi) , ωn :=

1

n

n∑

i=1

[
(JT (Xi))

⊤∇b(Xi) +
m∑

j=1

ej∆Tj(Xi)
]
,

assuming Ξn is invertible, and ej is the j-th standard basis vector in R
d taking value 1 in its j-th entry

and 0 otherwise.

Asymptotic normality An asymptotic normality holds for the SM estimator (Forbes and Lauritzen,

2015; Barp et al., 2019). We again present the result for natural exponential families, although it

holds more generally. Under regularity conditions, the SM estimator θ̂
SM

n satisfies the CLT (6.2) with

covariance matrix ΓSM = g−1
SM(θ∗)ΣSMg−1

SM(θ∗), where

gSM = ⟨JT, JT ⟩L2(Pθ∗ )
= EX∼Pθ∗

[(JT (X))⊤JT (X)] (6.8)

ΣSM = EX∼Pθ∗
[G(X)⊗G(X)] , (6.9)

and G(x) := ∇θ

(
∥spθ(x)∥22 +∆ log pθ(x)

)∣∣
θ=θ∗

. This CLT result is stated formally in Section 6.A for

completeness.

KSD versus SM estimation Both KSD and SM are computable with unnormalized models. SM

requires evaluation of the Laplacian ∆log pθ, so it assumes the model density is twice continuously

differentiable. In comparison, KSD only requires first order differentiability, making it applicable to

models with less smooth densities, e.g., Bessel distributions (Barp et al., 2019). Another difference

between these methods is their computational cost: a single evaluation of the loss function takes O(n2d)

for KSD and O(nd2) for SM (Barp et al., 2019). Consequently, KSD is less computationally expensive

in small-data, high-dimensional regimes, while SM is cheaper for large-size, low-dimensional data.

6.3 Related Work

Most work in the literature focuses on the relative statistical efficiency of the SM estimator and the

MLE. This relative efficiency is defined by the ratio ∥ΓSM∥op/∥ΓMLE∥op, and Koehler et al. (2022)
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showed that ∥ΓSM∥op/∥ΓMLE∥op can be characterized by the regularity of the geometry of the model

density. Specifically, they showed that the efficiency of SM is comparable to that of MLE for models

with a small Poincaré constant (e.g., Gaussian models), whereas the SM estimator can be much less

efficient if the Poincaré constant is large (e.g., for mixtures of Gaussians with well-separated modes).

These results are extended by Qin and Risteski (2023) to a generalized SM loss that incorporates

the injection of Gaussian noises into the observed data, an approach commonly adopted to facilitate

parameter estimation for generative models (Song and Ermon, 2019; Song et al., 2020). Moreover,

Pabbaraju et al. (2023) constructed concrete examples of models for which SM is comparably efficient as

MLE but much more computationally efficient to compute. Despite these studies on the SM estimator,

the minimum KSD estimator has attracted little attention from the literature.

6.4 Efficiency Bounds via a Kernel Decomposition

In this section, we derive bounds on the statistical efficiency of minimum KSD estimators, assuming

the kernel admits a Mercer decomposition and the model is well-specified. Specifically, we will assume

a Mercer decomposition defined as follows (see, e.g., Cucker and Zhou, 2007, Theorem 4.10).

Definition 6.1 (Mercer decomposition). A scalar-valued kernel k : Rd × R
d → R is said to have

a Mercer decomposition with respect to a probability measure Q if there exists a sequence of pairs

{(λl, ϕl)}∞l=1, where λ1 ≥ λ2 ≥ · · · ≥ 0 are non-negative scalars, and ϕl are orthonormal functions, i.e.,

⟨ϕl, ϕr⟩L2(Q) = 1 if l = r and 0 otherwise, such that

k(x,y) =
∞∑

l=1

λlϕl(x)ϕl(y) , (6.10)

where the convergence holds absolutely for each x,y ∈ Rd and uniformly on X × X for all compact

X ⊂ R
d.

If the Mercer decomposition (6.10) exists, then {(λl, ϕl)}∞l=1 are eigenvalue-eigenfunction pairs for the

kernel integral operator Tk defined in (6.1), i.e., Tkϕl = λlϕl for all l. For kernels satisfying mild

assumptions, the existence of a Mercer decomposition is guaranteed by Mercer’s theorem (Cucker and

Zhou, 2007, Theorem 4.10; Sun, 2005, Theorem 2). These assumptions are met by many commonly

used kernels, including the SE, IMQ, and Matérn kernels. Explicit expressions for the pairs {(λl, ϕl)}∞l=1

are non-trivial to compute, but they have been derived for specific examples, e.g., when Q is a Gaussian

distribution and k is the SE kernel (Zhu et al., 1998, Section 4). This is given in the next example.

Example 6.1 (SE kernels). Let k be the SE kernel k(x, y) = exp(−(x−y)2/(2γ2)) with bandwidth γ > 0.

Then k admits a Mercer decomposition with respect to the standard normal distribution Q = N (0, 1)

with eigenvalues and eigenfunctions defined as (see, e.g., Zhu et al. 1998, Section 4)

λl,γ =

√
2a

αγ
βl−1
γ , ϕl,γ(x) = exp

(
− (cγ − a)x2

)
Hl−1

(√
2cγx

)
, l = 1, 2, . . . ,

where Hl(x) = (−1)l exp
(
x2

)
dl

dxl exp
(
− x2

)
is the l-th (physicists’) Hermite polynomial (Gradshteyn

et al., 1980, Section 8.95), a = 1/4, βγ = bγ/αγ , cγ = (a2+2abγ)
1/2, αγ = a+ bγ + c and bγ = 1/(2γ2).
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Figure 6.1: Eigendecomposition of the SE kernel with bandwidth
γ = 1 against a standard Gaussian measure. Left. First 20
eigenvalues λl,γ . Right. First 4 eigenfunctions ϕl,γ(x).
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Figure 6.2: The second coordinate
fϵ(x) of the sufficient statistic in
the augmented Gaussian model (Ex-
ample 6.2), for different values of ϵ.

In particular, βγ < 1, so λl,γ → 0 as l → ∞. The first few eigenvalues and eigenfunctions are plotted in

Figure 6.1.

The decay rate of the eigenvalues is closely related to the smoothness of the kernel—the eigenvalues λl

decay rapidly for smooth kernels (such as squared-exponential kernels) and more slowly for less smooth

kernels (such as Matérn kernels); see, e.g., Rasmussen and Williams (2006, Chapter 4). As we will show

in Section 6.4.1, the minimum KSD estimator can be inefficient when the eigenvalues decay rapidly.

Throughout, we also assume the model Pθ belongs to a natural exponential family (Section 6.2.4) that

satisfies the following regularity conditions.

Assumption 6.1. Suppose pθ(x) ∝ exp
(
θ⊤T (x) + b(x)

)
, where the Jacobian JT of T has linearly

independent rows, and assume

M.1 ∥JT∥op, ∥∇xb∥2 ∈ L2(Q), and ∥∆Tj∥2 ∈ L2(Q), for all j = 1, . . . ,m,

M.2 [JT ]ij = ∂iTj ∈ Span{ϕl}l≥1, for all i = 1, . . . , d and j = 1, . . . ,m, where ∂iTj denotes the partial

derivative of T with respect to the i-th entry of x. Specifically, Span{ϕl}l≥1 =
{
f : ∃(αl)l≥1 ⊂

R such that
∥∥f −∑L

l=1 αlϕl

∥∥
L2(Q)

→ 0 as L → ∞
}
; see Kreyszig (1991, Chapter 2.3).

We briefly discuss the role of each assumption. Assumption M.1 impose regularity on the model, and

similar conditions also appear in the asymptotic normality results for KSD and SM estimators proved in

Barp et al. (2019). In Section 6.A, we state these CLT results for completeness and show that they hold

under Assumption M.1 and some additional assumptions. Assumption M.1 holds when the functions

∥JT∥op, ∥∇xb∥2 and ∥∆Tj∥2 grow at most polynomially and Q has sub-Gaussian tails. When pθ is a

Gaussian distribution with mean parameterized by θ, they hold whenever Q has finite first moment.

Assumption M.2 ensures we can decompose JT using the eigenfunctions from Definition 6.1 as

[JT (x)]ij = ∂iTj(x) =

∞∑

l=1

⟨ϕl, ∂iTj⟩L2(Q)ϕl(x) , (6.11)

which holds absolutely and uniformly on compact subsets of Rd. When {ϕl}l≥1 forms an orthogonal

basis to L2(Q), then Assumption M.2 holds so long as [JT ]ij ∈ L2(Q) for all i, j. When instead {ϕl}l≥1

only spans a proper subspace of L2(Q), which would happen if for example the number of basis functions
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ϕl is finite, then Assumption M.2 can be viewed as a “regularity” condition that requires each entry

[JT ]ij to lie in the linear span of these basis functions.

Crucially, equation (6.11) will then allow us to compare the asymptotic covariances of SM and of KSD:

assuming the Mercer decomposition (6.10), direct computation gives

Tk[JT ]ij(x) =
∞∑

l=1

λl⟨ϕl, ∂iTj⟩L2(Q)ϕl(x) , (6.12)

for each i and j. Comparing with (6.11), the kernel integral operator Tk effectively weighs the projection

of ∂iTj along each eigenfunction ϕl by λl. In particular, choosing Tk ≡ id in (6.12), where id is the

identity operator, gives (6.11). This observation will underpin our analyses in this section.

Before presenting the main results, we define the following notation concerning the projections of JT

onto spaces defined by the eigenfunctions {ϕl}l≥1. For each l = 1, 2, . . ., we define the d×m matrix

Al where [Al]ij := ⟨[JT ]ij , ϕl⟩L2(Q) = ⟨∂iTj , ϕl⟩L2(Q), for i = 1, . . . , d and j = 1, . . . ,m. Intuitively,

each [Al]ij is the projection of [JT ]ij onto the direction ϕl. For a positive integer L, we denote by ΠL

the linear projection operator mapping a scalar-valued function f ∈ Span{ϕl}l≥1 onto the subspace

Span{ϕl}Ll=1, i.e., the span of the first L eigenfunctions of k, and by Π⊥
L the projection operator onto

the subspace Span{ϕl}l>L spanned by the remaining eigenfunctions. For matrix-valued functions F ,

we overload the notation by writing ΠLF to mean ΠL applied to each entry of F . It follows that

JT = ΠLJT +Π⊥
LJT if [JT ]ij ∈ Span{ϕl}∞l=1 for all i, j.

Moreover, for all w ∈ R
m, Lemma 6.5 in Section 6.B.1 shows that the information tensor of the SM

estimator can be decomposed as w⊤gSMw = w⊤gSM,Lw +w⊤g⊥SM,Lw, where

gSM,L = ⟨ΠLJT,ΠLJT ⟩L2(Q) =
L∑

l=1

∥Alw∥22 , (6.13a)

g⊥SM,L = ⟨Π⊥
LJT,Π

⊥
LJT ⟩L2(Q) =

∞∑

l=L+1

∥Alw∥22 , (6.13b)

and similarly for the KSD estimator: w⊤gKSDw = w⊤gKSD,Lw +w⊤g⊥KSD,Lw, where

gKSD,L := ⟨ΠLJT, Tk ΠLJT ⟩L2(Q) =
L∑

l=1

λl∥Alw∥22 , (6.14a)

g⊥KSD,L := ⟨Π⊥
LJT, Tk Π⊥

LJT ⟩L2(Q) =
∞∑

l=L+1

λl∥Alw∥22 . (6.14b)

Finally, given a positive integer L, we define the following vector-valued functions

Gk,L(x) :=

L∑

l=1

λlA
⊤
l (A0

pθ
ϕl)(x) , G⊥

k,L(x) :=

∞∑

l=L+1

λlA
⊤
l (A0

pθ
ϕl)(x) , (6.15)

GL(x) :=

L∑

l=1

A⊤
l (A0

pθ
ϕl)(x) , G⊥

L (x) :=

∞∑

l=L+1

A⊤
l (A0

pθ
ϕl)(x) (6.16)
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where A0
pθ

denotes a modified Langevin Stein operator mapping scalar-valued functions to vector-valued

ones and is defined as (A0
pθ
f)(x) = spθ(x)f(x) + ∇xf(x), where f : Rd → R. This is in contrast

to the standard Langevin Stein operator (2.6), which maps vector fields to scalar-valued functions.

Intuitively, Gk,L and G⊥
k,L are obtained by decomposing Gk (defined below (6.6)) onto Span{ϕl}Ll=1

and Span{ϕl}∞l=L, respectively, and a similar interpretation applies to GL, G
⊥
L . Indeed, it can be shown

that Gk(x) = Gk,L(x) +G⊥
k,L(x) and G(x) = GL(x) +G⊥

L (x); see Lemma 6.6 in Section 6.B.1.

6.4.1 KSD with Overly Smoothing Kernels is Inefficient

We now investigate when minimum KSD is less efficient than SM, and present a concrete example with

an augmented Gaussian model to verify our result. Specifically, our result reveals that this can happen

when the “signals” in the function JT is smoothed out by the kernel.

This is formalized in the following result. We consider a fixed data-generating distribution Q, and a

natural exponential family model M(Θ). We assume M(Θ) is well-specified, so Q = Pθ∗ for some

θ∗ ∈ M(Θ). The next result gives conditions under which we can derive a lower bound on ∥ΓKSD∥op.
The proof is deferred to Section 6.B.2.

Theorem 6.1. Suppose Assumption 6.1 holds. Assume k has a Mercer decomposition with respect

to Q = Pθ∗ with eigenvalue-eigenfunction pairs {(λl, ϕl)}∞l=1, and assume gKSD = ⟨JT, TkJT ⟩L2(Pθ∗ )
is

invertible. Let w ∈ argminu∈Sm−1 u⊤gSM,1u, where gSM,1 is defined in (6.13) with L = 1. Assume the

first two eigenvalues in the Mercer decomposition satisfy

λ2

λ1
≤ min

{ ∥A⊤
1 A1w∥2∑∞

l=2 ∥A⊤
l Alw∥2

,

∥∥(A1w)⊤(A0
pθ∗

ϕ1)
∥∥
L2(Q)

2
∑∞

l=2

∥∥(Alw)⊤(A0
pθ∗

ϕl)
∥∥
L2(Q)

}
. (6.17)

Moreover, assume there exists C > 0 such that

EX∼Pθ∗

[
(A0

pθ∗
ϕ1)(X)⊗ (A0

pθ∗
ϕ1)(X)

]
≽ CIm . (6.18)

Then ∥ΓKSD∥op ≥ 16−1Cλmin(gSM,1)
−1, where λmin(gSM,1)

−1 is the smallest eigenvalue of gSM,1.

This result implies that the asymptotic variance of the KSD estimator can explode to infinity when

λmin(gSM,1) is small. By (6.13) with L = 1, we can write gSM,1 = ⟨Π1JT,Π1JT ⟩L2(Q), where Π1JT is

the projection of JT onto the span of ϕ1. Therefore, λmin(gSM,1) is small when ΠLJT is almost singular,

which can happen when each entry of JT is almost orthogonal to ϕ1 so that ΠLJT ≈ 0. Theorem 6.1

then highlights the potential inefficiency of KSD: for a model satisfying the stated assumptions, if JT

is almost orthogonal to ϕ1, and the eigenvalues of the kernel k decays so fast that the projection of JT

along the other eigenfunctions is also “smoothed-out”, then ∥ΓKSD∥op will take a large value.

We now provide interpretations on the assumptions in Theorem 6.1.

• Assumption 6.1 and the invertibility of gKSD are needed to establish the asymptotic normality

of the KSD and SM estimators (Barp et al., 2019). Assumption 6.1 is discussed in detail in the

paragraphs following it. As for the invertibility of gKSD, a sufficient condition is that JT has

linearly independent rows and k is ISPD (Barp et al., 2019, Lemma 3 of Appendix D.3.1).
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Figure 6.3: Left. Operator norm of the asymptotic covariance matrix in the augmented Gaussian-
location model. Middle left, middle right and right. Level sets for the asymptotic normal distribution
predicted by CLT. The ground-truth parameter θ∗ = (0, 0)⊤ is shown by the black dot. The KSD
estimator becomes inefficient as γ grows.

• Equation (6.17) is a spectral gap condition. Intuitively, it says that the eigen-spectrum of the

kernel decays so fast that the projection of JT becomes negligible along all directions but ϕ1. When

Pθ∗ is a standard Gaussian distribution and k is the squared-exponential kernel with bandwidth

γ (cf. Example 6.1), this condition holds for large enough γ; see the proof of Corollary 6.1.1.

• The condition that (6.18) holds for some C > 0 is equivalent to the positive-definiteness of the

matrix EX∼Pθ∗

[
(A0

pθ∗
ϕ1)(X)⊗ (A0

pθ∗
ϕ1)(X)

]
.

• In (6.18), only the first eigenfunction ϕl appears, because, under the assumed conditions, it

dominates the remaining eigenfunctions, and the function JT can be approximated by its

projection onto the subspace spanned by ϕ1.

Overall, verifying these assumptions in practice can be difficult, thus limiting the utility of this result.

Nevertheless, we present the following example and show that the assumptions in Theorem 6.1 hold.

Example 6.2 (Augmented Gaussian-location model). Let the data-generating distribution be the

standard univariate Gaussian Q = N (0, Id). We are interested in estimating its mean using the model

M(Θ) = {pθ ∝ exp(−(x−θ1)
2/2+θ2fϵ(x)) : θ = (θ1, θ2) ∈ R

d}, where fϵ is any function with derivative

f ′
ϵ = ϵϕ1,γ∞ + (1− ϵ)ϕ2,γ∞, with ϵ ∈ [0, 1] and γ∞ > 0 to be specified. The parameter space is Θ = R

2.

This is a well-specified model with Q = Pθ∗ where θ∗ = (0, 0)⊤. For this model, T (x) = (x, fϵ(x)) with

Jacobian JT (x) = (1, f ′
ϵ(x)). Figure 6.2 shows the function fϵ for different values of ϵ.

Intuitively, this model adds an extra sufficient statistic fϵ to a Gaussian-location model, the purpose of

which is to demonstrate the detrimental effect of kernel smoothing. Specifically, choosing the direction

u = (0, 1)⊤, we have due to orthonormality that

Alu = ⟨f ′
ϵ, ϕl,γ∞⟩L2(Q) =





ϵ, l = 1 ,

1− ϵ, l = 2 ,

0 , l ≥ 3 .

(6.19)

We can then use Theorem 6.1 to derive a lower bound on the asymptotic covariance of the KSD

estimator for this model. The proof proceeds by verifying and is deferred to Section 6.B.3.
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Corollary 6.1.1. Let Pθ be the augmented Gaussian model defined in (6.2) and let k be the squared-

exponential kernel with bandwidth γ > 0. Then there exists γ0 > 0 such that for all γ ≥ γ0, there exists

a constant C > 0 such that (6.17) and (6.18) hold. Moreover, ∥ΓKSD∥op ≥ 16−1Cϵ−2.

In particular, the asymptotic covariance of the minimum KSD estimator ∥ΓKSD∥op can take large values

when choosing ϵ to be small. This is verified numerically in Figure 6.3. We compute the minimum

KSD estimator and compare its asymptotic variance with that of the SM estimator and MLE. We

choose ϵ = 0.1 and γ∞ = 80 as the ground-truth model. The bandwidth γ of the kernel is varied from 1

to γ∞. We plot the operator norm of the asymptotic covariance matrices of the MLE, SM and KSD

estimators, and the level sets of their asymptotic normal densities from their CLT results. The level set

of an estimator is defined as {θ ∈ Θ : (θ − θ∗)
⊤Γ−1

L (θ − θ∗) = C}, where ΓL is the covariance matrix of

the asymptotic Gaussian distribution (6.2) of the estimator, and C > 0 is a fixed constant set to be

identical for all estimators for a fair comparison. Loosely speaking, the size of these level sets indicate

the size of the asymptotic covariance. In all experiments, the asymptotic covariance matrix ΓL of these

estimators are estimated by Monte Carlo estimation using 10,000 samples.

We can see that the asymptotic covariance of the minimum KSD estimator explodes in some direction

due to presence of the augmented sufficient statistic fϵ. The reason is precisely that, for KSD, the

projection of the function x ↦→ JT (x) onto Span{ϕ1} vanishes as γ grows, while in the space orthogonal

to Span{ϕ1}, the projection of JT also reduces to zero due to kernel smoothing. As a result, the KSD

estimator becomes considerably less efficient than SM estimator and MLE for large γ.

6.4.2 KSD with Less Smoothing kernels is Comparably Efficient as SM

Theorem 6.1 implies that when the projections of JT along certain directions is smoothed out by the

kernel, then minimum KSD estimation can be extremely inefficient. A natural question is then how does

minimum KSD estimation perform when the kernel retains most of the signals of JT? We summarize

this in the next result, which states that in this case, the efficiency of KSD estimation is not so much

worse than that of the SM. Its proof is given in Section 6.B.4, and we present a concrete example with

Gaussian models to verify this result.

Theorem 6.2. Suppose Assumption 6.1 holds. Assume k has a Mercer decomposition with respect to Pθ∗

with eigenvalue-eigenfunction pairs {(λl, ϕl)}∞l=1, and assume gKSD = ⟨JT, TkJT ⟩L2(Pθ∗ )
is invertible.

Moreover, assume that (i) there exists a positive integer L such that g⊥SM,L ≼ gSM,L, (ii) 2G⊥
1 ≼ G1, and

(iii) 2G⊥
k,1 ≼ Gk,1. Then

∥ΓKSD∥op ≤ 36
λ2
1

λ2
L

(
λmax(gSM)

λmin(gSM)

)2

∥ΓSM∥op .

This result suggests that, if the eigen-spectrum of k decays slowly so that λ1/λL ≈ 1, then the minimum

KSD estimator has the same asymptotic efficiency as that of the SM estimator up to a factor of

36(λmax(gSM)/λmin(gSM)
)2

. The ratio λmax(gSM)/λmin(gSM) is the condition number of the information

matrix gSM of the SM estimator, and can be large when gSM is almost singular.

We now discuss the assumptions in this theorem.
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• Condition (i) can be viewed as a smoothness assumption on the model density, specifically the

sufficient statistic T . It requires most of the “signals” in JT lies in Span{ϕl}Ll=1, the span of the

first L eigenfunctions. Such L always exists whenever ∥gSM∥op < ∞. Indeed, for any w ∈ S
m−1

and any positive integer L,

w⊤g⊥SM,Lw =
∑

l>L

∥Alw∥22 = w⊤

(∑

l>L

A⊤
l Al

)
w ≤

∥∥∥∥
∑

l>L

A⊤
l Al

∥∥∥∥
op

,

where the first equality holds due to a simplification for the information matrix proved in Lemma 6.5

in Section 6.B.2, and the last step holds by taking supremum over w ∈ S
m−1. Since the sum

in the operator norm is the tail of the infinite series
∑∞

l=1A
⊤
l Al, the RHS converges to zero as

L → ∞ provided that ∥gSM∥op = ∥∑∞
l=1A

⊤
l Al∥op < ∞. We can then choose L sufficiently large

so that the RHS is smaller than w⊤gSMw for all w ∈ S
m−1. More specifically, for any two positive

integers L′ ≤ L, we have 0 ≤ w⊤gSM,L′w =
∑

l≤L′ ∥Alw∥22 ≤
∑

l≤L ∥Alw∥22 = w⊤gSM,Lw for all

w, so 0 ≼ gSM,L′ ≼ gSM,L. Moreover, since 0 ≺ gSM by assumption, we must have 0 ≺ gSM,L′ for

some L′, and in particular λmin(gSM,L) > 0. Therefore, we can choose L = L(L′) large enough so

that ∥∑l>LA⊤
l Al∥op ≤ λmin(gSM,L′) ≤ λmin(gSM,L), which implies that g⊥SM,L ≼ gSM,L.

• Condition (ii) is a smoothness assumption on JT . To see this, for w ∈ S
m−1 we can bound

(w⊤G⊥
1 w)1/2 =

∥∥∥∥
∑

l>1

(Alw)⊤A0
pθ
ϕl

∥∥∥∥
L2(Pθ∗ )

≤
∑

l>1

∥Al∥op∥A0
pθ
ϕl∥L2(Pθ∗ )

,

assuming the RHS is convergent, where the last inequality follows from a triangular inequality

and a Cauchy-Schwarz inequality. On the other hand, (w⊤G1w)1/2 = ∥(A1w)⊤A0
pθ
ϕ1∥L2 . Hence,

for assumption (ii) to hold, it suffices to assume ∥Al∥op is small enough for all l > 1 so that

√
2
∑

l>1

∥Al∥op∥A0
pθ
ϕl∥L2(Pθ∗ )

≤ inf
∥u∥2=1

∥(A1w)⊤A0
pθ
ϕ1∥L2(Pθ∗ )

. (6.20)

One way to interpret this condition is that it requires each entry of JT has sufficient signals along

the direction ϕ1, so that A1 is large in operator norm.

• Condition (iii) has a similar interpretation as condition (ii), except for an extra weighting factor

due to the kernel. A similar argument as before leads to the following sufficient condition for

assumption (iii):

√
2
∑

l>1

λl∥Al∥op∥A0
pθ
ϕl∥L2(Pθ∗ )

≤ inf
∥u∥2=1

λ1∥(A1w)⊤A0
pθ
ϕ1∥L2(Pθ∗ )

.

Since λ1 ≥ λl for all l by assumption, it is evident that (6.20) is sufficient for both assumption

(iii) and (ii). More generally, the above inequality holds when the spectral values of k decay

sufficiently fast, so that λ1 and λ2 have a spectral gap of a similar form as (6.17).

Similar to the assumptions in Theorem 6.1, the conditions assumed in Theorem 6.2 are technical and

verifying them in practice can be challenging. Nevertheless, we provide a Gaussian-location example

and show that it fulfills the assumptions in Theorem 6.2.
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Figure 6.4: Left. Operator norm of the asymptotic covariance matrix in the Gaussian-location model.
Middle left, middle right and right. Level sets for the asymptotic normal distribution predicted by CLT.
The ground-truth parameter θ∗ = (1, 1)⊤ is shown by the black dot. The KSD estimator is as efficient
as the MLE and SM for large values of γ.

Example 6.3 (Gaussian-location model). Let the data-generating process be a d-dimensional Gaussian

distribution Q = N (θ∗, Id) with mean θ∗ and identity covariance matrix. We are interested in estimating

θ∗ using the well-specified model M(Θ) = {pθ(x) ∝ exp(−∥x− θ∥22/2) : θ ∈ R
d}, where the parameter

space is Θ = R
d and coincides with the sample space. In this case, T (x) = x and JT (x) = Id.

Under this model, the assumptions in Theorem 6.2 are fulfilled with the constant kernel kconst(x, y) = 1.

This is shown in the next result, proved in Section 6.B.5.

Corollary 6.2.1. Let M(Θ) be a d-dimensional Gaussian-location model defined in Example 6.3, and

let kconst(x,y) = 1 be the constant kernel taking value 1. Then the assumptions (i)-(iii) in Theorem 6.2

hold. In particular, assumption (i) holds with L = 1. Moreover, in this case, ∥ΓKSD∥op ≤ 36∥ΓSM∥op.

Unlike SE kernels, constant kernels are not ISPD and thus not commonly used in practice. However,

this example serves to illustrate that non-ISPD kernels can still offer statistical benefits by guaranteeing

the efficiency of the KSD estimator.

We provide empirical evidence for Corollary 6.2.1. In our experiment, we choose d = 2 and set the

ground-truth parameter to be θ∗ = (1, 1)⊤. We choose an SE kernel k(x,y) = exp(−∥x− y∥22/(2γ2))
instead of a constant kernel, and investigate the statistical efficiency of the minimum KSD estimator

for different values of the bandwidth γ. As γ increases, the SE kernel converges pointwise to the

constant kernel kconst(x,y) = 1, so by Corollary 6.2.1, we expect the minimum KSD estimator to

become comparably efficient as the SM estimator for large γ. The numerical results are shown in

Figure 6.4, where γ is varied from 0.1 to 100. All asymptotic covariance matrices are again estimated

by Monte Carlo estimation using 10, 000 samples. For large values of γ, the statistical efficiency of

the KSD, measured in terms of ∥ΓKSD∥op, is comparable to that of the SM and the MLE, which is

consistent with Corollary 6.2.1.

6.5 Conclusion and Discussion

In this chapter, we have studied the statistical efficiency of the minimum KSD estimator. Assuming a

sufficiently regular, well-specified model and a kernel decomposition, we established conditions under
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which the minimum KSD estimation is less than or comparably efficient as the SM estimation. Our

results highlight that the minimum KSD estimator can be inefficient with overly smoothing kernels,

which are characterized by rapidly decaying eigenvalues in a Mercer decomposition. Conversely, kernels

with a slowly decaying eigen-spectrum can offer comparable efficiency as the SM estimator. Our findings

highlight the challenges in designing efficient kernels for KSD in practice, and suggest that SM is

preferable over KSD when the model is regular and (at least “almost”) well-specified.

Our analyses raise new research questions. First, in this chapter we have restricted our attention to

well-specified models. A natural question is whether the same conclusion extends to misspecified models?

This is particularly interesting given that a main advantage of KSD is the flexibility of choosing the

reproducing kernel to enforce robustness against different types of model misspecification, such as outlier

contamination and misspecified tails (Barp et al., 2019; Liu and Briol, 2024). Second, constructing

checkable criteria for when KSD estimation should be preferred over SM estimation can have practical

benefits. As noted in Section 6.4, the conditions outlined in Theorem 6.1 and Theorem 6.2 can be

challenging to verify in practice. Deriving a set of simple, practically verifiable conditions can provide

more insights into the applicability of KSD in real-life scenarios.

6.A Asymptotic Theory for Minimum Score-based Estimators

We state the central limit theorems for the minimum KSD and SM estimators, adapted from Barp et al.

(2019, Theorem 4 and 6).

6.A.1 Asymptotic Normality for Minimum KSD Estimators

We first present the central limit theorem for the minimum KSD estimator in Theorem 6.3. A special

case where Pθ belongs to natural exponential family models, which are the focus of this chapter, will be

given in Corollary 6.3.1. We say that a kernel k has bounded derivatives up to order 2 if its m-times

partial derivatives (defined before Theorem 2.4) exist and are bounded for m = 1, 2.

Theorem 6.3 (CLT for KSD). Let k be a bounded kernel (not necessarily ISPD) with bounded derivatives

up to order 2. Suppose that θKSD
n exists for sufficiently large n and θKSD

n → θ∗ in probability, and

that there exists a neighborhood N ⊂ Θ containing θ∗ such that the function θ ↦→ LKSD({Xi}ni=1, θ)

is twice continuously differentiable for all θ ∈ N and Q-almost-all x ∈ R
d. Moreover, assume there

exist functions f ∈ L2(Q) and g ∈ L1(Q) such that the following holds for all θ ∈ N and Q-almost-all

x ∈ R
d,

1. ∥spθ(x)∥2 + ∥∂θjspθ(x)∥2 ≤ f(x), for all j = 1, . . . ,m.

2. ∥∂θi∂θjspθ(x)∥2 + ∥∂θi∂θj∂θlspθ(x)∥2 ≤ g(x).

Suppose also that the information matrix gKSD defined in (6.5) is invertible. Then

√
n
(
θKSD
n − θ∗

) d−→ N
(
0, g−1

KSDΣKSDg
−1
KSD

)
, (6.21)
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where ΣKSD is defined in (6.6).

Corollary 6.3.1. Let k be a bounded kernel with bounded derivatives up to order 2. Assume pθ(x) ∝
exp(θ⊤T (x) + b(x)), where the Jacobian JT of T has linearly independent rows, and ∥JT∥op, ∥∇xb∥2 ∈
L2(Q). Also assume that the KSD information matrix gKSD = ⟨JT, TkJT ⟩L2(Q) defined in (6.5) is

invertible. Then (6.21) holds.

Proof of Corollary 6.3.1. Let Xi ∼ Q be independent random variables, for i = 1, . . . , n. Then the

KSD estimator takes the form θKSD
n = −1

2Λ
−1
n ηn, where Λn and ηn are defined in (6.4). In particular,

Λn is a finite-sample estimate of gKSD. Since ∥JT∥op < ∞, Hoeffding (1961, Theorem 1) implies that

the components of Λn converges to the components of gKSD almost surely. Also since the matrix

inverse is a continuous map, by the continuous mapping theorem Λ−1
n exists for sufficiently large n and

converges almost surely to g−1
KSD. This shows that θKSD

n exists for large enough n and converges almost

surely to θ∗.

Moreover, we can apply the same argument in the proof of Theorem 1 in Barp et al. (2019, Appendix

D.3.1) with identity diffusion term (m(x) = Id, in their notation) to conclude that θKSD
n → θ∗ in

probability. Moreover, since with natural exponential family models we have spθ(x) = JT (x)θ +∇x(x),

∂θjspθ(x) = ∇xTj(x) and ∂θi∂θjspθ(x) = 0, the conditions on spθ assumed in Theorem 6.3 hold.

Applying Theorem 6.3 shows the claim.

6.A.2 Asymptotic Normality for SM Estimators

We now present the CLT for the SM estimator, as well as a special case for natural exponential family

models as a corollary.

Theorem 6.4 (CLT for SM). Suppose that θKSD
n exists for sufficiently large n and θSMn → θ∗ in

probability, and that the function θ ↦→ spθ(x) is twice continuously differentiable in a closed neighbourhood

N ⊂ Θ containing θ∗ and Q-almost-all x ∈ R
d. Moreover, assume there exist functions f, g such that

f2 ∈ L2(Q), g ∈ L1(Q) and, for all θ ∈ N and Q-almost-all x ∈ R
d,

1. ∥spθ(x)∥2 + ∥∂θispθ(x)∥2 + ∥∂θj∂xi
spθ(x)∥2 ≤ f(x).

2. ∥∂θjspθ(x)∥22 +
(
∥spθ(x)∥2 + 1

)
∥∂θj∂θlspθ(x)∥2 + ∥∂θj∂θl∂xi

spθ(x)∥2 ≤ g(x).

Suppose also that the information matrix gSM defined in (6.8) is invertible. Then

√
n
(
θSMn − θ∗

) d−→ N
(
0, g−1

SMΣSMg−1
SM

)
, (6.22)

where ΣSM is defined in (6.9).

Corollary 6.4.1. Assume pθ(x) ∝ exp(θ⊤T (x) + b(x)), where the Jacobian JT of T has linearly

independent rows, and ∥JT∥op, ∥∇xb∥2, ∥∆Tj∥2 ∈ L2(Q), for all j = 1, . . . ,m. Then (6.22) holds.
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Proof of Corollary 6.4.1. Under the assumed conditions, Theorem 13 in Barp et al. (2019, Appendix

D.3.3) applied with identity diffusion term (m(x) = Id) shows that θSMn → θ∗ in probability. Using a

similar argument as in the proof of Corollary 6.3.1, the conditions on spθ assumed in Theorem 6.4 hold.

Applying Theorem 6.4 then shows the claim.

6.B Proofs of Theoretical Results

This section contains the proof of the main results in this chapter. We start by showing several

preliminary results in Section 6.B.1. These will be used to prove Theorem 6.1 and Theorem 6.2, the

proofs of which are given in Section 6.B.2 and Section 6.B.4, respectively.

6.B.1 Preliminary Results

We first present and prove several preliminary results. These results provide a decomposition of the

terms in the asymptotic asymptotic covariance matrices of the KSD and SM estimators; see (6.6) and

(6.9).

• Lemma 6.5 provides a decomposition for the information matrices of KSD and SM, which are

defined in (6.5) and (6.8), respectively.

• Lemma 6.6 provides an alternative expression for the terms Gk(x) and G(x) defined in (6.15) and

(6.16), respectively.

• Using this result, Lemma 6.7 gives a decomposition of the middle terms ΣKSD and ΣSM in the

asymptotic covariance of the minimum KSD and SM estimators, respectively.

Lemma 6.5. Suppose Assumption 6.1 holds. Assume k has a Mercer decomposition with respect to Pθ∗

and with eigenvalue-eigenfunction pairs {(λl, ϕl)}∞l=1. Then, for all w ∈ R
m,

w⊤gKSDw =

∞∑

l=1

λl∥Alw∥22 , w⊤gSMw =

∞∑

l=1

∥Alw∥22 ,

where [Al]ij = ⟨[JT ]ij , ϕl⟩Pθ∗
. Moreover, for any integer L ≥ 1,

w⊤gKSD,Lw =

L∑

l=1

λl∥Alw∥22 , w⊤g⊥KSD,Lw =

∞∑

l=L+1

λl∥Alw∥22

w⊤gSM,Lw =

L∑

l=1

∥Alw∥22 , w⊤g⊥SM,Lw =

∞∑

l=L+1

∥Alw∥22 .

Proof of Lemma 6.5. By M.2 of Assumption 6.1, for all i = 1, . . . , d and j = 1, . . . ,m, we have

[JT ]ij =

∞∑

l=1

⟨[JT ]ij , ϕl⟩L2(Pθ∗ )
ϕl =

∞∑

l=1

[Al]ijϕl , (6.23)
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where the last line holds since [Al]ij = ⟨[JT ]ij , ϕl⟩Pθ∗
by definition. Using this identity, the information

matrix of the minimum score matching estimator can be simplified as

gSM = ⟨JT, JT ⟩L2(Pθ∗ )
=

〈 ∞∑

l=1

Alϕl,
∞∑

r=1

Arϕr

〉

L2(Q)

=
∞∑

l=1

A⊤
l A

2
l ,

where in the last step we have used the orthonormality of the eigenfunctions ⟨ϕl, ϕr⟩L2(Q) = δlr. This

shows that w⊤gSMw =
∑∞

l=1 ∥Alw∥22.

We then show the expression for ΣKSD. The decomposition (6.23) gives

∞∑

l=1

λlA
⊤
l Al =

〈 ∞∑

l=1

Alϕl,
∞∑

r=1

λrArϕr

〉

L2(Q)

=

〈
JT,

∞∑

r=1

λrArϕr

〉

L2(Q)

=

∫

Rd

∫

Rd

(JT (x))⊤JT (y)

∞∑

l=1

λl(x)ϕ(y)ϕ(y)Pθ∗(dx)Pθ∗(dy) (6.24)

=: S ,

where the first equality holds again due to the orthonormality of {ϕl}∞l=1, the second step follows from

(6.23), and in the last line we have substituted the definition of Al and used Fubini-Toneli Theorem to

exchange the sum and the integrals. If the Mercer decomposition (6.10) holds uniformly on R
d × R

d,

then (6.24) would be identical to gKSD =
∫
Rd

∫
Rd(JT (x))

⊤JT (y)k(x,y)Pθ∗(dx)Pθ∗(dy) by directly

substituting the decomposition of k(x,y). However, (6.10) only holds on compact subsets. We instead

show S = gKSD by decomposing the double integral into compact and non-compact domains.

To do so, we define the shorthand notation

∆(x,y) = k(x,y)−
∞∑

l=1

λl(x)ϕ(y)ϕ(y) , and ∆T (x,y) = (JT (x))⊤JT (y)∆(x,y) .

Moreover, for each positive integer L, we define the ball BL := {x ∈ R
d : ∥x∥2 ≤ L}. By the partition

R
d = BL ∪ R

d\Bl and a triangle inequality,

∥gKSD − S∥op =

∥∥∥∥
∫

Rd

∫

Rd

∆T (x,y)Pθ∗(dx)Pθ∗(dy)

∥∥∥∥
op

≤
∥∥∥∥
∫

BL

∫

BL

∆T (x,y)Pθ∗(dx)Pθ∗(dy)

∥∥∥∥
op

+ 2

∥∥∥∥
∫

BL

∫

Rd\BL

∆T (x,y)Pθ∗(dx)Pθ∗(dy)

∥∥∥∥
op

+

∥∥∥∥
∫

Rd\BL

∫

Rd\BL

∆T (x,y)Pθ∗(dx)Pθ∗(dy)

∥∥∥∥
op

. (6.25)

We claim that the terms on the RHS converge to zero as L → ∞. The first term vanishes as the

Mercer decomposition implies that ∆(x,y) = 0 uniformly on the compact subset BL. For the second

term, since
∫
Rd

∫
Rd ∥∆T (x,y)∥opPθ∗(dx)Pθ∗(dy) < ∞ under the assumed conditions, applying Hölder’s
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inequality and the dominated convergence theorem gives

∥∥∥∥
∫

BL

∫

Rd\BL

∆T (x,y)Pθ∗(dx)Pθ∗(dy)

∥∥∥∥
op

≤
∥∥∥∥
∫

Rd

∫

Rd

✶{x ∈ BL}✶{y ∈ R
d\BL}∆T (x,y)Pθ∗(dx)Pθ∗(dy)

∥∥∥∥
op

≤
∫

Rd

∫

Rd

✶{x ∈ BL}✶{y ∈ R
d\BL}∥∆T (x,y)∥opPθ∗(dx)Pθ∗(dy) → 0 ,

as L → ∞. A similar argument shows that the third term in (6.25) also converges to zero. This shows

that S = gKSD, and therefore w⊤gKSDw =
∑∞

l=1 λl∥Alw∥22. Finally, given any integer L ≥ 1, the

expressions for gKSD,L, g
⊥
KSD,L and gSM,L, g

⊥
SM,L can be shown by noting that

ΠL[JT ]ij =
L∑

l=1

⟨[JT ]ij , ϕl⟩L2(Pθ∗ )
ϕl =

L∑

l=1

[Al]ijϕl ,

and

Π⊥
L [JT ]ij =

∞∑

l=L+1

⟨[JT ]ij , ϕl⟩L2(Pθ∗ )
ϕl =

∞∑

l=L+1

[Al]ijϕl ,

and by following the previous argument with JT replaced by ΠLJT or Π⊥
LJT .

Lemma 6.6. Suppose Assumption 6.1 holds. Assume k has a Mercer decomposition with respect to Pθ∗

and with eigenvalue-eigenfunction pairs {(λl, ϕl)}∞l=1. Then

Gk(x) =

∞∑

l=1

λlA
⊤
l (A0

pθ
ϕl)(x) , G(x) =

∞∑

l=1

A⊤
i (Apθϕl)(x) .

Moreover, for any integer L ≥ 1, we have Gk(x) = Gk,L(x) + G⊥
k,L(x) and G(x) = GL(x) + G⊥

L (x),

where Gk,L(x), G
⊥
k,L(x) are defined in (6.15), and GL(x), G

⊥
L (x) are defined in (6.16).

Proof of Lemma 6.6. We first derive the expression for Gk(x). Differentiating the Stein kernel with

respect to θ and noting that k does not depend on θ, we have

∇θupθ(x,y) = JT (y)⊤k(x,y)spθ(x) + (JT (x))⊤k(x,y)spθ(y) (6.26a)

+ JT (y)⊤∇1k(x,y) + (JT (x))⊤∇2k(x,y) . (6.26b)

Moreover, for the natural exponential model assumed in Assumption 6.1, the score function takes the

form spθ∗ (x) = JT (x)θ∗ +∇xb(x). Hence, by a triangle inequality

EX∼Pθ∗
[∥spθ∗ (X)∥2] ≤ EX∼Pθ∗

[∥JT (X)θ∥2] + EX∼Pθ∗
[∥∇xb(x)∥2]

≤ EX∼Pθ∗
[∥JT (X)∥op∥2]∥θ∥2 + EX∼Pθ∗

[∥∇xb(x)∥2] < ∞ ,

where the first step follows from a triangle inequality, the second step holds since ∥JT (x)θ∥2 ≤
∥JT (x)∥op∥θ∥2 for all θ, and the last inequality holds as both terms belong to L2(Pθ∗) by Assump-
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tion M.1. Therefore, when Q = Pθ∗ , we can apply Stein identity (Gorham and Mackey, 2017, Proposition

1) to each component and conclude that the sum of the second and the third terms in (6.26) integrates

to zero for all x, i.e.,
∫

Rd

(JT (x))⊤k(x,y)spθ(y) + JT (y)⊤∇1k(x,y)Q(dy) = 0 .

This identity implies

Gk(x) =

∫

Rd

∇θupθ(x,y)Q(dy) =

∫

Rd

JT (y)⊤k(x,y)spθ(x) + JT (y)⊤∇1k(x,y)Q(dy)

=

∫

Rd

JT (y)⊤
(
A0

pθ
k(·,y)

)
(x)Q(dy) , (6.27)

where A0
pθ
k(·,y) denotes the modified Langevin Stein operator applied to the function x ↦→ k(x,y). Since∫

Rd ∥JT (y)⊤
(
A0

pθ
k(·,y)

)
(x)∥2Q(dy) < ∞ by assumption, we can substitute the Mercer decomposition

of k (Definition 6.1) and use a similar argument as in the proof of Lemma 6.5 (specifically, the part

concerning the expression of ΣKSD) to further simplify (6.27) as

Gk(x) =

∫

Rd

JT (y)⊤

(
A0

pθ

∞∑

l=1

λlϕl(·)ϕl(y)

)
(x)Q(dy)

=

∞∑

l=1

λl

(∫

Rd

ϕl(y)JT (y)Q(dy)

)⊤

(A0
pθ
ϕl)(x)

=

∞∑

l=1

λlA
⊤
l (A0

pθ
ϕl)(x) ,

where in the second step we have exchanged the sum and the integral using Fubini-Tonelli theorem

(Bartle, 1995, Section 10.9, 10.10), and the last step holds by the definition of Al.

We now derive the expression for G(x). The assumption [JT ]ij = ∂iTj ∈ Span{ϕl}l≥1 implies that the

decomposition JT =
∑

l≥1Alϕl holds. Using this decomposition,

G(x) = ∇θ

(
∥spθ(x)∥22 +∆ log pθ(x)

)
= (JT (x))⊤spθ(x) + ⟨∇, JT (x)⟩

=
∞∑

l=1

A⊤
l (ϕ(x)spθ(x) +∇ϕ(x)) =

∞∑

l=1

A⊤
i (Apθϕl)(x) ,

Finally, the decomposition of Gk and G into Gk,L, G⊥
k,L, GL and G⊥

L follows by truncating the sum in

the above expressions at L.

Lemma 6.7. Suppose Assumption 6.1 holds. Assume k has a Mercer decomposition with respect to Pθ∗

and with eigenvalue-eigenfunction pairs {(λl, ϕl)}∞l=1. Let Q = Pθ∗ . Then, for all w ∈ R
m,

w⊤ΣKSDw =

∥∥∥∥
∞∑

l=1

λl(Alw)⊤(A0
pθ
ϕi)

∥∥∥∥
2

L2(Q)

, w⊤ΣSMw =

∥∥∥∥
∞∑

l=1

(Alw)⊤(A0
pθ
ϕi)

∥∥∥∥
2

L2(Q)

.



6.B. Proofs of Theoretical Results 177

Proof of Lemma 6.7. Pick w ∈ R
d. Using the form of Gk derived in Lemma 6.6,

w⊤ΣKSDw = ∥G⊤
k w∥2L2(Q) =

∥∥∥∥
∞∑

l=1

λl(Alw)⊤(A0
pθ
ϕl)

∥∥∥∥
2

L2(Q)

,

as claimed. Similarly, we use the form of G in Lemma 6.6 to obtain

w⊤ΣSMw = ∥G⊤w∥2L2(Q) =

∥∥∥∥
∞∑

l=1

(Alw)⊤(A0
pθ
ϕl)

∥∥∥∥
2

L2(Q)

.

6.B.2 Proof for Theorem 6.1

For a vector w ∈ argminu∈Sm−1 u⊤gSM,1u, we define uw := gKSDw/∥gKSDw∥2. We first lower-bound

∥ΓKSD∥op as

∥ΓKSD∥op = sup
u∈Sm−1

u⊤ΓKSDu ≥ u⊤
wΓKSDuw = u⊤

wg
−1
KSDΣKSDg

−1
KSDuw = w⊤ΣKSDw∥gKSDw∥−2

2 .

(6.28)

The proof proceeds by lower bounding w⊤ΣKSDw and upper bounding ∥gKSDw∥2. To lower bound

w⊤ΣKSDw, we apply the decomposition proved in Lemma 6.7 and use a triangular inequality to yield

(
w⊤ΣKSDw

)1/2
=

∥∥∥∥
∞∑

l=1

λl(Alw)⊤(A0
pθ∗

ϕl)

∥∥∥∥
L2(Q)

≥ ∥λ1(A1w)⊤(A0
pθ∗

ϕ1)∥L2(Q) −
∥∥∥∥

∞∑

l=2

λl(Alw)⊤(A0
pθ∗

ϕl)

∥∥∥∥
L2(Q)

≥ 1

2

∥∥λ1(A1w)⊤(A0
pθ∗

ϕ1)
∥∥
L2(Q)

, (6.29)

where Al =
∫
Rd JT (x)ϕl(x)Q(dx) is defined in the paragraph before (6.13), and in the last line we have

used the following inequalities

∥∥∥∥
∞∑

l=2

λl(Alw)⊤(A0
pθ∗

ϕl)

∥∥∥∥
L2(Q)

≤
∞∑

l=2

λl∥(Alw)⊤(A0
pθ∗

ϕl)∥L2(Q) ≤ λ2

∞∑

l=2

∥(Alw)⊤(A0
pθ∗

ϕl)∥L2(Q)

≤ 1

2
∥λ1(A1w)⊤(A0

pθ∗
ϕ1)∥L2 ,

where the first inequality follows by a triangle inequality, the second inequality holds since the eigenvalues

are non-increasing and non-negative by assumption, i.e., λ1 ≥ λ2 ≥ . . . ≥ 0, and the last line holds by

the assumed spectral gap (6.17). On the other hand, applying Lemma 6.5 yields

gKSD =

∞∑

l=1

λlA
⊤
l A

2
l = λlA

⊤
1 A

2
1 +

∞∑

l=2

λlA
⊤
l A

2
l = gKSD,1 + g⊥KSD,1 ,
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where the last step holds by the definition of gKSD,1 and g⊥KSD,1 in (6.14). Using a triangle inequality

then gives the following bound

∥gKSDw∥2 = ∥gKSD,1w + g⊥KSD,1w∥2 ≤ ∥gKSD,1w∥2 + ∥g⊥KSD,1w∥2 ≤ 2λ1∥A⊤
1 A1w∥2 , (6.30)

where the last inequality holds since ∥gKSD,1w∥2 = λ1∥A⊤
1 A1w∥2 and

∥g⊥KSD,1w∥2 =

∥∥∥∥
∞∑

l=2

λlA
⊤
l Alw

∥∥∥∥
2

(a)

≤
∞∑

l=2

∥λlA
⊤
l Alw∥2

(b)

≤ λ2

∞∑

l=2

∥A⊤
l Alw∥2

(c)

≤ λ1∥A⊤
1 A1w∥2 ,

where (a) follows from a triangle inequality, (b) holds again since the eigenvalues are non-increasing and

non-negative, and (c) holds due to the spectral gap (6.17). Moreover, using the orthonormality of the

eigenfunctions, we can decompose gSM,1 using a similar argument in the proof of Lemma 6.5 to conclude

that gSM,1 = ⟨Π1JT,Π1JT ⟩L2(Q) = A⊤
1 A1. Also since w ∈ argminu∈Sm−1 u⊤gSM,1u by construction,

we have

∥A⊤
1 A1w∥2 = ∥gSM,1w∥2 = λmin(gSM,1) = w⊤gSM,1w = w⊤A⊤

1 A1w = ∥A1w∥22 .

Substituting this into (6.30) gives

∥gKSD∥L2(Q) ≤ 2λ1∥A⊤
1 A1w∥2 = 2λ1∥A1w∥22 , (6.31)

where the last equality holds since w ∈ argminu∈Sm−1 u⊤gSM,1u by construction. Combining the

inequalities (6.28), (6.29) and (6.31), we have

∥ΓKSD∥op ≥ w⊤ΣKSDw∥gKSDw∥−2
2 ≥ 1

4

∥∥∥λ1(A1w)⊤(A0
pθ∗

ϕ1)
∥∥∥
2

L2

(
2λ1∥A1w∥22

)−2

=
1

16

∥∥∥(A1w)⊤(A0
pθ∗

ϕ1)
∥∥∥
2

L2

∥A1w∥−4
2 ,

=
1

16

∥∥∥
(
A1w∥A1w∥−1

2

)⊤
(A0

pθ∗
ϕ1)

∥∥∥
2

L2

∥A1w∥−2
2

≥ 1

16

(
inf

∥u∥2=1
∥u⊤(A0

pθ∗
ϕ1)∥2L2

)
∥A1w∥−2

2

≥ 1

16
C∥A1w∥−2

2 ,

where the second-last line follows by taking infimum over u ∈ S
m−1, and the last inequality holds as

the assumption EQ

[
(A0

pθ∗
ϕ1)(A0

pθ∗
ϕ1)

⊤
]
≽ CIm implies that inf∥u∥2=1 ∥u⊤Apν

θ∗
ϕ1∥L2(Q) ≥ C for all ν.

6.B.3 Proof of Corollary 6.1.1

We verify the assumptions in Theorem 6.1 and apply this theorem to conclude the claimed result.

For this model, Pθ∗ with θ∗ = (0, 0) reduces to the standard Gaussian distribution. Therefore, for k

being the SE kernel, a Mercer decomposition holds with {(λl, ϕl)}∞l=1 defined in Example 6.1. To verify

Assumption 6.1, since JT = (1, f ′
ϵ(x)) and b(x) = −x for this model, direct computation shows that

the integrability conditions in Assumption M.1 hold. Moreover, Assumption M.2 holds since JT are
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linear combinations of ϕ1,γ , ϕ2,γ by construction, thus showing Assumption 6.1.

The condition (6.18) holds as direct computation shows that Aν
pθ∗

ϕ1 is not a zero function, so there

must exist C > 0 such that EX∼Q[(Apθ∗
ϕ1)(X) ⊗ (Apθ∗

ϕ1)(X)] ≽ CIm. To show (6.17), the RHS of

(6.17) for this model becomes

λ2

λ1
≤ min

{∥A⊤
1 A1w∥2

∥A⊤
2 A2w∥2

,
∥(A1w)⊤(Apθ∗

ϕ1)∥L2(Q)

2∥(A2w)⊤(Apθ∗
ϕ2)∥L2(Q)

}
,

where w ∈ argminu∈Sm−1 u⊤gSM,1u. Since both A1 and Apθ∗
ϕ1 are non-zero, the RHS of the above

inequality is positively valued. Moreover, as γ → ∞, the first eigenvalue λ1,γ =
√
2a/αγ is bounded

while λ2 = βγ
√
2a/αγ → 0. Therefore, (6.17) holds for sufficiently large γ. We hence conclude the

assumptions in Theorem 6.1 hold for sufficiently large γ.

Finally, using (6.19) we can also compute that λmin(gSM,1) ≤ u⊤gSM,1u = ∥A1u∥22 = ϵ2 and u⊤g⊥SM,1u =
∑

l>1 ∥Alu∥22 = (1− ϵ)2. Therefore, for γ large enough, we can apply Theorem 6.1 to conclude that

∥ΓKSD∥op ≥ 16−1Cλmin(gSM,1)
−1 ≥ 16−1Cϵ−2 for some C > 0.

6.B.4 Proof for Theorem 6.2

We first show two lemmas, which will be used to prove Theorem 6.2. The first result, Lemma 6.8,

bounds the middle terms ΣKSD and ΣSM in the asymptotic covariance matrices of the minimum KSD

and SM estimators. The second result, Lemma 6.9 gives an equivalent expression for the operator norm

of a matrix of the form ABA, where A,B ∈ R
m×m. The proof of Theorem 6.2 is provided at the end

of this section.

Lemma 6.8. Assume (i) 2G⊥
k,1 ≼ Gk,1, and (ii) 2G⊥

1 ≼ G1, then ΣKSD ≼ 9λ2
1ΣSM.

Proof of Lemma 6.8. For all w ∈ S
m−1, we can use triangular inequality to bound

(
w⊤ΣKSDw

)1/2
=

∥∥∥
∑

i≥1

λi(A1w)⊤(A0
pθ
ϕi)

∥∥∥
L2

≤ λ1∥(A1w)⊤(A0
pθ
ϕi)∥L2 +

∥∥∥
∑

i>1

λi(A1w)⊤(A0
pθ
ϕi)

∥∥∥
L2

= w⊤Gk,1w +w⊤G⊥
k,1w

≤ 3

2
w⊤Gk,1w =

3

2
λ1∥(A1w)⊤(A0

pθ
ϕi)∥L2 ,

where the first equality follows from Lemma 6.7, and the last inequality holds due to assumption (i).

Using a similar argument,

(
w⊤ΣSMw

)1/2
=

∥∥∥
∑

i≥1

(A1w)⊤(A0
pθ
ϕi)

∥∥∥
L2

≥ ∥(A1w)⊤(A0
pθ
ϕi)∥L2 −

∥∥∥
∑

i>1

(A1w)⊤(A0
pθ
ϕi)

∥∥∥
L2

= w⊤G1w −w⊤G⊥
1 w

≥ 1

2
w⊤G1w

=
1

2
∥(A1w)⊤(A0

pθ
ϕi)∥L2 ≥ 1

3λ1

(
w⊤ΣKSDw

)1/2
.



180 Chapter 6. Parameter Estimation: Statistical Efficiency of KSD

This shows that w⊤ΣKSDw ≤ 9λ2
1w

⊤ΣSMw, so the claim follows.

Lemma 6.9. Given symmetric matrices A,B ∈ R
m×m, if A is invertible, then sup∥w∥2=1w

⊤ABAw =

sup∥u∥2=1 u
⊤Bu∥A−1u∥−2

2 .

Proof of Lemma 6.9. Given w with ∥w∥2 = 1, define u := Aw/∥Aw∥2 ∈ S
m−1. Then

u⊤Bu∥A−1u∥−2
2 =

(
w⊤ABAw∥Aw∥−2

2

)∥∥w/∥Aw∥2
∥∥−2

2
=

(
w⊤ABAw∥Aw∥−2

2

)
∥Aw∥22∥w∥−2

2

= w⊤ABAw ,

where the last line holds since ∥w∥2 = 1 by construction. This shows that sup∥w∥2=1w
⊤ABAw ≤

sup∥u∥2=1 u
⊤Bu∥A−1u∥−2

2 . To show equality, for any u ∈ S
m−1 we define w := A−1u/∥A−1u∥2 ∈ S

m−1.

Then a similar argument shows that w⊤ABAw = u⊤Bu∥A−1u∥−2
2 , and hence taking supremum over

u gives sup∥w∥2=1w
⊤ABAw ≥ sup∥u∥2=1 u

⊤Bu∥A−1u∥−2
2 . This completes the proof.

Proof of Theorem 6.2. We upper bound ∥ΓKSD∥op as

sup
∥w∥2=1

w⊤ΓKSDw = sup
∥w∥2=1

w⊤g−1
KSDΣKSDg

−1
KSDw

(a)
= sup

∥u∥2=1
u⊤ΣKSDu∥gKSDu∥−2

2

(b)

≤ 9λ2
1 sup
∥u∥2=1

u⊤ΣSMu∥gKSDu∥−2
2

= 9λ2
1 sup
∥u∥2=1

(
gSMu

)⊤
g−1
SMΣSMg−1

SM

(
gSMu

)
∥gKSDu∥−2

2

= 9λ2
1 sup
∥v∥2=1

v⊤g−1
SMΣSMg−1

SMv∥gKSDg
−1
SMv∥−2

2

(c)
= 9λ2

1 sup
∥v∥2=1

v⊤ΓSMv∥gKSDg
−1
SMv∥−2

2

≤ 9λ2
1

(
sup

∥v∥2=1
v⊤ΓSMv

)(
sup

∥v∥2=1
∥gKSDg

−1
SMv∥−2

2

)
, (6.32)

where in (a) and (c) we have applied Lemma 6.9, and (b) follows from Lemma 6.8, which holds under

assumptions (i) and (ii). Now, sup∥v∥2=1 v
⊤ΓSMv = ∥Γop∥2. To simplify the last term in (6.32), we

again apply Lemma 6.9 to yield

sup
∥v∥2=1

∥gKSDg
−1
SMv∥−2

2 = sup
∥u∥2=1

∥gKSDu∥−2
2 ∥gSMu∥22 ≤

(
inf

∥u∥2=1
∥gKSDu∥22

)−1
sup

∥u∥2=1
∥gSMu∥22

=
(
λmin(gKSD)

)−2
λmax(gSM)2 . (6.33)

It then remains to bound λmin(gKSD). Under the stated assumption, there exists a positive integer L
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such that, for any w ∈ S
m−1,

w⊤gSMw =
∑

i≥1

∥Aiw∥22 =
∑

i≤L

∥Aiw∥22 +
∑

i>L

∥Aiw∥22 = w⊤gSM,Lw +w⊤g⊥SM,Lw

≤ 2w⊤gSM,Lw

≤ 2λ−1
L

∑

i≤L

λi∥Aiw∥22

≤ 2λ−1
L

∑

i≥1

λi∥Aiw∥22 = 2λ−1
L w⊤gKSDw ,

where the second last line holds since λ1 ≥ λ2 ≥ . . .. Therefore, λmin(gSM) ≤ 2λ−1
L λmin(gKSD).

Combining this with (6.32) and (6.33), we conclude that

sup
∥w∥2=1

w⊤ΓKSDw ≤ 36
λ2
1

λ2
L

(
λmax(gSM)

λmin(gSM)

)2

∥ΓSM∥op .

6.B.5 Proof of Corollary 6.2.1

Define ϕ1 ≡ 1, and let {ϕl}∞l=2 be any sequence of orthonormal functions that are orthogonal to ϕ1 under

Pθ∗ . Furthermore, define λ1 = 1 and λl = 0 for l ≥ 2. It is then clear that the eigenvalue-eigenfunction

pairs {(λl, ϕl)}∞l=1 form a Mercer decomposition for k(x,y) = 1. Moreover, the sufficient statistic of the

Gaussian-location model is T (x) = x, its Jacobian is JT (x) = Id = ϕ1(x)Id, and ∇xb(x) = −x. Direct

computation then shows that Assumption M.1 holds. Assumption M.2 also holds since [JT ]ij = ϕ1,

which clearly lies in Span{ϕl}∞l=1.

Furthermore, since JT = ϕ1Id, we have Al = ⟨JT, ϕl⟩Pθ∗
= δ1lId, and

gSM,1 = Id , g⊥SM,1 = 0 .

This implies that assumption (i) in Theorem 6.2 holds with L = 1. To verify (ii), for any w ∈ R
d,

we have w⊤G1w = ∥(A1w)Apθ∗ϕ1∥L2(Pθ∗
)
= ∥w⊤Apθ∗ϕ1∥L2(Pθ∗

)
> 0 since Apθ∗

ϕ1 is non-zero by direct

computation. On the other hand, G⊥
1 = ∥∑l>1(Alw)⊤A0

pθ
ϕl∥L2(Pθ∗ )

= 0 as Al = 0 for all l ≥ 2, so (ii)

holds. A similar argument shows that (iii) also holds.

Finally, we can apply Theorem 6.2 to conclude

∥ΓKSD∥op ≤ 36
λ2
1

λ2
L

(
λmax(gSM)

λmin(gSM)

)2

∥ΓSM∥op = 36∥ΓSM∥op ,

where the last step holds since gSM = Id so that λmax(gSM) = λmin(gSM) = 1, and since we can choose

L = 1, so that λ1/λL = 1.



Chapter 7

Summary and Future Directions

The increasing complexity of statistical models has driven the need for new tools in computational

statistics, particularly for unnormalized models. This thesis focuses on the recent development of a

class of novel methods for making statistical inference with unnormalized models. The central tool

employed is kernel Stein discrepancy (KSD), a statistical divergence that combines kernel methods

with Stein’s method to enable tractable computation even when the normalizing constant of the model

likelihood is unknown. This thesis has made several contributions to the development of KSD-based

algorithms, by identifying the limitations of existing methods and proposing novel solutions.

• In Chapter 3, we demonstrated that Stein variational gradient descent (SVGD), a method for

constructing finite-sample approximations of a given target distribution, can suffer from the

curse of dimensionality. Motivated by existing work on projection-based dimensionality reduction

methods, we proposed a new algorithm, Grassmann Stein variational gradient descent (GSVGD),

that combines SVGD with linear projections to address this issue. This contribution bridges a gap

in the literature by providing a flexible method for approximating high-dimensional distributions,

particularly those exhibiting sparse structures.

• In Chapter 4, we focused on goodness-of-fit (GOF) testing. We showed that existing KSD-based

GOF tests can fail when the target distribution has well-separated modes, an issue known as

the blindness to well-separated modes. As a solution, we propose a class of new methods, called

perturbed KSD (pKSD), that perturbs the observed sample before applying the KSD test in

order to boost the test power against multi-modal alternatives. The perturbation is designed to

be Markov processes that leave the target distribution invariant but perturbs alternatives, and

we provide numerical evidence for its superior performance compared to existing methods. This

contribution was the first to address the blindness of KSD in the context of GOF testing.

• In Chapter 5, we continue the topic of GOF testing, but focus instead on the robustness of KSD

tests. We analyze the performance of the KSD test under different forms of model misspecification,

including outlier contamination and misspecified tails. Both scenarios appear frequently in

practice. We show that the KSD test can be sensitive to outliers even if the proportion of outliers

in the observed data is small. As a result, standard KSD tests fail to control Type-I error in
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this case, thus limiting their applicability in practice where data are subject to contamination.

Motivated by this observation, we proposed a robust KSD test that guarantees robustness at

little additional computational cost. Our novel test is also the first GOF test that is both robust

and applicable to unnormalized models.

• In Chapter 6, we shift our focus to parameter estimation for unnormalized models. We study the

statistical efficiency of existing KSD-based estimators, and show that they can be inferior to its

competitors when the reproducing kernel in KSD has a rapidly decaying eigen-spectrum. Our

analysis highlights the importance of kernel choice in minimum KSD estimation and reveals its

limitation compared with alternative kernel-free approaches, such as score matching.

We hope that these contributions will inspire further research in this field and help address the challenges

posed by modern statistical modelling given the increasing demand for large-scale, complex models.

Research directions specific to each proposed method are discussed in the “Conclusion and Discussion”

section of the corresponding chapters. Here, we highlight some general themes.

Privacy and fairness Understanding the privacy- and fairness-preserving properties of KSD-based

algorithms is crucial for their responsible use in real-world applications. However, literature on the

privacy or fairness of KSD-based methods is still limited. On the other hand, privacy has been shown

to be closely related to robustness (Dwork and Lei, 2009), and the robustness of KSD has received more

attention in the literature; see, for example, Barp et al. (2019); Matsubara et al. (2022) and Chapter 5.

We therefore hope that these findings, including our contribution in Chapter 5, can lay the foundations

for future research on the privacy and fairness aspects of KSD-based methods.

Interpretability A common criticism of KSD is its lack of interpretability. Although the KSD provides

a valid notion of dissimilarity between probability distributions, it does not directly offer insights into

what aspects of the distributions differ, such as mismatches in specific moments. Unlike Maximum

Mean Discrepancy or many other integral probability metrics, which have a clearer interpretation

through differences in expectations of certain test functions, the interpretation of KSD is much less

clear due to the extra complexity added by the Stein operator. Jitkrittum et al. (2017) discussed in

their experiment section how model diagnosis can be achieved by investigating the witness function of

KSD, namely the function that attains the maximum of the KSD objective (2.8). Further development

in this area could be helpful in providing a more intuitive understanding of this discrepancy.

Applications in deep learning The applications of KSD are mostly restricted to models with a low-

or moderate-dimensional sample space, especially in the parameter estimation or goodness-of-fit fields.

Some studies have explored its potential for high-dimensional data in the context of deep learning.

For example, Grathwohl et al. (2020) used extensions of KSD to train deep generative models, while

Schrab et al. (2022) explored testing the goodness-of-fit of large normalizing flows. However, KSD often

underperforms when compared to other divergences like the score-matching loss (Song and Ermon,

2019; Song et al., 2020) or maximum mean discrepancy (Frogner et al., 2015). Future research could

focus on identifying the causes of these limitations and developing extensions of KSD that can achieve

state-of-the-art performance. This is particularly relevant in light of the recent boom in the applications

of large language models and deep generative models in real-world scenarios.
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