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ABSTRACT

The goal of this thesis 1s to study hidden symmetries in
general relativity arising from an important class of tensors,
namely Killing tensors, which give the simplest non-linear irredu-
cible first integrals of the geodesic equations. An extensive
study of some anisotropic static spherically symmetric space-
times possessing Killing tensors 1s alsc made.

In the first chapter the formalism developed by Newman
and Penrose 1s presented using the tetrad and spinor calculus.
This formalism is widely used 1in the modern literature and 1n
the present thesis; the most important theorems on Killing
tensors, and the junction conditions for the Einstein tensor
and the propagation of Killing vectors are written in terms
of 1t. Killing spinors which arise naturally in this formalism
gave new impulse to the study of Killing tensors in general
relativity.

In the second chapter the theory of Killing vectors and
tensors is presented as developed historically. Together with
conformal Killing vectors and tensors and Killing-Yano tensors,
which are also studied, they are related to first integrals
of geodesics and solutions of the geodesic deviation equation.
Their connection with the abelian separation of the Hamilton-
Jacobi equation 1s emphasized. A new method of generating Killing
tensors of high order 1s presented using the Poisson and Schouten
brackets. The Lie algebra of Killing vectors 1is extended 1in

this way to a Lie algebra of higher dimension.



In the third chapter the extension of the Lie algebra is
generated i1n the case of Kimura space-times which possess quadratic
Killing tensors. A major role 1in obtaining the results of this
chapter 1s played by algebraic computing, so an introduction
to 1t 1s presented and the packages used (SHEEP and STENSOR)
are studied i1n detail. New programs for Killing's equations
and for the generation of high order Killing tensors are given.

In the fourth chapter the anisotropic static spherically
symmetric space-times of Kimura are studied. The Bowers-Liang
extension of Bondi's analysis of static fluid spheres to the
anisotropic case 1s applied to these space-times and their physical
properties are listed and discussed. In particular, those metrics
describing possible interiors for stars and their junction condi-

tions are examined.



THESIS OUTLINE

This thesis deals with the problem of hidden symmetries
1n general relativity and, in particular, in anisotropic static
spherically symmetric space-times, and 1s divided into four
chapters. Each chapter has an introductory section of 1its own,
while the results and conclusions are summarized in the final
sections.

In the first chapter the Newman-Penrose formalism 1s studied
and emphasis is put both on tetrad and spinor calculi which
are presented in sections 1.2 and 1.3 respectively. The relation-
ship between spinors and tensors 1s established and the geometric
interpretation of a spinor 1s also given. In section 1.4 the
Newman-Penrose equations are presented together with the Petrov
classification and the theorem of Goldberg and Sachs. The various
Newman-Penrose quantities are studied geometrically. In section
1.5 this formalism 1s used to define and discuss Killing spinors
in relation to irreducible Killing tensors of order two.

The second chapter is devoted to the study of Killing vectors
and tensors in general relativity. The basic definitions as
well as the integrability conditions for Killing's equations
are given 1n section 2.2. The significance of the existence
of irreducible Killing tensors 1n space-times 1s discussed 1in
section 2.3. Their importance arises from the fact that they
give the simplest non-linear first integrals of the geodesic
equations and identify solutions of the geodesic deviation equa-

tion. They can also be used to investigate the conditions under



which the Hamilton-Jacobi equation is solved by separation of
variables. The theoretical background required to understand
the method of generating an extension of the Lie algebra of
1sometries 1s presented in section 2.4. The Schouten-Nijenhuis
bracket, which 1s closely related to the Poisson bracket of
functions in the cotangent bundle, 1s introduced. Kimura space-
times and their Killing tensors of second order are presented

in section 2.5, since they provide the specific examples for

the generation of new Killing tensors of high order obtained

by the above method.

The subject of algebraic computing, used to obtain important
programs and results, is reviewed 1n the third chapter. The
problems and requirements of constructing efficient computing
packages are discussed in section 3.2. The computing language
LISP and the important packages SHEEP, CLASSI and STENSOR, which
are bésed on LISP and designed for research in general relativity,
are studied 1in detail in sections 3.3 and 3.4. Two important
applications are presented in section 3.5. In the first, specific
programs are listed which can be used to write Killing's equations
of first, second and third orders for any metric. In the second,
a new program defining the Poisson bracket of two functions
for the computer 1s given and also used to obtain the extension
of the Lie algebra of Killing vectors in the case of Kimura
metrics.

The fourth chapter discusses the anisotropic static spheri-
cally symmetric space-times with Killing tensors. A theoretical

study of anisotropic fluid spheres 1in general relativity and



their Bondi analysis are presented in section 4.2. The physical
properties of Kimura fluid spheres are investigated in section
4.3 1n relation to the existence of hidden symmetries. The
stability conditions of those spheres describing possible interiors
for stars are considered. Their junction conditions are examined
in section 4.4 with the use of the Newman-Penrose formalism.
And the reciprocal transformation of the static Kimura space-
times as well as 1ts result on their Killing tensors are studied
in section 4.5,

Various subjects related to the text and listings of some

computer programs and results are presented in the appendices.
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NOTATION

The notational conventions presented here are those used
throughout the thesis, unless otherwise indicated. All symbols
are explained in the text.

An n-dimensional manifold is denoted by M. If P 1s a point
in M, TPM and TEM denote the tangent and cotangent spaces of

M at P, while TM = v TPM and T*M = y TgM are the tangent
PeM PeM

and cotangent bundles over M. In local coordinates a point

PEM 1s represented by an ordered set of real numbers XM (p =
1,...,n), while any vector VGTP and any one-form p€T*M are expressed
as V = VM K and p= pudxU respectively. The i1nduced coordinates
{zA} of TMa;re then defined by {zA} = {xu,Vu} and the 1nduced
coordinates {zA} of T*M by {zA} = {xu,pu}.

A metric with signature ---+ is used, although the metric
signature +++- was found to be more convenient for the calculations
1n appendices A3 and A10.

Greek indices o,B8,Y,... take the values 1,2,3,4 and the
values 1,...,n 1n 4-dimensional and n-dimensional manifolds
respectively, and are tensor indices. Latin indices a,b,c,...
take the values 1,2,3,4 and are tetrad indices. Spinor indices
are of two types. Capital Latin indices A,B,... are abstract
spinor indices and do not take numerical values. Small Latin
indices a,b,... are spinor dyad indices and take the values
0,1. The convention a - AA', 8 - BB',... indicating the corres-
pondence between tensor and spinor indices 1is adopted. The
Einstein summation convention 1s assumed everywhere.

Symmetrization and antisymmetrization are denoted respec-

tively by round and square brackets around indices.
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Partial derivatives are denoted by 3 or a comma in front
of an index, while covariant derivatives are denoted by V or
a semicolon in front of an index. Lie derivatives with respect

to a vector field V are denoted by i@.

Geometrized units are used where the speed of light and

the gravitational constant are set equal to one.
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CHAPTER 1

THE NEWMAN-PENROSE FORMALISM IN GENERAL RELATIVITY

1.1 INTRODUCTION

The formalism developed by Newman and Penrose [1], which
1s also called the method of spin coefficients, consists of the
use of tetrad and spinor calculus for studying the Einstein equa-
tions and the equations of other fields [2]. The expanded system
of equations connecting the spinor components of the curvature
tensor with the spin coefficients (the components of spinor connec-
tion) has become known as the system of Newman-Penrose equations.

The language of spin coefficients has become generally accepted
and widely used i1n the modern literature. The main reason for
such popularity of the Newman-Penrose formalism consists in 1its
adequacy and internal adaptability for studying the solutions
of Einstein equations of one or another algebraic class, as well
as the general properties of a gravitational field (in particular
the asymptotic properties).

The property of a gravitational field to belong to one or
another algebraic type is connected with the fulfilment of certain
algebraic conditions on the spinor components of the Weyl tensor.
The fact that such components appear linearly in the Newman-Penrose
equations permits the successful use of these equations in the
study of solutions of a certain algebraic type.

The Newman-Penrose equations have also turned out to be con-
venient for studying the asymptotic properties of gravitational

fields. Using these equations together with the definition of
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asymptotic flatness [3], we can study the behaviour of Riemann
and metric tensors at infinity.

The Newman-Penrose formalism has been particularly useful
1n the theoretical analysis of gravitational fields and in obtain-
ing exact solutions of the field equations. It has found many
applications 1n the study of shock waves, the study of black holes
[4] or 1n solving the wave equations by separation of variables
in the Kerr metric [5]. Recently, the junction conditions for
Einstein equations as well as the conditions for the propagation
of 1sometries in general relativity have been stated in terms

of the Newman-Penrose variables [6].

1.2 TETRAD CALCULUS

1.2.17 The tetrad representation

General relativity 1s based on the concept of space-time,
which 1s a 4-dimensional differentiable (C~ Hausdorff) manifold
M endowed with a metric guv which can be transformed to
g = N * diag(-1,-1,-1,+1) at every point P of M.

Y
In the standard tetrad formalism as appears 1in [5], one sets

up, at each point of space-time, a basis of four contravariant

vectors

eg (a =1, 2, 3, 4) (1.2.1)
where Latin and Greek indices are tetrad and tensor indices res-
pectively. Associated with the contravariant vectors (1.2.1)

we have the covariant vectors
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eau z guv e (1.2.2)

where guv denotes the metric tensor. The inverse ei of the matrax

eu 1s defined so that

e eb = Gb and e! &2 - gM (1.2.3)
a u a a v Y
where the summation convention 1s assumed. We also assume that
eg ®, 7 Nap ~ constant (1.2.4)
while nab, the inverse of the matrix Ngps 1S defined so that
nab Nhe = 62 . (1.2.5)

a ab b
Nab ©. = by and n ®an ° ©L (1.2.6)
and
a
o ®y = Gy ¢ (1.2.7)

Given any tensor, Tuv’ we can project 1t onto the tetrad frame

to obtain its tetrad components. Thus,

y ev ab” (1.2.8)
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1.2.2 Directional derivatives; Ricci rotation coefficients;

Intrinsic derivative

The contravariant vectors e considered as tangent vectors,

define the directional derivatives

e, = eg 3 (1.2.9)
axU
so for a scalar function @ we write
P,a = eg 99 . M Oy . (1.2.10)

Bxu a H

More generally we write

u 9 U 93 v ISPIRY;
T - e T - e —(eT ) e (eT ),
a,b b axu a b axu a b
M,V Y
= eb(ea N v a,“) (1.2.11)

If we assume the coordinates are geodesic, partial derivatives

can be replaced by covariant ones and we write

_ oH v A _ oMV
Ta,b = e (eaT\);u + Tvea;u) = eb(eaTv);u

_ \URY U Vi€
- T\);ueaeb * eav;uebecT . (1.2.12)

Using the definition

_ WV U
Yeab = ©c %av;u®b (1.2.13)
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we rewrite (1.2.12) in the form

T . (1.2.14)

The quantaitaies Yeab 2T the so-called Ricci rotation-coefficients.

They are antisymmetric in the first pair of indices, that 1is ,

Youe = = Yapo- (1.2.15)

Therefore, there are 24 independent rotation coefficients in our

4-dimensional space-time.

Defining
- v 2}
Aabe © ebu,v (ea ec - €, ec) (1.2.16)
and rewriting 1t in the form
- _ TR
>\abc - (ebu,v ebv,u) ®a ¢ (1.2.17)

we have, by replacing again the ordinary derivatives by covariant

ones, that

_ _ MoV _
xabc - (ebp;v ebv;u) ®a ®c T Yabe Yeba * (1.2.18)

Hence, we can write

(1.2.19)
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It can be seen from equations (1.2.16) and (1.2.19) that the eva-
luation of the rotation coefficients does not require the evalua-
tion of covariant derivatives (and therefore of the Christoffel
symbols). (1.2.14) can be rewritten as

T el eV =T

\V c _ _nm
Liv % b =T n T (1.2.20)

a,b Yeab' a,b Ynab 'm°

The quantity on the right-hand side of (1.2.20) is called the 1in-

trinsic derivative of Ta in the direction b and written Ta/b’ thus

(1.2.21)

The notion of intrinsic derivative can easily be extended. Thus, 1f

T 1s a fourth-order tensor, we have
oBy§
_ a B .y .6 u
Tabcd/m - TQBY(S;U ea eb ec ed em M (1.2.22)
Since
- a B .y 49 u
Tabcd,m - (TaByﬁ €a b e dd);u e (1.2.23)

we also have

i} . pq
Tabcd/m - Tabcd,m N (Ypam Tqbcd * Ypbm Tach

* Ypem Tabqd * Ypdm 'abeq) (1.2.24)

We can use the Ricci rotation coefficients when studying the

commutator [ea,eb], which, being a tangent vector 1tself, can
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be expanded 1n terms of the same basis {ea} as follows

[ea,e l]=C"¢ (1.2.25)

{un(ﬂj‘d

with CZ the structure conétants. Considering the effect of this

b

commutator on a scalar function f and using (1.2.9) and (1.2.13),

we find that

c

C C
Cob = Ypa = Yap - (1.2.26)

The Ricci and Bianchi 1identities can also be written in terms

of the Ricci rotation-coefficients. Projecting the Ricci identity

vV

eau;aB - eau;Ba = RuaB €av (1.2.27)

where RVUGB 1s the Riemann tensor, onto the tetrad frame we have

- v u oo B
Rabcd = Rvuas €2 % Cc B4 - (1.2.28)
Then
_ a8 _
Rabcd - eb eC ed \eau;ae eau;Ba) . (1.2.29)
From the definition of Ricci rotation-coefficients
_ oM Qa
Ypaq = epeau;aeq we have
_ P _q
eau;a - Ypaq eu €o (1.2.30)

hence
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P _q p q
e = e e e e
ap;afl YPaq;B uoa " Ypaq ue o
P _q
s e’ e . (1.2.31)
'Paq u ;B

Using (1.2.31) we have from (1.2.29) that

P

_ P
Rabcd = 7 Yabe;d * Yabd;c * Yabp(ch Ydc

P p
* Yapc Ybd ~ Yapd Ydc (1.2.32)

The relationship between the Riemann tensor, Weyl tensor and Ricci

tensor goes over 1in tetrad formalism unchanged, that 1is,

1

Rabed = Cabed * 2 R

R

Nac Rbd " Npe Rad ~ Nad "be T Mbd ac)

R
- Z (nac Mod = Nag nbc). (1.2.33)
Finally, the Bianchi identities
R =0 1.2.34
aB [yS;ul ( )
in terms of 1intrinsic derivatives take the form
Rab[cd/m] =0 (1.2.35)

or

(1.2.36)
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1.2.3 The complex null tetrads and the spin coefficients

One of the ways to obtain information on the structure of
a gravitational field is by studying the behaviour of different
test particles in the field. In particular, when massless particles
are considered (photons, neutrinos) the trajectories corresponding
to them are null curves. Thus 1t 1s important to study the geo-
metric properties of congruences* of such null curves**., It
turns out to be convenient to introduce a suitably chosen field
of tetrads which will be adapted to the given congruence [7].

We construct at an arbitrary point P of space-time a null
vector 2" which 1s tangent to a null curve of the congruence
passing through P. Any other null vector n" distinct from gM
and directed into the future 1s linearly independent of ¥ and
Ho M

n > 0. The pair of the real null vectors 2“, n" determines

* The term "congruence" is used 1n the present thesis to indicate
a family of curves such that there exists an element of the family
passing through an arbitrarily given nonsingular point of space.

*% There exists an important property which differentiates

null curves from space-like and time-like curves. The point is

that although the null curves form a submanifcld of a space pos-
sessing a metric, the notion of distance along them 1s not defined.
The parallel transport of vectors along null curves 1s induced

by imbedding them into space-time and thus, since they have no
metric properties, the null curves are one-dimensional affine

spaces.
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a two-dimensional subspace orthogonal to them (Fig. 1.1). We
introduce an orthonormal basis in this subspace consisting of

the pair of space-like vectors au, pH

aa”=-1; bb*=-1; abt=0 (1.2.37)

and thereby obtain a basis (2“, nu, au, b") 1n the tangent space.

Figure 1.1. Construction of a null tetrad (Frolov, 1979).

But 1t 1s more convenient to work not with this basis but with

a complex modification of 1t. So, putting

u

_ ] u u —u _ u U
m" = 7z (a® + 1b") and m" = 77 (a® - 1b") (1.2.38)

we define a tetrad

zﬁ = (oM, M, mM, At (m = 1,2,3,4) (1.2.39)
with Qu, M being real null vectors and m" and 1ts complex con-
Jugate mH being complex null vectors. The orthogonality proper-

ties of these vectors are
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Runu = - mat =1 (1.2.40)

P
3
=
1
=
3
1
po]
3
1]
o]
3
1"
o

This tetrad 1s normalized by the condition

Mz o-q (1.2.41)
m

n _=n = (1.2.42)

Such tetrads are called complex null tetrads. The following

relations are easily seen to be true

g =2 Z n =4n +nf& -mm -m m (1.2.43)
uv my Ny TR [TERV) UV TRV
- v
Non = Zmu va g . (1.2.44)
Complex Ricci coefficients are now defined by
np _ 7NU5PV
Y = Zmu;v Z (1.2.45)

again with the symmetry Ymnp = - Ynmp.
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The null basis, which underlies the Newman-Penrose formalism,
can be derived from an orthonormal basis (e,,e ,e ,e_), where
—t'—x'=y’'=z

& 1s time-1like and Ex’gy’ e, are space-like as follows

Mo U
Z,I_Q, —75(3‘(,-’-32)
Zu:nu_1(e e)
2 =t -z

Mo_oou
Z3 =m o= (Ex + 1e )

mo_o-u_ 1 _
Zy=m =75 (e ;gy).

The basis vectors considered as directional derivatives are desig-

nated by special symbols

D = My =My )

= U U

A= n“a = an

H H > (1.2.46)

s = mMy = mMy

- U u

3 -m"s = mv . )

- M M

The various Ricci rotation coefficients, now called spin coefficients,

are also designated by special symbols

Y130 =% (1.2.47a)

Yi3p = T (1.2.47b)
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Yi33 = 0 (1.2.47¢c)
Y1345 = P (1.2.47d)
Yo = - T (1.2.47e)
You =~V (1.2.47fF)
You3 = " H (1.2.479g)
Youy = = 2 (1.2.47h)
% (Y121 = Y3497 = € (1.2.471)
% (Y122 = Y342) =¥ (1.2.473)
% (Y93 = Y343) = B (1.2.47K)
% (Y124 = Y344) = @ - (1.2.478)

The name 'spin coefficients" 1ndicates that these quantities
arise 1n a natural way in the spinor formalism, as we shall see

later.
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1.3. SPINOR CALCULUS

1.3.1 Spinors and tensors

The fundamental fact, on which the spinor formalism i1s based,
is the local i1somorphism between the proper Lorentz group and
the group SL(2,C) of unimodular complex 2 X 2 matrices (that
1s, matrices with determinant equal to one). More precisely,
the group SL(2,C) 1s a twofold covering group of the Lorentz
group. Unimodular matrices may also be viewed as linear operators
1n the two-dimensional complex linear space CZ. We may therefore
assume that an arbitrary Lorentz transformation 1s associated
with a certain transformation 1in CZ (precisely, two transforma-
tions). The corresponding representation of the Lorentz group
1s called a spin representation, and the elements (complex vectors)
of the linear space C2 (the spinor space) are called spinors [8].

Spinors are denoted, 1in what follows, by small Greek letters
and spinor i1ndices by capital Latin letters which do not take
numerical values, for example EA, nB, nC etc.

As 1n tensor calculus, upper indices are called contravariant
and lower i1ndices are called covariant. Any tensor expression
can be translated into a spinor form, each four-dimensional tensor
index being replaced by a pair of two-dimensional spinor indices,
one unprimed and one primed. Spinors with any number of indices,
primed or unprimed, can be defined. A spinor with p indices

of one kind 1s called a p-spinor, a spinor with p indices of
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one kind and q indices of the other kind 1s called a pg-spinor [9].
The connection between tensors and spinors 1s achieved by

means of the quantities o introduced by Infeld and Van der

a
AA"?
Waerden [10], satisfying

o} B

9%g “aa' BB (1.3.1)

€8 Earpe

The connecting quantaities OXA, transform as space-time vectors
on the i1ndex a and as spinors on the indices A,A'; they are

Hermitian, that 1is,
=0 (1.3.2)

and they satisfy the relations

AA' « A A’

o, Oggr = Sg Sg (1.3.3)
o ogA' = & (1.3.4)
OQA‘ OSB, OEB' = ogA' * o, (1.3.5)
* One set of o's that satisfy these conditions 1s (apart from

a factor) the set of Pauli matrices 1n a locally Cartesian

coordinate frame

OAA' 1 0 1 GAA' 1 (0 -1
1~ /211 0 2 " /211 0



The 'e' 1s the Levi-Civita alternating symbol in two dimensions

defined by

_AB { 0 1] (1.3.6)

so that €

"
m
1"
"
m
1"
-

01 o1’

It 1s used for lowering and raising spinor indices as follows

A AB A
g = € gB’ EB = g EAB’
(1.3.7)
A A'B’ A
n = € nB,; nB. =n EA!BI
Because of the antisymmetry €aB = ~ €ga’ €AB = - EBA we must

be very careful about orderings when we raise or lower indices,

so note that

A B A A B A
gAn = g EBAn = -nN EABE - - nAE . (1.3.8)

The correspondence between spinors and tensors 1s established

aB....

as follows: to every tensor of type Hﬂ , X 1s associated

a spinor of type [22,) defined by
1 ' ' !
aB AA'BB AA 0BB XaB Y (1.3.9)

— X =g

Xy ce « %8 *y e

and 1inversely

33



34

of (o] g8 (AA'BB' CC!

XY = e 98 Xee o - (1.3.10)

B

The spinor so formed 1s called the spinor equivalent of X

So, 1n fact, equation (1.3.1) tells us that ¢ 1s the

ABEATB!

spinor equivalent of 98"
Note that when taking the complex conjugate of a spinor un-

primed indices become primed and primed indices become unprimed.

' ' _A '
For example, the complex conjugate of Xéé,BB 1s Xé,éB B whence
8

the condition for X*® to be real 1s the Hermitian property

! '
XAA BB - X

e (1.3.11)

A'AB'B
c'C )
Finally, 1t 1s worth mentioning that the first impression

of complication, in spinor equations, 1s deceptive and 1t will
turn out that the spinor description of various tensor quantities

1s extremely convenient for the study of many problems in the

theory of general relativity.

1.3.2. Spinor expressions for certain tensors

In this section we consider the question of how various charac-
teristics of vectors and tensors carry over to their spinor analogs
(7].

Proposition 1: A spinor n, uniquely determines a real null

A
vector by the relation
AA' -
Ka =0, Mpay - (1.3.12)
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Distinct spinors define the same null vector Ka 1f and only if
they differ by a complex factor with the modulus equal to one.
For example, the spinors %A and uAelg, with & real, define the

same null vector.

Proposition 2: A real bivector, that 1s, a skew-symmetric

two-1ndex tensor, has the following spinor representation

F F 3

¢ (1.3.13)

o8 7 TaaBB' T CaB®A'B' T EA'B'AB

where QAB 1s a symmetric spinor QAB = Q(AB) . Thus, a spinor

A also determines uniquely a bivector FaB by the relation

1 '
F . A BB

w8 = % %8 (EABKA'KB’ + " . (1.3.14)

€prgr¥ala)

(1.3.14) follows from (1.3.13) 1f we put QAB = npkge

Proposition 3: The Levi-Civita tensor ¢

) has the following

spinor representation

CC'DD! c.hb.D' . C! D.C.C' D'
ggg = €inippr T l(sASBSA'GB' - dAdBSA,GB,). (1.3.15)
Proposition 4: A tensor RaByS satisfying the symmetry proper-

ties

and R

RaByé B R[aB][yG] B R[yé][aﬁ] alBys] ~ 0

analogous to those of the curvature tensor, has the following

spinor representation
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¥

¥ €agSCDA'BICID!

-+

Rygys < RaaBerccront = Yasco®a'sr€cip:

+9®

* ®agcpreepfara + %ecoarsr EasEC DY

+ 2A(e + € )

ActBDEA'B' EC DY ABcD®A'D S B C!

(1.3.16)

Y i -
where ABCD is a symmetric spinor WABCD W(ABCD) and ®ABC‘D'

is a Hermitian spinor symmetric with respect to every pair of

indices ®ABC'D' = ¢C‘D‘AB = CI)(AB)(C'D')'

Proposition 5: If the curvature tensor RaByG has the spinor

representation of proposition 4, then the Ricci tensor, the scalar
curvature and the Weyl tensor have the following spinor represen-

tations respectively

Ry = Ranggr = = Pagargr + 6N€pgearp: (1.3.17)
R = 24\ (1.3.18)
Cogys < Canrearccon = Yasco®a's Scrpt + €ABSCDA'BICID! -

(1.3.19)

1.3.3 Geometric interpretation of a spinor

The question to be answered here 1s how one can visualize
a spinor [9]. As we have already seen in section 1.3.2, a spinor
nA uniquely determines a real null vector K by relation (1.3.12)

and also a bivector FaB by relation (1.3.14). In order to simplify
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(1.3.14) we introduce a spinor nA which forms a basis with uA
A
by wp = 1; then 1t follows that €ag = %A ~ NaYp*

Now, 1f we substitute e,, in (1.3.14) we have

AB

FQB - 2K[aw8] (1.3.20)

where Ka 1s given by (1.3.12) and WB 1s a space-like vector, given

by

BB — —
WB = 0, (ngtg: *+ Ngi*g) (1.3.21)

B
BK

Without violating the condition x

and satisfying W = 0.

AnA = 1, we may transform

the spinor
nA - nA + XuA (1.3.22)

and then the vector W, 1s determined up to a transformation

B

wB > w8 = wB + (A + A)KB. (1.3.23)

FaB 1s unaffected by the transformation (1.3.22) since by definition
1t 1s 1ndependent of nA.

It follows that an arbitrary spinor uA determines the 2-space
which 1s spanned by K* and any WB . This space can be interpreted
as a flag. The direction of the flagpole 1s the direction of

the null vector K% and the position of the flag (the two-

dimensional area of the flag) 1s determined by FaB (Fig. 1.2).
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Figure 1.2. Geometric interpretation of a spinor (Frolov, 1979).

The change uA - elsnA of the spinor nA and the corresponding
change nA -+ e-lSnA of the spinor nA produce the following change
in W
o
W > W cos 2% + V sin 2§ *
o a o
* Proof:
AA' = -
Wy = 0 g, + nA,nA)_
AA! -19% -19- 13- 19
o, e ny)(e ")+ (em Ty (e g0} =
0AA' ( -21% ” eZl%- W) =
a © T A"/ =
OAA' {(cos 29 - 1 sin 29)n.n,, + (cos 2% + 1 sin 29)n, n.} =
a ATA! A'TA

AR - - - —
o, {cos 2%(npry, + Mpony) + 1 osin 28(ny ny - My ) =

W, cos 2% + Vg s1n 2%,

where Va = l(“AnA' - nAnA,).
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so that the change of phase ¥ turns the flag round the flagpole
through an angle 2%. Note that for & = m, the spinor HA changes
sign, but flag and flagpole are unchanged, that is, nA and

- nA = elﬂnA define the same null flag. This ambivalence of

sign 1s related to the fact that spin transformations yield a

double-valued representation of Lorentz transformations.

1.3.4 Spinor analysis

The covariant deravative VUEA of the spinor EA 1s defined

by
VE =D E, - ETD (1.3.24)
u’A u°A B" Au T

where Fiuls the spinor affine connection [1] and [7]. The corres-
ponding quantity fi:u deals with the primed indices.
The rules of covariant differentiation for spinor indices
are exactly analogous to those for tensor indices. The choice
of Tiu 1s fixed by the requirement that the covariant derivatives

of UXA' s €pg? Eprgy shall vanish. It 1s important to notice

here that, by (1.3.1), the four expressions

0150" 0-1:111" 031', Ol'iloy (1.3.25)

satisfy the same orthogonality relations (1.2.40) as the four
vectors 2“, nu, mu, " . We would like, therefore, to identify
the expressions (1.3.25) as a convenient tetrad. However, this

would not be strictly accurate, since the expressions (1.3.25)
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do not really denote vectors as they stand and also although
the covariant derivative of UXA, 1s zero, this is not so for
L L
To get around this difficulty we introduce two basis spinors

OA, LA, a "dyad" [1], normalized thus

Op L = €pg0 b =-1p0 =1 (1.3.26)
and satisfying eAB = OALB - LAOB.
A dyad 1in spin space 1s analogous to a tetrad in vector space.
Moreover, given a dyad in spin space there corresponds a unique

complex null tetrad to i1t defined by the relations

A A )
Z? =M = OKA, o o (= OSO')

A -A
YA R s L GKA, Lol (= O$1,)

> (1.3.27)

Mo W M A -A' _ M
Iy =m = 0p,, O L (= 0g71)
Mo o-u _ M A A _ M
Ly =m =0pp b0 (= 09g0)

It 1s this correspondence that leads to the close connection
between spinor methods and the complex null tetrad formalism,
already presented.

If (tu, xu, y“, z") 1s a standard restricted (that 1s, raght-

handed and 1sochronous) Minkowski tetrad, we can write [11]
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e L D IEF SECACUES
M :j% (m* + o) :?%? (OACA' + LABA')
M SECUINE RN S
M :7% (C L :j% (oA—A‘ - LAEA')

The geometrical relation between(oA,LA) and (tu,xu,y“,zu) can

be seen 1in Figure 1.3.

Figure 1.3. Relation between a spin frame (o,.)

and a restricted Minkowski tetrad (t,x,y,z) (Penrose, 1986).

As with the tetrads, it 1s convenient to have a generic symbol

_A'

for both oA and LA. Define CQ, [ by

A A A A AT _ar = AT
g~ 03 C1 = L CO' = OA H C,ll\, = v, (1.3.28)
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Then, for example, given a spinor wAB'C we can define 1ts dyad
components by
-B* C

A
‘pab'c = 1l"ABl[: Ca va| CC . (1.3.29)

For €AB we have

A B
ab ° €ag %4 Gp - (1.3.30)

€
The lower-case 1indices behave 1n the same way algebraically as
ordinary (capital) spinor indices, but when covariant differentia-
tion 1s applied, no term involving an affine connection appears
for the lower case 1indices.

Note that 1f we choose the components of Qg to be the Kronecker
delta, then the dyad components of any spinor will be identical
with 1té spinor components.

The expression

U U AZAY

O ar = Tan18a8q (1.3.31)

u

u -
now gives us Qu, n, m, mu as aa' take the values 00', 11',

01', 10' respectively, by (1.3.27). With this interpretation
the expressions (1.3.25) may indeed be thought of as giving the

required tetrad. Also, (1.3.24) now gives

C C
V.8 aCFAU -

1% aA T =T . (1.3.32)

=-t a CAu aAu
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The covariant differentiation operator Vu introduced above
takes spinor quantities into geometric objects for which an addi-
tional tensor index p appears along with the spinor indices.

We can easily define instead of this operator a covariant diffe-
pp'

rentiation operator VAA' taking spinors of type [qq'} into spinors

1]
of type [ PP J by the following relation

g+1 g'+1
Via, = Gh, VU (1.3.33)
AA! AA' U
A
or in the basis (o
V., =0", v (1.3.34)
aa' aa' u
where
v A ZA (1.3.35)

aa' " Ca Ca' vAA'

and the operators Vaa' are covariant differentiation operators
along the null directions defined by the vectors of the tetrad
MM mH My .

The derivative operator V 1s linear, satisfies the Leibnitz

AA!
rule, commutes with contraction and 1in addition satisfies two

further conditions, namely [12]

1) for any spinor n we have (Vn) = vn, that is Vapr 18 real;

11) Vpae gge = 0 %, (1.3.36)

* Note that we can also define an ordinary differentiation operator

ARt T satisfying all the above properties.
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Then we can introduce the following notation

- oMy - . - nH - .
D-QIVU—VOO" A-nvu -V11',

(1.3.37)

o
"

S=n"y =¥

. —H _V
y 011} m Vu =

10’
For the analog of the Ricci rotation coefficients we introduce
the following quantities possessing only spinor indices

-z g@ o (1.3.38)

1ﬂabcd’ aAsu cd'’

with the symmetry

Fabcd‘ = Fbacd' (1.3.39)

The quantities (1.3.38) can be expressed directly in terms of

derivatives of © , as follows
uab
T :1€p'q'(0' -0 - ) (1 340)
abed' 2 cd'ap'bq' “cd'bg'ap' “ap'bq'cd! <2
where
_ u vl
9abredref'™ %ab Yed' Cuef',v (1.3.41)
or
_1 .p'g" Lu v
abed' =2 € 9aq" %cd' ubp';v (1.3.42)
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When applied to a scalar function ¢ the covariant differen-
tiation operators V“ and Vv commute with one another, that is
(VUVV - VVVU)¢ = 0. Commutativity no longer holds for the opera-
tors Vab' introduced in (1.3.34). It turns out that the spin
coefficients rabcd' serve as a measure of the lack of commutativity
of these operators. More precisely, the following equality
holds for a scalar ¢
Yo = {ePH(T

(v )

- -T v
ab'vcd' vcd'vab' pacd'vqb' pcab' qd'

rlSI p— p—
+ € (T oprgreVast - rr,d,b,avcs,)}w . (1.3.43)
(1.3.43) permits one to write the commutation relations for
the differential operators (1.3.37). By a slight extension
of this calculation, when the derivatives act on a basis CQ,

we obtain (for a proof see p. 139 Frolov [7])

vFe'racdb' - vdb'racfe'

PA(r T T T -T r - T T
e apdb' qcfe' * acpb' qgdfe' apfe' qgcdb' acpe' gfdb’

e T T )

r - T r
+ £ acdr' s'b'e'f acfr' s'e'b'd
A o)
+ Wacdfse'b' * E:e'b’ (ecdsaf * Eadecf) * acb'e'gfd
(1.3.44)
where Yabcd’ Qabc'd' are the dyad components of the spinors

WABCD’ QABC'D' which together with A appear in proposition 4



46
and correspond to the Weyl tensor, the trace-free part of the

Ricci tensor and the scalar curvature respectavely.

The following relations have been used to obtain (1.3.44)
v, R (1.3.45)
(a VB)ar &c 7 7 *asep &t Aé(a Eg)c -3
C B
VC(C' va) EA = (I)ABC'D' g . (1.3.46)

Relations (1.3.44) are the Newman-Penrose equations (NP equations

for short). Their explicit form will be given 1n the next
section but before that the spinor form of Bianchi identities

and Maxwell equations will be presented here.

1)  The Bianchi identities (1.2.34) in spinor form are

A A
Vs Yagep 7 Vs Ycoyars:

(1.3.47)
v A g + 3V A = 0.

CDA'B! DB!'

When Einstein's vacuum equations ¢

AA!
to V WABCD = 0.

ABC'D' ~ 0 hold, they reduce

11) The Maxwell equations

a8 _ g. -
Vg FU =05 Frg 1=0 (1.3.48)

have the spinor form

BB =0. (1.3.49)
v
a8
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1.4. THE NEWMAN-PENROSE EQUATIONS AND RELATED QUANTITIES

1.4.1 Spin coefficients

In this section 1t will be shown how the formalisms developed
in sections 1.2 and 1.3 can be put into a relatively concise
form, despite the fact that all summations will be written out
explicitly.

We start by presenting the twelve complex functions, called

spin coefficients, which are defined in [1] 1n terms of either

the Ricci rotation coefficients or the spinor affine connection

- - Ho,V
R CE PRI PN (1.4.1a)

TE Y3 T L mH RV (1.4.1b)
O =Y 433 = 4. mH mV (1.4.1¢)
0= Y34 = Ly mt @Y (1.4.1d)
T = Youq T - nu;v mH gV (1.4.1e)
V= Yy T TN mt Y (1.4.1F)
W= = Ypuz T - nu;v o Y (1.4.19)
R YT L mH mY (1.4.1h)
€ =5 (Yyo = Y34q) = % (Qu;vn“gv - mu;vﬁ“gv ) (1.4.11)
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2] _ y o 1 RY TR
Y =3 (Y122 Y3400 = 3 (Ru;vn nto-m.,mn ) (1.4.13)
_ 1 - _1 VIRV TIRY
B =5 (Yyp3 = Ygu3) = 5 (%u;vn me-m m ) (1.4.1k)
_ 1 1 H=v —L-V
a= 3 (Y124 - Y344> =5 (lu;vn meo-m,,mm (1.4.12)
or
01
ab 00 or 11
cd' 10
00’ " € T
Tabed' = 10 o o A (1.4.2)
01' (o] R u
11! T Y Vv

Thus 1t can easily be seen that the spin coefficients appear
more naturally when dealing with spinors than with tetrad vectors.
And now, equations (1.3.44) will be written down 1n explicit

form using the notation (1.4.1)

Do - &u = (QZ+05) + (e+e)p - n1 -w(3o+B-m) + 240 (1.4.3a)
Do - 6n = (p+p)o+(3e-e)o-(t-m+a+38)n + ¥ (1.4.3b)
Dt - An = (T+ﬁ)p+(%+ﬂ)0+(e—§)r—(3y+§)n+w1+¢01 (1.4.3c)
Do - 8¢ = (p+e-2¢)a +88~é€—uk—ﬁy+(e+p)ﬂ+®1o (1.4.3d)
DR - 8¢ = (a+m)o +(5—5)B-—(u+y)n—(&-ﬁ)e+¥1 (1.4.3e)
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(t+T) ot (T+1) B- () y- (y+y) e+ T-vnr ¥, -+ 0, |
(pA+8u)+n2+ (a-é)n—vi—(Be—E)A+®20
(5u+ox)+n%—(e+€)u—n(&-8)~vu+WZ+ZA

(m+ D)t (e A+ (y=y) 1= Geve) w5 +0,,

-(u+ﬁ))\—(3Y—§))\+(3a+é+n—%)\)—‘£’4

p(&+8)-o(3a—é)+(p—5)r—(u-ﬁ)n—W1+®O1
(up—ko)+a&+8§—2a8+y(p—5)+e(u—ﬁ)-‘{’2+/\.+<b11
(p-p)v+ (- m+ua+B)+A (0-38) -¥5+0,,

(W2 R+ (y+ =S+ (1-38-8) v+,
(T—&—B)y+uT-0v-eG-B(y—?—p)+ai+®12
(po+ro)+(1+8-a) T-(By-y)o-nv+ey,

- (pp+oA ) +(B-a-T) T+ (y+y ) o+un-¥,-2A

(p+€)v—(T+B)x+(§—ﬁ)a+(€-%)y-w3 .

(1.

(1.

(1.

(1.

(1.

(1.

(1.

(1.

(1.

(1.

(1.

(1.

(1.
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.3F)

.3g)

.3h)

.31)

.37)

.3k)

.32)

.3m)

.3n)

.30)

.3p)

.3q)

.37)

(1.4.3) are the Newman-Penrose equations as appear 1n

al. [13]. This version 1s believed to be the most
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accurate published version since 1t has been checked thoroughly
by MacCallum and Aman using algebraic computing methods [14].
The quantities V¥

Y ..... ,® and A are, respectively,

0’ 00’ """
related to components of the Weyl tensor, Ricci tensor and

scalar curvature as follows [1]

y - _¢C = - ¢ %P YnS

0 1313 aBYS = Y0000
_ _ aBY -
Y17 - Ca1s = - Chpyed M A™ = Yoo
_ 1 _ 1 asyd
¥y = -2 (G + Cpzy) = - 3 Cosy 5(2 V%42 ) = Y011
Y. = C = C RaanYm = Vv
3% “1224 T “aBys 0111
_ _ o =B y-6 _
¥y = = Conpg =~ Cogysh mMnm = ¥y
_ 1 - -3
%0 = = 2 "1 7 2000000 7 %00 (1.4.4)
& --1((R._+R,):-0
11 4 M2t My 010'1"
6 - _-1gr _ -0 =0
01 2 ™13 7 Too0'1r T 10
& - - 1R -0
12 2 237 Fo111
& - _ 1R -8 -3
10~ 2 14 7 7010'0" T 01
6. - - 1R -0
21 T T2 24 T 1101
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_ 1] _ .z
%2 7 =7 Rs3 = 2001090 = ¥
.. = - 1R =@
22 7 Rop = Y10
5. - _ 1R _g
20 %~ 7 Ras = %1000
A = R/24 .

The commutation relations for the operators D, A, §, §

are now obtained from (1.3.43) using the expressions for Fabcd'

in terms of the spin coefficients

(AD-DA) = [(y+Y)D+(e+€)A-(t+m)8-(T+m)&] (1.4.5a)
(8D-D8) = [(a+B-m)D+nA-08-(p+e-€)6] (1.4.5b)
(8A-AS) = [-UD+(T-a-B)A+X3+(u-y+Y)$S] (1.4.5c)
(88-88) = [(u-w)D+(p-p)A-(a-B)8-(B-a)8] . (1.4.5d)

The full Bianchi identities (1.2.34) or (1.3.47), when written

out 1n general, are very long and unwieldy. However, in empty

space (RaB = QABC'D' = 0), they have the simple form
DW1 - SWO = - 3uW2+(2€+40)W1 - (-ﬂ+4a)WO (1.4.6a)
DY, - 8Y, = - 2u¥y+3pY¥, - (-2n+2u)w1-xwo (1.4.6b)



DWB - 6?2 = -nwa—(2€-20)w3+3ﬂwz—2XW1 (1.
DY, - 8¥; = -(4e-p)¥ +(4m+20)¥;-30Y, (1.
AY, - 8Y, = (4y—u)W0 - (4T+28)W1+30W2 (1.
AW1 - GTZ = vWO+(2y—2u)W1-3TW2+20W3 (1.
AWZ - GWB = 2vW1—3uW2+(-2T+28)W3+0W4 (1.
AWB - GWa = BvWZ—(2Y+4u)w3+(—T+48)Wa. (1.

Finally, i1n the Newman-Penrose formalism the Maxwell

equations (1.3.49) take the form

D®1 - 6@0 = (n—2a)®0+20®1—u®2 (1.
09, - 09, = —K®O+2ﬂ¢1+(p—2€)®2 (1.
80, - A%y = (U~ZY)®O+2T¢1—O¢2 (1.
6@2 - A®1 = —v®0+2u®1+(1—28)¢2 (1.
with

_ BV
QO = Fuv ¥ m

1 [VERY, g v

@1 =3 Fuv(l n" +m m) (1.
o, = mH n\)
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.6c)

.6d)

.6e)

.6f)

.6g)

.6h)

.7a)

.7b)

.7¢)

.7d)
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The Newman-Penrose equations (1.4.3), the commutator relations
(1.4.5) and the full Bianchi identities form a complete set
of equations from which exact solutions of Einstein equations
may be found. Despite the fact that we have to solve a conside-

rable number of equations, the Newman-Penrose formalism* has

great advantages. All differential equations are of first order.
Gauge transformations of the tetrad can be used to simplify

the field equations. O0One can extract invariant properties of
the gravitational field without using a coordinate basis and

the algebraic structure of the Weyl tensor can be easily speci-

fied [13].

* The above presented Newman-Penrose formalism has been modi-
fied and extended by several authors. Geroch, Held and Penrose
[15] developed a modified calculus adapted to physical situations
in which a pair of real null directions 1s picked out at each
space-time point. This new version of the spin coefficient
method leads to even simpler formulae than the standard Newman-
Penrose technique.

Allnut [16] modified the standard Newman-Penrose formalism
so that 1t 1s more suited to the study of perfect-fluid space-
times. And finally, Jogia and Griffiths [17] have extended
the standard formalism to include the possibility of an anti-
symmetric connection, so that 1t may be useful 1n Einstein-Cartan
theory or in other theories which consider space-times with

torsion.
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Useful formulae containing the spin-coefficients

The definition of the spin coefficients allows us to obtain

the following relations [7]

[YERY

M3V

[SERY

31

SERY

(y+y)2ulv + (e+€)2unv - (a+8)£umv - (a+8)2umv

ML - TMQ =-umnN +GMM + omm -~ xmn
v v UV UV Ty TRV

pm M+ om m
UV U
- (Y+Y)nuzv -

vmuﬁv +

< |

=
-

=

+

e)n n
(e+€) N

-Aamm - umm + vm &
TR TRy uov

+
~~
3
<1
p—

3

+

(Y—y)mulv + (e—e)munv

+ (a+B)numv +

(1.4.9a)
(a+8)numv
+ M N
TRV
(1.4.9b)
- yn N
TIRY
- (a—B)mumv
(1.4.9c)
- %N N
(IR}
- (a-R)m m
U
(1.4.9d)



These equations give after contraction

L (p+p) + € + €
sH

n? = - (y+y) + v + ¢
sH

m - -a+T-T+B
yH

W = -a+T-T+B.
s U

(1.4.
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10a)

.4.10b)

.4.10c)

(1.4.

Antisymmetrization of equations (3.9) leads to the following

relations

Q[u;v] = - 2Re(€)2[vnu] - (%-a-é)l[vmu] - (T—&—B)Q[vﬁu]

- gy - un[vﬁu] + 21Im(p)m{vﬁu]

Mygo] = 7 AREIL g+ Vg

+ (ﬁ—&-B)n[vﬁu] + 21Im(u)m[vﬁu]

m[U;V] - - (ﬁ+T)Q[Vnu] + (21Im(Y)+ﬁ)Q[vmu] + Y. m

+ (21Im(€)—p)n[vmu] - On[v

ﬁu] - (&-B)m[vﬁu]

ﬁ[u;v] = - (ﬂ+?)2[vnu]+(—211m(y) +U)Q[Vau] + XQ[VmU]

+ (—21Im(€)-5)n[vﬁu] - an[vmu] - (G'B)a[vmu]

(1.4.
+ Gl[vﬁu] + (ﬂ-a—B)n[vmu]

(1.4.

(1.4.

10d)

1a)

11b)

11¢c)

.11d)
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where we use the notation vy+y = 2Re(y) and y-y = 21Im(y).

Using the covariant differentiation operators D, A, § and

§, we can rewrite equations (1.4.9) in the following form

DM

Dn¥

AnM

sn¥

Dmu

Amu

cSmu

(e+e )M

(y+§)£“

(a+8)eM

(a+B) M

- (g+e)n¥

- (y+y)n"

- (q+g)n"

M

(a+B)n"

nn

™

an

pn

] P
P
omt - omM
8m“ - pﬁu

+ o+ M

+ ot + omV

+ (e-g)m"

+ (y-y)n"

+ (B-q)mM

(1.4.12a)

(1.4.12b)

(1.4.12¢)
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ant 4 (E-e)mM

)
3
1
3
=
=
i
=
3
+

+

[ IR A T N vV P % (1.4.12d)

smt = weM - ot + (a-B)m"

+

+

Sm M= aeM - Gn* & (B-o)mM

1.4.3 Transformation properties of the various Newman-Penrose

quantities
Having chosen a tetrad frame - either an orthonormal frame
as 1n the conventional tetrad formalism, or a complex null-frame
as 1n the Newman-Penrose formalism - at each point in space-
time, we can subject the frame to Lorentz transformations.
In considering the effect of such Lorentz transformations on
the various Newman-Penrose quantities, we shall find 1t convenient
to regard a general lLorentz transformation of the basis (lu,nu,
m",m") as made up of the following three classes of rotations [5].
(a) Rotations of class I which leave the vector g" un-
changed;
(b) Rotations of class II which leave the vector n" un-
changed;
(c) Rotations of class III which leave the directions of
2" and n* unchanged but rotate mM (and @) by an
angle & 1n the (m",m") plane.
Associated with these three classes of rotations, we have the

following explicit transformations.



I.

II.

III.

Null rotations

52,“—»9,“

Null rotations

Spatial rotations in the (mli)—plane:

QU N Q/U

=

u 1% U

around %:
am” + am" + aagh
aM

agt

around n:

" + bm” + bbnM

58

(1.4.13a)

(1.4.13b)

(1.4.13c)
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where a and b are two complex functions and A and § are two

real functions.

The effect of a rotation of class I on the Weyl scalars

1S

+
[0}]
[

28¥ + (E.)Z\y[J (1.4.14)

+

38Y, + 3(5)2\y1 N (5)3w0

+

+

say, + 6(2)%, + 4@, + (@, .

The spin-coefficients are transformed as follows

Yy
A=A

+

ap + a0 + aan

au

ap+e) + (@) (1.4.15)
ac + aod + aau
2a€ + (é)zn + Da
- - .2 -2
ad + a(B+1) + aal(p+e) + (a) 0 + ala)™

a(20sm) + (3)%(p+2¢) + (3)°w + 33 + aDa

M = U+anm + 2aB + 2aac + (5)20 + a(é)zn + 8a + aDa
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Vo v+ ak + a(ue2y) + (3)2(1428) + (3)%0 + ad(me2a)
=2 -3 - -
+ a(a)“(p+2e) + a(a)’n + (A+ad+ad+aaD)a.
The scalars representing the Maxwell field become

%7 %

@1 - @1 + 5%3 (1.4.16)

- -2
9 .
®2 - ¢2 + Za®1 + (a) 5

The corresponding effects of a rotation of class Il on
the various Newman-Penrose quantities can be readily written
down from the foregoing formulae, since the effect of inter-

H

changing 2" and n™ results 1n the transformation

B3
++ 4
€|

4
]

©
+4
]

S

W< - (1.4.17)
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= -
a+«—8
= -
€+ -
-> -—
T+ - T.

In particuliar, the effect of a rotation of class II on the Weyl

scalars is

A 6b2y_ 4 4b3w3 + by

2 4

2 3
Y o> ¥ 4 3b?2 + 3b WB + b Ta (1.4.18)

2
Y, - V¥, + Zb‘{’3 + b Wa

VY, - ¥, + bWa

Finally, the effect of a rotation of class III on the Newman-

Penrose quantities 1is

-2 21%
WU + A Te WO



1 1

2 2

1e1868 -

N —

+

-19%

1e 8%

1.4.4
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(1.4.19)

= OAA + 5 1AAS

1T 4,1

A 818

SA

Nl

- % A_1e_185A .

The Petrov classification

In section 1.4.3 we have seen how the various Newman-Penrose

equations transform under Lorentz transformations.

a tetrad frame such that Wa Z 0.

Choose now

Consider a rotation of class II



63

(as in section 1.4.3) with parameter b. The Weyl scalars

TO, ERER transform according to (1.4.18). It 1s clear that
by a rotation of this class, we can make WO = 0 if b is a root
of the equation
Y+ 4by, + 6b%Y. + 4boy. + by = 0 (1.4.20)
0 1 2 3 4 : t

This equation has always four roots and the corresponding new
directions of 2", namely 2M+Bm"+bm +bbn* are called the principal

null-directions of the field. In general there are four principal

null vectors. If some of the roots coincide, the field 1s said
to be algebraically special. The various ways in which the

roots can coincide lead to the Petrov classification [18].

(a) Petrov type I

All four roots are distinct, let them be b1, bZ’ b3, ba.

Then by a rotation of class II, with parameter b = b1 (say)
we can make WO vanish. Next, by a rotation of class I we can

make Wa = 0 without affecting the vanishing of WO.

(b) Petrov type II

Two roots are equal, say b1 = b2 (# b3 p b4). In this

case besides (1.4.20), 1ts derivative, namely

+ 3b2\y3 + b3W =0 (1.4.21)

\1’1 + 3by 4

2

wi1ll also be satisfied when b = b, (:bz). Therefore, by a rota-

tion of class II with parameter b = b1 (:bz), Yo and ¥, will



64

vanish simultaneously. Then, by a rotation of class I we can

also make Wa vanish.

(c¢) Petrov type D

Two pairs of roots coincide, say b1 = b2 and b3 = b4 (£ b

or bz). By a rotation of class II with parameter b = b1(:b2)

1

we can make WU and W1 vanish simultaneously. Then by a rotation

of class I we can also make Wa and WB vanish.,

(d) Petrov type III

Three of the roots coincide, say b1 = b2 = b3 # ba. By

a rotation of class II with parameter b = b (:b2 = bj) we can

1

make WO’ W1,W2 vanish simultaneously. Then by a rotation of

class I we can also make Wa vanish.

(e) Petrov type N

All four roots coincide, so there 1s only one dastinct
root, b (say). By a rotation of class II with parameter b we
Y

can make WO’ b4 Y, vanish simultaneously.

120 73

The classification scheme 1s the following.

[1111] Petrov type I algebraically general
[211] Petrov type II  algebraically special
[22] Petrov type D algebraically special
[31] Petrov type III algebraically special
[4] Petrov type N algebraically special

(o] Petrov type O
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The increasing specialization which appears as one moves down
the table of Petrov types suggests a hierarchical arrangement,

which may be set out 1n a Penrose diagram in which the arrows

point i1n directions of increasing specialization.

II D

111 >N 0

Figure 1.4. Penrose diagram

The hierarchy of types has a considerable physical signifi-
cance, [9] and [19]. One can show that the curvature tensor
of an 1solated matter distribution allows, under certain assump-

tions about the sources, the following expansion, at large distance

N 111 D 11 I
_ _aBy§ aBYS aBys aBysS aBYsS _6
Rusyd - - * r2 + r3 + ra + g+ O(r ) (1.4.22)

where the symbols N,III,D... refer to tensors of the respective
algebraic types. The far field of every source of gravitational
radiation (1f such a field exists) 1s therefore a plane wave

(type N) locally; as one approaches closer to the source, the
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four initially coincident directions of the null eigenvectors
separate. Sachs [20] describes the phenomenon represented by
equation (1.4.22) as the "peeling-off" of principal null direc-
tions. In Appendix A1, where we obtain the Petrov classification
by studying the canonical decomposition of symmetric spinors,
this peeling-off property is explained and represented geometri-

cally.

1.4.5 Geometric meaning of spin coefficients

Before proceeding to an examination of the geometric meaning
of spin coefficients, 1t 1s useful to write down some basic
information about null geodesic congruences. The null geodesic
congruences can be defined parametrically in the form
xH oz xH (s,yi) (1 =1,2,3), an individual curve of the congruence
being defined by the equation yi = ci = const, and s is an affine
parameter along the curve. A field of tangent vectors 2 is
defined by the equation lu = %gu.

The key to understanding the geometric properties of a

congruence of null geodesics 1s obtained by considering the

following Gedanken experiment [7]. Assume that at a given moment

of time an observer places an opaque object in the path of light
rays. If another observer places a screen in the path of the
rays, the shape, dimension and position of the shadow on the
screen are determined not only by the characteristics of the
object but also depend essentially on the geometric properties
of the congruence of light rays.

Ehlers-Sachs theorem [21]: In the experiment considered

above the following conditions hold.
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1) All parts of the shadow reach the screen at the same time.

11) The dimension, shape and orientation of the shadow depend
only on the position of the screen and do not depend on
the velocity of motion of the observer.

111) If the screen 1s positioned at a small distance §s from
the object, the shadow 1s magnified, rotated and deformed

by the quantities %8s, wds and |o|8s, where

9 = % qu expansion (1.4.23a)
1 u3vy1/2
= 15 ’ .4.23b
w = {5 Q[u;v]l } twist (1.4.23b)
_ M3V 0 2,1/2
lo| = {2 Q(u;v)z - 87} shear ) (1.4.23c)

The effects of expansion, twist and shear have been represented

diagrammatically by Sachs as follows

61 53=§(2-5)
w3
d : A "
\ N
\ /
$ expansion w twist |o| shear

figure 1.5. Optical scalars.

The quantities 9, w and |o| are called the optical scalars.
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Now we are ready to examine briefly the geometric meaning
of the spin coefficients. Using the relation (1.4.92) we can

find

Vo - - -
QU;VQ = - nmu - umu + (e+€) Qu. (1.4.24)

From this equation we can see that if u = O, ¥ are tangent
to null geodesics. In addition, by a change 1in scale M eeM
which does not affect the directions of 2“, we can make € = 0.

Then, when » = € = 0 we have from equation (1.4.9a)

QU;V = (y+Y)2uQv

- (a+8)2umv - (a+3)2umv - Tmulv

+ om m, + om . + pm m + pm, m, Tmulv (1.4.25)
and from equation (1.4.11a)
“

™ —(&+8—T)Q[uﬁv] - (a+€—%)2[umv] + (p—ﬁ)ﬁ[umv] (1.4.26)

from which we obtain
- , 1.4.27
Lusutal = (emedmp mty ( )
Now, from equations (1.4.25) and (1.4.26) we have

(p+p) = 9 (1.4.28a)

N —
b o
N —

- % (Pp-P)° = 2w (1.4.28b)
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(1.4.28c)

No| =
~
=
=
p—

N
| S—7
"
Q

N

1 Hv
2 [R(u;v%

In this way, spin coefficients are related to the optical scalars
of a congruence, with tangent vector g¢¥ [5]. If ¢¥ are taken

to be tangent to a geodesic congruence and we wish to propagate

the remainder of the tetrad system parallelly along this congruence,

then we must take
®n=€c=m=0 (1.4.29)

since then by equations (1.4.12) we have

DRU = Dn* = DmM - DAM - 0.

If, 1n addation, o™ are taken to be hypersurface orthogonal,
that is, proportional to a gradient field, then, as follows

from (1.4.27), we must take

p=0 (1.4.30)
and 1f M are equal to a gradient field we have

p=p and T =a + B (1.4.31)
as a result of (1.4.26).

From (1.4.9a)

) = - m - Tm YL . 1.4.32
oy ™ Lt (y+Y) y ( )

The quantity 1 describes how the direction of e changes as

d

we move 1n the direction n~, as can be seen from (1.4.32).
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Again, we can make y = 0 by the change 2H o et The spin coeffi-
cients v,u,A,m are, i1n this case, analogous to %,-0,-0,T,
respectively, the difference being that the congruence now used

is given by n" 1nstead of M.

1.4.6 Goldberg-Sachs theorem

The study of null geodesic congruences has proved to be
a powerful tool in the investigation of gravitational fields.
In particular, 1t has been discovered that the properties of
such congruences are closely related to the Petrov classification.
A very well known theorem describing this connection 1s the

Goldberg-Sachs theorem [22] which, 1n fact, relates algebraic

speciality with the geodesic and shear-free character of the
congruence formed by the principal null direction.
Statement of the theorem: In the empty space (RGB = 0)

1f there exists a shear-free null geodesic, then the Riemann

tensor of the space must be algebraically specialized.
Proof: The theorem will be proved here using the Newman-
Penrose formalism. Farst we shall prove that 1f the Riemann

tensor 1s algebraically specialized, having ¥, = ¥, = 0, then

0 1

o = = 0. With these assumptions Bianchi 1identities become

Bowz =0 (1.4.33a)
-8¥, = - BTWZ + ZOWB (1.4.33b)
AY, - 8¥5 = - BUWZ + (=27 + ze)w3 + ¥, (1.4.33c)

- BHWZ =0 (1.4.33d)
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DWZ = - ZnW} + 3pW2 (1.4.33e)

DWB - Swz = - uWa - (2¢ - 2p)\y3 + 3m¥ (1.4.33f)

2

Frem (1.4.33a) either 0 = 0 or WZ = 0. If o #0 then WZ =0

and by (1.4.33b) and (1.4.33c) also WB = 0 and Wa = 0. That
1s, 0 = 0 unless the space 1s flat. Similarly, from (1.4.33d),
(1.4.33e) and (1.4.33f) we have » = 0 unless the space 1s flat.
The converse 1s more difficult to prove. We assume
g = = 0 and wish to prove WO = W1 = 0. By transformation
u 1% u

of the formm™ - e m" and by using a suitable scaling of

Qu, we can set € = 0. Equations (1.4.3) then become

Do = o2 (1.4.34a)
¥ =0 (1.4.34b)
DT = (T + T)p + ¥, (1.4.34¢c)
DB = Bp + ¥, (1.4.34d)
Sp = pla +B) + (p - p)T - v, (1.4.34e)

With the fact that WO = 0 the needed Bianchi identities and

commutators are

6W1 = (41 + 28)W1 (1.4.35a)
DW1 = 40W1 (1.4.35b)
(D§ - 8D)gp = (m - a - B)Dp + pSyp . (1.4.35¢c)
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Consider now the null rotation (1.4.13a). This rotation of
the tetrad does not change 2" or disturb the relation € = O.
The complex function a can be chosen so that t = 0, then (1.4.35a)

becomes

6?1 = 28?1. (1.4.36)

Case I: If p = 0, then from (1.4.34e) we have W1 = 0 and
the converse 1s proved.
Case II: If p # O,then (1.4.36) and (1.4.35b) are rewritten

as follows

§ln ¥, = 28 (1.4.37)

D 1n W1 = 4p. (1.4.38)

From (1.4.37) and (1.4.38) we have

(DS - &D)1n W1 = 2DB - 48p = 2Bp - 4pla + B) + 6?1 (1.4.39)
after using (1.4.34d) and (1.4.34e).

The commutator (1.4.35c) with ¢ = 1n ¥, and using (1.4.37)

1
and (1.4.38) becomes

(DS - &D)1n w1 = 2Pp - 4p(o + B) + 4pT. (1.4.40)

Subtracting (1.4.40) from (1.4.39) we have
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Wi

Y, = 3 To. (1.4.41)

From (1.4.34c), since T = 0, we have that

v, = - o, (1.4.42)

This 1s clearly incompatible with (1.4.41) since p 1s assumed

different from zero. Hence, ¥, = 0O,which completes the proof.

1
Corrolary

If the field 1s algebraically special and of Petrov type
D, then the congruences formed by the two principal null direc-

M

tions, 2¥ and n , must both be geodesic and shear-free, that

1s =0 =V =X = 0 when WO =Y, = WB = W4 = 0 and conversely.

1
Petrov type D 1s a particularly interesting class to study for
several reasons. The Schwar zschild and Kerr metrics are familiar
members of this class. Besides being free of line singularities
these two metrics are also stationary in taime.

But do all type D fields share this property”? One can
only prove a weak converse, namely, that an algebraically special
field which 1s stationary, time reversible and with a finite

source can only be of type D. All type D vacuum metrics are

derived by Kinnersley [23] with the help of Newman-Penrose formalism.

1.5 KILLING SPINORS

The algebraic characterization of the curvature tensor
1s of great importance in the study of the properties of gravi-

tational fields. The Kerr solution [24], 1in particular, which
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1s axially symmetric and stationary, has an algebraically special
vacuum curvature tensor of type D. The special interest in

the Kerr solution 1s due to the fact that 1t describes the final
stage of the gravitational collapse of a star, that of a black
hole.

In a very well known paper, Carter [25] showed how to inte-
grate the geodesic equations of the Kerr metric using the fact
that the Hamilton-Jacobi equation for the geodesics can be solved,
in this case, by separation of variables. Later, Walter and
Penrose [26] presented an alternative procedure to obtain the

same results and related Carter's fourth constant of motion

to the existence of a Killing tensor of order two. This paper,
in which they also introduced the notion of a Killing spinor,
was the beginning of a new interest in Killing tensors and of
a thorough study of their properties by many authors.

A symmetric spinor of second order Xge 18 called a Killing

spinor 1f 1t satisfies the twistor equation

A!

V(A XBC) = 0. (1.5.1)

As we have already seen, 1f CaByG 1s the Weyl tensor of

a vacuum solution, the Weyl spinor ¥ =¥ 1s defined by

ABCD (ABCD)

¥

/
! ABcD*A'B'C'D! "

+ €

Cogys ™ YaBcD®A B SC D!

The Weyl spinor 1s completely determined by the five complex

scalars WO’ W1, WZ’ TB, Wa of Newman-Penrose formalism defined

in terms of ¥ and the spinor dyad {oA,LA} normalized as

A
AL

ABCD

o 1. In the case of a type D Weyl spinor, WO = W1 = WB = Wa



provided that oA and LA are chosen to be repeated principal
spinors of WABCD so that the corresponding null vectors g% and

n* lie along the repeated principal null directions of CGBYﬁ'

If we put
Y = 6Y (1.5.2)
then the Weyl spinor of a type D vacuum solution 1s given by

= Yo

Yaseo (a%8'ctD)" (1.5.3)

Then, if we write

-1/3

=¥ °glc) (1.5.4)

XBC

the spinor Ype 18 @ Killing spinor, that 1s, 1t satisfies
Al

V(A Xac) = 0. This spinor defines a real symmetric trace-free
tensor

p (1.5.5)

aB HXABXA'B'

which satisfies the conformal Killing equation

v(apsy) = P(agBY) (1.5.6)

with p% given by
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vBPO‘B (1.5.7)

W —

and gBY the metric tensor.

Note that 1f

A-A"
won Vanng = (1.5.8)
then
A-A' B C
o Van Genyxge) = 0. (1.5.9)
a A-A'
If equation (1.5.8) holds, the null vectors K~ <«>u 1
are tangent to null geodesics, since 1t implies that KaVaKB = 0.

Then equation (1.5.9) i1n fact tells us that the complex scalar
X = ”BKCXBC (1.5.10)

1s constant along the null geodesics.

In addition, arg Y 1s also constant along null geodesics and
this enables us to determine the parallel propagation of "flag
planes" or polarization planes along them, for equation (1.5.8)
states, 1n addition to the fact that the K* are tangent to null
geodesics, that the flag plane of uA 1s also parallelly propa-
gated along them. Knowledge of YaC defines this parallel propaga-
tion since, for example, 1f y > 0 at one point of a null geodesic,
then X >0 also at every other point of 1t. This fixes the

flag plane of uA in relation to XA And so knowledge of any



77

non-zero Killing spinor Xpg 91ves information on the propaga-

tion of polarisation of a particle along any null geodesaics.
The absolute value of y, that 1s, the real scalar 1x|2,

1s also a constant of motion for null geodesics associated with

the conformal Killing tensor PaB'

The equation defining a Killing spinor of second order

can be generalized to the case of a Killing spinor with arbitrary

(unequal) numbers of symmetric upper and lower indices and so

we obtain
(A Ar ... AY)
0 1 r
\v) X =0 (1.5.11)
(AO B1 BS)

which in flat space-times represents in a conformally invariant

way the general trace-free symmetric twistor equation of valence

¢ T,

s
In the particular case of the Killing spinor XgC. . .D satisfying
At
V(A Xgc...p) © 0 we have as before the complex scalar

X = Xac.. D oL, D (1.5.12)

constant along the null geodesics. The absolute value of ¥,
which 1s also a constant of motion for null geodesics, 1s 1n

this case associated with the conformal Killing tensor

Pay...s < XsC...0 XB'C'...D" (1.5.13)
To verify that this tensor 1s a conformal Killing tensor one

needs only to imagine the decomposition of V, P into

(a By...S)
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symmetric spinors [27]. The term which 1s symmetric in all
spinor 1indices of each type vanishes because Xgc. . .p s @ Killing
spinor. All other terms in the decomposition include factors

of € If €,g OCCUTS as a factor, then SINTY must

aB 2Md €pipi-

also occur in the same term 1in order that the expression be
symmetric in tensor indices o and B. Then, because of the identity

gaB = €pgEAIB!? 1t follows that each non-zero term in the decompo-

sition of V(GP contains the metric as a factor and therefore

By...S)

the tensor P satisfies the conformal Killing tensor equation.

By...8

Going back to our 1initial case of the Killing spinor XgC

and 1ts associated conformal Killing tensor P and writing

BY

p -y 23 (1.5.14)
since OAEALH-Q“ and LAIA'+ﬂ-n“, we have

PBY -3 (Q(Bny) - % gBY)' (1.4.15)
Define

QBY :z:z(BnY) (1.5.16)
then from the equation V(GPBY) = P(agBY) we have that

where
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ve. (1.5.18)

Supposing that there exists a scalar Q such that Qa is the gradient

of this scalar, that is Q = V&A,and putting

we end up with
V<aKBy) = V(QQBY) - Q(agBY) =0 (1.5.20)

and so KBY is a Killing tensor of second order.

Walker and Penrose [26] proved that the Kerr solution admits
KBY as a Killing tensor and consequently that this tensor 1is
irreducible provided the anqular momentum parameter "a'" of the
Kerr ﬁetrlc 1s not zero.

It 1s also possible, 1in the case of the Kerr space-time,
to give a physical meaning of the Killing spinor x,q [28].
Suppose that from the Killing spinor Xpg W construct the bavector

M (1.5.21)

af < XaB®A'B' * XA EAB
Then, 1in the linear approximation to Einstein's theory, this
bivector can be shown to be related to the expression for the

total angular momentum of the source of the gravitational field.
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Finally, it should be mentioned that, although historically
irreducible Killing tensors have been 1in use 1in differential
geometry from the time of Jacobi i1n the 1840's [29], 1t was
only after the work of Carter, Walker and Penrose on the Kerr
metric that these tensors attracted the attention of several
researchers and became important in general relativistic studies.
And this leads naturally to Chapter 2, where Killing tensors,

their properties and literature will be presented.
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CHAPTER 2

THE STUDY OF KILLING TENSORS IN GENERAL RELATIVITY

2.1 INTRODUCTION

Einstein's field equations R - 1 Rg = 8nT _ are
S}V, 2 UV )Y,
ten coupled partial differential equations for the unknown com-
ponents guv of the metric tensor and are so complicated that
1t 1s very hard to find exact solutions, even in the vacuum
case, where the components Tuv of the energy-momentum tensor
vanish,

Exact solutions for different forms of Tuv and different

forms of boundary conditions can be found when a number of assump-

tions have been made about the form of the metric tensor or
the Petrov type of the Weyl tensor and so on [1].

The commonest assumption made by people looking for exact

solutions 1s that the metric admits a Killing vector or isometry.

But not even the assumption of two commuting Killing vectors
1s sometimes enough to lead to the solution of field equations.
So, the gquestion arises as to what other kinds of assumptions
on the metric must be made in order to help solve the field
equations or lead to a better understanding of other areas in
general relativity.

The existence of other types of symmetries rather than
1sometries 1s a very useful assumption that may lead to interes-

ting results. Hidden symmetries associated with Killing tensors

84

are the symmetries studied in the present thesis. Killing tensors,
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which are generalizations of Killing vectors, yield constants

of motion just like Killing vectors do and enable the separation
of the Hamilton-Jacobi equation 1in most type D vacuum solutions.
Moreover, 1t 1s proved in this chapter that they give a Lie
algebraic extension of the Lie algebra of isometries and generate

new solutions of the geodesic deviation equation.

2.2 KILLING VECTORS AND TENSORS: DEFINITIONS AND PROPERTIES

2.2.1% Killing vectors and 1sometries

Let the manifold M be endowed with the metric guv and
let {xu} be a coordinate system for the manifold at its point

P. An infinitesimal point transformation

oo M exMix) (e << 1) (2.2.1)

1s said to define an infinitesimal motion or isometry [2] on

M 1f the infinitesimal distance ds between two arbaitrary points

U H

X~ and x H

+ dx” 1s equal to the infinitesimal distance ds between

H M dx* (except for higher

the two corresponding points X~ and x
terms 1n €) or equivalently 1f 1t leaves the metric guv invariant.

Since
d82 =g (x)dx"dx” and d§2 =g (x)dxMdx” (2.2.2)
Y "y

we see that a necessary and sufficient condition for (2.2.1)

to be an i1sometry on the manifold 1s that d§2 = dsz, that 1s |

guv(i)diud;v - guv(x)dx“dxv (2.2.3)



or that

o u u o, v v .0
(guv + €X guv,o)(dx + EX,de )(dx” + eX,de )

_ T
= guv(x)dx dx (2.2.4)

be satisfied for any dx™ (except for higher terms 1in €), that

1s to say, 1if

o o] a _
X Iy,o * X wov X INC 0. (2.2.5)

(2.2.5) can also be written 1in the form

X + X =0 & VX +VX =20 (2.2.6)
TEAVERERAVEYY v T

as well as in the form

-xM g%V o xY M-, (2.2.7)

Equation (2.2.5) 1s called Killing's equation and any vector

xH

satisfying 1t 1s called a Killing vector.

Note that 1f we choose a coordinate system 1n which the

vector X! has the components, say,

xH o - 5# (2.2.8)

then from (2.2.5) we have that

86
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(2.2.9)

0
"
o

uv, 1

which shows that the components guv of the metric tensor are
independent of the variable x1 in this particular coordinate
system (see Fi1g. 2.1).

Some properties of Killing vectors which follow immediately
from definition (2.2.5) are:

1) = 0. (2.2.10)

\%

11) if ™Y = ™M and VvTuv = 0 are the formal equations of

the energy-momentum tensor, then
v _
VU(T Xv) =0 (2.2.11)

which means that the vector field TquV 1s a conserved
current.

111) If uuuU =+ 1 and uVV\)uu = 0, that 1s, 1f u" 1s the unit
tangent vector to a time-like/space-like geodesic, then

quu 1s a conserved quantity along the geodesic orbit.

This last property can be stated as a theorem.

Theorem: In any geometry endowed with a symmetry described
by a Killing vector field Xu, moticn along any geodesic leaves
constant the scalar product of the tangent vector with the Killing

vector [3].
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Killing vectors and i1sometries (1llustrated here by a doughnut)

We suppose that on our manifold,
here a doughnut with ds2 = bzd&2 +
+ (a - b cos &)Zdwz, in a gaven coordinate
system, the metric components are indepen-
dent of a particular coordinate xu, here

the coordinate ><]'l = .

We translate an arbitrary curve
C through the infinitesimal displacement

eX = € , €E<< 1, to form a new curve

1)
C'. Because aguv/a¢ = 0 the two curves
have the same length * -«

Since the length of every curve
1s preserved by the above translation,

the distances between neighbouring

points are also preserved. We say

that X = g% 1s the generator of an

1sometry on the manifold.

A vector field X generates an 1sometry 1f and only 1f 1t satisfies

Ki1lling's equation X(U = 0.

V)

A
2 U v
] o dxV11/2
*The original curve has length LC _jx [guv Y d\X and
1
AZ ag u )
the displaced one has length Lo :I [(g + € uv>dx dx ]1/2dk_
A v 30 dh  dAx
1
Obviously LC = LC"
Figure 2.1. Killing vectors and 1sometries.

(Misner - Thorne - Wheeler, 1970).
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If, instead of (2.2.3), 43 - ezq)ds2 1s true, that is,

1f

g“v(i)d§ud§v . eZquv<x>dx“de (2.2.12)

then the i1nfinitesimal point transformation (2.2.1) 1s said to define

a conformal motion 1n M. The vector x" satisfies the equation

vuxv + v\)xu = 299, (2.2.13)

and 1s called a conformal Killing vector. It defines a conformal

symmetry on M 1in the same way that a Killing vector defines
an 1sometry on M.

Let us now turn to the manifold M and suppose that the
metric g“v 1s 1nvariant under several isometries. The set of
1sometries on M has the structure of a group [4]: an associative
product 1s defined (the product of i1sometries A and B 1s A followed
by B), an inverse exists for each element, and a unit transforma-

tion (the identity) exists. The group of 1sometries 1is the

symmetry group of M.

The Killing vector X" has then a direct geometrical inter-
pretation as the tangent to the orbit at some point of M under
the action of a one-parameter group of 1isometries on (M’guv)

which can be expressed mathematically by

~

oé 5_9uv =0 (2.2.14)

Wlthofx being the Lie derivative* with respect to xH,

* See Appendix A2.
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Isometries are obtained from the Killing vectors by exponen-
tiation i1n the same way that group elements are obtained from
the infinitesimal generators which form the Lie algebra of the
group. In an abstract group the commutators of the infinitesi-
mal group elements define the structure constants of the group.
Thus 1f Y* (u = 1,...,m) are the basis elements of the Lie algebra,
then the structure constants of G are defined by

o]

[V Y) = Cy Vo (2.2.15)

The Jacobi identity* applied to Y" shows that the Civ must satisfy

CG CA CO CX CG CA

s Con * Con Cou * Cup Cov 7 (2.2.16)

Further, any set of Civ (antisymmetric in p,v) which satisfy
(2.2.16) are the structure constants for some Lie group.

The group of 1sometries of the manifold M 1s isomorphiec
to some abstract group G. The Lie algebra commutator of (2.2.15)
1s replaced by the commutator [,] of the Killing vectors xH
of the symmetry group. The m independent Killing vectors xH

(m may or may not be equal to the dimension of M) obey

O X . (2.2.17)

[Xu’xv] - Cuv o

* The Jacobi identity for vector fields X,Y,Z is

(x,0Y,z31+[v,(z,x1] + [Z,[X,Y]1] = O.
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The structure coefficients in (2.2.17) are constants and
are equal to the structure constants of the Lie algebra of the
abstract group of 1sometries. Given a Lie group G with structure
constants Civ, a manifold M 1s said to be invariant under the
group G if there are m (the dimension of G) Killing vector fields

X" which obey the Lie algebra relation (2.2.17) [51.

2.2.2 Integrability conditions for Killing vector equations.

Killing vector equation (2.2.5) 1s much more restrictive
than 1t looks, for it allows us to determine the whole function
x*(x) from given values of x* and Xu'v at some point P of the

)

manifold M [6]. To see this, we only need to recall the Ricci

identity

X - X - - R X (2.2.18)
YRRV ISERAY; uwn O

and the cyclic sum rule for the curvature tensocr
+ R = 0. (2.2.19)

By adding (2.2.18) and 1ts two cyclic permutations, we find

that the vector Xo must satisfy the relation

0= X (2.2.20)

=X +X -X +X -X .
K3V HSHY  VIHE VUK KUV K3V

Ki1lling vector equations (2.2.5) and (2.2.20) then give



92

Xu;vn - xu;nv - xn;vu =0 (2.2.21)

and using (2.2.18) we finally have that

g
Xeoow = = Ruon %ot (2.2.22)

And so Killing vector equations are, in fact, equivalent to

the system of equations

X = w = -w (2.2.23a)

Xu;vu = wuv;n = - Ruvu XO. (2.2.23b)
Equations (2.2.23a) and (2.2.23b) may be regarded as a system

of linear homogeneous first order differential equations for

the duantltles x* and wuv. Hence, given X" and X : at some

point P of the manifold, we can determine the second derivatives
of X*(x) at P from equation (2.2.22) and we can successively

find higher derivatives of xH at P by taking derivatives of

this equation. All the derivatives of xH at P will thus be
determined as linear combinations of X"(P) and X _ (P) = w (P).

TR (1Y
Whether (2.2.22) 1s soluble for a given set of 1nitial data

x*(P) and Xu'v(P> depends on the integrability of this equation,
,

which 1n turn depends on the metric. One integrability condition

follows from the general formula for commutators of covariant

derivatives of tensors

g a

X - X = - _
VEAVDN U3 VAR Runk Xa;v R Xu;0° (2.2.24)
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Equation (2.2.22) will satisfy condition (2.2.24) 1f and only
1f

o o o o
uwpy Cogh quv Xc;n * (Rnuv;k - RXuv;u)Xc

o o
= - Runx xo;v - Ry xu;o. (2.2.25)
This condition 1s of course empty for a flat space, but i1n general
1t wi1ll impose linear relations among the X" and Xu-v at any
?
given point. Alternatively, 1f we know something about the

Killing vector of an unknown metric, then, using (2.2.25),

we can learn something about 1ts curvature tensor.

2.2.3 Killing and Killing-Yano tensors

A generalization of the notion of a Killing vector is that
of a Killing tensor of order p, defined as follows [1]. A Killing

tensor of order p 1s a symmetric tensor K ... which satisfies

Hq Up
the generalized Killing equation

K 0. (2.2.26)

STPRTEIN

It 1s obvious from (2.2.26) that a Killing vector 1s a first order

Killing tensor (p = 1). Killing tensors of order two satisfy

K =K K = K = 0. 2.
v v and (wv3 ) =Y V(K 1) 0 (2.2.27)

Equation (2.2.27) can also be written in the form



94

o —
Koo, n) = K9y 0 = O (2.2.28)

or in the form

= 0. (2.2.29)

Trivial examples of Killing tensors of order two are the
metric tensor guv and all products Kuv = ﬁ(uév) of Killing vectors
x4, XV (not necessarily different) and linear combinations

1 2
of these with constant coefficients a,f8,v

K = aX X+ BX X+ y(X X + X X). (2.2.30)

A L 2 A 2V MgV
Ki1lling tensors which are constructible in this way are called
reducaible or trivial. In the study of the properties of gravi-
tational fields, however, those Killing tensors with real impor-
tance are the irreducible ones which cannot be constructed from
the already existing Killing vectors.

Some other examples of Killing tensors of order two are
the following.
1) If two Riemannian spaces with metrics guv and
ghv have the same geodesic paths, then they are projectively
related. The affine connections have the relationship
Fbi = st + 2 s?vax)w for some scalar y. It follows that

-4y
K - !
BV © d

11) An affine collineation 1s a vector field X satisfying

1s a Killing tensor 1in the space of guv'

Mo Mo U TN N S
6fﬁrvx = 0. Using the 1dent1tyq£g A W )
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1t can be seen that V(VVXXH> = 0, af X" 1s an affine collineation.

In this case V(XXU) 1s a Killlhg tensor.

111) A projective collineation 1s a vector field Y satisfying
U _ ,cH
’5! Tvk = 26(V8X)w for some scalar ¢. Then the tensor

K = -
1 V(qu) ZQQUV 1s a Killing tensor [8].

1v) Symmetric tensors KUV which satisfy conditions of the form

K = A
u

B +A B - 2A B, with A = A are Killing ten-
HV3A v VA U UV A uv vu

A A

sors [9].
The Killing equation (2.2.27) splits naturally into two
parts. Define P as the trace-free part of K and K:= Ku
Huv KV U

as 1ts trace, so that we can write

ng. (2.2.31)

=
<
=
<
PN

When the Killing equation 1s transvected with gUV we obtain

the trace equation 1n the form

VK =0. (2.2.32)

The remaining trace~free part of the Killing equation 1s

1 o

P - = P = 0. 2.2.33
V(A uv) 3 g(uvv X))o 0 ( )
A tensor Puv for which equation (2.2.33) holds 1s referred to

as a conformal Killing tensor [10]. Conformal Killing tensors

form a subalgebra of the much larger algebra of all totally

symmetric tensors on a manifold, and so the sum, product and
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Lie bracket of two conformal Killing tensors i1s again a conformal
Killing tensor [11].

Walker and Penrose [12] and Hughston and Sommers [10] used
the notion of a Killing spinor (presented in chapter 1) to prove
the following theorems for Killing tensors of order two in type
D vacuum solutions.

Theorem 1: Each vacuum solution of the Einstein field
equations (with or without cosmological constant), for which
the Weyl tensor is of type D, admits a conformal Killing tensor
Puv satisfying equation (2.2.33), which is irreducible provided
the space-time admits fewer than four independent Killing vectors.

Theorem 2: In every type D vacuum solution, with the excep-
tion of the C-metric and 1its rotating generalization due to

Kinnersley [13], the divergence % vop 1s the gradient of a

AC
scalar. Then, the tensor KUV given by (1.5.19) 1s a Killing
tensof of order two for this solution.

Finally, a Killing-Yano tensor of order p 1s a skew-symmetric

tensor au y which satisfies the equation

a L+ a . = 0. (2.2.34)

Equation (2.2.34) 1s also a generalization of Killing's equation

[1]. A Killing-Yano tensor of order two satisfies*

* Killing-Yano tensors of order two have been studied in the
context of general relativity by Penrose and Floyd [15], so

Carter and McLenaghan [16] have introduced the name Penrose-Floyd

tensors and the name Penrose-Floyd equation for Killing-Yano

equation (2.2.35).
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a = -a and a =0 (2.2.35)

+ a
Hv VU TAVEDY LAV

and can be used to construct a symmetric Killing tensor Kuv*

by taking the contracted product with 1tself as follows

- ag KW. (2.2.36)

A theorem relating the existence of Killing-Yano tensors of
order two to the existence of a symmetric Killing tensor 1in
type D vacuum solutions 1s proved by Stephani [14] using the
Newman-Penrose formalism. In terms of a null tetrad (Q“,n“,mu,ﬁu)
satisfying the orthogonality conditions (1.2.40) this theorem
1s as follows,

Theorem. All type D vacuum solutions which admit a symmetric
Killing tensor Kuv’ also admit a Killing-Yano tensor of order
two a#v, which can be written in terms of the null vectors of

the above-mentioned tetrad as

a =AZn -n2)+1Bmm -mm).
pv TURY) TRAV) TN v ou

* The inverse problem 1s discussed 1in Collinson [17], who studied
the conditions which must be satisfied in order that a given
Killing tensor Kuv can be written as the contracted product

of a Killing-Yano tensor with 1tself.
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The two tensors are connected by

ag
K - a _a
UV MOV

2 2 2
= (A + B )(lunv + Qvnu) + B guv.
Conformal Killing-Yano tensors of order p, 1n general,

are 1ntroduced by Yano and Bochner [2] as generalizations of

K1lling vectors. A conformal Killing-Yano tensor of order p

1s a skew-symmetric tensor a which satisfies the equation
u1...up
a ., t 8 v: = 29 b9 (2.2.37)
u1"'up—1“p’ u1...up_1 ,up u1... p-1 ¥p
with
VIRV
1,4P
0) ==-g a . (2.2.38)
p1...up_1 n u1...pp_1up,v

and n 1s the dimension of the manifold.

2.2.4 Integrability conditions for Killing tensor equations

We have seen in section 2.2.2 that Killing vector equations
are equivalent to the system of equations (2.2.23a) and (2.2.23b).
Hauser and Malhiot [18 and 19] have derived equations analogous
to those for the case of a Killing tensor Kuv which they called

the structural equations for a Killing tensor of order two.

They i1ntroduced two new tensors playing roles analogous

to that of the bivector wuv’ as follows

L =K - K (2.2.39)
Vo] VRt Uo;V
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1
M = 5 {L L . 2.2.
pvop - 2 { wolozel * op[u;v]} (2.2.40)
The symmetries of L and M follow directly from their defini-
uvo uvop
tions and hold for any symmetric tensor Kuv whether or not

1t 1s a Killing tensor. Equations (2.2.39) and (2.2.40) imply

that

L and L 0 (2.2.41)

wo = Slwvlo [uvo] ~

and therefore i1n a 4-dimensional space-time Luvo has 20 indepen-

dent components, and that Mu has the same symmetries as the

Vop

Riemann tensor.
The definition K = 0 of a Killing tensor of second
(uvso)

order and equation (2.2.39) imply that

S T T % (2.2.42)

Kuv;o -3 “Topv oVU Lc(uv)'

The expressions for the covariant derivatives of L and M
Hvo Hvop

are the following

A9 A 3 ,h
Luvo;u - 3Ru\»\(oKu)— E'K[nRuv]Ox T4 K[GRuv]nA

+ Muvon (2.2.43)
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A
Muvop;u B Ruvcp;kKu

aB .t T 0B, (1 3 A
+ (Guvaop + Guvéop){f(RaBTu;x Ty RaBTX;n)Kn
1 A 1 A A
T4 RaBn Lo 3(Raur + Rt )LWXB
+ R >‘(5L + 7L )} (2.2.44)
24 0BT AT THA : ce

Equations (2.2.42), (2.2.43) and (2.2.44), which are analo-
gous to (2.2.23a) and (2.2.23b) for Killing vectors, are the
structural equations for a Killing tensor of order two. The
first integrability condition for these equations 1s obtained

by computing M and 1t implies the following theorem.

uvop 3 [url
Theorem. A 4-dimensional space-time admits at most 50
linearly independent Killing tensors of order two. The maximum

number of 50 1s attained if and only 1f the space-time 1s of

constant curvature.

2.2 THE SIGNIFICANCE OF THE EXISTENCE OF KILLING TENSORS IN

SPACE-TIMES

2.3.1 First integrals of the geodesic equations

Ki1lling vectors and tensors are important for the study
of geodesic and geodesic deviation equations. In particular,
Killing tensors originated, historically, in their connection
with first integrals of geodesic equations.

In a Riemannian space, the differential equations of geo-

desics
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U
du [VRAVAR ‘A
K + F\mu u =0 (2.3.1)
u dxu
with u"™ = Js admit linear first integrals of the form
quu =L (2.3.2)

which are constant along the geodesics 1f and only if X( = 0,

u;Vv)
that 1s, 1f and only 1f the Xu's are Killing vectors.

Similarly, equations (2.3.1) admit quadratic first integrals

of the form
K d'u” = Q (2.3.3)

with Kuv = Kvu’ which are constant along the geodesics 1if and
only 1f K(pv;k) = 0, that 1s, 1f and only 1if the Kuv s are Killing
tensors of second order. Note that, since the contracted product
of a Killing-Yano tensor with 1tself 1s a symmetric Killing

tensor of second order, quadratic first integrals of the form

(2.3.3) can also be generated by a Killing-Yano tensor as follows
a a utu” = Q (2.3.4)

where

A trivial example of a constant of motion, associated with a

Killing tensor, 1s that of the norm of the tangent to a geodesic;
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1t 1s the constant of motion associated with the metric tensor
guv which trivially satisfies Killing's equation of second order.
In general, every Killing tensor of order p K identi-

u’]"‘“p
fies a first integral of degree p for the geodesic equations

of motion, defined by
K U ...uP =K (2.3.5)

which 1s constant along the geodesics [12]. If Ku1.'.“ 18
irreducible, the corresponding first integral 1is calledpproper,
while improper first integrals correspond to reducible Killing
tensors *.

If we restrict ourselves to the case p = 2, then the problem
of finding all space-times of a certain type which admit proper
quadratic first integrals of the geodesic motion can be thought
of as an extension of the classical problem of determining those
central force fields i1in which a nonrelativistic particle has

a constant of motion which 1s a second degree polynomial 1in

the momentum components and which 1s functionally independent

* Apart from the above stated (usual) first integrals of geo-

desic equations, rational first integrals of geodesic equations

of the form
a uu
I = S
b u
V

and their integrability conditions have been recently studied

by Collinson [20].
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of the Hamiltonian and the angular momentum [9]. This corres-

pondence illustrates how hidden symmetry conditions [21], such

as the exastence of irreducible Killing tensors, can represent
dynamically interesting fields, and justifies 1in this way the
importance of the study of Killing tensors.

The Kerr metric [22] gives additional support for such
a study in general relativity, since 1t provides a physically
important example of the presence of a quadratic constant of
motion which arises from a second-order Killing tensor.

Moreover, 1n order to interpret the physical significance
of a certain solution of Einstein's equations, we often need
to understand the global nature of space-time. The global analysis
of a solution, however, 1s usually very difficult since 1n most
cases the metric guv 1s given only locally. It 1s then the
knowledge of first integrals of geodesic equations that greatly
fac1litates this analysis and helps us to extend a locally given
space-time to a maximal inextendible space-time. Theorems on
first integrals are, therefore, of great interest in general
relataivaty.

Now, 1n certain cases of the global analysis, 1t 1s suffi-
cient to know only the conformal structure. In this case, a
knowledge of first integrals of null geodesics will suffice,

and this 1s equivalent to the requirement that

(2.3.6)

be constant along null geodesics with parallelly propagated
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tangent vector uu, where now P o 1s a conformal Killing
tensor of order p. 1 i

Before concluding the present section, 1t 1s worth mention-
ing some 1mportant results proved by many authors concerning
the number of linearly independent first integrals of geodesics
1n an n-dimensional Riemannian space Vn'

For an n-dimensional Riemannian space Vn’ the condition
that the geodesic equations admit linear first integrals is
equivalent to the condition that the Vn admits a group of 1iso-
metries. A Vn admits a group of 1sometries of maximum dimen-

sion N, =1 n(n+1) 1f and only if 1t 1s a space of constant

2
curvature [23].

It was also proved by Egorov [24] that for a Vn (n23, n#4)
there 1s no group of 1sometries of dimension r such that
%—n(n+1) >r > 1 n(n-1)+1. This 1s an example of a '"gap'" theorem.

2

Thomas [25] showed that 1n a Vn the maximum number of linearly

independent quadratic first integrals of geodesics 1s N

QI

~%§ n(n+1)2(n+2). Then Katzin and Levine [26] showed that this

max1imum number NQI occurs if the space Vn 1s of constant curvature.
Kimura [27] generalized Egorov's result and showed that in a
Vn (n>3) a second maximum number of linearly independent quad-
ratic first integrals of geodesics 1s admitted which 1s
#%-(n4+5n2+54n—120). And this 1s Kimura's gap theorem for quad-
ratic Killing tensors.
Weir [28] proved that the maximum number of linearly indepen-

dent conformal quadratic first integrals of the geodesics 1is

NQCO = %% (n=1)(n+2) (n+3)(n+4) and that this maximum number
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occurs 1f Vn 1s of constant curvature, but no gap theorem exists
1n this case.

Finally, Katzin, Levine and Halsey [29] showed that the
maximum number of linearly independent cubic first integrals
of geodesics 1s NCI = T%Z n(n+1)2(n+2)2(n+3) and that this maxi-

mum number, again, occurs 1f Vn 1s a space of constant curvature.

No gap theorem exists 1in this case either.

2.3.2 Killing tensors and geodesic deviation equation

It 1s well known that in a Riemannian space with metric

guv’ 1f XM 15 a Killing vector defined by equation (2.2.6) and

u” 1s the unit tangent vector to a time-like/space-like geodesic,

then quu 1s a constant of motion and the equation of geodesic

deviation*

Wy v ovM L R WO - 0 (2.3.7)
vV O VHO

1s satisfied by such a Killing vector.
A similar result for Killing tensors 1s also true in a

Riemannian space 1f Ku 1s a Killing tensor of order p,
" pHp e Mg
then K u 1...u P 1s a constant of motion and 1t 1identifies

u1...up —

a solution for the equation of geodesic deviation (2.3.7), as

* The fundamental role of the equation of geodesic deviation
1n general relativity 1s connected with the analysis of taidal

forces, the focusing effect of gravity.
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1s proved by Caviglia, Zordan and Salmistraro [30] in the follow-
ing two theorems.
Theorem 1: Let K be a Killing tensor of order

Y
T,°P
(p+1). Then the field VY defined by

vH - KUU Louoeeeu P (2.3.8)
10+ Wy
1s a solution of the equation of geodesic deviation (uM is the
tangent vector to a geodesic).
Proof: We write fairst the definition V, K =0
E— (v uuq...pp)
of the Killing tensor K in the form
UU1--oU
p
VVKUU uoC {V K NIRRT v Kv 1.
14 u u1...up up ““1"'Up—1
(2.3.9)
Evaluating the uOVo derivative of both sides of this equation
V U1 Up
and transvecting with uu ...u =, we obtain
[ u
Vv a 1 p
(p+1)u’u VVVO(KUU1-.-U u L..u )
p
\)OL\,] |9}
= -—uuu ...uPY VK : (2.3.10)

oy uq...upv

If we now apply the commutation rule for covariant differentiation
and the definition of a Killing tensor in the right-hand side
of equation (2.3.10), we can easily prove that the vector VM

satisfies

v v W LR VR -0 (2.3.11)
vV O AviZie)
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which 1s the equation of geodesic deviation. O

A weak converse of theorem 1 exists and can be stated as
follows.

Theorem 2: Let K o be a totally symmetric tensor
field of order (p+1) suc; thai every field V¥ defined by equation

(2.3.8) 1s a solution of the equation of geodesic deviation.

Then K satisfies the relation
UM, «. M

v K = 0. 2.3.12
ov(\) uuq---up) 0 ( )

In general, relation (2.3.15) is not equivalent to the definition

of a Killing tensor V(VK 0w = 0. However, every solution
p

TITPR
]
of (2.3.15) will give a Killing tensor of order (p+1) 1f the

metric of the space-time admits only null parallel totally sym-
metric tensor fields of order (p+2).
Proof: If we use the Ricci identities and the symmetries

of the tensor field K , we can write the equation of

uu1---up
geodesic deviation in the form

 Hy by V
Uu ...uuV {(p+1)V K + VK
v o u

u1...pp H OU1...p

o u VIR
“uu 1...u Puv v K . (2.3.13)
TRV 0u1...pp

u

Since equation (2.3.13) 1s true for arbitrary u", 1t follows

that
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+VV K + e

VV, K
o (v uu1...up) v (u1 uuz...upo)

+V V, K

(2.3.14)
My (o MK, -« -1

=V V9V, K .
p—1) u (o vu1...up)

Subtracting the term (p+2)VUV( ) fromboth sides of

O'K\)
Myee Uy
equation (2.3.14), we obtain

Y

o (vKuu u ) 'Vuv(oKvu ny oo
TR TR
+ VYV, K VvV, K
My (o HVL .« vl ) u (o vu1...up)

p-1

= - (p+1)VUV - (2.3.15)

(oKvu u
EERI

Now, 1interchanging the indices p and v and subtracting the new
equation thus obtained from equation (2.3.15), we can easily

prove £hat the expression in the first square brackets of equation
(2.3.15) vanishes. By repeating this procedure we end up with
the left-hand side of equation (2.3.15) equal to zero, which

proves that equation (2.3.12) holds. i

2.3.3 The theory of separability of the Hamilton-Jacobi equation

1n General Relativity

During the century or so following the work of Jacobi,
much research in Hamiltonian mechanics was directed towards
understanding the separability conditions for the Hamilton-Jacobi
equation. In the problem of finding the motion of a classical

particle one has the choice of dealing with a system of second
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order ordinary differential equations (Lagrange's equations)

or a single first order partial differential equation (the Hamilton-
Jacobi equation). In practice the latter method 1s less frequently
used because of the difficulty in finding complete integrals.
However, when these integrals are obtainable, the method leads
rapidly to the equations of the trajectories. Furthermore,

1t 1s of fundamental theoretical importance since 1t is more

easily assimilated into quantum theory [31].

The classical research, initiated by Liouville [32] and
Stackel [33], was aimed at finding the most general coordinate
form of a metric and potential with a separable Hamilton-Jacobi
equation. A lot of questions, however, are still unanswered, such
as, for example, whether the constants ofmotion which arise from
the local separation of the Hamilton-Jaccbi equation are well
behaved 1n the large [34].

More recently, a great deal of work has been carried out
on the subject of the separability of the Hamilton-Jacobi equation
in Riemannian spaces and, 1in particular, in the curved space-
times of general relativity. Amongst the motivations for this
work has been the need to study the behaviour of geodesics 1n
order to find both local and global properties of the space-
time.

A newer motivation for relativists to investigate separation
problems 1s the work done by Carter [35 and 36] concerning
the separability of Hamilton-Jacobi and Schrodinger equations
of type D space-times. Carter has shown how to integrate the

geodesic equations 1n type D vacuum solutions of Einstein's
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equations which include the (charged) Kerr solution, a solution
with a great significance 1in astrophysical research. His method
1s based on the fact that the Hamilton-Jacobi equation for the
geodesic problem 1in these space-times can be solved by separation
of variables.

Matravers [37] also proved that the separability of the
Hamilton-Jacobi equation 1implies the existence of Killing tensors
in the case of Carter metrics.

The appearance of these papers renewed attention on Killing
tensors 1in connection with their role i1n the problem of the separa-
tion of variables in the Hamilton-Jacobi equation for geodesics.

In particular, Woodhouse [34] studied the relationship
between Killing tensors and separable systems for the Hamilton-
Jacob1i equation; he found that there exist essentially two
types of separable systems for the (massless) Hamilton-Jacobi
equation, whose separable coordinate 1s adapted either to a
(conformal) Killing vector or to an eigenvector of a (conformal)
Killing tensor.

Because of 1ts importance in connection with the existence
of Killing vectors and tensors, the theory of the separability
of the Hamilton-Jacobi equation will be presented here, following
the way of Benent1 and Francaviglia [38].

Let M be any n-dimensional Riemannian manifold. A chart
U € M with local coordinates xH (u=1,...,n) 1s called a separable

chart and the x" are called separable coordinates 1f the Hamilton-

Jacobi equation for geodesics

1 v _
5 g ausavs -h=0 (2.3.16)
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with S the Jacobi action and h a real constant, 1s integrable

by separation of the variables xH

in U, that 1s, 1f a complete
integral S exaists in U such that S decomposes into the sum of
n functions Su, each one depending only on the corresponding
coordinate xM *-

At a given point PEM several separable charts may exaist.
Integrals with the above properties, corresponding to two differ-
ent separable charts, can be strictly different, that is they
can represent different n-parameter families of real functions
on M. We can collect the separable charts at a point PEM 1in
classes, each class containing all the charts to which the same

family of solutions corresponds. Such a class will be called

a (local) separability structure at PEM. For each separability

structure a family of separable coordinates exists such that
each coordinate system in the family admits a maximum number
r of 1gnorable coordinates (0 < r < n). Each system in this

family 1s called a normal separable system of coordinates and

the corresponding separability structure will be denoted by
Sr’ A separability structure Sr 1s reqular [39] 1f, 1in some
separable coordinate system associated with 1t, none of the
metric components goo (0 = r+1,...,n) 1s zero.

In the theory of separability structures an important role

u

* A separable coordinate x  1s called a trivial separable coordi-

nate for the Hamilton-Jacobi equation with h Z 0, 1f and only

1f 1t 1s adapted to a Killing vector.
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1s played by Killing vectors and tensors. Benenti and Francavi-

glia [40] have studied further the separability problem and

proved the following theorem which relates this problem with

the existence of Killing vectors and tensors in the manifold.
Theorem : A manifold (M’guv) admits a local regular separa-

bility structure Sr 1f and only 1f 1t admits r commuting Killing

vectors Xa (0 € a €£r-1) and n-r Killing tensors g (r < agn)

which are independent * and satisfy the following conditions .

1) In the Lie algebra of Killing vectors and tensors the follow-

1ng commutation relations hold

[XOL’XB] = 0; [K,K] 0; [K’XOL] =0 VY a,b,a,B (2.3.17)
ab a

11) The Killing tensors K have n-r common eigenvectors X such

a a

that

[x,x 1 =0; [X,x]=0 Ya,b,a (2.3.18)

a ab

g(X,X ) =0 Va,a . (2.3.19)
3

* From the mechanical point of view this stated independence means
that the linear first integrals associated with the Killing
vectors Xu and the quadratic first integrals associated with
the Killing tensors K are functionally independent. As a conse-
a

quence both Killing vectors and tensors can be adjusted to be

linearly independent at each point of the manifold.
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The brackets appearing in 1) are the Schouten-Ni1jenhuis brackets,
which will be studied in the next section.

As an application of the theory of separability of the
Hamilton-Jacobi equation in general relativity, Carter's work
on Kerr space-time 1s presented in Appendix A3, where with the
use of the above theory a fourth constant of the motion, related

to the existence of a second order Killing tensor, 1s obtained.

2.4 EXTENSION OF THE LIE ALGEBRA OF ISOMETRIES

2.4.1 The Schouten-Nijenhuis bracket

The Lie derivative 1s one of the best known types of bilinear
differential concomitants of tensor fields that does not 1involve
a connection.

The Lie deraivative operation d§ with respect to any vector

field V = VM3 maps vector fields U into vectors Flelds:fbg

and tensor faields T into tensor fields afvT of the same valence.

Hpeeou

IfU=UMopand T =T P then
d VaeesV

@fbu)“ = [V,Ul™ = anOU“ - anovu = - [u,vIH (2.4.1)
Hqeeold Uqeoold
&, & = [x,71 0 P .
Al ,I...\)r \)1 . -
p
Mo oo ld PyeeoOoeoll u
-y 1! pv S - E:T L pv BV h
1 r h=1 1 T
T
U1...L1 g
‘ §:T P 5 VO . (2.4.2)
k-1 V,]...O'...\)r \)k

The consequences of these formulae are:
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(1) the Jacobi identity for vector fields

(v,[u,w]] + [U,[w,v]1] + [W,[v,Ull =0 (2.4.3)
(11) a "Jacobi-type" relation [41]

[v,[u,T1] - [U,[v,T1] - [[V,u],T] = 0O (2.4.4)

which can also be written as

(5[{! _O{Qfl)T :OK[X’EJT. (2.4.5)

Let FHDH.Llp and GUU...ur be two contravariant tensor

fields of order (p+1) and (r+1) respectively. Then, as Schouten

p+T+1

[42] proved, there 1s a concomitant [F,G] , called the Schouten

bracket of F and G, with components

p

Hoeow g “e
[F.G] 0 Llp+r _ E: F(HO Ua—’I| lua up—1a Gup up+r)
’ - o}
a=0
p
. o ...
. Z (13 F[uo ua_1| u up1a M, upﬂ,]
o
a=0
Lo (u...n Lol u u b))
0" "b-1 b* r-1 T +T
_ 9 F P
o
b=0
r
SR ¥ Olu ...
_ E: (_1)pr+p+r+b G[ 0 b—1| | b H -13 Fur up+r
a
b=0
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The proof of the tensor character of equation (2.4.6) 1s given
by remarking that (2.4.6) does not change 1if 80 1s everywhere
replaced by the covariant differentiation operator VO.
The vertical bars around the summation index ¢ make it
immyne to both symmetry and antisymmetry operations on indices.
For p = 0 the equation (2.4.6) reduces to the Lie derivative
with respect to F¥ of the sum of the symmetric and skew-symmetric
(uge - m) [y - H
parts of G, G and G respectively [43].
As follows from equation (2.4.6), the Schouten bracket
[F,G] can be thought of as a type of Lie derivative of the tensor
field G with respect to the tensor field F, dfFG.
In particular, 1f F and G are totally symmetric tensor

(“U"‘“p) (”0 TR )
fields, that 1s SF = F and SG = , then theair

Schouten bracket 1s given by

r
[SF,SG]
o, e..p HVaeeoV_)
= (p+1)F P 3, G T
o(v,eed Hlgeoold )
_(+1) G VT o, F LR (2.4.7)

which 1s again a symmetric tensor field [43].

The bracket 1s antisymmetric in F and G, that 1is
[SF,SG] = - [SG,SF], 1s linear 1in each slot, 1s unchanged 1f
ordinary partial derivatives are replaced by covariant deriva-
tives and again reduces to the Lie derivative of G along F 1f

F 1s a vector field [8].
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Ni1jenhuis has proved in his paper that the Schouten bracket

satisfies the Jacobi identity
[sF,[SG,SH]] + [SG,[SH,SF]1] + [SH,[SF,SG]] = O (2.4.8)

where F,G,H are contravariant tensor fields of order (p+1),
(r+s), (s+1) respectively.

Finally, 1f the cup product FnG is defined to be the symme-
trized outer product of the symmetric tensors F and G, by

UO"'up vo...vr)

G = SGnSF (2.4.9)

then the Schouten bracket satisfies the following Leibnitz rule
[SF,SGNSH] = [SF,SG]nSH + [SF,SHINSG (2.4.10)

where F,G,H are the same as before.
Thus, 1t 1s shown 1in the above analysis that, with respect
to the Schouten bracket, the totally symmetric contravariant

tensor fields on a space have a Lie algebraic structure* which

* Corresponding relations to (2.4.7) and (2.4.8) exist for totally

THONTI
antisymmetric tensor fields F,G,H with AF = F 0 P , AG =
Cuge--u,] (uge - -ugd
G and AH = H . The Schouten bracket of two such
tensors 1s given by the equation
Hyew o HVU, .0 olu,...u UV, 0wV ]
(ar,acl P TR ey Y TPy g T
O[\)T"\)r CTPRY ]
- (r+1)G 3,F P

This bracket satisfies [AF,AG] = -(—1)(p+1)(r+1)[AG,AF] and

a "Jacobi-type" relation of the form
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1s a direct generalization of the vector field equations (2.4.1)
and (2.4.2). It then becomes obvious that the set of Killing

tensor fields on a space satisfy a Lie algebra, which, as Geroch
[11] pointed out, can be defined as the subalgebra of symmetric
tensor fields, consisting of those tensors Kuv...k that commute

with the metric tensor guv, that 1s, those that satisfy

(K,g] = 0. (2.4.11)

Since this equation 1s, 1n fact, Killing's equation (when covariant
differentiation 1s used in the product definition), 1t follows
that, indeed, the Lie algebra of Killing tensors on a space

1s a direct generalization of the Lie algebra of Killing vectors.
If now K and L denote two Killing tensors (L may well be a Killing
vector), then a simple consequence of Jacobi identity [11] (pointed

out by Collinson)

[g,[K,L]1] + [K,[L,q]] + [L,[g,K]] = 0O (2.4.12)

1s that [[K,L],g] = 0, which means that [K,L] 1s also a Killing

-0 P ar [ag,AH1T + (<1)P TG, [am, AF 1]
o (c)P* Va0 [aF,AGT] = 0. [43]

It 1s clear from the above relations that the totally antisymmetric

tensor fields have a graded Lie algebraic structure [41].
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tensor (or a Killing vector 1f L 1s to be taken as a Killing
vector and K 1s of a suitable order). And in this way, Killing

tensors give a Lie algebraic extension of the Lie algebra of

Killing vectors, which may be finite or infinite, a matter that

will be discussed in the next chapter.

2.4.2 Interpretation of the Schouten-Nijenhuis bracket

It 1s well known that 1f a dynamical system has n coordi-
nates {qu} corresponding to 1ts n degree of freedom, then these

coordinates define a manifold M called the configuration space

[44] and the evolution of the system 1n time 1s described by
a curve qu(t) in M. The Lagrangian of7of the system 1s a function
of qu and du = dq“/dt and so 1t 1s a function on TM, the tangent
bundle of M. Then, the momentum, defined by pu = agf/aq“, 1s
a one-form field on M, that 1s a cross-section of the cotangent
bundle T*M.

It follows that the phase space which is the manifold with

coordinates {qu,p“} 1s nothing but the cotangent bundle T*M.

Thus, any function which depends both on the position of a parti-
cular point i1n a manifold M and on the vector p of the cotangent
space at that point of M, should be regarded as a function on

the cotangent bundle T*M of M. And this 1s exactly what we

need for the interpretation of the Schouten bracket.

Let the space-time cotangent bundle T*M have local coordinates

(xu,pu). Then the Poisson bracket of two real analytic functions

f,g defined on T*M 1s
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y . 8f 3g _ 3f 3g

(f,g
U u
3 3
X BpU pU X

(2.4.13)

which 1s clearly independent of the local coordinates. It depends
only on the symplectic form [44] *

Now, a function f on T*M may be associated with any contra-

“U"’“p uo...up
variant symmetric tensor F on Mby f =F Py Py

0r Wy
that is, 1t can be written as a homogeneous polynomial

in pu. Thus, 1f f and g are functions associated with the sym-

u ...up Mge - ML
metric tensors F , G respectively by
Mool
f=F 0 P P ...p
Ho Up
HAe oo H
g:GO rp ..DL1
Ho r

then the tensor bracket operation,known as the Schouten bracket,
yields a new symmetric tensor whose associated scalar function

1s the Poisson bracket of f and g, that 1s ,
Uqe o oM
(F,g) = [sF,561 0 P*Tp .p . (2.4.14)

Hg U

If we also write

then equation (2.4.8) 1s nothing but the Jacobi identity of

* For more about the symplectic form see Appendix A4.
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classical mechanics (f,(g,h)) + (g,(h,f)) + (h,(f,qg)) = O.

And thus the Poisson bracket of functions on the cotangent bundle

and the symmetric Schouten-Nijenhuis bracket are directly related,

a fact which 1s the starting point for my work.

As we have already seen, we can have a Lie algebraic exten-
sion of the Lie algebra of Killing vectors if we consider Schouten-
N1jenhuis brackets of Killing vectors and Killing tensors with
themselves. But recalling the definition of the Schouten bracket,
1t 1s very easy to realize how complicated the calculations in
terms of 1t may be. However, the Poisson bracket, which 1s
directly related to the Schouten bracket by (2.4.14), provides
one with a very simple way to do the same calculations.

For example, as an application of the Poisson bracket formalism,
which I will use later, I present here Killing's equations in
terms of this formalism.

Let X“,.Yu be two Killing vectors and K"V a Killing tensor
of order two of a space-time with metric guv; then the following

functions on the cotangent bundle are associated with them

a = X“pu ’
B = Y”Dp )
x = K" p

The energy function E 1s defined as the function associated

with the metric tensor guv by
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A
E =g ppy, (2.4.15)
Then the Poisson bracket of the functions a and B 1s given by

O oyu
(a,8) = (YX¥ - p

’ ’

Oyl T U
(Y™X g " XY _o)pu.

? ’

The general covariance of Poisson bracket formalism must be

emphasized here and as a result of 1t all equations written
in terms of this formalism remain unchanged if partial derivatives
are replaced by covariant ones.

Killing's equation for the vector XM 1s written in terms

of the Poisson bracket formalism as
(o,E) = 0

sy OV V. OU _ O_HV
where (q,E) = (X ’Gg + X ’Og X~"g ,O)Dupv'

Similarly, the Killing tensor equation for the tensor KMV 1

written as

(K;E) =0

(uv )o Vv g
k(WY P _g(u k% b p

h E) = .
where (u,E) .o o LPoPo

In this formalism, constants of motion are defined as the functions
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which commute with the energy function E.

As can be seen from the above equations, the Poisson bracket
formalism is of a straightforward algoraithmic character and
1t 1s this character that makes 1t very convenient for my work.
In particular, I used 1t to write computer programs (which will
be presented 1n the next chapter) for the evaluation of high
order Killing tensors and thus the generation of the extension
of the Lie algebra of Killing vectors 1in the case of a class

of metrics, namely the Kimura metrics.

2.5 KIMURA SPACE-TIMES AND CORRESPONDING KILLING TENSORS

Since the objective of studying Killing tensors 1s not
only to find all Killing tensors of a given space-time, but
also to classify space-times with respect to the non-travial
Killing tensors they admit, any such classification 1s of con-
siderable interest.

The problem of determining and classifying all isotropic
static spherically symmetric space-times which admit non-trivial
Killing tensors of second order has been discussed by Hauser
and Malhiot [9], under the assumption that the quadratic first
integrals of geodesics associated with such tensors are stationary,
that 1s, independent of taime.

Kimura [45, 46 and 47] generalized the above work and dis-
cussed the problem without making such an assumption. He obtained
a whole class of static spherically symmetric space-times which
admit Killing tensors of second order and are, in addition,
anisotropic. It must be noted here that, since Hauser and Malhiot

space-times are a subclass of those of Kimura, one must not
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assume that Killing tensors are always associated with imperfect
fluads.

The static spherically symmetric space-time has a line
element of the form

ds? = = Adr? - r2de? - r2s1nZ8do? + Cdt? (2.5.1)

where A and C are arbitrary positive-valued functions of r.
The quadratic first integrals obtained by Kimura are the integrals

given by

Q=H (2.5.2)

where u" = dxu/ds with s denoting arc length along the geodesics

and Huv 1s a symmetric tensor satisfying

H(uv;n) = 0. (2.5.3)

For the line element (2.5.1), equation (2.5.3) may be written

explicitly as follows

1_1 _
aqH g - AATH = 0
5.H + 20.H . - (4ar V2 AaA DH.. -0
211 1M12 12
3.H o+ 20 H . - (4r V£ A'A"DH.. = 0
3711 WE 13
84H11 + 231H14 - (A'A'1 + zc'c'1)H14 =0
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. -1 -1 _
81H22 + 282h12 + 2rA H11 - 4r H22 =0
-1 _
31H23 + 82H13 + 83H12 - 2 cot & H13 - 4r H23 =0
9,H,, + 3, H, + 3 H - (C'C-1 + 2r—1)H =0
124 2 14 412 24

-1 2

31H33 + 283H13 + 2rA sin % H11 + 2 s1n % cos § sz
“4r M, = 0
33 =

3,H. , + 3, H _ + 3. H, - (C‘l’l_1 + Zr_1)H =0
34 T 9473 1734 34
SH +23H -CA W -20cH -0
1744 44 11 44
3.H.. + 20ATH. . = 0O
222 12 =

-1 _
83H22 + ZBZH23 + 2rA H13 - 4 cot & H23 =0
5.H 25.Ho. + 2rA”) sin? $ H.. + 2 sin 9 cos $ H
2133 * 03093 12 22

- 4 cot & H33 =0

3.H.. + 20A]

2 _
3Hss sin~ & H13 + 2 sin § cos & H =0

23

-1
] + 2TA HM =0

4Mlpg + 20,0,

82H34 + 83H24 + aaHz3 - 2 cot § H34 =0
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3, H + 283H

-1 2
4133 + 2TA sin” % H1 + 2 si1n ¥ cos & H =0

34 4 24

1

_ TAT -
3 Hy, + 23,H,, ~ CTATH = 0
S.H + 25 H. —CA M. =0
3144 434 13
3H -CAH =0
4Ny 14 = 0

The above system of partial differential equations can be solved
1f several assumptions on constants of integration are made,

and then the whole class of Kimura metrics as seen in Table

2.1 1s determined, together with the corresponding Killing tensors
of second order, presented in Table 2.2.

Kimura types are subdivided by names such as IIA, IIIC
and so on, but for my purposes 1,...,17 seems a better labelling.
Note that the metrics numbers 9, 10, 11, 12 and 13 are the same
as 1n Hauser and Malhiot, and thus the corresponding Killing
tensors are stationary.

Finally, 1t must be emphasized here that every work on
Killing tensors, that can be found in the literature, 1s done
under the assumption that Killing tensors commute. In the case
of Kimura metrics, the Killing tensors do not share this property,
so that the Lie algebraic extension of the Lie algebra of Killing

vectors based on them 1s non-central* and the separability of

*  Suppose that Xa are the original Killing vectors of a space-
time. A possible extension of the Lie algebra of Killing vectors

by another generator Y (a Killing vector or a Killing tensor)

1s called central 1f [Xa’Y] = 0, otherwise non-central [49].
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of the Hamilton-Jacobi equation 1s lost. This particular charac-
ter of the Killing tensors of Kimura metrics is of great interest

and 1t 1s, in fact, the motivation for my work on them.
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Table 2.1
KIMURA METRICS

The form of the metric components A and C

Case IA 1. A

1

2 2,-3

(qp]
1]

. 2 2 -1
232r2(1-32r2)[-311132r4+215(1—32r )+az(1—32r )2]

where a are constants.

178010 150dp

3

Case IB 2. A Cz(a1+azr2)—

C = r2(83+84r2)_1

where a1£0, a3£0 and a, are constants.

Case ITA 3. A C'ZC_1(81C+82)_1

-1 2 2.-1+-1
C = [—3182 +T (33+84r ) ]

,a, are constants.

where 8250, 83£0 and a 4

1

Case IIA 4. A C'ZC—1(a1C+aZ)_1

a )r4+a a.rls 1—82]_1
4 23 4 "2

(qp]
|

- a.a ra[(ag—a

274 1

where 82£O and a,,a are constants.

308y
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2

Case IIC 5. A = r_2(81r +a2)_2

(qp]
H

2 2 -1
r (a1r +az)

where a, and a, are constants and a,a,#0.

1 2 172
Case IIC 6. A = aézr_2
C = a£1r2

where a2 1s a constant.

Case III 7. A

(6111‘2+512)—3

C =1
where azio and 31 are constants.
Case III 8. A = a;3r‘6

C =1

where 81 1s a constant.

9. A= 2[1-a rzt{(1—a rz)z-azr4 1/2][’]—3 rz)z—azra]—1
1 1 2 1 2
(9a and 9b)
C = rz[r2+a {1-a rzl((1—a 1."2)2~r;12r[“)1/2}]_1
3 1 1 2
where a,,a,,a; are constants.
10. A = 4(1—':-11r2)-1
C =

where a1£U 15 a constant.
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1. A (b0r2+a)'1

where bO£0 is a constant.

12. A

2 -1
(bor +4)

1/2

(gp!
1

r[(b0r2+4) +b51‘]-1

where bO’bB are constants.

13, A
(13a and 13b)

1 2 2.2 2 4.1/2 2.2 2 4,41
E[1—a1r i{(1—a1r ) -aazr ][(1-a1r ) -482r ]

t23((1-a, ) 2esa2et) /2y

¢ 1 1 2f

rz[r2+a3{1—a

a, are constants.

where a2£O and a,,85

14. A

2 -1
(bUr +4)

2
bor +4

where bin 1s a constant.

C

1
15. A = 7
C =1
16. A = 4(1—a1r2)
C = 1-a r2

17. A = 4
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Table 2.2

The form of Killing tensors of second order

_ o WhrasTsT pde 2 20-% 1 4
1. Kuv = e [AGUGv—A Ca1w(1—J2r ) ?rs, §

2 2,:2.2
(Sv)*T (1—32r )Gusv

2 2 2,33 2 2.-1 2, 4.4
+T (1—32r )s1in SSuGV-{C+[a111r (1—32r ) —15]C }Guév]

_ —wt 1.1 3. % 2.\-3 1 4 2 2,22
Iuv = e [Aéué\ﬁA Ca1w(1—J2r ) rG(U6V)+r (1—32r )Guév

2 2 24033 2 2.-1 . 2,44
+ T (1-J2r )s1in SSUSv-{C+[a111r (1—J2r ) -15]C }Guﬁv]

1.1 2 -1 2 2.2 2,.:3.3
Kuv = [A5u5v+r (1+a1 a,r )(6u6V+81n Sduév)

“1.2,.4.44,.2
- {C_(a134_8283)a1 C }6uév]t

-1 2.-+ 1 1 4 2 2,21 2244
- Za1 (a1+azr ) 2A Crts(uév)+e1 (a1+a r-) r°C°8°§

2 [VORY;

_ 1.1 2 -1 2 2.2 200303
Iuv = [A6u6v+r (1+a1 a,r )(6u6v+81n 36U6v)

1.2, 4.4
- {C-(a1aa—azaj)a1 C°}§ Sv]t-a

-1 2. -4, 4. 1 4
y 1 (a1+a2r ) 2A Cré(uév)

ot Ak 2.-%.1 4
Kuv - e [A6p6v+2A Cr(33+aar ) 6(u6v)

2..3.3 -1 4.4
+s1n &6“6V)+C(1+a182 C)Suév]

< N

2 -1 2 2
+ T (1+aaa3 T )(SUS

where y = a

N N~

[T IS I 2.1 1 4
Iuv - e [ASHSV-ZA Cr(33+aar ) S(USV)

2 -1 2 2.2 2,.3.3 -1 4.4
+ T (’!+aaa3 r )(5u6v+81n Séuév)+8(1+a1az C)éuév]




o Vtroaded 4 o b b4 22 2033
4. Kuv - e [2A Cﬁ(uév)—Zaaaz r (5u6v+81n SGUSV)
+ a-%a_%cz(r—2+23 8—1)6464]
2 4 372 uov
%
where v = 3 a5

1
- e Vt2a7cs]

—

11
64 +2a2a 2r4(6262+81n286363)
Hov) v VRRY
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uv ( 42
- a_%a—%CZ(r-2+Za 8_1)6464]
2 4 372 TRAV)
5. and 6.
1 -
K = 2nZces! 6% —t2r% (8252451028878 )+Co (1 %ra, t2) 846"
Y (nv) VIRV VRRY 2 UV
1
1= 2a%cs! 6% —2tr? (8262451288787 )+2a, Cot s e
uv (W v) VRRY YRRV 2 VY,
1.1 -2 2 2 2.2 2,33 2
7 Kuv = [A6u6v+82 T (a1r +az)(6uév+81n SSUGv)]t
-1 2 -2 1 4 -2 2 -1 244
- 482 (a1r +az) rté(uﬁv)+az (a1r +82) T Guév
_ 1.1 =12 2 2.2 20c3:3
Iuv = [A6u5v+az T (81r +82)(6U6V+81n SGUSv)]t
-1 2 -2 1 4
- 282 (a1r +az) rd(uév)
. 3/2.4.2,.2.2 2. .33 1.1 4 -3/2 -2.4.4
8 Kuv =-a) Tt (6u6v+Slﬂ $GUGV)+4A td(ud\))+a1 T Guév
1
I = —ZaB/Zrat(6262+81n236363)+4A261 64
) 1 v oV (V)

In the remaining cases more than two linearly independent proper
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quadratic integrals are admitted which, 1n addition, have a
very complicated form and so only the number of these integrals

w1ll be presented here.

9. 3 Killing tensors of second order, which are stationary

10. 3 Killaing tensors of second order, which are stationary

11. 3 Killing tensors of second order, which are stationary

12. 3 Killing tensors of second order, which are stationary

13. 5 Killing tensors of second order, which are stationary

14, 8 Killing tensors of second order

15. B Killing tensors of second order

16. 11 Killing tensors of second order

17. 11 Killing tensors of second order
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CHAPTER 3

ALGEBRAIC COMPUTING IN GENERAL RELATIVITY

AND ITS USE IN THE GENERATION OF HIGH ORDER KILLING TENSORS

3.1 INTRODUCTION

Since Einstein first put forward his theory of gravitation
[1] a great deal of research has been carried out 1n relativity,
hundreds of exact solutions of Einstein field equations have
been found [2] and sti1ll relativists are aware of the enormous
amount of time and work they must spend in order to carry out
the extended calculations that this theory involves. Fortunately,
though, general relativistic calculations are mostly of an alge-
braic nature and this 1s what makes the use of computers possible
and invaluable for research in this area {3]. In the words
of Jean Sammet [4] "... 1t has become obvious that there are
a large number of problems requiring very tedious, time-consuming,
error-prone and straightforward algebraic manipulation and these
characteristics make computer solution both necessary and desirable..."
Almost every relativist must have embarked on problems
in which an algebraic computing system would have made life
easier, since 1t 1is always more precise and efficient to solve
a problem algebraically, and only substitute numbers in the
final formula, than to work through a series of numerical approxi-
mations.
The main reasons for using an electronic computer to carry

out algebraic calculations [5] are the following.
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First, 1t removes the tediousness of repeating routine but
lengthy tasks and saves a great deal of time. A famous example
is the well-known Bondi metric [6]. The Riemann tensor of this
metric took about 6 months to calculate by hand and SHEEP (see
section 3.4.1) does 1t 1in about 30 seconds!'

A second reason 1s that once the program one writes 1s
correct and the input 1s correct (both, of course, involve some
non-trivial work to ensure accuracy) the answer will also be
correct. In the example of the Bondi metric mentioned above,
computer results showed that the original calculations contained
mistakes. The corrections are given in d'Inverno [7].

Finally, the use of algebraic computing leads to new and
unforeseen directions 1in research [5], not only because, with
the power of a computer, projects formerly unthinkable can be
carried out, but also because the necessity of stating procedures
for uée by the machine 1in a very precise algorithmic form helps
the researcher to focus his/her mind on aspects of a problem
which might not have been adequately considered before.

Algebraic computing plays a major role in obtaining the
results of this chapter and so an 1introduction to 1its requirements
and problems 1s presented, and the computer algebra packages

used, namely SHEEP and STENSOR, are studied in detail.

3.2 PROBLEMS AND REQUIREMENTS OF ALGEBRAIC COMPUTING

3.2.1 Computer languages

To use a computer one has to formulate a problem 1n a language
understandable by that machine. There are three types of languages

1n which one can write a program [8].
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1) Machine code: This consists of detailed instructions for

the machine 1n a number-coded form for the step-by-step solution
of a problem. Machine code varies from one make of computer
to another.

i1) Assembly language: This is very similar in nature to machine

code but also possesses a compiler which translates the assembly
language 1into machine code. These languages are again machine
dependent.

111) High-level language: A high-level language enables the

programmer to write in either English or mathematical-like nota-
tion and 1t also possesses a compiler which translates the language
into machine code. High-level languages are, in principle,
machine i1ndependent, that 1is, a program that works on one make
of computer will also work on another.

High-level programming languages are divided into two main
groups, "procedural" and "functional" lanquages [9].

Languages of a "procedural" nature are designed mainly
for "number-crunching" computations. Clearly then, procedural
languages are not adequate for algebraic calculations ("symbol-
crunching") where symbols are needed for most formatting.

The present interest in computer science 1s concentrated
on "functional" languages which play a fundamental role in develo-
ping "artificial intelligence'". Functional languages provide
much greater liberty in defining a multitude of data-types which
include both numerical and symbolic data. Hence, 1t 1s, 1in
general, beneficial to start with a functional language as a

base for an efficient algebraic computing package.
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3.2.2 Garbage collector

When algebra systems are presented with specific problems
1t soon becomes clear that algebraic calculations are several
orders of magnitude more difficult for a computer than comparable
numerical ones. It 1s a fact that in an 1terative calculation
involving numbers the complexity of the calculation grows linearly
or at worse powerwise, whereas 1in an iterative calculation 1invol-

ving algebra the complexity grows exponentially [8]. This ob-

viously would lead to a memory '"blow-up", that 1s, to a halt
of the program because the computer storage i1s choked up
with algebraic expressions.

Let us consider as a simple example the calculation of

the third Legendre polynomial p5 uS1Ng the recurrence relation

X + X2-1 (d
n Pt n tdx Pn-1

) (3.2.1)

T
11

where Py = X Three of the intermed:iate expressions that are

obtained are

2 1,2 1,2
Ps = x[x° + 3 (x™=1)] = 3 (x"=1)(3x)
3 13 1 3
=x 45X -5 X+ X - X
S 230 2«
-2 T2

This example illustrates what happens in general, namely, that
intermediate expressions are usually significantly longer than

the final answer. 5o, suppose now that we ask a certain computer
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with a given amount of store to compute as many Legendre poly-
nomials as possible. This will lead to a "blow-up" because

the computer storage will be choked up with intermediate expres-
sions which are no longer needed.

Thus, what we really require 1s to have our chosen language
equipped with a special device to round up the discarded informa-
tion, reclaim the store occupied by this unwanted information
and give a new start to the program. Such an important device

1s technically called a '"garbage collector".

3.2.3 Simplification

The most fundamental problem in the design of an algebraic
system concerns the question of simplification of expressions;
this 1s because 1t is not always clear which 1s the simpler
form for writing an expression. For example, there are some
cases 1in which az—b2 1s a desirable answer and others in which
(a+b)(a-b) 1s more desirable 1f, say, this result 1s subsequently
divided by (a+b).

Fitch [10] gives the following three reasons for the need
to simplify algebraic expressions.

1) To make expressions smaller i1n store and hence speed the
calculations (the compactness problem).
11) To put an expression presented to the user into an intel-

ligible form (the intelligibility problem).

111) To check 1f an expression 1s 1dentically zero (the identity
problem.

These problems are obviously dependent on one another, and they
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are also very difficult to solve since simplification 1is not
an algorithmic procedure.

The best way to solve simplification problems 1s to provide
an interactive environment for the user to do the calculations,
interfere with the work of the computer at suitable times and
tell 1t how to expand an expression. In other words, the human-
machine interaction 1s the best method for overcoming such problems.
Consequently, 1t 1s always of great help to choose a computer

language that can run interactive programs as well as "Batch

Jobs'"*,

3.2.4 Substitutions

Substitutions are needed i1n algebraic computing for dividing
the calculation into stages, and thus increase the speed and
storage efficiency of the manipulation [9].

There are three types of substitutions.

1) Expansion: one term 1s replaced by its full value
(which might also contain expandable terms).

11) Algorithmic substitutions: these substitutions are

carried out 1in all basic computer systems. A simple example
of algorithmic substitution 1s a '"gathering substitution", which
1s used to gather some terms of an expression i1n one term.

111) Sum substitutions: these are the most difficult

substitutions since the relation given will be of the form
a+b+c = 0 with a,b,c possibly complicated expressions. An impor-

tant example of sum substitutions 1s the trigonometric relation

* "Batch job" 1s a technical term used for non-interactive jobs

that are submitted to the computer [9].
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cos2 X + sm2 x - 1 = 0. (3.2.2)

The daiffaiculty 1in such a substitution 1s that there 1s no standard
way of deciding which term should be removed and replaced by
the other two.

Although there exist some very successful trigonometric
simplifiers for expression (3.2.2), the best way to handle sum

substitutions 1s again the user-machine interaction.

3.2.5 Calculus and polynomial division

Since calculus is a very important mathematical tool, one
naturally expects that all algebraic computing packages would
provide calculus facilities.

Differentiation of a given expression involving standard
functions 1s usually a straightforward process and 1t is of an
algorathmic nature; thus, 1t 1s available i1n almost all algebraic
computing packages. However, the inverse process of integration
would not appear to be algorithmic and that 1s why the integra-
tion programs had severe restrictions in the past.

The situation looks more hopeful at present, since an inte-
gration program exists i1n MACSYMA and a formalism developed
by Risch, Norman and Davenport [11] 1s now implemented in REDUCE.

Another problem, intimately related to integration, 1s
the "common factor problem", that 1s, the problem of factoring
polynomials. Although this 1s an algorithmic problem, 1t involves
much testing and thus consumes a great deal of computer time.
Again, 1n recent years, special programs have been developed

possessing algorithms for polynomial factorization, and systems
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such as REDUCE and MACSYMA possess factorization facilities.

3.2.6 Interface

A final problem that must be examined 1s that of the inter-
face between user and machine. There are two aspects of this
problem.

1) One 1s that of the format for the input of algebraic
expressions and the form of their output. The interface must
allow the checking of the 1input expressions in order to reduce
errors. It must also allow the user to read any stage of the
calculation and interfere when he/she thinks 1t 1s necessary
to give commands about the way in which the work should be carried
out. This, of course, can help to reduce the possibility ot
an error even further.

1i) The other is the matter of usability of the system,
which covers the question of how easy it is for a new user
to learn to use the system, or what level of programming is
needed and so on.

Both aspects are clearly related to the interactibility
of the language, which is a desirable quality of any computing
language 1f we want 1t to be used in constructing an efficient
algebraic computing package. This 1s because algebraic computing
involves 1intelligent decision-making which 1s not algorithmic
and not programmable and makes the interference of the user

with the work of the computer indispensable.
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Understanding the requirements for algebraic computing,
as well as the diffaculties involved, can help one to choose
the most appropriate language for building a system useful 1in
a specific research area. Most algebraic systems and packages
designed for use 1n general relativity are LISP-based systems,
that 1s, systems written in the language LISP which i1s presented

in the next section.

3.3 THE COMPUTING LANGUAGE LISP

LISP, an acronym for LISt Processing, was designed by John
McCarthy [12] around 1960 and other features of the language
were later added by the artificial intelligence group at MIT.

It 1s a high level, functional, interactive programming language
which fulfils all the requirements needed for constructing an
algebraic computing system. It has, for example, a garbage
collector, it provides good facilities for trapping errors,
tracing faulty programs and testing code as 1t 1s written.

LISP 1s a language of contrasts. It 1s one of the oldest
computer languages but 1t is still forward-looking. Many large
programs have been written in LISP, including artificial intelli-
gence programs, and thus the language provides good support
for the professional programmer while, on the other hand, 1t
is an excellent language for beginners.

Most makes of mainframe and an increasing number of micros
support LISP. As a result, there exist now many LISP dialects.
The most widely used version of LISP 1s the MACLISP (MIT version),

which 1tself has the following dialects
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MACLISP

NIL ZETALISP FRANZLISP LISP SYMBOLICS
(for VAX)

FRANZLISP, 1in particular, which relates to SHEEP, 1s a dialect
for the VAX machine, the most used machine in artificial intella-
gence. The research work presented in this chapter was carried
out on such a VAX machine.

The building blocks of LISP are quantities called atoms.

An atom can be an integer, a floating point number of a symbol
composed of one or more characters (but not starting with a

numeric character*). For example,

4 , -7 , 2.8 , A , TODAY

are atoms. Atoms can be grouped together to form lists, which
are the basic data structures of LISP., A list may be thought
of, mathematically, as a row vector. Lists can also be grouped
together to form higher-level lists, and thus the elements in
a list are either atoms or lists themselves. Parentheses are
used to denote the beginning and end of a list, and spaces to

separate the items. For example,

(A B ©)

(A (A B) (C D) )

* since LISP will use the first character to discriminate between

a variable and a number.
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are lists. Atoms and lists collectively are called symbolic
eXpressions.

LISP 1s an interactive language which (as opposed to other
computing languages) has an interpreter. Thus, a running LISP
constitutes an infinite READ-EVAL 1loop, that 1s, the interpreter
reads the statement typed from the terminal, evaluates 1t, prints
the answer and then waits for more input.

The syntax of LISP 1s extremely simple and thus LISP 1s
a very easy language to learn. No previous knowledge of any
other programming language 1s needed; on the contrary, having
experience of another language may be a disadvantage. Thus,
1t 1s possible to learn to program quite well in LISP 1in three
weeks or so, unless one has learnt FORTRAN first, in which case
1t will take about six weeks'! [5]

The basic LISP functions are also very simple and to under-
stand them 1s all that 1s needed 1in order to be able to write
LISP programs. A function i1s a kind of procedure for which
1t 1s convenient to thaink 1in terms of an output called the value
and 1nputs called the arguments. In LISP, the function to be
performed 1s always given first, followed by the arguments,
the things that the function 1s to work with.

The basic LISP functions are the following (note that some

differences may exist 1n different dialects) [9].

1. QUOTE or symbol ' returns 1ts single argument unevaluated.
For example, 1f you type (QUOTE (ARBITRARY LIST)), LISP
w1ll respond (ARBITRARY LIST). Note that the form 'X 1s

Just a shorthand form for (QUOTE X).
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2. ATOM returns T (for true) 1f its argument 1s any atom
otherwise, that is, 1f its argument 1s a list, 1t returns
NIL. For example, 1f you type (ATOM 'LIST), you have as
an answer T, while (ATOM '(LIST)) gives NIL.

3. EQ applies to two arguments and compares them for equality.
For example, 1f you type (EQ 4 4), you get T*.

4. CAR returns the first member of the argument list and 1t
has no meaning 1f applied to an atom. For example,

(CAR '(A B C)) will give you A, that 1s, CAR returns
an atom.

5. CDR returns the tail of the argument list. For example,
(CDR '(A B C)) will give you (B C), that i1s, CDR returns
a list.

6. CONS constructs a new list out of 1ts arguments. For example,
(CONS 'A '(B C D)) will give you (A B C D). The second
argument must always be a list.

7. COND 1s the main structure provided in LISP for testing
and acting on conditions. COND can be followed by any
number of lists, each of which contains a test and something
to return if the test succeeds. Thus, the syntax 1s as
follows: ( COND ( < test 1 > ... < result 1 >)

( < test 2 > ... < result 2 > )

(< test n>... < result n>))

* There 1s also a command EQUAL which compares list structures
to see whether they have the same shape and atoms and also whether

their values are represented by the same memory cells.



148

Each list 1s called a clause. The 1dea is to search through
the clauses, checking first 1f the CAR of the first list
is empty; 1f not, 1ts CDR 1s evaluated and this value
1s returned as the value for the COND expression and the
searching stops. Otherwise, the same work 1s done on the
next list and so on. If no successful clause is found,
COND returns NIL.

8. DE is a convenient way of defining new functions. It takes
three arguments, none of which 1s evaluated; the first
1s the name of the function that has been defined, the
second is the list of variables that the function uses
and the third 1s the algorithm of the function. For example,

(DE ADD2 (X) (PLUS x 2) ) defines the function ADD2.

Two examples will now be given where the above LISP functions
have been used; they were carried out at Imperial College as

the first applications of LISP.

Example 1: Intersection of two sets X and Y
(DE  INTERSECTION (X Y )
(COND  ((NULL X) NIL)
((MEMQ* (CAR X) Y )
(CONS (CAR X) (INTERSECTION (CDR X) Y )))

(T (INTERSECTION (CDR X) Y )))).

* MEMQ takes two arguments and checks 1f the first argument

1s an element of the second.
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Example 2: Union of two sets X and Y
(DE UNION (X Y)
(COND  ((NULL X) Y)
((MEMQ (CAR X) Y) (UNION (CDR X) Y))

(T (CONS (CAR X) (UNION (CDR X) Y))))).

These two small programs can be applied to any sets X and Y,
and LISP will then return their intersection and union as an
answer,

The significance of LISP i1n algebra 1s that 1t offers a
natural way of representing algebraic expressions since, 1in
addition to the functions mentioned above, LISP knows all the
traditional functions of one variable (log, exp, cos,...), the
arithmetic operations (+, x, ...) and the Boolean operations
(AND, NOT,...).

Mény more built-in functions exist in LISP. For details
on the various LISP functions, see [13] and [14].

LISP also allows one to define recursive operations. A

recursive operation is one that 1s defined in terms of itself.

Although LISP possesses a function LOOP for repeating a sequence
of operations, the use of 1ts additional powerful tool of recursion
gives the user enormously greater flexibility in the control
of a program, and leads to both shorter and clearer programs
[14].

Finally, 1t must be mentioned that, although LISP 1s very
powerful for algebraic computing, 1t has, however, two main

disadvantages:
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1) According to M. Wand [15], LISP stands for "Lots of
Irritating Single Parentheses"! which appears as a fair accusa-
tion. In fact, the parentheses problem goes away as soon as
a person learns, after a little experience, to put things down
on the page properly.

11) A more significant disadvantage of LISP is the problem
of "dialects", the lack of a definitive LISP standard, a problem
common to all computer languages, which 1s due to the continuous
contributions and improvements of LISP at different research

centres.

3.4 IMPORTANT PACKAGES BASED ON LISP

Algebraic computing packages* had two different sources:
computer scientists and theoretical physicists. While computer
scientists were interested in designing packages for general
algebfalc procedures, theoretical physicists had specific problems
to solve, and so they built less sophisticated packages which
became very successful. R. d'Inverno in [8] gives an extensive
review of the historical development of algebraic computing,
in which he presents all algebraic packages, even those now
out of date.

The main LISP-based packages are MASCYMA [16], REDUCE [17]

and SHEEP [18]. SHEEP 1s the most suitable for research in

* The word "package'" usually refers to a collection of programs,
while a collection of packages 1s referred to as a "system".
Systems have wider applications but they also require larger

computers.
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general relativity, and 1ts storage and running 1s less expen-
sive, 1n terms of computer time, than those of the other two
systems. Both MASCYMA and REDUCE, however, have been used 1in
gravitational calculations and have produced very important
results [19 and 20].

SHEEP and STENSOR, a package implemented in SHEEP, will
be presented in what follows, since they were used for carrying
out the work of this chapter. A few comments on CLASSI, a package

for classifying geometries, will also be made.

3.4.1 The package SHEEP

SHEEP 1s the latest member of the LAM family of computer
systems (Lisp Algebraic Manipulator) which are intended mainly
for calculations 1n general relativity and were developed by
R. d'Inverno. GSHEEP was designed by I. Frick [18] for the DEC
PDP 10 machine (and SHEEP stands for LAM(B) grown up'!). The
most important new feature of SHEEP i1s that 1t can be used inter-
actively [21]. In addition, many of the old facilities and
algorithms of the systems of the LAM family have been redesigned
and significantly improved.

SHEEP consists of three machine-coded packages, which are
loaded on top of each other into the LISP system [22].

1) The basic package contains routines that read, wraite,
simplify, substitute into and differentiate algebraic
expressions.

1i) On top of this, there 1s a package of more user-oriented

commands that manipulate tensor components.
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On top of this, there 1s one of the two packages

CORD or FRAME that computes the Einstein tensor.

The CORD version of SHEEP computes the Einstein tensor
in a coordinate frame from a given metric. The FRAME
version 1s similar to the CORD one but the computations
are done with respect to a moving frame with constant
frame metric HGB. This includes orthonormal and null
tetrad frames. The frame (tetrad) components of the

B

Einstein tensor are computed from Ha and from the

components of the frame (tetrad) vectors.

A system can be applied more efficiently 1f the user knows

1ts capacity and limitations. Thus, the main advantages and

disadvantages of SHEEP will be presented here in order to under-

stand what SHEEP can and cannot do.

The main advantages of SHEEP are:

i)

11)

111)

1v)

It has a comparatively small size; quite a lot of
work can be done 1in 30K of words [9].

SHEEP 1s very fast and probably faster than any other
system for tensor manipulations. The very well known
example of calculating the Einstein tensor for the
Bondi radiating metric, presented in the introduction
3.1, was worked out by SHEEP in about 30 seconds using
about 35K of memory.

It has a general tensor manipulation package, which
can be used 1n any dimension and allows for the easy
definition of new tensors.

It possesses facilities for expanding in terms of

a small parameter using power series algorithms.
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v) Interactiveness 1s the most important property of
SHEEP, which can prevent a lot of mistakes.

vi) SHEEP has the most readable output compared to all
other systems [8] and its notation for the input 1s
straightforward. Moreover, 1t accepts input from
files and gives output to files.

vi1) SHEEP 1s very easy to learn so that any potential
user can be converted into an actual one 1in a very
short time and become able to tackle interesting re-
search praoblems.

The main disadvantages of SHEEP are:

1) SHEEP was written 1n SLISP dialect, the Standard LISP
and therefore has the same disadvantages as LISP.

It can only run, at present, on PDP 10 and VAX machines
of DEC computers [9].

11) SHEEP has no symbolic integration program, a price
that had to be paid for compactness since all known
integration programs are extensively large.

111) Polynomial division and factorization are also missing
from SHEEP.

The last twc disadvantages can be overcome when REDUCE (which
includes advanced integration or polynomial division algorithms)
and SHEEP live together in the same machine, since SHEEP has
instructions for communicating with REDUCE.

SHEEP 1s the most heavily employed system for solving problems
in general relativity. Two very important modules have been
added to SHEEP, namely, CLASSI written by J. Aman [23] which

1s a classification program for geometrics in general relativaty
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and STENSOR written by L. Hornfeldt [24] which 1s a system specia-

lized on formulas with tensors or spinors with symbolic indices.

3.4.2 CLASSI: classifying geometries

CLASSI contains classification programs for geometries
in general relativity written for SHEEP. The most important
classification program 1s that for invariant classification

of geometries, related to the "equivalence problem" 1in exact

solutions of Einstein's equations [25], that 1s, the problem

of the elimination of duplications arising from the possibility

of writing the same metric in different coordinate systems.
CLASSI 1s an extension of SHEEP, and thus with CLASSI it

1s possible to calculate more tensors and quantities than origi-

nally with SHEEP. In particular, using CLASSI one can calculate

the Weyl tensor, contravariant and mixed components of the Einstein

tensor as well as 1its divergence, that is, the equations of

motion. Several covariant derivatives (of high order) of the

Riemann tensor, and squares (scalars) of covariant derivatives

of the Riemann tensor, the Ricci tensor and the scalar curvature

can also be evaluated. Electrodynamical calculations can be

performed i1n CLASSI and the electromagnetic field tensor can

be found 1f both the potential AU and the metric are gaven.

CLASSI also performs the Petrov classification of metrics, calcu-

lates Newman-Penrose quantities and can handle spinors.

3.4.3 STENSOR: tensor manipulator

STENSOR was developed by L. Hornfeldt and 1t 1s based

on SHEEP. It 1s a system for indicial tensor calculus and
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automatic generation of tensor algorithms. More explicitly,
STENSOR 1s designed to handle any type of indicial quantities,
that 1s, quantities with symbolic indices, such as tensors or
sSp1lnors.

It can perform all known tensor-calculus operations, such
as addition, multiplication, partial and covariant differentiation
of tensors and so on.

It can use the symmetries of the different indices during
computation. For example, 1f Auv and S" are defined to be
antisymmetric and symmetric tensors respectively, STENSOR will
automatically give the value zero to the contracted quantity
Aquuv (where a repeated index 1s understood as a dummy 1ndex).

STENSOR accepts and handles anticommuting or non-commuting
objects and 1t also possesses a very sophisticated substitution
program.

It has the best trigonometric simplifier known which exploits
optimally the trigonometric summation relation
sin"2  (x) +cos"2 (x) = 1.

But the most important feature of STENSOR 1s the automatic
generation of tensor algorithms: there 1s a compiler, which
from any given tensor formula generates a program for computing
individual tensor components by performing contractions, deriva-
tions etc. This means that SHEEP 1s no longer restriacted to
calculating the usual tensors of general relativity using the
metric, but new tensors and scalars can be defined and computed
without having any relation to the metrac!

Finally, the input notation of STENSOR 1s extremely easy

to learn since 1t 1s very similar to ordinary textbook conventions
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and so a user can start using i1t 1in various research problems
after very little time. In fact, STENSOR has been very success-
fully used 1n variocus problems of classical relativity, quantum

gravity or supergravity [19].

3.5 APPLICATIONS

In what follows, two of the applications that were carried
out at Imperial College are presented. The first is selected
because 1t demonstrates very clearly the most important features
of SHEEP and STENSOR and also serves as a tutorial for the system.

In the second application, the computer 1s used to generate
the algebraic extension of the Lie algebra of Killing vectors
in some particular cases of Kimura metrics. Higher order Killing
tensors are produced and mistakes in the enormous calculations
involved are avoided. The whole procedure, which 1s very simple
and stfalghtforward, verified the theoretical results discussed

in Chapter 2.

3.5.1 Killing's equations

Ki1lling's equations for a symmetric tensor Ku " of
100 ¥,

order p are given by K U sv) = 0. To write down explicatly
p’

(u1...
all the components of Killing's equations for a Killing tensor
of arbitrary order 1s extremely hard, especially for complicated
metrics. The computer, however, can do this job very quickly
and without errors.

The basic 1dea 1s to think of Killing's equations as equivalent

to demanding the vanishing of the tensor
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KT v = K( ) =
u1...up p1...up,

0. (3.5.1)

A very simple program can then be written, introducing the new
tensor to SHEEP, After loading this program to STENSOR, 1ts
command TCOMPOUT will use the Tensor COMPiler to generate a program
for computing the individual components of the desired tensor
via SHEEP for any metric [24]. The TCOMPOUT command must be
of the form (TCOMPOUT file name tsr1 ... ) and will save
the building properties of the tensor on a file named "FILENAME.BLF"
("Bulf"1s a technical term which refers to "automatic program
generation'"). The BLF-file contains everything needed for com-
puting the components of the tensor, that is, 1t constitutes
an "application package". This file can be loaded onto a naked
SHEEP-version (that 1s, SHEEP on its own, where 1t 1s not necessary
to have STENSOR running as well, so that we can save memory)
and aéter entering the components of a particular metric, the
command WMAKE applied to the tensor will give the exact values
of 1ts components.

The files "KILLING.ONE", "KILLING.TWG" and "KILLING.THREE",
containing programs for the evaluation of Killing's equations
for a Killing tensor of first, second and third order respectively,
are presented in Tables 3.1, 3.2 and 3.3.

Note that STENSOR does not accept Greek letters or small
Latin letters and that vector, tensor and tetrad indices run

from 0 to 3 in 4-dimensional manifolds.



Listing of files with programs for Killing's equations

Table 3.1

The listing of the file "KILLING.ONE"

%  wxx KILLING.ONE, .~ (K1lling vector)
(SETQ AFFIN "GAMUC)

(PDEF  KT1 S12)

<M (I ;(3>%

(PPDEF  KT1 t( )

(NOASK (EDEF KT1))

(TCOMPOUT  KILLINGT KT1)

(SYMBOLIC M)

(FUNS (M T R H F ) )
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Table 3.2

The listing of the file "KILLING.TWO"

% wxx KILLING.TWO,,, (Killing tensor of second order)
(SETQ AFFIN "GAMUC )

(PDEF KT2 S123)

<N (I (3 ;(K>%

(PPDEF K12 '( )

(NOASK (EDEF KT2) )

(TCOMPOUT  KILLINGZ KT2 )

(SYMBOLIC N)

(FUNS (N T R H F))




Table 3.3

The listing of the file "KILLING.THREE"

% wxx KILLING.THREE,, ., (Killing tensor of third order)
(SETQ AFFIN "GAMUC)
(PDEF K13 (1 (1 2)) (v (1 3)) (1 (2 3))
(1 (2 4)) (1 3 &)y (1 (1 46)))
<Z (I (3 K ;L >%
(PPDEF  KT3 '( )
(NDASK (EDEF  KT3) )
(TCOMPOUT  KILLING3 KT3 )
(SYMBOLIC Z )

(FUNS (Z T R H F))
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Before explaining how one can use these programs to write
Killing's equations for a particular metric, I should say a
few words about the commands involved.

Note first that the symbol % means that the rest of the
line 1s a comment. It 1s there to clarify the program to the
reader and will be overlooked by the computer.

The command SETQ takes two arguments and 1s the normal
LISP assignment operator. SETQ returns the second argument
as the LISP value of the first. For example, 1f you type
(SETQ X '(A B) ), any subsequent use of X will be understood
by LISP to be (A B), and 1f you type only X, LISP will respond

by printing (A B). Note also that 1if you type

(SETQ X (PLUS 25 -20) ), LISP will evaluate the second argument

and 1in any subsequent use of X 1t will understand X as having



160

the value 5. Thus, SETQ evaluates its second argument when
unquoted. In our case, this will cause the AFFINity value to
be GAMU, which we must inhibit with an extra guote so that

the AFFINity value will be 'GAMU. This 1s because 'GAMU is

the affinity used by STENSOR for the covariant differentiation
of tensors. GAMUC corresponds to the coordinate version, while
for the frame version we must type GAMUF [24].

The command PDEF 1s used to define the tensors K71, K72, KT3.

The  PDEF command must be of the form (PDEF tsr P1 P2 ... ),
P1, P2 ... being the Properties of the defined tensor. On
this command the system responds with " = " and halts, waiting

for an indicial formula, the "definition" of the tensor, to
be typed in. When the user has done this, he/she ends the input
with the symbol $ (escape).

The symbol 512 means symmetry between the first and second
indices, while S123 means that the defined tensor 1s symmetric
in all three indices. In the case of the third order Killang
tensor, the symmetries of the indices have been written explicitly,
in order to show that there 1s also another way to present them
to the computer.

The command PPDEF means Perform the Permutation notations
indicated in the DEFinition of the tensor.

EDEF 1s the function for Evaluating DEFinitions.

EDEFASK 1s a switch which, when on, causes EDEF to ask
for interactive evaluation orders. Thus, NOASK, which can take
any number of commands as arguments, performs these commands
with the switch EDEFASK temporarily turned off. This command

1s useful 1n a file when the user is sure that he/she wants
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the 1indicated evaluations.

TCOMPOUT produces, after each file has been loaded to STENSOR,
the BLF files "KILLING1.BLF", "KILLING2.BLF", "KILLING3.BLF".

SYMBOLIC M,N,Z declares M,N,Z as the symbols for the component
of the tensors KT1, KT2, KT3 respectively.

(FUNS (...) ) declares that the tensor components are
functions of the variables (T,R,H,F) = (t,r,%,9), that 1s, the
programs deal with the general case of time-dependent Killing
tensors.

To use these programs, the following should be done.

1. Log-on the computer and start STENSOR by typing 'stensor'.
(LOAD CORD) for the coordinate version.

2. Load the file containing the necessary definitions, using
the LISP command (LOAD "KILLING.ONE"). The computer will
then produce the file "KILLING1.BLF", which must be loaded
to STENSOR using the command (RELOAD "KILLING1.BLF").

The file "KILLING1.BLF'" is presented 1in Appendix A5. A

similar procedure must be followed in the cases of the

"KILLING.TWO" and "KILLING.THREE" files.

3. To apply the program to a given metric you can do either
of the following .

3a. Enter the components of the particular metric using the
command (RPL GDD) with which you define the covariant
components of the metric tensor.

3b. LOAD a file that you have already created with all the
details of the particular metric (this 1s usually a very
useful and convenient way to proceed, especially 1f you
want to perform many calculations for this metric).

Then use the command (WMAKE KT1) and leave the rest to

the computer; similarly for KT2 and KT3. The SHEEP command
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WMAKE computes the individual components of a tensor and

also writes them explicitly on the screen.

For my purposes, a file containing all the information
about variables and metric components of the spherically sym-
metric Kimura space-times 1s needed. This file, with the name

"KIMURA.BASIC", 1s presented in Table 3.4.

Table 3.4

The listing of the file "KIMURA.BASIC"

% wxx KIMURA.BASIC ..
(VARS T R H F)

(FUNS (A T R (C T R))
(ON  NOZERO  DIAGONAL)

(RPL  GDD)

C$

-A$

-R"2 $

-R"2 * SIN(H)"2 %

The line element described in this file 1s of the form

ds? = Cdt? - Adr? - r?ds? - % sin’s d@z (3.5.2)

where, for the sake of generality, the metric components A and
C are denoted as functions of t and r. And, in fact, this file

can be thought of as representing any spherically symmetric
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metric, when specific forms of A and C are considered. In the
case of static spherically symmetric metrics, we must, of course,
think of A and C as functions of r only.

Killing vector equations for the above metric can be written
by the computer in fractions of seconds, when the files "KILLING.ONE",
"KILLING1.BLF" (produced by the tensor compiler) and
"KIMURA.BASIC" are loaded to STENSOR. These equations, as produced
by the computer, are presented in Table 3.5, where their right-
hand sides must be put equal to zero and MO’ M1, M2, M3 denote
the components of the Killing vector.

The corresponding results for Killing tensor equations

of second and third order are not presented here because of

the large number of equations involved.

Table 3.5

The listing of Killing vector equations

exy "KILLINGT.LAM"

wx
KT1gg = Mg 1 - A-1C’RM1 . c”c,TMU

KTlgq = Mg g + My 1 - A_1A,TM1 . C—1C,RMO

Kgp = Mgy + Moy

Kgs = Mg g+ M5 4

KT, = 2, o - A'1A’RM1 ; C_1A,TMO

KT1 1, = My o+ My o 2R_1M2

KT 5 = M1’F + M3’R - 2R—1M3

KTy = 2, s 2A‘1RM1

KT1,5 = - 2 cos(H)M, sin” T (H) + My e My

KT133 =2 COS(H)M2 sin(H) + ZMB,F + 2A_1RM1 Slnz(H)
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3.5.2 The generation of high order Killing tensors

As we have seen 1in Chapter 2, by using the Schouten-Nijenhuis
bracket for totally symmetric tensors we can have an algebraic
extension of the Lie algebra of Killing vectors. It has also
been proved that the Poisson bracket of the functions, on the
cotangent bundle, associated with these symmetric tensors 1s
directly related to their Schouten-Nijenhuis bracket. Thus
I shall use below the Poisson bracket of functions associated
with the Killing tensors of Kimura space-times, to give specific
examples of the Lie algebra extension and to obtain new Killing
tensors of high order.

The Poisson bracket of two functions u and . with respect

to the variables (xu,pu) 1s defined by
(yL) = — —= - — —/—, (3.5.3)

We need first to write a program where the Poisson bracket of
two functions 1s defined i1n a way understandable to the computer.
This program, written in the basic file "POI.DEF'", 1s presented
in Table 3.6.

It 1s worth mentioning that very little knowledge of STENSOR
1s needed to write down this program, since one does not even
need to know how to formulate the covariant derivative in STENSOR,
and yet the program 1s very general; "POI.DEF" can be used
with any metric! a fact that makes this program very useful.

The symbol DEFAULTDIMENSION'* must be explained. Since

we have passed now to the cotangent bundle which has coordinates
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Table 3.6

The listing of the program defining the Poisson bracket

of two functions

% ¥¥¥ POI,DEF *%*x
% The first file on Poisson brackets, using explicit evaluation.
(SETQ DIM (SETQ CODIM (SETQ DEFAULTDIMENSION'* 8)))
% Po1i Sson of Kappa and Iota:
(PDEF  PSKI)
< KAPPA ,0> < I0TA A4 > +
< KAPPA ,1> < I0OTA ,5 > +
< KAPPA ,2 > < IOTA ,6 > +
< KAPPA ,3 > < I0OTA 7 > -
< KAPPA ,4 > < I0TA ,0 > -
< KAPPA ,5 > < I0TA 1 > -
< KAPPA ,6 > < I0TA ,2 > -

< KAPPA ,7 > < I0TA , 3 >0 %

(TCOMPOUT  POI PSKI )

(xu,pu) we are, in fact, in a manifold with different dimension
from the original one. In particular, while the original manifold
1s 4-dimensional, the new one 1s 8-dimensional. We must therefore
indicate this to the computer. This 1s done by the command

(SETQ DIM (SETQ CODIM (SETQ DEFAULTDIMENSION'* 8))).

The symbol DEFAULTDIMENSION'* 1s a SHEEP symbol that should

have a positive value. Note that when one writes down the command
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TCOMP for a tensor, TCOMP declares arrays for this tensor as
well as for the tensors occurring in its definition. Therefore,
always set the desired dimension before TCOMPing! [24] .
The numbers 0,1,2,3 1n the program correspond to the xH
coordinates, while the numbers 4,5,6,7 correspond to the pu
coordinates. When we load this file into STENSOR, the tensor
compiler produces the file "POI.BLF" which will help the computer
to evaluate Poisson brackets in the future. The file "POI.BLF"
1s presented in Appendix A5. We are now ready to discuss
some particular examples.
The first case worked out 1n detail was case IIC of the
Kimura metrics

ds2 = Cdt2 - Adr2 - erSZ - r281n28d¢2

with C = a£1r2 and A = a;ZF—Z, where a, 1s a constant. The

two Ki1lling tensors of second order for this case are given

in Table 2.2, number 6, and are, after substitution of the above

values of A and C, the following

4
K = ZZE sl sl - Pt (6l6Tiean"8680) + Ly (r7ha,t?) ol
o g2 (W) WV VT 2 HV
2 2
(3.5.4)
Iz 2% 5] aer%(6%62 4 sinles’s]) 2:’t s*s? (3.5.5)
|SAY ag (u-v) U v TRy 32 u \)’ o

These two Killing tensors are associated with the functions

H = Kuvpupv and v = Iuvpupv on the cotangent bundle. The functions
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n and L have the explicit forms

TV 22 t5 22 202
w =K PPy = - Zazrtprpt t Pg - 5 p(p + (r +azt )pt
sin~ %
(3.5.6)
Ty ) 2 2t 2 2
L= I PPy = - 2a,rp p, - 2tpg - 7 Py 2a,tp} (3.5.7)

and they must be written in a way understandable to the computer
1f we want to command 1t to perform the required calculations.

First of all, since STENSOR accepts only capital letters,
particular symbols are needed for the eight coordinates (xu,pu)
and the constant a,. I have chosen the following symbols

2

(t,r,'s’(p’pt,pr’p&’p(p) = (T’R’H7F,V7P’Q’S)

while the constant a, 1s denoted by B. All the above information
on case IIC can be put into a new file which is listed in Table
3.7 under the name "POIKM&.DEF" (the number 6 1s the number
of the metric appearing in Table 2.1).

"Reading" the files "POI.BLF" and "POIKIM6.DEF" 1s all
that the computer needs 1in order to start the evaluation of

Poisson brackets! Thus, after "being" 1n STENSOR, we have to

type the following commands

STE > (LOAD "POI.BLF")
STE > (LOAD '"POIKIM6.DEF")

STE > (WMAKE  PSKI)



Table 3.7

The listing of the file "POIKIMé6.DEF"

% *** POIKIM6,DEF *x%

% The Poisson for Kimura case IIC with C = 82 T and A = a

(SETQ DIM (SETQ CODIM (SETQ DEFAULTDIMENSION'* 8 ) ) )
(VRS T R H F V P Q@ S )
(FUNS (B) )
(RPL  KAPPA)
-2 B R T P V - T°2 Q2-T"2 S"2 SINH)"(-2)
+ V2 R(-2) +B T2 V2 §
(RPL  IOTA )
-2 B R PV - 2 T Q2 -2 T 52 SINH)"(-2)

+2 B T v2 %

-1.2 -2
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and the computer will then evaluate the Poisson bracket of x
and v, namely, (u,.) = A. The answer that the computer gives
1s

PSKI = - 4BR2T2V - 4BS2T2V sin~2(H) - 8BZPRTVZ + 4B2p2R%y

2.2,,3

+ 4B%TA 4+ 4g%R7?

+ 4R_252V 81n_2(H)

that 1is,
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2 2 2 -2 2 2 2
(my,L) = X = - 482t PPy - 4azt sin Sptpcp - BaZrtprpt

22 2,23 4 2

+ 4a2r P p, + 4atp. + = pa.p. + 4 san~2
2 rt 2 t r2 ¥t I‘2

2
Spwpt. (3.5.8)

The function A can be thought of as the function, on the cotangent
bundle, associated with the symmetric tensor of third order
LUVM, that 1s, A = Luvupupvpn. The tensor "™ 1s a Killaing

tensor, since both K"V and 1"V are, and 1t has the form

2

AV YASTIRVIN'] t HeVeH 2 MoV oK
L = —aazt Gaézéz - 482 — 646363 - 882rt616a64
sin %
2 2. U VK 2,2 UV " 4 UV oK
+ 432r 616164 + 432t 6a6464 + ;7 626264
R R L (3.5.9)
2 2 37374 T
r sin §

So far, only one Poisson bracket has been evaluated, which
gives rise to a new Killing tensor of third order. This process,
however, can be continued and Killing tensors of higher and

higher order can be obtained from Poisson brackets in the follow-

ing way

(tyL) = X = Luvnpupvpn

(e0) = G, 0e,0) = = WY oo o)

Gesm) = Gt Gy (1,00)) = v = NV9A% o o pop

(£, = O, Cny G, O,00)0)) = 1= PRV o o o1p oo
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O, (e, (o, (1, (1,0))))) = p = RHVRAGBY

(n,m) PLPVP,PIPoPEPy

G, Gy Oty (n, Gty (e, 000)))) = o = sHVRAGBYS

(x,p0) PLPWPyPAPoPEPPs-

It 1s obvious that to do all these calculations by hand
1s extremely hard. There 1s, however, a very easy way of perform-
ing the above calculations on the computer. After STENSOR has
finished the job ordered by the command (WMAKE PSKI), we simply

ask 1t to RePLace IOTA by PSKI, that 1s, by A, by typing

STE > (RPL IOTA)

IOTA = : PSKI %

and ask 1t again to evaluate the new Poisson bracket (u,\)

using the command

STE > (WREMAKE PSKI).

And this process can continue for as long as we want'! In practice,
though, there are some restrictions imposed by the large storage
space required at very high stages of the calculation.

In this first case of Kimura metrics the following Poisson
brackets were evaluated:

1. (ML) = A

2. (,A) = (ty,(uyu)) =
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3.0 (uyu) = (e, (wy,(yl))) = v

4. (m,v) = Oy, (n,(ny(nyL)))) = m (60 terms)

5. (,m) = Oty Guy (e, Gty (wy0))))) = o (70 terms) and
6. (u,0) = Oty Oty Oty Gty Gey (y0)))))) = 0 (140 terms!)

The first five of them are presented in Appendix A6.

Three more cases of Kimura metrics have been worked out

as above.

)_1 and A = r'z(a rz +

* The case IIC with C = rz(a1r2 + a 1

2

where a1 and 82 are constants. For this case the file

"POIKIMS5.DEF", listed in Table 3.8, was created where the constants

a, and a, are denoted by D and B respectively.

The following Poisson brackets were evaluated:

1. (M,u) = A

2. (m,yA) = (uy,(y1)) = 1 (39 terms )

3. (vyn) = (my(my,(ty1))) = v (64 terms) and

4. ,v) = O, (u,(ny (uye)))) = (168 terms!')

The first three of them are presented in Appendix A7.
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Table 3.8

The listing of the file "POIKIMS,DEF"

% **¥% POIKIMS.DEF ***

% The Poisson for Kimura case IIC with C = rz(a r2 + a )—1 and

1 2
-2 2 -2

70 A = T (a,II‘ -+ 82> .

(SETQ DIM (SETQ CODIM (SETQ DEFAULTDIMENSION'* 8)))

(VARS T RHF VP Q@ S)

(FUNS  (B) )

(FUNS (D) )

(RPL  KAPPA)

-2 (D R2 + B) R T P V -T1°2 Q°2-T"2 52 SINH"(-2)
+ R(=2) Vv2 + B T2 V2 %

(RPL  IOTA)

-2 (D R2 + B) RPV -2TQ2-2T 52 SIN(H"(-2)

+ 2 B T v2 %

*The case III with C = 1 and A = (a1r2 + az)_j, where a,

and a, are constants. For this case the file "POIKIM7.DEF", listed

in Table 3.9, was created where again the constants a, and a,

are denoted by D and B respectively.



Table 3.9

The listing of the file "POIKIM7.DEF"

~Q

o ¥*% POIKIM7.,DEF **x

% The Poisson for Kimura case III with C = 1 and A = (a1

(SETQ DIM (SETQ CODIM (SETQ DEFAULTDIMENSION'* 8)))

(VARS T R H F V P Q S)

(FUNS  (B))

(FUNS (D))

(RPL  KAPPA)

7°2 (D R"2 + B)'3 P2 + 4 R T (D R2+8B) PVB(-1)

+7°2(D R"2 + B) B (-1) R"(-2) Q2

+ T2 (D R"2 + B) B"(-1) R"(-2) SIN(H)"(-2) 52

+R2 B*"(-2) (D R*2 + B)"(-1) V2 %

(RPL IOTA)

T (D R"2 + B)"3 P2 +2R (D R'2+8B) B (-1) P V

+ T (D R2 + B) B (-1) R (-2) @2

+T (D R2 + B) B(-1) R°(-2) SIN(H)"(-2) S"2 $

r24a )
2
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3




The Poisson brackets evaluated, in this case, are only

two:

1. (hyL) = A (31 terms)

2. (MyX) = (uy,(uyL)) = u (233 terms!'!)

for the obvious reason that a large number of terms 1s involved.
The first of them 1s presented i1n Appendix AS8.
-3 -6 .
*The case III with C = 1 and A = a,’T where a, 1s a
constant. For this case the file POIKIMB.DEF", listed in Table

3.10, was created, where a, 1s denoted by D.

1

Table 3.10

The listing of the file "POIKIM8.DEF"

S***POIKIMB. DEF ***

% The Poisson for Kimura III with C = 1 and A = a;3r—6.

(SETQ DIM (SETQ CODIM (SETQ DEFAULTDIMENSION'* 8)))

(VARS T R H F v P Q 9)

(FUNS (D))

(RPL KAPPA)

-4 T D(3/2) R3 P V - D(3/2) T°2 Q"2

- D°(3/2) T2 SIN(H)"(-2) S$°2 + D™(-3/2) R™(=2) V°2 $
(RPL  IOTA)

-4 D°(3/2) R3 P V - 2 D°(3/2) T Q"2

-2 T D(3/2) SIN(H)"(-2) S°2 %

174
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The following Poisson brackets were evaluated:

1. (n,L) = A

2. () = (i, (wyl)) =

3.0 Otu) = (O, (uye))) = v

4. (u,v) = (my(ny(ny(ny1)))) = (33 terms)

5. (M,ﬂ) = (n,(n,(u,(u,(n,L))))) = p (37 terms)

6.  (t,p) = Oy Oty (ny(y(ny(uy1)))))) =0 (73 terms)

and they are presented in Appendix A9.

3.6 CONCLUSION
The solutions of the equation [K,g] = 0, where K and g de-
note a Killing and the metric tensors respectively, are defined

as hidden symmetries [26]. This definition, together with the

interpretation of the Schouten bracket as the Poisson bracket
of functions, on the cotangent bundle, associated with symmetraic
Killing tensors, make possible the systematic search for hidden
symmetries in many physical situations.

Ki1lling tensors also identify solutions of the equation
of geodesic deviation. In spite of the importance of this equation
in the study of space-times, very few exact solutions of this
equation can be found i1n the literature because of the complexity
of the differential equations 1involved.

With the method proposed in this chapter, new Killing tensors
of high order can be evaluated, which lead both to an extension

of the Lie algebra of 1sometries and to new solutions of the
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equation of geodesic deviation. Moreover, the proposed method
is very simple and very general and helps enormously to overcome
the problems of the complicated calculations involved.

It must also be noted that the Lie algebraic extension
of the Lie algebra of Killing vectors may be finite or indeed
infinite. Since Killing tensors are symmetric tensors, there
1s no upper bound on the number of their indices, that is, of
their order, and so the extended Lie algebra does not have to
be finite-dimensional. The situation, however, 1s totally different
with antisymmetric tensors. Since in any n-dimensional manifold,
the upper bound in the order of an antisymmetric tensor 1s n,

the graded Lie algebraic extension [27] must always be finite.
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CHAPTER 4

ANISOTROPIC STATIC SPHERICALLY SYMMETRIC SPACE-TIMES

WITH KILLING TENSORS

4.1 INTRODUCTION

The concept of a spherically symmetric space-time has played

an important role in the theory of general relativity [1].

In the farst four decades of research in general relativity,

the overwhelming majority of exact solutions of Einstein's equa-
tions were obtained under the assumption of spherical symmetry
[2]. The exterior Schwarzschild solution [3], which provided
the decisive experimental verification of general relativity,

1s a well known example. We may also say that relativistic
cosmology and astrophysics were developed following the advance
of 1nvestigations of spherically symmetric space-times.

The physical as well as the mathematical properties of
these space-times have been thoroughly studied by many authors
and from various points of view. In particular, spherically
symmetric distributions of matter have been discussed as relati-
vistic models of stellar configurations, such as white dwarfs,
neutron stars (and their connection to pulsars), supermassive
stars (and their connection to quasars), black holes or relati-
vistic star clusters [4].

Most problems in astrophysical studies of such massive
objects have been 1investigated under the assumption of local
1sotropy. The existence of local anisotropy has not usually
been considered, mainly because of the complexity of the equations

involved. Recent theoretical works, however, on more realistic
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stellar models, suggest that superdense matter may be locally
anisotropic, at least i1n certain density ranges [5].

A complete theoretical understanding of the structure of
massive objects does, therefore, require a knowledge of the
possible anisotropic properties of dense matter, as a result
of which local anisotropy can no longer be neglected.

The theory of anisotropic spherically symmetric distri-
butions of matter will be presented in this chapter and the
physical properties of Kimura anisotropic static fluid spheres

will be studied.

4.2 ANISOTROPIC FLUID SPHERES IN GENERAL RELATIVITY

4.2.17 Anisotropic matter and Einstein's equations

Einstein's field equations connect the distribution of
matter and energy, described by the components of the energy-
momentum tensor Tuv’ with the resulting gravatational field,

described by the potential guv, and they have the form
= R - 1 Rg = 8nT * (4.2.1)
2 UV

where Guv 1s the Einstein tensor.

* Einstein's equations are, in this sense, analogous to Max-
well's equations a\)a\)AU = - 4WJU, with the energy-momentum tensor
Tuv serving as the source of the gravitational field in much

the same way as the current Ju serves as the source of the

electromagnetic field [6].



181

It 1s always very hard to find exact solutions of equations
(4.2.1) and the problem 1s made particularly difficult by the
nonlinear character of these equations *. Considerable simplifi-
cations can be introduced, however, 1f one 1s searching for
solutions of equations (4.2.1) that would correspond to an equili-
brium distribution of a fluaid.

Since the condition of gravitational equilibrium for a
fluid will, on physical grounds, be a static and spheraically
symmetric distribution of matter [8], we can choose Schwarzschild-
type or radiation coordinates (r,%,9,t) inwhich the solution
of equations (4.2.1) will be described by the line element

ds? = _ eMdr? - r2a9? - r2sinZsdo? + e’dt? (4.2.2)

where A and v are functions of r alone. (4.2.1) and (4.2.2)
then lead to the following expressions for the only surviving

components of the energy-momentum tensor

* Maxwell's equations are linear because the electromagnetic
field does not 1itself carry charge, whereas gravitational fields
do carry energy and momentum, and do therefore contribute to
their own source. That 1s, the nonlinearity of Einstein's

equations represents the effect of gravitation on itself [7].
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r A V! 1 1
BTTTr = - € (T + —2 ) + —2 W
r T

gn1Y - gn1® A oAV v’ VAT (4.2.3)

9 - @ - 2 7 4 4 2r e

t oA ! 1 1
BTTTt - e (T - —2) )

T N

where a dash denotes differentiation with respect to r.

If the matter 1involved in the distribution 1s by hypothesis
an anisotropic fluid, we can obtain a direct connection with
the properties of the fluid by making use of the general expres-
sion [9]

™

U

Vo TRV v TRAY
= <QL +p)uu’ - p g+ (P -PIXX (4.2.4)

M 1s the velocity of the matter and XLl 1s a space-like

where u
vectof satisfying XUXH = -1, Then the spherical symmetry implies
that (in canonical coordinates) the energy-momentum tensor TS

1s diagonal*, that 1is, TS = dlag(—pr,—ps,—p@,p), and, moreover,

that Py = pcp which will be denoted by P, - The only surviving

components of the energy-momentum tensor are therefore

* In general, a fourth nonvanishing component would appear

written in covariant notation as TM = T41, but with the choice

of canonical coordinates we can make 1t vanish. Since T14 18

the density of momentum for the observer involved in the choice of

coordinates , the requirement TM = 0 means that the motion

of the observer 1s the mean motion of the matter [10].
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r _ ¥ _ ;o _ t
T =-p, T Tcp =-P, and Tt = p. (4.2.5)

Without further specifications about the relations between
P Py and p this form 1s completely general. The quantities
PL and p, can contain contraibutions from fluid pressures as
well as other stresses. In the following we shall always call

P. the radial pressure and P, the tangential pressure; p is

the density of the matter.
For the line element (4.2.2), Einstein's equations (4.2.1)

become, after substitution of the expressions (4.2.5)

- 1
8Trpr - e A (%? + ;%-) ——%? A
r T
-A V" PRAVA v‘z V=AY
Brp, = et (G - AL v v ’ (4.2.6)
8mp = e-x (%; - ;%) + ;%—.
r T

The differential equations (4.2.6)* relate the unknown functions
A and v,appearing in the line element (4.2.2), with the pressures
PL and P and the density p of the fluaid.

Thus, we only have three structure equations for the five
unknown quantities A, v, pr, PL and p (as functions of r).

The problem will hence beccome determinate as soon as we introduce

* Note that the only difference between equations (4.2.6) and

those describing isotropic spherically symmetric matter 1is that

P P,
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two further independent equations corresponding to some additional
hypotheses as to the nature of the fluid. From a physical point

of view, 1t seems most natural to introduce these additional

hypotheses 1in the form of equations of state, p. = pr(o) and
P, = pi(p) describing the relation between the pressures Py
and Py and the density p of the fluid under consideration¥*.
When solved, these five equations (that 1is, equations (4.2.6)
plus the two equations of state) will give us a solution of
(4.2.1) which, however, may not be physically interesting or
even physically possible. Nevertheless, having obtained an
explicit solution, it becomes relatively easy to examine the
implied physics and check 1f it has a character that could be
expected for actual fluids [8].

Equations (4.2.6) can be used to construct an equivalent
set of structure equations which are easier to handle and more
useful for applications.

Integration of the third of equations (4.2.6) gives

eh g m (4.2.7)
T
where
T 2
m(r) = J 4mrp(r)dr (4.2.8)
0

* In general, P and Py will depend on additional variables

(such as entropy, magnetic fields, etc.) in which case further

equations determining these will be needed.
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1s the mass 1inside a sphere of radius r as seen by a distant
observer,
From (4.2.6) the following equation for the gradient of

the radial pressure P. can also be obtained

2
= (pl -p). (4.2.9)

\)(pr+p)+r c

It must be noted, however, that there 1s no equation governing

the gradient of the tangential pressure. The second term in
(4.2.9) 1s the only term 1in the structure equations which contains
the tangential pressure explicitly.

The first and third of equations (4.2.6) can be used to

show that
] m + Aﬂerr
7\) = m . (&.2.10)

This expression reduces to the familiar formula

(4.2.10N)

in the Newtonian lamit.

In most studies of stellar structure, one replaces equation

(4.2.10) by the equivalent equation

3
dp (p_+p)(m+amr’p_)
r__ _r I L2 p)x (4.2.11)
dr r(r-2m) r "L r .
* In the 1sotropic case with P, =P, =P, equation (4.2.11)

reduces to the Oppenheimer-Volkoff equation of hydrostatic equilibraium.
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In the Newtonian limit, equation (4.2.11) has the form

.. oom, 2

— = ;z . (pJ_ -p) * (4.2.11N)

r
The anisotropy term 1s, therefore, of Newtonian origin, at least
in the particular case of spherical symmetry.

Thus, finally (4.2.7), (4.2.9), (4.2.10) and the equations
of state can be used to solve the problem of determining A,
v, pr, Py and p as functions of r. A solution of these equations,
however, and the consequent construction of a stellar model
are possible only when certain boundary conditions have been

imposed, as follows.

B,: We require that the interior of any mass distribution be
free of singularities, which imposes the condition m(r) - O
as r » 0. Equivalently, we require A - 0 as r - 0 to ensure

that the metric 1s nonsingular at the centre.

* Compare two stellar models, one relativistic and one Newtonian,
which at a given radius r have the same values of P pl_, o)

and m. Then, from equations (4.2.11) and(4.2.11N) we can see
that general relativity predicts stronger gravitational forces in
a stationary body than does Newtonian theory. These forces,
among their other important effects, can pull certain white-
dwarf and supermassive stars into gravitational collapse under

circumstances where Newtonian theory would have predicted stable

hydrostatic equilibrium [4].
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B,: The pressures pr and Pi and the density p must be everywhere
defined inside.
B.: Assuming that p. 18 finite at r = 0, then from (4.2.6)
we have V' - 0 as r - 0. Therefore, the gradient dpr/dr
will be finite at r = 0, only 1f (QL - pr) vanishes at
least as rapidly as r when r - 0, as can be seen from (4.2.9).
B,: The radial pressure vanishes on the outer boundary. Thus
the radius R of a stellar model will be determined by the
condition pr(R) = 0* (note that the density and the tangential
pressure do not necessarily vanish on the outer boundary).
B.: Outside our spherical distribution of matter, space 1is
empty so that 1t 1s described by the exterior Schwarzschild
metric, that i1s, an exterior vacuum Schwarzschild metric
1s always matchable to our interior solution across r = R
as long as pr(R) = 0, even though pi(R) and p(R) may be

discontinuous.

* As 1n 1sotropic models, the inclusion of an "atmosphere"
will result 1in complications since, if an atmosphere 1is included,

we should require pr(R) = Pph the "photospheric'" pressure.
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4.2.2 Bondi analysis for anisotropic matter

Bondi's method used 1n his analysis of 1sotropic gravitating
spheres [11] has been generalized by Bowers and Liang [12] to
include the case of locally anisotropic matter. New variables

have been introduced as follows

u(r) = m(t) (4.2.12)
r
v(r) = anrzpr (4.2.13)
p, =P
x4+ T (4.2.14)
DI‘

where x, the fractional anisotropy, is 1in general a function

r
of u, v and r, and again m(r) = j anrzp(r)dr. Then, equations
0

(4.2.7) and (4.2.10) become respectively

e =1 - 2u (4.2.15)
1 dv _u+ v
5T 3 =T —= (4.2.16)
and equation (4.2.9) reduces to the form
dv
1dr (1 -20)(x5 - o) (4.2.17)
T du ~ HCu, v, x) T
Also, equations (4.2.8) and (4.2.12)-(4.2.14) 1mply that
) (&8
4mrTp = u 3 (4.2.18)
v
(5= - a)
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The functions a, B and H are defined by

Hz2v(1 = 20)(1 + x) = (u + v)? (4.2.19)
u + Vv

as- SV (4.2.20)
v (5 -2u-v) 2vx

B = - G (,I _ ZU) - U . (4-2.21)

Note that o 1s independent of x and that the above equations
reduce to Bondi's equations for 1isotropic matter, when x = O.

The expressions defined above will be used to divide the
(u,v)-plane 1nto several regions of interest. The construction
of curves 1in such a plane was first discussed by Bondi for the
case x = 0. The introduction of anisotropy results only 1in
quantitative shifts of these curves.

When H vanishes, that 1s, when 2v(1-2u)(1+x)-(u+v)2 = 0,
we obtain a hyperbola H in the (u,v)-plane (see Fig. 4.1).
Inside the hyperbola H 1s positive and outside 1t H 1s negative,
that 1s, the curves H(u,v,x) = 0 divide a given model into
a core H > 0 and an envelope H< 0. for x = 0, the hyperbola

1 1

_ - 1 -1 -1 - -
H touches u = 0 at v = 0, u = M at v = 7 and u = 5 at v =

When the denominator of (4.2.18) vanishes, that 1s, when

N —

(1-2u) %%HPU-FV = 0, we obtain, on integration, the family of

parabolae
v = vA(1 - 2u) - (1 - u). (4.2.22)
They all pass through u = %, vV = - % and apart from the line
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corresponding to A = 0, they all touch the line u = % at this
point. These parabolae correspond to surfaces of constant v

and 1infinite density and thus represent thin mass shells. Their

position in the (u,v)-plane 1s unaffected by anisotropy. The
position of the H-curves, however, in the (u,v)-plane 1s clearly
determined by the amount and the nature of anisotropy [12].

For x >0 & QL> P such a curve 1s shifted away from the
v-axis and intersects the curves (1—2u)gﬁ + u + v = 0 corresponding
to larger values of the constant A, For x < 0 < pi'< p. we
have the opposite result. Note that the boundary condition x = O
at u = v = 0 guarantees that H = 0 always passes through the

origin, independent of the form of x.

\ N\ H<O

Figure 4.1. Bondi diagram of the (u,v)-plane.

Anisotropic case. (Bowers-Liang, 1974).
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What Bondi does in his analysis is to draw and study the

permissible curves which start at the centre and end on the

surface of the sphere corresponding, for example, to a star.
Every equilibrium configuration 1s thus represented, for a given
equation of state and, in the anisotropic case, for given x,
by a particular permissible curve in the (u,v)-plane which starts
in the core and finishes in the envelope.

Moreover, making the assumption that the quantities P
P, and p are finite at the origin and non-negative everywhere,
u=>0and v 2 0 and thus every such curve lies in the first
quadrant of the Bondi diagram. The surface condition P.= 0
implies that the curve returns to v = 0, except for infinite-
radius models, and 1f p = 0 at the surface, 1t also meets the
u-axis tangentially.

Every permissible curve moves towards non-decreasing values
of A in the core (H > 0), crosses H = 0 tangentially at a
A = constant curve, and moves towards non-increasing values
of A 1n the envelope (H < 0).

Finally, the largest possible value of u, on the assumptions
P >0, p >0, 1s obtained for a model whose curves rise as
rapidly as possible 1in the core and descend as gradually as
possible in the envelope. This corresponds to a model with
as high a pressure and as low a density as possible in the core
and a thin infinite-density mass shell for an envelope. The
maximum value of ug at the surface has been evaluated by Bond:
[13] 1n the isotropic case to be ug ~ 0.485.

And with this we conclude our discussion on the theory

of the anisotropic fluid spheres.
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Before we go on to the next section, however, it must be

mentioned here that the static anisotropic fluid spheres are

not widely studied 1in general relativity, while the non-statac
ones have more often been discussed. Herrera, Ruggeri and Witten
[14], for example, studied such non-static anisotropic spheri-
cally symmetric distributions of matter. They managed to find
solutions corresponding to some strange anisotropic spheres
sustained only by transverse stresses (pr = 0, Py = p(p Z0),
which have already been considered by Lemaitre [15]. In their
analysis, they followed the above presented method of Bowers
and Liang, which, however, 1s restricted to static solutions
only; although their results are presented as physical, they
are dependent on the highly i1dealized structure of the used
model.

Among the few examples of anisotropic static spherically
symmetric solutions are the interior Schwarzschild solutions
presented by Florides [16] and their charged generalizations
given by Mehra [17]. In both cases, the component T; of the
energy-momentum tensor vanishes, while Tg = T$ Z 0.

Letelier [18] also studied anisotropic static fluids as
sources of the gravitational field under the assumption that
their energy-momentum tensor 1s the sum of two tensors representing
the energy-momentum tensors of an 1sotropic or a null fluid.

The lack of specific examples of anisotropic static spherically
symmetric solutions of Einstein's equations 1in the literature,
together with the fact that the massive spheres of Kimura are
both static and anisotropic, was the motivation for the study

of their physical properties, which are presented in the next section.
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4.3 THE STUDY OF KIMURA ANISOTROPIC STATIC FLUID SPHERES

4.3.1 Physical properties and stability conditions

We now turn to the Kimura space-times where the metric is

written as

ds? = - A(r)dr? - rlde? - r281n23d¢2 + C(r)dt2 (4.3.1)
and where we may have to examine the functions

A=1nA and v = In C
for singular behaviour. The physical properties of these space-

times will be investigated in what follows.

The components of the Einstein tensor in this case are

given by
S R e \
T 2 rAC 3r 2
A
GS oo . 1 9A 1 9dA 3C 1 ( aC )2
9 ® AZ ar aAZC or dar AACZ ar
2
17 aC 17 3°C
STAC 3¢~ 2AC . 2 f (4.3.2)
ar
b L, 1 A 1
t r2 rA2 r r A

and so, clearly, the Kimura metrics represent static spherically
symmetric distributions of matter which are anisotropic.
One of the most important features of Kimura space-times

1s that they all possess irreducible Killing tensors of second
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order. It 1s worth looking, therefore, to see 1f the Killing
tensor criterion can function as a constraint on solutions that
correspond to interesting matter tensors, and so relate the
problem of hidden symmetries to physical characteristics of
space-times. Thus, some features of the matter tensors involved

must be described. Using Einstein's equations G: = BWTS with

u

T\):

dlag(—pr,-gi,—gL,o) the radial and tangential pressures
and the density of the fluids can be found as functions of r.
In some cases the possible existence of a cosmological constant

1s examined. Obviously then, Einstein's equations must have

the form

1
Ry~ 3 Rguv + NAg = SwTuv (4.3.3)

uv
where A denctes the cosmological constant*.

The Bondi variables u, v, x and H, related to P
Py and p, are also evaluated and discussed.

The expressions for the pressures and the density of the
fluids are used to produce the equations of state p_ = pr(o)
and p, = p,(p).

The radius R of each fluid sphere 1s evaluated from the
condition pr(R) = 0, while the mass inside the sphere of radius
r 1s found as a function of r using the expression (4.2.8).

The stability of the spheres 1s also a problem of importance.
The gravitational mass M of every sphere, as determined in the

Newtonian far field, 1s evaluated by the condition

* The cosmological constant was first introduced by Einstein

in 1917 [19].
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m(R) = M. (4.3.4)

Then, the following criterion of stability must be satisfied,

1f the fluid sphere under consideration i1s to be thought of
as representing the interior of a star (for a proof see p. 220,
Stephani [20]).

A spherically symmetric star can only exist in a state
of stable equilibrium (that 1s, can only compensate 1ts own
gravitational attraction with a finite pressure) 1f 1ts mass
M and 1ts radius R satisfy the inequality

ZT‘M 5 (4.3.5)

Nelfes}

Note that this criterion 1s valid for any equation of state
and that 1ts proof covers the anisotropic case as well as the
1sotropic one. In both cases, the expression (4.2.8) defining
the mass m(r) as a function of r, and the condition of a vanishing
radial pressure at the surface, from which the radius R 1s obtained,
are the same.

The 1nequality (4.3.5) expresses the fact that a star of
fixed surface area 1s only stable as long as 1ts mass lies below
a critical mass. A star whose mass transgresses this limit
must 1inevitably collapse into 1tself as a consequence of 1its
gravitational attraction which will then be too strong. Thus,
we can comment that while in the linear Newtonian gravitational
theory a predominance of the gravitational force can be compensated

by a contraction and the associated finite increase i1n pressure
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or by additional forces, in the non-linear Einstein theory a
pressure increase or an extra force acts, via the energy-momentum
tensor, to increase further the strength of the gravitational
field above the critical mass (4.3.5).

Moreover, the inequality (4.3.5) can be immediately trans-
lated into a statement about the redshift of spectral lines

from the surface of any star

z = (1 - & -1 (4.3.6)

and thus 1t imposes on z the upper limit z < 2, that 1s, the
redshift of a light signal coming from the surface of a stable
star has the maximum value Z ax = 2.

Bowers and Liang have shown 1n their paper [12] that
anisotropy with x > 0 (x < 0) results 1n an increase (decrease)
of the maximum equilibrium mass and surface redshift in comparison
with the corresponding isotropic values. They have also proved
that 1in realistic situations the increase in the surface redshift
w1ll probably be of the same magnitude as the amount of anisotropy
incorporated, independent of the details of the model, and 1in
particular that an i1nfinite anisotropy permits an infinite value
of the surface redshift (that 1s, x - «, then z - =), 1ndependent
of the equation of state or form of anisotropy.

Finally, 1t should be mentioned that the well known Tolman-

Ehrenfest formula for the thermostatic equilibrium of i1sotropic

matter [21]
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T Uy = constant (4.3.7)
where T 1s the proper temperature of the matter, can also be
applied 1n the case of anisotropic matter, and thus 1in Kimura
fluid spheres, to describe the temperature distribution at equili-
brium. A proof of this result is given in Appendix A 10.

In what follows, selected Kimura cases, including Einstein-
like, de Sitter-like and anti-de Sitter-like line elements, are
presented and the physical properties of the fluids involved
are examined. Most of these models are proved unphysical.

Some of them, however, have been found stable and thus they

can very well represent interiors of stars.

£2r—2 and C = a£1r2, where a,

The pressures and density of the fluid are

6. A - a 1s a constant,

2
N
T 8mr 8
382
= ——Z = tant
P, = g5 = cons

2
5= _382
8ﬂr2 87

Clearly, the constant 38% can be interpreted as a cosmological

constant, that 1is, A:Bag > 0.

The corresponding Bondi variables are given by
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1 22
U=z 1 - a,r )
1 2 2
V-5 (1 - 3ayr )
X:—Z—-—;—, X<>O for I‘<>—1—
Sa,r” - 1 V382
4 4
H = ZaZr > 0 for all r, so the model consists of a core.

The equations of state are

P+ 0 = 0
P, +p = S
N =
8ﬂr2
The radius of the sphere 1s R = a , a, # 0.
2
V382

The mass 1nside the sphere 1s given, as a function of r, by
ng) and the mass M of the sphere 1s M = 1 .
}/382

m(r) = % (1 - a

Since %g = % < g 1t follows that this model 1s stable, and

thus 1t can represent the interior of a star. The apparent
singularity of the metric at r = 0 1s only a coordinate one

since g = - a rA81n28 1s not singular at r = 0. Moreover, the

2

surface redshift was evaluated to be z = 0.73 < 2, as expected

for a stable model.

1

The pressures and density of the fluid are

+a,) and C = 1, where a, Z 0 and a, are constants.
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p. = - _1_7 + ! (a r2 + a )3
r 8nr 8mr 1 2
R
PL = g7 ‘HF * &
o = a L (a r2 + a )3 681 (a r2 + a )2
= - - gT -
8nr2 8ﬂr2 1 2 8 1 YA

The corresponding Bondi variables are given by

% [1 - (a1r2 + 82>3]

u =
] 2 3
V-3 1 - (aqr + az) ]
2 3
. Ba1r (a1r + 82) - (a1r + az) + 1
- 2 3
(aqr + az) -1
2 5
H = 3a,r (a1r + 82) .
The equations of state are
6a
L a2
P, * p = - = (a1r + 82)
1 2 3 0% 2 2
P, + P = 5 - 5 (agr7 + az) - T (a1r + 82) .
8mr 8Tr
‘ 1-a
The radius of the sphere i1s R = 5 , 8y Z 0 and a, Z 1. The
1

mass 1nside the sphere 1s given, as a function of r, by
m(r) :.; [1-(81r2+32)3] and the mass M of the sphere i1s M = Q!
Thus, this model cannot represent the interior of a star. Note,

also, that there 1s a genuine singularity of the metric at r =,/- T -
1
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8. A= a;}r—6 and C = 1, where a, 1s a constant.

Since this model is a special case of 7, for a, = 0, 1t 1s not

2
expected to represent the interior of a star. And this 1s in
fact the case, since again M = 0! Note, also, that there 1is

a genuine singularity of the metric at the origin.

10. A =401 - a,lrz)_1 and C = 1, where a, # 0 1s a constant.

The pressures and density of the fluid are

p__3_81
T 32nr2 32m
4
P = - 357 = constant
321t s2m

The corresponding Bondi variables are given by

1 2
u=g (3 + a,r )
1 2
v=-3 (3 + a,r )
X = - > 5 X <0 for r > /- El
a
3 + a,r 1
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The equations of state are

o8}

1
Pr P = &
N B
L 32nr2 Tém

The radius of the sphere is R = /- , a, < 0.

mlu

The mass 1inside the sphere 1s given, as a function of r,

by m(r) = % (3 +a rz) and the mass M of the sphere 1sM = 0!

1

Thus, this model cannot represent the interior of a star.

2 + 4)-1 and C = 1, where b, # 0 1s a constant.

11. A:(bl‘ 0

0

(Einstein-1ike).

The pressures and density of the fluid are

p_. = > + -
r 8nr2 8
bO
P, = B - constant
.3 ™
p = - T 81
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The corresponding Bondi variables are given by

3 1 2
u_-—2-(3+b0r)
V:%(3+b01‘2)
3 + bOr2

2 2
H = bUr (4 + bor ).

The equations of state are

co-.0
Pr* P = "%
ol 3 ®g
N - S
8nr 4m
The radius of the sphere 1s R = /- éi , bD < 0.
0

The mass inside the sphere 1s given, as a function of r, by

m(r) = % (- 3 - bUrz) and the mass M of the sphere 1s M = Q!

The model cannot represent the interior of a star. Note, also,

that there 1s a genuine singularity of the metric at r = /- ét.
0

z + 4)_1 and C = b r? + 4, where b, # 0 1s a constant.

14. A = (b,r 0 0

0
(Anti-de Sitter-like).

The pressures and density of the fluid are
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P. = : + -
r 8nr2 8m
3b0
P = g7 - constant
.3 o
p= - al-ralt

The similarity of these expressions to the corresponding ones of
case 11 1s obvious and thus the model 1s expected to be unphysical.

And 1ndeed it was found to be so, since in this case the radius

of the sphere 1s R = /- % and its mass is M = - /- % . For
0 0
R to be a real number we must require b0< 0 and then M < O,

which 1s a very unphysical result. The model cannot therefore
represent the interior of a star. Note, however, that the apparent

singularity of the metric at r = /- %— 1s only a coordinate
0

one, since g = - rasinZQ is not singular for this value of r.
15. A=-+andC = 1

. =7 =
17. A =4 and C = 1

These two cases are treated together because of their apparent
similarity. In both cases, the radial pressure P of the fluad

involved vanishes as ~ 17-, and thus the condition pr(R) =0
r

1s not true. Obviously, these models cannot represent interiors

of stars.




16. A = 4(1 - 21,'1:2)_1 and C = 1 - a,

(de Sitter-like).

The pressures and density of the fluid are

r 3ome? 22T
3a
QL = -3 T constant
3
P = 2 " 37w

Clearly, the constant - 331/4 can be inter
constant, that 1s, A = - 381/4.

The corresponding Bondi variables are give

1 2

u=g (3 + a,r )
3 2
V-3 1+ a,r )
X = = ! , X 2 0 for 3> /-
1 + a1r

12 2

H = T 3T (281r - 3).

o
+
je]
1l
o

+
©
1
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r2, where a, # 0 is a constant.

preted as a cosmological

n by
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The radius of the sphere 1s R =/ - % y 8y < 0. With the require-
1
ment a, < 0, the cosmological constant 1is positive and also

1

H > 0 for all values of r, so the model consists of a core.

The mass 1inside the sphere 1s given, as a function of r,

by m(r) = % (3 + a rz) and the mass M of the sphere 1s

1

N M_1 8
M = 2l 81 . Since R 3 < 5

1s stable, and thus 1t can represent the interior of a star.

it follows that this model

Moreover, the surface redshift was evaluated to be z = 0.41 < 2,

as expected for a stable model.

4.3.2 Optical characteristics

When studying the optical characteristics of a static medium,

one usually starts with the form of the metric

ds2 = - d02 + detz (4.3.8)
with
4o’ = gabdxadxb (a,b = 1,2,3) (4.3.9)

where 9.6 and f are 1ndependent of time * .

* Only 1n these circumstances 1s there a close formal resemblance

between the equations which follow and those of the familiar
optics, mainly because then one has to deal with a theory which

1s only three-dimensional.
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Then, Fermat's Principle [22] can be written as*

5 J’A 1 dg = 0 (4.3.10)
A

for variations with fixed end points A and A'.

If x? and x'? are the coordinates of the points A and A'
respectively, the value of the integral appearing in (4.3.10),
taken along the extremal which joins A and A', 1s the point

characteristic V(x'1,x'2,x'3; xq,xz,x3) of the medium, that

1s,

'

V(X'1,X'2,X'3;X1,X2,X3) :J f-—1 dO'. (4.3.11)
A

The point characteristic V of a medium 1is thus defined to be

the optical length of the ray (appearing in Fermat's principle)
between two points considered as a function of their coordinates.
It 1s important to note that this function V 1s defined by the

medium.

* Fermat's Prainciple, known also as the principle of the shortest
optical path, asserts that the optical length of an actual ray
between any two points A and A' 1s shorter than the optical
length of any other curve which joins these points and which

lies 1n a certain regular neighbourhood of 1t. (By a regular
neighbourhood we mean one that may be covered by rays in such

a way that one and only one ray passes through each point of

1t.)
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From equations (4.3.10) it follows that V satisfies the
pair of simultaneous differential equations

-2

g0 v v, = 005 g0V Y L= P (4.3.12)

b~ ,b'
where subscripts a,a' following a comma denote partial differentia-
tion with respect to x% and x'a. Once V is known, the covariant

unit tangent vectors ua(x) and ua(x') to the ray at A and A'

are gaven by
ua(x) = F(x)V’a; ua(x') = f(x')V’a,. (4.3.13)

To solve equations (4.3.12) for the case of spherically
symmetric space-times, following Buchdahl [23], we write the
line element as

ds? = - p2dr? - 12(d8? + s1n?8de?) + Fldt? (4.3.14)

with f and p being functions of r alone.

For any pair of terminal points A and A' we further imagine
the coordinate system so arranged that both points lie in the
equatorial plane. Then, the ray joining these points will also
lie entirely 1n this plane, and we may set d¢ = 0 1n (4.3.14).

A and A' have spatial coordinates (r,%) and(r',%') respectively.

Equations (4.3.12) now become, 1n an obvious notation,

“2, 1.2 202 -2
p (P)V’r +T V,$ = f “(r)

) ) ) (4.3.15)
P VA s (e VR, = f2
iy v

’

(r').
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The complete integral of (4.3.15) may be obtained by separating

variables. After some calculations we end up with
T2 2202
V = | p(f = - ar 7)) "“dr + a(9' - 9) (4.3.16)

where a 1s an arbatrary constant satisfying the equation
aV

" " 0, that 1is,
T 2,2 2.-2,-1/2
0 =-a j T (f - -ar ") dr + (' - 9). (4.3.17)
r

Using (4.3.17) we can rewrite (4.3.16) as follows

r!
Vo= j pf’z(f‘2 - azr_z)_1/2 dr. (4.3.18)
T

It 1s convenient to put &' - % = ¢, so that

r'
v - aj 2 2o 2 _ a2y 2y, (4.3.19)
r

The point characteristic V 1s thus given by equation (4.3.18),
the constant a(r,r',¥), which occurs 1n 1t, being determined
by equation (4.3.19).

If now the 3-dimensional metric d02 1s conformally flat,
that 1s, 1f 1n suitable coordinates there exists a function

q2 such that we can write
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do? = 2 {(ax )%+ (dxD)?% + (dx)?} (4.3.20)
then (4.3.8) becomes

ds? = - ?{(dx % + (dxD)? + (dx)?} + Fdt? (4.3.21)
and the refractive index of the medium can be defined by

N(x1,x2,x3) = % (4.3.22)

When q = f, N = 1 and ds2 as a whole 1s conformally flat and
the light cone 1s conformally invariant.

In the case of a spherically symmetric space-time, (4.3.21)
has the form

ds? = - qz{dr2 + r2a9? 4 r281n28d¢2} + a2, (4.3.23)

The form (4.3.23) of a spherically symmetric metric 1s the so-
called i1sotropic form. Historically, the isotropic form of

the metric was first studied by Einstein and Strauss[24] for
the general, not necessarily static, spherically symmetric case.
Tolman [21] introduced a new variable r' 1n accordance with

the equation

dr_ _,dr (4.3.24)

which, when substituted in (4.3.14) and after dropping praimes,
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gives the metric in the form (4.3.23). He also worked with

the general non-static case. His proof, however, 1is not correct
because, as Wyman [25] pointed out, the right-hand side of (4.3.24)
1s not a perfect differential when p 1s a function of t also.
Kustaanheimo [26] attempted a new proof for the transformation
leading to the 1isotropic form of the metric, which for the static

case reduces to

dr _ %§ and df = dt. (4.3.25)

r

The transformation (4.3.25) will be used in what follows
to obtain the isotropic form of certain Kimura metrics. In

this case, (4.3.14) and (4.3.1) give

and thus the transformation needed 1s

Q.
s |8

- /R %§ and df - dt. (4.3.26)

The refractive index of the corresponding media will be evaluated
using (4.3.22). But before that, the point characteristics

of those media will be evaluated using (4.3.18) and (4.3.19).



211

Point Characteristic

-1.2

6 A= a, r ~and C = a, r, where a, 1s a constant.
In this case p = a;r_1 and 2 - a£1r2’ and thus
r' r'
2 2.1/2
r r T (az - a")
_ 2,-1/2 Jr' -
Vo= (82 -a’) {i r'rj}
the constant a being determined by
r' r'
V- a j I B NV j adr )
r r rZ(a ~ a2)1/2
2 2
-1 2,-1/2 [r' -
Vo= aa, (a2 - a") {: T }-.
-3 -6
8. A = a,’r and C = 1, where a, 1s a constant.
In this case p = 21'1-3/21'_3 and f2 = 1, and thus
r' r'
) 2,2 2.-2.-1/2 dr
V= J pfo(f " —atr ™) dr = J 3772, 7 2172
r r a’’r (r® - a%)

Put r =acoshy—> y= cosh™’

r2 - 32 = a2 81nh2 y, so that

, then dr = a sinh y dy and

(AR



r'
dy
V = J = [tanhy]
B/Zazcoshzy 3/2 2

1 -1 r.,qr'
;WTQZ [tanh(cosh -a- )]I‘ >
1
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- ' -
Vo= 313/2 -2 {tanh(cosh™ %;) - tanh(cosh ! g)}
the constant a being determined by
r' r'
_ -2, -2 2 -2.-1/2, dr .
Y - a j r “p(f° -ar ") dr = a J YR, 5777
r roa;’’r (r® - a%)
working as above we have
1 ™ 4 1 2
_ Y _ r
b= 3753 ] i 3753 [tanhy(sech”y + 2)]r >
a,’ a r cosh'y 331 a
- ' _ 1
Y = 3a 13/2 -2 {[tanh(cosh™ §~)][Sech2(cosh ! g—) + 2]
- [tanh(cosh-1 g)][sechz(cosh_1 g) + 2]} .
15. A :-1 and C = 1
. 7 .
In this case p = %—and FZ = 1, and thus
rl rl
Vo= { pf_z(f z . azr_z)-1/2 dr = j % dr
T T (1 - __)1/2
r
1 2 2.1/2
=5 (e -a™) "] 2
Vo= 1 {(F,Z _ a2 1/2 ( 2 2)1/2}
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the constant a being determined by

r' r'
Y = a f r_zp(f_z - azr_z)_1/2 dr = ; j dr
T r r(r° -

Put r = a cosh y, so that

w_ljr'_dL

T2 cosh y
2dt 1 + t2
Put also t = tanh X, then dy = and cosh y = ,
2 2 2
1 -t 1 -t
so finally
o dt -1,41' -1 r'
v = J = [tan™'t]T = [tanh™'(tanh 2)1% =
2 r 2°°r
r 1+t
- - ! — —
Y = {tan 1[tanh(% cosh™ g—)} - tan 1[tanh(% cosh™] g)]}.
7. A =4 and C = 1.
In this case p = 2 and f2 = 1, and thus
T2, 2 2.-2.-1/2 T' ordr 2 2.1/2q1
V = pf “(fF~ - ar 7) dr = = [(r" - a%) e
2 2.1/2 r
r (r= - a”)
T S L SO !
the constant a being determined by
r' r'
V=:a r_zp(F_Z ~ aZF—Z)—1/2dr - 74 ( dr
J 2 2.1/2
r r r(r” - a%)

Put again r = a cosh y, so that
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and also t = tanh %, so finally

Tgt -1 .1 -1 r'
V=4 j 5 = 4[ tan y]r = 4[tan” (tanh %)]r
r 1+t
Vo= a{tan_1[tanh(% cosh™! g—)] - tan—1[tanh(% cosh™ ! g)]}.

Isotropic coordinates and refractive 1index

_21‘_2 and C = a£1r2, where a, 1s a constant.

In this case the transformation (4.3.26) becomes

dr 1 dr - 1
——:ﬁT r:exp[—a—r]
dr 2 2
>
dt = dt t =t
The 1nitial metric
2 1 2 2,2 2 2 2 r2 2
ds” = - —— dr - rdé¢ - rsinddp + — dt
a,T 2
2
can be written in the isotropic form
ds? - - 1 (dt? + 0 2ds? & 5281n28d@2] e dt?,
2-2 -2 3 -\2
a,T (1n 1) az(ln T)

The refractive index of the medium 1s then given by

1/2
N = 22

e}




8. A= afr_6 and C = 1, where a, 1s a constant.

In this case the transformation (4.3.26) becomes

dr _ dr r = exp[- ! ]
- /23T 38372r3
1 5 1
dt = dt t - t.
The 1nitial metric
ds” = - —— ar’ - r’dy’ - rPsin’8dg” + dt’
811‘

can be written i1n the i1sotropic form

2 1

ds® = - [dF% + 2 492 4 5281n28dm2]+dt2.

3/2
1

2/3

232>/ 210 T)

The refractive index of the medium 1s then given by

1

?/2ln E)1/3 :

r(3a
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15. A = % and C = 1.

The transformation (4.3.26) now becomes

dr
r

Lol

1/2
r

i
I

'-ulo_
N —

Q
cr
1l
Q
(ms
(wa]
]
-+



The 1initial metric

ds2 = - 95 - r2d82 - r281n28d@2 + dt2

can be written i1n the isotropic form

ds? = - T2[dE? + Tlde? + 5281n28d¢2] . dt? .

The refractive index of the medium 1s then given by

216

17. A =4 and C = 1.

The transformation (4.3.26) becomes

9_ =2 93 T = rZ
- r
T
>
dt = dt t =t
The 1nitial metric
ds? = - adr2 - erSZ - r281n28d¢2 + dt?

can be written i1n the i1sotropic form

2

ds™ = - 2

2

2d82+5281n28d@2] + dt”=,

1?45
r
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The refractive index of the medium 1s then given by

Static spherically symmetric space-times are expected to
have a refractive index function N(r) with the form of Maxwell's
fish-eye*. Buchdahl [23] proved this in the cases of the Schwarz-
schild exterior field, the de Sitter and the Einstein space-
times, under the assumption of 1isotropy of matter. In every
examined Kimura case, however, as a possible result of the aniso-
tropy of the matter involved, the refractive index function

does not have the form of Maxwell's fish-eye.

4.4 JUNCTION CONDITIONS IN TERMS OF NEWMAN-PENROSE FORMALISM

4.4.1 Junction conditions and the propagation of 1sometries.

A new set of junction conditions stated in terms of the
Newman-Penrose variables has been proposed by Herrera and Jiménez
[28], who also studied the propagation of Killing vectors under
the assumption of the fulfilment of these conditions.

The problem of matching two solutions of Einstein's equations
belonging to two regions M, M of the space-time separated by
a non-null hypersurface S, is of great importance in general

relatavaty.

* The "fish-eye" refractive index function has the form

N(r) = __l——F_f , where k 1s a constant, and was first investigated

1+('lz‘>

by Maxwell [27].
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A solution of Einstein's equations in one of the regions,
say M, can be considered as representing the source of the metric
in the other, say M, only 1f the two metrics can be matched
on the boundary S of the source. Thus the search for appropriate
interior solutions 1s a problem closely related to the study
of the junction conditions.

Recently, Bonnor and Vickers [29] studied in detail the
three most used sets of junction conditions in general relativastic
problems, namely, those of Darmois (hereafter denoted by D)

[30], 0'Brien and Synge (hereafter denoted by 0S) [31] and Lichne-
rowicz (hereafter denoted by L) [32]. They showed that the
conditions of D and L are equivalent, and that the conditions

of 0S5 are more restrictive than the others; the conditions

of 0S may rule out, however, some physically interesting possi-
bilities. They also pointed out that, since the conditions

of 0S are not covariantly stated, they are equivalent to the

L (and therefore to the D) conditions 1in some coordinate systems
and not 1n others.

Herrera and Jiménez proved in their paper that their set
of junction conditions (hereafter denoted by HJ) are equivalent
to the L (and therefore to the D) conditions.

The HJ junction conditions are stated as follows.

Two regions M and M of the space-time separated by a non-null
hypersurface S are said to match across S if
1) there exists a coordinate system such that the

tetrad vectors are continuous across S
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11) the spin coefficients, taken with respect to the
continuous tetrad whose existence 1s being asserted,
are continuous across S.
This choice of junction conditions presents two main ad-
vantages:
1) With respect to the L conditions: The HJ junction
conditions are partially stated in covariant form
(the conditions on the spin coefficients).
11) With respect to the D conditions: The quantities
on which the HJ junction conditions are imposed (tetrad
vectors and spin coefficients) are the dynamical variables
of the Newman-Penrose formalism (besides the Riemann
tensor components). Thus no additional calculations
are needed 1in order to verify that the junction con-
ditions are satisfied (for example, there 1s no need
to calculate the second fundamental form as in the
case of D conditions).
It must also be noted that the HJ junction conditions
can be successfully used with metrics representing both isotropic
and anisotropic distributions of matter.
Introducing the null tetrad (Qu,nu,m“,ﬁu) satisfying the

orthogonality properties (1.2.40) and using (1.4.12) we find

DnM-agH

- (v )M (DM (e M- (g4 M (4.4.1a)

seMopmt = (a+8-T) M- (p+e-e)mH-omMenn (4.4.1b)

snMoamM = - 52“+(u—y+?)mu+X5u+(T—&-B)nu (4.4.1¢c)
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smP-8m” = (u-) M+ (B-a)mM+(3-8) M+ (p-p)n*. (4.4.1d)

Then we can show that the L (and therefore the D) conditions

imply the HJ conditions.

Recall that the L conditions demand the existence of a
coordinate system such that the metric components and their
first derivatives are continuous across the hypersurface S which
separates the two regions M and M of the space-time. The continuity
of the metric components 1s implied by the continuity of the
tetrad vectors, as follows from the expression (1.2.43).

Conversely, the continuity of tetrad vectors is implied
by the continuity of the metric components since, given the
metric tensor, the tetrad field is determined up to

(a) a null rotation around L

(b) a boost 1n the (&,n)-plane and a spatial rotation

in the (m,m)-plane

(c) a null rotation around n.
Thus, 1f there exists a coordinate system for which the metric
components are continuous, for this coordinate system we can
demand the tetrad vectors to be continuous; this corresponds
to the first of the HJ conditions.

From equations (4.4.1) we obtain the following set of equa-

tions

zu(Dn“ MM = - (e + 8) (4.4.2a)
”u(D”u M) = - (v + ) (4.4.2b)
mu(Dn“ MM = - (r W) (4.4.2¢)
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ﬁu(Dnu Y L WSS ) (4.4.2d)
zu(dz“ S (4.4.2¢)
nu(GQU -omt) = (@ + B -T) (4.4.2F)
mu(é—u -omt) = o (4.4.29)
au(az“ -om) = (B +e - E) (4.4.2h)
2 (6" - an") = (1 -a-8) (4.4.21)
nu(énu ~amt) = - S (4.4.23)
mu(én“ -ty = - X (4.4.2)
ap(an“ M) = - (n+y +Y) (4.4.29)
2 (87" - 3n") = (o - p) (4.4.2m)
nu(&i“ 3 = (uo- R (4.4.2n)
mu(aa“ - ") = - (& - 8) (4.4.20)
au(aa“ - 3m") = - (a - B). (4.4.2p)

Thus, 1if the first derivatives of the tetrad vectors are continuous
across S, using equations (4.4.2), the spin coefficients can

be proved continuous across S; this corresponds to the second

of the HJ conditions. And this completes the proof that the

L (and therefore the D) conditions imply the HJ conditions.

The converse 1s also true, namely that the HJ conditions

imply the L (and therefore the D) conditions.

Recall that the D conditions demand that both the first funda-

U, Vv
.de dx )S be con-

’

mental form (guvdxudxv)S and the second (PU
tinuous across S. Pu 1s a unit vector normal to S. From (1.2.43)
1t is obvious that the continuity of the tetrad vectors across

S i1mplies the continuity of the first fundamental form; thas
corresponds to the first of the D conditions.

The unit vector pH can be wraitten as pH - FQ“gnu-+qmu.+aﬁ“
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with fg - qq :-%. The metric will remain unchanged if, without
changing the coordinate system, we perform a boost in the (&,n)-

plane

oM 5 oM

and a null rotation (1.4.13b) around n.

Since A and b are arbitrary functions, we may choose q = b
and f = A and then we get that L} % nu, where PUPu = 1.

Thus, since the covariant derivatives of the tetrad vectors
are expressed in terms of the spin coefficients, the continuity
of the spin coefficients across S implies the continuity of
the second fundamental form; this corresponds to the second
of the D conditions. And this completes the proof that the
HJ conditions imply the L (and therefore the D) conditions.

In order to use the HJ junction conditions to examine the
problem of the propagation of Killing vectors across S, we must
first write Killing's equations in terms of the Newman-Penrose
formalism.

In general, any vector X" can be written in terms of the

null tetrad (¢¥,n,m",m") as

Q. P - Y0 R o L (4.4.3)
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where A, B, C are functions of the coordinates.
Let X be a Killing vector. Then, using the expressions

(1.4.9), Killing's equations X(u-v) = 0 can be written as
2

2ARe(y)+2Re(CV)+AA = O (4.4.4a)
2ARe(e)-2BRe(y)+2Re(Cm)-2Re(Ct)+DA+AB = O (4.4.4b)
Bv-A(a+B+T1)~CA~Cp-21CIm(y)-8A+AC = O (4.4.40)
-2BRe(e)-Cx-Cu+DB = 0 (4.4.4d)
-Au+B(a+B+T)+Co+C{p-21Im(e)}-8B+DC = O (4.4.4e)
2ARe(p)-2BRe(n)+2Re{C(a-B)}-8C-8C = 0 (4.4.4F)
Ac-BX-8C-C(a-B) = 0. (4.4.4qg)

The problem of the propagation of Killing vectors can then

be stated as follows.

u

Mlﬂ

Let us assume that there exists a Killing vector X
M, such that, on the separating hypersurface S, 1t coincides

with one of the Killing vectors of M, say XE. We want to know

u
M

u
M

Suppose that we take the metric of the outer region M to

under which conditions X;, define inside M the same kind of symmetry

as the one defined by Xg in M,
be the Schwarzschild metric, then, 1in radiation coordinates,
the separating hypersurface S 1s defined by r = Lq- We take

the metric of the inner region M to be any metric (written in

radiation coordinates) which 1s proved to represent the source
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of the metric in M, that 1s, one that matches with the Schwarzschild
metric on the separating hypersurface S.
If we start by considering one of the Killing vectors of the

Schwarzschild metric generating the spherical symmetry, namely
Xe = - (coscp+1cosSsmcp)mu - £ (coscp—lcos\‘}smcp)riu
S V2 S V2 S

and demanding that XM oAt Bt 4 oot + TAY 1s a Killing vector
u

in M that coincides with XS on the hypersurface r = Tqs that
1s,
A(t,r1,3,w) =0 3
B(t,r1,8,¢) =0 > (4.4.5)
1
C(t,r1,9,w) = -7 (cosg+1cosdsing)

then, using equations (4.4.4) and (4.4.5), we can easily show

that the violation of any of the junction conditions automatically
destroys the propagation of the Killing vector inside M. Thus,
the propagation of the symmetry of the region M into the region

M 1s related to the fulfilment of the HJ junction conditions.

4.4.2 Applications

In this section, the HJ junction conditions will be used
to match the static spherically symmetric Kimura metrics (4.3.1)

with the Schwarzschild metric
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ds2 S > dr2 - erSZ - r281n29dw2 + (1 - g—nl)dtz
1- 0 g
f (4.4.6)
on a hypersurface S defined by the equation
r =T (4.4.7)

The appropriate tetrad for doing calculations in the case
of spherical symmetry, with the metric given by (4.3.1), 1s,

according to Davis [33],

1 4 1
Y (/Eau + /f\su) }

V]

1 4 1
n, =5 (fcau - /A_cSu) } (4.4.8)

’ r 2 3
mo=s (Gu + 181n&6u)

T 2 .. 3
= - S .
m]J 3 (6Ll isin Gu)

The spin coefficients for the tetrad (4.4.8) are given

=
"
Q
n
—
0]
<
"
>
"
3
"
o

_

(4.4.9)

o]
[}
T~
1
%A
N
>
~N

m
"
<2
1]
|
ﬂ
—
N
-
N|l—
Sl
o)‘o)
>R}
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For the selected Kimura cases studied in section 4.3.1, the

spin coefficients (4.4.9) are the following.

6. agzr-2 and C = a£1r2, where a, 1s a constant.
O=T=v=A=n=20
%2
M= —
V2
2
Y = - —
2
2 -3
7. (a1r +az) and C = 1, where a, Z 0 and 81 are constants.
O=T=V=A=7m=20
U = ?;f (a1r2+82)3/2
Yy =0
-3 -6
8. a,’r and C = 1, where a, 1s a constant.
O=z=T=v=Az=m=20
1 a3/2 2
=72
y =0
10. 4(1—a1r2)—1 and C = 1, where a, # 0 1s a constant.
oc=T=Vv=A=7m=20
1 2,1/2
M= gy (1-agrt)
y=20
1. (b r2+£\t)_1 and C = 1, where b, # 0 1s a constant.

0

0

E%? (b0r2+4)

0

1/2
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(b0r2+4)‘1 and C = b r2+4, where b, # 0 1s a constant.

0 0
o=T=v=A=1m=20

%7 (b0r2+4)1/2

=
n

1

- 2 -1/2
Y = - m bor(bor +4)

1

7 and C = 1

g=T=Vv=Xx=m=z=20
_ 2

=2

y=20

lt(’l--a,lrz)-1 and C = 1-a1r2, where a, # 0 1s a constant.




228

The corresponding expressions for the spin coefficients

of the Schwarzschild metric are

KS:OS:TS:\)S=>\S:WS=O \
_ 1 r-2m
Pg = Mg = 2 Jt F (4.4.10)
m 1
€S:S:—
2tv'2 /1 (r-2m) y,

where the subscript S stands for Schwarzschild.
We start by demanding the continuity of all spin coefficients

across the hypersurface r = r, separating the two regions M

1

and M of space-time. We let the metric of the inner region

M be any Kimura metric, and the metric of the outer region M

be the Schwarzschild metraic.

Then, from the continuity of p across r = r, we find the

mass 1inside the sphere of radius r = r 1n complete agreement

1,

with the results of section 4.3.1. The continuity of € across

r = r, gives r, = R, where R is the radius of the sphere obtained

1 1
in section 4.3.1 by the condition pr(R) = 0.
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As an example, consider the particular case 6 of Kimura

metrics. Then, the continuity of p across r = r that is

) 1 vT-2m _ 2
[QS'o]r:r1’ implies that [;75 — =7 ]r=r1 or equivalently

1’

[m = % (1-a§r2)]r_r , which is the expression for the mass inside
1
the sphere of radius r,. The continuity of € across r=r that

m 1 %2 1
is [esze]r_ , 1mplies that [ = 1.__ . From
=T 2rv/2 Vr(r-2m) 2/2 T°%

this expression and the expression for the mass we obtain the

equation [Bagr4+Za§r2—1=O]r_r which, when solved, gives us
1
7= —1—-, that is, T, is equal to the radius R of the sphere.
1/382

In all cases, the continuity of the metric components across

T

the hypersurface r=r, appears automatically as a consequence

1

of the continuity of the spin coefficients.

4.5 RECIPROCAL TRANSFORMATION AND KILLING'S EQUATIONS

In an n-dimensional Riemannian space a line element
ds2 =g dxMdx " (4.5.1)
v

15 called static if there is a coordinate x° such that the guv

satisfy the conditions

g._ =0 and 9,8 0 (4.5.2)

1a
that 1s, 1f the line element (4.5.1) has the form

2 1, K 2
ds” = glk(xj)dx dx + gaa(xj)(dxa) (4.5.3)

where Greek 1indices take the values 1,...,n and Latin indices
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run over the same range but with a omitted. The index a being

fixed, no summation over it 1s to be carried out, even when

1t is repeated. Buchdahl [34] proved the following theorem.
Theorem: If (4.5.3) 1s a given static solution of Einstein's

equations in empty space Ruv = 0, then another static solution

1s immediately given by

2 2 i, k1 a
ds” = (gaa) g, dx dx" + 3 (dx

aa

)2, (4.5.4)

Any two solutions related in this way will be called reciprocal
to one another.
In all cases with 9.5 1 this 1s traivially true and these

cases correspond to self-reciprocal solutions.

Note that, 1f g and g denote the determinants of the metric

tensors of (4.5.3) and (4.5.4) respectively, they are related

by

/(=8) = (g_ )% /T=g). (4.5.5)

aa

It 1s convenient to refer to the process of formation of

a reciprocal solution as a reciprocal transformation. Then

1t 1s obvious that in certain cases a solution reciprocal to

a given one will also be obtainable from the latter by means

of a transformation of coordinates. This 1s the case, for example,
1f one applies to the general spherically symmetric solution

of Ruv = 0 a reciprocal transformation which does not destroy

spherical symmetry.
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As a simple example consider the Schwarzschild solution
with line element given by (4.4.6). Its reciprocal solution,

according to (4.5.4), is

d82 = -(1 - Zm)2[———1———— dr2 + erSZ + r281n28d¢2] 1 dtz.
T 2m 2m
1 - =) (1 - =
r T
Then, the coordinate transformation r = - r + 2m reproduces the

usual Schwarzschild solution.

As an example of a non-trivial reciprocal transformation
consider the general Kimura solution with line element given
by (4.3.1). Its reciprocal solution, according to (4.5.4),
1s

ds2 = —Cz(Aer + r2d82 + r281n23d¢2) + % dt2.

(4.5.6)

It must be noted here that the reciprocal transformation
for one form of the metric i1s different from that for another
form of the same metric; thus, for example, the standard and
the 1sotropic forms of a static spherically symmetric metric
will give different reciprocal solutions.

Buchdahl also studied reciprocal solutions of Einstein's
equations 1n the presence of matter [35] and proved that his
theorem can again be applied. Assuming that the x? coordinate
1s the time coordinate xa, he also proved that the energy-momentum
tensors Tt and TS of a given metric and 1its reciprocal are related

by
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4
4

4 1
s 20

i
)2 - 2Tl). (4.5.7)

44 (944

If the components of the energy-momentum tensor, as measured

by an observer at rest with respect to the coordinates xu, are
given by (4.2.21), then the results of measurements carried

out by such an observer on distributions represented by a metric

g and 1its reciprocal aUV are related by

uv

- 1
Pr = 7 Pr W
(g,,)
44
- 1
%_ = 5 P, . (4.5.8)
(944)
- 1
po= - ; (o + 2p_ +4p)).

(944

Equations (4.5.8) are the extension of Buchdahl's results for
the cése of an anisotropic distribution of matter.

A very interesting equation, which will be answered here,
1s whether or not Killing's equations remain unchanged under

a reciprocal transformation of the form

_ 2 -
9,; 7 (944795, and 9y, = 5—

. (4.5.9)
1] Iy

The problem will be examined, in what follows, for the case
of the static spherically symmetric Kimura space-times.

We start by examining Killing vector equations (2.2.5).
It 1s well known that the static symmetric Kimura space-times

admit the following four Killing vectors
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. 3 3 3
X1 = SINQ e + cotdcosy 30
X, = - coso G + cotdsing 3
2 3% EI)
(4.5.10)
;
X. = - 3_
37 9
_ 9
X4 = -
Spherical symmetry also implies that
xM 3, (F(r)) =0 (4.5.11)

where X" denotes a Killing vector and f(r) 1s any arbitrary
function of r.
Three separate cases of (2.2.5) need to be considered.

1) u=v =4. Then, from (2.2.5) we have

1 4
X Iy, y * zx,4 9y = 0 (4.5.12)

Using (4.5.9), the left-hand side of this equation becomes

1

+ 2X4 since X4 = 0. Because

X'g g, = - ——= X'
94,1 Y S 4
Y44

of (4.5.11), = 0 and so the form of (4.5.12) remains

1
X%44,1

unchanged under the reciprocal transformation (4.5.9).

11) u=4 3 v=1. Then, from (2.2.5) we have

= 0. (4.5.13)
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Using (4.5.9), the left-hand side of this equation becomes

xJ g

,491J + X?iéaa’ which 1s obviously equal to zero since xd =0

4

9

and Xql = 0. Thus the form of (4.5.13) remains unchanged under
’

the reciprocal transformation (4.5.9).

ii1) p =13 v =7J. Then, from (2.2.5) we have

s = 0. (4.5.14)

s s g_.
X glJ’S + X’lgSJ + X;J7si

Using (4.5.9), the left-hand side of this equation becomes

S—- S = S -

2¢ys S S S
- (944) [x glJ,S * X,lgSJ * X,Jg81] M Zgaagaa,sx glg
Because of (4.5.11), ngaa ¢ = 0. Clearly, the form of (4.5.14)
’

again remains unchanged under the reciprocal transformation
(4.5.9).
Next we examine Killing tensor equations (2.2.29), by con-

sidering the particular case 6 of Kimura metrics, with 949 =

-2 -2 2 2 -1.2
-8 T 5 gypy = ~T, 955 = -T S1n 3 and 9y = 8 T and 1its
Killing tensor of second order with components KM = K41 = —azrt,
2
K22 = —t2, K33 = - t and an = ;L-+ a tz.
2 2 2
sin~ % r

Four separate cases of (2.2.29) need to be considered.
1) pu=v=4;5 =4
11) p=v=4; =1

11i) u

1]
s~
<
1"
=
>
1
[y

1v) =13 Vvs=7]3 A=k,
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In each case, using (4.5.9) in (2.2.29) and after substitution
of the above values of the metric and Killing tensor components,
the form of (2.2.29) does not remain the same.

As an example, consider the case 1). Then, from (2.2.29)

4Zg44 - gaZKas = 0. Using (4.5.9), the left-hand side
b b

of this equation becomes

we have K

Kaaaaa _ aa&de _ K&d 1 . 1 gaaKas

y 4 yS 4 944 (944)2 yS

which after substitution of the above values of the metric and
Killing tensor components is found different from zero. Thus,
this particular component of (2.2.29) 1s not preserved under
the reciprocal transformation (4.5.9).

All the above results can be summarized i1n an important
theorem.

Theorem: A given static solution of Einstein's equations
and 1ts reciprocal possess the same 1sometry group, and con-
sequently the Killing vector equations remain unchanged under
a reciprocal transformation. Killing tensor equations, however,

are not preserved by such a transformation.

4.6 CONCLUSION

The main features of the examined Kimura models can now
be summarized. From a mathematical point of view, they constitute
a complete class of static spherically symmetric space-times
possessing irreducible Killing tensors of second order. They
all match with the exterior Schwarzschild solution as expected,

since every static spherically symmetric space-time has to obey
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Birkhoff's theorem [36].

Their main interest from a physical point of view, however,
1s the anisotropic character of their energy-momentum tensors
which probably results in the instability of the matter observed
in most cases. Only a few cases correspond to physically realistic
distributions of matter and can thus represent interiors of
stars. The remainder, and in particular those which admit a
large number of Killing tensors, are proved to be unphysical
and consequently these Killing tensors do not correspond to
any physical source of the metric. It seems, therefore, that
the existence of Killing tensors cannot function as an independent
and useful constraint on solutions corresponding to interesting
matter tensors.

Finally, the reciprocal solutions obtained from the Kimura
ones admit the same isometry group, but since Killing tensors
do change under a reciprocal transformation, the Lie algebra
extension discussed in Chapter 2 will also change under such
a transformation, and different Killing tensors of high order

wi1ll then be obtained.
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APPENDIX A1

CANONICAL DECOMPOSITION OF SYMMETRIC SPINORS

THE PETROV-PIRANI CLASSIFICATION

Every symmetric spinor with n indices P?AB...K = ®(AB...K)

can be written as a symmetrized product of 1-spinors [1]

CPAB...K = QL(ABB...TTK), (A1.1)

Each one of the spinors OpseeesMys which are called principal
spincors, 1s determined up to a complex scalar factor and in

turn determines a real null direction. They need not be all
distinct. Therefore, the decomposition (A1.1), called the canonical

decomposition of mAB...K, determines at least one and at most

n real null directions which are called the principal null direc-

tions. Two principal null directions coincide if and only 1f

the principal spinors corresponding to them are parallel. The
mutual position of the praincipal null directions 1s basic to

the algebraic classification of symmetric spinors and the tensors
defined by them. If the spinor PAB...K has p distinct principal
directions, each of which is ml—fold degenerate, we say that

1t has the type [m1,m2,...,mp]. The spinor PAB...K 1s called

algebraically general 1f 1t has the type [1,1,...,1]. If at

least one principal light direction 1s degenerate, 1t 1s said

to be algebraically special.

The simplest case 1s the symmetric 2-spinor ®AB which

can be written 1n the form QAB = Q(ABB)' The algebraic
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classification of the spinor QAB’ which determines the electro-

magnetic field tensor FaB’ is as follows

Name of corres-
Partition ponding bivector Form of ¢

AB

[11] algebraically general QAB = a(ABB)
oy not proportional to BB

[2] algebraically special QAB = a(ABB)

oy proportional to BB

0 0] =0

The principal null directions for each case are as follows

\/

(1] [2]

The gravitational principal null directions are undefined 1if QAB = 0.
Applying the classification process to the Weyl tensor
we find Penrose's form of the Petrov classification.

The Weyl tensor C 1s determined by the symmetric

aByS
4-spinor WABCD which can be written in the form wABCD::a(ABBYC6D)'

Qps BB’ Yoo 6D are not proportional to each other. The classi-

fication by praincipal null directions 1s as follows
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Partaition Symbol for Petrov type Form of V¥

ABCD
[1111] I algebraically general ¥agep = %(aPsYcop)
[211] IT algebraically special Yagep O‘(ABBYCGD)

[22] D algebraically special ¥agep = a(ABBYCsD)
[31] III algebraically special ¥agep = a(ABBYCSD)
(4] N algebraically special Yagep = ®aBeYeSp
(o] 0 ¥ =0

ABCD

The principal null vectors for each case are as follows

WA/

(4] [31] [22] [211] [1111]
N I1I D II I

The gravitational principal null directions are undefined if

WABCD = 0.
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APPENDIX A2

LIE DERIVATIVES

If physical realities are represented by tensor fields
on the space-time manifold, physical laws must say how different
fields vary together from one point of the manifold to another.
This 1involves a comparison between the values of each field
at neighbouring points. Several methods of comparison exist,
one of them being the Lie derivative along the congruence defined
by a vector faield.

A congruence 1s a set of curves that fill the manifold
(or part of 1t) smoothly and continuously without intersecting.
Each point of the manifold 1s on one and only one curve. The
key point from which everything else follows 1s that the congruence
provides a natural mapping of the manifold into 1itself. If
the parameter on the curve is s, then any sufficiently small
number As defines a3 mapping i1n which each point 1s wrapped into
the one, a parameter distance As further along the same curve
of the congruence (see figure below). If such a 1-1 mapping

exists for all As we call this a "dragging" along the congruence,

The mapping of the manifold

M to 1tself defined by

mapping each point to another

point on the same curve of the

congruence whose parameter 1s

As larger.
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or a Lie dragging [2]. For each point PEM, a vector field v

on M determines a unique curve YP(S) such that YP(D) = P and

V 1s the tangent vector to the curve. The family of such curves
1s the congruence associated with the vector field. The concept
of dragging permits the definition of a derivative along the
congruence, which will be useful in any problem where a congruence
plays a central role. To introduce this new type of derivative

we consider the map R dragging each point P with coordinates

x* along the curve YP(S) through P 1into another point Q = @S(P)
with coordinates yu. For sufficiently small values of s the

map ¢ 1S a 1-1 map which 1induces a map @éT of any tensor T.

We define the Lie derivative [3] of T with respect to

V by

)

AT =l Lt -1 (A2.1)
— s-+0

The tensors T and @;T have the same type and are both evaluated
at the same point P. Therefore the Lie derivative (A2.1) 1s
also a tensor of the same type at P.
The Lie derivative 1s an operation defined on a differentiable
mani1fold without 1imposing additional structures. It depends
on the vector V not only at P but also at neighbouring points,
so that given a congruence we can define a unique Lie derivative
which, however, does depend on the congruence.

In a coordinate basis, we have the following components

for the Lie derivative [4] of
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1) a function F:;fbf Vuf,u

Vo + w VO dxM
W00 0 ,u

11) a one-form w: J%w

111) a vector field U : £ U = [v,ul = (VOu* M ) 2
Lrdys = 0 -0 5
1v) an arbitrary tensor T:
Uv... O HV. .. _ L0V... U
L L U e SR
uo. .. v uv. .. O tHV... o
- T nx...v o" T ox...v M T UO. .. v AT
v) an arbitrary spinor x [5]:
A A
A Al o A.LAT. .. A (U
(Eoy)Rees e 29y . - h x - ..
v, .0 T Ay
HA'XA A . hDO>(A...A'... N
- ' 1 '
AD D...D'. D DO...D .o
20 a.a
* p Xp. . .D¢ M
0
’—
where hé = ;(VDD,VAD +X€g) and X 1s deflned,(feAB being skew

1n AB, by £e'B - Ae"B,

The Lie derivative of tensors, 1in general, has the following

properties (stated here without proof) [6]:

a) It satisfies the Leibniz product rule.

b) It satisfies the Jacobi 1dentity.
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c) It commutes with the operation of contraction.

d) It commutes with the partial derivative.

e) It commutes with the exterior derivative.

f) It can be applied to arbitrary linear geometrical
objects, to the Christoffel symbols for example.*

One of the principal uses of Lie derivatives 1n physics

1s to express the notion that a tensor field 1s invariant under

some transformation. We say that a tensor field T is invariant

under a vector field V 1if

afvT = 0. (A2.2)

A vector field V for which the metric tensor satisfies (A2.2)

1s a Killing vector field. The metric tensor 1s invariant with

respect to a Killing vector field, that is,

+g V9 =0, (A2.3)
AY av

: = VO +g Vo
oé!gu\) gu\),c guc s U

?

Equation (A2.3) 1s Killing's equation and defines a motion or

1sometry on M,

*

For more about Lie derivatives of geometrical objects see

K. Yano, The Theory of Lie Derivatives and 1ts Applications [4].
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APPENDIX A3

FIRST INTEGRALS OF GEODESICS IN KERR SPACE-TIME

The Kerr family of solutions of Einstein and Einstein-Maxwell
equations 1s the most general class of solutions known at present
which could represent the field of a rotating neutral or electri-
cally charged body in asymptotically flat space, and 1t 1s,
therefore, especially important for understanding the gravitational
collapse of a rotating star.

The original and most useful form of the Kerr family of
solutions of the source-free Einstein-Maxwell equations 1s given

in terms of Kerr coordinates u,r,%,p as follows.

The covariant form of the metric 1s

ds2 = pzds2 - 2a SIHZS dr do + 2 dr du

+ p_z{(r2+az)2 - Aaz 81n28} s1n’ 9 d¢2 (A3.1)
- Zap_z(Zmr—eZ) 81n2-9d¢ du - {1 - p_Z(Zmr—eZ)}du2

and the corresponding covariant form of the electromagnetic
field is

2

_ 2
F = 2ep 4{(rz—a cos ¥)dr A du - Zazr cos & sin § d% A du

- a 51n28 (rz—aZCOSZS)dr A do + Zar(r2+az)cos $ sin § d& A do}

(A3.2)
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where we use the abbreviations pz = rz + 32 0082 8 and

A = r2 - 2mr + a2 + ez; the symbol "A" denotes the operation of
taking the antisymmetrized tensor product [7].

The parameters a, m, e appearing in the above equations
are the angular momentum per unit mass, the mass and the charge
of the rotating star represented by the Kerr solution, respectively.
The form (A3.1) of the metric is the Kerr-Newman solution which
reduces to the Kerr solution when e = 0. When a = O,
equations (A3.1) and (A3.2) represent the charged Reissner-Nordstrom
solution which reduces to the Schwarzschild solution when also
e = 0.

The Kerr solutions, being stationary and axisymmetric,
have an abelian two-parameter group of 1sometries, generated
by the commuting Killing vectors 3/3u and 3/3¢. Also, 1n all
Kerr spaces, the Weyl tensor 1s of type D in the Petrov classifi-
cation.

The equations of motion of a freely falling test particle

of mass p and charge € in the Kerr field are given by

2 u v
R (A3.3)
dt Hoovdart
where 1 denotes proper time.
These equations may be derived from the Lagrangian
L=y sV een s (A3.4)
MV H

where the vector potential A satisfies F - 2dA and where a dot

over a symbol denotes ordinary differentiation with respect
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to the proper time by T = px , which 1s equivalent to i1mposing

the normalising condition
g . X X = - u. (A3.5)

Next, we 1ntroduce the momenta

- X A . A3.6
pu guv X"+ € y ( )

By substituting these 1in the Lagrangian we obtain the Hamiltonian

1 MV
= = - - A - A-
H 5 9 (p ehA )(pv € v) (A3.7)

Since 1t does not depend explicitly on ), the Hamiltonian 1is

automatically a constant of the motion and using (A3.5) we have

(A3.8)

T

"

!
N| =
g st

Now, the simplest vector potential giving rise to the electro-

magnetic field (A3.2) 1is

A=ep’r (du - asin® § do ). (A3.9)
From (A3.1) we then obtain the momenta
p, = - {1 - O‘Z(Zmr—ez)}ﬂ - ap_z(Zmr—e2)81n28¢

u

+ P o+ ep_zr (A3.10)



250

Py = - ap_2(2mr-ez)sin230 + 0—2{(r2+az)2-A881n23}81n28¢
- 881n29f - ep_zar81n28 (A3.11)
. 2a.
p. =0 - asin"$) (A3.12)
p, = 02b (A3.13)
g = .

and the Hamiltonian

1 -2 2 2 2 2 -1 2
H = 5 0 [Apr + 2{(r"+a )pu+ap@-eer}pr+p8+(881n8pu+81n 8p¢) 1.
(A3.14)
Hamilton's equation dpu/dk = - aH/ax” guarantees that P, and p(p

are constants of motion, corresponding to the conservation of

energy and angular momentum about the symmetry axis, respectively.

We write
Du = - E (A3.15)
p =9, (A3.16)
P

In addition, we also have the constant of motion given by (A3.8),
corresponding to the conservation of rest mass.

These three constants of motion are sufficient to determine the
orbit of the particle only when some restriction 1s imposed

which reduces the problem to three or fewer dimensions. In
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order to determine the orbit of the particle through 4-dimensicnal
space-time, a fourth constant of motion is needed which cannot
come from the obvious symmetries of the metric. It turns out,
however, that such a constant can be obtained by taking advantage
of the fact that the Hamilton-Jacobi equation can be solved
by separation of variables in the coordinate system (A3.1) and
with the choice of gauge (A3.9).

From (A3.7) we obtain the general form of the Hamilton-

Jacobi equation as

T wv (§§

85 1 as
36 - 29 v
ax

X

- €A ) (A.3.17)

0o eAU)( v

where S 1s the Jacobi action.
If there 1s a separable solution, in terms of the already
known constants of motion, 1t must take the form

S = -2 u'h - Eu+ g+ S, 45 (A3.18)

)

N —

with 59~and Sr functions of only & and r respectively. Substitu-
ting (A3.18) ain (A3.14), we see that the equation can be separated

as follows

ds,
(de)2-+azuzcosz 9 + (aEsing - <I>sm*‘I 8)2

ds ds
= - A(HEE)Z + 2{(r2+aZ)E - ad + eer} H?E - Zrz. (A3.19)

Both sides must be equal to a new constant of motion, which
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we denote by K and which 1s related to the momenta by

pg + (aE s1n & - ¢ sin” ! 9)2 + azuzcos2 $ =K (A3.20a)
Api - 2{(r2+82)E - ad + eer}pr + uzrz = - K. (A3.20b)

Equation (A3.19) splits up to give two ordinary differential

equations
dS
5 - VE) (A3.21)
dS 1
HEE = AT (P + /R) (A3.22)

where the functions ©(8), P(r), R(r) are defined by

-2

0=Q - C082 %{az(uz - EZ) + @2 sin = 9§}
2 2
P = E(r” +a”) - da + eer (A3.23)
R = P2 - A(u%r? + K)
and
2
Q: = K - (& - aE)". (A3.24)

The constant K, or equivalently the constant Q, together with
the three other constants given by (A3.8), (A3.15) and (A3.16)

form a complete set of first integrals of the motion. The
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final form of the Jacobi action 1s

S = -

N —

2 9 S
A - Eu + op + j /Bds + J A~ Pdr
T
N j AR dr L (A3.25)

It 1s worth giving here ancther form of the Kerr metric,

namely 1ts form in the Boyer-Lindquist coordinates [8]

ds’ = - (1-2Mr/5)dt’-2(2Mr/3)asin’9dtdg+(2/8) dr2eIds?

+ (A/Z)81n28d¢2 (A3.26)

where § = r2+8200829, A = r2+az—2Mr and A = (r2+az)2—A3281n23.

Introducing the complex null tetrad M, nH M ) by

oM = % 2_1 (r2+aZ,A,O,a)
Moz (r2+az,-A,O,a) (A3.27)
= (22)-1/2 (1as1n$,0,1,1/51n9)
normalized so that = - 2% + m the Killing tensor
Fv (") Zm(umv) (91, J

K N associated with the fourth constant K of the Kerr metric
u

1s written as [10]

K =250, n . + rzg . (A3.28)
" (u v) LV
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APPENDIX A4

SYMPLECTIC FORM AND SYMMETRIES OF DYNAMICAL SYSTEMS

The Hamiltonian version of a dynamical system of equations
begins with the Lagrangian ZTq,Q). The momentum p 1s defined
by pu = af/aq“ and then the Hamiltonian H of the system 1s given
by

n
_ T
H = z P4 L = H(p,q) (As.1)

u=1
where n are the degrees of freedom of the dynamical system.
The definition of the Hamiltonian, given by(A4.1) suggests
the expression [11]
n

9 = Y‘ p dq*. (A4.2)
- u
u=1

Since pU and qLl are quantities on T*M, each dqLl 1s a one-form

on T*M and so 1s each scalar multiple pudxu and hence § 1tself.

Any change 1n the local coordinates qLl followed by the correspon-

ding change 1n the momenta pu leaves the one-form & unchanged.

Thus, on every cotangent bundle there i1s an invariant one-form §.
Moreover, on every cotangent bundle T*M, our invariant one-

form 9 yields by exterior differentiation a two-form Q = d$

with

n

Q= Z dp, A da'. (A&.3)
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$0 1s a closed two-form (d2 = O since d? = dd%) and 1s of maxi-
mal rank, which means that 1ts exterior power ST 9 TN o)
to n factors 1s nonzero. The two-form defined by (A4.3) 1s

called a symplectic form and every manifold equipped with such

a form 1s called a symplectic manifold. Thus, we have just

seen that every cotangent bundle (& every phase space) T*M

is a symplectic manifold, Any vector field X that satisfies

L0 =0 (A4.4)

1s called a Hamiltonian vector field.

If such a vector field satisfies also the relation

of y H=X(H) =0 (A4.5)
then the dynamical system descraibed by the Hamiltonian H 1is
conservative, that 1is, 1in Hamiltonian mechanics, constants of
motion correspond to symmetries of the dynamical system via
the symplectic structure of the theory. This means that a symmetry
1s a one-parameter group of transformations of the phase space *
whose corresponding vector field X satisfies ;f;Q = 0 and

fl H=o0 [12].

* And this 1s an "obvious" symmetry. A hidden symmetry 1s
one which cannot be derived from such a transformation because

1t mixes up coordinates and momenta in a non-trivial way.
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APPENDIX A5

BLF-FILES PRODUCED BY TENSOR COMPILER

This appendix contains the files "KILLING1.BLF" and
"POI.BLF", produced by Tensor COMPiler [13], which are used
by the computer to write Killing vector equations and evaluate

the Poisson bracket of functions, respectively.

% KILLING1.BLF Produced by Tensor COMPiler v.B84-04
(OR (TENP (QUOTE M)) (DECLTEN M D))

(DPUT GAMUC UPINOX (1))

(DPUT GAMUC NAM (GAM))

Sun Mar 3 13:141:56 1983

(DE CBKT1 (INDX1 INDX2)
(PROG (ANS)

(ADANZ (SIMP (SDIFF (M INDX2) INDX1)))

(ADANZ (SIMP (SDIFF (M INDX1) INDX2)))

(SUM!»#1 DEFAULTDIMENSION!'»
"(SMMINS (SIMP (DOMULC (GAMUC !#1 INDX2 INDX1) (M

(SUM'#t DEFAULTDIMENSION!»
(SMMINS (SIMP (DOMULC (GAMUC

(RETURN ANS)))

t#13))))

!%1 INDX1 INDX2) (M !#1)))))

(DPUT KT1 BULF CBKT1)
(DPUT KT1 PRE® (GAMUC M))
(OR (TENP (QUOTE KT1)) (DECLTEN KT1 S))

% POI.BLF Produced by Tensor COMPiler v.84-04
(OR (TENP (QUOTE KAPPA)) (DECLTEN KAPPA SCL))
(OR (TENP (QUOTE IOTA)) (DECLTEN IOTA SCL))

Sun Mar 3 12:24:18 198%

(DE CBPSKI NIL

(XMPLUS (SIMP (MKTIMS (SDIFF (KAPPA) 0) (SDIFF (IOQTA) 4)))
(SIMP (MKTIMS (SDIFF (KAPPA) 1) (SDIFF (IQTA) 3)))

(SIMP (MKTIMS (SDIFF (KAPPA) 2) (SDIFF (IQTA) 4)))

(SIMP (MKTIMS (SDIFF (KAPPA) 3) (SDIFF (I0TA) 7))

(SMMINS (SIMP (MKTIMS (SDIFF (KAPPA) 4) (SDIFF (IOTA) 0))))

(SMMINS (SIMP
(SMMINS (SIMP
(SMMINS (SIMP

(DPUT PSKI BULF
(DPUT PSKI PREG@

(MKTIMS (SDIFF
(MKTIMS (SDIFF
(MKTIMS (SDIFF

CBPSKI)
(I0TA KAPPA))

(KAPPA) 3) (SOIFF (I0TA)
(KAPPA)Y &) (SDIFF (IOTA)
(KAPPA) 7) (SDIFF (IOTA)

(OR (TENP (QUOTE PSKI)) (DECLTEN PSKI SCL))

1N
23)))
3NN
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APPENDIX A6

THE POISSON BRACKETS FOR KIMURA METRIC NUMBER 6

This appendix contains the computer output for the Poisson

-1.2
brackets, in case IIC of Kimura metrics with C = a, and
-2 -2
A = r -,
i
Mar 24 12:00 1983 pskil.lam Page 1
22 22 -2 2 2 222 223 2 -2
PSKI = -4BR T V -4BS T VUsin (H) -BB PRTV +4B P R V +4B T Vv +4Q R V
-2 2 -2
+4R S Vsin (W)
Mar 24 11:49 1989 pski2.lam Page 1
2 -1 -1 2 -2 2 -2 2 223 -2 43
PSKI = -8BPR R V -8BPR S Vain (H) +8BQ R TV +14BQ S T sin (H) +8BQ T
-2 2 2 -2 43 -4 2 22 -a 2 2 2

+BBR S TV sin (H) +8BS T sin (H) +248 PRS T Vsin (H) +24B PQ RT V

2222 2222 -2 a232 2232 -2 3 2.3
-8B P QR T -88P RS Tsin (H) -16B @ TV -1468B S T V sin (H) -248 PRT V

322 2 333 334 2 -2 2 -2 4 -2 -2 4 -4
+24B P R TV -8B PRV +8B TV -14Q R 8 Tsin (H) -8R R T -BR S Tsin (H)
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Mar 7 10:34 1983 pski3.lam Page &

2 -222 -2 4 -2 2 -2 42 -4
PSKI = -64BQ R S T Vsin (H) -32BR R T V -32BR S T Vsin (H)

2 2 -1 2 2 -123 2 -2 222 222 -2
-69B PQ R TV -64B PR S TV sin (H) +32B P @ V +32B P S Vsin (H)

22 -223 2224 -2 244 2 -2223 -2
+432B Q R TV +32B @ S T Vsin (H) +16B @ T V +433B R S T V sin (H)

2 44 -4 3 232 -2 3 2 32 32222
+16R S T Vsin (H) +64B PRS T V sin (H) +64B PQ RT V -32B P QR T V

32222 -2 3243 3243 -2 4 34
-39B P R S T Vsin (H) -32B @ TV -32B S T V sin (H) -64B PRT V

42223 433 2 4 4 4 4453 2 -4 2 -2 4 -4
+96B P R T VU =~464B P R TU +14B P RV +146B T V +320 R S Vsin (H) +16@ R V

-4 4 -4
+16R S Vsin (W)
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Mar 9 11:06 1983 pskid.lam Page 1

qe:l*l1st:1620(23%3; f1xnum:4423%); ut':67%1

PSKI has 60 terms.

2 -32 -2 4 -3 -3 1 -4
PSKI = -44BPQ R S Vsin (H) -32BP@ R V -32BPR S Vsin (H)

2-42 2 -2 2-243 -4 4-3 2
+64B@ R S TV sin (H) +#192B@ R S T sin (H) +32BQ R TV

4-223 -2 6 -2 3 -4 4 2 -4 -263 -6
+192BQ R S T sin (H) +464BQ R T +32BR S TV sin (H) +44BR S T sin (H)

2 2-122 -2 2 4-12 2 -142 -4
+384B PG R S T Vsain (H) +192B P@ R T V +192B PR S T Vsin (H)

2aaaza -2 22 4 224 -4 22 -23232 -2
-128B P @ S Tsin (H) ~64B P @ T -64B P S Tsin (H) -238B @R S T ¥V sin (H)

22459 -4 24-332 2425 -2 263
~968 @ S T sin (H) ~-128B Q@ R TV -94B @ S T san (H) -32B8 @ T

2-2432 -4 263 -6 3 q 4 -4
~128B R S TV sin (H) ~-32B S T sin (H) -140B PRS T Vsin (H)

3 2 214 -2 3 2-123 3 4 4
~320B PQ RS T Vsin (H) -192B P@ R T V -140B PQ RT V

3 1223 -2 322 2 322223 ] 32423
-192B PR S T V san (H) +192B P Q@ TV +1388 P Q R S T san (H) +64B P QR T

32243 -4 322 2 -2 33 2 -2 332
+64B P R S T sin (H) +192B P S TV sin (H) -464B P RS Vsin (H) -44B P Q@ RV

32-2314 32252 -2 3452 3 -22314 -2
*648 QR TV +192B @ S T V san (H) +96B @ TV +44B R S T V s1n (H)

3452 -4 4 2143 ~2 4 2 43 422232
+?4B § T V sin  (H) +320B PRS T V sin (H) +320B PQ RT YV -384B P QR TV

422232 -2 43232 43322 -2 4424
-384B P R S TV sin (H) +#192B P @ R T V +192B P R 3 T Vsin (H) -32B8 P QR T

4 442 -2 42514 425 4 -2 3 43
-32B P R S Tsin (H) -968 @ T V -94B S T V sin (H) -140B PRT V

522314 53323 544 2 3533 556
+320B P R TV -320BPR TV +140B PR TV -32BP RV +#32B T V

2 -414 -4 4 -4 2 -2 &6 -4 -4 4 -5
-968 R S Tsan (H) -940 R S Tsin (H) -320 R T -32R S Tsin (M)




260

Mar 9 11:17 1983 pskid.lam Page 1

ge:Cxl1st:1620€24%3; f1enum:4{32%3; ut':93%1

P3KI has 70 terms.

2-442 -3 4-322 -2 $-42
PSKI = =-576BQ R S T Usin (H) -374B@ R S T Vsin (H) -1928BQ R T v

-a62 -6 2 2-32 2 -2 2 4-3 2
-192BR S T Usin (H) -768B PG R S TV sin (H) -3848 PQ R TV

2 -34 2 -4 222 -22 ~-a 2 24 -2
-384B PR S TV sin (H) +384B P @ R S Vsin (H) +192B P QR V

22-24 -4 22-4223 -2 22-2434 -4
+1928 P R S Vsin (H) +384B QG R S T V sin (H) +376B Q@ R S T Vsin (H)

24-4923 24-2214 -2 26 -2 4
#192B @ R TV +8574B G R S T Vsin (H) +192B @ R T V

2-49423 -4 2 -2 6 4 -6 3 2-1232 -2
+192B R S T V sin (H) +192B R S T VUsin (H) +1334B PG R S T V san (H)

3 4-132 3 -1432 -4 32222 -2
+746488 PQ R TV +748B PR S T V sin (H) -7488 P @ S T Vsin (H)

3242 3242 -4 32-2243 -2
-3848 P R TV -384B P S T Vsin (H) -748B @ R S T V sin (H)

32456 -4 34-243 3426 -2 366
-192B @ S T Vsin (H) -3848B QR TV =-192B @ S T Vsin (H) -44B @ T V

3-2443 -4 366 -6 q 43 2 -4
-384B R S TV sin (H) -44B S T Vsan (H) -384B PRS T V sin (H)

49 2 252 -2 4 2 -13 14 4 4 52
~7688 PQ@ RS T V sin (H) -7488 PQ R T V -384B PQ@ RT V

4 -12234 -2 4222214 -2 42223
-768B PR S T V 31n (H) +#384B P @ R S T Vsin (H) #1133B P Q@ T V

424234 42244 -4 42223 -2
+1928 P QO R TV #192B P R 5 T Usan (H) +1133B P S T V sin  (H)

43 2 2 -2 432 2 4 4 22 4422 -2
~7468B P RS TV sin (H) -7488B P @ RTV +192B P @ R V +192B P R S Vsin (H)

42 -245 42263 -2 4 463 9 -2 245 -2
+192B @ R T V +3848B @ S T V san (H) +192B @ TV +192B R S T V sin (H)

4463 -4 5 23 4 -2 S 2 54 522243
+1928B 8 T V sin (H) +748B PRS T V sin (H) +7688 PQ RT V -11528 P @ R T V

522243 -2 532332 333232 -2
~1132B P R S TV sin (H) +7648B P QR TV +748B P R S T V sin (H)

34242 34422 -2 3263 3263 -2
-1928 P QR T ¥ -192B P R S T Ysin (H) -172B @ T V -192B S T V¥ 3in (H)

6 S 6 622435 63334 6 4423 6535 2
~384B PRT V +960B P R TV -1280B P R TV +960B P R TV -3848 P R TV

6 6 6 6 67 2 -6 4 -4 4 -6 2 -2 4 -4
+648 P R V +64B T V +1920 R S Vsin (H) +1920 R S Vsin (H) +44Q R V

-6 6 -6
+44R S Vsin (H)
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APPENDIX A7

THE POISSON BRACKETS FOR KIMURA METRIC NUMBER 5

This appendix contains the computer output for the Poisson

2 -1

brackets, 1in case IIC of Kimura metrics with C = rz(a1r + az)
and A = r_z(a 2 4 a )_2.
1 2
Mar 26 19357 1988 pskil.lam Page 1
3 2 2 14 22 22 -2 3 2 2
PSKI = -8BDPR TV +8BDP RV -4BQ T V -4BS T Vsin (H) +4DV -2B PRTV
222 223 2246 a -2 -2 2 -2
+4B P RV +4B TV +4D P RV +40 R V +4R 8 Vsin (H)
Mar 26 17:59 198% pski2.lam Page 1
PSKI has 39 terms.
3 232 322 -2 4 22 4
PSK1 = -40BDPRV +24BDPQ R T V +24BDPR S T Vsin (H) +40BDTV -14BDP Q@ R T
2 42 -2 2 -1 -1 2 -2 236 2 237

~16B0P R S Tasin (H) -BBPQ R V -B8BPR S Vsin (H) +24BD P R TV -248D P R V

2 -2 2 223 -2 q 3 -22 a2 -2 a3 -4
4+8BQ R TV +14BQ S T sin (H) +8BO T +8BR S TV sin (H) +8BS T sin (H)

2 -2 2 2 2 2 2 -2 2 3223
~-BDPRS Vsin (H) -8DPQ RV -400Q TV -40DS TV sin (H) -24B DPR T V

2 24 2 2 38 2 22 ~2 2 2 2 2222
4488 DP R TV -24B DP R V +24B PRS T Vsin (H) +24B PQ RT V -8B P QR T

2222 -2 2a23a 223232 -2 3 2 3 322 2
-BB P R S Tein (H) -168B @ TV -14B S T V sin (H) -24B PRT ¥ 4248 P R TV

333 3314 2 33 2226 2262 -2 33°¢9
-8B P RV +88 TV -40DPRV -B8DPOQ@RT-8DPRS Tsin (H) -8D P R V

2 -2 2 -2 q -2 -2 4 -4
-14Q R S Tsin (H) -BA R T -BR S Tsin (H)
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Mar 26 203103 1985 pski3.lam Page 1

P3KI has 44 terms.

2 2 -3 2 2 222 222 -2
PSKI = 320BDPRS TV sin (H) +320B0PQ RTV +44BDP @ R V +64BDP R 3 Vsin (H)

223 223 -2 2 3 4 22262 2243
-380BDQ@ T V -480BDS T V sin (H) -374BD PR TV -32BD P QR T V +374BD P R V

22622 -2 339 2 3 410 a-322 -2
-3280 P R S T Vsin (H) -44BD P R TV +44BD P R V -464BQ R S T Vsin (H)

4 -2 3 -2423 -4 2 -23 222 -2 42
~32BQ R T V -32BR S T Vain (H) +94DQ@ R V +384DQ S T Vsin (H) +1920Q@ T V

-223 -2 q 2 -4 2 4 2 2332
+94DR S V sin (H) +193DS T Vsin (H) -374B DPRTV +44B DPG R T V

2 3232 -2 2 22432 2 2323 d 3422 -2
+448 DPR S T V san (H) -44B DP Q R TV +288B DP R V -44B DP R 8 T Vsin (H)

a2 239 2 2-1 2 a -12 2 -2 22246233
+2888 DT V -44B PQ R TV -64B PR S TV sin (H) +96B D PR T V

2237 2 2248 222 222 -2 22-223
~192B D P R TV +948 D P RV +32B P Q V +32B P S Vsin (H) +323B @R TV

22214 -2 244 2a-22233 -2 2414 -4
+328 @ S T Vsin (H) +146B @ T V +32B R S T V sin (H) +148 S T Vsin (H)

3 3314 3 2423 3 33 2 3 46
-44B DPR TV +192B OP R TV -192B DP R TV +44B DP R V

3 232 -2 3 2 32 32222 32222 -a
+64B PRS T ¥ sin (H) +464B PQRT V -32B P Q@R TV -328P R S T VUsan (M)

3243 3243 -2 4 314 42223 433 2
-32B @ TV =-33B S T V sin (H) -648B PRT V +96B P R T V -464B P R TV

4 4914 445 2 23 2 2 32 2 -2 2224
+16B P R V +168B TV +384D PQ R TV +384D PR S TV sin (H) +32D P QR R V

2242 -2 23 3263 4 4 12 2 -9 2 -2
+32D P R S Vsin (H) +30D V +288D P RV +14D P R V +32Q R S Vsin (H)

3 -4 -4 4 -4
+18Q@ R U +14R 5 Vsin (H)
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APPENDIX A8

THE POISSON BRACKET FOR KIMURA METRIC NUMBER 7

This appendix contains the computer output for the Poisson

bracket (#,.) = A, 1n case III of Kimura metrics with C = 1

i 2 -3
and A = (a1r + az) .

Mar 24 20:38 1985 pskii.lam Page 1

PSKI has 31 terms.

3 2 2 -2 2 2 -1 22142 22 2 -1
PSKI = -4BDPR TV (B+4DR ) +48BPRTV (B+DR ) +12BD P R T V -2BP R VU(B+DR )

3 2 2 -1 21 2 -1 -3 22 2 -1
+120PR TV (B+DR ) -6DP R V(B+DR ) -2B D@ R V(B+DR )

-3 22 2 -1 -2 -3 43 a -1 -3 2462 2 -2
-2B DR S V(B+DR ) sin (H) +48 DR V (B+DR ) -48 D R V (B+DR )

-2 43 2 -2 -2a226 -23 7 2 2 -1 2328 2 -1
-48B DR V (B+DR ) +8B D P RV +4B D PR TV (B+4DR ) -28 D P R V(B+DR )

24 9 2 a -2 -2 2 2 -1 -223 2 -1
-48 D PR TV (B4DR ) -28 @ V(B+DR ) +4B R V (B+DR )

-2 2 2 -1 -2 -1 24 -1 22 -1 22 -2
-2B S V(B+4DR ) sin (H) +#16B DP R V +4B D@ T V +4B DS T Vsin (H)

-1 2 5 2 2 -1 -1 226 2 -1 -13 7 2 2 -2
+12B D PR TV (B+4DR ) -6B D P R V(B+DR ) -12B D PR TV (B+DR )

2 222 322 2 5 2 2 -2 3262 22 2 -2 2
+128 DP R T V +44B P T V -13D PR TV (B+DR ) 44D P R TV 48P R V 440 R T V

-2 22 -2
+4R S T Vsin (H)
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APPENDIX A9

THE POISSON BRACKETS FOR KIMURA METRIC NUMBER 8

This appendix contains the computer output for the Poisson

brackets, in case III of Kimura metrics with C = 1 and A = a;3r_6.
Mar 246 20357 1988 pskii.lam Page 1
326 2 -2 -2 2 -2 3
PSKI = 16D P R YV #440 R V +4R S Vsin (H) +8V
Mar 26 20:57 1985 pski2.lam Page 1
3/2 2 -2 372 2 32 33 3/2 2 2
PSKI = ~14D PRS Vsin (H) -14D P2 RV -140D PR V -80D Q TV
372 2 -2 2 -2 372 4 -2 3/2 -2 4 -4
-14D R R S Tsin (HY -8D @R T -8D R S Tsin (H)
/2 2 2 -2 9/2 22 6 9/2 2 6 2 -2 972 3 9

-80D S TV sin (H) -320 POQRT -320 P R 8 Tsin (H) -64D PRV

Mar 26 20:58 1983 pskil.lam Page 1

3 33 2 3 32 2 -2 32214
PSKI = 15360 P@ R TV +1334D PR S TV sin (H) +128D P A R V

3242 -2 3263 3222 -2 342
+128D P R S Vsin (H) +2304D P R V +748D @ S T VUsin (H) +3840 QA T V

342 -4 6 412 2 -4 2 -2 2 -2 3 4 -4

+334D § T VUsin (H) 4286D P R V 4320 R S Vsin (H) +1920 R V +16Q R

-4 4 -4 -2 23 -2 3
4+16R S VUsin (H) +192R S V sin (H) +320V
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Har 26 21:00 1983 pskid.lam Page

PSKI has 33 terms.

/2 23 -2 372 2 3 ra 2 -12 -2
PSKI = -5888D PRS V sin (H) -5888D PO RV -128D PR R S Usin (H)

372 4 -1 372 -1 4 -4 372 33 3/2 2 14
-44D PR R V ~-44D PR S Usin (H) -13414D PR V -7808D Q@ TV

3/2 2 -4 14 -4 /a2 -22 2 -2 372 4 -4 2 -2
-94D @R S Tsin (H) -3888D Q@R 8 TV sin (H) -96D QR S Tsan (W)

3724 -2 2 3/2 6 -4 3/2 -4 6 -6
-2744D @R TV =320 QR T -320 R S Tsin (H) -

/2 -2 4 2 -4 3722 4 -2 972 2322 -2
-2944D R S TV sin (H) -7808D S TV sin (H) -9216D PR R ST Vsin (H)

?/72 432 972 342 -4 9/2 2242 -2
=4408D PR R TV -44080 PR ST VUsin (H) -53120 P @ R S Tsin (H)

9/2 224 2 9/2 2 44 972 2 414 -4
-20992D P OR TV -234D P Q@R T -236D P RS Tsin (W)

/2262 2 -2 9/2 327 9/2 37 2 -2
-209920 P RS TV sin (H) -35120 P @RV -5120 P R S VUsin (H)

/2 39 3 /2 2 43 -4 ?/2 4 2 3 -2 9/2 6 3
-29696D PRV -2304D 28 T sin (H) -2304D @ ST sin (H) -768D QT

972 6 3 -6 1572 4 2 12 1572 4 12 2 -2
-74680D S T sin (H) -512D PBRR T -5120 PR S Tsin (M)

1572 5 18
-10240 PR V
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Mar 26 21101 1983 pskiS.lam Page 1

gc:C1ist21420022%}s #fixnume14£13%Y; ut': 073
PSKI has 37 ternms.

3 4 2 -4 3 3 2 2 -2 3 23 14
PSKI = 47584D PRS TV sin (H) +1331480 PQ RS TV sin (H) +38092R”D PQ R TV

3 4 2 3 32 14 -2 32222 -2
+67584D PR RTV +380928BD PR S TV ain (H) +1334D P O R S Vsin (H)

322143 3242 3224 -4
+115712D P @ RV +748D P Q R V +748D P R § Vsin (H)
32423 -2 3265 32-242 -4
+1157120 P R S V sin (H) +490494D P R V +30488D0 @ R S T Vsin (H)
32223 -2 34-222 -2 3423

+170464D @ S T V sin  (H) +30688D @ R S T Vsin (H) +93232D @ T V

36 -22 3 -2 62 -6 3423 -4
+16896D @ R T U +14896D R S8 T VUsin (H) +932320 8 T V sin (H)

622622 -2 624462 62642 -4
+135148D P @ R 8 T Vsin (H) +47584D P Q R T V +47584D P R S T VUsin (H)

6329 2 6392 2 -2 6 4210
+2703346D P @ R TV +270334D P R S TV sin (H) 430720 P @ R V

4 410 2 -2 6 412 3 ? &6 18 2 -6 4 -4
+3072D0 P R S Vsin (H) +344392D P R V +40946D P R V +192@ R 5 Vsin (H)

2 -423 -2 2-239 4 -6 2 -2 4 -43
+12032Q@ R S V sin (H) 4273920 R V +1920 R S Vsin (H) +460146Q R V

6 -6 -6 4 -6 -4 43 -4 -2 235 -2
+640 RV +464R 8 Vsin (H) +6016R S V sin (H) +27392R S V sin (H)

7
+31232V
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Mar 26 21:03 1985 pskié.lam Page 1

PSK! has 73 terms.

/a2 23 -2 372 2 3
PSKI = -1772344D PRS V sin (H) -1772344D P@ RV

3/2 2 -3 4 -4 /2 2-123 -2
-7580 PQ@ R S Vsin (H) -420844D PR R S V sin (H)

372 4 -3 2 -2 372 4 -1 3 3/2 6 -3
-748D P@ R S Vsin (H) -210432D PQ@ R V -234D PR V

3/2 -3 46 -6 3/2 -1 43 -4 /2 37
-254D PR S Vsian (H) -210432D PR S V sin (H) -2834480D PR V

/22 6 3722 -6 6 -6 3/22-44 2 -4
-1418240D @ TV -5120 @ R S Tsin (H) -313448D @R STV sin (H

3raa -22 14 -2 372 4 -6 4 -9
-1772344D QR S TV sin (H) -748D QR S Tsin (H)

3/724-492 2 -2 3/2 4 -2 4 3/72 6 -6 2 -2
~313546480 @GR S TV sin (H) -886272D QR TV -3120 QR S Tsin (H)

372 6 -4 2 372 8 -6 3/2 -6 8 -8
-103214D QR TV -128D @R T -128D R S Tsin (H)

3/2 -4 6 2 -6 372 -2 4 4 -4q
~1052160 R S TV sin (H) -886272D R S TV sin (H)

/22 6 -2 9/2 6 2 -6
-1413240D S TV san (H) -202732D PRS T VUsan (H)

9/2 2 42 -4 9/2 23223 -2
-6082540 P@ RS T VUsin (H) -8478720D P RS TUY sin (H

9/2 4 2 2 -2 ?2/2 4323 ?/2 6 2
-£039256D PR RS T VUsain (H) -42339360D PG R TV -202752D PR RT V

972 3 423 -4 9/2 222 4 -4
-423934600 PR S TV sin (H) -44608D P Q@RS Tsan (H)

272 22 42 2 -2 /72 22 6 A4
-2474444D P @RS TV sin (H) -12023808D P QR TV

972 2 42 2 -2 9/2 244 2 ?/2 2 6 2
-4403D P @RS Tsin (H) -1247232D P @R TV -1336D PQRT

/2 2 2 6 -6 272 2 4 4 2 -4
-1536D P RS Tsin (H) -1247232D0 P RS TV sain (H)

/2 2 6 2 14 -2 972 325 2 -2
-120238030 P RS TV san (H) -5144D P QR S Vsin (H)

9723373 ?/2 343 ?/2 3 3 14 -4
-17337%20 P @RV -30720 P Q@RV -30720 P R S Vsin (H)
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Mar 25 21:03 1785 pskié.lam Page 2

972 37 23 -2 ?/2 39 5 9/2 2 -2 6 3 -6
~-19537920 P R S VW sin (H) -13742456D PRV -135143D @R ST sin (H)

9/2 2432 -4 9/2 4 -2 43 -4
-2119680D @ STV sin (H) -202732D @R ST sin (H)

9/2 4 232 -2 9/2 & -2 23 -2 ?/2 6 3 2
-2119480D @ STV sin (H) -13514680 QR ST sin (H) -7083400 QTV

?/2 8 -2 3 9/2 -2 83 -8 9/2 6 3 2 -6
-337920 @R T -337920 R S T sin (H) ~7046540D STV sin (W

15,2 226 43 -4 15/2 246 23 -2
-4033040 P @RSTsin (H) -403304D PQRSTsin (H)

1572 2 6 6 3 15/2 23 6 6 3 -4
-133148D P Q@R T -133148D PRSTsin (H)

153/2 32922 -2 1372 3 49 2
-14622016D P QRS TUVsin (H) -811008D PQRTV

13/2 3 9 42 -4 15/2 4 2 10 2 -a
-8110080 P RS T VUsin (H) -12288D PO@R S Tsin (H)

15/2 4 2 12 2 1572 4 4 10 15/2 4 10 4 -4
-33034720 P Q@R TV -6144D P @R T -6144D PR 8 Tsin (H)

15/2 4 12 2 2 -2 1372 5 2 13
-33054720 PR S TV sin (H) -12288D POR V

1572 5 13 2 -2 1572 3 15 3 21/2 6 2 18
-12288D P R G Vsin (H) -4448354D PR V -8192D0 PAR T

21/2 6 18 2 -2 21/2 7 21
-8192D0 PR S Tsan (H) -16334D PR V
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APPENDIX 10

TOLMAN-EHRENFEST FORMULA FOR THE THERMOSTATIC EQUILIBRIUM OF

GRAVITATING MATTER,

A well known principle of classical thermodynamics 1s
that a state of thermal equilibrium of a system would necessarily
be characterized by uniformity of temperature. This result
has been extended by Tolman and Ehrenfest [14] in the general
theory of relativity. They have proved that the distribution
of proper temperature T of matter in thermodynamic equilibrium
situated in a static gravitational field whose metric is

2

ds” = glkdxldxk - gaa(dxa 2

) (A10.1)

with 1,k taking the values 1,2,3, xa being the time-coordinate

and aglk/at = 8944/3t = 0, 1s described by the relation

T Vi_azz = constant (A10.2)
the constant being the same 1n all parts of the matter distrabu-
tion.

Thus a system 1s 1in thermostatic equilibrium 1in general
relativity not when the temperature gradient vanishes but rather
when the gradient of T/TQZZ becomes zero.

A new proof of the Tolman-Ehrenfest formula (A170.2) will
be given in what follows. Starting by considering the metric
as static and spherically symmetric, we assume the existence

of a unique vector field oM representing the average velocity
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of matter at each point of space-time, which satisfies the

normalization condition uuuLl = - 1 (a time-like vector) and

1s given, 1in the comaving frame, by

1

" = (0, 0, O, ). (A10.3)

V= 9y

We define the projection tensor [15] by

1 =g+ UU.. (A10.4)

It determines at each point a {3+1} splitting of space-time

into {space + time} and satisfies huvuv = 0. We also define
the acceleration vector a’ by
a¥ =0 = UYU uM, (A10.5)
ki

It 1s a space-like vector and satisfies L’Juuu = 0.

u

Using the velocity vector field u™ we can split the energy-

momentum tensor as follows
™o Y s sPV o (gHY + gt (A10.6)

gHV

where p 1s the density of matter, 1s the stress tensor and

u

g~ 1s the energy flux relative to e

, which represents processes

such as diffusion and/or heat conduction and satisfies quuu = 0.

We may obtain the fluid temperature distribution from the

heat flux qu 1f we use the following equation due to Eckart [16]
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* = - (T,x ,t) RV (T L+ Ta) (A10.7)
’

where T(xl,t) 1s the temperature, y > 0 1s the thermal conductivity
of the fluid, h*Y and a the projection tensor and the acceleration
vector respectively. The term huvT’ 1s obviously the relativistic
temperature gradient. The term - Tav has no classical analog

and implies a flow of heat 1in accelerated matter in a direction
opposite to the acceleration.

In cases with vanishing heat flow, qU = 0, we have from

equation (A10.7) that

T + Ta = 0. (A10.8)
Then, for a static spherically symmetric metric and with the
use of the velocity vector (A10.3) the only non-vanishing com-
ponent of the acceleration vector 1is

1 44

8,' = 7 (_g )(‘gAa)’1 . (A1O'9)
Going back i1nto (A10.8), we then have
=0 (A10.10)

from which, after integration, i1t follows that

T /—gaa = constant.
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(2.3.12) (instead of (2.3.15) )
emphasized and as a result of it all
equations written here

( viiie =t ) P, PP

48 (1nstead of 49) e

or a symbol (instead of of a symbol)
(PLUS X 2) (instead of (PLUS x 2) )

2M_. 8 (instead of 2M, 8
R 9 R 9
question (instead of equation)

)

Form of WABCD
2 WABCD = a(AaBYCSD)
22 i . WABCD = a(A BYCYD)
N WABCD = (AaBacéD)
b i WABCD = (AaBaCaD)

mapped (instead of wrapped)

3S (instead of 3S )
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