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Abstract

In this paper a boundary element method for analysis of fractured stiffened panels repaired with riveted
or adhesively bonded patches is presented. In order to achieve such a formulation, several boundary ele-
ment formulations involving the membrane and bending of displacement, and, stress resultants are coupled
together to analyse the model. The multi-region formulation is used to simulate the stiffeners, which are
modelled as an assembly. They are then connected to the sheets to form the stiffened panels by means of a
rivet formulation. The dual boundary element method is used to simulate the presence of cracks, and the
patches, treated as independent plates, are joined to the panel either with rivets or adhesive. A boundary
element formulation for adhesive bonding is implemented to model the adhesively bonded patches. The
Crack Opening Displacements (COD) method and the J-integral are implemented to evalute the required
fracture parameters. Examples presented include a wing box with a three spar section, with fully stiffened
skin, and, the skin is considered to have a crack and a repair patch is used on top of the crack to stop its
growth.

Keywords: Repair patches; Boundary Elements; Reissner plate; Assembled plate structures; Rivets; Adhesive
bonding; Dual boundary element method

Introduction

In the aeronautical industry, repairs are largely employed to restore the strength and to improve fatigue life
of damage stiffened panels. They consist on applying an extra panel (patch), either riveted or bonded with
adhesive, on top of the damage. Numerical modelling of repairs is a feature which is intensively sought in
computational mechanics. The Finite Element Method (FEM) present, to date, the only numerical method
capable of modelling such complex problems[1, 8, 35, 49, 36, 57].

The boundary element method has enjoyed some success in analysing relatively large scale industrial applica-
tions, although mostly limited to two and three-dimensional problems. The application of the boundary element
method to the classical plate theory was first proposed by Jaswon, Maiti and Symm[28]. Later, the development
of the direct formulation based on the Kirchhoff theory[33] was introduced by Forbes and Robinson[22], fol-
lowed by Bezine[12], Stern[59] and Tottenham[65]. Hartmann and Zomantel[25], further developed the method,
and implemented it for plate with relatively complex geometries and loadings. Following the above work,
others (Tanaka and Miyazaki[62], Fernandes and Venturini[68], Paiva and Aliabadi[42], Albuquerque[2] among
others[31, 32, 55, 3, 9, 41, 58, 60, 23, 29, 34, 64, 72]) have further extended the formulation for the classical
plate.

Application of the direct BEM for the analysis of Reissner plate [24, 50] was presented by Vander Ween[67].
Later, Karam and Telles[30] extended the formulation to infinite regions. Barcellos and Silva[10] presented
a similar formulation to that of [67]for the Mindlin plate model. Their formulation differed by the shear
factor constant. Later, Westphal and Barcellos[72] investigated the importance of the neglected terms in the
fundamental solutions derived in [67]. For thin-walled structures recent advances have shown BEM to be capable
of modelling cracks in linear and nonlinear (geometric and material behavior) regimes. Industrial problems
such as those in the aeronautics industry require a model to include thin-walls (aircraft skin) with stiffeners
of different shape and patches in the form of a tear strap or repair patches to be ether riveted or adhesively
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Figure 1: Single plate geometry

bonded. The interest lies in the interaction of these assembled features and behavior and growth of a crack in
the skin in presence of these features. BEM formulations, often include one feature at a time as including all
the features and their interactions, although assumed to be possible pose difficulties in implementation. In this
paper, a feasibility study of applying the Boundary Element Method (BEM) to the analysis of these problems
is presented. Previous works on stiffened plates and shells can be found in [74] for BEM where the stiffeners
are modelled as beams. Cracks are modelled using the Dual Boundary Element Method (DBEM), as proposed
by in [13, 14, 19]. Several works on cracks modelling with BEM can be found; reviews can be found in [5], [6]
and [21]. The stiffeners can be attached to the sheets with rivets. BEM formulation for two-dimensional riveted
panels with cracks can be found in [52], while applications to riveted repairs in [54] and [70]. Widagdoo and
Aliabadi in [75] analyzed the effect of different materials for composite riveted patches. The patches are added
using rivets and adhesive bonding. A BEM formulation has been proposed by Young et al. [69], using domain
cells to evaluate the domain integrals; Salgado and Aliabadi [53] implemented the DRM in order to transfer to
the boundary these integrals. Here, a BEM formulation combining all the previous features is presented and is
applied to the study a complex stiffened structure. Recent advances in BEM [4, 11, 26, 56] and its application
to plate can be found in [15, 7, 46, 45, 66, 27, 63, 73, 44, 16, 37].

In this paper, the above formulations are extended to allow for modelling of complex structures including all
the features of stiffeners and repair patches. The stiffeners can be modelled as intact or broken are formulated as
an assembled structure using a multi-domain formulation. The repair patches can be either riveted or adhesively
bonded. Several examples are presented to demonstrate the applicability of the above formulation.

Multi-region boundary element formulation for assembled plate struc-
tures

Following Aliabadi [4], by means of Betti’s theorem, it is possible to write the boundary displacement integral
equations for the plate in figure (1) as follows:

Cmαβ(x′)uβ(x′) +

 
T (x′,x)uβ(x)dΓ−

ˆ
Γ

Uαβ(x′,x)tβ(x)dΓ = (1)

ˆ
Ω

Uαβ(x′,X)fβ(X)dΩ

Cbik(x′)wk(x′) +

 
Pik(x′,x)wk(x)dΓ−

ˆ
Γ

Wik(x′,x)pk(x)dΓ = (2)

ˆ
Ω

Wik(x′,X)qk(X)dΩ
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Figure 2: Generic assembled plate

where uβ(x′) and wk(x′) are displacements and rotation at source point x′ ∈ Γ; uβ(x), wk(x), tβ(x) and pk(x)
are displacements, rotations, moments and tractions at field point x ∈ Γ; fβ(X) and qk(X) are domain loads at
field point X ∈ Ω; Tαβ , Uαβ , Pik and Wik are the fundamental solutions and they have been found by Kelvin
for the membrane problem (Tαβ , Uαβ) and by Vander Weeën [67] for the bending problem (Pαβ , Wαβ). The
symbol

ffl
denotes Cauchy principal value integral, coefficients Cmαβ(x′), Cbik(x′) are functions of the geometry at

the boundary point and can be determined by rigid body movements as shown in [4, 48].The domain integrals
in equations (1) and (2) are transferred to the boundary by means of the Dual Reciprocity Method (DRM)
as described in [4]. For a collocation point within the domain of the plate (DRM collocation point), the
displacement integral equations can be written as follows:

uβ(X′) +

ˆ
Γ

Tαβ(X′,x)uβ(x)dΓ = (3)

ˆ
Γ

Uαβ(X′,x)tβ(x)dΓ +

ˆ
Ω

Uαβ(X′,X)fβ(X)dΩ

wk(X′) +

ˆ
Γ

Pik(X′,x)wk(x)dΓ = (4)

ˆ
Γ

Wik(X′,x)pk(x)dΓ +

ˆ
Ω

Wik(X′,X)qk(X)dΩ

where the collocation point X′ ∈ Ω. Fundamental solutions are the same as for equations (1) and (2).
In order to model assembled plate structures, a multi-region formulation is implemented similarly as that

proposed by Dirgantara in ([17]). Consider M plates joined along a common edge (figure (2)). For each plate
it is possible to write the boundary integral equation independently, in local coordinates xmi , where i = 1, 2, 3
and m = 1, ..,M . Then compatibility equations for displacements and equilibrium equations along the joining
line can be enforced. Different cases have to be considered, according to the geometry.

In the simple case of two plates with same axis orientation, joined along a generic line with eccentricity e,
the equations expressing continuity of displacements and equilibrium of stresses across the join can be written
as follows:
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Figure 3: Angled plates joined together

u1
α − ew1

α = u2
α (5)

w1
i = w2

i

for displacement compatibility and

t1α + t2α = 0 (6)

p1
3 + p2

3 = 0

p1
α − et1α + p2

α = 0

for equilibrium at the join line.
If there are two or more angled plates joined together (figure (3)), the approach proposed in [17, 14, 15] is

followed. In order to simplify the description, the local coordinate systems for the M plates are assumed to be
defined such that the xm2 directions are all aligned with the same global direction along a straight join line.

The compatibility/equilibrium equations required along the join line are generated as follows. Each pair of
plates (e.g. m = 1 and m = 2) deform compatibly: for each pair (M = 2) of angled plates joined together, the
compatibility conditions can be enforced as follows:

(u1
1 − e′mw1

1)n1
11 + w1

3n
1
13 = (u2

1 − e′kw2
1)n2

11 + w2
3n

2
13 (7)

(u1
1 − e′mw1

1)n1
31 + w1

3n
1
33 = (u2

1 − e′kw2
1)n2

31 + w2
3n

2
33

u1
2 = u2

2

w1
1 = w2

1

w1
2 = 0

w2
2 = 0

where nmik are the components of the rotation matrix of plate m from local to global coordinates. For M plates,
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Figure 4: Crack geometry

equations (7) give 5M − 4 compatibility conditions, which are supplemented by 4 equilibrium conditions:

M∑
m=1

{tm1 nm11 + pm3 n
m
13} = 0 (8)

M∑
m=1

(tm1 n
m
31 + pm3 n

m
33) = 0

M∑
m=1

tm2 = 0

M∑
m=1

(pm1 − e′mtm1 ) = 0

where e′m is the eccentricity of the m-plate respect to the centre of the joint. What is important is the relative
eccentricity, therefore the reference point can be chosen arbitrarily. Usually, the quantities e′m, and consequently
the products e′mt

m
1 are small compared to pm1 , and for three or more angled plates can be ignored.

Dual boundary element method

The dual boundary element method was orginially formulated by Portela et al[47] and Mi and Aliabadi[38] for
two and three-dimensional crack problems and later extended to plate bending by Dirgantara and Aliabadi[20,
18]. Consider a cracked plate as in figure (4), where Γ is the external boundary and Γ+, Γ− are the boundaries
of the crack. Before deformation takes place, the boundaries Γ+ and Γ− are coincident. If equations (1) and
(2) are applied on both boundaries, they result identical as shown in [4]. Another set of independent equations
needs to be employed in order to build a non-singular system. Following [20] for plate problems, this extra set
is provided by the boundary traction integral equations; these equations are found to be independent from the
boundary displacement integral equations and can be applied to either of the crack boundaries.

The boundary traction integral equations can be derived by considering the equations that relate the stress
resultants and the boundary tractions, as follows:

tα = Nαβnβ (9)

p3 = Qαnα

pα = Mαβnβ

By taking the integral expressions of the stress resultants to the boundary ((X′ ∈ Ω) −→
(
x′− ∈ Γ−

)
),

considering that (nβ(x′ ∈ Γ+) = −nβ(x′ ∈ Γ−)) and assuming that Γ− is smooth, they can be written as follows:
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1

2
Nαβ(x′−)− 1

2
Nαβ(x′+) ==

ˆ
Dm
αβγ(x′−,x)tγ(x)dΓ−

ˆ
Γ

Smαβγ(x′−,x)uγ(x)dΓ (10)

+

ˆ
Ω

Dm
αβγ(x′−,X)fγ(X)dΩ

for plate membrane, while for plate bending as:

1

2
Mαβ(x′−)− 1

2
Mαβ(x′+) ==

ˆ
Γ

Db
αβk(x′−,x)pk(x)dΓ−

ˆ
Γ

Sbαβk(x′−,x)wk(x)dΓ (11)

+

ˆ
Ω

Db
αβk(x′−,X)qk(X)dΩ

1

2
Qβ(x′−)− 1

2
Qβ(x′+) ==

ˆ
Γ

Db
3βk(x′−,x)pk(x)dΓ−

ˆ
Γ

Sb3βk(x′−,x)wk(x)dΓ

+

ˆ
Ω

Db
3βk(x′−,X)qk(X)dΩ

where the symbol = ∗−12pt
´

stands for Hadamard principal value integral. The kernelsDm
αβγ , S

m
αβγ , D

b
αβk, S

b
αβk, D

b
3βk

and Sb3βk are linear combinations of the derivatives of the fundamental solutions and can be found in [18]. Ker-

nels Db
3βγ , Db

3βγ are weakly singular O(ln r); kernels Dm
αβγ , Db

αβγ , Db
3β3, Sbαβ3, Sb3βγ ,have a strong (Cauchy

principal value) singularity O(1/r); Smαβγ are hyper-singular of the order O(1/r2) and kernels Sbαβγ , Sb3β3 are

hyper-singular of the order O(1/r2 + ln r). The integration techniques for these kernels can be found in [4].
Introducing equations (10)-(11) into (9), the boundary integral equations for tractions are obtained as follows:

1

2
tα(x′−)− 1

2
tα(x′+) = nβ(x′−) =

ˆ
Γ

Dm
αβγ(x′−,x)tγ(x)dΓ+ (12)

−nβ
ˆ

Γ

Smαβγ(x′−,x)uγ(x)dΓ + nβ

ˆ
Ω

Dm
αβγ(x′−,X)fγ(X)dΩ

for plate membrane, while for plate bending as:

1

2
pk(x′−)− 1

2
pk(x′+) = nβ(x′−) =

ˆ
Γ

Db
kβk(x′−,x)pk(x)dΓ+ (13)

−nβ
ˆ

Γ

Sbkβk(x′−,x)wk(x)dΓ + nβ

ˆ
Ω

Db
kβk(x′,X)qk(X)dΩ

The displacement integral equation for a source point x′+ ∈ Γ+, can be written as follows:

1

2
uβ(x′+)− 1

2
uβ(x′−) +

 
Tαβ(x′+,x)uβ(x)dΓ = (14)

ˆ
Γ

Uαβ(x′+,x)tβ(x)dΓ +

ˆ
Ω

Uαβ(x′+,X)fβ(X)dΩ

1

2
wk(x′+)− 1

2
wk(x′−) +

 
Pik(x′+,x)wk(x)dΓ = (15)

ˆ
Γ

Wik(x′+,x)pk(x)dΓ +

ˆ
Ω

Wik(x′+,X)qk(X)dΩ

Equations (12)-(13) together with (14)-(15), form the required set of independent equations.
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Figure 5: Two plates joined by rivets
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Figure 6: Rivet interaction forces

Boundary element formulation for riveted structures

Consider the geometry in figure (5) where two plates are joined together with rivets. Following Salgado and
Aliabadi [52], each rivet is idealized as an attached point acting on the plates as an unknown domain point
forces. Contact between the surfaces of the plates is not considered; thus they are modelled separately and they
interact through unknown forces at rivet points. Being the rivets inserted in the plate, they generate moments
with respect to the section of the plate; thus to the three forces along the main axis fR1 , fR2 , qR3 two moments
have to be added qR1 and qR2 , for a total of five unknown (see figure (6)) interaction forces for each attachment
point.

For each plate considered separately, the following boundary displacement integral equations can be written:

Cmαβ(x′)uβ(x′) +

 
Tαβ(x′,x)uβ(x)dΓ = (16)

ˆ
Γ

Uαβ(x′,x)tβ(x)dΓ +

ˆ
Ω

Uαβ(x′,X)fβ(X)dΩ+

+
∑
R

Uαβ(x′,xR)fRβ (xR)
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Cbik(x′)wk(x′) +

 
Pik(x′,x)wk(x)dΓ = (17)

ˆ
Γ

Wik(x′,x)pk(x)dΓ +

ˆ
Ω

Wik(x′,X)qk(X)dΩ

+
∑
R

Wik(x′,xR)qRk (xR)

for a source point x′ ∈ Γ (boundary of the plate), and for a rivet source point x′R ∈ Ω (domain of the plate):

uβ(x′R) +

 
Tαβ(x′R,x)uβ(x)dΓ = (18)

ˆ
Γ

Uαβ(x′R,x)tβ(x)dΓ +

ˆ
Ω

Uαβ(x′R,X)fβ(X)dΩ+

+
∑
R

Uαβ(x′R,xR)fRβ (xR)

wk(x′R) +

 
Pik(x′R,x)wk(x)dΓ = (19)

ˆ
Γ

Wik(x′R,x)pk(x)dΓ +

ˆ
Ω

Wik(x′R,X)qk(X)dΩ+

+
∑
R

Wik(x′R,xR)qRk (xR)

where xR are rivet points, and the summations are extended to R rivets. The quantities uβ , wk, tβ and pk are
displacements, rotations, moments and tractions at the boundary of the plate; fβ and qk are domain loads; fRβ
and qRk are rivet forces and moments; Tαβ(X′,X), Uαβ(X′,X), Pik(X′,X) and Wik(X′,X) are the fundamental
solutions for plate membrane and plate bending respectively. The evaluation of kernels, coefficients and limiting
processes can be found in [4]. All known domain loads are transferred to the boundary by means of the DRM.

As pointed out in [52], when evaluating the kernels at a rivet point they present some singularity (Wik and
Uαβ are weakly singular of order O(ln r)). In order to overcome the problem the method proposed by Poe [43] is
used. The rivet load is considered to be uniformly distributed along a line segment, perpendicular to the force
and centred at the application point. The length of the line is taken as the rivet diameter; then the singular
kernels can be calculated using special integration techniques accordingly to the singularity.

Rivet model

For each rivet there are 10 additional unknowns for each plate, five forces and five displacements; the additional
integral equations are five for each rivet for each plate, therefore: 2R(10 − 5) = 10R. Ten extra equations for
each rivet are needed, and these can be found enforcing compatibility and equilibrium conditions at the rivet
points. Consider the geometry in figure (7); it represents the section of a typical plate-rivet-plate attachment.

The equilibrium conditions for the rivet can be written as follows:

fRβ (1) + fRβ (2) = 0 (20)

qR3 (1) + qR3 (2) = 0

for the equilibrium along the main axis; the equilibrium of the moments is enforced respect to the point of the
rivet laying on the interface between the two plates as follows:

qRβ (1)− h1

2
fRβ (1) + qRβ (2) +

h2

2
fRβ (2) = 0 (21)
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Figure 7: Typical section of plate-rivet-plate attachment

where the index 1 and 2 are referred to the lower and upper plate respectively.
For what concern the compatibility equations, the flexibility of the rivet has to be considered. At point A

and B, the displacements are related as follows:

uRα (1) +
h1

2
wRβ (1)− uRα (2) +

h2

2
wRβ (2) = ΦRfRβ (1) (22)

wR3 (1)− wR3 (2) = 0

where ΦR is the rivet flexibility and depends on the rivet material and geometrical properties. The rivet
flexibility ΦR can affect considerably the results. Several empirical formulas have been proposed, and some are
listed in [39, 43, 61].

The difference between the rotation of the two part in which the rivet is divided, can be related to the
flexibility of each part considered on its own, as follows:

wRβ (1)− wRβ (2) = (23)

64

ERπD4
R

[
1

h1

(
qRβ (1)− h1

2
fRβ (1)

)
+

1

h2

(
qRβ (2) +

h2

2
fRβ (2)

)]
where ER, DR are the Young’s modulus and diameter of the rivet respectively, and πD4

Rh
α/64 are the inertia

momentum of the two part of the rivet of circular cross section. If the plates have the same thickness, equation
(23) reduce to:

wRβ (1)− wRβ (2) = 0 (24)

Dual boundary integral equations for riveted patches

A patch riveted to an undamaged plate can be treated as two plates riveted together and equations (16)-(19)
can be employed. If a crack is introduced, traction boundary integral equations onto one of the crack surfaces
need to be applied. Following the same reasoning as for equations (12)-(13), the traction boundary integral
equations for riveted patches can be written as follows:
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Figure 8: Adhesively bonded patch

tα(x′−) = nβ =

ˆ
Γ

Dm
αβγ(x′−,x)tγ(x)dΓ− nβ

ˆ
Γ

Smαβγ(x′−,x)uγ(x)dΓ (25)

+nβ

ˆ
Ω

Dm
αβγ(x′−,X)fγ(X)dΩ +

∑
R

nβD
m
αβγ(x′−,xR)fRβ (xR)

for membrane, and for bending as:

pk(x′−) = nβ =

ˆ
Γ

Db
kβk(x′−,x)pk(x)dΓ− nβ

ˆ
Γ

Sbkβk(x′−,x)wk(x)dΓ (26)

+nβ

ˆ
Ω

Db
kβk(x′−,X)qk(X)dΩ +

∑
R

nβD
b
kβk(x′−,xR)qRk (xR)

where R is the number of rivet points; the kernels Dm
αβγ , Smαβγ , and Db

iβk, Sbiβk have been already defined and
their expressions can be found in Appendix A. It has to be noticed that source points of equations (25)-(26)
are never on rivet points, therefore the kernel in the summatory are not singular.

Boundary integral equations for adhesively bonded patches

Consider a plate with a patch as in figure (8), where Γb and Ωb are the boundary and the domain of the plate;
Γp and Ωp are the boundary and the domain of the patch and hb, hp and ha are the thicknesses of the plate, the
patch and of the adhesive layer respectively. The plate and patch interact through the adhesive layer by means
of body forces, which follow the bonding conditions. Following Goland and Reissner [24], the adhesive layer and
the adherends interact through shear and peel stress (σα, σ3). As illustrated in figure (9), the shear stresses are
applied on the the upper and lower surfaces, therefore they generate moments with respect to the mid-surface of
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Figure 9: Interaction forces for the adhesively bonded plates

the adhesive and adherends. The resulting body forces acting on the adherends can be summarized as in-plane
f̄ bα, f̄pα, transverse q̄bα, q̄pα and moment q̄bα, q̄pα body forces, for plate and patch respectively. These body forces
are unknowns of the problems, five for each set of equations, and need to be calculated. For a generic adhesively
bonded point, five compatibility and five equilibrium equations can be derived from equilibrium and geometrical
considerations. From equilibrium conditions along the main axis the following equations can be written:

f̄pα + f̄ bα = 0 (27)

q̄p3 + q̄b3 = 0

and considering the equilibrium of the moments with respect to the mid-plane of the adhesive:

q̄pα − f̄pα
hp + ha

2
+ q̄bα + f̄ bα

hb + ha
2

= 0 (28)

Considering negligible the strain across the adhesive, for in-plane displacements and deflections at points A
and B the following compatibility conditions can be written:

ūpα − w̄pα
hp
2
− ūbα − w̄bα

hb
2

=
ha
Ga

f̄pα (29)

wp3 − wb3 = 0

where Gα is the shear modulus of the adhesive.
The difference between the rotations of each adherend, can be related to the flexibility of each adherend, as

follows:

wbα − wpα =

(
12

Ebh3
b

− 12

Eph3
p

)(
q̄bα + f̄ bα

hb + ha
2

)
(30)

If plate and patch are made of the same material (Ep = Eb) and have same thicknesses (hp = hb), equation
(30) reduces to:

wbα − wpα = 0 (31)

Equations (27-30) form a complete set of bonding conditions. It has to be noticed that equation (30) allows
different rotations for plate and patches, differently from what proposed in [71].

For what concerns the boundary element formulation, an approach similar to what suggested in [53] for 2D
and extended to plates in [71] will be followed here.
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Considering P patches and that Ωp ⊂ Ωb (in plate theory, plate and patches lay on the same plane), the
displacement boundary integral equations for the plate and the patches can be written as follows:

Cαβ(x′)uβ(x′) +

 
Tαβ(x′,x)uβ(x)dΓ = (32)

ˆ
Γ

Uαβ(x′,x)tβ(x)dΓ +

ˆ
Ω

Uαβ(x′,X)fβ(X)dΩ+

+
∑
P

ˆ
Ωp

Uαβ(x′,Xp)f̄β(Xp)

for membrane, and for bending as:

Cik(x′)wk(x′) +

 
Pik(x′,x)wk(x)dΓ = (33)

ˆ
Γ

Wik(x′,x)pk(x)dΓ +

ˆ
Ω

Wik(x′,X)qk(X)dΩ

+
∑
P

ˆ
Ωp

Wik(x′,Xp)q̄k(Xp)

where Γ = Γp,Γb, Ω = Ωp,Ωb, f̄β = f̄pα, f̄
b
α and f̄β = f̄pα, f̄

b
α whether equations are written for the plate or for the

patches. The other quantities follow definitions given before. All the domain integrals in equations (32)-(33) are
transferred to the boundary by means of DRM. The mutual contribution between plate and patch is exercised
through Np bonding point, which are treated as DRM points collocated within the plate and patch domains;
compatibility and equilibrium conditions as described by equations (27)-(30) are then enforced between plate
and patch points. For each bonding point the displacement integral equations can be written as follows:

uβ(x′) +

 
Tαβ(x′,x)uβ(x)dΓ = (34)

ˆ
Γ

Uαβ(x′,x)tβ(x)dΓ +

ˆ
Ω

Uαβ(x′,X)fβ(X)dΩ+

+
∑
P

ˆ
Ωp

Uαβ(x′,Xp)f̄β(Xp)

for membrane, and for bending as:

wk(x′) +

 
Pik(x′,x)wk(x)dΓ = (35)

ˆ
Γ

Wik(x′,x)pk(x)dΓ +

ˆ
Ω

Wik(x′,X)qk(X)dΩ

+
∑
P

ˆ
Ωp

Wik(x′,Xp)q̄k(Xp)

where the symbols have been already defined.

Dual boundary integral equations for adhesively bonded patches

Displacement boundary integral equations (32)-(33) are applied to one surfaces and traction integral equations
to the other. The latter can be derived in a similar way as described before, and can be written as follows:
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tα(x′−) = nβ =

ˆ
Γb

Dm
αβγ(x′−,x)tγ(x)dΓ− nβ

ˆ
Γb

Smαβγ(x′−,x)uγ(x)dΓ (36)

+nβ

ˆ
Ωb

Dm
αβγ(x′−,X)fγ(X)dΩ +

∑
P

nβ

ˆ
Ωp

Dm
αβγ(x′−,Xp)f̄γ(Xp)

for membrane, and for bending as:

pk(x′−) = nβ =

ˆ
Γb

Db
kβk(x′−,x)pk(x)dΓ− nβ

ˆ
Γb

Sbkβk(x′−,x)wk(x)dΓ (37)

+nβ

ˆ
Ωb

Db
kβk(x′−,X)qk(X)dΩ +

∑
P

nβ

ˆ
Ωp

Db
kβk(x′−,Xp)q̄k(Xp)

where all the quantities have been already defined previously. It has to be noticed that equations (36)-(37) are
applied to the plate and not to the patch.

System matrix

Each plate and patch are discretized into boundary and DRM points. The latter may be considered either as
normal DRM, rivet or bonding points, accordingly to the case in exam. The system for a plate joined through
edges to another plate, and with rivets and adhesive points can written in matrix form as follows:

ds.b. t.b. ds.j ds.d ds.a. ds.r t.j t.a t.r
b.eq. Hbd Gbd Hbj 0 0 0 Gbj Eba Gbr
d.eq. Hdb Gdb Hdj Idd 0 0 Gdj Eda Gdr
a.eq. Hab Gab Haj 0 Iaa 0 Gaj Eaa Gar
r.eq Hrb Grb Hrj 0 0 Irr Grj Era Grr

=

d.load.
Fbd
Fdd
Fad
Frd

(38)

where suffix b, d, j, a and r stay for boundary, domain, join-line, bonding and rivet points respectively. H are
the integrals computed from traction fundamental solutions, G from displacement fundamental solutions, E
from DRM and I is the identity matrix; F are the domain load contributions of the prescribed loads evaluated
with DRM. For example the term Haj is the coefficient computed using the traction fundamental solution
with bonding points as source points and join-lines points as field points, and they correspond to the join-line
displacements contribution to the bonding point displacements. After boundary conditions are imposed and
considering the general case, where plates are riveted or joined along the edges, and there are bonded patches;
the resulting system can be written in matrix form as follows:

.. 0 0 0 0 0
0 Ai 0 0 0 0
0 0 Ap 0 0 0
0 0 0 Aj 0 0
0 0 0 0 .. 0
0 0 0 0 0 Ak

0 P ip P ip 0 0 0
0 0 0 Jjk 0 Jjk

0 Rij 0 Rij 0 0

=

..
F i

F j

F j

..
F k

0
0
0

+

..
bi

bj

bj

..
bk

0
0
0

(39)

where Aj and F j are the matrix of coefficient and the load vector of the j plate; Jjk are the matrix containing
the joining conditions between plates j and k, supposed that they are joined along edges; Rij are the matrix
containing the joining conditions between plates i and j, supposed they are connected with rivets, and P ip are
the matrix containing the joining conditions between plate i and patch p, supposed they are adhesively bonded.
Vectors F i contain the prescribed domain loads contributions, while bi correspond to the known boundary
values.



 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 

Evaluation of the fracture parameters

Following [20], the SIFs can be expressed in terms of displacements discontinuities at crack boundaries as:
Km

1

Km
2

Kb
1

Kb
2

Kb
3

 =
1√
r


Eh
8

√
2π 0 0 0 0

0 Eh
8

√
2π 0 0 0

0 0 Eh3

48

√
π
2 0 0

0 0 0 Eh3

48

√
π
2 0

0 0 0 0 5Eh
24(1+υ)

√
π
2




∆u1

∆u2

∆w1

∆w2

∆w3

 (40)

where ∆uα,∆wi are defined as:

∆uα(x) = uα(x+)− uα(x−) (41)

∆wi(x) = wi(x
+)− wi(x−)(

x+ ∈ Γ+;x− ∈ Γ−
)

The effective value of SIFs is extrapolated from the values at nodes of crack tip elements using the Displace-
ment Extrapolation Method as described in [4].

The J − integral can be written separately for plate membrane and bending [19] as follows:

Jm =

ˆ
Γ

[
Nαβ

1

2
(uα,β + uβ,α)nn − tβuβ,n

]
dΓ−

ˆ
Ω

fβuβ,ndΩ (42)

and for bending:

Jb =

ˆ
Γ

[(
Qα (wα + w3,α) +Mαβ

1

2
(wα,β + wβ,α)

)
nn + (43)

−pkwk,ndΓ]−
ˆ

Ω

qkwk,ndΩ

where Jm and Jb stand for membrane and bending J − integral respectively, and the can be related to the
stress resultant intensity factors as follows:

Jm =
(1− ν2)

E

(
K2

1m +K2
2m

)
(44)

Jb =
12

Eh3

[
K2

1b +K2
2b +

(1 + ν)

λ2
K2

3b

]
In order to extract the SIFs for each mode independently, the separation technique proposed by Rigby and

Aliabadi [51] for 3D, and by Dirgantara and Aliabadi for plates [19] is followed. The principle of the method lays
in the possibility of decomposing the stress-strain field ahead of the crack-tip into symmetric and anti-symmetric
fields, and then relating these to the different crack deformation modes.

The stress resultant intensity factors can be related to the standard stress intensity factors (SIFs) as follows:

KI =
K1m

h
+K1b

12

h3
z (45)

KII =
K2m

h
+K2b

12

h3
z

KIII =
3

2h
K3b

(
1−

(
2z

h

)2
)

where z is the coordinate that runs along the thickness (h) of the plate.
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Figure 10: Cracked sheet with rectangular patch: geometry and load

Examples

Cracked sheet reinforced with a riveted rectangular patch

In figure (10) a cracked sheet with a riveted rectangular patch is presented. Material properties for the sheet
and the patch are: Young modulus E = 68900MPa, Poisson’s ratio ν = 0.33. Dimensions are given in the same
figure. The patch is attached with 200 rivets of diameter DR = 4.76mm, and which material properties are the
same as for the sheet and the patch. Rivets are regularly distributed in eight rows of 25 rivets each, with a
pitch p = 25.4mm. The sheet is modelled with 64 boundary elements (32 on the outer boundary and 32 on the
crack), while 32 boundary elements only are used for the patch. In figure (11), the by-pass load ratio (Fx/N)
is plotted for different rivet rows. Results are compared with [75] and are found to be in good agreement.
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Figure 11: Cracked sheet with rectangular patch: By-pass load ratio
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Young Modulus E = 70 GPa
Patch radius = 30 mm
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Figure 12: Cracked plate with a circular patch

Cracked sheet reinforced with a circular doubler attached with rivets or adhesive

Consider a cracked plate as illustrated in figure (12). The plate is square (2W = 180mm), with a central crack
of various size (2a). Two opposite edge are loaded with in plane normal stress resultant Nyy which generate a
stress σyy = 100MPa, and a circular patch of radius r = 30mm is attached as shown. Material properties of the
plate and the patch are those of Aluminium (Young’s modulus E = 70GPa, Poisson’s ratio ν = 0.3) and both
have thickness h = 1.5mm. The plate and the patch are modelled with 16 boundary elements each, while for
the crack 8 discontinuous boundary elements are used on each surface. First the plate without crack and with
the patch is modeled in three different ways, as illustrated in figure (13). A solid model (perfect bonding) of the
patch as a central circular plate of thickness hs = 2h is joined through the edge with eccentricity e = 0.75mm;
riveted patch with 12 rivets of same material properties as the plate and the patch, with diameter DR = 7mm;
and an adhesively bonded patch with adhesive thickness ha = 0.15mm and shear modulus Ga = 0.6GPa.

The deflection w at the centre of the patch are presented in table (1). Convergence for the adhesive patch have
been reached with few bonding points, nevertheless 76 points have been placed as the crack results converged
for this value. It can be noticed how the adhesive solution is close to the solid model, while the rivet model
present the highest deflection. The by-pass load (Nyy/Napplied) is about 17% for the rivet model and 13% for
the adhesive model. Higher loads in the patch generate higher moments which cause the plate deflection.

PFB Adh Riv
w −3.50 −3.55 −3.99

Table 1: Cracked plate with a circular patch: maximum deflection comparison

The crack is then introduced, and SIF ratio KI/σapplied for membrane and bending against half crack size
a are presented in figures (14)-(15). The behaviour of K1m/σapplied is compared with the un-patched plate.
Results from Murakami [40] are compared with the un-patched BEM model and they match perfectly. The
riveted patch improve the situation, but not as much as the bonded patch, for which an average reduction of
about 3 times is observed for all crack sizes. It has to be noticed that the patch induce bending thus bending
stress resultant intensity factors are found as well for the patched models. For comparison results presented
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Solid model

eccentricity e = 0.75 mm

e 1.5 mm

3 mm

Rivet model

Rivet arrangment

Rivet diamenter = 7 mm
Rivet Young Modulus = 70 GPa
Poisson's ratio = 0.3

Bonding points

Adhesive thickness = 0.15 mm
Shear Modulus = 0.6 GPa
76 bonding points

Adhesive model

0.15 mm

Figure 13: Different patch attachment models
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Figure 14: Single plate: SIF mode I membrane against half crack size a

by Wen, Aliabadi and Young in [71] are presented as well; it can be seen how they are in good agreement
apart for small crack size. This is probably due to the different adhesive models; present formulation allows
relative rotations between plate and patch. The difference is even more clear in figure (15) where K1b/σapplied
are plotted against half crack size a for riveted and bonded patch. It can be seen how in [71], K1b/σapplied
remains almost constant, while it is growing with crack size, both for bonded and riveted. The condition of
same rotations probably reduces the flexural rigidity of the joint. If maximum SIF are considered, the reduction
for the bonded patch is 4.5 with respect to the un-patched plate; this result is in accordance with [8].
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Figure 15: Single plate: SIF mode I bending against half crack size a
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Figure 16: Stiffener riveted to plate: geometry and load

Adhesive patching of a cracked stiffened plate

Consider the stiffener-plate structure illustrated in figure (16). A Z-stiffener is attached to a plate with 16
rivets as shown. Material properties of the stiffener and the plate are those of Aluminium (Young’s modulus
E = 73GPa and Poisson’s ratio ν = 0.3); the plate thickness is 2.5mm while the stiffener is made of plates
5mm thick, joined through the edge. Material properties of the rivets are the same as plate and stiffener, rivets
diameter is DR = 9.525mm. Each plate is modelled with 16 boundary elements. The piece is fixed at one end
and the plate is loaded with tension N = 100N/mm on the opposite edge. Suppose that the two correspondent
rivets at fifth place from the fixed edge fail and a crack is placed instead, of initial size c = 20mm. Equal cracks
are present both in the plate and the stiffener and grow. In figure (17) is shown how they are considered; the
crack in the plate grows normally, while the crack in the stiffener grows initially in the lower part, then reach
the edge of the stiffener on one side and breaks through the vertical plate on the other side. Eventually, when
the crack in plate reaches c = 160mm, the stiffener is considered to be broken off. The growth of the cracks is
considered happening at the same time. Then the repaired structure is considered.

A rectangular patch of size (180× 90) and thickness 2.5mm is attached onto the crack. The patch is made
of Aluminium and is modelled with 16 boundary elements, and 79 bonding points are regularly placed in the
bonded area. The broken stiffener is replaced. In figure (18) the repaired structure is illustrated. In figure
(19) results for maximum mode I SIF are presented for all cases. Analyzing the broken structure first, for
the plate three different areas can be recognized. First, for 10mm ≤ c ≤ 40mm rather low Kmax

I are found;
the stiffener is still helping in carrying the load. Secondly, when the crack eventually grows out of the stiffener
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Figure 17: Stiffener riveted to plate: crack growth model
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Figure 18: Patched model

40mm ≤ c ≤ 160mm (and the lower plate of the stiffener is broken) a big raise is clear. At the end (160mm ≤ c)
the stiffener is considered completely broken as it does not carry any more load; the Kmax

I diminish because
the bending induced by the stiffener is very small compared to before and so is the K1b. For both tips the
behaviour is very similar, only for a small difference in K1b is acknowledged caused by the asymmetric bending
of the stiffener. Consider now the stiffener; at the beginning there are two tips, where the tip near the open
edge has higher Kmax

I . When the crack breaks through the vertical plate, it becomes an edge crack (the other
side is now open) and the Kmax

I rises considerably. The repaired structure behaves much better, the Kmax
I are

much lower (no crack is present in the stiffener now, as it has been replaced). It has to be noticed that part of
the gain is due to the new stiffener, as its contribution alone for a crack c = 20mm diminish the Kmax

I of about
13%.
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Figure 19: Stiffener riveted to plate maximum mode I stress intesity factor: against crack size
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Repair of a cracked Wingbox

As last example, a wing box section is presented. In figure (20) the geometry is illustrated along with general
dimensions; the section depth is the distance between two ribs (typically 640mm). Material is taken as alu-
minium whose properties are Young’s modulus E = 73GPa and Poisson’s ratio ν = 0.3, for skin, spars and
stiffeners. The geometry presents a three spar section, with fully stiffened skin. The thickness of the skin is
taken as 2.5mm; the rear spar is 3.5mm thick while the front and central spars are 4.5mm thick; the stiffeners at
the skin and at corners are composed of plates joined through edges, of 5mm thickness; the stiffeners connecting
the central spar to the skin are 7.5mm thick. Angular and skin stiffener are then riveted to the skin and the
spar; the rivets arrangements are illustrated in figure (21). Typically the load is transferred to the wing box
through the ribs and outer skin connections, therefore it can be considered as applied to the edges. For a general
section, there is a bending moment generated by the lift, and a torsion moment, due to the eccentricity between
the elastic centre of the section and the aerodynamic centre of the airfoil. The bending moment is applied via
uniform traction on the lower skin and uniform compression on the upper skin; while the torsion moment is ap-
plied as shear in-plane traction along the edges. In this example the normal tension is taken as tx = 500N/mm
and the in-plane shear traction as ty = 150N/mm. In the position shown in figure (22), cracks of different
sizes are placed and the stiffener in considered broken. The BEM model uses 148 panels, with 16 boundary
elements each, 4 on each side. Stiffeners are considered as solid pieces and are joined through the edges, while
connections to spars and skin is modelled with rivets. The crack is modeled with 16 discontinuous boundary
elements. Then a rectangular patch of dimension (300mm× 90mm) and of thickness 2.5mm is attached on the
crack. The patch is made of aluminium and is modelled with 16 boundary elements, and 79 bonding points are
regularly placed in the bonded area. The broken stiffener is replaced with new one.

In figure (23) Kmax
I and Kmax

II are plotted against crack size, for both tips, with and without patch. The
applied torsion cause mode II opening, the crack growth angle has been evaluated as about 60o for both tips;
the SIFs are high, the crack will grow quickly. Again the recovery of the structure due to the repair is clear. It
has to be noticed the tip 2 SIFs are higher because of the bending induced by the asymmetric stiffeners.

Colour contours of Uy displacements are shown in figures (24)-(25); where it can be seen the effects of the
crack. It does not effect the entire structure, but the local effects are quite large. Contact is not modelled,
therefore some interpenetration can be seen.
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Figure 23: Wing box: SIFs against crack size
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Figure 25: Wing box: vertical displacement colour contours close-up
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Conclusions

In this paper a feasibility study for applying the boundary element method to the analysis of stiffened panels
repaired with patches was presented. In order to achieve such feature, several formulations were combined
together to analyse the model. The multi-region formulation was used to simulate the stiffeners, which were
modelled as an assembly. A boundary element formulation for rivets was employed to connect the stiffeners to
the sheets; while the dual boundary element method was implemented to simulate the presence of cracks. The
patches were attached either with rivets or adhesively bonded. The latter was modelled by means of a dedicated
boundary element formulation for adhesive bonding. The dual boundary element method was applied to model
the cracks, and the COD method and the J-integral were implemented to extract the stress intensity factors.
Examples were presented to validate the proposed formulations, and results were found satisfactory. A study
of crack running through a stiffened panel was presented as well, then the repaired geometry was examined
to investigate the relief due to the repair. At the end a wing box section was analysed to show the possible
applications of the proposed method. The combination of the formulations are found to provide an effective
numerical tool, capable of performing the analysis of complex structures.
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