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A conventional approach to wideband Multi-Source (MS) Direction-of-Arrival (DOA)1

estimation is to perform Single Source (SS) DOA estimation in Time-Frequency (TF)2

bins for which a SS assumption is valid. Such methods use W-Disjoint Orthogonal-3

ity (WDO) assumption, due to the speech sparseness. As the number of sources4

increases, the chance of violation of WDO assumption increases. As shown, in the5

challenging scenarios with multiple simultaneously active sources over a short period6

of time masking each other, it is possible for a strongly masked source (due to incon-7

sistency of activity or quietness) to be rarely dominant in a TF bin. SS-based DOA8

estimators fail in detection or accurate localization of masked sources in such scenar-9

ios. Two analytical approaches are proposed for narrowband DOA estimation based10

on MS assumption in a bin in the spherical harmonic domain. In the first approach11

EigenValue Decomposition (EVD) is used to decompose a MS scenario into multiple12

SS scenarios on each of which a SS-based analytical DOA estimation is performed.13

The second approach analytically estimates two DOAs per bin assuming the presence14

of two active sources per bin. The evaluation validates the improvement to double15

accuracy and robustness to sensor noise compared to the baseline methods.16
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I. INTRODUCTION17

Multi-Source (MS) Direction-of-Arrival (DOA) estimation is a fundamental task for18

acoustic source separation, localization, tracking, spatial filtering, environment mapping,19

dereverberation and speech enhancement where multiple sources are simultaneously active.20

As such it can be used in a wide range of applications including hearing aids, robot audition,21

meeting diarization and teleconferencing.22

This work is based on Spherical Microphone Arrays (SMAs) which have become popular23

due to their ability to analyse the sound field with equal resolution in all directions. Using a24

SMA, the sound field can be represented in the Spherical Harmonic Domain (SHD), which25

enables the problem formulation to be independent of the specific geometry, size and type of26

the SMA, e.g. rigid/open. The studies on SMAs can be categorized into two groups of array27

design and processing. Numerous works1,2,5,7,9,10,12 have provided studies of various designs28

for SMAs and analysis of their advantages or limitations. There have also been extensive29

studies on soundfield modelling3,4,15, beamforning8,11,13,14 and localization6,16,17 for SMAs,30

those of which related to the context of this paper will be discussed later. The first works31

on DOA estimation using SMA can be found in18 and the first works on signal processing32

for SMAs are presented in2,19,20.33

The degradation factors for the performance of DOA estimators are typically reverber-34

ation, sensor/environmental noises and sources’ activity, strength and movement. The in-35

terested case of study in this work is the challenging scenarios in which the sources are36

stationary and simultaneously active with different average strength where one source is37
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mostly and significantly masked by others. This often occurs in scenarios where the number38

of sources exceeds two and one or more sources are at further distance than others.39

Several existing approaches to wideband MS DOA estimation for speech sources exploit40

W-Disjoint Orthogonality (WDO)21, assuming sparseness of speech in the Time-Frequency41

(TF) domain, in combination with subspace decomposition to decompose the noisy obser-42

vation covariance matrix into signal and noise subspaces22. Such methods often find the43

TF bins where the Single Source (SS) assumption is valid to some extent using various44

metrics6,23–27, and apply a SS-based narrowband DOA estimator at the identified SS bins.45

Such approaches benefit from high accuracy and reliability of the SS-based narrowband DOA46

estimators due to the simplicity of the SS problem.47

Narrowband DOA estimation methods either provide an analytical closed-form solution48

and or are open-form, requiring a cost function to be evaluated over many possible directions49

and the optimal direction(s) selected. In analytical-based methods, the DOA is directly cal-50

culated from the signals whereas the steering-based methods combine the signals with the51

steering vector of the array for all the possible directions to find the direction with the most52

reliable outcome. Pseudointensity vectors (PIVs)17 uses up to the first-order spatial infor-53

mation of the captured sound field to directly estimate the DOA. A noise-robust variation54

of PIV, SSPIV, is proposed in28 using subspace decomposition in which the first eigenvector55

of the sample covariance matrix is used as the input to the PIV formulation. Although56

analytical approaches such as PIV are computationally fast by avoiding many possible di-57

rections and estimating the DOA directly instead, they suffer from limitation to low spatial58
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information which results in erroneous DOA estimate in case of narrowband MS scenario as59

shown later in this work.60

On the other hand, Steered Response Power (SRP)29 and MUltiple SIgnal Classification61

(MUSIC)6,30 are two of the well-known steering-based methods. In SRP a beamformer62

such as Plane-Wave Decomposition (PWD)11,14,31 is applied to the raw signals. The recent63

works36,37 use model-based Bayesian analysis with beamforming to determine the number64

of sources and their DOAs. They generate and evaluate number of models, each defined65

by a specific number of sources and DOAs, to find the best fit to the data. The noise-66

robust MUSIC uses subspace decomposition and minimizes the output of the beamforming67

on the noise subspace (in fact maximises the inverse of the beamforming output). The noise68

subspace in MUSIC depends on the rank of the covariance matrix. For SS assumption, the69

first eigenvector is taken as the signal subspace and the remaining eigenvectors as the noise70

subspace. Steering-based approaches benefit from their formulation’s extendibility to high71

order spatial information. However, they can be computationally expensive when used to72

obtain a a narrowband DOA estimate per TF bin.73

SS-based narrowband DOA estimators only result in accurate DOA if the WDO assump-74

tion is valid in that bin. Where multiple sources are simultaneously active in a bin, SS-based75

DOA estimator accuracy is reduced due to violation of this assumption. In the most op-76

timistic cases where subspace decomposition is used, the SS-based methods estimate the77

DOA of the dominant source and, when taken as a set of DOA estimates, fail in detecting78

a quiet source if the source rarely has the chance of domination in a bin as shown later in79

this work.80
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A solution to this problem is the use of MS narrowband DOA estimation. A well-known81

example of it, is MSMUSIC22,30 where the noise subspace is defined by the eigenvectors82

excluding the first N such vectors which represent the signal subspace, assuming the presence83

of N simultaneously active sources in the bin. The DOAs per bin are obtained as the top84

N peaks in the MUSIC spectrum. This approach suffers from high computational cost of85

steering and multi-peak detection per TF bin. The single peak detection in the SS-based86

approaches is relatively fast as it aims for the global maximum in a wrapped space whereas87

multi-peak detection requires multiple 2D-neighbouring check for peak detection, which is88

significantly more computationally expensive than the single peak detection.89

The motivation behind this work is to study and propose a relatively low-computational90

and analytical narrowband MS DOA estimation algorithm which uses low-order spatial91

information to directly estimate single, two or more DOAs per TF bin. Two alternative92

methods for an analytical narrowband MS DOA estimation are proposed and named as93

Multi-Source Pseudointensity Vectors (MSPIVs) and Dual-Intensity Vectors (DIVs). The94

first method, MSPIV, is based on de-mixing a mixture of N sources into a multiple SS95

scenario on each of which PIV is performed. The second method DIV is based on a two-96

source assumption and analytically derives up to two DOAs from the mixture signals. A97

subspace version of the second method is also proposed in order to improve its robustness98

to noise and scenarios with more than two sources.99

This paper is structured as follows. Section II demonstrates the signal model in the100

SHD and briefly reviews the conventional SS- and MS-based methods for the problem.101

Section III presents the proposed methods MSPIV and DIV. It also presents a narrowband102
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and a wideband analysis for simulated examples. Section IV evaluates the performance of the103

proposed methods against the conventional methods reviewed in Section II under simulated104

scenarios. Finally Section V provides an analysis of the computational complexity of each105

method.106

II. TECHNICAL BACKGROUND107

The point location in the spherical coordinates is represented as (r,Ω) = (r, θ, ϕ) with108

range r, inclination θ, and azimuth ϕ. Let τ , k and κ denote the time frame, frequency109

index and wavenumber respectively.110

A. Signal Model in the SHD111

Consider a SMA with radius ra and Q microphones, each with angle Ωq. Let pq(τ, k)112

denotes the signal captured by microphone q in the Short-Time Fourier Transform (STFT)113

domain. Using Spherical Harmonic (SH) Transform, also known as Spherical Fourier Trans-114

form, the signal in the SHD, referred to as eigenbeam of order l and degree m (satisfying115

|m| ≤ l) is given by32
116

alm(τ, k) ≈ 1

bl(κra)

Q∑
q=1

wq,lmpq(τ, k), (1)

where bl is the range dependence mode strength of the SMA. In the case of a uniform sensor117

distribution, the weights wq,lm are118

wq,lm =
4π

Q
Y ∗lm(Ωq), (2)
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where (.)∗ denotes the complex conjugate. The SH basis functions Ylm (Ω) are given by32
119

Ylm (Ω) =

√
(2l + 1)

4π

(l −m)!

(l +m)!
Plm (cos (θ)) eimϕ, (3)

where Plm is the associated Legendre function and i2 = −1. To avoid spatial aliasing due to120

discrete sampling of the sound field the lower bound on Q is7
121

Q ≥ (L+ 1)2, (4)

where L is the maximum SH order considered. Further information regarding the analysis122

of spatial aliasing errors and the selection of an appropriate spatial sampling scheme can be123

found in33.124

In the case of multiple Ns plane waves {Sn}Nsn=1 with DOAs {Ωn = (θn, ϕn)}Nsn=1, the125

plane-wave representation of the eigenbeams is12,33
126

alm(τ, k) = (
Ns∑
n=1

Sn(τ, k)Y ∗lm(Ωn)) + νlm, (5)

where νlm is the sensor noise in the SHD.127

B. Subsapce Decomposition128

Subspace-based methods use eigenbeams covariance matrix,129

R = E{almaHlm}, (6)

where E{.} and (.)H denote the expectation and conjugate transpose, respectively, and130

alm =
[
a00, a1(−1), a1(0), a1(1), . . . , aLL

]T
is the (L+1)2-length column vector of eigenbeams.131

Note that (τ, k) are omitted here for notational simplicity.132
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In order to obtain the covariance matrix R, it is approximated as the average covariance

matrix over a local TF region6,28

Ra(τ, k) =
1

JτJk

Jτ−1∑
jτ=0

Jk−1∑
jk=0

a(τ − jτ , k + jk)

× aH(τ − jτ , k + jk), (7)

where Jτ and Jk are the widths (number of bins) of the averaging windows over time and133

frequency respectively.134

The EigenValue Decomposition (EVD) of the covariance matrix gives135

Ra = UΣUH , (8)

where Σ is the diagonal matrix containing the decreasingly sorted eigenvalues and U is the136

square matrix containing the eigenvectors as its columns.137

Assuming the presence of N uncorrelated active sources, where N < (L+ 1)2, let Us
(N),

representing the signal subspace, be the first N columns of U and Uv
(N), representing the

noise subspace, be the remaining

Us
(N) = [U1 . . .UN ] , (9)

Uv
(N) =

[
UN+1 . . .U(L+1)2

]
. (10)

C. MSMUSIC138

MSMUSIC uses spatial steering vector and the noise subspace obtained from (10). The139

estimated DOAs of the N sources are the largest N peaks in the MUSIC spectrum given140
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by22
141

PMUSIC(Ω) =
1∑N

n=1 ‖(Uv
(N))HYlm

∗(Ω)‖2
, (11)

where Ylm =
[
Y00, Y1(−1), Y1(0), Y1(1), . . . , YLL

]T
is the steering vector for look direction Ω.142

Note that (Ω) are omitted for notational simplicity. Note that it requires the sources to be143

sufficiently separated in angular domain.144

D. PWD-SRP145

A baseline DOA estimator used for comparison is the SRP approach29 implemented in146

the SHD using a PWD beamformer31,38. The narrow-band power response of SRP steered147

to look direction Ω is given as11
148

PPWD−SRP (Ω) =| aTlmYlm(Ω) |2 . (12)

E. PIVs149

Unlike steering-based methods such as MUSIC, PIV directly estimates a single DOA150

whose Cartesian coordinates are resulted from steering the first-order beams (dipoles) into151

the negative of the coordinate. It is calculated as17
152

Ipiv(τ, k) =
1

2
<


a00(τ, k)∗



D−x(τ, k, alm)

D−y(τ, k, alm)

D−z(τ, k, alm)




, (13)

where153

Dν(τ, k, alm) =
1∑

m=−1

Y1m(φν)a1m(τ, k), ν ∈ {−x,−y,−z} (14)
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are dipoles steered in the negative direction of Cartesian axes, given by φ−x = (π/2, π),154

φ−y = (π/2,−π/2) and φ−z = (π, 0).155

The PIV DOA unit vector upiv is the negative of Ipiv direction given by156

upiv(τ, k) = − Ipiv(τ, k)

‖Ipiv(τ, k)‖
, (15)

where ‖.‖ indicates `2-norm.157

F. SSPIVs158

PIV is based on single source assumption and fails when there are more than one source159

active in a bin as shown later. To enhance the accuracy of PIV, in28 the authors proposed160

SSPIV, which estimates the DOA of the most dominant source in a TF bin using subspace161

decomposition and PIV formulation in (13) and (14). In SSPIV, the raw eigenbeams are162

replaced with the signal subspace Us
(1) = U1, which is the first column of U in (8) giving163

Isspiv(τ, k) =
1

2
<


a00(τ, k)∗



D−x(τ, k,U1)

D−y(τ, k,U1)

D−z(τ, k,U1)




. (16)

Note that in the original SSPIV paper, Singular Value Decomposition (SVD) is used instead164

of EVD, which are equivalent as Ra is symmetric.165

III. PROPOSED METHODS166

In this section two methods for analytical narrowband DOA estimation based on MS167

assumption are proposed. The first method, MSPIV, is based on de-mixing a mixture168
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of N sources into multiple SS scenarios on each of which PIV is performed. The second169

method, DIV, is based on a two-source assumption and analytically derives the DOAs from170

the mixture signals. A subspace version of the second method is also proposed in order to171

improve its robustness to noise and scenarios with more than two sources.172

A. MSPIVs173

The idea for the first proposed method is to extend the concept of SSPIV to multi-source174

in a TF bin rather than the dominant source only. Assuming N active uncorrelated sources175

in a bin, the MSPIV for each source n ∈ {1...N} is176

I
(n)
mspiv(τ, k) =

1

2
<


a00(τ, k)∗



D−x(τ, k,Un)

D−y(τ, k,Un)

D−z(τ, k,Un)




, (17)

where Un is the nth column of the matrix U. Note that I
(1)
mspiv is equivalent to Isspiv.177

B. DIVs178

So far all variations of PIV either take the input assuming as a single source scenario179

(PIV) or decompose the input into multiple single source scenarios (SSPIV and MSPIV).180

In DIV the input is assumed to be the mixture of two sources and then both DOAs are181

analytically estimated.182

For the formulation in this section, (τ, k) are omitted for notational simplicity. In a TF

bin, consider two simultaneously active sources with plane-wave signals S1 and S2, assuming
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S1 6= −S2 (no opposite phase with equal amplitude), and their DOAs (θ1, ϕ1) and (θ2, ϕ2)

respectively. Writing (5) in a noise-free situation for up to L = 1 gives

ā0(0) =S1 + S2, (18)

ā1(−1) =S1 sin (θ1) eiϕ1 + S2 sin (θ2) eiϕ2 , (19)

ā1(0) =S1 cos (θ1) + S2 cos (θ2) , (20)

ā1(+1) =S1 sin (θ1) e−iϕ1 + S2 sin (θ2) e−iϕ2 , (21)

where183

ālm = alm/

√
(2l + 1)

4π

(l −m)!

(l +m)!
(22)

are the eigenbeams compensated by the square root component in (3) for notational sim-184

plicity.185

Using (18) and (20)

S2 =ā0(0) − S1, (23)

S1 =
ā1(0) − ā0(0) cos (θ2)

cos (θ1)− cos (θ2)
. (24)

Summing and subtracting (19) with (21) respectively gives

B+ =S1 sin (θ1) cos (ϕ1) + S2 sin (θ2) cos (ϕ2) , (25)

B− =S1 sin (θ1) sin (ϕ1) + S2 sin (θ2) sin (ϕ2) , (26)

where B+ = (ā1(−1) + ā1(+1))/2 and B− = (ā1(−1) − ā1(+1))/2i.186

Using (23) and (24), substituting S1 and S2 both as a function of θ1 and θ2 into (25) and

(26) results in two complex equations with four real unknowns (θ and ϕ for sources 1 and
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2). Splitting the real and imaginary parts of the two complex equations (25) and (26) gives

four real equations which can be simplified into


Eθ Fθ

Hθ Jθ




cos (ϕ1)

cos (ϕ2)

 =


Dθ

Gθ

 , (27)


Eθ Fθ

Hθ Jθ




sin (ϕ1)

sin (ϕ2)

 =


Kθ

Lθ

 , (28)

where187



Eθ = sin (θ1)
(
<
{
ā1(0)

}
−<

{
ā0(0)

}
cos (θ2)

)
,

Fθ = sin (θ2)
(
<
{
ā0(0)

}
cos (θ1)−<

{
ā1(0)

})
,

Hθ = sin (θ1)
(
=
{
ā1(0)

}
−=

{
ā0(0)

}
cos (θ2)

)
,

Jθ = sin (θ2)
(
=
{
ā0(0)

}
cos (θ1)−=

{
ā1(0)

})
,

Dθ = <{B+} (cos (θ1)− cos (θ2)) ,

Gθ = ={B+} (cos (θ1)− cos (θ2)) ,

Kθ = <{B−} (cos (θ1)− cos (θ2)) ,

Lθ = ={B−} (cos (θ1)− cos (θ2)) .

(29)
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Using linear matrix algebra


cos (ϕ1) = JD−FG

EJ−FH

sin (ϕ1) = JK−FL
EJ−FH

, (30)


cos (ϕ2) = EG−HD

EJ−FH

sin (ϕ2) = EL−HK
EJ−FH

. (31)

Note that index (.)θ is omitted from now on for notational simplicity. Using the Pythagorean188

identity (sin2(ϕ) + cos2(ϕ) = 1) for (30) and (31) gives a system of two equations189


(JD − FG)2 + (JK − FL)2 = (EJ − FH)2 ,

(EG−HD)2 + (EL−HK)2 = (EJ − FH)2 ,

(32)

where unknowns are θ1 and θ2.190

Substituting E,F,H, J,D,G,K,L from (29) into (32) and then solving them for θ1 results191

in a quadratic equation192

C2 cos2 (θ1)− C1 cos (θ1) + C0 = 0, (33)

where193 

C2 = ϑRA
2
I + ϑIA

2
R − 2χAIAR + (aRAI − aIAR)2,

C1 = 2 (ϑRAIaI + ϑIARaR − χ (aRAI + aIAR)) ,

C0 = ϑRa
2
I + ϑIa

2
R − 2χaIaR − (aRAI − aIAR)2,

(34)
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and194 

ϑR = (<{B+})2
+ (<{B−})2

,

ϑI = (={B+})2
+ (={B−})2

,

χ = <{B+}={B+}+ <{B−}={B−} ,

(35)

where aR = <
(
ā1(0)

)
, aI = =

(
ā1(0)

)
, AR = <

(
ā0(0)

)
and AI = =

(
ā0(0)

)
.195

The two solutions for (33) give the inclination of sources196 
θ1 = arccos(C1+

√
4

2C2
),

θ2 = arccos(C1−
√
4

2C2
),

(36)

where197

4 = C2
1 − 4C2C0. (37)

Note that since inclination is within [0, π] there is no sign ambiguity for θ1 and θ2.198

Having calculated inclinations θ1 and θ2, then E,F,H, J,D,G,K,L are calculated using199

(29). The tangent of azimuths are calculated using (30) and (31)200 
tan (ϕ1) = JK−FL

JD−FG ,

tan (ϕ2) = EL−HK
EG−HD .

(38)

Since the azimuths are within [0, 2π], the sign of cosine of azimuths from (30) and (31)201

are used to solve the sign ambiguity of ϕ1 and ϕ2 giving202 
ϕ1 = arctan(JK−FL

JD−FG) + (1− sgn( JD−FG
EJ−FH ))π

2
,

ϕ2 = arctan(EL−HK
EG−HD ) + (1− sgn(EG−HD

EJ−FH ))π
2
,

(39)

where sgn(.) denotes the sign operator.203
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FIG. 1. The SRP spectrums for two sources with varying SIR={10, 5, 0} dB (columns) and

SNR={30, 20, 10} dB (rows). The true DOAs are marked as red cross (×) and the estimates

by PIV, SRP and proposed method (DIV) are marked as black plus (+), circle (◦) and triangle

(4) respectively.

Note that such analytical solution may have no or only one valid answer if 4 ≤ 0 in (37)204

or | cos(θ1)| > 1 in (33).205

C. Special case of equal inclinations206

In case of equal inclinations for both sources, θ1 = θ2, (24) is undefined and therefore a207

different solution is required.208

Let θ1 = θ2 = θ, then (20) can be rewritten as

ā1(0) = cos (θ) (S1 + S2). (40)
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Using (18) and (40)209

θ = θ1 = θ2 = arccos

(
<(
ā1(0)

ā0(0)

)

)
. (41)

Having obtained θ, (25) and (26) can be rewritten as

B̄+ =S1 cos (ϕ1) + S2 cos (ϕ2) , (42)

B̄− =S1 sin (ϕ1) + S2 sin (ϕ2) , (43)

where B̄± = B±/ sin(θ).210

From (42), (43) and (18)

S1 =
ā0(0) cos (ϕ2)− B̄+

cos (ϕ2)− cos (ϕ1)
, (44)

S2 =
B̄+ − ā0(0) cos (ϕ1)

cos (ϕ2)− cos (ϕ1)
. (45)

Substituting S1 and S2, from (44) and (45), into (43) and then simplifying it results in211

m̄Xx + n̄Yx + q̄ = Zx, (46)

where the known coefficients are212 

m̄ =
−(ā1(−1)+ā1(+1))

√
(ā0(0))

2
−(ā1(0))

2

ā1(−1)ā1(+1)−(ā0(0))
2
+(ā1(0))

2 ,

n̄ =
ā1(−1)ā1(+1)+(ā0(0))

2
−(ā1(0))

2

ā1(−1)ā1(+1)−(ā0(0))
2
+(ā1(0))

2 ,

q̄ =
(ā1(−1)−ā1(+1))

2

2(ā1(−1)ā1(+1)−(ā0(0))
2
+(ā1(0))

2
)
,

(47)

and the unknowns are

Xx = cos (ϕ1) + cos (ϕ2) , (48)

Yx =1 + cos (ϕ1) cos (ϕ2) , (49)

Zx = sin (ϕ1) sin (ϕ2) . (50)
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FIG. 2. Corner view (top row) and the side view (bottom row) of the normalized smoothed 2D

histograms of DOAs estimated by (a) PIV, (b) SSPIV, (c) MSPIV, (d) SSDIV and (e) MSMUSIC.

The true DOAs are marked by red cross (×)

Splitting the real and imaginary parts of (46) result into two real equations which, using213

linear matrix algebra, give214


Xx

Yx

 =


m̄R n̄R

m̄I n̄I


−1 

Zx − q̄R

−q̄I

 , (51)

where (.)R = < (.) and (.)I = = (.).215

On the other hand Pythagorean identity (sin2(ϕ) + cos2(ϕ) = 1) for (48), (49) and (50)216

gives217

Y 2
x −X2

x = Z2
x. (52)
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Substituting Xx and Yx as a function of Zx from (51) into (52) results in a quadratic equation218

219

B2(Zx − q̄R)2 +B1(Zx − q̄R) +B0 = 0, (53)

where220 

B2 = (m̄2
I − n̄2

I)− d̄2,

B1 = q̄I(m̄Rm̄I − n̄Rn̄I)− 2q̄Rd̄
2,

B0 = q̄2
I (m̄

2
R − n̄2

R)− q̄2
Rd̄

2,

(54)

and d̄ = m̄Rn̄I − m̄I n̄R. Then Zx is obtained as221

Zx = sin (ϕ1) sin (ϕ2) =
−B1 ±

√
4Z

2B2

+ q̄R, (55)

where 4Z = (B1)2 − 4B2B0. Having obtained Zx, then Xx and Yx are obtained using (51).222

Using (48) and (49), the cosine of the azimuths are223


cos (ϕ1) = (Xx +

√
4ϕ)/2,

cos (ϕ2) = (Xx −
√
4ϕ)/2,

(56)

where 4ϕ = (Xx)
2 − 4(Yx − 1). In order to overcome the problem of sign ambiguity of ϕ224

(where ϕ ∈ (−π, π] or the ambiguity between ϕ and 2π − ϕ where ϕ ∈ [0, 2π)) having its225

cosine, the following procedure can be done. Substituting the cosine of the azimuths in (56)226

into (44) and (45) gives S1 and S2 which along with (43) and (50) can be used to obtain the227

correct sign for ϕ1 and ϕ2.228
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D. Narrowband analysis229

This section provides an analysis of the derived DIV formulation under its initial assump-230

tion, which is two active sources in the far-field giving two impinging plane waves in the231

same TF bin in an anechoic environment. This analysis is based on numerical simulation of232

the input signals in the SHD based on (5). The main evaluation using SMAs and with more233

sources in a more challenging scenario is presented in Section IV.234

In (5), consider two simultaneously active uncorrelated sources (Ns = 2) in a TF bin with235

DOAs (ϕ1, θ1) = (30, 30)° and (ϕ2, θ2) = (120, 70)° and no reverberation. Let the Signal-236

to-Interference Ratio (SIR) denote the ratio of their amplitude (|S1|/|S2|) in decibels. Note237

that in case of more than two sources, SIR is the ratio of the amplitude of a single source238

and sum of all other sources. The phases of S1 and S2 are selected randomly from a uniform239

distribution. Using (5), numerically simulated eigenbeams alm are obtained for varying SIRs240

and SNRs. Assuming the DOAs are unknown and only the eigenbeams are available, the241

aim is to analyse the accuracy of DOAs estimated by DIV, PIV and PWD-SRP.242

Figure 1 illustrates the SRP spectrums and the DOAs estimated by PIV using (13),243

PWD-SRP using (12) and the proposed method (DIV) for such scenario with varying244

SIR={10, 5, 0} dB and additive white Gaussian sensor noise giving SNR={30, 20, 10} dB.245

Table I presents the associated mean errors for PIV and DIV. The DOA estimation error246

ε between the estimated DOA unit vector ue and the closest true DOA unit vector uo was247

computed in degrees as248

ε = cos−1
(
uTo ue

)
. (57)

21



DIV

PIV , DIV SIR = 10 dB SIR = 5 dB SIR = 0 dB

SNR = 30 dB 8.2° , 1.4° 18.5° , 1.0° 35.9° , 1.0°

SNR = 20 dB 9.4° , 4.0° 19.7° , 3.2° 35.1° , 3.1°

SNR = 10 dB 13.6° , 10.3° 23.7° , 8.8° 32.1° , 8.7°

TABLE I. Mean error of narrowband PIV and DIV, in black and red respectively, for varying SNR

and SR as shown in Figure 1.

It can be seen that the decrease of SIR (through the columns per each row), due to249

the increase in the violation of WDO assumption, results in more error for PIV and SRP250

estimates whereas the proposed method shows strong robustness to SIR due to two-source251

assumption, which in this case is correct number of sources. Across all cases, the proposed252

method also maintains the relatively high accuracy of 1° to 8° mean error (with respect to253

the closest true DOA) compared to PIV whose mean error dramatically varies between 8°254

to 35°.255

E. Sub-Space DIV (SSDIV): Noise-robustness improvement256

In order to improve DIV’s robustness to noise the mixture of signal subspaces U1 and257

U2, obtained using EVD in (8), are formed as258

U1,2 = U1 + U2, (58)
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which represents the de-noised eigenbeams mixture of the two most dominant sources. In-259

stead of {alm}1
l=0, the first four elements of the vector U1,2 are treated as the inputs to DIV260

formulation to give SSDIV.261

F. Wideband analysis262

In this section an analysis of the methods is provided for a simulated case of speech talkers263

and a 32-element rigid SMA with radius of 4.2 cm (corresponding to the em32 Eigenmike®)264

where the impulse responses were simulated using Spherical Microphone arrays Impulse265

Response Generator (SMIRgen)34. Any setup parameter that is not stated in this section is266

similar to the ones used in Section IV.267

Consider three simultaneously active male talkers for a duration of 2 s with DOAs268

(ϕ1, θ1) = (190, 70)°, (ϕ2, θ2) = (290, 110)° and (ϕ3, θ3) = (30, 150)° all 1 m away from the269

array in an anechoic environment. Random white Gaussian noise with SNR= 10 dB is added270

to the sensors. The sources 1 and 3 have an equal average strength level while source 2 has271

SIR=−26 dB (10% of the strength of sources 1 and 3).272

Figure 3 shows |a00| for each source in isolation before the mixing (a,b and c) and for the273

mixture of sources (d) in the STFT domain. Figure 3(e) displays the ID of the dominant274

source in the STFT domain where dominance is defined as the maximum contribution of275

|a00| in the mixture. It can be seen that source 2 is rarely dominant compared to the other276

sources due to its low level strength and overlap with others. Hence, compared to other277

sources, very few bins with accurate DOA estimates belonging to source 2 are expected278

from PIV and SSPIV.279

23



DIV

Figure 2 illustrates the smoothed 2D histograms of DOAs estimated by PIV, SSPIV,280

MSPIV, SSDIV and MSMUSIC. Both MSPIV using (17) and MSMUSIC using (11) were281

applied using N = 3, where each of three DOA estimates per TF bin is individually consid-282

ered in the overall spatial histogram of DOAs for final wideband DOA estimation. Note that283

PIV and SSPIV estimate a single DOA per TF bin whereas MSPIV estimates three DOAs284

per bin. SSDIV and MSMUSIC respectively estimate up to two and three DOAs per bin. As285

expected, for PIV and SSPIV there are very few bins where source 2 is dominant as shown286

in Fig. 3(e) and so the associated peak is very weak. On the other hand, both proposed287

methods estimate enough DOAs belonging to source 2, which forms a visibly distinct peak288

in the histogram. This is due to successful estimation of DOAs belonging to source 2 even in289

TF bins where it is not dominant. MSMUSIC shows slightly better localization of source 2290

compared to PIV and SSPIV as it is based on multi-source assumption but is outperformed291

by our two proposed methods. It can also be seen that MSMUSIC results in extra peaks292

at the opposite directions of true DOAs. Considering MUSIC as equivalent to beamforming293

since it provides spatial selectivity, this phenomenon is the result of estimating a peak at the294

main lobe and a second peak at the rear lobe of the beam pattern in the MUSIC spectrum295

in the TF bins where only a single source is present or significantly dominant.296

IV. EVALUATIONS297

The performance of the proposed (MSPIV and SSDIV) and comparative (PIV, SSPIV298

and MSMUSIC) methods is evaluated using recorded anechoic speech signals convolved299

with direct-path impulse response with varying additive white Gaussian sensor noise for300
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FIG. 3. Magnitude of the omnidirectional (zeroth order) eigenbeam for (a) S1, (b) S2, (c) S3 and

(d) the mixture of three sources. Part (e) shows the ID of the dominant source where dominance

is defined as the maximum magnitude contribution in the mixture.

a 32-element rigid SMA with radius of 4.2 cm (corresponding to the em32 Eigenmike®)301

where the impulse responses were simulated using Spherical Microphone arrays Impulse302

Response Generator (SMIRgen)34. The noise at each microphone is uncorrelated. Four303

anechoic speech sources were employed in total (3 males and 1 female) each with duration304

of 2 seconds selected from the APLAWD database35. The number of sources is assumed to305
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be known for all compared methods. Some segments (with overall duration of 1 second) of306

source 2 were removed to make inconsistency of activity as illustrated in Figure 4(b). The307

sources were mixed with mixing coefficient of 1 for sources 1, 3 and 4 and 0.2 (SIR=−24 dB)308

for source 2 so that source 2 is strongly masked by others. The sources were all 1.5 m309

away from the array. In each trial, four random source positions were drawn from a uniform310

distribution around the sphere. Only combinations of positions where the angular separation311

of each two sources was ≥ 70° and no two sources had equal azimuths or inclinations were312

retained. Exact equality is considered for exclusion of equal azimuths or inclinations. 100313

trials were used for each SNR={10, 20, 30, Inf} dB.314315

A sampling frequency of 8 kHz was used with 50% overlapping time-frames of 8 ms du-316

ration. The sample covariance matrix in (7) had Jτ = 6 and Jk = 4 as the size (number of317

bins) of the averaging windows over time and frequency respectively. This gives 32 ms and318

500 Hz window-size in the TF domain based on our time and frequency resolution. MSMU-319

SIC and MSPIV assumes N = Ns = 4 active sources per bin. Hence MSMUSIC and MSPIV320

estimate four DOAs whereas PIV and SSPIV estimate one DOA and SSDIV estimates up321

to two DOAs per bin. Only the eigenbeams for up to SH order L = 1 (first four eigenbeams)322

are used for each method in order to exclude the impact of high-order (l > 1) harmonics in323

the performance.324

Figure 4 illustrates the STFT representation of each source in isolation, (a) to (d), the325

mixture (e) as well as the ID of the dominant source in each TF bin (f). It can be seen from326

Fig 4(f) that source 2 is rarely dominant which makes this situation a challenging scenario327

for SS-based DOA estimators.328
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FIG. 4. Magnitude of the omnidirectional (zeroth order) eigenbeam for (a) S1, (b) S2, (c) S3,

(d) S4 and (e) the mixture of four sources. Part (f) shows the ID of the dominant source where

dominance is defined as the maximum magnitude contribution in the mixture.
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In each trial, the largest Ns = 4 peaks in the smoothed histogram were selected as the329

estimated DOAs. In order to avoid any ambiguity due to data association uncertainty in330

our results, best case data association was used to obtain the mean estimation error.331

Figure 5 presents the mean error of each method for SNR={10, 20, 30, Inf} dB. MSMUSIC332

fails with high error due to the presence of erroneous peaks of rear lobe as explained before.333

This is caused as a fixed number of peaks are selected per bin for each method. Other334

techniques do not suffer from rear lobe problem since they are not steering-based. Note335

that DIV (and SSDIV) estimate two identical DOAs in case of a SS scenario, which makes336

it a robust algorithm for a SS scenario although it is a MS DOA estimator. The proposed337

MSPIV and SSDIV both significantly outperform the baseline techniques PIV and SSPIV338

with almost double accuracy due to the utilisation of narrowband MS assumption. MSPIV339

shows 1° to 4° better accuracy than SSDIV since it assumes more accurate number of sources340

per bin. Note that although some MSPIV estimates can be erroneous in TF bins with < 4341

active sources, the irregular directions of the errors avoid the formation of a prominent peak342

in the histogram. The same phenomenon happens for SSDIV in TF bins with < 2 active343

sources. As an example, using dataset with SNR=20 dB, analysis of SSDIV estimates in344

the TF bins where only source 1 had SIR of > 10 dB (assumed condition of single source345

activity in a TF bin) showed standard deviation of 5.2° for the estimates closest to source 1346

whereas the other estimates in the same TF bins had standard deviation of over 30°.347

Table II presents the errors (averaged among 100 trials) per each source for dataset with348

sensor noise of SNR=10 dB. As expected, source 2, which is strongly masked due to lower349

strength and shorter duration, has the highest estimation error in all methods. However, the350
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Error PIV SSPIV MSMUSIC MSPIV SSDIV

Source 1 6.2° 9.7° 5.4° 7.6° 6.8°

Source 2 36.8° 26.9° 72.7° 10.1° 18.4°

Source 3 11.5° 10.3° 13.7° 5.5° 10.5°

Source 4 7.9° 7.7° 14.2° 9.2° 9.9°

TABLE II. Mean error (averaged among 100 trials) per each source for SNR=10 dB.

FIG. 5. The mean error of PIV, SSPIV, MSMUSIC, MSPIV and SSDIV for varying SNR.

two proposed methods MSPIV and SSDIV show significant superiority in accuracy compared351

to other methods due to their multi-source assumption per TF bin.352

V. COMPUTATIONAL COMPLEXITY353

This section evaluates the computational complexity of each technique. Table III presents354

the approximate number of real multiplications and MATLAB™ average running time (eval-355
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PIV SSPIV MSMUSIC MSPIV SSDIV

Approx. # real × 50 50 106 50N 100

Mean run time (s) 0.203 1.024 329.738 1.682 1.241

TABLE III. Computationality of each method

uated for comparison purposes all on the same computer, MacBook Pro with 2.6 GHz Intel356

Core i5 processor and 8 GB 1600 MHz DDR3 memory) for each method. Note that the357

number of real multiplications were calculated per bin for narrowband DOA estimator only358

excluding the covariance matrix calculation, EVD operation and peak picking.359

The PIV and MSMUSIC have the lowest and the highest computational complexity360

respectively as expected. SSDIV has approximately double number of real multiplications361

than PIV and SSPIV while MSPIV hasN times more multiplications than PIV as it performs362

PIV N times where N is the assumed number of active sources per bin. MSMUSIC has363

extremely high computational cost due to steering to all directions per bin (180 × 360364

directions) excluding even the high computational cost of multi-peak picking per bin.365

VI. CONCLUSION366

Two narrowband analytical DOA estimators based on Multi-Source (MS) assumption367

have been proposed. Using EVD, MS-PIV decomposes a MS scenario into multiple sin-368

gle source scenarios and Sub-Space Dual-Intensity Vectors (SSDIVs) decomposes the MS369

scenario into mixture of two most dominant sources. The first approach performs Pseu-370
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dointensity vectors (PIVs) on each time-frequency bin based on single source assumption371

whereas SSDIVs directly estimates two DOAs based on a two-source assumpotion per bin.372

An evaluation was performed for a challenging scenario of one source being strongly masked373

by three other simultaneously active sources in an anechoic environment with noisy sensors.374

The results show an improvement of almost double accuracy in average at the cost of dou-375

ble computational complexity compared to the conventional single-source DOA estimators.376

They also significantly outperform the steering-based and MS-based DOA estimator with377

much less computational complexity.378
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