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ABSTRACT

SOME LIMIT THEOREMS FOR SHOT-NOISE PROCESSES

JOHN A. LANE

Shot-noise processes consist of an underlying process of points, each
of which triggers off a contribution,vwhich may itself be a stochastic process.
They form a flexible and widely used class of model for stochastic processes.
Vhile moments are easily calculated using Campbell's Theorem, the distribution
is rarely available in closed form,so that approximations are of great interest.
This thesis is concerned with the central limit theorem, when the process is

considered over a long time interval.

A detailed discussion of the case when the primary point process 1is
Poisson and the secondary processes independent, is contained in Chapter I,
The characteristic function is expressed in terms of its Feller canonical
measure, leading to necessary and sufficient conditions for convergence to
any infinitely divisible distribution. 'Both normal and non-normal limits
are discussed in the examples which include two important special cases, the
cluster point process and the integrated stationary shot-noise. A Berry-

Ess@en bound for the error in using a normal approximation, is given.

The extension to the generalized shof~noise, with non-Poisson point
process and dependent secondary processes, requires an extensive development
-of point process theory. In Chapter II, the properties of Palm probabilities
are discussed and the various definitions of the conditional intensity measure
of a point process, compared. The generalization of known results on this

measure,culminates in a conditional version of Campbell's Theorem for shot-

noise.

In Chapter III, it is shown that the characteristic function of the
generalized éhot-noise, while.not available in closed form, may be expressed
in terms of a random canonical measure. By considering convergence of
processes of such measures, sufficient conditions for convergence to infinitely
divisible distributions are derived. Criteria for convergence to a normal

limit are deduced as a special case.
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~ INTRODUCTION

As a model for stochasﬁic phencmena in a wide variety of contexts
shot-noise processes have a strong intuitive appeal. Each member of a
primary, random process of points {Tj}, ij=1.2,... is assumed to trigger
off a secondary stochastic process, H(t,Tj). The shot-noise process is the
sun of these individual contributions, ZH(t,rj), over an gppropriate siubset
of {Tj}- This is also sometimes referred to as a filtered point process,
see for example Parzen (1962). Since the Ty and the H(t,Tj) can take
values in quite general spaces, the model can aembrace a wide variety of

applications, a few of which are mentioned now as illustrations.

The classical example is the shot effect in thermionic vacuum tubes -
S.0. Rice (1944-5), Davenport and Réot (1958) - where the point events are
electrons striking the anodeland the secondary process or "noise" is the
response of an output circuit. In hydrology - Weiss (1974), Lawrence
-and Kattegoda (1977) - the point events are rain showers or storms and the
noise correSpohds to the rate of flow in rivers. In astroncny -
Chandrasekhar (1943) - the points may be stars or galaxies in space-time,
while tﬁe goisé'is the light intensity, gravitational field etc. at distant
points. Marcus (1972) has proposed a shot-noise model for the lunar surface,
the primary process here consisting of the points of impact of meteorites.
and the noise being the ératers they throw up. The noise and chemical
pollution caused by motor vehicles has also been modelled in this way by
Marcus (1973, 74), with the position of vehicles on the road being the
point events. 1In ba;teriplpgy, the sequences of births of microbes is a

, . : L .

point process givind‘rise to a flow of toxins into the bloodstream of the
host, as in Jagers (1967). Other applicetions may be found in the works

referred to by Daley (1971) or J. Rice (1977).



Throughout this thesis, I will assume that the primary process
consists of point events ordered in time and that the secondary processes
are real-valued. In addition, the point Tj will be the staFting poinﬁ of
the process H(t,Tj), so that for t < Ty H(t,Tj) is zero. While many of
my results carry over easily to the case where the noise processes are
two-sided, the ordering properties of time will become important in

Chapters II and III.
The objective is to find the limiting distribution, for large t, of

Y(t) = ) H(t, t.)
Tje[O,t]

and to describe this distribution in temms of two functions, a centering

function y, and a norming function o, , and a limiting distribution for

t t
Y(,t) — lJt v

%

7Z(t) =

Typically, He and,ct might be EY(t) and War Y(t), respectively, with the
limit distribution being N(0,1). While the characteristic function and
moments of Y(t) are easy to derive, as shown in Section 2 of Chapter I, the

distribution function is not usually available in closed form. It follows

that approximations to the distribution are of considerable importance.

For this type of central limit theorem to make sense, it is clear that
the variation of Y(t) about its mean must tend to increase unboundedly with
time. For instance, .in the case of finite variance, Var Y(t) - =, as

t » ». Now the shot-noise process usually considered in applications is



Y(t)* = ) H(t,1,)
TjE(— w,t] J

i.e. the sun of all contributions triggered off prior to time t. To

make sense for phenomena in equilibrium, it is usual to cdhéider

stationary shot-noise processes for which Var Y (t)* clearly cannot

explode to infinity. However, there are three contexts in which "exploding"

shot-noise is of interest.

Firstly, cluster point processes are of this type. Here‘the primary
process is a sequence of cluster centres each of which triggers off a
further point process. Then H(t,rj) is the nurber of points in the
secondary process starting at Tj and occurring up to time t. The total
number of points in [0,t] is given by Y(t). Models of this type have
been proposed by, among others,Barlett (1963) for bunching in traffic,
lewis (1964 a,b) for computer ‘failures and Vere-Jones (1970) for earth-
cquake aftershocks; The total number of points is clearly an exploding -
shot-noise in the sense we are considering. In fact, central limit theorems
for these processes have been proved, with varying degrees of generality
and elegance, by lewis (1964a, 1969, 1970), Smith (1964), Daley (1972) and
Westcott (1973, 77). In fact, one motivation for this research was to see
to what extent Westcott's results could be extended to more general shot-

noise processes.

Secondly, the integral of a stationary shot-noise is also a shot-
noise and it has this exploding nature,as will be shown in more depth ih
Chapter I, Sections 7 and 9. In view of the importance of the sum (and
arithmetic mean) in statistical analyses of sequences of random variables,

it seems likely that the integral (and Cesaro mean) will prove important



in the analysis of shot-noise. The distribution of the integral,

therefore, becomes of great interest. - -

The third area where exploding shot noises appear natuéally is closely
related to the second. Often it is the integral, the area under the
trajectory, of the shot-noise which is actually t%e function of greatest
interest. Thus the production of toxins by bacteria - Jagers (1967),
Pakes (1972) - can be expressed as the'integral of a shot-noise. Similarly,
if the cost of an illness is proportional to the time the disease lasts
then the total cost of an infectious disease will be given by the integrali
of a shot-noise. Further similar applications, to dam storage, inventory
and queuing problems, are referred to by McNeil (1970). The cumilative
processes of Smith (1955) and the renewal-reward process of Ross (1970)
may also be considered in this way.

The thesis falls into three parts. Chapter I consists of a fairly
extensive study of the central limit theorem for the case where the primary
"process is Poisson and the secondary processes are independent. The
principal tool used is the characteristic function and its expression in

terms of the Feller canonical measure (Feller, 1971). In fact, this turns

out to be a rather neat illustration of the power of Feller's approach.
The results obtained are applied to several examples including the cluster

point process and the integrated, staticnary shot-noise.

Chapter III is devoted to proving a central limit theorem for a broad
class of generalised shot-noise processes where the primary point process
may be. non-Poisson and the-sécondary process may depend on past events.
This result is derived by extending the Feller cancnical measure to allow

for conditioning on the past of the process. However, the application of



this limit theorem to particular examples remains a matter for further

work. -

The argunents of Chapter IITI depend heavily on some préliminary
results on point processes established in Chapter II, in particular on
the use of the conditional intensity measure. The development in Chapters
IT and IIT is more difficult than in Chapter I, so that a more rigorous
treatment is necessary. While scxﬁe fundamental questions, comnected with
the definition of shot-noise stochastic processes, have been aiscussed,

I have not tackled the difficult question of finding useful criteria for

their existence.

As for the reference system, all works to which reference is made
are listed in alphabetical order of author's name and are referred to by
name and year, €.d. L:ewis (1964 a). Equations and expressions are numbered
within sections, within chapters. Thus (I.2.1) means equation (1) of
section 2 of Chapter I. However, if the _reference were made in Chapter I

itself, the "I" would be dropped, as would the "I.2" if the reference

.. occurred in Section 2. Similar conventions apply to Theorems, Lemmas and

Corollaries, which have their own numbering system, and also to Examples. -



CHAPTER T

THE POISSON SHOT-NOISE -

§] Introduction

In this chapter we consider the case where the primary process
is a Poisson process with time-dependent intensity A(t). We assume

t
that A(t) is non-negative and write A(t) = [ A(s) ds.
o

The sequence of events is denoted by {Ti},i £ wheré the T, are
ranked in increasing order. The number in an interval,.[t;,t,lis denoted

by Nlt,,t,], with NIO,t] abbreviated to N(t).
Following Vere-Jones (1970) we have that:

(@) N [a,bl has a Poisson distribution with parameter A(b) - A(a);
(b) if I, and I, are disjoint intervals, N(I;) and N(I,) are independent

random variables.

Corresponding to each possible starting point s € B, we have a

real-valued stochastic process {H(t,s)}.t € B, for which H(t,s) = 0,

if t < s. The processes, H(+,s), are all assumed independent of each
cther and of the point process. The shot-noise process we are interested
in is

N(t)

Y(t) = ] H(t,t,) _ .o cee (1)
i=1 *

which can also be written as an integral with respect to the counting

measure N introduced above, viz.
t

Y(t) = [ H(t,s)av(s) el - (2)
o



Note that a consequence of our independence assumptions is that

the distribution of H(t,ri) cannot depend on i, the rank of -

Of previous authors, Takacs (1954) énd Daley (1971),’have considered
the conceptually restrictive form f(t - Ti,xi), for a deterministic
function £ and {Xi} a random sample from some distribution. Westcott
(1976) and Rice (1977) use sto&hastic processes, H(t - Ti),while Parzen

(1962, P.152) calls (1) a filtered Poisson process (extended sense).

The significance of the form we use is best illustrated by an

example.

Example 1

Consider a Poisson cluster process,éf. Vere-Jones (1970), in which
H(t - s) is ﬁhe number of points of a cluster, starting at s, whicﬁ
occur in (s,t]. An important (random) parameter is the total cluster-
size K = lim H(u). Now suppose K(r;) is thought to depend on some
explanato?;mvariable X(Ti) whose changing valué we can chart but not
control. We can no longer assume that the H(t - Ti) are realizations
of the same stochastic proéess. In the definition above, howeyer, we
do allow their distributions to vary according to their starting point,

T. .
1

We are interested in the convergence in distribution of

Y(t) - My

zZ(t) = ———— ., a8 tre,
Rt

i

for appropriate centering and norming functions, - and Oy respectively.

He



Fran Levy's continuity theorem, Loéve (1963, p.191), this is equivalent
to considering convergence of the éharacteristic function of Z(t) to

a continuous limit. In deriving conditions for the central limit
theorem, our principal tools will therefore, be the cha;acteristic

function and the corresponding Feller canonical measure.

In Section 2, the characteristic function of Y(t) is derived.
Feller's canonical measure makes its appearance in Section 3 where the
measure corresponding to a Poisson shot-noise is derived and Z(t) is
shovm to be infinitely divisible. The main theorem of Chapter I is
derived in Section 4. This gives necessary and sufficient conditions
for convergence to a particular limit-distribution. We also include
a discussion of the choice of centering, which is rather fuller than
Feller's. The usefulness of the necessary and sufficient conditions is
- illustrated in Sgction 5. which contains § thorough_discussion of a
particular shot-noise process, whose strikingly non-normal limiting-

behaviour was surprising to this writer, at least.

The remainder of the chapter deals exclusively with convergence
to the stap@ard normal distributidn, the case of greatest practical'
interest. The necessary and sufficient conditions then reduce, in
Section 6, to an analogue of the celebrated Lindeberg condition for the
convefgence of a sum of independent random variables. From this, we
can easily derive a number of sufficient conditions which are simple
enough to be of considerable practical use. These are discussed in
Section 7. In Section 8, we find a bound for the error in approximating
the true distribution of z(t) by its N(0,1) limit. This is a straight-
forward analogue of the Berry-Esseen bound for thé sum of independent
random variables case. Finally, in Section 9, we turn to the'equilibrium

shot-noise process and extend our central limit theorem to cover the



§2

useful exemple of the integrated shot-noise process.

The Characteristic Function

.

EY(t) [6]1, the characteristic function of Y(t), can be derived
simply using a well-established method due to Takacs (1954). He uses

the following Lenma.

Iemma 1
Conditionally on N(t) = n, the events {Ti}, i= 1,....;n are
distributed as the order statistics from a random sample, size n, with

common distribution F(s) = A(s)/A(t), s € [0,t].

Theorem 2
t
mY(t)[B] = exp fo {CCH[S:t,s] - 1}x(s) as

where C,(67t,8] = EeleH(t"?) e ¢
" Proof
. N(t) .
Since eleY(t) = I eleH(t'Tj) , we have
j=1
N(t)

16V (E) 1 s _ ,
- E[e — IN(t)I{TJ-}] - jgl G:H[S,t,”tj]

using the independence of the H(t,TJ.) . Now, conditionally on N(t),

the unordered TJ. are a random sample cn [0,t], with density A(s)/A(t).

0¥ (®) N(@)] = N(t)

- - - t
. A(s) ds
jo Ty l0st,s1 15

. . . . . : - c .' . ]
Finally, N(t) has a Poisson distribution whose probablllty generating

function is



i

IE[ZN(t)] exp[ AfE) (z - 1))

t
exp[fx(t){f (I:H[e;t,s]Ms)ds -1}
°© AE)

n

Ty () 181

t
exp [ (@, lo:t,8] = 13r(s) ds
@]

i

It follows immediately that

t £
EY(t) = fo EH(t,s)A(s) ds, Var Y(t) = [ EH2(t,s)r(s) ds ... (2)
o]

provided these quantities are finite. This is usually known as

Campbell's Theorem, cf. Campbell (1909 a, b).

§3 The Canonical Measure

We will be interested in the normed and centered process

Y(t) - e

R Z(t) = T PP P (l)

Later in this chapter Y(t) will be assumed to have a finite variance

so that we would hope té be able to take u, = EY(t) and 012: = Var Y(t).

t

We first derive the canonical measure assuming u £ = EY (t) but
leaving Tp unspecified.

From Theorem 2, we see that

10.



t t
logt, (t)[e] = J {GIH[GO;:I;t,s] - 1}x(s) d@s - i@o‘Ei J EH(t,s)A(s) ds
° [o]

Introducing the distribution function of H(t,s) ,
Fylxit,s] = Pr{H(t,s) € x},

and writing Fy [dx;t,s] for the differential form, we have that

E [ 1607 x .

log mz(t) (61 = JOL e -1~ 190t bie FH[dx;t,s]l(s) ds
°_ iy _ s + -
{eo v2 JHE

t
Define Mt (y) =y2[OFH [Otdy;t,s]l(s) ds

Now Feller (1971, P.560)defines a measure M to be canonical when

M[x,,%,] is finite,¥ X,,x, € R, and the integrals

<] . . =X
MM (x) = J v 2M(dy),” M (=x) = J vy~ 2M(dy) both converge,¥ x > 0.
X -0

Clearly Mt[xl,Xz], M-*;C-(x) and M,'C(—k) are all finite.provided A(t) < =.

A distribution, F, is said to be infinitely divisible if for every

" positive integer n, there exists a distribution, F , such that F = an*- ,
the n-fol& convolution of Fo- Equivalently, the characteristic function
w is infinitely divisible if ¥, w = (s )", for some characteristic
function w,. Feller (1971 Chapter XVII.1)shows that all infinitely

divisible characteristic functions can be written as

o 10y _ 1 _ s
exp re 1= 30T pay) + ibe )

2
‘oo Y

. for ‘a canonical measure M,;a centering function t(y) and a real constant -
b, which depends on the particular choice of t(y). We must choose T(y)

so that the integral in (3) exists.

11.



From (2) ' .

igy .
_ e -1 - 18y

-0

t
When EY (t) = f EH({t,s)A(s)ds < =, ¥t, we can make the obvious choice
o .
of t(y) =y, vhile wvhen EY(t) is infinite we can follow Feller in choosing

t(y) = sin vy. Then

eiey

-1 -ibsiny 102,

2
y

y =0

just as with T(y) =y, but now siny itself is bounded and the integral

in (3) exists. It follows that Z(t) has an infinitely divisible distribution.

84 Necessary and Sufficient Conditions for Convergence

A sequence of canonical measures {Mt} is said to converge properly

to the canonical measure M, if

Mt(I) -+ M(I) for all intervals I of continuity for M,

. and if

‘Mt’*(x) > M+(x) ' Mt_(—x) + M (-x), at all x > 0 which
are points of continuity for M, .
The fundamental result we use to investigate the convergence .in
distribution of Z(t) is the following theorem éf Feller (1971, P.564.)
Theorem 1 |

Iet Mt be a canonical measure and

-1 - 16 (]f) )
"’t(e).:e’@[f. = Az;l_ : /‘(Mt(dy) +lbt‘el

. -® . Y

a sequence of characteristic functions. In order that ¢ & tends to a

continuous limit y, it is necessary and sufficient that there exist

=

12.



a canonical measure M and real constant b such that Mt > M and bt > b

as t » o,

iy _ . _ . .
Then ¥ (8) = exp J‘ne 12 1Y) ygy) + ibs.
y

Remarks 1. Feller proves the theorem for a sequence Mn, n ¢IN,
but the proof for real t is a straightforward egtension in which we
consider all sequences tn > oo,
2. As we remarked above, Feller uses the centering

1({y) = siny and shows the following useful property. Suppose V¥ t(B)
= exp [oct{d)t(e) -1- iBtE}] where o, > 0, B, are real constants and
¢t(e) a sequence of characteristic functions with distribution functions
Ft (x). Then, if there exist centering constants Bt such that y t(8) has
"a continuous limit, Bt = fosiant (dx) will suffice. This allows us to
separate the question of :he appropriate centering from the more
fundamental question of the limiting measure..

Combining Theorem 1 with the continuity theorem for characteristic
functions Ioéve (1963, P.191), necessary and suffi'cient- conditions for: .

convergence of Z{t) are:

X t
: f y? J FH[otdy;t,s]A(s)ds -+ M[-x,x], for some x>0 ... (1)
-X o .

and

t -+
r LFH[OtdW,t’S]MS)dS > M (%)

x
-%x rt _

J f FH[thy;t,s])\(s)ds > M (_—x) y ¥x>0 cee oo (2)
-0 (o] .

- We can say for some x > 0 in (1) because, for all intervals not covering
the origin,rvl,(_‘[x1 ,x?_] > M[x1 ,xz], fram (2) and the Helly-Bray Lemma; Lodve

(1963, P.180).

13.



We prefer to rewrite these in terms of the tails of the distribution

FH’ namely,

Fy([=x,x)it,8) = Fyl-xit,s] + Fyxit,s)

Pr{H(t,s) ¢ =x} + Pr{H(t,s) > x}

Then (2) is equivalent to

t +
f FH[Otx;t,s]Ms)ds + M ()
© N )|

t
JOFH [—otx;t,s] A(s)ds + M [-X]

while, integrating by parts in (1) ,we have

x t
[ Yzf Fylodyit,s]h(s)ds
X o]

t
= —x? JO?H'( [-otx,otx] ;t,s)‘)\(s)ds

t

x ; 4
+ 2[ Yf F( [~oy,oy]it,s)A(s)ds dy .
(e} (e}

Since the first term on the right converges to
=2 M7 (x) + M (-x)] by (3),

(1) and (2) can be replaced by (3) and
x t
ZJ yf -F-H([—Oty,oty];t,s))\(s)dsdy

o "0

e e .« a0 es e (4)
> M(x) = M[-x,x] + x° [M+(x) + M (-x) ], for scme x>0.
Finally, when Y(t) has a finite variance which increases without bound,
t

f EHz.(t,s))\(s)ds

(o]

we can take

, } o
5 -
Oy ~ Var Y (t)

t
2 [ FXFH([—X’X] ;t,s)dx A (s) ds



so that (4) is equivalent to

© t
2 — —
5 [ v Fpy (1-¥,¥) it.s)A(s) ds dy » 1 - M(x), for some x > O ... (5)

t xot (o}

a

For brevity we will sometimes denote the expression
t

jf([—y.y];t,s) A(s) ds by Ft(y).
o)

Remark 3. In the finite variance case, M is a finite measure, so that
(1) = (2) by the Helly-Bray Theorem, Lodve (1963, p.181), and, if we
take oé ~ Var Y(t), we have only one condition, n;mely (1). However the
pair of conditions (3) and (5) often seem easier to work with, especially

as calculating the expression in (5) involves calculating that in (3)

anyway .
There remains one detail to be settled. Recalling the expression
(3.2) and Ramark 2 following Theorem 1 it is clear that, if EY(t) < =,

we would like to use the centering function t{y) =y, which is equivalent

to taking Z(t) = ¥Y(t) - EY(t) . When can we deduce that, as t » =,

o¥
5 +
T ) iéy . ' '
B g % ~1-idisy dMI(y)
log T, (6] = f_m 72 t (6)
z %Y _1-dey amly) 2
> f Y2 :

Corollary 2 a)
_ Suppose .that (1) is t:rue and that, for ¥ x > O which are continuity

points of M,

15.



© t ©
1
[y ] Fylo, dyrt.s) A(s) s - f v )
X O X
= & “x eee ()
1
j—my fo Flo, dyst,s) Ms) ds ~» f—m - a(y),
where the left sides are finite.
Then (6) holds.
t 16 .
b) In particular, (7) is true if fo E[H(t,s) | As) ds < =,
some & > O.
t

Proof a) Note that on any interval [¥,=), x > O, y[ Fylo dyst,sli(s) ds
o
defines a finite measure, %Mt (dy), which by (7) is completely convergent

to %M(dy) . From Lodve (1963, p.182) we see that

o©

+
Mt(dy) +M (x)

~

oy = 1 1
M, (X) = fxy.y

Treating (-», - x] similarly we see that (7) = (2.) . To apply Theorem

1, we need only prove that

o] o©

by = Sin. Y =V au ) SInY =V gy = b
bt = )‘_06 ) t(Y) f—w ) Y

Now sin v — v is continuocus so the contribution to the integral from
2 ’ _

Y
any bounded interval, converges, by Loéve (1963, P.180). 2Again

taking yelx,*), x-> O and noting that sin v -y  is bounded
Yy
fm sin y - i 1 mt(Y) > fm siny -y aM(y) by’
X Y Y X yzA

Iodve (1963, P.182). A similar argument for ( -«, x] concludes the proof.



1
'b) Here, taking y elx,«), x > O, we note that Yl—cS d Mt(y) is a

finite measure which is certainly weakly convergent by (1). Since

2ot l+g » 0, Yy =+ @, we can use Lodve (1963, P.181) to deduce (7).
Y

Note 1. In the special case where Y(t) has finite variance, we can

use part (b) with 8 = 1 so that centering to EY(t) is viable without

any further investigation.

t “
2. —i— [ E|H(t,s)]| A(s) ds must be finite by (7) but if it
: t o
tends to a limit this need not be equal to [ %{- M(y) since there is
X t
the possibility of an atom at the origin in lim .
o _fxy fo Fylo, dyrt,sIh(s)ds.

17.



§5 Examples ' .

Examp lel

To illustrate the use of the canonical measure we investigate

the convergence of Z(t) when A(t) = 1,v t and H(s) = +/1 + szefxs,

S > 0,where X is a random variable, exponéntially distributed with
unit mean.
For s > 0, 1 < H2(s) <1 + s?
and LM HE(s) =1, a.s.

Eor1<u<(l+sz)%,

F(u,s) = Pr{H(s) < u}

1.
=prie X ¢ & = 115
2 l’
u° - 1.s
. = [ 17 .
52
Now EH2(s) = 1 + rsq‘e_xse—x'dx
o]
_ 2
_ S
=1+ s +1
. N t '-52
Therefore Var Y(t) = f 1+ ——=)ds
‘ ° s+ 1
2 2
=l:2—+log(t+l) ~'—°2— , t o w,
2 _ t?
so ve take 0 =5 ang, for O X > 1,
L
- Lt2y2 -~ 1|s
F(GtX,S) =1 - l_t J > /5 - 1
LI L (l)
= 0. ',‘ I otherwise

18.



t
For x > /2, t € /45t?x* - 1 for large t so that [ F(GtX7S)dS will be

identically zero giving us M (x) =0 by (4.3). ©

For x € V2, we want
1

Lin € [ - [%tzxz —1]'s'}ds

SZ
Ve x? -1

N

. . s ___|
The integrand is 1 — exp F—-S—logm

_2,. 5 _ .Ad
=5l ppeey *O&)

210q s ds
Now s 9 -1
Yit2x? -1 -

= log? t + log? X as t->ro,
ngtzxz"."l 72-) .

-~

Since the range of integration [v%t2x*- 1,t] has length ()(t) the

remainder term has integral O(%) and we deduce that

M+(x)=log2-;{—,for0<x</2'.

Next from-(4.5) we have
1 - Mx) = %}).IO.I} zryf F(oty,s)dsdy .
X O

Again, when x > V2,v58y ~1 > £, ¥y » x, provided t is large enough,

so that from (1) the inner integral above is zero and 'M'.(x) = 1.

For x € /2, /2—(1:27—-_ t 1
-H = : : t2y2-1
Lo H ) -_2J y 0 - EEX S asay
x ey 1

since,if y > y2(1+4) then for all s ¢ t,5 < /5€y° -1 and so, again .

from (1), the inner integral is zero.

19.



The substitution z? = Ly? f-'t'Z yields -

1 A }_
. 2 =2
1 - ﬁt(x) =4 J z J{l - [ts;Z 1%} dsdz .
T -tz
Ca?t™ )
Consider the function on [0,1]
t 1 ,
- 9.(2) =2 J{l - [t;fz]s}dsl @
tz fi(% x2— t‘z)’/z, 1]

where I (z) is an indicator function.
[a,b]

A

t 1 s?
z J {1 - exp (-5 log —E;E;)}-‘ds
tz ’

Now 9. (2)

N

s
tz

t2 - S

=2 logzz '

"~ which is integrable on [0,1].

' From the calculation for M'(x) we know that 1im g, (2) = z log’z
on [/%x%,1].
Dominated convergence shows that

1
1 - Mx)=4 [ z log?z dz

Lx?

1 - o2 2 X _ X
=1 x.[;l,Og/'Z_ 109)/'2— "'%],

0<xg /2.

20.



In terms of the original canonical measure,

MIO,x] = M(x) - x® M (x)

2

— - + lelag —'E |1X < '/5
V2 V2
so that M(dx) = _2x log ‘%— dx , xe [0,V2]

, otherwise

T have not been able to evaluate the corresponding distribution

function but its cumulants are easy to determine.

The characteristic function is exp ¥(8)

where
16x . ' /Z
v(6) = I e - 12— igx . 2x log - dx
X
o
/z _ -
_ (i6x) 2 2
. jo 122 r! X log x o
® . r V2
6 r-1 V2
- o] A e 2
= o
. r
Ly
; @)t 2¢
= r! r ’



so that the cumulants are: Y. =0 L .

and, in particular, y = 0.943, vy = 0.33.

Note: The same results remain true if, instead of taking

H? (s) = 1452 %> with X distributed exponentially, we take

H2 (s) = 1 + s?(F[X])° where F is any continuous distribution function

and X is a random variable with precisely that distribution.

In some ways fhis is a disturbing example. H(s) is, from a naive
point of view, "well-behaved" being very smooth and bounded in s,
having finite moments of all orders for each s and a positive limit
which also has moments of all orders. Yet we have a strikingly non—
normal limit. ‘

7 To try to establish more clearly what a "well-behaved" shot-noise
process looks like we take two approaches: in 86 we investigate
sufficient conditions for a normal limit; here; we lock at the
dependéncé Vohf' the type of model we considered in Example 2 on various
parameters. We write

H(s) = +/(a + Bs'eO5S),
with X distributed exponentially with mean X ‘and all the parameters
nonmpegative: Pt Wt oA Rl < W—W%vm,.

y
2 _ Bis
Then EH (s) = o + Y

[ - -
0L+—Bs>lsyl+o(sY 1), oy w1

a + o(1) ’ y <1

22.



. _
, — 2 gAY
and so Var Y(t) JOEH (s) ds ~ Wt

' Yy>1

-

~ lo +%)l]t,Y =1

For X : Yo,
A
xz - 6S
F(x,s) = o , a<x2<a+tps
gs’
se s ae (2)
= 1 , otherwise
Example 2
Consider first the case, vy < 1. Introducing new parameters
K =%, w =% we ta]fe Gt2 =.at and, for o.x >’/E '
1 1
— 2 _ ws Y
F[cftx,s] =1 - F(—t-}-(—————l)] ;s > (k[tx*-1])
sY .
= {0 , ©otherwise

Unlike Example 1, we have a linear Gtz‘

Condition (4.3) is then

€ 1
. {1_ F_(EZ,%__];)}“S}GS+M+(X), ¥x> O ,

[« (tx2-1) 1Y
Since y < 1, k(tx* - 1) > t', for all t large enough, so that

M+(x) = 0, ¥x. Turning to condition (4.5), we see that
' ' ]

23.



1t ’
IS N 2 - 1)To5
K —
2 1~ [ ax
Y {i[ sY } }ds )
* [k (£x2-1)]Y

.

ultimately vanishes for each x, for similar reasons.
So Fi(x) =1, M(x) =0, M (-x) = 0,Yx >0 and so M[-x,X] = l,Yx > 0.
Clearly M(dx) has an atom at the origin and is zero elsewhere, which
is the canonical measure corresponding to the normal distribution;

see, for example , Feller (1971, P.566). So- for y < l,we have a normal limit.

Example 3

When v > 1 we define

and take ctz = Both.

Y
From (2), we see that for x 3 lozti ]

1 - 1

' 2:Y,2 _ uws Y
1 - 2_1.:__}2__.5 ’ s 3 [(jzt\s(z - K]
: sY

?(Otx,s)

0 , otherwise

1
Abbreviate [Uzt\{x2 -k]Y to ¢.(x). Thenby the same argument as in
Example 1, '

Jt 5 | |
b, (x) |®S _ Y t -1
1- 4"t ds = +0(5) , to o
¢, ( ){ { s } } 20 log?-q)t(") e
p. ¢
c _

+ o Y 420 2.2 _ K%
sothatM (%) 11._,,3{2 mlog [o°x tY]Y

!

—

2 2,2 X -
—2leogcrx ’ £

(]

-
b

w

24.



To évaluate 11(x), we make the transformation z? = o2y® = k/t'.

Just as in Example 1,a dominated convergence argument produces

1
— 4 )
1l - M%) = a
(%) wYczleogzz

ax

2.2
. [1 - "2" [4 log2ox - 4logox+2ﬂ

_ 1
2yuo 2

The canonical measure can be calculated as before:

20%x|log 02|, x <=
y>1 : M) = ‘l’
_ 0 ' X}?E
K 8(x) + (1--) 20%x|1og 02x2 |
Y=1 : Mdx) = gz gz’ SO RIFFOR
. | .

"~ The latter distribution has a normal camponent at the origin with

variance -K—2 “Here also,o,? was linear so that this does not seem
0]

t

[2 - 0%x*{log®02x? - 2 log o2x? + 2}] , X<

to be the decisive factor in producing normality in the limit,

contrary to a conjecture of Westcott (1973).
Example 4

When o = 0, we can take

2 _ a2 . 2 . A _ 1

T Bo“t', with o 75 o
1
o L oY s 2, s'
Floxis] = T for 0.¢ x* ¢ o
0, (x)7 85 '
= | %X —] . as before, and 0 elsewhere.
S

25.
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t t
- 1 S
Again, j F(o,x;s) ds ~ IJ‘ —log[—————} ds

o t w ¢t(x)s cbt(x)

2
-0 270.-2,2 1
—Zlog[cx] R -

and vanishes outside [0 ,é—] while

t
ZmeJ‘ _f‘(oty,s) ds dy
X

o
1
> 02Fy log®o’y® dy

X

o2x?

2

= ] -

and is zero otherwise,so that we have as canonical measure

M(dx) = 20%x|loga?x*|, x<

=0 y X2

al= Qi

just as in Example 3 for vy > 1.

As in Example 1,we can easily calculate the cunulants using (3) - (5)

Y, =0

_ 4 .
Yy = /21 r>2

v

with the exceptional case, y =1, a > Owheny =0, vy, =1,

_ K 4
o e

26.
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§6 - Convergence to Normal

Because of the constant user of the normal distribution in statistical
analyses, there is particular interest in identifying those processes

H for which Z(t) can be expected to become approximately normal for

)
large t.
As we noted in Example 5.2 the normal distribution has the canonical

measure
M-x,x] =1

¥x >0
M (x) = M (-x) = 0

The necessary and sufficient conditions with Utz = Var Y(t), ie.(4.5) and
(4.3), became

) ,
'&‘-—2“ yFt(y) dy+0 s e s s (1)
t Jye
.t
and Ft(otx) + 0 | ... (2)
where F {y) = s*F_ (l-y.yl: t,s)r(s)ds.
t o H

If (1) holds for X > 0 we can truncate the IS at x > X. We have

X

2 .
\‘.(—TEZ-J YyF (y)dy > 2] yFt(cfty) dy
Xocj’t Xo

> (%2 -xoz) F (o)

implying that (2) holds, ¥ x > X and hence forvx > 0. We therefore
have the following theorem analogous to the Lindeberg condition for

sums of independent random variables , Feller (1971, P.262).
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Theorau 1
t
1f [ EH?(t,s)A(s) ds < =, Vt, and increases without bound as t-» «
o ,
t

and if we choose ot2 -~ [ EH2(t,s)A(s) ds, then
o

o t_
L [ o[ Floy.y)it.S)A(s) ds dy >0, VK > O ...

g
t Xa, (o)
is necessary and sufficient for the camplete convergence of Z(t) to a

N(0,1) random variable,

Note: If the primary Poisson process is stationary with rate A, we have

t
o =) [ EH2(t,s) ds = ih, say,
o

-

and criterion (3) reduces to

e (4)

o t ;
—lf Y, fF([—y,y];t,s)dsdy+o, vVx > 0

4

h 3
t x(”)'\ht) o
Now, instead of considering large t, it is equally legitimate to let

A > =, in which case (4) is autcmatically satisfied.

This generalizes the central limit theorems for large A which

custanarily appear in the literature, e.g. Parzen (1962, P.157). It is
arguable that this assumption of large X is often inadequate. As Rice

(1977) has shown, shot noise processes converge weakly to Gaussian processes,
for high rates A, under quii-;e weak conditions. Often, however, it is

precisely because the realisations of the process do not look Gaussian
the river-flow data

that a shot-noise model is chosen. For instance,

28.



considered by Weiss (1974) was not time-reversible, and therefore not

Gaussian, since it had sharp increases and slow declines.

Theorem 1 is, then, much more flexible than the usual ’central limit

theorems for shot-noise processes.

§7 Sufficient Conditions for Asvmptotic Normality

We restrict ourselves to the situation where A (t) is bounded while
t :
AE) = [ A(s) ds is unbounded. This includes most cases of practical
o .

interest including step-functions with known change points, bounded

periodic functions of known period and asymptotically constant functions.

Corollary 1 .
If (a) the random variable H, = max|H(t,s) | has a finite 2nd
2 t,s ‘
o
moment, (b) 1lim inf A S O, then Y(t) is asymptotically normal.
Aft) .
Proot

Vvt 25 2 0, f([—y,y];t;s) < -F—‘M(y)there FM is the distribution

function of HM and so

F iyl < At) F (y)

M
o -
Therefore otz f yF Iyl dy
Xo R
t

Ay S =
—iﬁ‘ [ vE,W & .
op X0,

29.



The -first term is bounded by (b) while the second tends to zero by (a),
thus satisfying (6.3).
Note: If in fact A(t) were to be unbounded we might nevertheless have
condition (b) holding if ctz, in a sense, "automatically" kept pace
with the increasing rate of primary events. The proof would then
remain valid.
Corollary 2

Suppose H is of the form H(t-s) and possesses a limiting r.v.
H =p ;il)_lo.'f} H(s), not identically zero. Then condition (a) of Corollary 1
suffices for a normal limit. ‘

Proof

We know, fram Lodve (1963, P. 157,164), that EH?(s) ~ I{'sz, if (a) holds,

while

: t ' t
ot2 ~ f EH? (t~s) A (s) ds = j EH? (s) A (t-s) ds
o) . o) ’

~

' We can choose tO s.t.

t
1 2 e} u
e L(m (8) - EHZ ) A (¢ s)ds]
2FH 2 to Alt-t )
-~ £ T Alt~s) ds + —2- . ¢
AL) o A(t)

The first term can be made as small as we please since A(s) is bounded

vhile the second is less than €.

2
Therefore Ot +EH?_ > 0 and condition (b) of Corollary 1 is also
A (t)

valid.
Note: Again bounded A(t) is not strictly necessary. The proof remains

valid for )\(t) ~ tY,--'Y > 0, i')\(t) ~ 1og:t; but not A(t) -~ et.
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Example 1 )

Consider a Poisson cluster point process with cluster size K and
unspecified cluster structure. Clearly H(s) is just the number of
points, in a cluster starting at 0, occurring in (0,s]. He = HM =K,
while Y (t) is the total number of points in [0,t].

If EK? < », Corollary 2 applies with ¢ % ~ A(t)ER2.
Example 2

The extension to the situation of Example 1.1 is straightforward.
As a simple, but plausible example, suppose K(X(s)) has a multiplicative
form X(s)R where X(s) are the observed variables ahd R is a random
variable which can be considered as standardised cluster Asize. Suppose
X(s)e [x,,x,], an interval of (0,%) , while 0 < ER? < o,

Then H(t,s) 4+ X(s)R, as t =+ », while HM < x,R. By the argument of

Corollary 2

t t
0, ~ j EH? (t,s)A(s) ds ~ ER? f X2 (s)A(s) ds
0 .

t
@ (1)

22
> Xy ER“A ()

" Conditions (a) and (b) of Corollary 1 are satisfied provided we take

0. from (1). -
Note: When A(s) = XA in Example 1, i.e. the primary Poisson process
is homogeneous, we have Theorem 2 of Westcott (1973). When Als) »~ A, we
have result (C) of Westcott (1977).
Exanple 3

The process of §5 had
Ye-6Xs).

f

H(s) = +/(a + Bs and H?» =a > 0, a.s.

— Y
The maxima of these curves occur at s=g§withHM2=u+6eY[a-}z] '
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so that IEHM2 < w iff EX ! < ®. Choosing X exponentially distributed,
we require Y < 1 to prove asymptotic normality using Corollary 2 and

this is borne out by the direct analysis of Examples 5.2, 5.3. On

k k-1 -\x

A e
I'(k)

Corollary 2 applies when v < k. It is interesting that there is a

the other hand, if X has a Gamma distribution with density

family of exanples for vhich these fairly crude criteria separate out
those with a normal limit from the rest.

The case Y = 1, X ~ exponential, of Example 5.3 illustrates the
fact that linearity of Var Y(t) doe_;. not suffice to produce a normal
limit. The exponentially distributed X produces too many big peaks
(corresponding to small X values). The result is a highly skewed
non-normal limit.

Example 4

Shot-noise processes are most commonly used to model stationary
phenamena. Westcott (197¢shows that (for instance) if G(s) is non-
negative and almost surely bounded, while the: primary Poisson process

N (t)
is stationary, then Y (t) = S: G(t—Ti) exists if and only if

q.=o=00

.IEG(s)ds<°° e (2)
o .

" This still gives a sufficient condition if we drop a.s. boundedness.

-
Now f (Y{d) - ¥(0)) du is clearly also a shot-noise process,
(@)
namely,

t,t o,t
J J G(u-s) dudn(s) + f J G(u-s) dudN(s) (3)

o’s Zo” O
As a first step we investigate here the first term, which is the
integral of a transient shot-noise. Note that we can write it as
zH(t— s) AN(s) where H(t-s8) = J:SG(u) du. Its mean is then

t - S - SR - S - ‘
AI JSEG(u) duds and variance X{ E H G(u) du_i 2ds by Campbell's Theorem.
o’o o “o - '

32.
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S

Nowj G(u) du increases to a maximum limit Heo and we strengthen (2)
o ,

by insisting that EH2 < « . Then Corollary 2 gives us a normal limit

taking 0, % =\tEH} .

Corollaries 1 and 2 deal with a fairly restricted situation.

For even if no limiting r.v. H, exists, o, 2 must behave roughly like

t
Aft) for largs t, since, for some k > 0,

0,2

A
kg ——« 2
At) Hhy

However, when EH?(s) - 0 , Xé—i—(—z-)-(l:—)- also vanishes and the methods of

Corollaries 1 and 2 appear to fail. Fortunately, we can make stronger

demands on HM to get

- -Corollary 3 |
1f (a) B,”® <, o > 1 and (5) Lim ing VEXE. o tnen (1)

; ) @
is asymptotically normal.

Proof

[ o}

aw - ACt) 20-1m
0, 2 { XFM(X) dx & y2(a—1)0 20 X FM(X) dx ~ 0
t Yo, t Yo,

under the above conditions. The argument in the.proof of Corollary 1 now
yvields the result.

Examle 5
X
Suppose H(s) = — 75 0 < v < 1 with the primary process
(s+1)
2
1 g1y o, 2 '
and’ _t is bounded away

stationary and EX' ~Y < . Then Otz “

Ty

1~
be normal. o o

from zero. Taking a = -——1—§in Corollary 3 we see that the limit will
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Note: It is interesting that in Example 5.4 vhere th ~ tY,

IEHMZ/ Y ¢ o <=> EX ' < ® as we saw in Example 3. For X exponentially

distributed this just fails to be the case.
The interplay between the strength of the bound HM and the rate

of growth of o _? continues in the next Corollary.

t

Corollary 4
If IH(t,s)I is bounded a.s. in each interval [0,t], say by M, ,
then Mt/ct + 0 implies asymptotic normality of Z(t).

Proof

¥x > Mt/ct, Ft[ct .x] =0
Mt/ct
Since J v F t[cty] dy becomes identically zero for large t,
X

Theorem 6.1 applies.

Next we derive_a criterion which parallels Liapunov's Condition in

the sums of independent random variables situation , Lodve (1963, P.275).

Corollary 5
t
J E|H(t,s) |2 (s) as = O(ot2+6)
(o]
=> Z(t) asymptotically normal.
Proof |

Applying Tchebyshev's Inequality for (2+ 6)th moments we have

l_ o]
— y Felyl dy
2
o} X0

t t
1 [® 246 T
¢ — | E|H(t,s)|“"A(s) ds e 4
o'tz o) XO'ty

'1 .jJ§m|H(t-,s)|2+5x(s)_ds

= —)-0,t—)-.oo

6X6 Utz +§
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We use this first of all to obnsider cases where H is unbounded.

Corollary 6

Consider the sequence of bounding r.v.'s HM = max “|H(t,s)]|
t  se[0,t]

A(E) EHME“S

g 248

t

Then + 0 => Z(t) asymptotically normal.

Proof

This is immediate from Corollary 5.

Example 6
Suppose H(s) ~ Xh(s), where X has distribution function FX with
finite variance and h (s) is a deterministic function, ultimately

increasing.

. |
f E|H(t,s) |*"A(s) ds

O

. 246
< Ut

s 2lx%h )¢ o

248 !
Ot

for large enough t.

So if h(t) /ct + 0,we can apply Corollary 5. This would be true for £V

or logt, for instance, but not for et. In the latter case

t t
J F(ctx,s) ds = f FX(xe /v2) ds

[¢] o]

t
= [ FX(x_es//f) ds #0

[¢]

The bounding conditions of Corollaries 1 and 2 can be replaced by

others serving the same purpose.
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Corollary 7 o |
(@) Suppose H(s) L3 Ho, a limiting r.v. not concentrated at 0.

Then E|H(s) |2+6 boundad is sufficient for asymptotic normality,
2
Cjt 2a
(b) IE ——m @ 0> L, E[H(s) |“" bounded is sufficient.
A)
Proof

(a) The bounded moments condition ensures that EH?(s) - EHZ, , Lodve

(1963, P.164). g4 ctz/A(t) + EH%,, also. But, from Corollary 5, we

need only that A(t) /0t2+6 +0

(b) Using Tchebyshev's Inequality for 2cxth moments we see that

AN (R AP
——-J Yy J F{[~y,v]is} X (t-s) dsdy

2
o
) o
£

t o . .
1 2a 1
£ " [E‘]H(S)I A(t-s)ds ( a1 dy
o

C.

t o &

It has already been remarked that EH? (s) - EHZ.,, vhich implies the
asymptotic linearity of Var Y(t), is not sufficient for a normal limit.
If however H(s) + He, a.s. Corollary 2 applies. Our final criterion

gives another such situation (c.f. Examples 5.2, 5.3).

Corollary 8

If H(s) is non-negative, H(s) E He, not oconcentrated at 0, and

" H(s) » Hy a.s., then EH?(s) —_r.'EHzoo < o =>7(t) asymptotically normal.
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Proof

ot2=A(t)IBH2w and so

Ae) [

2 | YFlydx + 0 P ¢
t YO

since EH?, < o |,

Moreover, F(y,s) - F(y,») is always non-negative so

oo — —_
_}_JL y {Fly,s) - Fly,») }dyr(t-s) ds
AE) ] oherp iy

t
<_1_J l[ ¢ Fly,s) - Fly,o) ay|A(t-5) as
(@]

t
= Ty J |EH? (s) - EHZw|A(t-s) ds
(@] .

-~

- 0 U ¢ )

-~

(4.) and (%) combine to prove the result.

§8 Berry-Esseen Theory for Shot-Noise

The usefulness of the normal approximation is considerably
strengthened if we have scme idea of the size of the error as
observations accumilate. In the sums of independent r.v.'s case,
one important result is the Berry-Esseen Theorem which asserts that
the error is uniformly Ot %) . A related result can be proved for
the Poisson shot-noise. In the special case when H(t,s) is a
deterministic function, our result may be deduced from a theorem of

Papoulis (1971). FHowever, even here, we have an mmved bound.
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In what follows Z(t) = Y(T;\)]a; {}38:) with distribution function

) (%) and characteristic function T

FZ(t 7 (t) (e). +<‘I;(x) lcze;xotes the
standard normal distribution function and o, = f E[H(s):)s | 3&3.)(5){1. S
We base our result on the following theorem from Feller (1971, pp.528,
543).
Lemma 1

A =mlFy ey () - 2(x)]

T
-%62, d6 24
'S 8) ~e ¥ | ==+ ==
J_Tlmﬂt)( : ot T
for allX and T > O.
Theorem 2
If P < » then
Cpt
lFZ(t) (x) - & (X)] 'S :—3—
- .t »

with the constant C < 3.292.
Proof
We use the inequality

le® - e F|= e B|e™*F -1

la + BleIO‘J'Bl“B , B real

n

with a = log Ez(t) ()

t
L[Eﬂ(ect_l’t’8> - 1-iecglm(t,s)])\(s)ds
and B = %62

. o St : :
Recalling that ctz = J EH? (t,s) A (s) ds,we see that
. .
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3 rt P
o] JEIH(t,S)IBMS)ds = Lt
6 G ?
o t

24

T
1 1
A g=-| 6%exp[-%0% +=-|6|%1d0 +
J =2 fﬂvl ] T

T -1 2 ’

1 2 /3e 24
STm do +

&T LTG e 0 T

3 24
lz (%) /2 V2n +E

<

==

The constant C is just that,on the right divided by m and so the proof

is complete.

As it stands Theorem 2 has a severe drawback in that it assumes
that we have centred Y(t) exactly by its mean and normed it exactly
by the square root of its variance. In practice these may be
unnecessarily complicated and we would like to replace them by

asymptotic equivalents.

il

Suppose then that o 2 = var Y(t) while Etz ~ O 2, t > o,

t t
i e
Similarly u, = EY (t) while = -+ 0.
O¢
- Oy
Iet Z(t) = =— 2(t). Then
. = :
t i
_ Eit
Fi(e) &) = Faep |55 2

5] )
t t
|F5 gy @) = 20 | < |®{§x] -o(x) | + CZ.?
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Without loss of generality take X > 0. The 1st term is

6 X
2 t/gt -z 2
7T y e dz
o)
t/c 2.2
-L
= _..]_'__ xe X2 dz
V271 .
% Pe/o T
2 2
Y21 1 z Y21 t
_% '5
< & B'E -1 if St 3 O )
vom |t !
\
_li o
and ¢ & 'S'E’— 1], ifo, > o
v2r ot J
8o S B~ Hy
Furthermore, if Z(t) = Z(t) + —
t
then = - Fz?(t) (x) - @(x) |
Cp ~% G w -1 '
¢4+ 8 105t fop- Yy ay)]
T V2r oy Gy
Co, % 5 b, ~ii
t e t 1 t "t
¢ £+ & |10 £ |+t

3
Ty Vo \Gt Y2 Gy

Unfortunately, while these inequalities give same advance on Theorem 2,

they are still unsatisfactory. For example, consider the general
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Poisson cluster process. Using' equation (9) of Westcott (1973), it is
easily shown that

o £
EY(£) = M tES - A ‘R.J’f. a
(t) jzlnjoj(u)u

Var ¥ (t)= AtES? -2 ) (25-1) R.J F. (u) du
:]::]_ J o J

© t
= aEs® - 332 -33+1 R.J?. d
Py %_2__1(3 j )Joj(u)u
where R, and F, {u) are as defined in that paper.

So while we can deduce, for instance, that

while

% 3
t Py _ ES

o.t 3 (ESZ ) 3/2

any upper bound will depend on the fine structure of the clusters i.e.

on R., F. .
ik J(u)

-

§9  An Equilibrium Shot-noise Process

The integrated shot-noise process of Example 7.4 is a special case
of the following. We assume for simplicity that our primary Poisson
process is stationary with rate 1. H(s) is a non-negative increasing
process, s 3.0 with limit H, where 0 < EH’» < =, We want the

distribution of

I

t o]
J H(t -s) dN(s) + J[H(t—s) ~H(~s)] dN(s)

o

(e *

{en)

Y (t) +Y¥,(8), say.... “ee (1)

It

First we must ensure that Y, (t) is a.s finite. Consider Y, (t) for

fixed t as the value of a stationary shot-noise process,

J [H(t+u-s) - Hlu-s)]dN(s) , at u = 0.

-0

Since the integrand is non-negative, condition (27) of Westcott (1976)
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gives a necessary and sufficient condition. In fact, the condition

o vl

JE[H(t+s) ~ H(s)]ds < = cee . (2)
(o]

is mpre than adequate.
t © )
Now EY* (t) =[EH(s)ds +[E[H(t+s)— H(s)]ds
(o]

O

Loe]

If JE(Hm—H(s))ds < ® ces (3)

o]
we can decampose the second term into

f I (H - H(s)) ds - J B (Ko - H(s)) ds
t o)
leaving EY” (t) = tTH,

Note that (3) = (2).

~

Var Y* (t)' = Var Y, (t) + Var Y, (t) because of our inbuilt independence

assumptions.
¢
Var Y, (t) = f EH? (s) ds ~ tEH?e while
(o}
Var ¥, (t) = [ E[H(t+s) - H(s)]2ds

—J0

- rE[H(S) - Hol%ds + rE[H(S) - Ho)%ds
t o

~- 2r1z[Hoo -~ H(t+s)][Ho - H(s)] ds

o

provided rE[Hw - H(s)]%ds < « (4)
o

T:ne fjrét term tends tﬁc)"zem while the second is constant. For each

S', as t > «, [Hy - H(t+s)][Ho -~ H(s)] = 0, a.s, and it is smaller than
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[Ho = H(s)] 2, for t > 0. By (4) and the dominated convergence theorem

the 3rd term also vanishes as t —+ =,
Var Y* (t), therefore, behaves asymptotically as a constant + tEH .

Y*(t) - tEHo
Y o2 3
£2 (EH200)

Finally, put 27 (t) =

Y, (t) - EY,(t) Y, (t) - EY,(t)
= i +
(tEH?) *

1
(tBH?o) 2

The first expression has a N(0,1) limit by Corollary 7.2 while the second

tends in probability to zero since Var ¥, (t) = o(t) as t + =.

Theorem 1

Under conditions (3) and (4)

7* () = X (&) "ﬂg{"" is asymptotically N(0,1).
(tEH?c)
Example 1
: s
When the process is an integrated shot—noise then H(s) = J G(u) du,

0 : o
for some process G(u), and He = J G(u) du.
(o]
Condition (3) becames

[ J EG(u) duds < =

o°s

i.e. f WEG(u) du < ®  which, in the case when
o]

EG(u) is bounded, implies EH, < <. Condition (4) becomes

j m[[ G(u) du]?ds < .
S

o
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CHAPTER IT

THE CONDITIONAL INTENSITY OF A POINT PROCESS

§1. Introduction

As soon as the independence assumptions of the last chapter are
abandonad, a much more careful treatment of the shot-noise process
becomes essential. The primary purpcse of this chapter is to give
detailed definitions and preliminary results which may then be taken
for granted when we return to the central limit theorem in Chapter III.

The reader may find it helpful to conéider first the much simpler
case of a shot-noise process on the integers. We have a prpbability
space, (Q4+P), carrying a binary r.v., Nj’ and a real r.v., Hij' for
each pair of integers (i,vj) e Z?. The "history" of the process prior

to r is the og-algebra,

~

ﬁr = d{Nj,Hiij; Vi<r,j<r},
i.e. the o-algebra generated by the "points" and the H-processes they
"trigger off" prior to r.

Iet us define
S Aj = E{ija} = P{Nj = 11113}

and

Ej [Hlj ]y':'] =E [Hlj |3L7‘5 rNj = 1]

E[H; N |3+j] = B [H; D”ﬁ]ij .

Now, considering the shot-noise process
i 1§ :
Y = YH.N. ,

n 551 nj j
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vie see that

n
B = E jzl I (1, lgi,j]ij e D)

On the other hand

Tx. (1.2)

The thread rumning through this chapter is the search for continuous
time analogues offu‘li in Section 2, of Ej [Hij |3,Lj] in Section 3, of Xj

in Section 4 and of (1.1) and (1.2) in Section 5.

At the same time, we take the opportunity to prove some results
about the conditional intensity function of the point process, X(s) '
which is the analogue of Xj. This was introduced by McFadden (1965)

as (in effect) the right derivatiwve

1?:,13 }-ll Pr{N(s,s+h] = 1[?"&{_} ’ (1.3)

where N(s,s+h] is the nutber of events in (s,s+h] and ‘ZLs+ is the
*history"”, of the point process only, up to and including s.
McFadden pointed out that this could be seen as representing a point

process as a generalised birth process. The related derivative

1{{3‘ %— Pr{N(s,s+] > 1(?*4} (1.4)

was suggested by Cox and Iewis (1972), under the name conmplete
intensity function, as an aid to the statistical analysis of multi-
variate point processes. In neither case were the existence of X,
or the rules for manipulating it, considered. A particular form
for _(1.3) was proposed by ‘Hawkes (1971a,b) (1972) , Hawkes and Oakes

(1974) and Oakes (i975) in their definitions of self-exciting and
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mutually-exciting point processes. Here A(s) was taken to have the
linear form of a shot-noise

t
v + J y(t - u)dN(u)

—
vhere v was a constant and y a de’éerministic function, such as a
mixture of negative exponentials. The use of (1.3) and (1.4) in
modelling point processes was also discussed by Snyder (1972),(1975).
The main concern there was the detection or filtering of a signal
corrupted by "noise" in the sense that only point events are
observable. In tl1is approach (1.3) and (1.4) were both assumed

equal to a given functional form. . '

The existence of A has been studied extensively by Papangelou,
initially in the case of a stationary point process (1972a,b). Con—
sider the interval ‘function E[N[w,v) [#,], where'} is the o-algebra’
generated by point process events strictly prior to u. Papangelou
defines A as tﬁe integral of this set function, usually referred to
as a Burkill integral, c.f. Burkill (1923), and shows that it exists
a.s’., and also as an Llljmit, if EN[u,v) < «. The derivative, where
this éxiéts is X. Now Papangelou's principal concern was a characr
terisation of processes of lines in two dimensions, the Davidson
prcblem. He, therefore, went on to consider, (1974b), point processes
on very general spaces where the total orderihg property of the real
line is not available. Unfortunately, neither paper considers the
case of a time—-ordered, non-stationary point process.

The existence problem for a general space, without ordering, has

been considered further b§.f Kalle.nberg (1978a) . The conditional
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intensity measure is showm to exist as the solution of a certain
integral equation, related to ﬁhose in my Theorem 5.3, below. This
measure is shown, in turn, to be equal to the integral of' the
interval function P[N[u,v) = lly‘u] and, provided .EN[u,v) < o, to be
equal to that of E[N[u,v) Df-u] , also. Note that I have given here a
time-ordered version of Kallenberg's Theorem 4.1 so that it may be
campared more easily with the other results.

Now, in the course of proving the existence of A in (1972a),
Papangelou showed that, if FO {(x) is the conditional distribution
function of the interval following a point, given the past, and {t;}
are the ordered points of a stationary process, then

f dFO (%)

ety -5

al =

t

Ort; 18]

-~

Furthermore, if E, is continuous, the transformation T, = K[O,ti]
applied to the positive points, yields a Poisson process which has
points {r;} on (0,%) and which is independent ofﬁ'o. Rudero  (1973)
gives a short proof of this result, working directly with Fo (%), and
extends the result to non-staticnary point processes with EN[u,v)
possibly infinite. He therefore defines the conditional intensity,
A(t), at least implicitly, as

_ft. (t - ti)

= (1.5)

 if te (£t .1,
I—Ft (t—ti) 177141

h R

" (x) is the distribution function of an interval starting at
t;, conditional on the past, ?‘t .
i

vhere F
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Unquestionably, the most sustained attack on this problem has
utilised the theory of continuous time martingales, in particular the
Doob-Meyer decomposition theorem. This is the approach ta;ken by, for
instance, Bremaud (1974), Jacod (1975) and Brown (1978), by Aalen
(1976) , whose interest is primarily in the properties of certain
statistical procedures, and by a considerable body of researchers in
control theory, e.g. Boel, Varaiya and Wong (1975), Segall and
Kailath (1975a,b), Davis (1976) and Segall, Davis and Kailath (1975).
There is also an extensive related literature in French. The key

observation is that, for all s < t,
BN [F,] > B0 [FL] =N, .. (1.6)

so that N(t) is ‘a positive, right-continuous submartingale adapted to
the o-algebras, {Z‘;&H} for t > 0. By Meyer (1966) , VII T3) there is a
mique, "natural ihcreasiné process A(t), 's'uch that N(t) = A(t) is a
right-continuwous martingale. The significance of "natural" will be |
explained in Section 5. This process, A(t), can be shown to define
the distribution of the point process, Jacod (1975) , and to possess
the main properties of a conditional intensity measure. Thus, Aalen
(1976) shows that, when they exist, the derivatives (1.3) and (1.4)
equal that of A(t), as does the derivative of A. Brown (1978) shows
that A is the integral of (1.6) and that it is "I~calculable”, a
property closely related to the existence of the Burkill integral, A,
defined in Papangelou (1972a). Brown calls A(t) the "compensator"
vhile Segall and Kailath (1975a) call it the "integrated (random)

rate".
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The martingale approach has a number of attractions which stem
from its foundations in an established body of theory. "It can easily
be extended to the case where EN[u,v) may be infinite by the use of
"stopping times", essentially a random truncation technique. Further-
more, it is also possible to define conditional intensity measures
relative to larger o-algebras than {:7}: +}, since the equivalent of (1.7)
will still be valid. For instance, it may be very useful to consider
the o-algebras (3£ .} which contain the past events of both point and
secondary processes. On the other hand, it involves the introduction
of a considerable amount of terminology which does not appear relevant
to the shot-noise problem. The basic definition of the conditional
intensity measure as the integral of a set function seems conceptually -
simpler, perhaps because it is more concrete.

The approach adopted here is, therefore, essentially that of
Papangelou and the main probfs in Sections 3 and 4 are inspired by
his. The development has four aims: firstly, to prowe the existenoe‘
of in the non-stationary case; secoﬁdly, to shed light on some
uncertainties concerning the proof of almost sure convergence in
Theorem 1 of Papangelou (1972a); thirdly, to show that R can be
defined as the Burkill integral of any one of the three set functions,
P[N[u,v) = lb‘u], P[N[u,V) > 1|‘3«‘u] and E[N[u,v) [},]; and fourthly,
to relate this definition to the derijivatiwes, (1.3) - (1.5), to
Rudemo's definition, (l.6)> and to the Doob-—Mei/er decamposition.
Finally, the results of Section 5 are substantial generalisations of

Theorems 3 and 4 of Papangelou (1972a) .
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§2. Definitions and Preliminary Results

The purpose of this section is to define the primary and secondary
processes, which comprise the shot-noise process, and to cénstruct the
g-algebras, 34’ , which describe its history. We denote our overall
sample space by Q. If QC IR, then¥3(Q) is the o-algebra of Borel sets
on Q. We abbreviateZ3(R) to ¥3 and B(~=,s) tobgs for each s € R.
Before proceeding, we outline some elementary properties of generated
o-algebras, for ease of reference.

Suppose «@ is a collection of Q sets. 1In general () denotes the
smallest o-algebra containing the sets, or collections of sets, in the
brackets; or, if real functions are mentioned inside the brackets,
the smallest o-algebra which makes them Borel measurable.

Suppose ,g C@ ; where Q) is a g-algebra. Then
o) c D e e (2.1)
Suppose Ac Q. Then
i An=cBAn ... (2.2)
Suppose f is a map from E into Q. Then,
T § _ -1
f o)) =olf @] ... (2.3)

'Suppose-@i is a collection of sets in @, and Yoegi) is the

c—a.lgebra)cnUiQi, o{o(gi) ,Vi}. Then,

Vo) = o/} (2.4)
i 1 i p

Consider, now, the primary point process. let ‘?N denote the
collection of wmbouwnded countable subsets of IR, which have no

Cluster points and let w » ) (w) be amap from @ on to Y. We
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define the counting measure N on'bg(]R) r s.t. N(Q;w) is the cardinality
of QA U(w), for Q e'bg. For brevity, we write N([0,t];w) as N(t,w) or
even N(i), if the meaning is clear. We make N into a random measure

by defining the generated o-algebra on Q

= o INQ); Q )T} -

We also require og—algebras which describe the past of the point

process. Iet
f?t = o{N(Q); Q eBQt}
Of course J= V. . Note that we have skirted the issue of defining
teR
a o—-algebra on ‘PN and making w » Y(w) measurable. This is discussed
in Daley and Vere-Jones (1972) and Papangelou (1974a).

It will prove very useful to have the points of each Y(w)

labelled in order from the origin. We define

inf {t : N([0,t];w) > 3}; 3=1,2,....
[0l°°) : toe

Tj(w) =
(sup {t : N([t,0);w) > |F|+1}; 3=0,-1,=2,....

—,0)

Note that thé random variables, T jI {(1.<t} areqj{:-neaswable only for
3

t > 0. Inthe case s € t < 0 when j < 0,

{N[s,0) < [|j]+1}

{Tj < s}

U {N[t,0) < |r]+1} A {N[s,t) g r-j}
jgrg0

= U {Tr < tln {N[s,t)‘té r—j},
j<r<0 :

This set is in c{y‘t/\ fr,<th jers 0} which is a o-algebra on
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'{Tj < t}. Because of this, we define o—algebras,‘f'j"tj on {Tj < t},

as follows:—

i£331, £>0 23 =hA (ry <t}

ifjso,t;o:'ﬁlt3=f}‘tsince{«cj<t}=sz;

ifj %1, £t<0: ?‘tj {¢} since {'rj <t} = ¢;

if €0, t<0: F0 =l Alr <t} jercol.

With these definitions, the restriction of T, to {1, <t} is KX

measurable.

Iemma 2.1(a) The o—algebrasy) ? ; and?tj, for t €e Rand j € Z,
are all countably generated.

(b) The family {?{‘:} is increasing and left—continuous.

-~

Proof (a)  Since the Borel sets ,'&9, are generated by the
rational intervals, ‘#is generated by the events, {N[u,v) > r} for
u,ve®and r e N. By considering only those rational intervals
which generate&?t,?'t is seen to be countably generated, as also is -
4.3, from its definition.

(b) {'3‘@} is increasing by definition so that V%SC f;‘t.
s<t

The reverse conclusion follows, fram (2.1), since {N[u,v 3 r} =

U {N[u,s) » r}, which is in V:%S , if v € t.
se@ s<t
se(u,Vv)
For use in Section 3, we also prove:

'
i

Temma 2.2 For each u < s,

PN\ Was) =08 A O} =13 =F, 4 (900,9) =03 (=13
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Proof Suppose Q s’@s and r € N. Then .

N =r} A {N(,s) =0} A {N{u} = 1}

= {N(Q\[u,s)) = er}/\ {N(u,s) = 0} A {N{u} = 1}
where €. = r-1 if u €90
=xr otherwise

Either way, by 2.2 and 2.1, the left-hand o-algebra is in the right-

hand one. The reverse inclusion is immediate sinoeyl‘lC?é.

In Section 3, we will need notation for the points immediately

prior to s and at, or immediately after, s. Iet

to(s) u if u < s, N(u,s) 0 and N{u} =0

-~

while

1 and N{v} = 1

v if v » s, N[s,V]

t,(s)
Using this notation, Lemma 2.2 says that

djls Nty ls) = u} =cﬂu/\ {ty(s) = ul.

The second step in our construction is to introduce a two-
parameter random function, H(t,s). Let ‘i’H be the collection of
real-valued functions on R? which are right-continuous, with left
limits in both parameters. In Chapter III, we make the restriction
H(t,s) = 0, ¥Vt < s, and it is helpful to think of s as the
"starting" point of H. This restriction is not necessary for the
conétructian thoﬁgh many of the méﬁhods below, which depend on an

idea of time-ordering, would make little sense without it.
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Iet Hbe a map w + H(+,*;w) from Q@ on to Y. Then. o ~ H(t,s;w)
is the composition of the (s ,t)th coordinate projection and H. We
make each of these measurable by defining an increasing family of

generated o-algebras,

gt,s = g{H(u,v); u< t, v < s}

let§ = V Qt < If, also, ﬂ;ﬁvg, jll"will contain all the events of
teR '
seR

both primary and secondary processes.

Iemma 2.3(a) The o-algebras gt o g and Hare all comtably generated.
- X [

(b) For each t € R and u < t, the random fimction H(u,s),
s < t, is progressively measurable w.r.t. {jt,s}s <« in the following
sense. For each u < t, the map
H, * (v,w) = H(u,v:w)

is measurable from ((—o,s) X Q,@SQ gt S) into (RJY), for any s < t.

Proof (a) By the right-continuity of H(t,s)

- ) < 5 =/\ U /\ ﬂ {H(y,2) < r}

»x §0 ye(u,uts) ze(v,v+s)

where r, &, v, z € Q. The events {H(y,z) < r}, for appropriately
chosen rational y, z, r form a countable generating set for each gt s
14

and also for g j:f, 1s countably generated since 'fy‘ and § are, by (2.4).

(b) This follows by a simple adaptation of T.47 of Meyer
(1966, p. 70). Suppose that, for each n € N and k € Z s.t. % <s,

we define on (—»,s) % Q,
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Hn(v,w) = H(u, }%;w) f if ve F—{:ﬁl’ -]I%:I for same k
=0 ; otherwise
Then H_(v,w) isf}g ® § -measurable and converges on (-—«,s) X Q
n s t,s

to H{u,v;w), which must also be?%s@ gt S—néasurable.
14

Now let us construct the o~algebras, j:f[ft, vhich contain the
"history", i.e. past events of the process, prior to t.

5 Y ; .
Iet gt,s =Y, N {Tj<s}. Now, for each j eZ, te Rand u< t,

consider the restriction of the map
w H(u,'rj (w) ;w)

to the set {Tj < s}, for a given s < t. This is the composition of

two measurable maps, namely,
Tj P w (Tj(w) ')

from ({; < s3,4D) into ((=,8) x {15 < s}, B8P and, using

Iemma 23(b) (progréssi’ve measurability),
e Hu s (vyw) > H(u,v;w)
fram ((-=,s) % {Tj < S}'b35®§?:,s) into (R,%) .

, | ' 5 v 1 B
If Q X A is a rectangle :Lnfjs@ﬁt’s, then ’I‘j (Q x &) =
{t. € 0} A A, which is inoy‘j vﬁj , since Q C (~»,s). Thus, from
J S t,s

(2.3), if B € {J then

' —1 . .
o) T ® €3 v cee (2.5)
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Now this remains true for all s < t, the restrictions to {Tj < s}
being trivial in the anomalous cases {j € 0,s > 0 when {Tj < s} =

and {j » 1,5 < 0} when {Tj < s} = ¢.

Motivated by the foregoing argument, let us define

(

& _ J I LA J
Ht,j_{Aeytvgt,t'A’\{T < s} e‘g‘ g , Vs <t} ., |

,S

When j € 0 and t > 0, the restrictions for 0 € s € t merely ensure that

Ae OQ{—_ e vgt < 30 foft,O’ vhile, when Jj > 1, the restrictions

for s £ 0 are trivial. To extendﬁg from {T <t} to Q, define
ﬁ't,j = o{j:}{:'j,{*rj > t}}. This constructmn engures that {Tj » t} is
the only event of the point process at, or after, t which is included.

Finally, let
Fe=vH o
t 37 t,] .
We will show thatﬁE has indeed got all the properties appropriate to
the "history" of the process. '
Firstly, the "observable" r.v's occurring before t are :HE"
measurable. We have already shown that H(u,—f'j)I{Tj <t} 13_‘)4»{:-

measurable for all j€ Z and u < t. Moreover, for all u < v < t and

r € NN,
nir
AN[u,v) > r} = v /M e v} (2.6)
neZ Jj=n+l J ‘

which is in:k{{:, since {Tj e [u,v)} ejd’t,j‘ Therefore, the point
process events prior to t are alsojc}t—measurable.
On the other hand, the "non-observable" events are not_',kf't—

measurable. Thus,

am <0 n ey <} FD v gl
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if and only if v< s, by the definition of gt s Therefore, H(u,V)
14
and, a fortiori, H(W V)T i 4y cannot bej:{,t-neasurable for any t.
Furthermore, the only sets in j—;’;{: i not in {Tj < t}, hawe the form
4
{t. >t} AA for A Eﬁ’t,j‘ This exclude's {Tj >vl, Yv>t and

J

H(W,74) T from}f. ~measurability.

T.2t
{ 3 }
The main properties oth are detailed in the following lemma.
o |
Lemma 2.4(a) 4, C Hps Ve e R
(b) j:'Lt is countably generated, ¥t € IR

() {jﬁk“} ter 1S @ left-continuous, increasing family of

g-algebras.
Proof (a) This_follows:from (2.6) by using (2.1)

(b) Suppose, first, that A ¢ . Then AC {1. < t}
t,T. 3

J
and we can write

A=U A/\{Tj < r} . (2.7)

re@
r<t

o S R ’
Now each set A A {Tj <r}le dl‘r Vgt,r and thus can be expressed as
a countable union of its generating sets, using (2.2) and Lemmas
2.1(a) and 2.3(a). Since we also hawve

'{Tj > t} =/\ {’l‘j > r} (2.8)

re@.
r<t

: C
=[U'{T-<r}J,(“£"*‘?f R denctis.
Q. - e comple, s dof B),

the wion of these generating sets over all rational xr < t and j e Z

forms a countable generating set for jd’t .
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(c) It is enough to show that, for all j,

—

i, .= vi .
ﬂ’ta u<tﬂﬁ,3
Suppose W < 5, u < t. Since {Tj <wlC {Tj < s}, we hawe

Y3yt ¢ Pl |
chvgulw 2L o (2.9)

ForAej:,lﬁj , AC{Tj < u} so that, for s > u,
r
_ . .. J j
An {Tj <s}l=AA~ {Tj < u} which is lnc‘t}sv«gt,s from (2.9) and the

definition ij:kl,j' Thus, ji{;l,jc jcf't,j for all u< t. Now

{Tj > ul = {Tj > t} U{Tj efu,t) }.

The second set on the right is :Lnj:),{_‘ j so that {Tj > u} E‘ﬁ’t j"
4 r

Fram (2.1), it follows that 0,5 is an increasing family and
, . _

V3, i€ Hy ;. The reverse inequality is an inmediate consequence
u<t uIJ ’j

of (2.7) and (2.8).

The construction of the underlying stochastic processes, from

. which the shot-noise process is formed, is completed by specifying

a probability measure, P, on (Q,}). It is usual to start by
defining the finite dimensional distributions. In this case, we

would ascribe prcbabilities to the events
~{I-I(ui,vi) SR, N[sj,tj) £ rj}

vhere U, Vi, X, range over finite collections of real points, [sj,tj)
over finite collections of real intervals and rj over finite
collections of integers. The set function, P, induqed on Q, will

only be a measure under certain conditions. The "existence problem"
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for the stochastic processes, i.e. the problem of finding these
conditions, is beyond the scope of my investigations so far. However,
in the case of a point process alone, (Q ?5() , the condition_;: can be
found in Daley and Vere-Jones (1972) or Westcott (1972). In the case
of the secondary processes, the well-knowm Daniell—Kolmogorov
conditions, see for example Kingman and Taylor (1966, p. 381), will
be necessary but do not guarantee the existence of a version which is
right-continuous with left limits. We require an additional assumption
of continuity in probability, Doob (1953, p. 61). Suppose that at each
point (s,t), H(u,v) possesses a limit as u + s and v - t where ﬂne
limit may be either from above or below. Then, for almost all sample
paths, H is continuous, except for a countable nunber of points of
discontinuity at which we may choose to make H right-continuous with
left limits. This follows from Doob's Theorem 11.1, (1953, p. 356),
extended to 2 dimensions. |

Note, however, that most models for shot-noise processes would be
constructed by specifying conditional rather than finite-dimensional
joint distributions. For instance, it may be more natural to specify
the probability of secondary process events conditionally on the past
of point and secondary processes. Clearly the conditions involved
will be much more complex and I have not investigated them.

We make the assumption, henceforth, that
pQ =EN(Q) <= ceeeee (2.10)

for every bourded Q efi.e. the point process has a o-finite first
moment measure, u. AResu'lAts obtained in Kallenberg (1978) and Brown
(1978) suggest that this condition night be weakened but we do not do

so here.
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Conditional expectations can be defined in the usual way. Suppose
X is an integrable, real random variable. If E[X]ﬁé] (w) is an
'.H“s—neasmable r.v. such that

JE[X[}}S] (w) P(dw) = JX(w) P (dw)

A A
for every A e??,’fs, then it is (a version of) the conditional expectation
of X glven_a-lfs In particular, for A &:J-)L, we can define P[Al}}-,’—s ] (w) wp
to a P-null set. Suppose we can go further and choose versions of

P[A[};Ls] (w) for each A e} such that:
for all w € Q, P[-|3;LS](w) is a

probability measure on (QH) ; cee eee  (2.11)

then P|[- UQLS] (w) is called a regular conditional probability measure.

The conditional expectation of X can now be written as:

EIX[H] (W) = [XW) P [H]

1l
O

xP X (d) L] ()

I
S———

by

To prove the existence of a regular version, we could use the
Corollary on p. 193 of Neveu (1965). Since } has been shown to be
contably generated, we would need to prove that,&}L contains a compact

class 6 having the "approximation property"

P(F) =swp {0 Ceb, ceTl, vFed ... (2.12)

Note that in Neveu's Definition I.6.2, @ is compact if ewvery

countable subset of @ which has an empty intersection, possesses a

60



finite subset with an empty intersection. Equivalently, every countable
family in € with the finite intersection property, has a non-enpty
intersection, vhich is Meyer's definition of a semi—-compact paving (1966,
ITI D3). Meyer refers to (2.12) as "regularity" while Dellacherie and
Meyer (1978, IIT46) talk about "inner regularity" or "tightness".. For
the connection with the more usual definition of tightness, see |
Billingsley (1968, p. 11, Problem 7).

The obvious way of introducing the compact classvg ; is £o consider
the compact sets under same topology on . One way of introducing such
a topology is bﬁ/ defining a metric on Q, hopefully one for which the
open sets generate the o-algebra 'fH', i.e. for which jal is the Borel o-
algebra. Then, provided P satisfies (2.12), regular conditional
probabilities exi.'f,t wr t any subalgebra of H , Dellacherie and Meyer
(1978, III 72). 1In fact, if Q can be shown to be a conple’ce,separable,_
metr_ic' space (i.e. Polish space) with Borel c-algebra H, every
probability defined on it automatically satisfies (2.12).

This 'gbproach ;)f setting up a Polish space, is successfully
followed by Eapangelou (1972a, 1974a) for point processes. I have not
investigated this possibility for the more complicated space defined
here, so T will merely make the more general assumption that P satisfies
(2.12) for a suitable compact class 4. fThis guarantees the existence
of a regular conditional probability measure wrt 33}'5, for each s.

From now on, P[- chfs] denotes this regular version.

Throughout the remainder of this thesis, we will constantly be

_considering stochastic processes formed from sequences of conditional

expectations such as E[£f(s) | jc{,s] , S & R, W will require

to take limits and integrals of these processes without
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detailed comment especially in Chapter III. We conclude this
section on fundamentals by gathering together some results which

make this possible.

In considering bounds and limits of a procéss X(s) ,
we are often faced with the following situation. We know that
for some interval AC B, X(s)e ‘A; ‘3.8. i.e, eXcept for a P-null
exceptional set of realizations, Es’ depending on s. For any
countable collectign {sJ.}, we can deduce that X(sj) € A; "VJ.’ a.‘s.
since U E_ is measurable and P-null. However, without fﬁrther
argwrentjwe cannot deduce that X(s)e A, Vs, a.s., since lsj ES- need not
be measurable, To overcome this we introduce Doob!s concept of

separability (with respect to closed intervals).

We say that X(s) is separable if there is a sequence {sj}
of parameter values and a P-null set E such that, if A is any
closed interval and I any open interval,

. — v {X(SJ-)EA/ Sj€ I} \ {X(S) € A’ 5 & I} < E.

As Doob points out (1953, p.52), this is equivalent to

demanding that for w ¢ E

sup X(s) = sup X(SJ.)
Eel s I
. . =
and inf X(s) = inf X(sJ.),
sel s. el
e J e



for every open interval I. Clearly, if a]moét all the sample
paths of a process possess both right and left limits at each s,
then it is separable, Similarly , any continuous or monotone
function of a separable process will also be separable”.- Further;
Doob shows (1953; p.57 Theoream 2.4) that any real-valued

process X(s8), s e R has a separable modification X(s)} such that

P(X(s) =X(s)) =1,  V s.

Now when X(s) is a version of a conditional expectation then X(s)
is,also. Therefore, whenever we consider a sequence of conditional
expectations, we can and will choose versions which give us a

separable stochastic process.

For integration of processes like E[f(s) tjd»s 1(w), We require

3 - measurability in s,but so that we can manipulate integrals by

" Fubini's Theorem, we need joint b3 @ﬂ'—measurability in (s,w).

In fact, we will prove progressive measurability, a stronger property
which, as we saw following Lemma 2.3 allows substitution of suitable
randan variables for s. We approach this by investigating the

continuity properties of Ef - | 3#’51.



. an integrable r.v., 2

" Lemma 2.5 For each s, f(s,w) is a positive, integrable r.v..
while, for each w, the sample path is left-continuous and increasing
(decreasing). In either case, we can choose EIf (s) I#SJ (w) to

be left-continuous, for almost all w.

" Proof Consider the increasing case first. Let

Y =E If(s)]j:JrS]. If s>t, then

Ely, | HJ = E£ (_t) |#J 2 EiEE) |1 =¥
YS is therefore a positive submartingale, adapted to the left-
continuous family {ﬁs} and, by Proposition IV. 5.1 of Neveu

(1965), uniformly integrable..

Now we choose a rational sequence Sy +t and apply the
~ submartingale convergence theorem, Doob (1953, p.324). There is

say, for which Ys+ Zt ;, @eS. , N> o

t
n

Iet A ¢ ﬁ’u'. for same u < t. Then

2, dP = lim vy dap
jAt e IA sn

by the uniform integrability of Y while by monotone convergence,

?

[£@) ap= lm . [ f(s)ap.
A . Do A .

64.



Now,  provided S, > g, |

jysndp = [JEIEGE)|H, ] @ = [E(s)ap.
A A n A

Canbining the last three equations,

[z, ap= [f()a - (2.13)
A A

for all A ¢ U_ﬁa . Since each side of (2.13) is anintegral, it
u<t
defines a measure on the field U :Hu which, by Theorem 4.2
u<t

of Kingman and Taylor (1966), has a unique extension to the

. generated c-algebra ;H%_ =u\<794{1 . By left continuit'y, j#;:_ = J-?%:,

so that (2.13) is true for all A ¢ ‘:H't' Therefore, Zt is the

required version of E[£ (t) L‘_H/t] .

In fhe case when £(s) is decreasing, Y 1s a positive
supermartingale. Now Y_ & E[f(sl)I K ] nwhich, by V T 18
of Meyer (1966), is a un?formly integrablg martingale. So YS_ '
is also uniformly integrable and the above argmnent remains vzlid.

We have proved that, for each t € R, and sequence sn+ t,
EL£(s) | jaiwsn] + EIE(0) | H)
. . . - i' - - R
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except for a P-null set, Et say, of realizations. Since we

have chosen E[f(s) | j;},sj to.be a separable stochastic process, we
may apply Theorems 2‘.1 (ii) and'24.3 ‘of Doob (1953; PP‘..53;.55) and
the definition of separability to deduce that, for all t; ’

ELf (s) | HJI - ELf (t) ] j:‘Lt] as s ¢ t; ‘except on a single

null set of realizations, as required.

Note This lemma applies, in particular, to the conditional
probabilities, P(Alj:%—s),A eX-. On the one hand,v we have chosen
regular versions of these so that P(-| J:,LS) is a true probability;
on the other harnd, in Lema 2.5, we chose versions so that

P(a| jd't) = lim P(al X ). Are these compatible?  Suppose
] n +t n
A is a countable union of disjoint subsets, A 7, and that the

P(-| jd’s ) are all regular conditional probability measures. Then
n .

P H) = Lim P}(UArI H )

s

S 4t r n
n
=1lim I P( | )
i s it r r jd/sn
n .
=1 Pel Hy

Clearly P(. | j:,Lt) is also a probability measure so that the

-modification in Lemma 2.5 preserves regularity.

Corollary 2.6 If f£(s,w) is an integrable @@:H'measurable

function then EIf (s) I:H-S] @) is progfessively measurable.

Proof We first show that P(a] j#'s) (w) is progressively measurable,

. . K+ ’
for any Ae . Foreachn ¢ N and k ¢'Z for.whlchl‘-;l— < s,
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define on (-~,s) x Q,

X (u,0) =P(a] j:}'},) W), if n ef¥ ,X1) for some k, -
n S n n
n

= 0 . otherwise

Then X is ),st ® j:}—s measurable and, by lemma 2.5, converges
to P(a | j:;‘u) (v) which is therefore also 298 ® j:}—s measurable

on (-»,s) x @, as required.
Now, for any 0 e 3., & eHandu < s,

BT ) |H i =1 @ PGl H)w.-
OxA - | o) :

The right side is clearly X'SS ® }st—measurable, so that the

corollary is true for the indicator functions, f(s,w) = I (s,0).
. : OxA

- By monotone corvergence, it is true for positive measurable £ and, |
hence, for integrable f, by considering positive, negative and,

if necessary, real and imaginary parts.

Remark The key properties of the family {ﬁ{'_‘} are contained
in Lamas 2.4 and 2.3a. The results which follow, from Lemma 2.5
on, apply to any family on ¢, which possesses these properties.

In particular, we can make the choice jC}'t =t7't, A4 £
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‘Corollary 2.7 Each of the processes, PIN[u,v) = l[j\uj
PIN[u,v) 2 1 l‘f‘ju] and E[N[u,V) | “311], 'is progressively
measurable wrt. fg\s}s € B. In particular, they are each

wve B &% -measurable on R x B x Q.

Proof Each process is left-continuous in both u and v by

ILemma 2.5 and the remark above. Iet X (u,v;w)} denote any

of the three. We must prove that the map (u,v;w)~> X({u,v;iw)

is measurable from ((-=,s) X (~=,s)x9Q , 338 () ﬁs ® ‘fy‘"s)
into (B, %), for any sz v >u.

k+1l j+l . .
A < s s, we define

+
For all nm e¢]N and k,j €¢Z s.t. -

[

on (-=,s)x(-=,s)x Q/ -
- = k :i- i ].E k+ )
X, n@vie) = xE L, ifue -?11) and
i+1

i 3 .
Vel , —Iﬁ_) for some k and j,

=0, otherwise.
Then Xn m 8 3 s © %3 s @ % o ~measurable and converges on
4

(—»,s) x (~,s) x Q@ toX (uv;w), as n, m~> o, X is therefore

B.® B @ "js-measurable, as required.
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£3 Some Results on Palm Distributions

Much of the argument of the next éhapter' hi_ﬁges on
taking expectations conditionally on the event {N{s} = 1}
and jd's’ the o-algebra of events of the shot-noise process
prior to s. We will denote such a conditional expectation by
E,S[- Ijﬂg‘]; its definition and properties are the subject of this

section,

The probability of A, conditional on the occurrence of
a point at a specified point s; will be deroted P (a) and is
called a Palm probability of A. 1In defining these, we use the
approach of Ryll-Nardzewski (1960) and Papangelou (1972b),
(1974a) but extend the domain of definition fraom %ito 3., to
achieve a simple but useful increase in generality. Alternative

definitions are reviewed in Daley and Vere-Jones (1972). We

" begin, however, by outlining an argument which justifies the -

extension of Propositions I.6.1 and IIT. 2.1 of Neveu (1965)
from probabilities to o-finite measures. This will prove

useful several times in this chapter.

Let (S,8) and (T,9) be measurable spaces. Our starting
point is a set function m(QxA), where Q ¢ »8 and A € ':j . The
collection of rectangles {Q x A} is a semi-ring génerating

8 Q j_ If m can be’ prove'ci o-additive and o-finite on {Q X A}
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then, by Theorems 3.5 and 4.2 of Kingman and Taylor (196}, it
can be extended to a unique ¢~ finite measure, m, on By ®ﬁ,
Clearly, if m =m, on {0 XA}, for same other set function m,

then is also a g-finite measure and éls m on .
my equ ®

Next we define a o-finite transition measure, M, as a

mapping from 2x T into B, such that:

a) for eacht e T, M(*,t) is a o-finite measure

on (Slg) ;

b) for each Q .4, M(Q,+) is measurable on (3.

-

In the case, where (T,"Y, Pr) is a probability space then M

is just a random measure while when M(-,w) is a probability,

" Neven calls it a transition probability.

If we have_, in addition, a o-finite measure, v, defined on

(T,Y) and we put

m{@ xA) = [ M(Q,t) vadt), - -~ - - (3.1)
A

it is easily proved tlet m is o~additive, as in Neveu (1965,
pp.74-75)." If it can be proved o-finite, we can deduce the

existence of a unique o-finite measureon 8@ for which (3.1)

holds. Furthermore, the remainder of Neveu's Proposition ITIT.2.1,
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i.e. Fubini's Theorem, is valid. Thus, for every m-integrable,

camplex function X, measurable on (S x T, L @’j ), the function

Y(t) = }' X(u,t) M(du;t) - - - - (3.2)
S

is ﬂ - measurable on T and integrable wrt. v. Moreover,

[Xdm=[ [ X,t) Mdut) v @) - - - - (3.3)
SXT TXS - ’

Due to the linearity of the integral , the extension of Neveu's
proof to camplex X is a straightforward consideration of real
and imaginary parts.

As our first application of this extension argument,

let us define for each Q 3, A ¢34,

n(Q x ) = [ N(Qw) P(dw) - - - - (3.4)
. 2 .

Now, N(Q,w) is clearly a random measure and n is o-finite, since
n{Q x a) ¢ 1(Q) < », for bounded Q. Thus n has a unique extension

to R)Q:H- ; the function

Y = [ X(s,w) d N(s,w) - - - - (3.5)

R,
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isH—measurable and integrable wrt. P, while

JX dn = ;f f X (.S;(U) anN (S;-w) P (dw) __ _ “ _ (3.6)
B QXB

The measure, n, is called the master measure by Papangelou (1974a)
and the Campbell measure by Kallenberg (1976), following

Matthes (1972).

Example 3.1 Taking X (s,w) = H(t,s,w) IIO(’a in (3.5), we see

that the shot-noise is defined as the stochastic integral
t
Y(t,0) = [ Ht,s,0) aN (s,w)
o .

For fixed A E:IH', the random measure, n (- XA), is clearly

absolutély continuous wrt. u(+) = [ N(-,0) P(dw) and so by the

Radon~Nikode theorem, there is a unique, finite and non-negative,
) ?(3 ~ measurable function P. (A) s.t.

nQxa)=[ P @A) uds) - - - - (3.7)
o :

We may choose a regular version of Ps (a), for A e}:}L, such
that for each s ¢ R,Ps(-) is a probability measure on (@3)). This
possibility stans from the same assumtion (2.12) which justified
the choice of a regular version of P(- [:H»S) in Section 2. It

follows that P.s (A) is a transition measure (probability) from
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E >:3;]_ into [0,1] and, by Fubini's Theorem and (3.7),

fX dn = | ;f X (_S;‘w) P_ (Aw) y (@) - - - - (3.8)
XE R Q '

The interpretation of PS (A) as the probability of A given

{N{s} =1} is confinmed by the following lema.
" Ienma 3.1

a) ForAE}J{': QEX.%

[P @u@s) = [P (A~ s} = 1)u(ds)
o 0 )

-~

b) P_{N{s} =1} = 1, for y almost all s.

Proof This is contained in Papangelou (1974a),
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Ve can define conditional expectations wrt, PS (+) in the
usual way, for each.'s. Supposz X is an integrable r.v. If

E X t?%s] (w) is an}{zs- measurable function s.t. for all A eHS, '

IES [Xl},l-s] () Ps(dw) = f X (w) Ps(dw) - - = = 43.9
A A

then it is (a version of) the conditional expectation of X given

Nis}=1 and,H*S. Once again,with assumption (2.12), we can choose

a regular version s.t. PS(- 34;5 ) is a true probability.

In view of Lemma 2.5, it seems plausible that these
conditiomal probabilities can also be chosen to be left-
continuous with right-limits in -s. However, as I have not been
- able to prove this, I must introduce an assurmption of progressive
measurability, which would, of course, have followed from left-

continuity. I assume that:

for any real r.v. X, the stochastic process,
ES[XIQ:{.S], s ¢ B is progressively measurable wrt
H | | ... (3.10)

Remark All the above definitions, along with (3.10), apply

to the special case where H's =°5(S, Y s.-
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If D is a B @J;!_ set its u-section is

b, = Jw e Q2 (u_;-w) e D}
Letﬁ)s =D ¢ @@H 2 D, E}i"u'” Yu<s} and
D = V@s = DeffoH D, sy.u', Yul. @s is called the

o-algebra of sets adapted to {ét}u <s Similarly, we let

j’\/,s be the c-algebra of 3?)@"} sets addpted to

%

uu < S.

We next show that E_[X ],’H'S] (w) could equally well have
been defined as a "conditiomal expectation" given @ wrt.

the measure, n, on 2%@3:’- .

Lemna 3.2 For any n-integrable, ﬁ & 3%

measurable function X (s,w) and each set D sf}) :

[ X(s,u) anls,w) = [E_(X(s)|H ] (@) dn(s,w)
D D

Proof

Consider first the indicator function IQ X A where Q

is a bounded Borel set and A ¢ & .
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fxng dn
D

il

11 1,0 P_(@u)n@s)

~ox, -

= é[l{ P IA[H ) P_(Q)u(ds), since Dseyé
. S

f ESIIQ'XA]%’S] (0) dn(s,w)

D .

I

since P_ [Alﬁs] (w) isgD—measurable by (3.10).

Using linearity of the integral and monotone convergence the

Lamna follows by extension,

Note that, in particular,

“

f f X (s,0) dN(s,w) P(dw)
QR

=[] "ELX(s) [H-S] (0) aN(s,0)P(dw) - - - - (3.11)
QR )
Recall fram Section 2 that to(s,w) is the point immediately
prior to s and tl (s,w) that at, or immediately after, s. We also

define for each se R,the map

T, ¢ o> (to(S),w)

Then Ts—l(Q X A) = An{to(s) eQled, for all Q ¢ B andaeH,
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. . . [PV |
since w - to (s, w) 1s°:}s - measurable and?g}-rs < }3-. Thus TS

is a measurable map from (2f) into ((-=,s)xq, Bs®ﬁ). and

pir Toxal = [ I (. P@)
° [t (s) €0}
A
= ([ I (M  aNv,w) Pl
{N(VI s) = 0}
AQ
= | | I (v,w) dn{v,w) .
{N(VI S) = O}
OxA

If X(Vv,w) is n-integrable and ?SQ‘HA- measurable, then an

extension to monotone limits of simple functions shows that

[ X (e (8),0) Pl = [X(M0)Ig o) = oo

Q | {em,s)X 0 - - - - (3.12)
We also recall, from the assumption (3.10) and the remark
following it, that E (X(u,-) ]"}uj (w) is ¥ - measurable on
(-=,8) X @ where }(S is the o-algebra

'{KEBS ® O}s : Kue?u, Yu < s}

- o d p— v—
If we define ‘}to(S) = Ts'10<s) then
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X(e_(s),+) lﬁ‘to(s)'] (w) will be an % ~ measurable

K
£ O('S) to (S). .
random variable. Note that since T is measurable from’ (Q,}‘-’s)

7

into (lw,s) x Q, '&SQD}’S); we must have yto (S‘C- Z:"s'

. o . SRS ) Y °4
The inclusion is strict, Since tO(S) 15?‘5 but not Jl'to (s) ~

measurable, and so we can interpretj{‘ as the o- algebra of

to(s)
events of the point process prior to to (s), the point before s. -

£

We proceed by investigating the relationship between EJ.
and I [~ .
t(s) | jlto(S)

=L
Suppose TS K)e ?‘to(s) and E[Y]. < o,

T, ®) )
= f f EV[YI%V] (m) I{N(V,S) —- O} dn(vlw)l - == 3.13)
("'9-01 S)KV

by (3.12)\. On the other hand,

f Y(w) P(dw)

Ts"l (K)

=[] YW Igp,g) = )

) (."°°I S) KV

=..{ J EV[YI{n(v,s) = 0} l?‘vl (w) dn (v, w)

(==8) Ky , .

which is not equal to (3.13). The usual defining relationship

of a conditional expectation does not, therefore, hold and we
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must prove certain properties we would normzlly take for granted.

lemma 3.3 If E|Y| < «, then for each seE,

. of
e o) Y Twee (01,90 = 03 e (e)? @

= EIY{_‘}SJPtO s) N(E (), 8) = oi‘i“}to(s)l ), a.s.

" Proof Iet A e ﬁs. Then fram Lemma 2.2. for V u < s, there
is a set A) et?"u s.t. AQ{to (s) =u} =AM A {to(s) = u}. Now,

from (3.12),

IE.*_: (s) [YI{N(t (s),s) = O} l?!t (s) 1 (w) P(dw)
o o o
A

= I B M ,e) = 01 @) Tiggg,s) = 0P @du@), - - - (3.14)
(~,S)A (1)

where we have used the properties that Pu has support

9w} = 1) by Lema 3.1(0), and that £ (s) = u <=N{y,s)= 0 and

N{u} =1, R

Since A(u) e ’fj*u, (3.14) equals

T YOI 6y 0 PN@s) = 03,1 (WP_(dw) u(du)
(.—mls)A(u)
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=[O R (g M), = <>l"3‘to @] @P@) - =~ ~(3.15)
A

=Z{E[Y|T3~SJ (w) P (s) IN(e_(s),8) = o;yto(s)](mjp@)' .

since A a'jvs ané?'to(s)c 3\5.'

Corollary 3.4 If .Y is a positive, integrable r.v., then for each

s e R,

Eto(s) [YI{N(’CO(S),S) = 0} I(?}tO-(s)] ()< =, a,s.

Proof By (3.15),

~

I IEto(s) Lo (s),s)=o}ly1‘; (s)] (@) P(dw)
Q . © o

S .r Y (w) P(dw)
Q
< «» , hence the result.
Iemma 3.5 For each s ¢ R,
Pe_ (@ NS (5)) = o]“}to )] @> 0, a.s.

Proof Iet E = {(u,w):u<s, P, (u,tq (S)=Ol°j‘u] (w) =0}

which is ‘Hs - measurable. By (3.12),
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-1 ' . |
R _ 1B, (@) 3 (aa)
° (=0, SfLIJi".u {N(u,s)l =0}'u

Since N(u,s) = 0 <> N(u,t; (s))= 0, by the definition of
ty (s), the right side equals

[T Tmea,t, (o)) = oyFu @y (@

(=, s) Eu

= [ ] B Nt (s) =0ff] P (@w)  (qu)

(-9 B
= 0, by the definition of Eu’
L . —l
.°. Provided v ¢ T, (B),

PtO(S)'[N(tO(S)'tl(S)) =O]?1to(5)l (w) > O.

Finally, note that t (s} is left—continuous in s Indeed;' for
given w, the realisation of the point process ¥(w) has no cluster
points, so that there is same interval (s-§, s], § > 0, in which
tO (s) is constant. Similarly, tl(s) is left-continuous and indeed
constant on some interval to t‘re' left of S. We; therefore; can

deduce
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Lema 3.6 Tor each s € R and integrable, ¥ ® H- measurable

function, X(u,w),

EtO(S) I X(’co (s)) | ?‘to (s),J J}S left-continuous in s.

§4 The Conditional Intensity

-

Consider an interval Iu,v) in E, ' Let {Anju,v')}' , n=1,2, —

ke a sequence of dissections, where A" has points

u=cj<c <c2 < - = - - <ck;;l=v'
An+l is a refinement of AP and
[[a"]] =swp (c_,; -c) >0, a n »
r+l r ’ ’
Ozrs<k
n

If we need to indicate the dependence of . on n, we write c:.

We can define three random interval functions on {A"},
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z B W) = pm fe c

; ) =1 F1 o,

e
r

() PINIC_, €417 1 | ?}Crl (),

(3) - '
2% @ = Emie, o) Foiw
and, corresponding to them, three dissection sums,

Sn(i) (fu,v)iw) = }i'n Zr(i) w), 1= 1; 2, 3.
r:.o

Note that

1 (2)

~We will prove that, as n = «, all three dissection sums for
the same limit in both the a.s. and mean senses. This result
can be considered as a conditional version of KorolywK's

Theorem which,--in the above notation, states that

~1
bh’

plu,v) = lim

P[N[C : C 2 1 ]
e r=1 r rﬂ?

An exhaustive discussion of this and related equalities is given

by Daley (1974).
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In proving the a.s. limit theorem, it is important to show
that neither the limit nor the P-null set of exceptional realizations
depends on the choice of dissection points... Th_ls, in part,
motivates the careful treatment of null sets in Leumnas 4.71 ;'4..‘.4.
It should be noted that; in the proof of the a-...s. limit theorem;' '
Theorem 1 of Papangelou (1972a) we find the assertion that, for
each realization w, the interval Iu}v’) can be chosen; Withéut
loss of generality; so that a point occurs at u and none in (u;ff;
This is only true if a dissection point is placed at eaéh pbint
of the realization.. In itself, this is a perfectly legitimate
mancewre ; if this limit exists_; it is the unique limit'.' Howeverr;v
in proving the theorem, Papangelou implicitly discards a large
collection of null w-sets which arise in the applicat'iém's. of his
Lenma 7 (equivalent to my Lamnas 3.3 and 3.5) These are indexed
by the countable collection, {CI;}, for any choice of dissections.‘
There is an apparent circula:fity in this argument; null w-sets
are discarded which depend on the choice of diSsection; which dépends
on the realization, w. The proof below avoids this circularity
at the expense of Eeing rather longer. The arguments of
Papangelou (1974b) are much more careful but unfortunately

inapplicable here.
Lama 4.1 Suppose, for each t € R, we have a family of

intervals, [x,y) v+t i.e. telx,y) and x 4+ t, y+t. Then,

~ except for a P-null set of realizations,
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PIN{x,y) = ll‘j\xl (w) » PIN {t} = 1| ?’tj (w),
for each t.

" Proof By Lamm 2.5

PINEx,y) = 1| A0 > Pwiey) = 1] 3, asx 4t

For any rational sequence Y, v t,
: PlNIt,Yn)=l lcy“t] > PIN{tbllog‘t], a.s.,

by monotone convergence, Neveu (1965, P.122). Since our
choice of conditional expectations makes P[N[t,y)l I?‘t] separable,
this convergence holds except for a single P-null set and the

lema is proved.

Iemma 4.2°  TFor P-almost all w and all real intervals, (s,t),
the event we{N(s,t) = O} implies that PIN[x,z) = 1| :fxl (v) is a

subadditive interval function on the half-open intervals in (s, t).

Proof Let [x,z) be an arbitrary interval in (s,t), and
Y ¢ IxX,z),a point of subdivision. It is sufficient to show that,

for “dlmost all o e, {N(s,t)' = O},
PIN[x,2) = 1|‘§\X]
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s PINDxy) =1] %1+ PINIy,2) =1 .jfyj - - = (4.1),

From Leamas 3.3 and 3.5, the left side is a.s equal to

| o
P Go [N = lam N6 0 =0 [Py o]

o 1% ]
_Pto(X)[ N(tO(X)’ ¥ =0 lJto(x)_[

while the first term on the right is a.s.

Pto(x) Nixy) =1 and Nt (x),x) = ol ?’to(x)]

Pe_ (x‘)[‘“to (),x) = 0| jto (x)] |

‘Now, for..w ¢ {N[x,z) = O}, to(y,w) = to(x,w) so that

 the second term on the right of (4.1) is a.s.

Pto_(x)[m}."z) =1 and N(t (x),y) = 0] | ?’to(x)]

Pto(x)[_N(to(x),y) =0 | ?‘fo(")]
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Since

Pr @) M (y) = 0] "7y (x):l § Py (x)LN(to‘x"x’ o 7, (x)]
Q Q Q. Q

and since the event (e, (x),x) =0 and N[x,2z) = 1} - implies

that either {N(to(x),y) = 0 ard N[y,z) = 1} or {N(to(x),x) = 0 ard

NIx,y) = 1}, the inequality (4.1) now follows.

The exceptional null sets in the gpplications of Lemmas 3.3

and 3.5 are indexed by X,v,2z, an uncountable collection. However,

the half-open intervals are countably generated by the rational
intervals. Now, we can exclude a single null w—-set, outside
which (4.1) holds for all rational intervals. Using the

continuity properties of Lamma 2.5, for any x, y and z we may

choose rational sequences, xn+ X, zn'r z ard yn 4 v s.t.

PINIxz) =1 %1 = lim PN,z) =1 % 1
: n

INn > o

T e e

with a similar approximation for the right side of (4.1).
The inequality (4.1) holds term-by-term for non-exceptional w,
and so also in the limit, i.e. (4.1) holds for all X, Y 2z except

for a single P-null set, as required.
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" Lemma-4.3 For P-almost all w, and all real intervals [X,¥y),

B Nix, v) Liatny) 3 2) l ‘;?sx]

t (X)’-NIX;Y) I{N[x,y)> 2t {N(t x),x) = O}I ft x)]

t(x)[ €08 600 =0 | T |

A

-—-— (4.2)

Proof From Lemmas 3.3 and 3.5 the left side is a.s. equal to

s
-~

Eto(x)E\ux’Y)I{N[x,y)?, 2}I{N(to(x),x) = oyl ?‘to(x) ]

P,CO(X) N(t_ (x),x) =0 ]"f}

Then (4.2) follows as P )[‘N(t x),x) =0 l #t (x)]
> Pto T—N S (), (x)) | /'t x)j a.s. Since (izhe half-open
intervals are countably generated by the rational intervals,
we may use the continuity properties of Lemmas 2.5 and 3.6 to
approximate each side of (4.2) by a suitable sequence. Then
(4.2) can be seen to hold similtaneously for all [x,y) except for
a countable number of null sets indexed by the rational end-points.

[

Hence (4.2) is valid for all [x,y) except for a single P-null set,
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as required.

"Iz 4.4, For P-almost all w and all bounded real intervals,

Ix,y),

B to(x)[:le,Y)I{N(to (x),x) = 0} |yto (x)] (w) < =

Proof Since ENI[x,y) < », we can apply Corollary 3.4. We
need only consider the countable collection of null sets, indexed

by the rationals, due to the following argument.

Fix w ard let t (%,0) = z, Now choose a ratiomal
interval le,yl) S.t. %3 € (z,x) and Yy > Y. Then to(xl,m) =z

also,and

.EZE\]IX'Y) I{N(z,x) = O} ] ‘?‘Z](w)

s mz[m;_cl,yl) Lz = o} | ;Z] ).

This is finite by Corollary 3.4 except for a P-null set
indexed by le,yl) . The lewa follows, as required, except

for a single P-null set.

ILet us denote the exceptiomal null sets in Lemmas 4.1 - 4.4 by

B, i=1,-- - -, 4,respectively. Now, since u(Q)=EN(Q)<e ,

89,



for all bounded 0 %3, N(Q) is a.s. finite. Moreocever, since
any such Q can be put into a rational interyal, there is a single

mill set E., say, s.t, for v ¢ Ec, N{Q,w) < », for all

bounded 0 £33 .

Theorem-'4.5 Suppose our point process is without multiple
points and has a ¢-finite first moment measure, p. Then, for
P-almost all w, and for all bounded real intervals [u,v), the
dissection sums, Sn (1) ([uv);w) , 1 =1,23, converge to the
same finite limit, as n + ». This limit and the exceptional
P-null set are independent of the choice of dissection sequehcés ,

(a3,

Proof If we exclude w in the null sets Ei' i=1, - ~-=-35, then
N[u,V) < » for all intervals [u,V) and Lewmas 4,1 - 4.4 are

valid.

. Since 'the points of the process are distinct, we can,

for a fixed non-exceptional w, choose n sufficiently large that
(1)

each interval _[cr,,cr ﬂ) contains at most one point. Sn can

then be decamposed into two sums over subintervals covering,

respectively, one and no points. In fact, for each dissection

An, we let

k
n
fFe =1 7201 (g
=0

r [c ,c_
R ol o i

)



gz @

g (s 8 = ] :

r Egs;t'

where €s,t'=A {r: [Cr’cr+l) < (s,t)} . Then

1) .
S m,v) = [ £ ®)aNt)+[[g (s,£)T  (s,t) . AN(s)AN(t)- - - (4.3)
n zu,vf) n fan {N(s, t)=0}
where
T = {(s,t) :s<min(t,v), t} ul - (4_4) ‘

Now, both terms on the right of (4.3) are finite sums so that
.. we need only show that £, (t) and g, (s,t)I{N(éf.t‘f)z o} converge

for non-exceptional w. By Lama 4.1 ,
£6) » PIN(t} =1]F0,n >e,

vhile g (s,t) is increasing, both due to its
n

I{N(s,t) = 0}
subadditivity, shown in Lemma 4.2, and due to the absorption of new

intervals, Icr,c'r +l)' approaching s and t as the dissections became

)

finer. Hence S [u,v) is a.s. convergent.

n
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: (4) X : :
Next, w2 let 2 =K[N[Cr, c I : ’ {y ]
r r+l iNIcr,crﬂ). 22} e

Note that
kn
3
Sn( ) Snm =rZ=OZ r(4). e — - (as)
Defining
h (s,£) = 1} z 4
n cels,tl F
we have
3 1 | /
S () _ S @ - H hn(s,t).I{N('s't) -0} dN(s)dN(t)

n n
' J
where J is defined at (4.4). This is a finite sum so, again,
it is sufficient to consider the convergence of hn (s,t) for
realizations in which t () =s and ty(c) = t, for all

c. € (s,tl. By lLama 4.3, we then have

E|] Nc,c )T I I"j‘J
NSl ot K ‘ S
h (s/t) < c els, t] {Nic_,c ;) 32} {N(s,c)=O} '~ - - _(4.6)

P_IN(s,t) = 0 | %]

Consider the sum in the numerator of (4.6). Note that
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) 5 2} + 0, as n + «», Now for a fixed
r+l- ~

IiNicr;c , . o
realization, at most one term of this sum can he non-zero for
each n; andbthat term will be decfeasing to zero; as n » = ,
To show that (4.5) tends to zero; it is therefore enough to check
that the numerator of (4.6) is firite for each_n'. Let

n

. n
b =min {c : C > s t.
n {r r }

Then the sum in (4.6) is dominated by

Nibpy, V) I {N(s,b ) = 0}

-

Since to(bn,w) = s,

% Jwib, V) In(e,b) = 03 | I (OR

- from Lemma 4.4, 'Thus Sn(3) - Sn(l) +~ 0, so that Sn(3) and,

a fortiori, Sn‘(z) converge to the same a.s. limit as Sn (l).

(3)

Finally, ES [y,v) = EN[u,Vv) =pluVv) <=, By

Fatou's Lemma,

(3)

E lin 8 ~lu, V) g iy V) < o -—-— (4.7)

Noaw
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implying that 1im Sh (1) Iu, V) is a:s. finite for i =1,2,3, This

n - o
remains true for P-almost all-w, similtaneocusly for all bounded
intervals, since we can insert any such interval into a ratiomal

one.

We will denote a.s‘. 1lim S'n(i) ([u,V);w) for i = 1,2;3 by
;\(Iu,V),‘ w)e As Papa.ngelog —;xaws noted, ?\'is the Burkill integral
of Z(i) . Now, considering E.[N[u,v) ]‘ﬁt u] as a function of u, -
we see from Lenma 2.5 that it tends to zero as u 4+ V. By a well-
known result on integrals of set functions, see for example
Riesz and Sz. Nagy (1955, p.22),

-

lim A [v) = lim EN[uy) %] =0 - -~ (4.8)
u+tv ut v

-

For any fiXed non-exceptioml w, A (.,. w) is clearly a
finitely additive interval function defined on the semi-
ring of half«bpen intervals, {[u,v)}. Now suppose we have a

sequence, Vj’ s.t. Iy,v) =) Iu,Vj). Since
' J

A Iulvj) = A Iurv) - A Ivjlv)

we see, fram (4.8), that Alu, Vj) > A Iu,v), as j= e,

.
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so that ?\ is ‘o-additive. By.(4.7), it is also ¢- finite;
so it possesses a unigue extension to a g-finite:measure on &,73).
On the exceptional null set, we-may sét K ( ;) equal to zero. Then
f?\(Q_,w) is a o-finite random measure on ®,%)), as defined in

Section 3.

Next, for 0 ef3 , A e, let
n(QxA) = [ A (Qw) P(dw)
A
Now n is o~finite since, by (4.7),
n(QxA) < E(Q sp Q <=
Using the extension argument outlined in Section 3, n has a
unique extension to a o-finite measure on ?8@34’ . Moreover,
for any integrable, C-valued, ’B@J”’ measurable function,

f(s,w), we have

[fan = [[£(s,0) Ah(s, ) P(dw) = - - (4.9)

Ry 0 R

In the reminder of this section, we point out the connection
between this construction of the conditional intensity and two
alternatives mentioned in Section 1. The left and right
derivatives of the set function 7\ (-,w), if they exist at s,

A ”
may be denoted by A(s—,uw), A (s+,w) and, if they are equal,
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" X (s,u). Since A is the integral of each of the set functions
z(l) defined earlier, and since a set function and its integral
possess the same derived numbers, Riesz and Sz. Nagy (1955, P.23),

we have relationships like

Aet,w) = lim  PINs, sz 1% 1 ),
» h-+0 n S

whenever either side exists, This is essentially the definition
(1.4) given by Cox and Lewis {1972). Under the hypotheses of

Theorem 4.5, we have the following rather weak result. We
(i)

denote the derivative of 2 at s by D Z(l) (s;w). Thus

-~

(2)

Dz' (sm) =1lim P INW,V) 31| % 1),

*

uts,vis v-u

Corollary 4.6 For almost every s, the derivative

D Z(i) (s;w) exists and almost surely equals A(s;w) for

i=12,3.
Proof For fixed w, X (s,w) exists for almost all s since
A is additive and therefore monotone. For such s, by our

-earlier argumeznt, we have

»(s,w) =D 7 (1) (s:w)t
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Now, define A to be the complement of the set

{(s,w)e Rx Q : DZ (1) (s,w). exists and eq_uals»'_ s, 0)}
This is a 2‘3(3} 3/)1 - measurable set by Corollary 2.7. We have -

shown that 2° has Lebesgue measure zero. By Fupini's Theorem

[[ I, () Pldw) ds = fj’ Lyw(s) ds P(dw)
s _

RO QR

=0
Thus, for almost all s, As is P-mull as required.

The second alternative definition is that of Rudemo
h
(1973) ,cf. (1.5), which expresses A in terms of FS (x), the
conditional distribution of the interval, Xs’ which follows a

point at s, given the past, f‘jfs.

Let F_(x) = Psm(s, s+X] 2 1 l“;‘«sl (w)
"= 1P IN(s,stx) = 0 | G W)

=R X, z x| FI).---- (4.10)

FS (x) is left continuous in X whereas a distribution function
is usually right continuous. On the other hand, the definition
(4.10), using the survivor function, or tail, of XS, is quite

common. in sane -applications of point- processes.
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Corollary 4.7 Under the hypotheses of

Theorem 4.5, for @ ¢ BB

O J T ¥t 0N
Q .
1-F £, ) (y-t,(¥))
Proof It is most convenient to work with 2(2) as, if

t (cr) = s,

-s) -~ Fs(cr—s) -—— - (4.11)

o by Lemmas 3.3 and 3.5.

(2)

We can divide up Sn [u,V) into a finite sum as in the proof

of Theorem 4.5. Iet

- )
kn(,S,t)_ - 5 Zr :

L€ (s,t]

then
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5(2) fu,v) = {}: (s, t) dN (s) dN(t)
n n

J

(s, t)= 0}

vhere J is defined at (4.4). It is enough to consider the convergence
of kn (s.t) for realizations in which to(cr) = s and tl (Cr) = t, for all
c. € (s,t]. Without loss of generality, we may consider an interval

fu,v), containing one point at t, and a dissection such that

s < u:co < Cl < c2..< CJ"nS t < cjn+l <v, where Cj'rifl v+ t, as n > e
Then, by (4.11).
kn(s,t) = an(X)dFS (x)
[u-s,t-s]
I &) 4.12)
+ J 1F_ (Cj S (4.
n
(t—’S ’ Cjn+l"‘s)
here £ (%) = —2L for stx elc_.,c_,.).
w n l—-FS (Cr—s) ! r’ r+l
r= O,...,jn—l,
b}
S — ' for stx ¢ [c. .t).
l—FS (t-s) ip
Since £ (x) 4 —1 for x+s ¢ [u,t], the first term in (4.12)
n 1-F_ x)
converges to
1-F (%)
s 1-F (y-t_(y) )
[u-s,t-s] fu,t) to(y) ©
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The second term tends to zero as cj +l+ t. The result for a

o
general Borel set Q now follows since A is a measure.

‘Corollary 4.8 If Ft is a continuous distribution function for
all t and {t;}, i eZ denote the ordered points of a realization

of the process, then

A(ti,yJ = - log[l—Fti(y—ti)] for ye (ti, ti+1,]" - - = (4.13)

Proof This is immediate by change of variable in the integral.

In the special case of a renewal process, A is just the integral
of the hazard function, Z(t), and (4.13) expresses the well-known
fact, Cox and Iewis (1966, p 141) that

2(t) = - £ { log (1-F(t)1)

T = _£(t)
| 1-F (t)

vhere F ard £ are, respectively, the distribution and density

function of the intervals between events,
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85" The Conditional Form of Campbell's Theorem

In this section, we prove that A can also be considered as
an L', or mean, limit and deduce some important consequences. In
particular, we can prove an analogue of Campbell's Theoream

i.e. (2.2) of Chapter I.

(i)

Lemma 5.1  The sequences of dissection sums, Sn {u,V) are
uniformly integrable asn-—+~ , for i =1, 2, 3.
kn
(1) (1)
Proof S =) Z I _
n r=0 T {N[Cr’cr+1) =0}
kn
+) 2 () 7
r=0 {N[Cr'cﬁl) z 1}

. The first sum is increasing to a limit smaller than Afu,v)
by Lemma 4.2 and the proof of Theorem 4.5. The secord is
dominated by N[u,v). Since both these have finite expectations,

Sn (1) is uniformly integrable.

Now,
k_ K
EL} zr(‘”_] “2(] Nic_.c DI y s 2))
=0 o § THANIGC ) 3
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which tends to zero by dominated convergence and so is trivially

uniformly integrable. It follows from - (4.5) that Sn B)

(2)

and, &
fortiori, Sn are uniformly integrable,
"
An immediate conseguence is that A exists in the mean sense
also i.e.
: a
We require a stronger result which allows us to manipulate integrals

wrte A .

-~

Lenma 5.2 Suppose that for P-almost all w and for every se R

and Q e'b@,[s,oo), we have

ENQ)|H) = ENQ|FI - - - - (5.1)

Then, for any A e 3+ and real interval, [uv)

I;(,[u,v) xa) = | A (Iu,v);w)P(dw) = [ P{A[,?J!'S] (w) dn(s,w).
A

[uv) x Q

Proof By the previous lemmna,
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k
. PN n . : .
[ Amv)dP = lim] j.}:[mcr.,crﬂ_) ]'j’j:cr]: AP, - = < = (5.2)
A m o r=0 A

Under cordition (5.1), each integral on the right of (5.2) is
| LENC e ;) | H o1 @
Q r
= [ pa| H_ 1 Nicc )
r
Q

so that (5.2) equals

lim [ f g, (6) an(s) ap - - - .- (5.3)

n-ew R Ia,Vv)
where

g,(s) = PIa] #crl , i s elcc ).
Now, as Crn 4 s, we have that a.s.

PIAIH G m 1 Pl

by Lama 2.5. Since E N[u,V) < », the dominated convergence

theorem shows that (5.3) equals
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[ Pl W als,w) PE).

Q Iuy)

Theorem 5.3 Suppose that f(s,w) is an integrable, € - Valuea, '

a%@ 3’.{‘ — measurable function and condition (5.1) holds. Then

@ E[£(s)di(s) = B [ ErE(s) [3haai(s).
b R

®) E[fEas) = Efr_£(s)| 3 (s).
K R

Proof a) Consider-the semi—ring of rectangles '{QKA'} .

for 0 e and Aed. By Lemma 5.2, we have

n@a) = [ ElT,,| H 1aN(s) P).
g R

The usual extension argument using monotone limits of simple

functions yields

[[ £ls,0) dh(s,0) Plw)
QR

= JI mEE) 3 0 ase) Plaw). - - - - (5.4)
QIR : . .
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In particular,

] mEE)] # J6) ais,u) P@w)
QR ‘

[[ EEG) W a N(s,w) P(dw), - - - - (5.5)
QR

Part (a) follows by combining (5.4) and 5.5).
(b) From (3.11), we know that

[] £(s,0) dN(s,0) -P(dw)
QR :

=[] B I£(s) | 1W)d Nis,u) P(dw)
QR

Since E _[f (s)]j:{—s] (@) is an integrable function, 3 &N ~
measurable and, indeed 3:4}»8— measurable for fixed s , part (b)

follows by applying (5.4).
Example 5.1 We can take

f(s,0) = H(t, s;w)Ilo (s)

8

'
l
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in part (b) of the theorem to deduce that for a shot.noise process

t : .
EY() =E[EIHES)|H I dnle)
O

t
if E [E[|H(t,s)]| !311’-5] an (s) < » , This is the conditional
o

analogue of Campbell's Theorem.referred to above. It is the
continuous time analogue of (1.1). The analogue of (1.2) follows

from Theorem 5.3 (b).

Next, note that condition (5.1) of Lamma 5.2 excludes
"feedback" fran the model; in that we cannot have a situation
where, for example, a high val‘ué of Y(t) has either an
-inhibiting or exciting effect on the primary point procéss.
Howevef, an examination of the proof of the lemma shows that

(5.2) equals (5.3) under the weaker condition that

[

A

kn
) {E INlc_,c_ ) |F .1 -ENc ,c )|H _ 11ap

=0 r’' r+l Cr _ r’ r+l , C'r

-> O ? ‘ - (506)

for all A 53+u, as n -+ =,

More generally, we could define
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k

. [ad n '
Auy) =a.s. lim | ENlc,c ) |3. 1.
H n-oe r=0Q £l “r

provided this limit exists. Assuming also that the secquence
of dissection sumns is uniformly integrable, we can follow the

reasoning leading to Theorem 5.3 to deduce that

B [feans) = EBf B £(s) b 1 dis).
R R

Now (5.6) implies that A = AH and so is a condition of local
independence of the point process from past H-process events.

One situation when (5.6) holds is as follows:

Corollary 5.4 Suppose that y has no atoms and that for
P-almost all w and for each interval [u,V), there is a constant

M s.t. for all x ¢ [u,V)
E INIx,x+h) | H, 1 & mENDox)|gg - - - - (5.8)

for h sufficiently small. Then (5.6) holds and Theorem 5.3

remains valid,

Proof | LJN[Cr'Cr-!-l)'l 4 Cr]dP < f Nlcr’crﬂ) ap
Q Q

> u {ér} =0, as n > o,
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By (5,8), E(N[C_, Cr+L) ]‘y -Cf] . E[N[Cr'c,rfl)' l:ﬁlcrj .
> O', 2.S. asn > o,

Now, for sufficiently large n,

k
] r£o {EM(c e, ) l#cr - Emege ) [ 1 - - - - 5.9)
) |
n
s ) [ BN e )% 1,
r =0 : r

which converges a.s. Thus (5.9)tends a.s. to zero by
dominated convergence, - Furthermore, (5.9)is uniformly

integrable, so (5.6) is valid, as required.

Theorem 5.3 allows us to clarify the relationships
between the integral definition of A ard two, further
definitions outlined in Section 1. First, suppose D eg)) ’

the o- algebra of sets adapted to {33"5}. Then

| / dK (s,w) P(dw) =/ aN(s,w) P (dw).

D D

This can be considered as an integral equation for A;
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the existence of a solution.follows from the Radon-Nikodym

theoren A,' Allowing for changes’ due to the absénéé of tiné o;:de-rin-g:
this is a close relative of the equation investigated by Kalleﬁberg
(1978 , 3.1) in solving the existence problem on a génera_l time

set.

Secondly, suppose Y(s) is a positive, bounded, -right-—
continuous martingale adapted to the right-continuous family

of o-algebras, LH—S+}. Let j'ﬁs = 34‘54_. Then

j{s—- = 1Y<s Vv/>\'\u :H'V = :H/s— , as can easily be seen
by camparing generating sets of each side. Furthermore, by
left continuity Jts— = 33"5.* Now, fram Theorem 4.3 of Doob

(1953, p.355).

in  ENERI = ErE]| X
ut s
o = ENE| H J.
Since, by the martingale property, E[Y(s)| ¥ g = Y() ,

we have shown that

ErE)| H o0 o= lm YW =Y(s)
. uts

109 .



Applying Theorem 5.3 (;a') we have, for each t,

rfy@ane = EfSYEadie.
0] )

Camparing this with VII.D.18 of Meyer (1966), we have
shown that R is "natural", so that R[O,t] is a natural,
increasing process in t. Now the Doob-Meyer deconposition;
Meyer (1966, VII T3) yields a unique such process for given
o-algebras, {gis_]_}. Thus R[O,t] must be the "compensator"
of Brown (1978) and the "integrated rate" of Segall and
Kailath, (1975a).

Moreoever, a con‘lparison of our results w1th these
approaches and with Kallenberg's, shows room for improvement
on two fronts. It should be possible to weaken the 'condition that
u is o-finite by considering the interval function,

}.PINIu, V) =_l]°f7"u], only. Also, it should be possible to show
the existence;» of conditional intensities with respect to any

suitable family, {3#5}. In particular A_ , which was defined

H
at (5.7) should exist under very general conditions. I have only

discussed the very special case where AH = A.
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CHAPTER III

A Central Limit Theorem for the

Ceneralised Shot—Noise Process

§l. Introduction

The aim of this chapter is to prove a very general limit theorem,
discarding most of the indspendence restrictions of Chapter I. The
point precess is allosed to be non-Poisson, vhile H(t,s) can depend
both on point process and H-process events. We must, however, retain
same of the structure. The model is still additive and T4 is still to
be interpreﬁed as the starting point of H(<,t;). Conditionally on
their pasts, the different H(*,T;) evolve indgpendehtly, while
. dependence of the point process on past H-process events, is restricted
to allow the exploitation of Coi:ollaxy I1.5.4 and its consequences.
These conditions are detailed in §2, along with others of a technical,
rather than structural, nature.

We outline three possible approaches to the prcblem. Firstly, we
could adopt the method used by Daley (1972) for the special case of
statimary clustér point processes. We would then suppose that each
H(t,T) has & limit H(w,14), and that these are identically and
independently distributed with mean EH_ < «. Recall that p[0,t] = EN(t),

t
so that by II.3.8, E¥(t) = [ E_[H(t,s)]u(ds). We can write
- 0

t
() - B = [ pes) - ma)

0

4+ [N(B) - n[0,t]]EH

+ A(t) e (1.1)
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where .

N :
A(t) =J [H(t,s) - H(w,s)]dN(s) - J [ESH(t,S) - EH_Ju(ds) .
0 0 : -

t

Since the first term is a random sum of i.i.d. random variables, we can
use well-knowm theorems, see, for instance, Wittenberg (1964), to giwe
conditions for its convergence, suitably normed, to the normal
distribution, or to stable laws with index 0 < ¢ < 2. Of course, if
the mean is infinite, then another centering will be necessary.

The second term in (1.1), after suitable norming may also have a
limiting distribution, while under sufficiently stringent conditions
the remainder, At’ will tend in probability to zero.

The limit distribution for Z(t) will depend on which of the first
two terms becares dominant as t + «, with the possibility of a mixture
of the two limit distributions occurring when neli-her dominates. Note
that Wittenberg's results would allow us to treat even the cluster
process case in greater generality than Daley, since N(t) need not be
independent ofthe H(co,"fj) 's.

Nonetheless, tbere are sewveral growxds for dissatisfaction. The
conditions derived compare wnfavourably with the compactness of those
in Chapter I. While it is possible to generalise them to cover
H(s) ~ sc'Hw or H(w,Tj) non-identically distributed, the results become
increasihgly clunsy. Finally, expression (1) suggests that EH p[0,t]
should be the natural centering term; for then the second term in A(t)
would be unnecessary. Yet we know from Chapter I, that centering by
EY(t) gives the simpler conditions.

) A second line of attack’ wbuld be'td attempt to find an expression

for the characteristic fumction of Z(t) in the spirit of (I.3.2).
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Suppose that, conditiocnally on 'ﬁ;[o,t]‘ the H(t,Tj), T4 € [0,t] are

_independent. Then

E.I

pi0Y(©) _ ' NE) [eiBH(t,Tj)
J=1

‘;é[o,t]] |

i6H(t,s)

t » -
= E exp [ logH:[el “}[O,t]_l dN(s) oo (1.2)

This leads to an expression in terms of what Westcott (1972) has
called the KIM measwre,c.f. Matthes (1972), _Daley and Vere—-Jones (1972).
However, this dcoes not appear to yield the neat and unified solution
we seek.

The approach which we do adcopt below, is motivated by three
considerations. Firstiy, the basic idea of the central limit theorem
of Chapter I, is to‘ sumarise the observed pvrooes‘s, Y(t), in texrms of
two "smooth" functions, pg andv‘ct, and an additional "noise" component,
usually a N(0,1) limiting random variable. " In the most ocommon case,
where we take M = EY(t) , this noise camponent arises as a foﬁn of

Cesaro limit of the increments

each of which has expectation zero. A natural generalisation in the

dependent case, is to consider the increments

H(t,s)aN(s) - B [H(t,s) [} A(s)ds,
which have conditional mean zero. We might reascnably expect that the
limit in distribution of

t :
Z(t) =6—l€ Y(t) - IES[H(t,s) {HJS]X(s)ds] eee (1.3)
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would yield, for suitable ¢ gr @ non—degenerate variable,-say N(0,1). Of
course, a crucial property of u " and oy is that, given some model, we
should be able to calculate them and then examine the distzéj.bution of

the deviations, z_(i)&;-_lﬁ:. . Now, it may be that in simple cases

_ftES [H(t,s) l}ql-s]i(s)ds can be calculated from observable random variables
gccurring prior to s. In this case, it will make a suitable centering
function. Othexwise, we would hope to approximate it by a more practical

centering, perhaps even EY(t). We would, then, also be interested in the
limiting behaviour of
t

1 N :
& U B [H(t,s) [H IR (s)ds - EY(t)] e (1.4)
0

t
saretimes involwe a convolution of non-degenerate limiting distributions

for suitable norming functions C_. The ultimate limit theorem might

arising from (1.3) and (1.4). However, we will not investigate this
possibility below.
The second line of thought which inspired this approach stemmed

~- - from the observation that the results of Chapter I are similar in spirit

to those for sums of independent, non—identically distributed random
variables. It would, therefore, not be surprising if, in the dependent
case, we paralleled known central limit theorems for discrete-time
martingale sequences. The methods used were, in fact, suggested by

those of Brawn and Eagleson (1971) for triangular arrays of martingale
differences. Subsequent work by Eagleson (1975) and Rootzen (1977a,b)
has indicated the further possibility of using a random norming function,

Gt(w) , but this will not be’ attempted here.
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Our final motivation is to try to'emulat_e the successful use of
Feller's cancnical measure in Chapter I. The crucial step is to
develop a tractable analoge of expression (I.3.2) for the log
characteristic function. The main result of Section 2 provides this by
showing that a sufficient condition for convergence of the character-
istic function of Z(t), is a.s convergence of (I:t(e;w) where

t

([, .16y _ . N
lOg u:t (e Ll) J ( 1- leT (_Y) ) . YZJ'FH [UtdY; t,s;m]dA(s,w)
0

with F [%;t,5;0] = P_{H(t,5) < %[} }(w) and t(y) an appropriate
centering function. |

Section 3 is then dewoted to a theory of random canonical measures,
which extends Feller's requ..ts to deal with convergence of Et. These
results | are used in Section 4 to derive sufficient conditions forv the
convergence in distribution of z(t) to infinitely divisible laws and,

in particular, to the normal distribution.

§2. A Representation Formula for the Characteristic Function

In this section we will derive a manageable formula for the
characteristic function of

Y(t;w) - ut(w)
Z(t;w) = £330

Ot

wvhere u t(w) and ¢ ¢ are suitable random oenbering ard non—randcm

norming finctions, respectively. We first list the conditions under
vhich the formula will be derived. These are additional to the, possibly
redundant, conditions II.2.12 and IT.3.10 and to the definition of the

underlying prcbability space (Q,H,P), given in Chapter II.
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Firstly, concerning the point process, we assume that:-

it has no multiple occurrences and the 1lst moment measure, Y, is
g-finite and non—atomic; .o - (2.1)

for each interval, [u,v), there is a constant M, such that, for

each realization w,
El:N[x,x+h) |}{,x] () < Mmfm[x,xm) gx] (w) cee eee (2.2
L

for h sufficiently small, wniformly in X ¢ [u,v).

Fram (2.1) we can conclude that, almost surely, A exists and is
finite. Furthermore, it is non-atomic, since ER(Q) = w(Q), Q €)3-
Condition (2.2) is the "limited feedback" condition which ensures the
validity of Corollary II.5.4 and, a fortiori, of Theorem II.5.3. The

important case when a.s.

E[N[x,x—ih) |},Lx] = E[:N[x,x+h) |<5LXJ Y
is clearly included.

Strictly speaking, for any specific model, condition (2.2) can be
werified only up to a collection of P-null exceptional w-sets indexed.
by the intervals [u,v). However, the separability argurents familiar
from Chaptef II, show that the wion of these sets is E—null. We may,
therefore, choose versions of our conditional expectations such that

(2.2) is trivially true on the exceptional set. For instance,

E[N [%,x+h) ]}I’x:' (w) = E[E\I[x,x+h)l ?'x] w =0,

for exceptional w, will do.

Concerning the secondary processes, H, we assume that:-

H(t,s) is rigilt;oontiriltzous w11-h ieft limits in t and s simultaneously
and that

H(_tys) = 0 r Vt < S ; LY . wase (_203)
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for each s, conditionally onjf,‘Ls, H(t,s) is independent of H(t,u) wrt the Palm

distribution PS, for every u< s and t z s. cee (2.4)

Condition (2.4) ensures that, once started, each H-process evolves
independently of its precursors.

A similar comment applies to (2.4) as did to (2.2). For each s, the
condition may be verified up to a Ps—null set. We then choose versions
for which (2.3) holds trivially.

Thirdly, concerning the centering and norming functions, we assume
that:~-

Gt is deterministic and right-continuous with left-limits; (2.5)

t
H () = f ES[T{H(t,S)]U:[»S] (w) dA(s,w) - (2.6)
0

where T is a real-valued, ridght-continuwous function with left limits.

-

The final condition, we introduce la.rgeiy for its temporary
convenience. It will be removed in Section 4 and so is not as
restrictive as it may at first seem. We assume that:-

for each 6, there exists a constant C ¢ (0,), not depending on t,

such that _

. .
JES[I - oos{eo?H(t,s)]D%s]dT\(s) <C, a.s. e (2.7)
0

Notice that, since 1 - cos X € %x?, a special case of (2.7) is when

t
-Jéz- f ES[H2 (t,s) I:H's] ak(s) ¢ C, a.s. .
Ut 0

-I1f, now, ‘we seek an expression’ for ]E[eleZ (t)] , a major difficulty

is that eieY (t) is not an additive function of the H(t,'ri) so that the
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methods of Chapter IT are not immediately available, as_they were in
Example IT.5.1. This is exenplified by the invalidity of (1.2) in
the absence of independence. However, we can adapt a stal{dard trick,
used in proving central limit theorems for discrete time martingale
sequences, to intrcduce an additive structure into the problem,
c.f. Bromn and Eagleson  (1971).

We define

©

ge(x) = ei Xel-ipT®)

and

: t
C [0 w] = exp{J E [geot_:j{H(t,s)]lﬂs](w)dA(s,w)} coe  (2.8)
0

Although ideally we would like to prove that

£t %28 = g, [0

we have to be conteht with the weaker statement that fof each 6 and t,

E[eiez(t) Et[e]-l:l =1 .

We will require a formula for integration by parts, when the
measures concerned need not be absolutely continuwous. The following
lemma is a straightforward extension of the result given by Meyer (1966),
p.114. In both Iemmas 2.1 and 2.2 we consider a fixed realization w

ard a fixed time t.
Iemma 2.1  Suppose e(s) and g(s) are T-valued fmctioné , integrable
with respect to N and A respectiwely.
et ., B6) =/ el aN@)
ad G(s) = /2 é(u) Rew .
t t
Then J E(s-) g(s) dh(s) + J G(s) e(s) dN(s) = E(t) G(t) - E(0-) G(0-) .

0 -0
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Proof  Since e(s) g(u) is integrable with respect to dN(s) di(u), we -

may apply Fubini's Theoxem.

tt t , ~
Thus [ e(s) g(u) dN(s) dA(u) = J [E(t) - E(ux)]glu) dA(u) eee (2.9)
0u 0

while

tt ' . ’
J g(u) dA(u) e(s) dN(s)
s+

t - ~
”e(s) g(w ai(s) dh(w) =
00

O

t
= I [G(t) - G(s)]el(s) aN(s) (2.10)
0

t,t A ' '
Also j J e(s) g(u) dN(s) dA(u) = [E(t) - E(0-)][G(t) - G(0=-)] ... (2.11)
00 '

Since (2.9) plus (2.10) equals (2.11) the lemma follows easily.

-

lemma 2.2 Let £(s) be T-valued and integrable with respect to A.
‘Then |

t
W, [6] = exp{ioy(t) = f £(s) di(s)} - 1
’ 0

e t S ~
= f exp{i6Y(s-) - J f(w di(w} -
0 0 |

x [ ES) _hane) - £s) )] ... (2.12)

Proof We adopt the conventicn that [° is zero if s < 0.
0

t
= eXP{J-GI H(t,s) ai(s)}, t > 0,

0

let E(t) = eiGY(t)

I

" A ‘
and G(t) exp{-—[ f(s) di(s)} , t > 0. For all t < 0, define E(t) =G(t) =1.
0
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W, [8] = E(t) G(t) ~ E(0-) G(0-).

To apply Lemma 2.1, we must find suitable "derivatives" for these

functions. '
S- .
Iet e(s) = exp{iej H(t,u) dN(u) } [eleH(t’s) -1],s 30
0
o-
and, for s < 0, choose e(s) such that J e(s) dN(s) = 1. 'Then,
.

S
considering f e(u) dN(u) as a finite sum, we see that it equals
5 ,

S

exp{iej H(t,u) dN(u)} - 1 so that
0
s _
‘ J e(u) dN(u) = E(s) .
— s
Similarly, define g(s) = —eXp{-—f £ (w) .d'/\\(u)} f(s), s >0, and, for s < 0,

0- L ' S
choose g(s) such that J g(s) di(s) = 1. Ifwe let J(s) = If(u) dk(u),
0

-—C0

then ‘ FQ(U) ak(u) = -Fe_J(u) dj(u) = J[—e-z] dz ,
0 0 C

where the curve C = {z =J(); 0 < ug s} is rectifiable. Therefore,
S

' J glw dh(u) = eIy

0

so that
: ’sg(u) di(u) = G(s) .

-0
Now e is clearly N-integrable, while g is ﬁ-—integrable provided f is.

An integration by parts now establishes (2.12).

120



© If, next, we take - -
s a~—1
£(s) = ES [eleO't H(t,s) - llﬁg]

and introduce the abbreviation
S— S
= ip~—1 - iSO’.-lH(t,u) - Kt
U(s) = iboy fH(t,u)dN(u) JEu[e o llﬂa]d!\(u)
: 0 0

then, by Lemma 2.2, we hawe
-1
W, [00, "]

t
cn —1 ‘n—
— f eU(S){(elSGt H(tlS) - l)dN(S) - Es [eleo'tlH(trS) - 1B’I'S]dﬁ(s)} e (2.13)

0
Note that this integral has expected "increments" of zero, conditionally
on the past, fH»S. Indeed, we will prove that,under assumptions (2.1) to
(2.7,
. EW{:[SGEIJ =0 .

Ilemma 2.3 For each t > 0,

t
E[ SU(s) (eieoE?H(t,s) ~ 1) an(s)
t 0 1 |
='mf N R ot S T N I/ W B cee (2.14)
: |

Proof Note that, for Q €J7{0,t), N(Q) is °}s and hence Hﬂs—masurable.
By assumption (2.4), conditionally onﬁg, H(t,s) is a.s. independent of

s~ S -
J H(t,u) dN(u). Since JEu[eleotlH(t’u) - l]jdﬂ-u] di(u) is alsojﬂg-

0 0
measurable, the random variable U(s) is conditionally independent of

H(t,s). It follows that
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E [0 (eieciEIH(t,s) - 1 [

s -1 ' .
- Es [eU(S) H:i"s]ms [e_lBUt H(t,s) _ 1) H%s] .

iBog'H(t,s)

Now Re[e - 1] = cos 6o 'H(t,s) - 1 .

Thus, by assumption (2.7),

s
[eU(S) | = eXPI E, L - cos{eoEIH(t,u)}|H{1] dfi(w)
0

t ' ' .
s U(s) i60o%!H(E,s) _ A
[ 117 3w R 11 Jake)
0 | - |

¢ 2R [0,t] , a.s. cer eee (2.19)

-~

and so has finite e}ipectation.

We may apply Theorem II.5.3(b) to deduce the lemma.

Iemma 2.4 .Fbr ailt>0,

t - ~
E[ eU(S) ES [eleO'tlH (t'S) - l|ﬁ§JdA(-s)
0

t oy ‘
U oy H(t,s ~
= 5| 5[V [} £_[e! 00 B ') - 1{H1 dhes) .
Proof This follows immediately from Theorem IT.5.3(a) and (2.15).
Theorem 2.5 Under conditions (2.1) - (2.7),

'E[eiez('t) »u:t[e]‘l] ‘=1, for each t > O.
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t
Proof Recall that Z(t) = 0% [Y(t) - f E_ [T{H(t,s)}l*_y75 ] dﬁ(s)]
0

Now, ES[GEIT{H(t,s)}[#S] = cglms [T{H(t,s)}[j:[—s] , since oy is

deterministic.
~ From (2.8)
t 1
log €,_[6] = fEs (100t H{tss) _ 1|:H§] al(s)
' 0
t
- iec'{:lf E  [t{H(t,s) H3k] di(s)
0 .
- eiBZ(t)Et[e]—l

t t '
. . -1 A
= e@‘ieoglf H(t,s)an(s) - I E_ [et00T B(ES) _ 1|j4§]dz\(s)}
4 : _ ,

- _ i60piH(t,s) _ . N
if we take f(s_) =Ee ¢t 1];)9!%] in the defmglm of W,.

From (2.13), t[Bcr‘l] consists of two terms. By Lemmas 2.3 and 2.4
each tenn has the same expectation, given by

£
cn—1 n
EIES[eU(S) o) B [T EES) ey ais)
0 : .

so that EWt[BUEI] = 0 and the theorem is proved.

Theorem 2.6 Suppose conditions (2.1) to (2.7) hold and that T[6]
- is a (rion—-'rahddm) function, continuous at the origin.‘ if
T [6] =25 cle], as t > = . (2.16)

then E[eiGZ(t)]

—_— ﬂ:[e], as t >, ' XS (2-17)
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T is the characteristic function of the limit law of Z(f) as £ + = .

Proof Notice that Iﬂ:t[e]l <1, a.s. for all 6,t so that(lﬂ:[e]l <1,
Y9, also. Now

iBZ(t) ]

|E[e ~ ¢[6]|

i0z(t)

< [Efe T, [6]7!]- 1], |cl6]]

+ 2[e*** o], o] - g o1 -

The first term is zero by the previous theorem, while | elez(t)

T[oe]| < 1.
By condition (2.7), just as in the derivation of (2.15), | [6]7}] < e*,

a.s., this condition holding simultaneously for all t > 0. Dominated
convergence yields

Elc[e]™? ~ ¢ [6]17] ~ 0

and (2.17) is proved. The last part of Thecrem 2.6 follows fram Ievy's

continuity theorem. -

Theorem 2.6 focusses our attention on the con:vergence of mt[e] .

If we define
-~ \‘-‘ﬁH(x;t,s;w) = P {H(t,s) < x]‘H,s}(w)
and ‘
t A
M, (dxjw) = XZJ FH(otdx;t,s;w)dA(s,w) eee (2.18)
then w 0 ,
ibx s ‘ :
log T, [0;w] = J e 1 - 36t(x) M (@0) . e (2019)
X

It follows that we are interested in the éonvergenoe properties of

random measures like Mt' _
: {
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§3. Random Measures

Iet us call M a randcom measure of order k, or r.m.(k), if:~-
(a) for P - almost all w, M(*,w) is a measure on (R/f}) such that
M(I,w) < =, for all finite intervals, while, for all x> 0,

oo —x
M (x0) = Jy-kM(dy;w) < oand M (-x;0) = I lyl-kM(dy;w) < oo;

X == CO
(b) for each Q 8% , M(Q, ) isH’-—neasm:able.

Two special cases deserve mention. An r.m.(2) is a random version
of Feller's canonical measure while for an r.m.(0), M(R) < » a.s,
so that we usually refer to it as an a.s. finite random measure.

Let CM be the set in1R:
{x s.t. M(+;w) is continwus at x for each w}
Then¥, will denote the class of r.m.(k)'s for which Cy is dense inR.

A process M, t € R, is in the classm,k if:-

(a) Mt is an r.m. (k) for each t;

(b) for each bownded I and x> 0, M_(I), Mt+(X) and M, (-X) are

separable stochastic processes.

Now suppose M. s'mk and M st. Then M,_ converges almost surely

k> M a.s. if:-

to M in the classmk, written M,

Mt(I)Ei.> D'I(I), as 't-"'> co ’ PRI, . eo e se e (3-1)

for all bounded intervals of continuity for M(-,w) for all w, while

M F(x) 2825 M) and M (-x) 2B M(x), £ eee (3.2)

for every x ¢ CM'
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In the special case of a.s. finite r.m.'s,‘bfn0 convergence reduces to
a.s. complete convergence. We Qrite M SmM a.s., if (3.1) holds for
all I bounded or wbownded. However, if (3.1) holds for bounded I only,
we have a.s. weak convergence written M, ¥Ma.s.

For convenience, we point out here an cbvious property of any a.s.
convergent r.m. process which we will call a.s. stochastic boundedness.
By analogy with Feller's usage, (1971, p.254) a separable stochastic
process, Xt’ is a.s. stochastically bounded if, for each € > 0, there
exist constants C and to s.t.

P{sw |X ]| >C}<e.
t)to

Clearlyif Mt converges a.s. inmk, then it must be a.s. stochastically
bounded in the sense that M (I), M_'(x) and M~ (-x) must all be a.s.
stochastically bom'{ded for all appropriate I and X.

Our first requirement is for analogues 'of the Helly-Bray ILemmas,
Logve (1963, p.180-182) for r.m.(k) processes. We prove these first
for a.s. finite r.m.'s and then extend them to order k. Since the

essence of the proofs is in Lodve, we merely state the additional points.
Brown and Eag;_c_asm (1971) have proved them, by implication, in the

course of their Theorem 1 but a more systematic approach seems worthwhile.

Iemma 3.1 JIet a, b e CM’ g(x) be a continuwous function and Mtv—vr M a.s.,

t > . Then
b b
fg(x) M, (dx) 2:225 f g(x) M(@) ,
a a

Proof For each m ¢ N , choose a partition
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—C

s.t. swp (x. - ) as m-~+« and all thex €
1<j<m J CM
If g6 |
Iet (x) = g(x (x) and put k = S g(x)|.
0 T L I e M) [a‘fB]

Now, by a.s. stochastic boundedness, given §, n > 0, we can choose

€, to s.t.

P{ swp M, [a/b] +M[ab] > /2€}<n

t>t0

Choose m s.t. sw |gx) - gm(x)l <e and tl P t0 s.t.
[a/b]

P{ sup |M ey xs) = Mix; 1,x)l>5/2nk,foranyt>t}<n.
1< J- 3=
J&m

Just as in IoSve (1963, p.180-1),

b b
Ig@Mt-.Ing
a- a

S E{Mt[a,b] + M[a,b] }

+ITkSUP| B ) = Mk x2) |
Sem €373 =173
- b b
oo P{supJngt-Jng >68} <2n .
t>t
1'a a

Remark The restriction tﬁat the Xj be in CM' leads me to consider
only limits M E'Rk. This may well be too narrow a class. For
instance, in a different context, we micht want to consider a.s.

convergence to the Poisson counting measure, which clearly is not m’n

i
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Iemma 3.2 Suppose Mt is a.s. finite and Mt‘—vr— Ma.s. If gx) -0,

as |x| +w, and is continuwous then

J g tha.s.> J g dM
—co —C0

Proof Again, as in Loéve, p.181

Jngt_Jng
=00 =0

< swp g [{M (R + MR}
x¢[-b,a]

- a a

T+ f ngt—I gdM

= b

Now, by Lemma 3.1, ‘thé 2nd term tends a.s. to zero. Given §, n > 0

choose ¢, tO s.t.

P{swp M (B +MEB > %2} <n

t>t0
. Then choose [-b,a] s.t. swp |gx)| <e and t) 2t s.t.
e xZ[-b,a]
a a |
_ 5,
P{ swp ngt- gdM| > /2: <1 .
tst
1'-b . -b :
Then
o (=4} )
P{ suwp fngt—Jng >8p<2n.
=1 -

1
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Iemma 3.3 Suppose Mt is a.s. finite and Mt s M, a.s. If g is bounded

and cantinuwous then

ad.S.

ngt — [gdM.

S———
—

:
}

Proof Since M -5 M campletely, given €, § > 0,3 to, A s.t.

P{swp Mt[a,oo) > 8} < g, for a » A,

tato

with similar relati(_mships holding for Mt(—co,-b], M[a,®) and M(—,-b].

The proof then follows as in Logwve, p.181-2.

lemma 3.4 If Mt —l{-> M and g(x) is continuous andO(x-k) ; as x| > =,

then
[sta am, — [seaar, €>e.

—c0 -0

Proof Choose a € Gy s.t. a > 0. The measure x-kMt(dx) on [a,») is
finite and a.s. completely convergent to x¥M(@x) . since Bgx) is
bounded and continuous, we deduce from ILemma 3.3 that

o o

'fg aM, a.S. Jg aM .
a a

The convergence for (—,-b], for b > 0, -b ¢ CM follows similarly,
while Iemma 3.1 yields convergence over [-b,a], immediately.

Remark  An immediate consequence of Lemma 3.4 is that'mj'( convergence
mphesml cdnvérgénoe for any £ > k, and, in particular, a.s.
corplete convergence of an a.s. finite r.m. process implies itsmz

convergance, for any £ > 0.

129



We now investigate convergence of expressions like- -(2.19) by

considering the special case of random canonical measures, i.e.

r.m. (2)'s.

Theorem 3.5 Suppose Mt emz , M 6%2

Define
® i6x s s
| e - 1-1i0sinx .
u:t[e] = I xz Mt(dx) + 1ect
=00

and

co

cie] = [ elex - 1-3i6sinx
2
—c0 - X

M (dx) + i6eC

for some separable process, C,_, and r.v. C. If

t
- m -
Mt —£> M, a.s. and Cté—°-s—'>C

-~

then

T, (6] 2= cf6]

% _ 1 - ipsinx is bounded and O(x?), as |x| + 0,

Proof Since e:‘L
eiex-; l -if6sinx .
5 satisfies the conditions of Iemma 3.4 with k = 2.
X

The theorem follows immediately.

(/A

'(brollg 3.6(a) If, in Theorem 3.5, Mt —l> M a.s., we may replace
the centering function sinx by x and amit the term i6C.
() In particular, this is valid if M_ <} _, and

2
. Mt —> M, .afs.. L
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Proof We require to prove that .

o o0

- .S. nx- .
SINX -~ X M (dx) 225 _S_J:__}EE__ESM(dX)
2 t
X X
-0
sinX - X . -1
(a) =——=—=— is continuwous and J(x ), as |%| * «® so we can apply

X

Iemma 3.4 with k = 1 to give the a.s. convergence required.

—(1-8)

(b) The measwre X Mt(dx) , defined away from the origin, is

almost surely finite, by assumption, and weakly convergent to

-8, (1-6)

1 (ax) , by Tema 3.1. Writing XM, (@) = X M (@)

we can apply Iemma 3.2 to.prove that, for a > 0,

Ix-lMt(dx) a.s. f ¥ M@dx), as t + © .
a .a

-

A similar convergence holds for the lower tail. Since, by assumption,

2-S-, M(1), for any bounded I, M —1> M. a.s. and we may apply

M () ¢

part (a).

84, The Limit Theorem

We now retuwrn to the special case of the random measure of (2.18),
namely, £ |
g o= x2 | & .+ g) di
Mt(d:\) =X JFH(otdx,t,s) dA(s)
0

which, by assumptions (2.1) and (2.3), is inm .
Suppose that Mt £> M, a.s. for same non-random canonical measure, M.

Since Mt mist be a.s. stochastically bounded, we have, for each 6 and

foranye>0and0<a<oo,aoonstant0<c<ooandatjme‘to, s.t.:-
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2C
M [-a,a] > 35} < €/3,

g e

p{ sup Mt+(a) > %} < /3 and p{swp M. (-a) > %} <%/3,
ot £t .

S
Now, let K(t,s) = J E [1- cos{ect'lﬂ(t,u)} lHu] dk(w .
0

2
Since 1 - cosx Smj_n(XT,Z), we have

o t
K(t,t) = f(l - cos ex)f ﬁH(ctdx;t,s)dﬁ(s) |

—o 0

a
<& [ M (@) + 201 7(a) + M (<a)}
2 t t t

-a

for arbitrary a > 0. Therefore,

P{igg:o K(t,t) >C} < ¢ .

Next, introduce the truncated variables

H(t,s)T = H(t,s) , if K(t,s) € C

= ( , otherwise

S e

Note that ocondition (2.7) ié automatically satisfied for the truncated
process since the integrand becomes zero if H(t,s)T =0. (2.3) is
satisfied, since K(t,s) is'increasing with s, wvhile (2.4) is also
valid, because K(t,s) is}‘)'-s-neasurable. The rema_mlng conditions,
2.1, 2, 5, 6, are clearly wnaffected by the truncation.

From now on, we use the superscript 'T' to denote variables from

the truncated process. It is not difficult to show that MtT —2—> M, a.s.
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For we can find a time, tl 3 t., s.t. .

0

P{S® | T-
{t>t1 |4, [a,b]” - Mla,b}| > 6}

S P{tS;El |4, [a,b] - M[a,b]| > &}

+ ’P{IVIt[a,b]T # M[a,b], for some t > tl}

< g+ P{sW K(t,t) > C}]
tat,

< 2 . o eee (4.1)

Similarly, Mt'l”(a)T and Mt— (7-a)T converdge a.s. to M+(a) and M (-a),

respectively.

It follows that M satisfies all the conditions of Theorems 2.6

and 3.5, and of Corollary 3.6. Therefore

Cao T
£e®?(87 L rie], t o w .

£ o)

T

102(6) " prey| + 28 (z(t) # 2(h)

< |Ee Ty

so that, arguing as at (4.1), we must also have
pel%9)

+C 0], t»=.

We have, therefore, proved the following result.
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Theorem 4.1  Under conditions (2.1) - (2.6), the sequence of neasures,

M_, defined at (2.18) is infll, -

Suppose that

zill
2
Mt —_— M' .S

for some non-random canonical measure, M. Then Z(t) converges in
distribution to an infinitely divisible random variable, whose log

characteristic function is

X

AT S
:Logcn[ra]=fe 1~ 30sinx gy

=00

The constant C depends on the centering 1, and is given by

lim {sinx - T(X)
= f--—-——-——z th(x) .
X N
The natural centering, T(X) = X, may be used if

w,
Ml: —> M, a.s.

and, in particular, when Mt eWG s for same 6 > 0.

To illustrate the conditions on M., we derive a Lindeberg~type
condition for convergence to a N(0,1) variable. As we obserwved in
Chapter I, Section 6. , the ap?ropriate limiting normal canonical
measure has

M[-a,a] =1

and M+(a) =M (-a) =0

i
for all a > 0.
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Theorem 4.2  Suppose that conditions (2.1) — (2.6) hold, that

t |
f E_[H? (£,5) [H,] dl(s) < =, a.s. eee 0 (4.2)
0

and that we can choose a norming function 0% s.t.

t
a‘lTJ ES[H?-(t,s) g;,s] dii(s) +~ 1, a.s. (4.3)
to
If, as £t » o,
t
olzf fxz B (@t,s)dh(s) >0, as. ... (4.4)
t . .
0 [x|>0.a

for a > 0, then

t
-1 . A
2(t) = o [Y(B) - [ E [H(t,s) lﬁ's] dk(s)]
-~ B 0 -

converges in distribution to a N(0,1) limit.

. tA
Proof = The randam measure M, (dx) = xz{ F,(odx:t,s)dA(s) is a.s.

0

finite by (4.2). Since, for any 6 € 1, Mt sml—d’ the centering

to 1(%) = % is justified.

Now a £ '
A ~
Mt[—a,a] = J x? J FH(Utdx;t,s)dA(s)
. -a 0
t
1 2 A~
= 'g_?fms [Hit,s) .1k (s)
t .
t A
- —i;f sz P (ax;t,s)dh(s) .
Gt H
0 |x|>0ta
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Carbining (4.3) and (4.4,, Mt[—a,a] + 1, a.s., and, in fact, (4.3)
states that Mt(]R) + 1, a.s., also. We have, therefore, proved
a.s. complete convergence to the normal canonical measure. Since

this clearly imp]_iesmz— convergence also, the proof may be campleted

by an application of Theorem 4.1.
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