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ABSTRACT 

SOME LIMIT THEOREMS FOR SHOT-NOISE PROCESSES 

JOHN A. LANE 

Shot-noise processes consist of an underlying process of points, each 

of which triggers off a contribution,which may itself be a stochastic process. 

They form a flexible and widely used class of model for stochastic processes. 

While moments are easily calculated using Campbell's Theorem, the distribution 

is rarely available in closed form,so that approximations are of great interest. 

This thesis is concerned with the central limit theorem, when the process is 

considered over a long time interval. 

A detailed discussion of the case when the primary point process is 

Poisson and the secondary processes independent, is contained in Chapter I. 

The characteristic function is expressed in terms of its Feller canonical 

measure, leading to necessary and sufficient conditions for convergence to 

any infinitely divisible distribution. Both normal and non-normal limits 

are discussed in the examples which include two important special cases, the 

cluster point process and the integrated stationary shot-noise. A Berry-

Esseen bound for the error in using a normal approximation, is given. 

The extension to the generalized shot-noise, with non-Poisson point 

process and dependent secondary processes, requires an extensive development 

of point process theory. In Chapter II, the properties of Palm probabilities 

are discussed and the various definitions of the conditional intensity measure 

of a point process, compared. The generalization of known results on this 

measure,culminates in a conditional version of Campbell's Theorem for shot-

noise. 

In Chapter III, it is shown that the characteristic function of the 

generalized shot-noise, while not available in closed form, may be expressed 

in terms of a random canonical measure. By considering convergence of 

processes of such measures, sufficient conditions for convergence to infinitely 

divisible distributions are derived. Criteria for convergence to a normal 

limit are deduced as a special case. 
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INTRODZJC iON  

As a model for stochastic phenomena in a wide variety of contexts 

shot-noise processes have a strong intuitive appeal. Each member of a 

primary, random process of points 
{T.}, 

 j = 1,2,... is assumed to trigger 

off a secondary stochastic process, H(t,T.). The shot-noise process is the 

sum of these individual contributions, YH(t,T,), over an appropriate subset 

of 
{T.}. 

 This is also sometimes referred to as a filtered point process, 

see for example Parzen (1962). Since the T
j 
 and the H(t,T.) can take 

values in quite general spaces, the model can embrace a wide variety of 

applications, a few of which are mentioned now as illustrations. 

The classical example is the shot effect in thermionic vacuum tubes - 

S.O. Rice (1944-5), Davenport and Root (1958) - where the point events are 

electrons striking the anode and the secondary process or "noise" is the 

response of an output circuit. In hydrology - Weiss (1974), Lawrence 

and Kattegoda (1977) - the point events are rain showers or storms and the 

noise corresponds to the rate of flow in rivers. In astronomy - 

Chandrasekhar (1943) - the points may be stars or galaxies in space-time, 

while the noise-is the light intensity, gravitational field etc. at distant 

points. Marcus (1972) has proposed a shot-noise model for the lunar surface, 

the primary process here consisting of the points of impact of meteorites: 

and the noise being the craters they throw up. The noise and chemical 

pollution caused by motor vehicles has also been modelled in this way by 

Marcus (1973, 74), with the position of vehicles on the road being the 

point events. In bacteriology, the sequences of births.of microbes is a 

point process giving rise to a flow of toxins into the bloodstream of the 

host, as in Jagers (1967). Other applications may be found in the works 

referred to by Daley (1971) or J. Rice (1977) . 
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Throughout this thesis, I will assume that the primary process 

consists of point events ordered in time and that the secondary processes 

are real-valued. In addition, the point T. will be the starting point of 

the process H (t, T ,) , so that fort < T j  , H (t, T j ) is zero. While many of 

my results carry over easily to the case where the noise processes are 

two-sided, the ordering properties of time will become important in 

Chapters II and III. 

The objective is to find the limiting distribution, for large t, of 

Y(t) = 	H(t,T ,) 
-r ,s[O,t] 

and to describe this distribution in terms of two functions, a centering 

function p
t 

and a normi.ng.  function at, and a limiting distribution for 

z(t) _ Y(t) - pt  

 

Typically, lit  and 
at 

 might be EY(t) and VVar Y(t), respectively, with the 

limit distribution., being N(0,1). While the characteristic function and 

moments of Y(t) are easy to derive, as shown in Section 2 of Chapter I, the 

distribution function is not usually available in closed form. It follows 

that approximations to the distribution are of considerable importance. 

For this type of central limit theorem to make sense, it is clear that 

the variation of Y(t) about its mean must tend to increase unboundedly with 

time: For instance,. in the case of finite variance, Var Y(t) -> co, as 

t ->co. Now the shot-noise process usually considered in applications is 
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Y(t)*  = 	H (t, T . ) 
T,E(- OO,t] 	J 

i.e. the sum of all contributions triggered off prior to time t. To 

make sense for phenomena in equilibrium, it is usual to consider 

stationary shot-noise processes for which Var Y(t)* clearly cannot 

explode to infinity. However, there are three contexts in which "exploding" 

shot-noise is of interest. 

Firstly, cluster point processes are of this type. Here the primary 

process is a sequence of cluster centres each of which triggers off a 

further point process. Then H(t,T
3
) is the number of points in the 

secondary process starting at T. and occurring up to time t. The total 

number of points in [O,tl is given by Y(t). Models of,this type have 

been proposed by, among others,Barlett (1963) for bunching in traffic, 

Lewis (1964 a,b) for computer'failures and Vere--Jones (1970) for earth-

quake aftershocks. The total number of points is clearly an exploding • 

shot-noise in the sense we are considering. In fact, central limit theorems 

for these processes have been proved, with varying degrees of generality 

and elegance, by Lewis (1964a, 1969, 1970) , Smith (1964) , Daley (1972) and 

Westcott (1973, 77). In fact, one motivation for this research was to see 

to what extent Westcott's results could be extended to more general shot-

noise processes. 

Secondly, the integral of a stationary shot-noise is also a shot-

noise and it has this exploding nature, as will be shown in more depth in 

Chapter I, Sections 7 and 9. In view of the importance of the sum (and 

arithmetic mean) in statistical analyses of sequences of random variables, 

it seems likely that the integral (and Cesaro mean) will prove important 
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in the analysis of shot-noise. The distribution of the integral, 

therefore, becomes of great interest. 

The third area where exploding shot noises appear naturally is closely 

related to the second. Often it is the integral, the area under the 

trajectory, of the shot-noise which is actually the function of greatest 

interest. Thus the production of toxins by bacteria - Jagers (1967), 

Pakes (1972) - can be expressed as the integral of a shot-noise. Similarly, 

if the cost of an illness is proportional to the time the disease lasts 

then the total cost of an infectious disease will be given by the integral 

of a shot-noise. Further similar applications, to dam storage, inventory 

and queuing problems, are referred to by McNeil (1970). The cumulative 

processes of Smith (1955) and the renewal-reward process of Ross (1970) 

may also be considered in this way. 

The thesis falls into three parts. Chapter I consists of a fairly 

extensive study of the central limit theorem for the case where the primary 

process is Poisson and the secondary processes are independent. The 

principal tool used is the characteristic function and its expression in 

terms of the Feller canonical measure (Feller, 1971). In fact, this turns 

out to be a rather neat illustration of the power of Feller's approach. 

The results obtained are applied to several examples including the cluster 

point process and the integrated, stationary shot-noise. 

Chapter III is devoted to proving a central limit theorem for a broad 

class of generalised shot-noise processes where the primary point process 

may be.non-Poisson and the-secondary process may depend on past events. 

This result is derived by extending the Feller canonical measure to allow 

for conditioning on the past of the process. However, the application of 
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this limit theorem to particular examples remains a matter for further 

work. 

The arguments of Chapter III depend heavily on some preliminary 

results on point processes established in Chapter II, in particular on 

the use of the conditional intensity measure. The development in Chapters 

II and III is more difficult than in Chapter I, so that a more rigorous 

treatment is necessary. while sane fundamental questions, connected with 

the definition of shot-noise stochastic processes, have been discussed, 

I have not tackled the difficult question of finding useful criteria for 

their existence. 

As for the reference system, all works to which reference is made 

are listed in alphabetical order of author's name and are referred to by 

name and year, e.g. Lewis (1964 a). Equations and expressions are numbered 

within sections, within chapters. Thus (I.2.1) means equation (1) of 

section 2 of Chapter I. However, if the reference were made in Chapter I 

itself, the "I" would be dropped, as would the "I.2" if the reference 

occurred in Section 2. Similar conventions apply to Theorems, Lemmas and 

Corollaries, which have their on numbering system, and also to Examples. 
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CHAPTER I 

THE POISSON SHOT-NOISE  

§1 Introduction  

In this chapter we consider the case where the primary process 

is a Poisson process with time-dependent intensity A(t). We assume 
t 

that A (t) is non-negative and write A (t) = f A (s) ds. 
0 

The sequence of events is denoted by { Ti  }, i CAM where the Ti  are 

ranked in increasing order. The number in an interval,.{t1,.t2]is denoted 

by N[tl,t2], with N[O,t] abbreviated to N(t). 

Following Vere-Tones (1970) we have that: 

(a) N [a,b] has a Poisson distribution with parameter A(b) - A(a); 

(b) if Il  and I2  are disjoint intervals,N(I1) and N(I2) are independent 

random variables. 

Corresponding to each possible starting point s c R, we have a 

real-valued stochastic process {H(t,$)},t c I, for which H(t,$) = 0, 

if t < s. The processes, H(•,$), are all assured independent of each 

other and of the point process. The shot-noise process we are interested 

in is 

N (t) 
Y (t) = 	H (t, Ti) 

i=1 
(1)  

which can also be written as an integral with respect to the counting 

measure N introduced above, viz. 

t 
Y(t) = f H(t,$)dN(s) 

0 
(2)  
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Note that a consequence of our independence assumptions is that 

the distribution of H(t,T.) cannot depend on i, the rank of T.. 

Of previous authors, Takacs (1954) and Daley (1971) , have considered 

the conceptually restrictive form f(t - T.,xi), for a deterministic 

function f and {xi} a random sample from some distribution. Westcott 

(1976) and Rice (1977) use stochastic processes, H(t - Ti), while Parzen 

(1962, P.152) calls (1) a filtered Poisson process (extended sense). 

The significance of the form we use is best illustrated by an 

example. 

Example 1 

Consider a Poisson cluster process,cf. Vere-Jones (1970), in which 

H(t - s) is the number of points of a cluster, starting at s, which 

occur in (s,tl. An important (random) parameter is the total cluster- 

size K = lim H(u). Now suppose K(Ti) is thought to depend on some 
u-~ 

explanatory variable X(Ti) whose changing value we can chart but not 

control. We can no longer assume that the H(t - Ti) are realizations 

of the same stochastic process. In the definition above, however, we 

do allow their distributions to vary according to their starting point, 

We are interested in the convergence in distribution of 

z (t) - 

 

 

, as t 	, 
at 

for appropriate centering and norming functions, ut and at, respectively. 
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From Levy's continuity theorem, Loeve (1963, p.191), this is equivalent 

to considering convergence of the characteristic function of Z(t) to 

a continuous limit. In deriving conditions for the central limit 

theorem, our principal tools will therefore, be the characteristic 

function and the corresponding Feller canonical measure. 

In Section 2, the characteristic function of Y(t) is derived. 

Feller's canonical measure makes its appearance in Section 3 where the 

measure corresponding to a Poisson shot-noise is derived and Z(t) is 

shown to be infinitely divisible. The main theorem of Chapter I is 

derived in Section 4. This gives necessary and sufficient conditions 

for convergence to a particular limit distribution. We also include 

a discussion of the choice of centering, which is rather fuller than 

Feller's. The usefulness of the necessary and sufficient conditions is 

illustrated in Section 5, which contains a thorough discussion of a 

particular shot-noise process, whose strikingly non-normal limiting 

behaviour was surprising to this writer, at least. 

The remainder of the chapter deals exclusively with convergence 

to the standard normal distribution, the case of greatest practical 

interest. The necessary and sufficient conditions then reduce, in 

Section 6, to an analogue of the celebrated Lindeberg condition for the 

convergence of a sum of independent random variables. From this, we 

can easily derive a number of sufficient conditions which are simple 

enough to be of considerable practical use. These are discussed in 

Section 7. In Section 8, we find a bound for the error in approximating 

the true distribution of Z(t) by its N(0,1) limit. This is a straight-

forward analogue of the Berry-Fsseen bound for the sum of independent 

random variables case. Finally, in Section 9, we turn to the equilibrium 

shot-noise process and extend our central limit theorem to cover the 



useful example of the integrated shot-noise process. 

§2 The Characteristic Function  

(CY (t) [ 0 ] , the characteristic function of Y (t) , can be derived 

simply using a well-established method due to Takacs (1954). He uses 

the following T  rrme. 

Lerrna 1  

Conditionally on N(t) = n, the events {Ti}, i = 1.,....,n are 

distributed as the order statistics from a random sample, size n, with 

common distribution F(s) = A(s)/A(t),  s Ē [O, t] . 

Theorem 2  
t 

(t) [0l =exp f {CH[0;t,s] - 1}X(s) ds 

where CH[0;t,s] = 
Eei0H(t,$) 

i 0Y (t) 

 

Proof 

N(t) i. 0H (t, T ., Sind e 	= II e 	j , we have 
j=1 

i0Y(t) 	N(t) 
~[e 	 j}] = jnl UH[0;t,t.] 

using the independence of the H(t,T.). Now, conditionally on N(t), 

the unordered Tj are a random sample on [0,t], with density X(s)/A(t). 

 

E[ei°Y(t) IN (t) ] = 

 

N (t) 
• t 	x (s) ds  

f cH[o;t,s] n(t) 
0 

 

    

    

Finally, N(t) has a Poisson distribution whose probability generating 

• 
function is 
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z iE [ N (t)  ] = exp[ A (t) (: z - 1) ] 

t 
(t)  [0]= exp[A(t){fo  CH[e;t,$)X(s)ds - 1 }] 

A(t) 

t 
= exp f {cEH[e;t,s] - 1}A  (s) ds 

0 

It follows immediately that 

t 	 t 
IEY (t) = f FH (t, s) A (s) ds, Var Y(t) = f FH2  (t, s) a (s) ds ... (2) 

0 	 0 

provided these quantities are finite. This is usually known as 

Campbell's Theoremm cf. Campbell (1909 a, b). 

§3 The Canonical Measure  

We will be interested in the nonmed and centered process 

Z (t) - Y  (t)  - 
pt  

Later in this chapter Y(t) will be assumed to have a finite variance 

so that we would hope to be able to take pt  = FY(t) and 6 = Var Y(t). 

We first derive the canonical measure assuming pt  = EY (t) but 

leaving of  unspecified. 

't 

From Theorem 2, we see that 
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t

= 	{CH[06t1;t,s] - 1}l(s) ds - i0~t1 J EH(t,$)X(s) ds 
0 	 0 

Introducing the distribution function of H(t,$), 

FH[x;t,s] = Pr{H(t,$) € x}, 

and writing FH[dx;t,s] for the differential form, we have that 

J ite
iea1x 

log EZ(t)[0] = t - 1 - iectlx FH[dx;t,s]a(s) ds
m 

_ ei0y - 
2 
- iOy 

y2 JFH(6tdy;t,$) (s) ds 
--03 	y 	1J o 

t 
Define Mt(dy) = y2 J FH [ctdy; t, s] X (s) ds 

Now Feller(197l,P.560)defines a measure M 	to be canonical when 

M[x1,x2] is finite,v xl,x2 sIR, and the integrals 

J y2M() 
	L:y 2M(M+(x) = 	, ' M- 4  (- = 	 dy) both convergeV x> 0. 

Clearly Mt [xl , x2 ] , M(x) and Mt (-x) are all finite -provided A(t) < co. 

A distribution, F, is said to be infinitely divisible if for every. 

positive integer n, there exists a distribution, n, such that F = F n*n , 

the n-fold convolution of F. Equivalently, the characteristic function 

w is infinitely divisible if 'in, w = (wn)n, for some characteristic 

function wn. Feller(1971,Chapter XVII.1)shows that all infinitely 

divisible characteristic functions can be written as 

ex 

P Jœeiey 
	ieT (y) M(dy) + ibe 

Y2 _co 
... 	(3) 

  

for ' a canonical measure 14,;a centering function T (y) and a real constant 

b, which depends on the particular choice of T(y). 'We must choose T(y) 

so that the integral in (3) exists. 

(2) 
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. 

°° eiey—i — ieT (y)  vt  (e) . = exP 	J 	. 	
2  Y 

; . 

Froin (2) 

When FLY(t) = 1 EU(t,$)X(s)ds < 00, Vt, we can make the obvious choice 
0 

of T(y) = y, while when FY(t) is infinite we can follow Feller in choosing 

T(y) = sin y. Then 

eiey - 1 - i6 sin y  

y2  

1e2 

just as with T(y) = y, but now siny itself is bounded and the integral 

in (3) exists. It follows that Z(t) has an infinitely divisible distribution. 

§4 Necessary and Sufficient Conditions for Convergence  

A sequence of canonical measures {Mt} is said to converge properly 

to the canonical measure M1  if 

Mt(I) --> M(I) for all intervals I of continuity for M, 

and if 

Mt+  (x) -3 M(x), Mt
-(-x) -} M-(-x),  at all x > 0 which 

are points of continuity for M. 

The fundamental result we use to investigate the convergence in 

distribution of Z(t) is the following theorem of Feller (1971, P.564.) 

Theorem 1  

Let Mt  be a canonical measure and 

eiey - 1 - iey 
 M (dy) tZ(t)  [e

] 
 = e JM 	y2  

(dy) + i bt  0 

a sequence of characteristic functions. In order that IPt  tends to a 

continuous limit y, it is necessary and sufficient that there exist 
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as t =. 

Then v (0) = exp 

xI 	11 FH[at ;t,5]X(s)ds -} M (-x), Vx> 0 
-o0 o 

... 	... (2) 

a canonical measure M and real constant b such that Mt  -} M and bt  b 

•m' iOy  e 	- 1 - iOT (y) M (dy) + ibe 
y2 

Remarks 1. Feller proves the theorem for a sequence Mn, n EIN, 

but the proof for real t is a straightforward eXtension in which we 

consider all sequences to  =. 

2. As we remarked above, Feller uses the centering 

T(y) = siny and shows the following useful property. Suppose I t(0) 

= exp [at{4 (0) - 1 - i8.te}] where at  > 0, St  are real constants and 

q)00) a sequence of characteristic functions with distribution functions 

Ft(x). Then, if there exist centering constants 	such that 4,00) has 

a continuous limit, f3t  = 1 sin x Ft(dx) will suffice. This allows us to 

separate the question of the appropriate centering from the more 

fundamental question of the limiting measure. 

Combining Theorem 1 with the continuity theorem for characteristic 

functions Loeve _ (1963, P.191), necessary.'andsufficient conditions for- 

convergence of Z(t) are: 

x 	t 

I y2  JFH[atdY;tfsX(s)ds-N[-xx],  for sanex>0 ... (1) 

and 

fm  fFHtdY;tls]x(s)s -> M (x) 
x o 

W'e can say for some x > 0 in (1) because, for all intervals not covering 

the origin,P•It[xl ,x2] M[xl,x2], from (2) and the Helly-Bray LenuevLcēve 

(1963, P.180). 
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We prefer to rewrite these in terms of the tails of the distribution 

FH, namely, 

FH([-x,x];t,$) = FH[-x;t,s] + FH[x;t,s] 

= Pr{H (t, s) 	-x} + Pr{H (t, s) a x} 

Then (2) is equivalent to 

J
FH[cTtx;t,sIA(s)ds
t 

	-- M+(x) 
0 .0 

J
F11{_ tx;t:s]X(s)dS
t 	

Ma 	} [-x] 

while,integrating by parts in (1),we have 

x t 

1:Y2I
oFHtt15)  

_ -x2  fgH  ([-cStx,  etx]  ;t,$) X (s) ds 
0 

r
x 

r
t 

+ 2J yJ F([-aty,o.tY];t,$)X(s)dsdy . 
0 0 

Since the first term on the right converges to 

-x2  [M+(x) + 147(-x)]  by (3) , 

(1) and (2) can be replaced by (3) and 

x t 

2j
yf FH([-cfty,aty];t,$)X(s)dsdy 

0 10 

-> M(x) = M[-x,x] + x2  [M+(x) + M (-x) ] , for some x> O. 

Finally, when Y(t) has a finite variance which increases without bound, 

we can take t- 
at2 Vat Y(t) = J EH2(t,$)X(s)ds   

0 

rt 
IH2J 	([-x,x] ; t, s) dx X (s) ds 

0 0 



so that (4) is equivalent to 

2  
a 2  

t 
f y f  FH([-y,y] ;t,$) X (s) ds dy 	1 - M(x), for some x > 0 ... (5) 
xG
t 0 

For brevity we will sometimes denote.  the expression 

t_ 
f F ( ( Y,  Yl ; t, s) A(s) ds by Ft  (y) . 

Remark 3. In the finite variance case, M is a finite measure, so that 

(1) => (2) by the Helly-Bray Theorem, Loeve (1963, p.181), and, if we 

take Qt - Var Y(t), we have only one condition, namely (1). However the 

pair of conditions (3) and (5) often seem easier to work with, especially 

as calculating the expression in (5) involves calculating that in (3) 

anyway. 

There remains one detail to be settled. Recalling the expression 

(3.2) and Remark 2 following Theorem 1 it is clear that, if IY(t) < 

we would like to use the centering function T(y) = y, which is equivalent 

to taking z (t) = Y (t) - TY(t) . When can we deduce that, as t } co, 

log mz (t)  [0] = f 
eiey  - 1 - iey 	d Mt  (y) 

Y2  
(6) 

ele  Y - 1 - ley dM(y) ? 
Y2  

Corollary _2  ) 

Suppose .that .(1) is true and that!  for V x > 0 which are continuity 

points of M j  

15. 



t 
f y f FH[crt dy;t,s] A(s) ds } 

fY 
dM(y) 

x o 	x• 

-x t 	-x 

f y f 
o 
FH [ a t dy; t, s ] A (s) ds } f Y dM (y) , 

(7) 

where the left sides are finite. 

Then (6) holds. 

t 	1+8 
b) In particular, (7) is true if f0 i!H(t,$) I 	A(s) ds < co, 

some S > 0. 

t 
Proof a) Note that on any interval [x, o) , x > 0, y f FH [ atdy; t, s ] A (s) ds 

0 
defines a finite measure, 

Y 
Mt(dy), which by (7) is completely convergent 

to - (dy) . From Leve (1963, p.182) we see that 

Mt- (X) = f x y . y Mt (dY) 	-' M (x) 

Treating ( 	- x] similarly we see that (7) 	(2). To apply Theorem 

1, we need only prove that 

bt 	r 	sin Y2 - y 	
(Y) 	f 	sin y2 dM(y) = b y  

t 	_m 

Now sin y - y is continuous so the contribution to the integral from 
y2 

any bounded interval, converges, by Leve (1963, P.180). Again 

taking ye' [x W) , x-> 0 and noting that sin v - v is bounded 
Y 

f 
sin y - y _ 1 dM (Y) -' f~ sin y - y dM (y) by 

Y 	y 	
y2 

Leve (1963, P.182) . A similar argument for (-co, x] concludes the proof. 



1  
b) Here, taking y 	x > 0, we note that l-S d Mt(y) is a 

finite measure which is certainly weakly convergent by (1). Since 

sin v - v _, O, y -> co, we can use Loeve (1963, P.181) to deduce (7) . l+d 
y 

Note 1. In the special case where Y(t). has finite variance, we can 

use part (b) with S = 1 so that centering to BY(t) is viable without 

any further investigation. 

t 
f i IH (t, s) 1 X(s) ds must be finite by (7) but if it 
O 

w 

tends to a limit this need not be equal, to f Y A4 (y) since there is 

x t 
the possibility of an atom at the origin in lim f y f F

H 
 [at dy,t,s] a (s)ds. 

2. 
	1 

at  

t-,-W -x 

• 
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... 	 ... 	 (1) 

, otherwise 

§5 Examples  

Example 1  

To illustrate the use of the canonical measure we investigate 

the convergence of Z (t) when A (t) = 1,v t and H(s) = +1/1  + s2e Xs, 

s >. 0, where X is a random variable; exponentially distributed with 

unit mean. 

Fbr s > 0, 1 < H2(s) < 1 + s2  

and 	s H2  (s) = 1 

1/2 Fbr 1 < u < (1+s2) , 

a.s. 

F(u,$) = Pr{H(s) S u} 

1 

= Pr{e X  6 (u2  2 lIs}  

1 [u2 -11s ,  
s2  

Now 	EH2  (s) = 1 + rse seth 

s2  = 1 + s + 1 
(t 	2 

Therefore Var Y (t) =  (1  + s + 1)  d"' 

= 2 +1og(t+1) 22 	t c, 

2 
so we take cst2  ="5-  and, for cstx > 1, 

_ 	_ 1  

tx,$) = 1 — [Zt2x  2 —  fig  
s 

  

s>./1/2t2 x2  -1 
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J

(tx;a)d2For x > ~, t y/Zt2 x2 - 1 for large t so that 	will be 

identically zero giving us 11+(x) = 0 by (4.3) . ° 

For x < V, we want 
t 1 

{1 	(1/2t2 x2 - 11S}ds 
 s2 

11/2 	t2x2-1 

The integrand is 1 - exp ? s log ,1/2t2 	s  -1 

= s log ,/ Zt2 	x2 - 	1 + C (t2) , 

Now s log ✓  Zt2 	x2 - 1 ds 

= log2  	t  	-- log2 x as t co . 
,4 t2 x2 7 1 	T 

Since the range of integration [/½t2 x2 - 1,t]  has length 0(t) the 

remainder term has integral 0(1) and we deduce that 

M+(x) = log2 	, for 0 4 x ✓2 . 

Next from (4.5) we have 

_ 	 _ 
1 - M(x) = ltn 2ryJ F(6ty,$)dsdy. 

x o 

Again, when x > v, VZt2 y2 - 1 > t, V y x„ provided t is large enough, 

so that from (1) the inner integral above is zero and M(x) = 1. 

For x VZ, 	✓2 (1 t) t 	 1 
1 - Mt(x) = 2 	y 	 {1 - 

[1/2t2 

s2
2-1]} ds dy 

x 	✓2t2 y2 -1 

since, if y > ✓2 (1 + t2 ) then,for all s tis < / 2t2 	y2 -1 and so, again  . 

from (1), the inner integral is zero. 
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• The substitution z 2 = ky2 -t7
2  yields 

1 	z 	1 
1 - Mt (x) =4 	z 	{1 	[t2Z2]s}dsdz 

2 I  tz 
(12  

Consider the function on [0,1] 

	

t 	1 
gt  (z) = z • {1  [7]S}ds1 

	(z) 

	

tz 
	

[ (y x2- C2)1/2.    11 

where I (z) is an indicator function. 
[a,b] 

t 	 2  

Now 	gt  (z) 4 z J { 1 - exp (- s log 
 tsz2 

 )} ds 

tz 

z t s log  tz ds J 
tz 

= z loge  z , 

which is integrable on [0,1]. 

From the calculation for M+(x) we know that tm  gt(z) = z logez 

on [v 	,1]. 

Dominated convergence shows that 

(1 

1- r1(x) = 4 J z loge  z dz 

7:1x2  

= 1 - 2  [loge T -,. + 

0x4,72. 
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In terms of the original canonical measure, 

M [O, x] = M (x) - x2  M+  (x) 

X 
2 

+ X2  I lcg 
X  I M  X 

YL 

so that M (dx) 2x log X  dx , x c [0,1/2- ] 

= 0 	, otherwise 

I have not been able to evaluate the corresponding distribution 

function but its cumulants are easy to determine. 

The characteristic function is exp ip(e) 

where 

tp(8) = 
f 	eiex _ 	1 - i©x 	2x log x dx 

x2  
0 

f 	y (iex)  r 	
2og 

log 	 dx 

	

o r=2 r! 	x 	x 

r 
= 2 r 	(i e 	

f 	
xr-1 1-- 	dx 

r=2 
r! 0 	x 

r  + 1 F (ie)r 22 
r! 	r2  

r=2 



so that the cumulants are: yl = 0 

2 1 

yk  = 2k2 	k = 2, 3, .... 

and, in particular, y
3 
 = 0.943, y

4 
 = 0.35. 

Note: The same results remain true if, instead of taking 

H2(s) = 1+s2e-Xs  with X distributed exponentially, we take 

H2(s) = 1 + s2(F[X])8  where F is any continuous distribution function 

and X is a random variable with precisely that distribution. 

In some ways this is a disturbing excimple. H(s) is, from a naive 

point of view, "well-behaved" being very smooth and bounded in s, 

having finite moments of all orders for each s and a positive limit 

which also has moments of all orders. Yet we have a strikingly non-

normal limit. 

To try to establish more clearly what a "well-behaved" shot-noise 

process looks like we take two approaches: in §6 we investigate 

sufficient conditions for a normal limit; here, we look at the 

dependence of the type of model we considered in Exauple 2 on various 

parameters. We write 

H(s) = +✓(a + fsye dam) , 

with X distributed exponentially with mean ? land all the parameters 

nopt=si-'e:  

SasY  
Then 	EH2  (s) = a  + eis+a 

- 

a+ -Fsy-1  + o  (sy-1) , 
	y a 1 

a +o(1) 	, 	y <1 
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and so 
jt 

Var Y(t) = J EH2 (s) as - ~~ t , 
0 

y > 1 

- [a+ 2.ity=1 

y <1 

For x3 Jā, 

F (x, s) - , a;x2 <a+ 

= 1 	, otherwise 

Example 2  

Consider first the case, y < 1. Introducing new parameters 

K = 
8 

, w = - we take a
t2 =, at and, for atx 3 Ta , 

	

1 	 1 

	

F[atx,s] = 1 - K 
(tx2Y 

1) ws 	
, s 3 (K [txt - l]) Y 

s 

= 0 	, otherwise 

Unlike Example 1, we have a linear ate. 

Condition (4.3) is then 

t 	 1 

1 1 	K(txsy 1) 
ws 

ds } M
71-(x), 

V x> 0, 

[K (tx2-1) ]Y 

Since y < 1, K(tx2 - 1) > tY, for all t large enough, so that 

M+ (x) = 0, vx. Turning to condition (4.5), we see that 

23. 



1 0 
t (T-4-1)] 	t 	1  

2 	1 	K (tX2  1)  ws 
ds dx Y 	1 	sY 

[x (txt -1) ]1 - 

ultimately vanishes for each x, for similar reasons. 

So M(x) = 1, M+(x) = 0, m-(-x) = 0,Y/x > 0 and so M[-'x,x] = l,Yx > 0. 

Clearly M(dx) has an atom at the origin and is zero elsewhere, which 

is the canonical reasure corresponding to the normal distribution; 

see, for example , Feller (1971, P.566). So • for y < 1)  we have a normal limit. 

Example 3  

When y >. 1 we define 

a2 =  

and take at2 = ga2tY. 

[;*1.1 
From (2),we see that for x  

1(6tx,$) = 1 - 
1 

[a2tYx2  -  K]ws 

s Y 

1 
Y 

s 3 [62tYx2  - K] 

= 0 	, otherwise 

1 
Abbreviate [a2tYx2  - K]Y to qt(x). Then,)y the same argument as in 

Example 1, 

t 
1 - Rt (x.)-11  

lt 
(x) 	- s 

Y 2  t   +0(1) 
2w log cpt  (x) 	t 

t cc 

1 

	

so that M+(x) = li 	log2  [a2  x2 - ] Y 
t 

21w loge a2X2 
' 

x 5 cs Y 

	

0 	x T. 
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To evaluate f-i(x), we make the transformation z.2 = o2y2 - tcftY. 

Just as in Example 1)a dominated convergence argument produces 

4 	1 
wYc 2 

J zlog2zdz 

Qx 

=
w ~2 [ a2x2 

 [4 log2cx - 4 log cx + 2]1 

2Ywc2 
[ 2 - c2x2 {log2c2x2 - 2 log a2x2 + 2}] ~ x 

The canonical measure can be c lculated as before: 

y>1 : M(dx) = 
2cs2xilogc2x2 f , 	x 4 

0 	, x 
(3) 

X 
y = 1 : M (dx) = 62 

6 (x) + (1 - J2 ) 2a2xI logc2x2 I 

0 

1 
	... (4) 

X ) 

The latter distribution has a normal component at the origin with 

variance 2. - Here also,ot2 was linear so that this does not seem 

to be the decisive factor in producing normality in the limit, 

contrary to a conjecture of Westcott (1973). 

Example 4  

When a = 0, we can take 

ate = Sc2tY, with 	a2 = 	—y(t) 

1 
c2x2tY cis 	Y 

F[ctx;s] _ 	
J 	

for 0 x2 4 s 
Y sY J . , 	cet 

- [ t 1  (x) ws 
, as before, and 0 elsewhere. 

s 
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t
f Again, 

J 
F (6t x; s) ds Y 

t 	
1 log o  	(1)t (x) s ds 

2 
= 2 lo g2 [62X 2] I 

X 6 

and vanishes outside [0,Q] while 

t 
2I °° yJ F(at~,$) dsdy 
x o 

ery 1og262y2 dY 

= 1- 
22 

6 2 [log 262x2 - 2 log 62x2 + 2] , x c ā 

and is zero otherwise, so that we have as canonical measure 

M(dx) = 262x 1 log 62x2 1 , 

= 0 

just as in Example 3 for Y > 1. 

As in Example 1,we can easily calculate the curnulants using (3) - (5) : 

Y, = 0 

4  
Yr (62)r/2-1r.2 

r 2 

with the exceptional case, Y = 1, a > 0 when y = 0, ''2 = 1, 

K 	4  Yr = [1 - 2i (62) r/2-1 r.2 • 
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§6 • Convergence to Normal  

Because of the constant use of the normal distribution in statistical 

analyses, there is particular interest in identifying those processes 

H , for which Z(t) can be expected to become approximately normal for 

large t. 

As we noted in Example 5.2 the normal distribution has the canonical 

measure 

M[-x,x] =1 

(4.3) , 
The necessary 

M+ (x) 

and sufficient 
becane 

2 

Vx > 0 

= M-(-x) = 0 

conditions 	with a•t2 = Var Y (t) , ie. (4.5) and 

CO 

yFt(y) dy -~ 0 	... 	(1) ct2 
Xat 

Ft (atx) ÷ O ... 	... (2) 

where Ft (y) = 	It FH ([-y,17); t, s) X (s) ds . 
0 

If (1) holds for xo > 0 we can truncate the IS at x > o. We have 

x 
22 	yF t (y) dy 2 	yF t(cfty) dy 

ōat 	xo 

(x2 -x0) F t (cttx) 

implying that (2) holds, v x > ō and hence ford x > 0. We therefore 

have the following theorem analogous to the Lindeberg condition for 

sums of independent random variables , Feller (1971, P.262). 
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Theorem 1  

t 
If f 	2 (t, s) A (s) ds < co, vt, and increases without- bound as t-+- co 

0 

t 
and if we choose ate - f iEH2 (t, s) X (s) ds, then 

0 

a 2 f 	f F (.[-y,Y] ; t, s) A (s) ds dy } o, Vx > 0 

is necessary and sufficient for the canplete convergence of Z,(t) to a 

N(0,1) random variable. 

Note: 	If the primary Poisson process is stationary with rate X, we have 

t 
of = X f 	2 (t, s) ds = Aht, say, 

and criterion (3) reduces to 

1 
o 

h f Y1 f F([ y,y];t,$) ds dy -~ 0, Vx > 0 
t x aht) 	d 

... 	(4) 

Now, instead of _considering large t, it is equally legitimate to let 

A --> 0., in which case (4) is automatically satisfied. 

This generalizes the central limit theorems for large Al which 

customarily appear in the literature, e.g. Parzen (1962, P.157). It is 

arguable that this assumption of large A is often inadequate. As Rice 

(1977) has shown, shot noise processes converge weakly to Gaussian processes, 

for high rates a; under quite weak conditions. Often, however, it is 

precisely because the realisations of the process do not look Gaussian 

that a shot-noise model is chosen. For instance, the river-flow data 

t xat o 
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considered by Weiss (1974) was not time-reversible, and therefore not 

Gaussian, since it had sharp increases and slow declines. _ 

Theorem 1 is, then, much more flexible than the usual central limit 

theorems for shot-noise processes. 

§7 Sufficient Conditions for Asymptotic Normality  

We restrict ourselves to the situation where A(t) is bounded while 
t 

A -(t) = f A(s) ds is unbounded. This includes most cases of practical 
0 

interest including step-functions with known change points, bounded 

periodic functions of known period and asymptotically constant functions. 

Corollary 1  

If (a) the random variable 131,4  = max IH (t, s) 1 has a finite 2nd 

Q 2 	t,s 
mcment (b) lim inf t 	> 0, then Y (t) is asymptotically normal. 

A (t) 

Proof  

Vt > s 0, F((y,y];t,$) : F
M 
 (y)where FM  is the distribution 

function of FEF  and so 

Ft [y] 	A (t) FM  (Y) 

Therefore 
co 

ot2  f YFt[YI dY 
Xat  

_A (t)  
f 	YFM  (Y) dy . 

a 2 	xat  

1 
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The-first term is bounded by (b) while the second tends to zero by (a), 

thus satisfying (6.3). 

Note: If in fact X(t) were to be unbounded we might nevertheless have 

condition (b) holding if ate, in a sense, "automatically" kept pace 

with the increasing rate of primary events. The proof would then 

remain valid. 

Corollary 2  

Suppose H is of the form H(t-s) and possesses a limiting r.v. 

H. = p lim H(s), not identically zero. Then condition (a) of Corollary 1 

suffices for a normal limit. 

Proof 

We know, 

while 

fran Loēve (1963, P. 157,164) , that 1H2 (s) 	1H2 , if (a) holds, 

f

t 
2 (t_s)x(s) 	J IEH2(s)X(t_s)

t 
  ds =  	ds 
0  

We can choose to s.t. 

(TH2 (s) - EH2 ) A (t-s) ds 
0 

2EHM jt0 0 	(t-t ) 

~(t) 	
A(t) 

The first term can be made as small as we please since A(s) is bounded 

while the second is less than E. 

Therefore 
6t2 

-~E H2 > 0 and condition (b) of Corollary 1 is also 
AA (t) 	°° 

valid. 

Note: Again bounded X(t) is not strictly necessary. The proof remains 

valid for X(t) 	tY, • y > 0; 1 X(t) 	log t; but not X(t) - et. 
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Example 1  

Consider a Poisson cluster point process with cluster size K and 

unspecified cluster structure. Clearly H(s) is just the number of 

points, in a cluster starting at 0, occurring in (0,s]. Ho = HM = K, 

while Y(t) is the total number of points in [0,t]. 

If EK2 < .0, Corollary 2 applies with ct2 -- A (t) EK2 . 

Example 2  

The extension to the situation of Example 1.1 is straightforward. 

As a simple, but plausible example, suppose K(X(s)) has a multiplicative 

form X(s)R where X(s) are the observed variables and R is a random 

variable which can be considered as standardised cluster size. Suppose 

X(s)E [xo,x1 ], an interval of (0,00), while 0 < ER2 < 00. 

Then H (t, s) fi X(s)R,  as t 03, while HM 4 x1  R. R. By the argument of 

Corollary 2 

(t~ 
	fx2 xIH2(t,$)a(s) ds ER2  

0 	 0 

a x 2ER2A (t) 

Conditions (a) and (b) of Corollary 1 are satisfied provided we take 

a from (1). 
Note: When x(s) = X in Example 1) i.e. the primary Poisson process 

is homogeneous, we have Theorem 2 of Westcott(1973). When X(s) -> X, we 

have result (C) of Westcott (1977) . 

Example 3  

The process of §5 had 

H(s) = +✓(a + f3sYe ate) and H2 O = a > 0, a.s. 
Y 

The maxima of these curves occur at s= 	with HM2 = a + (3e-'Y 
 l J , 
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so that EHf42 < ° iff EX 77 < co. Choosing X exponentially distributed, 

we require y < 1 to prove asymptotic normality using Corollary 2 and 

this is borne out by the direct analysis of Examples 5.2, 5.3. On 
~k k-1e Ax 

the other hand, if X has a Gamna distribution with density x 	, r(k) 
Corollary 2 applies when y < k. It is interesting that there is a 

family of examples for which these fairly crude criteria separate out 

those with a normal limit from the rest. 

The case y = 1, X - exponential, of Exile 5.3 illustrates the 

fact that linearity of Var Y(t) does not suffice to produce a normal 

limit. The exponentially distributed X produces too many big peaks 

(corresponding to small X values). The result is a highly skewed 

non-normal limit. 

Example 4  

Shot-noise processes are most commonly used to model stationary 

phenomena. Westcott (1976)shows that (for instance) if G(s) is non- 

negative and almost surely bounded, while the primary Poisson process 
N Ct) 

is stationary, then Y(t) = 1. G(t - Ti) exists if and only if 

fw 
EG(s) ds < 
0 

This still gives a sufficient condition if we drop a.s. boundedness. 
ft 

Now (Y(L) - Y(0)) du is clearly also a shot-noise process, 
0 

namely, 

	

(t (t 	ro rt 
 G(u-s) dudN(s) + 1 

J
G(u-s) dudN(s) 

	

os 	_moo 
... 	 ... 	 (3) 

As a first step we investigate here the first term, which is the 

i

ntegral of a transient shot-noise. Note that we can write it as 

fI tH (t - s) dN(s) where H (t - s) = I 
o 
t SG (u) du. Its mean is then 

10 	 J X 
(t (sEG (u) du ds and variance tE [fsG(u)  dul gds by CuLIpbell's Theorems (2.1) . 
0 0 	0 .. o 
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ff

S 
Now I G(u) du increases to arriaximum limit Hm and we strengthen (2) 

0 
by insisting that EH < co . Then Corollary 2 gives us a normal limit 

taking at2 t 	. 

Corollaries 1 and 2 deal with a fairly restricted situation. 

For even if no limiting r.v. Hoe exists, ate must behave roughly like 

A(t) for large t, since, for some k > 0, 

a k < 	< 2 
A (t) 

However, when EH2(s) -~ 0, var Y(t) also vanishes and the methods of 
A(t) 

Corollaries 1 and 2 appear to fail. Fortunately, we can make stronger 

demands on HM to get 

-Corollary 3 

If (a) EH2a < Do, a > 1 and (b) lim inf 
Jar it)  

- > 0, then Z (t) 

A(t) 
is asymptotically normal. 

Proof 
CO 

At)
a (2) 

iw 

 xFM(x) ̀ x y 
2,a_ 

 1) 
2a 	

X2a-1FM(x) dx -~ 0 
t 

yclt 	t yat 

under the above conditions. The argument in the.proof of Corollary 1 now 

yields the result. 
Example 5  

Suppose H(s) - 	X 	, 0 < y < 1 with the primary process 
2 (s + 1) Y/2 

	

1-Y 	2 
stationary and EX1-Y < co. Then ate L. and at is bounded away 

	

1-y 	11757 

from zero. Taking a - 1
1-y in Corollary 3 we see that the limit will 

be nōrma1. 

2 
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Note: It is interesting that in Example 5.4 where ot2 tY, 

JEHT12/Y < co <=> EX T1 < op as we saw in Example 3. For X exponentially 

distributed this just fails to be the case. 

The interplay between the strength of the bound HM and the rate 

of growth of ate continues in the next Corollary. 

Corollary 4  

If ZH(t,$)I is bounded a.s. in each interval [O,t], say by Mt, 

then Mt/at } 0 implies asymptotic normality of Z(t). 

Proof 

V x > Mt/at , F t [at x] = 0 

J
Mt~at

Since 	y F t[at y] dy becomes identically zero for large t, 

Theorem 6.1 applies. 

• 

Next we derive,a criterion which parallels Liapunov's Condition in 

the sums of independent random variables situation , Loēve (1963, P.275). 

Corollary 5 

rt EIH(t,$) I2+6X(s) ds = 0(at2+6 
J o 

Z(t) asymptotically normal. 

Proof  

Applying Tchebyshev's Inequality for (2 +S)th morrents we have 

6t2 JXG
t 

1 	
Y 
 
Ft [Y] dY 

00 

it 
l 	E IH (t,$) 12+6X (s) ds 	i+d dY at2 o 	xatY 

-rtE IH (t.,$) 12+6x (s) ds _  

sxa 	2+S 
	 - 0, t -3C0 

t 
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We use this first of all to consider cases where H 	is unbounded. 

Corollary 6  

Consider the sequence of bounding r.v.'s HM = max '111(t,$)I 
t se [0,t] 

A(t)EHj 2+6 

Then  
c 2+6 	

-} 0 => Z (t) asymptotically normal. 

t 

Proof  

This is immediate from Corollary 5. 

Ex 	1e 6  

Suppose H (s) - Xh (s) , where X has distribution function F x with 

finite variance and h (s) is a deterministic function, ultimately 

increasing. 

t 

J 
E~H(t,$) +2+6X(s) ds 
0 

.c 2+6 
at 

E 1 X 1 (t) 6 at2 

2+6 
at 

, for large enough t. 

So if h(t)/at ()o we can apply Corollary 5. This would be true for tv 

or log t, for instance, but not for et. In the latter case 

J?atx:s)

_
ds = FX t-s/)ds 

J:x .es/= 0 

• The bounding conditions of Corollaries 1 and 2 can be replaced by 

others serving the same purpose. 
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Corollary 7  

(a) Suppose H(s) 
P 
HH, a limiting r.v. not concentrated at 0. 

Then EIH(s)12+8 bounded is sufficient for asymptotic normality, 

2 

(b) If 	ti~a } 03, a > 1, EIH(s)I 2a bounded is sufficient. 
A(t) 

Proof 

(a) The bounded moments condition ensures that EH2 (s) -; ]EH2CO , Live 

(1963, P.164) . So at2/A (t) 

need only that A(t)/ot2+6 } 0 

also. But, from Corollary 5, we 

(b) Using Tchebyshevr's Inequality for 2ath moments we see that 

Cr 

i 	t 
y F{ [-y,y] ; s} X (t - s) ds dy 

2 

t 
H(s) 2a .X (t-s) ds 	1 6 	E 

2 	I 	I   dy y 
at 0 	 6t 

A (t) 4. 0 
at2a 

It has already been remarked that EH2(s) EH2o„ which implies the 

asymptotic linearity of Var Y(t), is not sufficient for a normal limit. 

If however H(s) 	Ii, a.s. Corollary 2 applies. Our final criterion 

gives another such situation (c.f. Examples 5.2, 5.3). 

Corollary 8  

If H(s) is non-negative, H(s) P Hc, not concentrated at 0, and 

H(s) HH a.s., then EH2(s) 	EH2CO < =>Z(t) asymptotically normal. 
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Proof  
ct2 = A (t) EH2co  and so 

A(t) 	_ 
2 	yF (y;co) dx 	0 

at yot 

since EH2a, < 0 

Moreover, F(y,$) - F(y,co) is always non-negative so 

1 

A 
 (t)

fti: 
 y {F_ (y 	

_ 
,$) - F (y,co) } dy ?. (t - s) ds 

o A(t) 

t 
< 1 j lj y {F(y,$) - F(y,co)}dy1X(t-s) ds 
A(t) o 0 

= A (t) 	EH2  (s) - EH200 J X (t - s) ds 
0 

-} 0 , 

(4) and (4) combine to prove the result. 

§8 Berry-Esseen Theory for Shot-Noise  

The usefulness of the normal approximation is considerably 

strengthened if we have some idea of the size of the error as 

observations accumulate. In the sums of independent r.v.'s case, 

one important result is the Berry-Esseen Theorem which asserts that 

the error is uniformly 0(n 2) . A related result can be proved for 

the Poisson shot-noise. In the special case when H(t,$) is a 

deterministic function, our result may be deduced from a theorem of 

Papoulis (1971). However, even here, we have an improved bound. 
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In that follows Z (t) = Y (t) - FY (t) with distribution function ✓Tar Y(t) 
FZ (t) (x) and characteristic function CZ (t) (0) . 0(x) denotes the 

(t 	(~,$) 
standard normal distribution function and pt = J E I H (m 1 3. 	 ) d, s 

We base our result on the following theorem from Feller (1971,pp.538, 

543) . 

Le_n na 1 

Ll = 3r I FZ (t) (x) - (x) 

g JTt)-
ez02Id0 	24 

 1731 T477  

for all x and T > 0. 

Theorem 2  

If pt < co then 
Cp, 

Z(t) (X)-(1)(x.)l 4 _ s 

with the constant C < 3.292. 

Proof  

We use the inequality 

lea - ē sl= ē lea+13 - 11 

‹ la + Slela+" 

with a = log CZ (t) (0 ) 

13 real 

= I [U (OQt 1;t,$) - 1 - iacf1EH (t,$) ] X (S) dS 
0 

and 13= 202 

t 
Recalling that ate = J

2 ~(t, s) A (s) ds, we see that 
0 
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rt 	ie6-1H(t,$) - 	1 	2 	2 2 = I J {Ee 	t 	1 - i0a EH (t,$) + ze ct EH (t,$)}A (s)- ds I 

1 Ie I 3 	 EIH(t,$) I 3X(s) ds = 1 ley pt 
6 Q 3 	 6 	c 3 

t 	 t 

Take T = ct3/pt in Lemma 1 

A .1,7,- 1 02 exp [-1/202 + 1 3] de + 	24 3I 
-T 5T T 2nr 

f
T 
	2

s 6T - e2e
1 
/3e de + 

T2 T 

T [6 (2 
3

) 2 	+ 	] 

The constant C is just that, on the right divided by m. and so the proof 

is complete. 

As it stands Theorem 2 has a severe drawback in that it assumes 

that we have centred Y(t) exactly by its mean and nortred it exactly  

by the square root of its variance. In practice these may be 

unnecessarily complicated and we would like to replace them by 

asymptotic equivalents. 

Suppose then that crt2 = Var Y(t) while at2 - at2 , t o. 

Similarly pt = EY(t) while ut 
Pt„„ } 0. 
t 

c 
Let Z(t) = —t Z (t) . Then 

6t 	i 
6 

F-(t) (x) = FZ (t) Htx and 
t 

	

I FZ (t) (x) - (x) I ' I at 	- (x) I + C ~t3 

	

t 	t 
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1 
lirTT 

Without loss of generality take x > 0. The 1st term is 

6
t/cT 

2 
ē 27 dz 

x 

fat/at -lyx2z2 
xe z 	dz 

Ji 

6t
/6t 1 dz 

1 	z 

1 

_i 
e 2 

)727 

_Z 
e at log 7- 

t 

 

ē i t 

✓/ cit 
11 ifat ~ at 

j 
and ē z ct 

in at 

 

if t ) at 

Furthermoree if 2(t) = i (t) + pt ut 
it 

then 	I Fi (t) (x) - (1)(x)! 

Cps 
e I   

	Gut _ ut) ]- (?F)
t 

+  log + [x-  
at 

	I 

	

6t 	~t 

cp 

3 
+ e I log ~t 1 + 1 	 

at 	6t 	t 

Unfortunately, while these inequalities give some advance on Theorem 2, 

they are still unsatisfactory. For example, consider the general 
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Poisson cluster process. Using equation (9) of Westcott (1973), it is 
easily shown that 

o 
	I
0
IT.
3
(u)EY(t)= AtES - 

j l 
j 
R 

	du 

• rt 
VarY(t)= AtES2  - 

j/l 
(2j-1) R to  Fj  Cu)) 	du 

(t 
while 	pt atES3  - A/1  (3j2  - 3j +1) R 

J 
 R (u) du 

3= 	 o 
z•Jhere 

R 
 and F. (u) are as defined in that paper. 

So while we can deduce, for instance, that 

t Z pt  	ES3  

6t3 	(ES2) V2 

any upper bound will depend on the fine structure of the clusters i.e. 

on R, F. 0a). 

§9 An Equilibrium Shot-noise Process  

The integrated shot-noise process of Example 7.4 is a special case 

of the following. We assume for simplicity that our primary Poisson 

process is stationary with rate 1. H(s) is a non-negative increasing 

process, s 	with limit Ho, where 0 < EH2, < c. We want the 

distribution of 

0 
Y(t)*  = J H(t-s) dN(s) + j [H(t-s) -H(-s)] dN(s) 

0 	_o 
= Y1  (t) + Y2(t), say.... 	(1) 

First we must ensure that Y2(t) is a.s finite. Consider Y2(t) for 

fixed t as the value of a stationary shot-noise process, 

u' 
[H(t•-+-u-s) - H(u-s)] dN(s) , at u = 0. 

Since the integrand is non-negative, condition (27) of Westoott (1976) 
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gives a necessary and sufficient condition. In fact, the condition 

 {H(t+s) - H(s)] ds < co 
Jo 

000 	 000 (2) 

is more than adequate. 

rt 
	fi[H(t 

 
Nara 	EY*(t) = I EH (s) ds + 	+s) - H(s) ] ds 

0 	 0 

If J E(Hm -H(s))ds <0 	... (3)  
0 

we can decompose the second term into 

(
co 

E(I - H(s)) ds - J E(Hoe - H(s)) ds 
t 	 0 

leaving 	EY*(t) = talo 

Note that (3) => (2) . 

Var Y*(t) = Var Y1(t) + Var Y2(t) because of our inbuilt independence 

assumptions. 
rt 

Var Y1 (t) = I EH2 (s) ds tEH2o 	while 
110 

Var Y2 (t) = J ~E[H(t+s) - H(s)] ds 
- o 

= f(s)  -]2ds + f (s)  - 
  

- 21 E[Hc - H(t+s)] [Hm - H(s)] ds 
0 

provided 	rEram  - H(s).]2ds < m 
o 

The first term tends to zero while the second is constant. For each 

s, as t -} o, [Ha. - H (t + s) ] [HH - H(s)]  -> 0, a. s, and it is smaller than 

(4)  

42. 



[F loo - H(s)1 2,  for t > 0. By (4) and the dominated convergence theorem 

the 3rd term also vanishes as t -~ CO 

Var Y*(t), therefore, behaves asymptotically as a constant + tEH203. 

Finally, put Z*(t) - 
Y Vit ) 	tEHm  

t (EH2 o) 

Y1 (t) - EY1 (t) 	Y2 (t) - EY2 (t) 
_ 	  + 	 

(t~2w) 	 (tEH20,) 2 

The first expression has a N(0,1) limit by Corollary 7.2 while the second 

tends in probability to zero since Var Y2(t) = 0(t) as t -> co. 

Theorem 1  

Under conditions (3) and (4) 

Z* (t) = Y* (t) -tEHm  

(tEH2m) 1 

Example 1  

is asymptotically N(0,1). 

` 	isWhen the process is an integrated shot-noise then H(s) = 
J 

G(u) du , 

f
~ 	 o 

for some process G(u) , and Ho, =  G (u) du . 
0 

Condition (3) becomes 

J EG (u) du ds 
o s 
	CO 

i.e. 
J 
uG(u) du < co which, in the case when 
0 

EG(u) is bounded, implies EH03 < co. Condition (4) becomes 

J0 J5 u) du]2 ds < co. 
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CHAPTER II  

THE CCNDITIONAL INTENSITY OF A POINT PROCESS  

§1. Introduction  

As soon as the independence assumptions of the last chapter are 

abandoned, a much more careful treatment of the shot noise process 

becomes essential. The primary purpose of this chapter is to give 

detailed definitions and preliminary results which may then be taken 

for granted when we return to the central limit theorem in Chapter III. 

The reader may find it helpful to consider first the much simpler 

case of a shot-noise process on the integers. We have a probability 

space, (S2 %,P), carrying a binary r.v., Nj, and a real r.v., Hij, for 

each pair of integers (i,j) e Z2. The "history" of the process prior 

to r is the a-algebra, 

d'r = a{Nj,HijN.; Vi<r,j<r}, 

i.e. the a-algebra generated by the "points" and the H-processes they 

"trigger off" prior to r. 

Let us define 

and 

j  = E{N N. 

Pj  ij j 

 

= 	=1] [Hij I ,Nj  

Then 

E[H..N.f}1-j] = Ej[Hij j . . 13 3 

Now, considering the shotnoise process 

Yn  = 	HnjNj , j=1 
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we see that 

n
•= E 	Ej[Hnj I117]•  j=1 

On the other hand 

n 	 n 
E X H j j = E I E[ n.114;.]5:.  I j  n j=1 	j=1 

(1.2) 

The thread running through this chapter is the search for continuous 

time analogues of 	in Section 2, of Ej[Hijaj] in Section 3, of 5j  

in Section 4 and of (1.1) and (1.2) in Section 5. 

At the same time, we take the opportunity to prove some results 

about the conditional intensity function of the point process, (s), 

which is the analogue of Sj. This was introduced by McFadden (1965) 

as (in effect) the right derivative 

(1.3) 

where N(s,s+h] is the number of events in (s,s+h] and 	is the 

"history", of the point process only, up to and including s. 

McFadden pointed out that this could be seen as representing a point 

process as a generalised birth process. The related derivative 

h_,0 Pr{N(s,s-+h] : l(Ysf} (1.4) 

was suggested by Cox and Lewis (1972), under the name complete 

intensity function, as an aid to the statistical analysis of multi-

variate point processes. In neither case were the existence of 5, 

or the rules for manipulating it, considered. A particular form 

for (1.3) was proposed by Hawkes (1971a,b)(1972), Hawkes and Oakes 

(1974) and Oakes (1975) in their definitions of self-exciting and 
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mutually-exciting point processes. Here J~(s) was taken to have the 

linear form of a shot-noise 

v+ J y(t-u)dN(u) 

where v was a constant and y a deterministic function, such as a 

mixture of negative exponential. The use of (1.3) and (1.4) in 

modelling point processes was also discussed by Snyder (1972),(1975). 

The main concern there was the detection or filtering of a signal 

corrupted by "noise" in the sense that only point events are 

observable. In this approach (1.3) and (1.4) were both assumed 

equal to a given functional form. 

The existence of a has been studied extensively by Papangelou, 

initially in the case of a stationary point process (1972a,b). Con-

sider the interval-function. E [N [u,v) 5u], where lu is the a-algebra 

generated by point process events strictly prior to u. Papangelou 

defines 11 as the integral of this set function, usually referred to 

as a Burkill integral, c.f. Burkill (1923), and shows that it exists 

a.s., and also as an L1limit, if EN[u,v) < co. The c1 rivative, where 

this exists is $. Now Papangelou's principal concern was a Charac-

terisation of processes of lines in two dimensions, the Davidson 

problem. He, therefore, went on to consider, (1974b), point processes 

on very general spaces where the total ordering property of the real 

line is not available. Unfortunately, neither paper considers the 

case of a time-ordered, non-stationary point process. 

The existence problem for a general space, without ordering, has 
• 

been considered farther by Kallenberg (1978a). The conditional 
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intensity Treasure is shā m to exist as the solution of a certain 

integral equation, related to those in my Theorem 5.3, below. This 

Treasure is shown, in turn, to be equal to the integral of the 

interval function P [N [u, v) = 1 11u] and, provided EN [u, v) < 00, to be 

equal to that of E[N[u,v)a.u], also. Note that I have given here a 

time-ordered version of Kallenberg's Theorem 4.1 so that it may be 

compared more easily with the other results. 

Ndw, in the course of proving the existence of Ī1 in (1972a) , 

Papangelou showed that, if F0(x) is the conditional distribution 

function of the interval following a point, given the past, and {ti} 

are the ordered points of a stationary process, then 

n(ti'i+1]=  l 
(0 ' i+1 ti]. 

dF0  (x) 
1-FO(x) 

Furthermore, if FO is continuous, the transformation Ti  = 140,ti] 

applied to the positive points, yields a Poisson process which has 

points {Ti} on (0,00) and which is independent of'0. Ruderao (1973) 

gives a short proof of this result, working directly with F0(x), and 

extends the result to non-stationary point processes with EN[u,v) 

possibly infinite. He therefore defines the conditional intensity, 

5(t), at least implicitly, as 

ft  (t -  1) 

, if t c (i' it.+1]' 1-Ft 	 1) 1 

(1.5) 

where Ft  (x) is the distribution function of an interval starting at 
1  . 

t1, conditional on the past,7t  . 
1 
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Unq stionably, the most sustained attack on this problem has 

utilised the theory of continuous time martingales, in particular the 

Doob-Ieyer decomposition theorem. This is the approach taken by, for 

instance, Bremaud (1974), Jacod (1975) and Brown (1978), by Aalen 

(1976), whose interest is primarily in the properties of certain 

statistical procedures, and by a considerable body of researchers in 

control theory, e.g. Boel, Varaiya and Wong (1975), Segall and 

Kailath (1975a,b) , Davis (1976) and Segall, Davis and Kailath (1975) . 

There is also an extensive related literature in French. The key 

observation is that, for all s < t, 

E [N(t) ils+] > E [N(s) 	= N(s) , (1.6) 

so that N(t) is a positive, right-continuous submartingale adapted to 

the a-algebras, {Vt+} for t > 0. By Meyer (1966) , VII T3) there is a 

unique, "natural" increasing process A(t), such that N(t) - A(t) is a 

right-continuous martingale. The significance of "natural" will be 

explained in Section 5. This process, A(t), can bē shown to define 

the distribution of the point process, Jacod (1975), and to possess 

the main properties of a conditional intensity measure. Thus, Aalen 

(1976) shows that, when they exist, the derivatives (1.3) and (1.4) 

equal that of A(t) , as does the derivative of Ā. Brawn (1978) shows 

that A is the integral of (1.6) and that it is "Incalculable", a 

property closely related to the existence of the Burkill integral, Ā, 

defined in Papangelou (1972a). Brown calls A(t) the "compensator" 

while Segall and Kailath (1975a) call it the "integrated (random) 

rate". 
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The martingale approach has a number of attractions which stem 

from its foundations in an established body of theory. It can easily 

be extended to the case where EN[u,v) may be infinite by the use of 

"stopping times", essentially a random truncation technique. Further-

more, it is also possible to define conditional intensity treasures 

relative to larger a-algebras than {t+}, since the equivalent of (1.7) 

will still be valid. For instance, it may be very useful to consia.r 

the a-algebras {fit}} which contain the past events of both point and 

secondary processes. On the other hand, it involves the introduction 

of a considerable amount of terminology which does not appear relevant 

to the shot-noise problem. The basic definition of the conditional 

intensity measure as the integral of a set function seems conceptually 

simpler, perhaps because it is more concrete. 

The approach adopted here is, therefore, essentially that of 

Papangelou and the main proofs in Sections 3 and 4 are inspired by 

his. The development has four aims: firstly, to prove the existence 

of A in the non-stationary case; secondly, to shed light on some 

uncertainties concerning the proof of almost sure convergence in 

Theorem 1 of Papangelou (1972a); thirdly, to show that A can be 

defined as the Burkill integral of any one of the three set functions, 

P [N [u, v) = 1 ' ] , P [N [u, v) 3 1 ~ ] and E [N [u, v) j'u] ; and fourthly, 

to relate this definition to the derivatives, (1.3) - (1.5), to 

Rudarro's definition, (1.6) and to the Doob-Meyer decomposition. 

Finally, the results of Section 5 are substantial generalisations of 

Theorems 3 and 4 of Papangelou (1972a) . 
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g2. Definitions and Pre]iminary Results  

The purpose of this section is to define the primary and secondary 

processes, which comprise the shot-noise process, and to construct the 

c-algebras,, t, which describe its history. We denote our overall 

sample space by Q. If Q C IR, then 3 (Q) is the c-algebra of Borel sets 

on Q. We abbreviate (IR) to T3 and r!, (-o, s) toes for each s s IR 

Before proceeding, we outline some elementary properties of generated 

a-algebras, for ease of reference. 

Suppose .-g is a collection of Q sets. In general a (•) denotes the 

smallest a-algebra containing the sets, or collections of sets, in the 

brackets; or, if real functions are mentioned inside the brackets, 

the smallest c-algebra which makes them Borel Treasurable. 

SuipposelC), where @ is a c-algebra. Then 

c g) G 	 ... 	 ... 	(2.1) 

Suppose A C Q. Then 

ar (8) n A = 	A) 	... 	 ... 	(2.2) 

Suppose f is a map from E into Q. Then, 

f-1[co] = 	... 	... 	(2.3) 

Suppose-gi is a collection of sets in 12i and ye(ei) is the 

a-algebra on U1i, Q{6 (ei) 	Then, 

lcs (~i) = cr{ULi} 	... 	 (2.4) 

Consider, now, the primary point process. Tet TN denote the 

collection of unbounded countable subsets of IR, which have no 

cluster points and let w -> p (w) be a map from 12 on to 	We We 
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define the counting u
.

sure N on '(IR) , s . t. N (Q; w) is the cardinal  i  ty 

of Q n  flu)) , for Q c 93. For brevity, we write N([0,t];w) as N(t,w) or 

even N(t), if the meaning is clear. We make N into a random measure 

by defining the generated c-algebra on SZ 

= a{N(Q) ; Q 	. 

We also require c-algebras which describe the past of the point 

process. Let 

Of course 

= a{N(Q) ; Q e 	} 

= V1 . Note that we have skirted the issue of defining 
tritt  

a a-algebra on TN  and making w } i(w) measurable. This is discussed 

in Daley and Vere-Jones (1972) and Papangelou (1974a). 

It will prove very useful to have the points of each ly(w) 

labelled in order from the origin. We define 

inf {t . N([O,t];w) 3 j}; j=1,2,.... 
[0,00) 

sup {t : N([t,O);w) > 1j1+1}; j  0,-1,-2,.... 
(-00,0) 

Note that the random variables, TjI{T.<t},  areltmeasurable only for 
J 

t 3 0. In the case s t < 0 when j 0, 

{Tj 
< s} = {N[s,O) < Ii +1} 

This set is in a 

= U {N[t,0) < IrI+1} r  {N[s,t) 	r-j} 
jr60 

_ ' t  {Tr  < t} 	{N[s,t)< r-j} 

j5r50 

{T 
r 
< t}, j s r 0} which is a a-algebra on 
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{Tj < t}. Because of this, we defne 6-algebras, t̀0 on , 

as follows:- 

if j 	1, t > 0: 't0 = Vt /N {T1 < t}; 

if j 	0, t30: t~ since {T.3 < t} _ Q; 

if j a 1, t < 0: tJ = 4} since {Ti < t} _ 

ifj40, t40: 
	

= c{~+t /1{Tr < t}, j4r40}. 

With these definitions, the restriction of T. to {Tj < t} is J'3 t 

measurable. 

Lemma 2.1(a) The a-algebras rY, 't, and t7 , for t c 1R and j cZ 

are all countably generated. 

(b) The family 4} is increasing and left-continuous. 

Proof 	(a) Since the Borel sets,, are generated by the 

rational intervals, is generated by the events , {N [u, v) r} for 

u,v e G and r E E. By considering only those rational intervals 

which generate rt, t is seen to be countably generated, as also is 

0, from its definition. 

(b) 10 is increasing by definition so that V 5G' t. 
s<t 

The reverse conclusion follcras, from (2.1), since {N[u,v 3 r} = 

V {N[u,$)  r}, which is in V 	, if v t. 
sal 	s<t s 

Sc (u,v) 

Fbr use in Section 3, we also prove: 

Lenma2.2 Foreachu<s, 

d s {N(u,$) =0) n {N{u} = 1} =c4 {N(u,$) =0}/) {N{u} = 1} 
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s Proof Suppose Q and r E IV. Then 

{N(Q) = r} , {N(u,$) = 0} A {N{u} = 1} 

= {N(Q\[u,$)) = er} iN {N(u,$) = 0} n {N{u} = 1} 

where Er  = r-1 if u c Q 

= r 	otherwise 

Either way, by 2.2 and 2.1, the left-hand a-algebra is in the right-

hand one. The reverse inclusion is immediate since Vu  G . 

In Section 3, we will need notation for the points immediately 

prior to s and at, or immediately after, s. Let 

t0  (s) = u if u < s, N(u,$) = 0 and N{u} = 0 

while 

t1  (s)= v if v s, N[s,v] = 1 and N{v} = 1 

Using this notation, Lemma 2.2 says that 

°3's n {t0 (s) = u} =/u  /-■ {t0  (s) = ul. 

The second step in our construction is to introduce a two-

paranetcr random function, H(t,$) . Let TH  be the collection of 

real-valued functions on IR2  which are right-continuous, with left 

limits in both parameters. In Chapter III, we make the restriction 

H(t,$) = 0, let < s, and it is helpful to think of s as the 

"starting" point of H. This restriction is not necessary for the 

construction, though many of the methods below, which depend on an 

idea of tirre-ordering, would make little sense without it. 
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• Let H be a map w ->. H (• , • ; w) from S2 on to TH. Then_ w H (t, s; w) 

is the composition of the (s,t)
th coordinate projection and H. We 

make each of these measurable by defining an increasing family of 

generated cs-algebras, 

= o{H(u,v) ; u < t, v < s} 

Let = ~
]R t

s. If, also, l'='3Vc, Itiwill contain all the events of 
t 	i 
ss]R 

both primary and secondary processes. 

Le. ma 2.3(a) The cr-algebras t s, 5 and. are all countably generated. 

(b) For each t c 'land u < t, the random function H(u,$), 

s < t, is progressively measurable w.r.t. lt,s}s<t in the follaaing 

sense. For each u < t, the map 

Hu : (v,w) -> H(u,v:w) 

is measurable from ((-° ,$) x SZ, 35,0 
6t,$) into (>R,3) , for any s 4 t. 

Proof 	(a) By the right-continuity of H(t,$) 

{H(u,v) 4 x} .nu  I 	~Ī {H(y,z) < r} 
r>x S>0 ye (u,u+S) zc (v,v+S) 

where r, S, y, z EQ. The events {H(y,z) < r}, for appropriately 

chosen rational y, z, r form a countable generating set for each t,s 

and also for 2. j. is countably generated since j( and 5 are, by (2.4) . 

(b) This follows by a simple adaptation of T.47 of Meyer 

(1966, p. 70) . Suppose that, for each n s yV and k e ~' s.t. n < s, 

we define on (-00,$) x S2, 
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Hn (v,w) = H(u, n; w), if v e fknl n] for scare k 

= 0 	, otherwise 

Then Hn(v,w) is 19s ©t, s-Treasurable and converges on (-.0,$) x 52 

to H(u,v;w) , which must also be st, s TT~asurable . 

Now let us construct the a--algebras,14t, which contain the 

"history", i.e. past events of the process, prior to t. 
.o _ 

Ist t,s Xt,s n {Tj<s}. Now, for each j cZ, t e IR and u < t, 

consider the restriction of the map 

w -} H (u, T  (w) ; co) 

to the set {Tj < s}, for a given s 4 t. This is the composition of 

two measurable maps, namely, 

T. 	w 	(T j (w) ,w) 

from ({T . < s} s) into ( ( ,$) x CT, < s}, a5 j ) and, using 

Ienma 2.3(b) (progressive ireasurability), 

Hu : (v,w) } H(u,v;w) 

fran {T j < s}, o P tis) into (]R, 3) 

If Q x A is a rectangle in s O t,s, then T-371(c) x A) = 

{Ti c Q} , A, which is in s v {.~ t,s, since Q C (-co,$) . Thus, from 

(2.3) , if B e then 

	v.5 

o T.)-1(B) E~t s v t,s ... 	(2.5) 
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Maw this remains true for all s t, the restrictions to {Tj < s) 

being trivial in the anomalous cases {j < 0,s i 0 when {Tj < s} = S2, 

and {j 3 l,s 5 0)  when {Tj  < s} _ q. 

Motivated by the foregoing argument, let us define 

t,j = {A £ t v  t,t :A {Tj < s} s°8  v`ft,s, Vs s t} 

When j< 0 and t a 0, the restrictions for 0 < s s t merely ensure that 

A e 1 1 J t 
v  gt, s

- 
 0 v t, 0, while, when j 1, the restrictions 

0<sst 

for s . 0 are trivial. To extend j 	from {Tj < t} to 2, define 
IJ 

= s1 it,j,{Tj 3 t}}. This construction ensures that{ Tj 
 3 t} is 

the only event of the point process at, or after, t which is incln3ed. 

Finally, let 

We will show that has indeed got all the properties appropriate to 

the "history" of the process. 

Firstly, the "observable" r.v's occurring before t 

measurable. We We have already shown that H(u,t .) I{T t} 
J 

measurable for all j 6 Z  and u < t. Moreover, for all u < v < t and 

r E ]lV, 

{N[u,v) > r} = V l 1 
nek' j=n+1 

Tj  s [u,v) } 	... 	(2.6) 

which isin t, since {Tj  c [u,v) } s 	j  . Therefore, the point 

process events prior to t are also4t-measurable. 

On the other hand, the "non-observable" events are not 

measurable. Thus, 

{H(u,v) x} n {Tj < s} 
	

t,s 
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if and only if v < s, by the definition of t,s. Th
erefore, H(u,v) 

and, a fortiori, H(u,v)I{N{s}=0} cannot be-t measurable for any t. 

Furthermore, the only sets in,j not in {TJ < t}, have the form 

{Ti > t) n A for A E  t,j. This excludes {Tj a v}, Tory >  t and 

H (u, T .) I 	from-- measurability. 

{Tj
>t} 

The main properties of are detailed in the following lemma. 

Firma 2.4(a) ~j.. tC t, V t c 1R 

(b)  is countably generated, Is7 t s IR 

(c) { } 	is a left-continuous, increasing family of 

c-algebras. 

Proof 	(a) Tris, follows . fram (2.6) by using (2.1) 

(b) Suppose, first, that A 

and we can write 

t,T . Then 
A C 

{Tj 
< t} 

A = U A n{T. < r} 
re 4,j 
rct 

(2.7) 

Now each set A n {Tj < r} e t v kt,r and thus can be expressed as 

a countable union of its generating sets, using (2.2) and Lemmas 

2.1(a) and 2.3(a) . Since we also have 

n {T. ) r} 
7 	rEa, 7 

r<t 

(2.8) 

~ ✓̀  {T . < r}] t 	e- A  J rE a J 	. ,l2e, cc 	-a,.,-z,l ot A) ) r<t 

the union of these generating sets over all rational r t and j c Z 

forms a countable generating set for t . 
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(c) It is enough to show that, for all j, 

t,j u<tu,j 

Suopose w < s, u < t. Since{Tj < w} G {T .
3

< s}, we have 

v i C jvgi 
w u,w S t,s (2.9) 

For A s  
	
, A C 

{T 
 . < u} so that, for s > u, 

A n {T  < s} = A n {Tj  < u} which is in 's V  t s from (2.9) and the 

definition of 	
j 
. Thus, u,  C t, j for all u< t. Now 

{T. 
	

u} = IT. ) t} V 
{Tj 

 e [u,t) }. 

The second set on the right is in 
,j 

so that {T, s u} e 

Fran (2.1), it follows that 
	

an increasing family and 

 
u<t ,jtrj. The reverse inequality is an immediate consequence 

of (2.7) and (2.8) . 

The construction of the underlying stochastic processes, from 

which the shot-noise process is formed, is completed by specifying 

a probability measure, P, on (c 4). It is usual to start by 

defining the finite dimensional distributions. In this case, we 

would ascribe probabilities to the events 

{H(ui,vi) ; x , 	N[s j,tj) < r j} 

where ui, vi, xi  range over finite collections of real points
)
[sj,tj) 

over finite collections of real intervals and r. over finite 

collections of integers. The set function, P, induced on SZ, will 

only be a measure under certain conditions. The "existence problem" 
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for the stochastic processes, i.e. the problem of finding these 

conditions, is beyond the scope of my investigations so far. However, 

in the case of a point process alone, (Q;/), the conditions can be 

found in Daley and Vere-Jones (1972) or Westcott (1972). In the case 

of the secondary processes, the well-known Daniell-Ko]mogorov 

conditions, see for example Kingman and Taylor (1966, p. 381), will 

be necessary but do not guarantee the existence of a version which is 

right-continuous with left limits. We require an additional assumption 

of continuity in probability, Dob (1953, p. 61). Suppose that at each 

point (s, t) , H (u, v) possesses a limit as u s and v -> t where the 

limit may be either from above or below. Then, for almost all sample 

paths, H is continuous, except for a countable number of points of 

discontinuity at which we may choose to make H right-continuous with 

left limits. This follows from Doob`s Theorem 11.1, (1953, p. 356), 

extended to 2 dimensions. 

Note, however, that most models for shot-noise processes would be 

constructed by specifying conditional rather than finite-dimensional 

joint distributions. For instance, it may be more natural to specify 

the probability of secondary process events conditionally on the past 

of point and secondary processes. Clearly the conditions involved 

will be much more complex and I have not investigated them. 

We make the assumption, henceforth, that 

u (Q) = IC N (Q) < °° 	... 	... 	(2.10) 

for every bounded Q e i.e. the point process has a c--finite first 

moment Treasure, p. Iesults obtained in Kallenberg (1978) and Brown 

(1978) suggest that this condition might be weakened but we do not do 

so here. 
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Conditional expectations can be defined in the usual way. Suppose 

X is an integrable, real random variable. If E [Xj3-4] (w) is an 

14's  measurable r.v. such that 

f
E[XI31-s](w) P(dw) = JX(w) P(dw) 

A 	A 

for every A E s, then it is (a version of) the conditional expectation 

of X given; 	In particular, for A Ell, we can define P [A1 /s] (w) up 

to a P-null set. Suppose we can go further and choose versions of 

P [A ] (w) for each A EN-such that: 

for all w E S2, P [ • jis  ] (w) is a 

probability measure on (W4); 	... 	... 	(2.11) 

then P[• jjs] (w) is called a regular conditional probability measure. 

The conditional expectation of X can nag be written as: 

E [X s] (w) = JX(iii ) P [dp L ] (w) 

SZ 

= fxP[X 1(dx)  Vys  ] (w) 
1R 

To prove the existence of a regular version, we could use the 

Corollary on p. 193 of Neveu (1965) . Since has been shown to be 

countably generated, we would need to prove that » contains a compact 

class-6 having the "approximation property" 

P (F) = sup {P(C); C E -e, C CcY}, VF 611 	... 	(2.12) 

Note that in Neveu's Definition 	is compact if every 

countable subset of -g which has an empty intersection, possesses a 
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finite subset with an empty intersection. Equivalently, every countable 

family in -; with the finite intersection property, has a non-empty 

intersection, which is Neyer's definition of a semi-compact paving (1966, 

III D3). Meyer refers to (2.12) as "regularity" while Dellacherie and 

Peyer (1978, I1146) talk about "inner regularity" or "tightness". For 

the connection with the more usual definition of tightness, see 

Billingsley (1968, p. 11, Problem 7). 

The obvious way of introducing the compact class . , is to consider 

the compact sets under some topology on Q. One way of introducing such 

a topology is by defining a iretric on S2, hopefully one for which the 

open sets generate the a-algebra $, i.e. for which 1-is the Borel a-

algebra. Then, provided P satisfies (2.12), regular conditional 

probabilities exist w r t any subalgebra of i , Dellacherie and Neyer 

(1978, III 72). In fact, if SZ can be shown to be a complete,separable, 

metric space (i.e. Polish space) with Borel a-algebra J, every 

probability defined on it automatically satisfies (2.12). 

This approach of setting up a Polish space, is successfully 

followed by Papangelou (1972a, 1974a) for point processes. I have not 

investigated this possibility for the more complicated space defined 

here, so I will merely make the more general assumption that P satisfies 

(2.12) for a suitable compact class '4 . This guarantees the existence 

of a regular conditional probability measure w r t Js, for each s. 

From now on, P[•I 4-] denotes this regular version. 

Throughout the remainder of this thesis, we will constantly be 

considering stochastic processes formed from sequences of conditional 

expectations such as E [f (s) I ~! f-s] , s s E. 1* will require 

to take limits and integrals of these processes without 
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detailed comment especially in Chapter III. We conclude this 

section on fundamentals by gathering together some results which 

make this possible. 

In considering bounds and limits of a process X(s), 

we are often faced with the following situation. W'e know that 

for some interval Ac E) X(s)e A,•a.s. i.e. except for a P-null 

excepLioml set of realizations, Es, depending on s. For any 

countable collection 
{s.}, 

we can deduce that a.s. 

since U Es is measurable and P-null. However, without further 
J 	J 

argument we ' cannot deduce that X (s) e A, CJs, a. s. , since UE s• need not 
s 

be measurable. To overcome this we introduce Doob's concept of 

separability (with respect to closed intervals). 

We say that X(s) is separable if there is a sequence {s.} 

of parameter values and a P-null set E such that, if A is any 

closed interval and I any open interval, 

{X(s.
J
)rA, s~ e I} \ {X(s) e A, s e I} C E. 

As Doob points out (1953, p.52), this is equivalent to 

demanding that for w 	E 

and 

sup X(s) 	= sup X(s~) 

eI 	s.eI 
IJ 

inf X(s) 	= 	inf X(s.
J
), 

s e I 	s.
J 

e  
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for every open interval I.. Clearly, if almost all the sample 

paths of a process possess both right and left limits at each s, 

then it is separable. Similarly, any continuous or monotōne 

function of a separable process will also be separable. Further, 

Doob shows (1953, p.57 Theorem 2.4) that any real-valued 

process X (s), s c 	has a separable modification X (s) such that 

P( X(s) = X(s)) = 1 , 	Vs. 

Now when X(s) is a version of a conditional expectation then X(s) 

is also. Therefore, whenever we consider a sequence of conditional 

expectations, we can and will choose versions which give us a 

separable stochastic ,process.' 

For integration of processes like E [f (s) ' -s 	Ti  (w) , we require 

Z3— measurability in s, but so that we can manipulate integrals by 
Fubini' s Theorem, we need joint ?)3034--measurability in (s, w) . 

In fact, we will prove progressive measurability, a stronger property 

which, as we saw following Lemma 2.3 allows substitution of suitable 

random variables for s. We approach this by investigating the 

continuity properties of El . jiLi . 
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• CeWrr,a .2.5 	For each s, f (s, w). is a .positive, integrable .r.v. . 

while, for each w, the sample path is left-continuous and increasing 

(decreasing) . In either case, we can choose Elf (s) I-J (w) to 

be left-continuous, for almost all w. 

Proof Consider the increasing case first. Let 

YS  = E If(s)1j4-j. If s>t, then 

EIYtI 	s] 	= EIf (t) 1Jj's]  3 E[f (s) I.1-TS  J = Ys. 

Y
S is therefore a p sitive submartingale, adapted to the left-

continuous family as} and, by Proposition IV. 5.1 of Neveu 

(1965), uniformly integrable.. 

Now we choose a rational sequence sn  fit and apply the 

submartingale convergence theorem, Doob (1953, p.324). There is 

an integrable r.v., Z.  say, for which Y -r Zt  , a.s. n -} . s  
n 

Let 'A c for some u < t. Then 
u 

fA Zt  dP = lim JA  Ys  dP 
n-, 	n 

by the uniform integrability of Y while by monotone convergence, sn, 

J f (t) dP = lim , f f (sn) dP. 
A 	. 	n ÷co 	A 
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f Ys dP = 

A n  
f Elf( n. 1 j-s 

 ] dl? = ff(s)dP. 

A 
	n • A  

Now, provided s n 

Combining the laat three equations, 

f Zt dP= f f(t) dP 

A 	A 

(2.13 ) 

for all A EL) 	. Since each side of (2.13) is an integral, it 
u<t 

defines a measure on the field U 	u  which, by Theorem 4.2 
u<t 

of Kingman and Taylor (1966), has a unique extension to the 

generated c-algebra t_ =uVt u. By left continuity, zH = 

so that (2.13) is true for all A c 	Therefore,  Zt  is the 

required version of L [f (t) 0411- 

f(s) is decreasing, Ys  is a positive 
n 

Ys  S EIf (s1) I-s  ] which, by V T 18 
n 	 n 

uniformly integrable martingale. So YS  
n 

is also uniformly integrable and the above argument remains valid. 

We have proved that, for each t c EL, and sequence snfi t, 

E[f (sn) 1 	s  i 	÷ Elf (t) I jakt] 
• n 

In the case when 

supermartingale. Now 

of Meyer (1966), is a 
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except for a P-null set, Et say, of. realizations. Since we 

have chosen E[f (s) 	to .ba a separable stochastic proces, we 

may apply Theorems 2.1 (ii) and 2.3 of Ebob (]953, pp.53,55) and 

the definition of separability to deduce that, for all t, 

E[f (s) I j-J -- E_[f (t) 1 	
~ 	

as s -C t, except on a single 

null set of realizations, as required. 

Note This lenura applies, in particular, to the conditional 

probabilities, P(Alj-4- ),A e-. On the one hand, we have chosen 

regular versions of these so that P(•I) is a true probability; 

on the other hand, in Lemma 2.5, we chose versions so that 

P (A ;}4- ) = lim 	P (A I ~' ) . Are these compatible? Suppose 
t S fit 	sn n 

A is a countable union of disjoint subsets, r and.that the 

P(•~ .$ ) are all regular conditional probability measures. Then 

P(Al) = lim P(UA I - ) 

n t 	s +t • r r 	sn 

= lim E P (A 	) 
sn+t r 	 n 

= E P (rI-t) 

Clearly P (. ')}-t) is also a probability measure so that the 

modification in Lemma 2.5 preserves regularity. 

Corollary 2.6 	If f (s, w) is an integrable 	®J'measurable 

function then E[f(s)14-s] (m) is progressively measurable. 

Proof We first show that P(Al s) (m) is progressively measurable, 

for any Pic  j-. For each n s At and k EZ for which knl 	
s, 
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define on (-oc, s) x n, 

Xn  (u, w) = P (A :if u ein 
k+1  ") for sane k, 

n 

0 	otherwise 

Then Xn  is -s  0 s  measurable and, by Lemma 2.5, converges 
to P (A I jJ-u) (w) which is therefore also es o  Ms  measurable 

on (-0.,$) x c, as required. 

Now, for any Q e , A cJ'and u < s, 

EII 	(u,P) j ju] (w) = .1 
Q 

(u) P (AI .'u) 
Dth 

The right side is clearly n s 3:I— measurable, so that the 

corollary is true for the indicator functions, f(s,w) = I 	(s, w). 
QxA 

By monotone convergence, it is true for positive measurable f and, 

hence, for integrable f, by considering positive, negative and, 

if necessary, real and imaginary parts. 

Remark The key properties of the family 	 are are contained 

in Lemmas 2.4 and 2.3a. The results which follow, from Lemma 2.5 

on, apply to any family on SZ, which possesses these properties. 

In particular, we can make the choice t 	v t. 
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Corollary 2.7 Each of the processes, P[N[u,v) = 11 tiu 

PIN_[u,v)_ 3 1 14,!1‘11J and EIN[u,v)_ 1 '1 17j,u], is progressively 

measurable wrt. s }s E M. In particular, they are each 

in@ B p'-measurable on F x F x S. 

Proof Each process is left-continuous in both u and v by 

Lemma 2.5 and the remark above. Let X (u,v;(o) denote any 

of the three. We must prove that the map (u, v; w) X (u, v; w ) 

is measurable from ( 	x (-co,$)xQ , w3s 0 s 40 cj1 s) 

into (IR, /3 ) , for any s v >u. 

-k+1 	j+1 

	

For all n,m EN and k,j E Z s.t. n < 
	< s, we define 

on (-o, s) x (--c , s) x SZ,` 

Xn m (u,v; w) = X(11.1,1-1;w),  if u e (n , 	k6;13) and 

ve[- , ~ml) for sane k and jJ 

= 0 , 	otherwise. 

Then n,m 
is 113 	s ® "is -measurable and converges on 

(-03,$) x (-o, s) x St to X (u,v; w) , as n, m -' co. Xis therefore 

s ~'J S © 	 -measurable, as required. 
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53 Some Results on Palm Distributions  

Much of the argument of the next chapter hinges on 

taking expectations conditionally on the event {N{s} = 11 

and, the a-algebra of events of the shot-noise process 

prior to s. We will denote such a conditional expectation by 

Es  I • 4J ; its definition and proEerties are the subject of this 

section. 

The probability of A, conditional on the occurrence of 

a point at a specified point s, will be denoted Ps(A) and is 

called a Palm probability of A. In. defining these, we use the 

approach of Ryll-Nardzewski (1960) and Papangelou (1972b), 

(1974a) but extend the domain of definition from ,I, to ll-,to 

achieve a simple but useful increase in generality. Alternative 

definitions are reviewed in Daley and Vere-Jones (1972). We 

begin, however, by outlining an argument which justifies the 

extension of-Propositions I.6.1 and III. 2.1 of Neveu (1965) 

from probabilities to a-finite measures. This will prove 

useful several times in this chapter. 

Let (s,,$) and (T,' f) be measurable spaces. Our starting 

point is a set function m (QxA) , where Q e .8 and A e j. The 

collection of rectangles {Q x A} is a semi-ring generating 

J30:1, If m can be proved a-additive and a-finite on {Q x A} 
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then, by Theorems 3.5 and 4.2 of Kingman and Taylor (1966), it 

can be extended to a unique a-- finite measure, in, On .2 0 gj 

Clearly, if in  = m1  On IQ X A}, for some other set function ml, 

then ml  is also a a-finite Measure and equals m on £ 0 

Next we define a a-finite transition measure, M, as a 

mapping from £ x T into a, such that: 

a) for each t e T, M( t) is a a-finite measure 

on (S,,$) ; 

b) for each Q e..g, M (Q, .) is measurable on (T,.,)) . 

In the case, where (T,J , Pr) is a probability space then M 

is just a random measure while when M(•,w) is a probability, 

Neveu calls it a transition probability. 

If we have, in addition, a a-finite measure, v, defined on 

(T,`j) and we put 

m(Q XA) = J M(Q,t) v dt), - - - - 	(3.1) 

A 

it is easily proved that m is a-additive, as in Neveu (1965, 

pp-74.775) .' If it can be proved a-finite, we can deduce the 

existence of a unique a-finite measure on .$ ej for which (3.11 

holds. Furthermore, the remainder of Neveut s Proposition III.2.1, 
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i.e. Fubini's Theorem, is valid. Thus, for every m-integrable, 

complex function X, Measurable on (S x T, .g e'j  ) , the function 

Y (t) = 5 X (u, t) M (du, t) - - - - 	(3.2) 
S 

is 	- measurable on T and integrable wrt. v. Moreover, 

5Xdn=f 5X(u,t)M(du,t) v (dt) --- - 
SxP 	TxS 

(3.3) 

Due to the linearity of the integral)  the extension of Neveu's 

proof to complex X is a straightforward consideration of real 

and imaginary parts. 

As our first application of this extension argument, 

let us define for each Q e 3, A 04-, 

n(Q x A) = N(Q,w) P(dw) - 	(3.4) 

A 

Now, N (Q, er) is clearly a random measure and n is a-finite, since 

n(Q x A) 5 u(Q).< co, for bounded Q. Thus n has a unique extension 

to n44- ; the function 

Y(w) = 5 X(s,w) d N(s,w) - - - - 	(3.5) 
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is;--measurable and integrable wrt. P, while 

X dn = 5 5 X (.s, w) dN (s, w) P(dw) - 	<. 	(3.6) 
Rx 

The measure, n, is called the master measure by Papangelou (1974a) 

and the Campbell measure by Kallenberg (1976), following 

Matthes (1972) . 

Example 3.1 Taking X (s,w) = H(t,s,w) I10(8 in (3.5), we see 

that the shot-noise is defined as the stochastic integral 

Y (t, w) _ 5
t 

H(t,s,w dN (s,w) 

For fixed A e 4-  , the random measure, n (• x A) , is clearly 

absolutely continuous wrt. p(•) = 5 N(•,w) P(dw) and so by the 

Radon-Nikodym theorem, there is a unique, finite and non-negative, 

?t3— measurable function P. (A) s.t. 

n (Q x A ) _ 5 Ps  (A) p (ds) - - - - 	(3.7) 

Q 

We may choose a regular version of Ps  (A) , for A e, such 

that for each s s R, P 
s
(•) is a probability measure on (0744). This 

possibility stems from the same assunntion (2.12) which justified 

the choice of a regular version of P(•IN-) in Section 2. It 

follows that Ps(A) is a transition measure (probability) from 
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E 	into 10,1] and by Fubini's Theorem and (3.7), 

f X dn = 5 5  X (.s, w) Ps  (dw) P  (ds) - - 
5I 	E  

The interpretation of P s
(A) as the probability of A given 

{Nis} = 1} is confismsd by the following lemma. 

Lama 3.1 

a) For A eV-, Q e Ō$ 

5 Ps  (A) p (ds) = 5 Ps  (A r1 {Nis} = 1 }) u (ds) 

b) Ps{N{s} = 1} = 1, for p almost all s. 

Proof This is contained in Papangelou (1974a), 
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We can define conditional expectations wrt. Ps(.) in the 

usual way, for each. s. Suppose X is an integrable r.v. If 

ESIX -] (w). is ani,-- measurable function s.t. for all A e} , 

fEs [ X ,s] (w) Ps (dw) = f 	X (w) Ps (dw) - - - - (3.9) 
A 	 A 

then it is (a version of) the conditional expectation of X given 

N {s) = 1 Once again,with assumption (2.12) we can choose 

a regular version s.t. Ps(-P) is a true probability. 

In view of Lemma 2.5, it seems plausible that these 

conditional probabilities can also be chosen to be left 
• 

continuous with right-limits'in s. However, as I have not been 

able to prove this, I must introduce an assumption of progressive 

measurability, which would, .of course, have followed from left-

continuity. I assume that: 

for any real r.v. X, the stochastic process, 

E s IX 14.s] , s s ~, i s progressively measurable wrt 

. - . 	(3.10). 

Remark All the above definitions, along with (3.10)_, apply 

to the special case where -s s- 
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If D is a 	set its 'u-section is 

D 	= Ito E S2 : (u, w) E D} 

LetTs = ID c 3)34. : D eifu, Vu < s} and 

= v~ = ID e ® 	: Du Ef.u, du}. ~ is called the 

a-algebra of sets adapted to {t} u < s. Similarly, we let 

Xs be the a-algebra of nov sets adapted to 

T̀ u}u < s. 

We next show that Es IXIf-s1(w) could equally well have 

been defined as a "conditional expectation" given 	wrt. 

the measure, n, on 730,4 

Lerana 3.2 	For . any n-integrable, Ō 

measurable function X (s, w) and each set D e$ 

f x (s, w) dn (s, w) = f ES [x (s) ~] (w), dn (s, w) 

D 	 D 

Proof 

Consider first the indicator function IQ x A where Q 

is a bounded Borel set and A E-. 
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l IQ x A dn 
D 

5 f I~ (w) Ps (dw) ji (ds) 
Q Ds 

= $ 5 Ps[AI .i-s] (w) PS ( w)p(ds), since Dselts  
Q D 

s 
_ I JEsIIQ ¶ s] (w) dn(s,w) 

D 

since Ps IAI s] (w) is)-measurable by (3.10) . 

Using linearity of the integral and monotone convergence the 

Lemma follows by extension, 

Note that, in particular, 

5 1 X (s,w) dN(s,w) P(dw) 
SZ X 

= f 5 	[ x(s) j4-s] (w) dN(s,w)P(dw) - - - - 	(3.11) 
St II  

Recall from Section 2 that to(s,w) is the point immediately 

prior to s and t1 (s, w) that at, or immediately after, s. We also 

define for each se. 1RJthe map 

Ts : w -} (to (s) , w ) 

Then Ts-1(Q x A). = A n it(s) eQ} e L, for all Q e 23 and A s 
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since w -4- to  (s, w) is- - measurable and s - C . Thus Ts  

is a measurable map from (Q,j)_ into ({ o, s)_ xQ, Aph. and 

P[T 1(Q X A) ] = f I (w). 	P(dw) 
to  (s) EQ} 

= f f I 	(v,w) 	dN(v,w) P(dw) 
(N(v,$) = o} 

AQ 

J 	I (v, w) 	dn (v, w) . 
{N (v, s) = O} 

QxA 

If X (v, w) is n-integrable and 20g-measurable, then an 

extension to monotone limits of simple functions shows that 

J X (to  (s), w) P(dw) = JX(v,w)I(N(v,$) = oc1n(v, w) 

(-03,$)x c - - 	- 	(3.12) 

We also recall, from the assumption (3.10) and the remark 

following it, that ū[X(u, •) u] (w) is les - measurable on 

(_.,$) x S2 where Ys is the cs-algebra 

{KE10s  © ° s : Kuciu, d u < s} 

A 

If we define a t o(s) = Ts-1  n then 
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to(s) ix (to (s) , •) 1° ~to(s) ] (w) will be an ° to (s). measurable 

random variable. Note that since Ts is .measurable from (c/) 

into ((-o, s) x Q, r,,js ®ls) , We must have Ytb ()C d s. 

The inclusion is strict, since to (s) is s but not Vito (s) - 
measurable, and so we can interpret+to(s) as the a- algebra of 

events of the point process prior to to(s), the point before s. 

We proceed by investigating the relationship between TE .ls) 

and Et (s) (*1 	 'to(s) J . 

Suppose Ts 1 (K) c t 0(s) and ]E 1 YI 

Then f Et 0(s) IY 1 lt (s)] (w) P(dw) 

TS 1(K) 

= f f 	IY 1 d _ vJ (w) I{N(v,$) = O} dn(v,w), - - 
(--,$)K , 

3.13) 

by (3.12) . On the other hand, 

f Y(w) 	P(dw) 

Ts-1(K) 

J f Y(w) I{N(v,$) = O} dn(v,w) 

Kv 

= r f 	E IYI{N(v,$) = O} I°` v] (w1 doLv,w)- 

(-~, s) K v 

which is not equal to (3.13). The usual defining relationship 

of a conditional expectation does not, therefore, hold and we 
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must prove certain properties we would normally take for granted. 

Lemma 3.3 If FE I Y I < co, then for each s 

Eto (s) [Y I (to (s), s) = O} I~ to (s) ] (w) 

= EIYI?s]Pt (s) [N(to(s),$) = OI J"t (s)] (w), a.s. 
O 	O 

Proof 	Let Ac Is. Then frcn Lana 2.2. for V u < s, there 

is a set A(u) e` 	s.t. A,.{to (s) = u} = A(u),, {to(s) = u}. Now, 

frail (3.12), 

f 
Eto 
(s) [ YI{N (to (s) , s) _ O} ,J+to(s) 	(w) P (d(13) 

A 

= J 	u[YI{N(u,$) = O}ru] (w) I{N(u,$) = 0}Pu(dw)u (du),- 	- - (3.14) 

(-o, s) A (u) 

where we have used the properties that Pu has support 

{NW} = 1) by Lermia. 3.1(b) , and that to (s) = u <=>N (u, s) = 0 and 

N{u} = 1. 

Since A(u) e "1+u, (3.14) equals 

I I Y(w)I{N(u,$) .0}Pu1N(u,$) = OIJ'ūl (w)Pu(dw) u(du) 
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_ f Y Cw) Pt (s) 	 o .IN (t (s) , s.) = 01/t  s:) ] (w) P Cdw) - - - -"(3.t5) 
A 	o 	0 

= f EIYI si (w) Pt (s) jN(to (s),s 
o A 

since A e s and.37t (s) C 
o  

= °1/to 
(s) 7 (OP (dw) , 

Corollary 3.4 	If .Y is a positive, integrable r.v., then for each 

S e 

to (s) IYI{N(t(s),$) = o} 1/t 	(w)< °° , a.s. 

Proof By (3.15) , 

SI 
	to(s) {Y 	{N(o(a),$)0}11to(s)] (w) P(dw) 

f Y (w) P (dw) 

< o , hence the result. 

Latina 3.5 For each s e 2, 

Pto (s) IN (to (s) ,t1 (s)) = o~ o (s)1 (w) > 0, a.s. 

Proof Let E = {(u,ù) :u cs, P [N (u,tl (s)= rjt ] (w) = 0} 

which is ~~s - measurable. By (3.12), 
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PITs-1(E)- j= J f I
{N (u, s_ = 0 (--c°, sl ū 

Pu (dw ). Ji (du). 

Since N (u, s) = 0 <_> N (u, t1 (s)) = 0, by the definition of 

t1 (s), the right side equals 

I I I{N(u,tl (s)) = O} ū(dw)p (du) 

(e,$) u 

f f ū[N(u,t1 (s)) = 	ū] Pu (dw) p (du) 

= 0, by the definition of Eu. 

Provided w Ts
-1 (E) , 

Pt (s) .[N(to(s) ,tl(s)) = O ~ t (s)1 (w) > O. 
0 	 0 

Finally, note that t0(s) is left-continuous in s. Indeed, for 

given w, the realisation of the point process tr(w) has no cluster 

points, so that there is sane interval (s-d, s], ō > 0, in which 

to (s) is constant. Similarly, t1(s) is left-continuous and indeed 

constant on some interval to the left of s. We, therefore, can 

deduce 
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Lenna 3.6 For each s c IR and integrable, e-3014,- measurable 
function, X(u, wL, 

E 
t (s) I  X(to (s)) I 	rt (s1-3 0 	0 

is left-continuous in s. 

§4 The Conditional Intensity 

Consider an interval luv) in M. 	Let {on  Iu,v) } , n=1,2,---- 

be a sequence of dissections, where An has points 

u=co  <cl  <c2  <- - 	<ck+l=v , 

A
n+l is a refinement of An  and 

= sup (cr+1 - cr)  } 0, as n  

O;r.k n 

If we need to indicate the dependence of cr  on n, we Vite cr. 

We can define three random interval functions on { do}, 
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Zr  (1)_ (col = PIN ICr' Cr+1) = 11 

Zr  (2)  (w) = PINIc, cel) a 1 I c  

Zr (3) (w) = E-[NICr,  cr+l)  1 c ] (w) r 

and, corresponding to them, three dissection sums, 

Sn(i) 	(.[u,v);w) = 	n 	Zr(i)  (w), i = 1, 2, 3. 
r=o 

Note that 

O 	Sn (1) S Sn  (2) 
; 	Sn (3  . 

We will prove that, as n co, all three dissection sums for 

the same limit in both the a.s. and mean senses. This result 

can be considered as a conditional version of Korolyuk's 

Theorem which,--in the above notation, states that 

k 

u[u,v) = lim X 	PINjcr, cr+  >, 1 3 
n- 	r=1 

An exhaustive discussion of this and related equalities is given 

by Daley (1974). 
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In proving the a.s. limit theorem, it is important to slow 

that neither the limit nor the P-null set of exceptional realizations 

depends on the choice of dissection points. 	This, in part, 

motivates the careful treatment of null sets in Lemmas 4.1 - 4.4. 

It should be noted that, in the proof of the a.s. limit theorem, 

Theorem 1 of Papangelou (1972a) we find the assertion that, for 

each realization w, the interval [u,v) can be chosen, without 

loss of generality, so that a point occurs at u and none in (u,v ). 

This is only true if a dissection point is placed at each point 

of the realization. In itself, this is a perfectly legitimate 

manoeuvre ; if this limit exists, it is the unique limit. However, 

in proving the theorem, Papangelou implicitly discards a large 

collection of null w-sets which arise in the applications of his 

Lemma 7 (equivalent to my Lemmas 3.3 and 3.5) These are indexed 

by the countable collection, ~c r}, for any choice of dissections. 

There is an apparent circularity in this argument; null w-sets 

are discardedwhich depend on the choice of dissection, which depends 

on the realization, w. The proof below avoids this circularity 

at the expense of beim rather longer. The arguments of 

Papangelou (1974b) are much more careful but unfortunately 

inapplicable here. 

Lemma 4.1 	Suppose, for each t e IR , we have a family of 

intervals, [x,y) t i.e. t o Ix,y) and x 1- t, y 4- t. 	Then, 

except for a P-null set of realizations, 
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P-INix,y) = 11,x] (w) 	PIN I t} = 11 	CO, 

for each t. 

Proof By Lonna 2.5 

PINIx,Y) = 11 x) 	PIN[t,y) = 11 't],  as x fit. 

For any rational sequence y
n  4,t, 

PINIt,yn)=1 I t] -} PINIt)=1'tJ, a.s., 

by monotone convergence, Neveu (1965, P.122). Since our 

choice of conditional expectations makes PINIt,y)=1 t] separable, 

this convergence holds except for a single P null set and the 

lemma is proved. 

Lemma 4.2' For P-almost all w and all real intervals, (s,t), 

the event WE{N(s,t) = O} implies that PINIx,z) = ii 	) (w) is a 

subadditive interval function on the half-open intervals in (s, t). 

Proof Let Ix, z) be an arbitrary interval in (s,t), and 

Y c _Ix,z), a point of subdivision. It is sufficient to show that, 

,for -aliost all w E. f,N (s, t) ' = 0} , 

PIN[x,z) = 111x] 
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PINIx,y) = 11 e
l 
x] 
	

+ . PINIy, z). = 1 

Īrom Lemmas 3.3 and 3.5, the left side is aps equal to 

Pto(x)_ Nix, z
) = 1 and N (t (x ) , x) = 0 1 ] 0 	 to . . 

Pt0 (x) N (to (x) , x) = O I !fill 0 (x) 

while the first term on the right is a.s. 

P
t (x) 
[N[x,y)   = 1 and N(t(x),x) = O~  `t(x) 
 o 

(Xi[N (to (x) , x) = O 1 e7` t (x) J 0 	 0 

Now, for..,.w c {N_[x,z) = O}, to(y,w) = to(x,w) so that 

the second term on the right of (4.1) is a.s. 

Pto 
(x) 

I 
N Ilr, z) = 1 and N (to 00,y)    = O l d t o (x)] 

Pto(x)EN(to(x),Y) = O I d'to(x)] 
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Since 

Pto (x)[N (_to (x) , y). = o I 'VT to (x)~ Pto (X N (to  (x) ,x = o I to (x)] 

and since the event {N(to(x),x) = 0 and N.Ix,z.) = 1) implies 

that either {N(to(x),y) = 0 and Nly,z) = 1} or {N(to(x),x) = 0 and 

Nlx,y) = 11, the inequality (4.1) now follows. 

The exceptional null sets in the applications of Lemmas 3.3 

and 3.5 are indexed by x,y,z, an uncountable collection. However, 

the half-open intervals are countably generated by the rational 

intervals. Now, we can exclude a single null w-set, outside 

which (4.1) holds for all rational intervals. Using the 

continuity properties of Lemma 2.5, for any x, y and z we may 

choose rational sequences, n~• x j zn + z and yn fi y s.t. 

P[Nlx,z) = lI "x] = um 	P[N[xn,zn) = lI V x ] 
n- 	 n 

with a similar approximation for the right side of (4.1) . 

The inequality (4.1) holds term-by-term for non-exceptional w, 

and so also in the limit, i.e. (4.1) holds for all x,y z except 

for a single P-null set, as required. 
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• Temra:4.3 	For P-almost all w, and all real intervals [x,y 

ELN_IX Y) I{NIX, Y)- 	2 

Eto(x)LNIx,Y) i{N[x,Y)3 2}I{N(to (x),x) = O}I lto(x) 

P.to(x)r N( o (x),tl (x)) = O 	` ō (x)
-] 

(4.2) 

Proof From Lemmas 3.3 and 3.5 the left side is a.s. equal to 

to(x) Ī~N[x.Y)I{N[x,Y) > 2}I{N (to(x),x) - 0)1t t (x) ] L 

•Pt (x) [N (to (x) , x) = O l J't (x) l o 	 o 
• 

'then (4.2) follows as Pto (x) C N (to (x) , x) = 0 	to (x)1 

P
to 

(x)ĪN(to (x),tl (x)) Ī 	t
o 
(x)', a.s. 	Since the half-open 

intervals are countably generated by the rational intervals, 

we xray use the continuity properties of Lemmas 2.5 and 3.6 to 

approximate each side of (4.2) by a suitable sequence. Then 

(4.2) can be seen to hold simultaneously for all [x, y) except for 

a countable number of null sets indexed by the rational end-points. 

Hence (4.2) is valid for all [x,y) except for a single P-null set, 
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as required. 

r L=e 4.4.  For P-almost all w and all bounded real intervals, 

to(x) Nlx'Y)I jN(to(x),x) = O}I1to(x)](w) < 

Proof 	Since EN[x,y) < co, we can apply Corollary 3.4. We 

need only consider the countable collection of null sets, indexed 

by the rationals, due to the following argument. 

Fix w and let to(x,w) =  • 
. Now choose a rational 

interval Ixl,y1) s.t.̀ x1  e (z)x) and yl  > y. Then to(xl,w) = z 

also, and 

. Ez[NIx,Y) I(N(z,x) = O} J d` ,(w)  

NIx1,Y1) 1 	= O} I  x 	(w)  - 

This is finite by Corollary 3.4 except for a P-null set 

indexed by Ix1,y1). The lemma follows, as required, except 

for a single P-null set. 

It us denote the exceptional null sets in Lemmas 4.1 - 4.4 by 

1, - - - -, 4,.respectively. Now, since p (Q) =TN (Q) <c* , 
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for all bounded Q s3, N(Q) is a.s. finite. Moreoever, since 

any such Q can be put into a rational interval, there is a single 

null set E5, say, s. t, for w 	E5, N (Q, w) < co, for all 

bounded Q 	. 

Theorem 4.5 	Suppose our point process is without multiple 

points and has a c-finite first moment measure, ū. Then, for 

P-almost all w, and for all bounded real intervals [u,v), the 

dissection sums, Sn  (1)  ([u,v) ; w) , i = 	converge to the 

same finite limit, as n ... This limit and the exceptional 

P-null set are independent of the choice of dissection sequences, 

{An}. 

Proof 	If we exclude w in the null sets Ei, i = 	•1, ••-• - - 5, then 

N[u,v) < 	for all intervals [u,v) and Leers 4.1 - 4.4 are 

valid. 

Since the points of the process are distinct, we can, 

for a fixed non-exceptional w, choose n sufficiently large that 

each interval .[cr,cr+1) contains at most one point. S(1)  can 

then be decomposed into two sums over subintervals covering, 

respectively, one and no points. In fact, for each dissection 

An, we let  

£ n (t) = G 	Zr (1)- I 	(t)_ 

	

[ c c 	) r r+l 

k n 
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gn(s .,t) 	= / 	Zr(1)  
r e$s, 

where est Icr' cr+l) C (sit)} } . Then 

S (1)
111,1 = f f (t)dN(t)+f fg (s,t)I 	(s,t) . dN(s)dN(t)- - - (4.3) n 	Iu,v) n 	J  n 	{N(s,t) O} 

where 

J = { (s, t) : s<min (t,v) , t > u} 

Now, both terms on the right of (4.3) are finite sums so that 

we need only show that fn(t) and gn(s,t)I 	s ) 01  converge 

for non-exceptional w. By Lemma 4.1, 

Y7(t) 	p[N{t} 	= 1 I °lt] r n 

while gn(s,t)I{N (s t) = O} is increasing, both due to its 

subadditivity, shown in Lemma 4.2, and due to the absorption of new 

intervals, Icr, r+l), approaching s and t as the dissections become 

finer. 	Bene n (1)  Iu,v) is a.s. convergent. 
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Next, we let r (4) =It N (cr, c~ }1) .].Nier, z 	2 #1) >  

Note that 

k 
S (3) - s (1) _ n z 	(41 
n n rg) r. 

Defining 

h (s, t) _ 	X 	Z 	(4) n 	
crc (s, t) 	r 

(4.5) 

we have 

n 	n 	JJ n(s,t)I~N (s,t) ~} dN(s)dN(t) 
J 

where J is defined at (4.4) . This is a finite sum so, again, 

it is sufficient to consider the convergence of h7 (s,t) for 

realizations in which tb (Cr) = s and t1(r) = t, for all 

cr (si t]. By Lemma 4.3, we then have 

hn (s, t) N[C c e(s,tl 
r 

, r~1)I 
{Mc ,c ) 

I 	I s 
>,2} 

{N(s,c. 
)~} r 

PsJN (s, t) = 0 I Vs ] 

-(4.6) 

Consider the sum in the numerator of (4.6). Note that 
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IJNIc ,c 	) > 2} } 0, as n -r co., Now for a fixed 
r r+1-  

realization, at most one term of this sum can he nonzero for 

each n, and that term will be decreasing to zero, as n 

To show that (4.5) tends to zero, it is therefore enough to check 

that the numerator of (4.6) is finite for each n. Let 

b =min ern : crn > s }. 

Then the sum in (4.6) is dominated by 

N1bn,V) I ms, b11) = O} 

Since to (b , w) = s, 

INlbn v) I ~() s 	 {N(s,b) = O} 	s 

from Lena 4.4. Thus Sn (3) - Sn (1) . O, so that Sn (3) and, 

a fortiori, Sn(2) converge to the same a.s. limit as Sn
(1). 

- CO • 

Finally, E Sn (3) lu, v) = E Nju, v) ulu, v) < By 

Fatou's La, 

E lien Sn(3)I u, v) 	.1-1Iu,v) .< CO (4.7) 

n .~o 
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implying that him 51(1) 1u, v) is a. s.. finite for i =. 1, 2; 3; This 
n -}~ 

remains true for P-almost all-w, simultaneously for all bounded 

intervals, since we can insert any such interval into a rational 

one. 

We will denote a.s. lim S' ) ([u,v) ; w) for i = 1,2;3 by 
,, 	n 
A(.(u,v); (0). As Papangelou has noted, A is the Burkill integral 

of z (1) . Now, considering E. [N[ u,v) t ] as a function of u, 
we see from Lemma 2.5 that it tends to zero as u + V. By a well-

known result on integrals of set functions, see for example 

Riesz and Sz. Nagy (1955, p.22), 

him A Iu,v) = lim EIN[u,v) 
u f v 	u t v 

=0---- 	(4.8) 

For any fixed non-exceptional w, AC.. iw) is clearly a 

finitely additive interval function defined on the semi 

ring of half-open intervals, { [u,v) } . Now suppose we have a 

sequence, vj, s.t. Iu,v) =t) Iu,v.). Since 
j 

A Iu, V) = A 111.11)- A -P.M 

we see, from (4.8), that Alu, v.) -4- A Iu, v) , as j 
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so that f is a-additive. By.•(4 .7), it is also a- finite, 

so it possesses a unique extension to a a--finite measure ōn (X431. 

On the exceptional null set, we xray set !1 	dual tō zero. Then 

A CQ, w) is a a- finite random measure en 

Section 3. 

(E,), as defined in 

Next, for Q en, A e J' , let 

n(QxA) = f A  (Q;w) P(dw) 
A 

Now n is a-finite since, by (4.7) , 

;1(0.)<A) 	B  (Q) 	u (Q) < 

Using the extension argument outlined in Section 3, n has a 
unique extension to a a-finite measure on Z304. Moreover, 

for any integrable, 	valued, 	0' measurable function, 

f (s, w) , we have 

f f do = ff f (s, w) d A (s, ) P (dw) 	- (4.9) 

In the reminder of this section, we point out the connection 

between this construction of the conditional intensity and two 

alternatives mentioned in Section 1. The left and right 

derivatives of the set function A (.,w), if they exist at s, 

may be denoted by X (s-, w) , X (s+, w) and, if they are equal, 
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X (s, w) . Since A is the integral of each of the set functions 

z (1) defined earlier, and since a . set function and . its integral 

possess the same derived numbers, Riesz and Sz. Nagy (1955, P.23), 

we have relationships like 

X'(s+,w) = lim 	.P{N _[s,s4-h)-: 1's] (w). , 
h 0 

whenever either side exists. This is essentially the definition 

(1.4) given by Cox and Lewis (1972).. Under the hypotheses of 

Theorem 4.5, we have the following rather weak result. We 

denote the derivative of Z(i) at s by D Z(i) (s; w) . Thus 

DZ(2) (s;w) = lim 	P IN[u,v) 	11 la  u](w)~ 
u+s, v bs 	v-u 

Corollary 4.6 For almost every s, the derivative 

D Z (1) (s; w) exists and almost surely equals A (sm) for 

i =1,2,3. 

Proof For fixed w, X (s, w) exists for almost all s since 

A is additive and therefore monotone. For such s, by our 

earlier argument, we have 

h 

):(s,w) = D Z(1) (s,w)t 
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Now, define A to be the Complement of the set 
• 

{ (s, w) c R x 2 : DZ (l~ (s, w). exists..and equals_ A {s-, w)_ ). 

This is a 	- measurable set by Corollary 2.7. We have 

shown that Aw has Lebesgue measure zero. By Fubini's Theorem 

ff IA (w)- P(dw) ds = f f IAw(s) ds P(dw) 

RS2 	S2 

=0 

Thus, for almost all s, As is P-null as required. 

The second alternative definition is that of Rudemo 

(1973),cf.(1.5), which expresses A in terms of Fs (x), the 

conditional distribution of the interval, Xs, which follows a 

point at s, given the past, 1 s 

Let Fs (x) = PS [N (s, s-FX7 	1If
s] (w) 

1-psIN(s,s+x) = 0 ~+s (w) 

= Ps IXs 	xl ° S] (w) . - - - - 	(4.10) 

F
s 
(x) is left continuous in x whereas a distribution function 

is usually right continuous. On the other hand, the definition 

(4.10), using the survivor function, or tail, of Xs, is quite 

ca n. in'some • applications of point- processes. 
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Corollary 4.7 Under the hypotheses of 

Theorem 4.5, for Q e X63 

dF 	(y .t (Y) 
).. 

A (Q). = 	to  (Y) 	o 

  

 

1-F
t(y) (y-to(Y) ) 
0  

  

Proof 	It is most convenient to work with Z(2)  as, if 

 

to  (cr) = s, 

   

P [N Ic ,c 	) , N (s, c . ). =. 0 I . 	7... 

Z (2) 	
s 	rr4-1 	r..........s 

r - 

 

sIN(s, r) = 01 S] 

Fs (cri-1-s) -- Fs  (cr-s ) 

1 - .Fs  (c-s) 

 

(4.11) 

by Lemmas 3.3 and 3.5. 

We can divide up Sn  (2)  _[u,v) into a finite sun as in the proof 

of Theorem 4.5. Let 

kn (s,tl = 2, Zr(2)  
rE (s,t] 

then 
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;(2) [u,v) = 1 kn(s,t) 1{N(s,t)= 0}dN(s)dN(t) 
J 

where J is defined at (4.4). It is enough to consider the convergence 

of kn (s, t) for realizations in which to (cr) = s and t1(r) = t, for all 

cr e (s, t]. Without loss of generality, we may consider an interval 

[u, v), containing one point at t, and a dissection such that 

s < u = c <c < c .. < c. 	t < c . 	, v, where c. + 1 4- t, as n - co. o 1 	2 	.7n 	~+l  
Then, by (4.11), 

kn (s, t) = Jns  (x) 

[u-s,t-s) 

f 	dFs (x) 

+ 	1 	1-Fs (cj -s) 
n (t-s,cj +1-s) 

n 

	 (4.12) 

where 	f (x) 	- 	1 	, for s+x e [c , c ) , 
n 	1-Fs 	s) 	r r+1 

r = 0,...,jri 1, 

1-F1 (t-s) ' 	
for s+x e [ c . , t) . 

g 	n 

Since f n
(x) 

converges to 

1  
1-Fs (x) 

for x+s c [u,t], the first term in (4.12) 

! 
[u-s,t 

dFs (x) - 

[u, t] 

dF
t (Y) (Y-to(Y) ) 

1-Fs (x) 

-s] 
1-Ft (y) (y-to (y) 

o 
) 
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The second term tends to zero as c. +1+ t. The resat. for a 
n. 

general Borel set Q now follows since n is a measure. 

Corollary 4.8 	If Ft  is a continuous distribution function for 

all t and {ti},  i 62Z denote the ordered points of a realization 

of the process, then 

A (ti,yj = - logll_Ft. (y-t1) ] for ye (t.,  ti+11- - - - (4.13) 

Proof This is immediate by change of variable in the integral. 

A 
In the special case of a renewal process, A is just the integral 

of the hazard function, Z (t) ,' and (4.13) expresses the well-known 

fact, Cox and Lewis (1966, p 141) that 

Z(t) = - dtl  log (1-F (t)1 } 

f t 
1-F (t) 

where F and f are, respectively, the distribution and density 

function of the intervals between events. 
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The Conditional Form of 6: .bellks Theorem 

In this section, we prove that it can also be considered as 

an L', Or mean, limit and deduce some important consequences. In 

particular, we can prove an analogue of Campbell's Theorem 

i.e. (2.2) of Chapter I. 

Loma 5.1 The sequences of dissection sums, Sn(l){u,v) are 

uniformly integrable as n 4- 0. , for i = 1, 2, 3. 

k 
(1) _ In 	

(1) Proof 	Sn 	
r=0 Zr 	I {Ni r' r+1) = 0 ) 

kn 
+X 
r=C) 

Z (1) I r 	.(Nfc ,c 	) > 1} r r+1 

The first sum is increasing to a limit smaller than A ju,v ) 

by Lemma 4.2 and the proof of Theorem 4.5. The second is 

dominated by N[u,v). Since both these have finite expectations, 

Sn (1) is unifoLinl.y integrable. 

Now, 

kn 	k n 
Ely 	(4)~ =E[Y Nie ,c 	)I  
r= r 	

r=0
r r+l {NICr,cr+1) 2} 
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which tends to zero by dominated convergence and sods trivially 

uniformly integrable. It follows. rom C4, 5) that Sn (31 and, ā 
fortiori, Sn  (2)  are Uniformly integrable. 

n - 
An i'di.ate consequence is that A exists in the ian sense 

also i.e. 

E Isn
(i) [u,v) - Alu,v) I  -} 0, n 

We require a stronger result which allows us to manipulate integrals 

wrt. A . 

Unna 5.2  Suppose that for P-almost all w and for every s e R 

and Q 61.6 [s, co) , we have 

EIN (Q) 14-s] 	= EIN(Q)1 Vs]  - - - - 	(5.1) 

Then, for any A Eli-  and real interval, 

nC[u,v) xA) = f A.  ([u,v);w)P(dw) = f P[AI s] (w) dn(s,w). 

A 
I u,v) x S2 

Proof By the previous lemma, 
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kn A - 

f 1, _[u,v)dP = lim 	f EIN [c,c. r r 
A 	 n-} co r^O A 

) 
r 

(5.2) 

Under condition C5.1), each integral on the right of (5.2) is 

f 
IAL [Nir,  cr-.1) 1 14 c  J dP 

52  

f P [A  l 	c ] N[cr' rr+1) dP 
5 	 r  

so that (5.2) equals 

lim f f 
n 	S2 _[u,17) 

gn (s) d N(s) dP (5.3) 

where 

gn (s) = PrAI 	c ] , if s e[c ,cr}1). 
r 

Now, as c 	4' s, we have that a.s. 

pipit j$ c  n -* PIA 14-5]  

by Lama 2.5. Since E 	, the dominated convergence 

theorem shows that (5.3) duals 
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ff 	PIA ' s ] (w) . dN(s.,w) P(dw). 

Theorem 5.3 Suppose that f (s,w) is an integrable, C - valued, 

63 e  , - - measurable function and condition (5.1) holds. Then 

(a) E. f  f (s) d(s) = E f  Elf (s) i s]dA (s) . 

(b) B f  f (s)dN(s) 	= E f Js [f (s) I 	s]dA (s) 

Proof a) Consider-the semi-ring of rectangles {QCA}, 

for Q e 	and A e 4- . By Le1m►a 5.2, we have 

A 
n-(S'ZA) = ff • E I Iiacps.  I j.  s] dN (s) P (dw) 

S1 IR 

The usual extension argument using monotone limits of simple 

functions yields 

ff f(s,w) dA (s,w) P(dw) 
S I 

f Elf (s) J 	s ] 

52 E. 
) dN (s,w) P (dw). - - - -- (5,4). 
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In particular, 

	

I1 	F[f (s).1 ?- SJ (w) 	P (dw) 
S2 E 

	

= ff 	E[f (s) 1V; s) (w) d N (s, w) P (dw). - - -- - 	 (5.5) 

Part (a) follows by combining  (5.4) and 5.5) . 

(b) From (3.11) , we know that 

ff f(s,w) dN(s,w) .P(dw) 

= 	ff Es[f(s) I2- s!(w)d N(s,w) P(dw) 

Since E sIf (s)114.s] (w) is an integrable function, /3 «j- — 

measurable and, indeed 01-S  measurable for fixed s , part (b) 

follows by applying  •(5.4). 

Dcarnple 5.1  We can take 

f (s,w) = H(t, s'w)Ilo.t](s) 
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in part (b) of the theorem to deduce .that fora shot.  noise ,process 

.t 
E Y(t) = E f E JH(t,$) I N-s] dA(s) 

t 
if E f El IH (t, s) ( IV-SI 	dA (s). 	< 	This is the conditional 

analogue of Campbell's Theorem referred to above. It is the 

continuous time analogue of (1.1). The analogue of (1.2) follows 

from Theorem 5.3(b). 

Next, note that condition (5.1) of Lemma 5.2 excludes 

"feedback" from the model, in that we cannot have a situation 

where, for example, a high value of Y(t) has either an 

inhibiting or exciting effect on the primary point process. 

However, an examination of the proof of the lemma shows that 

(5.2) equals (5.3) under the weaker condition that 

kn 
. 

f y {E INic r,cr+1)I r1 - E[N[cr,cr+1)I3-cr]}dP 
A 

(5.6) 

for all A e,-
u
, as n co. 

More generally, we could define 
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AHlu,v) = a.s. 

k n 
lirn 	EINic , c 	) I3+ r r+1 cr 

provided this limit exists. Assuming a]so that the sequence 

of dissection sums is uniformly integrable, we can follow the 

reasoning leading to Theorem 5.3 to deduce that 

f f (s)dN(s) 	= Ef Es [f (s) j] dA (s) . 

E 

A 

Now (5.6) implies that A = AH and so is a condition of local 

independence of the point process from past H-process events. 

One situation when (5.6) holds is as follows: 

Corollary 5.4 	Suppose that u has no atoms and that for 

P-almost all w and for each interval [u,v), there is a constant 

M s.t. for all x e [u,v) 

E [Nlx,x-E h) I i.x] 	1 M E[Nlx;x+h)J1,x] 	- _ - 	(5.8) 

for h sufficiently small. Then (5.6) holds and Theorem 5.3 

resins valid. 

Proof f ses[N [ cr, cr 1 1 V c ] dl' 	f Nl cr, cr+1) dP r 	0 

-~u r) 	O, as n _, co. 
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By •(5,8), FINIcr' x,+3,_)[MICr,c 	1 r}~) I r   

--0 , a.s.- as n 

Now, for sufficiently large n, 

k n 

r~ {EIN[cr,crl) 11cr 
a - E_[N[cr,cr+l) 	

r 
1} Ī - - - 	(5.9) 

k n 
(M+1) E 	E IN [cr, cr+1) l c ] , r =0 	 r 

which converges a.s. Thus (5.9)tends a.s. to zero by 

dominated convergence. Furthermore, (5.9)is uniformly 

integrable, so (5.6) is valid, as required. 

Theorem 5.3 allows us to clarify the relationships 

between the integral definition of A and two, further 

definitions outlined in Section 1. First, suppose D a , 

the a- algebra of sets adapted to. {-} . Then 

f dA (s,w) P(dw) =J dN(s,w) P (dw) . 

D 	 D 

This can be considered as an integral equation for A; 
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the existence of a solution. follows from the Radon-Nikodym 

theorem , Allowing for changes due to the absence of time ordering, 

this is a close relative of the equation investigated by Kallenberg 

(1978, 3.1) in solving the existence problem on a general time 

set. 

Secondly, suppose Y(s) is a positive, bounded,.right-

continuous martingale adapted to the right-continuous family 

of o-algebras, s+1.  Let 
Ns  11-

s+. Then 

_ V A 
N s- 	u<s v>u = J'fs- , as can easily be seen 

by comparing generating sets of each .side. Furthermore, by 

left continuity3t 
s;  

(1953, p.355). 

= - s ••  Now, from Theorem 4.3 of Doob 

lim 	EIY (s) I u] 	= E [Y (s) I £ s-] 
u+ s 

= 	EIY (s) 1 34- 

Since, by the martingale property, E [Y (s) I 	 ] = Y (u) , 

we have shown that 

E [Y (s) I IL 	 ] 	= 	limn 	Y (u) 	= Y (s-). 
u  
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Applying Theorem 5.3 (a) we have, for each t, 

t•  
f Y(s)dA(s) 	_ 	.E{ Y(s-)dA(s). 

Conparing this with VII-.D.18 of Neyer (1966), we have 

shown that A is "naturalTM, so that A10, t1 is 'a natural, 

increasing process in t. Now the Doob-Meyer decomposition, 

Meyer (1966, VII T3) yields a unique such process for given 

a-algebras, A+1. Thus A[0,t] must be the "compensator" 

of Brown (1978) and the "integrated rate" of Segall and 

Kailath, (1975a). 

Moreoever, a comparison of our results with these 

approaches and with Kallenberg's, shows room for improvement 

on two fronts. It should be possible to weaken the condition that 

u is a-finite by considering the interval function, 

pINIu, v) = 11 ', only. Also,  it should be possible to show 

the existence of conditional intensities with respect to any 

suitable family, { 
s
1.  In particular AH  , which was defined 

at (5.71 should exist under very general conditions. I have only 

discussed the very special case where AH  = A. 
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QJAPTER III 

A Central Limit Theorem for the  

Generalised Shot-Noise Process  

§1. Introduction 

The aim of this chapter is to prove a very general limit theorem, 

discarding most of the independence restrictions of Chapter I. The 

point process is allowed to be non-Poisson, while H(t,$) can depend 

both on point process and H-process events. We must, however, retain 

some of the structure. The model is still additive and Ti is still to 

be interpreted as the starting point of HC ,t1). Conditionally on 

their pasts, the different H(•,T1) evolve independently, while 

dependence of the point process on past H-process events, is restricted 

to allow the exploitation of.  Corollary II.5.4 and its consequences. 

These conditions are detailed in §2, along with others of a technical, 

rather than structural, nature. 

We outline three possible approaches to the problem. Firstly, we 

could adopt the method used by Daley (1972) for the special case of 

stationary cluster point processes. We would then suppose that each 

H(t,T3.) has a limit H(0. T.), and that these are identically and 

independently distributed with mean E m  < 00. Recall that p  [0 , t] = F;N (t) , 
t 

so that by 11.3. 8, EY(t) = f Es  [H (t, s) ] p  (ds) . We can write 

Y(t) - F;Y (t) = 
J 

[1-1(00,$) - FiEIm] dN (s ) 

0 

.+ [N(t) - p [0,t]]lHco  

+ L (t) 	 (1.1) 
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where  
t 	jt 

A(t) = f[H(ts)  - H(o,$) ]dN(s) - 1 [EsH(t,$) - E i ]p(ds) . 
0 	 0 

Since the first term is a random sum of i.i.d. random variables, we can 

use well-k cwn theorems, see, for instant; Wittenberg (1964) , to 

conditions for its convergence, suitably normed, to the normal 

chi stribution, or to stable laws with index 0 < a < 2. Of course, if 

the mean is infinite, then another centering will be necessary. 

The second term in (1.1), after suitable norming may also have a 

limiting distribution, while under sufficiently stringent conditions 

the rema9nc9Pr, At, will tend in probability to zero. 

The limit distribution for . Z (t) will depend on which of the first 

two terms becomes dominant as t 4  co, with the possibility of a mixture 

of the two limit distributions occurring when neither dominates. Note 

that Wittenberg's results would allow us to treat even the cluster 

process case in greater generality than Daley, since N(t) need not be 

independent of the H(o,Tj)'s. 

Nonetheless, there are several grounds for dissatisfaction. The 

conditions derived compare unfavourably with the compactness of those 

in Chapter I. while it is possible to generalise them to cover 

H(s) saHH  or H(co,Ti) non-identically distributed, the results become 

increasingly clumsy. Finally, expression (1) suggests that EHmp[O,t] 

should be the natural centering term; for then the second term in A(t) 

would be unnecessary. Yet we know from Chapter I, that centering by 

FY(t) gives the simpler conditions. 

A second line of-attack- would be.to attempt to find an expression 

for the characteristic function of Z(t) in the spirit of (I.3.2). 

give 
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Suppose that, conditionally on 11,[0,t], the H (t, Ti) , Tj c [0,t] are 

independent. Then 

iOY(i) = E.lt)iC[e01tT)i(,
j 7 1̂   

= E exp J tlog E [ei0t, s) 

0 

 

J[0,t]] dN(s) 	... 	(1.2) 

This leads to an expression in terms of what Westcott (1972) has 

called the KI,M rrmasure, c . f . Matthes (1972) , Daley and Vere-Jones (1972). 

However, this does not appear to yield the neat and unified solution 

we seek. 

The approach which we do adopt belaa, is motivated by three 

considerations. Firstly, the basic idea of the central limit theorem 

of Chapter I, is to summarise the observed process, Y (t) , in term of 

two "smooth" functions, pt  and at, and an additional "noise" component, 

usiia 11 y a N(0,1)  limiting random variable. In the most common case, 

where we take pt  = EY(t), this noise component arises as a form of 

Cesaro limit of the increments 

H(t,$)dN(s) - EH(t,$)a(s)ds, 

each of which has expectation zero. A natural generalisation in the 

dependent case, is to consider the increnents 

H(t,$)dN(s) - 1£s  [H(t,$) f -5] a(s)ds, 

which have conditional mean zero. We might. reasonably expect that the 

limit in distribution of 

r  
Z (t)  = 	[ t Y  (t) - 1£

s  [H (t,$) Ii s] a (s) dsI  

0 
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would yield, for suitable at,  a non-degenerate variable,-say N(0,1). Of 

course, a crucial property of pt  and at  is that, given some model, we 

should be able to calculate them and then examine the distribution of 

Y(t) - pt  the deviations, 	. Now, it may be that in simple cases 

jtEs  [H (t,$) 1 -] ā (s) ds can be calculated from observable random variables 0 
occurring prior to s. In this case, it will make a suitable centering 

function. Otherwise, we would hope to approximate it by a more practical 

centering, perhaps even EY(t). We would, then, also be interested in the 

limiting behaviour of 

t 

t [ f ts [H (t,$)  , -S] 5  (s) 
ds 
 - EY (t)  J 

0 

(1.4) 

for suitable norming functions Ct. The ultimate limit theorem might 

sometimes involve a  convolution of non-degenerate limiting distributions 

arising from (1.3) and (1.4). However, we will not investigate this 

possibility below. 

The second line of thought which inspired this approach stemmed 

from the observation that the results of Chapter I are similar in spirit 

to those for sums of independent, non-identically distributed random 

variables. It would, therefore, not be surprising if, in the dependent 

case, we paralleled known central limit theorems for discrete-titre 

martingale sequences. The methods used were, in fact, suggested by 

those of Brown and Eagleson (1971) 	for triangular arrays of martingale 

differences. Subsequent work by Eagleson (1975) and Rootzen (1977a,b) 

has indicated the further possibility of using a random norming function, 

at  (w) , but this will not be' attempted here. 
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Our final motivation is to try to emulate the successful use of 

Feller's canonical treasure in Chapter I. The crucial step is to 

develop a tractable analogue of expression (I.3.2) for the log 

characteristic function. The main result of Section 2 provides this by 

showing that a sufficient condition for convergence of the charact-Pr-

istic function of Z(t), is a.s convergence of Et(0;w) where 

m 	t 

j

(e10Y_1_iOT(Y)) 	2 ^log CCt(0;w) = 2 [dy;ts;w](sw) 
-c 	Y 	0 

with FH[x;t,s;w] = Ps{H(t,$) 4 XX }(w) and T(y) an appropriate 

centering function. 

Section 3 is then devoted to a theory of random canonical measures, 

which extends Feller's results to deal with convergence of Et. These 

results are used in Section 4 to derive sufficient conditions for the 

convergence in distribution of Z(t) to infinitely divisible laws and, 

in particular, to the normal distribution. 

§2. A Representation Formula for the Characteristic Function 

In this section we will derive a manageable formula for the 

characteristic function of 

Y (t; w) - pt  (w) 
Z (t; w)   , t ā 0 

at  

where pt(w) and at  are suitable random centering and non-random 

norming functions,.respēctively. We first list the conditions under 

which the formula will be derived. These are additional to the, possibly 

redundant, conditions II.2.12 and II.3.10 and to the definition of the 

underlying probability space (RAP), given in Chapter II. 
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Firstly, concerning the point process, we assume that:- 

it has no multiple occurrences and the 1st moment Treasure, u, is 

c-finite and non-atomic; 	... 	... 	... 	... 	(2.1) 

for each interval, [u,v), there is a constant M, such that, for 

each realization w, 

E[N[x,x+h) I x] (w) 	MF[N[x,x+h) II-x] (w) 
LL 	L 

for h sufficiently small, uniformly in x s [u,v). 

... 	(2.2) 

From (2.1) we can conclude that, almost surely, 11 exists and is 

finite. Furthermore, it is non-atomic, since e(Q) = p (Q) , Q E)3. 

Condition (2.2) is the "limited feedback" condition which ensures the 

validity of Corollary II.5.4 and, a fortiori, of Theorem II.5.3. The 

important case when a.s. 

E[N[x,x4h) I ' _ E[N[x,x-+h) 11-x] 

is clearly inclurled. 

Strictly speaking, for any specific model, condition (2.2) can be 

verified only up to a collection of P-null exceptional w-sets indexed. 

by the intervals [u,v) . However, the separability arguments familiar 

from Chapter II, shad that the union of these sets is P-null. We may, 

therefore, choose versions of our conditional expectations such that 

(2.2) is 

F
L
N[x,x 
'

trivially true 

-h) 04-x1 

on the exceptional 

(w) = ~[N[x,x+h)I 	 x] 

set. 

(w) = 

Fbr instance, 

for exceptional w, will do. 

Concerning the secondary processes, H, we assure that:- 
_ 

H(t,$) is right-continuous with left limits in t and s simultaneously 

and that 

H(t,$) -0 , vt < s ; 	... 	... 	(2.3) 
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for each s, conditionally on s, H(t,$) is independent of H(t,u) wrt the Palm 

distribution Ps, for every u < s and t s. 	... 	(2.4) 

Condition (2.4) ensures that, once started, each H-process evolves 

independently of its precursors. 

A similar comment applies to (2.4) as did to (2.2). Fbr each s, the 

condition may be verified up to a Ps-null set. We then choose versions 

for which (2.3) holds trivially. 

Thirdly, concerning the centering and norming functions, we assume 

that:- 

at 
is deterministic and right-continuous with left-limits; (2.5) 

u(w) - 

 

f
[TCH(ts)}fI(w)  a(s,w) 

0 

... 	(2.6) 

where T is a real-valued, right continuous function with left limits. 

The final condition, we introduce largely for its temporary 

convenience. It will be removed in Section 4 and so is not as 

restrictive as it may at first seem. We assume that:- 

for each 0, there exists a constant C e (0,03), not depending on t, 

such that 

t 
I Es [1 - cos{0a-1 H(t,$) } I s]dl1(s) 	C, a.s. 

0 

... 	(2.7) 

Notice that, since 1 - cos x 4 1/2x2, a special case of (2.7) is when 

1 `t 6 2 J 
E [H2 (t,$) ~ -s] dĀ(s) 	C, a.s. . 

t 0 

If, nary, 'we seek an expression for E [e
i_0Z (t) ] , a major difficulty 

is that eiOY(t) is not an additive function of the H (t,Ti) so that the 
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methods of Chapter II are not immediately available, as_they were in 

Example 12.5.1. This is exemplified by the invalidity of (1.2) in 

the absence of independence. However, we can adapt a standard trick, 

used in proving central limit theorems for discrete time martingale 

sequences, to introduce an additive structure into the problem, 

c.f. Brown and Eagleson (1971) . 

We define 

ge 
(x) = eiex - 1 - i8T (x) 

and 
rt 

Ct [8 w] = exp{ J Es [g86t1 {H (t, s) } ,s] (w) dĀ (s,w) } 	... 	(2.8) 
0 

Although ideally we would like to prove that 

EeiOZ (t) = EOt [e ] 

we have to be content with the weaker statement that for each 8 and t, 

Eyeiaz(t) 
1Ct[ct]

-1] = 1 

We will require a formula for integration by parts, when the 

measures concerned need not be absolutely continuous. The following 

Lemma is a straightforward extension of the result given by Meyer (1966), 

p.114. In both Lemmas 2.1 and 2.2 we consider a fixed realization w 

and a fixed time t. 

Lemma 2.1 Suppose e(s) and g(s) are Er-valued  functions, integrable 

with respect to N and A respectively. 

E(s) = Is e(u) dN(u) 

G(s) = J~ g(u) d/l(u) . 
t 	 t 

Then J E(s_)  g(s) dli(s) + f G(s) e(s) dN(s) = E(t) G(t) - E(0-) G(0-) . 
0 	 0 

Let 

and 
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Proof  Since e (s) g (u) is integrable with respect to dN (s) dĪ1(u) , we 

may apply Fubini's Theorem. 

t rt 	 rt 
Thus J 

J 
e(s) g(u)  dN(s) dA (u) = 	[E(t) - E (u-) J g(u) d11(u) 

0 u 	 0 
(2.9) 

while 
rt ju- 	 t t 
J I e(s) g(u) dN(s) a(u) = J J g(u) dA(u) e(s) dN(s) 

00 	 0s+ 

=
1t 	

... [G(t) - G(s) ] e(s) dN(s) 	 (2.10) 
0 

J

t t 
Ao 

	
f e(s) g(u) dN(s) dR(u) = [E(t) - E(0-)][G(t) - G(0-)] ... 	(2.11) 

0 0 

Since (2.9) plus (2.10) ecpiais  (2.11) the lemma follows easily. 

Ierrma 2.2  Let f(s) be CC-valued and integrable with respect to R. 

Then 
t 

Wt[8] = exp{i8Y(t) 	
J 
 f(s) dĀ(s) } - 1 

0 

Jte{ieY (s-) -
JS

f(u) dA(u) } • 
0 	 0 

X  [(eiBH(t,$) _ 1)dN(s) - f(s) dĀ(s)] ... (2.12) 

Proof  We adopt the convention that fs  is zero if s < 0. 
0 

jt 
Let E(t) = ei8Y (t) = exp{i8 J H(t,$) dN(s) } , t 0, 

0 

rt 
and G(t) = exp{-1 f (s) d11(s) } , t 0. For all t < 0, define E (t) = G(t) =1. 

0 
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isg then 

Thus 

Wt  [A] = E (t) G(t) - E (0-) G(0-) . 

To apply Lemma 2.1, we must find suitable "derivatives" for these 

funct ions . 
rs 	

iAH (t,$) %t  e(s) = exp{ie
J 
 H (t,u) dN(u) } [e 	- 1] , s a 0 

0 
0- - 

and, for s < 0, choose e(s) such that 
J 
 e(s) dN (s) = 1. Men, 

-o 

J e(u)siering 	dN (u) as a finite sum, we see that it equals 
0 

rs 
exp{i0J H(t,u) dN(u) } - 1 so that 

0 

e Cu) dN (u) = E (s) . 
-c 

fs 
Similarly, define g(s) = -ems{-1 f (u) d(u)} f (s) , s > 0, and, for s < 0, 

0 
r0- 	 js 

	

choose g(s) such that 
J 	

g(s) dll(s) = 1. If we let 3(s) = J f(u) dĀ(u) , 

	

-c 	 0 

(u) c3 (u) = —re—J(11)  dJ (u) = J [-ē z] dz , 
0 	 !10 

where the curve C = {z = 3(u); 0 4 u s} is rectifiable. 'therefore, 

rs 

J
g Cu) dA (u) = e-̀3 (s)  - 1 

0 

so that 

ig (u) dĪ1Cu) = G(s) . 

Nag e is clearly N-integrable, while g is R-integrable provided f is. 

An integration by parts now establishes (2.12). 
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• If, next, we take 

f(s) = E [eie6t1H (t,$) - 114.] 

and introduce the abbreviation 

f
H(t t u)1(u)U(s) = i6~t1 	- f E[eieclt1H(t,u) _ 1I ]d (u) 

• 0 	 0 

then, by Lenma 2.2, we have 

Wt[e6t1 ] 

t 
U(s) 	ieu 1H(t,$) 	 iecs-1H(t,$) = 	e 	{ (e 	t 	- 1)dN(s). - Es [e 	t 	- 1]dĀ(s) } ... (2.13) 

0 

Note that this integral has expected "increments" of zero, conditionally 

on the past,-s. Indeed, we will prove that,under assumptions (2.1) to 

(2.7)) 
LW'[e6t1 

Lemma 2.3 For each t > 0, 

t 

EJ 
eU(s) (eiect1H(t,$) .. 1) dN(s) 

t 
	0 

= E j ES [eU(s) IS] E
SL 

ei60t1H(t,$) _ 1 ( ,S] 	(s) 

0 

... 	(2.14) 

Proof Note that, for Q E[0 , t) , N(Q) is °7-s and hence } S mreasurable . 

By assunption (2.4) , conditionally onit , H (t, s) is a.s . independent of 

I
s_H  (t, u) 4:3N (u) . Since 

1 
Eu [ei66 1H (t, u) t 	-1 I-u] dĀ (u) is also 	--  

0 	 0 
measurable, the random variable U(s) is conditionally independent of 

H(t,$) . It- follows- that 
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E [eU(s) (eiAat1H(t,$) - 1) 'J] Es 	 s 

= Fs [eU(s) I4s]Es [eiOatlH (t,$) - 1)110. 

Now 	Re [ei0a-t1H (t,$) _ 1] = cos 6cs 1H (t,$) - 1 . 

Thus, by assumption (2.7) , 

leu(s)1 = expl
J 

Eu[1 - cos{Oat1H(t,u)} I "u] dA(u) 0 

eC , a.s. 

• 
.. IFs[eU(s) ISS] Es[ei0athH(t,$) - 1I"] I~(s) 

0 

6 2e C A [0,t] , a.s. 

and so has finite expectation. 

We may apply Theorem 11.5.3(b) to deduce the lemma. 

(2.15) 

lemma 2.4 For all t > 0, 

jt 	 ~~ E Os) Eslei0atlH(t,$) - 1Ii]d (s) 
0 

=FJ Fs[eU(s) I s] Fs[ei0at1H(t,$) - 1IJ] dĀ(s) 

0 

Proof This follows un ediately from Theorem 11.5.3(a) and (2.15) . 

Theorem 2.5 Under conditions (2.1) - (2.7) , 

E LeiOZ(t) ct[0]-11 	1 , for each t > 0. 
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t 
Proof Recall that Z (t) = cc  X (t) -• f Es [T{H(t,$) } IX] dA(s) 

0 

Nom, Es [a 1T{H(t,$) }lips] = at1Bs [T{H(t,$) } jjs] , since at is 

deterministic. 

:. From (2.8) 

log Et[0] =  1£s [e i0at1H(t,$) _  
0 

- ieat1J Es [i{H (t,$) } s] dll(s) 
0 

.. eiOZ(t)[03-1 

rt 	t 

= exp i0a.t1 { H(t,$)dN(s) - f Es[eiOatlH(t,$) - lli ]dn(s) 
.0 	 0 

= Wt [Gail ] + 1 , 

if we take f(s) = Es [ei0at1H (t,$) _ 3.11„3 the definition of Wt. 

From (2.13), Wt[eat1] consists of two terns. By Leers 2.3 and 2.4 

each term has the same expectation, given by 

E 
 J

[eU(s) I s] E [ei.0at1H(t,$) _ 1I1S] dA(s) 
JJ  
0 

so that LWt[ea-1] = 0 and the theorem is proved. 

Theorem 2.6 Suppose conditions (.2.1) to (2.7) hold and that E [0 ] 

is a (non=random) ,:function, continuous at the origin. If 

Ct[0] 
a.s~ c[0], as t -* co . 

then 	E[eiOZ(t) ] 	> c[e], as t 	. 

(2.16) 

(2.17) 
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If we define 

and 

then o 

log [0,  w] _
J

eiex _1 z i0T (x).M (dx;w 
 x 

rt 
Mt  (dx; cu) = x2

1  F
H  (6tdx; t, s ; w) dĀ ( , w} 	.. . 

0 

FH (x;t,s;w) = Ps{H(t,$) x4s}(w) 

• 

E is the characteristic function of the limit law of Z(t) as t } a . 

Proof  Notice that I iCt  [0 ] 1 < 1, a.s. for all 0,t so that IE[0]1  < 1, 

N(e, also. Now 

IE[eieZ(t)] 
 _ E[0]1 

6 IE[eieZ(t)Irt[e]_1]— '1.1E[e] 

+ CIeieZ(t)E[0]  I.  (O [e]-1 — cct[e]-1  I] 
The first term is zero by the previous theorem, while Ie

i0Z(t)E[0]I 1.  

By condition (2.7), just as in the derivation of (2.15), I(t[0]-11 s e , 

a.s., this condition holding simultaneously for all t > 0. Dominated 

convergence yields 

EICC[e]-1 _ et[0]-11 4. 0 

and (2.17) is provd. The last part of Theorem 2.6 follows from Levy's 

continuity theorem. 

Theorem 2.6 focusses our attention on the convergence of Et[0]. 

(2.18) 

(2.19) 

--o 

It follows that we are interested in the convergence properties of 

random Treasures like Mt. 
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§3: Random Measures  

let us call M a random neasure of order k, or r.m.(k), if:- 

(a) for P - almost all w, M(• ,w) is a treasure on (R,) such that 

M(I,w) < 00, for all finite intervals, while, for all x > 0, 

CO 

M+(x;w) = fiM(dY;w)  < 00 and M (-x;w) = J IYI I(dy;w) < o; 

(b) for each Q c3, M(Q, •) ist -measurable. 

Two special cases deserve mention. An r.m.(2) is a random version 

of Feller's canonical measure while for an r.m.(0), M(R) < 00 a.s, 

so that we usually refer to it as an a.s. finite random reasure. 

Let CM  be the set in IR: 

{x s.t. M(•;(13) is continuous at x for each w} 

Then Rk  will denote the class of r.m.(k)'s for which CM  is dense in]R. 

P; process Mt, t c ZR, is in the class k  if:- 

(a) Mt  is an r.m.(k) for each t; 

(b) for each bounded I and X.>  0, Mt(I) , Mt+(x) and Mt, (-x) are 

separable stochastic processes. 

Naw suppose M k  and M IC  Then Mt  converges almost surely 

to M in the class k,  written Mt 	> M a.s. if:- 

t(I) 
a.s>  MCI) , as t -> c 000 	 000 ... 	(3.1) 

for all bounded intervals of continuity for M(•,w) for all w, while 

Mt+(x) as.>  M(x) and M (-x) a.s. 
• t 

> M (-x) , t -) 00 	... 	(3.2) 

for every x c Cm. 
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In' the special case of a.s. finite r.m.'s, 0  convergence reduces to 

a.s. Clete convergence. We write Mt  } M a.s., if (3.1) holds for 

all I bounded or unbounded. However, if (3.1) holds for bounded I only, 

we have a.s. weak convergence written Mt w  M a.s. 

For convenience, we point out here an obvious property of any a.s. 

convergent r.m. process which we will call a.s. stochastic boundedness. 

By analogy with Feller's usage, (1971, p.254) a separable stochastic 

process, Xt, is a.s. stochastically bounded if, for each € > 0, there 

exist constants C and t0  s.t. 

P{ sup IXt1 > Cl < c 
t> t0  

Clearly if Mt  converges a.s. in k, then it must be a.s. stochastically 

bounded in the sense that Mt(I), Mt  4-(x) and Mt  (-x) must all be a.s. •

stochastically bounded for all appropriate I and x. 

Our first requirement is for analogues of the Helly-Bray Lemmas, 

Loeve (1963, p.180-182) for r.m.(k) processes. We prove these first 

for a.s. finite r.m.'s and then extend them to order k. Since the 

essence of the proofs is in Leave, we merely state the additional points. 

Brown and Eagleson (1971) have proved them, by implication, in the 

course of their Theorem 1 but a more systematic approach seems worthwhile. 

Lemma 3.1 Let a, b c CM, g(x) be a continuous function and Mt 
w 
 M a.s., 

t -} 
	Then 

b 
r g(x) Mt(dx)  a.s.>  

a 

fbg(x.
)  M(dx) 

a 

Proof For each mE N , choose a partition 

a<x0 <x1 < ---- <xn = b 
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70 

s.t. sup (x. - xj-1) as m 
1‘j‘m 	A 

m 

-~ 00 and all the xi c CM • 

Let 	gm(x) = ~
X1g(xj-1) 	•I [xj (x) XJ) and put k = [a ] I g (x) I. 

Now, by a.s. stochastic boundedness, given S, n > 0, we can choose 

e, to s.t. 

P{ sup Mt[a,b] + M[a,b] > S~2c} < n 
t> to 

Choose m s.t. 	sup Ig(x) - gm(x) 
[a,b] 

< e and t1 3 t0 s.t. 

P{ sup IMt[x - ,x) - M[x, ) I > S/k, for any t > t} < n 
lxjsm

~1j 	j-1 xj 	 an 1 

Just as in Loēve (1963, p.180-1), 

 b fb
g dMt- J g dM 

a - 

c{Mt[a,b] + M[a,b] } 

+ mk sup~Mt[x j,x j) - M[x j Jan 	 -1' 

  

 b jb
g dMt- 

J 
g dM 

a 	a 

 

   

• 
.. P{ sup 

tst1 

  

Remark The restriction that the X. be in CM, leads rre to consider 

only limits M e'k. This may well be too narrow a class. For 

instance, in a different context, we might want to consider a.s. 

convergence to the Poisson counting measure, which clearly is not in'n. 
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Lemma 3.2  Suppose Mt  is a.s. finite and Mt w  M a.s. If g(x) 

as x -} co, and is continuous then 

co 	 co 
g dMt a.s.>  ( gdM 

Proof  Again, as in I,oēve, p.181 

CO 

f

gdMt - I gd M 

4 	sup Ig(x) I {Mt(IR) + M(IR) 

ra 	
r
a 

gdMt  -  gdM 
-b 	-b 

Nov, by Lemma 3.1, 'the 2nd term tends a.s. to zero. Given S, n > 0 

choose c, t0  s.t. 

P{ sup Mt(IR) +M(P) > 6/2e1 < 
tat0  

Then choose [-b,a] s.t. 	sup Ig(x) < e and t1  3 t0  s.t. 

P 

Then 

PI 

sup 
tat1  

sup 
t3t1  

f
gdMt fgdM 

-b 	b 

(gdMt J dM  

> 6/2 

> S < 2n . 
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Lemma 3.3 Suppose Mt is a.s. finite and Mt M, a.s. If g is bounded 

and continuous then 

((
co 

 
J
gdM a=ses J t g dM . 

-00 	 ∎CO 

Proof Since Mt a_ > M completely, given c, ō > 0,3 to, A s.t. 

PI sup Mt[a,co) > S} < e, for a A, 
t:t0 

with similar relationships holding for Mt(-00,-b], M[a,°) and M(-co,-b]. 

The proof then follows as in Loēve, p.181-2. 

Lemma 3.4  

then 

IfMt~k>M and g(x) is continuous and D(x k) , as Ixi 

co 

J
g(x) dMt 	> Jg) 

dM, t 	• 

Proof Choose a c CM s. t. a > 0. The treasure x kMt (dx) on [a,0 is 

finite and a.s. completely convergent to x kM(dx) . Since Xkg(x) is 

bounded and continuous, we deduce from Lemma 3.3 that 

I
~ 	co 

J g dMt a.s '> jg  dM 

a 	 a 

The convergence for (-m,-b], for b > 0, -b c CM follows similarly, 

while Ierr¢ra 3.1 yields convergence over [-bra], immediately. 

Remark An immediate consequence of Lemma 3.4 is that 	convergence 

implies 2 convergence for any Q > k, and, in particular, a.s. 

complete convergence of an a.s. finite r.m. process implies its is 

amverg ncejfor any Q > 0. 
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We now investigate convergence of expressions like- (2.19) by 

considering the special case of random canonical measures, i.e. 

r.m. (2) Ts. 

Theorem 3.5  Suppose Mt  s , ! 2  , M s n2  

Define 
03 iex  

Ct[e] - J 
e 	- 1 2 i8sinx Mt(dx) + iOCt  
 x 

and 
03 

 

 

C[0] = J eiex -  1 - ie sinx  
2 x 

M (dx) + iOC 

for sane separable process, C4, and r.v. C. If 

7u- 2> M, a. s . and C as.  .> C Mt 	t- 

then 

t[e] 
a.s.>  C[A] 

Proof  Since elex - 1 - ie sin x is bounded and 0(x2) , as Ix' -} 0, 

iAx e 	- 1 
2 
 iA sin x  satisfies the conditions of 'mina 3.4 with k = 2. 

x 

The theorem follows innediately. 

712. 
Corollary 3.6(a) If, in Theorem 3.5, Mt  1> M a.s., we may replace 

the centering function sin x by x and omit the term iOC. 

(b) In particular, this is valid if Mt ant-S and 
111  Mt —  > M, a.s. 
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Proof We require to prove that 

a.s. 	sin x- x M(dx) 2 	 Mt (dx) --~ 	 2 
-o 

(a) sin X
2 

x is continuous and 0 (x 1) , as l x1 } m so we can apply 
x 

Lemma 3.4 with k = 1 to give the a.s. convergence required. 

(b) The measure x (1-S) Nt (dx) , defined aaay from the origin, is 

almost surely finite, by assumption, and weakly convergent to 

x (1-S) M (dx) , by Lemma 3.1. Writing x 1Mt (dx) = x ōx (1-a) Mt (dx) , 

we can apply Lemma 3.2 to prove that, for a > 0, 

m 	m 

i
x-1/4t(dx) a.s.> J x_114(dx),  as t .4- m 

a 	 a 

A similar convergence holds for the laver tail. Since, by assumption, 

I`t (I) a. s .> 	for any bounded I, Mt 1> M. a.s.  and we may apply 

part (a) 

54. The Limit Theorem 

We ncya return to the special case of the random measure of (2.18), 

namely, t 

Mt (dx) =x2 J FH (ctdx; t, s) d(s) 
0 

which, by assumptions (2.1) and (2.3) , is in t . 

Suppose that M —> M, a.s. for sane non-random canonical measure, M. 

Since Mt must be a.s. stochastically bounded, we have, for each A and 

for any s > 0 and 0 < a < m, a constant 0 < C < m and a time t0, s.t.:- 
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p{ sup Mt[-a,a] > 382 } < s/ 3 
0 

sup m+(a) > C} < s/3 and P{ sup M (-a) > } < 6/3 . 
t>t t 	6 	t> t t 	6  0 	 0 

s 
Now, let K(t,$) = f Eu[1 - cos{Out  1H(t,u) } 4,0 dl1(u) . 

J
O  

2 
Since 1 - cosx < min (2 , 2) , we have 

o 	 t 
K(t,t) = J (1 - cos ex) I PH(atdx,t,$)d11(s) 

-o 	0 

a 

2 J  Mt(dx) + 2{Mt+(a) + Mt  (-a) } 

-a 

for arbitrary a > 0. Therefore, 

Pfun K(t,t) . > C} < s . 
t> 

Next, introduce the truncated variables 

H(t,$)T  = H(t,$) , if K(t,$) 4 C 

= 0 	, otherwise 

Note that condition (2.7) is automatically satisfied for the truncated 

process since the integrand becomes zero if H(t,$)T  = 0. (2.3) is 

satisfied, since K(t,$) is increasing with s, while (2.4) is also 

valid, because K(t,$) i s-measurable. The remaining  conditions, 

2.1, 2, 5, 6, are clearly unaffected by the truncation. 

From now on, we use the superscript 'T' to denote variables from 

the truncated process. It is not difficult to show. that Mt ?> M, a.s. 
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For we can find a titre, t1 t0, s.t. 

IUP ~Mt[a,b]T - M[a,b] I > S} 
1 

• pfsuP IM [a,b] - M[a,b] I > 6} 
t)tl 

+ P{Mt[a,b]T M[a,b], for sate t 3 tl} 

< e + P{ sup K(t,t) > CI 
tt1 

< 2e . 	... 	... 	... 	(4.1) 

Similarly, Mt+(a)T and Mt (-a) T converge a.s. to M+(a) and M7(-a),  

respectively. 

It follows that MtT satisfies all the conditions of Theorems 2.6 

and 3.5, and of Corollary 3.6. Therefore 

EeieZ(t)T 4- IC [0], t 	co 

Now 

IEein(t) - T[e] 

jEeiBZ(t)T T[6] I + 2P {Z(t) 	Z(t)T} 

so that, arguing as at (4.1) , we must also have 

E ei6Z (t) 
	

T jai, t -> 	. 

We have, therefore, proved the following result. 
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Theorem 4.1 Under conditions (2.1) - (2.6), the sequence of measures, 

Mt, defined at (2.18) is ink. 

Suppose that 

tiL 
Mt  ?> M, a.s. 

for some non-random canonical measure, M. Then Z(t) converges in 

distribution to an infinitely divisible random variable, whose log 

characteristic function is 

co 
i@x 

log C[B] = 
J 
e 	- 1 

2 i8 sinx dM(x) + iC6 . 
x 

The constant C depends on the centering T, and is given by 

C= lim (sini-T (x)  dM x .tes,  J 	
X

2. 

	

2 	

t(  ) 

.-c 

The natural centring, T (x) = x, may be used if 

> M, a.s. 

and, in particular, when Mt  J071_6, for scare ō > 0. 

To illustrate the conditions on Mt,  we derive a Lindeberg-type 

condition for convergence to a N(0,1) variable. As we observed in 

Chapter I, Section 6. , the appropriate limiting normal canonical 

measure has 

MT -a, a] = 1 

and M+(a) = M (-a) = 0 

for all a > 0. 
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Theorem 4.2 Suppose that conditions (2.1) - (2.6) hold, that 

f
Es

[H2 (t,$) 

0 

] d(s) < o, a.s. (4.2) 

and that we can choose a norming function at s.t. 

j
t 

clz J Fs[H2(t,$) 1.s] dA(s) 	1, a.s. 
t 0 

If, as t} co, 

cz f 	f x2 FH (dx;t,$)dA(s) -- 0, a.s. 

0 ~ x~ >cta 

for a > 0, then 

Z(t) = 
ct 1 [Y(t) - f Es1H(t,$) *] d(s)] 

0 

converges in distribution to a N (0,1) limit. 

(4.3) 

(4.4) 

t 
Proof The random measure Mt (dx) = x 2 f (0.

t
) is a.s. 

0 

finite by (4.2) . Since, for any 6 4 1, Mt 	
1-6

, the centering 

to -c(x)  = x is justified. 

Now a 
(
t 

Mt[-a,a] = f x2 J FH(ctdx;t,$)dA(s) 
-a 0 

t 
= cl f 

Es [H (t,$) 04.s ] dĀ (s) z 
t 

0 

t 

c, f 	1x2 FH(dx;t,$)d11(s) . 
0 Ixl>a a 
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Combining (4.3) and (4.4,, Mt  [-a, a] -} 1, a.s., and, in fact, (4.3) 

states that Mt  (eft) } 1, a.s., also. We have, therefore, proved 

a.s. complete convergence to the normal canonical usure. Since 

this clearly implies 2-convergence also, the proof may be completed 

by an application of Theorem 4.1. 

136 



REETTU:c2FS 

19,11  en, 0. (1970 

Bartlett, M. s. (1963) 

Billingsley, P. (1968) 

Nonparametric inference in connection 

with multiple decrement models. 

Scand. J. Statist. 3, 15-27. 

The spectral analysis of point processes 

(with discussion). 

J. Roy. Statist. Soc.B,25, 264-296. 

Convergence of Probability Measures. 

Wiley, New York. 

Brcmaud, P. (1974) 

Brown, T. (1978) 

Burkill, J.C. (1923) 

Campbell, N. (1909a) 

Martingales on jump processes: I 

Representation results; II Applications, 

SIAM J. Control 13, 999-1021, 1022-1061. 

The martingale theory of point processes 

over the half-line admitting an intensity. 

in Proc. IRIA Coll. on Control Theory 

Lecture Notes (Grey series) 107, 519-542. 

Springer; Berlin. 

Martingale Convergence to infinitely 

divisible laws with finite variance. 

Trans. Amer. Math. Soc. 162, 449-453. 

A martingale approach to the Poisson 

convergence of simple point processes. 

Ann. Prob. 6, 615-628. 

Functions of intervals. 

Proc. London Math. Soc. (Series 2) 22, 

275-310. 

The study of discontinuous phenomena. 

Proc. Lamb. Phil. Soc. 15, 117-136. 

Boel, R., Varai_ya, P and 

Wong, E. (1975) 

Brown, B.M . and 

Eagleson, G.K. (1971) 

137. 



Campbell, N. (1909b) 	Discontinuities in light emission. 

Proc. C arnb. Phil. Soc. 15, 310-328. 

Chandrasekhar, S. (1943)_ 	Stochastic problems in physics and 

astronomy. 

Rev. Modern Phys. 15, 1-89. 

Cox, D.R. and Lewis, P.A.W. 	The Statistical Analysis of Series of 

(1966) 	 Events. Methuen  London. 

Cox, D.R. and Lewis, P.A.W 	Multivariate Point Processes. 

.(1972) 	 Proc. 6th Berkeley Symp. Math. Statist., 

Prob. 3, 401-448. 

Daley, D.J. (1971) 	The definition of a multidimensional 

generalization of shot-noise. 

J. Appl. Prob. 8, 128-135. 

Daley, D.J. (1972) 	Asymptotic properties of stationary 

point processes with generalized clusters. 

Zeit. Wahrscheinlichkeitsth. 21, 65-76. 

Daley, D.J. (1974) 	Various concepts of orderliness for point 

processes. 

in Stochastic Geometry (ed. Harding, E.F. and 

Kendall, D.G.), 148-161, Wiley, London. 

Daley, D.J. and 	A spry of the theory of point processes. 

Vere-Jones, D. (1972) 	in Stochastic Point Processes: Statistical 

Analysis, Theory and Applications, (ed. 

Lewis, P.A.W.), 299-383. Wiley-Interscience, 

New York. 

138. 



Davenport, W.B. and 

Root, W.L. (1958). 

Davis, M.H.A. (1976)_ 

D3llacherie, C. and 

Dyer, P.A. (1978) 

Doob, J.L. (1953) 

Eagleson, G.K. (1975) 

Feller, W. (1971) 

Hawkes, A.G. (1971a) 

Hawkes, A.G. (1971b) 

Hawkes, A.G. (1972) 

An introduction to the theory of random 

signals and noise. McGraw-Bill; New York. 

The representation of martingales of jump 

processes. 

SIAM. J. Control, 14,623-638 

Probabilities and Potential. 

North-Holland, Amsterdam. 

Stochastic Processes. Wiley; New York. 

Martingale convergence to mixtures of 

infinitely divisible laws. 

Ann. Prob. 3, 557-562. 

An Introduction to Probability Theory 

and its Applications. Vol.II, 2nd edit. 

Wiley; New York; 

Spectra of some self-exciting and mutually- 

exciting point processes. 

Biometrika 58, 83-90. 

Point spectra of some mutually exciting 

point processes. J. Roy. Statist. Soc. B, 33, 

433-443. 

Spectra of sane mutually exciting point processes 

with associated variables. 

in Stochastic Point Processes: Statistical 

Analysis, Theory and Applications; (ed. Lewis, 

P.A.W.),- 261-271. Wiley-Interscience, 

New York. 

139. 



Jacod, J. (1975) 

Jagers, P. (1967) 

Kingman, J.F.C. and 

Taylor, S.J. (1966) 

Lawrence, A.J. and 

Kottegoda, N.T. (1977) 

Lewis, P.A.W. (1964a) 

Lewis, P.A.W. (1964b) 

A cluster process representation of a 

self-exciting process. J. Appl. Prob. 11, 

493-503. 

Multivariate point processes: 

predictable projection, Radon-Nikodym 

derivatives. 

Zeitschrift. Wahrscheinlichkeitsth. 31, 

235-253. 

Integrals of branching processes. 

Biometrika 54, 263-271. 

Random Measures. Academic Press; London. 

On conditional intensities of point 

processes. 

Zeit, Wahrscheinlichkeitsth. 41, 205-220. 

Introduction to Measure and. Probability. 

Cambridge Univ. Press. 

Stochastic modelling of riverflow time series 

(with discussion). J. Roy. Statist. Soc. A 

140, 1-47. 

A branching Poisson process model for the 

analysis of computer failure patterns (with 

discussion). 

J. Roy. Statist. Soc. B,26, 398-456. 

The implications of a failure model for the 

use and maintenance of computers. 

J. Appl. Prob. 1, 347-368. 

Hawkes, A.G. and 

Oakes, D. (19741 

Kallenberg, O. (1976) 

Kallenberg, 0. (1978) 

140. 



Lewis, P.A.W. (1969) 

Lewis, P.A.W. (19701 

Loeve, M. (1963) 

Marcus, A.H. (1972) 

Marcus, A.H. (1973) 

Marcus, A.H. (1974) 

Matthes, K. (1972) 

McFadden, J.A. (1965) 

Asymptotic properties and equilibrium 

conditions for branching Poisson processes. 

J. Appl. Prob. 6, 355-371. 

Asymptotic properties of branching renewal 

processes. IBM Research Report RC2878, 

Yorktown Heights, N.Y. 

Probability Theory (3rd Edit.) 

Van Nostrand; Princeton, N.J. 

Some point process models of lunar 

and planetary surfaces. in Stochastic Point 

Processes: Statistical Analysis, Theory and 

Applications. (ed. Lewis, P.A.W.), 682-699. 

Wiley-Interscience, New York. 

Traffic noise as a filtered Markov renewal 

process. 

J. Appl. Prob. 10, 377-386. 

Environmental impacts of highway traffic 

as two-sided filtered Markov renewal processes. 

J. Roy: Statist.., Soc. B,36, 426-429. 

Infinitely divisible point processes. 

in Stochastic Point Processes: Statistical 

Analysis, Theory and Applications; ((ad. Lewis, 

P.A.W.), 384-404, Wiley-Interscience; 

New York. 

The mixed Poisson process. 

Sankhya A,27,83-92. 

141. 



McNeil, D. R. (19701 

Mayer, P.A. (l9661 

Neveu, J. (1965) 

Oakes, D. (1975) 

Pakes, A.G. (1972) 

Papangelou, F. (1972a) 

Papangelou, F. -(1972b) 

Papangelou, F. (1974a) 

Integral functionals of birth and death 

processes and related limiting distributions, 

Ann. Maths. Statist. 41,. 480-485. 

Probability and Potential. 

Blaisdell; Waltham, Mass. 

Mathematical Foundations of the Calculus 

of Probability. 

Holden-Day, San Francisco. 

The Markovian self-exciting process. 

J. Appl. Prob. 12, 69-77. 

A limit theorem for the integral of a 

critical age-dependent branching process. 

Math. Biosciences 13, 109-112. 

Integrability of expected increments of 

point processes and a related random 

change of scale. 

Trans. Amer. Math. Soc. 165,483-506. 

Summary of some results on point and line 

processes. in Stochastic Point Processes: 

Statistical Analysis, Theory and Applications, 

(ed. Levis, P.A.W.) , 522-532, Wiley- 

Interscience; New York. 

On the Palm probabilities of processes 

of points and processes of lines. in 

Stochastic Geometry. (ed. Harding, E.F. and 

Kendall, D.G.), 114-147, Wiley; London. 

142. 



Papangelou, F. (1974b) 	The conditional intensity of general point 

processes and an application to line processes. 

Zeit,Wahrscheinlichkeitsth. 28, 207-226. 

Papoulis, A. (19711 	High density shot-noise and Gaussianity. 

J. Appl. Prob. 8, 118-127. 

Parzen, E. (1962) 	Stochastic Processes. 

Holden-Lay, San Francisco. 

Rice, J. (1977) 	On generalized shot-noise. 

Adv. Appl. Prob. 9, 553-565. 

Rice, S.O. (1944-5) 	Mathematical analysis of random 

noise. 

Bell System Tech. J. 23, 24:reproduced in 

Selected Papers on Noise and Stochastic 

Riesz, F. and Sz-Nagy, B. 

(1955) 

Rootzen, H. (1977a) 

Rootzen, H. (1977b) 

Ross, S. (1970) 

Processes. (ed. Wax, N..), 133-294, Dover, 

New York 1954. 

Functional Analysis. Ungar, New York. 

On the functional central limit theorem 

for martingales. Zeit. Wahrscheinlichkeitsth. 

38, 199-210. 

A note on convergence to mixtures of 

normal distributions. Zeit. Wahrscheinl.ichkeitst 

38, 211-216. 

Applied Probability Models with Optimization 

Applications. Holden-Day, San Francisco. 

143. 



Rudano, M. (19731 	On a random transformation of a point 

process to a Poisson process. in 

Mathematics and Statistics: Essays in 

Honour of Harold Bergstrom, (ed. Jagers, P. 

and Rāde,L.). 79-85. Goteborg, Sweden. 

Ryll-Nardzewski, C. (1960) 	Remarks on processes of calls. 

Proc. 4th Berkeley Sympos. Math. Statist. 

Prob. 2, 455-465. 

Segall, A., Davis, M.H.A. 	Non-linear filtering with counting 

and Kailath, T. (1975) 	observations. IEEE Trans. Inform. Th. 1T21, 

143-149. 

Segall, A. and 	The modeling of randomly modulated jump 

Kailath, T. (1975a) 

	

	. processes. IEEE Trans. Inform. Th. IT21, 135- 

143. 

Segall, A. and 	Radon-Nikodym derivatives with respect to 

Kailath, T. (1975b) 	measures induced by discontinuous independent- 

increment processes. 

Ann. Prob. 3, 449-464. 

Smith, W.L. (1955) 	Regenerative stochastic processes. 

Proc. Roy. Soc. London A 232, 6-31. 

Smith. W.L. (1964) 	Discussion contribution to Lewis, P.A.W. 

(1964a) op. cit. 

Snyder, D.L. (1972) 	Filtering and detection for doubly stochastic 

Poisson processes. IEEE Trans. Inform. Th. 

IT 16, 91-102. 

Snyder, D.L. (1975) 	Random Point Processes. Wiley, New York. 



Takacs, L. (1954). 

Vere-Jones, D. (19701 

Weiss, G. (1974) 

Westcott, M. (1972) 

Westcott, M. (1973) 

Westcott, M. (1976) 

Westcott, M. (1977) 

On secondary processes generated by a 

Poisson process and their applications 

in physics. 

Acta Mathematica Acad. Sci. Hung. V, 203-

236. 

Stochastic models for earthquake 

occurrence (with discussion) 

J. Roy. Statist. Soc. B 32,1-62. 

Shot-noise models for synthetic generation 

of multisite daily streamflow data. in 

Design of Water Resource Projects with 

Inadequate Data, Symposium Madrid (IAHS 

Publ. 108), Vol. 1, 457-467. 

The probability generating functional. 

J. Australian Math. Soc. 14, 448-66. 

Results in the asymptotic and equilibrium 

theory of Poisson cluster processes. 

J. Appl. Prob. 10, 807-823. 

On the existence of a generalized shot-

noise process. in Studies in Probability and 

Statistics: Papers in Honour of Edwin J.G. 

Pitman, (ed. Williams, E.J.) North-Holland, 

Amsterdam. 

A note on the non-homogeneous Poisson 

cluster process. J. Appl. Prob. 

14, 396-398. 



Wittenberg, FI. (1964)_ Limiting distributions of random 

sums. of independent random variables. 

Zeit. Wabrscheinlichkeitsth. 3,'718. 


