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ANALYTIC FUNCTIONS AND ITERATION THEORY

_ ABSTRACT _

The first Chapter of this‘thesis dealﬁ wifh the fracfional '
1teration of analytic functions near a fix point of multiplier 1, as
outlined in its 1ntroduction. In particular we have produced,new N
results on the embedding problem. | |

In Chapter 2, we have looked at 1teration of analytic functions_
dn.the lines 1nitiated by Fatou, Julia and Radstrtm and derived results
for entire functions with infinite domains of normality. | |

We have studied in Chapter 3, Picard sets for entire transcendental
functions and extendednsome.pesults in this theory and in thg fourth
,chapter,‘wé have 1§oked at féctorisation of entire functionslfin the
form Qf cqmposition) and derived criteria for prime fﬁnctions, ﬁfoducing

at the same time prime functions of very small growth.
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CHAPTER I

FRACTIONAL ITERATION NEAR A FIX POINT OF MULTIPLIER 1

 INTRODUCTIONI~

An analytic funetion f(z) is eaid to have a‘fix point T £ o
‘of multiplier 1, if £(z) = L, f'(;) 1. The functieﬁ then has an
_expansion, ‘ | |
(1) £(z) = 2+ (z~2)+ ; a (z ;) . 20, m '1.
o _ . k1H1 :
.:it has been shown (e.g. in Baker [i]) that there is for every

' complex A, a unique formal iterate,

(2) f(z)= Z+(z-2)+ r M)z - o), a M) =aa o,
A k-m+lak +1

where the a (A) are well defined polynomials in X determined by com-
paring coefficients in the formal identity £, of(Z) = fof (z). For
positive integral values A = n the series (%) is the same as that of
the nth iterate of £(z) = f (z) and by analogy the f (z) are in general
_called the fractional iterates.

Without loss of generality, we choose our fix point at the origin.

 For mimplicity, we shall work with the case m =1, when (1) and (2)

reduce to
(3) f(z)=z + z akz » 8, #0,
(4) £y (z) =z + z a (A)z , a2(1) = Aay, respectively.

k=2
We note that the series (4) does not.necessarily have a positive

radius of convergence for each A3 in fact it is shown in Baker [1]
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that the values of )\ corresponding to a positive radius of convergence
elther £111 out the whole cbmpléx plane, or'fdrm a discrete dng or
two dimensional lattice. When the values fill out the whole plane
we shall call £ EMBEDDABLE. o
"“In the foliowing, we shall be'deriving specific classes ofinon?

embeddable functions; in the d§urse of the discussion we ahail give
a new proof of a l;mma of Szekeres using methods ﬁased on the'worklof
Baker [I, secn 7). |

We éhali also establish thevfact that when the values of A-
éérr?sPGnding to a pogitive radius of coﬁvergence include a two
dimensional latticé, f is in fact embeddablé, i.e. the case of a
discrete two dimensional lattice cannot oceur.

It is qometimea conveﬁient to transfer the fix point to =. We

shall employ the substitutions z =-£, z =-% s choosing a2k = -1.
. e

1

Applying these to the transformation z, = £(z) of (3) we get,
(5) t,=t+1l+ bt = g(t)
1 U ul K
| S
with fix point at = and with b, satisfying
(6) bl = (a2 _aa)/az.

Similarly (u4) transforms to (7)
o ot
= “k' .
=t +1.+ kl:lbkgx)fc = g,(t)

where gx(t) form the unique family of formal series (7) commuting with

(1) ¢,
(5). The series (4) is embeddable precisely when the series (7) con-
verges for some t # », for every A. We shall from now on assume g=8

convergent for [t] > R,
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1.2 A CRITERION FOR EMBEDDABLE FUNCTIONS.

We quote the following results from Baker (1]
- LEMMA 1 [1, p 272)
rvw = U €@n,

- =n/uSaSw/u

where “C(“'-i,k) is the half plane {zIRe(ze-iu)S k}, then for all
sufficienfij large k(>R), gn(z) is regmlar,
(8) g,(=) € TIK) =120,

.and

{(9) Re gn(z) + o : as n+®

for all z in the closufeﬁ (x) of ¥1(k). Moreover (3) holds locally
" uniformly ih’K](k). (cf. ji, p273 (21)1)

'LEMMA 2 [1, p 273)

For all.sufficiently large k the domain {](k) of Lemma 1 has the

properties

(10) A(t) = lim {gn(t) - n- bl log n}
. : e

(where b1~ is as defined in (6)) exists uniformly for te E(k); moreover

A(t) is regular and univalent in 1](k) and A'(t) + 1 uniformly as t + =

(11) AG ()} = A(t) +n  for teT] (k)

LEMMA 3 [1, p 279)
Let fA(z) =z ¢ Aam+lzm+l + I azh a

70m 21
nEm$2 n mel

be a comuting family of formal power series. For p>0, let QOp be the
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 class of complex A with [x] % p for which £, (z) has" positive radfus

of conﬁargence. Then there exists constants p>0 and M>0 such that

(1) ;fl(z)'converges in |z| s,p for all Afap

- and -

(11) !f (z)l < uniformly for all |z| $ p and and a1l xinp. :
We next state and prove Lemma u.~ '

LEHMA Y. .
J‘ ' B

If the series tl = gx(t) =t A+ RF b'(x)t has a positive radius

: " K=l

of convergence for every XA, i.e. g is embeddable, then D(t) = A'(t) is

__ggiar, in a full neighbourhood of t = » and has an expansion
o . .
(12) D(t) =1-D14 zspt™
-t k=2

rwhich méyobe calculated £rom

(13) D(g(t)) = D(t)/g"(t)

' This lemma is due fo Szekeres [l}. The followingbproof, however, will
be based on Baker's work in [1, §71. | |
Proofs |
We shall show the existonce of an iofinitesimal transformation and work
~ on the resulting differential equation. |

'.Since g(t)_is.embeddable, we have a local continucus group of
functions gl(t) with oompiex paramotervxi and gx(gu(t)) = gu(gl(t)).
We shall transfer our fix point to zero, emplojing the usual trans-

formation z = k/t; Z, = k/ti; Thus we get
' . 2., - k!
(14) £(z) =2z + agz" + L auz,
: k=3

‘
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and in geﬁeral

(15)  £,(z) = z + )a 24 o NeSUEN

22. n=3 °
Now we restrict A to |A| % 1 and by Lerma 3 there QXIStS §>0
| such that all f (z) converge in |z | S8 and satisfy there also
If (z)!(M for sultable M. The coefficients in (15) satisfy
| b, (x)l < uA for 2] S
By Baker, [I p 267] b (1) is a polynomial of degree at most n-1

with bn(o) = 0, Applying Schwarz' 's lemma,
by SHAL g
n s : )

" and b_"(0)] = w8,
' bn(x)

n'(o) is a poljnqmial with vanishing constant term.

Algo>pn(l)
| o e oM I |
a1 = b ()] + [b"(0)] 5-5;; for |A] =1,

and since pn(o) = o, one has

" (16) °lpn(x)l S ams® [a]  for [A] S

The series
! o

(A7) I(z) = a222 +z hn'(o)zn converges for |z[<§,

3
where moreover,
O Nt TIER X O
- A n=3 -
< [1[2 2M|z|n6 th
n=3
_ I anf®

§2 (s - |2
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Thus I(z) = lim £y(z) =z holds for |z[<§ , -
Now consider I(z) = .___.__.afl(z’--l
: TR Py
I(f(z)) = 35 £ (£(2)) = £ (£ (23)
31 7« l A A !
. - lxro
Nea_x" z 2 0, we 'get‘
(£(2)) , EACAOIN NN

ax x
: Aro

£ (z) '57 f).(Z)

Hénce' | _ »
(18) I(£(z)) = £'(z)I(z).
He ir_rtroduce B = % énd deduce

(19) B(£(z)) = B(z)/E'(2)

,Supposé now, wa transfer our fix point to = once more. Using

. : . 2 E
' . ' = k ' -t g'
z = k/t, z, 5 k/tl we note that f(z) 2o 5° that f* (z) 2(1:) (t)
Hence by (19) B(k/g(t)) = %S‘I(SS)—
and‘so —1—5 B(k/g(t)) = %—u}l .
g ' tg' (t)

Hence if y is a constant,

2.

(20)  D(t) = ¥ B(k/t), defined in a full neighbourhood of =,
t ' .



satisfies ‘
(21) D(g(t)) = p(t)/g'(t) near =, which 1s identical with (13).
It remains now to show that D(t) as defined in (20) satisfies
the condition D(t) = A'(t) and has the correct expansion near .
We determine ba'(o) from flnf ='fofx and find by comparison of
[P - 2 2.3
coefficients ba(l) = x(aa-- a2) + 1%,
‘ - 2
by'(o) = a3 - &,

Thus (17) becomes

I(z) = 3222.+ (ay - ag)z3 + -
and so )
; | -
B = 1/1(z) = 12 Q- (ag = a3y") ,y ey,
’ azz _ gz
and
| 2 2 t2 ‘ a, - a 2 k .
D(t) = u/t” B(k/t) = w/t° 5— (1 -3 "2 4 —===)
' k a2 a , ‘
2 2
a, - a 2 1 ‘
= pa (1 + 3 2 T4 e ) since ka, = -1,
A e ak . 2
32
Choosing va, = 1, we have
| a 2 a
D(t) =1 - "2 3.1 4 === .
b, > !
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Finally we show D(t) = A'(t); Let t_ be a fixed point in Y1 ()

and set
ey o F 1-n_ _1-n
(22) E(t) = [ D(t)dt = (t - t,) - by log t/t, + : Sa (-,
t, : : , n=2 1n ’ '

’:'31 +t -_blllog t'+;-—--

defined for te }l(k), where the integral is taken along an arbitr&ry
. path in the sinply-connected region“{](k). Any fixed branch of 1og t

may be taken. _
E? E(g(t)j = n(g(t))g'(ti = b(t) =,Ef(t), using.(zl)
Hence in'ﬁ](k) we have -
(28) E(g(t)) = B() + k,, K, constanmt

. Also by Lemmas 1,2 for tc'E](k) and ms we have gn(t)étj(k)

and E{gn(t)} = BE{n + b, log n + A(t) + o(1)} -

1

z kl‘+ n + bl‘log n + A(t) + o(;)

- b1 log n
-log (1 +b
+ 0(1/n),

log n ., A(t)
y Tt )

i.e.
(24) E{g (t)} ky +n+ A(L) + o(l) as n » o°©
By (23) however |

E{gn(t)} kon + E(t)

Therefore k2‘= 1 and E(t) = A(t) + ky, Thus D(t) = A'(t) concluding

the proof of the lemma.



1.3 ON NON-EMBEDDABLE FUNCTIONS:

We now quote the following‘reeult from Baker [2]

LEMMA 5

If the series (7) has a positive radius of convergence for each 2

(i.e. (t) is embeddable) and if there exists a fixed R1 > R >0 ‘

ard arbitrarily large 1ntegers n such that the total number of branches

obtained by analytic continuntion of & (t) Tt+n+ zbk(n)t Hithin

'!tl >R, is finite. then_the coefficient b in (8) is zero,

'“'The proof of this Lemma depends mainly on the result of Lemma 4. We
shall not reproduce it here, but it is rather similar to the arguments
»"employed in proving Theorem 3. |

 Next we state and prove ‘Lemma 6.

LEMMA 6

Let D be a domain bounded by a finite number of non-intersecting

| analytie curves, denoted by 6. We suppose D is bounded and contains

the origin. If (i) £ is regular and single-valued in D,

(1i) £ has the expansion f(z) = z + a2z? + ——

and = (11i) the set of analytic curves § is a natural boundary

~ for £, Then

(a) ;g fn(z) is analytically continuable with af most algebraice

Bingyiarities from 1ts expansion fn(z) £z + nazz2 + ----, at the origin,

' aiong a path y of D, so are all fj(z) j<n and fj(yytD, j<n,

(b) £(z), n 2 ) is single valued as far as continuable analytically

from fh(Z) =z + na222 + --—-, by paths lying completely in D.
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Froof: The'prcof that follows 1s by 1nductiang
Case n = 2, v »
Civen £(z) = 3 + a2:2 4 ~~e==, uith (1) aﬁd,(iii) satisfied we consider

thn‘anaigtiq continuation of'fztz) from fz(z) = e+ 2a23?

L 4 "“". at 0.
1IF ve can analytfcally continus {,(z) alonz 2 rath ¥ in D, starting at
0, then f(f) €D; for othervise thera exista pcbav‘such:that f(ﬁ);ﬁ,

vhere § is the boundary of D

Ye suppose p tovbc‘the £irst such roint on v starting from 0. Then
(25) f(=) = £,(F_,(=)),

wherc fa(z) x4 23232 ¢ ==~ and £ 1(z) = zj- azzz * -;--’ near 03

If we consider (25) as z runa alongy £(y) from © to £(p), .1(=} traversas :
Y fronm O to p and at £(p) there is a branch of f.l(a) having at rost an
algedralc sinmularity such that £_;(£(p)) = p. (25) thus in fact gives
e continuation of £(z) having af mosi an algebraic singularity over its
- patural Loundary at #Z{r). This is impassible)hence £(y) QZD for any
path v in 2, on which fz(z) {2 rezular. |

Suppose now fé(z) can be analytically continued from O to zl by two

paths Y10 Yo in D. Then Y17 ; ig 8 patb from 0 to 0 1lying completely
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in D. A® B treversos this closed path, £(z) traverses snother closed
path y :f(?l)af(yz).‘t which lies completaly in D. (by 'pmoding

argnmént). '

As w' traces ?7 f(u) is regular and continues from the bdranch £(w) =

w4 azwz # ~=~=. 8¢ O to the sarie lranch at the end of the path. Thus
fo(a) = £{f(z)) cortinues from th§ inicial branch £,(2) 2 = ¢ 2a2a2'f ———
at ez, bnék'fo the sans dranch at the end of the path as z.trace

J‘. Hence continuation of fz(z_) from O along Yy or Y, to 2,

02
yielda iéentical reaqlts.
Case n = 3‘ |

Supﬁose fa(z) can be analytically continved from O, along 1;'in D
and suppose further that continuation of fa(z) first breaks dcmh at q
on yq§ T whare f,(z) is regular. Lef ¥' he the section of y between
9 and q. (exclusive of g) lNow f2 is rag_ﬁlar on y'y By induction
(cagze m 2 2) £(y') D. If £lq) were alsc in D then f,(z) would be
‘regular at g. Therefore f(af,) £ boundary S.

tiow on y', F4(8) is regular. Wence on £(y*) which iz in D, fulz)
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is vegular; Tour it 1s énalyti_cally continuable. {(with pcfhaps

alzebraic singularities) 3But if fé(z) had an algebrailc Qingularity

~on fy') it would be many valued an sore paths In D, which is impcsslblé.
£,0¢!) 3 £(£(y)} < D by the first part.

h’ow‘if for soue sequenco F{zj} € v' with zj.é q wy = fa(‘j) +r
. and red3  then since f;(i) = £(fy(2)) alonz ', fa(zj) = f(uj).- But f(w) is
re'gnlarv at v r and £(r) = f’a(q) = t say. If we conaider the hranch
w = plu) of the inverse f_i(u) of u = £(w) obtained by inverfing the
‘Taylor dxpansion u = f(w)n =T+ f'(rj(w - r) ¢+ w;'so that r = p(t),
th&nky(fsiz)) where 5.’3(3)‘ 3t +'fs’(q)(r. ~ q) # =-=~, is an expansion |
involving at most an alpebralc singularity at q, and at %5 thking for at
least one hranch, the values p(fa(zj) % vy f.e. agresing with £,.
Ve thus have i continmgion of 52‘ o*mb q along. 7', ‘_I‘his glves a contra-
diction, Thus as 3+ q on v', fz(z) tenxds unifornmly to ths boundar:—; .

| " We now look at an are o of 3 gurrounding £(q). We clain that
there sxists an analytic are 0 contained in D, passing throush q and
such that f(o'l) = ¢ of boundary 3. oy does nbt.mt v' excent 2t q
ginea f(y'ﬂ) C D, Vo can thus assme that 9y d.tviéés a neighbourhood M

.of q into two mponenta ona of which, say ! contains the part of y' near
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q and satiafics £(3)C D. ¥ ia shosen 20 si2ll, so that it lies in

ths rsglon of regularity of £,(z).

Points in ai near q ie in the region of regularity of £4(2) and we
 may modify y* nm q to Y" to meet a polnt"q" of v, rather tiigm q, and
té' ile io H,iq;_:a‘z't“m the end point _atAq"‘.r‘ Ve maY AsSUne thg';' q" h
any poinrt,of "’J. ;ufficicnt:ly:nm q, and y" mgots dl only .inl 1t ond
| point g". Then £, is regular on ¥". | . e

| 10“ fé(z} 1s regular c:m_v?' ~ {(q") because F{y"'- [q"i} C D but cannot
he continued along y" over q" aince £(q") ¢ boundary &. quc_é replacing q
.-b}.q"_.in the arguraont of the first part of caze n = 3; ve see that £
~ maps ¢, to 0 on boundm 8 in th’e} mighbouphood olf £(q). éme |
f'z(z)'-t 3§ as z <+ q", | |

For a fixed point w'u‘on % et w be s 'se(;uénce in D with‘wn * Ve

Since o ia amlﬁic we can assune that the v, 1ie on a curve '? in D which
ends dn v . (If e.g. o were a line semment wa could take a polygon‘
.jo'ining succeseive iin and this extends to the general caso as an
analytic curve is a conformed map of a line segment). y 'ié.thi irage

£{y ") of a curve Y" of the typa described above, with the end point q
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~ of y" mapping onto £(q") = w_, and with f(zn) = w for suitable-
.points z in y". Since fz(z) tends to § as z tends noqu on Y, we
have f(w ) = fzfa ) which tende to 6§ as n tends to infinity. i.e.
- every boundary value of £f on ¢ is in s,

.- Let o be an analytic arc z = g(t), a$¢S B, g'(t) £0, g
.analytic. We may assume that g maps the rectangle a S t s B o <u 3V
'nof the s = t + iu plane into part of D. If o' is the subarc of ©
: corresponding to [al,Bll, where a ¢oa <a < B < B <B . and if Rn
" are the rectangles a, S¢S 82, 0 <u <4\/n n=1,2 3,--- then
f(R ) = D, is a region.D CbD whose.boundary consists of points of
‘(including at least a') and otherwise of interior points of D. The

set of boundary values of f on a' is contained in B -'\-r~(—-—r

”which is in turn contained in the set of boundary values of f on ¢

(to any BeB there is a z 6D with lf(z ) 8/ < 1/n. One can_pick a

subsequence of zn which converges to z, on o since -' =ﬁg(sn) say,

snr.Rn and in the nested rectangles Rn’ one can choose snbconvergent

to say t_) Now the'?rﬁgj_are continua (compact connected sets), com-

pact since‘f(qn)c: D which is bounded, and these sets decrease with

increasing n. Hence the intersection B is a continuum and so connected.
Therefore B, which lies on the boundary § lies on just one of the

analytiec curves 61 which make up 8. Since the component of the comple-

ment of Gl'containing D may be mapped on a unit diso and since ¢f may be

mapped on a circular arc, we may apply the Schwarz reflection principle

[Carathéodory II], We see thaf f is regular on ¢ which lies on &3
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But this contradicts the hypothesis of the theorem. Hence of'fs(z) |
is regular on y in D fhen so is £,(z).

He now:show that iflfS‘is eontinuable along a path f of D, then
sfé(y) C:D; Consider a path y in D along which £ is»continuahie.» By
'learlier arguments we knoﬁ-f is also continuable on y. Since £, is
continuable on vy, f(y)c: D (first part), but £, is regular ony
'1mplies fz(z) is regnlar on f(y) whieh by above is in D. Hence -

2(y) = f(f(y)) C.D. The single valueriness of fa(z) now follows by

almoat exactly the same argument described for. f,(z).

' Generel induetive step

Ve observe that the proof of the Lemma hinges essentially on the
establishment of (a).

We suppose f (z), m> 2 is continuable from 0, along Y in D
and that analytic continuation of fm-l(z) breaks down for the first
time at e invytﬁ‘n. -Let'y' be the part ef Y elong'which fm;l(z) is
continuable.  By hypothesis, j(y ) CZD, jem=-1; Further since |
f f

m-1
consider t, 25 ¢tSm- 1, the smallest integer such that along v,

are regular on y' , it is easy to see that f l(7')::‘. D. We

continuation of ft breaks down at q. then f l(7')(‘_‘. D, and since
ft-l(q) eD implies ft(z) regular at q we see that ft-i(q)
boundary 6.

If we now consider a sequence'{zj}, zj € Dny', such that zj.a»q,

and suppose Wy = fm_l(zj) + r, reD, (we recollect that fﬁ_l(yf)t: D)
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Then since f(w) is regulari at r, f(r) = fm(g) = p say. If we

‘denote by f_;(w) the branch of the inverse of f(z) obtained by

~ inverting the Taylor series w=-p<=fi(r)(z~-1r)+ ... such that

£(r) = p, f_l(p) = then as in the case m = 3 fm_l(zj)"-' f_l(fm(zj)) = *j'
We thus havg a continuation of fm_ J.(z) over q whiqh contradicts our '
suppositi&n. Hence, fm_l(z) tends uniformly to boundary 6> as z tends

to qon¥y', |

We note thatr since fm(z) is regular on y', on £(y') which is in D,

fm-i(Z) is also regular; Hence fm_l(y') fm_2(f(7'))4(: D, by the
induction hypothesis. We look at an arc ¢ of § smounding ft_l(q).
There exists aﬁ arc ¢, through q such that ft;i(ai) = 0. o, does nbt
meet y' except at q, since f£_,(y') T D. We can assume that oy
difrideé a neighbourhbod Mof q into two componénts, one of which,

say N contains the part of y' near p, and satj.sfiea ft_'l(N) C D.

M is chosen so small, as to lie in the region of regularity of fm(z)

and of ft_l(z). Points of o, near q lie in the region of regulé@.ﬁy

1
of fm and we may modify y' to y" near q to meet a point q" of 9
insteéd of q and fo lie in N, apart from the end point at q". Now
ft-l is bre‘gular ongy" (including q'') and ft_l(y" - (")) CD, so £,
can be continued»along v' - (q"). However, since ft_l(q")eft_l(ol) €Co C§
we see that ft cannot be continued over q" along y".
We have thus established: ft_l(al) = oc 8. On any of the paths
Y" described ahpve, ¥ = ft_l(y" - (Q")) CDand f n is continﬁable

along y", so fm— 41 is continuable along Y, and so by the induction
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hypOth.ésis £ -t is coritinuablp along y; that 'is £ l is continuable
along’ ?". - q". However, £ :ls not continuable along y" over q"

for in this case the induction hypothesis would show £, to be contin-
uable over q".

Thus we may replace q by q" throughout the preceding argument and
find that in particular, (z) > 6 as z * q" from inside N. Thus
s;.nce £ l('z) =z f 1:( 1:__l(z)) we see that as w + o from inside D,
fm_t(w) * 6. By the Schwarz refleotion principle. just as in the case .
m=3 (when t =2), £ -t is then continuable across o 3 f l(q) and
so £ _,(z) is continuable along 7" over q. This contradicts the _
assmuptions and so we haye proved that all £,, j < m can be continued
along v. _

" To show fj(y) CDj<my we have just shown that fm_l('z) is
- econtinuable aiong ¥ in D; Then by the induction hypothes:l_s, o
] : :

i _
alohg ¥ in D, then so are all fj j <m; in particular f =1 is, and by

(Y)CDj < m-1, In particular fm_z(v) C D. Now if £ is continuable’

above argument fm-z(Y)E D.. Now f is regular on f 2(7), since f
is regular on y. Hence f(fm_z(y)) C D which impl:les fm_l(y) D as
required.’ The question of single—vaiuedness now follows by exactly -
the same argument earlier outlined. |

We now prove -

2

Theorem It If £ and D are as in Lemma 6 and if a, - a, # 0, then £(z)

is not embeddable.

Prooft By Lemma 6 if £(z) is as defined, then £ (z), n 2 1 is single
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valued as‘far ée continuable By paths in‘ﬁ. jConsidering Lemma 5
and by applying our usual trcnsfbrmation 2z = k/t to Sring our fix
point to infinity, then if £(z) is embeddable, since it is single-
valued in D, the coefficient b in (6) is zero. Hence our resultbA_:
: follows. : _ 3 ii
| We'shelllproceed'to show that there exist nbn-embeddaﬁle
' functions which are single valued in their whole domain of existence
D. (i.e. the boundary of D is a natural boundary). ,

., We shall then remove the restriction on the analyticity of the
| houcdary and derive the corresponding conditions for a nonrembeddable
class of functions. Further in Theorem 3 we shall remove tho |
restriction on the coefficients. a5 Ay in the case where we have
analytic boundaries. |

" Examples and Counter examples

EXAMPLE 1 Given f(z) =z + 22 + I zz. which has the unit disc as
n=2

its exact domain of existence, since 322 -ag =1, f(z) is non-

unbeddable (by Theorem 1)

Counter eiaﬁple 2

| We shall give an example of a single valued funcfionxf(z) with
"NATURAL BOUNDARIES" which is embeddable. More exactly there exists .
an embeddable f£(z) = c + b232 + -, ¥h[ < p, p >0, bé-# 0 whose

exact domain of existence D, is the region between lz] =1 and a non-

analytic Jordan curve Y.
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CQnstzfﬁctioni o -

Let 8 be the circmnfei-oucc lz| =1, & the donain -Iz[ <1
Let w = A(:) = -l taz+ 32:2 4+ ---, map A uuivalently onto the
exterior of a non analytic Jordan curve l', (A is the Abo.l function

"of our group [Baker 11.)

N.-N QNALYT((..

T

Then 1f a is largo enough, a»d uy, where d = diameter of T (in the

T"
P
AN

usual sense d = max [x = y],) r-a, l‘+aaredisjoint. SOP-aHo'
: x,yel

in the exterior of’i I Let the image of I' - a in A under w = A(z) be ¥

Iy will be a non annlytic curve with O outsidc 'it]. Let D be the region

between y and 8. Consider now

f(z) = A_I(A(z) ta)=z+ b232 + -—--; near & ® o
. \ alx2 _
In fact A (W) S 8 = = ¢ = 4 ===
-1 W "3
and .
" : a 2 a2 3.
f(z) 2 h_l(A(z) + a) Rz~ —i‘ 2 ¢ —1—2~ ‘, {n -l-f--'

(By eonstruction'. a is non zero and so b, ® all);-_v. o

Now £(x) is defined in D and univalent therc. Ve can eﬁntlnue £(z)
along any curve in D surrounding y. Moreover as = tendl to the amalytic
curve & from within D, A(z) +a+T +aand f(:) + non analytic :

AT + a)
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: Algo as z hends to the non analyt;c curve y in A, ‘ |
.'A(z) +a=»T and f(z) + analytzc 83 Hence f is not continnable .
over ¢ or~1. 'Hence f has the asserted properties and is emheddable
in the family of iterates -

[f'u(z‘) = A_, (A(z) +.u§) =z-2 R
which has fltz) = f(i) Ahd a positivé radius of ﬁonvergence fbfveach‘u,
Such a family satiéfies'f of = fof;. = fu+1 and is thus the nniéue
family associated with f. | ‘ |
| HWe note that the assumptions of theorem I are violated both in N
th&t.the boundary of D is not whnlly analytic and in that 322 - aé = 0.':

One may obtain the conelusions of Lemma 6 ﬁnder various modified

sets of assumptions. As an example we give:-

LEMMA 7: If (1) D is a bounded domain which is bounded by a finite

number of disjoint Jordan curves and which contains the origin.

11) £ is.regular in D and the boundary § of D is a natural boundary
for £ |

(111) The boundary values of £ on § all lie cutside D

Then (1) If fh(z) is confinuahle along a path 7 c D, so are all
£5(z), J <nand (D, § <,

(if) fn(z), n 2 1 is single valued as far as continuable from the

origin along paths completely lying in D. We note that 8 is no longer

assumed to consist of analjticlcurves.

Proof: Case n = 2, follows immediately by the argument of Lemma 6.
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Hencc if f is continuable from 0, along vy C D, £(3¥) C D and £, is

: single valued as far as continuable along paths completely lying in D.

- Casen= 3; Suppose £ (z) is continuable friom: 0 along Y D and
suppose continuation of £, (z) first breaks down at q on YN D, then by
our argument in Lemma 6, there exists an arc 0' in the neighbourhood
of q, such that f(al) is an arc of boundary 8. Also as z > 01 from a
r-gion N as in I.c-a 6 contaimng 7' fz(z) takes boundary values on 8,
contradicting (iii) of our hypothesis. Hence £, (z) is continuable along
7 and the single valuedness follows as in Lemma 6. ‘

In the gcneral inductive step > :Lf fm is contit_mablc along a ccrve
Y in D, suppose conticuafion_qf fﬁ_l(z) firsf breaks down at lq'on YnD.
Then let ¢ bc vtl'xe 1cast integer such thct continuation cf ft(Z) brcak_s )
down at q; 'A (2 f‘_t £ m1) ~Then ’ft_l(q) € .boundary §. Ve considei- Y's,
~the part of vy eliding in q, along which fm_l(z) is continuable. By |
~hypothesis, fj(fi) cD '-j' <m-l _ '

Considei- now a sequence of points: {z j}e Dhy' such that 2:) he q
where continuation of f, breaks down for the first time. Since £
fm—l arc regular on r', fm_lty') C D we consider.an arc ¢ of § surrounding
feoql@). Therc. is an arc‘cr-.l through q such that ft_l.(ull) = 0. 0y meets
v' only af qs since ft_’l('y') c D, we see that al'divides a neigﬁbourhood
"Mof q intc two components, one of which N say, contains the part fcf r'
near q and satisfiec i’t_l(N) C D; M is chosen 80 as to be in fhc region
of regularity of fm(z) and ft_l(z). By 'modifying y'l. fo Y" near vq tc :

) " - "
meet o3 at q", we get ft_l(z) regular on y" and ft_l(r" ("))C b,
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So ft(z) can be continued along §"- (q"). However since ft-l(q")
ey (o’l)co c §, £,(z) cannot be continued over q" along y".
Introducing Y= ft-l( " - (q")) C D, since £ (z) is continﬁable

along y", m & +l(z) is continuable along y and by the induction hypo- -
thesis, f is cont:lnuable along y3 that is fm_1 is continuable
along y" '- (q"). Butrfm_l(z) is not continuable along Y" over q" for
iﬁ this case, the induction hybothesis would show f (z) cohtinuable over q".
Thus replacing q by q" in the argunent we get £ l(z) -+ 6 as z + q"
from inside H. Since fm_l(z) = fm_t(ft_l(z)) we see that fm_t(z) takes
- on some arc of § boundary values which lie on §. |

' There are two cases:- Pirst if t = m-1 thenm ~ t = 1 and we see
that f takes boundary values on §CD on a certain‘ arc of &, which confra?
dicts' the assmPtio;is. 'Secondlyvif t<m-1,m~- t’ Z 2, then we‘see

that £ can be .continued in D along paths leading up'td' the boundary

m=-t
arc ¢ and so by the induction hypothesis can fj 3 %m- t, in particular

f,. But as z approaches §, f(z) lles outside D and so £(£(z)) has a

2.
singularity on any path yC D approaching §. In either case we have a- -
cbhtradictiqn and the lemma is proved. |

Theorem 2

If £(z) is defined as in Lemma 7 with the expansion

f(z) =2z + 3232 +az + ----, then if a:Z2 - ag # 0, £(z) is

. 3
" non embeddable.

Proof: This follows immediately by applying Lemma & to .the. above

esfablished' Lemma 7.
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_Bgmgz__; In the light of the above results, we briefly discuss a.
further example of a non embeddable function. -
Example 3. 0 | |
Let § bo any Jordan curve whose interior D, is a region contalning
the origin; let A, u, be the minimum and maximum distances of § from
the origin reépectivéiy. .Noﬁ consider f(z) = a +'ai + ~---, analytic
- in D, sudh'that aoz'}‘a and £(z) is not continuable across 8, We
suppbee'fdﬁther'thatbw'= f(z) hae boundary’ values all in [w| > 0> 0
. 8say, 6n S Then g(z) =z + kz f(z) is also analytic 1n D with natural
bdundéryvs. For suitable choice of k, the boundary valugs of g op_G

safisfy~

g(z)] > kA% - u > 2
o = 1, - 2 3, 2 _ -
and are therefore outside §ID Also g = z + az" + a;z + ooy aj - a, #0,
so by theorem 2 g(z) is non-embeddable.

He now iemove the earlier restrictions made on the coefficients

in Theorem 1.

2
2

domain D containing:the origin, such that boundany Dis a natural

Theoreﬁ 3 -If f(z) =z + a t - a, #0 is single valued in a

boundary for f and is made up of a finite number of dlsgoint analytic -

Jordan curves then f£(z) is non-embeddable

Remark Counter example 2 shows we cannot drop the assumption that the
boundaries are analytie.

Proof: We consider £(z) as defined above; suppose f(z) is embeddable.
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,wo nove our £ix point to infinity applying the usual tmna‘omtion '

’3'!‘—,31 E."wo,get
1 C
- ki
(28) z(t)-tﬂ-lf I bye
.vﬁaj, .

and f’or £(2) e got

. | .
(27? gn(t) =tene )éi; ba(fx)f B B

ulih tb-- &wl piop‘rths. Then g(t) is embeddeble. Also by Lma 8

all g (t) are singla valued as far as anllyticnny contimmmc from an.

:expansion about h:ﬂnity and uith a cer'tain ;t! 27 independcnt of n..

Ve now conaldurn (k) as defined in Lema 1.

= AR ANN :
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~ We choose k soviarge such. that Lemma 2 holds and such that AT (L)
is regulsr in ltl > k (cf Lemma 4). Bj choosing k large enough we may '
auppose A'(t) unifomly close to 11in o ). 'l'hen w= : A(t) maps

[](k) un:lvalently end confomally to a region C of the w plane lying

_to the right of a curve which approaches ® :ln directions arg w = -~ -31 .

> ‘Rz‘:

and y be the. segment t>r of the real axis, % the
10 ’

Ccontainsahalfplanekw>B. Ve nowtakeR >k,R <R

.._Let Rl <r < R2

‘semi-circle t = ,0%589 s ‘w3 Now A'(t) is regu.‘lsr on Buy
: Aand so A(bt) may'be -'continu_ed reg_ularly along Buyv 'to‘ t.=z -p with _the ‘
vaiues ‘of A(B) being bounded. For 1erge enongh n, A(B) + n ldes in
R w >B while for a1l positive n, tE KC (k) implies A(t) + n= A(gn(t))
€ C. Thus A(Buy) +nisa eurve in C. . B '

Congider now h(t) A {A(t) + 1} on Buy. On v, h(t) = g, (t) while
as, t describes Buy A(t) + n describes A(Buy) + n 4n C and the inverse

- of the univalent map A: E(k) + C gives a regular continuat:lon h(t) of

10

gn(t) along 8 to -r. Moreover for t =re 006 S rand Rls- r SR

2 ,
_ gn(t) lies in a compact subset of “D(k).’ Similarly considering a path. '
B'+ vy, B' = reie, o‘z o2 ?w,,we conclude we can get a regular continnafion
f g (%) along 8' to -r. Now since gy(t) is single valued as far as ‘

1
lower continuations yield identical results, for g, (t)’. _'

continuable within |t| 2 T and we have chosen R, > T, the upper and

Thus gn(t) is regular in the annulus Ry St SR, and it maps the
‘annulus to a compact subset of”\‘_](k) and further by Lemma 1 g(t) > |
_ uniformly as n tends to infinity, in V| (x) and hence in Ry S¢S Rye
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Now by Lemme 6, if gn(t) is regular for all n 2 N, say in annulus
in the neighbourhood ofiinfinity. then so is it for all n < No.

Hence for all n, there exists Ri so that [t| » RI;‘

-(28) _gn(t) is regular for all n

(29) g (t) + « unifornly as n+ = |
Transferrihg our fix point to the origin onCe;mere,_we-see_that-there
exists ap >0, such that in some |z| < Py o |
, (30) £ (z) is regular for all n, and
,(31)‘ fn(z) + 0 uniformly as n + = | »
Now, ceesidering our -expansion f(z) = z +‘e232 +T‘ff, we-cleim»(fn(!)}
‘canhet-fbrm a ndfmal family in any Jel <;po. If 1t'cou1d- there would

exist a suhsequence {f_ (z)} uniformly convergent in lz| <0 < Pos B

Dy
that is fnk(z)'+ f(z) 0 by (31) This implies‘f;.(o) +.O, contra-
. X - '
dieting the fact that f;k(o) 1. Hence f(z) cannot be embeddable.

In Baker {21] 1t was shown that if £ =z z + azsz + ———— iefmeromorphic

"in the plane, then it is not embeddable, except in the case:’
£(z) = z/1-a,z
The question was raised whether the result extende to any f which is
\ single valued and our counter example 2 shows this is not universally ’
true; there are emheddable single valued functlons other than =——— l oz *
o% ©
However theorems 1, 2, 3 give new classes of‘non—embeddable £,

with natural boundaries given by certain curves. Examples where the

boundaries form a discrete set are given by the following theorem b4,



which slightly extends the work of Baker [2]
LEMMA 8
If_:hg_ggn_gg (32) f(z) =z + a222 + I akzk a, ﬁ 0 ia

k=3
embeddable and 1f £ (z) are single valued in their whole ' domain of

29.

existencg, n=1, 2, 3, ---. Then there exists Py > 0, such that for

z in an annulus,

0 < [ £ |z| S py < p, one has for all large enough n_

(1) £(2) r_zmn_ ;
(ii) £ (z) +> 0 uniformly as n + ®

Remark: The proof of this Lemma is given in Baker (2]]and is almost
identical_to that of Theorem 3. It will therefore not be reproduced
here. . | |

. Theorem % :

. If £(z) is single valued and meromorphic in the whole complex plane

vexcept fof‘a countable number of essential singularitieé, each isolated

~ from each othei, and if near the origin £(z) has an éxpansion of the

fbrm
. -]

2 "k
0% + kf a,2z a, £#0

| then £(z) is not embeddable, except in the case

(33) f(z) 22 +a

£(z) = 2/(1 - ayz)
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Proof: The case when f is meromorphic in the plane'has been dealt -
with in [2] and covers the rational case in particuléb. We may

: therefbre assume f has an essential singularity at say a. If

:T(:) 2 -az/(z-a). then g = T-f-T 1(z) zz+ 3222 + === has an

essential singulérity at =, Moroover £ is embeddable in a family

fl =z + Aa222 + ———-, if and only 1f gis embaddable in a family
‘gk 2 Tof T 1 = 2 + Aay3 2

‘easential singularities at points T(z') where z' are the essential ’

+ -4-—. 01early g is single valued and has

singularities of f.-
| "The iterates gn are single valued and regular except at the

_countable set of points formed by
: n-l ' . ‘ o
U gdm(s), where s iS'the set of singularities (including
m=o , _ _

poles) of g. Once g, has an“essential'singulqrity or pole at z', thepl
8o does g for n > k. S |

" Suppose g is embeddable, then Lemma 8 shows that there exists
N such that for any o < p, s lzl s p2 < p, and all large enough n,_h_‘
By is regular in pl s Iz] ';. Hence all gn are regular ino < ]zl < P, .',
The 1emma also states that gn(z) <+ 0 uniformly in Py . lzl Py and |
_hence on Izl % pys by the paximm modulus theorem. But this implies

sn'(o)'* 0 which contradicts gn'(o) z 1, Hence the theorem is proved.
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1.4 ON CONVERGENCE OF THE PAHILY fl

He now turn our attention to the valuee of A corresponding toa

positive radius of convergence for fA(Z)' We shall in fact show that
when these values of A form a two dimensional-lattice, £(2z) ie ‘
embeddable. | |

. Theorem 5. If the set of values of A correeponding to a‘positive radius -

of convergence for f (z) includes a two dimensional lattice, then f(z)

is enbeddable. (that is the gset 1is in actual fact the whole plane).
Thus if f.is not embeddable, fllcon?erges only‘fon A=n }c, Xo
| fixed, n integer. : '

Proof: For simplicity we shall consider f, (z) in the form
. o
(33) £,(2) =z + Aa2z2 + I bn(x)z ‘convergent for some positive
' n=3
Rl' For convenience we shift our fix point to infinity using

=K g =k ___, -k -
25 % = tl" Zy tA’ where a2k = -1 to get

(34) gl(t) t+A +kz bs(l)t
, ) A = H

From Lemma 2 we recall,

(35) A(t) = lim {g (t) = n - b, log n} exists uniformly for
te Tl(k) as defined in Lemma 1. Also A(t). is regular and univalent in
TI(k) with A'(t) + 1 uniformly as t + « in RuLLIR Further since
te'K](ﬂ) implies g(t)e t](k) we derive Abels equation. : '

(38) A(gy(t)) = A(t) +1n, te YI(K)
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_ : ' | . Ly
Thus without loss of generality if x’o.- 1l and ll,’ o < arp 114-5
balong to the lattice (where cur 2-D lattice is described by
A .

nx +nk °ﬁruu.l #0,1 £ 0) thenweczm eimoaoiright half

1’
phmH such that H € VA(k) as {llustrated above and
te H—>5{l (t) ctl(k) and hence Abels equation is satisﬂed. ,

1
(an Moy (6) = At) + A

Diffmntiating ( 37) ua gat

(36) A! (s, {t) ;;'l(t) T A'(t)

‘ b 5
Thus -
A ol mlee () AV, ()
Al{e) = & . t A' (g, (¢
" nzo ll nA *NA

Hctinsc si (t)~1+ ’3(1/1: ). %A{» t+ nx. and A’(h) -+ 1 B3 t+ =

in H we see that
-
(33) ALY = W g ' (g, (8))  hoMsinH .
‘ nzo | 1 ' .
"~ Now using the fact that £ {(t) iz convergent - sinilarly detine
1 . b o

1 .
(‘*0) A(t)ﬂlim g (t)-n -‘-s——logn} y
pew  DPA Ny
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This is 'regular iﬁ ﬂl(k) a domain s;lmilér ‘-t'o_ Y (k) rotated through
arg 1. In a sinilar manner we take a half plane H 1 Re.ze-n; K.
Then t € Hl implies g, (t) ¢ TJ i(k) and Abels equation yields after
differentiation, v ' ’

- (81) Aj(t) = n g (gm (t)) | regular in H1
o .

n=
Clearly Hn Hl is non empty and in this intersect:.on the right hand

side of (39) and @1) are equal. Hence AT(t) = Al(t) hence A (t) can
be considered as antanalyt:lc cont:lnuat:lon of A'(t). |

. ﬁnp,loyiﬁg g_l,- g.)\ and g; in a similar argument we get a full |
contipnation of A'(t) into planes Ré z < X', then Re‘ze-i'\ < K"
and finally Re z > K™, ‘

- Thus A'(t) has been continded ﬁght rcund the origin ina
puncturea neighbourhood of o and the value obtained hycnt Re z > K™
at the last step is (as in (41)) given by ; g'(gn(t)) which agrees
with the original value in H. Thus A'(t) i: regular in a imnctured
neighbourhood of =, | -

He recall A'(t) + 1 as t + » hence » is at most a removéhle

singularity for the A'(t) function. Hence A'(t) is regular in a full

neighbourhood of ®, Thus there is A'(t) regular at = and satisfying

b
(42)  A'(g(t)) = A"(t)/g'(t), A'(t) z 1 ‘-%‘1‘ ———
g(t) = gl(t) =+t + 1 .|.?1. + ———

Now in fact the converse of Lemma 4 holds, i.e. we can conclude in

this case that g (and hence f£) is embeddable. This has been proved -
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. independently by Erd8s and Jabotinsky [1, P361-76] and by Baker
[1 p289-290} |

In fact if

. b c .
A'(t) = 1 - :E}' + '-% t+ om——— set
v t ’
cl.
(43) A(t) =t - bl log t - z=---

Since if wélpum ¥-= (1 + v) in the equation

(u4) A(w) =vA(f) + 1, we get
1 1. N ____];______
v log (1 ¢ v) 2 (1+ ‘v) *”—-f k3 "

ﬁhicﬁ is satisfied foﬁ 1/t =0, v= O,.is anélytic nearvllt = 0,
v = O‘(withllog (L+ v)=zv-~- %3 + ———— ) and the derivative of the
left hand side for v =1 at 1/t évo; v = 0, there is‘a regular solution
v'=-:-+-.----,étt=_,~. |

(45) W Et A = hx(t)‘say
The functions h,(t) form a comﬁuting family and are the only functions |
of form (45) at = which satisfy (44). But g satisfies (42). Thus if
't and so g(t) ~ t + 1 are lérge énd choosing the logs so that -
(t)

log g(t) - log t = 1og«g¥£— ~ 0 we do have

_ A(g) - A(t) = constant § in a whole neighbourhood of ® and by
w(ﬁ2), (43) & = 1, Thus our assertion is established (incidentally by
a proof rather diffevent from those quoted which depend on differential

equations existence theorems.).
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1.5 HISTORICAL REMARKS

The theory of natural iteration and of embedding fuhcfions
£(z) = a12’+ a232.+ ~-~-, near the fix point 0 was treated for;]ail <1l
in the late nineteenth century and early twentieth, e.g. by Koenigs {1]

The somewhat more difficult case a, = 1 was treated as regards

1l
the behaviour of fﬁ; n integer by Leau [1] and.Patoﬁ [1,2].'

The case where ay is a root of unity is essentié;ly equiyaleﬁf‘
to a; = 1. VWhen a, = exp (w ;-6), 8 irrafional fh§ gituétion becomes | 4
extremely complicated, c.f. Cremer '[J.]; Siégel {1] and Russmann [.1]'.'

The embedding pgoblem f§g a, ? 1 received ébme attention‘after
Baker-lal showed that 1f £(z) = e° - l.then f& has pdsitive radius of -
convergence for real o only if o is an ihteg&r. There folloﬁed‘more
or less simultaneous papers of Baker (1] and Erdos—Jabohxinsky {1
including e.g. the result that the ¢ corresponding to positive radius
of convergence form a one or two dimensional lattice or the whole plane
(embeddable case).

M. Lewin [1], a student of Jahofinsky showed that z + 22,

(1-z)
are non-embeddable and Szekeres [1] and ‘Baker {2] showed respectively

that entire and meromorphic functions are~non-emb¢ddable except for
z/1-0z, » _

Later A. Ran [1] showed the aigebraic function z/VT;E' isnon-
embeddable and Baker [4] extended this establishing a more general
result and proving that a large class of functions is non-embeddable.

In a recent note J. Ecalle (1] has announced an extension of the
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above results which would yield in our case when a, £ 0: If

2
2® 1 _
function and £, is meromorphic in the plane and if a22§-a3 # O then

F =-fl + fé zz+ a

fis not embeddable.

| ,Our contribution to the»theory containss-

| (1) -disproof of the suggestion that ail'singlg i;iueq f are
‘nonrembeddablé (except for trivial cases) by construction of counter
example 2. . | | | |
| A(2) .Construction of new classeé of non-eﬁbeddable functions
especially examples with natural boundaries (Theorems 1, 2, 3,
espgéially 3). |

V(3)-.A proof that either flis embeddable or else £, convérges

only for A of the form nlo; Ao # 0 fixed, n integer (Theorem 5)..

4+ '----, where f. is a branch of an algebraic -

In addition a number of new proofs and discussions of established .

Lemmas are given.
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CHAPTER II -~ GLOBAL ITERATION THEORY

2,1 INTRODUCTION:- fhe theory of the iteration of.a‘rational or

entire function £f(z) of the complex variablé z deals with the sequence

of natural iférates fn(z) defined by fl(z) = f(z), £ .(z) = fl(fn(z)),

n+l

‘n=o0, 1,2, | : |
In the theory developed by Fatou [1,2] and Julia [lj an iﬁportant

part is played by the set F = F(f) of those points of the complex

plane where {£ (z)} is not a normal family.. Unless £(z) is a rational

function of order O or 1, the set F(f)‘has the following properties,

proved by Fatou for rationai functioné in [1] and for entire functions

i 2 - : ‘

I F(f) is a non empty perfect set;

IT  F(£) = F(£) for any integer n 2 1 |

iII F(f) is completely invariant under the mapping.é + £(z), i;g. if o
belongs.to F(£f) then so do f(a) ahd'eQery solution B of £(8) = a~

v Fér e?ery_uE F(f) and fér every complex B (excluding at most two
exceptional g-values) there exists a sequénce of positiv;'integers
n, k=1, 2,~-- and a sequence of complex mumbers a, such that

fh (a'? =B and lim o, =

= a
K o K
A fix point a of order n of £(z) is a solution of £.(z) = 2. It

has exact order n if fi5°) = a for k = n but not for any k < n and ¢n
this casevfh'(u) is called the multiplier of a provided a # =, The
fix point 1s called attractive indifferent or repulsive according as

the modulus of its multiplier is less than, equal to or greater than 1,
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rospectively. With this nomenclature we have:
V. ;F(f) contains every repulsive fix point of f of any order.

Attractive fix points belong to the complement of F(f)

VI F(f) is the derivative of the set of fix points (of ‘all orders)

of £y indeed by Baker [5) it is the. derivative of the set of

repulsive fix points. | | '

The complement €= Ti(f) of F(f) is an ‘open set, whose components
of connectivity are the maximal domains of normality of {f (z)}.

By III Tf(f) is completely invariant. One of the main. problems of .

- the theory is to investigate the various possibilities for the structure
.of P(f) and the way in which F(f) divides the plane.. Results on this
'problem have been obtained in ths original papers of Fatou and Julia
and later by Tépfer (1], Myrberg [1—-31 and Baker [5-8]. -

It follows from III and IV that if F(f) has a non empty interior _
then it is the whole plane. In the case of rational £, this can occur
as was shown h& Lattes [1] in the case where f is the rational_functioh
'such‘thst P(2u) = £(P(u)), P(u) Beiug the Weierstrass elliptic function.
-Baker (3] has now solved the long standingvopen problem proposed by o
Fatou in [2] on finding an entire transcendental £, for which F(f) is-'
the whole plane. g |

| P. Bhattacheryya [1] in a recent study, has looked at the grouth'”
of entire functions with infinite domains of normality. Under some
conditions, one csn, given components of € (f), say something about

the growth of £ in certain regions.
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'He also discussed the nature of F(f) and TAE) wlien
£(z) = e* - 1., He showed that for this i’, the half‘ plane H= Re 2 < O
is an invariant domain £(H) = H belonging to *e_(f)i'end' ie contained
in a completely invariant domain G 2 CAE). Prom the complete invariance
of G* it is clear that G includes also the strips
sni {(2n+1/2)n < y ¢ (2n--+ 3/2)1r, xZ0 A

This suggests an investigation of the restr:.ctions placed on £ by
assuming that its F and € have properties sim:.lar to the above. . Ve .
shall show that the existence of an J.nvariant left half plane and of
a horizontal strip extending to infinity on the right, such as s, in
‘C(f) give x'estrictions on the growth of £ in the strin. We also show |
that for a fnnction of ‘order 1 ‘there cannot be a seouence' of such
strips oi’ arbitrarily large width in addition '_to anv iniaiviant left
half-plane. | | |

2.2 ON ENTIRE FUNCTIONS WITH INFINITE DOHAINS 0!’ NORHALITY

First of all we quote. the following Lemmas;

LEMMA 2., 1 Landau and Valiron [1] -

Let '¢(z) be regular and Re ¢(z) 3"'0 for t=Rez>0

Then we can find ¢ 2 0 so that writing $(z) - € = #(z))

(1) Re ¥(z) 2 0 for t > ©

(i1) for every p‘> 0 !-(-:-)-' + 0 uniformly :ln‘lzl S py as IZI + w

LEMMA 2.2 P. Bhattacharayya {1, Theorem 2.7]

Let D be an infinite simply connected invariant domain of an entire,

function., Let D contain an engle A




4o,

a < arg'(z -z ) < a+ 8, 8>0, Then for arbitrary € > o

‘lf(z)l 0( z ) for some k = k(B,te) as lzl *oin a +€<

arg (z - z,) < a + B -¢€

We now state and prove our First theorem which will be applied in our

later work on iteration.
Theovem 2,1

Let £(z) be entire of order % 1 and zero exgoneﬂtial type and

suppose further that on the negative real axis, there exists k sﬁch‘"

that £(-r) =_0(rk) as r * = and suppoée that all the zeros of f(z) lie

_in‘the right half plane Re z 2o, Then f(z):is a polynomial.
gggggj We may assume £(o) # O (otherwise consider f(z + 8) for a >
suifahie § > 0. Suppose f is of zero exponential type and not a
polyndmial, so it has an 1nfinity of zeros,r#ll in Re = 2 0

In the first part, we shall be eﬁplpying Céfieman'§~theorem,
Titchmarsh {1, p 130]

We evaluate

e 5= i f log f(z) G;— +-;—) dz by contour integration round c,
where ¢ is a contour consisting of the semi circles. |z| = p, Izl = R

-2/2 £ arg z £ #/2 and the parts of the imaginary axis joining them,

190 .

and £(z) has zeros a. = Y:@ ) , j = 0, 1,.e. inside ¢.. Thus we gef'

3 3
T | 1/2 .
. (%5 ) ;%) cos 05 = 3% -{/ log £(Re™®)| cos 0 a0
- |
to ] G- 39 10 |£(ty)ley - Re 3oz [ log £(2)(5 + 35 as

R 21Ti| |=p z R

~n/2%arg zSn/2
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Similar considerations with a contour ¢, of some type as ¢ with
w/2 & arg z § 3/2 i.e. in the left half plane and notmg £(z) has

no zeros in this region, yields

- 3n/2 ‘ _ .
oed | lloglf(Reie)l cos do,- Re -1—_ log £(2)(2s + L) az
' w/2%arg z€3%/2
2 Bao1, . N
-5 | G5 -5 1og [£-in)ey
p y R . o

- —;—,—; !(~1-§ - %) log |£(iy)|dy

‘ py R , .

: .“Addit';g we get

. (—---i) cosB

; j iﬂ)l
jR J R

z ~]4— I log If(Re coséde

~ Re -%’-1;-1' Jiog £(z) (%‘ + }"5) d=
M’-p z° R ,

If we assume no zeros of £(z) in |z| S p, then we can take log £(z)

- zfegular and by residue theorem,

= £'(o)
e 3 l].}.og £(z) ( +;—) dz = Re {Zr5y)

v _
thus _ rZSR(%':T - __g_) cos ej: s -'-Re{-fT(%-)-} + = [ log | £ Re e|cc>sa de
] R

< Re{f {o)

£(0) }"' éhg |f(Re ) | cos 8 de

19”

E is the set of 6 where log |£(Re™")| cos 8 2 0

= Blur:2 where El = get where log If(Re-ie)b o, cos e‘ >0
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19”

and E, = set where log |f(Re <0,cos 86 <0

"2

f! (O)}

-Re{ + ——- {n(R,f) + m(R, )}

-Re{-f-(-(%)-}i- = {T(R, f) + T(R,?)}

Since T(R,f) - T(R,1/£f) = 0(1), T(R,f) < log m(R,f) ‘4:‘ €R
lﬁ {TéR,f) + T(R,1/£f)} +0 asR + = |

hence for all sufficiently large R,

Ty R?

| (-:-L—--r-j-) cos;e s--Re{ (o)}i-l E - tl)
Iy t 3 £ |

: = cos @
We now consider the series I —r—i
E =17

For any N, we choose R so large that .'

N .- N r,. ' ,

g ©°° ej < I (-:‘7- - -%) cos ‘ej + 1, thus by argument above

1 1:'j 1 "5 R

N cos £ (o)

bx —-—-i < Re {=—==}+ 2

cosf, ® cos 0, .
But --!-;-J- 2 0 for all 3, 80 that I -—-;-—1 converges and has a sum ),

i ' =1 7]

say A 2 0

By the hypothesis of the theorem, £(z) is of genus at most 1 and

S0 we can write,

o .
£(z) = e 11 (1 - 2/a )ez/an, where a_ = pr &
A 1 n n n

are the zeros of f. We also introduce

18,



2 £(2) = % 1 (1 - 2/3 )e*/?n
. 1 S

g(z)

If there exists k so that

£(-p) = (%) -
~ then = g(-r) = ¥(-r) = O(rk)

and ' F(z) = £(z)g(z) satisfiqis
F(-r) = O(r2k)
But . B -
F(z) = o'%*% 1 (1 - z/a)(1 - z/a‘n)e(z/an + 2/a)
i
' . 2cos@
since -;‘- + ;&— = , the product I e(z/an-I-Z/an)

n- n n _ 1
is convérgent and

F(z) = é(cf&'ﬂ)z 1 (1- z/an)(l - z/a )
: ) n==1

Now for z

Re z 2 0 we have

. lana-l-_rlz‘ - and !a 'l'rl él
“n 3
and sb
|F(-r)| 2 &

where d = ¢ + ¢ + A is real .

Since £ and hence g and F are of order 1, and type zero, we see that

d2o0

-r, because a , and a_ are in the right half piane,__

43,



2
dz . ~ N zZ
F(z) = e il - (z/a + z/a ) + 51
- N
o cos @
) = & 2,,2 z n >
F(-r) = e dﬁ{l + 2cnr +r /rn }, where c, = 5 0
| - and r, = |an| -
= e-dr P, say
n -1 ® ‘
Pz § {1+2r+ r2/r 2} T{l+2r+ r2/r 2}
n n . n n
nel n=n
_ o
'We_dhoose'no g0 that given € >0
® cos 0_ .
0<2;f —32 <€ S (2)
T L
n . n
°
Then ‘
ny 2, 2 = P 2, 2
T {1+ 2cr+r /rn } S on o+ 2cnr)(1 +r7/r ")
n ‘ n=n .
- : . °

Now, T(1 + 2cnr) < exp'{zcnp} < exp (€r) by (2)

We also have
t 2, 2 ot 2, 2
log T (L+7r /v )= I log (1+r/r”)
n ' n=n :

A

[ log (1 + r2/t%)an(t)
s

[ @ . 2 '
n(t) log (1 + r2/t?) | + 2 { n(t;r dt2
' s § t(t° + r°)

where n(t) counts the a s 3% and where 6 > 0 is so small that n(s) = O,
Then the integrated part vanishes in the above inequality.

Since F is of zero exponential type we have T(r) and hence N(r)
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and n(r) less than r for larger. Then

. & hod w2 < ‘
log T (1+ r2/rn2) 5 9f §E£§Q£é - wED
nen § #(t%+r°)
Thus P % p(r) exp (er + 7wer) where p(r) is a polynomial in r, and
if 4 > 0, we may éssume:a >(2 + ¥)e 5o that as v - -,

0 <F(-r) <e ¥, >0 - - . (3)

Next we apﬁeai to a theorem in Valjroh 1, ﬁ 891 which says that
if q(z) is an entire function of finite évder énd i > 1, there is a
icofréspdnding constant H = H(k) such that for large R, the annulus
R $ |z s»kR contains at least one eircle |z] = » on which

lax)| 2 (a(g i)y 7F

‘Thus we can take k = 2 say, H = H(2) and then in any {nterval

sSpS 2s, there is at least one value r with

la¢-r)| 2 min |q(z)] 2 ﬁ{M(q,Qr)}-H(z)
: z|=r -y
: 2 {exp(21r)}
= exp (-2Hr)

In this estimate Wl may be taken arbitrarily sﬁall. _Applying this to
: P(z) with,{\choaén so that 20H < ¢, we see that the assumption d > O,
‘on which (3) depends, leads to a contradiction.
Thus 4 = 0 &nd
o

F(z) = T (1-2z/a)Q - z/2))
n=l

But since |(1 - z/an)(li— zfsn)|'> 1 for all z = -r, r > O we see that

. F(-r) + « faster than any polynomial as r +% «, Thus the assumptions
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of the theoren and the assunption, made at the Lepimning of ‘the proof
that f {s not a polynoczial are mutually inconsistent. The theore=m
follows. | ' ’ o
We now proceed to nﬁj_to and prove a theorem which tells us .ah‘oﬁt,
t>bav growth of our !’\Vmctvion f(x) once f(f_) has been ‘chlmctcrhodi.
Theorsa 2.2. Suppose #(z) is an entire trmiscondenfal ﬂﬁétbn of

order = 1 and C(f) has @ sioply connected component G which contains

the left half plans. Suppose also that the region By {x >a>0,
Iyl < A} belongs to €Af). Then #(x) = _O(ek‘z{/‘) in every ®,,

where RJ." fx>a>0, [y] <A~ &'} for arbitrery 8'. X an atsolute

__c_gmtanto

G

?2_0_013 Let k denote the rigfxt half plane from which the unit seni~
| circle has been remcved. Ve consider the transformation s x a + u log ¢
o= 3% vhich maps k to R. R belonys to some component, say 5, of ﬂ('f).
Since F(f) and£(€) are inmvariant (oroperty III of the intrmiuctiou)
£(Gy) belongs to a couponent of C(f). Térfer 1 has proved that if
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€{£) has an infinite component G, say, then every other coﬁponent of
CA£) is simply connected. If we take G, to be the cooponeot of €.(£)
which containa the left half plane (and by our assumptions is simply
'connectod as well as infinite) we see that in our case every component
of‘fxf) is simply connected. | |
Since R C:G 10 , f(R) lies in a simply connected component G, of T(£).
Let v ‘be a point of F(f). Then the ray v = Vo~ t, T 2 o |
lies in the left half plane and s0 in G for all large T, and 80 meets
eF(f) a last time at say, v, on the frontier of G (vlsP) The function

1/4

w=(v- vy ) maps the simply connected region G into four disjoint

regiona G(l) G(z) G(a) G(“) one containing each of the rays
L 8
,‘u'u
is a boundary point of each G

except for the end point w = o0 of these rays, which
(i)

arg

We now take any omne G say, of the fbur images of G, under the
same transformation W = (v - vl)llua G is either ome of thefG(l)i;;G(u)
'Ar is disjoint from all of them;v In either caseja lies in o half plane
8 < argz< 9 + |

Then w = (£(§) - vl) = {f(av+ vblog t) - vl}llu = g(t) say
maps K into a half plane. For some &,

| i (f[a +H log(t +1)] - v, }1/“ maps half plane Re t > 0
into Re r > 0, |
By Lemma 2.1 | lf(a + Hlog (t’#‘i)) - v1|1/4 < klltl
|f(a + ¥ log (t +'i)|-‘ Klt(u as t * ® in an angle

Iarg el < Ty -6



48,

Considering
=a+y log (t +1) we see that
., ZEa 4 - f
|£(z)] < k| Tw -1 T=x] T&F -1
: w!z[ -ra
- < k(1 ¢e 7”)4
< k'e 2nlzl/A as z+* ina slightly smaller strip Rl

as defined 1n the statement of the theorem. This_concludes the proof:

Further discussion of £ in Theorem 2.2

We now go on‘to_look at fhé'indicator function. ;Since'ke are
looking at entire functions of order < l,‘the ihdicator»functioh h(6)
is defined by - | | |

h(8) = lin sup log lf(re %rt
clearly h(o) € 20/A
In the left half plane (C{G) £16 either = G or'a component disjoiﬁtn
from G. If £1G = G, that is G is an infariant domain, Lemma 2.2 shows
that £(z) = 0(z*) in a.smailer half plane. If however the values
of £:G lie in the right half plane (-f has an invariant half plane)
and the same conclusion holds. In either case h(e) 0 for 7/2 < 6 < 3n/2.
By'fhe continuity of h(6) Boas [l]: h( k4 ©/2) = 0.

Also by applying a result in Titchmarsh [L, 5.71) we put

H(e) = i cos 8, le. H(Q) is the unique sinosoid which takes the values
iw. 0 at 0, ¥ a2 respectively. Then
- h(e) = %1 cos  |o| S a2

= 0 otherwise
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In particular f is of exponential type é'flw‘ For € > o, H(f;f)i.ke(2“A+€)r

for‘ailllafge éndugh r. ] _
Remark: Considération of g(z) = llefz fi1)'with‘Ti(g) contéi§ing
strips 2/2€ < y < 3n/2€ of width n/€ shows that:our result is fairly
hars. , S v

Purther deductions from Theorems 2.1 and 2.2

Let us suppose there exists a succession of parallel strips of
'increasing width Ak > ® in the right haif plane, eaeh belonging to € (),
and assume as hgfore a s;mply_connected domain.containing the left half
plane in C(f). | ' | |

Ve first,consider the indicator fﬁnction h(8) earlier defined. Ve
shquthat f§r é fugction of exponential typé, h(ei is‘the samé.fo¥,f(z)
and (2 + ¢) férAany ¢c. Since f(z) is of exponential type,

S “log |£(2)] < X|z] say as z+ o
h(d) is‘finitq‘for all 8, in fact h(e) < k. Since ﬁ(e)'is continuous-
for all 6, given € > 0, if |0] < & =45(€),ih(e) < h(o) +€ . Take a

small n, o< n < 6 «. Consider

(h(o) + 3€)z }
cos n

(2) f(Z)exp {-
On the rays |6] = |arg 2| = n we have

(- (o) + 36)r cost

lg(z)] < |£(xe™] exp e

< exp(h(n) + €)r exp{ - (h(o) + 3€) r}

< exp{ h(o) + 2€ - h(o) = 3€} r = exp(-€r) for large r
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g 1s bounded on‘e = tn and is of order 1. Therefore by a Phragmen--

Lindelof result (c.f. Titchmarsh {1, p 177]) g is bounded in |arg z| S n

h(O) + 3&) zl

_ Therefore |£(z)] < ¥ |exp (=5 ,

in |arg z| ‘v“

We can take n so small that

| h(o) + 3€e

cos o < h(o) + 4€ and thenA

| log lf(z)l < (n(o) + ke)|z] + O(1) in |arg =] Sy
'Therofore in |arg z| < n, log |f(z)| < {h(o) + ue}| z| + O(l) for all
large enough z. qu any e, let hc(e) = h(g) for £(z+c). .Hence |
h (o) = lim suﬁ , l‘_’ﬂ_l;(ﬂ;’i‘."_c_ll
' X+
Forﬂlafgé.x, x + c is in |arg z| < n and so

log [£(x#ec)| < {h(o) + 4E) |x + ¢ +001)

lez.lﬁ&a:sll < (h(o) + ue)l-liggiiL + 0(1/%)

hence h_ (o) £ h(o) )
But £(z) = f(ztc-c) implies h(o) % hc(o).';Thus h;(o) =.h(§) and similarly
for any o, h;(e) = h(g). With this property of the indicétor'function
established, by looking at the strips of increasing width Ak‘ we conclude
that h(o) = 0 for our function f and since h = o for #/2 S8 € 37/2 it
is therefore a function of zero exponential type by the argument used
above, | |

But by theorem 2.1 £(z) must be a polynomial, Hence if there are

strips with arbitrarily large An, f is of zero exponential type. The
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facf that the left half plane beiongs to C implies F belongs"to'

Re z Z o. ‘Take any a F, then all solutions of f(_z) =aare in F and
S0 belong to the'right half plane. As pb:lnfed_ out above £(z) is of
polynomial growth in the left half plane whiéh belongs fof(f). Thus
theorem 2.1 appliéd to £(z) - Awould show f(z) ~ais a ‘polyno.z-nial.

We state our result i.r; the form: | - o

Theorem 2.3 Iff is an entire 'transcendental function of order £ 1.

with the left half plane belonging to some édmponent of 6 (£) then there

exists a constant ¢ such that every strip of the form |y - yol < c,

® > B meets F(f).
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CHAPTER III - PICARD SETS FOR ENTIRE TRANSCENDENTAL FUNCTIONS

3.1 INTRODUCTION: FolIGWing Lehto [1] we state:-

' Definition 3 1t A PICARD set E is a totally disconnected closed set

in the extended %z plane in whose complement CE, say, each single valued

meromorphic function £(z) with at least one essentlal singnlarity in E

takes eveny value infinitely often except for at most two values.

By Picards theorem a transcendental meromorphic function assumes
7infinite1y often all values in the plane except at most two. Henoe
'given any set with a finite number of points, it is automatioally a
Picard: set. ‘The obvious questlon ioz Are there infinite point sets
which are Pioardvseto? o | |

‘Lehto [1] has answered this question by shoning'fnaf;all sufficionﬁly |
~ thin countablo‘Sets with one limit point are oiso-Picard ééts. Mone
'pnecisely  o |

Theorem 3.1

Let'{an}, n = 1,2, 3‘—--- be a point set whose points converge.to

. infinity. Let E denote the union of {a } n = 1,2 3,---- and the point

at infinity. Then E is a Plecard set if the points {a } satisfx

condition
: ' 2+a _ '
(1) (1og‘lanl) = 0(log Ian+ﬂ), a >0,

Mafsumoto'[ll then established the same result with
_ | - | »
). g l® = ota ;D
Toppila [1] has now shown that the inequality (2) can be improved to

(3) la 12 = 0(|a ) and that this is best possible.

n+1l



- One can also define the idea of a Picard set for entire

transcendental functions.

pDefinition 3.2. A set E in the complex plane is a Picard set for

entire funétioné if for every entire (non-rational) f, f takes all values

in the complement CE of E with at most one exception.

Remarkss (1) E need not be totally disconnected in this definitién:
o (2) We note that if E is-not a Picard ?et fof,entire

functioﬁs, then there qxists an entiré transcendental funcfion f(z)

which takea 0 and 1 oﬁly in the set.E. For entire funéfions; wifh»which

we are more concerned, Lehto established the following result.

Theorem 3.2. A set E ='{an} n =z 1,2,3,~-- is a Picard set for entire

functions if

| 25 2
(4) l;ff“ = 0(1/n%)
~ ndl!

By restricting the points of E to lie on a ray, the condition (4) can

be weakened to yield

a
(5) I-—-la-!tlil 2 q>1
o n

Remark: We note that the entire function £(z) = 1/2(1 + cos v/Z) takes

0 and 1 at the points z = n2n2

n=0,1,2,~~~ with

an+1
a
n

‘ (6) > 1+ 2/n

The condition (6) does not imply E to be a Picard set.i



We shall in the fbllowxng rages give a new proof of the fact
that (5) is sufficient to ensure a Picard set for entire functions.
' We shall then weaken the separatidn betweep the {an} and derive
conditiong for Picard sets for entire functions. Pinaily we shall
give some nCW'theoréms which improve the so far known conditions fé
enéﬁre for‘ceétaiﬁ séfé of small dises to be Picard sets for entire
transcendental functions. |

We shall in a létef.chapter apply our résults on Picard éets to
“the factorisation of an entire function F(z) in the form F(z) = £(g(z)) -

£, g entire. {i.e. to a problem related to iteration theory.

3.2 Conditions for a sequence {a } to be a Picard set

First of all we quote Schottky's theorem. (Hayman [1]).

LEMMA 3.1 If £(z) is regular and satisfies £f(z) # 0, 1 in |z] < 1,
then ’
(7) M(£,r) 5‘ n(ao;r) where © = |z]| < 1, and n(aor) satisfies

(8)"n(éo,r) < exp %:; {(1 + r) log max (1,|a°[) + 2Cr),

C an absolute constant, a, = £f(o).

He now state and prove our second Lemma.

LEMMA 3.2 Let f(i) be an entive function and'{an} be a sequence with

+ o, If all the solutions of £f(z) = 0 and

lal < |, la]

£(z) = 1 ocour at the points 3, then there exists arbitrarily large n

and points z with |z | = /aa = such that

|£(z )| <2
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Proof: If a =0 or 1 is taken at most a finite mmber ofitimes by
£(z), then there is a path I' leading to = on which £f(z) -+ a. The
points at which I cuts |z]| = /TE;E;:IT fortlaﬁge enough n satisfy
the‘assertion of the lemma, '

So we can assume f takes 0,1 infinitely often. 'Wencohsider an
arbitra#iiy-large z,, such that f{z,) = 1. Then:io is an a . Ihén
thére is a curve y through , on whigh |£(z)] = l.v There are two
possibilities; 1Bither Y is not closed bnt:ekténds to infiﬁity in
which case argument above'applies‘or Y is closed, enélosing a regionﬁﬁ
say in which ]f(z)f < 1 and which contains-a'éero,.an of‘f(zj. We.
let zZ, =8 a # ag. Then thefe'is a path uﬁ(;nlnlapart'from éne

end point at zo) joining as 2, and this meefs either Jz| =,J é?mam-ll

or amam+ll at a point wherg |f(z)l. <1, Since Izol_= Iaml may be
chosen arbitrarily large the lemma is proved.
a
Theorem 3,3 If *—215 2 q>1thenE = {an} n=l,2,3,«-==
n

is a Picard set for entire transcendental functions. Moreover we can’

—= 3

‘ 1 nel e

obtain Picard sets E = {an} in which Ianl < lan+1| + o, I a l +|as 1 + f

In particular any set with

én
logn

2

) 8> kn , X > 1 is such a set.

(9) la | = exp

ggggf} ‘Under our hypothesis, E = {a } with |a | < |a .| + = Suppose

E is not a Plcard set, Then there exists an entire transcendgnfal
function f, whose zeros and ones lie entirely in E. Then by Lemma 3.2,
there are arbitrarily large n such that the annulus A: la | < lz] < |a ]
contains no zeros or ones of f and there 1s a z with |z | = #rE;E;:I],

|f(zn)]< 2, We may without loss of generality suppose z, is on the
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real axis., We map A by the transformation z = et to a strip,

log a = log |a | < Ret < log |an+1| log 8

using u = ¢ + dt, d = n/2log8/a the strip is mapped into a second strip,

il. < Reu < 7/4 which is mapped by W= tan u onto the-unit _
dise |w] <« L. Tht)circle lz| = /I a n+l| - S tS 7, maps

_into a segment w = ir, |7] S tan h “i3§?§7a “ { 2/1023/3 o) }
By use of these transformations, the function f(z) can be regarded as
a funotion g(w) in the disec, g(w) 0,1 in the disc |
Ig(o)l If(z )| < 2 and so by Lemma 3.1 |

(10) M(r,g) < exp S lr {(1 + r) log max (1, a )+ 2cr}

] o

copX forr=lwl <1, ol lgto)] <2

where k' is an absolute constant. N
For values of f(z) on |z]| = p we have

. 2. : .
(11) |£(z)] < 45:— z - exp{~§1 (e" /1ogB/a+’1)} v
: : €XP 1= 2 B

Going back to our coefficient oonditioo in the statement of our theorem

12 .
,321£| > q implies B/a > q and hence (11) gives
n : '
(12)  |£(z)| < k, a bound independent of n, for z on |z| = p =

: : . anan+1[

for certain arbitrarily large p. This cantradlcts Liouvilles theorem

and hence E must be a Picard set thus establishing our theorem,

If we now take Ianl = exp ( )é > Kw s k5 1

logn
8

n+1| fox *

103' +0 Thus log B/a >

gn .

=l
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v“2 < k121°gn
logp/a =~ 8

and <o logn . for some constant ¢ .< 1.

Using (11) and this inequality we get for 1argé n -

(13) |£(z)]| < exp{-l-;-'- (e91087 _'»1')} < ' Aexp -'-;-'- n° « exp(-i%),
. ! : | o
wherejA = exp 53— .

Thus on |z] =ps [f(2)] < |3 ] <p A
This again contradicts Liouvilles theorem since f(z) is entire.'
vfranscehdéntal‘

Further Remarkst- We shall now quote a result of Matsumoto 2 ﬂhich'

throws some more light on our theorem.

Theorem 3.4 Let £(z) be an entire tranéeendental‘function.  Then £(z)

takes .every finite value outside E infinitely often except for at most one,

if the points of E satisfy the condition

2 mv)

av+1

Ay

log

where m(v), v = 1,2,~-- are positive numbers such that

kllm(n) '
lim sup ~—————— < , k constant.
po B ‘
tm(v)
=l

Here k is a certain constant related to Schottky's theorem.

In thé_considerations of theorem 3.3 we used an explicit choice of as

but in general our method works provided on |z| = p, p = VEXCHRY
a _
' 2 I n+l ‘
log |£(z)] < %— (e" /log=n l+ 1)
implies

. log |f(z)|'<'k1 logp and hence £(z) a polynomial.
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This is the case if
‘ 2 'rm;b o
+ o(' /A b < yn

210 | 082]
‘(" I}ogl . l)

log lanl , that is when

< ky log |af| 4

o | a .
| Ifwcmm-nthgl—:ﬂl
| n

l a :
log [a | = .log l B el all
o A *n-2
a1l ‘ I- \
s ¥ m ¢ log‘ a
, vml v :I.‘2
R (x%/m ) . :
We see that our method works if :_1 -is bounded for all
vzl Bv

u-bituri.ly 1argo n. -2 /m
1.6, 1f Lin sup 'n_-i__ <w

me LY
.H-nco our result of Theorem 3.3 is a ‘simpler proof of a result of the
typo of 'rheo:-n N, H_atamoto's proof 1s in fact very similar to the
one given hm._ : | | :

Returning to the condition

(13*) lanﬂl 2g»1
asetEs’ {a#} which satisfies this condition has n(r) = 0(log r), where
a(r) is the mmber of a in Ianl 2 », each counted once. It follows from

Nevanlinna's second fundamental theorem that an entire function f£(z)
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whose 0'8,1's belong to E, satisfies

T(r,£) = 0(log r)?
(lﬂ) 2
Llog M (r,f) = 0(log r)
where ‘r(r,f) is tho Nmnlinna characteristic and M(r,f) the maximum.
llodu].ua._ Indeod (1#) depends only on n(r) z 0(105 r) and not on the
o"x’plicit uparation condition (13'). This helps us to genmlis;
theorem 3.3 and obtain a theoren of w:lnklu' [1] |

'rhoomn 3. 5 If there is a constant q > 1 and a pos:lt:lve conatant (k >»1)

such thlt

(1) for an1 sufficlently l.az'L e r the annulus -‘-1- < Izl < qo eonta:lns at

‘jost two meubm of a set E,

(11) theonlypointofneontainedinlz-alc]alkisa,'

-then E is a Picard set for ontire transcendental funct:lons. -

B Wlnkhr s ruu_lt is a little more general in that he considers the -

un.ion of a ﬂnite nunber of sequencea each satisfying (13') and such

. that the union satisfies our condit:lon (:l:l)

. Proof: Suppose E is mot a Picard a_et. Hence ‘;th‘ere' .‘is an Qntire transcen~
- dental function £(z) whose geros and' ones arein E. Th; counting function
of E s#thf:les ar) = O(iog r) and so f satisfies (14%). Then (c.f. e.g...‘

Boas [1]) .1»:‘he minimm modulus function m{f,r) is, for any€ > 0y groafei'

thau H(f,r) on a nt of unit density, i.e. for any q > xl >3 : B

~ there exist for an large cnough r mmbers r' » ¥ such that

Toep'@. Zepeircpicr
AT ) |
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and - .

-(f.r') > H(f,r')l 28 1

“mlgaem) > MG 1
Ve ehoon r=|b| whcro b, :ls a hrge zero of f£(x) and define
r! r" as above. o s |

. By Roncho's tbeorca f, and f-1 have the same mmber of zeros in

the annulus | - |

Ay p'< I:| < r"

s:lneo theu are at most two members of E :ln the annulm it fouowa
that thm are mctly tuo, say an,__hn apd bn, a are a zero and one
mpoctiv.ly; of the Qna m:_.‘l.tiplie'itj m. A'!:achib", is a;be_dded in such
an ammlus A. “ -
, Now we ‘suppose all laz'go b ‘have multipliecity LR 2 kg then all
Lu'go a, have the sane multiplicity. Since f is gntire, by Nmnlinna s
theory on dcf:lcient values (c.f. Hayman {11) - |

@(-) =1 and z@ (a) £1 vhere the sum is over finito values a.
COnsidcr:lng the sum over 0, and 1, we see that @ ()2 1- llk and honce
X ] 2. We now consider == ;) which 18 regular and non-zero in the
annulus A, between c,t |z.|‘ : r' and eyt _l:| z " and on the boundag_ioa.

sinco we 'nay ‘suppose b and hence r!, r" so large that for any"

constant X, chosen >2k in (i1) of the theoren,

H(f,x-') > {ux""” .(A+2)} 1/1-E



61.

we have on c,

lﬂ')k 2 atest) > utf.:r]'t)"E
(s-b)) (zp )% (2"

| o

and phihrly en ¢,

£(z) 2 Me, ey € - (TR D Sl 2 ()R
(z-b ) | (2xm)¥ :

Then we lnvo throughout A

I_SE.).... l 2 (r")

(:—b )

In particular at x = a, where £(z) = 1, ve lwre

o] 22 o) ®
_.(an-ba. : :
Ia -Ab‘l < llla | contradicting hypotheé.ia (11) of our

th.orn since A > 21:

We now state and prove a new suffieient condition for a Picard set |
v/

Theorem 3.6: If anexe ,n-123.----, whmex :o.x is

pon-decreasing, and 1f p $ 2, then {a } isa Picard set for entire

transcendental functions,
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Ren'm-ks Without loss of _ynu'ug[n can_assume xl l; It

snfficu to discuss tha case p > 1 since p s 1 is already eovcred by

the earlier theorem 3. 3.

theee .€MsES

m 1 {a } is not a Pi.curd set ‘then ¥,an entire fnnction £(z) with
alul 11:- sml and ones in {ln). Calculat:lng the charactoriat:lc function“
and cmploying Nmnlinna s 2nd fundamental theoren, ve see that
Z(ry£) = 0(2og #)P*! and deduce that £(z) is of order zero.
.' We »ndm"de:"ive a factorisation for f(.z). Ir {ay} denotei‘ the zeros

of £, thon (gn} C {an} and we can writo £(z) = k- n(l - l/o )u n!
- n=l

li.nu therc .lilt& {d ) c(a } such that f(d )= 1, k h real.' We now
show “n z1or 2 - ‘

" We take a eo.ponent“&of [f(z)l <1 eontaining a, . £is real on
‘the real axis. s0 Xmust be symetric about it, simply eonnected and
bounded by a simple closcd curve I' on which |£(2)| = 1. T meets R
onlyintwopozlnta. Ifu ' >2, fnust takelu "2timuonr. that
is at some nonreal point as well as at the two points where " meets R,

coptradicﬁing the fac{: ﬁ:at all. "ones" are in"{an}_ e In émera} using.
ag) ‘:‘.'n"o\m.fac'l»:oiieation, ve have |
f(:) 2 k II (1~ 32 )‘l where L :j.o, ‘1 .or 2
n=l n‘ : '
" {when a# J 'ag an', ' =z 0.}

Now we calculate
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a
P = (1--3)

' ? keml %k
A - a - LL/P. /P
0>lgP = I log(l--3) = 1 1log(l- ;2'0 K )
kentl % kemtl k
- .
2 T aeg1-e® KyeT G %
k=n+l :
dVE P

‘Since #(x) = log(l - e ) is increasing to 0 we have

I #k) =T > [ $(x)dx
ksn¢l n .
S ¥ 350 V) 4
log (1 - o® X

n
3 e §

)dx = J(Bay) .

using'nllp'f xllp,z -t

)/"

J = pf f log(l- e ))( 1/P + t)P-ldt

This integral clearly converges.
nllP '
-7 = p [ {~ log1 - e 5 (F + £)F Lat
° . :

1/p

+p 1{1/’?{ - log (1 - & 9P 4 &) e

n1/P

<pf €-1og (1-e HHAYHF e
o

‘4D £1$P- log (1‘- e-t)(2t)P-1dt

P-l P-l ]

< 2 -log(l-e )dt + 2p [—t Liog1 - e %yat
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= A‘“P-IIP + B

| ‘ <Cn@_ Wp foz'- a éuitab_le constant C.
We choose a C for wh:lch this holds ‘and aésume from now on that C > 16.
Thus 0 > logP »J ,_c(p-l)'p
. 1>P >exp (-CAP-IYP)'
Since 1 «p S 2,(p - Wp < 1/p and.i”so"

1>P > exp (-Cnllp) 21
_ n NE

n

exp("Cnllp) .

2y 2
since An 11 1.

R

. We return to the consideration of f(z) which is of zero order.

For any ¢> 0 and all sufficiently large R there exists in (R,Rl'"')

values r where the miniuium modulus functionm(f,r) saﬂsfies n(f,r) > r3C

(see e.g. Baker i3]) Hence tak:lng an arbitrarily large a which is a

/4

zero of £(z), there is such an r with a,>r>a ard if a, is the

first zero of £(z) larger than r, we have

\m(f',r) > p3C

aslu P 53/“
n

<r <a
n n

f(.n) = 0 .



We assume a_ and thus r chosen so large that £ has »>3C zeros in

(O,!")o . » v
Weput - Q) = k1 (1- z/am)um
azr
m
R(z) = 1 (1- z/am)
. ment2 ‘
so that
' ¥n,. _ JVnel
£f(z) = Q(x)(1 - z/an) (1 z/anﬂ) R(z)
unv= 1 o!'i2,'
Yoy = 0, 1, or 2
Now
: H ] '
m(£,r) = £(r) = Q(r)(1 - r/an) B1 - z'/anﬂ) n""”R(:ﬁ) > r €
whence Q(r) = m(Q,r) > #3C

- S:I.néc Q(z) has more than 3C zeros, we see that

Q:(;:)‘ # 0 as |z] » » and so by maximum modulus theorem
z - .

latz)] > |z|3c for all |z| 2 r.

Now if g(z) = Q(z) R(2) we have on [z]| =

leCz)| 2 glr) > £(r) > ¢ > atnc

‘while on 3| = a__, we have

n+l

le(z)| > |ata RG]
a B
ntly"m la_ . |3%2

o
3¢
2Ian+ll T . n+l| nt+l

nend? m
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3 ' - 1C
lagea 1™ Viag,| LIy
Thus on;thé boundary of the annulus As r = [;I £ |an+1| and hence
throughout A, the regular non-vanishing function g(z) satisfies
. | ] e
gt > la,|
and

W w
[£(z)| > |a |¢(1 -ZyPy -5 ) n+l
| > la a =

Ncﬁ,byVLAgucrre's,theorem, (Titchmarsh {1)) an entire function F(z)
cf'order less than two, real on the real axis and having all its
zeros real is such,th#t the zeros of I{z) are all real and separated
from each other by the zeros of F(z). Applied to £(z) and £(z) - 1
in oﬁr easp,iwe see that the zeros of £f{z) are real and separated by
- the zerbs.of £(z) and also by the "ones" of f(z). Thus f(z) cannot
be negative immediately on both sides of a zero, a  of f(z), for if
not we woﬁld have two meros of £'(z) not separated by a "one" of f.

Now from the preceding estimate fbr.f(z) in A we have

a,tan) ¢ 2041 ~ 2| ¥n %0+l T 2p|¥ne1
£( 2 )| > lanl 2a 2a .
: - n n+l
' . u_+u
1018 1 o - 2
an an+1
<
Thus if Ianﬂ.l 2|an|

a +a '
n n+l c 1 - i
IfG--5-——)| > 1/16 [anl - m (an+1 a)
a,l

>

2 1/64 l@nln(an"l - a )"

b ]
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while if ‘n#l > 2ah
c u
a +a [a_ |” a ., -a 'n
n+l n nt+l
If(n2 )I’ 16 = 2an nl ) un=lor2
AU 15
2w (B T %) or 32 (a 41 = )

Thus . in all three cases (using a > 8)
a_+a Cap L
If(—B——§—935)| > anlo(an+1 - a)>»1 for all large enough n.

/p_ p
(n+l) "' ¥-n 1/p
- Since for large n a 1" 3 An(e » e (1/p nl/p-l) > 1

We note that Ian - an-ll > 1 and |[£f(r)] > 1.

Thus one of f(r), f(an+an+l) is positive and greater than 1,

a?a

since the only sero in (r, n n+l) is a, and £ is positive in at
: 2

least one of (r,an), (ananﬂ.)‘ But the "ones" are at a;, so we cannot

have any in (a2 n+1)' Hence there must be a "one" in _(r,an).

Now inr lx|75>an

|£(z)]

" bod n
Az)(1-2z/2 )" 1 (1- z/a
| n mn+l rn) “]

v

, .
ja(z)1 - z/a)) l‘1)1.!2 |

e .
EI‘-:—-icu - w/ay) "

N

n

If for some 8, r € s < a_, f(8) =1
3c "
then1>*

(1 - s/a )"
anIQC n
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2c
‘ Ya lanl - a % 1 1 ~

thus (1 - s/an) <—35 ¢ n , < i (C » 185)

_ o by - a 8/uC 'la IC/'-I' Ianl :

. n %n

LT ...L. .

Hence < y u_ = lor 2
n la,” . Tn
. Thus la, - s]~<blh§ or -%—. so (a - 8) < %f < 1.

: : a” . m | o %a

1 .
However |an - s f';; < 1 contradicts the fact that lgn a .l > 1.

chco’{an} as defined is a Picard set. A '

Romérks; This gives an improvement on the 'density"bf'{an} so far

achieved. In the particular case when all A =1, p = 2 we have

a = el;~. A function with all its zeros and ones at these points

" would have -

T(r) ;,'lls(log r)a‘ compared with T(r) = 0 (log r)2 in the
a_ ' ‘ :
ntl

case > q > 1. In general using our assumptions,

T(r) = 0(10g-r)p+1 and for 22p>1

Wwe have an improvement on earlier results.
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3.3 ON LARGER PICARD SETS

Ho ahall in this section be considaring conditions for Picard sets
which contain a nquenco of disca. o | |
Wc ﬁrat of a).l quote a :I.m of Hats\moto [2] used also by

'ropp:lh (21.
LEMMA 3.3 If %3, and £ is analytic in the annulus A1 1 < le < e

and 1f £ omits O and 1 in A, then there exists a constant K, indoggudont

of f,u° and such that the spherical 1eq3_§h and hence the dinntor of
the image of |s]=e"’2undorf:ls‘ko w2, B

Remark: By considering f£(z/p) instead of £(x) m—slee:that A may be

rophcod by p<|s| <pe¥ . = oy if |e| = /2 1o replacedby

3| & pe*/? = ) | | |

We shn.u for conplotomss, include the proof of this lemma.

‘;Pr__goia By npply:lng Schottky's theorem to an annulus as in Theoren 3.3,

we ses that if g is analytie in p < |8| < pe® and does not take the

values 0,1 and if |
m(g,po"’z) = min Ag(z)l <a, a>0, then there is a bound

b = b(a,8) such tha: l:;: maximum modulus of g on |z| z pe o/2 satisfies
(15) H(g,pe®/?) S b

We denote by C(a,8) the spherical disc with centre a and (spherical)

radius 8, i.e. the set of points oﬁ the sphere whose spherical diétance

from a is less than 8. We choose § » 0, so fhat c(o,8), C(l,&)ihnd

C(w,8) are mutually disjoint.

For a fixed 0, 0 <« 0 < 4 (0 = 1 say) and points £, on lz| = 'e°,2,
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2z, on lzl z a/2'- Then there 15751: least énol of the discs
C(a,8), a = 0, 1 or = which doss not contain £(s,), £(z,). Sippose
C("".G)‘ has this property. Then Applying fhg remark at the bogim_ﬂng
of the proof to ‘the anmull 1 < lz] < ’u-'aﬁd;é”'°'< l2] <e¥, and
not:lng tli'ai:'f(si) # C(»,8) implies If_(si)l < a,' as a'(f)_., we see
: _that"the':-o 4s a'bound b = h(i,&); = b(8,0) such that the images under
f of Isl s 6"/2, g & g¥0/2 iio in Izl 5‘b*silnc{ei & is ':I..ndep'endcnt'-'
of u,f this bound depends on].y on o ‘and 'so thm is a 8, » 0 dopendiug

only on ¢ such that the inages in quostion 1ie outs:ldo C(-.G ).
| ~'Next suppose it is c(1,8) which does not contain f(zl). f(:z).

By using the bilinear transfomat:lon L uhich maps 0,1 o> to 1.-.0
respcctinly we sn-that L(f)(zi) 1ies outs:lde c(-,c) and so the
imgesi' of 3] = 3012, |z]= &M "/2 by ‘L(£) lie outa:lde c(-.a). Thus
. on transforming back .b_‘v L -1 , there is a ‘61 > 0 such that the 1magefs -
of 12] a*oql_-z. |=] = .“‘“’z'by' £ 1ie outside ’c(J.-,sl). Similarly if
,’(f(':'si) are outside c(0,5) there is a 8,>0 sut;.h that the images in |
qﬁost:l.bn-' l:l'evoﬁtsid'e C(O &»)‘."7 |

Tako 8" = min(§, 6 &»), so that &' depends only on o. Then

1,
X therc is at least one C(a.&') a % 0,1,» such that the :l.mage of tho

boundary of
By /24 |g| € *"9/2

by £ 1ies outside C(a,8'). By the maximum pl‘:lnciple appliod to £,

e
FOrET

c(a ,8'). Without loss of generality wa may assume a * =, since without

as appropriate, it follows that f(B) then 1ies outside
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altu'ing tho :pherical length of the image of |z} = e /2 by f(z)
We may apply a rotation of the sphoro of w-valuen to bring O or 1 to %, |

Asme ‘then £(5) Ifes outside C(w,5'). Then

(16) - lf(:)l Sus /1 -51'2/8' on §
Apply:lng Cauchy's theoren to B

7 £(s) =1 { fm at - 1. ) , 4t

E If 1(‘I:--:)2 o lt]= rz(t-z)
where ry :iexp(‘u'- 0/2), T, = exp a/2

Ifu 2 ¢+0 (18) and (17) give on |z| = .“./2

Ne u-u/2 - " eulz

< :
L (e""9/2 u,z (eM/2- ¢0/2)2

oue /2

Ty

2-0/2-uto |

2M¥e
(e-oFW/2" 0722

< me2t?/2 4B 2y (say)
' (e - 1)? o

since 1 + 0/2 - /25 0.

Hence :
o : 240/2 -u/2 .. .
(18) { 2f'(x)“dsl $ N,2ve"/2 -'i'ﬁe----»2 e 3

(e - 1)

u/2:

Sinee the length of the image curve £(|z| = &"/?) with z'espoct to the

euclidean metric |dw| is not less than the chordal length ca_leulatod
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with respect to

ds = -L-—L ‘we see fhat the 'spherioai length is bounded by (la)lvhich
is 1n]d.:lo:|of form ke u/ 2, since M depends only on ¢. The ruult then
holdsforallusc zlw:lthutz-rc, aoforallugs.

"~ This completos the proof of tho I.ema. 'roppila [2]) has proved

the follouing theorqu ‘

Theorem 3.7 Let Dn’ n=1,2,3,~~~ be a aequene‘e'iof diac:"withie‘onﬁ"e
Zns .Rgz'n“":l.‘,' radius p . If |

n+1
*n

(19) | »>q>1

amd . .
(20) Islago(-logp)aan-ﬁ- ) N
‘rhcn Es=m UD is a P:lcard set for entire mnseondentu functionn.

Our next theorem will bo arranged aomewhat diffmntly from
'l'oppila's and will yield a anghtly more general ruult.

mms.a. LotAbethaanglolargz|< 2,0<a<2. LatD bea'

ence of diaca with centre ’n’ ‘radius 0 such that DnC A and (19)

holds., Also pn + 0 so fast as n + » that

(21) - I,znll’ #%250( - log o)

then E = UDn iz a Piéu-d scf for entire transcendental functionms.

This thoorui is essentially the same as fhe preceding one, in the ‘case
vwhen «¢ = 1. The proof will make use of the following Lemma.
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LIMMA 3.% Bleberbach [1] |
If £(s) is regular in the angle Ws |arg z| % 7872 and omits 0,1 there,

then in evary smaller angle -

‘Iars !l -8 -‘%-'qa/Z. we have

|£¢2))| < o (k|z|1’3).

Thoproof :ls tocons;ldort ’ml which maps |t] < ltoRow> Oand

" then put HB * 3, 80 , that s = (lﬂ:)a

maps It] < 1lon to We Applieat:lon
of Schottky's theoren to »Q(t) = £(x(t)) in |t] < 1 gives the result,
. The constant K depends on g' and on f(l).

| Proof of Theorem 3.8

‘We assume E = UD sat:lsfies thsv cosditlons of the theorem but is ° )
not a Picard set. Then there is an entire mnscendsstsl function £(z)
--sﬁch that £(z) is not O"or 1 outside E. We apply Lerma a 4 to f(z)
whi.ch has no 0's or l's in the complemetitary angle W to A, which has
apcrturs (1 - a)w = 81: say. Thus there is a constant K such that on __
the nsgst:lvs real ax:ls f(z) satisfies

(22) |£(z)| < exp (xlzll’s)

For any constant A satisfying 1)< x < q and for all
suffic:lcnt).y .lu-gc n, the annulus
' 3
O T
is frss of discs D, and so of zeros and ones of f(z). Applying
Schottky's theorsn in A n® 28 in proof of theorem 3.3 we obtain for

|s| =5, =12Isl



A

(23) M(f.an) exp'!(exP(wzllog 22) + 1}{1og If(-lezn[) +ch

BELE U |W}
whm E,F are eonsunts :lndopondont of ni ‘
| Ve note by a u:lmilar argu-ent that 11' for soma eonltant k thu-c ,

are arhitm:lly laz-go n sueh that |x| 2 a0 eontains po:lntt w:lth
lf(z)l $ k tho applicaticn of Schottky's theorom in A shows that
thcre in a constant H (hdcpeudcnt of n) such that H(f,o ) <M for "
.those nlus of n and £ is 1dentiea].1y constant. ‘ | B

If f hu only finitely many zeros or ones, then O or 1 is an
asynptotic value taken a:l.ong a path wh:lch nust meet 1nfinitoly nany : ‘: )
|z| ® g, and the above argument shows this to be impoeaibh. smnny
if thm is a D which contains zeros but no ones of £, thon a componcnt ‘
of {xt lf(z)l < 1)} which meets D, must meet some o ,men a4l

- Thus £ must have an infinity of O's, 1's and thore is an i.nﬂnity
‘of digca D, such that'D contains both 0's and 1's of #. We take such

D3 For large n f has no zeros or ones in
Bt p, < |z - 5 | < klinl,

where k is a fixed constant such that 0 < k < (q =13/9).

We appl.y Matsumoto's 1enma to the annulus B for which

¥ e klznl/p

n/2 g ¢ kp

Then the circ.la C,t lz - znl = p e n ‘n = fl;’aajr', maps

onto an iugo}f whosc sphu-iell J.ength L, satisfies
1l
(2%) L, < k'pn /2/(|lullC)]'/2
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‘where k' 13 a certain absoluto constant. Since pn -0, Iz | »»
as ne e, L » 0. |
. Let D denote the interior éf c,, so that D_ 30 e
Now f(D ) i- a denain whosa boundary is contained in f(c ) = 7 v
For a point p on 1 Ay 7 belongs to the sphcrical disc D' = D(p,l. 5.
At hut one of 0,1 1103 out-:lde D' a.nd so, s:luee f(D )o f(D ) and
| 80 conta:lnl both 0,1, We see that f(D ) eonu:lns the -xtcrior of D'
singo £(D,) does not epnta;n -, it ‘f’ol;owguthlt wED? ;i.q. the digtan«

o .

of p from » 1: less than Lpe

'ﬂnu [Psw) = I ‘<_ L - and hence
1+|p|

21';n :

';1———-—-2

 (25) el >

for sufficidntly large n. 7
By the ns\mptions of tha theorqn, p n and |z [ are 60 rehted .
thntt s0asn+ . andhence | I

i: - :nl e J kpnl nl * t, liu :lmstde tho circlo |
|z] = o, ?'lzltnl; A1, for larga n. Hence for large n we must have

(26) u' % max |p| s ',‘.‘.f’“n)‘ SEg .xp' {r|z| 1/8)} by (23).'
o operrfle) T |
Alno fcr nrbituruy large o such that D eontains 0,1 we hlve

() wioa [ ‘n k)"’"’/w 1’2 by (s,

n

Thus thax;e tiust ‘bo'u‘hitt\ariiy' large h for which
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(28) '%—-; s 2|z 0200 2 S £ ey (Fs |18},
. o) | s

(29) 10g(1/p) « 2F|x |1/8 + 01).

If we suppose, as in the statunont of the thcora, that 1°8(1/Pn)/".]1/3

+ = as n <+ », then there cnnot cxht a constant F for wh:lch (29)
holds and so the assumption that there exists entire transcenglcntu
£ whose 0's, 1's lie in UD leads to a ‘eonmd:‘letion; This completes
the proof of the thoom. | _ ' |

The restr:let:lon of th§ dius D to lh in the anglc A h an
essential feature of the prmding theorem wh:lch yiclds no statement in
the case a = 2, i.e. when the discs are not subject to any _anguhr
restriction, In this case ic can st:ul éhta:ln aArel\llt, although the
P wust be taken mllcr. ‘l‘oppﬂ.a; [2] has provod the following:-

Theorem 3.9 Let D n be a sequence of discs of 'cc}ntra I radius Py

such that (19) holds and p_ + 0 s0 fast as n + «» that

(30) Ixnln s 0 log (1/p)

then E 2 UD is a Hc&d set _for entire mﬁgcndeﬁtal functions.
Remark: It is noteworthy that 1§'m¢ of the three preceding theorems
does q enter the relationship between %, and p.

By our methods one can prove the folloﬁhg

Thedren 3.10 I..‘t‘nu be a sequence of discs of centre . radius p a®
such that (19) holds. Then there exists a finite constant k = k(q)
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such that if

(31) |2, [ taO(log(l/pn)) s n+ e
thon E=x UD :l.a a Picard set for cntlro transcendental functionat

Remark: (i) In this theorem we may in particular take K to be
‘k(q) + 1 say, whu"O k(q) is the expiicit function given in Lerma (3.5)

(11) Condition (ao)lof Toppila's theorem #npli_os » |
o l:“lk = o(log llq,) for each constant k so our' result is stronger.
Since moreover 1im sup k(q) < - this last thoom actuauy h'fproves
theorun 3.8 1f isq:;.ote to 2 and q large.

The idea of the proof is essentially the same as that of thoorem 3.8

cxé.opt that Biebcrbae_h's lemma is replaced by the following.
m 3.5 If the antir; function £ takes the values 0,1 at most in thé

- dises D_ of centre = , radlus p_ < 1, where (19) holds, then £ is of

" finite order £ k = k(q). In this result we may take '.

k(q) = 6 1og {» exp( 32 ) + S}IJ.og '

o = (3q +1)/(2q + 2)
m proof depends on Lewma 3.6 which is quoted uid proved below
Lemma 3.8 If for all sufficiently large r the maximm modulus M(f,ri
of the aitiro function £(z) satisfies | | |

(32) M(f,ir) < H(f,r)x
ﬁhere A,k are constants (>1), then the order of £ is at most




(log k)/(log 1)«

Proof of Lesma 3.6 If £ is non constant ve »y suppose (32) holds

andahou(f,r) >1forr?»r > 1. For such r it fonmthlt _
Kt .
HEAr) < H(f,h“"‘r)k <-—emen), r ¥y

For all hrgc enough R, ‘there is a positive Intogu' n mh that

ksl‘rfor:onrinr‘ ‘h' !'orsuchn

M(£,R) = M(£, A "r) < H(f,z-) ® A

4

~where A & M(f,)r,). Thus
log log M(£,R) ¢ m log k ¢ log log A

since _
logkamloga+logr3nlogx+logr ’llog Ay Ve get
~ log log M(£,R) m log X 4 log log A
log R m log\

‘wﬁeneo the assertion of the lemna follows..
We héw embark on the proof of Lemma 3.5.

Proof Ve assume £ is non constant; for any 8 —v:lth
(33) 1ep < q |

the amnulus

78.

A(r)1 v/ < |g| «r  for large r (* ﬁo) meets at most one Dn.' '

Thlg is also true for
CBe) r o« |s] < gr
There {5 therefore a péint %o with Isol | z v, such that the disc
|s - =, | = p-1r/8 =t meets none of the discs Dn and so contains

neither 0's nor 1's of £(z).
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To sse th:la we auppose A(r) mtl a D H:lthont :I.ots of _
gommuty we may anmn there 13 a poiut, p, on tho positivc roal
axis bclonging to A(r) n D, and the D win be contained 1n |
ls - pl < 2, Feor =, st. z os : 1!', thoodiotance of 5, from tho real
| ugnont lrIB,rl is at .least >z- » 2 for :I.arge r. Thus the discs |

|s-1r|¢rdonotmtn ‘rhcdiscs |:+1r|<t:r(1-.1/3)
have this property and helong to A(r) U B(r). At most one 6! them
~ean contain a dise D " (which must meat B(r_)) an‘d‘so the other satis-
ﬂot our usmion, 1 | | o S
| Applying Schottky's theoren to f(: + tw) in |w] < 1, ve see  that

on lw[ < 1/2 "

lf(: + pw)|< uplz{a/z 103 max (1,|f/s ) + c}l
| < .xp{a log !I(f.r) + 2c} whm C is the univmal
eonntant eutor:lng Sehottky's thoorom. : Por an lu-go onough r then
If(: + ow)| < H(f,:-) on le £ 1/2,
Thus each eircunference |z| e R, r‘R’r te/2= arwhoro

oz 3%! containl a point where

() |#(a)] < H(E 0D
(Note 1 <o < B ). '
0f the anmuli
s Aj o3/ s =] § (j+1)/3 yx0,,2
for larger, the union Aju Ay uAC B(r) meets at most one D and so

there "iil_ at least one A j which meets no Dh'and thus contains no 0's or
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o:"us of f. If Ai is aucl; an annulus, applying /-Schotfky's

theoren :ln Aj givea o

2 N
)4 mm m(l.lf(sl)l) + cn
logalla

ue, oﬁf"""’s ) < upu-;p(

whcrc e have choun :1 such that (3#) holds and |gll " ,,5/3+1/s

T o
- H(f,au %) l!(f aﬂ ”mr) < H(f.:-)“' ot

2
_ vhere L = exp(—-‘—) +1

m.m.um,.r
u(f;‘ki‘. ue,r*

| 2
vwith l 'ollﬂb ksh exp(rog,) + s ‘

Ve may for oxuple choose S . —--9 whieh satisfics (33). One then
obtains | | | ' |
o | " (Bq + 1)/(2q + 2) so that tha ardor X of f :ls at most hl
lo3kllozx o " |
Ve now givo thl proof of thaom 3.10. |
Mn‘ This now fouowi on the same unu as in the pz-oof of theoren 3 8.
The only’ diffcmnec is that thc ostinatc (23) is rephced by
(35) H(f,r) < exp rX e exp rk’l k ® ke»l |
for all cufficiently large r since thc order of £ ia £ kand so< k + 1.
The estimate (28) is then rcplacod hy o '

8) LS loSw mmieg) wuEa 2 ) S e gy

(1) 10801/, ) < doarivay 1z ¥
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If we then suppose that |

| l.og ‘(1/%)/[:“”‘ +e g in the statememt of tbo' theorem, then
(37) eannot be utisfled for any sequence of Integers n leading 'to‘
infinity and the proof finishes exactly as in the .earlier theorem.

3.4 COUNTER EXAMPLE o

. It is fairly obvious_:tl,mt any set of discs forming a Pi_eaéd set
‘as in the preceding theorems, must hﬁo very small ra_diL " We give an
ixnph of a set of fairly small discs which is not a ?1card_ set.

Counter Examples Let a be a constant, a > 4

£x) = 1 (L + 2/e™
' ns) .

Theniin |z < o T2, g T (1+ x/a™ satisfies
. W
. mig,r) ® m!l.nl |gte)| = g(-r) since g(z)-ﬁu no seros in
: z|=r ,
x| « a¥2 03 80 takes fts minimm on the circumference and since
g is a canonleal product of genus :ero’, with negative zeros the minimum

modulus on ueﬁ circle is taken on the negative axis. Thus

|g(z)] > ‘(1 - 1/a1/2)(1 - 1/a3/2)(1 ~ 1/«5/2)—--43 C say
| : ¥-1 n N-1/2
h(z) = & (1 ¢ s/a) satisfies on |x| 2 o
n=1l

Ina)] > |nt-|x])| 2 (a* - 1Y 1) — (oE- 1)
Since a > & > 1, wi see that

|h(;)l > liawa-a"2 s o(N-1)(N-2)/2
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Thus in
N-}s"

Ayt @

l'f(::)lr~ > Ca®

z‘ 5. M

(N- l)(N 2),2|(1 + z,a )|
Thu any l-point of f(z) in the ammlus Ay miaﬁea

1 ", |ﬂs’.| > cc(“'”(“"."z hely

o
»"'"* o <« = yw-23/2 e s Tow
‘ N o oeal T T e
Thus the discs o '
Dys lz-rul<pN==J./¢:er-u-'f’-—;-n-g donotforma?lcardsltsinco

.thm is a- function, viz £, whose O‘s and 1's lie in theso dises.
| It is elur that s:lnee on |z +a | = "N lf(z)l > 1, by applying
Ronche's theoren to, £, f-l, ve have_ the same mmber of zérds and ones
in Dy v:lz one.

In tha nght of theorem 3 '3 and 3 10 we see that :lf ve have

z 2 -a" as the eentre of our discs,

 a>1

l-,,l

. 2
| log(1/py) ~ ‘e loga

Hence
'an_'_,:" lan] 13'noto°(10g(1/pk)) ’n s in a half plane.
It is 1ntcreat1ng to consider the preceding ecounter example in

the nght of the methods of §3. The zeros of the funetion £, form a
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set’ f } v 3y 'z 9% and the ones form a set (b ), with
l | ‘< w (n2-5n+2) |
'bn - an S Pn X 2
Thus
: 2
(u)lmlhnm-—-hga

Ve show that our connter cxample eould not have bcen ‘much hprond
-without changing its nature cons:!derab}.y. Ve prove the fonowing, :
which in eontrast with the thooren 3.5 which statea that two z-easonably
"nparatcd" sequences of type ( u”} fo.'ma Picard set, atatn |
Theoren 3.11 If {a,} satisfies |

(39) l Zn41

» q >1,~n-123-—-—'

and :lf the sequence {b_} satisfles 0 < 1b anl P pn, vhm

(#0) (logla_ I) =cl(los(llp »

then the wion E ¢ {a } W (bn) is a Ploard set for entire transcendental

functions. | | . |

Proof: Suppose E is not a Picard set and let £ be a_‘fuhctiqn'wholq’ xeros

and ones lie in E, Since the counting funcﬂqn of E has n(r) i.'O(ldg r)
log M(r;f):z 0(1og r)?

it fonows that there is an r, in each

Hax(lan-ll Ib 1[)<r < Min (la]]b[). n'no '

with

m(f,rn) >1
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lndsoifa,n n isa:erooroneoffthenb isaoncorzez-o
respcctively. One then motes that for such n the dise D 3 l:—a | « 2

contains a gero and one of £ while the anmnulus

%, <« [3-a] <kla|, ks1-1q,
is free of :erb: and ones. |
‘ Using the method of theorem 3.8 we see that by a preo!.soly ninnar |
armmt (28) 1s replaced by the conclusion that for s\d.table arhitnrily

large n

X ) < 2(]%[1()?
(2’0) ) k'(?p); '

€ (g,q]a,]) « exp’ (Aldogla,[)?)
80 that log (llbn) s Al(lc:u;[an[)2 for a suitable constant A, indepen-
dent of n. | ' o

This éontradictg the asiuﬁption of the thm. namely
(loglan|)2 200 log (1/pn)

Henee" E 1s not a Picard set. .
| Applied to our emple irhm a = -d'we see that the condition on Pn
becomes nz_ !oo(log(llpn)). On the other hand the above counter example
shows that in the case a = a” the cohd:ltion n2 ~ log(l./pn) or in the
geneval case | |
| (10g]a,[)? + 10g(1/p )

' . \
does not ensure that E'faa Plcard set in theorem 3.l1.
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CHAPTER IV - COMPOSITION OF ENTIRE FUNCTIONS

4.1 ' INTRODUCTION

‘Related to the study of :ltoration is the quution of oxprcuing
ontira (m-orph:lc) function F( :) in the form

(1) P(s) = f(g(s)) ) _ _
£,g entire (g meromorphic if F meromorphic). Such an_rexpr'e_.'lvlion“iza a
» factorisation of F(s). If we now mstpict our diseﬁuibn to entire
functions, we shall ea11 F p?oudo-pr:lne IPRIHBII i ﬁ factorisation of
F has at least one factor as a polynonial [LIH!:ARI. |

Polya [1] and c1un:lo lll lnvc considored the rate of growth of F
in terms of £ and g. In part:lcmr. Polya prund the followiugs
LEMMA ¥.1 _I_f_ £ and g are entire functions with

glo) = 0, then for R >0, 0 <@ <1

(2) M(R,f.5) 2 M(C(p)U(pR,g),f)
) clp) w a- Py R
Cor. If feg is of finite ordw. and -g is not a mthl then fis

of sero order:

Rmrlu The condition on g(o) is not of nuch s:lgnificanda when we
are mploy!ng the Lm for large R only.

Rosenbloon [1,2) econsidered the factorisation of functions r
with at most a finite number of fix points, 1.e. such that F(z) - x 2 0
has at most finitely many solutions, Factorisation of periodic entire

functions was considered by A. Renyi and C. Renyi [1] and Baker ({9].
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Many special problems of factorisation thecry were also considered
by F. Gross' (1 = @], M. Ozawa [i) and R: Goldstein {21, '
| Typloaily these results prove that the assumption of scme property

.for F implies somé inadmissible pmperty far £ and or g and so shows |
'-PtOBQprheorpstndOprinm _ - ' o

‘For {ustance if F 1s entire of finite order and’has a Ploard
value a.# ®, then F is pseudo-prime. !'oz- 1f Fs f(g), oz tz-anscendcn-
Ctal, th.n by Polya's result, #£(w) has zero order and 8o takes tha valuc a
at an infinity of po:lnts wew 1" ,-j---un wiee, " Then g® LA hns an
infinity of roots for all but perhaps one v and thus f(g) = a has an
infinity of roots. Thus any fa_ctwisation F = f(g)-munt' havo'at least
‘one factor polynonial. Thus for example e® is pseudo—primc, although. not
prim because we may take L R -

. f'"’k’g,‘.z/k’v foranyintcgerk - |

v Hany authors have noticed the ahovo oxanple which foru tlu atarting
point for gcnmlhat:lons. @ Ouwa (8] and Goldstein [1]. Goldstoin
went on to ﬂ.nd cases whon F has a deﬁc:lont value a 111 tho sense of
Nmnlinna and proved for example that w(z) + #(z)e® 1s px-:lme if y |
- and ¢ are non-zero fnnctions of ordez- ¢1. |

This chapter conta:lns two apecial cr:lteria for P to be prime.
These are of a rathor diffmnt kind fron those previoully considered
, and 1nc1dentally provide examplos of prime functions of arbitrarily slow
~ growth, B
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8.2 A Cond:ltion. Involv‘m' Pieard Sets

We now state and prove our first Tesult,

Thcotoi ,“.i. Let E be tho un:lou of a sct o!’ dises D of centre z

radiul Py whm

@ [fana|

>q>1  | nsl,2,~-,
’ N . - 4. .l

n - . S
andp'-bo'asn¢i-'sucht'hatzisa'l'iéardsotunnmuuiirtho‘

sets of theorem 3.8 and 3,10 satisfy theu eonditim). ‘Let F(z) be be an

entire transeendental function of finita omdu- whoso :eros all 1ie in E.

Then F is pseudo yhe and if F has an inf:lni}z of xeros at least one of
whish is liup_o then P is prim. ‘ |

Proofs We oonaidor an entire ftmetion F(z) of ﬂnite order whou seros

lie within E. We suppose !'(z) s f(g(z)) has order A + = ‘rhns
A‘l'c .
(5) H(f(g),r) < ¥ for largo r

If g(=) is not a polynomial, o
(6) cn(g,rlz) » rk for any given k, and Iu-go r

Henec applying Lemma #.1

o  A¢ €
. H(f,r ) < H(f CH(g,rlz)) < H(f(g),r) < ."
putting 8= rk ' o

(A+€)/k ‘
(7) H(f 8) ¢ e'

For large r, s, (A+€)/k 1- as nall as we like and hence £ is of order
zero, Thus £(t) = O has 1nfinite1y nany solutions tysty,- - sineo g
is nof a polyno-m g(z) = ty has solntion: outside the set E for soue ty
as E defines a Pieard set for ontire trmccndcntal fnnctions. Hence

thm is a 3' which is not in E such that
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r(s') = £(g(=')) = f.(tk)j = 0 against our hypoti:esio. Hence F

is at least pseudo prime. ¥We now go on to show tint F 1s indeed-
prime 1f it has an infinity of 'zezﬁs.' 3 |

-Su’pﬁou F(z) as defined can be factorised such that F(z) = f(g(z)),
| g(z) a-‘polynomiai. P(z) =.f(g(z)s'=.0, at an infinity of points 3, in |
E. For large %> Wa have t :'g(':’k) lafge and also any other solution of
5 | | t, = g{#') |

satisfioa
r(z') » f(g(z')) ® f(tk) = o N R
| If 1s & polynomial of degree m > 1, then fo:- hrge tk’ g(z ) z t)t hu
n solutions (asynptotical;y) equally spaced on the circle |[x| = xltklll n
(i cqriata_mt). Hmvevcr each disc D éf E ldes in an annulus
Coag qE g e sl <o g R

and the 'An are disjoint for large n. Since p, + O each disc D and
therefore the annulus A, ean eontain at most one of the roots of
g(s') L B tk for largo t):‘ This givu a eonu'adietion. |

It vemains to consider the case when £ is a polynomial and g

.transco‘ndental. 'Supposc £20at a and B, a # B. Then g ‘takes efther |
‘a or § outside E and so F has zeros outside E. This is :I.npo'ssible, so

£ £ 0 at only one point, say a, and has the form £ = u(z - «)%, 1f

- X>1thnF = wg - )X and dv&y'z&o'of F has multiplﬁity"at least k.
Since T has at least cne si'mple:_ gero we conclude k = 1 and F is prime.
_!_!_ga_gl_c_t ‘We ean obtain exanples of 'at'xy»f:ln:lte.;order 't'orwhich the theorem

éﬁpliis; " For ax'anpl‘e',' by taking eanonical ﬁroducts. ' The conditions on
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the uisteneo of an infin:lty of Zeyos,  some slmple. cannot be
‘droppod as shown by the examplos =

p(z)epu) where p(z) is a polynomm with zeroa in E and
'.{g(:)}k, k > 1 where g is a fnnction of finite order with zeros in E,

which are pseudo prime but not prile. _ |

4,3 A PRIHB GAP SERIES

Bcforc going to. our noxt th.orem we ahau recan some reaults of
F'Erst and uacintyu ;11 on ontirc f\metions with gap power seriea, on
whi¢ch our method of proof deg-nds. ._ '

Theorem 4.2 Let f(:) e a ] , *n a strictlz hcreasiq& sequence of

.non mgltivo 1ntesera and

max |£(x)| .z M(r)
l3l=l‘ T ‘ '
nin |£(z)] = m(r)
|=| o -

max [anlr'_‘.'.n(r).. |
n .

By hpmv%a'nﬁlt of quja; they showed that if f(x) is entire and

E (8) I —i_ < w,

zfo "n#1hn

Then,

.(9' 11- sup %—yenn lup :(:) :1.

If £(z) is of finite order, the condition (8) can be rgzhced by
0§ 1 =olgr)

keo Ak " M




1f #(x) is of zero order (9) .is'rcglaccd by
. n : . '
ay §
ko Mkl T Mk

z 0(log An) |

We now give a proof of the following theores

. Theorem 5.3 Let {‘p!.‘}“'be a sequence 6f primes such that
2y I —L_ <o
 nko. Pnfl = Py

i.__g_t_ F(z) = e a‘n z ni be an entive function', theh' P(::) ia;gr ine .
Remarks If we assume !‘(z) to be of €inite order (12) may be replnced by

‘(13) ! pk+1 ‘Scﬁ(log'pn),

it P(zs is ‘Of xero order we can replace (12) by }

] n
as) } 1

- keo Pxer ”

e O(log p,)

Proofs Under the assumptions of our theorem, the theorem of Erds and
Hicintyre givc’s us |

(15) 11!!!8111)-‘.7(!-1 ] 11m3up.‘1%£% -,

In faet they chow that there is a sequence A 2a £ o= guch that in |
p n+l
An S sl $a +1 the naximun term ¥(r) = az -, k = k(n) tonds to g

with n. and thm uiats certain arbitrarily largo n, such thnt on
l| = An“n-r * 7, we have
P
(18) Ir(z) - ak:kj = g(léklrl‘!_k)
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It is euough for us to replace the right hand side of (16) by |

Py

Iak|r . Ve ¢hoose 1, O <« A <1 50 that A * = 1/2. Then om

|z] = A », we have
P S [P(x) - 3n ¥ + |.k= B
- " Dy
S dlale, 1laklr
IP(S)I < —Inklr ~om |}a| 8" AT,
wh%lst,. | ‘ | - |
P) > Jlayley * on lal = v,

There is thorefor@ a single t:lnpiy conn‘ected'componcnt G of
- =] [P(:)I < M= 3|ak|r which ies wholly in Iz[ <r_ and

whose boundary is in the annulut Ar, < |:| <r,. By Rouchq s theorenm,
there are P, 3eros of F(z) in {[z] < Ar,} €G. The boundary of G is
a level curve t of |F(z)| = M. | |

ﬁc now suppose F(z) = £(g(z)), f,g entire. u = g(z) m&ps‘r on
to a level curve y: [£f(y)| = M 1nAt1.10 u plane. y has no self inter-
sections and bounds g(G). Finally w = f(i) maps g(G) onto |w| ¥ N,
v+ |w =M, 1fg is a-valent, £ B valent (_as z traverses I, g
traverses v, a timgs, £ traverses || = M o8 times) then af = Py

Since Py is prime we have either ¢ = 1 or 8§ = 1. Now in the above
~ argument n and hence H_aﬁd, the.reg;éns' G, g(G) can i:e, taken arbitrarily
Lar’g«.:.‘ It follows that é:lthe_r for g is linear and F is prime.

Remarks Proof of the theorem relating to functions of finite order

is exactly analogous. The construction of Erdis and Macintyre shows
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the existence of a single dominant term in F(z) for certain

lz] = R, and the above argument goes through.
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