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Abstract

In this thesis we develop numerical algorithms for stochastic control problems where the state
processes is an It6 process that depends on the control process in both the drift and diffusion

functions.

We derive sufficient conditions for convergence of a proximal policy gradient method (PPGM)
for the stochastic linear quadratic control problem. The optimal control can be uniquely deter-
mined by solving a Ricatti equation. We prove that the control induced by the policy gradient
method converges to the optimal control. Considering convergence analysis in the general case,
we study the underlying backwards stochastic differential equations using Malliavin Calculus,
and determine some conditions under which convergence of the control process can be estab-

lished.

To implement the PPGM method, we use concepts in machine learning methods, and extend
our algorithms using duality theory. Using deep learning methods, the algorithms developed
are scalable to high dimensional problems, with a reasonable runtime. Duality allows us to
solve an auxiliary control problem simultaneously to the original primal problem, which allows
us to exploit the dual-primal relations between the associated processes, and form tight bounds
of the value function. In certain cases solving the dual problem directly bypasses complexity
within the primal problem. We further use duality to implement algorithms that can be applied

to non-Markovian control problems.

Keywords: Stochastic control, deep learning, primal/dual BSDEs, HJB equation, utility max-

imisation, linear quadratic, PPGM, convergence analysis, constrained optimisation.
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Chapter 1

Preliminaries

1.1 Notation

For two measure spaces (A, ua) and (B, ug), let B (A; B) denote the set of measurable functions
from A to B. Fix T' < co. Let (E,|-|) be a Euclidean space, and let By = B ([0, T]; E) be the

set of progressively measurable processes valued in E. Then for any p > 2 and 0 <t <T < o0

define
1
. oo} |

1

T AR
(/ |ZS|2ds) ] < 00
t

Here and in the sequel, we denote |-| as the Euclidean norm in the appropriate space. We then

denote S? (E) = 8P (0,T; FE) and H? (E) = H? (0,T; E).

SP(t, T, FE) = {Y €Bg: ||Y|sr=E { sup |Ys[?
t<s<T

HP (t7T; E) =< 7 € Bg: ||Z||Hp =FE

Let (.S, i) be some measure space, and f: S — E a function. We denote the £% and LP, p > 1,

norms as

[flloc == sup [ f (w) |,
weN

1= [ 1) \Pdw)’l’.

19



20 Chapter 1. Preliminaries

we then define , for p € [1, o],

LP(S) ={f € B(S,R): |[fllp < oo},

LP(0,T; E) = {f € Bg progressively measurable : || f||, < co}.

1.2 Model Formulation

Let (Q,]—" (Foci<r ,]P’) be a filtered probability space with terminal horizon 7" € (0, 00).
We consider the Fi-adapted controlled diffusion process (X;')o<,cp on R", n € N, defined by

X§ = x9 € R" and
AXP = by (X2 wg) dt + oy (X2 ug) dW,,  0<t<T, (1.1)

where W is an R%valued Brownian motion for some d € N and u = (u), <<t 18 & progressively
measurable process, valued in a closed convex set U C R™ for some m € N. We have the drift
and volatility functions b: [0,7] x R® x U — R and o: [0,7] x R* x U — R™? are assumed
to be measurable and uniformly Lipschitz in x. This condition guarantees us a unique strong
solution to this SDE. Here X" represents our state process, and u is the control. We consider

only admissible controls, that are contained in the set

U= {u eH*(U):E UOT\bt (0,u)]* + |oy (O,ut)Ithl < oo}.

This control is chosen to optimise the state process via minimising a running cost function
f:10,T] x R* x U — R and a terminal cost g: R" — R, which are measurable functions with
g either lower bounded or satisfying some quadratic growth condition. In order to have a well

defined finite value function, we need to define

Ut x) = {u €U E [/tT\fs (XQI’“,uS)‘ds] < oo}, (t,r) € [0,T] x R"

where (X{™"),_ . is a controlled diffusion satisfying

Xg%u = bs (X?%ua Us) ds + Os (Xg%ua us) dWs> t<s< T’ (1'2)
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such that X} = z. Assuming this set is non-empty, one wishes to find the value function

T
v(t,x):= inf E [/ fs (X" ug) ds + g (X3) | . (1.3)
¢

u€U(t,x)

We use this set throughout for optimisation, but in the sequel we simply use the notation u € U
to indicate that u is a progressively measurable process valued in this set, with the correct
integrability conditions. In particular we look for a Markovian control, that is, us = ¢s (XY)
for some measurable ¢ € B([0,T] x R™;U). The functional representation ¢ is approximated
by neural networks, which depend on a parameter set © € R” for some (potentially large) p € N.
This reduces the infinite dimensional problem to finding a finite optimal set of parameters to

maximise the cost function

T
J(u)=E U fo (X0 ) ds + g (X2 |,  uwel. (1.4)
0

To minimise this we use a variation of a gradient descent algorithm, but the loss function used
is different for each time step. In some cases additional neural networks is used, to approximate

the value function and its derivatives.

In some settings we will consider a non-Markovian structure, where the coefficients b, may
depend on the entire path of X" and we may not be able to define v(t,:) for ¢ > 0. In
the algorithms treating this problem structure, we will simply find @ and the optimal cost

J(a) = v(0, xg).

In our algorithms, like most numerical methods we will consider the discrete problem corre-
sponding to problem ([1.3)). In particular we will consider a Euler-Maruyama scheme. We
introduce a partition 0 = ¢ty < t; < ... < ty_1 < txy = T of [0,T] into N € N time steps.
We then define the discrete time process (X,?)kazo by X§ =« and for k =0,1,2,...,N — 1 we
define

Xpoy = X5+ (togr — te) bey, (X3 un) + /ey — teow, (X5, ug) AW, (1.5)

where AWy, ..., AWy_; are i.i.d standard multivariate normal Ny (0, 144) random variables,

with 1,4 the identity matrix of size d. The process (uk)]k\:o1 is a piecewise constant control,
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which we try to optimise in order to solve the discrete control problem

N-1
oy (tg, x) == 111f Z tiv1 —tj) (X uj)—i-g(X}(,) , reR"k=0,...,N—1.
=k

(1.6)

Under suitable assumptions we have vy — v as N — oo, see for example Henry-Labordere

et al.| (2016).

1.3 The Dynamic Programming Principle

The Dynamic Programming Principle (DPP) tells us that at a fixed time ¢ € [0,7], we can
find the optimal control u; independently of any previously chosen control. To be specific, it is

formulated here as the following.

Theorem 1.3.1 (Dynamical Programming Principle). Let (t,z) € [0,T] x R™. Then for all

t<s<T we have

v(t,x) = sup E{/ o (r, X550 ) dr + v (s, X550

u€U(t,x)

This is a weak version of this theorem, but will suffice as motivation for algorithms in the
sequel. The interpretation of this theorem is that we can first find u (s, z) for any x € R™, for

some s € [0, 7], then we can use this to find u (t,z) for t < s and any € R".

1.4 The HJB Equation

The HJB equation is often an important tool for finding solutions to the control problem (|1.3).

The value function v satisfies the following non-linear PDE.

ov 9 "
n (t,x) = ;rel(f}Ft (z,u, 0,0 (t,2), 02,0 (¢, 2)) , (t,x) € [0,T) x R", (1.7)

v(T,z) =g(z), z € R", (1.8)
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where 0,, 02, denotes the first and second partial derivatives with respect to z respectively,

and

Fy(z,u,y,7) = b (z,u) y+ %tr (at (x,u) oy (x, u)Tfy> + fi (z,u), (1.9)

for (t,z,u,y,v) € [0,T] x R" x R™ x R"" is called the Hamiltonian of the control problem.
Here, o, (x,u)" denotes the transpose of o, (x,u). This PDE can be very difficult to solve
directly, especially if there is no closed form of the right hand side. Our method will aim to
minimise these Hamiltonians for each ¢ € [0,7] and x € R", rather than dealing with the cost
function itself like has been done in other papers, e.g. Bachouch et al. (2021); Han and E
(2016); Huré et al.| (2021)). The following theorem justifies this approach, as it gives conditions

on which the Hamiltonian-maximising control is in fact an optimal control.

Theorem 1.4.1 (Verification Theorem (Pham, 2009, p. 47)). Let w € CY?([0,T) x R*) N
C° ([0, T],R™) satisfy a quadratic growth condition, and let v be defined as in .

(i) Suppose that

ow

5 (t,z) = —5161(’[}Ft (z,u, 0w (t,2), 02w (t,2)), (t,x) € [0,T) x R",
w(T,z) > g(x), z € R",

Then w > v on [0,T] x R™.

(ii) Suppose further that w (T, -) = g, and there exists a measurable function u*: [0, T] x R" —

U such that, for all (t,z) € [0,T] x R",

%_I;} (t,x) = —threlgFt (z,u, 0w (t,2), 02w (t, z))

= —F, (z,u* (t,z),0,w (t,x), 02w (t,2)),

and the SDE with ¢ = u* admits a unique solution X“®" such that the process

(u (s, XLo")) lies in U (t,z). Then w = v on [0,T] x R™ and u* is an optimal

t<s<T

Markovian control.

To use this theorem to estimate the optimal control, we must find good approximations of the

first and second derivatives of the value function. It is this problem that is often hindered by
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the curse of dimensionality, as methods such as finite-differences are often used in the literature.

In the proceeding chapters we will see how to overcome this difficulty.

1.5 Stochastic Maximum Principle

In addition to a PDE, there is also an equivalence between the control problem ({1.3) and a
first order BSDE, given by the Stochastic Maximum Principle (SMP). This is a useful step in
establishing the relations between derivatives of the value function, which will assist in their

approximation.

Given u € U, define the adjoint BSDE pair (Y*, Z*) € §* (R") x H? (R™*¢) by

dY = =0, Hy (X', u, Y, Z)') dt + ZydW,,  0<t<T,
(1.10)
Yr =vg(X7),

where V denotes the Jacobian and H is the generalised Hamiltonian of the system and is given
by, for t € [0,T], z,y € R*, z € R4

H, (z,u,2,y) = b (z,u) y+tr (0',5 (z,u)" z) + fi(z,u). (1.11)

We presume that H is differentiable in .

Theorem 1.5.1 (Stochastic Maximum Principle (Pham) 2009, p. 150-151)). Let uw € U. Let
(X, Yy, Z%) € S2R") x S2(R") x HZE(R™*?) be solutions to and (1.10). Suppose that for
allt € (0,7

H(t, X! u,Y" Z') =sup H (t, X}, a, Y,", Z}") (1.12)

a€A

and the function (z,u) — H; (z,u,Y*, Z") is concave for all t € [0,T], then u is an optimal

control. Furthermore, suppose that
v e ([0,T) x R uC’ ([0,T] x R™),

and there exists an optimal control uv* € U with associated controlled diffusion X* . Then the
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pair

(V" Z07) = (0 (8, X), 020 (6, X2 ) o0 (X2 07)),  0<t<T,

) Y xx

is a solution to the adjoint BSDE with v = u*.

1.6 Malliavin Calculus

We now give some results regarding the Malliavin Differentiability of SDEs and BSDEs.

Definition 1.6.1 (Malliavin Derivative (p = 2)). Let E be a Euclidean space, and let S (E)
denote the set of random variables ¢ of the form £ = ¢ (W (h'),...,W (k")) for some k € N,
where 1 € Cp° (R*; E) is a smooth function with bounded derivatives, ' € £*([0,T];R) for
i=1,....kand W (h') = fOT hidW,. Define the derivative of ¢ as

k

D= ey (W(R'),... W (H))h), 0<s<T,

J=1

and define the norm, for p > 1

ST

[Ellip =E

T 5
€7 + (/O |D9§]2d9> ] ; £ e S(E).

We define the Malliavin derivative as the unique extension of D to the closure D'? (E) :=

S (F), with p = 2.

Definition 1.6.2 (Generalised Derivative). Let E be a Euclidean space. For a function

f: R"™ — E we define the generalised derivative of f as a function ¢ f such that

m [ |Vf(z) = 0f (z)|dr =0,

li
e=0 Jpn

where for € > 0, f€ is a mollification of f given (for example) by the following

f€($)=ne*f(1‘)=/ 0 () f (2 — y)dy.
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for z,y, 2 € R". The constant A > 0 is chosen such that [, 7 (z)dz = 1.

Theorem 1.6.3 (Imkeller et al.[(2019) Theorem 3.5 and Corollary 3.4). Consider the following

n-dimensional SDE.
t t
Xt:77+/bS(Xs)ds—l—/as(Xs)dWs, 0<t<T,
0 0

where n € L? (R) and the functions b: [0,T] x R" — R™ and o: [0,T] x R® — R™ are deter-

ministic. Assume the following.

1. The processes b° .= b(0) and ¢° := o (0) satisfy

([ e

2. b and o are uniformly Lipschitz in x.

2

T
—l—/ lo?)2dt < .
0

For s € [0,T] let dbs, 0o, be the generalised derivatives of bs and oy respectively. Then X; €
D2 (R™) for all t € [0, T) and Dy X; = 0 for s > t, while for s <t a version of DsX; is given

by
t t
DX, =0, (X,) + / by (X,) DX, dr + / 60, (X,) D X, dW,.

Theorem 1.6.4 (El Karoui et al.| (1997) Theorem 5.3). Consider the following n-dimensional

non-linear BSDE, with 1-dimensional Brownian motion.

T T
Yt=5+/ fsm,ZS)ds—/ ZdW, 0<t<T,
t 0
where Y, Z € H? (R™) for some measurable f: Qx [0, T xR*xR™ — R™ . Assume the following:
1. £ € L*(R™) N D2 (R™).

2. fs(w,-, ) is continuously differentiable for all w € €.

3. fs(y,z) € DY2(R™) for any s € [0,T], y,z € R", and f°:= f(0,0) satisfies

EUOT|f£|4dt] < .
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4. The Malliavin Derivatives of & and f satisfy

T
2
E [/0 1Dyt d@} < o0,

T
E U \(Dgf)t(Yt,Zt)FdO] <oo 0<t<T.
0
5. The Malliavin Derivative Df satisfies, for any t € [0,T), s € [t,T| and y1,ys, 21,22 € R"

|(Dsf)t (Y1, 21) — (Dsf)t (12, 22)| < K, (lth = w2 + |21 — 22) ,

for any s € [0,T], where (K ;)icpo,r i a non negative process satisfying

T
E V | K| ds
0

Then Y,Z € L£?(0,T;D"* (R")) and a version of (DY, DsZ) o) satisfies DsY; = DsZy = 0

for s >t and for s <t

< 00, 0<t<T.

T T
DY = Dyt + / (Ouf (Yo 2,) DYy + 0-f (Yo Z.) DuZo + (D, f,) (Yor 7)) dr — / D.Z,dWV,.
t t

Furthermore, (D:Yy),c(0.1) 15 @ version of Z.

1.7 Neural Networks and Deep Reinforcement Learning

Before describing the algorithms used to solve this problem in detail, we first look at what we
mean by a neural network. We give a brief outline here, see for example |Anthony and Bartlett
(2009) for an exposition. Suppose we wish to approximate a function ¢: R? — R? for some
p,q € N. We use the following algorithm to construct the approximating function. This neural
network has a predetermined amount of ‘layers’ L € N and ‘hidden nodes’ ¢ € N. We call these

the hyper-parameters of the network in the sequel.

Let X € RP be our input. For i = 1,..., L define the linear function f; by
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We have A; € RP A e R for j =2,...,L — 1 and Ay € R? for the matrices. For the
vectors we have b; € R for j = 1,...,L — 1 and b, € R9. These form the unknowns of our
function, and are what we need to choose to correctly approximate our function. We combine
these into a set 6 = (A;, bl-)iL:1 of parameters. Informally speaking, the number of hidden nodes
¢ corresponds to us ‘expanding’ the input into a higher dimensional space. One could think
of each node as a piece of information we obtain from the input. The more nodes we have
the more information we get, hence the better we can approximate the function. We wish to
compose these linear functions in series, but we need a nonlinear function in between them. Let
h: R — R be such a function that we apply element wise to the output of each linear function.

The approximating function is therefore

Ny (X):=frohofryo...0fyoho fi(X)

In our setting we choose h (z) = tanh (z). The choice of this function for this scheme is rather
arbitrary, as there seems to be no clear preferred function here. A comparison of popular activa-
tion functions in provided in Chapter 4l This non-polynomial mapping is essential in ensuring
the density of these networks within the space of continuous functions, as is shown in (Leshno
et al} 1993, Theorem 1) which formalises the informal argument above about information into
a density argument about the space of neural networks. Further more, if ¢ is Lipschitz then
we can bound the approximation error in terms of the hyper-parameters of the network (Bach,
2017, Proposition 6). Note that no nonlinear function is applied at the final step, as our acti-
vation function is not surjective. The parameter vector § € R? where p = p(p,q) is defined
below, is a parametrisation of the A; and b; matrices and is optimised at the training stage
of our algorithm. We made no assumptions on the regularity of ¢, but our approximation is
almost everywhere differentiable. In practise this is sufficient for gradient descent algorithms,
in which derivatives of this network with respect to its parameters must be taken. We use the
Python package Tensorflow to implement this neural network procedure. This methodology
reduces an optimisation over an infinite dimensional space to a finite dimensional one. However,

the dimension can still be high. For this neural network, the parameter space dimension is
p(p,q) =(L—-1)C+L(L+p+aq)+a, (1.13)

a quadratic in the number of hidden nodes, and linear in the number of layers and the input
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dimension. Associated to each neural network Ny is a loss function £ (#) which is a function
of the parameters forming the network. Finding the parameters that minimise this function
equates to optimising the network itself. In our implementation, we use the ADAM algorithm
Kingma and Ba (2014), which is an adaptation of stochastic gradient descent, implemented in
Tensorflow. We furthermore use mini batches, which means the number of simulations we
use to calculate the loss function is small, and batch normalisation, meaning that we scale our

input to the neural network loffe and Szegedy| (2015).

1.8 Stochastic Gradient Descent

Suppose we have a neural network with parameter set 6 € R”, and a loss function £ to compare
it against. The next part of this method is to improve our network in order to optimize £. The
typical method to do this is a variant of gradient descent. A vanilla gradient descent algorithm

would perform the update

oL

enew = 901d - )\%

(901d>

until we achieve convergence. Here, A > 0 is the so called learning rate, and is assumed to be
sufficiently small. While this is an effective method for convex functions (or other regular func-
tions with unique minimisers), in a more general setting this variable sequence may end up at
a local minimum. Also, from a practical perspective, it may be computationally costly to find
the gradient with respect to the outcome of every simulation at every step. For these reasons,
in practise we use a variant called stochastic gradient descent. In this method, we choose a
random batch of sample paths for each update, evaluate £ based on these paths, and then take
derivatives. Since less paths are used to compute L, it is faster to run. Also, using less paths to
find £ naturally causes a higher variance, which causes high variations in the derivatives that
we apply. However, this may be a good thing, as it may allow one to ‘jump’ from one local
minimum to another, better one. Of course this does not completely solve our problem, and
finding ways of getting around this is a very active area of research in computer science. There
are many other variants of gradient descent, for example there are many methods that look at
how fast our variables are approaching a minimum, and adjust the learning rate accordingly, in-
creasing the efficiency of the algorithm. In our implementations, we will use one such algorithm,

called ADAM, but for simplicity we will use gradient descent when describing our algorithms. The
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interested reader can find out more about ADAM in (Kingma and Bal 2014)). The update formula
for the parameters changes more gradually than a stochastic gradient descent algorithm. In the
algorithm we wish to minimise the expectation of the random function £ that depends on a pa-
rameter set f and some random noise w (for example, paths of Brownian motion). At each step
we will generate a batch of noisy variables of size B which are used to compute the expectation.

In the algorithm we use the notation ¢? to indicate the element-wise square of the vector g.
Algorithm 1: ADAM Algorithm with mini batches (Kingma and Baj, 2014, p. 2)
Input: 0°, L

Result: The parameters § that minimise E [£ (6)]
Initialise m® = 0,v° =0, j = 0;

while 07 not converged do

Generate w; fori =1,... B;

D(0) = 5 320 £ (075 w0);

Set @71 mi Tl it = ADAM(67, L7, m7 07, §);

J=J+1L
end
return 6’;

Algorithm 2: ADAM(0, L, m, v, j)
Input: 0, L, m,v,j (and hyper parameters \, 81, 32, €)

Set g = VL (0);

Set m = Sym+ (1 — p1) ¢;
Set 0 = fBov + (1 — 32) g%
Set i = (1— B)

return 6, m, v;

The update of 6 is based on a bias corrected adapted first moment estimate m and a bias
corrected raw second moment estimate ©. The convex combination levels are governed by
B1, B2 € 10, 1), for which default values of 0.9 and 0.99 are given respectively. To avoid potential
singularities from a small second moment, we include a small € term in the denominator when

we divide by it, with default value of 1078, The learning rate is denoted by . This value will
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change as the iteration increases, and on a model by model basis. The batch size B is typically
small, either 32 or 64, allowing for fast derivative computation. Our algorithms will be based

on repeated use of algorithm

1.9 Organisation and Contributions

The remainder of this thesis is organised as follows. In Chapter [2| we introduce ML methods
for solving stochastic control problems. We develop methods solving the 2BSDEs associated to
the HJB equation, and the adjoint equation associated to the SMP. Given solutions to these
BSDEs we use optimality conditions to define a scheme for finding the optimal control using
neural networks. We apply convex duality methods to develop algorithms for solving the dual

problem, as well as the primal problem.

In Chapter |3| we analyse the convergence of the PPGM algorithm for stochastic control prob-
lems, which can be seen as a more theoretical version of our primal DC2BSDE algorithm. We
study the application of PPGM to the LQ problem, and develop sufficient conditions under
which convergence can be established. We perform separate analysis for the unconstrained and
constrained problems, as the unconstrained case can be simplified to a study of ODEs, while

the constrained case requires Malliavin calculus methods.

In Chapter 4] we perform numerical analysis of all the algorithms developed in the previous
sections. We apply the algorithms to a range of problems, and numerical results show high
accuracy and low runtime of the proposed methods. Our methods are additionally compared

to existing methods in the literature.

The main contributions of this thesis are the following.

e We develop novel machine learning algorithms based on 2BSDE representations of the
HJB equations, and optimality conditions arising from the SMP. To find the derivative
of the value function with respect to an approximate control, we solve a series of BSDEs,

which was new in the literature at the time.

e We use methods of duality theory to develop algorithms that solve both the primal and

dual versions of particular control problems. Convex duality methods allow us to deter-
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mine tight bounds of the value function, and can be applied to non-Markovian control

problems.

We analyse the PPGM framework for the LQ problem, and give sufficient conditions of
linear convergence in a general setting of constrained optimisation, where the diffusion of
the state is explicitly dependent on the control process. To do this we study the regularity
of the adjoint BSDE pair using Malliavin calculus.

Numerical results suggest our algorithms are favourable comparable with the existing

literature in terms of run time and accuracy.



Chapter 2

Duality and Machine Learning
Algorithms for Stochastic Control

Problems

In this chapter we propose algorithms that combine modern machine learning practises with
theoretical stochastic control principles to solve a range of control problems with high accuracy,
scalability with dimension, and low computational cost. We propose deep learning methods to
solve the utility maximisation problem, as an application of a more general stochastic control
solver, in a wide range of markets with arbitrary convex control constraints. Dynamic portfolio
optimisation has been extensively studied within the field of mathematical finance, see Karatzas

and Shreve| (1998); Pham| (2009) for exposition.

There is a natural crossover between machine learning and stochastic control problems, as they
both involve searching for features within a data set. For stochastic control the data set is
a diffusion process that is influenced by a controlling process, and some underlying Brownian
motion. The controlling process is chosen with the aim to optimise some cost function of the
state and control process along a time horizon. Often the optimal control is a function of the
underlying state process, a so-called Markovian control. The concept of a Markovian control is
very similar to methods of deep learning. In this setting the control is the output of a neural
network, which is a composition of non-linear and linear functions, parametrised by the linear

and affine coefficients of the linear functions. This neural network takes the dataset as input,

33
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and the parameter set will be chosen to minimise some loss function, that takes the dataset and

output of the neural network as input. It is in this area of crossover that this chapter resides.

A typical drawback of numerical methods for stochastic control problems is that their com-
plexity increases dramatically with increases in the state and control dimensions. Often some
grid method or exhaustive search of the underlying state space is required to find optimal tra-
jectories, which is computationally inefficient for high dimensional state spaces. It is claimed
that machine learning methods provide a solution for this dimensionality problem |Grohs et al.
(2018). Numerical results show efficient solving of PDEs with the state space dimension in
the thousands Beck et al.| (2019alb)); E et al.| (2017). These PDE solvers form the basis of our
generic stochastic control problem solver, which is the first algorithm presented in this chapter.
The problems are transformed into forward-backward stochastic differential equations (FBS-
DEs) using the Feynman-Kac formula and the Stochastic Maximum Principle (SMP). The PDE
that we solve is the Hamilton-Jacobi-Bellman (HJB) equation, a highly nonlinear PDE that is
often impossible to solve analytically, or even numerically if the dimensionality is high. This
chapter introduces a control variable into the PDE, that is constrained to some convex set.
This drastically increases the complexity and takes the problem out of the scope of |Beck et al.
(2019b); [E et al.| (2017)) unless the control can be found analytically. We show how machine
learning can overcome this difficulty and produce highly accurate value approximations with

comparatively low runtime.

The FBSDE based methods developed in this chapter are direct extension of the first and second
order deep BSDE solvers introduced in [Beck et al.| (2019b); [E et al.| (2017). In these papers, a
system of FBSDEs is solved by simulating all processes in the forward direction, driven by a
neural network process which is optimised to ensure the terminal condition holds. The extension
offered by this chapter is an additional driving neural network process, representing a control
process. The convenience of adapting this BSDE method to stochastic control problems is that
the control process can be optimised using the value function approximations implied by the
2BSDE solver, via the Hamiltonian of the system. In the 2BSDE solver of Beck et al.| (2019b)),
there are two unknown process that must be found with neural networks. This suggests that
our method has three unknowns, but we can use the structure of the value problem to derive one
of these processes and therefore introduce control without increasing the number of unknown

processes.
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There are some papers that describe generic algorithms for solving stochastic control problems
in the literature. Han and Ef (2016) directly maximises the gains function at the terminal time
with machine learning and is applicable to many problems. However, the computation costs may
be high, as one introduces a discretisation with many time steps or a high dimensional control
space, and it only outputs the value at time 0. Huré et al. (2021)) finds a local approximation of
the value function with machine learning. However, it only holds for Markovian problems and
the iterative nature of this value function approximation may lead to error propagation. Instead
of directly optimising the value function, the first method presented in this chapter maximises
the Hamiltonian associated with the system. There are two key benefits of doing this. Firstly,
it reconciles the potential errors of Han and E[ (2016]); Huré et al.| (2021) where the algorithm
gets stuck at a local optimiser. To find the value function (given a control) we ensure that
the terminal condition of the HJB equation holds, which involves minimising the least squares
error of the associated processes at the terminal time. The global minimum of this error is
zero by construction, ensuring that we can directly assess the quality of our approximation for
any generic control problem. Secondly, the control is optimised using the Hamiltonian of the
system, which is a function of only what is known at one time. This optimisation is faster
than back propagating through a discretisation of the processes to compute the derivatives as
in [Han and E (2016]). This is even more important when the control space is high dimensional,
which is normally true in portfolio optimisation problems. To implement this Hamiltonian
maximisation procedure, one needs to know derivatives of the value function which can be

computed accurately with deep learning based on the 2BSDE method in |Beck et al.| (2019b).

There are a number of papers in the literature that utilise the deep BSDE methods of |[Beck et al.
(2019b); |E et al.| (2017). For example, Exarchos and Theodorou| (2018); Pereira et al.| (2019);
Wang et al.| (2019) first find an explicit formula for the optimal control in terms of the value
function and its derivatives and then substitute this control into the HJB equation and solve
the resulting PDE with the deep 2BSDE method. However, these algorithms cannot be applied
in full generality like our method. [Exarchos and Theodorou| (2018); [Pereira et al.| (2019) are
reliant on the diffusion of the state process being independent of the control, which leads to a
semi-linear PDE and a representation with a first order BSDE. This framework is inappropriate
for portfolio selection problems as the control naturally appears in the diffusion term. Wang
et al.| (2019) alleviates this restriction by deriving an explicit formula for the optimal control

that is required to be unconstrained. Our approach is more general in the sense that it does
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not require any analytical solutions. In the literature these other algorithms are called “deep
2BSDE controllers” since the BSDE solutions are used to form the control. Our algorithm
is called the deep controlled 2BSDE method as each control and state pair defines its own
2BSDE which we try to solve. Another paper developed at the same time as ours, |Ji et al.
(2022) develops primal algorithms utilising BSDE solutions and the SMP in a similar way to
ours. They propose 3 algorithms, one of which being similar to the primal DC2BSDE method
described here. The key difference of our work is the introduction of duality, which allows us

to develop alternative algorithms for solving the control problem.

The numerical method of solving these control problems fits in with a more general framework
of an actor-critic model, where the ‘actor’ tries to find a control policy for a given problem
(often with some random element to force ‘exploration’ of the state space), and the ‘critic’
tries to find the value associated to this policy, see for example [Jia and Zhou| (2022); Wang
et al.| (2020). In our setting, the ‘critic’ finds the solutions to a BSDE to determine information
about the value function derivatives evaluated along paths of a particular state process, and

the ‘actor’ uses this information to update the control.

A primal-dual method is introduced in Henry-Labordere, (2017) for solving semi-linear PDEs.
The deep 2BSDE method is used to find a lower bound for the solution. An upper bound is found
by solving a maximisation control problem on the path space, that is derived using the Legendre
transform. The approach in Henry-Labordere| (2017) is not directly related to our notion of
convex duality using martingale methods. There are also some papers on applications of deep
neural networks in mathematical finance, including optimal stopping (Becker et al.| (2019))),
asset pricing with transaction cost (Gonon et al.| (2020)), and optimal transport (Eckstein and
Kupper (2019)). Furthermore, Buehler et al. (2019); |De Spiegeleer et al.| (2018); [Liu et al.
(2019) consider the use of machine learning for model calibration, hedging and pricing, and are

not directly related to our work.

The utility maximisation problem involves maximising concave functions, so we can naturally
apply convex duality methods. Duality is a powerful tool that can be used in complete or
incomplete markets with a range of convex constraints on the control process. The unique aspect
of our work is the combination of deep learning methodology with convex duality. The benefits
of introducing duality are threefold. Firstly, the dual problem is a minimisation problem, and

solving it independently of the primal problem naturally leads to an upper bound of the value
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function. Sometimes the dual problem is easier to solve, since primal control constraints are
characterised by penalties in the dual state process, leading the dual problem to be potentially
unconstrained. Secondly, the BSDEs associated to the dual problem can be related to that
of the primal problem, giving us the ability to compare our numerical results and check their
accuracy. Again, as per the Hamiltonian maximisation, this benefits us since we know the error
between the dual and primal processes should be zero, which allows us to easily measure the
quality of our results. Additionally, solving the primal and dual problem simultaneously allows
us to generate upper and lower bounds of the value function, giving us a confidence interval
which is often missing in other methods in the literature. In some cases may skip one of the
problems if they are difficult to solve, as solving the dual problem automatically gives us the
solution to the primal problem and vice versa. Thirdly, inherent in the dual formulation are
certain optimality conditions that are derived from the SMP. These conditions can be used
separately from the HJB equation to find the optimal control. We use these conditions as the
basis for our second algorithm, called the deep SMP method, which is valid for non-Markovian
control problems with convex structure. This greatly increases the range of utility maximisation
problems that can be solved using the methods of this chapter. In a Markovian setting we can
compare the two algorithms presented in the chapter. It should be noted here that results for
dynamical programming principles, under which our 2BSDE scheme is formulated, exist in the
literature for non-Markovian problems. Non-Markovian optimal stopping problems and their
2BSDE counterparts are studied in [Karoui and Tan|(2013); [Possamai et al.|(2018). The problem
is reformulated into an optimisation in the space of probability measures, and the canonical
probability space is expanded to allow a dynamical programming principle and a characterising
path dependent PDE to be established, see Zhang| (2017)) for an exposition. However, it is not

clear how a machine learning based solver could be used in this abstract setting.

The convex duality method works for complete and incomplete markets. A common incomplete
market model is the Heston stochastic volatility model in which the underlying variance of the
stock follows some mean-reversion SDE with its own source of randomness. This model may be
seen as a 2-dimensional stock market, where only one asset is traded. This framework allows us
to use our deep learning method to solve it. We compare our results to Ma et al.| (2020) in which
tight bounds of the value function are derived for an unconstrained optimisation problem. Ma
et al| (2020)) is reliant on a convenient guess of the dual control, so is not applicable to other

methods where such a guess is not available, unlike our method. Another multidimensional
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model we consider is a path-dependent volatility model.

The material in this chapter is adapted from a paper Davey and Zheng| (2022). The main
contributions of this paper are the following. In the deep controlled 2BSDE algorithm, we
present a Markovian stochastic control problem solver that combines the HJB equation with
the deep 2BSDE method, but without the need for an analytical formula for the optimal control.
We apply this algorithm to both the primal and dual problems which give us tight bounds on
the value function. In the deep SMP method, we exploit the dual formulation of the utility
maximisation problem to create a novel algorithm for non-Markovian optimisation problems
using deep learning. Instead of dealing with the gains function, we solve the adjoint BSDE and
use machine learning to satisfy the dual optimality conditions. To the best of our knowledge,

we are the first to use this methodology in the literature.

The chapter is outlined as follows. Section introduces the primal DC2BSDE method for the
primal problem. Section describes the utility maximisation problem as an example of the
DC2BSDE method, and a motivational example for the proceeding dual approaches. Section
introduces the dual DC2BSDE method and the Deep SMP Method for the utility max-
imisation problem. Section extends our example to the investment-consumption problem

with randomly terminating income.

2.1 The Deep Controlled 2BSDE Method

The machine learning methodology will attempt to find the optimal control and value function
using the HJB equation (1.7]) (in particular, its BSDE representation from Feymann-Kac), the
adjoint equation and the Hamiltonian condition . We look to solve the BSDEs,
which can be coupled into a 2BSDE, with machine learning techniques in the spirit of Beck et al.
(2019b)) (the algorithm presented therein is named the “Deep 2BSDE” method, thus inspiring
our adapted Deep Controlled 2BSDE method). The trick here is to simulate all processes in
the forward direction, and use the terminal condition as a loss function. The control process
u is designed as a neural network, taking in the state process and time as input, which means
that we are searching for a Markovian control. We then approximate 0,,v (t, X}*) to be an
additional neural network. The loss functions are determined by satisfaction of the terminal

conditions for the BSDEs, and the Hamiltonian minimisation condition ([1.12]).
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Remark 1. In this algorithm we propose a control u of the form w, = Ny (¢, X}*), for some
parameter set . One may then ask if this control is indeed admissible. It can be shown
that a neural network is a Lipschitz function as long as the activation function is Lipschitz
(though a global Lipschitz constant for every neural network in the training process may not
be established), and therefore the required integrability properties of the state process and cost

function of the control problem are satisfied, so we have u € U.

As motivation, suppose v € C13 ([0,T) x R*) UC® ([0, T] x R"™) (we do not need to assume this
to solve the BSDEs in the sequel, they may simply represent viscosity solutions to the HJB
if this condition is not satisfied). Let u* be the optimal control, with associated controlled

diffusion X . Define the processes, for ¢ € [0, 7],

VY =w (6 X)),
Y =00 (6 X)),
Iy =020 (6,X,"),

Z' =020 (6, X)) on (X, uf)
Applying Ito’s Lemma to V¥, and using the HJB equation ((1.7)), we have the BSDE

AV = —f (X up) de+ YW, 0<t<T,

(2.1)
AV =g (X)),
Furthermore, by the SMP (Theorem [1.5.1]), we have the BSDE
dY} = —0,H, (X up, Y, Z ) dt + Z dW,,  0<t<T 2.9
2.2

vy = vy (X§).

In practise, we do not know what u* is. Instead, we start at some u € U. Then we solve the
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2BSDE, for ¢ € [0, 7],

thu = _ft (Xf, Ut) dt + }/;uth,
T (XT7) (2.3)
dY;u = _850Ht (Xtua Ug, Y;fua Ztu) dt + ngWt’

AV = 79 (X3).

and use (|1.12)) as a loss function.

Remark 2. Again, a neural network is a Lipschitz function, as long as the activation function is
Lipschitz. Therefore the 2BSDE (22.3) admits a unique strong solution (V¥ Y Z“) € § (R) x

8% (R™) x H?* (R™?) if u is chosen to be a Markovian neural network control.

Now we describe the details of the algorithm to solve the control problem. We introduce
parameters 0 € Re(™™ )0 ¢ R? ("’”2), v) € R and yJ € R™, then use the following Euler-
Maruyama Scheme. Set X{ = z, Vi = v) and Yy = yj then for i = 0,... N — 1 let u) =

Nyo (X7), T? = Nyo (X7) and

XDy = XD+ (tig — ) by, (X7, 0)) + 00, (X7, 1)) AW,

Vi =V = (tisa — t) fo, (X)) + (Y-O)T or, (X7, uf) AW; (2.4)

Y;(—)I—l = Y;O - (ti-i-l - tz) a:cth (Xzoa U?, Y;‘Oa F?Oti (Xzoa Ul)) + F?O—ti (Xzov uz) AVV%?

where AW; is a multivariate normal N (0, (t;11 — t;) 14) random variable. We have used min-
imal notation for these processes for clarity, but one should remember that these explicitly

depend on the choice of parameters A}, 6) and the initial points v, z§.

Remark 3. We use a different neural network at every time step, as opposed to a single network
that takes in state and time as inputs. While this increases the number of parameters (assuming
all networks use the same number of layers and hidden nodes), it also decreases the run time.
This is because in the back propagation step, extra time is required to take derivatives of the
network parameters, since they are involved in every time step. Even when using a high number
of time steps, the increase in time outweighs the penalty of having more networks which leads

to more memory usage.

Once we have repeated this iteration N — 1 times, we arrive at time ¢y = T but realise that we

have not satisfied the terminal conditions. We want to choose the neural networks and initial
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start points to reduce the expected error, which amounts to minimising the loss function
2 2
L (M) =E[[V§ - g (X3)|" +m [¥8 - vg (X2)[]. (2.5)

N—-1 .
i—o - This is referred to as

where A? € R (%) is 4 vector representation of {vd, 10} U (\?)
the BSDE loss function in the sequel. When discussing numerical implementation here and in

the sequel, E denotes the sample average.

0

In addition, for each time step the arbitrary control choice " is not optimal, and may not be

in the constraint space U, so we must also maximise the loss functions
Ly (69,7) :=E[F, (X, uf, Y, T7) + yadist (v, U)], (2.6)
fori=0,..., N — 1, where dist is the distance function

dist (u, U) = sup |z — ul*.
zel

Where | -| denotes the euclidean norm (we use the square as it is unnecessary to take the square
root of this vector, as would be done using the norm). The function £, is referred to as the
control loss function in the sequel. Again, we evaluate a sample average of this loss function.
The coefficients 7,7, > 0 are some tuning parameters that can be chosen. In our case, we
choose 7, = 0.5, and v, = 100. We proceed to optimise these loss functions in turn, starting
with our randomly initialised 0-superscript parameters. Now suppose we have just finished step

j€eN.

The first sub-step is to improve the terminal condition loss. We generate VJ{}, YX, and X ]]\, using
A and Gf fori=1,..., N—1, which are carried forward from the previous step. We then make
an improvement using one step of the ADAM algorithm, against the loss function £, resulting
in the updated parameters A7Tt. We also keep track of the moment estimates that are present

in the algorithm as in |[Kingma and Ba/ (2014]).

The second half of the iteration step is to improve the control process. We can first simulate

) ) . . ) L N—1 . .
the processes v/ and X7 using our previous parameter set ©7 = («93 )i:(] , then simulate Y
and IV using the updated parameters A’*!, and finally make the following improvement using

one step of the ADAM algorithm. For each ¢+ = 0,..., N — 1 we update 9{ using the ADAM



42 Chapter 2. Duality and Machine Learning Algorithms for Stochastic Control Problems

algorithm against L (-, 1), resulting in 6’7", We track the moment estimates and move to step
j + 2 and repeat this process. We do this for each path of a batch of simulated paths of size
B eN.

These two steps can be repeated until the new parameters are sufficiently close to the old
parameters after an update, at which point we deem the algorithm to have converged. We
find that making small increments at each step, ensuring that the learning rate required for the
ADAM algorithm is smaller for the control step than the BSDE step, we have good convergence

results.

Remark 4. At each time step we build 2 neural networks, which have 4 layers, with the two
hidden layers consisting of n 4+ 10 nodes. The parameters are optimised using the ADAM
algorithm, using a batch size of 64 Brownian paths. We choose to initialise each parameter
near 0, though a prior guess may be used, and the rate of convergence is naturally much higher
when the initial guess is closer to the true value. Substituting p =n, L =4 and [ = n + 10
into leads to a parameter set of size p (n,q) = 4n® + T4n + 340 + ¢ (n + 11), where q is
the output dimension of the network. The number of neural network parameters is therefore

at most cubic in the state dimension and linear in the control dimension.

Remark 5. We use a different loss function for the BSDE and control networks in the algorithm.
Another option would be combining these loss functions into one single loss function that both
networks try to minimise. However, this would be slower as the back propagation step would
take longer, particularly for the control network. It may also lead to false solutions, for example

minimising £, by making both VJ{, and g (X ]]V) close to zero.

Algorithm 3| outlines this scheme explicitly. When we use the notation ADAMY(), we refer to
one step of the ADAM Algorithm (Algorithm . The output is given as the value at time 0,
but a byproduct of this scheme is pathwise evaluations of the value function and its derivatives,
as well as the optimal control. This algorithm terminated when A/, ©7 are deemed to have
‘converged’, this could be once some maximum number of iterations are hit, or if the loss

functions do not change much with respect to iteration.

An implementation of this scheme (and the dual / SMP adaptations in the sequel) in Python

with Tensorflow 1 can be found at https://github.com/Ashley-Davey/ML-For-Stochastic-Controll
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Algorithm 3: Primal Deep Controlled 2BSDE

Input: zp € R"
Result: v (0, z)
Initialise V) ~ Unif ([-0.1,0.1]) and Yy ~ Unif ([—0.1,0.1]");
for:=0,1,2,..., N —-1do
Initialise 09 ~ Unif ([=0.1,0.1]7%™), A0 ~ Unif ([—0.1, 0.1]/3("’”2));
end
Set A = {VQ, YL} U {0
Set A® = {693V
Initialise m® =19 =0, j =0and m{ =0 =0 fori =0,..., N — 1;
while A7, ©7 not converged do
Generate AWF for each k=1,...B,i=0,...,N —1;
Generate X3k VIik YIik ik T3k ysing and (A7,07) for each k =1,... B,
i=0,...,N—1;
o= o () 4 1)
Set AJ+1 mitt it = ADAM(AY, L2, m7, o7, 5);

i=0,....N—1
fori=0,1,2,....,N—1do
Set £, (#2,1) = L2 F, <XJ’“ ik yik i ’“) 4 pdist (u?*, U);

1 Y z Y

Set 07T mI T W/ = ADAM(6?, £ (-, 1) ,ml, ), 5);

K3 ? Z

end
Set @71 = {pITIN 1,
Set j=75+1;

end

Output VOj;

Regenerate X% Vik yik yik T3k using (2.4) and (A1, ©79) for each k =1,... B,

2.2 Utility Maximisation

In this section we describe the standard portfolio optimisation problem.
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2.2.1 Primal Problem

Let W = (Wi)o<,cp be a standard m dimensional Brownian motion on the natural filtered
probability space (Q, F, <]:t)0§t§T 7IP’) augmented with all P-null sets for some fixed finite ter-
minal horizon 7' > 0. Consider an m + 1 dimensional stock market, consisting of a risk-free

bond with interest rate ry, t € [0,7], and a collection S of risky stocks defined by Sy = 1 and

where diag (Sy) is an m x m matrix with diagonal elements from S; and all other elements zero,
and r, p and X are uniformly bounded, progressively measurable processes valued in R, R™
and R™ ™ respectively, with p; and X; representing the drifts and volatilities of the m stock
prices at time ¢ € [0, T, respectively. The matrix Y, is invertible and X; ! is uniformly bounded
for all ¢ € [0,7]. An agent invests a proportion m; of the wealth X in the risky stocks and the
rest in the risk-free bond at time ¢ € [0,T]. The 1-dimensional wealth process X evolves as the

geometric Brownian motion
AXF = X7 (re+ 7] (= rl)) db+ X7r[SdWe,  0<t<T, (2.8)

with X" = xy, where 1,, € R™ is a vector of ones. We call 7 an admissible control if 7 is a
progressively measurable process valued in K C R™, a non-empty closed convex set, almost
surely for almost every t € [0,7], and there exists a unique strong solution X™ to the SDE
. The set of all admissible controls 7 is denoted by K. The set K corresponds to trading
restrictions or incompleteness of the Market. For example, in one of our examples we take
K =1]0,00)™ to be only non-negative controls. As X7 is also non-negative (as long as xy > 0),

this constraint corresponds to the rule of no short-selling.

The investor wishes to maximise the expected utility of the terminal wealth, that is, to find

Vi=supRE[U (X])], (2.9)

TeK

where U: [0,00) — R is a utility function that is twice continuously differentiable, strictly
increasing, strictly concave and satisfies U’ (0) = oo and U’ (c0) = 0. We say that state and

control processes X™ , m* are optimal if V = E [U (X%)]
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We first suppose that the coefficients r, u, > are deterministic. For our machine learning frame-
work, we have the process X* = X7 defined by ((1.1)), controlled by v = 7, and the primal
2BSDE system (2.3) where we take g (z) = U (x) L5 for x € R, f = 0 and define the drift

and diffusion functions by

by (z,m) = (e + 7" (e —7ilm))

oy (z,7) =z 5y,

for (t,z,m) € [0,7] x R x R™. As this is a maximisation problem, we alter the loss function

(2.6 for the control slightly. We set

1 )

fori=1,...,N and 6; € RP(m),

Example 2.2.1. Now, in the general case we may not have deterministic coefficients. Consider
for example the Heston problem. In this model, our agent invests in a 2-dimensional stock

market, out of which one asset S is traded, and is defined by
dS, = Sy (r +0%,) dt + S;/SdW?, 0<t<T.

The constants r,6 > 0 represent the risk-free rate and market price of risk respectively. The

volatility process > has the dynamics
A% =k (8 = %) dt + &/SdW),  0<t<T.

The constant x > 0 represents the speed at which the process reverts to the long-time average
volatility, given by ¥ > 0. The constant ¢ > 0 is a variance parameter. The Brownian motions
W and W¥* are correlated with correlation parameter p € [—1,1]. When the agent invests a

proportion 7 of their wealth X™ in this market, their wealth process (2.8) evolves as

dXT = X7 (r +mf%) dt + X[ m/SdWS,  0<t<T.

To transform this to a Markovian setting, the 2-dimensional process (X7, ¥) is the state process
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controlled by the K C R valued process . Consider the maximum utility problem given by,

for (t,z,3) € [0,7] x R?

w(t,z, %) = sup E[U (X7) [ (X7, ¥o) = (2, 5)], (2.10)

Tekl

for some utility function U. This setup fits in the framework of (1.3)) withd =2, n =2, m =1
and g (2,%) == U (x) 1,50 for (z,¥) € R? and f = 0. The drift and diffusion functions are
given by

b (z,8,7) = (z (T+7T92),f€(i—2))Ty

VY 0
pEVE 1=V

op(x, 8, m) =

for (t,z,%) € [0,T] x R% Tt is a usual assumption that the drift and diffusion functions are
Lipschitz functions of the state and control variable, but this is not the case here due to the
square root appearing in the diffusion. This will invalidate current theoretical convergence

results.

2.2.2 Dual Problem

We now define the dual problem for the utility maximization problem ([2.9)), see (Li and Zheng)
2018, Section 2) for more details. The basis for a dual problem relies on the Legendre-Fenchel

Transform. Define

U (%) =sup{U (x) —zz}, i>0.

>0
The concavity and differentiability of U ensure that U is well defined and is twice continuously

differentiable, strictly decreasing and strictly convex on (0,00). The R-valued dual process

X®7 is defined by

AXPT = = X7 (ro+ 0 () )dt — XP7 (0 + £7'%)  dWi,  0<i<T, (2.11)

with Xg’ﬁ = 7, where 7 is non-negative, 0, := ¥, " (y; — 7¢1,,) is the market price of risk, and 7
is a R™-valued dual control process which is progressively measurable and ensures there exists

a unique strong solution X7 € S%(R) to the SDE (2.44). The function dx is the support
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function of — K, defined by

O (2) =sup{—7"z}, z € R™.
ekl
We choose this specific dual problem, as it can be shown that the processes X™X%7 is a super-
martingale for any choice of 7, 7 and & and we have the following weak duality relation (Li

and Zheng| 2018, p. 5)

VEF = :13] } + xoi;} . (2.12)

Solving the dual problem would give us an upper bound of the value function, that can be
combined with a lower bound by the primal problem to produce a confidence interval for
the value function. If we have an equality in (2.12), then we can find the value function by

alternatively solving the dual problem.

2.3 Duality Methods

In this section we introduce deep learning algorithms that use duality. For the dual DC2BSDE
algorithm, we consider a more general setting for which the utility dual problem (2.12)) is a

special case.

We may define the following dual value function

@(0,7) = inf {u(0,2)+2'3}, FeR™

z€eR™

This formulation can be reversed, so if we know % (0, -), then we can find u (0, -) via

u(0,2) = sup {@(0,%) — a7}, r € R" (2.13)

ZeRn
We can describe 4 as a value function for a particular stochastic control problem that can
be solved using the method of Section [2.1l From this we describe two options to recover the
primal value function. The first method involves solving the optimisation problem (2.13) via

the introduction of a third loss function to optimise the initial dual variable z. This is referred
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to as the dual DC2BSDE method. The second option is to instead optimise the dual control
process using optimality conditions arising from the SMP. This changes the machine learning
algorithm slightly, as we no longer optimise using the Hamiltonian as a loss function. The key
benefit of this method is the theory is applicable to non-Markovian problems, allowing us to

solve control problems involving path-dependant coefficients.

2.3.1 The Dual DC2BSDE Method for the Markovian Case

When the dual problem in is Markovian it has a similar structure to the primal problem
, so we can adapt our machine learning method to solve it. We define a variable 7 with
which the state process begins, as opposed to starting at xo. Suppose X% ig driven by a control
@i, a progressively measurable process, valued in U C R™, and has deterministic and measurable
drift and diffusion functions b: [0, T]x R" x U — R" and & [O T)xR"x U — R™? respectively.
Then, in analogue to , we have solutions (f/“‘, Yy, ) € S%(R) x 82 (R™) x H? (R™*™)
to the 2BSDE

SO ~ Jop. ~~ -\ T
AV = —f (XD ) de+ (V57) a0 (K07 ) W (2.14)

with the initial condition X" = # and terminal conditions V" = § <)~(§ﬁ> and Y " =
Vg (X'%“), where f and ¢ are the dual running and terminal reward functions respectively.
The function H is defined as in but with the corresponding dual functions. We discretise
this 2BSDE and optimise using the dual Hamiltonian, denoted here as F, in the same way.
Introduce parameters ) € RP(m™) )9 ¢ RA("%) i =1,...,N and set X0 = i, V0 =49 and
VY =¢d then for i =0,... N — 1 let u? = No (X?), r9 = Nyo (X’lo) and

X0, = X0+ (tipy — ) by, <X§,~1)+at< Z,Q)AW
VE, =V — (tips — )fm( Z,~,>+<YZO>T%< Z,~Z>AW (2.15)

Vi = V= (b = t0) Qo (X0, ¥ Fon, (X0, ) ) + Fon, (XD, ) AW

7 17
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where AW; is a multivariate normal N (0, (t;,1 — t;) 14) random variable. We have analogous

loss functions £; and L, for this scheme, defined by

2
+ N

Y0 - v (X?V)

£y (M%) =E Uf/]% ~ (f(?v) 2] , (2.16)

where A? € RH(n%) 55 o vector representation of (30,50} U (A9

7 79

Ly (69,1) :=E [_p; (XO P, vy, fg) + odist (uo U)] . (2.17)

Optimising these solves the dual value problem and finds #. We now introduce a third loss

function to recover the primal value function from this system
£ () = (B[ (X8)] @) o). (2.18)

Since the primal problem is described as a minimisation problem, the dual problem, and the
duality optimisation problem become maximisations, as we see in our examples in the sequel.
Hence the respective loss functions are multiplied by -1. Algorithm {] gives the details of this
method.

Example 2.3.1. For the utility maximisation problem ([2.12)), we can apply the dual method
with

for (t,#,7) € [0,T] x R x R™. In some cases, dx(z) can be infinite for some z ¢ K C R™. In

these cases we remove this term and consider the constrained optimisation over K.



50 Chapter 2. Duality and Machine Learning Algorithms for Stochastic Control Problems

Algorithm 4: Dual Deep Controlled 2BSDE
Input: zp € R"

Result: v (0, o)
Initialise V) ~ Unif ([—0.1,0.1]), &§ ~ zo + Unif ([—0.1,0.1]") and Yy ~ Unif ([-0.1, 0.1]%);
for:=0,1,2,...,N —-1do

Initialise 7 ~ Unif ([—0.1, 0.1 A? ~ Unif ([—0.1, o.1]ﬂ(”m2));

end

Set A = {V9, YO} U {\I VL

Set ©0 — {90}V 1.

Initialise m® = 1% =0, m% =0, 00 =0, j=0and m{ =v) =0for i =0,..., N — 1;

while A7, @j,jé not converged do

Generate AWF for each k=1,...B,i=0,...,N —1;

Generate X7k, Vik Yok gik Tik using (2.15) and (A7, ©7, %)) for each k = 1,... B,
i=0,.. N—1:

Set £ (1) = & S8, |V — o (K8 + 0 |75 - v (53)[
Set A+ mitt it = ADAM(AY, £, m7, o7, 5);

Regenerate X% Vik Yik gik T3k using and (A7, ©7, :E{)) for each
k=1,...B,i=0,... ,N—1:

fori=0,1,2,....,N—1do

Set £ (0,i) = —L S22 F, (X““ ik Yk T ’“) + pdist (@, U);

7 Y z Y

Set ¢! mI Tt It = ADAM(, £, (-,4) ,mI, vl 5):;

K3 ? Z

end

Set @7+ = {QJH i 0 ;

Set £} (#) = xd iy — £ 30,7 < )

Set fé +1 ,mitt it = ADAM(Z) ﬁ (-),ml, vl 5);
Set 7 =7+ 1;

end

Output VJ — xJ #;
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2.3.2 The Deep SMP Method

In this section we consider the Utility Maximisation problem in the case that r, y and
Y. may not be deterministic. The utility problem and its dual problem then become non-
Markovian. This means we cannot write the value function as a measurable function of state
and time nor apply the dynamical programming principle, hence the HJB equation is invalid.
However, we can still employ the SMP, and it is shown in [Li and Zheng (2018)) that there
exist certain optimality conditions for a non-Markovian utility maximisation problem, which
we use to define a new algorithm, named the deep SMP method. We again consider the utility

problem, written in this setting as

v(t) =supE[U (X]) | F], 0<t<T.

Tekl

We cannot use Ito’s formula for this value process as it cannot be written as a measurable
function of the wealth process X7, defined as in and controlled by 7, but we can still use
the SMP, for both the primal and dual problems. In this setting, for the primal problem the
BSDE becomes (Y™, Z™) € §? (R) x H? (R™) such that

ay7 == [(ne+ 7 SO) Y7+ (Z0) S m] dt+ (Z7) W, 0<t<T,
(2.19)
Vi = U (XF)

Similarly, we can define the dual state X*7 as per (2.11)), controlled by (Z, 7). The dual adjoint

equation is the following BSDE with unknown processes (Yi’ﬁ, Z””r> € §?(R) x H? (R™)

o o L o NT
AV = | (ro+ ok (R) V77 + (Z07) (0 + % %)}d”(zf’”) W 0sisT

(2.20)

We use the following primal-dual relations, derived in [Li and Zheng (2018]).

Theorem 2.3.2 (Li and Zheng| (2018), Theorem 12). Suppose that &* and 7 are optimal

dual controls, with the corresponding dual state process X&' and dual adjoint BSDE solutions

*

YR ZEE Then the primal state process X™ and primal adjoint BSDE solutions Y™, Z™
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corresponding to the optimal primal control ™ satisfy
X =-Y"", vy =X, (2.21)
for allt € [0,T].

We now state the optimality conditions for the dual problem in terms of these processes.

Theorem 2.3.3 (Li and Zheng (2018)), Theorem 11). Let (Z,7) be an admissible dual control.
Then (%, 7) is optimal if and only if the solutions <§~/‘i”~r, Z"Mf) of (2.200) satisfy the following

for allt € [0,T] almost surely.

Remark 6. The corresponding optimality condition for a primal control m with corresponding

state process X™ and adjoint BSDE solutions (Y7, Z7) is
[me —a] "[XTE, (Y0 + Z7)] > 0

for all t € [0,7] and a € K almost surely. This is a much more complex condition, and the
implementation would require some grid-based method to consider a sufficiently large number of
a € K, which would be computationally costly, especially in higher dimensions and unbounded
(but still constrained) K. For this reason, we approach the dual conditions and then use the

primal dual relations to derive the necessary primal processes.

The machine learning methodology to solve this problem, which we call in the sequel the deep
controlled SMP (DCSMP) method, is as follows. First, we simulate the dual processes in the
forward direction using the Euler-Maruyama scheme. We start the process Y7 at f/f’ﬁ = -
to ensure the first condition is satisfied. This condition is why it appears that the forward
simulation method is naturally suited to this problem. We use neural networks to define the

processes 7 and Z%7 then update the values of X%™ and Y%7 accordingly.
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Specifically, we set X = #°, Y = —x¢ then for i = 0,..., N — 1 set 70 = Ny, (f(-()) and

X0, = X0 — (tiy — ) X0 (r, + 0k (7)) = X0 (6, + =,'70) " AW,
T

- - - - ~ N\ T
Y=Y + (tin — 1) |:Tti}/;0 + < P 9&} + <Z?> AW, (2.22)
Zio-‘,-l = ?;OEZN/\Z <XZO) 3

where 6;,\; € RP™) are parameters for neural networks, AW, is a multivariate normal
Ny (0, (tix1 — t;) 1,,,) random variable. The two neural networks used here both output to
m-dimensional space, unlike the general algorithm outlined in Section [2.1] where the second
neural network is valued in R**". We have the variables y,0 = ()~ ," and A = (\;)~, ",

which are optimised against the following loss functions:
() =R |0 (fgov)} + o,
(1~ /-~ -2 ~
£Z(Ni) =E ‘U’ (X?V) - Yf@] + ~dist <NA1. (X?) K)} ,
1. NT
V265 (70) + (zg) $-170

| )

)

We take sample means to approximate the expected values. The hyperparameter v > 0 is
some large penalty constant, in our case v = 100. These loss functions ensure the optimality

conditions of Theorem [2.3.3 are satisfied.

In this algorithm we no longer have a variable representing the value at time 0, as we do not
assume the Markovian structure that gives us V. We therefore need to perform Monte Carlo
simulations, forming bounds of the value function. An upper bound can be found using the
dual state process X and a lower bound the primal state process X™ = —Y#7  as per .

The estimates outputted are given by
tow = B U (=V3)] < w(0,20) B [T (X%)] + 20 = v (2.23)

for some sufficiently large j. The inequalities are valid up to discretisation and simulation
errors, and as the number of time steps increases, the gap vnigh — Viow decreases. Assuming
convergence of the control process and corresponding state and adjoint processes, the optimal

value is eventually contained in this gap. Algorithm [5|gives the details of the DCSMP method.
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Algorithm 5: Deep Controlled SMP for the Utility Maximisation problem
Input: zp € R

Result: A confidence interval for v (0, xg)
Initialise 23 ~ Unif ([x — 0.1,z + 0.1]);
for:=0,1,2,..., N —-1do
Initialise 09 ~ Unif ([—0.1,0.1](nm), MUvafG—QLOJV@mﬂ%
end
Set A = {\} NV
Set ©° = {#9} N1
Initialise m) =0, v) =0, j =0 and m),; = vy, =0, my,; =vy, =0fori=0,..., N —1;
while A7, @j,fé not converged do
Generate AWF for each k=1,...B,i=0,...,N —1;
Generate Xk Yik Zik 7ik using and (A7, ©7, ~]) for each k =1,...B,
i=0,... N —1;
for:=0,1,2,...,N —1do
Set £7 (W) = 5 T2, |07 (K4) — 73]+ dist (3, (X7%) . K)
Set N mf ol = ADAM(AY, L7 (- 0) ,mY,,v) 4, )

end

Set NIt = [NTHIN L

Regenerate X7k Yik Zik ik ysing and (A7, 07, ~j) for each k =1,... B,
i=0,... N —1;

for:=0,1,2,...,N —1do

_ . ~ . . ~ o\ T .
Set £7 (07,3) = —& Sop, (V4o (71%) + (20%) ='alt

Set 0371 mI ! It — ADAM(G], L7 (i) ,mi ol j);

TI"L’ 7T’L

2

’

end

Set @71 = {ITIN L,

Set £7 (7)) = L2 | 0 (5@') + 2T E,

Set #0t1, mit vitt = ADAM(E, L%, mi, vl 5);

Set j =7+ 1;

end

Output view, Vhigh defined in (2.23));
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2.4 Random Income

In this section we study the investment-consumption problem with randomly terminating in-
come. This problem has an irregular structure due to an income stream that will terminate at
some exponential time. To handle this, we reformulate the problem by converting the random
income stream into a running cost for a transformed control problem. We split the time horizon
into two regions: pre terminating, in which the income is perpetual over the entire time horizon;
and post-terminating, in which there is no income term. We can solve both of these problems
using our machine learning method, and recombine them to yield the solutions to the original
problem. The problem with infinite time horizon and its duality theory is covered in Davey

et al.| (2021)).

2.4.1 Primal Problem

Let S be the stock market . Consider an agent with wealth process (X; ), << Investing
proportions m; € K for some convex set K C R™ of their wealth in this stock market at any
time ¢ € [0,7], and the remainder in a risk free bond with uniformly bounded, deterministic
interest rate 7, > 0. Furthermore, the agent may choose to consume some of their wealth
before the time horizon. In addition to the wealth accrued from investing, the agent receives a
continuous payment with rate a > 0, which terminates at some random exponential time 7 > 0

independent of S. The agent wishes to solve

T
sup E [/ U (¢,) ds +e~*TUL (XT9) |
0

m,c

where X™¢ is the wealth process satisfying a controlled stochastic differential equation:
dX7 = [ X[ (re+ 7] (e — 1)) — e+ a] dt + XTm] SdW,, 0<t < T, (2.24)

with the initial wealth X7 = z, where U and U; are utility functions satisfying the Inada
conditions, & > 0 is a utility discount factor, and a; = al,-; is the random income with
exponential termination time 7 ~ EXP (n) for some n > 0. The proportional investment
process 7 is constrained to the set K, and consumption process c¢ is constrained to the non-

negative real line [0, 00).



56 Chapter 2. Duality and Machine Learning Algorithms for Stochastic Control Problems

We assume that the problem is solved when there is no income, that is, we know how to compute

the value function

T
Vo (t’ Jj) = Sup]E |:/ 675(5‘7)&)[] (Cs) ds + 675(T7t)U1 (X;,C,O)
t

e

Xee =l
for (t,x) € [0,7] x R, where
dXT0 = [ X7 (rg + 7] By (s — 7)) — €] ds + X7 SdW,, 0<s<T,

with the initial condition X 9 — 2. This can be found either analytically, or numerically using

our method. Note that vy (T,z) = U; (z) for all x € R.

Define the value function

T
v(t,r) =supE {/ e 06U (¢,) ds + e TU (XT9) ], (2.25)
t

,C

for (t,z) € [0,T] x R where X™ satisfies (2.24]) with X" = z. Fixt € [0, 7] and assume 7 > t,

i.e, the income has not terminated yet at time t. We can relate v and vy as follows. Define
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A=TAN7and a =n+4. Then

v (t, ) (2.26)

A T
=supE {/ e 96U (¢,) ds + / e°6IY (cg) ds + e TIUL (XT)
¢ A

m,c

X[ = az} (2.27)

A T
=suplE{ / e 2T (¢) ds + Y ( / e VY (¢5) ds + TV, (X%C))‘Xf’czx]
t A

,C

(2.28)
A
=supE / e” (cs) ds 4 e * Ay (A, XT) [ X[C = x} (2.29)
’ 00 zN\T
=supE / ne (/ e 06U (¢,) ds + e *CN Dy (2 AT, X:ACT)) dz| X[ = $:|
m,c t
(2.30)
T z
=supE / (== (/ eI (e,) ds + ey, (z,X;r’C)) dz (2.31)
m,c t
T
+ / ne =0 (/ 6O (e) ds + e 0Ty (T, X;’c)) dz| X[ = x} (2.32)
T ¢
T
=supE [/ e T f(XT o c) ds + e T D g (X700 | X0 = x} : (2.33)
m,c t
where, for (t,z,m,¢) € [0,T] x (0,00) x R™ x [0, 00)
dX; o = (Xf’c’a (rt + (m)" (e — rt)> -+ a) dt + X7 () S dW, (2.34)
ft (.I',?T,C) = U<C> + Nvo (t7 .I') ) (235>
g(z)="U (). (2.36)

The structure of the problem has changed, as the wealth process X™“* now has perpetual
income, and the income termination time has been converted into a running cost function.
This frames the control problem in a more standard way, which we may approach using our
machine learning method. As we have discounting, the 2BSDE changes slightly, and we alter
to the following, for each i =1,..., N — 1,

VO = VO + (tia — 1) (V0 — fi, (X0,00)) + (V) " o, (X0, ) AW,
V5, =Y+ (tisn — t;) (oY — 0. Hy, (XD, 0, Y, Doy, (XD, 1)) + Doy, (X7, w) AW,

77 79

From the HJB equation ([1.7]) we can derive the optimal controls in terms of the value function
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and their derivatives, that is,

1
7 = arg max {x@xv (t,x)m" (u—r)+ 583361} (t,x) x2|ET7T|2}
S

(2.37)
c; = arg I?ZELSC{U (¢) — Opv (t,x)c} =1 (0w (t,x)),

where [ = (U")"".

2.4.2 Dual Problem

We can apply results of convex duality Bismut| (1973) to the transformed problem (2.33)). First,

note that the constrained problem is equivalent to the unconstrained maximisation problem

with
fe(z,mc) =U(c) +nvo (t,x) — Py (¢) — P (),

for (t,z,m ¢) € [0,T] x (0,00) x R x [0,00) where ® 4 (z) is the infinite penalty function that
equals 0 if z € A and oo otherwise. We can define the following dual functions, for 0 < ¢ < T

and £ > 0,

U (&) = sup{U () — 2y},

>0

Uy (%) = sup{U; (z) — zy},

>0

o (ta j) = Sup{UO (t7 ZE) - l’y}

>0

The dual running cost is not immediately obvious a priori. In particular, we will see that it is

not just a sum of dual functions. Define the strictly positive dual process X by
dXt = Xt [dtdt + /ét—rth] 3 0 S t S T,

with the initial condition X, = #, for some processes @ € H2(R), 5 € H2(R™) to be deter-

mined. By Ito’s Lemma, the drift of the process <€_atXZT7C7aXt) 0.7] is
telo,T

e—atXtﬂ',C,aXt dt —a+Tr+ 7T;|— (,ut — 71+ E;FBt):| + e_o‘tf(t ((I — Ct) s 0 S t S T.
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Define a process L for t € [0,7] by

t
L, = e—octXZr,CvaXt - / e X, (a —Cs + X;naa [ds —a+rs+ W: <[Ls — st 2168)]) ds.
0

(2.38)

By construction L has zero drift so is a local martingale. Define 1, = —%,; <0t + Bt) and
& = % (&, + 7 — a), where 6, = ;! (uy — ), t € [0, T]. Then the process X is given by

dXt = |:Xt (CY - Tt) + nft] dt — Xt (Qt + Et_lﬁt)—r th, 0 S t S T.

The diffusion of L is X["“*X, (Z;m — 0, + (Et_l)T ﬁt> for t € [0,T]. One can show that L is
a true martingale by using Doob’s L? inequality to show that this diffusion process is square
integrable. To do this we need to assume that the control processes are themselves square
integrable Labbé and Heunis| (2009). Therefore E[Lr] = Ly = 0%, and by the definition of
the dual of U; we have, for any (m,¢,7,&) € R™ x R x R™ x R

T
E {/ e f (5, X 1y, ¢) ds + e *TU, (XT)} (2.39)
0
T ~ ~ ~
<E { / e~ f (5, X™%0 . c,) ds + o7 (U1 (XT) + X;I’C’“XTH (2.40)
0
T ~
= E[/ e <f (5, X% g, c,) — XT X ] 7t (2.41)
0
+ 77)(;1’,0,(1&-5 . CSXS + CLXS> ds + e—O&lel (XT) :| + 20Tp. (242)

Maximising over ¢, 7 yields

v(0,z9) <E [/OT e, (Xt,ﬁt,§t> ds + e T, (XTH + 10T,

fi (3,7,6) = sup{U (c) — ®po0) (¢) — Pi (1) — €& + nug (t, ) + naé — xin 7 + aF}

= U () + aF + ®jg o) () + sup{nuo (t, ) + nré — vir 7 — P (1)},
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for (t,z,7,&) € [0,T] x (0,00) x R™ x R. The dual running cost then becomes

fi(@,7,6) = U (&) + a@ + P00 (2) + sup{nuo (t,2) + naé + 235k (7)}
- 1
Define a new control v, = —& — %X}(SK (7¢), t € [0,T]. In order for the running cost to be finite

we must have v, > 0. Minimising over (Z, 7,7) € (0,00) x H2(R™) x H?((0,00)) gives us the

following dual problem
T ~ ~ o~ o~ ~ o~ o~
inf J(#,7,7) = E { / e f (5, I, 70,7, ds + e (XT)] taod,  (243)
0
where X7 is the dual process satisfying the SDE

dX{™ = (Xf’ﬁﬁ (@ =71 — 0 (7)) — 77%) dt — X" (0, + Zt_lﬁ-t)—r dWr, 0<t<T,

(2.44)
with the initial condition X§™ = & and
i () = U (&) + a + 1vo (¢,7)
9 (%) = Ui (),
for (7,7) € (0,00)2. The dual value function is therefore given by
T ~ ~ o~ o~ ~ ~ ~
5(t,7)= inf E { / e—als=t) f (s, f’m,frs%> ds + e~*T0g (X;ﬁ’mﬂ . (2.45)
¥>0,7ERF ’

for (t,&) € [0,T] x (0,00) with the initial condition X;"™” = #. Note that the dual process
XE ig only a dual with respect to the primal perpetual income process X™%%  as opposed to

the ‘true’ state process. The dual HJB equation is
o, . . ~ _ o~ ~
i (t,2) —av (t,2) + U (T) + aZ + (o — 1) 20,0 (¢, T)

1
+ inf {nvo (t,7) = 10,0 (8, )} + nf{—0x (7) 305 + |0 + D77 P50, (¢, 2)} = 0,
ol T,
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for (¢,7) € [0,T) x (0, 00), with the terminal condition v (7, z) = g (Z). In particular, if K is a
closed convex cone, then the dual HJB equation is reduced to a semilinear PDE
v

E(t,;ﬁ)—oﬁH—U(i')—i—ai—i—(a—r)i'ax@(t,i’)

1
+ inf {no (t,7) = 10,0 (£, 2)} + 510 + 77 PFOLD (7)) = 0
Y

for (t,#) € [0,T) x (0,00), with the terminal condition @ (T,%) = U (%), where #* is the
minimum point of |§ + X 1%|? over 7 € K = {# : 77 > 0,¥n € K}, the positive polar cone of

K.

Remark 7. This HJB equation covers both the pre stopping and post stopping problem. Indeed,
by taking n = 0 in (2.46)) we recover the special case of perpetual income, and additionally
taking a = 0 recovers the standard no income dual HJB. Note further that taking n = 0
removes dependence on 7 in the dual HJB and dual state . This is to be expected, as v

does not appear in the deterministic income problems.

Remark 8. The dual formulation and problem also cover the infinite horizon 7' = oo case. In
this setting, we need to assume that the stock and interest rate are stationary, so r, u and X
must be constants. In this case, the value function loses its dependence on time. The time
derivative term in the HJB equation is then 0, and the terminal condition disappears. The
derivation of the dual problem is very similar, except we must assume that

lim E [e—atXf ’C’aXffW] = 0. (2.47)

t—o00

We no longer have the term e °TU; (X7°") in (2.39), so we add the left hand side of (2.47)
instead. We can then use the definition (2.38)) of L to recover the lost terms. See Davey et al.
(2021)) for more details.

The value function v is the conjugate function of the dual value function v, given by

u(t,x) = ililg {v(t,2) + 22}, (t,x) € [0,T] x (0,00).

The optimal wealth at time ¢ is given by

XF = —0i0 (t, X’;)
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where X* is the optimal dual state process starting from X()" = 2* with 2* the solution of the

equation 0;0 (0,Z) + zo = 0, and z; is the initial wealth at time 0.



Chapter 3

Convergence of the PPGM algorithm
for the LQ Problem

In this chapter we analyse the convergence of the proximal policy gradient method (PPGM) for
continuous time stochastic control problems. PPGM methods can be considered an extension
of regular gradient based methods for problems with a ‘difficult’ running cost. In our setting
the complexity occurs from an infinite penalty function, representing the control constraints of
the problem. We consider the case where the diffusion function of the state process depends
explicitly on the control process. Convergence results for this class of problems are not available
in the literature, due to the complex dependence of the control process on the adjoint BSDE
solutions for the control problem. Additional issues arise from the non-convexity of the cost
function with respect to the control. We bridge the gap by deriving some sufficient conditions
under which the PPGM algorithm converges for the L(Q problem. We choose to restrict to this
problem as it simplifies the analysis, while still sufficiently characterising the issues of PPGM

convergemnce.

We study numerical methods for the Linear-Quadratic (LQ) problem. The LQ problem has
been well studied in the literature, see [Sun et al.| (2016]) for exposition. In [Wu et al.| (2020) it
is shown that the problem reduces to solving two Ricatti ODEs to find the optimal control and
value function, within a certain class of constraint spaces. However, convergence results of a
PPGM algorithm for this problem in a general constraint space remain elusive, so it is still of

mathematical interest to study this problem, and the Ricatti equation solving method allows

63
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us to determine benchmark solutions to numerically test our algorithm.

The PPGM approach to the LLQ problem has been studied in various forms in the literature, see
for example |Carmona et al.| (2019); Cassel and Koren| (2021)); Fazel et al.| (2018)); Hambly et al.
(2021ayb); Wang et al.| (2021). Typically the policy gradient method (PGM) is studied, where
the control is unconstrained. In |Fazel et al.| (2018) converge results are obtained for an LQ
problem in discrete time with no diffusion function for the state. These results are extended in
Cassel and Koren| (2021)); Hambly et al.| (2021b]) to a diffusion function, that is still independent
of state and control. These methods have also been applied to mean-field games, for example
Hambly et al.| (2021a)); Wang et al.| (2021)), the latter in continuous time. The method of PGM
for LQ problems has also been studied in the context of machine learning, where problems

in reinforcement learning can be approximated by LQ problems, see for example Wang et al.

(2020)).

The aim of this chapter is to extend the results of Reisinger et al. (2022)) to a more general
case. In Reisinger et al.| (2022), convergence of a PPGM method is shown for a class of control
problems with general drift, diffusion and cost functions. Our treatment of the LQ problem is
not as general in its self, but is one example of a problem that does not satisfy the assumptions
of Reisinger et al.|(2022)). To be specific, there is control in the diffusion of our state process, and
the running and terminal cost functions do not have bounded derivatives. The key extension
that this chapter provides is an analysis of regularity of both elements of the BSDE pair solving

the adjoint equation.

The PPGM method has been studied for the LQ problem in a recent paper Giegrich et al.
(2022). In this paper the authors consider the unconstrained problem in a relaxed control
framework. Unlike our work, they introduce an entropy regulariser, for which the optimal
control is a Guassian, as opposed to a deterministic function of the state. In this setting they
give convergence results similar to ours, removing some of the assumptions in our unconstrained
analysis by adapting the gradient step to be ‘geometry aware’. The key difference to our work
is that all analysis occurs for the unconstrained case, and it is not immediate if this analysis

extends to our more general constrained setting.

There are a number of iterative methods for continuous stochastic control problems in the
literature where control is in the diffusion of the state process. For example, convergence the

method of successive approximations has been established in this setting Kerimkulov et al.
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(2021)). In this method, the Hamiltonian is directly minimised at each iteration step. This con-
trasts from our method, where only a single step of gradient descent is taken. Numerically, our
method is advantageous as less time is taken optimising a (potentially) incorrect Hamiltonian
at early iteration steps. Convergence analysis is performed in Kerimkulov et al.| (2021) but, in
a similar vein to |[Reisinger et al.| (2022)), the running and cost functions are assumed to have
bounded derivatives, not allowing the LQ problem. A recent paper |Zhou and Lu| (2023)) consid-
ers the PGM method for control problems with control in the diffusion. They show sufficient
conditions under which convergence of the cost function can be established for unconstrained

minimisation of a more general state process that is constrained to a torus.

The main contributions of this chapter are as follows. We provide sufficient conditions under
which the PPGM algorithm will converge linearly for the L) problem in continuous time. We
provide analysis for this problem as it is not currently treated in the literature, as the diffusion
of the state process is control dependent. We relax the more technical assumptions for the
unconstrained LQ problem, and give explicit convergence rates in terms of the coefficients of
the problem. We perform numerical analysis to test how the theoretical convergence rates

compare to those seen in application of the PPGM algorithm.

This chapter is organised as follows. Sections and describe the LQ problem and the
algorithmic solving method respectively. Section describes the main result, and Sections
and [3.5] derive sufficient conditions for convergence in the constrained and unconstrained

setting respectively.

3.1 Problem Formulation

Let W = (W)o<,<p be a standard 1-dimensional Brownian motion on the natural filtered
probability space (Q,]—" , (.E)OStST,IP’) augmented with all P-null sets, and T a fixed finite
horizon. We are considering this one dimensional case simply for notational brevity, all results

in the sequel extend to the multi-dimensional Brownian motion case. We consider the following
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stochastic linear-quadratic problem

T
T u T u
1 Xs s Ss Xs
inf E / — @
0

1 T
ds+ = (x2)T axn (3.1)
ueld 2 U, S. R, Ug 2

where the state control pair (X*, u) € S*(R") x H*(R™) are determined by

dX" = (A, X"+ Bou,)ds + (C.X" + Dyuy) dW,, 0<s<T (3.2)

XU = o, (3.3)

for some given zyg € R™. The coefficients A € C° ([0, T];R™ "), B € C°([0, T];R™™), C €
C°([0, T];R™™), D € C°([0,T);R™™), Q@ € C°([0,T];R™™), R € C°([0, T];R™™), S €

C° ([0, T]; R™™) and G € R™™ are deterministic, with the matrices

s SJ
© , 0<s<T,
Ss R,

and G positive semi-definite. Without loss of generality, we assume R, ) and G are symmetric,
so Ry = R, Q, = Q! for all s € [0,T] and G = G'. The set of admissible controls is
given by U = H? (U) for some closed convex set U C R™. With this integrability condition,
and the continuity (hence uniform bound on the closed set [0,7]) of A, B,C and D, we have
X" e §%(R") for all u € U (Zhang, 2017, Theorem 3.2.2).

We assume here that the coefficients are deterministic and continuous in time, to allow us
to describe Malliavin derivatives in the sequel. We choose the L(Q problem here to simplify
discussion, many of the results will extend to non linear models as long as the drift and diffusion
are Lipschitz functions of the state and control. Furthermore, the running cost can also be
changed to a differentiable function (in z and w) that is strongly convex in the control, with

Lipschitz derivative in both z and u.
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3.2 Proximal Policy Gradient Method

To deal with the control constraint define the cost functional J on the set H? (R™) by

_
Ty [x© Qs S;\ [Xv 1

IE/ - + By (u) | ds+ = (X2 TGxx|,  (3.4)
o {2\ u, S. R, Uy 2

J (u) =

for u € H?(R™), recalling that ®(2) is the infinite penalty function that equals 0 if 2 € U
and oo otherwise. The function ®; may be non differentiable, so J may be non-smooth and

non-convex. Therefore we use sub-differentials to describe stationary points of J.

Definition 3.2.1. Let (X, || - ||x) be a Hilbert space with inner product (-, -) x : X* — RU{oc}.
Let F': X - RU{oo}. For 2* € {x € X|F (z) < oo} we define the Fréchet sub-differential of
F at «* by

i i 2 FE) @22tk zo}.
v |z —2*||x

OF (z¥) = {:z- € X

We will characterise an optimal control as a process u* € H? (R™) such that J (u*) < oo and
0 € 0J (u*). To find the optimal control, we will use the (generalised) Hamiltonian H: [0, 7] x
R™ x R™ x R" x R™ — R which is given by the following.

1 1
Hy(x,u,y,2) =y (Aw + Bu) + 2" (Cox + Dyu) + §uTRtu +u' S+ ExTQt:E, (3.5)

for t € [0,T], u € R™ and z,y,2 € R™ In our scheme we require the derivative of H with

respect to the control and state, which are given by

Oy H, (.%,U,y, Z) = Bt—l—y+ D;rz + Ryu + Sy,

OuHy (z,u,y,2) = Aly + C 2+ S u+ Qur,

for t € [0,T], u € R™, and z,y, 2 € R". The PGM method uses gradient descent with respect
to the Hamiltonian. Usually (for example, in the HJB equation) the Hamiltonian would take
the first and second derivatives of the value function - if it is indeed differentiable - as input. We
do not know these a priori, and will instead input solutions to a BSDE, which act as estimates

for these quantities. To deal with the constraint function, we introduce the proximal map
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prox;: R™ — R™ as

zeU

1
proxy (u) == arg min {§|z - u]z} , ueR™. (3.6)

For this map to be well defined, we naturally assume that U is non empty. The algorithm is
focused on finding feedback controls ¢: [0, 7] x R — U. Let B([0,7] x R™; U) be the space of
such measurable functions. Define, for ¢ € B([0,7] x R™; U),

1¢lloo = sup o (2)],

(t,2)€[0,T]xR"
‘¢|0 — sup |¢t (ZE) |
(taelo)xre 1+ ||’

[¢]1 — sup ’d)t (l’) _¢t (y) |
(t,2,y)€[0,T] xR* XR™, zy ’95 - Z/’
Then define
V= {6 € B(0,T) x R%U) : ¢y + [¢ < o0}

For ¢ € V define the associated control u¢ € H2 (U) by uf = ¢, (XfS ) where,

dX? = (A, X, + Beps (X?)) ds + (CsXs + Dygs (X2))dW,,  0<s<T, .
Xg) = Xy. .

The motivation for our iterative algorithm is the Stochastic Maximum Principle, Theorem
1.5.1} Since H defined in (3.5) is a quadratic function of u, if we assume R; is invertible for all
t € [0,T] and our control space is unconstrained then we can solve ((1.12]) explicitly to yield

uy = —R;' (B/Y" + D] Z" + S, X}"), 0<t<T. (3.8)

Substituting into and allows us to solve the problem numerically by solving the
FBSDE. However, this is a fully coupled FBSDE and the method for solving is computationally
complex, particularly for high dimensional problems. The PPGM alleviates this complexity by
instead solving a series of decoupled FBSDEs, and updating the control based on a gradient

descent algorithm for the Hamiltonian. We give the details now.

For some arbitrary initial guess ¢y € V, we can define an iterative scheme as follows, for all
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k € Ny and (¢,z) € [0,T] x R™.
k+1 — k o BTyt,w,(]ﬁk Dth,x,(]ﬁk R k S 3.9
i (z) = proxy (& (z) — 7 (B, Y; + Dy 24 + B¢y (x) + Sz ) ) (3.9)

where for given ¢ € V the processes (Xb#? Yt 7twd) e S (¢, T;R") x §* (¢, T;R") x
H2 (t, T;R™) are determined by the following FBSDE, for s € [t, T

AXI0 = (A X0 + Bygs (X0"?)) ds + (CsX0™? + Dy (X0™?)) dW,
X" =,
(3.10)
AYP50 = — (ATYP0 1+ 7 2070+ ST60 (X0™0) + QuXU) ds o+ 200,

t7x7¢_ t7z7¢
YE? = GXEO.

Definition 3.2.2 (Proximal PGM Scheme). Define the updating function £: V — B ([0,T] x R™; U)
by

£(6), (2) = proxy (60 (2) = 7 (BIY}" + D] 20" + Rygy (1) + Siw) ), (3.11)

for € V,t € [0,7T) and z € R", where (X"*?, Yt Zto?) € S2 (1, T;R") x 8% (¢, T;R") x
H? (¢, T;R"™) are solutions to (3.10). Fix ¢° € V, then for k& € Ny define our PPGM scheme
(¢k)k€N0 by

P () = L ("), (2), (3.12)

for t € [0, 7] and x € R™.

3.3 Main Result

The main result we wish to show is that the scheme in is a contraction mapping in V,
so the sequence (gbk) converges to some element ¢* € V, with respect to the | - |o norm. We
then wish to show that the corresponding control u? is in fact an optimal control. Throughout
this section and the proceeding section, many of the Theorems we state are similar to those
presented in [Reisinger et al.| (2022). Our proofs are adapted from these, to consider a more

general case with control in the diffusion of the state process.
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Theorem 3.3.1. Let Vy, satisfy Assumptions[d [3, and [ Let ¢° € Vi satisfy and
. Let T > 0 satisfy Assumption [] Then there exists ¢* € V with associated control
u?" € H2(U), and constants ¢ € [0,1) and C > 0 such that

1. For all k € Ny, |¢* — ¢*|o < &*|¢* — @Y.

2. For all k € Ny, [|[u®" — u®|jz2 < Cé¥|o* — ¢°o.

3. u? is a stationary point of J defined in .
We will use convex analysis to characterise a stationary point of J as a fixed point of (3.12)).

To establish the existence of ¢*, we will use Banach’s fixed point theorem, applied to the space

(B([0,T] x R*;R™),|-|o). The following Lemma allows us to do this.

Lemma 3.3.2. The space (B ([0,T] x R™;R™) |- o) is complete.

Proof. For any f € B([0,T] x R"; R™), define the functions f, f € B([0,T] x R";R™) by, for
(t,x) € [0,T] x R™,

Suppose that a sequence (f"’) ke, 0 B([0,T] x R™;R™) satisfies limy j y00 | f¥ — fi]o = 0. We
need to show that there exists f*° € B ([0,T] x R™;R™) such that limy_,, |f* — f*|o = 0. By

Definition of | - |o, we have

k 4] _ B
0= hrn sup |ft (J7> ft (x) | _ hm sup |ftk (Q?) N ftj (l’) |
k.d=00 (t,2)€[0,T] xR 1+ |z k,j—00 (z)e[0,T] xR

Hence limy ;o0 || /5 — flloc = 0. As (B([0,T] x R R™),| - |lso) is complete, there exists
f* e B([0,T] x R R™) such that limj_,o || f* — f¥||oc = 0, that is,

0= lim sup |ff (¢) = ff (¢)| = lim  sup i () — Ji (@) ‘

k=00 (t,.2)€(0,T]xR" k=09 (1,2)€[0,T] xRI 1+ |z

Hence limy_o |f* — f*|]o = 0, as required. O
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To use Banach’s fixed point theorem to show existence of a limiting control ¢* € B ([0,7] x R"; R™),

we must show two things: that the sequence ((ﬁk) is contained within ), and that the map-

keNy
ping ¢* — ¢* ! defined in (3.12)) is a contraction. To be specific, we wish to show that for all

keN

|6%l0 + [¢")1 < o0, (3.13)

[ = 6o < €lo" — & o, (3.14)

To prove these statements, we have to perform some Lipschitz analysis, to show the function
¢ — B Ytt’x’¢ + D] Zf’m) is Lipschitz with a sufficiently small Lipschitz coefficient with respect

to both z and ¢, uniformly in ¢ € [0,7]. We will use the following Theorem.

Assumption 1. There exists ;o > 0 such that, for all ¢t € [0, 7]

2 R||
Ry = 1y m, 7‘<min( el i ),

pt1Rlloe” 20l Rfoc
where 1,, ,,, is the identity matrix of size m.

Remark 9. Our PPGM framework exists in continuous time, and this forms the basis of our
assumption on the learning rate. However, as is seen in (Giegrich et al.| (2022) the learning rate
may need to be adapted to the mesh size of the discretisation that is used in the implementation

of this algorithm.

Theorem 3.3.3. Define a constant

oo L PRl oo
0 '— - — -
210+ || Rlloo

Then for allt € [0,T], ¢1,P2 €V and x1, 12 € R™
1£(¢1), (1) = L (%), (22) | < (1 = 27¢0) ¢ (21) — &7 (2)]

+ 7[|5loc |21 = 22

7Bl [Y 0 — v

+ 7Dl | 20549 = 2%,

Proof. Fix t € [0,T], ¢1,¢2 € Vi, and x1, 25 € R™. The projection prox; is 1-Lipschitz. Hence
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we have by the definition (3.11]) of L,

1L ("), (21) = L(9%), (x2) |
< ‘ (925% (z1) — (BTYt ondt DTZM1 L Ry (z1) + Sﬂl)) (3.15)

_ (¢>§ (2) — (BTY“W + D] 29 1 Ryg? () +Stx2 ‘

< (¢ (21) = ¢ (w2)) = TR (@7 (1) — ¢} (w2))] (3.16)
7l Blloc Y = Y 4 7| Dllocl 207 = 27| 4 7 Sl scls — .

Define f: R™ — R by f(u) = su’Ruu. Then Vf(u) = Ru. By Assumption , fis p-

strongly convex in w and V f is || R||o-Lipschitz in u. Hence by Lemma [A.1.11| we have, for any

Ui, U € R™

(wr —u2) " (Vf (w) = Vf (un))

1| Rl oo
Tt Rl

2 2 (3.17)
[ur — us|” + mWf(ul) = Vf(ug) |".

Now, substituting in the definition of f into (3.17]), we have

(Ul — Ug)T Rt (u1 — 'Ll,2) > |RtU1 — RtU2|2.

1
pt [ Rlloo
Therefore we have

(8% (1) — 62 (w2)) — 7Ry (6} (21) — &2 (22)) [}
= |6} (1) — 6% (w2)|” — 27 (6} (1) — 62 (22)) ' Ry (9} (1) — &7 () + 72 | Ry (1 (1) — 0 (22))

S( IR ||’\Z||‘ﬁi> 91 (@) = 6 (z2)]" +( ﬁ) IR, (6} (1) — 6 (22))

(1 2mlRle , o
2m||R||oo>

: < TRl ) 19 ) — g @)l

where we have used that, by Assumption

2

- —— < 0.
ot (1Rl
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Taking the square root, and using v1—-a < 1 — ¢ for a = Tii“'lR‘l‘IZ’ where a € [0,1] by

Assumption [1, yields

Rl
(0 o0) = 6 20) = TR (61 (20) = ()] < (1= 7T ) ok (o) o ()]
(3.18)

Substituting (3.18)) into (3.16)) yields

£(0"), (1) = £ (%), (x)

NHRHOO ) 1 2
< (1 -7 ) ok (1) — @2 (
(=2l o =)

+ 7l Blloo Yo = V2| 4 1| Dllool 207" — Z07%) 4 7| S | solarr — 2],

as required. N

Given this Theorem, we have to control the quantities |Y;*"%* —Y;*™%2| and |Z"%t — z572:92|
in terms of |zy — 3| and |¢p; — ¢o|o for any 1,2 € R™ and ¢y, ¢ € V, for any ¢t € [0,T].
To do this we will need to use our BSDE and SDE estimate Theorems. In order to study

|z — 78792 we will describe Z using Malliavin Calculus.

3.4 Sufficient Conditions for the Constrained Case

3.4.1 Showing [¢*]; is Uniformly Bounded

We now want to find a recurrence relation for the sequence ([(ﬁk]l) To this end we study

keNg®
the Lipschitz coefficients of the Y and Z processes. We begin with Y. The following result is
adapted from (Reisinger et al., 2022, Proposition 3.7). The core concept of the proof is the

same, but the function Ly is altered to account for the control in the diffusion of X.

Theorem 3.4.1. For ¢ € V, t € [0,T], x € R let (X9, Yhoo Ztm9) € 8% (¢, T;R") x
S2(t,T;R") x H?(t,T;R") be solutions to (3.10). Then for all ¢ € V, there exists Ly =
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Ly ([¢]1) such that for allt € [0,T], x1,22 € R"
Vo0 — Ym0 < Ly () |an — @al.
Proof. Fix ¢ € V, t € [0,T), x1, 22 € R™. Define, for s € [t,T]

AXS — Xst,ml,¢ _ Xﬁ’m2’¢,
AY; — Y;twl,cb _ Yst,xz,¢,
AZS _ Z?m@ _ Z?:Czwﬁ’

A¢S _ Qbs (Xz,m,(b) _ st (Xi,m,d)) )

Then, using the definition (3.10]) of the individual FBSDEs, we see that (AX, AY, AZ) solve
the following FBSDE, for t < s < T,

AAX, = (AAX, + BAg,) ds + (C.AX, + DyAgy) dWs,
AX;, =11 — 29,

dAY, = — (AJAY, + C] AZ; + S Mgy + QAX,) ds + AZ[ dW,
AYy = GAXy.

Define
¢1 = CgspE ([[Alloos |C]]0) -

By Theorem |[A.1.10, we have

E [|AY;]] < &E

T 2
’GY|2|AAXT|2 + (/ |SJA¢S + QsAXs’d5> ) :
t
Since ¢ is Lipschitz, we have |A¢,| < [¢]1|AX,| for all s € [¢t,T]. Therefore, by Holder

E [JAY,[’] < &E

G| AX[* + (/t ISlso @)1 + 1Q]so) IAXs|d8> ] (3.19)

T
<& [IGRIAX + (1Sl + Q1T [ AP 0

t
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We now study E [|[AX,|?] for fixed s € [t, T]. Define

¢ = Cspp ([|Alloo; [Cllo) »

N 1
& = 5T (IBIZT + IDI2.).

Applying Theorem to (AXT)TE[M], we then have,

s 2 s
|21 — 29| + (/ \BrAqﬁT]dr) +/ |DTA¢T|2dr]
t ¢

< lo -~ + 6 (IBILT + IDI) [ 18X Pas].
t

E [|AXS|2] < GE

Hence by gronwall we have
E[|AX,[Y] < &z, — a2, (3.21)

Substituting (3.21)) into (3.20) yields

E [|[AYi]"] < &1|GPee™ 1tz — ayf?
T
+ &1 (|5l [0]1 + HQHoo)QT/ >N sy — o
t

< &3 (|G + (1S loo[@]y + 1Qlloo)* T2) T |2y — ).

Note that by Theorem there exists a measurable mapping v? (z) = Y®¢. In particular
for each i = 1, 2, the variable Y;"**¢ = ¢ (x;) is deterministic by Blumenthal’s 0-1 Law. Hence

we may write, using the fact that va +b < y/a + Vb for a,b >0,

AY| = E[JAYP)? < Ly ([6)) 21 — 2],
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where
Ly ([0h) = Ve (¢4 + &T(e]y) e,
¢1 = Cpspr ([ Alloos |Cloc) »
¢2 = CspE (|| Ao, [[Cllso) 5
. 1
& =5 (IBIRT +IDIZ)
¢y = |G| + |Ql T,
5 = |||,
where Cspg and Cgspg are defined in Theorems [A.1.9 and [A.1.10| respectively. O

We now want to claim the same result holds for the Z process. However given the definition of
Z in , it is not clear how to prove any estimates for E [supte[O’T] |Z,|?], only integrals of
the process |Z|? (e.g., using Theorem for (Y, Z)). Instead, we apply Malliavin calculus
to show that Z can be written as a measurable function of the X process and its Malliavin

derivative, and bound the Lipschitz dependence of this function on the initial data.

Lemma 3.4.2. Fizt € [0,T], z € R", and ¢ € V. Then X!™¢ € D2 (R") for all s € [t,T].

Proof. See appendix. n

Lemma 3.4.3. Fiz t € [0,T], z € R", and ¢ € V. Then Y1*? ZL®¢ ¢ D2 (R") for all
selt,T].

Proof. See appendix. n

We use Lemmas [3.4.2] and [3.4.3| to find Lipschitz estimates for the differences of the process

Z6%¢ for different x € R”™.

Assumption 2. We assume the following.

1. There exists non empty V, C V and an increasing non negative function Cp: [0,00) —

[0,00) such that forall p € V,, 0 <t <s<T

5“:? (z1) — 51’? (z2)| |Cova + Dy (22)] < Cp ([9h) |21 — 22].
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2. There exists ¢ € Vy, such that the sequence (qbk)keNO generated by (3.12) with ¢° = ¢ is

contained in Vy,.

Remark 10. Assumption [2/holds in the unconstrained case, with V;, the space of linear functions.
Indeed, let ¢, () = asx + Bs, s € [0,T], for some o € C° ([0, T]; R™*™) and S € C° ([0, T]; R™).
Then v? is of the form v? (z) = asx + bs, s € [t,T], for some a € C°([t,T];R™") and b €

C° ([t,T];R™). In particular, we have for any z, o € R",
5v? (1) — 0v? (25) = ay — a, = 0.

The assumption therefore holds with C7 ([¢];) = 0. In the constrained case, this assumption

inequality would hold if, for example, C' = 0, U is a bounded space, and V; was the set
Ve ={peV: v’ eCR"R") forallt e[0,T]}.

However, it is not clear in this case if Assumption [2]is satisfied.

Theorem 3.4.4. Let ¢ € Vi, t € [0,T], and x1,x2 € R™. Then there exists Ly ([¢]1) > 0 such
that
|27 = 27" < Ly ([8h) |21 — o).

Proof. Let t € [0,T] and ¢ € V. By Theorem |A.1.4] there exists v?: Q x [t, T] x R* — R" such
that, for s € [t,7] and = € R”
o (XE79) = Y252,

By Theorem m, the function v is deterministic and Lipschitz in 2 with coefficient Ly ([¢]1).
Furthermore, by Theorem (A.2) and the chain rule we have, for any s € [¢t,T] and z € R™

Ztm® = DY = Dwf (XE50) = svf (X09) D, X0,
In particular, at s = ¢ by (A.2)) we have
7000 = 5u? () D XE™0 = du? (x) (Chr + Dby (1)) . (3.22)

Note by that the function dv{ is uniformly bounded by Ly ([¢];) Therefore, for any
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x1, Ty € R™ we have

t t
Zt,»’c1,¢ _ Zt’x2’¢

= |87 (@1) (Cur + Didy (21) = 00 (2) (Crara + Dy (x2))
|Ct (21 — 22) + Dy (e (1) — @1 (22))]

+ 5”5) (z1) — 5”1? (x2)||Cya + Dy (22)]

< ’51)? (1)

IN

Ly ([¢]1) (IClee + [ Dl []1) |1 + @2
+ [60f (1) — 60f (22)| |Craza + Dy (22)] -

Under Assumption 2, for ¢ € V;, we have

27 = 20| < Ly (1811) (ICoe + I Dllocl) 21 + 2] + Co ([6]1) loy — 2

= Lz ([0])) 21 — 2],

where

Lz ([¢]1) = Ly ([¢]1) (IClloe + I Dllsc[@]1) + Cr ([¢]1) -

In order to show the sequence of Lipschitz constants are a contraction, we first show they are

uniformly bounded. We have the following

Ly ([8)1) = /€162 (é4 + &T[¢)1) €791
Lz ([6)) = V/&1és (&4 + &T[61) 79 (| Cloo + || Dlloold)) + Cr ([0)1) -

Define constants
Ce = \/ C1C2Cy,
Cr = \/C1C265 T,
L 1 . 2
s = G||Cl|oe + 3 (@6 Clleo + E7[| Dlloo)”,

L L. .
¢y = 7| Do + 5 (@[ Clloc + &rl| Dlloc)” -



3.4. Sufficient Conditions for the Constrained Case 79

We then have

Ly ([¢]1) = (¢6 + &1[g]1) =100

o (3.23)
Lz ([¢]1) = (&5 + &[el;) €78 + Cp ([0]1) -

With these regularity results, we can bound the Lipschitz coefficient of the control iterates, in

the same style as (Reisinger et al., 2022, Proposition 3.8).

Theorem 3.4.5. Let ¢° € V. Define

Tég”SHoo + 300)

¢10 = max (T53 [0%]1, ;
0

c Gret ~\ c
on = 181+ (1Bt + 101.) % + 100 (2
3

Assume the following

IBlocCree < Seo, (3.24)

Then the sequences (¢k)meNO generated by (3.12) are Lipschitz, and the sequence of Lipschitz

coefficients ([(bk]l)meNO satisfies, for all m € Ny

0 < 0 (@) = 9+ 2

Co

Remark 11. The conditions would be satisfied for sufficiently small 7" (assuming that C,
has sub-linear growth), as one can show that the bounding coefficients Cspg and Cgspg tend to
0 as T" tends to 0 linearly. It will also be satisfied for sufficiently large cy, that is, if we take R
to be sufficiently large. Note that there is dependence on ¢y on the left of the consequentialities

via ¢y, but this term remains bounded as we take ¢y — oc.

Proof. Fix ¢° € V. By Theorem with ¢! = ¢? = ¢F we have, for any t € [0,7] and
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T1,T9 € Rn,

|68 (21) = @1 ()] < (1= 27¢0) |0 (1) — ¢f ()]
+ 7(1Sloo |21 = 25|

7l Bloe [ =

+7|Dlloo 2077 = 2729

Since ¢* € V, it is [¢*];-Lipschitz, and by Theorems |3.4.1{ and [3.4.4| we have

k k
Ytt,m,fb . Ytt,mg,¢ ‘ < LY ([d)k]l) |:E1 . CL’Q|,

k k
‘Z;f,zh(ﬁ _ Zf,m,d) ‘ <L, ([¢k]1) |l‘1 _ $2|.
Hence we may write

|07 (1) — op ! (2)] < (1 —27¢0) | @) (1) — ¢ (22)]
+ TS0 [1 — 2]
+ 7| Blls Ly ([¢*11) |21 — 2]

+ 7] DlloLz ([¢"]1) le1 — 2].
Since x1, x2 € R™ were arbitrary, we have, for all k£ € Nj
[0 < (1= 27¢0) [¢"]1 + 7]|S]le + 7| Blloo Ly ([¢*]1) + 7Dl Lz ([¢*]1) - (3.25)

First, we will prove by induction that supyey, T¢5[¢"]1 < é19. When k = 0 we have T¢3[¢°]; <
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¢10 by definition. So suppose that T'¢3[¢"]; < ¢9. Then by (3.25) and (3.23)) we have

T, (3.26)

< (1= 27¢) Tes[¢*)y + 7T¢|S || oo + 7T Blloo Ly ([6°]1) + 7T¢||Dlloc Lz ([¢*1)  (3:27)

(1= 27¢0) Te[¢"]y + 7T Slloc + 7 Tl Blloo (76 + é1[61]1) 71

o+ 7T | Dl (@ + 0[6"7) =" + €, ([61) ) .
< (1= 27¢) &0 + 7T |00 + Tl Blloo (T + E7¢10) €0

X 2o (3.29)
+ 7| D||so <<TC308+ T 3010) %o 4 TE,C), (T03>>
< (1 =27¢g) ¢10 + 7 (T¢5|S]| 00 + 3¢0) + TCoC10 (3.30)
< (1 — 27¢p) 19 + 27¢oC10 (3.31)
= 10, (3.32)

as required. Substituting this bound into (3.28)) yields

0"

~ & ~ & ¢
< (1= 2r¢o) [¢"]1 + 7 <||5||oo + (HBHoocGe o+ HDHooc7) 0 + || Dl oCr (Tlco ))
3

k ~ & DIl & L10 &,
#rls (xeo + Dl e
~ & ~ & ¢
< (1= 7o) [0 + 7 (HSHOO + (IBllactoe™ + [ D]l ) o + |1 D]lncCy (Tw )) :
C3

This is a linear difference inequality, meaning that the sequence ([qﬁk]l) keNg is bounded by the

sequence (a),ey, defined by
a1 = ca, + (1 —c) M (¢°) k € Ny,
with ¢:= 1 — 7¢g satisfying |¢| < 1 by Assumption [1, This equation has solution

ap = Fag + (1 — ck) M (gbo) , k € Np.
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Therefore we have, for k € N,

[¢k+1]1 <(1- TCQ)k+1 [¢0]1 M <¢0) <1 (1- TCO)kJrl) < [¢0]1 M <¢0) 7

as required. 0

3.4.2 Convergence in |.|p norm

We wish to study the sequence (|¢k+1 — ¢F |0) . To do this, we need to study the linear

keNy
growth rate (in terms of z) of the update in (3.12]), for two different control functions. To this

end we must study the linear growth of differences of Y;"*?, Z!"*? when we fix € R, t € [0, T]
and change ¢ € V. The following result is adapted from (Reisinger et al.l 2022, Proposition
3.9). The core concept of the proof is the same, but the function Cy is altered to account for

the control in the diffusion of X.

Theorem 3.4.6. For ¢ € V, t € [0,T], x € R" let (X2, Yi=o Ztw0) € S2 (¢, T;R") x
S?%(t, T;R™) x H? (t,T;R") be solutions to . Let ¢', ¢%, then there exists

Cy (160, [']1, [¢°]1) = 0,
such that for all t € [0,T], x € R"
Yo =y < Cy (16 o, [0, [0°1) (1 + L)) [6! = 6o
Proof. Fixt € [0,T], z € R" and ¢', ¢* € V. Define the differences processes, for s € [t, T,

AX, = X?%(bl _ )(;Zl‘,(z?7
t,@,¢! t,m,02
S R e
AZ, = Z;f,w,¢1 _ Zz’z’¢2,
1 2
A¢s — Qbi (X;‘/,:v,qﬁ ) _ ¢§ (X;f,wﬁ > )

Using the definition (3.10]) of the individual FBSDEs, the difference processes (AX, AY,AZ)
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solve the FBSDE, for s € [t,T],

AX, = / (AAX, + B,AG,) dr + / (C,AX, + D,AG,) dW,,
t t

AY, = GAXp + / (ATAY, + CTAZ, + ST A¢, + Q,AX,) dr — / AZ,dW,.
t t

Let us apply Theorem [A.1.10[to (AY, AZ). We then have

T 2
E [[AY;’] < &E ||GAX7]” + (/ 1S, A, + QTAXT|dr) ] :
t

Note that, for r € [t,T], we have

|Agy| =

(bl (Xt,m,d)l) . ¢2 (Xt,x,qﬁQ)
oh (pepmet) = g (x4 o (i) - g2 (Xt
+ 0"l |AX, ]

<

< It = o [ Xt

Using this, and Holder’s inequality, we may bound ({3.20]) by the following.

E [|AY[’]
< &|GPE [|[AXZ]

o

T 1
# 0| ([ ((15elés + 1Q1) 18X, + 8lelo? - o2 ar)

< &E [|GP|AXZ]

; |
+367E [ [ ((ISIRI8% + Q) 1A+ 116! - #RIXE ) ar

T
= lGPE [|AXH] + 36T (IS0 + Q1) [ B [AX.F]ar
t
T 1
+3a TSIl - ¢ [ B [l ar
t

< 34T (&4 + &T[¢?]7) sup E [|AX,]?]

re(t,T)

+35ET0! — ¢} sup B [| X002
relt,T)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

We proceed to bound these lines individually. First, applying Theorem to Xt gives a
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constant
Cv,i = Cspr ([ Allse + |1 Blloo[¢'o: [[Cllos + [ Dllos[é'o) -
such that
112
E | sup ‘X;“x"i5
relt,T) 5 38
T 2 T ( : )
< B [JoP + ([ 181u16 @ lar) + [ IDIJet ) Par
t t
T
< Cy, <|x|2 + 263/ 91 (0) |2dr) (3.39)
t
= Cya (Jzf* +26T¢'[5) (3.40)
< Cya (14 |2z]?), (3.41)
where

Cy’g — max (1, 253T|¢1|3) Cy’l.

Now for fixed s € [t, T, applying Theorem to (AX,)
and ((3.41)), yields

relt,s] and using Holder’s inequality

E [[AX,]’] < &E

s 2 t
( / HBIIOO\A@MT) -/ HDuiorAWdr]

t
5264]E / ‘A¢r’2d’l“:|

IA

t 1 2
ik | [ (16 = hlxe |+ [0hlax, ) ar

(VAN
™

INA
™\

XA _QCmyqbl — @3 (1+ |2?) + /t 2[¢2]§]AXT]2dr] .
By Gronwall’s inequality, we therefore have

E [[AX,[?] < 4Cy088e @S0 R T ol — 62|12 (1 4 [2]?) .
Since s was arbitrary, we have

sup E [|[AX,[*] < Cyslo' — o[ (14 |2]?), (3.42)

s€t,T)
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where

Cy73 = 46263646203[¢2}%TC§/72.
Substituting (3.41)) and (3.42)) into (3.37) yields

B [JAY:] < 36,7 (7 + ETI6) Cualo? — B (1 + [of?)

+38ET?¢" — ¢*2Cya (1 + |2[?) .

Therefore
|AY;| < Cy (|60, [0']1, [0%]) 10" — ¢?lo (1 + |])

where, using that v/a + b < v/a 4+ v/b for a,b > 0, the term Cy ([¢']1, [#%]1) > 0 is given by

Cy (160, [0')1,[6%1) = V3736 (& + T3asl0?)) Oy + VA GTCH,
¢1 = CpspE ([[Alloos |Cllss) »
¢2 = Cspg ([[A]ls, [|Cl )
% =5 (IBIZT+ DI,
¢ = |G + | QllT,
5 = ||S]loo,
Cvi = Cspe ([ Alles + | Blloo[¢'os [|Clos + [ Dllss[é'o) -
Cyz = max (1,267T]¢'[5) Cy,1,

e Ame (4212
CY73 = 40203640263[(;s hTCy’g,

as required. N

Assumption 3. We assume the following.

1. There exist V, C V and a non-negative increasing (in all inputs) function C, (|¢]o, [¢']1, [#*]1) >
0 such that for any ¢', 0> € V;, 0 <t < T

v’ (2) = v’ ()] < o (160, [6'11, [6%11) 16" — 6%l (3.43)

2. There exists ¢ € Vy, such that the sequence (¢k)k€NO generated by 1) with ¢ = ¢ is

contained in Vr.
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Remark 12. Again, in the unconstrained case this assumption is satisfied with V;, the space of
linear functions. Let ¢! (z) = aizx + B¢, for some o' € C° ([0, T]; R™*") and 3¢ € C° ([0, T]; R™),
i = 1,2. Then v* is of the form v¢' (z) = alz + bi, s € [t,T], for some a' € C°([t, T];R™")
and b* € C ([t, T];R™), for i = 1,2. In this case we have

00" (@) = 8" ()] = laf — a?].
Now, by (3.83)) and Theorem we have

||a1 _ a2||oo < 6(c1+c2||oz1\|oo)T (04 + ¢, TC, (||a2||oo)) ||041 _ a2||oo
< 6(c1+cz|la1\|oo)T (04 1, TC, (‘|a2||oo)) max (”al . 042”007 ||ﬁ1 . 52”&)

_ platealdth)T (c4 4 eTC, <[¢2]1)) 6L — 62,
Therefore the assumption is satisfied with
C, (160, [6']1, [671) = o(erte2Ca(6?1))T (cs + e T6%) -
In the constrained case, we have
‘61}?1 (x) — 5@?2 (:c)) = ‘(5 (Uf)l —vf’Q) (a:)‘ < [ —0®];.
Note that by Theorem [3.4.6| we have
0" — 0%y < Cy (|60, [6']1, [6%]1) |8" — ¢*Jo-
Therefore the assumption would be satisfied if for any pair ¢*, $? € V;, we had
[ —v?] < Cy (160, [01, [6°]1) [v* = v,

for some non negative increasing function C,. Again, it is not clear in this case if Assumption

Bl is satisfied.

Theorem 3.4.7. For ¢ € V, t € [0,T], x € R" let (X2, Yi=o Ztw9) € S2 (¢, T;R") x
S%(t, T;R™) x H2(t,T;R") be solutions to (3.1(]). Let ¢*,¢* € Vi, t € [0,T], and x € R™.
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Then there exists a constant

Cz (|60, [¢']1, [¢%]1) > 0,

such that
t,z,¢! t,z,¢°
zZy0 — 70t

< Cz (190, [¢']1, [6"1) [¢" — &%l (1 +|z]).
Proof. For any t € [0,T], x € R", ¢ € V, recall the representation ((3.22))
770 = §uf () DXE™ = vf (2) (Cu + Di (1))

where Uf’ is a measurable, Lipschitz function, with Lipschitz coefficient Ly ([¢];). Now, fix

t€0,T], ¢*, ¢* € Vy, x € R". We have

t,z,¢! t,z,¢>
Zt7x7¢ _ Ztvxv(b

- )51);“ (@) (Coz + Dyl (2)) — 6vf" (2) (Cox + Dig? () (
< |ovf" (2) = ovf” ()| |G + Dig} (0]

5o (@) |De (6} () - 62 ()]

< |0 () = 08" @) (ICe + 1Dl o) (1 + [

+ Ly ([6°11) I Dllcl 6" — ¢%lo (1 + |]).

+

Under Assumption [3] we have

t,z, ol t,z,¢?
Zt7x7¢ _ thd)

< Cy (100, [¢']1,[6°11) 16" = &%lo (IC1low + 1 Dllocl @™ |o) (1 + |22])

+ Ly ([¢0°]1) | Dllsole’ = 6|0 (1 + |2]) -
The result follows with
Cz (160, [9'h [6°]1) = Cu (180, [0']1, [6*11) (IC]loe + [ Dlloc| @' [0) + Ly ([6*1) [1D]loo-

]

With these sensitivity estimates of Y;*® and Z"™°, we can use Theorem m to derive a
: : : k+1 k
difference inequality for the sequence (|¢ — |()) beN, "

Assumption 4. We assume the following.



88 Chapter 3. Convergence of the PPGM algorithm for the LQ) Problem

1. There exists non empty V;, C V and Ck > 0 such that for all ¢ € Vy,

|plo < Ck.

2. There exists ¢ € V, such that the sequence (qbk)keNO generated by (3.12)) with ¢° = ¢ is

contained in Vy,.

Remark 13. It is shown in Theorem [3.5.6/that in the unconstrained case, the sequence (|¢>’€ |0)

keNp

is uniformly bounded when V;, is the space of linear functions. In the constrained case, this
would be satisfied for any ¢ € V if the constraint space was bounded. In a more general set-
ting, we may establish this bound if our problem has running and terminal cost functions with

bounded derivatives.

Theorem 3.4.8. Let V;, satisfy Assumptions[3, [ and [{} Let T satisfy Assumption [l Let
®° € V;, satisfy and additionally satisfy

|B||Cy (Cre, M (¢°) , M (¢°)) + || D||Cz (Cic, M (¢°) , M (¢°)) < 2cq, (3.44)
where

M () = 6% + 2,
Co

. & \ = c
e = 81l + (VBstic + |Dlacs) e + 1D Co (2,
C3
1Al

Cp=—-——-—"-—"".
2 1+ || R oo

Then there exists ¢ € (0,1) such that the sequence ((bk)
k € Ny

defined by (3.19) satisfies, for all

keNy

6+ — 6o < el — ¢

Proof. Proof is adapted from (Reisinger et al.l 2022, Theorem 3.11). Fix x € R", ¢t € [0,T] and
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k € Ny,. By Theorem with ¢! = ¢*, 9> = ¢!, and x; = 2o = x, we have

|67 (@) — ¢ (2) | < (1= 27c0) |gr (x) — &) (2) |

}/I"/t@,(ﬁk _ }/;t7x7¢k_1

+ 7Bl (3.45)

t " t,x, gkt
- Zt .

By definition, ¢*, ¢*~! € V. Hence, using Theorems [3.4.6/ and [3.4.7| we have

|0F (2) — o7 7" ()| < [0 — @1 (L +]al),
=Y < Oy (160, [0, [0 ) [0F — 67, (1 + Jal),

< Cz (|6"]o, [0"1, [0" ) |¢" — " |, (1 + |2]) .

k k—1
Zttvw7¢ th(b

Substituting these into (3.45)) gives

o1t (z) — of (2) | < (1 —27¢0) |¢F — "1, (1 + |2]),
+ 7| BllsCy (16*]0; [¢*]1, [¢"'1) |0 — "7, (1 + |2])
+ 7] Dl Cz (|¢k|07 [0"1, [0" ]1) ‘¢k — fbk*l‘o (1+|=]).

Since € R™ and t € [0,T] were arbitrary, we have, for k € N,

" — ¢*o < (1—27¢) [¢* — 0",
FrBlCy (1681, 691, [0 10) |0 — 07,
+7-||D||OOCZ (|¢k|07 [¢k]17 Cbk ! |¢k ¢k_1|0 .

By Theorem we have sup,ey,[¢"]1 < M (¢°). Using this, Assumption {4] and that the

functions Cy and C are increasing in all their inputs, we have

Cy (|¢k|0, [0"]1, [¢k71]1) <Cy (CK, M (¢0) , M (<Z5O)) ;
Cz (1¢"o0. [¢"1. [6" ') < Cz (Ci, M (67) . M (¢°)) -
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We may therefore write, for k € N,
6" — @0 < élg” — ¢ o,
where
¢=(1-27¢)) + 7 (|| BlloCy (Crc; M (¢°) , M (¢°)) + 7||D||oCz (Crc, M (¢°) , M (¢°))) .

We require ¢ < 1, which is equivalent to (3.44)), as required. O

3.4.3 Proof of Main Result

Theorem 3.4.9. Let Vy, satisfy Assumptions[d [3, and [ Let ¢° € Vi satisfy and
. Let 7 > 0 satisfy Assumption . Then there exists ¢* € V with associated control
u?" € H2(U), and constants ¢ € [0,1) and C > 0 such that

1. For all k € Ny, |¢* — ¢*|o < &¥[¢* — ¢*|o.

2. For all k € Ny, [|[u®" — u®|jz2 < CéF|o* — ¢°o.

3. u? is a stationary point of J defined in .

Proof. Proof is adapted from (Reisinger et al.l 2022, Theorem 3.13). Let ¢° € V satisfy the

assumptions. By Theorem [3.4.8] the sequence (gbk) is a Cauchy sequence in the Banach

keNg
space (B([0,7] x R™;R™),|-]g). Therefore by Banach’s fixed point Theorem, there exists

¢* € B([0,T] x R*;R™) such that limj_,o, |¢* — ¢*|o = 0. Since, by Theorem we have
[¢F]1 < M (¢°) for all k, this limiting function satisfies [¢*]; < M (¢°). To show ¢* € V, it

remains to show that ¢* takes values in U.

By Theorems |3.4.6] and [3.4.7 there exists C' > 0 such that for all ¢ € [0,7], x € R" and
ki, k2 € No,

t,z,p*1 t,z,pk2 t,z,¢F1 t,z,¢k2
}/;77 _}/;77 Zt” _Zt77

)

) <+l % — ¢l

max (
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Therefore the sequences (Y;t’x’d’k) and <Zf’z’¢k) are Cauchy in (R™,|-|). Hence there exists
V:[0,T] x R* - R" and Z: [0,7] x R" — R™ such that, for ¢t € [0,7] and x € R",

(Vi (x), 2 (x)) = lim (Y;f’g”’d’k7 Zfﬂw#’“) .
k—o0
By continuity of the function prox; we may write, for ¢t € [0, 7], x € R"

¢ ()

— 1; k

= Jim £(¢%), (2)

= lim prox; <¢f () =7 (BtT Yo 4+ DI 20+ Rl (2) + Stx>)

= proxy (hm oF (z) — 7 (hm B,;TYtt’m’qsk + lim D;Zf’:"”d’lc + lim R¢f (z) + Sﬂ))
k—o0 k—o0 k—oo k—o0

= proxy (¢} (z) — 7 (B/ Y; (x) + D} 2, (z) + R} (z) + Siz)) .

Hence ¢} (x) € U for all t € [0,T] and z € R", so ¢* € V. By Theorems [3.4.6| and [3.4.7| we
have (V; (z), 2 (z)) = (Yf’x’d’*, Ztt’x’d’*) for all t € [0,7] and = € R". Hence we may write, for
(t,x) € [0,T] x R™,

61 (2) = proxy, (67 (2) = 7 (BI Y + D] 20" + Rgi (1) + Six) ) (3.46)

We now proceed to prove the items in the Theorem. For item 1, following the same ideas as
Theorem yields
¢ — ¢*[o < el — ¢*o,

as required. For item 2, note that

¢k+1 ¢*

2okt * z0,0*
™ = = o (00T = 7 (X0 )
S H¢k+1 <X07x0’¢k+1> . ¢kz+1 (XO,xo,(b*) HHQ + H¢k+1 (XO,CU(),¢*) B ¢>«< (XO,xo,¢*) HHQ

< [P X 00t X008 | g gL — 5] (14 | XOT007|12)

Using Theorem one can show that there exists C' > 0 such that [|X%%0¢"
|| X 0005 X 0m0.0%| |y < O|gFHE — ¢*|, vielding the result.

2, < C and
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We now prove item 3. Consider the FBSDE, for s € [0, 7],
dX? = (AX? + Byt (X27)) ds + (O X + Dy (X27)) dW,
Xéb* = Zog,

(3.47)
Ay = — (AlYS +CJ 28 + S]¢r (X)) + Q. XE") ds + 22" AW,

VY = GXY

* * . F
Fix t € [0,7]. By the Markov property, we have <Yt¢ L ZP ) = (Y;t’Xt O g e ) Hence
we can use (3.46) to write

* * % i« ¢* * *
o1 (x27) = oy (61 (X07) = (B0 4 D12 e (x7) 4 s )

— proxy <¢: (Xj’*) 7 (BJ YY £ D] Z¢ + R (Xf) + 5, X7 )) :

We wish to use Theorem We therefore set J (u) = F (u) + F (u) where, for u € H*(R™),

T

T (X s Sy [ Xy 1
F(u)=E / 5 ? ds+§(X§€)TGX§i :
0 Ug S, Ry Usg

F(u):E{/OT(I)U(ut)dt},

where X" satisfies 1} Then F' is proper, lower semi continuous and convex with prox_p =

prox;; and F'is differentiable with
VF (), = BIYS + DI 28 + Ry (Xf*) +SXY

The result then follows from Theorem and ({3.46)). O

3.5 Convergence of PGM for Unconstrained Case

Let us now consider the case U = R™. The update formula (3.11]) then becomes

£(6), (@) = 6 (2) = 7 (BT} + DI 2% + Rugr (x) + Siz) (3.48)
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for g € V, t € [0,T] and z € R", where (X'*¢ Y=o Zt20) € §2 (¢, T;R™) x 82 (¢, T;R™) x
H2 (t, T;R™) are solutions to, for s € [t, T],

X0 = (AL 4 B, (XE79)) ds + (XI5 4 D, (X74)) W,

X =g,
. (3.49)
Ay} = — (AIYE™0 + O] 2070 + S] ¢ (XE™0) + QX"0) ds + (Z6™?) " dW,
Yt = GXEmY.
Fix ¢° € V, then for k € Ny define our PGM scheme (gbk)keNo by
P (x) = L ("), (z), (3.50)

for t € [0, 7] and x € R™.

Theorem 3.5.1. Define a function ¢ € V by
¢y () = oz + By, 0<t<T, zeR"

for a € C°([0, T];R™ ") and B € C° ([0, T];R™). Then there exists & € C° ([0, T];R™*™) and
B e ([0, T];R™) such that
L(9), (x) = dux + B,

for allt € [0,T] and x € R™.

Proof. Fixt € [0,T] and € R". Since the coefficients B, D, R, and S in (3.48)) are continuous
in ¢, it suffices to show that Y;"?, Z are linear in x, and the linear coefficients are continuous

in t. Substituting the definition of ¢ into (3.49)) gives us, for s € [t,T],

dX1"? = ((As + Byas) X05? + Byf) ds + ((Cs + Dyas) X% + D) dW,
X{t =

AY5? = — (ATYE5? 4 T 2679 + ST B, + (Qs + S] o) X0™9) ds + (2059) " aw,,

Yot = GXERY.

By Feynmann-Kac Theorem, if there exists a function v? € C12([t,T] x R*;R") solving the
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PDE, for s € [t,T] and Z € R"

0,08 (%) + 9,02 (&) ((As + Bsaw) & + Byfy)
n % (C + Duaa) &+ D) 020 () (Cs + Dacrs) & + DyBy) (3.51)

+ AJv? (2) + CJ 0,08 (2) ((Cs + Dyas) &+ DyfBs) + ST B, + (Qs + S] ) & = 0,
with v$.(Z) = GZ for € R", then we have
Yire =2 (XD0)  Z8%% = 9,02 (X1?) ((Cs 4 Dsas) X2™% + Dyf3;) (3.52)

for s € [t,T]. We propose v¢ (%) = as& + b, for s € [t,T] and # € R", for some a €
C'([t, T];R™") and b € C* ([t, T]; R™). We then have

&Evf () = as,
82,08 (z) =0,

where @ denotes the time derivative of a. Substituting these into (3.51)), for any & € R™ and

s € [t,T] we have

(5% + by + as ((As + Byoi) @ + B, f,)

+ A (a,@ +bs) + C a; (Cs + Dyas) T+ DyfBs) + 5, Bs + (Qs + S, a) T = 0.

As = was arbitrary, we have ODEs

as + as (As + Bso) + A, ay + C a, (Cs + Do) + (Qs + S, o) =0, (353
3.53

by + Albs + (asBs + Cla,Dy+ S]) B, =0,

for s € [t,T] with ar = G and by = 0. Let us solve these equations. As these ODEs are
linear, and «, 8 are continuous, the solutions are continuously differentiable. For arbitrary

£ € CY ([0, T);R™*™), define a linear operator L¢ on C! ([t,T]; R"*") by
3

T
(Lef), = —/ fr(A+ B&) + Al o+ C fo (Cot D) dr, t<s<T.
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The first ODE in (3.53)) can then be written as
T
as — (Lqa), = G — / (Qr + Sra.) dr, t<s<T.

To find an explicit representation of a we need to find the inverse of the linear operator 1 — L,,,

() .=

where 1 is the identity operator. If we can show that the Neumann partial sums L
fozo LF converge with respect to the operator norm, defined for any L: C! ([t,T], R™") —
CH([t, T],R™") as

ILllop = sup [[Lflloos  [Ifllo = sup |f],  feC ([t, TR™™),

[flloc=1 s€[t,T]

then we have (1 — Lo)~" = 357 Lk, where we use the convention L% = 1. To see this, note

)

that the condition limy_, ||L(N)||Op < oo implies limy ,o, L¥ = 0. We then have, for any

N e Ny and f € C! ([t, T], R™*")

(1= Lo) LN f =) (Laf = L™ f) = Lof = Lo f = f = L3 f.

N
k=0

Taking the limit as N — oo, and using the continuity of L, yields

(1= La) (ZLfy) f=1

for all f € C* ([t, T]; R™ "), hence limy .o (1 — Lo) Ly = 1. Similarly we have limy o Ly (1 — Ly) =
1, so the inverse is well defined. We proceed to show that limy_,« || Lx|lop < 00. Define con-

stants

cr = 2[[ Al + 1%,
¢2 = [|Blloc + | Cllsc|| Dllso-
Then we claim that for any k& € Ny we have

T* (e + eaflal)”
k! '

1L llop < (3.54)

When k = 0 both sides are equal to one, so we consider k € N. Let f € C! ([t, T]; R"™*") have
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| fllee = 1. Then we have

L%l
= (L)
s€(t,T] s
T
= sup / Lloi_lfn (Am + Bnam) + AZLZ 1f7“1 + CZLQ 1fr1 (Ch + Dman) dry
set,T] |1Js

< sup
s€[t,T)

T
= (e +02HozHoo)/ |LE f |dr
t

T
= (&1 + callooo) /
t
T T
< (&1 + callaloo) / / (21 Al + ICIZ + (1Bl + IClsol Dlloe) llalloc) 1L fraldr
t r1

T T
= (Cl + 02”a"00>2/ / |L2_2fr2’d7'2d7'1
t r1

X T T T
— (c1 + cal||o0) / / / o ldre. .. dr
T1 T’kl
< (&1 + callaloo) / / / 1 loodr .

= (c1 + caf|alle)” W (2

T
/ (20l Allse +I1C1% + (IBllse + I1CHso I Dlloo) leloc) [L6™" fr ldry

T
/ LZ_erz (Arz + Brzarz) + A:—QL’; 2fr2 +C) L erz (Orz + Drzarz) dry

ro~a
T1

d’f’l

d?”l

where we define a function Wy: [t,T] — R by

T T T
:/ / / ldry, .. .dry, t<s<T,
s r1 Tk—1

We show by induction that Wy (s) =

(T;,s)k for all s € [t,T]. When k = 1 both sides are equal

to (T — s). If we assume that the statement holds at k, we then have

T T T—Tk T_Sk—i—l
‘I’kﬂ(S):/s ‘I’W’)‘”:/S ( ! : d’”:((mi)! ’

as required. Hence Wy () = (T;!t)k < % for all k € N. As f was arbitrary, the result (3.54

follows.
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By (3.54)), we have

N

> L

k=0

N k
Tk 00
< E (e +l:|2”aH ) — ellatellale) o o N — . (3.55)
op k=0 ’

Therefore the inverse operator (1 — Ly) ™' = > 2o L, is well defined, and we have the explicit

solution

T
as = (1 —La) ™" (G - / (Qr+ S ) dr) . t<s<T. (3.56)

S

A similar analysis yields

bs

T
(1—La)™" <_/ (arBr+CjaTDT+S;)Brdr) , t<s<T,

s

where we define the operator L4 on C* ([0, T]; R") by
T
(Lag), = —/ Al g,dr, t<s<T.

for g € C*([0,T];R™). Given this solution for v?, we can substitute into (3.52)) to give the
BSDE solutions

Y = a + by, Z;"" = 4y ((Cy + Dyay) w + Dyf3y) (3.57)

which are linear functions of x with coefficients that are continuous in ¢. Note that the ODEs
governing a and b are independent of the choice of ¢, so can be extended to solutions on the

entire horizon [0, 7. O

We have shown that our update maps V;, := {¢ € V: ¢ linear} to its self. We can write the
updates in (3.50) as the following, for ¢t € [0,T], x € R" and k € N,

¢ (v) = afz + By,
Yo = gk + oF, (3.58)

Z;,z,(,bk = af ((Ot + DtOéf) x + Dtﬁtk) .

For some o € C° ([0, T]; R™*™), 8% € C° ([0, T]; R™), a* € C* ([0, T]; R™") and b* € C* ([0, T]; R™)
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to be determined. Substituting (3.58)) into (3.50) yields, for ¢ € [0,7] and = € R",

@) = of (@) = 7 (BT + DT 207 4 Rugf (2) + Sia)
= o+ 0 —7(B, (a,’fx +b7) + D/ a; ((Cy+ Dtaf) T+ Dtﬂf) + Ry (afx + ﬂf) + S;z)
= (oz,’f -7 (BtTaf + D/ a¥ (Cy + Dtozf) + Riaf + S)) @

+Bf =7 (Bb + (D} i Dy + Re) By)
giving us the update formula for k € Ny and ¢ € [0, T,

aftt = ok — (BT + D/ a; (Cy+ Dt&f) + Riaf + Sy)

(3.59)
P = Bf — 7 (BIb + (D] af Dy + Ry) By) ,

where, for s € [0, 7],

T
algz(l— (G QT+ST04Td> ,
; . (3.60)
V(1= L) ( | @B+ clan, +ST)ﬁrdr) ,

S

and

T
(Lot f), = —/ o (A + Beaf) + Al fr + G fo (Cr + Dyay) dr,

T
(Lag), = — / Al g,dr.
for f € C'([0,T);R™™), g € C*([0,T];R"). Given these updates, we can bound the linear

coefficients of consecutive BSDE solutions, which will lead to a bound on the linear coefficients

of consecutive control policies. Define constants

cs = |G|+ T(|Qlloo,
c1 =TS w.
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Using the definition of the operator norm and ([3.55) we have, for any k € Ny

T
a*lloo < || (1 = Lo) " lop sup |G — Qs+ S a¥) ds
1% s s
te[0,T t

1L illop (1G1+ T (I1Qlloe + [1Slloclla® 1))

Mg

0

<.
Il

I
NE

1Lk llop (c3 + calla™]|oc)
0

<.
Il

Ti (¢4 4 ¢s]|0*] o)’
;!

[ [M]3

(03 +C4Hak|]oo)

M

=0
— JT(erteallab]l) (

®

c3 + C4HO&I€HOO) .

Similarly we may bound the b* function, yielding the estimates for all k € N,

la¥lo0 < eFlerreala®le) (e 4 eylab|u) |
(3.61)
1600 < €714 (e, T]|0* oo + ca) 15 ]10c

Finally, we give the relation between both the weighted norm |- |y and the uniform Lipschitz

coefficient [-]; and linear coefficients of ¢ € Vy.

Lemma 3.5.2. Let ¢ € V. Write ¢ (x) = awx + B¢ for t € [0,T] and © € R™ for some
a € CO([0,T],R™") and B € C°([0,T],R™). Then

[0 = llallo,
|6lo = max ([|a]|oo, [|Blloc) -

Proof. For the first equality, we note that ¢ is differentiable with respect to x, hence the

Lipschitz coefficient can be related to the bound on the first derivative as follows.

[@i= sup 0.0 (2)| = sup || = [0 oo
(z,t)€ER™ x[0,T] t€[0,T]

For the second equality note that, for any x € R™ and t € [0, T

|60 () | < 01 (0) [ + [@h]] = 18] + [[lloo] ] < max (|| Blco, ltlloc) (1 + |2]) -

Which implies |¢|o < max (||]|so, [|Blloc)- Since o and S are continuous on the closed interval
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0,71, we may define t, = arg max,cjo 11 |as| and tg = arg max,cio. 7 |5s|. We then have
(0,77 B (0,71

o, (2) |
=1 <1 <o,
el AT S |#lo
|61, (0) |
Hence max (||||oo, [|5]loo) < |@]o, as required. O

3.5.1 Showing [¢*]; is Uniformly Bounded

Theorem 3.5.3. For ¢ € V, t € [0,T], x € R" let (X'=0 Yoo Z0w0) € S (¢, T;R") x
S%(t, T;R™) x H2(t, T;R"™) be solutions to . Then for all ¢ € Vi, there exists Ly =
Ly ([¢]1) > 0 such that for all t € [0,T], x1,22 € R"

Y70 — V0 < Ly ([0)) 21 — 22

Proof. Let ¢; (x) = oy + By for some a € C° ([0, T];R™ ™) and 8 € C° ([0, T]; R™). Since Y,
is linear in z, this follows automatically. Let Y;""* = g,z + b, for a € C' ([0, T];R"™") and
b e C!([0,T];R™) solving (3.53). Then

Ly ([¢h) = Ly (llaflsc) = [lale-

In particular, following the same logic as|3.61)) we can write out a bound on ||a||+ explicitly to
yield

Ly ([Jafle) = eTerreslals) (e 4 eyljaflo) (3.62)

X

Theorem 3.5.4. For ¢ € Vy, t € [0,T], v € R" let (X9, Yio? Z0m0) € §2 (¢, T;R")
S2(t,T;R") x H2 (t,T;R") be solutions to (5.10). Then for all ¢ € Vi, there exists Ly =
Lz ([¢]1) > 0 such that for allt € [0,T), x1, 22 € R"

|27 = 2770 < Ly (19)) |1 —
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Proof. Let ¢; () = ayx+ B4 for some o € C° ([0, T]; R™ ") and 8 € C° ([0, T]; R™). Again, Since
Z!? is linear in z, this follows automatically. Let Y;"*? = a,x + b, for a € C* ([0, T]; R"™") and
b e C([0,T];R™) solving (3.53). Then using the representation of Z%®¢ in (3.57)), we have

Lz ([¢h) = Lz (llalle) = llallee (1Cloo + [ Dllsollt]loc) -

In particular, following the same logic as|3.61]) we can write out a bound on ||a|| explicitly to
yield

Ly (Jlafle) = erelel) (¢5 4 ¢y]lallee) (IC]loo + 1 Dllcllt]loo) - (3.63)

Using the fact that, for a,b,c,d,z > 0
1 2 1 2\ 2
(a+bx)(c+dx) <ac+ §(ad+bc) + | bd + i(ad—i—bc) x=,
we have

Ly ([gzﬁk]l) = Ly (HakHOO) = eaT (03 + c4Ho/“||oo) eCZT”ak”“’, (3.64)

Lz ([6) = Lz (la*lle) = €7 (c5 + calla®|2.) eI, (3.65)
where we define the constants

1 2
Cy = C3HCHOO + 5 (CSHCHOO + C4HDHOO) )

1 2
¢6 = cal| Dljoo + 5 (e3l|Cllos + €al| Dlloc)”-
Theorem 3.5.5. Let ¢° € V. Define constants

TS
c7 ‘= max (CQT[¢O]17 M) ,

Co

cs = [[Sllso + (I Blloccs + I Dlloccse™ ) .
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Assume the following

2||B||000203T651T+C7 < ¢y,

2|| D||sccacs T < ¢y,
(3.66)
2|| Blloccac™ T < ¢y,

CeCr T+c
2||D|| oo —=€e*" "7 < ¢p.

Then the sequences (gbk)keNO generated by (3.14) are Lipschitz, and the sequence of Lipschitz

coefficients ([Qﬁk]l)keNo satisfies

Cg
SuP[¢k]1 = sup HakHoo < Co = [¢0]1 +—.
keN keNy Co

Remark 14. The assumptions given in (3.66)) is satisfied for large cy. Recalling that

1 Rl
0 — )
2p+ ||l

we will have ¢, large for large values of y and || R||«, as described by Assumption [I] The left

hand side of all 4 assumptions only depend on p and ||R||« through ¢, and we have

1_ CQT||S||OO+CQ
m —

co—r00 CO

=1 < 0.

Therefore, the left hand sides are bounded while the right hand sides are unbounded. This
logic can be applied to later assumptions, c.f. (3.73]) and (3.94)).

Proof. Using Theorem with ¢! = ¢? = ¢*, and maximising over z; # x5 and t € [0,T] we
have, for all k& € Ny

(0" < (1= 27¢0) [¢"]1 + 7[[Slloc + 7l Blloo Ly ([¢"]1) + T DllscLz ([6":) - (3.67)

By Lemma and plugging in (3.64]) and (3.65)), this can be re-written as

[0 | oo < (1= 27¢0) [[0¥ oo + 71150
+ 701 Blloo (3 + calla¥ o) elerezletll=)T (3.68)

+ TH‘DHOO (05 + CﬁHOéngo) 6(01+cz||ozk||oo)T'
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First, we will prove by induction that supyey, 2T 0¥ ||o < ¢7. When k = 0 we have ¢;T'[|a° || <
cr by definition of ¢;. So suppose that ¢;T||a*||o < c7 for some fixed k& € Ny. Then by (3.68)

we have

02T||ozk+1||OO < (1 —27¢) 02T||ozk||oo + 7T ||5]| 0
+ 7| Bllocz (c3 + callaoc) Telerterletli=)T (3.69)

+ 7||Dloocz (c5 + csljak||% ) Telertezllatle) T,

Using the induction assumption, (3.66|) and the definition of ¢;, we have

CQT”ak+1HOO < (1 — 27—60) cr + TCZTHSHOO
+ 7| Bl|so (cac3T + cac7) perT+er
C6C2

D ~ T o7 c1T+cr
+ 7| D|| (6265 +02T)6

< (1 =27¢y) e7 4+ 7 (c2T]|S |00 + c0) + TeoC7
< (1 —=27¢) c7 + 27coc7

= Cr,

as required. Substituting this bound into (3.69) divided by cT', and using the first two as-
sumptions in (3.66)) yields, for all £ € Ny

lo* oo < (1 = 27¢o) [la*]|e + TIIS o

4711 Blccse™ ™ + 7 Dccrett T

+ 7'||ozk||OO (||B||OOC4601T+C7 + ||D||OO@661T+C7)
CQT

< (1 - TCO) Hak”oo +T (HSHOO + ||B||ooc3€CIT+C7 + ||D||ooc5661T+C7) .

= (1 —7c) HakHoo + Tcs.

This is a linear difference inequality. A sequence satisfying this iterative inequality is bounded

by the solution of the corresponding linear difference equation. To be specific, we have, for all

k € N,

Hak”oo < xy, (370)
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where x;, satisfies the difference equation, for k£ € Ny,

20 = [|0’]|oc,

Tpy1 = (1 — 7¢o) 2 + TCs.

Since |1 — 7¢o| < 1 by Assumption |1}, this difference equation has solution

- 1— (1 —7¢)"
l’k:(l—TCo) HCY ‘|OO+T—C()TCS, k’ENQ.

Therefore the inequality ([3.70)) becomes

i (1 - (1- TCo)k>
(6" < (1= 7eo)" [¢°)1 + TCy
TCo
c
S [¢0]1 + _87
Co
for all k € Ny, as required. O

3.5.2 Showing |¢*|y is Uniformly Bounded

We have shown that the sequence of Lipschitz coefficients are uniformly bounded. Now we will

do the same for the sequence of weighted norms (|¢*|) reNy"

Theorem 3.5.6. Define a non negative, non decreasing function C,: [0,00) — [0,00) by

Cy (z) == elate®T (co 4 ¢y 0 <z < o0,
and define constants
cg = Tell=T (c,C, (ca) + [|Slse) (3.71)
cr0:=(1—27¢o) + 7 (09 + ||D||A.C, (ca)) . (3.72)

Then we have

185 oo < cr0ll8*le, K € No.
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Furthermore, suppose that ¢° € V;, satisfies
co + || D||%.Cu (ca) < 2co. (3.73)

Then we have cip < 1 and supgey, |8 lo0 < ¢ = |8l In particular, each element of

the sequence ((bk)keNo generated by has finite | - |o norm, and the sequence (|<bk|0)kGNO
satisfies, for all k € Ny

sup 6] = masx (sup 0% oo, sup r|/3k||oo) < max (ca, c5) < o0.
keNg keNg keNp

Proof. Applying Theorem with ¢! = ¢*, ¢* = 0, 11 = 2o = 0, and using (3.58)) yields, for
any t € [0,7] and k € Ny,

k
8871 < (1= 27e0) 8] + 7 (1Bl 7:%)

= (1= 27c0) |Bf] + 7 (| Blloo |6f] + | Dlloo |af DBF]) -

k
V0| 41D

Taking the supremum over ¢ yields, for all £ € Ny,
18 e < (1= 27¢0) 8]l + 7 (1BllclPlloc + IDI N Il ) . (374)
Recall that by (3.61]), we have the following estimates for k£ € N.

la*lse < Ca (l0*]loo) (3.75)

kuHoo < Tl Al (CQTH(Ik”OO + 04) Hﬁ’“Hoo (3.76)
Furthermore, by Theorem and the fact that C, increasing, we have

sup ||a*]|ee < C, (sup ||ak||oo> < C,(Ca)- (3.77)
k

k€ Ng €Np

Substituting (3.77) into (3.76) gives, for all k € Ny

16l < €14 (2T C (ca) + ca) (18" |oc- (3.78)
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Further substituting (3.78]) into (3.74) yields, for all k£ € Ny,
185+ oo < cr0]18 oo (3.79)

The assumption (3.73|) directly implies ¢;9 < 1, and in this case we have the following uniform
bound

sup [|8*[loe < sup ¢fpl8”ll0 = [15°]l;
k€N k€No

The final statement follows directly from this, Lemma and Theorem [3.5.5 n

3.5.3 Showing £ is a Contraction in |- |

Theorem 3.5.7. For ¢ €V, t € [0,T] and x € R™ let (X'™¢, Yio? Zt09) € S (t,T;R") x

S (t,T;R™) x H? (t,T;R") be solutions to . Let ¢',¢? € Vi, t € [0,T] and x € R™. De-

note ¢! (z) = otz + B} and Ytt’x’w = alx+ b} for o € C ([0, T]; R™*™), B* € C° ([0, T];R™), a' €
CH([0, T]; R™ ™) and b* € C* ([0, T];R™). Define a non negative constant Cy (||| so, [0 |lsos [|%]|00) >
0 by

Cy (||51Hoo, ||051||007 ||a2||oo) ‘= max (CY,h CY,27 CY,3) )
Cya = elertealiatlec) T (cs+ TCy (|0*]l))
Cy72 = €”A”°°TCQTCY71

Crg = M (¢ 1+ 7C, (o))
Then

1 2
5 =¥ < Oy (18" s o s o) (1 -+ ) 61 = %o

Note that for notational brevity we have suppressed the dependence of Cy;;, Cy2, and Cy3 on

15 o0, [l floo and. [l ]loc-

Proof. Fix ¢',¢* € Vr, t € [0,T] and x € R™. Recall that by (3.53), the functions a, b’ satisfy
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the following ODEs

al +al (As+ Bsal) + Alal + Clal (Cs + Dyal) + (Qs + S, o) =0,

0+ AT, + (aiB, + ClaiDy + ST) B = 0,
with a4 = G,b% = 0. Therefore, the functions

12
das == ag, — as,

6bs = bl — b2,
Sag = al —a?,
5Bs = 551 - 37

for s € [0, 7] solve the ODEs

Sas + da, (AS + Bsoz;) + AST(SaS + C’Jéas (C’S + Dsozi) + (agBS + C’s—roziDS + S;r) dag = 0,
0bs + Al b + (JasBs + C) da,Dy) B + (a?B, + Cla?Dy + S]) 68, = 0,

with dar = 6by = 0. We can solve these using the same solving method as ([3.56) to yield

T
day = (1 — Lg1) ™" (—/ (a?B, + Ca’Ds+ S)) 5ozsds) ,

t

T
oby = (1—Ly)"" <_/ (6asBs + C, da;,Dy) BL + (a2Bs + Cla?Ds + S)) 655ds) ,

t

where

T

(Lo f), = —/ fr (A + Boa)l) + Al f, + C! f, (Cr + Dyay) dr,
T

(Lag), = —/ A g.dr,

for f € C*([0,T];R™"), g € C'([0,T];R") and s € [0,T]. Following the same argument as
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(3.61)), the supremum norm of the solutions can be bounded by the following.

c1+ezllal oo
I6allo0 < elete2l1=)T (¢, 4 e, T)|a2100) [[60oo,

10b]]cc < =T (c2T [0l oo | 8 lloo + (c1 + e2T @ [|oc) 165]oc) -

By (3.61) we have

||a2||oo <G, (HQQHOO) .

Substituting (3.82)) into - 3.80)) yields

l6aloe < el el l)T (¢) 4 o, TC, (||0? o)) I6etlloe = Crat 6@ |oc-

Substituting (3.83)) and (| into - 3.81)) yields

16b]|oe < el =T (e TCy:1 |60t 0|8 |0 + (4 + 2T Cl (|a]l00)) 11681
= Cyzl|0a|o + Cy;3][08]| -

Note that

Yo = 0| < (8ag + aby) < max (18], | 3b]oc) (14 o)

and by (3.83)) and (3.85)) we have

max ([|0allco, [|00]o0) < max (Cy.1, Cy2) [[6a|oc + Cy:s[|05]loo

< Cy (18 lo: Nl llocs llo*lloc) max ([l6coc, [198]1oc) +

where

Oy (18"l lla? 1, 0?1 ) = max (Cy.1, Cya, Ca)
Cyy = elerrelol)T (4 ¢, 7C, (02])) .
OY72 — eHA”ooTCQTCKI

Cyz = elAl=T (¢, 4 &, TC, (| 0?||)) -

(3.80)
(3.81)

(3.82)

(3.83)

(3.84)
(3.85)

(3.86)

(3.87)
(3.88)
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Since the function ¢' — ¢? is of the form
P (F) — @2 (T) = ST + 6, (s,%) € [0,T] x R,
we can apply Lemma to yield

6" — ¢%lo = max ([|d0]| s, 105 c) (3.89)

Combining (3.86)), (3.88)) and (3.89)) yields the result. O

Theorem 3.5.8. For ¢ € Vp, t € [0,T] and x € R" let (X'=¢, Yi=0 7t29) € S2 (¢, T;R™) x
S2(t, T;R™) x H2 (t,T;R") be solutions to (3.10). Let ¢*,¢* € Vi, t € [0,T] and x € R™. De-
note ¢i () = aix + B and Y% = aiz +bi for of € C° ([0, T];R™™), gi € C° ([0, T]; R™), ai €

CH ([0, T]; R™ ™) and b* € C* ([0, T]; R™) fori = 1,2. Define a constant Cz (|||, || |00, |0?||s) >
0 by

Cz (18" le; o loc, 07[loc) = max (Cz1, Cz2, Cz3)
Cz1 = Cya (IIClls + IDllclla )
Cz2 = Cyal Dlool| 8 lloc:
Czs = Ca ([l0*[lx) | Dll

Oy, = elatelalle)T (ca+ TCy ([l0*]l0)) -
Then

Zz, 1 sy 2
1277 = 25 < Cg (18 loos oo, 102 loc) (1 + []) [ — 6210

Again, for notational brevity we have suppressed the dependence of Cz 1, Cz2, and Cz3 on

15 loe> ot flo and [|a?|oc-

Proof. Fix ¢',¢> € V, t € [0,T] and z € R". We use the same definitions of the difference
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processes as the previous proof, given as follows, for s € [0, 7]

Sas = al —a

S S?
5bs = bi - bz»
Sag = al —a?,
553 = ;_ g

Recall that by we have, for i = 1,2,
745" = ai (G, + Dyal) © + Dyf3Y) . (3.90)
We then have
Z0m?" — 769 = (§a, (Cy + Dyal) + a2Dydev)  + (84, Dyf3} + a2 Did ;) .
In particular, we have
120" — 7879 < max (||0a (C + Dat) + a®Déal| _, ||6aDB* + a>Dag|| ) (1 + |z[). (3.91)

We can bound the individual terms in the maximum by the following, using (3.82)) and ({3.83]).

For the first term we have

H5a (C + Dal) + a2D5aHOO
< [[6alloo (IIClse + IIDllcolla [[oo) + lla®[loo [ Dllsollder] o

< Cyalldallse (IC]1se + 1Dllscllot o) + Ca (16%]ls0) 1D 1locl165]oo-
For the second term we have

|6aDB" + a* D3|
<Dl B oo ll6alloo + la®[loo | Dl 1080
< Cyall DB oo 10etlloo + Ca (e [loo) I Dl ocl108]|oc-
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Combining these yields

max (Héa (C’ + Dozl) + a2D504H00 , ||(5aD61 + a2D5ﬁHoo)

(3.92)
< Oz (/18" loos et loos [l [loo ) max ([|0ex]os, [[65]c) ,
where Cz (|| 8 ||cos [0} |05 [[02|loo) = max (Cz1, Cz2,Cz3), with
Cz1 = Cya ([|Cllee + 1Dl ) »
Cz2 = Cyal Dol Bl
Cz3=0C, (||042||oo) [E2dpss
CY,l = 6(61+C2||a1||oo)T (64 1 e TC, (H@zHoo)) _
Following the same logic of the proof of the previous Theorem, we note that
9" = ¢*|o = max ([|da]|os, [[08]lo0) - (3.93)
The result follows from combining (3.93) with (3.91)) and ({3.92)). O

Remark 15. Note that both functions Cy and C; are combinations of linear and exponen-
tial terms with non-negative coefficients. Therefore both functions are increasing in all their

respective inputs.

Given the estimates in Theorems [3.5.7] and and the update formula bound in Theo-

rem [3.3.3] we derive a difference equation for the sequence (|¢*™ — ¢*|o) pen: We show the
conditions under which this difference equation is a contraction.
Theorem 3.5.9. Let ¢° € V satisfy , and additionally satisfy

| BllooCy (¢8, Cas o) + [|D]|Cz (€, Ca, Ca) < 2¢o. (3.94)

Then there exists ¢ € (0, 1), such that the sequence (gbk)
k € Ny

defined by (5.19) satisfies, for all

keNy

’¢k+1 o ¢k|0 S é|¢k - (bkfl‘o'

Proof. Fix x € R", t € [0,7] and k € N. By Theorem with ¢! = ¢*, ¢? = ¢!, and
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r1 = x9 = x, we have

08+ (@) = of (2)| < (1= 27c0) |0} (2) = 6} (@) |
T rlBll Y - v (3.95)

+ 7 Dllel 2 = 2077,

We have ¢*, ¢*~! € V;. Hence, using Theorems [3.5.7| and [3.5.8| we have

|6F () — ¢ (2)] < [oF — ¢, (L + |2)),
< Cy ([18*s0s l10¥]lsos [10F o) |0 — "7, (1 + J2])

< Cz (I1B"lloo: 10" lloos 10" Hlo) 1¢* — 6o (1 + []) -

t,x,pkF tx,pk—1
}/;77 _}/;77

t,xz,¢k tx,pk—1
Zt’ ) _ Ztv )

Substituting these into (3.95) gives

07 (@) = & () | < (1= 27co) [@* — ¢ | (1 + Ja])
+ 7 BllsCy (18 locs o lloc, "Moo ) [@F — 651 (1 + |])

+ 7 DllscCz (180, o locs "M loo) [@F — 67 (1 + |]) -

Since x € R™ and t € [0, T] were arbitrary, we can take the supremum over them to yield

[F — ¢"lo < (1= 27¢) ‘gbk - gbk_l‘o
70 BllocC (18" llo¥llocs o~ o) [ 8 — 6,
+ 7)1 DllocCz (18" oos 0¥ lloos 1" loo) [ @ = 6% -

By Theorem we have supyey, [|@F|ls < ¢o. By Theorem we have supyep, [|8% /o0 < 5.
Using this and that the functions Cy and C are increasing in all their inputs c.f. Remark

we have, for all £ € N

Cy (18 lloos lla*loc, " Mo) < Cy (e5,carca)

Cz ([18%le: o lloc, o o) < Cz (e5, car ca)

We may therefore write

|F L — ok < ¢l — ¢ Yo,
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where
¢ = (1—27¢co) + 7||B||Cy (€8, Ca, ca) + T||D||Cz (€5, Ca, Ca) - (3.96)
We require ¢ < 1, which is equivalent to
[BllocCy (€8, Cas ca) + | D]|ocCz (¢8, Ca, €a) < 20

which is exactly (3.94)). O]

3.5.4 Proof of Main Result

Under the assumptions of Theorem we have shown that sequence of ¢* are Cauchy with
respect to the norm | - |g. We can therefore establish convergence with respect to this norm in
the space of measurable functions. We now show that this limiting function indeed induces the

optimal control.

Theorem 3.5.10. Let ¢° € Vp, satisfy (5.66), and . Let 7 > 0 satisfy Assumption

. Then there exists ¢* € Vi, with associated control u®" € H? (R™), and constants ¢ € [0,1)
and C > 0 such that
1. For all k € Ny, |¢F — ¢*|o < &¥|o* — ¢°).

2. For all k € Ny, [|[u® —u®|j32 < Cé¥|¢* — ¢°o.

3. u® is a stationary point of J defined in .

Proof. Proof is adapted from (Reisinger et al.| 2022, Theorem 3.13). By Theorem the
sequence (qﬁk) ——r Cauchy sequence in the space (B ([0, 7] x R™;R™) | - |o), which is Banach
by Lemma [3.3.2, Therefore by Banach’s fixed point Theorem, there exists a unique ¢* &
B([0,T] x R*; R™) such that limy_,., |¢* — ¢*|o = 0. We now show that ¢* € V. Note that by
Lemma [3.5.2] and Theorem [3.5.91 we have

max (|| — of ||, |87 = B"||w) < el" = 6"0, k€N,
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where ¢ is defined in (3.96). Therefore the sequences (ak) keNg (ﬁk) ren, r€ Cauchy in the
Banach spaces (C° ([0, T}; R™™) || - l) and (C° ([0, T]);R™),|| - ||o) respectively, hence there
exists a* € C°([0,T];R™™), 5* € C°([0,T]; R™) such that the function ¢ € V; defined by
o (r) = af (z) = + B () satisfies

lim |gbk — g5|0 = lim max (||ozk — |05 ||6k — B*HOO) =0.
k—o0 k—o0

Since ¢* was unique, we must have ¢* = ¢ € V.
q

By Theorems [3.5.7 and [3.5.8| there exists C' > 0 such that for all ¢t € [0,7], x € R™ and k € Ny

t,z,¢" t,x,¢*
max ( }/; ,I,(b _ }/'t ,Z‘,¢

z,0F z,0* ¥
Zm _ gt D < C 1+ |z])[¢" = ¢*o-

Y

Therefore, for fixed (t,z) € [0,7] x R” we have the pointwise limits limy o Y,/*?" = Y;»®¢"

. t k t * .
and limy_ oo Zt”W = Zt’x’¢ , and we may write

G (x) = lim ¢t (2)

= lim £ ((bk)t (x)

k—o0
= klim O (2) — 1 <lim B:Yf’x’w + D, lim Ztt’z’¢k + R, lim ¢F (x) + Sﬂ)
—00 k—oo k—o00 k—ro0

= i (2) = 7 (BT} + D[ 2} + Ry (x) + Sz ).
Therefore
B Y™ + DIz 4 Rof (x) + Sy =0,  (t,x) € [0,T] x R™ (3.97)

In particular, we have L (¢*) = ¢*. We now proceed to prove the items in the Theorem. For

item 1, fix k € Ny. Following the same ideas as Theorem and using ([3.97) yields

(6577 = 6%0 = I£.(6) = L (¢ o < €l6" = "o
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Repeating this bound & times yields the result. For item 2, note that, for any k£ € Ny

| |u¢k+1 ¢*

—Uu

e = [ (X0 ) = gt (00 ||y
< H¢k+1 <X07x07¢k+1> . ¢k+1 (XO,:Eo,d)*) HHQ + H¢k+1 (X07x0,¢*) . ¢* (XO,x0,¢*) H,Hz

< [pF X0 X0 )

w2 + |0 — 6o (1+ || X 0o

Using Theorem one can show that there exists C' > 0 such that [|X%%0¢"
|| X 0w0. 8™ _ x00.6% ||y < O+t — ¢9*|y, yielding the result.

2 < C and

We now prove item 3. Consider the BSDE, for s € [0, T7,

AXY = (AXY + B (XY)) ds + (CXY + Do (XI7)) dW.,
X(()b* = T,
] (3.98)
AV = (AT 1 CT 27+ S0 (X9) 4 QX ) ds + (27) W,

VP =GXY

* * * Lk oF Lk
By the Markov property, we have (YZZS ,Z9 > = (Y:’Xt O g 0 ) for all ¢ € [0, T]. Hence
we can use (3.97) to write, for all ¢ € [0, T,

* * ¢* * d’* * * *
o (X2 o (x¢) = o (B7V T2 o () 4 )

= (X0) =7 (BIYE + D] 20 + Ry (X07) + 57
Item 3 then follows from noticing that J is differentiable with

vJ (), = BT + D[ 2" + R ¢} (Xf) LSXY, 0<t<T

As a by-product, we show that the optimality condition of the processes o, 5* is equivalent to

the Ricatti equation for this LQ problem. Define the value function by

.
T [ X s STY [ X 1
/— @ ds+§(X;)Tax;Xg:x
t

v(t,z) = inf E
2\ Se Ry) \ u

ueU
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for t € [0,7] and = € R™. It can be shown that the value function has representation v (t,z) =
%Q:TPtx for some symmetric matrix valued process P satisfying the Ricatti equation for this

problem (Sun et al) 2016, Theorem 2.4.3). In particular, for any ¢ € [0, 7] we have
* t,z,p*
a;x =27, = 0,v (t,z) = P,

hence a;f = P, is also symmetric. We show that this Ricatti equation is recovered by the
steady state solution of . To see this, note that the terms Yj’*, zZ? " are determined by
performing the same analysis as in and , but using o* and £*. This yields, for
(t,z) € 10,7] x R™,

tx,p* % *
}/t =T + bt7

Zy5" = ar ((Cy + Do) x + Dyy),
where the processes a* € C! ([0, T]; R™*™), b* € C' ([0, T]; R™) solve the ODEs, for ¢ € [0, T

a; +a; (A + Bioy) + Al af + Cla; (Cy + Do) + (Qr + S o) =0,

b + Alb: + (af B+ Cla;Dy + S) 7 = 0,

with a} = G,b; = 0. Note that, by Theorem we have 3; = 0. By inspection, we see
that by = 0 is then the solution to the ODE determining b. The term «* is determined by the

optimality condition

BIYY + D] Z¢" + Rt (Xf) FSXS =0, 0<t<T

* % 1« * .
Substituting the definitions of ¢, Y = Yf’Xt " and Z¥ = Zf’Xt ¢

yields
0=BaX’ + D/ a; ((ct + Do) Xf’*) FRAXY +S,XY, 0<t<T.

We rearrange this to find, assuming that for all ¢ € [0, 7], the matrix K, is invertible for brevity

(this assumption can be removed by introducing Moore-Penrose pseudoinverses)

of =K 'L, 0<t<T,
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where
Kt D CL:Dt + Rt,
L;=Ba; + D] a:C, + S,.
Substituting this into the ODE for a* yields, for t € [0, T],
a + at (At ~ B,K 1Lt> v Alar + CTar (Ct - th’(;lzt> + <Q STK 1Lt> _0
ar =G.
Since a* is symmetric, factoring out L; vields, for ¢ € 0,77,
af—l—a;‘At%—AtT +CTatCt+Qt lLt—O
(3.99)
ap =G

This is exactly the Ricatti equation for this problem.
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Numerical Examples

In this chapter we present numerical results for the problem studied in the previous chapters.
We implement the three algorithms derived in Chapter 2|and apply to the Utility maximisation
problem with various utilities and the investment consumption problem with randomly termi-
nating income with power utility. For most of our examples we provide benchmark solutions
with which to compare our numerical results. We also consider examples with non-Markovian

structure for which analytical solutions have not been established.

We additionally apply our machine learning methods to the LQ problem presented in Chapter
Bl We show equivalences between the DC2BSDE method and the PPGM method that we give
convergence analysis for. Furthermore, in the unconstrained case we use the ODE representa-
tions of the adjoint processes to construct a simpler numerical algorithm, and we compare the

results of this algorithm to the theoretically established convergence rates.

The chapter is organised as follows. Section .1 presents numeric results for our three algorithms
for the Utility Maximisation problem, and compares to existing methods in the literature. Sec-
tion gives numerical results for the investment-consumption problem. Section presents
numerical results for implementations of the PPGM method for the LQ problem.

118
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4.1 Utility Maximisation

In this section we apply the primal and dual DC2BSDE and DSMP algorithms to solve utility
maximisation. To show the effectiveness of the algorithm we apply it to a series of utility

problems, with certain constraints on the control space.

Example 4.1.1 (Unconstrained Non-HARA Utility Problem). We start with the unconstrained
case K = R™, corresponding to a complete market. We consider the utility problem where U

has the following non-HARA form

Ulzx) = %H () + H (z)"" 4 zH (z), x>0, (4.1)

=

#3477 We

where H (z) = V2 (-14++/1+4z)"

have the dual constraint space K = {# € R™: 0 (7) < oo} = {0}, so the optimal dual control

. The dual utility is given by U (%) = 3

is 7* = 0. Suppose that rs =r, ¥, =%, us = pand 6, = 60, s € [0,T], are constant processes.

It is shown in |Li and Zheng| (2018) that the optimiser * and processes X7 and Y* " are

given by
. L[ (riop)T ; g
Tt = el” 4+ /2 +0)T | g 3(r+21612)T
vV 2%0 |: \/ 0
~ Sk ok 1
Xf [LL— i‘* eXp (— (r + 5‘6‘2) t o 6TWt>
YT = a8+ 482,
where a1 = — (j*)—él 63(1“Jr2\9\2)T7 ay = — (53*)_2 e(r+|9|2)T7 Stl _ e(T*4|9|2)t+29TWt and StQ _

et 20T We for ¢ € [0,T]. Furthermore, the dual value function is given by

i (t, j) _ %j—3e<3r+6|0|2)(T—t) + i,—le(r—&-w\?)(T—t)’ (t, ZZ’) e [O,T] x R™.

From these analytical formulae, the primal processes can be derived using Theorem [2.3.2
For our application, we take m = 5, T"' = 0.5, zo = 1, r = 0.05, p = 0.0615 and set X as a
random matrix of positive numbers between 0 and 0.2 to introduce correlation of the underlying

Brownian motions, with 0.2 added to the diagonal to ensure invertibility.

Figure 4.1 shows the development of the loss functions for the primal and dual algorithms with

50 time steps. For the control, we want to maximise the Hamiltonian, which means the deriva-
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tive of the loss function should go to 0. Hence, we plot the function j — S°2 29693 |09 Lo (9?, i) |
using the notation of , where 6{ denotes the parameter set for the neural network forming
m;, at iteration step j of the algorithm. For the dual graph we plot the derivative of L3 in
(2.18) with respect to , since the function £, in is always zero as the dual control is
forced to be zero, hence optimal, by the support function dx. Over the 10000 iteration steps
both losses become small and settled, and therefore are deemed to have converged. In this
method we choose an initial learning rate of 1072 for the BSDE parameter updates and the
start control Z in the dual algorithm, and 1073 for the control part. Over the iterations, we
divide these rates by 10 three times at regular intervals. We repeat this choice of learning rates

for all applications in the sequel, though the number of iteration steps may change.

Figure shows two simulations of the processes V™ and Y™. The ‘primal’ processes are
directly outputted by the primal algorithm, and the ‘dual’ process are given by the following

relations for ¢ € [0, 7], using the outputted processes of the dual algorithm

using N = 20 time steps. We plot these, along with the explicit solution for reference. Both
primal and dual approximations are very close to the solutions. The dual state process, appear-
ing in the Y™ graph (but very close to the solution process), is closer than the corresponding
primal process since there is no error for the dynamic dual control, only the dual start variable

x.

Figure shows the evolution of the approximation of the initial value v (0, z() against number
of time steps for the primal and dual algorithms, where xq = 1. The dual value is higher than the
primal value, as expected due to the duality relation , and the gap between these shrinks
as the number of time steps increases. The final relative approximation error is 7 x 1074%
for the primal problem, and 3 x 107*% for the dual problem, showing high accuracy of the

proposed scheme at time 0.

The dual control loss appears ‘noisier’ than the primal counterpart. This is due to the fact

that the dual control optimisation involves the initial state variable, which can be above or
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below the target variable, and the dual control process is set to 0. The derivative of the loss
(2.18) repeatedly gets close to 0 as the value of the loss oscillates above and below the optimal
value. This is not the case for the primal loss function, as the approximate Hamiltonian ([2.6)
is always a lower bound of the true Hamiltonian (up to numerical errors). Furthermore, the
learning rate is higher for the dual initial state variable, potentially leading to higher volatility

of the control approximation.

104 4
— Dual — Dual

106 | —— Primal —— Primal
102 4
104 4

107 4 100 4

0
10 1072

BSDE Loss
Control Loss

1072 4

107 4
1074
108
1075
6 20:30 40‘00 60‘00 80‘00 10600 6 2060 40‘00 60‘00 80‘00 10600
Iteration Step Iteration Step
(a) Loss function of the BSDE. (b) Derivative of the control loss function.

Figure 4.1: Loss functions against iteration step for the primal and dual deep controlled 2BSDE
methods applied to the unconstrained non-HARA utility problem.

—+— Dual 1.30 1 P —+— Dual
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(a) Simulation of the process V™. (b) Simulation of the process Y.

Figure 4.2: Two simulations of the value process and value-derivative process for the primal and
dual deep controlled 2BSDE methods applied to the unconstrained non-HARA utility problem.
The displayed dual processes are those implied by the duality relations ([2.21)).

Example 4.1.2 (Cone-Constrained Merton Problem). Now we consider the problem with

power utility U (z) = %xp for some 0 < p < 1 when the control space is the positive cone
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Figure 4.3: Approximation and relative error of the value function against number of time
steps N for the primal and dual deep controlled 2BSDE methods applied to the unconstrained
non-HARA utility problem. Note in the left graph that the Y values on the axis are shifted
down by 2.253.

K = [0,00)™, corresponding to no short selling constraints. For this problem, the dual HJB

equation tells us that the optimal dual control is given by
7f = argmin |6, + 3, 7", 0<t<T (4.2)
TeK

The dual optimal state process is a geometric Brownian motion given by

t 1 ¢
P 3 exp <_/ (rs+§]9:\2) ds—/(ej)TdWs>, 0<t<T,
0 0

~

in terms of the optimal start point z* = )2'60 ™ to be determined. The corresponding dual utility

function is U (#) = =277 1. In (Li and Zheng, [2018, Subsection 4.1) the following solutions

are found, for t € [0, 77,

| T > D
T =ab exp(l—p/[ 0x" — rs]ds)
e (0= [ 5o  -
¢ 1—2p 2 IR
Y =x exp(/ [7"5+—(9:}d8+—/ Q:TdLLs)a

where 07 = 0, + X, '7. This deterministic optimal dual control can be found numerically

(4.3)
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using Python packages such as Scipy. The dual value function is given by

ﬁ(t,f)zﬁ(z)exp(/f{#wy?—pflr&]ds), (t,7) € [0,T] x R.  (4.4)

For our implementation, we take 7" = 0.5, g = 1.0, m = 50, r; = 0.05 for t € [0, 7] and p = %
We define the ith element of the drift y at time ¢ € [0, 7] drift as u'i); = 0.04+sin (7t + A4;) /50
where A; is some arbitrarily chosen matrix for each ¢ = 1,...,50. We choose this function so
that in the unconstrained case it would be optimal to short sell at some points. We set >; to

be a constant matrix with 0.4 on the diagonal, and 0.2 everywhere else.

Figure [£.4] shows the results of applying the primal and dual 2BSDE methods to this problem.
We use N = 10 time steps and run the algorithm for 100000 steps, notably more than for the
lower dimensional unconstrained problem. This increases the run time to 5457 seconds. We
start the BSDE and control learning rates at 0.01 and 0.001 respectively, then reduce these
by a factor of 10 half way through training. We run both algorithms at the same time, which
saves time as we can use the same generated Brownian motions for each iteration step for both
algorithm. We see less convergent structure at the beginning of training, perhaps due to bad
initial guesses for the neural networks. Indeed, we see that the value for the primal functions
stays nearly constant until the loss function drops to a certain level, when the processes are
accurate enough that the value approximation can move towards the analytical solution. This
is likely due to the initialisation of variables, which clearly produce a large initial loss. However,
we see convergent structure further along the training, suggesting robustness of our algorithm
with respect to initialisation. The dual algorithm behaves similarly, but with more noise. At
the end of training we have relative errors of 0.1% and 0.05% for the primal and dual algorithms
respectively. This error is a few orders of magnitude higher than the unconstrained case due

to the increase in dimension.

Table shows the value approximations outputted when running the primal and dual algo-
rithms with 50 time steps. For this problem, the exact solution can be computed as 2.02529.
The table shows the upper and lower bound approximations for certain numbers of iterations
of the algorithm, together with relative percentage error. In the dual algorithm, we use initial
learning rates of 0.05 and 0.005 for the BSDE and control variables respectively. We manually

choose the learning rate for the dual algorithm to be 5 times larger, possibly to account for
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(a) Value approximation. (b) BSDE loss.

Figure 4.4: Approximation of the value function and bsde loss against iteration step for the
primal and dual deep controlled 2BSDE methods applied to the cone constrained power utility
problem.

the fact that the initial guess is further away. The inaccuracies of the initial guesses of the
neural networks account for the dual value initially moving away from the true value. We then
decrease all rates by a factor of 10 every 1000 steps. As the number of iterations increase, the
duality gap becomes smaller, while in general still containing the true value. For comparison
here, we also provide the run times of the respective algorithms. The dual algorithm is seen
to take slightly longer than the primal problem. This is because there is an additional variable

(the start variable Z) to optimise.

Step || Primal Value | Rel-Err (%) | Time (s) || Dual Value | Rel-Err (%) | Time (s)
1 2.04799 1.12081E4-00 483 2.13161 5.24978E+00 563
10 2.03847 6.51101E-01 498 3.22516 5.92447E+01 580
50 2.01880 3.20423E-01 505 1.91795 5.29974E+00 588
100 2.02469 2.94259E-02 514 2.10625 3.9978TE+00 597

500 2.02518 5.42879E-03 582 2.02674 7.17313E-02 677

1000 2.02522 3.07794E-03 667 2.02545 8.18743E-03 786

2000 2.02524 2.13741E-03 837 2.02540 5.41970E-03 993

5000 2.02527 8.37157E-04 1348 2.02530 5.24745E-04 1575

Table 4.1: Value approximation and runtime at certain iteration steps for the primal and dual
deep controlled 2BSDE methods applied to the cone-constrained power utility problem.

Example 4.1.3 (Ball Constrained Log Utility Problem). In this example we consider the log
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utility problem when the control process is constrained to the ball B (0, R) of radius R > 0 in
R™. This corresponds to the investor not wanting to invest more than a certain proportion of
their wealth in risky stocks. In this case, the support function dx (z) = R|z| for z € R™ does not
vanish for all admissible dual controls. Therefore, the SDE is harder to solve. In general
this problem is also difficult to solve analytically because of the dependence of the dual controls
2* and 7* on each other. However, we can exploit the multiplicity property of the log function
to decouple these controls to give analytical solutions, which we describe here. To this end let
U (z) = log (z) be our utility function, for which the dual utility is U (y) = — (1 + log ().
Since the dual state process X*7 is a geometric Brownian motion for any controls (Z,7), we
have

T
L 1
E [U (X%’”)} = —1—log (%) + /0 re+ RIT| + 5100+ 3 7t

The measurable process
1
7 == arg min {R|7~r| + §|9t + zglﬂz} , 0<t<T,
TeER™

is an optimal control, and can be found using existing deterministic convex optimisation algo-

rithms. Independently of this, the dual control z* is found via

T
1
" = argmin {xogé —log (%) + / e + 0k (7)) + §|9t + Et‘lfrtht}

= argmin {z7 — log (%)}
x>

1

To .
The value function is then given by

v(0,29) = E [U (X;“)] + T xg (4.5)

T
1
= IOg (l’o) + / Ty + R‘ﬁ't’ + §|9t + E;l’ﬁ't‘zdt (46)
0

For our application, we take R = 1.0, T' = 0.5, o = 5.0, m = 20, r, = 0.05 and p; = 0.0715
for t € [0,T]. We define the volatility as a diagonal matrix with the ith diagonal element Egi)
equal to

S0 =04402sin (21t 4+ 4,), 0<t<T,
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for some arbitrarily chosen numbers A; to shift the peaks of the sin curve for each dimension.
We choose this function so that in the unconstrained case it would be reasonable to invest more
than we are allowed at points when the volatility is low. As 2@ > 0 for all ¢t € [0,7T], the

volatility is non-degenerate.

Table shows the evolution of the approximated value function for the primal and dual al-
gorithms, compared with the numerical solution 1.64755570 found using (4.6). The algorithm
is run using N = 10 time steps, and the value approximation, relative error and (combined)
runtime are recorded. We again perform both algorithm simultaneously using the same Brown-
ian motions simulations. The value approximation initially moves away from the solution, but
then converges. For the primal algorithm, the value moves away over the first 1000 steps, then
goes to the solution. For the dual algorithm, the value does not move as far from the solution,
but takes longer to do so, only starting moving towards the solution at 10000 steps. The dual
value initially dips below the solution, then increases, which is why the relative error is lower

at 1000 steps than at the start.

Step || Primal Value | Rel-Err (%) || Dual Value | Rel-Err (%) || Time (s)

1 0.99277 3.97426E+-01 2.50412 5.19898E+01 128
1000 0.04637 9.71853E4-01 1.57275 4.54015E4-00 183
5000 0.22780 8.61735E4-01 1.80325 9.44972E+00 405

10000 1.39359 1.54147E4-01 2.01337 2.22035E4-01 701
12000 1.62170 1.56918E+-00 1.98620 2.05544E+01 815
18000 1.63545 7.34658E-01 1.68103 2.03169E+00 1149
20000 1.63543 7.35726E-01 1.65361 3.67465E-01 1259

Table 4.2: Value approximation and runtime at certain iteration steps for the primal and dual
deep controlled 2BSDE methods applied to the ball-constrained log utility problem.

4.1.1 Methodology Comparison

Now we compare the performance of our algorithm to two existing in the literature. We first
compare to the algorithm of Han and E| (2016) where the primal gains function is optimised
directly. This is not explicitly given a name by the authors, so we refer to it as the PVO

(Primal Value Optimisation) algorithm. Secondly we compare to the Hybrid-Now algorithm of
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Huré et al.| (2021) (referred to in the sequel as Hybrid), where the control is optimised using an
approximation of the value function, which is also found using neural networks. First, we note
that while both algorithms search for a Markovian control, and as such solve Markovian control
problems, they are potentially less restrictive than our algorithm. The maximum requirement
for deriving these algorithms is satisfaction of the dynamic programming principle, as opposed
to our derivation of the algorithm relying on the HJB equation. However it may be possible
that our algorithm works in such a general setting as well (and resulting approximate solutions
to the Hamiltonian PDE become viscosity solutions). The second algorithm is formalised in
terms of successive approximations of the value function working backwards from terminal time
in a discretisation. This method requires suitable knowledge of the distribution of the optimal
state process at each time step, which we do not know a priori. Instead, we implement the
algorithm in a similar vein to our own, generating sample paths of the state and control process
and solving each optimisation problem (Bachouch et al.l 2021, (2.1)) simultaneously. We run
each algorithm for a fixed number of steps of gradient descent. This may not be the best way
to compare the algorithms since they may converge after a different number of steps, but in
practise it is difficult to identify exactly when this happens. We only compare to the primal
value approximations of our DC2BSDE and DSMP methods, though it would of course be
possible to use PVO and Hybrid to solve the dual problem.

Example 4.1.4 (Power Utility in Black Scholes Model). Consider the utility maximisation
problem as of Example but we take the power (p = 1) utility U (z) = 2y/z. We fix the
terminal time 7" = 0.5 but change the stock market dimension m and the number of time steps
N. The other parameters remain the same as in Example Table shows the results
of this comparison. The solutions can be found (as is found in Example but with no
constraints) to be 2.04864 and 2.09756 for dimensions 5 and 20 respectively. For our methods
we ran the DC2BSDE with m = 20 for 10000 steps, and 5000 steps for the m = 5 case and the
DSMP.

The comparison to the PVO algorithm indicates that our method sacrifices slight accuracy,
but scales much better with number of time steps and dimension. Indeed, when m = 20 the
lower accuracy can be compensated by doubling the number of time steps without reaching
the runtime of the PVO algorithm. We ran the PVO algorithm with a learning rate of 0.01
for 10000 and 20000 steps for m = 5,20 respectively. The results for the Hybrid algorithm

originate from our own implementation of the method. There may be a number of differences
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from the original implementation which could lead to less accurate results than expected. For
example, we are not sure how exactly the authors used the ‘explore first, exploit later’ technique
(Huré et al., 2021} Section 3.3) to generate sample paths of the optimal state process without
first determining a control. In|Bachouch et al.| (2021)), a 100 dimensional PDE is solved with an
accuracy of order 0.1% and a runtime of 2 - 4 hours, using N = 40 time steps and a terminal
time of T' = 1.0. This is much better than our preliminary results for this algorithm. However,
we did not see any convergence like this in our implementation, in any time frame that was
comparable to our methods. The hybrid algorithm is the fastest per iteration step, however
we ran the algorithm for 50000 steps with a learning rate of 0.0001 to avoid instability issues,

which is the cause of the large runtime.

m | N || DC2BSDE Value | Rel-Err (%) | Time (s) || DSMP Value | Rel-Err (%) | Time (s)

5|5 2.0483 1.4829E-02 54 2.0465 1.0476E-01 99
5 | 10 2.0485 9.2087E-03 128 2.0505 9.0012E-02 148
5 | 20 2.0486 4.4761E-03 309 2.0476 5.3657E-02 358
20| 5 2.0942 1.6192E-01 92 2.0906 3.3063E-01 66
20 | 10 2.0958 8.2069E-02 223 2.0947 1.3682E-01 167
20 | 20 2.0961 6.5495E-02 938 2.0963 5.8714E-02 412

m | N PVO Value Rel-Err (%) | Time (s) || Hybrid Value | Rel-Err (%) | Time (s)

5| 5 2.0497 4.9400E-02 79 2.0441 2.2415E-01 328
5 |10 2.0478 4.3425E-02 266 2.0457 1.4347E-01 479
5 |20 2.0483 1.8711E-02 950 2.0467 9.5190E-02 1630
201 5 2.0952 1.1184E-01 233 2.0431 2.5977E+00 343
20 | 10 2.0963 5.9899E-02 813 2.0536 2.0940E+00 813
20 | 20 2.0969 3.0629E-02 1824 2.0604 1.7720E+-00 1747

Table 4.3: Comparison of the Primal DC2BSDE and (primal value approximation of the) DSMP
algorithm to the PVO and Hybrid algorithms for the unconstrained Power Utility problem.

The example we consider is a toy example with an analytical solution. In particular, the
supremum term inside the HJB equation (1.7) can be written exactly and for this problem we
are left with the nonlinear PDE
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0

dpv (t,z)°
o’ 2,0 (t,x)

_ 1 2
(ta .1') - 2|6t| ang (t,x)

—rxdy (t, x), (t,x) €10,7) x R,

and v(t,x) = U(x) for x € R. This PDE is control independent. In particular it is independent
of the control dimension m apart from the negligible time taken to calculate §. The PDE can
be solved directly using the Deep 2BSDE method introduced in Beck et al.| (2019b). This is
also one of the algorithms described in \Ji et al.| (2022)). The results of solving this for m = 20
are given in Table Due to the second derivative in the denominator, this PDE is unstable.
In the algorithm we require 50000 iteration steps to see convergence results. Therefore, while
this algorithm is faster per iteration step, it is slower overall. However its runtime would be
comparable to our algorithm for larger value of m. It is also an order of magnitude less accurate,
and can only be used in the special case where the supremum term can be written out as an

explicit function of ¢ and .

The primal HJB equation, even in this simple case, can be very difficult to solve numeri-
cally. This further emphasises the utility of the algorithms presented in this paper, solving
the equation by either finding the control without nonlinear dependence on the value function

derivatives, or by solving the dual problem.

An implementation of each algorithm can be found in https://github.com/Ashley-Davey/

ML-For-Stochastic-Control.

Remark 16. Another adaptation for this algorithm suggested in Ji et al. (2022) is to perform
the maximisation over the control variate explicitly at each iteration step, rather than just
performing one step of gradient descent. There may be difficulties in implementing this method
without an analytical maximiser to plug in, in terms of time to run, dimensionality of the
problem, and inaccuracies of the approximate value function derivatives that would need to
be used. An additional approximation step may also be needed, as this maximisation would
be pathwise yet we need the entire control function to simulate the state process in the next

iteration step. We leave the effectiveness of this method to further research.


https://github.com/Ashley-Davey/ML-For-Stochastic-Control
https://github.com/Ashley-Davey/ML-For-Stochastic-Control

130 Chapter 4. Numerical Examples

N || DBSDE Value | Rel-Err(%) | Time (s) || DC2BSDE Value | Rel-Err(%) | Time (s)

) 1.96570E4-00 | 6.28613E+00 363 2.0942 1.6192E-01 92
10 || 2.05429E4-00 | 2.06281E4-00 865 2.0958 8.2069E-02 223
20 || 2.06381E+00 | 1.60905E+00 1980 2.0961 6.5495E-02 238

Table 4.4: Value, error and runtime of the Deep 2BSDE method and primal DC2BSDE method
for the unconstrained Power Utility problem.

4.1.2 Quadratic Utility

The utility functions we have seen up to now do not satisfy global Lipschitz conditions that are
often required for convergence analysis. Hence we consider a globally Lipschitz utility function
that is a negative quadratic around 0 up to some point before its peak, where it becomes
constant. Additionally, we will see that the optimal state process is bounded. This aligns with
a sufficient condition in Huré et al.| (2021) that the state process should be bounded for any

choice of control.

Take ¢ < 0, H > 0 and 0 < a < 1. Then define U: [0,00) — R by

%ca:z—cHx, 0<zr<aH,

caH? ($-1), oH <uz,

for x > 0. Note that this will always be a negative quadratic, hence concave, as we take
¢ < 0 to be strictly negative. Figure |4.5| shows some utilities for varying values of o and H.
The parameter c is just a scaling parameter and has been fixed at —1.0 here. The parameter
H indicates where along the = axis the peak should be, and « indicates at what point (as
a proportion of H) the utility becomes constant. In order to ensure concavity of the utility

function, we must have a <1 and H > 0.

The parameter « indicates how early we transition to the constant term. Note that the function

U is smooth when we have e = 1.0. We first find the dual utility, the fenchel-legendre transform
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Figure 4.5: The quadratic utility U for varying («, H).

of U given by

U (%) = sup {U (z) — 27} (4.8)

x>0

— max{ sup {U (x) — 27}, sup {U (2) —m}} (4.9)

0<z<aH aH<zx
= max{ sup {U (v) — 23}, caH? <g - 1) - osz} (4.10)
0<a<aH 2

= max{ sup {U (z) —zz},aH <cH (% - 1> - :%)} (4.11)

0<z<aH

Define f: [0,aH] — R by f(x) = U(z) — zZ. We then have f'(z) = cx — cH — & giving

a potential optimiser at + = H + However it may not be in the range of f. Case 1:

o1

x > aH, or equivalently 0 < Z < ¢H (o — 1). In this case optimiser is at & = aH, and both
sides of the max are equal. Case 2: x < 0, or £ > —cH. Then the optimiser is £ = 0 and
f(@)=0>H (cH (% —1)—Z). Case 3: z € [0,aH], then & = z and

f(:fc):f(H+§> Z;—j(cH—l—i)Q.

C

Plugging these into (4.11)) yields

(
QH(CH(%—l)—i'), T<cH(a—-1),
2 (cH + )%, cH(a—1)< &< —cH, (4.12)

0, —cH < 7,
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Now we have the dual utility, we can calculate the dual value function

(t,7)=E [(7 (X;;“")

X0 = x} , (4.13)
where
dX5 = — X% (rds + 0dW,), t<s<T. (4.14)

Fix t € [0,7], £ > 0 and define 7 = T — ¢. Since the process X% is a geometric Brownian

. . . St ~
Motion, we can write, given X;* = 7,

) 2
¥ = T exp (— <r+%)7—9\/?Z),

t
T
( ~fp’i)2 2 exp (— (27” + 92) T — QQﬁZ) ,

_22

almost surely, where Z is a standard normal random variable, with density ¢ (z) = \/Lz?e 2,
z€ R, and CDF @ (z) = [* ¢ (z)dz, 2 € R. We then note that X4* < ¢H (o — 1) if and only
if

log (%) — log (¢H (o — 1)) — (7“ + %) 7
() = NG

<Z (4.15)
and X;i < —cH if and only if k£ (0) < Z. We then write

B (tF) = /:U (iexp <— (7“+ %2) T—eﬁz>> Py ()

> [ 62 e
= / U (ZL‘ exp (— (7" + —) T — 0\/;2:)) (ILZZk(a) + ﬂk(O)gzgk(a) + lzgk(ﬂ)) 5

—00

dz

N}

=1 + I + I3,
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where
2
oo 92 6_%
I, = / U <§: exp (— (r + E) T — 9ﬁz>) Ilzzk(a)sz,
oo ~ (92 e—é
I, = Ulzexp| —|[r+ 5 T — 0712 Tk(0)<z<k(a) 5 dz,

o 2 -5
I = / U (:% exp (— (r + %) T — 0\/?2>) ﬂzgk(o)e 5 dz.

We know that I3 = 0, since U = 0 on the region of integration, so it remains to calculate I;

and I,. We complete the square to calculate I as

00 H2 92 —%
11:/ <ac (v —2) — aHZ exp <— (7’—1——)7’—9\/?2)) ¢ dz
k(@) 2 2 2

H2 o0 _T_j . 2 _\=TVv )
= (@~ 2)®(~k(a) - aHi / (B e
2 k(o) 2

acH?

= (=2)®(—k(a) —aHze @ (—k (o) — 0y/7).
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We then multiply out the brackets and complete the square twice to calculate I, as

2

ka) _1 62 e
]2:/ 2—[£exp(— (r+5>7—9\/?z>+cH] 5 dz
k() <€
k(o) H2 _2
[ s,

/ erxp(( 92)7—9\/‘2) 7,

2

—/ iQUQ(eXp( (2T+92)T—29\/_Z) 77dz
k(0) 2c 2

—cH? k) o—%
_ ¢ / e de
2
k(o) 2 v/
—Hi’/ () st 2 g,
k

(z+26v7)>

1 _ k(a) . 2 2 € 2

_ 52 e (2r+6 )7629 T d>
k

»

Y

— Hze ™ [@ (k (@) + 0y/7) — @ (k(0) + 6/7)]
_ %g%(—?ﬁﬁ% [@ (K () +20/7) — @ (k (0) +20/7)] .

Note that we can write 0 (¢,%) = g, (t,Z) — go (t,Z) where

— Hie " ® (k (o) + 6/7)
1
— 2—#6(72%92)7@ (k () +264/7) .
c
The primal value function is given by u (t,z) = infz>0{? (¢,Z) + xy}. The optimal wealth
process is given by

* a o~k
X :—8—iv(t Xf),
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where we denote X% = X% and
T = arg I?~ﬂ>igl{l~) (0,%) + xx}.

To find the partial derivative of o, we first differentiate g,. To this end, writing £ = k («),

simple calculus gives us

0 _ ok acH?
D et 5=~ 2o (0 2 (0
@k: ~ =TT
+ %gb (—k — 6/7) aHze
— @ (—k—0y7)aHe "
ok cH?
AN

. % i~2 (—2r+92>’r
(997:¢ (k +20/7) 5T ¢

(1= (<~ 26v/7)) el

8k ~ _—rT
~ 9 (k + 9\/?) Hze
(1= @ (k- 0y7)) He'm
ok

for some A, B € R depending on t and Z to be determined. To compute B, we will use the

following relations, which can be derived from the definitions of ¢ (z) = #e% and k =k («)

in (19,

(4.16)
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We then have

H? e H (o — 1 2
B =¢(—k) (_ac (v —2) +aHze ™S Ea ) _¢
2 T 2
r—0%)7 rT
_ii26(72r+92)7‘€(2 ’ ) C2H2 (O{ — 1)2 . er_we cH (Oé _ 1))
2c 72 z
1 1 1 1
= ¢ (—k)cH? (—§a2+a+a2—oz—§—§a2+a—§—a+1)
=0.
Hence
0

—go (t,7) = A= —aHe™™
ox”" (t. ) ‘
- (k: + 9\/_7) (1—a)He ™™

— (k4 20y/7) %ize(_zr+92)7.

Taking a = 0 gives us the derivative of gy, and subtraction yields

o _ ., . 0 _ 0 .
%U (tv SL’) - %ga (t,&:) - %go (t7 LU)

= —aHe™ "
—[® (k () + 603/7) — @ (k(0) + 6y/7)] (1 — @) He ™™
—[® (k(a) +20v/7) — @ (k(0) + 2«9\/?)]%@6(%92)7'

(4.17)

This is not an (analytically) invertible function of Z, so we cannot use the relation X7 =

2 (O, ngk) to find # = X2", and hence the process X**. However we can find it numerically.

Given this, we have

[0 (k (0 XF) +ovr) — @ (k(0.57) +ov7) | (L - ) He
N [q) (k (Oé’ ~f) + 29\/;> - (k (O,f(f‘) + 29%)] %Xéi*e(—Qr-i-@Q)T

where we use the notation k(«, Z) here to remind us that k£ depends on . We note that, since



4.1. Utility Maximisation 137

c¢c<0and ® (k(-,)) is increasing in «, we have
0< X" <aHe '+ [@ (k: (a, Xfx> n WF) By (k (OXt> n eﬁﬂ (1—a)He '™ < He'™

Even though the process X#" is unbounded, the process X™ is bounded. We can see this intu-
itively from the fact that, even though X" can be arbitrarily large, the term ® (k <a, Xf) + 9\/F> —
P <k (0,5(?) + 8\/?> is of the form @ <log <)~(§”> - e) —® (log (Xf)), for some € > 0 and
becomes arbitrarily small for large X*'. We now find the second space derivative of ¥, again

by differentiating g,. To this end we use (4.16) (and that ¢ is even) to yield

grate .71 = - 5 |0 ovm) (= ) e o b 207) Tl

) (k + 29\/;) Ee(—2r+92)r

= — (k) [(1 _ a) He—rrw 4 lje(—%ﬂ-e?)f6(%702)702[’]2 (a . 1)2]

T c 72

— @ (k +20\/7) %e( 2r+0)

Hence

D (t7) = 22 (& (k(a) £ 2007) — B (K (0) +207)) . (4.18)

012 c

We use (4.18)) to derive the optimal control

Figure shows the error of our approximate control against 7*, and the value approximations
at time 0 for our 3 algorithms. We take a = 0.55, H = 2 and ¢ = —1. For the market
parameters, we take p = 0.06, » = 0.05 and o = 0.2. We then take 7" = 1.0 and N = 20 for

our algorithm.

Motivated by Theorem we would expect to see convergence of the form

7% — 7% < CE, k € Ny
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for some C > 0 and ¢ € (0, 1), where 7" is the control process at the kth iteration step of the
DC2BSDE algorithm. We log scale the error of the control, so should see linear convergence.
Due to the stochastic nature of the algorithm, high approximation volatility is introduced from
the small ‘mini batch’ sample size at each step (in this case 64). This explains why we only see

approximately linear decay up to a point where the error becomes roughly constant.

From (b), we see converge of the value function for all 3 graphs, with the ‘dual’ value approx-
imations forming upper bounds of the value. There are two lines for the SMP, indicating the
upper and lower bounds vpign and vy, respectively, c.f. . we see that they are the same
at the beginning of the algorithm, possibly due to the initialisation of the parameter x, but
quickly form tight bounds of the value at time 0. However, we see some deviation of the value
approximation over all iterations. this is due to the volatility of using Monte Carlo methods

with a batch size of 64 at each iteration step for the DCSMP algorithm.

100 4 —— primal 1.75 4 /\/\
—— dual —
1 smp 1.50 -
1071_
§125
N ©
x £
< ol 3 1.00
| Q
*E <% 0.75 A
- S —— Primal
=34 5 0.50 1
10 g —— Dual
0.25 A — Smp
_a — Smp
107% 4 0.00 A —— Solution
0 50 100 150 200 250 300 0 50 100 150 200 250 300
Iteration Step Iteration Step
(a) Control error against iteration step (k). (b) Value approximation against iteration step.

Figure 4.6: Control error (in H?) and value approximation of the primal and dual DC2BSDE
methods and the DSMP method for the unconstrained quadratic utility problem.

Example 4.1.5 (Power Utility in a Stochastic Volatility Model). In this example we consider
the stochastic volatility model 1) When we use the power utility U (z) = %p for 0 <p<1,
exact solutions can be obtained for this problem. A solution is derived in Ma et al.| (2020) by

assuming that the value function v has the form

P

v(t,z, %) = % exp(C(H+DB)Y), (ta,%) el0,T] x R? (4.19)

in terms of two unknown functions C' and D that satisfy a system of Riccati type of ordinary

differential equations for which numerical solutions can be found. We use v (¢, z, %) as a bench-
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mark. For our application we take r = 0.05, p = —0.5, p = 0.5, Kk = 1, ¥ = 0.05, £ = 0.5,
0 =0.5 29 =1, and ¥y = 0.5.

Table [4.5] shows the relative error and run time of the primal and dual DC2BSDE algorithms
when we use a range of terminal times 7" and numbers of time steps N. We contrast this to
the results of [Ma et al.| (2020)), in which, with 7"= 1.0 and N = 100, upper and lower bounds
for the value were found with relative errors of 0.003% in 2240 seconds and 27600 seconds
respectively, albeit for slightly different parameter choices. The upper bound was found faster
using a convenient guess of the form the dual control . We are not using 100 time steps for
our algorithms due to computer memory constraints. In fact, the 50 time step algorithm is
also slower than expected due to a memory bottleneck. For 7' = 0.2 the solution is 2.03289,
for T" = 0.5 it is 2.07559 and when 7" = 1.0 the solution is 2.13420. The run time for the
T = 0.5 and T" = 1.0 algorithms is higher than for 7" = 0.2 since twice the iteration steps were
taken, 10000 compared to 5000 for 7" = 0.2. While the errors for the primal algorithm reduce
as N increases, the value does not lie within the duality gap for some terminal times. This
may be down to a discretisation error, and would be fixed by taking more time steps. We see
convergence of the approximations to the true value as N increases and this convergence seems

to be linear, as we saw in Example 4.1.1

Now, let us treat > as some generic random process, meaning that we can only sample ¥, and
not the underlying Brownian motion W*. We cannot directly apply Theorem as X is
not measurable with respect to the filtration generated by W*. To circumvent this problem,
we adopt a market completion method (c.f. [Karatzas and Shreve| (1998)) for example) by first
constructing an artificial stock driven by W*, adding it to our market, and then making it

unavailable for trading. To be specific, we define a new asset price S* by
dS; = S7 (rdt +dW;”),  0<t<T,

which ensures that > is adapted to the natural filtration of the Brownian motions driving
the market. For simplicity we assume that m = 1, but this analysis extends naturally to
multiple dimensions. We invest in this market with a 2-dimensional portfolio, restricted to the
set K x {0}, ensuring that our wealth process X7 is still defined as in ({2.8)), controlled by a
1-dimensional K-valued process w. Now the dual state process is controlled by z and a
2-dimensional dynamic control denoted by (7,7) valued in K x R, the polar cone of K x {0}.
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T | N || Primal Value | Rel-Err (%) | Time (s) || Dual Value | Rel-Err (%) | Time (s)
021 5 2.03310 1.01654E-02 83 2.03378 4.35850E-02 98
0.2 10 2.03301 5.74161E-03 206 2.03344 2.66047E-02 239
0.2 | 20 2.03296 3.27670E-03 591 2.03314 1.23181E-02 604
0.2 | 50 2.03289 2.81206E-04 2849 2.03295 2.89678E-03 2622
051 5 2.07616 2.75979E-02 152 2.07969 1.97584E-01 183
0.5 10 2.07582 1.14780E-02 362 2.07747 9.08529E-02 411
0.5 | 20 2.07572 6.36082E-03 927 2.07670 5.38088E-02 1030
0.5 | 50 2.07562 1.55757E-03 5070 2.07600 1.98421E-02 4181
1.0| 5 2.13328 4.32410E-02 154 2.14847 6.68466E-01 170
1.0 | 10 2.13377 1.99985E-02 362 2.14264 3.95457E-01 400
1.0 | 20 2.13399 9.92254E-03 918 2.13715 1.38171E-01 981
1.0 | 50 2.13403 7.97535E-03 4230 2.13548 6.01058E-02 4395

Table 4.5: Accuracy and runtime for the deep controlled 2BSDE method for various terminal
times 1" and numbers of time steps N applied to the unconstrained power utility problem in a
stochastic volatility model.

We would like to show that we can take v = 0, as this would return the dual problem to
the 1-dimensional control case independent of W*. We want this as we cannot ‘see’” W*, and
can only sample ¥ directly at any time. To this end, let <§75”7~“”’, Zi”ﬁ”> be the dual adjoint
(21,2?) for 2', 22 € H*(R).
2.3.3[ (2) we have (ﬁi’ﬁ”) - 22 =0 for all t € [0,T], hence z*> = 0. However, this means that

solutions. Fix a time ¢ € [0,7] and let Z%%7 = By Theorem

condition (3) becomes

ViR () + () S7'%, =0,  0<t<T,
which is independent of v, leading to a free control. We therefore can take v = 0, removing
the dependence of the dual state process on W*. Note that this choice of control may not be

optimal, and the decision to remove dependence on W* may lead to a non-zero duality gap.

Table shows the accuracy and runtime of the deep SMP method with a range of terminal
times and step sizes, when we run it on the same problem formulation as above. We note that
the upper bounds are an order of magnitude less accurate the lower bounds for this problem.

This indicates that the implied primal process approximations are more accurate than the dual
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approximations in this algorithm. Comparing these results to Table the SMP method gives
roughly the same accuracy of bounds as the dual deep controlled 2BSDE method, but with a

lower computation time. In particular, the algorithm here only needed 5000 iterations steps,

compared to 10000 for both the 2BSDE algorithms.

T | N Viow Rel-Diff (%) Uhigh | Rel-Diff (%) | Time (s)
0.2 | 5 | 2.03271 | 9.17595E-03 || 2.03348 | 2.90360E-02 103
0.2 | 10 || 2.03280 | 4.40981E-03 || 2.03323 | 1.64607E-02 273
0.2 | 20 || 2.03284 | 2.60193E-03 || 2.03305 | 7.49044E-03 781
0.2 | 50 || 2.03289 | 5.76610E-05 || 2.03295 | 2.54626E-03 4788
0.5 | 5 | 2.07512 | 2.25897E-02 || 2.07974 | 2.00124E-01 102
0.5 | 10 || 2.07538 | 9.97694E-03 || 2.07738 | 8.63624E-02 301
0.5 | 20 || 2.07563 | 2.04008E-03 || 2.07656 | 4.67255E-02 778
0.5 | 50 || 2.07556 | 1.16593E-03 || 2.07595 | 1.74975E-02 3818
1.0 | 5 || 2.13025 | 1.84896E-01 | 2.14786 | 6.40234E-01 104
1.0 | 10 || 2.13232 | 8.78697E-02 | 2.13995 | 2.69313E-01 263
1.0 | 20 || 2.13489 | 3.25920E-02 | 2.13750 | 1.54844E-01 761
1.0 | 50 || 2.13440 | 9.35931E-03 || 2.13551 | 6.11910E-02 4604

Table 4.6: Accuracy and runtime for the deep SMP method for various terminal times 7" and
numbers of time steps N applied to the unconstrained power utility problem in a stochastic
volatility model.

Example 4.1.6 (Heston with non-HARA utility). We now look at a higher dimensional exam-
ple with no explicit solution. Consider the same stochastic volatility market, but with multiple
stocks. For simplicity we assume all stocks are independent with the same parameters, but
this is not a necessary restriction. We let U have the form . For this model we do not
have a convenient ansatz for v to obtain a solution, so we simply compare our algorithms.
Additionally, we increase the dimensionality of the problem and allow ¥ to be a R™*™ valued

matrix.

For this example let us take T"= 0.2, N = 20, and m = 10. We then have n = 11, and d = 20
in (3.12). For the 2BSDE algorithms, the combined dimensions of the unknown processes are
131 for the primal and 141 for the dual. We consider the unconstrained problem, so we can set

n = 0. For the SMP algorithm we only need to find processes in 20 dimensions. We run the
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algorithm for 10000 steps. Table shows the results of this. We give the value approximation
for the 2BSDE algorithms, and the average of the upper and lower bound for the SMP. We
also provide the runtime to show the efficiency of the algorithms as a whole, but the individual
differences should be taken with a pinch of salt due to implementation differences. There are
a number of factors that affect the algorithm run times. For example, we see that the dual
algorithm takes twice as long as the primal, but we did not simplify the algorithm to reflect
the constraints of the problem. Making this change would have reduced the run time. The run
time has increased from the previous low dimensional example, but sub-linearly. The relative

difference between approximations has increased to about 1%.

Method || Value | Time (s)

Primal || 2.61059 2316
Dual 2.63758 5636
SMP 2.62514 1840

Table 4.7: Value approximations for the DC2BSDE and DCSMP algorithms applied to the
unconstrained non-HARA utility problem in a stochastic volatility model.

Example 4.1.7 (Power Utility in a Path Dependent Volatility Model). In this example not
only is the control problem non-Markovian, but it cannot be made Markovian by including
additional information in our state space. This means that we cannot apply our DC2BSDE

method.

This example is motivated by the concept that the volatility of a stock should be dependent
on its value. If the stock is doing well the volatility is assumed to be lower. This may be due
to infrequent trading of the stock, or the stability of the large company to which the stock
is assigned. We consider an extreme example, where there are two levels of volatility. The
normal higher level is maintain until the stock reaches its historical maximum, in which case it

instantly transitions to the lower volatility.

Consider the market (2.7)), where the process ¥ is a function of the stock history. For each
t €[0,7T], let ¥; be a diagonal matrix, with ith diagonal entry Zf) defined as
Z:higha St(Z) < SUPg<¢ S§2)7

E10W7 StFZ) - Supsﬁt SéZ)a

n =
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where Yoy < Xpigh are constants and S is the ith stock price at time s € [0, 7. In this model,
the volatility of a stock is inversely proportional to the ratio of its value and the running
maximum. This makes the diffusion coefficient of the wealth process X a function of the
entire path of S, instead of just at one time. This path dependence ensures that the utility
maximisation problem is truly non-Markovian, in the sense that it cannot be made Markovian
by the introduction of a new variable. We do not need to apply an artificial stock market
argument here, as the volatility is a measurable function of the adapted stock market process

up to time ¢, hence is progressively measurable.

For our application, we consider a 2-dimensional stock market with cone constraint K = R2.
We take Yo, = 0.2 and Xy = 0.3. We then take r, = 0.05, p; = 0.061y for ¢t € [0,7]
and p = 0.5. Table shows the duality gap when this algorithm is run for varying terminal
times and numbers of time steps. We run the algorithms for 10000 iteration steps. The ‘Diff’
and ‘Rel-Diff” columns show the absolute and relative distances between the upper and lower
approximations respectively. We see in all cases that the duality gap reduces as the number
of time steps increases. We do not have a benchmark to compare these results to, as the path

dependence and incompleteness of the problem make it very difficult to solve analytically.

4.2 Investment-Consumption with Randomly Terminat-

ing Income

We now provide numerical results for the example given in section

4.2.1 Finding the true state process

The DC2BSDE algorithm gives us the value function in terms of paths of X™ ¢ the state
process with perpetual income. However, we wish to find the optimal state process X™ " with
random income termination. We can do this using the information we have obtained from the
algorithm and the no income solutions. We cannot directly compute v (t, X7 C) for t € [0,7],
as we do not have a functional representation of v. However, we do have 92 v (t, X/ C) as

the output of our neural network, so if we have the optimal state and control processes, we
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T | N Viow Uhigh Diff Rel-Diff (%)
0.2 | 5 || 2.01057 | 2.01066 || 8.99222E-05 | 4.47246E-03
0.2 | 10 || 2.01054 | 2.01063 || 8.55058E-05 | 4.25287E-03
0.2 | 20 || 2.01057 | 2.01063 || 6.00701E-05 | 2.98772E-03
0.2 | 50 || 2.01061 | 2.01062 || 1.30984E-05 | 6.51462E-04
0.5 | 5 || 2.02652 | 2.02682 || 3.03732E-04 | 1.49879E-02
0.5 | 10 || 2.02654 | 2.02676 || 2.11323E-04 | 1.04278E-02
0.5 | 20 || 2.02648 | 2.02665 || 1.73093E-04 | 8.54166E-03
0.5 | 50 || 2.02637 | 2.02650 || 1.31536E-04 | 6.49120E-03
1.0 | 5 | 2.05333 | 2.05421 || 8.87694E-04 | 4.32320E-02
1.0 | 10 || 2.05337 | 2.05397 || 5.93055E-04 | 2.88821E-02
1.0 | 20 || 2.05327 | 2.05368 || 4.16821E-04 | 2.03005E-02
1.0 | 50 || 2.05307 | 2.05339 || 3.20542E-04 | 1.56128E-02

Table 4.8: Duality gap for the deep SMP method for various terminal timed 7" and numbers
of time steps N applied to the cone-constrained power utility problem with path dependent
volatility.

can plug these into our 2BSDE with X™ "¢ replaced by X™ ". Furthermore we note that, for
te0,7],

c* <t,Xf*’C*> — 7 (@v (t, er*,c*»

I <8xv (t, Xf»“)) (Toos + Locy)

= 1 (000 (6,577 ) L+ 1 (020 (1, X7) ) Loy

The first term is an output of our DC2BSDE algorithm, and the second can be computed
analytically (where we assume that 7 is independent of W). We have a similar result for 7*.
We can therefore simulate the value process and optimal state and control processes as follows.
Until the random time 7, we simulate the paths of X™ ¢ as we did for X™ ¢, and the same
for the value processes. Then, once the income terminates, we update the processes using the
optimal no-income controls. We can still use the neural network forming I'™ **"* to update, we
just apply them at X™ ¢ instead of X7 "¢ Using this network assures us that the terminal
condition holds up to some small approximation error. To be specific, we use the following

scheme. The input is the parameters vy, 2o, A;, ; from the (primal or dual) DC2BSDE method.
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Set XO = Xy, ‘/b = 19, YE) = 20, (7T(),C()) :N90 (I’O) Let 7 ~ EXP (7’]) Then for : = O, ..N—1:

Fi = N)\i (Xl) )
X1 = Xi+ [X; (re, + 71 (e, —10)) — ¢ + ag, | b+ Xy S, AW,
Vigr = Vi + [aVi = U ()] h + YV Xm0, AW,

Yign =Yi+ [oY; = (Vi (re, + m (p; — ry)) + FiXi‘EZWiP)} h+ DXy 3, AW,

No, o (Xig1) liv1 <T,
(Tig1, Cig1) =

-%; 1, < OovoltitiXit1)  f (Ozvo (ti+1,Xi+1))> otherwise,

02,v0(tit1,Xi41)Xig1’

where AW; is a multivariate normal Ny (0, (t;41 — ;) 14) random variable. For the dual problem,

we can use a similar method, where we use the dual-primal relations, for ¢ € [0, 77,

FW*7C* . 1
t T pEaa
t
f\j*:ﬁ'*y')’*X'f*,ﬁ'*y’Y*
* 2—19 t t
ﬂ-t — T 4t t A = 'Y* 9
}/; ; )

¢ =1(-X77),
where <X AT YERAT fzﬂw) are the dual 2BSDE processes arising from the dual prob-
lem (2.45) for optimal dual controls (*,7*,~v*). Again, these controls are used before the

income terminates, and then we use the analytical no income controls.

4.2.2 Numerical Examples
4.2.2.1 Power Utility

We take m = 1, K = R and let r, o, A\ be constants. Consider the power utility case U; (z) =
U(x) = aP/p, p < 1, p # 0. Furthermore, suppose that n = 0, meaning that the income is
either non-terminating or zero. Then we can solve the HJB equation exactly using a suitable
ansatz for the value function. To this end, suppose that v has the form

v(t,x) = (x4 h(t)a)’ &, (t,z) € [0,T] x (0,00)

p
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for some functions f and h to be determined. We can then write the optimal Markovian using

(2.37)) controls as

Az +h(t)a) 1

" (a,t) = i (=p) ¢ (z,t) = (x+h(t)a) f ).

Substituting these into the HJB equation (1.7), dividing by (z + h () a)’~" # 0 and multiplying
by p, we have , for (t,z) € [0,T] x (0, 00),

0= o+ 10)a) (/0= 07 (0 + L7 (0" 407 ()= 507 ) +anf () (0 ()= v (1) + 1),
where ¢ = p%l. Since this holds for all x, we must have

JI(&) = 8f () + 2 (0)" +prf (t) = 53%af (1) =0
f@OWE)—rh(t)+1)=0

(4.20)

with terminal conditions f (7)) = 1 and h(T) = 0. To solve the first equation in (4.20)), let
f(t) =g ()", then g satisfies a linear ODE

where

1
k:(l—q)5+qr+§)\2(1—q)q.

The solution of this ODE is

1 1
g(t) = (1 — E) e RT=Y) + 0<t<T,

if k # 0and g (t) = T —t+1 otherwise. In particular, g (¢) > 0 for all £, so f is strictly positive,
we can cancel it in the second equation of (4.20)) to get an equation for h only. The solution is
(we assume 7 > 0)

h(t)=-(1—eT 1), 0<t<T.

S| =
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This gives the value function as

v(t,x :1 P (e L (1T x x (0, 00
(t,) = 2C/(T ~1) (+r(1 )), (t,2) € [0,T] x (0, 00).

where C (t) = (1 — 1) e *+ 1. Note that the value function for a lifetime optimal consumption
problem can be derived by letting T" tend to infinite, provided £ > 0 or equivalently § >

rp — %)\Qq. We may find the primal and dual no-income value functions vy and vy as

1
v (t,x) = ]—?xpC' (T —t)'7,

B0 (£,) = sup {vo (t,2) — 2y} = —~F9C (T — 1),
x q

for (t,z,7) € [0,T] x (0,00)%. Note that the value function for the perpetual optimal consump-
tion problem can be derived by letting T — oo, provided k > 0 or equivalently ¢ > %q)@ —rp.

We use these functions to build the true optimal control processes.

We first provide a table of value approximations of the primal and dual algorithms. When
available, we compare these to analytical solutions. We also consider the duality gap relative
to the primal approximation. For this application we take the values 6 = 0.1, » = 0.05, 0 =
0.2, A =0.05, p=0.5 and T = 1.0. Tables and show the approximations for varying
a, 1 and number of time steps V. The closed-form solution is 2.80532 when a = 0.1 and n = 0,
and 2.67777 when a = 0. For all cases we see a decrease in the duality gap that is linear with
the increasing number of time steps, however in some instances the dual value approximation is
below the solution. It is also notable that the introduction of a positive 17 improves the accuracy
of the algorithm. This may be due to the extra penalty terms in the Hamiltonian and process

dynamics, which help the training of the neural networks.

N || Primal Value | rel-err (%) || Dual Value | rel-err (%) || duality gap (%)

3 2.66833 3.52523E-01 2.67541 8.80398E-02 2.65419E-01
10 2.67262 1.92247E-01 2.67657 4.47551E-02 1.47776E-01
20 2.67475 1.12496E-01 2.67716 2.26510E-02 8.99458E-02
20 2.67636 5.23836E-02 2.67754 8.48612E-03 4.39205E-02

Table 4.9: Results for a = 0,7 = 0 for power utility.

Figure shows how the value approximation behaves between these corner cases. Graph (a)
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N || Primal Value | rel-err (%) || Dual Value | rel-err (%) || duality gap (%)
5 2.67389 1.44731E-01 2.67728 1.82146E-02 1.26700E-01
10 2.67575 7.53019E-02 2.67735 1.56624E-02 5.96844E-02
20 2.67659 4.37925E-02 2.67755 8.27258E-03 3.55354E-02
50 2.67725 1.91742E-02 2.67768 3.26298E-03 1.59143E-02

Table 4.10: Results for a = 0,7 = 2 for power utility.
N || Primal Value | rel-err (%) || Dual Value | rel-err (%) || duality gap (%)
5 2.79487 3.72507E-01 2.80100 1.53993E-01 2.19431E-01
10 2.79962 2.03185E-01 2.80312 7.84224E-02 1.24986E-01
20 2.80202 1.17634E-01 2.80420 3.99241E-02 7.78521E-02
50 2.80371 5.76122E-02 2.80501 1.11405E-02 4.64984E-02

Table 4.11: Results for a = 0.1, = 0 for power utility.

shows the relation of the termination frequency 7 to the income a. We see that the value is

more sensitive to changes in the income size than the termination frequency. Graph (b) shows

the value approximation as the terminal time increases for different termination frequencies.
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Figure 4.7: Sensitivity of initial value for power utility.

Figure shows a sample path of the state, control, value and value derivative processes when

there is an income of a = 1.0 that terminates with intensity n = 2. This is the most general

case and as such there are no solution paths.

The control choice changes from the neural
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N || Primal Value || Dual Value || duality gap (%)
5} 2.72674 2.72798 4.62485E-02
10 2.72996 2.73066 2.25402E-02
20 2.73167 2.73215 1.51645E-02
50 2.73284 2.73305 7.74071E-03

Table 4.12: Results for a = 0.1,n = 2 for power utility.

network control to the analytical control at the time indicated by the vertical dotted line.

For comparison, we add the paths when there is income, and where there is no income. The

state paths are the closed form solution paths, and the control paths are the solution functions

applied to the random income state path, so we can compare the functions directly.

_____

T t T T
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Time (t)

(a) Simulation of the process X.
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(b) Simulation of the control. Upper is ¢, lower is

.

Figure 4.8: A sample path of random income state and control processes, T = 0.5, N = 20
with n = 2, a = 1.0 for power utility. The sample termination time is indicated by the vertical
dotted line.

Considering Figure (b), we see a jump in the control at the termination time, to a more

conservative one where we do not invest as much and hold on to more wealth, rather than

consuming it. The result of this choice is that the wealth process increases compared to the

perpetual wealth, as per graph (a), to perhaps compensate for the income we are no longer

receiving.

Comparing the control to the benchmark cases, we see that the initial consumption and invest-

ment are lower than the perpetual benchmark control but, while the income has not terminated,
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gradually get closer. This makes sense intuitively, as both the probability of losing the income

and potential income lost reduce as time goes on.

An interesting property of this problem is that even if one starts with zero initial wealth, the
income allows us to generate wealth, and as such the agent’s value will not be zero. In Figure
we look at the limit of the initial investment and consumption strategy, value, and derivative
of the value as the initial wealth zy goes to zero. Due to instability issues (and the benchmark
investment going to infinity), we cannot simply plug in zero into our algorithms, so we consider
sufficiently small values of x( instead. We compare the initial terms for various valued of 7,
while fixing a = 0.5. The lines corresponding to n = 0 and oo are calculated using the closed
form solutions evaluated at time zero. The two intermediate cases are found using our primal
DC2BSDE algorithm. We see that the physical amount consumed or invested decreased linearly
with the initial wealth, but is higher for smaller values of 7, which corresponds to expecting to
receive income for longer. The value has a roughly square root relationship with initial wealth,
the same as the utility. The derivative process increases drastically at zero as n decreases,
indicating the stark difference between some initial wealth and no wealth when the income

terminates rapidly.

4.3 LQ Problem

In this section we provide numerics for the LQ problem ((3.1)).

4.3.1 Unconstrained

With the unconstrained problem, we know the controls are linear, so given some initialised
a® e C([0, T);R™ ") and 8° € C°([0,T];R™) we can implement (3.59) to get successive

controls ¢*, k € Nj.
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Figure 4.9: Initial control strategies and value for different initial wealths for power utility.

4.3.1.1 Implementation and an Example

Recalling (3.59)), we are implementing the following update formula for k € Ny, t € [0, T]

o™ =af —7(B]aj + D] aj (Cy + Dyaf) + R + 5y)

=B =7 (BIb + (Dot Dy + R) By
where a”, b* solve the ODE in s € [0, 7]

af +a¥ (A, + Bya¥) + Ala" + O d¥ (O5 + Dyo¥) + (Q, + ST ak) =0, o)
b+ ATVE + (a*B, + CTab D, + ST) B = 0. '



152 Chapter 4. Numerical Examples

In the implementation, we solve these ODEs using an ODE solver in Python. It may be faster

to implement the update formulas (3.60) using a finite sum approximation
M .
(1= L)'~ 3L,
5=0
M
-1 ;
(1—La) ' =) I,
5=0

for all k£ € Ny, for some sufficiently large M € N. Due to the complexity of the integral operators
we chose not to do this. We discretise the time space [0, T] into a partition (t;)~, for some
N € N and output the optimal control evaluated at these time points. In our implementation
we will take ¢; = @% For the ODE solver, we need a function, not just discrete points, so we

use a piecewise constant approximation of a* and g*.

The algorithm will perform this update until a convergence criterion is reached. This is either
a maximum number of iterations, or if the algorithm does not improve enough over a single
iteration. In this case, as we have a benchmark solution, we can compare the error directly,
and deem the algorithm to converge if the relative error difference

o &l ~ [la* ~ 4
[o.9)

=1 k eN,

la*=t —all,
is sufficiently small.

An implementation of this algorithm in Python can be found at https://github.com/Ashley-Davey/

PGM-for-LQ-Problem


https://github.com/Ashley-Davey/PGM-for-LQ-Problem
https://github.com/Ashley-Davey/PGM-for-LQ-Problem
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Algorithm 6: Unconstrained Policy Gradient Method for LQ Problem
Result: Optimal control and value function

fori=0,1,2,...,N —1do
Initialise af ~ Unif ([-0.1,0.1]™*") and SY ~ Unif ([-0.1,0.1]™);
Set k = 0;

end
while o, % not converged do

Solve ODEs (4.21)) to output af = afi and bf = bfi fort=0,1,2,...,N — 1;

Generate of, B using (3.59) with ¢t =¢; fori =0,1,2,..., N — 1,

Set k =k +1;
end
Output control x — afz + BF for i = 0,1,2,..., N — 1, and value function

x>z akxe + 2T

For our implementation of the unconstrained problem we choose coefficients dependent on the
state dimension. We set each of A, B,C,D,Q,S to be a constant random matrix (with @
symmetric), then scale by n= . This scaling factor is used to ensure that the set of coefficients
satisfies the assumptions of our convergence analysis for each n, and was chosen by inspection.
Informally speaking, this scaling outweighs the increase in size of the matrices when the di-
mension increases, leading to smaller values of the drift and diffusion of X, along with ) and
S, and hence reducing the value function. We set G to be a random symmetric matrix, and
take R as the identity matrix, multiplied by some r € N. Note that in the case of random

coefficients, the matrices

Qs S)
S, R,

0<s<T

Y — —

may not be positive definite. Indeed, one can simply test if the eigenvalues of this symmetric
matrix are positive, and more often than not this is not the case. However, there does not seem
to be any impact on the solvablilty of the problem, or convergence of the PPGM algorithm.
We set T' = 1.0 throughout. The learning rate is chosen to be

2 ~
T:0.9min( iRl ),

pt IRl 200l Rl

in line with Assumption [I}



154 Chapter 4. Numerical Examples

Example 4.3.1. Let us first consider one problem with n = m = 10. For these coefficients, we
can calculate ¢ = 0.79. We test if this convergence rate is matched by the algorithm. We run

the algorithm for 80 epochs, with a total runtime of 7 seconds.

—— error — error
0.79 decay 0.79 decay
S e S D s 0.75 decay

=
o =
| o
N} °
L

Relative Control Error
= =
T 2
(;\ B

Relative Control Error

0 -
0 10 20 30 40 50 60 70 80
Epoch (k)

._|
15}
&

0 10 20 30 40 50 60 70 80
Epoch (k)

(a) Relative control error. (b) Relative control error (log scaled)

Figure 4.10: Relative control error of the unconstrained PGM method applied to the LQ
problem, compared to approximated and theoretical convergence rates.

Figure numerically verifies the first statement of Theorem [3.5.10] We plot the relative

control error, given at epoch k € Ny by

max (o = e, 18" 1)

&l

and compare it to the theoretical error rate ¢* (multiplied by the initial error). The first graph
clearly shows the error going to 0. The second graph is log-scaled so we can see the decay more

closely.

We see that the error rate (the blue line) is lower than the theoretical rate (the orange dotted
line), as per Theorem [3.5.10(i). To see the tightness of our theoretical bound on the convergence
rate, we log-scale the error. From here, we can perform linear regression on the results (up to
the point where the error flattens out, at just over 70 epochs) to obtain a decay coefficient of
0.75 for our algorithm, given by the green dotted line. The error flattening out indicated that

the algorithm cannot produce more accuracy beyond standard numerical errors.

Figure shows the error of the value function approximation. We see that the error is also

k

exponentially decaying, as it was for the control. The value matrix process a” is compared to

the solution, denoted here as a*, of the Ricatti equation (3.99). We see that the log scaled
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Figure 4.11: Value function approximation, in terms of initial value and error of the process a*

in L.

error flattens out faster than it did for the control error, suggesting that the value function
reached the terminal accuracy while the control process was still somewhat inaccurate. The
solution benchmark can be calculated as 7.41231 via solving the Ricatti equations, and the

value approximation in very accurate, with a final relative accuracy of 1075,

k converges to a symmetric

Furthermore, the convergence in £ tells us that the sequence a
matrix. However, for any particular & € Ny, a* may be a non symmetric matrix, as it is defined

via a non-symmetric ODE (4.21)).

4.3.1.2 Dimensionality

Example 4.3.2. We now consider changes in the dimensions n and m of the problem. As the
underlying coefficients depend on n ( in order to ensure the assumptions of the convergence
results hold) the accuracy of the algorithm artificially increases as n increases. We therefore
only consider the effect on the runtime. Figure shows the effect of the runtime on the
dimension when we set n = m to range between 1 and 40. We log scale the results to see that
the runtime is not quite exponential in terms of dimension, but is still super-linear. This is

possibly due to the solving method for the underlying ODEs.
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Figure 4.12: Run time in seconds against dimension n = m.

4.3.1.3 Assumptions

We establish the details of Remark To this end, let all coefficients other than R be fixed

and define

Rt = T]lm,ma 0<t< T>

for some r > 0. In this instance we have u = r and ||R|| = rv/m. Let K denote some

constant independent of r, whose precise definition may change from line to line. We can write

the previously defined constants as follows (excluding those independent of r, or not used in

the assumptions). Without loss of generality, we assume ¢° = 0.

co = Kr,

K
07:1+_7
T

CgZK(l—l—e%),
co =K1+ C,(ca)),
_Keg

CO( Y
T

K v
Ca (¢o) — Ke>e' <1+6 )

r
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The assumptions are then as follows (note that once r > 0 is chosen, 7 can be chosen to satisfy

Assumption [I)).

Ke < ¢,

Kerze < ¢,

K (cg+ Cy (ca)) < co,

K (e" (14 C, (ca)) (1 +¢a)) < co.

Taking the limit as r tends to infinity we see

cr — 1,
cs — K,
o — K,
Ca(ca) = K,

C9—>K.

Therefore the left hand sides are bounded, and we may take r sufficiently large such that ¢ is

larger than this bound.

Example 4.3.3. We fix n = m = 5 and consider the problem varying only the value of r. For
this problem there exist 71 > 9 > 0 such that in the region [r;, c0) all assumptions are satisfied,
in the region [rq,79) at least one of the assumptions are not satisfied, typically one of . In
the region [0,75) we have ¢ > 1, so we do not have any theoretical guarantees of convergence.
We numerically determine 7; = 0.61 and r, = 0.16. Figure[4.13](a) shows the final control error
of the algorithm for different values of r. We see in all cases the error is very small (note the
le-6 scaling of the y axis). However, we also see a pattern of the error increasing between the
dotted line, which are placed at r; and ry. In the right-most region where all assumptions are
satisfied, the graph is flat, in the middle region the error is decreasing in r, and in the left-most
region the error increases dramatically. We take r as small as possible without incurring any

errors in the underlying code, in this case r = 0.05.

Example 4.3.4. We now consider a case with r arbitrarily small. We cannot take r = 0 as
the PPGM method becomes chaotic. We take n = m = 1, and take r very small. The results
are given in Figure m (b). We see that for r smaller than some critical value ry;,, that the
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algorithm does not accurately return the value at time 0, and appears to be chaotic. For this

particular example, it appears that the critical value is r,;, = 0.000033.
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(a) Control error vs r. (b) Value error vs r (log scaled).

Figure 4.13: Control error vs r for large values of r with m = 5, and values error against r for
small values of » with m = 1.

4.3.2 Constrained
4.3.2.1 Equivalence of PGM and DCBSDE

We consider the numerical application of the PPGM scheme. We cannot directly implement
the method, so we instead use approximating functions at each stage. Consider first the un-

constrained scheme, for k € Ny and (¢,z) € [0,T] x R",
x k x k
£ (@) = of (o) = 7 (BT + DI 207 + Rugf (2) + S (4.22)

where for given ¢ € V the processes (X'#? Yt 7ztwd) e S (¢, T;R") x §*(t,T;R") x
H2 (t, T;R™) are determined by the following FBSDE, for s € [t, T

dXD"0 = (A X5 + Bygs (X0"?)) ds + (CsX0™? + Dys (X1™9)) dW,
X" =,
. (4.23)
AY[o? = — (AYEm0 + O Z07% + S ¢ (X0™9) + Qs XE"?) ds + (Z05%) " dW,

t7x7¢_ t7‘r7¢
YE? = GXEO.
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We may not be able to exactly solve this FBSDE, so we do so numerically. One way to do it
is via machine learning. We can use the Deep BSDE algorithm Han et al.| (2018) to determine

pathwise solutions

(X7,Y7, 7)) i=1,...,N,j=1,...B.
for some discretisation size N and batch size B. We can then find, for ¢ = 1,..., N and
j=1,...,B,

o= (X)) =7 (BIY? + D[ Z! + Ry, (X7) + S, X7) (4.24)

however this does not give us a function to use in the next stage. We therefore need to use find

- .. \B
a functional approximation of ¢;,1 given input-output data (Xf , & +1> for each 7. We again
j=1

use ML for this, setting, for x € R"

i () = Ny (),
éi (l‘) :N§ (l‘,),

for some parameter sets 6, 6. We have the loss function

Y

B
. 2
L£(0) =" [N (X7) = L
j=1
and then perform the gradient descent

0 =0 — pdyL (0)
=0 ZpZ (39/\/9 (Xz])) <~M9 (Xz'jv) - ~g+1>
J
=6-2p 3 (00Ny (X1.)) Ny (X7) = 6 (X7) 4+ 7 (BY! + DL 2]+ Bus (x]) + 5,x7)
J
=0 2rp Y (3Ni (X1.)) (BIY/ + D] Z + Ry (XJ) + 5, X7)
J
=0 (O0No (X)) O (1. X0 NG (XT.) Y. 2Z])

J
:G—MZ%H(E,X?,N@ (Xg,),yij,zg),
J

This is exactly the update in the DC2BSDE.



160 Chapter 4. Numerical Examples

In the constrained case we do not apply the proximal function at each stage. Instead we imple-
ment soft-constraints: we add an additional function to the loss function that is proportional

to the distance of the control from the constraint space. To be specific, we perform the update
0:=0—pY 09 [H (t:, X] Ny (X],), Y7, Z]) +dist (N (X7,),U)] .
J

This update does not guarantee that at any stage our control satisfies the control constraints,

but in the limit we should have a control within the constraint space.

We run the algorithm with a certain learning rate p until a convergence criterion is met, either a
maximum number of iterations, or if the BSDE and control losses are (on average) not changing
with iteration step. In practise we take a linear regression of the last 50 iteration steps for both

losses, and check if the linear coefficients are sufficiently small.

Example 4.3.5. Let us consider the cone constraint U = [0,00)™. We choose our coefficients
to have time dependence in this example, so there are periods where the optimal control is in

the interior of the space and others where it is on the boundary. We set, for t € [0, T,

A, = Asin (2t)

B, = Bcos (2nt),

Cy = C cos (2nt)
)

D, = Dsin (2nt),

for some arbitrary matrices fl, B , C, D in the appropriate dimensions, scaled by n=3/2. We take
@, S to be constant matrices, scaled by n=%/2, with @ symmetric, G as a symmetric matrix
and R to be a constant identity matrix multiplied by some constant » > 0. Given this cone

constraint, we use benchmark solutions given by solving the Ricatti equations derived in Wu

et al.| (2020). To agree with these equations, we take n = 1. Figures |4.14} 4.15| and [4.16| show

the results. We take N =50, T'= 1.0 and m = 1. We use the learning rate p = 0.01.

Figure m shows the evolution of the relative error of the value approximation and (derivative
of) the control loss over the algorithm. We see that there is more variation in the error here
than in the ODE based PGM for the unconstrained case, due to the stochastic gradient descent

adding extra volatility to the approximates. We see the derivative of the control loss goes to
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zero as expected for a machine learning, and the relative error becomes small.

Figure [4.15| shows the accuracy of the state and control process approximations. We see that
our approximations of the state and control process closely match the benchmark solutions.
As previously mentioned, the control process moves out of the constraint space, but only by a
small amount. Once we have the output control process, we can project this onto the constraint

space to fix this issue.

Figure [4.16] shows the accuracy of the approximation of the value and adjoint processes V*
and Y* respectively, suggesting good approximation capabilities of the algorithm for the value

function and its derivative.
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10° 4 —— Primal
-2
10 10-14
8
o 2 10725
g 10 3
B e,
3 *g' 1073
o
107+ 10-4
10-°
108 T T T T T T T T
0 100 200 300 400 500 600 700 800

Iteration Step 0 100 200 300 400 500 600 700 800
Iteration Step

(a) Relative error of value against iteration step

(log scaled) (b) Control loss against iteration step (log scaled).

Figure 4.14: Relative Error and control loss function against iteration step for the cone con-
strained LQ problem.
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Figure 4.15: 3 Simulations of the state and control process for the cone constrained L(Q) problem.
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Figure 4.16: 3 Simulations of the value and adjoint processes for the cone constrained LQ
problem.

4.3.2.2 Dimensionality

Example 4.3.6. We again consider the effect of on the runtime of the algorithm. In this
instance, we will only increase m. Unlike the previous, we do not get an artificial increase in
the accuracy of the algorithm, as the coefficients do not scale with m, the scaling only depends
on n which is set to 1. We set N = 10 and T"= 1. To reduce the impact of dimension on the
optimal control and solution, we take all coefficients (other than R) to be constants, with 0.1 in
each element. In this case, the optimal control is identically equal to 0, and the optimal state
process is independent of m. It is therefore clearer to see the impact of dimension on the error
of the algorithm. We use a piecewise constant learning rate, starting at ;4 = 0.1 and reducing

to 0.01 halfway through the (maximum) 3000 iteration steps.

Figure 4.17|shows the results. We see an increase in runtime and relative error with dimension,
as is to be expected. Due to the stochastic nature of the algorithm, it is not clear to see the
exact relationship between the two. Due to the additional complexity of the algorithm, the

runtime is a factor of ten higher than the unconstrained algorithm.

4.3.2.3 Neural Network Approximation Capabilities

Finally, we consider the m = n = 1 unconstrained case and look at the control process at a
specific time point. We take N = 50 and consider the penultimate time point ty_; = 0.98. To

capture a wider control space, we run the algorithm at two start points, xo = 1 and zy = 2.
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Figure 4.17: Runtime and accuracy against control dimension for the cone constrained LQ
problem.

Figure shows the results. The back ground dotted lines indicate the density of X, ,, and
a large value would indicate a high amount of X data is used in training, so the accuracy of
the control function should be high. We indeed see that in the regions that the density is high,
the control approximations in blue and orange for xg = 1 and xq = 2 respectively are accurate,
but move away from the solution (red) at points with low densities. Note that the state space

does not pass x = 0 as the optimal state process is a geometric Brownian motion.
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Chapter 5

Conclusions

In this thesis we developed methods for solving stochastic control problems using techniques
from machine learning, stochastic analysis and duality theory. Our novel approach involves
solving optimality conditions to find the optimal control, using BSDE solutions of the adjoint

equation, and the BSDE representation of the HJB equation.

To study convergence of this algorithm, we convert our so-called DC2BSDE algorithm into a
theoretical PPGM algorithm. The existing literature for convergence of this kind of algorithm
does not cover our case, as there is control in the diffusion of the state. For the linear quadratic
problem, we establish sufficient conditions under which the control induced by the PPGM

converges linearly to the optimal control.

This thesis is contained with a very active research area, and there are a number of outstanding

open problems that are left for further research.

e The dual problem for the utility maximisation problem was presented in the 1-dimensional
state space case. The dual problem can also be established in the case that the state space
is multidimensional, but the Brownian motion is one dimensional, for example the linear
quadratic problem. However a dual problem in the general case, and for a more general

class of problems, is yet to be established.

e The machine learning method can be adapted to suit a number of control problems,
as we have seen for the Heston problem and the investment consumption problem with

randomly terminating income. It will be interesting to see how this methodology can be
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applied in future to a wider range of problems, perhaps with less model-specific stricture

as we have seen in our implementation.

e We present a number of sufficient conditions for convergence of the PPGM method for a
linear quadratic problem. It would be interesting to see if these conditions can be relaxed,

or how they extend to a more general class of problems.
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Appendix A

Additional Material

A.1 Auxiliary Results

In this section we present results that are used throughout the convergence analysis.

Theorem A.1.1 (Young Inequality). Let p,q € [1,00) such that % + % = 1. Given a,b € R

and € > 0 we have
eal bP
ab < — + .
q e lp

Theorem A.1.2 (Holder Inequality). Let (S, o, 1) be a measure space and let p,q € [1, 00| with
é + % = 1. Then for all measurable f € LP(S) and g € L9(5)

1Fglle < W fllpllglly:

Theorem A.1.3 (Burkholder-Davis-Gundy Inequality). For all p > 0 there exist positive

constants K,, k, such that, for all t > 0 and continuous local martingales M = (Mj) we

s€[0,t]

have

ok

kplE |:<M>tg] <E [SUP |Mt|p} < K,E [<M>

7
0<s<t i|

where (M) is the quadratic variation of M.

Theorem A.1.4 (BSDE functional representation, Zhang (2017)) Theorem 5.1.3). Let b: [0, T x
R* - R" o: [0, T]xR™ = R", f: [0, T]xR*"xR"xR" — R™ and g: R" — R™ be deterministic
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uniformly Lipschitz functions, with b(-,0), o (-,0), and f (-,0,0,0) uniformly bounded. Suppose
further that b, o and f are uniformly Holder (%) continuous in t. Fiz t € [0,T] and consider

the BSDE, for any x € R", s € [t,T],

X ot (b XYt [0 (X)W
t t

T T
vie—g () + [ ey zey s [ 2w,
Then there exists a version (Y% Z%*) for each x such that the mapping
(w,s,2) = (V" (w), 25" (w)), (w,s,z) € Qx[t, T] x R",

18 Fi-progressively measurable.

Theorem A.1.5 (Blumenthal’s 0-1 Law). Suppose that X = (X),5, s an adapted right con-
tinuous Feller process on a probability space (2, F,{F:}i>0,P) such that Xy is constant with
probability one. Let F{¥ := 0 (Xs;s <t) and FX :=(\yo, Fo¥. Then any event in A € Fg, has
either P(A) =0 or P(A) = 1.

Theorem A.1.6 (Stationary point characterisation, |[Reisinger et al.| (2022) Theorem 3.10). Let
(X, || - ||x) be a Hilbert space, F: X — R be a differentiable function and F: X — RU {oo} be
a proper, lower semicontinuous and convex function. Let x* € X such that F (x*) < 0o. Then

x* is a stationary point of F + F if and only if for all 7 > 0
" =prox g (z" — 7VEF (z7)),

where, for all v € X, prox_p (z) = argmin,cx (%Hz —zl|x +7F (z))

Theorem A.1.7 (Zhang (2017) Theorem 3.4.3). Consider the following n-dimensional SDE.
t t
Xt:n+/bs(Xs)ds+/as(Xs)dWS, 0<t<T,
0 0

where n € LY (R™), and the functions b: Q x [0,T] x R™ = R™ and o: Q x [0,T] x R" — R"

are measurable. Let p > 2. Assume the following:

1. b and o are uniformly Lipschitz in x, with Lipschitz coefficient L.
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2. n € L?(R"), and the processes b° .= b(0) and 0° := o (0) satisfy

T P T 5
(/ |b§3|dt> +(/ |a§|2dt) < .
0 0

Then there ezists C = C (p, T, L,n) > 0 such that

T P T g
\n!”+</0 rb?\dt) +(/ ro?Pdt)

Theorem A.1.8 (Rademacher’s Theorem). Let E C R™ be open, and f: E — R™ Lipschitz.

E

E < CE

sup | Xy[”
t€[0,T]

Then f is differentiable almost everywhere on E.

The next two Theorems concern estimates on the S? and H? norms of SDE and BSDE solutions.

Theorem A.1.9 (Zhang (2017)), Theorem 3.2.2). Consider the following n-dimensional SDE.
t t
Xt:n—l-/bs(Xs)ds—l—/US(XS)dWS, 0<t<T,
0 0

where n and the functions b: Qx [0, T]xR" — R™ and o: Q2 x[0,T] x R™ — R™ are measurable.

Assume the following:

1. bs and o4 are uniformly Lipschitz in x for all s € [0, T] with Lipschitz coefficients Ly and
L,.

2. n € L?(R"), and the processes b° :== b (0) and o° := o (0) satisfy

(/OT\b?|dt> T (/OT|0,?\2dt>] .

Then there ezists C = Cgpg (Ly, Ly) > 0 such that

T 2 T
|?7|2+(/0 |b$|dt) +(/ |a$|2dt)

Theorem A.1.10 (Zhang (2017), Theorem 4.2.1). Consider the following BSDE.

2

E

E | sup |X¢|?| < CE

te[0,7

T T
Yt=5+/ fs(Ys,Zs)ds—/ Z.dW,.
t t
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where Y € 8 (R"), Z € H*(R™) and f: Q x [0,T] x R" x R" — R" is measurable. Assume
the following:

1. f is uniformly Lipschitz in (y, z) with Lipschitz constants Ly and Ly respectively.

2. £€ L2(R™), and f°:= f(0,0) satisfies

(/ T\ff\dt)2] <.

Then there ezists C = Cgspg (Ly, Lz) > 0 such that

E

T
E | sup |Y}|2~|—/ |Z,|?dt| < CE
0

te[0,7

e+ ([ Iff!dt)2] -

The following is a consequence of (Nesterov, 2003, Theorem 2.1.12), and we provide an adapted

proof for this sepcial case.

Lemma A.1.11. Define f: R™ — R by f(u) = tu" A, for some A € C°([0, T];R™™)
satisfying Agsucep > 0 for all t. Then for any uy,us € R™

(wr —u2) " (Vf (w) — Vf (up))

Al | | (A1)
~ et (1Al

Proof. We have V f (u) = Ayu, and f is p-strongly convex in u and V f is || A|s-Lipschitz in w.

Define a convex function g: R™ — R by
1 2 m
g(u) = f(u) = gpuf,  uweR™

Then Vg (u) = (Vf (u) — pl,,) u for u € R™, where 1,, € R™ is a vector of ones. Note that, as

Ay = pul,,, for any u € R™ we have
plul* < ' Agu < (| Al ful?.

Hence p < [|A|lo. In particular, Vg is (||A|l« — ) - Lipschitz. If ||Aljloc — ¢ = 0, then

we must have A = 1,,u and the result follows immediately from substitution, so suppose
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that ||All.c — p > 0. As Vg is Lipschitz, by (Nesterov, 2003, Theorem 2.1.5) an equivalent

characterisation for the convexity of g is that for any uy, us € R™

(Vg (u1) — Vg (UZ))T (ur — ug) M\VQ (u1) — Vg (ug) |°.

S 1
~ Al =

By plugging in the definition of g and rearranging, we see that this condition is equivalent to,

for any uy, us € R™,

L WO, 0 U f
(1 =) (o 74 ) =7 )

I R IR
> (e 1) vl 9 ) = 9 Gl

from which (A.1)) follows. O

We proceed to show the Malliavin differentiability of (X!*¢ Y}*¢ Zt=¢) for any ¢ € (0,77,
r € R", ¢ € Vand s € [t,T]. Since the function ¢ is non-differentiable, we will use its
generalised derivative, which is given as the weak limit of the derivative of mollifiers of ¢.
Note that, by Rademancher’s Theorem (Theorem [A.1.8), for any s € [0,7] the function ¢ is
differentiable almost everywhere, and this derivative coincides with d¢s. Furthermore, as ¢ is

Lipschitz, for any s € [0, 7] we have |d¢s (z) | < [¢]; almost everywhere.

Proof of[3.4.3. We want to apply Theorem at X = X%*¢_ Given the definition (3.10)) of
the SDE, we have , for s € [t,T], and & € R"

n=4a,
bs (T) = AT + Byos (T),
05 (T) = Cs + Dy () .

Since ¢ is Lipschitz and integrable, the conditions of Theorem [1.6.3| are satisfied. Since ¢ is

not assumed to be differentiable, we take the generalised derivative, denoted by d¢. The result
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follows by Theorem [1.6.3| and we can write, for t < s < T,

Dth’w) = Cyx + Doy ()
+ /t (A, + B,6¢, (X2"?)) D X"0dr (A.2)

+ / (Cr + Dyog, (X17)) DX P dW,.
t

]

Proof of[3.4.3. We wish to apply Theorem m to (V=9 Z4%) . Using the definition (3.10)
of the BSDE, we have, for s € [t,T] and y,z € R",

¢ =GXp"?,

Fo2) = ATy + Tz + 576, (X179) + QXL
Since X?M’ c D2 (R™), and using the chain rule we have, for s € [t,T] and y, z € R",

D,¢ = GD X",

D (1,2) = (ST 80, (X15) +Qu) DX

We want to show that D¢ and D, fs (y, z) have sufficient integrability properties. Firstly, as
¢ is Lipschitz, |6¢, (X5*)| < [¢], almost surely for all s € [¢,T]. We therefore only need

integrability estimates of D;X“"?. Let us apply Theorem [A.1.7/to (D X."?) Using the

serT]’

definition (A.2)), we have, for s € [t,T] and 7 € R",

n = Cix + Doy (),
bs (Z) = (As + Bsdgs (X1™?)) 7,
05 (2) = (Cs + Dby (X157)) .

As d¢y (X?x"f’) is bounded a.s., the conditions of Theorem are satisfied, hence for any
p > 2, there exists K, > 0 such that

E [|D:X0"] < KB [In]] < K, (ICllso + [ Dllc[]1)” 2" < 0. (A.3)
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We can now verify the conditions of Theorem for (Yh=9, Ztw9),

1. As Xt®9 € SP (¢, T;R") for all p > 2, this condition is satisfied.
2. fs(w,-, ) is linear for any (s,w) € [t,T] x €, hence continuously differentiable.
3. fs(y,z) € DY2(R") for any (s,y,2) € [t,T] x R* x R" as X:®¢ € DV2(R") and ¢ is

Lipschitz, and we have

T T
E {/ |f£|4d5} =K [/ 1ST ¢, (Xz’z"b) + Q. X" ds| < oo,
t

t

as X4®¢ € §*(t,T;R"). Using the chain rule, we have

(Def), (v, 2) = (S4 065 (X059) + Q) DXL, t<s<T.

4. We have, for any r € [t, T

T T
E [/ \D8512d51 —F V |GDSX%"”’¢]2d51 < o0,
t

t

T T
E [ / | (Dsf), (Ym0, Z6m?) |2ds} = [ / | (S 60, (XE5?) + Q) D X1?)Pds| < oc.
t t

5. Since (D;f), (v, ) is independent of (y, z) € R” x R" for any s € [t, T, this condition is

automatically satisfied with K,; = 0.

Therefore, by Theorem we have Y9 Zbwé ¢ DL2 (R") for all s € [t,T] and

DY = GD,X3"?
T
b [ (ATDYE 4 CTDZ + (ST60, (XE4) + Q) D) ds (aa)
t

T
— / D, 250 dW,.
t
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A.2 List of Constants

For reference, we provide the definitions of all constants used in Chapter

Constants for Section [3.4]

¢1 = Cpsp ([[Alloos [Cllos) »
2 = CspE ([[Alloo; [Clloo)
& =5 (IBIRT + DI,
¢ = |G|+ [|Q[[T,

& = ||S|loo,

Ce = \/ C1C2Cy,

&r = /16657,

. 1 . 2
€ = Co[|Clloo + 5 (&l Clloc + 7| Dlloc)”

. 1 . 2
¢ = &7l| Dljoo + 5 (@[ Clloo + 7/l Dlloc)”

T63||S||oo + 300
Co ’

510 = Imax (T&3[¢0]1,

et = 18T+ (Bllefuet + 1D]s) e+ D] (52,
c
M (&%) = [¢°h + —

Co

¢=(1—27co) + 7 (IIBllwCy (Cre. M (¢°) . M (6°)) + 7| D]|Cz (Cic, M (¢°) , M (¢°)))
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Constants for Section [3.5

= 2[[Allw + IC]5,

¢z = [[Blloo + [[Cllco | Dl o,
s = |G+ T]|Ql

e =T S][co,

1 2
¢s]|Clloo + 5 (eallClloo + call Dlloc)”

Cs

1 2
6 = al| Do + 5 (e3]|C|o + cal| D))"

2
TS| s
C7 = Imax (CQT[¢O]17 = || || i CO> )
Co

s = [|1S]loe + (I Bllssts + Dl ccse™™ 7))
co = TellAl=T (2Cq (o) + [|S]lo0)
cro=(1=27co) + 7 (09 + ||D||gOC’a (ca)) ,

C
Ca = [¢0]1 + _8)
Co

cs = [18°lc0

¢ = (1—27¢o) + 7||Bl|ocCl (€8, Ca, €a) + T D] Cz (¢p; Ca, Ca) -
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