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Abstract

In this thesis we develop numerical algorithms for stochastic control problems where the state

processes is an Itô process that depends on the control process in both the drift and diffusion

functions.

We derive sufficient conditions for convergence of a proximal policy gradient method (PPGM)

for the stochastic linear quadratic control problem. The optimal control can be uniquely deter-

mined by solving a Ricatti equation. We prove that the control induced by the policy gradient

method converges to the optimal control. Considering convergence analysis in the general case,

we study the underlying backwards stochastic differential equations using Malliavin Calculus,

and determine some conditions under which convergence of the control process can be estab-

lished.

To implement the PPGM method, we use concepts in machine learning methods, and extend

our algorithms using duality theory. Using deep learning methods, the algorithms developed

are scalable to high dimensional problems, with a reasonable runtime. Duality allows us to

solve an auxiliary control problem simultaneously to the original primal problem, which allows

us to exploit the dual-primal relations between the associated processes, and form tight bounds

of the value function. In certain cases solving the dual problem directly bypasses complexity

within the primal problem. We further use duality to implement algorithms that can be applied

to non-Markovian control problems.

Keywords: Stochastic control, deep learning, primal/dual BSDEs, HJB equation, utility max-

imisation, linear quadratic, PPGM, convergence analysis, constrained optimisation.
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Chapter 1

Preliminaries

1.1 Notation

For two measure spaces (A, µA) and (B, µB), let B (A;B) denote the set of measurable functions

from A to B. Fix T <∞. Let (E, | · |) be a Euclidean space, and let BE = B ([0, T ];E) be the

set of progressively measurable processes valued in E. Then for any p ≥ 2 and 0 ≤ t ≤ T <∞

define

Sp (t, T ;E) =

{
Y ∈ BE : ∥Y ∥Sp

..= E
[
sup

t≤s≤T
|Ys|p

] 1
p

<∞

}
,

Hp (t, T ;E) =

Z ∈ BE : ∥Z∥Hp
..= E

[(∫ T

t

|Zs|2ds
) p

2

] 1
p

<∞

 .

Here and in the sequel, we denote | · | as the Euclidean norm in the appropriate space. We then

denote Sp (E) = Sp (0, T ;E) and Hp (E) = Hp (0, T ;E).

Let (S, µ) be some measure space, and f : S → E a function. We denote the L∞ and Lp, p ≥ 1,

norms as

∥f∥∞ ..= sup
ω∈Ω

|f (ω) |,

∥f∥p ..=

(∫
Ω

|f (ω) |pdω
) 1

p

.
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20 Chapter 1. Preliminaries

we then define , for p ∈ [1,∞],

Lp(S) = {f ∈ B(S,R) : ∥f∥p ≤ ∞},

Lp (0, T ;E) = {f ∈ BE progressively measurable : ∥f∥p <∞}.

1.2 Model Formulation

Let
(
Ω,F , (Ft)0≤t≤T ,P

)
be a filtered probability space with terminal horizon T ∈ (0,∞).

We consider the Ft-adapted controlled diffusion process (Xu
t )0≤t≤T on Rn, n ∈ N, defined by

Xu
0 = x0 ∈ Rn and

dXu
t = bt (X

u
t , ut) dt+ σt (X

u
t , ut) dWt, 0 ≤ t ≤ T, (1.1)

where W is an Rd-valued Brownian motion for some d ∈ N and u = (ut)0≤t≤T is a progressively

measurable process, valued in a closed convex set U ⊂ Rm for some m ∈ N. We have the drift

and volatility functions b : [0, T ]× Rn × U → Rn and σ : [0, T ]× Rn × U → Rn×d are assumed

to be measurable and uniformly Lipschitz in x. This condition guarantees us a unique strong

solution to this SDE. Here Xu represents our state process, and u is the control. We consider

only admissible controls, that are contained in the set

U ..=

{
u ∈ H2 (U) : E

[∫ T

0

|bt (0, ut)|2 + |σt (0, ut)|2 dt
]
<∞

}
.

This control is chosen to optimise the state process via minimising a running cost function

f : [0, T ]× Rn × U → R and a terminal cost g : Rn → R, which are measurable functions with

g either lower bounded or satisfying some quadratic growth condition. In order to have a well

defined finite value function, we need to define

U (t, x) ..=

{
u ∈ U : E

[∫ T

t

∣∣fs (X t,x,u
s , us

)∣∣ ds] <∞
}
, (t, x) ∈ [0, T ]× Rn

where (X t,x,u
s )t≤s≤T is a controlled diffusion satisfying

X t,x,u
s = bs

(
X t,x,u

s , us
)
ds+ σs

(
X t,x,u

s , us
)
dWs, t ≤ s ≤ T, (1.2)
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such that X t,x,u
t = x. Assuming this set is non-empty, one wishes to find the value function

v (t, x) ..= inf
u∈U(t,x)

E
[∫ T

t

fs
(
X t,x,u

s , us
)
ds+ g

(
X t,x,u

T

)]
. (1.3)

We use this set throughout for optimisation, but in the sequel we simply use the notation u ∈ U

to indicate that u is a progressively measurable process valued in this set, with the correct

integrability conditions. In particular we look for a Markovian control, that is, us = ϕs (X
u
s )

for some measurable ϕ ∈ B ([0, T ]× Rn;U). The functional representation ϕ is approximated

by neural networks, which depend on a parameter set Θ ∈ Rρ for some (potentially large) ρ ∈ N.

This reduces the infinite dimensional problem to finding a finite optimal set of parameters to

maximise the cost function

J (u) ..= E
[∫ T

0

fs
(
X0,x0,u

s , us
)
ds+ g

(
X0,x0,u

T

)]
, u ∈ U . (1.4)

To minimise this we use a variation of a gradient descent algorithm, but the loss function used

is different for each time step. In some cases additional neural networks is used, to approximate

the value function and its derivatives.

In some settings we will consider a non-Markovian structure, where the coefficients b, σ may

depend on the entire path of Xu, and we may not be able to define v(t, ·) for t > 0. In

the algorithms treating this problem structure, we will simply find û and the optimal cost

J(û) = v(0, x0).

In our algorithms, like most numerical methods we will consider the discrete problem corre-

sponding to problem (1.3). In particular we will consider a Euler-Maruyama scheme. We

introduce a partition 0 = t0 < t1 < . . . < tN−1 < tN = T of [0, T ] into N ∈ N time steps.

We then define the discrete time process (Xu
k )

N
k=0 by Xu

0 = x and for k = 0, 1, 2, . . . , N − 1 we

define

Xu
k+1 = Xu

k + (tk+1 − tk) btk (X
u
k , uk) +

√
tk+1 − tkσtk (X

u
k , uk)∆Wk, (1.5)

where ∆W0, . . . ,∆WN−1 are i.i.d standard multivariate normal Nd (0,1d,d) random variables,

with 1d,d the identity matrix of size d. The process (uk)
N−1
k=0 is a piecewise constant control,
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which we try to optimise in order to solve the discrete control problem

vN (tk, x) ..= inf
uj∈U

E

[
N−1∑
j=k

(tj+1 − tj) ftj
(
Xu

j , uj
)
+ g (Xu

N)

]
, x ∈ Rn, k = 0, . . . , N − 1.

(1.6)

Under suitable assumptions we have vN → v as N → ∞, see for example Henry-Labordere

et al. (2016).

1.3 The Dynamic Programming Principle

The Dynamic Programming Principle (DPP) tells us that at a fixed time t ∈ [0, T ], we can

find the optimal control u∗t independently of any previously chosen control. To be specific, it is

formulated here as the following.

Theorem 1.3.1 (Dynamical Programming Principle). Let (t, x) ∈ [0, T ] × Rn. Then for all

t < s ≤ T we have

v (t, x) = sup
u∈U(t,x)

E
[∫ s

t

fr
(
r,X t,x,u

r , ur
)
dr + v

(
s,X t,x,u

s

)]
.

This is a weak version of this theorem, but will suffice as motivation for algorithms in the

sequel. The interpretation of this theorem is that we can first find u (s, x) for any x ∈ Rn, for

some s ∈ [0, T ], then we can use this to find u (t, x) for t ≤ s and any x ∈ Rn.

1.4 The HJB Equation

The HJB equation is often an important tool for finding solutions to the control problem (1.3).

The value function v satisfies the following non-linear PDE.

∂v

∂t
(t, x) = − inf

u∈U
Ft

(
x, u, ∂xv (t, x) , ∂

2
xxv (t, x)

)
, (t, x) ∈ [0, T )× Rn, (1.7)

v (T, x) = g (x) , x ∈ Rn, (1.8)



1.4. The HJB Equation 23

where ∂x, ∂
2
xx denotes the first and second partial derivatives with respect to x respectively,

and

Ft (x, u, y, γ) ..= bt (x, u)
⊤ y +

1

2
tr
(
σt (x, u) σt (x, u)

⊤ γ
)
+ ft (x, u) , (1.9)

for (t, x, u, y, γ) ∈ [0, T ] × Rn × Rm × Rn×n is called the Hamiltonian of the control problem.

Here, σt (x, u)
⊤ denotes the transpose of σt (x, u). This PDE can be very difficult to solve

directly, especially if there is no closed form of the right hand side. Our method will aim to

minimise these Hamiltonians for each t ∈ [0, T ] and x ∈ Rn, rather than dealing with the cost

function itself like has been done in other papers, e.g. Bachouch et al. (2021); Han and E

(2016); Huré et al. (2021). The following theorem justifies this approach, as it gives conditions

on which the Hamiltonian-maximising control is in fact an optimal control.

Theorem 1.4.1 (Verification Theorem (Pham, 2009, p. 47)). Let w ∈ C1,2 ([0, T )× Rn) ∩

C0 ([0, T ],Rn) satisfy a quadratic growth condition, and let v be defined as in (1.3).

(i) Suppose that

∂w

∂t
(t, x) = − inf

u∈U
Ft

(
x, u, ∂xw (t, x) , ∂2xxw (t, x)

)
, (t, x) ∈ [0, T )× Rn,

w (T, x) ≥ g (x) , x ∈ Rn,

Then w ≥ v on [0, T ]× Rn.

(ii) Suppose further that w (T, ·) = g, and there exists a measurable function u∗ : [0, T ]×Rn →

U such that, for all (t, x) ∈ [0, T ]× Rn,

∂w

∂t
(t, x) = − inf

u∈U
Ft

(
x, u, ∂xw (t, x) , ∂2xxw (t, x)

)
= −Ft

(
x, u∗ (t, x) , ∂xw (t, x) , ∂2xxw (t, x)

)
,

and the SDE (1.2) with ϕ = u∗ admits a unique solution X t,x,u∗
such that the process(

u∗
(
s,X t,x,u∗

s

))
t≤s≤T

lies in U (t, x). Then w = v on [0, T ] × Rn and u∗ is an optimal

Markovian control.

To use this theorem to estimate the optimal control, we must find good approximations of the

first and second derivatives of the value function. It is this problem that is often hindered by
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the curse of dimensionality, as methods such as finite-differences are often used in the literature.

In the proceeding chapters we will see how to overcome this difficulty.

1.5 Stochastic Maximum Principle

In addition to a PDE, there is also an equivalence between the control problem (1.3) and a

first order BSDE, given by the Stochastic Maximum Principle (SMP). This is a useful step in

establishing the relations between derivatives of the value function, which will assist in their

approximation.

Given u ∈ U , define the adjoint BSDE pair (Y u, Zu) ∈ S2 (Rn)×H2
(
Rn×d

)
by

dY u
t = −∂xHt (X

u
t , ut, Y

u
t , Z

u
t ) dt+ Zu

t dWt, 0 ≤ t ≤ T,

Y u
T = ▽g (Xu

T ) ,
(1.10)

where ▽ denotes the Jacobian and H is the generalised Hamiltonian of the system and is given

by, for t ∈ [0, T ], x, y ∈ Rn, z ∈ Rn×d

Ht (x, u, z, y) ..= bt (x, u)
⊤ y + tr

(
σt (x, u)

⊤ z
)
+ ft (x, u) . (1.11)

We presume that H is differentiable in x.

Theorem 1.5.1 (Stochastic Maximum Principle (Pham, 2009, p. 150-151)). Let u ∈ U . Let

(Xu, Y u, Zu) ∈ S2(Rn)×S2(Rn)×H2(Rn×d) be solutions to (1.1) and (1.10). Suppose that for

all t ∈ [0, T ]

H (t,Xu
t , ut, Y

u
t , Z

u
t ) = sup

a∈A
H (t,Xu

t , a, Y
u
t , Z

u
t ) (1.12)

and the function (x, u) 7→ Ht (x, u, Y
u
t , Z

u
t ) is concave for all t ∈ [0, T ], then u is an optimal

control. Furthermore, suppose that

v ∈ C1,3 ([0, T )× Rn) ∪ C0 ([0, T ]× Rn) ,

and there exists an optimal control u∗ ∈ U with associated controlled diffusion Xu∗
. Then the
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pair (
Y u∗

t , Zu∗

t

)
=
(
∂xv

(
t,Xu∗

t

)
, ∂2xxv

(
t,Xu∗

t

)
σt
(
Xu∗

t , u∗t
))
, 0 ≤ t ≤ T,

is a solution to the adjoint BSDE (1.10) with u = u∗.

1.6 Malliavin Calculus

We now give some results regarding the Malliavin Differentiability of SDEs and BSDEs.

Definition 1.6.1 (Malliavin Derivative (p = 2)). Let E be a Euclidean space, and let S (E)

denote the set of random variables ξ of the form ξ = ψ
(
W (h1) , . . . ,W

(
hk
))

for some k ∈ N,

where ψ ∈ C∞
b

(
Rk;E

)
is a smooth function with bounded derivatives, hi ∈ L2 ([0, T ];R) for

i = 1, . . . , k and W (hi) =
∫ T

0
hisdWs. Define the derivative of ξ as

Dsξ ..=
k∑

j=1

∂xi
ψ
(
W
(
h1
)
, . . . ,W

(
hk
))
hjθ, 0 ≤ s ≤ T,

and define the norm, for p ≥ 1

||ξ||1,p ..= E

[
|ξ|p +

(∫ T

0

|Dθξ|2dθ
) p

2

] 1
p

, ξ ∈ S(E).

We define the Malliavin derivative as the unique extension of D to the closure D1,2 (E) ..=

S (E), with p = 2.

Definition 1.6.2 (Generalised Derivative). Let E be a Euclidean space. For a function

f : Rn → E we define the generalised derivative of f as a function δf such that

lim
ϵ→0

∫
Rn

|▽f ϵ (x)− δf (x) |dx = 0,

where for ϵ > 0, f ϵ is a mollification of f given (for example) by the following

f ϵ (x) = ηϵ ∗ f (x) =
∫
Rn

ηϵ (y) f (x− y) dy,

ηϵ (y) =
1

ϵ
η
(y
ϵ

)
,

η (z) = λ exp
(
−
(
1− |z|2

)−1
)
1|x|<1,
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for x, y, z ∈ Rn. The constant λ ≥ 0 is chosen such that
∫
Rn η (z) dz = 1.

Theorem 1.6.3 (Imkeller et al. (2019) Theorem 3.5 and Corollary 3.4). Consider the following

n-dimensional SDE.

Xt = η +

∫ t

0

bs (Xs) ds+

∫ t

0

σs (Xs) dWs, 0 ≤ t ≤ T,

where η ∈ L2 (R) and the functions b : [0, T ] × Rn → Rn and σ : [0, T ] × Rn → Rn are deter-

ministic. Assume the following.

1. The processes b0 ..= b (0) and σ0 ..= σ (0) satisfy

(∫ T

0

|b0t |dt
)2

+

∫ T

0

|σ0
t |2dt <∞.

2. b and σ are uniformly Lipschitz in x.

For s ∈ [0, T ] let δbs, δσs be the generalised derivatives of bs and σs respectively. Then Xt ∈

D1,2 (Rn) for all t ∈ [0, T ] and DsXt = 0 for s > t, while for s ≤ t a version of DsXt is given

by

DsXt = σs (Xs) +

∫ t

s

δbr (Xr)DsXrdr +

∫ t

s

δσr (Xr)DsXrdWr.

Theorem 1.6.4 (El Karoui et al. (1997) Theorem 5.3). Consider the following n-dimensional

non-linear BSDE, with 1-dimensional Brownian motion.

Yt = ξ +

∫ T

t

fs (Ys, Zs) ds−
∫ T

0

ZsdWs, 0 ≤ t ≤ T,

where Y, Z ∈ H2 (Rn) for some measurable f : Ω×[0, T ]×Rn×Rn → Rn . Assume the following:

1. ξ ∈ L4 (Rn) ∩ D1,2 (Rn).

2. fs (ω, ·, ·) is continuously differentiable for all ω ∈ Ω.

3. fs (y, z) ∈ D1,2 (Rn) for any s ∈ [0, T ], y, z ∈ Rn, and f 0 ..= f (0, 0) satisfies

E
[∫ T

0

|f 0
t |4dt

]
<∞.
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4. The Malliavin Derivatives of ξ and f satisfy

E
[∫ T

0

|Dθξ|2dθ
]
<∞,

E
[∫ T

0

| (Dθf)t (Yt, Zt) |2dθ
]
<∞ 0 ≤ t ≤ T.

5. The Malliavin Derivative Df satisfies, for any t ∈ [0, T ], s ∈ [t, T ] and y1, y2, z1, z2 ∈ Rn

|(Dsf)t (y1, z1)− (Dsf)t (y2, z2)| ≤ Ks,t (|y1 − y2|+ |z1 − z2|) ,

for any s ∈ [0, T ], where (Ks,t)t∈[0,T ] is a non negative process satisfying

E
[∫ T

0

|Ks,t|4ds
]
<∞, 0 ≤ t < T.

Then Y, Z ∈ L2 (0, T ;D1,2 (Rn)) and a version of (DsY,DsZ)s∈[0,T ] satisfies DsYt = DsZt = 0

for s > t and for s ≤ t

DsYt = Dsξ +

∫ T

t

(∂yfr (Yr, Zr)DsYr + ∂zfr (Yr, Zr)DsZr + (Dsfr) (Yr, Zr)) dr−
∫ T

t

DsZrdWr.

Furthermore, (DtYt)t∈[0,T ] is a version of Z.

1.7 Neural Networks and Deep Reinforcement Learning

Before describing the algorithms used to solve this problem in detail, we first look at what we

mean by a neural network. We give a brief outline here, see for example Anthony and Bartlett

(2009) for an exposition. Suppose we wish to approximate a function ϕ : Rp → Rq for some

p, q ∈ N. We use the following algorithm to construct the approximating function. This neural

network has a predetermined amount of ‘layers’ L ∈ N and ‘hidden nodes’ ℓ ∈ N. We call these

the hyper-parameters of the network in the sequel.

Let X ∈ Rp be our input. For i = 1, . . . , L define the linear function fi by

fi (x) = Aix+ bi.
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We have A1 ∈ Rℓ×p, Aj ∈ Rℓ×ℓ for j = 2, . . . , L − 1 and AL ∈ Rq×ℓ for the matrices. For the

vectors we have bj ∈ Rℓ for j = 1, . . . , L − 1 and bL ∈ Rq. These form the unknowns of our

function, and are what we need to choose to correctly approximate our function. We combine

these into a set θ = (Ai, bi)
L
i=1 of parameters. Informally speaking, the number of hidden nodes

ℓ corresponds to us ‘expanding’ the input into a higher dimensional space. One could think

of each node as a piece of information we obtain from the input. The more nodes we have

the more information we get, hence the better we can approximate the function. We wish to

compose these linear functions in series, but we need a nonlinear function in between them. Let

h : R → R be such a function that we apply element wise to the output of each linear function.

The approximating function is therefore

Nθ (X) ..= fL ◦ h ◦ fL−1 ◦ . . . ◦ f2 ◦ h ◦ f1 (X)

In our setting we choose h (x) = tanh (x). The choice of this function for this scheme is rather

arbitrary, as there seems to be no clear preferred function here. A comparison of popular activa-

tion functions in provided in Chapter 4. This non-polynomial mapping is essential in ensuring

the density of these networks within the space of continuous functions, as is shown in (Leshno

et al., 1993, Theorem 1) which formalises the informal argument above about information into

a density argument about the space of neural networks. Further more, if ϕ is Lipschitz then

we can bound the approximation error in terms of the hyper-parameters of the network (Bach,

2017, Proposition 6). Note that no nonlinear function is applied at the final step, as our acti-

vation function is not surjective. The parameter vector θ ∈ Rρ, where ρ = ρ (p, q) is defined

below, is a parametrisation of the Ai and bi matrices and is optimised at the training stage

of our algorithm. We made no assumptions on the regularity of ϕ, but our approximation is

almost everywhere differentiable. In practise this is sufficient for gradient descent algorithms,

in which derivatives of this network with respect to its parameters must be taken. We use the

Python package Tensorflow to implement this neural network procedure. This methodology

reduces an optimisation over an infinite dimensional space to a finite dimensional one. However,

the dimension can still be high. For this neural network, the parameter space dimension is

ρ (p, q) = (L− 1) ℓ2 + ℓ (L+ p+ q) + q, (1.13)

a quadratic in the number of hidden nodes, and linear in the number of layers and the input
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dimension. Associated to each neural network Nθ is a loss function L (θ) which is a function

of the parameters forming the network. Finding the parameters that minimise this function

equates to optimising the network itself. In our implementation, we use the ADAM algorithm

Kingma and Ba (2014), which is an adaptation of stochastic gradient descent, implemented in

Tensorflow. We furthermore use mini batches, which means the number of simulations we

use to calculate the loss function is small, and batch normalisation, meaning that we scale our

input to the neural network Ioffe and Szegedy (2015).

1.8 Stochastic Gradient Descent

Suppose we have a neural network with parameter set θ ∈ Rρ, and a loss function L to compare

it against. The next part of this method is to improve our network in order to optimize L. The

typical method to do this is a variant of gradient descent. A vanilla gradient descent algorithm

would perform the update

θnew = θold − λ
∂L
∂θ

(θold)

until we achieve convergence. Here, λ > 0 is the so called learning rate, and is assumed to be

sufficiently small. While this is an effective method for convex functions (or other regular func-

tions with unique minimisers), in a more general setting this variable sequence may end up at

a local minimum. Also, from a practical perspective, it may be computationally costly to find

the gradient with respect to the outcome of every simulation at every step. For these reasons,

in practise we use a variant called stochastic gradient descent. In this method, we choose a

random batch of sample paths for each update, evaluate L based on these paths, and then take

derivatives. Since less paths are used to compute L, it is faster to run. Also, using less paths to

find L naturally causes a higher variance, which causes high variations in the derivatives that

we apply. However, this may be a good thing, as it may allow one to ‘jump’ from one local

minimum to another, better one. Of course this does not completely solve our problem, and

finding ways of getting around this is a very active area of research in computer science. There

are many other variants of gradient descent, for example there are many methods that look at

how fast our variables are approaching a minimum, and adjust the learning rate accordingly, in-

creasing the efficiency of the algorithm. In our implementations, we will use one such algorithm,

called ADAM, but for simplicity we will use gradient descent when describing our algorithms. The
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interested reader can find out more about ADAM in (Kingma and Ba, 2014). The update formula

for the parameters changes more gradually than a stochastic gradient descent algorithm. In the

algorithm we wish to minimise the expectation of the random function L that depends on a pa-

rameter set θ and some random noise ω (for example, paths of Brownian motion). At each step

we will generate a batch of noisy variables of size B which are used to compute the expectation.

In the algorithm we use the notation g2 to indicate the element-wise square of the vector g.

Algorithm 1: ADAM Algorithm with mini batches (Kingma and Ba, 2014, p. 2)

Input: θ0,L

Result: The parameters θ̂ that minimise E [L (θ)]

Initialise m0 = 0, v0 = 0, j = 0;

while θj not converged do

Generate ωi for i = 1, . . . B;

Lj (θ) = 1
B

∑B
i=1 L (θj;ωi);

Set θj+1,mj+1, vj+1 = ADAM(θj, Lj,mj, vj, j);

j = j + 1;

end

return θj;

Algorithm 2: ADAM(θ, L,m, v, j)

Input: θ, L,m, v, j (and hyper parameters λ, β1, β2, ϵ)

Set g = ▽L (θ);

Set m̃ = β1m+ (1− β1) g;

Set ṽ = β2v + (1− β2) g
2;

Set m̂ = m̃
(
1− βj

1

)−1
;

Set v̂ = ṽ
(
1− βj

2

)−1
;

Set θ̂ = θ − λm̂
(√

v̂ + ϵ
)−1

;

return θ̂, m̂, v̂;

The update of θ is based on a bias corrected adapted first moment estimate m̂ and a bias

corrected raw second moment estimate v̂. The convex combination levels are governed by

β1, β2 ∈ [0, 1), for which default values of 0.9 and 0.99 are given respectively. To avoid potential

singularities from a small second moment, we include a small ϵ term in the denominator when

we divide by it, with default value of 10−8. The learning rate is denoted by λ. This value will
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change as the iteration increases, and on a model by model basis. The batch size B is typically

small, either 32 or 64, allowing for fast derivative computation. Our algorithms will be based

on repeated use of algorithm 2.

1.9 Organisation and Contributions

The remainder of this thesis is organised as follows. In Chapter 2 we introduce ML methods

for solving stochastic control problems. We develop methods solving the 2BSDEs associated to

the HJB equation, and the adjoint equation associated to the SMP. Given solutions to these

BSDEs we use optimality conditions to define a scheme for finding the optimal control using

neural networks. We apply convex duality methods to develop algorithms for solving the dual

problem, as well as the primal problem.

In Chapter 3 we analyse the convergence of the PPGM algorithm for stochastic control prob-

lems, which can be seen as a more theoretical version of our primal DC2BSDE algorithm. We

study the application of PPGM to the LQ problem, and develop sufficient conditions under

which convergence can be established. We perform separate analysis for the unconstrained and

constrained problems, as the unconstrained case can be simplified to a study of ODEs, while

the constrained case requires Malliavin calculus methods.

In Chapter 4 we perform numerical analysis of all the algorithms developed in the previous

sections. We apply the algorithms to a range of problems, and numerical results show high

accuracy and low runtime of the proposed methods. Our methods are additionally compared

to existing methods in the literature.

The main contributions of this thesis are the following.

� We develop novel machine learning algorithms based on 2BSDE representations of the

HJB equations, and optimality conditions arising from the SMP. To find the derivative

of the value function with respect to an approximate control, we solve a series of BSDEs,

which was new in the literature at the time.

� We use methods of duality theory to develop algorithms that solve both the primal and

dual versions of particular control problems. Convex duality methods allow us to deter-
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mine tight bounds of the value function, and can be applied to non-Markovian control

problems.

� We analyse the PPGM framework for the LQ problem, and give sufficient conditions of

linear convergence in a general setting of constrained optimisation, where the diffusion of

the state is explicitly dependent on the control process. To do this we study the regularity

of the adjoint BSDE pair using Malliavin calculus.

� Numerical results suggest our algorithms are favourable comparable with the existing

literature in terms of run time and accuracy.



Chapter 2

Duality and Machine Learning

Algorithms for Stochastic Control

Problems

In this chapter we propose algorithms that combine modern machine learning practises with

theoretical stochastic control principles to solve a range of control problems with high accuracy,

scalability with dimension, and low computational cost. We propose deep learning methods to

solve the utility maximisation problem, as an application of a more general stochastic control

solver, in a wide range of markets with arbitrary convex control constraints. Dynamic portfolio

optimisation has been extensively studied within the field of mathematical finance, see Karatzas

and Shreve (1998); Pham (2009) for exposition.

There is a natural crossover between machine learning and stochastic control problems, as they

both involve searching for features within a data set. For stochastic control the data set is

a diffusion process that is influenced by a controlling process, and some underlying Brownian

motion. The controlling process is chosen with the aim to optimise some cost function of the

state and control process along a time horizon. Often the optimal control is a function of the

underlying state process, a so-called Markovian control. The concept of a Markovian control is

very similar to methods of deep learning. In this setting the control is the output of a neural

network, which is a composition of non-linear and linear functions, parametrised by the linear

and affine coefficients of the linear functions. This neural network takes the dataset as input,

33
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and the parameter set will be chosen to minimise some loss function, that takes the dataset and

output of the neural network as input. It is in this area of crossover that this chapter resides.

A typical drawback of numerical methods for stochastic control problems is that their com-

plexity increases dramatically with increases in the state and control dimensions. Often some

grid method or exhaustive search of the underlying state space is required to find optimal tra-

jectories, which is computationally inefficient for high dimensional state spaces. It is claimed

that machine learning methods provide a solution for this dimensionality problem Grohs et al.

(2018). Numerical results show efficient solving of PDEs with the state space dimension in

the thousands Beck et al. (2019a,b); E et al. (2017). These PDE solvers form the basis of our

generic stochastic control problem solver, which is the first algorithm presented in this chapter.

The problems are transformed into forward-backward stochastic differential equations (FBS-

DEs) using the Feynman-Kac formula and the Stochastic Maximum Principle (SMP). The PDE

that we solve is the Hamilton-Jacobi-Bellman (HJB) equation, a highly nonlinear PDE that is

often impossible to solve analytically, or even numerically if the dimensionality is high. This

chapter introduces a control variable into the PDE, that is constrained to some convex set.

This drastically increases the complexity and takes the problem out of the scope of Beck et al.

(2019b); E et al. (2017) unless the control can be found analytically. We show how machine

learning can overcome this difficulty and produce highly accurate value approximations with

comparatively low runtime.

The FBSDE based methods developed in this chapter are direct extension of the first and second

order deep BSDE solvers introduced in Beck et al. (2019b); E et al. (2017). In these papers, a

system of FBSDEs is solved by simulating all processes in the forward direction, driven by a

neural network process which is optimised to ensure the terminal condition holds. The extension

offered by this chapter is an additional driving neural network process, representing a control

process. The convenience of adapting this BSDE method to stochastic control problems is that

the control process can be optimised using the value function approximations implied by the

2BSDE solver, via the Hamiltonian of the system. In the 2BSDE solver of Beck et al. (2019b),

there are two unknown process that must be found with neural networks. This suggests that

our method has three unknowns, but we can use the structure of the value problem to derive one

of these processes and therefore introduce control without increasing the number of unknown

processes.
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There are some papers that describe generic algorithms for solving stochastic control problems

in the literature. Han and E (2016) directly maximises the gains function at the terminal time

with machine learning and is applicable to many problems. However, the computation costs may

be high, as one introduces a discretisation with many time steps or a high dimensional control

space, and it only outputs the value at time 0. Huré et al. (2021) finds a local approximation of

the value function with machine learning. However, it only holds for Markovian problems and

the iterative nature of this value function approximation may lead to error propagation. Instead

of directly optimising the value function, the first method presented in this chapter maximises

the Hamiltonian associated with the system. There are two key benefits of doing this. Firstly,

it reconciles the potential errors of Han and E (2016); Huré et al. (2021) where the algorithm

gets stuck at a local optimiser. To find the value function (given a control) we ensure that

the terminal condition of the HJB equation holds, which involves minimising the least squares

error of the associated processes at the terminal time. The global minimum of this error is

zero by construction, ensuring that we can directly assess the quality of our approximation for

any generic control problem. Secondly, the control is optimised using the Hamiltonian of the

system, which is a function of only what is known at one time. This optimisation is faster

than back propagating through a discretisation of the processes to compute the derivatives as

in Han and E (2016). This is even more important when the control space is high dimensional,

which is normally true in portfolio optimisation problems. To implement this Hamiltonian

maximisation procedure, one needs to know derivatives of the value function which can be

computed accurately with deep learning based on the 2BSDE method in Beck et al. (2019b).

There are a number of papers in the literature that utilise the deep BSDE methods of Beck et al.

(2019b); E et al. (2017). For example, Exarchos and Theodorou (2018); Pereira et al. (2019);

Wang et al. (2019) first find an explicit formula for the optimal control in terms of the value

function and its derivatives and then substitute this control into the HJB equation and solve

the resulting PDE with the deep 2BSDE method. However, these algorithms cannot be applied

in full generality like our method. Exarchos and Theodorou (2018); Pereira et al. (2019) are

reliant on the diffusion of the state process being independent of the control, which leads to a

semi-linear PDE and a representation with a first order BSDE. This framework is inappropriate

for portfolio selection problems as the control naturally appears in the diffusion term. Wang

et al. (2019) alleviates this restriction by deriving an explicit formula for the optimal control

that is required to be unconstrained. Our approach is more general in the sense that it does
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not require any analytical solutions. In the literature these other algorithms are called “deep

2BSDE controllers” since the BSDE solutions are used to form the control. Our algorithm

is called the deep controlled 2BSDE method as each control and state pair defines its own

2BSDE which we try to solve. Another paper developed at the same time as ours, Ji et al.

(2022) develops primal algorithms utilising BSDE solutions and the SMP in a similar way to

ours. They propose 3 algorithms, one of which being similar to the primal DC2BSDE method

described here. The key difference of our work is the introduction of duality, which allows us

to develop alternative algorithms for solving the control problem.

The numerical method of solving these control problems fits in with a more general framework

of an actor-critic model, where the ‘actor’ tries to find a control policy for a given problem

(often with some random element to force ‘exploration’ of the state space), and the ‘critic’

tries to find the value associated to this policy, see for example Jia and Zhou (2022); Wang

et al. (2020). In our setting, the ‘critic’ finds the solutions to a BSDE to determine information

about the value function derivatives evaluated along paths of a particular state process, and

the ‘actor’ uses this information to update the control.

A primal-dual method is introduced in Henry-Labordere (2017) for solving semi-linear PDEs.

The deep 2BSDEmethod is used to find a lower bound for the solution. An upper bound is found

by solving a maximisation control problem on the path space, that is derived using the Legendre

transform. The approach in Henry-Labordere (2017) is not directly related to our notion of

convex duality using martingale methods. There are also some papers on applications of deep

neural networks in mathematical finance, including optimal stopping (Becker et al. (2019)),

asset pricing with transaction cost (Gonon et al. (2020)), and optimal transport (Eckstein and

Kupper (2019)). Furthermore, Buehler et al. (2019); De Spiegeleer et al. (2018); Liu et al.

(2019) consider the use of machine learning for model calibration, hedging and pricing, and are

not directly related to our work.

The utility maximisation problem involves maximising concave functions, so we can naturally

apply convex duality methods. Duality is a powerful tool that can be used in complete or

incomplete markets with a range of convex constraints on the control process. The unique aspect

of our work is the combination of deep learning methodology with convex duality. The benefits

of introducing duality are threefold. Firstly, the dual problem is a minimisation problem, and

solving it independently of the primal problem naturally leads to an upper bound of the value
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function. Sometimes the dual problem is easier to solve, since primal control constraints are

characterised by penalties in the dual state process, leading the dual problem to be potentially

unconstrained. Secondly, the BSDEs associated to the dual problem can be related to that

of the primal problem, giving us the ability to compare our numerical results and check their

accuracy. Again, as per the Hamiltonian maximisation, this benefits us since we know the error

between the dual and primal processes should be zero, which allows us to easily measure the

quality of our results. Additionally, solving the primal and dual problem simultaneously allows

us to generate upper and lower bounds of the value function, giving us a confidence interval

which is often missing in other methods in the literature. In some cases may skip one of the

problems if they are difficult to solve, as solving the dual problem automatically gives us the

solution to the primal problem and vice versa. Thirdly, inherent in the dual formulation are

certain optimality conditions that are derived from the SMP. These conditions can be used

separately from the HJB equation to find the optimal control. We use these conditions as the

basis for our second algorithm, called the deep SMP method, which is valid for non-Markovian

control problems with convex structure. This greatly increases the range of utility maximisation

problems that can be solved using the methods of this chapter. In a Markovian setting we can

compare the two algorithms presented in the chapter. It should be noted here that results for

dynamical programming principles, under which our 2BSDE scheme is formulated, exist in the

literature for non-Markovian problems. Non-Markovian optimal stopping problems and their

2BSDE counterparts are studied in Karoui and Tan (2013); Possamäı et al. (2018). The problem

is reformulated into an optimisation in the space of probability measures, and the canonical

probability space is expanded to allow a dynamical programming principle and a characterising

path dependent PDE to be established, see Zhang (2017) for an exposition. However, it is not

clear how a machine learning based solver could be used in this abstract setting.

The convex duality method works for complete and incomplete markets. A common incomplete

market model is the Heston stochastic volatility model in which the underlying variance of the

stock follows some mean-reversion SDE with its own source of randomness. This model may be

seen as a 2-dimensional stock market, where only one asset is traded. This framework allows us

to use our deep learning method to solve it. We compare our results to Ma et al. (2020) in which

tight bounds of the value function are derived for an unconstrained optimisation problem. Ma

et al. (2020) is reliant on a convenient guess of the dual control, so is not applicable to other

methods where such a guess is not available, unlike our method. Another multidimensional
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model we consider is a path-dependent volatility model.

The material in this chapter is adapted from a paper Davey and Zheng (2022). The main

contributions of this paper are the following. In the deep controlled 2BSDE algorithm, we

present a Markovian stochastic control problem solver that combines the HJB equation with

the deep 2BSDE method, but without the need for an analytical formula for the optimal control.

We apply this algorithm to both the primal and dual problems which give us tight bounds on

the value function. In the deep SMP method, we exploit the dual formulation of the utility

maximisation problem to create a novel algorithm for non-Markovian optimisation problems

using deep learning. Instead of dealing with the gains function, we solve the adjoint BSDE and

use machine learning to satisfy the dual optimality conditions. To the best of our knowledge,

we are the first to use this methodology in the literature.

The chapter is outlined as follows. Section 2.1 introduces the primal DC2BSDE method for the

primal problem. Section 2.2 describes the utility maximisation problem as an example of the

DC2BSDE method, and a motivational example for the proceeding dual approaches. Section

2.3.1 introduces the dual DC2BSDE method and the Deep SMP Method for the utility max-

imisation problem. Section 2.4 extends our example to the investment-consumption problem

with randomly terminating income.

2.1 The Deep Controlled 2BSDE Method

The machine learning methodology will attempt to find the optimal control and value function

using the HJB equation (1.7) (in particular, its BSDE representation from Feymann-Kac), the

adjoint equation (1.10) and the Hamiltonian condition (1.12). We look to solve the BSDEs,

which can be coupled into a 2BSDE, with machine learning techniques in the spirit of Beck et al.

(2019b) (the algorithm presented therein is named the “Deep 2BSDE” method, thus inspiring

our adapted Deep Controlled 2BSDE method). The trick here is to simulate all processes in

the forward direction, and use the terminal condition as a loss function. The control process

u is designed as a neural network, taking in the state process and time as input, which means

that we are searching for a Markovian control. We then approximate ∂xxv (t,X
u
t ) to be an

additional neural network. The loss functions are determined by satisfaction of the terminal

conditions for the BSDEs, and the Hamiltonian minimisation condition (1.12).
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Remark 1. In this algorithm we propose a control u of the form ut = Nθ (t,X
u
t ), for some

parameter set θ. One may then ask if this control is indeed admissible. It can be shown

that a neural network is a Lipschitz function as long as the activation function is Lipschitz

(though a global Lipschitz constant for every neural network in the training process may not

be established), and therefore the required integrability properties of the state process and cost

function of the control problem are satisfied, so we have u ∈ U .

As motivation, suppose v ∈ C1,3 ([0, T )× Rn)∪ C0 ([0, T ]× Rn) (we do not need to assume this

to solve the BSDEs in the sequel, they may simply represent viscosity solutions to the HJB

if this condition is not satisfied). Let u∗ be the optimal control, with associated controlled

diffusion Xu∗
. Define the processes, for t ∈ [0, T ],

V u∗

t = v
(
t,Xu∗

t

)
,

Y u∗

t = ∂xv
(
t,Xu∗

t

)
,

Γu∗

t = ∂2xxv
(
t,Xu∗

t

)
,

Zu∗

t = ∂2xxv
(
t,Xu∗

t

)
σt
(
Xu∗

t , u∗t
)
.

Applying Ito’s Lemma to V u∗
, and using the HJB equation (1.7), we have the BSDE

dV u∗

t = −ft
(
Xu∗

t , u∗t
)
dt+ Y u∗

t dWt, 0 ≤ t ≤ T,

dV u∗

T = g
(
Xu∗

T

)
.

(2.1)

Furthermore, by the SMP (Theorem 1.5.1), we have the BSDE

dY u∗

t = −∂xHt

(
Xu∗

t , u∗t , Y
u∗

t , Zu∗

t

)
dt+ Zu∗

t dWt, 0 ≤ t ≤ T

dY u∗

T = ▽g
(
Xu∗

T

)
.

(2.2)

In practise, we do not know what u∗ is. Instead, we start at some u ∈ U . Then we solve the
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2BSDE, for t ∈ [0, T ],

dV u
t = −ft (Xu

t , ut) dt+ Y u
t dWt,

dV u
T = g (Xu

T )

dY u
t = −∂xHt (X

u
t , ut, Y

u
t , Z

u
t ) dt+ Zu

t dWt,

dY u
T = ▽g (Xu

T ) .

(2.3)

and use (1.12) as a loss function.

Remark 2. Again, a neural network is a Lipschitz function, as long as the activation function is

Lipschitz. Therefore the 2BSDE (2.3) admits a unique strong solution (V u, Y u, Zu) ∈ S2 (R)×

S2 (Rn)×H2
(
Rn×d

)
if u is chosen to be a Markovian neural network control.

Now we describe the details of the algorithm to solve the control problem. We introduce

parameters θ0i ∈ Rρ(n,m), λ0i ∈ Rρ(n,n2), v00 ∈ R and y00 ∈ Rn, then use the following Euler-

Maruyama Scheme. Set X0
0 = x0, V

0
0 = v00 and Y 0

0 = y00 then for i = 0, . . . N − 1 let u0i =

Nθ0i
(X0

i ), Γ
0
i = Nλ0

i
(X0

i ) and

X0
i+1 = X0

i + (ti+1 − ti) bti
(
X0

i , u
0
i

)
+ σti

(
X0

i , u
0
i

)
∆Wi

V 0
i+1 = V 0

i − (ti+1 − ti) fti
(
X0

i , u
0
i

)
+
(
Y 0
i

)⊤
σti
(
X0

i , u
0
i

)
∆Wi

Y 0
i+1 = Y 0

i − (ti+1 − ti) ∂xHti

(
X0

i , u
0
i , Y

0
i ,Γ

0
iσti

(
X0

i , ui
))

+ Γ0
iσti

(
X0

i , ui
)
∆Wi,

(2.4)

where ∆Wi is a multivariate normal Nd (0, (ti+1 − ti)1d) random variable. We have used min-

imal notation for these processes for clarity, but one should remember that these explicitly

depend on the choice of parameters λ0i , θ
0
i and the initial points v00, z

0
0 .

Remark 3. We use a different neural network at every time step, as opposed to a single network

that takes in state and time as inputs. While this increases the number of parameters (assuming

all networks use the same number of layers and hidden nodes), it also decreases the run time.

This is because in the back propagation step, extra time is required to take derivatives of the

network parameters, since they are involved in every time step. Even when using a high number

of time steps, the increase in time outweighs the penalty of having more networks which leads

to more memory usage.

Once we have repeated this iteration N − 1 times, we arrive at time tN = T but realise that we

have not satisfied the terminal conditions. We want to choose the neural networks and initial
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start points to reduce the expected error, which amounts to minimising the loss function

L1

(
Λ0
)

..= E
[∣∣V 0

N − g
(
X0

N

)∣∣2 + γ1
∣∣Y 0

N − ▽g
(
X0

N

)∣∣2] , (2.5)

where Λ0 ∈ R1+n+ρ(n,n2) is a vector representation of {v00, y00} ∪ (λ0i )
N−1
i=0 . This is referred to as

the BSDE loss function in the sequel. When discussing numerical implementation here and in

the sequel, E denotes the sample average.

In addition, for each time step the arbitrary control choice u0 is not optimal, and may not be

in the constraint space U , so we must also maximise the loss functions

L2

(
θ0i , i

)
..= E

[
Fti

(
X0

i , u
0
i , Y

0
i ,Γ

0
i

)
+ γ2dist

(
u0i , U

)]
, (2.6)

for i = 0, . . . , N − 1, where dist is the distance function

dist (u, U) = sup
z∈U

|z − u|2.

Where | · | denotes the euclidean norm (we use the square as it is unnecessary to take the square

root of this vector, as would be done using the norm). The function L2 is referred to as the

control loss function in the sequel. Again, we evaluate a sample average of this loss function.

The coefficients γ1, γ2 > 0 are some tuning parameters that can be chosen. In our case, we

choose γ1 = 0.5, and γ2 = 100. We proceed to optimise these loss functions in turn, starting

with our randomly initialised 0-superscript parameters. Now suppose we have just finished step

j ∈ N.

The first sub-step is to improve the terminal condition loss. We generate V j
N , Y

j
N and Xj

N using

Λj and θji for i = 1, . . . , N−1, which are carried forward from the previous step. We then make

an improvement using one step of the ADAM algorithm, against the loss function L1, resulting

in the updated parameters Λj+1. We also keep track of the moment estimates that are present

in the algorithm as in Kingma and Ba (2014).

The second half of the iteration step is to improve the control process. We can first simulate

the processes uj and Xj using our previous parameter set Θj =
(
θji
)N−1

i=0
, then simulate Y j

and Γj using the updated parameters Λj+1, and finally make the following improvement using

one step of the ADAM algorithm. For each i = 0, . . . , N − 1 we update θji using the ADAM
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algorithm against L2 (·, i), resulting in θj+1
i . We track the moment estimates and move to step

j + 2 and repeat this process. We do this for each path of a batch of simulated paths of size

B ∈ N.

These two steps can be repeated until the new parameters are sufficiently close to the old

parameters after an update, at which point we deem the algorithm to have converged. We

find that making small increments at each step, ensuring that the learning rate required for the

ADAM algorithm is smaller for the control step than the BSDE step, we have good convergence

results.

Remark 4. At each time step we build 2 neural networks, which have 4 layers, with the two

hidden layers consisting of n + 10 nodes. The parameters are optimised using the ADAM

algorithm, using a batch size of 64 Brownian paths. We choose to initialise each parameter

near 0, though a prior guess may be used, and the rate of convergence is naturally much higher

when the initial guess is closer to the true value. Substituting p = n, L = 4 and l = n + 10

into (1.13) leads to a parameter set of size ρ (n, q) = 4n2 + 74n + 340 + q (n+ 11), where q is

the output dimension of the network. The number of neural network parameters is therefore

at most cubic in the state dimension and linear in the control dimension.

Remark 5. We use a different loss function for the BSDE and control networks in the algorithm.

Another option would be combining these loss functions into one single loss function that both

networks try to minimise. However, this would be slower as the back propagation step would

take longer, particularly for the control network. It may also lead to false solutions, for example

minimising L1 by making both V j
N and g

(
Xj

N

)
close to zero.

Algorithm 3 outlines this scheme explicitly. When we use the notation ADAM(), we refer to

one step of the ADAM Algorithm (Algorithm 1). The output is given as the value at time 0,

but a byproduct of this scheme is pathwise evaluations of the value function and its derivatives,

as well as the optimal control. This algorithm terminated when Λj,Θj are deemed to have

‘converged’, this could be once some maximum number of iterations are hit, or if the loss

functions do not change much with respect to iteration.

An implementation of this scheme (and the dual / SMP adaptations in the sequel) in Python

with Tensorflow 1 can be found at https://github.com/Ashley-Davey/ML-For-Stochastic-Control.

https://github.com/Ashley-Davey/ML-For-Stochastic-Control
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Algorithm 3: Primal Deep Controlled 2BSDE

Input: x0 ∈ Rn

Result: v (0, x0)

Initialise V 0
0 ∼ Unif ([−0.1, 0.1]) and Y 0

0 ∼ Unif ([−0.1, 0.1]n);

for i = 0, 1, 2, . . . , N − 1 do

Initialise θ0i ∼ Unif
(
[−0.1, 0.1]ρ(n,m)

)
, λ0i ∼ Unif

(
[−0.1, 0.1]ρ(n,n

2)
)
;

end

Set Λ0 = {V 0
0 , Y

0
0 } ∪ {λ0i }N−1

i=0 ;

Set Λ0 = {θ0i }N−1
i=0 ;

Initialise m0 = v0 = 0, j = 0 and m0
i = v0i = 0 for i = 0, . . . , N − 1;

while Λj,Θj not converged do

Generate ∆W k
i for each k = 1, . . . B, i = 0, . . . , N − 1;

Generate Xj,k, V j,k, Y j,k, uj,k,Γj,k using (2.4) and (Λj,Θj) for each k = 1, . . . B,

i = 0, . . . , N − 1;

Set Lj
1 (Λ

j) = 1
B

∑B
k=1

∣∣∣V j,k
N − g

(
Xj,k

N

)∣∣∣2 + γ1

∣∣∣Y j,k
N − ▽g

(
Xj,k

N

)∣∣∣2;
Set Λj+1,mj+1, vj+1 = ADAM(Λj,Lj

1,m
j, vj, j);

Regenerate Xj,k, V j,k, Y j,k, uj,k,Γj,k using (2.4) and (Λj+1,Θj) for each k = 1, . . . B,

i = 0, . . . , N − 1;

for i = 0, 1, 2, . . . , N − 1 do

Set Lj
2

(
θji , i

)
= 1

B

∑B
k=1 Fti

(
Xj,k

i , uj,ki , Y j,k
i ,Γj,k

i

)
+ γ2dist(u

j,k
i , U);

Set θj+1
i ,mj+1

i , vj+1
i = ADAM(θji ,L

j
2 (·, i) ,m

j
i , v

j
i , j);

end

Set Θj+1 = {θj+1
i }N−1

i=0 ;

Set j = j + 1;

end

Output V j
0 ;

2.2 Utility Maximisation

In this section we describe the standard portfolio optimisation problem.
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2.2.1 Primal Problem

Let W = (Wt)0≤t≤T be a standard m dimensional Brownian motion on the natural filtered

probability space
(
Ω,F , (Ft)0≤t≤T ,P

)
augmented with all P-null sets for some fixed finite ter-

minal horizon T > 0. Consider an m + 1 dimensional stock market, consisting of a risk-free

bond with interest rate rt, t ∈ [0, T ], and a collection S of risky stocks defined by S0 = 1 and

dSt = diag (St) (µtdt+ ΣtdWt) , 0 ≤ t ≤ T, (2.7)

where diag (St) is an m×m matrix with diagonal elements from St and all other elements zero,

and r, µ and Σ are uniformly bounded, progressively measurable processes valued in R, Rm

and Rm×m, respectively, with µt and Σt representing the drifts and volatilities of the m stock

prices at time t ∈ [0, T ], respectively. The matrix Σt is invertible and Σ−1
t is uniformly bounded

for all t ∈ [0, T ]. An agent invests a proportion πt of the wealth X
π
t in the risky stocks and the

rest in the risk-free bond at time t ∈ [0, T ]. The 1-dimensional wealth process X evolves as the

geometric Brownian motion

dXπ
t = Xπ

t

(
rt + π⊤

t (µt − rt1m)
)
dt+Xπ

t π
⊤
t ΣtdWt, 0 ≤ t ≤ T, (2.8)

with Xπ
t = x0, where 1m ∈ Rm is a vector of ones. We call π an admissible control if π is a

progressively measurable process valued in K ⊂ Rm, a non-empty closed convex set, almost

surely for almost every t ∈ [0, T ], and there exists a unique strong solution Xπ to the SDE

(2.8). The set of all admissible controls π is denoted by K. The set K corresponds to trading

restrictions or incompleteness of the Market. For example, in one of our examples we take

K = [0,∞)m to be only non-negative controls. As Xπ is also non-negative (as long as x0 > 0),

this constraint corresponds to the rule of no short-selling.

The investor wishes to maximise the expected utility of the terminal wealth, that is, to find

V ..= sup
π∈K

E [U (Xπ
T )] , (2.9)

where U : [0,∞) → R is a utility function that is twice continuously differentiable, strictly

increasing, strictly concave and satisfies U ′ (0) = ∞ and U ′ (∞) = 0. We say that state and

control processes Xπ∗
, π∗ are optimal if V = E

[
U
(
Xπ∗

T

)]
.
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We first suppose that the coefficients r, µ,Σ are deterministic. For our machine learning frame-

work, we have the process Xu = Xπ defined by (1.1), controlled by u = π, and the primal

2BSDE system (2.3) where we take g (x) = U (x)1x>0 for x ∈ R, f = 0 and define the drift

and diffusion functions by

bt (x, π) = x
(
rt + π⊤ (µt − rt1m)

)
,

σt (x, π) = xπ⊤Σt,

for (t, x, π) ∈ [0, T ] × R × Rm. As this is a maximisation problem, we alter the loss function

(2.6) for the control slightly. We set

L2

(
θ0i , i

)
..= E

[
−Fti

(
X0

i , u
0
i , Y

0
i ,Γ

0
i

)
+ γ2dist

(
u0i , K

)]
,

for i = 1, . . . , N and θi ∈ Rρ(1,m).

Example 2.2.1. Now, in the general case we may not have deterministic coefficients. Consider

for example the Heston problem. In this model, our agent invests in a 2-dimensional stock

market, out of which one asset S is traded, and is defined by

dSt = St (r + θΣt) dt+ St

√
ΣtdW

S
t , 0 ≤ t ≤ T.

The constants r, θ > 0 represent the risk-free rate and market price of risk respectively. The

volatility process Σ has the dynamics

dΣt = κ
(
Σ̄− Σt

)
dt+ ξ

√
ΣtdW

Σ
t , 0 ≤ t ≤ T.

The constant κ > 0 represents the speed at which the process reverts to the long-time average

volatility, given by Σ̄ > 0. The constant ξ > 0 is a variance parameter. The Brownian motions

W S and WΣ are correlated with correlation parameter ρ ∈ [−1, 1]. When the agent invests a

proportion π of their wealth Xπ in this market, their wealth process (2.8) evolves as

dXπ
t = Xπ

t (r + πtθΣt) dt+Xπ
t πt
√
ΣtdW

S
t , 0 ≤ t ≤ T.

To transform this to a Markovian setting, the 2-dimensional process (Xπ,Σ) is the state process
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controlled by the K ⊂ R valued process π. Consider the maximum utility problem given by,

for (t, x,Σ) ∈ [0, T ]× R2

u (t, x,Σ) = sup
π∈K

E [U (Xπ
T ) | (Xπ

0 ,Σ0) = (x,Σ)] , (2.10)

for some utility function U . This setup fits in the framework of (1.3) with d = 2, n = 2, m = 1

and g (x,Σ) ..= U (x)1x>0 for (x,Σ) ∈ R2 and f = 0. The drift and diffusion functions are

given by

bt (x,Σ, π) =
(
x (r + πθΣ) , κ

(
Σ̄− Σ

))⊤
,

σt (x,Σ, π) =

xπ√Σ 0

ρξ
√
Σ

√
1− ρ2ξ

√
Σ

 ,

for (t, x,Σ) ∈ [0, T ] × R2. It is a usual assumption that the drift and diffusion functions are

Lipschitz functions of the state and control variable, but this is not the case here due to the

square root appearing in the diffusion. This will invalidate current theoretical convergence

results.

2.2.2 Dual Problem

We now define the dual problem for the utility maximization problem (2.9), see (Li and Zheng,

2018, Section 2) for more details. The basis for a dual problem relies on the Legendre-Fenchel

Transform. Define

Ũ (x̃) = sup
x>0

{U (x)− xx̃} , x̃ > 0.

The concavity and differentiability of U ensure that Ũ is well defined and is twice continuously

differentiable, strictly decreasing and strictly convex on (0,∞). The R-valued dual process

X̃ x̃,π̃ is defined by

dX̃ x̃,π̃
t = −X̃ x̃,π̃

t

(
rt + δK (π̃t)

)
dt− X̃ x̃,π̃

t

(
θt + Σ−1

t π̃t
)⊤
dWt, 0 ≤ t ≤ T, (2.11)

with X̃ x̃,π̃
0 = x̃, where x̃ is non-negative, θt ..= Σ−1

t (µt − rt1m) is the market price of risk, and π̃

is a Rm-valued dual control process which is progressively measurable and ensures there exists

a unique strong solution X̃ x̃,π̃ ∈ S2(R) to the SDE (2.44). The function δK is the support
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function of −K, defined by

δK (z) = sup
π∈K

{
−π⊤z

}
, z ∈ Rm.

We choose this specific dual problem, as it can be shown that the processes XπX̃ x̃,π̃ is a super-

martingale for any choice of π, π̃ and x̃ and we have the following weak duality relation (Li

and Zheng, 2018, p. 5)

V ≤ Ṽ ..= inf
x̃>0

{
inf

π̃∈Rm

{
E
[
Ũ
(
X̃ x̃,π̃

T

) ∣∣∣ X̃ x̃,π̃
0 = x̃

]}
+ x0x̃

}
. (2.12)

Solving the dual problem would give us an upper bound of the value function, that can be

combined with a lower bound by the primal problem to produce a confidence interval for

the value function. If we have an equality in (2.12), then we can find the value function by

alternatively solving the dual problem.

2.3 Duality Methods

In this section we introduce deep learning algorithms that use duality. For the dual DC2BSDE

algorithm, we consider a more general setting for which the utility dual problem (2.12) is a

special case.

We may define the following dual value function

ũ (0, x̃) = inf
x∈Rn

{
u (0, x) + x⊤x̃

}
, x̃ ∈ Rn.

This formulation can be reversed, so if we know ũ (0, ·), then we can find u (0, ·) via

u (0, x) = sup
x̃∈Rn

{
ũ (0, x̃)− x⊤x̃

}
, x ∈ Rn. (2.13)

We can describe ũ as a value function for a particular stochastic control problem that can

be solved using the method of Section 2.1. From this we describe two options to recover the

primal value function. The first method involves solving the optimisation problem (2.13) via

the introduction of a third loss function to optimise the initial dual variable x̃. This is referred
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to as the dual DC2BSDE method. The second option is to instead optimise the dual control

process using optimality conditions arising from the SMP. This changes the machine learning

algorithm slightly, as we no longer optimise using the Hamiltonian as a loss function. The key

benefit of this method is the theory is applicable to non-Markovian problems, allowing us to

solve control problems involving path-dependant coefficients.

2.3.1 The Dual DC2BSDE Method for the Markovian Case

When the dual problem in (2.13) is Markovian it has a similar structure to the primal problem

(1.3), so we can adapt our machine learning method to solve it. We define a variable x̃00 with

which the state process begins, as opposed to starting at x0. Suppose X̃
x̃,ũ is driven by a control

ũ, a progressively measurable process, valued in Ũ ⊂ Rm, and has deterministic and measurable

drift and diffusion functions b̃ : [0, T ]×Rn×Ũ → Rn and σ̃ : [0, T ]×Rn×Ũ → Rn×d respectively.

Then, in analogue to (2.3), we have solutions
(
Ṽ x̃,ũ, Ỹ x̃,ũ, Γ̃x̃,ũ

)
∈ S2 (R)×S2 (Rn)×H2 (Rn×n)

to the 2BSDE

dX̃ x̃,ũ
t = b̃t

(
X̃ x̃,ũ

t , ũt

)
dt+ σ̃t

(
X̃ x̃,ũ

t , ũt

)
dWt

dṼ x̃,ũ
t = −f̃t

(
X̃ x̃,ũ

t , ũt

)
dt+

(
Ỹ x̃,ũ
t

)⊤
σ̃t

(
X̃ x̃,ũ

t , ũt

)
dWt

dỸ x̃,ũ
t = −∂xH̃t

(
X̃ x̃,ũ

t , ũt, Ỹ
x̃,ũ
t , Γ̃x̃,ũ

t σt

(
X̃ x̃,ũ

t , ũt

))
dt+ Γ̃x̃,ũ

t σ̃t

(
X̃ x̃,ũ

t , ũt

)
dWt,

(2.14)

with the initial condition X̃ x̃,ũ
0 = x̃ and terminal conditions Ṽ x̃,ũ

T = g̃
(
X̃ x̃,ũ

T

)
and Ỹ x̃,ũ

T =

▽g̃
(
X̃ x̃,ũ

T

)
, where f̃ and g̃ are the dual running and terminal reward functions respectively.

The function H̃ is defined as in (1.11) but with the corresponding dual functions. We discretise

this 2BSDE and optimise using the dual Hamiltonian, denoted here as F̃ , in the same way.

Introduce parameters θ0i ∈ Rρ(n,m), λ0i ∈ Rρ(n,n2), i = 1, . . . , N and set X̃0
0 = x̃0, Ṽ

0
0 = v00 and

Ỹ 0
0 = y00 then for i = 0, . . . N − 1 let u0i = Nθ0i

(
X̃0

i

)
, Γ̃0

i = Nλ0
i

(
X̃0

i

)
and

X̃0
i+1 = X̃0

i + (ti+1 − ti) bti

(
X̃0

i , ũ
0
i

)
+ σti

(
X̃0

i , ũ
0
i

)
∆Wi

Ṽ 0
i+1 = Ṽ 0

i − (ti+1 − ti) fti

(
X̃0

i , ũ
0
i

)
+
(
Ỹ 0
i

)⊤
σti

(
X̃0

i , ũ
0
i

)
∆Wi

Ỹ 0
i+1 = Ỹ 0

i − (ti+1 − ti) ∂xHti

(
X̃0

i , ũ
0
i , Ỹ

0
i , Γ̃

0
iσti

(
X̃0

i , ũi

))
+ Γ̃0

iσti

(
X̃0

i , ũi

)
∆Wi,

(2.15)
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where ∆Wi is a multivariate normal Nd (0, (ti+1 − ti)1d) random variable. We have analogous

loss functions L̃1 and L̃2 for this scheme, defined by

L̃1

(
Λ0
)

..= E
[∣∣∣Ṽ 0

N − g̃
(
X̃0

N

)∣∣∣2 + γ1

∣∣∣Ỹ 0
N − ▽g̃

(
X̃0

N

)∣∣∣2] , (2.16)

where Λ0 ∈ R1+n+ρ(n,n2) is a vector representation of {ṽ00, ỹ00} ∪ (λ0i )
N−1
i=0 .

L̃2

(
θ0i , i

)
..= E

[
−F̃ti

(
X̃0

i , ũ
0
i , Ỹ

0
i , Γ̃

0
i

)
+ γ2dist

(
ũ0i , Ũ

)]
. (2.17)

Optimising these solves the dual value problem and finds ũ. We now introduce a third loss

function to recover the primal value function from this system

L̃3

(
x̃00
)
= −

(
E
[
g̃
(
X̃0

N

)]
− (x̃00)

⊤x0

)
. (2.18)

Since the primal problem is described as a minimisation problem, the dual problem, and the

duality optimisation problem become maximisations, as we see in our examples in the sequel.

Hence the respective loss functions are multiplied by -1. Algorithm 4 gives the details of this

method.

Example 2.3.1. For the utility maximisation problem (2.12), we can apply the dual method

with

b̃t (x̃, π̃) = −x̃ (rt + δK (π̃)) ,

σ̃t (x̃, π̃) = −x̃
(
θt + Σ−1

t π̃
)⊤
,

f̃t (x̃, π̃) = 0,

g̃ (x̃) = Ũ (x̃)1x>0,

for (t, x̃, π̃) ∈ [0, T ] × R × Rm. In some cases, δK(z) can be infinite for some z /∈ K̃ ⊂ Rm. In

these cases we remove this term and consider the constrained optimisation over K̃.
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Algorithm 4: Dual Deep Controlled 2BSDE

Input: x0 ∈ Rn

Result: v (0, x0)

Initialise Ṽ 0
0 ∼ Unif ([−0.1, 0.1]), x̃00 ∼ x0 +Unif ([−0.1, 0.1]n) and Ỹ 0

0 ∼ Unif
(
[−0.1, 0.1]d

)
;

for i = 0, 1, 2, . . . , N − 1 do

Initialise θ0i ∼ Unif
(
[−0.1, 0.1]ρ(n,m)

)
, λ0i ∼ Unif

(
[−0.1, 0.1]ρ(n,n

2)
)
;

end

Set Λ0 = {Ṽ 0
0 , Ỹ

0
0 } ∪ {λ0i }N−1

i=0 ;

Set Θ0 = {θ0i }N−1
i=0 ;

Initialise m0 = v0 = 0, m0
x = 0, v0x = 0, j = 0 and m0

i = v0i = 0 for i = 0, . . . , N − 1;

while Λj,Θj, x̃j0 not converged do

Generate ∆W k
i for each k = 1, . . . B, i = 0, . . . , N − 1;

Generate X̃j,k, Ṽ j,k, Ỹ j,k, ũj,k, Γ̃j,k using (2.15) and
(
Λj,Θj, x̃j0

)
for each k = 1, . . . B,

i = 0, . . . , N − 1;

Set L̃j
1 (Λ

j) = 1
B

∑B
k=1

∣∣∣Ṽ j,k
N − g

(
X̃j,k

N

)∣∣∣2 + γ1

∣∣∣Ỹ j,k
N − ▽g

(
X̃j,k

N

)∣∣∣2;
Set Λj+1,mj+1, vj+1 = ADAM(Λj, L̃j

1,m
j, vj, j);

Regenerate X̃j,k, Ṽ j,k, Ỹ j,k, ũj,k, Γ̃j,k using (2.15) and
(
Λj+1,Θj, x̃j0

)
for each

k = 1, . . . B, i = 0, . . . , N − 1;

for i = 0, 1, 2, . . . , N − 1 do

Set L̃j
2

(
θji , i

)
= − 1

B

∑B
k=1 Fti

(
X̃j,k

i , ũj,ki , Ỹ j,k
i , Γ̃j,k

i

)
+ γ2dist(ũ

j,k, Ũ);

Set θj+1
i ,mj+1

i , vj+1
i = ADAM(θji , L̃

j
2 (·, i) ,m

j
i , v

j
i , j);

end

Set Θj+1 = {θj+1
i }N−1

i=0 ;

Set L̃j
3

(
x̃j0
)
= x⊤0 x̃

j
0 − 1

B

∑B
k=1 g̃

(
X̃j

N

)
;

Set x̃j+1
0 ,mj+1

x , vj+1
x = ADAM(x̃j0, L̃

j
3 (·) ,mj

x, v
j
x, j);

Set j = j + 1;

end

Output Ṽ j
0 − x⊤0 x̃

j
0;
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2.3.2 The Deep SMP Method

In this section we consider the Utility Maximisation problem (2.9) in the case that r, µ and

Σ may not be deterministic. The utility problem and its dual problem then become non-

Markovian. This means we cannot write the value function as a measurable function of state

and time nor apply the dynamical programming principle, hence the HJB equation is invalid.

However, we can still employ the SMP, and it is shown in Li and Zheng (2018) that there

exist certain optimality conditions for a non-Markovian utility maximisation problem, which

we use to define a new algorithm, named the deep SMP method. We again consider the utility

problem, written in this setting as

v (t) = sup
π∈K

E
[
U (Xπ

T )
∣∣Ft

]
, 0 ≤ t ≤ T.

We cannot use Itô’s formula for this value process as it cannot be written as a measurable

function of the wealth process Xπ, defined as in (2.8) and controlled by π, but we can still use

the SMP, for both the primal and dual problems. In this setting, for the primal problem the

BSDE (1.10) becomes (Y π, Zπ) ∈ S2 (R)×H2 (Rm) such that

dY π
t = −

[(
rt + π⊤

t Σtθt
)
Y π
t + (Zπ

t )
⊤ Σ⊤

t πt

]
dt+ (Zπ

t )
⊤ dWt, 0 ≤ t ≤ T,

Y π
T = U ′ (Xπ

T )
(2.19)

Similarly, we can define the dual state X̃ x̃,π̃ as per (2.11), controlled by (x̃, π̃). The dual adjoint

equation is the following BSDE with unknown processes
(
Ỹ x̃,π̃, Z̃ x̃,π̃

)
∈ S2 (R)×H2 (Rm)

dỸ x̃,π̃
t =

[
(rt + δK (π̃t)) Ỹ

x̃,π̃
t +

(
Z̃ x̃,π̃

t

)⊤ (
θt + Σ−1

t π̃t
)]
dt+

(
Z̃ x̃,π̃

t

)⊤
dWt, 0 ≤ t ≤ T,

Ỹ x̃,π̃
T = Ũ ′

(
X̃ x̃,π̃

T

)
.

(2.20)

We use the following primal-dual relations, derived in Li and Zheng (2018).

Theorem 2.3.2 (Li and Zheng (2018), Theorem 12). Suppose that x̃∗ and π̃∗ are optimal

dual controls, with the corresponding dual state process X̃ x̃∗,π̃∗
and dual adjoint BSDE solutions

Ỹ x̃∗,π̃∗
, Z̃ x̃∗,π̃∗

. Then the primal state process Xπ∗
and primal adjoint BSDE solutions Y π∗

, Zπ∗
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corresponding to the optimal primal control π∗ satisfy

Xπ∗

t = −Ỹ x̃∗,π̃∗

t , Y π∗

t = X̃ x̃∗,π̃∗

t , (2.21)

for all t ∈ [0, T ].

We now state the optimality conditions for the dual problem in terms of these processes.

Theorem 2.3.3 (Li and Zheng (2018), Theorem 11). Let (x̃, π̃) be an admissible dual control.

Then (x̃, π̃) is optimal if and only if the solutions
(
Ỹ x̃,π̃, Z̃ x̃,π̃

)
of (2.20) satisfy the following

1. Ỹ x̃,π̃
0 = −x0,

2.
(Σ⊤

t )
−1

Z̃x̃,π̃
t

Ỹ x̃,π̃
t

∈ K,

3. Ỹ x̃,π̃
t δK (π̃t) +

(
Z̃ x̃,π̃

t

)⊤
Σ−1

t π̃t = 0,

for all t ∈ [0, T ] almost surely.

Remark 6. The corresponding optimality condition for a primal control π with corresponding

state process Xπ and adjoint BSDE solutions (Y π, Zπ) is

[πt − a]⊤[Xπ
t Σt (Y

π
t θt + Zπ

t )] ≥ 0

for all t ∈ [0, T ] and a ∈ K almost surely. This is a much more complex condition, and the

implementation would require some grid-based method to consider a sufficiently large number of

a ∈ K, which would be computationally costly, especially in higher dimensions and unbounded

(but still constrained) K. For this reason, we approach the dual conditions and then use the

primal dual relations to derive the necessary primal processes.

The machine learning methodology to solve this problem, which we call in the sequel the deep

controlled SMP (DCSMP) method, is as follows. First, we simulate the dual processes in the

forward direction using the Euler-Maruyama scheme. We start the process Ỹ x̃,π̃ at Ỹ x̃,π̃
0 = −x0

to ensure the first condition is satisfied. This condition is why it appears that the forward

simulation method is naturally suited to this problem. We use neural networks to define the

processes π̃ and Z̃ x̃,π̃, then update the values of X̃ x̃,π̃ and Ỹ x̃,π̃ accordingly.
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Specifically, we set X̃0
0 = x̃0, Ỹ 0

0 = −x0 then for i = 0, . . . , N − 1 set π̃0
i = Nθi

(
X̃0

i

)
and

X̃0
i+1 = X̃0

i − (ti+1 − ti) X̃
0
i

(
rti + δK

(
π̃0
i

) )
− X̃0

i

(
θti + Σ−1

ti
π̃0
i

)⊤
∆Wi,

Ỹ 0
i+1 = Ỹ 0

i + (ti+1 − ti)

[
rtiỸ

0
i +

(
Z̃0

i

)⊤
θti

]
+
(
Z̃0

i

)⊤
∆Wi,

Z̃0
i+1 = Ỹ 0

i Σ
⊤
ti
Nλi

(
X̃0

i

)
,

(2.22)

where θi, λi ∈ Rρ(1,m) are parameters for neural networks, ∆Wi is a multivariate normal

Nm (0, (ti+1 − ti)1m) random variable. The two neural networks used here both output to

m-dimensional space, unlike the general algorithm outlined in Section 2.1, where the second

neural network is valued in Rn×n. We have the variables y,Θ ..= (θi)
N−1
i=0 and Λ ..= (λi)

N−1
i=0 ,

which are optimised against the following loss functions:

Lx̃
(
x̃00
)
= E

[
Ũ
(
X̃0

N

)]
+ x0x̃

0
0,

LZ̃
(
λ0i , i

)
= E

[∣∣∣Ũ ′
(
X̃0

N

)
− Ỹ 0

N

∣∣∣2 + γdist
(
Nλi

(
X̃0

i

)
, K
)]

,

Lπ̃
(
θ0i , i

)
= E

[∣∣∣∣Ỹ 0
i δK

(
π̃0
i

)
+
(
Z̃0

i

)⊤
Σ−1

ti
π̃0
i

∣∣∣∣2
]
.

We take sample means to approximate the expected values. The hyperparameter γ > 0 is

some large penalty constant, in our case γ = 100. These loss functions ensure the optimality

conditions of Theorem 2.3.3 are satisfied.

In this algorithm we no longer have a variable representing the value at time 0, as we do not

assume the Markovian structure that gives us Ṽ . We therefore need to perform Monte Carlo

simulations, forming bounds of the value function. An upper bound can be found using the

dual state process X̃ and a lower bound the primal state process Xπ = −Ỹ x̃,π̃, as per (2.21).

The estimates outputted are given by

vlow ..= E
[
U
(
−Ỹ j

N

)]
≤ u (0, x0) ≤ E

[
Ũ
(
X̃j

N

)]
+ x0x̃

j
0 =

.. vhigh (2.23)

for some sufficiently large j. The inequalities are valid up to discretisation and simulation

errors, and as the number of time steps increases, the gap vhigh − vlow decreases. Assuming

convergence of the control process and corresponding state and adjoint processes, the optimal

value is eventually contained in this gap. Algorithm 5 gives the details of the DCSMP method.
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Algorithm 5: Deep Controlled SMP for the Utility Maximisation problem

Input: x0 ∈ R

Result: A confidence interval for v (0, x0)

Initialise x̃00 ∼ Unif ([x− 0.1, x+ 0.1]);

for i = 0, 1, 2, . . . , N − 1 do

Initialise θ0i ∼ Unif
(
[−0.1, 0.1]ρ(n,m)

)
, λ0i ∼ Unif

(
[−0.1, 0.1]ρ(n,n

2)
)
;

end

Set Λ0 = {λ0i }N−1
i=0 ;

Set Θ0 = {θ0i }N−1
i=0 ;

Initialise m0
x = 0, v0x = 0, j = 0 and m0

π,i = v0π,i = 0, m0
Z,i = v0Z,i = 0 for i = 0, . . . , N − 1;

while Λj,Θj, x̃j0 not converged do

Generate ∆W k
i for each k = 1, . . . B, i = 0, . . . , N − 1;

Generate X̃j,k, Ỹ j,k, Z̃j,k, π̃j,k using (2.22) and
(
Λj,Θj, x̃j0

)
for each k = 1, . . . B,

i = 0, . . . , N − 1;

for i = 0, 1, 2, . . . , N − 1 do

Set LZ̃
(
λji , i

)
= 1

B

∑B
k=1

∣∣∣Ũ ′
(
X̃j,k

N

)
− Ỹ j,k

N

∣∣∣2 + γdist
(
Nλi

(
X̃j,k

i

)
, K
)
;

Set λj+1
i ,mj+1

Z,i , v
j+1
Z,i = ADAM(Λj,LZ̃ (·, i) ,mj

Z,i, v
j
Z,i, j);

end

Set Λj+1 = {λj+1
i }N−1

i=0 ;

Regenerate X̃j,k, Ỹ j,k, Z̃j,k, π̃j,k using (2.22) and
(
Λj+1,Θj, x̃j0

)
for each k = 1, . . . B,

i = 0, . . . , N − 1;

for i = 0, 1, 2, . . . , N − 1 do

Set Lπ̃
(
θji , i

)
= − 1

B

∑B
k=1

∣∣∣∣Ỹ j,k
i δK

(
π̃j,k
i

)
+
(
Z̃j,k

i

)⊤
Σ−1

ti π̃
j,k
i

∣∣∣∣2;
Set θj+1

i ,mj+1
π,i , v

j+1
π,i = ADAM(θji ,Lπ̃ (·, i) ,mj

π,i, v
j
π,i, j);

end

Set Θj+1 = {θj+1
i }N−1

i=0 ;

Set Lx̃
(
x̃j0
)
= 1

B

∑B
k=1 Ũ

(
X̃j

N

)
+ x⊤x̃j0;

Set x̃j+1
0 ,mj+1

x , vj+1
x = ADAM(x̃ji ,Lx̃,mj

x, v
j
x, j);

Set j = j + 1;

end

Output vlow, vhigh defined in (2.23);
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2.4 Random Income

In this section we study the investment-consumption problem with randomly terminating in-

come. This problem has an irregular structure due to an income stream that will terminate at

some exponential time. To handle this, we reformulate the problem by converting the random

income stream into a running cost for a transformed control problem. We split the time horizon

into two regions: pre terminating, in which the income is perpetual over the entire time horizon;

and post-terminating, in which there is no income term. We can solve both of these problems

using our machine learning method, and recombine them to yield the solutions to the original

problem. The problem with infinite time horizon and its duality theory is covered in Davey

et al. (2021).

2.4.1 Primal Problem

Let S be the stock market (2.7). Consider an agent with wealth process (Xπ,c
t )0≤t≤T investing

proportions πt ∈ K for some convex set K ⊂ Rm of their wealth in this stock market at any

time t ∈ [0, T ], and the remainder in a risk free bond with uniformly bounded, deterministic

interest rate rt > 0. Furthermore, the agent may choose to consume some of their wealth

before the time horizon. In addition to the wealth accrued from investing, the agent receives a

continuous payment with rate a ≥ 0, which terminates at some random exponential time τ ≥ 0

independent of S. The agent wishes to solve

sup
π,c

E
[∫ T

0

e−δsU (cs) ds+ e−δTU1 (X
π,c
T )

]
,

where Xπ,c is the wealth process satisfying a controlled stochastic differential equation:

dXπ,c
t =

[
Xπ,c

t

(
rt + π⊤

t (µt − rt)
)
− ct + at

]
dt+Xπ,c

t π⊤
t ΣtdWt, 0 ≤ t ≤ T, (2.24)

with the initial wealth Xπ,c
0 = x0 where U and U1 are utility functions satisfying the Inada

conditions, δ > 0 is a utility discount factor, and at = a1τ>t is the random income with

exponential termination time τ ∼ EXP (η) for some η ≥ 0. The proportional investment

process π is constrained to the set K, and consumption process c is constrained to the non-

negative real line [0,∞).
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We assume that the problem is solved when there is no income, that is, we know how to compute

the value function

v0 (t, x) ..= sup
π,c

E
[∫ T

t

e−δ(s−t)U (cs) ds+ e−δ(T−t)U1

(
Xπ,c,0

T

)∣∣∣∣Xπ,c,0
t = x

]
,

for (t, x) ∈ [0, T ]× R, where

dXπ,c,0
s =

[
Xπ,c,0

s

(
rs + π⊤

s Σs (µs − rs)
)
− cs

]
ds+Xπ,c,0

s π⊤
s ΣsdWs, 0 ≤ s ≤ T,

with the initial condition Xπ,c,0
t = x. This can be found either analytically, or numerically using

our method. Note that v0 (T, x) = U1 (x) for all x ∈ R.

Define the value function

v (t, x) = sup
π,c

E
[∫ T

t

e−δ(s−t)U (cs) ds+ e−δ(T−t)U1 (X
π,c
T )

]
, (2.25)

for (t, x) ∈ [0, T ]×R where Xπ,c satisfies (2.24) with Xπ,c
t = x. Fix t ∈ [0, T ] and assume τ > t,

i.e, the income has not terminated yet at time t. We can relate v and v0 as follows. Define
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λ ..= T ∧ τ and α = η + δ. Then

v (t, x) (2.26)

= sup
π,c

E
[∫ λ

t

e−δ(s−t)U (cs) ds+

∫ T

λ

e−δ(s−t)U (cs) ds+ e−δ(T−t)U1 (X
π,c
T )

∣∣∣∣Xπ,c
t = x

]
(2.27)

= sup
π,c

E
[∫ λ

t

e−δ(s−t)U (cs) ds+ e−δ(λ−t)

(∫ T

λ

e−δ(s−λ)U (cs) ds+ e−δ(T−λ)U1 (X
π,c
T )

)∣∣∣∣Xπ,c
t = x

]
(2.28)

= sup
π,c

E
[∫ λ

t

e−δ(s−t)U (cs) ds+ e−δ(λ−t)v0 (λ,X
π,c
λ )

∣∣∣∣Xπ,c
t = x

]
(2.29)

= sup
π,c

E
[∫ ∞

t

ηe−η(z−t)

(∫ z∧T

t

e−δ(s−t)U (cs) ds+ e−δ(z∧T−t)v0 (z ∧ T,Xπ,c
z∧T )

)
dz

∣∣∣∣Xπ,c
t = x

]
(2.30)

= sup
π,c

E
[∫ T

t

ηe−η(z−t)

(∫ z

t

e−δ(s−t)U (cs) ds+ e−δ(z−t)v0 (z,X
π,c
z )

)
dz (2.31)

+

∫ ∞

T

ηe−η(z−t)

(∫ T

t

e−δ(s−t)U (cs) ds+ e−δ(T−t)v0 (T,X
π,c
T )

)
dz

∣∣∣∣Xπ,c
t = x

]
(2.32)

= sup
π,c

E
[∫ T

t

e−α(s−t)fs (X
π,c,a
s , πs, cs) ds+ e−α(T−t)g (Xπ,c,a

T )

∣∣∣∣Xπ,c,a
t = x

]
, (2.33)

where, for (t, x, π, c) ∈ [0, T ]× (0,∞)× Rm × [0,∞)

dXπ,c,a
t =

(
Xπ,c,a

t

(
rt + (πt)

⊤ (µt − rt)
)
− ct + a

)
dt+Xπ,c,a

t (πt)
⊤ ΣtdWt, (2.34)

ft (x, π, c) = U (c) + ηv0 (t, x) , (2.35)

g (x) = U1 (x) . (2.36)

The structure of the problem has changed, as the wealth process Xπ,c,a now has perpetual

income, and the income termination time has been converted into a running cost function.

This frames the control problem in a more standard way, which we may approach using our

machine learning method. As we have discounting, the 2BSDE changes slightly, and we alter

(2.4) to the following, for each i = 1, . . . , N − 1,

V 0
i+1 = V 0

i + (ti+1 − ti)
(
αV 0

i − fti
(
X0

i , u
0
i

))
+
(
Y 0
i

)⊤
σti
(
X0

i , u
0
i

)
∆Wi,

Y 0
i+1 = Y 0

i + (ti+1 − ti)
(
αY 0

i − ∂xHti

(
X0

i , u
0
i , Y

0
i ,Γ

0
iσti

(
X0

i , ui
)))

+ Γ0
iσti

(
X0

i , ui
)
∆Wi.

From the HJB equation (1.7) we can derive the optimal controls in terms of the value function



58 Chapter 2. Duality and Machine Learning Algorithms for Stochastic Control Problems

and their derivatives, that is,

π∗
t = argmax

π∈K

{
x∂xv (t, x) π

⊤ (µ− r) +
1

2
∂2xxv (t, x) x

2|Σ⊤π|2
}

c∗t = argmax
c≥0

{U (c)− ∂xv (t, x) c} = I (∂xv (t, x)) ,

(2.37)

where I ..= (U ′)−1.

2.4.2 Dual Problem

We can apply results of convex duality Bismut (1973) to the transformed problem (2.33). First,

note that the constrained problem is equivalent to the unconstrained maximisation problem

with

ft (x, π, c) = U (c) + ηv0 (t, x)− Φ[0,∞) (c)− ΦK (π) ,

for (t, x, π, c) ∈ [0, T ] × (0,∞) × R × [0,∞) where ΦA (z) is the infinite penalty function that

equals 0 if z ∈ A and ∞ otherwise. We can define the following dual functions, for 0 ≤ t ≤ T

and x̃ > 0,

Ũ (x̃) = sup
x>0

{U (x)− xy},

Ũ1 (x̃) = sup
x>0

{U1 (x)− xy},

ṽ0 (t, x̃) = sup
x>0

{v0 (t, x)− xy}.

The dual running cost is not immediately obvious a priori. In particular, we will see that it is

not just a sum of dual functions. Define the strictly positive dual process X̃ by

dX̃t = X̃t

[
α̃tdt+ β̃⊤

t dWt

]
, 0 ≤ t ≤ T,

with the initial condition X̃0 = x̃0 for some processes α̃ ∈ H2 (R) , β̃ ∈ H2 (Rm) to be deter-

mined. By Itô’s Lemma, the drift of the process
(
e−αtXπ,c,a

t X̃t

)
t∈[0,T ]

is

e−αtXπ,c,a
t X̃t

[
α̃t − α + rt + π⊤

t

(
µt − rt + Σ⊤

t β̃t

)]
+ e−αtX̃t (a− ct) , 0 ≤ t ≤ T.
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Define a process L for t ∈ [0, T ] by

Lt = e−αtXπ,c,a
t X̃t −

∫ t

0

e−αsX̃s

(
a− cs +Xπ,c,a

s

[
α̃s − α + rs + π⊤

s

(
µs − rs + Σ⊤

s β̃s

)])
ds.

(2.38)

By construction L has zero drift so is a local martingale. Define π̃t = −Σt

(
θt + β̃t

)
and

ξt =
X̃t

η
(α̃t + rt − α), where θt = Σ−1

t (µt − rt), t ∈ [0, T ]. Then the process X̃ is given by

dX̃t =
[
X̃t (α− rt) + ηξt

]
dt− X̃t

(
θt + Σ−1

t π̃t
)⊤
dWt, 0 ≤ t ≤ T.

The diffusion of L is Xπ,c,a
t X̃t

(
Σ⊤

t πt − θt +
(
Σ−1

t

)⊤
π̃t

)
for t ∈ [0, T ]. One can show that L is

a true martingale by using Doob’s L2 inequality to show that this diffusion process is square

integrable. To do this we need to assume that the control processes are themselves square

integrable Labbé and Heunis (2009). Therefore E[LT ] = L0 = x0x̃0, and by the definition of

the dual of U1 we have, for any (π, c, π̃, ξ) ∈ Rm × R× Rm × R

E
[∫ T

0

e−αsf (s,Xπ,c,a
s , πs, cs) ds+ e−αTU1 (XT )

]
(2.39)

≤ E
[∫ T

0

e−αsf (s,Xπ,c,a
s , πs, cs) ds+ e−αT

(
Ũ1

(
X̃T

)
+Xπ,c,a

T X̃T

)]
(2.40)

= E
[ ∫ T

0

e−αs

(
f (s,Xπ,c,a

s , πs, cs)−Xπ,c,a
s X̃sπ

⊤
s π̃s (2.41)

+ ηXπ,c,a
s ξs − csX̃s + aX̃s

)
ds+ e−αT Ũ1

(
X̃T

)]
+ x0x̃0. (2.42)

Maximising over c, π yields

v (0, x0) ≤ E
[∫ T

0

e−αtf̃t

(
X̃t, π̃t, ξt

)
ds+ e−αT Ũ1

(
X̃T

)]
+ x0x̃0,

where

f̃t (x̃, π̃, ξ) = sup
x,c,π

{U (c)− Φ[0,∞) (c)− ΦK (π)− cx̃+ ηu0 (t, x) + ηxξ − xx̃π⊤π̃ + ax̃}

= Ũ (x̃) + ax̃+ Φ[0,∞) (x̃) + sup
x,π

{ηu0 (t, x) + ηxξ − xx̃π⊤π̃ − ΦK (π)},
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for (t, x̃, π̃, ξ) ∈ [0, T ]× (0,∞)× Rm × R. The dual running cost then becomes

f̃t (x̃, π̃, ξ) = Ũ (x̃) + ax̃+ Φ[0,∞) (x̃) + sup
x
{ηu0 (t, x) + ηxξ + xx̃δK (π̃)}

= Ũ (x̃) + ax̃+ Φ[0,∞) (x̃) + ηv0

(
t,−ξ − 1

η
x̃δK (π̃)

)
.

Define a new control γt = −ξt− 1
η
X̃tδK (π̃t), t ∈ [0, T ]. In order for the running cost to be finite

we must have γt > 0. Minimising over (x̃0, π̃, γ) ∈ (0,∞)×H2(Rm)×H2((0,∞)) gives us the

following dual problem

inf
x̃,π̃,γ

J̃ (x̃, π̃, γ) := E
[∫ T

0

e−αsf̃
(
s, X̃ x̃,π̃,γ

s , π̃s, γs

)
ds+ e−αT g̃

(
X̃ x̃,π̃,γ

T

)]
+ x0x̃, (2.43)

where X̃ x̃,π̃,γ is the dual process satisfying the SDE

dX̃ x̃,π̃,γ
t =

(
X̃ x̃,π̃,γ

t (α− rt − δK (π̃t))− ηγt

)
dt− X̃ x̃,π̃,γ

t

(
θt + Σ−1

t π̃t
)⊤
dWt, 0 ≤ t ≤ T,

(2.44)

with the initial condition X̃ x̃,π̃,γ
0 = x̃ and

f̃t (x̃, γ) = Ũ (x̃) + ax̃+ ηv0 (t, γ)

g̃ (x̃) = Ũ1 (x̃) ,

for (x̃, γ) ∈ (0,∞)2. The dual value function is therefore given by

ṽ (t, x̃) = inf
γ>0,π̃∈Rk

E
[∫ T

t

e−α(s−t)f̃
(
s, X̃ x̃,π̃,γ

s , π̃sγs

)
ds+ e−α(T−t)g̃

(
X̃ x̃,π̃,γ

T

)]
, (2.45)

for (t, x̃) ∈ [0, T ] × (0,∞) with the initial condition X̃ x̃,π̃,γ
t = x̃. Note that the dual process

X̃ x̃,π̃,γ is only a dual with respect to the primal perpetual income process Xπ,c,a, as opposed to

the ‘true’ state process. The dual HJB equation is

∂ṽ

∂t
(t, x̃)− αṽ (t, x̃) + Ũ (x̃) + ax̃+ (α− r) x̃∂xṽ (t, x̃)

+ inf
γ>0

{ηv0 (t, γ)− ηγ∂xṽ (t, x̃)}+ inf
x̃,π̃

{−δK (π̃) x̃ṽx̃ +
1

2
|θ + Σ−1π̃|2x̃2∂2xxṽ (t, x̃)} = 0,

(2.46)
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for (t, x̃) ∈ [0, T )× (0,∞), with the terminal condition ṽ (T, x̃) = g̃ (x̃). In particular, if K is a

closed convex cone, then the dual HJB equation is reduced to a semilinear PDE

∂ṽ

∂t
(t, x̃)− αṽ + Ũ (x̃) + ax̃+ (α− r) x̃∂xṽ (t, x̃)

+ inf
γ>0

{ηv0 (t, γ)− ηγ∂xṽ (t, x̃)}+
1

2
|θ + Σ−1π̃∗|2x̃2∂2xxṽ (t, x̃) = 0

for (t, x̃) ∈ [0, T ) × (0,∞), with the terminal condition ṽ (T, x̃) = Ũ (x̃), where π̃∗ is the

minimum point of |θ+Σ−1π̃|2 over π̃ ∈ K̃ = {π̃ : π̃⊤π ≥ 0, ∀π ∈ K}, the positive polar cone of

K.

Remark 7. This HJB equation covers both the pre stopping and post stopping problem. Indeed,

by taking η = 0 in (2.46) we recover the special case of perpetual income, and additionally

taking a = 0 recovers the standard no income dual HJB. Note further that taking η = 0

removes dependence on γ in the dual HJB and dual state (2.44). This is to be expected, as γ

does not appear in the deterministic income problems.

Remark 8. The dual formulation and problem also cover the infinite horizon T = ∞ case. In

this setting, we need to assume that the stock and interest rate are stationary, so r, µ and Σ

must be constants. In this case, the value function (1.3) loses its dependence on time. The time

derivative term in the HJB equation (1.7) is then 0, and the terminal condition disappears. The

derivation of the dual problem is very similar, except we must assume that

lim
t→∞

E
[
e−αtXπ,c,a

t X̃ x̃,π̃,γ
t

]
= 0. (2.47)

We no longer have the term e−αTU1 (X
π,c,a
T ) in (2.39), so we add the left hand side of (2.47)

instead. We can then use the definition (2.38) of L to recover the lost terms. See Davey et al.

(2021) for more details.

The value function v is the conjugate function of the dual value function ṽ, given by

u (t, x) ..= sup
x̃>0

{ṽ (t, x̃) + xx̃} , (t, x) ∈ [0, T ]× (0,∞) .

The optimal wealth at time t is given by

X∗
t = −∂x̃ṽ

(
t, X̃∗

t

)
, 0 ≤ t ≤ T,



62 Chapter 2. Duality and Machine Learning Algorithms for Stochastic Control Problems

where X̃∗ is the optimal dual state process starting from X̃∗
0 = x̃∗ with x̃∗ the solution of the

equation ∂x̃ṽ (0, x̃) + x0 = 0, and x0 is the initial wealth at time 0.



Chapter 3

Convergence of the PPGM algorithm

for the LQ Problem

In this chapter we analyse the convergence of the proximal policy gradient method (PPGM) for

continuous time stochastic control problems. PPGM methods can be considered an extension

of regular gradient based methods for problems with a ‘difficult’ running cost. In our setting

the complexity occurs from an infinite penalty function, representing the control constraints of

the problem. We consider the case where the diffusion function of the state process depends

explicitly on the control process. Convergence results for this class of problems are not available

in the literature, due to the complex dependence of the control process on the adjoint BSDE

solutions for the control problem. Additional issues arise from the non-convexity of the cost

function with respect to the control. We bridge the gap by deriving some sufficient conditions

under which the PPGM algorithm converges for the LQ problem. We choose to restrict to this

problem as it simplifies the analysis, while still sufficiently characterising the issues of PPGM

convergence.

We study numerical methods for the Linear-Quadratic (LQ) problem. The LQ problem has

been well studied in the literature, see Sun et al. (2016) for exposition. In Wu et al. (2020) it

is shown that the problem reduces to solving two Ricatti ODEs to find the optimal control and

value function, within a certain class of constraint spaces. However, convergence results of a

PPGM algorithm for this problem in a general constraint space remain elusive, so it is still of

mathematical interest to study this problem, and the Ricatti equation solving method allows

63
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us to determine benchmark solutions to numerically test our algorithm.

The PPGM approach to the LQ problem has been studied in various forms in the literature, see

for example Carmona et al. (2019); Cassel and Koren (2021); Fazel et al. (2018); Hambly et al.

(2021a,b); Wang et al. (2021). Typically the policy gradient method (PGM) is studied, where

the control is unconstrained. In Fazel et al. (2018) converge results are obtained for an LQ

problem in discrete time with no diffusion function for the state. These results are extended in

Cassel and Koren (2021); Hambly et al. (2021b) to a diffusion function, that is still independent

of state and control. These methods have also been applied to mean-field games, for example

Hambly et al. (2021a); Wang et al. (2021)), the latter in continuous time. The method of PGM

for LQ problems has also been studied in the context of machine learning, where problems

in reinforcement learning can be approximated by LQ problems, see for example Wang et al.

(2020).

The aim of this chapter is to extend the results of Reisinger et al. (2022) to a more general

case. In Reisinger et al. (2022), convergence of a PPGM method is shown for a class of control

problems with general drift, diffusion and cost functions. Our treatment of the LQ problem is

not as general in its self, but is one example of a problem that does not satisfy the assumptions

of Reisinger et al. (2022). To be specific, there is control in the diffusion of our state process, and

the running and terminal cost functions do not have bounded derivatives. The key extension

that this chapter provides is an analysis of regularity of both elements of the BSDE pair solving

the adjoint equation.

The PPGM method has been studied for the LQ problem in a recent paper Giegrich et al.

(2022). In this paper the authors consider the unconstrained problem in a relaxed control

framework. Unlike our work, they introduce an entropy regulariser, for which the optimal

control is a Guassian, as opposed to a deterministic function of the state. In this setting they

give convergence results similar to ours, removing some of the assumptions in our unconstrained

analysis by adapting the gradient step to be ‘geometry aware’. The key difference to our work

is that all analysis occurs for the unconstrained case, and it is not immediate if this analysis

extends to our more general constrained setting.

There are a number of iterative methods for continuous stochastic control problems in the

literature where control is in the diffusion of the state process. For example, convergence the

method of successive approximations has been established in this setting Kerimkulov et al.
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(2021). In this method, the Hamiltonian is directly minimised at each iteration step. This con-

trasts from our method, where only a single step of gradient descent is taken. Numerically, our

method is advantageous as less time is taken optimising a (potentially) incorrect Hamiltonian

at early iteration steps. Convergence analysis is performed in Kerimkulov et al. (2021) but, in

a similar vein to Reisinger et al. (2022), the running and cost functions are assumed to have

bounded derivatives, not allowing the LQ problem. A recent paper Zhou and Lu (2023) consid-

ers the PGM method for control problems with control in the diffusion. They show sufficient

conditions under which convergence of the cost function can be established for unconstrained

minimisation of a more general state process that is constrained to a torus.

The main contributions of this chapter are as follows. We provide sufficient conditions under

which the PPGM algorithm will converge linearly for the LQ problem in continuous time. We

provide analysis for this problem as it is not currently treated in the literature, as the diffusion

of the state process is control dependent. We relax the more technical assumptions for the

unconstrained LQ problem, and give explicit convergence rates in terms of the coefficients of

the problem. We perform numerical analysis to test how the theoretical convergence rates

compare to those seen in application of the PPGM algorithm.

This chapter is organised as follows. Sections 3.1 and 3.2 describe the LQ problem and the

algorithmic solving method respectively. Section 3.3 describes the main result, and Sections

3.4 and 3.5 derive sufficient conditions for convergence in the constrained and unconstrained

setting respectively.

3.1 Problem Formulation

Let W = (Wt)0≤t≤T be a standard 1-dimensional Brownian motion on the natural filtered

probability space
(
Ω,F , (Ft)0≤t≤T ,P

)
augmented with all P-null sets, and T a fixed finite

horizon. We are considering this one dimensional case simply for notational brevity, all results

in the sequel extend to the multi-dimensional Brownian motion case. We consider the following
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stochastic linear-quadratic problem

inf
u∈U

E

∫ T

0

1

2

Xu
s

us

⊤Qs S⊤
s

Ss Rs

Xu
s

us

 ds+
1

2
(Xu

T )
⊤GXu

T

 , (3.1)

where the state control pair (Xu, u) ∈ S2(Rn)×H2(Rm) are determined by

dXu
s = (AsX

u
s +Bsus) ds+ (CsX

u
s +Dsus) dWs, 0 ≤ s ≤ T (3.2)

Xu
0 = x0, (3.3)

for some given x0 ∈ Rn. The coefficients A ∈ C0 ([0, T ];Rn×n), B ∈ C0 ([0, T ];Rn×m), C ∈

C0 ([0, T ];Rn×n), D ∈ C0 ([0, T ];Rn×m), Q ∈ C0 ([0, T ];Rn×n), R ∈ C0 ([0, T ];Rm×m), S ∈

C0 ([0, T ];Rm×n) and G ∈ Rn×n are deterministic, with the matrices

Qs S⊤
s

Ss Rs

 , 0 ≤ s ≤ T,

and G positive semi-definite. Without loss of generality, we assume R, Q and G are symmetric,

so Rs = R⊤
s , Qs = Q⊤

s for all s ∈ [0, T ] and G = G⊤. The set of admissible controls is

given by U = H2 (U) for some closed convex set U ⊂ Rm. With this integrability condition,

and the continuity (hence uniform bound on the closed set [0, T ]) of A,B,C and D, we have

Xu ∈ S2 (Rn) for all u ∈ U (Zhang, 2017, Theorem 3.2.2).

We assume here that the coefficients are deterministic and continuous in time, to allow us

to describe Malliavin derivatives in the sequel. We choose the LQ problem here to simplify

discussion, many of the results will extend to non linear models as long as the drift and diffusion

are Lipschitz functions of the state and control. Furthermore, the running cost can also be

changed to a differentiable function (in x and u) that is strongly convex in the control, with

Lipschitz derivative in both x and u.
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3.2 Proximal Policy Gradient Method

To deal with the control constraint define the cost functional J on the set H2 (Rm) by

J (u) ..= E

∫ T

0

1

2

Xu
s

us

⊤Qs S⊤
s

Ss Rs

Xu
s

us

+ ΦU (us)

 ds+
1

2
(Xu

T )
⊤GXu

T

 , (3.4)

for u ∈ H2 (Rm), recalling that ΦU(z) is the infinite penalty function that equals 0 if z ∈ U

and ∞ otherwise. The function ΦU may be non differentiable, so J may be non-smooth and

non-convex. Therefore we use sub-differentials to describe stationary points of J .

Definition 3.2.1. Let (X, || · ||X) be a Hilbert space with inner product ⟨·, ·⟩X : X2 → R∪{∞}.

Let F : X → R ∪ {∞}. For x∗ ∈ {x ∈ X|F (x) < ∞} we define the Fréchet sub-differential of

F at x∗ by

∂F (x∗) ..=

{
x̄ ∈ X

∣∣∣∣lim inf
x→x∗

F (x)− F (x∗)− ⟨x̄, x− x∗⟩X
||x− x∗||X

≥ 0

}
.

We will characterise an optimal control as a process u∗ ∈ H2 (Rm) such that J (u∗) < ∞ and

0 ∈ ∂J (u∗). To find the optimal control, we will use the (generalised) Hamiltonian H : [0, T ]×

Rn × Rm × Rn × Rn → R which is given by the following.

Ht (x, u, y, z) ..= y⊤ (Atx+Btu) + z⊤ (Ctx+Dtu) +
1

2
u⊤Rtu+ u⊤Stx+

1

2
x⊤Qtx, (3.5)

for t ∈ [0, T ], u ∈ Rm, and x, y, z ∈ Rn. In our scheme we require the derivative of H with

respect to the control and state, which are given by

∂uHt (x, u, y, z) = B⊤
t y +D⊤

t z +Rtu+ Stx,

∂xHt (x, u, y, z) = A⊤
t y + C⊤

t z + S⊤
t u+Qtx,

for t ∈ [0, T ], u ∈ Rm, and x, y, z ∈ Rn. The PGM method uses gradient descent with respect

to the Hamiltonian. Usually (for example, in the HJB equation) the Hamiltonian would take

the first and second derivatives of the value function - if it is indeed differentiable - as input. We

do not know these a priori, and will instead input solutions to a BSDE, which act as estimates

for these quantities. To deal with the constraint function, we introduce the proximal map
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proxU : Rm → Rm as

proxU (u) ..= argmin
z∈U

{
1

2
|z − u|2

}
, u ∈ Rm. (3.6)

For this map to be well defined, we naturally assume that U is non empty. The algorithm is

focused on finding feedback controls ϕ : [0, T ]×Rn → U . Let B ([0, T ]× Rn;U) be the space of

such measurable functions. Define, for ϕ ∈ B ([0, T ]× Rn;U),

||ϕ||∞ ..= sup
(t,x)∈[0,T ]×Rn

|ϕt (x) |,

|ϕ|0 ..= sup
(t,x)∈[0,T ]×Rn

|ϕt (x) |
1 + |x|

,

[ϕ]1 ..= sup
(t,x,y)∈[0,T ]×Rn×Rn, x ̸=y

|ϕt (x)− ϕt (y) |
|x− y|

.

Then define

V ..= {ϕ ∈ B ([0, T ]× Rn;U) : |ϕ|0 + [ϕ]1 <∞} .

For ϕ ∈ V define the associated control uϕ ∈ H2 (U) by uϕt = ϕt

(
Xϕ

t

)
where,

dXϕ
s =

(
AsXs +Bsϕs

(
Xϕ

s

))
ds+

(
CsXs +Dsϕs

(
Xϕ

s

))
dWs, 0 ≤ s ≤ T,

Xϕ
0 = x0.

(3.7)

The motivation for our iterative algorithm is the Stochastic Maximum Principle, Theorem

1.5.1. Since H defined in (3.5) is a quadratic function of u, if we assume Rt is invertible for all

t ∈ [0, T ] and our control space is unconstrained then we can solve (1.12) explicitly to yield

u∗t = −R−1
t

(
B⊤

t Y
u∗

t +D⊤
t Z

u∗

t + StX
u∗

t

)
, 0 ≤ t ≤ T. (3.8)

Substituting (3.8) into (1.10) and (3.2) allows us to solve the problem numerically by solving the

FBSDE. However, this is a fully coupled FBSDE and the method for solving is computationally

complex, particularly for high dimensional problems. The PPGM alleviates this complexity by

instead solving a series of decoupled FBSDEs, and updating the control based on a gradient

descent algorithm for the Hamiltonian. We give the details now.

For some arbitrary initial guess ϕ0 ∈ V , we can define an iterative scheme as follows, for all
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k ∈ N0 and (t, x) ∈ [0, T ]× Rn.

ϕk+1
t (x) ..= proxU

(
ϕk
t (x)− τ

(
B⊤

t Y
t,x,ϕk

t +D⊤
t Z

t,x,ϕk

t +Rtϕ
k
t (x) + Stx

))
, (3.9)

where for given ϕ ∈ V the processes
(
X t,x,ϕ, Y t,x,ϕ, Zt,x,ϕ

)
∈ S2 (t, T ;Rn) × S2 (t, T ;Rn) ×

H2 (t, T ;Rn) are determined by the following FBSDE, for s ∈ [t, T ]

dX t,x,ϕ
s =

(
AsX

t,x,ϕ
s +Bsϕs

(
X t,x,ϕ

s

))
ds+

(
CsX

t,x,ϕ
s +Dsϕs

(
X t,x,ϕ

s

))
dWs,

X t,x,ϕ
t = x,

dY t,x,ϕ
s = −

(
A⊤

s Y
t,x,ϕ
s + C⊤

s Z
t,x,ϕ
s + S⊤

s ϕs

(
X t,x,ϕ

s

)
+QsX

t,x,ϕ
s

)
ds+ Zt,x,ϕ

s dWs,

Y t,x,ϕ
T = GX t,x,ϕ

T .

(3.10)

Definition 3.2.2 (Proximal PGM Scheme). Define the updating function L : V → B ([0, T ]× Rn;U)

by

L (ϕ)t (x)
..= proxU

(
ϕt (x)− τ

(
B⊤

t Y
t,x,ϕ
t +D⊤

t Z
t,x,ϕ
t +Rtϕt (x) + Stx

))
, (3.11)

for ϕ ∈ V , t ∈ [0, T ] and x ∈ Rn, where
(
X t,x,ϕ, Y t,x,ϕ, Zt,x,ϕ

)
∈ S2 (t, T ;Rn) × S2 (t, T ;Rn) ×

H2 (t, T ;Rn) are solutions to (3.10). Fix ϕ0 ∈ V , then for k ∈ N0 define our PPGM scheme(
ϕk
)
k∈N0

by

ϕk+1
t (x) = L

(
ϕk
)
t
(x) , (3.12)

for t ∈ [0, T ] and x ∈ Rn.

3.3 Main Result

The main result we wish to show is that the scheme in (3.12) is a contraction mapping in V ,

so the sequence
(
ϕk
)
converges to some element ϕ∗ ∈ V , with respect to the | · |0 norm. We

then wish to show that the corresponding control uϕ
∗
is in fact an optimal control. Throughout

this section and the proceeding section, many of the Theorems we state are similar to those

presented in Reisinger et al. (2022). Our proofs are adapted from these, to consider a more

general case with control in the diffusion of the state process.
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Theorem 3.3.1. Let VL satisfy Assumptions 2, 3, and 4. Let ϕ0 ∈ VL satisfy (3.24) and

(3.44). Let τ > 0 satisfy Assumption 1. Then there exists ϕ∗ ∈ V with associated control

uϕ
∗ ∈ H2 (U), and constants ĉ ∈ [0, 1) and Ĉ ≥ 0 such that

1. For all k ∈ N0, |ϕk − ϕ∗|0 ≤ ĉk|ϕ∗ − ϕ0|0.

2. For all k ∈ N0, ∥uϕ
k − uϕ

∗∥H2 ≤ Ĉĉk|ϕ∗ − ϕ0|0.

3. uϕ
∗
is a stationary point of J defined in (3.4).

We will use convex analysis to characterise a stationary point of J as a fixed point of (3.12).

To establish the existence of ϕ∗, we will use Banach’s fixed point theorem, applied to the space

(B ([0, T ]× Rn;Rm) , | · |0). The following Lemma allows us to do this.

Lemma 3.3.2. The space (B ([0, T ]× Rn;Rm) , | · |0) is complete.

Proof. For any f ∈ B ([0, T ]× Rn;Rm), define the functions f̃ , f̄ ∈ B ([0, T ]× Rn;Rm) by, for

(t, x) ∈ [0, T ]× Rn,

f̃t (x) =
ft (x)

1 + |x|
,

f̄t (x) = ft (x) (1 + |x|) .

Suppose that a sequence
(
fk
)
k∈N0

in B ([0, T ]× Rn;Rm) satisfies limk,j→∞ |fk − f j|0 = 0. We

need to show that there exists f∞ ∈ B ([0, T ]× Rn;Rm) such that limk→∞ |f∞ − fk|0 = 0. By

Definition of | · |0, we have

0 = lim
k,j→∞

sup
(t,x)∈[0,T ]×Rn

|fk
t (x)− f j

t (x) |
1 + |x|

= lim
k,j→∞

sup
(t,x)∈[0,T ]×Rn

|f̃k
t (x)− f̃ j

t (x) |

Hence limk,j→∞ ∥f̃k − f̃ j∥∞ = 0. As (B ([0, T ]× Rn;Rm) , ∥ · ∥∞) is complete, there exists

f ∗ ∈ B ([0, T ]× Rn;Rm) such that limk→∞ ∥f ∗ − f̃k∥∞ = 0, that is,

0 = lim
k→∞

sup
(t,x)∈[0,T ]×Rn

|f ∗
t (x)− f̃k

t (x) | = lim
k→∞

sup
(t,x)∈[0,T ]×Rj

|f̄ ∗
t (x)− fk

t (x) |
1 + |x|

.

Hence limk→∞ |f̄ ∗ − fk|0 = 0, as required.
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To use Banach’s fixed point theorem to show existence of a limiting control ϕ∗ ∈ B ([0, T ]× Rn;Rm),

we must show two things: that the sequence
(
ϕk
)
k∈N0

is contained within V , and that the map-

ping ϕk 7→ ϕk+1 defined in (3.12) is a contraction. To be specific, we wish to show that for all

k ∈ N

|ϕk|0 + [ϕk]1 <∞, (3.13)

|ϕk+1 − ϕk|0 ≤ ĉ|ϕk − ϕk−1|0. (3.14)

To prove these statements, we have to perform some Lipschitz analysis, to show the function

ϕ 7→ B⊤
t Y

t,x,ϕ
t +D⊤

t Z
t,x,ϕ
t is Lipschitz with a sufficiently small Lipschitz coefficient with respect

to both x and ϕ, uniformly in t ∈ [0, T ]. We will use the following Theorem.

Assumption 1. There exists µ > 0 such that, for all t ∈ [0, T ]

Rt ≻ µ1m,m, τ < min

(
2

µ+ ∥R∥∞
,
µ+ ∥R∥∞
2µ∥R∥∞

)
,

where 1m,m is the identity matrix of size m.

Remark 9. Our PPGM framework exists in continuous time, and this forms the basis of our

assumption on the learning rate. However, as is seen in Giegrich et al. (2022) the learning rate

may need to be adapted to the mesh size of the discretisation that is used in the implementation

of this algorithm.

Theorem 3.3.3. Define a constant

c0 ..=
1

2

µ∥R∥∞
µ+ ∥R∥∞

.

Then for all t ∈ [0, T ], ϕ1, ϕ2 ∈ V and x1, x2 ∈ Rn

|L
(
ϕ1
)
t
(x1)− L

(
ϕ2
)
t
(x2) | ≤ (1− 2τc0)

∣∣ϕ1
t (x1)− ϕ2

t (x2)
∣∣

+ τ∥S∥∞ |x1 − x2|

+ τ∥B∥∞
∣∣∣Y t,x1,ϕ1

t − Y t,x2,ϕ2

t

∣∣∣
+ τ∥D∥∞

∣∣∣Zt,x1,ϕ1

t − Zt,x2,ϕ2

t

∣∣∣ .
Proof. Fix t ∈ [0, T ], ϕ1, ϕ2 ∈ VL and x1, x2 ∈ Rn. The projection proxU is 1-Lipschitz. Hence
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we have by the definition (3.11) of L,

|L
(
ϕ1
)
t
(x1)− L

(
ϕ2
)
t
(x2) |

≤
∣∣∣∣ (ϕ1

t (x1)− τ
(
B⊤

t Y
t,x1,ϕ1

t +D⊤
t Z

t,x1,ϕ1

t +Rtϕ
1
t (x1) + Stx1

))
−
(
ϕ2
t (x2)− τ

(
B⊤

t Y
t,x2,ϕ2

t +D⊤
t Z

t,x2,ϕ2

t +Rtϕ
2
t (x2) + Stx2

)) ∣∣∣∣
(3.15)

≤
∣∣(ϕ1

t (x1)− ϕ2
t (x2)

)
− τRt

(
ϕ1
t (x1)− ϕ2

t (x2)
)∣∣

+ τ∥B∥∞|Y t,x1,ϕ1

t − Y t,x2,ϕ2

t |+ τ∥D∥∞|Zt,x1,ϕ1

t − Zt,x2,ϕ2

t |+ τ∥S∥∞|x1 − x2|.
(3.16)

Define f : Rm → R by f (u) = 1
2
u⊤Rtu. Then ▽f (u) = Rtu. By Assumption 1, f is µ-

strongly convex in u and ▽f is ∥R∥∞-Lipschitz in u. Hence by Lemma A.1.11 we have, for any

u1, u2 ∈ Rm

(u1 − u2)
⊤ (▽f (u1)− ▽f (u2))

≥ µ∥R∥∞
µ+ ∥R∥∞

|u1 − u2|2 +
1

µ+ ∥R∥∞
|▽f (u1)− ▽f (u2) |2.

(3.17)

Now, substituting in the definition of f into (3.17), we have

(u1 − u2)
⊤Rt (u1 − u2) ≥

µ∥R∥∞
µ+ ∥R∥∞

|u1 − u2|2 +
1

µ+ ∥R∥∞
|Rtu1 −Rtu2|2.

Therefore we have

∣∣(ϕ1
t (x1)− ϕ2

t (x2)
)
− τRt

(
ϕ1
t (x1)− ϕ2

t (x2)
)∣∣2

=
∣∣ϕ1

t (x1)− ϕ2
t (x2)

∣∣2 − 2τ
(
ϕ1
t (x1)− ϕ2

t (x2)
)⊤
Rt

(
ϕ1
t (x1)− ϕ2

t (x2)
)
+ τ 2

∣∣Rt

(
ϕ1
t (x1)− ϕ2

t (x2)
)∣∣2

≤
(
1− 2τµ∥R∥∞

µ+ ∥R∥∞

) ∣∣ϕ1
t (x1)− ϕ2

t (x2)
∣∣2 + (τ 2 − 2τ

µ+ ∥R∥∞

) ∣∣Rt

(
ϕ1
t (x1)− ϕ2

t (x2)
)∣∣2

=

(
1− 2τµ∥R∥∞

µ+ ∥R∥∞

) ∣∣ϕ1
t (x1)− ϕ2

t (x2)
∣∣2 + τ

(
τ − 2

µ+ ∥R∥∞

) ∣∣Rt

(
ϕ1
t (x1)− ϕ2

t (x2)
)∣∣2

≤
(
1− 2τµ∥R∥∞

µ+ ∥R∥∞

) ∣∣ϕ1
t (x1)− ϕ2

t (x2)
∣∣2 ,

where we have used that, by Assumption 1,

τ − 2

µ+ ∥R∥∞
< 0.
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Taking the square root, and using
√
1− a ≤ 1 − a

2
for a = τ 2µ∥R∥∞

µ+∥R∥∞ , where a ∈ [0, 1] by

Assumption 1, yields

∣∣(ϕ1
t (x1)− ϕ2

t (x2)
)
− τR

(
ϕ1
t (x1)− ϕ2

t (x2)
)∣∣ ≤ (1− τ

µ∥R∥∞
µ+ ∥R∥∞

) ∣∣ϕ1
t (x1)− ϕ2

t (x2)
∣∣ .
(3.18)

Substituting (3.18) into (3.16) yields

|L
(
ϕ1
)
t
(x1)− L

(
ϕ2
)
t
(x2) |

≤
(
1− τ

µ∥R∥∞
µ+ ∥R∥∞

) ∣∣ϕ1
t (x1)− ϕ2

t (x2)
∣∣

+ τ∥B∥∞|Y t,x1,ϕ1

t − Y t,x2,ϕ2

t |+ τ∥D∥∞|Zt,x1,ϕ1

t − Zt,x2,ϕ2

t |+ τ∥S∥∞|x1 − x2|,

as required.

Given this Theorem, we have to control the quantities |Y t,x1,ϕ1
t −Y t,x2,ϕ2

t | and |Zt,x1,ϕ1
t −Zt,x2,ϕ2

t |

in terms of |x1 − x2| and |ϕ1 − ϕ2|0 for any x1, x2 ∈ Rn and ϕ1, ϕ2 ∈ V , for any t ∈ [0, T ].

To do this we will need to use our BSDE and SDE estimate Theorems. In order to study

|Zt,x1,ϕ1
t − Zt,x2,ϕ2

t |, we will describe Z using Malliavin Calculus.

3.4 Sufficient Conditions for the Constrained Case

3.4.1 Showing [ϕk]1 is Uniformly Bounded

We now want to find a recurrence relation for the sequence
(
[ϕk]1

)
k∈N0

. To this end we study

the Lipschitz coefficients of the Y and Z processes. We begin with Y . The following result is

adapted from (Reisinger et al., 2022, Proposition 3.7). The core concept of the proof is the

same, but the function LY is altered to account for the control in the diffusion of X.

Theorem 3.4.1. For ϕ ∈ V, t ∈ [0, T ], x ∈ Rn let
(
X t,x,ϕ, Y t,x,ϕ, Zt,x,ϕ

)
∈ S2 (t, T ;Rn) ×

S2 (t, T ;Rn) × H2 (t, T ;Rn) be solutions to (3.10). Then for all ϕ ∈ V, there exists LY =
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LY ([ϕ]1) such that for all t ∈ [0, T ], x1, x2 ∈ Rn

|Y t,x1,ϕ
t − Y t,x2,ϕ

t | ≤ LY ([ϕ]1) |x1 − x2|.

Proof. Fix ϕ ∈ V , t ∈ [0, T ], x1, x2 ∈ Rn. Define, for s ∈ [t, T ]

∆Xs = X t,x1,ϕ
s −X t,x2,ϕ

s ,

∆Ys = Y t,x1,ϕ
s − Y t,x2,ϕ

s ,

∆Zs = Zt,x1,ϕ
s − Zt,x2,ϕ

s ,

∆ϕs = ϕs

(
X t,x1,ϕ

s

)
− ϕs

(
X t,x2,ϕ

s

)
.

Then, using the definition (3.10) of the individual FBSDEs, we see that (∆X,∆Y,∆Z) solve

the following FBSDE, for t ≤ s ≤ T ,

d∆Xs = (As∆Xs +Bs∆ϕs) ds+ (Cs∆Xs +Ds∆ϕs) dWs,

∆Xt = x1 − x2,

d∆Ys = −
(
A⊤

s ∆Ys + C⊤
s ∆Zs + S⊤

t ∆ϕs +Qs∆Xs

)
ds+∆Z⊤

s dWs,

∆YT = G∆XT .

Define

c̃1 = CBSDE (∥A∥∞, ∥C∥∞) .

By Theorem A.1.10, we have

E
[
|∆Yt|2

]
≤ c̃1E

[
|G|2|∆XT |2 +

(∫ T

t

|S⊤
s ∆ϕs +Qs∆Xs|ds

)2
)
.

Since ϕ is Lipschitz, we have |∆ϕs| ≤ [ϕ]1|∆Xs| for all s ∈ [t, T ]. Therefore, by Holder

E
[
|∆Yt|2

]
≤ c̃1E

[
|G|2|∆XT |2 +

(∫ T

t

(∥S∥∞[ϕ]1 + ∥Q∥∞) |∆Xs|ds
)2
]

(3.19)

≤ c̃1E
[
|G|2|∆XT |2 + (∥S∥∞[ϕ]1 + ∥Q∥∞)2 T

∫ T

t

|∆Xs|2ds
]
. (3.20)
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We now study E [|∆Xs|2] for fixed s ∈ [t, T ]. Define

c̃2 = CSDE (∥A∥∞, ∥C∥∞) ,

c̃3 =
1

2
T
(
∥B∥2∞T + ∥D∥2∞

)
.

Applying Theorem A.1.9 to (∆Xr)r∈[t,s], we then have,

E
[
|∆Xs|2

]
≤ c̃2E

[
|x1 − x2|2 +

(∫ s

t

|Br∆ϕr|dr
)2

+

∫ s

t

|Dr∆ϕr|2dr

]

≤ c̃2E
[
|x1 − x2|2 + [ϕ]21

(
∥B∥2∞T + ∥D∥2∞

) ∫ s

t

|∆Xr|2ds
]
.

Hence by gronwall we have

E
[
|∆Xs|2

]
≤ c̃2e

2c̃3[ϕ]21 |x1 − x2|2. (3.21)

Substituting (3.21) into (3.20) yields

E
[
|∆Yt|2

]
≤ c̃1|G|2c̃2e2c̃3[ϕ]

2
1 |x1 − x2|2

+ c̃1c̃2 (∥S∥∞[ϕ]1 + ∥Q∥∞)2 T

∫ T

t

e2c̃3T [ϕ]21ds|x1 − x2|2

≤ c̃1c̃2
(
|G|2 + (∥S∥∞[ϕ]1 + ∥Q∥∞)2 T 2

)
e2c̃3T [ϕ]21 |x1 − x2|2.

Note that by Theorem A.1.4, there exists a measurable mapping vϕs (x) = Y t,x,ϕ
s . In particular

for each i = 1, 2, the variable Y t,xi,ϕ
t = vϕt (xi) is deterministic by Blumenthal’s 0-1 Law. Hence

we may write, using the fact that
√
a+ b ≤

√
a+

√
b for a, b ≥ 0,

|∆Yt| = E
[
|∆Yt|2

] 1
2 ≤ LY ([ϕ]1) |x1 − x2|,
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where

LY ([ϕ]1) =
√
c̃1c̃2 (c̃4 + c̃5T [ϕ]1) e

c̃3T [ϕ]21 ,

c̃1 = CBSDE (∥A∥∞, ∥C∥∞) ,

c̃2 = CSDE (∥A∥∞, ∥C∥∞) ,

c̃3 =
1

2

(
∥B∥2∞T + ∥D∥2∞

)
,

c̃4 = |G|+ ∥Q∥∞T,

c̃5 = ∥S∥∞,

where CSDE and CBSDE are defined in Theorems A.1.9 and A.1.10 respectively.

We now want to claim the same result holds for the Z process. However given the definition of

Z in (3.10), it is not clear how to prove any estimates for E
[
supt∈[0,T ] |Zt|2

]
, only integrals of

the process |Z|2 (e.g., using Theorem A.1.10 for (Y, Z)). Instead, we apply Malliavin calculus

to show that Z can be written as a measurable function of the X process and its Malliavin

derivative, and bound the Lipschitz dependence of this function on the initial data.

Lemma 3.4.2. Fix t ∈ [0, T ], x ∈ Rn, and ϕ ∈ V. Then X t,x,ϕ
s ∈ D1,2 (Rn) for all s ∈ [t, T ].

Proof. See appendix.

Lemma 3.4.3. Fix t ∈ [0, T ], x ∈ Rn, and ϕ ∈ V. Then Y t,x,ϕ
s , Zt,x,ϕ

s ∈ D1,2 (Rn) for all

s ∈ [t, T ].

Proof. See appendix.

We use Lemmas 3.4.2 and 3.4.3 to find Lipschitz estimates for the differences of the process

Zt,x,ϕ for different x ∈ Rn.

Assumption 2. We assume the following.

1. There exists non empty VL ⊂ V and an increasing non negative function CL : [0,∞) →

[0,∞) such that for all ϕ ∈ VL, 0 ≤ t ≤ s ≤ T

∣∣∣δvϕt (x1)− δvϕt (x2)
∣∣∣ |Ctx2 +Dtϕt (x2)| ≤ CL ([ϕ]1) |x1 − x2|.
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2. There exists ϕ ∈ VL such that the sequence
(
ϕk
)
k∈N0

generated by (3.12) with ϕ0 = ϕ is

contained in VL.

Remark 10. Assumption 2 holds in the unconstrained case, with VL the space of linear functions.

Indeed, let ϕs (x) = αsx+ βs, s ∈ [0, T ], for some α ∈ C0 ([0, T ];Rm×n) and β ∈ C0 ([0, T ];Rm).

Then vϕ is of the form vϕs (x) = asx + bs, s ∈ [t, T ], for some a ∈ C0 ([t, T ];Rn×n) and b ∈

C0 ([t, T ];Rn). In particular, we have for any x1, x2 ∈ Rn,

δvϕt (x1)− δvϕt (x2) = at − at = 0.

The assumption therefore holds with CL ([ϕ]1) = 0. In the constrained case, this assumption

inequality would hold if, for example, C = 0, U is a bounded space, and VL was the set

VL = {ϕ ∈ V : vϕt ∈ C2
b (Rn;Rn) for all t ∈ [0, T ]}.

However, it is not clear in this case if Assumption 2 is satisfied.

Theorem 3.4.4. Let ϕ ∈ VL, t ∈ [0, T ], and x1, x2 ∈ Rn. Then there exists LZ ([ϕ]1) ≥ 0 such

that

|Zt,x1,ϕ
t − Zt,x2,ϕ

t | ≤ LZ ([ϕ]1) |x1 − x2|.

Proof. Let t ∈ [0, T ] and ϕ ∈ V . By Theorem A.1.4, there exists vϕ : Ω× [t, T ]×Rn → Rn such

that, for s ∈ [t, T ] and x ∈ Rn

vϕs
(
X t,x,ϕ

s

)
= Y t,x,ϕ

s .

By Theorem 3.4.6, the function vϕt is deterministic and Lipschitz in x with coefficient LY ([ϕ]1).

Furthermore, by Theorem 1.6.4, (A.2) and the chain rule we have, for any s ∈ [t, T ] and x ∈ Rn

Zt,x,ϕ
s = DtY

t,x,ϕ
s = Dtv

ϕ
t

(
X t,x,ϕ

s

)
= δvϕt

(
X t,x,ϕ

s

)
DsX

t,x,ϕ
s .

In particular, at s = t by (A.2) we have

Zt,x,ϕ
t = δvϕt (x)DtX

t,x,ϕ
t = δvϕt (x) (Ctx+Dtϕt (x)) . (3.22)

Note by 3.4.1 that the function δvϕt is uniformly bounded by LY ([ϕ]1) Therefore, for any
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x1, x2 ∈ Rn we have

∣∣∣Zt,x1,ϕ
t − Zt,x2,ϕ

t

∣∣∣ = ∣∣∣δvϕt (x1) (Ctx1 +Dtϕt (x1))− δvϕt (x2) (Ctx2 +Dtϕt (x2))
∣∣∣

≤
∣∣∣δvϕt (x1)∣∣∣ |Ct (x1 − x2) +Dt (ϕt (x1)− ϕt (x2))|

+
∣∣∣δvϕt (x1)− δvϕt (x2)

∣∣∣ |Ctx2 +Dtϕt (x2)|

≤ LY ([ϕ]1) (∥C∥∞ + ∥D∥∞[ϕ]1) |x1 + x2|

+
∣∣∣δvϕt (x1)− δvϕt (x2)

∣∣∣ |Ctx2 +Dtϕt (x2)| .

Under Assumption 2, for ϕ ∈ VL we have

∣∣∣Zt,x1,ϕ
t − Zt,x2,ϕ

t

∣∣∣ ≤ LY ([ϕ]1) (∥C∥∞ + ∥D∥∞[ϕ]1) |x1 + x2|+ CL ([ϕ]1) |x1 − x2|

= LZ ([ϕ]1) |x1 − x2|,

where

LZ ([ϕ]1) = LY ([ϕ]1) (∥C∥∞ + ∥D∥∞[ϕ]1) + CL ([ϕ]1) .

In order to show the sequence of Lipschitz constants are a contraction, we first show they are

uniformly bounded. We have the following

LY ([ϕ]1) =
√
c̃1c̃2 (c̃4 + c̃5T [ϕ]1) e

c̃3T [ϕ]21 ,

LZ ([ϕ]1) =
√
c̃1c̃2 (c̃4 + c̃5T [ϕ]1) e

c̃3T [ϕ]21 (∥C∥∞ + ∥D∥∞[ϕ]1) + CL ([ϕ]1) .

Define constants

c̃6 =
√
c̃1c̃2c̃4,

c̃7 =
√
c̃1c̃2c̃5T,

c̃8 = c̃6∥C∥∞ +
1

2
(c̃6∥C∥∞ + c̃7∥D∥∞)2 ,

c̃9 = c̃7∥D∥∞ +
1

2
(c̃6∥C∥∞ + c̃7∥D∥∞)2 .
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We then have

LY ([ϕ]1) = (c̃6 + c̃7[ϕ]1) e
c̃3T [ϕ]21,

LZ ([ϕ]1) =
(
c̃8 + c̃9[ϕ]

2
1

)
ec̃3T [ϕ]21 + CL ([ϕ]1) .

(3.23)

With these regularity results, we can bound the Lipschitz coefficient of the control iterates, in

the same style as (Reisinger et al., 2022, Proposition 3.8).

Theorem 3.4.5. Let ϕ0 ∈ VL. Define

c̃10 = max

(
T c̃3[ϕ

0]1,
T c̃3∥S∥∞ + 3c0

c0

)
,

c̃11 = ∥S∥∞ +
(
∥B∥∞c̃6ec̃

2
10 + ∥D∥∞c̃7

)
ec̃

2
10 + ∥D∥∞CL

(
c̃10
T c̃3

)

Assume the following

∥B∥∞T c̃3c̃6ec̃
2
10 ≤ c0,

∥D∥∞T c̃3c̃8ec̃
2
10 ≤ c0,

∥B∥∞c̃7ec̃
2
10 ≤ 1

2
c0,

∥D∥∞
c̃9
T c̃3

c̃10e
c̃210 ≤ 1

2
c0,

∥D∥∞T c̃3CL

(
c̃10
T c̃3

)
≤ c0,

(3.24)

Then the sequences
(
ϕk
)
m∈N0

generated by (3.12) are Lipschitz, and the sequence of Lipschitz

coefficients
(
[ϕk]1

)
m∈N0

satisfies, for all m ∈ N0

[ϕk]1 ≤M
(
ϕ0
)

..= [ϕ0]1 +
c̃11
c0
.

Remark 11. The conditions (3.24) would be satisfied for sufficiently small T (assuming that CL

has sub-linear growth), as one can show that the bounding coefficients CSDE and CBSDE tend to

0 as T tends to 0 linearly. It will also be satisfied for sufficiently large c0, that is, if we take R

to be sufficiently large. Note that there is dependence on c0 on the left of the consequentialities

via c̃10, but this term remains bounded as we take c0 → ∞.

Proof. Fix ϕ0 ∈ V . By Theorem 3.3.3 with ϕ1 = ϕ2 = ϕk we have, for any t ∈ [0, T ] and
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x1, x2 ∈ Rn,

∣∣ϕk+1
t (x1)− ϕk+1

t (x2)
∣∣ ≤ (1− 2τc0)

∣∣ϕk
t (x1)− ϕk

t (x2)
∣∣

+ τ∥S∥∞ |x1 − x2|

+ τ∥B∥∞
∣∣∣Y t,x1,ϕk

t − Y t,x2,ϕk

t

∣∣∣
+ τ∥D∥∞

∣∣∣Zt,x1,ϕk

t − Zt,x2,ϕk

t

∣∣∣ .
Since ϕk ∈ V , it is [ϕk]1-Lipschitz, and by Theorems 3.4.1 and 3.4.4 we have

∣∣∣Y t,x1,ϕk

t − Y t,x2,ϕk

t

∣∣∣ ≤ LY

(
[ϕk]1

)
|x1 − x2|,∣∣∣Zt,x1,ϕk

t − Zt,x2,ϕk

t

∣∣∣ ≤ LZ

(
[ϕk]1

)
|x1 − x2|.

Hence we may write

∣∣ϕk+1
t (x1)− ϕk+1

t (x2)
∣∣ ≤ (1− 2τc0)

∣∣ϕk
t (x1)− ϕk

t (x2)
∣∣

+ τ∥S∥∞ |x1 − x2|

+ τ∥B∥∞LY

(
[ϕk]1

)
|x1 − x2|

+ τ∥D∥∞LZ

(
[ϕk]1

)
|x1 − x2|.

Since x1, x2 ∈ Rn were arbitrary, we have, for all k ∈ N0

[ϕk+1]1 ≤ (1− 2τc0) [ϕ
k]1 + τ∥S∥∞ + τ∥B∥∞LY

(
[ϕk]1

)
+ τ∥D∥∞LZ

(
[ϕk]1

)
. (3.25)

First, we will prove by induction that supk∈N0
T c̃3[ϕ

k]1 ≤ c̃10. When k = 0 we have T c̃3[ϕ
0]1 ≤
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c̃10 by definition. So suppose that T c̃3[ϕ
k]1 ≤ c̃10. Then by (3.25) and (3.23) we have

T c̃3[ϕ
k+1]1 (3.26)

≤ (1− 2τc0)T c̃3[ϕ
k]1 + τT c̃3∥S∥∞ + τT c̃3∥B∥∞LY

(
[ϕk]1

)
+ τT c̃3∥D∥∞LZ

(
[ϕk]1

)
(3.27)

= (1− 2τc0)T c̃3[ϕ
k]1 + τT c̃3∥S∥∞ + τ T c̃3∥B∥∞

(
c̃6 + c̃7[ϕ

k]1
)
ec̃3T [ϕk]21

+ τT c̃3∥D∥∞
((
c̃8 + c̃9[ϕ

k]21
)
ec̃3T [ϕk]21 + CL

(
[ϕk]1

)) (3.28)

≤ (1− 2τc0) c̃10 + τT c̃3∥S∥∞ + τ∥B∥∞ (T c̃3c̃6 + c̃7c̃10) e
c̃210

+ τ∥D∥∞
((

T c̃3c̃8 +
c̃9
T c̃3

c̃210

)
ec̃

2
10 + T c̃3CL

(
c̃10
T c̃3

)) (3.29)

≤ (1− 2τc0) c̃10 + τ (T c̃3∥S∥∞ + 3c0) + τc0c̃10 (3.30)

≤ (1− 2τc0) c̃10 + 2τc0c̃10 (3.31)

= c̃10, (3.32)

as required. Substituting this bound into (3.28) yields

[ϕk+1]1

≤ (1− 2τc0) [ϕ
k]1 + τ

(
∥S∥∞ +

(
∥B∥∞c̃6ec̃

2
10 + ∥D∥∞c̃7

)
ec̃

2
10 + ∥D∥∞CL

(
c̃10
T c̃3

))
+ τ [ϕk]1

(
c̃7e

c̃210 + ∥D∥∞c̃9
c̃10
T c̃3

ec̃
2
10

)
≤ (1− τc0) [ϕ

k]1 + τ

(
∥S∥∞ +

(
∥B∥∞c̃6ec̃

2
10 + ∥D∥∞c̃7

)
ec̃

2
10 + ∥D∥∞CL

(
c̃10
T c̃3

))
.

This is a linear difference inequality, meaning that the sequence
(
[ϕk]1

)
k∈N0

is bounded by the

sequence (ak)k∈N0
defined by

ak+1 = cak + (1− c)M
(
ϕ0
)
, k ∈ N0,

with c ..= 1− τc0 satisfying |c| ≤ 1 by Assumption 1. This equation has solution

ak = cka0 +
(
1− ck

)
M
(
ϕ0
)
, k ∈ N0.
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Therefore we have, for k ∈ N0,

[ϕk+1]1 ≤ (1− τc0)
k+1 [ϕ0]1 +M

(
ϕ0
) (

1− (1− τc0)
k+1
)
≤ [ϕ0]1 +M

(
ϕ0
)
,

as required.

3.4.2 Convergence in |.|0 norm

We wish to study the sequence
(
|ϕk+1 − ϕk|0

)
k∈N0

. To do this, we need to study the linear

growth rate (in terms of x) of the update in (3.12), for two different control functions. To this

end we must study the linear growth of differences of Y t,x,ϕ
t , Zt,x,ϕ

t when we fix x ∈ Rn, t ∈ [0, T ]

and change ϕ ∈ V . The following result is adapted from (Reisinger et al., 2022, Proposition

3.9). The core concept of the proof is the same, but the function CY is altered to account for

the control in the diffusion of X.

Theorem 3.4.6. For ϕ ∈ V, t ∈ [0, T ], x ∈ Rn let
(
X t,x,ϕ, Y t,x,ϕ, Zt,x,ϕ

)
∈ S2 (t, T ;Rn) ×

S2 (t, T ;Rn)×H2 (t, T ;Rn) be solutions to (3.10). Let ϕ1, ϕ2, then there exists

CY

(
|ϕ1|0, [ϕ1]1, [ϕ

2]1
)
≥ 0,

such that for all t ∈ [0, T ], x ∈ Rn

|Y t,x,ϕ1

t − Y t,x,ϕ2

t | ≤ CY

(
|ϕ1|0, [ϕ1]1, [ϕ

2]1
)
(1 + |x|) |ϕ1 − ϕ2|0

Proof. Fix t ∈ [0, T ], x ∈ Rn and ϕ1, ϕ2 ∈ V . Define the differences processes, for s ∈ [t, T ],

∆Xs = X t,x,ϕ1

s −X t,x,ϕ2

s ,

∆Ys = Y t,x,ϕ1

s − Y t,x,ϕ2

s ,

∆Zs = Zt,x,ϕ1

s − Zt,x,ϕ2

s ,

∆ϕs = ϕ1
s

(
X t,x,ϕ1

s

)
− ϕ2

s

(
X t,x,ϕ2

s

)
.

Using the definition (3.10) of the individual FBSDEs, the difference processes (∆X,∆Y,∆Z)
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solve the FBSDE, for s ∈ [t, T ],

∆Xs =

∫ s

t

(Ar∆Xr +Br∆ϕr) dr +

∫ s

t

(Cr∆Xr +Dr∆ϕr) dWr,

∆Ys = G∆XT +

∫ s

t

(
A⊤

r ∆Yr + C⊤
r ∆Zr + S⊤

r ∆ϕr +Qr∆Xr

)
dr −

∫ s

t

∆ZrdWr.

Let us apply Theorem A.1.10 to (∆Y,∆Z). We then have

E
[
|∆Yt|2

]
≤ c̃1E

[
|G∆XT |2 +

(∫ T

t

|S⊤
r ∆ϕr +Qr∆Xr|dr

)2
]
. (3.33)

Note that, for r ∈ [t, T ], we have

|∆ϕr| =
∣∣∣ϕ1

r

(
X t,x,ϕ1

r

)
− ϕ2

r

(
X t,x,ϕ2

r

)∣∣∣
≤
∣∣∣ϕ1

r

(
X t,x,ϕ1

r

)
− ϕ2

r

(
X t,x,ϕ1

r

)∣∣∣+ ∣∣∣ϕ2
r

(
X t,x,ϕ1

r

)
− ϕ2

r

(
X t,x,ϕ2

r

)∣∣∣
≤ |ϕ1 − ϕ2|0

∣∣∣X t,x,ϕ1

r

∣∣∣+ [ϕ2]1 |∆Xr| .

Using this, and Holder’s inequality, we may bound (3.20) by the following.

E
[
|∆Yt|2

]
≤ c̃1|G|2E

[
|∆X2

T |
]

+ c̃1E

[(∫ T

t

((
∥S∥∞[ϕ2]1 + ∥Q∥∞

)
|∆Xr|+ ∥S∥∞|ϕ1 − ϕ2|0|X t,x,ϕ1

r |
)
dr

)2
] (3.34)

≤ c̃1E
[
|G|2|∆X2

T |
]

+ 3c̃1TE
[∫ T

t

((
∥S∥2∞[ϕ2]21 + ∥Q∥2∞

)
|∆Xr|2 + ∥S∥2∞|ϕ1 − ϕ2|20|X t,x,ϕ1

r |2
)
dr

] (3.35)

= c̃1|G|2E
[
|∆X2

T |
]
+ 3c̃1T

(
∥S∥2∞[ϕ2]21 + ∥Q∥2∞

) ∫ T

t

E
[
|∆Xr|2

]
dr

+ 3c̃1T∥S∥2∞|ϕ1 − ϕ2|20
∫ T

t

E
[
|X t,x,ϕ1

r |2
]
dr

(3.36)

≤ 3c̃1T
(
c̃4 + c̃25T [ϕ

2]21
)
sup

r∈[t,T ]

E
[
|∆Xr|2

]
+ 3c̃1c̃

2
5T

2|ϕ1 − ϕ2|20 sup
r∈[t,T ]

E
[
|X t,x,ϕ1

r |2
]
.

(3.37)

We proceed to bound these lines individually. First, applying Theorem A.1.9 to X t,x,ϕ1
gives a
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constant

CY,1 = CSDE

(
∥A∥∞ + ∥B∥∞[ϕ1]0, ∥C∥∞ + ∥D∥∞[ϕ1]0

)
,

such that

E

[
sup

r∈[t,T ]

∣∣∣X t,x,ϕ1

r

∣∣∣2]

≤ CY,1E

[
|x|2 +

(∫ T

t

∥B∥∞|ϕ1
r (0) |dr

)2

+

∫ T

t

∥D∥2∞|ϕ1
r (0) |2dr

] (3.38)

≤ CY,1

(
|x|2 + 2c̃3

∫ T

t

|ϕ1
r (0) |2dr

)
(3.39)

= CY,1

(
|x|2 + 2c̃3T |ϕ1|20

)
(3.40)

≤ CY,2

(
1 + |x|2

)
, (3.41)

where

CY,2 = max
(
1, 2c̃3T |ϕ1|20

)
CY,1.

Now for fixed s ∈ [t, T ], applying Theorem A.1.9 to (∆Xr)r∈[t,s], and using Holder’s inequality

and (3.41), yields

E
[
|∆Xs|2

]
≤ c̃2E

[(∫ s

t

∥B∥∞|∆ϕr|dr
)2

+

∫ t

s

∥D∥2∞|∆ϕr|2dr

]

≤ c̃2c̃4E
[∫ t

s

|∆ϕr|2dr
]

≤ c̃2c̃4E
[∫ t

s

(
|ϕ1 − ϕ2|0|X t,x,ϕ1

r |+ [ϕ2]1|∆Xr|
)2
dr

]
≤ c̃2c̃4E

[
2CY,2|ϕ1 − ϕ2|20

(
1 + |x|2

)
+

∫ s

t

2[ϕ2]21|∆Xr|2dr
]
.

By Gronwall’s inequality, we therefore have

E
[
|∆Xs|2

]
≤ 4CY,2c̃2c̃3e

4c̃2c̃3[ϕ2]21T |ϕ1 − ϕ2|20
(
1 + |x|2

)
.

Since s was arbitrary, we have

sup
s∈[t,T ]

E
[
|∆Xs|2

]
≤ CY,3|ϕ1 − ϕ2|20

(
1 + |x|2

)
, (3.42)
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where

CY,3 = 4c̃2c̃3e
4c̃2c̃3[ϕ2]21TCY,2.

Substituting (3.41) and (3.42) into (3.37) yields

E
[
|∆Yt|2

]
≤ 3c̃1T

(
c̃4 + c̃25T [ϕ

2]21
)
CY,3|ϕ1 − ϕ2|20

(
1 + |x|2

)
+ 3c̃1c̃

2
5T

2|ϕ1 − ϕ2|20CY,2

(
1 + |x|2

)
.

Therefore

|∆Yt| ≤ CY

(
|ϕ1|0, [ϕ1]1, [ϕ

2]1
)
|ϕ1 − ϕ2|0 (1 + |x|) ,

where, using that
√
a+ b ≤

√
a+

√
b for a, b ≥ 0, the term CY ([ϕ1]1, [ϕ

2]1) ≥ 0 is given by

CY

(
|ϕ1|0, [ϕ1]1, [ϕ

2]1
)
=

√
3T

1
2 c̃

1
2
1

(
c̃

1
2
4 + T

1
2 c̃5[ϕ

2]1

)
C

1
2
Y,3 +

√
3c̃

1
2
1 c̃5TC

1
2
Y,2,

c̃1 = CBSDE (∥A∥∞, ∥C∥∞) ,

c̃2 = CSDE (∥A∥∞, ∥C∥∞) ,

c̃3 =
1

2

(
∥B∥2∞T + ∥D∥2∞

)
,

c̃4 = |G|+ ∥Q∥∞T,

c̃5 = ∥S∥∞,

CY,1 = CSDE

(
∥A∥∞ + ∥B∥∞[ϕ1]0, ∥C∥∞ + ∥D∥∞[ϕ1]0

)
,

CY,2 = max
(
1, 2c̃3T |ϕ1|20

)
CY,1,

CY,3 = 4c̃2c̃3e
4c̃2c̃3[ϕ2]21TCY,2,

as required.

Assumption 3. We assume the following.

1. There exist VL ⊂ V and a non-negative increasing (in all inputs) function Cv (|ϕ1|0, [ϕ1]1, [ϕ
2]1) ≥

0 such that for any ϕ1, ϕ2 ∈ VL, 0 ≤ t ≤ T

∣∣∣δvϕ1

t (x)− δvϕ
2

t (x)
∣∣∣ ≤ Cv

(
|ϕ1|0, [ϕ1]1, [ϕ

2]1
)
|ϕ1 − ϕ2|0. (3.43)

2. There exists ϕ ∈ VL such that the sequence
(
ϕk
)
k∈N0

generated by (3.12) with ϕ0 = ϕ is

contained in VL.
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Remark 12. Again, in the unconstrained case this assumption is satisfied with VL the space of

linear functions. Let ϕi
t (x) = αi

tx+ βi
t , for some αi ∈ C0 ([0, T ];Rm×n) and βi ∈ C0 ([0, T ];Rm),

i = 1, 2. Then vϕ
i
is of the form vϕ

i

s (x) = aisx + bis, s ∈ [t, T ], for some ai ∈ C0 ([t, T ];Rn×n)

and bi ∈ C0 ([t, T ];Rn), for i = 1, 2. In this case we have

∣∣∣δvϕ1

t (x)− δvϕ
2

t (x)
∣∣∣ = |a1t − a2t |.

Now, by (3.83) and Theorem 3.5.2 we have

∥a1 − a2∥∞ ≤ e(c1+c2∥α1∥∞)T (c4 + c2TCa

(
∥α2∥∞

))
∥α1 − α2∥∞

≤ e(c1+c2∥α1∥∞)T (c4 + c2TCa

(
∥α2∥∞

))
max

(
∥α1 − α2∥∞, ∥β1 − β2∥∞

)
= e(c1+c2[ϕ1]1)T (c4 + c2TCa

(
[ϕ2]1

))
|ϕ1 − ϕ2|0.

Therefore the assumption is satisfied with

Cv

(
|ϕ1|0, [ϕ1]1, [ϕ

2]1
)
= e(c1+c2Ca([ϕ2]1))T (c4 + c2T [ϕ

2]1
)
.

In the constrained case, we have

∣∣∣δvϕ1

t (x)− δvϕ
2

t (x)
∣∣∣ = ∣∣∣δ (vϕ1

t − vϕ
2

t

)
(x)
∣∣∣ ≤ [vϕ

1 − vϕ
2

]1.

Note that by Theorem 3.4.6 we have

|vϕ1 − vϕ
2 |0 ≤ CY

(
|ϕ1|0, [ϕ1]1, [ϕ

2]1
)
|ϕ1 − ϕ2|0.

Therefore the assumption would be satisfied if for any pair ϕ1, ϕ2 ∈ VL we had

[vϕ
1 − vϕ

2

]1 ≤ C̃v

(
|ϕ1|0, [ϕ1]1, [ϕ

2]1
)
|vϕ1 − vϕ

2 |0,

for some non negative increasing function C̃v. Again, it is not clear in this case if Assumption

3 is satisfied.

Theorem 3.4.7. For ϕ ∈ V, t ∈ [0, T ], x ∈ Rn let
(
X t,x,ϕ, Y t,x,ϕ, Zt,x,ϕ

)
∈ S2 (t, T ;Rn) ×

S2 (t, T ;Rn) × H2 (t, T ;Rn) be solutions to (3.10). Let ϕ1, ϕ2 ∈ VL, t ∈ [0, T ], and x ∈ Rn.
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Then there exists a constant

CZ

(
|ϕ1|0, [ϕ1]1, [ϕ

2]1
)
≥ 0,

such that ∣∣∣Zt,x,ϕ1

t − Zt,x,ϕ2

t

∣∣∣ ≤ CZ

(
|ϕ1|0, [ϕ1]1, [ϕ

2]1
)
|ϕ1 − ϕ2|0 (1 + |x|) .

Proof. For any t ∈ [0, T ], x ∈ Rn, ϕ ∈ VL recall the representation (3.22)

Zt,x,ϕ
t = δvϕt (x)DtX

t,x,ϕ
t = δvϕt (x) (Ctx+Dtϕt (x)) ,

where vϕt is a measurable, Lipschitz function, with Lipschitz coefficient LY ([ϕ]1). Now, fix

t ∈ [0, T ], ϕ1, ϕ2 ∈ VL, x ∈ Rn. We have

∣∣∣Zt,x,ϕ1

t − Zt,x,ϕ2

t

∣∣∣ = ∣∣∣δvϕ1

t (x)
(
Ctx+Dtϕ

1
t (x)

)
− δvϕ

2

t (x)
(
Ctx+Dtϕ

2
t (x)

)∣∣∣
≤
∣∣∣δvϕ1

t (x)− δvϕ
2

t (x)
∣∣∣ ∣∣Ctx+Dtϕ

1
t (x)

∣∣
+
∣∣∣δvϕ2

t (x)
∣∣∣ ∣∣Dt

(
ϕ1
t (x)− ϕ2

t (x)
)∣∣

≤
∣∣∣δvϕ1

t (x)− δvϕ
2

t (x)
∣∣∣ (∥C∥∞ + ∥D∥∞|ϕ1|0

)
(1 + |x|)

+ LY

(
[ϕ2]1

)
∥D∥∞|ϕ1 − ϕ2|0 (1 + |x|) .

Under Assumption 3, we have

∣∣∣Zt,x,ϕ1

t − Zt,x,ϕ2

t

∣∣∣ ≤ Cv

(
|ϕ1|0, [ϕ1]1, [ϕ

2]1
)
|ϕ1 − ϕ2|0

(
∥C∥∞ + ∥D∥∞|ϕ1|0

)
(1 + |x|)

+ LY

(
[ϕ2]1

)
∥D∥∞|ϕ1 − ϕ2|0 (1 + |x|) .

The result follows with

CZ

(
|ϕ1|0, [ϕ1]1, [ϕ

2]1
)

..= Cv

(
|ϕ1|0, [ϕ1]1, [ϕ

2]1
) (

∥C∥∞ + ∥D∥∞|ϕ1|0
)
+ LY

(
[ϕ2]1

)
∥D∥∞.

With these sensitivity estimates of Y t,x,ϕ
t and Zt,x,ϕ

t , we can use Theorem 3.3.3 to derive a

difference inequality for the sequence
(
|ϕk+1 − ϕk|0

)
k∈N0

.

Assumption 4. We assume the following.
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1. There exists non empty VL ⊂ V and CK ≥ 0 such that for all ϕ ∈ VL,

|ϕ|0 ≤ CK .

2. There exists ϕ ∈ VL such that the sequence
(
ϕk
)
k∈N0

generated by (3.12) with ϕ0 = ϕ is

contained in VL.

Remark 13. It is shown in Theorem 3.5.6 that in the unconstrained case, the sequence
(
|ϕk|0

)
k∈N0

is uniformly bounded when VL is the space of linear functions. In the constrained case, this

would be satisfied for any ϕ ∈ V if the constraint space was bounded. In a more general set-

ting, we may establish this bound if our problem has running and terminal cost functions with

bounded derivatives.

Theorem 3.4.8. Let VL satisfy Assumptions 2, 3 and 4. Let τ satisfy Assumption 1. Let

ϕ0 ∈ VL satisfy (3.24) and additionally satisfy

∥B∥∞CY

(
CK ,M

(
ϕ0
)
,M

(
ϕ0
))

+ ∥D∥∞CZ

(
CK ,M

(
ϕ0
)
,M

(
ϕ0
))

≤ 2c0, (3.44)

where

M
(
ϕ0
)
= [ϕ0]1 +

c̃11
c0
,

c̃11 = ∥S∥∞ +
(
∥B∥∞c̃6ec̃

2
10 + ∥D∥∞c̃7

)
ec̃

2
10 + ∥D∥∞CL

(
c̃10
T c̃3

)
,

c0 =
1

2

µ∥R∥∞
µ+ ∥R∥∞

.

Then there exists ĉ ∈ (0, 1) such that the sequence
(
ϕk
)
k∈N0

defined by (3.12) satisfies, for all

k ∈ N0

|ϕk+1 − ϕk|0 ≤ ĉ|ϕk − ϕk−1|0.

Proof. Proof is adapted from (Reisinger et al., 2022, Theorem 3.11). Fix x ∈ Rn, t ∈ [0, T ] and
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k ∈ N0,. By Theorem 3.3.3 with ϕ1 = ϕk, ϕ2 = ϕk−1, and x1 = x2 = x, we have

|ϕk+1
t (x)− ϕk

t (x) | ≤ (1− 2τc0) |ϕk
t (x)− ϕk−1

t (x) |

+ τ∥B∥∞
∣∣∣Y t,x,ϕk

t − Y t,x,ϕk−1

t

∣∣∣
+ τ∥D∥∞

∣∣∣Zt,x,ϕk

t − Zt,x,ϕk−1

t

∣∣∣ .
(3.45)

By definition, ϕk, ϕk−1 ∈ VL. Hence, using Theorems 3.4.6 and 3.4.7 we have

∣∣ϕk
t (x)− ϕk−1

t (x)
∣∣ ≤ ∣∣ϕk − ϕk−1

∣∣
0
(1 + |x|) ,∣∣∣Y t,x,ϕk

t − Y t,x,ϕk−1

t

∣∣∣ ≤ CY

(
|ϕk|0, [ϕk]1, [ϕ

k−1]1
) ∣∣ϕk − ϕk−1

∣∣
0
(1 + |x|) ,∣∣∣Zt,x,ϕk

t − Zt,x,ϕk−1

t

∣∣∣ ≤ CZ

(
|ϕk|0, [ϕk]1, [ϕ

k−1]1
) ∣∣ϕk − ϕk−1

∣∣
0
(1 + |x|) .

Substituting these into (3.45) gives

|ϕk+1
t (x)− ϕk

t (x) | ≤ (1− 2τc0)
∣∣ϕk − ϕk−1

∣∣
0
(1 + |x|) ,

+ τ∥B∥∞CY

(
|ϕk|0, [ϕk]1, [ϕ

k−1]1
) ∣∣ϕk − ϕk−1

∣∣
0
(1 + |x|) ,

+ τ∥D∥∞CZ

(
|ϕk|0, [ϕk]1, [ϕ

k−1]1
) ∣∣ϕk − ϕk−1

∣∣
0
(1 + |x|) .

Since x ∈ Rn and t ∈ [0, T ] were arbitrary, we have, for k ∈ N,

|ϕk+1 − ϕk|0 ≤ (1− 2τc0)
∣∣ϕk − ϕk−1

∣∣
0

+ τ∥B∥∞CY

(
|ϕk|0, [ϕk]1, [ϕ

k−1]1
) ∣∣ϕk − ϕk−1

∣∣
0

+ τ∥D∥∞CZ

(
|ϕk|0, [ϕk]1, [ϕ

k−1]1
) ∣∣ϕk − ϕk−1

∣∣
0
.

By Theorem 3.4.5, we have supk∈N0
[ϕk]1 ≤ M (ϕ0) . Using this, Assumption 4, and that the

functions CY and CZ are increasing in all their inputs, we have

CY

(
|ϕk|0, [ϕk]1, [ϕ

k−1]1
)
≤ CY

(
CK ,M

(
ϕ0
)
,M

(
ϕ0
))
,

CZ

(
|ϕk|0, [ϕk]1, [ϕ

k−1]1
)
≤ CZ

(
CK ,M

(
ϕ0
)
,M

(
ϕ0
))
.
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We may therefore write, for k ∈ N,

|ϕk+1 − ϕk|0 ≤ ĉ|ϕk − ϕk−1|0,

where

ĉ = (1− 2τc0) + τ
(
∥B∥∞CY

(
CK ,M

(
ϕ0
)
,M

(
ϕ0
))

+ τ∥D∥∞CZ

(
CK ,M

(
ϕ0
)
,M

(
ϕ0
)))

.

We require ĉ < 1, which is equivalent to (3.44), as required.

3.4.3 Proof of Main Result

Theorem 3.4.9. Let VL satisfy Assumptions 2, 3, and 4. Let ϕ0 ∈ VL satisfy (3.24) and

(3.44). Let τ > 0 satisfy Assumption 1. Then there exists ϕ∗ ∈ V with associated control

uϕ
∗ ∈ H2 (U), and constants ĉ ∈ [0, 1) and Ĉ ≥ 0 such that

1. For all k ∈ N0, |ϕk − ϕ∗|0 ≤ ĉk|ϕk − ϕ∗|0.

2. For all k ∈ N0, ∥uϕ
k − uϕ

∗∥H2 ≤ Ĉĉk|ϕ∗ − ϕ0|0.

3. uϕ
∗
is a stationary point of J defined in (3.4).

Proof. Proof is adapted from (Reisinger et al., 2022, Theorem 3.13). Let ϕ0 ∈ V satisfy the

assumptions. By Theorem 3.4.8, the sequence
(
ϕk
)
k∈N0

is a Cauchy sequence in the Banach

space (B ([0, T ]× Rn;Rm) , | · |0). Therefore by Banach’s fixed point Theorem, there exists

ϕ∗ ∈ B ([0, T ]× Rn;Rm) such that limk→∞ |ϕk − ϕ∗|0 = 0. Since, by Theorem 3.4.5, we have

[ϕk]1 ≤ M (ϕ0) for all k, this limiting function satisfies [ϕ∗]1 ≤ M (ϕ0). To show ϕ∗ ∈ V , it

remains to show that ϕ∗ takes values in U .

By Theorems 3.4.6 and 3.4.7 there exists C ≥ 0 such that for all t ∈ [0, T ], x ∈ Rn and

k1, k2 ∈ N0,

max
(∣∣∣Y t,x,ϕk1

t − Y t,x,ϕk2

t

∣∣∣ , ∣∣∣Zt,x,ϕk1

t − Zt,x,ϕk2

t

∣∣∣) ≤ C (1 + |x|) |ϕk1 − ϕk2 |0.
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Therefore the sequences
(
Y t,x,ϕk

t

)
and

(
Zt,x,ϕk

t

)
are Cauchy in (Rn, | · |). Hence there exists

Y : [0, T ]× Rn → Rn and Z : [0, T ]× Rn → Rn such that, for t ∈ [0, T ] and x ∈ Rn,

(Yt (x) ,Zt (x)) = lim
k→∞

(
Y t,x,ϕk

t , Zt,x,ϕk

t

)
.

By continuity of the function proxU we may write, for t ∈ [0, T ], x ∈ Rn

ϕ∗
t (x)

= lim
k→∞

L
(
ϕk
)
t
(x)

= lim
k→∞

proxU

(
ϕk
t (x)− τ

(
B⊤

t Y
t,x,ϕk

t +D⊤
t Z

t,x,ϕk

t +Rtϕ
k
t (x) + Stx

))
= proxU

(
lim
k→∞

ϕk
t (x)− τ

(
lim
k→∞

B⊤
t Y

t,x,ϕk

t + lim
k→∞

D⊤
t Z

t,x,ϕk

t + lim
k→∞

Rtϕ
k
t (x) + Stx

))
= proxU

(
ϕ∗
t (x)− τ

(
B⊤

t Yt (x) +D⊤
t Zt (x) + Rtϕ

∗
t (x) + Stx

))
.

Hence ϕ∗
t (x) ∈ U for all t ∈ [0, T ] and x ∈ Rn, so ϕ∗ ∈ V . By Theorems 3.4.6 and 3.4.7 we

have (Yt (x) ,Zt (x)) =
(
Y t,x,ϕ∗

t , Zt,x,ϕ∗

t

)
for all t ∈ [0, T ] and x ∈ Rn. Hence we may write, for

(t, x) ∈ [0, T ]× Rn,

ϕ∗
t (x) = proxU

(
ϕ∗
t (x)− τ

(
B⊤

t Y
t,x,ϕ∗

t +D⊤
t Z

t,x,ϕ∗

t +Rtϕ
∗
t (x) + Stx

))
. (3.46)

We now proceed to prove the items in the Theorem. For item 1, following the same ideas as

Theorem 3.4.8 yields

|ϕk+1 − ϕ∗|0 ≤ ĉ|ϕk − ϕ∗|0,

as required. For item 2, note that

∥uϕk+1 − uϕ
∗∥H2 = ∥ϕk+1

(
X0,x0,ϕk+1

)
− ϕ∗ (X0,x0,ϕ∗) ∥H2

≤ ∥ϕk+1
(
X0,x0,ϕk+1

)
− ϕk+1

(
X0,x0,ϕ∗) ∥H2 + ∥ϕk+1

(
X0,x0,ϕ∗)− ϕ∗ (X0,x0,ϕ∗) ∥H2

≤ [ϕk+1]1∥X0,x0,ϕk+1 −X0,x0,ϕ∗∥H2 + |ϕk+1 − ϕ∗|0
(
1 + ∥X0,x0,ϕ∗∥2H

)
.

Using Theorem A.1.9, one can show that there exists C ≥ 0 such that ||X0,x0,ϕ∗ ||2H ≤ C and

||X0,x0,ϕk+1 −X0,x0,ϕ∗ ||H2 ≤ C|ϕk+1 − ϕ∗|0, yielding the result.
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We now prove item 3. Consider the FBSDE, for s ∈ [0, T ],

dXϕ∗

s =
(
AsX

ϕ∗

s +Bsϕ
∗
s

(
Xϕ∗

s

))
ds+

(
CsX

ϕ∗

s +Dsϕ
∗
s

(
Xϕ∗

s

))
dWs,

Xϕ∗

0 = x0,

dY ϕ∗

s = −
(
A⊤

s Y
ϕ∗

s + C⊤
s Z

ϕ∗

s + S⊤
s ϕ

∗
s

(
Xϕ∗

s

)
+QsX

ϕ∗

s

)
ds+ Zϕ∗

s dWs,

Y ϕ∗

T = GXϕ∗

T .

(3.47)

Fix t ∈ [0, T ]. By the Markov property, we have
(
Y ϕ∗

t , Zϕ∗

t

)
=

(
Y

t,Xϕ∗
t ,ϕ∗

t , Z
t,Xϕ∗

t ,ϕ∗

t

)
. Hence

we can use (3.46) to write

ϕ∗
t

(
Xϕ∗

t

)
= proxU

(
ϕ∗
t

(
Xϕ∗

t

)
− τ

(
B⊤

t Y
t,Xϕ∗

t ,ϕ∗

t +D⊤
t Z

t,Xϕ∗
t ,ϕ∗

t +Rtϕ
∗
t

(
Xϕ∗

t

)
+ StX

ϕ∗

t

))
= proxU

(
ϕ∗
t

(
Xϕ∗

t

)
− τ

(
B⊤

t Y
ϕ∗

t +D⊤
t Z

ϕ∗

t +Rtϕ
∗
t

(
Xϕ∗

t

)
+ StX

ϕ∗

t

))
.

We wish to use Theorem A.1.6. We therefore set J (u) = F (u)+ F̃ (u) where, for u ∈ H2(Rm),

F (u) = E

∫ T

0

1

2

Xu
s

us

⊤Qs S⊤
s

Ss Rs

Xu
s

us

 ds+
1

2
(Xu

T )
⊤GXu

T

 ,
F̃ (u) = E

[∫ T

0

ΦU (ut) dt

]
,

where Xu satisfies (3.7). Then F̃ is proper, lower semi continuous and convex with proxτF̃ =

proxU and F is differentiable with

▽F
(
uϕ

∗)
t
= B⊤

t Y
ϕ∗

t +D⊤
t Z

ϕ∗

t +Rtϕ
∗
t

(
Xϕ∗

t

)
+ StX

ϕ∗

t .

The result then follows from Theorem A.1.6 and (3.46).

3.5 Convergence of PGM for Unconstrained Case

Let us now consider the case U = Rm. The update formula (3.11) then becomes

L (ϕ)t (x) = ϕt (x)− τ
(
B⊤

t Y
t,x,ϕ
t +D⊤

t Z
t,x,ϕ
t +Rtϕt (x) + Stx

)
, (3.48)
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for ϕ ∈ V , t ∈ [0, T ] and x ∈ Rn, where
(
X t,x,ϕ, Y t,x,ϕ, Zt,x,ϕ

)
∈ S2 (t, T ;Rn) × S2 (t, T ;Rn) ×

H2 (t, T ;Rn) are solutions to, for s ∈ [t, T ],

dX t,x,ϕ
s =

(
AsX

t,x,ϕ
s +Bsϕs

(
X t,x,ϕ

s

))
ds+

(
CsX

t,x,ϕ
s +Dsϕs

(
X t,x,ϕ

s

))
dWs,

X t,x,ϕ
t = x,

dY t,x,ϕ
s = −

(
A⊤

s Y
t,x,ϕ
s + C⊤

s Z
t,x,ϕ
s + S⊤

s ϕs

(
X t,x,ϕ

s

)
+QsX

t,x,ϕ
s

)
ds+

(
Zt,x,ϕ

s

)⊤
dWs,

Y t,x,ϕ
T = GX t,x,ϕ

T .

(3.49)

Fix ϕ0 ∈ V , then for k ∈ N0 define our PGM scheme
(
ϕk
)
k∈N0

by

ϕk+1
t (x) = L

(
ϕk
)
t
(x) , (3.50)

for t ∈ [0, T ] and x ∈ Rn.

Theorem 3.5.1. Define a function ϕ ∈ V by

ϕt (x) ..= αtx+ βt, 0 ≤ t ≤ T, x ∈ Rn,

for α ∈ C0 ([0, T ];Rm×n) and β ∈ C0 ([0, T ];Rm). Then there exists α̃ ∈ C0 ([0, T ];Rm×n) and

β̃ ∈ C0 ([0, T ];Rm) such that

L (ϕ)t (x) = α̃tx+ β̃t,

for all t ∈ [0, T ] and x ∈ Rn.

Proof. Fix t ∈ [0, T ] and x ∈ Rn. Since the coefficients B, D, R, and S in (3.48) are continuous

in t, it suffices to show that Y t,x,ϕ
t , Zt,x,ϕ

t are linear in x, and the linear coefficients are continuous

in t. Substituting the definition of ϕ into (3.49) gives us, for s ∈ [t, T ],

dX t,x,ϕ
s =

(
(As +Bsαs)X

t,x,ϕ
s +Bsβs

)
ds+

(
(Cs +Dsαs)X

t,x,ϕ
s +Dsβs

)
dWs,

X t,x,ϕ
t = x,

dY t,x,ϕ
s = −

(
A⊤

s Y
t,x,ϕ
s + C⊤

s Z
t,x,ϕ
s + S⊤

s βs +
(
Qs + S⊤

s αs

)
X t,x,ϕ

s

)
ds+

(
Zt,x,ϕ

s

)⊤
dWs,

Y t,x,ϕ
T = GX t,x,ϕ

T .

By Feynmann-Kac Theorem, if there exists a function vϕ ∈ C1,2 ([t, T ]× Rn;Rn) solving the
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PDE, for s ∈ [t, T ] and x̃ ∈ Rn

∂sv
ϕ
s (x̃) + ∂xv

ϕ
s (x̃) ((As +Bsαs) x̃+Bsβs)

+
1

2
((Cs +Dsαs) x̃+Dsβs)

⊤ ∂2xxv
ϕ
s (x̃) ((Cs +Dsαs) x̃+Dsβs)

+ A⊤
s v

ϕ
s (x̃) + C⊤

s ∂xv
ϕ
s (x̃) ((Cs +Dsαs) x̃+Dsβs) + S⊤βs +

(
Qs + S⊤

s αs

)
x̃ = 0,

(3.51)

with vϕT (x̃) = Gx̃ for x̃ ∈ Rn, then we have

Y t,x,ϕ
s = vϕs

(
X t,x,ϕ

s

)
Zt,x,ϕ

s = ∂xv
ϕ
s

(
X t,x,ϕ

s

) (
(Cs +Dsαs)X

t,x,ϕ
s +Dsβs

)
(3.52)

for s ∈ [t, T ]. We propose vϕs (x̃) = asx̃ + bs for s ∈ [t, T ] and x̃ ∈ Rn, for some a ∈

C1 ([t, T ];Rn×n) and b ∈ C1 ([t, T ];Rn). We then have

∂sv
ϕ
s (x̃) = ȧsx̃+ ḃs,

∂xv
ϕ
s (x̃) = as,

∂2xxv
ϕ
s (x) = 0,

where ȧ denotes the time derivative of a. Substituting these into (3.51), for any x̃ ∈ Rn and

s ∈ [t, T ] we have

ȧsx̃+ ḃs + as ((As +Bsαs) x̃+Bsβs)

+ A⊤
s (asx̃+ bs) + C⊤

s as ((Cs +Dsαs) x̃+Dsβs) + S⊤
s βs +

(
Qs + S⊤

s αs

)
x̃ = 0.

As x̃ was arbitrary, we have ODEs

ȧs + as (As +Bsαs) + A⊤
s as + C⊤

s as (Cs +Dsαs) +
(
Qs + S⊤

s αs

)
= 0,

ḃs + A⊤
s bs +

(
asBs + C⊤

s asDs + S⊤
s

)
βs = 0,

(3.53)

for s ∈ [t, T ] with aT = G and bT = 0. Let us solve these equations. As these ODEs are

linear, and α, β are continuous, the solutions are continuously differentiable. For arbitrary

ξ ∈ C0 ([0, T ];Rm×n), define a linear operator Lξ on C1 ([t, T ];Rn×n) by

(Lξf)s
..= −

∫ T

s

fr (Ar +Brξr) + A⊤
r fr + C⊤

r fr (Cr +Drξr) dr, t ≤ s ≤ T.
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The first ODE in (3.53) can then be written as

as − (Lαa)s = G−
∫ T

s

(Qr + Srαr) dr, t ≤ s ≤ T.

To find an explicit representation of a we need to find the inverse of the linear operator 1−Lα,

where 1 is the identity operator. If we can show that the Neumann partial sums L(N) ..=∑N
k=0 L

k
α converge with respect to the operator norm, defined for any L : C1 ([t, T ],Rn×n) →

C1 ([t, T ],Rn×n) as

∥L∥op = sup
∥f∥∞=1

∥Lf∥∞, ∥f∥∞ = sup
s∈[t,T ]

|fs|, f ∈ C1
(
[t, T ];Rn×n

)
,

then we have (1− Lα)
−1 =

∑∞
k=0 L

k
α, where we use the convention L0

α = 1. To see this, note

that the condition limN→∞ ∥L(N)∥op < ∞ implies limk→∞ Lk
α = 0. We then have, for any

N ∈ N0 and f ∈ C1 ([t, T ],Rn×n)

(1− Lα)L
(N)f =

N∑
k=0

(
Lk
αf − Lk+1

α f
)
= L0

αf − LN
α f = f − LN

α f.

Taking the limit as N → ∞, and using the continuity of Lα yields

(1− Lα)

(
∞∑
k=0

Lk
α

)
f = f,

for all f ∈ C1 ([t, T ];Rn×n), hence limN→∞ (1− Lα)LN = 1. Similarly we have limN→∞ LN (1− Lα) =

1, so the inverse is well defined. We proceed to show that limN→∞ ∥LN∥op < ∞. Define con-

stants

c1 ..= 2∥A∥∞ + ∥C∥2∞,

c2 ..= ∥B∥∞ + ∥C∥∞∥D∥∞.

Then we claim that for any k ∈ N0 we have

∥Lk
α∥op ≤ T k (c1 + c2∥α∥∞)k

k!
. (3.54)

When k = 0 both sides are equal to one, so we consider k ∈ N. Let f ∈ C1 ([t, T ];Rn×n) have
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∥f∥∞ = 1. Then we have

∥Lk
αf∥∞

= sup
s∈[t,T ]

∣∣(LαL
k−1
α f

)
s

∣∣
= sup

s∈[t,T ]

∣∣∣∣∫ T

s

Lk−1
α fr1 (Ar1 +Br1αr1) + A⊤

r1
Lk−1
α fr1 + C⊤

r1
Lk−1
α fr1 (Cr1 +Dr1αr1) dr1

∣∣∣∣
≤ sup

s∈[t,T ]

∣∣∣∣∫ T

s

(
2∥A∥∞ + ∥C∥2∞ + (∥B∥∞ + ∥C∥∞∥D∥∞) ∥α∥∞

)
|Lk−1

α fr1 |dr1
∣∣∣∣

= (c1 + c2∥α∥∞)

∫ T

t

|Lk−1
α fr1 |dr1

= (c1 + c2∥α∥∞)

∫ T

t

∣∣∣∣∫ T

r1

Lk−2
α fr2 (Ar2 +Br2αr2) + A⊤

r2
Lk−2
α fr2 + C⊤

r2
Lk−2
α fr2 (Cr2 +Dr2αr2) dr2

∣∣∣∣ dr1
≤ (c1 + c2∥α∥∞)

∫ T

t

∣∣∣∣∫ T

r1

(
2∥A∥∞ + ∥C∥2∞ + (∥B∥∞ + ∥C∥∞∥D∥∞) ∥α∥∞

)
|Lk−2

α fr2 |dr2
∣∣∣∣ dr1

= (c1 + c2∥α∥∞)2
∫ T

t

∫ T

r1

|Lk−2
α fr2 |dr2dr1

. . .

= (c1 + c2∥α∥∞)k
∫ T

t

∫ T

r1

. . .

∫ T

rk−1

|frk |drk . . . dr1

≤ (c1 + c2∥α∥∞)k
∫ T

t

∫ T

r1

. . .

∫ T

rk−1

∥f∥∞drk . . . dr1

= (c1 + c2∥α∥∞)k Ψk (t)

where we define a function Ψk : [t, T ] → R by

Ψk(s) ..=

∫ T

s

∫ T

r1

. . .

∫ T

rk−1

1drk . . . drk, t ≤ s ≤ T,

We show by induction that Ψk(s) =
(T−s)k

k!
for all s ∈ [t, T ]. When k = 1 both sides are equal

to (T − s). If we assume that the statement holds at k, we then have

Ψk+1(s) =

∫ T

s

Φk (r) dr =

∫ T

s

(T − r)k

k!
dr =

(T − s)k+1

(k + 1)!
,

as required. Hence Ψk (t) =
(T−t)k

k!
≤ Tk

k!
for all k ∈ N. As f was arbitrary, the result (3.54)

follows.
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By (3.54), we have

∥∥∥∥∥
N∑
k=0

Lk
α

∥∥∥∥∥
op

≤
N∑
k=0

T k (c1 + c2∥α∥∞)k

k!
→ eT (c1+c2∥α∥∞) <∞, N → ∞. (3.55)

Therefore the inverse operator (1 − Lα)
−1 =

∑∞
j=0 L

j
α is well defined, and we have the explicit

solution

as = (1− Lα)
−1

(
G−

∫ T

·

(
Qr + S⊤

r αr

)
dr

)
s

, t ≤ s ≤ T. (3.56)

A similar analysis yields

bs = (1− LA)
−1

(
−
∫ T

·

(
arBr + C⊤

r arDr + S⊤
r

)
βrdr

)
s

, t ≤ s ≤ T,

where we define the operator LA on C1 ([0, T ];Rn) by

(LAg)s
..= −

∫ T

s

A⊤
r grdr, t ≤ s ≤ T.

for g ∈ C1 ([0, T ];Rn). Given this solution for vϕ, we can substitute into (3.52) to give the

BSDE solutions

Y t,x,ϕ
t = atx+ bt, Zt,x,ϕ

t = at ((Ct +Dtαt) x+Dtβt) , (3.57)

which are linear functions of x with coefficients that are continuous in t. Note that the ODEs

governing a and b are independent of the choice of t, so can be extended to solutions on the

entire horizon [0, T ].

We have shown that our update maps VL
..= {ϕ ∈ V : ϕ linear} to its self. We can write the

updates in (3.50) as the following, for t ∈ [0, T ], x ∈ Rn and k ∈ N0,

ϕk
t (x) = αk

t x+ βk
t ,

Y t,x,ϕk

t = akt x+ bkt ,

Zt,x,ϕk

t = akt
((
Ct +Dtα

k
t

)
x+Dtβ

k
t

)
.

(3.58)

For some αk ∈ C0 ([0, T ];Rm×n), βk ∈ C0 ([0, T ];Rm), ak ∈ C1 ([0, T ];Rn×n) and bk ∈ C1 ([0, T ];Rn)
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to be determined. Substituting (3.58) into (3.50) yields, for t ∈ [0, T ] and x ∈ Rn,

ϕk+1
t (x) = ϕk

t (x)− τ
(
B⊤

t Y
t,x,ϕk

t +D⊤
t Z

t,x,ϕk

t +Rtϕ
k
t (x) + Stx

)
= αk

t x+ βk
t − τ

(
B⊤

t

(
akt x+ bkt

)
+D⊤

t a
k
t

((
Ct +Dtα

k
t

)
x+Dtβ

k
t

)
+Rt

(
αk
t x+ βk

t

)
+ Stx

)
=
(
αk
t − τ

(
B⊤

t a
k
t +D⊤

t a
k
t

(
Ct +Dtα

k
t

)
+Rtα

k
t + St

))
x

+ βk
t − τ

(
B⊤

t b
k
t +

(
D⊤

t a
k
tDt +Rt

)
βk
t

)
,

giving us the update formula for k ∈ N0 and t ∈ [0, T ],

αk+1
t = αk

t − τ
(
B⊤

t a
k
t +D⊤

t a
k
t

(
Ct +Dtα

k
t

)
+Rtα

k
t + St

)
,

βk+1
t = βk

t − τ
(
B⊤

t b
k
t +

(
D⊤

t a
k
tDt +Rt

)
βk
t

)
,

(3.59)

where, for s ∈ [0, T ],

aks = (1− Lαk)−1

(
G−

∫ T

·

(
Qr + S⊤

r αr

)
dr

)
s

,

bks = (1− LA)
−1

(
−
∫ T

·

(
arBr + C⊤

r arDr + S⊤
r

)
βrdr

)
s

,

(3.60)

and

(Lαkf)s = −
∫ T

s

fr
(
Ar +Brα

k
r

)
+ A⊤

r fr + C⊤
r fr

(
Cr +Drα

k
r

)
dr,

(LAg)s = −
∫ T

s

A⊤
r grdr.

for f ∈ C1 ([0, T ];Rn×n), g ∈ C1 ([0, T ];Rn). Given these updates, we can bound the linear

coefficients of consecutive BSDE solutions, which will lead to a bound on the linear coefficients

of consecutive control policies. Define constants

c3 ..= |G|+ T∥Q∥∞,

c4 ..= T∥S∥∞.
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Using the definition of the operator norm and (3.55) we have, for any k ∈ N0

∥ak∥∞ ≤ ∥ (1− Lαk)−1 ∥op sup
t∈[0,T ]

∣∣∣∣G−
∫ T

t

(
Qs + S⊤

s α
k
s

)
ds

∣∣∣∣
≤

∞∑
j=0

∥Lj
αk∥op

(
|G|+ T

(
∥Q∥∞ + ∥S∥∞∥αk∥∞

))
=

∞∑
j=0

∥Lj
αk∥op

(
c3 + c4∥αk∥∞

)
≤

∞∑
j=0

T j
(
c1 + c2∥αk∥∞

)j
j!

(
c3 + c4∥αk∥∞

)
= eT(c1+c2∥αk∥∞) (c3 + c4∥αk∥∞

)
.

Similarly we may bound the bk function, yielding the estimates for all k ∈ N0

∥ak∥∞ ≤ eT(c1+c2∥αk∥∞) (c3 + c4∥αk∥∞
)
,

∥bk∥∞ ≤ eT∥A∥∞
(
c2T∥ak∥∞ + c4

)
∥βk∥∞

(3.61)

Finally, we give the relation between both the weighted norm | · |0 and the uniform Lipschitz

coefficient [·]1 and linear coefficients of ϕ ∈ VL.

Lemma 3.5.2. Let ϕ ∈ VL. Write ϕt (x) = αtx + βt for t ∈ [0, T ] and x ∈ Rm for some

α ∈ C0 ([0, T ],Rm×n) and β ∈ C0 ([0, T ],Rm). Then

[ϕ]1 = ∥α∥∞,

|ϕ|0 = max (∥α∥∞, ∥β∥∞) .

Proof. For the first equality, we note that ϕ is differentiable with respect to x, hence the

Lipschitz coefficient can be related to the bound on the first derivative as follows.

[ϕ]1 = sup
(x,t)∈Rn×[0,T ]

|∂xϕt (x) | = sup
t∈[0,T ]

|αt| = ∥α∥∞.

For the second equality note that, for any x ∈ Rn and t ∈ [0, T ]

|ϕt (x) | ≤ |ϕt (0) |+ [ϕ]1|x| = |βt|+ ∥α∥∞|x| ≤ max (∥β∥∞, ∥α∥∞) (1 + |x|) .

Which implies |ϕ|0 ≤ max (∥α∥∞, ∥β∥∞). Since α and β are continuous on the closed interval
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[0, T ], we may define tα = argmaxs∈[0,T ] |αs| and tβ = argmaxs∈[0,T ] |βs|. We then have

∥α∥∞ = lim
|x|→∞

|ϕta (x) |
1 + |x|

≤ |ϕ|0,

∥β∥∞ =
|ϕtβ (0) |
1 + |0|

≤ |ϕ|0.

Hence max (∥α∥∞, ∥β∥∞) ≤ |ϕ|0, as required.

3.5.1 Showing [ϕk]1 is Uniformly Bounded

Theorem 3.5.3. For ϕ ∈ VL, t ∈ [0, T ], x ∈ Rn let
(
X t,x,ϕ, Y t,x,ϕ, Zt,x,ϕ

)
∈ S2 (t, T ;Rn) ×

S2 (t, T ;Rn) × H2 (t, T ;Rn) be solutions to (3.10). Then for all ϕ ∈ VL, there exists LY =

LY ([ϕ]1) ≥ 0 such that for all t ∈ [0, T ], x1, x2 ∈ Rn

|Y t,x1,ϕ
t − Y t,x2,ϕ

t | ≤ LY ([ϕ]1) |x1 − x2|

Proof. Let ϕt (x) = αtx+ βt for some α ∈ C0 ([0, T ];Rm×n) and β ∈ C0 ([0, T ];Rm). Since Y t,·,ϕ
t

is linear in x, this follows automatically. Let Y t,x,ϕ
t = atx + bt for a ∈ C1 ([0, T ];Rn×n) and

b ∈ C1 ([0, T ];Rn) solving (3.53). Then

LY ([ϕ]1) = LY (∥α∥∞) = ∥a∥∞.

In particular, following the same logic as 3.61) we can write out a bound on ∥a∥∞ explicitly to

yield

LY (∥α∥∞) = eT (c1+c2∥α∥∞) (c3 + c4∥α∥∞) . (3.62)

Theorem 3.5.4. For ϕ ∈ VL, t ∈ [0, T ], x ∈ Rn let
(
X t,x,ϕ, Y t,x,ϕ, Zt,x,ϕ

)
∈ S2 (t, T ;Rn) ×

S2 (t, T ;Rn) × H2 (t, T ;Rn) be solutions to (3.10). Then for all ϕ ∈ VL, there exists LZ =

LZ ([ϕ]1) ≥ 0 such that for all t ∈ [0, T ], x1, x2 ∈ Rn

|Zt,x1,ϕ
t − Zt,x2,ϕ

t | ≤ LZ ([ϕ]1) |x1 − x2|
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Proof. Let ϕt (x) = αtx+βt for some α ∈ C0 ([0, T ];Rm×n) and β ∈ C0 ([0, T ];Rm). Again, Since

Zt,·,ϕ
t is linear in x, this follows automatically. Let Y t,x,ϕ

t = atx+ bt for a ∈ C1 ([0, T ];Rn×n) and

b ∈ C1 ([0, T ];Rn) solving (3.53). Then using the representation of Zt,x,ϕ in (3.57), we have

LZ ([ϕ]1) = LZ (∥α∥∞) = ∥a∥∞ (∥C∥∞ + ∥D∥∞∥α∥∞) .

In particular, following the same logic as 3.61) we can write out a bound on ∥a∥∞ explicitly to

yield

LZ (∥α∥∞) = eT (c1+c2∥α∥∞) (c3 + c4∥α∥∞) (∥C∥∞ + ∥D∥∞∥α∥∞) . (3.63)

Using the fact that, for a, b, c, d, x ≥ 0

(a+ bx) (c+ dx) ≤ ac+
1

2
(ad+ bc)2 +

(
bd+

1

2
(ad+ bc)2

)
x2,

we have

LY

(
[ϕk]1

)
= LY

(
∥αk∥∞

)
= ec1T

(
c3 + c4∥αk∥∞

)
ec2T∥αk∥∞ , (3.64)

LZ

(
[ϕk]1

)
= LZ

(
∥αk∥∞

)
= ec1T

(
c5 + c6∥αk∥2∞

)
ec2T∥αk∥∞ . (3.65)

where we define the constants

c5 ..= c3∥C∥∞ +
1

2
(c3∥C∥∞ + c4∥D∥∞)2 ,

c6 ..= c4∥D∥∞ +
1

2
(c3∥C∥∞ + c4∥D∥∞)2 .

Theorem 3.5.5. Let ϕ0 ∈ VL. Define constants

c7 ..= max

(
c2T [ϕ

0]1,
c2T∥S∥∞ + c0

c0

)
,

c8 ..= ∥S∥∞ +
(
∥B∥∞c3 + ∥D∥∞c5ec1T+c7

)
.
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Assume the following

2∥B∥∞c2c3Tec1T+c7 ≤ c0,

2∥D∥∞c2c5Tec1T+c7 ≤ c0,

2∥B∥∞c4ec1T+c7 ≤ c0,

2∥D∥∞
c6c7
c2T

ec1T+c7 ≤ c0.

(3.66)

Then the sequences
(
ϕk
)
k∈N0

generated by (3.12) are Lipschitz, and the sequence of Lipschitz

coefficients
(
[ϕk]1

)
k∈N0

satisfies

sup
k∈N0

[ϕk]1 = sup
k∈N0

∥αk∥∞ ≤ cα ..= [ϕ0]1 +
c8
c0
.

Remark 14. The assumptions given in (3.66) is satisfied for large c0. Recalling that

c0 =
1

2

µ∥R∥∞
µ+ ∥R∥∞

,

we will have c0 large for large values of µ and ∥R∥∞, as described by Assumption 1. The left

hand side of all 4 assumptions only depend on µ and ∥R∥∞ through c7, and we have

lim
c0→∞

c2T∥S∥∞ + c0
c0

= 1 <∞.

Therefore, the left hand sides are bounded while the right hand sides are unbounded. This

logic can be applied to later assumptions, c.f. (3.73) and (3.94).

Proof. Using Theorem 3.3.3 with ϕ1 = ϕ2 = ϕk, and maximising over x1 ̸= x2 and t ∈ [0, T ] we

have, for all k ∈ N0

[ϕk+1]1 ≤ (1− 2τc0) [ϕ
k]1 + τ∥S∥∞ + τ∥B∥∞LY

(
[ϕk]1

)
+ τ∥D∥∞LZ

(
[ϕk]1

)
. (3.67)

By Lemma 3.5.2, and plugging in (3.64) and (3.65), this can be re-written as

∥αk+1∥∞ ≤ (1− 2τc0) ∥αk∥∞ + τ∥S∥∞

+ τ∥B∥∞
(
c3 + c4∥αk∥∞

)
e(c1+c2∥αk∥∞)T

+ τ∥D∥∞
(
c5 + c6∥αk∥2∞

)
e(c1+c2∥αk∥∞)T .

(3.68)
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First, we will prove by induction that supk∈N0
c2T∥αk∥∞ ≤ c7. When k = 0 we have c2T∥α0∥∞ ≤

c7 by definition of c7. So suppose that c2T∥αk∥∞ ≤ c7 for some fixed k ∈ N0. Then by (3.68)

we have

c2T∥αk+1∥∞ ≤ (1− 2τc0) c2T∥αk∥∞ + τc2T∥S∥∞

+ τ∥B∥∞c2
(
c3 + c4∥αk∥∞

)
Te(c1+c2∥αk∥∞)T

+ τ∥D∥∞c2
(
c5 + c6∥αk∥2∞

)
Te(c1+c2∥αk∥∞)T .

(3.69)

Using the induction assumption, (3.66) and the definition of c7, we have

c2T∥αk+1∥∞ ≤ (1− 2τc0) c7 + τc2T∥S∥∞

+ τ∥B∥∞ (c2c3T + c4c7) e
c1T+c7

+ τ∥D∥∞
(
c2c5T +

c6c
2
7

c2T

)
ec1T+c7

≤ (1− 2τc0) c7 + τ (c2T∥S∥∞ + c0) + τc0c7

≤ (1− 2τc0) c7 + 2τc0c7

= c7,

as required. Substituting this bound into (3.69) divided by c2T , and using the first two as-

sumptions in (3.66) yields, for all k ∈ N0

∥αk+1∥∞ ≤ (1− 2τc0) ∥αk∥∞ + τ∥S∥∞

+ τ∥B∥∞c3ec1T+c7 + τ∥D∥∞c5ec1T+c7

+ τ∥αk∥∞
(
∥B∥∞c4ec1T+c7 + ∥D∥∞

c6c7
c2T

ec1T+c7

)
≤ (1− τc0) ∥αk∥∞ + τ

(
∥S∥∞ + ∥B∥∞c3ec1T+c7 + ∥D∥∞c5ec1T+c7

)
.

= (1− τc0) ∥αk∥∞ + τc8.

This is a linear difference inequality. A sequence satisfying this iterative inequality is bounded

by the solution of the corresponding linear difference equation. To be specific, we have, for all

k ∈ N0,

∥αk∥∞ ≤ xk, (3.70)



104 Chapter 3. Convergence of the PPGM algorithm for the LQ Problem

where xk satisfies the difference equation, for k ∈ N0,

x0 = ∥α0∥∞,

xk+1 = (1− τc0) xk + τc8.

Since |1− τc0| ≤ 1 by Assumption 1, this difference equation has solution

xk = (1− τc0)
k ∥α0∥∞ +

1− (1− τc0)
k

τc0
τc8, k ∈ N0.

Therefore the inequality (3.70) becomes

[ϕk]1 ≤ (1− τc0)
k [ϕ0]1 +

(
1− (1− τc0)

k
)

τc0
τc8

≤ [ϕ0]1 +
c8
c0
,

for all k ∈ N0, as required.

3.5.2 Showing |ϕk|0 is Uniformly Bounded

We have shown that the sequence of Lipschitz coefficients are uniformly bounded. Now we will

do the same for the sequence of weighted norms
(
|ϕk|0

)
k∈N0

.

Theorem 3.5.6. Define a non negative, non decreasing function Ca : [0,∞) → [0,∞) by

Ca (x) ..= e(c1+c2x)T (c3 + c4x) , 0 ≤ x <∞,

and define constants

c9 ..= Te∥A∥∞T (c2Ca (cα) + ∥S∥∞) , (3.71)

c10 ..= (1− 2τc0) + τ
(
c9 + ∥D∥2∞Ca (cα)

)
. (3.72)

Then we have

∥βk+1∥∞ ≤ c10∥βk∥∞, k ∈ N0.



3.5. Convergence of PGM for Unconstrained Case 105

Furthermore, suppose that ϕ0 ∈ VL satisfies

c9 + ∥D∥2∞Ca (cα) < 2c0. (3.73)

Then we have c10 < 1 and supk∈N0
∥βk∥∞ ≤ cβ ..= ∥β0∥∞. In particular, each element of

the sequence
(
ϕk
)
k∈N0

generated by (3.12) has finite | · |0 norm, and the sequence
(
|ϕk|0

)
k∈N0

satisfies, for all k ∈ N0

sup
k∈N0

|ϕk|0 = max

(
sup
k∈N0

∥αk∥∞, sup
k∈N0

∥βk∥∞
)

≤ max (cα, cβ) <∞.

Proof. Applying Theorem 3.3.3 with ϕ1 = ϕk, ϕ2 = 0, x1 = x2 = 0, and using (3.58) yields, for

any t ∈ [0, T ] and k ∈ N0,

|βk+1
t | ≤ (1− 2τc0)

∣∣βk
t

∣∣+ τ
(
∥B∥∞

∣∣∣Y t,0,ϕk

t

∣∣∣+ ∥D∥∞
∣∣∣Zt,0,ϕk

t

∣∣∣)
= (1− 2τc0)

∣∣βk
t

∣∣+ τ
(
∥B∥∞

∣∣bkt ∣∣+ ∥D∥∞
∣∣aktDβk

t

∣∣) .
Taking the supremum over t yields, for all k ∈ N0,

∥βk+1∥∞ ≤ (1− 2τc0) ∥βk∥∞ + τ
(
∥B∥∞∥bk∥∞ + ∥D∥2∞∥ak∥∞∥βk∥∞

)
. (3.74)

Recall that by (3.61), we have the following estimates for k ∈ N0.

∥ak∥∞ ≤ Ca

(
∥αk∥∞

)
, (3.75)

∥bk∥∞ ≤ eT∥A∥∞
(
c2T∥ak∥∞ + c4

)
∥βk∥∞. (3.76)

Furthermore, by Theorem 3.5.5, and the fact that Ca increasing, we have

sup
k∈N0

∥ak∥∞ ≤ Ca

(
sup
k∈N0

∥αk∥∞
)

≤ Ca (cα) . (3.77)

Substituting (3.77) into (3.76) gives, for all k ∈ N0

∥bk∥∞ ≤ eT∥A∥∞ (c2TCa (cα) + c4) ∥βk∥∞. (3.78)
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Further substituting (3.78) into (3.74) yields, for all k ∈ N0,

∥βk+1∥∞ ≤ c10∥βk∥∞. (3.79)

The assumption (3.73) directly implies c10 < 1, and in this case we have the following uniform

bound

sup
k∈N0

∥βk∥∞ ≤ sup
k∈N0

ck10∥β0∥∞ = ∥β0∥∞,

The final statement follows directly from this, Lemma 3.5.2 and Theorem 3.5.5.

3.5.3 Showing L is a Contraction in | · |0

Theorem 3.5.7. For ϕ ∈ VL, t ∈ [0, T ] and x ∈ Rn let
(
X t,x,ϕ, Y t,x,ϕ, Zt,x,ϕ

)
∈ S2 (t, T ;Rn)×

S2 (t, T ;Rn)×H2 (t, T ;Rn) be solutions to (3.10). Let ϕ1, ϕ2 ∈ VL, t ∈ [0, T ] and x ∈ Rn. De-

note ϕi
t (x) = αi

tx+β
i
t and Y

t,x,ϕi

t = aitx+ b
i
t for α

i ∈ C0 ([0, T ];Rm×n), βi ∈ C0 ([0, T ];Rm), ai ∈

C1 ([0, T ];Rn×n) and bi ∈ C1 ([0, T ];Rn). Define a non negative constant CY (∥β1∥∞, ∥α1∥∞, ∥α2∥∞) ≥

0 by

CY

(
∥β1∥∞, ∥α1∥∞, ∥α2∥∞

)
..= max (CY,1, CY,2, CY,3) ,

CY,1
..= e(c1+c2∥α1∥∞)T (c4 + c2TCa

(
∥α2∥∞

))
,

CY,2
..= e∥A∥∞T c2TCY,1

CY,3
..= e∥A∥∞T

(
c4 + c2TCa

(
∥α2∥∞

))
.

Then

|Y t,x,ϕ1

t − Y t,x,ϕ2

t | ≤ CY

(
∥β1∥∞, ∥α1∥∞, ∥α2∥∞

)
(1 + |x|) |ϕ1 − ϕ2|0.

Note that for notational brevity we have suppressed the dependence of CY,1, CY,2, and CY,3 on

∥β1∥∞, ∥α1∥∞ and ∥α2∥∞.

Proof. Fix ϕ1, ϕ2 ∈ VL, t ∈ [0, T ] and x ∈ Rn. Recall that by (3.53), the functions ai, bi satisfy
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the following ODEs

ȧis + ais
(
As +Bsα

i
s

)
+ A⊤

s a
i
s + C⊤

s a
i
s

(
Cs +Dsα

i
s

)
+
(
Qs + S⊤

s α
i
s

)
= 0,

ḃis + A⊤
s b

i
s +
(
aisBs + C⊤

s a
i
sDs + S⊤

s

)
βi
s = 0,

with aiT = G, biT = 0. Therefore, the functions

δas ..= a1s − a2s,

δbs ..= b1s − b2s,

δαs
..= α1

s − α2
s,

δβs ..= β1
s − β2

s ,

for s ∈ [0, T ] solve the ODEs

δ̇as + δas
(
As +Bsα

1
s

)
+ A⊤

s δas + C⊤
s δas

(
Cs +Dsα

1
s

)
+
(
a2sBs + C⊤

s a
2
sDs + S⊤

s

)
δαs = 0,

δ̇bs + A⊤
s δbs +

(
δasBs + C⊤

s δasDs

)
β1
s +

(
a2sBs + C⊤

s a
2
sDs + S⊤

s

)
δβs = 0,

with δaT = δbT = 0. We can solve these using the same solving method as (3.56) to yield

δat = (1− Lα1)−1

(
−
∫ T

·

(
a2sBs + C⊤

s a
2
sDs + S⊤

s

)
δαsds

)
t

,

δbt = (1− LA)
−1

(
−
∫ T

·

(
δasBs + C⊤

s δasDs

)
β1
s +

(
a2sBs + C⊤

s a
2
sDs + S⊤

s

)
δβsds

)
t

,

where

(Lα1f)s = −
∫ T

s

fr
(
Ar +Brα

1
r

)
+ A⊤

r fr + C⊤
r fr

(
Cr +Drα

1
r

)
dr,

(LAg)s = −
∫ T

s

A⊤
r grdr,

for f ∈ C1 ([0, T ];Rn×n), g ∈ C1 ([0, T ];Rn) and s ∈ [0, T ]. Following the same argument as
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(3.61), the supremum norm of the solutions can be bounded by the following.

∥δa∥∞ ≤ e(c1+c2∥α1∥∞)T (c4 + c2T∥a2∥∞
)
∥δα∥∞, (3.80)

∥δb∥∞ ≤ e∥A∥∞T
(
c2T∥δa∥∞∥β1∥∞ +

(
c4 + c2T∥a2∥∞

)
∥δβ∥∞

)
. (3.81)

By (3.61) we have

∥a2∥∞ ≤ Ca

(
∥α2∥∞

)
. (3.82)

Substituting (3.82) into (3.80) yields

∥δa∥∞ ≤ e(c1+c2∥α1∥∞)T (c4 + c2TCa

(
∥α2∥∞

))
∥δα∥∞ = CY,1∥δα∥∞. (3.83)

Substituting (3.83) and (3.82) into (3.81) yields

∥δb∥∞ ≤ e∥A∥∞T
(
c2TCY,1∥δα∥∞∥β1∥∞ +

(
c4 + c2TCa

(
∥α2∥∞

))
∥δβ∥∞

)
(3.84)

= CY,2∥δα∥∞ + CY,3∥δβ∥∞. (3.85)

Note that

∣∣∣Y t,x,ϕ1

t − Y t,x,ϕ2

t

∣∣∣ = |δatx+ δbt| ≤ max (∥δa∥∞, ∥δb∥∞) (1 + |x|) , (3.86)

and by (3.83) and (3.85) we have

max (∥δa∥∞, ∥δb∥∞) ≤ max (CY,1, CY,2) ∥δα∥∞ + CY,3∥δβ∥∞ (3.87)

≤ CY

(
∥β1∥∞, ∥α1∥∞, ∥α2∥∞

)
max (∥δα∥∞, ∥δβ∥∞) , (3.88)

where

CY

(
∥β1∥∞, ∥α1∥∞, ∥α2∥∞

)
= max (CY,1, CY,2, CY,3) ,

CY,1 = e(c1+c2∥α1∥∞)T (c4 + c2TCa

(
∥α2∥∞

))
,

CY,2 = e∥A∥∞T c2TCY,1

CY,3 = e∥A∥∞T
(
c4 + c2TCa

(
∥α2∥∞

))
.
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Since the function ϕ1 − ϕ2 is of the form

ϕ1
s (x̃)− ϕ2

s (x̃) = δαsx̃+ δβs, (s, x̃) ∈ [0, T ]× Rn,

we can apply Lemma 3.5.2 to yield

|ϕ1 − ϕ2|0 = max (∥δα∥∞, ∥δβ∥∞) . (3.89)

Combining (3.86), (3.88) and (3.89) yields the result.

Theorem 3.5.8. For ϕ ∈ VL, t ∈ [0, T ] and x ∈ Rn let
(
X t,x,ϕ, Y t,x,ϕ, Zt,x,ϕ

)
∈ S2 (t, T ;Rn)×

S2 (t, T ;Rn)×H2 (t, T ;Rn) be solutions to (3.10). Let ϕ1, ϕ2 ∈ VL, t ∈ [0, T ] and x ∈ Rn. De-

note ϕi
t (x) = αi

tx+β
i and Y t,x,ϕi

t = aitx+ b
i
t for α

i ∈ C0 ([0, T ];Rm×n), βi ∈ C0 ([0, T ];Rm), ai ∈

C1 ([0, T ];Rn×n) and bi ∈ C1 ([0, T ];Rn) for i = 1, 2. Define a constant CZ (∥β1∥∞, ∥α1∥∞, ∥α2∥∞) ≥

0 by

CZ

(
∥β1∥∞, ∥α1∥∞, ∥α2∥∞

)
..= max (CZ,1, CZ,2, CZ,3) ,

CZ,1
..= CY,1

(
∥C∥∞ + ∥D∥∞∥α1∥∞

)
,

CZ,2
..= CY,1∥D∥∞∥β1∥∞,

CZ,3
..= Ca

(
∥α2∥∞

)
∥D∥∞

CY,1 = e(c1+c2∥α1∥∞)T (c4 + c2TCa

(
∥α2∥∞

))
.

Then

|Zt,x,ϕ1

t − Zt,x,ϕ2

t | ≤ CZ

(
∥β1∥∞, ∥α1∥∞, ∥α2∥∞

)
(1 + |x|) |ϕ1 − ϕ2|0

Again, for notational brevity we have suppressed the dependence of CZ,1, CZ,2, and CZ,3 on

∥β1∥∞, ∥α1∥∞ and ∥α2∥∞.

Proof. Fix ϕ1, ϕ2 ∈ VL, t ∈ [0, T ] and x ∈ Rn. We use the same definitions of the difference
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processes as the previous proof, given as follows, for s ∈ [0, T ]

δas ..= a1s − a2s,

δbs ..= b1s − b2s,

δαs
..= α1

s − α2
s,

δβs ..= β1
s − β2

s .

Recall that by (3.57) we have, for i = 1, 2,

Zt,x,ϕi

t = ait
((
Ct +Dtα

i
t

)
x+Dtβ

i
t

)
. (3.90)

We then have

Zt,x,ϕ1

t − Zt,x,ϕ2

t =
(
δat
(
Ct +Dtα

1
t

)
+ a2tDtδαt

)
x+

(
δatDtβ

1
t + a2tDtδβt

)
.

In particular, we have

|Zt,x,ϕ1

t − Zt,x,ϕ2

t | ≤ max
(∥∥δa (C +Dα1

)
+ a2Dδα

∥∥
∞ ,
∥∥δaDβ1 + a2Dδβ

∥∥
∞

)
(1 + |x|) . (3.91)

We can bound the individual terms in the maximum by the following, using (3.82) and (3.83).

For the first term we have

∥∥δa (C +Dα1
)
+ a2Dδα

∥∥
∞

≤ ∥δa∥∞
(
∥C∥∞ + ∥D∥∞∥α1∥∞

)
+ ∥a2∥∞∥D∥∞∥δα∥∞

≤ CY,1∥δα∥∞
(
∥C∥∞ + ∥D∥∞∥α1∥∞

)
+ Ca

(
∥α2∥∞

)
∥D∥∞∥δβ∥∞.

For the second term we have

∥∥δaDβ1 + a2Dδβ
∥∥
∞

≤ ∥D∥∞∥β1∥∞∥δa∥∞ + ∥a2∥∞∥D∥∞∥δβ∥∞

≤ CY,1∥D∥∞∥β1∥∞∥δα∥∞ + Ca

(
∥α2∥∞

)
∥D∥∞∥δβ∥∞.
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Combining these yields

max
(∥∥δa (C +Dα1

)
+ a2Dδα

∥∥
∞ ,
∥∥δaDβ1 + a2Dδβ

∥∥
∞

)
≤ CZ

(
∥β1∥∞, ∥α1∥∞, ∥α2∥∞

)
max (∥δα∥∞, ∥δβ∥∞) ,

(3.92)

where CZ (∥β1∥∞, ∥α1∥∞, ∥α2∥∞) = max (CZ,1, CZ,2, CZ,3), with

CZ,1 = CY,1

(
∥C∥∞ + ∥D∥∞∥α1∥∞

)
,

CZ,2 = CY,1∥D∥∞∥β1∥∞,

CZ,3 = Ca

(
∥α2∥∞

)
∥D∥∞

CY,1 = e(c1+c2∥α1∥∞)T (c4 + c2TCa

(
∥α2∥∞

))
.

Following the same logic of the proof of the previous Theorem, we note that

|ϕ1 − ϕ2|0 = max (∥δα∥∞, ∥δβ∥∞) . (3.93)

The result follows from combining (3.93) with (3.91) and (3.92).

Remark 15. Note that both functions CY and CZ are combinations of linear and exponen-

tial terms with non-negative coefficients. Therefore both functions are increasing in all their

respective inputs.

Given the estimates in Theorems 3.5.7 and 3.5.8, and the update formula bound in Theo-

rem 3.3.3, we derive a difference equation for the sequence
(
|ϕk+1 − ϕk|0

)
k∈N0

. We show the

conditions under which this difference equation is a contraction.

Theorem 3.5.9. Let ϕ0 ∈ V satisfy (3.66), (3.73) and additionally satisfy

∥B∥∞CY (cβ, cα, cα) + ∥D∥∞CZ (cβ, cα, cα) ≤ 2c0. (3.94)

Then there exists ĉ ∈ (0, 1), such that the sequence
(
ϕk
)
k∈N0

defined by (3.12) satisfies, for all

k ∈ N0

|ϕk+1 − ϕk|0 ≤ ĉ|ϕk − ϕk−1|0.

Proof. Fix x ∈ Rn, t ∈ [0, T ] and k ∈ N. By Theorem 3.3.3 with ϕ1 = ϕk, ϕ2 = ϕk−1, and
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x1 = x2 = x, we have

|ϕk+1
t (x)− ϕk

t (x) | ≤ (1− 2τc0) |ϕk
t (x)− ϕk−1

t (x) |

+ τ∥B∥∞|Y t,x,ϕk

t − Y t,x,ϕk−1

t |

+ τ∥D∥∞|Zt,x,ϕk

t − Zt,x,ϕk−1

t |.

(3.95)

We have ϕk, ϕk−1 ∈ VL. Hence, using Theorems 3.5.7 and 3.5.8 we have

∣∣ϕk
t (x)− ϕk−1

t (x)
∣∣ ≤ ∣∣ϕk − ϕk−1

∣∣
0
(1 + |x|) ,∣∣∣Y t,x,ϕk

t − Y t,x,ϕk−1

t

∣∣∣ ≤ CY

(
∥βk∥∞, ∥αk∥∞, ∥αk−1∥∞

) ∣∣ϕk − ϕk−1
∣∣
0
(1 + |x|) ,∣∣∣Zt,x,ϕk

t − Zt,x,ϕk−1

t

∣∣∣ ≤ CZ

(
∥βk∥∞, ∥αk∥∞, ∥αk−1∥∞

)
|ϕk − ϕk−1|0 (1 + |x|) .

Substituting these into (3.95) gives

|ϕk+1
t (x)− ϕk

t (x) | ≤ (1− 2τc0)
∣∣ϕk − ϕk−1

∣∣
0
(1 + |x|)

+ τ∥B∥∞CY

(
∥βk∥∞, ∥αk∥∞, ∥αk−1∥∞

) ∣∣ϕk − ϕk−1
∣∣
0
(1 + |x|)

+ τ∥D∥∞CZ

(
∥βk∥∞, ∥αk∥∞, ∥αk−1∥∞

) ∣∣ϕk − ϕk−1
∣∣
0
(1 + |x|) .

Since x ∈ Rn and t ∈ [0, T ] were arbitrary, we can take the supremum over them to yield

|ϕk+1 − ϕk|0 ≤ (1− 2τc0)
∣∣ϕk − ϕk−1

∣∣
0

+ τ∥B∥∞CY

(
∥βk∥∞, ∥αk∥∞, ∥αk−1∥∞

) ∣∣ϕk − ϕk−1
∣∣
0

+ τ∥D∥∞CZ

(
∥βk∥∞, ∥αk∥∞, ∥αk−1∥∞

) ∣∣ϕk − ϕk−1
∣∣
0
.

By Theorem 3.5.5, we have supk∈N0
∥αk∥∞ ≤ cα. By Theorem 3.5.6 we have supk∈N0

∥βk∥∞ ≤ cβ.

Using this and that the functions CY and CZ are increasing in all their inputs c.f. Remark 15,

we have, for all k ∈ N0

CY

(
∥βk∥∞, ∥αk∥∞, ∥αk−1∥∞

)
≤ CY (cβ, cα, cα) ,

CZ

(
∥βk∥∞, ∥αk∥∞, ∥αk−1∥∞

)
≤ CZ (cβ, cα, cα) .

We may therefore write

|ϕk+1 − ϕk|0 ≤ ĉ|ϕk − ϕk−1|0,
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where

ĉ ..= (1− 2τc0) + τ∥B∥∞CY (cβ, cα, cα) + τ∥D∥∞CZ (cβ, cα, cα) . (3.96)

We require ĉ < 1, which is equivalent to

∥B∥∞CY (cβ, cα, cα) + ∥D∥∞CZ (cβ, cα, cα) ≤ 2c0

which is exactly (3.94).

3.5.4 Proof of Main Result

Under the assumptions of Theorem 3.5.9, we have shown that sequence of ϕk are Cauchy with

respect to the norm | · |0. We can therefore establish convergence with respect to this norm in

the space of measurable functions. We now show that this limiting function indeed induces the

optimal control.

Theorem 3.5.10. Let ϕ0 ∈ VL satisfy (3.66), (3.73) and (3.94). Let τ > 0 satisfy Assumption

1. Then there exists ϕ∗ ∈ VL with associated control uϕ
∗ ∈ H2 (Rm), and constants ĉ ∈ [0, 1)

and Ĉ ≥ 0 such that

1. For all k ∈ N0, |ϕk − ϕ∗|0 ≤ ĉk|ϕ∗ − ϕ0|0.

2. For all k ∈ N0, ∥uϕ
k − uϕ

∗∥H2 ≤ Ĉĉk|ϕ∗ − ϕ0|0.

3. uϕ
∗
is a stationary point of J defined in (3.4).

Proof. Proof is adapted from (Reisinger et al., 2022, Theorem 3.13). By Theorem 3.5.9, the

sequence
(
ϕk
)
k∈N0

is a Cauchy sequence in the space (B ([0, T ]× Rn;Rm) , | · |0), which is Banach

by Lemma 3.3.2. Therefore by Banach’s fixed point Theorem, there exists a unique ϕ∗ ∈

B ([0, T ]× Rn;Rm) such that limk→∞ |ϕk − ϕ∗|0 = 0. We now show that ϕ∗ ∈ VL. Note that by

Lemma 3.5.2 and Theorem 3.5.9 we have

max
(
∥αk+1 − αk∥∞, ∥βk+1 − βk∥∞

)
≤ ĉ|ϕk+1 − ϕk|0, k ∈ N0,
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where ĉ is defined in (3.96). Therefore the sequences
(
αk
)
k∈N0

,
(
βk
)
k∈N0

are Cauchy in the

Banach spaces (C0 ([0, T ];Rn×m) , ∥ · ∥∞) and (C0 ([0, T ];Rm) , ∥ · ∥∞) respectively, hence there

exists α∗ ∈ C0 ([0, T ];Rn×m) , β∗ ∈ C0 ([0, T ];Rm) such that the function ϕ̃ ∈ VL defined by

ϕ̃t (x) = α∗
t (x) x+ β∗

t (x) satisfies

lim
k→∞

|ϕk − ϕ̃|0 = lim
k→∞

max
(
∥αk − α∗∥∞, ∥βk − β∗∥∞

)
= 0.

Since ϕ∗ was unique, we must have ϕ∗ = ϕ̃ ∈ VL.

By Theorems 3.5.7 and 3.5.8 there exists C ≥ 0 such that for all t ∈ [0, T ], x ∈ Rn and k ∈ N0

max
(∣∣∣Y t,x,ϕk

t − Y t,x,ϕ∗

t

∣∣∣ , ∣∣∣Zt,x,ϕk

t − Zt,x,ϕ∗

t

∣∣∣) ≤ C (1 + |x|) |ϕk − ϕ∗|0.

Therefore, for fixed (t, x) ∈ [0, T ] × Rn we have the pointwise limits limk→∞ Y t,x,ϕk

t = Y t,x,ϕ∗

t

and limk→∞ Zt,x,ϕk

t = Zt,x,ϕ∗

t , and we may write

ϕ∗
t (x) = lim

k→∞
ϕk+1
t (x)

= lim
k→∞

L
(
ϕk
)
t
(x)

= lim
k→∞

ϕk
t (x)− τ

(
lim
k→∞

B⊤
t Y

t,x,ϕk

t +D⊤
t lim

k→∞
Zt,x,ϕk

t +Rt lim
k→∞

ϕk
t (x) + Stx

)
= ϕ∗

t (x)− τ
(
B⊤

t Y
t,x,ϕ∗

t +D⊤
t Z

t,x,ϕ∗

t +Rtϕ
∗
t (x) + Stx

)
.

Therefore

B⊤
t Y

t,x,ϕ∗

t +D⊤
t Z

t,x,ϕ∗

t +Rtϕ
∗
t (x) + Stx = 0, (t, x) ∈ [0, T ]× Rn. (3.97)

In particular, we have L (ϕ∗) = ϕ∗. We now proceed to prove the items in the Theorem. For

item 1, fix k ∈ N0. Following the same ideas as Theorem 3.5.9 and using (3.97) yields

|ϕk+1 − ϕ∗|0 = |L
(
ϕk
)
− L (ϕ∗) |0 ≤ ĉ|ϕk − ϕ∗|0..
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Repeating this bound k times yields the result. For item 2, note that, for any k ∈ N0

||uϕk+1 − uϕ
∗ ||H2 = ||ϕk+1

(
X0,x0,ϕk+1

)
− ϕ∗ (X0,x0,ϕ∗) ||H2

≤ ||ϕk+1
(
X0,x0,ϕk+1

)
− ϕk+1

(
X0,x0,ϕ∗) ||H2 + ||ϕk+1

(
X0,x0,ϕ∗)− ϕ∗ (X0,x0,ϕ∗) ||H2

≤ [ϕk+1]1||X0,x0,ϕk+1 −X0,x0,ϕ∗ ||H2 + |ϕk+1 − ϕ∗|0
(
1 + ||X0,x0,ϕ∗ ||2H

)
.

Using Theorem A.1.9, one can show that there exists C ≥ 0 such that ||X0,x0,ϕ∗ ||2H ≤ C and

||X0,x0,ϕk+1 −X0,x0,ϕ∗ ||H2 ≤ C|ϕk+1 − ϕ∗|0, yielding the result.

We now prove item 3. Consider the BSDE, for s ∈ [0, T ],

dXϕ∗

s =
(
AsX

ϕ∗

s +Bsϕ
∗
s

(
Xϕ∗

s

))
ds+

(
CsX

ϕ∗

s +Dsϕ
∗
s

(
Xϕ∗

s

))
dWs,

Xϕ∗

0 = x0,

dY ϕ∗

s = −
(
A⊤

s Y
ϕ∗

s + C⊤
s Z

ϕ∗

s + S⊤
s ϕ

∗
s

(
Xϕ∗

s

)
+QsX

ϕ∗

s

)
ds+

(
Zϕ∗)⊤

dWs,

Y ϕ∗

T = GXϕ∗

T .

(3.98)

By the Markov property, we have
(
Y ϕ∗

t , Zϕ∗

t

)
=

(
Y

t,Xϕ∗
t ,ϕ∗

t , Z
t,Xϕ∗

t ,ϕ∗

t

)
for all t ∈ [0, T ]. Hence

we can use (3.97) to write, for all t ∈ [0, T ],

ϕ∗
t

(
Xϕ∗

t

)
= ϕ∗

t

(
Xϕ∗

t

)
− τ

(
B⊤

t Y
t,Xϕ∗

t ,ϕ∗

t +D⊤
t Z

t,Xϕ∗
t ,ϕ∗

t +R⊤
t ϕ

∗
t

(
Xϕ∗

t

)
+ StX

ϕ∗

t

)
= ϕ∗

t

(
Xϕ∗

t

)
− τ

(
B⊤

t Y
ϕ∗

t +D⊤
t Z

ϕ∗

t +Rtϕ
∗
t

(
Xϕ∗

t

)
+ StX

ϕ∗

t

)
.

Item 3 then follows from noticing that J is differentiable with

▽J
(
uϕ

∗)
t
= B⊤Y ϕ∗

t +D⊤
t Z

ϕ∗

t +R⊤
t ϕ

∗
t

(
Xϕ∗

t

)
+ StX

ϕ∗

t , 0 ≤ t ≤ T.

As a by-product, we show that the optimality condition of the processes α∗, β∗ is equivalent to

the Ricatti equation for this LQ problem. Define the value function by

v (t, x) ..= inf
u∈U

E

∫ T

t

1

2

Xu
s

us

⊤Qs S⊤
s

Ss Rs

Xu
s

us

 ds+
1

2
(Xu

T )
⊤GXu

T

∣∣∣∣∣∣∣Xu
t = x

 .
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for t ∈ [0, T ] and x ∈ Rn. It can be shown that the value function has representation v (t, x) =

1
2
x⊤Ptx for some symmetric matrix valued process P satisfying the Ricatti equation for this

problem (Sun et al., 2016, Theorem 2.4.3). In particular, for any t ∈ [0, T ] we have

a∗tx = Zt,x,ϕ∗

t = ∂xv (t, x) = Ptx,

hence a∗t = Pt is also symmetric. We show that this Ricatti equation is recovered by the

steady state solution of (3.53). To see this, note that the terms Y ϕ∗

t , Zϕ∗

t are determined by

performing the same analysis as in (3.58) and (3.53), but using α∗ and β∗. This yields, for

(t, x) ∈ [0, T ]× Rn,

Y t,x,ϕ∗

t = a∗tx+ b∗t ,

Zt,x,ϕ∗

t = a∗t ((Ct +Dtα
∗
t ) x+Dtβ

∗
t ) ,

where the processes a∗ ∈ C1 ([0, T ];Rn×n), b∗ ∈ C1 ([0, T ];Rn) solve the ODEs, for t ∈ [0, T ]

ȧ∗t + a∗t (At +Btα
∗
t ) + A⊤

t a
∗
t + C⊤

t a
∗
t (Ct +Dtα

∗
t ) +

(
Qt + S⊤

t α
∗
t

)
= 0,

ḃ∗t + A⊤
t b

∗
t +

(
a∗tBt + C⊤

t a
∗
tDt + S⊤

t

)
β∗
t = 0,

with a∗T = G, b∗T = 0. Note that, by Theorem 3.5.6, we have β∗
t = 0. By inspection, we see

that b∗t = 0 is then the solution to the ODE determining b. The term α∗ is determined by the

optimality condition

B⊤
t Y

ϕ∗

t +D⊤
t Z

ϕ∗

t +Rtϕ
∗
t

(
Xϕ∗

t

)
+ StX

ϕ∗

t = 0, 0 ≤ t ≤ T.

Substituting the definitions of ϕ∗
t , Y

ϕ∗

t = Y
t,Xϕ∗

t ,ϕ∗

t and Zϕ∗

t = Z
t,Xϕ∗

t ,ϕ∗

t yields

0 = B⊤
t a

∗
tX

ϕ∗

t +D⊤
t a

∗
t

(
(Ct +Dtα

∗
t )X

ϕ∗

t

)
+Rtα

∗
tX

ϕ∗

t + StX
ϕ∗

t , 0 ≤ t ≤ T.

We rearrange this to find, assuming that for all t ∈ [0, T ], the matrix K̃t is invertible for brevity

(this assumption can be removed by introducing Moore-Penrose pseudoinverses)

α∗
t = −K̃−1

t L̃t, 0 ≤ t ≤ T,
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where

K̃t = D⊤
t a

∗
tDt +Rt,

L̃t = B⊤
t a

∗
t +D⊤

t a
∗
tCt + St.

Substituting this into the ODE for a∗ yields, for t ∈ [0, T ],

ȧ∗t + a∗t

(
At − BtK̃

−1
t L̃t

)
+ A⊤

t a
∗
t + C⊤

t a
∗
t

(
Ct −DtK̃

−1
t L̃t

)
+
(
Qt − S⊤

t K̃
−1
t L̃t

)
= 0

a∗T = G.

Since a∗ is symmetric, factoring out L̃t yields, for t ∈ [0, T ],

ȧ∗t + a∗tAt + A⊤
t a

∗
t + C⊤

t a
∗
tCt +Qt − L̃⊤

t K̃
−1
t L̃t = 0,

a∗T = G.
(3.99)

This is exactly the Ricatti equation for this problem.



Chapter 4

Numerical Examples

In this chapter we present numerical results for the problem studied in the previous chapters.

We implement the three algorithms derived in Chapter 2 and apply to the Utility maximisation

problem with various utilities and the investment consumption problem with randomly termi-

nating income with power utility. For most of our examples we provide benchmark solutions

with which to compare our numerical results. We also consider examples with non-Markovian

structure for which analytical solutions have not been established.

We additionally apply our machine learning methods to the LQ problem presented in Chapter

3. We show equivalences between the DC2BSDE method and the PPGM method that we give

convergence analysis for. Furthermore, in the unconstrained case we use the ODE representa-

tions of the adjoint processes to construct a simpler numerical algorithm, and we compare the

results of this algorithm to the theoretically established convergence rates.

The chapter is organised as follows. Section 4.1 presents numeric results for our three algorithms

for the Utility Maximisation problem, and compares to existing methods in the literature. Sec-

tion 4.2 gives numerical results for the investment-consumption problem. Section 4.3 presents

numerical results for implementations of the PPGM method for the LQ problem.
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4.1 Utility Maximisation

In this section we apply the primal and dual DC2BSDE and DSMP algorithms to solve utility

maximisation. To show the effectiveness of the algorithm we apply it to a series of utility

problems, with certain constraints on the control space.

Example 4.1.1 (Unconstrained Non-HARA Utility Problem). We start with the unconstrained

case K = Rm, corresponding to a complete market. We consider the utility problem where U

has the following non-HARA form

U (x) =
1

3
H (x)−3 +H (x)−1 + xH (x) , x > 0, (4.1)

where H (x) =
√
2
(
−1 +

√
1 + 4x

)− 1
2 . The dual utility is given by Ũ (x̃) = 1

3
x̃−3 + x̃−1. We

have the dual constraint space K̃ = {π̃ ∈ Rm : δK (π̃) <∞} = {0}, so the optimal dual control

is π̃∗ = 0. Suppose that rs = r, Σs = Σ, µs = µ and θs = θ, s ∈ [0, T ], are constant processes.

It is shown in Li and Zheng (2018) that the optimiser x̃∗ and processes X̃ x̃∗,π̃∗
and Ỹ x̃∗,π̃∗

are

given by

x̃∗ =
1√
2x0

[
e(r+|θ|2)T +

√
e2(r+|θ|2)T + 4x0e3(r+2|θ|2)T

] 1
2

X̃ x̃∗,π̃∗

t = x̃∗ exp

(
−
(
r +

1

2
|θ|2
)
t− θ⊤Wt

)
Ỹ x̃∗,π̃∗

t = a1S
1
t + a2S

2
t ,

where a1 = − (x̃∗)−4 e3(r+2|θ|2)T , a2 = − (x̃∗)−2 e(r+|θ|2)T , S1
t = e(r−4|θ|2)t+2θ⊤Wt and S2

t =

ert+2θ⊤Wt for t ∈ [0, T ]. Furthermore, the dual value function is given by

ũ (t, x̃) =
1

3
x̃−3e(3r+6|θ|2)(T−t) + x̃−1e(r+|θ|2)(T−t), (t, x̃) ∈ [0, T ]× Rn.

From these analytical formulae, the primal processes can be derived using Theorem 2.3.2.

For our application, we take m = 5, T = 0.5, x0 = 1, r = 0.05, µ = 0.0615 and set Σ as a

random matrix of positive numbers between 0 and 0.2 to introduce correlation of the underlying

Brownian motions, with 0.2 added to the diagonal to ensure invertibility.

Figure 4.1 shows the development of the loss functions for the primal and dual algorithms with

50 time steps. For the control, we want to maximise the Hamiltonian, which means the deriva-
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tive of the loss function should go to 0. Hence, we plot the function j 7→
∑49

i=0

∑
θ∈θji

|∂θL2

(
θji , i

)
|

using the notation of (2.6), where θji denotes the parameter set for the neural network forming

πi, at iteration step j of the algorithm. For the dual graph we plot the derivative of L̃3 in

(2.18) with respect to x̃, since the function L̃2 in (2.17) is always zero as the dual control is

forced to be zero, hence optimal, by the support function δK . Over the 10000 iteration steps

both losses become small and settled, and therefore are deemed to have converged. In this

method we choose an initial learning rate of 10−2 for the BSDE parameter updates and the

start control x̃ in the dual algorithm, and 10−3 for the control part. Over the iterations, we

divide these rates by 10 three times at regular intervals. We repeat this choice of learning rates

for all applications in the sequel, though the number of iteration steps may change.

Figure 4.2 shows two simulations of the processes V π and Y π. The ‘primal’ processes are

directly outputted by the primal algorithm, and the ‘dual’ process are given by the following

relations for t ∈ [0, T ], using the outputted processes of the dual algorithm

Xπ
t = −Ỹ x̃,π̃

t ,

Y π
t = X̃ x̃,π̃

t ,

V π
t = Ṽ x̃,π̃

t − X̃ x̃,π̃
t Ỹ x̃,π̃

t ,

using N = 20 time steps. We plot these, along with the explicit solution for reference. Both

primal and dual approximations are very close to the solutions. The dual state process, appear-

ing in the Y π graph (but very close to the solution process), is closer than the corresponding

primal process since there is no error for the dynamic dual control, only the dual start variable

x̃.

Figure 4.3 shows the evolution of the approximation of the initial value v (0, x0) against number

of time steps for the primal and dual algorithms, where x0 = 1. The dual value is higher than the

primal value, as expected due to the duality relation (2.12), and the gap between these shrinks

as the number of time steps increases. The final relative approximation error is 7 × 10−4%

for the primal problem, and 3 × 10−4% for the dual problem, showing high accuracy of the

proposed scheme at time 0.

The dual control loss appears ‘noisier’ than the primal counterpart. This is due to the fact

that the dual control optimisation involves the initial state variable, which can be above or
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below the target variable, and the dual control process is set to 0. The derivative of the loss

(2.18) repeatedly gets close to 0 as the value of the loss oscillates above and below the optimal

value. This is not the case for the primal loss function, as the approximate Hamiltonian (2.6)

is always a lower bound of the true Hamiltonian (up to numerical errors). Furthermore, the

learning rate is higher for the dual initial state variable, potentially leading to higher volatility

of the control approximation.

(a) Loss function of the BSDE. (b) Derivative of the control loss function.

Figure 4.1: Loss functions against iteration step for the primal and dual deep controlled 2BSDE
methods applied to the unconstrained non-HARA utility problem.

(a) Simulation of the process V π. (b) Simulation of the process Y π.

Figure 4.2: Two simulations of the value process and value-derivative process for the primal and
dual deep controlled 2BSDE methods applied to the unconstrained non-HARA utility problem.
The displayed dual processes are those implied by the duality relations (2.21).

Example 4.1.2 (Cone-Constrained Merton Problem). Now we consider the problem with

power utility U (x) = 1
p
xp for some 0 < p < 1 when the control space is the positive cone
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(a) Value approximation. (b) Relative error of value approximation.

Figure 4.3: Approximation and relative error of the value function against number of time
steps N for the primal and dual deep controlled 2BSDE methods applied to the unconstrained
non-HARA utility problem. Note in the left graph that the Y values on the axis are shifted
down by 2.253.

K = [0,∞)m, corresponding to no short selling constraints. For this problem, the dual HJB

equation tells us that the optimal dual control is given by

π̃∗
t = argmin

π∈K̃

∣∣θt + Σ−1
t π
∣∣2 , 0 ≤ t ≤ T. (4.2)

The dual optimal state process is a geometric Brownian motion given by

X̃ x̃∗,π̃∗

t = x̃∗ exp

(
−
∫ t

0

(
rs +

1

2
|θ∗s |2

)
ds−

∫ t

0

(θ∗s)
⊤dWs

)
, 0 ≤ t ≤ T,

in terms of the optimal start point x̃∗ = X̃ x̃∗,π̃∗

0 to be determined. The corresponding dual utility

function is Ũ (x̃) = 1−p
p
x̃

p
p−1 . In (Li and Zheng, 2018, Subsection 4.1) the following solutions

are found, for t ∈ [0, T ],

x̃∗ = xp−1
0 exp

(
(1− p)

∫ T

0

[
p

2 (p− 1)2
|θ∗s |

2 − p

p− 1
rs

]
ds

)
Ỹ x̃∗,π̃∗

t = x0 exp

(∫ t

0

[
rs +

1− 2p

2 (1− p)2
|θ∗s |

2

]
ds+

1

1− p

∫ t

0

(θ∗s)
⊤dWs

)
,

(4.3)

where θ∗t = θt + Σ−1
t π̃∗

t . This deterministic optimal dual control (4.2 can be found numerically
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using Python packages such as Scipy. The dual value function is given by

ṽ (t, x̃) = Ũ (x̃) exp

(∫ T

t

[
p

2 (p− 1)2
|θ∗s |

2 − p

p− 1
rs

]
ds

)
, (t, x̃) ∈ [0, T ]× R. (4.4)

For our implementation, we take T = 0.5, x0 = 1.0, m = 50, rt = 0.05 for t ∈ [0, T ] and p = 1
2
.

We define the ith element of the drift µ at time t ∈ [0, T ] drift as µ(i)t = 0.04+sin (πt+ Ai) /50

where Ai is some arbitrarily chosen matrix for each i = 1, . . . , 50. We choose this function so

that in the unconstrained case it would be optimal to short sell at some points. We set Σt to

be a constant matrix with 0.4 on the diagonal, and 0.2 everywhere else.

Figure 4.4 shows the results of applying the primal and dual 2BSDE methods to this problem.

We use N = 10 time steps and run the algorithm for 100000 steps, notably more than for the

lower dimensional unconstrained problem. This increases the run time to 5457 seconds. We

start the BSDE and control learning rates at 0.01 and 0.001 respectively, then reduce these

by a factor of 10 half way through training. We run both algorithms at the same time, which

saves time as we can use the same generated Brownian motions for each iteration step for both

algorithm. We see less convergent structure at the beginning of training, perhaps due to bad

initial guesses for the neural networks. Indeed, we see that the value for the primal functions

stays nearly constant until the loss function drops to a certain level, when the processes are

accurate enough that the value approximation can move towards the analytical solution. This

is likely due to the initialisation of variables, which clearly produce a large initial loss. However,

we see convergent structure further along the training, suggesting robustness of our algorithm

with respect to initialisation. The dual algorithm behaves similarly, but with more noise. At

the end of training we have relative errors of 0.1% and 0.05% for the primal and dual algorithms

respectively. This error is a few orders of magnitude higher than the unconstrained case due

to the increase in dimension.

Table 4.1 shows the value approximations outputted when running the primal and dual algo-

rithms with 50 time steps. For this problem, the exact solution can be computed as 2.02529.

The table shows the upper and lower bound approximations for certain numbers of iterations

of the algorithm, together with relative percentage error. In the dual algorithm, we use initial

learning rates of 0.05 and 0.005 for the BSDE and control variables respectively. We manually

choose the learning rate for the dual algorithm to be 5 times larger, possibly to account for
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(a) Value approximation. (b) BSDE loss.

Figure 4.4: Approximation of the value function and bsde loss against iteration step for the
primal and dual deep controlled 2BSDE methods applied to the cone constrained power utility
problem.

the fact that the initial guess is further away. The inaccuracies of the initial guesses of the

neural networks account for the dual value initially moving away from the true value. We then

decrease all rates by a factor of 10 every 1000 steps. As the number of iterations increase, the

duality gap becomes smaller, while in general still containing the true value. For comparison

here, we also provide the run times of the respective algorithms. The dual algorithm is seen

to take slightly longer than the primal problem. This is because there is an additional variable

(the start variable x̃) to optimise.

Step Primal Value Rel-Err (%) Time (s) Dual Value Rel-Err (%) Time (s)

1 2.04799 1.12081E+00 483 2.13161 5.24978E+00 563

10 2.03847 6.51101E-01 498 3.22516 5.92447E+01 580

50 2.01880 3.20423E-01 505 1.91795 5.29974E+00 588

100 2.02469 2.94259E-02 514 2.10625 3.99787E+00 597

500 2.02518 5.42879E-03 582 2.02674 7.17313E-02 677

1000 2.02522 3.07794E-03 667 2.02545 8.18743E-03 786

2000 2.02524 2.13741E-03 837 2.02540 5.41970E-03 993

5000 2.02527 8.37157E-04 1348 2.02530 5.24745E-04 1575

Table 4.1: Value approximation and runtime at certain iteration steps for the primal and dual
deep controlled 2BSDE methods applied to the cone-constrained power utility problem.

Example 4.1.3 (Ball Constrained Log Utility Problem). In this example we consider the log
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utility problem when the control process is constrained to the ball B (0, R) of radius R > 0 in

Rm. This corresponds to the investor not wanting to invest more than a certain proportion of

their wealth in risky stocks. In this case, the support function δK (z) = R|z| for z ∈ Rm does not

vanish for all admissible dual controls. Therefore, the SDE (2.44) is harder to solve. In general

this problem is also difficult to solve analytically because of the dependence of the dual controls

x̃∗ and π̃∗ on each other. However, we can exploit the multiplicity property of the log function

to decouple these controls to give analytical solutions, which we describe here. To this end let

U (x) = log (x) be our utility function, for which the dual utility is Ũ (y) = − (1 + log (y)).

Since the dual state process X̃ x̃,π̃ is a geometric Brownian motion for any controls (x̃, π̃), we

have

E
[
Ũ
(
X̃ x̃,π̃

T

)]
= −1− log (x̃) +

∫ T

0

rt +R|π̃t|+
1

2
|θt + Σ−1

t π̃t|2dt.

The measurable process

π̃∗
t

..= arg min
π̃∈Rm

{
R|π̃|+ 1

2
|θt + Σ−1

t π̃|2
}
, 0 ≤ t ≤ T,

is an optimal control, and can be found using existing deterministic convex optimisation algo-

rithms. Independently of this, the dual control x̃∗ is found via

x̃∗ = argmin
x̃>0

{
x0x̃− log (x̃) +

∫ T

0

rt + δK (π̃t) +
1

2
|θt + Σ−1

t π̃t|2dt
}

= argmin
x̃>0

{x0x̃− log (x̃)}

=
1

x0
.

The value function is then given by

v (0, x0) = E
[
Ũ
(
X̃ x̃∗,π̃∗

T

)]
+ x̃∗x0 (4.5)

= log (x0) +

∫ T

0

rt +R|π̃t|+
1

2
|θt + Σ−1

t π̃t|2dt. (4.6)

For our application, we take R = 1.0, T = 0.5, x0 = 5.0, m = 20, rt = 0.05 and µt = 0.0715

for t ∈ [0, T ]. We define the volatility as a diagonal matrix with the ith diagonal element Σ
(i)
t

equal to

Σ
(i)
t = 0.4 + 0.2 sin (2πt+ Ai) , 0 ≤ t ≤ T,
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for some arbitrarily chosen numbers Ai to shift the peaks of the sin curve for each dimension.

We choose this function so that in the unconstrained case it would be reasonable to invest more

than we are allowed at points when the volatility is low. As Σ
(i)
t > 0 for all t ∈ [0, T ], the

volatility is non-degenerate.

Table 4.2 shows the evolution of the approximated value function for the primal and dual al-

gorithms, compared with the numerical solution 1.64755570 found using (4.6). The algorithm

is run using N = 10 time steps, and the value approximation, relative error and (combined)

runtime are recorded. We again perform both algorithm simultaneously using the same Brown-

ian motions simulations. The value approximation initially moves away from the solution, but

then converges. For the primal algorithm, the value moves away over the first 1000 steps, then

goes to the solution. For the dual algorithm, the value does not move as far from the solution,

but takes longer to do so, only starting moving towards the solution at 10000 steps. The dual

value initially dips below the solution, then increases, which is why the relative error is lower

at 1000 steps than at the start.

Step Primal Value Rel-Err (%) Dual Value Rel-Err (%) Time (s)

1 0.99277 3.97426E+01 2.50412 5.19898E+01 128

1000 0.04637 9.71853E+01 1.57275 4.54015E+00 183

5000 0.22780 8.61735E+01 1.80325 9.44972E+00 405

10000 1.39359 1.54147E+01 2.01337 2.22035E+01 701

12000 1.62170 1.56918E+00 1.98620 2.05544E+01 815

18000 1.63545 7.34658E-01 1.68103 2.03169E+00 1149

20000 1.63543 7.35726E-01 1.65361 3.67465E-01 1259

Table 4.2: Value approximation and runtime at certain iteration steps for the primal and dual
deep controlled 2BSDE methods applied to the ball-constrained log utility problem.

4.1.1 Methodology Comparison

Now we compare the performance of our algorithm to two existing in the literature. We first

compare to the algorithm of Han and E (2016) where the primal gains function is optimised

directly. This is not explicitly given a name by the authors, so we refer to it as the PVO

(Primal Value Optimisation) algorithm. Secondly we compare to the Hybrid-Now algorithm of
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Huré et al. (2021) (referred to in the sequel as Hybrid), where the control is optimised using an

approximation of the value function, which is also found using neural networks. First, we note

that while both algorithms search for a Markovian control, and as such solve Markovian control

problems, they are potentially less restrictive than our algorithm. The maximum requirement

for deriving these algorithms is satisfaction of the dynamic programming principle, as opposed

to our derivation of the algorithm relying on the HJB equation. However it may be possible

that our algorithm works in such a general setting as well (and resulting approximate solutions

to the Hamiltonian PDE become viscosity solutions). The second algorithm is formalised in

terms of successive approximations of the value function working backwards from terminal time

in a discretisation. This method requires suitable knowledge of the distribution of the optimal

state process at each time step, which we do not know a priori. Instead, we implement the

algorithm in a similar vein to our own, generating sample paths of the state and control process

and solving each optimisation problem (Bachouch et al., 2021, (2.1)) simultaneously. We run

each algorithm for a fixed number of steps of gradient descent. This may not be the best way

to compare the algorithms since they may converge after a different number of steps, but in

practise it is difficult to identify exactly when this happens. We only compare to the primal

value approximations of our DC2BSDE and DSMP methods, though it would of course be

possible to use PVO and Hybrid to solve the dual problem.

Example 4.1.4 (Power Utility in Black Scholes Model). Consider the utility maximisation

problem as of Example 4.1.1, but we take the power (p = 1
2
) utility U (x) = 2

√
x. We fix the

terminal time T = 0.5 but change the stock market dimension m and the number of time steps

N . The other parameters remain the same as in Example 4.1.1. Table 4.3 shows the results

of this comparison. The solutions can be found (as is found in Example 4.1.2 but with no

constraints) to be 2.04864 and 2.09756 for dimensions 5 and 20 respectively. For our methods

we ran the DC2BSDE with m = 20 for 10000 steps, and 5000 steps for the m = 5 case and the

DSMP.

The comparison to the PVO algorithm indicates that our method sacrifices slight accuracy,

but scales much better with number of time steps and dimension. Indeed, when m = 20 the

lower accuracy can be compensated by doubling the number of time steps without reaching

the runtime of the PVO algorithm. We ran the PVO algorithm with a learning rate of 0.01

for 10000 and 20000 steps for m = 5, 20 respectively. The results for the Hybrid algorithm

originate from our own implementation of the method. There may be a number of differences
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from the original implementation which could lead to less accurate results than expected. For

example, we are not sure how exactly the authors used the ‘explore first, exploit later’ technique

(Huré et al., 2021, Section 3.3) to generate sample paths of the optimal state process without

first determining a control. In Bachouch et al. (2021), a 100 dimensional PDE is solved with an

accuracy of order 0.1% and a runtime of 2 - 4 hours, using N = 40 time steps and a terminal

time of T = 1.0. This is much better than our preliminary results for this algorithm. However,

we did not see any convergence like this in our implementation, in any time frame that was

comparable to our methods. The hybrid algorithm is the fastest per iteration step, however

we ran the algorithm for 50000 steps with a learning rate of 0.0001 to avoid instability issues,

which is the cause of the large runtime.

m N DC2BSDE Value Rel-Err (%) Time (s) DSMP Value Rel-Err (%) Time (s)

5 5 2.0483 1.4829E-02 54 2.0465 1.0476E-01 59

5 10 2.0485 9.2087E-03 128 2.0505 9.0012E-02 148

5 20 2.0486 4.4761E-03 309 2.0476 5.3657E-02 358

20 5 2.0942 1.6192E-01 92 2.0906 3.3063E-01 66

20 10 2.0958 8.2069E-02 223 2.0947 1.3682E-01 167

20 20 2.0961 6.5495E-02 538 2.0963 5.8714E-02 412

m N PVO Value Rel-Err (%) Time (s) Hybrid Value Rel-Err (%) Time (s)

5 5 2.0497 4.9400E-02 79 2.0441 2.2415E-01 328

5 10 2.0478 4.3425E-02 266 2.0457 1.4347E-01 479

5 20 2.0483 1.8711E-02 950 2.0467 9.5190E-02 1630

20 5 2.0952 1.1184E-01 233 2.0431 2.5977E+00 343

20 10 2.0963 5.9899E-02 813 2.0536 2.0940E+00 813

20 20 2.0969 3.0629E-02 1824 2.0604 1.7720E+00 1747

Table 4.3: Comparison of the Primal DC2BSDE and (primal value approximation of the) DSMP
algorithm to the PVO and Hybrid algorithms for the unconstrained Power Utility problem.

The example we consider is a toy example with an analytical solution. In particular, the

supremum term inside the HJB equation (1.7) can be written exactly and for this problem we

are left with the nonlinear PDE
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∂

∂t
v (t, x) =

1

2
|θt|2

∂xv (t, x)
2

∂2xxv (t, x)
− rx∂xv (t, x) , (t, x) ∈ [0, T )× R,

and v(t, x) = U(x) for x ∈ R. This PDE is control independent. In particular it is independent

of the control dimension m apart from the negligible time taken to calculate θ. The PDE can

be solved directly using the Deep 2BSDE method introduced in Beck et al. (2019b). This is

also one of the algorithms described in Ji et al. (2022). The results of solving this for m = 20

are given in Table 4.4. Due to the second derivative in the denominator, this PDE is unstable.

In the algorithm we require 50000 iteration steps to see convergence results. Therefore, while

this algorithm is faster per iteration step, it is slower overall. However its runtime would be

comparable to our algorithm for larger value of m. It is also an order of magnitude less accurate,

and can only be used in the special case where the supremum term can be written out as an

explicit function of t and x.

The primal HJB equation, even in this simple case, can be very difficult to solve numeri-

cally. This further emphasises the utility of the algorithms presented in this paper, solving

the equation by either finding the control without nonlinear dependence on the value function

derivatives, or by solving the dual problem.

An implementation of each algorithm can be found in https://github.com/Ashley-Davey/

ML-For-Stochastic-Control.

Remark 16. Another adaptation for this algorithm suggested in Ji et al. (2022) is to perform

the maximisation over the control variate explicitly at each iteration step, rather than just

performing one step of gradient descent. There may be difficulties in implementing this method

without an analytical maximiser to plug in, in terms of time to run, dimensionality of the

problem, and inaccuracies of the approximate value function derivatives that would need to

be used. An additional approximation step may also be needed, as this maximisation would

be pathwise yet we need the entire control function to simulate the state process in the next

iteration step. We leave the effectiveness of this method to further research.

https://github.com/Ashley-Davey/ML-For-Stochastic-Control
https://github.com/Ashley-Davey/ML-For-Stochastic-Control
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N DBSDE Value Rel-Err(%) Time (s) DC2BSDE Value Rel-Err(%) Time (s)

5 1.96570E+00 6.28613E+00 363 2.0942 1.6192E-01 92

10 2.05429E+00 2.06281E+00 865 2.0958 8.2069E-02 223

20 2.06381E+00 1.60905E+00 1980 2.0961 6.5495E-02 538

Table 4.4: Value, error and runtime of the Deep 2BSDE method and primal DC2BSDE method
for the unconstrained Power Utility problem.

4.1.2 Quadratic Utility

The utility functions we have seen up to now do not satisfy global Lipschitz conditions that are

often required for convergence analysis. Hence we consider a globally Lipschitz utility function

that is a negative quadratic around 0 up to some point before its peak, where it becomes

constant. Additionally, we will see that the optimal state process is bounded. This aligns with

a sufficient condition in Huré et al. (2021) that the state process should be bounded for any

choice of control.

Take c < 0, H > 0 and 0 < α ≤ 1. Then define U : [0,∞) → R by

U (x) =


1
2
cx2 − cHx, 0 ≤ x ≤ αH,

cαH2
(
α
2
− 1
)
, αH ≤ x,

(4.7)

for x ≥ 0. Note that this will always be a negative quadratic, hence concave, as we take

c < 0 to be strictly negative. Figure 4.5 shows some utilities for varying values of α and H.

The parameter c is just a scaling parameter and has been fixed at −1.0 here. The parameter

H indicates where along the x axis the peak should be, and α indicates at what point (as

a proportion of H) the utility becomes constant. In order to ensure concavity of the utility

function, we must have α ≤ 1 and H ≥ 0.

The parameter α indicates how early we transition to the constant term. Note that the function

U is smooth when we have α = 1.0. We first find the dual utility, the fenchel-legendre transform
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Figure 4.5: The quadratic utility U for varying (α,H).

of U given by

Ũ (x̃) = sup
x≥0

{U (x)− xx̃} (4.8)

= max

{
sup

0≤x≤αH
{U (x)− xx̃} , sup

αH≤x
{U (x)− xx̃}

}
(4.9)

= max

{
sup

0≤x≤αH
{U (x)− xx̃} , cαH2

(α
2
− 1
)
− αHx̃

}
(4.10)

= max

{
sup

0≤x≤αH
{U (x)− xx̃} , αH

(
cH
(α
2
− 1
)
− x̃
)}

(4.11)

Define f : [0, αH] → R by f (x) = U (x) − xx̃. We then have f ′ (x) = cx − cH − x̃ giving

a potential optimiser at x = H + x̃
c
. However it may not be in the range of f . Case 1:

x ≥ αH, or equivalently 0 ≤ x̃ ≤ cH (α− 1). In this case optimiser is at x̂ = αH, and both

sides of the max are equal. Case 2: x ≤ 0, or x̃ ≥ −cH. Then the optimiser is x̂ = 0 and

f (x̂) = 0 ≥ H
(
cH
(
α
2
− 1
)
− x̃
)
. Case 3: x ∈ [0, αH], then x̂ = x and

f (x̂) = f

(
H +

x̃

c

)
=

−1

2c
(cH + x̃)2 .

Plugging these into (4.11) yields

Ũ (x̃) =


αH

(
cH
(
α
2
− 1
)
− x̃
)
, x̃ ≤ cH (α− 1) ,

−1
2c

(cH + x̃)2 , cH (α− 1) ≤ x̃ ≤ −cH,

0, −cH ≤ x̃,

(4.12)
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Now we have the dual utility, we can calculate the dual value function

ṽ (t, x̃) = E
[
Ũ
(
X̃ t,x̃

T

)∣∣∣X̃ t,x̃
t = x̃

]
, (4.13)

where

dX̃ t,x̃
s = −X̃ t,x̃

s (rds+ θdWs) , t ≤ s ≤ T. (4.14)

Fix t ∈ [0, T ], x̃ ≥ 0 and define τ = T − t. Since the process X̃ t,x̃ is a geometric Brownian

Motion, we can write, given X̃ t,x̃
t = x̃,

X̃ t,x̃
T = x̃ exp

(
−
(
r +

θ2

2

)
τ − θ

√
τZ

)
,(

X̃ t,x̃
T

)2
= x̃2 exp

(
−
(
2r + θ2

)
τ − 2θ

√
τZ
)
,

almost surely, where Z is a standard normal random variable, with density ϕ (z) = 1√
2π
e

−z2

2 ,

z ∈ R, and CDF Φ (x) =
∫ x

−∞ ϕ (z) dz, x ∈ R. We then note that X̃ t,x̃
T ≤ cH (α− 1) if and only

if

k (α) ..=
log (x̃)− log (cH (α− 1))−

(
r + θ2

2

)
τ

θ
√
τ

≤ Z (4.15)

and X̃ t,x̃
T ≤ −cH if and only if k (0) ≤ Z. We then write

ṽ (t, x̃) =

∫ ∞

−∞
Ũ

(
x̃ exp

(
−
(
r +

θ2

2

)
τ − θ

√
τz

))
dPZ (z)

=

∫ ∞

−∞
Ũ

(
x̃ exp

(
−
(
r +

θ2

2

)
τ − θ

√
τz

))(
1z≥k(α) + 1k(0)≤z≤k(α) + 1z≤k(0)

) e− z2

2

2
dz

=.. I1 + I2 + I3,
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where

I1 =

∫ ∞

−∞
Ũ

(
x̃ exp

(
−
(
r +

θ2

2

)
τ − θ

√
τz

))
1z≥k(α)

e−
z2

2

2
dz,

I2 =

∫ ∞

−∞
Ũ

(
x̃ exp

(
−
(
r +

θ2

2

)
τ − θ

√
τz

))
1k(0)≤z≤k(α)

e−
z2

2

2
dz,

I3 =

∫ ∞

−∞
Ũ

(
x̃ exp

(
−
(
r +

θ2

2

)
τ − θ

√
τz

))
1z≤k(0)

e−
z2

2

2
dz.

We know that I3 = 0, since Ũ = 0 on the region of integration, so it remains to calculate I1

and I2. We complete the square to calculate I1 as

I1 =

∫ ∞

k(α)

(
αcH2

2
(α− 2)− αHx̃ exp

(
−
(
r +

θ2

2

)
τ − θ

√
τz

))
e−

z2

2

2
dz

=
αcH2

2
(α− 2)Φ (−k (α))− αHx̃

∫ ∞

k(α)

e

(
−r− θ2

2

)
τ
e

θ2

2
τ e

− (z+θ
√
τ)2

2

2
dz

=
αcH2

2
(α− 2)Φ (−k (α))− αHx̃e−rτΦ

(
−k (α)− θ

√
τ
)
.
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We then multiply out the brackets and complete the square twice to calculate I2 as

I2 =

∫ k(α)

k(0)

−1

2c

[
x̃ exp

(
−
(
r +

θ2

2

)
τ − θ

√
τz

)
+ cH

]2
e−

z2

2

2
dz

=

∫ k(α)

k(0)

−cH2

2

e−
z2

2

2
dz

−
∫ k(α)

k(0)

Hx̃ exp

(
−
(
r +

θ2

2

)
τ − θ

√
τZ

)
e−

z2

2

2
dz

−
∫ k(α)

k(0)

1

2c
x̃2 exp

(
−
(
2r + θ2

)
τ − 2θ

√
τZ
) e− z2

2

2
dz

=
−cH2

2

∫ k(α)

k(0)

e−
z2

2

2
dz

−Hx̃

∫ k(α)

k(0)

e
−
(
r+ θ2

2

)
τ
e

θ2

2
τ e

− (z+θ
√
τ)2

2

2
dz

− 1

2c
x̃2
∫ k(α)

k(0)

e−(2r+θ2)τe2θ
2τ e

− (z+2θ
√

τ)2

2

2
dz

=
−cH2

2
[Φ (k (α))− Φ (k (0))]

−Hx̃e−rτ
[
Φ
(
k (α) + θ

√
τ
)
− Φ

(
k (0) + θ

√
τ
)]

− 1

2c
x̃2e(−2r+θ2)τ [Φ (k (α) + 2θ

√
τ
)
− Φ

(
k (0) + 2θ

√
τ
)]
.

Note that we can write ṽ (t, x̃) = gα (t, x̃)− g0 (t, x̃) where

gα (t, x̃) =
αcH2

2
(α− 2)Φ (−k (α))

− αHx̃e−rτΦ
(
−k (α)− θ

√
τ
)

− cH2

2
Φ (k (α))

−Hx̃e−rτΦ
(
k (α) + θ

√
τ
)

− 1

2c
x̃2e(−2r+θ2)τΦ

(
k (α) + 2θ

√
τ
)
.

The primal value function is given by u (t, x) = inf x̃≥0{ṽ (t, x̃) + xy}. The optimal wealth

process is given by

Xπ∗

t = −∂ṽ
∂x̃
ṽ
(
t, X̃ x̃∗

t

)
,
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where we denote X̃ x̃∗
= X̃0,x̃∗

and

x̃∗ = argmin
x̃≥0

{ṽ (0, x̃) + xx̃}.

To find the partial derivative of ṽ, we first differentiate gα. To this end, writing k = k (α),

simple calculus gives us

∂

∂x̃
gα (t, x̃) = −∂k

∂x̃
ϕ (−k) αcH

2

2
(α− 2)

+
∂k

∂x̃
ϕ
(
−k − θ

√
τ
)
αHx̃e−rτ

− Φ
(
−k − θ

√
τ
)
αHe−rτ

− ∂k

∂x̃
ϕ (−k) cH

2

2

− ∂k

∂x̃
ϕ
(
k + 2θ

√
τ
) 1

2c
x̃2e(−2r+θ2)τ

−
(
1− Φ

(
−k − 2θ

√
τ
)) 1
c
x̃e(−2r+θ2)τ

− ∂k

∂x̃
ϕ
(
k + θ

√
τ
)
Hx̃e−rτ

−
(
1− Φ

(
−k − θ

√
τ
))
He−rτ

= A+B
∂k

∂x̃

for some A,B ∈ R depending on t and x̃ to be determined. To compute B, we will use the

following relations, which can be derived from the definitions of ϕ (z) = 1√
2π
e

−z2

2 and k = k (α)

in (4.15),

ϕ
(
−k − θ

√
τ
)
= ϕ (−k) e

rτcH (α− 1)

x̃
,

ϕ
(
−k − 2θ

√
τ
)
= ϕ (−k) e

(2r−θ2)τc2H2 (α− 1)2

x̃2
.

(4.16)
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We then have

B = ϕ (−k)
(
−αcH

2

2
(α− 2) + αHx̃e−rτ e

rτcH (α− 1)

x̃
− cH2

2

− 1

2c
x̃2e(−2r+θ2)τ e

(2r−θ2)τc2H2 (α− 1)2

x̃2
−Hx̃e−rτ e

rτcH (α− 1)

x̃

)

= ϕ (−k)cH2

(
−1

2
α2 + α + α2 − α− 1

2
− 1

2
α2 + α− 1

2
− α + 1

)
= 0.

Hence

∂

∂x̃
gα (t, x̃) = A = −αHe−rτ

− Φ
(
k + θ

√
τ
)
(1− α)He−rτ

− Φ
(
k + 2θ

√
τ
) 1
c
x̃e(−2r+θ2)τ .

Taking α = 0 gives us the derivative of g0, and subtraction yields

∂

∂x̃
ṽ (t, x̃) =

∂

∂x̃
gα (t, x̃)−

∂

∂x̃
g0 (t, x̃)

= −αHe−rτ

− [Φ
(
k (α) + θ

√
τ
)
− Φ

(
k (0) + θ

√
τ
)
] (1− α)He−rτ

− [Φ
(
k (α) + 2θ

√
τ
)
− Φ

(
k (0) + 2θ

√
τ
)
]
1

c
x̃e(−2r+θ2)τ .

(4.17)

This is not an (analytically) invertible function of x̃, so we cannot use the relation Xπ∗
0 =

∂
∂x̃
ṽ
(
0, X̃ x̃∗

0

)
to find x̃ = X̃ x̃∗

0 , and hence the process X̃ x̃∗
. However we can find it numerically.

Given this, we have

Xπ∗

t = − ∂

∂x̃
ṽ
(
t, X̃ x̃∗

t

)
= αHe−rτ

+
[
Φ
(
k
(
α, X̃ x̃∗

t

)
+ θ

√
τ
)
− Φ

(
k
(
0, X̃ x̃∗

t

)
+ θ

√
τ
)]

(1− α)He−rτ

+
[
Φ
(
k
(
α, X̃ x̃∗

t

)
+ 2θ

√
τ
)
− Φ

(
k
(
0, X̃ x̃∗

t

)
+ 2θ

√
τ
)] 1

c
X̃ x̃∗

t e(−2r+θ2)τ

where we use the notation k(α, x̃) here to remind us that k depends on x̃. We note that, since
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c < 0 and Φ (k (·, x̃)) is increasing in α, we have

0 ≤ Xπ∗

t ≤ αHe−rτ+
[
Φ
(
k
(
α, X̃ t,x̃

t

)
+ θ

√
τ
)
− Φ

(
k
(
0, X̃ x̃∗

t

)
+ θ

√
τ
)]

(1− α)He−rτ ≤ He−rτ

Even though the process X̃ x̃∗
is unbounded, the process Xπ∗

is bounded. We can see this intu-

itively from the fact that, even though X̃ x̃∗
can be arbitrarily large, the term Φ

(
k
(
α, X̃ x̃∗

t

)
+ θ

√
τ
)
−

Φ
(
k
(
0, X̃ x̃∗

t

)
+ θ

√
τ
)
is of the form Φ

(
log
(
X̃ x̃∗

t

)
+ ϵ
)
− Φ

(
log
(
X̃ x̃∗

t

))
, for some ϵ > 0 and

becomes arbitrarily small for large X̃ x̃∗
. We now find the second space derivative of ṽ, again

by differentiating gα. To this end we use (4.16) (and that ϕ is even) to yield

∂2

∂x̃2
gα (t, x̃) = −∂k

∂x̃

[
ϕ
(
k + θ

√
τ
)
(1− α)He−rτ + ϕ

(
k + 2θ

√
τ
) x̃
c
e(−2r+θ2)τ

]
− Φ

(
k + 2θ

√
τ
) 1
c
e(−2r+θ2)τ

= −∂k
∂x̃
ϕ (k)

[
(1− α)He−rτ e

rτcH (α− 1)

x̃
+

1

c
x̃e(−2r+θ2)τ e

(2r−θ2)τc2H2 (α− 1)2

x̃2

]
− Φ

(
k + 2θ

√
τ
) 1
c
e(−2r+θ2)τ

= −Φ
(
k + 2θ

√
τ
) 1
c
e(−2r+θ2)τ .

Hence

∂2

∂x̃2
ṽ (t, x̃) = −1

c
e(−2r+θ2)τ (Φ (k (α) + 2θ

√
τ
)
− Φ

(
k (0) + 2θ

√
τ
))
. (4.18)

We use (4.18) to derive the optimal control

π∗
t =

θ

σ
X̃ x̃∗

t

∂2

∂x̃2
ṽ
(
t, X̃ x̃∗

t

)
, 0 ≤ t ≤ T.

Figure 4.6 shows the error of our approximate control against π∗, and the value approximations

at time 0 for our 3 algorithms. We take α = 0.55, H = 2 and c = −1. For the market

parameters, we take µ = 0.06, r = 0.05 and σ = 0.2. We then take T = 1.0 and N = 20 for

our algorithm.

Motivated by Theorem 3.4.9, we would expect to see convergence of the form

∥πk − π∗∥H2 ≤ Cĉk, k ∈ N0
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for some C ≥ 0 and ĉ ∈ (0, 1), where πk is the control process at the kth iteration step of the

DC2BSDE algorithm. We log scale the error of the control, so should see linear convergence.

Due to the stochastic nature of the algorithm, high approximation volatility is introduced from

the small ‘mini batch’ sample size at each step (in this case 64). This explains why we only see

approximately linear decay up to a point where the error becomes roughly constant.

From (b), we see converge of the value function for all 3 graphs, with the ‘dual’ value approx-

imations forming upper bounds of the value. There are two lines for the SMP, indicating the

upper and lower bounds vhigh and vlow respectively, c.f. (2.23). we see that they are the same

at the beginning of the algorithm, possibly due to the initialisation of the parameter x̃, but

quickly form tight bounds of the value at time 0. However, we see some deviation of the value

approximation over all iterations. this is due to the volatility of using Monte Carlo methods

with a batch size of 64 at each iteration step for the DCSMP algorithm.

(a) Control error against iteration step (k). (b) Value approximation against iteration step.

Figure 4.6: Control error (in H2) and value approximation of the primal and dual DC2BSDE
methods and the DSMP method for the unconstrained quadratic utility problem.

Example 4.1.5 (Power Utility in a Stochastic Volatility Model). In this example we consider

the stochastic volatility model (2.10). When we use the power utility U (x) = xp

p
for 0 < p < 1,

exact solutions can be obtained for this problem. A solution is derived in Ma et al. (2020) by

assuming that the value function v has the form

v (t, x,Σ) =
xp

p
exp (C (t) +D (t) Σ) , (t, x,Σ) ∈ [0, T ]× R2 (4.19)

in terms of two unknown functions C and D that satisfy a system of Riccati type of ordinary

differential equations for which numerical solutions can be found. We use v (t, x,Σ) as a bench-
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mark. For our application we take r = 0.05, ρ = −0.5, p = 0.5, κ = 1, Σ̄ = 0.05, ξ = 0.5,

θ = 0.5, x0 = 1, and Σ0 = 0.5.

Table 4.5 shows the relative error and run time of the primal and dual DC2BSDE algorithms

when we use a range of terminal times T and numbers of time steps N . We contrast this to

the results of Ma et al. (2020), in which, with T = 1.0 and N = 100, upper and lower bounds

for the value were found with relative errors of 0.003% in 2240 seconds and 27600 seconds

respectively, albeit for slightly different parameter choices. The upper bound was found faster

using a convenient guess of the form the dual control γ. We are not using 100 time steps for

our algorithms due to computer memory constraints. In fact, the 50 time step algorithm is

also slower than expected due to a memory bottleneck. For T = 0.2 the solution is 2.03289,

for T = 0.5 it is 2.07559 and when T = 1.0 the solution is 2.13420. The run time for the

T = 0.5 and T = 1.0 algorithms is higher than for T = 0.2 since twice the iteration steps were

taken, 10000 compared to 5000 for T = 0.2. While the errors for the primal algorithm reduce

as N increases, the value does not lie within the duality gap for some terminal times. This

may be down to a discretisation error, and would be fixed by taking more time steps. We see

convergence of the approximations to the true value as N increases and this convergence seems

to be linear, as we saw in Example 4.1.1.

Now, let us treat Σ as some generic random process, meaning that we can only sample Σ, and

not the underlying Brownian motion WΣ. We cannot directly apply Theorem 2.3.3 as Σ is

not measurable with respect to the filtration generated by W S. To circumvent this problem,

we adopt a market completion method (c.f. Karatzas and Shreve (1998) for example) by first

constructing an artificial stock driven by WΣ, adding it to our market, and then making it

unavailable for trading. To be specific, we define a new asset price SΣ by

dSΣ
t = SΣ

t

(
rdt+ dWΣ

t

)
, 0 ≤ t ≤ T,

which ensures that Σ is adapted to the natural filtration of the Brownian motions driving

the market. For simplicity we assume that m = 1, but this analysis extends naturally to

multiple dimensions. We invest in this market with a 2-dimensional portfolio, restricted to the

set K × {0}, ensuring that our wealth process Xπ is still defined as in (2.8), controlled by a

1-dimensional K-valued process π. Now the dual state process (2.44) is controlled by x̃ and a

2-dimensional dynamic control denoted by (π̃, γ) valued in K̃ × R, the polar cone of K × {0}.
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T N Primal Value Rel-Err (%) Time (s) Dual Value Rel-Err (%) Time (s)

0.2 5 2.03310 1.01654E-02 83 2.03378 4.35850E-02 98

0.2 10 2.03301 5.74161E-03 206 2.03344 2.66047E-02 239

0.2 20 2.03296 3.27670E-03 591 2.03314 1.23181E-02 604

0.2 50 2.03289 2.81206E-04 2849 2.03295 2.89678E-03 2622

0.5 5 2.07616 2.75979E-02 152 2.07969 1.97584E-01 183

0.5 10 2.07582 1.14780E-02 362 2.07747 9.08529E-02 411

0.5 20 2.07572 6.36082E-03 927 2.07670 5.38088E-02 1030

0.5 50 2.07562 1.55757E-03 5070 2.07600 1.98421E-02 4181

1.0 5 2.13328 4.32410E-02 154 2.14847 6.68466E-01 170

1.0 10 2.13377 1.99985E-02 362 2.14264 3.95457E-01 400

1.0 20 2.13399 9.92254E-03 918 2.13715 1.38171E-01 981

1.0 50 2.13403 7.97535E-03 4230 2.13548 6.01058E-02 4395

Table 4.5: Accuracy and runtime for the deep controlled 2BSDE method for various terminal
times T and numbers of time steps N applied to the unconstrained power utility problem in a
stochastic volatility model.

We would like to show that we can take γ = 0, as this would return the dual problem to

the 1-dimensional control case independent of WΣ. We want this as we cannot ‘see’ WΣ, and

can only sample Σ directly at any time. To this end, let
(
Ỹ x̃,π̃,γ, Z̃ x̃,π̃,γ

)
be the dual adjoint

solutions. Fix a time t ∈ [0, T ] and let Z̃ x̃,π̃,γ = (z1, z2) for z1, z2 ∈ H2 (R). By Theorem

2.3.3 (2) we have
(
Ỹ x̃,π̃,γ
t

)−1

z2t = 0 for all t ∈ [0, T ], hence z2 = 0. However, this means that

condition (3) becomes

Ỹ x̃,π̃,γ
t δK (π̃t) +

(
z1t
)⊤

Σ−1
t π̃t = 0, 0 ≤ t ≤ T,

which is independent of γ, leading to a free control. We therefore can take γ = 0, removing

the dependence of the dual state process on WΣ. Note that this choice of control may not be

optimal, and the decision to remove dependence on WΣ may lead to a non-zero duality gap.

Table 4.6 shows the accuracy and runtime of the deep SMP method with a range of terminal

times and step sizes, when we run it on the same problem formulation as above. We note that

the upper bounds are an order of magnitude less accurate the lower bounds for this problem.

This indicates that the implied primal process approximations are more accurate than the dual
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approximations in this algorithm. Comparing these results to Table 4.5, the SMP method gives

roughly the same accuracy of bounds as the dual deep controlled 2BSDE method, but with a

lower computation time. In particular, the algorithm here only needed 5000 iterations steps,

compared to 10000 for both the 2BSDE algorithms.

T N vlow Rel-Diff (%) vhigh Rel-Diff (%) Time (s)

0.2 5 2.03271 9.17595E-03 2.03348 2.90360E-02 103

0.2 10 2.03280 4.40981E-03 2.03323 1.64607E-02 273

0.2 20 2.03284 2.60193E-03 2.03305 7.49044E-03 781

0.2 50 2.03289 5.76610E-05 2.03295 2.54626E-03 4788

0.5 5 2.07512 2.25897E-02 2.07974 2.00124E-01 102

0.5 10 2.07538 9.97694E-03 2.07738 8.63624E-02 301

0.5 20 2.07563 2.04008E-03 2.07656 4.67255E-02 778

0.5 50 2.07556 1.16593E-03 2.07595 1.74975E-02 3818

1.0 5 2.13025 1.84896E-01 2.14786 6.40234E-01 104

1.0 10 2.13232 8.78697E-02 2.13995 2.69313E-01 263

1.0 20 2.13489 3.25920E-02 2.13750 1.54844E-01 761

1.0 50 2.13440 9.35931E-03 2.13551 6.11910E-02 4604

Table 4.6: Accuracy and runtime for the deep SMP method for various terminal times T and
numbers of time steps N applied to the unconstrained power utility problem in a stochastic
volatility model.

Example 4.1.6 (Heston with non-HARA utility). We now look at a higher dimensional exam-

ple with no explicit solution. Consider the same stochastic volatility market, but with multiple

stocks. For simplicity we assume all stocks are independent with the same parameters, but

this is not a necessary restriction. We let U have the form (4.1). For this model we do not

have a convenient ansatz for v to obtain a solution, so we simply compare our algorithms.

Additionally, we increase the dimensionality of the problem and allow Σ to be a Rm×m valued

matrix.

For this example let us take T = 0.2, N = 20, and m = 10. We then have n = 11, and d = 20

in (3.12). For the 2BSDE algorithms, the combined dimensions of the unknown processes are

131 for the primal and 141 for the dual. We consider the unconstrained problem, so we can set

η = 0. For the SMP algorithm we only need to find processes in 20 dimensions. We run the
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algorithm for 10000 steps. Table 4.7 shows the results of this. We give the value approximation

for the 2BSDE algorithms, and the average of the upper and lower bound for the SMP. We

also provide the runtime to show the efficiency of the algorithms as a whole, but the individual

differences should be taken with a pinch of salt due to implementation differences. There are

a number of factors that affect the algorithm run times. For example, we see that the dual

algorithm takes twice as long as the primal, but we did not simplify the algorithm to reflect

the constraints of the problem. Making this change would have reduced the run time. The run

time has increased from the previous low dimensional example, but sub-linearly. The relative

difference between approximations has increased to about 1%.

Method Value Time (s)

Primal 2.61059 2316

Dual 2.63758 5636

SMP 2.62514 1840

Table 4.7: Value approximations for the DC2BSDE and DCSMP algorithms applied to the
unconstrained non-HARA utility problem in a stochastic volatility model.

Example 4.1.7 (Power Utility in a Path Dependent Volatility Model). In this example not

only is the control problem non-Markovian, but it cannot be made Markovian by including

additional information in our state space. This means that we cannot apply our DC2BSDE

method.

This example is motivated by the concept that the volatility of a stock should be dependent

on its value. If the stock is doing well the volatility is assumed to be lower. This may be due

to infrequent trading of the stock, or the stability of the large company to which the stock

is assigned. We consider an extreme example, where there are two levels of volatility. The

normal higher level is maintain until the stock reaches its historical maximum, in which case it

instantly transitions to the lower volatility.

Consider the market (2.7), where the process Σ is a function of the stock history. For each

t ∈ [0, T ], let Σt be a diagonal matrix, with ith diagonal entry Σ
(i)
t defined as

Σ
(i)
t =

Σhigh, S
(i)
t < sups≤t S

(i)
s ,

Σlow, S
(i)
t = sups≤t S

(i)
s ,
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where Σlow < Σhigh are constants and S
(i)
s is the ith stock price at time s ∈ [0, T ]. In this model,

the volatility of a stock is inversely proportional to the ratio of its value and the running

maximum. This makes the diffusion coefficient of the wealth process X a function of the

entire path of S, instead of just at one time. This path dependence ensures that the utility

maximisation problem is truly non-Markovian, in the sense that it cannot be made Markovian

by the introduction of a new variable. We do not need to apply an artificial stock market

argument here, as the volatility is a measurable function of the adapted stock market process

up to time t, hence is progressively measurable.

For our application, we consider a 2-dimensional stock market with cone constraint K = R2
+.

We take Σlow = 0.2 and Σhigh = 0.3. We then take rt = 0.05, µt = 0.0612 for t ∈ [0, T ]

and p = 0.5. Table 4.8 shows the duality gap when this algorithm is run for varying terminal

times and numbers of time steps. We run the algorithms for 10000 iteration steps. The ‘Diff’

and ‘Rel-Diff’ columns show the absolute and relative distances between the upper and lower

approximations respectively. We see in all cases that the duality gap reduces as the number

of time steps increases. We do not have a benchmark to compare these results to, as the path

dependence and incompleteness of the problem make it very difficult to solve analytically.

4.2 Investment-Consumption with Randomly Terminat-

ing Income

We now provide numerical results for the example given in section 2.4.

4.2.1 Finding the true state process

The DC2BSDE algorithm gives us the value function in terms of paths of Xπ∗,c∗,a, the state

process with perpetual income. However, we wish to find the optimal state process Xπ∗,c∗ with

random income termination. We can do this using the information we have obtained from the

algorithm and the no income solutions. We cannot directly compute v
(
t,Xπ∗,c∗

t

)
for t ∈ [0, T ],

as we do not have a functional representation of v. However, we do have ∂2xxv
(
t,Xπ∗,c∗

t

)
as

the output of our neural network, so if we have the optimal state and control processes, we
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T N vlow vhigh Diff Rel-Diff (%)

0.2 5 2.01057 2.01066 8.99222E-05 4.47246E-03

0.2 10 2.01054 2.01063 8.55058E-05 4.25287E-03

0.2 20 2.01057 2.01063 6.00701E-05 2.98772E-03

0.2 50 2.01061 2.01062 1.30984E-05 6.51462E-04

0.5 5 2.02652 2.02682 3.03732E-04 1.49879E-02

0.5 10 2.02654 2.02676 2.11323E-04 1.04278E-02

0.5 20 2.02648 2.02665 1.73093E-04 8.54166E-03

0.5 50 2.02637 2.02650 1.31536E-04 6.49120E-03

1.0 5 2.05333 2.05421 8.87694E-04 4.32320E-02

1.0 10 2.05337 2.05397 5.93055E-04 2.88821E-02

1.0 20 2.05327 2.05368 4.16821E-04 2.03005E-02

1.0 50 2.05307 2.05339 3.20542E-04 1.56128E-02

Table 4.8: Duality gap for the deep SMP method for various terminal timed T and numbers
of time steps N applied to the cone-constrained power utility problem with path dependent
volatility.

can plug these into our 2BSDE with Xπ∗,c∗,a replaced by Xπ∗,c∗ . Furthermore we note that, for

t ∈ [0, T ],

c∗
(
t,Xπ∗,c∗

t

)
= I

(
∂xv

(
t,Xπ∗,c∗

t

))
= I

(
∂xv

(
t,Xπ∗,c∗

t

))
(1τ>t + 1τ≤t)

= I
(
∂xv

(
t,Xπ∗,c∗,a

t

))
1τ>t + I

(
∂xv0

(
t,Xπ∗,c∗

t

))
1τ≤t

The first term is an output of our DC2BSDE algorithm, and the second can be computed

analytically (where we assume that τ is independent of W ). We have a similar result for π∗.

We can therefore simulate the value process and optimal state and control processes as follows.

Until the random time τ , we simulate the paths of Xπ∗,c∗ as we did for Xπ∗,c∗,a, and the same

for the value processes. Then, once the income terminates, we update the processes using the

optimal no-income controls. We can still use the neural network forming Γπ∗,c∗,a to update, we

just apply them at Xπ∗,c∗ instead of Xπ∗,c∗,a. Using this network assures us that the terminal

condition holds up to some small approximation error. To be specific, we use the following

scheme. The input is the parameters v0, z0, λi, θi from the (primal or dual) DC2BSDE method.
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Set X0 = x0, V0 = v0, Y0 = z0, (π0, c0) = Nθ0 (x0). Let τ ∼ EXP (η). Then for i = 0, . . . N − 1:

Γi = Nλi
(Xi) ,

Xi+1 = Xi +
[
Xi

(
rti + π⊤

i (µti − rti)
)
− ci + ati

]
h+Xiπ

⊤
i Σti∆Wi,

Vi+1 = Vi + [αVi − U (ci)]h+ YiXiπ
⊤
i Σti∆Wi,

Yi+1 = Yi +
[
αYi −

(
Yi
(
rti + π⊤

i (µti − rti)
)
+ ΓiXi|Σ⊤

ti
πi|2
)]
h+ ΓiXiπ

⊤
i Σti∆Wi,

(πi+1, ci+1) =

Nθi+1
(Xi+1) ti+1 < τ,

−Σ−1
t θt

(
∂xv0(ti+1,Xi+1)

∂2
xxv0(ti+1,Xi+1)Xi+1

, I (∂xv0 (ti+1, Xi+1))
)

otherwise,

where ∆Wi is a multivariate normalNd (0, (ti+1 − ti)1d) random variable. For the dual problem,

we can use a similar method, where we use the dual-primal relations, for t ∈ [0, T ],

Γπ∗,c∗

t =
1

Γ̃x̃∗,π̃∗,γ∗

t

,

π∗
t = −Σ−1

t θt
Γ̃x̃∗,π̃∗,γ∗

t X̃ x̃∗,π̃∗,γ∗

t

Ỹ x̃∗,π̃∗,γ∗

t

,

c∗t = I
(
−X̃ x̃∗,π̃∗,γ∗

t

)
,

where
(
X̃ x̃∗,π̃∗,γ∗

, Ỹ x̃∗,π̃∗,γ∗
, Γ̃x̃∗,π̃∗,γ∗

)
are the dual 2BSDE processes arising from the dual prob-

lem (2.45) for optimal dual controls (x̃∗, π̃∗, γ∗). Again, these controls are used before the

income terminates, and then we use the analytical no income controls.

4.2.2 Numerical Examples

4.2.2.1 Power Utility

We take m = 1, K = R and let r, σ, λ be constants. Consider the power utility case U1 (x) =

U (x) = xp/p, p < 1, p ̸= 0. Furthermore, suppose that η = 0, meaning that the income is

either non-terminating or zero. Then we can solve the HJB equation exactly using a suitable

ansatz for the value function. To this end, suppose that v has the form

v (t, x) = (x+ h (t) a)p
f (t)

p
, (t, x) ∈ [0, T ]× (0,∞)
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for some functions f and h to be determined. We can then write the optimal Markovian using

(2.37) controls as

π∗ (x, t) =
λ (x+ h (t) a)

σx (1− p)
, c∗ (x, t) = (x+ h (t) a) f (t)

1
p−1 .

Substituting these into the HJB equation (1.7), dividing by (x+ h (t) a)p−1 ̸= 0 and multiplying

by p, we have , for (t, x) ∈ [0, T ]× (0,∞),

0 = (x+ h (t) a)

(
f ′ (t)− δf (t) +

p

q
f (t)q + prf (t)− 1

2
λ2qf (t)

)
+ apf (t) (h′ (t)− rh (t) + 1) ,

where q = p
p−1

. Since this holds for all x, we must have

 f ′ (t)− δf (t) + p
q
f (t)q + prf (t)− 1

2
λ2qf (t) = 0

f (t) (h′ (t)− rh (t) + 1) = 0
(4.20)

with terminal conditions f (T ) = 1 and h (T ) = 0. To solve the first equation in (4.20), let

f (t) = g (t)1−p, then g satisfies a linear ODE

g′ (t) = kg (t)− 1 0 ≤ t ≤ T

g (T ) = 1,

where

k = (1− q) δ + qr +
1

2
λ2 (1− q) q.

The solution of this ODE is

g (t) =

(
1− 1

k

)
e−k(T−t) +

1

k
, 0 ≤ t ≤ T,

if k ̸= 0 and g (t) = T − t+1 otherwise. In particular, g (t) > 0 for all t, so f is strictly positive,

we can cancel it in the second equation of (4.20) to get an equation for h only. The solution is

(we assume r > 0)

h (t) =
1

r

(
1− e−r(T−t)

)
, 0 ≤ t ≤ T.
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This gives the value function as

v (t, x) =
1

p
C (T − t)1−p

(
x+

a

r

(
1− e−r(T−t)

))p
, (t, x) ∈ [0, T ]× (0,∞).

where C (t) =
(
1− 1

k

)
e−kt+ 1

k
. Note that the value function for a lifetime optimal consumption

problem can be derived by letting T tend to infinite, provided k > 0 or equivalently δ >

rp− 1
2
λ2q. We may find the primal and dual no-income value functions v0 and ṽ0 as

v0 (t, x) =
1

p
xpC (T − t)1−p ,

ṽ0 (t, x̃) = sup
x

{v0 (t, x)− xy} = −1

q
x̃qC (T − t) ,

for (t, x, x̃) ∈ [0, T ]× (0,∞)2. Note that the value function for the perpetual optimal consump-

tion problem can be derived by letting T → ∞, provided k > 0 or equivalently δ > 1
2
qλ2 − rp.

We use these functions to build the true optimal control processes.

We first provide a table of value approximations of the primal and dual algorithms. When

available, we compare these to analytical solutions. We also consider the duality gap relative

to the primal approximation. For this application we take the values δ = 0.1, r = 0.05, σ =

0.2, λ = 0.05, p = 0.5 and T = 1.0. Tables 4.11 and 4.12 show the approximations for varying

a, η and number of time steps N . The closed-form solution is 2.80532 when a = 0.1 and η = 0,

and 2.67777 when a = 0. For all cases we see a decrease in the duality gap that is linear with

the increasing number of time steps, however in some instances the dual value approximation is

below the solution. It is also notable that the introduction of a positive η improves the accuracy

of the algorithm. This may be due to the extra penalty terms in the Hamiltonian and process

dynamics, which help the training of the neural networks.

N Primal Value rel-err (%) Dual Value rel-err (%) duality gap (%)

5 2.66833 3.52523E-01 2.67541 8.80398E-02 2.65419E-01

10 2.67262 1.92247E-01 2.67657 4.47551E-02 1.47776E-01

20 2.67475 1.12496E-01 2.67716 2.26510E-02 8.99458E-02

50 2.67636 5.23836E-02 2.67754 8.48612E-03 4.39205E-02

Table 4.9: Results for a = 0, η = 0 for power utility.

Figure 4.7 shows how the value approximation behaves between these corner cases. Graph (a)
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N Primal Value rel-err (%) Dual Value rel-err (%) duality gap (%)

5 2.67389 1.44731E-01 2.67728 1.82146E-02 1.26700E-01

10 2.67575 7.53019E-02 2.67735 1.56624E-02 5.96844E-02

20 2.67659 4.37925E-02 2.67755 8.27258E-03 3.55354E-02

50 2.67725 1.91742E-02 2.67768 3.26298E-03 1.59143E-02

Table 4.10: Results for a = 0, η = 2 for power utility.

N Primal Value rel-err (%) Dual Value rel-err (%) duality gap (%)

5 2.79487 3.72507E-01 2.80100 1.53993E-01 2.19431E-01

10 2.79962 2.03185E-01 2.80312 7.84224E-02 1.24986E-01

20 2.80202 1.17634E-01 2.80420 3.99241E-02 7.78521E-02

50 2.80371 5.76122E-02 2.80501 1.11405E-02 4.64984E-02

Table 4.11: Results for a = 0.1, η = 0 for power utility.

shows the relation of the termination frequency η to the income a. We see that the value is

more sensitive to changes in the income size than the termination frequency. Graph (b) shows

the value approximation as the terminal time increases for different termination frequencies.

(a) Sensitivity of value to a and η.
(b) Initial value approximation against terminal
time for different values of η.

Figure 4.7: Sensitivity of initial value for power utility.

Figure 4.8 shows a sample path of the state, control, value and value derivative processes when

there is an income of a = 1.0 that terminates with intensity η = 2. This is the most general

case and as such there are no solution paths. The control choice changes from the neural
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N Primal Value Dual Value duality gap (%)

5 2.72674 2.72798 4.62485E-02

10 2.72996 2.73066 2.25402E-02

20 2.73167 2.73215 1.51645E-02

50 2.73284 2.73305 7.74071E-03

Table 4.12: Results for a = 0.1, η = 2 for power utility.

network control to the analytical control at the time indicated by the vertical dotted line.

For comparison, we add the paths when there is income, and where there is no income. The

state paths are the closed form solution paths, and the control paths are the solution functions

applied to the random income state path, so we can compare the functions directly.

(a) Simulation of the process X.
(b) Simulation of the control. Upper is c, lower is
π.

Figure 4.8: A sample path of random income state and control processes, T = 0.5, N = 20
with η = 2, a = 1.0 for power utility. The sample termination time is indicated by the vertical
dotted line.

Considering Figure 4.8 (b), we see a jump in the control at the termination time, to a more

conservative one where we do not invest as much and hold on to more wealth, rather than

consuming it. The result of this choice is that the wealth process increases compared to the

perpetual wealth, as per graph (a), to perhaps compensate for the income we are no longer

receiving.

Comparing the control to the benchmark cases, we see that the initial consumption and invest-

ment are lower than the perpetual benchmark control but, while the income has not terminated,
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gradually get closer. This makes sense intuitively, as both the probability of losing the income

and potential income lost reduce as time goes on.

An interesting property of this problem is that even if one starts with zero initial wealth, the

income allows us to generate wealth, and as such the agent’s value will not be zero. In Figure

4.9 we look at the limit of the initial investment and consumption strategy, value, and derivative

of the value as the initial wealth x0 goes to zero. Due to instability issues (and the benchmark

investment going to infinity), we cannot simply plug in zero into our algorithms, so we consider

sufficiently small values of x0 instead. We compare the initial terms for various valued of η,

while fixing a = 0.5. The lines corresponding to η = 0 and ∞ are calculated using the closed

form solutions evaluated at time zero. The two intermediate cases are found using our primal

DC2BSDE algorithm. We see that the physical amount consumed or invested decreased linearly

with the initial wealth, but is higher for smaller values of η, which corresponds to expecting to

receive income for longer. The value has a roughly square root relationship with initial wealth,

the same as the utility. The derivative process increases drastically at zero as η decreases,

indicating the stark difference between some initial wealth and no wealth when the income

terminates rapidly.

4.3 LQ Problem

In this section we provide numerics for the LQ problem (3.1).

4.3.1 Unconstrained

With the unconstrained problem, we know the controls are linear, so given some initialised

α0 ∈ C0 ([0, T ];Rm×n) and β0 ∈ C0 ([0, T ];Rm) we can implement (3.59) to get successive

controls ϕk, k ∈ N0.
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(a) Initial investment strategy. (b) Initial consumption strategy.

(c) Initial value. (d) Initial space derivative of value.

Figure 4.9: Initial control strategies and value for different initial wealths for power utility.

4.3.1.1 Implementation and an Example

Recalling (3.59), we are implementing the following update formula for k ∈ N0, t ∈ [0, T ]

αk+1
t = αk

t − τ
(
B⊤

t a
k
t +D⊤

t a
k
t

(
Ct +Dtα

k
t

)
+Rtα

k
t + St

)
,

βk+1
t = βk

t − τ
(
B⊤

t b
k
t +

(
D⊤

t a
k
tDt +Rt

)
βk
t

)
,

where ak, bk solve the ODE in s ∈ [0, T ]

ȧks + aks
(
As +Bsα

k
s

)
+ A⊤

s a
k
s + C⊤

s a
k
s

(
Cs +Dsα

k
s

)
+
(
Qs + S⊤

s α
k
s

)
= 0,

ḃks + A⊤
s b

k
s +

(
aksBs + C⊤

s a
k
sDs + S⊤

s

)
βk
s = 0.

(4.21)
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In the implementation, we solve these ODEs using an ODE solver in Python. It may be faster

to implement the update formulas (3.60) using a finite sum approximation

(1− Lαk)−1 ≈
M∑
j=0

Lj
αk ,

(1− LA)
−1 ≈

M∑
j=0

Lj
A,

for all k ∈ N0, for some sufficiently largeM ∈ N. Due to the complexity of the integral operators

we chose not to do this. We discretise the time space [0, T ] into a partition (ti)
N
i=0 for some

N ∈ N and output the optimal control evaluated at these time points. In our implementation

we will take ti = i T
N
. For the ODE solver, we need a function, not just discrete points, so we

use a piecewise constant approximation of αk and βk.

The algorithm will perform this update until a convergence criterion is reached. This is either

a maximum number of iterations, or if the algorithm does not improve enough over a single

iteration. In this case, as we have a benchmark solution, we can compare the error directly,

and deem the algorithm to converge if the relative error difference∣∣∣∣∣
∥∥αk − α̂

∥∥
∞ −

∥∥αk−1 − α̂
∥∥
∞

∥αk−1 − α̂∥∞

∣∣∣∣∣ , k ∈ N,

is sufficiently small.

An implementation of this algorithm in Python can be found at https://github.com/Ashley-Davey/

PGM-for-LQ-Problem

https://github.com/Ashley-Davey/PGM-for-LQ-Problem
https://github.com/Ashley-Davey/PGM-for-LQ-Problem
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Algorithm 6: Unconstrained Policy Gradient Method for LQ Problem

Result: Optimal control and value function

for i = 0, 1, 2, . . . , N − 1 do

Initialise α0
i ∼ Unif ([−0.1, 0.1]m×n) and β0

i ∼ Unif ([−0.1, 0.1]m);

Set k = 0;

end

while αk, βk not converged do

Solve ODEs (4.21) to output aki = akti and b
k
i = bkti for i = 0, 1, 2, . . . , N − 1;

Generate αk
i , β

k
i using (3.59) with t = ti for i = 0, 1, 2, . . . , N − 1;

Set k = k + 1;

end

Output control x 7→ αk
i x+ βk

i for i = 0, 1, 2, . . . , N − 1, and value function

x 7→ x⊤ak0x+ x⊤bk0;

For our implementation of the unconstrained problem we choose coefficients dependent on the

state dimension. We set each of A,B,C,D,Q, S to be a constant random matrix (with Q

symmetric), then scale by n
−3
2 . This scaling factor is used to ensure that the set of coefficients

satisfies the assumptions of our convergence analysis for each n, and was chosen by inspection.

Informally speaking, this scaling outweighs the increase in size of the matrices when the di-

mension increases, leading to smaller values of the drift and diffusion of X, along with Q and

S, and hence reducing the value function. We set G to be a random symmetric matrix, and

take R as the identity matrix, multiplied by some r ∈ N. Note that in the case of random

coefficients, the matrices Qs S⊤
s

Ss Rs

 , 0 ≤ s ≤ T

may not be positive definite. Indeed, one can simply test if the eigenvalues of this symmetric

matrix are positive, and more often than not this is not the case. However, there does not seem

to be any impact on the solvablilty of the problem, or convergence of the PPGM algorithm.

We set T = 1.0 throughout. The learning rate is chosen to be

τ = 0.9min

(
2

µ+ ∥R∥∞
,
µ+ ∥R∥∞
2µ∥R∥∞

)
,

in line with Assumption 1.
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Example 4.3.1. Let us first consider one problem with n = m = 10. For these coefficients, we

can calculate c∗ = 0.79. We test if this convergence rate is matched by the algorithm. We run

the algorithm for 80 epochs, with a total runtime of 7 seconds.

(a) Relative control error. (b) Relative control error (log scaled)

Figure 4.10: Relative control error of the unconstrained PGM method applied to the LQ
problem, compared to approximated and theoretical convergence rates.

Figure 4.10 numerically verifies the first statement of Theorem 3.5.10. We plot the relative

control error, given at epoch k ∈ N0 by

max
(
∥αk − α̂∥∞, ∥βk∥∞

)
∥α̂∥∞

.

and compare it to the theoretical error rate ĉk (multiplied by the initial error). The first graph

clearly shows the error going to 0. The second graph is log-scaled so we can see the decay more

closely.

We see that the error rate (the blue line) is lower than the theoretical rate (the orange dotted

line), as per Theorem 3.5.10(i). To see the tightness of our theoretical bound on the convergence

rate, we log-scale the error. From here, we can perform linear regression on the results (up to

the point where the error flattens out, at just over 70 epochs) to obtain a decay coefficient of

0.75 for our algorithm, given by the green dotted line. The error flattening out indicated that

the algorithm cannot produce more accuracy beyond standard numerical errors.

Figure 4.10 shows the error of the value function approximation. We see that the error is also

exponentially decaying, as it was for the control. The value matrix process ak is compared to

the solution, denoted here as a∗, of the Ricatti equation (3.99). We see that the log scaled
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(a) Value approximation. (b) Value function error (log scaled)

Figure 4.11: Value function approximation, in terms of initial value and error of the process ak

in L∞.

error flattens out faster than it did for the control error, suggesting that the value function

reached the terminal accuracy while the control process was still somewhat inaccurate. The

solution benchmark can be calculated as 7.41231 via solving the Ricatti equations, and the

value approximation in very accurate, with a final relative accuracy of 10−8.

Furthermore, the convergence in L∞ tells us that the sequence ak converges to a symmetric

matrix. However, for any particular k ∈ N0, a
k may be a non symmetric matrix, as it is defined

via a non-symmetric ODE (4.21).

4.3.1.2 Dimensionality

Example 4.3.2. We now consider changes in the dimensions n and m of the problem. As the

underlying coefficients depend on n ( in order to ensure the assumptions of the convergence

results hold) the accuracy of the algorithm artificially increases as n increases. We therefore

only consider the effect on the runtime. Figure 4.12 shows the effect of the runtime on the

dimension when we set n = m to range between 1 and 40. We log scale the results to see that

the runtime is not quite exponential in terms of dimension, but is still super-linear. This is

possibly due to the solving method for the underlying ODEs.
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(a) Run time against dimension. (b) Run time against dimension (log scaled)

Figure 4.12: Run time in seconds against dimension n = m.

4.3.1.3 Assumptions

We establish the details of Remark 14. To this end, let all coefficients other than R be fixed

and define

Rt = r1m,m, 0 ≤ t ≤ T,

for some r > 0. In this instance we have µ = r and ∥R∥∞ = r
√
m. Let K denote some

constant independent of r, whose precise definition may change from line to line. We can write

the previously defined constants as follows (excluding those independent of r, or not used in

the assumptions). Without loss of generality, we assume ϕ0 = 0.

c0 = Kr,

c7 = 1 +
K

r
,

c8 = K
(
1 + e

K
r

)
,

c9 = K (1 + Ca (cα)) ,

cα =
Ke

K
r

r
,

Ca (cα) = Ke
K
r
e
K
r

(
1 +

e
K
r

r

)
.
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The assumptions are then as follows (note that once r > 0 is chosen, τ can be chosen to satisfy

Assumption 1).

Kec7 ≤ c0,

Kc7e
c7 ≤ c0,

K (c9 + Ca (cα)) < c0,

K
(
eKcα (1 + Ca (cα)) (1 + cα)

)
≤ c0.

Taking the limit as r tends to infinity we see

c7 → 1,

c8 → K,

cα → K,

Ca (cα) → K,

c9 → K.

Therefore the left hand sides are bounded, and we may take r sufficiently large such that c0 is

larger than this bound.

Example 4.3.3. We fix n = m = 5 and consider the problem varying only the value of r. For

this problem there exist r1 > r2 > 0 such that in the region [r1,∞) all assumptions are satisfied,

in the region [r1, r2) at least one of the assumptions are not satisfied, typically one of (3.66). In

the region [0, r2) we have ĉ > 1, so we do not have any theoretical guarantees of convergence.

We numerically determine r1 = 0.61 and r2 = 0.16. Figure 4.13 (a) shows the final control error

of the algorithm for different values of r. We see in all cases the error is very small (note the

1e-6 scaling of the y axis). However, we also see a pattern of the error increasing between the

dotted line, which are placed at r1 and r2. In the right-most region where all assumptions are

satisfied, the graph is flat, in the middle region the error is decreasing in r, and in the left-most

region the error increases dramatically. We take r as small as possible without incurring any

errors in the underlying code, in this case r = 0.05.

Example 4.3.4. We now consider a case with r arbitrarily small. We cannot take r = 0 as

the PPGM method becomes chaotic. We take n = m = 1, and take r very small. The results

are given in Figure 4.13 (b). We see that for r smaller than some critical value rmin, that the
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algorithm does not accurately return the value at time 0, and appears to be chaotic. For this

particular example, it appears that the critical value is rmin = 0.000033.

(a) Control error vs r. (b) Value error vs r (log scaled).

Figure 4.13: Control error vs r for large values of r with m = 5, and values error against r for
small values of r with m = 1.

4.3.2 Constrained

4.3.2.1 Equivalence of PGM and DCBSDE

We consider the numerical application of the PPGM scheme. We cannot directly implement

the method, so we instead use approximating functions at each stage. Consider first the un-

constrained scheme, for k ∈ N0 and (t, x) ∈ [0, T ]× Rn,

ϕk+1
t (x) ..= ϕk

t (x)− τ
(
B⊤

t Y
t,x,ϕk

t +D⊤
t Z

t,x,ϕk

t +Rtϕ
k
t (x) + Stx

)
, (4.22)

where for given ϕ ∈ V the processes
(
X t,x,ϕ, Y t,x,ϕ, Zt,x,ϕ

)
∈ S2 (t, T ;Rn) × S2 (t, T ;Rn) ×

H2 (t, T ;Rn) are determined by the following FBSDE, for s ∈ [t, T ]

dX t,x,ϕ
s =

(
AsX

t,x,ϕ
s +Bsϕs

(
X t,x,ϕ

s

))
ds+

(
CsX

t,x,ϕ
s +Dsϕs

(
X t,x,ϕ

s

))
dWs,

X t,x,ϕ
t = x,

dY t,x,ϕ
s = −

(
A⊤

s Y
t,x,ϕ
s + C⊤

s Z
t,x,ϕ
s + S⊤

s ϕs

(
X t,x,ϕ

s

)
+QsX

t,x,ϕ
s

)
ds+

(
Zt,x,ϕ

s

)⊤
dWs,

Y t,x,ϕ
T = GX t,x,ϕ

T .

(4.23)
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We may not be able to exactly solve this FBSDE, so we do so numerically. One way to do it

is via machine learning. We can use the Deep BSDE algorithm Han et al. (2018) to determine

pathwise solutions (
Xj

i , Y
j
i , Z

j
i

)
i = 1, . . . , N, j = 1, . . . B.

for some discretisation size N and batch size B. We can then find, for i = 1, . . . , N and

j = 1, . . . , B,

ϕ̃j
i+1

..= ϕi

(
Xj

i

)
− τ

(
B⊤

ti
Y j
i +D⊤

ti
Zj

i +Rtiϕi

(
Xj

i

)
+ StiX

j
i

)
, (4.24)

however this does not give us a function to use in the next stage. We therefore need to use find

a functional approximation of ϕ̃i+1 given input-output data
(
Xj

i , ϕ̃
j
i+1

)B
j=1

for each i. We again

use ML for this, setting, for x ∈ Rn

ϕi (x) = Nθ (x) ,

ϕ̃i (x) = Nθ̃ (x, ) ,

for some parameter sets θ, θ̃. We have the loss function

L (θ) =
B∑
j=1

∣∣∣Nθ

(
Xj

i

)
− ϕ̃j

i+1

∣∣∣2 ,
and then perform the gradient descent

θ̃ = θ − ρ∂θL (θ)

= θ − 2ρ
∑
j

(
∂θNθ

(
Xj

i

)) (
Nθ

(
Xj

i ,
)
− ϕ̃j

i+1

)
= θ − 2ρ

∑
j

(
∂θNθ

(
Xj

i ,
)) (

Nθ

(
Xj

i

)
− ϕi

(
Xj

i

)
+ τ

(
B⊤

ti
Y j
i +D⊤

ti
Zj

i +Rtiϕi

(
Xj

i

)
+ StiX

j
i

))
= θ − 2τρ

∑
j

(
∂θNθ

(
Xj

i ,
)) (

B⊤
ti
Y j
i +D⊤

ti
Zj

i +Rtiϕi

(
Xj

i

)
+ StiX

j
i

)
=.. θ − µ

∑
j

(
∂θNθ

(
Xj

i ,
))
∂ϕH

(
ti, X

j
i ,Nθ

(
Xj

i ,
)
, Y j

i , Z
j
i

)
= θ − µ

∑
j

∂θH
(
ti, X

j
i ,Nθ

(
Xj

i ,
)
, Y j

i , Z
j
i

)
.

This is exactly the update in the DC2BSDE.



160 Chapter 4. Numerical Examples

In the constrained case we do not apply the proximal function at each stage. Instead we imple-

ment soft-constraints: we add an additional function to the loss function that is proportional

to the distance of the control from the constraint space. To be specific, we perform the update

θ̃ ..= θ − µ
∑
j

∂θ
[
H
(
ti, X

j
i ,Nθ

(
Xj

i ,
)
, Y j

i , Z
j
i

)
+ dist

(
Nθ

(
Xj

i ,
)
, U
)]
.

This update does not guarantee that at any stage our control satisfies the control constraints,

but in the limit we should have a control within the constraint space.

We run the algorithm with a certain learning rate µ until a convergence criterion is met, either a

maximum number of iterations, or if the BSDE and control losses are (on average) not changing

with iteration step. In practise we take a linear regression of the last 50 iteration steps for both

losses, and check if the linear coefficients are sufficiently small.

Example 4.3.5. Let us consider the cone constraint U = [0,∞)m. We choose our coefficients

to have time dependence in this example, so there are periods where the optimal control is in

the interior of the space and others where it is on the boundary. We set, for t ∈ [0, T ],

At = Ã sin (2πt)

Bt = B̃ cos (2πt) ,

Ct = C̃ cos (2πt) ,

Dt = D̃ sin (2πt) ,

for some arbitrary matrices Ã, B̃, C̃, D̃ in the appropriate dimensions, scaled by n−3/2. We take

Q,S to be constant matrices, scaled by n−3/2, with Q symmetric, G as a symmetric matrix

and R to be a constant identity matrix multiplied by some constant r > 0. Given this cone

constraint, we use benchmark solutions given by solving the Ricatti equations derived in Wu

et al. (2020). To agree with these equations, we take n = 1. Figures 4.14, 4.15 and 4.16 show

the results. We take N = 50, T = 1.0 and m = 1. We use the learning rate µ = 0.01.

Figure 4.14 shows the evolution of the relative error of the value approximation and (derivative

of) the control loss over the algorithm. We see that there is more variation in the error here

than in the ODE based PGM for the unconstrained case, due to the stochastic gradient descent

adding extra volatility to the approximates. We see the derivative of the control loss goes to
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zero as expected for a machine learning, and the relative error becomes small.

Figure 4.15 shows the accuracy of the state and control process approximations. We see that

our approximations of the state and control process closely match the benchmark solutions.

As previously mentioned, the control process moves out of the constraint space, but only by a

small amount. Once we have the output control process, we can project this onto the constraint

space to fix this issue.

Figure 4.16 shows the accuracy of the approximation of the value and adjoint processes V u

and Y u respectively, suggesting good approximation capabilities of the algorithm for the value

function and its derivative.

(a) Relative error of value against iteration step
(log scaled).

(b) Control loss against iteration step (log scaled).

Figure 4.14: Relative Error and control loss function against iteration step for the cone con-
strained LQ problem.

(a) State process (b) Control process.

Figure 4.15: 3 Simulations of the state and control process for the cone constrained LQ problem.
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(a) Value process (b) Adjoint process.

Figure 4.16: 3 Simulations of the value and adjoint processes for the cone constrained LQ
problem.

4.3.2.2 Dimensionality

Example 4.3.6. We again consider the effect of on the runtime of the algorithm. In this

instance, we will only increase m. Unlike the previous, we do not get an artificial increase in

the accuracy of the algorithm, as the coefficients do not scale with m, the scaling only depends

on n which is set to 1. We set N = 10 and T = 1. To reduce the impact of dimension on the

optimal control and solution, we take all coefficients (other than R) to be constants, with 0.1 in

each element. In this case, the optimal control is identically equal to 0, and the optimal state

process is independent of m. It is therefore clearer to see the impact of dimension on the error

of the algorithm. We use a piecewise constant learning rate, starting at µ = 0.1 and reducing

to 0.01 halfway through the (maximum) 3000 iteration steps.

Figure 4.17 shows the results. We see an increase in runtime and relative error with dimension,

as is to be expected. Due to the stochastic nature of the algorithm, it is not clear to see the

exact relationship between the two. Due to the additional complexity of the algorithm, the

runtime is a factor of ten higher than the unconstrained algorithm.

4.3.2.3 Neural Network Approximation Capabilities

Finally, we consider the m = n = 1 unconstrained case and look at the control process at a

specific time point. We take N = 50 and consider the penultimate time point tN−1 = 0.98. To

capture a wider control space, we run the algorithm at two start points, x0 = 1 and x0 = 2.
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(a) Run time against dimension. (b) Relative error of value again dimension.

Figure 4.17: Runtime and accuracy against control dimension for the cone constrained LQ
problem.

Figure 4.18 shows the results. The back ground dotted lines indicate the density of XtN−1
, and

a large value would indicate a high amount of X data is used in training, so the accuracy of

the control function should be high. We indeed see that in the regions that the density is high,

the control approximations in blue and orange for x0 = 1 and x0 = 2 respectively are accurate,

but move away from the solution (red) at points with low densities. Note that the state space

does not pass x = 0 as the optimal state process is a geometric Brownian motion.



164 Chapter 4. Numerical Examples

Figure 4.18: Control neural network and solution function at t = 0.98 for the unconstrained
LQ problem.



Chapter 5

Conclusions

In this thesis we developed methods for solving stochastic control problems using techniques

from machine learning, stochastic analysis and duality theory. Our novel approach involves

solving optimality conditions to find the optimal control, using BSDE solutions of the adjoint

equation, and the BSDE representation of the HJB equation.

To study convergence of this algorithm, we convert our so-called DC2BSDE algorithm into a

theoretical PPGM algorithm. The existing literature for convergence of this kind of algorithm

does not cover our case, as there is control in the diffusion of the state. For the linear quadratic

problem, we establish sufficient conditions under which the control induced by the PPGM

converges linearly to the optimal control.

This thesis is contained with a very active research area, and there are a number of outstanding

open problems that are left for further research.

� The dual problem for the utility maximisation problem was presented in the 1-dimensional

state space case. The dual problem can also be established in the case that the state space

is multidimensional, but the Brownian motion is one dimensional, for example the linear

quadratic problem. However a dual problem in the general case, and for a more general

class of problems, is yet to be established.

� The machine learning method can be adapted to suit a number of control problems,

as we have seen for the Heston problem and the investment consumption problem with

randomly terminating income. It will be interesting to see how this methodology can be

165
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applied in future to a wider range of problems, perhaps with less model-specific stricture

as we have seen in our implementation.

� We present a number of sufficient conditions for convergence of the PPGM method for a

linear quadratic problem. It would be interesting to see if these conditions can be relaxed,

or how they extend to a more general class of problems.
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Appendix A

Additional Material

A.1 Auxiliary Results

In this section we present results that are used throughout the convergence analysis.

Theorem A.1.1 (Young Inequality). Let p, q ∈ [1,∞) such that 1
p
+ 1

q
= 1. Given a, b ∈ R

and ϵ > 0 we have

ab ≤ ϵaq

q
+

bp

ϵp−1p
.

Theorem A.1.2 (Holder Inequality). Let (S, σ, µ) be a measure space and let p, q ∈ [1,∞] with

1
p
+ 1

q
= 1. Then for all measurable f ∈ Lp (S) and g ∈ Lq (S)

∥fg∥1 ≤ ∥f∥p∥g∥q.

Theorem A.1.3 (Burkholder-Davis-Gundy Inequality). For all p ≥ 0 there exist positive

constants Kp, kp such that, for all t ≥ 0 and continuous local martingales M = (Ms)s∈[0,t] we

have

kpE
[
⟨M⟩

p
2
t

]
≤ E

[
sup
0≤s≤t

|Mt|p
]
≤ KpE

[
⟨M⟩

p
2
t

]
,

where ⟨M⟩ is the quadratic variation of M .

Theorem A.1.4 (BSDE functional representation, Zhang (2017) Theorem 5.1.3). Let b : [0, T ]×

Rn → Rn, σ : [0, T ]×Rn → Rn, f : [0, T ]×Rn×Rn×Rn → Rn and g : Rn → Rn be deterministic
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uniformly Lipschitz functions, with b (·, 0), σ (·, 0), and f (·, 0, 0, 0) uniformly bounded. Suppose

further that b, σ and f are uniformly Holder
(
1
2

)
continuous in t. Fix t ∈ [0, T ] and consider

the BSDE, for any x ∈ Rn, s ∈ [t, T ],

X t,x
s = x+

∫ s

t

b
(
r,X t,x

r

)
dr +

∫ s

t

σ
(
r,X t,x

r

)
dWr,

Y t,x
s = g

(
X t,x

T

)
+

∫ T

s

ft
(
X t,x

r , Y t,x
r , Zt,x

r

)
dr +

∫ T

s

Zt,x
r dWr.

Then there exists a version (Y t,x, Zt,x) for each x such that the mapping

(ω, s, x) 7→
(
Y t,x
s (ω) , Zt,x

s (ω)
)
, (ω, s, x) ∈ Ω× [t, T ]× Rn,

is Ft-progressively measurable.

Theorem A.1.5 (Blumenthal’s 0-1 Law). Suppose that X = (Xt)t≥0 is an adapted right con-

tinuous Feller process on a probability space (Ω,F , {Ft}t≥0,P) such that X0 is constant with

probability one. Let FX
t := σ (Xs; s ≤ t) and FX

t+ :=
⋂

s>t FX
s . Then any event in Λ ∈ FX

0+ has

either P (Λ) = 0 or P (Λ) = 1.

Theorem A.1.6 (Stationary point characterisation, Reisinger et al. (2022) Theorem 3.10). Let

(X, || · ||X) be a Hilbert space, F : X → R be a differentiable function and F̃ : X → R∪ {∞} be

a proper, lower semicontinuous and convex function. Let x∗ ∈ X such that F̃ (x∗) < ∞. Then

x∗ is a stationary point of F + F̃ if and only if for all τ > 0

x∗ = proxτF̃ (x∗ − τ▽F (x∗)) ,

where, for all x ∈ X, proxτF̃ (x) = argminz∈X

(
1
2
||z − x||X + τ F̃ (z)

)
.

Theorem A.1.7 (Zhang (2017) Theorem 3.4.3). Consider the following n-dimensional SDE.

Xt = η +

∫ t

0

bs (Xs) ds+

∫ t

0

σs (Xs) dWs, 0 ≤ t ≤ T,

where η ∈ L0 (Rn), and the functions b : Ω × [0, T ] × Rn → Rn and σ : Ω × [0, T ] × Rn → Rn

are measurable. Let p ≥ 2. Assume the following:

1. b and σ are uniformly Lipschitz in x, with Lipschitz coefficient L.
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2. η ∈ L2 (Rn), and the processes b0 ..= b (0) and σ0 ..= σ (0) satisfy

E

[(∫ T

0

|b0t |dt
)p

+

(∫ T

0

|σ0
t |2dt

) p
2

]
<∞.

Then there exists C = C (p, T, L, n) ≥ 0 such that

E

[
sup

t∈[0,T ]

|Xt|p
]
≤ CE

[
|η|p +

(∫ T

0

|b0t |dt
)p

+

(∫ T

0

|σ0
t |2dt

) p
2

]
.

Theorem A.1.8 (Rademacher’s Theorem). Let E ⊂ Rm be open, and f : E → Rn Lipschitz.

Then f is differentiable almost everywhere on E.

The next two Theorems concern estimates on the S2 andH2 norms of SDE and BSDE solutions.

Theorem A.1.9 (Zhang (2017), Theorem 3.2.2). Consider the following n-dimensional SDE.

Xt = η +

∫ t

0

bs (Xs) ds+

∫ t

0

σs (Xs) dWs, 0 ≤ t ≤ T,

where η and the functions b : Ω× [0, T ]×Rn → Rn and σ : Ω× [0, T ]×Rn → Rn are measurable.

Assume the following:

1. bs and σs are uniformly Lipschitz in x for all s ∈ [0, T ] with Lipschitz coefficients Lb and

Lσ.

2. η ∈ L2 (Rn), and the processes b0 ..= b (0) and σ0 ..= σ (0) satisfy

E

[(∫ T

0

|b0t |dt
)2

+

(∫ T

0

|σ0
t |2dt

)]
<∞.

Then there exists C = CSDE (Lb, Lσ) ≥ 0 such that

E

[
sup

t∈[0,T ]

|Xt|2
]
≤ CE

[
|η|2 +

(∫ T

0

|b0t |dt
)2

+

(∫ T

0

|σ0
t |2dt

)]
.

Theorem A.1.10 (Zhang (2017), Theorem 4.2.1). Consider the following BSDE.

Yt = ξ +

∫ T

t

fs (Ys, Zs) ds−
∫ T

t

ZsdWs,
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where Y ∈ S2 (Rn), Z ∈ H2 (Rn) and f : Ω × [0, T ] × Rn × Rn → Rn is measurable. Assume

the following:

1. f is uniformly Lipschitz in (y, z) with Lipschitz constants LY and LZ respectively.

2. ξ ∈ L2 (Rn), and f 0 ..= f (0, 0) satisfies

E

[(∫ T

0

|f 0
t |dt

)2
]
<∞.

Then there exists C = CBSDE (LY , LZ) ≥ 0 such that

E

[
sup

t∈[0,T ]

|Yt|2 +
∫ T

0

|Zt|2dt

]
≤ CE

[
|ξ|2 +

(∫ T

0

|f 0
t |dt

)2
]
.

The following is a consequence of (Nesterov, 2003, Theorem 2.1.12), and we provide an adapted

proof for this sepcial case.

Lemma A.1.11. Define f : Rm → R by f (u) = 1
2
u⊤Atu, for some A ∈ C0([0, T ];Rm×m)

satisfying Atsuccµ > 0 for all t. Then for any u1, u2 ∈ Rm

(u1 − u2)
⊤ (▽f (u1)− ▽f (u2))

≥ µ∥A∥∞
µ+ ∥A∥∞

|u1 − u2|2 +
1

µ+ ∥A∥∞
|▽f (u1)− ▽f (u2) |2.

(A.1)

Proof. We have ▽f (u) = Atu, and f is µ-strongly convex in u and ▽f is ∥A∥∞-Lipschitz in u.

Define a convex function g : Rm → R by

g (u) = f (u)− 1

2
µ|u|2, u ∈ Rm.

Then ▽g (u) = (▽f (u)− µ1m) u for u ∈ Rm, where 1m ∈ Rm is a vector of ones. Note that, as

At ≻ µ1m, for any u ∈ Rm we have

µ|u|2 ≤ u⊤Atu ≤ ∥A∥∞|u|2.

Hence µ ≤ ∥A∥∞. In particular, ▽g is (∥A∥∞ − µ) - Lipschitz. If ∥A∥∞ − µ = 0, then

we must have A = 1mµ and the result follows immediately from substitution, so suppose
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that ∥A∥∞ − µ > 0. As ▽g is Lipschitz, by (Nesterov, 2003, Theorem 2.1.5) an equivalent

characterisation for the convexity of g is that for any u1, u2 ∈ Rm

(▽g (u1)− ▽g (u2))
⊤ (u1 − u2) ≥

1

∥A∥∞ − µ
|▽g (u1)− ▽g (u2) |2.

By plugging in the definition of g and rearranging, we see that this condition is equivalent to,

for any u1, u2 ∈ Rm,

(
1− 2µ

∥A∥∞ − µ

)
(u1 − u2)

⊤ (▽f (u1)− ▽f (u2))

≥
(

µ2

∥A∥∞ − µ
− µ

)
|u1 − u2|2 +

1

∥A∥∞ − µ
|▽f (u1)− ▽f (u2) |2,

from which (A.1) follows.

We proceed to show the Malliavin differentiability of
(
X t,x,ϕ

s , Y t,x,ϕ
s , Zt,x,ϕ

s

)
for any t ∈ [0, T ],

x ∈ Rn, ϕ ∈ V and s ∈ [t, T ]. Since the function ϕ is non-differentiable, we will use its

generalised derivative, which is given as the weak limit of the derivative of mollifiers of ϕ.

Note that, by Rademancher’s Theorem (Theorem A.1.8), for any s ∈ [0, T ] the function ϕs is

differentiable almost everywhere, and this derivative coincides with δϕs. Furthermore, as ϕ is

Lipschitz, for any s ∈ [0, T ] we have |δϕs (x) | ≤ [ϕ]1 almost everywhere.

Proof of 3.4.2. We want to apply Theorem 1.6.3 at X = X t,x,ϕ. Given the definition (3.10) of

the SDE, we have , for s ∈ [t, T ], and x̃ ∈ Rn

η = x,

bs (x̃) = Asx̃+Bsϕs (x̃) ,

σs (x̃) = Csx̃+Dsϕs (x̃) .

Since ϕ is Lipschitz and integrable, the conditions of Theorem 1.6.3 are satisfied. Since ϕ is

not assumed to be differentiable, we take the generalised derivative, denoted by δϕ. The result
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follows by Theorem 1.6.3 and we can write, for t ≤ s ≤ T ,

DtX
t,x,ϕ
s = Ctx+Dtϕt (x)

+

∫ s

t

(
Ar +Brδϕr

(
X t,x,ϕ

r

))
DtX

t,x,ϕ
r dr

+

∫ s

t

(
Cr +Drδϕr

(
X t,x,ϕ

r

))
DsX

t,x,ϕ
r dWr.

(A.2)

Proof of 3.4.3. We wish to apply Theorem 1.6.4 to
(
Y t,x,ϕ, Zt,x,ϕ

)
. Using the definition (3.10)

of the BSDE, we have, for s ∈ [t, T ] and y, z ∈ Rn,

ξ = GX t,x,ϕ
T ,

fs (y, z) = A⊤
s y + C⊤

s z + S⊤
s ϕs

(
X t,x,ϕ

s

)
+QsX

t,x,ϕ
s .

Since X t,x,ϕ
s ∈ D1,2 (Rn), and using the chain rule we have, for s ∈ [t, T ] and y, z ∈ Rn,

Dtξ = GDtX
t,x,ϕ
T ,

Dtfs (y, z) =
(
S⊤
s δϕs

(
X t,x,ϕ

s

)
+Qs

)
DtX

t,x,ϕ
s .

We want to show that Dtξ and Dtfs (y, z) have sufficient integrability properties. Firstly, as

ϕ is Lipschitz,
∣∣δϕs

(
X t,x,ϕ

s

)∣∣ ≤ [ϕ]1 almost surely for all s ∈ [t, T ]. We therefore only need

integrability estimates of DtX
t,x,ϕ
s . Let us apply Theorem A.1.7 to

(
DtX

t,x,ϕ
s

)
s∈[t,T ]

. Using the

definition (A.2), we have, for s ∈ [t, T ] and x̃ ∈ Rn,

η = Ctx+Dtϕt (x) ,

bs (x̃) =
(
As +Bsδϕs

(
X t,x,ϕ

s

))
x̃,

σs (x̃) =
(
Cs +Dsδϕs

(
X t,x,ϕ

s

))
x̃.

As δϕs

(
X t,x,ϕ

s

)
is bounded a.s., the conditions of Theorem A.1.7 are satisfied, hence for any

p ≥ 2, there exists Kp ≥ 0 such that

E
[∣∣DtX

t,x,ϕ
s

∣∣p] ≤ KpE [|η|p] ≤ Kp (∥C∥∞ + ∥D∥∞[ϕ]1)
p |x|p <∞. (A.3)
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We can now verify the conditions of Theorem 1.6.4 for
(
Y t,x,ϕ, Zt,x,ϕ

)
.

1. As X t,x,ϕ ∈ Sp (t, T ;Rn) for all p ≥ 2, this condition is satisfied.

2. fs (ω, ·, ·) is linear for any (s, ω) ∈ [t, T ]× Ω, hence continuously differentiable.

3. fs (y, z) ∈ D1,2 (Rn) for any (s, y, z) ∈ [t, T ] × Rn × Rn as X t,x,ϕ
s ∈ D1,2 (Rn) and ϕ is

Lipschitz, and we have

E
[∫ T

t

|f 0
s |4ds

]
= E

[∫ T

t

|S⊤
s ϕs

(
X t,x,ϕ

s

)
+QsX

t,x,ϕ
s |4ds

]
<∞,

as X t,x,ϕ ∈ S4 (t, T ;Rn). Using the chain rule, we have

(Dtf)s (y, z) =
(
S⊤
s δϕs

(
X t,x,ϕ

s

)
+Qs

)
DtX

t,x,ϕ
s , t ≤ s ≤ T.

4. We have, for any r ∈ [t, T ]

E
[∫ T

t

|Dsξ|2ds
]
= E

[∫ T

t

|GDsX
t,x,ϕ
T |2ds

]
<∞,

E
[∫ T

t

| (Dsf)r
(
Y t,x,ϕ
r , Zt,x,ϕ

r

)
|2ds

]
= E

[∫ T

t

|
(
S⊤
r δϕr

(
X t,x,ϕ

r

)
+Qr

)
DsX

t,x,ϕ
r |2ds

]
<∞.

5. Since (Dsf)t (y, z) is independent of (y, z) ∈ Rn × Rn for any s ∈ [t, T ], this condition is

automatically satisfied with Ks,t = 0.

Therefore, by Theorem 1.6.4 we have Y t,x,ϕ
s , Zt,x,ϕ

s ∈ D1,2 (Rn) for all s ∈ [t, T ] and

DtY
t,x,ϕ
s = GDtX

t,x,ϕ
T

+

∫ T

t

(
A⊤

s DtY
t,x,ϕ
s + C⊤

s DtZ
t,x,ϕ
s +

(
S⊤
s δϕs

(
X t,x,ϕ

s

)
+Qs

)
DtX

t,x,ϕ
s

)
ds

−
∫ T

t

DtZ
t,x,ϕ
s dWs.

(A.4)
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A.2 List of Constants

For reference, we provide the definitions of all constants used in Chapter 3.

Constants for Section 3.4

c̃1 = CBSDE (∥A∥∞, ∥C∥∞) ,

c̃2 = CSDE (∥A∥∞, ∥C∥∞) ,

c̃3 =
1

2

(
∥B∥2∞T + ∥D∥2∞

)
,

c̃4 = |G|+ ∥Q∥∞T,

c̃5 = ∥S∥∞,

c̃6 =
√
c̃1c̃2c̃4,

c̃7 =
√
c̃1c̃2c̃5T,

c̃8 = c̃6∥C∥∞ +
1

2
(c̃6∥C∥∞ + c̃7∥D∥∞)2 ,

c̃9 = c̃7∥D∥∞ +
1

2
(c̃6∥C∥∞ + c̃7∥D∥∞)2 ,

c̃10 = max

(
T c̃3[ϕ

0]1,
T c̃3∥S∥∞ + 3c0

c0

)
,

c̃11 = ∥S∥∞ +
(
∥B∥∞c̃6ec̃

2
10 + ∥D∥∞c̃7

)
ec̃

2
10 + ∥D∥∞CL

(
c̃10
T c̃3

)
,

M
(
ϕ0
)
= [ϕ0]1 +

c̃11
c0
,

ĉ = (1− 2τc0) + τ
(
∥B∥∞CY

(
CK ,M

(
ϕ0
)
,M

(
ϕ0
))

+ τ∥D∥∞CZ

(
CK ,M

(
ϕ0
)
,M

(
ϕ0
)))
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Constants for Section 3.5

c1 = 2∥A∥∞ + ∥C∥2∞,

c2 = ∥B∥∞ + ∥C∥∞∥D∥∞,

c3 = |G|+ T∥Q∥∞,

c4 = T∥S∥∞,

c5 = c3∥C∥∞ +
1

2
(c3∥C∥∞ + c4∥D∥∞)2 ,

c6 = c4∥D∥∞ +
1

2
(c3∥C∥∞ + c4∥D∥∞)2 ,

c7 = max

(
c2T [ϕ

0]1,
c2T∥S∥∞ + c0

c0

)
,

c8 = ∥S∥∞ +
(
∥B∥∞c3 + ∥D∥∞c5ec1T+c7

)
,

c9 = Te∥A∥∞T (c2Ca (cα) + ∥S∥∞) ,

c10 = (1− 2τc0) + τ
(
c9 + ∥D∥2∞Ca (cα)

)
,

cα = [ϕ0]1 +
c8
c0
,

cβ = ∥β0∥∞,

ĉ = (1− 2τc0) + τ∥B∥∞CY (cβ, cα, cα) + τ∥D∥∞CZ (cβ, cα, cα) .
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