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Abstract

The prediction of laminar boundary layer transition is still under intensive investiga-
tions in the fluid instability community, particularly when complicated factors (e.g
realistic geometries) are involved. In this thesis we introduce an open-source and
unified framework for boundary layer transition analysis at transonic conditions and
over wing sections where surface irregularities may present. Different computational
tools are integrated in the framework, and therefore overcomes the difficulties of two
separate and usually quite disparate processes, i.e. the computation of baseflow and
disturbances, when using e’V transition prediction method.

To reduce the computational cost, a near-body reduced domain is adopted with
boundary conditions enforced to be compatible with a computationally cheaper
three-dimensional (3D) RANS simulation. It is desirable to enforce a consistent
pressure distribution. However, the pressure compatibility is not typically the case
when using the standard Riemann inflow boundary condition, while not all modified
boundary condition enforcements lead to a stable simulation. We therefore revisit
the Riemann problem adopted in many DG-based high-fidelity formulations and
develop a useful analysis approach to construct boundary conditions for the inviscid
term based on a linearized one-dimensional model. In-depth analysis and results are
also presented.

We next apply this analysis framework to investigate the transition performance
using a wing section of CRM-NLF model for both clean and gapped geometries.
In 3D gapped case, we find self-sustained oscillations in the small-sized gap which
excites travelling waves. An incompressible swept plate flow is simulated to inves-
tigate the hydrodynamic instability that drives the oscillation inside the gap. It is
found that the traveling waves correspond to a BiGlobal mode inside the gap and
possess a convective nature. This new discovery suggests the presence of different
physics compared with a gapped non-swept case, and thus motivates our in-depth
investigations in future works.
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Chapter 1

Introduction

1.1 The call for sustainable aviation

Aviation is considered one of the greatest achievements in human history that brings
global connectivity physically and efficiently. The growth of passengers in commer-
cial aviation has been remarkable over the past few decades. However, side effects
come along with the prosperity. Although the average fuel consumption has signifi-
cantly decreased since 1968 [1, 2|, this growing demand keeps consuming more fuel
in total [3] and generating more waste emissions including COq, NOy, and ete. [4]
(at least before the COVID-19 pandemic while the aviation sector recovers quickly
according to the International Air Transport Association (IATA) [5]). As climate
change has become an increasingly pressing concern in recent years, finding solu-
tions to address this issue has gained widespread recognition and urgency. This
leads to a growing call for sustainability in the aviation sector. Massive investment
is made in new technologies to reduce the environmental footprint of aviation, in-
cluding sustainable fuel [6, 7], hydrogen turbofan [8, 9], battery/fuel cells [10], full
electrification [9], light-weight composite [11], and etc.

In spite of the above new contributions towards sustainable aviation, however,
it is also of great significance to seek for improvement by revisiting its fundamen-
tal: aerodynamics. One of the main goals of this subject is to harvest certain lift
more efficiently, i.e. with lower drag and consequently lower fuel consumption by
the engines. The drag of an commercial airliner have several sources, where the
friction drag typically accounts for approximately 50% of the total drag [12, 13].
Aerodynamic designs with lower skin friction are therefore a topic of interest.

Over the long history of aerodynamics, scientists have already developed an in-
depth understanding in macroscopic level from low speed to high speed flows. Nev-
ertheless, many detailed mechanisms are not yet fully clear and more importantly,
utilizable, which prevents engineers further optimizing the designs. Specifically, in
terms of the the friction drag, it can be five times higher after the smooth laminar
boundary flows loose their stability and evolve to chaotic turbulence [14], known
as laminar flow transition. A good aerodynamic design of an airliner is therefore
closely dependent on the correct prediction of transition onset of external boundary
layer flows and subsequent turbulence features. However, the numerous mechanisms
and their complex interactions behind flow transition are still the topic of intensive
research in the community.
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1.2 Boundary layer transition over wings

1.2.1 Laminar boundary layer transition

Laminar boundary layer transition initiates with a receptivity process where envi-
ronmental disturbances get into boundary layer. The environmental disturbances
can come from both the freestream and wall. For compressible flows, sources of
freestream disturbances include acoustic waves, vortivity waves (or turbulence), and
entropy waves [15, 16]. These waves are associated with different fluctuations. The
acoustic waves come from pressure fluctuations and travel at the speed of sound with
respect of the flow. The freestream turbulent velocity fluctuations are accounted for
in the vorticity waves, and the entropy waves include temperature and density fluc-
tuations at a constant pressure. Both vorticity waves and entropy waves travel with
the flow [17, 18]. As for the disturbances from the wall, they can be generated either
dynamically or statically. The dynamic disturbances come from mechanical motion,
such as vibration and blowing-suction, while surface irregularities, either discrete
or distributed, are considered as a kind of static disturbance. The aforementioned
disturbances excite disturbances inside the boundary layer through different and
complex mechanisms. It is discovered that the dynamic wall disturbances directly
resonate with the boundary layer instabilities due to its broad wavenumber spec-
trum, while the freestream disturbances energize the boundary layer in the region
with large streamwise variation, e.g. near leading edge or surface irregularities [15].

According to different environmental disturbance conditions the transition pro-
cess can vary from gradual to abrupt. Fig. 1.1 summarizes five transition paths and
related mechanisms. In transition path A the initial disturbances first experience
linear growth, which is typically weak and well described by Linear Stability Theory
(LST) of primary modes [15]. It is then followed by rapid non-linear growth through
secondary mechanisms, where three-dimensional effects play a role and spanwise vor-
ticities are formed. The disturbances breakdown shortly downstream. Compared
with the linear growth region, the non-linear region is much shorter in the stream-
wise direction. This enables the transition prediction based on the computation
of the linear growth of disturbances. A requirement for boundary layer transition
following path A is low environmental disturbance level. The transition process
following path A is referred to as natural transition. On the other hand, if the
environmental disturbances are strong enough, the linear growth stage will be by-
passed. The receptivity stage can also be followed by the breakdown to turbulence,
which is depicted by path E. This process is known as bypass transition. In the
middle of paths A and E are path B, C, and D, which are characterized by transient
growth of disturbances. The transient growth is caused by the interaction of two
non-orthogonal, stable modes, leading to an algebraic growth and exponential de-
cay. Having experienced the transient mechanisms, the transition process can keep
following the linear growth, or directly be led to the non-linear growth stage or the
breakdown stage depending on the strength of the environmental disturbances.

At the typical cruise condition of a commercial airliner, the atmosphere is steady
and quiet. The environmental disturbances is so weak (i.e. the freestream turbulence
intensity is less than 1% [19]) that the boundary layer transition over the wings
usually follows the natural transition in path A [20]. In the linear growth stage,
the disturbances develop in form of primary modes (or instabilities), whose detailed
description are given in the next section.
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Figure 1.1: Different paths for laminar flow transition to turbulence [15].

1.2.2 Boundary layer instabilities

Laminar boundary layer natural transition follows path A in Fig. 1.1. This process is
dominated by the linear growth stage, where small disturbances exponentially grow
as primal modes of instability. In this section four critical instabilities are intro-
duced, including Tollmien-Schlichting instability, crossflow instability, attachment
line instability, and centrifugal instability.

1.2.2.1 Tollmien-Schlichting (TS) instability

The well-known Tollmien-Schlichting (TS) instability is named after the two main
contributors for their first prediction. However, this instability has not come into
observation until Schubauer and Skramstad’s experiment in 1943 [21, 22]. The TS
instability is a kind of viscous instability, where the viscosity destabilizes the flow
rather than having a stabilizing effect. The TS instability occurs when the flows
exhibit 2D characteristics, such as a boundary layer over a straight wing or at the
mid-chord region over a swept wing [23]. In the linear growth stage, the TS insta-
bility generates TS waves, which are unsteady vortices with spanwise pointing axes.
As the 3D disturbance develops through the secondary mechanisms, A vortices oc-
cur and become hairpin vortices downstream [23]. The hairpin vortices are followed
by turbulent spots. Finally the flow develops to fully turbulent shortly after the
turbulent spots merge [24]. The above transition process is named T'S transition, as
a certain type of natural transition.

1.2.2.2 Crossflow instability

Swept wings are widely adopted for the transonic aircrafts to increase the critical
Mach number and reduce the wave drag. The swept setting together with the airfoil
geometries makes the flows over the wings show three-dimensional (3D) features.
When the flow passes the upper surface of a swept wing, for inviscid flow outside
the boundary layer, the spanwise velocity component parallel to the leading-edge
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basically retains its value. However, the chordwise component normal to the leading-
edge first decelerates when approaching the wing. Then it experiences acceleration
before passing the minimum pressure point and decelerates again due to the adverse
pressure gradient. The above processes finally generate an S-shaped inviscid stream-
line [25] as illustrated in Fig. 1.2(a). As to the fields inside the boundary layer, the
velocity decreases rapidly while the pressure approximately keeps the value in the
wall-normal direction. Therefore the pressure gradient inside the boundary layer
also remains the same in the crossflow (CF) direction, i.e. z; in the Fig. 1.2, which
is defined as normal to the plane spanned by the inviscid streamline direction x; and
the wall normal direction. On the S-shaped inviscid streamline outside the bound-
ary layer, the pressure gradient balances the centripetal acceleration. However, the
reduced velocity inside the boundary layer breaks this balance, which finally leads
to the crossflow in z; direction, which a typical secondary flow [26].

An illustration of the 3D boundary layer velocity profile with crossflow is given
in Fig. 1.2(b). The crossflow velocity component is exactly zero at the wall, and
the profile’s curvature in the vicinity is negative due to the viscosity nature. On the
other hand, when approaching the edge of the boundary layer the crossflow veloc-
ity recovers zero asymptotically, which results in positive curvature in this region.
Therefore an inflection point exists leading to the crossflow instability. Unlike the
TS instability caused by viscosity’s destabilization, the crossflow instability is based
on the inflection point so it is an inviscid instability. Another significant difference
to the TS instability is that the TS instability is stabilized by a favorable pressure
gradient and destabilized by adverse pressure gradient while both pressure gradients
destabilize the crossflow instability [26, 27]. The corresponding crossflow waves has
the form of co-rotating vortices whose axis direction are only a few degrees deviating
from the local inviscid streamline direction [26].

The crossflow waves can be either traveling or stationary. For civil airliners
cruising in the steady atmosphere, the stationary instability is the dominant [26].
The stationary vortices can modify the baseflow, modulating the instability develop-
ment [28]. Thus, extra care should be taken in computation studies. In addition, the
stationary crossflow instability can generate secondary instability, which can easily
cause breakdown shortly downstream [26]. Flow transition caused by crossflow in-
stability will show a saw-tooth pattern, for which a good visualization is provided
in Ref. [29].

1.2.2.3 Other instabilities

In addition to the TS instability and crossflow instability, other major instabilities
include attachment line instability and centrifugal instability. The attachment line
instability arises on the swept wings. Because of the swept geometry, there is a
crossflow component along the attachment line, where the flow hits the wing and
bifurcates to cover the upper and lower sides of the wing. The disturbances can
develop along this line and drive the flow to turbulence. An associated concept
is attachment line contamination, where the turbulent boundary layer arising from
the fuselage sweeps over the wing along the attachment line. In general, the wings
with large leading-edge radii is more sensitive to the attachment line transition
and contamination [26]. The turbulence attachment line invalidates the streamwise
analysis for TS instability and crossflow instability as well as corresponding flow
controls since the local boundary layer of interest is already turbulence. To obtain
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Figure 1.2: Illustration for streamline and boundary-layer velocity profile near the
leading edge of a swept wing.

a laminar attachment line, attachment line control and relaminarisation methods
have been developed [30].

In the boundary layers over a concave surface, the centrifugal force stabilizes 2D
disturbances while destabilizing the 3D disturbances, leading to centrifugal instabil-
ity (also known as Gortler instability) [23]. The adjacent Gortler vortices rotate in
counter directions with respect to streamwise aligned axes. On an swept wing ge-
ometry the crossflow waves typically suppress the Gortler vortices [31], such vortices
are therefore not typically observed near the leading edge of the wing.

1.2.3 Effect of real geometries

An airliner in the physical world is never as clean as a CAD model. In the manu-
facturing of an airliner, different parts are assembled to enclose the outer surface,
which typically leaves the junctions imperfectly matched but within an accepted
tolerance. This can lead to several types of surface irregularities. Fig. 1.3 shows
a photograph of the left-wing of a well-known Boeing 737-800 airliner. It is clear
that the wing surface is filled with several types of irregularities. Apart from the de-
signed vortex generators, the most evident irregularity in the upstream region is the
step/gap at the trailing-edge of the slat even when it is closed. A similar step/gap
irregularity also presents at the junction of two skin panels in the middle of the
main wing. These irregularities span almost over the full wing, showing a quasi-3D
feature. Note that in the above the irregularities are denoted by “step/gap” because
the detailed type depends on the local geometry, where a mixed type is also possible.
Moreover, although covered by paint, macroscopic indentations are present at the
rivets on both main wing and slat. Since the rivets are in array, periodicity is also
expected.

In the chordwise direction these surface irregularities are typically small in size,
which can be comparable with the local boundary layer thickness. For the irreg-
ularities located upstream of the flow, e.g. the step/gap at the slat trailing edge,
they will typically interact with and amplify the disturbances inside the laminar
boundary layer, and finally cause early flow transition. This destabilization effect
has been studied in many scenarios including forward-facing step/backward-facing
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step (FFS/BFS) [32-35], gap [36], etc. However, opposite to the destabilization
effect, surfaces irregularities can also surprisingly stabilize the boundary layer. Wu
and Hogg [37] numerically discovered a 2D hump may stabilize the TS waves when
the size is small enough. Local or downstream stabilization have also been reported
through numerical simulations by Xu et al. for T'S waves over smooth FFS [38] and
indentations [39], and by Casacuberta et al. [40] for crossflow waves over FFS. The
stabilizing effect on the crossflow waves by FFS was also investigated and showed
in the experiments by Rius-Vidales and Kotsonis [41].

the slat TE SN\

Step/gap at the
skin junction

Indentation
at the rivets

Figure 1.3: Wing of a Boeing 737-800 airliner from Norwegian Air Shuttle. Several
sources of surface irregularities are labelled. Image by author.

1.3 Transition prediction

The prediction of laminar boundary layer natural transition helps to provide drag
estimations in the design stage of airliners, and therefore is of interest. The natural
transition process is characterized by a dominant streamwise linear growth stage of
instabilities. This physical setting makes the e/ method a common and suitable
tool for the transition prediction. Since the e” method is developed based on the
linear stability analysis, the fundamentals of this analysis are first introduced in this
section.

1.3.1 Linear stability analysis

To understand the process of laminar flow transition to turbulence, researchers have
developed various approaches to analyze the stability performances of the flows.
It is not surprising that the first established and the most well-known approach is
the Linear Stability Theory (LST) since, despite the additional assumptions in this
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theory, in general the linearization is a conventional approach to deal with complex
problems and its mathematical foundation has the best level of maturity in all tools
we have even so far. The LST has a long history of development dating back to
late 19th century [42]. As implied by the terminology, the basic idea of the LST
is to study the development of small disturbances on top of a steady, undisturbed
baseflow [27] as

a(z,y,z,t) =q(z,y, 2) +q'(z,y, 2, 1), (1.1)
B fl Disturb

where q is the vector of state variables that can take different forms for incompress-
ible or compressible flows, () denotes the baseflow and ()" denotes the disturbance.
Before we adopt additional assumptions, the above decomposition in Eq. (1.1) is
general and independent of coordinate system, x, y, and z are the coordinates of an
arbitrary Cartesian coordinate system. However, the LST further assumes parallel
baseflow where only the variations in the wall-normal direction play significant roles.
To discriminate the coordinates in the context of LST, we perform the analysis in
a local coordinate system (denoted by (-)!°¢) with its origin on the wall, and we
let = 2!°°, y = 4°°, and z = 2°° be the local coordinates in the wall-tangential
direction, wall-normal direction, and spanwise direction with respect to a given sur-
face or channel in Eq. (1.1). (Note the wall-tangential direction is defined to be
orthogonal to the wall-normal and spanwise directions.) As the LST also assumes
the wall-normal baseflow velocity component is zero, the baseflow velocity therefore

reads

u ﬂ(yloc)
a=| o= o |, (1.2)
w w(yloc>

where u is the baseflow velocity component in the wall-tangential direction, ¥ in the
wall-normal direction, and w in the spanwise direction. The parallel assumption is
well satisfied in many typical flows, e.g. laminar boundary layer downstream of the
leading edge of a wing.

On the other hand, in the local coordinate system the LST considers disturbances
of the form

q/(xloc7yloc’ Zloc7t) — alD(leC)ewlD +c.c., 0,p = &xloc + ﬁzloc — wt, (13>

where q;p(y'°°) is the shape function of the disturbances varying only in the wall-

normal direction while homogeneity is assumed in the other two directions parallel
with the surface of interest. Therefore wall-tangential and spanwise wavenumbers o
and [ appear in the complex phase function 6,p, where w is the angular frequency.
In the above, c.c. denotes the complex conjugate leading to a real q’(z'°¢, y'°¢, 21°¢, ¢)
in Eq. (1.3).

By substituting the above Eqgs. (1.1), (1.2), and (1.3) into the governing Navier-
Stokes equations (e.g. the compressible form (2.1)), we have a relation between
temporal frequency and spatial wavenumbers, known as the dispersion relation [42]

¢(w, v, B) =0,

which is an eigenvalue problem of the frequency or wavenumber in form of an Ordi-
nary Differential Equation (ODE) of the shape function. The dispersion relation is
the core of the LST and it can be solved either spatially or temporally where further
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assumptions are included. For example, temporal analysis solves for the complex
frequency w = w, + iw; with prescribed real wavenumbers o and 3. More systematic
reviews can be found in Mack [42], Schmid and Henningson [43], and many other
monographs such as Ref. [44].

As mentioned above, the classic LST only considers the nonhomogeneous spa-
tial variation in the wall-normal direction for both baseflow and disturbance. It is
therefore a one-dimensional analysis [45] or local stability analysis. It is sometimes
also referred to as sectional stability analysis as the analysis outputs the stabil-
ity propriety of a certain cross-section of the baseflow [46]. However, the parallel
flow assumption deviates from the physical settings behind rapid changing baseflows
where multi-dimensional features are dominant, e.g. laminar boundary layer flow
with recirculation bubble or over surface irregularities. More general models/tools
are therefore required. One successful extension of the LST is the Parabolised Stabil-
ity Equations (PSE) approach where the wall-normal baseflow velocity components
is taken into account. However, since the chordwise variation is still assumed to be
mild, the PSE is considered as a quasi-two-dimensional analysis approach [45].

Another branch of the extensions is global stability analysis [45, 47], where the
spatial variations in two or three directions are modelled in the shape function
rather than in the exponent, indicating nonhomogeneous variation. Specifically,
wall-tangential and/or spanwise variation(s) can be modelled in the shape function,
and the local coordinate system as in the above LST is not adopted. This leads to
the disturbances of the form

Qop(w,y)e™P= 4 cc., Oyp. = Bz —wt,  BiGlobal analysis (1)
d'(z,y,2,t) = { dap(y, 2)eP= + c.c., Oyp, = ax —wt,  BiGlobal analysis (y-=2)

Qsp(z,y,2)e”P + c.c., O3p = —wt, TriGlobal analysis

(1.4)
where the terminology “BiGlobal” denotes two-dimensional and “TriGlobal” denotes
three-dimensional [47], and in the BiGlobal analysis we can model the shape function
in either x—y or y—z planes. Accordingly, the global stability analysis, i.e. BiGlobal
or TriGlobal analysis, is performed with the baseflow varying in the same spatial
direction(s) as the disturbances. The replacement of Eq. (1.4) to Eq. (1.3) still
leads to an eigenvalue problem.

Moreover, it should be highlighted on the computational side that global stabil-
ity analysis is much more demanding compared with local stability analysis. This is
because the global stability analysis becomes a Partial Differential Equation (PDE)
problem and the more degrees of freedom (DOF's) cause much higher memory con-
sumption and longer solution period, known as the curse of dimensionality, an es-
timation of which has been performed by Theofilis [47]. Therefore, the BiGlobal
analysis has a wider application than the TriGlobal analysis. For the same reason,
more advanced numerical methods, such as the iteration method based on Krylov
subspace are necessary to find the global solutions.

Additionaly, here we also clarify terminology confusion about the “global method”
and “local method” one would typically find in the numerical method for the local
stability analysis. The global method refers to the direct solution of the eigenvalue
problem such that the full eigenspectra and all eigenfunctions are obtained; its coun-
terpart, local method typically means the iteration method eventually converging
to a certain eigenmode, which has the advantage of better accuracy [43, 44, 48, 49].
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This confusion does not appear in the global stability analysis probably because the
direct solution is infeasible for a large, real problem.

Lastly, we consider the global stability analysis is an extension to but still lies in
the scope of the “linear stability theory” since the fundamental idea of linearization
is the same. However, the abbreviation “LST” still specifically refers to the local
stability analysis in this work to follow the convention in the community:.

1.3.2 ¢V transition model

The e method, also known as the N-factor method, is developed by Smith and
Gamberoni [50] and by van Ingen [51] through the local stability analysis. The basic
idea is to compute the amplitude amplification of a spectrum of disturbances. The
transition onset is predicted where the envelope of these amplification curves exceeds
some prescribed threshold. In most cases, including both incompressible flows and
compressible flows, this threshold is typically within the range of 6 to 11 while much
larger threshold above 20 has also been reported with flight test data [52, 53]. An
exact threshold depends on the freestream environment, i.e. freestream turbulence
intensity of the case and therefore still needs calibration for more accurate prediction.
The influence of the environmental condition can also be directly considered in a
model, where Mack [54] first proposed an N-factor correction method according
to the freestream turbulence intensity. In addition, based on the standard model
introduced in the following, well-known variations include variable N-factor method
[55] and two N-Factor methods [56].

In spatial analysis of the LST, a disturbance in Eq. (1.3) has complex wavenum-
bers, a = a,. + ta; and [ = S, + i3;. The corresponding eigenvalue problem solves
for the spatial growth rate in the wall-tangential direction «; and the eigenfunction
q(y) with further assumptions adopted for the spanwise wavenumber /3, which will
be introduced in the last paragraph. The amplification curve (n-factor) is defined

N n(z) = In (A(”“")) - / " ouda™ () (1.5)
A )=/ !

where the body-fitted local coordinate in the wall-tangential direction z'°° is a func-
tion of the global coordinate x, A(x) is the amplitude of the mode q(y)
Aw) = {max () | (16)

In the above Eq. (1.5), the subscript (-)o denotes the position where the disturbance
first starts to grow. Therefore xy is the point on left branch of the neutral stability
curve (see Ref. [23]), and Ay = A(xg). After generating a set of amplification
curves for the disturbances of different frequencies, the N-factor envelope of the
amplification curves is given by

N(z) = max (n(z)), (1.7)

where f = w/(27) is the disturbance frequency.
We note that in Eq. (1.5) that an amplification curve n(z) can be computed using
two approaches. One is based on the amplitude through scanning in the wall-normal
direction in Eq. (1.6) and then in the chordwise direction to get an array of A(z).
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Another approach is amplitude-free by directly integrating the spatial growth rate
—ay; of the eigenvalue problem. For a conventional LST analysis the latter approach
is preferable for its simplicity while for analysis involving flow field simulations, such
as DNS or LES, the former approach is more convenient due to the lack of growth
rate information.

The above computation can be simplified for two-dimensional analysis since the
spanwise wavenumber in Eq. (1.3) is zero. However, further assumptions for span-
wise wavenumber are required for three-dimensional analysis. The available methods
are saddle point, fixed wave angle, and fixed spanwise wavelength methods [44]. The
current work adopts the fixed spanwise wavelength approach proposed by Mack [57],
where the spanwise wavenumber (3, is considered as a constant for each simulation
while the disturbance is assumed to grow only in wall-tangential direction so that
5, is set to be zero.

1.4 Motivation and main objectives

As is mentioned above, in aerospace applications the e method is a common and
suitable method to predict transition for transonic external flows which experience
a freestream with low turbulence intensity and background noise. The e method
involves two major steps: the baseflow computation and the prediction of the dis-
turbances’ growth. Conventionally, the baseflow is computed by a boundary layer
equations solver with a prescribed pressure distribution as input. Since the pressure
distribution plays a significant role on the growth of the disturbances, this approach
accurately predicts transition of ideal boundary layer flows where short scale rapid
variations are not present. However, the underlying assumptions of boundary layer
equations limit its application. The real geometry of the wing surface are not typ-
ically smooth but includes irregularities in the form of steps and gaps due to the
manufacturing, operation, and maintenance. Such surface irregularities typically
complicate the local flow by generating local recirculation, i.e. separation bubbles.
Under this condition, the boundary layer equations fail to correctly describe the
baseflow. A Navier-Stokes solver therefore needs to be used instead. The growth
of disturbances is next computed to complete the analysis. It can be solved follow-
ing different approaches such as LST, PSE [58, 59], Linear Harmonic Navier-Stokes
(LHNS) [60-62], linearized Navier-Stokes, or full Navier-Stokes equations [36]. In
the above, when different computational approaches are involved in this two main
steps, new researchers in the field find it extremely difficult to start their investi-
gation since developing each of the tools requires specific yet different knowledge.
Moreover, a set of trusted and well documented software is still unavailable to the
best of author’s knowledge. Although different research groups have developed their
own tools [63-68], relatively few, if any, are available to the wider community as
open-source. A set of integrated tools is therefore desirable.

The current work is motivated by designing high fidelity simulation tools for both
academia community and industry to study boundary layer transition at realistic
Reynolds numbers and transonic conditions over wings, where the surface may not
be smooth but contains irregularities. The simulation is expected to be efficient.
Therefore a near wall, reduced computational domain is adopted over wing sec-
tions while a prescribed pressure distribution should be maintained. This must be
achieved through appropriate boundary conditions when the baseflow is governed by
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the Navier-Stokes equations. Unlike a supersonic flow where at the inflow boundary
all the boundary data can be specified, a subsonic flow have more complicated char-
acteristic propagation directions, which means only two conditions can be enforced
in the normal direction at the inflow boundary [69]. An appropriate selection of the
two conditions is critical not only to ensure well-posedness of the flow problem but
also to produce a stable numerical solution. However, a challenge to achieve this is
the lack of practical stability theory as guidance to design the boundary conditions
for element-based discretisations (e.g. discontinuous Galerkin). We therefore re-
visit the fundamental setting of the numerical flux-based, weak boundary condition
adopted in the solver. A simple yet practical stability theory is developed before we
see how best to enforce pressure compatibility at the subsonic inflow boundary.

On the other hand, after completing the integrated tool for transition analysis,
the transition performance on the imperfect surface and the underlying flow physics
will be investigated. This is motivated by the fact that for the airliner design man-
ufacturers, the cost to produce a high quality surface and the aerodynamic benefit
in return is a balance for the lowest total cost, which must be decided based on
thorough understandings of the effects by the surface irregularities [70]. Accord-
ing to the our review, most studies focused on small forward/backward-facing steps
(FFS/BFS) [32, 34, 35, 38, 40], smooth indentation [39], hump [71], large cavities
[72-74], and 3D cylindrical roughness [75]. As typical surface irregularities, small
sized gaps (in contrast to large sized cavities) widely exist on the wings of aircrafts
at the skin panel junctions [34] and trailing-edge of the slat. However, the influence
of the gaps on the transition performance has not been sufficiently documented in
the literature, particularly in the conditions close to the real flows on the wings.
Therefore in this work we also explore a physically motivated sized gap and its in-
fluence in the transition analysis. A survey of involved geometries is first performed
to clarify the realistic sizes to be studied.

1.5 Outline of the thesis

This thesis is organized as follows. Chapter 2 introduces the governing equations and
numerical methods adopted in this work, including the discontinuous Galerkin for-
mulations for a model advection-diffusion problem and for the compressible Navier-
Stokes equations, as well as the detailed boundary condition treatments for the latter
of both advection and diffusion terms. Chapter 3 overviews the transition analysis
pipeline that we have developed. The approach to avoid signal contamination in the
disturbance field simulation is also presented. We verify this pipeline using the 2D
transonic flat plate with a forward-facing step at Mach 0.8 and a Reynolds number
of 4.9 x 10° based on the length of the domain. One of the critical techniques in this
pipeline is the appropriate boundary condition enforcement to maintain pressure
compatibility with the prescribed data. In Chapter 4 we demonstrate a practical
analysis for designing stable boundary conditions of different kinds with rigorous
mathematical proofs. We test both CRM-NLF and DLR-F5 models to show the
effectiveness of the pressure compatible condition we design.

On the flow simulation side, as our goal is to investigate the transitional per-
formance on the wing surfaces, a survey to determine realistic sizes of gap irregu-
larities is first performed in Chapter 5. A geometry with such irregularities is then
introduced onto the CRM-NLF model, and transition related aspects are analyzed
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including the influence of different temperature boundary conditions on the wall. In
the computation of 3D baseflow, self-sustained oscillation is observed. To better un-
derstand the underlying physics, a smaller computational domain on a swept plate
model problem focused on the gap region is set and direct numerical simulations
are performed in Chapter 6. Finally, Chapter 7 summarizes the thesis work and
includes a few future focuses of study.

In addition, the appendices provide the more details of formulation, analysis
algorithms, boundary condition settings, and intermediate results from the above
chapters.

We note that Chapters 3 and 4 are reproduced and extended from the two
publications listed in Section 1.6.1. These works are developed by the author in
collaboration with other researchers so that “we” rather than “I” is used in this
thesis.
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Chapter 2

Governing equations and
numerical methods

2.1 Governing equations

2.1.1 Navier-Stokes (NS) equations

Compressible flows are simulated here by solving the conservative form of the Navier-
Stokes (NS) equations, which in a Cartesian coordinate system read
0Q OJ0F, O0F, n oF;  0G; 0Gy; 0G3

E—F 8x1 * 0x2 aZL'g - 8I1 + 8x2 + 81‘3’ (21)

where z; denotes the x, y, and z-directions for ¢ = 1,2, 3, respectively, Q is the
vector of conservative variables, F; = F;(Q) and G; = G;(Q,VQ) are vectors of
inviscid fluxes and viscous flux, respectively

p pu; 0
pu puLU; + Poy; Tii
Q = P , Fz = PU2U; + p(52i s Gz = T2 s (22)
pw pust; + pos; T3i
E u;(E + p) w;Tj; + KOT [ Ox;

where p is the density, u; is the velocity component in the x;-direction, p is the
pressure, d;; is the Kronecker delta function, £ is the total energy per unit volume,
T is the temperature,  is the thermal conductivity, and 7;; are the components of
the stress tensor

Ou;  Ouj 2 Ouy
i = — —p—=—20;j, 2.3
Ty =k (833]- * 8372-) 3'u8xk ! (2:3)
where p is the dynamic viscosity computed by Sutherland’s law
T\ Ty +C
= — 2.4
w=m(5) Tre (2.4

where the calibrated values used are pg = 1.716 x 107° kg/ms, Ty = 273.15 K, and
C =110.4 K for air.
We consider air to be perfect gas, for which the pressure is related to the total
energy per unit volume through the relations:
P 1
E:ﬁ—i-ép(uf—ku%—i-ug), (2.5)
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p = pRT, (2.6)
where v is the specific heats ratio and R is the specific gas constant.

In Eq. (2.2), the thermal conductivity is computed by

HCp
= -, 27
Pr (27)
where ¢, is the specific heat at constant pressure, and Pr is the Prandtl number.
Since ¢, can be rewritten as

g
=—R 2.8
Cp v - 1 ) ( )
the expression for thermal conductivity becomes
v kR
= —— 2.9
" v—1Pr (2.9)

For simplicity of the expressions, the vectors for inviscid and viscous fluxes are
abridged as [76]

F, G,
F=| F, |, G=| Gy |, (2.10)
F3 Gs
and the NS equations take the form
%—?+V~H:O, (2.11)

where H(Q,VQ) = F(Q) - G(Q,VQ).

2.1.2 Non-dimensionalization of the Navier-Stokes equations

In numerical simulations, it is not the original NS equations but their non-dimensional
form that is usually solved. A proper non-dimensionalization scales the flow variables
to the order of O(1), which could improve accuracy and convergence during numer-
ical calculations [77]. Moreover, the equations are usually solved with stabilization
methods, where some stabilization parameters are case dependent but typically cal-
ibrated for non-dimensionalized flows, and therefore they can be directly used to
set up non-dimensionalized simulations. In other words, the setting process will be
simplified if the flow problem is non-dimensionalized from the beginning.

To non-dimensionalize the NS equations the freestream quantities are often cho-
sen as the references. Let L.t be a reference length, U, be a reference velocity,
trot = Lref/Us be a reference time, p., be a reference density, T,, be a reference
temperature, o, be a reference viscosity, and denote the non-dimensionalized pa-
rameters by an overbar, we have

t= LUL::E’ Ti = Lot u; = Usolz, P = Pocps
_ 2 - _ 2 i _ = . _
P = pUsD, E=pULE, T =TT, H = Hoold, (2.12)
pe = PUsclvey pocUs L _ uooUﬁoR
foo T (y—1)PrMa2, T.
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where Re is the Reynolds number, Ma,, is the freestream Mach number, and the last
equation is derived using thermodynamic relations. By substituting the expressions
in Eq. (2.12) into Eq. (2.1), the non-dimensionalized NS equations take the form

0Q  OF, OF, 0OF, 1 (a@1 0Gs aég) o3

9 " Om 07, | 0m;  Re\0m | 0m, | 0m

It is noticed that Eq. (2.13) is different with Eq. (2.1) due to the presence

of the coefficient 1/Re in front of the viscous fluxes. By absorbing 1/Re into the

viscosity and thermal conductivity as i = f/Re and kK = £/Re, the form of non-

dimensionalized NS equations recover that of the original NS equations in Eq. (2.1).

However, in a non-dimensional case, the specific gas constant needs to be specified
as -

R A

pI' yMaZ,

Recall the viscosity, 1 = i/ Re, it can be checked that the form of thermal conduc-

tivity is also consistent with the dimensional from in Eq. (2.9), as well as the stress

tensor components

(2.14)

L P __Y _ER
Re (y—1)PrMa®* ~—1Pr’

N

(2.15)

As for the Sutherland’s law, it is non-dimensionalized by dividing Eq. (2.4) by
Sutherland’s relation at freestream

Ko B TO Too + C ‘

The expression then reads

n_ (TN TtC (2.17)
foo  \Tw T+C '
Finally, the non-dimensional viscosity takes the form
_ T2 1+4C)Ty
o= +0/ (2.18)

Re T+C/Ty

Since the non-dimensionalized NS equations and original NS equations have ex-
actly the same form when using the non-dimensionalized expressions for Sutherland’s
law and specific gas constant, the two sets of equations are not further distinguished
in the following chapters, and the overbars on the non-dimensional quantities are
dropped for simplicity.

2.1.3 Euler equations

Although it is the NS equations that are solved in the boundary layer related sim-
ulation, their inviscid counterparts, the Euler equations are also used in this work
to construct stable Riemann inflow boundary conditions in the following chapters,
and therefore are provided.
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The expression of the Euler equations can be obtained by dropping the viscous
terms on the right-hand-side of Eq. (2.1), and takes the form

0Q 9K, 8F2+8F3

=0 2.19
ot o Om | Om (2:19)
or can be compactly denoted by
0Q
T -F=0. 2.20
5 TV (2.20)

2.2 Spectral/hp element method and Discontinu-
ous Galerkin (DG) formulation

Spectral/hp element method is a state-of-the-art numerical technique for solving
partial differential equations (PDEs). It combines the geometrical flexibility and
adaptivity (i.e. applicability on unstructured meshes) of the finite element/volume
method (FEM/FVM) with the high spatial accuracy of the spectral method, as
shown in Fig. 2.1, which enables the high-order solution to be computed in individual
element from the domain decomposition (or mesh generation).

[
I I
1 ' spectral
——c>—§{ I methods 1 Tl

T J Us :{ ./\-

i 71"—:‘ _I'_ AN TN

" wA T o
finite difference method e
Spectral/hp methods ‘
finite element/finite volume
Us=({ Al
h

Figure 2.1: Relation between spectral/hp element method and finite difference
method, spectral method, and finite element/finite volume Method. Reproduced
from Ref. [78].

The spectral/hp element method can be applied to a wide variety of elements,
including one-dimensional (1D) segments, two-dimensional (2D) quadrilaterals and
triangles, as well as three-dimensional (3D) hexahedra, tetrahedra, and pyramids.
The flexible choice of element together with the well-established automatic unstruc-
tured mesh generation technique makes the spectral/hp element method a friendly
approach to be applied in engineering applications involving complicated geometries
involved, e.g. the full geometry of a road car [79], where structured mesh generation
is challenging and therefore the conventional finite difference method is difficult to
be applied.
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Within each element of the computational domain, the spectral/hp method so-
lution is represented by an expansion of high-order basis functions, which is similar
to the spectral method while more high-order elements are involved rather than
the whole computational domain being represented by a single spectral element as
shown in Fig. 2.1. The use of high-order basis functions results in exponential
convergence in smooth solutions. The basis functions in the spectral/hp element
method are typically high-order polynomials, where the commonly used ones are
Lagrange polynomials and modified Jacobi polynomials. The choice of Lagrange
polynomials leads to nodal expansion since the coefficient of each basis function is
equal to the represented value at the very point the Lagrange polynomial is set.
On the other hand, the adoption of the modified Jacobi polynomials makes modal
or hierarchical expansion, where a lower order basis function set are included in a
higher order basis function set. It is noted that the polynomial degree or the number
of basis functions used within an element can be chosen independently, allowing for
greater flexibility and adaptivity than traditional linear finite element methods.

To produce the global solution over the whole computational domain, the solu-
tions in the spectral /hp elements are joined together, where different approaches can
be followed. If the the solutions are forced to be C° continues across the elements,
the approach is known as continuous Galerkin (CG) formulation. Due to its conti-
nuity property, CG formulation is often employed to solve elliptic problems such as
incompressible flows and structural dynamics. In contrast to the CG formulation,
discontinuous Galerkin (DG) formulation relaxes the continuity requirement. The
solutions are therefore only continues within the elements and experience jumps
when moving to the neighbors. As a consequence, in the DG formulation the solu-
tions in the elements are weakly coupled through numerical flux rather than strongly
coupled, at the cost that more degrees of freedom are introduced than in the CG for-
mulation. This weakly coupling accelerates a DG based solver as the global matrix
is no longer generated and the problems are solved locally, which brings additional
benefits for the vectorized operator implementations for better utilising modern
CPU/GPU hardware. For the hyperbolicity dominated compressible flows governed
by Eq. (2.1) or Eq. (2.19), a DG based solver can well preserve the conservation
law and therefore is a suitable choice.

In the following sections we introduce the numerical methods adopted in this
thesis. To begin with, in Section 2.3.1 a model scalar problem is used to describe
the idea of the DG formulation.

2.3 DG formulation of a model problem

2.3.1 Elemental and flux/primal formulation

We consider a model problem of time dependent linear advection-diffusion in the
d-dimensional space (d = 2 or 3):

% + V- (au) — V- (bVu) = f, (221a)
u(x,0) = up(x), (2.21b)

where u(x,t) is a scalar function, a = (ay, ..., aq4) is the constant advection velocity,
b is the constant diffusion coefficient, and f is a source term. The above problem

34



is assumed to be defined on a squared (or cubic) computational domain €2, and
periodic boundary conditions are applied.

The DG discretisation of the above equation initiates with the computational
domain Q being decomposed into N, non-overlapping elements (subdomains) €,
(e=1,2,...,N,)

Ne
Q=) Q9 =Ty (2.22)
e=1 e#£j
where I'.; denotes the common edge (or face) shared by element 2, and ;.
Before generating the weak form of Eq. (2.21a), it is first transformed into a
system of first-order equations to deal with the second-order term by introducing
an auxiliary variable o = Vu as follows

W4V (an) =V (o) = . (2.23a)
o =Vu. (2.23b)

We then introduce the piecewise continuous polynomials space V7, in which the
solution is sought, as well as the d-dimensional piecewise continuous polynomials
space W? for the derivation in the following

VP = {v e L*(Q) : v|o. € P7(Q),VQ. € Q}, (2.24a)
WP = {T € [L2)]": 7o, € [PP(Q)]", v € Q} (2.24b)

where P is the space of polynomial functions of order P. By the ansatz of the
Galerkin method, both the basis and test functions are selected from the same space,
i.e. V. The space W¥ is required due to the introduction of auxiliary variable o.

We derive the elemental DG formulation by multiplying Eqs. (2.23a) and (2.23b)
by test functions v € V¥ and 7 € W? respectively, and integrating over an element
by parts. This converts the volume integrals of divergence terms into boundary
integrals of fluxes while the fluxes are not well-defined because of the jump across
the elements. These fluxes are therefore replaced by numerical fluxes (denoted by (%)
and (°) for advection and diffusion fluxes respectively), which are defined separately
due to their different natures. We obtain the following formation

/ bo - VvdQl, = / vfdQ, — 2/ vudS,
Q. Q. ot Ja,
+ / Vv - audSl, — / v(at - n)dl, + / v(be -n)dl., (2.25a)
Qe r.

Ie

/ o-Tdf), = / (T -n)dl, — / uV - dSY, (2.25b)

where n is the outward pointing normal on the boundary. Eq. (2.25) is called the
flux formulation [80]. With appropriate definitions of numerical fluxes, Eq. (2.25b)
is solved first for o and then Eq. (2.25a) can be dealt with [81, 82]. This procedure
suits well for an explicit solver while for an implicit solver the solution of Eqgs. (2.25a)
and (2.25b) need to be coupled and complicated strategies are involved. Moreover,
the introduction of auxiliary variable leads to a larger system and consequently less
efficient.
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The primal formulation solves this problem by eliminating the auxiliary variable.
Substitute the second term on the right-hand-side of Eq. (2.25b) with the identity
of integration by parts

/ uV - 7dQ), = / u(r -n)dl', — / Vu - 7dQ,, (2.26)
QE e Qe
and let 7 = Vv, Eq. (2.25b) takes the form

/ o - Vud), = / (@ —u)(Vv-n)dl'c+ | Vu-VodQ, (2.27)
= e Qe

Next we combine Eq. (2.27) with Eq. (2.25a), and obtain the primal formulation

Advection operator
.

2/ vudQe—/ Vv-audQe+/ v(aﬁ-n)dI‘e
ot Ja, Q. .

—{—/ bVu - VodQ, + / b(t — u)(Vv -n)dl', — /

N

v(be - n)dl, :/ v fdQ,

e e

Vv
Diffusion operator

(2.28)
where only the unknown u presents while & is provided by numerical diffusion flux.
In Eq. (2.28) the second and third term on the left-hand-side are computed in the
advection operator and the forth to the sixth terms are computed in the diffusion
operator. Note that although @ and 4 are both numerical fluxes of u, they are
treated differently because of different natures behind these terms.

Eq. (2.28) is our goal of elemental and primal DG formulation. However, its
global formulation is also provided for better introduction of different treatments
of diffusion flux. In addition, the global formulation is convenient for mathemati-
cal analysis, such as stability analysis and error estimation, and therefore is more
popular in the classical articles, e.g. Ref. [80, 83, 84]. The global formulation is
described in the following.

2.3.2 Global formulation

If we sum Eq. (2.28) over all the elements [85], and follow the notion in Fig. 2.2,
we obtain the global formulation

%/gvudQ—/QVv.audQJr/FI ({aﬁ}.[[v]]Jr[[a&Mv}) ar,

+ / bV - VodQ + / b (Vo) - [ — ] + [Vo]{a — u}) dT; (2.29)
- / b({&} - [v] + [6]{v}) dry = / vfd

where I'; is the internal boundary set (without repeat)



In the above Eq. (2.29), the average operator {-} and jump operator [-] at an
internal boundary for a scalar ¢ and a vector valued function ¢ are defined as

fa} =
o} =

(¢~ +4q"), l[q] =¢ n +¢"n*,

(¢~ +0%), [#l=¢ -n" +o¢"-n",

(2.30)

PO | = =

where the jump of a scalar is a vector while the jump of a vector is a scalar. The
derivation of Eq. (2.29) takes advantage of the following identity, and the proof of
which is provided in Ref. [85].

S [ ¢ mgar. - / ({6} - [al + [¢]{a}) dr. (2.31)

1
1
1
1
aF 1
1
1
1
1

)] )

Figure 2.2: The blue element with solid edges is the element of interest, where the
quantities are denoted by (—); the grey element with dashed edges is one of its
neighbors, where the quantities are denoted by (+).

In general, a well defined numerical flux is continuous across an internal edge
such that its jump is zero and its average equals to itself [80, 85]. Eq. (2.29) is
therefore simplified as

A / Vo - audQ + / <au [[v]]) dl'; + / bV - VodQ
ot Jq Q r; 0 (2.32)

- /1“1 b(—{Vo}-[u] +[Vv]{a—u})dl; — /FI bo - [v]dl'; = /QvfdQ.

~
~

By specifying appropriate numerical fluxes, i.e. 4, &, and 4, different DG schemes
are derived. We introduce detailed numerical flux treatments in the following sub-
sections.

2.3.3 Advection operator

The treatment of advection operator considers that the advection related informa-
tion comes from upstream. The numerical inviscid flux in Egs. (2.28) and (2.32)
therefore depends on the local advection velocity, i.e. a-n

{u+, a-n<0

_ ) (2.33)
u, a-n>0

which is known as upwind scheme, and stabilize the simulations.
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2.3.4 Diffusion operator

There are different approaches to define the numerical fluxes in the diffusion operator
in Eq. (2.28), including interior penalty (IP) method [86, 87], Bassi-Rebay (BR)
method [81], local DG (LDG) method [82], and etc. These approaches are proposed
to solve different problems while Arnold et al. [80] first developed an unified analysis
based on the global primal formulation. In this work we are using a symmetric
type interior penalty flux, and the method is known as symmetric interior penalty
Galerkin (SIPG) method. This method was introduced by Wheeler in 1978 [86]
and by Arnold in 1979 [87]. For a more detailed review, see Ref. [80, 88]. We
are interested in the SIPG method for its compact stencil, where only the direct
neighbours of the target element are included in an implicit solver [89].

In the SIPG method, the numerical fluxes in the diffusion operator take the form

u={u}, o&={Vup—nld,

where 7 is the penalty coefficient. It must be sufficiently large to stabilize the
numerical simulation [83], but excessive penalty coefficient increases ill-conditioning
of the system to be constructed and solved [90]. Substituting the above numerical
fluxes into Eq. (2.28) and Eq. (2.32), the elemental and global formulations take
the expressions

ﬁ/ vudQe—/ Vv-audQe—l—/ v(aﬁ-n)dFe
ot Jo, Q. ‘

4 / bV - VodQ, + /F b({ul — u)(Vo - n)dl, — /F bo (V) — nlu]) - ndl,

_ / ofdQ,,
Qe

and

s, R
= 0— - audQ G - r
g Qvud /QVU aud) + /F, <au [[v]]) dl'y

+ /Qqu - Vod() +/F b(—{Vu} - [v] — {Vo}-[u] +nlu] - [v]) dl'r = /QvfdQ,

(2.35)
respectively. Eq. (2.34) is the form we need to develop a solver while Eq. (2.35)
is convenient for analysis. In Eq. (2.35), the diffusion operator is written as the
bilinear form

BSIPG (y, v) = /vau - VodQ +/F b(—{Vu} - [v] —{Vv} - [[u]l:irﬁ[[U]] - [v])dl'y,

(2.34)

(. / J

~
Consistency term Symmetry term Penalty term

(2.36)
which is symmetric, u,v) v,u), and adjoint consistent, leading to
the optimal order of convergence [83]. (See Ref. [91] for more details.) If the
negative sign of the symmetry term in Eq. (2.36) is replaced by a positive sign or 0,
the method becomes non-symmetric interior penalty Galerkin (NIPG) or incomplete
interior penalty Galerkin (IIPG). The NIPG and IIPG methods are typically derived
by specifying appropriate numerical fluxes in Eq. (2.32). However, in Appendix A
we present a different derivation for the NIPG and IIPG while keeping the same
numerical fluxes as in SIPG.

BS‘IPG( — BS'IPG(
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2.4 DG formulation of the NS equations

Having derived the DG formulation for the linear advection-diffusion problem in
Section 2.3, we next follow a similar approach to obtain the DG formulation for the
NS equations.

2.4.1 Formulation

The DG formulation for the NS equations is much more involved than that for
the model problem. The additional complexity arises not only from the higher
dimensionality of the NS equations but mainly from the treatment of the viscous
flux and the related tensor operations. Since integration by parts is used in the
derivation while the gradient of the field variables is implicitly contained in the
viscous flux, i.e. the block vector G in Eq. (2.10), the viscous flux is first rewritten
for explicit separation as

90 G, (K11, Ki2,Ki3) - VQ
Gi(Q,VQ) = Kij(Q)Ta G=| Gy | = Ka,Kun Ks)-VQ | =KVQ,
i Gs (Ka1, K32, K33) - VQ

(2.37)
where the indices follow the summation convention. The K;; are square matrices,
and K is a fourth-order tensor, which can also be considered as a block matrix

Kll K12 K13
K={K;}=| Ko Kypn Ky |. (2.38)
K31 K32 K33

In the above, the detailed expressions for K;; are provided by Dolejsi and Feistauer
[92] for the 3D NS equations while those for the 2D NS equations are given by
Hartmann and Houston [83].

The derivation of the DG formulation for the 3D NS equations also starts from
the introduction of an auxiliary variable o, leading to

a@_?_i_v.F_v.o':O’ (2.39a)
c=G(QVQ). (2.39b)

We then multiply Eqs. (2.39a) and (2.39b) by test functions v and 7 = (71, 79, T3),
and integrate in an element, providing

/ 9Q vdQ. + / (V-F)-vdQ, — / (V.-o)-vdQ, =0, (2.40a)
. Ot Q. 0.
/ o:7d= [ VQ: (K'7)d. (2.40D)
Qe Qe
where the test functions are from the piecewise continuous finite element spaces

v’ = {v e [L2(Q)]”: v]o, € [PP(Q.)]”, V0, € Q} , (2.41a)

W= {re )" T

0. € [PP(Q)]° v, € Q} , (2.41D)
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and (:) is the double index contraction which results to a scalar here
O T = 04Tij 221,2,3 j:1,2,,5
Additionally, in Eq. (2.40b) we used the following identity

(o8] T1

L ' _ _ 0Q 0Q o7
o:T= Zz : :z =0, T; = (Kw axj) T = 83:] (KU Z)
(2.42)
0Q/0x, Kiim1 + K5 7o + K}, 73
=| 0Q/0xy | : | Khri+ KL+ K7y | =VQ: (K'7),
8Q/6$3 K??)Tl + K%};TQ + K§3T3

where (K”);; = (K;;)7. More details of their derivation are provided in Appendix
A.

After integrating by parts and substituting the boundary fluxes by numerical
fluxes, Eq. (2.40) is transformed to be

0Q .
. -vdl', — F : Q
& dQ+/Fe<F n> vdr, /Q VvdQ,

- / (¢ -n)-vdl, +/ o:VvdQ, =0, (2.43a)
Qe

/QO':TdQez/F Q- ((K'7) -n) dFe—/ Q- (V- (K'7))dQ., (2.43b)

where the integration by parts formulation for (:) reads
/ VQ: (K'r)d = [ Q- ((K'r) n)dl. —/ Q- 1)) d.. (2.44)
Qe Fe

We next perform the integration by parts again in Eq. (2.43b) using Eq. (2.44) to
obtain

/ o TdQ, = ) vQ: (K'r) dQeJr/F (Q—Q) ((K"r) -n)dl.  (2.45)

Finally we let 7 = Vv, and substitute Eq. (2.45) into Eq. (2.43a) to have the
primal formulation

Advection operator
N

Q. , - X
v /QEF.VdeenL/e(F-n)-vdFe
G:Vdee—/ (5‘-n)-vdf‘6+/ (@-Q) ((K"Vv) -m)ar, =0
Qe e Te

N

Vv
Diffusion operator

(2.46)
where the substitution VQ : (KT’T) = G : Vv is used for clarity.

Eq. (2.46) gives the general elemental and primal DG formulation of the NS
equations. The normal numerical inviscid flux, i.e. F- n, is computed by a Rie-
mann solver H(Q~,Q1,n~,n™), which can be either exact or approximate. In the
diffusion operator, the SIPG method adopts the following numerical viscous fluxes

Q={Q}, &={G}-n{K}Ql (2.47)
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where different forms of the penalty coefficient 1 are given in Ref. [84, 89, 93], and
in addition to the jump and average operators defined in Eq. (2.30), a new operator
[-] for vector-valued operands is used here

[Ql=Q @n” +Q*@n™, (2.48)
where ® is the tensor product operator. Note on the edges where nt = —n~, we
have [Q] -n~ = Q™ — Q™ which is independent from the normal vector n.

Therefore the final formulation takes the form
8—Q-VdQe—/ F:VvdQ, + H - vdl',
Q. Ot Qe r.
+ [ G:VvdQ, — / {G} -n)-vdl. + / {Q} - Q) - ((K"Vv) -n)dl,
Qe Te Te

+ / n({K}[Q] - n) - vdr, = 0.
’ (2.49)

2.4.2 Advection term: Riemann problem

At each quadrature point on the element interface, the numerical inviscid flux is spec-
ified from a Riemann solution, through which the information is propagated across
the elements. The Riemann problem is an initial value problem (IVP) governed
by conservation law, and studies the evolution of the initial jump. For instance,
Riemann problem for the one-dimensional Euler equations has the following initial
condition

QL = (p, pu, E)p, x <0,
0) =
Q(x7 ) {QR = (p7 P%E)Ra X Z 07

and the jump at x = 0 can be considered as the the interface of two elements where
the solution is discontinuous. A Riemann solver calculates this IVP, and the solution
at the initial jump interface, i.e. x/t = 0 is used as the numerical flux.

For a multi-dimensional compressible flow problem, a Riemann solver calculates
the numerical flux at a interface quadrature point in a local coordinate system,
where only the numerical flux in the normal direction (e.g. y;-direction in Fig. 2.3) is
calculated, and therefore it recovers a one-dimensional flux. The associated Riemann
problem is composed of two nonlinear waves (dashed line) and three contact waves
(dotted line) as shown in Fig.2.4, and the nonlinear waves can be either shock waves
or rarefaction waves.

Figure 2.3: The Coordinate system to calculate Riemann solution at the element
interface. x = (x1, 9, x3) is the Cartesian coordinate system, and y = (y1,y2, y3)
shows the local coordinate system at a interface point.
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Figure 2.4: The propagation of waves in the three-dimensional Riemann problem.
The red dashed lines are nonlinear waves and the blue dotted line in the middle
denotes three contact waves. In the brackets are the corresponding waves speed,
where u is the normal velocity to the boundary.

In the normal direction of the local coordinate system, the Riemann problem
can be solved using either exact or approximated approaches. The exact Riemann
solver was developed by Godunov [94, 95] while popular approximated Riemann
solvers include Roe, HLL, HLLC, etc, and their construction follows different sim-
plifications. For more details about the Riemann solver, see Toro [96]. In this thesis
the simulations are performed using Roe’s Riemann solver.

2.5 Boundary conditions

The suitable boundary condition treatment is the next key aspect to enable a suc-
cessful solver for a variety of simulations, which is the topic of the current section.

The boundary conditions for a flow solver can be applied through either strong
enforcement or weak enforcement. The strong enforcement directly modifies the
flow variables on the boundary Q; based on the target reference values Q.. and
the internal state of the domain/element Qj,, which is widely employed in Finite
Difference and CG-based FEM solvers. On the other hand, the weak enforcement
have a variety of approaches. The two approaches we are used in this work are
Weak-Riemann and Weak-Prescribed, both of which dictate the flow field through
numerical flux.

As shown in Table 2.1, in the Weak-Riemann approach we replace the exter-
nal state, Qext by an appropriate ghost state, Qgno, and the numerical flux at the
quadrature points are computed through a Riemann solver H. The Weak-Prescribed
approach directly computes the numerical flux using the boundary value Qy,, which
is computed by the internal state and reference state. A sketch of the states is shown
in Fig. 2.5. We remark that if the boundary value considers the characteristic treat-
ment, the Weak-Prescribed approach is identical to Weak-Riemann approach where
an exact Riemann solver is adopted [97].

For the advection term in the NS equations, the boundary conditions can be en-
forced through either Weak-Riemann approach or Weak-Prescribed approach, while
only the Weak-Prescribed approach is used for the diffusion term in this work. In
the rest of this section we introduce different types of boundary conditions for both
advection and diffusion terms.
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Table 2.1: Types of boundary conditions.

Strong enforcement Weak enforcement
Riemann Prescribed

Qb = Qb (Qinta Qrcf) H=H (Qinta Qgho) H=H (Qb)

—

Qgho (Qext)
Qb

Figure 2.5: A sketch of the states for boundary condition enforcement. The normal
n is outward-pointing.

2.5.1 Farfield

2.5.1.1 Advection term: low viscous effect region

At the farfield boundary, the advection term is enforced by standard Riemann
boundary condition, which directly uses the reference state Q.cr as the ghost state
in the Weak-Riemann approach

pgho Pref
(pul)gho (pul)ref
Qgho - (pu2>gho - (,Ou2>ref - Qrefa (250)
(pu?))gho (pu3>ref
Egho Eref

and the numerical flux is computed by the Riemann solver H (Qint, Qrer). In Eq.
(2.50) and the rest of the work, the reference state indicates the target value we
expect the field to reach. Therefore we have Q.of = Qo at farfield.

On the other hand, the standard Riemann boundary condition can also be en-
forced through the Weak-Prescribed approach, which takes the form

Pb
(pui)y
Qo= (pua)p |, H=H(Qp), (2.51)

(pus)n
Ey,

where the entries of Q) are computed according to the characteristic relations. More
details of the characteristic relations will be provided in Chapter 4 while in the
current section we simply give the intermediate procedures and results.

When the local normal Mach number Ma, = (uy/c) -n € (—oo,—1], this
boundary is an supersonic inflow, and all the information comes from the upstream
flow. Similarly, a supersonic outflow (Ma, > 1) finds all the information comes
from the computational domain. We therefore have

Qb|M¢zn§—1 = Qrer, Qb|Man21 = Qint-
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When the local normal Mach number sits in the ranges (—1, 0] and (0, 1), the bound-
ary are subsonic inflow and subsonic outflow respectively. Under these conditions,
the boundary state is no longer simply equal to a single sided state but depends on
both internal state and the target reference states

Qb - Qb (Qint7 Qref) .

In the following derivation we adopt a global coordinate system fixed to the ground.
For the subsonic inflow, the characteristic relations are

2 ( )+ 2
= (" Upef - 1 -
7_1Cb f S 1

2 ( ) 2
cp = (—Ujp - M) —
7_110 t o

+
Rb = Upn + Cref,

(2.52)

R}Z = Ubn — Cint,

where R} and R are the Riemann invariants corresponding to flow-direction and
reverse-flow-direction, namely inward propagating and outward propagating Rie-
mann invariants in this inflow scenario. wuy,, = —u, - n is the (absolute) normal
velocity pointing inward of the domain. Since the entropy information also comes
from upstream, one finds that

Db Pref
Sp=== : (2.53)
pg p;yef
Accordingly, the flow variables for the boundary state are solved by
( 1 _
=5 (By + By),
—1 B
Cb:%(Rg_Rb)>
Up = Uyref — (uref : l’l) n — up,n, (254)
- (i) 1/(v=1)
b ')/Sb )
PbChb
P =—".
\ ot

Following the same procedures as in Egs. (2.52) and (2.53), the boundary state for
a subsonic outflow are calculated by

( 1
ung =5 (By + Ry)
v—1 _
=" (R~ By).
Uy = Wiyg — (Wine - 1) D+ Up, M, (2.55)
. (i)l/(vl)
b ’}/Sb )
PbCh
bbb = —,
\ v

where R} and R, are the outward and inward propagating Riemann invariants,
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Up,n = Uy, - 1 is the (absolute) normal velocity pointing outward of the domain, and

2
Rl—)i_ = (uint : n) + N — lcint7
_ 2
Rb - (uref ’ l’l) - 1Cref> (256)
Pint
Sy = .
p?nt

Note that the treatment of standard Riemann boundary condition depends on
local normal Mach number rather than local Mach number since the Mach number
does not represent the direction selection property that the information propagation
relies on (e.g. a supersonic flow can be subsonic in the normal direction), and the
local normal Mach number is calculated based on the internal state.

In the above the explicit characteristic treatment in Weak-Prescribed approach is
implicitly performed in the Weak-Riemann approach, and therefore both approaches
lead to a non-reflective boundary. Since the standard Riemann boundary condition
is developed by only considering the hyperbolic feature, it performs well particularly
in the upstream farfield boundary. However, in the regions where viscous effect plays
a significant role such as wakes region with vortical structures or near the outflow,
this boundary condition can cause spurious reflections. This is because the current
boundary condition treatment comes from the inviscid characteristic theory, which
cannot capture the viscous effects [97]. Therefore in the region with high viscous
effect different boundary conditions are necessary.

2.5.1.2 Advection term: high viscous effect region

In high viscous region, the boundary conditions are modified to impose the pressure
rather than the velocity as done in the standard Riemann boundary condition [97].

We introduce the treatment using the Weak-Riemann approach. When the
boundary is subsonic inflow, the pressure from internal state is extrapolated to the
ghost state while reference state values are specified to other ghost state quantities.
In contrast, for the subsonic outflow the pressure is enforced to the ghost state while
other ghost state quantities are extrapolated from the internal state [97], which is
also known as pressure outflow boundary condition. Moreover, when the local nor-
mal Mach number indicates supersonic in/outflow, the all information comes from
upstream, and the Riemann solver leads to no adverse influence to the viscous effect.
(This treatment is also known as do-nothing approach.) These treatments provide
the following ghost state expressions

Qgho’Ma <1~ Qrefa Qgho‘Ma >1 Qinta
n = n_
Pref Pint
(pu1)ret (pU1 )ing
Qgho’_1<Man§0 = (pUQ)ref > Qgho‘0<Man<1 = (pU'Q)int
(pu?))ref (PUS)int
Eref - gfi + % Eint - .Iy?ili + %

(2.57)
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2.5.1.3 Diffusion term

As for the diffusion term treatment, it has a different form for each different spatial
discretisation. In this IP method, the numerical flux at the farfield boundary reads
(83, 84]

~

Q = Qba o=G (Qinta innt) - nK (Qb) <Qint - Qb) ®n (258)

where the viscous flux G is evaluated at the internal state for both Q and VQ, and
the coefficient tensor K is evaluated at the boundary state Q, = Qp(Qint, Qref),
which takes the expressions

Qb‘Mangfl = Quer, Qb’Manzl = Qi
Pref Pint
(pu)ret (pu1 )int
Qbl_1<rran<0 = (P2 )ret , Qblocara,<1 = (Pu2)ing ;
(pu3)ret (pus3)ing
Eref_%—f—% Eint_%_’_%

(2.59)

2.5.2 Viscous wall

For the NS equations the viscous wall enforces a no-slip condition. The reference
state therefore has zero velocity components (for a fixed wall) while the density and
total energy are not constrained

Qref = ('7 Oa 07 07 ')T'

The viscous wall has two types: isothermal wall and adiabatic wall, whose differences
lie in the diffusion term treatment while the condition for the advection term are
the same.

2.5.2.1 Advection term

In the Weak-Riemann approach, the viscous wall can be achieved by specifying the
“mirror image” of the internal velocity on the ghost state, and the Riemann solver
will obtain a contact wave of zero velocity. The density and energy component on
the ghost state are extrapolated form the internal state so that

Pgho Pint
(pul)gho —(pu1)int
Qgho = (pUQ)ghO = _(pu2>int . (2-60)
(puS)gho —(pus)int
Egho Eint
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2.5.2.2 Diffusion term: isothermal wall

The boundary condition for diffusion term of the isothermal wall finds the boundary
state of the following form

Pb Pint
(pui)y 0
Qb = (pUQ)b = 0 R (261)
(puz)y 0
E, Pint RTw
y—1

thereby we obtain the numerical diffusion flux using Eq. (2.58).

2.5.2.3 Diffusion term: adiabatic wall

In the adiabatic wall boundary condition, the boundary state uses both the den-
sity and the energy from the internal state and zero velocity components as in the
reference state

Pb Pint
(pu1)p 0
Qb = (pUQ)b = 0 y (262)
(pus)p 0
Eb Eint

In addition, when calculating the numerical flux in Eq. (2.58), the normal flux
from the shear stress is extrapolated from the internal state while the normal flux
from the thermal diffusion is set to be zero, i.e. KVT -n = 0 [98]. Therefore on the
adiabatic wall the tensor K(Qi,) is modified to drop the thermal diffusion so that
in Eq. (2.58) the viscous term satisfies

0
) ) OQint T1iT
G (Qunt, VQu) -1 = K™ (Qune) 7 ==mi = | moim
! T3iT
U;T4iMy int

2.5.2.4 Numerical blowing-suction on the wall

The blowing-suction on the wall is adopted for simulations where disturbances need
to be introduced into the boundary layers, e.g. the study of TS wave growth.
The blowing-suction is performed numerically by breaking the zero velocity of the
contact wave. In the Weak-Riemann approach this is achieved by superimposing a
time dependent disturbance on to the ghost state of the advection term treatment
of viscous wall boundary condition.

2.6 Discretisations in space and time

The analytical expressions of the DG formulation need to be discretised in space
and time before we can solve them numerically on a computer. In this section the
spatial discretisation and implicit time integration scheme, as well as the numerical
methods to solve the nonlinear system arising from the implicit time integration,
are introduced.
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2.6.1 Spatial discretisation

We start introducing the spatial discretisation from the weak form of Eq. (2.11)
0
/ ¢pa—?d96 — | V¢, HdO, - / ¢, (H-n)dT., (2.63)
e Qe Te

where ¢, € VP is the test function. Within each spectral/hp element Q. the vector
of conservative variables Q is approximated in the finite element space V¥ as

£) =Y Qqlt)ey(x), (2.64)

where Np is the total degrees of freedom (DoF's) in an element for each field, Qq(t)

is the vector of time-dependent coefficients of the basis function ¢,(x) taking the
form

- \T

Qu(t) = (@ pir.....pia, E)

To calculate the integrals in Eq. (2.63), the domain of each element .(x)

(e = 1,2,...,N,) is first mapped to a standard element 2,(£) where each local

coordinate &; € [—1,1], j = 1,2,...,d. Numerical quadrature is then performed on
the standard element, leading to

No Np

ZZ% &i)wiJidg(§ )dgq

i=1 g=1

—pr Juwi JH(E Z@J julJf (H(ED ).

where Ng is the number of quadrature points inside an element, NQF2 is the number
of quadrature points on the boundary, w; are the weights at the quadrature points,
J; are the Jacobians of the mapping

(2.65)

O(1, .y Tq)
&1y -y &a)’

H is the numerical flux evaluated at the element boundary, and w! and J! are
the weights and Jacobians for boundary quadrature. In this work we are using
Gauss-Lobatto-Legendre (GLL) quadrature, where the end points of the interval
are included. However, note that the quadrature points on the element boundary
are usually different to those in the element. For more details of the mapping and
quadrature, see Karniadakis and Sherwin [99].

In Eq. (2.65), the evaluation at a quadrature point &;, e.g. H(§;), takes the form

H(Ez) = H(Q(&z)) =H (ZP Qq(ﬂ@%(&')) =H (Zp Biqéq> )

where B, is the entry in the ¢-th row of the Ny x Np backward transformation

matrix
¢1(€1) ¢2(€1) ¢Np(€1)
B_ <Z51(:E2) </52(:€2) ¢Np:(€2) . (2.66)
01(En,) D2(Eny) b, (Eny)
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If in Eq. (2.64) we use nodal expansions, i.e. ¢, are Lagrange polynomials, then
the backward transformation matrix would be identity matrix when Np = Ng. In
addition, the w; and J; can also be contained in a Ng x Ng diagonal weight matrix

and the Np x Np mass matrix for an element therefore reads
M = B"WB. (2.68)

Moreover, as shown in Eq. (2.11) since H is a function of VQ, differentiation also
needs to be evaluated numerically. For example, the derivative of Q with respect to
&; is expressed by

00q(&) =
Q(&;.t) = ZQq ol Z Dia Qs
(%j g g
where D; (j =1,..,d) is the Ng x Np derivative matrix with respect to &;

8¢1(£1)/3§j 89252(51)/853' o 8¢Np(51)/8§j
o, | e ostedjos o voiedes |
001(En,) /08 002(€n,) /08 -+ O0bn,(En,)/ 0%,

With the numerical differentiation technique, now the only unknown in Eq.
(2.65) is the treatment of the numerical flux H, which is the combination of nu-
merical inviscid and viscous fluxes. The inviscid flux is calculated as the Riemann
solution while viscous flux is obtained according the the SIPG method as addressed
in Section 2.4.

By using the matrices defined above, the discretisation in matrix form reads [100]

d
M=~ =3 B’D/WH,(Q) - (B"M.)’ W'H" - Y B'DIM,W'S? (2.70)
j=1 j=1
where M., is the mapping matrix between basis functions in the element and on the
boundary, M, is the interpolation matrix from the elemental quadrature points to

the boundary quadrature points of the same element, H is the numerical flux vector
containing the consistency term and penalty term, and S™ is the vector for the
symmetry term of the SIPG method. The superscript I' denotes the corresponding
matrix on the boundary. For further details of the matrix form, see Ref. [93, 100].

2.6.2 Time integration

The NS equations are solved through time integration in semi-discrete form

o =L@ (2.71)

where, compared with the expression in Eq. (2.70), the tilde above Q and mass
matrix M on the left-hand side (LHS) are dropped for clarity. Eq. (2.71) is con-
sidered as an ordinary differential equations (ODEs) system with respect to time
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since the spatial terms are all grouped in £(Q) on the right-hand side (RHS). In
the above, different time integration schemes can be applied to solve this system
while the spatial discretisation performed on the RHS is used to compute the time
derivatives.

In the flow simulations the time step is dictated by the Courant—Friedrichs—Lewy
(CFL) number. The CFL number should be typically smaller than 1 for explicit
schemes. However, when using the P-th order DG spatial discretisation the CFL
number is scaled by P? for the advection term and by P?* for the diffusion term [93,

99]

At

At
C’F’Ladvection ~ A_QZPQ’ CFLdiffusion ~ P4

Ax?2
which suggests a significantly smaller time step At must be adopted for an explicit
solver, particularly when the discretisation order is high. To enable larger time steps
in the simulations and achieve potentially higher efficiency [100, 101}, we therefore
use an implicit solver in this work.

The implicit solver is based on singly diagonally implicit Runge-Kutta (SDIRK)

schemes. Let superscript “n” denote the current time step, we have the initial
condition for the time integration

Q¥ =qr,
then the i-th stage of the m stage Runge-Kutta (RK) method reads
i-1
S — Q"+ Atz a; L(QY), (2.72a)
=0

where S is explicitly calculated in Eq. (2.72a), and is the source term for Eq.
(2.72b). The solution for the next time step is calculated as

Q"' =Q" + At Xm: b L(QW). (2.73)
=1

In the above Eqgs. (2.72b) and (2.73), a;; and b; are coefficients of the scheme.
For an implicit scheme where a;; # 0, Eq. (2.72b) is a nonlinear system to be solved,
and can be rewritten as

N(QW) = Q" — 8% — Atau; £(QY) = 0. (2.74)

This nonlinear system is solved using Newton method.

2.6.3 Jacobian-free Newton-Krylov (JNFK) method

The Newton iteration to solve Eq. (2.74) starts from an initial guess, for which the
already known source term S in Eq. (2.74) is a reasonable one

Q=5
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where we denote the intermediate state vector involved in the Newton iteration by
an overbar (-), and the superscript shows the current step. The formula for Newton
iteration then reads

g—g Q1 -QY) =-N@QY), k=012 (2.75)
Qk

where —N(QF) acts as the residual. The iteration stops when the L, norm of
the residual is smaller than 1072 of the initial residual or drops below 10710 as
the absolute tolerance. Then the solution for the i-th stage of SDIRK scheme is
Q(z‘) — Qk-&-l‘

In each step of the Newton iteration, a linear system needs to be solved. Since
the Jacobian matrix, 0N /0Q typically has a large order and is not symmetrical, the
restarted generalized minimal residual method (GMRES) is adopted. The GMRES
is a Krylov subspace methods, which iteratively constructs an approximate solution
by projecting the residual onto a higher dimensional subspace spanned by the co-
efficient matrix of the linear system and the current residual vector. The Arnoldi
iteration is used to generate an orthonormal basis to span the subspace [102]. Note
that since the GMRES solver is used within the Newton iteration loops, a slight loss
in accuracy for better efficiency by using a larger tolerance is considered a reasonable
choice. In this thesis we use a relative tolerance of 1072 with respect to the initial
residual.

Further, a challenge to adopt the GMRES solver is its massive storage require-
ment for the successively generated basis to minimise the residual [103]. The storage
management is particularly challenging when the high-order DG spatial discretisa-
tion is used. For a compressible flow solver, the dimension of Q® in an element is
the number of field variables d + 2, multiplied by the DoFs for each field (P + 1),
where d is the dimension and P is the polynomial order of the expansion basis. This
eventually leads to a large linear system. To reduce the computation and memory
cost for the Jacobian matrix, a Jacobian-free method is adopted to evaluate the
product of the Jacobian matrix and a vector via finite difference as

N N(Q+eV)-N(Q)
g’ "~ : , (2.76)

In the above V is the target vector, € is the scaled machine epsilon € by the Ly norm
of the local variable as [93]

€= ||Q||2\/E

which is a small value so that it enables a high accuracy of the Jacobian-free eval-
uation when the entries of Q are in the similar order. In this way, only a residual
N (Q + €V) needs to be computed by storing N (Q) [93], and the difference can be
performed with high efficiency in the software implementation.

In practice, the GMRES solver is assisted by preconditioners to achieve better
efficiency. A preconditioner clusters the eigenvalues of the coefficient matrix of
the linear system to accelerate convergence during iterations [103]. Eq. (2.75) is
transformed to the preconditioned system with right preconditioner as

ON_ AEY N
(%P )(PAQ)— N(QY) (2.77)
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where AQ* = Q*! — Q*, and P is the preconditioning matrix. In this work the J
step block relaxed Jacobi iterative preconditioner, BRJ(.J), developed by Yan et al.
[93] is used for its low memory cost.

2.7 Other numerical methods

In addition to the above mentioned numerical methods to solve the NS equations,
other methods are also adopted to globally or locally damp the disturbances when
performing transition analysis using the e” model. In this section we introduce the
Selective Frequency Damping to accelerate the calculation of a steady baseflow and
the absorption layer to avoid wave reflection in the disturbance field simulations.

2.7.1 Selective frequency damping

In the current work, Selective Frequency Damping (SFD) is used to accelerate the
convergence to a steady baseflow. The SFD is an effective method to numerically
find the steady state of a dynamical system [104], where the basic idea is to continu-
ally damp the unsteady component through a low-pass filter until a user-prescribed
tolerance, 107!° in this thesis, is achieved. For a dynamical system of the form

q= f(q), (2.78)
the corresponding SFD system takes the form
q=flg) —x(g—q)
. g-q (2.79)
1= 7A

where ¢ is the target steady solution, x is the control coefficient, and A is the filter
width. The system in Eq. (2.79) can be marched in time with any appropriate
scheme and be stopped when |¢ — g| becomes smaller than the prescribed tolerance.
The implementation of the SFD is relatively simple since it is independent of specific
equations and numerical methods. It can be directly used as an outer loop to wrap
the existed NS equations solver as the inner loop.

2.7.2 Absorption layer

In the simulations of disturbance fields, a blowing-suction on the wall is typically
adopted to excite the disturbances. However, the disturbances are usually not only
generated inside the boundary layer but also outside. When a near wall computa-
tional domain is used and the boundaries are reflective, the solution in the boundary-
layer region can be contaminated by the reflected waves. To minimize this adverse
effect, we adopt an absorption layer (also known as sponge region) near the sensi-
tive reflective boundaries, as sketched in Fig. 2.6, by adding a forcing term on the
right-hand side of Eq. (2.11) [105], giving

%—? +V -H=—-—0(x) Qs — Q), (2.80)
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where o(x) is a positive damping coefficient and Q. is the reference solution to
damp the current simulation which can come from the average field, a low-resolution
simulation, steady simulation, etc.

The damping coefficient typically has a smooth spatial distribution to avoid
sharp variations. In this work we adopt the damping coefficient in the form of a
fifth-order polynomial with respect to only one direction in the local coordinate
system (as shown in Fig. 2.6):

0, 771 <0,
o(x(x")) = { 6(z7)" — 15(z7)" + 10(z7)*, 77 € (0,1,
1, 7] > 1,

where 77 = (27 — 7 ,)/(z] — 77 ) is a scaled local coordinate, x7; and w7 , are the
begin and end of the absorption layer in the selected direction xj. The profile of the
damping coefficient is given in Fig.2.7.

— Sponge region

— Computational domain

Figure 2.6: Sketch of the sponge region and the corresponding local coordinate
system x* = (a7}, 23, x%).
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Figure 2.7: Damping coefficient distribution for the absorption layer.
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2.8 Nektar+-+

High-order methods have been considered difficult to implement due to the complex-
ity of algorithms, which limits the usage mostly within research groups for academic
study and numerical analysis [106]. Nektar++ is a project aiming to bridge the gap
between high-order method study and real applications, and is presented in form of
open-source spectral/hp element method framework.

The Nektar++ framework is coded in object-oriented C++ and is organized by
CMake building system, therefore has the merit of cross-platform. In this frame-
work, both CG and DG discretisation are supported. On the mesh side, with the
inherent mesh generator NekMesh, a set of high-order mesh can be either directly
generated or converted form the linear mesh produced by other softwares such as
Gmsh, Simcenter STAR-CCM+, Cadence Pointwise, and ANSYS ICEM. A variety
of types of elements can be used, including 2D triangular, quadrilateral, and 3D
hexahedron, prism, tetrahedron, pyramid, which enables high flexibility in mesh
generation and significantly reduces the workload for the users. For more informa-
tion see the website www.nektar.info [106, 107].

In this thesis work all the simulations are performed using the compressible
and incompressible flow solvers in the Nektar++. On the other hand, the code
developments by the author and collaborators on numerical methods and transitional
analysis are fully implemented into Nektar++ framework, including

e 2D high-order mesh generation module;

e stable subsonic Riemann inflow boundary conditions to enforce different quan-
tities;

e stabilization methods;

e SED for compressible flow simulations;

e interactive data extraction module (in NekPy interface)

e local stability analysis module;

e numerical blowing-suction boundary condition on the wall;
e coordinate transformation module;

e disturbance amplitude calculation module;

e Fourier mode operations module.
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Chapter 3

Framework for transonic laminar
boundary layer natural transition
analysis over complex geometries

This chapter is reproduced and extended from the following publication. Since this
work is developed by the author in collaboration with other researchers so that “we”
rather than “I” is used.

e G. Lyu, C. Chen, X. Du, M. S. Mughal, and S.J. Sherwin. Open-source frame-
work for transonic boundary layer natural transition analysis over complex
geometries in Nektar++, AIAA Paper, p. 4032, 2022. DOI: 10.2514/6.2022-
4032.

3.1 Introduction

This thesis adopts the e” method to analyse the laminar boundary layer natural
transition. The use of this method involves two major steps: (i) the baseflow com-
putation and (ii) the growth prediction of the disturbances. Since the disturbance
development is sensitive to the baseflow profiles, accurate computation of the base-
flow is critical to a successful transition prediction. On clean geometries the base flow
can be computed by a computationally fast and cheap boundary layer solver. Then
the disturbance fields are solved according to the Linear Stability Theory (LST) or
Parabolized Stability Equations (PSE) [108], and the transition prediction analysis
can then be undertaken. However, the baseflow over geometries with sufficiently
large imperfections such as steps and gaps, cannot typically be computed through
a boundary layer equations solver particularly in the presence of local recirculation,
i.e. separation bubbles. Therefore, a Navier-Stokes solver needs to be used to obtain
the baseflow. As for the disturbance fields, a linearised solver or full Navier-Stokes
solver has to then be applied, since typically PSE models fail to correctly capture
any rapid short scale variations in the baseflow; as well as some uncertainty of cor-
rectness of PSE modelling when dealing with large area of locally confined reversed
flow.

When different computational tools are involved in these two main steps, data
conversion issues can arise, typically involving difficulties interpolating and rescal-
ing to alternative grids as accurately as possible. This causes losses in precision of
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data and extra workload for researchers and engineers. A particular example would
be that of an abrupt change in the vicinity of a localized stepped feature — inter-
polation using a standard cubic spline of the boundary layers for the consequent
instability analysis may give rise to overshoots and unphysical flow gradients, which
then impact the instability analysis. A set of integrated tools is therefore desirable.
However, to the best of authors’” knowledge although different research groups have
developed their own tools for boundary layer analysis and flow transition predic-
tion, relatively few, if any, are available as open-source to the wider community.
Since developing each of the tools requires specific yet different knowledge, new re-
searchers in the field find it extremely difficult, due to unavailability of trusted and
well documented software, to start their investigation. Therefore, we have devel-
oped an open-source and unified framework which overcomes the difficulties of the
two-stage process (i.e two separate and usually quite disparate baseflow and lin-
ear stability computations, and usually different numerical discretization strategies
used in the base flow and instability tools). This chapter will describe a unified ap-
proach to modelling flow instabilities, which utilizes the spectral /hp element method
framework Nektar++. (See Section 2.8 for more details). The high-order solvers
in Nektar++ enable accurate boundary layer profile computations over complex ge-
ometries (which may well include locally reversed flows), as well as the ability to
capture disturbance development with high accuracy.

This chapter is organized as follows. Section 3.2 introduces the pipeline for
transition analysis. Section 3.3 discusses methods to reduce wave contamination
for the disturbance field computation. A detailed one-dimensional signal filtering
methods is provided in Section 3.4. When computing the disturbance fields using the
Navier-Stokes solver, the accuracy and precision is a concern since the magnitude
of disturbance fields is smaller than the baseflow for several orders. The ability to
accurately capture disturbance development is then demonstrated in Section 3.5.
For the verification of the framework, in Section 3.6 a two-dimensional transonic
flat plate problem is solved with both clean and stepped geometries.

Moreover, in the baseflow and disturbance fields computation of the framework,
pressure compatibility at the inflow boundary with the background results is de-
sired. This must be achieved to through appropriate boundary condition, which is
discussed in details in the next chapter.

For better demonstration purposes, some intermediate results from the flat plate
case are used in early sections and are more completely discussed later.

3.2 Pipeline for transition prediction

The pipeline for transition prediction over a wing section is described in Fig. 3.1. To
reduce the computational cost of high-fidelity simulation of boundary layer flows,
we wish to use a near-body, reduced domain, whose outer boundary conditions
are interpolated from a computationally cheaper three-dimensional (3D) Reynolds-
Averaged Navier-Stokes (RANS) simulation. Taking advantage of its lower cost, the
RANS simulation can be carried out over the full geometry such as a wing-fuselage
configuration, and thus the three-dimensionality effects and the influence by the
fuselage on the field distributions are automatically taken into account.

As a next step we compute the baseflow in the reduced domain, including the
near wall laminar boundary layer. The matching of the outer RANS solution with
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Figure 3.1: Pipeline for transonic boundary layer natural transition analysis.

the inner baseflow requires careful treatment of the inflow conditions. For a subsonic
inflow condition in a Discontinuous Galerkin (DG) and Riemann-based solver, two
conditions can be imposed in the normal direction to the boundary. As the stan-
dard condition in a DG solver, the incoming Riemann invariant and the measure
of entropy are set, leading to a non-reflecting boundary. However, this does not
adequately enforce a compatible pressure condition with the outer RANS simula-
tion. This incompatibility in pressure distribution is undesirable since the pressure
load is usually well captured by the Euler or RANS simulation (at least for lift pre-
diction) and since the pressure distribution does not typically vary much over the
boundary layer. Moreover, the disturbance development inside the boundary layer
is significantly influenced by the pressure distribution. The above reasons there-
fore make pressure distribution a quantity of interest from the lower fidelity models
and is an important property to maintain in the reduced domain, for the higher
fidelity simulations that we hope to achieve with Nektar++. To best enforce the
pressure compatibility, an entropy-pressure compatible inflow boundary conditions
is considered for its linear stability, which is further discussed in the next chapter.

Before we solve the disturbance fields, sectional instability analysis (1D) is car-
ried out along the boundary layer to ascertain and map out the instability parameter
space, in terms of frequencies and spanwise wavenumbers of unstable disturbances,
likely playing the most dominant role(s) in the transition process in the boundary
layer. This is achieved through a local LST spatial instability analysis of bound-
ary layer profiles at different streamwise positions. In this step accurate boundary
layer profiles can be extracted interactively using the Nektar++ Python interface
(NekPy), where the spatial analysis is undertaken using the LST module, using the
open-source part of the CoPSE3d code [68, 109]. In the LST module the compress-
ible LST equations are discretised with 4th-order finite differences. A generalized QZ
method is used for eigenvalues and the discrete mode selected. This is then further
refined using inverse Rayleigh iteration to get a highly accurate grid independent
eigenvalue and eigenfunction.

Next, having identified the frequencies and spanwise wavenumbers of the most
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dominant disturbances, the prescribed disturbances are then introduced in the re-
duced domain. To excite the disturbances, artificial receptivity is adopted by setting
part of the wall near the leading edge as a blowing-suction interface, operating at
the selected frequencies. Finally, the envelope (N-factor) of the growth curves of
each disturbance (n-factors) can be generated, and the transition onset is considered
at the position where the envelope exceeds a user prescribed threshold.

It is worth mentioning although the current work focuses on compressible flows,
the aforementioned approach is also equivalently applicable to laminar boundary
layer natural transition predictions for incompressible flows. The differences lie in
the choices of solvers in Nektar++ to compute the baseflows and disturbance fields,
as well as the necessity to reduce signal contamination by the wave reflections.

3.3 Methods to reduce wave contamination

Unlike incompressible flows where the speed of sound is assumed infinite so that the
information of pressure and velocity influences the whole field instantaneously, the
compressible flows update the fields through complex wave propagation due to its
mixed parabolic-hyperbolic nature. The emergence of undesired waves may contam-
inate the disturbance signals of interest, such as the fields for Tollmien—Schlichting
(TS) waves and crossflow waves. For the transonic boundary layer natural transition
analysis over complex geometries, two main causes of wave contamination are:

o Waves generated by blowing-suction and reflected at the inflow boundaries;
e Reflected waves at the surface irregularities.

Both are related to the wave reflection at the boundaries of the domain, and a sketch
of the reflections is shown in Fig. 3.2.

Reflective
inflow Wave reflection

at the boundary

Wave reflection
Extra wave

S ’ at the step
— T~ ‘ ,l -
’/ - .
— BL instability i { & Forward-facing step
BL profile \ SAAAL A e
/
Wall Blowing-suction

Figure 3.2: Sketch of the wave reflection at a inflow boundary and at a forward-facing
step. The long dashed line represents the extra wave caused by the blowing-suction,
the short dashed line represents the reflection wave at the inflow boundary, and the
dotted line represents the reflection wave at the step.

To excite the boundary layer instabilities blowing and suction are introduced on
the wall at prescribed frequencies. This boundary perturbation does not only excite
the disturbance inside the boundary layer but also generate waves propagating in all
directions. If the inflow boundary is reflective (e.g. the entropy-pressure compatible
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inflow), the waves are reflected back to the wall. Fig. 3.3(a) shows this type of
contamination in a reduced domain over a wing section of the the CRM-NLF model,
which is studied in detail in Chapter 5. In the case in Fig. 3.3, the blowing-suction
is turned off after the first cycle to better trace the wave reflection between the
wall and inflow boundary. It is apparent that the reflected waves are of similar
magnitude to the target TS wave packet, and therefore the TS signals are difficult
to be separated. A solution to this issue is to set up a sponge region, which adds
additional forcing terms to damp the differences with respect to a mean or steady
field. As shown in Fig. 3.3(b), the adoption of a sponge region effectively removes
the wave reflection and the TS wave packet is clearly resolved. In addition to the
sponge region, mesh coarsening [110] and lower order polynomials can be used for
the spectral elements outside the boundary layer region to reduce the resolution
and therefore smear the waves as they travel across this region, further damping the
reflected waves.

As the excited waves travel downstream inside the boundary layer, they may
be reflected if they experience a surface irregularity. This is the second source of
contamination. Fig. 3.4 provides an example for wave reflection at a forward-facing
step, which will be introduced in Section 3.6 as the verification of the framework.
In general these reflected waves are much weaker than the disturbances of interest
in most parts of the domain. However, since the disturbances grow over several
orders of magnitude as they travel downstream, and since the adoption of the eV
method requires precise capture of the weakest amplitudes of the disturbances (which
are used as the denominators in the calculation), the reflection waves can easily
contaminate the results and lead to an incorrect N-factor.

To the best of the author’s knowledge, few methods are available to clean a
contaminated signal, especially when the two signals (i.e. the incident and reflected
waves) have the same frequency. Schopper [111] spotted standing waves in the
TS wave experiment and he explained the phenomenon as the superposition of the
TS waves and freestream acoustic waves. He modelled the acoustic field to obtain
cleaner TS wave signals, where proper adjustment was still needed. However, it can
be expected that acoustic modelling at the surface irregularities is more difficult than
that for the freestream acoustics. Moreover, in the T'S wave study by Edelmann [110]
the reflected waves were considered as acoustics whereas the profile of the reflected
waves of the same case (see Section 3.6) in Fig. 3.5 indicates a more complicated
condition. The reflected waves are acoustics (p') dominated but vorticity waves
(u" and v') and entropy waves (7" and p’) have comparable amplitude. Further «’
has opposite phase to the others is also observed. These complicated waves make
the general wave modelling more difficult and therefore not an ideal method to be
adopted.

To obtain a clean TS wave packet signal Edelmann used a “Moving Tukey Win-
dow” for Fourier transform to obtained the amplitude [110]. However, the moving
speed needs to be known in advance to apply the window, which restricts the ap-
plication of this method. To enable the amplitude of disturbances to be obtained
the current framework filters a signal by modified Chebyshev polynomials [112] to
remove the influence of the reflected waves. Fig. 3.6 gives an example of the filter-
ing, and compares the TS wave amplitude signal before reflection, with reflection,
and the filtered result. The signal before reflection is taken before the TS wave
reaches the step and therefore no reflected wave is generated. This signal can be

60



considered as the non-contaminated signal although it is only available in a lim-
ited region upstream of the step. The signal with reflection is taken after both TS
waves and the physically reflected waves have become fully developed in the domain.
The filtered signal is post-processed based on the signal with reflection. The com-
parison shows that the relative difference between the minimum amplitude of the
filtered signal and the non-contaminated signal is only 2.68% while that between
the contaminated signal and non-contaminated signal is 20.35%, indicating the fil-
tering effectively removes 86.34% of contamination at the minimum amplitude point
(which is the critical point since this amplitude will be used as the denominator to
calculate N-factor) and recovers the signal to a low level. In the next section the
filtering algorithms will be presented.

™~ Blowing-suction

-1E-07 -7E-08 -4E-08 -1E-08 2E-08 5E-08 8E-08

Sponge region

|

¥— T-S wave packet (clear resolved)

™~ Blowing-suction

[ ] | DN

-1E-07 -7E-08 -4E-08 -1E-08 2E-08 5E-08 8E-08

Figure 3.3: Comparison of the disturbances in the streamwise component of the
velocity field (u') in T'S wave excitation over an airfoil in the reduced domain: (a)
contaminated TS wave packet because of the wave reflection, and (b) clear resolved
wave packet with the adoption of a sponge region.

3.4 One-dimensional data filtering

To reduce the influence by the reflected waves mentioned above, as well as the noise
in data sampling, the original one-dimensional data for the growth of disturbances
is filtered before computing the n-factor. Since the reflected waves should have
the same frequency as the incident TS waves or crossflow waves of our interest,
direct signal decomposition is difficult. Therefore curve fitting is a practical solution
to filter out the standing wave pattern which is featured by a high streamwise
wavenumber. The basic idea is to expand the original one-dimensional data by
several low order basis functions and then use the least squares approximation to
determine the coefficients. The Chebyshev polynomials are used for filtering as basis
functions for their strong ability in curve representation. Note that the data vary
rapidly in the vicinity of the irregularities. This part of the data is left as is and
only the smooth region will be filtered.
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Figure 3.4: Disturbance in the streamwise component of the velocity field (u') show-
ing the TS wave reflection at a forward-facing step.
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Figure 3.5: Reflected waves in the slice passing Re, = 2.4177 x 10% on the wall
and of 15 deg with respect to the y-axis. (The forward-facing step is located at
Re, = 2.45 x 10°, and detailed settings are provided in Section 3.6. The vertical
coordinate is represented by Re, to follow the convention used in Ref. [110].)

3.4.1 Chebyshev polynomials
The Chebyshev polynomial of the first kind of order n is defined as
T,(x) = cos(narccosz), x€[-1,1], n=0,1,2,.. (3.1)
which holds the following recurrence relation for n > 1
Th1 = 22T, — T,—. (3.2)
The first four Chebyshev polynomials take the explicit form
To(z) =1, T(z)=m Ty(z)=22"-1, T3(x)=42>-3z, (3.3

62



Raw (before reflection)
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Figure 3.6: Comparison of raw data and the filtered results. The raw data is the
amplification curve of 2D TS instability of f = 19 kHz over the flat plate with a
forward-facing step. N = 20 is used to filter the data in the Re, interval [3.45 X
10°,2.06 x 10°]. Comparison of two sets of raw data and the filtered results. The
first set of raw data (red line) includes oscillation because of the acoustic reflection
at the forward-facing step. The second set of raw data (black line) is oscillation-free
since it is obtained before the TS wavefront hits the step. The filtered data removes
the oscillation using modified Chebyshev polynomials.

and plotted in Fig.3.7(a). These polynomials have non-zero end-point values. How-
ever, in the current work the end-point values of the sampled data are considered
accurate and will be kept from changing. The data will be decomposed into a lin-
ear part and a homogeneous part, and only the homogeneous part will be filtered.
The Chebyshev polynomials are therefore modified to have homogeneous boundary
conditions as [112]

(I)Qn—Q - T2n - TO

=12, .. (3.4)
q)anl = T2n+1 - Tl

The first four modified Chebyshev polynomials are plotted in Fig.3.7(b) as examples,
where ®,(+1) = 0 is always satisfied.

3.4.2 Least squares approximation

To filter out the noises and oscillations while holding the sampled boundary values
of a one-dimensional data set, the independent variable is first mapped onto the
standard interval [—1, 1]. For simplicity assume the independent variable x is already
mapped in the following.) The original signal f(x) is then decomposed into a linear
part fj(z) and a homogeneous part f,(z), i.e. fr(£l) =0

f(@) = filz) + fu(). (3.5)
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Figure 3.7: The first four Chebyshev polynomials.

The homogeneous part is then approximated using the modified Chebyshev polyno-
mials in Eq. (3.4)

fn(x) =~ Z a, P, (x) (3.6)

Assuming the fj is known at M different points x;,7 = 0,1, ..., M —1, where M > N,
we have

Jn(zo) D (o) Oy(xg) -+ DPy_1(z0) a
fh(l"l) (I)o(l”l) @1(551) Tt (bN—l(l'l) ay
fh(xM72) q)o(foz) ®1($M72) s (I)Nfl(xM72) an
frn(@ar—1) M Oo(zp—1) Pi(zpr—) -+ Py—a(zar—1) XN /N
(3.7)
which is written in matrix form as
fh = Aa. (38)

The above equation is unsolvable since M > N. Therefore a least-squares approxi-
mation is adopted as

a=(ATA) ATE,. (3.9)
Finally the filtered signal is reconstructed by

f(z) = fi(z) + Aa. (3.10)

3.5 Precision requirement and linear growth limit
for instability study

In the eV method an empirical threshold for transition sits in the range of 6-11 [52,
53, 56, 113-115]. This is not as trivial as it sounds since it means a disturbance
can grow up to e!' (=~ 60000) times and even higher whereas the amplitude of the
disturbance still needs to be small enough so that the non-linearity can be neglected.
Edelmann and Rist [32] obtained satisfactory results in DNS simulations by keeping
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the disturbance amplitude below 10~ of the freetream velocity in the whole domain,
and a N-factor up to 9 is presented. This corresponds to the smallest amplitude
of 1.2 x 107® of the freetream value. In the related work by Zahn and Rist [36],
a maximum /N-factor of 10.2 is reported and the amplitudes of disturbances are
roughly 107® of the freestream value at introduction, which leads to a maximum
non-dimensionalized amplitude of 2.7 x 1074,

However, the disturbance of order O(10~%) may not be the limit to adopt the eV
method together with DNS simulations. To figure out the capability for simulating
the linear growth of disturbance in the current framework, the comparisons are made
by introducing disturbance of different strength into a two dimensional flat plate
boundary layer with a forward-facing step (see 3.6 for the geometry and detailed
settings). The freestream Mach number is 0.8 and the disturbance frequency of 19
kHz is used to obtain representative results.

Table 3.1: Initial disturbance scaled by the freestream velocity.
Case 1 Case 2 Case 3 Case 4 Case 5

Initial disturbance 5x 107 1x1077 1x10% 1x10° 1x107¢

We compare five cases as shown in Table 3.1, where the initial disturbances vary
from weak to strong with approximate magnitudes of 5x 10, 107, 107%, 10~°, and
107" of the freestream value. Fig. 3.8(a) provides the scaled curves for maximum
amplitude of streamwise velocity of the excited TS wave in the streamwise direction.
It shows that all the cases have a good linear scaling relation except Case 5, which
has a larger amplification than the others near the peak. This larger amplification
is likely arising from non-linear effects. The relative differences for the adjacent two
cases are plotted in Fig. 3.8(b), where the relative difference for Case a and Case b,
for example, is computed by

la _ L
na,b —_ |<|u ‘maz Ca,b |u max)' (311)

where ¢, is the scaling coefficient for the two cases, computed by the ratio of the
maximum values of |u/|2 and |[u/[ . It is shown that only the relative difference
for Case 5 and Case 4 goes beyond 1% from Re, = 3.14 x 10°, corresponding to a
|t/ | maz Of 7.9 x 1073 of the freestream value in Fig. 3.8(a). Therefore 7.9 x 1072 of
the freestream value is considered as the estimated upper limit for linear growth.
On the other hand, an estimation for the lower limit is also needed since the
disturbances whose amplitude smaller than the limit cannot not be well distinguished
from the computational errors and undamped waves. The |u’|-profiles of these cases
at Re, = 8.35 x 10° are plotted in Fig. 3.9(a). This streamwise position is close
to where the amplitudes of the disturbances reach their minimums. The figure
shows that all of these profiles are well resolved and the computation errors cause
a maximum relative error of 0.51% in the profile for Case 1. Since the amplitude
of 1079 is well captured (from Case 1, also see Fig. 3.10), this value can be used
as the estimation for the lower limit. (Although the lower limit is not reached, for
example, with respect to 1% relative error and smaller amplitude is still available,
1079 is enough for the estimation.) Therefore, the disturbances whose amplitudes
grow from 107 to 7.9 x 1072 of the freestream value can be studied in a single
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simulation (rather than divided into several) within the current framework. This
gives the maximum N-factor of 15.9, covering the typical transitional value from 6
to 11. For extreme cases where a larger N-factor is needed, the amplification curve
for certain disturbance can be generated in two runs by placing the blowing-suction
in two different streamwise position, and then combine the result in post-processing.

The above estimation is about the disturbances, which are obtained by subtract-
ing the steady baseflow from the perturbed fields, which are obtained by activating
the blowing-suction on the wall and restarting from the steady baseflow. To make
sure the disturbance of order of O(107%) is well resolved, the simulation of baseflow
needs to converge to the order of O(107'°) to O(10~!"). This can be achieved by di-
rect time marching for a long time or using the Selective Frequency Damping (SFD)
for higher efficiency. (See Section 2.7.1 for detailed descriptions of parameters.)

A convergence verification for the baseflow for cases in Table 3.1 is given in Fig.
3.9(b). With the control coefficient Y = 1 the baseflow only converges to 107 since
some TS wave-shaped structures continue to exist downstream of the step whereas
10~ convergence is achieved by increasing the control coefficient to 4.
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Figure 3.8: Comparison of scaled TS wave growth curves of the five cases in Table
3.1. The relative difference for each curve in (b) is computed using the adjacent two
cases in Table 3.1. The data in the latter case in the legend is used as the reference
to compute the relative difference.

3.6 Framework verification: TS wave development
in 2D transonic flat plate boundary layer

In this section 2D TS wave development in two transonic flat plate boundary layer
flows are simulated, and the N-factors are computed to verify the workflow. The two
boundary layers considered are over a clean geometry and a geometry with a forward-
facing step (FFS), respectively. These two cases have been studied by Edelmann
and Rist [32] using DNS as well, and their results are used for comparisons.

Figure 3.11 shows the geometries and computational domains for the two cases.
For the stepped case, detailed parameters of the step are given in Table 3.2, where
Reg is the Reynolds number based on the step position, Rey is the Reynolds number
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Figure 3.9: Precision verification: (a) the computational errors are O(107'2) to
O(10711); (b) the baseflow converges to O(10711).

Figure 3.10: TS wave result of Case 1 in Table 3.1 around Re, = 8.35 x 10° in
the presence of reflected waves. The plot shows the disturbance of the streamwise
component of the velocity field (u). The y-axis is scaled by a factor of 5.

based on the step height, H/6 is the step height over momentum thickness at the
very position in the clean case, Rep g is the Reynolds number based on step height
and velocity at the step height in the clean case, Ly /H and Lo/ H are the separation
region length upstream and downstream of the step over the step height, respectively.
In our simulations the flow conditions for the two cases are exactly the same. Both of
them have a freestream Mach number Ma = 0.8, freestream temperature 7T,, = 288
K, and Prandtl number Pr = 0.71. The wall is iso-thermal with Ty, = To. A
compressible boundary layer profile (see Appendix D for details) is weakly imposed
at the inflow (Re, = 10°) while a pressure outflow with freestream value is adopted.

Table 3.2: Parameters for the forward-facing step on the plate.
RGS R@H H/c9 ReH,H Ll/H LQ/H
2.45 x 105 2640 ~24 ~ 1350 ~4.8 ~0.9

Since the geometry is simple, the background field simulation in Fig. 3.1 is
skipped. We directly compute steady baseflows using the compressible flow solver
in Nektar++, and the results are shown in Fig. 3.12. To find an appropriate
frequency range for the TS waves to be simulated, sectional instability analysis by
LST is performed using the boundary layer profile of the clean case. The profiles at
10% and 90% streamwise positions are analyzed. Frequency scans, where the grow
rate of TS waves with a range of frequencies are computed, are performed and the
results are provided Fig. 3.13. It shows that the most amplified TS waves have the

67



Re, = 0.1~5 x 106

A

Freestream y =

x [

Il

Pressure outflow ?

3 =

Inflow profile x
TS wave Forward-facing step 2
o

$ v

Blowing-suction Iso-thermal wall

Figure 3.11: Schematic representation of the flow problem. The dashed line repre-
sents the wall for the clean geometry, and the dotted line represents the wall for the
stepped geometry.

frequencies of approximately 42 kHz and 10 kHz at z/L = 10% and z/L = 90%,
respectively. Therefore, with these reference frequencies, TS waves of 16 different
frequencies in the range [13, 45] kHz are selected for simulations. The same frequency
range is used for both clean and stepped cases.

Figure 3.14(a) and 3.14(b) show the final N-factor curves for the two cases as
well as the component n-factors. It is apparent that the N-factor for clean case
well agrees with the data from the reference for Re, > 1.2 x 10°. The discrepancy
at low Re, is due to the different domains size and treatments to high-frequency
TS waves. The higher N-factor in the current work comes from further upstream
domain being included in the simulations whereas it is assumed to be truncated in
the reference work. As for the comparison for the stepped case, good agreement
is achieved in the shape of the N-factor envelope, where the peaks and troughs of
the oscillations near the FFS agree well with the reference. However, the absolute
value of the N-factor in the current thesis is larger than the reference by 0.215.
This is considered coming from the differences in the baseflow. As shown in Fig.
3.15, the wall pressure distributions in the current work and the reference work are
not perfectly matched. This is because in the presence of the step, the baseflow is
unavoidably modulated and the zero pressure gradient condition does not hold when
using the same boundary conditions as the clean case, particularly when the inflow
profile is weakly enforced. Compared with the reference, a larger adverse pressure
gradient upstream of the step is observed while the pressure gradient downstream is
slightly smaller. It is these different pressure gradients that leads to a larger growth
in the N-factor in Fig. 3.14(b) since the development of TS wave is sensitive to
pressure distribution and is destabilized by the adverse pressure gradient.
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Figure 3.12: Baseflow of the flat plate cases. Streamwise component of the velocity
u is displayed.
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Figure 3.13: Frequency scans at an upstream position and a downstream position.
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Figure 3.14: N-factors for the two flat plate cases.
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Figure 3.15: Wall pressure distribution comparison.
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Chapter 4

Stable Riemann boundary
condition for embedded DG
compressible flow simulations

This chapter is reproduced and extended from the following publication. Since this
work is developed by the author in collaboration with other researchers so that “we”
rather than “I” is used.

e G. Lyu, C. Chen, X. Du, and S.J. Sherwin. Stable, entropy-pressure com-
patible subsonic Riemann boundary condition for embedded DG compressible
flow simulations. Journal of Computational Physics, vol. 476, p. 111896,
2023. DOI: 10.1016/j.jcp.2022.111896.

4.1 Introduction

Laminar boundary layer transition and the following turbulence involve the gener-
ation, growth, stretch, and breakdown of tiny vortices inside the boundary layer.
To numerically study these fine evolutions, high-fidelity methods such as implicit
large-eddy simulation (LES) and direct numerical simulation (DNS) are more regu-
larly being adopted. However, limited by current computational resources, full-scale
simulations at realistic Reynolds numbers (~ 107) are not currently available, even
at the most optimistic scenario predicted by Moore’s law [79]. As a result, current
efforts into simulating transitional mechanisms often use high fidelity simulation in a
near-body, reduced domain which is embedded in a outer domain encompassing the
whole geometry where a lower fidelity model is applied, as sketched in Fig.4.1(a).
(See Ref. [75] [33, 108] [116, 117] [118] [119].)

Unlike in a large domain where the inflow and outflow boundaries are far away
from the geometry of interest so that uniform freestream values can be enforced
for the boundary conditions, simple boundary conditions are not available on the
reduced domain. Hence, the distributions of the solution fields need to be specified
in advance. For example, Wenzel [117] studied the high subsonic turbulent bound-
ary layer in a rectangular reduced domain on the wing of Boeing 787 using DNS.
To enforce the freestream boundary condition, a modelled velocity distribution was
provided through an analytical expression, and the temperature and pressure distri-
butions were calculated according to the one-dimensional isentropic relation. An al-
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ternative approach at the boundaries is to use the results from a Reynolds-Averaged
Navier-Stokes (RANS) simulation, which is carried in a larger or full domain. The
RANS result can then be interpolated along the boundary of the reduced domain
to provide appropriate distributions, e.g. Cooke [108], Tempelmann [75], and other
references mentioned above. In these studies, the velocity distributions at the inflow
boundary are interpolated. Since the inflow boundary is located upstream of the
geometry, the fields are typically influenced little by the turbulence model in RANS.
This is because the turbulence model modulates a RANS solution by adding addi-
tional “viscosity” (named as eddy viscosity), which mainly arise from the near-wall
region and drastically decreases as a “probe” in the RANS field moves away from
the wall [120-122]. In addition, if the region of interest is not close to the fuselage,
there is little eddy viscosity transported from the upstream region of the computa-
tional domain when a low eddy viscosity ratio (i.e. eddy viscosity over molecular
viscosity) is set as part of the inflow boundary condition of the RANS simulation.
Compared with the distribution modelling which approximates field distributions
along the boundary by analytical expressions, interpolating the distributions from
a RANS simulation is more flexible. This enables the cases with more complex ge-
ometries to be studied, where the distributions are not typically well described by
analytical expressions.

Having obtained the desired distributions on the boundary, they then need to be
enforced on the boundary of the reduced domain through an appropriate implemen-
tation. The types of boundary conditions are usually related to the problem and
the adopted numerical method. For the incompressible flows in continuous Galerkin
(CG) formulations, they are often solved with strong boundary conditions which
enforce the velocity and pressure through Dirichlet or Neumann boundary condi-
tions. Therefore, the desired distributions of data from the outer simulations can be
directly enforced. On the other hand, when discretized by Discontinuous Galerkin
(DG) method, weak boundary conditions enforcements are adopted to solve both
incompressible and compressible flows [97, 123]. For example, a DG based compress-
ible flow solver uses a Riemann solution to infer a desired numerical flux to achieve
better accuracy [124] and convergence [125, 126]. Compared with the strong en-
forcement, the flow quantity distributions are usually not directly set in the weak
enforcement.

In addition, in the compressible flow regime, subsonic flows and supersonic flows
behave differently due to the different sign of the hyperbolic characteristics, and
therefore, different boundary conditions have to be specified. The most significant
consequence lies in the number of conditions to well-pose the problem [127]. In a DG
and Riemann-based solver, and for the inviscid fluxes of the governing equations,
two conditions can be imposed in the inwards normal direction to the boundary for
a subsonic inflow while three conditions can be imposed for a supersonic inflow. The
choice of conditions naturally leads to the different quantities being enforced on the
subsonic inflow boundary. A widely adopted subsonic inflow boundary condition
in a DG solver is to enforce the incoming Riemann invariant and entropy, leading
to a non-reflecting boundary. However, this does not directly enforce a compatible
pressure condition with the outer RANS simulation. This incompatibility in the
pressure distribution is undesirable in boundary layer transition prediction since the
streamwise pressure gradient has a significant influence on the development of a
transitional boundary layer flow. For example the Tollmien—Schlichting waves are

72



stabilized by a favorable pressure gradient and destabilized by an adverse pressure
gradient while both pressure gradients destabilize the crossflow waves [26, 27]. Fur-
ther the pressure load is usually well captured by the Euler or RANS simulation (at
least for lift prediction) and the pressure distribution does not typically vary much
over the boundary layer. The pressure distribution is therefore considered a reliable
quantity of interest from the lower fidelity models and is an important property to
be maintained in the reduced domain.

A similar example regards to the challenge of incompatible quantity at subsonic
inflow is provided by the simulation of low-pressure turbine cascade in a jet engine.
Since a full-scale simulation over the whole engine is also limited by the computa-
tional capacity, low-pressure turbine of certain stage is often studied separately or
together with a few following stages. This separate stage(s) simulation also leads to a
reduced domain as sketched in Fig.4.1(b), and leaves an artificial boundary condition
at inflow to be specified. Since the turbine blades are designed to harvest the best
efficiency at certain flow conditions, making it sensitive to the angle of attack (AoA)
or alternately the ratio between the inflow velocity components. According to the
multi-dimensional Riemann problem [96], the velocity component tangential to the
inflow boundary can be directly enforced while the normal component is influenced
by the reflected waves from downstream (for its subsonic working condition) if the
standard Riemann inflow condition is adopted. This can cause incorrect AoA and
fail the simulations. Therefore the normal velocity component, together with the
tangential ones, is a desired quantity to be enforced in such subsonic compressible
flow simulations. In this thesis, however, we will focus on the embedded simulations
of wing sections (although the study in this chapter can well be used in the turbine
simulations and etc.).

To achieve the pressure compatibility in the reduced domain, the corresponding
subsonic inflow boundary condition needs to be constructed. However, although
this construction can follow several approaches, not all of them are appropriate.
The ideal boundary conditions enable the numerical simulation to converge in a
stable way, inferring that the partial differential equation problem is well-posed and
the numerical discretisation is stable with the adopted boundary conditions.

For the stability analysis, Giles [128] and Darmofal et al. [129] have developed
one-dimensional (1D) linear analysis (or eigenmode analysis) to evaluate decay rates
of the disturbances. Since the decay rates depend on the adopted boundary condi-
tions, the performance of boundary conditions are therefore obtained. This method
can also be used to check the well-posedness of the boundary condition enforcement.
Nordstrom et al. [127, 130] used the energy method to analyze the linearized sys-
tem in a control volume. This method can be used to understand the number of
conditions to make the problem well-posed as well as examine suitability of certain
combination of boundary conditions. These works provide insightful analysis and
set up a useful framework, which are wildly used to establish boundary conditions
for compressible flow simulations.

As for the boundary condition stability analysis of DG approximations, it is less
studied compared with those based on the conventional finite difference discreti-
sation. Hindenlang et al. [76] examined the linear stability of the wall boundary
condition for the inviscid flows using the sufficient condition developed by Gassner
et al. [131]. In addition, insights on the stability of wall boundary condition through
penalization in the immersed boundary method using flux reconstruction are pro-
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(a) Embedded airfoil simulation.

(b) Low-pressure turbine simulation.

Figure 4.1: Illustrations of subsonic compressible flow simulations with specific phys-
ical quantities to be enforced at inflow boundary: (a) pressure along the inflow
boundary is expected to be enforced; (b) the inflow velocity is to be enforced to
guarantee the desired AoA. The dashed line in (b) denotes periodic boundary con-
ditions.

vided by Kou et al. [132], where the stability condition for penalization parameter
in the 1D scalar advection problem is given. These studies focused on the wall
boundary condition while reasonably assumed the conditions on other boundaries
are stable or periodic. However, since it is the combination of boundary conditions
that determines the evolution of the system, the satisfaction of this condition on
individual boundaries does not necessarily guarantee a non-singular system. To ob-
tain a specific analysis within the conventional method, where the disturbance is
introduced internally, a uniform baseflow is sometimes needed to compute the in-
tegration over the boundaries of the control volume. This can limit its application
to problems with large gradient, and therefore an extension of this methodology is
required.

In this chapter we therefore revisit the Riemann problem to see how best to
enforce pressure compatibility at the subsonic inflow boundary. In Section 4.2,
1D Euler equations are linearized in a DG element, and the systems for the inflow
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boundary conditions to be stable are derived. An entropy-pressure compatible inflow
boundary condition is selected from the full range of possibilities in Section 4.3,
and two other types of stable inflow boundary conditions are provided in Section
4.4. In Section 4.5 we show the entropy compatibility with the reference value at
a Riemann inflow stabilizes the simulation. The applicability of the 1D stability
model is further discussed regards to the local analysis versus the global analysis in
Section 4.6. Section 4.7 extends the current analysis to multi-dimensions without
assuming an uniform baseflow assumption. This method is then used to understand
the instability issue in adopting a stale 1D entropy-pressure inflow in the region of
a stagnation point flow. Finally, two transonic flows in reduced domains taken out
of full three-dimensional (3D) RANS simulations are computed for validation.

4.2 Boundary conditions linear stability analysis

To analyze the applicability of weak boundary conditions, we now consider the
stability of the linearized Euler system subject to a DG discretisation. A common
practice for DG approximations of the compressible flow equations is to impose
boundary conditions using 1D characteristic line theory. We therefore follow this
practice and derive the linearized DG approximation for 1D Euler equations.

4.2.1 Linearized DG approximation for 1D Euler equations

The conservative form of the 1D Euler equations reads

0Q | IF(Q)
E—i_ ox

—0, (4.1)

where Q is the state vector of conservative variables, F is vector for inviscid flux,
that is

P pu
Q= pu |, F=| p+tp? |. (4.2)
E u(E + p)

In the above p is the density, u is the velocity in the z-direction, p is the pressure
and FE is the total energy, which can be expressed under the assumption of a perfect

gas law as
1 1

2
E= ﬁp + S PUs
where v is the specific heats ratio.

In the DG approach, the approximation in each element are independent and
boundary conditions are enforced weakly in each element in the form of a numerical
flux. Therefore, to derive the smallest linear system for stability analysis which pre-
serves all the necessary boundary conditions, we consider the domain as consisting
of a single element €2, as shown in Fig.4.2. Eq. (4.1) is first multiplied by a test
function ¢ and then integrated in the domain by part, which gives

)
/Q¢a—?dx + [¢F - n],, — /Q Vé-F =0. (4.3)
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Figure 4.2: 1D solution domain and associated conservative states. The red region
represents the inner state and blue regions represent the ghost state on each side
where the solution domain boundaries are provided.

For simplicity we next consider a piecewise constant approximation in the ele-
ment
1, €

0 reo (4.4)

Q~Q(t)o(x), o) = {
Imposing this piecewise constant approximation to Eq. (4.3) allows us to analytically
evaluate the first term and directly sets the third term to zero. Finally replacing
the boundary flux F by a numerical flux denoted by F, Eq. (4.3) becomes

aQ

LOPV . i
i , (1.5)

where Ax = 2° — 2% is the length of the 1D domain and the superscript “w” and
“e” denote the west and east boundaries of the element.

Before going into more details of the numerical flux, for clarity we address the
definitions of different states involved in the following analysis, and a summary is
listed in Table 4.1.

Table 4.1: Definitions of different states.
States Notion Definition

Internal state (')int The state inside the element.

External state Vext The state outside the element.

Boundary state (-)y, The state at the boundary of the element.

Ghost state “)gho The state used to replace the external state
for a boundary element.

Reference state  (+)yef The target state for the boundary state to
reach, e.g. zero normal velocity on the wall.
It can be the value prescribed from a known
solution, e.g. the RANS field, which typically
is a constant but we still can perturb it for
mathematical analysis.

A~ N N

In Eq. (4.5) the numerical flux is typically computed through a Riemann solver,
and takes the form

ﬁ = ﬁ (Qinta Qext) ) (4-6)
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where at the interface between two adjacent elements Qim and Qext represent the
internal state and external states as listed in Table 4.1. For the numerical flux at
the solution domain boundary, where there is no adjacent element, a ghost state
Qgho is introduced instead of the external state so that we have

F—F (th, Qgho) . (4.7)

In the standard use of a Riemann boundary condition the external or ghost state is
independent of the internal state and the solution of the Riemann solver will provide
a known boundary state Q,, i.e.

Q (@ Q).

In this circumstances Qb is not known explicitly but rather inferred through Qim
and Qgno and the Riemann solution procedure [97]. Nevertheless it is also possible
to explicitly impose as many conditions as there are incoming characteristics on the
domain boundary, for example a prescribed freestream quantity such as pressure or
a zero normal velocity at an inviscid wall. For this situation we introduce Qef to
denote an external reference state which when provided as input to the Riemann
solver in combination with the internal state it enforces the desired condition on
Qy, and subsequently F(Qp). Accordingly in this case the ghost state Qgo is now
dependent on Qint and the desired conditions Qref we wish to impose such that

F = F (Que Qo (0 Qi)

= i:\‘ (Qref; Qint) ) (4.8>

or equivalently
F=F(Q), Q= (QuQu). (49)

Since the numerical flux is constructed with the reference state and the internal
state, the linearized system for stability analysis can be generated by introducing
disturbances on both states, as is shown in Fig.4.2.1. The linearized form of Eq.
(4.5) (see B.1 for full details), is given by

d 5Qin Tw e - 'w e -
H0Qu) (o 0B\ o (o oo
dt aQin‘c a(Qint an\éf a(Qfef

where 5Qint is the time-dependent disturbance on the internal state and o Qref is the
constant disturbance on the reference state. (The disturbance on the west boundary
is assumed equal to that on the east boundary.)

Although the independent variables in Eq. (4.10) can be in any form for the 1D
analysis it is convenient to use the characteristic variables which are

Rt u—+ %c
U=| R | = S : (4.11)
R~ u— %lc
&t
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Figure 4.3: Steady state and perturbation in 1D cases: (a) Perturbation on the
internal state; (b) perturbation on the reference state. The dashed lines represent
the steady state.

where ¢ = /vp/p is the speed of sound, S, which is the measure of entropy and
takes the form
s=2
P
By assuming the baseflow is steady and therefore uniform because of one-dimensionality,
the 1D linearized system in characteristic variables takes the form

d / ~ 1 . 1 -
= (0Uin) = - CindUins + 1= Crerd Ui, (4.12)
where the coefficient matrices are defined as
~ —1 ~ ~ ~ ~
F W (]
Co— (29) EOQ[IUL UL ) _ ¢, (4.13)
ou 0QIU \ 0Uiy,  OUiy
~ —1 —~ ~ ~ ~
Cor— (2Q) EIQ IV UL ) (o, (4.14)
ou 0QouU \ouy, ouUs,

In the above, C; relates to the uniform baseflow quantities and can be further
evaluated as:

~\ 1 ~  ~ u4c ——2 0
y(y=1)S
c@) oE0Q 7o T )y
ou 0Q oU 0 _ (70_21)5 u— ¢

which is similar to the Jacobian matrix OF / 8@, and therefore the eigenvalues are
the well-known u + ¢, u, and u — ¢. The remaining coefficient matrices are

~ Uy 0ug
8Uint at\j’int’

(4.16)



oGy _ 9G; (4.17)
ou¥.  gue.’

ref ref

CQ,ref -

which contain the normalized coefficients about how the boundary condition will
respond to the disturbance of the internal and reference states, respectively.

For the coefficient matrix C;,;, which originates from the hyperbolic conservation
law system in Eq. (4.1), it can be diagonalised so that

Cint - PflAP,

where A = diag (\;) (i = 1,2,3), and J; is its eigenvalue. If these eigenvalues are
non-zero, the solution to Eq. (4.12) can be written as

PoUi(t) = eM/ATPIU L (0) + (I — eA27) (=P C; L Cret) 0U ey (4.18)

int

For a stable solution to a well-posed problem, the initial disturbance on the inter-
nal state dU;(0) in Eq. (4.18) should decay. Physically we understand that the
disturbance waves will leave the domain through the boundaries without generating
a stronger reflection, meanwhile the disturbance on the reference state enters the
domain. The solution should exponentially converge to the reference value of the
boundary conditions. This result is achieved if, and only if, the following conditions
are satisfied

(4.19)

Re(\) <0, i=1,2,3
Cref - _Cint '

The second condition is equivalent to a opposite relation for the second part of the
coefficient matrices as
CQ,ref = _C2,int- (420)

If this condition is not satisfied, the solution will converge to
0Uj(t = 00) = —C3 1 CoreidUsep # 6 U (4.21)

This solution fails to track the reference value, and therefore is not well-posed.
Another possible scenario is when C; is singular so that some eigenvalue is zero,
e.g. \; = 0, the ¢-th component solution becomes

(Péﬂ‘im(t)> — <P5ﬁim(0)> + (épcrefaﬁref)t. (4.22)

7

1

This solution will grow or decay with time monotonously and finally diverge unless
the entries in the i-th row of PC, are all zero, inferring that C, is also singular
as P has full rank. Under this condition the component solution is neutrally stable,
which is accepted from the energy point of view since the disturbance will not fur-
ther grow and thus the solution is bounded. However, its evolution is unrelated to
the boundary conditions through the reference value. Since Eq. (4.12) is linearized
from the discrete approximation given by Eq. (4.5), the failure to track the reference
value further indicates the approximation is ill-posed through the boundary condi-
tion enforcement. Or alternatively, this neutral stability violates the uniqueness
requirement for a well-posed steady state boundary value problem because both the
steady state solution and the solution with the eigenfunction of the zero eigenvalue
superimposed satisfy the boundary conditions.
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According to the above analysis, the two requirements to form a stable system are
provided by Eq. (4.19), based on the eigenvalue analysis of the coefficient matrices.
We therefore next consider how the coefficient matrices are constructed for specific
Riemann boundary conditions

4.2.2 Analysis for Riemann boundary condition

Having established the linear system, Eq. (4.12), relating the stability of the internal
solution to the boundary conditions, we now need to construct the second part of
coefficient matrices, Cgny and Cqr. Before doing so we first need to outline the
characteristic treatment for Riemann boundary conditions.

To set up a Riemann boundary condition, a common practice is to construct the
boundary state following the characteristic relations. Fig. 4.4 shows the character-
istics (or characteristic curves) for the 1D Euler equations at a subsonic boundary
(x = 0). For a subsonic inflow, the left state can be considered as the ghost state
and two characteristics are pointing into the domain, indicating two conditions can
be enforced, while the third conditions is provided by the solution within the domain
(right state) related to the outwards-pointing characteristic. Since the Riemann in-
variants and entropy are constant along the characteristics, the following relations
must be satisfied at the boundary

Rf =R/, RY=R!, R, =R, (4.23)

where R* denote the Riemann invariants, R denotes the entropy, and subscript “1”
and “r” denote the left (ghost) state and right (internal) state, respectively.

Left state  Boundary state Right state

Figure 4.4: Characteristic lines for a subsonic boundary.

The simplest boundary condition one can enforce is to specify the reference state
to be a given ghost state independent of the internal values (as is in Fig. 4.2.1) i.e.

Qref = Qghm (424)

which leads to the so called Riemann inflow [129]. We will also refer to this boundary
condition as an entropy-invariant compatible inflow in the current work since the
entropy (as well as the other incoming Riemann invariant) are directly enforced on
the boundary state by an exact Riemann solver.

Since this inflow boundary condition only enforces entropy and the incoming
Riemann invariant, there is no guarantee for pressure compatibility with the outer
solution. To complete the stability analysis, the boundary condition at the outflow
also needs to be provided. In what follows we will enforce the invariant compatible
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condition at the outflow in all of the following cases. This inflow-outflow combina-
tion, denoted by superscript S, leads to the following coefficient matrices

o o 000 1 00 -1 0 0
ouy  ouy
i=—=2——=2=[000]-[{010]=( 0 —-10 |, (425
OUing  OUing 00 1 000 0 0 1
o o 1 00 000 1 0 0
ouy  oU;,
S = L=l 010|-000]=|01 0 |].(426)
ouy,  oU, 00 0 00 1 00 -1
By substituting Eq. (4.25) and (4.26) into Eqs. (4.16) and (4.17), the coefficient
matrices becomes
C2
SI ST “ler) Seos ! SI
Cmt - ClCQ,int = 0 —2U 0 = _Cref7 (427>
0 setps (e

where the second condition in Eq. (4.19) is directly satisfied. The eigenvalues of
CJL are —(c+ u), —u, and —(c — u) while eigenvalues for C5L are the same but
negative values. The physical interpretation of these eigenvalues is that when the
internal state is disturbed, the disturbance can be decomposed onto the three waves,
which leave the domain at the speeds ¢+ u,u, and ¢ —u. The minus signs represent
the decaying feature of the disturbances. On the other hand, if the reference state
is disturbed, the disturbance can also be projected onto the waves that come into
the domain at the positive speed ¢ + u, u, and ¢ — u. Since the eigenvalues for C3!
are all negative, the first condition in Eq. (4.19) is also satisfied. Therefore, the
solution to the linearized system in Eq. (4.12) is stable at the steady state using
these boundary conditions.

Similarly, in the case where the baseflow is supersonic, C5% and Cg rof Tead
Cily=0-I=-I Cjl,=I-0=1,

and therefore C9I has three negative the eigenvalues, i.e. —(c+u), —u, and —(u—c),
inferring a stable boundary condition enforcement.

We note from inspecting Eqgs. (4.25) and (4.26) that the following relations hold

ouy | 9Uy _, 90 oG

~ e N (- b T, (4.28)
6Uint aU%f anHt anef
and
C2 ,int + CZ ref (429>

These relations are satisfied not only for the current boundary conditions but for all
combinations including supersonic ones. This is because to construct the boundary
state specific information should come from either internal state or reference state or
both. The sum of the weight of contributions from both states should be one or zero
depends on whether it is a diagonal entry, and form an identity matrix. Therefore
the opposite condition in Eq. (4.19) (or (4.20)) is always satisfied by the Riemann
boundary conditions, and the eigenvalues for Cy ;,,; and Cy .y are always equal and
opposite numbers.
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Although the opposite relation hold, we still distinguish C;,; and C, since they
are computed through different derivatives and this provides two different perspec-
tives to examine if the boundary conditions enforcement leads to a stable system.
In Eq. (4.12) if the disturbance on the reference state is not considered, it recovers
the homogeneous dynamical system for conventional stability analysis

% (5Uim> - écimwim. (4.30)
The stability of this system can be analyzed directly through the eigenvalues of Ciy;.
Alternatively, we can also examine the stability by constructing C,.s and using the
opposite relation.

A special case that is worth further discussion is when one or more eigenvalues in
Cont (or equivalently in Cy,ef) are zero. According to the analysis in the previous
section, in this case the solution in Eq. (4.22) is neutrally stable but the original
problem is ill-posed. The zero eigenvalues usually occur when the same reference
quantity is enforced at both inflow and outflow boundaries. This quantity could then
be over constrained and there will be some other quantify lacking a constraint. In the
construction of the coefficient matrices, this appears in the form of cancellation of
entries, leading to rank-deficiency. Further similar to this zero eigenvalue case is the
situation where some eigenvalues are purely imaginary. The difference lies in that the
zero eigenvalues arise from insufficient boundary conditions to a well-pose problem
while the purely imaginary eigenvalues indicates that sufficient boundary conditions
are enforced but in a neutrally stable manner. In addition, the zero eigenvalue
may solely exist while the purely imaginary eigenvalues will naturally appear as
a conjugate pair. In practice the neutrally stable solution will easily diverge as
the numerical errors accumulate and the solution will drift even if restarted from a
already converged steady state solution.

Similar to the analysis for strong boundary conditions by Darmofal et al. [129],
the coefficient matrix Cg,, contains the reflection properties of the adopted bound-
ary conditions. However, here, it is the component matrices 8I~J§ / 8ﬁim and 8I~Jeb / Gﬁint
rather than Cy;, should be checked to avoid entry cancellations. The zeros of

(86‘,;” / 8fjim> and <8fj§f / 8fjmt) show that the inflow boundary condition has
13 23
no reflection to the internal disturbance, while the zeros at ((96% / 5’ﬁim) and
31

(86% / 8I~Jim> indicate a non-reflective outflow. Therefore, the combination of
32

entropy-invariant compatible inflow and invariant compatible outflow is fully non-
reflective in the normal direction.

4.3 Stability analysis for pressure compatible sub-
sonic Riemann inflow boundary conditions

We now analyzes the eigenvalues for C;,; to determine a stable pressure compatible
inflow for the DG solver. Three possible candidates are constructed and their sta-
bility performances analyzed. We only examine the coefficient matrix C;,; since the
opposite relation in Eq. (4.20) always holds.
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4.3.1 Entropy-pressure compatible inflow

Neglecting the superscript “w”, the entropy-pressure compatible inflow at the west
boundary in Fig. 4.2 is given by

Pb = Dref, Sb = Sref7 (431)
which directly implies
Pb = Pref, Ch = Cref- (432)

The third condition which needs to be specified according to the characteristic
relations in Eq. (4.23)

T o= Ul — = R-.. 4.33
b b v - 1 b int ( )
Then the boundary state velocity and right-propagating characteristic are computed

as

_ 2
Up = Rint —+ ﬁcref, (434)
N 2 _ 4 _ n _
Rb = Uup + — 1Cb = Rint + Tlcref - Rint + (Rref - Rref) : (435)
Therefore, the boundary state Riemann variables take the form
N Ry Ry + Ry — R
U, = R | = R, . (4.36)
b Ry

As mentioned earlier, using the invariant compatible Riemann outflow, the sec-

ond part of coefficient matrix C2F is
o o 0 01 100 -1 0 1
ouy  oug
Si=—=2——=2=[000]-[{010]=( 0 -10|, (437
OUime OUme  \ 0 0 1 000 0 0 1
with which the eigenvalues for CSF are
MP=—(c+u), N=-u MN=—(c—u). (4.38)

Since all of the eigenvalues are negative for subsonic flows, the combination of the
entropy-pressure inflow and the invariable compatible outflow leads to a stable sys-
tem.

It is worth noting that the entropy-pressure compatible inflow is able to en-
force more conditions in multiple-dimensional cases, where the tangential velocity
components are enforced by the reference state. The density compatibility in Eq.
(4.34) makes the boundary state tangential momentum components also match the
reference state.

4.3.2 Velocity-pressure compatible inflow
Following the same notation, the velocity-pressure compatible inflow satisfies
Up = Uyef, Pb = DPret- (439>
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Then the boundary state density is computed using the left-pointing characteristic

as 9
2 Dref
Po =" : (4.40)
(7_1) (uref—R._ )2

int

Therefore, the boundary state characteristic variables are given by

2
R =y + P L et — Riyy = (R + Riyg) — Riye (4.41)
2y
po | (Rl + i) — 2Ry, 0
R =22 RY.. 4.42
b p’g R;‘;f Rr_ef ref < )
which leads to
~ ~ 00 -1 100
uy Us
Cil = Uy 90 _ g o ~(v=Dz= |- 010
OUiye  OUjye 00 1 0 0O
(4.43)
-1 0 -1
= 0 -1 _(7_ 1)pvcfl )
0 0 1
and the eigenvalues of CY” are
AP = —(c+u), )\ggp =++/—u(c—u), (4.44)

where )\2U 53 are purely imaginary for subsonic flows. The first order linear analysis,
indicates that part of the internal disturbance will keep oscillating and therefore the
velocity-pressure compatible inflow is not desirable for a steady state solution.

4.3.3 Momentum-pressure compatible inflow

Similarly, a momentum and velocity boundary state can be enforced by the condi-
tions
PbUb = Preflref, Pb = Dref- (445)

By introducing a auxiliary variable, 7, the boundary state density, velocity, and
speed of sound take the form

Po = 77_2Pref, Up = n2uref7 Ch = T)Cref, (446)

1 e 1 e\’ Ry
n = “b:_cf_\/(_cf> + —nt, (4.47)
Uref Y= 1 Uref Y — 1 Uref Uref

Therefore, the boundary state characteristic variables are

where

2

€ =5 (R+f+Rref) U

2

2
R;f:ub%—
v

+ —
— (Rt — R

ref — *lref

), (4.48)

R) =" R, (4.49)
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The second part of coefficient matrix is therefore given by

9 ct+(y—1)u

[Tw [7e 0 0 T fe—(v—1u 100
wp  O0p 005 o,
T s 00 2=V | (0 L0
int int O O 1 0 0 0
. __gct(y—Du
10 2=,
=1 0 -1 200 - Dr=tmma
0 O 1
(4.50)
Subsequently the eigenvalues of CMF are
+ _ 2
AP = —(c4u), A= Vo —eut e (4.51)

2(c+u—yu)
where
o=c"+2(y = 3)u+y(y + 6)c*u® — 3cPu® + 4(1 — ) cu® + 4(y — 1)%u*. (4.52)

Since the second and third eigenvalues have complicated expressions, their values
are examined numerically at different subsonic Mach numbers Ma, as shown in Fig.
4.5. We observe that these two eigenvalues are always real and positive, leading to
a unstable solution and so the adopted boundary conditions are unstable.

0.5

0//\

05 . . . . . . . . .
0 0.1 02 03 04 05 06 07 08 09 1

Ma

Figure 4.5: Variation of )\%P for subsonic flows.

4.4 Other types of stable subsonic inflows

In Section 4.3 we have constructed three types of inflow boundary condition where
the pressure is compatible with the target reference state. However, we showed that
only the entropy-pressure compatible one is stable. In this section, other two inflow
boundary conditions, namely entropy-velocity compatible inflow and entropy-total
enthalpy compatible inflow, are constructed with stability proved.
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4.4.1 Entropy-velocity compatible inflow

The entropy-velocity compatible inflow enforces the corresponding quantities to the

boundary states
Sb = Sref,  Ub = Uref- (4.53)

Then using the R, = R, , the speed of sound at the boundary can be expressed by
the characteristic variables as

—1
Cb:’Y (ub—Rf):7

2 int 4 (RJr

ref

+ R;ef - 2Ri;t) ’

and the boundary state therefore reads

B Ry R+ R — Ry,
Ry R

We can use the above expression to obtain the second part of coefficient matrix

= o 0 0 —1 1 00 -1 0 -1
ouy ouy
CGly=—=>-—=>=00 0 |J-[0o1O0|=[o0 -1 0 [,
Uiy OUing 00 1 00 0 0 0 1
4.55
Subsequently the eigenvalues of C2V are
MV = —~(c+u), NYV=—u MN=—(c—u (4.56)

which are all negative inferring a stable boundary condition enforcement.

4.4.2 Entropy-total enthalpy compatible inflow

The entropy-total enthalpy compatible inflow boundary condition is another stable
condition enforcing reasonable quantities

St = Srefs  Hp = Hier. (4.57)

where H = #2 + %u2 is the total enthalpy. Together with R, = R, this solves

int?
the the velocity and speed of sound on the boundary

—1 2
r=lo V2

== - 1-— Rin 1 P
Up 7,,_{_1 1nt+7,_|_1\/( ’7) t+( +’Y)O-
Fe e Tl Rt (L)
= ———R, _— — . o,
b r+1" 0 V2(r+1) ) St 7
where
2 y+1 i +1, 2 3—7 -
o= u?ef + Tlcfef ) (Rl—"";}f) T (Rref) +— 4 R;tszref
We then have the characteristic variable
2v/2
= — — i 1 . 4.
Ry +1R +T+1\/( ¥) Bint + (1 + 7)o (4.58)
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and second part of coefficient matrix consequently calculated as

~ ~ 1 0 2=3_ 2 (-hu-2
CSH _ ougy  o0Up 0 . - v+(1) utec (450)
2,int T A% ~ - - y .
annt annt 0 0 1
CPH finally has the eigenvalues
M= —(c+u), MNT=—u MNI=—(c—u (4.60)

which are also as ideal as the Riemann boundary condition.

4.5 Stability analysis of inflow entropy modifica-
tion

In Section 4.3 we demonstrated that the only stable inflow boundary condition
among the three candidates is the entropy-pressure compatible one. The similarity
it shared with the entropy-invariant compatible inflow is that the boundary state
entropy is kept the same as the reference state value. Using the similar method,
density-velocity, entropy-velocity, and entropy-total enthalpy compatible inflows are
constructed and examined, as provided in Section 4.4 for the last two. The stability
analysis result of these inflow boundary conditions are listed in Table. 4.5. Similarly,
the entropy compatible conditions have negative eigenvalues for C;,; while the others
suffer stability issues from non-negative eigenvalues. These observations imply the
entropy is a essential quantity, and violating entropy compatibility is likely to cause
problems. We therefore provide more detailed analysis for entropy modification at
inflow.

Table 4.2: Stability for different inflow boundary conditions

Inflow compatibility =~ Outflow compatibility Stability

1 Entropy-invariant Invariant vV
2 Entropy-pressure Invariant Vv
3 Velocity-pressure Invariant X
4 Momentum-pressure Invariant X
5 Entropy-velocity Invariant V
6 Density-velocity Invariant X
7 Entropy-total enthalpy Invariant Vv

We continue to follow the setting in Fig. 4.2 where the west boundary is the
inflow, and again the invariant compatible outflow at the east boundary is adopted.
Since only the outward-propagating Riemann invariant may be used to construct
the boundary state at the inflow, the second part coefficient matrix takes the form

o = 00 a 100 -1 0 a
ouy  oUg

Com=—=2>——=2=|000b|-l010]|=| 0 15|, (461
Uit OUing 00 1 000 0 0 1
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where a and b are entries representing the contribution of the internal state. Then
the characteristic polynomial for the coefficient matrix is

2
A+ (c+u {)\2+[c+—b}>\+uc—u}20, 4.62
A+ (c+u)] S =15 (c—u) (4.62)
where \; = —(c + u) is always negative and Ay 3 normalized by speed of sound are
given by
_ A —d+/d2 -8
Ao = Z’?’ = 5 , (4.63)

where Ma = u/c is the Mach number, § = 4Ma (1 — Ma) is always a positive
parameter for subsonic flows, d is a normalized parameter

c
d=1+ P 1)Sb. (4.64)
Eqgs. (4.63) and (4.64) show that Ay 3 are only related to the entry b while the
entry a has nothing to do with stability. This allows the boundary state Riemann
invariant R} to be modified as desired without introducing any singularity to the
system. On the other hand, the modification of the boundary state entropy R
needs to follow some restrictions. From Eq. (4.63) we can tell that the normalized
real part of Ay 3 is always negative for subsonic flows at d > 0. This point is more
clearly shown in Fig. 4.6 where )93 changes with d at different Mach numbers. The
right branches of the curves lead to negative real parts, corresponding to
b> _7(7_ 1)57 (4.65)
c
which needs to be satisfied for the boundary state entropy modification. Since the
boundary state entropy equals to the ghost state entropy for an inflow boundary
condition, Eq. (4.65) is essentially the requirement to design the ghost state.
There are two special cases. If b = 0, the eigenvalues recover the ideal values as
Ay = —u and A3 = —(¢ — u), which is the case for all the entropy compatible inflow.
This indicates that as long as the entropy compatibility is satisfied at inflow, another
inflow compatible quantity can be chosen whilst maintaining a stable system. The
other case is when b = —(v—1)S/c, which is the case for the velocity-pressure com-
patible Riemann inflow, A; 3 are purely imaginary conjugates, leading to oscillating
disturbances.

4.6 Further discussion

4.6.1 Physical explanation of unstable Riemann boundary
condition

In the previous sections, several subsonic inflow boundary conditions have been

constructed while and some of them are unstable, and the entropy compatibility is

proved to be critical for stability. It is then interesting to question the cause for the
instability for the better understanding.
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Figure 4.6: Normalized real part of A3 changing with parameter d at different
three Mach numbers: Ma = 0.3 (black), 0.6 (red), and 0.9 (blue). The solid line
represents Ao and the dashed line represents As.

We consider the instability arise from the Riemann solver, or equivalently the
characteristic treatment. Here we provide an explanation beyond the clues in Sec-
tion 4.2. When the boundary condition is enforced weakly through numerical flux
based on the characteristic treatment, only the reverse-flow-direction propagating
(i.e. outward-propagating for an inflow) characteristic from the internal state will be
selected to construct the boundary state (or equivalently to construct the numerical
flux) for whatever other quantities to be enforced on the boundary state. Therefore
only the third column of the first matrix in Eq. (4.61) is non zero and its last entry
is 1. Due to the complexity of the entropy expression, the flow quantity enforcement
induced entropy modification must be restricted for a stable inflow.

Additionally, if the boundary state for numerical flux is not constructed based on
characteristic treatment in the Weak-Prescribed approach, e.g. R;", and RY, are also
used to obtain the boundary state, the previous unstable boundary conditions might
be stable. This is could be the reason why different types of non-Riemann boundary
conditions are stable, such as the mass flow rate-total temperature compatible inflow
[133] and etc. However, further analysis is not performed since it is beyond the scope
of current work. But it can be easily finished following exactly the same approach
in this chapter by only modifying the expression of the boundary state.

4.6.2 Applicability: local analysis vs. global analysis

In the previous sections we have developed a linear stability analysis method for
the boundary condition. Ideally this method can be applied for all numerical flux
based discretisations although we have adopted the minimal system for simplicity
and generality. However, the applicability of the method is worthy to be discussed.

In the analysis in Section 4.2 a single element is used with the Riemann invariant
compatible outflow. This analysis studies the very first element in the upstream
direction to examine the stability of the inflow boundary condition. It is therefore
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a local analysis. The local stability is the necessary but not sufficient condition for
the stable simulation, i.e. the global stability. Here we provide an example using a
three-element system on the top of Fig. 4.6.2 with the entropy-pressure compatible
inflow and pressure outflow adopted.

For Element 1 (E1), it has the entropy-pressure compatible inflow and Riemann
invariant compatible outflow, and it is stable as proved in Section 4.3.1. Element
2 (E2) has Riemann inflow an outflow, and the combination of which also locally
stabilize the solution. As for Element 3 (E3), the local boundary conditions are
Riemann-invariant compatible inflow and pressure outflow. As mentioned in Section
2.5, the pressure outflow extrapolates the velocity and density and enforces the
reference pressure on the ghost state

pint
gho - Uint 5 (466)

Pret
where Wy, is the ghost state vector of primitive variables for the outflow boundary

of Element 3. Then at this boundary the the inward-propagating characteristic is
calculated by

—_ — 2 YDref
Ry = Ry =t — ——
b gho it Y= 1 Pint
1 1
“26-1) ~\2]7 D
1 2 y=1\*1| V[ (R}, — Ri)
= (R +R) — —— /et | | —— ) = Alint — “hint) ’
- ] (51 [
(4.67)
which leads to the following matrix
~ (P, 1 0 0
ouy,
0| = 0 1 0 , (4.68)
Ui 1. 1 1 e 1 1
2 7 2(y-1) (v-D*S 2 20-1)

where the superscript P, denotes the pressure outflow. This matrix is used to
construct the second part of the coefficient matrix which reads

~ ST ~ P -1 0 0
g 00| OUL 0 1 0 (4.69)
' aUmt annt _1_ 1 1 ¢ 1 + 1
2 2(v-1) (v-12S 2 0 2(v-1)

We obtain the following eigenvalues of CE3

M= (ctu), MP=—u, M= (). (4.70)

Since all of the above eigenvalues are negative for subsonic flows, the local system
for Element 3 is stable as well. Therefore the local analysis shows that all the
elements have a stable solution inside. However, it is expected that the entropy-
pressure compatible and pressure outflow cannot well-pose the simulation in 1D
since the pressure is over-enforced while the velocity is out of constrain, which is
demonstrated next from the global point of view.
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The global linear system is constructed to have the similar form as Eq. (4.12)

1

5 (301,) = 32U + 1= Ciud U (1.71)
where
U ref
U= | Ul |- ref = 0 ) (4.72)
Ui ref
Chi  Cu® 0 CEY 0 0
- o o o] = 0 0 0 | um
0 Cg" CRF 0 o cp
In the above, C;, is the 9 x 9 coefficient matrix and its eigenfunction reads
A —u)*PP(\) = 0, (4.74)

where P?(\) is a fifth-order polynomial of A, and its detailed expression is given
in B.3. It is clear there is an eigenvalue equal to zero while the rest have negative
real parts as shown in Fig. 4.6.2, inferring the problem is ill-posed by the current
boundary condition enforcement although the local analysis indicates a stable system
in each of the elements. In contrast, in the three-element system if the Riemann
inflow and outflow are adopted, one finds the ideal negative eigenvalues

Mo23=—U, Mse=—(c—u), MIgg=—(c+u).

Riemann invariant Entropy-Riemann
compatible <—{—> invariant compatible

5 51 | 52 53 5e
;:ilo Qint ’ Qint Qint Qgho
--------------------- 1 1 1 I---------------------
aw o = & Ae
Qgho F% Qint F¢ Qgho

Figure 4.7: Global analysis and local analysis.

According to the above example we showed that the single element analysis
examine the performance of a boundary condition locally. This kind of analysis
seems only provides a useful necessary condition but the sufficiency for a good
simulation is not guaranteed. However, the single element analysis is not necessarily
performed locally but can also performed globally. We prove this by considering the
system transformation shown in Fig. 4.6.2 where the whole computational domain
is approximated by an single element with the entropy-pressure compatible inflow
and pressure outflow boundary condition enforced on the west and east boundaries
respectively.

In this case the second part of the coefficient matrix is constructed by

. "’e Po —1 | O | ].
Caint an - an = 0 A 0 . (4.75)
7 annt annt —1_ 1 : L_c : 1 + 1
2 201, (v-12S 2 7 2(v-1)
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Figure 4.8: Eigenvalues at Ma = 0.3,0.6,0.9 for global analysis of the three-element
system with entropy-pressure compatible inflow and pressure outflow.

where the rank-deficit is easily noticed. Therefore there must be a eigenvalue equal
to zero for the coefficient matrix Cj,, and the system is ill-posed as is shown in the
previous global analysis.

4.7 Ill-posedness for entropy-pressure inflow at
the presence of a stagnation point

In the previous sections, the 1D eigenvalue analysis based on a steady and uniform
baseflow shows that the entropy-pressure compatible inflow together with invariant
compatible outflow leads to a stable system. However, multi-dimensional numerical
tests highlight the emergence of a divergent solution for an inviscid simulations and
strong oscillations appearing in viscous simulations. The divergence and oscillations
are observed to initiate in the region of the stagnation point, for example a the
leading edge of an aerofoil (see Section 4.8). To understand this issue, we analyse a
standard 2D squared domain (2 = (x1,x2) € [—1,1]®[—1, 1]), where wall boundary
condition are imposed on one of the boundaries. Due to the presence of the wall,
the baseflow of the linearized system can no longer be assumed uniform, which is
obviously a key difference compared with the previous 1D analysis.

4.7.1 Linearized DG approximation for 2D Euler equations

Fig. 4.9 schematically shows a representative squared domain with associated
boundary conditions in two cases with (a) and without (b) a stagnation point on the
right wall. We next construct a 2D linearized system using the DG approximation
of the 2D Euler equations, which take the conservation form

0Q | IF(Q)  IF»(Q)
E_‘_ 8951 * 81'2

— 0, (4.76)
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Figure 4.9: Baseflow and boundary conditions for 2D stability analysis near to a
wall: (a) with a stagnation point and (b) without a stagnation point.

where Q is the state vector of 2D conservative variables, F; and F5 are the vectors
of the inviscid flux

p 14051 pu2
2
pUL puil” +p pUIU2
_= s F _= 5 F = . 477
Q pu2 ! puUs 2 pus® + p ( )
E ui(E + p) uz(E + p)

In the above, u; and uy are the velocity components in the x; and xo-directions,
respectively, and E = #p + %p(ul2 + u5?). Others symbols are the same as in Eq.
(4.1).

Following a similar analysis as performed in Section 4.2.1 and B.1, the domain
() is approximated by a single quadrilateral DG element as

/§2¢%—?dQ+A¢<f-n> dF—/QV¢-FdQ:0, (4.78)

where I' = 092 is the boundary of the domain, F = (Fy, F2>T is the block vector for

~ ~ ~\T
inviscid flux [76] while F = (Fl, F2> is the corresponding block vector of numerical

inviscid fluxes.
The expanded form of Eq. (4.78) on the squared domain in Fig. 4.9(a) reads

/ ¢%t df) = / OFYdzy — / oF§dry + / $F5dr; — / ¢Fida, +/ Vo - FdQ,
Q I'w Te s In O
(4.79)

where the subscript “n” and “s” denote north and south, respectively. Due to the
presence of the wall the baseflow is no longer uniform so that a two-dimensional
approximation of the following form is considered

Np, Np,

Q- Z Z qu<t)¢pq(xl7$2)v Gpq(1,T2) = Pp(11)Pg(2), (4.80)

p=0 ¢=0

where Np, and Np, are expansion order in the orthogonal directions, and typically
are set to be equal to each other Np = Np, = Np. In the following analysis we
choose to adopt a Lagrange nodal basis function for both ¢, and ¢, of the form

1, vz,
¢p(r) =4 (v —1)(z+ 1)Lp(2)  0<p< Ny, (481)
P(P +1)Lp(x,)(x, — )’ otherwise,
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where z, represents the Gauss-Lobatto-Legendre points including both end-points
of the interval. For clarity, we use the semi-discrete form by only numerically inte-
grating the boundary terms

oQ 2l
int W e
/g; ¢ ot df) = Z ¢’LU1F1 K (Qrefw int 1) ; ¢wlF1 K <Qrefz7 int z)
o W = 4.82
+ Z ¢wiF2,i ( ref,i» 1nt 'L> Z ¢wlF21 < ref,i» int,i> ( 8 )
=0

+/V¢-Fd§2,
Q

where the numerical flux going through the wall, f“ii, is constructed using the
internal state and no-penetration condition provided through the reference state
refi- oince the no-penetration condition, or Q;, is unrelated with the outer
simulation, it is not disturbed and therefore in the linearized system the disturbance
on the reference state for the east boundary is zero. Moreover, the last term in Eq.
(4.82) is volumic flux integral where only the internal state is involved. The above
leads to that the contribution by the reference state disturbances have two terms

fewer than the contribution by the internal state disturbances.
To construct the 2D linearized system with normalized and neat coefficients, the

following variables are introduced

T

V=25 w, u, S), (4.83)

v—1

which are referred to as quasi-characteristic variables since their linear combinations
give the 1D characteristic variables in Eq. (4.11). The subsequent linear system for
Fig. 4.9(a) takes the form (see B.2 for details)

5Vm ~ o ~ o
/ ¢8Q 900Vi) yy — RHS,, (V, 5Vint) 4 RHS, (V, 5Vref) , (4.84)
where the contributions by internal state disturbances and reference state distur-

bances are respectively included in the right-hand side terms RH S;; and RHS,.f,
are given by

RHSi (v,avim) -

P P B A A \7
v, 0Qy, Fe,0Qq, oVe, .
Z Ppw; - - - it | Z pw; ]Z . int,i
i=0 aQ 8V avmt K | =0 8(213 i a\/b ) a\/vlnt K i
P s T P -
0 OVE . - .0 8V ~
+ Z waz ~1,z Qb i Sb K isntﬂ; N Z ¢wz ~i,z Qb K - ﬁmi
i=0 8(‘Qb 7 aV 8\/mt K | =0 _aQb,i 8V avmt K ]
OF 9Q
. — 0V dS2,
T VO aqav Vi
(4.85)
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and

RH Sy (ff,é\?ref) -

P PR ~ <7 P = ~ il
OFY. 0QV. oV, OFs . 0Q3 . OVS .
S oy | S O OF0t s |y S gy, | bt 0 TVt
1=0 _aQb,i a\/-b,i a\/-ref,i =0 aC’)b,i a\fb,i a\/-ref,i
_i sy | P11 0Qs OV oo
— " oqy vy, oV,

(4.86)
In the above, due to the presence of the wall, neither the baseflow nor the distur-
bances have a uniform distribution. Therefore the right-hand side terms cannot
be further simplified to form two coefficient matrices as we have derived in the 1D
analysis. So from the conventional point of view, the eigenvalue analysis for the
coefficient matrix only with respect to the internal disturbance cannot be applied to
this system. However, the instability issue can be shown by checking the responses
to the reference state disturbances through the derivative matrix, i.e. OV{ ,/0V.;
(I = w,s,n) which arises in each term of RH Si.

4.7.2 Analysis in the stagnation point region

Considering the boundary conditions adopted, the boundary states for the east,
north, and south boundaries are given by

2

W
710ref
2w
> Ui — =5 Cing T ==¢C
W 1,int —1 ~int —1 “ref
VY = g o g : (4.87)
2 ref
W

ref

and
3 (e + 5250) = (ubes — 5550 |
n/s
v/s _ Uy jing
Vb o 1 n/s 2 nfs n/s 2 n/s ’ (488)
B) u2,int+»y_1cint + \ Ugret = 77 Cref
Sn/s

int
where the subscript “n/s” denotes either north or south boundary, and the veloc-
ity tangential to the boundary is enforced to be the upstream value according to
the feature of split Riemann problem [96]. The respective derivative matrices of
boundary state with respect to the internal and reference states are

N 0 000 ~ 1:0/0 0
ovy - AN 0|
Vi _ 1100 AT 1:0:00 | (4.89)
vy 0 000 vy, 0'0'1 0
0 000 01010 1
/s %0 % 0 \rn/s %ioi_% 0
ovy® [ 0100 ovy” | 0,0,0 0 (4.90)
ovie | 3 05 07 gy | =300 5 0] '
0001 0100 0
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We notice that the entries in the second column in OV} /OVY, and V}/*/oV/ are
all zero. Since the disturbances of u; on the reference states are introduced into the
domain through these entries, the zeros infer that the linearized system will not be
influenced by the disturbance of u; from any of the boundaries. This non-physical
condition leaves an under-determined wu;-field, and therefore the boundary condition
we have adopted are ill-posed for this problem.

Although the influence of the wall and stagnation point can hardly be analyzed
in a 1D case (otherwise there is no inflow for the steady baseflow), this issue can
still be understood in a 1D perspective. For simplicity, the velocity, speed of sound,
and entropy are chosen as the independent variables. For the weakly imposed wall
boundary condition, the ghost state velocity is specified as the opposite value of
the internal state velocity while the ghost state density and energy are set equal to
the internal state counterparts [97]. In such a manner, the boundary state velocity
is zero and the speed of sound equals to the internal state value, which makes the
inward-propagating Riemann invariant equal to the internal state speed of sound
times 2/(y — 1). At the inflow boundary, when the entropy-invariant compatible
inflow is adopted, the entropy and the linear combination of velocity and speed
of sound are specified. This boundary conditions combination leads to a solvable
problem for each field. However, when adopting the entropy-pressure compatible
inflow, the entropy and pressure provide the speed of sound at the inflow boundary
but leaves a free velocity, which is not influenced by the speed of sound reflected
back from the wall.

The ill-posedness issue in Fig. 4.9(a) can be addressed by introducing a boundary
condition where the u; velocity component can be imposed on the solution. This
leads to the scenario in Fig. 4.9(b), where the south boundary is set as an inflow and
therefore there is no stagnation point on the wall. If the entropy-invariant inflow is
present for the south boundary, the derivative matrix takes the form

_ 10030
ovs 0,1,0 0
=== 151 (4.91)
aVref 21 12
01010 1

In this case the non-zero entry in the second column enables the disturbance on the
reference state u;-velocity component go into the domain to determine the field and
therefore the problem becomes well-posed.

4.8 Results

Having identified out the stable entropy-pressure compatible inflow and understood
its potential singularity issue around a stagnation point, we next provide two ex-
amples for pressure compatible simulation in the reduced domain on the CRM-NLF
model [134] and the DLR-F5 model [135]. The Navier-Stokes equations are solved
using the open-source spectral/hp framework Nektar++ [106, 107].

4.8.1 CRM-NLF

To generate the background fields, a transonic RANS simulation over the full wing-
fuselage geometry is first carried out under the conditions provided in Table. 4.3,
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where « is the angle of attack, L is the reference length (i.e. the selected chord). Fig.
4.10 shows the pressure distribution on the surface where two shocks on the wing
can be observed. We therefore set the outflow boundary of the reduced domain at
the upstream of the shock. The reduced domain is obtained on the slice in the wall-
normal direction passing the leading-edge of section D of the CRM-NLF model [134].
Fig. 4.11 shows the reduced domain together with the boundary condition strategy
for advection terms. To avoid the stagnation-induced ill-posedness issue discussed in
Section 4.7, the entropy-invariant compatible inflow is applied at the nose region of
the domain, covering the streamline that passes the stagnation point. The pressure
outflow (see Section 2.5) rather than the invariant compatible outflow is adopted
since the pressure interpolated from the outer RANS simulation is considered a
more reliable quantity inside the boundary layer. We compare the results using
the entropy-pressure compatible inflow and results using the standard Riemann-
invariant inflow boundary conditions, where a single inflow boundary condition is
applied over the full inflow boundary. To carry out a quasi-3D simulation, the
periodic boundary condition is enforced in the x3-direction. The boundary condition
treatments for viscous fluxes are the same as those in Section 2.5.

Table 4.3: Freestream conditions for the RANS simulation of the CRM-NLF model.
Ma Rey, a[deg] Tw [K] Ux [m/s] poo [kg/m®] L [m]

0.856 8.5 x 10° 1.5 277.1 285.7 3.343 0.154678

Figure 4.10: Pressure distribution in the RANS simulation over the full CRM-NLF
model.

In Fig. 4.12 we compare the pressure distributions when using different inflow
boundary conditions. The result for entropy-pressure compatible inflow is given
in Fig. 4.12(b) where the contour lines perfectly match the pressure contours of
the RANS field. Fig. 4.12(c) and Fig. 4.12(d) provide the pressure distributions
without pressure compatibility enforced. Significant mismatching in contour lines
is observed in the result for the entropy-invariant compatible inflow in Fig. 4.12(c),
where the invariant compatible outflow rather than pressure outflow needs to be
adopted for a stable simulation because of the large pressure incompatibility. Fig.
4.12(d) shows the pressure distribution for using the entropy-enthalpy compatible
inflow. This result is better than that for entropy-invariant compatible inflow but
some contour lines still unable to match the RANS data.

Fig. 4.13 provides more quantitative comparisons for pressure coefficient (Cp)
distributions on both upper and lower surfaces of the wing section. In Fig. 4.13(a)
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Figure 4.11: Boundary conditions for the reduced domain in the CRM-NLF simu-
lation. The periodic boundary condition is adopted in the x3-direction for the 3D
simulation.
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Figure 4.12: Pressure contours comparison for using different boundary conditions.

98



the discrepancy in the curve by entropy-invariant compatible inflow is readdressed,
and the results by entropy-enthalpy compatible inflow and entropy-pressure com-
patible inflow are closer to each other. However, the zoomed-in comparison in Fig.
4.13(b) shows superiority of the entropy-pressure compatible inflow. To have a
more well-rounded comparison, a quasi-3D simulation is also carried out using the
entropy-pressure compatible inflow and the Cp distribution is provided. Excellent
agreements with the RANS data are observed for both 2D and quasi-3D results
in the comparison, indicating the effectiveness of the entropy-pressure compatible
inflow.

-0.8
-0.6 q
0.4+
-0.2r
& or
0.2
0.4 r Background RANS 4
Entropy-invariant compatible Riemann inflow
------------- Entropy-enthalpy compatible Riemann inflow
0.6 1 Entropy-pressure compatible Riemann inflow (2D) | |
——— Entropy-pressure compatible Riemann inflow (3D)
0.8 | | | | | | | | | | |
0 01 02 03 04 05 06 07 08 09 1
x/L
(a) Overall
Suction side
T T T
>07 [ .
Soest

Background RANS

------------- Entropy-enthalpy compatible Riemann inflow
Entropy-pressure compatible Riemann inflow (2D)

——— Entropy-pressure compatible Riemann inflow (3D)

I I I I I I I I I

0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9

x/L
Pressure side

015 ‘ ]

0.3 0.35 0.4 0.45
x/L

(b) Zoomed in

Figure 4.13: Comparison for Cp distributions of the CRM-NLF case. The result by
entropy-invariant compatible inflow is not plotted in (b) for its significant deviation
as indicated in (a).
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4.8.2 DLR-F5

To further validate the performance of the entropy-pressure compatible inflow bound-
ary condition, an embedded transonic simulation on the DLR-F5 model [136] is per-
formed. In contrast to the CRM-NLF simulation, the DLR-F5 simulation has larger
pressure variation over vast region on the suction side, which is closer to the real
condition.

In Table 4.4 we show the flow conditions of the outer RANS simulation, and
the pressure distribution on the surface is given in Fig. 4.14. As for the embedded
simulation, the settings are similar to the CRM-NLF simulation in the previous
section, and a wing section normal to the leading-edge of section 5 of the geometry
[135] is used.

Table 4.4: Freestream conditions for the RANS simulation of the DLR-F5 model
[136].

Ma Rey, Re/m  « [deg] T [K] L [m]
0.82 1.04184 x 10° 1 x 107 2 273.25 0.10418395

Figure 4.14: Pressure distribution in the RANS simulation over the DLR-F5 model.

In this case we only show the performance of the entropy-pressure compatible
inflow condition while both 2D and quasi-3D simulations are performed. Fig. 4.15
provides the comparison of pressure and density fields, where the white solid line
indicates the boundary of the embedded domain, and on the outside is the RANS
field. In the above Figs. 4.15(b) and 4.15(c) compare the pressure field and Fig.
4.15(d) compares the density field respectively. It shows that all contour lines agree
well with the RANS simulation, inferring the good performance of the boundary
condition enforcement and a successful embedded simulation.

We also compare the Cp distributions in Fig. 4.16. Both results for 2D and quasi-
3D simulations are on top of the RANS data as desired. Moreover, it is observed that
the wiggles in the RANS data are get rid of in the two embedded simulations. This
further proves an embedded simulation can be based on a computationally cheaper
outer simulation, and will enable better studies on the growth of disturbances inside
the boundary layer.
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Figure 4.15: Pressure and density contours comparisons for using the entropy-
pressure compatible inflow boundary condition.

4.9 Conclusion

To carry out high fidelity simulation in a reduced domain which is embedded in a
outer domain where a lower fidelity model such as RANS is applied, appropriate
boundary condition enforcement is required. This is particularly the case when
the high fidelity simulation is compressible but subsonic, since not all the data
interpolated from the outer simulation can be enforced at the inflow boundary of the
reduced domain. Since the pressure load is typically well predicted by the low fidelity
model and does not vary much over the boundary layer, the pressure is considered a
reliable quantity to maintain in the reduced domain. We have therefore determined
the stable enforcement to achieve pressure compatibility at subsonic inflow boundary
for DG compressible flow simulations.

Initially we derived the linearized DG approximation of 1D Euler equations us-
ing piecewise constant assmptions. The linearized system is considered in a single
element since in DG simulations the boundary conditions are enforced in an individ-
ual element in form of numerical flux and the inflow boundary condition is enforced
at the most upstream boundaries of the inflow boundary elements. To complete
the analysis the invariant compatible outflow were considered as it is the implicit
outflow condition for internal boundaries between the elements (e.g. the very up-
stream element and the adjacent downstream element) when the numerical flux is
the solution from an exact Riemann solver.

The construction of numerical flux depends on the internal state (inside the
element) and the reference state (which is usually the desired state) and so the
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Figure 4.16: Comparison for Cp distributions of the DLR-F5 case. (b) shows the
zoomed-in view of (a).
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linearized system can be derived from these two perspectives by introducing distur-
bance on either the internal state or the reference state, generating two different
matrix problems. Introducing disturbance on the internal state is a standard ap-
proach, which finally leads to a linear dynamic system. Similarly from the reference
state disturbance point of view, the derived coefficient matrix essentially represents
how the reference state disturbance are received by the internal state. In the 1D
analysis, these two perspectives have a complementary relation. Therefore the sta-
bility of the boundary conditions can be obtained by computing the eigenvalues of
either of the matrices. For the coefficient matrix derived from the perturbed internal
state, a stable boundary condition requires the three eigenvalues of the linearised
matrix to have negative real parts. A representative example is the entropy-invariant
compatible inflow, which leads to the eigenvalues of well-known —(¢ + u), —u, and
—(c —u). A special case is when some eigenvalues are zero, indicating the coeffi-
cient matrix is rank-deficit. This usually implies that the boundary conditions is no
well-posed, and therefore are inappropriate.

To achieve pressure compatibility at the inflow, three types inflow conditions were
constructed and examined, namely entropy-pressure, velocity-pressure and momen-
tum pressure compatible condiitons. It can be shown that only the entropy-pressure
compatible inflow is stable while velocity-pressure compatible inflow is neutrally sta-
ble and the momentum-pressure compatible inflow is unstable. It is further possible
to prove that the entropy is an important quantity to maintain in order to be com-
patible with the outer simulation, However, as long as the entropy compatibility is
maintained, any other quantity can be chosen to be enforced at the inflow.

With the understanding for 1D stability analysis, the stable entropy-pressure
compatible inflow is applied to the 2D simulations. However, the simulations were
observed to easily diverge, which initiates around the region of a stagnation point. To
understand this instability, a similar method was derived for the 2D Fuler equations
in a squared domain. Due to the presence of the stagnation point, the baseflow
is no longer uniform and the distribution is unknown. The assumption that the
disturbances introduced to different boundaries are equal is also dropped. The sig-
nificant consequence is that the boundary integration term cannot be combined to
form a single matrix for eigenvalues analysis. From the perspective of disturbance
introduced on to the internal state, the instability issue cannot easily be further ana-
lyzed. However, the other perspective where the disturbance is introduced on to the
reference state reveals that a rank deficient matrix problem related to the boundary
interior coupling in the final linearized system. This therefore demonstrate that the
instability is arising from the ill-posedness of the adopted boundary conditions.

The solution to this numerical instability issue is to locally replace the entropy-
pressure compatible inflow by some other stable inflow, which enforces the normal
velocity either explicitly or implicitly, in the boundary region related to the stream-
line related to the stagnation point. In this work we use the entropy-invariant
compatible inflow to avoid this issue. We perform a numerical test based on the
CRM-NLF model. A RANS simulation over the full wing-fuselage geometry is per-
formed, and a high fidelity simulation in the reduced domain on the slice passing
the leading-edge was generated. With the updated boundary conditions strategy,
the simulation is stable and the Cp distribution agrees well with the RANS data.
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Chapter 5

Transitional analysis on the wing
section of CRM-NLF model

5.1 Introduction

As we have briefly introduced in Section 1.2.3, real wing geometries of airliners
are not perfectly clean as in ideal CAD models but contain surface irregularities
which are typically in form of quasi-3D steps or gaps as illustrated in Fig. 1.3.
These small sized surface irregularities can destabilize the laminar boundary layer
and cause early transition to turbulence, increasing the fuel consumption and waste
emission. Therefore further investigations on their influence are of our interest.

In this chapter we analyze the transition related performance on both clean and
gapped wing sections of the CRM-NLF model using the embedded DG simulation
and eV method as outlined in Chapter 3 and using the entropy-pressure compatible
subsonic Riemann inflow boundary condition developed in Chapter 4. After ob-
taining the RANS results on the full wing-fuselage configuration, we first perform a
two-dimensional analysis on both clean and gapped geometries. Results by using dif-
ferent wall boundary conditions are also compared. The three-dimensional analysis
is then performed, where self-sustained oscillations inside the gap is observed.

We also remark that the NLF wing geometry is designed to have a low pressure
gradient on the surface and therefore the disturbance in the boundary layer is less
amplified than on widely adopted wing sections. The DLR-F5 model has also been
tested, where a more conventional pressure gradient presents on the surface. How-
ever, although the DLR-F5 model was investigated at a transonic Mach number of
interest, its low chord-based Reynolds number provides an N-factor approximately
equal to 1 based on our preliminary LST analysis. This low N-factor indicates that
the transition is driven by the shock and corresponding separation. Therefore only
the CRM-NLF case is further studied in this work.

5.2 Geometries and conditions for simulations

5.2.1 Sizes of surface irregularities on the wings

To figure out the irregularity size of steps and gaps, a survey over several widely
employed commercial airliners is performed. However, it is found that detailed de-
scriptions are rarely available in the open reports and literature, particularly for the
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irregularities near the leading edge which have more influence on the flow transition.
Considering the irregularities are caused by imperfect skin junctions and slits at the
slat trailing edge, the sizes (depth/height) of the quasi-3D irregularities should have
the same order of the skin thickness. Data with regards to the skin thickness as well
as the spoiler gap are provided as references.

Table 5.1 shows the skin thickness of four typical airplanes. By comparing the
thickness data on high-lift surfaces of A320 and A340, Jabbal et al. [137] summarized
that the skin thickness is not linearly scaled with the airplane size but is determined
by other factors, where the thicker skin up to 5 mm on the flap does not come from
local structure design but as additional protection from bird strike, while the thicker
skin on the outboard/inboard flap helps the structure to bear the jet load by the
engines. Therefore we can conclude that typical values of skin thickness are in the
range of 1-2 mm except for additional considerations.

Table 5.1: Skin thickness of airplanes. Unit [mm].

Type Fuselage Slat Outboard flap Inboard flap

Boeing B737 [138] 1.02 - - -
Bocing B757 [139] 099 -
[137]
[137]

ot

Airbus A320 [137 - 2 2
Airbus A340 [137 - 1 2-5 2

Boeing has developed a Performance Improvement Package (PIP) to improve
the aerodynamic performance of the Next-Generation 737 [140], the geometrical
improvements on the trailing-edge thickness and spoiler gap are listed in Tables
5.2 and 5.3, respectively. It reconfirms that these irregularities are in the order of
millimeters even with the PIP adopted.

Table 5.2: Trailing-edge thickness reduction using PIP [140]. Unit [mm)].
Trailing edge Without PIP  With PIP

Slat 1.524 0.5
Spoiler 3.556 1.4478

Table 5.3: Spoiler trailing edge gap reduction using PIP [141]. Unit [mm].

Spoiler panel ID  Previous gap New gap

1, 12 1.8 2.0
2,11 8.1 2.5
3,10 6.9 1.65
4,9 6.9 1.65
5, 8 1.5 1.65
6,7 1.3 2.0

Y

106



5.2.2 CRM-NLF geometry, scaling, and settings

The influence of the quasi-3D gap type surface irregularities on the laminar bound-
ary layer transition will be studied on the NASA Common Research Model with
natural laminar flow wing (CRM-NLF). The CRM project is set up to enhance
cross-organizational collaborations for aeronautic research, and several sets of ex-
perimental data are available in Ref. [142].

As mentioned in Section 5.2.1, the skin thickness on the wing is not linearly
scaled with the airplane size, and neither is the size of the gap. In other words, a
type of the airplane needs to be selected before the realistic sized gap can be scaled
to the CRM model. In Table 5.4 the mean aerodynamic chords (MACs) of three
major commercial airplanes and the CRM-NLF model are provided. In this work
we consider a realistic quasi-3D gap of 2mm x 8mm (depth X length) on a widely
equipped Boeing-737 airplane, and scale the geometry by MAC leads to the CRM-
NLF model as listed in Table 5.5. Such a gap is then introduced to a section normal
to the leading edge of section D of the geometry. The distance from the leading
edge of the wing to that of the gap is 38.67 mm, and the selected chord length of
0.116009 m. On the simulation side, as listed in Table 5.6 we use the freestream
conditions in the experiment # 2524 of the CRM-NLF model [142], where the Mach
number is 0.856 and the Reynolds number per meter is 4.1 x 107.

Table 5.4: Mean aerodynamic chords of typical commercial airplanes. Unit [m].
Geometry/model MAC

CRM-NLF [114] 0.36429
Boeing B737-800 [143, 144]  3.96
Boeing B777-200 [145, 146]  7.08

Boeing B787-8 [147] 6.27126

Table 5.5: Scaled gap on the CRM-NLF model. Unit [m)].
Depth Length

1.8398 x 10™*  7.3594 x 1074

Table 5.6: Freestream conditions for experiment #2524 of CRM-NLF model.
Ma Re/m  «[deg] T [K] L [m]
0.856 4.1 x 107  1.98 241.9  0.116009

In this chapter we will perform compressible flow simulations on both clean and
gapped geometries. Two sets of 2D 4-th order computational meshes (Mesh 1, Mesh
2) are generated as shown in Figs. 5.1(a) and 5.1(b). For each case, the origin
of the global coordinate system (x,y,z) is set at the leading edge, and the mesh

IDifferent MAC values for B737 and B777 are found in Ref. [148] but only the data provided
by the official documents are listed here.
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is non-dimensionalized by the selected chord length L. The outflow boundaries are
therefore located at = 1. In the gapped case, the leading edge of the gap is located
at x = 0.33. When the boundary-layer profiles are extracted for comparisons, they
will be provided in the wall-normal direction 3'°¢ of a body-fitted, local coordinate
system (21°¢, ¢1°¢ 21°¢) as sketched in Fig. 5.1(a). In addition, to perform a quasi-3D
simulation, the corresponding 2D mesh is extruded in the spanwise (z) direction for
three layers to generate a quasi-3D mesh. Fig. 5.1(c) depicts another mesh (Mesh
3) for the gapped case. It is generated in the reduced domain (z € [0.23,0.55])
with mesh refinement to study the quasi-3D flow physics near the gap, which will
be discussed in Section 5.7. However, the settings of the global coordinate system
are kept the same as the two cases above.

The 2D high-order mesh for the clean case (Mesh 1) is directly generated by
NekMesh [149]. As for the gapped cases, 2D linear meshes are first generated and
then projected onto the CAD model by NekMesh to generate high-order meshes
(Mesh 2, Mesh 3) [150]. All meshes have the same non-dimensional first layer (i.e.
the layer next to the wall) thickness of 2 x 107°. The total number of elements and
degrees of freedom (DoF) for using 3-rd order modal expansions (P3) are summarized
in Table 5.7. In addition, the boundary condition enforcement follows the strategy
in Fig. 4.11 for all simulations.

Table 5.7: Types of boundary conditions.

2D 3D
Elements DoF (P3) Elements DoF (P3)
Mesh 1 (clean) 13565 217040 40695 2604480
Mesh 2 (gap) 20525 328400 61575 3940800
Mesh 3 (gap, reduced domain) - - 51174 3275136

5.3 Challenges in baseflow computation

The baseflow computation in the near-wall reduced domain suffers from numer-
ical instability, particularly in the initial stages when shocks form and hit the
inflow/outflow boundaries. We use artificial viscosity to stabilize the simulation.
Moreover, the standard Riemann inflow boundary condition is adopted to let the
shock leave the domain with minimum reflection in the beginning of the simulation
and then it is switched back to the entropy-pressure compatible inflow to achieve
the desired pressure distribution.

Since the artificial viscosity leads to a nonphysical boundary profile. the artificial
viscosity is therefore turned off after the main field is stabilized. Note that a bound-
ary layer sensor such as the one proposed in Ref. [151] is not used to only apply
the artificial viscosity outside the boundary layer. This is because when predicting
the growth of disturbances, the region influenced by the disturbances is not limited
within the boundary layer. The additional viscosity outside the boundary layer may
still decrease the accuracy of prediction. In this work the artificial viscosity is used
for 1st and 2nd order expansions to initialize the field.

The turning off of artificial viscosity can also be challenging. After the turn-
ing off, the sudden drop of viscous force beaks the balance of inertia and viscous
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Figure 5.1: Coordinate systems and computational meshes in the x — y plane.
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forces inside the boundary layer, and a new balance is gradually established with a
decreased boundary layer thickness. In this transient process, disturbances are gen-
erated due to the numerical effect. These disturbances typically grow as they travel
downstream. This is particularly the case for high-order simulations due to their
low numerical diffusion. Fig. 5.2(a) provides an example of the development of the
disturbances arising from the gap, where from top to bottom are three snapshots in
time order. The snapshots are dumped from 2D simulations while they are displayed
in 3D for better visualization purposes. The vertical axis in the 3D visualization
shows the density p, which is also used to color the snapshots. It is observed from
the undamped development in Fig. 5.2(a) that the disturbances are weak in the
beginning but they grow significantly before they arrive at the outflow boundary.
These disturbances become so strong that they can directly cause under-resolution
instability since the mesh is generated to capture a laminar boundary layer, or cause
significant numerical oscillation when they hit the outflow boundary. To stabilize
the simulations different possible approaches are tested, among which we find the
sponge region and SFD work effectively. The results of these two approaches are
shown in Fig. 5.2(b) and 5.2(c), respectively. The sponge region damps the distur-
bances smoothly due to the adopted coefficient profile. However, the SFD kills off
the disturbances from the beginning when they are weak in amplitude and therefore
has a better performance. We note another possible solution to avoid having strong
disturbances in the boundary layer is to gradually decrease the artificial viscosity.
However, since this needs a time-dependent coefficient in the settings or several hu-
man interventions during the simulations, this approach has not been tested in this
thesis.

5.4 Baseline for two-dimensional analysis

Following the above procedures, we first compute the two-dimensional baseflow using
a high-order method in the reduced domain. Since the RANS simulation is three-
dimensional, the two-dimensional simulation is performed by removing the spanwise
velocity and its contribution in the kinetic energy from the boundary data provided
at the inflow boundary. Adiabatic wall is adopted for the temperature field. This
successfully preserves the pressure coefficient (Cp) distribution on the surface as
the RANS data by using the entropy-pressure compatible Riemann inflow and the
pressure outflow boundary conditions, which is shown in Fig. 5.3. Note that the
flow conditions are different from those in Section 4.8 and the Cp distributions are
not identical. We also notice that the nonphysical oscillations near the leading edge
are removed in the embedded simulation, enabling better /¥ analysis of disturbances
for the next step.

The convergence of the baseflow is also examined. The baseflow is solved by both
3rd-order expansion (4th-order accuracy, denoted by P3) and 4th-order expansion
(5th-order accuracy, denoted by P4), as well as by the boundary layer equation solver
CoBL [62, 152] using the Cp distribution provided by the embedded simulation. The
boundary profiles for velocity components in the body-fitted coordinate system and
for temperature are compared, and the comparisons at * = 0.2 and x = 0.6 are
presented in Fig. 5.4. The convergence is confirmed for the excellent agreements of
the data.

To perform the eV analysis the disturbance fields for different frequencies are
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snapshots in time order. The snapshots are dumped from 2D simulations but are
visualized in 3D where the vertical axis also shows the density.
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Figure 5.3: Cp comparison of the background RANS data and 2D embedded simu-
lation.

computed. Since we are using the DNS solver to obtain the disturbances, it is
not the disturbance fields themselves that are computed but the superposition of
disturbance fields and the baseflow as a whole, namely the disturbed fields. The
baseflow is then subtracted from the disturbed fields to obtain the disturbance fields.
In contrast to the steady baseflow, the unsteady disturbed fields are excited by the
artificial blowing-suction at x = 0.05 near the leading edge, and the reflected waves
are damped using a sponge region. In 2D cases the disturbances are in the form of
TS waves. The development of TS waves of four representative frequencies of 30,
40, 50, and 60 kHz are shown in Fig. 5.5, where the TS waves are clearly resolved
in the reduced domain with wave contamination being successfully prevented.
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Figure 5.4: Boundary layer profile comparisons of using a 3rd-order expansion (P3),
a 4th-order expansion (P4), and the CoBL solver for the 2D clean CRM-NLF case.

Considering the eigenfunctions of the T'S waves or other types of flow instabilities

have more variations in shape than the laminar boundary layer profile, the conver-
gence of the disturbance fields should also be checked in addition to the baseflow
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Figure 5.5: Streamwise component of the velocity disturbance fields «’ of fully de-
veloped TS waves over the 2D clean CRM-NLF case. The four snapshots from top
to bottom show the disturbance fields with frequencies f = 30, 40, 50, and 60 kHz.

convergence to confirm the mesh resolution and flow accuracy are appropriate. We
have verified this point by comparing the P3 and P4 simulations. For instance, in
Fig. 5.6 we compare for the disturbance amplitudes for velocity components and
temperature of the TS wave of 50 kHz frequency, and the profiles at = 0.2 and
x = 0.6 are provided. The disturbance amplitudes for the P3 and P4 simulations
coincide for all fields, confirming the convergence.

As the baseline case, we finally compute the growth of TS waves with frequencies
from 30 kHz to 100 kHz. P3 simulations are used for efficiency. The generated
envelope N-factor curve is shown in Fig. 5.7, where the N-factor initially slowly
increases and significantly raises from 0.72 to 0.85, and the maximum reaches 4.

5.5 Effect of different wall boundary conditions

In the baseline case outlined in Section 5.4 we used an adiabatic wall boundary
condition for temperature field. The adoption of an adiabatic wall is natural for
the baseflow if we assume zero heat exchange between the wall and fluid. However,
when it comes to the disturbance fields more careful consideration is needed. Mack
assumed that the wall temperature can hardly be influenced by the disturbances un-
less they are stationary [42]. The boundary condition for temperature disturbances
is therefore zero on the wall for traveling disturbances. Malik further explained this
point as the temperature disturbances cannot influence deep into the solid due to
the high disturbance frequencies and thermal inertia of the solid [48]. However, for
solids with high thermal inertia, although the temperature fluctuations cannot pen-
etrate deep into the solid, it is the surface temperature that is used as the boundary
condition. The thermal inertia for certain materials/structures may also possibly be
low. In addition, to the best of our knowledge the vanishing temperature disturbance

113



0.41 0.4 0.4 0.4 0.41 0.4
- P3
0.35 035 035 P4 035 035} 035
0.3f 0.3 0.3 0.3 0.3f 0.3
_0.25¢ 0.25 0.25 _ 025 0.25[ 0.25
E E
£ 0.2[ 0.2 0.2 £ 0.2 0.2[ 0.2
8 8
> >
0.15F 0.15 0.15 0.15 0.15F 0.15
0.1F 0.1 0.1 0.1 0.1r 0.1
0.051 0.05 0.05 0.05 0.051 0.05
0 0 0 0 0 0
0 0.5 1 0 01 02 0 0.5 1 0 0.5 1 0 01 02 0 0.5 1
U, WU,y T, T, WU,y TUT,
(a) x=0.2 (b) =106

Figure 5.6: Disturbance amplitude profile comparisons of using 3rd-order (P3) and
4th-order (P4) expansions. The frequency of the disturbance is 50 kHz. The profiles
for velocity disturbance amplitudes |u/| and [v'| are scaled by the maximum on
the streamwise velocity disturbance amplitude profile |¢/|4., and the temperature
disturbance amplitude profile |T”| is scaled by its maximum.
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Figure 5.7: N-factor of the 2D clean CRM-NLF case. The component n-factors
correspond to the highest frequency of 100 kHz and the lowest frequency of 30 kHz.
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assumption is not yet validated by experiments due to the practical difficulties of
making measurements near the wall. There are many papers such as Ref. [153-157]
focused on controlling the growth of the disturbances by changing the wall temper-
ature while the opposite influence on the wall temperature by the disturbances is
rarely found. Therefore, in this section we further discuss the influence of different
temperature boundary condition on the growth of disturbances.

We consider both adiabatic and isothermal walls for the temperature field. The
results for using the adiabatic wall condition are already provided in the baseline
case. To generate comparable results using the isothermal wall, the wall temperature
is set pseudo-adiabatically [158], namely by not imposing the theoretical temperature
but the wall temperature from the adiabatic baseline case, which is approximately
255 K. The resulting baseflow boundary layer profiles are compared in Fig. 5.8 at
x = 0.2 and x = 0.6. The baseflow boundary layer profiles show agreement for
both velocity and temperature, and meaningful comparisons for disturbances under
different temperature boundary conditions can be performed.

We only analyze the growth of the representative disturbances with frequencies
30, 40, 50, and 60 kHz. The amplitude profiles for streamwise velocity disturbance
(u'), wall-normal velocity disturbance (v'), and temperature disturbance (7") of the
50 kHz disturbance are provided in Fig. 5.9. It shows that different temperature
boundary conditions do not influence the

amplitude profiles for velocity disturbances and even the top region of the tem-
perature disturbances. The only difference lies in the foot region of the temperature
disturbance amplitude profile, which agrees with the statement for the DNS turbu-
lent study that the difference of using different boundary condition is limited within
the viscous sublayer as cited by Wenzel [158].

In the next step we generate the n-factors and compare the amplitudes as shown
in Fig. 5.10(a). It is clear that by using the isothermal wall the n-factors are always
larger in the current domain. The difference of the two n-factors (An) of the same
frequency are also provided in Fig. 5.10(b), where the difference grows along the
flow direction. In the selected domain all the four differences grow to be above 0.3
and will be larger if we extended the range. Since the difference can be interpreted
by the integral of growth rate as

Bna) = [ (0" = af)do(z),

where the body-fitted local coordinate #'°¢(z) is a function of the global coordinate

x, the growing An indicates the growth rate using isothermal wall is always larger
than that using adiabatic wall for all four frequencies, even in the region where the
disturbances are decaying.

5.6 The influence of a gap irregularity

We study the influence of a gap on the growth of TS waves on the 2D CRM-NLF
model in this section. As mentioned in Section 5.2.2, a 2 x 8 mm gap on the Boeing-
737 is scaled to the CRM-NLF model based on the MAC. The gap is introduced
to wall at the position = = 0.333. In Fig. 5.1(b) we provide the 2D mesh for
the simulations. Quadrilateral elements are used in the boundary layer region, and
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Figure 5.8: Boundary layer profile comparisons for using adiabatic and isothermal
temperature boundary condition.
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Figure 5.9: Disturbance amplitude profile comparisons of using adiabatic wall and
isothermal wall boundary conditions. The frequency of the disturbance is 50 kHz.
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triangular elements are used to fill the outer region as well as to provide a better
mesh distribution above the gap. The total number of spectral elements is 20 525 as
shown in Table 5.7. The convergence check is also performed and shown in Appendix
C.1.

Following the procedures in Section 5.3 we generate the baseflow with the help
of artificial viscosity. In this case the baseflow computation is stopped after the
residual is smaller than 1 x 107! and the results are given in Fig. 5.11. The
velocity contour in Fig. 5.11(a) shows that the flow adjacent to and above the gap
is not significantly influenced by the gap. This is confirmed by the velocity profiles
at z = 0.34, 0.35, 0.36, 0.37, 0.38, and 0.39 in Fig. 5.11(c), where we also notice that
in the aft region inside the gap the velocity is much larger in magnitude than in the
fore region. The vorticity arising from the velocity gradient is shown in Fig. 5.11(b),
where a strong circulation is observed next to the rear wall of the gap. Additionally,
from the velocity profile in Fig. 5.11(c) the ratio of the depth of the gap to the local
boundary layer thickness is computed to be approximately 1.10. A region of strong
vorticity is observed after the rear edge. This is the restart of the boundary layer
after the gap as there is no recirculation according to Fig. 5.11(a).

(a) Velocity contour (z-component) (b) Vorticity contour (z-component)
-3
2 x10
151
1k
0.5
g Wall
>
0 q
05
[ Gap
q —
ey
151 | | 1 I
0.334 0.336 0.338 0.34 0.342 0.344 0.346

X

(c) Velocity profiles
Figure 5.11: Baseflow in the gap region.

The disturbed fields are computed and the baseflow is subtracted to obtain the
disturbance fields of TS waves. In the gap region of interest the TS waves of 60
kHz frequency are compared with those in the clean case in Fig.5.12. Fig. 5.12(b)
shows that the incident TS waves are reflected at both the leading and trailing edges
of the gap. Theses waves ideally should have the same frequency as the incident
TS waves, and are propagating in the direction of roughly 30 degrees with respect
to the wall normal. Compared with the TS waves, these reflected waves are short
in width in the flow direction as indicated by the dense contour lines. The two
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arrays of reflected waves will merge as they travel away from the gap and can be
unphysically reflected back at the inflow boundary of the reduced domain, causing
data contamination. An additional sponge region is therefore necessary to absorb
the original reflected waves. The field in Fig. 5.12(b) depicts the decontaminated
results.

We record the local maximum of the amplitude field of the disturbances. Fig.
5.13 plots the distribution of the disturbance amplitude of tangential and normal
velocity components in the body-fitted coordinate system (shown in Fig. 5.1(a))
of the 60 kHz TS waves. The blue region indicates low amplitude of disturbances
while the red region is more energetic, and the two sub-figures have the same scale.
According to Fig. 5.13(a) it is evident that the presence of the gap modulates the
TS waves, leading to much larger amplitude of the tangential component near the
leading edge of the gap. A local maximum in the boundary layer near the trailing-
edge is also observed. Moreover, a ring shaped oscillation inside the gap is found
on top of the high vorcitity region in Fig. 5.11(b). This could infer to a flow
instability. As for the normal component in Fig. 5.13(b), the maximum is found at
the top corner of the trailing edge, which is significantly larger than the amplitude
in the vicinity. Therefore if the n-factor is computed based on the normal velocity
component, a much higher spike would be found compared with the n-factor based
on the tangential velocity component. However, we keep the convention to generate
the n-factor curves based on the tangential component of the disturbance velocity,

The n-factors obtained for 60, 50, 40, and 30 kHz TS waves are shown in Fig.
5.14(a) with the baseline results as reference. It shows that in general the n-factors
have significant jumps near the gap while they converge to the baseline results
downstream, inferring this gap has a regional influence to the growth of the TS
waves. However, before the jump the n-factors first experience a drop, which is
clearer in Fig. 5.14(b) for the difference of n-factors of the gapped case and baseline
in Fig. 5.14(b). In addition, we observe that the larger the baseline n-factor is at
the gap region, the larger the jump is in the corresponding gapped result.

] NNRE

Figure 5.12: Comparison of TS waves of 60 kHz frequency in the gap region.

5.7 Effects of three-dimensionality and swept ge-
ometry

Having studied the influence of the 2D gap on the disturbance growth, we next
focus on the 3D case. The computational mesh for the 3D simulations is generated
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Figure 5.13: Amplitude of velocity components.
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Figure 5.14: N-factor comparisons of the clean case and the gapped case.
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by extruding the 2D mesh in the spanwise direction. Three layers are used for the
extrusion, which has been tested to well resolve a single spanwise wave with P3
expansion. The spanwise wavenumber 3 = 1.2 x 10* m~! is first considered. This
spanwise wavenumber corresponds to a ratio of the length of gap to the width of
extrusion of 8.83.

The steady baseflow computation for the clean case is successful, where the
SED residual drops below the tolerance of 1071%). However, in the gapped case
we remark that when using the SFD to accelerate damping the disturbances in the
baseflow, the residual fails to drop below that desired threshold tolerance, and if the
SE'D parameters are not particularly adjusted. Conversely, the residual periodically
oscillates at certain level. This abnormal behavior has not occurred in the clean
cases whether 2D or 3D. The snapshot of the instantaneous flow field is therefore of
our interest. Since the SFD numerically suppresses the time-dependent variations,
the current flow field is unphysical. The SFD is therefore turned off and the field
is marched in time for three additional convective time scales, which is sufficient
for the slowest waves to propagate over the computational domain in this case. To
obtain the snapshot of the disturbances, the current flow field is time averaged and
the average field subtracted. A slice in the x — y plane is shown in Fig, 5.15. We
observe that the flow inside the gap experiences oscillation without any disturbances
introduced upstream. This oscillation causes the undamped SEFD residual. The
oscillation inside the gap excites the boundary layer above and adjacent downstream,
shedding travelling crossflow waves. This receptivity-like process will be referred to
as gap induced receptivity.

The excited crossflow waves have very short wavelength compared with the gen-
eral crossflow wavelength, i.e. 3-6 times the local boundary layer thickness. This
indicates a more refined mesh is necessary to simulate the downstream development
of the waves. To save the computational resources, a new set of mesh embedded
in the initial simulation is used as illustrated in Fig. 5.1(c), where the boundary
layer mesh is refined in the streamwise direction. This domain sits in the interval of
0.23-0.55 of the original mesh in Fig. 5.1(b). Therefore boundary data are provided
by the initial embedded simulation. After re-computing the baseflow, the boundary
layer velocity and temperature profiles outside the gap in the initial and further re-
duced domain are compared and the results at z = 0.3 and x = 0.5 are given in Fig.
5.16. For the boundary layer profiles of major fields, i.e. streamwise and spanwise
velocity components and temperature, good agreements are achieved as shown in
the comparisons. Discrepancies are observed for the normal velocity components.
However, apart from the fact that the normal velocity only weakly influence the
growth of disturbances in a laminar boundary layer without separation, the relative
differences in magnitude are O(10™%) of the streamwise velocity magnitude. Such a
difference is therefore well tolerated. Fig. 5.17 provides the comparison of Cp distri-
butions, where the results are on top of each other and further shows the successful
boundary condition enforcement.

As for the gap region, it is first discovered that two waves present in the spanwise
direction at the current settings, where three layers of P3 element provide insuffi-
cient spanwise resolution. Therefore the previous spanwise wavenumber is doubled,
leading to 3 = 2.4 x 10* m~! to be simulated. The disturbance field at this new
spanwise wavenumber in the gap region is shown in Fig. 5.18(a). As expected, the
flow in the gap keeps oscillating, and excites crossflow waves downstream. Only one
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Figure 5.15: Gap induced oscillations of the velocity in the x-direction.
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Figure 5.16: 3D boundary layer profile comparisons of the initial and reduced sim-
ulations.
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wave is checked to be present in the spanwise direction, showing sufficient resolution.
A enlarged view in Fig. 5.18(b) shows that these crossflow waves finally decay in
the selected domain. However, there is a critical difference compared with the field
in Fig. 5.15. In the new case, the disturbance field is not as clean as the previous
one since the excited waves have more than one streamwise wavenumber, which can
be determined from the deficit in the waves. A bottom view of temperature distur-
bances on the wall is shown in Fig. 5.18(c). The disturbances (waves) extend not
in the x-direction but in the streamwise direction.

To further confirm the excitation of multiple waves, a few sampling points are set
both inside and downstream of the gap to record the time history of disturbances.
Fig. 5.19(a) displays the disturbances on the momentum components pu, pv, and
pw at sampling points (0.339,0.0895,0) (inside) and (0.355,0.0928,0) (outside). It
has been recorded for twelve convective time scales, but for clarity only the first two
are shown. In the time history of the (pu)’ signal it is observed that the disturbances
inside and outside have a synchronized oscillation, inferring the same main oscillation
frequency. This is further confirmed in Fig. 5.19(b), where the fast Fourier transform
(FFT) is performed to obtain the single-sided amplitude spectrum versus frequency.
The main oscillation frequency is approximately 9.5 while the high-order harmonics
are present in both signals. Moreover, the (pv)’ signal inside the gap in Fig. 5.19(a)
also shows a typical pattern of wave superposition, inferring a complicated oscillation
inside the gap.

In the current simulation, as a preliminary study the disturbances of f = 2.4x10*
m~! are self-excited due to the constrained spanwise width of the computational
domain. However, for a wider quasi-3D gap, disturbances of spectra of spanwise
wavenumbers may be generated due to the instability inside the gap. The eV analysis
will shed more insight only if better understanding of the flow mechanisms are
further provided. For instance, in the classical eV analysis the amplitude of the
disturbances does not influence the results as long as the disturbances experience
a linear growth. However, due to the gap-induced receptivity, excited crossflow
waves are travelling, and have fixed amplitudes (which in this case are greater than
0.4% of the freestream velocity and close to the linear growth limit). Therefore the
amplitudes of the artificially introduced disturbances for the ¢V analysis may matter
due to their potential interactions with the gap-induced travelling crossflow waves.
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(a) Disturbance of the z-component velocity

(b) Disturbance of the z-component velocity (enlarged view)
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Figure 5.18: Gap induced receptivity at 3 = 2.4 x 10* m~'. Flow from left to
right. (b) shows the z = 0 plane in 3D, where the additional axis represents the
disturbance of the z-component of the velocity.
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Figure 5.19: Time history and FF'T analysis results inside and outside the gap at
sampling points (0.339,0.0895,0) and (0.355,0.0928, 0), respectively. In (a) the first
two convective time scales out of twelve are shown for clarity. The maximum single-
sided amplitude in (b) reaches 6 x 1072 but it is not shown for clarity. The symbol
()" denotes the disturbance of the corresponding field.
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Chapter 6

Incompressible laminar boundary
layer flow over a quasi-3D gapped
swept plate

6.1 Introduction

In Section 5.7 we illustrated the laminar boundary layer flow over a gap irregularity
on a CRM-NLF swept wing section can experience self-sustained oscillations inside
the gap, provided the transonic flow and the Reynolds number are close to realistic
cruise conditions. According to our preliminary study, such oscillations not only
excite crossflow waves in the vicinity of the gap but also produce a full spectrum
of temporal frequencies. Since the underlying fluid mechanisms are not fully under-
stood, in this chapter we will zoom in to the vicinity of the gap to better understand
of the self-sustained oscillations at the presence of crossflow.

The boundary layer flow over the gap is more widely known as open cavity flow
in the literature. The subtle difference between open cavity and gap may be the
size [159], where the majority of the studies have focused on open cavities with large
geometry deficits compared with the local boundary layer thickness. In the current
work, we keep using the term “gap” for both the consistency with the previous
chapters and highlighting the small-sized geometry of interest.

The study of the gaps was initiated as a beneficial approach for boundary layer
tripping in wind tunnel experiments [160]. Gap effects on laminar flow transition
were investigated no later than the mid-60s [161]. In recent years, Beguet et al. [160]
summarized a series of works carried out at ONERA in the past decades. The gap
effects were modelled in terms of variation in N-factor curves. Crouch et al. [161]
performed experimental studies on the gap effect on the natural transition dominated
by TS instability. The shifting on the transition location and on type of transition
(from TS to bypass) was categorized for gaps of different sizes, and a variable N-
factor model was developed. As for the computational works, in 2D compressible
flow simulations by Zahn and Rist [36], a steady baseflow was obtained over a deep
short gap (comparable with local boundary layer thickness). The steadiness was
attributed from the observations that shear-layer mode instability was not excited
for this short gap [36]. This agrees with our 2D results in Section 5.6.

Although started earlier, regarding transitional analysis gaps are much less well
documented compared with those for forward-facing and backward-facing steps, and

125



most simulations are limited to 2D flows. One reason is that even a simple gap has
several geometrical parameters [45], i.e. depth, length, and width (in the spanwise
direction). The rich geometry variation typically leads to different recirculation
patterns inside the gap as discussed by Sinha et al. [162], and the subsequent
complicated instability behaviors [160]. The three main types of instabilities in a
compressible flow are shear mode, wake mode, and three-dimensional mode.

The shear-layer mode instability originates from the interaction of the shear layer
over the cavity and acoustics emitted at the downstream corner of the cavity (where
it is mostly studied). The acoustic waves propagating upstream excite the shear layer
while the shear layer selects the modes to be energized [163], which distinguishes the
shear-layer mode from the pure acoustic resonance [164]. For the visualisation of
the shear-layer mode related acoustic emission, Krishnamurty [165] provided clear
Schlieren images for both subsonic and supersonic flows. Schlieren images were also
shown in the vicinity of the cavity by Cattafesta et al. [166], where they observed
three shear-layer modes’ structures have much larger scale than the boundary layer
thickness at the leading edge of the cavity. This provides additional evidence that
shear-layer modes develop more easily in large cavities than in small gaps. As for the
numerical side, Bres performed compressible DNS systematically in the cavity and
informative animations are offered along with his thesis [164, 167]. Since the shear-
layer mode involves acoustic feedback, compressibility plays a significant role and
is therefore necessary to include in the simulations. This was further numerically
tested by Martin et al. [168]. The shear mode is also known as a Rossiter mode
[169]. Rossiter developed a semi-empirical formula to predict the resonance [169],
which reasonably agrees with experiments. However, this formula predicts a series
of potential modes while the particular excited modes are not identified [164].

The wake mode is another type of major instabilities in a cavity. It is a pure
hydrodynamic instability that presents when large scale vortices shedding from the
leading-edge of the cavity, typically leading to violent changes in the flow field. Both
shear-layer mode and wake mode do not rely on the three-dimensionality while both
of them can be modulated in the spanwise direction in 3D flows [168, 170], where
Mathias & Medeiros reported the modulated shear-layer modes typically have larger
spanwise wave lengths than the 3D mode introduced below [170]. In contrast, the
three-dimensionality can stabilize the wake mode [164]. Suponitsky et al. [171]
demonstrated that a random 3D disturbances would shift the wake mode to the
shear-layer mode regardless of the strength of the disturbances.

Finally, for the 3D flows in the cavity (or gap) a three-dimensionality mode
instability not present in 2D flows comes into existence. The 3D mode (also known
as centrifugal or Gortler mode) instabilities arise from centrifugal effects in the
recirculation region next to the trailing edge of the cavity. The presence of a similar
instability has been previously reported in lid-driven cavity flows, Couette flows,
and flows over backward-facing steps. Breés and Colonius [73] argued that since
a forward-facing wall sets up a recirculation region, the corresponding flow would
experience a centrifugal instability from the inviscid point view. The viscosity has
a stabilization effect on such flows. Faure et al. [172] and Vicente et al. [74] both
provided good visualizations and comparisons of the experiment and simulation
results. The patterns of their computed 3D mode agree well with the experimental
results, showing the improved understanding of such instability. Further reviews
and studies of the 3D mode are provided in Refs. [74, 159, 164, 173]
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Returning to the small gap case of interest discussed in Section 5.7, both shear-
layer mode and wake mode are not likely to play a significant role since the wake
can hardly develop in the shallow gap and the short chordwise length prevents the
shear-layer mode oscillation, as addressed by Zahn and Rist [36]. Moreover, in
Chapter 5 the observed oscillations in the gap are characterised by a high spanwise
wavenumber (e.g. 3 = 2.4 x 10* m™!), which typically suppresses the development
of the shear-layer mode according to the study by Mathias and Medeiros [170]. The
oscillations are therefore considered a special form of 3D instability in the presence
of crossflow. To better understand such a flow and instability, particularly the most
energized frequency and spanwise wavenumber, we set up quasi-3D incompressible
flow simulations on a swept plate with a spanwise gap, as illustrated in Fig. 6.1.
Calling that in the 3D compressible flow simulation of the previous chapter, the
Mach number is below 0.3 in the gap, this study therefore includes all the underlying
hydrodynamic mechanisms and reasonably reduces the computational cost, as well
as taking full advantage of our simulation tool Nektar++ to use Fourier expansions
in the spanwise direction.

6.2 Quasi-3D boundary layer flow over a swept
plate with gap

Freestream

Inflow E y Outflow

Inflow Outflow

Figure 6.1: Configuration of the computational domain over the swept plate.

The configuration of the swept plate simulation is shown in Fig. 6.1, where the
depth, length, and width of the gap are denoted by D, L, and W, respectively. This
model problem is set according to the flow conditions in the gap region in Section 5.7.
The aspect ratio (L/D) of 4 is therefore preserved. The spanwise ratio (W/D) of 2
is applied to allow modes of different harmonic spanwise wavenumbers to develop.
As for the freestream, the velocity component in the z-direction (Uy,) is twice of
that in the z-direction (W), leading to a swept angle ¢ = 26.57 deg of the plate.
This velocity direction reproduces similar local flow conditions at the gap in the 3D
CRM-NLF case. In the x — z plane another Cartesian coordinate system (x*, z*) is
set, where x* is in the same direction as the freestream velocity U;. The Reynolds
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numbers at four key positions in the z-direction are listed in Table 6.1, where the
local Reynolds number is based on the freestream total velocity, U;, namely

_ U

14

Re,

Accordingly, the depth based Reynolds number is Rep = 7500.

Table 6.1: Re, at key positions.

Positions Inflow Leading-edge Trailing-edge Outflow

@ 0.0 0.2 0.4 1.0
Re, /105 1.57 1.6 1.63 1.72

As for the boundary conditions, since the leading-edge of the swept plate is not
included in the domain to avoid the fine mesh at the beginning of the boundary
layer and to focus on the gap region, a rotated Blasius velocity profile is enforced
at the inflow boundary near the wall. The Blasius profile can be obtained following
the governing equations and solving approach in Appendix D.2, where the Hartree
parameter should be set zero. In this case the zero pressure gradient (ZPG) is
considered in this problem. The relative pressure at the freestream is therefore zero,
and the high-order convective boundary condition [174] is adopted at outflow. In
the z-direction, the periodic boundary condition is set.

A hybrid spectral /hp-Fourier simulation is carried out [175]. In the z — y plane
a 2D mesh is generated and within each element the field is approximated by the
spectral /hp method. The z-direction is selected as the homogeneous direction, where
the variations of the fields are expressed in form of Fourier expansions [176], such
that periodicity is automatically enforced. An description of the 2D spectral/hp
element and the Fourier expansion is available in Ref. [177, 178]. The homogeneity
in the z-direction leads to the base spanwise wavenumber [y = 27 /W (Ao = W).
As mentioned above, we consider the incompressible flow for solving efficiency while
keeping all the physics of interest. The incompressible Navier-Stokes equations are
solved by the velocity correction scheme [179] in Nektar++. To stabilize the high-
order simulations, we adopt the classical spectral vanishing viscosity (SVV) [180,
181] with exponential kernel for both in-plane spectral/hp expansion and Fourier
expansion. By including high-frequency diffusion, the SVV function acts as a sink
of energy for high-frequency components while having little influence on the low-
frequency components.

Fig. 6.2 shows the computational mesh in the x — y plane. The number of
elements on this plane is 4133. The simulations are performed with 5th order ex-
pansion for velocity fields and 4th order expansion for pressure field. This setting
follows the Taylor-Hood approach, where pressure expansion is one order lower than
the velocity expansion to satisfy the inf-sup condition [176]. In the z-direction, 64
planes are used corresponding to 32 full Fourier modes. The above setting leads to a
total degrees of freedom of 8 183 232. Since simulations are unsteady in nature due
to the self-sustained oscillation, a statistically stationary base state is sought. The
stationary state is achieved when the time-averaged modal energy of each Fourier
mode does not change. The modal energy of the k-th Fourier mode is defined by
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[176]
Bilt) = 5 [ ljas. (61)

where 1y is the Fourier coefficient of the k-th mode of the velocity. The time
histories of modal energy are recorded and averaged over 160 convective time scales.
The averaged values are plotted in Fig. 6.3 in form of a spectra. The Oth mode is the
mean mode, and the drop at the 25th mode is because the SVV cutoff eliminates
higher Fourier modes. This plot shows that the modal energy for the first mode
drops to the level of O(1078) with respect to the mean mode, which is O(107!),
while the modal energy for the last undamped mode is two orders lower, indicating
a sufficient resolution in the Fourier direction since the higher frequency modes are
relatively insignificant as suggested by Slaughter et al. [176].

vy

I I 1 1 1
0.2 0.4 0.6 0.8 1

o

Mode

Figure 6.3: Averaged modal energy of the Fourier modes. The bottom subplot shows
the expanded view of the top subplot. Local peaks are highlighted by red dots.

In addition, we remark that the energy distribution in the spectrum is not mono-
tonically decreasing but has several peaks. This feature is better shown in subplot
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on the bottom of Fig. 6.3, where the 3rd, 6th, 9th, 12th, and 15th modes are more
energized than the adjacent modes. To better understand the underlying flow behav-
ior, the transient field is decomposed into different Fourier modes (corresponding to
different spanwise wavenumber /), and the first ten modes are shown in Fig. 6.4 at
the same scale. The flow field for each Fourier mode is oscillating in the gap region.
This infers a hydrodynamic instability inside the gap and a complex superposition
of a series of unstable modes with different spanwise wavenumbers. Moreover, Fig.
6.4(c) clearly shows that the 3rd Fourier mode is significantly more energetic than
the others, which agrees with the peak at the 3rd mode in Fig. 6.3. The 3rd mode
not only experiences stronger self-sustained oscillation inside the gap but also in-
cludes crossflow mode-like waves downstream of the gap. In the x-direction, these
waves have a wavenumber of approximately 6.5 times the depth of the gap. The
origin of these waves will be discussed in the next section. On the other hand, flow
fields corresponding to the other Fourier modes also include downstream waves while
the wavenumbers are shorter in the x-direction and weaker in strength, e.g. the 7th
mode in Fig. 6.4(g).

Fig. 6.5 displays a snapshot of the wall shear stress magnitude from the top
view. The white arrows show the freestream direction from top left to bottom right.
The large light region is the gap, showing the wall shear stress in the gap is much
lower than outside. Inside the gap, the wall shear stress magnitude is larger near the
trailing edge than near the leading edge. In this figure a streaky pattern is observed
after the gap while the field is uniform before the gap. The direction of the streaks
are almost aligned with the freestream. Three major peaks are shown as the yellow
contours outline, which corresponds to the modulation by the dominate waves in the
3rd Fourier mode. The streaky pattern gets diffused as it progresses downstream.

6.3 Discussion on the origin of the downstream
waves

In the previous section, we have shown the presence of a self-sustained oscillation
inside the gap using the incompressible flow simulation. Due to the lack of large
scale structures in the mean mode, such oscillation is considered to stem from the
centrifugal instability in the recirculation region next to the trailing edge of the gap
as shown in Fig. 6.6. Bres [164] first demonstrated this point at the inviscid limit
by applying Rayleigh discriminant (used determine the presence of a centrifugal
instability) in a cavity inspired by the analysis by Barkley et al. [182] on a forward-
facing step, while the viscosity was shown to have a stabilizing effect [164].

Previous research mainly focused on the instability mechanism inside the gap.
However, in the current work we adopt a larger domain (compared with the depth
of the gap) including part of the downstream region, where we observed crossflow
mode-like waves, e.g. those in Fig. 6.4(c). Note that these waves are not only
present in the most energetic 3rd mode but also in all modes. To the best of our
knowledge, these crossflow mode-like waves after the gap have not been reported in
other studies.

Two reasonable assumptions can be made for the generation of these waves. The
first one is that they are inherent convective instability modes of the boundary layer,
and are excited by the oscillations in the gap. Otherwise, similar to the oscillation
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Figure 6.4: Chordwise velocity (u) contours of the self-sustained oscillation of the
first ten Fourier modes. All the plots use the same scale.

Figure 6.5: Top view of the wall shear stress magnitude. The write arrows show the
freestream direction. The color is adjusted to better visualize the streaks.
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Figure 6.6: Vorticity field (z-component) and streamlines in the gap. Freestream
comes from left to right.
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inside of the gap, these waves also raise from a global instability mode. In the first
assumption, however, for a swept plate without pressure gradient, the boundary
layer velocity profile is the ideal rotated Blasius profile, where no inflection point
exists while the inflection point is a necessary condition for crossflow instability.
Fig. 6.7 depicts the wall pressure distribution in the z-direction. It shows the gap
modulates the pressure near its trailing edge, and an adverse pressure gradient is
formed after the gap. The effect of this pressure gradient on the crossflow direction
(denoted by z* in Fig. 6.1, perpendicular to the plane spanned by the freestream
direction z* and wall normal direction y) can lead to a crossflow component as a
secondary flow.

This is confirmed by the boundary layer velocity profile in Fig. 6.8(a) at z = 0.45
(after the gap), where the velocity components are projected on to the (z*,y, 2*)
coordinate system and their components are denoted by (-)*. It clearly shows the
presence of the crossflow component w* near the bottom of the boundary layer.
However, the crossflow component is much smaller compared with the freestream
velocity and it is therefore scaled by 100 for better visualisation. The 3D profile is
also provided in Fig. 6.8(c). Since the crossflow component vanishes at both ends
of the boundary layer, such a profile brings the existence of an inflection point as a
source of crossflow instability [26]. To better evaluate the velocity profile modulation
by the gap, the differences with respect to the rotated Blasius profile at x = 0.45 and
0.9 are computed as shown in Fig. 6.8(b). At x = 0.45, although the difference on
the crossflow velocity component is still smaller than that on the streamwise velocity
component, the differences are of the same order. As the flow moves downstream
to x = 0.9, the velocity modulation gets smaller and the profile becomes closer to
the rotate Blasius profile, which infers the influenced region by the gap is local. In
general, the modulation is more significant near the bottom of the boundary layer.
This can be related with the restart of boundary layer after the trailing edge of the
gap, which is noticed by the larger vorticity amplitude in Fig. 6.6.
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Figure 6.7: Wall pressure in the z-direction.

Sectional (1D) stability analysis is a suitable tool to examine whether the ob-
served waves arise from crossflow instability. To perform the analysis, a spanwise
wavenumber of 33, is used while the key parameter frequency remains to be de-
termined. We therefore set a series of sampling points on the z = 0 plane of the
field and record the time history of fluctuations to find out the dominant frequency
of interest. The detailed positions of the sampling are listed in Table 6.2 and are
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Figure 6.8: Boundary layer velocity profiles and differences with respect to the
rotated Blaius profile.

also highlighted in Fig. 6.9(a) for clarity. A fast Fourier transform (FFT) is used to
convert the recorded signals from time domain to frequency domain, and the spectra
for u, v, and w signals are all shown in Fig. 6.9(b) for the points inside the gap
(from (a) to (i)) and in Fig. 6.9(c) for the points outside the gap (from (j) to (0)).
Sampling points (a), (d), and (g) are next to the leading edge of the gap, and (d)
and (g) are associate with the weaker recirculation on the bottom left in Fig. 6.6.
This figure shows that their oscillations have a much narrower spectrum compared
with the rest of the points on the main recirculation on the right in Fig. 6.6. Ad-
ditionally, frequency spectra at points (b) and (c) are particularly wide, possibly
because of the strong shear at the interface of the gap and boundary layer. In the
frequency spectra of points (c), (e), (h) and (i) significant peaks are observed at
the same non-dimensional frequency of 0.325. This also agrees with the outstanding
peaks in all sub-plots of Fig. 6.9(c) for the fluctuations outside of the gap, which
suggests the frequency of the crossflow-like waves of the 3rd mode in Fig. 6.4(c).
Sectional stability analysis is then performed with the obtained non-dimensional
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Figure 6.9: Disturbance frequency spectra (frequency vs. amplitude) at different
sampling locations. The spectra are computed by FFT. The highest peak in each
sub-plot except (a)(b)(d)(g) corresponds to a non-dimensional frequency of 0.325.

frequency 0.325 at = 0.45 and 0.9 using the CoPSE3d package integrated in
Nektar++ [49]. Since the package solves the 1D linear stability equations for com-
pressible flows, we pick the hydrodynamic modes artificially by checking whether
the density eigenfunction is negligible compared with the velocity eigenfunctions.
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Table 6.2: Locations of the sampling points on the z = 0 plane.

Inside gap

(a) — (0.205,0) (b) - (0.3,0) (¢) —(0.395,0)

(d) — (0.205,—0.02) (e) — (0.3,—0.02) (f) — (0.395,—0.02)

(9) — (0.205,—0.04) (h) —(0.3,—0.04) (i) — (0.395,—0.04)
Outside gap

(j) - (0.45,0,03) (k) - (0.6,0,03) (1) — (0.9,0,03)
(m) - (0.45,0.01)  (n) - (0.6,0,01) (o) - (0.9,0.01)

Fig. 6.10 shows the eigenspectra at the two positions, and the modes of interest are
highlighted by red crosses. It is noticed two more discrete modes appear at x = 0.9
than 0.45. These eigenvalues are further refined using inverse Rayleigh iteration [49]
to get a highly accurate eigenvalues and eigenfunctions. As listed in Table 6.3 the
wave angles of these modes are all around —95 degrees. These wave angles suggest
the corresponding modes come from the crossflow instability [52], which confirms ef-
fect of having the inflection point. We remark that however, since these eigenmodes
have negative growth rates (i.e. «; in Fig. 6.10 and Table 6.3), they are all decaying
modes after excitation, and are unlikely to generate the waves we observed after the
gap.

We next extract the waves from the DNS and eigenfunctions from the sectional
stability analysis, and the profiles are compared in Fig. 6.11. It shows at x =
0.45 the DNS wave we observed in the simulation reach the maximum at a lower
vertical position. As for z = 0.9 the vertical position for the DNS wave to reach the
maximum is approximately the same as the LST mode 1. However, the shapes of the
wave and eigenfunction are quite different particularly at lower vertical position near
the wall. This difference in the comparison infers the crossflow-like waves observed
in Fig. 6.4(c) are not real crossflow waves but could be a BiGlobal mode whose the
eigenfunction is not a 1D function of vertical coordinate y but a 2D field in the z —y
plane.

To better understand this, a BiGlobal analysis in the z — y plane as introduced
in Section 1.3.1 is then performed by solving the linearized (incompressible) NS
equations:

a—u+(U-V)fl+ﬁ~VU: —Vp—i—é

ot
V-u=0,

where 1 is the linearized velocity, U is the baseflow velocity. The baseflow is com-
puted using the same settings as the DNS simulation except only 2 Fourier planes
are used, leading to constant field distributions in the z-direction. Eq. (6.2) is solved
after being transformed into an eigenvalue problem. More details are available in
Ref. [183]. The BiGlobal results show that the most unstable mode is found to have
the non-dimensional frequency of 0.355, with 9% relative difference to the dominate
DNS frequency. As shown in Fig. 6.12, the spatial structure of this mode is also
close to the DNS result for both inside the gap and in the downstream region. Fig.
6.12 also confirms that the absolute instability mode inside the gap basically sits on
the main recirculation region near the trailing edge of the gap. Detailed eigenfunc-

2~
v, (6.2)
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tions at x = 0.45 and 0.9 are also compared in Fig. 6.13, where good agreements
are achieved. The agreements finally indicate that the dominate waves downstream
of the gap in the DNS result is a BiGlobal mode.
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Figure 6.10: Eigenspectrum of the LST at different locations.

Table 6.3: Eigenvalues and wave angles from sectional stability analysis.

x # a, a; Orientation [deg]
0.45 1 —0.1790353 —0.03518669 —95.7723
' 2 —0.1959312 —0.00278662 —93.9988
1 —0.1695965 —0.06856673 —96.7763
0.9 2 —0.1948252 —0.02241802 —94.1081
’ 3 —0.1968162 —0.01026088 —93.9016
4 —0.2041783 —0.02462411 —93.1437
12 12 12 12
LST mode 1 \ LST mode 1 \
{ =] P
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Figure 6.11: Comparisons of the LST eigenfunctions and shape of DNS waves at
different locations.

After confirming the downstream waves arise from a BiGlobal mode, however,
their physical nature in terms of the instability type is still left to be investigated.
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(b) BiGlobal mode

Figure 6.12: Chordwise component of velocity comparison of the DNS wave and
BiGlobal mode.
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Figure 6.13: Comparisons of the BiGlobal mode and shape of DNS waves at different
locations.

Providing the oscillations inside the gap arise from absolute instability, the down-
stream waves can either be the waves excited by the upstream oscillation and trav-
elling downstream, showing a convective nature, or directly arise from the absolute
instability intrinsic in the local boundary layer modulated by the gap. We perform
the analysis by adopting the tool of structural sensitivity which is first introduced
by Giannetti and Luchini [184]. The idea of structural sensitivity is to compute sen-
sitivity of the leading eigenvalue with respect to the local eigenfunction amplitude
in the linearized system, making the structural sensitivity an indicator of receptivity
to localized feedback [185]. If the linear system is perturbed by an impulse function
at xo and proportional to the velocity perturbation, the drift of the eigenvalue takes
the form [185]

Joit- Cx) Q| _ G|

N =Tl S [ wed)

s(Xo), (6.3)

where C is the proportionality coefficient, 1 and u* are the velocity vectors of
the BiGlobal and adjoint modes respectively [186] from the adjoint equations (Eq.

(6.4)),
ou*
ot

1

+(U-V)a* + (VU - 0" = -Vp* + 7

V.t =0,

2~ %
v, (6.4)
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where U is the baseflow velocity vector. In Eq. (6.3), the structural sensitivity is
measured by s = ||al||[a*||, which is a distributed function that bounds the drift of
eigenvalue.

According to the above definitions, the adjoint equations are solved as an eigen-
value problem for the adjoint mode. Together with the BiGlobal mode, the struc-
tural sensitivity, s, is computed, which is finally provided in Fig. 6.14. We observe
that inside the gap, particularly in the recirculation region, the structural sensi-
tivity has a large amplitude, which reaches the maximum near the center of the
recirculation region. This further shows the oscillation inside the gap is driven by
the global instability. On the other hand, the structural sensitivity is approximately
zero outside the gap, indicating the receptivity to localized feedback does not exist.
This further infers the lack of self-sustaining mechanism, and therefore the waves
downstream of the gap have a convective nature.
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Figure 6.14: Scaled structural sensitivity, s, of the swept plate with a gap.

Y

.

6.4 Conclusion

This chapter has reviewed three main types of instabilities in a gap or cavity. The
self-sustained oscillation inside a gap considered in Section 5.7 originates from a
centrifugal instability (3D instability). To further verify this and have a better
understanding of the underlying physics, a swept plate flow with zero pressure gra-
dient is designed, where the gap depth-based Reynolds number is 7500 and the gap
is placed at Re, = 1.6 x 10° to 1.63 x 10°. The gap geometry and flow parameters
are set to be close to the gapped 3D CRM-NLF case but an incompressible flow is
considered since the centrifugal instability is purely of a hydrodynamic nature.

A DNS simulation is then performed using the spectral/hp-Fourier method. By
taking advantage of the numerical method, the flow field is decomposed into differ-
ent Fourier modes. We observe the 3rd Fourier harmonic, as well as its high-order
harmonics, are more energetic than other modes. The presence of the gap modulates
the wall pressure and forms a favourable pressure gradient after the gap. Addition-
ally, the boundary layer velocity profile is also modulated by the gap, bringing a
crossflow velocity component into existence as well as an inflection point, which
could be the origin of the crossflow instability.

In order to examine whether the observed waves after the gap are crossflow
waves, we perform sectional stability analysis at = 0.45 and 0.9. The analysis
shows that a few crossflow modes exist in the modulated boundary layer but are
all decaying at the given positions. This prevents the disturbances from developing
into crossflow waves. This is also confirmed by the eigenfunction comparison where
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the profiles from the sectional stability analysis are different to the most energetic
waves in DNS results.

BiGlobal analysis is then performed and the most unstable mode is found to have
a non-dimensional frequency of 0.355 close to the dominant DNS frequency of 0.325.
The comparisons of the spatial structure and eigenfunction show good agreement
with the DNS results, indicating the waves downstream of the gap come from the
BiGlobal mode.

The last remaining question is whether these waves possess a self-sustained or
convective nature. We computed the structural sensitivity to show the receptivity
to localized feedback. It is observed that the structural sensitivity is approximately
zero outside the gap, indicating the lack of self-sustaining mechanism and therefore
the waves have a convective nature.
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Chapter 7

Conclusions and future works

7.1 Conclusions

Laminar flow transition to turbulence for external boundary layer is of particular
interest for aerospace industry as the accurate prediction of transition onset can
provide suggestive guidance for aerodynamic design, e.g. drag estimation and re-
duction, and therefore is still under intensive study in academia for the complex
underlying flow physics. The laminar boundary layer flow transition at low environ-
mental disturbance level, e.g. the one an airliner experiences during cruise, is often
analyzed using the e/ method. The adoption of the eV transition analysis involves
two major steps: the computation of baseflow and disturbance field. Linear stability
analysis of disturbances is preferred to target the parametric space of interest for
the disturbance frequency and spanwise wavenumber, with which the linear growth
of certain disturbances dominates the computational domain and finally supports
the N-factor curve. The steps in the above workflow involve different kinds of sim-
ulations, and different computational tools are therefore used particularly when the
geometries are complex. The resultant data conversion issue causes not only pre-
cision losses of data but also extra workload for researchers and engineers. In the
current work an open-source and unified framework for laminar boundary layer nat-
ural transition analysis is introduced to better facilitate researchers and engineers.
We also successfully extended the applicability of the eV transition analysis from
simple boundary layer flows over clean geometry to transonic compressible flows
over complex geometries. The major challenges in the workflow are discussed and
solutions are provided.

For the first major step, we compute the baseflow in a near-wall reduced domain
to lower the computational cost. The computation in the reduced domain relies
the boundary data interpolated from a pre-generated RANS simulation, where the
pressure distribution is considered well predicted as examined by many experiments.
A successful baseflow therefore needs to have pressure compatibility with the back-
ground RANS result. However, because of the hyperbolic nature for compressible
flows, the pressure compatibility is not automatically guaranteed in the standard
Riemann inflow boundary condition enforcement, and significant deviation can be
caused for complex geometries. In addition, there are more than one type of pres-
sure compatible inflow whereas not all of them are numerically stable. To figure
out the best practice for the pressure compatible inflow, we revisit the basic set-
tings for Riemann boundary condition enforcement for DG based simulations. We
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construct entropy-pressure, velocity-pressure, and momentum-pressure compatible
inflows, and develop a simple yet instructive 1D stability analysis approach based
on single element approximation. Our analysis shows that maintaining entropy
compatibility at inflow is critical for a stable simulation. Therefore the appropri-
ate pressure compatible subsonic inflow should have entropy-pressure compatibility.
Additional benefits from using this boundary condition include maintaining the
compatibility of the speed of sound and density, as well as tangential momentum
components in multi-dimensional simulations. According to this analysis, the other
two types of pressure compatible inflow, i.e. velocity-pressure, and momentum-
pressure compatible inflows are proven to be neutral stable or unstable. The above
results agree with our numerical tests. Simulations on both CRM-NLF and DLR-F5
models show that the entropy-pressure compatible inflow condition leads to excel-
lent agreement on pressure distributions with the outer RANS results. Further
detailed study of the above stability analysis approach is also performed, showing
the single element approximation can well reveal the global behavior of a multiple
element system. Further, this stability analysis has been extended to 2D cases with
non-uniform baseflow. We are able to explain the ill-posedness issue we observed
near the leading-edge stagnation point using this approach. To conclude, in this
step we have developed an approach to analyse the stability of boundary condition
enforcement for DG compressible flow simulations. This approach helps us design
an inflow boundary condition with pressure compatibility. The adoption of this
boundary condition successfully generates a baseflow with the pressure distribution
requested at the wall.

In the second major step to predict the growth of disturbances, data contami-
nation caused by wave reflection is the main problem. The wave reflection stems
from the adoption of blowing-suction to excite the disturbances developing in the
boundary layer and the reflective inflow boundary condition for the truncated com-
putational domain, particularly when the domain is reduced. A sponge region can
suppress the reflected waves to a desired level (more than 2 orders smaller than
the amplitude of the target boundary layer disturbance). Another source for wave
reflection is the potential interaction between disturbances and surface irregularities
on the wall, such as a small step embedded in the boundary layer. In this case
the reflected waves would have the same frequency as the incident wave and there-
fore the separation of signals is difficult. Since limited analysis have been reported
[111], signal separation through wave modelling is not applicable at the moment.
We choose to reduce the contamination through filtering as a more user-friendly
approach. However, wave reflection features at surface irregularities is under further
study, which may bring us better solution in the future.

The above workflow is then verified through a Mach 0.8 flat plate case with
both clean and stepped geometries. The generated N-factors for the TS waves
well agree with the reference results [110]. The applicability of the framework is
evaluated through the precision study and the linear growth limit of T'S waves are
also reported.

Having developed this workflow, the transitional performances over a wing sec-
tion of the CRM-NLF model are studied going through the full workflow. In 2D
cases the disturbances in the boundary layer develop in form of TS waves. The
clean geometry is used as the baseline where the N-factor for the clean case reaches
a maximum amplitude of 4 in the selected domain. We first study the the influ-
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ence of different wall temperature boundary conditions, i.e. isothermal wall and
adiabatic wall. It is found that the different temperature conditions do not change
the TS wave velocity eigenfunction for both tangential and normal components but
slightly influences the temperature eigenfunction in a limited region near the wall.
However, the growth rate of disturbances is noticeably influenced as the isothermal
wall condition always gives larger n-factor in this case. Next a gap is introduced
to 33.3% of the selected chord. This gap is scaled from a real sized 2 x 8 mm gap
on a Boeing-737 airliner, which models the irregularity at the trailing edge of the
slat. In the 2D case it is discovered the gap causes local jumps in the amplitude of
n-factors to approximately 0.5 or smaller depending on the disturbance frequency.
However, as the disturbances travel pass the gap their amplitudes gradually recover
the corresponding disturbances on the clean case.

Next, the 3D transition analysis is performed over the gapped geometry. How-
ever, in the baseflow computation we observe self-sustained oscillation inside the
gap, which prevents the SFD tolerance decaying to a low level as prescribed if the
SE'D parameters are not specifically tuned. Since the acoustic emission is low, the
observed self-sustained oscillation is unlikely caused by the acoustic related shear-
layer instability. Considering the current simulation includes a narrow spectrum of
spanwise wavenumbers, to better understand the self-sustained oscillation a wider
swept plate with zero pressure gradient is designed as a model problem to study.
The depth, length, and width of the gap has the ratio of 1 : 4 : 8, producing a
depth-based Reynolds number of 7500. Other flow conditions are set to be similar
to those for the 3D CRM-NLF case except for the incomprehensibility since the
Mach number inside the CRM gap is lower then 0.1. This incompressible flow is
simulated by a quasi-3D approach, where the Fourier expansion is adopted in the
spanwise direction, providing the convenience of inherent modal decomposition re-
gards to different spanwise wavenumbers. We discover the 3rd Fourier harmonic is
significantly more energetic that other modes, and crossflow-like waves are gener-
ated after the gap. This confirms that the oscillation inside the gap raises from a
centrifugal mode, which is a hydrodynamic mode unrelated to compressibility. It is
not a wake mode as the mean flow is almost steady. Further analysis shows that the
gap modulates the boundary layer velocity profile and generates a crossflow velocity
component with inflection point, where crossflow instability may raise. In addition,
the presence of the gap also generates a favourable pressure gradient downstream
which can destabilize the crossflow instability. To figure out the details of these
waves, we perform sectional LST analysis at two positions after the gap. However,
although a few crossflow modes are successfully found their eigenfunctions are dif-
ferent to the shapes of the leading DNS waves we observe. The following BiGlobal
analysis suggests the DNS waves arise from a BiGlobal instability mode. The final
structural sensitivity indicates the lack of self-sustaining mechanism downstream of
the gap. These waves are therefore considered being excited in the boundary layer
above the gap region and traveling downstream, showing their convective nature.

In summary, in this thesis we have developed a transition prediction framework
over wing sections with surface irregularities, and at transonic flow conditions and
high Reynolds numbers. A variety of numerical methods/tools and strategies to
adopt them have been explored to obtain well-resolved results. Those effective tools,
such as the LST and SFD have been implemented and integrated into a framework
as open-source software. This framework is then applied to study the influence of a
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realistic sized gap, where self-sustained oscillations inside the gap are observed and
further investigated.

Further, the development of boundary condition stability analysis has been
driven by the numerous failures in the embedded simulations in trying to achieve
agreement on wall pressure distribution. This analysis permits to examine in ad-
vance whether a boundary condition enforcement for a DG simulation is appropri-
ate. This approach is characterised by its consistency, completeness, and simplicity,
where some insights by Giles [128] and by Nordstrom et al. [127] are referenced. It
has proven to be a success since it has not only solved our problems to match pres-
sure but also has been used to design inflow boundary conditions in other projects,
such as turbine cascade simulations [187].

7.2 Future works

In addition to the positive aspects mentioned above, during our study we realized
there are a plenty of unsolved challenges, which we also would like to summarized
for future works.

7.2.1 Operator speedup in Nektar+-+

Simulation efficiency is always a concern, particularly when high-order methods are
adopted. In this thesis we have run both 2D (FFS, CRM-NLF) and 3D (CRM-NLF,
swept plate) simulations. The 2D simulations are typically run on clusters of 5-50
CPU cores and the results can be obtained in a few hours or within a day. However,
3D simulations are much more computationally demanding as we need 300-1200
CPU cores to get the results in one day or two. These simulations demand better
software implementation to speedup the operators in Nektar++-.

In recent years, modern computational hardware has been advanced rapidly and
exascale platforms are coming. These platforms typically adopt CPUs support-
ing Advanced Vector Extensions SIMD instructions (AVX series) or are equipped
with Graphics Processing Units (GPUs), enabling powerful floating-point operations
(FLOPS). We therefore have launched a re-design project for Nektar++ to fully take
advantage of the modern hardware and speedup the main operators at the library
level. This work is expected to effectively reduce the time and power cost for each
simulation and will benefit the flow simulation community.

7.2.2 Gapped swept plate flow at medium Reynolds num-
bers

In the last chapter we have demonstrated that the flow in the gap on a swept
plate experiences self-sustained oscillations. Such oscillations in the gap region raise
from the centrifugal instability in the recirculation. More detailed analysis regards
to gap flow to resolve the detailed centrifugal mode is of interest. In the current
work we consider the realistic sizes of the gap irregularity on the wing surface of
an airliner. This setting complicates the flow since several instability modes are
energized simultaneously. In order to have a better resolution and convergence lower
Reynolds number might be considered in the future works, where the influence of the
crossflow velocity component on the centrifugal instability mode will be investigated.
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Moreover, the oscillations in the gap also excite boundary layer waves that travel
downstream of the gap. Since the excitation is unavoidable, its interaction with
coming TS waves or crossflow waves from upstream could also play an significant
role in flow transition and its prediction.
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Appendix A

DG formulations

A.1 DG with different forms of interior penalty

Following Eq. (2.29) in Chapter 2, the global primal formulation takes the form

%/Qvudﬂ - /Q Vo - audS + /FI <{{aﬁ}} o] + [[aﬁ]]{v}}) dl'y
+ /vau Vo + /F bV} - i — ] + [Vol{a — u}) dT; (A1)

- [ ooy 11+ Tolep ars = [ vyas,

where 'y = Ué\glfe is the non-repeated internal boundary set of all elements. With
the assumption that the numerical fluxes are conservative [80, 85|, their jumps of
numerical fluxes are eliminated and the average operators are removed from the
numerical fluxes in the Eq. (A.1)

7 0
%/vud@—/Vu~audQ+/ M [v] +M{v]} dl';
9) Q Iy

0
+ /vau - VudQ +/F b ({{vv}} : M‘_ u] + [Vo]fa — u}}> dr, (A.2)

-/ Ib(w'%“ mﬁ{ov}}) vy = [ s,

which is simplified as

%/deg - /Q Vo - aud +/F (ad - [o]) drs + /Q bV - VodQ)
+ /FI b(—{Vol} - [u] + [Vu]{a —u})dl; — /FI b6 - [o]dry = /QvfdQ_ (A.3)

In this work, we consider symmetric interior penalty Galerkin method (SIPG) for
the diffusion operator. The form of its numerical fluxes, together with the numerical
fluxes for nonsymmetric symmetric (NIPG) and incomplete interior penalty (IIPG)
are listed in Table A.1, and the final expressions of these three schemes are provided
in order in Eqs.A.4 A.5 A.6.
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Table A.1: Interior penalty numerical diffusion fluxes.

Method U lo
SIPG fu} {Vup —nly]
NIPG {u} + nfu] {Vup —nly]

IIPG  NA (@ does not present) {Vu} —n[u]

%/ﬂvudﬁ—/QVv.audQ—i—/rl ({{aﬁ}}[[v]]) dr;

+/9qu - VodQ + /FI b(—{Vu}-[v] = {Vo} - [u] +n]u] - [v])dl; = /sz”AdQ>
4

%/Qvudﬂ—/QVv-audQ—l—/Fl ({{afa}}[[ﬂ]) dl'y
+/Qqu-vde+/F b(—{{Vu}}-[[v]]H{W}[[u]]+n[[u]]-[[v]])dfz=/vfd9

" (A5)

dl'y

N——

%/QvudQ—/QVv.audet/FI ({aﬁ}}-[[v]]
+/Qqu-V?}dQ+/FIb(—{{Vu}.[[U]]+n[[u]].[[vﬂ)dFI:/deQ

Q

(A.6)

Conventionally, the NIPG and ITPG are derived by substituting different forms
numerical flux in Table A.1 into Eq. (2.32). However, in this work we present an
alternative approach of derivation. Recall that in 2.25a the fluxes in the interface
integrals are changed to be numerical fluxes while in Eq. (2.26) the fluxes remains
to be the internal values. We can change the order to introduce the numerical flux,
where the bilinear form of the diffusion operator in Eq. (2.28) finally reads

BNFPC (y,v) = / bVu - VudQ, + / b(u —u)(Vv-n)dl. — / v(bo - n)dl,
Qe

(A7)
where it is now (u — @) rather than (¢ — u) that appears in the surface integral.
Therefore its the global formulation we can still let the & = {u} as in SIPG, which
directly leads to the NIPG scheme in Eq. (A.5).

Similarly, if in Eq.2.25a the interface fluxes are not replaced by numerical fluxes
(or we replace the interface fluxes with numerical fluxes in Eq. (2.26)), (v — u) (or
(4 — 1)) is eliminated and the diffusion operator takes the bilinear form

BUPG (y, ) = / bV - VodS), — / v(bo - n)dl, (A.8)

Qe e

where the symmetric term does not present, and the I[IPG scheme in Eq. (A.6) is
derived by sum all the element.
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A.2 DG formulation of NS equations

In the derivation of DG formulation of the NS equations, key transformations include

g1 T1
0Q 0Q T
g . T = 09 : T2 :O'ZT1:<K2J—>’TZ:—(K”T7,)
o s 8$j a.’L‘j (A 9)
0Q/0z, KT+ KIim + Kl 13 .
= 0Q/0z, | : | KLri + KL+ KLy | =VQ: (K'T)
8Q/8x3 K{3T1 + KggTQ + K%})Tg

where (K7);; = (K;;)*. In the above the third identity is based on the transforma-

tion ¢ Ab = (cTAb)T = b? ATc for a matrix A and vectors b and c.
To obtain the vector form of integration by part we have adopted the following
identities

/Q (V-F)-vdQ, / (F-n)- vdl, - / F : Vvdo, (A.10a)

e Qe

Q

/Q (V‘O')‘VdQe:/F (0'~n)-vdF€—/ o : VvdQl, (A.10b)

/QVQ:(KTT)dQe: : Q-((KTT)-n)dFe—/Q Q- (V- (K'r))dQ
) ) ) (A.10c)
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Appendix B

Linearized DG approximation for
Euler equations

B.1 Linearized DG approximation for 1D Euler
equations

Considering the piecewise constant approximation the integration of 1D Euler equa-
tion in an element gives
dQ
dt
where F" and F¢ are numerical fluxes at west and east boundaries. Each of them

is constructed by the internal state Qint and a reference state Qref. The linearized
system can be derived by introducing perturbations to all of these states, leading to

““Az=FY - F°, (B.1)

d (Q + 5@1m>
dt

) OF™
Az = | FY + 5Quni + QY
(o 2 s

f

9 re
aFe OF®
- Fe 5ant _I_ 5Qref) .
( aQref

int

int

(B.2)

By substituting Eq. (B.1) from Eq. (B.2), and assuming the perturbation on
both reference states are equal, 5Q 5Qref = Qref, the 1D linearized systems is
given by

d (6Qint Bv ofe \ - v oafe \ -
um: O O ) 5+ [ _ T )58, (B3)
dt aQth aQint aQref aQref

which can then be transformed into characteristic variables as
Qi 55 | pp— ((OE 0Q OUy _ OF° 005 U5 | 0Qm 55
d 8U1nt 0Qg aUEV aQint aer aUﬁ) aQint annt
ot oQr oUY  9F° 9Qg dU¢ aQref 50
oQr oUT 0QY,  9Q: oUt aQe, ) aue,

ref

ref =

(B.4)

ref ref
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Due to the assumption that the baseflow is constant, Eq. (B.4) is simplified as

~ —1 ~ ~ ~ ~
~ 1 F w e ~
4 (50,,) = L (@) oF 0Q (@Pb oG ) T

dt Az \ogUu | 0QoU \oU,, 0OUp
e _ _ (B.5)
1 (9Q) oF0q (oUr 0T\ -
“~_ | —= ~ 6Uref?
Az \oU) 0QouU \auUr, U,
o d 1 1
dt <(5U1nt> = EcintéUint + EcreféUreﬁ (B6>

where the state vectors and matrices without subscript or superscript denote the
baseflow quantities which are uniform for the 1D analysis.

Note that the above linear system can also be directly obtained by considering
Q=Q(U+U), F=F(Q(U+46U)).

B.2 Linearized DG approximation for 2D Euler
equations

The DG approximation for 2D Euler equation at the presence of wall on the east
boundary (Fig. 4.9) is derived from the integration form of 2D Euler equations

/ gb—dQ OFVdry — [ ¢FSdrs + | ¢Fiday — | ¢Fhdr, + / Vo - FdQ.
Tw Te I's I'm Q
(B.7)

We use the semi-discrete form by only numerically integrating the boundary
terms, the DG approximation reads

aQ = ~ . =
/ ¢ nt dQ = Z ¢wlF‘1N,z < ‘r’::f,i? 1nt z) Z (bwlF(i K < fef,i? ?nt,i)
1=0
- ~ 5 O B8
+ Z ¢’UJ1F372 < Is‘ef,w 1nt 'L) Z ¢w2ng ( ?ef,i? innt,i> ( ’ )
=0

+/v¢-FdQ,
Q

where in the reference state for the east boundary (wall), Qﬁefﬂ-, the momentum
in the normal direction is zero for no-penetration condition. Following the same
procedures in B.1, the linearized system for introducing disturbances on all the
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states leads to

/ 5 0Qint) 5th

£l
W int,i
1=0 8(th K

> o | sy
- Wi int,i

=0 ant K

P

[ OFs .

+ Z ¢wz ! isnt )

=0 ant K

> o | ks
- Wi int,s

=0 8Q1nt K

Since the Q;’ef’i will not be influenced by the outer simulation, we have Q¢

8
A 5Qref1
8(Qref )

P, o~
<. ref,i
aCgl"ef )

OFs

- 5Qrcf i
8Qref )
(9

& 5Qref i
aQref )

/ Vo- QéthdQ

The consequent linearized system for Fig. 4.9(a) is derived as

[ 6% dg — 5, (@ 0Qu) + RIS (@ 00).

=0.

ref,i

(B.10)

which is then transformed into quasi-characteristic variables (Eq. (4.83)) as

/ ¢8Q8 5th

where the right-hand side terms take the form

RHSi (?,Wim) -

I [oFy 0Qy, OV,
> ow, o
=0 aQb 7 a‘/vb i a\/mt 7

P

[ OF: . 0 Vs

+ Z ¢w7, 1,0 le) K Sb K

i=0 aCQb i a\/vb i a\/mt K

OF 9Q
. —— 0V dS2,
T VO qavo Vi
and

RHSref ({}7 5vref) =

I [oFy 0Qy oV,
Z Pw; - -
=0 a(Qb % a\/.b ) a\/.ref 7

" a]:?rl1 i a(Qb ) a\/b K

- Z Pw; - "

i=0 a(Qb ) a\/-b ) a\/ref 7

ref,i

i}lvrvlm - Z Pw;
Visnt,i - Z ¢'UJ1

T P
iV/v:‘éf,i + Z ¢wz
=0

n

) a0 = RHS,, (\7, 5\7}m) + RHS, (\7, 5\7ref> ,

[OFS, 0Q;, OV,

8Qb ; 8V§ P Ve

int,?

a]:—Nl1 i 8Qb K avg %

oQp, ave, ovh

int,?

OF;, 0Q;,; OV},

0Q;,, V3, OV

ref,i

In the above RH S, has two less terms than RH Sjy.
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e
int,i

n
int,?

(B.12)

S
ref,i
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B.3 Global linear system for the three-element
model problem

In the three-element system on the top of Fig. 4.6.2, the global system is linearized
to to have

P Cil cut o N cy" 0 0 ~
= <(5U;*nt> Ar=| C2¥ cB2  c®c |sU,+| 0 o o |eU,
w E3.e
0 Cy" CR 0 0 Cy
(B.14)
or d
a <66Tnt) Az = Cfntéﬁ;knt + C:efaﬁ:ef' <B15)

In the above Cj,, is a tridiagonal block matrix. When the entropy-pressure

compatible inflow and pressure outflow is adopted, its eigenfunction takes the form
A —u)*PP(\) =0,
where P5()) is a fifth-order eigenfunction
PP(N) = N’ — el M — o\ + 30\ + e\ + o5,

and the coeflicients are

1
c1 = ——(10c + 2u — 11vc — vyu),
IaTeTy )
cg = ———(8cu — 257¢ + 5yu® + 20¢® — 4u® — dycu),
a1
cy = m(BO’yc?’ + 12cu® — 12c2u — 2yu® — 20¢° + 4u® — 18vycu® + 6ycu),
cy = m(20704 + 8cu® — 8c3u + 4yu' — 10¢t — 2ut + 12¢%u* — 4vyeu®
+ dycPu — 24yctu?),
1
cs = m(?’y@ — 2cut — 2ctu + yu® — 2¢° — 2u° + 4P + 4P + Tyeu?

+ yctu — 2vcPu® — 14vcPu?).
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Appendix C
CRM-NLF

C.1 Convergence check

n-factor

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
X

Figure C.1: N-factor comparisons for P3 and P4 expansions of the 2D clean CRM-

NLF case. The four curves from right to left shows the disturbance frequencies
f = 30,40, 50,60 kHz.
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n-factor
ro

n-factor
o

=-==-1E-6
———— 1E-5 (baseline) 08|
1E-4
:

= = = -Baseline

—m——— Higher sponge

More samples (x3)
I I

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
X X

(a) Different disturbance amplitudes (b) Different settings

Figure C.2: N-factor comparisons for using different parameters of the 2D clean
CRM-NLF case. P3 expansion is used.

Figure C.3: N-factor comparisons for P3 and P4 expansions of the 2D gapped CRM-
NLF case. The four curves from right to left shows the disturbance frequencies
f =30,40,50,60 kHz.
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Appendix D

Self-similar solution of boundary
layer equations

D.1 2D compressible boundary layers

D.1.1 Governing equations

Two-dimensional steady compressible boundary layer flows are governed by the fol-
lowing equations [23]
Opu) | (pv)

= D.1
ox dy 0 (D-1)
ou v dp 0 ou

el ) == i — D.2
p<u3x +Uay> pgsina 3y (u3y> (D2

oT oT 0 oT dp ou
— — Tu— D.3
pcp(uf9$+vay) 0y( Ay )+@ Yda +M(0y) (D)

which can be solved after Levy—Lees transformation, which reads
¢ / ' d e / " pd (D.4)
= PelleUedT, n=—"7= pay .
0 V28§ Jo

where the subscript ”e” denotes the quantity at the edge of the boundary layer.
The transformed compressible boundary layer equations then take the form

A% " Pe 2\ /af/_ //g
ey +ri+s(2- ) <o (1% - ) (D.5)
{Pﬂg ot (1-—)ff”} i —2&( - g%) (D.6)

where prime denotes the derivative with respect to the wall-normal coordinate, 7,
Pr is the Prandtl number, f and g are two non-dimensional functions representing
the profiles

u ht - hte
/ _ v — D.7
F&m =m0 9&m =—- (D.7)
The coefficients in Egs. (D.5) and (D.6) are
_2¢d

T dE Pelle
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To solve Egs. (D.5) and (D.6) the following boundary conditions need to be
enforced

1.n=0: f=0,f=0,g9=gy,or g =0 (iso-thermal /adiabatic wall)
2.n—o0: ff=1,9g=0

For a flat plate boundary layer flow with zero pressure gradient (ZPG), 9(+)/0¢ =
0. Therefore Egs. (D.5) and (D.6) are simplified as

C) +ff"=0 (D.9)
2 /

Cq' + C;:—e (Pr—1) f'f'| + Prfg =0 (D.10)
te

which are the equations to be solved in the current work to generate inflow profile.
Since in Eq. (D.9) ¢g only appears in form of ¢/, the following expression is
adopted in the rest of this work for simplicity

h
g(n)=3— (D.11)
te
where the temperature and its derivative are derived as
u2 u2 2
T=|T. £ — == f D.12
( * 2cp> g QCpf ( )
2 2
T — (Te 4 e ) g — Leprpr (D.13)
2¢y Cp
To compute the parameter C' and its derivative, the viscosity is given by Suther-
land’s law, which reads
= llye = D.14
= () (D.11)

where fi,ef, Trep, and S are parameters to calibrate Sutherland’s law and thus are
known. C'is then expressed as

C_ P o 1 i ( T )3/2Tref+S
Pelle  Pelle RTHTef Trey T+S
3/2
p=pe HregTe (T (D.15)
He T Tref

_ Mref TeT1/2 Tref + S
He frrefg/2 T+ S

Therefore

/ 1 1 !

According to Kennedy and Gatski [188] the expression for the vertical velocity
v is given by

5:0f [(1 10u\ ("1 . [("10p
= 2 _— _—— — —_ — _—
U Pellelte 5877 [(25 ue O )/0 pdn /0 p* O¢ dn}

paae (| 520f
p (\/%+\/2_§3§)

(D.17)
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Since 0(-)/0¢ = 0 for a flat plate boundary layer flow with ZPG, Eq. (D.17) is

simplified as
Pelelle | . Tl * f
v = f / dn ——]
V2€ { o (%) p

_ Helle / K Pe . &
V20 {f/o p(n*)dn fp}

As for y = y(n), by computing the derivative of n with respect to y we obtain

(D.18)

dn Pelle P
— = — D.19
dy 2pe pe (D-19)
Therefore
2uex [ pe 2T
Rl [ Pean = | ) (D.20)

Pelle Jo P Pelle
Egs. (D.18) and (D.20) can be used for polynomial approximation as input for

Nektar++ session file after f’(n) and g(n) are solved. In this work the 8th order
polynomials are used.

D.1.2 Solving

Since the boundary conditions at 7 — oo are given, the above Egs. (D.8) and
(D.9) can be solved using the shooting method to obtain the unknown boundary
conditions for f”(0) and ¢(0) or ¢’(0) that leads to f'(n — o0) =1, g(n — o) = 0.
For each shoot, the profiles are solved using the 4th order Runge-Kutta method
(RK4), where the derivatives are given by

() =1
(f) = f"
m _ _g "o i 1"
(") =—G1" =Gt
(9)'=¢ (D.21)
! 2 2
(g/)/ _ _%gl . s_;(Pr o 1)f/f/// o s_;(Pr - 1)f//2
¢’ ug I 1 /
—6h—te(PT—1)ff —olrts

The detailed steps to solve the equations are provided in Algorithm 1. Because
of there are two unknown boundary conditions at n = 0, the shooting method is
used twice for outer loop and inner loop, where f”(0) is searched in the outer loop
while ¢(0) or ¢’(0) is searched in the inner loop. The bisection method is used for
both searches. Fig.D.1 shows the non-dimensional profiles for iso-thermal wall and
adiabatic wall with Pr = 0.71.
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Algorithm 1 Solve the compressible flat plate boundary layer profile with ZPG
Require: f(0), f'(0), and ¢’(0) or g(0). Prescribed bisection intervals for f”(0) and
9(0) or ¢'(0)
Ensure: f'(n — 00) =1 and g(n — o0) =0
1: while f'(n — c0) # 1 do
2: Reset the interval for ¢g(0) or ¢'(0);
Get f"(0) as the mid value of the interval;
while g(n — o0) # 0 do
Get ¢(0) or ¢'(0) as the mid value of the interval;
Set initial value vector yo = (f(0), f'(0), f”(0), g(0), ¢'(0));
Solve y(n — o) = (f, ', ", 9,¢") using RK4;
Update the interval head/tail for ¢g(0) or ¢'(0);
Check convergence for ¢g(0) or ¢'(0);
10: end while
11: Update the interval head/tail for f”(0);
12: Check convergence for f”(0);
13: end while

-0.2 0 0.2 0.4 0.6 0.8 1 1.2 -0.2 0 0.2 0.4 0.6 0.8 1 1.2
Amplitude Amplitude

(a) Iso-thermal wall (b) Adiabatic wall

Figure D.1: 2D compressible flat plate boundary layer self-similar profiles using the
definition g = h;/hi. The Prandtl number Pr = 0.71. (a) uses iso-thermal wall
where Tyun = T

D.2 3D incompressible boundary layers with cross-
flow

D.2.1 Governing equations

For a infinite flat plate geometry (9(-)/0z = 0) where the inflow direction is not
normal to its leading-edge, it is called infinite swept flat plate and the boundary
layer flow also has a self-similar solution along the normal direction to the leading-
edge but with an additional crossflow component. The boundary layer flow therefore
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shows a three-dimensional feature.
The governing equations for this steady three-dimensional boundary layer flow
are [23, 189]

ou Ov

— +—=0 D.22

ox + dy ( )
ou ou du, d*u

- =y —= — D.2
“or * dy e i +Udy2 (D-23)

ua +Uv—=v— (D.24)
where the boundary conditions are
l.y=0: u=v=w=0
2. Y = 00! U —> U, W — W,

where the subscript ”e” denotes the quantity at the edge of the boundary layer. It
is assumed that the variation of the chordwise velocity at the boundary layer edge
obeys a power law u.(x) = Uy (x — x¢)™ and the spanwise velocity w, = Constant.
xo is a fixed streamwise position with known velocity state.

The self-similar solution is obtained by introducing the transformation

<m—|—1ue)1/2
1= ("o
VT

o= (2 rw0e) "1

and stream function

m+1
then the transformed non-dimensional boundary layer equations read
f/l/ _|_ ffl/ +BH(1 - f/2) _ O (D25)
9"+ fgd =0 (D.26)

where Sy = 2m/(m+ 1) is the Hartree parameter, the prime denotes the derivative
with respect to the wall-normal coordinate, n, f and g are two non-dimensional
functions representing the profiles

u w

fln)=—, gn)=— (D.27)

U We

The expression for v takes the form

0 v\ 2
() ar-n

m+ 1 u.x
The boundary conditions for Egs. (D.25) and (D.26) now become
1.n=0: f=0,f=0,9g=0

V=

2.n—o0: ff=1,9g=1

The solutions for the above equations are named as Falkner-Skan-Cooke (FSC)
velocity profiles first proposed by Cooke [190]. For a flat plate boundary layer
flow with zero pressure gradient (ZPG), u.(x) is constant along the z direction so
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D.2.2 Solving

We follow similar method as in Section D.2 to solve the self-similar incompressible
3D boundary layer profile in Egs. (D.25) and (D.26).

The shooting method is employed for the outer loop to obtain the unknown
boundary condition f”(0) and ¢’(0) that leads to f'(n — o0) =1l and g(n — o©) =1
while the 4th order Runge-Kutta method (RK4) ise used to solve for the profile
within each boundary conditions guess. Since Eq. (D.25) does not contain g, the
solution for f can be obtained first. The derivatives are given respectively by

(f)=r
(f) =r (D.28)
(f" = 1" = Bu(l = [
and (o) )
g9) =49
Y . (D.29)
(9) =—f9g
whose solution is shown in Fig. D.2 for m = 0 and 0.2 as examples.
7 7r
—f —_—f
: — 6 —
g g
5 5t
4 4+
3 3t
2 2r
1 1r
-0.2 0 0.2 0.4 0.6 0.8 1 1.2 -0.2 0 0.2 0.4 0.6 0.8 1 1.2
Amplitude Amplitude
(a) B=0 (m =0) (b) B =0.333 (m = 0.2)

Figure D.2: 3D incompressible Falkner-Skan-Cooke (FSC) profiles.
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