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Abstract

This thesis focuses on the model reduction of linear systems and the solution of large
scale linear matrix equations using computationally efficient Krylov subspace techniques.
Most approaches for model reduction involve the computation and factorization of large
matrices. However Krylov subspace techniques have the advantage that they involve only
matrix-vector multiplications in the large dimension, which makes them a better choice
for model reduction of large scale systems. The standard Arnoldi/Lanczos algorithms are
well-used Krylov techniques that compute orthogonal bases to Krylov subspaces and, by
using a projection process on to the Krylov subspace, produce a reduced order model that
interpolates the actual system and its derivatives at infinity. An extension is the rational
Arnoldi/Lanczos algorithm which computes orthogonal bases to the union of Krylov
subspaces and results in a reduced order model that interpolates the actual system and
its derivatives at a predefined set of interpolation points. This thesis concentrates on the

rational Krylov method for model reduction.

In the rational Krylov method an important issue is the selection of interpolation points
for which various techniques are available in the literature with different selection crite-
ria. One of these techniques selects the interpolation points such that the approximation
satisfies the necessary conditions for Hs optimal approximation. However it is possible
to have more than one approximation for which the necessary optimality conditions are
satisfied. In this thesis, some conditions on the interpolation points are derived, that
enable us to compute all approximations that satisfy the necessary optimality conditions
and hence identify the global minimizer to the Hs optimal model reduction problem.
It is shown that for an Ho optimal approximation that interpolates at m interpolation
points, the interpolation points are the simultaneous solution of m multivariate polyno-
mial equations in m unknowns. This condition reduces to the computation of zeros of a
linear system, for a first order approximation. In case of second order approximation the
condition is to compute the simultaneous solution of two bivariate polynomial equations.
These two cases are analyzed in detail and it is shown that a global minimizer to the
‘Ho optimal model reduction problem can be identified. Furthermore, a computationally
efficient iterative algorithm is also proposed for the Ho optimal model reduction problem

that converges to a local minimizer.

In addition to the effect of interpolation points on the accuracy of the rational interpo-
lating approximation, an ordinary choice of interpolation points may result in a reduced

order model that loses the useful properties such as stability, passivity, minimum-phase



and bounded real character as well as structure of the actual system. Recently in the
literature it is shown that the rational interpolating approximations can be parameter-
ized in terms of a free low dimensional parameter in order to preserve the stability of the
actual system in the reduced order approximation. This idea is extended in this thesis
to preserve other properties and combinations of them. Also the concept of parameter-
ization is applied to the minimal residual method, two-sided rational Arnoldi method
and Hs optimal approximation in order to improve the accuracy of the interpolating

approximation.

The rational Krylov method has also been used in the literature to compute low rank
approximate solutions of the Sylvester and Lyapunov equations, which are useful for
model reduction. The approach involves the computation of two set of basis vectors in
which each vector is orthogonalized with all previous vectors. This orthogonalization
becomes computationally expensive and requires high storage capacity as the number of
basis vectors increases. In this thesis, a restart scheme is proposed which restarts without
requiring that the new vectors are orthogonal to the previous vectors. Instead, a set of
two new orthogonal basis vectors are computed. This reduces the computational burden
of orthogonalization and the requirement of storage capacity. It is shown that in case
of Lyapunov equations, the approximate solution obtained through the restart scheme

approaches monotonically to the actual solution.
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Chapter 1

Introduction

A mathematical representation of physical /artificial system is called a system model and
the act of observing the behavior and/or controlling the response of a system through
its model is called numerical simulation. Large scale complex models arise due to the
desire of having more details and accurate measurements. Numerical simulations of
such complex models are unmanageable in most cases due to computational and storage
limitations. Although computational power is rising sharply, there are many applications
for which detailed large scale models are still required. Furthermore, numerical errors

also increase for complex computations.

The finite element and finite difference methods [40, 72] are two well known modeling
techniques that can generate very large scale complex models. The problem of model
reduction is to replace such large scale complex models by reduced order approximate
models in such a way that the main features of the actual model are retained in the
approximation. The reduced model is then used to predict the behavior of the actual
system. This makes the task easier, especially if one wants to control the response of
the model as well. In case of controlling the system response, the common practice is to
interconnect the model with another dynamical system (controller) whose complexity is
roughly the same as that of the model. Dealing with large scale models and designing
large controllers is unmanageable and computationally expensive. This give further im-
portance to the problem of model reduction. Some examples of dynamical systems that
require model reduction to observe/control their behavior include simulation of passive
electrical devices such as VLSI circuits, weather prediction systems, air quality and the

International Space Station, see [8,35] and the references therein.

A variety of model reduction techniques are available in the literature, with trade-off

14



among some useful parameters such as computational cost, accuracy and stability. Some
of these techniques guarantee stable approximations and achieve a priori error bound
such as Balanced Truncation [71] and Hankel Norm Approximation [41]. However they
require the solution of Lyapunov equations which makes them computationally inefficient
for large scale systems. Various iterative techniques based on Krylov subspace projec-
tion [11] have also been extensively used for model reduction. These techniques are
computationally efficient as they involve only matrix-vector multiplications and utilize
sparsity which is common in large scale systems. However Krylov based approximations
can lose some properties of the actual system such as stability, passivity and minimum

phase character.

This chapter formulates the problem of model reduction for linear systems and describes
some well-known and well-used techniques for its solution. The outline of the thesis is
given at the end which shows the contributions of the thesis related to the problem of

model reduction.

1.1 Problem Statement

This thesis addresses the problem of model reduction for continuous time (CT) linear
and time invariant (LTT) systems. To formulate the problem, we consider an LTI system

that can be represented by the state space model:
Ex(t) = Az(t) + Bu(t), y(t) = Cx(t) + Du(t), (1.1)

where £, A € R™", B R"*"™ (C € R™*"™ and D € R™>*"™, The model represents a
descriptor system if the matrix F is singular. It is assumed that F is the identity matrix
(or nonsingular so that it can be transformed to the identity matrix). The length of the

state vector x(t) € R"™ is called the order or dimension of the state space model.

The transfer function representation of (1.1) with the assumption that F is the identity

A| B
C

Also a shorthand is used, for the above linear system as G(s) = (A,B,C,D). It is

assumed that the system has single input and single output (SISO) i.e., n, = n, = 1.

matrix is,

G(s)=C(sI —A)'B+D := : (1.2)

The problem of model reduction is to obtain an order m < n, approximate system

Em(t) = Apam(t) + Bou(t),  ym(t) = Conzm(t) + Duft), (1.3)
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such that for a given input u(t), the output y,,(t) is comparable to y(¢). In the frequency

domain, the problem is to compute an m** order transfer function,

Am Bm

(5) = CinsIn ~ An) 2o b

, (1.4)

that approximate the original transfer function, G(s) in some norm.

Definition 1.1. The error associated with the approximation G.,(s) is defined as the

forward error and is given by

E(s) = G(5) — Gun(s). (1.5)

In some cases, it is possible to compute a priori forward error bounds for the approxi-
mation G,,(s), which is very useful for comparing accuracy. Thus ideally we have the

following requirements for the computation of m‘ order G, (s):

e Minimization of the forward error in some norm.

Existence of a priori error bound expression for G,,(s).

Retention of the properties of G(s) such as stability, passivity, etc in Gy, (s).

Efficient computational procedure for G,,(s).

Computational efficiency varies with the order of G(s) and for model reduction of very
large scale systems we usually ignore one or two of the above requirements. Some well
known approaches for model reduction are discussed in the following section with refer-

ence to the above properties.

1.2 Overview of Model Reduction Techniques

This section briefly reviews model reduction techniques for linear systems. A number of
articles are available in the literature on model reduction of linear systems, introducing
different approaches for this problem. Most of these methods utilize projections onto
lower dimensional subspaces to obtain a reduced order model. Projection arises due to

the following considerations:
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e State transformation that results in a realization that can be classified according to
certain criteria, which is followed by truncation with respect to the selected criteria.

These include modal truncation [96] and balanced truncation [71] techniques.

e Interpolating and moment matching [6,20] approximations using Krylov subspaces
[91].

e Minimizing an optimization criterion, in particular, a norm of the forward error,
such as the Hankel norm [41] and the H2 norm [51].

The details are in the books [8,68,104] and the review papers [7,12,35]. Some well known

techniques are described below.

1.2.1 Balanced Truncation

In modeling a linear system, it is possible to have redundant states in the state vector.
These redundant states can be removed by a state transformation followed by truncation
of the unwanted states. The resulting reduced order model is called a minimal state
space model, or a minimal realisation, and the length of the state vector associated
with the minimal model is called the McMillan degree of the model. If the order of
a model is greater than the McMillan degree, then the state vector contains one or
more uncontrollable/unobservable states. Let the controllability and the observability

gramians be defined as,

o
P—/ A BBTeA gt
0

Q:/e”@%ww.
0

These gramians can be used to classify a minimal state space model according to the en-
ergy associated with each state of the system. The states which require a large amount of
energy to control the system and those which produce small amount of energy by observ-
ing the output of the system without any excitation, can be removed to obtain a reduced
order model for a minimal system [8]. However this requires a state transformation that
gives a realization for which the controllability and observability gramians are equal and

diagonal. Such a realization is called a balanced realization.

The importance of balanced realization in system theory was first observed by Moore [71].
He proposed that a natural first step of model reduction is to compute a balanced realiza-
tion which is possible for any minimal and stable realization through a state transforma-

tion. The balanced realization has equal and diagonal gramians and the diagonal entries
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are the Hankel singular values that are arranged in a sequence of decreasing magnitude.
The Balanced truncation method [71] involves the partition of the balanced system into
two subsystems followed by truncation of the subsystem with small Hankel singular val-
ues. This is equivalent to the removal of the states with high controllability energy and

low observation energy.

The controllability and observability gramians are solutions of the Lyapunov equations,

AP +PAT + BBT =0, (1.6)
ATQ+ oA+ CTC=0. (1.7)

In case of balanced realization, P = Q = ¥ = diag(oy, 09, ...,0,), where g; is the it"
Hankel singular value and for ¢ = 1,--- ;n — 1, we have o; > 0;41. Such a nonsingular
transformation 7', that results in a balanced realization, is possible for any minimal and
stable state space model [71]. Let G(s) = (A, B,C,0) be a stable and minimal system

and 7" be the balancing transformation, then,

Al|B
clo0

is the representation of the balanced realization. To compute an m-th order approxi-

TUAT | T'B
cr | o

Ay | By
Cy| 0

G(s) =

(1.8)

mation for G(s), let the gramians are partitioned as ¥ = diag(X%,,, ¥;;,) where %, and
Y5 are diagonal matrices with the diagonal elements of ¥, = diag (o1, - 0y,) and has
no singular values common to the diagonal elements of ¥; = diag (041, 0n). The

partition of the system compatibly with the partition of the gramians gives,

Al A | By
G(s) = | Ay Ag | By (1.9)
G G0

The reduced order model obtained by truncation is then,

A | By
clo |7

By construction, the reduced order system Gy, (s) is guaranteed to be minimal and stable.

Gm(s) = (1.10)

Also the Hoo norm of the forward error G(s) — G,,(s) is bounded by twice the sum of

18



the truncated Hankel singular values:

1G(s) = Gm(s)[Hoo < 2(0mi1 + -+ 0n). (1.11)

Although the balanced truncation technique guarantees stability and has a priori error
bound, numerically it is inefficient, especially for large scale systems. The main reason
for this is the computational complexity involved in the solution of Lyapunov equations,
(1.6) and (1.7). There are various extensions of the Balanced truncation method in the
literature such as Stochastic balancing [26], bounded real balancing [73] and frequency
weighted balancing [28,69,98,103]. These are reviewed in [50].

1.2.2 Hankel norm Approximation Method

The balanced truncation method gives good approximation but it does not minimize any
norm. An alternative is to use the Hankel norm approximation method [1,2,41] which
gives an optimal approximation in terms of the induced norm of Hankel operator [77].
The Hankel norm approximation method computes a reduced order stable model G, (s)
for a given stable system G(s) such that, if o; represents the i-th Hankel singular value
of G(s),

IG = Gl > o, (1.12)

The approximation G,,(s) is the optimal or suboptimal approximation of G(s). In case
of optimal approximation, |G — Gy, || = om+1 since op,4+1 is the best achievable lower

bound of Hankel norm approximation error (1.12).

The solution of the problem of Hankel norm approximation requires the construction of
an all pass system, which involves the solution of large Lyapunov equations. This makes
the process of computing the optimal approximations very expensive, especially for large

scale systems.

The two main advantages of this method are (i) the retention of stability and (ii) the
existence of forward error bound in terms of the Hankel norm (1.12). The forward error

bound in terms of the Ho, norm is due to [41] and is given by,
|G — GullHe = Oms1 + -+ On. (1.13)
The advantages described above are similar to the balanced truncation method and it

is possible that the approximation obtained through the balanced truncation method is

better in terms of the Ho, norm of the forward error as compared to the one obtained
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from the Hankel norm approximation method. However in terms of Hankel norm, the

approximation obtained through the Hankel norm approximation method is optimal.

1.2.3 H, Optimal Model Reduction

Before introducing the problem of Hs norm optimal model reduction, we first define the
Ho norm and give its expressions. The Ho norm is associated with the Hs (Hilbert)
space that includes the set of all functions f(s) that are analytic in the open right half
plane and at each Re(s) > 0 the function is square integrable on the imaginary axis [51].
The transfer functions of all stable and strictly proper SISO finite dimensional systems
belongs to the Hy space. If Gi(s) and Ga(s) are stable and strictly proper transfer

functions, then the Hs inner product is defined as,
1 o
< Ga(s),Gals) >= 5 / trace[G(—jw)Gajuw)duw, (1.14)

and the Ho norm is defined as,

o0

IG1(6) By = 5 [ tracelGi(jw)Gatjuw)ldu, (1.15)

— 00

where G3(jw) is a shorthand for GT (—jw). The Hz inner product (norm) can also be

represented in terms of the solution of matrix equations as shown in the following lemma.
Lemma 1.2.1. [51] Let Gi(s) = C(sI — A)~'B and Ga(s) = C(sI — A)"'B be
stable and strictly proper transfer functions in which A € R™" B,CT € R" and
A e RmxmB CT € R™. Then the inner product < Gy,Ga > is related to the solu-
tion of the following Sylvester matrix equations.

e If P solves AP + PAT 4+ BBT =0, then < G1,Go >= CPCT.

o If Q solves ATQ + QA+ CTC =0, then < G1,G >= BTQB.

e If R solves AR+ RA + BC =0, then < G1,Gs >= CRB.

If G1(s) and Go(s) have the same realization, that is G1(s) = Ga(s) = C(sI — A)~'B =
G(s), then P =P, Q=Q and R = R are the controllability, observability and cross
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grammians of G(s), respectively and,

IG5, = CPCT = BTQB = CRB. (1.16)

Another expression for ||G||y, has been developed [8], that is based on the poles and
residues of the transfer function G(s). That is if G(s) has simple poles at A1, -+, Ay,
then

n

G113, = res[G(s), M G(=Ar), (1.17)
k=1

where res[G(s), ;| represent the residue of G(s) corresponding to the simple pole A\; and

is given as, res[G(s), A\g] = lims_s 5, (s — A\p)G(s).

The optimal Ho model reduction problem is to identify a stable reduced order system

Gm(s), which is the best approximation of G(s) in terms of the Ha-norm. Ie.,

Gm(s)= arg  min||G — Gl (1.18)
Gm/(s) is stable
dim(Gm (s))=m

where dim(-) denotes the order of a transfer function. This problem has received con-
siderable attention in the literature [14,37,51,56,92,101,102]. The set of stable m-th
order dynamical systems is not convex and therefore the problem in (1.18) has multiple
minimizers. An iterative algorithm may not converge to the global minimizer that can

solve (1.18) but may result in a local minimizer.

Definition 1.2. [51] A stable reduced order approzimation Gp,(s), is a local minimizer

for (1.18), if, for all e > 0,
1G = Gullr, < G = G e, (1.19)
for all stable (37(5)(5) of order m, such that |Gy, — GE)HHQ < Ce for some constant C'.

Note that a global minimizer is also a local minimizer but the converse is not true. Most
approaches for solving (1.18), derive first order necessary conditions for local optimality.

Some of these conditions have been described in Chapter 2.
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1.2.4 Moment Matching Methods

The model reduction of linear systems using moment matching involves the retention
of some moments, coefficients of a series expansion, of the transfer function G(s) in the

reduced order system Gy, (s).

Definition 1.3. Let G(s) = C(sI — A)™'B be a transfer function of a system that is
differentiable with respect to a given frequency so such that so ¢ N(A). Then the i-th
moment (i > 1) of G(s) at so is defined as,

= ()16 s0), (1.20)
where G (sq) is the i-th derivative of G(s) at so and i represent the i-th factorial. If

sop = 00, the i-th moment is given as

p® = C(A)1B. (1.21)

In the following, a Taylor series expansion is used to describe moment matching in four
different cases. These include the series expansion of G(s) and Gy, (s) at (i) s = oo, (ii)

s =0, (iii) s = sp, so € C and (iv) s = {s1,--- ,Sk} in which s; e C fori=1,--- | K.

Let the transfer function G(s) = (A, B,C,0) be analytic around infinity, that is the

Taylor series expansion,

G(s) = puis ™+ pPs 24 (1.22)

converges where ° represent the i-th moment evaluated at infinity that are called the
Markov parameters. Let the reduced order transfer function G,,(s) have a convergent

series expansion,

Gmn(s) = Con(sIi = Am) "B = > _ [15°s ", (1.23)
=1

and it matches the first 2m Markov parameters of G(s), that is 4 = u° for i =
1,---,2m and m < n. Then the reduced order model is called a partial realization [43]
of G(s). The partial realization gives better approximation at t = 0 (s = o0) as compared

to approximation at some later time.
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An alternative is to use a series expansion at s = 0,
[e.9]
G(s) =Y _ s’ (1.24)
i=0

where u? is the i-th moment evaluated at s = 0. These moments are given by u? =
C(A)~U*tDB for i > 0. A reduced order model is called Padé approximation [13] if its

series expansion at s = 0 has the first 2m moments that satisfy,
ﬂ? = Cm(Am)_(Hl)Bm = N?7

fori=1,---,2m.

The series expansion of G(s) at a shifted frequency sy,
s .
G(s) =Y (s — )", (1.25)
i=0

involves shifted moments given by p;° = C(sol — A)*(”l)B for 4 > 0. The problem is to
compute a reduced order model Gy, (s) that retains the first 2m shifted moments or in
other words, interpolates G(s) and its 2m—1 derivatives at a user defined interpolating

frequency sg.

An interesting extension to this problem is to compute a reduced order model that
interpolates G(s) and its derivatives at a predefined set of interpolating frequencies S =
{s1,+ -+, sk}. Let the multiplicity of the interpolating frequencies be respectively given by
{mg,,--+ ,mg, }. Then the problem is to compute a reduced order model that matches
the first 2m,, moments at si, the first 2mg, moments at sy and so on, where m =
mg, + -+ + mg,. The resulting approximation is called multipoint Padé or rational

interpolating approximation [82,83].

The implementation techniques for the problems described above include (i) explicit
moment matching techniques [79,89] and (ii) implicit moment matching techniques [35,
45,57,59] based on Krylov subspaces [91].

Definition 1.4. For a given matric A € R™™ ™ and vector B € R", an m-dimensional

Krylov subspace is defined as

Km(A, B) = colsp([B AB, ---, A™'B]), m < n. (1.26)
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Explicit moment matching involves the computation of the first 2m moments for the
actual system as well as the approximate system and the moments associated with the
approximate system are forced to be equal to the ones computed for the actual system.
The computation of moments is ill-conditioned and computationally expensive. In con-
trast, Krylov based techniques achieve moment matching without explicit computation
of moments. Krylov based projection techniques, in particular the Arnoldi [9] and the

Lanczos [65,66] algorithms, are reviewed in Chapter 2.

1.3 Thesis Outline

o Krylov subspace techniques for model reduction: Chapter 2 presents a literature
review on Krylov subspace projection techniques for model reduction. The concept
of projection is first described for the order reduction of linear dynamical systems
and then iterative algorithms that compute orthogonal bases to the Krylov sub-
spaces such as the Arnoldi and Lanczos algorithms are given. The main focus is
the rational Arnoldi algorithm which compute orthogonal basis to unions of Krylov

subspaces.

o [terative Krylov methods for Ho optimal model reduction: Chapter 3 utilizes a link
between rational interpolation and the H, optimal model reduction problem and
develops an iterative implementation based on the link to compute a local minimizer
to the Ho optimal model reduction problem. The proposed algorithm is compared
with the iterative rational Krylov algorithm (IRKA) [51] and it is observed that
the proposed algorithm improves the computational cost of the IRKA method.

o All optimal local minimizers to Ha optimal model reduction: Chapter 4 develops
the theory to compute all first and second order local minimizers to the Ho opti-
mal model reduction problem for single input and single output systems. Useful
expressions for the forward error in terms of the s norm are derived that can be

used to identify the global minimizer to the Ho optimal model reduction problem.

e Parameterization of rational Krylov approzimations and its applications: Chapter 5
extends the application of the recently introduced parameterization of rational in-
terpolating approximation for the retention of stability, to preserve other properties
such as passivity, minimum phase and bounded real character as well as structure of
the actual system where required. The idea is also extended to the minimal residual
method and the two-sided Arnoldi method in order to improve the accuracy of the

approximation.
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o Krylov Based Restart Scheme for the Solution of Linear Matriz Fquations: Chap-
ter 6 utilizes the parameterization of rational interpolating approximations to pro-
pose a restart scheme for the low rank Krylov based approximate solution of
Sylvester and Lyapunov equations. It is proved that in case of Lyapunov equations
the approximate solution through the restart scheme approaches monotonically to

the actual solution of the Lyapunov equation.

e Conclusions and future work: Chapter 7 gives a summary of the work presented in

this thesis. Future directions for the research work are also considered.
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Chapter 2

Krylov Subspace Techniques for
Model Reduction

The balanced truncation and optimal Hankel norm approximation methods discussed in
Section 1.2 preserve stability of the actual system and have a priori error bound. How-
ever they are computationally expensive for large scale systems. Also the techniques do
not utilize sparsity or any structure of large scale systems. This leads to the iterative
Krylov based projection algorithms which involve only matrix-vector multiplications.
This chapter gives a review of Krylov based algorithms for model reduction of linear
systems. The idea of Krylov projection is first described in the context of model reduc-
tion and then two important Krylov based algorithms, the Arnoldi [9] and the Lanczos
algorithms [65,66] are presented, that compute orthogonal and bi-orthogonal bases, re-
spectively, to the Krylov subspace defined in (1.26). These algorithms have extensions
to the rational case [38,82,83], that compute bases to unions of Krylov subspaces and
the resulting approximations achieve moment matching at a predefined set of frequencies
known as interpolation points. The Arnoldi and Lanczos algorithms can be found in most
textbooks on advanced linear algebra but are discussed here to get insight to rational

Arnoldi/Lanczos algorithm, which is the focus of this thesis.

An important issue with the rational Krylov method is the selection of interpolation
points. Various approaches have been developed in the literature [33,47,48] suggesting
different choices of interpolation points. Recently an iterative rational Krylov algorithm
(IRKA) has been proposed [51] that iteratively converges to a set of interpolating points
for which the reduced order model is optimal in terms of s norm among all local models.

This links Krylov projection to the Ho optimal model reduction problem. We described
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this link and some first order necessary conditions for the problem of Hs optimal model

reduction.

In addition to the effect of interpolation points on the accuracy of the approximation, the
choice of interpolation points can also result in a reduced order approximation that loses
useful properties of the actual system such as stability, minimum phase and bounded
real character, passivity as well as structure of the system. In [30] a parameterization
of rational Krylov approximations is proposed where the degrees of freedom are used to
preserve stability in the approximate model. This idea is reviewed in this chapter and

utilized later so that in addition to stability other properties can also be preserved.

Finally we describe the use of rational Krylov methods for the low rank approximate so-
lution of linear matrix equations, in particular the Sylvester and the Lyapunov equations

which are important for model reduction.

2.1 Krylov Projection

Projection techniques are often used to solve various matrix problems. This section
in particular shows its use for model reduction. The idea of projection techniques is to
project a problem onto a lower dimensional subspace and extract an approximate solution

for the problem, from the lower dimensional subspace.

Definition 2.1. A projection operator, P is a linear transformation mapping from C"

to itself, with P being idempotent, i.e., P?> = P.

Suppose that a vector € C" is projected onto an m-dimensional subspace V,,, = Ran(P)
and let £ € C™ be the projected vector. Then

Z =Pz and e(z)= (I — P)x,

where e(x) € Ran(I — P) and is the error associated with the projection. It is useful to
associate the error with an m-dimensional subspace W,,, which is orthogonal to Ran(I —
P). That is e(x) L W,,. A projection is called an orthogonal projection if W, is equal
to V,, otherwise it is called an oblique projection. Figure 2.1 illustrates the two types of

projection.

To represent the projection process in matrix form, let the columns of V,,, € R™*™ form

a basis for V,,. Then there exists a vector x,, € R™ such that & = V,,,x,,. Also let the
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Orthogonal Projection Oblique Projection

Figure 2.1: Orthogonal and oblique projections

columns of W, € R™™ form a basis for W,,,. Then Wle(z) = 0. Thus we have

&= Vinm €V (2.1)

WLz — Vi) = 0. (2.2)
Assuming that W'V, is nonsingular the above condition implies that x,,, = (W.V,,,)'W Lz
and hence P = V,,,(WLV,,)"tWL.

A projection technique for linear systems extracts an approximate solution to,
Az = B, (2.3)

where A € R™™ and x,B € R"™. The problem is to compute an m-dimensional ap-
proximate solution £ € V,,, (m < n) to (2.3) such that either B — A% is minimized or
B — Az 1 W,,. In case of Krylov projection techniques the subspace V,, is a Krylov
subspace or union of Krylov subspaces. The subspace W,,, may or may not be a Krylov

subspace.

Definition 2.2. Let & € V,,, be an approximation to x, then the residual error associated
with T is defined as,

r(@) = B — AZ. (2.4)

Thus we have two common approaches for the computation of Z, an orthogonal residual

approach and a minimal residual approach [91].

Orthogonal residual approach: In this approach the approximation & = V,,, ., € Vi
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is such that it satisfies some orthogonality constraints on the residual error,
r(z) L Wy, & WL(B—AZ) =0 (2.5)

The above condition is called the Petrov-Galerkin condition. Assuming that W1 AV, is
nonsingular this condition implies that ., = (W,L AV,,)"!W.1 B and hence,

i =Vi(WLAV,)"'WIB. (2.6)

When W,, = V,,, the Petrov-Galerkin condition reduces to the Galerkin condition,
V(B - AV,x,,) = 0.

The full orthogonalization (FOM) method [84], the conjugate gradient (CG) method [55],
the quasi-minimal residual (QMR) method [34] and the bi-conjugate gradient (Bi-CG)
method [29] are some well known techniques for solving linear systems using similar

conditions on the residual error.

Minimal residual approach: In this approach the approximation & = V,,x,, is selected

such that the norm of the associated residual error is minimized, i.e.,
Ty = argmin ||B — AV, T |- (2.7)
Tm

The minimal residual (MINRES) method [74] and the generalized minimal residual (GM-

RES) method [87] are some of the techniques based on the minimal residual approach.

For each of the above two approaches, we require V,,, and W,,,, whose columns form bases
for the subspaces V,,, and W,,, respectively. These bases are computed by iterative Krylov
projection algorithms. Among these algorithms, the Arnoldi and the Lanczos algorithms
have received considerable attention in the literature [19, 44, 86,95]. In standard form,

they have the following properties.
1. The Arnoldi algorithm computes an orthogonal V,, for any A and has A,, =
WL AV,,, in upper Hassenberg form.

2. The Lanczos algorithm deals with symmetric matrices A = A, in which case
Ap, has a symmetric tridiagonal structure. An extension to the non-symmetric
matrices is the bi-Lanczos algorithm [66] which require A € R™*" and two vectors

B, CT € R™ to compute a tridiagonal A,,.

In addition to the solution of linear systems, Krylov projection algorithms can also be
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used to approximate some of the eigenvalues of A [85] and most importantly for the

moment matching of linear dynamical systems in model reduction.

2.1.1 Approximation of linear dynamical systems

This subsection describe the use of Krylov subspace algorithms for model reduction of
linear systems. Let
G(s) =C(sI — A)"'B=CF(s), (2.8)

where F'(s) is a solution to the linear system of equations (s — A)F(s) = B. The Krylov
projection technique gives an m-dimensional approximate solution to this linear system
and thus an approximation to the transfer function G(s). This approximation is called

a single-sided projection. Note that (2.8) can also be written as,
G(s)=C(sI — A)7'B = H(s)! (sI — A)F(s), (2.9)

where H(s) is solution to the linear system, (sI — A)T'H(s) = CT. Now we have two
linear systems of equations and the system G(s) can be approximated by using Krylov
projection technique for each linear system. The resulting approximation is called a two-
sided projection. The two-sided projection problem gives better approximation (high
number of moments are matched) at the expense of increased computational cost. The
approximations obtained through the two problems have the same structure but different

properties as given below.

e Single-sided projection: Let F(s) be an approximate solution to F(s) obtained
via Krylov projection onto the subspace V,, such that the residual error is orthog-
onal to W,,, so that

F(5) = Vi Fi(5) € Viny, Tm(s) L Wi & WL(B — (sI — AV Fu(s)) = 0, (2.10)

where

Tm(s)=B — (sI — A)V,, Fy(s) (2.11)

is the residual error associated with F(s). The Petrov-Galerkin conditions in (2.10)
imply that, Fy,(s) = (sEm — Ay) By, where E,, = WLV, A, = WAV, and
B,, = WXB. Replacing F(s) by the m-dimensional approximation F(s) in (2.8),
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we get a single-sided reduced order transfer function G,,(s) given by,

Gm(s)=CF(s) = CVi(sEy, — Ap) ‘B, (2.12)
s | Bx'AW| BB
= (2.13)
Cn | 0

where C), = CV,, and E,, is assumed to be invertible.

e Two-sided projection: Let H(s) be an approximate solution to H (s) obtained via
Krylov projection onto the subspace W,, such that the residual error is orthogonal
to V,, so that

F(s)=ViFpm(s) € Vi, () L Wi, (2.14)
H($)=WmHpn(s)EWnm,  sm(s) LV (2.15)

where 7,,(s) is as defined in (2.11) and
sm(8)=CT — (sI — A)TW,, Hp(s) (2.16)

is the residual errors associated with H(s). The Petrov-Galerkin conditions in
(2.14) and (2.15) imply that,

Fn(s) = (sEn — Ayn) ‘B, (2.17)
H,(s) = (sEL —AT)=1CT. (2.18)

Using the m-dimensional approximations to F(s) and H(s) in (2.9), we get a re-

duced order transfer function Gy, (s) given by,

Gm(s)=HT(sI = A)F = Cy(sEp — Ap) ' B (2.19)
s [ Ex'Aw | By B
= (2.20)
Cn | 0

The above equations show that for a given transfer function G(s), the model reduction
problem requires the computation of V,,, and W,,, with the properties discussed above.
These matrices can be computed by Krylov based projection algorithms such as the

Arnoldi and the Lanczos algorithms.

31



2.1.2 Forward error expressions

An important objective of model reduction techniques is to minimize the forward error
in some norm. In this subsection we give some expressions of the forward error in terms

of the residual errors. The forward error E,,(s) := G(s) — Gy, (s) can be expressed as,

En(s) = C(sI —A)7YB — (sI — A)VyFu(s)),
= C(sI — A7 trp(s). (2.21)

Similarly we may write,

En(s) = (C—HL(s)WE(sI — A)(sT — A)'B,
sk (s)(sI — A)7'B (2.22)

The forward error can also be written as,

En(s) = C(sI-A)"'B-CV,,F,—HEWLB+HI W (sI— AWV, Ep,
= C(SI—A)_lrm(s)—Hngg;rm(s),
= sg(s)(sl - A)_lrm(s), (2.23)

Later, we will derive various expressions for the residual errors, which give further rep-

resentations of the forward error.

2.2 Arnoldi Method

Arnoldi’s technique [9] for model reduction is based on orthogonal projection onto the
Krylov subspace, K, (A, B) defined in (1.26). The method involves the computation of
an orthogonal basis to I, (A, B) since, because of numerical ill-conditioning, the basis
vectors in K, (A, B) become dependant as m increases. This section describes the com-
putation of single-sided and two-sided Arnoldi approximations and presents the moment
matching properties of the approximations. The residual error and the forward error

expressions are also given.
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2.2.1 Single-sided Arnoldi algorithm

In standard form, the single-sided Arnoldi algorithm iteratively computes V,,, € R™*™
for a given A € R™™ and B € R", such that the following hold:

e Orthonormal matrix: V.I'V,, = I,,

e Basis to Krylov subspace:
colsp(Vy) = Km(A, B) = colsp([B AB, ---, A" 'B]),
where colsp(-) represent the column span.

In the following, a variant of the standard Arnoldi algorithm is given (Algorithm 2.1) and
it is shown that the algorithm computes V,,, € R™*™ such that the above properties are

satisfied. The main step of the Arnoldi algorithm is the Gram-Schmidt orthogonalization

Algorithm 2.1 Single-sided Arnoldi Algorithm

Inputs: A, B, m and tol

Initialize: V; = [ |;

set v1 = B/||BJ|;

for i =1 tom do
Vi=1[Vi vil;
i1 = Av; — V;V;T Av;;
if ||0541]| < tol then stop
Vig1 = Vi1 /]| Oig|l;

end for

Outputs: V5 vpot;

—
e

process defined on line 6 of the Algorithm 2.1. The Gram-Schmidt process is often
replaced by the modified Gram-Schmidt approach which is more stable [42]. For details on
the orthogonalization techniques, see [42]. Note that V;,, by construction is orthonormal
and its columns form a basis to the Krylov subspace because each column vector of V,,

can be written as a polynomial in A of degree (m — 1) times B [86].

It can be shown that the so-called Arnoldi equations [58,60]
AV = VinAvin + v41Cvim, B = Vi By, (2.24)

where Ay, = Vn{AVm, By, = VgB7 Cvm = vg;HAVm and vy,4+1 € R" is part of the

orthonormal matrix V;,,+1 = [Vin vm41], are satisfied. To demonstrate that the Arnoldi
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equations are satisfied, note that lines 6 and 8 of Algorithm 2.1 imply,

) VT Av;
Avi = ViV Avi + [[tigaJois = Vi via) |07
101l
where V; = [v1 vy---v;]. For i =1,--- ,m, we may write,
[ vl Avy vl Avy - vl Av, |
ool v Avy o Wl Aw,
Afvy va--- vp] = [v1 V2 U U] : (2.25)
[omll - v Avm
I [omall ]
AV = Vi Avm + Um+1Cvm (2.26)

where Ay, is an upper Hessenberg matrix and Cy, = ||0m11]l€, in which e,, is the last
column of the m-th order identity matrix. Line 3 of the above algorithm implies that
B = v;||B|| which in terms of V;,, can be written as B = V,,,|| Blle1 = V;, By,

Note that the Arnoldi algorithm may breakdown if ||0;41]| defined on line 7 of the Algo-
rithm 2.1 is less than a predefined tolerance or ||0;11|| = 0. The algorithm stops because
the vector v; 1 cannot be computed. If this is the case, then the subspace V; is invariant

under A and a projection method onto V; is exact [86].

2.2.2 Two-sided Arnoldi Algorithm

The accuracy of the Arnoldi approximation can be improved by using the two-sided
Arnoldi method [24,59]. The two-sided Arnoldi method iteratively computes orthogonal
basis V;,, Wy, € R™™ for K,,(A, B) and KC,,, (AT, CT), respectively:

colsp(Vy,) = colsp([B AB, ---, A" 'B]) VIV, =1, (227
colsp(W,,) =colsp([CT ATCT, ... (AT)ym~1CT)) WIW,, =In. (2.28)
Thus in the two-sided Arnoldi algorithm, W,,, is not arbitrary. A version of the two-sided
Arnoldi algorithm is given in Algorithm 2.2. By construction, it can be shown that the

Arnoldi equations:

AV = Vi Ay + Um—HCVma B =V Bym, (229)
AW = Wi Afyy + W1 Bly, CT = Wi Gy, (2.30)
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Algorithm 2.2 Two-sided Arnoldi Algorithm

1: Inputs: A, B, C*, m and tol

2: Initialize: Vi =[], W) = |

3: set vy = B/||B|, wy = CT/||CT||
4: for =1 to m do

5: Vi, = [Vl ’UZ'], W; = [Wl wi]

6: @i—i-l = Av; — ‘/;VZTA’UZ

T ’LZJi+1 = ATwi — WiWiTATwi

8 if ||0i41|| < tol or ||wit1]] < tol then stop
9 Vig1 = Oig1 /| i |

10: wip1 = Wit /|| Wiz |

11: end for

[
[\V]

: Outputs: Vi vimt1; Wi wine1;

where Ay, = VLAV, Awn = WEAW,,, By = VIB, Cvy = vl 1AV, Cow =
CWy, Bywm = WL Aw,1 in which w,, 11 € R" is part of the orthonormal matrix
Wint1 = [Wp wm+1], are satisfied [59]. The above equations can be transformed to rep-
resent the oblique projection process. Multiplying W1 and V,I' from the left of (2.29) and
(2.30), respectively and expressing (Ay,, Bym) and (Awm, Cwip) in terms of (A, Bi)
and (A, Cp,), respectively and using these in (2.29) and (2.30), we have:

AV =V B A+ (I — Py 1 Cym, B=V,,E,.'B,,, (2.31)
ATW,, =W, E, T AL + (I, — Po) wn By, CT=W,,E,TCT — (2.32)

where P, = V,, E,'W.I. To show that the approximation obtained through the two-
sided Arnoldi method is better than the single-sided Arnoldi method, a numerical test
example is considered in the following and later the moment matching properties of the

two approximations are compared.

Example 2.2.1. This ezample is taken from [78]. The system has order 1006 and has

state matrices given by,

Ay
As 1100 1 200
A: ) Alz ) A2: )
As 100 —1 200 —1
1 400 _ .
As = . Ay = diag(—1,...,—1000), B :C:[m(eé)T (elooy)”
—400 —1
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where e,{z € R* is a vector with each element equal to 1. We used single-sided and two-
sided Arnoldi methods to compute two approzimate models represented by Gpi(s) and
Gma(s), respectively each having order 10. The singular value plot of the actual system
G(s) and the two approximate models Gp1(s) and Gpa(s) is shown in figure 2.2. As
shown in the plot the two methods provide an accurate approrimation at infinity but crude
at low frequencies. The two-sided approximation is more accurate at high frequencies as

compared to the single-sided approximation.

Singular Value Plot
50

- — —Gml]|

Singular Values (dB)

-20

10 10° 10" 102 10 10

Frequency (rad/sec)

Figure 2.2: Singular value plot for single-sided and two-sided Arnoldi approximations

2.2.3 Moment matching properties

The Arnoldi algorithm in its standard form can solve the partial realization problem,
defined in Subsection 1.2.4. The high frequency moments, called Markov parameters, are
implicitly matched by the Arnoldi method, without explicit computation of moments.
In this subsection, the moment matching properties of both single-sided and two-sided

Arnoldi methods are described.

The next lemma shows the moment matching properties of the single-sided Arnoldi
method

Lemma 2.2.1. Let G,,(s) be an m-th order approzimation to G(s) satisfying (2.13) and
let Vi, € R™™ be the orthogonal matriz obtained via the single-sided Arnoldi algorithm

given in Algorithm 2.1. Then the first m Markov parameters of the two systems are
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matched. 1i.e.,
Con(B AT YE 1B, = CATIB,  fori=1,2,---,m (2.33)
Or in other words,
G () = GV (c0), i=0,---,m—1, (2.34)
where G (00) represent the i-th derivative of G(s) with respect to s, evaluated at infinity

and GO (00) = G(0).

Proof. The proof can be found in [30,97]. O

The following lemma describe the moment matching properties of the two-sided Arnoldi
method,

Lemma 2.2.2. Let V,,,, W,,, € R™ "™ be the orthogonal matrices obtained via the two-
sided Arnoldi algorithm given in 2.2 such that K, (A, B) C colsp(Vy) and K, (AT, CT) C
colsp(Why,). Suppose that Gp,(s) be an m-th order two-sided Arnoldi approzimation for
G(s) satisfying (2.20). Then G(s) and its 2m — 1 derwatives interpolate Gy, (s) and its

2m — 1 derivatives at infinity, i.e.,
Co B YA T E B, = CATIB,  fori=1,2,---,2m. (2.35)

Or in other words,

G (0) = GV (0), i=0,1,---,2m —1, (2.36)
Proof. The proof can be found in [30,97]. O

2.2.4 Error Analysis
In this subsection we used the Arnoldi equations (2.24) to express the residual errors in

(2.11) and (2.16) in terms of the reduced-dimensional parameters only. This allows the

use of the residual errors as stopping criteria for the Arnoldi algorithm.
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The residual error associated with the single-sided Arnoldi projection in (2.11) satisfies
the Galerkin condition V,I'r,,(s) = 0 which gives Fy,(s) = (sI,, — Apn) ' Bp,. Using the

expression of F,(s) and the Arnoldi equations (2.24) we have,
o (8) = U1 Cvm (s, — VLAV, VI B, (2.37)

In case of the two-sided Arnoldi approximation, the use of the Arnoldi equations (2.31)

implies that the residual errors in (2.11) and (2.16) can be written as

Tm(s) = (In - Pm)vm-‘rlc\/m(slm - ET?LlAm)E’I’:Lle (238)
sh(s) = Cm(shy — En An) ' Bymwl, o1 (I — Pr), (2.39)

respectively

The above residual error expressions are all in terms of reduced-dimensional parameters
only. The corresponding forward error expressions can be obtained by using the above

equations in the expressions given in Subsection 2.1.2.

2.3 Lanczos Algorithm

The Lanczos method [65,66] is similar to the Arnoldi method in the sense that it involves
the computation of orthonormal basis to the Krylov subspace K., (A, B) and achieves mo-
ment matching without explicit computation of moments. However as mentioned before,
the Lanczos algorithm deals with symmetric A and computes a symmetric tridiagonal
Ap,. The computational and storage cost for the Lanczos algorithm is relatively low as
compared to the Arnoldi algorithm as it involves short term recurrences. That is, the
Lanczos algorithm require a fixed, short number of vectors in computing the next iter-
ate. The non-symmetric Lanczos algorithm [66] is an extension to an arbitrary A and is
based on oblique projection onto Krylov subspaces. The useful property of short term

recurrences is preserved by the non-symmetric Lanczos algorithm.

The non-symmetric or bi-Lanczos algorithm iteratively compute two matrices V,,,, Wy, €
R™™ for a given A € R™™ and two vectors B,CT € R", such that they have the

following properties:

e Bi-orthogonality: WLV, = I,

38



e Basis to Krylov subspaces:

colsp(Vi,) =
colsp(Wp,) =

m(Aa B) = COISp([B ABa R Am_lB])a

K
’Cm(ATa CT) = COISP([CT ATCT7 ) (AT)m_lcT])

where colsp(-) represent the column span.

A version of the non-symmetric Lanczos algorithm is given in Algorithm 2.3. Note that

Algorithm 2.3 The Non-symmetric Lanczos Algorithm
1: Inputs: A, B, C, m and tol
2: Initialize: V,,, = W,, = H, 51 =v1=0,v9=wy =0
3: set v = B/HBH, w1 = CT/HCTH
4: for i =1 to m do

Vin = [Vm Ui]y Wi = [Wm wz}
oy = ’LUiTUi

Vi1 = Av; — vy — Bivi—1
Wi = ATw; — cyw; — ywi—q
Yit1 = ||Dig1|

10:  if 41 < tol then stop

11 vt = i1/ Yis1

12 Biy1 = Wl vig

13:  if 841 < tol then stop

14:  wiy1 = Wiy1/Biv1

15: end for

16: Outputs: Vin; vm+1; Wi Wit

the parameters 7v;+1 and ;41 are any scalars satisfying v,118+1 = w;ﬂ_l’l}i_’_l. The al-
gorithm breakdowns if either ;1 or 0;41 are less than a tolerance value or they are
greater than the tolerance but wﬁlﬁiﬂ = 0. The first case is called lucky breakdown
which gives orthogonal basis V;,, (W) that are invariant under A (A7) and the approx-
imation to the linear system associated with A (AT) is accurate. However in the second
case, the orthogonal basis are not A/A”-invariant and the Lanczos algorithm comes to
a halt without any solution. This problem is considered in [76]. Since our main focus is

not on breakdown, we assume no breakdown. For detailed analysis see [86].

In the Algorithm 2.3, the choice of the parameters v;+1 and ;41 result in a nonsymmetric

tridiagonal A,,. The tridiagonal structure of A,, follows from line 7 and 11 of the above
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algorithm. That is we have Av; = av; + Bivi—1 + Vi+1vi+1 and for i =1,--- /m,

[ a1 B |
Y2 s 3

. + Um+17m+1€g;'

Ym—-1 Om—1 /Bm

Tm Qo

Thus the Algorithm 2.3 satisfies the Lanczos equations [75]:
AV, = Vi A + ?}m+1Cvm, B =V, B,,, (2.40)

where Cy,, = w,ﬂ +1AVm and Wp+1,Um+1 € R™ are the basis vectors computed at the

m-th iteration in Algorithm 2.3. Similarly it can be shown that the algorithm satisfies,
ATWm — WmAZ; + wm—‘,—lB%{/m7 CT = Wmc;l,;, (241)

where By, = WL Av,,i 1. The following proposition gives the biorthogonality condition
of the algorithm.

Proposition 2.1. If the algorithm does not break down before m iterations, then the

vectors v; and wj, i,j = 1,--- ,m are biorthogonal, i.e.,

T ..
wj v =05, G, j=1-,m

See [86] for a proof. As §;; =1 only if i = j, in matrix form we have W1V, = I,,,. Pre
multiplication of WL on both side of (2.40) implies A,, = W,L AV,,,. The matrix A,, is
obtained by the oblique projection of A onto K, (A, B) and orthogonally to /C,,, (AT, CT).
Similarly, AT is obtained by the oblique projection of AT onto K,,(AT, CT) and orthog-
onally to K, (A, B). Thus the algorithm essentially involve two projection problems that
can solve two linear systems associated with A and A”. It can be shown that the approx-
imation obtained through the Lanczos algorithm (Algorithm 2.3) interpolates the actual

system and its derivatives at infinity in the same way as in Lemma 2.2.2.
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2.4 Rational Krylov Method

The Arnoldi and Lanczos algorithm give good approximations to the actual system only
at high frequencies. An extension is the rational Krylov algorithm [30, 38, 45] that is
accurate at a predefined set of interpolating frequencies. Both the Arnoldi and Lanczos
algorithms can be extended to their rational variant. In this section we will describe the

more general rational Arnoldi algorithm for model reduction.

2.4.1 Rational Arnoldi algorithm
The Krylov subspace associated with A, B and a shift frequency o can be written as,
Ko (0T —A) "L (cI—A)"'B)=colsp|[(cI-A)"'B --. (¢I—A)"™ B], (2.42)

where my, is called the multiplicity of the interpolating frequency o. The Arnoldi method
based on this shifted Krylov subspace gives accurate approximation to the original sys-
tem at the given shift frequency. The following lemma consider the moment matching

properties of the Arnoldi method at a shift frequency or interpolating frequency o.

Lemma 2.4.1. ( [45].) Let G(s) = C(sI —A)"'B and let V,,, W,, € R™™ assum-
ing that WV, is non-singular. Define G (s) = Cp(sI — Ap) ' By, where Ay, =
WIVi) " *WLAV,,, B, = WLV,)"*WLB, and C,, = CV,,. Suppose o € C is not
an eigenvalue of either A or Ay,. If,

o (oI — A)7'B € span(V,,) and

o (6I-AT)1CT € span(W,,), where G denotes conjugation on o,
then

Gm(0)=G(0) G (0)=G (o) (2.43)

where G'(0) represent the derivative of G(s) with respect to s, evaluated at s = o. 0

A generalization to this approach is the rational Arnoldi method which involves union of
shifted Krylov subspaces with different shift frequencies and multiplicities. The rational
Arnoldi algorithm iteratively computes V,,, € R™*™ for a given A € R"*™ and B € R"
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and a set of K distinct interpolating points, S = {si,...,sx} that are closed under

conjugation with multiplicities mg,, ..., Mg, , such that the following holds:

K
Vo = K, ((sr] = A)~", (sx] = A)7'B)| Ko (A, B) C colsp(Vi)
k=1
K
where m = ) apms,, and ap = 1 if s; is real or infinite and oy = 2 otherwise.
k=1

In the following, a version of the rational Arnoldi algorithm is given (Algorithm 2.4).

Algorithm 2.4 The Rational Arnoldi Algorithm

. Inputs: A € R™", B, CT € R", S = {s1,--- ,5x} C C closed under conjugation
with multiplicities M = {myg,,--- ,ms, } and tol > 0.

2: Initialize: V,, =[];j =0;

3: for k=1 to K do

4: if {Sk = OO}; 1~)j+1 = B; 17m+1 = 17]'4_1; else @j—&-l = (SkI — A)_IB end

5: if {k‘ > 1}; f)j+1 = f)j+1 — VmVTzﬁj+1 end

6

7

8

9

—_

if ||9;41] < tol, Stop, end
Vi1 = Vi1 /0541l Vin = [Vin vja]s =35+ 1;
for i =1tom,, —1do
if {Sk = OO}; "7j+1 = AUJ'; 6m+1 = 6j+1; else @jJrl = (SkI — A)_l’l)j end

10: @j+1 = 'IN}j_;,_l — varz@j-‘rl

11: if ||0j41]] < tol, Stop, end

12: Vi1 = 01 /[0l Vin = [Vin vyl j=i+15
13:  end for

14: end for

15: f)m+1 = A@m—f—l — vayz;A@m—f—l;
16: if ||Op41|| < tol, Stop, end

17: OUmt1 = Omt1 /| Ot ||
18: Outputs: V5 vpor;

2.4.2 Moment Matching Properties

This subsection describe the moment matching properties of the rational Arnoldi method.
The next result describes these properties for multiple interpolating frequencies with

different multiplicities.

Theorem 2.1. Let all variables be as defined in Lemma 2.4.1 and let Vi, W,,, € R™*™
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satisfy,

=

K, (kT = A)7", (sx] = A) 7' B) | Koo (A, B) C colsp(Vin),

o
ol
\g\i

=

Ky (331 — AT)71 (5,1 — AT)TLCT) | Ko (AT, CT) € colsp(Win),
k

k=1
éfv;éoo
K K .
where m = 3 mg, = > g, in which S = {s1,--+ ,sg} CCand S ={81,--- 8z} CC
k=1 k=1

are set of K and K distinct interpolating frequencies that are closed under conjugation
with multiplicities, M = {mg,,--- ,ms, } and M = {mgs, - ,mgk} respectively. Then
assuming that (sI — A)~" and (sWLVy, — WL AV,,)~" exist, for all s in S and S,

1. if s, = 8; for all k and k,

G (sk) = GD(s), i=0,1,-+ ,my +ms —1. (2.44)

2. if s # 8;, for all k and k,

G (sp) =GD(s), i=0,1,---,mg —1, (2.45)
G (5;) =GW(s;), i=0,1,-+ g —1. (2.46)
Proof. The proof can be found in [30,45]. O

2.4.3 Arnoldi-like equations

The next lemma derives Arnoldi-like equations in the rational case. These equations will
be used throughout this thesis especially in Chapter 4 to derive error expressions in the

‘Ho optimal case and in Chapter 6 to justify the results of the proposed restart scheme.

Lemma 2.4.2. [33] Let V,,, € R™*™ be as defined in Theorem 2.1 and define vy,41 such
that
colsp ([Vi, A™>*B]) = colsp (Vin+1)
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where

Ving1 = { Vin  Uma1 ]

Then,
AVm = VmAVm + Um+ICVm; B = VmBVm + 'Um—l—lDVm- (247)

where
| viav, ‘ vIB |

{AVm‘BVm
[U£+1AV%WUE+IBJ‘

L Cvm ‘ Dy,

(2.48)

Proof. The proof can be found in [30,33] however to clarify our notations and for com-

pleteness, it is given below. From the algorithm, we have

[orl wfor - o T |
T Oy o Dmgt ] = [ VI Uy o Ul 0 HﬁQH 62T®:m+1 (2.49)
L 0 0 Ol
where we assume no breakdown, that is ||;]| # 0 for ¢ = 1,--- ,m. Also note that 0; = 0;.

Let us represent the i-th vector of the above equation as,

Ti—1

U= |: Vz'_l ‘ (% } (2.50)
Pi
We first consider the ¢ = 1 case, for which we have two possibilities,
~ B if s1 =00
U = (2.51)
(s1I — A)7'B if s1 # o0
Using the expression of 97 from (2.50) into the above equation, we have
1
Avy = —AB (2.52)
P1
1
Avy = sy + —B (253)

P1
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Now p,41 (described on line 22 of the algorithm) also have two possibilities, for m = 1.

ie.,
AB if 51 =00
Uy = (2.54)
B if 51 # o0

The above two possibilities along with the expression of 05 from (2.50) can be used to

express (2.52) and (2.53) as,

[
Avy = [ U1 V2 } . (2.55)
P2
L p1
51+ =+
AU1 = [ V1 U2 } ' n (2.56)
P2
L m
Thus in case of i = 1, Av; € colsp(Vy+1). Now we assume that for i =2,--- ;m—1, Ay,

also belongs to the colsp(V;,+1). Note that in this case we have four possibilities,

.

B if S; = OO 7& Si—1
s;l —A)~'B if s; # 0o and s; # s;—
g— ] ) # # i1 (2.57)
Af}i_l if S; = S§;—1 = OO
(51] — A)_li}z;l if s, = 8,21 7& o0

\

We need to show that our assumption is true for i = k < m. Using (2.50) into the above

equation, we have

1 1
v =B = Avk = EAB — pikAVk—lrk—l

- _ 1 s 1
U = (sl — A) B = Avp = vpsp + —B + kak,ﬂ’kfl + — AV, _1re_q
Pk Pk Pk

1 1
U = AUp_1 = Avg, = ﬁAg’Dk_l — pkaVk—lrk—l

- 1. 1 _ s 1
U= (spl — A) W1 => Avp = VpSp+ — 1+ — Vi 17h—1+ —AVe_17p1.
Pk Pk Pk

It follows from our assumption at £ — 1 and the construction of v,, 1 in the lemma that

Avy, € colsp (Vip41) for E <m. Thus for k =1,--- ,m, we may write

AV = Vi Ay + Um+1Cvm (2.58)
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for some Ay, and Cy,. Since by construction V,,4 is orthogonal, Ay, = Vn{ AV, and
Cvm = vl 1 AVp,. This proves the first equation in (2.47). To show that B € colsp(V;n+1)
we have the following two possibilities,

U; ifooe Sandi<m

B— (2.59)

’ljerl if 0o §é S

In each case, (2.50) shows that B € colsp(V;,+1) and there exists By, and Dy, such
that B = Vi, By + Um+1Dyim. OJ

2.4.4 Residual Error in the Rational Case

In this section, we describe the use of the Arnoldi-like equations to obtain the residual
error expression in the rational case, involving only the reduced parameters. The next

lemma describe these expressions,

Lemma 2.4.3. [33] Let all variables be as defined in Lemma 2.4.2 and let Gp,(s) =
CVinFn(s) where Fy,(s) = (sI — A)~'B. Define the residual error associated with Fy,(s)
as rm(s) := B — (sI — A)Vi, Fi(s). Then

1. The residual error of the approximation is given by

Tm(8) = Vint1S (Fin(9)) (2.60)
where
A B
By, — (sI — Ap)Fp(s) B =
S (Fin(s)) = 2 Ay —A|Bu-B |- (261
Dy, + Cvy,, F(s)
Cvy,, Dy,

2. The Galerkin condition Wlry,(s) = 0 is satisfied if and only if Fy,(s) = (sly —
W AV,,)"\WEB, provided that W V,,, = I,,,, in which case

T (8) = Vi1 (Dv,, + Oy, (I — WL AV, *WEB)
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Proof. The proof for (1) can be obtained from the Arnoldi equations (2.47) by replacing
B and AV, in the residual error r,(s) := B — (sI — A)V;,Fu(s). The structure of
S (F,(s)) in the second equality of (2.61) follows by using Fy,(s) = (sI — A)~'B in,

Bun = (sI = Am)Fin(s) | _ | Bm—((s] = A) + A= Aw)Fn(s) | (2.62)

(2) follows by using the residual error expression (2.60) in the Galerkin condition and
solving for F,(s). The implication of (2) in other direction follows by using F,,(s) =
(sI — A;,) 1By, in (2.61) and the resulting residual error in the Galerkin condition. [

Example 2.4.1. To see the effect of interpolation points on the rational interpolating
approximation, consider the use of the two-sided rational Arnoldi method to compute two
approzimate models for the linear system G(s) with state matrices given in Example 2.2.1.
Let the reduced order approximations be Gpi(s) and Gpma(s) each having order 10 with
interpolation points S1 = S and S = S5 respectively. The two sets of interpolation
points are randomly selected such that real(Sy) lies between 1 and 10, while real(S2) lies
between 1 and 100. The singular value plot of the actual system G(s) and the approximate
models is shown in figure 2.5. The plot shows that the quality of the approximation is
highly dependent on the choice of interpolation points.

2.5 Rational Krylov method and H,; Optimal model reduc-

tion

Recently it is shown in [51] that an iterative implementation of the rational Krylov
method can be used to compute local minimizers (in the sense of (1.19)) to the problem
of Hsy optimal model reduction defined in (1.18). Several researchers have worked on
the optimal Ho model reduction problem. Most approaches for the computation of Hs
optimal reduced order models are based on some first order necessary conditions. The
resulting reduced order systems are not necessarily the global minimizers but often they
are effective reduced order approximations. Some well known first order necessary condi-
tions for computing the reduced order systems, classified as Lyapunov-based conditions

and interpolation-based conditions, are described below.
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Figure 2.3: Singular value plot for two-sided rational Arnoldi approximations with

two different choices of interpolation points

2.5.1 Lyapunov-based Necessary Conditions for Optimality

Let the error system associated with the reduced order model G,,

(s) be defined as,

4| B A 0 B
En(s) = G(s) = Gm(s) = | =212E 1= | 0 An | Bn (2.63)
Cg | Dg
C —-Cnl| 0
Also let
P X Q Y
Pg = X7 p. ] and Qg = YT Q , (2.64)

be the controllability and observability grammians, respectively for F,,(s) satisfying,

ApPg + PgAL + BgBE =0,
ALQp + QpAp + CLCy = 0.

The Lyapunov-based Wilson conditions for Hs optimality are given by,

XY + PpQm = 0,
YT'B+ QumBm =0,
crp,—Cctx =o.
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Then according to Wilson [101], the reduced order model,

s | Wrav, |WlB
G (s) = m W : (2.68)
v, \ 0
with
Vin=XP ', W, =-YQ,!, (2.69)

satisfies the Lyapunov-based necessary Wilson conditions for Hy optimality and further-
more an;Vm =1I,.

Hyland and Bernstein [56] gave similar necessary conditions for Ho optimality. They
used the oblique projection IT = V,,, W] to compute a reduced order model as in (2.68).
The model satisfies the Lyapunov-based Hyland-Bernstein necessary conditions for Ho
optimality given below, if there exist two nonnegative definite matrices P, Q € R™*" such
that PQ = V,,, RW,E where R € R™ ™ is similar to a positive definite matrix and V,,,

W,, are two n X m matrices such that Wg;Vm = I,,. The Hyland-Bernstein necessary

conditions for Hy optimality are given by,

rank(P) = rank(Q) = rank(PQ), (2.70)
M[AP + PAT + BBT| =0, (2.71)
ATQ+ QA+ ccTm = 0. (2.72)

In both cases [56,101], the necessary conditions are given in the form of large-scale Lya-
punov equations which make their algorithms expensive for computation of the reduced
order model [105].

2.5.2 Interpolation based Necessary Optimality Conditions

It is shown in [51] that the Ha-norm of the error is small if the reduced order model Gy, (s)
interpolates G(s) at —\;(A) and —\;(A,,). Since —\;(Ay,) is not known a priori, several
approaches [47,48] are developed to minimize the Ho error by choosing interpolation
points to be —\;(A). However, Meier and Luenberger [70] showed that interpolation at
—Xi(A;,) is more useful and is a necessary condition for Hs optimality. The following

theorem gives this condition.

Lemma 2.5.1. ( [70].) Given a stable SISO system G(s)=C(sI — A)"'B, let G, (s)=

Con(sLy, — Ap) ™1 By, be a local minimizer (in the sense defined in (1.19)) of dimension
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m for the optimal Ha model reduction problem (1.18) and suppose that G, (s) has simple
poles at —s;, i=1,...,m. Then Gy, (s) interpolates both G(s) and its first derivative at

Si, 1=1,...,m:

/

Gm(s))=G(s;), G, (s))=G (s;), V5; € Sp := {51, ..., 5m}. (2.73)

Recently it has been shown in [51] that the necessary optimality conditions of Hyland-
Bernstein [56] and Wilson [101] are equivalent to the Meier-Luenberger conditions [70] in
the case of continuous time SISO systems having simple poles. Also some new necessary
conditions based on the Hso inner product have been stated. The equivalence of nec-
essary optimality conditions for continuous time MIMO systems with multiple poles is
derived in [99]. Similar results about the equivalence of necessary optimality conditions
are formulated [21] for discrete time MIMO systems. Also an iterative algorithm based on
rational Krylov method has been proposed [51], which on convergence achieves moment
matching and satisfies the interpolation based optimality conditions. The algorithm uti-
lizes rational Krylov steps in constructing G,,(s) and does not require Lyapunov solvers
or dense matrix decompositions, which shows its effectiveness, especially for large-scale

systems.

2.5.3 TIterative Rational Krylov Algorithm

The necessary conditions given in (2.73) are equivalent to the root finding problem of
the following expression.
A (An(Sm)) = —Sm, (2.74)

where A(-) represent the eigenvalues and Sy, are the required roots and where we have
written A,,(Sy,) to emphasize the dependence of A4,, on the interpolation points. A New-
ton framework is used in [51] to compute the interpolation points (roots) that successively
update the roots using S5 = A(—A,,(S%))). Using Theorem 2.1 and Lemma 2.5.1, the
successive updates S5 = A\(—A4,,(S!,)) are possible via the rational Krylov method.
This leads to the iterative rational Krylov algorithm (IRKA) [51] that is given in Algo-
rithm 2.5.

In Chapter 3 an iterative algorithm is proposed that converges to a local minimizer of the

Ho optimal model reduction problem with improvement in the computational cost. In
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Algorithm 2.5 The iterative rational Krylov algorithm
1: Inputs: A, B, C, m and tol
2: Initialize: Select SO = {s?,.-- 50} € C™ that are closed under conjugation and
set j = 0 and error > tol.
3: while error < tol do

4:  Use the rational Arnoldi algorithm (Algorithm 2.4) to obtain V,, and W,, such
that

Ran(V,,) =colsp [(S{I —~A)7IB,- (s T — A)_IB)} ,
Ran(W,,)=colsp [(S{I—AT)ACT, SR (S%I—AT)ACQB} .

5. Compute A, = (WLV,,) ' WL AV,

6:  error = |sort(eig(—A,)) — sort(Sh,)||

7. Update the interpolation points, S, ' = eig(—Ap); 7 =7+ 1;

8: end while

9: Compute A, = (WLIV,) "W AV,.: By, = WLV, 'WEB; C, = CVipy;

10: Outputs: A,,, By, Ch,.

solving a sequence of shifted linear systems, the proposed algorithm involves the matrix-

vector multiplications required for solving only a single system.

2.6 Parameterization of rational Arnoldi method

This section describes the idea of introducing a free low dimensional parameter [30] in
the reduced order model obtained via the rational Arnoldi method. It is shown that the
stability of the actual system can be retained in the approximation by using a proper
choice of the free parameter. The following theorem defines such a parameterization of
the reduced order model that does not affect the interpolating properties of the rational
Krylov method. A special case of this parameterization has also appeared in [10], where
it is assumed that the interpolation is at one finite frequency only. The next result gives

a parameterization without these assumptions.

Theorem 2.2. [30] Let A € R™ " and B,CT € R" be given and define G(s) := CF(s),
where F(s) = (sI—A)"'B. Let S = {s1,-+- ,sx} C C be a set of distinct K interpolating
points with multiplicities M = {ms,,...,ms, } such that S is closed under conjugation
and SNA(A) =0. Let

Fo(s) = (sI — WL AV, 'WIB, (2.75)

be the Galerkin/Arnoldi approzimation of F(s) with WLV, = I. Assume that S N
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M Ap) = 0 so that V,,, Fy,(s) matches the first ms, moments of F(s) at s,,. Then GL (s) :=
CVFlE(s) in which,

F(s) = (sI = Ap) ' By, (2.76)
where
AL = A, +LCy,, BL = B, + LDy, (2.77)

and {Ap, By, Cyvm, Dy, } are as defined in (2.48), interpolates G(s), for all L € R™*!
with S NA(AL) = 0. That is,

GO (sp) =GED(s), i=0,...,mgy —1, k=1,....K (2.78)

Proof. These results are proved in [30]. O

The fact that L is free and is of low dimension will prove useful in the following when we

consider the choice of L to preserve model properties.

2.6.1 Preserving Stability

It is shown in [30] that the parameterization of interpolating approximation described
above can preserve the stability of the actual system and this work is reviewed in this
subsection. The next result derives necessary and sufficient conditions for the existence
of L such that FL(s) is stable if F'(s) is stable and gives the extent to which we can
assign the poles of F(s) through choice of L.

Proposition 2.2. Let all variables be as defined in Theorem 2.2. Then

1. The following are equivalent:

(a) There exists L such that FL(s) is stable.

(b) The pair (A, Cym) is detectable.
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(c) There exist 0 < X, = XI € R™™ and Yy, € R™*! such that the following
linear matriz inequality (LMI)

AL X 4 X A + Y Gy + CLL YT <0 (2.79)

is satisfied, in which case L = X1 Yy,.
2. If F(s) is stable then there exists L such that FL(s) is stable.
3. All eigenvalues of Ay, that are not eigenvalues of A are observable through Cyp,.

In particular, if A is stable then the pair (A, Cyp,) is detectable.

Proof. Although the proposition was proved in [30], the following is a more concise proof.

(a) <+ (b) This is immediate since AX = A,, + LCy,, and, by definition, the pair
(A, Cyim) is detectable if and only if there exists L such that A, + LCy,, is
stable.

(a) ++ (c) FEL(s) is stable if and only if there exists 0 < X,, = X, € R™*™ such that
(AL X + X (AR) = (AL + O, L) X0, 4+ X (A + LCyy) < 0.(2.80)

Setting Y,,, = X,,,L proves the result.
2. If F(s) is stable, there exists 0 < X = X7 € R™™" such that ATX + XA < 0. It
follows that

VIATX + XAV, <0 (2.81)

since V,;, has full column rank. Substituting the first equation of Arnoldi-like equa-
tions (2.47) in (2.81) and rearranging gives (2.80) with X,, := VI XV,, € R™*™ =
XI~0and L:= X 'V.I' Xv,, 1. It follows that F(s) is stable.

3. Let A € C be an unobservable mode of the pair (A4,,, Cyy,) so that Az, = Az,

and Cypzy, = 0 for some z,, # 0. Post-multiplying the first equation in the
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Arnoldi-like equations (2.47) by z,,, gives Az = Az where x = V,,,x,,, # 0. Thus A
is an eigenvalue of A. If A is stable, then all eigenvalues of A,,, in the closed right
half of the complex plane are observable through Cy,, so the pair (4,,,Cy,,) is
detectable.

O]

It follows that Part (3) of Proposition 2.2 gives us the freedom to use L to assign all the
eigenvalues of AZ which are not eigenvalues of A anywhere in the complex plane, e.g.,
using the method described in [63]. This is acceptable since any eigenvalues of A,, which

are eigenvalues of A do not, in general, need to be changed.

Note however, that for F%(s) to be interpolating, we should ensure that the eigenvalues

of AL are not placed at the interpolating points in S.

In Chapter 5, the idea of parameterization is extended to derive conditions on the free
parameter such that some other useful properties such as minimum phase and bounded
real character, pasivity and system structure are preserved in the interpolating approxi-
mation. Also it is shown that the parameterization of the interpolating approximations

can be used to improve the accuracy of the approximations.

2.7 Rational Krylov methods for the Sylvester and Lya-

punov equations

In this section, the use of rational Krylov methods for the low rank approximate solution
of the Sylvester and the Lyapunov equation is described. The Sylvester equation can be
written as,

AP+ PAT + BBT =0, (2.82)

where 4 € R™™ A € R™" B e R" B e R"and P € R™™. It is assumed that A
and A are large and sparse. Note that the Sylvester equation reduces to the Lyapunov
equation if A= Aand B =B.

The Sylvester and Lyapunov equations play an important role in control theory, signal
processing, model reduction, filtering and image restoration; see, for example, [17,22,64]
and the references therein. Exact solutions of the Sylvester equation can be computed by
direct methods such as the Bartels Stewart method [15] and the Hammerling Method [54].
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However these techniques are not suitable for sufficiently large dimensional problems due
to their computational complexity. To overcome the computational complexity associated
with the direct methods, iterative algorithms, based on Krylov subspace techniques, have

been proposed in the literature, e.g., [46,58,61,90].

Krylov subspace projection methods are based on obtaining low-rank approximate solu-
tions to the large-scale Sylvester equation, such that the approximate solution belongs to
a subspace of dimension that is much smaller than the dimension of the space associated
with the exact solution. This technique, as will be described below, requires the solution
of a reduced order Sylvester equation. The reduced order Sylvester equation is obtained

by projection using bases of suitable Krylov subspaces [8].

The Sylvester equation (2.82) has a unique solution P if and only if the eigenvalues of A
and A satisfy Ai(A) + )\j(/l) # 0 Vi, j. The following integral formula has been derived
in [81] for the solution of the Sylvester equation (2.82),

1 -
P=r- /F F(s)E (s)ds, (2.83)

A~

where T" represent a rectifiable contour which includes all A(A) but none of A(A4) and
F(s) = (sI — A)7'B while F'"(s) = F(—s)T in which F(—s) = (—sI — A)™'B (see
Theorem 5.2.2 in [64]). In [58], it is proposed that an approximate solution of the
Sylvester equation (2.82) can be computed by using the Galerkin approximation to the
functions F(s) and F(s), obtained via the standard Arnoldi method (see Section (2.2)).
That is,

P~P=V,YVI (2.84)

where Y € R and V,,, € R™™ (and Vj;, € R™™) form an orthogonal basis to the
Krylov subspace K,,(A, B) = span{B, AB,--- , A" 'B} (K (A, B)) and is the output
of the standard Arnoldi algorithm (see Algorithm 2.1) with inputs A, B, m (121, B, m).

The residual error associated with the above approximation can be written as,
R := AP+ PAT + BBT = AV, yVI +Vv,,yVI AT + BBT. (2.85)

It is found in [58] that the residual error associated with P satisfies the Galerkin-like
condition,

VIRV, =0, (2.86)

if Y satisfies the following reduced order Sylvester equation,

AnY +YAL + B, BE =0 (2.87)
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where A,,, By, (and similarly A, Bm) are as defined by the Arnoldi equations (2.47).

In [39], the rational Arnoldi method is utilized to obtain an approximate solution of the
Sylvester equation, however the computational and storage issues are not considered.
Using the rational Arnoldi method an approximate solution of the Sylvester equation of

the form (2.84) can be written as,
PxP=V,XV!, (2.88)

where X € R™ ™ V.. € R"™™m and Vy € R™™.  The matrices Vj, and Vj, are the
orthogonal matrices computed by the rational Arnoldi algorithm (see Algorithm 2.4)
with inputs A, B, m, S = {s1, -+ ,sm} and A, B, m, S = {81, , 8m} respectively.
The interpolation points S and S are selected such that they are subsets of —A(A) and
—)\(/1), respectively. Note that the computation of a subset of eigenvalues of A can be
efficiently carried out by using Krylov subspace techniques [67,85]. The residual error
associated with P can be expressed in the following form, by using the Arnoldi-like
equations (2.47),

R =V SVE,, (2.89)

A

where Vi1 = [Vin  Ume1], Vg1 = [Vm Usint1] in which vy, 11 and 053,41 are the outputs
of the rational Arnoldi algorithm (Algorithm 2.4) and

o | AnX X(Ap)t + t?m(Bm)T xXcl + ?meT/m (2.90)
CymX + Dym(Bp)" DymD
where A,,, By, Cvm, Dy, (and similarly Ap, B, é\?m’ ﬁvm) are defined by the
Arnoldi-like equations (2.47) for given A, B, Vi, and vy (A, B, Vi, and dy,41). Tt is
easy to see that the residual error (2.89) satisfies the Galerkin-like condition (2.86) if the
following holds,

A X + X(As)T + Bu(Bg)T = 0.

The size of the residual error, measured using a suitable norm, is usually compared
with a predefined tolerance to obtain the desired size of the projected reduced Sylvester
equation. If the size of the residual error is greater than the tolerance level, the values
of m and m are increased. The increase in the size of the projected Sylvester equation
increases the computational burden associated with ensuring that the new columns of
the matrices Vj, and Vj;, are orthogonal to all the previous columns. Also the storage
requirements for storing the columns of the matrices V,,, and Vm become excessive. These
issues are addressed in Chapter 6, where an algorithm is proposed which restarts without

requiring that the new columns are orthogonal to the previous columns. Instead, a set
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of two new orthogonal matrices is constructed.

2.8 Conclusions

In this chapter, we have described Krylov projection techniques for the model reduction
of large-scale linear dynamical systems. In particular, the Arnoldi/Lanczos algorithm and
its extension, the rational Arnoldi/Lanczos algorithm have been discused. In each case, it
is shown that the approximation achieves moment matching without explicit computation
of moments. Various expressions are presented for the residual error and the forward error
that will later be used for further analysis. It is shown that an iterative implementation
of the rational Arnoldi method can compute local minimizers to the Hy optimal model
reduction. In the next chapter we use a similar iterative method that computes local
minimizers to the Hs optimal model reduction problem with improved computational
cost. Later we compute all local minimizers to the Ho optimal model reduction problem
in special cases. Also in this chapter we described the idea of introducing a free low
dimensional parameter that can preserve stability of the actual system in the approximate
system. This idea is extended in Chapter 5 for the retention of some other properties
such as passivity, minimum phase and bounded real characters as well as structure of
the system. Finally this chapter presents the use of rational Arnoldi method to compute
low rank approximate solution to the Sylvester and Lyapunov equations. In Chapter 6
a restart algorithm is proposed that updates the approximation solution of the Sylvester

and Lyapunov equation with improved computational and storage requirements.
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Chapter 3

Iterative Krylov Methods for H»
Optimal Model Reduction

The iterative rational Krylov algorithm (IRKA) described in Section 2.5 links Krylov
methods with the Hs optimal model reduction problem. This chapter suggests an alter-
native implementation to the IRKA method by using a variant of bi-conjugate gradient
(Bi-CG) method [29]. In IRKA (Algorithm 2.5), in every iteration j, the two systems
(s{[ — A)x = B and (Ezl — ATz = OT (5 represents conjugate of s) have to be solved
for every interpolating frequency sg €S = {s{, e ,szn}. The Bi-CG method can also
solve such shifted linear systems simultaneously and with the nice property that it is
based on short recurrences, meaning that the storage requirements are modest and fixed,
and also that the number of arithmetic operations is constant in every iteration. This
is in contrast to the methods based on Arnoldi algorithms such as FOM or GMRES, for
which the storage requirements and computational complexity increase with the number

of iterations.

Both IRKA and the proposed iterative algorithm converge to the same local minimizer
of the Ho optimal model reduction problem. However, the proposed algorithm is based

on the observation [36,62] that Krylov subspaces are shift invariant, meaning that
Km(A,B) = K,((sI — A), B).
The proposed algorithm utilizes a variant of the Bi-CG algorithm for shifted linear sys-

tems that can exploit this property by constructing approximate solutions for the se-
quence of shifted systems by utilizing only the basis vectors for K,,(A, B) and K,,, (AT, CT).
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This means that algorithms which require the solution of many sequences of shifted lin-
ear systems (such as IRKA) can be efficiently solved by using the matrix-vector multi-
plications associated with only one system. Thus the proposed algorithm improves the
computational cost of the IRKA method.

The construction of a new basis vector requires a matrix-vector multiplication with A
for IC,r, (A, B) and with AT for KC,,,(AT, CT), therefore by using this vector for m shifted
systems we save m — 1 matrix-vector product with A and A7 in every iteration, compared
to solving these systems one-by-one with the standard Bi-CG algorithm (or IRKA). It
is shown that all the basis vectors computed in each iteration that are utilized by the
m shifted systems can be computed in advance. This is useful because if we have basis
vectors for solving Az = B and AT% = CT, we do not need to compute them again for

solving a sequence of m shifted systems.

3.1 Shifted variants of the Bi-CG algorithm

This section describes a variant of the standard Bi-CG algorithm that allows us to si-
multaneously solve a sequence of shifted systems [36,62] using only the basis vectors for
Kim(A, B) and K,,(AT,CT). We begin with a brief description of the standard Bi-CG
method.

The Bi-CG method is based on the non-symmetric Lanczos algorithm that can simul-
tanously solve a linear system Az = B and a transposed system ATZ = CT. The
technique computes two approximate solutions, xz,, and Z,, for a given A € R™*" and
two vectors B, CT € R™ such that the following holds:

e A-orthogonal search directions:

Let zg and Zg are given, then for ¢ = 1,2, - , until convergence

T, = xi—1 +o;d; and T; = T + qud; (3.1)

where a; € C, @; is the complex conjugate and where d;, Jj € C™ are A-orthogonal,

that is,
Al Ad; =0 for i#j (3.2)
e Orthogonal residual errors:
Let 7 = CT—AT%; and rj = B—Ax; are the residual errors for 7,j = 0,1,2, - - - ,until
convergence, then
ilr; =0 for i#j (3.3)
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A version of the Bi-CG algorithm is given in Algorithm 3.1.

Algorithm 3.1 The bi-conjugate gradient algorithm

1: Inputs: A, B, C, xg, Tg, maz_it and tol .
2: Initialize: ry = B — Axg = dy, 79 = CT — AT%y = dy, and error =
max{||ro|l/[|BI], I7oll/IC1I}

3: for i =0 to maz_it do

4: o = (F;‘Fn)/(leAdl) ~

5 Tiy1 = T + ayd;, Tiy1 = & + aidi

6:  Tip1 =1 — 0 Ad, Fip1 =T — AT d;.

7 B = (Flrien) /(P ). ) )
8 dit1 =riy1 — Bit1d;, diy1 = Tiy1 — Biv1d;.
9:

error = max{||ri1||/[| B, [Tt |/ C1}
10:  if error < tol then break end

11: end for

12: Outputs: Tit1, Lfﬂ_l.

In order to solve a sequence of shifted linear systems by using basis vectors associated
with A and A", we consider a linear system and a shifted linear system that are given

by,
Az =B (sI — A)x® = B, (3.4)

where A € R™*", and z,2°, B € R"™ while s € C. Let z; € K;(A, B) and &} € K;((s] —
A), B) be the approximations of the above linear systems obtained by using 7 iterations of
the Bi-CG algorithm (Algorithm 3.1). Then the associated residual errors r; = B — Ax;
and 7 = B — (sI — A)Z{ belong to Kit1(A, B) and ;11 ((sI — A), B), respectively. That
is, if we express,

x; = pi—1(A)B and z{ =p;_(s] — A)B, (3.5)

where p;—1 (and p; ;) are polynomials of degree less than or equal to i—1, then the

residual errors are,

ri =qi(A)B and r] =¢j(s] — A)B, (3.6)

where ¢;(t) = 1 — tp;—1(t) (and ¢) are polynomials of degree i. Note that ¢;(0) =
¢;(0) = 1. Since Krylov subspaces are shift invariant, K;(A4, B) = K;((s] — A), B) we
must have collinear residuals [62], r; = ¢ in which (7 € C. This relation is due to the
residual errors satisfying rf LK;((31 — AT),CT) and 7§ LK;(AT,CT) together with the
shift invariant property of Krylov subspaces, K;(AT,CT) = K;((51 — AT),CT). Thus

ri = (1/¢)rs, (3.7)
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which implies,

r; = ¢ (sl = A)B = (1/¢)ai(A)B

Since f(s — 1) = (1/¢})qi(t) and ¢3(0) = 1,
& = ails). (3.8)

The above expression and (3.7) show that the residual error associated with the shifted
linear system in (3.4) can be expressed in terms of the residual error associated with the
linear system Ax = B. In the following, we give some expressions of the parameters
associated with the shifted Bi-CG method.

From the Bi-CG algorithm (Algorithm 3.1), we have for i = 1,2,---

1 1
di—1 = E(Ti_di)y Ad; = Ei(ri—Ti+1),
and therefore
ry =1Ti—1 — 1 Adi1 = rio1 — - 1A(ﬁ (ri —dy)),

Q51 Q1

= ri_1 — 5, ——Ar; + o Z( —Tit1),

which results in the following three-term recurrence expression for the residual error,

v s
+ Bl ’LTZ?Zl + (1 _ BZ 1
(e 78] Q1

Tig1 = —0G Ar;

In terms of the polynomial representation used in (3.6), the above expression can be

written as,
s s
G (8) = —astai(®) + 2% (1) + (1 = B0,
o Q1
Using t = s and (3.8), we have
Bii Bici
=1 —ais — =)+ ——¢1. (3.10)
Q1 ;1
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Since we have collinear residuals (3.7), the residual error for the shifted system is,

1 Pioi(; G B
Tf—i—l - s < al(zA + G f 1+(<7, “ Z) f 5
i1 ai—1 Qi—1
S S Vs (S
— a’LC ( I A) /BZ ZCZS 1 ,f ) + < C o Cjz 61?:2 o Sa;C’L ) Tf.
i+ 0‘@ 16541 i @ie1Gi Gyt

Now comparing the above equation with the three term recurrence relation (similar to
(3.9)) for the shifted system given by,

S S S S
riy = —af(sT — A)rf 4 S0y 4 (1 — @)rf, (3.11)
a4 a;_q

we have,

o = —az~< E > (3.12)

G
s (o6 [(Qi1) G o G
i = (af> (ai 1) fﬂﬂz <C5> o (3.13)
Ga = (-ais= g+ D (3.14)

For more details on the derivation of the above expressions, see [36]. It is easy to see that
the above expressions are also true for m = 0, if we initialize (*; = 1. A shifted variant
of the Bi-CG method is given in Algorithm 3.2.

Note that in finding an update for the approximate solution of shifted systems, Algo-

rithm 3.2 uses zj, | = z§ + afd{ where di = rj — Since r} can be expressed in

[ z 1
terms of 7;, no matrix-vector multiplications are required for the shifted systems, if the
residual error r; is known. In the following we use this useful result to propose iterative

algorithms for the Hs optimal model reduction problem.

3.2 [Iterative shifted Bi-CG for H; optimal model reduction

In this section, an iterative implementation of the shifted bi-conjugate gradient (Bi-CGS)
method has been developed to compute local minimizers to the Hs optimal model reduc-
tion problem. The proposed method is compared with the IRKA method described in
Section 2.5 and it is shown that the algorithm has better computational cost as compared
to IRKA.
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Algorithm 3.2 The shifted bi-conjugate gradient algorithm
1: Inputs: A, B, C, Sy, = {s1, -+, Sm} C C™, maz_it and tol
2: Initialize: z9 = 9 = zeros(n,1), 1o = B = dy, 7o = CT = do, ¢G=¢ =
ones(m, 1), ¢ = a® = §° = zeros(m, 1), 2° = &* = d* = d°* = zeros(n, m)
error = max{|[ro||/ [ BI[, |7oll /| I}
for + = 0 to max_it do
{Linear system with no shift}
o; = (7lr;) /(dF Ady)
Tit+l = Ti + azdu xz-{—l = jz + diczi N
rig1 =1 — 0 Ad;, T =7 — aATd;
Biv1 = (Flrin)/ (7l Ti) o
10: dit1 =rit1 — Bit1di, dig1 = Tip1 — Bit1d;
1: error = max{|[rip[|/[| B, |71 [| /1 Cl}
12:  if error < tol then break end
13:  {Shifted system}
14: fork=1,---,mdo

15: Ca(k) = (1 —aysg) C°(k) + (%) (C3(k) — ¢*(k))
16: of(k) = —ay (c%))

G (k)

s 2
17: B (k) = (g‘égi;) Bit1
18: for j=1,--- ,ndo
19: T8 = (1/¢3(K)) 741 — B (R)(, ),
20: d*(j, k) = (1/C3(k)) Figr — B(k)d*(j, k)
21, (y,k»: (k) + @ (k) k),
2, k) = 2, k) + 6° (k)d° (. k)
23: end for
24:  end for
25: end for

26: Outputs: z;,, 7,

A version of the proposed algorithm is given in Algorithm 3.3. Since the algorithm utilizes
a shifted variant of the Bi-CG method it can deal with a sequence of shifted systems and
transposed shifted systems using only matrix-vector multiplications associated with the
solution of linear systems with no shifts. This saves the burden of computing matrix-

vector multiplications corresponding to each shifted system.

Observe that the proposed algorithm involves Krylov iterations to compute inverses of
the shifted matrices (s;I — A) i = 1,--- ,m. This allow us to tune the approximation of

inverses by setting max_it and tol values to different values.
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Algorithm 3.3 Iterative shifted bi-conjugate gradient method

. Inputs: A, B, C, m, maz_it and tol
. Initialize: S9, = {sY,--- , 8%} cC™ V,, =[], Wi, =[], set j = 0 and error > tol.
while error < tol do
Call the shifted Bi-CG algorithm (Algorithm3.2) to compute z;, and Z;, with A,
B, C, S},, maz_it and tol as inputs.
5. Vo= [xl], Wi = [25)]
6:  Compute A, = WLV, ) "W AV,,; By, = (WEV,)"'WEB; Oy = CViy;
7. error = ||sort(eig(—Ap)) — sort(S5,)]|
8
9

. Update the interpolation points, S, = eig(—Am); j =7+ 1;
: end while
10: Outputs: A,,, By, Cp,.

3.3 Partition of the iterative shifted Bi-CG method

The iterative shifted Bi-CG algorithm (Algorithm 3.2) has the useful property of utilizing
the basis vectors associated with a linear system Ax = B and a transposed system
ATz = C7T in order to solve a sequence of shifted linear systems and its transposed
systems. In the previous section we showed how this can be exploited in one iteration of
the IRKA method. This section shows that the required basis vectors can be computed

in advance before using it for the solution of different shifted linear systems.

Suppose that the shifted BiCG algorithm (Algorithm 3.2) is divided into two parts. The
first part involves the computation of all the residuals R = [r, 72, 7] and R =
[F1,7T2, - ,7m| and all the scalar parameters, A = [a1, - ,qp] and B = [B;, -, O]
This part is given by Algorithm 3.4. Note that the algorithm does not compute the
approximations x,, and Z,,, because only the residual errors and the constant parameters
are required for the solution of shifted linear systems. The residual errors represent Bi-
CG polynomials of degree m that are linked to the set of interpolation points S, =
[s1,--,Sm]| according to (3.7), but are computed independant of S,,. This means that

we can compute all the Krylov subspaces associated with S;, in advance.

The second part of Algorithm 3.2 involves the computation of all search directions df
and df and all the scalar parameters Z, = [¢7,---,(5], As = [af,---, a8, and By =
(B2, -, Bs,] to get approximations to shifted and transposed shifted systems. This part
also requires the output of Algorithm 3.4. This kind of partition can be useful because
the outputs of Algorithm 3.4 can be used by different sequence of shifted linear systems
without computing them for each sequence. However the basis vectors need to be stored,

which increases its storage requirement.

The iterative shifted Bi-CG algorithm with the partition is given in Algorithm 3.5.

64



Algorithm 3.4 Krylov basis for Shifted Bi-CG method

1. Inputs: A, B, C, max_it, error = max{||ro||/|| Bl [|7ol|l/||C||} and tol

2: n = size(4,1)

3. Initialize: R = R = zeros(n,m + 1), A = B = zeros(m + 1,1)

4: R(,1) =7 =B, R(:,1) =7 :=CT, A1) =1, B(1) =1, d; = r; and d; = 7
5. for ¢ = 1 to max_it do
6:
7
8
9

ai = (if'r:)/(d] Ady) .

riv1 =1 — G Ady,  Figr =7 — a;ATd;

Biv1 = (Fliarin) /(7 mi) i
c dipr = i1 — Bipads,  dipr = T — Bitad;

10:  error = max{||rit1l|/|| Bl |71 [|/11C]}

11:  if error < tol then break maz_it = i end

122 RGyi+1) =11, RCGyi+1) =71, Al +1) = oy, Bli +1) = 6
13: end for .
14: Outputs: R, R, A, B

Example 3.3.1. Let us consider a benchmark model [23] of atmospheric storm track.
The system is SISO and has 598 states. We use both IRKA and the iterative shifted
biC'G method to compute an order 10 approximate model that satisfies the necessary Ha
optimality conditions. The elapsed time for IRKA method was 39.476791 seconds while
the iterative shifted biCG method took 7.296713 seconds to compute the reduced order
model. Both approaches take 19 iterations for convergence with a tolerance of 1 x 1078.
The Hao error is the same in each case and the singular value plot for the actual system

and the reduced systems in the two cases are shown in figure 3.1.

Model of Atmospheric storm track
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Figure 3.1: Singular value plot for the iterative rational Krylov approximation
(IRKA) and the iterative shifted bi-conjugate gradient approximation (IBi-CGS)
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Algorithm 3.5 IRKA using shifted bi-conjugate gradient method
1: Inputs: A, B, C, m, max_it and tol
2: n = size(A4,1)
3. Call Algorithm 3.4 with inputs A, B, C, maxz_it and tol to have R, R, A, B.
4: while error < tol do
5:  Initialize: S), = [s),--- s

zeros(m, 1), z, = &, = ds = dy = zeros(n,m), Vin =[], Wy =[] and j =
6: fori=0tomdo
7 azA(i—l—l), o_1 ZA(i), ,BZB(i+1)
8: r=R(:i), 7 =R(:1)
9: Zo=(1—axSpu(i). * Z4+ (ax Bla_y) * (Zs — Z);
10: By =(Z,./2)2%
As =
if

11: —(Z5.)Z) %o, k=1

12: k <m +1 then

13: ds(:, k) = (1/Z5(k)) xr — Bs(k) * ds(:, k)
14: ds(s, k) = (1) Z4(k)') % 7 — By (k) * dg(:, k)
15: zs(iy k) = xs(s k) + Ag (k) x ds(:, k)

16: Ts(i, k) = Bs(5, k) 4+ As(B) * ds(:, k),

17: kE=k+1

18: end

19: Zy=Zy, 2= Z,.

20:  end for

21: Vi, =xs and W, = T,

22:  Compute A, = (WEVn)"WLEAV,,; By, = (WEV,) 'WEB; Cp, = CViy;
23:  error = ||sort(eig(—Apm)) — sort(Si,)||

24:  Update the interpolation points, S4" = eig(—Am); 7 =7+ 1;

25: end while

26: Outputs: A,,, B, Cn,.

3.4 Conclusions

This chapter presented an iterative algorithm for the Ho optimal model reduction prob-
lem. The proposed algorithm updates the shift frequencies in the same way as in IRKA
method and converges to the same local minimizers starting from a set of interpolation
points. However it is shown that the proposed algorithm requires basis vectors associated
with a linear system having no shift and its transposed system to solve a sequence of
shifted linear systems. The approach utilizes a collinear relationship between the residual
error of the linear system Az = B and the shifted linear system (so/ — A)x = B which
follows by noting that Krylov subspaces are shift invariant. Also it is shown that the
basis vectors required in solving a sequence of shifted linear systems can be separatly
computed and stored for other sequences. The TRKA method and the iterative shifted

BiCG method may not converge to the global minimizer of the Hy optimal model re-
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duction problem (1.18). In the next chapter, some extra conditions are derived that

guarantee a global minimizer to the problem in special cases.
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Chapter 4

All Optimal Local Minimizers to
Ho Optimal Model Reduction

The IRKA method (Section 2.5) and the iterative bi-conjugate gradient method (Chap-
ter 3) can find a local solution to the #Hy optimal model reduction problem. However
the approximations obtained through these methods are not necessarily the global min-
imizers. In this chapter, some new expressions of the Hs norm of the error system are
derived that can be used to compute a first order global minimizer to the Hy optimal
model reduction problem. The approach involves the computation of all fixed points that
satisfy the necessary conditions for local minimizers. To illustrate the procedure a few
numerical examples are given. Also, using a similar framework, a solution of the second
order optimal Hs approximation problem is derived that involves the computation of all
simultaneous solutions to two bivariate polynomials. It is shown that this is equivalent to
the simultaneous solution of two eigenvalue problems. Finally, a few examples are given

to illustrate the procedure of solving second order optimal Ho approximation problem.

4.1 FError system in the optimal case

In this section, various expressions are derived for the Ho norm of the approximation
error associated with m!” order approximations satisfying (2.74). An interesting result

concerning the Hs norm of the approximation error is given in the following theorem.

Theorem 4.1. Let S, = {s1,...,8m} C Ct be a fived point of (2.74) and assume,
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without loss of generality, that W,EV,, = I,. Let Gy, (s) = Cp(sly — Ap) "' By, where
A = WLAV,,, By =WEIB and C,, = CV,,, be the corresponding interpolating function
given by Lemma 2.4.1, so that G(s;) = Gm(si), G'(si) = Gi(si), i = 1,...,m and
MAp) = —Spm. Then

IG — Guli3, = |G, — 1Gmll3, (4.1)

Proof. 1t follows from Lemma 2.4.2 that the Arnoldi-like equations

AV =V Any + 01 Cvim, B=V0 B+ Vm1 Dy (4.2)

ATWo = WAL +wminBiyyy CT =W Ol wmn Diy,, (4.3)

are satisfied for the rational Arnoldi algorithm with the biorthogonality condition W, 1 V;,, =
I,. Using these equations, the derivation given in Section 2.1.2 shows that the error sys-

tem E,,(s) = G(s) — G (s) can be written as

En(s) = CO(sI—A)"'B=Cp(sI—Ay) ' B,

= CO(sI—=A) pmi17m(s)

where

() = Dy + Cym(sI — Ap) 1By, (4.4)

Note that the interpolation points are the zeros of 7, (s) [33] and, since Sy, = —A(A4n)
and the poles of 7,,(s) are the eigenvalues of A,, it follows that D;ifm(s) is all pass.

Thus if P, is the controllability Grammian of the realisation of 7, (s) in (4.4) , then
AP+ PnAL + B, BL =0, Cy,P+Dyp,BL =0 (4.5)

are the allpass equations for 7,(s) [104]. Let

P X
Py = (4.6)
xT p,
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be the controllability Grammian for the error system E,,(s) given by (2.63), so that

AP+PAT+BBT AX+XAL +BBL

~0. (4.7)
* Ay P+ P AL + B, BL
Then a manipulation using (4.2), (4.5) and (4.7) gives
AXP — V) = (XP' — Vi) (A — By Dyt Cyy) (4.8)

Since the interpolation points are the eigenvalues of A,, — BmD‘j}nC’Vm (i.e. the zeros of
Tm(s)) and since it is assumed that the interpolation points are not eigenvalues of A, it

follows from (4.8) that V,,, = X P,,1. Thus
CX =CV, P, =CpPp. (4.9)
Now using the expression for the Ho norm from Lemma 1.2.1 results in

IG = G}, = CrPeCE
= cprct-c,xTct-cxct +c,,P,CT
= cpc’ -c,pP,CT

= IG5, = 1Gmli3,
where the third equation follows from (4.9) and this proves the theorem. O

The next theorem develop a link between the problem of Ho optimal approximation of

G(s) and low rank approximate solution of linear matrix equations.

Theorem 4.2. Let all variables be as defined in Theorem 4.1. Then the Ha norm of the

approzimation error (4.1) is equal to the Ho norm of the following systems,
Gp(s)=C(sI — A)7'B, Gg(s)=C(sI — A)7'B, Gx(s)=C(sI — A)™'B,  (4.10)
where B = Um+1Dyvm and C = ngHDWm- That s,

G = Gmll, = 1GP(9)ll: = [|GQ(s) 1y = 1Gx ()1 (4.11)
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Proof. Theorem 4.1 suggests that,

HG_GmH%{Q = C(P—VumVn{’)CT,

= C(P-P)CT. (4.12)
where P = Vi P VI, Note that P is the controllability grammian satisfying,
AP+ PA+ BBT =0. (4.13)

Let
Rp:= AP+ PA+ BB”. (4.14)

Using the rational Arnoldi-like equations in (4.2) to replace AV,, and B in the above

equation, we have,

ApPn+PnAT +B,,BY  P,CL +B,DL || VI

Rp = [Vm vm+1] " (4.15)
Cym P + Dy BY Dy, DL vl
Using (4.5) now gives
R}s = ’Um+1DVmD€mvg;+1 = BB”T (4.16)
Subtracting (4.14) from (4.13), we have
A(P - P)+ (P - P)AT + BBT =0, (4.17)

From (4.12) and (4.17), we have |G — Gp|ln, = ||Gpll#,- A similar procedure can be

used to prove the other two equalities. ]

The above theorems suggest various expressions for the Hs norm of the error system
and these are summarized in Table 4.1. The table assume that P, and X, are the
controllability and cross grammians of Gp(s), @, and X, are the observability and

cross grammians of Gg(s) and X, is the cross grammian associated with Gx(s).
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Table 4.1: Four different expressions for H; norm of approximation error in terms
of controllability, observability and cross grammians

No. | |G = Gml3, in terms of | [G=Gyll7, intermsof Ob- | |G — Gpn||3,, in terms of
Controllability grammian servability grammian Cross grammian

1 cect -¢,,pP,Ct BTQB — BT Q,,Bn, CXB - CpXyBpy,

2 | CP,CT 1Dv > 0D 1 QUi |Dvyn| CX oVt

3 | Dy |® W1 Py BTQ.B | Dw | w1 X B

4 |DWm|%U7:CL+1vam+1 |DVm|2UrTn+1QwUm+1 |Dvim ||DW7rL¢U7€z+1Xvwvm+l

4.2 First order H; optimal model reduction

The key challenge addressed in this section is the identification of first order global Hs
optimal interpolating approximations. The problem of identification of global Ho optimal
approximations, is still an open problem and has received considerable attention in the
literature, e.g., [14,37,56,92,101,102] and more recently [51]. We address this issue when
the original system is single input single output (SISO) and the approximation has first

order.

Lemma 2.5.1 suggests that if we can find all possible sets of interpolating points .S, =
{s1,...,8m} C CT such that (2.73) is satisfied, then the corresponding G,,(s)’s will
include all the local minimizers for G(s). Thus the problem reduces to the computation
of all the fixed points satisfying (2.73).

4.2.1 Computation of Fixed points

The following theorem gives the solution to the global Ho model reduction problem for
SISO G(s) when m = 1.

Theorem 4.3. Let G(s) = C(sl, — A)~'B be a stable SISO and minimal system and let
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m = 1. Then all fized points of (2.74) are given by the zeros of the transfer function

. .. Al
H(s)=C(shy — A)~'B = -
clo
(A A| B
= 0 A|2B (4.18)
[ C 00

or, equivalently, by the eigenvalues of the matrix pencil

A -\, B
C 0

Let s1,...,57 be the positive zeros of H and let G1(s),...,Gy(s) be the corresponding

interpolating transfer functions given by Lemma 2.4.1, so that
Gz(sz) :G(Si), G;(SZ) :G,(Si), i:1, ey f (4.19)
Then the global solution to the Ha model reduction problem (1.18) is one of the G;(s)’s.

Proof. For m =1, (2.73) implies

Am

S =— (WEV,) ™ WL AV, (4.20)

where S,, = 0 C R". Rearranging (4.20) gives
WL(ol 4+ AV, =0.
Using Lemma 2.4.1 to define V,,, = (61 — A)~'B and W,,, = (o1 — AT)71CT we have,

C(ol — A Yol + Aol — A)'B =0,
= C(oI — A) (oI — A+2A) (o] — A)"'B =0,

= C(oI — A Y (B+2A(cI — A)"'B) =0,
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or H(o) = 0 so that o is a zero of H(s).

To prove that one of the G;(s)’s must be the global minimizer, note first that the global
minimizer is also a local minimizer. It follows that if the G;(s)’s include all local mini-

mizers then we are done.

Now, since m = 1, G;(s) has one (simple) pole and it follows from Lemma 2.5.1 that all
local minimizers satisfy (4.19). It remains to prove that all the G;(s)’s are projections in
the sense of Lemma 2.4.1 since the implication in the lemma is only in one direction. Let
Gi(s) satisfy (4.19) and write G;(s) = Ci(sl; — A;) "' B; where A;, B; and C; are scalar
since G;(s) is SISO and of order one. Then to satisfy (4.19) we have

CiB;
S;— Ai

C;B;
(8i—Ap)?

=C(sil,—A)"'B, =C(s;I,—A)2B. (4.21)

First, assume that C(s;I,,—A) 2B # 0. Then a computation using (4.21) shows that

A = (WIV,)'WIAV,,, Bi=a(Wiv,,)'WiB

C;, = o 'CV,

where V,, = (s;I,, — A)~'B and W,,, = (s;1, — AT)~'C" for some nonzero o.. Thus G;(s)
is interpolating in the sense of Lemma 2.4.1. Finally, suppose that G'(s;) = C(s;I, —
A)72B = 0. Then a computation using (4.21) verifies that there exists no strictly proper
G;(s) satisfying (4.21), that is, interpolating G(s) and G'(s) at s;. O

The following algorithm summarizes our proposed method for the solution of the first

order Hs optimal approximation problem.
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Algorithm 4.1 H, optimal first order approximation of linear systems

Data: A, B and C.

1: Compute all the zeroes of the linear dynamical system H (s) given by (4.18).

2: Choose the set Z; of positive and real zeroes and let f be the number of elements in
Zs.

3: For A, B, C' and each element of Z; use the rational Arnoldi or Lanczos al-
gorithms to obtain f different first order interpolating approximations G;(s) =
Ci(sly — A)™'B;, i=1,...,f.

4: Compute the product C’iPZCZ-T for each approximation, where P; is the controllability
grammian satisfying A; P; + PiAZ-T + BZBZT =0.

5: Using (4.1), the optimum #s approximation is the G;(s) corresponding to the max-

imum C} PZ-C’iT .

4.2.2 Numerical results

The following (randomly generated) examples illustrate our proposed technique. Con-

sider the following transfer functions,

—1.986s% + 19.17s — 0.1606

F —=
1(5) $3 + 4.85752 + 14.085 + 23.02
Fy(s) — —0.35565° + 9.402s” 4 5.1495 — 6.527
2 T s 4 9.48653 4 31.2452 + 32.85s + 5.857
0.6355s2 — 5.769s + 1.119
Fs(s) =

53 + 3.69652 + 5.037s + 1.557

For each of the above three systems, the fixed points and the optimal choice of fixed
point are shown in Table 4.2. Let the order one optimal approximations be represented
by Fi(s), Fo(s) and F3(s). The relative Hy norm of the approximation error is then,

E;, = HFz - FiHHQ/HFiHHw

and is given in Table 4.3 evaluated at the fixed points.
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Table 4.2: Fixed Points for Fy(s), Fx(s) F3(s)

Model Fixed Points Optimal Point
Fi(s) 51 S92 s3

Fi(s) 36.2279 2.1364 0.0028 2.1364
Fy(s) 93.2228 2.8113 0.0928 2.8113
Fs(s) 32.1125 1.2538 0.0507 1.2538

Table 4.3: Relative Error for Fi(s), Fa(s) Fs(s)

Model Local Minimizers Global Minimizer

Fi(s) B B B

Fi(s) 0.9904 0.9339 1.0000 0.9339
F>(s) 0.9986 0.8922 0.8962 0.8922
Fs(s) 0.9952 0.8673 0.9902 0.8673

Table 4.4: Fixed Points for Benchmark Examples

Model Fixed Points Optimal Point
F;(s) 84 55 56

Fy(s) 0.4952 - - 0.4952
F5(s) 0.5762 - - 0.5762

Fs(s) 4.9981x10% 0.4659 0.0050  4.9981x 103
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Table 4.5: Relative Error for Benchmark Examples

Model Local Minimizers Global Minimizer

Fi(s) E¥*  E® B

Fy(s) 04268 - - 0.4268
Fs(s) 04818 - - 0.4818
Fs(s) 0.0975 0.9992 0.9950 0.0975

Consider the following three models from the literature.

e The state space representation of the linear system Fjy(s) is given by [56],

0 0 0 —150 4 0
1 0 0 —245 1 0
0 1 0 —113 0 0
0 0 1 -19 0 1
e The transfer function of the linear system F5(s) is given by [92],
s? + 15s + 50
F = 4.23
3(8) = T 558 1 335 1 705 1 50 (4.23)
e The state space representation of the linear system Fg(s) is given by [56],
—0.005 —0.99 1
A= , B= , C=BT, (4.24)
—0.99 —5000 100

For each of the above three systems, the fixed points and the optimal choice of fixed
point are shown in Table 4.4. The relative Ho norms of the errors for each of the fixed
points are also given in Table 4.5. Note that for Models 1 and 2 there is only one fixed
point, while for Model 3 there are three. The first two local minima were reported in [56]
and the table gives a third.
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4.3 Second order H, optimal model reduction

Although the solution of the Hs norm model reduction problem in the case m = 1 was
given explicitly in the previous section, the solution in the general case is much more
difficult. The following result derives a solution to the m = 2 problem that involves the

evaluation of all simultaneous solutions of two equations in two unknowns.

Theorem 4.4. Let all variables be as defined before and let m = 2. For si, sg € CT

such that s1 # so and Sy, := {s1, s2} is closed under conjugation define

= [(I-A)  (s1I-A) (oI = A) b |

= [(s1I=4)TCT (511 A)T(s2I-A)TCT |
= (Wi (s1,52)Vin(s1,89) ) Wy (51, 52) AVin (51, 82)
= det (W, (s1,2) (511 + A)V;(s1,82)) -

Then all Sy, = {s1, s2} C Ct such that S,, = —\ (A (s1,82)) are given by the simulta-

neous solutions of the two equations
f(sl, 82) =0, f(527 51) =0. (425)

Let S}, ... ,SL, be all simultaneous solutions to (4.25) and let G1(s), .. ., Gf(s) be the
corresponding interpolating transfer functions given by Lemma 2.4.1. Then the global

solution to the Ha model reduction problem (1.18) is one of the G;(s)’s.

Proof: s1 is an eigenvalue of —A,,(s1,s2) if there exists a nonzero z,, € C™ such
that (Ap,(s1,82) + s11) 2, = 0. A simple manipulation shows that this is equivalent to
f(s1,82) = 0. Note that since A (A;,(s1,52)) = A (A (s2,$1)) (moment matching is inde-
pendent of the order it is carried out), it follows that s is an eigenvalue of —A4,,(s1, s2)
if there exists a nonzero x,, € C™ such that (A,,(s2, s1) + s2I) z,, = 0. A simple manip-

ulation shows that this is equivalent to f(s2,s1) = 0. O

The following result shows that the solution to the m = 2 problem reduces to the evalu-

ation of all simultaneous solutions of two bivariate polynomial equations.
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Theorem 4.5. Let all variables be as defined before and let m = 2. Define

A 24 10 b0
A = A = By =
0 A I 0 b 0
0 0 A 0 0 b
Ay = Aoy = By =
I 0 0 A 0 0
c 0 0 0 00
0 0 0 ¢ 0 0
and
Ay — sl Aio By
p(s1,52) = det A1 Aoy — sol B : (4.26)
Gy Co A
Then all s1, so € CT such that {s1,s2} = =X (Am(s1,s2)) are given by the simultaneous

solutions of the two bivariate polynomial equations
p(s1,s2) =0, p(s2,51) =0 (4.27)

Proof. Let Ag, = (s1] — A) and A, := (sof — A), then Theorem 4.4 implies,

C
det AN (51T, + A)AT { B A-'B } —0. (4.28)
CAZ) ’

52

Write

CAZL 0

52

= O+ Ay}

S92 7
[B A;;B} = [B o}+A;21[o B]
SN—— ——
B1 B2
= B1+AS_21B2
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then (4.28) is satisfied if and only if there exists 0 # u € R? such that
(C1+ CoA N A (11, + A)AL (B + Ay Bo)u = 0. (4.29)

Suppose we define vectors x1, x2, 3 and x4 € R" such that,

T = A;;Bgu & —Agx + Bou =0, (4.30)
T9 1= As_ll(Blu +z1) & —Agxo+Biu+x =0, (4.31)
x3 1= As_ll(slln + Ay &  —Agrs+ (sil, + A)ze =0, (4.32)
Ty = As_;acg & —Agrq+x3=0, (4.33)
then (4.29) can be written as,
Cix3 + Coxy = 0. (4.34)

Using (4.30), (4.31), (4.32), (4.33) and (4.34) it follows that (4.28) is satisfied if and only

if there exists 0 # u € R?, x1, 29, 23,24 € R" such that

[ A, 0 0 0 By | [ a]
I, —A, 0 0 B, T9
0 A+ s1l, —Ag 0 0 z3 | =0 (4.35)
0 0 I, —As, 0 T4
|0 0 Ch Co 0 | [ u |
Using row and column operations, we have
A, 24 I, 0 B |[agta ]
0 —-As, I, 0 B T2
0 0 A, 0 By T =0
I, 0 0 —As, O x4
| G 0 0 Cy o] w |
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The above equation can be written as,

A —s11 Az B 1
Aoy Aoy — 521 Bs o | =0,
Ci Co A u

which proves that p(si, s2) = 0. Similarly it can be shown that p(sa,s1) = 0. Ol

Note that the solution is given in terms of the simultaneous solutions of two 2-dimensional
matrix pencil problems. Under two mild assumptions, the next result gives the solution

in terms of the simultaneous solutions of two 2-dimensional matrix eigenvalue problems.

Theorem 4.6. Let all variables be as defined before and let m = 2. Assume that p(0,0) #
0 so that the pair s; = so = 0 is not a solution to (4.27). Let

A A B
A= o , B= ' ) C:[Cl 02}
Ao A By

Assume that

—-CA'B CA?B
CA2B —-CA 3B

CA™'B =

is monsingular (which is equivalent to f(0,0) # 0) and that there are no simultaneous
solutions to the two bivariate polynomial equations
A —s11 A1z B A — sal A1z

det =0, det =0 (4.36)
Aoy Aoy — sol Aoy Agg — 511

Let

A~

A=A —A'B(CA'B) leA!
and partition A compatibly with A as

. A1 A
A= |70 782 (4.37)
Ao Az
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Let 31 and $o denote 31_1 and 32_1, respectively, and define

A — 51 Ara

]3(31, §2) = det R R
Aoy Aoy — 501

Then all s1, s2 € CT such that {s1,s2} = =X (Am(s1,52)) are given by s1 = §1_1 and s9 =

§2_1 where {1, 82} are simultaneous solutions of the two bivariate polynomial equations
p(51,82) =0, p(82,81) =0 (4.38)
Proof. The polynomial p(s1, s2) defined in Theorem 4.5 can be written as,

.A— SlFl - 82F2 B

p(s1,s2) = det , (4.39)
C 0
where
Iy, O 0 0
F = , By =
0 0 0 I2n

Let A := s1F] + soF5, then A= slel + sgng is the inverse of A because A is a
diagonal matrix. Since we are assuming that there are no simultaneous solutions to the
two bivariate polynomial equations in (4.36), we may assume that det(A— A) # 0. Thus

we can write,

p(s1,52) =0 < det(A— A)det (—C(A — A)_IB) =0
& det(—C(A—A"H7IB) =0,
& det(—CA'IB+CA AT - AN)TTATIB) =0
A1—-A  A'B
& det =0.
—CA™' —CA'B
& det(A = A - AIB(CATIB)lcAT) =0 (4.40)

where the third equivalence follows from the use of the matrix inversion lemma [52].
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Using the partition in (4.37) and the definition of A we have,

Ay — 51 A
p(s1,82) =0 < det( H . e . 2 ) =0. (4.41)
Az1 Asg — 3215,
which proves that p(s1,s2) = 0 if and only if p(51,82) = 0. A similar proof shows that

p(s2,s1) = 0 if and only if p(s2,81) = 0. B

Remark 4.3.1. Regarding the assumption on the non-existence of simultaneous solutions
for (4.36), note that if we take s;1 = sy and writing p(s1) for p(s1,s2) in (4.26), then
finding the roots of p(s) = 0 corresponds to finding the system zeros for the state-space
system G = (A, B,C,0). Thus the assumption that there are no simultaneous solutions
to the two bivariate polynomial equations in (4.36) corresponds to the assumption that
det(A—s11) # 0, that is, that s1 is not simultaneously both a pole and a zero of the system
G. Relaxing this assumption requires a generalisation of the concepts of controllability
and observability to two-dimensional systems and falls outside the scope of this thesis.

However, it should be mentioned that generically the assumption is satisfied.

4.3.1 Numerical results

To illustrate the procedure described in this section, we give some numerical examples.

Consider the following (randomly generated) transfer functions,

—2.92395% —39.552552 —97.5270s — 147.1508

Fr(s) = 11958453 1 43.91105% 1 73.67505 1 44.3821
F(s) = —1.28055%—6.22665% — 12.80955—9.3373
s44-3.185553+8.926352+12.29365+3.1987’
—1.3369s3—4.8341s% — 47.5819s—42.7285
Fo(s) =

s1+17.07285%+84.990852 +122.44005+59.9309

For the three systems above, second order optimal approximations are constructed,
Fy, Fy and Fy, following the approach presented in this work. The choice of fixed points
are shown in Table 4.6. The relative Ho norms of the errors for each of the fixed points

are also given in Table 4.7
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Table 4.6: Fixed points for F7, Fg, Fy

Fixed Points
Sy Sa
Fr {2.4437,0.8883}  {42.8733,0.9891}
Fy  {1.2052,0.2030}  {6.3626,1.1693}
Fy {0.8261+0.6577i} {39.2800,0.7051}

Table 4.7: Relative error for 13’7, Fg, 13’9

Local Minimizers Global

F; Efl EZS 2 Minimizer

F7  0.0546  0.0563 0.0546
Fs 03271 0.3370 0.3271
Fy 0.2998  0.2676 0.2676

Next, we repeat our approach to obtain second order optimal approximations for some

linear systems used in the literature, given below,

- Fy given in state space representation Fy(s) = (A,b,c,0), with state matrices given
in (4.22)
- Fy given by (4.23).

- Fio in [53], given by,

4152 + 505 + 140
(s2 4+ s+ 1)(s2 + 10s + 100)

Flo(s) =

Table 4.8: Fixed Points for ﬁ'4, F5, Fio

Fixed Points
Si Sa S3 Sy Ss
Fy  {2.511,1.099} - ; - _
Fy  {4.193,1.153} - - _ B
Fio {0.611,0.323} {4.952,0.583} {73.664,0.897} {27.206,3.841} {8.868 + 5.258i}
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Table 4.9: Relative error for ﬁ'4,ﬁ5, Fio

Model Relative Error for each Local Minimizer Global

E E  E® B B} EJ®  Minimizer
F,  0.0393 - - - - 0.0393
Fy  0.2443 - - - - 0.2443

Flo 05434 0.5078 0.5336 0.5883 0.5840 0.5078

Similarly, we follow the approach presented in this section to construct second order
optimal approximations Fy, F and Fio. The fixed points and their corresponding relative
errors are shown in Table 4.8 and Table 4.9 respectively. Note that, there is only one
fixed point for models Fy and Fy. For comparison to the approach presented in this work,
we mention that the iterative rational Krylov (IRKA) method SG+1) = X\(—A4,,(5®)))
converges to the fixed points for any initial choice of the starting interpolation point set.
However, in the case of Fjg, where there are five fixed points, the convergence of the
iterative method to the optimal points depends on the choice of the initial interpolation

points set.

4.4 Conclusions

This chapter has presented algorithms to compute all first and second order approxi-
mations that satisfy the necessary conditions for minimization to the Ho optimal model
reduction problem given by Lemma 2.5.1. Some useful expressions of the Hs norm of the
error system has been derived that give useful information about 2 optimal solution and
its connection with the approximate solution of Lyapunov and Sylvester equations. Later
we will use this information to propose a restart scheme that updates the approximate

solution of Lyapunov and Sylvester equations.
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Chapter 5

Parameterization of Rational

Krylov Approximations

The parameterization of rational interpolating approximation, as described in Section 2.6,
can ensure stability of the reduced order model when the actual system is stable. The
free parameter introduced in a rational interpolating approximation is such that it can
take any value without altering the interpolation properties of the reduced order model.
In this chapter this procedure is extended to derive conditions in order to preserve some
other useful properties such as the minimum phase and bounded real characters, passivity
and symmetry of the actual system in the rational interpolating approximation. A related
approach to preserving model properties was reported in [10], but under the assumption
that the interpolation is at one finite frequency. In the following, these assumptions
are removed. Also the concept of parameterization is extended to the minimal residual
approximations (which, in general, are not interpolating approximations) and the two-
sided rational Arnoldi approximations in order to further improve the accuracy of the

approximations.

5.1 Error Analysis

This section extends the applicability of the parameterization derived in [30] by providing
error expressions for the interpolating approximations as well as carrying out a pertur-
bation analysis. This is useful as a stopping condition and for subsequent robustness

analysis.

86



5.1.1 Residual and forward errors

In this subsection, the residual error and the forward error expressions are derived for

the parameterized interpolating function F(s) defined in Theorem 2.2.

The residual error associated with the parameterized interpolating function FZ(s) is

given by,
R(Fy(s)) = B=—(sly— A)VnFi(s),
= Vi1 S(F(9)), (5.1)
where
A LCv | By, + LDy,
; By — (sT — Ap)FE(s) | & n+ LCym | B + LDy
S(Fm(s)) = = _LCVm _LDVm . (52)

Dy + CymFL(s) o D
Vm Vm

A derivation for the expression in (5.1) can be obtained by using the Arnoldi-like equa-
tions (4.2) and the definitions of AZ Bl and FL(s) in Theorem 2.2.

An alternative expression for the residual error can be obtained from (5.2) as

—LCym,

R(FL(s)) = Vims1S (FL(s))
—LDy,
CVm

= [ Vin  Uma1 } ( Dy

= vh 1 (Dvim + Cym(sI — AL)™'BL)

(sI — Aﬁ)‘ﬂﬁ)

where
L _
Upg1 = (Umy1 — VinL).

This shows that the residual belongs to the 1-dimensional subspace spanned by vl Y1

A simple manipulation shows that the forward approximation error is given as

G(s) — GE(s) = C(sI — A)7'B - CVp(sl — AL)"'BL
= CO(sI —A) "k (Dym + Cvim(sI — AL)'BE).

Since the interpolating points are not eigenvalues of A or AL it follows that the in-
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terpolating points are the zeros of the transfer function Dy, + Cyp(sI — AL)"1BL
which is the frequency dependent part of the residual error. Note that these zeros are

the eigenvalues of the matrix pencil

A, + LCyvy, — M By, + LDy,
C1V’rn DVm

Expressing the matrix pencil as

I L
0 1

Ay — M B,
CVm DVm

shows that the eigenvalues, and therefore the interpolating points, are independent of L.

5.1.2 Perturbation analysis

The Arnoldi-like equations in (4.2) can be written as,

AV, = [Vin Vms1] It Am B = [V vmtilIm+1 B (5.3)
Cvm Vi
where I,,, 41 is the (m 4 1) x (m + 1) identity matrix and can be expressed as
mes | G o4
Using this in (5.3) we have the Arnoldi-like equations,
AV, = Vi AL 4ol Oy, B =ViBL + ok Dy, (5.5)

in terms of the parameterized interpolating approximations . A simple manipulation now

gives

(A— AV, =V, AL B—- AL =V, BL
where

{Afx Aé}:vr[)/@—s-l[c‘/m DVm} ‘? (1)]
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is a rank 1 perturbation with

I[ a4 A% 1= VI+IZP 1] Cvm Dym |l

It follows that the reduced order interpolating approximation Vi, FL(s) is equal to the
large scale perturbed system FX(s) = (sI — (A — Aﬁ))_l (B — AL), which generalizes
the results in [59,60], derived for the standard Arnoldi algorithm, to the rational case.
Note that || [ AL AL } || is minimized by L = 0.

5.2 Choice of the Parameter L to Preserve Model Proper-

ties

It is shown in Section 2.6 that the parameterization developed in Theorem 2.2 can pre-
serve stability of the actual system in the approximate system [30]. This work extends
the applicability of the parameterization derived in [30] by considering other choices of
L that preserve some other desirable properties such as minimum-phase character, pas-
sivity and bounded realness as well as symmetry where appropriate. At the end of the

section an algorithm is given to describe the computation procedure of L.

5.2.1 Zero assignment/minimum-phase approximation

If G(s) = D + CF(s) is minimum-phase, that is, if all the (finite) zeros of G(s) are in
the open left half of the complex plane, then an interesting question is whether we can
find an L such that GL (s) :== D + CV,,FL(s) is also minimum-phase. The next result
affirms this, derives necessary and sufficient conditions for the existence of L such that
G (s) is minimum-phase in the case that D # 0 and gives the extent to which we can

assign the zeros of G (s) through choice for L.

Proposition 5.1. Let all variables be as defined in Proposition 2.2 and let G(s) =
D+ C(sI — A)~'B and GL (s) = D + Cy,(sI — AL)™1BEL where C,,, = CV,,. Assume
that D # 0. Then:

1. The following are equivalent:

(a) There exists L such that GL (s) is minimum-phase.
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(b) The pair (Ay, — BpnD ™ Chy, Cyypy — Dy D71C,y,) is detectable.

(c) There exist 0 < X, = XL € R™™ and Yy, € R™*! such that the LMI

(Ap—BnD1C)T X + Xon(Am—Bn D 1C)+Y(Cym—DymD1C,)
+ (Cvm—DymD™'Cr)Y,I <0 (5.6)
is satisfied, in which case L = X, 1Y,,.
2. If G(s) is minimum-phase then there exists L such that GL (s) is minimum-phase.

3. All eigenvalues of Ay, — By D™'Cy, (equivalently, the zeros of GL=%(s)) that are
not eigenvalues of A — BD ¢ (equivalently, zeros of G(s)) are observable through
Cvm — Dy D~ Ch,. In particular, if A— BD~'C is stable (equivalently, if G(s) is
minimum-phase) then the pair (Apy —Bn D Chy, Oy — Dy D™1C,,) is detectable.

Proof. 1. Let AL .= AL —BLD-1C,, = (A — By D 'Cp) + L(Cyy — Dy D' Cy).

(a) ¢+ (b) This follows since the zeros of GL (s) are the eigenvalues of A% .

(a) < (¢) GL(s) is minimum-phase, or equivalently, AZ is stable, if and only if there
exists 0 < X, = XTI € R™™ such that (AL)T X,,4+ X, (AL) < 0, or equiva-

lently,

(App—BmDC) T X + Xon(Ap—BmD™1Ch) + Xon L(Cyp — Dy D71C)

+ (Cvm—Dym D C)T (X L) <0. (5.7)

Setting Y,,, = X,, L proves the result.

2. If G(s) is minimum-phase so that A — BD~'C is stable, then there exists X =
XT = 0 such that

(A-BD'C)'X 4+ X(A—-BD™'C) <0.
Then

VI((A-BD'C)"X +X(A-BD'C)) V;, < 0
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since V,, has full column rank. Substituting the Arnoldi equations (4.2) and
rearranging gives (5.7) with X, = VIXV,, € R™™ = XI' = 0 and L :=

X W Xvy01. Tt follows from Part 1 that GL (s) is minimum-phase.

3. Let A € C be an unobservable mode of the pair (A,,— B, D~'Cy,, Cyp— Dy D710y
so that (A, — Bp D 'Cp)xm = A1y and (Cyyy — Dy D71Ch) 2y, = 0 for some
T # 0. Post-multiplying the first expression of the Arnoldi equations (4.2) by x,,
and carrying out a manipulation gives (A — BD~'C)x = Az where z = V,,z,,, # 0.
Thus ) is an eigenvalue of A— BD~'C. If A— BD~!C is stable, then all eigenvalues
of A,, — B,,D~'C,, in the closed right half of the complex plane are observable
through Cy,,, — Dy D™1Cy, so the pair (A, — By D~ Ch, Cyipy — Dy D™1Cy) is

detectable.

O]

It follows that Part (3) of Proposition 5.1 gives us the freedom to use L to assign all the
zeros of GE (s) which are not zeros of G(s) anywhere in the complex plane. Similar to
the eigenvalue assignment case in the previous section, this is acceptable since any zeros

of G, (s) which are zeros of G(s) do not need to be changed.

When D = 0, then GZ% (s) is strictly proper and so has at least one zero at oo and the

finite zeros of GL (s) are the finite eigenvalues of the matrix pencil

Ay + LCyvy, — M By, + LDy,
Cnm 0

In this case, the zero assignment problem is complicated by the (possibly multiple) zeros
at infinity and the analysis becomes more intricate and falls outside the scope of this
work. However, the following result shows that, under a mild assumption, L can be used

to assign up to m zeros of GL (s) at oo.

Proposition 5.2. Let all variables be as defined in Proposition 5.1 and assume that

D =0. Let 1 < (s <m be given. Then:

1. The following are equivalent:

(a) There exists L such that GL (s) has (s zeros at co.
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(b) There exists L such that

Crm,
BL —0. (5.8)

m

Crn (AR)

2. Assume that Dy, # 0 (that is, oo ¢ S; see Lemma 2.4.2) and define A, =
A, — BmD‘;inCVm. Then there exists L such that GL (s) has (s zeros at co. Fur-

thermore, all such L are the solutions of the following linear systems of equations:

Cm
(Bm + LDyy,) = 0. (5.9)
C,, ASe 2

Proof.

1. This is immediate

2. A manipulation verifies that

m

Cm (ALY BL =0,i=0,...,j —1 = C,, (AL) BL = ¢, 4}, B,
and the result follows from Part 1.

O]

Note that when Dy, = 0, then the solution of the nonlinear system of equation for L in
(5.8) is, in general, intractable. When Dy, # 0, then the system of equations in (5.9) is

linear in L and can be easily obtained.

5.2.2 Preserving bounded realness
The next result derives necessary and sufficient LMI conditions for the existence of L

such that GL (s) is bounded real and shows that if G(s) is bounded real then there exists
L such that GL (s) is bounded real.
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Proposition 5.3. Let all variables be as defined in Proposition 5.1 and let v > 0 be
given. There exists L such that GL (s) is stable and ||GL || < v if and only if there exist
0< X, =XLeRmM™ and Y, € R™ such that

AL X + XA + CL YT + Y0 Cviy Xon By + Y Dy CF
BL X+ Di, YT —I DT | <0, (5.10)
Cnm D —y

in which case L = X, .'Y,,. Furthermore, if G(s) is stable and |G|« < 7 then there
exists L such that GL (s) is stable and ||GL || < 7.

Proof. G% (s) is stable and ||G% || < « if and only if there exists an X,,, = X, = 0 such
that [18],

(A% + CgmLT)Xm + Xm(Am + LCVm) Xm(Bm =+ LDVm) CT

m
(Brj); + DamLT)Xm —’)/I DT =< 0.
Cm D —

Setting Y, = X,,L proves the first part. If G(s) is stable and |G|l < 7 then there
exists an X = X7 = 0 such that

ATX + XA XB C7T
BTX —~I DT | <0.
C D —I

It follows that

VI o 0 ATX + XA XB OT Vi 0 0
0 I 0 BTX —~yI DT 0 I 0]=<0 (5.11)
0

0 0 I C D —yI 0 I

since Vj;, has full column rank. Substituting the Arnoldi equations in (5.11) and rear-
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ranging,

ALVEX VA VEXV, A +CL ol XV +VE XU 1Oy % x
BV XVin+ DY, vl XV, —yI | =<0
Cm D —’YI

where * denotes terms readily inferred from symmetry. Define X,, = XI = VI XV, =0

and L = X, 'V.I' Xv,,,1. Then

(AL +Cl LT X0+ X0 (A +LCvm)  Xi(Bm+LDyy)  CF

m
(BL+DU LT)X,, e DT | <0
Cm D —~1
and so GL (s) is stable and ||G% ||oo < 7. O

Note that preserving bounded realness is of interest when G(s) represents a high order

closed-loop transfer function and it is required to find a low order H., controller.

5.2.3 Preserving passivity

Suppose that G(s) is passive. An interesting question is whether we can find an inter-
polating function GZ (s) that preserves the passivity property of G(s). Recall that G(s)
is passive if and only if it is positive real, equivalently, if and only if there exists P > 0
such that [100],

ATp+PA PB-CT
BTP-C —(D+ D7)

The next result derives necessary and sufficient LMI conditions for the existence of L
such that GL (s) is passive and shows that if G(s) is passive there always exists a passive

interpolating approximation.

Proposition 5.4. Let all variables be as defined in Proposition 5.3. There exists L such

that GL (s) is passive if and only if there exist 0 < X,,, = XL € R™™ and Y,, € R™*!
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such that

AL X + XA + YOy + CL YD X, By + Yo Dy — CL

m

<0, (5.12)
(X By + Y Dy — CT)T —(D+ D7)

in which case L = X,.1Y,,. Furthermore, if G(s) is passive then there exists L such that

GL (s) is passive.

Proof. GE (s) is passive if and only if there exists an X,, = X, = 0 such that [100],

(AL +CL LT) X+ X (Am+LCvm) X (Bm+LDyy)—CF Z0

(BL+DL LTYXT —Cy, —(D+D7T)

Setting Y, = X,,L proves the first part. If G(s) is passive, there exists a X = X7 = 0
such that

ATX + XA XB-C7T

=< 0.
BTX -C —(D+ D7)
It follows that
Voo ATX +XA XB-(CT Vin O
< 0. (5.13)
0 I BT'X -C —(D+ D7) 0 I

Substituting the Arnoldi equations in (5.13) and rearranging we have that

APVIX V4 VEX Vi A+ CL ol XV + VI X011 Cviy *

BLVIXVyu+DY, vl XV —Cy —(D + D7)
Define X,,, = XI = V.IXV,, = 0and L = X,,;'V,I Xv,,41. Then

(AL+CT LT X+ Xim(Am+LCyim)  Xim(Bpm+LDyy)—CE

m

=0

’

(BL+DL LT)XT -Cy, —(D+DT)

and so GL (s) is passive. O
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5.2.4 Preserving symmetry

Suppose that A is symmetric. The next result gives a parameterization of interpolating

approximations with a symmetric A-matrix.

Proposition 5.5. Let all variables be as defined in Proposition 5.4. Let G(s) = D +
C(sI — A)™'B and GL(s) = D + Cp(sI — AL)"1BL and assume that A is symmetric.

Then AL is symmetric if and only if L = ﬁC‘;m for some £ € R.

Proof. Since A = AT and A, = VL' AV}, then A,, = AL . So AL = (AL)T if and only if

LCy,, = C’%CWLT. Since L and C‘:Cm are column vectors the result follows. O

5.2.5 Preserving multiple properties

In Section 2.6 and Sections 5.2.1-5.2.3 above, we derived necessary and sufficient condi-
tions on the free parameter L to preserve stability, minimum-phase character, bounded
realness and passivity, respectively. Each of these conditions requires the existence of
0< X, = XL € R™M*™ and Y,, € R™*! such that the appropriate LMI (2.79), (5.6),
(5.10) or (5.12) is satisfied, in which case L = X,,'V;,. These LMIs involve reduced order
matrices only and the computational cost for their solution is independent of the large
dimensions of the original model; thus, they can be solved efficiently. We briefly describe

the computation procedure in Algorithm 5.1.

Algorithm 5.1 Algorithm to preserve model properties

1: Inputs: interpolating points & = {s1,...,sx} C C with multiplicities M =
{mgy,...,ms,}, system matrices A € R™", B,CT € R", and d € R,y > 0 and
tolerance level € > 0.

2: Compute V,,, A, Bp and Cp, by using the rational Arnoldi algorithm 2.4 for given
A, B, S,and €

3: Using Lemma 2.4.2 compute V11, Cyvyy and Dy,

4: For preserving stability, minimum-phase character, bounded realness or passivity,
solve the LMIs in (2.79), (5.6), (5.10) or (5.12), respectively, to obtain X,, and Y,
and solve Y,,X,, = L to obtain L.

5: Compute the reduced order system G = C,,(sI — AL)"'BL + D, where C,, =
CVp, AL = A, +LCy,, and BL =B,,+ LDy,

Suppose that it is required to preserve more than one property, say G(s) is stable and
minimum-phase, with D # 0, and it is required that G (s) be also stable and minimum-

phase. Then it follows from Propositions 2.2 and 5.1 that a necessary and sufficient
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condition is the existence of 0 < Xg = Xg: e RM™MMmo0 < Xy = X]E e Rmxm
Yg € R™*! and Yy € R™*! such that

AT X+ XA + YsCym + CL Y& < 0
AT Xor + X Am + YuCy,, +CL Y < 0
Xs'Ye=X,/Yu = L

where we have defined A,, := A,, — B,y D~1C,, and C’Vm = Cyym —Dym D~ 1C,,. This is
a nonlinear feasibility problem because of the requirement X§1Y5 = XA_JIYM. To obtain
a linear feasibility problem, we impose that X,, = Xg and Y;; = Yg, in which case we

settle for sufficient, rather than necessary and sufficient, conditions for the existence of
L.

5.3 Choice of L to enhance the accuracy of interpolating

approximations

In the previous section we were concerned with the choice of L to enhance the properties
of the interpolating approximation. In this section, we suggest techniques for choosing
L so that we enhance the accuracy of the interpolating approximation. In particular, we
consider the choice of L to minimize the H,,—norm of the residual error, an Hs—norm
optimal modal truncation-like approximation, and a partial two-sided Arnoldi approxi-

mation.

5.3.1 Interpolating minimum residual solution

In this section we consider the choice of L to reduce the H,,—norm of the residual error.
First, we define and obtain the minimum residual solution (not necessarily interpolating)
which minimizes the H.,—norm of the residual error. This is useful as a comparison with
our subsequent (suboptimal) solution for the interpolating minimum residual approxi-

mation.

The following proposition defines and obtains the minimum residual solution and gen-
eralizes the result in [57], derived for the standard Arnoldi algorithm, to the rational

case.

Proposition 5.6. Let all variables be as defined in Lemma 2.4.3 and let v > 0 be given.
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Then A is stable and |R (Fy,(s)) |3 < v if and only if there exist feasible solutions
AeRrmxm BeR™L gnd R™*™ 5Y =Y7T w0 such that the LMI

[ A+ AT vAL—AT veol B |
A,Y — A —~I 0 B,-B
<0
CVmY 0 - DVm
BT Bl -B" DL — ]

is satisfied, in which case A = Ay 1.

Proof. It follows from the expression for the residual error in Lemma 2.4.3, the fact that
Viny1 is orthogonal and the bounded real lemma, [18], that A is stable and || R (Fyn(5)) [ <
7 if and only if there exists Y = YT = 0 such that

[ AV +YAT Y(4,-AT vCL B |
(A, — A)Y —I 0 B,-B
< 0.
CVmY 0 - DVm
BT Bh-B" DI —y ]
The result immediately follows by the substitution A=Ay, O

The minimum residual approximation developed above is attractive in the sense that it
is stable and minimizes the H,,—norm of the residual error. However, it suffers from the
fact that it does not in general interpolate G(s). The next result gives a procedure for

finding the interpolating function with the least residual H.,—norm.

Proposition 5.7. Let all variables be as defined in Theorem 2.2 and let v > 0 be
given. Then there exists L € R™* ' such that GL (s) := C,, F(s), where FL(s) = (s —
AL)'BE

m»

is stable and ||R (FL(s)) |n.. < v if and only if there exists X, = XL =0
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such that the bilinear matrix inequality

(Am+LCVm)TXm+Xm(Am+LCVm) Xm(Bm+LDVm) _CgmLT CYVmT
(B + LDy)" X —y —Dy,, /LT DY <(14)
—LCVm —LDvm —’}/I 0
i Cvm Dy, 0 -7 ]

s satisfied.

Proof. Substituting A= A, + LCy,, and b= B,, + LDy, into the expression for the
residual error in (2.60) and (2.61) gives R (FL(s)) = Viu41S (FL(s)) where

Am + LCVm ‘ Bm + LDVm

S(Fn(s)) = |  —LOvm —LDy,,
CVm DVm
The result now follows from the bounded real lemma. O

Note that while calculating the optimal 7 is in general intractable, the fact that (5.14) is
bilinear (linear in L for fixed X,,, and linear in X, for fixed L) results in many excellent

algorithms for obtaining suboptimal solutions [94].

5.3.2 An H,;—norm optimal modal truncation-like approximation

In this section we present a modal truncation-like approximation via the rational Arnoldi
method. Using the parameterization method developed in Section 2.6 and by a proper
selection of the free parameter L, the reduced order approximation is optimal in the

Ho—norm, in a sense defined below, and preserves stability.

Recently the authors in [16,48,49,51] have derived reduced order interpolating approx-
imations which are optimal in the Ho—norm by satisfying the Meir-Luenberger condi-
tions [70]. The Meir-Luenberger conditions state that for a given set of poles of the
reduced order system, denoted by A(A;,), then |G — Gy, |2 is minimized if and only if
G(s;) = Gp(s;) for all s; € AM(—A,,). However the poles of Gy, are not known a pri-

ori and the authors propose in their work to run the Krylov methods successively until
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convergence of the interpolation points to the images of the eigenvalues of the reduced

system.

We alternatively propose selecting a subset S = {s1,...,s,,} of the poles of G, e.g., the
most dominant, interpolating at the images {—s1,...,—sp} and using L to assign the
eigenvalues of AL at S. As mentioned earlier, since the pencil (A,,, Cy,) is detectable
(Proposition 2.2), eigenvalue placement of AX = A,,,+LCYy,, can be obtained via a proper
selection of L as described in [63]. Note that the computation of a subset of eigenvalues
of A can be efficiently carried out using Krylov subspace techniques [80,86]. The right
choice of the interpolation points is an open research problem [33]. The suggestion
to interpolate at the images of the most dominant eigenvalues of GG, does not provide
the best approximation amongst other models interpolating at alternative interpolation
points. However, this should give an excellent approximation compared to any other

approximation having the same poles, e.g. compared to the standard modal truncation.

5.3.3 Two-sided Arnoldi

One way of improving the accuracy of the approximation is to use W,, to interpolate
G(s) at an additional set of points, say by using the rational Arnoldi algorithm with A
and C. Of course, if we interpolate at m points (counting multiplicities), then W, is
fixed and we have no degrees of freedom in the interpolating function. The problem is
that the approximation may not preserve some system properties such as stability. Here,
we suggest a procedure for interpolating G(s) at p additional points. If p < m, we derive

a parameterization of such interpolating functions.

Let S = {o1,.. ., 0z} C C be a set of K distinct interpolating points, with associated
multiplicities po,, ..., po ., respectively, and assume that S is closed under conjugation
and that none of the interpolating points are eigenvalues of A. Define U, as the union of

the Krylov subspaces

K
U, = | Kp,, ((orI=AT)"\ (0pI—AT)7CT) | Ky (AT, CT)

where p = Zszl aps, and where oy, = 1 if oy, is real or infinite and oy, = 2 if complex.
Let U, € R™ P be an orthogonal basis of U, (U, may be constructed using the rational

Arnoldi Algorithm 2.4) and assume that p < m.

Writing G(s) = F(s)B where F(s) = C(sI—A)~", then EVm(s) = OV (sI—W.E AV,,) "' W/E
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matches the first p,, moments of F(s) at oy, for k=1,..., K, that is,

FO>op) = (FY™YD(oh), i=0,...,p5, —1, k=1,..., K (5.15)

m

provided that WLV, = I and U,, C colsp(W,,) (assuming that none of the interpolating
points are eigenvalues of W,L AV,,,). Now, WL V,, = I if and only if

Win = Vin + vmar LT + vV LT (5.16)

for some L and L, and where V| is an orthogonal completion for V,,11. Also, U, C

colsp(Wy,) if and only if
Uy = WinB,
for some full rank matrix By, € RP*™. Thus we require
Up = VBl +vmL"Bl, + VI LTB], .
Since V,,, and U, are orthogonal, we require By,, = Ug Vin and By, L = U{;F Ul =:
Do. We assume that UpT Vi is full rank, which is essentially equivalent to assuming no

breakdown in a two-sided Arnoldi. Let BIT/Vm € R™*P be a right-inverse of By, and let
BVLVm e R™*(m=p) gpan the null space of Bg’Vm so that

Bu., | Bly, B, |=|1 0]
Thus the parameter L has the form
L= B}, Do+ By, D
where D € RM=P)X1 ig q free parameter. It follows that all approximations of the form
Gh(s) = CVin(sI = AD) ' By,
where

AD = (A + Bl DoCvi)+ Biy, DCvi,  BE = (B + Bj,, DoDv)+ Biy, DDy,

m

interpolate G(s) at S (through V;,) and at S (through U,) [25].
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It follows that we may use the degrees of freedom in D to ensure preservation of model
properties such as stability, minimum-phase character, etc. Note, however, that the
problem of selecting such a D becomes much more difficult. For example, if we want to
preserve stability, we need to find D such that Anfi =(An+ B‘T,Vm ﬁOCVm) + BVLVmDCVm
is stable. This is equivalent to the problem of stabilization using static output feedback,
which is known to be a hard problem. See [93] for a recent technique for solving this

problem.

5.4 Numerical examples

In this section we present two numerical examples to illustrate our procedures.

5.4.1 Example 1

In this example we consider the RLC-system given in Figure 5.1, of order n = 101
(number of inductors is n;, = 50 and number of capacitors is ny, + 1) where the val-
ues of the resistors, capacitors and inductors may be selected randomly. We take the
input signal to be the supplied voltage u(t) while the output is the current y(¢). The
states are the capacitor voltages (x1,x3,...) and the inductor currents (xg,xy4,...). We
took Rf = Ry = 1, C; = 0.1 and L; = 1 for all 4. It is then easy to show that A
is tridiagonal with the diagonal elements given as A;; = —(R1C1)™ ! = —10, A, =
—(RQCnL+1)_1 =—10, A; =0, i =2,...,n—1; the first super diagonal of A is given as
[Cl_l,Ll_l, 6’2_1, LQ_I, ..., Crl Lng] =[10,1,10,1,...,10,1] and the first sub-diagonal of

nr’

Aisgivenas L', -Cy', -Ly', -C5 !, . Ly —C ] =1, 10, -1, 10, ..., -1, —10.

nr’ nr+

Also, the last elements of b and C' are given by (RoC,, +1)"' = 10 and —R; ' = —1, re-
spectively, with all other elements of b and C being zeros. Finally, d = R5 L=,

HE ¥ LnL K L1

WA T s

e sl T % e | T o T Hé

|||-

Figure 5.1: RLC circuit
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It is not difficult to show that this system is stable, minimum-phase, passive and bounded
real (||Gllx,, = 1). Thus for each value of m we obtain an order m interpolating approxi-
mation G7Ln(s) which is stable, minimum-phase, passive and positive real using the results
of Section 5.2. We also use the interpolating minimum residual approach of Section 5.3.1
to enhance the performance. For our interpolation points, we use the one-sided adaptive
rational Arnoldi algorithm (G,,) [31-33]. The adaptive rational Arnoldi procedure com-
putes the interpolation points adaptively: at each iteration, the next interpolation points
are computed to be the (complex) frequencies at which the Ho,—norm of the residual
error expression is achieved. The first two interpolating points are chosen to be at oo
and 0.

For comparison purposes, we also give the results for the balanced truncation algorithm
(Gp(s)) and the Hs model reduction method of [51] (Ga(s)). For the latter method, we
chose a random set of initial interpolating points, then applied the Arnoldi algorithm
to interpolate G(s) and its derivative iteratively, where at each iteration we replace the
interpolating points by the negatives of the poles of the resulting approximation. The
algorithm converged quickly to a (local) minimum, although it is not possible to guarantee

the resulting approximation is a global minimum.

Using the three model reduction approaches always resulted in reduced order models
which satisfied all the requirements (stability, minimum-phase character and passivity).
The following table gives the Ho, and Ho norms for the approximation errors for a few

values of m.

Table 5.1: Approximation accuracy for the RLC-system in Figure 5.1

m [ |G = Ghllne | IG = Gallne | [IG = Gollna [[ IG = Ghillns | 1IG = Galla, | [IG — Golln,
4 0.53 0.47 0.52 0.43 0.28 0.41
8 0.53 0.49 0.52 0.41 0.28 0.41
12 0.51 0.49 0.52 0.36 0.28 0.41

Note that the given G(s) is particularly difficult to approximate accurately as the step
and frequency responses shown below demonstrate. In the figures, we also show the
responses for our approximation (G% (s)), the Ho approximation (G2 (s)) and the balanced

truncation approximation (Gy(s)) for m = 12. For our approximation, the interpolating
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points and the value of L were obtained as

[ —0.3882 ]
0.0496
i} _ —0.0650
o0
. 0.1285
, ~0.1059
40.4472i 09066
S = | 404267 |, L= ’
, 0.5648
40.5846i
, —0.0746
+0.6671i
, —0.4274
40.2654i
- - —0.0478
~0.3589
| —0.0066 |

while for the Ho approximation, the interpolating points were

[ 8.0717 + 1.2469i |
3.6651 + 5.2103i
1.3337 + 6.1622i
0.3949 -+ 6.3056i
0.0903 + 6.3218i

| 0.0122 £ 6.3239i

Although Table 5.1 suggests that the Ho approximation G(s) enjoys superior error
bounds, the responses below show that it, together with the balanced truncation approx-
imation, are unable to reproduce the step and frequency responses of G(s), in particular,
the low frequency and steady-state behavior of G(s). This demonstrates that the Ho-

norm is not an appropriate measure for approximating the model.

5.4.2 Example 2

As a second example, we use the stable model heat-cont [23]. This is a 200-state
single-input single-output, stable, minimum-phase model with 67 zeros at oo and with
symmetric A-matrix. It represents a semi-discretized model for a one-dimensional heat

diffusion equation.

Figures 5.3 and 5.4 show the frequency responses for heat-cont, as well as the approxi-
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Figure 5.2: Step and frequency responses of the RLC-system in Figure 5.1 and its
approximations for m = 12

mations Ga(s), GL (s) and G!,(s) for m = 2 and m = 8, respectively.

The approximation Ga(s) uses the Ho model reduction method of [51]. The interpolating
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points were obtained as

[ 8.6855 + 12.9920i
6.3036 + 3.9163i
6 [ 0.0998 ] (m=2 2.8010
1.5421

0.3946
0.0987

The resulting G2(s) was not minimum-phase and had no zeros at oo.

For G (s), we used —S defined above as our interpolating points and we chose L such that
all the zeros of GL (s) are at oo using Proposition 5.2. Note that since the interpolating
points are all finite, Dy, # 0 from Lemma 2.4.2. We then used the remaining degree
of freedom to ensure stability and minimize the dc error between G% (s) and G(s). The

values of L were obtained as

0.3708
—0.3820
0.2513
L:[ 0.0028 ] (m=2 0.2435
—0.1670

—0.2185

—0.0387

| —0.2572

For G!,(s), we also used —S defined above as our interpolating points and we chose L
such that A% is symmetric using Proposition 5.5. We then used the remaining degree
of freedom to ensure that G, (s) is stable, minimum-phase and minimizes the dc error

between G! (s) and G(s). The values of L were obtained as

0.2122
~0.0106
0.1345
L [ —0.0004 ] (m =2 0.1763
~0.0478

~0.0339
—0.1156
| —0.2979
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Frequency plots for Example 2: m=2
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Figure 5.3: Frequency responses for heat-cont and its approximations for m = 2

Frequency plots for Example 2: m=8

Magnitude
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Figure 5.4: Frequency responses for heat-cont and its approximations for m = 8

Note from Figures 5.3 and 5.4 that G(s) has a steep initial roll-off rate due to the zeros
at oo. This is not well captured by Ga(s) since it has no zeros at co, while it is better
captured by GL (s) since all its zeros are at oco. Note also that, while G, (s) is stable,
minimum-phase and has a symmetric A-matrix, it does not perform well in capturing

the frequency response of G(s).
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5.5 Conclusions

In this chapter the applicability of the parameterization derived in [30] to preserve sta-
bility is extended by considering other choices of L that preserve some other desirable
properties such as minimum-phase character, passivity and bounded realness as well as
symmetry. Using the Arnoldi equations, simple residual error expressions are derived
and a minimum residual approximation method, optimal in the Ho,—norm, is described.
Also a procedure is given for finding the interpolating function with the least residual
H~o—norm. Numerical results indicate that the approach is effective in preserving model
properties. However, this is achieved at the expense of approximation accuracy since,
by using the degrees of freedom in preserving model properties, we forego the opportu-
nity of interpolating the model at additional points. Thus improving the approximation

accuracy can most effectively be carried out by a proper choice of the interpolating points.
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Chapter 6

Krylov Based Restart Scheme for
the Solution of Linear Matrix

Equations

This chapter utilizes the parameterization of rational interpolating approximation de-
scribed in Chapter 5 to propose a restart scheme for the low rank Krylov based approxi-
mate solution of large-scale Sylvester equations. The proposed method is a novel restart
scheme which improves further the computational efficiency and storage requirements
of the standard Krylov subspace methods. The approach can also be used for solving
large-scale Lyapunov equations, where it is shown that the approximation through the

restart scheme approaches monotonically to the actual solution.

6.1 Restart Scheme

It is shown in Section 2.7 that a low rank approximate solution to the Sylvester /Lyapunov
equation can be computed by using the rational Arnoldi method. This section pro-
pose a restart scheme that efficiently update the low rank approximate solution of the

Sylvester/Lyapunov equation.

Suppose we perform m (1) iterations of the rational Arnoldi algorithm (Algorithm 2.4)
using A, B and S (A, B and S’) to obtain A,,, Bm, Cvm, Dvm (Am, B, C’Vm’ Dvm)

such that the Arnoldi-like equations (4.2) are satisfied and suppose that an approximation
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P is computed by using (2.88). Let the interpolation points are selected such that S (S)

includes the first m eigenvalues of —A (—A) that are closest to the imaginary axis. Then

the residual error associated with the approximate solution P can be written as,

R= AP+ PA"T + BB”,
= AV, XV 4+ v, xVIAT + BBT.

Using Arnoldi-like equations (5.5) in terms of free parameters L and L to replace AV,,, B, AV,

and B in the above equation, we get,
R= Vn%HS(VﬁLzH)T’ (6.1)

where Vi) = [Vir vf ], V7£+1 = [V ok

m+1] and

AL X + X(AL)T + BL(BE)T XCT_ +BLDY 62)
CymX + Dvm(B{fn)T Dvagm ' ’

S =

where AL = BL are defined in Theorem 2.2 and similarly one can define Aﬁl, Eﬁl Thus
two free parameters L and L are introduced in the residual error expression. Now to
update the approximation P, we perform a single restart that results in an updated
approximation of the form,

P =V XVE v, x,vE

mi’

(6.3)

where V,,,, € R™™ and le € R™ "™ are the orthogonal matrices obtained by using m
and 77 iterations of the rational Arnoldi algorithm (Algorithm 2.4) with interpolation
points as selected previously. Also X; € R™*™ while P, € R"*". In the above
equation, the number of orthogonal columns in V,,, and le i.e., m; and My is small
compared to m and m. Note that once we obtain the product V,,, X Vg , We are not
storing the orthogonal matrices V,,, and V;z, for further computations. That is V;,,, and
le are not orthogonalized with respect to V,, and Vin. This saves the computations

of reorthogonalization and the storage of the orthogonal columns. The residual error
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associated with the updated approximate solution can be written as,

Ry = AP, + P AT + BBT
= AV, XV 4+ v, xVIAT + BBT
+ AV X VE + Vi Xy VI AT
= AV, XaVE + Vi, X1 VI AT + R

where R is the residual error corresponding to the initial approximation, P. If we choose
the free parameters L and L such that the residual error R is expressed in the low rank

form, preferably rank 1 then we can write,
R =BYBY (6.4)

where B' € R" and B' € R™. The next section describes the choice of L and L for which
the residual error is rank 1. Using (6.4), the residual error associated with the updated

approximation becomes,
Ri = AV, XaVE + Vi XTVE AT 4+ BY(BYT. (6.5)

This residual error now has the form of the Sylvester equation and can be solved by
using Krylov subspace techniques. Using the Arnoldi-like equations (5.5) to replace
AV, B!, AVj,, and B!, we can express the new residual error Ry in the form of (6.1)
introducing two new free parameters L1 and f)l. These new parameters can be selected

such that the new residual error R; has rank 1,
Ry = B3(B?)T. (6.6)

This shows that the approximation P can be updated such that the residual error asso-
ciated with each updated approximation can be expressed in terms of a rank 1 residual.

Let the algorithm perform K > 1 restarts,

K
P =V XVE 4+ Vi XV (6.7)
=1

Then the corresponding residual errors can be written as

Rk = BX(BM)" + AV, Xk VL + Vi X ViE AT (6.8)
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The complete restart algorithm for the solution of the Sylvester equation is summarized

in Algorithm 6.1. The algorithm performs restarts by expressing the residual error in

the low rank form using parameters L and L. This means that at the last update we

can obtain the updated approximation without using the parameters Lx and L and

can compute the associated residual error (not necessarily low rank). It is found that the

approximation computed through the restart algorithm without using parameters Ly

and L at the final restart approaches the approximation to the solution of the Sylvester

equation without restart.

Algorithm 6.1 Restart scheme for the solution of Sylvester equation

1:

2:

3:

10:

11:

12:

13:

14:

15

Inputs: A, A, B, B, m, m, S = {51, 82, ..., s} and S = {51, 82, ..., S }-
Initialize: K, m, and m,
Use A, B, S and the rational Arnoldi algorithm 2.4 to obtain V,,, and v,,4+1. Compute
Ay B, Cym, Dy, such that the Arnoldi-like equations (4.2) are satisfied.
Use fl, B , S and the rational Arnoldi algorithm 2.4 to obtain Vi, and Uma1. Compute
A, B, é\?'m and DVm such that the Arnoldi-like equations similar to (4.2) are
satisfied.
Calculate X by solving the nonsymmetric algebraic Riccati equation (6.11) and find
the parameters L and L from (6.9) and (6.10)
Calculate the approximation P and the corresponding residual error R using (2.88)
and (6.1) respectively
Choose B! = U#LHDVm and B! = ﬁmHDVﬁm
for i =1to K do
Use A, A, B', B, S; = {8m+1, Smt2, s Smtmy }» i = {8t 15 Sm42s ooy S, } and
the rational Arnoldi algorithm to obtain A,,,, By, Cvm,, Dvm,, flmi, Bmi, é\?miv
Dy s Vines Dt Vimes O
Calculate X; by solving the updated equation (6.11) and find the corresponding
parameters L; and L; from (6.9) and (6.10).
Calculate the updated solution 15Z = ]51'—1 + VmiXiVﬁfi, where 150 =P
Compute the corresponding low rank residual error R; = Bi“(é”l)T.
Set m = m + m, and m = m + M,
end for

Output: Px
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6.2 Low Rank Residual Error Analysis

In this section, we describe the choice of the parameters L and L to obtain the low rank
residual error expression. It follows from (6.2) that a suitable choice of L, L and X is one
that makes S = DleA)‘ig,m. Expressions for parameters L and L in terms of unknown X
can be obtained by equating the (1,2) and (2,1) blocks of S to zero,

L=—(BnDj, +XC{ )(DvmD{ )7, (6.9)

provided that Dy, and [)Vm are nonzero, which we will assume. Note that Dy, # 0
and ﬁvm # 0 provided that oo is not chosen to be an interpolating point for (A, B) and
(A, B). Using the expressions of L and L in the (1,1) block of S, we get a low order

nonsymmetric algebraic Riccati equation given by,
AX 4+ XAT - xCloix =0 (6.11)

thereA AZ = Am - BmD\_/inCva Az == Am - Bmf)‘;;é‘}m, Cz == D\;;@CVm and éz ==
D‘T/;Cvm. The low order Riccati equation can be solved for X by using one of the
techniques described in Subsection 6.2.1 below. The unknown parameters L and L given
by (6.9) and (6.10) can then be computed by using the value of X. For these values of

L, L and X , the residual error can be written as,
R=uv} DymDL (0 1)". (6.12)

This residual error has rank 1 and can be expressed in the form of (6.4) by using B! =
vk 1Dy, and B! = 6{% +1DVm where v% ;. We can also derive the above low rank
residual error expression by equating the Schur complement of S given in (2.90) to zero
and introducing the free parameters L and L as expressed in (6.9) and (6.10). Let (2.90)
Si S
So1 Sa
L =525, and L = —S1, 55,7 and thus,

L Lol I 0| _| 8 =858 0
0 1 LT 1| 0 Sz |

is represented as S =

], then the parameters L and L can be written as
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where S11 — 5'1252_215'21 is the Schur complement of S. Using the above equation and the

inverse of the unit triangular matrices, the residual error expression can be written as,

. I —L S11 — S1255,1S 0
R=V, 11 12099 D21
0 1 0 S22
I 0|y
! —IT 1 ] Vi1
Si1 — 51955185 0 .3
=L, | T Wk )T (6.13)
0 Sao

where VE | = [V, vk, ] and TA/;H = [Vi 17ffn+1]. Now if the Schur complement of S

m

is zero then the residual error is low rank and is given by equation (6.12).

6.2.1 Solution of Nonsymmetric Algebraic Riccati Equation

It is clear that the low rank residual error expression requires the solution of the reduced
order Riccati equation (6.11). In this subsection, we consider two possible methods for
the solution of the Riccati equation.

The first method is a standard approach for solving algebraic Riccati equation (see The-
orem 7.1.2 in [64]). The technique involves the use of the following (m + m) x (m + 1)
Hamiltonian matrix associated with the algebraic Riccati equation (6.11),

AT —¢,CT

7

0 —A;

H = (6.14)

Suppose a matrix T transforms H into a Jordan form HT = TJ, where J is the Jordan
matrix with the eigenvalues of H as the diagonal entries and T contains the m + m
eigenvectors of H. If T' is partitioned as T' = [T7 T»] where T} € Rm+1m)xm containg the
first m eigenvectors of H and Ty € R contains the remaining m eigenvectors,
then we may write

HT, = 1A (6.15)

where A contain the eigenvalues of H corresponding to the eigenvectors in 7. It is
easy to show that each solution to the Quadratic Sylvester equation can be expressed as,
X = T21T1_11, where T1; € R™*™ is assumed to be nonsingular and [T} T3;]7 = T}. This
method works for any choice of A and an interesting issue is to investigate an optimal

choice of A, which will be considered in future work.
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The second method transforms the nonsymmetric algebraic Riccati equation (6.11) in a
low order Sylvester equation if the matrix X is square and invertible. It is easy to see
that if Y = X! exists, then pre-multiplication and post-multiplication of (6.11) by Y
implies (6.11) results in,

ATy +v 4, - CTc; =o. (6.16)

The above equation can be solved for Y by using direct methods. The required solution
is then, X =YL

6.3 Solution of Lyapunov Equation

The next result shows that the proposed restart scheme converges monotonically to the

actual solution of the Lyapunov equation.

Theorem 6.1. Let Q € R™ ™ be the positive definite solution of the Lyapunov equation,
AQ + QAT + BBT =, (6.17)

where A € R™ ™ is stable and B € R™. Suppose Qm = Vi XV.I' is the initial rational

m >’
Arnoldi approzimation to QQ and Qini = VTqui(Vrili)T, fori=1,--- K are the first K
updates of Q.. obtained by using the restart algorithm (Algorithm 6.1 with A=A and
B= B). Then the restart scheme converges monotonically to the actual solution @, that

18,
K K-1 1
Q Z QmK Z QmK,1 Z T Z le Z Qm' (6']‘8)

Proof. Since @, is the initial approximate solution of the Lyapunov equation (6.17) using

the proposed technique,
AQm + QA" + BBT — BY(BY)T =0, (6.19)

where B'(B')7 is the residual error associated with the approximate solution @Q,,. Sub-

tracting the above expression from (6.17), we get,

AQ — Qm) + (Q — Qm)AT + BY(BHT =0. (6.20)
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As QQ — Q,, is the solution of a Lyapunov equation with a stable A, we have Q > Q.
Now after the first restart of the algorithm, the updated approximate solution is of the

form,
QL = Qu+VE x'vi T (6.21)

As X! > 0, the updated approximation satisfies Q}nl > Q. Similarly it can be shown
that for the K-th restart Qng > Qfg;{: > -+ > Qm. Now to show that @ > Qng,
observe that each updated approximate solution has a low rank residual error expression
and can be written in terms of the Lyapunov equation of the form (6.20), which proves

the theorem. O

6.4 Numerical Results

In this section, we compare the proposed restart scheme and the standard Krylov method
for the approximation of the solution to the Sylvester equation. The approximate so-
lution obtained by the proposed scheme converges to the one obtained by the standard
Krylov technique with two important advantages; low computational cost and less stor-
age requirements. These advantages are due to the fact that the proposed scheme avoids
the storage of large orthogonal matrices and it also avoids orthogonalization of the bases
vectors with previously computed bases. A complete comparison of the method in terms
of computational cost, storage requirement and convergence rates with other existing

methods is part of the future work.

No. of restarts | Size of X || [|[Ruull2 | IREl2 | |1P — Pull2 | I1P — PE|2
0 10 71.8908 | 82.0524 9.3003 11.2505
1 14 49.5623 | 57.5872 3.4635 4.1599
2 18 13.7751 | 21.6624 0.7587 1.1038
3 22 4.8326 | 7.8826 0.1717 0.3621

Table 6.1: The 2-norm of the forward error and the residual error for the restart
scheme and the standard Krylov technique to solve the Sylvester equation
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6.4.1 Example 1

This example is taken from [88] where the matrices A € R"*" and A € R™ " are in the

form
10 10
A = tridi 14+ — -2 -1+ —
ridiag( +n+17 , +n+1),
A 10 10
A = tridi -1+ —' -2 -1
ridiag(=1+ 2=, =2, =1+ 2=),

where n = 300 and 7 = 250. The vectors B and B are randomly selected. Table 6.1
shows the norm of the forward error and the residual error for the proposed scheme
and the standard Krylov technique for the solution of Sylvester equations. The two
strategies are compared at three different projection sizes where the size of the projected
Sylvester equation is taken as the size of matrix X. For all cases, the approximation
computed through the restart scheme is less accurate as compared to the standard Krylov
technique however the restart scheme has the advantage that it does not involve the

orthogonalization cost and the storage of orthogonal columns.

6.5 Conclusions

In this chapter a computationally efficient Krylov based restart scheme has been devel-
oped for the approximate solution of the Sylvester and the Lyapunov equations. In case
of Lyapunov equations, the updated approximations monotonically converge to the ac-
tual solution. The approach utilizes parameterized interpolating approximations and it
is shown that low rank residual error expressions can be computed by a proper choice of

the free parameters.
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Chapter 7

Conclusions and Future Research

Directions

This chapter summarizes the main contribution of all the work presented in the previ-
ous chapters. Some possible future dirrections and extentions of the research are also
described.

7.1 Summary

Numerical simulations are often based on large scale complex models that are used to
measure and control the behavior of some output parameters with respect to a given set
of inputs. The concept of model reduction is to approximate this input-output behavior
by a much simple model that can predict the actual behavior. Different applications in
various areas require model reduction for example, in electronics, model reduction is used
to predict the behaviour of complicated interconnect systems. Various techniques have
been proposed in the literature to solve the problem of model reduction and some of these
techniques are reviewed in the first chapter of the thesis. The Balanced truncation and
optimal Hankel-norm approximation methods guarantee stability of the actual system in
the approximate model and have a priori error bound. However these techniques involve
the computation of solution of Lyapunov equations and decomposition of matrices which
make them computationally expensive for large scale systems and inefficient to utilize
sparsity or any structure of large scale systems. This leads to Krylov subspace techniques

which involve only matrix-vector multiplications in the large dimension and can achieve
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moment matching without explicit computation of moments. These properties make
them computationally efficient and a better choice for model reduction of large scale

systems.

The standard Arnoldi and Lanczos algorithm are two well-known Krylov subspace tech-
niques that compute orthogonal and bi-orthogonal bases respectively to a low dimensional
Krylov subspace. In the second chapter of this thesis some projection processes are de-
scribed that utilize these bases to compute reduced order approximate models for large
linear systems. It is shown that the resulting reduced order approximation achieves mo-
ment matching at infinity. An important extension of the Arnoldi/Lanczos algorithm is
the rational Arnoldi/Lanczos algorithm which compute orthogonal/bi-orthogonal basis
to the union of low dimensional Krylov subspaces. The reduced order approximation
obtained via projection onto the union of Krylov subspaces has the advantage that it
achieves moment matching at a predefined set of interpolation points in contrast to the
Arnoldi/Lanczos approximation which achieve moment matching only at infinity. Thus
the rational Arnoldi/Lanczos approximations are highly dependant on the choice of inter-
polation points. Various techniques have been proposed in the literature for the selection
of interpolation points in the rational Krylov method. Recently an iterative rational
Krylov algorithm (IRKA) has been proposed in the literature which updates the inter-
polation points such that on convergence these points are the negative eigenvalues of the
reduced order approximation, which is a necessary condition for Ho optimal approxima-

tion.

The IRKA method in each iteration utilizes rational Krylov steps to solve a sequence of
shifted linear systems. It therefore requires matrix-vector multiplications for each shifted
linear system. In Chapter 3 an alternative implementation is suggested to the IRKA
method by proposing an iterative algorithm that utilizes a variant of the bi-conjugate
gradient (Bi-CG) method such that for each shifted linear system the algorithm only
requires matrix-vector multiplications associated with a single linear system. This means
that if we have m shifted linear systems, the proposed algorithm saves m — 1 matrix-
vector multiplications. These savings are especially useful for dense matrices since in

that case the matrix-vector multiplications are more expensive to compute.

The TRKA method and the iterative bi-conjugate gradient method both converge to the
same local minimizer of the Hy optimal model reduction problem, starting from an initial
set of interpolation points. However the approximations obtained through these methods
are not necessarily the global minimizers. In Chapter 4 some conditions are derived that
allow us to compute all first and second order local minimizers and hence identify the
global minimizer to the problem. In case of first order approximations, the main steps are

to compute (i) all positive zeros of a linear system and (ii) all first order approximations,
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each interpolating at a positive zero. The conditions are slightly complicated in case
of second order approximation as it involves all simultaneous solutions of two bivariate
polynomial equations. For a general m-th order approximation, the condition becomes
the simultaneous solution of m multivariate polynomial equations. The idea of implicitly
computing all the local minimizers to identify the global minimizer may not be useful
and an important future extension would be to explicitly compute the local minimizers
through the derived conditions. Some new error expressions in terms of the Ho norm are
also derived for the general case in Chapter 4. These error expressions show a link of the
Ho optimal model reduction problem to the residual error associated with approximate

solution of the Sylvester/Lyapunov equations obtained via the standard Krylov methods.

An important issue with the rational Krylov method is that the reduced order interpo-
lating approximation does not guarantee the useful properties such as stability, passivity,
minimum-phase and bounded real character as well as structure of the actual system.
Recently a parameterization of rational interpolating approximation in terms of a free
low dimensional parameter was introduced that selects the free parameter such that for
a given stable system, the reduced order approximation is guaranteed to be stable. How-
ever the retention of other properties was not considered. In Chapter 5, the idea of
parameterization is extended to derive conditions on the free parameter such that the
reduced order interpolating approximation guarantees any of the useful properties men-
tioned above as well as combinations of them. In addition to the use of parameterization
for the retention of important properties, the free parameter can also be used to improve
the accuracy of the approximation. It is shown that the free parameter can be selected
to have a minimal residual approximation, Hs optimal approximation and a two-sided

rational Krylov approximation.

The rational Krylov method has also been used for the low rank approximate solution
of the Sylvester/Lyapunov equations. The approach involves the computation of two set
of basis vectors in which each vector is orthogonalized against all previous vectors. This
orthogonalization becomes computationally expensive and requires high storage capacity
as the number of basis vectors increases. In Chapter 6, a restart scheme is proposed which
restarts without requiring that the new vectors are orthogonal to the previous vectors.
Instead, two new orthogonal basis vectors are computed. This saves the computational
burden of orthogonalization and the requirement of storage capacity. The restart scheme
is due to the parameterization of rational interpolating approximation that allows us to
derive low rank residual error expressions associated with the approximate solution of

Sylvester and Lyapunov equations.
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7.2 Thesis Contribution

The key contribution of this thesis are given in the following.

1. Iterative Bi-CG method for Hs optimal model reduction: A computation-
ally efficient iterative algorithm is proposed in Chapter 3 that converges to a local

minimizer of the Ho optimal model reduction problem.

2. Error expressions in terms of Hy norm: Some new forward error expressions
are derived in terms of Ho norm for the approximation that satisfy the necessary
conditions for Hy optimality. These expressions are given in Chapter 4 and some
of them have been published in [3,4].

3. First and second order global minimizers for the H, optimal model reduc-
tion problem: Important conditions are derived in Chapter 4 for the first order
and second order interpolating approximations that allow us to identify global min-
imizer to the Ho optimal model reduction problem. This work has been published
in [3,4].

4. Retention of useful properties of the actual system in the parameter-
ized rational interpolating approximation: The concept of parameterization
is extended in Chapter 5 to preserve useful properties such as passivity, minimum
phase and bounded-real character as well as structure of the actual system in the
approximate system. The work has been submitted in STAM journal of matrix

analysis and is currently under review.

5. Minimal residual, H, optimal and Two-sided rational Arnoldi approx-
imations using parameterization: The concept of parameterization is intro-
duced in Chapter 5 to have minimal residual approximation, Ho optimal approxi-

mation and two-sided rational Arnoldi approximation.

6. Restart scheme for low rank approximate solution of the Sylvester and
Lyapunov equations: A Krylov based restart algorithm is proposed in Chapter 6
for the approximate solution of the Sylvester as well as Lyapunov equation that
saves the computational expenses associated with the reorthogonalization process

of the standard Krylov methods. The result of this work have appeared in [5].
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7.3 Future Work

Several research issues arise from the work presented in this thesis. Some of these issues

are described in the following.

e Extensions for the optimality conditions: An important and common issue
with the rational Krylov method is the selection of interpolation points. In Chap-
ter 4 it is shown that these interpolation points are the zeroes of a linear system
for a first order Ho optimal approximation. In case of a second order Ho optimal
approximation, the problem becomes the simultaneous solution of two bivariate
polynomial equations. Extension to higher order o optimal approximation will
involve exhaustive computations. However what might be interesting is to anal-
yse any structure or identify any link of the first and second order Hs optimal

approximations to the existing model reduction techniques.

e Application of the iterative algorithms: The iterative rational Krylov algo-
rithm (IRKA) and the proposed iterative bi-conjugate gradient (IBi-CG) method
compute a local minimizer to the Hy optimal model reduction problem. The condi-
tions derived in Chapter 4 compute all local minimizers including the one obtained
from the IRKA /IBi-CG method. It will be nice to see if the information obtained
from the IRKA method about one of the local minimizer can be useful to compute

all other local minimizers from the derived conditions in an efficient way.

e Preconditioning of the iterative bi-conjugate gradient algorithm: The
iterative bi-conjugate gradient algorithm for Hs optimal model reduction proposed
in Algorithm 3.5 requires the storage of a complete Krylov subspace. Therefore, we
need to limit the dimensions of the Krylov subspace. This can be done by utilizing
preconditioners [27] for the Bi-CG method. However the preconditioned system
should correspond to the shift invariant property of the Krylov subspace. This
means that the problem requires the design of special preconditioner which does

not effect the collinear relationship between the residual errors, given by (3.7).

e Relation between 7, optimal approximation and low rank solution of
Lyapunov equation: The error expression (4.10) i.e., |G — GmH%_[2 = ||C(sI —
A)*lvﬂﬂ_lemH%_L2 derived in Chapter 4 shows that the Hs optimal approximation
is linked to the residual error R = vm+1Dva€mv£ 11 associated with the ap-
proximate solution of the Lyapunov equation, AP + PAT + BBT = 0. The only
unknown term in the error expression is the vector v,,+1 Dy, and its product with

its tranpose vector gives the residual error R. This suggest us to investigate the
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possibility of deriving conditions on the residual error R that guarantee the Ho

optimal reduced order approximation.

e Complete computational analysis of the restart algorithm: The restart
algorithm proposed in Chapter 6 construct two new orthogonal matrices in each
restart without requiring them to be orthogonal to the previous orthogonal ma-
trices. This saves the computational burden of orthogonalizing vectors with all
the previous orthogonal vectors. However the restart scheme involves some extra
computations such as the solution of a reduced order algebraic Riccati equation
and the computation of the free parameters. It will be interesting to compare the

overall computations of the restart scheme with the one involing no restarts.

7.4 Publications Arising from this Work
The following publications have been written during the course of this thesis:
Journal papers

M. Frangos, Mian I. Ahmad and Imad M. Jaimoukha, “A Parameterization of
Interpolating Approximations of Large Scale Systems via the Rational Arnoldi Al-
gorithm”. Under Review in SIAM Journal of Matriz Analysis, 2011.

Conference papers

Mian I. Ahmad, Imad M. Jaimoukha and M. Frangos, “Krylov based techniques
for large scale linear matrix equations”. In Proc. of American Control Conference,

ACC 2010, Baltimore, MD, USA.

Mian I. Ahmad, M. Frangos and Imad M. Jaimoukha. “Hs optimal model reduc-
tion of linear dynamical systems”. In Proc. of 49-th IEEE conference on decision
and control, CDC 2010, Atlanta, Georgia, USA.

Mian I. Ahmad, M. Frangos and Imad M. Jaimoukha. “Second order Hs optimal

model reduction of linear dynamical systems”. In Proc. of 18-th World Congress
of the International Federation of Automatic Control, IFAC 2011, Milan, Italy.

123



Bibliography

1]

[10]

V. Adamjan, D. Arov, and M. Krein. Analytic properties of schmidt pairs for a
hankel operator and the generalized schur-takagi problem. Math. USSR Sbornik,
15:31-73, 1971.

V. Adamjan, D. Arov, and M. Krein. Infinite block hankel matrices and related
extension problems. Amer. Math. Soc. Trans., 111:133-156, 1978.

M. Ahmad, I. Jaimoukha, and M. Frangos. Ho optimal model reduction of linear
dynamical systems. In 49th IEEE Conference on Decision and Control, 2010.

M. I. Ahmad, M. Frangos, and I. Jaimoukha. Second order Hs optimal approxi-

mation of linear dynamical systems. In IFAC world congress, 2011.

M. I. Ahmad, I. Jaimoukha, and M. Frangos. Krylov subspace restart scheme for
solving large scale sylvester equations. In American Control Conference, ACC,
2010.

A. Antoulas. On the scalar rational interpolation problem. IMA J. Mathematical
Control and Information, 3:61-88, 1986.

A. Antoulas, D. Sorensen, and S. Gugercin. A survey of model reduction methods
for large-scale systems. AMS, 280:193-219, 2001.

A. C. Antoulas. Approximation of large-scale dynamical systems. SIAM Publica-
tions, 2005.

W. Arnoldi. The principle of minimized iterations in the solution of matrix eigen-
value problem. Quart. Appl. Math, 9:17-29, 1951.

A. Astolfi. A new look at model reduction by moment matching for linear systems.
In In Proceedings of the 46th IEEE Conference on Decision and Control, New
Orleans, LA, USA, Dec. 2007.

124



[11]

[16]

[17]

18]

[19]

[22]

Z. Bai. Krylov subspace techniques for reduced-order modeling of large-scale dy-

namical systems. Applied Numerical Mathematics, 43:944, 2002.

7. Bai, P. M. Dewilde, and R. W. Freund. Reduced-order modeling. In Handbook
of Numerical Analysis. Numerical Methods in Electromagnetics, Schilder WHA, ter
Maten JW (eds) Elsevier: Amsterdam, XI11:825 895, 2005.

G. Baker. FEssentials of Padé approzimation. New York NY: Academic Press, 1975.

L. Baratchart, M. Cardelli, and M. Olivi. Identification and rational [?> approxima-
tion: a gradient algorithm,. Automatica, 27:413-418., 1991.

R. Bartels and G. Stewart. Solution of the matrix equation AX + XA = C: Algo-
rithm 432. Communications of the ACM, 15:820-826, 1972.

C. Beattie and S. Gugercin. Krylov based minimization for optimal Ho model
reduction. In 46th IEEE Conference on Decision and Control, 2007.

P. Benner. Factorized solution of Sylvester equations with applications in control.
In Proceedings of International Symposium on Mathematical Theory of Networks
and Systems (MTNS2004), 2004.

S. Boyd, E. Ghaoui, E. Feron, and V. Balakrishnan. Linear Matriz Inequalities in
Systems and Control Theory. STAM Publications, 1991.

J. Brands. Projection methods for oversized linear algebra problems. Nieuw Arch.
Wiskd., 5:264-277, 2000.

A. Bultheel and B. D. Moor. Rational approximation in linear systems and control.
SIAM J. Matriz Anal. Appl, 121:355-378, 2000.

A. Bunse-Gerstner, D. Kubalinska, G. Vossen, and D. Wilczek. hs-norm optimal
model reduction for large scale discrete dynamical mimo systems. Journal of Com-
putational and Applied Mathematics, 233:1202-1216, 2010.

D. Calvetti and L. Reichel. Application of ADI iterative methods to the restoration
of noisy images. SIAM Journal on Matrix Analysis and Applications, 17:165—186,
1996.

Y. Chahlaoui and P. V. Dooren. Youns chahlaoui and paul van dooren: A collection
of benchmark examples for model reduction of linear time invariant dynamical
systems;slicot working note 2002-2: February 2002. Technical report, SLICOT
Working Note, 2002.

125



[24]

[25]

[26]

[27]

[37]

[38]

J. Cullum and T. Zhang. Two-sided arnoldi and nonsymmetric lanczos algorithms.
SIAM Journal on Matriz Analysis € Applications, 24:303-319, 2002.

S. de Hillerin. Model reduction of large-scale systems based on Krylov subspace
methods. PhD thesis, MSc thesis, Imperial College, London, 2008.

U. B. Desai and D. Pal. A transformation approach to stochastic model reduction.
IEEE Transactions on Automatic Control, AC-29:1097-1100, 1984.

S. C. Hisenstat. Efficient implementation of a class of preconditioned conjugate
gradient methods. SIAM J. Sci. Stat. Comput., 2:1-4, 1981.

D. Enns. Model reduction with balanced realizations: An error bound and a fre-
quency weighted generalization. In In Proceedings of the 23rd IEEE Conference on
Decision and Control, Las Vegas, Nevada, USA., 1984.

R. Fletcher. Conjugate gradient methods for indefinite systems. Numerical Analy-
sis. Lecture Notes in Mathematics (Springer Berlin / Heidelberg), 506:7389, 1976.

M. Frangos. Adaptive Krylov Subspace Methods for Model Reduction of Large Scale
Systems. PhD thesis, Imperial College London, London,UK, May 2003.

M. Frangos and I. Jaimoukha. Adaptive rational Krylov algorithms for model

reduction. In Furopean control conference, pages 4179-4186, July 2007.

M. Frangos and I. Jaimoukha. Rational interpolation: Modified rational Arnoldi
algorithm and Arnoldi-like equations. In 46th IEEE Conference on Decision and
Control, December 2007.

M. Frangos and I. Jaimoukha. Adaptive rational interpolation: Arnoldi and
Lanczos-like equations. European Journal of Control, 14(4):342 — 354, 2008.

R. Freund and N. Nachtigal. Qmr: A quasi-minimal residual method for non-
hermitian linear systems. Numer. Math., 60:315-339, 1991.

R. W. Freund. Model reduction methods based on krylov subspaces. Acta Numer-
ica, 12:267-319, 2003.

A. Frommer. Bicgstab(l) for families of shifted linear systems. Computing, 70:87109,
2003.

P. Fulcheri and M. Olivi. Matrix rational ho approximation: A gradient algorithm
based on schur analysis. SIAM J. Control Optim., 36:2103-2127, 1998.

K. Gallivan, E. Grimme, and P. V. Dooren. A rational Lanczos algorithm for model
reduction. Numerical Algorithms, 12:33-64, 1996.

126



[39]

[40]

[41]

[47]

[48]

[49]

[51]

[52]

[53]

K. Gallivan, A. Vandendorpe, and P. V. Dooren. Sylvester equations and
projection-based model reduction. Journal of Computational and Applied Mathe-
matics, 162:213229, 2004.

S. Gilbert and F. George. An Analysis of The Finite Element Method. Prentice
Hall, 1973.

K. Glover. All optimal hankel-norm approximations of linear multivariable systems
and their Lo-error bounds. International Journal of Control, 39 (6):1115-1193,
1984.

G. H. Golub and C. F. V. Loan. Matriz computations. Johns Hopkins University
Press, 3rd edition, 1996.

W. Gragg and A. Lindquist. On the partial realization problem. Linear Algebra
Appl, 50:277-319, 1983.

A. Greenbaum. [lterative methods for solving linear systems. STAM, Philadelphia,
1997.

E. Grimme. Krylov projection methods for model reduction. PhD thesis, University
of Illinois at Urbana-Champain, Urbana, Illinois, 1997.

A. E. Guennouni, K. Jbilou, and A. J. Riquet. Block Krylov subspace methods for
solving large Sylvester equations. Numerical Algorithms, 29:75-96, 2002.

S. Gugercin. Projection Methods for Model Reduction of Large-Scale Dynamical
Systems. PhD thesis, Rice University, Houston, TX, 2002.

S. Gugercin and A. Antoulas. An h2 error expression for the lanczos procedure. In
42nd IEEE Conference on Decision and Control, 2003.

S. Gugercin and A. Antoulas. Model reduction of large-scale systems by least
squares. Linear Algebra and its Applications, 415:290-321, 2006.

S. Gugercin and A. C. Antoulas. A survey of model reduction by balanced trunca-
tion and some new results. INT. J. Control, 8:748766, 2004.

S. Gugercin, A. C. Antoulas, and C. Beattie. Ho model reduction for large-scale
linear dynamical systems. SIAM J. Matriz Anal. Appl., 30:609-638, 2008.

W. W. Hager. Updating the inverse of a matrix. SIAM Review, 31:221-239, 1989.

Y. Halevi. Frequency weighted model reduction via optimal projection. I[FEE
Transactions on Automatic Control, 37:1537-1542, 1992.

127



[54]

[60]

[61]

[62]

[63]

[68]

S. Hammarling. Numerical solution of the stable, non-negative definite Lyapunov
equation. IMA Journal of Numerical Analysis, 2:303-323., 1982.

M. R. Hestenes and E. Stiefel. Methods of conjugate gradient for solving linear
systems. Journal of research of the national bureau of standards, 49:409-436, 1952.

D. Hyland and D. Bernstein. The optimal projection equations for model reduction
and the relationships among the methods of wilson, skelton, and moore. [EEE
Transactions on Automatic Control, AC-30(12):1201-1211, 1985.

I. Jaimoukha. A general minimal residual Krylov subspace method for large scale
model reduction. IEEE Transactions on Automatic Control, 42:1422 —1427, 1997.

1. Jaimoukha and E. Kasenally. Krylov subspace methods for solving large Lya-
punov equations. SIAM Journal on Numerical Analysis, 31:227-251, 1994.

I. Jaimoukha and E. Kasenally. Oblique projection methods for large scale model
reduction. STAM Journal of Matriz Analysis and Applications, 16:602627, 1995.

I. M. Jaimoukha and E. M. Kasenally. Implicitly restarted krylov subspace methods
for stable partial realizations. SIAM J. Matriz Anal. Appl., 18:633-652, 1997.

K. Jbilou and A. Riquet. Projection methods for large Lyapunov matrix equations.
Linear Algebra and its Applications, 415:344-358,, 2006.

B. Jegerlehner. Krylov space solvers for shifted linear systems. ITUHET-353, 1996.

J. Kautsky and N. Nichols. Robust pole assignment in linear state feedback. Int.
J. Control, 41:1129-1155, 1985.

P. Lancaster and L. Rodman. Algebraic Riccati Equations. Clarendon press, Oxford,
1995.

C. Lanczos. An iteration method for the solution of the eigenvalue problem of linear
differential equation and integral operator. J. Res. Nat. Bur. Stand, 45:255-282,
1950.

C. Lanczos. Solution of systems of linear equations by minimized iterations. J.
Res. Nat. Bur. Stand, 49:33-53, 1952.

R. B. Lehoucq, K. Maschhoff, D. Sorensen, and C. Yang. Arpack software package.
http://www.caam.rice.edu/software/ARPACK/, 1996.

D. Limebeer and M. Green. Linear Robust Control. Prentice Hall, 1995.

128



[69]

[74]

[75]

[77]

[78]

[79]

C. Lin and T. Chiu. Model reduction via frequency weighted balanced realization.
Control Theory and Advanced Technology, 8:341351, 1992.

L. Meier and D. Luenberger. Approxiamtion of linear constant systems. [EEE
Transactions on Automatic Control, 12:585-588, 1967.

B. Moore. Principal component analysis in linear systems: controllability, observ-
ability, and model reduction. IEEE Trans. Automat. Control, 26(1):17-32, 1981.

K. Morton and D. Mayers. Numerical Solution of Partial Differential Equations,
An Introduction. Cambridge University Press, 2005.

P. C. Opdenacker and E. A. Jonckheere. A contraction mapping preserving bal-
anced reduction scheme and its in?nity norm error bounds. IFEE Transactions on
Circuits and Systems, 35:184189, 1988.

C. C. Paige and M. A. Saunders. Solution of sparse indefinite systems of linear
equations. SIAM Journal on Numerical Analysis, 12:617-629, 1975.

V. Papakos and I. M. Jaimoukha. Implicitly restarted lanczos algorithm for
model reduction. In Proc. 40th IEEE Conf. Decision Control, Orlando, FL, page
36713672, 2001.

B. N. Parlett, D. R. Taylor, and Z. A. Liu. A look-ahead lanczos algorithm for
unsymmetric matrices. Mathematics of Computation, 44:105-124, 1985.

J. Partington. An introduction to Hankel operators. London Math. Soc., Stud.
Texts 13, 1988.

T. Penzl. Algorithms for model reduction of large dynamical systems. Linear
Algebra and its Applications, 415:322343, 2006.

L. Pillage and R. A. Rohre. Asymptotic waveform evaluation for timing analysis.
IEEE Trans. on Computer-Aided Design, 9(4):352-366, 1990.

J. Rommes and N. Martins. Efficient computation of transfer function dominant
poles using subspace acceleration. IEEE Transactions on Power Systems, 21:1218
—-1226, 2006.

M. Rosenblum. On the operator equation bx?xa = q. Duke Math. J, 23:263270,
1956.

A. Ruhe. Rational krylov algorithms for nonsymmetric eigenvalue problems. ii.
matrix pairs. Linear Algebra and its Applications, 197-198:283-295, 1994.

129



[83]

[84]

[85]

[36]

[87]

[33]

[89]

[90]

A. Ruhe. The rational Krylov algorithms for nonsymmetric eigenvalue problems iii.
complex shifts for real matrices. BIT Numerical Mathematics, 34:165-176, 1994.

Y. Saad. Krylov subspace methods for solving large unsymmetric linear systems.
Mathematics of computation, 37:105-126, 1981.

Y. Saad. Numerical Methods for Large Figenvalue Problems. Manchester University
Press, Manchester, UK, 1992.

Y. Saad. Iterative methods for sparse linear systems (2nd edition). PWS, 1996.

Y. Saad and M. Schultz. Gmres: A generalized minimal residual algorithm for
solving nonsymmetric linear systems. SIAM Journal on Scientific and Statistical
Computing, 7:856-869, 1986.

D. Salkuyeh and F. Toutounian. New approaches for solving large Sylvester equa-
tions. Applied Mathematics and Computations, 173:9-18, 2006.

Y. Shamash. Stable reduced-order models using padé-type approximations. IEFE
Trans. Automat. Control, 19(5):615-616, 1974.

V. Simoncini. A new iterative method for solving large-scale Lyapunov matrix
equations. STAM Journal on Scientific Computing, 29(3):1268-1288, 2008.

V. Simoncini and D. B. Szyld. Recent computational developments in krylov sub-
space methods for linear systems. Numerical Linear Algebra with Applications,
14:159, 2007.

J. T. Spanos, M. H. Milman, and D. L. Mingori. A new algorithm for 12 optimal
model reduction. Automatica, Vol. 28:897-909, 1992.

J. Stefanovski and G. Dimirovski. A new approach to static output feedback sta-
bilization of linear dynamic systems. International Journal of Systems Science,
37:643-662, 2006.

H. Tuan, P. Apkarian, and Y. Nakashima. A new lagrangian dual global optimiza-
tion algorithm for solving bilinear matrix inequalities. International Journal of
Robust and Nonlinear Control, 10:561-578, 2000.

H. van der Vorst. Krylov subspace iteration, in top 10 algorithms of the 20th
century. Comput. Sci. Engrg., 2:32-37, 2000.

A. Varga. Enhanced modal approach for model reduction. Mathematical Modelling
of Systems, 1:91-105, 1995.

130



[97]

[100]

[101]

[102]

[103]

[104]

[105]

C. D. Villemagne and R. Skelton. Model reduction using a projection formulation.
Int. J. Control, 40:2141-2169, 1987.

G. Wang, V. Sreeram, and W. Q. Liu. A new frequency weighted balanced trun-
cation method and an error bound. IEEE Transactions on Automatic Control,
44:17341737, 1999.

D. Wilczek, A. Bunse-Gerstner, D. Kubalinska, and G. Vossen. Equivalence of
necessary optimality conditions for Hs-optimal model reduction. Technical report,

ZeTeM Technical report, University of Bremen, 2007.

J. Willems. Least squares stationary optimal control and the algebraic Riccati
equation. Automatic Control on IEEE Transactions, 16:621-634, 1971.

D. A. Wilson. Optimum solution of model-reduction problem. Proc. IEEE,
117:1161-1165, 1970.

W. Yan and J. Lam. An approximate approach to H? optimal model reduction.
IEEE Transactions on Automatic Control, 44:1341-1358, July 1999.

K. Zhou. Frequency-weighted L, norm and optimal Hankel norm model reduction.
IEEE Transactions on Automatic Control, 40:1687-1699, 1995.

K. Zhou, J. Doyle, and K. Glover. Robust and optimal control. Prentice-Hall, Upper
Saddle River, NJ, 1996.

D. Zigic, L. Watson, and C. Beattie. Contragradient transformations applied to
the optimal projection equations. Linear Algebra Applications, 188:665-676, 1993.

131



