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A superhydrophobic cylinder is a circular cylinder
with a boundary pattern of alternating shear-free
menisci and solid portions. This article derives
analytical solutions for the torque-driven Stokes
flow around a superhydrophobic cylinder that is
free to move, or ‘swim’, subject to the constraint
that it is free of net force. The mathematical
approach is a natural generalization of one
used to solve for transverse shear flow over a
superhydrophobic surface comprising a periodic
array of no-shear slots (Crowdy 2011 Phys. Fluids
23 (doi:10.1063/1.3605575)). First, the torque-driven
Stokes flow around a superhydrophobic cylinder
with two unequal no-shear menisci and two equal
solid portions is solved in detail. It is then shown
how that analysis generalizes, in a natural way, to a
cylinder with M no-shear menisci between M solid
portions with full exposition given of the case ofM = 3 equal solid portions. A further generalization
to flow around a superhydrophobic cylinder with
an N-fold rotationally symmetric patterning withM menisci in each 2π/N sector is made. Torque-
driven superhydrophobic cylinders with a no-shear
pattern devoid of any rotational symmetry are shown
to swim on circular trajectories with formulas for
the radius and cylinder angular velocity on these
trajectories derived here as functions of the no-
shear pattern geometry. The M = 1 case of a ‘Janus’
superhydrophobic cylinder having one meniscus and
one solid portion can be solved completely explicitly.
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1. Introduction
The study of superhydrophobicity is a highly active area of research. Surface roughness leads
to trapped regions of air, in a so-called Cassie state, with the drag on flow over such surfaces
generally reduced because of decreased contact with no-slip regions that have been replaced by
shear-free surfaces.

Ou & Rothstein [1] performed an early experimental study to demonstrate that superhydro-
phobic surfaces can reduce drag in laminar channel flows. A few years later, Rothstein [2]
reviewed the intense activity in the area, including work on the theoretical quantification of the
slipperiness of such surfaces. The effect of adding no-shear stripes to finite objects has also been
studied, including experimental work investigating the effect on vortex shedding in flow past
superhydrophobic cylinders [3]. How the Stokes drag on a finite object is affected when it is
situated near a planar superhydrophobic surface has also been investigated [4].

Lauga & Stone [5] studied the effective slip length of a surface patterned with no-shear
regions, a useful diagnostic quantifying the degree to which a given surface diverges from
being no-slip. They made use of a much earlier study by Philip [6], who used complex analysis
techniques to study a range of mixed boundary value problems comprising flow over combina-
tions of no-slip and no-shear surfaces. These boundary value problems, which are characterized
by a mix of Dirichlet- and Neumann-type boundary conditions and are canonical in many
physical applications (e.g. [7,8]), include shear flow over a flat surface with a periodic array of
no-shear slots, and pressure-driven flow in channels and pipes with similar no-shear pattern-
ing. Philip’s analytical solutions have since been generalized in a number of directions [9–13].
Of particular relevance to the present article is the generalization by the author [9], who used
complex analysis and the theory of prime functions [14] to generalize Philip’s solution for shear
flow over a periodic array of no-shear slots to the case where there is still a periodic array of
no-shear slots but with more than one slot in each period window.

Yariv & Siegel [15] and Siegel & Yariv [16] recently studied Stokes flow around a fixed
superhydrophobic cylinder subject to an external torque. A superhydrophobic cylinder is a
two-dimensional object having a circular boundary with a surface pattern of no-shear slots
alternating with no-slip regions. This problem can be viewed as a radial geometry analogue
of the periodic problem of transverse shear flow over no-shear slots studied by Philip [6] and
reappraised in Crowdy [9]. The key result of Yariv & Siegel [15], which studied the case of
an N-fold rotationally symmetric distribution of no-shear slots, was to derive the following
mobility relation

(1.1)1 + 2N log cosec πϕ
2 ,

quantifying the enhancement in the angular velocity of a superhydrophobic cylinder, in
response to the external torque, as a function of the solid fraction ϕ. They proved that (1.1)
holds for N = 1,2,4, 8, … and conjectured that it furnishes the result for all N ≥ 1. Siegel &
Yariv [16] later studied the problem numerically, using a complex analysis reformulation as a
Hilbert problem, and confirmed that formula (1.1) agrees to high precision with the numerical
results for any N ≥ 1. Their numerical method allowed for no-shear slot arrangements without
any rotational symmetries and they observed that, in such cases, a non-zero uniform flow,
referred to as a ‘streaming flow’, is generally observed in the far-field and this phenomenon was
discussed in the context of Jeffery’s paradox.

The present article has been motivated by the recent work in Yariv & Siegel [15] and Siegel
& Yariv [16] but adopts a different view of the problem, one more relevant to a growing
literature on torque-driven active matter, including the study of fluid manipulation in micro-
devices using rotating cylindrical micro-pumps or rotors. External magnetic fields can be
used, for example to directly manipulate individual colloidal particles by applying a torque
to them, which can be converted to translational motion via a number of strategies. At very

2

royalsocietypublishing.org/journal/rspa Proc. R. Soc. A 480: 20240149
 D

ow
nl

oa
de

d 
fr

om
 h

ttp
s:

//r
oy

al
so

ci
et

yp
ub

lis
hi

ng
.o

rg
/ o

n 
28

 O
ct

ob
er

 2
02

4 



low Reynolds numbers, some means of breaking the inherent time-reversal symmetry in such
flows [17] must occur: a recent review by Driscoll & Delmotte [18] surveys a number of these,
including adding flagella or cilia to particles, or rotating the particles by an external magnetic
field near a solid surface. Another strategy is to rotate them near a free surface and this has
other implications reviewed by Snezhko [19]. The interaction of self-actuated ‘micro-rotors’, or
swimmers that exert a net torque on the fluid and interact via hydrodynamic interactions, has
been studied by Lushi & Vlahovska [20], who found periodic and chaotic dynamics. It is also
known that the motion of large numbers of torque-driven particles or ‘micro-rollers’ near a wall
leads to interesting collective behaviour [21,22]. A recent review with a focus on torque-driven
particles has been provided by Martinez-Pedrero & Tierno [23]. Propulsion in viscous fluids
is important across a wide range of areas, including targeted drug delivery, microsurgery, the
study of biological microorganisms [24] and particle transport in microfluidic systems [25].

The present article reconsiders Stokes flow around a superhydrophobic cylinder, with
geometry akin to that considered in Yariv & Siegel and Siegel & Yariv [15,16], but where
such a cylinder is not fixed in place but is free to move in response to an external torque and
subject to the constraint that it is free of net force. The superhydrophobic cylinder is therefore
viewed here as a type of externally driven, low-Reynolds-number swimmer. Since the problem
is two-dimensional, the Stokes paradox [26,27] requires the constraint of zero net force on the
cylinder in order for a solution to exist. The physical mechanism supplying the external torque
is not discussed; rather, interest here is in how patterning a cylindrical particle with no-shear
stripes can provide a source of translational–rotational coupling so that an imposed torque can
lead to a translational velocity, that is, a swimming superhydrophobic cylinder. This article
will show that superhydrophobic cylinders devoid of any rotational symmetry swim in circular
trajectories with the radius of those trajectories, and cylinder speed on them, determinable from
the geometry of the no-shear patterning using the analytical tools set out here. The solution
for a superhydrophobic cylinder with a single no-shear meniscus is shown to be solvable in a
completely explicit form.

Another way to view the problem is in terms of a mobility matrix. Let (Uc,Vc) denote the
translational velocity of the superhydrophobic cylinder in Cartesian (x, y) coordinates and let
Ω denote its angular velocity about its centre. If these quantities are collected in the vectorU = (Uc,Vc, Ω), then the mobility matrix components Mij are such that:

(1.2)Ui = MijFj,
where the vector F = (Fx, Fy,T) contains the external forces (Fx, Fy) in the x and y directions
and the external torque T applied to the cylinder. Because of the Stokes paradox [26,27], the
first two columns of the mobility matrix do not exist. The only well-defined components
for a superhydrophobic cylinder are {Mi3}, the third column of the mobility matrix, namely,
those components that determine the cylinder velocity and angular velocity in response to just
an external torque T. These quantities will be determined in this article. A by-product is to
retrieve some results of Yariv & Siegel [15] and Siegel & Yariv [16] using a novel approach,
and in an alternative explicit form not requiring integrals. Indeed, it is shown here that the
problems of torque-driven Stokes flow around a swimming superhydrophobic cylinder can be
solved by a direct extension of the conformal mapping methods—based on prime functions and
certain conformal slit mappings built from them—that was introduced for flows over periodic
superhydrophobic surfaces in Crowdy [9,28]. And, just as the mixed boundary value problems
solved by Philip [6] are canonical in the sense of being relevant to many applications, the mixed
boundary value problems solved here are similarly likely to find use in other contexts.
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2. Complex variable formulation
Since the superhydrophobic cylinder, of radius a, to be considered is allowed to move it is
appropriate to solve for the quasi-steady Stokes flow around it in a body-fixed (x, y) frame of
reference with origin taken at its centre. With the introduction of the complex variable z = x + iy
in this frame, the cylinder boundary corresponds to |z| = a and the fluid of viscosity μ occupies
|z| > a. Ignoring inertia in the fluid exterior to the cylinder, its velocity u = (u, v) satisfies the
quasi-steady incompressible Stokes equations

(2.1)μ∇2u = ∇p, ∇.u = 0,

where p is the pressure in the fluid. On taking the curl of (2.1) it is well-known [29] that such
a two-dimensional flow is describable by a biharmonic streamfunction ψ(z, z) associated with
flow u = (u, v) given by

(2.2)ψ(z, z) = Im[zf(z) + g(z)], (u, v) = ∂ψ
∂y , − ∂ψ∂x ,

where f(z) and g(z) are two (Goursat) functions of z = x + iy analytic for |z| > a but with
possible singularities at infinity. It can be shown [29] that the fluid pressure p, the vorticityω = −∇2ψ and the fluid rate-of-strain tensor eij = (1/2) (∂ui / ∂xj + ∂uj/ ∂xi) are related to f(z) andg(z) through:

(2.3)

4f′(z) = pμ − iω, u − iv = − f(z) + zf′(z) + g′(z),e11 + ie12 = zf″(z) + g″(z),

where the prime notation denotes differentiation with respect to z. The complex form of the
fluid stress on the boundary, i.e. −pni + 2μeijnj, is:

(2.4)−2μidHds , H(z, z) = f(z) + zf′(z) + g′(z),

where the arclength s along the circular boundary increases in a clockwise direction. A fuller
derivation of this complex variable formulation of two-dimensional quasi-steady Stokes flow
can be found in an appendix of Crowdy [29]. At zero Reynolds number, the hydrodynamic
torque on the cylinder must balance the external torque so that there is no net torque on it.

3. Torque on a solid cylinder
Before considering a superhydrophobic cylinder it is instructive to use the complex variable
formulation to determine the steady flow around a solid cylinder of radius a experiencing a
non-zero external torque, a problem that can be solved in various alternative ways [26,27]. This
preliminary calculation also provides insight into how g(z) must admit a logarithmic singularity
in such a case.

From the rotational symmetry of this problem, the cylinder is not expected to displace but
simply to rotate. The steady flow exterior to a no-slip cylinder rotating with angular velocity Ω0

is

(3.1)u − iv = − iΓ
2πz , Γ = 2πa2Ω0,

corresponding to

(3.2)f(z) = 0, g(z) = − iΓ
2πlog z,

4
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as readily verified using (2.3). Introducing the usual analogues in the complex number fieldℂ of two vectors a = (ax, ay) and b = (bx, by) in ℝ2, namely a = ax + iay and b = bx + iby, then the
complex analogue of the out-of-plane component of a ∧ b is Im[ab] and the complex analogue ofa.b is Re[ab] = Re[ab]. The hydrodynamic torque T0 on the solid cylinder is therefore:

(3.3)T0 = − Im
|z| = az −2μidHds ds ,

where, on use of (3.2) in the definition of H(z, z) given in (2.4),

(3.4)H(z, z) = iΓ
2πz .

Therefore,

(3.5)T0 = − Im
|z| = az −2μid iΓ

2πz = μΓ
π Im

|z| = a dzz = − 4πμΩ0a2,

where the expression for Γ in (3.1) has been used as well as the fact that:

(3.6)
|z| = a dzz = 2πi.

In view of this calculation, the Goursat functions (3.2) can now be rewritten as:

(3.7)f(z) = 0, g′(z) = − i( − T0)
4πμz ,

where −T0 is the external torque on the cylinder.

4. Torque on a superhydrophobic cylinder with M = 2 menisci
Using M to denote the number of no-shear menisci consider now a circular cylinder withM = 2 no-shear slots separated by two solid no-slip boundary portions as shown in figure 1.
Attention is restricted to a cylinder where the two no-slip boundary portions have the same
circumferential length, but the following analysis is easily extended if this restriction is relaxed.
An important point is that the two menisci generally have different circumferential lengths so
that such a superhydrophobic cylinder is not captured by the previous work of Yariv & Siegel
[15] and Siegel & Yariv [16]. The special case where the two menisci happen to have equal
lengths is captured, however, so too is the limiting case where one of the menisci vanishes,
this being the single meniscus case. The following generalized analysis will be checked against
previous work in those two special cases.

As in §3, a non-zero external torque T is applied to this superhydrophobic cylinder, but
no external force. For general surface patterning without any symmetries, there is no reason
to suppose a priori that the cylinder might not need to move, with speed (Uc,Vc) say, in order
be free of net force. In the body-fixed frame moving with this (unknown) particle velocity, the
far-field velocity will be irrotational and such that

(4.1)u + iv −(Uc + iVc), as|z| ∞.

While the cylinder does not translate in this body-fixed frame, it can nevertheless rotate with
angular velocity Ω due to the external torque T. Since the flow is quasi-steady it can be
assumed, without loss of generality, that the centre of one of the menisci is located instantane-
ously on the positive real axis. The aim is to find (Uc,Vc) and Ω in terms of T.

The dimensional Goursat functions encoding the Stokes flow will be taken to be
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(4.2)f(z), g(z) = − iT
4πμ log z − f(z)z ,

where the retention of the logarithmic singularity of g(z) is motivated by the preliminary
calculation in §3. This form also satisfies the condition that the boundary is a streamline as
can be verified on substitution of (4.2) into (2.2); note that the cylinder boundary must be a
streamline in the co-moving frame of reference. The function f(z) must be single-valued and
analytic in |z| > a except for a simple pole at infinity where

(4.3)f(z) ∼ p∞
4μz + f∞ +O(1/z),

where the real constant p∞ denotes the fluid pressure at infinity and f∞ ∈ ℂ is a complex
constant that will be related shortly to the cylinder velocity (Uc,Vc). The single-valuedness
of f(z)—and then also g′(z), as follows from (4.2)—ensures that there is no net force on the
cylinder as can be seen by integration of the boundary fluid stress (2.4) around the cylinder
boundary while bearing in mind that f(z) and g′(z) must be such that u + iv as given by (2.3) is
necessarily single-valued in the fluid region.

Both f(z) and g′(z) have the dimensions of velocity. Using hatted variables to denote
non-dimensional counterparts, the mathematical problem will be non-dimensionalized as
follows:

(4.4)T = ( − T0)T̂ , z = aẑ , s = aŝ , (u, v) = aΩ0(û, v̂), f = aΩ0f̂ , g′ = aΩ0ĝ ′ .

Henceforth, all hats will be dropped. Since arclength s increases in a clockwise direction, a
parametrization of the cylinder boundary is provided by z = e−is, from which it follows that the
complex version of the unit tangent t is dz/ds and the complex version of the unit normal vectorn pointing into the fluid are, respectively,

(4.5)dzds = −iz idzds = z.

It is also useful to note that, by the chain rule, on the cylinder boundary,

(4.6)dds = dzds ddz = −iz ddz .

meniscus 1

meniscus 2 x

y

equal
no-slip
zones

Ω

(Uc,V c)

Figure 1. Superhydrophobic cylinder with two equal-length no-slip zones and M = 2 (generally unequal) menisci. An
external torque T  acts on the particle about its centre but there are no external forces. The aim is to find the induced Stokes
flow, as well as the velocity (Uc,Vc) and angular velocity Ω of the cylinder, such that the net force and torque on it is zero.
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(a) A mixed boundary value problem
It is necessary to formulate the boundary conditions on the solid portions and the menisci as
conditions on the Goursat functions. Consider first the solid boundary portions. On differentia-
tion of (4.2),

(4.7)g′(z) = − iTz − f′(z)z + f(z)z2 .

The complex conjugate velocity field is then given by:

(4.8)u − iv = −f(z) + zf′(z) + g′(z) = −f(z) + zf′(z) − f′(z)z + f(z)z2 − iTz .

As |z| ∞, it follows from (4.1) and (4.8) that:

(4.9)−(Uc − iVc) = −f∞, or f∞ = Uc + iVc,
where (4.3) has been used. On the cylinder boundary, |z| = 1 where z = 1/z, (4.8) reduces to:

(4.10)u − iv = −f(z) + f(z)z2 − iTz .

If U(s) is used to denote the tangential slip velocity then,

(4.11)

U(s) = u . t = Re (u − iv)( − iz) = Re −f(z) + f(z)z2 − iTz ( − iz)

= Re −i f(z)z − f(z)z − T = Im 2f(z)z − T .

On the solid portions of the particle, it is necessary that:

(4.12)U(s) = −Ω,

where Ω is the angular velocity of the particle in the anticlockwise direction. Hence, on the solid
portions of the particle boundary, it follows from (4.11) that:

(4.13)Im 2f(z)z = T − Ω .

This condition suggests introducing the function:

(4.14)ℎ(z) ≡ 2f(z)z ,

which is analytic and single-valued in |z| > 1, including at infinity as is evident from (4.3),
which implies that, as |z| ∞,

(4.15)ℎ(z) ∼ p∞
2μ + 2(Uc + iVc)z +O(1/z2),

where (4.9) has also been used. The boundary condition (4.13) is:

(4.16)Im ℎ(z) = T − Ω .

The menisci, on the other hand, are free of shear stress, which, from (2.4), is equivalent to:

(4.17)Re (iz) −2idHds = 0.

Equivalently, since z = 1/z on the menisci, this condition is:

(4.18)Re 1z dHds = Re 1z ( − iz)dHdz = 0, or Im dHdz = 0,

7
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where (4.6) has been used. Since, on use of (4.7),

(4.19)H(z, z) = f(z) + zf′(z) + iTz − f′(z)z + f(z)z2 ,

then, on |z| = 1

(4.20)H(z, z)z = Re 2f(z)z + iT .

It follows that:

(4.21)H(z, z) = zRe [ℎ(z)] + iTz,

implying, on differentiation with respect to z, that:

(4.22)dHdz = Re[ℎ(z)] + z ddzRe[ℎ(z)] + iT = Re[ℎ(z)] + i ddsRe[ℎ(z)] + iT,

where (4.6) has been used again. On use of this relation, condition (4.18) becomes:

(4.23)Im dHdz = Im i ddsRe [ℎ(z)] + iT = ddsRe [ℎ(z)] + T = 0.

This can be integrated with respect to s on the i-th meniscus to give:

(4.24)Re[ℎ(z)] = −Ts + ci,
where ci is a constant of integration specific to each meniscus. Without loss of generality, the
choice c1 = 0 can be made. From (4.14), and in view of (4.3), this sets a pressure level for the flow.
The values of any other such constants are expected to be determined by the solution.

In summary, to solve the problem shown in figure 1, the challenge is to find a function ℎ(z),
analytic and single-valued in |z| > 1, satisfying the mixed boundary conditions:

(4.25)

Re [ℎ(z)] = − Ts, on meniscus 1,
Im [ℎ(z)] = T − Ω, on solid portions,
Re [ℎ(z)] = − Ts + c2, on meniscus 2 .

(b) Solution using conformal slit mappings
Borrowing ideas on the use of conformal slit mappings in solving mixed boundary value
problems of this kind as originally proposed by Crowdy [9] (see also [14]), it is now posed that a
parametric solution for ℎ(z) satisfying the boundary conditions (4.25) is given by:

(4.26)z = Z(ζ), ℎ = H(ζ) = i(T − Ω) − iT log Z(ζ) − log R(ζ) , c2 = −Tπ,

where the parametric complex variable ζ takes values in the upper-half annulus
{Dζ+ : ρ < |ζ| < 1, Im[ζ] ≥ 0} and

(4.27)Z(ζ) ≡ −ω(ζ,α)ω(ζ, 1/α)ω(ζ,α)ω(ζ, 1/α) , R(ζ) ≡ −ω(ζ,α)ω(ζ, 1/α)ω(ζ,α)ω(ζ, 1/α)
,

where,

(4.28)ω(ζ,α) = − αC2P(ζ/α, ρ), C = n = 1

∞
(1 − ρ2n)

with α = ir for ρ < r < 1 and where

(4.29)P(ζ, ρ) = (1 − ζ)P̂(ζ, ρ) P̂(ζ, ρ) ≡ n = 1

∞
(1 − ρ2nζ)(1 − ρ2n/ζ).

8
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In (4.26), the principal branch of the complex logarithm is assumed with
log X = log |X| + iarg[X] with −π < arg[X] ≤ π so that the logarithm of a negative real quantity
has imaginary part iπ.

The function ω(ζ,α) is the prime function for the concentric annulus {Dζ : ρ < |ζ| < 1} (see
chapters 5 and 14 of Crowdy [14]) although its dependence on the parameter ρ is suppressed
in the notation. An important feature is that the prime function ω(ζ,α) has a simple zero whenζ = α. On substitution of (4.28) into (4.27), it is also possible to write:

(4.30)Z(ζ) ≡ − P(ζ/α, ρ)P(ζα, ρ)P(ζ/α, ρ)P(ζα, ρ) , R(ζ) ≡ − P(ζ/α, ρ)P(ζα, ρ)P(ζ/α, ρ)P(ζα, ρ) ,

which highlights the dependence of Z(ζ) and R(ζ) on ρ. The formulas (4.30) will be used
in what follows. It is a straightforward exercise to show, directly from the infinite product
representation (4.29), that P(ζ, ρ) satisfies the two functional relations:

(4.31)P(1/ζ, ρ) = −ζ−1P(ζ, ρ), P(ρ2ζ, ρ) = −ζ−1P(ζ, ρ).

The two functions (4.30) built using the prime function are, respectively, examples of an
unbounded circular slit map and an unbounded radial slit map as described in Crowdy [9,14]
and Crowdy & Marshall [30]. The properties (4.31) can be used to confirm that the colour-coded
images of the boundary portions of the upper half annulus Dζ+ under these two mappings are
as shown in figure 2. In particular, the upper-half unit circle, denoted by C0

+, is taken to be the
preimage of the blue meniscus centred at z = 1 and the upper-half circle |ζ| = ρ, denoted byC1

+, is the preimage of the red meniscus centred at z = −1. The two intervals on the real axis,
−1 < ζ < −ρ and ρ < ζ < 1, are taken to be the preimages of the two no-slip boundary portions
of the cylinder. From these geometrical properties, it can be verified, using properties of the
complex logarithm, that ℎ(z) as given in (4.26) satisfies all the boundary conditions (4.25).

To confirm this, first note that the point α inside Dζ+ is the preimage of z = ∞. While the
conformal map Z(ζ) has the necessary simple pole at this point, it is a removable logarithmic
singularity of ℎ(z), which means the latter function is analytic as z ∞, as required. The
mapping function Z(ζ) satisfies the functional identity:

(4.32)Z( − ζ) = − P( − ζ/α, ρ)P( − ζα, ρ)P( − ζ/α, ρ)P( − ζα, ρ)
= − P(ζ/α, ρ)P(ζα, ρ)P(ζ/α, ρ)P(ζα, ρ)

= Z(ζ),

which reveals that the images of any point ζ and that of −ζ (the reflection of ζ in the imaginary ζ
axis) are complex conjugates of each other in the z plane. This symmetry has two consequences.
First, since C0

+ and C1
+ are taken to be the preimages of the two menisci, then the preimages of

their centres are at ζ = i, iρ. Indeed, it can be verified that:

(4.33)Z(i) = 1, Z(iρ) = − 1,

and the two menisci are reflectionally symmetric about the x axis. The symmetry (4.32) also
confirms that the lengths of the images of the two segments of the real axis −1 < ζ < −ρ andρ < ζ < 1, which are taken to be the preimages of the two no-slip zones, must have the same
circumferential lengths since the image of one is the reflection about the x axis of the other.

It is useful to remark here that to generalize the analysis to no-slip boundary portions of
different lengths, it is simply necessary to allow the parameter α to move off the imaginary ζ
axis but to remain in the upper-half annulus.

The conformal mapping in (4.30) depends on two unknown real parameters: r and ρ. For a
given value of the angle Φ indicated in figure 2, the values of these two parameters are found by
solving the two equations:

(4.34)Z(1) = eiΦ, Z(ρ) = eiΨ, Ψ = Φ + πϕ,

9
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where ϕ is the solid fraction so that πϕ is the circumferential length of one of the solid portions;
the angle Ψ is shown in figure 2. This is readily done using a nonlinear solver such as Newton’s
method.

Concerning the radial slit mapping, the two functional relations (4.31) can be used to show
that the images of both C0

+ and C1
+ have constant argument. Indeed it can be verified using (4.30)

that:

(4.35)R(i) = P( − r, ρ)P( + r, ρ)
2
, R(iρ) = − P( − ρr, ρ)P( + ρr, ρ)

2
,

revealing that the images under the radial slit mapping, in a complex χ plane say, of the pointsζ = i, iρ (corresponding to the centres of menisci 1 and 2) are, respectively, on the positive and
negative real χ axis; indeed these correspond to the ends of the blue and red radial slits shown
on the right in figure 2.

With these geometrical properties of the two conformal slit mappings Z(ζ) and R(ζ)
established, it is easy to verify using the properties of the principal branch of the complex
logarithm, that they satisfy:

(4.36)

Re [ − iTlogZ(ζ)] = − Ts, on meniscus 1,
Im [ − iTlogZ(ζ)] = 0, on solid portions,
Re [ − iTlogZ(ζ)] = − Ts, on meniscus 2,

and

(4.37)

Re [iTlogR(ζ)] = 0, on meniscus 1,
Im [iTlogR(ζ)] = 0, on solid portions,
Re [iTlogR(ζ)] = − Tπ, on meniscus 2 .

From these observations, the form of the required solution (4.26) satisfying (4.25) is now clear.

α = ir

ζ plane
11

meniscus 1

meniscus 2

z = Z (ζ)

χ = R (ζ)

Φ
ψ

πφ

ρ
D

+
ζ

C +
0

C +
1

z plane

χ plane

πφ

Figure 2. Conformal slit mappings, Z(ζ) and R(ζ), from an upper-half annulus {Dζ+ : ρ < |ζ| < 1, Im[ζ] ≥ 0} to an
unbounded circular slit domain (in a complex z plane) and an unbounded radial slit domain (in a complex χ plane)
[9,14,30]. Corresponding images under the respective maps are colour-coded. The point ζ = α is the preimage of infinity in
both cases.
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With this parametric solution (4.26) at hand, it only remains to ensure that ℎ(z) has the
far-field behaviour given in (4.15). It is shown in appendix A that this requires the condition:

(4.38)ΩT = 1 − 2 log P(+r2, ρ)P(−r2, ρ)
,

which is the required mobility relation, and

(4.39)Uc = 0, Vc = − T P( − 1, ρ)P( + r2, ρ)P̂(1, ρ)P( − r2, ρ)
K( + r2, ρ) − K( − r2, ρ) ,

where

(4.40)K(ζ, ρ) = ζP(ζ, ρ)
∂P(ζ, ρ)
∂ζ = − ζ

1 − ζ − k = 1

∞ ρ2kζ
1 − ρ2kζ + k = 1

∞ ρ2k/ζ
1 − ρ2k/ζ .

Formulas (4.39) give the velocity of the cylinder as an explicit function of T, ρ and r.
Although they did not consider the particular pattern of no-shear menisci and no-slip zones

under consideration here, Siegel & Yariv [16] show that, if the distribution of ridges and menisci
considered by them is symmetric about the real axis then Uc = 0 (in present notation). That
observation is consistent with (4.39).

(c) M = 1 single meniscus limit ρ 0
The problem of a single meniscus, the case M = 1, corresponds to the ρ 0 limit of the above
analysis. The preimage ζ annulus reduces in this limit to the unit ζ disc. And, from (4.28), asρ 0, the prime function for the concentric annulus ρ < |ζ| < 1 reduces to the prime function
for the unit disc [14], namely,

(4.41)ω(ζ,α) = ζ − α.

As explained in detail in Crowdy [14], with this modified definition of the prime functionω(ζ,α), the same formulas (4.27) continue to represent conformal slit mappings, this time from
the upper unit disc {|ζ| < 1, Im[ζ] > 0} to the domains shown in figure 2 but now without the
second circular and radial slits in the z and χ planes, respectively (and shown there in red). All
the steps of the analysis §4b carry over to provide the solution:

(4.42)z = Z(ζ), ℎ = H(ζ) = i(T − Ω) − iT logZ(ζ) − logR(ζ) ,

with Z(ζ) and R(ζ) again given by formulas (4.27), the only difference being that ω(ζ,α) is now
defined by (4.41).

It is helpful here to preview a closely related result to come later. It will be shown in §5
that simply by defining yet more prime functions and using them in (4.42) and (4.27) that the
solution to the M > 2 case is, in essence, immediate. The same formulas for the slit mappings,
and the parametric representation of ℎ, still pertain and only the definition of the relevant prime
function changes. This underlines the fundamental theoretical importance of the prime function
and conformal slit mappings built from them [14,28].

From (4.29) it also follows that, as ρ 0,

(4.43)P(ζ, ρ) 1 − ζ, K(ζ, ρ) ζζ − 1.

Hence, in this limit, the mobility relation (4.38) becomes:

(4.44)ΩT = 1 − 2 log 1 − r2

1 + r2 .
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Meniscus 1, the image of |ζ| = 1, spans the particle circumference between e−iΦ and e+iΦ where
Φ > 0 so:

(4.45)Z(1) = eiΦ = − (1 − 1/α)(1 − α)
(1 − 1/α)(1 − α) = 1 − α

1 − α 2
.

On taking a square root, and choosing the minus sign to meet the requirement that ρ < r < 1, it is
found that:

(4.46)r = tan (Φ/4).

Expression (4.44) can then be written as:

(4.47)ΩT = 1 − 2log 1 − tan2(Φ/4)
1 + tan2(Φ/4)

= 1 − 2log cos(Φ/2),

after use of familiar trigonometric identities. Yariv & Siegel [15] give the mobility relation for
this problem in terms of a parameter ϕ defined to be the solid fraction of the cylinder boundary
so that, in this case,

(4.48)ϕ = 2π − 2Φ
2π , or Φ = π − πϕ.

Formula (4.47), rewritten in terms of ϕ, is

(4.49)ΩT = 1 − 2 log sin (πϕ/2) = 1 + 2 log cosec (πϕ/2),

which retrieves the single-slot result (1.1) of Yariv & Siegel [15] providing a check on this
alternative derivation using conformal slit mappings. Note that in the limit ϕ 0, correspond-
ing to a completely stress-free cylinder, Ω ∞ indicating a singular solution as might be
expected given that there are no solid boundary portions to provide any resistance against the
external torque in this limit. Philip [6] observes similar blow-up of the effective slip length
associated with transverse shear flow over a periodic array of no-shear slots when the no-slip
fraction tends to zero.

It can also be shown using (4.39) together with (4.43) that, as ρ 0,

(4.50)Vc 4Tr2

(1 + r2)2 = 4T tan2(Φ/4)
(1 + tan2(Φ/4))2 = T sin2(Φ/2) = T cos2(πϕ/2),

where (4.46) and (4.48) have been used. For a given T, Vc is just a function of ϕ, and vanishes
as ϕ 1 as expected since this corresponds to the case of a solid cylinder without any no-shear
slots considered in §3.

It is worth mentioning that in this M = 1 case, the parametric form of the solution in terms of
the parameter ζ in the upper-half unit disc simplifies to:

(4.51)z = − (ζ + α)(ζ + 1/α)
(ζ − α)(ζ − 1/α) , ℎ = 2iT log sin πϕ

2 − log 1/α + ζ
1/α − ζ .

After some algebra, it is possible to eliminate ζ in these parametric formulas to find an explicit
representation of ℎ(z) given by:

(4.52)ℎ(z) = 2T i log sin πϕ
2 + cos−1 cos κ(z)

sin (πϕ/2) − κ(z) , κ(z) = (i/2) log z,

where an appropriate branch of cos−1  must be taken; such expressions are reminiscent
of formulas given by Philip [6] in solving a range of other mixed boundary problems.
As discussed previously by the author in Crowdy [9] (where some of Philip’s solutions
were derived in a new parametric representation using conformal slit mapping arguments
akin to those used above), there are several advantages in retaining use of the parametric

12
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representation (4.51). Among the most important is that the parametric formulas encode the
expected square root singularities at the transition points between no-slip and no-shear in
an intrinsic way. Another reason is that, for M ≥ 2, it is usually not possible to eliminate the
parameter ζ analytically in any case.

Siegel & Yariv [16] devised a numerical scheme to compute the M = 1 solution (for a fixed
cylinder) in a modified situation where the angular velocity of the superhydrophobic cylinder
is set to unity with the required external torque then computed from the solution. In fig. 2
of Siegel & Yariv [16] the surface velocity in the anticlockwise direction along the meniscus,
denoted there by ν(θ) where θ is the usual cylindrical polar angle around the cylinder boundary,
is plotted as a function of θ − θm, where θm is the polar angle of the centre of the meniscus, for
five different values of solid fraction ϕ. In present notation, with θm = 0, this quantity is

(4.53)ν(θ) = −U(−θ).

On use of (4.11) and (4.52), it can be shown, after some algebra and recalling that Ω = 1 in [16]
with T determined by the mobility relation (4.49), that:

(4.54)ν(θ) = 1 − 2
1 − 2log sin (πϕ/2) Im cos−1 cos(θ/2)

sin (πϕ/2) .

As another check on the analysis, figure 3 reproduces fig. 2 of Siegel & Yariv [16] using (4.54)
to compute the slip velocity ν(θ) as a function of θ. Furthermore, a graph of ν(0) as a function
of solid fraction ϕ shows it to have a minimum at ϕ ≈ 0.27, which is consistent with the
numerically determined value reported in Siegel & Yariv [16].

(d) Illustrative calculations
Suppose the solid fraction is chosen to be ϕ = 1/2 so that the circumferential length of each
no-slip region is 2πϕ/2 = π/2, figure 4 shows graphs of Ω/T and Vc/T, calculated using (4.38)
and (4.39), as functions of Φ. This means that Φ ranges between 0 ≤ Φ ≤ π/2: as Φ 0 meniscus
1 (shown in blue in figure 2) disappears while as Φ π/2 meniscus 2 (shown in red in figure
2) disappears. These graphs are computed by first solving (4.34) for r and ρ given a value of Φ
(and ϕ = 1/2) and using these values to find Ω and Vc from formulas (4.38) and (4.39).

Several checks are available in this case. When Φ = 0, π/2 the two no-slip zones merge and
one of the menisci disappears leaving a cylinder with a single meniscus and no-slip fraction
equal to ϕ = 1/2. The results of formulas (4.38) and (4.39) should therefore coincide with the
result (1.1) for N = 1 and ϕ = 1/2 as corroborated by open circles in figure 4. When Φ = π/4 the
two no-slip zones have the same size as the two menisci and the patterning on the cylinder has
symmetries about both the x and y axes (and a twofold rotational symmetry). The value of Ω
should then coincide with that given by (1.1) when N = 2 and ϕ = 1/2, as corroborated by a cross
in figure 4. Moreover, in this case, Vc should vanish, which is the case.

These new analytical solutions, for two non-equal menisci generally devoid of any rotational
symmetry, can therefore be viewed as providing a continuous interpolating set between the
rotationally symmetric N = 1 and N = 2 solutions, both with solid fraction ϕ = 1/2.

5. Superhydrophobic cylinders with M > 2 menisci
Suppose now that the cylinder has M menisci in general position around the boundary
punctuated by M no-slip zones. Figure 5 shows a typical superhydrophobic cylinder with M = 3
no-shear menisci between M = 3 solid boundary portions of equal circumferential length; again,
the latter restriction is not necessary and can readily be lifted. The preceding analysis has solved
this problem for M = 2 and the central role in that analysis of the prime function defined in
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(4.28), and associated with the concentric annulus relevant to that example, should be apparent.
The concentric annulus is an example of a doubly connected circular domain, a domain whose
boundaries are a union of circles. Prime functions can naturally be associated to any multiply
connected circular domain, a mathematical fact whose theory has been expounded in detail
in a recent monograph by the author [14]. Equipped with this mathematical machinery, the
generalization of the M = 2 solution to any value of M > 2 is straightforward, a circumstance
underscoring the theoretical importance of prime functions in applied mathematics [14,28]. The
details for the M = 3 case will now be set out.

To find the torque-driven Stokes flow exterior to the superhydrophobic cylinder with M = 3
menisci and three equal-length solid portions shown in figure 5 a simple generalization of the

–3 –2 –1 0 1 2 3
–0.2

0

0.2

0.4

0.6

a b c d e

0.8

1

θ

v
 (
θ
)

Figure 3. Reconstruction of fig. 2 of Siegel & Yariv [16] based on the new formula (4.54) for the slip velocity ν(θ): graphsa, b, c, d and e correspond to solid fractions ϕ = 1/20, 1/4,1/2,3/4 and 19/20, respectively.

–0.5
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0.5

1

1.5
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Ω/T

Vc/T

0 0.5 1 1.5

Φ

Figure 4. Graph of Ω/T  and Vc/T  as functions of Φ for M = 2 no-slip zones with solid fraction ϕ = 1/2. The two open
circles show the result (1.1) for N = 1 and ϕ = 1/2; the cross shows the result (1.1) for N = 2 and ϕ = 1/2. When
Φ = π/4 it is found that Vc = 0 as expected since the no-shear pattern now has twofold rotational symmetry.
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analysis of §4 leads to the need to solve for an analytic function ℎ(z), related to f(z) via (4.14) as
before, satisfying the mixed boundary conditions:

(5.1)

Re [ℎ(z)] = − Ts, on meniscus 1,
Im [ℎ(z)] = T − Ω, on solid portions,
Re [ℎ(z)] = − Ts + c2, on meniscus 2,
Re [ℎ(z)] = − Ts + c3, on meniscus 3,

where, as before, a constant of integration associated with meniscus 1 has been set to zero
without loss of generality. There are now two other integration constants c2 and c3.

As already mentioned in §4c, a parametric solution for ℎ(z) using generalized conformal slit
mappings is immediate given the prime function framework [14]. It is

(5.2)z = Z(ζ), ℎ(z) = i(T − Ω) − iT log Z(ζ) − log R(ζ) ,

where the parametric complex variable ζ takes values in the upper-half circular domain Dζ+ also
shown in figure 5 and

(5.3)Z(ζ) ≡ −ω(ζ,α)ω(ζ, 1/α)ω(ζ,α)ω(ζ, 1/α) , R(ζ) ≡ −ω(ζ,α)ω(ζ, 1/α)ω(ζ,α)ω(ζ, 1/α)
,

with α = ir for 0 < r < 1. The only difference is that the function ω(., .) must now be taken to be
the prime function associated with a triply connected circular domain Dζ comprising the unit
disc |ζ| ≤ 1 with two circular discs |ζ − δ| < q and |ζ + δ| < q excised; the unit circle will be
denoted by C0 and the two smaller circular boundaries |ζ − δ| = q and |ζ + δ| = q by C1 and C2,
respectively. The domain Dζ+ is the upper-half of this circular domain Dζ. The general theory
of prime functions associated with circular domains such as Dζ can be found in Crowdy [14]
and appendix B surveys methods by which these special functions can be readily evaluated. An
important feature of every prime function ω(ζ,α) is that is has a simple zero when ζ = α. It has
other mathematical properties that ensure that formulas (5.3) continue to provide the requisite
conformal slit mappings with the geometrical effect shown in figure 5 [29].

2πφ
3

2πφ
3

2πφ
3meniscus 2

meniscus 3

meniscus 1

α = ir

ζ plane

z = Z (ζ)

χ = R (ζ)

qq

δ δ
Φ

D +
ζ

C +
0

C +
1C +

2

z plane

χ plane

Figure 5. Conformal slit mappings, Z(ζ) and R(ζ), as given by (5.3) to an unbounded circular slit domain (in a complexz plane) and an unbounded radial slit domain (in a complex χ plane). The image in the z plane is the exterior of a
circular superhydrophobic cylinder with M = 3 menisci punctuated by three no-slip zones of equal circumferential length.
Corresponding images under the respective maps are colour-coded. The point ζ = α is the preimage of infinity in both
cases.
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The upper half of the unit circle is denoted again by C0
+ while the upper half of the circles

|ζ − δ| = q and |ζ + δ| = q will be denoted by C1
+ and C2

+, respectively. For the superhydrophobic
cylinder problem with three no-shear menisci, the images of the upper-half semi-circles C0

+,C1
+

and C2
+ under the mapping Z(ζ) are taken to be the three no-shear menisci in the z plane, and

the no-slip zones are the images of the three portions of the real ζ axis, shown in black in figure
5. The parameter α is taken to be located on the imaginary ζ axis, and the semi-circles C1

+ andC2
+ taken to have the same radius with centres symmetrically disposed about the ζ origin. Both

of these provide necessary (but not sufficient) conditions for the three no-slip zones to have the
same circumferential length.

In (5.2), the principal branch of the complex logarithm is assumed and it is easy to show
that the constants c2 and c3 in (5.1) are related to the arguments of the radial slits shown
schematically in figure 5. Formulas, in terms of the prime function, for these constants can be
derived but they are not important for determining the mobility relation or cylinder speed so
they are omitted here.

The mapping Z(ζ) now depends on three real parameters: q, δ and r. Suppose the solid
fraction is chosen to be ϕ = 1/2 so that the circumferential length of each no-slip region is
2πϕ/3 = π/3, then q, δ and r must be chosen to satisfy the three conditions:

(5.4)Z(1) = eiΦ, Z(δ + q) = ei(Φ + π/3), Z(δ − q) = e5πi/6,

where the angle Φ is shown in figure 5. A nonlinear solver such as Newton’s method applied to
(5.4) leads easily to the requisite values of q, δ and r.

As before, the far-field asymptotics of the solution (5.2) as |z| ∞ provides the mobility
relation and the speed of the cylinder. A straightforward adaptation of the analysis in appendix
A leads to:

(5.5)T − Ω − 2T log ω(α, 1/α)ω(α, 1/α) = 0,

which, on rearrangement, gives the mobility relation:

(5.6)ΩT = 1 − 2 log ω(α, 1/α)ω(α, 1/α) ,

with the speed of the cylinder given, in complex form, by:

(5.7)Uc + iVc = iTα ω(α,α)ω(α, 1/α)ω̂(α,α)ω(α, 1/α)
(K(α, 1/α) − K(α, 1/α)),

where

(5.8)ω̂(ζ,α) = ω(ζ,α)ζ − α , K(ζ,α) ≡ ζ∂logω(ζ,α)
∂ζ .

It is important to emphasize that although we have used the same function names ω(., .) andK(., .) as in §4b, they refer now to different functions that are readily calculated following the
discussion in appendix B. See also chapter 14 of Crowdy [14].

(a) Illustrative calculations
Figure 6 shows graphs of Ω/T and Vc/T as functions of Φ for three no-slip zones with solid
fraction ϕ = 1/2 so that the circumferential length of each is π/3. This means that Φ takes values
in the interval 0 ≤ Φ ≤ π/2: when Φ 0 meniscus 1 (shown in blue in figure 5) disappears
while menisci 2 and 3 have the same circumferential length equal to π/2; when Φ = π/6 all
three menisci and the three solid portions have equal length π/3 and the cylinder has threefold
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rotational symmetry; when Φ π/2 menisci 2 and 3 have disappeared and the problem reduces
to the M = 1 solution with solid fraction ϕ = 1/2. For each Φ, the relevant values of q, δ and r
were found by solving (5.4) with those values then used in formulas (5.6) and (5.7) to compute
Ω and Vc. It is found that Uc = 0 for all configurations. As a check on the calculation, the open
circle in figure 6 shows the result (1.1) with N = 3 and ϕ = 1/2 when Φ = π/6: in this case, the
superhydrophobic cylinder has threefold rotational symmetry and (1.1) applies. In this case,Vc = 0 as expected. When Φ = π/2 all three solid portions have merged and the result (1.1) withN = 1 and ϕ = 1/2 is retrieved.

When Φ 0 so that meniscus 1 has disappeared leaving the two menisci 2 and 3, the results
obtained in figure 6 will correspond to results given by an extension of the analysis for M = 2 in
§4 to the case where the solid portions now have different lengths, equal to π/3 and 2π/3. This
generalization simply requires the point α to be off the imaginary axis and taken to be a more
general point in the upper-half annulus Dζ+.

6. Swimming in circles
Having solved for the instantaneous flow around a superhydrophobic cylinder with a given
no-shear surface pattern, the dynamical trajectory of such a particle can be found. Let
(Xc(t),Yc(t)) be the cylinder position at time t with initial condition (Xc(0),Yc(0)) = (0,0) and letθ(t) be the angle made with the positive real axis by the line joining the cylinder centre to the
centre of meniscus 1 and with initial condition θ(0) = 0. It is easy to show that the dynamics of
the cylinder is described by the ordinary differential equations:

(6.1)dXcdt = − Vc sin θ, dYcdt = Vc cos θ, dθdt = Ω,

where expressions for Vc and Ω have been found in this article as a function of the no-shear
surface pattern. Since Vc and Ω are independent of time, it is easy to integrate the system (6.1)

0 0.5 1 1.5
–0.2
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0.4
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1.4

1.6

1.8

Φ

Ω/T

Vc/T

Figure 6. Graph of Ω/T  and Vc/T  as functions of Φ for three no-slip zones of fixed length π/3. The open circle shows
the result (1.1) with N = 3 and ϕ = 1/2, which is retrieved when Φ = π/6. At that value, Vc = 0 as expected since the
no-shear pattern now has threefold rotational symmetry. Crosses show the result from (1.1) and from (4.50) with N = 1
and ϕ = 1/2, which are retrieved when Φ = π/2.
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subject to the specified initial conditions to find the complex location Zc(t) = Xc + iYc(t) of the
cylinder centre is:

(6.2)Zc(t) = Vc
Ω (eiΩt − 1).

The trajectory of the cylinder is therefore a circle, centred at (−Vc/Ω, 0), with radius Vc/Ω. The
angular velocity of the cylinder on this circular trajectory is Ω. Clearly, in the case where the
no-shear patterning leads to Vc = 0, there is just rotation and no swimming in a circle.

From the analysis in §4c an explicit result is available for the case M = 1 of a single no-shear
slot with solid fraction ϕ. Such a superhydrophobic cylinder swims in a circle with radius R1(ϕ)

given by

(6.3)R1(ϕ) = cos2 (πϕ/2)
1 + 2 log cosec (πϕ/2) , 0 < ϕ ≤ 1,

which has made use of (4.50) and (4.49). A graph of R1(ϕ) as a function of solid fraction

ϕ is shown in figure 7. An interesting feature is the existence of a maximum radius of this
trajectory at a critical solid fraction ϕ

*
 found, after a calculus exercise, to be given explicitly by

the formula:

(6.4)ϕ
*

= 2
π sin−1 − 1W−1(−1/e2)

1/2

≈ 0.3813,

where W−1(x) denotes the −1 branch of the Lambert W function [31]. The corresponding
maximum radius is R1(ϕ∗) ≈ 0.3178.

From their numerical solution for this M = 1 case, Siegel & Yariv [16] observed a non-zero
far-field speed, which they denoted by Aϕ, for all 0 < ϕ < 1. In present notation, this should

correspond to:

(6.5)Aϕ = −R1(ϕ) .
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Figure 7. Radius R1(ϕ) of the circular trajectory of a swimming superhydrophobic cylinder with a single no-shear meniscusM = 1 as a function of the solid fraction ϕ for 0 < ϕ ≤ 1. There is a maximum radius when the solid fraction is
ϕ

*
≈ 0.3813, as given by formula (6.4).
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This is because in Siegel & Yariv [16], the angular velocity is set to be unity with T determined
by (4.49), which, when substituted into (4.50) gives the correspondence (6.5); the negative
sign appears because the cylinder is fixed in Siegel & Yariv [16]. It is easy to verify from the
explicit expression (6.3) that R1(1/2) ≈ 0.295 and R1(3/4) ≈ 0.126, which are in agreement with

the values of −A1/2 and −A3/4 reported in the caption of fig. 3 in Siegel & Yariv [16].

Consider now the trajectory of a swimming superhydrophobic cylinder with M = 2 no-shear
menisci as shown in figure 2; these cylinders are characterized by the solid fraction ϕ and
semi-angle Φ. Let the radius of a trajectory of such a cylinder be denoted by:

(6.6)R2(Φ, ϕ) = Vc
Ω ,

where Ω and Vc are calculated from formulas (4.38) and (4.39). Figure 8 shows a graph of
the radius R2(Φ, 1/2) as a function of Φ; this graph is easily produced using the data already

presented in figure 4. As expected, the graph is symmetric about Φ = π/4, at which value the
cylinder has a twofold rotational symmetry and only rotates but does not swim in a circle.

Finally, consider the trajectory of a swimming superhydrophobic cylinder with M = 3
no-shear menisci as shown in figure 5; again, such cylinders are characterized by the solid
fraction ϕ and semi-angle Φ. Let the radius of a trajectory of such a cylinder be denoted by:

(6.7)R3(Φ, ϕ) = Vc
Ω ,

where formulas (5.6) and (5.7) are used to compute Ω and Vc. Figure 9 shows a graph of
the radius R3(Φ, 1/2) as a function of Φ; this graph is easily produced using the data already

presented in figure 6.

7. Superhydrophobic cylinders with N-fold rotational symmetry
Analytical solutions can also be found for flow exterior to an N-fold rotationally symmetric
cylinder but where any representative sector has M menisci/no-slip zones. In what follows theN-fold rotationally symmetric problem shown in figure 10 (for N = 4) will be solved and, in
doing so, the path to generalizing to any number M of menisci/no-slip zones per 2π/N-sector
should be clear.

It is important to bear in mind that the boundary value problem for the Stokes flow exterior
to the cylinder is not conformally invariant meaning that care is needed when using conformal
mapping to solve this generalized rotationally symmetric problem. By the assumed N-fold
rotational symmetry, it is natural to introduce:

(7.1)Z = zN,

a conformal mapping that sends a single 2π/N sector of the particle boundary to the same
geometry already studied in the previous sections: figure 10 shows a schematic in the case N = 4
with M = 2 menisci per 2π/N sector. The choice of g(z) is still given by

(7.2)g(z) = − iTlog z − f(z)z ,

and it is the analytic function:

(7.3)H(Z) ≡ 2f(z)z ,
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that remains to be determined, albeit now as a function of Z and in the Z domain shown in

figure 10. The boundary value problem for H(Z) will now be formulated for the problem shown

in figure 10.
First, the velocity condition on the solid boundary portions of the transformed cylinder in

the Z domain remains the same, that is:

(7.4)Im H(Z) = T − Ω .

The zero stress condition changes slightly, however. Since, by the chain rule,

(7.5)z ddz = NZ ddZ
then condition (4.24) on the i-th meniscus in the Z plane becomes:
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Figure 8. Radius R2(Φ, 1/2) of the circular trajectory of a swimming superhydrophobic cylinder with M = 2 no-shear

menisci as a function of Φ as shown in figure 2. The graph is symmetric about Φ = π/4 where the cylinder has a twofold
rotational symmetry and only rotates but does not swim in a circle.
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Figure 9. Radius R3(Φ, 1/2) of the circular trajectory of a swimming superhydrophobic cylinder with M = 3 no-shear

menisci as a function of Φ as shown in figure 5. When Φ = π/6 the cylinder has a threefold rotational symmetry and only
rotates but does not swim in a circle.
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(7.6)Re [H(Z)] = − TSN + Ci,
where Ci are constants of integration and S is the arclength in the Z plane, i.e. S = −χ where

Z = eiχ. The mixed boundary value problem for H(Z), in the Z domain shown in figure 10, is

now isomorphic to (but slightly different from) that already solved in §4b: find a function H(Z)

analytic and single-valued in |Z | > 1 with the following mixed conditions on |Z | = 1:

(7.7)

Re [H(Z)] = − TSN , on meniscus 1,

Im [H(Z)] = T − Ω, on solid portions,

Re [H(Z)] = − TSN + c2, on meniscus 2,

where the relevant menisci and no-slip portions are shown on the right in figure 10. Note that
the angle Φ~  shown there is equal to NΦ where Φ is the angle in the principal sector indicated in
the z-plane of figure 10. When N = 1, the boundary conditions (7.7) reduce to (4.25).

Simple alterations of the previous analysis given in §4 lead to the deduction that
the parametric solution in terms of the variable ζ sitting in the upper half annulusρ < |ζ| < 1, Im[ζ] ≥ 0 is:

(7.8)Z = Z(ζ), H(Z) = i(T − Ω) − iTN (logZ(ζ) − logR(ζ)) .

As |z| ∞, so that |Z | → ∞ and ζ α, then

(7.9)H(Z) = 2f(z)z ∼ ℎ0 + ℎ−1
Z + …,

where simple changes to the analysis in appendix A lead to:

(7.10)

ℎ0 = i(T − Ω) − 2iTN log P( + r2, ρ)P( − r2, ρ)
,

ℎ−1 = − 2iN P( − 1, ρ)P( + r2, ρ)P̂(1, ρ)P( − r2, ρ)
K( + r2, ρ) − K( − r2, ρ) .

On comparison with (4.15), it is necessary that Im[ℎ0] = 0 or

 planez plane

1
˜

no-slip

Φ

Φ

meniscus 2 meniscus 1

 = z4

Figure 10. An N-fold rotationally superhydrophobic cylinder with M = 2 (generally different size) no-shear menisci in
each sector of opening angle 2π/N  (shown for N = 4). The transformation Z = zN  takes a principal sector to the domain

already studied in §4.
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(7.11)T − Ω − 2TN log P( + r2, ρ)P( − r2, ρ)
= 0,

which, on rearrangement, leads to:

(7.12)ΩT = 1 − 2N log P(+r2, ρ)P(−r2, ρ)
.

An important observation from (7.9) and (4.15) is that, for N > 1, Uc = Vc = 0 meaning that the
particle does not translate, but only rotates. There is therefore no ‘swimming in circles’ as
discussed in §6 unless N = 1 and, even then, the surface patterning of M no-shear slots must be
suitably asymmetric as quantified in previous sections.

A closely analogous ρ 0 analysis as carried out in §4c now leads to the modified result:

(7.13)ΩT = 1 − 2N log cos (Φ~/2).

Since the no-slip fraction ϕ, taking account of all N solid portions, is

(7.14)ϕ = 2π − 2NΦ
2π = 2π − 2Φ~

2π , or Φ~ = π − πϕ,

then (7.13) can be rewritten to retrieve (1.1), the mobility relation obtained, using quite different
methods, by Yariv & Siegel [15] for an N-fold rotationally symmetric distribution of no-shear
slots (with M = 1 no-shear slot per 2π/N sector). Formula (7.12) generalizes this to M = 2
no-shear slots per 2π/N sector and it should be clear from the analysis of this section how
results for the case of M > 2 no-shear slots per 2π/N sector can similarly be obtained by an
analogous adaptation of the treatment given in §5.

A final remark is that an explicit solution is available for the N-fold rotationally symmetric
problem with M = 1 no-shear slot per 2π/N sector. It follows from the generalization explained
in this section, combined with use of (4.52), that this problem has the solution:

(7.15)ℎ(z) = 2TN i log sin πϕ
2 + cos−1 cos κ(z)

sin (πϕ/2) − κ(z) , κ(z) = (i/2) log zN.

8. Discussion
By using prime functions naturally associated with suitable multiply connected circular
preimage domains to construct useful conformal slit mappings [14,28], analytical solutions
for the torque-induced Stokes flow around a cylinder with any pattern of M no-shear menisci
alternating with no-slip zones have been constructed. The flow around cylinders with N-fold
rotationally symmetric patterning with each 2π/N sector containing M no-shear slots can also be
found. Put together, this captures a wide range of superhydrophobic cylinder types.

Several cases have been solved explicitly, and other cases follow by straightforward
generalization of the analysis in §§4 and 5. The reader will note how the parametric formulas
(5.2) and (5.3) for M = 3 menisci are formally identical to formulas (4.26) and (4.27) for justM = 2 menisci, the only difference between them is that the prime function appropriate to
the preimage circular domain must be used. This feature underscores not only the theoretical
importance of the prime function as a mathematical tool, but the naturalness of the theoretical
approach advanced herein. Indeed, the same formulas (4.26) and (4.27) also work for M = 1 if
the prime function is now defined by (4.41).

The approach is the radial-geometry analogue of a similar mathematical strategy, also based
on conformal slit mappings, for finding transverse flows over periodic superhydrophobic
surface advanced in Crowdy [9]. There are other closely related physical problems giving rise
to mixed boundary value problems for Stokes flow that are also amenable to these techniques.

22

royalsocietypublishing.org/journal/rspa Proc. R. Soc. A 480: 20240149
 D

ow
nl

oa
de

d 
fr

om
 h

ttp
s:

//r
oy

al
so

ci
et

yp
ub

lis
hi

ng
.o

rg
/ o

n 
28

 O
ct

ob
er

 2
02

4 



The problem of finding steady solutions involving steady ‘stagnant caps’ of insoluble surfactant
on bubbles in an ambient Stokes flow is another where the author has shown that conformal
slit mappings can play an enlightening role [32]; that work similarly retrieved, and extended,
solutions found using alternative approaches based on Riemann–Hilbert methods [33]. For
unsteady problems involving surfactant-loaded menisci numerical methods based on the use of
conformal slit mappings also offer significant advantage [34].

Mixed boundary problems for Stokes flow also arise in soft matter problems involving active
entities such as so-called Janus particles and the use of conformal slit mappings has been found
of great utility there too [35,36]. The M = 1 superhydrophobic cylinder studied in explicit detail
in §4c can be viewed as a two-faced Janus particle: it has one face that is solid, and another that
differs in being a shear-free meniscus. The driving mechanism for motion here is the external
torque and, in response to it, the untethered cylinders have been seen to swim in circles. This
article has given a strategy for determining the radii of those circular trajectories, and the
cylinder speed along them, analytically as functions of the no-shear pattern. A notable feature is
that the trajectory radius for the M = N = 1 solution can be given explicitly as a function of the
solid fraction by formula (6.3) and reveals that there is a maximum possible trajectory radius
occurring at a critical solid fraction ϕ

*
, also given by an explicit formula (6.4). The analysis here

can be used to gain insight into the dynamical features of a wide range of superhydrophobic
cylinder geometries.

The physical mechanism for providing the external torque on the superhydrophobic cylinder
has not been discussed here. The cylinders fall within the broad class of propelled particles
known as ‘rotors’ : this has become the general name given to particles that rotate in a fluid
due to a torque that is either externally imposed, as is the case in this study, or internally
generated [37]. A particle carrying a magnetic moment and sitting in a rotating magnetic
field will experience a torque and such a system in a quasi-two-dimensional setting at a
liquid–air interface has been studied both experimentally and theoretically in recent years [38–
40]. It would be interesting to extend the present purely hydrodynamical study to incorporate
additional multi-physics effects wherein the coupling, say, to an external magnetic field is also
modelled.

Data accessibility. The calculations of this article can be repeated by the reader using freely downloadable
MATLAB codes available at [40].
Declaration of AI use. I have not used AI-assisted technologies in creating this article.
Authors’ contributions. D.G.C.: conceptualization, data curation, formal analysis, funding acquisition, investiga-
tion, methodology, project administration, writing—original draft, writing—review and editing.
Conflict of interest declaration. I declare I have no competing interests.
Funding. This work is partly funded by EPSRC Grant EP/V062298/1.

Appendix A. Far-field behaviour
To extract the far-field behaviour of ℎ(z) as |z| ∞, it is necessary to perform some local
expansions of the parametric representation (4.26) around ζ = α, the preimage of the point at
infinity. From (4.30) the following Laurent series is locally convergent in a neighbourhood ofζ = α:

(A 1)

z = Z(ζ) = − P(ζ/α, ρ)P(ζα, ρ)P(ζ/α, ρ)P(ζα, ρ) = − P(ζ/α, ρ)P(ζα, ρ)
(1 − ζ/α)P̂(ζ/α, ρ)P(ζα, ρ)

= αP(ζ/α, ρ)P(ζα, ρ)
(ζ − α)P̂(ζ/α, ρ)P(ζα, ρ)

= Aζ − α + B + O(ζ − α),

where
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(A 2)A = αP(−1, ρ)P(|α|2, ρ)P̂(1, ρ)P(α2, ρ)
,

and where B is not important for present purposes. Similarly, a Taylor expansion of H(ζ) in a
neighbourhood of ζ = α leads to:

(A 3)ℎ(z) = i(T − Ω) − 2iT log P(|α|2 , ρ)P( α2, ρ)
+ (ζ − α) ddζ log P(ζα, ρ)P(ζα, ρ) ζ = α +O(ζ − α)2 .

Since

(A 4)ddζ log P(ζα, ρ)P(ζα, ρ) = 1ζ (K(ζα, ρ) − K(ζα, ρ)),

where K(ζ, ρ) is defined in (4.40), then:

(A 5)ℎ(z) = i(T − Ω) − 2iT log P(|α|2 , ρ)P( α2, ρ)
+ Az 1α (K(|α|2 , ρ) − K(α2, ρ)) +O(1/z2) ,

where use has been made of (A 1). In order that ℎ(z) satisfies (4.15), it is necessary that the
imaginary part of the leading order term in this expression vanishes, equivalently,

(A 6)T − Ω − 2T log P(+r2, ρ)P(−r2, ρ)
= 0.

This can be rearranged to give the mobility relation (4.38). If this holds then the next term, atO(1/z), produces the result (4.39).

Appendix B. Calculation of the prime function
Analytical formulas for the Stokes flow solutions have been derived in terms of the prime
function ω(., .) of a multiply connected circular domain associated with a parametric variable ζ.
Given such a circular domain, the most numerically efficient method to compute the associated
prime function is to make use of freely available MATLAB codes [14,41]. These codes are based
on a numerical algorithm described in detail in Crowdy & Marshall [42] and which extends an
earlier algorithm proposed by Crowdy & Marshall [43].
For a triply connected domain such as that used in §5, however, it is also known (see chapter 14
of Crowdy [14]) that the infinite product representation:

(B 1)ω(z, ζ) = (z − ζ) ∏
Θ ∈ Θ″

(Θ(z) − ζ)(Θ(ζ) − z)
(Θ(z) − z)(Θ(ζ) − ζ) ,

is convergent; here, each function Θ lies in the set of Möbius maps Θ′′ that denotes all elements
of the free Schottky group generated by the basic Möbius maps:

(B 2)Θ1(ζ) ≡ δ + q2ζ
1 − δζ , Θ2(ζ) ≡ −δ + q2ζ

1 + δζ ,

except for the identity and excluding all inverses [14,43]. For numerical purposes of evaluation,
it is necessary to truncate this product, and the natural way to do so is to include all Möbius
maps up to a chosen level: see [14,43] for more details. Use of this infinite product is feasible
for most superhydrophobic cylinder geometries, but maintaining a required degree of accuracy
requires truncation at increasingly high levels as the radii of C1 and C2 get larger; then conver-
gence of the product can become unacceptably slow. In such cases, use of the MATLAB code
from [40] is preferred and advised.
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