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a b s t r a c t 

A semi-analytical solution is developed for the propagation of plane acoustic waves in a 

varying area duct, sustaining a 1-D mean flow with a temperature gradient. The mean 

flow can be non-isentropic, such that the axial variation of the flow area and tempera- 

ture can be prescribed independently. The case of an isentropic mean flow, for which the 

flow area and mean temperature variation are linked, is discussed. A second order differ- 

ential equation (ODE) for acoustic pressure is derived from the linearised Euler equations 

in the frequency domain, neglecting the communication between acoustic and entropy dis- 

turbances. This ODE has axially varying coefficients and is solved using an iterative WKB 

approximation method. The obtained wave-like solution is expressed as the superposition 

of downstream and upstream propagating plane wave amplitudes. The solution thus ob- 

tained is, at any location, a function of upstream thermodynamic and mean-flow prop- 

erties and wave-number, and can be applied to ducts with arbitrarily varying area and 

temperature profiles. For validation of the model, two shapes of area variation with linear 

temperature gradient are considered, and the solution is further simplified to depend only 

on local spatial coordinate and inlet conditions. The semi-analytical solutions are valid at 

“high” frequencies, thus the frequencies considered must be both low enough for a pre- 

dominantly one-dimensional acoustic field, and large enough for validity of the solutions. 

For each geometry, the analytical solution is presented along with the frequency range 

of its validity. The analytical predictions are compared to numerical solutions of the lin- 

earised Euler equations (LEEs), which can either account for or neglect the acoustic - en- 

tropy wave coupling; this further allows the coupling effect to be evaluated. Within the 

frequency ranges of their validity, the simplified semi-analytical solutions perform well up 

to flow Mach-numbers around 0.3. For inlet temperature fluctuations ~ 1% of the mean, 

the effect of acoustic-entropy coupling on the accuracy analytical prediction was found to 

be insignificant for flow Mach numbers less than 0.3. 

© 2020 The Authors. Published by Elsevier Ltd. 

This is an open access article under the CC BY license 

( http://creativecommons.org/licenses/by/4.0/ ) 
1. Introduction 

Thermoacoustic instabilities, also known as combustion instabilities, occur due to a two-way coupling between unsteady 

heat release and acoustics. If acoustic pressure fluctuations are in-phase with unsteady heat release rate at the flame, and 
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if the resulting energy gain of perturbations exceeds the acoustic energy flux leaving the control volume [1] , the ampli-

tude of acoustic oscillations grows. This causes high levels of noise and system vibration until the effects of acoustic non-

linearities leads to limit-cycling or other non-linear oscillations. Thermoacoustic instabilities are highly undesirable. They 

are also difficult to simulate, the disparity between the acoustic length scales, which are O(metre), and the flame wrinkling, 

O(millimetre), and flame reactions O(micrometre), making it very computationally costly. 

Computational methods which couple separate treatments for the acoustic waves and the flame have been shown to 

have much promise for accurate prediction [2–11] . A model for the unsteady flame response to acoustic excitation can be

extracted from large eddy simulations [9,11–20] , while the acoustic waves can be treated using low order network modelling 

[8,9,21–29] or Helmholtz solvers [10,30–33] . Of particular motivation for this work are low order network models, these 

implementing analytical solutions for the acoustic field in simple geometry “modules” which are then networked together. 

For duct modules with uniform cross-sectional area and mean flow, it is straightforward for analytical models to account for 

mean flow effects. However, for ducts which exhibit spatial gradients in the mean flow, temperature and cross-sectional area, 

current network models either discretise the duct into connected segments each with uniform flow [34,35] , or are limited to

specific simple cases. It is beneficial for network models to represent the acoustic field as a superposition of upstream and

downstream propagating acoustic wave components, this offering physical insight, facilitating connection to other modules 

and enabling acoustic damping estimates for any attached dampers. Analytical solutions offer the benefits of guaranteed 

convergence, irrespective of grid size, make parametric studies much easier and are therefore helpful in identifying efficient 

ways of altering the system to attenuate thermo-acoustic oscillations during the design stage. 

Analytical solutions for the one-dimensional acoustic field in a duct of varying area are broadly divided into exact solu- 

tions and semi-analytical solutions. Exact analytical solutions for a subsonic nozzle flow were firstly derived for acoustically 

compact geometries by Marble and Candel [36] . The acoustic wavelength was considered significantly larger than the length 

scale of the nozzle area-change, such that nozzle appears as a ‘step’ to the incident acoustic wave. Eisenberg and Kao [37] ,

determined the acoustic solution for an isentropic flow without temperature gradients using transformation techniques for 

specific area profiles, leading to ordinary differential equations with constant coefficients. For incompressible, isentropic 

mean flows with very low Mach numbers, ( M 

2 < < 1), Easwaran and Munjal [38] presented exact solutions and corre-

sponding transfer matrices for conical and exponential duct area profiles. For uniform area ducts with linear temperature 

gradient, Munjal and Prasad [39] derived the acoustic transfer matrix using perturbation theory. Other exact solutions for 

low subsonic mean flow in uniform ducts with temperature gradient include [40,41] . Exact traveling wave-type solutions 

for specific area and temperature profiles were obtained for non-uniform ducts with mean-temperature gradient and negli- 

gible mean flow by Subrahmanyam and Sujith [42] . An exact solution for acoustic wave propagation in a varying area duct

for the general case - with both substantial mean-flow and a temperature gradient, has not been possible. For this reason,

semi-analytical solutions came into prominence, these combining good accuracy with high computational efficiency. 

The WKB approximate method, named after Wentzel, Kramers, and Brillouin [43] , is a technique traditionally used in 

wave-mechanics to obtain approximate wave-like solutions for second order differential equations with variable coefficients. 

Though this method predates the method of multiple scales, it works in a similar manner. It essentially assumes that the

phase varies more rapidly than the amplitude of the wave, requiring a high frequency assumption. 

Cummings [44] used a slightly modified WKB method with separate amplitude and phase factors instead of an asymp- 

totic expansion. This led to an analytical solution for the acoustic field in a varying area duct with very low Mach number,

isentropic mean-flow and no entropy perturbations, valid at high frequencies. This approach was extended to ducts of con- 

stant cross-sectional area, sustaining a practical non-isentropic mean flow with a temperature gradient by Li and Morgans 

[45] . The final solution included integrals of rapidly varying phase, leading to higher computational time compared to an 

analytical solution. Dokumaci [46] presented a semi-analytical solution for a varying area duct with non-zero isentropic 

mean flow. This was derived by retaining only the off-diagonal terms in the state-space matrix for the isentropic flow equa-

tions. The limiting frequency criteria were derived for zero mean flow. The model performs well over a slightly narrower 

frequency range than WKB-based models, and requires marginally more computational effort [47] as the terms in the state- 

space matrix are integrated over the domain (the solution depends on the thermodynamic and flow properties in the entire 

region). Rani and Rani [48] presents approximate (WKB and WKB2) solutions to the acoustic field in quasi 1-D varying area

ducts with inhomogeneous mean flow properties, but the analysis was again restricted to isentropic flows. The WKB solu- 

tion achieved consists of complicated parameters, making the solution computationally costly, and unclear of the frequency 

limits. Hence there remains a gap for WKB-based models which apply to non-isentropic mean flows and which are only a

function of local thermodynamic and flow properties. 

For non-isentropic mean flows, Umurhan [49] studied the effect of different spatial heating distributions, with no heat 

release fluctuations, on thermoacoustic stability. Dokumaci [50] presented numerical solutions to the 1-D linearised Euler 

equations for non-isentropic mean flows, further discussing the conditions for the isentropic formulation to apply, and when 

the entropy (error) wave is not negligible. 

Semi-analytical solutions derived from truncation of an infinite series have also been used to determine the acoustic 

field. For example, Duran and Moreau [51] used a Magnus expansion to solve for the acoustic field in a varying area duct

sustaining an isentropic mean flow. In order to apply the Magnus expansion, the Euler equations were recast in terms of flow

invariants - mass, stagnation temperature and entropy fluctuations in the low frequency limit. This method does not express 

the final solution as independent plane wave amplitudes; applying the boundary conditions is then not straightforward. It 

cannot be extended to non-isentropic mean flows, as this would not allow entropy to be considered a flow invariant. 
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Fig. 1. Sketch of a duct with varying cross-sectional area ( x 1 to x 2 ). A ( x ), M ( x ), and T (x ) represent the duct cross-sectional area, flow Mach number and 

mean-temperature for given x . For the validation test cases, actuation upstream of the area variation, and an anechoic boundary upstream of actuation are 

considered. 

 

 

 

 

 

 

 

 

 

 

 

The main contribution of the present work is to derive a semi-analytical solution for the 1-D acoustic field in a duct

which (i) has a varying cross-sectional area, (ii) sustains a non-negligible subsonic mean flow, which may be non-isentropic 

and (iii) exhibits a streamwise temperature variation, as shown diagrammatically in Fig. 1 . A solution will be derived using

the WKB-method for the first time, considering firstly non-isentropic duct flows, in which the axial temperature and area 

gradients can be prescribed independently. The solution for isentropic duct flows, in which the axial temperature and area 

gradients are inter-related, is also presented. 

The analysis assumes that the wave fronts are far enough from their source that they behave as planar 1-D waves,

with the acoustic field then depending only on the coordinate in the direction of propagation. The frequencies are assumed 

sufficiently large that WKB methods can be used, yet sufficiently low that higher-order acoustic modes are not cut-on. A 

two step procedure is adopted. Firstly, a new differential equation in terms of only acoustic pressure is derived for the first

time for non-isentropic mean flows. This differential equation is then solved using an iterative WKB method for the acoustic 

field. Terms with flow Mach number of order O( M 

3 ) and higher are neglected - a reasonable assumption for combustors and

after-burners which require low Mach number flows, typically around 0.2, to keep the flame attached. 

Further sections are organized as follows. For non-isentropic flows, the derivation of the acoustic wave equation and its 

analytical solution using a modified WKB approximation technique are presented in Section 2 . The frequency limits of the

method, terminology for transfer functions, and validation against linearised Euler equations numerical results are presented 

for both conical and exponential nozzle geometries. The results for isentropic flows are then presented in Section 3 , along

with corresponding frequency limits. In Section 4 , the effect of acoustic-entropy coupling on the accuracy of the analytical

solution is evaluated by comparing with simulations of the linearised Euler equations which account for acoustic-entropy 

coupling. Conclusions are drawn in the final Section. 

2. Non-isentropic varying area flows 

In practice, non-isentropic mean flow effects are likely to have a strong bearing on the acoustic field. For example, heat

losses from the walls of a combustor cause a mean temperature drop, which will affect the acoustic field. The conserva-

tion equations for one-dimensional perfect inviscid flow in a duct with a changing cross-sectional area along with mean 

temperature variation are, 

• Mass conservation 

A 

∂ρ

∂t 
+ 

∂(ρAu ) 

∂x 
= 0 (1) 

• Momentum conservation 

∂u 

∂t 
+ u 

∂u 

∂x 
+ 

1 

ρ

∂ p 

∂x 
= 0 (2) 

• Energy conservation and equation of state 

∂s 

∂t 
+ u 

∂s 

∂x 
= 

R g 

p 
˙ Q and p = ρR g T (3 , 4) 

where ρ , p, T, u, s, R g , denote density, pressure, temperature, axial velocity, entropy and universal gas-constant respectively. 

Based on the principle of linearization, all flow variables can be separated into a mean time-averaged component, denoted 

by ¯( ) , and a perturbation component, denoted by ( ) ′ . The net heat interaction to the surroundings, ˙ Q , is not zero for non-

isentropic flow. It is also assumed that there are no heat fluctuations inside the duct ( ˙ Q 

′ = 0 ). Further, in this analysis R g 

and γ (the ratio of the specific heats), are assumed to be constants with values of 287 J kg 
−1 

K 

−1 and 1.4 respectively. 

The linearised equations thus obtained are converted from the time to the frequency domain by assuming a time- 

dependence of the form y ′ = ˆ y e i ωt , where ω represents the complex angular frequency and i = 

√ −1 , as follows, 
3 
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(
i ω + γ 2 M 

2 d u 
d x 

+ 

1 

T 

d T 
d x 

γ u 

)
ˆ p + u 

d ̂ p 
d x 

+ 

(
d p 
d x 

(
1 

M 

2 + 1 − γ
)

+ γ p 1 
T 

d T 
d x 

)
ˆ u + γ p d ̂ u 

d x 
= 0 , (5) 

(
i ω + 

d u 

d x 

)
ˆ u + u 

d ̂

 u 

d x 
+ u 

d u 

d x 

ˆ p 

γ p 
+ 

1 

ρ

d ̂

 p 

d x 
= 

�
�

��� 

∼ 0 

u 

d u 

d x 
ˆ σ, (6) 

i ω ̂  σ + u 

d ̂  σ

d x 
= u 

( 

αM 

2 ( γ − 1) ) − β
(
1 − M 

2 
)

1 − γ M 

2 

) (
ˆ u 

u 

+ 

ˆ p 

p 

)
. (7) 

where ˆ σ = ˆ s / c p and c p = γ R g / (γ − 1) . In the above equations, thermodynamic relations are used to replace the density

perturbation, ˆ ρ, with pressure, ˆ p , and normalised entropy, ˆ σ , perturbations, as given by, 

ˆ σ = 

ˆ p 

γ p 
− ˆ ρ

ρ
. (8) 

The communication between the entropy and the acoustic field, as implied by the right hand side of the momentum equa-

tion in Eq. (6) , is neglected in this analysis. That is, acoustic-entropy coupling is neglected, the justification being that the

flow Mach number is low [46,52] . Also, the current analysis is aimed at mid to high frequencies, where the wavelength of

entropy disturbances, given as u / f, is smaller than the largest turbulent length scales. As the entropy wave advects along 

the duct, its amplitude is then strongly attenuated due to shear dispersion [53–56] . 

The validity of neglecting acoustic-entropy coupling is further investigated in Section 4 , by comparing the analytical re- 

sults with numerical solution of Eqs. (5) –(7) , accounting for acoustic-entropy coupling. A lower value of normalised entropy 

fluctuation ( ~ 1%) is considered for this investigation due to higher shear dispersion at these frequencies. In this work, 

numerical simulations of the linearised Euler equations in which acoustic-entropy coupling is neglected are referred to as 

2LEEs (two linearised Euler equations), while simulations which account for it are referred to as 3LEEs (three linearised 

Euler equations). 

For the duct flow, the area and mean-temperature gradients are normalised according to: 

α = 

1 

A 

d A 

d x 
; β = 

1 

T 

d T 

d x 
. (9 , 10)

The mean heat-transfer rate expressed in terms of mean flow gradients as, 

˙ Q = ρ u 

(
c p 

d T 

d x 
+ u 

d u 

d x 

)
. (11) 

The steady components of the conservation equations ( Eqs. (1) –(3)) allow various mean flow gradients to be expressed in

terms of α and β as, 

1 

u 

d u 

d x 
= 

β − α

1 − γ M 

2 
; 1 

p 

d p 

d x 
= 

−γ M 

2 ( β − α) 

1 − γ M 

2 
; 1 

ρ

d ρ

d x 
= 

−
(
β − αγ M 

2 
)

1 − γ M 

2 
; 1 

c 

d c 

d x 
= 

β

2 

. (12 − 15)

For non-isentropic flows, the energy equation, Eq. (7) , has a source term that depends on temperature and area gradi-

ents. This implies that the magnitude of the entropy disturbance can vary as it is transported. 

On dividing Eq. (5) by γ p , and Eq. (6) by u , coefficients of d ̂  u / d x are normalized, and the equations become, 

A ̂

 p + B 

d ̂

 p 

d x 
+ C ̂  u + 

d ̂

 u 

d x 
= 0 ; D ̂

 p + E 
d ̂

 p 

d x 
+ F ˆ u + 

d ̂

 u 

d x 
≈ 0 , (16 , 17)

where the coefficients A, B, C, D, E, F , are functions of x and wavenumber, k o = ω/ c , and are given by, 

A = 

1 

ρc 

(
i k o + γ 2 M 

2 1 

u 

d u 

d x 
+ γβ

)
, B = 

u 

γ p 
, C = 

1 

γ p 

(
d p 

d x 

(
1 

M 

2 
+ 1 − γ

)
+ β

)
, 

D = 

1 

γ p 

d u 

d x 
, E = 

1 

ρu 

, F = 

i k o 

M 

+ 

1 

u 

d u 

d x 
. (18a–f) 

Equations (16) and (17) are used to eliminate d ̂  u / d x , so that ˆ u is expressed in terms of ˆ p and d ̂  p / d x as, 

ˆ u = G ̂

 p + H 

d ̂

 p 

d x 
; where G = 

(
D − A 

C − F 

)
and H = 

(
E − B 

C − F 

)
. (19) 

Eq. (19) and its differential with respect to x then replace ˆ u and d ̂  u / d x in Eq. (16)), leading to a second order differential

equation (ODE) in ˆ p : 

H 

d 

2 
ˆ p 

d x 2 
+ 

(
G + 

d H 

d x 
+ CH + B 

)
d ̂

 p 

d x 
+ 

(
CG + 

d G 

d x 
+ A 

)
ˆ p = 0 . (20) 
4 
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Upon using relations from Eqs. (12)–(15) and ( 18a–f ), the coefficients of the second order differential equation are simplified.

Further assuming β is of the order α and defining δ ∼ O (α) 
k o 

or O (β) 
k o 

, κ = 

1 
α2 

d α
d x 

∼ O (1) , the ODE takes the following form 

upon neglecting terms of order δ3 and M 

3 and higher: ⎛ 

⎜ ⎜ ⎝ 

1 − M 

2 + 

O (δM) ︷ ︸︸ ︷ 
( β − 2 α) 

i M 

k o 
−

O (δ2 M 

2 ) ︷ ︸︸ ︷ 
( β − 2 α) 

2 M 

2 

k 2 o 

⎞ 

⎟ ⎟ ⎠ 

d 
2 

ˆ p 
d x 2 

−k o 

⎛ 

⎜ ⎜ ⎜ ⎝ 

2 i M −

O (δ) ︷ ︸︸ ︷ 
α + β

k o 
+ 

O (δM 

2 ) ︷ ︸︸ ︷ 
αM 

2 ( 1 + γ ) + βM 

2 

k o 
−

O (δ2 M) ︷ ︸︸ ︷ 
2 i β( β − 2 α) M 

k 2 o 

− i M 

k 2 o 

(
d β

d x 
− 2 

d α

d x 

)⎞ 

⎟ ⎟ ⎟ ⎠ 

d ̂ p 
d x 

+ k o 
2 

⎛ 

⎜ ⎜ ⎜ ⎝ 

1 −

O (δM) ︷ ︸︸ ︷ 
i βM 

k o 
( 1 + γ ) + 

O (δ2 M 

2 ) ︷ ︸︸ ︷ 
3 α2 M 

2 

k 2 o 

(
1 − 1 

α2 

d α

d x 

)
− αβM 

2 

k 2 o 

( 8 − γ ) + 

β2 M 

2 

k 2 o 

( 2 − γ ) 

(
2 + 

1 

β2 

d β

d x 

)⎞ 

⎟ ⎟ ⎟ ⎠ 

ˆ p = 0 . 

(21) 

This is the differential equation for the acoustic pressure disturbance in a varying-area duct with an arbitrary temperature 

gradient and non-isentropic mean flow. The main assumptions underpinning it are: ( i ) the acoustic field is one-dimensional, 

( ii ) | δ| < < 1 and κ ~ O(1), ( iii ) constant gas properties γ , R g , ( iv ) weak acoustic-entropy coupling and ( v ) low Mach number,

such that terms of O( M 

3 ) and higher are negligible. The coefficients of this ODE are functions only of spatial coordinate, x ,

and wave-number, k o . The ODE simplifies to better-known forms under more restrictive assumptions: 

• When the mean-flow is negligible ( M ≈ 0), Eq. (21) simplifies to: 

d 

2 
ˆ p 

d x 2 
− ( α + β) 

d ̂

 p 

d x 
+ k o 

2 
ˆ p = 0 , (22) 

consistent with [42] . 

• For a straight duct without mean-temperature variation (α = 0 , β = 0) but sustaining a mean flow, Eq. (21) simplifies

to: (
1 − M 

2 
)d 

2 
ˆ p 

d x 2 
− 2 i Mk o 

d ̂

 p 

d x 
+ k o 

2 
ˆ p = 0 . (23) 

This is consistent with the forms in Ingard and Singhal [57] , Lieuwen [59] . 

• For a straight duct (α = 0) with zero mean-temperature gradient (β = 0) and negligible mean flow ( M ≈ 0), 

Eq. (21) simplifies to the classic one-dimensional Helmholtz equation [60] : 

d 

2 
ˆ p 

d x 2 
+ k o 

2 
ˆ p = 0 . (24) 

2.1. Semi-analytical solution using an iterative WKB method 

The iterative WKB technique used by Li and Morgans [45] is now applied to the varying-area duct with non-isentropic

mean flow. It involves expressing the pressure perturbation as, 

ˆ p ( x, ω ) = I exp 

∫ x 

x 1 

(
a ±( x ∗) + i b ±( x ∗) 

)
d x ∗ (25) 

where, I is an arbitrary constant and a and b are two real x -dependant variables determined using the ODE in Eq. (21) . b

represents the rapidly varying phase of the wave, while a is related to the slowly varying amplitude, and hence it is assumed

that b � a . The pressure solution can be represented in terms of independent upstream and downstream propagating plane 

wave amplitudes at high frequencies, where the length scale of the area change sufficiently exceeds the acoustic wavelength. 

In thermoacoustics, the imaginary part of the wave-number, k o , is typically much smaller than the real part [8,9,58,59] for

modes of interest, and hence the former is neglected for the WKB analysis (when calculating the modes of the conical duct

with isentropic mean flow considered in this analysis (shown on the left of Fig. 2 ), this assumption led to minor errors

in growth rate only at the lowest frequency fundamental mode (error ~ 10%) while other modes are accurately captured 

(error < 1%) compared to [29] ). In the final solution however, k o is still regarded complex such that it can be used for

stability analysis. 
5 
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Fig. 2. (Left) Schematic of the conical-shaped duct with the flow parameters and calculated frequency limits for non-isentropic mean flow. (Right) 

Schematic of the exponential-shaped duct with the flow parameters and calculated frequency limits for non-isentropic mean flow. (Frequency limits, 

corresponding Helmholtz numbers based on length of the duct and mean speed of sound at inlet ( He = f l / ̄c 1 ) are also presented.). 

 

 

Substituting Eq. (25) into Eq. (21) gives, 

⎛ 

⎜ ⎜ ⎝ 

1 − M 

2 + 

O (δM) ︷ ︸︸ ︷ 
( β − 2 α) 

i M 

k o 
−

O (δ2 M 

2 ) ︷ ︸︸ ︷ 
( β − 2 α) 

2 M 

2 

k 2 o 

⎞ 

⎟ ⎟ ⎠ 

(
a 2 − b 2 + i 2 ab + 

d a 
d x 

+ i d b 
d x 

)

−k o 

⎛ 

⎜ ⎜ ⎜ ⎝ 

2 i M −

O (δ) ︷ ︸︸ ︷ 
α + β

k o 
+ 

O (δM 

2 ) ︷ ︸︸ ︷ 
αM 

2 ( 1 + γ ) + βM 

2 

k o 
−

O (δ2 M) ︷ ︸︸ ︷ 
2 i β( β − 2 α) M 

k 2 o 

− i M 

k 2 o 

(
d β

d x 
− 2 

d α

d x 

)⎞ 

⎟ ⎟ ⎟ ⎠ 

( a + i b ) 

+ k o 
2 

⎛ 

⎜ ⎜ ⎜ ⎝ 

1 −

O (δM) ︷ ︸︸ ︷ 
i βM 

k o 
( 1 + γ ) + 

O (δ2 M 

2 ) ︷ ︸︸ ︷ 
3 α2 M 

2 

k 2 o 

(
1 − 1 

α2 

d α

d x 

)
− αβM 

2 

k 2 o 

( 8 − γ ) + 

β2 M 

2 

k 2 o 

( 2 − γ ) 

(
2 + 

1 

β2 

d β

d x 

)⎞ 

⎟ ⎟ ⎟ ⎠ 

= 0 . 

(26) 

An iterative procedure is adopted to determine the values of a and b . The initial value of a , denoted a 0 , is set to that for

the case of negligible mean flow; a ±
0 

= −α
2 − β

4 , hence a is of the order, a ~ O ( α) or O ( β) [44] . Also, the variable b , with

initial value b 0 , is of the order k o and so 
b 0 
k o 

∼ O (1) . 
6 
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Now on equating the real part of Eq. (26) to zero, dividing by k 2 o , 

1 − b 2 0 

k 2 o 

(
1 − M 

2 
)

+ 2 M 

b 0 
k o 

+ 

Terms 1 - O (δ2 ) ︷ ︸︸ ︷ 
1 

k 2 o 

(
a 2 0 + a 0 ( α + β) + 

d a 0 
d x 

)
−

Terms 2 - O (δ2 M) ︷ ︸︸ ︷ 
M 

k 3 o 

((
2 ab 0 + 

d b 0 
d x 

+ 2 b 0 β

)
( β − 2 α) + b 0 

(
d β

d x 
− 2 

d α

d x 

))

−

Terms 3 - O (δ2 M 

2 ) ︷ ︸︸ ︷ 
M 

2 

k 2 o 

(
a 2 0 + a 0 ( α( 1 + γ ) + β) + 

d a 0 
d x 

− b 2 0 

k 2 o 

( β − 2 α) 
2 − 3 

(
α2 − d α

d x 

)
+ αβ( 8 − γ ) − ( 2 − γ ) 

(
2 β2 + 

d β

d x 

))

−

Terms 4 - O (δ4 M 

2 ) ︷ ︸︸ ︷ 
( β − 2 α) 

2 
M 

2 

k 4 o 

(
a 2 0 + 

da 0 
dx 

)
= 0 . 

(27) 

Although the WKB method requires the frequency to be large, the frequency must also be small enough for higher order

acoustic duct modes to remain cut-off. Thus, a heuristic lower frequency limit above which the WKB approximate solution is 

valid is discussed, along with an upper frequency limit based on the cut-off criterion. These frequency limits are presented 

in detail in Section 2.2 . 

As for any multi-scale method, the WKB method has parameters at different scales. In the current problem, b represents 

the rapidly varying phase of the wave like solution, while a is of the order of the area gradient, representing the slowly

varying amplitude. Under a high frequency approximation, b is of the order k o , and hence is much larger than a . Hence

in Eq. (27) , Terms 3 & 4 can be dropped as they are of order O( δ2 M 

2 ) and higher. Further, for the first iteration, as | δ| is

considered much smaller than 1, Terms 1, 2 which are of order O( δ2 ) and O( δ2 M ) respectively, can also be neglected (these

are considered in the second iteration). These assumptions leads to the quadratic equation given by, 

1 − b 2 

k 2 o 

(
1 − M 

2 
)

+ 2 M 

b 

k o 
≈ 0 . (28) 

Solutions for the above equation yield updated values of b : 

b 1 
± = 

∓k o 

1 ± M 

. (29) 

Similarly on equating the imaginary part of Eq. (26) to zero, 

Terms 1 - O (δ) ︷ ︸︸ ︷ 
2 ab 1 

k 2 o 

+ 

1 

k 2 o 

d b 1 
d x 

+ 

b 1 ( α + β) 

k 2 o 

−

Terms 2 - O (δM) ︷ ︸︸ ︷ 
M 

(
b 2 1 ( β − 2 α) 

k 3 o 

+ 

2 a 

k o 
+ 

β( 1 + γ ) 

k o 

)
−M 

2 

Terms 3 - O (δM 

2 ) ︷ ︸︸ ︷ (
2 ab 1 

k 2 o 

+ 

1 

k 2 o 

d b 1 
d x 

+ 

b 1 α( 1 + γ ) 

k 2 o 

+ 

b 1 β

k 2 o 

)

+ M 

Terms 4 - O (δ3 M) ︷ ︸︸ ︷ (
a 2 

k 2 o 

( β − 2 α) 

k o 
+ 

1 

k 2 o 

d a 

d x 

( β − 2 α) 

k o 
+ 

2 a 

k o 

β( β − 2 α) 

k 2 o 

+ 

a 

k o 

1 

k 2 o 

(
d β

d x 
− d α

d x 

))
−M 

2 ( β−2 α) 
2 

k 2 o 

Terms 5 - O (δ3 M 

2 ) ︷ ︸︸ ︷ (
2 ab 1 

k 2 o 

+ 

1 

k 2 o 

d b 1 
d x 

)
= 0 , 

(30) 

we obtain an equation whose leading order term is O( δ). Neglecting terms of order O( δ3 M ) and higher, and solving for a ±

results in, 

a ± = 

Terms 1 ︷ ︸︸ ︷ 
−α

2 

− β

4 

∓

Terms 2 ︷ ︸︸ ︷ (
β

2 

− α

)
M + 

(
β

2 

− α

)
M 

2 + 

Terms 3 ︷ ︸︸ ︷ 
αγ M 

2 

2 

∓ βγ M 

2 

+ �������� 

0 

O (αM 

3 , βM 

3 ) . (31) 

The solution for a ± as given in Eq. (31) , leads to updates for b ± by again solving the quadratic equation in Eq. (27) and

considering terms of order up to O( δ2 M ) (Terms 1 and 2 included), 

b ±

k o 
= 

M ∓
√ 

1 − �±
NI ( 1 −M 

2 ) 
k 2 o 

1 − M 

2 
+ O 

(
δ2 M 

2 
)
, (32) 

where �±
NI 

is given by, 

�±
NI 

k 2 o 
= − 1 

k 2 o 

(
(a ±) 2 + a ±( α + β) + 

d a ±
dx 

)
− M 

k 3 o 

((
2 a ±b ± + 

d b ±
dx 

+ 2 b ±β
)
( β − 2 α) + b ±

(
d β
dx 

− 2 

d α
dx 

))
+ O 

(
δ2 M 

2 
)

= 

1 
k 2 o 

[ 
α2 

4 
+ 

3 β2 

16 
+ 

αβ
2 

∓ M 

(
α2 + 

β2 

2 ( 1 − γ ) − αβ
2 ( 3 − γ ) 

)
+ 

d α
dx 

(
1 
2 

± M 

)
+ 

1 
2 

d β
dx 

(
1 
2 

± M ( γ − 1 ) 
)] 

. 
(33) 
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For 
�±

NI 

k 2 o 
, which is of the order δ2 (| δ| 	 1), the binomial expansion can be applied to Eq. (32) ; retaining terms up to first

order gives, 

b ±

k o 
= 

∓1 

1 ± M 

± �±
NI 

2 k 2 o 

+ ������ 

	 1 

O 

(
δ2 M 

2 
)
. (34) 

The final analytical solution for acoustic pressure ( Eq. (25) ), requires the integrals to be evaluated. Integration of Terms

1 and 2 in a ± ( Eq. (31) ) is straightforward, while for Terms 3 it depends on the duct shape and temperature profile. For

Terms 1: ∫ x 

x 1 

(
−α

2 

− β

4 

)
d x = 

−1 

2 

ln 

( 

A 

A 1 

√ 

T 

T 1 

) 

, (35) 

where A 1 , and T 1 represent the duct area and temperature at the inlet ( x = x 1 ) respectively. For Terms 2, the Mach number

gradient (from Eqs. (12), (15)) is used to evaluate the integral: 

1 

M 

d M 

d x 
= 

(
β

2 

− α

)
+ (β − α) γ M 

2 + ����� 

0 

O (M 

4 ) 
⇒ 

(
β

2 

− α

)
M = 

d M 

d x 
;

(
β

2 

− α

)
M 

2 = M 

d M 

d x 
. (36) 

With the final expressions for a ±, b ±, and the definition of acoustic pressure given by Eq. (25) , the principle of superposi-

tion allows the overall analytical solution for the pressure to be expressed as, 

ˆ p ( x, ω ) = C + 1 P 
+ 
1 ( x, ω ) + C −1 P 

−
1 ( x, ω ) , (37) 

with constants C + 
1 

and C −
1 

that are determined using boundary conditions and, 

P ±1 = 

(
A 1 

A 

)1 / 2 (
T 1 
T 

)1 / 4 

⎡ 

⎢ ⎢ ⎣ 

exp 

(
M 

2 

2 
∓ M + 

γ
2 

∫ x 

x 1 

(αM 

2 ∓ βM) d x ∗
)

exp 

(
M 

2 
1 

2 
∓ M 1 

)
⎤ 

⎥ ⎥ ⎦ 

exp 

(∫ x 

x 1 

i 

(
∓k o 

1 ± M 

± �±
NI 

2 k o 

)
d x ∗

)
, (38) 

where M 1 is the inlet Mach number. The explicit dependence of the solution on the area and mean temperature profiles is

apparent. The amplitude part of the wave-like solution contains terms which cannot be written in terms of the derivative 

of the Mach number, and hence appear as an integral in P ±
1 

( Eq. (38) ). 

The velocity perturbation, ˆ u , is determined from Eq. (19) and can be written as, 

ˆ u ( x, ω ) = 

1 

ρc 

(
B 

+ 
1 C 

+ 
1 P 

+ 
1 − B 

−
1 C 

−
1 P 

−
1 

)
, (39) 

where, 

B 

±
1 = 

i k o 
(
1 − γ M 

2 
)

± β
4 

± α
2 

− αM + 

βM 

2 ( 1 + γ ) ± βM 

2 

4 ( 3 γ − 7 ) ± αM 

2 

2 ( 3 − 2 γ ) 

i k o 
(
1 − γ M 

2 
)

+ ( β − 2 α) M 

. (40) 

2.2. Frequency range of validity for semi-analytical solution 

2.2.1. Lower frequency limit 

The analytical solution derived using the WKB method assumes high frequency. We now determine an analytical expres- 

sion for this high frequency criterion. For a uniform mean-flow, without temperature or area gradients, the upstream and 

downstream propagating planar wave amplitudes are completely uncoupled and are independent of axial coordinate. The 

coupling and axial evolution that arises in the presence of axial gradients is mainly caused due to the temperature and area

gradients along the flow, with variations in the mean-flow having only a secondary contribution [46] . 

The high frequency assumption of the WKB method sets the lower frequency limit. This follows from the terms that are

neglected in WKB analysis when making the high frequency approximation. It can be interpreted as a “decoupling criterion”, 

as it ensures that the effect of the upstream and downstream propagating plane wave amplitudes on each other is minimal.

The terms neglected in the second iteration of b ± in Eq. (32) ( �±
NI 

/k 2 o is 	 1) set this limit, thus, 

f ∗low = 

c x 

2 π
max 

√ ∣∣∣∣α2 

4 
+ 

3 β2 

16 
+ 

αβ

2 
∓ M 

(
α2 + 

β2 

2 
( 1 − γ ) − αβ

2 
( 3 − γ ) 

)
+ 

d α

d x 

(
1 

2 
± M 

)
+ 

1 

2 

d β

d x 

(
1 

2 
± M ( γ − 1 ) 

)∣∣∣∣, (41) 

where the “max” function gives the maximum value of the lower frequency limit evaluated along the duct, ± corresponds 

to upstream and downstream propagating plane wave amplitudes, and c x is the local speed of sound. 
8 
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2.2.2. Upper frequency limit 

The analytical solution is valid for planar acoustic waves, which means that higher order acoustic modes such as cir- 

cumferential and radial modes must be cut-off. This then sets an upper limit on the frequency that can be considered. The

frequency at which the first non-planar modes are cut-on in a duct with circular cross-section at a given x is given by, 

f ∗high = 

0 . 293 c x 

r x 
, (42) 

where, r x is the radius of the duct at x . 

To summarise, these expressions for determining the acoustic pressure ( Eq. (38) ) and acoustic velocity ( Eqs. (39) and

(40) ) are presented for the first time, and are an important result of this work. Beyond the assumptions outlined in the

derivation of governing ODE for acoustic pressure, (i) terms of order O( δ2 M 

2 ) are further neglected, and (ii) the imaginary

part of wave-number ( k o ) is assumed very small compared to the real part. The expression for P ±
1 

given by Eq. (38) applies

for any duct shape/area variation and temperature profile; it requires increased computational effort as the integrals of phase 

and amplitude need to be determined numerically. A simplified analytical solution can be developed for given area and 

temperature profiles by evaluating the integrals in Eq. (38) . For example, for simple conical and exponentially-shaped ducts 

with linear temperature variations, a fully analytical solution that depends only on the local mean-flow and thermodynamic 

properties can be derived at the cost of restricted Mach numbers ( M 

2 	 1) and is presented in the Section 2.3 . 

2.3. Semi-analytical solution for non-isentropic flow in a conical-shaped duct 

The accuracy of the proposed semi-analytical solution for the non-isentropic case is evaluated by applying it to two test 

duct geometries: the conical-shaped duct, shown on the left of Fig. 2 and the exponential-shaped duct shown on the right.

The analytical results are compared to the simulation results from the two-linearised Euler equations ( Eqs. (5) and (6) )

which also neglect the acoustic-entropy coupling. 

For the conical-shaped duct, the radius changes linearly with space coordinate, x , with the cross-sectional area then 

proportional to r 2 x . For a duct of length l , inlet at x = x 1 , inlet radius r 1 , and exit radius r 2 , the cross-sectional area varies

as, 

A ( x ) = A 1 (1 + A x ) 2 , where A = 

( r 2 − r 1 ) 

r 1 l 
and x ∈ [ x 1 , x 1 + l ] , (43) 

The area gradient parameter, α, and its spatial derivative become, 

α = 

1 

A 

d A 

d x 
= 

2 A 

(1 + A x ) 
⇒ 

d α

d x 
= −α2 

2 

. 

Also considering a linear mean-temperature variation ( T 1 at the inlet ( x = x 1 ) and T 2 at the outlet ( x = x 2 ) ): 

T ( x ) = T 1 ( 1 + Bx ) , where B = 

T 2 − T 1 

T 1 l 
and x ∈ [ x 1 , x 1 + l ] . (44, 45) 

Hence, 

β = 

B 

1 + Bx 
⇒ 

d β

d x 
= 

−B 

2 

( 1 + Bx ) 
2 

= −β2 . 

The analytical solution requires evaluation of the b ± terms in the integral in order to evaluate the phase. This can be

achieved to reasonable accuracy by assuming the flow Mach number to have the following simplified dependence on area 

and mean-temperature, 

M 

M 1 

≈ A 1 

A 

√ 

T 

T 1 
. (47, 48) 

This simplification is valid for Mach numbers below approximately 0.3 to an (order of O( M 

2 ) accuracy), and hence is justified

as the Mach numbers in this analysis are limited in any case by having neglected the acoustic-entropy coupling [46,52] .

Using the expressions for d α
d x 

(Eq. (45)) and 

d β
d x 

(Eq. (48)) for �±
NI 

, b ± is evaluated as, 

∫ x 

x 1 

b ±d x = ∓
∫ x 

x 1 

k o 

1 ± M 

d x ∗ ±
∫ x 

x 1 

�±
NI 

2 k o 
d x ∗ ≈

I c o ︷ ︸︸ ︷ ∫ x 

x 1 

∓k o 
(
1 ∓ M + M 

2 
)
d x ∗ ±

I c 1 to I c 4 ︷ ︸︸ ︷ ∫ x 

x 1 

(
αβ

4 k o 
− β2 

32 k o 
∓ 3 α2 M 

4 k o 
± αβM 

4 k o 
(3 − γ ) 

)
d x ∗ . (50) 

It then follows that, 

P ±1 = 

(
A 1 

A 

)1 / 2 (
T 1 

T 

)1 / 4 [
exp 

(
M 

2 − M 

2 
1 

2 

∓ ( M − M 1 ) + J c 1 ∓ J c 2 ∓ i I c 0 ± i ( I c 1 + I c 2 + I c 3 + I c 4 ) 

)]
, (51) 
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where J c 
1 

and J c 
2 

represent the integral of Terms 3 in a ± and I c 
0 

to I c 
4 

are given as, 

J c 1 = 

∫ x 

x 1 

αγ M 

2 

2 

d x ∗ = 

γ M 

2 
1 

12 A 

[ 
(B + 3 A ) − 4 ABx + B + 3 A 

(1 + A x ) 4 

] 
, (52) 

J c 2 = ∓
∫ x 

x 1 

βγ M 

2 

d x ∗ = 

BM 1 

B − A 

[ 

B √ 

A (B − A ) 

( 

tan 

−1 

√ 

A (1 + Bx ) 

B − A 

− tan 

−1 

√ 

A 

B − A 

) 

+ 

√ 

1 + Bx 

1 + A x 
− 1 

] 

, (53) 

I c 0 = 

∫ x 

x 1 

k o 
(
1 ∓ M + M 

2 
)
d x ∗ = k 1 

∫ x 

x 1 

(
1 √ 

1 + Bx 
∓ M 1 

( 1 + A x ) 
2 

+ 

M 

2 
1 

√ 

1 + Bx ) 

( 1 + A x ) 
4 

)
d x ∗, (54) 

= 

2 k 1 
B 

(√ 

1 + Bx − 1 

)

∓ k 1 M 1 x 

1 + A x 
+ k 1 M 

2 
1 

⎡ 

⎢ ⎢ ⎣ 

B 

3 tan 

−1 

(√ 

A (1+ Bx ) 
B−A 

)
8 A 

3 / 2 ( B − A ) 
5 / 2 

+ 

√ 

1 + Bx ( B(A x + 3) − 2 A ) ( B(3 A x − 1) + 4 A ) 

24 A ( B − A ) 
2 
( 1 + A x ) 

3 

⎤ 

⎥ ⎥ ⎦ 

x 

x 1 =0 

(55) 

I c 1 = 

1 

2 

∫ x 

x 1 

αβ

2 k o 
d x ∗ = 

AB 

k 1 
√ 

A (B − A ) 

[ 

tan 

−1 

( √ 

A (1 + Bx ) 

B − A 

) 

− tan 

−1 

( √ 

A 

B − A 

) ] 

, (56) 

I c 2 = 

−1 

16 

∫ x 

x 1 

β2 

2 k o 
d x ∗ = 

B 

16 k 1 

(
1 √ 

1 + Bx 
− 1 

)
, (57) 

I c 3 = ∓3 

2 

∫ x 

x 1 

α2 M 

2 k o 
d x ∗ = ∓ M 1 

2 k 1 

[
( B + 2 A ) − 3 ABx + B + 2 A 

( 1 + A x ) 
3 

]
, (58) 

I c 4 = ±3 − γ

2 

∫ x 

x 1 

αβM 

2 k o 
d x ∗ = ∓ (3 − γ ) BM 1 

2 k 1 

[ 
1 

(1 + A x ) 2 
− 1 

] 
. (59) 

where k 1 is the wave-number at the inlet. The acoustic pressure solution for non-isentropic flow in a conical duct is given

by Eq. (37) with P ±
1 

from Eq. (51) . The corresponding velocity perturbation, ˆ u , is determined using Eq. (39) , where B ±
1 

is

given by Eq. (40) . 

2.3.1. Frequency limits 

The lower frequency limit given by Eq. (41) can again be simplified using the expressions for d α
d x 

(Eq. (45)) and 

d β
d x 

(Eq. (48)) to give, 

f ∗low 

= 

c x 

2 π
max 

( 

√ ∣∣∣∣±3 α2 M 

2 

− β2 

16 

+ 

αβ

2 

± αβM 

2 

( 3 − γ ) 

∣∣∣∣
) 

. (60) 

Both the lower and upper frequency limits are calculated at the duct inlet and outlet and are presented in Fig. 2 , where

it can be seen that an intermediate range exists where all limits are satisfied. 

2.3.2. Validation of analytical solution 

In order to validate the above analytical solution, it is compared to numerical simulation of the LEEs under the acoustic

forcing and boundary conditions summarised in Fig. 1 . The two-linearised Euler equations of Eqs. (5) and (6) are simulated

(denoted 2LEEs); like the analytical solution, these neglect acoustic-entropy coupling, meaning the predictions should agree 

for the frequency and Mach ranges over which the analytical solution is valid. At the duct inlet, x 1 , the acoustic impedance,

Z 1 , is specified by the relation between pressure perturbation, ˆ p 1 , and velocity perturbation, ˆ u 1 , being ˆ p 1 = ρ1 c 1 Z 1 ̂  u 1 . For

the duct outlet, Dowling’s method [61] is used in which acoustic waves are considered not to have reached the outlet

boundary at x 2 . This semi-infinite acoustic problem facilitates validation of the solution across a wide range of frequencies.

For a prescribed frequency, the resulting initial value problem is amenable to higher-order schemes; the 4th order Runge- 

Kutta is employed for our solution. 

The variations of the acoustic pressure and velocity along the duct are related to the velocity forcing at the duct inlet

using the transfer functions below, consistent with the approach used in Li and Morgans [45] ; 

F p ( x, f ) = 

ˆ p ( x, f ) 

ρ1 c 1 ̂  u 1 ( f ) 
; F u ( x, f ) = 

ˆ u ( x, f ) 

ˆ u 1 ( f ) 
; (61 , 62) 

The difference between the analytical and numerical solution is characterised with “error coefficients”, which are relative L 2 

norms. If N represents the total number of spatial grid points, the pressure and velocity error coefficients are given by, 
10 
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Fig. 3. Evolution of F p and F u with x . T 1 = 1600 K, T 2 = 1200 K, M 1 = 0.005 & 0.05, M 2 = 0.027 & 0.27, He 1 = 1 & 0.3, and Z 1 = −1. (a): transfer function 

gain | F p |. (b): transfer function phase � F p . (c): transfer function gain | F u |. (d): transfer function phase � F u . 

 

 

 

 

 

 

 

 

 

 

 

 

 

εp 

(
F p, Analytical , F p, 2 LE E s 

)
= 

( 

N ∑ 

j=1 

∣∣F p, Analytical 

(
x j 

)
− F p, 2 LE E s 

(
x j 

)∣∣2 
/ 

N ∑ 

j=1 

∣∣F p, Analytical 

(
x j 

)∣∣2 

) 1 / 2 

(63) 

εu 

(
F u, Analytical , F u, 2 LE E s 

)
= 

( 

N ∑ 

j=1 

∣∣F u, Analytical 

(
x j 

)
− F u, 2 LE E s 

(
x j 

)∣∣2 
/ 

N ∑ 

j=1 

∣∣F u, Analytical 

(
x j 

)∣∣2 

) 1 / 2 

(64) 

2.3.3. Validation results 

The conical duct in Fig. 2 (left) is initially considered across three different inlet Mach numbers and three different

frequencies. The first two frequencies considered satisfy both the lower ( Eq. (60) ) and upper ( Eq. (42) ) frequency limits,

while the third falls below the lower frequency limit. Note that frequencies are presented as a non-dimensional Helmholtz 

number based on length of the duct, defined as, He 1 = f l / ̄c 1 . 

• Very low Mach numbers: Fig. 3 compares the analytical model and numerical 2LEEs solutions when the duct Mach 

number is M 1 = 0 . 005 at inlet, corresponding to M 2 = 0 . 027 at the duct outlet in the presence of a strong temperature

gradient 800 K/m. From Section 2.3.1 , at very low Mach numbers, the lower frequency limit of Eq. (60) becomes propor-

tional to β which is generally small in practical engines, meaning that the analytical solution should perform accurately 

for all frequencies below the cut-on for higher order modes. It is noted that the analytical and numerical solutions are

in close agreement, for the frequencies considered. 

• Increased low Mach numbers: For an inlet duct Mach number of 0.05 and outlet Mach number of 0.27, Fig. 3 shows that

the analytical and numerical results agree close to the inlet, but slightly diverge towards the exit for the lower frequency

of He 1 = 0 . 3 . This is attributed to the increased Mach numbers and α values at the outlet. 

• Frequency below lower frequency limit: Fig. 4 (plotted in red) compares the predictions for a frequency of 160Hz ( He 1 
= 0.1), which falls below the lower frequency limit of Eq. (60) . It is observed that even for the very low Mach numbers,

while the acoustic pressure is well-captured, a deviation in the phase of F u occurs. 

• High subsonic Mach numbers: Fig. 4 also compares predictions for a duct with outlet Mach number 0.73. Due to the

low Mach assumption used in deriving Eq. (51) , P ±
1 

is predicted using the general solution ( Eq. (38) ) at these high

subsonic Mach numbers. Although this general solution requires slightly increased computational effort to evaluate the 

integrals, the prediction is accurate. The solution now depends on upstream mean-flow and thermodynamic properties. 

• Effect of flow temperature: The errors in the acoustic pressure and velocity predictions ( Eqs. (63) and (64) ) are shown

in Fig. 5 as a function of mean-temperature variation and non-dimensional frequency. The corresponding values of flow 

Mach number at the outlet, M 2 , are shown on a separate axis. The error remains below < 10% over most conditions. 

• Effect of flow Mach number - using simplified low Mach solution: The effect of flow Mach number on the acoustic

pressure and velocity errors is shown in Fig. 6 for a range of inlet Helmholtz numbers. The acoustic field is predicted
11 
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Fig. 4. Evolution of F p and F u with x . T 1 = 1600 K, T 2 = 1200 K, M 1 = 0.005 & 0.095, M 2 = 0.05 & 0.73, Helmholtz numbers given by He 1 , and Z 1 = −1. 

(a): transfer function gain | F p |. (b): transfer function phase � F p . (c): transfer function gain | F u |. (d): transfer function phase � F u . 

Fig. 5. Contour maps of (a) εp and (b) εu using the proposed analytical model as functions of He 1 and T 2 / T 1 , in conical test-case. The dashed line 

represents the lower frequency limit given by Eq. (60) . 

Fig. 6. Contour maps of (a) εp and (b) εu using the proposed analytical model as functions of He 1 and M 1 , in conical test-case. The dashed line represents 

the lower frequency limit given by Eq. (60) . 
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Fig. 7. Contour maps of (a) εp and (b) εu using the general analytical solution as functions of He 1 and M 1 , in conical test-case. The dashed line represents 

the lower frequency limit given by Eq. (41) . 

 

 

 

using the simplified solution ( Eq. (51) ), which is valid for small Mach numbers. The error remains below 10% over most

conditions, except when both the Mach number is high and the frequency is low. 

• Effect of flow Mach number - using general solution : As discussed earlier, for ducts sustaining high subsonic flow 

Mach numbers, P ±
1 

can be estimated using the general solution given by Eq. (38) , at marginally increased computational

effort. The errors in acoustic pressure and velocity shown in Fig. 7 illustrate that this solution can be employed over an

increased range of flow Mach numbers and frequencies, while keeping the error below 10%. 

2.4. Semi-analytical solution for non-isentropic flow in an exponentially-shaped duct 

We now consider the semi-analytical solution for a duct whose area convergence is exponential in shape with a linearly 

varying mean-temperature, as shown on the right of Fig. 2 . If at the duct inlet ( x = x 1 ) area is A 1 then: 

A ( x ) = A 1 e 
αx , where α = 

1 

A 

d A 

d x 
= Constant ⇒ 

d α

d x 
= 0 and x ∈ [ x 1 , x 1 + l ] . (65 , 66) 

Using the expressions for area variation (Eqs. (65), (66)) and temperature variation (Eqs. (47), (48)), the integrals given in 

P ±
1 

( Eq. (38) ) are evaluated in a similar manner as for the conical-shaped duct. 

P ±1 = 

(
A 1 

A 

)1 / 2 (
T 1 

T 

)1 / 4 [
exp 

(
M 

2 − M 

2 
1 

2 

∓ ( M − M 1 ) + J e 1 ∓ J e 2 ∓ i I e 0 ± i ( I e 1 + I e 2 + I e 3 + I e 4 + I e 5 ) ) 

)]
. (67) 

The various terms are given by the following: 

J e 1 = 

∫ x 

x 1 

αγ M 

2 

2 

d x ∗ = 

γ M 

2 
1 

8 α
[ (B + 2 α) − (B + 2 α + 2 αBx ) exp (−2 αx ) ] , (68) 

J e 2 = ∓
∫ x 

x 1 

βγ M 

2 

d x ∗ = ∓
√ 

πB 

α

γ M 1 

2 

exp 

(
α

B 

)[ 

erf 

( √ 

α(1 + Bx ) 

B 

) 

− erf 

(√ 

α

B 

)] 

, (69) 

I e 0 = 

∫ x 

x 1 

k o 
(
1 ∓ M + M 

2 
)
d x ∗ = 

2 k 1 
B 

(√ 

1 + Bx − 1 

)
± M 1 k 1 

α
( exp (−αx ) − 1 ) 

+ 

k 1 M 

2 
1 

2 α

[ 

1 

2 

√ 

πB 

2 α
exp 

(
2 α

B 

)( 

erf 

( √ 

2 α

B 

(1 + Bx ) 

) 

− erf 

( √ 

2 α

B 

) ) 

−
√ 

1 + Bx exp (−2 αx ) + 1 

] 

, (70) 

I e 1 = 

1 

4 

∫ x 

x 1 

α2 

2 k o 
d x ∗ = 

α2 

12 Bk 1 

(
(1 + Bx ) 3 / 2 − 1 

)
, (71) 

I e 2 = − 1 

16 

∫ x 

x 1 

β2 

2 k o 
d x ∗ = 

B 

16 k 1 

[
1 √ 

1 + Bx 
− 1 

]
, (72) 
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Fig. 8. Evolution of F p and F u with x . T 1 = 1600 K, T 2 = 1200 K, M 1 = 0.006 & 0.06, M 2 = 0.027 & 0.28, He 1 = 1 & 0.25, and Z 1 = −1. (a): transfer function 

gain | F p |. (b): transfer function phase � F p . (c): transfer function gain | F u |. (d): transfer function phase � F u . 

 

 

 

 

 

 

 

 

 

 

I e 3 = 

1 

2 

∫ x 

x 1 

αβ

2 k o 
d x ∗ = 

α

2 k 1 

[ √ 

1 + Bx − 1 

] 
, (73) 

I e 4 = ∓
∫ x 

x 1 

α2 M 

2 k o 
d x ∗ = ± M 1 

2 k 1 
[ (α + B + αBx ) exp (−αx ) − (α + B) ] , (74) 

I e 5 = ± (3 − γ ) 

2 

∫ x 

x 1 

αβM 

2 k o 
d x ∗ = ± (3 − γ ) BM 1 

4 k 1 
[ 1 − exp (−αx ) ] . (75) 

The velocity perturbation, ˆ u , is given by Eq. (39) , where B ±
1 

is from Eq. (40) and P ±
1 

from Eq. (67) . 

2.4.1. Frequency limits 

The lower frequency limit is obtained by simplifying Eq. (41) using d α
d x 

(Eq. (66)) and 

d β
d x 

(Eq. (48)) to give, 

f ∗low 

= 

c x 

2 π
max 

√ ∣∣∣∣α2 

4 

− β2 

16 

+ 

αβ

2 

∓ M 

(
α2 − αβ

2 

( 3 − γ ) 

)∣∣∣∣. (76) 

It shows stronger dependence on α than the conical-shaped duct, with the very low Mach limit being | k o | � | α| and

| k o | � | β|, implying the possibility for errors at even very low Mach numbers and frequencies. The lower and upper fre-

quency limits as calculated at both the duct inlet and outlet are shown in the right of Fig. 2 . At the duct inlet, the lower

frequency limit is higher than for the conical-shaped duct. 

• Very low Mach numbers: For a Mach number of M 1 = 0 . 006 at the inlet and M 2 = 0 . 027 at the outlet, Fig. 8 compares

the analytical model solution with numerical 2LEEs solution. The results agree well at high frequencies but diverge for 

lower frequencies. This is attributed to the dependence in the frequency limit of Eq. (76) on the dominant α term. 

• Increased low Mach numbers: For a Mach number of 0.06 at the inlet and 0.28 at the outlet, the results in Fig. 8 are

only subtly different to those at very low Mach numbers. A slight deviation is observed throughout the length, confirming 

the strong dependence on α for exponential-shaped ducts. 

• Effect of flow Mach number: The errors in the acoustic pressure and velocity predictions ( Eqs. (63) and (64) ) are shown

in Fig. 9 as a function of both flow Mach number and non-dimensionalised frequency. Above an inlet Helmholtz number 

of 0.3, the error remains below 10%. 

• Effect of changing duct convergence: For a flow Mach number of 0.035 at the inlet, the rate of area change of the

exponential duct is varied through the α term. The errors in the acoustic pressure and velocity are shown in Fig. 10 ; the

error remains below 10% unless both the area gradient is steep and the frequency low. 

To summarise, the planar wave amplitudes for conical and exponential-shaped ducts are given by Eqs. (51) and (67) re-

spectively, for the case of a non-isentropic 1-D mean flow. The wave amplitudes vary with position along the duct, x , and
14 
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Fig. 9. Contour maps of (a) εp and (b) εu using the proposed analytical model as functions of He 1 and M 1 , in exponential test-case. The dashed line 

represents the lower frequency limit given by Eq. (76) . 

Fig. 10. Contour maps of (a) εp and (b) εu using the proposed analytical model as functions of He 1 and α, in exponential test-case. The dashed line 

represents the lower frequency limit given by Eq. (76) . 

 

 

are only functions of inlet condition, Mach number, area and temperature variation parameters; they are straightforward to 

compute. Further to the assumptions outlined for deriving the general solution, it is also assumed that M 

2 	 1, to facilitate

using simplified Mach expressions for evaluating the integrals. 

3. Isentropic varying area flows 

A flow in which the effects of fluid viscosity, thermal conductivity, and heat sources are negligible can be described 

as isentropic. As the net heat-flux from the system, ˙ Q ( Eq. (11) ), is zero for an isentropic flow, the gradients of area and

mean-temperature are related: 

˙ Q = 0 ⇒ β = 

αM 

2 ( γ − 1 ) 

1 − M 

2 
. (77) 

The linearized isentropic flow conservation equations for mass, momentum, and energy presented by Marble and Candel 

[36] , are converted to frequency domain (again by assuming a time-dependence of the form y ′ = ˆ y e iωt ) as follows, (
i ω + γ M 

2 d u 

d x 

)
ˆ p + u 

d ̂

 p 

d x 
+ 

1 

M 

2 

d p 

d x 
ˆ u + γ p 

d ̂

 u 

d x 
= 0 , (78) 

(
i ω + 

d u 

d x 

)
ˆ u + u 

d ̂

 u 

d x 
+ u 

d u 

d x 

ˆ p 

γ p 
+ 

1 

ρ

d ̂

 p 

d x 
= 

�
�

�� 

∼ 0 

u 

d u 

d x 
ˆ σ , (79) 

i ω ̂  σ + u 

d ̂  σ = 0 . (80) 

d x 
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The above set of equations can also be obtained by substituting for β (using Eq. (77) ) in the linearized Euler equations for

non-isentropic flow ( Eqs. (5) –(7) ). The source-term of the linearized energy equation ( Eq. (80) ) is zero, this implies that an

entropy disturbance at the inlet simply advects through the duct, its magnitude unchanged. Using the relation between the 

area and mean-temperature variations ( Eq. (77) ), a governing homogenous ODE in terms of ˆ p is obtained from Eq. (21) : (
1 − M 

2 + 

2 αM 

i k o 
− 4 α2 M 

2 

k 2 o 

)
d 

2 
ˆ p 

d x 2 
−

(
2 i Mk o − α + 2 αM 

2 − 2 M 

i k o 

d α

d x 

)
d ̂

 p 

d x 
+ 

(
k o 

2 + 3 α2 M 

2 − 3 M 

2 d α

d x 

)
ˆ p = 0 . (81) 

The iterative WKB based method is again used to determine the analytical solution for acoustic pressure in terms of 

upstream and downstream propagating wave amplitudes using Eq. (37) where, 

P ±1 = 

(
A 1 

A 

)1 / 2 
[ 

exp 

(
M 

2 
1 

(
γ −3 

8 

)
± M 1 ∓ M 

3 
1 

(
γ −1 

3 

))
exp 

(
M 

2 
(

γ −3 
8 

)
± M ∓ M 

3 
(

γ −1 
3 

))
] 

exp 

(∫ x 

x 1 

i 

(
∓k o 

1 ± M 

± �±
I 

2 k o 

)
d x ∗

)
, (82) 

with, 

�±
I 

k 2 o 

= 

δ2 

4 

∓ δ2 M + κδ2 
(

1 

2 

± M 

)
+ O (δ2 M 

2 ) , where δ = 

α

k o 
, (83) 

and M 1 , A 1 again represent the Mach-number of the flow and cross-sectional area of the duct respectively at x = x 1 . 

The corresponding velocity perturbation, ˆ u , is determined using Eq. (39) , where B ±
1 

is given by Eq. (84) . 

B 

±
1 = 

1 

i k o 
(
1 − M 

2 
)

− 2 αM 

[
i k o 

(
1 − M 

2 
)

± α

2 

− αM ∓ αM 

2 ( γ − 3 ) 

4 

+ 

αM 

3 ( γ + 1 ) 

2 

]
. (84) 

3.1. Analytical solution for isentropic flow in a conical-shaped duct 

Similar to the non-isentropic flow case, the solution can be further simplified assuming the Mach-number to vary as 

M = M 1 A 1 /A . Furthermore, the temperature variation, β , and thereby wave-number, k o , variation, is assumed low enough to

be taken as constant in the integration. This is a good approximation for isentropic flows: for example, for the geometry of

Fig. 2 (left), for an isentropic mean flow the wave-number ( k o ) only changes by 2% over the domain. This simplification leads

to, 

P + 1 = 

(
A 1 

A 

)1 / 2 

⎡ 

⎣ 

exp 

(
M 

2 
1 

(
γ −3 

8 

)
+ M 1 − M 

3 
1 

(
γ −1 

3 

)
− i k o 

[ 
x −

√ 

M 1 

A tan 

−1 

(
A x 

√ 

M 1 

1+ A x + M 1 

)
+ 

A M 1 

k 2 o 

(
1 − 1 

(1+ A x ) 3 
)] )

exp 
(
M 

2 
(

γ −3 
8 

)
+ M − M 

3 
(

γ −1 
3 

))
⎤ 

⎦ , (85a) 

P −1 = 

(
A 1 

A 

)1 / 2 

⎡ 

⎣ 

exp 

(
M 

2 
1 

(
γ −3 

8 

)
− M 1 + M 

3 
1 

(
γ −1 

3 

)
+ i k o 

[ 
x −

√ 

M 1 

2 A ln 

((
1 −

√ 

M 1 

1+ 
√ 

M 1 

)(
1+ 

√ 

M 1 + A x 
1 −

√ 

M 1 + A x 

))
− A M 1 

k 2 o 

(
1 − 1 

(1+ A x ) 3 
)] )

exp 
(
M 

2 
(

γ −3 
8 

)
− M + M 

3 
(

γ −1 
3 

))
⎤ 

⎦ . (85b) 

3.2. Semi-analytical solution for isentropic flow in an exponential-shaped duct 

The semi-analytical solution when applied to exponential-shaped duct leads to, 

P ±1 = 

(
A 1 

A 

)1 / 2 
[ 

exp 

(
M 

2 
1 

(
γ −3 

8 

)
± M 1 ∓ M 

3 
1 

(
γ −1 

3 

)
∓ i k o 

α ln 

(
exp ( αx ) ±M 1 

1 ±M 1 

)
± i α2 x 

8 k o 
+ 

i αM 1 

2 k o 
( exp ( −αx ) − 1 ) 

)
exp 

(
M 

2 
(

γ −3 
8 

)
± M ∓ M 

3 
(

γ −1 
3 

))
] 

. (86) 

Using P ±
1 

from Eq. (85) or Eq. (86) , Eq. (37) gives the acoustic pressure solution for isentropic flow in a conical duct

or exponential duct respectively. The velocity perturbation, ˆ u , is determined using Eq. (39) , where B ±
1 

is now given by

Eq. (84) . 

4. Effect of acoustic-entropy coupling on the accuracy of the analytical model 

As outlined in Section 1 , the analytical solutions in this work are all based upon the assumption that the acoustic-

entropy coupling is negligible. This has previously been shown to be the case when Mach numbers are low enough [46,52] .

To investigate the degree to which this assumption holds for the geometries and flows considered in this work, the analytical

model solutions are now compared to the numerical solution of the three linearised Euler equations, which fully account for 

acoustic-entropy coupling. A 1% normalised entropy or reduced temperature fluctuation ( ̂  σ ∼ T 
′ 
/ T = 0 . 01 ) [54] , is applied at

the inlet and its effect on the acoustic field is studied for a range of Mach numbers and frequencies for the conical-shaped

duct. (It has been checked that the acoustic-entropy coupling behaves in a qualitatively similar way for the exponential- 

shaped duct.) 
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Fig. 11. Evolution of F p and F u with x . T 1 = 1600 K, T 2 = 1200 K, ˆ σ = 0.01, M 1 = 0.005 & 0.05, M 2 = 0.027 & 0.27, He 1 = 1 & 0.3, and Z 1 = −1. (a): 

transfer function gain | F p |. (b): transfer function phase � F p . (c): transfer function gain | F u |. (d): transfer function phase � F u . 

 

 

 

 

 

 

 

4.1. Non-isentropic flow through conical-shaped duct 

• Very low Mach numbers: Fig. 11 , compares the analytical model and numerical 3LEEs solution for a Mach number of

0.005 at inlet and 0.027 at duct outlet for two different Helmholtz numbers. The analytical solution agrees very well 

with the numerical one, confirming that the acoustic-entropy coupling is weak at these low Mach numbers. 

• Increased low Mach numbers: For a Mach number of 0.05 at inlet and 0.27 at outlet, the analytical model and numerical

3LEEs solutions, also presented in Fig. 11 , show that in the parts of the duct with higher Mach numbers, small errors in

the predicted solution are observable at both Helmholtz numbers. 

5. Conclusions 

This paper presents an analytical solution for the planar acoustic field in ducts which sustain a 1-D mean flow, vary in

cross-sectional area and may exhibit an axial temperature variation. The duct mean flow may be non-isentropic, such that 

the area and temperature variations can be prescribed independently. A second order homogeneous ordinary differential 

equation is derived from the linearized conservation equations, by neglecting acoustic-entropy coupling, high Mach number 

terms and by assuming that the normalised area or temperature gradient occurs slowly in some sense, in that it is much

smaller than the wave-number of the acoustics. The second order ODE is solved using an iterative WKB method, which 

assumes a wave-like solution with separate amplitude and phase factors. The final solution thus obtained is a superposition 

of upstream and downstream propagating planar waves, whose amplitudes vary axially. These planar wave amplitudes are 

computationally easy to evaluate and at any location they depend on wave-number, upstream thermodynamic and mean- 

flow properties, and can be applied for ducts with any arbitrarily varying area and temperature profiles. Further simplified 

solutions were obtained for specific duct geometries which were conical and exponential in shape with linear temperature 

gradient; these analytical solutions were validated by comparing to numerical solutions of the linearized flow conservations. 

The frequency range of validity of the solutions was considered in some detail; the frequency must be low enough for the

plane wave assumption to hold, yet high enough for the ODE derivation and WKB assumptions to hold. General analytical 

limits were derived and the specific frequency values calculated for all of the nozzle flows considered. Within (and even 

slightly beyond) the calculated frequency ranges of validity, the analytical solutions performed very well. Results are also 

presented for flows which are isentropic, and which therefore have axial variations of cross-sectional area and temperature 

are directly related are discussed. Finally, the effect of acoustic-entropy coupling on the accuracy of analytical solution was 

investigated for the specific nozzle geometries considered in this work, by comparing the solution to the full set of three

linearized Euler equations which fully account for acoustic-entropy coupling. The coupling effect was seen to be negigible 

for sufficiently small duct Mach numbers, consistent with previous findings. 
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