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Abstract

We continue the investigation of the structure of the action for a tower of conformal higher spin fields
in non-trivial 4d background metric recently discussed in Grigoriev and Tseytlin (2016) [15]. The action
is defined as an induced one from path integral of a conformal scalar field in curved background coupled
to higher spin fields. We analyze in detail the dependence of the quadratic part of the induced action on
the spin 1 and spin 3 fields, determining the presence of a curvature-dependent mixed spin 1-3 term. One
consequence is that the pure spin 3 kinetic term cannot be gauge-invariant on its own beyond the leading
term in small curvature expansion. We also compute the non-zero contribution of the 1-3 mixing term to
the conformal anomaly c-coefficient. One is thus to determine all such mixing terms before addressing the
question of possible vanishing of the total c-coefficient in the conformal higher spin theory.
© 2017 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Conformal higher spin (CHS) theories [1,2] in 4 dimensions generalize the Maxwell (s = 1)
and Weyl (s = 2) theories to higher rank totally symmetric tensors %5y = (hg;,...q;). They have
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a local but higher-derivative free action S; = [ d*x hs) Py 9% h(s) with maximal spin s gauge
symmetries, §h () = d&;—1) + 1(2) §(s—2), allowing to choose a gauge where h(y) is transverse
and traceless.

These symmetries can be systematically described and extended to non-linear interacting level
by considering the coupling of CHS fields /(5 J ¢ ) to conserved currents of a free complex scalar
theory, Jis) =@ Js) ¢, J(s) = 0° + .... Integrating out the scalar field one can then obtain a local
invariant interacting action for an infinite tower (s =0, 1, 2, ...) of the CHS fields as an induced
action, i.e. as the coefficient of the local (logarithmically UV divergent) part of the scalar effective
action S(h) =logdet [ — 9% 4+ Y h(s) Tis) || gy [3-61-

While it is not clear how to write down this induced action to all orders in an explicit form,
few leading cubic and quartic interaction terms beyond the free /(3% hi(5) term can be found by
direct diagrammatic expansion in powers of /) [5,7,8]. One can then compute some simplest
4-particle scattering amplitudes due to the exchange of the infinite tower of the CHS fields and
conclude that they vanish [7,8] which may be attributed to the presence of a global conformal
higher spin symmetry.

To address the question of possible anomalies in the quantum CHS theory [1,6,9] one needs
to go beyond a perturbative near-flat-space expansion and determine, e.g., the generalization
of the CHS quadratic terms h(s)a% h(s) to a curved background metric. As the free flat-space
CHS theory is conformally invariant, this is relatively straightforward to do for a homogeneous
conformally-flat background (S*, (A)dS4, or R x §3): in this case the spin s CHS kinetic oper-
ator is known explicitly and it factorizes into a product of s second-order differential operators
[9-13].2

The case of a general background metric appears to be much more complicated.> As the
conformal spin 2 field 4, should be the fluctuating part of the metric, g45 = N4 + hyp, finding
the background-covariant generalization of the CHS kinetic terms is equivalent to finding an
infinite class of interaction terms in the above induced action containing an arbitrary power n of
the spin 2 field, i.e. k) (h2))".

An alternative approach (which should be equivalent to a resummation of the near-flat-space
expansion) was suggested in [15]. One starts with an effective particle Hamiltonian in CHS
background that makes explicit the full non-linear symmetry of the theory generalizing the con-
struction of [4]. Quantization of this Hamiltonian gives a covariant conformal scalar action in g,
background coupled also to the CHS fields. This determines the background-covariant general-
ization of the symmetries acting on the scalar field ¢ and /). An underlying assumption is that
the induced CHS action should admit the vacuum with the metric g,p = n4p + hap satisfying the
Bach-flatness condition (Weyl gravity equation of motion) with all other k) fields being zero.
It then follows that the resulting CHS kinetic operator should be gauge-invariant, at least to the
leading order in small curvature expansion (generalizing the s = 3 result of [12]).

Another consequence of the background-covariant generalization of the CHS symmetries sug-
gested in [15] is that, in contrast to earlier expectations, the curved space analog of the CHS 9%

2 This factorization allowed to show that the CHS theory has vanishing 1-loop Casimir energy on R X §3 [13] as
well as the trivial partition function on S# [14]. This is consistent with the vanishing of the 1-loop conformal anomaly
a-coefficient after summing up all the spin s contributions [6,9].

3 One may attempt to construct a covariant generalization of the CHS 928 operator by just imposing the required
symmetries (covariant analog of spin s gauge invariance and Weyl symmetry). This approach suggests that a spin s CHS
operator will no longer factorize if the metric is not conformally flat and allows to construct the spin 3 operator to linear
order in a small curvature expansion [12].
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kinetic operator should not, in general, be diagonal in spin s. In particular, the spin 1 and spin 3
fields should mix via the curvature terms like R Vh()Vh3) + ... [15]. These mixing terms
vanish in a conformally flat Einstein space but are non-trivial in general.

The aim in the present paper will be to elaborate on the background-covariant approach of
[15], i.e. to couple the CHS fields to a scalar field defined on a curved background and then
directly compute the resulting induced action, explicitly determining the form of the spin 1-spin 3
mixing term anticipated in [15]. One implication of the presence of this term is that the pure
spin 3 quadratic term in the induced action cannot be gauge invariant on its own, beyond the
terms linear in the small curvature expansion [12] (we will confirm the result of [12] for such
terms directly from the induced action approach).*

We will also show that this 1-3 mixing term gives a non-trivial contribution to the UV diver-
gences and hence to the conformal anomalies of the CHS theory: while it does not contribute to
the anomaly a-coefficient, it contributes to the c-coefficient. Thus similar mixing terms are to be
accounted for when addressing the question of cancellation of conformal c-anomaly [9] in the
full CHS theory.

We will start in section 2 with a discussion of the curved space analogs of the conserved
flat space scalar field currents that can be coupled to the higher spin fields £ ). We will see
that the candidate spin 3 current is conserved only modulo curvature terms implying that the
spin 3 coupling is not gauge invariant by itself. This non-invariance can be compensated by a
non-trivial transformation of the spin 1 field as, indeed, was predicted by the general analysis of
[15]. We will also discuss the difference between the “on-shell” (using scalar field equation) and
“off-shell” (manifest) symmetries that require introduction of extra couplings nonlinear in /)
(one should be able to absorb the latter into a redefinition of the tower of CHS fields to establish
an equivalence to the approach of [15]). These non-linear terms may, in principle, contribute
“contact terms” to the resulting induced action.

In section 3 we will review the general structure of the induced CHS action in a curved space
background starting with the well-known cases of spin 1 and 2 terms. The dependence of the
quadratic part of the induced action on the spin 3 field will be studied in detail in section 4.
In particular, we will compute the 1-3 mixing action by an explicit covariant background field
expansion. We will also discuss the direct computation of the pure spin 3 kinetic term to the
leading order in the weak curvature expansion, finding agreement with the result of [12] found
from symmetry considerations.

In section 5 we will determine the contribution of the mixed 1-3 term to the Weyl-squared
UV divergences, i.e. to the conformal anomaly c-coefficient.

Some technical details will appear in several appendices. In particular, in Appendix D we will
find the traceless, conserved and (on-shell) gauge-invariant stress tensor for the free spin 3 theory
verifying its conformal invariance in the flat space. In Appendix B we will show the vanishing of
the linear in A (3) term in the CHS action in an arbitrary curved background which is consistent
with the general expectation of the vanishing of the linear terms in the induced action for all
spins in Bach-flat backgrounds [15].

4 1t would interesting to see how these conclusions are consistent with the supersymmetry-based approach of [16]
where it was suggested to couple N = 1 superconformal higher-spin multiplets (e.g. containing spin 3 field) with N' =1
conformal supergravity (containing conformal spins 2, 1 and 3/2).
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2. Scalar field coupled to conformal higher spins

Below we will discuss the coupling of conformal higher spin fields to bilinear currents of a
complex scalar field. This is well a known story in flat space [4,5] but the case of a curved metric
background is much more complicated and was addressed only recently in [15]. Here we will
use a direct approach based on attempting to construct conserved traceless currents with correct
flat-space limit. We will concentrate on the low spin cases s < 3.

2.1. Flat space background

Let us start with a massless complex scalar in 4d flat Minkowski space (g,» = n4p) With the
action Sp = [ d*x @ 0% ¢. As is well known, one can build in a unique way bilinear currents that
are traceless totally symmetric rank s tensors J,,. 4, and are conserved on the scalar equations
of motion Op =0, i.e. [17,18]°

3" Jay.a, =0, JU g a, =0 2.1
The lowest-spin examples are

Ja =190, 9 +c.c., Jab = (@305 ¢ —2 0,9 dpp +C.C.) + 8ab P 0c@
2.2)
Tupe = 6i [a 8a0c ¢ — 900 B Opdey @ + 3 8(ab 3" T pdey <p] fee 2.3)

The properties (2.1) imply that the currents may be coupled to conformal higher spin fields
ha,...q; by adding to Sy the source term

Sint=Y / d*x W (x) Ty gy - (2.4)
N

This coupling term is then invariant under the linearized higher spin gauge and the algebraic (or
“generalized Weyl”) transformations

Shal-'-as = a(al Eay-rag) T 8(arar E(lgmas) , (2.5)

provided one is allowed to drop terms proportional to the free scalar field equation of motion.
This linearized on-shell invariance can then be extended to an off-shell invariance of Sy + Sip¢ if
one also transforms the scalar field and adds terms linear in A to (2.5) (see [4,5] for a general
discussion).

One may fix the algebraic invariance by imposing the traceless condition 2%, ..., = 0. The
residual gauge transformations preserving this condition are, e.g.,

Shap = 8((1 Ep) — %gah e, (2.6)

Shape = 8(a Epbc) — %g(ab 07 Eoyp » €ab = €pba, €% =0. 2.7

5 Below we will sometimes use shortcut notation: hayag = hs), JU7 = J&  g® hsy = JU" hg,...qp and
g, --as = 0a *** 9a; - Symmetrization of indices will be the weighted one as in A, Bp) = %(Aa By + ApBy), etc.
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2.2. Curved space background: spins s <3

Switching on a curved background metric, our starting point will be the action of a confor-
mally coupled scalar with a higher source term

S = SO + Sil‘lt )
So = / d*x ﬁa(vz -1 R) o, Sy = Z/d4x VIR () Ty g, . (2.8)
S

To find suitable higher spin currents J() we shall generalize (2.1) and require the covariant
conservation of the currents V¥ J, ..., = 0 on the scalar equations of motion (V2 — %) =0
and tracelessness. We will also add the condition of local Weyl invariance of both Sy and Sin
(that implies conformal invariance in flat limit) under

Sw8ab =2 gab , Swp=—wgp, Swhaya, =2(s — D whg,...q, (2.9)

i.e. will thus demand
VY Jgyay =0, T 0, =0, SW/d4x JEh® I =0. (2.10)

In general, we will also require that the curved space currents J*) have the standard flat space
limit (2.2), (2.3). If the tracelessness and the covariant conservation conditions in (2.10) were
possible to satisfy we would get (assuming that we may use the scalar field equations) the co-
variant generalization of the transformations (2.5), i.e.

8hay-a; = Via) €ar--a5) + 8(arar Saz--ay) - (2.11)
As is well known, the three conditions in (2.10) can be indeed satisfied for spins 1 and 2. The
spin 1 case the current is the same as in flat space (2.2) and is again conserved on-shell, i.e.

Ja=i([@Vap — Vi@ o), Vi, =0. (2.12)

The source term ﬁg“b hy Jp s Weyl invariant if i, has weight zero, in agreement with (2.9). The
most general Ansatz for the spin 2 current (with correct flat limit in (2.2) for k1 = =2,k = 1) is

Jap = (avuvbw“'kl Vz@Vb@-i-C'C.) +ka 8ab Vca VC<P+ (k3 Rap + ks 8ab R)@w- (2.13)

Imposing the Weyl invariance of ﬁh“b Jap With 8w hgp =2 whgp as in (2.9) we find that k) =
—2 and k3 = —1. The trace condition J, =0 gives k = 1 and k4 = %. With these coefficients,
the current is automatically conserved on-shell, V¢ J,;, = 0. One can then check that this J,3 is
indeed the stress tensor of the conformally coupled scalar with action Sp in (2.8)

_ 6 85
_\/gsgab

ab =@ VaVy 9 —2V@ Vg +c.c) + 8ab Ve@ V9 — (Rap — & 8ab )P ¢ .
(2.14)

The higher spin cases s > 3 display new features. The most general Ansatz for the spin 3 current
on a curved background is®

6 Here the coefficient kg is introduced for generality but will be fixed to 1 later.
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Jupe = 6i [koav(a ViVe) @ + ki Va® Vs Vo) @ + k2 8ab VP GV Vo) @
k3 8as T V2 Vey @ + ka 8iab RT Ve @ + ks Rian ¥ Vey 0 + c.c. 2.15)
Imposing the trace condition J¢,, = 0 gives
ky=—%ki, ki=j5kotacki+%ks,  ks=—ko—3ks. (2.16)

Once the current is traceless the coupling

f d*x /g h Jape (2.17)

is invariant under the algebraic symmetry in (2.5), i.e. $hqpe = &b &¢), allowing to fix the trace-
less gauge on hgpc,

h, =0. (2.18)

In this gauge the g, terms in (2.15) decouple (i.e. can be dropped in (2.15)) and then the Weyl
invariance of (2.17) under (2.9) (i.e. Swhape =4 ® hype) gives the constraints

ki1 = -9k, ks =—Tkg . (2.19)

Thus, the unique traceless current that gives a Weyl invariant source term (2.17) for the traceless
spin 3 field is (2.15) with

(k1. ko k3 kasks) = (—9,3,2, 1, ) ko . (2.20)
The explicit form of this J,5. that has the right flat space limit (2.3) is thus (we set ko = 1)
Jabe = 6i[FVaV60 9 =9 VB VYo 0 +38r V' FVpVer 0
+28n T V2 Vo 9+ 3 g RE Vo 0 = TRV 9| +cc. (221)
Its covariant divergence can be simplified (using the scalar field equations of motion) to
V, Jobe = (% g VPR GV ,0 — 16 VP R GV, +8VPRY) ,5VP¢
—4VORGVIp 48 C””anvpqu;) tee., (2.22)
where C%pq is the Weyl tensor. An equivalent form of (2.22) found in [19] is
Vo J4¢ =8CPP4N )] + 32V, CPP1 ],y (2.23)

where J, is the spin 1 current in (2.12).

The spin-3 current is thus conserved in a conformally flat space but not in a generic curved
background. However, the important observation [19,15] is that the combined spin 1 and spin 3
interaction term

Sing(1. h3) = / d*x 3 (h Ty +h Jupe) (2.24)

which is invariant under spin 1 gauge transformation 64, = d,¢ in view of (2.12) can be made
invariant also under the curved-space generalization of the spin 3 gauge transformation (2.7)
combined with a particular Weyl tensor dependent transformation of the spin 1 field, i.e. under
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8habe = Via ebe) — 3 8(ap V¥ €0ya . (2.25)
Sha = —8 Cupea V4 €7 4+ 24 V4 Crpea 7 . (2.26)

Note that (2.23) and (2.26) simplify on an Einstein background (R, = %Rgab) as then
V4C4peq = 0 and thus only one Weyl tensor term survives.

Let us mention, as an aside, that one may try to determine the current (2.15) by imposing
V, J¢ = 0 before other conditions. One then finds that there are no solutions unless one restricts
the background to be Einstein one. In this case one finds that the coefficients in (2.15) should be
ko =0, kr = —% ki, k4 = —% ki, k3 = ks = 0. These values are not, however, consistent with
the constraints of Weyi invariance (2.16) or tracelessness (2.19). Denoting the current (2.15) with
these coefficients by J,,. we get explicitly (choosing k1 = —10)

Tabe =—60i [ VB VsV 0 = $ 8@ V' GV Vo ¢ — 5 8@ RFVo 0|+ 22D)

This is a non-standard current as it does not reduce to (2.3) in the flat space limit. It is interesting
to note that then’

W Jape = h* [Jupe — 6V Vi Jo) ] - (2.28)
2.3. Formulation with manifest symmetries

In the above discussion of the (linearized) gauge invariance of Siy in (2.4) or (2.8) we were
assuming the use of the scalar field equation, i.e. this invariance was “on-shell” one — valid
modulo terms proportional to %. One expects that it should be possible to relax this assumption,
i.e. to extend the invariance to a manifest (off-shell) one by (i) transforming at the same time the
scalar field and (ii) adding higher order terms in the fields 7).

Let us recall how that happens in the simplest vector field coupling invariant under the U (1)
gauge transformations: one introduces the covariant derivatives

Dap=Nag+ihy)o, Dio=Na—ihy)o, (2.29)

and then the scalar action becomes (here Jy = pg)

So(h1)=/d4x¢§¢(.@2—%R)¢=/d4x¢g[¢(v2—%R)¢+ha.la —h"haJo] .
(2.30)

This action which is different from the sum Sp + Siy in (2.8) by an extra “nonlinear” htzl term is
now manifestly invariant under §h, = d,¢ combined with §¢ = —iegp.

It is easy to preserve this off-shell vector gauge invariance in the presence of also higher spin
s > 2 couplings in Siy in (2.8) by just replacing V, — &, in the expression for the bilinear
current J ), thus getting

> h J(@) = 3RO Uy (D) + h Ty + 0G| 2.31)
s>2 §>2

where Tg(5) = (Tap,...b,) is a bilinear operator that multiplies the term linear in the vector field
in J) (9).

7 Combined with h¢ J, the coupling in (2.28) suggest some special role of the combination /4 + 6VchhabC; this will
be discussed further in Appendix F.
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Demanding the off-shell realization of higher s > 1 spin symmetries will require also addi-
tional non-linear terms in the fields & ). For example, it is clear how to construct the manifestly
covariant coupling to /,p: one is to start with S in (2.8) and replace g,» — gap + hap; €xpanding
in powers of h,p, will give at linear order the coupling to J,p in (2.14) (up to normalization) plus
an infinite series of higher order terms in /,5. One will also be required to transform the scalar
as 8¢ = £%9,¢ and to modify the transformation of %, in (2.11) by order &, terms to recover
the usual form of transformation of g, + h4p under the diffeomorphisms.

Similarly, for spin 3 one will need to supplement the transformations in (2.25), (2.26) with
a transformation of the scalar field to cancel the terms proportional to % that were dropped in

(2.23); that will then require adding also (habe)? terms in the action Sin; to compensate for the
variation of the AgpeJ9?¢ term under this transformation of ¢, efc.

An alternative to this procedure is to follow the approach of [4] (in flat case) and [15]
(in curved background) and introduce only linear 4, Ji5) couplings but to the whole tower
of the higher spin fields including the scalar Ao coupled to Jo = ¢¢ and transform both ¢ and
h(s). In this case the gauge transformation of /) will contain, in addition to Ve_1) term,
also terms linear in h(yy [15]. The two approaches should be related by field redefinitions like
ho — hg — h®h, and so on (cf. [8]).

Starting with an action S(¢, ) which contains all necessary terms to be manifestly invariant
under some local transformation® 8¢ =F(e;9,h),8h = f(e;h), and then integrating out ¢ one
should get the (full, non-local) effective action I' in

Z=eTW= / dpe S@h (2.32)

which should be formally invariant under i = f (e, ). As I is given just by a 1-loop determi-
nant (¢ does not have self-interactions) its logarithmically UV singular part is local and cannot
contain any anomalies

I'(h) =log AyvS(h) +... . (2.33)

Thus S(k) (that we shall call the induced action) should be manifestly invariant under the above
transformations of .

Suppose we start instead with an action §(¢, h) = So(p) + h - J that contains only linear
in h terms and is invariant under §h = f(e; h) only on-shell, i.e. up to terms proportional to
the free ¢ equation of motion. As the terms proportional to the equations of motion contribute
delta-functions to the coordinate-space correlators of J, they can be ignored as usual in the
correlation functions at separated points which will thus be invariant. However, the corresponding
local induced action S(#) is no longer guaranteed to be invariant under 67 = f(¢; h).

Indeed, in the vector coupling case (cf. (2.30)) it is easy to see that starting just with the
minimal 4% J, coupling term one gets the induced action containing non-invariant (h%h,)? term.
Same will happen for higher spin couplings. It should be possible to eliminate such non-invariant
terms by a field redefinition provided one considers S(%) for the whole tower of the conformal
higher spin fields. For example, including non-zero scalar o we will get the term (kg + h“h,l)2
and thus non-invariant (h%h,)?* term can be redefined away by a shift of /. This has, of course,
an explanation in terms of the off-shell invariance of the action S(¢, &) in (2.30) that has the term
h%hg Jo present there. Similar observations should apply to higher spin cases as well.

8 Here ¢ may stand for parameters of Weyl, gauge, or algebraic symmetries as in (2.9), (2.11).
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3. Structure of the induced action

Starting with the reparametrization and vector gauge invariant conformal scalar action (2.30)
and integrating ¢ out the resulting induced action for g,, and h, (i.e. the coefficient of the
logarithmic UV divergence in the effective action (2.33)) will take the familiar form”

4 1 2 1 2
Sz'/d'x\/g(_ﬁFabdl—mCabcd)’ 3.1

where F,p = d,hp — Ophy and Cgpeq is the Weyl tensor. S is invariant under the reparametriza-
tions, vector gauge symmetry and the Weyl symmetry.

One may systematically obtain S by expanding exp(—S) in (2.32) in powers of the fields /)
and computing the UV singular parts of the resulting correlators of the currents on a curved
background using, e.g., the covariant methods of [21-30]. For example, computing the correlator
of the vector current (J°J”) using the dimensional regularization expressions in Appendix A of
[25] one finds

/d“x@h“ (Ja Jp)uv h? = -1 /d%@Fj,,. (3.2)

Here and below (...)yy will stand for the coefficient of the logarithmically divergent (or pole
1/e ~log Ayy) part of a correlator. The ~#%h, term in the manifestly gauge-invariant action
(2.30) does not contribute at 42 order as (Jo)uv = 0; it produces the h* term that cancels, how-
ever, against other h* contributions so the final result is in agreement with (3.1).

A similar approach can be used in the spin 2 case. If one starts with the scalar action Sy in (2.8)
and adds just a linear coupling term ha? J,;, then the coefficient of the linear in /4 term in the
corresponding induced action S will be given by the UV log divergent part of the 1-point function
of the spin 2 current, i.e. (J,5)uv, which turns out (cf. (4.8), (4.9)) to be proportional to the Bach
tensor By, (defined in Appendix A). To reproduce the gauge-covariant quadratic /(2)Osh(2)
term one will need, in general, to add to (J,5J.q)uv also the “contact term” contribution of the
quadratic A%’ T peqh¢ coupling term in the manifestly gauge-invariant scalar action.'?

In the spin 2 case there is a short-cut: we may shift the metric g, — gqp» + hqp in the con-
formally coupled scalar action to isolate the spin 2 coupling as in (2.8), (2.13); then the resulting
dependence of S on Ay, should be given by the expansion of the CZ term in (3.1)

f d*x g CY g — / d“x@[Bab(g)h“b B Opea(@)h + ] , (3.3)

where By, is the Bach tensor and the operator Q4 ~ V# + ... is reparametrization and Weyl
invariant and invariant under the algebraic symmetry §h,, = gqp&. The invariance of the Oy
term under the gauge symmetry 8hq, = V(,€p) requires the cancellation of the linear in hgp
term in (3.3), i.e. constraining g, by the condition of Bach-flatness, B,, = 0. We also note
that the quadratic coupling term hPT,peah@ in the covariant scalar action found by shifting
8ab — 8ab + hap in Sp in (2.8) and expanding in A, Will contain (i) part with derivatives acting
on h (coming from R/6-term) and thus giving zero contribution as (Jo)yy = 0, and (ii) part with

9 This expression is given by the relevant Seeley—de Witt coefficient of the conformally coupled scalar Laplacian, see,
e.g., [20]. Here we dropped a total derivative ~ R* R* term.

10 Here T(4) is a scalar bilinear operator containing 2 derivatives. As discussed above, similar non-linear in ) terms
in the scalar action S(¢, i) can be reconstructed order by order by demanding its manifest (off-shell) invariance.
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two derivatives acting on the scalar field and thus similar to (2.13), with the resulting contribution
again proportional to B,;. Thus its contribution can be ignored on the Bach-flat backgrounds.

Similar remarks apply to higher spin coupling terms. In general, the expansion of the induced
action S(g, h) in powers of /s should be [15]

S(g. 1) =SP(g) +SPV(g,n) +SP (g, )+ ..., (3.4)
S0 =3 [ VE B . SO =3 [ 10,0 h . 63)
s s,s’

This action should have manifest reparametrization and Weyl symmetries. S© (g) is the Weyl
tensor term in (3.1) (while spin 1 term in (3.1) is included in $@).

Ignoring total derivatives, the coefficient of the linear term (J(s))uv ~ Bys)(g) should be a
local function of the metric g and its derivatives, which is covariantly conserved, traceless and
Weyl-covariant. Explicitly, B, =0, B, is the Bach tensor and as we will show in Appendix B
Bgpe = 0 for any background.

As was argued in [15], for general s, the tensor B(s)(g) should vanish on a Bach-flat back-
ground, at least up to terms quadratic in the curvature of the background metric. The vanishing of
Bsy(g) is required in order for the Bach-flat metric g, along with A5, = 0 be the vacuum of the
full CHS action S(g, h). In that case the quadratic term S® which, in general, is non-diagonal
in s, s, should be invariant under the background-covariant gauge and algebraic transformations
of the CHS fields generalizing (2.11) (like (2.3), etc.).

The operator Oy (g) should, in general, receive contribution from (J)Js))uv as well as
from the contact term X (5)(sy = (T(5)(s))uv coming from the quadratic term h(S)T(S)(S/)h(S/) re-
quired for the manifest covariance of the scalar action (cf. (2.30), (2.31)).

We shall make the conjecture that X ),y = 0 on a Bach-flat background. As was mentioned
above, this is true in spin 2 case where X ()2 is proportional to the Bach tensor. In general,
since the dimension of the CHS field A is 2 — s (so that the interaction action in (2.4) is
dimensionless) the product /)4 sy has the same dimension as & (g with s” = s +5s" —2, and thus
it may be possible to eliminate the 1 )T(S)(Sr)h(s,) term by a redefinition of /) in the ACR) Jism
coupling. As the linear term in h¢" in S1 in (3.5) should vanish on a Bach-flat background,
the same should then apply to the contribution of h(S)T(X)(S/)h(S/) to Os ¢ (g). Equivalently, as
the scalar bilinear operator X)) has the same dimension as Ji) it is natural to expect that
the (reparametrization and Weyl covariant) expectation value X )5y = (T s)(s"))uv should also
vanish on a Bach-flat background, as it happened in the case of (Js))yy. For example, like the
h2 term in (2.30) can be absorbed into a redefinition of the CHS scalar /g, a possible h(1)h3)
term in (2.31) may be absorbed into a redefinition of /(7). Indeed, we will check below that
X3y = (Ta)@))uv vanishes on a Bach-flat background. Similarly, it should be possible to
absorb the KT 334 term in the scalar action into 2 Ji4) so that its tadpole contribution
should be proportional to the variation of a linear term B4)(g) h™ and should thus vanish along
with By if By, = 0.

4. Spin 3 induced action

Below we will study in detail the dependence of the quadratic part S® of the induced action
on the spin 3 field, and, in particular, its mixing with the spin 1 field anticipated in [15]. Our
starting point will be the manifestly vector gauge covariant form of the scalar action (2.30),
(2.31). We will choose h,p. to be traceless.
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As the linear in h(3) term in the induced action in (3.5) vanishes (as shown in Appendix B,
(Jabe)uv = 0) the induced action in the spin 1 plus spin 3 sector starts with a quadratic term

S@ =81 4+S13+S33, (4.1)

where S is a term bilinear in 5y and h(yy. Sq1 is the Maxwell action in (3.1), (3.2). The 1-3
mixing term will have two contributions:

Siz =S +s%, (4.2)

where S(1a3) will come from the correlator (J(1y J3))uv and S(lg) from the contact term (T(1)(3))uv
(see (2.31)). Similarly, the S33 term

S33= /d4x\/§ h3)O6hy , 4.3)

will come from the correlator (J(3) J3))uv and also from the contact term X 3)3) = (T(3)3))uv
that originates from the (3)T(3)3y/(3) term in the manifestly covariant scalar action.

4.1. Spin 1-3 mixing term

A long straightforward calculation using covariant methods of [21-30] shows that the con-
tribution to S13 coming from the UV singular part of the 2-current correlator is given by (see
Appendix C for some details of this computation)

S13 = ] d*x /g h" (Ja Jpea)uv h"*! = / d*x 3 23, (4.4)
where
gl(;) __ %Rbthahabc _ %ha deefccdefhabc + 11_156hacbdefccedf h,be
+ B Ry R haca — R R Chaceha®® + R D" Caacehy™
—8hCa®p” Ceear N* + Lh*V RV chap + B h®hapeVEVPR
+ 117V RPVahpe! — 110V R Vahpe® — Zh® hapeVa V! R
+ 10h*Vhgpg VR
— 107 Vahape VIR + 2 hhyeg VIV, R — 21 hyey VIVER,"
+ 6h*Vph"V,Coea® + 120V 1" VeCpac® + 2Zh*h"V,VyCapc®
+ Zhha" Ve ViCp? ¢ + 8h* Vg Capee VR + 8h® Cacae VEVph??
+ 81" Cpace V'V, . 4.5)

The action (4.4) is invariant under the Weyl transformations (2.9) but is not vector gauge invari-
ant: to restore this invariance we need to add the “tadpole” contribution of the mixed 1-3 term in
(2.30), i.e.

28 =(T)uv . (4.6)
T =0 Taape % = (= 120"V Vpha" + 84 RP hhape ) o — 608 VEhape VP (@9)
+ 1208 hape [ VPGV 0 — @V V0 + VPV P)] . (4.7)
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To compute the tadpole contribution'! (7)yy we note that for a conformally coupled scalar the
pole part of the 2-point function vanishes, (pg)yy = 0 (see, e.g., [33]). Then dropping a total
derivative term we get

(TYuv = 60h hape (Jab)uv , (4.8)

where J,, is the stress tensor of the conformal scalar defined in (2.14). The UV singular part of
the expectation value of the scalar stress tensor should be related to the derivative of the Cgb od
logarithmic divergence in the effective action (c¢f. (3.1)) and should thus be proportional to the
Bach tensor in (A.2). Indeed, as follows from eq. (6.4) in [21],12

23 = (Thuy =6 B hap h°
=(—2R™R+6R5R" + 6R,qC*? + V'V’ R — 3V R ) hape h° .
4.9)
Thus the tadpole contribution vanishes on a Bach-flat background in agreement with the above

discussion.
Adding (4.9) to (4.5) we get a simple manifestly vector gauge invariant expression

Ly =L + L8 =8 F [PV phpea + (VaR = VR hpea | (4.10)

where Fyp = 0,hp — dph, and hgpe is totally symmetric and traceless. Like each of the @fl(i)
and ﬁﬁg’ ) terms, their sum ,/g.%}3 is also invariant under the Weyl transformations (cf. also

the discussion at the end of Appendix B). Both .,2”1(;) and fl(g ) vanish on a conformally-flat
Einstein space.

4.2. Spin 3 gauge invariance

As we saw in section 2, the spin 3 interaction term (2.17) is not invariant under the curved
background spin 3 gauge transformation (2.11) — we need also to transform the spin 1 field in the
interaction term in (2.8) according to (2.26). If we specify the metric to be, e.g., the Einstein one
(i.e. a particular Bach-flat one) then V¢Cgpcq = 0 and (2.25), (2.26) simplify to

Shabe = Via €be) = 5 8ab VP €0)p » 8ha = —8 Capep VP 6" . (4.11)

Using (3.1) and that R,;p = }—‘Rgab in (4.10), the quadratic part of the induced action (4.1) may
then be written as

s@ =fd4x \/EI:— 11—2 Fazb + 8 Cabed Fup thpbc + h3)O¢ h(3)] . 4.12)

One can then check that the transformation of 4, in (4.11) in the first term in (4.12) combined
with the transformation of 4, in the second mixed term in (4.12) leaves the total action invariant
(see Appendix E).

' In a massless theory, one has to be careful to isolate the UV poles from the IR ones. In curved space case, the
curvature plays the role of an effective IR scale (which can be captured by a resummation of an infinite set of terms
in near-flat-space expansion). Taking this into account, the tadpoles lead to non-trivial contributions to logarithmic UV
divergences. Various point-splitting treatments of tadpoles in curved space are discussed in [21,31-33].

12 See also [34] for a detailed discussion of regularization issues in the vacuum expectation value of the stress tensor.
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The transformation of the second term in (4.12) under the transformation of /, should cancel
against the transformation of the last pure spin 3 term in (4.12) under the variation of /.. in
(4.11). As a result, the last term S33 in the action (4.1) (and thus the operator Og ~ VO 4 ..
in (4.12)) cannot be, in general, invariant under the spin 3 gauge transformations even on an
Einstein background, contrary to what one might naively expect.'?

Since the variation of %, in (4.11) is linear in the Weyl tensor, the variation of the second
term in (4.12) has the structure CV(CVe)Vh3y, i.e. is of second order in the curvature. Thus
the h3) Og h(3) term may be invariant on its own at leading linear order in the curvature in a
small curvature expansion. Indeed, such an operator was constructed in [12] starting from the
condition of such linearized spin 3 gauge invariance. Below we shall reproduce this result by
directly computing the leading term in the induced action S33 in the near-flat-space expansion.'*

4.3. Pure spin 3 term

As was discussed above, the term S33 in (4.1) may receive contributions from (i) the correlator
(J3)(x) J3y(x"))uv and (ii) the tadpole term X (3)3) = (T (3)(3) (x))uv coming from the quadratic
h3T@3)3yh) term in the manifestly spin 3 gauge-covariant scalar action. The latter should
vanish on a Bach-flat background as discussed above.

The exact computation of (J(3)(x) J3)(x"))uv with spin 3 current given in (2.21) in the
background-covariant approach is technically challenging and will not be attempted here. We
shall discuss only the flat space case and the near-flat-space expansion to leading order in the
curvature making contact with an earlier result of [12].

In the flat space limit, we have

shat — / d*x Ll LRt = L Rabe (Jope Ty ) B 4V (4.13)

The correlator (J(3)(x) J(3)(x’ ))ﬂat of the flat-space spin 3 current (2.3) computed in the free
scalar CFT is given by the transverse traceless spin 3 projector operator times |x — x’|~®. To
extract the UV pole we may use, e.g., the dimensional regularization as in [35]. The resulting
expression is'?

ﬂ "
D%Sat — %(habc \:|3 habe — %habc 8abcdef pdef

+ 2 W0 Bpege ha'* — 30" 0% 8eq hap”) . (4.14)

As expected, the spin 3 CHS Lagrangian (4.14) is invariant under the gauge transformations
(2.5).1° It is also scale-invariant, and, being a flat limit of a full Weyl-invariant action, it should

13 See Appendix F for a discussion of how this may change if one requires only the invariance under the restricted spin

3 gauge transformations with V, g9 = 0.

14 The operator Og found in [12] was not unique, so the matching to our result for the induced action requires fixing

the remaining freedom in [12] in a particular way.

15 The computation amounts to the evaluation of 4, g, -+ G(x — x") 0py 0py - G(x — x"), where G is the free scalar

propagator G(x) = ﬁ witho = % (x —x)2. Taking derivatives and using the relation 2cP =2 p(p— Do—P~1,

we may reduce all terms in (4.13) to the form h%%¢ (x) ha'V'e (1 Pape.a'b'e! X —x7) (82)k ﬁ where P(x —x’) is a

tensor built with the displacement vector (x — x’)4, and (%2 ~ % 8@ (x —x") gives the pole in dimensional regularization
see, for instance, eq. (A.1) of [25]). The final result is obtaine integratin arts the 07 operators and taking in the
(see, fori q. (A.1) of [25]). The final It is obtained by integrating by p ha)%p d taking in th

end the coincidence limit x — x’.

16 Notice that the gauge invariance fixes the coefficients in (4.14) up to an overall proportionality constant.
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(a) © (c)
L3 e h®
jxe)) h® Jxe)

A3 B3

Fig. 1. Scalar field one-loop diagrams with UV divergent parts contributing to the induced action S»33. Dots stand for
the insertions of the spin 2 or spin 3 flat-space currents in (2.2), (2.3) or the quadratic &)k (3) and hé) vertices in the
scalar action required for its manifest covariance.

also have the full conformal symmetry. This is indeed the case as we demonstrate in Appendix D:
the Lagrangian (4.14) admits a symmetric traceless stress tensor which is conserved and gauge
invariant on the spin 3 equations of motion.

Next, we may compute the first correction to (4.14) in the near-flat-space expansion, i.e. at the
leading order in hg4p = gap — Sap- Schematically,

S33 = S§'§“ +S33 4+, S233 = / d*x he [h3) 3®n () + dhe) dshey + - .
(4.15)

Since the transformation of 4, under the spin 3 gauge transformations given in (2.26) involves
already one power of the curvature, the term S;33 can not mix with the spin 1-3 term S;3 and
should thus be invariant under the linearized spin 3 gauge transformations on its own.

The first correction S»33 is given by the sum of the three contributions shown in Fig. 1, i.e.

Sa33 = S5} + S35y + S5 (4.16)

To simplify the computation we shall assume that the external fields (2 and &3y are transverse
and traceless (TT). The first diagram (a) has three flat-space current vertices that have a sim-
ple form K @ 9% ¢ (see (2.2), (2.3) and [8]). The explicit form of the vertex f(2)h(3)P¢ in the
diagram (b) is found by expanding the curved-space source term (2.17) in powers of /1,

/ d*x /g hC Jape (V) = / d*x hC Jpe(9) + / d*x hVp(h3y, @) +O(h2,) , (4.17)

where the explicit form of V,, is given in Appendix G.

The third diagram involves the h3)h3)@¢ vertex required for the manifest covariance of the
scalar action under the spin 3 gauge transformations. As discussed above, its contribution is
expected to vanish on a Bach-flat (e.g. Einstein) space. We shall impose, for simplicity, the con-
dition that g,; + hgp is Einstein, which (for the TT field %,5) amounts to the condition Ohgp =0
to be assumed below.

The explicit results for the contributions of the diagrams (a) and (b) are given by (G.2) and
(G.3). The total action S»33 turns out to be consistent with the result of [12] for the linear in
curvature term in the S33 action where it was found by demanding the spin 3 gauge invariance
to the leading order in curvature expansion.'” As a simple illustration of the agreement, let us
formally set i, to be constant (i.e. ignore all curvature terms). Then

17" We have used the Mathematica notebook provided in [12] to check that they result Slz\g; is equivalent to ours Sp33 for
a particular choice of free parameters in [12] associated with field redefinitions, total derivatives, and use of 4d identities
and after restricting to TT fields and imposing the linearized Einstein space constraint Oh,p = 0.



M. Beccaria, A.A. Tseytlin / Nuclear Physics B 919 (2017) 359-383 373

ONT = 135 (pabpede 2 4 W D3 hpeg) = Loy = L + 28 (418)
"%2(;3? = _g (habhﬂdg aabmzhcde - habhqu D3hbcd),
g(b) _ _@ habhacd 03 Rped
where we made a field rescaling to account for a difference in our choice of normalizations
compared to [12].18

5. Spin 1-3 mixing term contribution to UV divergences

Starting with the induced action for the tower of CHS fields one may attempt to compute the
corresponding UV divergences and thus conformal anomalies. Assuming we expand near the
vacuum point (with Bach-flat metric) so that all linear terms in (3.4) vanish, the action will begin
with the quadratic term S® in (3.5) and thus the 1-loop correction to the CHS partition function
will be expressed in terms of determinants of the operators O ¢ in (3.5).

In general, the logarithmic divergences or conformal anomalies in curved d = 4 background
are governed by the coefficients a and c in the corresponding Seeley coefficient (see, e.g., [36])

I'=—-logZcus = — ﬁ log Auv /d4x /8 ba(x) + finite, 5.1

bs=—aR*R*+cC?. (5.2)

To extract the coefficients a and ¢ one may compute b4 separately in a conformally flat Einstein
background where by = —a R* R* and in a Ricci flat background where by = (c — a) C2.

In the conformally flat case the CHS kinetic operators are diagonal in spin and factorize
into products of second-derivative operators [9,11,12] and thus the corresponding a-anomaly
coefficient can be computed [9] using standard methods like in [37]'°

ay = =55 Vs 3y + 14v7) ve=s(s+1). (5.3)

In the special cases of conformal spins 2 (i.e. Weyl graviton) and 3/2 (conformal gravitino) this
factorization on (A)dS4 or §* background was observed long ago in [38-41].

The factorization of the Weyl graviton and conformal gravitino kinetic operators turns out to
hold also in a Ricci-flat background [39,1]. In [9] it was conjectured that this factorization may
apply to all CHS kinetic operators in R, = 0 background leading to the following prediction for
the spin s contribution to the c-coefficient in (5.2)

Cy = 7ag Vs (4 — 420, +2902) . (5.4)

As was argued in [ 12], the Ricci-flat factorization conjecture may not be true in general for s > 2
as there should be curvature derivative dependent terms like V" R that represent obstructions to
factorization. However, such terms can not contribute to the UV divergences (5.1), (5.2) and thus
to the value of c; on dimensional grounds. Note also that the general argument in [12] was under
the assumption that the CHS kinetic operator Oy is diagonal and gauge invariant separately for
each s, which is not, in general, true as we have seen above. Still, even ignoring such derivative
terms the factorization conjecture for s > 3 remains to be proved.

18 The agreement of the actions for constant /.y, is, in general, guaranteed if the flat space actions match (as one can
generate a constant metric by a coordinate redefinition) but it still provides a formal consistency check of the two results.
19 This was done also using the AdSs5 related method [6].
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R

Fig. 2. One-loop diagram in the spin 1-spin 3 theory contributing to the c?uv divergence.

Regardless the validity of the factorization conjecture, what was not included in the previous
analysis is a potential contribution to (5.1), (5.2) coming from non-diagonal mixing terms like
Si3in(4.1), (4.10). Such mixing terms vanishing in conformally flat Einstein background can not
contribute to anomaly a-coefficient but may contribute to c-coefficient. Here we will concentrate
on the spin 1-3 sector discussed above. For s = 1 (Maxwell) field we have the standard result
c1= % (vi =21in (5.3), (5.4)) while for the diagonal s = 3 contribution (assuming factorization
of Og) we expect from (5.4) to get c3 = % (v3 =12).

Let us consider the background metric to be generic (not necessarily Einstein). The mixed
1-3 term in the induced action (4.10) contains the CVh(1)Vh3)y and (VR)(Vh())h3) vertices
while the kinetic terms are A1) (V2 +...)h1) +h3) (VO +...)h3). Itis easy to see on dimensional
grounds that only the first CV/ (1) Vh(3) mixing vertex may in principle contribute to the C> UV
divergences in (5.2). We may thus start directly with the simple quadratic action (4.12). The cor-
responding additional C? contribution may come from the UV divergent part of the diagram in
Fig. 2. As the mixing vertex contains already one factor of the Weyl tensor, to find this contribu-
tion it is sufficient to consider the flat-space spin 1 and spin 3 propagators in TT gauges. We get
for the resulting contribution to the effective action in momentum representation

d%

[(p) =18
(p) mns | 5o

C(—ky — pe)(kagbg — kb8ag)

P94 (k) Py " (k + p)

X CTC L (ke + pe) (—kar g’ + ki 8arg) k2 [k+p3P i
where n; are normalizations in the flat-space CHS quadratic actions
2 ng / d4x hal ey Pballl(:: DS hbl s ’ (56)

while P, (k) and Pype ger (k) are the spin 1 and spin 3 TT projectors P)(y in momentum
representation (see, e.g., eq. (3.6) and footnote 18 in [8]). Then after some standard manipulations
(introducing Feynman parameters and shifting loop momentum) we get

dk Kk kP ke k4
20) [k2 + M2(p, x)]

1
['(p) =2688n1n3 Caebf(p) Ccedf(—p)/dx/ ( 7 + finite. (5.7)
0
The UV divergent part is then (¢ =4 —d — 0)*"

20 We use that one can make the replacement kqkpkckg — ﬁ(gab 8ed + 8ac 8bd + &ad 8be) (k*)2, and the standard
integral:
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_ 336 nn3

Pov =G rs CabeaC. (5.8)

Our normalizations of the flat-space currents in (2.2), (2.3) correspond to n1 = 3 and n3 = 97—0
in (5.6) (see (4.12), (4.14)) so that the final result for the contribution of the 1-3 mixing to the
coefficient c in (5.2) is

Ci13 = 352 . (59)

The total contribution to ¢ from the 1-3 sector is thus cj43 =c| +c3+c¢j3 = % + % + 352, ie.

the mixed term contribution is of the same order as the pure spin 3 one.

In general, other similar higher spin mixing terms are expected to appear and thus should also
contribute to the C? UV divergence. Indeed, just on dimensional grounds one may have for spin
s and spin s part of the CHS action expanded near flat space (we assume the fields to be TT and
ignore normalization factors, cf. (4. 12))2!

Sy = /d4x [h(s)(azs by +hiy 0%+ D + 3 C 8" hid" by + ] ,
n

(5.10)

where C stands for the Weyl tensor and n +n’ = s +s' — 2 to balance dimensions. Then the UV

k2n+2n/ d4 k
k2.v+2x’ ~ f k_4 :

singular C? contribution to the one-loop effective action is proportional to i d*k
i.e. is logarithmically divergent and thus contributes to c-coefficient in (5.2).

It then remains an open question if these mixing term contributions may change the expecta-
tion [9] that the regularized sum of all CHS contributions to the conformal anomaly c-coefficient
should vanish, like that happens for the total a-coefficient [6,9].
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Appendix A. Curvature identities

In four dimensions, one has the following useful identities for the Weyl tensor

Cacdecbcde — %gah CcdefCCdef, CaCderdce — %gab CcedfCCdef‘ (A.1)
ddk (k2)u _ F(b—a —d/2)F(a+d/2) (M2)d/2+a*b
@m)d (k2 +M2)P — (@4m)I2T(b)I(d/2) '

P . L 1
Note that in dimensional regularization in (5.1) one has log Ayy — — .

21 To determine the mixing term here requires the computation of the /()% (5)h (/) term in the CHS action in a near flat
space expansion.
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The Bach tensor is defined by

Bab =~ 3 75 547 / d*x /8 Copeq (A2)
= Ra“Rpc — RapR + R Cacap — AV Rap + ViR
— L gap(ReaR — LR? — 1V?R)
Introducing the Schouten tensor P, = %(Ra;J — é R gup), the Bach tensor may be written as
Bup = VY, Ppe — V% Papy + P4 Coeap = (VEV + L RY) Cucan (A3)

where the second equality follows from the Bianchi identities.””
Appendix B. Vanishing of spin 3 linear term in induced action

Let us consider the linear term in the induced action (3.4), (3.5)

Sgl) = / d*x \/ghubc Bape , Bape = {Jabc)uv » (B.1)

given by the coefficient of the logarithmic divergence in the 1-point function of the spin 3 current
(2.21). Since the UV singular part of the 1-point function of spin 1 current is equal to zero,
B, = (Jz)uv =0, the relation (2.23) implies that dimension 5 tensor Bgp. should be covariantly
conserved, V¢ By, = 0. In addition, it should parity-even (as J,p. in (2.21) and Sp in (2.8) are)
and Weyl-covariant with weight —2 so that Sgl) is Weyl-invariant (cf. (2.9)).

Examining the most general candidates for B, satisfying these conditions we did not find
any solutions, i.e. we should have

Bape =0. (B.2)
In [15] it was suggested that B, may be proportional to Eastwood-Dighton tensor
Eabc = Ce{-bvdcsefa - C*efcbvdcdefa ’ C::bcd = %‘%befcefcd s (B~3)

which satisfies the Weyl-invariance and conservation conditions and vanishes on conformally
Einstein spaces. However, this tensor is parity-odd and thus cannot appear in the expectation
value (Jabe)uv.

Let us note that in the special case of an Einstein space background R, = %Rgub we do not
need the condition of Weyl invariance to show that B, = 0. Indeed, the dimension 5 tensor B,
must be constructed from the Weyl tensor and covariant derivatives, i.e. it should be of the form
VCC or V3C or explicitly (ignoring g,5-terms that decouple upon contraction with traceless
habc)

Bape = k1 VEVIVCaape + ko Ca® Ve Cpaer + k3 Col VeCheay + ka Ca’ V 1 Cpace -
(B.4)

The first term can be related to the last three as for an Einstein space

VeVIV, Rudve = —Rp™ VaRuecr + RV f Ruabe — RV Rpeca - (B.5)

22 Let us note that some papers have different signs appearing in the expression for the Bach tensor which is usually
related to different conventions for the sign of the curvature.
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The second and third terms do not contribute to A2¢ By because of the identities like (¢f. (A.1))
Ca“I Ve Chaer = 3Ve(Ca Chaef) = § gab VeC? . (B.6)

Using the Bianchi identity we also have C,%/ V (Chice = —Co/ VCeear — Co%/ VyChecs.
These terms do not contribute upon contraction with a totally symmetric traceless /gpc-

One may also study more general linear in spin 3 terms which also involve the vector field
strength F,;. One finds that the only possible term with one power of F; is proportional to
the combination appearing in (4.10) that we obtained by the direct computation of the induced
action. The only term quadratic in Fyp, and linear in 445, must be (on dimensional and covariance
grounds) proportional to F,p F b .V, h?ed Such term is not, however, Weyl invariant and thus can
not appear in the induced action.

Appendix C. Background covariant computation of UV pole parts of correlators of
currents

In this appendix we shall briefly explain the strategy of the computation of the UV pole (log-
arithmic divergence) part of the current—current correlators like (J() J(s))uv appearing in (4.4).
We shall follow the approach and notation of [25].

Starting with the explicit expression for the bilinear currents like in (2.12), (2.14), (2.21) one
may express the correlator at separated points (J(s)(x) Jisy(x")) in terms of the curved space
scalar propagators G (x, x’) getting sum of terms like

VIV G VYT G A n+m=s, n'+m'=ys, (C.1)

where dots stand for other potential terms with less covariant derivatives but extra factors of
curvature and its derivatives. For our purpose of extracting the UV singular part of the correlator
it is sufficient to keep only the part of G which is most singular in the coincidence x — x’ limit

AV2(x, x')

G(x,x' —,
(x, x) = 8m20(x,x’)

(C2)
where o (x, x’) is half the geodesic distance between x and x” and A (not to be confused with
the Laplace operator) is defined by (see, e.g., [21] for a detailed discussion of properties of these
bitensors)

2
Ixa dx'b
Using (C.2) in (C.1), we obtain terms whose denominator is a power of o while the numerator is
a tensor that involves covariant derivatives of o and A.

To find the UV singular part of such terms, in the dimensional regularization approach of [25],
one is to make the following replacement (¢ =4 — d)
1 8x?
IO (x, x') | (C.4)
e

o2

A=g™ 21|V det Dyy | Dy (x,x') = — o (x,x"). (C.3)

where §® (x, x”) is the biscalar curved space §-function, f d*x N 5@ (x,x’") = 1. Terms with
powers of 1/¢ higher than 2 should be first reduced to 1/02 terms by iterative use of the identity

A2

1
A2 (v —y) — Y =A"12v2A2 (C.5)
o

_ 1
op+l — 2p(p=D
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Use of (C.4) then gives terms with powers of the differential operator in the r.h.s. of (C.5) acting
on 8™ (x, x’). We may then use integration by parts and take the coincidence limit x — x’.

This last step is non-trivial because the coincidence limit does not commute with covariant
derivatives of the biscalars o and A.”* This may be automatized to provide a table of substitution
rules. Denoting by a square bracket the coincidence limit, the simplest examples are

[0]1=0,  [V4ol=0,  [VaVpol=gw.  [VaVsVco]=0,
[VaVbVeVaol=—1(Rabca + Raach) . (C.6)
[A'21=1,  [V.A'Y21=0,  [VuVpA21=%Re,

[VaVsVe A2 1= &5 (VaRbe + VoRac + VeRbe), ... (C.7)

The substitutions (C.6) and (C.7) produce a non-trivial dependence on the background curvature.
When the correlator is contracted with Ay fields, i.e. K (Jis) Jisny)uv K the integration by
parts mentioned above will produce terms with derivatives acting on higher spin fields.

Appendix D. Stress tensor of the free spin 3 field in flat space

Here we shall comment on the special structure of the spin 3 flat space kinetic term in (4.14)
and its stress tensor. Let us start with the general 3-parameters Lagrangian

L =h"0% hape + ki B Dapeder K + ko B0 0peae ha® + k3 B 0% dca hap?
D.1)
and look for a symmetric traceless stress tensor T, ~ h(3)86h(3) + --- which is conserved and
gauge invariant on the equations of motion following from (D.1). There are 254 possible struc-
tures in such T,p, i.e. (0"h3™h)sp, or gap (0"hd™h) with n + m = 6. The T, with required
properties is found only if .Z in (D.1) is proportional to f3ﬂ3a‘ in (4.14).>* To show the converse
requires an explicit calculation which gives
Tab Z%hbcdaacdefphefp ) thdaadethce‘f + %hbcd aaeDthde
+ %hacdabcdefphefp ) haCdahdef\:‘hcef + %hacd aheDthde
_ thdacdethaef o hacd acdefmhbef + hubc acdefljhdef + %hbcd 8deD2huce
+ %hacd 8de|:]2hbce _ habcadeljzhcde _ %hbcd DShacd
_ %hacd D3hbcd + nab (_ %theacdefpahfpa + % theadeprhcfp
_ %hcde aef\jzhcdj. n %the D3hcde>- (D.2)

Here the #*? term is proportional (up to a total derivative) to ff;‘t in (4.14), as expected on
general grounds.

The fact that (D.2) is not manifestly invariant under spin 3 gauge transformations may be
compared with the lower spin cases. In the spin 1 case Ty, = Fy Fp — % gab F? is traceless,

23 Besides, one has to deal with the technical problem of separating covariant derivatives at x and x’. This may be done
systematically by exploiting Synge’s theorem and its multi-index generalization proved in [21].

24 We omit trivial improvement terms not contributing to the conserved charges and obeying all the requirements auto-
matically, i.e. without using the equations of motion.
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symmetric and conserved on the equations of motion but also manifestly gauge-invariant. The
latter feature does not automatically generalize to higher conformal spins. Let us consider the
s = 2 case and expand the Weyl gravity action near a generic metric g, — gap + hap (With
traceless hgp)

S(g;hy=1 / d*x \J§ C2pea(g + )

= /d4x Ve[ 1C2ea(®) + B(®) h+ 3h Os(g) h +...]
=85@)+SV(g:n)+SPgh+..., (D.3)

where B is the Bach tensor. Under the gauge variation 8:/4, = V(q€p) — % gab Ve,

0=S(g;h+6:h)—S(g; h) =/d4x VEB(g)8:h + Sa(g; h 4+ 8:h) — Sa(gs h) + ...

(D.4)
Applying 8/8gm, and replacing the background metric by the flat one, g, — 14p, gives
8B 88@ §(8.h
Teah8.) = Tegh) = —[ Co—g,hy| = [0 20ha)] oy
88cd Sef=ney  LOhab  88ca Hger=nes
(D.5)

where T, is the stress tensor defined as the variation of the action over the metric. The first
term on the r.h.s. then vanishes as By is covariant; the second term vanishes on the equations
of motion of A,. Thus T4 is gauge invariant only on the equations of motion, in contrast to the
spin 1 case.

Appendix E. Spin 3 gauge invariance in Einstein background

Here we provide some details of the check of the invariance of the spin 1 plus mixed spin 1-3
term in the quadratic action (4.12) in an Einstein background under the spin 3 gauge transforma-
tion in (4.11). Explicitly, we consider

8/d4x VE(— 5F2, +8C® F,, vchbg)z/d4x¢§(Q+Q/),
Q =h? Aa,pq gpq’ Q/ = habc Az/zbc,pq 81?!]7 (El)

where § acts according to (4.11) and Ay py, A are differential operators containing V, and

:le, Pq
%a. We want to show that the part of the variation not depending on A4y, i.e. Q, vanishes. The
cancellation of Q’ requires adding the variation of the last quadratic spin 3 term in (4.12) which
at present is not known beyond the leading order in the curvature.

The explicit form of Q is found to be

0=—8R,"R¥eqaVh* + 8RR epa VP h* +8 Rp* ! Cagere®VPn®
— SRbechafdgé‘CdVbha — 8Raecfcbdgf edvlp® 4 8Raecf bedgsc‘ivbh“
+ 8 Ry Radcee™ VPR — 8 Ry Rpacee™ VP + 8 R, VP RV Ve,
— 8RS VPh Y Veep? — 8V, Cheae VPRV + 8V Coeae VPR Ve
+ 8Rpede VPR VEV16Y — 8 Chege VPN VEV,6Y — 8 Rucde VPR VEV,ed
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+ 8Cacae VP h* VoVpe + W Rypie VPIVE Ve + 8 Ryipe VORIV V
— B Raeba VP h VeV e + 8Rpeae VP h* VOV e,  + 8Rpace VPR VOV e,
— 8Rucde VPR VEVaeL,S — 8Rugee VPROVEVIg),C. (E.2)

Integrating by parts to remove the covariant derivatives from &, and using the Einstein-space
curvature identities we arrive at

0 = — 4Repc Vo VOVPhY + 4 Reqc Vi VEVP R + LRe,, VPR
+ 2Repc VOV, VPR — $Reqc VoV VPR — 8 £V, Chce VOV HE
+ 869V}, Caace VEVP R + 3 Repc VEVPVh — 8Chaceea VI VEVP R
— 8Checd€a’ VIV VPR +8Cadceer VIVEVP R + 8Caecaer® VIVEVPH
— B CbeeedVIVVP R — 8 Chcpe £4°VIVVP R + 8 Crepcea® VI VPR
— W61V nY, Capea — 869 VVP IV, Cacpa + 369VVP RV, Cagpe.  (E3)
Symmetrizing the covariant derivatives and using the Bianchi identities gives
0= 1Ry Regerea VP n . (E.4)
This vanishes after using &,5 = €5, and the identities valid in Einstein space (cf. (A.1))

Racde Rhcde — %gab Rcdef Rcdef’ Racde thce — %gah Rcedf Rcdef‘ (E.5)
Appendix F. Restricted form of spin 3 gauge invariance

If we consider the spin 3 gauge transformations with the gauge parameter constrained by
Vég,4p = 0 then the transformations in (4.11) satisfy

8'hg =—6V"V§ hupe . §'=s e o (E.1)
ab=

This means that we can introduce a new spin-1 field h, which will be neutral with respect to the
restricted spin 3 gauge transformation

hy=ha +6V°VE hape | §'hy=0. (F.2)
Then the spin 1 and 3 interaction terms in (2.24) may be written as

h Ja 4+ h* Jape = h* Jo + W Tape., Tabe = Jabe — 6V Vi Joy . (F3)
where JNabC is thus the same as in (2.27), i.e.

heP€ Jope = 60i h®C V, V@ Vep + c.c. (F4)

This term is thus invariant under the restricted gauge transformations in an Einstein background.
The quadratic part of the induced action is again of the form (4.11), but now written in terms
of the new vector field i, (with field strength F)

s =/d4x \/E[— & F? + 213+ h3 O h(3)] . (E.5)

A3 =h (Jo Tpea)uvh®® = F(2V, Ve Va iy + 8 Cacap VP 1y . (E6)
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Note that in an Einstein background there is no nontrivial E(l)hg) tadpole contributions so (F.6)
is automatically vector gauge invariant.

Since &’ Ea =0, the h(3) O¢ h(3) term in (E.5) that should be equal to /3 (J~ J Juvh@a) (uptoa
possible tadpole contribution) should be invariant under the restricted spin 3 gauge transforma-
tions on its own.

It is easy to see why (F.6) is spin 3 gauge invariant using (F.1):

§ L3 =F(2V, Ve Va8 hp + 8 Cacap VP 8'hp?)
= F(— 1 V,8'hy +8Cacap VP 8'hp)

1
:8/(_ s F[12b+8Fab Cacdp \v/4 hbc‘d)‘h(l)g =0. (F7)

Here we used that the two terms in the second line are as in (4.12) and thus are invariant under
the spin 3 transformations modulo O (4 3)¢) term.

Appendix G. Some expressions used in section 4.3

Here we present the relations used in eqs. (4.16), (4.17), (4.18). The tensor V,p in the
h@)yh@3)@e vertex in (4.17) is given by

Vab =3i (=4 3chapa 3G 0°¢ + 4 0ahave '@ 90 + 10 pca 90 94 ¢ — 10hpea 0,70
+ 10704 3G 9 — 10 haca 90 — 4 hapa G 079 + 4 hava 0.9 3¢
— 7 0ahbca® 00 — T Ophaca 0 ¢ + 120ahabe 9“9 + 704 hpea 3G ¢
+7 phaca 9@ 9 = 1204habe G ¢ +3 habe 06349 — 3 have 049 8¢
+ 78 4hape T80 —T8%ahape 3T ¢ + 12 Npe haae 3 3%
+120ac hbde 3G90 — 12 Npe hade 9T 00 — 12 Njac hpae 99 3¢
— 815" @ aca® + 815" Buca® @ — 81 T pea + 810" VpcaP @
+ har" @O a9 — hap 0@ @) - (G.1)
The contribution Zz(gz) in (4.16) coming from the triangle diagram (a) in Fig. 1 is
L) = — B h® (—420h, D2 hpeq + 358,00 9y Dhege + 428,h° 9507 hege
+ 540,hY 8,0 hpeq + 180y 0% hededha — 108 990> hpeedha
— 54 9,0%hpeadha + 54y 0hear 8 Ohe ! — 102 940hperd” Dhy
— 51 8 Ohpead’ Oha 4420 h 80 0hege + 240 80 0% hede
+ 280 hede Japh®™ — 1200 3o Ohaea + 26407 B9 8pe Oheay
— 120%hcae 0 ha + 88 3o By Ohege + 7200 3¢ Dhape
+ 728, K 3o Ohper + 54h°Y 840 0% hape + 3007 hede 39 hap
+ 728,71 3o Ohpeq — 1874 3¢ 0% hipea + 483pa Ohcer 8 hy™
+ 48 By Oheaed 1y — T2 8eqT0hper 8 g — 28887 Ohpeed g™
— 72 Do Ohpead hg 4144 37 W% 3upe Dheay + 4897 BB r Ohege
+ 150 8, Ohcar dap” K 4508 ¢ Ohegedan’ h + 908, " dpgehern
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+ 180 87" WY Bpenhcar — 12 9a0heer 3 ha — 128 Oheaedp® ha®
+30 8, " h4e Byt hege + 36 87 hCYD g Ohany 4 10897 Y340 Ohape
+30 8:0haer 3% hap 4908 Theded™ hap” + 128pcahernd " hy
+ 72 Bpanticer 3" 1o 436 ppnhcacd " hg — 548canhper 3 ha
— 108 8y pnhpeed "o — 18 Bopnhpead " ha + 963" U dupaehern
+192 3/ R ponhcar + 3207 hC4C duppnheae + 48R Begonhany

+ 7207 h dge pnhane). (G.2)
The contribution fz(g in (4.16) coming from the bubble diagram (b) in Fig. 1 is much simpler
Ly = =T h D hpea (G.3)
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