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Multiple scales and singular limits of perfect fluids

NILASIS CHAUDHURI

Abstract. Inthis article, our goal is to study the singular limits for a scaled barotropic Euler system modeling
a rotating, compressible and inviscid fluid, where Mach number = €, Rossby number = ¢ and Froude
number = € are proportional to a small parameter ¢ — 0. The fluid is confined to an infinite slab, the
limit behavior is identified as the incompressible Euler system or a damped incompressible Euler system
depending on the relation between m and n. For well-prepared initial data, the convergence is shown on the
lifespan time interval of the strong solutions of the target system, whereas a class of generalized dissipative
solutions is considered for the primitive system. The technique can be adapted to the compressible Navier—
Stokes system in the subcritical range of the adiabatic exponent y with 1 < y < % where weak solutions
are not known to exist.

1. Introduction

We study the model of a rotating fluid as described in Chemin et al. [13]. Let 7 > 0
and Q = R? x (0, 1) ¢ R? be an infinite slab. We consider the scaled compressible
Euler equation in the time-space cylinder Q7 = (0, T) x € describing the time
evolution of the mass density o = o(t, x) and the momentum field m = m(z, x) of a
rotating inviscid fluid with axis of rotation b = (0, 0, 1):

o Conservation of mass
00 + divym = 0. (1.1)
e Conservation of momentum

3,m + div, (m
0

1 1 1
—V —bxm=—poV,G, 1.2
>+ M xP(@) + - LA (1.2)
where p stands for pressure and G is the gravitational potential that we consider
independent of time.
e Pressure law The pressure p and the density o of the fluid are interrelated by
the standard isentropic law

pe) =ao”, a>0, y > 1. (1.3)
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e Boundary condition Here we consider an impermeability condition on the hori-
zontal boundary, i.e.,

m-n=0, n=(0,0,%1). (1.4)

e The scaled system contains characteristic numbers:
Ma— Mach number,
Ro- Rossby number,
Fr- Froude number.
Here we consider the following scaling:

Ma~x €™, Ro~e, Frae€" fore >0, m,n > 0. (1.5)

e Farfield condition The condition is needed as we consider the unbounded domain
Q. Let us introduce the notation x = (xj, x3) and P,(x) = xj,. Foreach € > 0,
we identify a static solution that satisfies (1.1)—(1.2) with (1.5). More precisely,
a static solution is a pair (9., 0), where the density profile o, satisfies

Vip(0e) = 62(m_n)éerG-

In general, there are infinitely many static solutions for a given potential G. We
introduce a far field condition as

loe — 0c| — 0, m¢ — 0 as [x,| — oo, (1.6)

where (o¢, m¢) indicates that state variables depend on the parameter €.
e [nitial data For each € > 0, we supplement the initial data as

00, ) = O¢,0 me(0, ) = me 0.

e Choice of G As amatter of fact, the gravitational potential G can be seen as a sum
of the centrifugal force proportional to the norm of the horizontal component
of the spatial variable, i.e., (xf + x%) and the gravitational force acting in the
vertical direction x3. We omit the effect of the centrifugal force in the present
paper motivated by certain meteorological models. Instead we consider

G(x) =—x3in Q 1.7)

corresponding to the gravitational force acting in the vertical direction.
Multiple scaling We consider singular limit problems for € — 0 in two multi-scale
regimes:

e Case I Here m, n are interrelated by
m
— > 1. 1.8
>Nz (1.8)

It implies that we are interested in low Mach and Rossby number limit in the
presence of low stratification.
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e Case II In this case, we consider m = n = 1, that implies the low Mach and
Rossby number limit in the presence of strong stratification.

Thus, we study the effect of the low Mach number limit (also called incompressible
limit), the low Rossby number limit and the low Froude number limit acting simulta-
neously on the system (1.1)—(1.2).

Formally, we observe that the low Mach number limit regime indicates that the fluid
becomes incompressible and the low Rossby number limit indicates the fast rotation
of the fluid and as a consequence of that the fluid becomes planner (two-dimensional).

Since solutions of the (primitive) compressible Euler systems are expected to de-
velop singularities (shock waves) in a finite time, there are two approaches to deal
with the singular limit problem.

I. The first approach is to consider classical (strong) solutions of the primitive
system and expect them to converge to the classical solutions of the target system.
Here the most important and highly non-trivial problem is to ensure that the
lifespan of the strong solutions with respect to the singular parameter(¢) are
uniformly bounded below and away from zero.

II. The second approach is based on the concept of weak, measure—valued or dissi-
pative solutions of the primitive system. Given a suitable choice of initial data,
one can show convergence provided that the target system admits a smooth
solution.

For the first approach in the low Mach number limits, we have results of Ebin [14],
Kleinermann and Majda [28], Schochet [34], and many others. For rotating fluids,
there are results by Babin et al. [3,4] and Chemin et al. [13].

In the case of the second approach, most results dealing with weak solutions have
been studied for the compressible Navier—Stokes system with additional consideration
of the high Reynolds number limit. For rotating fluids, there are several results, see
Feireisl, Gallagher and Novotny [18], Feireisl et al. [17], Feireisl and Novotny [24,25]
and Li [29].

The existence of a global-in-time weak solution of the compressible Euler equation
satisfying the energy inequality is still open for general initial data. Therefore, it is
important to consider a measure-valued solution or a newly developed dissipative
solution for this system. The concept of measure-valued solutions has been studied in
various contexts, such as in the analysis of numerical schemes, etc. In the following
articles by Alibert and Bouchitté [2], Gwiazda et al. [26], Bfezina and Feireisl [8],
Bfezina [10], Basari¢ [5] et al. [21], we observe the development of the theory of
measure-valued solution for various models describing compressible fluids, mainly
using Young measures.

Recently Feireisl et al. [22] and Breit et al. [6] have given a new definition of
generalized solutions for the compressible Euler system, which they call a dissipative
solution. This new definition does not include Young measures.

The advantages of the second approach to singular limit problems are as follows:
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o Weak or measure-valued solutions to the primitive system exist globally in time.
Thus, the result depends only on the lifespan of the target problem, which may
be finite.

e Since convergence holds for a large class of generalized solutions, this suggests
some stability of the limit solution of the target system.

In particular, the results with generalized solutions are better in the sense that the
convergence holds for a larger class of solutions and for the lifespan of the limit system.

There are a number of articles dealing with the low Mach number limit in the
context of measure-valued solutions. In Feireisl et al. [20], Bruell and Feireisl [9],
Bfezina and Macha [11], it is shown that measure-valued solution of the primitive
system, describing a compressible inviscid fluid, converges to a strong solution of the
incompressible target system given suitable initial data. The ‘single-scale’ limit of our
system, i.e., m = 1 and G = 0, was studied by Necasova and Tong [31], again using
the measure-valued solutions.

The framework of measure-valued solutions can also be applied in the context of
the Navier—Stokes system. Although global in time weak solutions exist here, their
existence is constrained by the technical condition for the adiabatic exponent y > %
To deal with this technical constraint, Feireisl et al. [19] introduced the concept of
dissipative measure-valued solution in terms of the Young measure. Here we use
a slightly different approach, introducing a dissipative solution for Navier—Stokes
system without explicit presence of the Young measure. In this way, we extend the
convergence result to the Navier—Stokes system with high Reynolds number limit in
the regime where the existence of weak solutions is unknown.

In our approach, itis very important to consider correct initial data, which are mainly
called well-prepared and ill-prepared initial data. Feireisl and Novotny explain in [23]
that for ill-prepared data the presence of Rossby acoustic waves plays an important
role in the analysis of singular limits. For well-prepared data, on the other hand, this
effect is absent. Here we are concerned with the well-prepared initial data.

Our main goal is to prove that under suitable choice of initial data a dissipative
solution of a compressible rotating Euler system in low Mach and low Rossby regime
converges to a strong solution of the incompressible Euler system in 2D. Hence, our
plan for the article is following:

1. Derivation of limit systems.

2. Solutions of the target and primitive systems and relative energy inequality.
3. Singular limit for ‘well-prepared’ data.

4. Extension to the Navier—Stokes system.

1.1. Notation and preliminaries

e Here we consider the pressure potential (P) as

P(o) = ———o” (1.9)
Y

-1
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for the pressure law (1.3). Without loss of generality, we assume the ‘normalized’
setting for p as

pi()=1.
Consideration of (1.9) leads to the following relations:
0P'(0) — P(0) = p(o) and 0 P"(0) = p'(0) for 0 > 0.

e Let r be a positive real-valued function and its range lie in a compact subset of
(0, 00). Then for any ¢ > 0, there exists 1, 7o > 0, that depend on r such that

N2
P(0) — (0 —)P'(r) — P(r) = c(r) {(Q rornsesn g g
1 + oY, otherwise

where c(r) is a constant dependent on r. We note that if y > 2, one can consider
1 4 o2 instead of 1 + o7 in (1.10). Taking the last observation into account, we
can replace y by ¥’ = min{2, ¥} in (1.10).

o Essential and residual part of a function: We introduce a function x = x (o)
such that

x() € CF(0,00), 0<x <1, x(0) =1ifo1 <0 <02,
where 01, 02 > 0. For a function H = H (g, u), we set

[Hless = x(©)H(0,0), [Hles = (1 — x(0))H (0, u), 0 >0andu € R’.

2. Derivation of the target system

In this section, we provide an informal justification how we obtain the target system.
First we note that (0, 0) is a static state solution for (1.1)—(1.2) and it satisfies

Vip(0e) = "5 VG
Let us consider the following asymptotic expansion:
0c =0 + "0 + €0 + -

m, =5.v+e"m 4 2"m@ 4 ...

As a consequence of the above and Taylor’s expansion, we obtain

- - - 1 -
pe) = p(3e) + € p' @e)olV + € (p’(ge)géz) + Ep”(Qe)(Qé“)2> + o(e3M).
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2.1. Case I 3 > n > I; target system: Euler system
Clearly conditions on m and 7 in (1.8) indicate lim¢_, g Vi P’ (0¢) = 0. Without loss
of generality, we assume

2(m—n)

Oc X 0+e , where o is a positive constant.

Thus, we rewrite the continuity equation and the momentum equation as
odiv,v + €™ (S,QS) + divy (mél))) + 0™y =0

and

_ _ 1 _ _

0V + (V- V)V) + V, (p%@)g?) + Ep”(g)@“)z) +e™ b x m
2.1

1 1. _
+ Eqp’(g)vxgi” +-@bxv) —€" 200V, G + o(€) = 0,

respectively. Let H be the Helmholtz projection, then we have
. (M @M 1 1
H( 8 (0eue) + divy |~ ) + =b x geu | = H( —-0.V:G ).
Qe € €

Suppose m — vV in a strong sense, multiplying the above equation by € and using
our standard expansion technique, we obtain

H[b x ov] = 0.
From the above equations, we get the following relations:
b x v = V., for a scalar valued function ¢ with
Yy =0, Y(x) = Y (xn), Vi, ¥ = Vi, Vi = (v1, 12),

: S 3 9
lethh =0, U3x3 =0, with Vxh = —a—xz’ a_XI .

Thus, we have

vy, =0, v, = 0, and v(x) = v(xp).

X3

The boundary condition (1.4) leads us the conclusion v3(xj,x3) = 0 and v =
(vn(xp), 0). Finally, the above discussion yields the target system

divy, v, =0,

(2.2)
0V + (Vi - Vi )vi + Vy, IT =0,

i.e., the incompressible Euler equation in 2D.
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2.2. Case II: m = n = 1; target system: damped Euler system describing a stratified
fluid

In this case, we first recall that, a static solution satisfies
vxp(ée) = éerG~

It follows that 9. is independent of € and we denote it by o. Therefore, we rewrite the
continuity equation and the momentum equation as

div, (BV) + € (atggn +div, (vé“@ n Vgél))) Yo =0

and
R N A L, .
3(@v) + divy (2v ® V) + Vi (p’(g)eé” + 5p”(g)(e§”)2> +b x m{
1 1Ay () . )
= (V0 @) +b x 0v = 0"V, ) + o(e) = 0.
respectively, where mil) = vi”@ + VQS).

Qe —0
€

We assume (
have

) — ¢ and u, — v in a strong sense. Then as a consequence we

Vi(p'(@)q) +b x ov = gV, G,

divy(ov) = 0,

9;(0v) + div, (6vV® V) + Vi II1 +b x m; =0,
3:q + divem; = 0.

Here we get (P”(0)q)x; = 0 and this implies (P”(0)q)(xn, x3) = (P"(0)q) (xp, 0)
for x3 € (0, 1). Consequently, from the choice of G, we obtain

q(xn, x3) = f(0(x3))q (xn), (2.3)

where f is a bounded continuous function in (0, 1). Without loss of generality, we
assume ¢ > 0. Finally, we summarize the above discussion and derive the expected
target system as

Vxh(PH(@)fI) + bxv= 0’

R R . 2.4)
% (Ax, (P'@)9) — q) + Vi, (P (2)q) - Vi, (Ax, (P"(2)q)) = 0.

in R, for each x3 € (0, 1) and ¢ in the form givenin (2.3). The system (2.4) represents
a stratified fluid in R? x (0, 1) where the time evolution is given in R? only and ¢ can
be viewed as a stream function of the flow.
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3. Solvability of target systems, primitive system and relative energy
3.1. Target system: existence of the strong solution

In the last section, we informally obtained the expected target systems in both cases.
Here we state some well-known results that prove the existence of a strong solution
for these systems.

3.1.1. Casel
First, we recall the expected target system, the 2D Euler equation, i.e.,
div,, vy, = 0, in R?,
3V 4+ (Vi - Vi )V + VT = 0, in R2.

The following result of Kato and Lai [27] ensures existence and uniqueness for the
incompressible Euler system in R? for sufficiently smooth initial data.

Proposition 3.1. Ler
vo € WEEHR2 R?), k > 3, divy,vo =0

be given. Then the system (2.2) supplemented with the initial data v, (0) = v admits
a regular solution (vy, I), unique in the class

vy € C([0, T1; WE2(@®R2; R2)), d,v, € C([0, T]; W 12(R%; R2)),
I € C([0, T]; WF2(R?)),

with divy, vy, = 0.

Alternatively, we write the system (2.2) as
3 curly, v, + vy, - Vy,curly, v, = 0, in R?,

i.e., vorticity formulation of the system (2.2) where the vorticity is curly, vj.

3.1.2. Casell

Now we consider the case m = n = 1. Here a static solution 9 is independent of
€ and in particular, we choose a static solution (¢ = ¢(x3)) such that

0<deCHQNwhe Q). (3.1

In this case, that expected target system is a damped variant of incompressible Euler
system. It states that for each x3 € [0, 1], (¢ (xz, x3), V(xp, x3)(= v, (x3), 0)) solves

Vi(P"(0(x3))q) +b x v=0, (3.2
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3 (A, (P (@(x3))9) — @) + Vi (p'(@(x3))q) - Vi, (A, (P (2(x3))q)) =0, (3.3)

supplemented with initial data g (0, -) = ¢g¢ in 2.

If assume go € W5 2(R?) with k > 4, then for each x3 € [0, 1], Eq. (3.3) admits
strong solution. Furthermore, following Oliver [33, Theorem 3], we have for each
x3 €0, 11, (-, x3) € C([0, T1; WE2(R») N C([0, TT; WEH2(R?)).

Finally, from (2.3) we state the regularity of the target system as follows:

Proposition 3.2. Suppose that
q0 € WE2(R?) for k > 4.
Then, the problem (2.4) admits a solution q, unique in the class
g € C([0, T]; WF(R?) x C*(10, 1) N €1 ([0, T W12 (R?) x C3([0, 1])).

3.2. Definition of a dissipative solution for the primitive system

Now we provide the definition of a dissipative solution for the primitive system of
our consideration.

Definition 3.3. Let € > 0 and o > 0. We say (o¢, u¢) with
0c — 0c € Cyeak ([0, T1; L* + LY (),
2
0c = 0. m, € Cyea (10, T); L2 + L71()),

is a dissipative solution to the compressible Euler equation (1.1)—(1.7) with initial data
(00.¢, (0w)o,¢) satisfying

1 jmo |* s _
00,e = 0, Epe = = + P(00,e) — (00, — 0e) P (0e) — P(0¢) dx
o \2 00,

< 00, (3.4)
if there exist the turbulent defect measures
Ry, € L0, T; MT (@ RED), R, € L¥0, T; M+ (@),

satisfying the compatibility condition

ATrace(Ry,.) < Re, < AxTrace(R,,,), for some € independent A, A > 0,
3.5

such that the following holds:
e FEquation of continuity For any t € (0, T) and any ¢ € Ccl, ([0, T) x Q) it holds

1=t T
[/ 0e® dX} =/ /[Qe8z<0+me - Vypl dx dr;
Q =0 0 Q
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o Momentum equation For any T € (0, T) and any ¢ € CC1 ([0, T) x ; ]Rd) with
@ -njyq = 0, it holds

[/me(r ), )dx]_

m, ® m 1 . 1
/ /[mg B,:p—i-( < ):fop—i-ez—mp(gg)dwx(p—l—gbxme~<p]dxdt

T
+/ / WQerG'Qde dr +/ -/;vfo:dmmg dt;
0 Jo € 0 JQ

e Energy inequality The total energy E. is defined in [0, T') as

1 [m|? 1 Y e N
Ec(t) = / (5 + E(P(Qe) — (0 —0e) P (0e)) — P(Qe)) (7, ) dx.
Q Q¢ €

It satisfies
Ec(v) + /;d 9'{ee (r,) < Eo.c (3.6)
Q

fora.a. 7 > 0.

Remark 3.4. Tt is important to define the function

1 |m|?
(Qe, M¢) > =
2 0
on the vacuum set as
;o [AmE ifo #£0,me #0,
1 |m| e

(0c, M¢) E

2
=10 if g =0, m, =0,
0c
(0.¢]

if oc =0, m¢ # 0.

It follows from the energy inequality (3.6) that for each € > 0,

2
GUMemn ‘;Jl—wsz

where £* is the Lebesgue measure in R*.

In order to study the existence, we first note that the impermeability boundary
condition in R? x (0, 1) can be transformed into periodic ones by considering the
space of symmetric functions, see Ebin [15]. Here o, mj, (= m1, my) were extended
as even functions in the x3-variable defined on R? x T!, while m3 is extended as an
odd function in x3 on the same set, i.e.,

o(t, xp, —x3) = o(t, xp, x3), my(t, x5, —x3) = my(t, Xp, X3),

(3.7)
m3(t, xp, —x3) = —m3(t, xp, X3),

forallt € (0,T), x, € R? and X3 € T!. A similar convention is adopted for the
initial data. Hence, the consideration of the domain R? x (0, 1) with slip boundary
condition is equivalent to R? x T!. We have to consider solutions in the class (3.7).
The existence of a dissipative solution follows from Breit, Feireisl and Hofmanova as
in [6,7].
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3.3. Relative energy inequality

In our approach, relative energy functional plays an important role. We consider

Ee(t) =& (0e, me | 0, 1) (1)

m, |

._/1
._ngGQ

where (0, 1) satisfy

1
+ 6Tm(l"(e?e) — P(@) — P'(0)(0e - é))}(t, ) dx,
(3.8)

€

0 <5 eC®(0,T]) x Q) with p — p, having compact support in [0, T] x 2,

i € C°([0, T] x ©; R?) withii - m = 0 on <,
3.9)

and (o¢, m¢) is a dissipative solution of the primitive system.

Remark 3.5. The relative energy is a coercive functional (see. Bruell et al. [9] and
Bfezina and Feireisl [12]) satisfying the estimate

? m, |2
dx + dx
ess Q Q¢  Ires

1 - 1
t /Q[@e —0)%Jess dx + o /Q [1res + [0) Tres dx,

E(Qe,uelé,ﬁ)(t)z/ [E—ﬁ
Q Oc

where ess and res are considered with respect to o1 = %min(o)r)xg 0 and oy =
2max(,7yxq 0-

Using Definition 3.3, from (3.8) we deduce the following relative energy inequality:
T
e+ [an oz~ [ [ o gadear
Q 0 Jo
. -
_/ / <(m€ Qeh) ®m€> Vil dx dr
Oc¢
5 / /(P(Qe) — p(0))div,u dx dr
e

62’”/ /(Q Qe)atP (0) dx dr

+—//bxme-ﬁdxdt
€Jo Jo

+%/ / (éﬁ - mf) : (VXP/(é) - prl(ée)) dx dt
€ 0 Jo

1 T - -
—5/0 '/Q(QS—Q)VXGJJdXdI

—/ / Veu :dR, (¢, ) dt . (3.10)
0 JQ
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3.3.1. A possible adaptation for Sobolev test functions

From Remark 3.5, it is clear that the relative energy functional is nonnegative and
if & — 0 as € — 0 we obtain some strong local convergence of the state variables.
So we want to substitute (9, i) suitably by the solutions of target system. We notice
that the existence of strong solutions is known in the space of Sobolev functions,
see Propositions 3.1 and 3.2. Therefore, following [5] we can extend the inequality
(3.10) for the test functions (0, u) having Sobolev regularities, i.e., (0 — 0¢, 0) €
cl([0, T1; Wk2(Q)) x €1 ([0, TT; WF2(Q2; R3)) withk > 3 and @ - n = 0 on 9.

4. Main results and their proofs

First we state our main results for both cases:

4.1. Main theorem: Case I
4.1.1. Properties of a static solution

First, we notice that a static solution (0., 0) satisfies
Vip(0e) = €0V, G
In terms of the pressure potential, we rewrite the above equation as
Vi P'(8e) = 2"V, G.
So, we obtain
P'(6) = =" a3 4 C,

where C is a constant. As a consequence of G = (0, 0, —x3), we have 0 (x) = Q¢ (x3).
Without loss of generality, we consider C = 1. We know that P’(s) &~ s¥ ! fors > 0.
To reduce complication, here we assume P’(s) = s¥~1 fors > 0. We also have
P"(8e)Vide = €277,
For0 < e < %, we observe that a static solution 9. satisfies the following property:
0 < ge € C*([0, 1]),
_ 2(m—n) . B 4.1

sup [e(r) — 1] <€ 7, sup Vel <0, G

x3€[0,1] x3€[0,1]

Remark 4.1. Since, we are interested for the case € — 0, the consideration of 0 <
€ < % is justified. Furthermore, if y > 2 and € < 1 we have

sup |9 (x3) — 1] < 2",
x3€[0,1]
As m > n, asymptotically, the static solution approaches the constant state ¢ = 1 as

e — 0.
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4.1.2. Well-prepared data

We say that the set of initial data {(0o ¢, mo.¢)}e=0 1S well-prepared if

0c(0,) = 00.c =0c + € Q(()li with {Q(()fl}go is bounded in L? N L™ ()

and o)) — 01in L*(%), 4.2)

m
U = ;)6 — Vg = (V(()l), % D 0) in L*(22; RY) with divy, vo = 0.
€

We provide the main result for this case.

Theorem 4.2. Let (0., m¢) be a dissipative solution of the system (1.1)—(1.7) with

% > n > 1. Moreover, we assume that the initial data are well-prepared, i.e., it

satisfies (4.3) and vo € WE2(R?) with k > 3. Then,

ess sup [|oe — Qcll j24 vy < € Cs
o ¢ ClrhH@

m, weak-(*)ly inL°°(0, T; L*(2; R?)),
— V

Qe strongly in Lloc((O, T) x Q; RY),

where ¢ > 0,y’ = min{2, y} and v = (vy, 0) is the unique solution of the incom-
pressible Euler system with initial data vy in R>.

4.2. Main theorem: Case II
4.2.1. Well-prepared data

Let ¢ be a static solution satisfying (3.1). We say that the set of initial data (g.e.
mo ¢ )(e~0) is well-prepared if

00 =0+ EQO » 100.¢}{e>0} is bounded in L’N L>®(Q), Qo . — qoin LZ(Q),
mo ¢
Q0,¢
— Ay, q0 = bcurly, Py(vo), and gy € L*(R?).

— Vo = (V(()l), v(()z), 0) in LZ(Q; R3) with the relation

4.3)

Theorem 4.3. Let (0., m¢) be a dissipative solution of the system (1.1)—(1.7) with
m = n = 1. Moreover, we assume that the initial data are well-prepared, i.e., it
satisfies (4.3) and qo € Wk2 with k > 4. Let (g, v) solves (2.4) for initial data q.
Then after taking a subsequence, the following holds

() — Qe —0Q -0
€

o! — g weak-(*)ly in L®(0, T; L* + L" (Q)),

m, — OV weak-(*)ly in L*(0, T; L* + L (Q))



5 Page 14 of 32 N. CHAUDHURI J. Evol. Equ.

where y' = min{2, y}. Furthermore, we have

— v strongly in L} ((0,T) x ; R3).
\/@ loc

Remark 4.4. Inboth cases, we note that the choice of well-prepared initial data implies
(3.4), hence the consideration of the dissipative solution of the primitive system is
justified.

In the following subsections, we give the proofs.

4.3. Proof of Theorem 4.2
4.3.1. Uniform bound and weak convergence

First, we note that @ = 0 and o0 = Q. satisfy (3.9). Hence, we use them as test
functions in the relative energy inequality (3.10). One the other hand, the choice of
(4.2) ensures that the initial energy Eo . is uniformly bounded. Thus, we have the
following bounds

mc
E C’

Ve llL2(Q:Rr?)

|:Qe - ée:|
em ess

€ss sup ”[Qe]res“{y(g)‘l‘ess sup ||[1]res||zy(g) fész,
te(0,7) te(0,7)

ess sup
te(0,T)

<C, “4.4)

ess sup L=
L2(Q)

te(0,7)

where C is independent of €. We consider y’ = min{2, y}. Estimate (4.4) and the fact
y' < 2 imply
2m
ess sup [loe — Ocll 12411y = (€" +€7)C <€"C. (4.5)
1€(0,T)

Equation (4.5), together with (4.1), yields
0e = 1in L®(0,T; L{ (Q))forany 1 <q < y’. (4.6)

loc
Also, from the uniform bound (4.4) and (4.6) imply that

me

— u weak-(*)ly in L®(0, T; L*(Q; RY)),

Oc¢

and
m, — m weak-()lyin L0, T; L> + L7 (Q; R?)),

4 2r
30 y+1
of the density (4.6) helps to obtain m = u in the weak sense.

Finally, we may let ¢ — O in the continuity equation to deduce that,

passing to suitable subsequence, where y = min { ] The strong convergence

T
/ /u-wadxdt =0, Vo € CZ(Q).
0 Q
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4.3.2. Strong convergence

Here we choose proper test functions and prove that lirr%) E(t)=0.
€—>

Taking motivation from (2.1), we consider another equation that describes a non-
oscillatory part described by a variable ¢, that satisfies

U(Bayde — (€200 + i Vide Vi, (Byge — (20 =0, @)
in R2 supplemented with initial data g, (0, -) = go.e such that
—Ax,qo.e + (€2 D)go e = €™ eurly, Py(vo)
Let us introduce another variable v, such that v, and g, are interrelated by
Vige + €™ b x ve = 0. (4.8)
Thus, initial data for v, satisfy
—Vy,q0.e = €™ 'b x Vo
From the hypothesis on initial data in Theorem 4.2, we have
vo € WE2(R?) with k > 3.

We observe that [|go.e 22y < C and [[Viqo.ell2g2) < €"~1C. Therefore, we can
consider {go,¢ }e>0 such that g — Oin LZ(RZ) as € — 0. Furthermore, we also note
that vo.. — Pp(vp) ase — 0.

In order to have a simplified notation, we consider ® = ™1 and e = %‘. We
rewrite (4.7) as

0 (Ax,Ge — ®°Ge) + Vi Ge - Vi, (A, Ge — 0°ge) =0, (4.9)

We notice that Eq. (4.9) has a similar structure to that of the geophysical flows. Thus,
we apply Oliver [33, Theorem 3] to ensure the existence and uniqueness of solution
Ge-

In order to obtain a uniform estimate independent of €, we multiply the (4.9) by g.
and performing integration by parts, we get

/ (1Vodel® + ?1qe?)t, ) dx = / (Vxdocl? +@?lqocl?) dx,  (4.10)
R R
fora.e.t € (0, T). As the initial data for g. depends only on v, we deduce that

{=Ay,Ge +@*Ge}e=o is bounded in C1([0, T]; WF=22(R?))
NC(0, T]; W12(R?y).
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Now, from (4.8), we also obtain
{Vele=0 is bounded in C ([0, T]; WE2(R?)) N C ([0, T]; WE12(R?)).
It is easy to verify that d,g. satisfies the equation
dge = (Ay, — 0P (vecurly, ve).

Consequently, it yields

{8:Ge}e=0 is bounded in C ([0, T]; Wr—12(R?)),
and

{8, Ve }e=0 is bounded in C([0, T]; WF2(R?; R?)).

This bounds are independent of €.
Therefore, we obtain the following weak convergence:

ve — v weakly in C([0, T]; WK2(R?)),
and
3 Ve — 9,v weakly in C([0, T]; WK=12(R?)).
Since k > 4, applying Sobolev embedding theorem, we obtain
Ve — vin L1(0, T; L (R?)). (4.11)
We rewrite (4.9) as
0 (curly, ve) — 0?0 Ge + Ve Vy(curly, ve) = 0.
From (4.11), we infer that
d¢(curly, v) + v - Vi (curly, v) = 0.
This is similar to (2.2). We also have
I e C([0, T1; Wr2(R?)).
Clearly we have the following estimates

lgell o0, 7:22(02)) = C, (4.12)
19: el 7:L9 (@) + IV dell = 0.7:22 () < € 'C, |

for g > 2. Also ve € C([0, T]; WK=1-2(R?)) with k > 4 implies

gell Lo (0,7)xR2) = C. (4.13)
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Now, we consider a suitable test function for the relative energy inequality(3.10) as

U=V, =(v.,0), 0 =0¢+€"ge.

where (ge, v3) satisfies (4.7) ans (4.8) and Q¢ is a static solution that satisfies (4.1).

We use the relation between g, and v, and obtain

E.(r) + ﬁ d %R, (7. ) < £.(0)
Q

_ /O /Q (me — 0eVe) - (3, Ve + (Ve - VoVo) de di

_fT/ ((me_QeVe)®(me_QeVe)>.vv dx dr

0c
62'”/ /(Q 0e)9; P'(9) dx dt
—m/ /me'qué(P”(é)—P”(l))dxdt

62’"/ fm - (P"(8) — P"(0e)) Vi 0e dx dr

62”/ f(g6 0)V,G -V dx dt

—/ /Vxﬁ:di)%me(t ydt =3x8 L. (4.14)
0o JQ
Here we compute each term £;,i = 1, --- , 8 of (4.14). For term L}, we have
. " (ow)o,e (1)
Ee (00,e, (OW)0,e | 0 +€"q0.e, Vo) < - + Qo — 40, , .
Q0,¢e L2(Q) L=(Q2)

Consideration of well-prepared data yields
IL1] < &(e).

From now on, we use this generic function £(-), such that lin}) E(e) =0.
e—

We rewrite £, as
T
Ly = —/ / (me —0eVe) - (0 Ve + (Ve - Vo)V,) dx dr

= / / m - (0;Ve + (Ve - Vi) V) dx dr

f f(Qe — DVe -9, Ve dx dr +f / 3 Ve - Ve dx dr

=Lr1+ Lo+ L3,
Using (4.12) and (4.1), we obtain

[L22] < &(€).

(4.15)
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We claim

T
E2,1—>—/ /u~Vxhl'ldxdt=0,
0o Je

as € — 0. Let, K be a compact subset of R2. We use (4.11) to deduce

T
/ f m - (3;Ve + (Ve - Vi) Ve) dx dt
0 K x(0,1)

T
—>/ / u-(0,v+ (v-Vyv)dx dr,
0 JKx(0.1)

where v = (v, 0). Using the fact that [T € C([0, T']; Wk-2(R2)) with k > 3, we have

[L2.1] < &(€).

We want to estimate the term Ly4. First, we rewrite it as

1 T . -
L4 = —m/ / (0 — 0c)P"(0)9gc dx dt
€7 Jo Ja

= / f (P"(@) — P"(@e) (qe - _m"f> dyge dx di
0 Q €
+ / / (P"(3e) — P"(1)) (qe - ;‘*) dge dx di
0 Q €

T T Q _é
+/ /qeé)tqedxdt —/ / < _—%9,ge dx dr
0 Jo 0o Jo €"

=La1+ Lao+ La3+ Laa.

We note that, for each x € Q we get
(P"(@) = P"(@e)) < Ce™|ge(x)].
Using the above inequality and (4.12), we deduce that

|L41] < €™ sup [%} — e
€ €ss

10:ge | Lo (o0, 71x ) 11ge ||L0<>(0,T;L2(Q))

te(0,7) L2(Q)
Qc — Oe
+€™ sup [—} lgell; oo 7. 797% con 192Ge ll Lo (0, TTx ) »
1€(0,T) € sl @ L®Q.I:LY ()

1 1
wher67+w =1.

Similarly, using (4.1) we have
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2(m—n) Qe — é
ILanl <e 7T sup ||=—=2| —q. 191 qell oo 0.7:12(2))
1€(0,T) e ess L2()
2(m=n) Qe — éé
—1 [ 1%
e t:(ng) |: emn j|res Ly/(9)||aq€||L°c(0,T;LV (€2))’

forl <y <2,and

_ Qe — é
|£4,2| S 62(m n) Sllp [ € m_ €:| — Qe ||8lq€||L°°(O,T;L2(Q))
te(0,7T) € ess 2@
2(m—n) Oc — O
+€ sup [—} 10Gell; oo 7. 77" (o>
te(0,T) emn res | LY (©) L>®0,T;LY" ()

fory > 2.
Analogously, we deduce

Qc — Oc

[L44] < o

d ) ’
P L D

where % + # = 1. We use estimate (4.12) to conclude

[La1l+ [Lap]| + |Ls4] < E(€).

The equation (4.10) implies

T
Lo+ Las= / / OV - Ve + qedrge) dx di =0,
0 Jo
Therefore, combining all estimates we get
|L2 4 La] = &(e). (4.16)

It is easy to verify that

T
[£3] < I Va, Vil Loo(0,7: 250 (22)) / Ee(t) dr . (4.17)
0
For the term Ls, the first observation is that for x € 2 we have

P"(@(x)) — P"(1) = (6 — DP" (n()),

where n(x) € (min{l, ¢}, max{l1, o}). From the choice of ¢ = g, + €™ ¢, and estimate
(4.13), we have

sup | P (n(x))| < C,

xeQ

where C is dependent only on vy.
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We rewrite L5 as

1 ‘ - "
ES = m / / (Q - 1)P ' (n(x))mé N que dx dt
€" Jo Jo
—1 i = 11
= m/ /mE'VxCIe(Qe—l)P/(n(X)) dx dr
€" Jo Jo

T
+f [ geme - Vige P (n(x)) dx dt,
0 Q

By using (4.1), we observe

-2
|['5| = en [m ||L°°(0,T;L2+L4/3(Q;R3)) I Vige I L(0,T;L2NL4(Q;R3))
el oo 0.7 124 143 (-3 19 Vel L 0.7 L2014 2R3
for y > 2, and

2(m—n)

|£5| <e 7! ”me ||L°°(0,T;L2+L2V/V+l(Q;R3)) ” qué ”Loo(()’T;LZQL(ZV/)/Jrl)’(Q;R}))

+ ”me ”L°°(0,T;L2+L2y/y+1(Q;R3)) ||6]e que ”LM(O,T;LZQL(ZWVJH),(Q;R3))’
2\ = 2

y+1) — y—1°

In particular, % >n > 1,(4.4)and (4.12) imply

for I <y <2, where (

|Ls| <e2Mm=m=1C fory > 2,

and

(m=2n)+(m—y+1)

|Ls] < € y=1 C, forl <y <2,
where C is a constant depending on vy in both cases. Finally we obtain
Ls < &(e). (4.18)

Similarly, we rewrite the term Lg as
1
E2m
1

Em

Lo = /0 /Qme (@~ 00 P ({(x)) Vi dx dr

/ / me - ge P”(£ () Vade de di |
0 Q

where for each x, {(x) € (min{g,, 0}, max{g,, 0}). Using arguments similar to L5,
we have

m—2n
|£6| <€ [m ||L°°(O,T;L2+L2V/V+1 (Q:R3)) ”qé ”LOO(O,T;LZOL(ZV/VH)/(Q))
=&(e).

Now, the choice of G implies

(4.19)

L7 =0. (4.20)
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The compatibility of the defect measures (3.5) yields

T
[Lg] < C/ / dR,, dr . (4.21)
0 JQ
Therefore, combining all estimates (4.15)—(4.21), we get
T T
Ec(1) +/ﬁd MRe. (T,°) < &(e) +c/ Ec(t) dt +C/ /7d9%e€ dr .
Q 0 0 J@
We use Gronwall’s lemma to infer
e+ [ 4%, <o),

where £(¢) — 0 as e — 0 and for a.e. T with 0 < 7 < T. The coercivity of the
relative energy functional helps to deduce
me
-V

lim sup/
e—0 JK | +/Q¢

where K C 2 is a compact set. Thus, we conclude that u = v;. Also, we obtain

2
dx < C(T)limsupé(e),

e—0

mc

— v strongly in Ll .((0, T) x €; R?).

Oc
It ends proof of Theorem 4.2.
4.4. Proof of Theorem 4.3

4.4.1. Uniform bounds and weak convergence
To obtain a uniform bound, we proceed similarly to Section 4.2.3. First, using

u =0, ¢ = 0 as test functions and well-prepared data(4.3), we obtain the following
uniform bounds:

me
S Ca

A Q¢ LZ(Q;R3)

|:Qe - @i|
€ €ss

€ss sup ”[Qe]res”%y(g)"'ess sup ||[1]res||zy(g) §€2C~
t€(0,T) te(0,T)

ess sup
1€(0,T)

<C,

ess sup -
L2(Q)

te(0,7)

This implies that

o = (H> = oD weak-(")ly in L®(0, T; L* + L7 (),
€

— 1 weak-(*)ly in L>°(0, T; L2(S2; R?)),
N
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passing to a suitable subsequence as the case may be, here ¥y’ = min{2, y}.
We also deduce that

0c — 0in L®(0, T; L + LY (Q)).
Furthermore, we have
Imell zooo,7: 22417 (@r3)) = €
where y = {% % } Eventually, for a suitable subsequence, we get
m, — m weak-(*)ly in L*(0, T; L? + LY (Q: R3)).

Letting € — 0 in the continuity equation, we infer the incompressibility condition

in the weak sense, i.e.,
T
/ /m-ngodxdt =0.
0 Q

Define u = %. Multiplying momentum equation by € and letting ¢ — 0, we obtain
the diagnostic equation

b xu+ V, (P”(@)Q(”) —0, 4.22)
in the sense of distributions.

4.4.2. Strong convergence using relative energy inequality

Let (g, v) be a strong solution of the above system with initial data (go, vo) satis-
fying (4.3) with k > 4. Our goal is to show that (Q(l), u) = (¢q, V). Here we choose
appropriate test functions and will show that lin}) E(@)=0.

€—>

We consider the test functions for the relative energy inequality (3.10) as
a=v=(v;,0), 0=0+¢q.

Thus, we rewrite the relative energy inequality in the following form:
e+ [ @R =80
Q
T
— / / (m¢ — V) - (V4 (V- Vy)v) dx dr
0 JQ

_/T/ <(me_QeV)®(me_QeV)) . V,vdx dr
0 JQ Q¢

1 T
- / / (p(ee) — p(0))divyv dx dr
0 JQ

€

1 T
——//bxw(me—@v)dxdt
€Jo Ja
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1 [T [ . . .
+6—2/ /(Q+6q—Qe)P//(Q+GQ) 3 (0 +€q) dx dr
0 Q

1 i A e /A
+€—2/0 /{2((Q+€6])V—me)~VX(P (6 +€q) — P'(0)) dx dr

T
—/ ﬁVXv:d%me(t, -) dr.
0 JQ

Using the fact divy, v = 0 and (3.2), we obtain

E.(0)+ ﬁ R, ()
Q

< &(0) — /Or /Q(me —0eV) - (9 vV + (V- Vy)v) dx dr

1 (7 . .
+Ef /(Q+€q—Qe)P”(9+€q) drq dx dt
0 Q

_fT/. ((me_QeV)(g)(me_QeV)) . Vv dx dr
0 JQ Q¢

1 T
T2 /0 /Q(@V —m,) - Vi(P'(0+eq) — P'(0) — €P"(0)g) dx dr

1 T
+ —/ / qv - V(P (0 +eq) — P'(p)) dx dt
€Jo JQ

T
—/ ﬁvxv:d%mé(t, ydt =3 L.
0 Q

Now we want to estimate each term £; fori = 1, ..., 7. First we notice that, consid-

eration of the well-prepared data (4.3) yields

5

00,¢

Ee(00,e, Mo e | 0 + €40, Vo) < -V

LX)
This implies
[L1] < c(e).

Here c(¢) is a generic function such that c(¢) — 0 ase — 0.
First, we rewrite two terms of £, and L3 as

—a

L2©)

(4.23)

me — 0.V = (M, — ou) + ((0 — ge)u) + (e (1 —v))

and
P"(0+e€q) = P"(0+e€q)— P"(0)+ P" (D).

Using the weak convergence of the variables, we obtain
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T
L2 + L3] < c(e) —i—/ / (ov—m) - (3;v+ (v-V,)v) dx dt
0 Ja
T
+f /(61 —0o™) 8, (P"(0)g) dx dr.
0 Ja
We claim that
T
/ / (ov—m) - (8;v + (v- V,)v) dx dr
0 Ja
T

+/0 fg(q —0") 8,(P"(9)q) dx dt =0. (4.24)

To prove the above claim, first we observe that
N N 1 N N
v 0@V) + a8 (P'©a) = 50 (2IvF + P' @)

Since (g, v) solves (2.4), multiplying (3.3) by g we get

T

| [ v a@n+aar @ asar o
Q
Now we use (4.22) and (3.2) to deduce
T T
f / (m~3tv+g(l)3t (P”(@)q)) dx dr =/ f bxm- (P"(®)v) dx dt
0 Ja 0 Ja
and
T T
/ f bxm- (P"(0)v) dx dt +[ / m - (v V,)vdx dr
0 Ja 0 Ja

4 1
=/ m-V,, <—|v|2> dx dr =0.
0 2

Hence, we achieve (4.24) and it implies
|L2 4+ L3] < c(€). (4.25)
From the definition of relative energy, we obtain
T
|La] < / Ec(t) dr. (4.26)
0
Since 0 < ¢ € C3([0, 1), we verify that

1
ZVX(P’(@ +eq) — P'(0)) = Vi (P"(0)g) in L®(0, T; L™ N L*(Q))
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and
1 oa Iea 1" a
a2 Vx(Pe+eq) — Po) —eP(0)g)
1
-V, (EPW(@)) in L0, T; L™ N L%(Q)).

The above relation implies

T 1
lim L5 = / / (6v—m) - V, (-P”’(@)) dxdr =0 (4.27)
e—0 0 Jo 2
and
T
lim Le = / / qv — Vi (P”(@)q) dxdr =0 (4.28)
e—>0 0 Q
We obtain
T
[£7] < C/ f,H :dC,, (¢, ) dt. (4.29)
0 Q

Combining (4.23)—(4.29), we have that

T T
Ec(D)+ ﬁd@eé < c(e) —i—/ Ec(t) dr —i—C/ /7d Trace(<¢,,, ) dt,
Q 0 0o Jo

for a.e. T € (0, 7). Finally, using the compatibility of turbulent defect measures and
Gronwall’s lemma, we infer

euor+ [ de, <o) < e,
where ¢(e) — 0 as € — 0. Therefore, we obtain our desired result
eli_r)r}) E(r) =0. (4.30)
Now using coercivity of the relative energy functional as stated in Remark 3.5, we say
oV = g and v = u.
Moreover, we use coercivity together with (4.30) to conclude

A

Qe — 0

— g strongly in LL_((0, T) x ),
me

Voe

This completes the proof of Theorem 4.3.

— \/EV strongly in Llloc((O, T) x Q; RY).
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5. Extension to the Navier-Stokes system

Here our goal is to give a proper definition of a dissipative solution for Navier—
Stokes equation. We consider another characteristic number, i.e., Reynolds number.
Additional assumption with high Reynolds number limit along with other character-
istic number limits helps us to obtain the same target system.

5.1. Definition of dissipative solution for Navier—Stokes system

Let o be the density and u be the velocity. In time-space cylinder Q7 = (0, T) x L,
we consider:

e Conservation of mass
d;0 + divy (ou) = 0. 6.1

e Conservation of momentum

. 1 1
0;(ou) +divy (ou ® u) + _ZVXP(Q) +—b xou
Ma Ro
| | 5.2)
= R—ediVXS(qu) + ﬁQVXG
o Constitutive relation Here S(V,u) is the Newtonian stress tensor defined by

Viu+ Vi

S(Vyu) = M( >

— [l—i(divxu)]l> + A(div,w)], (5.3)
where i > 0 and A > O are the shear and bulk viscosity coefficients, respec-
tively.

e The scaled system contains all specified characteristic numbers as in (1.5) along
with,

— Re- Reynolds number.
Here we consider,

m
Ma~ €™, Ror~e, Rexe ™, Frae" fore > 0, m,n,a>0and5>nzl.
54

e Pressure law In an isentropic setting, the pressure p and the density o of the
fluid are interrelated by

pe) =ao”, a>0, y > 1. (5.5)

e Boundary condition Here we consider a complete slip condition for the velocity
on the horizontal boundary, i.e.,

u-nfpe = [S(Vyw) - nlalse =0, n= (0,0, £1). (5.6)
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e Far field condition Let (gc, 0) be a static solution, we assume the condition as
lo — 0] = 0, u— 0as |x,| — oo. 5.7
e [nitial data For each € > 0, we supplement the initial data as
0(0, ) = 0c,0, (w)(0, ) = (eWe 0.
Here we provide the definition of dissipative solution for the Navier—Stokes system.
Definition 5.1. Let € > 0 and o, > 0. We say a pair of functions (o, u.) with

0c — Oc € Cyeax([0, T1; L? + LY (R)), 0 > 0,

2y

0cute € Cyeak ([0, T1; L? + L7 (Q)),
ue € L2(0, T; WH(Q)), uc -njpe =0

is a dissipative solution to (5.1)—(5.7) with initial data (,Qo,e, (Qu)o,e) satisfying

1[(ew)o,c|® - - .
00.e >0, Eoe = / <_—€ + P(QO,e) — (00,e — Qe)P/(Qe) — P(0¢) ) dx
Q@ \2 00
< 00,
(5.8
if there exist the turbulent defect measures
R, € L0, T; MT(Q: RED), R, € L%0, T MT(Q)),

satisfying compatibility condition

ATraceR,,, <R, < A TracefR,,., A1, 12 > 0, (5.9)

such that the following holds:
e FEquation of continuity For any t € (0, T) and any ¢ € Ccl, ([0, T1 x ) it holds

1=t T
[/ 0c® dx} =/ /[Qeatfp‘l'que - Vypl dx dt;
Q =0 0 Q

o Momentum equation For any T € (0, T) and any ¢ € CLI. ([0, T] x €; Rd) with
@ -njyq = 0, it holds

=t
|:/ 0ele (T, *) - (T, ) dx]
Q t=0

v 1 , 1
= /0 fQ |:Qelle 0@+ 0cle @ U : Vi + 7 p(ee)diveg + —b X ocue ~¢]dxdt

T 1 T
—/ / [€*S(Viu) : Vip — —-0eV:xG - @] dx dt +/ ﬁvx¢ 1 dR,,, dr;
0 J@ € 0 JQ
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e Energy inequality The total energy E is defined in [0, T') as
1 2 1 -~ )~ ~
Ec(r) = =0cluel” + ——(P(0c) — (0e — 0c)P'(0c)) — P(0¢) | (7, ) dx;
a\2 e2m
It satisfies
T
E.(t) + e“/ / S(Veu) : Viyudx dr + ﬁd Re (7,-) < Ep e
0 Ja Q

fora.a. v > 0.

Remark 5.2. The class of test functions in the momentum equation corresponds to
the complete slip (or Navier slip) boundary conditions. These are necessary to avoid
problems with boundary layer.

Theorem 5.3. Suppose Q2 be the domain specified above and the pressure follows
(5.5). If (00.¢, (0W)o.¢) satisfies (5.8), then there exists a dissipative solution as defined
above.

We prove the existence theorem for € = 1.

Proof. Here we give an extended outline of the proof. We know that the existence
theory in the class of finite energy weak solutions was developed by Lions [30] and
later extended by Feireisl [16] to the so far subcritical exponent y > % For an
unbounded domain, similar result has been proposed by Novotny and Pokorny in
[32].

Here our goal is to add SVXQF in the momentum equation with I' > % so that we
use the existing results to obtain a finite energy weak solution for the system and we
denote it by (o5, us). Then we will show that this approximate solution converges to
a dissipative solution of above described system.

This motivates the following approximate problem:

9,05 + div, (osus) = 0,

3 (0sus) + divy (0sus ® us) + Vip(0s) + 8Ve05 +b x 0osus
= div,S(Vyus) + 05V« G,

u; - nfye = [S(Vyus) - nlanlse =0,

with I' > % We assume that for each § > 0 a static solution of the approximate
problem g; has the following property

sup |os — ol <,
x3€[0,1]

where 0 > 0 is a static solution for the Navier-Stokes problem with V, P’(9) =
V,G. Further we assume that for the above-mentioned problem, initial condition
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{05.0, (ou)s,0} belongs to a certain regularity class for which weak solution exists. As
an additional assumption, we have

1 |(quo.s|? 3 i i
E}s = / _fetoal | H(00,5) — (00,5 — 05)H'(0s) — H(0s) | dx
a\2 oos

1 2 Do <
- Eo =/ (5'“’“)0' + P(oo) — (00 — 8)P'(®) - P(@)) dx,
Q Q0

where H(s) = ﬁp(s) + 8 tpst
Clearly from existence of weak solution, we have several apriori bounds, i.e.,

lles = @sllLooo. ;2417 (@) = C.

IVesuslir2qr3) = C.

lusliz20, 7, wi2@r3) = C,

1H (05) — (05 — @5) H'(@5) — H(@)ll 120,711 (02)) = C-
As a consequence of that, we obtain

||Q5115 ||L°°(0,T;L2+L2V/V+1(Q;R3)) =< C,

ess sup /8@5 dx <C.
1€[0,T]1JQ

From the above bounds, we get
05 — 85 — 0 — & weak-()ly in L¥(0, T3 L? + L (),
us; — u weakly in LZ(O, T; Wl’z(Q : R3).
We use Abbatiello et al. [1, Lemma 8.1 (Appendix)] to conclude
osus — ou weak-(*)ly in L>°(0, T; L> + L77*1(Q)).

Let us introduce the conservative variable ms = gsus. In terms of momentum, we
rewrite Kinetic energy as

2 .
Ui 05 # 0.my #£0,
=10 if g5 =0, msg =0,

oo ifQ5=0, m(;;éO.

1 |mj/?
(05, mg) > —
2 s

As an observation, we have the above map as convex l.s.c. From energy inequality, it is
worth to notice that it is co only on a measure zero set in (0, 7") x 2. Using convexity
of p(-) and [g, m] — mzm, and also using fact that L'(€2) continuously embedded

in M(€), we conclude
mg X mg m X m
—
Qs
p(es) — p(o) weak-(*)ly in L>(0, T; M(RQ)),
805 (t,) — ¢ weak-(*)ly in L=(0, T; M(RQ)).

weak-(*)ly in L% (0, T; M($2; R%xdy),

sym
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We choose
mxm mxm
iRm=[ . o }+ p(@) — p@) +¢]L,
and
o, = LmE_1ImP L 5 oy
‘T2 2o o) = POyt T3¢

The compatibility of two turbulent defect measures is clear from above equations.
Arguing similarly as in Breit et al. [7], we obtain

R, € L0, T; MT(Q; R4y R, € L0, T; MT(Q)).

sym

Now we are in a position to conclude that g, u, R, and R, is a dissipative solution
for the Navier—Stokes equation. O

Finally, we state the theorem:

Theorem 5.4. Let pressure p follows (5.5). We assume that the initial data are well-
prepared. We also consider vy € WK2(R?) with k > 3. Let (¢, u¢) be a dissipative
solution as in Definition 5.1 in (0, T) x 2. Then,

ess sup [loe — Ocll(z2417y@) = e"c,
te(0,7)
weak-(*)ly inL>°(0, T; L*(2; R%)),
Joeue — v o 3
strongly in L, ((0, T) x ; R’),
where v = (vp,, 0) and vy, is the unique solution of Euler system (2.2) with initial data
vo.

Proof. The proof is similar as before only we have to consider few extra terms, see
[24]. O
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