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ABSTRACT 

An apparatus has been constructed with which it is possible 

to produce, in a tithe, constant and uniform foams with controllable 

density and bubble size. The sound source is situated at one end 

of the tube and a probe microphone is used as detector., 

It has been found that owing to a series of transverse mote: 

occurring in the frequency range used, measurements of the bulk 

properties of the foam were difficult to make except at low 

frequencies. 

A hypothesis to explain both the existence of these modes and 

the discrepancy between the measured and theoretical values of the 

compressional sound velocity is proposed in terms of the existence 

of a foam shear modulus. 

Theoretical analysis of the propagation of waves in an elastic 

medium which is confined in a rigid cylinder and of the thermal 

damping in a foam are contained in appendices. 
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CHAPTER 1  

INTRODUCTION  

Because foams are so easy to form and require no elaborate 

apparatus to make observations upon them, and also because of 

their intrinsic interest, they have been studied since the 

beginnings of science. 

Foams are important not only to the engineer who used them in 

flotation or the fireman who fights fires with them, but because 

of their unique physioal and chemical properties they have 

interest for the physical ohemist„ the Theologist and the physicist. 

Professor G. Quinoke of Heidelberg was once quoted as saying 

"Alle ist Schaum", a phrase which can have two possible inter-

pretations, pointing out that everything in this world is 

evanescent, eventually reverting to dust, or alternatively that 

everything is made up of small cells, each one a separate entity 

yet forming a whole when clustered together. Both interpretations 

illustrate important characteristics of foams, their eventual 

collapse once they have been formed and the fact that they are 

composed of bubbles packed closely together forming cells whose 

shape depends upon the physioal conditions. 

However, foams also have a number of other unique properties 

which are interesting to the scientist. Their relatively large 

air content together with the aggregate effect of the separate 



Fig. 1.1 A monodisperse foam produced 41 the Apparatus 
described in Chapter 7 (x 2.84 

7. 
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bubbles results in a very low thermal conductivity; their 

relatively large surface area means that rapid transmission of 

substances from the gas to the liquid can take place easily and 

their surface active properties have led to their use in froth 

flotation. 

But probably the most interesting attribute is their 

possession in some part of all the essential physical properties 

of solids, liquids and gases. When the foams are light and contain 

much gas then their oompressional behaviour approximates to that of 

a gas; when they are dense they behave like liquids, and when the 

films are rigid they form a solid structure. Yet they are easily 

penetrated by measuring probes without breaking, they conduct 

electricity and transmit light. Thus they offer to a physicist a 

unique opportunity to study the propagation of waves through a 

solid using techniques already developed for liquids. 

Most of the work that has been done on the propagation of 

waves in these media has been concerned with sound propagation in 

water containing bubbles and has confirmed the theoretical analysis 

of the properties for the case where the bubbles are widely spaced.. 

It was felt that the investigation of foams of different densities 

would give some information about the properties of the inter-

mediate region. 

The first few chapters deal with the theoretical or measured 

mechanical properties of foams followed by discussion of the 
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propagation of vibrations through the foam medium, particularly 

when it is monodisperse. A description is then given of the 

apparatus that has been developed to produce uniform monodiaperse 

foams and to investigate their propagation characteristics for 

continuous aooustio waves. Finally, the results of the measure—

ments made with the apparatus are examined critically in the light 

of the theories developed earlier. 

The appendices include the author's theories for thermal and 

viscous damping in foams, a discussion of the propagation of waves 

in an elastic material contained in a cylinder and a glossary of 

important parameters that have been used to describe foams. 
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CUP.IITER 2 

FOAM 1ARA1OTMS AFD STRUCTURE 

2.1. PARAMETERS USED IN DESCRIBING FOAMS 

The most important mechanical properties of a foam aro its 

bubble size and its density; they both play a great part in determ—

ining its physical properties. 

The density of a for: can vary from nearly zero to about half 

that of the liquid composing the foam. Because of this large 

range, many difforert quantities have been used as a measure of 

density for maximum convenience in a particular range. Some of 

those used by various authors are listed in Appendix I. In this 

report only a few of them are used the density 9 defined. in the 

normal way as the mass of unit volume of foam; the expansion ratio 

E defined as the ratio of the volume of foam to that of the liquid 

forming it and the Eaa f,00 ,00l) volume factor x. 

Some relatioro3 between these parameters axe set out bel 

IR (EH 

G-g 

where a and jel aro the densities of gas and liquid respectively. ear 

The value of density usually quoted is the mean density of the 

whole foam mass but owing to the phenomenon of drainage the density 

is not sufficient to describe these properties, for it will vary 

fk-m density 

Expansion Ratio 

Gaa volume factor 



with both height above the base of the foam and with time. The 

rate of variation depends on the density, bubble size, viscosity of 

the solution (and hence on temperature), surface tension and density 

of the solution. It should be emphasised here, that as Bikerman 

points out, drainage and persistence of foams are entirely 

different phenomena, and should not be mewed. 

The problems associated with drainage eill be examined in a 

later section, where the control of the foam parameters will be 

discussed. 

The bubble size is, of course, most simply described by the 

bubble volume or radius, assuming that it is spherical. For a 

polydisperse foam, i.e. a foam with a wide distribution of bubble 

sizes, which are not only most common in nature but also have been 

studied more often, a distribution of function of bubble sizes must 

be constructed to give complete information on this aspect. How-

ever this has rarely been attempted not merely because of the labour 

entailed but also because in such a foam, the bubble sizes vary with 

tines, This was demonstrated by Clark and Blackman (1948) who 

pointed out that, in such a foam, the pressure in the smaller 

bubbles is higher than that in the larger ones. This pressure 

difference leads to diffusion of gas through the bubble walls, the 

smaller bubties decreasing in size and the larger ones increasing. 

The foam becomes more polydisperse as it becomes older. 

As a measure of bubble size these authors used a quantity 
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Imown so the "specifie surface". This is defined. as the area of 

interface between the disperse and the continuous phase inoluded in 

unit volume of foam, and heel tho dimensions of (lengthr/  (see 

Clark (1947)(6) )- 

Clark and Madman showed that the snecific surfaoe, !hich was 

found to have a 	r (tane u.dbUSf?.aZ,T.4 tTee ee:ner strength of 

foams, could also be estimated from meseur 	of 

mission through the foam. It must be pointed out here that 

latolon (1953) (12) misquoted Clark (1948) (13) when he stated that 

the epecific eurface oculd be estimated from the conduotivity. In 

fact Clark states that the ceeduotivity ratio "... appears to be 

independent of the nature of the foaming aseeet eele  of the specific 

surface of the foam ...". This conclusion is 'Partially ccnfirmed 

by experiments made by the author, over a smell xange of bubble 

sizes, in connection with the measurement of the density of the 

foams used in the work to be described later. 

if the foam is monodioperse a  the description of bubble size 

is eim:ele. It is easily shown that the specific surf ace is given 
clL 	1  

by the relation 	7 5 s  3 E 

rr: 

where al, is the bubble radius 

mod. V is the bubble volume. 

In this report, the bubble volume is used because it is this 

i.e. a foam made up of bubbles of uniform size. 



quantity that is measured in the experimental work 

2.2. THE STRUCTURE OF FOAMS 

The shape of foam cells and the structure of foams have 

interested observers over a long period. The structure is of 

general theoretical interest since it demonstrates a solution of 

minimal area probleme, but in particular for the purpose of this 

thesis it is of importance in the propagation of vibrations in the 

medium. 

Foams can vary in dersity from comparcitively light, rigid 

structures to heavy liquid masses of bubbly water. This range of 

physical properties lead.s to a change in relative importance of the 

different factors which combine to give the stability conditions 

affecting the foam structure. 

For very light foams, the surface tension of the liquid 

lamellae is of overriding importance. There are two conditions to 

consider, the statics of the forces at each junction of lamellae 

and at each junction of the bounding lines between them; and the 

fact that, because of surface energy considerations the most stable 

configuration is that with minimum interfacial area. 

The first of these conlitons leado to the conclusion that for 

stability the aysll between lamellas at their junctions (the 

Plateau Borders) must be 120°, and that four Plateau Borders must 

meet forming angles of 109°  between them. If we examine the 

regular solid shapes whose packing repetition fills all space and 

13 
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WITL030 geometry approximates to these conditions, we are left v- tk, 

the 12-aided Rhombic and Pea   Dodecahedra. The former body 

satisfies these conditions axactly-,, 

The second condition is that the area of interface should be as 

small as possible. Lord. Kelvin examined the most general soltition 

for the homogeneous division of space ana also the. 

gave the minimum partitional area. He showed that the Tetra-

kaidecahedral (or 14-hedra1) cell which ban 14 walls, in general not 

plane, satisfies these criteria. In this body there are 3 

hexagoriAl and 6 quadrilateral walla. 	the mimimal area body, th,,  

squares which axe plane are of two sizes, erd the hexagons have 

curved faces. 

In contrast, very dense monodisperse foans will approximate in 

structure to the pi rA of spherea. There are two closest padk-

ings of equal density for vim-deformable spheres known as hexagonal 

and face-centred cubic packing. If we examine the shapns of the 

cells, each of which contains a sphere or bubble, we find that in 

the latter type of packing the cell shape is a regular Rhombic 

dodecahedron. If we allow the bubbles in a dense foam, packed in 

this may, to expand at the expense of the liquid, the air-space will 

approximate mem and Moro to this shape. 

The shape of foam cells have been investigated emperiusntally 

as well as theoretically. Desch examined the foxm of cells in 

gelatine, soap and rosin foams and concluded that the most common 
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shape was that of the pentagonal 12-hedree Matzke counted the 

faces of cells in a monodiaperse foam, and showed that they had a 

mean number of V3.7 faces, consisting mainly of ron-regular 

pent "44 ms. In these experiments the structure was not reeular. 

These experiments agree with those carried out by various 

antho2:s on tho shapes of packed peas and lead shot after compressio 

Bernal has recently repeated these investigations, using plasticene 

lumps, in connection with theories of liquid struotmee. Kesn 

numbers of faces of about 13.5 were found, althoega there Imo a 

largo variation. 

The similarity between the cell structures of living organisms 

and that of froths was observed soon after the invention of the 

microscope. D'Aroy Thompson suggested that similar forces, i.e. 

surface stresees and minimum areas are involved in the two oases. 

The cells of bees have caps which are sections of the surface of 

regular Rhombic 14shedra and satisfy the requirements of minimum 

quantities of wax to enclose given volumes. 

Summarizing therefore, it appears that for light foams the 

most stable structure (i.e. that which balances all the surface 

forces and which has minimum partitional area) should be one 

composed of non-regular 14-hedra and they are controlled essenti-

ally by surface tension forces aloes. 

In the case of dense monodisperse foams, gravity control is 

more important than surface tension forces and the structure will 
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be face-centred cubic packing, giving a rhombic cell shape. This 

structure is directly observable. 

As a foam drains, there must be a change in the most stable 

configuration from a cell shape of 12-hedra to one of 14,-hedra as 

the surface forces become more important than the gravitational. 

This change cannot be undertaken merely by meana of a smooth tra 

ition because the whole lattice shape must be modified, and we 

would expect in practice to find a mixture of packing types with a 

mean number of cell faces lying between 12 and 14. For light 

foams this mean will probably be nearer to 14. For polydisporse 

foams the change over of shape would be easier because the 

structure is less integrated. 
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CHAPTER  

THE COMPRESSIBILITY OF FOAMS  

3.1. BULK MODULUS AND COMPRESSIBILITY 

A simple estimate of the compressibility of foams or masses of 

bubbles in a liquid can be made by considering the fractions of the 

two components together with their compressibilities. We may there—

fore write for the compressibility p for a foam 

136. + 
	 3.01 

where po and /3~ are the oompressibilities of the gas and liquid 

respectively 

alc is the gas volume ratio. 

Now the compressibility of the gas phase A0 is calculated by 

differentiation of the equation of state of the gas 

= 	 3.02 

to substitute in the defining equation for compressibility 
du. 

P& 4L. 	-ap N;r7 	3.03 

But the compressibility also depends on whether adiabatic or 

isothermal conditions prevail in the gas. Thus we obtain 

bo = 
71) 	

3004 

where 17 lies between the extreme values of 1.00 for isothermal 

oonditions in the gas, and 1.40 for adiabatic conditions. 

Upon substitution for pel; into equation 3.04 we have 

136 	(—x)p.. 	3.05 
P 
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the compressibility of the liquid may be assumed to change little 

with the gas pressure. 

This relation for the compressibility was obtained by Mallook 

(1910) (1), Wood (1955) (2), and Karplus (1958) (3) in connection 

with the velocity of sound in water containing bubbles. 

Now for most mixtures, the compressibility due to the liquid 

can be ignored in comparison with that due to the gas an a, 

this approximation, we arrive at the simple relation 

r" 	 3..06 le 
This will not be valid in the limiting case of 17 few bubbles, 

were 2L-%e"0. 

Comparison between 3-011- and .3-06 leads to the recognition of 

an analogy between the oompressibilite,  of a foam and that of a gas 

with the difference of the gas volume ratio. As :‘,2 becomes 

nearer 1 this comparison is closer, as would be expected since the 

foam is then made up almost entirely of 	cad very little liquid. 

Penney and Blackman (1943) (4) showed that foams obeyed Kyles 

Law of compression in a static experiment. Previously, Seihr (10) 

(15) had anticipated the experiment but, as Matelon points out, 

owing to a limited pressure range, came to the omnolusio that the 

foam behaved linearly, i.e. as an elastic solid. Penney and 

Blackman also demonstrated that compression takes place isothermally 

in foams (i.e. 1.7  =Px) ) and this observation was verified for 

bubbly liquids by Karplua (1958). This leads naturally to a 
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discueeion of the thermal conditions inside the gas in the foam. 

3.2. THE THERMAL CONDITIONS IN THE FOAM 

There are two factors which must be taken into account when 

dealing with the heat conditions inside a foam subject to 

compressional stresses. 

the first point is that the liquid, in our case water, has a 

much greater haat capacity than the gas (air) but it is the gas 

that is compressed the most. If we assume that the foam is 

completely dispersed (i.e. we may neglect the structure of the foam) 

and that the frequencies are high enough for no heat flow to take 

place between adjacent areas, then the effective specific heat 

ratio g west lie somewhere between 1.00, its value for water, 

and 1.40, its value for air. 

If, however the frequencies are low, or static oompression is 

taking place, then isothermal conditions apply and the effective 

speoific heat ratio will be 1:00 for all values of density. 

In 1942, Heinrich (4) in a little known paper, proposed a 

theory for the equation of state for a foam or intimate mixtlare of 

a liquid and a gas, and derived a relation for r in terms of his 

mixing ratio, z (see Appendix 1): 
Cp + CL 

zCv + Ca 
	3.07 

where Cp and Cv are the gas specific heats 

Caa, is the speoific heat of the liquids  
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and where adiabatic conditions are assumed. 

This relation has been tabulated (Table 3.1) for an air/water 

mixture, and is plotted against expansion ratio in fig 3.1. The 

table shows how different users of expressing the foam density have 

different regions of effectiveness. It also demonstrates that the 

value of 	differs from 1.00 only for very light foams (i.e. 

p <0.01 or E) 100 

The second factor affecting the theraml conditions in the foam 

is the structure. If the frequengy was such that, in a free gas, 

adiabatic conditions would prevail, for large bubbles the value of 

V for the gas would be near 1.40. If the same amount of gas 

was distributed throughout the foam in the form of small bubbles, 

the water, being in better contact with the gas, would act as a 

heat sink and the conditions would be more nearly isothermal. In 

an intermediate case, where the bubble size is such that time is 

taken for conduction through the gas to the bubble wall, a phase lag 

between pressure change and volume change mould be introduced and 

thermal damping would occur. 

This phenomenon was investigated theovetically by Pfriam (1940) 

(16), but even in the simple cane that he considexed, that of a 

single bubble in an infinite medium, calculation of the damping 

factor and the variation in compressibility is tedious. This work 

is summarised in reference (17) where figures are given showing the 

variation of log decrement and resonant frequenay of a bubble as a 

((DM-  on p 2 4) 
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TABLE 3. i VALUES OP THP, knoEOTIVB SPECIFIC BEAT RATIO OF A FOAM 

FOR VARIOUS DENSITIES 

Showiqg also the relations between the different foam density 

parameters. 

Density 

gm ci-3 

Air 
Volume 
Ratio 

Heinrich's 
(Mass) 
axing 
Retie 

agparsion 
Factor 

Effective 
Specific 
Heat 
Ratio 

z, z i7  -1 

1.00 0 0 1.00 0 
0.667 0.333 0.613 10-3 1.50 
0.500 .501 1.232 10-3  2.005 
0.200 .801 4.94 	10-3  5.025 (0.5 	10-3 
0.100 .902 0.0113 10.2 0.76 10®3  
0.050 .952 0.024 20.8 1.65 10-3  
0.010 .991 0.141 111 9.2 	10-3  

5.0 	10-3 .996 0.330 250 21.3 10-3 
3.3 	10-3  .998 o.570 500 35.5 10-3  
2.0 	10-3 ).9995 1.600 1292 90 	i0-3 
1.67 	10-3 2.81 2268 0.145 
1.426 10-3  6.14 5000 0.208 
1.32610-3  12.26 104 0.275 
1.246 10-3 61.4 5 104 0.368 
1.236 10-3 122.6 105 0.385 
1.226 10-3 0.402 

The specific heat ratios were calculated for an intimate 

mixture of air and water at a' from Heinrich's formula, using the 
following values for the constants 

pa_ 	1.00 (gm cm 3) 	. 1.00 (calm 	1deg710 
1)(‘ . 1.226 10-3  (gm cm-3) 	Cp 	0.242(cala gi-/deg71 C) 
y 	. 1.402 	Cv 	0.175(cals gmldeele) 



000 Olk 
COOS 

0arriv moo sto0d A3 

Firtni vosoxioilg lo 	cv Jt clots 	/4pacts wmpafja 	61,4 

1.e giforo.i.-a:s) --ormtuoi 

Ttputtim WG pavvrrorro 



Zif 

function of the quantity 	24-1.47412-6 

where b is the thermal diffusivity (definition in appendix) 
0,  is the bubble radius 
W is the angular frequency 

For a dense foam, the thermal conditions will be similar to 

those found in the above case, i.eo the liquid can be considered to 

be an infinite heat sink so that the temperature of the bubble walls 

will remain constant and independent of variations in the gas. L+ 

however, the foam is light, the bubble walls will vary in tempera-

ture slightly as the gas temperature changes during a pressure 

cycle. This means that the simple Pfriem theory is no longer 

valid. 

A simple theory is proposed (Appendix 2) which takes into 

account the effect of the mass of the water. If we take first 

the simple ease of very low frequency it shows that the real part 

of the bulk modulus of the gas in the foam is given by the relation 
- 	If(11X) 

WC 	 3.08 
where v  is the specific heat ratio of the gas and 

pa. ca. 
Per Cp 	-I 	 3.o9 

rearranging this expression and substituting in terms of Heinrich° e 

mixing ratio Z, we haves 
Z Cp 

%Cy + CL 	 3.10 

or 	 • 	w 	z c_p CL 	 3.07 
Z Cy +CI_ 
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which is the expression derived by Heinrich (4)  and quoted above 

for that effective specific heat ratio for a foam. 

Taking the oase of very high frequencies or large bubblo sizes 

Nye obtain from the theory the real part of the bulk modulus of the 

gas in the fcamf  

-rrIL- 	 _1 	3.11 

which tends to the normal adiabatic case es the frequency tends to 

At intermediate values of the frequency—bUbble sise function 

the bulk modulus has values irks; between the extremes 

calculated at the limits. The damping becomss a maximum at an 

intermediate frequency. the value of the logarithmic decrement 

reaching about 0.35 for the dense foams but dropping when the foam 

expansion ratio becomes greater than about 100. 

The derivation of these functions according to the simple 

theory proposed is set out in appendix 2 . Graphs and diagrams 

are dram for both the effective specific heat ratio and the 

thermal logarithmic decree r  for certain values of expansion 

ratio. 

3.3 TEE kRIPECT OF BUBBLE SIM 

A foam Qomprising very ?me31 gae bubbles will behave like, a 

gas at a pressure above atmospheric. This excess pressure 

arising from capillary force sv  will however be needgible, in the 



foams used, in comparison with the hydroetaeio awl atmosphere* 

pressures already actinerupon the bubbles. 

The capillary pressure Pe is given by the relation 
17 

where 7 is the surface tension of the liquid*. 

For Tee: 70 (dyes ai) and for a bubble radius Ye 0.5 mm which 

was typical for the foams used in this work, we find that 

PC ▪ 04.00 (dyne car 2) 

whereas 	p • :06  (dyne ci-2) is the atmospheric 

pressure 

Pc- & 	O. 2 arm 
P 

and it is Blear that this effect mey be neglected for the purpose 

of the element work. 

Deryagin (1933) (18) pointed out that since the compression of 

the foam deforms the lamellae, the compressibility should be 

different from that of the as phase. The same result is 

obtained by Bikerman (1953) p. 118 (10) and the bulk modulus was 

found  to be 
p c.  

where 11,, 9 as before, is the capillary pressure. The diffeemee 

from atmospheric pressure is less than the capillary pressure since 

This mey also be written in terms of the specific surface S 

if the foam may be assumed to be monodisperse 

Pcee. T S 
3 E 

thus 



27 

decreasing the volume of the bubble increases the capillary pressure 

and hence some of the pressure increase is taken up in this way 

rather than in decreasing the volume. 

The same arguments used above may be applied to show that the 

difference is negligible when compared with the accuracy of measure-

ment obtained in the experimental work. 

3.4 COMPREssIBILITY AND SZSAR MODULUS OF A FOAM 

The previous analysis of compressibility or its reciprocal, 

bulk modulus, has been based on the assumption that the foam is a 

mixture of fluids which have no elastic shear modulus. If the 

structure of the foam results in a shear elasticity, then by 

definition, there will be an increase in bulk modulue. 

We have 

K 	X + 

where 	k is the bulk modulus 

X, As are Lams constants, AL. being the shear modulus. 

3.5 CONCLUSXON 

We have shown that a suitable expression for the bulk 

modulus of a foam is 

	

R 	 - . 	-r 2 
3C

P 	
3 du' 

where we have assumed that the contribution due to the liquid 

compressibility is negligible and where Y is a function of 

3.12 

3.13 
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frequency, bubble size and density but which can be considered to 

be near 1.00 for dense fossils. 	iz is the foals shear modulus which 

will be considered in the next section. 



THE SHEAR PROgERTIES OF FOAMS 

4.1 THE BINGHAM MODEL 

Penney and Blackman (1943) (14) first suggested that foams 

t behave as a Bingham body (19), (20) when they showed that 

foams possessed a critical shearing stress, beyond which, they 

behaved as liquids and below which they approximated to solids. 

However it is also true that foams exhibit some viscosity below 

this critical or yield stress and it is probable that in this 

region they act somewhat like a view-elastic solid having the 

properties of creep under constant stress. 

The properties of the Bingham body as a mode/ for foams are 

illustrated in the diagram fig 4.1. The simple Bingiism body 9  
where  

1 2 behaves according to the equations 

ID s 	1 4ALS 
	

16.L ELat 
d6 
	

161 	lei 

where 	s is the applied shear stress 

0 	is the critical or yield stress 

is the shear strain 

6u. is the shear elasticity or rigidity modulus 

iv is the "plastio viscosity" 

The diagram shows a plot of strain rate versus shear stress as 

a straight line, corresponding to the constant "plastic" 

viscosity, passing through the yield stress at zero strain rate. 
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The apparent viscosity, defined as the ratio of stress to strain 

rate becomes infinite at the yield stress. 

If there is, in addition, a viscosity below the critical shear 

stress, the graphs would correspond more to the dashed curves in 

the diagram. It is probable that the viscosity would in any 

case be dependent on the stress amplitude. 

4.2 TEE ELASTIC SOAR 'MMUS OF FOAMS 

Devagin (1933) (18) first attempted to calculate the shear 

modulus of foam. He showed that by integrating for all possible 

inclinations of the surface containing surface tension forces, (4 

should be given the expression 

po. = 

Deryagin and Obukhov (1934) tested this equation by measuring 

the shear modulus using a circular plate partly immersed in the 

foam and the value of & by weasuring the iesreaee in prDssure 

caused by the collapse of tho foam. 	Shear moduli of the order 

of 800-400 (dyne-cm-2) and values of 
	

of 0.23-0.70 are 

reported for 0.00 usponin solution 	owever for 0.1% saponin 

solution p 	22p000 and 	of 801 were found, shoving a 

marked deviation from theory. It is probable that the plastic) 

properties of sapomin films make foams of this substance 

inappropriate for testing a theory based on the e.esumption of 

elastic surface forces only. 



BladWean (1944) (23) showed that, below the yield stress, at 

least part of the displacement observed is elastic, and therefore 

recoverable but he quotes no values of the shear modulus. 

4.3. THE VISCO-ELASTIC BEHAVIOUR OF FOAMS 

Madman demonstrated that foams exhibited visoo-elastio 

behaviour in shear. 	Nr : I'll nation of the diagrams given (see (12) 

p. 337) indicates that a suitable model for behaviour at stresses 

less than the critical, would be the Lethersich bodi:7)  This model 

is indistinguishable in behaviour from the Jeffreys body and both 

are described in detail in ref. (20) p. 467 ff. The diagram fig. 

4.2 shoes this model and its response to a unit stress step on and 

off. Comparison with fig. 5, p.337 ref. (12) indicates that for 

this particular experiment this is a reasonable hypothesis to use 

in discussing the motion of the foam. (see fig. 4.3). 

The equation governing the shear strain for this body is 

[ 
i 	I  

P12 	113 ( P+ '0]  
where p is the operator i and 

is the retardation time of the Voigt-gelvin part of the 

Lethersich body, given by LI= 
'

21I . There also is a relaxation 
P 

time 1:1  associated with this body, given. by r1:11.123 and it can 

be shown that the stress relaxes with this time. 

If we assume this hypothesis, we °au approximate the behaviour 

of the foam by fitting the theory to the experimental curve found 

32- 
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by Blaclaman (1944)v, (see fig 4.3) 	Using appropriate values of 

the parameters. The retardation time is  .1  is shown to be about 

30 sees., but the exponential form of the retardation appears to be 

only approximate. In addition to this, that Dart of the dis—

placement which one would assume to be elastic is found not to be 

completely recoverable, and hence the Lethersich model does mot 

completely describe the behaviour of the foam. 

However, it sees to be indicated that this hypothesis is 

suitable for the general description of foam shear properties, 

needing at the most five parameters including the critical shearing 

stress and the plastic viswaity. 

The Lethersich model has bsen deaoribed as rap:mselag the 

behaviour of an elastic sol, where elastic particles are assumed to 

be dispersed in a sola-olastio viscous modium; forces are trans—

mitted to the dispersed elastic medium b the flowing liquid. The 

Jeffreys body, which is the same in behaviour, was originally 

eaggosted to describe the rheological behaviour of the earth's 

crust, and represents a relaxing gel, a dispersion of viscous 

liquid in a continuous elastic solid.. The Lethersich model serves 

well as a simple definition of a foam if each bubble if considered 

as a "particle" which is imbedded in a viscous liquid and which has 

a shear modulus measured by its resistance to distortion. 

H. Fr8hlich and R. Sack (1946) (26) examined thecaaeticany the 

case of a dispersion of elastic spheres in a viscous liquid; they 
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assumed that the concentration of the dispersion was very small and 

arrived at the following system of equations, where p represents 

the operator 

( 

	rot  ) 	n* (1+  Tio  

I)*  is the viscosity of the whole medium and is assumed to be 

given by Einstein's equation (1911) 

where it is assumed that the particles are rigid, 

11-63  fx) 
.241U p 

1:2 	'=" 	2-111 	I- ) 

	

2itip 	a 
1:1 and -CI, are the relaxation and retardation times 

respectively, and 
	

is the viscosity of the liquid (which is 

assumed to be Newtonian) 

pi is the shear modulus of the material of the particles 

a:, is the volume concentration of the particles. 

Now ism,  Frahlich-Saok system of equations is easily shown to 

be identical with those of the Lethersich Body if we put the 

following equivalents: 

,3
( I — 

	

25 -1 	2 

PL ' ( + 4 ) 25-  
These equations are, of course, only valid for media where the 

concentration of the dispersed media is very small, but comparison 

of their properties with those of foams may be informative even 

though the concentrations of the latter may be near 100%. It 

and. 



suggeste9  for example, that the Lethersich lumped eonotant model is 

euitable for the description of the properties of dense foams and 

bubbly liquids and the extension to lighter foes is supported by 

the ezperimente deeceibed above by BlaCkman. 

4.4 ihE VISCOSITY OF FOAMS 

Sibree (1934) (24) measured the apparent viscosity in a 

cylindrical viscometer for various shear ratee. He showed that 

the apparent viscoeity i adecreasing functien of the shear rate 

tending to a limiting value which oorreepords to CUT plastic 

viscosity. It was considered to be a characterietic of the foam, 

and was found to follow the Hatschek (1911) foeelela for emulsions 

except that a correction had to be made to the value of the 

concentration 

t— (de3 

Grove (1951) et al. also measured the viscosity and again showed 

that it increased with the air volume. Blackman (1944) also 

found that it varied with the stress. 

Thera is no suitable theory to explain the variation of 

viscosity with air volume of foams, because of the high values of 

concentration. It ie reaseeable to suppose that the following 

general pe&neiples aeplyg 

1. 	that at yew low oeneentratione, i.e. bubbly liquids 9  the 

eepoosity ehould tend to that of a viscous liquid containing 
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elastic spheres, e.g. it should be given by a relation similar t5 

that of Einstein's equation. 

2. At high concentrations the viscosity below the yield 

stress should become very large. At the densest packing where the 

bubbles are unable to move relative to one another, the flow 

viscosity should become infinite. 

Mooney's (1951) (28) equation satisfies these two principles 

112 It' 1m 00 (1:5:.721.) 

where k is the "self crowding factor" and ils<k< 1.91 the 

limits representing the extremes of packing densities. 

The variation of viscosity with stress and with shear rate is 

explained by the Bingham model, the material yielding at a 

certain value of stress. We consider this value, the critical 

shear stress, in the next section. 

4.5 THE CRITICAL SHEAR STRESS 

At a particular value of the stress the viscosity of some 

foams decreases suddenly. This value is known as the critical 

shear stress or, from comparison with the Bingham Model, the 

yield stress. It is the existence of this effect that makes the 

pumping of foams through tubas and pipes easy. Simple experiments 

show that ft plug of foam subjeot to a small pressure difference 

moves slowly; as the pressure is increased the foam begins to 

flow easily and the apparent viscosity drops sharply. 



al 

Penney and Blackman (1943) (14) investigated this effect in 

connection with fire fighting foams, they measured t critical 

shear stress using an arrangement of rectangular zinc gauze plates, 

noting the stress at which the foam yielded. This apparatus was 

found to be useful with solid foams, but it was unsuitable for soap 

and other liquid foams, Blackman (1944) (23) repeated the experi-

ments using a cylinder rotating in a box containing the foam. Fe 

showed that the viscosity drops suddenly from a value of the order 

of 105  6. 109  poise to about 1 poise for "solid" foams„ but that 

with a soap foam no such liquefaction occurred because the foam 

structure collapsed before the critical shear stress was reached. 

That the critical shear stress depends on the concentration 

and physical properties of the surface active agents in the foaming 

solution and also upon the specific eurface of the foam, was 

demonstrated by Clark (1947). He found experimentally that this 

relation is obeyeds 

( 2.0 i 0.2 )•OL. S. 

where 	p is the critical shearing stress 

pet is the surface shearing stress of the liquid garface 

and 	S is the specific surface of the foam. 

The simple rupture theory that he proposed gave the oonstant as 

1.00 but otherwise was identical with the empirical f(ozwalla. 
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4.6 0O1CLUSI07S 

We suggest that the shear properties of a foam can. be 

described approximately by a combination of the Lethersich model 

together with a yield element, as suggested by Blackman, to form a 

complex Bingham Body. (see the diagram fig. 44). 

Foams have a small elastic shear modulus ani exhibit view- 

elastic behaviour with a strain retardation time '1 . 

demonstrated to be of the order of 30 seconds for one foam. 

Values have not yet been predicted theoretically. 

Foams have a viscosity which allows them to shear continuously. 

As yet, there is no acceptable theory for the viscosity as a 

fusation of foam density or bubble size, but it is known that it 

I'emDmes greater for very light foams. 

Most foams yield at a certain value or the stress; this 

value being a function of the yield stress of the surface film and 

the specific surface of the foam. Above this value, the 

viscosity is very low ad the foam behaves as a liquid. Some 

foams have no specifis value of yield stress and others, e.g. 

light soap foams, are deitsoyed before the yield stress is 

reaohed. 



OliAPrER  5 

THE VELOCITY OF  VIBRATIONS IN A. FOAM 

5.1 INTRODUCTION 

The classical theory of elasticity shows that there are two 

types of distortion that can be transmitted in a solid of infinite 

emtenti; the compressional wave y or 2 waves  characterised by the bulk 

modulus and involving volume changes in the mediumn  and the shear 

wave, or $ wave in which there are n volume changes. All vibra-

tions in the infinite medium must separately satisfy the two wave 

equations describing these waves. 

However at the confines of the medium the boundary conditions 

must be satisfied as well. Rayleighs  and Love waves are examples 

of waves propagated under these conditions. Similarly other 

speoific types of waves propagate along cylinders and rode the 

equations for eolidy infinitely long rode with completely free 

surfaces have been solved, by Pochammer and Chree. In a later 

chapter we will be particularly interested, in the propasation of 

WV,708 in a solid cylinder with a ri 	surface. 

All of the equations which have been derived for the velocities 

of these special types of waves  however s  involve the two velocities 

c 	the P-waee and Ca 9  the S-wavo and we now go on to consider 

these two waves for the particular medium of interest. 
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5.2 COMPRESSIONAL WAVE VELOCITY AT VELRY LOW FREQUE2CIES 

The velocity of compressional W3706 at infinite wavelength is 

given by the normal relation 

1 ..g., .,.....i...... 2.k.  z...  ILL:2/ - ct 	 5.01 
T6 	ir 

and substituting from the expressions alreadyobtained;, we have 

V404 2-.:?  -- . )] ct2 - ...„ _  5,02 
c5.4 

Neglecting the foam shear modulus, FE 	7!:,  in other words 

ignoring the structure of the fbai5.13 Tantflon 5.02 reduces to 
t?, 

E -I 
Coa  = 	 5003 

d:-.0 	4,c Bt( • ) 

This relation has been studied by Karplue 0958) (3) who considered 

different values of expansion ratio E9  and derived simple 

expressions for the velocity in different regions. Mallock (1910) 

(1) ani Wood (1955) (2) have also derived this expression for 

mixtures of liquids with particular reference to gas bubble clouds 

in water. 

Heinrich (1942) (4) in considering the propagation of sound in 

an intimate mixture, also derived an expression for I as a 

function of the specific heat of the liquid and  the mixture density. 

His method was to establish the equation of state of the mixture and 

( 	t C a)  l tt (S-1)) 

where we have neglected the effect of the surface tension of the 

liquid upon the compressibiliby of the gas in the constituent 

bubbles of the foam. Xt. is the bnIk modulus of the foam liquid, 
, 

approximately 2..00 	!\dyn.az 	for wate. , 
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to derive the velocity by diffesentiatiag the pressure with 

respeot to the density. Evaluating equation 3 and plotting the 

calculated sound velocity as a function of the expansion ratio E 9  

we arrive at figure 3.1 where we have used the numerical value for 

air and water at room temperature „ and have asaumed thee the foem 

is , in fact, a homogeneous mixture of air and water; structural 

effects having been neglected. 

In dense bubbly water (B ( 15) Region A, the velocity 

decreases rapidly with expassion ratio from the velocity of sound 

in pure water, about 1500 se 	as the compressibility iaoreases 

without having a great effect upon the density of the medium. 

In region B the effect of the increasing amount of air in the 

mixture curves the velocity line towards the MiDiMUM velocity 

region C. 

The amino velocity, about 20ms-1  occurs at a density of 0.5 

/ 
gm cm kE . 2) for a TIVZ10r... air mixture. This low velocity exists 

because the medium there has half the compressibility of air 

together with half the density of water. Beinrich pointed out 

that the existence of this minimum implies a vorw low critical 

pumping speed for mixtures of these densities, a fact that might 

become important for high speed transport of foams. Under eerteje 

conditions of density and pumping rate it is possible to vieualioe 

that the foam will only be passing with high amplitude variations 

of density, since the mean density 'sill be unstable. 



As the amount of air iaoroases, the velocity increases and is 

in this region proportional to E giving a straight lino of slope 

0,5 on the logarithmic graph. Since it is in this "ZegiOrip 

(2 ( E 'C 200), Region D that most of the experimental work ass 

donee this method of plottia^g is most coaveniest. 

For very light foams, Region E (E > 200) the density of the 

air becomes important in determining the sound velocity. The 

velocity curve flattens off towards the velocity in airy about 

330 ms 

Again equatian 3 indicates that the so ad speed is a function 

of the static pressure whereas this is not the case in either pure 

air or pure water (except to a second order). This effect is most 

important in region CI  that of minimum velocity. Kaxplus showed 

from this observation that shock waves should be forced very easily 

and rapidly in bubbly mixtures;. Gambell and Pitcher (1! 958) (36) 

have investigated the propagation of shock waves through mixturee of 

glycerine and water of these densities. 

If there is a rshear modulus, 	r  the velocities will be higher 

than those given by this expression; the increase aan be written in 

terms of the shear wave velocity 

Boa  113' 
	 aCi 	 5.04 

where Ce is the complession wave velocity 

Ca 	is the velocity assuming zero shear modulus as 

calculated from equation 3. 



... 
Cjis the shear wave velocity where 

Cz = 	 5.05 P 	Po- 
for the case where the aiv density can be negleoted. 

5.3 THE FREQUENY DISPERSION OF GOEPRESSIOff WAVES 

There are two mechanisms possible to explain a frequency dis-

persion of velocity. The first is that cbas to thermal or viscous 

relaxation effects giving rise to an jnoreasingvelooity with 

increasing frequency and to attenuation whioh passes through a 

maximum at a certain frequency. The second is a resonant 

mechanism" similar to that found in bubbles in waters  or like the 

out-off phenomenon in a low pass filter. This tree of dispersion 

has been discussed at lenga. by Brillouia; its general character 

is one of anomalous diepersion2  the velocity dropping towards 

regions of maximum attenuation. 

L. Relaxation Effects 

(i) Thermal Relaxation 

The thermal relaxation effoot has already boon 	ssea 

the previous chapter and has been considered more thoroughly in the 

appendix. The velocity rises from that given by ,c,otbsrmal eon-

ditionm to that given by adiabatic conditions as the effect of the 

liquid in the bubble walls becomes less important. This effect is 
OM* 

beet described in terms of the effective specific heat ratio, . 
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The velocity ratio is then elven 

ce; 

CA) 

by 

) -1-11  
5 06 

r.z gee Cy 

where i= EI-GIE 	is Heinrich's mixing ratio, and where the 

suffimes refer to high and low frequenoies. The greatest rate of 

change of valooity with feequeney wincides with the maxima value 

of damping, and occues at a frequency-bubble size factor of 

2xt 
 I
F Se —17, ee 	a 

Other types of dampieg meehaniems ia the medium will alas produce 

velocity dispersion. In particular, we visualise effects due to 

viscosity in the liquid sureourding the bubble producing au out-

ofeehase component in the oompressibility. 

(ii) Visce-inextial relaxation 

Resterov (1959) (31) considexed dispersion and attennation in 

highly concentrated suopeneions. His method was to imag&ne the 

suspenzion, not as spheres each in a cell of its own which is the 

usual approach, but as a regular lattice of packed cylinders of 

ligued, Eadh liquid cell contained a small cylinder of solid 

with the diameter equalling the height and having the same volume 

m the suspension partiole. Calculation using this model gave an 

estimate of sound velocity and attenuation in a concentrated 

emulsion or ouspenzion. 

He presented the concept of a density which was frequency 

dependent and gave rise to dispersion and energy loss in waves 



travelling through the medium. He used the term udynamic density" 

to describe this. The mechanism for the freouenoy dependence ig 

that the movement of the solid plug will be different from that of 

the liquid surrounding it. This relative movement will be 

opposed by the viscosity / 9 of the liquid. 

Now we assume that this reasoning is equally applicable to the 

case of gas bubbles dispersnd in a liquid. We therefore make the 

Gen bubble equivalent to lestorov's solid panticlo. 

At low frequencies the solid particle (or saa bubble) and the 

liquid will move almost se one and therefore the cylirdnical cell 

will have an effective dennitF given by 

Ra --- C.Pim) 	5-U 

for frequenc

E.  

ies  where  

whore 1 is the mean gasp width between particles. This of 

5.07 

course is the normal static density of the mixtur% the masses of 

the components simply adding together. 

At high frequencies9  however D  the varticles (or bnbbles) will 

tend to move independently. The frequenqy is then assumed to be 

so high that there are marg wavelenEtho of the viscous wave across 

the oylindrioal cell. (This has the corresponding case in the 

thermsa damping eaample, where under adiabatic conditions there are 

many wavelengths of the thermal wave across the bubble) 	Under 

these conditions, the masses of the components add in a complicated 

manner to give the real pant of the comple= density. For foams, 
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this will be given by 
Rel phi 3 	pt. 	4. 	— CE-2) 

LLJAM 	
5•08 

211. There is a transition region where the rate of change of velocity 

and the losses will be a maximum and this occurs when 
J. r±.12 

L 2 
Asstming that the compressibility remains constant, the ratio 

of velooities for foams is given by 
chi 	m,  
Glow -- 

where the distance between bubbles is assumed to be small. 

2. Resonance Dis ersion 

There axe two ways of approaching this problem, we may cone 

eider the foam as a mass of bubbles and examine the behaviour of 

this mediva as a function of frequency, or conversely we may oon 

eider it as a loaded network comprising a three dimenoional grate 

of alternate layers of gas and liquid. 

(i) Resonances of a e-2ae bubble in a foam 

Only the strongest reennance of a as bubble, i.e. the volume 

resonance that is mainly responsible for the soattering and 

attemeation of sorud waves passing threughemter containing bubbles, 

is considered. here. The surface and other -modes of resenance will 

he of importance at higher frequencies in the euteeff reokon but 

simeep in the experimental work, it was not poesibic to reach those 
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frequencies, these higher modes are hero ignored. 

Minnaert (1933) (29) a:est gave the frequency of this feeaae 

mental resonance as 

co 1 	1 3 VP" 
z.j 

where oe is the bubble radius. 

This phenomenon has received much attention since the beginn-

ing of the War, in connection with the propagation and attenuation 

in sea water containing bubbles (see for example references 1, 15, 

169  17, 30). However only the properties of single bubbles or of 

bubble clouds with spacing large enough so as not to interfere with 

the liquid flow between them have been considered. Moldy (1945) 

(32) examined the effect of wave scattering between bubbles. 

Macpherson (1956) (33) measured the reflection from and attenuation 

through lattices of bubbles with close spacing. lie used Foldy's 

theory to interpret his results. The resonances in these systems 

were as predicted by theory. 

It was shown that as the eelume ratio of the gas in a bubbly 

liquid imoreasea v  the attenuation-frequenoy curve becomes closer 

to that displayed by a low pass filter. This statement is cone 

sistent with the properties suggested in the next section when we 

examine the Brillouin method. 

When bubbles get very close together, the normal scattering 

theory is, of course, no loagor applicable. It might, however, 

be possible to consider the resonance of a bubble in the midst of 

5,,09 
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a mese of foam, using a method similar to that used by Pithlich arld 

Sack to examine the compressibility of such a cell. This method 

would give the impedance and velocity of the continuous medium 

having the same properties as the cell, but it would be invalid for 

wavelengths short enough for scattering to occur. 

This method has been used for the case of a foams, where we 

assume that there is no wave structure in the liquid surrounding a 

bubble, i.e. the fog is light and the liquid film thin. 

The analysis shows that the velocity drops gradually as the 

frequency is increased until the cut-off fregueney is reached. 

This is given by 

31? (E-01(ELIT+  5 

	

s 	.10 alp& 

and the velocity is then ae of the velocity at low frequency. 

The cell radius, 	, is then equal to .. 	(see fig. 5.2). 

Beyond this frequency, according to the theory, the attenuation 

rised rapidly and the velocity drops still further. But in these 

regions, the assumption of infinite wavelength is no longer valid, 

and the equations do not necessarily giro the correct velocity. 

Nevertheless it might be pointed out that the general behaviour is 

similar to that of the Brillouin lattice discussed in the next 

section. 

(ii) The Brillouin -Method 

Brillouin considered the propagation of waves in periodic 

see for example Brillouin, Leon "Wave Propagation in Periodic 
Structures" McGraw-Hill Book Co Inc. (1946). 

gee -  te 



Mechaniazi' 1Ari.)1o5u4. 	Foam 

L 

C. 

.1.11.46•1=111 

Eleanea), ifsr11alo3the. of Foemt, 
a 

F19 5..3 11,02 one-ctwaenvonol 
ftiethanfcca weld Ft26'11&2.1 &nal c;sues 

P,9 6-.4 ?e corresponcarl Rev ree(11 La-141.02 
+he 	me -detne2/nC-Cca Foa44, showt;r9 

4he fir.5t-  cold w.eytd zeiNnieS 

flquercy  

   

d • .> 

   

j 

 

 

one -dtmeeislorista lekethrif 

/PM 
dr-1, vt 



54f 

structures and introduced the concept of zones into dieouasion of 

these problems. This section deals with similar problems and uses 

his methode. 

A light foam can be thought of as being made up of alternate 

layers of gas and liquid (fig. 5.3). If we accept this model, 

there is an obvious analogy ueth a. low pass filter consisting of 

springs ard massee set out in series. The behaviour of this 

system - a "one-dimensional foam" es shown in the diagram (fig. 5.4) 

where ce and C. are plotted, in the reciprocal lattice, againstkeL, 

the phase ohange across a cell. le the usual crystal lattice ease, 

it is found that the frequency is a periodio fanction of the,  wave 

number, thus at ape' ors fweeeemey aere is ambiguity in the wave-

length. In practice, then, the wevl number is westmicted to an 

interval containing one period of the frequency, and this interval 

is called the first zone. The limitri of the first zone oorree-

pond to the longest waveleegth possible at the out-off frequency. 

Other zone limits, in the reciprocal latticeg  correspond to 

successively shorter wavelengths (each one like modes, just fitting 

into the cell in the real lattice). 

The behaviour of the Brillouin modol is like that described in 

the previous section; there is a out-oft frequeney and corresnond-

Jag cut-off wavelengths and the velocity lecreases towards the 

boundary of the first zone in the reoiprooal lattioe. 

The equivalence between inductance and mass and between 
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capacitance and reciprocal of stiffness can be employed to make 

easier the visualisation of the problem, and we can extend the andel 

into two or three dimensions using this method. 

In the diagram, fig. 5.5, an attempt has been made to sot up a 

model for the structure of a foam cell, based upon the face 

centred cubic packing. The conditions under which this type of 

packing is likely have been discussed previously (Chapter 2)9  and 

shown to be satisfied in the case of dense foams. It has the 

further advantage of mathematical simplicity. 

The inductances represent the mass of liquid in the eel/ 

divided among the 2 faces of the rhombic dodeoaehedron and the 

sp'heye wopTuente the capacity of the gas bubble. 

This model behaves similarly to the uni-dimenaional case, 

;241ving a cut-off wavelength which varies with the direction of 

propagation of the wave relative to the lattice and the velocity 

decreasing towards the outside of the first Z0219 which here takes 

the INysm of a regular 14-hedron. 

(iW PKopagation beyond "out-off" 

We ohould expect on the basis of these models that vibrations 

weII be attenuated rapidly at frequencies beyond the out-off 

frequency. However we have assumed that the liquid componeat is 

devoid of compressibility and that the gaseous component is devoid 

of mass, in addition to the aseumed absence of damping. 

The existence of these effects will lead to marked changes in 
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behaviour. In particular7  we visualise that the attenuation 

beyoW out-off will be less than would. be  predicted by the simple 

theories. 

For example, at frequencies so high that the wavelength in air 

is much smaller than the bubble diameter9  (found mould propagate 

through the medium as through a series of separate rigid partitions, 

suffering heavy attenuation by reflection in the process. At 

intermediate frequenciee9  resonances within the enclosure of the 

bubble SOO to be expected. 

Conversely9  vibrations could be transmitted through the film 

structure with minor perturbations due to the air in the bubbles. 

Resonances due to surface vibrations in the cell walls would than 

be expected at certain frequencies. 

3. Conclusion  

On the basis of two simple models we are led to expect that 

the velocity of compressional waves in an infinite foam medium will 

drop as the frequency approaches the clat—aff frequency. Estimates 

for this differbut it corresponds approximately to the frequency 

when the bubble diameter is one wavelength. 

This decrease in velocity will probably be compensated to some 

extent by an increase in velocity due to relaxation effects arising 

from thermal and viscous processes. 



5.4 SHEAR WAVE VELOCITY 

The formula for the shear wave velocity is 

Ez  1  = -E 	E e 	 5, 11 
F 	pa. 

whereFL is the assumed shear modulus. 

Since so little is known about the shear modulus of foams, an 

estimate of velocity cannot easily be made. We can prediot from 

this equation, however, that if the shear modulus remains reason-

ably constant with density (and this is in doubt) the velocity 

should increase as Eta . 

The frequency variation of velocity can be discussed with no 

greater confidence. We expect, from the discussion of the shear 

modulus in Chapter 4, that if the Lethersich model is assumed, the 

real part of the shear modulus will be given by the relation 

--" 
zz. 	

w (tx-r1). 	5.12 
4- cultit  ) 

where the symbols are the same as those used before (see also fig 6.1). 

This equation gives a rising velocity with frequengy; over the 

same range the attenuation passes through a maximum. 

A decrease in velocity with frequency is predicted by a cut-off 

mechanism identical to that examined in 5.2.2 the out-off wave- 

length being again of the order of bubble size. 
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CHAPTIM 6  

THE ATTENUATION OF VD3RATIONS IN A MAI 

6.1 GENERAL PRINCIPLE'S 

Attenuation of vibrations in any infinite medium is due to 

the presence of damping mechanisms which can be represented by 

imaginary components in the elastic moduli governing the motion. 

The attenuation of compressional waves in the foam is therefore 

most easily studied in terms of the ratio of imaginary to real 

parts of the bulk modulus end magi 	that of shear waves in 

terms of the ratio of imaginary to real parts of the shear modulus. 

This ratio is often expreessd in terms of the logaritimic decrement, 

et  9  of the type of wave and damping considered and is giver. by 

a 	w -52  

where 	is the appropriate elastic modulus. 

The various logarithmic decrements may, if they are small, be 

added together to give the total damping effect for the wave and 

hence the attenuation from the relation 

tz..) 
A-441,4 

21-7C 
nepers cort-0  6.02 

where C is the velocity of the wave considered. 

In this chapter we consider the different damping mechanisms 

that could give rise to attenuation, of sound and shear waves in the 

foam medium. 

see for example H. Kolsky "Stress Waves in Solids" Oxford (1953) 
p.99 ff. 
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6.2 VISCO ELASTIC DAMPING 

The shear properties of a foam below the critical shear stress 

have been discussed at length and the Lethersich Body was suggested 

as a model for its behaviour. The equation for this model under 

sinusoidal oscillation was shown to be 

7e*  

rhere the symbols have already been defined. We can find 

complex shear modulus P- , given by 

6 
6 

   

+ .solt 'Ca, 
( + 1.151Z-a-2- )4 14- wIscia) 

We can simplify this expression by malting some assumptions, 

for example we may assume that 4h and hence lee is very small. 

Then we find that 
r(toca)% 

14. (totol 

  

z  4. 6caa 	 
+ oticOL 6.03 

 

The real and imaginary parts of this expression are sketched in 

fig. 6.1. Hence the decrement for scmpressional waves will be 

4 VOiakt 	Gat/ 
	

6.04 
3 14 	6ora)z  

where 

and. Z is the foam bulk modulus. 

From this expression the attenuation due to visco-elastic 

causes alone is found to be 

0 	
piE._ __,._,I) E 112. 

viep.c41-1  = — 
3 	41 * p, i+ (4)raY' 

Similarly the decrement for shear waves, assuming the shear 

properties are as described here, will be approximately 
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6.05 

and hence the attenuation 

oCe(Sheay) Tr. 2±L 
27„ z-2. new C.141- 

6.3 VISCO-INEBTIAL DAMPING 

The dispersion due to this phenomenon, the lonoitudinal motion 

of the particles s  in this case bubbles, parallel to the wave 

direction and  againat the action of the liquid viscosity, has been 

considered in a previous chapter. We are now interested in the 

attenuation that this might cause. Nesterov (1959) (31) gives 

complicated expressions for the imaginary part of the moduli for 

two cases which are similar to those quoted for the thermal 

damping cave. The expressions are even more complicated if we no 

longer allow the frequency to be either very high or very low. 

For cur purposes, we are interested in effects at long wave-

lengths and low frequencies. Under these conditions, we find 

that 
361C (4) 

AY, t 
'L  

 

26E-0) 	2,(26,-2)- 
, 

6.06 

 

0.439 	Clgto 

  

where we have substituted in terms of the expansion ratio for the 

clam and. Clow  is unaffected by the frequeney and corresponds to 

the velocity calculated by the mixture method. 

The decrement is inversely proportional to the liquid viscosity, 

but is proportional to the square of the frequengy. It becomes 
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very large as E becomes nesaqand tends to zero aa 	becomes 

large, as one would expect since there is than very little space 

for the bubble to move in. 

6.4 THERMAL WIPING 

This section and the following one deal with damping 

processes that affect only the compression modulus, ,% 

We have already discussed the mechanism of thermal damping, a 

fuller account is given in the appendix. The value of AT which 

is predicted by the theory varies with the vibration frequency9  

foam density and bubble size but a maximum value of about 0.35 for 

dense foams is found (see fig. 6.2). 

Over most of the range of variables the expressions for AT 

are complicated, but at the limits simple analytical expressions 

can be derived. 

For very low frequencies Ar reduces to 

T.-1 al r  

where the symbQls are defined in the Appendix; and 

E7-37-0 

Row for very dense foams, when the ratio 	becomes very large 

this expression reduces to that derived by Pfriem (1940) (16) for 

a single bubble oscillating in an infinite liquid; 

AT 	
r= 84.TZ - 	small 
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6.08 

6.07 



The other simple case that can be considered is that for high 

frequency or large bubble size when 0y reduces to 

bar = 	
14 34: 

2  T.. I j-k;" 
"F  0- IS5 

which tends to that given by Pfriem in a similar way. 

For intermediate ranges of frequency and bubble size, the 

values of Jorr have been plotted for some values of E in the 

Appendix. 

6.5 DILATATIONAL VISCOSITY DAMPING 

A viscous resistance to pure expansion and contraction can be 

visualised for a foam mad an attempt has been made in append; x a 

to obtain an expression for the decrement due to this. We find 

that 	
V; it- 

FP a 
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A) becomes small as the foam gets lighter and the amount of 

liquid in each cell becomes small. This expression is similar to 

that suggested by Taylor's theory whioh is based upon the concept 

of independent bubbles rather than of cells, but the variation with 

foam density is different. 

6.6 DISLOCATIONAL DAMPING 

A foam, particularly when it is dense and approejeetes to a 

collection of elastic spheres, can be thought of as a sort of 

64- 
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crystal. As such, loss of energy due to movement of bubbles in 

the lattice might be visualised. This will have a connection with 

the vieoo-inertial damping mechanism since the bubbles are moving 

against the action of the liquid viscosity, but it will only occur 

at high amplitudes of vibration. Bubbles are forced from one site 

to another in the lattice, the process giving rise to energy loss. 

6.7 MENIAL ATTENUATION 

At short wavelengths, there will be effects due to heat con-

duction parallel to the wave direction. A range of states from 

the isothermal to the adiabatic similar to that described in the 

"radial" theraml damping case, and a similar relaxation absorption 

peak would be expected. 

The decrement will be 

t - 

c5 21 	Y 
	 6.11 

where i; is the thermal diffusivity of the foam medium (see 

appendix 2). 

6.8 CONCLUSION 

We have discussed some of the different mechanisms that 

could give rise to energy absorption in foam. The most important 

effects are those due to foam viscosity, bubble movement inside 

the cell, heat flow inside the bubble and dilatational viscosity, 



and as a general rule they booms greater for dense foams and for 

high frequencies. 

The total attenuation for compressional waves will be Omens  

for small decrements;  by the relation 

zt, 2rc C5 
	 6.12 

and for shear waves 

'45  7-1  C,—.2E• 
	 6.13 



CHAPTER 7  

THE FOAL—MAKIIIG APPARATUS 

7e1 EXPERIMENTAL REQUI Ji D' 

So many of the properties of foams depend on bubble size aad 

density that in order to make useful measurements both of these 

parameters must be specified eaotly as functions of space and time. 

The theoretical and experimental problems are simplified if 

monodisperse foams are used. They have several advantages over 

the polydisperse foams, notably spacial uniformity of structure sad 

physical properties, constant drainage rate, constant bubble size 

with time and the possibility of the simple mathematical descrip—

tion of their structure and parameters. They suffer from the 

possible disadvantage of having a crystal—like structure (see 

chapter 2) which may affect the velocity of waves prop4ezVis.ng in 

different directions. This effect will not be so marked if 

volycrytalline" foams are used. 

For. our purpose it is not only necessary to be able to 

ze3trint th.s bubble size to within close limits but also to be able 

to change this size between runs so that foams of different 

properties may be investigated, and also it must be possible to 

meaauro the bubble volume as they are made. 

The velocity and attenuation of foams also depends to a great 

extent upon the density. It will be a great advantage if we can 



Fig. 7.1 The Apparatus in use with the large diameter tube 
fitted 
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make foams with a constant density in time and also in space. This 

is difficult even with monodisperse foams due to drainage, but an 

attempt has been made to restrict density variations as much as 

possible. It is convenient to be also able to change the foam 

density at will between runs, and it would be convenient to be able 

to measure it in situ. 

The temperature has some effect on sound propagation and it is 

necessary to keep it constant during a run. 

Lastly, the propagation of the vibrations in the foam so made 

must be measured to the acouraey desired and sound absorbers and 

anti-vibration mountinge are needed to keep spurious signals to a 

minimum. 

These requirements have led to the development of the apparatus 

to be described. Each section is decicribed in some detail but we 

start with a short general account. 

7.2 A GENERAL DESCRIPTION OF THE APPARATUS 

A monodisperse foam is produced by bubbling air under constant 

pressure and at a constant rate through a single capillary into a 

solution of stergene and distilled water. The solution is 

supplied from a reservoir by a gear pump driven by a servo-motor 

whose speed is controlled automatically to keep the solution at the 

required level in the formation tube. 

Foam is continuously extracted and forced through a narrow 
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canna/Aim; pips (figs 7.1 and 7.2) into the propagation tuber  daun 

which it passes, flows out at the bottom and is collected in the 

reservoir. 

A Goodmers electromechanical vibrator oscillates a. rubber 

diaphragm at the base of the measurement tube and the sound waves 

pass up this tube to be absorbed at an attenuator at the top. A 

moveable probe microphone passes through the attenuator and. damn 

the axis of the tube and the phase and amplitude of the waves are 

measured as a function of position. 

The bubble size is estimated from the air flow rate and the 

bubble emission frequenay, and the foam density by using an elect-

rical conductivity method. 

7.3 THE BUBBLE FORAATION S7552 

It was decided to form bubbles from a single capillary tube as 

previous experiments had shown that bubbles of constant size can be 

pxoduood by this simple systoo, provided that the gas pressure and 

flow rate are kept constant. 

The air is supplied either by way of a pressure reducing valve 

from a cylinder or directly from the compressed air supply. A 

needle valve controls the flow rate into a large capacity bottle 

which serves to smooth out fluctuations in pressure caused by 

bubbling from this flow-off tube. 

This is an arrangement consisting of a glass tube dipping 



beneath the surface of water contained in a wider tube. The 

depth beneath the surface can be varied at will and this oontrols 

the pressure in the system, since any excess pressure causes 

bubbling. During a run this tube is kept bubbling slowly to 

ensure a constant pressure. At this point it is possible to. 

release the system to atmospheric pressure using the tap provided. 

The air passes via a small capillary tube resistalaa,D to tho 

flowmeter. This is another length of capillary tube =use edcie 

is connected a water monometer measuring the drop in air Pressur 

across it. The flowmeter can be cut-out while adjustments are 

made to the rest of the system. it is capable of an accuracy of 

about 5% with the most common flow rates (this accuracy could be 

improved if a commercial device like a rotameter were available). 

The pressure relative to atmospheric is then measured using a 

smeoury manometer but in practice this is used only as a check on 

the stability of the system. It was visualised that if the exper-

imental accuracy had improved it would be necessary to correct th 

calculated bubble size for the pressure excess in the system (c.f. 

Clark (1948) (13)). 

The air then passes by way of pressure tubing;  to the capillary 

tube bubbler at the bottom of the foam tube. The tubes are made 

by narrowing down standard capillary tubing. About twenty are 

made at a time, each one is given a number and they are stored in a 

stoppered bottle. When one is to be used, the drawn out tube is 
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carefully broken off at a suitable point to obtain the orifice size 

required, usually about 0./ mm. This system is successful in 

keeping the capillaries free from dust and grease. 

After a period of use the tubes become partially or completely 

blocked with a white soapy deposit at the orifice. it is inter-

esting to note that Karplus (1958) (3) p.83 found a similar 

deposit in his apparatus when he used detergent in the water. 

This blocking occurs sooner with the large bore capillaries than 

with the very thin ones, and it seems to be connected with the 

sucking back of the solution when the air pressure is reduced. 

This sucking back was observed frequently, particularly, as one 

would expect, with the wider capillaries. 

The effect of partial blockage is to produce the so-called 

double-bubbling mode in which the bubbles are formed alternately 

one side and the other of the orifice. If the pressure is 

constant, this mode is stable but it is eliminated if the pressure 

is changed either up or dome It occurs also with supposedly 

normal capillaries at certain pressures. The bubbles produced 

are smaller in size than those produced in the normal mode and it 

is reasonable to suspect that the bubbles, produced as they are in 

pairs, are of two sizes, but simple observation using a strobo-

scope and photographing failed to detect any difference. Because 

of this, this mode was often used in practice for producing small 

bubbles. 



By choosing capillary tubes of the oorrect diameter a whole 

range of bubble sizes can be produced. Dabble volumes in the 

range from 2 to 12 1014 have been formed, but those of about 8 pL 

are used most often. The long term variations of air pressure, 

volume flow and temperature of the solution give rise to slow 

changes in the mean bubble volume within a rarer of about 10% 

during a run, but the variation from this mean over shoi periods 

of t77,Ple i estimated to be less than 1%. 

Having attempted to make bubbles of a constant volume, it is 

necessary to be able to measure their size continuously as they are 

being formed. The method used is discussed next. 

7.4 BUBBLE SIZE MEASUREMENT 

The bubble volume is estimated from the air volume flow rate 

and the frequency of bubble emission. The former quantity is 

found from the reading of the flowmeter, desorated aboves, agter it 

had been calibrated. 

To measure the rate of bubble emission, a D.C. galvanvmeter 

lamp is focussed onto the bubble stream, just above the orifice and 

a phototransistor put behind. The bubbles passing through the 

light beam give rise to an electrical signal which is fed directly 

to the Muirhead—l'ametrada Wave Analyser where the frequency is 

measured. This frequency is doubled if the "double bubbling" mode 

is existing. The mean bubble volume is then osculated from the 



simple relation 	where 
	is the air volume flow and 

F the bubble emission frequency. 

The method was checked by photographing the bubble ahain. 

This also showed that the variation in volume between neighbouring 

bubbles was negligible. 

7.5 MI, PRODUCTION OF FOAM OP CONSTOT DENSITY 

1. The problem of foam drainage 

As soon as a foam is formed the liquid contained in it drains 

through the bubble interstices at a rate which increases with the 

bubble size and foam density and decreases with the viscosity of 

the liquid (see for example reference (10) p. 98 ff.). 

If the foam is allowed to steed, it will rapidly become non-

uniform in density but if it is formed continuously there will be a 

steady state distribution whose shape will depend upon the experi-

mental conditions. 

Now the foam density is the second immortant foam parameter 

which must be controlled as closely as possible and for oonvenienoe 

it should also be variable at will. 

order to keep the spacial variation as small as possible the 

foam is made continuously and passed down the propagation tube by 

way of a connecting tube (see figs 7.1 and 7.2). This motion 

ensures that any portion of foam is not allowed time to drain to any 

great extent while in the measurement section and also that any 
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drainage tends to smooth out the deesity variation, the heavier 

foam being removed contieually from the bottom of the column and 

restored to the reservoir. The maximum time taken for a foam 

bubble to pass down the tube depends upon the density but, on an 

average, it is about 30 secs. 

For very low densities, where the drainage rate is smalls, it 

is thought that the problem has been effectively solved, but for 

the higher values, where of course the conditions are much more 

stringent, the velocity of sound varies slightly with the position 

along the tube axis. It is reasonable to ascribe this to a non 

uniform density distribution in the vertical direction. 

2. The production of Foams of a Constant Density 

The fact that foams drain, while a hindrance whenvmdform foams 

are required, become a help when a range of foam densities must be 

covered. All that is necessary is to sample a oontiruelly foloing 

foam at a height above the liquid level in the bubbling tube which  

gives the required foam density. If the height i.e decreased the 

foam extracted will be denser, conversely if the height is 

increased the foam, will be lighter. 

If we continuously remove foam of a given dsnsity and also 

keep the air flow constant, as we must to ensure a fixed bubble 

size, the rate at which solution will be taken from the body of the 

liquid will change with the density required. The problem is 

therefore reduced to that of controlling the supply of solution so 



as to keep the top of the liquid, as precisely as this can be 

located, constant at apy desired level under conditions where 

different flow rates may be required. 

However, the supply of solution is also controlled to a 

great extent by the necessity to transport the foam once it has 

been made. The movement of a foam through a tube is opposed by a 

shear force which decreasos with either the flow Tate or th<< foam 

density. Thus for a given air flow and pressure inside the 

bubbling tube where the foam is formed, if the solution level 

rises by some chance, the sampled foam density' increases and the 

drag is reduced. At constant pressure this means an increase in 

the foam flow rate and hence another decrease in the drag due to 

the foam motion. This results in a runaway action, rising foam 

flow rate leading to rising solution height and hence further 

increase in flow rate. We therefore have to deal with an unstable 

system. 

Various methods to control the supply of solution have been 

tried. These include the simplest and most obvious, gravity feed; 

next a pressure feed fr.= the air supply and then a mauve,'  y 
controlled electric motor driving a gear pump. Dens of these 

methods however were satisfactorg but the problems have been almost 

eliminated by using the servo system dosoribed below. 

3. The Servo—System 

The servo system was designed to eliminate the necessity to 
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check the solution level manually. Although there are still some 

problems associated with the device, at least the need for constant 

supervision has been eliminated. 

The set-up is shown in the block diagram (fig 7.3). The 

solutionfoam complex between the two platinum electrodes A and B 

on the bubbling tube form one resistance arm R1  of a bridge. AB 

the liquid level arises;  this resistance decreases. R2  is an 

ordinary carbon resistance (15 Kam.) for comparison. Provision has 

been made to replace this by the resistance of the solution between 

the electrodes B and F. This would eliminate drift of the balance 

due to variations of temperature or conductivity of the solution 

but it would be necessary to make special arrangements for starting 

up. The remaining arms of the bridge are forged by the two parts 

of the potentiometer used to set the standard solution level. 

The bridge is supplied with an alternating voltage of 80 v at 

50200 c/s supplied from an oscillator (Mallard, BYO, Type E810). 

The error signal appearing when the bridge is out of balance is fed 

via a phase sensitive detector to a D.C. amplifier (Southern 

Instruments, Niniraok UR 514 DC Pre-amplifier). The output from 

this is fed to the servo control unit (Feedback Ltd" SCIA). 

A gear pump, driven by a seruo motor supplies solution from 

the reservoir. The motor (Evershed and Vignoles type FAD 6 servo 

motor-generator) has a tachometer generator on the output drive 

shaft to provide a velocity feedback signal if it is required. The 



SO 

error signal is again amplified in the control unit and is fed to 

the field coils of the motor. When the error signal changes, the 

motor speed varies in unison; the system therefore, if connected 

the correct way round, will tend to stabilize so that there is a 

steady positive error signal, this signal corresponds to the loss 

of liquid into the foam. 

If the foam required is dense, the system must not only raise 

the level to the appropriate one, but also stabilize at a higher 

pumping rate. The velocity feedback makes the system independent 

of Changes of foam stiffness with density but also makes the system 

somewhat sluggish in reaction to changes. The only attention that 

the system needs during a run is the occasional balancing of the 

D.C. amplifiers which suffer from some drift which was probably the 

cause of a change in the stable position occurring over periods of 

a few hours even when the room temperature remained constant. As 

a further precaution against drift, all the control apparatus is 

fed frc a constant voltage transformer to ensure that mains 

fluctuations are eliminated. 

Apart from this, the system is an order of magnitude more 

stable than the previous man control method, and it keeps the 

density constant to within 4%. 

7.6 THE MEASUREMENT OF FOAM DENSITY 

Having obtained a reasonably uniform foam that is also constant 

with time, then for accurate results, its density must be measured 
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where the velocity measurements are to be carried out. 

Clark (1948) (13) showed that the ratio of electrical conduct- 

ivities of an aqueous foam to that of its solution , 
6
p 9 

plotted against the ratio of the densities 	lie on the 

same curve for a whole range of foams (see fig. 7.4). The pare 

meters of this curve were shown to be independent of the cheat 

nature of the foaming agent, and of the bubble size. 

This fact offers a simple method of measuring the density of 

the foam in situ without interfering with the acoustic measurements, 

provided that the calibration curve is first obtained. 

Electrodes of platinum are baked onto the inner surfaces of 

the glass tubes and connections made to them by platinum 'tapes' 

sealed through the glass. Each electrode is 2 or 3 mm. in width 

and they are separated by more than 5 mm. (see figs. 7.1 and 7.2). 

Wires are soldered to silver electrodes painted and baked onto 

tapes. The outside of the tube is then painted with shellac or 

covered with Araldite to prevent external conduction dm to 

dampness. Two electrodes ( and H are placed inside the measure-

ment tube and another three CT D and E are fixed well below 

solution level in the bubble tube. The three electrodes, A, B 

and F, at the top of the bubble tube are placed there for control 

purposes. Their function has already been described. 

The conductivity ratio is measured directly by applying an 

alternating potential (of 50 to 80 volts at a frequency of 75 cps.) 
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across the potentiometer formed by the resistances (G to H) and 

(D to C (or E)) connected in series. The potential differences  

Nis 9 across the solution electrodes (D to C (or E)) is measured. 

As the density of the foam increases so its resistance decreases 

and the voltage, vs increases. When both tubes are filled with 

solution, this voltage is a maxim= and this value is used to 

obtain the geometrical factor required to calculate the conductive 

ity ratio. An alternating voltage is used to prevent polarization 

effects. 

The system is calibrated using the set up as described but 

passing the foam into a measuring cylinder when a steady state has 

been reached. When a reasonable volume has been collected, the 

foam is weighed and the density calculated. The experiment is 

repeated for various densities and bubble sizes and the graph 

plotted. No variation with bubble size was found, but only a 

small range was covered. Consistent results have been obtained, 

but the curve differs slightly from that feend by Clark (see fig. 

7.4). However it is not claimed that this is an accurate absolute 

measurement of the conductivity ratio because errors due to surface 

conduction or pick-up are possible. It does give a calibration 

curve for the measurement of the density under the existin 

experimental conditions. 
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7.7 CONCLUSION 

The apparatus described is able to make small quantities of a 

reasonable uniform density foam with a constant bubble size for 

periods of several hours. 

Bubble sizes between 2/.L to 12freL have been made with their 

volumes controlled within t 10% over a few hours, and within i 1% 

over periods of minutes. 

Densities were automatically kept constant in time to within 

about — 4% in the least favorable case, but there was often a slow 

cheese over a period of hours which meant that the density had to 

be checked and the control settings altered. Foam densities lying 

in the range 0.5 to 0.003 (gm/61,) (2 < E < 300) have been produced. 

There is, however, some evidence of a small variation in 

density with height in the measurement tube. In order to eliminate 

this completely, greater rates of foam production swat be used, than 

are possible with this apparatus (of the order of 100 mL per min.) 

so that the foam spends loss time in the tube. 

The mean bubble size is measured as they are produced from the 

orifice, and the foam density is measured at the position in the 

tube where the velocity and attenuation measurements are to take 

place. 

It is these measuxemerns that we shall deal with in the next 

chapter. 



CHAPTER 8 

ACOUSTIC DESIGN  AND MEASUREMENTS 

8.1 INTRODUCTION 

The previous sections have dealt with the problems of forming 

a foam with constant and known parameters, and injecting it into 

the measuring chamber. We will now deal with the acouetic probl-

ems of measuring the sound velocity and attenuation in the foam. 

The choice of the method of measurement is closely dependent 

upon an approximate knowledge of the attenuation in the foam and 

upon the frequencies at which it is desired and possible to woleco 

After tests using resonant systems it was found that the attenua-

tion in the foam was large and it was decided tc use a continuous 

wave method and to work with frequencies between 1 and 20 kcs. 

The method used is to measure the amplitude and the phase of 

the sound wave relative to the transducer as a function of 

distance along the axis of the measurement tube. At one time this 

was done by comparing the reference and the amplified sound 

amplitude picked up by a probe microphone directly on an oscillo-

scope by Lissajous figures. The positions at which a straight 

line was formed on the 8 ecope were measured. Since then a phase-

meter has become available and this is now used exclusively. 



8.2 rat MECHANICAL ARRANGEMENTS 

Reference to figs. 7.1 and 7.2 will show the general design 

of the apparatus. Continuous sound waves are generated at the 

bottom of the measurement tube by a rubber diaphragm driven by a 

rod attached to a Goodman's vibrator. The vibrator is fed with 

the frequency required from a Bruel and Kjaer B.F. Oacillator 

(type 1012). The measurement tube (either 10 or 20 mm. diameter) 

is connected to the bubbling tube only by a narrow piece of 

rubber tubing to decrease the interference caused by the sound 

pulse emitted by the forming bubble. It is also mechanically 

isolated from the vibrating system by suspending the brass block 

in which it is embedded from a rubber sheet mounted upon the lower 

container. This reduces sound transmission by way of the glass, a 

factor that becomes important when vibrations are attenuated rapid—

ly in the foam. 

The measurement tube is also held in foam rubber higher up by 

a clamp fixed to another part of the frame. At very low frequenc—

ies this forms an alternative route for sound transmission and 

vibrations can be felt on the glass. In one version, with a narrow 

tube, a water jacket around the measurement tube loaded it as well 

as keeping the temperature constant. 

To prevent standing waves in the foam the sound reanhing the 

top of the measurement tube must be completely absorbed. This 

objective is partially achieved by the absorber used (fig. 8.1). 



87 

It consists of a tapered strip of metal foil coiled round a central 

hole left to allow the passage of the probe microphone. The coil 

is in the form of a spiral and its edge forms an internal cone 

narrowing towards the top. Behind this wedge absorber is a plug 

of glass wool and behind this an airtight joint with a neoprene 

ring which fits the microphone probe tube tightly. This is to 

retain the pressure which is forcing the foam down thrlugh the 

system. With very dense foams, at high flow rates, if this junc-

tion is not tight, there is a tendency for the foam column to 

break down, the top part of the tube containing no foam except that 

pouring down the side. 

When used with air some standing waves can be detected in the 

tube but when it is filled with foam, which already has a high 

muNoPhone Pobe. Tube 	 kick wax 60a4 

Fa f3 	sownd Absorber 4tited a* -1-4.e -top of 44%e Oleasure-mo4if .14k e 



attenuation, this simple absorber is quite effective over the 

frequency range used. 

The pickup device is a probe tube fitted to a Bruel and 

Kjaer condenser microphone. This is mounted upon a travelling 

microscope movement so that the height can be varied and measured 

accurately with a vernier scale. To prevent foam being forced up 

the probe tube the end is blocked with some * thou. melinex 

sheeting fixed on with Durofix and wrapped with thin wire. This 

is effective at keeping out foam but highly attenuates sound 

transmission; no more satisfactory method seemed available how-

ever because of the small diameter of the probe tube (about 2 mm.). 

8.3 'ALL ACOUSTIC MBAS 

   

S • Vaal` 

   

    

A block diagram of the acoustic measurement system is snown 

in fig. 8.2. 

The output from the microphone is amplified (B. and. K. micro-

phone amplifier type 2601) and then fed. to the phasemeter together 

with a reference signal from the oscillator. The amplitude of the 

in phase and im-quadrature components of the signal can be observed 

directly on the scales of the phasemeter (Solartron Resolved 

Component Indicator VP 250). The amplified sound output is also 

passed to the wave Analyser which is here used to measure the 

amplitude. (Muirhead-Pametrada type D-489). A small °Serviscope' 

oscilloscope monitors the output. 
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The ratio of the in-quadrature to the in-phase components of 

the signal gibes the tangent of the phase at the position of the 

probe end. The measurement is repeated for perhaps 10 positions 

over a range of a few centimetres, depending on the foam attenua- 

tione The phase, in radians is calculated from the tangent by 

means of tables, and plotted against distance. The slope of this line to 

line together with the frequency, enables the phase velocity of the 

wave to be calculated. Similarly the amplitude, measured in 

deoibels, is plotted against distance to give the attenuation. 

The experiment is then repeated for each frequency to obtain 

the velocity and attenuation versus frequency curves. 

Another teohnique was tried to deal with the attenuation peaks 

that were found and that will be discussed in the next chapter. 

It has here merely necessary to find the frequency at which 

maximum attenuation occurred, and this was done by keeping the 

microphone fixed and varying the frequency, The frequency 

corresponding to minimum sound amplitude was that of maximum 

attenuation. This was difficult to do in practice owing to 

spurious minima in the amplitude as the frequency was varied, poss- 

ibly due to mode interference which it is suggested may oocur in 

these regions. 



9 

C1-'7ATRIFR Q 

EXPYLt11551N2M, RESCUES 

3.1 INTRODUCTION 

The last two chapters have dine:Abed the apparatus for 

producing uniform foams and for measuring the phase velocity end. 

attenuation of eound waves paeeing through the sample. The 

results obtained from the measurements made with the apparatus are 

diocussed now. 

The analysis of the sound velocity at very long waveleng;the, 

where the foam is assumed to be continuous, is teeted first, and it 

is found that the measured velocity is always higher then that 

predicted by the theory for the particular foam denily. 

It is foum that the measured pheee velocity is a discontinu 

ous function of frequency and that there are attenuation peaks near 

the discontinuities. The frequencies of these peaks depend upon 

the tube radius and their existence means that any chanso in the 

foam properties as a function of frequency cannot easily be 

determined using this type of apparatus. However, at low frequ-

encies, below that of the first peak, the variations of velocity and 

attenuation can be measured. 

In order to explain both t he velocity discrepancy and the 

existence of the modes, a hypothesis in terme of the shear 

properties of the foam is put forward. 
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9.2 THE RELATIOEBEIWNPU VELOCITY AUD DENSITY 

The first result to be established is that of the relation 

between the foam expansion factor and the "zero" compression wave 

volocity (i.s. the velocity at very long wavelength). Tho 

theoretical analsis of which is given in Cher 3. It is how6. 

ever found that the compression wave velocity is a function of 

frequency and the sero value must be calculated by extranolating 

from the velocity—frequency curve for each value of the density. 

The values of those estimated zero velocities are plotter 

against the expansion ratio in the logarithmic graph (fig. 9.1) 

together with an indication of the estimated experimental OTTore. 

Also drawn in the theoretical sciatica for a fluid foam, 

calculated from equation 3.3y assuming isothermal condition and 

standard temperature and pressure and that the media are pure air 

and water. This :u a part of th'e curve drain 	fig. 3.1. 

The measured points lie on a line that is displaced uxd7; 

by a amount significant compared with the orrors. This displace

went is equal to that produced by multiplying the calculated 

velocity by a constant factor of 1.5. 

How can we explain this displacement of the measured points 

from the theoretical curve? Ve discuss first tho possible 

effects duo to temperature and pressure. 

The temperature at which the measurements are made will have 

some effect upon the velocity by changing the compressibility of 
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the 7:„gas in the 'oa 	The magnitude of this effectcnbo 

estimated simply by considering the 	1111M temoorature, 26°09  at 

hicb mossuremeats were Made. ljaivg this value, and assuming 

that; the foam medvar4 :.e wholly dependent upon the air CDMP:032=firni-

1:2,ty7  the ratio of the ma-mimum1..iossible velocity to that calculated 
kii2S9 000 	 v given by — 	•0:5 the differ.ence being of the 
273 

Ord.or of the errors and very small compare...1 vr:77.th the ratio 

actually observed. 

It has already been sainted out that an it:to:I:ease in the,  

attic preSsure in the system will gzi.ve rice to en increase in 

compression wave velocity ;--).1 this increase i1l be ama.--xfouiarm.in  

the velocity ciiiix 	E 29  p—  ">g 0.5. It is diff:ioult to 

estimae the pa7C.E.137.17.0 itle:Cee.,36 that is obtained in the measurement 

tube during a run, but it is obviously less than that in the air 

system which was al-Wye szaller than 5 c 	The velocity ratio 

is therefor leas, and in the critical region. probably considerably 
gg loss, thala ti:— 	d • OZ: 	-.Will& is of the aeze or..dex,  es the . 	. 

maximum tempoTe.tilra of•Poot. 

It is clear that neither the tenticerature nor the prozzial,e at 

which mearz-RzTement 713 Ode can explain the departure from the 

theoretical curve. 

However, if we allow the foam to have a shear modulus, and 

hence a shear velocity it is riessible to explain thie large veloc—

ity increase by choosing the cozvoc,* 'matzo) and 72faird the relatiore 
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obtained in (7:hater 3. 

A more convincing-  demonstration would be to measure the sheer 

velocity independently and then to correct the measured velocity 

using equation 3.4 

whore Ca and cz are the 1:lea/trod velocities and co i3 the 

calculated fluid sero velocity that would be given by equation 3.3. 

It has been found possible to do this or some of the rune by a 

method to be described later and the corrected values are plotted 

in fig. 9.2 to show that, despite the mesGre number of poi 	and 

the large scattery they lie 	the thoostical line. 

Also plotted are some e Karp us s values for the sound 

velocity in bubbly water which lie in the region of interest. Hie 

tots have much less scatter and lie well on the theoretical line. 

The small scatter is probably due to the increased accuracy 

possible at the lurt frequennies that he used (250-1750 cps) and 

the conseenent increase in wavelength. The precision With which 

they lie on the theoretical curve suggests that there is little or 

no shear modulus at these high dsgmitiez. 

9.3 MODE STRUCTURE AND SHEAR MOO:TY 

1. Evidence for the existence of YoJcies 

Vie must first establish the evidence for the existence of 

modos in the tube at certain frequencies when compression waves 
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are being propagated.. 

(a) When the measured attenuation is plotted against frequeney 

it is found that peaks rising to values of the order of 20 db om-/  

occur at approximately regular frequeney intervals. The position 

of these peaks vary with the foam density. (zee figs 9.3 and 9.5). 

(b) The velocity versus frequeney curve clods maxked die-

continuitiee near the peak attenuation frequencies. In some cases 

the phase velocity appears to rise to 2000 ms there one would 

expect velocities of the order of 75 ms-1. It is only at frequent 

cies below that of the first peak that velocities axe near the 

expected. values. 

(c) At certain frequencies;  in particulao around the peak 

values;  two waves are propagated with markedly diffeeent attenua-

tions. 

(d) In the regions just below the peak treqaencice;  inter-

once effeets occur, suggesting the propagation of two waves at the 

same frequency with slightly different velocities. 

(e) If the peak frequencies are &Jacked against the bubble 

size using dimensional equatioes, only a small degree of correla-

tion is found, whereas they are very dependent upon the foam 

density. This suggests that the phenomenon is connected with the 

bulk properties of the foam rather than its structure. 

(f) In order to check this conclusion the apparatus was 

rebuilt using a measurement tube of double the diameter. The 
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pocas ware found to occur a much lower frequencies than before 

and zore :oaks were now observable. 

2. Alternative Explanations of the Observed Phenomena 

It is necessary to consider alternative explanations for the 

peaks before goirz on to discuss the mode theory for their 

formation. There are three possibilities to investigate; that 

the peaks 

 

are due to bubble resonances or foam structure, that 

they ,sre due to resonances in the apparatus, or that they are duo 

to radiation effects from the diaphragm. 

The observation that there is such a small correlation between 

the peak frequencies and the bubblo volume indicates that they axe 

not due to bubble resonances or to the foam structurs. 

addition to this, the frequencies are very much lower than 

expected theoretically from the simple theories, and tho dispersion 

=V013 found are not of the type that would bo given by the bubble 

resonance processes visualised. 

The use of continuous waves leads inevitably to the possibil—

ity of the occurrence of resonav,cos in the glass tube, or in the 

rubber diaphragm. In order to decrease the vibrations in the 

apparatus, the base of the measurement tube was set in a brass 

block and suspended from a rubber sheet fixed. to the massive 

block holding the vibrator. 	In this way, the tube is isolated 

mechanically from the vibrating system, except through the foam. 

However apart from one resonauce which was observed at about 1.4 
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Koz.9  and .0hich remained fixed in frequency, and is thought to be 

a resonance :t the vibrator, all the measured peak frequencies aro 

strongly affected by the foam density, indicating that they are 

flUD to the bulk properties of the foam. B'at they are also 

inversely proportional to the tube radius. 

We are therefore left with two alternative hypothesis which 

are, in a wan closely corneoted9  since they concern interference 

phenomena in the foam in the tube; i.e. that the peaks ars duo 

either to radiation effects from the diaphragm o to the cylindric-

al modes that are discussed later. 

When a diem of the same order of size or smaller than 

the sound_ wavelength ±e vibrated, a lobe radiation pattern is 

produced by interference between waves from different parts of the 

disc SO that the intensjty ie stronger in some directions than in 

ethers. If the diaphragm is fitted at the end of a tube, as in 

our case, the waves will be reflected at the tube wail and in:t02-

:eeoenoe between the beamz'will OCCUT giving rise to a spacial 

inter2erence pattern in the tuba. This will have the form of 

peke and trouele in the sound intensity as one mevez along the 

tubo aria. The variations will become smaller as tha distance 

frva the diaphragm increases until plans waves are promgeted and 

the amplitude remains constant at very great distances. 

In addition to these affects, the normal acoustic modes will be 

propagated; if by chanoe9  the direction of the lobes correspond to 
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the propagation en31os of the big= modes, those modes will be 

strongly excited and the amplitude cnrve altered aocordi:nly. 

Uowever such diaphragm radiation effects will give neither the 

amplitude variation with distance nor the attewastion and phase 

velocity curves with frequency that have been observed. (see figs 

9.3, 9.4 and 9.5)- 

These observatio2is suggest that the peals frequencies depend 

upon the tube size and the bulls pronerties of the foam medium 

rather than upon its structure, and that they indicate the 

eaistence of a series of =odes of wave propagation up the measure-

ment tube. The theoretical arguzent for the formation of such 

modes is outlined in the next section. 

3. Discussion of the Transverse Modes in the tube of foam 

We deal here with purely elastic media although it has been 

pointed out (chapter 4) that foams are probably visco-elastic and 

waves therefore strongly attenuated. Nevertheless the simple 

theory should be reasonably close to the practical case particularly 

for light foams. 

Transverse modes are, of coLree, to be expected in a perfectly 

rigid cylindrical tubs containing a materiel that propagates waves, 

even if. the eaves arc surely compressional and the medium is a 

perfect fluid. These "acoustic" modes occur at frequencies given 

by the solution to the equation 

(:211S) .= 0 	 9.01 



72.ra is the lut orde.p Dessel function 

ga  is the wave nIlrf.4‘e1,2' 

GI is the velocity in the wiconfined medium 

and 	b is the into.Pnal. tube radials 

The frequencica at 'Mai& new VAG'S az'e allo-wed topxo.cymte are 

given by 

9.02 

whore 	Ere the sokutions to Wzgr-, ) 

Each of these !,:odes will have a p'mse 	vg1:10a is a 

function of the fre.elnenen this velooity being infinite at till wt—

off value. The fo:cm of the velocity 4)12.:n'e dopands on the 

boundary conditions, fo:T the sioplr-) case of a gas o ld the 

phase velocity?  V is &Ivan by 

3412C 
Cc 	wZba 	7t:1  j 	

9.03 

Nero we have conzidepcd i)nly the =rely synletTical waves but 

fo each of the modes given, by thsso egpations thero will he an 

infinite number of asymetrical modes fe=ed by different 

divisions of the tube cross—section by diacetPical lines. Sthee 

the measupament mrstcm is eeI1ysyznetrical9  these wore complic—

ated wave sytitsw re3d not b consilorsd ham 

Now it is necessary to ollmfi that the moae stpzactnra is 

zr.2oxp1ainablo An toms of thcse "ecoustic" mcO.os. This can 

(10E10 Tzon the estimated "SeTe compression wave velocities moasup 

at fro/pens:ties below that of the mod* associated. with the first 



peak. It is found. that the z.2easared velocities are much too hidz7,1 

(often noTe than twice a reat) to accomA; for the obzerved moáo 

frequencies. 

Comersely we can estimate the velocity from the moae 

frequencies, using evation 9.02, and it is found that rot only is 

it below the measured zero velocity but also usually well below the 

thee:Ketically predicted value. 

An alternative hypothosis is therefore proposed in which the 

existence of a foam sheer modulus ana shear -xeleoity is pcstulted. 

In other werds the foam is lItT, to be considered as a solid—like 

elastic medium. The i-ltroduction of the ehca velocity implies 

an additional wave ewation and an additional cot of b=ndary 

coraitions which must be octisfisd. A theoretical analysis of the 

propagation of waves in such an slastc material coni'ined in a 

cylinder is presented in Appendix: 5. 

The conditions at the wall of the tube have an offeet upon the 

DreDegation of the waves down it. The first, end most obvious 

bowadary corAiton (apart from the proviso that the amplitndes do 

not reach infinity along the tube ozi) in that the tube itself 

shall be verfeetly rigid, i.e. the radial diszlacement ohell be 

zero at the tube sul,face. This concilt:Ion. Elves rise to the 

"acoustic" modes described above. 

The second condition is that which describes the shear prep

eties at the tube wall. The simacet cac a cwomm when the 



elastic solid, is rigidly glued. into the tube so that it cannot move 

7eSiatiVe to the stmfaco.--- Thus al/ components of displacement are 

zero at -.A- 	. For light and therefore 	id foama g  it is 

thought that this condition is probably most likely to be the case. 

Certainly at very lug frequencies (abowi.; 50 cps), where high 

auplitudes could be obtained using the vibrator g  the disPlacement 

(at TfaXilallete a feT7 Erra. ) ae ilEilaX":rso that predicted by the thsory 

aostrating this conditien. 

However, during the experimentv  the foam is COntirmously 

d.cirn the measurement tube in the fecyrm of e' plug. Observation 

showed that at the tube wall there VMS a-thin boundaiv layer of 

liquid. The eatistence of this layer means that Vizors must be some 

possibility of vibratory motion of the foam parallel to the tube 

wall. Hence we get out second simple ease of the shear condition 

by assmaing complete shear freedom at the lqa11, i.e. that the shear 

stresses Ztm and °C-ri`p are both zero at -mfr.) 	(Appendix 5). 

The intermediate case, where displacement is restricted but 

not completely prevor,Ltodp gives the third. type of the shear 

boundary coniiitions, and it is examired in Appendix 5 by insorting 

shear force roopo,:tional to the velocity of displacement paralel 

to the wall. 

Now it is found that a second set of longitudinal wave modes 

can exist. They are here termed the "shear" type of mode to 

distinguish than from the 'acoustic" type SirIVO they are deperdent 
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upon the shear properties of the medium. 	Revertheless they are 

still compressional mves since they have an axial component of 

displacement and a dilatation term. In addition to these modes 

there is also a set of shear wave modes, purely torsional in 

character, the direction of displacement being around the tube axis. 

The frequencies at which thie set of "shear" type longitudinal 

orave modes can occur depend upon the shear velocity and upon the 

boundary conditions at the well. For the rigid case the mode 

frequencies are given by u - 

where C. is the shear velocity 

and for the freely eliding case 	r„r0 "C• rT. 

fon 	I i) 
AriCz. 

The intermediate boundary condition give frequencies betwon 

these values, the actual positous depending upon the magnitude of 

the resistive force assumed (see Appendix 5). 

since the shear velocity is always lower than the longitudinal 

-Gave velocity, them: mode frequencies will be lover than those of 

the acoustic type and will therefore assume a greater importance in 

practical work. 

It may safely be assumed that the rubber diaphragm neither acts 

as a plane piston nor has a purely sinusoidal displacement over its 

diameter as it is held at the centre by the threaded rod connecting 

it to the vibrator. The displacement is t-oansmitted into the foam 

and this can only be dons by exciting all the transverse modes in 
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the tube and, addiLlg their amplitudes is in a Fourier G5Ti00. Thus, 

close to the diaphragm all the possible .des mist but most of 

them are very highly attenuated. As the frequency iu increased, 

the propagation of new nodes becomes possible, and the attenuation 

curve will exhibit attenuation peeks as each of the modes appears 

;,see 1.1.g J.5). 

This discussion, together with the more detailed examination 

in Appendix 5, shows that "shave type of modes ar possible et 

frequencies much lower than the "acoustic" type in an elastic 

medino enclosed in a tube. This conclusion therefore presents us 

vith a possible explanation for the modes found in practice. A 

comparison o' thcze modes with those predicted by this hypothozie 

is undertaken in the next section. 

4. Analysis of the modes found experimentally 

First it is necessary to decide wk at, in feet, aro the mode 

cut-off frequencies obtained in practice, 	have t7o methods of 

estimating these, using the attenuation. maxima or the phase 

velocity discontinuities. They give slightly different estimates, 

the pest attenuation frequencies being often a little lower than 

the associated velocity rise. In practice, thersfore, the peak 

frequencies have been taken as the best estimate for the aut-off 

frequencies. 

As an example, we 11 deal with the analyeis of one set of 

readings, set 69-719  whose graph of attenuation against frequenoy 
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h 	l Tci 	' 9.5). 	The paTameters for this ..x.un 

are B = 8.5 1 17 . 4-5 ,,t).],9  5% SteTgone foams, tubs diameter 

2 	.1: 205 cm. 

The "aocmItio" modes must first be recognised and this is done 

by estimation fro l the msasured 250 veloit7 which ie ive. 

estrapolation from the sowsou,Jnoy maaJwi,...muLu 	47 - 10 L13 - 

The mode frequ.encies ,ITe given by the eouations 

7fr e 
Zak TZ' 

2.77 

thus the frequencies are plotted against the appropriate solutions 

of the Bessel fonotione (fig 9.6). 

There are three combinstions of frequencies that give approz—

izatoly straight linos in this region. Of those only ore gives e. 

close fit and this is drawn, giving au estimated compression wave 

, —1 velocity of 45.9 - 0.o mv being very close to the mmeured value. 

The peeks corresponding to those fraczenoies are, howevert  of small 

size and it might be felt that one of the ether two lines (giving 

velocities of 52 and 3 ms respectively) would be mare reasonable 

since they include co sle of the larger peeks. Eowel.7or the line 

drawn h the advantage of close fit and the romsiring frequencies 

coincide well vith tho chsar mods lino. 

Having taksn into account what •o consider to be the "aeomtic" 

modos9 

 

';o plot the remainder of the pock frequencies on tie same 

grauh9  but this time against the roots of .171‘,T,)= 0 corrazPorling 

to the solutions of the rigid case discussed in the last asctiom 

o 



ao mode numbers ere ohosen1Tnowing that the points should lie on a 

straight lino passig thret2sh the origin. 

It ia seen that the points lie on a good etrai:41t lino of 

-1 slope corresponding to a valcoity of 23.5 	mo vhich from the 

kiothesis is tatem to be the shear velocity. The accuracy with 

which the points lie on this lino paasig thrsugh zero is taken as 

he justification for the choice of the :( ) roots and hence for 

th 	ption of the rigid bauildry conditions. 

Thus for the series of rme 69-71 we have zs estimates for the 

velocities 

v, 	46 • q 	o.6 m.s  

ad from those ue calculate the ovivalent flii1 13.elocii1y 

using equation 3.4 

cs.,5 	Lt: Lea — ,77 2, 

-1 
tsiving 	. 31.6 - 0.7 ms 	a value that witLin the a7cNoTimental 

OMMIT, lies olese to the thorstical value 29.2 -20ms 

5. The shear velocity n3 a ftaction of dmsity 
Eavirg a method 	the estimation of what f2 taken to be the 

shear velocity from the mode diagram the values obtained mtv ho 

plotted against the =pansion ratio 23 as has been done alroadz for 

the compression wave velocity. The graph r  fig 9.7 ewe the 

result for the runs that have given such estimates. As oan be cava 

they lie roughly on the straig;It line on the lcaarith,72ic ra,-E44 with 

slope of 0.5 corrospondigg eil to the behaviour of the theoretical 
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OTAatiOn 

4. 

Tbis slope would be found fox a;y velocity 	chac-e;cal won the 

density of the mrediu!a in the maal msnnex. 

We have an independeEt way of establiskimg the. shear velocityz 

from the discrepancy of the measured coon wave velocities 

from the theoretical exProssion. mhis is of course, arguing 

round in a 'circle siree we have postulated the erintence of the 

shear modulus in order to om.plain this discrepancy. But the 

indoPendent methods lead to very claw. ',-,.3roement es the line dx&wn 

in fig 9.7 shows. 

From the interceDt of the best straight lino Orough the 

points, we can estimate the shear modulus, since it elvears to bo 

indepe4dent of the foam density. The intercept is 8 - 1  

(ems ) gl.ving a he tndulue of 

This value is very zneh h'7, gaer (ay a factor of 1000 than that 

calculate'd from Deryagin's theory (1933) (18) mentioned above in 

Chapter 4.2 usinE tho mean bubble size and an estimate of the 

surface tension. :Cut this moasurenent, for 5% stergene foams, is 

only about 30 times greater than his measured values of iZ for 0.1 

% oapouin foams; 22000 dyn 

The-points-in fig 9.8 have been, plotted wesloctig aDy differ-

in bubble size between UMe. BocamGe of the high degree of 
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scatter end since there is soma suspicion that the capillary 

theory does not explain the oxpertments1 valtne it was felt 

necessary to test yhether the shear modulus depended upon the bubble 

We have from equation 5.11 

p&. 

azd this relation is found to hold quite, well as far as the 

variation with expansion ratio is concerned. The shear modulus 

will be given by 

now from Deryagires theory 

5 

where B is s constant. Thus platting 	against 	011. 
:k,'7• 

logarithmic graph should give a slope of -078- 	.1-1,7276 as can be seen 

from the olotted values, fig 9.8, there is so much scatter that no 

useful conclusion can be dTawn. The reason for the scatter is 

um:'s.nowil, it seems to be independent of the temperature. 

9.4 ANTERIATION AT LOW FEWEECKES 

The existence of the mode structure on the wove propagation 

means that mewurement of the bulk: properties of the fom, except 

for the shear volocity ho men very difficult. However, we can 

examine the attenuation at frocuancios boioW that of the first mode, 

so that puze piano waves of the zeroth symmetrical mode aro 



Yn theze ucasuranonts wa must be careful that the 

frequezay is not taken too low iaa case effects du a to longitudinal 

resonances in tae tube occt;r7  sfinoo in these regions we cannot be 

sure that all the enero,  is abse.Aed at tha attemator. 

9  With this -9rovico we can plot the attenuation, 	as a  

fuuotion of freqnsacy on a logarithmic graph aad we find that for 

each set of readings the smasurod values satisfy the ezzosision 
n. 

where A ani IL are constants. 

We can recognise two regionss 

(i) high 	Iti 	> 0.0 

whore n 13 thus from chapter 6 

6 	CS :NS +evil:A: 

There are only two sets of readings in this region giving the 

following values of A 

D 2.20 ± 0.1 	A 6.0 t 045 x 10 	m 43  db o ops 

E i35 0.1 	A 2.9 0.3  

Apart from this, no more useful conclusions may be drawn 

because of tho scarcity of data. 

(ii) low densities 	E 
	

p < e 
r, •, 

where 	•4-• 2. corresponding to the classical t,;./po of at temation 

proportional to the square of the frequency. 

row plottinz the measured values of A es a function of the 

expaImion ratio E (fig 9.9) we find that a slope of 1.5 is 
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9.5 VELOaT DISPERBZON AT LOW PREQUEUILS 

With tha at lAmitatiors as therm dezcribod in secti 9.4 1,;',3 

may eTz2Y,17s) the velocity as a fcmction of fxevemey in the regn 

below the first aade. 

The veloceLty incrowed li=arly with frequenqf in alt 

case. The volocity-frscicenew slop= givo the graph in Z419.10 

whan plottea against expanzion. ratio together with thD vale 

found by Ka3yAus (1958) (3). nva mszclianm effect OWLIV3 in 

176361011. of E -u 4 vka7n it is like:47 that Maj02 r5tmIctural 

ohamges occur in the =dim E60 it toms from a htIbbly livid into 

a foam. 

Karam attributed the dispersion that he found va;:filp-  to 

datergarst in the water and this Bosse to be a reazonable hypolalcsis 

si= ay surf= active egcnt will increase the auTfass viscosity 

of the iterfaces. 

9.6 CONCLUSION 

We can conclude from the experimenta razults that the compr-

casional wave velooity is predicted. well by the ths=otically 

derived avatiora nay if a carreotion As madc. 

if the correction is rade by postulating a shear modnlus of 

about 
ctJj 

a value which is mnch higher th= that predicted 17 the Deryagin 



theoryt, then the appeozaraVa of a modestru.c.,-tul,e in the pampE:Fp,tflion 

at Meter 	ic i cage 

The existence of thee edc-s is as gcedictod by the theoxy of 

:pro.pas'ation of waxen in an aciztio racdita-a c,,ntained 

tube lehenthce 	noanplacemezt at the wall (the Ri 

oeszet, sae A3-2,p'ZZIfiLt 5) 	In thiition to the -aormal "asoustion 

modes there exist "ZiiSaT" type modes whose,  out-eff frequenciez 

depend upon the sheez eve velocity. 

Me ex:Intense of modes makes the investigation of bzdk 

propex.tics an a function of frequency wig* a:L.:Acuity but at low 

fi,equencier3 oome meastr,2anents have been mado. 	silito of a 

laxvo scattert, the attenuation for liEht foam±esimilar to that 

pzedicted 	dilatriaional viscosity theelw9  usiAga very hiEfa 

var.° of the assumed lit viscosity. 

9.7 SUGC4EZTZONS YOE 3.6TEErtlIR 

The results of the pre2sent work svass•st rieme 1.10133Ablo lizaao of 

futzr,s researeh. It is quite obvious that fmthe:c invorti6;at,,on 

of both velocity =11 rs,t,terrtationin unifo:v.:m foamo znd bubbly 

liquids should be rale oval- as wide a 2ange of bubble size end 

deneity ce:, pcosiblo. Vaviat:loxn with froquen,c,y, bubble SLIA:40 

density at von low frcquonoion (below about '1100 cps) azi in the 

minimum velocity CC( 	9.,  2. ) 1,73/224 OD 

olstence of the pTedicted themal ard viscous Tel 	processes. 



iL 

1.T; 	ocem best to make those measurements either in two 

free bulk medium or in an apparatus with easily interchangeable 

measurement tubes since the affect of the Enclosure As so marked in 

the interesting regions. Problems duo to tho difflonity of formiag 

and retaining largo amount of uniform fo win be encountered on!: 

tho present apparatcs could La pTitteiplo be altorod co as to 

produce foams at much larger rates if the bubble making section 

could be improved. Multiple boo of precision fine capillary 

tubiag or a mechanical bubble—forming systam nigh''.; be used. Ro

ever the main difficulty would be the prevention of drainage in the 

foe% onoo formed. It may_prove necessary to accept the denoity 

distribution as pazt of the experimental condit:r,ons. 

The existence of a foam shear modulus avegeatod in thin vo:'&2  

amuld be confiTm3d9  if pcswthle iizi an appaTatun ornoiaily dc5igiscd 

to enCite ohciaT wavel pinnoc, The,  coi;izations of velocity' that have 

beoz mde wuld help in the eicaign e2 such an apparatus. Me 

variation of the shear velocity with frequeneys, density on. brbblo 

size uorlei be the pa' atm of such an investigation but eh=go; 

in shear modulus due to foam stricture and the properties of the 

surface leyero in the foam 'mull also be interestftng problem. 

The minimum cocpresstan wave velocity region is of interest 

particularly in the connection with the pumpirs of 2omo ard 

liqu.e mixturas at high speeds. IT the mixtuoe bohavee ao s fluid 

(i.e. thE;Te in no plug not') then high amplitude variations La 



deity would be expeWmd if the pumping mead is higkrz,  thea the 

soumd suecid. It would be interesting to cse 	th.is phenomenon 

An faot Poen:eyed and it could by easily studiod using simio 

appaTztu5. 

The blIbblins pmcnso *Itosif is still little undexptcod ana 

as pointod out in ADponaix 4r  fuother fundamental vioTik on the 

foTmation egouth ard broakoff of e bubble woula be unofal. 
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APPEFDIX 

A GLOSSARY OF TURES USEls) IN DEBORIBIUG VOANB kap SOME OP Tarr& 

PARA:MT:RS 

1, GENERAL 

FGEM avo ag;aomsratiens of gas bubbles coperasu d.xam cac,h otheo 

by thin livid films (as defined by Br san (l0)) 

ta a term used to descxibe light, steolo foams. 

Eozodisvcrso Foam 	oao 	which all the bubbles are the same size. 

most foams in practice a Polvdionerna, having a vide ,Tamee 

of bubblo 	onocumerge foams have cortain aistinot 

miopertios in particular their crystalline stTuoturo. 

Maohanioal  Foams are those) genaratod by mechanical (e.ç. 

bubbling or agitation) vather than chemllal moans. 

2. FOAM DIMITY 

post6:tzv 	the maes of unit volmo of foam (sm. 

S.ocefic Gravity 9 litho mtio 

maw of unit voltme of foam. 

mass of uuit vclumo of water 

27=s-son DefiKod by j.M. Perri (1953) :ref (I0) ao (speciff'.o 

,-4 
gravity) '. 

Ilas Ratio. ifiv 	(or Zo:17171.Tioh's 	Rato.,7,0 
	

defined by 



KarPlus (3) as the ratio 

 

mass of gas 
(in the Porn) ES 

mass of liquid 

and in terms of the 23EEpion festal  Ep and the 

factp:11.„, As 
Tz. 

air volume 

 

Densityratio defirsd as 

density of soln 

density of foam 

and is appmximato eval to tho 	Rter foY. 

tom' foran. 

3. DEUT.iTY IU TERM OF T  VOLUME MPAUS.KOD 

Expansion factor.  E7  defined by Clark (1947) (6). 

identical with Friedrioh' s (1943) Foam number 

 

 

Vol of foam 

 

    

Vol of sole 

thus z:--; 	 E -c ) pc, ) 

and for wort fouls, 

P 
this quantity is used in this report because it leads to simple 

expressions fox the mociw.ical properties in the regions of 

densities that aro used. 

AiF_Ss.mg0._volume facto As Clark (194th (6)5, 



vol of gm 
A 

	

	 — 1 
vol of lior:ia 

vo 	7,-Tx 	0942) (4) 

vol of gaG 	E 

vol of :oam 

VO 71.1.7-1 tae volume peroentago of air (or ,$)-J. uscd 7cg 

  

MoBain and Ross (1949) (9) cod is relatad to the volume. ration  

fir7 	P 	(2,1 fro :th_ing volums 	LCD :72'. 	tOD 

foamince, poweT,  Pr  vas degined by Bailey (1935) to co=aTe 

C3 ifferent livids used in tho preparation of foaao. It 	the 

io7easo in vsAunin upon foaming and is alp sea ao a 

poroentesa 

P GOD  

.P,am donnjA2. f4 is striotly an innasourato doaoription 

aims it was de: 	by M:sain et al. (6) in toms of a 

vollme ratio 

vol of soln 

vsl of Toam 

tut for =ma i foams it is app:(:!,, t 

d 

defined 	tho varzal way %Ls 

vol of oontinnoom phase 	v•ol of so in 
CS1 ua 

total val vol of foam 



4. CiaWEPX170 DO aYWMG riTE YOBT!E SIZE 

1,1)Vola  vollA v. is the voinae of the as ca imd in each cell 

of the foam, and it is this viantity eich is rmasured ezperi-

mentally and is used in the main body of this report. 

bubble radiv,s, a, the radius of the sphere which hea the sa= 

voltme as - :o gas in the cell 

( 

call volume, V, the total volume of each cell containing a blonle, 

the 	surroundire it. It can be eroressed in 

telcan of the buirible volume end the ezpancion factor 

E7.-0 
inr.dito is the radius of the syhore that will fit imide the Coll. 

It is used in partieular in connection ith the face conchqod 

.Tic lattice mods for the foa 	In this case it is 

approximately sTml to the 7:1-./ble radius, a. 

specific ,surfcs, 3, 

 

(o A), Nil:doh was first used by Olmez. (1947) 

(6) is Darticularly useful in descr:%bins. the cheractswistf.us 

of polydiepsrse foams, masuring the emrily beaten into the 

foam in the form of increased surface area. It io defimd 

the area of interface between the disDerse and the continuous 

phase ircluded in 	t7clume of foam 

area of interface 
- 

vol of foam 

fop a monedisperse ,(ch.m, with kM121q2.1):m, a, 

3 5 	. 



LV. 

d:IsRpr„sivilw,p  was usea by Devagin (1933) and has tho saw mean:Ws. 

as ppecificpmfaca. 



APPZE-faX 2 

A.. SIMPLE AwALYSIS O1 'EL'L Ds.a.-Plact -num A ma 

The model of the foam that we shall use is one WLOTO each cell 

is considered to be a liquid sphere, radius R containing a bubblo 

of radius 	. We are interested in the variation in teKciperature 

ithin. the gas in this bubble, and how this is influenced by the 

liquid .1J3 the coll. In the ?ollowing discussion the cell size is 

corsidered to be much smaller than the acoustic wavolergth. 

As the pressure in the cell increases so does the temparature 

of the gas but radial heat flow takes place to warm the liquid of 

the cell wall. 

For low frequencies and very small bubbles, and ?or large 

volume of liquid in the cell wall, the conditions are such that the 

temperature in tho n'AG remairo approldmately co tant, i.e. iso—

themal conditions exist. 

For larEe bubbles and hig'al frequencies when conditions in the 

infinite xre gas would be adiabatic the rate of heat flow will be 

call and conditions et the centre of the bubble will be nearly 

inde-a3ndent of the cell walls. Towards the cell mlrface, however2  

conditions will be oar isfAhozmal since the liquid acts am a 

heat sin itp thus keepliDg the temperature eozatant. The mean 

effect will therefore be intomodiato between the two lidting 
cases. 

At intermediate frequencies, the heat flow will be out of 



NOW 

dp ck 
Smbstituting azol TearRaingLre, 

da 

arrixe at the restat 

wita the wesouxe variation; this cut o2 phnse of  ,r will 

give T.1100 to ea imaginary pi rt in the comprosoibility 	hence to 

thermal dampilaz. 

We will now czamine the thermal conditions Imre clocv5!Ily 

Some i  hvmod74ago relat: 

Moro az.e, 	xclat:kozo stick.) we recrcans. 	Cqtaatif.321 

state of the gas 

differeriated leads to the relation 

pdv 
	 de. 	 Oa) 

whe7m p io the Gae Constant and a the tcm:2:i-Jatrae. 

The second expxsanion we need is the Firzt Law 

dynanics 

mbetitution from (1a) gives the revired relation 

Cip de? — 	dip 

Now from Oa) we obtain the k`bul odulm 
dp —17 

P 	ct, ' :6 17? 
" 

d631 1-6  
•Kr dtpj 



spa 

well—latoro. relation:3 for the c;,-,ao:ocesibility of a 	ot:6-2 

easily be found f.T.0111 thin exp.:cession; thrm 'or isothermal cond.1 

tj.01239 when da o equation (3) gives 

r.; 

Under adiabatic conditions, dqm C) and calaniating 
	

from (2a) 

we have 

czp 
and su:bstituting 

P 	1- a 1:7.  
zr 	

P 

Now in order to doteroine the compressibiliV of the gas fm 

tho foam it is neosesaly to examine the ilea flew to establisk,. a 

e49 value for tho factor 	. 

The heat flow in the _gas 

The eqtaation defining the thermaa cenftctirity in a medium is 

whera is the rate of heat flaw aerasc 	LITS 

—1 and 	is the thermal conductivity (cal an sac-1 dee1C) 

From this relation we obtain the evation:?v2 heat conduction 

in a modium whies Caere is a heat source A . 

n 	8 a 
	

A 	

(5) 

wItere A is the heat produced serunt tiute psr 	volume 

of H.S. Cs slaw vad 4.C. Jaeger 
"Conduction of heat ill solids" 
2nd ed. Oxford2  Clarendon: Press, 1959 p. S. 



fls t1 th'avenl clit-Fue.vf.ty 

'p 

whfi.oh hao a value of 10.2 102 
	

air 

Now from equation 2a we can ut 

Taking Lap1a,C9 Tre.D.SfOITM Cd (5) after zubstitutkIng 	(7) 

vaN 	
CZ 

If WO rm-rite tiiio equation in tax= of --cr 	a:07: %am 

syt-ametriosa 0013G 171.2' arri-cre at a eimplo expresgiell for efrEll 

The vnere.1 2o1ut:Ion for thiP eq:aation io 

c 	4 sv  - s 

The bouinclav coo ns are that 

051 

(6) 

(8) 

at

at r v,  0 

r 

thus b —C 

Now we must comiciar the heat e:..,-7.P,37,E-,%.-ro at the cell tolmetary. 

Wo assume that the heat flow :.kNe the cell wall meraly rairiee the 

tertmenature of the liquid which we aesurae to be conetcalt acoo43 

the wall th:kolimeee; there isf  of aourze/  no heat now from one 

cp'„,al to another N  07neept 711M1 the Exuma waveleyzzth is of the, 0:0.exs 



(1 ) 

(a5 	
0"  a 

SraM tituting fov 

2sc cosh sa. 	— s 
we obtan a .TelatImt for the 

(1 6) 

53 

th0 C011 Z",:12:'. WO do met comider this case hero. 	• 

For uwit area o the c,all wall 

B.C. 3) 
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as oe or Ye-1,  aP this expreseion reduces to the well known 

value for the adiabatic caee 

The imaginary part givee 
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wilich also reduces to the expresaton derived by Pfricr at high 

freareenCiee. 

owe 3 Ieteeeedkate Values of Bubble ai ze era Fr.eleuenov 

We have devived analytical expressions for the vaeiationof 

bulk modulus and loearittmio decreaent for the two limiting eases 

of high and low frequenoys but for the intermediate regions the 

whole expression, i.e. equations 28 29 gri 30, must be used. 

These have been calculated for certain values of the expansion 

factor; they are tabelated belc (tables 1 amd 2) and are plotted 

in the diagrams (figs 1 ). The curve2 also ehow the variation of 

decrement and effective specific heat ratio with both the parameter 

201, 3s and the expansion factor E. They show that for foam of 

expansion factor less than about 1009  the damping and bulk modulue 

are approximately as predicted by Pfriem for bubbles in an 

infiette liquid. This is to be expected since the effect of the 

mass of water is very marked and it is only-in very light foams 

that it becomes of the samo order of magnitude as the thermal 

capacity of the air. 

338 

(42) 
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Concluson 

Using a simple model of a eel/ in a maze of foam, wo have 

derived expressions for the bulk modulus and logarithmie decrement 

for the gas in a foam. The complete analysis gives values equal 

to those obtaSmed by Pfriem for the single bubble in am infinite 

msdirn2  Om. the foam is assumed to be very denaa. 

It in concluded that tin variation in bulk modulus and the 

thermal damping deorement A? 9  are greatest for dense foams. 

The decrement has a MaTtEUM value of about 0.35 at 20)g'IrAEF. &I. 	a 

For foams with expansion factor less-than about 1002  thave 

little chaise from this case; but as foams become lighter the 

variation in bulk modulus lessons and the decrement also becomes 

smaller. 



TAM 1 

Effective Speoifio Heat Ratio, 7 for the gas in a foam for 

various densities of foam. 

1 	100 	1000 	5000 	10,000 

IWO 

2z 

21C 

3ir 

41v 

5ir 

61v 

710 

8ir 

1.0 1.008 1.070 1.205 1.272 

1.002 1.010 1.069 1.207 1.2735 

1.029 1.030 1.089 1.2125 1.2760 

1.0985 1.104 1.1365 1.2255 1.2820 

1.1745 1.178 1.200 1.260 1.300 

1.241 1.243 1.255 1.2895 1.3165 

1.2785 1.278 1.287 1.309 1.328 

1.3015 1.299 1.306 1.322 1.338 

1.3175 1.317 1.321 1.331 1.344 

1.3270 1.327 1.331 1.339 1.351 

1.3355 1.336 1.3405 1.346 1.355 

E, the foam expansion faotor 

values calculated using Heinrich's Formula 

values for 2z ?..2.11: are calculated from an approximate 

formula is7  = 

  

04 23t -fro 

 

 

14. 	(1+ fb) 



TABLE 2 

Values of logarithmic decrement.:  &r,  for foam of 

various densities 

v 	900 	1000 	5000 	1(4000 

2 . .0746 .0710 .0501 	.0139 .0052 

1g .25124 .2404 .1663 	.0540 .0233 
3 .3534 .3428 .2548 	.0942 .0472 
21e .3438 .3349 .2692 	.1287 .0573 
3x .2795 .2745 .2356 	.1244 .0683 

4= .2305 .2273 .2023 	.1242 .0744 

5Nr .1946 .1922 .1750 	.1153 .0758 

6r: .1682 .1667 .1508 	.1073 .0742 

7g. .1478 .1465 .1370 	.1000 .0727 
ft .1319 .1310 .1233 	.0937 .0700 

** 
for values of ), 2M Ghe values have been calculated by 
the approximate formulas 

z(x-d)(0+22r4b)- (0+2z. IU 
(X-0 a' + X 22'1( ZZ.:1004 22tiA 

E, the foam extension factor is related to the density by the 

'orals 	1 az P-7 	(t5-0 
PL. 
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A SIMPLE mon FOR TEE DILATATIONAL viscosirr OF A CELL Ii A FOAM. 

04% 

The dilatational viscosity of a 

 

um is that viscosity which 4i4 V , 

 

opposes pure expansion or compression of the materialt  apart from 

that due to the shear viscosity. The viscosity in the case of a 

foam sill depend upon the flow conditions around the bubble in 

each cell. 3ecause the cell shape is co complicated any attempt 

to describe the hquid flow accurately rill be mathematically vex 

difficult. We therefore have to use a much simplified model, a 

spherical bubble radius ap contained in a spherical cell of liquid, 

radius R. 

As our starting point we take the Waviexokez equation for 

the pressure opposing expansion under conditions of Gpherical 

symmetry. 

4 ) a64, ef,-„.) 	2,L  
a7- 	ar (i) 

We assume that the motion of the liquid shell is purely radial and 

also that the wavelenzth of vibrations in the foam is much larder 

than the cell diameter. Then the radial velooity of the liquid 

can be given by the folloving equations 

'lel 	tr. 	UR, 

Thus the first term on the R.H.S. of(l)reduces to zero aud 

(2) 
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,r)UT 	g3 U —  .r  
Then putting 

rate of &saga of cell volume 4-firg 7-  UR 

and substituting intoWue have 

opt,,/) ® 471,6X`''' 
Y 

IP- 	dq' 
VC •r* (5) 

hence the bulk =lulus of th9 oohs  neglecting any shear modulus;  

is 
• 307 -  -v 	yp—v?' 4- ego -- ( 	-;,133  ) 	(6)  av 	 zra 

assuming sinusoidal volume pulsations. 

This expression can be simplified because 

bubble volume . 17.  7.-, vra 3 

— 	f t— a  3 )w. 	1 
R 5 	E 1.1 	E —G (7) 

Thus we arrive at the followi 

 

expression for the bulk 41,f 

  

modulus (or Lamg's first cants .t if we neglect the shear modulus) 

of the foam medium 

X 	zr. V P fl..- 0 	4 	e e,0 	
.3

4 , 	
(8) 

The logarithmic decremener, due to the dilatational viscosity 

is therefore 
t o; 

AY — Nil 4,0 Ile. 	1 	 `3T. co 21 _ 	 (9) 3 	7 F E 	 T 
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Comparison with Taylor's Theory 

G. Taylor (1954) gave en analYelsof the dilatational viscosity 

of a liquid containing many tiny, widely spaced butibles. The basic 

assumptions were that the bubbles mull be considered independently 

of each other. His value for the dilatation viscosity (which he 

denoted by 	) for an incompressible liquid is 

2.6 (Jo) 

where x, is the air (or gas) volume ratio 

a, 

 

is the liquid viscosity. 

Now equation 10 differs from equation 8, particularly at the 

limits of the density range. 

Taylor's assumption of sparee bubble distribution suggests 

that for very light foams (i.e. E large) the theory based upon cell 

structure is likely to be more accurate. Even so in this range the 

assumption of a spherical cell is likely to be invalid. We should 

expect, then, that as E —1,00 then A1,1 -, 0. This is not unexpected 

since in this range the amount of liquid is very small. Taylor's 

theory predicts that )4 should tend to a constant value under these 

conditions. 

For bubbly liquids, (i.e. EC 2)7  Taylor's theory is likely to 

be more accurate than that of the author since the assumption of a 

cell structure is no longer valid. He predicts that X tends to 

an infinite value for an incoxnpreseible liquid but passes through a 

maximum and then goes to zero if the liquid is oompressible. Our 

theory suggests that it would tend to a constant value at E 1. 



For dense foams, where the assumptions of the author's theory 

are valid, the theoretical predictions would seem to be more (=Teat 

than those due to Taylor. 

Conclusion 

The theory presented supplements Taylor's theory in the 

regions where his assumptions are invalid. For bubbly liquids 

Taylor's theory is probably more accurate. The value of 

dilatational viscosity obtained is 

A!
0  

E > ) 3— 1)u 

and hence the logarithmic deorement for compressional waves in the 

foam is 
k E 	) 



APPENDIX 4 

THE PRODUCTION OF BUBBLES FROM AN ORIFICE 

Introduction 

This note is based upon work done to establish whether the 

bubbling method. could produce large numbers of bubbles of suffic-

iently constant size for the foam experiments. It was felt that 

it might be useful to investigate the problem theoretically as well 

as experimentally. 

For small gas flows the s:Lze of a bubble produced from a small 

circular orifice is given appromtmately by the well-knowa 

relation 
3 	r,  

L(p1.-Pis, )$ 

where 	X is the (splLerical) bubble radius 

r is the orifice radius 

T is the surface tension of the bubble liquid 

pu pf, are the liquid and gas densities 

and 	2 is the acceleration due to gravity. 

The assumptions made are that the contact angle is zero, that a very 

small flow rate is used and that a spherical bubble is formed, 

whence the relation follows by equating the buoyancy and surface 

tension forces at breakF-off. 

For air bubbles in water at 20°C this relation reduces to 

o.m.g 	Y.3 
	

(2) 
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Ccin (3) 

or 

IF 

where v is the bubble volume. 

Maier (1927) reported that not only did the above equation have 

to be modified by a constant faotor in praotioal oases (e.g. 

measurements gave an average value of 
3 

 . 0.33 cm  22 but as 

would be expected from the stated assumptions, at larger flow 

rates, the equation was virtually useless. 

Batta (et. al.) (1950) collected data from previous work on 

the subject and showed that as the gas flow increased, the radius 

of bubbles produced decreased to a minimum and then gradually 

increased to a point where the bubble size became random. 

Some workers tried to produce theories to explain this varia-

tion. Most of them have considered the question from the static 

point of view, attempting to calculate the shape and surface area 

as a function, of the bubble volume. The bubble shape is important 

in evaluating the surface tension forces at the neck of the bubble 

as it breaks away, but the mathematical problem involved even in the 

static' case is formidable. Null and Johnson (1958) approximated 

the shape by equating it to a sphere standing on a right truncated 

cone whereas Poutanen and-Hohneon (1960) used an empirical formula 

in polar coordinates to simplify the calculation. 

Krevelen and Hoftijzer (1950) tadkled the problem from a 

different direction. They pointed out that the maximum produotion 
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of bubbles would occur when they formed a chain, each bubble 

touching the one formed before it. The bubble diameter produced 

for a given flow rate would then. be independent of the orifice 

size but would depend upon the rise velocity of the chain of 

bubbles away from the orifice. This will not be the same as that 

for single bubbles and so these workers examined dimensional 

formulae to establish this quantity as a function of bubble size. 

Ho satisfactory theory which accounts for bubble size at 

high flow rates has yet been produced. Any such theory must take 

into account the effects of orifice size, surface tension, density, 

viscosity and gas flow rate, Since thegas flow rate (or the 

bubble expansion rate) plays such am important part, it war 

thought that study of the expansion process from the dynamic 

point of view might augment the considerable knowledge that we have 

about the static problem. We deal with this approach in the next 

section. 

Bubble Fomation 

The process of bubble formation may conveniently be divided 

into three phases; the expansion of the bubble, its eventual 

separation from the orifice and hence from the supply of gas, and 

its acceleration and ascent from the orifice region as a free (and 

possibly osoillating) body. 

We will consider Emma points about these stages separately 

(i) th expansion of a bubble. 



The simple case chosen for theoretical examination had the 

following features. 

The bubble was produced at a point in, an, infinite liquid of 

density p and viscosity 11 . The gas-liquid surface tension 

was T and the gas tvas. passed to the bubble via a very long thin 

tube so that the conditions for spherical symmetry could be 

satisfied. 

Tao differential equation to be satisfied. was fourtA  to be 

Pi,Ut;) pcd  • 3 ,..(dA 	,„ra  cPg 
7. 14' ‘ -a I 	TEN 

24T 	da 
•r-=. 

M cat (4) 
s. 	3. 	4. 

where the torm 

1. is the proses se inside the bsbble which coy be a funotion 
of the gas flaw rate. 

2. is the hydrostatic pressure in the liquid. 

3e the effect of production of kinetic: eaergy of expansion. 

4. the effect of inerUa of the fluid. 

5. the effect of surface tension. 

6. the "oxoess pressure" or viscosity effect. 

Inspection shows that the solution of this equation, would be 

difficult as it standsp but some approximations are possible. 

Let us assume first that we are supplying the gas from a source 

of very large capacity so that the pressure difference between the 

gas and the liquid remains constantp i.e. Pz. Po.  - Po . V4; is 

quite likely that this assumption will prove to be invalid sines 

bubbles are usually produced from long thin capillaries across 
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which there would be pressure differences dependieg upon the gag 

flow rate. The question of the affect of a sound wave on the 

process is also interesting, under these conditions the pressure 

would contain a periodic term. However such complexities may be 

left until the simple problem has been solved. 

We can make another assumption, that of reaeonably slow 

expansion where we can aasuma that the inertial teems are 

nogligeble but where the viscous terms are still important. We 

mey then neglect teems 3 and 4. in eqeation (4)T Biw;ezZ' us 
2.T 	els) eq. 	

(5) 

integeeating this loads to the solution for the radius R es a fuection 

of time. 
2T 	(g,c,_ 2T) cw, Pit 3.  

	

7F 	r  e.7q 

:-- 110  at 	=- 

upon rearranging this gives Bi
ng  

-017, 	Ro 
now the expression 1L 	is the pressure excess on the bubble 

over that needed to force the bubble out of the orefloe egaieet 

surface tension forces. (The surface toesion can be meesused 

using the critical pressure under °rem flow" conditions). This 

pressure difference is termed the excess pressure PE . If it is 

positive, the bubble can expand; if it is negative the bubble of 

course will contract. 

(6) 



But the rate at which it will expand depends, in this theory, 

also upon the absolute pressure difference (the difference between 

the gas and the liquid). It is this that will determine the 

frequency at which bubbles aro produced, togetherwith the 

conditioma for breakaway. We consider these in the next sectaon. 

(ii) The Mechanics of Break—away 

The bubble geows any MOT= away from the orifice until the 

film connecting it to the surface breaks and it is out off from the 

gas supply. 

Whether the film break° due to mecheeical rupture or because 

of instability in the cylindrical tube is in doubt. In the 

static ease, the break occurs as soon as the buoyancy overcomes the 

surface tension; but as floe rates increase other effects come into 

pley. Among these may be 

(a) Buoyancy. An upward force of ibrepLeir with R varying 

with time acooevii  g to the expansion process. 

(b) Surface Toneion. An appreximately constant downward 

force of 2 °T where ir°  is the smaUeet radius of 

the nook. 

(c) Drag due to the upward motion of the bubble in the 

viscous liquid. For low speeds this will be prop= 

ortional to the upward velocity relative to the fluid 

(by Stokes' Law). 

(d) Upward Drag due to the movement of preceding bubbles. 



They mey be considered ae carrying with them, a colt of 

liquid moving at a lower velocity. This then reducee 

the effective velocity of the bubbles in term (c). 

Inertial Torce duo to the acceleration of the liquid 

sue-sounding the bubble. Ono can imagine a mass asseci-

ated with each bubble - the "accession to inertie, which 

has been calculated es .7-TIVA /36 for solid =hares. 

Repulsion from a suefsee due to the rapid. expansion of 

the bubble. This will be most marked at high gas 

pressures end at small distances from the surface but 

under 

 

most conditions it will be smell. 

Gas inpant duo to the upwaed momentum of the gam flowing 

Ante the bobble. 

It will he appreciated that if all the terms are inoluded the 

problem will become very difficult, especially since most of the 

teems involve the solution to the first problem, that of the 

exransion of the bubble. 

(iii) The movement away from the orifice 

Once it is free of the restraining surface tension forces, 

the bubble can accelerate to the terminal velocity in the liquid 

and move away from the growth region. The terminal velocity 

depends mainly upon the buoyancy and the viscous drag9  but also to 

a marked extent upon the motion of others in the chain of bubbles. 

(0) 

(f)  

(g)  
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It is this latter dependence that is most difficult to estimate° 

Krevelen and Hatijzer (1950) produced a dimensional equation to 

estimate the most this effect could. have. 

As the bubble rises it oscillates both in volume and in shape, 

This oscillation produces a pulse of sound as each bubble is 

produced, and this can cause interference in acoustic) experiments. 

The fTequencv of Bnbible  Emission 

We oan use some of the points discussed in the last section to 

estimate the frequenoy of bubble emission. The maximum bubble 

radius is given by the break-off conditions. In order to simplify 

the equations still further, lot us assume that this is given by 

the static formula of equation (1). Then vie can estimate the 

time needed for expansion from a sm01 sphere assumed to have the 

same radius as the orifice. 

8 	• 
RP 	it )4'7 1 

where 	is the frequency of bubble emission. 

It will be noticed that this frequency is very dependent upon the 

injection pressure and especially upon the excess pressure over the 

critical. 

Practical Observations 

The bubbling process was observed using a stroboscope and 

travelling microscope and bubbling through glass capillary tubing. 

The following points were noted: 
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(i) It was easier to keep bubbling going than to start it 

initially. This consistent with the hypotheeis that the motion 

of other bubbles plays an important role in the bubbling process. 

This effect seemed to be more important in pure water than in 

water containing Stergener  which has a much smaller surface tension. 

(ii) The bubble is attached to the glass at soma distance down 

the tube. The narrowest part of the stalk is therefore smaller 

then the ospillary diameter. 

(iii) It grows from an approximately hemispherical cap 

situated inside the tube and rises as it grows until it is joined 

to the glass only by a long stalk. The stalk is then suddenly 

pinched ins, and the bubble rises feom the surface. 

(iv) Soon after out—off the bubble still has the vestige of 

a stalk and it executes surface cillations due to this initial 

distortion. This may be the primasy cause of the raise produced. 

since the sound intensity decreases when Stergene is added to the 

water to decrease the surface tension. The sound spectrum also 

contains more than one frequency. 

(v) An approsdmately linear relation between pressure and 

volume flow was found except at low excess pressures:. 

(vi) The bubble size remained sensibly oorntant unaor constant 

pressure within a limited pressure region. 

(vii) The frequency of bubble emissionp  measured with a stop

satch at low frequencies and with a stroboscope at hies frequencies, 
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remains constant and independent of the preesure over the same 

region described in (vi). 

(viii) The between-bubble size variationl  i.e. the differ-

ence in volume between bubbles produced within a short time of each 

other, vas shown by photographs to be less than 1%. 

Conolusims from the Investi_gpe_bion 

Any solution to the theoretical problem is handicapped by too 

little information about specific points such as the effect of the 

motion of other bubbles, the shape of the growing babble and even 

the conditions of the break away. It is felt that MOTO work must 

be done to elucidate these specific points before the theoretical 

problem can be tackled with any hope of success. 

The forzationof a bubble apparently depends to a marked ext-

ent upon the motion of other bubbles in the chain,. 

The bubbling method can be used to produce small quantities 

(of the order of 10.0 mL per minute) of air bubbles of constant 

(within a few percent) and reasonable ( iv 10 AeL volume) size for 

the foam experiments. 

Constant size can, however, be expected only if the pressure 

is kept constant and. much higher than the critical pressure. But 

if it is taken too high, turbulence sets in and random bubble sizes 

are produced. There is therefore a safe pressure region where 

conditions can be stable. 
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Acoustic measurements showed that the sound pulse produced 

upon emission of a bubble was of high enough amplitude to require 

that the measurement area be /rapt separate from the foam-maing 

pa of the apparatus. 



APPleeeIX 5 

THE PROPAGATION OF MASTIC WAVES IX A MEDIUM ENCLOSED IN A CYLINDER 

1. INTRODUCTION 

The problem of peopegation in a free elastic cylinder is an 

old problem and the general behaviour of the modes found is well 

undeestocd (Mott*  (1960) has discussed this emd similar problems). 

The complementary case, that of the cylinder whose surface is 

rigidly fixed, has, however, not received much attention 	We are 

interested not only in this latter case but also in the intermediae 

te case where the elastic medium is able to slide quite freely in 

the tube but cannot expand radially. 

2. TEE GENERAL EGA 

The eonporients of dieplacement of the elastic medeum, in 

cylindrical coordinates are weetten 

ee 	etz 	(1) 

and from these the ROTATION j  is given by 

2GO.  ‘:g. WWI 	I 0 atAg. alte av4eAlg6aftvw 
To,  

(2.) and the DILATATION A by 

th a e 	qP 717,5;,,,v'uy) 	w 	O u2  (3) 

G. Mott, A study of wave propagation in thin sheets, 

Jiniversity of London Thesis, Jan, 960. 

sS9 
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The equations of motion of the elastic medium, in vector 

notation are written 

+ 7i1,1 Fyn Li A •=, 	catai curd ca. 	(4) 

where we have ne eeted the body forces. In cylindrical coordin=- 

ates they become 

a6, d 

6 6A. 
t
q

d 4-2hk - 

1(1' 

-- t- a 
IP' .,---,r. 	

=• p al! 

2/kt aWr 	 marx 
(6) 

liow this set of equations gives the properties of all waves 

that may be propagated in the medium. We simplify the problem by 

ezamining come of the waves separately. 

3. TiE THREE TYFE,.9 OF WAVE 

(AlTersional Waves 

The wave is assumed to be purely distortional and also there is 

no radial displacement 

i.e. 	 Tr. 0  

Orgy C.4 7t,  

We further assume that utry is independent of 

Then 

CAcz---7 	a.4)q 	64)z 	637,"  
at.16) 

The equations (5) and (7) are satisfied identically and equation (6) 



reduces to 

where 

alti2q 
ar/ 

aitiq p, 	tly 4 	0 aNae 
(8)  cit 	a La- 

ca- 
(9)  

IcAdAdDlal.Faves 

	

We assume here that Q.40.),.5-0 and. t 	and. 1,4 	are independent 

	

. Then 	0 

141 Is% 

it follows that equation (6) is satisfied identically and that (4) 

and (7) become 

+ cza, WV 	 ettlr 

	

7-• 	 (10) a dir  

	

c41 	
, 	 6'00 	 oca,z (i1) 

6q, 	"(-V 	at,z• 

where 	C12'•0,22e 	(12) 
p 

(9.11T19.,APW" waves_ 

These are waves which have all components non-zero. In the 

free cylinder case these are flezuraa waves since the cylinder 

actually bonds in our case this is impossible by the boundary 

conditions to be discussed below. We might 	duce the term 

"Pseudo-flexural waves" for this case7  we have 

+ 0 

t4v, 44.f, ke7 :ZIA 0 

660 
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4. V.H.0 BOUNDARY CONDITIONS 

The first condition is that the amplitude is always finite at 

the axis of the cylinder and is always assumed to be satisfied in 

the discussion to follov. 

The second cot of conditions is given by those existing at 

the surface of tho cylinder. Since we are particularly concerned 

with an elastic medium enclosed in a rigid tube!  it ia first 

assmmed that the radial displacement is zero at the surface!  i.e. 

	

Car C 
	

) 

where 	is the tube radius. 

Vie are mow left with a choice of the value of the 	and P 
components of streos or displacesnt at the surface. We choose 

three of the possible combinations: 

Case I. that the elastic medium is held rigidly at the surface 

(the material is glued into the tube) 

t47, 	c4 af) 

Case 2. that the medium is completely free to move as a plug 

inside the tube 

tv,? 

Th-c9 	o 	Orr- CI)) 

8t i, 	akag, 
737,?. 	5Te 

oul  
k 	» 

where, 

( 1 3 ) 

Case 3. that the material is constrained by a viscous force at the 

edge of the tuba. We may represent this force by a friction term 
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(14) 

We r.OW consider the various waves possible under these 

conditions. 

5. GASE 1. MATEMAL HELD RIGIDLY 

Casa  1.A)  Torsional Waves 	A=0 	My ) IA N  LT. 

We assums that the displacement PA? is given by 

417. 
VI .0, iFit6e) 

this leads to the ovation 

	

7" 
	 Cti 

where 
	

Kt!' 17,4 
CcL1  

a solution o this is 

%11r 
	A Cgor 3 

and to satisfy the bourdary conAition, 

where 5n are the solutions of the equations 

(20) 

(15)  

(16)  

(VT) 

(18)  

(19)  



Substituting from (17) we got an equation for. the phase 

velocity V as a funation of wavelergth 

(hbr 	a  ) 
, z 

svf7- 	 urn 
(21)

C2:1 	
010ES=a1=e6-.3-. . 

f kbP' 
VI. 	Y41  .._, .., 	-1,. 	 (22) 
Cat /71Tba  

% A 1  
(23)  

the frequencies at which rev modos are allowed are given by.  the 

relation 
120111,,Ca. 

Ern) c& v.a 
zurb 

(24)  

Case 1;0 Leng&Winal  Waves 

We must satisfy the tr7.o equations (10) and (1) and we 

stibstituto 

use 	R(1,..f 
ilm—kort z 

Z(v ) 	 (25) 

then it can be silo= byatlbriiAtution that we obtain the 

following expressions for 11 cat Z 

.A ka  Yo(Y.or ) 4- 	0) ft 30 (EC3V) 
	

(26) 

(27) 

where 
WI 

t? 2' 	 (28) 
CO. 

(29) kt 2  
Ce. 



now at irtz-t2 9  the following determinant must equal zero. 
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K2.1.0:2.11 ) 

lo CX2,h) 

k So (tcsb) 
= 

tze (KVO ( 30 ) 

   

this gives the relation 

(kh)1 	 Tt)(fti b) (k#2) 
eca b ti  g (tea. b) 	aa() 

17- 0 ( 31 ) 

We can find the frequenzies at which new modes awe possible 

by putting %Jr.raD 

We find that the necessary conditions are either 

(i) sorah ix 

and thus 

or 

(ii) Of-3b) 

hn 	.57.1 
213b 

fin 	eau c 
eat 

(32a) 

( )  32b 

but the velocity equation is very complioated at other values of 

frequency. 

Case 1a21fABEWal" Waves 

We consider here only the first type of asymmetrical wave, 

however, the work of Mott suggests that there should be a whole 

series of these waves each of which will have an infinite series of 

modes. 

We put 

tidsAasep ,V$0,11 	itios0 ye atzt —dtot 	
(33) 



Na(E43b) 

c331h3b) 

36 Ora b ) 

(35) 

and, using these we must satisfy the three wave equations (5), (6) 

and (7). We find that the following solutions are necessary 

ki 	-.= A k2, I P( Kicr) -i-,  8 k tqrSa°(Y) 4-  C4 3i 0•:3Y ) 

-- 	 A ''' 5 (Ka,..1') — 8 A .'a (Key) — C tc.3 Se °((c3r) (34) 

W 	= 	A N. 36 (tar) — 8 itt? .711(1c3f .1 

sine* the boundary conditions are that (1,4.z;)  /1/12,Q,Q1,1- c 	b) 
the following detenrinant must become sere 

164, 

and upon rearrangement this reduces to 

— (tS1,6) 1—  

0 

  

  

= 4) 	(36) 

• k 	b a  
—E7 

*er® 	 32.() 	 (37) 
Se (I) 

New modes come in at those frequencies given when V 

This leads to the relation 

(38) 

whioh is an expression which can give the frequencies if the 

velocity ratio 571 	is kmawn. If this ratio is very large, than 
C74 



we may rrrite 
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Tu Ca. 
.anal (39) 

where zrz, are the solutions of the equation YdrnlIx0 

Cie 1! Conclusion for  the Rigid Case 

Vie find that the actual phase velocity - froquenef curve for 

the three types of wave are very d.iffietat to astayse; but the 

cut-off frequenoies for the different modes can be estimated. 

Particularly when the shear velocity is small, these frequenoies 

are dependent only upon the shear properbies of the material. 

6. CASE 2. MATMIAL ME TO SLIDE AT THE SEWAGE 

Case 2.A Torsional Navas 11:=0 	v.v, ma 

 

We have only the Q component to deal with. The equation 

for the displacement is the same as equation (16) and the solution 

rmet be 	
• 	v) 
	_icat 

▪ A 14 (kciV) 

the boundary condition is that 	'Cm =0 T." vr-C) 
The first of these is satisfied by the assumption that 

and the second reduces to 

ouz o 

016  fra 

(40) 
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This leads to the condition that 	
34,0 3  

i.e. 	gib- pin, where Ali are the roots of the equation 

A. lo tti ) W 230) 

I% a  
Hence 0 + 	 (41) cl= 	 7ffrW- 

villa. is a similar equation to that in the "rigid" case, although 

the cut=off frequencies differ„ viz: 

4rt (42) 

2t19912A312Jongitudinal Waves 	&a? 0 

Equations (26) and (27) hold but we have to adjust the 

boundary conditions. They are Vb)w o and to :0 

These lead to the following 

g 	 — A t1.30 (tab) 	letS8 (40 	(43) 

	

Cox to 0 7g-' 
	kth30 (c‹,2. 	(2-ela.) 33( 6)  (44) 

Solutions to these equations are immediately obvious, we may have 

(i) 	n( 	w.C 	8r 

 

	

0 4- 	 fn r41  (26X 	 ATLb 

These modes correspond to the normal accustio modes in a tube, 

occurring at frequencies governed only by the compression wave 

velooity. These waves are here designated by the subscript C. 

The second obvious solution is 

(45) 
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"Sg(K5b) 'If- 0 
	
(A) 

tf2 	Kn'a 	Arri Ca. - 	4- 	 (46) 
CPT 	.7-SF8 	77;74:0 

the frequenoies aze Governed entirely by the shear velocity, and 

are designated by the subscript S. 

(iii) the third solution in that V oi „ a case that is 

already covered. by (i) and is, in fact, mode (CO). 

The first modes of each type of longitutinal wave, the zero 

mode, n. 0, have an r and z displacement as a constant unotion 

ofthe radius vector. They propagate with velocities oi  or 02. 

The higher modes 9 C'n . 1,2,3,4, have a more complicated dis-S 

placement function. Graphs of these are d4,.wn in fig. AE. for 

frequmncies somewhat higher than the out-off so that the wavelength 

in small. 

The compression types have a distinct dilatation which gives 

rise to a pressure wave propaga-Unz down the tube: whereas the 

shear types of wave do not display nw.b a dilatation. These shear 

types of mode are possible at lower frequencies than the equivalent 

compression modes. 

Case 2.0_219‘xlaTm1" geweo 

Again we consider only the first type of asymmetrical wave. 

Equations (34) hold, but under the boundary conditions 

.tr7Z. f.2  0 	and 	1:411 1r- 	(r11-.  ) • Myvy-te, 
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Using similar methods to Case 1.04  we arrive at the followe 

ing necessary condition 

4 (1Cab) —p 	k. 	e4b) — U1 	6 

li Ofgab) - z3 	2k { 405b )...a. } q Vk3b) - 01 -(k3b)2  

214 cP(tc2.14— d 3, 	ov-- tt32 )(xab) 	k 
where 41 = m ILO and the other symbols have been previously 

S6C4 

defined. We can easily obtain the expression giving the condition-a 

a 

(4?) 

for new modes by puttirg 

( 40CA) 	 (407.1  

We obtain 

Cheere)- 

2 	Gfa b) (48) 

which is rather a complicated funotion. of frequezey and the two 

velocities. 

Case 2. Conclusion for the Free-slidene Caoe 

The propagation of various warren is shoun to be theoretically 

possible under these comitions. Bath pure shear and as  

waves are possible but for our particular weds the most interest-

irg type is Case 2.B, the pee-negation of longitudinal waxes. Two 

types or classes of waves axe predicted; the compressional class„ 

where dilatation is more important than rotation and the shear 

class where these are reversed in imeoetanoe. Various modes of 

each of them oatisfy the conditions, and these have velocities 

decreasing to ell  and e2  respectively at infinite frequengy (see fig). 

For a given tube the shear class of modes will occur at lower 

frequencies than the compression class, and they will therefore be 
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of more practical importance. 

7. CASE 3. MATERIAL RETARDED BY A FT2GTIONAL WROBT THE EDGE 

OF THE TUBE 

The material is aesuned to have a retarding foree prouortional 

to the velocity of disDlacemont at the tube surface. This in 

fact o  Tall Lead to an attenuation if the force is truly viscous, 

but we deal here with the general case without_chcoeins a 

pariricular form of foroe constant:, 

Campo 3a) Tom3ional Waves 	A =0 	,T rz. 0 

We deal here with the SP component of displaconent q  giving 

as before the equations 
edat 

1,1? 	ffr) 	 (15) 

A 36 (tor) 	 (a8) 

now Cro 	eic) is the boundary condition9  and thus::  since 

r•ev 	
IA 	.te k Ic(tto-e3) 	

(4;) 

the condition for propagation is that 

°gib A ( 

or more simAy 

6 	Dra: o to) 	4.@ec 	
I 
	( k:6 	) 

) 	 b 
The mode out .off frequenciGs are given by the roots of this equation. 

C ke 	5 :Aro (r6 	•g. 0 	(50) 

0 	
(5) 



— A ilca.31  Cc/ b) 	4- 

2.k :Z Ctcab) 
A 	—ikukS3'0(1.-2.b) 

klo0c54) 
col  

r (242:*E72.2.  58' 	(52) 
&)(K.5b) 

Ca....actL.19jonfcitudinal Waves 

Equations (26) and (27) together with the no boundary 

conditions give 
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then the frequencies at which Vtmcp, 	are given by putting hzo 

giving the conditions:— 

(0 Compression type of mode 

Stfrrab) 0 	fn a. lin Ca 
2o (53) 

as found before cases 1B and. 2B 

(ii) sheaT type of mode 

AM3b) ce 

(1',z3b) To(rah) 
.1;000 

DLOS '4 00) --11  0 

 

tol  
741  koS 

 

(54) 

This 27esult can be checked by putting loS 9  the resistive term, 

evsl to either infinity9  equivalent to the rieid oase9  or to 
zero9  equivalent to the freely sliding case. 

Rigid ria2'.) 

iwS 1m Go 

Tatcb) 1,- 0 

as equation (32) 
case 9B 

Freely Slid:Ing Ca2, 
tiwS -.--- 

Si(tc3421 7--  0 

as equation (46) 
ease 2B 



For intermediate values the mode numbers lie between those givei 

for the limits, the values determined by the magnitude of the 

resistive text  

Case 3.0). Flexural  Waves 

The formulae in this ease become very complicated. The 

solution will be given by a determinant of the form of equation (35) 

but containing the resistive teas 	These solutions will be very 

tedious to find except with the aia of a computer and will there—

fore not be further considered. here. 

Case 3. Conclesion  for the Frictional.. Controlled. Case 

Again two sets of modes are found for longitudinal waves. The 

compressional or "aooustio" type is given by the same equation 

yo(Kzio o  as found before, but the shear type have different 

equations depending upon the magnitude of the restoringforem 

constant. At the limits, these equations tend to those for oases 

1 and 2 as would be expected. 

For shear and. flexural waves, the equations found become too 

complicated for simple analytical solution. 

8. CONCLUSION 

We have considered the propagation of different types of wave 

in an elastic medium constrained in a rigid, tdbe„ under boundary 

conditions varying from the completely rigid to the completely free 

$75 



except for radial displacement. 

Different phase velocities of propagation and different cut-

off frequencies for the various types of wave and conditions have 

been found. 

In particular, we are interested in the propagation of 

longitudinal waves. It has been found that for all oases, the 

same compressional wave modes occur at the same frequencies indep-

endently of the shear boundale.  conditions. These waves correspond 

to the acoustic modes found in a cylindrical tube when the medium 

has no shear modulus. 

A second set of mode:5v  called here the sheer type, also occur 

with longitudinal waves. The mode frequencies change with the 

boundary conditions, for the completely rigid case they correspond 

to the roots of 70(170:.0 9 and for the freely sliding case to the 

roots of :TAO ; for intermediate boundary conditions where 

the material can slide against a viscous force, the roots lie 

between those limits. Because the shear velocity is necessarily 

lower than the compression wave velocity, these frequencies are 

lower than. those of the acoustic type of mode, and they will there-

fore be encountered sooner than the latter as the frequency of the 

vibrations is gradually increased. 

These modes will therefore be more important from the point of 

viva of measurements upon the medium enclosed in the cylinder and 

in principle it should be possible to find the shear velocity and 

the boundary conditions from the mode frequencies. 



B 7P 

1  77 

APPENDIX 6 

COMPRESSIONAL WAVE PROPAGATION IT FOAMS 

Using amethod similar to that of Frohlich and So.& (see Chapter 5) 

Tbe/hodel for the foam is a mass of spherical °elle, radius tlt, 

each oontaining a Eae bubble, radius 64, . We shall ooneider the 

imsedance of one of thee° cells to compressional vibrations;  

arising from a comeressional wave of wavaleusth very much greater 

than the cell size. 

From the gas equation, at the bubble suefaee, 

dtr 
	

(1) 

where P is the static presova9 and -ex the bubble volume. 

In terme of the bubble radirs,oe, 

XL 
	D V P 	 (2) 

Now the bubblo is loaded with a certain mass of liquid par unit area 

of surface. Then at the cell surface, the reaction to a sinusoidal 

pressure input 

) 

where M is the liquid mass per cell, 

A is the bubble surfaco area, and 

Vit is the radial velocity. 

We oats rewrite this expreseion in terms of the expansion ratio , E 

(4) 



(8) 

where 
1.4)1,2- 3VP' 

azpa. (5) 

Now the calculation is repeated assuming that the cell has no 

struoture but contains a continuous medium of bulk modulus K and 

density 7 
	

We set up a wave system in this cell where the 

velocity potential ep Jo given by 

it4Ir 	-hot [Int' y Or) Tr. A e 	÷ Se. (6) 

h is the wave number of the ass rmad wave 

and. Pf sus -(14.0;50 (7) 

From thisg  and from the assumption that the pressure 

wo fird tho ratio 	Plc4en 
Put va 

A comparison of eqns 4 and 8 
apr i  lot 	owl k sort ka 

°01'' 

as Worst 
-dfAUR 2itetita. 

BtA COVeg 

cwatea - kg cos hitZ 
gives 

art 

Three particular eases oan be 

(i) low frequencies ka  

14)V alt 
;TP77-- 1:35CA1) 

recogat'ser3.9  
(9) 

= 

(ii) when 

(ikth ttz 

p then 	d.G'' Z. 	0 

  

E fiaqc 
(c-f-S6  Via 

and this i13 the himit of the first Z013.9 

(iii) when ke.= 	then 	w -40 



CAA 	Le; e 

(E-77 (1  
cp 	e  

Thus the general behaviour is of gradually decressingvelocity 

as the frequency is inoxsased. Conclusions about the actual 

cutoff frequency and behaviour beyond this cannot be drawn 

since the assumption of long wavelength is no longer strictly 

valid. 
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LIST OF OOMUON STEBOLS 

The symbols used in the appendices are defined separately 

01. bubble radius 

b tube radius 

• oompression. wame velocity 

Cx shear wave velocity 

Cp specific heat at constant pressure 

Cy specific heat at constant volume 

expansion factor (see App. 1) 

frequelogy 

Se Bessel function of order n 

tt bulk modulus 

Hydrostatic pressure 

volume ratio (see App. 1) 

?. Heinrich's mixing ratio (see App. 1) 

at attenuation coefficient 

1 specific heat ratio 

A logarithmic decrement 

A Lame's first constant 

Lame°s second constant, the shear modulus 

p density 

1; relaxation or retardation time 

Ai viscosity 
the bar WA ) refers to a 

subscripts: 	G gas, usually air mean value and hence to a 
as 	liquid, water 	characteristic of the foam  

la 
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