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ABSTRACT

The prediction of the unsteady axisymmetric motion of diesel - 

like liquid sprays injected into a gaseous environment is the main 

objective of this study. To achieve this goal, two sets of 

differential conservation equations are solved, one for each 

phase. The motion of the gas phase, which is considered as a 

continuum, is described in terms of the ensemble-averaged Eulerian 

differential equations governing the conservation of mass, momentum 

and energy. Closure of the turbulent fluxes appearing in these 

equations is effected with the aid of the k-e turbulence model.

A finite-volume numerical scheme is used to solve the equations.

A hybrid of upwind and central differencing schemes is employed in 

space and the temporal differencing is semi-implicit.

The liquid spray is mathematically represented using the 

discrete droplet model. In this, each computational droplet 

represents a 'parcel' of droplets possessing the same initial size, 

velocity, temperature, etc. The trajectories, masses, velocities 

and temperatures of the droplets are obtained by solving the 

Lagrangian conservation equations of mass, momentum and energy 

for each computational droplet. The droplets interact with the 

gas phase in a two-way manner, exchanging mass, momentum and energy 

with it and also displacing it.

The mathematical formulations for the gas and liquid phases 

are completed by specifying the conditions at the boundaries of 

the solution domain and the initial conditions of the injected 

droplets as well as the gas phase. The two sets of equations are 

solved simultaneously.
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The gas-phase solution procedure is first assessed in 

isolation by predicting steady and starting isothermal and non- 

isothermal gas jets and comparing the results with the available 

experimental measurements.

The spray model is assessed against four sets of data: 

all involve experiments in which diesel fuel is injected into a 

high pressure/high temperature chamber containing inert gases.

It is found that the predicted spray shape agrees well with the 

measured one but the penetration agreement differs from one case 

to another. Finally, the results of the sensitivity analysis 

and parametric study are presented.
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CHAPTER 1

INTRODUCTION

1.1 Motivation for Diesel Spray Modelling Research

Increased concern with long term energy reserves and environmental 

quality has given impetus to effort to enhance the efficiency and 

reduce the undesirable emission of the automotive internal combustion 

engines. The diesel engine, being the most economical engine type, has 

gained popularity in many applications, including heavy and medium 

duty vehicles. More recently it has been considered as a replacement 

for its main rival, namely the conventional petrol engine, in some 

passenger cars. The high thermal efficiency of the diesel engine is 

mainly a consequence of the relatively high compression ratios required 

to produce the autoignition, the lower pumping losses as a result of 

the absence of a throttle valve and the overall lean mixture 

(Henein (1976)).

The extent of the success of the combustion process inside the 

combustion chamber of a diesel engine depends on the air motion within 

the cylinder which is influenced by the intake port and piston bowl 

designs. Also, the combustion process depends on the quality of the 

hetrogenious mixture formed as a result of the mixing process.

The production of nitrogen oxides during combustion is determined 

to a great extent by the high gas temperature which occurs whenever 

the heat-release rate is large and this in turn depends upon the fuel 

quantity and quality, the gas temperature and the air mixing process.

The fuel quality and gas temperature determine the duration of the 

ignition delay period, defined as the period between the start of 

injection and the start of combustion, during which the fuel heats,



evaporates and the resulting vapour diffuses into the air to form 

a combustible mixtures (at several locations in the combustion 

chamber) and undergoes chemical reactions until at the end of this 

period, the mixture formed commences burning: meanwhile, in some 

other locations the fuel may still be in the liquid phase(Henein(1976)). 

After this essentially premixed-burning stage, the combustion rate 

is governed largely by the rate of mixing of the remaining fuel and 

the surrounding air. Mixture formation is in turn a very complex 

process involving two phase media and the quality of the mixture 

formed in the combustion chamber depends to some extent, on the 

characteristics of the fuel spray injected, namely the structure, 

penetration, droplet sizes, dispersion and evaporation.

In diesel engines, pressurized liquid fuel is injected through 

a small nozzle into the compressed combustion gasses and passes 

through a sequence of stages. The fuel leaves the nozzle as an intact 

liquid core, and then breaks down into ligaments, sheets or droplets 

of different sizes according to the operating conditions and the 

nozzle design. The effect of atomization is to drastically increase 

the surface area of the injected liquid and consequently leads to 

greatly increased rates of mass, momentum and energy transfer between 

it and the surrounding gas. Hence, the mixture formation process is 

improved.

The complicated mechanisms of the above processes and the fact 

that accurate measurements of them cannot be made even with the 

present day advanced measuring techniques has impeded understanding 

and analysis of spray behaviour. Also, the experimental 'cut and try' 

development testing of diesel engines becomes more costly when faced 

with a muliplicity of goals such as measuring the drop size and



velocity distributions of sprays in diesel engines using a non- 

intrusive light scattering techniques. These experimental measurement 

difficulties have created new interest in the development of 

mathematical models, which can, in principle, provide much more 

detailed information than it is possible to obtain experimentally, 

and thereby aid in the identification of the flow patterns. However, 

it is necessary to assess such models by comparison with a carefully 

chosen matrix of experimental data before they can be used with a 

high degree of confidence.

This thesis is concerned with the assembly of a numerical 

calculation procedure for predicting the behaviour of axisymmetric 

isothermal and evaporating diesel sprays injected into a gaseous 

medium, either quiescent or in (axisymmetric) motion. The method 

developed is not necessarily restricted to diesel sprays, but these 

are the focus of the present study.

1.2 Objective, Scope and Contribution of the Present Study

The present study describes a computer-based procedure for 

solving the Eulerian partial differntial equations governing the 

conservation of mass, momentum and energy for the gas phase using 

the finite-difference technique. In conjuction with these the 

Lagrangian equations of motion, evaporation and energy for 

representative droplets which pass through and interact with the 

gas phase are solved using Euler's method. The droplets are deemed 

to interact with the gas in a two-way manner by exchanging mass, 

momentum and energy with it and by displacing the gas. The momentum



equations of the gas and droplet phases are coupled together, as in 

the original method of Dukowicz(1980), to enable a simultaneous 

solution for the gas and droplet velocities. The specific contributions 

of this study are:

1. Assembly of a procedure to prevent the spray calculation method! 

from producing non-physical (overshooting or undershooting) results.

2. Solution of the droplet energy and vaporization equations 

simultaneously with a truncated form of the gas energy equation

to yield an accurate calculation of the mass and energy interaction 

source terms.

3. Calculation of the gas turbulent viscosity from a two-equation 

turbulence model which incorporates differential equations for 

the turbulent kinetic energy k and its dissipation rate e.

4. Modelling the turbulent droplets dispersion in a stochastic 

way and using the gas turbulent kinetic energy and dissipation 

rate to calculate the turbulent interaction time.

5. Application of the gas-phase solution procedure to laminar and 

turbulent jet flow test cases. These comprises steady and 

unsteady laminar and turbulent isothermal round free jets and 

a non-isothermal starting jet. In all cases comparisons are 

made with experimental data.

6. Validation of the spray calculation procedure by comparisons 

with data from four different experiments: two for isothermal 

sprays and two for evaporating sprays and identification of the 

capabilities and limitations of the model.

7. Performing parametric study to test the sensitvity of the spray 

solution procedure to the various features it contains.
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1*3 Outline of the Thesis

Chapter 2 reviews the previous experimental and theoretical 

work on diesel spray behaviour. Included are measurements of spray 

formation, structure, cone angle and penetration which are used 

later in the thesis for the purpose of assessing the theoretical 

model developed. The different theoretical models that have been 

devised to represent the spray behaviour including both empirical 

correlations and detailed numerical models are discussed with 

emphasis on the advantage and disadvantage of each. Finally, the 

drag, heat and mass transfer correlations which are used in these 

models are reviewed.

Chapter 3 deals with the assembly of the differential equations 

that govern the flow, heat and mass transfer of both the gas and 

liquid phases. It commences with the assembly of the turbulent gas- 

phase governing equations in an unsteady, two-dimensional axisymmetric 

co-ordinates and the two-equation model which is used to represent 

the effects of turbulence. The droplet-phase governing equations are 

presented in Lagrangian form and a description is given of the method 

employed to model the effects of the gas turbulence on the droplet 

trajectories.

Chapter 4 describes the numerical procedures employed to 

solve the equation presented. Finite difference approximations to 

the gas-phase differential equations are derived by integrating the 

latter in space and in time in a finite volume fashion. The difference 

equations are firstly presented in a general form such that the 

fully implicit and semi-implicit schemes are easily extracted and 

discussed from the viewpoint of stability and accuracy. The solution 

procedure for the droplet field equations is then presented and



combined with the gas-phase equations to enable simultaneous solution 

for the gas and droplet velocities and temperatures.

Chapter 5 is concerned with the tests which are performed 

to determine the accuracy and reliability of the numerical methods 

of chapter 4. The effect of the grid spacing and time step on the 

solution are quantified for the fully implicit scheme for unsteady 

turbulent round free jet. The semi-implicit scheme is assessed by 

comparing its predictions with those of the well estblished fully 

implicit one for both starting laminar and turbulent found free 

gaseous jets. Then tests are made of the spray procedure in which 

the effects of grid spacing, time step, number of droplet parcels 

introduced per unit time and stochastic variation are assessed.

The gas-phase solution procedure is then assessed in 

chapter 6 by predicting single-phase gas jets and comparing the 

results with the available measurements. These include steady 

laminar round free jet, steady turbulent round free jet, starting 

laminar and turbulent isothermal jets and starting non-isothermal 

turbulent round jet. Finally, a parametric study including the 

effect of the jet Reynolds number, input level of turbulent kinetic 

energy and dissipation rate and the scaling laws of the gas jets 

are presented.

Chapter 7 deals with the assessment of the spray calculation 

procedure, using four sets of experimental data obtained from various 

sources. These comprise two experiments on isothermal sprays injected 

into different charge pressures and two evaporating spray cases where 

the injection is at different charge pressures and temperatures. The 

sensitivity of the prediction to the various modelling parameters 

such as droplet dispersion and initial spray cone angle and the
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4  computational parameters such as the initial level of turbulence

quantities, initial velocity profile of the droplets and residual 

effects in pulsed spray experiments is presented. Also discussed 

are the effects on. penetration of the different input parameters 

including ilntial droplet sizes, size distribution function, injection 

• rate history, injection velocity and droplet introduction temperature.

Finally, in chapter 8, the achievements of this study are 

summerized and suggestion are made for improvements and extensions.

4
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CHAPTER 2

PREVIOUS AND RELATED WORK

2.1 Introduction

The performance of most high intensity combustion systems 

which use liquid fuels depends on the process of atomization as an 

essential intermediate stage between injection and combustion. The 

term 'atomization' here refers to the process of the breaking up of 

the liquid fuel jet into a large number of tiny droplets, producing 

a greatly increased surface area of the liquid and hence more rapid 

evaporation.

Sprays inside diesel combustion chambers are generated with 

the aid of an injector. The function of the injector is to 

introduce the liquid fuel at high velocity in order to create 

sufficient turbulence inside the spray to satisfy better atomization 

and dispersion and also to obtain the optimum spray penetration.

Due to its importance, diesel spray behaviour has been 

extensively studied, both experimentally and theoretically, by many 

investigators. This chapter gives a comprehensive review of this 

work, starting in section (2.2) with the experimental investigations. 

Here such aspects as the formation, structure, dispersion and 

penetration of diesel sprays will be examined. The effect of the 

operating conditions on the spray penetration will also be discussed.

Section (2.3) deals with the different theoretical models 

that have been devised to represent the spray behaviour. These 

include both empirical correlations and detailed numerical models.
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Finally, the empirical expressions of drag, heat and mass transfer 

are reviewed.

*

2.2 Spray Measurements

2.2.1 Spray Formation

Due to the importance of sprays in technological applications,

m  a vast amount of literature has accumulated on this subject,

including reviews and books (e.g. Tate (1969), Lapple et al (1967), 

Giffen and Muraszew (1953), Borodin et al (1967) and Levich (1962)). 

In spite of this profusion of literature, many important aspects 

of spray formation are still poorly understood.

* The process of spray formation and the related mechanism of 

liquid jet disintegration have been extensively studied during the 

last six decades. In the jet breakup process the liquid, which 

accelerated through a small orifice into the compressed gas, is 

dynamically broken up in a finite distance called the 'breakup

% length' into a large number of droplets. There exists controversy

about the magnitude of the jet breakup length. Haenlein (1932)* 

studied the process of spray formation of water jets injected from 

a circular orifice of diameter 0.00051 m into atmospheric air. He 

reported the results in the form of a 'breakup curve' which gives

• the breakup length Xg as a function of jet velocity U0 as shown

*
The operating conditions of the different experimental work reviewed 
in this chapter are listed in table (2.1).
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in Fig. (2.1). For very low velocities, drops are formed at the 

orifice (drip). The following four regimes of breakup are 

encountered as the injection velocity is progressively increased 

(Reitz (1978)):

Regime 1 - Rayleigh jet breakup which occurs many jet diameter

downstream of the nozzle. • It is caused by the growth of 

axisymmetric oscillations of the jet surface, induced 

by s u r f a c e tension.

Regime 2 - First wind induced breakup regime which occurs many

jet diameters downstream of the injector. In this case, 

the surface tension effect is augmented by the relative 

motion of the ambient gas and the jet.

Regime 3 - Second wind induced breakup regime which o c c u r s  s o m e  

jet diameters downstream of the nozzle. Droplet 

formation in this regime results from the unstable 

growth of waves, assisted by air friction.

Regime 4 - Atomization regime which results in a complete and 

immediate disruption of the liquid jet.

Most authors (e.g. Haenlein(1932), Reitz (1978) and Hiroyasu 

et al (1982)) agree on the shape of this curve in the low velocity 

region (up to the end of regime 3). Beyond this point however, 

there remains some confusion about the shape of the curve and 

the mechanism of droplet formation. DeJuhasz (1931) (cited in 

Giffen et al (1953)) proposed that jet breakup process occurs 

within the nozzle itself, on the basis that his photographic 

study showed this. This result would imply that the curve of 

Fig. (2.1) goes suddenly to zero at the end of zone 3. He



suggested that liquid turbulence may play an important part in 

the jet breakup process.

Castleman (1931) as cited in Reitz (1978) (operating conditions 

are not specified) claimed that the breakup occurs over some jet 

diameters from the orifice and it is due to aerodynamic interaction 

between the liquid and gas phases. He argued that this interaction 

leads to the formation of ligaments or liquid columns which have 

one end attached to the jet surface, and, once formed rupture 

according to Rayleigh's (1878) classical breakup theory.

Bergwerk (1959) paid particular attention to the nature 

of the flow field within the injection nozzle and its influence 

on the jet breakup process. He observed from photographs that 

cavitation occurred inside the nozzle which he tested and this led 

him to conclude that this could be responsible for the breakup 

process.

Reitz (1978) made an extensive study on the process of 

breakup of water and glycerol mixtures injected through single 

hole nozzles of diameter of 0.34 mm and different length to diameter 

ratios. The ambient charge pressures (air, nitrogen) were 0.1 -4.0 MPa. 

He concluded that aerodynamic effects, supplemented by liquid 

cavitation effects, combine to produce atomization. He also showed 

that the breakup length tends to zero for an injection pressure
3

of 10 MPa and an ambient gas density of 12 kg/m . On the other hand 

Hiroyasu et al (1982) and Negus (1983) showed that the atomization 

process start at about 20 mm from the nozzle tip for an ambient 

charge density of 3 kg/m and for high injection velocity (=120m/s).



Hiroyasu et al (1982) claimed that in direct injection 

passenger car diesel engines, the breakup length and the distance 

from the nozzle to the combustion chamber wall are almost the 

same. For this reason they conducted an experiment to study the 

effect of various operating conditions on Xg. In their experiment, 

they injected water at various rates from a 0.3 mm diameter nozzle 

into a gas of pressures up to 4 MPa. The breakup length was found 

to increase with increasing jet velocity until UQ = 50 m/s after- 

which it gradually decreases and then reaches a constant value 

as shown in Fig. (2.2). They also found that Xg decreases with an 

increase in the ambient pressure and then becomes constant at about 

20 mm for injection velocities higher than 100 m/s. Further, 

they concluded that the length to diameter ratio of the nozzle 

has little effect on Xg at high ambient pressure (3 MPa).

2.2.2 Overall Spray Structure

The structure produced by the atomization process consists 

of a multitude of droplets of different diameters interspersed 

with the gas and contained within a narrow conical jet (Fig. (2.3)) 

of included angle in the range 3 - 20° (dependent on the operating 

conditions). There is remarkably little information, much of which 

is controversial, on the structure of the pulsed sprays produced 

by diesel engine injection systems. This is due to difficulties 

of making measurements near (up to 100 mm) the injector, which is 

the region of practical interest. Fujimoto et al (1977), (1979)



and (1981), Kuniyoshi et al (1980), Sato et al (1982) and 

Jong-Yul Ha et al (1983) used high speed photography to observe 

the spray structure produced by injection from a single hole 

nozzle of diameters 0.30 mm into high pressure (up to 7.95 MPa) 

and room temperature nitrogen gas. They all found that the 

spray possesses two distinct zones of atomized droplets. In the 

interior of the spray (on the axis of symmetry), which they call 

the 'main jet region', the number density and velocity of the 

droplets are rather high, while in the spray envelope, which 

is termed the 'mixing flow region', the number density and 

velocity of the droplets are lower.

Boulderstone et al (1981) used the light scattering 

technique to measure the droplet size distribution in the first 

100 mm of pulsed diesel sprays injected into atmospheric pressure 

and temperature surrounding. They used a 0.46 single hole nozzle 

and they found that the spray appears to develop a double structure 

with increasing distance downstream. The front of the spray pulse 

is very poorly atomized, with a significant proportion of liquid 

ligaments, while the main body of the spray is generally well 

atomized, typically with a mean diameter near 20 microns.

Yule et al (1985a) made a spark photomicrographic study of 

diesel spray structure using a lucas 0.46 mm diameter single hole
3

nozzle operating at 12 MPa needle lift pressure and injecting 56 mm 

of fuel per pulse. The measurements were obtained in a quiescent bomb 

at pressures up to 6 MPa and at room temperature. They found that the 

first 50 mm of the spray consists of an extremely dense core



containing a very high proportion of the liquid volume surrounded 

by a dilute well atomized sheath of droplets. As their optical 

technique could not penetrate the dense core zone, they caused 

the spray to pass through a thin slit thereby removing all but a 

thin slice: however even this was still too dense to transmit

light. Ishikawa et al (1982) used a similar technique to slice 

the spray and they reported that there are many entangled ligaments 

in the dense core zone.

Turning now to sprays injected into high pressure and 

temperature environments, Kuniyoshi et al (1980) reported, for 

diesel sprays injected into nitrogen charge of P =6.28 MPa and 

T up to 960 K, that vaporization takes place in the so called 

mixing flow region allowing the main flow region to be more clearly 

seen but making it difficult to identify the spray envelope.

Yule et al (1985a) performed experiments at high temperature (373 K) 

and high pressures (up to 6 MPa) and found that vaporization occurs 

in the dilute spray zone with little change in the appearance of the 

dense core. Matsuoka (1983) reported that at P = 3.34 MPa and 

T = 670 K, almost instantaneous vaporization of the droplets occurs 

at the spray prepheries as soon as it is injected, but a core with 

high droplet concentration remains along the axis. By contrast, 

Negus (1983) showed that droplets, injected into a nitrogen charge 

of 2.7 MPa pressure and a temperature near the boiling temperature 

of the pure liquid fuel, exhibit the first signs of vaporization 

at the spray edge. As the charge temperature is increased 

towards the critical temperature of the liquid fuel, the liquid 

core shrinks and rapid vaporization occurs.
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2.2.3 Droplet Size Distribution in Diesel Sprays

a. Mean droplet diameter

The degree of atomization is usually measured by some mean 

droplet diameter. There are at least six types of mean diameter 

D which are commonly used according to the field of application.
H r

They are all contained in the general definition (see Elkotb (1982b))

D
qp

Dmax
f
D .min

Dmax
/

D .m m

D>

— ]
DS dn

i
q-p

(2.1)

where: D and D _  are the minimum and maximum droplet diameters

in the spray; q and p are constants associated with the particular 

mean used; dn represents the ratio of the number of droplets 

having diameter between D - ^  and D + to the total number 

of droplets; and dD is the increment of droplet diameter.

The Sauter Mean Diameter (SMD), D ^  » is of importance 

in combustion as it expresses the diameter of a droplet that has 

the same volume to surface area ratio as that of the total spray. 

According to equation(2.1) D ^  is given by :

max

/
Dmin

Dmax
f

Vin

Da dn

Dd dn

( 2 . 2 )
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b. Measurement of droplet sizes

The experimental determination of the droplet sizes in 

diesel engines is extremely difficult. Most of the experiments 

have therefore been done on pulsed or continuous fuel sprays in 

constant volume vessels (see e.g. Boulderstone et al (1981) and 

Tishkoff (1982)). Studies of this kind under conditions which 

simulate diesel injection have been made by many investigators. 

Hiroyasu et al (1974) and (1980) measured droplet sizes in pulsed 

diesel sprays using the liquid immersion sampling technique. This 

involved the use of a small transparent cell about 2 mm in thickness, 

filled with immersion liquid and was located at a distance of 650 mm 

from the injector. A sample of the spray was collected in the 

immersion cell and photographed images of the collected droplets 

were measured and counted. They found that their results for various 

charge pressures(in the range 0.1 - 5 MPa) were well correlated 

with the 'Chi-square1 distribution:

j ii D. 3 D. D.
4  = 1 3 .5 (4 - )  exp{ -  3{J-)} i(*)
V d4 u32 u32

(2.3)

where V is the total volume of the spray and dV is the volume 

of the droplets between and + dD^. This was found to apply 

to normal, pintle and throttle pintle nozzles. The Sauter mean 

diameter was also measured and an empirical relationship was 

derived relating this to the operating conditions as follows:

D32 = a(ap)'0-135(p )0-121 (Q)0-131 (2.4)
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where AP = the mean effective pressure drop across the nozzle (MPa)
3

pg = gas density(kg/m )
3

Q = amount of fuel injected (mm /stroke) 

and A is a constant which depends on the nozzle used (A = 25.5 

for the pintle nozzle, 23.9 for the hole nozzle and 22.4 for the 

throttle pintle nozzle).

Elkotb (1982a) and (1982b) and Elkotb et al (1982) measured 

the droplet size distribution of sprays injected through a 0.55 mm 

diameter pintle nozzle using the slide sampling technique. They 

measured the droplet sizes at a location of 60 mm from the nozzle 

tip and at charge pressures ranging from 0.1 to 0.7 MPa, while 

the temperature was held constant at 293 K. The measured droplet 

sizes ranged from 2 to 90 ym and were best fitted by either Chi-square 

distribution:

», D. 7.5 D. D,

t - 1953^  e x p { - 7-5(4 )} d(4 >  (2-5)

or a Tanasawa-Tesima (1958) distribution

. D, 2.4 D, 2 D.
^ = 1 0 ( ^ )  e x p { - 2 . 4 (T̂ ) } d ( ^ - )  (2.6)

They also reported a correlation relating the Sauter mean diameter 

to the operating conditions, expressed in non-dimensional form:

D32/d. = 107 Re-1-183^-0.442^-0.442^-0.05 (2.7)

Pq^dudwhere d- is the nozzle diameter, Re is the Reynolds number (-2----)
J o  yI u-iJ . 12D .

We is the Weber number — -) and Cn is the discharge coefficient.
2ad 0
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Although the collection methods of measuring droplet 

size distributions have been commonly used, their accuracy is 

uncertain and they are intrusive, i.e. they may influence the 

behaviour of the spray. They also suffer from the following 

additional problems: (a) Large droplets may be produced by

impingement and coalescence of droplets when they are captured 

(see Karasawa et al (1982)). (b) When the sampling device is

used, a percentage of small droplets may fail to pass through 

the shutter due to the differing drag/inertia ratios of large and 

small droplets and (c) Droplets can break into smaller ones at the 

moment of impact. Concerning (a) Karasawa et al (1982) showed 

evidence that mean diameter deviates markedly from the true value 

when coalescence of droplets occurs in the immersion sampling liquid. 

The most important point is that the measurement position of these 

intrusive techniques is well downstream and this may not be 

representative of the first 50 mm of the spray where atomization 

and/or agglomeration is in progress.

Boulderstone et al (1981) overcame the above three problems 

by using a non-intrusive light scattering technique. This was 

employed to measure droplet size distribution at locations 32, 64 and 

96 mm from the nozzle of a pulsed diesel spray injected into 

atmospheric pressure surroundings. They found that the droplet 

size distribution changes along the spray. For the measurements 

taken at x = 64 mm they reported that the droplet size distributions 

were generally well approximated by the Rosin-Rammler function:



(2.8)dV
V

n e
{(Dd/U)n}

dD .d

where TT and n are the mean diameter and an empirical parameter 

respectively which were reported as functions of time for both 

single hole and pintle nozzles as shown in Fig. (2.4).

More recently, Negus (1983) measured the droplet sizes at 

the edge of pulsed diesel sprays injected into a room pressure and 

temperature air charge, using a laser diffraction technique. The 

measurements were carried out well downstream of the injector 

(i.e. >50 mm). He reported that, for a 0.2 mm nozzle diameter, 

the droplet sizes were approximated by a Rosin-Rammler distribution 

with IT = 39 ym and n = 3.5.

c. Effect of the operating conditions on droplet size

The effect of the different operating conditions on the 

droplet sizes which result from the atomization process is discussed 

here. Those include the effective pressure (that is, the pressure 

drop across the nozzle), medium density, nozzle diameter and fuel 

viscosity. As far as the effective pressure AP is concerned, 

Hiroyasu et al (1974) showed that an increase in AP (for a charge 

pressure of 3 MPa) decreases the mean diameter of the spray for 

the three types of nozzles they investigated. They postulated 

that it was due to the accompanying increase in the injection 

velocity. ElKotb et al (1982) noted the same tendency as Hiroyasu 

et al (1974) (the Sauter mean diameter of the diesel fuel spray 

injected into atmospheric condition decreases from 70 ym at 

AP = 7.3 MPa to 52 ym at AP = 11.7 MPa) but they attributed this
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effect to the high turbulence intensity created in the gas at 

high injection pressure, causing an increase of the available 

'specific energy of atomization'.

According to Giffen and Muraszew (1953), the effect of the 

increased charge density (increased pressure at constant room 

temperature) is to reduce the measured drop size i.e. for a nozzle 

of 0.56 mm diameter and an injection pressure of 20.4 MPa, the mean 

diameter decreases from 40 ym at Pg = 12.8 kg/m to 5 ym at 

Pg = 38.7 kg/m^. However, Hiroyasu et al (1974) and ElKotb et al

(1982) found that the Sauter mean diameter of the spray increases 

with an increase in the charge density as shown in Fig. (2.5).

They believed that this can be attributed to the agglomeration of 

droplets due to the reduced penetration which is a characteristic 

of higher density. A third group (Kuniyoshi et al (1980)) 

measured the droplet sizes of diesel spray injected from a 0.3 mm 

diameter single hole nozzle and injection pressure of 37.3 MPa 

into a nitrogen charge of various pressures (densities). They 

claimed that the Sauter mean diameter is constant although the 

charge pressure is varied from 1.08 to 9.91 MPa.

The effect of nozzle orifice diameter on droplet sizes 

has been investigated by Hiroyasu and Kadota (1974) using 0.2,

0.25, 0.3 and 0.5 mm diameter nozzles for injection and charge 

pressures of 9.9 and 0.1 MPa respectively. No appreciable difference 

was noted on the Sauter mean diameter produced by these nozzles.

In general, it is believed (Reitz (1978)) that an increase 

in the liquid fuel viscosity is to damp any tendency for deformation
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of the liquid surface. This contention is supported by the 

experimental findings of ElKotb et al (1982) that droplet size 

increases with increasing liquid viscosity. In their experiments 

they measured the size distributions of sprays of different fuels 

e.g. gasoline, kerosene, light diesel fuel and diesel fuel injected 

from 0.55 mm single hole nozzle into atmospheric condition. (They 

noted that the variations of both the surface tension and density 

between the above fuels are small compared to the variation in the 

viscosity). Their measurements showed that the distribution curve 

for gasoline, which has the lowest viscosity, has a sharp and high 

peak at small sizes indicating a nearly homogeneous distribution 

as shown in Fig. (2.6). On the other hand, the curve for diesel 

fuel, which has the highest viscosity, was rather flat distribution 

with a peak at larger sizes indicating an inhomogeneous distribution.

2.2.4 Spray Cone Angle

The cone angle of a spray is usually defined as the 

angle between the tangents to the spray envelope at the nozzle exit 

as shown in Fig. (2.3)»Wakuri et al (1960) measured the cone angle 

(23) of diesel sprays injected through 0.31, 0.34, 0.38 mm diameter 

hole nozzles. They noted that the semi-angle 8 is affected by the 

ratio of the charge density to the fuel density, nozzle diameter 

and injection velocity. They proposed the following dimensionless 

correlation:



-  22 -

*

%

%

»

*

♦

P. P.d.U
e = f(p^ , - ^ )  (2.9)

g g

where P^, Pg are the fuel and gas densities respectively, yg is 

the gas viscosity, d^ the nozzle diameter and UQ is the injection 

velocity.

Hiroyasu et al (1980) correlated their measurements of cone 

angle to effective injection pressure, gas and liquid densities, 

gas viscosity and nozzle diameter with the aid of the dimensional 

analysis of Wakuri et al (1960) to obtain:

d?.P^.AP
6 = o.66(-i2-S-- )

PjPdHg

1
4

(2.10)

Reitz (1978) measured the cone angle of water-glycerol 

mixtures with a wide range of density ratios (Pg/P^)* He also used 

9 nozzles of different geometries with sharp exit edges (length to 

diameter ratio L/d- = 0.5 - 85) and he found that 8 follows the
vl

simple relationship:

tan 8 = j 4tt(^)7 ̂  (2.11)

where A is constant for a given nozzle geometry.

Wu et al (1983) continued the experiments of Reitz (1978) 

but with a wider range of operating conditions. They used 13 nozzles 

with sharp and rounded exit edges and liquids with broader ranges 

of viscosities and surface tensions (water-n-hexane and n-tetradecane). 

They used also higher injection pressure than Reitz's as shown in
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table (2.1). They reported that the surface tension, nozzle 

diameter and the injection pressure have no discernable effect 

on 3 and they proposed the following correlation:

tan B <2-12>

Thus it can be concluded from the above investigations that 

3 is mostly affected by the density ratio (Pa/P,j) and the geometry 

of the nozzle. Giffen and Muraszew (1953), Reitz (1978), Hirayasu 

et al (1980) and Wu et al (1983) found, for a given nozzle geometry, 

liquid and injection pressure, that 8 increases as the charge pressure 

increases up to a certain level, whereafter the rate of increase in 

8 with increasing diminishes as shown in Fig. (2.7).

Concerning the effect of nozzle geometry on spray cone 

angle, Wu et al (1983) showed that for nozzles of a given diameter 

but different length and for a given injection pressure and density 

ratio, the spray angle increases with decreasing L/d*. However at
J

L/d - around 10 a maximum value of 8 is reached and it then falls
J

as L/d- is further reduced as shown in Fig. (2.8). Hiroyasu et al
J

(1982) found a similar trend but obtained the maximum at around 

L/d- = 20 whereas Reitz (1978) observed that the angle increases
J

monotonically with decreasing L/d..
J

The transient variation of 3 for pulsed sprays injected 

into high pressure/or high temperature charges has been studied by 

Takeuchi et al (1983) and Yule et al (1985b). No obvious trends 

were seen for 3 at the early injection times due to the irregular 

shape of the spray, while later on, the spray takes the typical
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conical form with clear and identified boundary, 3 takes nearly 

a constant value.

*
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2.2.5 Spray Penetration

The distance which the fuel spray penetrates into the 

combustion chamber is clearly important to the formation of a 

combustible mixture. The penetration length or 'penetration' of 

a spray is defined as the distance between the nozzle and the 

furthest droplets at a given moment.

Spray penetration has been the subject of intensive 

investigations during the last six decades. Schweitzer (1937) 

made measurements for fuel oil sprays injected through single hole 

nozzles with diameters of 0.18, 0.34, 0.64 mm. The injection 

pressure varied between 6.8 - 54.4 MPa, while the charge (air) 

pressures were 0.1 - 1.7 MPa and air temperature was 293 K. He 

showed that the spray penetrates quickly in the early stages but 

slows down later. A correlation was proposed of the following 

form:

4 - J V ° ‘75

V pd
= 2265 s,n{ 1 t pg 

TT5TF UJ pd
(2.13)

where z is the penetration length at time t.

Burt and Troth (1970) measured the spray penetration of 

gasoline, kerosine and heavy gas oil injected from a 0.25 mm 

single hole nozzle into a high pressure (0.56 - 2.7 MPa) and room
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temperature charge. The fuel injection pressures were 13.6,

20.4 and 28.9 MPa. They found that their data, over the range 

of experimental density conditions, are fitted by the following 

equation:

Z - (a - bp )tanh ct (2.14)
g

where a, b and c are constants (their values are not given).

Hiroyasu et al (1980) made measurements of diesel spray 

injected into nitrogen charges with pressures ranging from 0.1 to 

3 MPa and temperature within the range 293 - 593 K. The injection 

pressure varied between 7 to 15 MPa. They found that the penetration 

is proportional to the time in the early stage of injection (a 

period of =0.3 - 1 ms depending on the injection condition), and 

then becomes proportional to the square root of the time viz:

Z = 0.39

* = 2.95 (§7)4 /djt

0 <t <t.trans

* >ttrans

(2.15)

where t^rans is the transition time from linear penetration to 

the situation where the penetration varies as /t and it is given 

by

^trans

15.8p.d-
J

0.55 /PgAP

Fujimoto et al (1981) conducted similar experiments but 

over a broader range of charge pressures (1.08 - 9.9 MPa) and 

temperature (283 - 960 K). They noted similar trends in that the
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penetration was nearly linear with time within a period of 0.5 ms 

after the start of injection and then followed the law:

£ = 27.1 .0.38/ v 
t (pg)

0.092 log t - 0.41 
9

(2.16)

where UQ is the mean discharge velocity of the fuel at the outlet 

of the nozzle (180 <UQ <250 m/s).

Varde et al (1983) made measurements to study diesel spray 

penetration at high fuel injection pressures (up to 150 MPa) and 

also to evaluate how nozzle dimensions and the ambient pressure 

influence the penetration. For this purpose they used different 

single hole nozzles having different orifice diameters (0.18 - 0.42 mm) 

and L/di ratios (from 2.2 to 11). They found that the spray 

penetration is correlated by:

2
i „ A P p ddj \ 0 . 3  , Re 2 , - 0 . 0 0 8  , P d , 0 . 5  , L  , 0 . 1 6  . 0 . 5 5  

= 1 ■1C— “2 ) (ue") (— ) (tfr) t
J

T
yd

(2.17)

where y^ is the viscosity of the fuel.

Recently, Yule (1984) made penetration measurement of diesel 

sprays using three injectors with hole size ranging from 0.21 mm to

0.46 mm with 12 MPa needle lift pressure. Sprays were investigated in 

a constant volume bomb pressurized with carbon dioxide to produce 

pressures up to 6 MPa and the charge temperature ranging from 

293 - 700 K. A non-intrusive spark photography technique was used to 

measure spray structure. A photodiode technique was used to measure 

spray penetration at any time. Also the jitter effect was examined by 

use of transient recorder to average many spray pulses at each
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time. In addition to studying the spray structure and penetration, 

the transient spray cone angle versus time characteristics were 

measured. Also recorded were the fuel flow rate versus time 

characteristics.

Parameters Influencing Penetration

a. Effect of injection pressure

The effect of injection pressure on spray penetration has 

been the subject of many experiments. It is not obvious at first 

sight whether the penetration should increase or decrease with an 

increase in injection pressure, because the latter is accompanied 

by a simultaneous decrease in droplet size (as noted earlier), and 

hence by an increase in drag on the droplets.

Burt and Troth (1970) showed that the penetration of the 

spray, injected into a high pressure (2.7 MPa) and room temperature 

nitrogen charge, at t = 3 ms increases from 45 mm to 68 mm 

corresponding to an increase in the injection pressure from 13.6 to

28.9 MPa.

Hiroyasu et al (1980) and Varde et al (1983) also observed 

that the an increase of injection pressure, for the same nozzle 

and charge condition, increases the penetration and Giffen and 

Muraszew (1953) emphasised that at higher injection pressures 

(> 40 MPa), the increase in penetration with increased injection 

pressure becomes smaller.



b. Effect of ambient pressure

The gas density has been considered by many investigator 

as the most important factor affecting penetration. In most 

investigations the change in density has usually been produced by 

altering the charge pressure at a constant temperature.

Burt and Troth (1970) showed that, for gasoline spray at 

injection pressure of 13.6 MPa, increasing the charge pressure 

at a constant temperature increases the penetration rate, e.g. 

at t = 3 ms the penetration decreases from 100 mm at P = 0.56 MPa 

to 45 mm at P = 2.7 MPa.

Hiroyasu et al (1974) reported that the penetration of diesel 

oil spray at injection pressure of 9.9 MPa decreases with an increase 

in the charge pressure, for example at t = 3 ms the penetration 

decreases from 100 mm to 50 mm corresponding to an increase in 

the charge pressure from 1.1 to 5 MPa respectively. Kuniyoshi et al

(1980) and Yule et al (1985b) also observed the same trend that 

the penetration decreases with increasing the charge pressure due 

to the decrease of the spray tip velocity which is attributed to 

the increased drag on the droplets. It was also observed that the 

decrease in spray tip penetration with ambient gas pressure becomes 

smaller with higher ambient pressures.



c. Effect of ambient temperature

As the charge temperature is increased the evaporation 

accelerates, causing a gradual decrease of droplet size especially 

for small droplets; this in turn would decrease the drag on droplets 

and increase the penetration. On the other hand there are effects 

in the opposite direction due to the increase in charge temperature. 

Hiroyasu et al (1980) noted that at low charge pressure (1 MPa) 

the penetration did not significantly change when the ambient 

temperature was raised from 295 K to 593 K. By contrast,Kuniyoshi 

et al (1980) found that, at high pressures (6.28 MPa), increasing 

ambient temperature from 530 to 750 K increases penetration, but 

at values higher than 750 K, the penetration decreases due to the 

high rate of evaporation. (In fact there is some ambiguity in 

their definition of spray penetration, which they deduced from 

photographs. They stated that the density of the spray was less than 

the intensity of the transmitted light of the measuring technique 

due to the extensive vaporization of the spray. They added that the 

spray tip was made clear by the scattered light of the flame produced 

when the spray ignites. These data are claimed to be well correlated 

by equation (2.16)).



d. Effect of injector diameter

The penetration of sprays injected from hole atomizers depends

on the nozzle diameter d- and the nozzle L/d- ratio for the same
J J

injection velocity and charge conditions. Giffen and Muraszew (1953) 

showed that the penetration increases linearly with d.. They argued
J

that this can be explained by the fact that the momentum of the 

discharged fuel increases approximately in proportion with dt while 

the area of the jet exposed to air resistance increases in proportion 

with d*. However, the correlations of Hiroyasu et al (1980)
J

equation (2.15) and Kuniyoshi et al (1980) equation (2.16) show 

that the penetration increases in proportion with/cL.v
The effect of nozzle length expressed as L/d. has also been

J

investigated. Giffen and Muraszew (1953) noted that the penetration 

decreases with increasing L/d. until a value of ~2, after which it
J

decreases.

e. Effect of fuel properties

The effect of the physical properties of different liquids 

on spray penetration has been studied by several research workers.

In spite of this, however, there are some contradictory views 

regarding the effect of viscosity on penetration. Schweitzer (1937) 

showed that increasing the fuel viscosity from 6 to 13.5 cS. had



no effect on spray penetration at t = 1 ms, and produced less 

than 10% increase at t = 4 ms. Tham (1982) observed the same 

tendency and he reported that the spray penetration is 11% greater 

for diesel oil (compared to gasoline) at ambient pressure of

4.5 MPa. Giffen and Muraszew (1953) argued that fuels with high 

viscosity cause both a reduction in the cone angle and an increase 

in droplet sizes, which combine to cause an increase in the 

velocity and penetration of the spray.

Burt and Troth (1970) carried out experiments involving 

a wide variation of fuel viscosity, produced either from selection 

of different fuels or from changing the fuel temperature. They 

reported no measurable effect on the spray penetration and stated 

that the explanation lies in the flow condition in the nozzle at 

the high pressure of diesel sprays which causes the spray atomization.

2.3 Spray Models

The theoretical analysis of spray behaviour started with 

the development of simple global, penetration-oriented empirical 

correlations. Such models stemmed from the need to know spray 

penetration characteristics in diesel engines since overpenetration 

can lead to excessive fuel deposition on the cylinder walls while 

underpenetration can cause poor mixing and combustion (Varde et al
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(1983)). Hay and Jones (1972) reviewed the penetration correlations 

which are based on analytical models as those of Lyshevskiy (1956), 

Wakuri et al (1960), Rusinov (1963), Sitkei (1964), Ogaswara and 

Sami (1966), Oz (1969) and Dent (1971) and those based on experimental 

study such as those of Schweitzer (1937), Parkes et al (1966),

Burt and Troth (1969) and Taylor and Walsham (1970). Hay and Jones 

(1972) evaluated these correlations and recommended that of Dent (1971) 

under all conditions apart from exceptionally large charge densities 

(equal to or more than 10 MPa) where it tends to overpredict. This 

correlation takes the form:

a = 3.1 v > ( 2 1 )
g

(2.18)

where AP is the effective injection pressure (MPa) and Tg is the 

gas temperature (K).

Although such penetration correlations are simple, they 

suffer from two severe limitations. Firstly, they are only valid 

for the conditions of the experiments they were based on or tested 

for. Secondly, they provide no detailed information about the 

spray such as drop velocities and the distributions of the fuel 

vapour concentration.

One approach to the prediction of details of the latter 

kind is to solve numerically differential conservation equations 

for the gas and droplet phases. Three different formulations of 

these equations are reported in the literature namely, the 'spray 

equation' model, the 'continuous droplet' model and the 'discrete 

droplet' model.
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In the spray equation approach, developed by Williams (1965), 

the droplet field is described by a continuous statistical distribution 

function defined at all positions in the flow field. The distribution 

function f^D^, x^, u^, tJdD^dx^du^ represents the number of droplets 

with diameter in the range dD^ about D^, located in the volume dx^ 

about x^, with velocities in the range du^ about u^, at time t. An 

equation governing the rate of change of f^ is derived by Williams 

(1965) as:

W - +  3U ( W ' + V < V d )  + 7 ud. ( V d )  = s (2.19)

. ->■ 
where is the droplet vaporization rate, is the sum of the

external body forces and the aerodynamic drag forces acting on

each droplet and S is the generalized source and droplet interaction

terms. Solution of this equation has been obtained by Bracco (1974),

Bracco et al (1976) and Westbrook (1976), all of whom computed

the spray evolution in prespecified gas flows (i.e. the droplets

were assumed not to influence the gas field). Westbrook (1977),

Haselman and Westbrook (1978) and Gupta and Bracco (1978) refined

the above approach by solving the spray equation along with the gas

phase conservation equations and taking into consideration the

coupling of the two phases through inclusion of appropriate droplet

interaction source terms in the gas phase equations.

A fundamental practical difficulty with the spray equation 

approach is the large number of independent variables involved.

For a three-dimensional transient problem, the distribution function 

involves eight dimensions (three space, three velocity, one size
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and one temperature co-ordinates),even with the simplifying 

assumption that the droplets are a pure liquid evaporating at the 

wet bulb conditions (Faeth (1983)). This problem is compounded 

when additional factors, such as droplet temperature variations, 

are considered. Furthermore, the drop temperatures, velocities etc. 

vary rapidly in the near-injector region, imposing requirements 

for closely spaced grids for all the dimensions of f^ if numerical 

errors are to be avoided. This would require prohibitive amounts 

of computer time and storage.

The 'continuum' droplet model treats the droplets as a 

continuous fluid interpenetrating and interacting with the gas 

field. Travis et al (1976) showed that the continuum model is 

equivalent to taking appropriate moments of the spray equation. 

Integration of the resulting equations over the entire range of 

and u^ values gives the conservation equations of the droplet phase, 

which are linked to the equivalent transport equations for gas phase 

properties, e.g. the axial momentum equations for both phases are 

written as:

sf(pu)g + a|(pu2)g + p  3p(rPuv)g 

3T(pu)d + al<pu2>d + 7  a?(rPuv)d

S  + ̂ (UP - V

(2 .2 0)

ax + o  - 0)pH( g ^

where u and v are the axial and radial components of the velocity, 

0 is the void fraction and represents the drag function. This 

model has been used by many investigators e.g. Murray (1965),



Soo (1967), Anderson and Jackson (1967), Harlow and Amsden (1975) 

and Gosman et al (1976a). It is also widely employed in calculations 

of two-phase flows in nuclear reactors (see Dehaye et al (1981)).

This approach yields a particularly concise formulation when a 

single droplet size is adequate to describe the process. Sprays, 

however are polydispersed, i.e. they possess a range of droplet 

sizes and this can only be represented in the continuum model by 

defining discrete size ranges and solving a set of continuum equations 

for each range. Thus, in these circumstances the continuum approach 

effectively replaces the large number of discretized independent 

variables of the spray equation by a large number of transport 

equations (according to the number of size ranges used), so it 

too becomes costly in terms of computer time and storage requirements. 

A second disadvantage of the continuum appraoch is that it is prone 

to numerical diffusion errors when the narrow, high velocity spray 

is oblique to the computing mesh.

There exists a subclass of continuum models employed by 

Shearer and Faeth (1977), Khalil et al (1977), Shearer et al (1978) 

and Faeth (1979) among others usually termed 'locally homogeneous 

flow models'. The basic premise of this model is that interactions 

between phases are fast in comparison to the development of the 

flow field as a whole. This implies that at each point in the flow 

both phases have the same velocity and are in thermodynamic 

equilibrium. This requirement is most easily met when the dispersed 

phase is a gas and the continuous phase is a liquid, due to the 

relatively low inertia and thermal capacity of bubbles. The validity 

of this model for spray applications is however questionable, unless
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the droplet sizes are small, the densities of the phases are 

nearly the same and the rate of flow development is slow. None 

of these conditions are met in real diesel sprays.

The major advantage of the locally homogeneous flow model 

is that fewer equations are required for spray calculations since 

the theory is equivalent to a single-phase flow. The main disadvantage 

involves the inaccuracies inherent in the assumption of infinitely 

fast interactions (see Shearer et al (1978)).

The most popular method is the 'discrete' droplet model 

in which the spray is statistically represented by a finite number 

of discrete droplets, rather than by continuous distribution. 

Conventionally the droplet behaviour is described by Lagrangian 

conservation equations as (for axial direction):

dxd

W  = ud

dud
W Bd(ug - uh ) - 7 - l vPd 3X

(2 .21)

while an Eulerian formulation is retained for the gas motion: 

however the latter practice is a matter of choice rather than 

necessity. The application of the discrete droplet model involves 

dividing the liquid emanating from the nozzle (or more generally, 

the atomization zone) into a finite number of droplet classes or 

parcels whose initial properties (i.e. size, velocity, temperature 

etc.) are assumed known. Each parcel is considered to represent 

a group of droplets all possessing the same initial characteristics. 

The life history of each parcel is then computed as it traverses
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the flow field and exchanges mass, momentum and energy with the 

surrounding gas. The effect of the droplets on the gas phase is 

considered by introducing appropriate interaction source terms 

in its equations of motion. This interaction source term is 

given by the following:

S*, ■ l Nd,k«Vd>k+1 - ("d *d>k > [2.22)

where i,j designates the computational cell, ^ is the total

number of droplets in the parcel k, m, is the mass of the droplet
d

in the parcel and is a general property which represents u, v, T 

and 1 for mass source. The superscript n+1 and n designate new and 

old time levels respectively.

A summary of the properties of the recent discrete droplet 

models is listed in table (2.2). The list is by no means complete 

and the various investigations in this list have been selected 

to represent typical features of current models, a range of 

applications and the extent and limitation of the various 

model predictions.

The applications considered by the models listed in 

table (2.2) involve both evaporating and combusting sprays (e.g. 

Crowe et al (1977), Mongia et al (1978), ElBanhawy and Whitelaw

(1980), Gosman et al (1980a)and Boyson et al (1981)). In these 

calculations it was assumed either explicitly or implicitly that 

the spray is 'dilute'. It is meant by this term that interactions 

between droplets as well as the volume occupied by droplets are 

both negligible.



-  38 -

*

It was also assumed in the above-mentioned studies that 

the droplets respond only to the time-averaged velocity field, 

which effectively ignores the possibility of turbulent diffusion 

of the droplets. Some workers, such as Abbas et al (1980) 

represented the effect of gas-phase turbulence in a deterministic 

way, by working out from the droplet concentrations a 'diffusion' 

velocity which is added to that obtained from the original Lagrangian 

equations of motion. An alternative, and probably more correct 

approach is the stochastic one devised by Dukowicz (1980) and 

elaborated by Gosman and Ioannides (1981), in which the gas turbulence 

is randomly sampled during each droplet's flight and allowed to 

influence its motion.

The first reciprocating engine applications of the discrete 

droplet model were made by Butler et al (1980) and Gosman and 

Johns (1980b). The former predicted the spray evolution in a direct- 

injection stratified-charge engine. The numerical model was used 

to simulate the compression and expansion strokes, including the 

effects of fuel injection, mixing, ignition, combustion and nitric 

oxide formation. In their calculations, they used a constant eddy 

diffusivity to represent the gas turbulence and did not model the 

effect of this on droplet dispersion. Gosman and Johns (198Cb) 

predicted the spray characteristics in an open-chamber direct- 

injection engine, in the absence of combustion, using the k-e 

model for the gas phase turbulence. They too ignored droplet 

dispersion due to gas turbulence. This methodology was later 

extended by Gosman and Harvey (1982) to include a combustion model, 

of a kind which allows in an approximate way for both chemical- 

kinetic and turbulence effects on the burning rate.
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An improved numerical technique (within the discrete 

droplet model) was developed by Dukowicz (1980) for computing the 

behaviour of atomized non-evaporating diesel sprays injected into 

a constant volume vessel containing quiescent gas. The gas and 

droplet momentum equations were solved by a coupled and implicit 

method that eliminated iteration for the droplet-gas interaction 

terms due to the strong coupling of the droplets and gas phase 

velocities. In his analysis, the gas phase turbulence was simulated 

by an empirical eddy diffusivity relation devised for gaseous jets. 

This methodology was later extended by O'Rourke et al (1980) and 

Kuo et al (1982a)who considered the dense spray phenomena which 

included the effect of non-unity void fraction on interphase transport 

rates (drag, heat and mass transfer coefficients); the effect of 

droplet collision and agglomeration; and allowance for non-unity 

void fraction in the governing equations of the gas phase.

The main advantage of the discrete droplet model is the 

elimination of the numerical diffusion (due to Eulerian smearing) 

in the droplet calculations. Also, the computer storage and 

computational time are smaller than those of the other spray models 

examined earlier, because, in practice, the number of droplet parcels 

required to achieve satisfactory representation of the spray is 

not excessive, typically 200 parcels/ms. (Dukowicz (1980)).

A serious difficulty when using the discrete droplet models 

is the lack of data on detailed injector characteristics, such as 

droplet size and velocity distributions. This is inherently associated 

with the complex and incompletely understood area of spray atomization 

as discussed earlier.



The discrete droplet models, as the spray equation and 

continuum models, requires the specification of the submodels for 

droplet interaction with the gas phase, such as the drag coefficient, 

heat and mass transfer correlations. These correlations will be 

discussed in the next subsection.

Finally, it can be concluded from the above discussion that 

the discrete droplet models have been favoured by recent workers 

since the computational time and computer storage are smaller than 

those of the spray equation model (the number of droplets representing 

the spray using the discrete droplet model is much less than the 

number of cells needed in the spray equation model). Also the 

discrete droplet model eliminates the problems of numerical diffusion 

for the droplet calculation. Therefore, the discrete droplet model 

will be used to mathematically model the liquid phase in the present 

study.

Spray Submodels

i. Droplet drag coefficient

A knowledge of the drag coefficient of the droplets (which 

constitute the entire spray) is essential for the calculation of 

spray behaviour.

Since the droplets are spherical in form, some information 

on the drag forces for liquid droplets may be inferred from 

experiments on solid spheres. The total drag on a solid sphere 

may be divided into two components, the friction (Stokes) drag 

associated with the viscous shear stress tangential to the surface



and the form drag associated with the variation of pressure over 

the surface. At low droplet Reynolds number friction drag dominates 

while at high Reynolds number the form drag dominates as a result 

of the local decrease in pressure in the separation region (see 

Graves and Scull (I960)).

Ingebo (1956) measured the drag coefficient (Cq ) of an 

accelerating droplet in an airstream and he found that Cq is related 

to the Reynolds number in the range 6< Re<400, as:

CD = 27/Re0'84 (2.23)

PVre lDdwhere Re = — ^--- and Vre-j is the relative velocity of the

droplet to the main body of the airstream. Ingebo showed that 

correlation (2.23) lies between Stokes drag (24/Re) and the standard 

drag (the drag of smooth inert spheres moving in steady state 

conditions).

Rabin et al (1960) observed that the flattering of the 

droplet at high Reynolds number causes an increase in the drag 

coefficient. They obtained, for Reynolds number in the range
4

80 - 10 , the following correlation:

CD = 0.271(Re)0-217 (2.24)

while they recommended Ingebo's correlation for Reynolds number 

less than 80.

Eisenklam et al (1967) investigated the influence of 

evaporation on the drag coefficient. They reported that evaporation 

reduces the friction drag due to a thickening of the boundary layer 

and they correlated their results by
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CD = C[)/(1 + B) 0.1 < Re <40 (2.25)

here B is the transfer number defined as Cp(Tg - T^J/L where Cp 

is the specific heat and L is the latent heat of vaporization.

*  is the standard drag, proposed by Wallis (1969) for 0 < Re <10^

as:

= 24 (1 + 0.15 Re0-687) (2.26)

Yuen and Chen (1976) assumed that the difficulty with 

^  the drag coefficient of an evaporating droplets arises due to

variable property effects in the film surrounding the droplets.

They found that the drag coefficient obtained from their results 

together with that obtained by Eisenklam et al (1967) correlates 

well with the "standard drag" provided that Reynolds number is 

^ calculated in terms of the free stream velocity and density while

the viscosity is determined at an average film temperature.

Finally, it can be concluded from the above discussion 

that the standard drag (correlation (2.26)) describes well the 

drag of non-evaporating droplets as well as the evaporating ones 

when proper averaging of the film properties is used to calculate 

Reynolds number. It is also a simple equation which covers the 

range of interest of Reynolds number. Therefore it will be used 

in the present study.
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ii. Heat and mass transfer coefficients

Droplet vaporization theory has been extensively studied by 

many investigators. Classical droplet vaporization theory 

describes a fuel droplet in a spherically-symmetric gas field, and 

then correct the results with an empirical correlation for convection. 

For constant fluid properties, in the absence of convection, the 

heat and mass transfer coefficients for a spherical droplet are 

given by (see Faeth (1977)):

Sh
h'RT D . m d

o—
= 2

(2.27)

where Nu is the Nusselt number, h is the heat transfer coefficient, 

k is the thermal conductivity, Sh is the Sherwood number, R is the 

gas constant, Tm is the mean film temperature and D is the diffusivity.

The effect of forced convection (due to the relative motion 

between the droplets and the gas phase) and free convection (due 

to the diffusivity of the vapour away from the surface of the vapor­

izing droplet), is then treated by an additive correction which is 

a function of Reynolds, Prandtl (Pr) and Schmidt (Sc) numbers. A 

popular and well-established correlation of this type is due to Ranz 

and Marshall (1952) who indicated that the Nusselt number and

vaporization rate for vaporization from wetted porous spheres increase

1/2 1/3
by a factor of 1 + 0.3 Re Pr ' due to convection. A similar
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correction was also used to evaluate the mass transfer rate, where 

the Sherwood and Schmidt numbers replace the Nusselt and Prandtl 

numbers, thus:

Nu = 2 + 0.6 Re1,/2Pr1/3 

Sh = 2 + 0.6 Re1/2Sc1/3

(2.28)

Here, the thermodynamic properties of the dimensionless numbers are 

evaluated at the mean film temperature and composition and Reynolds 

number is based on the relative velocity of the droplet, gas density 

and viscosity. In their experiments, they used low gas temperature 

(less than 473 K) which produced low vapour concentration. At high 

gas temperature as that encountered in diesel engine (at the time 

of fuel injection), the vaporization rate becomes high which in 

turn influences the heat and mass transfer coefficients.

Rowe et al (1965) (cited in Yuen and Chen (1973)), obtained 

an experimental correlation for the heat transfer coefficient at high 

temperature in the range of Re from 60 to 1800 as

Nu = 2 + 0.69 Re1/2Pr1/3 (2.29)

The heat transfer rates obtained from the above correlations are 

higher than those obtained from equation (2.28) for the same Reynolds 

number. This is not physically realistic since the high evaporation 

rates associated with high temperature decrease the heat transfer 

to the droplets.

Natarjan and Brzustowski (1970) carried out experiments

at high pressures and temperatures and they correlated their results by
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Nu = 0.146 Re1/2/BE (2.30)

where B£ = 1 + (h^ - hs)/L and h^ and h$ are the enthalpy at the 

free stream and the droplet surface respectively. This equation 

has asymptotically incorrect limits at low Reynolds number.

At free stream temperature up to 1233 K and for Reynolds 

number ranging from 200 to 1800, Yuen and Chen (1978) showed that 

the heat transfer rate correlates well with

Nu = (2 + 0.6 Re1/2Pr1/2)/BE (2.31)

In the above equation (and similar equation for the mass transfer 

rate), all properties are evaluated at the film condition except 

the density in the Reynolds number which is the free stream density. 

However , Faeth (1977) proposed a general correlation as

(Nu or Sh) = {2 + 0.555 Re1/2(Pr or Sc)1/3 , , BE ,

(1 + 1.232/(Re(Pr or Sc)4/,i))l/2 *n(1 + B E)

(2.32)

which approaches the correct limiting values at low Reynolds number 

at low values of B^. The above correlation contains experimental 

uncertainties at high Reynolds number, uncertainties in the form 

of mass transfer correction at finite B^, and uncertainties in the 

selection of the reference state for the physical properties 

(Faeth (1977)).

From the above discussion, it can be concluded that Ranz 

and Marshall correlations (equation (2.28)) represents the well- 

established and tested correlations of heat and mass transfer rate



for evaporating droplets at low gas temperature. It will be used 

in the present study with some modification to account for the effect 

of mass transfer from the droplets at high gas temperature, as will 

be shown in chapter3.

2.4 Closure

In this chapter, a comprehensive review of the experimental 

work on spray characteristics is given. The spray characteristics 

include spray formation, structure, droplet mean diameter, cone angle 

and penetration.

It has been shown, by many investigators, that the atomization 

of the high speed liquid jet is not completed at once after the jet 

emerges from the nozzle, but that the jet disintegration occurs over 

some jet diameters from the nozzle due to the aerodynamic effects 

supplemented by liquid cavitation effects. It has also been found 

that the breakup length depends mainly on the operating conditions 

of the experiments.

As far as the spray structure is concerned, it has been 

found that diesel sprays possess a double structure: a dense core

of poorly atomized ligaments surrounded by a dilute and well atomized

zone (see e.g. Kuniyoshi et al (1980), Boulderstone et al (1981),
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Negus (1983) and Yule et al (1985b)). This structure also depends 

to a great extend on the operating conditions of the experiments.

The effects of the different operating conditions on the 

spray characteristics can be summarised as:

1. An increase in the effective pressure decreases the mean 

droplet diameter, increases the spray cone angle and the 

penetration.

2. Increased air density results in shorter sprays of 

larger droplet size and cone angle.

3. Increased nozzle diameter has no appreciable effect on 

the mean droplet size and the cone angle while it 

increases the spray tip penetration.

4. Increased liquid viscosity results in a more compact 

jet which is more difficult to disperse and gives a 

spray with larger droplet size and longer penetration.

Also, this chapter reviews the different spray models which 

are used to represent the spray behaviour. These include the global, 

penetration-oriented correlations and the detailed numerical 

models. The latter class of models involves the spray equation model, 

the continuous droplet models and the discrete droplet models. The 

discrete droplet models are the favoured ones since the computational 

time and computer storage are less than those of the other spray 

models.

Finally, it has been shown that the droplet drag coefficient 

is very close to the standard drag curve for solid spheres provided 

that the Reynolds number is based upon an average viscosity, while
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the heat and mass transfer coefficients of Ranz and Marshall (1952) 

are limited to droplets evaporating at low gas temperature. Therefore, 

a correction is needed to account for the high mass transfer from 

the droplets which evaporate at high gas temperatures.

«

#
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Table (2.1) Summary of the operating conditions of the various experimental work.

Reference

Liquid medium

nozzle

diameter

(mm)

injection

pressure

(MPa)

charge

pressure

(MPa)

charge

temperature

(K)

Bergwerk (1959) shell oil-> air 0.2 - 0.25 10 - 23 0.1 - 9.5 293

Boulderstone et al (1981) diesel fuel oil-air 0.46 12 0.1 293

Burt and Troth (1970) 

ElKotb (1982a)

gasoline, kerosine and 

gas oil + nitrogen

0.25 13.6, 20.4 

28.9

0.56 - 2.74 293 - 873

ElKotb (1982b) |  

ElKotb (1982)

Fujimoto et al (1977),

diesel fuel oil, kerosine 

-* air

0.55 11.8 0.1 - 0.8 293

(1979) and (1981) ^
heavy fuel oil ^nitrogen 0.3 37.3 1.08 - 7.95 293 - 806

Hoenlein (1932) water air 0.51 - 0.1 293

Hiroyasu et al (1974) diesel fuel oil -> nitrogen 0.2 - 0.5 9.9 0.1 - 5 293



Tab1e(2.1) Cont'd.

Reference nozzle injection charge charge

liquid- medium diameter pressure pressure temperature

(nrn) (MPa) (MPa) (K)

Hiroyasu et al (1980) diesel fuel oil-)- nitrogen 0.3 7 - 1 5 0.1 - 5 293 - 593

Hiroyasu et al (1982) water -> nitrogen 0.3 up to 70 0.1 - 4 293

Ishikawa et al (1982) diesel fuel oil air 0.32 - 0.34 12 0.1 293

Jong-Yule Ha et al (1983) diesel fuel oil + CO2 0.32 - 0.36 22 - 49 0.49 - 0.89 298

Kuniyoshi et al (1980) diesel fuel oil ->nitrogen 0.3 37.3 1.08 - 9.95 293 - 960

Negus (1983) diesel fuel oil + air 0.28 18 0.1 - 0.34 293 - 673

Reitz (1978) water, Glycerol air, 0.34 3.3 - 16.6 0.1 - 4 293

nitrogen, helium

Sato et al (1982) heavy fuel oil •*nitrogen 0.29 37.3 1.08 - 7.95 298

Schweitzer (1937) diesel fuel oi 1 air 0.18,0.34,0.64 6.8 - 54.4 0.1 - 1.7 293

Varde et al (1983) diesel fuel oil nitrogen 0.18 - 0.42 24 - 150 2 - 4.2 293

Wakuri et al (1960) fuel oil -* nitrogen 0.31,0.34,0.38 40 - 75 0.1 - 4 293

Wu et al (1983) water,n-hexane and 0.25,0.34,0.66 11.1 - 107.6 0.1 - 0.42 293

n-tetradecane nitrogen

Yule (1984)

Yule et al (1985, a,b)

fuel oil -* CO2 0.21 - 0.46 12 0.1 - 6 288- 700
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Table (2.2) Summary of Irepresentati ve discrete droplet models of sprays

Reference Application and dimensions

Turbulence

model

Droplet 

di spersion 

model

Collision

model

Crowe et al (1977) Evaporating sprays, steady 2-D k-e None None

ElBanhawy et al (1980) Combusting sprays in cylindrical furnaces, k-e None None

steady 2-D

Gosman et al (1980a) Combusting sprays, steady 2-D k-e None None

Abbas et al (1980) Combusting sprays in furnaces, steady 2-D k-e Deterministic model None

Ioannides et al (1980) Combusting sprays in furnaces, steady 2-D k-e Stochastic model None

Mongia et al (1978) Combusting sprays in gas turbine k-e None None

combustors, steady 3-D

Boyson et al (1981) Combusting sprays in gas turbine k-e None None

combustors, steady 3-D

Butler et al (1981) Combusting sprays in DISC engines, Scalar eddy None None

transient 2-D diffusivity
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Table(2.2) Cont'd.

• #

Turbulence Droplet Collision

Reference Application and dimensions model dispersion

model

model

Gosman and Johns (1980b) Evaporating sprays in DISC 

engines, transient 2-D

k-e None None

Gosman et al (1982 ) Combusting sprays in DISC 

engines, transient 2-D

k-e None None

Dukowicz (1980) Isothermal sprays, transient 2-D Scalar eddy 

diffusivity

Stochastic model None

O'Rourke (1980) Isothermal sprays, transient 2-D Scalar eddy 

diffusivity

Stochastic model Yes
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Fig. (2.1) Jet breakup length as a function of jet 

velocity from Haenlein (1932)

« < «
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UQ (m/s)

Fig. (2.2) Effect of the injection velocity on the breakup 

length from Hiroyasu et al (1982)
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Fig. (2.3) Structure and shape of diesel

spray from Kuniyoshi et al (1980)

Fig. (2.4) Mean diameter and exponent of Rosin Rammler distribution 

as a function of time from Boulderstone et al (1981)
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Fig. (2.5) Effect of the charge density on the Sauter 

mean diameter from Elkotb et al (1982)

Fig. (2.6) Droplet size distribution of various fuels

from ElKotb et al (1982)
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Charge pressure (MPa)

Fig. (2.7) Effect of the charge pressure on the spray 

cone angle from Hiroyasu et al (1982)

♦  Fig. (2.8) Effect of L/dj on the spray cone angle



CHAPTER 3

THE MATHEMATICAL MODEL

3.1 Introduction

The predictions of the hydrodynamic and thermal characterise 

of liquid sprays in diesel engines require consideration of 

interacting gas and liquid phases in the flow field. This requires 

dealing with two sets of equations, one set for the gas and the 

other for the droplet. These equations are coupled primarily 

by two mechanisms; the displacement of gas by the volume occupied 

by the droplets and mass, momentum and energy interchange between 

droplets and the gas.

This chapter deals with the assembly of the differential 

equations that govern the flow, heat and mass transfer processes 

of both phases. Section 3.2 presents the instantaneous gas phase 

equations conventionally expressed as Eulerian differential 

equations, and their ensemble-average forms are then given in 

section 3.3.

Section 3.4 discusses the effects of turbulence on the 

gas phase and reviews the different turbulence models that may 

be employed to represent these effects. Also, it covers the 

modelling of the Reynolds stresses and the turbulent shear fluxes 

generated from the ensemble-averaging process. The modelled 

forms of the gas-phase equations employed in the present study are 

given in section (3.5). Finally, the working versions of these



equations are obtained through a co-ordinate transformation in 

section (3.6).

The derivation of the droplet-phase governing equations 

including the underlying assumptions and fuel and film properties 

are presented in section (3.7). Then the method employed to 

model the effects of the gas turbulence on the droplet trajectories 

is discussed in section (3.8).

3.2 Equations Governing Instantaneous Motion of Gas Phase

In the present study, the Eulerian differential equations 

governing the conservation of mass, momentum and energy form the 

basis for the analysis of a general, compressible, non-reacting 

gas phase flow, heat and mass transfer. The equations are first 

written below in the form appropriate to a time-dependent, two- 

dimensional axially symmetric flow.
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Defining a variable p(x9t) as the density of the gas 

occupying a volume V which contains k droplet parcels, the 

conservation of mass states that the rate of change of the mass 

of gas in the volume V must equal the mass flux crossing its 

surface plus the rate of mass transfer from the droplets 

(Travis et al (1976)). This is expressed mathematically as 

follows:

^ ( Pe) + 3|(peu) U ^ r p e v )  = sm>d (3.!)

where 6 is the 'void fraction', defined as the fraction of the 

volume occupied by the gas and u and v are the gas velocities 

in x and r directions, respectively. Sm ^ is the rate of 

evaporation of the droplets. The presence of the void fraction 

in this equation accounts for the displacement effect of the 

droplets and is related to the droplet mass m^  ̂and droplet 

density  ̂of parcel number k as

3.2.1 Mass Conservation Equation

e = i
d,kvlmd . k (3.2)

♦
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The equations of motion of the gas phase also contain 

contributions from the droplets through the exchange of momentum 

with them as well as the displacement effect (Travis et al (1976)). 

The momentum equation in the axial direction is:

3.2.2 Momentum Conservation Equation

In these equations, P stands for the pressure; t , t ,
XX i X

Txr anc* Trr are comPonen‘ts °f the stress tensor; and Su ^

and S . represent the momentum exchanges with the droplets

per unit volume. The stress components for a Newtonian 

compressible flow are linked to the velocity field by the 

following relations (see Goldstein (1957) and Bird et al (1968)):

g|(p0u) +g£(peuu) +lg|:(rp0vu) =

(3.3)

and the radial momentum equation is

-g-|(pev) + g|(p0vu) +ig|:(rp0vv) =

(3.4)

+ 'S' p (^,u)

Trr
n  9 V , 2 / _

= “ 2y ar + T  p(v *u) (3.5)

T

where y is the gas viscosity and u is the velocity vector.
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It is to be noted that in equations (3.3) and (3.4) 

the factor 0 lies outside the pressure gradients so that the 

equation can represent the limiting case of static equilibrium 

for an inhomogeneous distribution of the dispersed phase 

(Harlow et al (1975)) i.e. P = constant; u = v = 0; Sy d = Sv d =0

and 0 t constant. Then if 0 is inside the pressure gradient

30term, the equations reduce to p -^ = 0 which is not correct.

*

3.2.3 Energy Conservation Equation

The conservation of energy principle can be expressed as

g | (peh) + g|(peuh) + lg £ ( rp 0 v h )

3/0 K ^h \ 1 0/y.Q K ĥ \
■5x(e cT 33<) + r 3r(rS F--5?) 

P P

, . 0 fAfn ^  ̂ + v
+ -ST + -Sx {e(y c I ' S x S--- 2— )}

+ Sh,d (3.6)
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where ^ Is the energy exchange with the droplets per unit 

volume and h is the stagnation enthalpy defined by:

2 2
h - CpT + ( 2 )

Here T stands for the absolute temperature, k is the thermal 

conductivity and Cp is the specific heat at constant pressure 

defined as

In the above h is the instantaneous static enthalpy given by 

h = cvT + P/p.

The temperature, density and pressure are linked by the 

equation of state for an ideal gas i.e.

P = QP

where Q = 3 -  
RT

*  IT is the universal gas constant and m  is the gas molecular

weight.

Again, the droplet-phase contribution is made through 

the energy exchange term and the void fraction.

+

(3.7)

(3.8)

(3.9)

(3.10)
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The conservation of the fuel vapour mass fraction f can 

be expressed as:

r^-(p0f) + £y(p0uf) + “r(rp0vf)

- S >  * 7  If ) + V d  t3-11)

The above equations (3.1), (3.3), (3.4), (3.6) and (3.11)
%

are 'exact' and are thus applicable to both laminar and turbulent 

flows: however they are not solved in the form presented for 

the reasons given below.

3.2.4 Fuel Vapour Mass Fraction Equation

3.3 Averaging Process 

#  3.3.1 Introduction

The numerical method of solution employed to solve the 

gas-phase equations calculates the values of each dependent variable 

at a number of discrete points or 'nodes' throughout the field.

For turbulent flows, the important details of turbulence
a .

properties have small time and length scales; for example, the 

sizes of the eddies responsible for the decay of turbulence in
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a gaseous flow are typically about 0.1 mm (Launder and Spalding (1972)). 

It is impossible to resolve details of this order because such 

a large number of nodes would be required that it would strain

4  the capabilities of even the largest present day computers.

Fortunately for most engineering purposes, it is not necessary 

to consider the details of turbulence, since we are usually 

concerned with the averaged effects. The representation of 

these will now be considered.

»

3.3.2 Ensemble Averaging Procedure

The instantaneous value of any dependent variable <j>

(scalar or velocity component) can be represented by an averaged 

component ^  and a fluctuating component <i>'. For a stationary 

or 'steady' flow, the average ^  is equal to the time average 

defined as (Hinze (1959)).

^(Xq ) = lini "2̂ “  f 4>(Xo»t)dt (3»12)

t=-t

where is a certain point in space and tQ is the time interval. 

However this procedure renders <jT independent of time, it is 

therefore only appropriate for quasi-steady flows in which the 

averaged quantities can be expected to be time-independent.

This is clearly not the case for the flow considered in the
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present study where the averaged quantities will vary throughout 

the spray pulse. For such unsteady flow, the averaged quantities 

are defined through ensemble averaging over a large number of 

repeated pulses or experiments as (see e.g. Bendat and 

Piersol (1967)):

_  l n=m
t) = S ntQ + t) (3.13)

m ->°o n— m

Here n stands for the number of identically repeated experiments 

if the flow is not cyclically repetitive while it represents the 

number of cycles or pulses in case the flow is cyclically or 

pulsating repetitive; t is the time after the start of each 

experiment or pulse of period t and Xq is some fixed point in 

space.

Equation (3.13) is used in the present work to ensemble- 

average the conservation equations, so their solutions are 

therefore deemed to be representative of the average number 

of experiments in which the averaged quantities are repeated.

The averaged equations are thus derived by replacing 

each of the instantaneous values of the variable in equations (3.1), 

(3.3), (3.4), (3.6) and (3.11) by the sum of their ensemble-average 

value (represented by the overbar) and a fluctuating part 

(represented by '), e.g.

p = p + p 1 , u = T J  + u 1 , 0 = "e + e' etc.
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and then ensemble averaging the equation. This process produces 

the following, with the overbar indicating ensemble averaging.

Continuity

■̂ •(p 8 + p'S1) + gy(p 0 u + p 0 1 u1 + 0 p 'u1 

+ u p'e1 + p'e'u') + 1 {r(p"e 7

+ p e'v' + e p'v' + 7 p'e‘ + p'e'v')} = rm . (3.14)

Axial Momentum

9T ( P0 u + P 0'u 1 + 0 p'u' + u p"'0' + p '01 u ' )

g ______ ___ ____  __ ___ ________
+ T -( P 0 U U  + 2 p u  0 V  + 2 0u p 'u1 + u u p '0' + p0 u'u' +0 X

2u p '01u ' + p 0'u'u1 + 0 p'u'u' + p '0'u'u' )

1 g _____ _______ ________ __ _____j__ __ __
+  { r ( p F  u v  +  u v p V  +  P v  0 ' u 1 +  p u 0 1 v *  +  0 u p ' v '  +  

r  d r

0 v p'u' + p 0 u1v1 + p 0 1u1v1 + 0 p 1u 'v 1 + u p '01v' +

v p 10' u ' + p ' 0' u' v '")} = 7T 9P 7. 9P*
• 6 a * 6 n r

, 1 3
3x (0 t xx + 6 Txx> • 7  ar {r (§Trx + ̂ x ^  + * u,d (3.15)
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Radial Momentum

(pHv + "p e v  + "0 p1 v 1 + V  p'0' + p'0'v' )

+ {p0uv + uv p‘01 + pv 0 1u1 + pu 01v 1 + 0u p 'v1 +

0v p1 u * + pS" u'v1 + p 0 1 u 'v' + 0 p'u'v' + u p10 1 v ' +

v p'0'u ' + p'0'u'v* ) + y  (r(p0vv + 2pv 0'v* + 

2 W V  p ' v ‘ + "v V  p*01 + p 0* v 1 v 1 + 27 p 'e ' v ' +

p 0 'v*v' + 0 p'v'v'  + p'0 1v ' v ')> =

A 3P
e w ' 0' ap1

dr 9x8(0 Txr 0 ' t ' ) 
x r J

T W  {r<0 rr e ,T;r )> + v,d
(3.16)

*
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If the fluctuations of the molecular viscosity, thermal 

conductivity and specific heat are ignored, this runs

g-|-(p0h + P 6 1 h 1 + 0 p"<_h 1 + h p '0 1 + p ‘0 1 h 1 )

+ ^ ( pH uFT + uF p 'e ' + pF 0 ru"' + pil ~eV + eu p 1 h 1 +

qF p'u' + pe u 'h ' + p e 'u 'h ‘ + e* p'u'h' + F  ̂ "'e'h ' +

F r p'0 'u1 + p '0 'u 1 h ') + 1  ̂  [r(p0vFr + vF p'0' +r o r

Energy Equation

pF 0 ' v 1 + pv 0 ' h ' + 0v p 1 h ' + 0f7 p ' v 1 + p0 v ' h ' +

p 0 'v 1 h ‘ + 0 p 'v 'h ' + v p 1 ©'h ' + F  p'0'v 1 + p'o'v'h')] =

JL r ^  itL + $hL)~\ + 1  _JL i> ~ ( F  —  + q1 djVri +
3x l ^ 6 3x + 6 3x 'J + r 9r Lr ar 0 3r ^

:* 2

e f t  ♦ e ' f £ - + ; £ < ( *  + £- )  [ e ^ | ( z ^ + k) +

^ 2
-tz

e ‘ h ^ - r + k)3 } + F 3 F {r(^ + ^-> C® 3?( s - r + k) +

± 2 
u

e ' T  + k)^> + \ d (3.17)

where u is the velocity vector and k = £ — is the turbulent kinetic

energy.
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Fuel Vapour Mass Fraction Equation

+ p 0 ' f 1 + 0 p1 f 1 + T  p'01 + p ' 0 ' f 1)

+ p0uf + uf p'01 + pf 0Tu ‘ + pu 0 'f' + 0u p'f' +

ef  PV  + p0 u ' f ' + p 0 ' u ' f ' + 0 p ' u ' f ' + u p ' e ' f 1 +

f p '0'u ' + p'0 'u 1f ') + 1  ~  [ r(p0vf + v? p 10* +r 01

Pf 0 1 v ' + pv 0 'f1 + 07 p'f1 + W  p'v1 + p0 V rT r +

p e V  f 1 + 0 p ' v ' f ' + v p 10 1 f 1 + f  p10 ' v 1 + p ' 0'  v ' f 1)]  =

W ^ I + e , | r ) ] + 7  3F [rp(e g + 6' |il)l

+ sm,d ( 3 . 1 8 )
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3.3.3 Favre Averaging Procedure

The ensemble averaging approach used above results in 

double and triple correlations involving density and velocity 

fluctuations e.g. p V  and p 1 u '(f>' etc., as can be seen in 

equations (3.14) to (3.18). These terms could be significant 

in reacting (Libby et al (1977)) and non-reacting flows 

(Bradshaw et al (1971)) and the modelling of these terms is 

difficult and uncertain (Sayed (1977)).

Favre (1969) introduced an alternative method of averaging 

usually called 'density-weighted averaging' which eliminates the 

forementioned correlations and therefore, results in considerably 

simpler equations (Libby (1973), Bilger (1975), Pope (1976) and 

Jones (1980)).

The density-weighted averaging procedure involves 

decomposition of the instantaneous variables thus,

u = u + u" 

v = v + v"

6 = 6 + 0 "
(3.19)

(p = (f) + (p"

where u, v, e and $ are the density-weighted average values 

defined by

n=m

5(Xo»t) = I  [lira 2 i V r  H p ( V nto + t),f>( V nto + t)] (3‘20)
P m-v n=-m

and p is the ensemble-average density.
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Comparison of equation (3.13) and (3.20) yields the 

relation between $ and the ensemble-average <jT and the 

fluctuation <j>* as

The Favre averaged forms of the governing equations, 

after noting that density weighting is not to be applied to 

either the pressure or density (see Jones (1980)), can be 

written as:

Continuity

<j> = <j> + £=£
P

(3.21)

and also it can be shown that

(3.22)

It should be noted that

puIT = pv" = pe" = p<j>" = o

and TTir t 0

t 0

afCpQ) + •g |(peu+  p eiruir)

(3.23)
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Axial momentum

g f ( p 0  u +  p e,ru " ) + - ^ ( p  euu + p e F " u "  

+ 2pu e"u" + "p F W 1-) + ^  [ r f p  0u v

+ p e uHv" + p u e“v" + p v e"u" + p 0"u"v")]

--TT—  - 0‘ '____ — Cfi~t + ft1T ' \ -
^ s x  a x  a x ^ e T XX +  0 T * v 'XX-

i ^ [ r ( e T rx + e ^ x)] + S  d

Radial momentum

-^(p 0v + p 0 V )  + -a|(p euv + p 0 u"v"
ax'

+ P u e V  + p v 0"u" + p 0"u"v") + y  [r(p 0 vv

~ *V/ ~ ^  a> aTT s d  1
+ p e v V  + 2PV I V  + p 8"vV)] = - ?  - e'

3x

l a

(3.24)

(3.25)
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Energy

3t
£(p§fi + P B"Fr) + -| (p eu h+ p e i r V  + p u f V

+ Ph T3Vr + p W rHlr) + 1  ̂  [r(p 6 v h

+ p § v’rTTr + p v FT?r + pR e ^ V  + p W V - ) ]

9 { K /7T ̂  + n' ^ ' ) T +  ̂ 9 f r K f7) 9̂  + n 1 9̂  ' 11 -I
' a x lr ( 3X 0 ax~)} r W  lr f-(e w  + 0 S7~,} +

P P

77,2

+ 01 I f + if {(̂  + f } + k) +
P

_2 __ 2

01 T ~  + + F  3F { r(P + =“ ) P  9f(z ~ 2 ~  + k) +

01 ■5f(Z “2“  + k^ } + ^h,d (3.26)

Fuel Vapour Mass Fraction

£(p 0 f + p F'f"') + ^|(p0uf + p6 urTfrr + pu 6%""

* ^ 1 J .
r 9r+ p f eV* + p 0"u“f11) + [>"(p0v f +pe V"f" + p

+ P f F V r + P e V T ) ]  = -g|- Cv(e | £ +  e' |£1)] +
ax

F a F C ^ ar v ar m,d (3.27)

< 
l
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It should be noted that Favre averaging is applied only 

to terms containing density. Inspection shows that the Favre 

averaged forms are simpler than the ensemble averaged forms due 

to the elimination of the correlation involving density fluctuation

• as already mentioned. However, when comparison of calculations

with the measurements is made, it should be known whether the 

measuring instrument records pc}) or <|> whose respective statistical 

averages are $ or J. (Laser-Doppler and hot-wire anemometers 

measure unweighted variables while the pitot tube measures

• density-weighted variables, see Jones (1980)).

Nevertheless there are some grounds for selecting the 

ensemble-averaged forms of the equations. Firstly, the Favre 

average equations contain some unweighted averaged variables 

like t , H  and f; and the determination of these requires
A A

• modelling of the density fluctuation correlations ( c.f. equation

(3.21)). Secondly, Favre averaging like ensemble averaging does 

not eliminate correlations involving fluctuations in the void 

fraction. These correlations could be significant but 

unfortunately there is no experimental or theoretical evidence

•  of their magnitudes. There is also little experimental information

about the importance of p'-containing correlations like p'u' and 

p V  in multiphase flows. For these reasons, in the present study, 

the ensemble-averaged forms of the equations are used with the 

correlations involving density and void fraction fluctuations

•  omitted, in the knowledge that their effects may be significant.
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3.4 The Turbulence Model

3.4.1 Introduction

As can be seen, the process of ensemble averaging, gives 

rise to similar equations to those for the instantaneous 

quantities but with some extra terms involving fluctuating 

velocities e.g. p75 TT'u', p"0 u V  and p“e Trip. These terms, 

commonly interpreted as diffusional fluxes of momentum, energy 

etc. due to turbulent motion, play a significant role in all 

turbulent flows. In order to solve the ensemble-averaged 

equations therefore additional relations are needed connecting 

these unknown to calculable quantities. Unfortunately, there 

is no exact way of determining the magnitude of these terms; 

therefore, their effects must be approximated or 'modelled' and 

the process of formulating equations for the unknown correlations 

is termed 'turbulence modelling'. As has been stated earlier, 

modelling of correlations involving density fluctuations is 

hindered by the lack of measurements, hence their effects are 

neglected (as well as terms containing 0'). However, the turbulence 

model based on the characteristic of constant density flows has 

been used for the calculation of turbulent reacting flows (see 

for example Khalil et al (1975), Gosman et al (1976b),

Salooja (1978), Megahed (1979), El Banhawy et al (1980) and 

Abbas et al (1981)).



3.4.2 Choice of the Turbulence Model

The determination of the turbulent fluxes constitutes the 

main problem in turbulent flow calculations. A possible approach 

to determining the values of the Reynolds stress "p ujuj and the 

turbulent fluxes p” u^' is to represent them as the dependent 

variables in conservation equations. This can readily be 

achieved but with the consequence that higher order correlations 

will appear (see e.g. Harlow and Nakayama (1967), Lumley (1975) 

and Reynolds (1976)). The same approach can be taken again 

and the conservation equations written for the higher order 

correlations will contain a further higher order correlations. 

Closure approximations are therefore introduced to limit this 

approach and relate these higher order terms to lower order 

'known' terms in order to produce a closed set of equations 

(Launder et al (1975)). This approach, known as 'Reynolds stress 

closure', requires for three-dimensional flows, the solution of 

at least seven differential equations to obtain values for p"u !u'.
' J

terms.

Another approach which sometimes termed 'mean field 

closure' or 'effective viscosity' modelling relates the Reynolds 

stresses to the mean rate of strain through the Boussinesq (1877) 

equation:

-  P e UTUT = 0 „ t  [ ^ 1  + jJL - 1 v . f l  61d:  -  7  p e k  ^
J 1

where i and j are the co-ordinate directions and is the
i J

Kroneker delta = 1 if i = j and 0 if i t j.
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The correlations of the velocities and scalar fluctuations 

( p e u ' V ) are analogously expressed in terms of gradients of 

average quantities (see Launder and Spalding (1972)) i.e.

Schmidt number (experimentally determined). The introduction of 

Wj. provides a framework for constructing a turbulence model. A 

convenient classification of 'effective viscosity1 turbulence 

model uses the number of equations to be solved in addition to 

the continuity, momentum and scalar equations, i.e. zero, one 

and two equations models (Launder et al (1972) and Reynolds (1976)). 

These models relate the turbulent viscosity to known or 

calculable quantities as:

i. Zero-equation model:

The turbulent viscosity is determined through an 

algebraic expression which relates it to a prescribed turbulent 

length scale and a characteristic velocity scale &t(3u/3r)

(3.29)

where is the turbulent viscosity and is the Prandtl or

(Prandtl (1925)) i.e.:

(3.30)

This model does not need any extra differential equation to 

solve turbulent flow, hence it is called a zero equation model.
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ii. One-equation models

In this class, Prandtl (1945) has suggested that the 

velocity scale is well represented by the square root of the

^  is specified algebraically but k is determined from the 

solution of differential transport equation.

iii. Two-equation models

This more general and popular class of model, solves 

partial differential equations for the turbulent kinetic energy 

and a quantity e related to The turbulent energy dissipation 

rate e is expressed (Jones and Launder (1972)) as:

value. Upon substitution in equation (3.31), the turbulent 

viscosity becomes:

The conservation equations of the turbulent kinetic energy

1 __ —
turbulent kinetic energy, k(=^-zuT2). Substituting k2 as 

the velocity scale in equation (3.30), thus:

(3.31)

(3.32)

where c^ is an empirical coefficient, usually ascribed a constant

(3.33)

and its dissipation rate are given next.
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3.4.3 Transport Equation for Turbulent Kinetic Energy

The equation for the turbulent kinetic energy k can 

be derived by subtracting the ensemble-averaged momentum 

equations (3.15) and (3.16) from their instantaneous counterpart 

equations expressed in terms of mean and fluctuating components 

after substituting the values of t  from equation (3.5), 

multiplying the resultant equations by u' and v' respectively, 

summing the two equations and averaging the final equation.

1 p
Introducing the definition k = j  u*. , the resulting equation will 

contain some new unknown (e.g. uTuT, p 'uj) which must be 

modelled in terms of known or calculable quantities (details of 

the derivation and modelling of these unknown terms are given 

by Watkins (1977)). The final form of the k equation is then 

given by

g|(9"pk) + g|(9pUk) + 7  g7(rPS’VlO

- _fL(e + J__
3Xl a. 3x' r 3r ' °  ak 3r'

+ 0Gt - 6pe + t k (3.34)

where the effective viscosity ye^  is the sum of the laminar 

and turbulent viscosities i.e.

y
eff y + yt (3.35)

and is the turbulent Prandtl number, and the generation rate 

of the turbulent energy Gt is given by
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v\2- 8U ^ 9Vx2

-  ̂V.tT(utV.u + "pk) (3.36)

The turbulent kinetic energy equation (3.34) contains two 
rvN O

extra terms ^  anc* ''k* The first one comprises a large number 

of terms involving density and void fraction fluctuations. As 

already noted earlier in connection with the equations of the 

mean motion, there is no guidance currently available on how to 

model such effects: they are neglected here as well.

The last t e r m ^  (and a similar term in e equation) has 

been added by Buckingham et al (1981) to account for the effects 

of the droplets on the turbulence properties. These effects 

are mainly in the form of added dissipation, i.e.

?k = - a2p£ + a3 [(ud>1 - u ^ S X  + (^.i ' “i ^ e

+ u}e'(ud,i - “i)] (3.37)

where the (empirical) coefficients a^,a2 and are required to

vanish when e = 1; and u*. - is the droplet velocity fluctuation.u, 1

This modified k-e model was applied to flows containing sparse 

small solid particles (see Buckingham et al (1981)): the results

suggested that the particles tend to damp turbulent motions 

primarily due to inertial effects. The computations were not 

compared directly with experiments and more extensive evaluation 

of this model will be required in order to adequately establish 

its validity. For this reason the term ^  is also ignored in the 

present study.
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3.4.4 Dissipation Equation

An exact equation for e can be derived (following Harlow

and Nakayama (1967)) by taking the derivative of the equation

for the fluctuating velocity u' with respect to x^, multiplying
9u-|

the resulting equation by y and averaging (details of
dXl

derivation are given by Watkins (1977)). After modelling the 

unknown terms generated,the final form is:

g|(p0e) + gf(peue) + 7 gp(rpeve)

- _JL/o' eff
3XV° a£ ax'

+ 1  -ifr'a 
r 3r're

ueff 3_e ] 
ae *r>

+ c-jB" G.j. + C2BP - p0eV.u + + *■e e
(3.38)

where c-j, C2 > and o c are empirical coefficients whose values 

are given in table (3.1) and are taken from Gosman and Pun (1974).

As with the k equation,^. contains a large number of terms 

involving density and void fraction fluctuations which are neglected 

in the present study.

The last term £  added by Buckingham et al (1981) to
G

account for the effects of the droplets on the turbulence 

structure of the gas phase, is

2
V  = a i PGt  + a 2P f -  + a 3 ( uj , i  -  u y ui e (3.39)

This term is also ignored in the present study for the reasons 

mentioned earlier.
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3.5 Modelled Form of the General Transport Equation

The modelling of the Reynolds stress terms in the ensemble- 

averaged momentum equations has been indicated in section (3.4) 

(equations (3.28) and (3.29)). The only remaining terms to be 

modelled are of the form p0 puTF1’ which appear in the energy 

equation. Following Launder and Spalding (1973) and others* 

these terms are modelled as a diffusion process, typically:

- pe a 3xi Mt
8F

3x t
+ (i - —  )-$— (£ 

°h 3xi
%

+ {k ' k ] f ^ } (3-40)k h i

where

_  ___ Zuf
h = c T + -y- + k (3.41)

The ensemble-averaged forms of the equations have the 

same structure and can all be expressed by the following general 

transport equation for any variable <j>

gf(pe'J’) + g|(P9u<t>) + i  rp0v<t>)

= 4  + w *  <3-42>

where <p stands for u, v, h, f, k, e (the overbar has been omitted) 

or in the case of mass conservation, unity. The exchange

coefficient is given by:
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r
* ^

(3.43)

The definitions of r, and the associated source term, 

, are given in table (3.2).

3.6 Moving Co-ordinate Frame Transformation

The equations assembled and modelled so far are for an 

Eulerian co-ordinate frame. For flows with moving boundaries, 

transformation of the Eulerian co-ordinate system to a more 

flexible system that moves with the boundaries is required. As 

* the transient gas jets and the liquid sprays of the present

study penetrate further with time, then using a fixed grid system 

will be inefficient in computer time and storage because the jet 

or the spray occupies a small proportion of the total flow domain 

in the early stages of injection. Therefore, a solution domain 

t  which expands with expansion of the jet is used for the calculation

of the transient laminar and turbulent isothermal gas jets. A 

fixed grid system is employed for spray calculations because 

there is a restriction on the minimum size of the cells as will 

be discussed in chapter 5.

%  Transformation formulae have been derived by Watkins (1973)

for the case of an internal combustion engine with a flat topped 

piston, while Johns (1980) have derived the transformation formulae



- 84 -

for a translating and expanding/contracting co-ordinate frame 

to accommodate with the complex shape of the piston bowls.

A simplified form of the derivation employed by Johns will be 

used here.

New independent variables x' and r' are introduced which 

are functions of the Eulerian co-ordinate frame i.e.

x' = f-|(x# r, t)

r' = f2(x, r, t)

From differential calculus:

A variable <f> can be expressed in either co-ordinate system 

as:

(3.45)

<f>(x, r, t) = <f>(x', r', t) (3.46)

differentiation of this equation yields:

(3.47)

Substituting from equation (3.45) yields:
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d ±
ax dx + It dr + H  dt =

d<$>
dx*

ax'
ax dx + 3 < J >

a x1
ax'
3r" dr

a<j> a x ' 
ax a t

, 34) 3r'
a F "  a

^ 3(J> 3r'
a F "  a dr

+ ! ^ i r d t + i t dt <3-48>

By inspection, the general transformation formulae between the 

two frames are as follows:

<L*!_ + 9<J> 9r*

dcp _ dcp ax1  ̂34> ar1
ar ax' ar "aF" ar

9(f) _ 3cf) ax' , 9(j) 3r‘ , a4)
df " ax7" at aF" at at

(3.49)

The dependence functions f-j and f2 of equation (3.44) are 

here specified as:

where ^  and are time-varying distances (here taken as the 

jet penetrations in axial and radial directions respectively). 

Hence, the solution domain, defined in the new (x1, r', t) 

co-ordinate frame, is always bounded by the injected jet.

Differentiation of equation (3.50) with respect to x, r and t

yields:
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3x' 1
W

ax'
3r = 0

•  3x'
at

x 3?1 x' *1 
~7l 3t 5n 3t
1 (3.51)

3r‘ = 0

3r‘
•

i

' h

3r*
at

r 352 r' 352
7? at So at 
^2 L

Insertion of the above expressions into the general transformation 

formulae (3.49) yields the final form of these formulae for that 

particular transformation (equation (3.50)) as:

a<j> _ l 3<i>
"Sx " 8X1"

3(j>
•  3r-

i a<j>
S2 9rr (3.52)

a<j)
at "

3<t> x' 3?1 3c)> r' 352 3(j>
3 t 51 3 t 3X1" ?2 3 t W

Application of these relations to the general transport

»
equation (3.42) produces:
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+ ^  -^"(p0^ )  + X ^ P T  C2 ^ P  K^ 2 r^ p6v<})̂
1 1 3

■ ^  a p C 0^  ^ a P "  I + T ^ P T  c2 s P  ^ 2 r' )0r<f> I^aP^
3<j) 1 1 3 3(f)

+ S ! + S , . 
<f> <f>>d

(3.53)

where is also transformed. With some further manipulation, 

the transformed equation takes the form:

Slg2U 2r') M  C5152(52»-,)pec] + ̂  l>e+(u ’ *' *T>1

dZ'

+ T^P" Co I P  l-^2r" )p0ĉ (v " r' 9t ^

1
c1

3
3 p [e r 3<f> I

cj) T f 3 P J
1 J __

C2r' c p p [(?2r ') <>r
3(f)

<f>C^9P ]

= S (3.54)

3Ci 3C2
The quantities x' and r1 are the local co-ordinate 

frame velocities in direction x' and r' respectively. Hence, by 

dropping the primes, the above equation can be written more 

compactly as:
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Slg2 (qr) <■$ [5152(52r)p64>] fe2C52r)Peur<*>3

+

(3.55)

where ur = u - ^  T r

(3.56)

vr = v - 52 at

The transformed source terms for each variable are given 

in table (3.3).

3.7 Droplet-Phase Equations

a. Introduction

Spray vaporization and combustion studies are of primary 

importance in predicting and improving the performance of systems 

utilizing spray injection. Jet engines, industrial furnaces 

and diesel engines are typical examples of these systems. The

introduction of fuel into a combustion chamber (either as a 

prevaporized gas often diluted with air or in liquid form) is the
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key step in the combustion process since its results determine 

the overall combustion rate, fuel efficiency and emission of 

chemical pollutants, therefore an accurate prediction of the 

spray behaviour is necessary.

The approach which is employed here to mathematically model 

the liquid-phase is identified as 'discrete droplet model'. In 

this model, the spray is represented by discrete computational 

parcels. Each parcel represents a group of droplets possessing 

the same size, temperature, velocity, etc. The trajectories of 

the computational parcels and their masses, velocities and 

temperatures are obtained from the Lagrangian conservation equations 

of mass, momentum and energy for each parcel (Crowe et al (1977), 

Crowe (1978), Gosman et al (1980a),Gosman et al (1982),

Dukowizc (1980) and O'Rourke (1981)). The limitations in the 

above model constitute the topic of the next subsection.

b. Model Assumptions

The various assumptions included in the spray model of the 

present study are:

1. The spray is considered to be fully atomized and 

secondary droplet break up is assumed to take place. 

Droplet break-up occurs whenever the Weber number 

exceeds a critical value. The Weber number is defined 

as the ratio of the inertia body force to the surface 

tension force and is given by:

P°dv2rel
We = a (3.57)



where p is the gas density, is the droplet 

diameter, Vre*j is the relative speed = | u - û l and 

a is the surface tension. Henein (1976) reports that 

the critical Weber number associated with the 

secondary droplet break-up is 15. In the present study, 

for the maximum droplet diameter of 50 ym and a typical 

relative velocity of -10 m/s, the Weber number is less 

than the critical value.

2. The droplet is assumed to be spherical. It is well 

known that moving drops deform in shape; however, the 

existing correlations for drag and heat transfer 

incorporate this effect implicitly, treating the 

droplet as an equivalent sphere (see Yuen et al (1976)).

3. Phenomena such as droplet collision, coalescence and 

droplet vibration are neglected (Borman et al (1962)).

4. The fluid motion in the droplet interior and the flow 

around the drop (in the gas-phase boundary layer) are 

considered to be quasi-steady i.e. the flow immediately 

adjusts to the local boundary conditions at each 

instant of time (Faeth (1983) and Sirignano (1983)).

5. The radial velocity of the liquid surface due to the 

evaporation of the liquid is neglected

(Sirignano (1983)). Also, the liquid surface is assumed 

to be in thermodynamic equilibrium, with negligible 

temperature jump due to finite rates of evaporation 

(Faeth (1983)).
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6 . Thermal diffusion is neglected and only concentration 

diffusion is considered. (El Wakil et al (1954)).

7. The liquid is a pure hydrocarbon having infinite 

effective conductivity because of rapid circulation 

within the droplet to maintain uniform droplet 

temperature (Borman et al (1962)).

8 . Effect of turbulence on drop transport properties 

e.g. drag coefficient, heat and mass transfer rates,

is ignored. (Butler et al (1980) and Gosman et al (1980a)). 

Under the above assumptions, the Lagrangian set of 

equations that describe the droplet behaviour i.e. its motion, 

heating and evaporation are discussed next.

c. Droplet Motion and Trajectory

o
The history of a non-rotating droplet of mass m^ = -̂  

and velocity vector u^ in a gaseous field of velocity vector u 

and density p is obtained by writing Newton's second law of motion 

as (Borman and Johnson (1962)):

du.
md dt

-> 
= F (3.58)

where t  is the sum of the forces acting on the droplets. These 

forces are as follows

1. The drag force, which represents the flow resistance 

connected with the motion of the droplet relative to the 

fluid. This is usually written for ith direction as:
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Fd,i = 7  CDP V ” - “cP K  • Ud,i
(3.59)

where is the droplet cross-sectional area and is 

the drag coefficient. The latter is a function of the 

droplet Reynolds number Re^ which is defined as:

Red = (3.60)

here represents the droplet diameter. This force 

has the most significant effect on the droplet motion 

(Ioannides and Gosman (1978)).

2. Apparent mass force; when a droplet is accelerated 

relative to the surrounding fluid, it induces a flow 

around it. This induced mass requires an additional 

force to be accelerated over that for the droplet 

(Wallis (1969)). Since the liquid droplet is 

surrounded by gas of low density compared to the 

droplet density (p/p^-3% at typical diesel engine 

conditions), then this force will be small compared to 

the inertia force of the droplet and can be neglected 

(Zubar (1964)).

3. The pressure gradient force; this is due to the static

pressure gradients in the flow in the direction of

3Pmotion -5— - and is equal to:
9xi

, . md 3P
P.i Pd 3xi

(3.61)
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this term has been retained in the present study 

because it can be of significant value in thick 

sprays (O'Rourke (1981)).

4. The gravity force; defined as

Fg,i = rads(pd " p)/pd (3’62)

2
where g is the gravitational acceleration (g = 9.81 m/s ). 

As already shown, p/p ^ - 3% implying that F^ m^g.

This force is small compared to the drag force and, 

therefore, is neglected (Williams (1962)).

5. Several additional forces such as Bassett force,

Saffman lift and Magnus force. These forces are neglected 

in the present study since they only have a secondary 

effect on the spray behaviour (Faeth (1983)).

The preceding discussion shows that the most influential 

forces are the drag and the pressure gradient forces. Substitution 

of the expressions for these into the momentum equation (3.58) 

gives, for the axial and radial directions respectively:

dud

dt-

dvd

dt-

Cn(u - uh)Iu - urfl - TT-57
] _ d P  

Pd 9X

(3.63)

3
T PdudDT

cn(v - vh )Iu - udl ~
1_ aP 

Pd 9r

where u^ and v^ are the droplet velocity in axial and radial 

directions respectively. Integration of the above equations
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gives and v^. The trajectory of the droplets is then obtained 

from a further integration, of the following equations:

d x .

tfr = ud

(3.64)

drd
W  = vd

where and r^ are the axial and radial position of the droplet 

respectively.

The drag coefficient CD of an evaporating droplet, and 

as already discussed in chapter 2, is well correlated by the 

standard drag of solid spheres when the average film viscosity is 

used to evaluate Reynolds number (equation (3.60)) (Yuen and 

Chen (1976)). The standard drag, proposed by Wallis (1969), is

Re

CD = 22T(1 + 0-15 Red ‘587) for Red < 1000 

CD = 0.44 for Red > 1000

(3.65)

d. Droplet Evaporation

It is known that liquid droplets behave in an unsteady 

fashion during droplet vaporization (Sirignano (1983)). Heat is 

transferred from the hot gas to the liquid surface. Some of the 

heat from the gas will be required to overcome the latent heat 

of vaporization while some is transferred to the interior of the
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droplet to heat it. The droplet energy equation in its fundamental 

form can be written as follows (El Wakil et al (1954)):

h d m .
^ ( mdTrd) = hVs s r  + q (3.66)

where is the average droplet specific enthalpy, hv$ is the 

vapour enthalpy at the droplet surface and q is the total heat 

supplied by the gas to the droplet. The latent heat of vaporization 

is defined as

L = vs 'ds (3.67)

where h ^  is the liquid enthalpy at the droplet surface.

Substitution into equation (3.66) yields

j _ dm j dm.

T E ^ d V  ' hds cTT = L cTT + q (3.68)

with some further manipulations and for a uniform droplet

temperature, equation (3.68) can finally be written as:

d T , d m . 

radcpd ‘ L c i r + q (3.69)

Here, Cp^ is the droplet specific heat and T^ is its temperature 

El Wakil et al (1954) derived an expression for the heat 

supplied to the droplet of surface area Aa, q as:

q = hV T - Td ) ^ re - 1
( 3 . 7 0 )
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where h is the convective heat transfer coefficient through the 

film surrounding the droplet in the absence of mass transfer 

and the factor z/(ez - 1) represents a correction factor to 

the heat transfer coefficient to account for mass transfer from 

the droplet, z is defined by

z = -
cD dmd 
Py j r

77 kNu
(3.71)

where c is the fuel vapour specific heat and k is the thermal 
Pv

conductivity of the film. The heat transfer coefficient is 

obtained via the Nusselt number defined as

hD.
Nu = (3.72)

K

Substituting from equations (3.70) and (3.72) into 

equation (3.69) gives the final form of the droplet energy equation 

as:

dTd
~3T

~ Td> 2 

mdcPd (ez -1)
Nu + L dmd 

mdcP(j «&"
(3.73)

By analogy with the heat transfer equation, a semi- 

empirical relationship was derived for the mass transfer by 

El Wakil et al (1954) thus:

*"d
dt - Aah'PtJin {

- P
V>°°]

v,s
(3.74)
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Here, h 1 is the mass transfer coefficient, is the total 

pressure, P is the partial pressure of the fuel vapour atV 5 00
the edge of the film (away from the droplet) and P is the 

partial pressure of the vapour at the droplet surface. The mass 

transfer coefficient is obtained through knowledge of the 

Sherwood number Sh defined as:

Sh
D.RTh' d m (3.75)

where Tm represents the mean film temperature (=(T + T^/2),

D is the diffusivity and R is the gas constant. Substituting h' 

from equation (3.75) into equation (3.74) yields the final form 

of the mass transfer equation:

dmH P. P. - P„
3iT = - *DdD w -  - P' Sh (3.76)

m t v ,s

The Nusselt and Sherwood numbers are evaluated from the 

expressions given by Ranz and Marshall (1952) as

Nu = 2. + 0.6 Re^’5 Pr0 '33 

Sh = 2. + 0.6 Re°-5 Sc0-33

where
cp %

Prandtl number Pr = — = —
K

(3.77)

Schmidt number Sc =

(3.78)
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with the subscript m denotes mean film properties. Equations (3.77) 

are valid for Reynolds number in the range of interest in diesel 

sprays as already shown in the review given in Chapter 2.

In the present study, the fuel is assumed to be the pure 

substance n-dodecane which has approximately the same

molecular v/eight as diesel fuel. The fuel properties, fuel vapour 

and air properties are given below.

e. Thermodynamic Properties

a. Liquid phase

i. Density

The density of the n-dodecane decreases as the 

temperature increases (as shown in Fig. (3.1)), according 

to Rose et al (1977):

pd = 840/{1 + 0.00067(Td - 288)} (3.79)

ii. Specific Heat

The specific heat of the liquid fuel at constant pressure 

at different temperatures is obtained from the data of 

Maxwell (1956) and fitted by:

cp = 803.42 + 5.076Td - 2.212 x 10'3ljj +1.673 x 10"6Td (3.80)

which is applicable in the temperature range 300 K - 650 K.

For higher temperatures, Cp^ is obtained by extrapolation 

of the above equation in the absence of any other information.

The temperature variation of Cp^is shown in Fig. (3.1).



-  99 -

%

%

%

iii. Latent Heat of Vaporization

The latent heat of vaporization of the liquid fuel is 

given by the following fit to Maxwell's (1956) data

L = 3.288 x 105 + 1.882 x 103Td - 10.99T^j

+ 2.104 x 10~2Td - 1.446 x K f V !  (3.81)

which is valid in the temperature range 300K - 640K.

The temperature variation of L (Fig. (3.1)) shows a sharp 

decrease at T^ - 660 K after which the droplet reaches the 

critical point, for which L = 0.

b. Gas-phase (air and vapour)

i. Fuel Vapour Partial Pressures

The partial pressure of the fuel vapour at the droplet 

surface is expressed as a function of droplet temperature 

(see Borman and Johnson (1962)) as:

6894.757e{12*12767 ’ 3743-84/(Td " 93.022)} (3.82)

It should be noted that when Py s = Pt (the gas pressure) 

T^ becomes the saturation temperature of the fuel.

Figure (3.2) is a graphical representation of the above 

formula, from which it is seen that P i s  limited by theV 9 ^
value of the gas pressure i.e. P x <: P, .

v,s'max z

The partial pressure of the fuel vapour in the 

ambient droplet surroundings Py is given by:
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PV jCO (3.83)

where m m is the mean molecular weight defined below, m ^  

is the fuel molecular weight (= 170.3) and f is the ambient 

fuel vapour mass fraction.

i i. Viscosities

The viscosity of air is a fit to the data reported by 

Hilsenrath (1960):

ya = 6.829 x 10‘6 +4.529 x 10'8T - 1.0687 xlO'11!2 (3.84)

The viscosity of the fuel vapour, as fitted to the 

data given by Maxwell (1956) is given by:

y = 1 .69387 x 10‘7+ 1.30959 x 10'8T +6.6482x 10'12T2 
Mv

- 9.238 X 10'15T3 (3.85)

iii. Specific Heats

The equation for the specific heat of air at constant 

pressure is obtained from the data reported by Hilsenarth 

(1960) for the temperature range 600 K - 950 K as:

c. = 888.4 + 0.2885T - 3.527 x 10'5T2 (3.86)

The fuel vapour specific heat is obtained from the data 

reported by the National Bureau of Standard (1952) for 

the temperature range 360 K - 840 K:
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c = 303.57 + 3.8705T + 4.323 x 10'3T2 
Hv

- 8.648 x 10"6T3 + 3.95 x 10'9T4 (3.87)

iv. Thermal Conductivity

The equation for the thermal conductivity of air 

is determined for the data of Hilsenarth (1960) as:

k = 0.05128 - 9.885 xlO_5T + 2.1157 x 10"7T2 - 9.4686 xlO'^T3

(3.88)

*

*

v. Pi ffus i vi ty

The diffusion coefficient (diffusivity) of the fuel-air 

mixture is obtained from the following formula given by 

Borman et al (1962)

D = 1.218 x 10-4 T
3/2

(3.89)

where SI = 1.864 - 2.992 x 10‘3T + 3.357 x 10‘6T2

- 1.394 x 10'9T3 (3.90)

Graphical representations of formulae (3.84) to (3.89) are 

given in Fig. (3.3).
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C. Calculation of Film Properties

The computations of vaporization rate described earlier 

require the calculation of y , Cp and k  of the vapour-air 

mixture in the film surrounding the droplet. The moTal ratio 

of fuel vapour to air is approximated by the ratio of the partial 

pressure of the fuel vapour at droplet surface to the air 

pressure (see El Wakil et al (1954)). The properties then are 

calculated at the mean temperature T^ (=(T + T^J/2) and for a 

fuel vapour-air mixture of concentration equal to half the 

concentration at the droplet surface (assuming the concentration 

at the outer edge of the film is the ambient concentration 

which, generally, is a small fraction of that at the droplet 

surface). Thus the mean film properties can be written as:

n  v,Sv
(1 - 2p7-)ma

/ v,su

'Pm
------- c +
m rn pa m m

P P
_ m  v,sx ^ v,s

mrn " + ?]r- ™ f

(3.91)

1

and Rm = R/rnm

where R is the universal gas constant and f is the fuel 

vapour mass fraction.
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3.8 Turbulent Droplet Dispersion

In a non-isothermal turbulent environment of the kind of 

diesel sprays injected to, the droplets will experience time 

varying velocity, temperature and concentration fields due to 

the effects of the turbulent motions. Neglecting the effects of 

turbulence on droplet behaviour implies that drops follow 

deterministic trajectories prescribed by their initial conditions 

at the injector exit and mean gas properties throughout the flow 

field. The extent of droplet dispersion from their mean 

trajectories depends on their inertial properties and turbulence 

characteristics of the gas phase. Faeth (1983) showed, for the 

measurements of Yuu et al (1978) of a round air jet of diameter 

8 mm containing a dust of nearly mono-dispersed particles having 

a diameter of 20 urn, that ignoring droplet dispersion leads to 

an under-estimation of the radial spread of the particles.

Two main methods have been employed to compute droplet 

dispersion in sprays. Abbas et al (1980) simulated the turbulence 

effects as an extra diffusion force added to the droplet equations 

of motion (equation 3.63)). In that case, the drag force is 

evaluated using the ensemble-averaged gas velocities. The diffusion 

force is obtained for each droplet using a droplet concentration 

gradient expression which employs a turbulent gas/droplet exchange 

coefficient. Some method of estimating the gas/droplet exchange 

coefficient is required in order to obtain a closed form solution.

Lack of theoretical guidance on values of gas/droplet exchange 

coefficients is compounded by difficulties with existing measurements.
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Yuu et al (1978) pointed out that measurements are often suspect, 

since the experiments were analysed assuming that mean gas and 

droplet velocities were the same which is rarely satisfied in 

practice.

Hotchkiss and Hirt (1972), cited by Dukowicz (1980) proposed 

another way for estimating the droplet diffusion coefficient to 

compute droplet dispersion. In this case, it is related to the 

variance of the probability density function of droplet position 

(assumed to be Gaussian) at the end of each computational time step. 

Given the variance, the distribution is randomly sampled to obtain 

the diffusional increment of droplet position. This procedure 

gives the diffusion coefficient very simply but it does not provide 

any real advantage over the next method discussed, the stochastic 

approach.

In the stochastic dispersion method employed by Gosman and 

Ioannides (1981), the instantaneous gas velocity IT + u' replaces 

the mean velocity in the droplet equations of motion to yield, 

for the axial direction:

dud 3 p
s r  if p j 5̂ CD(u + u ud)|u + u' 1_ 3P

pd 3x (3.92)

As droplets pass through the flow, they are assumed to interact 

with individual eddies. Each interaction deflects the droplet as 

dictated by the instantaneous velocity of the eddy and the droplet 

inertia. Therefore, the droplet trajectory is determined similar
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to a random walk computation until the droplet passes out 

of the region under consideration.

In the present study the stochastic method is employed 

in the spirit of Gosman and Ioannides (1981). The instantaneous 

gas velocity within an eddy is obtained from the mean gas velocity 

and the turbulent kinetic energy k, which are known from the 

solution for the gas-phase properties. For this purpose, the 

turbulence is assumed to be isotropic with fluctuating velocity 

u' having a Gaussian distribution whose standard deviation ascj 

is given by:

1

asd = (f k)7  (3.93)

Random fluctuating velocities are selected from this distribution 

as follows (see Dukowicz (1980)):

u' = osd sgn(X,Y) erf_1(|X|, |Y|) (3.94)

where X and Y are random variables, associated with the x and r 

co-ordinates, selected from uniform distributions in the range 

-1<X,Y < 1.

Following Brown and Hutchinson (1979), a droplet is 

assumed to interact with an eddy for a time taken as the minimum 

of either the eddy life time t0 , or the transit time tp required 

for the droplet to traverse the eddy. Estimates of the eddy 

and transit times are made under the assumption that the characteristic 

size of the randomly sampled eddy is the dissipation length scale 

&e given by:
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l = cy 2k3/2/B (3.95)
W H

The eddy life time is then estimated as:

te = yiS'l (3.96)

The transit time is simply given as

tR = y|ff -f id | (3.97)

where | ti - û l is the local slip velocity vector.

*

3.9 Closure

In this chapter, the instantaneous form of the gas-phase 

governing equations has been presented in an unsteady, two- 

dimensional axisymmetric co-ordinates. Ensemble-averaged form 

of the equations is derived and a turbulence model which employs 

two additional differential equations for the kinetic energy 

of turbulence and its dissipation rate to form a closed set of 

equation is described. A transformation of the co-ordinate 

has been derived that allows it to move, for gas jet predictions. 

The equations that govern droplet motion and trajectory are 

presented. Droplet vaporization and diminution expressions are
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presented to complete the droplet-phase equations. A summary 

of the fuel and film properties is given. Finally, a treatment 

of droplet diffusion using the stochastic dispersion method 

has been described.

*

%

*
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Table 3.1 Turbulence model constants

Constant Value

s
0.09

ci 1.44

c2 1.92

1.
°k

a 1.2175e

ah 0.9

1.0
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Table 3.2 Expressions for the exchange coefficient and 

the source terms appearing in the general 

transnort equation

Dependent

Variable r4>
S,
<P

u
Weff e 3x 8xw eff 3xJ r 3r^r0yeff 3x'

" | ‘s|(6veffV ‘u + p0k)

V yeff 0 3r + 3x^0yeff 3r' + r 3r^0ryeff 3r

' 2yeff6 ' l'5r(0lJeffv‘u + pek)

1 0 0

h
yeff

ah 6 £  + T x ^ e f f * 1 - TT»

_2

+ 7  3?{r0lJeff(1 ' ^ h r (Z Z1 ) }

+ t0yeff{̂  " + 7  17 {r9yeff 

(J___l_)ik }
ak ah 9r

f
yeff

af
0

k yeff

CTk
0Ĝ . - p0£

£ yeff
a£

■|(c-j 0Ĝ . - C2p0c) + p0£V.u
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Table 3.3 Source terms in the transformed co-ordinate 

system

Dependent

Variable ><P

Q 9P + J___L Tfln du
e |Yaxr 3x ^ e f f  £.j3x

1 ^ 3 7  [^effv -̂  + p6k]

) " 52r 5231" )0peff S ^ x  3

* 6 £23r + 3x 6̂,Jeff |28r  ̂ + ?2r s23r t(?2 r )0ueff £23r 3

2 1 3
' 2peff 6 ,— T  - •? r z 3F K f f 7-'3 + p0k^

(?2r )

0 f l  + I f  37 £6peff(1 ■ r -)]

+ £ ^ F  J^r & 5 2 r  > 6lJe f f ( 1  '  ( z  F -) ]

+ S f 3 x  t 6ve f f 1 '  o j f ^ - | 3 x  ^

1 „ 3
_2
u.

u?

+ £9r S99r [^ 2 r 0̂yeff^a^ " a J ^ a r ]

0Ĝ . - p0c

r  ̂ cie t̂ ” c2p0£:) + p0eV*u

V u = ] _ ^ i  + ]- ®!L 
v-u St 3x s2

3u > 2r - « r* 3u \ 2 , / 3v \2 , v .2-1 , r> 3u . 3v . 1 2,
Gt = ^?23r ) +  ̂  ̂ ^ 5 23r + ?l3x ^

- 4  V.'5(ytV.u + pk)
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Fig.(3.1) Variation of the fuel properties with temperature.
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Fig.(3.2) Temperature variation of the partial pressure of the fuel 

vapour at droplet surface.
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CHAPTER 4

THE NUMERICAL SOLUTION PROCEDURES

4.1 Introductory Remarks

The transport equations of the gas phase given in 

chapter 3 form a closed set of non-linear and strongly coupled 

partial differential equations, which are too complicated to be 

solved analytically. Hence numerical solution is required. One 

of the most popular and widely used numerical methods is the 

finite volume procedure, in which the solution domain is divided 

into a finite number of discrete volumes or 'cells' by a 

computational grid. The finite volume equations are derived by 

integrating the differential equations over such cells 

(see Patankar et al (1972)).

Furthermore, a numerical method of solution is also 

needed to integrate the ordinary differential equations governing 

the droplet motion, temperature and evaporation rate.

This chapter is concerned with procedures employed in the 

present study for solving both sets of the differential equations. 

In section 4.2, the location of the different variables within 

the computational mesh, are defined. The general transport 

equation is integrated both in space and in time in a finite-volume 

fashion in section 4.3. The alternative spatial and temporal 

differencing schemes are discussed from the viewpoint of stability 

and accuracy in section 4.4 and a provisional choice is made.



The procedure that links the continuity and momentum equations 

in order to obtain the pressure field is detailed in section 4.5.

In section 4.6, the Euler method used to integrate the 

droplet equations and evaluate the interaction terms is described.

Section 4.7 outlines the two different solution algorithms 

used to solve the gas phase equations. One is a fully implicit 

scheme, used for gas jet calculations, and the other is a semi- 

implicit scheme, used for spray predictions. In the latter case 

particular emphasis is placed on the coupling between the droplet 

and gas equations.

Finally, the incorporation of the boundary and initial 

conditions into the solution procedures is given in section 4.8.

4.2 Computational Grid System and Notation

The computational grid employed for the analysis is 

illustrated in Fig. (4.1). It consists of arbitrarily-spaced 

planes of constant x and r. All the scalar quantities including 

enthalpy, density, pressure, temperature, turbulence kinetic energy, 

dissipation rate, viscosity, fuel vapour mass fraction and void 

fraction are located at the centre of the cells. Following common 

practice, (e.g. Caretto et al (1972)) the axial and radial velocities, 

designated by the arrows in Fig. (4.2.), are displaced to lie on 

the boundaries of the 'scalar cell'. This positioning - which is
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known as a 'staggered grid' - has two advantages: firstly, the

velocities lie between the pressures, so providing a straight­

forward calculation of the pressure gradient terms in the momentum 

equations, and secondly, they are in a convenient position to 

calculate the convective flux across the scalar cell boundaries.

Figure (4.3) Illustrates a portion of the computational 

grid showing a typical node P and its nearest neighbours, labelled 

N, E, S and W for scalar locations, while the velocities are located 

in the intervening cell boundaries denoted by n, e, s and w. These 

control volumes are formed by rotating the grid through unit angle 

about the symmetry axis.

4.3 Finite-Difference Approximation

4.3.1 Transport Equations

In accordance with the finite-volume approach of Gosman 

et al (1969), the general finite-difference equation is derived by 

^  integration of the general transport equation (3.55) over a typical

control volume and a time interval St to yield, after division by St

, t+<5t a
M  s  { l * f ( W 2 rP0+>d«lr

t VP

«  I



- 117 -

rn r, e

+ f ^2^2r^p0ur^ ~ ® ~ £ T "5x̂  
rs 1 w

II

+ f ^i^2r^p0vr^ ^x
xw

III

'  L h h h r(~%$ + ŝ ,d)dxdr}dt= 0r
(4.1)

IV

where / denotes integration over the scalar control volume
VP f n e

surrounding P, i.e. f (£,£?£?rp0<l>)dxdr = f f (5,£«£prpe<|>)dxdr.
VP 1 s w 1

The above expression is exact but in order to obtain the 

final result it is now necessary to introduce approximations. Thus, 

to evaluate the volume integral of term I the values of the 

variables at the central node are assumed to pertain throughout 

the volume, giving:

0

t+ fit

M  f I t l  (S^rpeoO dxdrdt
t VP

D W ) p 6xew«rnsP9* r +1 - C(5i52r)pSxew«rnsp e ^ n
5t

(VP04>)"+1 -  (Vp6<t»)"

5t (4.2)
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where the superscripts n+1 and n denote new and old time levels 

respectively, separated by the time interval 5t. Vp is the cell 

volume defined as:

VR = (5-,52r)p«xewSrns (4.3)

and the cell face areas are evaluated by 

an =

as = ( W > s 6x.ew
(4.4)

= a = a w ew = (^2r)p^26rns

Terms II and III of equation (4.1) represent the total 

flux of <J) across the cell faces due to convection and diffusion 

in both axial and radial directions respectively. The cell wall

values of are obtained by assuming a linear variation of <f>

between the bracketing points, e.g.:

1 3* | , *E ~ *P
0 £i^x ep

(4.5)

Hence, for example, term II of equation (4.1) is approximated 

as:
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> W  5-|?2r(p9ur^ ‘ 0 dr
M  I W
rs

/ n A 6r4> ^  1
“  aew { p0 ur *  •  i f  — S 3 ^ ------ } e

(^p ” fyj)
" aew { P6urcj) — f--- jx----- ^

ew r 0XPW w

If cell-boundary Peclet numbers Pe are defined thus

n_ (puP e 5l6xEP
P e -------r -----

<p u r ) we l 6 x ln„ _ T'W'I PW
w -------r:-----w

equation (4.6) may also be written as:

<l>r "  <f>p
F = a ( p0u ) (<f> -  -=*----- - }x ewVK r'e ye Pe~

-  a (p0u ) { cf) — =5-------—}ewVH r'w Yw Pew

(4.6)

(4.7)

(4.8)

The cell-boundary void fractions, densities and diffusivities 

appearing in the above equation are evaluated as a weighted average 

of their values at the nearest neighbours, e.g.:
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pe = V p  + (i - f ^ ) p z (4.9)

where f-j is the spatial weighting factor, given by:

f - S16xEe 
1

(4.10)

The values of <J> at the cell faces are also expressed in terms 

of neighbouring nodal values, typically:

Pe. = (1 - «e)<J>E + “e'i’p

(4.11)

----n---- = ot <h, + (1 - a )$nw PeT w W v w' P w

where a is a weighting factor, to be specified later. 

Substitution from equation (4.11) into equation (4.8) yields 

the following:

Fx = aew(p6ur>e { (1 ‘ “e ^ E  + “e V

- aew(p6ur)w{ V w  + O  ‘ W  <4 -12)

To complete the integration of term II, a two time level 

differencing scheme is introduced with an arbitrary temporal 

weighting factor n such that

i t+6t n , _

Fx,t ■ M  f Fxdt - <  + O  - " K
t

(4.13)
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The specification of n will also be given later. The final 

form of term II is then

Fx,t = n a ew (p0ur)e - “e )*E + “e 't'P }

an+l, q ,. \n+l r n  n+K.n+1 \- n a ew (peur)w {aw 4>w + (1 " aw H>p }

+ (1 -  n)a"w(peur ) e { ( l  -  a > | !  + }

-  ( 1  -  p K w ( p9ur > w { a J X l  + O  -  “ > P } ( 4 ‘ 1 4 )

The third term of equation (4.1) is treated in a similar manner, 

to give:

t+st xe r

Fr,t = & t f f 5i52r(PeV  " drdt
t ^  2

-  ^+1/ A \/ Nn+1 i n  "+lv n+1 4- n+1An+1 1- n a n (pevr)n {(1 - an )<J>N + an <J)p }

an+l, ow ^n+1 / n+1 n+1 n  _ n+1 % n+1 
-nas (p6vr)s i “s <f>$ + (I - as )<f>p }

+ (1 - n)ap(p0vr)P { (1 - a")0>" + aJJ^}

- (1 - n)ap(pevr) " { a " ^  + (1 - a")<j»" } (4.15)

The remaining integral IV of equation (4.1) contains 

sources associated with gas and droplets respectively. It will 

be represented by:



t+6t
St / / 5iS252r(S* + SM )dxdrdt

t VnP

(4.16)

where 5^ and ^ depend on the variable <j> under consideration 

as will be discussed later in the chapter.

As a result of the above approximations, the general finite 

difference equation can now be assembled:

(p6<J>V)p+1 - (p6<t>V)p

6T

+ (1 - n)(l -

+ (1 - n)(l - a " ) m V >
n n N

r _ 1 - M-r i . i-Ina ms <f>,n+1.n+1,n+l . rn <Pr + (1 - }

(4.17)
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where me = (p0aur)e , mn = (pBavr )n etc. Equation (4.17) may be 

written in more compact form as

c * ? 41 • “ f c 1 * * * w  ♦ + s
<M

(4.18)

where summations are over the four nodes surrounding point P 

(e.g. N, E, S and W in Fig. (4.3)) and the coefficients Ac are 

given by:

An+1 _ / -i ^n+lv'n+1
aN n(l - “n )ran

An+1 n+l-n+1 As =nas  ̂ras

nn+l ,, n+K-n+1
Ae = - n ( l - a e )me

rtn+l n+l-n+1 
AW =Tiaw raw

A|J «- (1 - n)(l - â )ra"

n-n
= (1 - n)a_ms s (4.19)

= - (1 - n)(l -

a s

nn+1 ^/^n+1.n+1 ,, n+1*-n+1 , n+1•n+1Ad = nta nr " (1 -a , ,  )m,, + ct rnP e e v w ' w n n
/■i n+1 \ «n+l ->(1 - as )m }

(P0V)P+1
fit

(1 -  n){agiiig (1 - a > n + a V  v w' w n n

(pev)S
6t
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The treatment of the momentum equations differs from the 

scalar equation integration in that the control volumes are 

centred on the velocity component in question and are thus 

effectively formed from two half scalar cells, as shown in Fig. (4.2). 

An example of a control volume for the axial component is shown 

in more detail in Fig. (4.4), along with the associated labelling.

In this connection, it should be noted that the convention adopted 

is that the velocities assume the label of the scalar nodes at 

which they point. The axial momentum equation is written as

An+1un+1rtp up = LAn+1 n+1u _ + + APUP + V * ,
n n .

u,d (4.20)

where the A 's, Ap and A? are defined in equations (4.19) and 

the definitions of the mass flow rates appearing in these equations 

are illustrated by the following examples:

me = (pea)p
urE + urp

(4.21)

and mn = an/nw {(p0)pf2 + (p6)N(l - f2)}vrn

+ anw/wnn{(p0)wf2 + (pe W  ‘ f2^}vrwnw (4.22)

where f2 is a linear interpolation factor given by: 

f = (^26r)Nn (4.23)
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an/nw rePresents the area bounded by the subscripts n and nw.

25r)nP 1S rac^ a  ̂ distance from point n to point P (see

Fig. (4.4)). Cell-boundary Peclet numbers which appear in the 

definition of the weighting factors a Q , aw , etc. are given, for 

example, by:

Pe = n
pnw Vrnw ̂ 2 ^ r^NP (4.24)

nw

where pnw and rnw are evaluated from a weighted average of the 

surrounding values e.g.

pnw = 1̂ -̂pW^2 + PNW^ " ^2^ + ^  -̂l) {pp^2 + PN ^  ” ^ 2 ^

(4.25)

Similarly, the integration of the radial momentum 

equation produces

An+1 n+1 P VP IA
c

n+1 n+1 
c vc

+ vAnvn + Anvn + !T + ̂  
“Acvc V p  \  \ , d (4.26)

*
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4.3.2 Differencing of the Gas-Phase Source Terms

The final stage in the assembly of the difference equations 

for the individual variables is the assembly of the gas-phase

source terms "5. and the interaction terms 'S’. .. The former are
<p

dealt with here, with the exception of the pressure gradient 

terms in the momentum equations, which are treated separately in 

section (4.5). The ^'s will be assembled later.

Momentum Equations

Many of the components of for the momentum equations 

are similar in form, hence it will suffice to consider a 

representative example, taken to be the axial momentum sources, 

contained in S^: the differential expression for this is given

in table (3.3). Firstly, the source term is differenced temporally 

as:

Su = ns£+1 + (1 - n)3j (4.27)

§u is expressed in integral form (excluding the pressure 

gradient) as follows (the notation is that of Fig. (4.4)):

Su = aew {(0Vff)p 1 ^ 7  - ? T s v 7 }

+ (aeyeffc2r | ^ 3f)nw - (a9UeffS2r f ^ s w
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- ( P p - P w)aew( f i 6w + ( 1  ‘  f i ) eP)

aew {(0yeffv.u + p6k)p - (6yeff v.u + p6k)w>

The cell faces values of (-|y3ic)nw50nw anc* Veff are evaluated 

central differencing or linear interpolation, as appropriate. 

For example:

9v . K VN " VNW

0NW " fl * vWf2 + VNW^ _ f2 ^  + ^  " f])  ̂vpf2 + VN^ “ f

Turbulence Equations

The source terms for the turbulent kinetic energy and 

the dissipation rate equations are approximated by the 

expressions:

\  = n(6Gt - p0£)p+1v[!+1 - (1 - n)(0Gt - p0e)pVp

SE =n{|'(c16Gt - C2p0e) + p9eV.u}p+1Vp+1

- (1 - n) {f(c-|eGt - c 2P0e ) + p0eV.u}pVp

(4.28)

(4.29)

2 »

(4.30)

(4.31)
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Energy Equations

The pressure work which appears in the source term of 

the energy equation plays a significant role in a gas 

undergoing compression. It has been neglected in the present 

study since no compression or expansion occurs. The other terms 

of the energy source term are small and they are neglected.

*

4.4 Differencing Practices

4.4.1 Spatial Differencing Schemes

The specification of the spatial weighting factors a0 and 

aw (and by implication c*n and as) is very important, since it 

determines the accuracy, stability and economy of the solution 

procedure. Spalding (1972) and Raithby and Torrance (1974) 

showed that the use of solely central or upwind differencing 

can cause erroneous results if proper account is not taken of 

the value of the cell Peclet number (equation (4.7)). Therefore, 

the scheme which is used in the present study is a hybrid of 

central and upwind (donor-cell) differencing schemes.

This is:

#
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1 . 1
f 7  +  v r e

, for |Pee l« 2

1 , for Pee > 2 (4.32)

u , for Pee < -2

when |Pe| < 2 <|> can be assumed to vary linearly

between adjacent grid nodes so that the cell face values of <j> can 

be expressed in a central differencing formulation. Typically

d> = Ye
<J>p + $£

For higher values of cell-face Peclet numbers, the 

central differencing scheme leads to unrealistic results (see 

for example, Spalding (1972) and Patankar (1980)). Because of 

this the upwind differencing scheme, firstly put forward by 

Courant et al (1952), is used in which the cell face values of <J> 

are assigned the value of 4> at the grid node from which the 

fluid has just passed. Thus, for example, <J> = $p for flow

in the positive axial direction (i.e. from M to E) and 

<|>e = ^or ^ ow ™  °PP0Slte direction.

The main advantage of the hybrid differencing scheme 

presented by equation (4.32) is that the numerical stability 

is enhanced, because the coefficient in the finite-difference 

equation (4.18) can then never be negative and thus the 

coefficient matrix is always diagonally dominant (Roache (1972)).
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4.4.2 Temporal Differencing Schemes

The value of the temporal weighting factor n which 

appears in the discretized equations determines the time differencing 

scheme and hence, the type of the solution algorithm required.

There are three well-known practices, being: 

i. Fully implicit schemes (n = 1) which postulate that, 

at time t, <J> suddenly changes from <f>n (the old time level
n+i

value) to <j> (the new one) and stays at that value over

the whole time step St. In those schemes, it can be seen
n , 1

from equation (4.18) that (J>p is related to neighbouring 

unknown field values (<J)j?+^, <J)jJ+^, and c})^). Hence 

simultaneous solution is required in order to solve the 

equations. The fully implicit approach is linearly stable 

for all St because the coefficient Ap is always positive, 

as can be seen from equation (4.19). From the point of 

view of computation requirements, this scheme (as with the 

fully explicit scheme described below) requires coefficient
n+l

evaluation at just one time level (An ). Also, steady 

state solutions can be easily obtained with implicit 

schemes by using a very large time step (effectively 

infinite) (see Patankar (1980)).

ii. Fully explicit schemes (n = 0) essentially assume that the 

'old' value of <J> prevails throughout the entire time step
n . i

except at time t + St where it takes the value $

This produces especially simple equations for the <J>pn+l

since it relates them to the known old time level values
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((f>n), as can be seen from equation (4.18). Hence a

straightforward solution is possible.

The convenience in this regard, is, however, offset

by a serious limitation on the size of the allowable

time step. It can be seen from equation (4.19) that

the coefficient aJJ can be negative, hence reducing the

values of A in relation to the individual A's of the 
P ^

surrounding nodes and thus reduces the diagonal dominance 

of the coefficient matrix, this dominance is required 

for numerical stability reasons (Roache (1972)).

Therefore, the size of the time step must be small enough 

to give positive AjJ (equation (4.19)) and hence, produces 

a stable solution. Courant et al (1967) showed that if 

the momentum and continuity equations are all treated 

explicitly, then the time step must satisfy the following 

condition

(uf + us)6t 

6x < X (4.33)

where u^ is the local fluid velocity, us is the sound 

speed, 6x represents the cell spacing and X is of order 

unity. The implied 6t can be extremely small and hence, 

these schemes can be very expensive in terms of 

computation time.

Harlow and Amsden (1971) removed the sound speed

component from equation (4.33) by differencing the 

pressure gradient terms of the momentum equations implicitly
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(i.e. at the 'new' time level values) while retaining 

the explicit formulation for the remaining terms. Hence, 

with this 'semi-implicit' formulation the restriction 

on the time step becomes:

I uf 16t

5x (4.34)

iii. Time-centred 'Crank-Nicolson' schemes (n = 0.5). These 

assume a linear variation of $ between t and t + 6t 

and are formally second order in 6t. Such schemes seem 

likely to be superior to both the fully implicit or 

explicit schemes for sufficiently small time step (see, 

e.g. Runchal (1977)). For such small 6t it gives a more 

accurate solution than that of the fully implicit scheme. 

The Crank-Nicolson scheme is usually described as 

unconditionally stable. However, it does have the 

disadvantage that, in contrast to the fully implicit 

scheme, the coefficient can become negative if 6t 

is sufficiently large, producing oscillatory unbounded 

solution (see, e.g. Patankar and Baliga (1978) and 

Johns (1980)). It has also the disadvantage that the 

coefficients are required at both old and new time levels, 

giving rise to the need for more computer storage.

This is by no means a trivial matter for multi-dimensional 

f1ows.
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From the above discussion, it can be concluded that only 

the implicit scheme is free from constraints on fit other than 

those required for temporal accuracy. Hence it is the preferred 

choice when the latter constraint allows fit to be appreciably larger 

than that set by the Courant number limit (equation (4.34)) as in 

the case of the gas jets. For diesel spray computations, the 

temporal accuracy of the solution necessitates the use of smaller 

time steps due to the strong coupling of the gas and the droplets. 

Clearly, if it is necessary to work with a Courant number of order 

unity or less, the advantages of the implicit schemes are lost and 

it is more logical to imply a semi-implicit method since the latter 

requires no iteration.

Therefore, both the implicit and semi-implicit schemes will 

be given in some detail in the next section.

a. The implicit scheme

The substitution of n = 1 equation (4.19) yields

fln+l *n+l / -yn+1 i \ 
AN -  ran (an ■

i n+1 _ -n+1 n+1
L “ ITL CLr-

A

,n+l
E

n+1

W

.n+1

•n+1/ n+1 
me (ae

•n+1 n+1 
n\i “w

- 1)

(pev)p+1 n+1 

St----+{ cAc + \ + ™ n - As)n+1>

(4.35)

(p0V)p
fit
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The implicit form of the finite-difference mass

conservation equation is obtained from equation (4,17) by putting

<f> = 0, S\ = 0 and thus:(p <p,d m,d

(pev)p+1 -  (pev)p
-------- FE------- + (mQ - mlf + mn - me) v e w n s'

n+1 = 5m,d (4.36)

Introducing this equation into the coefficient A 

(equation (4.35)) yields:

n+1
P

An+1P ZAr c C
n+1 (p9V)p

+ fit + ̂ m,d
(4.37)

The source term 5^ is now expressed in the quasi-linear 

form as

S
+

(4.38)

where the subscripts E and I refer to the 'explicit1 and 'implicit' 

contributions respectively. An essential condition for stability 

is that is negative (Gosman and Pun (1974) and Patankar (1980)). 

The final form of the discretized equation is therefore:

2A"+y +lc c c
fln ,n . cn+l , T
V p + V  S< M (4.39)

where AJ, = Ap+  ̂ - (This will be written as a|J+  ̂ hereafter).

The above equations (4.39) relate the unknown values at 

point P(<f>p+ )̂ to the neighbouring unknown values ( ^ +^'s), hence 

an iterative solution is required.
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b. The semi-implicit scheme

Setting n = 0  in equation (4.17) gives

( Pe<t>v)55+1 -  (pe<t>v)p
$t

- a n n>-n ,n , n.n.n(CL ” l)m + a, ,<fri v e 7 e E w wTW

,/• n t v .n,n , n*nAn
+(“n - 1)mn̂ N + smŝ S

+ { * aeifie + (1 - anran +
\• \n. n as)ms} <f>p

(4.40)

Here is written for an unspecified time level because as will 

be shown later, the specification will vary according to the 

constituents.

Equation (4.40) can be written in a more compact form as

An+l,n+l vnn,n , -n.n . -=- An <pn = + Pi (p + 5. + S . .
P P c c c P P 9 <P,d

where the subscript c denotes summation over 

surrounding point P and the coefficients are

the four nodes 

given by:

(4.41)

AS = (<£ -  D m "

An = MS
n-n a m_ s s

1 )m
n
e
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( PeV}£
<5t + *n

n+1 _ (p0V)p+1 
lP 6t (4.42)

For the limiting case of inert particles moving without 

slip in a uniform field of <f> and undergoing no other interaction 

with same, then the flux and source terms in equation (4.40) 

vanish and it reduces to 

,n
n+l 6

P <J>i
en+T *P

(4.43)

From this it can be seen that an unphysical overshooting or 

undershooting may occur depending on the value of 0p/0p+^. As 

a remedy for this problem, the continuity equation is differenced 

explicitly (by setting <f) = 1, = 0 and S h i n t o

equation (4.40)) as follows

(p6V)np+1 -  ( p e v ) p
St m_ + m. • xn 

- ™s) + s.m9d (4.44)

Substitution from the above equation into equation (4.40) yields 

the same form of equation (4.41) with a modified definition of

the coefficient Ap:

n (P0V)np+1 -
AP " St ‘ Sm.d ” cAc

n
(4.45)

with this treatment, equation (4.43) simply gives the typically 

acceptable result
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Equation (4.41) can be easily solved for each variable 

since the right-hand side of the equation is given in terms 

of known values (old time level). In the momentum equations, the 

pressure gradients (which appear as part of the source term S^) 

are evaluated at new time level values (implicitly), hence their 

determination is necessary and constitute the main topic of 

the next section.

4.5 Solution of Continuity and Momentum Equations

For any Mach number flows, the pressure field strongly 

affects the local momentum balance. In a highly compressible 

(high Mach number) flows, its effect on the density can be 

significant and in such circumstances, the density may be regarded 

as one of the main dependent variables and can be extracted from 

the continuity equation. The pressure can then be obtained
*

through the equation of state. Such an approach is not, however, 

helpful for constant-density flows because density is no longer 

a variable in the continuity equation.

In the present study, following Chorin (1968), Caretto et 

al (1972) and others, the pressure is calculated from its own
%

equation formed by combining the continuity and momentum equations. 

For the sake of generality, the pressure correction equation will



be derived for a compressible flow although it is recognized 

that the flow in diesel engines is generally of low Mach number.

In the strategy of this algorithm each variable fis 

expressed in terms of an approximation, labelled (<{>*), and a 

correction value, denoted ($'), thus:

P = P* + P'

u = u* + u' 

v = v* + v'

In the first stage of the algorithm the approximate 

pressures P* are inserted into the momentum equations (4.20) 

and (4.26) which are solved to yield an approximate velocity 

field u*, v*, e.g.

P = P* + p ' = P* + (|^)t p

p* + QP (4.46)

+ su - ^ 0 PP - PW> + 0  - n>«e»/PP - PU »  <4 -47)

where Sy = ^  - aew(Pp - P„) (4.48)

Note that the superscript (n+1) has been dropped and those 

variables with (*), (’) refer to the advanced time level value. 

The 'correct' pressure and velocity fields will satisfy:



-  139 -

*

aH+1 u _ + lAnu^ + Anun + S
AP P c c  uc + r c uc + V p bU,d

+ SU - <i«ff(pP * V + (! - n)a"u,(PS - pE)>ewv P ' W- (4.49)

Subtraction of equation (4.47) from the above gives:-

Pfp+ \  = 2A"+1u; - n a ^ V i  - P,;,)c c ew v P WJ
(4.50)

If it is assumed that the major effect of changes in the pressure 

gradients is on the velocity at the node lying between the 

pressure nodes in question, then the term EA" u' can be ignored,
Q C C

yielding:

An+ û' 2: - nan+Vp' - P'l 
MP P naew ^ P  V (4.51)

hence, from (4.46):

u = u* -
_n+l

Tn+T" (pP - pw>

*

or up = u* - Du(Pp - P ‘) 

similarly,

'p = VP - V PP - PS>

where

D.. =

_n+l
naew
Tn+I-
P,u

D„ =

a + a , i  , n sNn+l 
n( 5 )z

,n+l
V,v

(4.52)

(4.53)

(4 .5 4 )

Here it should be noted that the subscripts u and v have been
n4-1

attached to the coefficient A|J to associate them with the 

appropriate momentum component.
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The finite-difference form of the continuity equation can 

be obtained from equation (4.17) by setting <J>= 1, = 0 and

cf = s”
< M  m,d5

(P0V)?+1 - (p0V)P , , ,
---------------- - +-i{(p9ura)"+1 - (P6ura)"+1 + (p9v a ) ™

- (pevra)"+h  + (1 - n)f(peura)nr 'e

- (peura)" + (pevra)" - (p6vra)"}

= Sm.d (4.55)

Substitution from equations (4.46), (4.52) and (4.53) into the
?

above equation gives, after neglecting terms of order P* and 

arrangement:

(eVQP')p+1

6t

+ nen+1an+1 {u* QP'1 e ew 1 r,ex e P l Du , e ( PE -  P P »

-  n0w+1 aew1 K .M  - ? w W PW '  PP »

+ " C ’ C 1 t v * r . n ' J pn '  ~ P P »

< ' ? '  {v*r,sQps * PsDv,s(pP - PS»

n+1(p*ev)p - (P9V)p +1
= ------------ 5t---------- {n[(p*9u*a)e
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- (P*eu> ) w +1 + (P*6u*a)n+1 - (p*eu*a)"+1]

+ (1 - n) [(p0vra)g - (p9vra)JJ + (p0vra)JJ

- (P0vra)g ] } + S,m,d (4.56)

Here the cell face quantities such as e0 are obtained by linear 

interpolation as before. Defining the cell face 'Mach' number

2 Qur Qvf
Ma = is-hf- or n-^-D p: vH

(4.57)

Equation (4.56) can be re-written as

(0VQPA)n+1 n+1 PA - P'
----+ n(0QV )"+ 1 { P ; - - L T 2 }

Ma.

-

Maw

+ n(6Qvra)"+1 { P; - P-N- T Pp } 
r n n Mat

n+1 P 1 - p 1
- ti(0Qv a) { P- - P 2 S } = (Su)p 

5 5 Ma^ K
(4.58)

where (Su)p is the local mass imbalance in the mass conservation 

equation given by:

(p*0V)|}+1 - (pev)p
(Su)p = - {

"5F }-{p(m* - + in* - m|)n+1

+ (1 - Ti)(rte - i\, + mn - ms)n} + Sm>d (4.59)
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By analogy with equation (4.11), the cell face values of P' 

are replaced by; for example,

P;  -  -  C1 -  “e )PE + “ePPMa
(4.60)

After some manipulation, the final form of the P' equation is 

written in a compact form as:

A"+1P' = ZAn+1P' + (Su')P p c c c v 'p
(4.61)

where the coefficients are

An+1
ae = - o  -

n+l w Qn+l
ae )(e

An+1
AW

- 11+1 /n
■ aw (0n+1Qu*a) w r 'w

An+1
a n = - (1 -

n+l U q n+l 
“n )(e

An+1
AS

n+l frs= as (6n+1Qv*a)s

.n+l
AP

(0QV)p+1 , n+i 
= fit + { (a

r 'n

(4.62)

0 Qu*a)e /i n+1>/„n+ln.*.\ 
(1 - aw )(0 Qura)w

+ (an+1en+1Qv*a)n - (1 - a"+1)(0nQv*a)s }

(0p*V)p ■ (0pV)p n+-i _
(Su')p = ‘ <---------------6t----------- } -  (m* -  if  ̂ + if,* -  m|) ’ + S  d

In order that the above finite-difference equation (4.61)
n , 1

is diagonally dominant, it is necessary that the coefficient A"
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ft

ft

ft

n * *1
is equal to or greater than zA" ; 

that the factor

this can be achieved by assuming

R - (Qen+1u*a)e - (Qen+1u*a)w + (Qen+7v*a)n - (Qen+1v*a)s

(4.63)
n , I

is equal to zero, yielding the final form of Ap as:

n+1 n+1

A?+1 = ^  + -9--)s' (4-64)

The above assumption is not strictly correct but since equation (4.61) 

is an equation for corrections to P in which the final solution is 

obtained when (Su')p = 0 and therefore all the P' 's are zero, 

no error is introduced.

As already indicated, the terms EA[. u' are ignored. Ifc c c

they are retained they lead to considerable complication as 

discussed by Patankar (1980), it usually does not prevent the 

convergence of the solution procedure, although under-relaxation 

is often necessary.

The local mass imbalance (Su')p serves as a useful indicator 

of the convergence of the pressure correction equation. If (Su')p 

is everywhere zero, then the primed quantities are also equal to 

zero and a converged solution is obtained. This means that the 

starred values of the pressure and velocities (the last obtained 

values) will be the correct values which satisfy both the momentum 

and continuity equations. Thus any approximation made in the 

process of the derivation of the pressure correction equation' 

is justified as long as the procedure converges.
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4.6 Droplet Equations and Interaction Source Terms

Finite-difference forms of the Lagrangian droplet motion, 

heating and evaporating equations are used to calculate the 

behaviour of the spray. Equations (3.63), (3.64), (3.73) and 

(3.76) are integrated, as Dukowicz (1980), O'Rourke (1981) and 

Kuo (1982), using Euler's method. Thus:

(4.65)

(4.66)

(p6)

6t 6Pn+1 (4.67)
"n+1 6x 
Pd

6t 6P 
pn+l 5r

n+1
(4.68)

d

(4.69)

*
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mix

2ttDP.

tt _n+l N ,1/3 (4.70)

where is the 'drag function', given by:

(4.71)

It should be noted that,in the momentum equation (4.67) 

and (4.68) the drag function is expressed in terms of old time 

level quantities in order that these equations contain only 

linear functions of the gas and droplet velocities. Similarly, 

the turbulent fluctuations XT' and V  of the gas velocities, which 

would in general be non-linear function of mean flow velocities, 

are evaluated at old time level.

Evaluation of Interaction Terms

appearing in the gas phase equations (see section (3.2)) are 

calculated for each appropriate cell by summing up the contributions 

from all droplets which reside at that cell at the end of each time 

step. The void fraction is:

# The void fraction 6 and the interaction source terms S< M

(4.72)
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where ^ is the number of droplets in parcel number k located 

in the scalar cell of volume Vp.

It should be pointed out that this and previous Lagrangian 

formulation contain no provision for recognizing that an assembly 

of droplet parcels cannot occupy more volume than that of the 

liquid they contain. Thus in situations where many parcels enter 

a given cell it is possible that the above equation can yield a 

negative void fraction.

The mass source term Sm ̂ appearing in the continuity 

equation (3.1) is given by

\ d =  - f - i r  ^ 2 > d , k > n+1 - end , k < k > n > <4 -73>

The momentum exchange rate for the axial momentum for the 

associated cell is:

7T 1 n+1,^3 xn+1. n+1
’u,d " ■ S' 3T kNd,k { Pd.k^d.k^ ud,k

n / n3 \ n,,n , 
pd,k^Dd,k^ ud,k}

and similarly for the radial momentum as:

t  _ ir 1 <■ n+1 ,n3 vO+1 n+1
\ d  ■ ' 6 3t kNd,k { pd,k(Dd,k' Vd,k

n ,n3 ,n n , 
pd,k(Dd,k) vd,k}

(4.74)

(4.75)
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Finally, the energy source term is given by:

"c it 1 yM . n+1 /•rjS >n+l r j >n+l
\ d = ■ z $ t  f d . k t P d . k t ' W  (cPd,kTd,k}

Pdn>k^d3,k)n( s d,kTd,k)n}
(4.76)

#

*

4.7 Solution Algorithms

4.7.1 Fully Implicit Solution Algorithm

As mentioned earlier in section (4.4), the fully implicit

scheme is used for calculations of droplet-free gas jets. In

such cases the void fraction 0 is 1 and the interaction source

terms S ,,S ,,S .and S' .are, of course, zero. Hence, all the
m,d u,d v,d n,d

discretized equations, have the following form:

n+1An+1Ap (j)p = s a"+1<j>"+1 ^p^p ♦ s f 1
<P

(4.77)

They, therefore, consist of a set of non-linear coupled equations, 

thus, iterative solution is necessary. The particular method 

employed here is known as the SIMPLE algorithm. It advances 

through time in a series of steps. At each time step, the 

momentum equations are solved with the prevailing pressure P*



field inserted to yield velocity fields denoted by u* and v*.

The pressure correction equation is then solved to provide a 

correction to the pressure field, for subsequent use in the 

momentum equations, and also corrections to the density and 

velocities are made through equations (4.46), (4.52) and (4.53) 

respectively. The remaining equations for the turbulent kinetic 

energy k, its dissipation rate e, stagnation enthalpy h and fuel 

vapour mass fraction f are then solved and the temperatures and 

densities are recalculated from the enthalpy field and the equation 

of state. The whole cycle of solution, called 'outer' iteration, 

is then repeated until a converged solution is obtained (the 

convergence criteria will be given later in this subsection).

The procedure then advances to the next time step. The main steps 

in the above solution algorithm is shown by the flow chart 

depicted in Fig. (4.5) and can now be summarised as follows:

1. Guess a pressure field P*.

2. Assemble and solve the momentum equations to obtain the 

starred velocities u* and v*.

3. Solve the pressure correction equation (4.61) to get P'.

4. Correct the density and velocities using equations (4.46), 

(4.52) and (4.53) respectively.

5. Solve the discretised equations for k, e, h and f.

6. Recalculate the density from the enthalpy field and the 

equation of state.

7. Take the corrected pressures as the new guessed pressure 

field and return to step 2 unless a converged solution is 

obtained.
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8. Start the next time step using the final $ values from the 

previous time step as guessed fields.

Solution of the Discretized Equations

The set of simultaneous equations for each variable is 

solved by a form of block iteration in which the equations for the 

grid nodes along each grid line are assembled to form a tri-diagonal 

matrix by temporarily assuming that the values on neighbouring
*

lines are known (they are taken as the most recently calculated 

values, as in the Gauss-Seidel method). The tri-diagonal 

matrices are solved by Gaussian elimination using the 'Thomas 

algorithm' or 'Tri-Diagonal Matrix Algorithm' (TDMA). This 

practice is applied to the entire grid in an alternating direction
#

fashion. These are called 'inner' iterations.

It should be noted that full convergence of these inner 

iterations is not necessary due to the need to continually 

update the coefficients of the discretized equations during the 

outer iterations and a few sweeps (number of inner iterations), 

typically three, suffices.

Convergence and Stability

During the course of the iteration, the solution is taken 

to be converged when the sums of the normalized absolute imbalances 

over the entire grid (here called the residuals), defined with 

respect to the general discretized equation (4.77) as:
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*

*

n _ /yfln+lxn+l , *r\.r\ . ^  .n+l.n+1-,
R4> “ ^cA c + A P^P + S(j) " A P ^ P *

(4.78)

has fallen below a specified level, i.e.

* V YA  ( 4 - 79)

P denotes summation over all the control volumes of the flow

-3
domain, y -j is usually of the order 10 and is the normalization 

factor.

The normalization factors for the mass and momentum 

residuals are here taken as the total mass and momentum inflow 

evaluated at the nozzle exit. Hence, the mass normalization 

factor Np, is given by:

Np = p0Aq U0 (4.80)

in which p , AQ and UQ represent the exit density, area and 

velocity respectively. The momentum normalization factors Nu and 

Nv are evaluated as:

Nu = N v = P o Aouo (4 -81>

The normalization factors for other variables are also evaluated 

from inflow properties. Hence, in the turbulent kinetic energy, 

it is the inflow of the kinetic energy of the jet and is given as:

Nk = pq A0U03 (4.82)

and for the enthalpy, the normalization factor is
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\  = U c T n o o p o
(4.83)

where Cp^ and TQ are the specific heat and the temperature of the 

gases at exit.

A further convergence criterion is applied in the form of 

a test on the rate of change of $ at a selected reference location 

in the solution domain. Convergence is assumed, together with 

the above criteria (equation (4.79)) if

k 1 - *1_1| < y2<i>1

_3
where Y2 is of the order of 10 and the superscripts i and i-1 

refer to values in successive iterations.

Because of the strong non-linearities in the partial 

differential equations and the coupling betv/een the equations, 

numerical instability may develop, leading to divergence during 

the course of the calculation. This can usually be avoided by 

appropriate under-relaxation of the variable in the following 

manner:

<J> = X4)1 + (1 - X H 1 (4.85)

where x is the specified under-relaxation factor (between 0-1).

In the present study the procedure of Johns (1980) for the dynamic 

control of stability and convergence is used, in which the under­

relaxation factors are adjusted during the calculation using the 

parameters ^ ^  and ^  as follows:
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a. A slight increase (3%) is made to the under-relaxation 

factor if the calculations are converging

X^ + (<t> = U or v and P')

where ^  = 1.03.

b. A slight decrease is made if the residuals 'wander' 

about some mean level with no obvious trend

xcj) * (^ = u or v and P")

where ^  = 0*95.

c. A substantial decrease is made if the calculation 

is diverging (residuals rapidly increasing)

X(j, + ^3X(j) (4> = u or v and P')

where ^  = 0.5.

Within the above procedure the relaxation factors 

also are constrained to lie in the range 0.3<x<0.7, 

with the exception of that for P' whose upper bound is 

unity.

The under-relaxation factors specified for the other 

variables are summarized in the following table (4.1).

*
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Table (4.1) The Under-relaxation factors for the scalar variables

Variable <p k £ h f

-e- 0.7 0.7 0.7 0.7 0.7

»

4.7.2 Semi -Imp!icit Solution Agorithm

One possible semi-implicit method is to solve each of 

equations (4.67) and (4.68) in turn using u and v as old 

time level values. However, the coupling between the gas and 

droplet equations is so strong (because the droplet velocities 

appear in the right-hand side of the gas equations (4.20) and 

(4.26) and vice versa) that stability and accuracy would be 

impaired. It is better therefore to adopt a strategy of 

algebraical1y combining those equations at each mesh point in 

order to account for the interactions implicitly (Dukowicz (1980)). 

Similar comments apply to the energy equations of the two 

phases.
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Coupled Gas and Momentum Equations

The discretization practice described in section (4.6) 

cause the new time level values of gas and droplet velocities 

to appear in linear form in droplet phase equations (4.67) and

(4.68). Since in the semi-implicit formulation of the gas phase 

equations no other terms contain new time level velocities, it 

is possible to algebraically eliminate either the gas or droplet 

velocity, thus achieving a fully simultaneous solution without 

iteration. In the present analysis the new droplet velocities 

are eliminated from the gas phase momentum equations in the 

following manner.

Firstly axial and radial momentum equations for the gas are 

written in the following forms

(4.86)

(pP - ps)n+1

(4.87)
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The droplet equations (4.67) and (4.68) can be arranged to 

give

where p, u, v, u' and v' are the gas density, the axial and radial 

mean gas velocities and the fluctuating components of same 

respectively in the cell where the droplet parcel k resides. 

Substitution of equations (4.88) into equation (4.86) yields, 

for the axial components

/(I +

(4.88)

(p0 V) p
n+1

6t

- StB^u')"

(4.89)
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♦

and after some manipulation the above equation takes the form:

fpev)p+1 n+1
„n+1 -  Tfln„n x fln,,n fin + l an + l fP -  P ^"+l  + (1
UP " cAc C + APUP " 9P aew (PP V  + (V P

1 o n+1 *5 nxl UH v + 5tBjU,n. tt 1 vm /Dn rrj3 x n _ n */r>3 \n+l d,k______ d___•>
+ k V k  ipd,k(Dd,k'ud,k pd,klud,k' 1 + StB^

*

m

♦

n+1
1 1 n+l,n3 "+1 6tBd (p0V)P „n+l_ tt ■ __ ' vM n vrr i _____9_

^ (P0)n k djk d,k d,k 1 +6tBn6tBd
fit

tt /aeWxn+1 /q3 \n+l/p _ p
+ F  (V ' ) k d,k(Ud,k' V

(4.90)

Now define

am 1 ri| r .n / r%3 \fi n
AU '  F 'S t kNd,k {pd,k(Dd,k^ ud,k

n+1,n3 ,n+l ud,k + 6tBdu'n ,

, .  5t„; 1

X-j-pP

BU = l — U  4 tt ?N . b pT\[(DB J n+1 d
*  ( P 0 ) n I f 7 k d.k Kd,k' d,k' t + StBn

(4.91)

(4.92)

CU -  T'^nTT ^Nd ,k (Dd ,k)n+1 (4.93)

With the introduction of these, equation (4.90) can be written as:
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+

(p0V)p+1 n+1

f i t  u p = EA uc + APUP + <§U>P - e p+ l a e w V p  - PW)
n+1

(p0V)p+1 n+1 
+ AU - BU - je- L -  u"+1

+ CU a"+1(Pp - Pu)n+1 ew v P W' (4.94)

as after further arrangements

(p0V)p ,,n+l _ / vnn,,n ^ Anltn ^ \n
St UP " { + APUP + ( V P

- (0n+1 - C U ) a ^ ( P p - Pu)n+1

+ AU }/(l + BU) (4.95)

The expressions AU, BU and CU are hereafter called the 'interaction 

source coefficients'. A similar result can be derived for the 

radial velocity component, thus:

(pev)£+1

~ 5 t ^ c ZAcVcn + APVP + ( V np -

n+1 (an + as>n+1 
(en+ - CV) -% ■ - -S (P,

AV}/(1 + BV) (4.96)

« where
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a m  7r 1 vm r n+1 /n3 Nn n  n+l,n3 ,n+l 
AV ' 5"5t Pd,k {pd,k^Dd,k^ vd,k " pd,k^Dd,k^

v3,k + 6tBpV n

1 + 6tB
n }

RV = TT 1 1 y M 0+1 /rj3 l n+  ̂ ^  ^
^  (p6)n Vp+1 k d’kPd’k d»k 1 + 6tB"

(4.97)

(4.98)

cW ^ T i Nd , k < k > n+1 <4 -")

It should be noted that although equations(4.98) and (4.99) 

are formally the same as equations (4.92) and (4.93), the summations 

take place over the different cell volumes of the axial and radial 

velocity components. It should also be noted that the source 

coefficients are written in terms of known quantities apart from 

the new time level droplet diameters (Djj+j[) and densities (p^+k)* 

whose determination is dealt with next

Simultaneous Solution of Gas and Droplet Energy and Evaporation 

Equations

The droplet energy and evaporation equations (4.69), 

and (4.70) are implicit in gas temperature, droplet temperature 

and droplet diameter. Here, with the help of a simplified version 

of the gas energy equation, the aforementioned equations are
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«

solved simultaneously by iteration to give the new time level 

droplet temperature Tj|+  ̂ and droplet diameter First, the

gas energy equation is written as:

j|(p0h) = - V.(p0uh) + V.(ergrad h) + ^ ( mdhd) (4.100)

The relative importance of each of the above terms is 

investigated through the order of magnitude estimate given in 

table (4.2).

Table (4.2) Relative order of magnitude estimate of the 

different terms of the gas energy equation

♦

term order of magnitude relative order of magnitude

-^(pSh)
PecpT

t 1

V.(peUh)
peucpT

L
ut
IT

V(TOgrad h)
yec T

L

y t
? P

3 i (radhd>
1 - 6 r T 

t  PdcPdTd
1 -  6 Pd Cpd Td 

p Cp T

- f i

Typical values of e and t are 0.9 and 3 x 10 s. respectively 

while the values of gas and droplet properties as well as L (the
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length) vary along the spray length. Therefore, the relative 

order of magnitude of the different terms of equation (4.100) 

at three locations along the spray is given in the following 

table:

term near the injector middle of spray near spray tip

a|(peh) 1 1 1

V.(p0uh) 0.2 0.08 0.024

V.(regrad h) 3 x 10‘4
-4

1 x 10 H 2 x 10'4

J ^ mdTd> 5 5.7 6.1

From the above table, it is clear that the interaction 

source term is much larger than the convection term { V.(p0uh)} 

and the diffusion term {V.(regrad h)} in any location within the 

spray region, therefore, here, the gas energy equation is simplified 

by assuming that the droplet source term dominates the right-hand 

side of equation (4.100) (it is important to note that the full form 

of the gas energy equation is solved along with the other gas phase 

equations, as will be shown later in this section), thus:
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T „ ,  , T „  -  -  i » ^ ) " T ; i t ) ( 4 . , 0 1 )
6pVPCPn,ix ' l' d>k

which can be expressed more compactly as:

where

-n+1 r r-/n3 vn+lTn+l
= F “ Ltud,k' d,k

r _ /Pd,kNd,kcPd,k,n 

= ' 6pVPCPmix

and

F = E (Dd,k)nTd,k + T"

The droplet energy equation (4.69) is written in the compact 

form as:

(4.102)

Tn+1
d,k

A ,Tn+l Tn+1x 
" ,n2 V n + P 1 ” *d,k; 

'ud,k * ud,k

(4.103)

where

A = ( --- Nu)n St
cPd)kpd,k ez - 1

B = ( 4 L >" + Td,k 
pd,k

C = (Elk- ) n o"d k 
cPd,k ’

The droplet mass equation (4.70) is similarly treated:
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dK = {K-g
>n+l
d,k n+K ,1/3

(T + T d,k)
n+T ] ^ p dT » (4.104)

where

2ttDP. P. - P„
G = {-rr-1- in(J — - J ^ ) S h } n fit 

mix vt v,s

Because equations (4.102), (4.103) and (4.104) are non-linear 

and coupled they are solved iteratively.

At low ambient pressure (lower than the critical pressure 

of the pure hydrocarbon fuel) the droplet temperature in restricted 

by the condition

Td < Tboil (4.105)

where .-| is the boiling temperature of the liquid i.e. the 

temperature at which the partial pressure of the fuel vapour at 

the droplet surface equals the charge pressure P^, thus from 

equation (3.82) the boiling temperature is given as:

3743.84
boil = T7.T2767 -*£n(Pt/6394.'7B7) 93.022 (4.106)

In the absence of other effects, at charge conditions at 

or higher than the thermodynamic critical point of the liquid 

fuel, the radial regression velocity of the liquid surface becomes 

comparable to the radial gas velocity since the densities of the 

two phases are the same and the gas mixtures in the film 

surrounding the droplet behave in a non-ideal manner (see 

e.g. Maltosz et al (1972) and Kadota et al (1976)).
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However, the solubility of the liquid increases and at the 

critical condition itself all characteristics of both phases are 

the same; temperature, pressure and composition. Faeth (1983) 

reports that the presence of dissolved gases in the liquid fuel 

at high charge pressure tends to raise the critical conditions 

of the liquid. This trend was observed by Manrique et al (1969) 

who concluded that the droplets heat continuously without 

reaching the (presumably elevated) critical condition before 

they are completely evaporated. Therefore, in the present study, 

the droplets are assumed to heat up continuously. The upper 

temperature limit being the surrounding gas temperature. However, 

the partial pressure of the fuel vapour at droplet surface is 

restricted not to exceed the gas pressure i.e.

Pv,s'<Pt (4 -107>

Since it would be unrealistic to extrapolate the equilibrium 

curve of the fuel vapour partial pressure beyond the charge 

pressure.

As far as the liquid and vapour properties at elevated

»

pressure are concerned, and in the absence of any experimental 

information, they are here taken from the low pressure values, 

given in Chapter 3.
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Solution of Equations

As already s h o r n in section (4.4), in the semi-implicit
n il

scheme, all the unknown new field values of <j>’s (<{> ) are

related to known old time level values (cfjn) except in the momentum
#

equation (4.95) and (4.96) where the pressure gradients are 

given in terms of new quantities. Thus for a given pressure field, 

the discretized form of the gas conservation equations are 

solved point by point and no special provision is necessary for 

them.

The pressure correction equation (which is cast in fully 

implicit form) is solved by the same alternating direction line 

method used in the implicit algorithm and described in section 

(4.7.1).

The droplet equations are also explicit except for the 

mass and energy conservation equations which are non-linear, 

coupled and implicit, therefore, require iteration. However, 

since the droplets are non-interacting, the equation for each 

droplet can be treated in turn.

*

Order of Solution

In summary, each time step entails the following sequence 

of operations as also shown in the flow chart given in

m  Fig- (4 -6 )-

1. The new droplet positions are calculated from equations

(4.65) and (4.66).
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2. The new droplet temperatures, masses and hence sizes 

are obtained by iterative s o l u t i o n  o f equations 

(4.102), (4.103) and (4.104).

3. The new void fractions are obtained by inserting the 

new droplet sizes into equation (4.72), and the mass, 

momentum and energy transferred to the gas are evaluated 

through equations (4.73), (4.91)-(4.93), (4.97)-(4.99) 

and (4.76).

4.
%

The momentum equations (4.95) and (4.96) are solved using 

the prevailing pressure field P* to give the starred 

velocities u* and v*.

5. The new fuel vapour mass fractions and gas enthalpies 

are obtained from equation (4.41) with <j> equals f and h

•
respectively. Calculate the gas density from the enthalpy 

field and the equations of state.

6. The new turbulent kinetic energy and its dissipation rate 

are calculated from equation (4.41) with <J) = k and e 

r e s p e c t i v e l y .

7.
•

The gas pressures, densities and velocities are corrected 

through solving the pressure correction equation (4.61) 

and then applying equations (4.46), (4.52) and (4.53).

8. The new droplet velocity components are obtained from 

equations (4.88).
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♦

Stability Requirements

The semi-implicit scheme adapted in the present study eliminates 

the need to observe the Courant sound speed restriction on the 

magnitude of the computational time step (see Harlow and Amsden (1971)). 

Also, the present simultaneous treatment of the gas and droplet 

equations obviates the need to use a very small time step due to 

the close coupling of both phases. However, there are still some 

restrictions on the time step that must be obeyed to ensure 

stability and accuracy of the solution.

As the convection terms in the gas momentum equations are 

differenced explicitly, stability requires that a fluid element 

cannot move by more than a cell dimension, giving (see Courant et 

al (1967)):

i||^) < 1 (4.108)

A similar constraint applies to the diffusion of a fluid element, 

to the explicit treatment of the turbulent diffusion terms:

r . 6 t  r . s t
,-2--) < 1 (4.109)

p6x p6r

Another time step constraint arises due to the fact that the source 

terms S^'s are differential explicitly. In the momentum equations 

they are diffusion-like terms and are therefore, covered by equation

(4.109). In the turbulence equations, the source term 5^

(equation (4.30)) can become negative if the dissipation is 

higher than the generation G^, thus producing negative values of
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k. As a remedy, 5^ and "5 are manipulated with the help of 

equation (3.33) to give:

(4.110)

(4.111)

= ( 0Gt  - es p2k /y ) f l

^  = [ ^ c  p6Gt ^ - C 2p0 + p6ev.u]n

With these practices temporal stability was found to be ensured 

by obedience to the foregoing constraints.

Another important condition for stability is that the void 

fraction at the cell under consideration must not become negative, 

which the Lagrangian droplet treatment does not ensure as was 

pointed out in connection with equation (4.72). It will be shown 

later that the avoidance of that situation effectively puts a 

constraint on the minimum cell size.

For the accuracy of computing the mass, momentum and energy 

interaction terms, the time step 6t must be a fraction of the 

residence time of a parcel in a cell (0‘Rourke (1981)), thus

max. (
|ud |6t

5x ) < 1 (4.112)

A further constraint on the time step is implied in order to 

obtain an accurate calculation of droplets behaviour using ‘Euler1 

integration method as will be seen in Chapter 5.

*



4.8 Boundary and Initial Conditions

The complete representation of the mathematical problems 

requires the specification of the conditions at the boundaries 

of the domain of interest for each dependent variable. These 

boundary conditions are usually either specification of the 

variable itself, or the value of its normal gradient at the 

boundary, or a combination of the two.

This section describes the ways in which the conditions 

at the various boundaries are handled, as well as the specification 

of the initial conditions.

4.8.1 Axis of Symmetry

At the symmetry axis all the gas-phase properties are 

assumed to have zero radial gradient, apart from the radial 

velocity, which is set to zero. The assumption of zero radial 

gradient is imposed in the finite-difference equation (4.18) 

by setting the appropriate coefficients Ac to zero.

In spray computations, there is a possibility that the 

droplets attempt to stray across the axis of symmetry due to 

the present treatment of the turbulent dispersion of droplets, 

thereby causing a loss of mass and momentum of the liquid. In 

the present study a provision is made to reflect the droplets
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which cross the axis; if the outcome of equation (4.66) is that 

rd+  ̂< 0» the reflection is imposed by setting r]J+^  - and

4.8.2 Outflow Boundary

The fluid condition at the outlet section is not always 

known in advance, nevertheless, a boundary condition for each 

variable must be specified. However, provided that the outlet 

plane is located where the flow has a parabolic or boundary 

layer nature (high Peclet number), the effect of the outlet 

boundary condition on the upstream fluid is small. The normal 

practice is to assume that the gas-phase properties have zero 

gradients normal to the boundary except the axial velocity at 

the boundary Ug, which is obtained by some form of extrapolation 

from the interior velocities and then corrected to ensure that 

overall continuity is maintained. Thus:

uB + uB + <5u (4.113)

where the velocity increment <5u is calculated from:

min ' Ar pB^B-ldAB 
Su = ------ 2---------

AgPBdA3

(4.114)
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where m. is the total mass inflow and the subscripts B and 
in

B - 1 denote boundary and next to the boundary respectively while 

Ag represents the area of the boundary.

4.8.3 Free Stream Boundary

Provided that the freestream boundary shown in Fig. (4.1) 

does not intersect with the jet or the spray anywhere within the 

solution domain, all the gas-phase properties are assumed to have 

the free stream values i .e.

k = e = 0

The velocity components are assumed to satisfy continuity at the 

free stream boundary, thus:

9r
(4.115)
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4.8.4 Inflow Boundary

a. Gas jets

Referring to Fig. (4.7) which shows the grid arrangement 

used in gas jet computations, the inlet boundary conditions across 

the jet exit (r<r.) are:
J

uin = U.

vin = 0

kin

in Kin /x,o

(4.116)

(4.117)

where r. stands for the nozzle or injector radius, UQ is the 

velocity at the nozzle exit and i and £Q are the turbulence 

intensity and dissipation length scale respectively. £q is 

related to the jet diameter d. through:
J

£ = X.d. (4.118)o j '

The region of the inflow boundary on top of the nozzle 

(r > r.) is treated as a no-slip wall for which:
\J

u = v = k = e =  0

As the flow adjacent to that wall which is mainly due to entrainment 

is laminar, it is not necessary to apply the 'wall functions' to 

estimate the values of v, k and e adjacent to the wall 

(see Looney (1982)).
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b. Spray computations

The inflow boundary conditions imposed on the gas-phase 

properties are those of a no-slip wall similar to the gas jets, 

except for the 'injection cell' which is located adjacent to the 

injection nozzle, as shown in Fig. (4.1). Following O'Rourke (1981), 

the gas and droplets are injected from the injection cell with 

the same axial velocity in the manner described below.

The present spray representation cannot simulate the 

process of the atomization of the liquid jet emerging from the 

nozzle: thus it is necessary to make some assumptions concerning

the nature of the droplets produced and their effect on the gas 

flow, for use as the upstream boundary conditions in the 

calculations. In the present treatment, it is assumed that within 

the injection cell, the jet breaks up into non-interactive spherical 

droplets of known initial size and velocity, and the gas is 

assumed to be accelerated to this velocity.

With reference to Fig. (4.8), the liquid jet enters the 

cell from the nozzle whose radius is r.. The droplet parcels
J

exit from the cell within a cone of angle 28. The exit radius 

r$ is evidently

r = r. + 6x tan8 (4.119)
s J

where 6x is the axial dimension of the injection cell which is 

chosen such that rs-<<5r (the radial dimension of the cell). The 

cell exit values of the droplet axial velocity and the void 

fraction 0Q are determined from balances of liquid mass and



- 173 -

%

♦

mixture axial momentum on the injection cell. It is assumed 

for this purpose that the axial velocity UQ of the gas is equal 

to . This assumption is justified because the mass of liquid 

in the injection cell is much larger than that of the gas there 

and therefore only a small fraction of the liquid momentum need 

be transferred to the gas to bring the velocities into equilibrium. 

The equation for the conservation of liquid is:

pdUinjHi = 0  ‘ ®o)pd V rs (4

and that for the mixture axial momentum is

pdUi n j ^  = Pdf1 - V Udo^s

+ pUd0TT {Sr2 - (1 - eo)r2}

where U. .is the liquid injection velocity. i n j

Equation (4.120) and (4.121) can be solved to give

and

Jdo
-(!-•£-) + , 0  -

u. .inj

P_)2 + 4 P _ (* I)Z 
pd pd V

2 —(— )2
pd V

6o = 1
Uinj,rj\2

udo

(4

(4

The entrainment gas velocity vQ through the top of the 

cell is obtained from a conservation of the gas mass assuming

. 120)

.1 2 1)

. 122)

.123)
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incompressibility, thus:

- u  (1 -  9° ) r s ~ 6r2
vo ao 26r6x

(4.124)

The injection cell gas velocity components u = ITj an<̂  v0 anc* 

the void fraction 0Q are calculated at the beginning of each time 

step using the measured time histories of the fuel injection rate 

and spray cone angle, as will be shown later, and they are used 

as boundary conditions at that time step.

• 4.8.5 Initial Conditions 

a. Gas Jets

As the gas jets in the present study are injected into 

an initially quiescent medium, the ambient gas velocities are 

initially set to zero everywhere in the solution domain. The

• thermodynamic properties of the gas i.e. pressure, temperature 

and density are set initially in a fashion consistent with the 

equation of state. The initial turbulent kinetic energy and 

dissipation rate are set to give a level of turbulent viscosity 

equal to the molecular viscosity. For this purpose, a value of

•  k = 0.01 k^n is used and e is calculated from equations (4.117) 

and (4.118)



b. Spray Calculations

In order to simulate the conditions of the initially 

quiescent medium which the sprays are injected into, the gas 

velocity components are set initially to zero except for the 

injection cell which has its own treatment as described earlier. 

Since initially there is no liquid in the zone of interest the 

fuel vapour mass fraction is set to zero, and the thermodynamic 

properties of the gas are set in a similar manner to the gas jets. 

The turbulent kinetic energy and dissipation rate are initially 

set to give a level of viscosity equal to the molecular viscosity, 

i.e. k = 1 x 10 u^v; where uQV is the average injection velocity 

and e is calculated from equation (4.117) and (4.118).

The initial conditions of the injected droplet parcels 

are the subject of the next subsection.

Droplet Injection

As noted earlier the droplet parcels emerge from the injection 

cell with assigned velocities, sizes and temperatures.

Concerning the velocities, all droplets are assigned the 

axial value as calculated from equation (4.122). The radial 

component is randomly assigned in the range 0 < v£j0< U^0 tan3, 

is an effort to simulate the observed effect of atomization to 

produce an initial spread. As explained later, 3 is obtained 

from measurements.

The mass injected at each time step <5m.j (from time t^ to

t^ + 6t) is obtained from the injection rate diagram shown in
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Fig. (4.9) and allocated to N droplet parcels (N is the number
r r

of droplet parcels introduced per time step). The diameters 

of the droplets are randomly chosen from the range

D < D . . < D . 
d,min d,k d,max

for 1< k < Np

and D. and D . are the assumed lower and upper bounds on d,min d,max rr

respectively.

The proportions of the total liquid mass in each parcel, and 

hence the number of droplets k in same, is obtained from an 

assumed size distribution function that relates the probability 

ak of finding a droplet of volume £  k to the droplet diameter 

(as shown in Fig. (4.10)) thus:

6miQk
N
y 71 n3 

k^ ak F  pd a,k

(4.125)

The injection velocity U.. . of the droplets is calculated, 

at each time step, from the mass injected as:

6m
'inj

ttp ,r .6t 
d 3

(4.126)

Alternatively, if the pressure drop AP across the nozzle and the 

discharge coefficient Cq are known, then

2AP

pd
(4.127)



- 177 -

*

*

The spray cone angle (2$) must be provided for the injector 

in question by direct measurement or through empirical formula. 

Reitz (1978) has developed a semi-empirical method for calculating 

this angle, which is

tang = A /£- (4.128)
V Pd

where A is a constant dependent on the nozzle used and p and 

are the ambient gas and droplet densities respectively.

Finally, the droplet size distribution was measured downstream 

of the injector and the data were fitted by e.g. the Rosin-Rammler 

distribution (Boulderstone et al (1981)) as:

dV
V

ifir1 -  t(Dd/D)n}
-4- e dD,
D (

(4.129)

where n and D are experimentally determined exponent and mean 

diameter respectively.

#
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4.9 Closure

In this chapter* the partial differential equations of 

the gas phase have been discretized yielding algebraic expressions 

from which the values of velocities, pressure, energy, turbulence 

quantities and the fuel vapour mass fraction may be found at a 

finite number of points in the flow.

The discretized equations have been expressed in terms 

of general spatial and temporal difference functions. A hybrid 

of central and donor-cell spatial differencing has been selected 

for reasons of stability and accuracy and the implicit and 

semi-implicit temporal differencing schemes have been presented.

The pressure field and hence, the pressure gradient terms 

of the momentum equations have been obtained by linking the 

continuity and momentum equations.

The droplet equations have been differenced using Euler’s 

method and combined with the gas-phase equations to enable 

simultaneous solution for the gas and droplet velocities. A method 

has also been developed to solve the droplet mass and energy 

equations simultaneously with the simplified gas energy equation.

Finally, the treatment of the initial and boundary conditions 

has been described with particular emphasis on the injection 

cell treatment.

*



free stream boundary

Fig. (4.1) The computational grid
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Fig. (4.2) The staggered grid arrangement

C2r
P

r

Fig. (4.3) Scalar control volume and notation

Fig. (4.4) Details of control volume for axial velocities
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Fig. (4.5) Flow chart of the fully implicit scheme
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Fig. (4.6) Flow chart of the spray calculation procedure
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nozzle 

radi us
I

Jet velocity (Un)

Fig. (4.7) Computational mesh for the gas jet studies

%
Fig. (4.8) Injection cell geometry



- 184 -

»

start of t. t. +6t end of time
injection injection

Fig. (4.9) Injection rate diagram discretization

Fig. (4.10) Droplet size distribution function
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CHAPTER 5

PRELIMINARY TESTING OF GAS JET 

AND SPRAY CALCULATION PROCEDURES

5.1 Introduction

This chapter is concerned with the numerical tests which were 

performed to assess the accuracy and reliability of the numerical 

methods assembled for the present study.

The effects of the number of grid nodes of the computational 

mesh and the size of time step on the performance of the fully 

implicit scheme, are dealt with in section (5.2). The predictions 

of the semi-implicit and fully implicit schemes are compared in 

section (5.3) for transient laminar and turbulent round f ree gas 

jet test cases.

In section (5.4), the accuracy of the droplet trajectory 

calculation is examined by performing calculations for a simple case 

for which an analytical solution can be obtained. Also examined, 

is the effect of the integration time step on the trajectory 

calculation.

In the final section (5.5), tests are made of the full spray 

calculation method; including the effect of the grid size, time step, 

number of droplets injected per unit time and stochastic variations 

of penetration and gas phase properties.



5.2 Assessment of Accuracy of Fully Implicit Scheme

The accuracy of the fully implicit scheme which is used in 

the present study for the gas jet calculations depends on the 

fineness of the grid spacing in the two spatial directions. The 

grid system used for these calculations was depicted earlier 

in Fig. (4.7). The size of the cells increases away from the 

nozzle exit with an axial expansion factor of 1.1. In the radial 

direction, the cell sizes are uniform within the nozzle radius, 

but outside this nozzle they expand by a factor of 1.1. The reason 

for this arrangement is to keep the number of nodes to a minimum 

while ensuring that the large velocity gradients in the mixing 

region near the nozzle are adequately resolved. In these calculations, 

the time step 6t is initially held constant for 1 ms and then 

increased by 20% at each step until it reaches a maximum value 

equal to 4 times the starting value. An exception to this practice 

is the calculation of the hot jet case, for which a constant 

time step was used due to the time-varying injection rate (details 

of which are given in chapter 5).

The effects of the grid size on the steady-state centreline 

velocity decay and the jet tip arrival time (defined as the instant 

when the jet velocity reaches 70% of the steady state value at any 

axial location) of an impulsively started jet emanating at a velocity 

of 103 m/s from a nozzle of diameter d. = 1.35 mm are depicted in
sj

Fig. (5.1). The initial time step is 0.05 ms. It can be seen from 

Fig. (5.1)(a) that the results obtained with 15x15 grid show a very 

short (- 1.5 d.) potential core and slower rate of decay than those
J
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10 20

x/d

30

(a) Steady-state centreline velocity decay

(b) Transient jet tip penetration

Fig. (5.1) Effect of grid size on the behaviour of transient turbulent 

gas jet
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obtained with 20 x 20, 30 x 30 and 40 x 40 meshes (for the same 

size of the computational domain). The latter three give nearly 

equal potential core lengths of ~5 d.. The centreline velocity
J

decay shows also small signs of sensitivity to the grid, provided 

that it is 20 x 20 or greater.

The effect of the grid density on the tip arrival time 

(transient jet tip penetration) is more significant as shown in 

Fig. (5.1)b. In this figure t is defined as the instant when the 

jet velocity reaches 70% of the final plateau value at any x. It is 

clear that increasing the number of the grid lines decreases the 

differences between the results obtained using two successive grid 

sizes i.e. at x/d- = 20 the difference in the jet arrival time
J

between the 15 x 15 and 20 x 20 mesh results is 11%, while that

between 20 x 20 and 30 x 30 is only 5%. A further increase in the

grid density to 40 x 40 produces no appreciable change in the results

as shown in Fig. (5.1)b. It should be mentioned that an increase of

the mesh density from 30 x 30 to 40 x 40 increases the computer

storage by about 78% and the computational time by about 90%.

The exploration of the effect of the time step size was

performed using a 30 x 30 mesh and starting time steps (expressed
u fit

as Courant number C^, defined as - ̂ ~x—  where fix is the minimum cell 

size) varies between 23 and 2.3. The outcome is given in Fig. (5.2). 

It is obvious from diagram (a) that, as expected, varying fit 

produces no effect on the steady-state centreline velocity decay. In 

the transient case (diagram (b)) a reduction in fit increases the 

penetration but only in the early stages of jetting (up to -30).
1  '  A
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(a) Steady-state centreline velocity decay

(b) Tansient jet tip penetration 

Fig. (5.2) Effect of the time step on the behaviour of the

transient turbulent jet
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It should be noted that the reduction of <5t from = 5.75 to 2.3 

has no appreciable change in the predict tip penetration, while it 

increases the computational time by about 40%.

The foregoing findings suggest that, considering both accuracy 

and economy of the computations, the grid and time step specifications 

are 30 x 30 and 0.05 ms (C^ = 5.75) respectively.

5.3 Assessment of the Semi-Implicit Scheme

The accuracy and reliability of the semi-implicit method 

used for the gas phase computations in the spray calculation 

procedure are assessed here by comparing its predictions with 

those obtained with the fully implicit scheme, for single phase 

laminar and turbulent starting gas jets. In these calculations, the 

same grid size (30 x 30) is used for both implicit and semi-implicit 

schemes. The computational time step of the semi-implicit scheme 

is automatically adjusted so as to obey the stability criteria 

mentioned earlier in chapter 4: in general the obtained values are

much smaller than those used in the fully implicit calculations.

Figure (5.3) displays a comparison of the jet penetration 

obtained by the two schemes for a laminar starting jet having a 

Reynolds number Re(pUQdj/u) of 254. It is clear from the figure 

that the difference between the predictions is negligibly small
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and that both lie within the scatter of the experimental measurements 

of Abramovich and Solan (1973) for the Reynolds number range 80 < Re <500. 

It should be mentioned here that the time step of the semi-implicit 

scheme is reduced (below the stability limit) to obtain a time step- 

independent solution. In this case, the size of the time step used 

in the implicit scheme (equivalent to - 5) is 12 times greater 

than that of the semi-implicit one (C^ - 0.4).

Similar trends to those of Fig. (5.3) are also observed in 

Fig. (5.4) which compares the turbulent round jet penetration
*

predicted by the two schemes for a Reynolds number of 3750 and the 

experimental data of Witze (1980). Here, the size of the time step 

of the semi-implicit scheme is -10 times less than that of the fully 

implicit scheme in order to obtain the same (time step-independent) 

solution.
#

From the above findings, it can be concluded that the semi- 

implicit solution scheme is less economical than the fully implicit 

one for gas jet calculations, however it turns out to be the more 

efficient and economical for the small sizes of the time steps 

necessary for spray calculations.
#

*
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Fig. (5.3) Comparison of laminar jet tip penetration obtained by 

implicit and semi-implicit solution procedure

time (ms)

Fig. (5.4) Comparison of turbulent jet penetration obtained by 

implicit and semi-implicit solution procedures
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5.4 Droplet Trajectory Calculations

As described in section (4.6) the droplet tracking is 

performed by numerically integrating, using Euler's method, the 

ordinary differential equations governing the motion, heat and mass 

transfer of each parcel. In this section the accuracy of this 

procedure is assessed by calculating the droplet trajectories 

in circumstances for which it is possible to obtain an exact 

solution to the differential equations.

For this purpose, droplets are injected into a quiescent gas 

which is deemed to be uninfluenced by their presence. Further, 

the droplet Reynolds number Re is supposed to be in the Stokes 

regime, for which according to equation (3.65) the drag coefficient 

CD = 24/Re. Insertion of this into the axial momentum equation (3.63) 

gives

du .

Bt“  + Ud/T = 0 (5-1)

where t  is the 'relaxation' time defined (for Stokes regime) 

as t  = p^D^/lSp. The solution of equation (5.1) is, for an initial 

droplet velocity U(jo at time t = 0:

uexact “
-t/x (5.2)

Further, since the penetration x obeys dx/dt = u^, it follows that

xexact " V (1 - S't/T)

A similar analysis for the vertical velocity vexact

W t  9ives:

(5.3)

and penetration



(5.4)v = Vh e’^ T
vexact do

and

yexact = V (1 '  e't/T) (5.5)

Computations were performed to simulate the above case for 

droplets having relaxation time of 2.5, 15.6 and 62.5 ms (corresponding 

to droplets of 10, 25 and 50 ym diameter respectively). The numerical
_3

integration time steps 6t/x for those droplets were 1 x 10 ,

-4 -51.6 x 10 and 4 x 10 respectively (6t = 2.5 ys). The results 

of the Euler's method are compared with the exact solution in 

Fig. (5.5) which displays the axial velocity and penetration histories 

of the droplets. It is clear from this figure that the smaller 

droplets loose their momentum faster than the larger one and hence 

penetrate less. This may be attributed to the inverse dependence 

of the drag force on the droplet diameter as seen in equation (3.63).

It is also clear from the figure that both the numerical and

analytical solutions produce the same results. However, a detailed

inspection of the numerical results showed an error, as plotted
_3

(normalised by the exact solution) versus time for 6t/x = 1 x 10 ,

-3 -32 x 10 and 4 x 10 in Fig. (5.6). As expected (Carnahan et al 

(1969)), the error resulting from the use of Euler's method increases 

linearly with time and is proportional to the size of the integration
_3

time step. For example, the error at t = 0.9 ms, for t  = 2.5 x 10 ms

droplet, decreases from 8.4% for 6t/x = 4 x 1 0 ^ ;  to 4.2% for

-3 -3
6t/x = 2 x 1 0  and 2.1% for St/x = 1 x 10 . These errors

decrease for droplets having larger relaxation times.

Similar errors are also obtained by considering the radial

behaviour of the droplets (not displayed) since equations (5.4)
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Fig. (5.5) Behaviour of droplets injected into a linear drag

medium (—  exact solution, ••• prediction)

injected into a linear drag medium (D^ = 10 ym)
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and (5.5) are similar to equations (5.2) and (5.3), differing 

only by a factor of ^dQ/^d0 * Therefore, it can be concluded 

that an accurate calculation of the droplet behaviour necessitate 

the use of small enough integration time step especially for small 

droplets. In the present study an average time step of 3 ys is 

used for droplet integration.

5.5 Spray Calculation

The full spray computation method was subjected to preliminary 

assessment tests reported here, which include the effects of the 

grid density, the computational time step and the number of droplet 

parcels introduced per unit time. Also examined was the degree of 

randomness introduced by the stochastic elements of the method.

a. Effect of the grid size

The grid system used for the spray computations uniformly 

expands in the axial and radial directions. The smallest cell 

is adjacent to the nozzle exit and the expansion factors are 1 . 1  

and 1.15 in the axial and radial directions respectively.

The effect of the grid density on the spray tip penetration 

was investigated by decreasing the size of the injection cell, 

which has the effect of increasing the grid lines to cover the



same computational domain. The results are displayed in Fig. (5.7), 

from which it is clear that reducing only the axial spacing has 

very little effect, compared to that of reducing the radial spacing. 

Generally speaking, reducing the latter causes a systematic 

increase in tip penetration until the injection cell radius falls 

below 0.4 mm: then the calculation scheme fails because the void 

fraction near the injection cell becomes negative, which is non 

physical, since it implies that the droplets occupy more space 

than is available. This is a basic defect of the Lagrangian model 

as employed here and elsewhere, for it contains no provision for 

recognizing the proximity of the droplets and preventing overfilling 

Similar problems are recorded by Dukowicz (1980), O'Rourke (1981) 

and Kuo and Bracco (1982a, b). This is an important drawback, 

because it effectively prevents grid independence solution from 

being achievable and thereby introduces errors into the calculations

In the spray computation of the present study, the injection 

cell size is 1.5 x 0.5 mm and a total of 24 grid lines in the 

axial direction and 1 2 cells in the radial direction are used.

b. Effect of the time step

As discussed earlier in section (4.7) the computational 

time step is calculated from equation (4.108) which ensure that it 

remains below the level required to ensure numerical stability 

(In practice the limit is set by the magnitude of the velocities 

at the exit of the injection cell). It is also however necessary 

to ensure that 6t is sufficiently small to ensure accuracy as well.
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Fig, (5.7) Effect of grid size on computed spray tip penetration (CR = 0.5)



Therefore, computations were performed to investigate the effect 

of the computational time step on the predicted spray tip penetration. 

In this investigation, the time step was reduced from 5 ys, 

corresponding to CR = 0.5 to 2.5 \is, corresponding to CR = 0.25 using 

the same computational mesh (24 x 12) and the same number of 

droplet parcels introduced per unit time (500).

Figure (5.8) shows the predictions for the conditions of 

the isothermal spray of Yule's (1985b) experiments (P = 4.5 MPa,

T = 288 K). Each of the two curves is the average of three runs: 

this was done to minimise the effect of the stochastic elements 

of the calculation. It is clear from this figure that halving 5t 

produces little change in the tip penetration, but of course 

increases the computational costs. Therefore, in all subsequent 

calculations presented in the present study a Courant number of 0.5 

is used.

c. Effect of the droplet number

It is recalled that in the Lagrangian formulation of the 

spray used in the present work, a finite number of droplet 

parcels (sample) is used to represent the entire population. The 

total number of droplets in that sample influences the economy 

of the procedure since it determines the computational time and 

storage requirements. Therefore, calculations were performed to 

investigate the effect of the number of droplet parcels introduced 

per unit time on the tip penetration as well as on the spray structure.

Since the mass injected per unit time is fixed by the injection

rate schedule, varying the number of droplet parcels implies a
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Fig. (5.8) Effect of the time step on the computed spray tip penetration 

(injection cell size 1.5 x 0.5 mm)

200



change in the number of droplets in each computational parcel. 

Increasing the number of droplet parcels improves the statistical 

accuracy of the calculation but as already noted, also increases 

the costs.

Figure (5.9) illustrates the effect on the spray tip 

penetration of increasing the introduction rate from 250 droplet/ms 

to 500 droplet/ms and Fig. (5.10) shows the corresponding spray 

structures at different times. It appears that the tip penetration 

is not sensitive to variations in this parameter within the range 

covered while the statistical accuracy of the 250 droplet/ms spray 

is less than that of the 500 droplet/ms one.

d. Stochastic variations

In the parcel injection technique described in chapter 4, 

both the droplet diameters and the radial injection velocities are 

chosen randomly from specified distributions of diameters and 

velocities respectively (see section (4.3) for details). Also 

the effect of gas turbulence on droplet behaviour is treated 

stochastically, as described in section (3.8). It is therefore 

of interest to assess how large are the stochastic variations in the 

spray predictions introduced by these features. Towards this end, 

several calculations were performed for the conditions of the 

isothermal spray of Yule et al (1985b) (P = 4.5 MPa and T = 288 K) 

with different random number sequences and the results are displayed 

in Fig. (5.11) and (5.12). Figure (5.11) shows that the stochastic 

variation in the spray tip penetration is 9%. The gas-phase centre-
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Fig. (5.9) Effect of the number of droplets introduced per unit time on the spray tip penetration
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Fig. (5.10) Effect of the number of droplets introduced per unit time on the spray shape (P =4 . 5  MPa » T = 288 K)
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Fig. (5.11) Stochastic calculation effect on the spray penetration (P =4.5 MP a, T = 288 K)



line velocities illustrated in Fig. (5.12)(a) show larger differences,

e.g. at t = 1 ms from the start of injection, the differences are 

20% or less. The gas-phase turbulent intensity and viscosity 

displayed in Fig. (5.12)(b) and (c) show markedly larger differences, 

especially near the injector, since in this region the spray 

occupies at most two or three grid cells and a change in the centre­

line velocity causes a drastic change in the velocity gradient.

Similar calculations were also performed for an evaporating 

spray for conditions corresponding to those of Kuniyoshi et al (1980) 

(P = 6.28 MPa and T = 800 K). Figure (5.13)(a)-(c) show the 

vaporization rate, equivalence ratio and temperature distributions 

and profiles resulting from three runs with different random number 

sequences. The differences in the total masses evaporated are 

always less than 1 0 %, while larger differences are observed in the 

predicted equivalence ratio and ambient gas temperatures.

It can be concluded from the above that both spray tip 

penetration and vaporization rate are less sensitive to the stochastic 

calculation than the other gas-phase properties such as velocity, 

turbulence parameters, equivalence ratio and temperature. Therefore, 

a statistical averaging of results from many runs is needed if 

comparisons are made with similarly averaged measurements.
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(a) Stochastic variation of the gas-phase centreline velocity 

(P =4.5 MPa, T = 288°K)

Fig. (5.12) Stochastic calculation effects
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(b) Stochastic variation of the gas-phase turbulent intensity (P=4.5 MPa » T = 288°K) 

Fig. (5.12) Cont'd
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(c) Stochastic variation of the gas-phase turbulent viscosity (P=4.5 MPa. , T = 288°K)

Fig. (5.12) Cont'd
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(a) Predicted vaporization rate

*

Fig. (5.13) Stochastic calculation effect on evaporating spray
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5.6 Concluding Remarks

In this chapter, the different numerical tests which 

were performed to assess the accuracy and reliability of both the 

fully implicit and the semi-implicit solution algorithms were 

presented.

In the fully implicit scheme, used for gas jet calculations, 

a grid and time step independent solution was obtained by increasing 

the number of grid points (for constant 6t) and decreasing the 

time step (for the same mesh) until no further changes were obtained 

in the final solution. It was found that the optimum grid and 

time step specifications are 30 x 30 and 0.05 ms respectively.

The numerical technique employed for spray calculations 

becomes unstable and the procedure fails to give a solution under 

conditions when the droplets cluster locally giving negative void 

fraction. This effectively prevents grid independence solution 

from being achievable. A time step independent solution was obtained 

by decreasing (below the level required to ensure numerical 

stability) to 0.5 and a further decrease to 0.25 produced a very 

little effect on the spray tip penetration.

As far as the effect of increasing the droplet introduction 

rate (from 250 to 500 droplet/ms) is concerned, it was found that 

the penetration is not very sensitive to this variation while 

the statistical accuracy of the spray increases.

Finally, further computations were performed to investigate 

the stochastic variation associated with the use of different 

random number sequences in the spray calculations. The stochastic 

variations of the spray tip penetration and the total vaporized
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mass were always less than 1 0 % while larger differences were 

observed in other gas phase properties such as velocity, turbulence 

parameters, equivalence ratio and temperature. Therefore, a 

• statistical averaging of the results from many runs is necessary

if comparisons are made with similarly averaged measurements.

<1

*
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CHAPTER 6

ASSESSMENT OF THE PROCEDURE 

GAS PHASE

6.1 Introduction

The main objective of this chapter is to assess the ability 

of the theoretical model presented in chapter 3 to predict droplet- 

free steady and transient gas jets such as round jets. Assessment 

of the procedure is carried out here using five such test cases, 

all of which involve comparison with experiments.

Predictions of the steady laminar free jet and comparison 

with the experimental data of Abramovich and Solan (1973) are 

given first in section (6.2). Then section (6.3) deals with 

calculations of the starting laminar jet.

The steady turbulent round free jet serves as the third 

test case and is described in section (6.4), while predictions of 

impulsively started turbulent jets (isothermal and non-isothermal) 

are presented in section (6.5).

Finally, the scaling of the transient turbulent 

round free jet; including the effects of the Reynolds number, 

length scale and turbulent intensity, is given in section(6 .6 ).



6.2 Steady Laminar Round Free Jet

Calculations were performed to predict the behaviour of an 

isothermal laminar free jet and the results are compared with 

the experimental data of Abramovich and Solan (1973). In their 

experiments, Abramovich et al measured the centreline velocity 

decay of air emanating from a 6 ran internal diameter pipe. The Reynolds 

number range was 80 - 500.

The computed result for the steady-state centreline velocity

decay obtained from a parabolic starting profile of a Reynolds

number of 254 is compared with that measured by Abramovich and

Solan (1973) in Fig. (6.1). The dimensionless co-ordinates are

those suggested by Abramovich and Solan, i.e. u* = Um/U and 

0 5x* = x/djRe * where Um is the maximum velocity at any x from

the nozzle, UmQ is the maximum velocity at the nozzle exit (here

U ^ = 21L) and Re is the jet Reynolds number defined as Re = plLd./y. m o o 7 o j

It is clear from the figure that the calculated result fits inside

the experimental scatter. Kuo and Bracco (1982a) made similar

calculations and found that the results obtained for different

Reynolds numbers, do not coincide when the non-dimensional parameters

of Abramovich and Solan are used. They concluded that the experimental

scattering observed in Fig. (6.1) may not be due wholly to experimental

error but also to improper account of the Reynolds number effect
0.5

in the normalisation of x by d.Re . They suggested that a more 

appropriate length scale is d-Re. Figure (6.2) shows that Kuo's
vJ

predictions for Re = 70, 100 and 500 as well as the present prediction

for Re = 254 which is displayed in Fig. (6.1) all coalesce when
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Fig. (6.2) Centreline velocity decay using Kuo's length scale
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plotted in this way. Unfortunately the experimental data of Abramovich 

and Solan cannot be reported in the same figure because they did not 

identify the Reynolds numbers corresponding to each of their 

experimental points.

6.3 Transient Laminar Round Free Jet

The predicted transient behaviour of a starting laminar round 

free jet is assessed against the experimental data of Abramovich and 

Solan (1973). They measured the travel time of the spherical 

vortex at the front of a suddenly switched on, submerged, laminar 

jet in the Reynolds number range 80< Re<500. The centreline velocity 

plateau was recorded from which the jet penetration was obtained.

A typical set of results for the predicted centreline

velocities at several axial locations for an unsteady air jet with

a parabolic starting velocity profile at Re = 254 is given in

Fig. (6.3). At each location the velocity is seen to reach a steady-

state plateau with the plateau level decreasing with distance from

the nozzle exit. Following the somewhat arbitrary procedure

introduced by Abramovich and Solan, the arrival time (t) of the

jet tip at a point x on the centreline is defined as the instant

when the jet velocity reaches 70 per cent of the final (steady)

plateau value. When x and u are scaled as before and t is non-

0.5 7
dimensionalised as t* = 2tvRe * /d^ where v is the dynamic viscosity,

J
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Fig. (6.3) Centreline velocity plateau of a starting laminar free jet
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the computed results for the transient jet tip penetration histories

for Re = 125 and 254 appear as in Fig. (6.4), where they are plotted

with the experimental data for Reynolds number range 80<Re< 500.

It is clear from the figure that the results for Re = 127 and 254

lie inside the experimental range but do not coincide, i.e. they

show a Reynolds number dependence similar to the centreline velocity

decay of the steady laminar jet presented in section (6.2). Once

more Kuo and Bracco (1982a)concluded that the observed experimental

scattering is partially due to the improper account of the Reynolds

*  number effect in Abramovich's scaling parameters and they proposed
2

new dimensionless parameters as x* = x/d.Re and t* = t/(d ./v).
J vJ

Figure (6.5) shows that Kuo's predictions for Re = 70, 100, 500 and 

the present predictions for Re = 127 and 254 coalesce when plotted 

in this way.

*

6.4 Steady-State Turbulent Free Jet

An isothermal axisymmetric turbulent free jet serves as 

the third test case, which is used to assess the applicability of 

the k-e turbulence model in these circumstances. The ensemble- 

averaged form of the Navier-Stokes equations for steady state 

axisymmetric turbulent flow are solved in conjunction with the 

turbulent kinetic energy and its dissipation rate equations and the 

results are compared with the experimental data of Witze (1980) 

and Wygnanski and Fiedler (1969).
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Fig. (6.4) Travel time of transient laminar jet

Fig. (6.5) Travel time of transient laminar jet 

using Kuo's length and time scales
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Witze (1980) measured the mean and fluctuating components 

of the axial velocity at the centreline of air-into-air jets 

emerging from two different nozzle geometries using hot film 

anemometry. Calculations were performed to simulate Witze's 

experiment for his 'nozzle A' which has a diameter of 1.35 mm and 

uniform exit velocity of 103 m/s (Re = 8200). The value of the 

turbulent kinetic energy at nozzle exit k^n was specified as

(6 .1)

where i is the turbulence intensity and the dissipation rate at 

nozzle exit e. was estimated through the expression

ein = ki n X  <6-2)

where is the length scale, taken as a fraction of the nozzle

radius. In the present computations, the value of i is specified 

as 0.03 guided by the experimental measurements while $,Q is 

evaluated, following Kuo and Bracco (1982a) as 0.09r- where r-
J v)

is the nozzle radius. Except for the coefficient, c-j, in the 

dissipation rate equation, which is set equal to 1.5 (the reason 

for this will be discussed later), all the other constants of the 

k-e model are those given in table (3.1). From Fig. (6 .6 ) it 

can be seen that, as far as the steady state centreline velocity 

decay is concerned, the agreement with Witze's experimental 

correlation is quite good for 7.5 < x/d. < 30. It is also clear
v)

from the figure that the measured potential core length is much 

smaller than the generally accepted experimental value for free



jets of 4 to 6 orifice diameters (see e.g. Rajaratnam (1976)), 

while the predicted one lies inside that range. The discrepancy 

may be attributed to the uncertainty in the measurements near 

the nozzle exit.

Wygnanski and Fiedler (1969) carried out detailed measurement 

of axial and radial velocity and turbulence characteristics of 

the steady round free jet. The nozzle diameter was 2.64 cm and 

the air velocity at nozzle exit was 51 m/s (Re - 79000). Calculations 

were performed using the above injection condition as well as the 

initial turbulence prescription mentioned earlier. Figure (6.7) 

shows the predicted mean velocity distribution acorss the jet at 

x/d- = 40, compared with the experimental measurements of Wygnanski
J

and Fiedler. The velocity scale in this figure is the maximum velocity 

at this section and the lateral distance from the axis of symmetry 

r is rendered dimensionless by dividing by the axial distance from 

the nozzle exit. It is obvious from the figure that the predicted 

axial velocity profile agrees well with the measured one in the 

inner region of the flow and overestimates it in the outer region.

This discrepancy can be attributed to the deficiency of the k-e 

turbulence model to deal with different types of flow with the 

same set of constants c-j, C2 . (Abbas et al (1980) showed that a 

change of c-j to 1.57 improves the agreement in the outer region and 

underestimates the experiment in the inner region).

The predicted turbulent intensities across the jet at 

x/d• = 40 are compared with the measured intensities in the self-
J

preserving region (x/d. >40) in Fig. (6 .8 ). It is interesting
J
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Fig.(6 .6 ) Centreline velocity decay of steady turbulent jet.

0 . 0 0 2

o
0 . 0

- 0 . 0 2

Fig.(6.7) Mean velocity of turbulent jet,---  Wygnanski et al (1969)

data.
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y/x
Fig. (6 .8 ) Turbulent intensity across the jet
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to note that the magnitude of the measured v' and w' in less than 

that of u' i.e. the turbulence of the jet is not isotropic, whereas 

isotropyis assumed in the calculation.

6.5 Impulsively Started Turbulent Round Jets 

a. Isothermal jets

Despite its practical importance, the starting jet has 

received much less investigation in comparison to the steady jet. 

Earlier experimental work on impulsively started jets was mostly 

confined to the qualitative study of the flow patterns resulting 

from the mixing of isothermal homogeneous fluids. Rizk (1958) 

carried out flow visualization tests for the development of an 

axisymmetric starting water jet with particular reference to the 

scavenging process in two-stroke engines. Recently, Witze (1980) 

made detailed measurements in impulsively started isothermal 

air-into-air jets by hot-film anemometry. He measured both mean 

and fluctuating components of the axial velocity for both steady 

and transient cases, and presented four sets of experimental data 

using two nozzle exit configurations as shown in Fig. (6.9). He 

showed, as did the present calculation, that these jets exhibit 

an interesting feature: ahead of the advancing jet tip front, the

surrounding fluid remains undisturbed and at a distance behind it 

steady state can be considered to have been reached (for a steady 

injection velocity). The transition between the undisturbed and the 

steady state occurs mostly in the jet tip vortex.
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The different operating conditions for Witze's two nozzles 

A and B are given in table (6.1) below.

Table (6.1) Witze's operating conditions

case nozzle UQ m/s d . mm
J

1 A 53.0 1.152

2 A 103.5 1.35

3 B 2 2 . 0 1 . 6 8

4 B 54.4 1.818

For computational purposes, the set of constants used in the 

steady turbulent jet calculations given in section (6.4) is also 

used here. The results for the jet penetration are compared with 

those measured by Witze (1980).

A typical set of results for the velocity histories 

calculated at several axial locations for Case 2 of table (6.1) 

is given in Fig. (6.10). It can be seen from the figure that, 

as expected, at each location the velocity reaches a steady-state 

plateau, with both the rate of rise and the plateau level decreasing 

with distance from the nozzle exit.
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Fig. (6.9) Nozzle exit configurations of Witze*s(1980) 

experiments

#

Fig. (6.10) Centreline mean velocity plateau of starting turbulent jet 

(U0 = 103 m/s; dj = 1.35 mm; nozzle A)
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Following the procedure introduced by Abramovich and 

Solan (1973) the arrival time of the jet tip at a point in space 

is defined as the instant when the jet velocity reaches 70% of 

•  the final (steady-state) plateau value. The predicted jet penetrations

are compared with the measured ones,for the four cases studied,in 

Figs. (6.11)(a)-(d). The overall agreement is fairly satisfactory 

in view of the uncertainties in both the measurements and the 

computations which are:

m  i. The computations were performed using the same turbulence

constants as for the steady jet, thus assuming that the 

turbulence generating mechanism is the same for both steady 

and transient situations. However, Bermhorst et al (1977) 

observed in their experimental measurements of the 

£  characteristics of a pulsed jet that the turbulence at

x/d- < 1 0 is significantly higher than the steady state value.
J

ii. The experimental measurements of Witze were made by hot- 

film anemometry. As the orifice diameters were small 

(1 .2 - 2  mm) and the hot film probe was of the same size 

^ this may have affected the flow near the orifice and presented

spatial resolution limitations near the injector.
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Fig. (6.11) Comparison of predicted jet penetration with

Witze's (1980) data
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(c) Nozzle B; UQ = 54.4 m/s; dj = 1.818 mm

time (ms)
(d) Nozzle B; UQ = 22 m/s; dj = 1.68 mm 

Fig. (6.11) Cont'd
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b. Non-Isothermal jets

The behaviour of the heated starting jets was investigated 

by Wolfhard and Bruszak (1960) and more recently by Phillips 

(1971). Phillips took Schlieren photographs of the development of 

a hot, subsonic jet emanating from a small nozzle (3 mm diameter) 

into cold surrounding and driven by the ignition of a combustible 

gas mixture. Hengrussamee (1975) conducted a similar experiment 

in which he only measured the velocity and temperature time 

histories of the gases at the nozzle outlet as shown in Figs. (6.12) 

and (6.13) respectively. Curve fitting to his data yields the 

following formulae for the variation of the gas velocity and 

temperature at the nozzle exit:

u0 = -1.637 x 102 + 1.8 x 105t - 5.382 x 107 t2

+ 6.7979 x 109 t3 - 3 x lOn t4 (6.3)

T0 = -2.7865 x 103 + 3.796 x 105t - 1.5496 x 109t2

+ 3.027 x 10n t3 - 2.78 x 101 3 t4 + 9.7 x 101 4 t5 (6.4)

where t is the time from ignition in seconds and UQ and TQ are 

the gas velocity (m/s) and temperature (K) respectively. It 

should be noted that a time delay of about 2 ms was observed from 

the time of ignition to the start of the jet.

For the purpose of calculating the Phillips case and as 

he did not report the operating conditions of his experiments, the 

hot gases emerging from the nozzle are treated as air whose
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time (ms)

Fig. (6.12) Variation of axial velocity at the nozzle exit 

in the experiments of Phillips (1971)

Fig. (6.13) Development of temperature at nozzle exit in 

the experiments of Phillips (1971)



velocity and temperature are obtained from equations (6.3) and 

(6.4) respectively. The initial level of the turbulent kinetic 

energy and dissipation rate at nozzle exit are evaluated as 

presented in section (6.4) i.e. in equations (6.1) and (6.2) 

i = 0.03 and £0 = 0.09 r^ respectively.

The predicted development of the jet front, defined as 

the axial location at which the gas temperature (density) has a 

maximum gradient, is compared with the measured one taken from 

the Schlieren photographs in Fig. (6.14). The time is calculated 

from the instant the spark inside the enclosure is initiated. 

Despite the uncertainties about the turbulence level at the 

nozzle exit and the other exit conditions, the agreement is 

fairly satisfactory.

Figure (6.15) shows the comparison of the development 

of the jet radius (r ) at x/d. = 14.3 downstream of the nozzle
W J

outlet. The predicted radius is defined as the radial distance 

from the jet axis to the position where the gas temperature is 

300 K (the ambient temperature). It is clear from the figure 

that fairly good agreement is obtained in view of the above 

uncertainties.

A further feature of interest which emerged from these 

calculations is that despite the unsteady nature of this process 

the predicted jet velocities at various axial positions tend to 

be self-similar after 8 ms from the start of ignition as shown 

in Fig. (6.16). The length used to render the radial distance 

r dimensionless is the local half-width of the profile, namely
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Fig. (6.14) Comparison of the predicted and experimental 

development of jet front

development of jet radius at x/d- =14.3
J
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Fig. (6.16) Dimensionless velocity distribution of starting turbulent hot jet

(Phillips simulation)



the width corresponding to the point where the mean velocity is 

equal to one-half of its value on the axis. It should be mentioned 

here that the self-similar profile of the hot starting jet is 

identical to that of a steady jet.

respectively. The values of UQ and TQ are chosen as the injection 

velocity and temperature at t = 8 ms. These figures display the 

characteristic feature of strong turbulent mixing near the nozzle. 

The turbulent viscosity levels vary between 10 and 200 times the 

molecular one, a range which is small compared with typical spray 

behaviour as will be shown later in Chapter 7. This is mainly due 

to the larger lateral spreading of the jet.

6 . 6  Parametric Study and Scaling Laws 

a. Parametric Study

the different input parameters and physical factors on the behaviour 

of the steady state and transient turbulent isothermal round 

free jet. The values of the parameters used in the various 

calculations are given in table (6.2). The parameters varied are: 

the turbulence model c-j coefficient, jet Reynolds number, initial

intensity

Figures (6.17)a-c show the predicted fields of turbulence 

turbulent viscosity and gas temperature (T/TQ )

Calculations were performed to quantify the effects of
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jet exit turbulence intensity and initial turbulent length 

scale.

Table (6.2) Input parameters of the parametric study

Case
U d •

R e = v

uo

m/s

d.
J

(mm) ci i A

1 8193 103 1.35 1.5 0.03 0.09

2 8193 103 1.35 1.44 0.03 0.09

3 81930 103 13.5 1.5 0.03 0.09

4 8193 103 1.35 1.5 0.003 0.09

5 8193 103 1.35 1.5 0.03 0.009

^  i. Effect of c-|

Calculations of the steady state round free jet over­

estimate the spreading rate by about 40% when based on the k-e 

turbulence model with coefficients optimised for plane flows (see 

for example Gosman et al (1976b)). A similar trend was also 

*  observed by Launder and Morse (1977) in computations based on a

second-order closure for the Reynolds stress. The origin of the 

deficiency was shown by McGuirk et al (1977) to be the source term 

in the dissipation rate equation.



In the present study calculations were performed to 

investigate the effect of changing c-j from 1.44 (the optimised 

value for planar flows) to 1.5, corresponding to cases 2 and 1 

of table (6.2) respectively. This 4% variation of c-j produces 

a marked change in the centreline velocity decay as shown in 

Fig. (6.18)a. It also affects the transient jet penetration but 

to a lesser extent (Fig. (6.18)b). As far as the jet spreading 

rate is concerned, it was found that a 15% decrease occurs.

Kuo (1982) also reported that 10% increase of c-j produced 45% 

decrease in the spreading rate and Launder et al (1977) pointed out 

that a 1 % variation in either of the coefficients c-j and c^ can 

alter the rate of spread by about 4% (using the Reynolds stress 

closure model).

Thus it can be concluded that the computed flow field 

for both steady state and transient cases are very sensitive to 

the value of c-j; the 'best' value seems to be 1.5.

ii. The Effect of the Jet Reynolds Number

For fixed values of c-j and levels of the turbulence 

intensity and length scale at the nozzle exit, computations were 

performed for Re = 8193 (case 1 of table (6.2)) and Re = 81930 

(case 3). The results are displayed in Fig. (6.19) from which 

it is evident that increasing jet Reynolds number lengthens the 

potential core and thus delays the steady-state centreline velocity 

decay (diagram (a)). Also, the transient jet tip penetration
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(b) Transient jet penetration

Fig. (6.18) Effect of the turbulence model c-j coefficient



presented in Fig. (6.19)(b) shows a systematic Reynolds number 

dependence i.e. the higher the jet Reynolds number, the faster 

the penetration. Kuo (1982) observed the same tendency; he also 

noted that the Reynolds number dependence of both the steady-state 

centreline velocity decay and the transient jet penetration 

disappear for large values of Re (Re >10^).

iii. Effect of Initial Level of Turbulence Quantities

In the light of uncertainty about the initial level of

the turbulence quantities at the nozzle exit, further predictions

were performed to investigate the effect of both the turbulence

intensity and the length scale on the jet behaviour. Figure (6.20)

shows the effect of increasing the turbulence intensity i by a

factor of 10 i.e. from 0.003 to 0.03. Although increasing i

increases the turbulent kinetic energy k^n and hence the turbulent

viscosity (for the same length scale), the results displayed in

Fig. (6.20) show that increasing i yields a somewhat elongated

potential core and a delayed centreline velocity decay. The

transient calculations also showed a faster penetration with larger

turbulence intensity. A similar trend was also observed by

Kuo (1982) and Ideriah (1974). It seems that the reason for this

behaviour lies in the dissipation rate e^n since increasing i

3/2increases also e^n according to the relation = k/ / l Q and it 

was found that at x/d. > 3 the viscosity decreases due to the
J

higher values of e.
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(a) Steady-state centreline velocity decay

(b) Transient jet penetration

Fig. (6.19) Effect of the jet Reynolds number
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(a) Steady-state centreline velocity decay

Fig. (6.20) Effect of the initial turbulence intensity
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Figure (6.21) illustrates the effect of increasing the 

length scale by a factor of 10, i.e. from £ /r . - 0.009 to
^ J

£J r .  - 0.09. As might have been expected, increasing the length 

scale, for the same turbulent kinetic energy, increases the turbulent 

viscosity and hence produces an earlier steady-state centreline 

velocity decay (Fig. (6.21)a) and a slower penetration as shown 

in Fig. (6.21)b.

b. Scaling Laws

In sections (6.2) and (6.3), it has been shown that both 

the steady state centreline velocity decay and the transient jet 

tip penetration of the laminar round free jets exhibit a systematic 

Reynolds number dependence for the range 8 0 < Re<500. Also, it has 

been shown that the appropriate time and length scales to render 

all the predicted results with different Reynolds numbers lie on
p

one line, are t* = t/(d./v) and x* = x/(d-Re) respectively.
J J

For transient turbulent round free jets, and similar to 

the laminar one, both the steady state centreline velocity decay 

and the transient jet tip penetration exhibit Reynolds number 

dependence (Fig. (6.19)). Following Kuo (1982) the dependence 

of the steady-state centreline velocity decay on the Reynolds 

number disappears when scaling the axial distance as x* = x/(d.Re^’̂ J
J

as shown in Fig. (6.22)(a). The penetration of the transient jet 

is scaled by t* = t/(djRe^*^/UQ) to account for Re dependence 

as shown in Fig. (6.22)(b).
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(a) Steady-state centreline velocity decay

Fig. (6.21) Effect of the initial mixing length scale
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(b) Transient jet penetration

Fig. (6.22) Scaling of transient turbulent round free jets
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6.7 Concluding Remarks

The present tests have demonstrated that it is possible to 

calculate the behaviour of laminar and turbulent gas jets to a 

tolerable degree of accuracy using the implicit method.

It has been shown in chapter 5 that also the semi-implicit 

method is capable of predicting the behaviour of laminar and 

turbulent gas jets provided that the time step satisfies the 

stability requirements.

The predicted steady-state centreline velocity decay and 

the transient jet tip penetration of incompressible laminar free jet 

agree well with the experimental measurements of Abramovich and 

Solan (1973) and it is found that the length and time scales are

x* = x/(d.Re) and t* = t/(d./v) respectively.
J J
It is also found that isothermal turbulent jets can be well 

predicted provided that the coefficient c-j in the dissipation rate 

equation is adjusted to the value 1.5.

The transient calculations of the turbulent hot jet have 

been shown to predict Phillips (1971) experimental data fairly well, 

despite the uncertainty about the turbulence level at nozzle exit.

The parametric study presented in section (6 .6 ) revealed 

that increasing the turbulence intensity at nozzle exit lengthens 

the potential core and delays the steady-state centreline velocity 

decay while the transient behaviour shows a faster penetration.

It is also found that increasing the length scale at nozzle exit, 

for the same turbulent kinetic energy, produces an earlier steady- 

state centreline velocity decay and a slower jet penetration.
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Finally, the predicted steady-state centreline velocity 

decay and the transient behaviour of the turbulent jet showed a 

Reynolds number dependence for the range of Re studied. The spatial 

and temporal development of the turbulent jet are scaled as

d.Re^’^  and d.Re0#^ / U  respectively.
J v

+
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CHAPTER 7

ASSESSMENT OF THE SPRAY CALCULATION PROCEDURE

7.1 Introduction

As already noted, the main intended application of the procedure 

described in chapter 3 is to the modelling of diese-like fuel sprays. 

For the purpose of assessment of the procedure, which is the 

objective of this chapter, it is desirable to compute sprays for 

which experimental data are available. Unfortunately, experiments 

which provide sufficient data to fully specify the initial and 

boundary conditions of the spray do not appear to exist, due to 

the difficulty of conducting measurements near the injector. Thus, 

it has been necessary in the present study to estimate some of the 

required information, notably the initial droplet size and velocity 

di stributions.

The prediction procedure is evaluated against four sets of 

experimental data which come closest to providing the necessary 

spray information: they are those of Yule (1984) and Yule et al

(1985b) for isothermal and evaporating diesel sprays (which were 

conducted in parallel with the present study; Hiroyasu and 

Kadota (1974), for isothermal sprays; and finally, Kuniyoshi et al

(1980) for evaporating sprays.

A second objective of this chapter is to test the sensitivity 

of the predictions to various features which it contains such as 

the initial level of turbulence quantities, initial velocity profile 

of the droplet, turbulent droplets dispersion, initial spray cone 

angle, initial droplet sizes, initial size distribution function, 

injection rate history and fuel introduction temperature.
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7.2 Isothermal Sprays

7.2.1 Comparison With Measurements

i. The experiments of Yule et al (1985a, b )

As already shown in chapter 2, these experiments had the 

objective of measuring the structure and penetration of sprays 

injected from 0.46 mm diameter single hole Lucas nozzle into an 

inert quiescent gas. In addition, the fuel flow rate versus time 

characteristics were measured and a unique curve was found for 

all charge pressures and temperatures (Fig. (7.1)). The parcel 

masses and velocities are calculated from the injection rate 

diagram in the manner described earlier in section (4.8).

The droplet size distrubiton was measured at atmospheric 

pressure and at an axial distance of 64 mm downstream of the 

injector (see Boulderstone et al (1981)). The droplet size 

distribution was fitted by a Rosin-Rammler function as:

1 dv Ddn_1 - { ( V I T ) " }
" T

(7.1)

where dV is the volume of the droplets having diameter between 

and + dD^ and n and IT are the experimentally determined 

Rosin-Rammler exponent and mean diameter having the values of 2 

and 25 ym respectively to yield droplets ranging from 0 to 60 ym 

approximately (Fig. (7.2)). In the present study this distribution 

was assumed to prevail in the vicinity of the injector and was 

used as the inlet conditions for the calculations, in the absence 

of any better information.
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Fig. (7.1) Constant and measured injection rate 

diagrams from Yule et al (1985b)

Fig. (7.2) Measured droplet size distribution, 

from Boulderstone et al (1981)
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The measured spray cone angle versus time variation shown 

in Fig. (7.3) for different charge pressures (T = 288K) were 

used to calculate the inlet radial velocity of the droplets 

(see section (4.8)).

The different measurements of Yule et al (1985-b) are 

summarized in table (7.1).

Table (7.1) Experimental measurements of Yule et al (1985b)

P=0.5 MPa 1.5 MPa 2.5 MPa 3.5 MPa 4.5 MPa 5.0MPa

penetration ✓ / / / / /

T = 288K spray cone angle / J / / ✓

injection rate 

diagram
✓ ✓ ✓ / ✓

penetration ✓ ✓ /

T =373K spray cone angle ✓ /

injection rate 

diagram
J ✓ ✓ ✓ ✓
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Fig. (7.3) Spray cone angle versus time at different charge pressures, from 

Yule et al (1985b)



Presentation of the results

The predicted penetration of the spray tip (defined as the 

axial position of the leading droplet) as a function of time from 

the start of injection is compared with Yule's (1985b) experimental 

data in Fig. (7.4)(a)and (b), for ambient pressures of 0.5, 2.5 

and 4.5 MPa and an ambient temperature of 288 K. The measured 

curves show a scatter of about 15%, which Yule (1984) attributed 

to "jitter" from pulse to pulse and also, to irregularities in the 

spray leading edge. The predicted results are represented by the 

vertical bars in Fig. (7.4), showing the scatter resulting from 

four stochastic calculations with different random number sequences.

It is clear from the figure that the agreement is poor at 

the low pressure case (P = 0.5 MPa) and somewhat better at higher 

pressures, although even here the slope of the predictions are 

below the measurements in the early stages of injection (up to 

0.3 ms from the start of injection).

The predicted spray structure for the P = 0.5 MPa case 

based on two alternative representations, one of which shows 

'droplets' whose size is proportional to the local mass of the 

liquid, and the other which reflects the actual droplet diameters, 

are shown in Fig. (7.5)(a) and (b) respectively. Close inspection 

of the latter reveals a concentration of large droplets near the 

spray tip, as was also observed in the experiments. This was 

attributed to the observed tendency of such droplets to migrate to 

the front, aided by the fact that with practical systems droplets 

injected at later times enter at higher velocity than the very early
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Fig. (7.4) Comparison of the predicted spray tip penetration with Yule's (1985b)data
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(b) P = 2.5 MPa 

Fig. (7.4) Cont'd.
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Fig. (7.5)(a) Spray representation according to parcel masses for

P = 0.5 MPa and T = 288 K
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Fig. (7-5)(b) Spray representation according to droplet sizes for 

P = 0.5 MPa and T = 288 K
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ones (c.f. Fig. (7.1)), at least until the peak injection rate 

is reached and passed. This phenomenon is readily apparent in 

the novel representation of, for example, the same (P = 0.5 MPa) 

spray in Fig. (7.6), where the cricles are proportional in diameter 

to droplet sizes and are numbered sequentially in order of 

introduction, i.e. droplet number 1 is the first introduced one.

A further indicator of the timing of introduction is provided by the 

'clock hands' appearing in each circle: these are advanced by an

increment of 45° at intervals of 50 ys, during each of which a 

number of droplets are introduced. (It should be noted that for 

clarity the radial scale of these plots is greatly enlarged since 

the spreading angle of the spray is usually small).

Typical predicted fields of gas velocity and turbulence 

characteristics are represented in Fig. (7.7) for the high pressure 

case (P = 4.5 MPa, T = 288 K). As shown in Fig. (7.7)(a), the 

injection process induces recirculation due to the fact that air 

is entrained into the jet close to the injector nozzle and flows 

radially away from the jet near the tip of the spray. Also, the 

large gas velocities are confined to the vicinity of the spray 

unlike the pure gas jet, where lateral spread is greater.

The main noteworthy points of the turbulence predictions of 

Fig. (7.7)(b)-(d) are the high turbulent viscosity (yt) levels, 

mainly due to the high turbulent intensities (u , which

in turn result from the large velocity gradients near the spray 

axis. In this connection, it should be recalled that the version 

of the k-e turbulence model employed here contains no provision
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Fig. (7.6) Predicted droplet histories for the P = 0.5 MPa,

T = 288 K spray
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Fig. (7.6) Cont'd
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TI ME = 0.0003 -  = 41.0 M/S

»

TIME = 0.0004 -  = 41.0 M/S

TI ME = 0.0005 -  = 41.0 M/S

TI ME = 0.000b -  = 41.0 M/S

TI ME = 0.0007 —  = 41.0 M/S

T
o

TI ME = 0.0008 -  = 41.8 M/S
(a) Gas velocity field (u)

Fig. (7.7) Predicted gas phase characteristics for P = 4.5 MPa,

T = 288 K case
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for the presence of the droplet (as discussed in Chapter 3), which 

have the effect of damping the turbulent motion, primarily due 

to inertial effects (see Buckingham and Siekhaus (1981)): so the 

present predictions are likely to be an overestimate.

In order to understand the reasons for the poor agreement 

in Fig. (7.4) between the predicted and measured spray tip 

penetrations at the low pressure case (P = 0.5 MPa), further 

investigations were made. In the first instance, a hypothetical 

situation where no atomization takes place was examined. It was 

assumed that the liquid exits the nozzle as an intact jet and 

travels through the gas (without exchanging mass, momentum or energy) 

at either the instantaneous mean exit velocity from the nozzle 

(i.e. the ratio of the volumetric flow rate to the nozzle area) or 

at the peak value of an assumed radial velocity distribution. The 

latter was taken to be either parabolic, which is appropriate to 

laminar flow (which is the case at times less than 0 . 1  ms from the 

start of injection, for which the nozzle Reynolds number, defined 

as Re = p^^dj/y^ is less than 500);oraone seventh power law, 

corresponding to turbulent flow. The penetration histories for 

these two cases are plotted in Fig. (7.8) where it is seen than 

the result of the laminar exit velocity profile case agrees well 

with the experimental data at the early stages of injection (up to 

t = 0.18 ms). At later times, the measurements become bracketed 

by the non-uniform exit profile cases, suggesting that the initial 

fast penetration in the real case is due to incomplete atomization.

In support of this, Yule et al (1985b) indicated that the photographs

of the 0.5 MPa spray suggested that it has a continuous central bulk
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Fig. (7.8) Tip penetrations of P = 0.5 MPa, T = 288 K case based on the 'Liquid jet' model
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liquid core extending over the first 40 mm from the nozzle 

exit while the higher pressure sprays have a dense and very poorly 

atomized core. Thus, these observations necessitate the need in 

the future to include 'ligament' and 'column break-up' regimes
#

in the theoretical model, at least for low charge pressures.

A second possible cause for the discrepancies between the 

predicted and measured tip penetrations is the uncertainty in the 

initial part (up to 0 . 1  ms) of the fuel injection rate diagram 

(Fig. (7.1)). Firstly, Yule ( 1  985b)could not measure the fuel 

flow rate reliably in the first 40 ys, so a straight line was 

drawn from the origin as shown in Fig. (7.1). Secondly, in view 

of the fact that the opening pressure is 12.0 MPa and the charge 

pressures vary from 0.5 to 5 MPa the injection rate would expect 

to show some variation between these, rather than the reported unique 

curve for all pressures. In this connection, it will be shown later 

that, as might have been expected, the penetration is sensitive 

to the initial injection schedule.

ii. The experiment of Hiroyasu and Kadota (1974)

The objective of the experiment of Hiroyasu and Kadota (1974) 

was to measure the penetration, initial cone angle and droplet 

size distributions of sprays injected into a high pressure and 

room temperature nitrogen environment (description of the experiment 

is detailed in chapter 2 ).

The droplet size distribution was measured about 650 mm downstream 

of the injector and it was found that the data for different charge
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pressures, could be fitted by the size distribution function 

of the Chi form:

Y  h h- = ^  • 5 (“T") exP { ~ 3 (-q^— )} (7.2)
v aud D^ 2 32

where is the experimentally determined Sauter mean diameter. 

Unfortunately these data are unlikely to characterize the droplet 

sizes in the vicinity of the injector, due to the possibility 

of droplet coalescence causing a shift from the initially-generated 

distribution. For example, for the spray injected into a charge 

pressure of 5 MPa, droplet stability considerations based on the 

Weber number criterion (equation (3.57)) suggest a stable Sauter 

mean diameter of 25 ym compared to the measured value of 50 ym.

For computational purposes, the measured size distribution was 

retained and the measured Sauter mean diameter was reduced 

by a constant factor of 2 to represent the distribution near the 

injector.

Since the injection mass flow rate was not measured, for 

the purposes of the simulation, it was estimated using equation 

(4.127), with the discharge coefficient, Cq taken to be 0.7 

(from the experimental data of Bergwerk (1959)) and assuming that 

the injection pressure was equal to the valve opening pressure 

of 9.9 MPa. The valve opening was assumed to be instantaneous, 

thus giving a steady injection rate. This is not entirely 

realistic since the measured injection pressure and needle lift 

signals showed a time-dependent nature and because there was no 

quantitative information concerning these signals, an accurate



- 272 -

*

»

4

♦

4

calculation of the mass flow rate was unavailable. The input 

parameters for the different cases are given in table (7.2).

The outcomes of the predictions are compared with the 

experimental data in Fig. (7.9). It is clear that the agreement 

is fairly good for the low pressure case (0.1 MPa), but the 

predictions over-estimate the penetration for the higher pressures.

As already noted, in the simulation of Yule's (1985b) low pressure 

cases, under-prediction occurred while here good agreement is 

obtained. The reason for this is that in the present simulation a 

constant injection rate is employed, in the absence of measurements 

of same. It will be seen later that using a constant injection rate 

in the Yule simulation improves the agreement for the low pressure 

case but leads to over-prediction for the high-pressure cases in a 

similar fashion to the behaviour exhibited in Fig. (7.9).

In spite of the uncertainties in injection velocity and 

initial droplet sizes, Dukowicz (1980), O'Rourke and Bracco (1980), 

and Kuo and Bracco (1982b)reported fairly good agreement with the 

same experimental data. Since Dukowicz's approach was similar to 

that of the present study, the present calculations were restructured 

so as to make them correspond, in principle. The results are 

compared with Dukowicz's for the P = 5 MPa case in Fig. (7.10) where 

it can be seen that the present predictions lie above his and the 

experimental data. The cause of the discrepancy is due, it is 

believed, to an erroneous treatment by Dukowicz of droplets which 

attempt to stray across the axis of the spray. He apparently allows 

them to escape, thereby causing a loss of mass and momentum (and
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hence reduced penetration), while a more realistic reflective 

boundary condition is used in the present study (as discussed in 

section (4.8)). To illustrate this, the present calculations 

were repeated using Dukowicz's treatment and as shown in Fig. (7.10) 

the erroneous one brings the predictions into line with his.

As far as the work of O'Rourke and Bracco (1980) and 

Kuo and Bracco (1982b)is concerned, they used an extension of 

Dukowicz's methodology, the most important addition being the 

calculation of droplet collision and coalescence. The fairly 

good agreement with the experimental data which they obtained was 

attributed to the dense spray treatment i.e. to collision effects.

7.2.2 Sensitivity Analysis

Although there are a great deal of experimental spray 

investigations reported in the literature, none of them report any 

detailed and complete measurements. Thus it is important to know 

the sensitivity of the predicted spray behaviour to the uncertainties 

in the various input parameters used in the calculations, whether 

they are taken from the measurements or approximated.

In this section, computational sensitivity such as the initial 

level of the turbulence quantities, initial velocity profile of the 

droplets and the residual effects in pulsed spray as well as the
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Fig. (7.10) Effect of deleting the droplets crossing the 

centreline on the spray tip penetration. 

(Hiroyasu and Kadota experimental data)



modelling sensitivity such as the turbulent droplet dispersion 

and the spray cone angle are presented for conditions corresponding 

to the P = 4.5 MPa case of Yule et al(1985b} since' this pressure is 

close to that in a diesel engine at the start of injection (recall 

however that T = 288 K, which is well below diesel conditions: 

the effect of elevated temperatures will be examined later).

7.2.2.1 Computational Sensitivity 

i. Initial levels of turbulence quantities

The response of the predicted penetration to the initial 

ambient levels of the turbulence quantities k and e are displayed 

in Fig. (7.11). The lowest pair of values yield a turbulent 

viscosity equal to the molecular value i.e. the charge is essentially 

turbulent-free, as would occur, for example, in experiments 

where the spray is injected into a container of quiescent gas.

Also shown are results for two ambient levels more representative 

to engine conditions (conditions 2 and 3). For these conditions, 

the turbulence intensity (normalised by mean piston speed) at the 

start of injection is taken to be ^ 0 .6 , from the computer simulation 

of Jahanbakhsh (1984). For a typical diesel engine running at 

1400 rpm and having a stroke of 0.129 m, the mean piston speed is
p p

5.6 m/s and hence, k = 20 nr/s . The dissipation rate e is
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Fig. (7.11) Effect of the initial level of the turbulence quantities on the spray 

tip penetration (P = 4.5 MPa, T = 288 K)

278
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specified so as to give turbulent to molecular viscosity ratios 

of the order of 1 0 and 1 0 ° respectively.

It is clear from the figure that an increase of yt

from 2 x 10”^ to 3.4 x 10”^ yields no effect on the predicted

penetration for the first quarter of the experimental injection

duration (up to t = 0.5 ms): after this, the penetration
_2

decreases. Then, further increase in yt to 3.4 x 10 produces 

an earlier and larger effect. The decrease in penetration with 

increased charge viscosity can be attributed mainly to the 

increased amount of momentum diffused to the gas surrounding 

the spray by means of the Reynolds stresses, hence decreasing 

the gas velocities and thus reducing penetration. Another possible 

reason for the reduction of the penetration (but to a lesser 

extent) is that due to the turbulent dispersion of the droplets. 

Higher turbulent viscosities generate larger values of turbulent 

kinetic energy which produce more widely dispersed spray, thus 

decreasing the penetration as will be discussed in section 7.2.2.2.

In the early stage of injections (up to t-0.3 ms) which 

is termed the 'initial' spray period (Hiroyasu et al (1980)), 

the penetration is determined by the behaviour of the droplets 

injected during the first 1 0 0 ys, as pointed out earlier in 

section (7.2.1) in connection with the history of the individual 

droplets. Since the momentum of the droplets is higher than that 

of the gas in this initial period (because the droplet masses are 

larger than the gas mass), only a small fraction of droplet momentum
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is needed to equalise the velocities of the two phases. Thus 

during the initial spray period, the droplets move at their 

initial velocities without slip. Figure (7.12) displays the

0  development of the average* droplet velocities at the injection cell

exit and the gas and the average droplet velocities at the 

computational cell centred on the symmetry axis at x = 5 mm. It 

can be seen from the figure that, at the time the droplets enter 

the cell, their average velocity is higher than that of the gas,

^ but shortly thereafter they equalise and increase with time (because

droplets which enter the cell at later times have larger velocities). 

It can also be seen that the average droplet velocities at x = 5 mm 

are less than those at the injection cell exit, because the droplets 

give some of their momentum to accelerate the entrained gas.

1 Furthermore, the initial slopes of the penetration curves

displayed in e.g. Fig. (7.27) reveal that the spray moves with a 

constant velocity equal to the forementioned average droplet 

velocity for those injected in the first 1 0 0 ys.

Hiroyasu and Kadota (1980) also concluded that the spray 

travels in the initial period with a constant velocity. Therefore 

it can be concluded that the spray penetration in this period is 

determined by its dominant momentum, which explains why initial 

turbulence characteristics of the gas phase have no effect during 

this period. Later it will be shown that other parameters, such

 ̂ as the initial spray cone angle and droplet diameters also have

no effect on the initial penetration, for the same reason.

' 9F ~ " ' ' ' ' "
Here defined as the mass-weighted average of the velocities of 
the droplets occupying the cell in question.



- 281

%

Fig. (7.12) Development of the average droplet velocities 

at the injection cell exit and at x = 5 mm
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ii. Initial velocity profile of the droplets

In the light of the uncertainties about the initial velocities 

of the injected droplets, and prompted from the findings of the 

liquid jet study presented in Fig. (7.8), a prediction was performed 

assuming a one-seventh power law for the distribution of the fuel 

velocity at the exit of the nozzle as illustrated in Fig. (7.13)(a). 

Since the droplet introduction velocities are arrived at by sampling 

this distribution (Fig. (7.13)(b)), those injected near the centre­

line have the largest axial velocities while ones injected near 

the edge of the nozzle have the lowest values. The overall effect 

is, for a given mass flow rate, to increase the total momentum 

of the injected liquid over that which would result from a uniform 

exit profile.

The predicted penetrations for the two exit profiles are 

compared with the experimental data in Fig. (7.14). It is clear 

from the figure that,as would be expected, the non-uniform exit 

profile improves the agreement with the measured penetration in 

the early stages of injection (i.e. the 'initial spray period'), 

but exacerbates the overprediction in the later stages. It also 

appears that towards the middle of the experimental injection 

period (t = 1.0 ms) the two predictions are converging. This is 

believed to be a coincidental consequence of the timing of the 

transitions from linear penetration to the situation where the 

penetration varies as /t.
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Fig. (7.13) Inlet velocity profiles and number density

of the injected droplets (P = 4.5 MPa, 

T = 288 K)

time (ms)

Fig. (7.14) Effect of initial velocity profile of the injected droplets

on the spray tip penetration
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i i i. Residual effects in pulsed spray experiments

In order to ensure that the practice of simulating the 

behaviour of the pulsed spray by calculating just one pulse is 

justifiable, a calculation was performed to determine whether a 

given pulse is influenced by the previous one. In the experiments 

of Yule (1984), the spray pulses are of 2.05 ms duration and are 

separated by a period of 38 ms. Calculations were therefore 

performed up to 2 0 ms after the end of injection and the predicted 

centreline gas velocity and turbulent viscosity histories were 

examined. The gas velocities, which are plotted in Fig. (7.15), 

rapidly decrease with time, such that by t = 1 1 ms their maximum 

level is only VI of the mean injection velocity (100 m/s). The 

same trend is observed for the turbulent viscosity whose temperol 

variation at x = 10 mm is plotted in Fig. (7.16): this shows that

becomes of the same order as the molecular viscosity after about 

20 ms. On the basis of those findings it can be concluded that 

there is negligible interaction between successive pulses.

7.2.2.2 Modelling Sensitivity 

i. Turbulent droplets dispersion

The sensitivity of the calculations to the modelling of the 

turbulent dispersion of the droplets (described earlier in 

section (3.8)) was investigated by performing calculations:
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«  UC.L.

Fig. (7.15) Predicted centreline velocity variations before and 

after the end of injection (P = 4.5 MPa, T = 288 K)
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Fig. (7.16) Centreline turbulent viscosity decay at 

x = 10 mm for the case of Fig. (7.15)
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(a) ignoring droplets dispersion; (b) calculating it, and assuming 

the interaction time t to be the same as the integration time step 

(as in the treatment of Dukowicz (1980)); and (c) using the present 

method (taken from Gosman and Ioannides (1981)).

The droplet fields displayed in Fig. (7.17) show that the 

spray produced by ignoring dispersion (diagrams (a)) has a 

smaller cone angle than those of (b) and (c). It is also clear 

that the 'apparent' spray cone angles ($-j) of (a) and (b) are 

smaller than the initial ones (3 ), while the spray of (c) has an 

equal apparent and initial cone angles since, generally, droplet 

dispersion increases the lateral spread of the spray. Also, the 

spread of spray (c) obtained by assuming that the turbulence 

acting time is the minimum of the eddy life time and the transit 

time (as given in chapter 3), is larger than that of (b).

The resulting penetration histories are shown in Fig. (7.18), 

from which it can be clearly seen that the dispersion slightly 

reduces the penetration of the spray, presumably because the more 

widely dispersed spray is able to transfer its momentum to more 

of the gas, reducing gas velocity (near the axis) and therefore 

increasing the drag on the spray.

ii. Initial spray cone angle

An exploration has been performed of the sensitivity of 

the calculations to the value of the initial spray cone angle (3 ) 

since its value determines the initial radial velocity imparted 

to the injected droplets (see section (4.8)). For this purpose, 

two cases have been studied: (a) using the measured spray cone
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(a) ignoring dispersion

Fig (7.17) Effect of the turbulent dispersion treatment on 

the predicted droplet field
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(b) Dukowicz treatment 

Fig. (7.17) Cont'd.
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Fig. (7.18) Effect of the turbulent dispersion treatment on the predicted penetration



- 292 -

%

angle and (b) using half the measured one. The predicted spray 

shapes corresponding to those two cases are presented in Fig. (7.19) 

(plotted as whole sprays for the sake of clarity and comparison).

It can be observed that although case (b) spray is initially

•  narrower than that of (a), the apparent cone angle of spray (b)

increases with time and by t = 0.782 ms, both sprays have more or 

less the same apparent angle. This can be explained with reference 

to Fig. (7.20) which displays the centreline variations of the 

turbulent kinetic energy of the gas phase at different times

•  for both cases. The narrow spray of case (b) generates higher

axial gas velocities in the spray region and also generates higher 

turbulence energies which in turn give rise to larger spreading 

of the droplets especially near the injector. The latter effect 

thus offsets the diminished initial angle.

•  The corresponding predicted spray tip penetrations are

displayed in Fig. (7.21). As expected, the spray penetrates 

further for case (b) but the maximum difference between the two 

cases is only 6 %. This may be attributed to the fact that 

because the initial spray width of case (b) is smaller than case

•  (a) and less air is entrained, momentum is imparted to a smaller

volume of gas, which results in a larger gas velocity. It 

should be noted that however, up to 0.25 ms, there is no effect, 

because the spray penetrates according to its axial momentum 

which does not change with the spray cone angle, as discussed

•  earlier in section (7.2.2.1).
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t = 0.597 ms

Fig. (7.19) Effect of the initial spray cone angle on the spray shape at different times 

(P = 4.5 MPa, T = 288 K)
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gas-phase variation of the turbulent kinetic energy

(P = 4.5 MPa, T = 288 K)
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Fig. (7.21) Sensitivity of the predicted spray tip penetration to the initial spray cone angle

295
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7.2.3 Parametric Study 

a. Effect of droplet sizes

It is well known that because droplet sizes are invariably 

measured far downstream of the injector, they may not represent 

the distribution in its immediate vicinity, i.e. droplet coalescence 

may occur (Dukowicz (1980)). This possibility has motivated 

the first parametric study reported here, which is to investigate 

the effect of the initial droplet sizes on the calculated 

spray tip penetration. The procedure was to perform three runs 

with different initial distributions, all possessing the same 

shape (Rosin-Rammler distribution function) but covering different 

ranges. The three size ranges used are (i) = 0 - 22 ym, with

a mean diameter (U) of 10 ym; (ii) = 0 - 55 ym, with IT = 25 ym; 

and (iii) = 0 - 120 ym, with IT = 50 ym. The results given 

in Fig. (7.22) show the expected trend of enhanced penetration 

with increasing droplet sizes. This occurs because, the drag 

force varies inversely with the droplet diameter (equations (3.63)) 

i.e. the larger droplets experience less drag than the smaller 

ones and thus the transition from the linear behaviour is delayed.

In the early period, the effect is very small since the droplets 

move without slip (as discussed in section (7.2.2.1)) and hence 

experience no drag.

An interesting point evident in Fig. (7.22) is that the 

change in spray tip penetration is not directly proportional to 

changes in the droplet sizes, e.g. the maximum difference between 

the curves for U  = 10 ym and U  = 50 ym is only 7%.



Fig. (7.22) Effect of the initial droplet sizes on the spray tip penetration



b. Effect of initial size distribution function

In the light of the large number of size distribution functions 

used to characterise measured droplet data such as Rosin-Rammler,

Chi, Tanasawa-Tesima, log-probability etc. (see section 2.2.3)), 

calculations were performed to assess the effect of the different 

distributions possessing the same mean on the spray tip penetration. 

The Rosin-Rammler (equation (7.1)) and the Chi (equation (7.2)) 

functions were chosen for this purpose and are compared in 

Fig. (7.23) for a Sauter mean diameter (D^) of 25 pm. It is clear 

that of the two, the Rosin-Rammler distribution gives a larger 

probability of finding finer droplets in the spray.

Figure (7.24) shows the predicted spray tip penetration 

corresponding to the two distributions. The results indicate 

that the Chi distribution gives slightly (̂  3%) longer penetrations 

due to its predominance of coarser droplets, as would be expected.

c. Effect of injection rate history

In the light of the uncertainties about the initial part 

of the injection curve in the experiments of Yule (1984)

(i.e. up to 1 0 0 ys) and of the entire history in most other 

experiments, sensitivity explorations were performed for the Yule 

case using a hypothetical constant injection rate throughout.

It produces the same total injected mass over the 2.05 ms interval 

as the measured diagram as shown in Fig. (7.1). It should be 

noted that the constant injection rate diagram produces a higher 

rate than the 'measured' one during the first 0.3 ms of the 

injection pulse.
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♦
Fig. (7.23) Comparisons of the Chi and the Rosin-Rammler 

distributions with the same mean diameter

Fig. (7.24) Effect of the droplet size distribution function in

the spray tip penetration
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The results of these tests are shown in the form of plots 

of the calculated and measured spray tip penetrations in Figs. (7.25) 

and (7.26) for the 'low' and 'high' pressure cases respectively.

These show clearly that, as might have been expected, the results 

are sensitive to the initial injection schedule and an enhanced 

penetration is obtained for a constant injection rate. This occurs 

because as already shown,the constant injection rate diagrams gives 

higher rates up to t= 0.3 ms which produces, for the same nozzle 

diameter, higher injection velocities, resulting in a higher momentum 

0  spray. Therefore, somewhat better agreement with the experimental

data is obtained for the low-pressure case. For the high-pressure 

case, the agreement with the constant-rate predictions is fairly good 

up to t - 0.3 ms, after which it deteriorates. This trend is now 

consistent with that of the Hiroyasu and Kadota simulation in which

•  a constant injection rate was used (see section (7.2.1)). Of course, 

the use of a constant injection rate throughout cannot be justified, 

since the measurements show that the nozzle inlet pressure and needle 

lift are time dependent, so the improvement obtained especially for 

the low pressure case might be partly fortuitous.

*  d. Effect of injection velocity for a given injection mass schedule

Finally, the effect of injection velocity on the spray tip 

penetration was investigated. For this purpose, the injector 

diameter was reduced from 0.46 mm to 0.36 mm while the mass flow rate 

was kept constant, thus resulting in an increase in the injection 

velocity of 47%.
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Fig. (7.25) Effect of the shape of the injection rate diagram

on the spray tip penetration (P = 0.5 MPa, T = 288 K)

on the spray tip penetration (P = 4.5 MPa, T = 288 K)
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It will be recalled that experiments show that increasing 

the injection velocity decreases the Sauter mean diameter and 

the initial spray cone angle. The effect of those two on the 

9  spray tip penetration is small and of opposite direction, as

was shown earlier. Thus it was decided not to take into consideration 

these two effects in this investigation, i.e. the initial spray 

angle and size distribution were left unchanged.

The predicted spray tip penetration for the two injector 

0  diameters studied are presented in Fig. (7.27), which shows

clearly that appreciably enhanced penetration is obtained for 

higher injection velocity (and hence higher droplet momentum).

It is interesting to note that when comparing Figs. (7.22) 

and (7.27) it appears that the penetration is much more sensitive 

* to an increase in droplet momentum resulting from higher initial

velocity than to that corresponding to larger initial droplet 

sizes.

Summary

From the sensitivity and the parametric study presented 

earlier, one can establish the order of importance of the factors 

influencing the spray penetration under isothermal conditions. 

Droplet injection velocity, injection rate history and initial 

gas-phase turbulence characteristics are the most influential 

factors. The other parameters have a secondary effect on the



ft ft ♦ft ft ft

Fig. (7.27) Effect of the injection nozzle diameter on the spray tip penetration 

for the same mass flow rate



penetration. These are in descending order of importance: 

initial velocity profile of the liquid, spray cone angle, initial 

droplet sizes, initial droplet size distribution and finally 

turbulent dispersion of the droplets. The last named factor 

has the least effect on penetration but the highest effect on 

the spray shape. The effects of some of these factors on the 

evaporating spray behaviour will be discussed in the next section.

7.3 Evaporating Spray

7.3.1 Comparison With Measurements

i. The experiment of Yule et al (1985a»b)

Computations were performed to simulate the evaporating 

spray experiments of Yule et al (1985b) using the measured injection 

rate diagram and the spray cone angle to obtain the inlet masses 

and velocities of the introduced droplet as shown in section (4.8). 

In the absence of any other information, the size distribution of 

the injected droplets was approximated in the same way as in the 

isothermal spray calculations i.e. by a Rosin-Rammler distribution 

function (equation (7.1)) with mean diameter of 25 ym and exponent 

of 2 , to yield droplets ranging from 0 to 60 ym in diameter.

The predicted spray tip penetration (defined as the furthest

axial distance travelled by droplets) are compared with the measured



ones for P = 0.5 and 4.5 MPa in Fig. (7.28)(a) and for P = 2.5 MPa 

in Fig. (7.28)(b).

The increase of temperature it should be noted, has two 

effects: one is to reduce the gas density, which tends to

increase penetration (see section (2.5.5)); and the other is to 

cause droplet evaporation, which will have the opposite tendency.

The measurements show the nett effect to be considerably reduced 

penetration as discussed earlier in section (2.5.5). The predictions 

also, show a reduction in penetration, but to a considerably lesser 

extent. This could be due to underestimation of the vaporization 

rate, as can be seen from Fig. (7.29) which displays the cumulative 

evaporated mass (mv) for the above mentioned cases and shows that 

by t = 0.9 ms the maximum value is only 0.11% of the injected 

mass (minj-).

It should be pointed out that evaporating spray measurements 

were taken for single spray pulse. If the measurements were taken 

over many spray pulses, as in the isothermal spray experiments, 

the measured penetration will yield a band and hence, the agreement 

of the penetration with the measurements may vary quantitatively 

and probably, qualitatively.

ii. Simulation of Kuniyoshi et al (1980) experiments 

Inlet conditions

In the experiments the total amount of fuel injected per 

pulse as determined by collecting and averaging over many pulses 

was 0.12 g, and the pulse duration was 9 ms. Also reported was 

the fuel flow rate versus time history but this is inconsistent
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Fig. (7.28) Comparison of the predicted spray tip penetration with 

the experimental data of Yule et al (1985b)
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Fig. (7.29) Time history of the total evaporated mass for the evaporating spray of yu le et al(1985b).
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with the above information, for the total mass of fuel injected 

per pulse obtained from integration of this history is around 2 0 % 

larger. Therefore, the computations were performed using a steady 

injection rate.

As noted in section (2.2.3), the droplet sizes were measured 

in the spray periphery at various sections dov/nstream of the nozzle 

and they ranged from 5 to 50 ym. For computational purposes, 

a Chi size distribution function with = 25 ym is used to 

represent the distribution in the vicinity of the injector in the 

absence of any better information (because it is characterised 

only by the Sauter mean diameter, unlike the Rosin-Rammler function 

which requires specification of U  and n). Finally, the measured 

spray cone angles were employed.

Definitions of the spray tip penetration

There is some ambiguity in these experiments about the 

definition of the droplet-based spray tip penetration, which was 

obtained in the conventional way by deducing the leading droplet 

positions from photographs. The ambiguity arises at ambient 

temperatures greater than 750 K where, according to the experimentors, 

the density of the spray was less than the intensity of the 

transmitted light of the measuring technique due to the extensive 

vaporization of the spray. In these circumstances it is possible 

that the leading droplets in the sparse region were obscured resulting 

in under-estimation of the droplet-based penetration.



The flame-based'vapour penetration' was defined as the 

axial position of the flame front just after ignition and was 

correlated by the empirical expression:

i = 418 t°*3 7 5 (pg) 0 * 0 9 2 logt_ 0*409d0.538 (7 .3 )
* J

where ^  is the 'vapour penetration', t is the time from the 

start of injection and g is the gravitational acceleration.

Accordingly the following two definitions of the spray 

tip penetration are used for comparison with these data

a. The distance travelled by the leading droplets,

b. The location '£.p' on the axis where the equivalence 

ratio has a prescribed value ip given by

* " W  - f)/fstoich <7-4>

where f is a prescribed level of fuel vapour mass fraction 

and ^stoich stoichiometric ratio (0.0668).

The predicted penetrations according to the above definitions 

are displayed in Fig. (7.30) together with the measurements and 

the flame-based experimental correlation (equation (7.3)), for the 

case where P = 6.28 MPa and T = 800 K. In this figure, the droplet 

penetration is compared with the measured one while the vapour 

penetration for \p = 0.15 (the lean limit of combustion) is compared 

with the flame-based empirical formula.
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Presentation of the results

The predicted vapour-based penetration (for = 0.15) 

is compared in Fig. (7.31) with the experimental correlation over 

the full range of charge temperatures covered in the experiments. 

Evidently the calculations reproduce the trend of increasing 

penetration with increasing temperature, which is due, as explained 

earlier to the reduction in the charge density; however the levels 

are over-estimated during the early stages of injection, where 

the discrepancies reach a maximum value of 20% at t = 1 ms. At 

later times the sets of curves approach each other, reducing 

the maximum discrepancy to about 5% at t = 3 ms.

The discrepancies noted above may be attributed to two 

main factors. The first is the uncertainty about the injection rate 

history. A steady injection rate is used in this simulation, while 

the measured one shows a time varying rate although there is a 

very steep rise at the beginning of injection. The finite time 

required for the initial build-up would have the effect of slowing 

down the droplets injected in the early phases of injection and 

hence decrease penetration (see the isothermal tests in section 

(7.2.3)). The second source of uncertainty concerns the injection 

condition, such as the droplet sizes, size distribution and 

droplet velocity distribution.

Figure (7.32) displays the predicted integrated evaporation 

rates as a percentage of the integrated injected mass corresponding 

to the cases of Fig. (7.31). As might be expected, the evaporation 

rate increases with increasing charge temperature. This is because 

increasing the gas temperature increases the droplet temperature
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Fig. (7.31) Comparison of the spray tip penetration (vapour 

penetration) with the experimental correlation 

at different temperatures
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» Fig. (7.32) Effect of the initial charge temperature on the

predicted vaporization rate



(c.f. equation (3.73)) and hence exponentially increases the 

partial pressure of the fuel vapour (i.e. the concentration) 

at the droplet surface (c.f. equation (3.82)), thus in turn augmenting 

the driving force for diffusion. There is an opposite effect due 

to the decrease in mean density in the vapour film, but this is 

overshadowed by the increased driving force. It should be 

noted that the initial evaporation rate up to t=0.5 ms is lower 

than that at later times. This is because the droplets are heating 

up during this period. No data is available for the assessment 

of these predictions.

The predicted droplet pattern and fields of gas velocity, 

turbulence intensity, length scale, turbulent viscosity, equivalence 

ratio and temperature are shown in Figs. (7.33)(a) through (g) 

for the case where P = 6.28 MPa and T = 800 K. It is of interest 

to notice in Fig. (7.33)(b) that, at any time, air entrainment 

occurs near the nozzle in the same way as in the non-evaporating 

spray (note that the lower halves of the velocity field plots 

are the mirror images of the upper ones and they are presented in 

this way for the sake of clarity). The turbulent characteristics 

displayed in Figs. (7.33)(c) -(e) show, as in isothermal spray 

predictions, high values of turbulence intensities and high 

levels of turbulent viscosities.

The main noteworthy points in Figs. (7.33)(f) and (7.33)(g) 

are the evidence in the equivalence ratio contours of high 

evaporation rates near the tip of the spray and low rates near 

the nozzle. This is also clear from the close inspection of the 

droplet fields (Fig. (7.33)(a)) which reveals that, at later times,
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(a) Spray development

Fig. (7.33) Predicted field of droplets and gas characteristics (P = 6.28 MPa, T = 800 K)
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Time = 0.4 ms

m Time = 1.25 ms
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(b) Gas velocity field

Fig. (7.33) Cont'd
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------  0.050
------  0.0050

T I  ME = 0 . 0 0 2 S 1 5

(f) Ratio of the fuel vapour mass fraction to the 

stoichiometric ratio

Fig. (7.33) Cont'd
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GAS TEMPERATURE
KEY 10 CONTOUR VALUES

--------- 0.18
.........  0.13
......... 0.88
---------- 0.83

T I  ME = 0 . 0 0 0 4 1  7
GAS TEMPERATURE

«T TO CONTOUR VALUES
--------- 0.18
.........  0.13
........ 0.81
---------- 0.84

t T m e V  "o ’ . 0 0 1 2 5 0
GAS TEMPERATURE

KEY TO CONTOUR VALUES
--------- 0.18
.........  0.13
........ 0.81
---------- 0.84

T I M E -  0 . 0 0 2 0 8 2

m

m

GAS TEMPERATURE
KEY TO CONTOUR VALUES

----------  0.18
...........  0.13
............  0.88
------------ 0.84
------------ 0.71

tT m e V  0 . 0 0 2 9 1 5

(g) Ratio of the gas temperature to the ambient temperature 

(= 800 K)

Fig. (7.33) Cont'd
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#

there is a concentration of small droplet parcels (whose masses 

have been decreased due to evaporation) near the spray tip.

This can be attributed to the fact that the droplets spend 

part of their flight time heating up from the low introduction 

temperature (288 K) where evaporation rate is very small. This 

explanation is supported by Fig. (7.33)(g); which displays the 

gas temperature contours normalized by the initial temperature 

(800 K) and indicates the cooling of the internal region of the 

spray by droplet heating and vaporization.

*

7.3.2 Parametric Study

Calculations were made to quantify the effects of the 

various inputs to the model on the spray tip penetration and 

vaporization rate histories. These include the fuel introduction 

temperature, the initial droplet sizes, the initial size 

distribution, the injection rate history and the injection 

velocity. For the purpose of comparisons, the case of the 

Kuniyoshi et al (1980) experiments where P = 6.28 MPa and 

T = 800 K is chosen, since it closely represents the actual 

engine conditions at the time of fuel injection. The various input 

parameters used in this parametric study is given in table (7.3).



Table (7.3) Input parameters of parametric study of evaporating spray

Run P T o"D

dj D32 Size Injection

numbers MPa K K mm pm distribution

function

rate

diagram

Comments

1 6.28 800 288 0.3 25 Chi Uni form Base line

2 6.28 800 500 0.3 25 Chi Uniform Fuel introduction temperature effect

3 6.28 800 288 0.3 1 2 Chi Uniform Initial droplet sizes effect

4 6.28 800 288 0.3 25 R-R Uniform Size distribution effect

5 6.28 800 288 0.3 25 Chi Trapezoidal Injection rate history effect

6 6.28 800 288 0.24 25 Chi Uniform Injection velocity (injector 
diameter) effect
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1. Fuel introduction temperature 1 a■■■■■■ ---- —  - ------ 1 ■ Q

In all calculations reported earlier the fuel was assumed 

to enter at atmospheric temperature, taken to be 288 K. Here the 

effect of preheating, which may occur in practice, is assessed 

by increasing Td 0 to 500 K. The results are shown in Fig. (7.34)(a) 

and (b) displaying the droplet and vapour penetrations respectively 

and Fig. (7.35) showing the integrated evaporation rates. It 

should be noted that the temperature increase has two opposing 

effects:

a. it reduces the heating up period; giving more time for 

the droplet to evaporate at high temperature, and thereby 

reducing droplet penetration.

b. It reduces the fuel density causing, for a given injection 

mass flow rate, higher injection velocities, which 

enhance spray penetration (c.f. section (7.2.3)). This 

in turn causes a further increase in the vaporization 

rate.

Figures (7.34)(a) and (b) show that the nett effect of 

increasing TdQ is enhanced droplet and vapour penetrations.

The increase in vaporization rate shown in Fig. (7.35) can 

also be explained in terms of the above effects. (The individual 

effect of increasing the injection velocity will be isolated and 

dealt with later in this section).

Figures (7.36) and (7.37) display the axial and radial 

profiles of the equivalence ratio and gas temperature at t = 3 ms 

from the start of injection, corresponding to runs 1 and 2 of 

table (7.3). It is clear from Fig. (7.36) that as noted earlier,
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(b) vapour penetration

Fig. (7.34) Effect of droplet introduction temperature
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time (ms)

Fig. (7.35) Effect of droplet introduction temperature 

on the spray vaporization rate
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Fig. (7.36) Effect of droplet introduction temperature on the equivalence ratio (profile and 

distribution) at t = 3 ms. (P = 6.28 MPa, T = 800 K)



#* » 9

<uoc
t o+->
to

to
>r—
"O
to
S-

T/To

Fig. (7.37) Effect of droplet introduction temperature on the gas temperature at t = 3 ms. 

(P = 6.28 MPa, T = 800 K)

I
COro
to
i



- 330 -

the amount of vaporization of the droplets near the injector is 

less than that near the tip of the spray i.e. as the droplets are 

injected into the chamber, the liquid fuel is carried downstream 

before considerable evaporation takes place. This is clear from 

Fig. (7.37), which shows that the gas temperature decreases near 

the injector (due to the heat transfer to the relatively cold 

droplets) after which both gas and droplet temperatures reach 

an equal value. It should also be noted that the level of gas 

temperature for Tdo = 500 K is higher than that corresponding to 

Td = 288 K, which contributes to the higher evaporation rate.

2. Initial mean droplet size

Calculations were performed to investigate the effect of 

the initial mean droplet size to test the sensitivity to the 

assumption that the measured downstream droplet sizes can be 

used to represent those generated in the vicinity of the injector. 

For computational purposes, the Chi size distribution is retained 

and the Sauter mean diameter is reduced from = 25 ym (Run 1) 

to 12 ym (Run 3). The outcomes are plotted in Figs. (7.38) 

and (7.39).

The droplet and vapour penetration histories displayed 

in Fig. (7.38) show that smaller droplet sizes result in a smaller 

penetration, as was also observed for isothermal sprays in 

section (7.2.3). The reduction here at t = 0.8 ms is about 6 % 

as compared to about 4% for the isothermal case. This larger 

effect can be attributed to faster evaporation for the small 

droplets, as will be explained below.
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time (ms)

Fig. (7.38) Effect of droplet sizes on spray tip penetration 

of evaporating spray
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Figure (7.39) illustrates the integrated evaporated masses 

for the two droplet size ranges considered. This figure is very 

significant in showing that the smaller droplets produce substantially 

higher rate: e.g. at t = 3 ms from the start of the injection, the

total vaporization increases from 38% of the injected liquid for 

D3 2 = 25 pm to 60% for = 12 pm. This can be attributed to 

the fact that smaller droplets heat up faster than the larger ones*, 

and once again the associated rapid increase in surface vapour 

concentration overshadows other effects.

3. Initial size distribution function

The influence of the initial size distribution is examined 

by performing the calculations using the two size distribution 

functions illustrated in Fig. (7.23) with the Sauter mean diameter 

equal to 25 pm corresponding to Run 1 and Run 4 of table (7.3).

Figure (7.40) shows a comparison of the droplet and vapour 

penetrations for the two distributions and as might have been 

expected, the Rosin-Rammler version gives slightly slower penetration, 

because it contains a higher proportion of finer droplets. For 

the same reason, the Rosin-Rammler distribution results in a higher 

evaporation rate as shown in Fig. (7.41).

if
It can be shown from the droplet energy equation (3.73) that

dTd fi
J where f-j and f2 are functions of the film properties.
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time (ms)

Fig. (7.39) Effect of initial droplet sizes on the

vaporization rate
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Fig. (7.40) Effect of droplet size distribution function 

on spray tip penetration

Fig. (7.41) Effect of droplet size distribution function

on the vaporization rate



4. Injection rate history

Calculations were performed to explore the effect of the 

injection rate history using the two rate diagrams depicted in 

Fig. (7.42). The constant rate case (Run 1) closely resemble 

the measured one (Kuniyoshi et al (1980)) up to t = 3 ms from 

the start of injection and the hypothetical trapezoidal diagram 

(Run 5) produces, as the constant rate diagram, the measured 

total mass of fuel injected over the pulse duration (9 ms).

The penetrations for the two histories are plotted in 

Fig. (7.43) from which it is clear that the trapezoidal rate 

variation gives a drastic decrease in tip penetration in the 

early phase. This can be attributed to the reduced velocity 

(and hence momentum) of the injected droplets up to t = 1.25 ms 

from the start of injection. Note that the penetration rates 

(i.e. the slopes of the penetration curves) corresponding to 

the trapezoidal diagram are initially small and start to increase 

from t = 0.25 ms to t =1.0 ms due to droplet overtaking, after 

which they start decreasing. However, the latter decrease is 

less than that exhibited by the constant injection rate case.

Figure (7.44) shows the integrated evaporated masses 

corresponding to the above two injection rate diagrams. The 

lower vaporization associated with the trapezoidal injection 

rate is attributed to the lower injection velocity which gives 

lower values of Reynolds number and hence lower values of 

Sherwood numbers.
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ft Fig. (7.42) The injection rate diagrams 

T. Constant injection rate

2. Trapezoidal injection rate
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Fig. (7.43) Effect of the injection rate history on the 

spray penetration

Fig. (7.44) Effect of the injection rate history on

the vaporization rate
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5. Injection velocity

Finally, the effect of the injection velocity was examined 

by performing calculations using nozzle diameters of 0.3 mm 

(Run 1) and 0.24 mm (Run 6 ) keeping the mass flow rate the same,

*  in both cases.

Figure (7.45) shows the comparison between the droplet 

penetrations. The results indicate an increase with increasing 

injection velocity generated as would be expected. The vaporization 

rate is similarly augmented, as shown in Fig. (7.46).

9

Summary

From the above parametric study, the order of importance 

of the parameters influencing the vaporization rates of the non- 

isothermal sprays is written in descending order of importance 

as (i) fuel introduction temperature (being the most influential); 

(b) initial mean droplet size; (c) injection rate diagram;

(d) initial size distribution and (e) injection velocity (being 

the least influential). The effects of those parameters on the 

spray tip penetration are given earlier in the summary of 

section (7.2).
#



- 339 -

♦

*

#

time (ms)

Fig. (7.45) Effect of the nozzle diameter (for the same mass 

flow rate) on the droplet penetration

time (ms)

Fig. (7.46) Effect of the nozzle diameter (for the same mass 

flow rate) on the vaporization rate



- 340 -

#

*

*

%

7.4 Concluding Remarks

In this chapter the stochastic discrete droplet model has 

been applied and assessed against four sets of experimental data 

in which diesel fuel is injected into a chamber containing an 

inert gas at various pressures and temperatures.

The assessment of the procedure against the experiments 

of Yule et al (1985b) confirms the necessity to include a 'ligament' 

and 'break-up' regimes in the model for the low pressure cases to 

match the experimental observation, while the simulation of the 

evaporating spray of Kuniyoshi et al (1980) shows good qualitative 

and reasonable quantitative agreement with the measurements.

The results of the parametric study and sensitivity analysis 

reveal the following:

1. The spray shape depends mainly on the turbulent 

dispersion of the droplets and contrary to intuition, 

it is independent of the initial spray cone angle.

2. The factors which have the most appreciable effect on 

the spray tip penetration under isothermal conditions 

are: droplet injection velocity; injection rate history 

while other factors such as initial velocity profile

of the droplets; initial spray cone angle; initial 

droplet sizes and size distribution, have a secondary 

(small) affect on penetration.

3. The total vaporized mass of non-isothermal sprays is 

appreciably influenced by; the fuel introduction 

temperature; initial mean droplet size and the injection
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rate history while the initial droplet size distribution 

and the initial droplet velocities have smaller effect 

on the integrated vaporization rates.

#
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CHAPTER 8

SUMMARY AND CONCLUSIONS

8.1 Summary of Achievements and Findings

A computational procedure has been developed to predict the 

unsteady behaviour of axisymmetric liquid sprays injected into a 

vessel containing quiescent inert gas at various pressures and 

temperatures. This has been achieved by solving (i) The Eulerian 

differential equations governing the conservation of mass, momentum 

and energy of the gas phase and the transport equation of the mass 

fraction of the vapour component of the gas. The two-equation k-e 

turbulence model has been used to model the Reynolds stresses and the 

turbulent fluxes, (ii) The Lagrangian ordinary differential 

equations for the trajectory, velocity, temperature and size of 

individual droplets passing through and interacting with the gas phase. 

Each computational droplet represents a 'parcel' of spherical non­

interacting droplets possessing the same size, velocity, temperature 

and position. The droplet equations have been combined with the gas- 

phase equations to enable simultaneous solution for the gas and droplet 

velocities. A method has been developed to solve the droplet mass and 

energy equations simultaneously. Turbulent droplets dispersion has 

been modelled in a stochastic v/ay in which the instantaneous gas velocity 

within an eddy and the turbulent interaction time have been obtained 

from the mean gas velocity, turbulent kinetic energy and its dissipation 

rate. Furthermore, a provision has been made to improve the accuracy
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of the spray calculation (to prevent it from producing non-physical 

overshooting or undershooting) results, by combining the momentum 

and continuity equations of the gas phase.

The accuracy and reliability of a fully implicit scheme used 

for gas jet calculations have been examined and the effects of grid 

size and time step on its performance have been tested. The accuracy 

of the semi-implicit scheme used to obtain gas-phase properties in the 

full spray calculations has been assessed by comparing its predictions 

with those of the fully implicit formulation for transient laminar 

and turbulent round free gas jets.

The accuracy and stability of the spray calculation procedure 

have also been examined. However, it must be stated that solutions 

independent of the effects of grid size could not be obtained since 

below some limiting cell size, the droplets cluster locally giving 

zero or negative void fractions. Under such conditions, the 

procedure fails to give physically stable solution, thus effectively 

puts a constraint on the minimum allowable cell size.

The main results of the assessment tests may be summarized 

as follows:

a. Gas Jets

The fully implicit numerical scheme has been applied to steady 

and transient laminar round free gas jets; steady and transient 

isothermal turbulent round gas jets and impulsively started non- 

isothermal turbulent jet.

The predicted steady state centreline velocity decay and the 

transient jet tip penetration of the incompressible impulsively 

started laminar round free gas jet were in a good agreement with



the experimental measurements of Abramovich and Solan (1973) and 

the characteristic length and time scales were d.Re and d./v
J J

respectively, as recommended by Kuo and Bracco (1982a).

Comparison with Witze's (1980) measurements of steady and 

transient turbulent round free gas jets showed that the calculations 

were generally in reasonable agreement with the measurements although, 

on occasion, significant errors were observed and reasons have been 

suggested, in chapter 6 , to account for the discrepancies. The length 

and time scales of the impulsively started turbulent jet have 

been obtained as d.Re0 * 0 5 3 and d.Re°*053/U respectively, in accordance
J J ^

with the findings of Kuo and Bracco (1982a).

Finally, the transient calculation of Phillips (1971) turbulent 

hot jet produced satisfactory agreement, in spite of the uncertainty 

about the turbulence level at nozzle exit.

b. Sprays

The spray calculation method was assessed against four 

sets of data, all involving experiments in which diesel fuel is 

injected into a high pressure/high temperature chamber containing 

a quiescent inert gas. The predicted spray tip penetrations for 

the isothermal and evaporating sprays of Yule et al (1985b) were 

generally in qualitative agreement, although quantitatively, there 

were substantial differences especially at the low pressure case 

(P = 0.5 MPa). Some of the discrepancies could be ascribed to 

experimental error and to the difficulty of specifying the initial 

conditions for the droplets. The calculations of the evaporating 

sprays of Kuniyoshi et al (1980) produced the measured trend of 

increasing penetration with increasing temperature, however the .



levels are over-estimated during the early stages of injection, 

where the discrepancies reached a maximum value of 20% at t = 1 ms 

from the start of injection. At later times the sets of curves 

approached each other, reducing the maximum discrepancies to only 

5% at t = 3 ms.

The effects of the various parameters of the mathematical 

model on the behaviour of both isothermal and evaporating sprays 

were examined in chapter 7. The results of the computational 

and modelling sensitivity of the isothermal spray calculations showed 

that the penetration decreases with increasing the initial level 

of the turbulent viscosity while it increases when injecting the 

liquid with a power law velocity profile (but the two curves approach 

each other towards the middle of the injection period). The 

penetration was found to increase by only 6% when using half the 

measured spray cone angle and it was also found to be changed slightly 

when the turbulent droplets dispersion model was incorporated, although 

the spray shape did change appreciably (increasing the lateral spread 

of the spray).

The results of the parametric study on the isothermal spray 

behaviour revealed that the tip penetration is greatly increased 

by increasing the droplet injection velocity and using a constant 

injection rate diagram while increasing the initial droplet sizes 

from 10 pm to 50 ym produced only 7% increase in the penetration and 

the droplet size distribution has a minimum effect.

As far as the effects of the different parameters on the 

behaviour of the evaporating sprays are concerned, it was found that 

increasing the fuel introduction temperature increases both the levels
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of the charge temperature and the fuel vapour mass fraction, 

enhances the penetration and appreciably increases the integrated 

vaporized mass. The initial mean droplet size and the injection 

rate history also have an appreciable effect on the vaporization rate 

while the size distribution function and the injection velocity have 

smaller effects.

*

+

*

8.2 Recommendations for Future Work 

a. Droplet atomization and breakup

The spray calculations in the present study relies on the 

assumption that the spray is fully atomized and consists of spherical 

droplets. It also relies on the initial conditions ascribed to 

the individual droplets such as the droplet size and velocity 

distributions. Real progress towards the development of practical 

spray modelling procedures, useful for design, depends on the 

development of convenient methods of completely characterising 

the spray injection condition. Therefore, this point requires 

detailed measurements of the distributions of the droplet size and 

velocity at nozzle exit.

However, there is a growing body of evidence that sprays contain 

a liquid core surrounded by fully atomized regions. Comprehensive 

measurements at different pressures and temperatures are needed to 

clarify and assess this issue. As Yule et al (1985b) indicated that 

the photographs of the 0.5 MPa spray showed that it has a continuous 

central bulk liquid core extending over the first 40 mm from the
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exit nozzle while the high pressure sprays have a dense and very 

poorly atomized core, adequate calculations of which necessitate 

the inclusion of breakup regime in the mathematical model (at least 

for the low pressure cases). This could be done by calculating 

the flow in the liquid core by a time-marching boundary layer 

procedure with a self-adjusting grid to conform to the nominal 

shape of the free surface. Instabilities of this liquid surface 

caused by air drag and other effects would have to be modelled, 

probably by some empirical approach, to give the initial sizes and 

velocities of the droplets formed.

b. Effect of droplets on turbulence

It seems intuitively reasonably that, in a turbulent flow, 

droplet inertial effects and fluctuating phase volume (void fraction) 

effects should influence the transport of turbulence energy, 

dissipation and scale. Droplet number density and size distribution 

are expected to be significant parameters in droplet/turbulence 

interaction. In the present study the form of the k-e turbulence 

model employed does not contain any provision for the presence 

of the droplets. An attempt to model the effect of droplets on 

turbulence was performed by Buckingham et al (1981). They modified 

the k-e turbulence model by considering added dissipation of droplet 

interactions in the governing equations for k and e. The computations 

were not compared directly with measurements, however, the results 

suggested, as the complimentary experimental results for droplet 

laden flow, that droplets tend to damp turbulent motion primarily 

due to inertial effects. More extensive evaluation is required,



however, in order to adequately establish empirical coefficients 

appearing in terms representing droplet/turbulence interactions, 

which were employed in the model.

c. Limit on cell size

The present and previous Lagrangian formulation contain no 

provision for recognizing that an assembly of droplet parcels cannot 

occupy more volume than available and preventing overfilling of the 

cells. In situations where the injection cell radius falls below some 

limiting value the calculation scheme fails because the droplets cluster 

locally giving negative void fractions, which is non-physical. This 

is an important drawback, because it effectively prevents grid 

independent solution from being achievable and thereby introduces 

errors into the calculation. Overcoming this drawback represents 

useful avenues for research.

d. Evaporation at elevated pressures

At high charge pressures such as those encountered in diesel 

engines at the time of injection, a higher vapour pressure at the 

droplet surface is required to provide a given fuel mass fraction. 

Therefore, the boiling temperature during evaporation increases as 

the ambient pressure increased. Eventually conditions are reached 

where a drop approaches or exceeds its thermodynamic critical point 

during its lifetime. Near the critical point, several aspects of 

the conventional low pressure model must be modified; the solubility 

of the liquid phase for the ambient gas increases (at the critical 

condition itself all characteristics of both phases are the same;



temperature, enthalpy, pressure and composition); the radial 

regression velocity of the liquid surface becomes comparable 

to the radial gas velocity since the densities of the two phases 

are the same and liquid circulation and droplet secondary breakup 

become important due to reduced values of surface tension 

(Faeth (1977)).

Also required are detailed measurements of the thermodynamic 

properties of the diesel fuel at high charge pressure and temperature.

e. Ignition and combustion

The modelling of spray combustion must be prerequisited by 

modelling of the ignition process. It is well known from high-speed 

photography (Shiozaki et al (1980)) that combustion is often 

initiated simultaneously in different regions of the cylinder and 

a model that claims to be realistic must therefore allow for this. 

Also, the combustion model should allow for the effects of both 

the chemical kinetics and the rate-of-mixing of the fuel and oxygen 

on the rate of reaction. The time taken from the start of fuel 

injection until a detectable combustion is known as the ignition 

delay. It is thought to consist of a physical delay; during which 

spray evaporates and mixes with the surrounding air, and a chemical 

delay; in which time the fuel undergoes complex chemical reactions. 

Analysis of both delays is complicated by the fact that the two 

overlap. Hence, the ignition model should incorporate both the 

chemical and physical components of the delay period.
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NOMENCLATURE

coefficient of finite-difference equation

surface area of the droplet

area of cell faces

constants

drag function

drag coefficient

discharge coefficient

Courant number

specific heats

turbulence model constants

diffusivity

droplet diameter

Sauter mean diameter

increment of droplet diameter

increment of droplet volume

jet diameter

cell face flux

fuel vapour mass fraction or spatial weighting factor 

generation rate of turbulence energy 

acceleration of gravity

stagnation enthalpy, coefficient of heat transfer

coefficient of mass transfer

turbulent kinetic energy or number of droplets

latent heat of vaporization

penetration length or length scale

Mach number
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r

md mass of droplet

m mass flow rate

m molecular weight

Nu Nusselt number

»d number of droplets in the parcel

n exponent of Rosin-Rammler distribution

P pressure

Pe Peclet number

Pr Prandtl number

> Q # volume flow rate

q heat flux

R gas constant

Re Reynolds number

r radial distance or radial co-ordinate

Sc Schmidt number

Sh Sherwood number

s*

S*.d
T

source term in gas-phase equation 

droplet interaction source term 

temperature

t time

te eddy life time

tR droplet transit time

t* non-dimensional time

Uinj

V  Uo

injection velocity

axial velocity at nozzle exit

u axial velocity

ur

V

axial velocity relative to the co-ordinate frame 

volumeV
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Vre1 relative velocity

V radial velocity

vr radial velocity relative to co-ordinate frame

We
*

Weber number

X axial distance, axial co-ordinate

XB breakup length

Greek Symbols

> spacial weighting factor

3 spray cone angle

r turbulent diffusivity

V divergence operator

6 i ncrement

e dissipation rate of turbulence energy

e time varying distance

n temporal weighting factor

e void fraction

K thermal conductivity

if 11
dynamic viscosity

V dynamic viscosity

P density

Z summation

0 surface tension or turbulent Prandtl or Schmidt numbers

*  T
stress or relaxation time or interaction time

4> a dependent variable

<P' turbulent fluctuation of

ensemble-averaged value .



Favre-averaged value 

under-relaxation factor

4>

X

Subscripts

a air

d droplet

f fuel or flame

9 gas

m mean

max maximum

min minimum

mix mixture

o initial

P,N,S,E,W
points-of-the-compass notation for grid points

n,s,e,w

s surface

t turbulent

v vapour

Superscripts

i iteration

n old time level

n+1 new time level

(overbar) ensemble averaged 

1 fluctuating component

* prevailing

vector


