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Abstract

The principal objective of this thesis was to investigate the fundamental mecha­

nism of vortex shedding past curved oscillating bluff bodies of circular cross-section 

exposed to an external uniform flow.

Two different geometrical configurations have been studied: in both cases the 

main component of the body is a circular cylinder, whose centreline axis is prescribed 

by a quarter ring and the plane of curvature is aligned to the free-stream direction. 

According to whether the inflow is directed towards the outside or the inside of the 

quarter ring, two different configurations are identified, named respectively “convex” 

and “concave” . Fully three dimensional and a sectional two-dimensional simulations 

were performed to assess the validity of strip theory for complex non-straight bodies. 

Each geometry was tested in forced and free cross-flow vibration and the outcome of 

these simulations was compared to the fixed body case. Forced vibration simulations 

rely on the assumptions of sinusoidal motion, rigid body and locked-in wake dynam­

ics and represent a simplified approach to the study of Vortex-Induced Vibration: 

imposing a cross-flow displacement to the body can provide valuable information on 

the forces on the structure if frequencies and amplitude are set to match those of free 

vibrations. In the convex configuration, the forced translation generated in-phase 

shedding with vortices bent according to the body curvature. The sectional simu­

lations could approximate the force distribution, but failed to capture correctly the 

wake topology, especially when vortex dislocations appeared in the near-wake. The 

lower part of the body, nearly aligned to the inflow direction, gave rise to a strong 

hydrodynamic damping: free vibration simulations achieved a maximum amplitude 

one order of magnitude smaller than the values found for a straight cylinder under 

the same conditions. For this reason, an oscillatory roll motion about the horizontal



extension axis was imposed as an alternative: the damping effect in the lower part 

of the body was inhibited and the resulting energy transfer was positive, making 

this type of motion a good basis for free vibration simulations.

In the absence of motion the concave geometry was found to suppress vortex 

shedding; the controlled oscillation disrupted the stabilising mechanism triggered 

by curvature and gave rise to two different vortex topologies, a wide and a narrow 

wake. None of these features could be reproduced with two-dimensional simulations, 

demonstrating the intrinsic limitation of the two-dimensional approach for curved 

geometries.

The present work highlights suggests that a redefinition of the lock-in bound­

aries for non-straight geometries should be undertaken to understand the combined 

influence of motion and curvature on the vortex shedding.
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F z vertical force (z—direction)
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9 n Neumann boundary condition

Ie mass moments of inertia matrix

J Jacobian

Je order of the explicit time-integration scheme
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pa,0 1P Jacobi polynomial of order p
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Chapter 1

Introduction

1.1 Marine riser pipes overview

Fluid-structure interactions are important in many engineering applications. The 

wind can generate large and potentially dangerous forces on civil constructions, like 

chimneys or bridge decks, and the sea currents can similarly induce large amplitude 

vibrations in offshore structures, such as platforms and underwater pipelines. The 

understanding o f the wake dynamics and force distribution on marine riser pipes is 

of fundamental importance for the offshore industry. The field of marine technology 

is an important application area for the fluid/structure interactions research: in 

recent years, there has been an extensive amount of studies, both experimental and 

numerical, aiming to provide greater insight into Vortex-Induced Vibrations (VIV) 

related problems, which affect flexible riser pipes. These structures are required to 

operate in depths up to 2000m and have a diameter up to 0.5m: due to this large 

aspect ratio, they are particularly sensitive to the fluid dynamic loading caused 

by waves and ocean currents, which induce large fluctuating forces and subsequent 

vibrations eventually leading to fatigue damage.



1.2 Motivation and aims

The aim of the present study is to investigate the intricate dynamics of vortex shed­

ding past curved riser pipes of circular cross-section with the free-stream direction 

aligned with the plane of curvature. This problem can be classified under the vast 

category of bluff body flows, which have been broadly studied since the first ob­

servation of the vortex street in the wake of a cylinder made by von Karman in 

1912. The increasing need to exploit deep-water reservoirs has highlighted the lack 

of a complete insight into the Vortex-Induced Vibrations (VIV) dynamics on long 

structures such as the marine riser pipes used to convey fluids from the seabed to 

the sea surface. Steel catenary riser pipes and flexible pipes are being increasingly 

used offshore; in proximity of the touch-down point, where the pipe lies nearly par­

allel to the seabed, the radius of curvature can reach a limit value in the range of 

12 — 13JD. In this study the radius of curvature had been set equal to 12.5D to 

simulate the riser’s behaviour in such extreme condition. For deep-water reservoirs, 

curved pipes are generally preferred to vertical top tensioned risers, as they can ac­

commodate larger motions of the vessels, but in spite of their practical importance, 

curved configurations have received much less attention in the past than straight 

cylinders.

A useful approach to understanding and eventually predicting a complex prob­

lem like Vortex-Induced Vibration is represented by forced vibrations simulations, 

in which the amplitude and the frequency of motion can be varied independently. 

Most of the numerical simulations presented in this work are focused on imposed 

cross-flow oscillations: this type of motion is in fact the most commonly induced in 

vortex shedding phenomena and accounts for larger amplitudes compared to in-line 

vibrations. Imposing a cross-flow displacement to the body can provide valuable 

information on the lift and drag forces on the structure if frequencies and amplitude 

are set to match those o f free vibrations. To demonstrate this, a model for the pre­

diction of free vibration has also been developed and the results are found to compare 

favourably to the forced vibration simulations. At low Reynolds numbers the wake 

o f a cylinder is nominally two-dimensional. Nevertheless the curvature of the geome­
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tries considered can introduce significant three-dimensional effects: for this reason, 

all the numerical simulations have been performed using a fully three-dimensional 

approach. However, solving the three-dimensional Navier-Stokes equations on such 

complex meshes at a realistic Reynolds number involves a high computational cost 

that can be only partially compensated by running the code in parallel. Even in 

this case, however, the computational requirements pose severe restriction on the 

feasibility of a complete parametric study of these geometries. For these reasons, 

a sectional approach has also been undertaken: the sectional method can provide 

a correct flow approximation in the case of vertical riser pipes, but its fundamen­

tal assumptions that the axial flow convection does not affect the force distribution 

on the body and the flow can be considered locally two-dimensional limit consider­

ably its applicability to curved pipes, where the velocity in the spanwise direction 

is considerable. Two-dimensional simulations using a strip-theory based code have 

been performed to investigate the applicability of such approximation to the curved 

configurations. This is particularly relevant for industrial applications, as the com­

putational cost involved in the two-dimensional analysis is orders of magnitude lower 

than the one of fully three-dimensional simulations.

The restriction dictated by the computational cost o f the three-dimensional sim­

ulations strongly conditions the choice of the Reynolds number, which is set equal 

to 100 in all the simulations presented in this study. This is far from any realistic 

offshore condition, where the marine currents can reach 2m/s at Re ~  104 — 105. 

However, this investigation does not represent an effort to model the fluid dynamic 

loading on real riser pipes, since the extremely high aspect ratio and Reynolds 

number of practical risers is not reproducible computationally. This study aims at 

understanding the basic mechanisms that govern the vortex shedding past curved 

bodies: the fundamental flow physics in these conditions has been investigated in 

forced and free vibration to understand the complex relationship between the mo­

tion of the body and the fluid dynamic loading: only once a complete picture of 

the problem is obtained at this low Reynolds number, the future research would be 

able to consider real industrial applications. However, for the reasons illustrated in 

the above paragraphs, the fully three-dimensional DNS is unable to provide a time
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efficient approach to this problem at the current stage.

1.3 Synopsis

The motivations of the present study have been outlined, providing some important 

guidelines for the direction of research. The remainder of this thesis is organised as 

follows:

• Chapter 2 provides an overview of the past literature on bluff body flows; be­

sides the fundamental studies on straight cylinders, research on wavy, tapered 

and yawed cylinders in free and forced vibration is also presented, since these 

geometrical variations will provide a good basis for understanding the flow 

physics in the case of curved bodies.

• Chapters 3 and 4 define the geometrical problem and the numerical framework. 

The mesh generation process is briefly described in chapter 3, together with 

the data analysis tools and some post-processing issues. Chapter 4 presents 

the numerical methods used by the three-dimensional code and by the strip 

theory code.

• Chapters 5 and 6 present and discuss the results of forced and free vibrar 

tion simulations: the first geometrical configuration, named convex body, is 

analysed in chapter 5, whereas chapter 6 examines the flow dynamics in the 

concave concave configuration. A brief overview of the results previously ob­

tained with stationary curved cylinders in the two configurations is also given 

at the beginning of each chapter.

• Finally, conclusions on the work presented are drawn in chapter 7.
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Chapter 2

Literature review

2.1 Bluff body flows

The complexity of bluff body wakes and their direct engineering significance have 

lead to a remarkable surge of research since the first observations o f this phenomenon 

at the beginning of the past century. In 1912, von Karman (1912) analysed the star 

bility of an infinite vortex street, consisting of two arrays of oppositely signed vortices 

in the absence of a body. He observed that the stability o f this vortex street was 

intrinsically related to its configuration: only one specific antisymmetric geometry 

exhibited neutral stability when the ratio between the inter-vortices distance in one 

row to the distance between the rows attained a value of 0.28056. This first analysis 

triggered a considerable number of later investigations on stability of vortex arrays; 

however, the mechanism that leads to the vortex formation could only be studied 

considering the presence of a bluff body in the flow.

When such a body is exposed to a fluid stream, an extensive region of separated 

flow is generated over a large part o f its surface; the extent of this disturbed flow 

region is strongly dependent on geometric factors, such as the shape and orientation 

o f the body, and flow characteristics. However, the basic mechanism of vortex shed­

ding past all bluff bodies has some common features, despite differences in shape 

and size: the boundary layers are subjected to a favourable pressure gradient, fol­

lowed by a region o f adverse pressure that causes separation when the local velocity



is greater than the free-stream one (Bearman (1998)). In the particular case of a 

cylinder with circular cross-section, the separation points are not fixed due to the 

lack of sharp edges and can move in response to the flow characteristics.

Figure 2.1: Filament-line sketch of the vortex formation region (Gerrard 
(1966)).

When the Reynolds number, Re =  reaches a critical value, instabilities 

start to develop in the wake and vortex shedding is initiated, with regions of vorticity 

shed from alternating sides of the body in a periodic fashion. The mechanics of 

this phenomenon have been described by Gerrard (1966) in terms of ‘Variations of 

entrainment of vorticity-bearing fluid” in the shear layers. The growing vortex is 

fed by circulation from the shear layer, until it becomes strong enough to draw the 

opposite shear layer across the wake: this instant is schematically represented in 

figure 2.1. Part of the fluid is then directed to the interior of the formation region 

(labelled ‘c ’ in figure 2.1), while the remaining is entrained by the growing vortex 

( ‘a’) and by the shear layer that feeds it ( ‘b ’). When the percentage of this displaced, 

oppositely signed, vorticity is large enough to cut the supply o f circulation, the vortex 

detaches from the corresponding shear layer and a similar process starts on the other 

side of the body. This fundamental mechanism is present in different types of flow, 

“irrespective of whether the separating boundary layers are laminar or turbulent” 

(Bearman (1984)), as it is an intrinsic characteristic of bluff bodies wakes.

The fundamental frequency, /*, arises principally from the wake instability and is 

a key parameter in the study of vortex-induced vibrations problems. This is defined
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as the frequency of a complete cycle of shedding for a non-vibrating body and can 

be expressed more conveniently in a non-dimensional way, the Strouhal number St:

f  D
St = j j ~  (2.1)

U<x>

where D is the characteristic length of the bluff body and UQ0 the free-stream velocity. 

Roshko (1955) defined a universal Strouhal number based on the wake parameters 

instead of the bluff body characteristic length:

St* =  hpj- (2.2)
U8

where d! is the wake width and U8 is the velocity at separation. Similarly Bearman 

(1967b) defined a Strouhal number based on the lateral displacement between the 

vortex rows as characteristic length. The relationship between Re and St is quite 

complex and depends on many factors, including the type o f shedding and the end 

conditions of the cylinder; this will be further discussed in the next section, where 

the effect of increasing the Reynolds number and the corresponding flow regimes are 

presented.

As previously mentioned, the vortex shedding induces fluctuating forces on the 

body and, if it is non-rigid, causes it to oscillate in the transverse and in-line direc­

tion. In the following chapters, the fluid dynamic forces in the x  and y direction, Fx 

and Fy, are reduced to the dimensionless coefficients, Cl and Cd for lift and drag, 

respectively:

C  =  C  =  ^ x
L \PUID D \pUlD

where p is the fluid density, £/<» the free-stream velocity and D  the cylinder diameter. 

Similarly, the base pressure coefficient is defined as:

n  Pb Poo

ipta
where Pb is the base pressure measured at 180° from the stagnation point and Poo 

the free-stream pressure. This parameter dominates the pressure drag generated by
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the pressure drop at the reax of the bluff body during the process of vortex shedding 

and it is therefore very sensitive to changes in the vortex dynamics.

2.2 Flow regimes for a straight cylinder in a uni­

form flow

The transition to turbulence occurs in different stages and areas of the disturbed 

flow region: as the Reynolds number is increased, the instabilities first develop in 

the far wake, then move upstream in the shear layers, until they propagate into the 

boundary layer. At this stage, the flow is fully three-dimensional and turbulent. 

During this process, several regimes based on Re can be identified, resulting in 

different flow structures.

An initial categorisation of the flow regimes for a stationary circular cylinder 

was given by Roshko (1954). He identified a stable laminar regime in the range 

40 <  Re <  150, characterised by periodic vortex shedding, followed by a transition 

regime for 150 < Re < 300 and by an ‘irregular’ regime for 300 < Re < 104+ . The 

Strouhal number was found to increase monotonically in the laminar regime, whereas 

it remained approximately constant throughout the transition regime; finally, in the 

‘irregular’ regime it exhibited an erratic behaviour. Figure 2.2 shows the Strouhal- 

Reynolds number curve over all the flow regimes, while the base suction coefficient 

variation with the Reynolds number is presented in figure 2.3. However, it should 

be noted that the Reynolds number can be considered a governing parameter only 

for disturbance-free flows, as disturbances can trigger transitions and generate many 

kind of irregular flow patterns that cannot be classified into distinct regimes.

Two key concepts are also relevant to the discussion o f vortex shedding regimes: 

the vortex formation length and the mean recirculation region. One may define a 

vortex formation length as the point in the wake of the body where the velocity 

fluctuation level has attained a maximum and thereafter decays downstream (see 

Bearman (1965) and also the definition given by Bloor (1964)). Consistent with 

findings in experiments on cylinders fitted with splitter plates (Roshko (1955) and
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Figure 2.2: Strouhal-Reynolds number curve in the Reynolds number range 
0 < Re < 107 (Zdravkovich (1997)).

Bearman (1965)), the length of this region is found to scale inversely with this max­

imum and with the base suction, as well as with the shedding frequency. The mean 

recirculation region can be defined as the surface where the forces from shear stresses 

and pressure are in equilibrium in the mean: the resulting bubble is symmetric and 

closed. This balance plays a crucial role in the wake transition regime: section 2.2.2 

will provide more insight on this point.

Accurate descriptions of the flow regimes for a disturbance-free flow past a 

straight cylinder can be found in Zdravkovich (1997) and Williamson (1996b). This 

section will provide an overview of these regimes, with special focus on the low 

Reynolds number states that are pertinent to the present investigation.

2.2.1 Periodic laminar regime

Henderson (1995) performed numerical simulations to identify the critical Reynolds 

number that demarcates the onset of vortex shedding. A Hopf bifurcation was found 

to occur at Re =  45—50, after which no steady state solution could be achieved: this 

change was marked by a sharp transition in the drag and base pressure coefficient 

curve.

For Reynolds numbers above the critical value, the instability in the near wake
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Figure 2.3: Base suction coefficient variation with Reynolds number in the 
range 0 < Re < 107 (Roshko (1993)). The symbols refer to ex­
perimental and numerical data, while the solid line for Re < 49 
comes from the numerical simulations performed by Henderson 
(1995) (laminar steady regime).

grows and a sinusoidal oscillation starts to develop, leading to a mutual interaction 

of the shear layers. The range 47 <  Re <  180 — 200 is characterised by a laminar 

and periodic vortex shedding. This process is initiated at the downstream end of the 

recirculation region, where a monotonic increase in the amplitude o f maximum wake 

velocity fluctuation is observed with increasing Re, together with a gradual contrac­

tion of the formation length. The inception of the wake instability is associated 

with sinuous waves travelling downstream on the sides o f the recirculation region, 

as pointed out by Gerrard (1978). As the laminar instability grows the Reynolds 

stresses in the near wake region increase and the recirculation cells shorten; a further 

increase in the Reynolds number causes the oscillating recirculation cells to detach 

from the rear of the cylinder, forming a staggered array o f laminar vortices. This 

process is accompanied by a consistent increase in the base suction and in the un­

steady forces, such as base drag and lift. At this stage, the flow is two-dimensional 

only if all eddy filaments are parallel to the cylinder’s axis: this is referred to as
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Figure 2.4: Strouhal-Reynolds number relationship in the laminar and wake 
transition regime (Williamson (1989)).

parallel shedding and corresponds to the continuous line in figure 2.4. When this 

condition is not fulfilled, the vortices are shed in an oblique way, corresponding to 

the dotted line in the same plot: however, in both cases the Strouhal number is 

found to increase monotonically with the Reynolds number (see figures 2.3 and 2.4).

2.2.1.1 Oblique and parallel shedding

One of the first observations o f a discontinuity in the St — Re curve was documented 

by Tritton (1959), who postulated the existence of two distinct modes o f shedding, 

corresponding to two different Strouhal curves: he suggested that the discontinuity 

was caused by a transition from a near wake instability to an instability originating in 

the immediate vicinity of the cylinder, as the Reynolds number was increased above 

100. Similarly, Berger & Wille (1972) related the discontinuity to the existence o f 

two intrinsic modes of shedding and suggested that the level o f turbulence in the 

free-stream determined the jump at a given Reynolds number.

Later investigations carried out by Gaster (1971) related the discontinuity in
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the St — Re curve to non-uniformities in the free-stream flow. In his experiment, 

spanwise cells of different frequency were found to occur by forcing the flow to 

be non-uniform along the span of the cylinder: variations of flow speed resulted in 

spanwise translation of the frequency cells and a Strouhal discontinuity was observed 

under these conditions. This discontinuity disappeared when the cylinder was fitted 

with small end-plates that limited the spanwise movement of the frequency cells.

On a different note, Van Atta & Gharib (1987) suggested that the presence of 

some Strouhal discontinuities was directly related to the cylinder’s vibrations: by 

damping the cylinder’s supports, they were able to suppress some Strouhal discon­

tinuities and these findings lent credence to the existence of a continuous St — Re 

plot if the cylinder was kept absolutely fixed. Two-dimensional numerical simu­

lations performed by Karniadakis k  Triantafillou (1989) confirmed the existence 

of a continuous St — Re curve over the range 40 < Re < 250, when the flow is 

two-dimensional.

A considerable number of investigations tried to shed light on whether the 

Strouhal discontinuity in the laminar shedding regime should be considered as an 

intrinsic phenomenon or be associated with the upstream flow conditions. Finally, 

Williamson (1989) demonstrated that the Strouhal discontinuity exists and is not 

due to any o f the previously proposed mechanisms: instead, it is caused by a tran­

sition from one oblique shedding mode to another oblique mode. This transition 

was found to be related to the end boundary conditions and occurred at a Reynolds 

number of approximately 64. Above this value, an oblique shedding mode, labelled 

‘chevron pattern’ , appeared in the wake with slantwise vortices shed at one dominant 

frequency across the whole span. For Reynolds number below the discontinuity, a 

central cell with a frequency corresponding to the Strouhal value in the upper curve 

appeared between two cells o f lower frequency (lower Strouhal curve): this mode of 

shedding is therefore associated with the presence of vortex dislocations, which are 

periodically formed when cells of different frequency move out o f phase with each 

other. The phenomenon of oblique shedding was found to be entirely dependent 

on the end effects: in the initial phase of the experiment, the vortex shedding ap­

peared parallel to the cylinder’s axis and only at a later stage, when the influence
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of the end effects became more significant, an oblique front propagated along the 

span from each end, eventually resulting in the chevron pattern. This suggested 

that the parallel mode is the most unstable one. According to the experimental 

findings of Hammache & Gharib (1991), the oblique shedding is the outcome o f a 

pressure gradient at the rear of the cylinder caused by the pressure difference be­

tween the cylinder’s ends; subsequently, the oblique shedding mode is characterised 

by the spanwise velocity component induced by this pressure difference. By plac­

ing control cylinders upstream of the test cylinder, a uniform pressure distribution 

was obtained across the span and consequently parallel shedding was achieved: this 

supported the conclusion that the parallel shedding mode can be considered as a 

truly two-dimensional type of vortex shedding, in absence of axial flow in the cores. 

It has been proved that the relationship between St and Re in the laminar periodic 

regime is highly dependent on the shedding angle and that this parameter can be 

controlled by manipulating the end conditions, i.e. by adding angled end plates at 

both extremities of the body to induce parallel shedding (Williamson (1989)). Sim­

ilar results have been obtained by Eisenlohr & Ecklemann (1989) using two short 

cylinders of different diameter and by Williamson (1992) through the application of 

suction at both ends. Williamson (1989) also proved that the experimental curves 

associated with different shedding angles 9 can be collapsed onto the parallel curve 

using the relationship:

St0 =  Sto/ cos 6 (2.5)

In a similar way, Hammache & Gharib (1989) showed that a continuous St — Re 

curve could be attained once parallel shedding was induced.

2.2.2 Wake transition regime

For Reynolds numbers between 180 — 200 and 350 — 400 the vortices are still shed 

in a laminar and regular fashion: however, they become irregular and transitional 

further downstream and the two-dimensional state can no longer be preserved in 

the wake, even with careful control o f the spanwise end conditions. This change
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from laminar to three-dimensional shedding is hysteretic and is associated with a 

sudden fall in the Strouhal number and in the base suction coefficient, as highlighted 

by point B in figure 2.3. The lower transitional regime involves two successive 

stages in the vortex formation process: first, three-dimensional structures appear in 

the wake in the form of vortex loops at Re «  180, then the scale o f these three- 

dimensionalities changes and smaller streamwise vortices are generated from the 

original loops. These two modes of instability have been labelled Mode A and 

Mode B by Williamson (see Williamson (1989, 1996b,a)) and are associated with 

discontinuities in the St — Re curve illustrated in figure 2.4. Although both modes 

involve the formation of streamwise vortex pairs (that are then subject to stretching 

in the streamwise direction) their dynamics is significantly different.

2.2.2.1 T hree-d im ensional wake instabilities: M od e  A  and M od e  B

Mode A is visualised through vorticity isosurfaces in figure 2.5 left. It exhibits a 

spanwise wavelength of the order of 3 — 4 diameters and thus scales on the primary 

Karman vortex: it appears to be the result of an elliptical instability of the near 

wake primary cores, which deform in a wavy fashion along their length, giving rise to 

vortex loops and streamwise vortex pairs (described as “fingers of dye” by Gerrard). 

The formation mechanism is self-sustaining and has been discussed in detail by 

Mittal & Balachandar (1995), who also proposed an “auto-generation” process for 

the streamwise vortices. Mode A also exhibits an out-of-phase symmetry o f the 

streamwise vortex array, depicted in figure 2.7. This is a direct consequence of the 

physical mechanism where segments of the primary vortex are pulled back upstream 

of the shed core as this travels downstream and cause a delay in some spanwise 

portions of the newly formed vortex, by Biot-Savart induction (Williamson (1996a)). 

As shown in figure 2.4, the first discontinuity associated with Mode A involves a drop 

in the shedding frequency at Re «  180: however, due to the hysteretic nature of 

the transition, this critical value depends on whether the free-stream velocity is 

increased or decreased. As He is further increased, the system response follows 

the curve A. This new lower pattern represents a combination o f the small-scale 

instabilities typical o f Mode A and vortex dislocations, which are triggered at some
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Figure 2.5: Vorticity isosurfaces for the two wake modes A (left) and B 
(right). Translucent isosurfaces are for the spanwise vorticity 
component, solid isosurfaces are for the streamwise component 
(Blackburn et al. (2005)).

sites of vortex loop and then evolve spontaneously in the wake.

The reduced spanwise coherency in the primary vortex causes a decrease of base 

suction and Reynolds stresses, as well as an increase of the formation length and the 

jump in the Strouhal number mentioned above. Interestingly, the Floquet analysis 

conducted by Barkley & Henderson (1996) showed that no new temporal frequency 

is introduced at the secondary instability: the discontinuity in the Strouhal number 

is hence to be directly related to the presence of non-linear phenomena such as vortex 

dislocations, rather than to a linear effect of the instability. This is an important 

feature of this regime and will be discussed further in section 2.2.2.2.

The nature of Mode B is markedly different, as can be noticed in figure 2.5 right. 

It takes place through a gradual shift of energy from Mode A over a wider range 

of Reynolds numbers (from 230 to 260 approximately) and the transition is not 

hysteretic. Williamson (1996a) suggested that during this interval of Re there is an 

intermittent swapping between Mode A and B, rather than the coexistence of the 

two. As shown in figure 2.7, Mode B involves an in-phase symmetry of the streamwise 

vortex array, which results in an in-line arrangements of streamwise vortices with a
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Figure 2.6: Vorticity isosurfaces for the two quasi-periodic modes with 
standing waves (left) and travelling waves right) at Re =  400. 
Translucent isosurfaces are for the spanwise vorticity compo­
nent, solid isosurfaces are for the streamwise component (Black­
burn et al. (2005)).

spanwise wavelength of about 1 diameter, as opposed to the out-of-phase symmetry 

of Mode A. Therefore, Mode B scales on flow structures like the braid shear layer: 

it entails finer streamwise vorticity in the braid region that connects the Karman 

vortices, as opposed to Mode A, in which the concentration of vorticity occurs in 

the primary cores. This observation was also supported by the experimental work of 

Brede et al. (1996), who studied the different modes of vortex shedding at Reynolds 

numbers between 160 and 500.

Another important result concerning the symmetry of the two modes was ob­

tained by Blackburn et al. (2005) (see figure 2.5). They found that Mode A preserves 

the spatio-temporal symmetry of the wake, while Mode B breaks it. Full details of 

the Floquet stability analysis can also be found in Elston et al. (2006). When only 

one parameter is varied (i.e. the Reynolds number), three different bifurcations are 

possible in the passage from two-dimensional to three-dimensional flow: the long 

and short wavelength instabilities in the wake, Modes A and B respectively, are 

synchronous with real Floquet multipliers and represent a primary and secondary 

bifurcation. The third mode is a quasi-periodic state, which is not critical in this

38



range of Reynolds numbers (up to 280 approximately) but becomes unstable at 

Re ~  377 and gives rise either to a modulated travelling wave or to a modulated 

standing wave, as illustrated in figure 2.6 (see also Blackburn & Henderson (1999)).

On the computational side, a complete investigation of the onset of Mode A and 

Mode B was carried out by Barkley & Henderson (1996), who performed a highly 

accurate global stability analysis o f the wake past a circular cylinder for Reynolds 

numbers between 140 and 300. The two-dimensional wake was found to become 

absolutely linearly unstable to three-dimensional perturbations at Re =  188.5 ±  1.0, 

when a secondary instability corresponding to Mode A developed in the wake with 

a critical wavelength of 3.96 ±  0.02. The critical Reynolds number for the secondary 

bifurcation to Mode B coincided with Re =  259 and the corresponding wavelength 

was 0.822 diameters. If the linear stability theory could give a description of Mode A 

bifurcation in excellent agreement with experimental findings, the transition to Mode 

B appeared more problematic to compare with experiments, since at this second 

critical Reynolds number the flow is already unstable to Mode A: this bifurcation 

cannot reach an equilibrium consisting solely of Mode B because it is also unstable 

to longer wavelength perturbations. Barkley & Henderson (1996) suggested that the 

two modes coexisted in the wake over this range of Reynolds numbers, supporting 

the conclusions of Thompson et al. (1996) and Williamson (1996a).

In order to understand which modes are intrinsic to the shedding in this regime 

and which axe artifacts of experimental conditions, Leweke & Provansal (1995) stud­

ied the flow past a ring, which can be considered as a body without ends. They 

found that Mode B does not appear in this configuration and the lower St—Re curve 

is continuous. Therefore they concluded that only Mode A is an intrinsic feature 

of three-dimensional shedding. This view is not supported by Williamson (1992), 

who reached opposite conclusions observing that the second discontinuity can be 

removed by altering the end condition to artificially induce dislocations: in this case 

the experimental curve was found to closely match the data obtained by Leweke & 

Provansal (1995).
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Figure 2.7: Sketches o f the two types of symmetry in Mode A and Mode B 
(Williamson (1996a)).

2.2.2.2 Vortex dislocations in the near wake

As mentioned in the previous section, the wake transition regime is characterised 

by the presence o f vortex dislocations in the flow states corresponding to the curve 

A in figure 2.4. This phenomenon was observed by Eisenlohr & Ecklemann (1989), 

who described it as a ‘vortex splitting’ process where “vortex filaments of one core 

split apart to merge into the offset cores of other vortices” : this implied a spanwise 

variation of the shedding frequency and subsequently the onset of oblique shedding 

modes: when the oblique angle became too large or the cores too bent, vortex 

splitting was observed in the wake.

Although vortex dislocations are an inherent feature of the three-dimensional 

wake transition, their presence has also been observed in the laminar vortex shedding 

regime, where they appeared in a more ordered and periodic fashion than in the 

transition regime. As noted by Eisenlohr & Ecklemann (1989) and Williamson (1988, 

1989), this phenomenon is associated with the presence o f oblique shedding and is 

hence strictly related to the end conditions of the experiments. Williamson (1992) 

analysed the natural and forced formation o f vortex dislocations in the laminar
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Figure 2.8: One-sided dislocations, due to a lower frequency cell near the 
end, and two-sided dislocations, due to a lower frequency cell in 
the centre, (Williamson (1992)).

regime using a small ring disturbance to trigger this mechanism at a local spanwise 

position. He provided experimental evidence that dislocations appear between cells 

of different frequency and involve vortex splitting, whereby a vortex of one sign in 

one cell is divided and linked to two vortices of the same sign in the other cell: this 

mechanism occurs at a beat frequency / i  — / 2, where f x and /2  are the shedding 

frequencies in the two cells, and involves helical twisting of the vortex lines within 

a vortex, inducing an axial core flow outwards from the dislocation. Interestingly, 

the dislocation frequency was found to decrease with decreasing ring diameter. The 

downstream growth of the dislocations caused large velocity fluctuations at low 

frequency and was associated with the relatively slow decay of fluctuation energy, 

as compared with the laminar wake without dislocations. Williamson (1992) also 

observed that two types of disturbances may occur in the wake (see figure 2.8). 

When the growth of the loops causes a local delay in the primary core shedding, 

that falls out of phase with the rest of the vortex at each spanwise side, a ’two- 

sided’ dislocation occurs naturally and independently of the end conditions. This 

type of dislocation is symmetric and should not be confused with the asymmetric 

one observed by Eisenlohr & Ecklemann (1989) and Gerich & Ecklemann (1982), 

which is due to the cellular shedding near the ends and is thus labelled ’one-sided’: 

being associated with the presence of end effects, this latter type has also been 

observed in the laminar shedding regime, as opposed to the two-sided dislocations, 

whose natural occurrence is encountered more often in the wake transition regime.
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Figure 2.9: Formation of vortex dislocations visualised through isosurfaces 
of spanwise and streamwise vorticity (Braza et al. (2001)).

The role of dislocation in the three-dimensional wake transition was also inves­

tigated by Braza et al. (2001), who numerically simulated the transition features of 

the flow past a straight cylinder at Re =  220. Their study showed the existence of 

a transitional stage that was initiated by the amplification of the spanwise velocity 

component and its distribution into distinct regular cells along the cylinder span. 

The subsequent creation of streamwise and normal vorticity resulted in a regular 

spanwise undulation that was related to the passage of vortex dislocations in the 

near wake. This phenomenon was associated with a drastic fundamental frequency 

reduction and occurred long after the full development of Mode A pattern, as shown 

in figure 2.9. Braza et al. (2001) confirmed that the existence of vortex dislocation is 

an inherent feature of flow transition, as previously suggested by Williamson (1992). 

As a result of the formation mechanism described above, vortex dislocations may 

be triggered also by non-uniform flows (i.e. shear flows) past uniform cylinders and 

by uniform flows past non-uniform geometries, such as tapered cylinders or cones. 

This is a relevant point to this work and will be considered in section 2.5 and 2.6.1.
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2.2.3 Shear layer and boundary layer transition regimes

The flow state after point C in figure 2.3 was defined by Roshko (1954) as the 

‘irregular’ regime. A closer analysis reveals the existence of three different sub­

regimes, outlined as follows:

• 260 < Re < 2 x 105: sub-critical regime (C-E)

• 2 x 105 < Re < 106: critical regime (E-H)

• Re > 106: super-critical regime (beyond H)

In the sub-critical regime, the wake is fully turbulent and the transition occurs 

in the shear layers, leaving the attached boundary layers laminar. In this regime, 

the formation length is found to increase between point C and D and to decrease 

between points D and E.

As the Reynolds number reaches the critical value at point E, the base suction and 

drag coefficients decrease drastically: the transition to turbulence occurs in the free 

shear layers and is associated with the formation of thin separation-reattachment 

bubbles on either side of the cylinder (with the only exception of point F, at which 

the bubble forms on only one side o f the body, resulting in a non-zero mean lift 

coefficient, see Bearman (1969)). This causes the turbulent boundary layers to 

separate much further downstream, at an angle from the stagnation point 6 «  140°, 

giving rise to a much narrower wake than in the previous regime and generating the 

so-called ‘drag crisis’ .

Finally, the transition points move further upstream into the boundary layers, which 

separate at 6 «  120°; this results in a narrow wake and in a new increase in the base 

suction coefficient.

2.3 Flow past oscillating cylinders

One of the most important effects o f the interaction between body motion and 

vortex shedding occurs when the fluid and structural systems respond at the same 

frequency: this complex non-linear phenomenon is generally referred to as ‘lock-in’ .
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In this condition the loading on the surface of the cylinder may be critical, as a result 

of the stronger coupling of the flow in the spanwise direction and o f the subsequent 

increase in the fluctuating forces acting on the body.

Several simulations have demonstrated that two-dimensional stationary bodies 

in steady flows are unlikely to shed two-dimensional vortices due to the spanwise 

variation of unsteady quantities such as fluctuating surface pressure or sectional lift 

force (see Bearman k  Obasaju (1982); Bearman (1984)). An accurate measure of 

the degree o f three-dimensionality present in the near wake is given by the correla­

tion length: if the body oscillates, either freely or due to an imposed motion, this 

parameter increases and the coupling o f the flow in the spanwise direction becomes 

stronger, resulting in a more nearly two-dimensional form of shedding. This is par­

ticularly evident at lock-in, when the longer correlation length leads to an increase 

in the unsteady forces and the contraction of the formation region causes the vor­

tices (whose strength is now larger compared to its value for a stationary body) 

to be shed closer to the cylinder. On this ground, a large number of numerical 

simulations in the lock-in range has been performed using two-dimensional codes. 

Their reliability in the presence of three-dimensionality is however open to question, 

as it is not yet fully understood to what extent the effect o f motion can suppress 

the three-dimensional structures in the near wake; an interesting comparison of the 

predictions from two-dimensional, three-dimensional and Fourier computations can 

be found in Blackburn (1998); Blackburn & Kamiadakis (1993); Blackburn et al. 
(2000).

The common occurrence of VIV in typical engineering bluff body applications and 

its potentially dangerous consequences make the understanding of this phenomenon 

extremely important. The following sections outline the principal features of vortex 

shedding in Vortex-Induced Vibrations and forced oscillation problems.
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2.3.1 Vortex-Induced Vibrations for flexibly m ounted rigid 

cylinders

In this section we restrict our attention to the problem of transverse vibration of 

an elastically supported rigid body. This can be modelled using a single degree of 

freedom cylinder with linear spring and damping placed normal to an inflow with 

free-stream velocity £/«,. The equation of motion is given by:

m y+ cy + ky = Fy(t) (2.6)

where y is the displacement of the cylinder of mass m per unit span, c is the coefficient 

of viscous damping and k denotes the stiffness of the spring. The right hand side 

represents the time-dependent fluid force acting on the body per unit length of span 

and embodies fluid inertia and damping forces. Recalling the definition in (2.3), 

the fluid force can be expressed through the lift coefficient. Hence this equation 

can be non-dimensionalised using three additional parameters: the mass ratio, the 

structural damping ratio and the reduced velocity. These are given by:

* m c Uoo
™ *pD>/i (  c  Vr f„D

(2.7)

where Co =  2 Vkm is the critical damping and f n — the natural frequency of 

the body in vacuo. The mass ratio represents the ratio between the inertial forces of 

the body and the hydrodynamic forces of the fluid. For VTV problems in water m* is 

very low, while in air it is usually one or two orders of magnitude larger. The excita­

tion frequency in air has generally a value similar to the frequency of the cylinder’s 

response, close to the body natural frequency f n. In the case o f vibrations in water 

(small mass ratio) the frequency o f excitation can be markedly different from /m  

because the implied additional inertia o f the fluid system is able to drive the cylinder 

response away from its natural frequency. This different behaviour has been proved 

in several experiments, such as Feng (1968) and Khalak & Williamson (1999), that 

will be presented in section 2.3.3. The synchronisation of vortex shedding and the 

body frequency takes place over a range o f reduced velocities, whose width is pro­

portional to the oscillation amplitude. This range always encompasses the resonant
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point, where the amplitude of oscillations is maximum. In transverse vibration mo­

tions, the maximum oscillation amplitude occurs when Vr «  1/St: considering (2.1) 

and the definition of the reduced velocity in (2.7), this means that the body’s natural 

frequency, f n, is approximately equal to the vortex shedding frequency / 8, provided 

that m* »  1. Similarly, in the case o f in-line vibration the resonant point occurs 

at Vr ~  1/2St, as the excitation frequency for this case is twice the value of f s.

Going back to equation (2.6) and substituting the definitions given in (2.7), we 

obtain:

my +  An f n(my +  An2f 2my =  ^CypU^D (2.8)

As described in Sarpkaya (2004), for large amplitude vortex-induced oscillations in a 

steady state, Fy(t) and y(t) oscillate at a common frequency, / ' ,  and the fluid force 

leads the cylinder response by a phase angle <t>: in the lock-in region both quantities 

can be approximated by sinusoidal functions:

y =  y sin(27r f t )  Cy =  Cy sin(2 nf't +  <f>) (2.9)

The force coefficient can then be written as:

Cy =  (Cy cos <f>) sin(2n f t )  +  (Cv sin <j>) cos(27r/'£) (2.10)

Equation (2.10) highlights the part o f Cv in phase with the velocity (which in forced 

oscillations predicts whether the body is excited or damped) and the one in phase 

with the acceleration. Substituting (2.9) in (2.8) and equating the sine and cosine 

terms, we obtain the following equations:

[ l -
r  L

C y

4n*COB•(gxms)T (2.11)

«(S )© '7  «
Equation (2.12) can be expressed in terms o f reduced mass and reduced velocity:

V Cy— =  —*r8in<
D Sn2

A

y_
D (2.13)
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This expression shows that the amplitude o f the cylinder’s oscillations is dependent 

on several parameters, such as the part of Cy in phase with the velocity, the reduced 

velocity, the mass-damping parameter m*£ and the ratio between the natural fre­

quency and the lock-in frequency. However, this analysis is based on the assumption 

that force and displacement are composed of a single frequency without including 

the effect of higher order harmonics: therefore this model is a linear approximation 

of the VIV dynamics. Despite being a simplified model, equation (2.13) illustrates 

the complex relationship between the governing parameters and provides a mathe­

matical justification for many physical observations o f VIV dynamics.

2.3.2 Force decom position

Sarpkaya (2004) repeated a series of free and forced vibrations experiments on a 

rigid cylinder oscillating in a uniform inflow, originally done in 1978. For a body 

oscillating sinusoidally with velocity U he separated the lift coefficient into two 

components, one depending on the added mass coefficient, Ca, and one dependent on 

the drag coefficient, Co- This is based on the hypothesis that the hydrodynamic force 

exerted on a body undergoing sinusoidal oscillations is the linear sum of a velocity- 

dependent drag force and an acceleration-dependent inertial force, the added mass 

force. The mathematical model for this assumption is given by the equation proposed 

by Morison et al. (1950):

m  =  \pCdD\U\U +  p c j ^ - u  (2.14)

Note that if the flow is oscillating the problem is kinematically equivalent but the 

inertial force comprises also a buoyancy force arising from the pressure gradient 

required to accelerate the flow past the body and hence the added mass coefficient 

needs to be replaced by 1 +  Ca. Considering again equation (2.10), the added mass 

and drag coefficient can be written as:

Ca =  —Cv cos <j> Cd =  Cy sin <p (2.15)

The phase angle depends on these parameters and is given by the following expres-
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sion:

(j) = axctan (2.16)

Similar expressions can be written for forced sinusoidal oscillations, where the lock-in 

frequency of the combined fluid-structure system must be replaced by the imposed 

excitation frequency, f e, with the caveat pointed out by Sarpkaya (2004) that “the 

larger the amplitude of VIV oscillations, the more non-linear the dependence of 

the lift and inertial forces on A/D, particularly at mode changes, phase jumps, 

hysteresis, intermittent switching” . Therefore, in these conditions a non-linear force 

equation is needed for a correct comparison of the results obtained from forced 

oscillations tests with the data found for self-excited cylinders.

In his forced vibration experiments Sarpkaya (2004) noted that, during the syn­

chronisation range, the drag coefficient increased constantly from a negative value 

to a positive one, while the added mass coefficient rapidly decreased, resulting in a 

change of phase during the lock-in. The increase in Co in this regime means that 

the drag is in phase with the motion of the cylinder and acts to excite its vibrar 

tions: there is a positive energy transfer from the fluid to the body to overcome the 

dissipation through the mechanical damping.

2.3.3 Response branches

In order to establish a clear relationship between the numerous parameters that gov­

ern VIV, two fundamental experiments were performed by Feng (1968) and Khalak 

& Williamson (1999), in air and water respectively.

In Feng’s test a single-degree o f freedom circular cylinder was free to vibrate 

in the transverse direction with m* =  248, (  =  0.00103 and m*£ =  0.255; the 

reduced velocity was based on the natural frequency o f the body in air, / " r, and 

was varied by progressively increasing the free-stream velocity. The flow speed was 

also gradually decreased to investigate possible hysteretic effects. The variations in 

shedding frequency and response amplitude with the reduced velocity are plotted in 

figure 2.10.
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Figure 2.10: Wake characteristic of an elastically mounted cylinder freely 
vibrating in air (m* =  248, Ç =  0.00103 and ra*Ç =  0.255). 
The Reynolds number varies from 104 to 5 x 104 (Feng (1968)).

At Vr «  4 the cylinder started to vibrate at a frequency close to / “tr and the 

fluid system shed vortices at the Strouhal frequency (i.e. f v «  / s, where f v denotes 

the shedding frequency of a vibrating cylinder). The synchronisation occurred at 

Vr ss 5, when both fluid and structure systems locked onto the cylinder’s natural 

frequency in air; at this point, the oscillation amplitude started to increase and 

reached a maximum for Vr =  6.3, which was found to be the resonant value. This 

was accompanied by a phase jump and a change of vortex shedding timing, whose 

dynamic will be discussed later in this section. A further increase in the reduced 

velocity led to a progressive decrease in the oscillation amplitude and to the return 

of the shedding frequency to the Strouhal value.

Khalak & Williamson (1999) conducted a similar experiment in water using an 

elastically mounted cylinder with a much smaller mass ratio and mass-damping pa­
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rameter (m* =  10.1, C =  0.0013 and ra*£ =  0.013). In their experiment, the reduced 

velocity was based on the natural frequency of a body vibrating in water and the 

Reynolds number ranges from 3 x 103 to 3 x 104. These results show some strik­

ing differences from the ones obtained by Feng, as illustrated in figure 2.11. The 

cylinder’s response in water exhibits three modes, named initial, upper and lower 

branch; in Feng’s experiments the upper branch does not appear and the peak am­

plitude is much lower. In addition, the regime of synchronisation occurs over a 

wider range of reduced velocity when the body is oscillating in water: this can be 

explained considering the concept of added mass, which will be further discussed 

in section 2.3.4. Khalak & Williamson (1999) suggest that the peak amplitude is 

dependent on the mass-damping parameter, whereas the lock-in width is associated 

primarily with the mass ratio: the presence of only two modes o f response - initial 

and lower branch - with relatively low amplitude o f response in Feng’s experiment 

could therefore be a consequence of the high value of m*C- However, this interpre­

tation is not entirely supported by Sarpkaya (2004), who notes the difference in the 

Reynolds number between the two experiments and cites an earlier observation by 

Zdravkovich (1990) as a proof that the presence of the upper branch is to be re­

lated to the Reynolds number rather than to the mass-damping parameter. Khalak 

k  Williamson (1999) showed also that the first transition between the initial and 

upper branch is hysteretic, whereas the change from the upper to the lower branch 

involves an intermittent switching. In his experiments in air, Feng found hysteresis 

in the transition between the two response branches.

The value of A/D obtained in the numerical simulations of freely vibrating cylin­

ders is far smaller than the data presented by Feng (1968); Khalak k  Williamson 

(1999). Blackburn k  Kamiadakis (1993) and Newman k  Kamiadakis (1996) per­

formed a numerical comparison of free and imposed motion on a flexible cable at 

Re =  100 and Re =  200 and compared their results with the set o f experimental 

data compiled by Griffin (1985): for low values o f the mass-damping parameter the 

numerically computed amplitude is considerably lower than the corresponding ex­

perimental value and the upper branch is not reproduced. For higher mass-damping 

parameters, the numerically simulated amplitude is closer to the experimental data.
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Figure 2.11: Comparison between the amplitude of response of a circular 
cylinder undergoing VIV obtained by Feng (1968) in air (o: 
m* =  248, (  =  0.00103, m*C =  0.255 and Re from 104 to 
5 x 104) and Khalak & Williamson (1999) in water (■ : m* =
10.1, C = 0.0013, m*C = 0.013 and Re from 3 x 103 to 3 x 104).

However, none of these numerical simulations could predict the maximum value of 

A/D Ri 1 found in Khalak & Williamson (1999); this is primarily related to the large 

difference in the Reynolds number value, as DNS is limited by the high computa­

tional cost of high Reynolds number computations. This hypothesis is supported 

by the work of Blackburn et al. (2000), who compared the results obtained using 

three-dimensional and two-dimensional simulations with experimental data at a sim­

ilar Reynolds number of approximately 556; figure 2.12 shows that the maximum 

amplitude in the simulations is somewhat smaller than the experimental data, al­

though their values are now much closer. The amplitude response computed using 

three-dimensional DNS shows a behaviour qualitatively similar to the experimental 

results: these results show also that two-dimensional computations are unable to 

correctly reproduce the extension and the location of the three response branches, 

suggesting that a sectional approach is inadequate for this kind of problem.

51



Figure 2.12: Non-dimensional average peak response amplitude, A*, ob­
tained from three-dimensional DNS (■ ), two-dimensional DNS 
(o) and experiments (•) (from Blackburn et al. (2000)).

2.3.4 The concept of added mass

The different frequencies arising in the previous results can be explained by a funda­

mental concept: the added mass due to the inertia forces that act on the accelerating 

body and add inertial resistance to its motion. In an inviscid flow the fluid particles 

pushed aside by the body’s motion do not return to their original position: this per­

manently displaced fluid mass represents the added mass Am  and depends on the 

geometry only for this type of flow (Sarpkaya (2004)). The corresponding coefficient 

is given by:

Ca =
Am
~pV

(2.17)

where p is the fluid density and V  the volume of the body. For a unit length 

of circular cylinder, Ca =  Am/^npD2 where D is the cross-sectional diameter. 

However, as Sarpkaya (2004) stated, “in unsteady [viscous] flows neither the drag is 

equal to its steady state value nor is the added mass equal to its inviscid flow value; 

both are affected by viscosity and acceleration” . In water the added mass coefficient 

reaches very small values and can also become negative (Vikestad et al. (2000)): 

this explains the initial findings in Bishop & Hassan (1964) that the transverse force
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necessary to vibrate a cylinder to a certain amplitude is greater than that induced by 

vortex shedding. The fluctuations of Ca lead also to a variation of the synchronised 

frequency that characterises the lock-in region: by eliminating these fluctuations, it 

is possible to simulate free vibration by sinusoidal forced oscillations. Therefore the 

virtual mass of a moving cylinder immersed in a fluid is made by the real mass of 

the body plus the contribution due to the added mass: the natural frequency of the 

combined fluid and structural system, fcom, is then different from the cylinder’s in 

vacuo natural frequency, /„ ,  and is given by:

-Mira)* (218)
Therefore, positive values of Ca will make the body vibrate below its natural fre­

quency, i.e. fcom < f n at lock-in, and conversely negative values of Ca will lead to 

lock-in at a frequency above the body’s natural one, i.e. foam > fn. The added mass 

coefficient in freely vibrating cylinders is the cycle-averaged value of the fluid masses 

transported during the periods of acceleration (motion toward the mean position) 

and deceleration (motion toward the maximum amplitude). If Ca <  0, the mass 

drifted during the deceleration periods is larger than the mass displaced during the 

acceleration periods. This parameter is clearly dependent on the near wake topol­

ogy and varies according to the vortex shedding and to the forces generated in this 

process.

The concept of added mass can also explain why the range of reduced velocity 

where lock-in occurs is much wider for low mass ratios. Since the fluid added mass 

influences also the natural frequency of the body and hence the reduced velocity, one 

needs to fix the definition o f natural frequency, i.e. using the value in still water; if the 

reduced velocity is defined using a constant / „ ,  the added mass coefficient decreases 

monotonically with Vr and its reduction leads to an increase o f the true natural 

frequency of the body, which is not fixed and is proportional to Vr. Consequently, in 

low mass cylinders, the lock-in regime occurs over a wider range o f reduced velocity; 

this is not particularly evident for high mass ratio cylinders, which are clearly less 

influenced by the added mass effect: in these cases a relevant increase o f the true 

natural frequency with decreasing Ca results in a much narrower lock-in range. As
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noted in Vikestad et al. (2000), “if reduced velocity were defined in terms of the 

true natural frequency, then cylinders with different mass ratios would appear to 

have similar width of the lock-in regions” . Further, if the added mass coefficient 

has a large negative value and the mass ratio is small, during the excitation phase 

(positive energy transfer from the fluid to the body) the amplitude of oscillation 

will be higher than that of high mass ratio cylinders: Khalak & Williamson (1999) 

showed that the data for a set of response amplitude plots over a wide range of 

mass ratios collapsed onto one curve when the true natural frequency was used to 

normalise the velocity.

2.3.5 M odes o f  shedding

2.3.5.1 Fundamental modes: 2S, 2P, P-fS

Williamson & Roshko (1988) studied the wake of a circular cylinder forced to move 

along a sinusoidal path in the range 300 < Re < 1000. Their aim was to identify 

the main features o f vortex formation throughout the lock-in region: by varying the 

imposed amplitude of oscillation and the excitation frequency (through variations 

of the wavelength A /D  =  Uoo/feD), they compiled a map in the parameter plane 

(A /D , A/D) and identified different shedding regimes.

They observed three principal types o f vortex patterns, which characterised dif­

ferent regions of the map illustrated in figure 2.13. In the 2S mode the wake topology 

is the typical Von Karman street, with two oppositely signed single vortices shed per 

cycle; the 2P mode is associated with the shedding of two pairs of vortices per cycle, 

while the P+S mode is a combination o f the two previous regimes and consists o f 

an asymmetric shedding mode in which a single vortex and a pair o f vortices are 

formed per cycle. In the dashed region of figure 2.13 the vortices coalesce in the 

near wake, forming larger scale structures. Williamson & Roshko (1988) found that 

in the 2P region the out-of-phase component o f the lift was small and the phase 

angle was close to ir. Approaching the critical curve, i.e. along a line o f constant 

amplitude, the out-of-phase component o f the lift started to  increase, as a result 

o f the energy transfer from the fluid to the cylinder, until a muyimnm value was
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Figure 2.13: Map of vortex patterns for a circular cylinder forced to oscillate 
sinusoidally in the range 300 < Re <  1000; three different 
modes of shedding are identified, namely 2S, 2P and P+S, and 
the corresponding wake topologies are sketched (Williamson &; 
Roshko (1988)).

reached on the critical curve. Simultaneously the phase angle decreased and the 

added mass coefficient achieved its minimum, corresponding to the minimum value 

of the virtual mass of the body. On the critical curve, the 2P mode switched to a 

2S form of shedding: the authors found that this rather abrupt change was accom­

panied by a sudden jump in the phase angle and in the lift coefficient, in agreement 

with the earlier observations of Bishop & Hassan (1964). There is evidence that the 

2S shedding mode can lead to a more organised and correlated wake structure: this 

is consistent with the increase in the lift force observed by Williamson & Roshko 

(1988) and emphasises the fact that a 2S type of shedding leads to the most se­

vere condition of fluid dynamic loading and therefore should be avoided in practical 

applications.
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Figure 2.14: 2T shedding mode for X Y  motion with m* =  2.6, Re =  5300,
Ay =  1.33 and (U*/f*)S =  1.48 (from Jauvtis & Williamson 
(2004b)).

2.3.5.2 Other types of shedding modes: XY-motion and pivoted cylin­

ders

Interestingly, Jauvtis & Williamson (2004b,a) discovered a third mode of shedding, 

consisting of three vortices shed per half cycle of transverse body motion and thus 

named “2T” . The triplet resembles the 2P mode with the addition of a third vortex 

formed when the cylinder is close to the extremities of its transverse motion (see 

figure 2.14). This type of shedding occurs only when a cylinder is allowed to vibrate 

in both the transverse and the in-line direction and exhibits a remarkably high 

amplitude of response (Ay/D =  1.5); it is associated with a super-upper branch 

where vibrations axe markedly stable and periodic. The 2T mode exists only for 

bodies with m* < 6, the so-called “light bodies” , as for higher mass ratios the 

freedom to oscillate in-line with the flow does not affect the transverse vibration 

dynamics. Therefore for m* > 6 the vortex shedding analysis based on y—direction 

motion remains of strong relevance also in the case of two degrees of freedom.

The same experiment but with the cylinder pivoted at one side yields the ap­

pearance of a different mode, named “2C” and characterised by two couples of
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Figure 2.15: Three-dimensional map of shedding modes for a pivoted cylin­
der in X Y —motion overlaid on the Williamson-Roshko map 
(Flemming k. Williamson (2005)).

co-rotating vortices shed per motion cycle (Flemming & Williamson (2005)). Like 

in the previous case, for sufficiently low inertial-damping products, the principal dy­

namics of the pivoted body are transverse to the flow and three response branches 

are observed. In the case of sufficiently light bodies, the upper branch is associated 

with significant streamwise motion and a remarkable departure from the original 

Williamson k  Roshko (1988) map of shedding modes is found. A three-dimensional 

extension of the Williamson & Roshko (1988) plot, which includes the effect of the 

in-line motion on the cylinder response, is shown in figure 2.15: two of the response 

branches that cross over each other exist in different parameter spaces, depending 

on the amplitude of in-line vibrations.

In the case of limited streamwise motion and for tip amplitudes below the 2S- 

2P threshold in figure 2.15, a 2S mode is observed in the initial branch, while the 

lower branch shows a 2P mode of shedding; both compare favorably with the modes 

found for a cylinder in uniform amplitude transverse vibration. However, when the 

tip amplitude lies in the 2P mode regime for the initial branch the shedding mode 

depends on the spanwise location: a 2P mode is found close to the tip, while the pivot 

region sheds vortices in a 2S mode, giving rise to the 2S-2P hybrid mode illustrated 

in figure 2.16 (left). This change involves the occurrence of vortex splitting: however,
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Figure 2.16: Pivoted cylinder in X Y —motion (Flemming & Williamson 
(2005)): 2S-2P hybrid mode of shedding at low amplitude of 
streamwise motion (left) and 2C mode of shedding at high am­
plitudes of streamwise motion (right).

unlike the vortex dislocations observed by Williamson (1992), which occur at a beat 

frequency, this vortex splitting is locked to the frequency of oscillation of the cylinder. 

A similar hybrid mode of shedding was also observed by Techet et al. (1998) past a 

tapered cylinder, which spanned the 2S and 2P regimes in the Williamson & Roshko 

(1988) map, and by Lucor & Karniadakis (2004) in the case of straight cylinder forced 

to transversely vibrate under sheared inflow. In the latter case, a vortex split was 

found to connect 2S and 2P vortical patterns, giving rise to a periodic and repeatable 

hybrid mode. When the streamwise vibration is higher, a new 2C mode, consisting 

of two co-rotating vortices per half cycle, is observed: this mode is associated with 

larger amplitude of transverse vibration and the presence of vortex dislocations and 

vortex merging in the wake (see figure 2.16 (right)).

A different type of vortex pairing was observed by Ryan et al. (2007) past a 

tethered body at low Reynolds number: this pairing was associated with the action
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Figure 2.17: Vorticity field for a tethered cylinder at the top of the oscil­
lation cycle at Re =  200. A tether angle of 44° gives rise 
to a vortex-pairing wake with non-zero mean lift (Ryan et al. 
(2007)).

of the tethered cylinder oscillating at an angle to the flow and produced a non-zero 

(negative) mean lift coefficient. The resulting wake structure is shown in figure 

2.17. Ryan et al. (2007) related the vortex pairing to the delay of the shedding of 

the negative vortex from the lower shear layer and to the production of a jet flow 

between the two cores that formed the pair.

2.3.6 Forced and free oscillations

Feng’s (1968) experiment shows that the prediction of the forces acting on a body in 

free vibration is extremely difficult: the structure responds very rapidly to changes 

in the reduced velocity and the resulting shedding depends on a significant number 

of independent parameters. The relationship between virtual mass, forces and body 

acceleration is non-linear and not yet fully understood. Therefore, a useful approach 

to understand and eventually predict such a complex problem is represented by 

forced vibrations simulations, in which the amplitude and the frequency of motion 

can be varied independently. However, even if this allows a close control of the input 

parameters in the simulation and the conditions of simulation, the range of imposed
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amplitudes and frequencies (or reduced velocities) that can be relevant to a free 

vibrations problem is very limited.

As Sarpkaya (2004) noted, “the imposed amplitude and frequency drive the 

forced oscillations, whereas the free oscillations are driven by the past and the pre­

vailing state of the motion and the forces arising from it” . This is a fundamental 

difference between the two approaches and highlights the limitations of forced oscil­

lation simulations: in this case, the vortex-induced vibration is controlled externally 

and forced to occur at the imposed excitation frequency, amplitude and Reynolds 

number. In self-excited vibration, the motion is driven internally by the wake and 

occurs at an average frequency which is the final outcome of the complex, non-linear, 

wake evolution and is strongly dependent on the Reynolds number. Although forced 

oscillation experiments represent an idealisation of most features of VIV problems, 

the investigations conducted so far show encouraging agreement with data from free 

oscillations tests.

The results obtained by Williamson & Roshko (1988) with forced oscillations 

found confirmation in several studies on freely vibrating cylinders. Govardhan & 

Williamson (2000) demonstrated that the initial and lower branches correspond 

respectively to a 2S and 2P mode. The upper branch exhibited a weak form of 2P 

mode, as the strength of second vortex in each pair appeared to be much lower than 

the one in the classical 2P regime.

However, numerical computations were not able to reproduce the 2P mode of 

shedding, probably due to the limitations on the Reynolds number dictated by the 

computational cost. In their two-dimensional numerical simulations, Meneghini & 

Bearman (1995) established the lock-in boundary for vortex shedding of a cylinder 

forced to oscillate in the transverse direction at Re =  200. For small amplitude 

of oscillation, i.e. A/D <  0.6, they identified a 2S shedding mode and labelled 

this kind of synchronisation “primary lock-in” . As the amplitude was increased to 

higher values, the wake presented a P+S mode of shedding, but no evidence o f the 

2P mode was found for frequencies close to the shedding frequency. Similarly, the 

results obtained by Blackburn & Henderson (1999) at Re =  500 could successfully 

reproduce only 2S and P+S modes.
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One of the first numerical simulations of the 2P mode in the lower branch 

was performed by Blackburn et al. (2000), who found this mode associated with 

a double-peaked form in the time-series of the lift coefficient. By comparison 

with two-dimensional calculations, Blackburn et al. (2000) demonstrated that three- 

dimensional computations are required to reproduce the response envelope observed 

experimentally: two-dimensional simulations in absence of a turbulence model are 

inadequate to predict the full nature of the vortex shedding mechanics, even at 

relatively low Reynolds numbers.

Carberry et al. (2004) performed an interesting and encouraging comparison 

between forced and free vibrations of a circular cylinder, in the attempt to establish 

the capability of imposed motion tests to replicate the features of vortex-induced 

vibrations cases. They confirmed the findings from a previous paper, Carberry et al. 

(2001): if the cylinder is forced to oscillate at relatively low amplitudes two different 

wake states are observed (low and high frequency) and the transition between these 

two regimes corresponds to a jump in the amplitude and to a phase shift of the order 

of 7r in the total and vortex lift forces. This resulted in an alteration in both the 

near wake topology and the timing of vortex shedding, providing evidence that the 

mode change and the phase shift are intrinsically linked: the low-frequency state 

exhibited a 2P shedding mode, while the high-frequency state presented a 2S mode, 

consistent with the plot obtained by Williamson & Roshko (1988) (figure Williamson 

& Roshko (1988)). C arbary et al. (2004) compared the forced vibrations test at 

Re =  2300 of her previous study with free oscillations at 3000 < Re < 3700 and 

established a relation between the forced low-frequency state and the lower branch 

at high mass-damping; similarly, the high-frequency state corresponded to the initial 

branch. A transition between initial and lower branches involves a jump in the lift 

phase of similar magnitude to the jump observed in the transition from low- to high- 

frequency states described above. The free response branches at low mass-damping 

highlighted a clear shift in the vortex phase in the passage from the upper to the 

initial branch, corresponding to the change from 2P to 2S, whereas the jump in 

the total lift phase occurs between the lower and upper branches. The latter does 

not involve a significant change in the vortex shedding phase but can be related
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to the weakening of the 2P mode in the upper branch observed by Williamson & 

Roshko (1988). When the amplitude of the forced oscillations was increased to 

A/D =  0.5 — 0.6, a third wake state appeared. Although the general mode for this 

intermediate state was found to be 2S, like in the high-frequency case, the phase of 

vortex shedding was markedly different between the two states ana the wake much 

wider. This indicates that the forced oscillation tests are capable of simulating many 

of the important features of flow-induced motion, such as the variation in the phase 

of vortex shedding and in the total lift. Obviously the phase values for the forced 

oscillations cases can lie outside of the positive energy region, that is 0 < <i> > n, as 

in this case the sign of the energy is not constrained like in free vibrations. Values 

of the phase angle in the range [—n, 0] are not possible in free vibration: the energy 

transfer must be from the fluid to the structure to overcome the dissipations due to 

the mechanical damping and therefore some of the simulations in forced oscillations 

cannot be used for predictions of flow-induced cases.

Newman & Karniadakis (1996) also performed numerical simulations of a flex­

ible cable in free and forced vibration at Re =  100,200 and 300. They observed 

relatively similar responses in terms of energy transfer, force distribution and wake 

structures only at Re =  100, corresponding to a standing wave response: the dif­

ferences increased at higher Reynolds number, at which a travelling wave response 

occurred in the case of flow-induced vibration, with the breakdown of time-periodic 

cable dynamics. To explain this discrepancy, the authors suggested that transition 

in the near wake might occur at lower Reynolds numbers in the case of flow-induced 

vibration, whereas forced vibration appears to delay the transition.

The same authors further studied the flow-induced vibration of a flexible pipe at 

Re — 100 and 200 (Newman & Karniadakis (1997)). They found that the lock-in 

response can have the form o f a standing wave or travelling wave, although the trav­

elling wave tended to prevail for longer times: this type o f response was associated 

with oblique vortex shedding, while the standing wave response generated an inter­

woven pattern o f vorticity with symmetric vortex shedding occurring at the nodes of 

the standing waves. The results showed that towards the nodes o f the transversely 

vibrating cable the fluid acted to excite the pipe’s vibration, whereas towards the
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Figure 2.18: Time averaged value of the standing wave response energy E 
versus the spanwise coordinate z at Re =  100 (Newman & 
Karniadakis (1997)).

anti-nodes the fluid provided hydrodynamic damping (see figure 2.18).

Therefore, two regions of damping and one region of excitation were observed 

over each half wavelength of cable oscillation.

2.3.7 Phase and timing of vortex shedding

The experiments conducted by Feng (1968); Khalak & Williamson (1999) show that 

during lock-in the wake dynamic past a bluff body in VIV can change very quickly 

with reduced velocity variations. In particular, as Vr is increased, an abrupt jump 

in the phase between lift force and displacement occurs. This change in phase 

of about 7r is associated with the variation of the vortex shedding timing, as has 

been pointed out by many authors, Zdravkovich (1982); Gu et al. (1994); Lu & 

Dalton (1996) among the others; more recent studies have also shown that the switch 

occurs gradually over several cycles of cylinder oscillations (see Krishnamoorthy et al. 

(2001)).

Zdravkovich (1982) found that two different modes of vortex shedding occur during
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Figure 2.19: Instantaneous streamlines (left) and vorticity contours (right) 
for A/D =  0.4, Re =  1000 and various frequencies of excita­
tion; the dashed lines represent positive vorticity, the solid line 
negative values. In all frames the cylinder is at its extreme 
upper position (Lu k  Dalton (1996)).

the lock-in range. In the first part of the synchronisation regime, the vortex is shed 

from one side of the cylinder when the body reaches its maximum displacement 

on the opposite side; when the system reaches the maximum amplitude (i.e. the 

reduced velocity is close to the resonance value) the phase jump occurs and the 

cylinder starts to shed vortices when it is at its maximum displacement on the same 

side.

Zdravkovch’s results were based mainly on the observation of freely vibrating 

cylinders. Ongoren k  Rockwell (1988) conducted numerous tests on cylinders with 

different cross-section shape forced to oscillate in the transverse direction. By vary­

ing the excitation frequency and the Reynolds number, Ongoren k  Rockwell (1988) 

found two basic forms of synchronisation. In the subharmonic synchronisation, 

which occurred when the excitation frequency was equal to half of the natural shed­
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ding frequency of the stationary body, the vortex shedding appeared phase-locked 

such that it was alternatively in-phase and out-of-phase with the cylinder’s motion. 

In this regime the initial vortex always formed on the same side of the body, re­

gardless of whether it reached the maximum displacement on this side or on the 

opposite one. If the two frequencies merged a classic type of synchronisation oc­

curred, involving alternating shedding from the side of the body corresponding to 

its maximum displacement. This complex mechanism highlights that there is not 

only one admissible phase relation between cylinder’s displacement and vortex shed­

ding that gives phase locking. However, in the experiment conducted by Ongoren 

& Rockwell (1988), both types of synchronisation gave rise to the same shedding 

mode, as Kdrman wakes occurred on both sides of the phase switch; conversely, 

Williamson & Roshko (1988) associated the phase change with the jump from a 2S 

mode of shedding to a 2P one. Furthermore, the drastic changes in the phase of 

shedding were found to be strongly dependent upon the shape of the cross-section, 

but in all the cases analysed the necessary condition for the phase switch was the 

attainment of a minimum formation length.

To answer the question of which physical mechanisms determines the change of 

phase, Gu et al. (1994) used particle imaging to investigate the timing of vortex 

formation in cylinders with circular cross-section; Lu & Dalton (1996) examined 

computationally the same phenomenon and reached similar conclusions. Their re­

sults are illustrated in figure 2.19, which highlights the contraction of the formation 

length and the change in timing. These studies confirm Zdravkovich’s initial obser­

vation: as the frequency of excitation over the Strouhal frequency ( /e/ / 0 in their 

notation) increases, the concentration o f vorticity moves closer to the body until it 

reaches a limiting position, where it suddenly switches to the opposite side o f the 

cylinder. The contraction of the formation region prior to the phase switch is due to 

interaction of the shear layer with a region o f base vorticity, generated by the motion 

of the cylinder: the sign of this vorticity always opposes the sign o f the shear layer 

towards which it advects. Therefore, it diminishes the supply o f vorticity available 

for roll-up and weakens the forming vortex. As the frequency o f excitation grows, 

the vortex on the other side becomes dominant until the phase switch occurs.
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This mechanism is not substantially altered at higher Reynolds numbers (i.e. in 

the shear layer transition regime) where the base pressure and the formation length 

are markedly different. Gu et al. (1994) showed that the switching phenomenon was 

not modified by the presence of small-scale Kelvin-Helmoltz vortices, even though 

they observed a dependence on the excitation frequency: the value of f e/f0 at which 

the switching occurred was found to decrease with increasing Reynolds numbers. 

These results are supported by the numerical calculations of Lu & Dalton (1996), 

who showed that the growth of the amplitude of oscillation had the same effect: a 

reduction in the value of / e/ f 0 at which switching occurred.

Blackburn & Henderson (1999) performed numerical simulations of the forced 

oscillation of a two-dimensional cylinder at Re =  500; they suggested that the 

change of phase is due to a competition between two different mechanisms o f vorticity 

production. The pressure gradient associated with the roll up of the main shear layer 

induces a basal concentration of vorticity bearing opposite sign, which weakens the 

growing vortex as described above (Lu & Dalton (1996)). However also the surface 

acceleration generates vorticity in the basal region, opposing the pressure gradient 

vorticity production. These two mechanisms compete to govern the vortex shedding 

and are supposed to be responsible for the switch in phase of the forces. At lower 

excitation frequencies the effect o f the pressure gradient is dominant and the shear 

layers roll up first on the side of the wake towards which the cylinder is moving. 

Conversely, at higher frequencies the motion induced vorticity takes control o f the 

vortex formation and induces an earlier rolling up of the shear layer on the opposite 

side, overriding the effect of the pressure gradient. Blackburn & Henderson (1999) 

also demonstrated that the phase switch is associated with a change in sign of the 

mechanical energy transferred between the cylinder and the flow.
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2.4 Yawed cylinders and the Independence Prin­

ciple

The need to understand and predict the wake dynamics in real applications has 

directed many investigations towards more complex geometries and flow profiles. 

This section presents a brief overview of the fundamental findings on the effect 

of oblique cylinders and sheared currents on the vortex shedding process. These 

results can be discussed in the light o f the “Independence Principle” (or “Cosine 

Law” ). The basic idea stems from the observation that, for moderate values of shear 

and yaw angle, the near wake region is dominated by vortex structures parallel to 

the cylinder and the flow field appears to be independent of the axial flow: the 

Independence Principle asserts that the forces and the vortex shedding frequency 

of a yawed cylinder (or o f a straight cylinder in a sheared inflow) are the same of 

those past a cylinder with no yaw, provided that only the component o f the onset 

flow normal to the body’s axis, Un — cos0, is considered. The component of the 

flow tangential to the cylinder can therefore be neglected in the force computations: 

however, if the oblique angle is too large, the axial wake convection cannot be ignored 

and the Independence Principle is not valid anymore.

In their experiments on a transversely vibrating yawed cylinder at 8 x 103 <  

Re <  2 x 104, Nakagawa et al. (1998) found a critical value of 9 =  45° for the 

inclination angle. As noticed by Marshall (2003) using a quasi-two-dimensional flow 

approximation, the process that leads to the destabilisation of the vortex street for 

large yaw angles, and therefore to the breakdown of the Independence Principle, 

is based on two mechanisms: the Kelvin-Helmoltz-type instability o f the cross-flow 

vorticity component and the presence of axial velocity deficit within the vortex 

cores, which results in the instability of the Karman vortices. Marshall (2003) 

provided an estimate value of 61° for the critical angle based on this latter mechanism 

at Re =  300: however, being the vortex axial velocity deficit proportional to the 

Reynolds number, the critical angle for this instability to develop is expected to  be 

smaller at higher Reynolds numbers.

Ramberg (1983) performed several experiments on cylinders with yaw angles
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between 0° and 60° in the Reynolds number range 150— 1000. The results appeared 

very sensitive to end conditions, especially at low Reynolds numbers. When the end 

effects could be discarded, oblique shedding at angles smaller than the yaw value 

appeared to be an intrinsic feature of stationary yawed cylinders: in this case, the 

shedding frequency predicted by Independence Principle was lower than the real 

one, while the expected shedding angle, the wake width, the formation length and 

the base pressure were greater than the measured ones. However, when the cylinder 

was forced to oscillate, parallel shedding was observed and the locked-in wake states 

were correctly described by the Independence Principle, restricting the critical yaw 

angle in this Reynolds number range to values larger than 60°.

The experimental results o f Ramberg (1983) for a fixed cylinder were confirmed 

by the numerical simulations of Lucor & Kamiadakis (2003) at Re =  1000. Their 

freely oscillating yawed cylinder simulations with 0 =  -7 0 ° and —60° showed that 

Ramberg’s result in forced vibration could be extended to free vibration cases. For 

6 =  —70° the flow structures appeared more contorted than in the stationary case 

and exhibited strong stream wise vortices winding up in helical paths around the 

spanwise vortices, as shown in figure 2.20. In disagreement with the Independence 

Principle, the free-stream flow direction was found to have a strong influence on the 

distorted cores at this large angle of attack.

2.5 Uniform bluff bodies under shear flow

Griffin (1985) summarised the key-findings from experiments performed on cylinders 

of various cross-section shape (i.e. circular, rectangular and D-section) under shear 

flows. To identify the different levels o f shear in the flow profile, a general “steepness 

or shear parameter” , /?, was defined as:

D <&
T Q d s (2.19)

where D  is the cylinder diameter, VTej  the midspan incident velocity and ^  the 

velocity gradient. In highly turbulent inflows, a large shear parameter was found to 

decrease the critical Reynolds number for the drag crisis by a factor o f 10, compared
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Figure 2.20: Freely oscillating yawed cylinder with 6 =  —70° at lock-in 
(Re =  1000). Pressure isocontours at —0.025 (Lucor & Karni- 
adakis (2003)).

to the uniform flow conditions. The number of cells and the base pressure and drag 

variation along the cylinder span were related to the different aspect ratios and end 

conditions. In the case of short aspect ratios, cellular vortex shedding patterns were 

observed in the wake of a cylinder even with small values of f3\ whether this occurs 

also in the case of large aspect ratios is still a controversial point. This observation 

was confirmed by several investigations: on the experimental side, Maull & Young 

(1973) reported the presence of spanwise cells in the wake of bluff bodies in shear 

flows and associated the division between these cells to changes in slope of the 

base pressure coefficient and to the occurrence of longitudinal vortices at the cells 

boundaries.

Mukhopadhyay et al. (1999a) and Mukhopadhyay et al. (1999b) performed three- 

dimensional numerical simulations of a sheared flow past circular cylinders of aspect 

ratio L/D =  24 and 48 at Re =  131.5. Several cells with spanwise length between 

three and seven diameters, as well as vortex dislocations, were identified in the 

wake. The Strouhal number based on the local velocity was found to be constant in 

each cell, whereas the Strouhal number based on the mean velocity varied linearly 

along the span, with discontinuities at the cells boundaries. Mukhopadhyay et al. 

(1999b) also observed changes in the slope of the base pressure coefficient at the cell
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boundaries, in agreement with Maull & Young (1973). When the aspect ratio was 

increased to 48, multiple dislocations appeared along the span and the frequencies 

of the cells were found to be lower than in the case with L(D — 24.

Willden & Graham (2001) performed quasi-three-dimensional numerical simula­

tions of a long cylinder with aspect ratio o f 100 exposed to a sheared flow whose 

Reynolds numbers ranged between 100 (at the bottom  of the sheared inflow) and 

200 (at the top). Despite the sheared inflow, significant spanwise correlation was 

observed over a large portion of the body; cellular shedding was found in the wake 

in agreement with previous experimental and numerical observations.

Newman & Karniadakis (1997) also performed numerical simulations at Re =  100 

and 200 o f different types of inflow past a freely vibrating cable: a mixed standing 

wave/travelling wave cable response and chevron-like patterns with vortex disloca­

tions in the wake were observed as a direct consequence of the sheared inflow profile.

Vandiver et al. (1997) studied the occurrence o f lock-in in realistic Reynolds num­

bers ranges: their experiments showed that non lock-in response behaviour could be 

found when the shear in the flow was high. Different spanwise shedding frequencies 

were found to be responsible for the disruption of the vortex shedding patterns and 

led to a multi-modal vibration response where the degree o f shear determined the 

number of modes that were excited.

Lucor et al. (2001) presented DNS results o f VIV of flexible cylinder with large 

aspect ratio subject to linear and exponential sheared flows. The linear shear led to 

a standing wave pattern for the structure response where only a low mode (mode 3) 

was excited; the exponential shear produced a multi-mode response with modes as 

high as 12 and 14 participating and a mixed standing-travelling wave pattern. In the 

linear inflow case, cells o f constant shedding frequency were obtained; their length 

appeared to be greater than the one measured for stationary cylinders. Further, 

the nodes were not exactly located at the boundary between the cells and moved in 

time, with a slight shift to the side o f the low inflow in the sheared profile. Vortex 

dislocations were also observed: their presence was strictly related to low frequency 

modulation o f the forces on the body.

The idea that for a straight constant diameter pipe a sheared onset flow profile
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is required to excite simultaneously different modes was discussed by Willden & 

Graham (2004), who performed two-dimensional simulations using a strip theory 

CFD model at a realistic Reynolds number: multi-modal VIV was observed past 

a straight uniform cylinder subject to a uniform current profile and all the excited 

modes were found to vibrate at the same excitation frequency (corresponding to the 

Strouhal frequency). At low mass ratio the flow was dominant over the structure 

and controlled the response frequency.

2.6 Bluff bodies with spanwise geometric varia­

tions

2.6.1 Tapered cylinders

Vortex shedding past tapered cylinders has similar features to the wake dynamics of 

uniform bluff bodies in shear flows. The experiments performed by Gaster (1969) on 

cones with taper ratio of 36:1 and 18:1 highlighted some of the fundamental char­

acteristics o f the tapered cylinder shedding: low frequency modulation was found 

along the whole length of the body and the shedding frequency at a specific posi­

tion appeared to be a function of the local diameter. The resulting vortex shedding 

occurred in cells with different frequencies.

The presence o f discrete shedding cells, each with a constant frequency, as well 

as constant spanwise modulation frequencies, was also observed by Picdrillo & 

Van Atta (1993), who conducted experiments in the laminar vortex shedding regime 

(for a non-tapered cylinder) on four cylinders with taper ratios varying from 50:1 

to 100:1. Vortex shedding was found to begin at a local Reynolds number o f 60. 

The number o f cells were a linear function of the cylinder’s aspect ratio and scaled 

inversely with the taper ratio. Vortex splits and dislocations were also observed in 

the wake, as a result of a secondary instability that led to a kink in the shed vortex 

lines. This process was directed towards the small-diameter end o f the cylinder, 

suggesting the presence o f a pressure gradient along the span.

Techet et al. (1998) studied the vortex shedding past a linearly tapered cylinder
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Figure 2.21: 2S-2P hybrid mode of shedding past a tapered cylinder in 
streamwise motion (Techet et al. (1998)).

with taper ratio 4:1 and Reynolds numbers in the range 400 — 1500. They discovered 

a 2S-2P hybrid mode with the 2S and 2P modes occurring at different spanwise 

locations along the span of the tapered cylinder (2S at the larger diameter and 2P 

at the smaller diameter). Figure 2.21 shows a sketch of the subsequent vortex split 

and can be compared to the hybrid mode found by Flemming & Williamson (2005) 

and illustrated in figure 2.16 (right). This study showed excellent correlation with 

the map of modes presented by Williamson &; Roshko (1988).

More recently Balasubramanian et al. (2001) performed experiments on VIV past 

a pivoted tapered cylinder in uniform and shear flow. One of the main effects of 

the shear in the flow was to increase the width of the lock-in region, which was 

proportional to the degree of non-uniformity in the flow (ratio of the frequencies at 

the pivoted and free end). However, the structural response amplitudes were still 

governed by the structural properties (i.e. reduced damping of the structure and 

diameter of free end); in particular, the maximum amplitude of oscillation occurred 

when the cylinder was pivoted at the small diameter. The behaviour of the tapered 

cylinder in uniform flow was found to be similar to the one of the uniform cylinder 

in sheared flow, with vorticity normal to the plane of the flow. The wake topology 

of tapered cylinders in sheared flow was found to depend on the relative orientation
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taper/shear and subsequently on the interaction between the vorticity normal to the 

flow plane (generated by the shear) and the vorticity stemming from the geometrical 

three-dimensionality (introduced by the taper). In the case where the shear opposed 

the taper direction, a partial cancellation o f the variation in the shedding frequency 

was observed, while a large spanwise variation of shedding frequency occurred in the 

configuration where the shear had the same orientation of the taper.

2.6.2 W avy cylinders

If the external flow dynamics past straight cylinders has been broadly studied, the 

vortex shedding in the wake of wavy geometries has received limited attention in 

literature and curved cylinders even less. The most interesting effect of introducing 

a wavy trailing edge is a consistent drag reduction that has been achieved in many 

numerical simulations and experiments.

Bearman & Tombazis (1997) studied the uniform flow past a model with half­

elliptical nose and a blunt trailing edge in the form o f a sinusoidal wave. They 

measured the spanwise distribution o f the mean base pressure and the Strouhal 

number. From the pressure measurements in model with different waviness, it was 

evident that steeper waves were associated with the greater drag reductions. They 

observed a significant difference between the value of the base pressure at a valley 

and at a peak, with the latter exhibiting a higher (less negative) Cj* and a larger 

drag reduction. Surprisingly, the vortex formation length was found to be longer at 

the valley, where the base pressure was lower. This was explained by considering 

“the fraction of the shed vorticity that survives vortex formation and arguing that 

mixing and cancellation must be greater at a valley” . The velocity spectra showed 

the presence o f two different shedding frequencies, the lower one dominant at the 

peak and the higher one at the valley. The authors postulated the presence of two 

cells in the spanwise region corresponding to a half-wavelength o f the trailing edge 

and associated each shedding frequency with a certain level o f base pressure, so that 

a dislocation could be identified by a jump in base pressure.

Similarly, Bearman & Owen (1998) studied the effect o f wavy separation lines on 

the flow around a common bluff body alt Re** 40000. They found that the waviness
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fixed the dislocation positions and led to a drag reduction of at least 30% compared 

to the equivalent straight body; vortex shedding suppression was achieved for values 

of wave steepness (defined as the ratio between the peak-to-peak wave height and 

the wavelength) in excess of 0.06 — 0.09.

Lam et al. (2004) studied a similar wavy geometry. Their spectral analysis of 

hot wire and load cell signals showed that only one predominant shedding frequency 

took place at every spanwise location: the Strouhal number in all the wavy cylinders 

tested was equal to the value for a straight body. The authors suggested that the 

“the re-organization of the wake structure due to the surface geometry variation 

may be the main reason for the drag and lift reduction” , which is thus independent 

of the shedding behaviour.

Lam et al. (2004) performed Digital Particle Image Velocimetry on a circular 

cylinder where the waviness was applied to the whole surface and not only to the 

trailing edge; in the Reynolds number range from 3000 to 9000, they achieved a 

longer averaged formation length compared to the straight cylinder case and a con­

sistent drag reduction, as the geometrical disturbance resulted in the vortex rolling 

up with a weaker strength at a further downstream position. In addition to this, the 

formation region was found to be longer behind a saddle point (corresponding to a 

valley in Bearman & Tombazis (1997) terminology), which exhibited also a wider 

wake: the authors observed a deceleration o f the flow in the saddle plane, leading 

to an earlier vortex separation. This reverse flow speed within the vortex formar 

tion region is also responsible for the hook-like structure o f the vortidty. Overall, 

the effect o f the wavy geometry is to distort a two-dimensional vortex rolling into a 

three-dimensional process, by inducing a significant axial flow from the saddle to the 

nodal points: consequently the shear layers are stretched in the spanwise direction 

behind the saddle points and contracted behind the nodal points.

Numerical studies on wavy cylinders have been conducted by Darekar & Sherwin 

(2001b,a) for Reynolds numbers from 10 to 150. Unlike Bearman & Tombazis (1997), 

they considered a body with a wavy leading edge. Once again a sufficiently high 

wave steepness stabilised the near wake in a time-independent state. In particular, a 

moderate waviness corresponded to an anti-symmetric form o f shedding, similar to
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the straight cylinder with mild three-dimensionalities in the wake, which was named 

regime I. As the waviness was increased, three-dimensional structures appeared in 

the form of streamwise vorticity connecting adjacent spanwise vortices and the shear 

layers exhibited a large spanwise curvature: in this transitional regime, for non- 

dimensional wavelength below threshold value A /D  =  5.6, a time periodic state with 

a single dominant frequency was observed (regime II type A ). Above the threshold 

value, two distinct shedding frequencies appeared, with a beating phenomenon in 

which the wake topology alternated from a nearly two-dimensional state similar to 

regime I (associated with the higher frequency) to a highly three-dimensional one 

(associated with the lower frequency). This can explain the discrepancy between the 

results obtained by Bearman k  Tombazis (1997) and Lam et al. (2004), although the 

former studied a wavy-trailing-edge body and the latter a circular cylinder with an 

omni-directional waviness. A significant drop in the drag and lift forces was achieved 

as the waviness was further increased and the near wake became completely steady 

(regime III type A, for A /D  <  5.6). As for regime II, for A /D  > 5.6 a sub-regime B 

was observed with hairpin vortices shed periodically from the near base region.

The total suppression o f the vortex shedding could not be achieved by Bearman k  

Tombazis (1997) on a wavy-trailing-edge body, probably due to the fact that in this 

configuration the three-dimensional effects are introduced later than in the wavy- 

leading-edge one and the bodies are consequently less sensitive to  wave steepness. 

From a physical point of view the spanwise waviness o f the leading edge sets up an 

axial flow that is believed to lead to a redistribution of the vorticity by generating 

streamwise and vertical vorticity. These additional vorticity components are stronger 

in the region near the inflection points, where the velocity component axially aligned 

to the body reaches a maximum; this process weakens the spanwise vorticity, leading 

to the breakdown of the unsteady Harman vortex street into a steady and symmetric 

near wake structure. The observation that the wake is wide behind the geometrical 

minimum and narrow behind the maximum can be related to  the appearance of the 

streamwise vorticity, which is responsible for the sinusoidal displacement o f the near 

wake illustrated in figure 2.22, and to the change in the vortical velocity distribution 

within the shear layer. Behind a geometrical minimum the vertical velocity reaches
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Figure 2.22: Relation between the streamwise vorticity at the inflection

its maximum and contributes to push the shear layers apart, preventing them from 

interacting in the classical vortex street. This process is associated with an increase 

in the mean base pressure and with a total drag reduction, which reaches a maximum 

value of 16% for regime III type A  (compared with the straight cylinder results).

Numerous tests have been performed to suppress vortex shedding using passive 

control devices, such as strakes, bumps and wired cylinders. Strakes are particu­

larly effective in wind engineering and for high mass ratio bodies: they can suppress 

VIV by preventing the shedding from becoming correlated along the span, as the 

introduction of three-dimensionalities in the separating flow disrupts the vortex for­

mation mechanism in a similar fashion to that o f wavy cylinders. However, this 

is associated with an increase of the drag and hence o f the base bending moment, 

so that the structures need to be strengthened; in addition to this, in water these 

devices are not as successful as in air. Considering again (2.13) we note that the am­

plitude of oscillation depends on the inverse o f the mass-damping parameter, which 

is generally low for bodies vibrating in water. Therefore, even if strakes are able 

to reduce the transverse force coefficient (as proved also by DNS on wired cylinders 

performed by Sirisup et al. (2004)), they are less successful in suppressing VTV in

points and the wake width variation along the span (Darekar 
& Sherwin (2001b)).
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water compared to air, although the amplitude of oscillation is smaller than that of 

a bare pipe.

These findings are confirmed by the experiments conducted by Bearman & 

Brankovic (2004) on circular cylinder covered with strakes and bumps in a uniform 

free-stream: for a fixed straked body VIV could not be fully suppressed, although its 

amplitude was consistently reduced. However, if the cylinder was free to respond, a 

strong vortex shedding was generated and VIV built up. The response in this case 

was similar to the plain cylinder one and modes of shedding were close to 2S and 

2P, depending on the reduced velocity. Similar results were obtained using bumps 

instead of strakes.

Trim et al. (2005) performed a complete set o f experiments on two different types 

of triple -start helical strakes. One o f these configurations had a 5D  pitch/0.14£) 

height design, which is quite close to the model tested by Bearman & Brankovic 

(2004) (5D pitch/0.12D height); the other had a pitch of 17.5D and a height of 

0.25D. The authors conducted several tests to determine the degree o f VIV mitiga­

tion at different percentage of strake coverage over the length of the riser: in sheared 

currents both geometries were effective in suppressing VIV only if a coverage of more 

than 82% of the total length was used, while in uniform flow the 5D  pitch/0.14D 

height configuration was much less effective than the 17.52ty0.25D one. Further, 

in-line fatigue damage proved to be as severe as cross-flow fatigue damage.
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Chapter 3

Problem definition

This chapter describes the computational grid, boundary conditions and post­

processing tools used in the present numerical analysis o f flow past a curved body 

of circular cross-section. As described in section 3.1, the relative complexity of the 

geometry poses a challenge in terms o f grid generation, as the curvature o f the body 

requires a high number of elements and a hybrid mesh. Therefore a compromise so­

lution had to be achieved to perform efficiently the numerical simulations, as section

3.1.1 outlines.

Another challenge is represented by the imposition o f the boundary conditions 

for the different types of motion analysed, especially on the upper and inflow plane of 

the computational domain. Section 3.1.2 presents the mathematical formulation of 

the different boundary conditions and motivates the choices made in the simulations, 

which are to be discussed in more details in the result chapters.

Finally, section 3.2 concludes this chapter illustrating the post-processing tools 

used to analyse the data, with special focus on the A3 criterion for the visualisation 

on vortical structures.



Figure 3.1: Convex configuration (left) and concave configuration (right);
the arrows indicate the free-stream direction, whereas s/D is 
the non-dimensional arc-length.

3.1 Computational domain and geometrical mod­

els

Two different curved configurations have been studied: in both cases, the main 

component of the geometry is a “cylinder” of circular cross-section, whose centreline 

axis is prescribed by a quarter ring. The non-dimensional radius of curvature is 

defined as the ratio of the radius R of the curved axis of the deformed cylinder to its 

cross-section diameter, D. Most of the present computations have been performed 

using a non-dimensional radius of curvature R/D =  12.5. This value has been 

chosen very close to the limit curvature for flexible marine riser pipes used in the 

offshore industry and therefore the cases analysed represent a critical configuration 

from the point of view of the fluid dynamic loading on the structure.

In all the simulations, the plane of curvature of the body is aligned with the 

free-stream direction and the inflow velocity profile is uniform, with a Reynolds 

number Re =  of 100. As illustrated in figure 3.1, two different configurations 

can be identified depending on the orientation of the curved leading edge. In the 

“convex configuration” , the body is oriented such that the outer part of the ring 

is the stagnation face, whereas in the “concave configuration” the free-stream is 

applied on the inside of the quarter ring. In the “convex configuration” a horizontal 

straight extension of 10 diameters has also been added to the end of the curved part
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of the body, to allow a full development of the wake. A non-dimensional arc-length 

s/D is used to parametrise the geometries, with s/D =  0 and s/D =  19.6 denoting 

the top and the end of the quarter ring, respectively. In the convex configuration, 

the total body length is therefore s/D =  29.6, while the concave one (which consists 

of the quarter ring only) has a total non-dimensional length of 19.6.

In all the three-dimensional simulations the order of the polynomial expansion 

has been increased from P  =  4 to P  =  6, in order to save computational time and 

refine the solution only after the flow has reached a stabilised state. A first order 

time integration scheme was used in all the cases and the time step was chosen equal 

to 0.001: this allowed the CFL condition to remain bounded and below 0.6, ensuring 

the numerical stability.

3.1.1 M esh generation

The meshes utilised in all the three-dimensional computations have been accom­

plished by Felisa, a software developed by Peiro’ et al. (2004). The surface triangu­

lation and the generation of the 3D tetrahedral mesh are based on a variant o f the 

advancing front method, as described by Peraire et ai (1993); the boundary layer 

mesh on the body’s walls is achieved through a modified advancing layer method, 

whereby the nodes of the prismatic elements are generated along lines approximately 

normal to the surface. A more rigorous explanation of this method can be found in 

Peiro’ & Sayma (1995).

In the present studies, the mesh is generated over three sub-steps. First, the 

triangulation of the surface is accomplished, then a structured layer o f prisms is 

built with each prism orientated such that one o f the two triangular faces is attached 

to the body’s surface; finally the rest o f the computational domain is filled with an 

unstructured tetrahedral mesh. The surface triangulation stage and a detail o f the 

boundary layer mesh are illustrated in figure 3.2. The combination o f prisms in 

proximity o f the body and tetrahedra in the rest o f the domain allows a compromise 

between an improved resolution in the boundary layer region and the efficiency o f 

the space filing with tetrahedra.

Given the features o f the spectral/Zip element method a simultaneous refinement
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Figure 3.2: Surface triangulation (left) and detail of the three-dimensional 
grid showing the prismatic boundary layer mesh on the body’s 
surface (right).

of the solution could be achieved by increasing the polynomial order and refining the 

grid. In the present work, the mesh resolution has been kept fixed and the necessary 

refinement has been achieved by increasing the polynomial order: the meshes are 

based on the ones tested by Miliou (2004), which were proved to be free from blockage 

effects. However, given the motion of the body in the present simulations, a grid 

refinement in the near-wake region has been performed to correctly reproduce the 

wide Von Karman street observed in some cases.

The convex configuration mesh consists of 12688 elements in total, out of which 

1156 are prisms; in the concave geometry the total number of elements is 14874, wTith 

1574 prisms in the boundary layer. The number of local degrees of freedom in the 

case of a prism is given by , whereas for a tetrahedron it is (p+1)(p+2.K/)±jl )

where P  is the polynomial order. Therefore, at P =  6 the mesh for the convex ge­

ometry accounts for 1195264 local degrees of freedom per variable, whereas the mesh 

for the concave geometry has 1425704 local degrees of freedom per variable. These 

figures provide an estimate of the computational cost involved in each simulation. 

The computations have been carried out in parallel on 32 processors, using the com­

puting resources provided by the Imperial College High Performance Computing 

Service and by the Department of Aeronautics.

These data highlight the greater challenge of performing a parametric study using 

a fully three-dimensional approach; on the other side, as discussed in section 6.2, the 

two-dimensional codes currently available for VIV calculations rely on assumptions
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Figure 3.3: Two-dimensional mesh used in the VIVIC computations.

that discard some of the physical features of the curved geometries. However, the 

considerable reduction of computational effort allowed by strip theory models makes 

this approach attractive to industry research. The unstructured triangular grid 

obtained with Felisa for the two-dimensional simulations is shown in figure 3.3.

3.1.2 Boundary conditions

This section will provide a brief description of the boundary conditions utilised in 

the simulations. A summary of all the boundary conditions is given in table 3.1.

In both configurations, a velocity inlet boundary condition is specified on the 

inflow plane of the computational domain, as well as on all the side planes (with the 

exception of the top plane of intersection with the body). In the concave geometry, 

since the cylinder intersects the inflow plane, an exponential term has been added 

to the inflow to achieve exponential decay of the velocity inside the boundary layer. 

Therefore, the following no-slip conforming boundary condition is applied:

u(x, y, z) =  1 -  e-^(v'^+v2+(^+i2.5)2-o.5)) ^  z) =  0
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Description Mathematical formulation Computational Plane

Velocity u =  /( x ,  i ) V u  =  const., |£ =  0 Inflow and side planes

Symmetry »  =  o , g ;  =  i*  =  o , g ;  =  g  =  o , £  =  o Upper plane (z axis)

Outflow È  =  È - S  =  o, p  =  o Outflow plane

Wall

©II9II3II3 Body’s surface

Table 3.1: Overview of the different boundary condition imposed in the sim­
ulations.

where (3 =  50 is a constant determining the rate of decay inside the boundary layer, 

whose thickness Sgg is defined as the distance from the wall to the point at which 

the velocity reaches 99% of the free-stream value £/«>. Away from the body, the 

free-stream velocity is (/<» =  1-

In all the cases examined, the outflow plane o f the domain corresponds to a fully 

developed zero stress condition and the surface o f the body is represented by a wall 

boundary condition, which ensures that the velocity field on the cylinder is zero by 

enforcing a no-slip condition.

As mentioned above, the upper plane o f the domain contains the intersection of 

the computational boundary and the top section of the body. The imposition o f a 

specific boundary condition on this plane has a strong effect on the vortex shedding 

dynamics and therefore must be considered carefully. A  symmetry boundary condi­

tion has been chosen to approximate the flow features on this plane: this involves 

that no flow can be directed normally to the plane z =  0 and thus to — 0. The effect 

of this constraint on the resulting vortex shedding is particularly relevant in the 

concave configuration, which generates axial flow directed towards the top sections 

due to the leading edge orientation, and will be further discussed in the light o f the 

computational results in section 6.1.2 and 6.3.2.2.

A final remark concerns the forced vibration simulations with uniform cross-flow 

translation and rotation about the bottom  end o f the quarter ring. In these cases, an 

oscillatory velocity profile is imposed on the inflow and side planes and the cylinder 

is kept fixed in the frame o f reference; to model this flow condition, the velocity inlet
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boundary condition has been modified and a velocity profile dependent on the spatial 

coordinates and on the time has been imposed (u =  / ( x ,  t) in table 3.1). Therefore, 

the inertia is increased by the Froude-Krylov force, a buoyancy force due to the 

pressure gradient imposed on the fluid to generate the oscillating inflow; to estimate 

the forces on the surface of the oscillating body, this additional force contribution 

is taken into account in the pressure gradient term in the Navier-Stokes equations. 

This ensures the fluid dynamic equivalence between an oscillating cylinder moving 

in a uniform flow and a cylinder at rest in an oscillatory flow.

3.2 Data analysis and post-processing tools

The analysis o f the main flow features has been conducted along two lines of inves­

tigation. From a physical point of view the wake topology in the computed flow is 

presented using vorticity, velocity and pressure isocontours, whereas the effect o f the 

fluid dynamics on the body is discussed considering the sectional force distribution, 

the frequency o f vortex shedding and the energy transfer mechanism. However, a 

rigorous mathematical method for the identification of vortical structures is also 

required to provide a clear description o f the mechanics o f vortex shedding: in this 

work we limit ourselves to the Aa criterion proposed by Jeong & Hussain (1995).

3.2.1 The À2 criterion

A coherent structure could be defined as a localised region within a flow where 

the vortical and swirling motions are significant compared to the surrounding fluid: 

the vortex is then one of the most visible and stable coherent structures in fluid 

mechanics. The need o f a clear identification method has led to the formulation o f 

several criteria: in this study, the vortical structures are captured and visualised 

through the A2 criterion developed by Jeong & Hussain (1995). This method is 

based on the existence of a local pressure minimum in a swirling flow, in the absence 

of unsteady and viscous contributions. This condition is essential, since unsteady 

straining can create a pressure minimum without involving & vortical motion; on 

the other hand, the effect o f viscosity can balance the pressure gradient term in
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the Laplace equation and thus eliminate a pressure minimum from a vortical flow. 

Therefore, the presence of a pressure minimum in itself is neither a necessary nor a 

sufficient condition for the vortex identification, unless these two terms are discarded. 

By taking the gradient on both sides of the Navier-Stokes equation, one obtains the 

following expression for the Hessian of pressure:

where the velocity gradient tensor V u  has been decomposed in a symmetric and an 

anti-symmetric part, respectively given by:

The first two terms in the RHS of equation (3.1) must be neglected since the unsteady 

straining and the viscous effect affect the presence o f a pressure minimum. Jeong & 

Hussain (1995) demonstrated that the Hessian o f pressure must have two positive

is symmetric and has only positive eigenvalues, i.e. Ai >  Aa >  A3, this condition 

is satisfied by requiring that Aa <  0 within a vortex core, hence the name o f the 

criterion. The vortex core can then be defined as “a connected region in space with 

two negative eigenvalues o f the velocity gradient tensor” (Jeong & Hussain (1995)).

3.2.2 Filtering the A2 isosurfaces

Due to the computational cost dictated by the large three-dimensional hybrid mesh, 

the polynomial order P  =  6 could not be further increased to  allow a better ap­

proximation of the flow in the region o f the wake where the grid becomes coarser. 

Further, in the spectral element discretisation, the lade o f a C 1 continuous expansion 

basis implies that derivatives o f velocity may not be continuous at the boundaries 

between elements. Since the A3 criterion is based on the evaluation o f the eigenval­

ues of the matrix containing terms with the square of the velocity derivatives, any 

error at the element boundaries will be magnified: this will in turn lead to localised 

discontinuities in the isosurfaces o f constant A3. These considerations highlight, the

(3.1)

(3.2)

eigenvalues in order to have a local pressure minimum. Since the tensor S2 +  fl2
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Figure 3.4: Filtering algorithm applied to isosurfaces at A2 =  —0.1 visual­
ising vortex shedding past the convex configuration: unfiltered 
(left) and filtered (right) results.

need for a refinement of the isosurfaces in the post-processing operations in order to 

obtain unambiguous visualisations of the cores: for this reason, a two-stage filtering 

algorithm has been applied to the data sets to remove spurious structures.

First, the isosurface is filtered depending on the number of elements that con­

tribute to a single surface: if this number is lower than a chosen threshold value, 

the corresponding coherent structure is discarded. The isosurface is then smoothed 

using a non-shrinking low pass filter. This operates by first moving a vertex i from 

a coordinate Xj to a new location x', such that:

x't =  Xj +  AAxj (3.3)

Axì = ^(xi_! -  Xj)-f i(xi+i -  Xj) (3.4)

where A is a scale factor that has to be chosen between 0 and 1 to attenuate high 

frequencies, and Axj is the discrete Laplacian of x. This latter variable represents 

the discrete surface signal and can be written as a summation of weighted averages 

over all the Ni neighbouring vertices connected to the i—th vertex:

Ni
Axj = ~  x*) (3.5)

3= 1
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where the weights Wij are positive numbers whose sum is equal to one. However, as 

the smoothing described in equation (3.3) generates shrinkage, the vertex is displaced 

again using a new scale factor /x for Ax*: this time, ¿x is chosen to be negative to 

compensate the shrinkage produced by the initial step. Its value is a function of 

A and of the bandwidth of the unfiltered low frequencies. Further details on the 

mathematical formulation of this filter can be found in Taubin (1995, 2001).

In the present work, all the A2 isosurfaces have been obtained using A =  0.6 and 

(i =  0.6 and iterating the smoothing process 1000 times. The difference between the 

unfiltered and the filtered A2 isosurfaces in the case of the vortex shedding past the 

convex configuration is illustrated in figure 3.4.

3.2.3 Lift force decom position  and phase angle

When the body is subjected to sinusoidal oscillations, its motion introduces in the 

wake an additional frequency that competes with the Strouhal frequency. According 

to the choice of input amplitude and frequency o f oscillation, the body’s response 

may be locked-in, so that the imposed motion takes control o f the vortex shedding 

and the Strouhal frequency disappears. A  formula for the lift force, which in the 

current notation is directed in the y—direction, based on the Strouhal and oscillation 

frequencies f ,  and f 0 and on the corresponding phase angles can be written as:

Fy(t) =  Fyo sin(27r/0t +  <j>0) +  Fy, sw{2n f tt +  <f>$) (3.6)

Similarly the drag force, which operates in the x —direction, can be expressed as:

Fx{t) =  Fxm +  Fxo sin(27r(2 f0)t +  ip0) +  Fxa sm (2ir(2/,)t +  V>.) (3.7)

where Fyo and Fxo are the magnitude o f the sinusoidal lift and drag forces respec­

tively, while f 0 and 2 f 0 represent the corresponding oscillation frequencies; Fjft, f f i  

and f t refer to the Strouhal component o f the signal. In the hypothesis o f a locked-in 

state, the Strouhal components in equations (3.6) and (3.7) can be neglected: fur­

ther, since the body will not oscillate at the Strouhal frequency, these components 

do not affect the energy transfer from the fluid to the structure and vice versa. How­
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ever, if the Strouhal component of the lift force exists and has a sufficient magnitude, 

it is possible that the body starts to respond at both frequencies, giving rise to a 

beating vibration or vortex dislocations.

Once the Strouhal component has been discarded, the forces from equations 

(3.6) and (3.7) can be non-dimensionalised against the cross-sectional diameter £), 

the free-stream velocity £/<» and the density p. The resulting lift and drag coefficients 

are given by:

C L ( t )  =
Fyc

3 P& U I
(3.8)

C D ( t )  = (3.9)

As the present investigation focuses on cross-flow motion, information on the 

lift force distribution is o f great importance. Further insight can be gained from the 

analysis of the integrated unsteady forces acting on the body’s surface. The pressure 

and shear stresses values are extracted at a number of discrete surface points in 

circular cross-sections located at constant intervals along the span and perpendicular 

to the body’s centreline: the forces at each section are then obtained by integrating 

over the cross-section’s line in the two-dimensional plane. The variation of the 

integrated lift coefficient along the span is plotted against the non-dimensional time 

to understand its different contribution in each section o f the cylinder, as shown in 

figure 3.5.

The lift coefficient analysis is crucial in determining whether the hydrodynamic 

forces act to excite or dampen the body’s motion. The mechanical energy transferred 

between the body and the fluid can be expressed via the following relationship:

E pU&D* J0 *Fvdt

A positive value of E indicates that work is done by the fluid on the structure, 

which is subsequently excited. Conversely, a negative value o f E  means that the 

body’s motion is damped by the hydrodynamic forces. In forced oscillation, the 

motion is driven externally and the sign of E  is not constrained: therefore the energy
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Figure 3.5: Spanwise variation of the integrated sectional lift coefficient 
against non-dimensional time. Convex configuration at f a =  
1.1 f s, A/D =  0.5 and Re =  100.

transfer can occur in both directions. In free vibration instead, the time-averaged 

value of E integrated along the whole span of the body must remain positive to 

overcome energy dissipated through structural mechanical damping, if present, and 

to allow vortex-induced vibrations to be excited. The sign of the energy transfer is 

related to the phase angle between the body’s displacement and the fundamental 

harmonic of the lift force, so that positive values of E  correspond to a phase angle

in the interval [0°; 180°] and negative values of E to phase angle in the interval

[-180°; 0°].

Quantitative determination of the phase angle is made via Fourier coefficient 

analysis. The lift coefficient can be represented as a Fourier series:

_  , . ( 2im t\  A ,  . ( 27rnA , .
CL(t) =  ao +  2_; an cos I ~y ~ 1 +  2_, bn sm E ~ f~ J  (3>11)

where the Fourier coefficients are as follows:

(3.12)

(3.13)
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(3.14)
* • = ! / Ci(

dt

After discarding the Strouhal component in the RHS of equation (3.6), the lift 

coefficient can be written as:

CL(t) =  CLo cos{<t>0) sin(27r/0i) +  CLo sin(<f>0) cos(27r f at) (3.15)

where Cia is the magnitude of the oscillating lift coefficient. Considering the imposed 

sinusoidal trajectory of amplitude y0:

y(t) =  y03in(27r/0i) (3.16)

the part of the lift coefficient in phase with the body velocity, CLV, and the one in 

phase with the body’s acceleration, CLa, axe given by:

CLV =  CLo sin <t>0\ CLa =  Cl0( -  c o s  <f>0) (3.17)

Equation (3.15) can therefore be re-written as:

Ct(t) =  -C L a sin(27r f 0t) +  CLV cos(27r/0t) (3.18)

Comparing this expression to equation (3.11) where ao =  0 (due to the sinusoidal 

nature of the signal), n =  1 and T =  l/f0 yields the following definitions:

2 f T
ai =  — J  CL(t) co8(2irf0t)dt =  CLy (3.19)

2 rT
h  =  — J  Ci{t)s\n(2‘nf0t)dt =  - C L a (3.20)

Subsequently, the phase angle <f>0 can be obtained from the above relationships as:

<f>0 — arctan (3.21)

Hence, when CLV >  0 the energy is transferred from the fluid to the structure and 

positive excitation is achieved (0° <  <f>0 <  180°). likewise, CL« < 0 corresponds
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to hydrodynamic damping and to phase angles in the range 180° <  (¡>0 <  0°. To 

simplify the notation, in the next chapters the subscript will be dropped and the 

phase angle will be referred to as <j>.
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Chapter 4

Computational framework

This chapter presents the fundamentals of the numerical methods used for the simu­

lations performed. As the two- and three-dimensional simulations have been carried 

out using two different numerical codes, this chapter is divided into two parts.

First, the fundamentals of spectral element methods are introduced in section

4.1, with details on the matrix formulation, local expansions and global assembly. 

The method of weighted residuals in the Galerkin formulation is presented in section

4.1.1, with an example solution o f the Poisson equation in one dimension. Section

4.1 concludes with an overview o f the advantages of applying a p—type extension 

to the spectral element approach, in terms o f accuracy of the solution and error 

convergence. Section 4.2 presents the three-dimensional Navier-Stokes algorithm in 

the form solved by the Nenrar code: the temporal discretisation o f the system of 

PDG is described in section 4.2.1, whereas the algorithm implemented in the three- 

dimensional code for predicting the fluid/structure interaction in free vibration is 

described in section 4.2.2.

The second part of this chapter is devoted to the two-dimensional sectional ap­

proach: the strip theory model and its application to VTV problems is discussed in 

section 4.3, which also provides a brief overview of the strip theory based methods. 

Finally, section 4.4 concludes this chapter with a description o f the VIVIC code and 

its implementation.



4.1 Spectral/hp element methods

In finite element methods, the computational domain is divided in contiguous el­

emental sub-domains and the solution is approximated by a linear combination of 

basis functions of low polynomial order, defined over a standard element; the alge­

braic error decay is then ensured by the h-convergence, where h represents the size 

of the mesh: the number of elements is increased and their size decreased, while the 

polynomial order is kept fixed. On the other hand, spectral element methods make 

use of high order polynomial or trigonometric expansion basis functions that are 

defined globally on the whole computational domain. In these methods, exponential 

convergence is achieved by increasing the order of the basis functions keeping the 

size of the mesh constant, in the so-called p—type refinement. The basic concept 

of the spectral/hp finite element scheme is to combine the attributes of both these 

approaches and develop an hp—type of convergence: this consists in the simultane­

ous increase of the mesh refinement and o f the polynomial order in the expansion 

basis. Before introducing the implementation of this method in the numerical code, 

the fundamentals of finite elements are illustrated through the solution o f the one­

dimensional Poisson equation: this allows us to introduce the Galerkin formulation 

and to discuss the construction of a suitable expansion basis.

4.1.1 Galerkin weighted residual m ethod

The method of weighted residual can be illustrated considering a linear differential 

problem in the form:

L (w (x,t)) =  / ( x ,t )  (4.1)

where L is a linear differential operator, applied to a function u defined over the 

domain ft and subject to suitable boundary and initial conditions. The solution to 

this problem can be approximated by a linear combination o f basis functions o f the

form:
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(4.2)
N

us(x, t) = Uo(x, t) +  t2 j(i)0 j(l)
i=l

where <pi(x) are analytic functions, generally referred to as trial functions, t2< are N  

unknown coefficients and u0(x, t) is a function satisfying the initial and boundary 

conditions. The substitution of an approximated solution us in the linear differential 

operator generally results in a non-zero residual R(us), since L iu^ x, t)) ji / ( x ,  t). 

The method of weighted residuals is based on the assumption that the inner product 

o f the residual with a weight function V s  over the solution domain is equal to zero. 

Since the Legendre inner product of two functions /  and g over the domain Q is 

defined as:

( f ,9 )=  f f(x)g(x)dx  (4.3)
Jn

the above restriction can be written as:

/  vf R(u*)dx =  0 * = 1 ,2 ,..., N  (4.4)
J n

This yields a set o f TV algebraic equations that can be solved for the unknown 

coefficients at a given time.

The choice of the weight functions determines the type o f sub-method in the 

weighted residual framework. The Navier-Stokes solver used in this work is based 

on the Galerkin methods, whereby the weight, or test, functions coincide with the 

trial functions <f>i(x). In the remainder of this section, the Galerkin formulation of 

the weighted residual method will be illustrated through the example solution o f the 

Poisson equation in one dimension.

4 .1 .1 .1  S olu tion  o f  th e one-dimensional Poisson equation

The general form of the Poisson equation in one dimension can be written considering 

a linear differential operator L applied to a function t* in the domain Q =  {x  \ 0 <

x < L}\

L (U )S ^  +  / (4.5)
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where A is a real positive constant and /  is a forcing function.

Appropriate boundary conditions are imposed at both ends of the domain and 

are of Dirichlet and Neumann type:

r\
“ (0) =  9t>, ^ ( L )  =  gu (4.6)

The weak formulation for the problem can be obtained by taking the Legendre inner 

product of equation (4.5) using a test function v(x), which by definition is zero on 

all Dirichlet boundaries. This yields the equality:

{v, L(u))
l  v ( ^ + f ) d x = 0

Equation (4.7) can be integrated by parts to obtain the following:

(4.7)

f Ldvdu [ L r du
h  d i d i 0*  “  i  • '* + 1 * 5 rJ o

(4.8)

This weak formulation naturally includes the Neumann boundary condition and 

also reduces the order of the maximum derivative o f the discrete problem: the 

second-order differential equation (4.5) has been transformed into a first-order dif­

ferential equation and thus the solution space includes now functions that are C° 

continuous. When the exact solution is approximated by an appropriate expression 

such as equation (4.2) and the test functions are also replaced by a finite expansion, 

the discrete form of equation (4.8) is obtained:

rL dvs du* tL
l  ~ f c ~ f c dx =  l  «*/<*»+ «*(£)»» (4-9)

where the homogeneous Dirichlet boundary condition has been imposed on the test 

functions and the Neumann boundary condition has also been incorporated into the

formulation.

To enforce the Dirichlet boundary condition, the solution «(as, t) is “lifted**. This 

is equivalent to decomposing it into a known function u °, which satisfies the Dirichlet 

boundary condition, and an unknown homogeneous function uM, which is zero on 

the Dirichlet boundaries:
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(4.10)

where

u6 =  uv  +  ti*

uH{dnv ) =  0, uv {dSlv ) =  (4.11)

By substituting equation (4.10) into the weak formulation given by equation (4.9), 

one obtains:

Ldv*duv
dx (4.12)dx dx J0 Jq dx dx

As all the terms on the RHS of equation (4.12) are known functions that satisfy the 

boundary conditions, this problem can be solved as a finite linear algebraic system 

once the homogeneous solution un and the test function vs have been replaced by 

the appropriate finite expansions, respectively:

Ndo/
un(x, t) =  J 2  Ui(t)<f>i(x) =  * ‘ fi (4.13)

>*i

Ndof
v‘ ( x , t ) = Y , m M x ) - * ,0  (4.14)

im 1
Hence, upon substitution of the definitions in (4.13) and (4.14), equation (4.12) can 

be written in matrix form as:

* r [Mû] =  tfTf  =► M û =  f  (4.15)

where M  is a constant matrix equivalent to the LHS of equation (4.12), û is the 

vector of unknown coefficients ûH and f  is a force vector that embodies both the 

Dirichlet and Neumann boundary conditions, as well as the forcing contributions 

from the RHS of equation (4.12).

4.1.2 Expansion basis and global assembly

The example above describes a single domain approximation o f the Poisson equation. 

To implement the h—type method, the solution domain ft has to  be divided into JYa
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non-overlapping elements such that:

N*, Ntl

fi =  ( J i l e, p | iie =  0 (4.16)
e = l  e = l

Each element f2e can be mapped onto a standard element Qat =  {£  | — 1 <  £ <  1} 

by applying a coordinate transformation X e(£) so that:

X =  X e(0  =  M 0xe-1  +  £ e  n,t (4.17)

This transformation uses a local expansion basis that can be written as:

M O
-{

and <fr(0
T 4 £ € fIgt .

(4.18)
^  £ € Qst

o ç £ n at [o egn*
Consequently, the approximate solution u6, originally defined in equation (4.13) 

using the global expansion modes can now be expressed in terms o f the local 

expansion modes, i.e.:

Ndof Ntt P
«*(*) = S  “«*<(*) “  S H  KWO  (4-19)

1=1 e=l psO
where P  is the polynomial order o f the expansion in each element.

Figure 4.1 shows the partitioning o f the one-dimensional domain described in the 

previous section into a three-element domain and the corresponding passage from 

local to global expansion basis. This transformation is based on the hypothesis that 

the solution at a global point between two elements must be the same on both sides, 

which is mathematically satisfied by requiring that the solution u6(x) is C °. In the 

three element domain o f figure 4.1, this implies that the number o f local degrees of 

freedom is equal to 6, whereas the number of global degrees o f freedom is equal to 

4 once the C° continuity requirement is satisfied.

The matrix form of the Poisson equation (4.15) can be inverted and written as:

fi =  M Q -'fo  (4.20)

where:
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global bases

Figure 4.1: Local and global expansion basis on a three-element domain ft 
(from Karniadakis & Sherwin (2005)).

MG[®] = (*„*,). = fo[*1 = (*!./) (4-21)
The global mass matrix M g is obtained from the evaluation and the assembly 

of the local mass matrices M e[p][g] =  (0p,0 g) for each element. Likewise, the global 

force vector f c  is obtained by assembling the local force vectors f e\p\ =  (0P, / ) .  The 

process of global assembly can be interpreted as an assembly matrix, A , which leads 

to the following relations between global and local vectors:

Û1 Û1 P \P ]

! =  A : , fGW =  A T

_ ÙNdo} _

where ue =  [{¿q, ...,ueP]T. The enforcing of the continuity of the solution at the ele-
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Figure 4.2: Global assembly procedure to obtain the mass matrix M G 
from the element mass matrices (from Karniadakis & Sherwin 
(2005)).

ment boundaries, yields a global system that has generally fewer degrees of freedom 

than the combined local degrees of freedom of all the elements. This is illustrated 

in figure 4.2 by the global assembly of elemental mass matrices to form the global 

mass matrix M G-

4.1.3 High-order expansion basis in the p —type extension

The implementation of the p—type method requires the choice of a suitable set of 

local expansion modes, 0P. One of the main requirements to obtain well-conditioned 

matrices, is that the set of functions are orthogonal. The basis functions are generally 

divided into two categories, modal or nodal, according to their properties. A modal 

expansion basis is a hierarchical set of functions, where the expansion set of order 

P  — 1 forms a sub-set contained within the set of order P\ therefore, higher order 

expansions can be built on lower order function sets. On the other hand, a nodal 

expansion is non-hierarchical and has to be completely redefined if the polynomial 

order is increased; however, it has the advantage that the value of the expansion 

coefficient at its corresponding nodal point represents the approximate solution, 

facilitating the physical interpretation of the problem. Conversely, in a modal basis 

the value at the point is given by the combination of the contribution from each 

mode.

The implementation of a polynomial basis involves the performance of math­

ematical operations such as integration and differentiation at an elemental level. 

Numerical integration is carried out using Gaussian quadrature, which is particu-
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laxly accurate when integrating smooth functions. Within the standard elemental 

interval, the integral is approximated by a finite summation in the following form:

/  (4.23)
J- 1 £ £

where the Wi are the weights and & the t -th  of the Q quadrature points. The exact 

location of these points depends on the choice of gaussian quadrature, i.e. Gauss 

(whereby the zeros are al internal to the element), Gauss-Radau (which includes one 

end point) and Gauss-Lobatto (which includes both end points). In all the cases 

the spacing of the Q quadrature points is optimally chosen to exactly integrate 

polynomials of order 2Q — 1.

Similarly differentiation is performed using Lagrange polynomials to approximate 

the solution:

“ * ( * ) - E W * ( i ) - ' )  (4-24)
p =0

In this case, only the values o f the derivative at the quadrature points are re­

quired. For a more comprehensive description o f the elemental operations within 

the standard domain the reader is referred to Kamiadakis & Sherwin (2005).

4 .1 .3 .1  O ne-dim ensional expan sion  basis

The present code uses a modal expansion basis formed from Jacobi polynomials 

Pg,0{x) with a =  0  =  1, which allows to obtain a high degree o f orthogonality 

in the mass matrix. These polynomials are a family o f solutions to the singular 

Sturm-Liouville problem, which in the region — 1 <  x  <  1 is written as:

A  [(1 -  x)1+“ (l + *)1+ŝ i~ 4 (x )] _  A,(l -  x)«(l + (4.25)

where Xp =  -p (a  +  0 +  p +  1). These polynomials exhibit the property o f orthog­

onality, so that ^ ( x )  is orthogonal to all polynomials o f order less than p when 

integrated with respect to (1 -  x )“ ( l+ x )^ . A  considerable advantage o f this family 

of Jacobi polynomials is the boundary/interior decomposition, where the boundary
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Figure 4.3: Shape function of the modal expansion o f order P  — 5 defined 
in equation (4.26) (from Kamiadakis & Sherwin (2005)).

modes are unity at the element boundaries and zero in the interior and, likewise, 

the interior modes have contribution only in the interior. This guarantees C ° con­

tinuity o f the solution across element boundaries. A  p—type modal expansion <}>{£) 

can therefore be defined in the standard element as:

((* ? ) j,“ °
M O  -  \ (t4) ^ ) ^ : 1!«) o < p <  p  (4.26)

i ( t *) P ~ p

In this expansion only the boundary modes p  =  0 and p  =  P  have a non-zero 

value at the ends of the domain and the resulting mass matrix is pentardiagonal for 

the interior modes. Figure 4.3 illustrates the shape o f the normalised modes with a 

polynomial order of 5.

4 .1 .3 .2  M ulti-d im ension al expansion  basis

The construction of a multi-dimensional basis is based on the same principles o f the 

one-dimensional basis. First, a standard element fl*  is defined as a quadrilateral o f 

triangular element in two-dimensions; in three-dimensional it can be a hexahedron,
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Figure 4.4: Construction of a two-dimensional quadrilateral expansion of 
order P =  4 (from Karniadakis & Sherwin (2005)).

a prism, a tetrahedron or a pyramid. Then, the expansion basis is constructed: in 

the case of quadrilateral or hexahedral regions, this can be built directly from the 

tensor product of a one-dimensional basis.

The standard region for a two-dimensional quadrilateral element is given by:

a<  =  {£ | - 1 < 6 , 6 < 1 }  (4.27)

The corresponding expansion basis < ^ (6 , 6 ) can be written as a tensor product in 

the form:

0P<i(6 ,6 ) =  V £ (6 )^ 2 (6 ) 0 < p ,q ;p < P 1,q < P 2 (4.28)

where P\ and P2 represent the maximum polynomial order in the £i and £2 directions 

respectively. Figure 4.4 illustrates a fourth-order quadrilateral expansion basis ob­

tained from the tensor product of two one-dimensional expansions of order P  =  4. It 

is also possible to chose a different polynomial order in the two coordinate directions 

6  and £2, although in spectral element methods it is generally the same. Similarly, 

a three-dimensional expansion basis <t>pqr{£ i , 6 , 6 ) can be defined over the standard 

cuboid Qst =  { £ | - 1 <  6 , 6 . 6  <  1 } as:

< M 6 ,6 ,6 )  =  V£(6)<6a(6 )^ a(6 ) 0 <P,q\P < Pi,q < P*,r <  P3 (4.29)
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6

Figure 4.5: Coordinate transformation to form an expansion basis on a tri­
angular region (from Karniadakis & Sherwin (2005)).

Analogous to the one-dimensional basis, multi-dimensional expansions are also con­

ducive to a boundary/interior decomposition and to a global assembly procedure, 

where C° continuity is ensured by constricting the vertex and edge modes to have 

the same value at the elemental boundaries.

Conversely, the formation of an expansion basis on triangular and tetrahedral 

elements is not straightforward: the triangular elements can be related to the quadri­

lateral ones by a coordinate transformation from a Cartesian coordinate system to 

a collapsed coordinate system, as shown in figure 4.5. This transformation collapses 

the unit square of coordinates (r/1, 7/2) onto a unit triangle of coordinates (£1, 62)- 

An expansion basis for the triangular element can be constructed from the tensor 

product of a one-dimensional basis , ipp(r] 1), and a two-dimensional tensor ^ ( r / 2):

ippqitbZ2) =  (4.30)

where ?/>“ (7/1) and ^ ( 772) are known as modified principal functions. A more detailed
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description of the construction of a multi-dimensional basis, as well as the exact form 

of the modified principal functions, can be found in Karniadakis & Sherwin (2005).

4.1.4 Error convergence

As mentioned in section 4.1, one of the most significant advantages of the spec­

tral methods is that the solution exhibits exponential (or spectral) convergence for 

smooth functions, unlike traditional finite element methods where the error in the 

approximate solution decays algebraically. This important property can be demon­

strated as follows.

Considering again the one-dimensional Poisson equation, the general error esti­

mate can be defined as a discrete energy norm:

11*11* =  <  C A '-1P -«* -1>N U  (4.31)

where h is the element size, P  is the polynomial order, k is the differentiability of 

the solution, n = min(k, P  +  1) and C  is a constant independent o f the previous 

parameters. In the case o f infinitely differentiable solutions, this yields:

e <xhp (4.32)

In the /»-convergence the polynomial order is constant with respect to the number o f 

degrees of freedom JV&,/, and thus h a  jr—. Hence, by taking the natural logarithm™do/
of equation (4.32) one obtains:

ln eocP ln fr  => lne a  -P ln J V * ,/ (4.33)

This demonstrates that in the /»-convergence the error decays linearly with increas­

ing Ndof on a log-log axis.

In the case o f p-convergence, h remains constant and P  varies; considering that 

Ndof =  NeiP  +  1, equation (4.32) leads to:

lne a  P  =» Ine a  Ndoj (4.34)
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In the case of complex solutions, the minimum error for a given number o f degrees of 

freedom is typically achieved with both a local mesh improvement where the solution 

gradients are large (h - convergence) and an increase of the polynomial order through 

a p -ty p e  refinement.

4.2 The Nektar code

The three-dimensional simulations presented in this thesis have been performed us­

ing a spectral//ip element method based code named Nenrotr, originally developed 

by Sherwin & Karniadakis (1996) and Kamiadakis k  Sherwin (2005) for unstruc­

tured triangular and tetrahedral meshes and then extended by Warburton (1998) 

to hybrid domains. This code uses the spectral/Zip element method described 

in the previous sections for the spatial discretisation o f the incompressible three- 

dimensional Navier-Stokes equations. The temporal discretisation employs a high- 

order stiffly stable splitting scheme based on Karniadakis et al. (1991) that accounts 

for enhanced stability properties.

4.2.1 The tim e-stepping scheme

To illustrate the time stepping scheme, we first introduce the incompressible Navier- 

Stokes and continuity equations in the form:

^  = -V p + N(u) + i/L(u) (4.35)

V u  = 0 (4.36)

where u represents the velocity vector and N (u ) and L (u ) are the non-linear con­

vection and the linear diffusion operators, respectively given by:

N(u) = -(u* V)u (4-37)

L(u) *  V2ii (4.38)
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The stiffly stable splitting scheme propagates the velocity and the pressure over 

the time interval At in three sub-steps; this scheme allows to treat the primitive 

variables independently and thus the pressure term is decoupled from the convective 

and diffusive terms. Equation (4.35) can be integrated over At to obtain:

rt>+i yin+i /*t»+i
Un+1 Vpdt +  / N (u)di + v L (u )dt (4.39)

Jtn Jin Jin
where the pressure contribution can be written using the mean pressure field pn+1 
(i.e. averaged over the time step) which ensures that the final velocity field satisfies 

the continuity equation and is thus incompressible at the time in+i. The pressure 

term is then given by:

/*<n+l

Ju
Vpdt =  A fV pn+1 (4.40)

The three sub-steps o f the high order splitting scheme by Kamiadakis et al. 

(1991) utilise the intermediate velocity fields fi and <k to separately treat the con­

vection, diffusion and pressure gradient term, and can be written as:

Û -  E i ô 1
At

Û -Û
A t

un+l -  û 
At

J .- i
£  /3 ,N (u - ’ ) (4.41)
gmO

-V fT +1 (4.42)

Ji-1
v 7,L (u n+1" q)

qmO
(4.43)

where a ,, /?„ and 7,  are the stiffly stable splitting coefficients, while Je and Ji are 

the integration order in the Adams-Bashforth family scheme and in the Adams- 

Moulton family scheme respectively. The Dirichlet boundary condition is imposed 

on the boimdary of the domain in the form uB+1 *  tio-

In equation (4.41) the non-linear term is approximated by an explicit scheme. 

The pressure gradient term is treated in the second step: taking the divergence o f 

equation (4.42) and imposing the incompressibility constraint on the second inter­

mediate velocity field (i.e. V  • 0  =  0) yields a Poisson equation for the pressure:
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(4.44)V 2p"+l =

This equation is then subjected to the Neumann boundary condition on dQ:

Finally, in the third sub-step the linear term is treated implicitly, yielding a 

Helmholtz equation for the final velocity field. Overall, one Poisson equation for the 

pressure term and three Helmholtz equations for each of the velocity components 

are solved at every time step. Further details on the splitting scheme can be found 

in Karniadakis et al. (1991) and Guermond &: Shen (2003).

4.2.2 Application o f  the N e n r a r  code to  VTV problem s

In the past years numerous numerical algorithms have been developed to meet 

the needs of fundamental research and engineering applications in the filed of 

fluid/structure interaction. Finite element methods based on Arbitrary Lagrangian- 

Eulerian formulation (ALE) and deformable grids (Nomura & Hughes (1992)) and 

spectral element methods with coordinate transformations (Newman & Karniadakis 

(1997)) represent some possible approaches to model the free response of a vibrat­

ing body, whose governing equations are the incompressible Navier-Stokes equations 

(4.35) and (4.36) with moving boundary conditions, i.e. u =  u*(i) on the interface 

between the flow and the body T(t). However, these methods are generally confined 

to transverse or in-line motions and have not been applied to rotational motions, 

which play an important role in vortex-induced vibration problems. Furthermore, in 

the ALE methods the computational grid is continually deformed: the Navier-Stokes 

solver must therefore construct a new solution matrix at each time step and smooth 

the mesh when it becomes highly deformed.

To avoid this extra computational cost, Li et al. (2002) developed an alternative 

formulation for solving the two-dimensional moving-boundary flow problems for a 

rigid body: this approach involves the implementation o f a loosely coupled algo­

rithm, in which the coordinate system is attached to the body and the solution o f

dp'+l
dn

uo • n -  u • n 
At (4.45)
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the flow and structural equations is carried out in the moving frame of reference. At 

each time step the Navier-Stokes equations are solved to provide the hydrodynamic 

forces acting on the body; these forces are then used as input for the structural equa­

tion. The structural solver predicts the displacement of the body due to these forces 

at the next time step: the resulting velocities are subsequently used to advance the 

fluid solver.

A three-dimensional loosely coupled algorithm based on this formulation has 

been implemented in the spectral element code for the solution of the free vibration 

problems presented in this work. The next sections provide the coordinate trans­

formation and the mathematical formulation of the Navier-Stokes equations for a 

moving frame of reference fixed to a rigid body undergoing cross-flow and rotational 

motions.

4.2.2.1 C oord in a te  transform ation

We assume that the body moves instantaneously in the absolute inertial frame of 

reference of coordinates x ' =  [x',y', z'] with translation d =  [dx(t),dy(t),dx(t)]T and 

rotation angle 6 =  [0x(t),6y(t),dz(t)], defined positive clockwise. A corresponding 

moving frame of reference attached to the body, (x ,y , z), is defined by the following 

coordinate transformations:

x ' =  d +  A x , x  =  A " 1( x '- d )  (4.46)

where the general rotation matrix A  describes the rotation about the x, y or z axis 

depending on the type of motion considered.

4 .2 .2 .2  M athem atical m odel fo r  th e flow  and stru ctu re equations in 

three dim ensions

To simplify the notation, in the following formulation we will consider only a motion 

in the yz plane and the rotation angle 8X about the x  axis (i.e. $v =  0M =  0): this 

formulation models the types o f motion presented in chapters 5 and 6 and the 

corresponding notation can be visualised in figure 4.6. The transformation matrix 

in the yz plane then is given by:

108



Figure 4.6: Coordinate transformation from the absolute frame of reference 
to the moving frame of reference in the case of rotation about 
the x  axis.

(

A x =

\1 0 0

0 cos 9X sin0z (4.47)

0 — sin 9X cos 9X y

In this case =  A j 1 and thus by differentiating equation (4.46) with A  — A z, 

one obtains the velocity in the moving frame of reference as:

V

u =  9I0x  +  A j (u ' -  d) (4.48)

where

ooo

Io = 0 0 - 1 and À 7X A x =  9XI0 (4.49)

1 °  1 0 J
From equation (4.46) the spatial and temporal derivatives in the 

reference can be derived from the following expressions:

moving frame of

V ' =  A XV, (V ')2 =  V 2 (4.50)

(1)
d dx d dy d dz /  d \ 

a dx dt +  dy dt +  dz dt +  \d£/r (4.51)
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where the subscripts a and r refer to the absolute (fixed) and relative (moving) 

frames of reference respectively.

Substituting the above relationships into equations (4.35) and (4.36) leads to the 

formulation of the Navier-Stokes equations in the moving frame of reference:

0 (4.52)

Vp +  i/V2u +  G(u, t) (4.53)

20/ou +  02/ o/ ox +  (9/0x -  A^d (4.54)

The forcing term G(u, t) in equation (4.54) includes the deflecting Coriolis force 

(20/ou), the centrifugal force (02/ o/ox) and the contribution due to unsteady trans­

lation (Ajd) and rotation (6 I0x ) .  The Coriolis and centrifugal contributions have 

not been included in the pressure field: indeed, leaving the pressure unaltered simpli­

fies the implementation of the pressure boundary condition for the splitting scheme 

in the moving frame of reference and is also convenient in the coupling with the 

structural equation, which is based on the pressure forces in the fixed frame of 

reference.

4.2.3 Transformation o f  boundary conditions

In the far-field the Dirichlet boundary condition for the Navier-Stokes equations 

(4.53) can be expressed as:

V u  =  
d u

â  +  ( u ' v ) u  “

G(u, t) =

u =  0 J0x -I- A z (u 1 -  d) (4.55)

where u' is the far-field velocity in the absolute frame of reference. The Neumann 

boundary condition in the moving frame of reference can be derived from the bound­

ary conditions in the absolute frame of reference:

V V n ' =  (4.56)

where V V n '  =  A z [V u n  -  9xI 0n] and gN  =  [9n 9̂n , 9n ]T =  A xg N . Consequently, 

the Neumann boundary conditions for a motion of translation/rotation in the y z
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plane in the moving frame of reference will be:

Vu -n  =  guN (4.57)

Vu • n =  g% -  exn z (4.58)

Vw • n =  g%  + 6xny (4.59)

(4.60)

4.2.4 Structural equation

In the case of a rigid body free to translate and rotate, the planar motion is described 
by the following structural equation:

M x +  Cx +  Kx =  F (4.61)

I o'O + C $6  +  =  Mg (4-62)

In equation (4.61) M, C and K are the mass, damping and stiffness matrices respec­

tively and x is the vector of the displacements in the three directions. In equation

(4.62) 1̂ , C $ and K# are the matrices for the mass moments of inertia, the torsional

damping and the torsional stiffness respectively. F and M# are the vectors of the 

external hydrodynamic forces and moments acting on the body: these are the out­

put of the Navier-Stokes solver in the loosely coupled algorithm. All the matrices in 

equations (4.61) and (4.62) are diagonal with constant coefficients. In the numerical 
code both these equations are solved using a Newmark scheme.

The loosely coupled algorithm can be summarised in the following steps:

• The Navier-Stokes equation (4.53) is solved to obtain the vector of fluid dy­
namic loading at tn.

• The force and moment at tn+i are extrapolated from the previous time steps 

values via a relaxation approximation.

• The structural equations (4.61) and (4.62) are solved using a Newmark scheme, 

yielding the vector of displacements, velocities and accelerations at £n+1.
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• These vectors are then substituted into equation (4.53) and the boundary 
conditions are updated for the next time level.

4.3 Strip Theory model

The strip theory model solves the Navier-Stokes equation in multiple two- 

dimensional planes positioned at intervals along the span of the body and per­

pendicular to its axis. The flow evolution and the resulting forces are computed in 

each plane; the forces are then used to determine the body’s response via a struc­

tural dynamics model of the flexible pipe. This response is then fed back to the 

two-dimensional CFD planes, so that the simulation proceeds in a loosely coupled 
staggered approach, where the flow evolution and the body response are alternately 

computed.

One important feature of strip theory models is that the only three-dimensional 

linkage between the CFD planes exists through their effect on the structure and its 

subsequent response: no three-dimensional hydrodynamic linkage is normally taken 

into consideration and hence strip theory codes are not suitable for the simulation 

of fully three-dimensional problems. However, the correlating effect of the lock-in 
allows one to consider the flow locally two-dimensional and therefore provides a jus­

tification for the use of strip theory based codes in three-dimensional problems. In 
particular, the axial flow convection due to the curvature of the flexible pipe un­

dergoing vortex-induced vibration is considered to be sufficiently gradual to induce 

three-dimensional changes in the flow that can be neglected without severe implica­

tions. Only the normal component of the onset flow is considered to be responsible 

for the generation of hydrodynamics forces on the body, including axial flows due to 

the obliqueness of the cylinder locally to the incident flow: the velocity component 

tangential to the body’s axis, as well as any spanwise flow convection, is neglected 

in this approach. Although strip theory computations are less accurate than fully 

three-dimensional CFD, the codes based on this approach are typically many orders 

of magnitude faster and allow to perform parametric studies than would be too de­

manding in terms of computational cost in three-dimensions; further, the discrete
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representation of the flow domain via multiple two-dimensional planes makes these 
codes ideal for parallelisation on multiprocessor machines.

4.3.1 The strip theory and its application to  three- 

dimensional problem s

As anticipated, in the case of curved bodies the flow direction in each two- 

dimensional CFD plane is orientated to be normal to the cylinder’s local axis and 
hence only the normal component of the inflow velocity is taken into consideration 

when the hydrodynamic forces are calculated. However, the axial flow convection 
is significant in the case of highly curved bodies such as the ones considered in this 

thesis, and neglecting its contribution towards VIV may therefore lead to wrong 

results. This was shown in the work done by Miliou (2004) and Miliou et al. (2007), 

where the wake topology past a concave and a convex body with the same radius 

of curvature was found to be radically different due to the different mechanism of 

axial flow convection. Similarly, the application of strip theory models to the curved 

geometries of the present investigation has highlighted some severe limitations, such 

as the impossibility of identifying the in-plane curvature orientation: their effect 

on the overall flow approximation will be further discussed in the relevant result 
sections.

4.4 The VIVIC code

The strip-theory based code VIVIC was developed by Willden (2003) from a pre­

existing Cloud in Cell method (Graham (1988)) that employed finite difference ap­

proximations and Fast Fourier Transforms on a structured grid. Later Arkell (1995) 
extended this method to allow the use of the finite element technique on unstruc­

tured grids. The current version of VIVIC uses velocity and vorticity as the primary 

variables for the solution of the two-dimensional Navier-Stokes equations. The treat­

ment of the vorticity boundary condition on the surface of the body represents the 

most important difference with respect to its predecessors, as in the present method
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the vorticity generated by the surface is related to the streamfunction flux at the 
wall: this new formulation allows the vorticity boundary condition to be set without 

the expensive iterative procedures that have been previously used to preserve the 
spatial accuracy.

4.4.1 M athem atical formulation

VIVIC uses a first order in time hybrid Eulerian-Lagrangian scheme based on both 

the velocity-vorticity formulation and the streamfunction-vorticity formulation of the 
Navier-Stokes equations, combining the accuracy of the former with the low compu­

tational cost of the latter. By taking the curl of equation (4.35) and enforcing mass 
conservation, an alternative form of the Navier-Stokes equation for incompressible 
flows can be derived:

—  +  (u • V)(j =  (a; • V)u + v V 2u  (4.63)

where u  =  V A u and V2u =  —V A u . The above relationship is the vorticity 

transport equation, in which the terms from left to right represent respectively: the 

change of vorticity in time, the convection of vorticity, the stretching and tilting of 

vorticity and the diffusion of vorticity. The two-dimensional form of the velocity- 

vorticity equation may be obtained from equation (4.63); in the x y  plane, where the 

only vorticity component is in the spanwise direction z, the vortex stretching and 
tilting term is equal to zero and equation (4.63) becomes:

duiz

dt

V 2v

with u and v  being the components of the velocity vector in the x  and y  direction, 

respectively. The streamfunction-vorticity formulation employs the streamfunction 

ip which is related to the velocity field by the following equations:

=  l/V'w, (4.64)

d y
(4.65)

duj.

d x
(4.66)
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dip dip . .
“ =  a i  v =  - £  (4'67)

Substituting (4.67) in (4.64) and using the definition of vorticity, the two-dimensional 

Navier-Stokes problem can be written in terms of ip and ujz:

dujz dip d u z dip d u z

dt ^  d y  d x  d x  dy

V 2ip

vV2uz

-W*

(4.68)

(4.69)

Vorticity based formulations do not provide direct information on the pressure field 

and therefore the hydrodynamic forces must be established by other means. An 
additional equation to relate the pressure to the velocity field is given by:

V2p =  - PV  • [(u • V)u] (4.70)

Therefore the two-dimensional equation for the pressure can be written as:

V2p = du dv  

d y  d x

d u d v \

d x d y )
(4.71)

4.4.2 Stream function-velocity-vorticity m ethod

The temporal derivative of the vorticity in equation (4.64) is discretised using a first 

order forward Euler approximation. The vorticity transport equation is then split 
into two sub-steps:

= */([ 1 -  a]V2 + ocV2uz) (4.72)

= - ( u -V)£2 (4.73)

where u and loz are the velocity and vorticity fields at an intermediate time level. 
The use of these intermediate field variables introduces errors of O (A t) . First the 

diffusive term is computed to find the intermediate vorticity field from the data 

at t„ : an explicit, Crank-Nicholson or implicit diffusion scheme can be selected in 

this sub-step and the resulting computational cost mainly arises in the solution of

A t
. ,n+lUz ~  uz 

A t
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two Poisson equations. The vorticity boundary condition at the solid surfaces is 
specified by generating vorticity at the walls in such a way as to enforce the no-slip 

condition: vortex sheet elements, positioned about the body’s surface, are employed 

to generate a potential flow that is then added to the velocity field in order to satisfy 

the impermeability condition on the outer surface and the no-slip condition on the 

inner surface. The no-slip condition is satisfied on the wall side of the vortex sheet, 

which may be considered to be an infinitesimal distance into the flow. The vorticity 

flux through the wall is then used as a Neumann boundary condition in the solution 
of the diffusion equation.

The convection of vorticity is accomplished by assigning the post-diffusion in­

termediate vorticity to the point vortices as circulation: each is then convected by 
the local velocity and its new position is calculated, the velocity at the vortex posi­

tion being evaluated using the finite element shape functions. After the convection, 

the circulation is assigned to the nodes of the element in which each point vortex 

lies: this is done using the same shape functions of the previous algorithm to dis­

tribute correctly the point vortex circulation to the new element nodes. Finally, the 

point vortices whose circulation falls below a cut-off value are removed and their 

circulation is redistributed amongst the neighbouring vortices.
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Chapter 5

Convex configuration

5.1 Background studies: fixed cylinder in uniform 

flow

This section presents an overview of the computations carried out on a stationary 

cylinder in a uniform flow and aims at providing a reference case for the free and 

forced vibration simulations performed on the same geometry. A more comprehen­

sive investigation on the fixed cylinder configuration can be found in Miliou (2004) 

and Miliou et al. (2007).

The following results are obtained at R e =  100 with a uniform free-stream veloc­

ity profile in the plane of curvature of the body, which is kept fixed in the compu­
tational domain. The low Reynolds number and the absence of complex flows allow 

the simulation of the basic vortex shedding features, thus enabling assessment of the 

effect of curvature on the wake dynamics and force distribution. This will provide 

a comparison basis for the investigation of the more complex flow field arising from 

the body’s motion.

5.1.1 Effect o f  curvature: a three-dim ensional problem

Three-dimensional simulations of the vortex shedding past the steady convex con­

figuration were performed using first order time integration at a polynomial order
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Figure 5.1: Convex configuration at R e =  100, isosurfaces at A2 =  —0.1 
(left)] sectional lift coefficient distribution in time along the span 
(right).

P  = 8. Figure 5.1 (left) shows the qualitative features of the wake at a non- 

dimensional time t\ =  524, at which the top shear layer is rolling up. This cor­

responds to a minimum in the integrated lift coefficient and hence to suction in the 

negative y —direction. The cores are visualised through isosurfaces at À2 = —0.1 
and the view from the top ( x y —plane) highlights the anti-symmetric nature of the 

wake, with staggered arrays of vortices (2S type of shedding). In the proximity of 

the body, the vortical structures appear to be straight, with their axis perpendicular 

to the free-stream: the cores start to distort in the near-wake, as they are convected 

downstream. Under these inflow conditions, the horizontal extension does not affect 

the shedding dynamics and generates virtually zero forces.

The evolution in time of the lift coefficient isocontours in every section perpen­

dicular to the cylinder’s axis is shown in figure 5.1 (right). At t\ =  524 we observe a 

decrease in the magnitude of the lift coefficient as s / D  increases, eventually resulting 

in a sign change. This can be interpreted by considering the effect of the body’s 

curvature: as displayed by the A2 isosurfaces, the distance between the straight cores 

and curved cylinder decreases along the span, leading to a gradual phase shift which 

can be modelled by the following relationship:
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Figure 5.2: Convex configuration at Re =  500, isosurfaces at A2 =  —0.8 
(left)] sectional lift coefficient distribution in time along the span 
(right).

- j ^  =  13 -l3cos(s/R ) (5.1)

The dashed line in figure 5.1 (right) represents a model for the phase variation 

of the sectional lift force along the quarter ring based on the free-stream velocity 

Uoo =  1, whereas the continuous line is based on the convective velocity of the 

vortices. The out-of-phase shedding is an intrinsic feature of this type of geometry 

in the absence of oscillations and persists also at higher Reynolds numbers, as shown 

in figure 5.2 (right), although the magnitude of sectional lift coefficient does not 

decrease uniformly along the span. At Re =  500, which is greater than the critical 

value for three-dimensional transition for a straight cylinder, the A2 isosurfaces in 

figure 5.2 (left) highlight the presence of braids and streamwise vorticity connecting 

the spanwise rollers: these features may be associated with Mode A and Mode B 

transition, as observed in the case of a straight cylinder in this Reynolds number 

range.

On the right-hand side of figure 5.1 (right), the local normal Reynolds number 

corresponding to different spanwise sections is shown to decrease as the body turns 

to lower angles to the flow, i.e. the non-dimensional arc-length s/D increases. The 

reduction of the normal component of the incoming flow vector is a direct conse­
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quence of the body’s curvature: from the point of view of a sectional argument, 
whose fundamental hypothesis is that the body responds only to the normal veloc­
ity component, this reduction implies that the critical value of the Reynolds number 

for the vortex shedding to be initiated is reached at a specific spanwise position. The 
critical value R e =  47 — 49 occurs at a section located at s / D  «  13.2, which indeed 

corresponds to a lift coefficient value very close to zero. When the Reynolds number 

is increased to 500, the critical value for the onset of vortex shedding is reached at 

s / D  ~  18.4: the lift coefficient contour levels in figure 5.2 (right) indicate that vortex 

shedding is present in nearly the whole curved region of the body. Therefore, up to 

this point the sectional approximation would seem to hold. From a two-dimensional 

sectional perspective, we would also expect to see a variation of the Strouhal number 
along the span as the local normal Reynolds number changes. However, the Fourier 

analysis of the lift coefficient signal over ten cycles of vortex shedding shows that 
there is only one dominant frequency in the y —direction: for the range of Reynolds 

number considered S t decreases with R e, and thus with the normal velocity compo­

nent, leaving the Strouhal frequency constant in every spanwise section. Unlike the 

shedding past non-uniform geometries or inflows, this configuration does not exhibit 

neither cellular flow patterns nor discrete frequencies at different spanwise locations: 

in fact, the upper cylinder shedding drives the shedding from the lower end with­

out frequency variation along the span. The Strouhal number in the y —direction is 
constant and equal to 0.1761: this value is slightly larger than the one for straight 

axis cylinders, which is approximately 0.164 at R e  = 100 (Williamson (1989)).

5.1.2 Two-dim ensional simulations o f  the fixed cylinder case

Two-dimensional simulations were also performed in the fixed body case, using a 

total of 16 sectional planes equi-spaced along the quarter ring part. As anticipated 

in section 5.1.1, a sectional argument based on the local normal component of the 

incoming velocity would predict a gradual decrease of the Reynolds number as the 

non-dimensional arc-length s / D  increases, i.e. at lower sections along the span. 

This is consistent with the observation that the vortex shedding is not present at 

sectional locations corresponding to a local Reynolds number below the critical value
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Figure 5.3: Two-dimensional simulations for the steady convex configura­
tion at Be =  100: spanwise variation of sectional lift coefficient 
against non-dimensional time (left) and streamwise vorticity iso­
contours at s/D =  0 and s/D =  16.8 (right).

for the onset of shedding. However, this would also suggest that different shedding 

frequencies would take place at every sectional plane: this has been shown to be 

untrue by the three-dimensional computations presented in the previous section, 

where only one dominant frequency was observed for the whole body in all the cases 

tested, highlighting a possible shortcoming of a two-dimensional analysis.

Figure 5.3 (left) shows the spanwise distribution of the lift coefficient in time at 

Be =  100: consistent with the plot in figure 5.1 (right), the magnitude of the lift 

coefficient is close to zero for s/D > 13 and vortex shedding does not take place 

below this position, as shown by the vorticity isocontours in figure 5.3 (right). The 

spanwise lift distribution plot also shows the presence of phase jumps at s/D =  1.5, 

5 and 7.5, which are related to vortex dislocations and cellular shedding. The lack of 

a constant phase change along the span could be partially compensated by including 

a model for the phase shift based on equation (5.1) (which is in turn based on the 

curvature of the body). The resulting isocontours for the lift coefficient are shown 

in figure 5.4. However, this model provides only an approximation for the gradual 

spanwise phase change and is not able to correct the phase jumps that occur at the
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Figure 5.4: Two-dimensional simulations (VIVIC) for the steady configura­
tion at Re =  100: spanwise variation of sectional lift coefficient 
against non-dimensional time without phase shift model (left) 
and with phase shift model (right).

boundaries between cells shedding at different frequencies.

Finally, it should be noted that the period of shedding in these plots appears 

to be twice the period found in the three-dimensional computations: this is due to 

the different non-dimensionalisation of the time units in the two-dimensional code, 

which is based on the radius instead of the diameter.

5.2 Forced cross-flow vibration

This section presents a set of simulations investigating the effect of an imposed 

sinusoidal motion on the wake behind the convex configuration. Figure 5.5 illustrates 

the pairs of non-dimensional input parameters ( f s/f0,A/D) simulated in the case 

of transverse translation at Re =  100, overlaid on the parameter plane obtained 

by Willden et al. (2008) with two-dimensional simulations at the same Reynolds 

number. The dashed line corresponds to the map of modes for 300 < Re <  1000 

originally obtained by Williamson & Roshko (1988), whose terminology is also used 

to identify the different flow states; the solid line was obtained by Willden et al. 

(2008) with two-dimensional computations at Re =  100 and represents the part of 

the lock-in region where a positive energy transfer from the flow to the cylinder takes
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Figure 5.5: Flow states simulated for the convex configuration in the case 
of forced vibration at Re=100. overlaid on the Willden et al. 
(2008) map obtained with two-dimensional simulations at the 
same Reynolds number. The grey circles refer to type A shed­
ding and the hollow circles to type B shedding. The shadowed 
area indicates the fluid excitation region.

place. In the cases presented, the amplitude of oscillation ranges from a minimum 

value of 0.1 D to a maximum of 0.5D, whereas the input frequency f Q varies from 

0.5 /s to 1.3f s, where f s is the Strouhal number for a fixed straight cylinder at 

Re =  100.

The next section presents a description of the types of shedding found in different 

regions of the parameter space analysed, using the wake topology and force distri­

bution on the surface as a criterion for the categorisation. Section 5.2.2 analyses 

a case of vortex shedding outside the two-dimensional lock-in region for a straight 

cylinder, while section 5.2.3 focuses on low amplitude states, where dislocations oc­

cur spontaneously in the near-wake at regular intervals and fixed positions, even at 

a Reynolds number equal to 100. Sections 5.2.4.1 and 5.2.4.2 investigate the influ­

ence of the imposed amplitudes and frequencies on the energy transfer mechanism 

to identify the flow regimes that are positively excited and to predict where VIV
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is likely to take place. Two modified geometries are presented in section 5.2.5 to 
investigate the effect of the horizontal extension and of the radius of curvature on 
the wake dynamics and energy transfer. Finally, a comparison with selected free 
vibration cases is provided in section 5.4.

5.2.1 Lock-in boundaries and flow regimes

In figure 5.5, the lock-in boundaries for a straight cylinder obtained from experiments 

(dashed line) and numerical simulations (solid line) are remarkably close, albeit the 

difference in Reynolds number. At R e — 100, the mode of shedding observed for 

both the convex configuration and the straight cylinder is 2S throughout the lock-in 
region. However, the lock-in region in the case of the curved body is larger than the 

two-dimensional one, as the vortex shedding syncronisation takes place over a wider 
range of input frequencies.

In particular, the lower lock-in boundary appears shifted towards higher values 

of input frequency f 0 (i.e. lower values of the ratio f a/ f o  in figure 5.5). Flow 

states corresponding to input parameter pairs such as (0.77,0.5) and (0.83,0.1), 

which would normally give rise to de-synchronised wakes, result in globally locked- 
in vortex shedding over the whole span. This suggests that the introduction of a 

geometrical non-uniformity can shift the lower boundary of the lock-in region in 

figure 5.5 to include higher excitation frequencies that resulted in non-synchronised 

flow patterns in the case of a uniform cylinder. This observation is also supported 
by the outcome of the study conducted by Nuzzi et al. (1992) on a cylinder with a 

mild diameter variation: their experiment shows that the lock-in region for the flow 

past the geometrical disturbance reaches higher excitation frequencies compared to 

the uniform cylinder case.

Close to the upper boundary of the lock-in region (lower excitation frequencies), 

the flow appears only locally locked-in, with two distinct frequencies measured in 

different spanwise regions: a higher frequency, close to the Strouhal value for the 

steady convex configuration, is found to drive the shedding in the upper part of the 

body, while a lower frequency, equal to the excitation frequency, is dominant in the 

lower half. In this regime, the Strouhal component of the lift force is therefore non
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negligible compared to the force contribution generated by the body’s oscillation: 
this component would disappear if the cylinder’s response was locked-in everywhere. 

However, the Strouhal contribution does not participate in any energy transfer be­
tween the body and the fluid, since there is no oscillation at the Strouhal frequency. 

In the region of the two-dimensional parameter plane with no observable flow pat­

terns (NOP in figure 5.5), the vortex shedding results in a complex wake dynamics 

where a mix of 2S and 2P modes of shedding is observed; this hybrid mode shows 

similarities with the 2P-2S mode found by Flemming & Williamson (2005) in the 

wake of pivoted cylinders and by Techet et al. (1998) past a tapered cylinder. Inside 

this extended lock-in region, two regimes could be identified: type A (grey circles) 

and B (hollow circles). Although both cases give rise to a 2S type of shedding, the 
force and phase angle distribution change significantly along the span of the body, 

as will be described in the next sections.

5.2.1.1 Type A

At high excitation frequencies and relatively high amplitudes of oscillation the vor­

tices are shed in-phase with the cylinder’s motion: the resulting lift distribution is 
shown in figure 5.6 together with the wake topology visualised through A2 = —0.1 

isosurfaces. The shedding at the top exhibits the features of a 2S mode, with 

two oppositely signed single vortices shed per oscillation cycle. Due to the three- 
dimensionality of the model, the vortex cores in the near-wake are bent according 

to the curvature of the body and start to distort further downstream. In the lower 

part of the quarter ring they become weaker and deform in a wavy fashion, devel­

oping lateral arms of vorticity that reconnect to the main vortex core around the 

horizontal extension.
This wake dynamics is significantly different from the one past the fixed convex 

cylinder illustrated in section 5.1.1, where the straight vertical vortices give rise to 

out-of-phase shedding along the span and virtually no vortical motion is detected in 

the horizontal extension. As a consequence of the imposed translation, the cores and 

the body’s axis are nearly parallel and the main vortex detaches from the trailing 
edge at the same time in every spanwise location, as shown in figure 5.7: conse-
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Figure 5.6: Left: Wake topology for the flow past the convex configuration 
at f„  =  1.1 A/D =  0.5 (Re =  100); isosurfaces at A2 =  —0.1 
and —f- =  524.5. Right: Time evolution of the sectional lift 
coefficient along the cylinder’s span.

Figure 5.7: Shedding mechanism at =  524.5 for the case at f 0 =  1.1 f a, 
A/D =  0.5. Isosurfaces at A2 =  —0.1.

quently, at a fixed time instant, no change in the sign of the force exerted on the 

body takes place and the lift coefficient isocontours in figure 5.6 appear straight.

The effect of motion on the force distribution can be deduced also from the 

vertical velocity isocontours plotted in figure 5.8 for the steady and oscillatory case. 

In the former the velocity component in the y -direction is negative for the first 

vortex shed, whereas in the latter it is positive (hence directed out of the paper). 

These plots show how the distance of the first vortex from the body decreases as the 

cylinder is forced to oscillate in the transverse direction; this is consistent with this 

case exhibiting higher forces on the body’s surface.
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Figure 5.8: Isocontours of the v velocity component in the y—direction (pos­
itive out of paper) at Re =  100. Left: steady case at =  523.8 
(set of data from Miliou (2004)). Right: oscillating case at 
fo =  1.1/s, A/D =  0.5 and =  524.5.
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Figure 5.9: Lift signal for A/D =  0.5 and f 0/fa — 1.1 at a section 
s/D =  26.6 (horizontal extension) and force signal given by 
the Morison’s equation (Morison et al. (1950)).

The fact that the sectional forces do not decrease with increasing s/D may 

appear in contrast with the weakening of the shedding in the lower part of the pipe 

shown by the A2 isosurfaces in figure 5.6 (left). In the region where the cylinder 

is parallel to the inflow the body responds only to the force due to the cross-flow, 

since the inflow is parallel to its axis and does not generate vortex shedding. For 

9 > 45° (corresponding to s/D ss 10), the axial component of the incoming velocity is



significantly greater than the normal one and therefore this region shows similarities 
to a slender body, eventually becoming completely parallel to the inflow direction in 

the horizontal addition: following the “Independence Principle” , the pressure field 
and hence the pressure force in this region should be insensitive to the axial velocity 

component. However, due to the alignment of the body with respect to the flow 

direction, this is a spanwise “drag-type” force, whose magnitude and frequency are 

well predicted by equation proposed by Morison et al. (1950) (5.2) based on mean 
force coefficients in the direction of the cross-flow.

F(t) =  l-p U \ U \ D C „  +  j i r pD2̂ C M ( 5 . 2 )

The force given by equation (5.2) for an oscillating cylinder in a stationary flow 
with Keulegan-Carpenter number K C  — umai T =  n  a n ( j  Stokes parameter ¡3 =  

^  =  18.04 (corresponding to f Q — 1.1 f s and A / D  =  0.5) is displayed in figure 5.9 

together with the lift signal at s / D  = 26.6. The inertia and drag coefficients used 

to calculate the lift force in the horizontal extension can be found in Bearman et al. 

(1985) and are given respectively as:

C m  =  1 +  4 ( tt/ ? ) - *  C D =  | 7r3 # - 1 ^ ) - *  ( 5 . 3 )

This feature is strictly related to the type of motion and is absent when the body 

is kept fixed in an uniform flow. As we shall discuss in section 5.2.4.1, this has an 

important influence on the energy transfer mechanism, since the transverse oscilla­

tion of the horizontal extension provides a significant hydrodynamic damping to the 

whole structure.

As expected from theoretical considerations, the transverse motion within the 

lock-in region enhances the spanwise correlation of the vortices and generates a 

more two-dimensional form of shedding. The correlating effect of lock-in, often used 

to justify the use of two-dimensional simulations for predicting the flow behaviour, 

allows a better approximation of the force distribution in forced vibration through 

the strip theory based code. Figure 5.10 shows the lift coefficient distribution along 

the span of the body: unlike the steady case, where the phase shift due to the leading
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edge curvature could not be accurately modelled, in the oscillating configuration the 

sectional approach provides a correct approximation of the in-phase vortex shedding. 

The maximum value of the sectional lift coefficient obtained through two-dimensional 

simulations agrees remarkably well with the three-dimensional results, especially 

in the lower part of the quarter ring (s/D > 10), where the force distribution 

is predicted by equation (5.2). Figure 5.11 and 5.12 show the spanwise vorticity 

distribution in the near wake obtained with three and two-dimensional simulations 

respectively. As discussed in chapter 4, in the strip theory based code the sectional 

planes are perpendicular to the cylinder axis and therefore correspond to the sections 

of the three-dimensional domain illustrated in figure 5.11. The three-dimensional 

results show that the wake topology remains nearly unaltered in the upper half of the 

quarter ring (up to s/D =  10.4), exhibiting a 2S type of shedding with progressive 

contraction of the shear layers as the non-dimensional arc-length increases. This is 

consistent with the gradual increase in the magnitude of the lift force from the top 

to the bottom of the body shown in plot 5.6 (right). However, the wake topology in 

figure 5.12 shows good agreement with the three-dimensional counterpart only for 

s/D =  0: further down along the span, i.e. at s/D =  5.2, which corresponds to 

a section inclined of 24° approximately, the cross-flow influence strongly interferes

600 610 620 630 640
tUJX

Figure 5.10: Spanwise variation of sectional lift coefficient against non- 
dimensional time for f 0 =  l . l / s and A/d =  0.5 at Re =  100 
(two-dimensional simulations).
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Figure 5.11: Spanwise vorticity component at four different sections (s/D =  
0, s/D =  5.2, s/D — 10.4 and s/D =  15.6), three-dimensional 
simulations at f 0 =  1.1 f s, A/D =  0.5 and Re =  100. The non- 
dimensional time corresponds to a minimum in the lift force.

Figure 5.12: Spanwise vorticity component in four different sections, two- 
dimensional simulations at =  1.1 f s, A/D =  0.5 and Re =  
100. The non-dimensional time corresponds to a minimum in 
the lift force.
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Figure 5.13: Spanwise vorticity in a section perpendicular to the inflow 
direction, corresponding to s/D — 19.6 (bottom end of the 
quarter ring). The dashed lines represent negative vorticity.
Left: present two-dimensional simulation with KC — n and 
Re =  100. Right: vorticity isolines with K C  =  5 and Re — 100 
from Dutsch et al. (1998).

with the 2S mode of shedding and the corresponding force distribution shows no 

difference with the one found at the bottom of the quarter ring, as depicted in figure 

5.10.

Finally, we note that in a section close to the bottom end of the curved cylinder, 

approximately at s/D =  19.6, the sectional approach would take into account only 

the cross-flow component dictated by the body’s motion, as the normal component 

of the incoming velocity would be zero. Considering again the analogy with a “drag- 

type” force described above, the wake topology in this section would correspond to 

the laminar flow induced by the harmonic oscillation of a cylinder in a fluid at rest 

with Keuleugan-Carpenter number K C  =  7r and Re =  100. Figure 5.13 (left) shows 

the spanwise vorticity distribution in a sectional plane inclined 7r/2 from the free- 

stream direction; this is characterised by symmetric and periodic vortex shedding 

in the direction of the oscillations (i.e. cross-flow direction) and not in the free- 

stream one, which in this case is perpendicular to the sectional plane. The outcome 

of the numerical simulations performed by Dutsch et al. (1998) with K C  =  5 and 

Re =  100, which corresponds to the same flow regime of the present case according 

to the definition given by Tatsuno & Bearman (1990), is also shown for comparison.
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Figure 5.14: Left: Wake topology for the flow past the convex configuration 
at f 0 =  0.7f s and A/D =  0.25 =  353.6); isosurfaces
at A2 =  —0.08. Right: Time evolution of the sectional lift 
coefficient along the cylinder’s span.

5.2.1.2 Type B

When the excitation frequency is decreased to values below the Strouhal frequency, 

a second frequency higher than the imposed one appears in the vortex shedding from 

the top region of the body. This flow state is identified by the hollow circles in the 

shedding map of figure 5.5. The spanwise extension of the region where the vortex 

shedding occurs at this higher frequency depends on the input parameters choice, 

becoming larger with decreasing amplitude and frequency of excitation (see figure

5.21 in section 5.2.3).

This section will discuss the case at f Q — 0 .7/s and A/D =  0.25, which represents 

a point just outside the two-dimensional lock-in region in figure 5.5; this may be 

regarded as a transition from the steady to the oscillating configuration, as it presents 

features common to both cases.

Figure 5.14 illustrates the wake topology through X2 =  —0.08 isosurfaces, as well 

as the corresponding lift coefficient evolution in time along the span. The vortex 

cores in the upper part of the curved cylinder are straight and the shedding process 

occurs in a similar fashion to the one in the stationary case, shown in figure 5.1.
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Figure 5.15: Dominant frequencies in the lift coefficient in the top section 
(CLo), at the dislocation position ( C L 9 . 5 )  and in the bottom 
part of the quarter ring (C L i56). Transverse oscillation at 
fo =  0.7f s, A/D =  0.25.

Consequently, a gradual phase shift takes place in this region, due to the different 

timings of the vortex shedding in each spanwise location. However, when the cylinder 

is forced to vibrate in the cross-flow direction, the contribution from the lower part 

of the body to the overall force is significant: as for type A, the analogy with the 

flow around a slender body forced to vibrate in a fluid at rest and the validity of the 

equation by Morison et al. (1950) in predicting the resulting force in the horizontal 

extension holds in this case as well. Therefore, for s/D > 10, the flow behaviour 

presents similar features in the two regimes. Nevertheless, the simultaneous presence 

in two regions along the span of cells characterised by different shedding frequencies 

results in the occurrence of vortex dislocations where the two cells are connected. 

This was not observed in the non-oscillating case, since the vortex shedding was not 

present in the lower part of the body.

Figure 5.15 shows the Fourier analysis of the lift coefficient signal in three sections 

corresponding to the top of the body, the position at which the dislocations occur and 

the lower half of the quarter ring (s/D =  0, s/D — 9.5 and s/D =  15.6 respectively). 

This plot shows that only one frequency is dominant at the top and at the bottom of 

the body, while at the dislocation position both frequencies are detected, although 

the power spectra density is considerably smaller than in the other spanwise regions. 

This highlights the presence of a beat frequency, which results in modulations in the 

time evolution of the integrated lift coefficient as shown in figure 5.16. The higher
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Figure 5.16: Time evolution of the integrated lift coefficient in the case of 
transverse oscillation at f a =  0.7/.,, A/D =  0.25 and Re =  100.

frequency at the top sections is equal to 0.1753; this value is very close to the 

Strouhal frequency measured in the fixed cylinder case, which was equal to 0.1761. 

This observation lends support to the idea that in the type B shedding the Strouhal 

component of the lift force cannot be neglected as it generally happens in globally 

locked-in states under forced vibrations.

In type B the vortex dislocations occur at a fixed spanwise position and are 

periodically formed in the near wake when the cylinder reaches the maximum am­

plitude. This phenomenon is also observed at very low amplitudes of oscillation: 

for A/D — 0.1 and excitation frequencies below the Strouhal value, two distinct 

shedding frequencies take place along the span of the cylinder and vortex splitting 

is found to occur at the boundary between the cells. A more complete overview of 

the dislocation formation mechanism within this shedding regime will be given in 

section 5.2.3.

5.2.2 Vortex shedding outside the two-dimensional lock-in 

region

Simulations of the vortex shedding at very low frequencies were performed at A/D — 

0.5 and Re =  100. The pair of input parameters ( / e/ / s =  0.6, A/D =  0.5) lies
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Figure 5.17: Time evolution of the sectional lift coefficient along the convex 
body’s span at f e =  0.6f s and A/D =  0.5.

outside of the “conventional” two-dimensional lock-in region depicted in figure 5.5. 

The lift distribution along the span in figure 5.17 highlights the presence of vortex 

dislocations at s/D =  10, which result from the competition between the frequencies 

at the top and at the lower half of the cylinder as described in the previous section: 

the region 0 < s / D < 1 0  tends to shed vortices with a straight core at the higher 

frequency f top, whereas for s/D < 10 the effect of curvature prevails and the cores 

are bent and shed at the imposed frequency (fbottom)-

The A2 isosurfaces and the spanwise distribution of the sectional lift coefficient 

are presented in figure 5.18. In this case, the shedding at the top is not as well 

established as in the type B shedding and the main vortex morphology changes 

from cycle to cycle, giving rise to an alternation of curved and straight cores. At ti 

in figure 5.18 (right), f top is prevailing and the cylinder sheds a straight vortex that 

detaches from the shear layer at about s/D =  10, generating dislocations. At f2 in 

the following cycle, when the influence from the bottom part is predominant, a pair 

of curved vortices is shed from the top region in the fashion described in 5.2.1.1.

However, these two types of cores do not have the same strength, as the level of 

vorticity in the curved core is significantly higher: the vorticity in the straight core 

is not sufficiently concentrated to cut off the supply of circulation to the forming 

vortex on the opposite side and this weaker core detaches once the cylinder’s motion
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Figure 5.18: Wake topology for the flow past the convex configuration at 
f e =  0.6f s and A/D =  0.5. Left: isosurfaces at A2 =  —0.07 
and ~  t\. Right: isosurfaces at A2 =  —0.07 and t-^ L ~  t2.

changes direction, without interaction with the opposite shear layer. This weak 

form of shedding is illustrated through isocontours of spanwise vorticity in figure 

5.19 (left), while the curved vortex shedding dynamics is visualised in figure 5.19 

(right). The wake topology past the top sections is similar to a 2P mode, with 

two counter-rotating vortex pairs shed per cycle, as described by Williamson & 

Roshko (1988). However, a closer analysis reveals that the vorticity distribution in 

this ‘weak’ type of shedding is different from the one in the 2P mode: in this case 

the two vortices that form the pair maintain the same vorticity sign in each shed 

couple (i.e. the first is positive and the second is negative in every pair, as shown 

in figure 5.19 (left)). This is consistent with the idea that the Strouhal frequency 

f s is trying to re-assert itself in this region of the cylinder, which therefore tends 

to shed vortices at a frequency that is nearly double the frequency imposed. The 

absence of synchronised wake patterns observed for the two-dimensional cylinder is 

therefore not present in the case of the convex geometry. The three-dimensionality 

of this configuration and the effect of motion enhance the correlation of the vortex 

cores, although the competition of two frequencies in the upper part of the body 

prevents the vortex shedding from being globally locked-in along the whole span.

A measure of the degree of three-dimensionality in the wake is given by the 

correlation coefficient of the lift force acting on the body’s surface in every spanwise 

location, which can be calculated as:
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Figure 5.19: Case at f Q/fs =  0.6, A/D =  0.5: spanwise vorticity at t\ =  
249.2 (y — 0.5), when the straight vortex core is shed (left), 
and at tx =  254 (y =  —0.5), when the curved vortex core is 
shed (right). Dashed lines for negative vorticity.

Rff =  T5T

T . ( c ‘- o - c Z ) ( c i, - c r . )
i= 1

1/2 (5.4)

( c u - c i ; y
H =1 i = 1

where n denotes the number of slices. Figure 5.20 shows the spanwise variation 

of Rff in case f a =  1.3/ s and A/D =  0.5 (type A), in case f Q =  0.8f s and 

A/D =  0.1 (type B) and in case f Q =  0 .6/s and A/D =  0.5 (shedding outside

the two-dimensional lock-in region). A value of Rff close to unity implies strong 

correlation and suggests uniform condition in the primary vortex, while a value near 

0 corresponds to regions with poor spanwise correlation. Clearly, the degree of cor­

relation in type A is very high, resulting in a more severe hydrodynamic loading and 

in a uniform 2S type of shedding with phase angle close to 0°. On the other side, 

type B exhibits a drastic loss of correlation in the upper region of the body: this 

is associated with phase jumps and a sharp reduction in the magnitude of the lift 

coefficient in the top sections. A more detailed description of the vortex shedding 

phasing will be given in section 5.2.4.1.

Finally, in the case with input parameters outside of the two-dimensional lock-in

region (fa — 0 .6 /s and A/D — 0.5), the loss of correlation occurs more gradually
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Beoime A

Figure 5.20: Spanwise lift correlation coefficient in type A, B and outside 
the two-dimensional lock-in region (i.e. at f Q — 0 .6 /s and 
A/D =  0.5).

over a wider range of non-dimensional arc-length s/D, until Rfj reaches a value 

close to 0 for s/D — 9.7. This phenomenon is associated with the coexistence of a 

2S and a 2P mode along the span (as suggested by Hover et al. (1998) in the case 

of the 2S-2P hybrid mode of shedding past a tapered cylinder).

5.2.3 Vortex dislocations at low frequencies and amplitudes

As discussed in sections 5.2.1.2 and 5.2.2, the three-dimensional effects introduced 

by the body’s curvature may lead to the occurrence of vortex dislocations in the 

wake: this is particularly evident at low excitation frequencies, in regions of the 

(A/D, f 0/fs) plane outside the lock-in boundaries. This phenomenon was also ob­

served at low amplitudes of oscillation: for A/D =  0.1 and excitation frequencies 

below the Strouhal value, two distinct shedding frequencies were found along the 

span of the cylinder, i.e. a higher frequency in the top part of the body (f top) and a 

lower frequency always corresponding to the imposed frequency of oscillation in the 

lower region ( fb o t to m )-  Vortex dislocations form periodically in the wake as these cells
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Figure 5.21: Left: spanwise distribution of the total lift coefficient at A/D =
0.1 and f Q/fs =  0.9, f D/fs =  0.8 and f Q/fs =  0.7 (top to 
bottom). Right: dominant frequencies in the top and bottom 
part, and at the dislocation position.

move out of phase with each other. Consistent with findings in past literature on 

shedding at low Reynolds numbers (Williamson (1992)), their occurrence is periodic 

in time and at fixed spanwise positions. Similarly, in all of these three cases illus­

trated in figure 5.21 the dislocation occurs at a beat frequency / D =  ftop ~ bottom- 

When the imposed frequency is increased from 0.7f s to 0 .9 /s, the dislocation position 

shifts towards the top of the body and its frequency f D decreases.
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Williamson (1992) analysed the natural and forced formation of vortex dislo­

cations in the laminar regime and used a small ring disturbance to trigger this 

mechanism at a local spanwise position; the dislocation frequency was found to 

decrease with decreasing ring diameter. In the curved cylinder there is no such dis­

turbance; however, if we consider two-dimensional sections in the plane (x , y) placed 

at different spanwise locations, the local cross-section of the body is an ellipsis whose 

greater diameter is larger than the cylinder diameter D: similar to the ring diameter 

in Williamson’s experiments, this introduces a different length-scale in the problem. 

An approximate relationship between the ratio of the dislocation frequency to the 

primary vortex shedding frequency and the greater diameter of the elliptical cross- 

section De was found to hold for the cases presented in figure 5.21. This is given 

as:

f p  _  D e  
f o ~  D

Substituting the oscillation frequency f a and the dislocation frequency fo , this equa­

tion provides a value for De that identifies the cross-sectional plane at which the 

dislocation is expected to occur: for the three frequencies presented in figure 5.21, 

f o / f s  =  0-7, 0.8 and 0.9, the non-dimensional arc-lengths corresponding to the eval­

uated elliptical diameter are s/D =  10.6, s/D — 8.9 and s/D =  7, respectively (as 

indicated by the dashed line in the lift isocontours plots). This is in agreement with 

the value at the lower boundary of the dislocation highlighted by the lift isocontours 

in figure 5.21 (left), where the vortex splitting takes place.

The exact spanwise position at which the jump in frequency occurs can also be 

obtained from the Fourier analysis of the lift coefficient signal: figure 5.22 shows the 

frequency variation with the normal velocity component, Un =  t/oocos(0), which is 

related to the non-dimensional arc-length via the following relationship:

s/D =  R* cos *0 (5.6)

where R* is the non-dimensional radius of curvature of the quarter ring. The 

spanwise locations for the frequency jump, obtained using equation (5.6), are
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Figure 5.22: Spanwise distribution of the vortex shedding frequency in the 
three cases with imposed frequency f 0/fs — 0.9, f 0/fs =  0.8 
and f 0/fs — 0.7 (top to bottom) and oscillation amplitude 
A/D =  0.1.

s/D =  10.57, s/D =  8.55 and s/D — 5.9 for input frequencies f 0/fs =  0.7, 0.8 

and 0.9 respectively. Figure 5.22 highlights also that the frequency in the lower part 

of the body is equal to the imposed frequency of vibration ( f /f ex =  1), while the 

shedding from the top part takes place at a higher frequency.

A further observation which supports this interpretation may be derived from the 

existence of a mathematical relationship that allows the oblique-shedding Strouhal 

data Stg to collapse onto the parallel-shedding Strouhal curve StQ, hence giving rise
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to an universal S t / Re curve. Williamson (1989) provides experimental evidence that 

such a relationship exists in the form S t 0 =  S t g / cos 6, where 6 is the angle of oblique 

shedding. If we consider the shedding from the top of the body to be nearly parallel 

to the cylinder’s axis in the upper half of the quarter ring and the bent cores in the 

lower part to be at an oblique angle 6 dependent on the non-dimensional arc-length 

at which the dislocation occurs, a similar relationship can be given as:

flop  — } bottom /  COS 6 (5.7)

Substituting the value of the frequencies found by means of the spectral analysis (see 

figure 5.21), equation (5.7) leads to a value for 6 which identifies the same spanwise 

positions for the dislocation given by the argument of the elliptical cross-sections 

illustrated above.

These observations suggest that the spanwise position at which vortex disloca­

tions occur is primarily a function of the imposed frequency f 0\ as shown in figure 

5.14, in the case with imposed frequency f a =  0.7f s and amplitude A/D =  0.25, the 

dislocation takes place at s/D 10 and this value does not change when the am­

plitude of oscillation is decreased to 0.1 D keeping the frequency constant (see figure 

5.21). Similarly the dislocation frequency f D is not affected by the change in the 

oscillation amplitude. Finally, we note that the vortex dislocations exhibit a clear 

periodicity at lower frequencies and amplitudes of oscillation because in these cases 

the velocity and acceleration of the body are smaller and hence the weak shedding 

of straight vortices from the top is less disrupted by the change of direction in the 

sinusoidal trajectory. In fact the straight core shedding implies a gradual detach­

ment of the core from the shear layer and therefore occurs only for long periods of 

vortex shedding. As f 0/f8 is increased and A/D is kept constant, the change in the 

direction of the body close to the extremes of the trajectory is more abrupt and 

there is not enough time for the straight cores to form.

As illustrated in figure 5.23, at this very low amplitude of oscillation the force 

distribution in the upper part strictly resembles the one for the steady case presented 

in figure 5.1, with a similar phase shift along the span. This feature disappears as 

the frequency is increased above the Strouhal value, in type A. Figure 5.24 (left)
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Figure 5.23: Detail of the lift coefficient distribution in time along the span 
of the curved part only in the case with f 0/fs — 0.7 and A/D =
0.1. The dashed line represents the phase shift based on the 
free-stream velocity — 1.

shows the time evolution of the lift coefficient in the case ( f0/fs =  1-1; A/D =  0.1): 

as a direct consequence of the frequency increase, the dislocations have disappeared 

in the wake and the lift force is gradually reaching the same phase of the cylinder’s 

motion. Although the lift coefficient isocontours are still bent in the upper region 

of the body, the phase line that approximates the spanwise shift is now based on a 

velocity U =  0.hU^. A further increase in the oscillation frequency ultimately leads 

to in-phase shedding, as shown in figure 5.24 (right).

Finally, a closer view of the near-wake in the case with f 0 =  0.9 f s and A/D =  0.1 

is shown in figure 5.25; the dashed line 13 in the plot of the sectional lift coefficient 

isocontours indicates the time instant at which the A2 isosurfaces are extracted, 

=  253.8, a position corresponding to the maximum displacement in the positive 

direction and in the middle of the vortex splitting process. This picture may be 

compared to the results presented in sections 5.2.1.2 and 5.2.2: since the dislocation 

position has moved to the top region, the vortex splitting is less evident than in the 

other two cases, presented in figures 5.14 and 5.18 respectively. The time instants t\ 

and i2 refer to the shedding of straight cores before the occurrence of a dislocation,
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Figure 5.24: Detail of the lift coefficient distribution in time along the span 
of the quarter ring. Left: case with f 0/fs =  1-1 and A/D =  
0.1. The dashed line represents the phase shift based on the 
free-stream velocity — 1 , while the solid line is based on 
U =  0.5Uoo. Right: case with f 0/fs =  1.2 and A/D =  0.1.

Figure 5.25: Left: Wake topology for the flow past the convex configuration 
with f 0 =  0.9f s and A/D =  0.1 at isosurfaces at À2 =  —0.1. 
Right: Time evolution of the sectional lift coefficient along the 
cylinder’s span.

while ¿3 has been chosen in the middle of the vortex splitting. The base pressure 

coefficient distribution along the span of the body at ¿1, t2 and i3 is shown in figure 

5.26: the presence of vortex dislocations involves a sharp increase in Cpb in the top 

region where the splitting takes place. In their experiments on wavy cylinders, Bear-
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Figure 5.26: Base pressure coefficient for the convex configuration with f 0 —
0.9f s and A/D =  0.1. The three time instants t\, 12 and f3 refer 
to figure 5.25.

man & Tombazis (1997) found that a certain level of base pressure was associated 

with a different shedding frequency so that a vortex dislocation would correspond to 

a jump in the base pressure along the span. In the present simulation the occurrence 

of a dislocation modifies the base pressure distribution along the spanwise direction, 

generating a gradual increase in Cpb in the time instants prior to the vortex splitting, 

shortly before the base pressure coefficient reaches a maximum value at t3 in figure 

5.26, which also corresponds to a sharp drop in the drag coefficient Cd■ This mech­

anism can be explained considering that the formation of a dislocation involves a 

sharp bending of the vortex filaments, producing a streamwise vorticity component 

able to sustain the pressure gradient. This trend has been found in all the cases that 

exhibited vortex dislocations.

5.2.4 Vortex shedding phase and energy transfer

5.2.4.1 Effect o f  the frequency ’s variation

The regimes so far analysed present similar features in the wake topology, with a 2S 

type of shedding dominant in the lock-in region. However, the lift force distribution 

changes considerably along the span with varying input frequencies and amplitudes,

145



*  lo-0 .6 l, « 1-0.71,
• 1-0.61, *  1-0X1,

Figure 5.27: Spanwise variation of the time-averaged phase angle </> with the 
imposed frequency at a fixed amplitude A/D — 0.5 (left) and 
at A/D =  0.25 (right).

a) b) c)

Figure 5.28: Phase angle of total lift, (ptot, pressure lift <f)press, and viscous 
lift, <pvisc at A/D =  0.5 and Re =  100. a) f„ =  0 .6 /s; b) 
f 0 =  0 .9 /,; c) f 0 =  1.3f s.

as the curvature of the body has a significant effect on the vortex shedding phase. 

The spanwise variation of the phase angle (f> with the imposed frequency is shown 

in figure 5.27 for fixed amplitudes equal to A/D =  0.5 and A/D =  0.25: at the 

higher amplitude of oscillation, the phase angle lies in the range [—180° ;0°] along 

the whole span of the body. Figure 5.27 (left) highlights the different behaviour 

of the top region in type A and B, as described in the previous section. At input 

frequencies above the Strouhal value ( f0 =  l . l / s, 1.2/s and 1.3/s), the phase shift 

is relatively small and the vortex shedding is in-phase along the entire span and 

locked onto the imposed frequency; this is associated with very high values of the
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lift correlation coefficient Rjj, as shown in figure 5.20. At lower frequencies, such as 

f0 =  0.8f s and 0.9/s, the phase angle in the top part exhibits a sharp reduction of 

about 90°: this localised jump implies a gradual phase change in the central region 

of the quarter ring, in order to reach the value of 0 in the horizontal extension, which 

is approximately constant at every frequency given the nature of the forces in this 

region (see section 5.2.1.1). As shown in figure 5.28, the phase change in the total 

lift is due to the jump in the phase of the pressure force component, as the viscous 

contribution (j)visc is constant along the body’s arc-length. When the amplitude of 

oscillation is halved to 0.25 (figure 5.27 (left)), the spanwise variation of the phase 

angle is considerably different, as the values of <f> are now higher and lie in the positive 

excitation region [0°; 180°] for most of the frequencies tested. We shall describe the 

variation of the energy transfer with the oscillation amplitude later in this section, 

the important point concerning the phase angle illustrated in figure 5.27 being the 

common value 0 ~  —30° in the lower part of the body at both imposed amplitudes 

of vibration: this feature is also found in the concave configuration, where (f tends to 

the same negative value as the curvature becomes aligned with the inflow direction, 

regardless of the input frequency or amplitude. In this region, the flow behaviour 

is found to be nearly insensitive to the curvature’s orientation and of the shedding 

mechanism in the upper part of the body.

The time-averaged part of the lift coefficient in phase with the body’s velocity, 

CLV, is proportional to the energy transferred from the fluid to the structure: posi­

tive values of CLV correspond to fluid excitation, while negative values indicate fluid 

damping. According to the plot in figure 5.29, CLV is negative at every spanwise lo­

cation, with the most negative values in the lower part of the geometry (s/D > 15), 

where the total lift coefficient reaches the highest magnitude. At high frequencies, 

the velocity and the acceleration of the cylinder are higher and, according to the 

equation given in (5.2), the force acting on the body as it oscillates transversely in 

the fluid is larger. This region acts as a hydrodynamic damper to the whole struc­

ture, preventing the top part to be excited by the vortex shedding, with the only 

exception the case at f 0/fs =  1.3, where CLV is mildly positive for 0 < s/D <  3. 

As the frequency ratio is decreased from 1.3 to 0.5, the value of CLV in the lower
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Figure 5.29: Spanwise variation of the time-aver aged lift coefficient in phase 
with the cylinder’s velocity CLV (left) and of the total time- 
averaged lift coefficient CL (right) at a fixed amplitude A/D =
0.5 and Re — 100.

region increases, without however becoming positive; at the same time, the value at 

the top decreases slightly. Therefore, for all the frequencies tested at this amplitude, 

the integral of the energy transferred over the whole structure is negative.

For 9 >  45° (corresponding to s/D «  10), the axial component of the incoming 

velocity is significantly greater than the normal one and thus this region shows 

similarities to a slender body, becoming entirely parallel to the inflow direction 

in the horizontal addition: following the “Independence Principle” , the pressure 

field and hence the pressure force in this region appear to be insensitive to the 

axial velocity component. Figure 5.29 (right) clearly shows the predominance of the 

force contribution arising from this lower portion of the body; the force coefficient 

increases and its peak shifts to the middle region (s/D =  10) as the input frequency 

is increased.

Figure 5.29 (left) also shows that the spanwise location of the maximum value of 

CLV shifts towards the upper part of the body as the imposed frequency is increased: 

at frequencies within type A shedding ( fa =  1.2/s and f Q =  1.3/s) this takes place at 

s/D =  2, while within type B it occurs further down along the span, at 9 < s/D < 

10. Finally, for input frequencies outside of tne two-dimensional lock-in regime (i.e. 

f 0 =  0 .5 /s and f Q =  0 .6/s), the peak of CLV occurs in the range 13 < s/D < 14.
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5.2.4.2 E ffect o f  the am plitude ’s variation

At lower amplitudes, the influence of the horizontal extension is weakened and the 

shedding from the upper half of the cylinder is stronger. Two distinct trends for the 

lift coefficient are found to occur depending on the frequency ratio value. At input 

frequencies within type B, such as f 0/fa =  0.9, the total lift coefficient still reaches 

its maximum value in the lower part of the body (s/D > 15), as shown in figure

5.30 (right): however, when the amplitude of oscillation is reduced, the peak in the 

total lift coefficient shifts further along the span, until for (f0/fs =  0.9; A /D  =  0.1) 

it occurs at s/D =  12 and for (f0/fs — 1.1; A/D =  0.1) at s/D =  7.1, as illustrated 

in the right-hand side of figures 5.31 and 5.32.

At the same time, figure 5.31 (left) shows that CLV in the range 0 <  s/D < 12 

becomes positive for A /D  =  0.1 and 0.25, with a maximum at s/D =  9. This 

shows that the region of the body’s span that determines the direction of the energy 

transfer is located in the middle part of the quarter ring. The spanwise location of 

the maximum CLV appears to be the same at all the amplitudes tested (see figure

5.31 (/e/t)), suggesting that it may depend on the frequency only.

At / 0/ / s =  1.1, the part of the lift coefficient in phase with the velocity sharply 

increases: figure 5.32 shows that the maximum positive value for CLV at A/D =  0.1 

and 0.25 is now reached in the top sections (0 < s/D <  6), as opposed to type B 

where the peak in CLV occurs in the middle part of the quarter ring. Similarly, at 

these lower amplitudes, the total lift coefficient attains a maximum for s/D >  10: 

the direction of the energy transfer is thus determined in the upper half of the body.

When the convex configuration is forced to oscillate in the cross-flow direction, 

the net energy transfer for the whole structure is positive for ( fa/f0 =  0.9; A /D  =  

o.l), (fs/fo =  1.1; A/D =  0.1), (fs/fo =  1; A /D  =  0.1) and (fs/f0 =  1 ; A / D  =  

0.15), as schematically shown in figure 5.5: although the exact boundaries in the 

parameter plane for the excitation region have not been determined, these results 

show that the excitation region for this configuration is considerably contracted when 

compared to its two-dimensional counterpart, which is delimited by the solid line. 

The plots of the CLV distribution presented in this section show that the reduction of
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Figure 5.30: Effect of amplitude variation on the spanwise distribution of 
CLV (left) and total CL (right) at f 0 =  0.7/ s.
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Figure 5.31: Effect of amplitude variation on the spanwise distribution of 
CLV (left) and total CL (right) at f 0 =  0.9f s.
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Figure 5.32: Effect of amplitude variation on the spanwise distribution of 
CLV (left) and total CL (right) at f 0 =  l . l / s.
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the excitation region in the parameter plane is a direct consequence of the horizontal 

extension presence: the high hydrodynamic damping in this lower region of the body 

prevents the top part, which is likely to shed vortices in a similar manner to the 

straight cylinder, from being excited by the flow. At A/D <0 .15 within type A, the 

top sections axe subjected to positive energy transfer (see figure 5.32), since the force 

contribution from the horizontal extension is weaker due to the very low amplitude 

of oscillation. As observed in section 5.2.3, this type of shedding strictly resembles 

the one in the steady configuration, which exhibits straight cores and the spanwise 

lift distribution depicted in figure 5.1. This flow configuration is therefore likely to 

lead to excitation in the top sections, although the response amplitude expected in 

free vibration is considerably smaller than the one observed for straight cylinders; 

this point will be further discussed in section 5.4.

The presence of a strong fluid damping generated in the part of the body aligned 

with the inflow may lead to the hypothesis that the area of positive energy transfer 

could increase with a shorter horizontal extension or a larger radius of curvature. 

The following section will discuss the effect of these two geometry changes on the 

energy transfer mechanism.

5.2.5 M odified convex configurations

5 .2.5.1 Effect of the horizontal extension

As discussed in section 5.2.4.2, fluid excitation in the convex configuration can be 

achieved only at very low amplitudes of oscillation, at which the damping effect from 

the horizontal extension is less significant. To investigate the effect of this region 

on the energy transfer mechanism the length of the extension has been decreased 

from 10 to 5 diameters. The pairs of input parameters tested in this modified 

convex configuration are (fa/f0 =  0.9; A/D =  0.1), {f8/f0 =  1.1] A/D =  0.25), 

(fs/fo =  0.9; A/D =  0.5) and {fa/f0 =  1.1; A/D =  0.5).

Among these cases, only the pair (f a/f0 =  0.9; A/D =  0.1) represents a state 

where the structure is excited by the flow and the net energy integral is positive. 

As shown in figure 5.21, vortex dislocations appear at regular interval in the wake
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Figure 5.33: Modified convex geometry, f 0 =  0 .9 /s and A/D =  0.1. Left: 
spanwise variation of sectional lift coefficient in the case with a 
5-diameter long extension. Right: comparison of CLV distribu­
tion with a 10— and a 5—diameter long horizontal extension.

10D «Mention tD  «Motion

Figure 5.34: Modified convex geometry, f 0 =  l . l / s. Comparison of CLV 
distribution with a 10— and a 5—diameter long horizontal ex­
tension. Left: A/D =  0.25D. Right: A/D =  0.5D.

of the original configuration, at a spanwise position in the range 4 < s/D <  7. The 

reduction in the length of the horizontal extension has no effect on the frequency 

and position of vortex dislocations, as highlighted in figure 5.33. Consequently the 

CLV distribution is not altered and the energy transfer has the same value of the 

geometry with a 10D long extension. This trend is confirmed at higher amplitudes of 

oscillation within type A shedding: figure 5.34 shows that the geometric modification
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in the length of the horizontal addition has no effect on the energy distribution.

5.2.5.2 E ffect o f  the radius o f  curvature

To investigate the effect of curvature, numerical simulations at f a =  1.1 f s and 

A/D =  0.5 have been performed on a second modified geometry with a double 

radius of curvature, R =  25D. To reduce the computational cost of this bigger 

mesh, the horizontal extension has been reduced to a length of 7 diameters, since 

the previous simulations demonstrated that this parameter has no relevant effect on 

the force distribution and on the energy transfer mechanism. Figure 5.35 shows the 

wake topology, while figures 5.36 and 5.37 (right) provide a comparison of the lift 

coefficient distribution in the case of the double radius of curvature geometry and 

in the original one. Although the maximum and minimum value of the fluctuat­

ing lift coefficient and its spanwise distribution are the same in the two cases, the 

energy transfer mechanism is modified by the increase in the radius of curvature: 

as shown in figure 5.37 (left), when R =  25D the lift coefficient in-phase with the 

velocity becomes positive for 14° <  6 <  40°. However this is not sufficient for the 

whole structure to be excited by the flow, as the hydrodynamic damping component 

generated in the lower part of the geometry is still dominant.

From a sectional perspective, the increased curvature allows a better approxima­

tion of the flow, as the upper part of the body is now closer to a straight cylinder: 

following the cosine law, the same value of s/D at which the normal velocity is 

smaller than the axial one in the original configuration would now account for a 

higher velocity contribution and hence it would give rise to a more “conventional” 

vortex shedding. This two-dimensionalising effect is shown in figure 5.38, where the 

variations of CL and CLV along the span of the body are illustrated. The distribu­

tion of the total lift coefficient is remarkably similar to the one obtained with fully 

three-dimensional simulations (see figure 5.36): the magnitude of CL ranges from 

-1.789 to +1.76, when computed through the three-dimensional code, and from 

—1.76 to +1.737, when computed using the sectional approach.

However, the part of CL in phase with the velocity, shown in figure 5.38 (right), 
is in good quantitative agreement with its three-dimensional counterpart only in the
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Figure 5.35: Wake topology for the flow past the convex configuration at 
f 0 =  1.1 f s and A/D =  0.5 visualised through isosurfaces at 
A2 =  -0 .1 .

R =  2bD R =  12.5 D

Figure 5.36: Lift coefficient distribution on the body’s surface, in the case 
with R =  25D (left) and R =  12.5D (right). Both configura­
tions are forced to oscillate at f Q =  1.1 f s and A/D =  0.5. The 
dashed line identifies the end of the curved part.

top region 0 < s/D < 6, where the maximum discrepancy in the values obtained with 

two and three-dimensional simulations is equal to 0.047. As the cylinder becomes 

progressively aligned with the inflow direction, the axial velocity component Ua 

increases until it reaches the same magnitude of the normal velocity component and

154



• R-12.5D
O R-25D

• R- 12.6Do R-25D

Figure 5.37: Spanwise distribution of the lift coefficient in phase with the 
velocity CLV (left) and of the total lift coefficient CL (right) in 
the case with R =  25D and R =  12.5D. Both configurations 
are forced to oscillate with f a =  1.1 f s and A/D =  0.5.

3D simulation

Figure 5.38: Two-dimensional sectional simulation of the modified geometry 
with double radius of curvature at f Q =  l . l / s and A/D =  0.5. 
Left: lift coefficient distribution on the body’s surface. Right: 
spanwise distribution of the lift coefficient in phase with the 
velocity in two- and three-dimensional simulations.

cannot be neglected. Figure 5.39 (left) shows that Ua reaches a peak magnitude of 

0.822Uoo at s/D =  18.7 (corresponding to 6 =  42.85°): this non-dimensional arc- 

length corresponds to the point where the two and three-dimensional results in figure 

5.38 start to diverge considerably. In these conditions, the strip theory fundamental
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Figure 5.39: Spanwise distribution of the time-averaged values of the verti­
cal, normal and axial velocity component extracted 0.3D up­
stream in the radial direction. Both configurations are forced 
to oscillate at f a =  1.1 f s and A/D — 0.5.

assumption is not verified and the sectional flow approximation is unable to predict 

the direction of the energy transfer. Similarly, for R =  12.5D the axial velocity 

component reaches an maximum value of 0.931700 at s/D =  12 (8 =  55°), with a 

higher gradient and therefore a sectional approach would be even less successful in 

this case.

Going back to figure 5.39 (left), in the three-dimensional simulations the normal 

velocity component has an approximately constant magnitude in the range 0.5C/oo < 

Un < 0.58i/oo for 0 < s/D <  19 and starts to decrease monotonically when s/D > 

19. The normal velocity component calculated using the cosine law is very close 

to the three-dimensional one for 0 <  s/D <  6.1, with a maximum difference of 

AU/Un of 9.5%. In the case with R =  12.5 the condition A U/Un < 10% is fulfilled 

only for a much narrower range, 0 < s/D <  3.1. This supports the conclusion that 

a sectional approach leads to a better flow approximation in the case with double 

radius of curvature, where the normal velocity upstream of the body is approximately 

constant and close to the value predicted by the cosine law.
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r./f.

Figure 5.40: Flow states simulated for the convex configuration in the case 
of forced rotation about the horizontal extension axis, over­
laid on the Willden et al. (2008) map (two-dimensional simu­
lations).

5.3 Forced cross-flow rotation

When a uniform translation in the cross-flow direction is imposed to the convex 

configuration, the resulting vortex shedding is significantly influenced by the dy­

namics in the lower half of the body; in particular, the horizontal extension acts like 

a strong hydrodynamic damper, preventing the whole structure from being excited 

by the flow. For this reason, only the flow states generated at very low input am­

plitudes lie within the region of positive energy transfer and can be used to predict 

free vibration. This is an intrinsic feature of the convex configuration in uniform 

translation. To avoid this mechanism, an oscillatory roll motion about the horizontal 

extension axis has been imposed as an alternative: the maximum amplitude, equal 

to 0.5.D, is thus reached at the top section and decreases with decreasing distance 

to the roll axis. This value was chosen equal to 0.5D to span all the amplitudes 

considered in the forced transverse translation presented in section 5.2. The hori­

zontal extension has no translational motion in this configuration. The oscillating 

rotation of this part will generate a damping effect due to skin friction, which in 

this case is so small as to be negligible. Figure 5.40 shows the amplitude spanned
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Figure 5.41: Forced rotation at f Q =  0.9f s. Left: Wake topology for the 
flow past the convex configuration, isosurfaces at A2 =  —0.1 

and '-tjf- =  302. Right: Time evolution of the integrated lift 
coefficient along the cylinder’s span.

for a fixed input frequency in each of the simulations. The oscillation amplitudes 

corresponding to the part of the cylinder undergoing a positive energy transfer are 

highlighted in red; similarly, the amplitudes corresponding to the regions where the 

structure is damped by the fluid are marked in blue.

The next section will present an overview of the wake dynamics and of the 

physical features related to this kind of motion. A quantitative analysis of the 

results will be provided in section 5.44, together with a comparison with the uniform 

translation motion.

5.3.1 Wake topology at f Q =  0.9f a

As shown in figure 5.40, the input frequency at which the largest portion of the 

cylinder is excited by the flow is f 0 =  0.9f s (corresponding to f s =  1 .1 1 / 0 in the 

notation used in the plot).

The wake topology is presented in figure 5.41, together with the time evolution 

of the lift coefficient on the cylinder’s surface. The A2 =  —0.1 isosurfaces show that
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Figure 5.42: Forced rotation at f 0 — 0 .9 /s, isosurfaces at A2 =  —0.1. Left: 
detachment at s/D sa 12, =  302. Right: detachment at
s/D «  17, =  307.5.

the shed cores twist around their axes and exhibit significant spanwise waviness. In 

contrast to the translational motion previously considered, the main vortex is weaker 

and does not envelop the horizontal extension, which is now fixed. The cores are only 

slightly bent according to the cylinder’s curvature and detach from the main vortex 

at different spanwise locations for every time instant: the imposed rotation leads 

to out of phase shedding and thus to the non-uniform spanwise distribution of the 

sectional lift coefficient illustrated in figure 5.41 (right). The phase shift in the lift 

force takes place in the lower half of the body, for 8 < s/D <  18.5, corresponding 

to inclination angles 41° <  9 < 85°. However, this mechanism does not occur 

gradually like in the steady case or in the uniform translation motion (i.e. figure 

5.1). In uniform translation, the curved line given by the phase model in equation 

(5.1) is based on the cylinder’s curvature and is consistent with the morphology of 

the main vortex core, which is bent according to the geometry’s shape and detaches 

from the body at the same time along the whole span. In rotation, the detachment 

occurs at the same time only in the top region; as s/D increases, the separation point 

shifts down along the span during one cycle, moving from s/D «  10 to s/D «  18.5, 

as displayed in figure 5.42. This mechanism gives rise to a constant phase shift in 

this range of non-dimensional arc-lengths: figure 5.41 shows that the lift coefficient 

isocontours have a constant inclination angle 6 =  45° over the region of the cylinder
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Figure 5.43: Forced rotation at two different imposed frequencies, sectional 
lift coefficient isocontours. Left: f a =  0 .8/s. Right: f 0 = f s.

where the detaching point is moving.

5.3.2 Phase angle variation and energy transfer

As shown in section 5.3.1, the imposed rotation significantly influences the vortex 

shedding timing and the morphology of the cores. The variation of the imposed 

oscillation frequency f 0 has highlighted that the value 6 =  45° for the spanwise 

location of the phase shift is an intrinsic feature of the vortex shedding in this type 

of motion for input frequencies f Q < f s. Figure 5.43 illustrates two examples of the 

lift coefficient distribution for input frequencies f 0 =  0.8f s and f a =  f s- In both cases 

8 has a value of 45°, although the spanwise location for the phase shift changes with 

the input frequency: at f 0 =  0.8/ s it corresponds to the region 9 < s/D <  19.6, while 

at fo =  fs its extension shrinks to 9 < s/D <  16 approximately. This is illustrated 

in figure 5.44, which shows the effect of the oscillation frequency variation on the 

phase angle 0 between the lift and the displacement: for s/D > 9 and imposed 

frequencies 0.7f s < f„ < f s, <t> decreases monotonically with a constant slope and 

the curves are parallel.

At the same time, the shedding at the top becomes stronger and more correlated 

as the input frequency increases: the distribution of the maximum total lift in each 

section is displayed in figure 5.45 and shows that the location of the largest CL moves 

from the bottom to the top of the body as the input frequency is increased to values
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Figure 5.44: Effect of the oscillation frequency variation on the phase angle 
<p between lift force and displacement (forced rotation with 
fixed top amplitude A/D =  0.5).

larger than the Strouhal one. The case at f Q =  0.9f a exhibits CLmaXtbottom =  0.7 

at s/D =  11 and CLmaX}top — 0.32 at s/D =  0, with a difference A CLmax =  

CLmaxbottom—CLmaxttop — 0.38. However, when the oscillation frequency is increased 

to 1.2/s, CLmaX'top =  0.61 is achieved at s/D — 6 , while CLmaii6oitom =  0.16 occurs 

at s/D =  13.6. The total difference in this case is thus A CLmax =  CLmaX'top — 

C Lmax'bottom =  0.45.

The case at f a — f s is a transition between the two states, without significant 

changes in the magnitude of CL along the geometry’s span: the maximum value in 

the bottom region is equal to 0.36 (at s/D > 10.6), while in the top region it reaches 

a value of 0.23 (at s/D =  6 ), with a A CLmax =  0.13 between the upper and the 

lower half of the geometry.

A measure of the energy transfer magnitude along the span of the body is given 

by the product of the part of the sectional lift coefficient in phase with the velocity 

and the distance of the relevant section from the axis of rotation. The resulting 

variable is the moment of the lift coefficient in the i—th section and can be written

as:
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Figure 5.45: Effect of the oscillation frequency variation on maximum CL 
(forced rotation with fixed top amplitude A/D =  0.5).

fjf.

Figure 5.46: Left: moment of the lift coefficient in phase with the velocity.
Right: spanwise location (and corresponding amplitude of os­
cillation) of the excitation (red) and damping (blue) regions 
for all the frequencies tested.

CLy\ji — C Lv̂ Zi ZCT) (5.8)

where (z* — zCT) is the vertical distance between the centre of rotation and the centre 

of the i—th section along the span where CLV is measured. Figure 5.46 shows

162



the behaviour of C L v m  for all the input frequencies tested: the regions along the 
cylinder’s span that are excited or damped by the flow axe highlighted in red and 

blue respectively. At low frequencies, only the sections oscillating with amplitudes 

0.07 < A / D  < 0.25 are effectively excited by the vortex shedding forces, while 

the rest of the body is damped; this is consistent with the observation that in 

uniform cross-flow translation the cases with f 0 =  0.7f s and A / D  =  0.1 and 0.25 

exhibits a positive maximum C L V in the middle/lower region of the quarter ring, 
corresponding to the excitation region marked in red in figure 5.46 (right) at the 

same input frequency in forced rotation.

As f / f a increases, the excitation region expands and includes sections vibrating 

at much higher amplitudes: at f D — 0.9f s it reaches its maximum extent (0 < s/D < 
12.9 corresponding to oscillation amplitudes 0.07 < A / D  < 0.5). After this point, a 

further increase in the imposed frequency leads to a gradual decrease in the area of 

the excitation region, which also shifts towards the top of the body.

5.4 Vortex-Induced Vibration

To validate the accuracy of the forced vibration approximation in the prediction of 

the fluid dynamic loading on the structure, simulations of freely vibrating bodies 

have also been performed. Forced oscillation simulations allowed the identification 

of the regions in the parameter plane where vortex-induced vibrations are likely to 

occur: the input data from these computations were used to calculate some of the 

parameters that govern vortex-induced vibrations.

The forced purely sinusoidal oscillations were able to reproduce the different wake 

structures observed for a freely vibrating cylinder. However, as highlighted by several 

previous investigations (see section 2.3.6), the lack of a complete understanding of 

the non-linear relationship between the structural parameters and the frequency and 

amplitude of oscillation poses caveats to the use of forced vibration to approximate 

VIV: in fact, when the cylinder is free to move and respond to the hydrodynamic 

forces, the resulting amplitude and frequency may correspond to regions of the 

parameter plane where the energy transfer in forced vibration is negative and vice
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versa. Therefore, the purpose of the next section is to compare the results obtained 
in free vibration to the flow states where a positive energy transfer was found to 

occur in forced vibration. Given the high computational cost of these simulations, 
it has not been possible to obtain a complete response plot for the free vibration 

cases and thus it is not intended to establish to what extent forced vibration tests 
can be used in VIV prediction.

Selected cases with reduced velocity and spring and damping constants matching 

the forced vibration parameters will be presented in this section, together with the 

reference case at zero structural damping. In all the simulation presented the mass 
ratio was chosen equal to 3, a plausible value for vortex-induced vibration in water.

5.4.1 Free vibration simulations

5.4.1.1 Free translation in the cross-flow  d irection

Forced vibration simulations of uniform translation in the cross-flow direction showed 

that the excitation region in the parameter plane of figure 5.5 was significantly 

reduced compared to the one in the straight cylinder case and limited to very low 

amplitudes of oscillation. This was due to the strong component of hydrodynamic 

damping generated by the part of the body aligned with the inflow direction and 
could be considered as an intrinsic feature of this type of curvature.

As expected from these considerations, when the convex body is free to respond 
to the fluid forces, the resulting amplitude of motion is very small. Figure 5.47 shows 

the cross-flow displacement in the case with structural damping (  =  0.012, mass ratio 

m * =  3 and reduced velocity is Vr =  6.77, which corresponds to a natural frequency 

f n «  0.9f 8- The maximum amplitude A/D for this value of structural damping is 

very low and the frequency of oscillation is f Q =  0.94/s. This flow configuration can 

be compared to the fixed cylinder wake illustrated in figure 5.1: the wake topology 

shown in figure 5.48 (left) exhibits straight cores and a gradual phase shift takes place 

along the spanwise direction, as illustrated by the lift coefficient time evolution in 

figure 5.48 (right). No significant vorticity is generated in the horizontal extension.

In the case with £ = 0, m* =  3 and Vr =  6.77 the response of the cylinder takes
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Figure 5.47: Maximum amplitude of the cross-flow vibration of the convex 
body with Vr =  6.77, m* — 3 and (  =  0.012.

Figure 5.48: Free vibration with Vr =  6.77, m* =  3 and £ =  0.012. Left: 
Wake topology, isosurfaces at À2 =  —0.1. Right: Time evolu­
tion of the integrated lift coefficient along the cylinder’s span.

the form illustrated in figure 5.49. The maximum amplitude is slightly increased 

and the displacement history in time exhibits low frequency modulations that are 

typically found in the lower branch in the straight cylinder case.
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Figure 5.49: Maximum amplitude of the cross-flow vibration with Vr =  6.77, 
rn* =  3 and £ =  0.0.

5.4.1.2 Free rotation in the cross-flow direction

Forced vibration simulations of the uniform rotation about the horizontal extension 

showed that it is more likely for the convex configuration to undergo free vibration 

in this type of motion rather than in uniform cross-flow translation. The following 

results have been obtained with mass ratio m* =  3, torsional structural damping 

fa =  0.1 and reduced velocity Vr =  5.5, which corresponds to a natural frequency 

fn ~  1-1/a-
The vortex shedding frequency measured in this flow configuration is f Q =  1.14/s; 

this case is therefore compared to the forced vibration results with an imposed 

frequency f0 — l . l / s and a maximum amplitude at the top A/D =  0.5, in the 

hypothesis that the vortex shedding is locked in and the natural frequency has a value 

similar to the shedding frequency. The wake topology and the sectional lift coefficient 

evolution in time are shown in figure 5.50: the forced vibration simulation could 

correctly reproduce the range of values for the sectional lift coefficient ([—0.92; 0.92] 

in free rotation, [-0.84; 0.87] in forced rotation) and its spanwise distribution in the 

region 0 <  s/D <  15. The A2 isosurfaces show that in the forced vibration case 

the cores twist along the spanwise direction and exhibit an elliptical instability; this 

waviness of the main vortex is absent in the results from free vibration. Further, the 

separation of the shed vortex from the shear layer occurs at a much lower spanwise
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Figure 5.50: Wake topology isosurfaces at A2 =  —0.1 and sectional lift coeffi­
cient distribution. Left: free rotation at Vr =  5.5 and Ct =  0.1. 
Right: forced rotation at f Q =  1.1 f s and A/D =  0.5.

position in forced motion: the bottom end of the secondary core is still attached 

to the shear layer at a position close to the junction with the horizontal extension 

when the main vortex is about to be shed. This delay in the separation is responsible 

for the slanted distribution of the lift coefficient isocontours in the forced vibration 

results over the region 11 < s/D <  15, which does not take place in free vibration. 

This behaviour is reflected in the constant slope in the spanwise distribution of the 

phase angle </>, shown in figure 5.52 and discussed in section 5.44: in free vibration the 

net energy transfer must be positive (from fluid to structure) in order to overcome
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Figure 5.51: Left: maximum amplitude of the transverse rotation at s/D —
0. Right: angle of rotation 6.

the energy dissipation due to mechanical damping and thus the phase angle must 

lie in the region [0°, 180°].

The displacement of the top section and the angle of rotation measured from the 

axis of rotation are displayed in figure 5.51. An amplitude of cross-flow oscillation 

at s/D — 0 equal to 0.5D corresponds to an angle of rotation of approximately 

2.3°. The case with zero structural damping exhibits a maximum amplitude of 

oscillation equal to 0.67D. To obtain the same amplitude of the forced vibration 

simulation at f 0 =  1.1 f s, a structural damping >  =  0.1 has to be added to the 

system: the corresponding black dotted line in figure 5.51 (left) reaches in fact a 

maximum amplitude 0.51 D.

Figure 5.52 shows the effect of the structural damping on the phase angle and 

total lift coefficient. The phase angle in free rotation is close to 0° and a maximum 

discrepancy of 20.35° between free and forced vibration simulations is obtained in 

the range 0 < s/D < 10. In the lower half of the quarter ring, s/D >  10, the phase 

angle in the two cases diverges significantly: this is due to the different shedding 

mechanism highlighted in figure 5.50 and to the shift of the separation point along 

the span discussed in section 5.3.1 for the forced vibration simulations. Finally 

we note that in the system with zero damping the density of energy is lower than
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Figure 5.52: Spanwise variation of phase angle 4> and total lift coefficient 
CL in forced rotation with (f a =  1.1 f s; A/D =  0.5) and in 
free rotation with £r =  0.1 and Ct  =  0 (both at Vr =  5.5).

in the damped one as no structural dissipation has to be overcome in order to 

generate V1V. The total lift coefficient in free vibration with Ct =  0.1 exhibits a 

considerable deviation from the one obtained in forced vibration; however, a similar 

magnitude could be reproduced in the undamped free motion case, although the 

spanwise location of the maximum value for CL is shifted down the span and occurs 

at s/D =  8.1 instead of s/D =  6 .
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Chapter 6

Concave configuration

6.1 Background studies: fixed cylinder in uniform 

flow

6.1.1 V ortex shedding suppression

This section presents some fundamental studies on the vortex dynamics past the 

stationary concave configuration carried out by Miliou (2004) and Miliou et al. 

(2007). When the concave configuration is exposed to an uniform inflow at Re =  100, 

the wake topology is markedly different than the one past the convex cylinder, 

as shown in figure 6.1: the most striking features are the absence of interaction 

between the two shear layers and the subsequent suppression of vortex shedding. 

The fluid-dynamic loading on the structure is thus significantly different in the two 

configurations: in the concave one the forces are steady, with a drag reduction of 

12% compared to the opposite configuration, which exhibits vortex shedding. The 

completely different wake features observed for the convex and concave geometries 

can be related to the strong velocity component generated by the shape of the 

stagnation face and thus aligned to the cylinder’s axis: its curvature deflects part of 

the approaching flow towards the top of the body (in the concave case) or the bottom 

(in the convex case). In analogy with the study conducted by Darekar & Sherwin 

(2001b,a) on vortex shedding past a wavy geometry (see 2.6.2), Miliou et al. (2007)



Figure 6.1: Left: concave configuration at Re -  100, À2 =  -0 .01. Right: 
streamwise velocity in the wake and pressure distribution along 
the span.

found that the axial flow generation can be associated with a redistribution of the 

spanwise vorticity along the span and with the presence of streamwise vorticity and 

vertical velocity. This additional vorticity component is believed to have a direct 

influence on the wake width, by pulling the shear layers apart and preventing them 

from interacting and forming vortical structures.

Figure 6.1 (right) shows the variation in the wake width at different spanwise 

locations: at z =  0 the wake is significantly wider than at lower positions. If 

we consider the concave configuration as an extreme case of the wravy cylinders 

investigated by Darekar and Sherwin, the top of the concave configuration would 

correspond to the ‘geometrical minimum of the wavy cylinder’ , defined as the most 

downstream point, which indeed exhibits the wider wake. Similar to the present 

case, in the case of wavy cylinders the width of the wake decreases from the valley 

to the peak. Although the peak-to-peak height and the wavelength of the curved 

model lies outside the parameter space investigated by Darekar and Sherwin, an 

interesting comparison between the wake topology past the concave configuration 

and the one observed in Regime III type A can be drawn. The vortex shedding is 

absent also when the Reynolds number is increased up to 500, although the forces 

are not completely steady as in the low Reynolds number case.
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6.1.2 V ortex shedding resum ption and weak form  o f  shed­

ding

As outlined in section 3.1.2, a symmetry boundary condition is imposed on the 

top computational plane. To investigate the effect of this restriction on the vortex 

shedding suppression, a 6—diameter long vertical extension was added to the top 

of the concave configuration: in this modified geometry, the symmetry boundary 

condition is specified on a plane that has no intersection with the quarter ring, 

allowing to assess the effect of the axial flow on the classical mechanism of vortex 

formation in the wake of a nominally two-dimensional body.

The results demonstrate that the curved part influences the vertical extension 

and weakens the two-dimensional shedding expected for a straight circular cylinder 

at Re=100: the steady wake found for the concave configuration is not destabilised 

by the straight part and the wake at the end of the curved part (top of the quarter 

ring) appears narrow and nearly symmetric. Although periodic fluctuations in the 

lift coefficient are observed at the top of the vertical extension, their amplitude and 

frequency is considerably smaller than the values found for the convex configuration 

at the same Reynolds number, resulting in a ‘weak’ form of shedding where the 

vortex structures away from the body re-connect in loops (figure 6.2). In this case, 

the formation length is considerably longer and the vortex cores do not fully detach 

from the shear layers: the growing vortex is not sufficiently strong to fully draw the 

opposite shear layer across the wake and shed as would be expected in a regular 

von Karman street. A similar wake was observed past the wavy cylinder studied 

by Darekar & Sherwin (2001c), where the spanwise vortex structures were found 

to re-orientate due to the streamwise vorticity in what they defined as regime IIA 

(which exhibited a milder geometrical disturbance compared to regime III A).

When the Reynolds number is increased from 100 to 500, rather than observing a 

stronger two-dimensional shedding past the vertical extension, the weak vortex shed­

ding primarily occurs at the junction between the curved cylinder and the straight 

vertical extension. The magnitude of the streamwise vorticity generated in the shear 

layers is larger than at the value measured for Re =  100 and the vertical velocity
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Figure 6.2: Concave configuration with a 6 —diameter vertical extension at 
Re — 100, À2 =  —0.01 (left); time distribution of the integrated 
force coefficients at P =  6 (right).

component in the wake reaches the same order of magnitude of the free-stream. It 

is suggested that shedding at the top of the vertical extension is weakened by the 

re-orientation of a significant portion of the axial flow at the rear of the body into 

the free-stream direction, as a result of the upper symmetry boundary condition: 

this process shows similarities to a base bleed mechanism and is also consistent with 

the longer formation length observed in this region of the cylinder (see Bearman 

(1967a)). However, it is postulated that a longer vertical extension would displace 

the numerical boundary condition further away from the top of the curved cylinder, 

allowing regular shedding to resume in the two-dimensional part.

6.2 A note on the two dimensional sectional ap­

proach

Given the nature of the sectional code, whereby the flow analysis is conducted in two- 

dimensional planes linked via a structural model, the fluid solver does not take into 

account the orientation of the curvature. From a fluid-dynamic point of view, there 

is no distinction between convex and concave configuration, since a two-dimensional
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section does not provide any information on the type of curvature of the whole body.

A sectional argument based on strip theory would therefore predict the same 

hydrodynamic force distribution for both configurations, in contradiction with the 

outcome of the fully three-dimensional analysis, which has highlighted the key role 

played by the axial flow in the vortex shedding suppression. Consequently, the 

suppression mechanism found for the stationary concave configuration could not be 

reproduced by the two-dimensional simulations: this is an intrinsic limitation of the 

sectional approach and poses a severe restriction on its application to the analysis 

of steady configurations.

6.3 Forced cross-flow vibration

A parametric study of the flow states past the concave configuration in forced vibra­

tion will be presented in this section. As for the convex configuration, the reference 

frame for this investigation is the map obtained by Willden et al. (2008) for a two- 

dimensional circular cylinder at the same Reynolds number, Re =  100, and displayed 

in figure 6.3.

The next sections present a description of the shedding regimes observed in the 

near wake for different pairs of oscillation frequencies and amplitudes. First, each 

type of vortex shedding will be outlined in sections 6.3.1.1 and 6.3.1.2, followed by 

an example of vortex shedding outside the two-dimensional lock-in region presented 

in section 6.3.1.3, which will also discuss the process that leads to vortex shedding in 

the concave configuration as opposed to the one observed past the convex geometry 

with the same input parameters. Section 6.3.2 briefly summarises the results and 

discusses the most important features arising from this geometrical configuration. 

The phase angle distribution and the energy transfer mechanism for the different 

regions of the parameter space are illustrated in section 6.3.3, while free vibration 

simulations with different combination of structural damping and reduced velocity 

are presented in section 6.4.
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Figure 6.3: Flow states for the concave configuration in forced cross-flow 
vibration, overlaid on the Willden et al. (2008) map obtained 
with two-dimensional simulations at the same Reynolds number 
(Re =  100).

6.3.1 Lock-in boundaries and flow regimes

Similar to the convex configuration, the concave body exhibits a 2S mode of shed­

ding throughout the parameter space considered. However, although two oppositely- 

signed vortices are shed per cycle, the resulting wake topology is considerably dissim­

ilar from the 2S mode observed in two-dimensional simulations of forced motion with 

the same input parameters. The circles in figure 6.3 refer to different sub-regimes 

of the 2S shedding mode: the grey circles correspond to a shedding with a narrow 

wake, while the hollow circles indicate a wide wake state that, in some cases, exhibits 

a secondary core between the two shear layers and can therefore be assimilated to 

a very weak form of P+S shedding. In this geometry, the critical curve originally 

found by Williamson & Roshko (1988) in their forced vibration experiment sepa­

rates the two wake states, with a threshold value for the input frequency f Q «  f s. 

All the flow configurations examined represent locked-in states, with only one dom­

inant frequency for the whole structure. In the concave geometry, the lock-in region
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encompasses the one for the two-dimensional cylinder on both sides, resulting in 

a significantly more extended area. This is an important effect of the curvature’s 

orientation and introduces a key point that will be further discussed in section 6.3.2.

The shadowed area where a positive energy transfer from the fluid to the structure 

takes place is considerably larger than the one observed in the convex configuration, 

where the resulting excitation region was considerably reduced and limited to very 

low amplitudes of vibration: in the concave case the flow excitation is achieved 

at oscillation frequencies lower than the Strouhal value and at amplitudes up to 

0.5D, which is also the highest value tested. This region is thus shifted towards the 

right-hand side of the critical curve of figure 6.3. In particular, the highest density 

of energy occurs at oscillation amplitudes in the range 0.1 <  A/D < 0.35.D and 

increases with increasing oscillation frequencies, peaking at f 0 =  0.9f s: when the 

frequency ratio reaches unity, the density of energy drops drastically. This supports 

the hypothesis that the shedding mechanism changes for imposed frequencies above 

and below the Strouhal value, giving rise to different sub-regimes of the 2S type of 

shedding.

6 .3.1.1 2S shedding with wide wake

In figure 6.4 (left) the vortices in the wake of the concave body with A/D =  0.5 

and f 0 =  1.1/a are visualised through A2 isosurfaces. As the free-stream velocity is 

now directed towards the inside of the curved cylinder and no horizontal extension 

is added to this geometry, the cores do not interact with the structure when they 

are convected downstream; however, similar to the wake dynamics observed in the 

convex configuration, they are bent according to the curvature of the leading edge 

and the shedding is in-phase along the whole length of the body. This is illustrated 

in figure 6.4 (right), which displays the lift coefficient distribution along the spanwise 

direction and its evolution in time: in a similar way to the force dynamics in the 

convex configuration, the lift coefficient isocontours at a fixed instant do not change 

sign along the span of the body and no switching in time is observed. The magnitude 

of the lift coefficient in this configuration ranges from -2.11 to +2.09 and is thus 22% 

higher than in the convex case with the same input parameters.
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Figure 6.4: Left: wake topology past the concave configuration at f Q — 
1.1 f s, A/D =  0.5 (wide wake 2S regime); isosurfaces at A2 =  
—0.1. Right: Time evolution of the sectional lift coefficient along 
the spanwise direction.

Figure 6.5: Forced translation of the concave body at f a =  l . l / s, A/D =
0.5: A2 =  —0.1 isosurfaces overlaid on spanwise vorticity iso­
contours; the secondary core is visible between the two shear 
layers.

The near-wake topology also appears completely different from the one obtained 

in the convex configuration. Figure 6.5 shows that the shear layers are more con­

tracted in the concave case: this is consistent with the higher forces generated on 

the body’s surface. As we shall see in section 6.3.2, the shedding at these higher
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Figure 6 .6 : Left: wake topology past the concave configuration at f Q =  
1.1/», A/D — 0.1 (wide wake 2S regime); isosurfaces at A2 =  
—0.07. Right: Time evolution of the sectional lift coefficient 
along the spanwise direction.

frequencies is the only case where the lift coefficient magnitude differs significantly 

in the convex and in the concave configuration with identical flow conditions. Fur­

ther, in this geometry both the near and far wakes are much wider than the one 

in the reverse configuration shown in figure 5.6 (left). The similarities between the 

near wake topology in forced vibration and the steady shear layers found in the 

wake of the fixed body can be explained considering that the shear layers in forced 

vibration do not interact in the fashion described by Gerrard (1966) and outlined in 

section 2 .1 : the shedding of vortices appears to be a result of the change of direction 

in the imposed trajectory that occurs quite abruptly at these higher frequencies. 

The secondary core between the shear layers is also related to the high frequency 

of oscillation: it is generated from the vorticity in the base region, which separates 

when the body reaches the extremes of its trajectory and inverts the direction of 

oscillation. During one half cycle the strength of this vortex decreases until it fades 

out before reforming from the opposite-signed base vorticity in the remaining half 

of the motion. This resembles a very weak form of P+S type of shedding, where 

the second vortex of the pair is not strong enough to leave the base region and be 

convected downstream in the near wake.
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Figure 6.7: Spanwise vorticity distribution at the top of the concave body 
at f 0 =  1.1/», A/D =  0.1.

This mode of shedding is absent at lower oscillation frequencies but still occurs at 

lower oscillation amplitudes. The case of forced vibration at f a =  1.1 f s and A/D =  

0.1 is presented in figure 6.6 for comparison: at this lower oscillation amplitude, 

although the shear layers appear significantly elongated, the wake is still wide and 

the vortex cores are very well correlated in the spanwise direction, implying that this 

sub-regime of the 2S shedding is not considerably affected by changes in the imposed 

oscillation amplitude. A closer examination of the spanwise vorticity isocontours 

illustrated in figure 6.7 reveals that the shedding of the vortices is not caused by 

the mutual interaction of the two shear layers. Interestingly the wake topology at 

f 0 =  1.1 f s and A/D — 0.1 resembles more closely the steady wake found past the 

fixed body than the one observed at the same amplitude but lower frequency. Like in 

the concave case at A/D =  0.5, the shedding mechanism is governed by the abrupt 

change of direction in the trajectory and the corresponding spanwise distribution 

of the sectional lift coefficient also presents similarities, although its magnitude is 

considerably reduced in this case: in the wide wake 2S regime the lift force is higher in 

the top region and decreases with increasing arc-length s/D. This could be expected, 

since the A2 isosurfaces show how the vortex cores become progressively thinner as 

s/D reaches values in the lower half of the geometry. Therefore, in this regime it is 

the vortex shedding in the top sections that drives the one in the lower sections and
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Figure 6.8 : Left: wake topology past the concave configuration at f 0 =
0.9/ s, A/D =  0.5 (narrow wake 2S regime); isosurfaces at 
À2 =  -0 .1 . Right: Time evolution of the sectional lift coeffi­
cient along the spanwise direction.

not the opposite, as it is observed in the convex configuration: this can be partly 

explained considering that in the concave geometry the fluid/structure interaction 

is absent once the vortex is convected downstream, whereas in the convex case the 

lower part of the body interferes with the shed vortex.

6.3.1.2 2S shedding with narrow wake

When the oscillation frequency is reduced to values below the Strouhal one, the wake 

topology changes radically, becoming narrower and exhibiting longer shear layers 

in a similar fashion to the form of 2S shedding observed in the two-dimensional 

simulations. The wake topology for the case with A/D =  0.5 and f 0 =  0 .9 /s is 

displayed in figure 6 .8 , together with the sectional lift coefficient isocontours. This 

plot highlights the wake width reduction and the increase in the formation length in 

the low oscillation frequency range. This is accompanied by a weakening in the lift 

forces generated by the vortex shedding in the top sections of the body; therefore, 

the sectional lift coefficient distribution in the spanwise direction takes the form 

illustrated in figure 6.8 (right), with a progressive reduction in the magnitude of the 

lift force in the top region of the body with decreasing oscillation frequency. The
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Figure 6.9: Forced translation of the concave body at f 0 =  0 .9 /s, A/D — 
0.5: vorticity isocontours at s/D =  0 (left) and at s/D =  7 
(right).

Figure 6.10: Left: wake topology past the concave configuration at f Q =  
0.8f s, A/D =  0.5; isosurfaces at A2 =  —0.1. Right: Time 
evolution of the sectional lift coefficient along the spanwise 
direction.

formation length varies considerably along the span: the vorticity isocontours in 

figure 6.9 shows that at s/D =  7 the shear layer interaction occurs approximately 

at 1.5D downstream of the body and the wake resembles the wide wake 2S regime 

described in 6.3.1.1, whereas at s/D =  0 it takes place at 2.7D downstream and 

gives rise to the narrow wake 2S regime described above.

We note from figure 6.10 (right) that when the frequency is further reduced to
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Figure 6.11: Power spectra density of the integrated lift force coefficient for 
the flow past the concave body at f a — 0.8f s and A/D =  0.5.

0 .8/s the lift coefficient distribution drops to very low values in the upper part of 

the ring, reaching a maximum absolute value of 0.11 in the range 0 < s/D <  5. 

The A2 =  —0.1 isosurfaces in figure 6.10 {left) show that this decrease in the force 

magnitude is related to a delay in the shedding along the span of the configuration 

and, like in the case at f 0 — 0 .9/s, to an increase in the formation length in the 

upper part of the body. This is an important point and will be further discussed 

in section 6.3.2. This lift coefficient distribution is associated with the appearance 

of a third harmonic beside the fundamental frequency of oscillation in the region 

0 < s/D < 5. Figure 6.11 shows the power spectra density of the integrated lift 

coefficient at s/D — 2.5, hence in the middle of the low force region. The first peak 

occurs at a frequency of 0.132 that is approximately equal to the imposed value 

f 0 =  0 .8/ s; the second peak is a third harmonic and corresponds to a frequency 

of 0.3961. This is only present in the top part of the body, for 0 < s/D <  5: 

below this region, the frequency of the imposed motion is predominant and the 

third harmonic disappear. A similar phenomenon, though less accentuated, was 

observed also when f Q =  0.9 f s and appears to be an inherent feature of the narrow 

wake mode, being absent at input frequencies corresponding to the wide wake 2S 

regime. Furthermore, figure 6.12 shows that the Fourier decomposition of the lift 

signal in the top region gives rise to two phase angles, 172° < (j)\ < 180° for the first 

harmonic and 0° < fa < 17° for the third harmonic. Subsequently in this region 

the lift force is made by two components in phase opposition, one due to the body’s
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Figure 6.12: Power spectra density of the integrated lift force coefficient for 
the flow past the concave body at f a =  0.8f s and A/D — 0.5.

motion and one due to the higher frequency: as a result, the magnitude of the total 

lift force for 0 <  s/D < 5 is very close to zero, as figure 6.10 (left) shows.

6.3.1.3 Forced vibration outside the lock-in region

The vortex shedding suppression is related to the axial flow generation and vorticity 

re-distribution described in section 6 .1 : once the stabilising effect of the axial flow is 

disrupted by the body’s oscillation, the shedding resumes and the body is subjected 

to hydrodynamic forces on its surface. Figure 6.13 (right) shows that at imposed 

frequencies as low as f 0 =  0 .6 / s the lift coefficient has the same magnitude of the 

corresponding case in the convex configuration (see figure 5.17 in section 5.2.2). 

Therefore the shedding outside the lock-in region may appear driven by a similar 

mechanism in both configurations, although the flow behaviour in the two geometries 

when the body is kept fixed is markedly different. However, a closer examination 

reveals that the process leading to vortex shedding originates from two distinct 

dynamics: in the convex case the shedding occurs for both the steady and the 

moving body and the effect of the imposed oscillation is to change the shape of the 

cores and enhance the spanwise correlation, whereas in the concave case the vortex 

shedding is due to the interaction between the shear layers induced by the motion 

of the body: at high amplitudes, i.e. A/D =  0.5, the imposed oscillation drives the
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Figure 6.13: Left: wake topology past the concave configuration at fQ — 
0.6f s, A/D =  0.5; isosurfaces at A2 =  —0.06. Right Time 
evolution of the sectional lift coefficient along the spanwise 
direction.

shear layers across the centre-line and the vortex separation results in an interaction 

process similar to flutter. This mechanism is different than the one occurring in the 

wide wake 2S regime, where the shear layers separate as a result of the sharp change 

of direction due to the high oscillation frequency: as illustrated in figure 6.13 (left) 

by the A2 isosurfaces, at f Q =  0.6f s the shear layers are extremely elongated and 

thus their destabilisation and subsequent interaction appear to be a consequence of 

the high amplitude rather than of the frequency of oscillation.

Figure 6.13 also shows that the separation of the primary vortex from the shear 

layer is delayed in the top region of the body and the cores are subsequently bent 

with different inclinations in the upper and lower half of the quarter ring. This 

shedding mode gives rise to a phase shift of 7r in the region 7 <  s/D <  10, as 

displayed by figure 6.21 (right)-, however, no vortex splitting is observed and the 

shedding frequency does not change along the span, unlike the convex configuration 

shedding where the right-hand side of the lock-in region in the map 5.5 (type B) was 

characterised by the competition in the upper part of the body between two distinct 

frequencies. In the concave geometry only one dominant frequency is found along the 

whole body, even at very low input frequencies and amplitudes: this is in contrast 

with the convex case, where a decrease in the oscillation amplitude and frequency
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6.3.2 Effect o f  frequency’s variation on the vortex shedding 

m ode

This section will focus on the effect of the oscillation frequency variation on the vor­

tex shedding process and therefore only one amplitude of vibration will be consid­

ered, A/D =  0.5. Figures 6.14 and 6.15 provide an overview of the spanwise vorticity 

component at different input frequencies in the top section of the body, s/D =  0, 

and in a lower section, s/D =  7, respectively. The three types of shedding can 

be summarised as follows: at frequencies of oscillation outside the two-dimensional 

lock-in region, i.e. f 0 =  0 .5 /s and f 0 =  0 .6 /s, the shear layers are significantly elon­

gated and the vortex shedding appears to be a consequence of the relatively large 

amplitude of oscillation of the body’s cross-flow motion that drags the shear layers 

across the wake centreline and forces them to interact. For oscillation frequencies 

within the lock-in region and on the left-hand side of the critical curve in figure 

6.3, the wake topology strictly resembles the 2S shedding mode obtained using two- 

dimensional simulations and is characterised by a narrow wake. As the Strouhal 

frequency is approached, i.e. at f 0 =  0.9f a, the vortex shedding process changes 

along the span: at s/D =  0 (figure 6.14), it gives rise to the narrow wake described 

above, whereas at s/D =  7 (figure 6.15) the wake width increases and the vortex 

topology resembles the one observed in the wide wake 2S mode. As shown in figure

6.16, this non-dimensional arc-length corresponds to the point where the axial flow 

and the vertical velocity component curve for the case with f 0 =  0 .9 /g reaches the 

value found in the simulations with f Q > f a. On the right-hand side of the criti­

cal curve of figure 6.3, where the imposed oscillation frequency is greater than the 

Strouhal value, an atypical 2S shedding mode with wide wake and contracted shear 

layers is observed along the whole span of the body. This type of shedding is found 

to be rather insensitive to changes in the oscillation amplitude and appears to be 

primarily a function of the oscillation frequency.

The wake mode changes as the oscillation frequency is set equal to the Strouhal

involves the appearance of cells with different frequencies and vortex splitting.
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M D  =0.5; f a = 0.5f s A/D = 0.5; f 0 = 0.6/j

A/D = 0.5; / „ » / , A/D = 0.5; / 0 -1 .2 /,

Figure 6.14: Spanwise vorticity component at s/D =  0 for the concave con­
figuration with A/D =  0.5 and varying input frequency.
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Figure 6.15: Spanwise vorticity component at s/D =  7 for the concave con­
figuration with A/D =  0.5 and varying input frequency.
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value f s: this case can be considered as a transition between the narrow and the 

wide wake 2S shedding. The formation length is significantly reduced and the vortex 

topology in the near wake is similar to the one observed at higher input frequencies; 

however, the shedding mechanism has a different phasing and the shear layers inter­

act as in the lower frequency cases, giving rise to a more “conventional” 2S type of 

shedding. The transitional nature of this flow state can also be inferred from figure

6.16, where the empty symbols follow the curve found for the low frequency regime 

before switching to the high frequency one at s/D æ 6.

These observations pose some fundamental questions on the underlying physics 

that determines the wake topology in the concave configuration. In particular, the 

next sections will discuss the mechanism governing the wake width, its relationship 

with the vortex suppression and the influence of the symmetry boundary condition 

on this type of shedding.

6.3.2.1 The onset of the wide wake mode from the steady shear layers

As highlighted in section 6.2, in the sectional approach the orientation of the curva­

ture has no influence on the flow approximation and therefore the two-dimensional 

simulations produce the same results as shown in chapter 5; in these simulations, 

the wide wake mode does not appear using the same input parameters of the three- 

dimensional simulations. Further, the two-dimensional simulations of the fixed con­

cave body could not reproduce the suppression mechanism. This suggests that both 

the dynamics controlling the wake width and the vortex shedding suppression are 

related to a three-dimensional effect due to the axial flow convection, which is ne­

glected by the sectional approximation of the flow. From the fixed body simulations, 

the vortex shedding suppression appears linked to the gradient of the vertical velocity 

and of the axial flow, with a steeper curve associated with a vorticity redistribution 

in the critical region for vortex shedding (the top of the curved part) and hence 

with vortex suppression, as described in section 6.1. In the forced vibration results, 

the width of the wake is found to be dependent on the sign of the axial flow in the 

upper region of the curved ring. These two features can be visualised in figure 6.16, 

which shows the time averaged value of the vertical and axial velocity component
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extracted along a line 0.3D  downstream of the body in the radial direction for both 

the stationary and the moving body.
In the fixed body case, the gradient of the axial velocity component along the 

spanwise direction is considerably higher than the one measured in all the forced 

vibration cases. As anticipated, this high gradient leads to the generation of addi­

tional vorticity components in the x — and y —direction that prevent the shear layers 

from rolling up in a von Karman street. The imposed motion causes a weakening of 

the axial flow production with a subsequent disruption of this suppression mecha­
nism. Figure 6.16 shows that in forced vibration both the vertical and axial velocity 

components are considerably smaller and their gradient in the spanwise direction 

lower than the one in the steady cylinder configuration: the vertical velocity w/Uoo  

at f 0 =  1.2f s reaches a maximum value of 0.29, 62% smaller than the peak observed 

in the fixed body case, where w/Uoo =  0.47. Further, the spanwise location of the 

maximum vertical velocity in the fixed body case takes place at s / D  = 6.4, in the 

upper part of the quarter ring, whereas in forced vibration the maximum is reached 

at a lower spanwise position, s / D  = 9.5. This corresponds to an inclination angle 

6 = 43.5° and hence to a region located in the middle of the curved part of the body. 

Therefore the additional vorticity components are generated too fax away from the 

top region, where the vortex shedding is more likely to occur, and their stabilising 

effect on the shear layers is unable to suppress vortex shedding.
Figure 6.16 also reveals that at imposed frequencies corresponding to the wide 

wake mode the axial and vertical velocity components have a negative value in the 

top sections and become positive at s / D  =  3, in a similar way to the fixed body case. 

In this region of the quarter ring, the vertical velocity and the axial flow directed 

towards the bottom of the geometry are associated with a wide wake, which may 

take the form of either an atypical 2S shedding (in forced vibration) or steady shear 

layers (in the stationary case).

Figure 6.17 shows a comparison of the different distribution of the streamwise 

vorticity component uix in a slice located 0.3D downstream of the body, at a time 

instant corresponding to the position y  = 0 along the cross-flow trajectory. On 

the left-hand side is the case with narrow wake and on the right-hand side the one
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Figure 6.16: Time-averaged values of axial velocity (Ua/U^ ) and vertical 
velocity (w/Uoo) extracted along a line 0.3D downstream of 
the body in the radial direction. Fixed body case and forced 
vibration at A/D =  0.5 and varying oscillation frequencies.

with wide wake ( fQ =  0.9f s and f 0 =  1.2f s respectively). In the wide wake state, 

the ux distribution in the top sections is nearly symmetrical with respect to the 

centreline, similar to the results obtained in the fixed body case (see Miliou (2004)), 

although this symmetry is not completely preserved along the span: as anticipated, 

the maximum magnitude of ux is reached in the middle region and its intensity 

decreases close to the top of the body. On the other hand, in the narrow wake case 

the positive and negative uix isocontours do not appear simultaneously in the same 

location, but alternate along the spanwise direction. At the time instant depicted in 

figure 6.17 (left), the body is moving in the negative y—direction and the negative 

ux in the top part of the slice drives the shed cores towards the centre of the wake; 

on the contrary, in the wide wake mode illustrated on the right-hand side of figure

6.17, where the body is moving towards the positive extreme of its trajectory, the 

streamwise distribution tends to pull the vortices away from the centre of the wake.

The production of additional vorticity components is a consequence of the change 

in the direction of the cross-flow, normal and axial velocity components: figure 6.18 

shows that in the wide wake state the cross-flow velocity (in the y—direction) ex­

tracted 0.3D downstream of the body is negative at y =  —0.25 and positive at 

y =  0.25, hence directing the shed vortices away from the centreline. In the narrow
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Figure 6.17: Isocontours of the stream wise vorticity component ux ex­
tracted at 0.6D downstream of the body, at a time instant 
corresponding to the position y — 0. Narrow wake state at 
f 0 =  0.9f s and A/D =  0.5 {left) and wide wake state at 
f 0 — l.2 fs and A/D =  0.5 {right).

wake state the cross-flow velocity direction is reversed, with a positive velocity oc­

curring at y =  —0.25 and a negative one at y =  0.25 and thus pointing towards the 

centreline. Further, in the wide wake state the time-averaged velocity component 

directed normal to the body, Un/Uoq, extracted along the same lines is negative 

only at y — 0, while at both cross-flow positions y =  —0.25 and y =  0.25 its value is 

positive: this suggests the presence of two counter-rotating ‘bubbles” in the range 

0 < s/D <  3.8 where this change of sign takes place. This is not observed in the nar­

row wake state, where the normal velocity component is positive at every cross-flow 

position along the whole span of the body.

The isocontours of the vertical velocity in the wake are shown in figure 6.20, 

where the two different wake modes are compared: as anticipated, the wide wake 

is associated with a high vertical velocity in the middle/top region of the body, 

which moves the vortex cores away from the wake centreline, whereas in the narrow 

wake mode the vertical velocity component is considerably weakened in proximity 

of the top and thus the wake generated in this case is not significantly altered. The
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Figure 6.18: Time-averaged cross-flow velocity ( v / U qo) extracted along a 
line 0.3D downstream of the body in the radial direction. Nar­
row wake state at f a =  0 .9/s and A/D — 0.5 (left) and wide 
wake state at f Q =  1.2f s and A/D =  0.5 (right).

»UO-0J5

Figure 6.19: Time-averaged normal velocity (U^/lIoo) extracted along a line 
0.3D downstream of the body in the radial direction. Narrow 
wake state at f Q =  0 .9 /s and A/D — 0.5 (left) and wide wake 
state at f 0 =  1.2f s and A/D =  0.5 (right).

presence of large vertical velocities downstream of the upper part of the body is also 

related to the persistence of a streamwise vortex pair in the wake.
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Figure 6.20: Vertical velocity w isocontours. Forced translation at A/D =  
0.5: f 0 =  0 .9 /s (left) and at f Q =  1.2f s (right).

6.3.2.2 Effect of the symmetry boundary condition on the vortex shed­

ding mode

The results so far illustrated highlight the key role played by the axial flow convec­

tion and by the vertical velocity on the vortex shedding dynamics in this geometrical 

configuration. Like in the fixed concave configuration, a symmetry boundary con­

dition is imposed on the top plane also in this case: this implies that the condition 

w/Uoo =  0 must be satisfied at s/D =  0. In the convex configuration, the effect 

of this restriction on the wake dynamics was less evident as the axial flow was not 

directed towards the top plane, unlike in the concave geometry. It has not been 

possible in this study to assess the effect of the symmetry boundary condition by 

testing the modified concave configuration with a vertical extension on the top of 

the curved ring; however, some considerations on the physics of the wide wake state 

might provide a possible explanation on how this artificial zero vertical velocity 

condition imposed on the top plane may affect the vortex shedding.

A high oscillation frequency implies than the velocity of the moving body is 

also higher; therefore, the change of direction when the body reaches the extreme 

position of its trajectory has to occur over a shorter time. This prevents the cross- 

flow velocity and the axial velocity in the wake of the body from gradually adjusting 

to the change of direction: the resulting direction of the velocity vector downstream 

of the body may be in conflict with the requirement prescribed by the symmetry
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boundary condition, w =  0 and =  0, and consequently cause a redistribution
of the fluid particles. This process ultimately leads to the formation of additional 

vorticity components that would not be present in the absence of the symmetry 

boundary condition. Another possible effect of the symmetry boundary condition 

on the wide wake state can be inferred from the behaviour of the axial velocity 

gradient illustrated in figure 6.16: here, the slope of the curve is such that at the 

frequencies corresponding to the wide wake shedding the values of Ua /U 00 and w/Uoo  

would be negative at the top of the body, if the symmetry boundary condition was 

not applied. The natural inclination of the vertical velocity curve (and subsequently 

of the axial flow one) is thus altered in order to comply with the restriction dictated 

by the condition w/Uoo =  0 that has to be satisfied at s/D — 0. At the frequencies 

corresponding to the narrow wake state, the decreasing of the vertical velocity as 

the non-dimensional arc-length approaches the top plane appears to be more likely 

to satisfy the symmetry boundary condition without substantial alteration of its 

behaviour and, more importantly, without a change in the sign of its gradient.

6.3.3 Effect o f  am plitude and frequency variation on the

shedding phase and energy transfer

Figures 6.21 and 6.22 provide an overview of the flow configurations where a positive 

phase angle <j> (and hence flow excitation) takes place. At flow states corresponding 

to the narrow wake mode, the phase angle at the top is approximately 180° and the 

vortex shedding is out-of-phase with the motion. Since the lower part of the quarter 

ring is aligned to the inflow direction and behaves like a slender body, its phase angle 

has a common value close to zero for all the frequencies tested. Therefore, when the 

imposed frequency of oscillation is below the Strouhal value, a gradual phase shift 

occurs along the body’s length and the phase angle </> spans the excitation region 

[0°; 180°].
In the case at f Q =  0.9f s and A / D  =  0.5, the phase angle at s / D  =  7 is very 

close to the one obtained in the wide wake 2S shedding mode, (f> ~  0°: this spanwise 

position is where the change from the narrow wake to the wide wake topology occurs
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Figure 6.21: Left: Spanwise variation of the lift coefficient at three different 
imposed frequencies and A/D =  0.5, corresponding to the nar­
row wake state ( / 0 =  0 .8f s), the transitional state ( /G =  f s) and 
the wide wake state ( / 0 =  1.2/s). Right: phase angle variation 
along the span for different input frequencies and A/D =  0.5.

Figure 6.22: Phase angle variation for A/D =  0.1 (left) and A/D =  0.25 
(right).

(see section 6.3.2, figure 6.15). This lends support to the idea that the wide wake 

mode takes place when the vortex shedding is approximately in-phase with the 

body’s motion, with phase angles in the range 0° <  <f> < —30°. We shall discuss 

later in the light of the correlation coefficient that the inception of the wide wake 

mode is initiated in the lower part of the body and is related to the force generated 

by the imposed motion rather than to the one arising from the vortex shedding itself.
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This wake mode propagates to the upper half of the geometry as the frequency is 

increased and the phase angle approaches values below zero over a progressively 

larger portion of the body’s span: as mentioned in section 6.3.2, this process is 

completed at f D = f a, where a fully developed wide wake is observed at s/D =  0. 

The change in the wake mode along the span is not evident at f 0 =  0 .8 /s: in this 

case, the phase angle does not reach the wide wake value until a much lower spanwise 

position, where the inclination of the body is such that the vortices are not shed in 

the wake but follow the dynamic described by the Morison’s equation (see section 

5.2.1.1). The wake dynamics in the lower part of the curved ring exhibits indeed 

common features with the one in the convex body, where the phase angle value is 

also negative and close to zero, as illustrated in figure 5.27.

The observation that the vortex topology in the wide wake mode is not primarily 

influenced by the oscillation amplitude is confirmed by the findings on the phase 

angle distribution: figure 6.22 shows that at f 0 >  f s ,  4> does not change significantly 

when the oscillation amplitude is decreased. On the other side, the phase angle in 

the narrow wake more is more sensitive to changes in the oscillation amplitude and 

0 decreases with A/D in the top region, whereas the lower half of the body is not 

influenced.

The absence of the horizontal extension may lead to the conclusion that in this 

geometrical configuration the surface forces decrease in the lower part of the body, 

as no fluid/structure interaction takes place once the vortex is shed: however, if 

this is true for the wide wake state, the sectional force plots of the narrow wake 

state in figures 6.8 and 6.10 seem to contradict this conclusion, showing a greater 

lift coefficient in the lower part of the geometry. Figure 6.21 (left) also illustrates 

the different lift coefficient spanwise distribution in the two sub-regimes and in the 

transitional case at f 0 =  f 8.

The spanwise vorticity displayed in figures 6.14 and 6.15 confirms this observa­

tion: in the narrow wake mode the formation length decreases from the top to the 

bottom, whereas the opposite behaviour is observed in the wide wake mode, with 

the corresponding decrease in the magnitude of the lift coefficient from top to bot­

tom illustrated in figure 6.21. This can be related to the phase angle variation along
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Figure 6.23: Spanwise lift correlation coefficient in the wide wake mode 
(f 0 =  1.2/s and A/D =  0.5), narrow wake mode ( / 0 =  0 .9/s 
and A/D — 0.5) and outside the two-dimensional lock-in re­
gion (f 0 =  0.6f s and A/D =  0.5).

the span. As shown in figure 6.21 (right), in the wide wake state the phase angle 

is close to zero and remains approximately constant along the whole length of the 

body: the vortex shedding is in phase with the body’s motion and the fluid forces 

follow the cross-flow displacement. However, this does not explain why in none of 

the flow conditions simulated in the convex configuration the in-phase shedding is 

associated with a lift coefficient that decreases with increasing arc-length s/D: the 

wide wake mode in the concave configuration is in fact the only flow regime where 

this phenomenon is observed. A possible explanation is given by the absence of in­

teraction between cores and structure in the near wake of the concave body: even if 

the horizontal extension was excluded from the convex configuration, the lower part 

of the quarter ring would still interact with the cores and the dampening influence 

stemming from this part of the body would affect the shedding at the top. The only 

exception in the convex case is when a vortex dislocation takes place at the top of 

the body and the split vortex is convected downstream without being subject to the 

influence of the shear layers at lower spanwise positions: in this condition the vortex 

shedding forces are found to excite the body’s vibration. A similar principle can be
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used to explain why the body’s motion is always damped for the wide wake mode, 

whereas the narrow wake mode is associated with flow excitation despite the higher 

forces in the lower part of the quarter ring.

In analogy with the convex configuration, a damping motion-generated force 

in-phase with the displacement {(¡> ~  0°) is dominant in the lower part of the 

body, whereas a vortex shedding-generated force out-of-phase with the displace­

ment (90° <  4> < 180°) controls the upper part. At low frequencies, the latter is 

predominant in the upper part and the former in the lower part: this generates the 

spanwise variation in the phase angle and in the correlation coefficient of the lift 

force, Rff,  which is calculated using equation (5.4). As figure 6.23 shows, this is 

close to 1 at the top, where the vortex shedding is imposing its own positive phase 

angle, and goes to 0 in the lower part of the geometry, where it is not the shedding- 

generated force that is predominant but the motion-generated one. For the pair of 

input parameters illustrated in figure 6.23, f 0 =  0.9f s and A/D =  0.5, the correla­

tion coefficient has to be 0 in the lower part of the body as A <f) between the top and 

the bottom sections is equal to 90° (see also figure 6.21 (right)). At high frequencies 

the motion-generated force drives the shedding past the whole structure, leading to 

a constant phase angle along the span, whose value is equal to the one in the lower 

part of the body, <f> «  0: this gives rise to the constant correlation coefficient Rff ~  1 

displayed in figure 6.23.

6.3.4 Effect o f  the radius o f  curvature on the vortex shed­

ding m ode

Since the wake dynamics depends significantly on the velocity variation along the 

axial direction, an interesting point would be to determine how the curvature influ­

ences such quantities and thus the vortex shedding mode. A  set of simulations with 

a double radius of curvature R =  25D has been performed with oscillation frequency 

f 0 =  1.1/, and amplitude A/D =  0.5: these input parameters corresponds to the 

wide wake mode when R =  12.5D. Figure 6.24 (left) shows the lift coefficient iso­

contours along the span of the body against time units: as in the wide wake mode
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Figure 6.24: Concave body with R =  25D in forced vibration at f a =  1.1 f s
and A/D — 0.5. Time evolution of the sectional lift distribu­
tion along the span (left) and spanwise vorticity distribution 
in a slice located at s/D — 0 (right).

R-26D

Figure 6.25: Time-averaged values of axial velocity (Ua/Uqo) and vertical 
velocity (w/Uoo) extracted along a line 0.3D downstream of 
the body in the radial direction. Concave body with R =  25D 
in forced vibration at f 0 =  l . l / s and A/D =  0.5, compared to 
the wide and narrow wake states observed for R =  12.5 D.

observed past the original configuration with the same input parameters (see 6.4), 

the force magnitude mildly decreases from the top to the bottom of the quarter ring 

and the resulting shedding is in-phase with the body’s oscillation.

However, the wake topology at s/D =  0 illustrated in figure 6.24 (right) shows
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Figure 6.26: Time-averaged cross-flow velocity (v/Uoo) extracted along a 
line 0.3D downstream of the body in the radial direction. Con­
cave body with R =  25D in forced vibration at f Q =  1.1 / s and 
A/D =  0.5.

that the wake width is smaller than the one in the wide wake observed at the lower 

radius of curvature, although the vortices are shed in a similar fashion. Figure 6.25 

compares the results obtained in the narrow and wide wake state for the concave 

body with R =  12.5D to the ones found in the double radius of curvature case: 

in this modified geometry, the time-averaged axial flow and vertical velocity, both 

extracted 0.3D downstream of the body, do not change sign in the top region, even 

at input parameters corresponding to the wide wake state. In a similar way, the 

time-averaged velocity component normal to the walls in the wake of the body 

with double radius of curvature does not exhibit any sign change and is positive at 

every spanwise location. Furthermore, the maximum value of the vertical velocity 

component w is equal to 0.26C/oo, hence only 4% higher than the one found for the 

narrow wake state in the case with R =  12.5D and f 0 =  0 .9 /s. This suggests that 

the increment in the radius of curvature has weakened the wide wake mode, shifting 

its typical value towards the ones measured in the narrow wake mode for the original 

geometry. However, the gradient of the axial flow velocity, which directly influences 

the wake width, is very similar to the one found for the wide wake case at a lower 

radius of curvature, as figure 6.25 (left) shows.
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Figure 6.27: Time-aver aged cross-flow velocity (v/Uoo) extracted along a 
line 0.3D downstream of the body in the radial direction. Con­
cave body with R =  25D in forced vibration at f a — 1.1 f s and 
A/D =  0.5.

The time-averaged value of the cross-flow velocity v extracted at the same down­

stream location of the previous data is presented in figure 6.26. A comparison with 

figure 6.18 confirms the similarities between the narrow wake mode and the shed­

ding past the configuration with double radius of curvature at oscillation frequencies 

above f s: the v velocity component is positive in the top region along a radial line 

at 0.3Z) downstream and y — —0.25, and negative on the other side of the wake, 

where y =  0.25: therefore, unlike the wide wake dynamics, the vortex cores tend to 

be convected towards the centreline. However, the magnitude of w is much lower 

than the one found for the narrow wake and shown in figure 6.18 (left): this can 

explain why the wake appears to be consistently wider in figure 6.24 than the typical 

narrow wake 2S shedding.

This decrease in the wake width has a direct effect on the energy transfer mech­

anism: as previously discussed, in all the wide wake states the energy is transferred 

from the structure to the flow and subsequently this mode will not develop in free 

vibration. Since the increase in the radius of curvature has weakened the physical 

mechanism underlying the formation of the wide wake mode, the configuration with 

the double radius of curvature is expected to have a higher density of energy than
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the original one. Figure 6.27 confirms this hypothesis: although the integral of the 

energy along the span is still largely negative (principally due to the hydrodynamic 

damping arising from the lower part of the quarter ring), CLV at s/D — 0 has 

increased by 60% in the modified geometry.

6.4 Free vibration simulations

The results obtained with forced vibration simulations have demonstrated that the 

concave geometry is more likely to be excited by the vortex shedding forces than 

the convex body. This may appear in contrast with the vortex suppression observed 

when the body is kept fixed and exposed to a uniform inflow: this case exhibits 

indeed stationary forces on the surfaces and steady non-interacting shear layers. 

Therefore one would expect that no vortex-induced vibration occurs if the body is 

left free to respond to the hydrodynamic forces. However, the free vibration sim­

ulations show that not only the body starts to shed vortices but also its motion 

is self-sustained and reaches asymptotically a certain oscillation amplitude, which 

depends on the structural damping (  and on the reduced velocity Vr. Nevertheless, 

this is consistent with the large excitation region obtained with forced vibration 

simulations and illustrated in figure 6.3: section 6.4.2 shows that in fact the free re­

sponse results are in excellent qualitative and quantitative agreement with the flow 

dynamics predicted in forced vibration. As highlighted in the map 6.3, the excitation 

region lies on the right-hand side of the critical curve and therefore concerns frequen­

cies of oscillation below the Strouhal frequency. The results obtained with forced 

vibration demonstrate the physical relationship between the suppression mechanism 

observed in the fixed body case and the wide wake vortex shedding found in the 

left-hand side of the mode map 6.3 for f a > f s. The narrow wake mode observed 

when f 0 < f 8 follows a different dynamics: it is thus not surprising that the wide 

wake mode never appears in free vibration and that the simulation with a reduced 

velocity corresponding to natural frequencies in this regime results in a dampened 

response with oscillation amplitude that tends to zero. All the cases presented in 

the next sections have a mass ratio m* =  3.
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6.4.1 Results with zero structural damping

In this section, the response of the body in the absence of structural damping is 

analysed at two different reduced velocities Vr: in Case 1 the reduced velocity Vr is 

equal to 7.62, which corresponds to a natural frequency of 0 .8 / s, whereas in Case 2 

Vr is set to 6.77 to match a natural frequency of 0 .9 /s.

Figure 6.28: Concave body in free vibration, Case 1 with C =  0.0. Left: os­
cillation amplitude A/D against non-dimensional time. Right: 
lift force Fy against non-dimensional time.

Figure 6.29: Concave body in free vibration, Case 2 with £ =  0.0. Left: os­
cillation amplitude A/D against non-dimensional time. Right: 
lift force Fy against non-dimensional time.
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Figure 6.30: Concave body in free vibration, Case 2 with £ =  0.0. Left: 
Spanwise vorticity uiz isocontours. Right: Time evolution of 
the sectional lift coefficient along the spanwise direction.

When the structural damping is equal to zero, Case 1 exhibits a maximum am­

plitude of 0.36D and Case 2 reaches a value of A/D =  0.39. Figures 6.28 and 

6.29 show that in both cases these values are reached asymptotically without any 

modulation, neither in the amplitude nor in the lift force Fy (the peak in the force 

at tUoo/D =  198 being due to the restarting of the computation). In their two- 

dimensional numerical simulation at Re — 100, Shiels et al. (2001) observed a max­

imum amplitude of 0.46Z); their mass ratio corresponds to m* =  2.5 in the present 

non-dimensionalisation and the reduced velocity is approximately the same.

The wake topology for Case 2 is illustrated in figure 6.30 through spanwise vortic­

ity isocontours. The wake mode and the lift coefficient distribution are qualitatively 

similar to the 2S narrow wake observed in forced vibration simulations (see figure 

6.9). Similar to the behaviour observed in forced vibration, the top sections exhibit 

a third harmonic response also in this case, although the PSD of the higher harmonic 

is lower compared to the one of the first harmonic: the latter occurs at a frequency 

equal to 0 .8f s, hence slightly lower than the natural frequency calculated from the 

reduced velocity.
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Figure 6.31: Oscillation amplitude A/D against non-dimensional time with 
and without structural damping Left: Case 1. Right: Case 
2.

6.4.2 Effect of the structural damping on the vortex shed­

ding

The effect of structural damping on the oscillation amplitude is illustrated in figures 

6.31 for Case 1 and Case 2. When Ç =  0.012, the maximum amplitude decreases 

from 0.36D to 0.29D in Case 1 (Vr =  7.62) and from 0.39D to 0.34D in Case 2 

(Vr =  6.77).

These values of oscillation amplitude and frequency correspond to the centre of 

the shadowed area in the parameter plane of figure 6.3. The shedding frequency for 

Case 2 is 0.131, which corresponds to approximately 0.8f s in the forced vibration 

simulation. This case can be compared to the forced vibration simulation performed 

at f 0 — 0.8f s and A/D =  0.35. Figure 6.32 shows that the free and forced vibration 

results exhibit also marked similarities in both the wake topology and the distribu­

tion of sectional forces along the span. The phase angle evolution along the spanwise 

direction s/D for the two simulations is also compared in figure 6.33, which shows 

a maximum discrepancy of 9.8°.

These results have been obtained for two reduced velocities, Vr =  6.77 and 

Vr =  7.62, which generally correspond to the upper/lower branch response for a 

straight cylinder (see Shiels et al. (2001)). However, when free vibration simulations
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FREE VIBRATION FORCED VIBRATION

Figure 6.32: Wake topology isosurfaces at A2 =  —0.1 and sectional lift co­
efficient distribution. Left: free uniform translation for Case 2 
with £ =  0.012. Right: forced uniform translation at f a =  0.8/ s 
and A/D =  0.35.

of the concave body are performed at a lower reduced velocity, the configuration 

does not exhibit vortex-induced vibration and the oscillation is limited to very low 

values before decreasing naturally to zero. This may suggest that the initial branch 

is suppressed in the concave configuration, although more numerical simulations 

would be needed to confirm this hypothesis: unfortunately, in this study it has not 

been possible to simulate the whole range of reduced velocities corresponding to the
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C =  0.012 and forced vibration at f„ — 0 .8 /s and A/D =  0.35.

lock-in region. In Case 3, the reduced velocity is equal to 5.52 and the structural 

damping to 0.012. When the cylinder is free to respond to the inflow conditions, fig­

ure 6.34 shows that the amplitude of oscillation decreases monotonically to zero. No 

significant fluctuation is observed in the forces and the vortex shedding is suppressed 

in the wake, as illustrated in figure 6.35; when compared to Case 1 with the same 

structural damping, Case 3 exhibits a drag reduction of 14.8%. This reduced velocity 

corresponds to a natural frequency of 1.1 f s, at which the wide wake mode was found 

to occur in forced vibration simulations: as this wake state was associated with hy­

drodynamic damping at all the oscillation amplitudes tested (0.1 < A/D <  0.5), the 

absence of vortex-induced vibration in the free response simulation may be antici­

pated from the forced vibration results. Nevertheless more numerical simulations in 

this range of reduced velocities are required to confirm this hypothesis.
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Chapter 7

Conclusions

The results presented aim to provide a general understanding of the influence of 

cylinder axial curvature on the mechanics of vortex shedding, yielding key informa­

tion on the investigative approach needed to faithfully represent this phenomenon. 

In particular, forced and free vibration simulations have demonstrated how the wake 

dynamics triggered by non-straight geometries is affected by the motion of the body, 

adding an extra variable to an already complex problem. Although time limitations 

have restricted the number of physical parameters which can be varied in the sim­

ulations, the results presented in this work allow us to make conclusive remarks on 

some of the fundamental features of VIV past curved bluff bodies. Even though 
chapters 5 and 6 offer a more detailed analysis of the vortex shedding behind the 

convex and concave configuration, in this section we provide an overall discussion of 

the most relevant results, which can be summarised as follows:

• The geometrical non-uniformities introduced by the curvature result in a lock- 

in region considerably wider than the one found in the case of straight cylin­

ders. In both geometries the vortex shedding mode is predominantly 2S and 

occurs at one dominant frequency for the whole span. No cellular vortex shed­

ding is observed.

• The sectional flow approximation could not reproduce the vortex shedding past 

curved geometries. A fully three-dimensional approach is needed to correctly 

model the wake dynamics.



• In both configurations the part of the body aligned to the inflow acts as a 

hydro-dynamic damper for the whole structure: in the convex case, the force 

distribution in the horizontal extension is well predicted by equation (5.2) 

(Morison et al. (1950)).

• The length of the horizontal extension in the convex body does not influence 

the energy transfer mechanism and this configuration can be excited by the 

flow only when the horizontal addition is kept fixed in a roll-type motion about 

its axis.

• Vortex dislocations are observed in the wake of the convex configuration as a 

result of a frequency competition between the top and the bottom region of 

the body: two criteria are proposed to relate their spanwise position to the 

local cross-section diameter, to the curvature and to the imposed frequency.

• The narrow and wide wake topology observed past the concave body axe related 

to the axial flow convection and to the gradient of the velocity component 

directed towards the top of the geometry. Only the narrow wake mode exhibits 

positive energy transfer: this mode was also successfully reproduced in free 

vibration simulations.

• The wide wake mode is associated with the steady wake observed past the 

fixed concave body, where a similar distribution of streamwise vorticity and 

axial flow takes place. It is suggested that the symmetry boundary condition 

imposed on the top plane has a strong influence on the wake mode.

• Forced vibration simulation could successfully approximate the wake dynamics 

and force distribution observed in free vibration.

Forced vibration simulations have shown how the lock-in phenomenon is strongly 

influenced by the deformation of the stagnation face: in the convex configuration, 

the lower boundary of the lock-in region in figure 5.5 appears shifted towards higher 

values of oscillation frequency, while in the concave case the lock-in region encom­

passes its two-dimensional counterpart on both sides, as shown in figure 6.3. In both
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configurations, the flow region with high oscillation frequencies is characterised by 

in-phase shedding with cores bent according to the body’s curvature, detaching from 

the shear layers in a 2S pattern: for the convex configuration this flow regime has 

been named “type A” , whereas in the concave case it is referred to as a sub-regime 

of 2S shedding with a wide wake.

Close to the other boundary of the lock-in region (i.e. at low input frequencies 

of oscillation) two distinct shedding frequencies axe observed, with a competition 

between the high frequency measured at the top of the body and the low one at 

the bottom: this phenomenon is particularly evident in the convex configuration, 

where it leads to a hybrid 2S-2P shedding generated by the alternation between 

the straight core shedding at the Strouhal frequency (which was also observed past 

the non-oscillating case) and the curved core shedding. In this latter mode, the 

vortex shedding is similar to type A, with the traditional interaction between the 

shear layers at a lower frequency always coinciding with the imposed frequency of 

oscillation. This type of shedding is found to be dominant, eventually taking control 

of the overall wake dynamics as the input frequency becomes closer to the Strouhal 

frequency. Consequently, the vortex dynamics in the lower half of the quarter ring, 

where the geometry is nearly parallel to the inflow direction, plays a crucial role 

in the convex geometry: in this region the cylinder behaves more like a slender 

body and the force distribution is correctly modelled by Morison’s equation. This 

causes hydrodynamic damping, preventing the structure to be excited by the flow 

at all different combinations of amplitude and frequency of oscillation, and should 

thus be considered as an intrinsic feature of the convex body; however, at very low 

amplitudes the damping effect is attenuated and the structure can be excited by the 

flow, even though the positive energy transfer region for the convex configuration is 

considerably reduced when compared to the two-dimensional cylinder at the same 

Reynolds number.

Another interesting feature of this flow configuration is the presence of vortex 

dislocations that form periodically in the near-wake of the convex body at a fre­

quency fn  equal to f top -  fbottom- At this low Reynolds numbers the spontaneous 

vortex splitting is unusual; experiments in the previous research have shown that a
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dislocation can be triggered by the introduction of spanwise non-uniformities, such 

as a ring of different diameter (Williamson (1992)). Based on these findings, two 

arguments are put forward to explain this phenomenon in the present case. The lo­

cal cross-section of the curved body is an ellipse whose greater diameter De is larger 

than the circular cross-section diameter D : similar to the ring used by Williamson 

to force a dislocation at low Reynolds numbers, this introduces a different length 

scale in the problem. A relationship between diameter of the elliptic section and 

the dislocation position was found to hold in all the cases where the vortex splitting 

was observed. Prom a different perspective, the occurrence of the dislocation can be 

related to the angle of oblique shedding, in analogy with the relationship between 

the Strouhal number in the oblique and parallel shedding (Williamson (1989)). Sub­

stituting the value of the frequencies at the top and at the bottom of the body in 

this relationship yields a value for the angle of oblique shedding that identifies the 

same spanwise position for the dislocation given by the argument of the elliptical 

cross-section. This demonstrates that the spanwise position of the dislocation is 

primarily a function of the imposed frequency, whereas its occurrence is linked to 

the alternation between straight and curved core shedding: at low amplitudes and 

frequencies there is more time for the straight cores to form, while at high velocities 

the curved core shedding prevails.

To reduce the hydrodynamic damping from the lower region of the body, two 

modified convex geometries have been investigated: in the first case, the length 

of the horizontal extension has been halved, whereas the second change involved 

a double radius of curvature. The simulations have proved that the length of the 

horizontal extension does not alter the energy transfer mechanism: this result could 

be anticipated considering that the region which most affects the energy transfer 

is the lower half of the quarter ring, as shown by the spanwise distribution of the 

part of the lift coefficient in phase with the velocity. Similarly, the configuration 

with the double radius of curvature does not exhibit significant differences when 

compared to the original one: the time-averaged distribution of vertical normal and 

axial velocity extracted 0.3D upstream of the body shows a similar behaviour in 

both cases. This result confirms the importance of the axial flow convection along
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the body’s length in determining the distribution of the forces and their phasing: the 

shape of the leading edge is the predominant parameter and therefore a geometrical 

change involving a scaling of the radius of curvature does not have a significant 

effect on the flow dynamic, at least for the values analysed in this work. This is an 

important conclusion as it justifies the use of smaller models, hence reducing the 

size of the mesh and consequently the computational time.

As the two geometrical modifications did not yield substantial changes in the 

force distribution and vortex shedding phasing, a second type of motion has been 

imposed to the convex body to limit the damping contribution from the lower part 

of the body: the horizontal extension was kept fixed and an oscillatory roll motion 

about its axis was imposed to the body. Therefore, the amplitude of oscillation 

changes along the span according to the distance from the axis of each section, 

while the imposed frequency of oscillation remains constant. The imposed rotation 

led to positive excitation over large regions of the body’s span, especially in the 

middle of the quarter ring, where the separation point was found to shift down the 

span: this gave rise to a constant phase change and to lift coefficient isocontours with 

a fixed inclination angle 0 =  45° over the region of the body where the detaching 

point was moving. The resulting shedding appeared totally different from the modes 

observed in uniform cross-flow translation and was observed only in the case of a 

rotating geometry.

In the concave configuration, the shedding mode was again different from the 

2S mode observed past the two-dimensional cylinder: a 2S mode of shedding with 

a wide wake and contracted shear layers was observed for oscillation frequencies 

above the Strouhal value, while a 2S mode with a narrow wake characterised the 

vortex shedding at lower oscillation frequencies. The wide wake mode was related to 

the steady wake with non-interacting shear layers observed past the non-oscillating 

body, which was found to suppress vortex shedding. The wide wake shedding was 

observed to be rather insensitive to changes in the oscillation amplitude: it seemed 

to be the result of the abrupt change of direction in the sinusoidal trajectory due 

to the high frequency of oscillation rather than being governed by the usual shear 

layer interaction described by Gerrard (1966).
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Furthermore, the wide wake mode was associated in some cases to a very weak 

form of P+S shedding and always involved hydrodynamic damping. It is therefore 

not expected to occur in VIV problems: the free vibration simulations performed 

with input parameters set to match the ones in the wide wake mode confirmed this 

point, showing that the body could never be excited by the flow and exhibited an 

amplitude of response tending to zero. When compared to other simulations at 

different reduced velocities, this case also showed a drag reduction close to 15%, a 

value similar to the one obtained in the stationary body case. Both the dynamic 

controlling the onset of the wide wake mode in forced vibration and the vortex sup­

pression in the absence of motion were strictly related to the convection of axial flow 

towards the top section of the body and to the subsequent vorticity redistribution 

in the wake of the body. A steep gradient of the axial and vertical velocity close to 

the surface of the body, as well as a change in sign in proximity of the top compu­

tational plane, were found to be common features of the two wake states. In the 

convex configuration, the axial flow convection pointed towards the bottom of the 

quarter ring and therefore its stabilising influence on the shear layers was directed 

away from the top of the body, which represents the critical region for the occur­

rence of vortex shedding. Similarly, it should be noted that the symmetry boundary 

condition imposed on the upper plane of the computational domain may play a key 

role in the vortex shedding past the concave configuration, as opposed to the con­

vex geometry where the axial flow is convected in the opposite direction due to the 

different orientation of the curvature: the requirements prescribed by this boundary 

condition (i.e. w =  0 and |̂  =  |̂  =  0) may be in conflict with the direction o f the 

velocity vector in the sections just below the top plane. When the radius of curvar 

ture was doubled, the width of the wake in the wide wake mode appeared reduced: 

the time-averaged axial flow extracted 0.3D downstream of the body did not change 

in sign in the top region, suggesting a weakening of the wide wake mode due to the 

increment in the radius of curvature. This suggests that for less drastic curvatures 

the flow convected towards the top has more time to gradually adjust to the change 

of direction and satisfy the symmetry boundary condition on the upper plane; as 

previously discussed, this is not an issue in the convex configuration, where the axial

214



flow convection is directed towards the bottom of the body.

At frequencies of oscillation below the Strouhal value the mode of shedding 

changed to a narrow wake 2S which strictly resembled the vortex shedding past 

the two-dimensional cylinder. This mode was also characterised by the presence of 

higher harmonics in the lift signal at the top of the body and by a longer formation 

length. Further, the narrow wake 2S shedding was associated with positive energy 

transfer: free vibration results were in excellent agreement with the flow dynamics 

predicted by forced vibration simulations. Once the structural parameters in the 

free vibration were correctly set to match the forced vibration’s amplitude and fre­

quency, only minor differences in the wake topology and the spanwise distribution 

of sectional forces and of phase angle were observed in the two approaches.

Finally, it should be pointed out that in both configurations the vortex shedding 

within the lock-in region was dominated by one frequency along the whole length of 

the structure (the only exception being the convex body at very low amplitudes of 

oscillation): this contradicts the hypothesis that the shedding past curved geome­

tries would result in cells with different shedding frequencies down the span of the 

body, as it is generally observed in the case of yawed or tapered cylinders. Such 

a behaviour would be predicted by a sectional approach based on the strip theory: 

by considering the component of the incoming flow normal to the body to be the 

solely responsible for hydrodynamic force generation, the sectional method neglects 

the axial convection of the flow and thus the physical dynamics related to it. Three- 

dimensional simulations have shown instead that this mechanism plays a crucial role 

in determining the vortex shedding mode and is significantly influenced by the ori­

entation of the curvature. The absence of a hydrodynamic relationship among the 

two-dimensional planes represents a critical shortcoming in the application of the 

strip theory to non-straight geometries: the sectional code has no means to detect the 

orientation of the curvature and therefore cannot reproduce the radically different 

shedding features observed in the convex and concave configurations. The sectional 

approximation of the flow is thus not applicable in these conditions: the need of 

fully three-dimensional simulations poses severe limitations on the investigation of 

real-world offshore applications, especially conditioning the Reynolds number and
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the aspect ratio of the pipes. However, the remarkably good agreement between the 

results in free and forced vibration encourages the use of the latter approach for VIV 

prediction, with a considerable saving in terms of computational time. Nonetheless, 

it should be remembered that forced vibration simulations can be used only as a 

preliminary to a fuller investigation, as they do not include the effect of important 

parameters such as mass ratio, stiffness and damping coefficients.

This work investigated the influence of curvature on the fluid dynamic loading 

on a structure of circular cross-section representing a simplified model for marine 

riser pipes. However, the simulations have been performed in conditions far from 

a real application environment: this work aims at offering a contribution on the 

fundamental vortex shedding mechanism of curved bodies and therefore only low 

Reynolds numbers have been considered. A natural extension of this research would 

be to study the effect of the Reynolds number variation, in the attempt to establish 

a relationship between the Reynolds and the Strouhal number in the case of curved 

geometries. Along the lines followed by previous research on straight cylinders, this 

direction of study may shed light on the occurrence of mode A and mode B in 

curved geometries and provide information on the types of instabilities that may 

develop. Simulations with different types of curvature could also be performed to 

gain more insight on the complex relationship between curvature and motion. In 

addition, it is suggested that a modified geometry with a vertical extension on the 

top of the quarter ring is tested to assess the influence of the top plane symmetry 

boundary condition on the vortex shedding, similar to the previous study on the 

fixed body. Finally, given the encouraging results obtained using the implementation 

of the moving frame of reference algorithm in the three-dimensional code, a more 

comprehensive study of these geometries in free vibration could lead to a complete 

picture of the phenomenon, potentially representing the final stage of this research.
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