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Vibrational coherent quantum computation

M. Paternostro and M. S. Kim
School of Mathematics and Physics, The Queen’s University, Belfast, BT7 1NN, United Kingdom

P. L. Knight
Blackett Laboratory, Imperial College London, Prince Consort Road, London SW7 2BW, United Kingdom

(Received 21 May 2004; published 17 February 2005

A long-lived coherent state and nonlinear interaction have been experimentally demonstrated for the vibra-
tional mode of a trapped ion. We propose an implementation of quantum computation using coherent states of
the vibrational modes of trapped ions. Differently from earlier experiments, we consider a far-off resonance for
the interaction between external fields and the ion in a bidimensional trap. By appropriate choices of the
detunings between the external fields, the adiabatic elimination of the ionic excited level from the Hamiltonian
of the system allows for beam splitting between orthogonal vibrational modes, production of coherent states,
and nonlinear interactions of various kinds. In particular, this model enables the generation of the four coherent
Bell states. Furthermore, all the necessary operations for quantum computation, such as preparation of qubits
and one-qubit and controlled two-qubit operations, are possible. The detection of the state of a vibrational
mode in a Bell state is made possible by the combination of resonant and off-resonant interactions between the
ion and some external fields. We show that our read-out scheme provides highly efficient discrimination
between all the four Bell states. We extend this to a quantum register composed of many individually trapped
ions. In this case, operations on two remote qubits are possible through a cavity mode. We emphasize that our
remote-qubit operation scheme does not require a high-quality factor resonator: the cavity field acts as a
catalyst for the gate operation.
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[. INTRODUCTION erly tuned laser pulsd9-12|. Furthermore, a long-lived co-
Jaerent state has been experimentally repof@d?2]. This

Outstanding theoretical and experimental advances ha = g
been reported in the field of photonic quantum information®P€NS @ way to the exploitation of vibrational states as the
lements of a quantum register in a quantum processor. For

processing, ranging from the experimental realization of thé

quantum teleportation protocfl] to proposals for quantum e Purposes of scalability, arbitrarily large quantum registers
error correction[2] and quantum computatiof8]. It has have to be considered. One way is to work with a chain of

been shown that universal continuous-variable quanturf.mo"'il in tfheh same trag, exploitin% nort1 just”the' vibr_:;tional
computation can be performed using linear optiosluding modes of the centre of magsm,) but the collective vibra-

squeeziny homodyne detection, and nonlinearities realized&?t%?é)eﬁﬂg?ﬂg?iv:f ttcr)]ereglli;lam?ﬁg [s%;gbizﬁrt]d isret];e;ZEge: d-
by photon-counting positive-valued measurempfit Re- ' Y Y

cently, a method to implement efficient universal computa-vamage of the recently demonstrated coupling between cavi-

. . ties and single-ion trag4.3,14], which is the scheme used in
tion based on coherent states of light has been suggested proposal. In our architecture, an array of many individu-
shown to be robust against detection inefficiengigs

s X ally trapped ions constitutes the quantum register. The local
As pointed out in the Los Alamos Roadmap for quantumygcessors are interconnected via an effective all-optical bus
computing[6], using coherent states of a boson as IO9'0"71|Pealized by a cavity mode coupled to the different traps. We
qubits is one of the promising ways to realize quantum comyyj|| not require a perfect cavity for our protocol, and the
putation. However, one of the practical difficulties encoun-cavity field mode never becomes entangled with the ions of
tered in a scheme for coherent quantum computation is thghe register(the coupling between two different ions being
requirement of a strong Kerr nonlinear interaction to producgealized via a second-order interaction only virtually medi-
a superposition of coherent states. Currently available norated by the cavity field
linear dielectrics, unfortunately, offer too low rates of non- In this paper, we also propose an efficient discrimination
linearity with exceedingly high absorption of the incoming of the four quasi-Bell states embodied by entangled coherent
field. In this context, some recent proposals for giant Kerrstateg5]. In this respect, our detection scheme does not re-
nonlinear interaction exploiting electromagnetic inducedquire the complete map of a quasi-Bell state onto the discrete
transparency remains to be proved to work in the quanturelectronic Hilbert space of the trapped idi%]. The detec-
domain[7]. tion is performed exploiting the additional degree of freedom
In this paper, we propose to implement coherent quanturof the vibrational states represented by their even- and odd-
computation using vibrational modes of trapped ions. Sinceaumber parities. It is worth stressing that the Bell-state dis-
the early days of the quantum manipulation of vibrationalcrimination can be accomplished, in our setup, both locally
modes for trapped ions, it has been clear that strong nonlinexploiting two orthogonal vibrational modes of a single
ear evolutions can be efficiently engineered using two- otrapped ion and remotely, where the Bell state is the joint
three-level iongin a A configuration interacting with prop-  state of two vibrational modes of a linear two-ion crystal.

1050-2947/2005/712)/02231112)/$23.00 022311-1 ©2005 The American Physical Society



PATERNOSTRO, KIM, AND KNIGHT PHYSICAL REVIEW A71, 022311(2009

The paper is organized as follows. In Sec. Il we describe
the coupling scheme used in our proposal and address the
issue of the preparation and single-qubit manipulation of co-
herent states. In this context, the generation of even-odd co-
herent states and entangled coherent state is discussed. We
perform some quantitative investigations to prove that this
coupling scheme allows for highly efficient quantum-state
engineering. In Sec. Ill, we propose the architecture for a
distributed quantum register of many individually trapped
ions interconnected by a cavity field mode. This proposal
allows for vibrational quantum-state transfer between two
remote ions. We quantitatively address a nontrivial example.
Section IV is devoted to the description of a scheme for
almost complete Bell-state measurements performed com-
bining vibrational-mode manipulations and electronic-state
detection. The ability to achieve a high-efficiency discrimi-
nation of the four coherent Bell states is exploited. In Sec. V,
we describe how to realize an entangling two-qubit gate that,
together with the single-qubit rotations, allows for universal
coherent quantum computation.

IIl. HAMILTONIAN FOR QUANTUM-STATE
ENGINEERING

The system we consider is a two-level ion coupled to a
bichromatic field, detuned from the atomic transition. The E E;
trap tightly confines the ion in the-y plane[as sketched in
Fig. 1@]. The energy scheme is shown in Fighll The == gy = =
(classical external fields illuminate the ion in opposite direc- Y
tions in thez=0 plane, and both can have a component along \ y
thex andy axes. We assume the trap to be anisotropic, with
wy>wy and Ax,(Ay.n) the ground-state width, in the Oy
trapping potential, along they) direction. The Hamiltonian 12
of the system readé =1 is taken throughout this paper ®)

2

- AT g G +a6
H= E wib/b; + wegoi0- + E (Gios+gjo-). (1) FIG. 1. (Color onling (a) The physical setup. A two-level ion is
1=y =1 trapped in a bidimensional trafay < w,). Two monochromatic la-

Her AR i=x re the creati nnihilati rator ser field(classical excite the ion(b) The energy-level scheme. The
© e’bJ(bl)(J 'Y) are the creatiofta ation operators trap is quasiharmonic so that, in the limit of resolved sidebands, the

describing the quantized position of the c.m. of the ion in the;; L oo
trap, @i:gie_'ki'r""”it_"/’i take account of the couplings be- different excitations of thex andy vibrational degrees of freedom

tween the ion andh laser(i=1, 2) of its frequencyw;, wave are spaced as shown.
vectork; = (ki,kiy,0), and phasep;. Here,f is the vectorial
operator of the c.m. position and,=4"=|e)(g|. The ion
transition frequency is labeled hy,, This interaction con-
figuration is flexible enough to be effectively embodied by
many physical situation@s, for example, the one described
in [11] after the elimination of the excited statén a rotating
frame and in the limit of large detunind;> g, 5, 812, ¥rad:

normal ordering has been absorbed in the Rabi frequencies
01,2 Here, 7,=Ax. Ak, and 7y=Ay. Ak, are the effective
Lamb-Dicke parameters for the&y) motion, respectively9],
andAk, , are the projections df; -k, in the z=0 plane. We
have neglected some laser-intensity-dependent ac-Stark
shifts due to the dispersive couplings which do not depend
_ _ on the actual vibrational state of the ion. These energy terms
\éV: Ce ;;e/ ?Az;t:())?gthgli,olf ﬁ;:{’é tc;;le :tg?n?éag):gfegpsc:;::rlzzus o in the Hamiltonian can be controlled by stabilizing the laser

: Cpeams and formally eliminated by redefining the ground-

adiabatically eliminated. After some lengthy calculations an L iate enerav. A scheme to cancel the ac-Stark shifts using an
using the Campbell-Baker-Haussdorff theorem, the Ham”_add't'onal ?géer has been demonstrated in Red]. Properl 9
tonian can be written as t ! ’ perly

directing the laser beams we can arrange a coupling between

e oo (igymm the two vibrational modes as well as engineering a single-
H= 2> wibyb; - A, > E arml mode Hamiltoniarf11]. We are describing effective interac-
J=xy 1 nm=0pg=0 71 T tions between vibrational modes of a trapped ion through a
(i p+q"Tn"m"TpAq Cisiais reduced, simple two-level model. This possibility has been
X _Lp, q bbby Pbie127¢ + H.c., (2)  investigated both theoretically and experimentally, in these

years[9,10,17,18. If not explicitly specified, we will always
where ¢=¢,— ¢, and a numerical factor arising from the consider the states of thxemode to embody the qubits, while
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they mode will be used as an ancilla. An interesting feature Overlap Overlap
of the model in Eq(2) is the possibility to select stationary ! !
terms from the Hamiltonian simply by tuning the laser fields o[ 0.6
to an appropriate sideband resonance of the trapped ion spec- h o3 R, .
trum. Indeed, in the interaction picture, the term depending =z gt 5 - ""mgt
on expi(swy+s,wy— d1)t] (and its Hermitian conjugatep- (@) (b)
pears inH, wheres,=(n—-m) ands,=(p—q). By tuning 6;,,
which excites the proper sideband of the energy-level F|G. 2. (Color online (a) The overlap between a coherent state
scheme shown in Fig.(t), we single out stationary terms in |4=1), and the state generated by the non ideal Hamiltohiag,
Eq. (2). We want these to be dominant over the contributionsyhich contains non stationary terms at low frequencies up to second
from the other oscillating terms. order in the Lamb-Dicke parameter. In this simulatigg=0.4 and

A remarkable range of evolutions is covered by this cou-y=12.5. Other parameters are as in the tés}. Comparison be-

pling scheme, and some of them are particularly relevant fofween the perfect overlafsolid line) and the one obtained with
the purpose of coherent quantum computation. We note thaf, =1.0 andy=10 (dashed ling

in the protocol proposed if6], the leading ingredients are

represented by the ability to generate coherent states aft¥le€ncieswy,wy, oyt wy so that the dynamic generator we
their macroscopic superpositiofSchrodinger cat statgss ~ consider isHye=Hes+Hns, WhereH,g collects the nonsta-
well as multimode entangled coherent states. To manipulatéonary terms we discussed. With the above choices for the
the states of the elements of a quantum register, on the oth&f/€vant parameters, we look for the overlap| ¢ between
hand, Ref.[5] prescribes the use of reliable beam splitterth€ coherent statén) we want to generate and the state
operations, phase shifts, and displacement operatibese |¢)=exp-iHt}|0),. Numerically, we are limited by the
latter effectively perform rotations in the computational ba-dimension of the computational space. We thus take 1

sis. A beam splitter(BS) operation has been described in 2d truncate the basis t0),....|5)}h with [n)(n=0,...,5)
Ref.[11], and we need to give details about the engineerinddicating phonon-number states. On the other hand, the
of the other operations with our model. tate of they mode should not be affected at all by the

We need a reliable way to generate a coherent state Slesired evolution. Assumin{), for the initial state, it is

motion in order to work in a computational space spanned b)r/easonable to takg0), |1}, for the evolution of this state

the coherent statex),|-)} (which are quasiorthogonal for due toHyye The motional Eta},e oflthe ion at timas there

h ! . ; . fore expanded as [ =2 SreoPAam(DN, M)y,  With
sufficiently largea € C). Many different ways to achieve this <5 <1 o Y

Lo CTIEY 3 om0l Anm *= 1. The overlap reads O(t)

have been suggested]. Here, we note that, iby,= o (i.e., —.?\/Esm (t)/\n!, (with A" a normalization factor which
if we excite the first red sideband of thkemotion) and the n=0Ano(D) /v, r

. P . : can be evaluated once we solve the set of differential equa-
two fields have no projection onto theaxis, the stationary tions obtained projecting the Schrodinger equation| i

term Hes= (ig10,7,/ Apbl+H.c. is selected, assuming=0.  onto the|n, m),, states. The result is shown in Figa2 The

This energy term gives rise to a unitary evolution that corre-overlap becomes perfect when the rescaled interaction time
sponds to a displacemeBt(a)=expab/-a*b,) in phase is gt=A,/(g7,)=6.25. We have checked the convergence of
space[5,19], a=g,0,7,t/A;, and t the interaction time. OUr simulation to the results in Fig.(& by considering a
However, if we want to give an estimate of the accuracy ofl@’ger computational basis and repeating our calculations. We
this state engineering procedyrthe effect of the nonstation- have found a good agreement up to eight phononic states
ary terms in the Hamiltonian has to be quantitatively ag-ncluded in thex-mode computational basis. This induces us

dressed. In order to do it, we consider the formal relationshiff® consider the cutoff at five phononic excitations in the
between our coupling scheme and the system in Réf, mode and one in the mode as satisfactory for our purposes.

where the three-leveh configuration can be mapped onto Of course, this is an effect of the small value @fwe are

our own counling scheme when the adiabatic elimination oFaking here. A larger requires more vibrational states in the
, piing o X X simulations. Nevertheless, the example we are considering is
the excited state of the ion is performed. It is showrlif]

S . . . - significant enough to outline the main features of our proce-
that by considering an anisotropic trap with a sufficiently §,re ‘Furthermore, we have checked that with the above val-
large ratiow,/ wy, allows us to neglect additionalkcidental

: . ues the efficiency of the process is insensitive to an increase
resonances in Eq2). To generate a coherent state, we esti-gf the Lamb-Dicke parameter up tg.~0.9. For a largen,,
mate thatw,=3w, is enough. On the other hand, the cou-some deviation from the ideal case is observed. Another pa-
pling factors relative to the nonstationary terms in Ef).are  rameter that is relevant in this investigatiomisReducing it
sensibly smaller than the rate at which the coherent state igeans lowering the oscillation frequencies of the non-
generated once we guarant@f 7,A,) <y with y=w,/g @  stationary terms irH,,.. This spoils the efficiency of the
dimensionless parameter which, experimentally, canybe entire state-engineering process. An example of this effect is
=20. For the sake of definiteness, we have assugaed, given in Fig. Zb). It is worth stressing that, even though the
=g and, given thad;,< w; », we have takefk;|=|k,|=k (so  generation of a coherent state with just a small amplitude
that »,=2%,). For n,=kAx.,=0.4 and the conservative has been checked here, this will also apply for a lafger
choice y=12, the above constraints requite>g/5. principle arbitrary amplitude.

In order to give a quantitative example of the perfor- For a single-qubit operation, we first consider the rotation
mances of this analysis, we choosg=4w, and A;=5g.  U%#/2) around thez axis of the Bloch sphere for the qubit
Then, we retain the terms, id, which oscillate at the fre- {|xa)}y
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0 (ei 02 0 ) Overlap
4 i .
v (2) 0 e'”2) ® 10 20 30 0 6 &

. L . . 09
This rotation is very well approximated by displacement
operation D,(ie), with e=6/4a(6[0,2m]) [5]. Indeed, 0.8
D(ie)|a),=e?< e(a+ie)bI—(a—ie)bx|0>X:eZiae|a+ ie), =6’ 2a), i
where the conditionre> € has been assumeéeeping the
productae always finitg. In practice, fora=2, a smalle is 06
sufficient to perform a complete rotation. B3

On the other hand, a rotaticfnx(iw/4) [5] around thex
axis of the qubit Bloch Sphere can be performed by a Kerr FIG. 3. (CO|OI’ online Comparison between the perfect overlap

. . AL T . . 0Oi4(t) (dashed lingand the true on®y,(t) obtained numerically
interactionHy = x«(blh,)2. We now briefly describe the pro- ~id": o . true
cedure to obtain such a Hamiltonian. By aligning the IasersowIng the Schrodinger equation governedHy. In these calcu

. . : . -~ ~lations, 7,=0.4. Other parameters are as described in the body of
beams along th& axis and arranging their relative detuning x P y

PO the paper.
61,=0, we select a stationary term proportionaltfgb? in _ _ - o
Eqg. (2), with the corresponding rate of nonlinearity,  tation can actually be performed quite efficiently in this

=0:0,7'41(2A;). We exploit the canonical commutation S€tUp. We estimatgy =20 kHz, for g=500m kHz [9,10],
~ corresponding to an interaction time of tensysf. On the

an = other hand, the effective lifetime of the excited stge in
=blb,), to obtain exp-iHyt}| ==z Fi),=(1/\2)(layxi|  the nonresonant regime we are considering, is quenched by
-a)), [8]. This macroscopic superposition of coherent stateghe ratio between the ion-laser field coupling rate and the
is the result of the rotation in the Bloch sphefea)}. In  detuningA; according torspones A%/ (g% ¥aq)- By choosing a
order to check the effects of the nonresonant terms in théuitable value for the ratio between and y,q, the incoher-
Hamiltonian of our Kerr nonlinear evolution, we have con- €nt scattering of vibrational excitation due to the decay from
ducted an analysis similar to the one previously performed t&Xcited state, which contribute to the heating rate, can be
generate a coherent state. This tifig,.=Hy+Hpg contains ~ Neglected. Using the values {9,14,16,20, for instance,
terms oscillating at the lowest frequencies and up to fourttfspont 2N be made one order of magnitude larger than the
power in 7, The stationary termH, dominates oveH,. effective interaction times required for vibrational-state ma-
because the effect of the high-frequency oscillating terms i§ipulation.

averaged out from the effective dynamical evolution of the We need here to make a remark: the analysis we have
qubit. We retain the same values used before for the relevaferformed always assumes that the ancillanyode is pre-
parameters in our calculations, showing that they are suitapiared in the vacuum state. This is just for mathematical con-
for this effective rotation too. Our model is sufficiently flex- venience. We have derived the equations of motion for the
ible not to require further adjustments of the setup. We concase of an initial coherent staj@=1), of the y motional
sider the transformatiodaz-nx_,|cat]>X=(1/\f§)(|a=1> mode. Here, again, a small amphtude of the coherent state is
+i|a=-1)), and, motivated by the previous discussion about@ken because it is then possible to truncate the computa-

the dimension of the computational basis, we use the trurional phonon-number basis, considerably simplifying the
cated phonon-number bagig), ...,|5)}%2 to solve the pro- calculations. We have concluded that the comparison be-

jected Schradinger equations tweenOvid(t.) ar.1d Ovyelt) shpws the same qualitative fea-_
tures seen in Fig. 3. We conjecture that the same conclusion
ixy<paQ|(7t|lﬂ(t)>xy: xy<P-Q|Htrue| l//(t)>xy- (4) holds regardless of the state in which thdegree of motion
. ) N has been prepared, if the parameter valueljf. are kept
with  |¢(0)),,=[-i),{0), and the decomposition|yAt)),,  within the range of validity of the approximations above.
=37 eoAam(D) M),y The normalization of the wave function  With arbitrary rotations around the axis (implemented
implies Eﬁ,m=0|Anm(t)|2:11 as before. In Fig. 3 we compare via effective displacementsand /4 rotations around the
the ideal overlapDiq(t)=|(catlle™«!-i),| (dashed lingto  axis, it is actually possible to build up any desired rotation
the overlap@tme(t):|xy<catl,Qe‘thrue‘I—i ,0)| (solid curve,  around they axis of the Bloch sphere. This, in turn, allows us
whose time behavior depends on the coefficigtgt), for ~ to arbitrarily rotate the qubit around theaxis [5]. The two
counterpropagating lasers with ,=g and 7,=0.4. It is ap-  Operations we have demonstrated are thus sufficient to real-
parent that the dynamical evolution governedHhy, leads  1Z€ any desired one-qubit rotation. In particular, the sequence
to the desired superposition state at the expected rescal&lf(7m/4)U(m/4)U*(w/4)| £ )y realizes the transformation
time gt="5m/27'%~38. The match between the two curves is |+ @)x— (1/V2)(|a)x |-a),), which is a Hadamard gate. The
very good up to the rescaled interaction times we show. Beresulting states, here, are the the so-catieen(for + sign)
ing a rotation in the space spanned by the coherent statesid odd(for — sign coherent statess they are the super-
with amplitudea=+1, the behavior of the overlap is peri- position of just even and odd phonon-number states, respec-
odic and replicates itself for interaction times larger thantively [7]. An interesting feature that will be exploited later is
those shown in Fig. 3. This numerical simulation suggestshat even and odd coherent states are eigenstates of the parity
that Kerr nonlinear interactions and, thus, th&§+=/4) ro-  operator(—1)" (i is the phonon-number operatavith eigen-

rules betweenBI and b, and the relation[d,,R2]=0(f,

022311-4



VIBRATIONAL COHERENT QUANTUM COMPUTATION PHYSICAL REVIEW A 71, 022311(2009

Overlap

0.9
0.8
0.7
0.6
0.5

FIG. 4. (Color online Comparison between the perfect overlap
(dashed ling and the true oneOg.{t) obtained solving the FIG. 5. (Color online The setup for a motional state transfer
Schrodinger equation governed I e In this simulation, 7, procedure. Two trapped ions are placed alongxthgis of a mono-
=0.4. Other parameters as described in the body of the paper. mode optical cavity having a standing-wave configuration. The ions
are coupled to the cavity field mode and to two external laser
value +1, respectively. We will discuss later the role thesg?ulses. The laser fields illuminate the ions along yheirection.
states have in coherent quantum computation. This realizes an effective coupling between yhébrational modes
As a final relevant case treated here, we now consider th® the trapped ions.
engineering of a bimodal nonlinear interaction suitable for
the generation of entangled coherent stale€S’y [21]. dence when just the ideal interactibly, is considered. This

This class of states will be represented as curve is contrasted with the overlap obtained when the full
Hamiltonian Hy,. is taken. The mismatches between the
) =N, a) + |- @, @)}, curves are very small, and the overall comparison is excel-
lent. The scheme appears, thus, to be robust against the spoil-
) = N, a) + |- a, @)} (5) ing effects of the nonstationary terms and is efficient within

the coherence times of the physical system we consider.
Stateq ¢.) and|.) can be generated by superimposing, at a
50:50 BS, a zero-phonon staf@) with an even and odd [ll. COUPLING BETWEEN MOTIONAL DEGREES
coherent state, respectively. As an example, suppose that, via OF FREEDOM OF INDIVIDUALLY TRAPPED IONS

the procedure described above, we have created an even co- ) . -
herent state of the motional mode whiley is in its vacuum So far, our discussions have been limited to the case of a

state. Arranging a BS interaction betweerandy phonon single ion. Unfortunately, considering the vibrational modes

modes[11], the joint state of the two vibrational modes is of just a single trapped ion is a substantial limitation on the

then transformed into one of the entangled coherent stat&@MmpPutational capabilities of our device. However, we can
above. Alternatively|¢.) and|i) can be produced using the take advantage of some recent experiments that demonstrate

i Homibh —v A A ; the coupling between trapped ions and a high-finesse optical
cross-phase modulation Hamiltonigh,= x.,n.y, with x., . ; ) S
the rate of nonlinearity7]. Starting from|a),|B),, this inter- cavity [33’14] t? deS|gnbthe reglstler of atV|bratéopa:jl quanéumﬂ
action producesecs,, |a)(|B)+|-B)y*|~ax(|B) - -8y computer as formed by several remote and independently

when yet= [7], which can be reduced to the form of ECS trapped ions. I_-|ere, we describe in detall a mechanism to
in Eq. (5) through single-qubit manipulation. Thus, having couple the motional degrees of freedom of different elements

already discussed how to perform one-qubit operations, ng such a quantum register. We take inspiration from the

concentrate here on the generation of this kind of generalize(a)(per"m.antS reported ['1344] where a co_herent Interaction
ECS. IS established between an ion and a cavity mode. The atomic

By inspection ofH, we recognize the necessity of an "SPOSes to both lempora) and spata) variations of he cou-
interaction symmetry in the two vibrational modes. This canP"Y y : y

be obtained directing the lasers at 45 and 225 degrees wiﬁ\long these lines.

; : _ . The system sketched in Fig. 5, is based on the linear ge-
respect to the axis. In this caseg;,=0 has to be set in order ometry of the ion-trap-optical-cavity interfacgt3,14. This

to select the stationary termybibbyby in Eq. (2) with x, setup is suitable to store a lineian crystalrepresented by a
=019277'x7'y/(2A,). The other terms in the Hamiltonian are oy of aligned traps, which are mutually independent and
rapidly oscillating and negligible if the same dynamical con-gpatially well separated. The cavity field mode is described
ditions we Commgmed above are assumed. We considgyy jts posonic annihilatioricreation operatora (&) and is
Oecd) =, (ecsle™ el a=1,8=1),|, with Hyye=Hcp+Hnst aligned with thex axis of the bidimensional traps. The inter-
the Hamiltonian containing both the desired nonlinear intergction with each ionic transition is off resonant with detuning
actionH, and all the relevant non stationary terms. We haveAi (i=1,2), respectively(assumed to be different for sake
taken [eCsy)y, > [ Dx(| D) +|=1)y+|=Dx(|1)=|-1)),, where all ot generality; the mathematical approach is simplified if
the states appearing in this expression are coherent states f=A,). Two external field€, ; andE, , excite the ions and
their amplitude|a|=|B8|=1. To evaluateD..Jt), the compu-  are directed along thg axis. As we will see, this effectively
tational basis has been truncated®,...,|5)}*2, as usual. couples they modes of the ions.

The results are shown in Fig. 4. The dashed line represents We assume a standing-wave configuration for the spatial
the ideal behavior of the overlap—that is, its time depen-distribution of the cavity field10]. In a rotating frame at the
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frequencyw, ; of the laserE ; and in the interaction picture the analysis restricted to a two-ion system and give some
with respect to the free energy of the resonator, the Hamilmore insight into the process of motional-state transfer.

tonian of our system reads The assumed bad cavity limit is particularly convenient to
5 isolate the dynamics of the motional modes from that of the
apn E Ay oA . bus. Indeed, a full picture of the evolution of the system is
- tp, _ Jocti oy At , p y
Hic = jgy;l jibjbj A (by + by )a'e" gained by the master equatidin the interaction picture
E ap oA . .
} goi—zznyz(biz +b)ald et He  (6)

dp =~ i[Hi.p] + k(28pa" - {a'a,p}) = (Lo + Loa)p, (8)
Here,5c=wcajity—w|_1 andA12= W 1~ W o while (‘:Li(i =1 , 2) is

the Rabi frequency of the interaction between ii@nd laser

Eii and ¢ is the phase difference between the lasers. Thgi, , the total density matrix of the ion 1+ion 2+cavity
condltlon A1,2_>5L1,5L2,go unde'rlles Eq.(6), wherg thef system and, takingd,=wy;, App=wyp—wy, it is HY
electronic excited states of the ions have been adlabatlcally_Ez Q. (boat+H Notice that. b dering’ all
eliminated. A preliminary and intuitive picture of the dynam- | <i=1 i(bya'+ '_C')' . otice t at,_ y consl .er'n@ic’ a

ics of the system can be given as follows. We derive the forrﬁhe relevant contnb_utlons to_ the lon dynamichift terms

of the effective interaction Hamiltonian between the relevani'cluded are taken into consideration. We have used the no-
vibrational modes of the two trapped ions in the tationLop=-i[H;;,p]. We now go on to a dissipative picture
ove_rdamped-cavity_regiménr bad cavity limi}, where the_ defined byp=e‘calp and exploit the relationsicav[é, o]
cavity decay rate< is much larger than any other rate in- :[é,(zcav—K)P] andzcav(ép):ézcavpﬂﬁp (and analogous

volved in Eq.(6). This will give us an idea of the sort of At )
effective mutual interaction that is achieved in this setting. Afor &) [22]. After some lengthy calculations, EG) reduces

much more rigorous approach, based on the derivation of the
reduced vibrational master equation, is given later in this
section.

The cavity mode, which is detuned from the ionic transi- 2
tions, represents an off-resonant bus that is only virtually 8{/3=igoz
excited by the interactions with the ions and can be elimi- i=1
nated from the dynamic of the overall system. This results in M e 9)
an effective Hamiltonian whosiateraction part in a rotat- 1P 2P
ing frame at the frequencies of the traps, reads

&l Tyi

{e[by;, pJa" + ey, [a"5] - H.c}

2 2 A A
Hva = — s 9olLiCLihi nyj(B;iByjeid; + B;jlayie_id’), ) yvith L41(L,) an effective supe_roperator obtained by collect-
im1 Ajjk ing all the terms in Eq(9) having thee *(e*!) prefactor. To
isolate the vibrational degrees of freedom, we trace over the

where the condition\,,= wy,— wy; and the rotating-wave ap- cavity mode. We obtain&tpU:Trca)ﬁl(e"‘rﬁ), with p,

proximation(RWA) have been used. This interaction models_ . : .8 . .
a BS operation between motional degrees of freedom be—_Trcav('[)). This master equatlorlstlll involves the cavity vari-
longing to spatially separated trapped ions. In this expres"-’lbles becayse of the presencepof qrder to remove these
sion, we have not reported the motional-state-dependent afiependencies, We_th;o back .to.E(a)’ integrate it formally,
Stark shifts experienced by the internal levels of the ions i nd r_nultlply it bye™. In the I|m|t O.f largex, we can invoke
an off-resonant standing-wave configuration. The influenc h'e first Born-Markov approximation a_nd SﬁFPU®Ppaj,ss

of these terms will be fully taken into account in the deriva—W'th Peavss tbe steady state of/the cavity mode. It is, then,
tion of the reduced vibrational master equation. Here, we€ “P(t) = [5La(py(t) ® pea sJ€ dt’ and

present only Eq(7) as it is important to stress that this in-

teraction is useful for entanglement generation and motional-

state transfer, where the staﬂ@/$yl and |0>y2 are swapped, A ©
with |¢>y1 being completely arbitrary. This is exactly what g,p, = Tr,, gl(J L(p,(1) ® peay SS)e"‘“dt’)
we want to realize for the purpose of motional-state transfer. 0 '

If the ion crystal is larger than two units, two specific ions 2 5
can be connected by exciting theiand only them with the -3 w{[ﬁ 0BT =Bl By, T
laser fields. The other trapped ions will be unaffected by the o1 AAx yer ybeyIFy

coupling. Once the local interaction between theandy
motional modes of apecificion has been performe(hc-
cording to a given quantum computing protd¢dhen the
state of they mode can be properly transferred to another ion L L o o
of the crystal, labeled, which has been prepared j@),. + 4T [ 2by1p,b), + 2byop, bly = {bl1by, + blobya,p, 1,
However, for the sake of realism, in what follows we pursue (10)

2
=> Fi{ZbyiPub;r/i - Pub;ibyi - b;ibyipv}

i=1
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with T;=02/k(i=1,2). This is the reduced master equation Coupling functions
in our study. So far, we have not included the relaxaton = -—-=-—--- 003

terms due to the decay of the motional amplitude of the ion b

modes and the incoherent scattering due to relaxation from 0.0\2\

the (off-resonant excited states. However, these terms can be y

included in the above derivation by suitably modifying the odi
coupling rates appearing in E). For instance, the Liou- /

villian terms proportional to the vibrational decay rajg s

(assumed to be equal for tlkeandy motion) do not depend -200 -100 Kt
on the cavity operators and are left unaffected by the adia- (a)

batic elimination of the field modg23,24]. Thus, from now Fidelity

on, we dropy, from our analysis. EquatioflL0) can be pro-
jected onto the phonon-number bafis, M)}y, ,, to give ef-
fective evolution equations that are used for a numerical es- 0.7
timation of the dynamics of,.

09 f—— = e

As an example of motional-state transfer, we quantita- 95
tively address the case pf),;=12/5(/0)— 1))y, + \s’T/5|2>yl, 0.3 -
where (|0),[1),]2)),; are phonon-number states, being pre- =100 0 100 200 300

pared in ion 1. Here, the choice has been completely arbi- (b)
trary (any other state could have been takdtowever, this _ :
example offers us the possibility to see the influence of our 't:IdG ﬁ.ﬁColgr ,%?((S‘) (Wel.dpll.Ot gl(t) (dfaShf.d "n}? t£2(t)
protocol on relative phases in general linear superpositiond?°t-dashesl and yI's(hI'5(t) (solid line) as a function of the re-
Furthermore, the possible leakage into the Hilbert spacécaleol interaction timet and forI'=0.03«. Theinteraction chan-

1 . —_ _1 - .
complementary to the one spanned by our computational bé‘f' is open att=-200¢"". The fidelity does not reach 1 because of
sis can be investigated. For quantitative calculations, we ret- e effective dissipative part in the evolution of the vibrational state
strict the basis t(§|0> |5>}®2 For the transfer protoc,ol to that, actually, raises the vacuum component of the joint vibrational

. . state.(b) Fidelity of motional-state transfees,0)y1yo—[0,1)y1 y»
be effective, the state of thg2 mode must be prepared in as a function of the interaction time. After the interaction channel

|O>y2' Some comments are necessary _'n order to qlarlfy th% closed, the state of the two vibrational modes is stationary.
protocol. From now on, we refer to the ion whoseotional

state has to be transferred as thensmitter while there-  the effective coupling is turned off, the interaction channel
ceiveris the ion prepared in0),. The interaction channel breaks down and the state of the ions becomes stationary. It
between the transmitter and the receiver is open if and only ils worth stressing that the fidelity at the beginning of the
both the ions are illuminated by the external laser fields. Thisnteraction is nonzero because of the presend@®, , in
means that, once one of the lasers is turned off, the transfdoth the initial and target states.
process stops and the interaction channel is interrupted and The second important point that has to be addressed in
unable to further affect the joint state of the two ions. On theorder to completely characterize the performance of the state
other hand, the effective interaction has to last for a timetransfer protocol is the leakage. We can single out two dif-
sufficient to complete the transfer. We find that temporallyferent kinds of leakage. One kind is to states such as
counterintuitive laser pulses have to be applied to the system, j)y1y,(i,j €{1,3}) which are the states of the computa-
of transmitter-receiving ions. In particular, an efficient tional basis having more than two phonons in jflemode
motional-state transfer is achieved if the effective couplingand some phonons in tlyd mode. The other kind of leakage
rate (), decreases whil&€); increases in such a way that leads to states lying outside the computational space. The
Srdt’ (I (t)CH(t")=9==/2, whereT is the total interaction influence of both these sources of error can be contemplated
period and time-dependent laser pulses have been assuméahking at the norm of the final density matigx(t). We have
An example of such pulses is given bl,(t)=T"5(-t) checked that Tp,(t)]=1 for all the relevant interaction
:’fe—Ft/(eft+e—ft) [25]. We have assumefl =&, n,=n, tmes, showing that the influence of highly excited phononic
o 22 27 A . states in the vibrational modes can be neglected. This indi-
andA;=A(i=1,2), so thatl'=2g5¢7 7,/ A°«. The time behav- rectly d -
. — o y demonstrates that leakage of the latter kind is irrel
iors of I'y,I",, and+I';I", are shown in Fig. @). The proce-

. ) evant and the dynamics of the system is confined in the
dure followed in order to get EJ10) requires();, <« computational space we have chosen. On the other hand, by

which is equivalent to také’<«. The effectiveness of the considering thequasinormEizzoyl y2<0i|pv(t)|0i>yl,y2! we can
process can be estimated by plotting the transfer fidelityneck how large the influence of populatedstates is in the
Fyl0=y1,2{0,4p, (1|0, 1h)y1 > againstxt. Here,p,(t) is, 0b-  gensity matrixp, (t). This is shown in Fig. @ where we can
viously, the solution to the reduced master equatidh. The  gee that, after the transient period when the contribution by
f|de||ty turns out to be a function of the interaction time and nonempty states of thﬁl mode is re'evant’ the Steady state
is parametrized by the state we want to transfer. The resuligf the system is perfectly normalized. This means that the
of our simulation are presented in Fig(bp for takenI”  final state of the two vibrational modes does not contain
=0.03«. F, reaches=0.9 fort=200«"*. We have plotted the ~excitations of thetransmitter To complete this analysis, we
fidelity for interaction times larger thah to show that, once give some insight into the purity of the state we get. From
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Quasi-Norm will see in Sec. V, Bell measurements can be used to con-
Kt struct the teleportation-based controlledt (CNOT) sug-
gested by Gottesman and Chud2d]. In our specific case,
the quantum channel for the teleportation protocol is embod-
ied by one of the ECS’s in E(q5). For sufficiently large
amplitudes of their components, the ECS’s are quasiorthogo-
0.6 nal, carry exactly onebit of entanglement, and are usually
referred to as quasi-Bell states. A complete discrimination of
/ the elements of this class is, thus, fundamental in our
4 : .
scheme. It is worth stressing here the well-knonorgo
@ theoremdemonstrating that a never-failing, full Bell-state
Mixedness analyzer cannot be realized using just linear interactions
0.07 (e.g., beam splitters and phase shifté@&3]. More recently,
it has been recognized that the introduction of a Kerr nonlin-
0.05 ear interaction29] or the exploitation of additional degrees
of freedom of the system employ§80] can be used to fully
discriminate all four Bell states. However, these schemes are
designed to work with two-level systems and are not relevant
to the infinite-dimensional case we treat.
0.01 The direct detection of the properties of a vibrational state
300 -100 100200 300Kt is, in general, a hard task to accomplish. On the other hand,
(b) detecting the electronic state of an i@t an array of iongis
more straightforward and can be performed using the quan-
FIG. 7. (Color onlne (@ The quasinorm tumjump technique, in which resonance fluorescence from a
Eizzol {0ilp,(1)|0i)ys is plotted versus the interaction time. strongly driven atomic transition is detect@ﬂ,lO,lZ_,S.j.
This quantity considers the contribution to the normalization of theTh€ presence or absence of fluorescence in the driven tran-
density matrix given by the states having just & mode popu- Sition reveals the electronic state of the ion. Thus, we need a
lated. (b) The degree of mixedness pf(t) versus the interaction joint interaction that changes the internal degrees of freedom
time «t. The purity of the state is measured by the linearized enOf the ion in a way that reflects the state of the vibrational
tropy S =(16/15[1-Tr(p?)] that is zero for a perfectly pure state ones. The measurement of the electronic state of the ion after
(as the initial one, akt=-200 and 1 for a statistical mixture. the interaction, then, will give information on its vibrational
state. To achieve this goal, we start by considering the
this viewpoint, the fidelity is not a good tool because it couldHamiltonian obtained by applying a standing-wave laser
give the same quantitative results fgi(t) describing a pure field to the trapped ion. In a rotating frame and with
state or a statistical mixture. On the other hand, an easily weq—w,_ the detuning between the standing-wave and the
computable quantity is thelinearized entropy St) ion transition frequency, the interaction reads
:(16/15){1—Tr{pf(t)]} [26]. This quantity is zero for a pure
state and reaches 1 if the state is completely mixed. We show  H' = A, + w,blb, + O cog 7(b] + b1+ 5,), (11)
a plot of § (t) in Fig. 7(b). The state remains highly pure all
along the interaction, the small degree of mixedness being/here() is the corresponding Rabi frequency. In the disper-
due to the dissipative nature of the effective evolution of thesive limit A> ), with A well away from the resonant vibra-
system arising from the bad-cavity regime. tional frequency(see Schneider and Milbuii24]), we can
The fidelity and purity of the state are not perfect becausediabatically eliminate the excited state of the ion and ex-
of the losses induced on the two-mode vibrational subsysteraand COE?](BI+E>X)] in a power series, retaining terms up to

-ﬁhe second order im (Lamb-Dicke limiy. In the interaction

by the dissipative bus. However, the state we get with thi
protocol is nearly optimal. Higher-quality factors of the op- picture and neglecting terms oscillating at frequency»g2
e get

tical cavity coupled to the ion traps will improve the perfor- W
mances. In this case, indeed, we would be able to neglect the
dissipative dynamics of the cavity mode, making the effec- a2 ..
tive interaction between transmitter and receiver perfectly Hgng = 2— 7°blb,&, (12
unitary. The form of the effective Hamiltonian, arising from A
the coupling scheme, will be as in E{,) with the replace- _ _
mentx— &, as, in this case, the conditioh> « has to be Wh_ere sta'_[e-m_depgnden_t energy terms have been o_rmtted.
used. The fidelity of the operation and the purity of the final This Hamiltonian is suitable for quantum nondemolition
state will be ideal. measurements of the motional even-odd coherent states dis-
cussed above. Indeed, the evolution operaigy(t)=exp
IV. QUASI-BELL-STATE MEASUREMENT —iHgnd) does not change the parity of an even-odd coherent
We next consider the Bell-state measurement needed istate but phase-shifts the electronic state by an amount de-
the protocol for coherent quantum computati@). As we  pending on the vibrational-state phonon number. Explicitly,

-200 -100 200 300

0.8

0.03
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" - NMONT i o AT VA = i 4blb TABLE |. We schematically present the protocol for a partial
Uqnd(t) = CotxgndD,)1 =1 Sin(xgndbxby) o, = €Xane 19 quasi-Bell states discrimination. The initial stdthe vibrationalx
. Af" . . .
><<g| + e—lanotbxbx|e><e|, (13) andy modes being prepared in an EC8e outcomes of the first

and second electronic measurements and the final vibrational state

With xgna=2Q%72/A. If we set xqnd=m/2, the electronic are displayed.

states will berr-out-of-phase mutually shifted.
Now, let us assume that we prepare thabrational mode

Initial state  First det.  Second det.  Final vibrational state

of an ion in an even-odd coherent stAfg(|a) +|~a)), while |+ Dryion 1Pion |Dion levenjy2a),® [0),
its internal state i$g). Then, we apply ar/2 pulse tuned on |-, Dyiion ©ion |Dion lodd j \s§a>x®|o>y
the carrier frequency of the ion spectrum. This particular | Dryion Dion Dion 10),® |even j\;§a>y
interaction realizes the Hamiltoniat,,=Go,+H.c. which e I~
car g0+ |lr//—1g>xy,ion |g>ion |e>ion |O>x®|0ddllV2a>y

couples|gn)« |en (G being a Rabi frequengy That is, it
does not affect the vibrational stet@]. The 7/2 pulse pre-
pares the superpositidii/y2)(|e)+|g)). The standing wave A B
described above is then applied, and the interaction lasts for Bxy<7—7>|zp¢>xy= NZ|0) ® {|\2a) |- \r’5a>}y, (15
t=m/2xqn¢ This step of the protocol is used terite the 4

vibrational state on the internal degrees of freedom of the A )

ion. Another carrier-frequencyr/2 pulse mixes up the WhereBy(m/4) is the 50:50 BS operatdi34]. Then, the
phase-shifted components of the electronic state and, finalljollowing protocol could be used. We prepare the electronic
internal-state detection is performed via quantum jumps. It i$tate of the trapped ion in the ground state and apply a
worth stressing that electronic-state detection is a true pro=arrier-frequencyr/2 pulse to get the electronic superposi-
jective measuremertin the von Neumann sensthat is able ~ tion (le)+|g))/v2. Then, we arrange the evolution
to tell us if the ion was irjg) or not. In this latter case, the Ugndt/2xgng) for the electronicx-vibrational subsystem.
vibrational state is reconstructed depending on the outcomgnother carrier-frequencyr/2 pulse on the ion mixes the
of this last step. The described protocol realizes the transfocomponents of the electronic superpositions. A quantum-

mations jump detection reveals the internal state, and the output is
recorded. If the result of the measurementgs the entire
Nil|le) +[-a)|g) — (ia) +|-ia))|g), protocol is reapplied, this time arranging thi,(t/2xqnd
evolution of the electronicy-vibrational subsystem. If the
. . result of the first electronic detection is instdag we use a
N(la) = |- a)|g) — (lie) = [-ie)]e). (14

m-carrier pulse that restorég), before the protocol is reap-

plied (this can be done with, in principle, 100% of accuracy

Thus, the different parity of the two vibrational states affectsig}) The different combinations in which the internal state of
differently the interference between the components of th¢ne jon is found allows for a partial discrimination between

Fourier-transformed statlg). The discrimination between the elements in the ECS class. Denotiﬂgenj\@a)j and

even and odd coherent states can be performed with, in pri lodd \Ea),—(j =x,y), respectively, the even and odd coherent

CPie, o scouracy Sach siep n he poloca) b nstates whose omponerts have absolte amplf|
-4 P yp J ne can prove the correspondences shown in Table I.

peametrs s made. T prepatatonof e dectonc e, ' Scen et e tho Gctmnadon beveen
IasF:ar Ft))eams that build up the étan?jing v?/ave and remindin Sxy:[U)x @NGH[ 6.0, |12}y IS perfect, this is not the case
r the elements of the subsg®.,),|i.)}y,. The sequence of

us that the effective Hamiltonian in ER) does not affect i ) .
the electronic variables of the iofthe manipulation of the detected electronic measurements corresponding to these vi-

electronic state then has no influence on the vibrationaprational states is the same, and there is no way to distin-
state$. An estimate of the interaction time required to per-9UiSh between them, following this strategy. However, one
can exploit the parity nondemolition nature of the above pro-

cedure. Even if the amplitudes of the components of an even-
odd coherent state are changgélde amplitude transforming
from |al to [iV2a]), the parity eigenvalue of these states is
greserved.

Now, if |¢,),, is prepared instead df/.),,, we end up

form U(7/2x4n¢ and to achieve the right phase shift leads to
some tens ofus for Q=7X500 kHz, »=0.2, and A
=10 MHz[32].

This protocol, which was studied for the cavity quantum
electrodynamic model to detect even and odd parities of th
cavity field [33], is useful for the detection scheme for with mode x being populated whilgy is in its vibrational
ECSs. In part|c_ular,_ let us suppose that an ECS ofx_tlaad . vacuum state. The configuration will be contrarjﬁ)xy is
y.mo_des of an ion is subject to a 5(.)‘50 BS operation. Th'%)repared. Thus, the key to our procedure is the discrimina-
will give us one of ;he output modes in an e\{en—odd cohere ion between|0), and |evenjy2a)x. Let us suppose that,
state, the other being in its vacuum. In particular, after the application of the previous protocol and having

found a sequence of two ground states as a result of the
A [T — NP o _ detection proceduréwith the prepared vibrational state be-
Bxy<4>|¢i>xy_ NE{[V2e) £ |- v2a)} ® [0)y, ing totally unknown, we apply the displacement operator
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D(-€) to modex, e being a proper amplitude. [&.),, was | Manc= | @a1 a2l Br)asas + 1= @ = @ay aol ¥ )as a5

the initial state, the displacement _transfgrms the state of the (17)

mode into (€22%i\2a-¢€)+e22%-i\2a-¢)),. Taking o . _ .

2\2ae=m/2 and @=2, then we geie=0.27<a. With this This is then used to realize thenOT gate as described in

angle of rotationthe even coherent state is changed into anRefS' [5,27]. The GHZ states can b_e built by using beam

approximation of an odd onave have flipped the parity of splitters [11] and single-mode rotations as those already
demonstrated above. It has been recently recogriszss] for

the state. Applying now the quasi-Bell-state detection proto . .
col, as described above, the outcome of the first atomic me£x@mple[35]) that the four-mode state, being a complicated

surement becomes),,,. Does it help in distinguishing be- SteP to perform, can be prepared line and then used in the
tween| )y, and|y),q,,? The effect of displacement on the protocc_JI for .thec.NOT only When. it is needed..OveraII,. we
state|0>x®(|i\s’2a)+|—i\f“2a))y (that is, the final vibrational need _elght vibrational modes to |mplementa3|r[g‘_{|e_)T, SiX
state if\l//+>xy is prepared, as shown in Tablg ib |0),— | of which are used to prepare fby)ancand the remaining two
-¢),. For the amplitudes of the coherent statand the angle for the control and target qubits. .In our scheme, howe_ver, we
of rotation e chosen above, however, it |s €),~0.960), use two vibrational modes per ion so that we require four

“0.271) Appiyg agai the ECS detecon scheme, st 07,1 MoloTaLatte waneler operaions Even
before the first electronic detection, we get P P y g ! PP

that the scheme is experimentally challenging, not just for
= . the in situ operations to perfornflinear and nonlinear cou-
|~ €« ® [eveniv2a)y ® [g)ion — (0.960)|g) ~10.271) pling between orthogonal vibrational modesut for the
X[&))xion ® |eveni\s’5a>y. transfer protocolthat is, the slow and less efficient part of
our schemg However, it is straightforward to extend the
(16) Hamiltonian model in Eq(2) to three orthogonal vibrational
N ) o modes(that is, to include thg mode in the coupling modgl
The erObab'“t)é to get the electronic outple}, is given by using laser fields havin¢ppposité projection onto the azi-
(0.27°<(0.99°. That is, most of the timegapproximately  mythal axis too. In this way, we will be able to exploit three
92% of the timepwe will obtain |g)io,, making the discrimi-  modes per ion, altogether, and the steps necessary to create
natlon_between the two states complete._ This can be taken 85)anc can be performed using a two-ion crystal in the optical
an estimate of the efficiency of the quaS|—Be.II-.state measurezavity. The projected modea0 and a3, having not been
ment because, in the present case, the efficiency ofiéhe nyolved in the four-mode ancillary state, could be used to
tector apparatugthat is, the efficiency of the quantum-jump embody the target and control of a two-qubit gate. A single

technique for electronic-state detectiocan be taken as, cnot gate, thus, can be realized with just a two-element
nominally, 10094 31]. Our protocol for quasi-Bell-state mea- register.

tional modes relative to remote trapped ions. It could becan pe used here to reduce the number of teleporting opera-
redesignedmutatis mutandisusing two ions and thek mo-  tjopns we have to perform. We exploit thé, )44 and
tional modes. In this case, the internal degrees of freedorm+>ai’aj are mutually swapped by theross-parity operator

have to be detecteith parallel and notsequentiallyand the  (_1)naiaj, On the other handg_)yi . and |}, o are not
discrimination will be based on the comparison between dif¢ected by this evolution. Schemét]ically A

ferent combinations of them. Considering all the operations

to be performed before the ion internal-state detection, the (- 1)ﬁaﬁb|¢+> ab= ) ab,
overall time required for a complete discrimination of ECS'’s

should be in the range of hundredspsf which is within the A _
coherence times of the system. (= D" )ap = 1)

-1 Iclaﬁb - = - ,
V. CONTROLLED TWO-QUBIT GATES (= D% $-)ab = [ b-)a

In this section, we consider controlled two-qubit gates to (= 1)) = | ) ap- (18)
complete our discussion on a possibility of qubit operations o o
using coherent states of vibrational modes of ions. As wel he operatof-1)""=e™™a" s implemented by the cross-
have remarked in the previous section, a quasi-Bell-state d¢thase modulation used to create the ECS from separable co-
tection (both local and distributed is possible. The herent states, as described in Sec. Il. Here, we are interested
teleportation-based scheme for a controlkai- (cNOT), in-  in the effect of this unitary operation on the class of ECS’s.
deed, exploits the Bell state measurements to perform twblow, a cross-phase modulation between vibrational modes
different steps. We follow the scheme proposedGhand al and a3 is assumed to be used so that the state
consider two three-mode GHZ statléb,o 1 a2 and|&azanas  [V2@a1([V2a) +[-12a)) i3+~ \2) a1 ([N 20) = [-\20a)) s IS
of general bosonic modea0,...,a5. The joint state of generated7]. We consider the vibrational modeg anda4,
modesal and a3 is first projected onto the Bell basis in each prepared in the vacuum state, and realize a 50:50 beam
order to prepare theun-normalized four-mode entangled splitting in theal+a2 anda3+a4 subsystems. Finally, the
state (=1)"s"a4 produces a statéhot normalized that, with local
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mode x1 operation between the control and target qubits is, in this
|2 < case, the soldelocalizedoperation we need to perform. The
|C> \ / scheme we have described for motional-state transfer is ex-
BS(0) actly what we need to split the input modes in a distributed
It yZ2aN way. All the other operations do not involve coupling be-
tween the ions of the register. The Bell-state measurement is
[¢>< = x0 finally performed involvingz andy motional modes, project-
mode X.

ing thex modes onto a state equivalentdROT |c, t)y xo. We
FIG. 8. (Color onling Scheme for a coherent-statsot. Target ~ conclude our analysis with a remark concerning the strategy
(Ity) and control qubit(|c)) are superimposed at a beam splitter 10 follow in order to discriminate the logical states of the
[reflectivity co(6/2)]. The states of the output modes are, then,dubit (namely, betweera) and|-a)). This can be donéo-
teleported onto the state of mod# andx2. The boxes labeled@  cally, following Ref.[5], using a 50:50 BS operation super-
resume the teleportation operations. imposing the state of the qubit, codified in tkenode of an
ion, to a coherent state of the ancillayymode. Then, with
; ; ; . ; proper resonant transitions coupling the internal state of the
:;ntary operationga single-qubitnoT gats, can be written ion to thex andy modes and highly efficient electronic-state
detection, we can ascertain the state of the ql@jit The
generalization of this procedure talalocalizedsituation can

! =|a,a +|-a,-«a 2 . s -
7' Yane= | @)an ol ¢)aan * | Jarazlt-Jazas be done exploiting the results shown in Sec. Ill.

(19

This differs from| ), because it involves_),3 .4 (corre- VI. REMARKS

lated t0|-a, ~)ay qp) instead offi)a3 0. We do not try to In this paper we have presented a scheme that, exploiting

reproduce the four-mode entangled chariagl,. [27] but the motional degrees of freedom of individually trapped ions,

we go on with |'),,c and apply the protocol for a )
teleportation-based two-qubit gate. It can be proved by in-coUId allow for coherent-state quantum computafibigs).

spection that, in this case, a controllgd, (C,.) gate be- We have addressed a model for quantum engineering based
P ’ ’ er; i) 9 on the use of two nonresonant laser pulses. By regulating the
tween the controt and the target qubits is realizedup to

: . . ; o direction of the lasers along the trap axes and tuning their
single-qubit rotations to be. applied, condltlonall'y on the c.’m'frequencies to excite proper sidebands, we realize various
comes of the Bell detectiopsin the computational basis

; ; linear and nonlinear interactions, for both the one-qubit and

{la,a),|a,~a),|~a,a),|-a,~a)}e, this can is represented o qubit operations. To scale up the dimension of a quan-
by the block diagonal matrix G =diadl,ioy], with 1 the  tm register, we have considered a distributed design of the
2X 2 identity matrix andoy they Pauli matrix. This gate is  quantum computer, each node of the network being a single
nonlocal and is not locally equivalent tosavap gate. It is  trapped ion. The interconnections between remote nodes are
indeed easy to see thai,Cis an entangling gate that trans- established by a cavity bus coupled to the transition of the
forms the separable stat@\a)+B|-a)).®(Cla)+D|-a));  selected io{13,14. Motional-state transfer, in this way, is
into the entangled stat8|a).(C|a)+D|-a));+B|-a).(D|e)  shown to be realizable with good fidelity and without the
-C|-a));. Thus, together with the single-qubit rotations in requirement of a high-quality factor cavity. Finally, an effi-
Sec. ll, this two-qubit operation can be used to perform thecient quasi-Bell-state discrimination is possible, in this setup,
universal quantum computatioi86]. Moreover, using the using unitary rotations of the states belonging to the ECS
criteria of Ref.[37], this gate turns out to be locally equiva- class and inferring the parity eigenvalues of superposition of
lent to CNOT. coherent states via high-efficiency electronic detections. The

On the other hand, an important simplification in the re-accuracy of this scheme can be, in principle, arbitrarily near
alization of a two-qubit gate can be achieved if we renouncdéo 100% due to the exploitation of the additional degree of
the four-mode entangled chann@,.. (or |%')and- This lat-  freedom represented by the electronic state of the ion. This
ter can be replaced by twe,) ECS’s that are used as quan- feature allows us to circumvent the bottleneck represented by
tum channels for the teleportations of the output modes of gheno-go theorenin Ref.[28]. We have addressed the issues
BS [reflectivity cog(6/2)] that has superimposed the control of efficiency and practicality of our proposal showing that,
and target qubits(see Fig. 8 For proper choices o  singularly taken, each step of the scheme is foreseeable with
=m/4a?, after the beam splitter operation and the two tele-the current state-of-the-art technology, the main difficulty, up
portations, the output modésl andx2 in Fig. 8 are in a  to date, being represented by the sequential combination of
state that is equivalent &£NOT, up to single-qubit operations. them.
To achieve this result with a significant probability of suc-
cess, however, the conditiafa?<1 has to be fulfilled. For
example, if we takexr=2, =/16 has to be taken, giving a
probability of success=0.92. Explicitly, the control and tar- This work was supported in part by the European Union,
get qubits can bavritten onthey modes of the trapped ions the UK Engineering and Physical Sciences Research Coun-
1 and 2. The ECS’s we need for the teleportations are codiil, and the Korea Research Foundati@rant No. 2003-
fied in the state of thex and z modes. The beam splitter 070-C00024. M.P. thanks the IRCEP for financial support.
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