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Abstract

Nonclassical light stands out for its ability to improve quantum metrology, cryptography, and optical
quantum computation. Yet, generation of certain types of nonclassical light, especially Fock states,
remains a considerable challenge. Optomechanical systems, characterized by a nonlinear interac-
tion between light and a mechanical oscillator, have emerged as a promising avenue to address this
challenge. However, these systems also introduce challenges due to the intricate interplay between
mechanical and optical components, and the interference of cavity dissipation. This thesis introduces

innovative driving strategies that address the two limitations.

First, a driving scheme is proposed to generate separable optomechanical states, while maintaining the
nonlinear nature of the system dynamics. This is illustrated with driving profiles leading to an optical
two-photon Fock state and its superpositions with the vacuum. While the study mainly focuses on an
ideal situation where the system dissipations are neglected, I also show that the fidelity of the final

states remain high even when perturbed by the environment.

Then, I consider a more general case where the optical dissipation is no longer negligible. A novel
driving scheme is crafted to suppress destructive interference of Fock state amplitudes of more than a
single photon. As a result, strong photon-blockade effect can be realized in a time orders of magnitude
shorter than in existing schemes that achieve photon blockade in the steady state. Moreover, the driving
scheme provides the flexibility to adjust the duration of photon blockade, as well as to increase the

single-photon occupation at the cost of weaker photon blockade.

Towards the end, the existing study is extended to include the dynamics of external components. In
the study, I consider a simple case where leaked light is directed into a resonant cavity. The range
of system parameters where the output cavity also experiences pronounced photon blockade is then

identified.
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A schematic of the optomechanical system under consideration in this thesis. The
system contains a Fabry—Pérot cavity consisting of one fixed mirror and one movable
mirror. The cavity supports a single optical mode with resonance frequency w, and the
movable mirror supports a single mechanical mode with resonance frequency wy,. The
coupling between the optical mode and the mechanical motion is achieved through
radiation pressure, where the light field exerts a force on the movable mirror. Any
optical pumping field with driving function £(t) (see Eq. (2.7)) enters the cavity only
through the fixed mirror to avoid undesired motion in the movable mirror. Both the
optical and the mechanical degrees of freedom may suffer from dissipation at rate s

and yrespectively. . . . ... L

Schematic energy-level diagram of the optomechanical system in the polaron frame
(refer to Eq. (2.10)). The thick solid lines represent the photonic energy levels (i.e.
when m = 0), and the thin solid lines represent the energy substructures introduced
by the polarons (i.e. when m # 0). The arrows indicate transition energies between
different energy levels. The dashed thick line represents an artificial energy level that
has a energy difference with the level n = 1,m = 0 equal to the energy difference
between the level n = 0,m = 0 and the level n = 1, m = 0. This artificial level is
forbidden in the optomechanical system whenever it does not overlap with any of the

energy sublevels induced by polarons. . . . . . ... ... ... .. ...

A schematic of a cacaded system containing two components. The output field of the
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A schematic of the optomechanical system under consideration in this Chapter. The
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Plot of the fidelity F}, against the evolution time t; in 7 when E.x = 4wy,. (a) For
each time point, the coupling strength ¢, is optimized to achieve the highest possible
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Plot of theoretical results (solid lines) and numerical results (dashed lines) of the fi-
delity between the final state and a two-photon Fock state. Each data point represents
the fidelity of the final state when the driving function is optimized for the generation
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driving strengths are as shown in the plotlegend. . . . . . . .. ... ... ... ..
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Plots of the fidelities (a) £} and (b) F} against mean thermal phonon numbers 7y,
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3.10 Plots of the fidelities (a) F; and (b) F; against relative mechanical decay rates 10y /wp,

4.1
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of the lossy cavity for optimized driving profiles with parameters (go, Emax, tr) equal
t0 (i) (wm/26, 4w, 16T ), (ii) (wm/21, 4wy, 107), and (iii) (wm/16, 4w, 5T ), respec-
tively. Solid and dashed curves represent cases when the thermal bath contains on
average n, = 1 (solid), n, = 10 (dashed) phonons respectively. The x-axis is in log
scale and the y-axis is in linear scale. The plots suggest that the infidelity resulting
from mechanical imperfection is negligible compared to that from optical imperfec-

tion when the thermal phonon number 7, < 10, but becomes noticeable otherwise. .

A schematic of the optomechanical system under consideration in this Chapter. The
optomechanical cavity is driven by two coherent light sources with different temporal
dependence. The optical dissipation (with rate ) is explicitly included in the design

of the driving, while the mechanical dissipation is neglected. . . . . . . .. ... ..
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The value of the autocorrelation function ¢(?) as a function of the target time Lop in
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function §®(,,) is minimized with respect to the drive detuning A at the considered
time ¢,p,. Different values of the optomechanical coupling strength gy = 0.3wy, (cross),
go = 0.4wy, (circle), and gy = 0.5wy, (triangle) and gy = 0.6w,, (star) are considered.
The driving strength is £ = w,,/200 and the cavity decay rate is £ = 0.02w,,. The
minimized autocorrelation function decreases when either the driving strength or the
evolution time increases, but strong photon blockade (¢?) ~ 10~*) cannot be observed

within the range of parameters considered. . . . . . . .. ... ... ... ...

Single-photon occupation p; (dashed), two-photon occupation p, (dotted) and auto-
correlation function g(2) (solid) as functions of time for parameters that minimize the
autocorrelation function at the 5-th mechanical period when the parameters have the
values F = wy, /200, go = 0.3wn, £ = 0.02wy,, and the drive detuning and phases are
optimized. Subplot (a) corresponds to the dynamics when the driving is bichromatic
and strong photon blockade (g ~ 10™*) can be observed at 57". Subplot (b) corre-
sponds to the dynamics when the driving is monochromatic and the lowest value of

the autocorrelation function only reaches 1071, . . . . . . .. ... ... ... ...
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The minimal value of autocorrelation function against the relative cavity decay rate
K/wm When t,, = 5T (circle) and t,, = 107" (cross). The driving strength is £ =
wm/200 and optomechanical coupling rate is g = 0.3w,. The minimal values of
the autocorrelation function increase as the cavity decay increases, but do not have a

monotonic dependence on the evolution time. . . . . . ... ... ... .......

Single-photon occupation p; (dashed), two-photon occupation p, (dotted) and auto-
correlation function ¢® (solid) as functions of time for parameters that minimize the
target function Eq. (4.27) at 5-th mechanical period when the parameters have the val-
ves £ = w, /200, go = 0.3wy, and k£ = 0.02w,,. The autocorrelation function stays

around its minimum for approximately 0.2 mechanical periods. . . . . . . . ... ..

The autocorrelation function ¢(® as a function of the relative mechanical decay rate
7 /wn for average phonon number in the heat bath being 7, = 0 (cross), n, = 0.1
(circle), ny, = 1 (triangle), and n, = 10 (square). The dashed line specifies the value of
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and environmental phonon occupation 7, ~ 0 are required in order to achieve strong

photonblockade. . . . . . . . ... ...

The autocorrelation ¢(® and §(® as functions of the driving strength E /wy, rescaled
by the mechanical frequency. The circular data points plot the exact autocorrelation
values ¢ (5T") obtained from a full numerical simulation. The cross data points plot
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The dashed curve plots the case when the perturbative expansion is truncated up to
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Subplot (a) displays a schematic of the cascaded optomechanical system under consid-
eration in this Chapter. This model can serve for analyzing the specific mode output
field of the optomechanical cavity. The system comprises an optomechanical setup
and a second cavity (output component). The output light from the optomechanical
cavity is directed into the output component using a unidirectional waveguide. Sub-
plot (b) display the same physical setup but plotted in a different way to highlight the
optical input and output ports. The optomechanical cavity involves two pairs of optical
input and output ports (aj in, @1oue AN Ayr.in, Aron)- The output component has one pair of
optical input and output ports (az in, @2 our). The coupling between the optomechanical

cavity and the output component is unidirectional, with a; oy = agjn. . . . . . . . . .

Temporal dependence of output autocorrelation, g((,ﬁt) (t), across different output dissi-

pation rates ro € [1072/wy, 10/wy]. The dotted curves represent output autocorre-
lation values when the optomechanical parameters read F = wy,/200, go = 0.3wp,
K = wn/100, K, = wy/100. Subplot (a) and (b) correspond to simulations un-
der the driving profiles (ii) g0 = 0.3wy and (iv) g9 = 0.3w, with broader mini-
mum, respectively. The dashed lines connect minimum output autocorrelation values,
(tmin, g2 (tmin))- The solid curve presents the optical autocorrelation g(()f,) (t) within the
optomechanical cavity, which mirrors the temporal dependence shown in Fig. 4.4(a)

and Fig. 4.6 for subplots (a) and (b) respectively. . . . . . .. ... ... ... ....

Plots of (a) the minimum autocorrelation g((,ﬁt) (tmin) in the output cavity; (b) the time

tmin at which the output autocorrelation achieves its minimum, each as a function
of the output cavity decay rate xo. The four distinct curves in each subplot corre-
spond to instances where: (i) go = 0.28wy, (ii) go = 0.3wn, (iii) go = 0.32wy, and
(iv) go = 0.3wy with the driving parameters optimized for an extended duration of

photon blockade. The remaining optomechanical parameters are set as (E, k;, k,.) =
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(wm/200, wy, /100, wy, /100). The optimized driving profiles can be found in Appendix B.3.

122



54

A.l

Ratio of the single-photon population p ou/p1,0p (2) as a function of evolution time for
a range of different output dissipation rate (ko € [0.01, 10]) for the parameter set ((ii))
(i.e. same as in Fig. 5.2(a)), (b) at the time point when the photon blockade effect is
the strongest for the output component and the optomechanical cavity respectively (y-
axis) against the output decay rate (x-axis), where: (i) go = 0.28wy,, (ii) go = 0.3wn,
(iii) go = 0.32wn,, and (iv) go = 0.3wy, with the driving parameters optimized for an

extended duration of photon blockade. . . . . . .. ... ... oL Lo,

Time evolution of the autocorrelation function in the output cavity for the initial sys-
tem state described in Eq. (A.6), with parameters p; op = p1ou = 0.1, g(()g) = 1073,
ggﬁz =10"% hg0p = t20u = 0, and the vacuum and two-photon populations are de-
termined by the values of autocorrelation and the normalization condition. The x-axis
is plotted in the unit of coupling strenth (i.e. /k2k, = 1) The three curves correspond
to the cases where the phase of the single-photon components are ¢ o = ¥ ou =
0,7/4,7/2, respectively. For these three values, c3 in Eq. (A.8) is positive, zero and

negative, respectively, and so does the derivatives of the three curves at ¢ = 0. The

gray dashed line represents the autocorrelation value in the optomechanical cavity. . .
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Chapter 1

Introduction

1.1 Motivation and objectives

Nonclassical light has become increasingly significant for various reasons, including its ability to en-
hance accuracy in quantum metrology [2—4], provide resources for quantum cryptography [5-7], and
facilitate optical quantum computation to outperform classical computation [8,9]. Despite the wide
range of applications, generating nonclassical states of light from classical resources poses significant
challenges. This difficulty arises from the linear nature of commonly used optical components such

as mirrors and lenses, which preserve the classical nature of light passing through them.

A specific challenge is the generation of non-vacuum Fock states of light on demand. Since the first
successful generation of single photons [10], heralding schemes have become the most popular method
for generating optical Fock states [11-14]. These schemes exploit the simultaneous emission of two
highly correlated photons into two different modes, i.e. the signal mode and the idler mode. The signal
mode is continuously monitored so that the detection of a photon indicates the successful generation
of a photon in the idler mode. Despite the success, such schemes suffer from their probabilistic nature.
For example, these schemes are limited by their probabilistic nature, as sometimes more or fewer
than two photons are emitted simultaneously, or the signal photon is not detected due to detector

inefficiencies.

21



22 Chapter 1. Introduction

To overcome these limitations, schemes using single particles as photon sources have been proposed,
including cavity quantum electrodynamics [15—18] and solid-state artificial atoms [19-21]. Currently,
single photons can be generated in such systems with near-optimal purity (3‘® (0) < 10~3) and indis-
tinguishablility (> 99%) [22]. Multi-photon states can also be prepared in laboratories with up to
15 photons [23], and theoretical proposals exist for generating 100 or more photons [24,25]. How-
ever, a primary limitation of these systems is that the generated photons are usually in the microwave
range, which do not interact efficiently with optical components. While significant advances have been
made in microwave-to-optical transducers, the best experimentally available transducers still require

improvements to achieve near-unit efficiency [26-28].

A promising approach to overcoming the aforementioned limitations is the utilization of optomechan-
ical systems [29]. The typical optomechanical system under consideration in this thesis contains one
Fabry-Pérot cavity and one mechanical oscillator. When light is pumped into the optomechanical
cavity, it nonlinearly interacts with the mechanical oscillator via radiation pressure. This interaction
results in a coupling between the intensity of the light and the position of the oscillator, leading to
a Kerr-like nonlinearity in the optical energy-level spectrum. In the past decades, there are several
proposals for optomechanical systems to generate nonclassical light, including squeezed states [30],
cat states [31]', and photon-blockaded states [32]. Remarkably, the optical part of the system can
be equivalently treated as a cavity with Kerr medium [33, 34], which further guarantees its ability to

generate a wide range of nonclassical lights.

Apart from the ability to generate nonclassical lights, optomechanical systems also offer several ad-
vantages. One such advantage is that interconversion of nonclassical optical and mechanical states is
possible through optomechanical systems. The interconversion offers a more reliable method to store
nonclassical lights [35-37] due to the higher robustness of the mechanical oscillators compared to
the cavity. Furthermore, it also opens up the possibility of preparing macroscopic nonclassical states.
Another advantage of optomechanical systems is their compatibility with other systems through hy-
bridization. For example, incorporating a nonlinear medium in the optomechanical cavity enhances
the effective optomechanical nonlinearity, thus overcoming the limitations imposed by either the sys-

tem or the medium alone [38, 39].

IThe reference contains schemes both for generating optical cat states and for generating mechanical cat states.



1.1. Motivation and objectives 23

Despite numerous appealing advantages, optomechanical systems also have several limitations. One
limitation is that the optomechanical coupling induces correlation between the optical and mechanical
degrees of freedom. Although pure states of either subsystem can be prepared through projective mea-
surement on the other subsystem, precise measurement of mechanical motion is generally challenging.
Furthermore, such schemes [40,41] are intrinsically probabilistic with a success probability limited

by the multitude of possible measurement outcomes.

A second limitation lies in the coupling strength between the oscillator and the cavity, which is in gen-
eral low relative to the cavity dissipation rate. For the generation of any nonclassical light, physical
constraints typically demand a system nonlinearity that exceeds the cavity dissipation [42,43]. Nu-
merous efforts have been directed toward enhancing the optomechanical coupling strength beyond the
cavity dissipation rate [29,44]. However, simply achieving parity in this context does not guarantee
generation of nonclassical, pure states with high fidelity. Under such conditions, the preparation of a
nonclassical state often necessitates a duration comparable to the cavity relaxation time, consequently

resulting in a highly mixed final state with a diminished fidelity to the desired target state.

This thesis proposes solutions to overcome these limitations through the design of optimal driving.
I show that, by controlling the optomechanical cavity through classical mixtures of coherent light
fields with suitable temporal phases and amplitudes, the light-matter correlation in the final state can
be suppressed to leading orders. In the ideal scenario of negligible system dissipation, the optical
final state exhibits a high degree of similarity to target nonclassical states, including two-photon Fock
state and superposition states of two-photon Fock state and vacuum. I also demonstrate that, despite
non-vanishing optical dissipation rates, optomechanical systems can generate highly nonclassical light
with low autocorrelation values. This is achievable within the time frame where the generation of

nonclassical light is not achievable with a single coherent source alone.

Regarding practicality, it is important to note that although the assumed parameters may not be readily
available under current experimental conditions, ongoing experimental progress suggests promising
advancements. The two most important assumptions in this thesis, strong coupling compared to cav-
ity dissipation rates and ground-state cooling for mechanical initial state preparation, have received

significant attention in the optomechanical systems literature [45—48].
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In terms of extensibility, it is worth mentioning that while this thesis primarily focuses on the genera-
tion of Fock states and their superposition states with vacuum, the proposed techniques can be applied
to a wider range of target states such as cat states and superposition with higher-lying Fock states.
Furthermore, these techniques are not limited to the specific optomechanical setup considered in this

thesis but can be extended to other systems with similar nonlinear terms in the Hamiltonian.

1.2 Outline of the thesis

Chapter 2 provides the necessary background for this thesis. I present a state-of-the-art review of
optical nonclassical states and optomechanical systems. Detailed presentations of the required mathe-
matical tools are provided, along with a methodology for designing driving profiles for optomechanical

systems.

Chapter 3 is dedicated to the design of a driving profile for generating pure, nonclassical optical states
in optomechanical systems. I demonstrate the creation of a two-photon Fock state and its superposi-
tions with the vacuum state. The quality of the driving profile and its robustness under system dis-
sipation are subsequently analyzed. The content of this chapter is primarily based on the following

publication:

Ling, Yuxun, and Mintert, Florian. "Deterministic preparation of nonclassical states of light in cavity

optomechanics." Phys. Rev. Research 3, 033071 (2021).

Chapter 4 introduces a protocol for inducing a strong photon blockade effect in the presence of sig-
nificant cavity dissipation. I illustrate how this protocol outperforms existing steady-state schemes.
The versatility of the protocol in balancing the strength, duration of photon blockade, and the single-
photon population is also explored. The content of this chapter is primarily based on the following

publication:

Ling, Yuxun, Qvarfort, Sofia, and Mintert, Florian. "Fast optomechanical photon blockade." Phys.

Rev. Research 5, 023148 (2023).

Chapter 5 further extends the study to incorporate an output component that captures the light field



1.2. Outline of the thesis 25

leaked from the optomechanical cavity. I demonstrate that a strong photon blockade can be trans-
ferred into the output component with high fidelity, and the parameter range for this phenomenon is

delineated.

Chapter 6 presents final remarks and offers perspectives and recommendations for future investiga-

tions.



Chapter 2

Background Theory

The primary focus of this initial chapter is devoted to providing the necessary background knowl-
edge essential for a comprehensive understanding of this thesis. Specifically, this chapter reviews the
state of the art in the non-classical quantum states and single-photon sources, the basis of quantum

optomechanics and the theory of open quantum systems.

2.1 State of the art

In recent years, the field of nonclassical light has witnessed remarkable progress and garnered sig-
nificant attention within the realm of quantum optics and quantum information. As researchers and
technologists delve deeper into the fascinating properties of quantum systems, exploring the genera-
tion, manipulation, and utilization of nonclassical light has become a focal point of investigation. This
section aims to provide an overview of the state of the art in this rapidly advancing field, highlighting
the latest advancements and key developments that have propelled the research and applications of

nonclassical light and single-photon sources.

26
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2.1.1 Types of nonclassical light

Nonclassical states of light encompass a wide range of useful states, with certain types garnering
significant interest among researchers. To provide clarity on their classification, nonclassical states

can be primarily divided into Gaussian nonclassical states and non-Gaussian states.

Gaussian nonclassical states: Gaussian optical states are distinguished by their Gaussian-shaped
Wigner characteristic function [49]: x(a) = Tr(D(a) p) where p represents the density matrix of
the state, o represents a vector of the variables oy, and D(a) = [], exp (&kaL — h.c.) represents
the displacement operator for optical modes with creation operators aL. Significantly, Gaussian states
can be fully described by their first and second moments (i.e. the mean fields and covariance matri-
ces) [50]. Another crucial characteristic of Gaussian states is that they remain Gaussian under any
quantum process with a quadratic Hamiltonian [51]. Because all classical optical components have
linear or quadratic Hamiltonian, dynamics of Gaussian states, when interacting with classical optical

components, is both well-studied [52] and efficiently simulatable on classical machines [53].

Notably, while many Gaussian states possess classical properties, there exist exceptions, such as the
squeezed states of light. Squeezed states are characterized by reduced quantum noise in one quadrature
at the expense of increased noise in the conjugate quadrature. Benefiting from the reduced noise in
the target quadrature, squeezed light plays a vital role in enhancing the sensitivity of quantum sensors,

overcoming limitations imposed by the Heisenberg principle [54-57].

Non-Gaussian states: Non-Gaussian states are defined as any quantum states that are not Gaussian.
These states hold paramount importance in the realm of continuous-variable quantum computing be-
cause at least one non-Gaussian element is required for any continuous-variable quantum computer to
be universal [51,58,59]. However, their significance is accompanied by challenges, as non-Gaussian

states are in general much harder to generate [60, 61].

In contrast to Gaussian states, all non-Gaussian pure states invariably exhibit nonclassical character-
istics [62,63]. One important type of non-Gaussian state is the Fock state of light (excluding vacuum
states), characterized by a well-defined number of photons occupying a specific mode. They can be

viewed as a special type of squeezed states with extreme squeezing in the amplitude but ill-defined
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phase, and thus attain the ultimate quantum limit in the estimation of the loss parameter of a bosonic
channel [64]. Moreover, Fock states are also common resources for generating entangled states through
phenomena like the Hong-Ou-Mandel effect. Furthermore, because single photons interact minimally
with the environment, they are good candidate as qubits for quantum computing [65,66]. Overall, non-
classical states of light constitute an active and important field of research, with ongoing researches

exploring additional types of nonclassical states and their diverse applications.

In addition to Fock states, entangled non-Gaussian states also play a vital role in the family of nonclas-
sical light. Besides the wide range of applications of single-mode non-Gaussian states, the entangle-
ment uniquely permits a regime of heralded measurements in which a measurement of one component
determines without destroying the state of the other components. Therefore, entangled states serve as

key building blocks in quantum communication and quantum error correction protocols [66—68].

2.1.2 Platforms of nonclassical light

While generating high-fidelity nonclassical states of light can be challenging, significant progress has
been made on numerous platforms. It is worth mentioning that an exhaustive list of all possible plat-
forms is beyond the scope of this thesis, but this subsection aims to offer a concise overview of some

of the most commonly used ones.

The earliest approach to generate quantum light is by pumping light through bulk nonlinear materi-
als [69-71]. While different materials may induce different physical processes on light fields, one
particularly important phenomenon is the parametric down-conversion which converts one single in-
put light field into two correlated output light fields. Parametric down-conversion materials are well-
suited for heralded schemes and entanglement generation, making them still among the most com-
monly used sources for single and entangled photons up to date [72—74]. One drawback of parametric
down-conversion as a photon source is that due to the inherent weak nonlinearity, it is either that the
pumping is weak with low probability of generating photon pairs, or that the pumping is strong so that
more than one pair of photon can be generated at the same time. This probabilistic nature introduces

a limitation in the overall efficiency of generating desired photon pairs.
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To overcome the low efficiency problem, deterministic schemes are preferred. One approach to gener-
ate on-demand nonclassical light is to take advantage of stimulated emission or fast spontaneous emis-
sion in isolated systems such as single atoms [10, 15], defects in diamond [75] or quantum dots [76].
Despite their relatively shorter history, isolated systems show promising experimental progress in de-
terministically generating single photons with high purity [19,20,22,77-80]. One possible limitation
of isolated systems is the difficulty of confining the generated photons in any specific spatial mode.

The isolated systems are also potentially vulnerable to the thermal environment.

Given that there has not been a perfect nonclassical light source, there are more proposals using emerg-
ing platforms. While experiments on these platforms may still be in their early stages, each platform
offers unique advantages that make them worthy of dedicated research. One such candidate are su-
perconducting circuits, where a Josephson junction is effectively a third-order (Kerr-like) nonlinear
medium interacting with microwave photons. Recently, experiments successfully realized broadband
squeezed microwaves with single-mode squeezing on par with the best resonator-based squeezers [81]
and on-demand directional photon emission [82] using superconducting circuits. One unique advan-
tage of superconducting circuits is that they are relatively easy to be scaled up and incorporated into
superconducting systems for quantum information and quantum communication. However, the main

disadvantage is that a cryogenic environment is required.

Another emerging platform are optomechanical systems, which consist of one optical cavity coupled
with one mechanical oscillator, such that a Kerr-like nonlinearity is realized through radiation pres-
sure. In contrast to superconducting circuits, optomechanical systems do not necessarily operate in
cryogenic conditions. Recent advancements have even achieved light squeezing at room tempera-
ture [83]. Another advantage of optomechanical systems is that the frequency of the light field is
determined by the length of the cavity, which offers higher tunability than nonlinear systems relying
on inherent energy-level structure of the material. However, the main drawback lies in the ongoing
challenge of achieving a coupling rate faster than photon dissipation [29, 45, 84, 85], which, in turn,
limits the practical realization of applications demanding high nonlinearity (e.g. photon generation)

to a theoretical stage.
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2.2 Perturbative methods

In Sec. 2.1, the significance of nonlinear optics, especially those exhibiting non-Gaussian dynamics,
has been underscored. However, alongside the experimental challenges involved in generating non-
Gaussian light (as discussed in Sec. 2.1.2), it is noteworthy that non-Gaussian operations often render
the attainment of exact solutions to the system dynamics unfeasible. This lack of solutions not only
hinders a theoretical understanding of the quantum system but also obstructs the design of optimal
control for such a system. In this section, I present two widely employed methods that offer a pathway
to navigate this conundrum: the Dyson series and the Magnus series. Both methods provide perturba-
tive solutions to the time evolution operator U (¢, t) induced by a potentially time-dependent system

Hamiltonian H (¢), which satisfies the Schrodinger equation idU/dt = HU.

2.2.1 Dyson series

The Dyson expansion of an evolution operator U (%o, t), induced by the Hamiltonian H (t), can be

succinctly expressed as follows [86]

Ulto,t) =1+ > Dilto,1)
k=1

- (2.1)
=1+ ) (—i)* / H(ty) ... H(t)dt®
k=1 t(k)GTk
where t(F) = (t1,...,tx) represents a vector of time variables, and T}, is the k-simplex domain ¢ >
tx > ... > t; > ty in which the time variables are time-ordered. Notably, this expansion applies

irrespective of the Hermitian nature of the Hamiltonian, making it applicable both to closed systems

with unitary evolution operators and open systems with non-unitary evolution operators.

When time-dependence is omitted, the contribution of the k-th order to the Dyson series is proportional
to the k-th power of the Hamiltonian H. Therefore, when the Hamiltonian H is unbounded, namely the
eigenvalues of the Hamiltonian extend to infinity, the convergence of the Dyson series is not assured.
While an exhaustive analysis of the convergence properties of unbounded operators lies beyond the

scope of this thesis, interested readers can consult specialized resources such as references [87,88]. A
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concrete example that showcases the divergence of the Dyson series at each order except the lowest is

also presented in the reference [89].

While the convergence of the Dyson series remains a difficult question, in many optical experiments,
including the generation of single photons, the typical number of photons involved is limited. In
such cases, the associated Hilbert space can be truncated to finite dimension, leading to a bounded
Hamiltonian that guarantees convergence of the Dyson series [90]'. Furthermore, the Dyson series is
asymptotic in the sense that truncating it to finite orders can provide sufficiently accurate descriptions
of the system dynamics [92]. In particular, truncated Dyson series have been applied to several quan-
tum optical systems including two-level systems [93,94] and spontaneous parametric down-conversion

systems [95].

One advantage of the Dyson series lies in its simplicity. Numerical benchmarks have demonstrated
that Dyson series truncated to low orders can significantly speed up the computation of evolution
operators compared to other commonly employed methods [96]. While truncation to low order in
Dyson series only provides accurate results over short time intervals, it is feasible to approximate the
total evolution operator U (ty,t) over longer durations by the product of n evolution operators over

shorter time intervals as

=1 \~fn-2 n—1 /1
Ulty,t) ~ U (” t,t) U (” ¢ t) U (o, —t) 2.2)
n n n n

where U((j —1)t/n, jt/n) (j = 1,...,n, t, = t) is the truncated Dyson series of the evolution opera-

tor over the time interval ((j — 1)t/n, jt/n). This approach takes advantage of the speed enhancement
provided by the truncation of Dyson series to low orders for the evolution operator U ((j —1)t/n, jt/n)

over each shorter time period, while still maintaining high accuracy for the overall evolution operator

Ulto, t) [96-98].

On the other hand, a notable limitation of the truncated Dyson series lies in its inability to pre-
serve essential physical attributes inherent to the evolution operator. For example, the truncated

Dyson series do not necessarily preserve the trace of the system state. Moreover, the time symme-

"When the Hamiltonian can be expressed as a finite-dimensional matrix, Dyson series is also referred to as Peano-Baker
series [91].
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try U(tg,t) = U Y(t, ty) becomes compromised when approximated through the truncated Dyson
series. Additionally, when applied to systems governed by Hermitian Hamiltonians, the Dyson series
truncated to second or higher orders may fail to maintain the unitarity of the evolution operator. These

limitations potentially lead to difficulties in theoretical researches.

2.2.2 Magnus expansion

The Magnus expansion of an evolution operator U (%, t), induced by the Hamiltonian H (), takes the

following form [99]

Ulto, t) = exp (—iM;(to, 1)) , (2.3)

where the exponents M ; can be recursively generated through the equations [100]

4 2.4)
M(to, t) = (—i)*~ 12 i /t adat,, (u) - - - ad, () H (u)du

s1+.. +S'—
s1>1,.. sJ>1

the linear operator ad is defined as ad((H) = [M, H], and the real constants B; are the Bernoulli
numbers derived from the exponential generating function x/(e” — 1) = > | B;#7/;!. To illustrate,

the expressions for the second and third order Magnus terms are as follows

Maliont) = =5 [ (). 1))t

1 (2.5)

Ms(to 1) = —¢ /(3)e’J1‘ [H (t3), [H (t2), H(t1)]] + [H(ts), H(t2)], H(t:)]dt™

where t(*) and T, are defined following Eq. (2.1).

There exists a bijective correspondence between the Magnus expansion and the Dyson series: each
Magnus term M, can be expressed as a finite polynomial of the Dyson terms D;, ..., Dy, and con-
versely, each Dyson term Dy, can be expressed as a finite polynomial of the Magnus terms Dy, . . ., Dy, [100-
102]. Similar to the Dyson series, the convergence of the Magnus series is not guaranteed when the

Hamiltonian is unbounded [103]. However, the Magnus series has a finite radius of convergence even
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when the Hamiltonian is bounded [104—106]. Nonetheless, in the perturbative regime where charac-
teristic frequency of the Hamiltonian H (¢) is small relative to 1/¢, truncated Magnus series are widely
considered as reliable approximations to the evolution operator U (¢, t), and have been successfully
applied in diverse scenarios [107—111]. Furthermore, the Magnus expansion, combined with the tech-

nique in Eq. (2.2), offers a means to approximate evolution over extended time intervals [112].

An eminent advantage of the Magnus expansion lies in its ability to preserve the physical attributes
of the evolution operator. Specifically, it preserves properties like the trace of the system state, the
evolution operator’s time symmetry (i.e. U(to,t) = U~'(t, 1)), and the unitarity of the evolution
operator induced by a Hermitian Hamiltonian. Furthermore, when truncated to the same order, the
Magnus expansion (if converges), provides a more accurate approximation to the evolution operator

compared to the Dyson series [96].

2.3 Optomechanics

2.3.1 The optomechanical Hamiltonian

In this thesis, I investigate a generic model of an optomechanical system consisting of a Fabry—Pérot
cavity with two highly reflective mirrors positioned on opposite sides (refer to Fig. 2.1). One mirror is
fixed in space, while the other mirror is free to move along the axis of the cavity. The system involves
the coupling of one cavity mode with a resonance frequency w, to a mechanical mode with a resonance
frequency wy, through radiation pressure. By considering the limit of a large optical frequency (i.e.
we > wp), the scattering of photons and phonons into other modes can be neglected. As a result, the

system Hamiltonian is given by?

Hoym = wea'a + wpnb'd — goa'a (b’ +b) | (2.6)

where a, a' are the creation and annihilation operators for the optical mode, and b, b' are the creation

and annihilation operators for the mechanical mode, respectively. The parameter g, represents the

2In this thesis I work in the natural unit where % = 1.
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optomechanical coupling rate. The driving Hamiltonian reads
Hy =& (t)a+E(t)at (2.7)

where a complex-valued driving function £(¢) characterizes the frequency and any other time-dependence
of the pumping of the cavity through an external light source, such as a temporal modulation. The tem-

poral shape of the driving function £(¢) can be chosen with regular pulse-shaping techniques.

Wm

§(t) e

Qﬁw

L

Figure 2.1: A schematic of the optomechanical system under consideration in this thesis. The system
contains a Fabry—Pérot cavity consisting of one fixed mirror and one movable mirror. The cavity
supports a single optical mode with resonance frequency w. and the movable mirror supports a single
mechanical mode with resonance frequency wy,. The coupling between the optical mode and the
mechanical motion is achieved through radiation pressure, where the light field exerts a force on the
movable mirror. Any optical pumping field with driving function £(¢) (see Eq. (2.7)) enters the cavity
only through the fixed mirror to avoid undesired motion in the movable mirror. Both the optical and
the mechanical degrees of freedom may suffer from dissipation at rate x and ~ respectively.

The interaction term in the Hamiltonian can be interpreted in two ways. Firstly, it accounts for the
radiation pressure force that is proportional to the intensity of the light field (i.e. o< a'a), which leads
to a displacement in the mechanical oscillator. Secondly, it describes the shift in the optical resonance
frequency, which is proportional to the displacement in the mechanical oscillator (i.e. oc b' + b). By
combining these two perspectives, it is natural to expect that an increase in the light intensity will result
in a shift in the cavity resonance frequency proportional to the intensity increase, thus exhibiting the

optical Kerr effect.
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2.3.2 Polaron transform and energy level structure

To better understand the optical nonlinearity in optomechanical systems, it helps to diagonalize the
system Hamiltonian in Eq. (2.6). This can be achieved by making the polaron transformation [29]

defined by the unitary operator

Up = exp (&cfra((fr — b)> . (2.8)

Wm

In this frame, the transformation of the photonic and phononic creation operators can be expressed as

m

Ula'Up = af exp (ﬂ(b - bT)> :
2.9

Uib U = b + P ala
Wm

which represent the creation of quasiparticles known as dressed photons and dressed phonons in the
lab frame (i.e. in the frame of Eq. (2.6)). The system Hamiltonian UIIHOMUP is diagonalized and is
given by

2

ﬁOM = (wc — g—OaTa> ata + wyb'd , (2.10)

m

where the optomechanical interaction term has been replaced by a Kerr-type nonlinearity (i.e. (a'a)?)

in the optical subsystem.

The eigenstates of the transformed Hamiltonian Hoy are given by the direct product of Fock states
in each subsystem. However, these Fock states in the polaron frame do not equate to the optical and
the mechanical Fock states in the original frame. Specifically, a photonic excitation (i.e. a'|0)) in
the polaron frame corresponds to a dressed photon in the lab frame instead of a pure photon. This
correspondence applies to dressed phonons as well. To avoid any potential confusion, in this section
(Sec. 2.3), photonic and phononic excitations in the polaron frame are referred to as dressed photons
and dressed phonons, respectively. Conversely, in the lab frame, they are denoted as physical photons

and physical phonons. Such differentiation is pivotal for maintaining clarity in the subsequent analysis.

While the eigenstates exhibit different forms in the original and polaron frames, the unitarity of the

polaron operator Up in Eq. (2.8) ensures they share identical eigenvalues and thus identical energy



36 Chapter 2. Background Theory

spectra. Consequently, the eigenvalues both Hamiltonians Howm and Hoy are given by

2
ng\;[m) =n (wc - nz—o) + MW, (2.11)
m

where n and m denote the number of dressed photons and dressed phonons respectively. Therefore,
the transition energy from energy level n = p, m = q to level n = r, m = s is given by
() _ o) 90
Tygsrs = Egu’ — Bl = (r — p)we — (r* — p2)w—0 + (s — q)wnm - (2.12)

m

Crucially for the generation of nonclassical optical states, the optical part of the spectrum is not evenly
spaced (as depicted in Fig. 2.2, for example). In particular, when the system parameters satisfy the
condition w, > wy, > & /wn, the unequal energy structure provides a distinct advantage for the cre-
ation of Fock states of dressed photons. Because each dressed photon contains precisely one physical
photon (i.e. UII a'Up o al), the generation of Fock states of physical photons within optomechanical
systems is also enabled. For instance, a single-photon state can be generated due to the following
logics: The transition frequency from a vacuum state to that containing a dressed photon is given by
To0-51,0 = We — gg /wm. In contrast, transitioning from a single-dressed-photon state to a two-dressed-
photon state deviates from 7} o_,1 o by a frequency AT = 2 gg Jwm, Which gives 17 g0 = wC—SgS /W
Due to the large separation in the frequencies, the energy difference AT between the transitions can
not be offset by the excitation of dressed phonons. Theoretically, it is possible to simultaneously pump

n dressed photons into the cavity such that the energy offset

2
To,O—m,o - nTo,0—>1,o = (n2 - n)i—o (2.13)

can be compensated by the excitation of one dressed phonon. However, this high-order process occurs
with inherently small amplitude, thereby causing minimal perturbation to the primary process (i.e.
the excitation of a single dressed photon). Therefore, in an optomechanical system with parameters
satisfying the condition AT < wy, a driving field with frequency w, — g2 /wn can pump one and
only one photon into the cavity. Similarly, the preparation of a multi-photon state within the cavity

becomes feasible by selecting a driving frequency wq = T sn0/n = We — NGE/wm. Suppression
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of undesirable sidebands can be achieved whenever the energy offset AT = (n + 1)g2/wy, for the

excitation of one more dressed photon cannot be compensated by the excitation of dressed phonons.

- n=2m=>0
32
0
T1,0—>2,0 = We — T() 0—1.0
W '
Y \4 _ —
— n=1m=0
2
90
T0,0—>1,0 =We — —
m:3 wm
m=2———
m: 17 P
W I \

n=0m=20

Figure 2.2: Schematic energy-level diagram of the optomechanical system in the polaron frame (refer
to Eq. (2.10)). The thick solid lines represent the photonic energy levels (i.e. when m = 0), and the
thin solid lines represent the energy substructures introduced by the polarons (i.e. when m # 0). The
arrows indicate transition energies between different energy levels. The dashed thick line represents
an artificial energy level that has a energy difference with the level n = 1, m = 0 equal to the energy
difference between the level n = 0, m = 0 and the level n = 1, m = 0. This artificial level is
forbidden in the optomechanical system whenever it does not overlap with any of the energy
sublevels induced by polarons.

While the qualitative analysis offers valuable insight into the generation of photonic Fock states, the
exact process reveals greater complexity. The following three factors contribute to this complexity.
Firstly, the qualitative discussion presupposes operations within the polaron frame using pure optical
driving, but in practical scenarios, pure optical driving is typically realized in the laboratory frame.
Within the polaron frame, the Hamiltonian that delineates pure optical driving in the laboratory frame

is given by:

Ul HyUp = € (t)aexp (3-“(5* - b)) + €(t)al exp (2(19 - bT)> . (2.14)

m m

In the transformed driving Hamiltonian, terms related to photon creation and annihilation are dressed
with displacement of the mechanical degree of freedom. Therefore, a pure optical driving in the
laboratory frame leads to simultaneous excitation and de-excitation of dressed photons and dressed

phonons, thus permiting transitions that are otherwise forbidden as elaborated in Fig. 2.2.

Secondly, for the occupation of undesirable energy levels to be negligible, it is crucial that the energetic
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violation significantly exceeds the driving amplitude (i.e., 2¢3 /wm > |£(t)]). However, such a low
driving strength also leads to slow rate for the occupation of the desired energy level. This can pose

challenges when the system experiences losses.

Last but not least, the discussion so far has assumed an idealized cavity with a perfectly sharp reso-
nance frequency. However, in practical scenarios, engineering optomechanical cavities with linewidths
 that are significantly smaller than the optomechanical coupling strength g, presents considerable
challenges [29, 84, 85]. The presence of non-negligible cavity linewidth can affect the suppression of

otherwise energetically forbidden processes, and thus lead to an imperfect preparation of target states.

In summary, the appropriate scaling of optomechanical parameters (i.e., we > wy > ¢3/wm >
|5 (t)}, ) and the effective suppression of phonon excitations are crucial for achieving high-quality
optical Fock state generation in optomechanical systems. While currently still not achieved, the ex-
perimental realization of these conditions, as well as the development of schemes that can preserve
state generation quality when some of the conditions are violated, can greatly facilitate advancements

in this field.

2.4 Propagation of closed optomechanical systems

The dynamics of an undriven optomechanical system with Hamiltonian Hoy (refer to Eq. (2.6)) can

be solved exactly [31, 113], and the corresponding propagator, assuming an initial time ¢, = 0, reads

2
Uom(t) = Uom(0,t) =exp <—iwCaTat) exp (ii—g(aTa)2 (wmt — sin(wmt))> X
m (2.15)

X exp (2(1 — e )T gbl — h.c.) exp <—iwmbTbt> :

m

However, the interplay between the cubic interaction and the coherent driving presents a challenge
to find an exact solution to the dynamics of the driven interacting system with Hamiltonian H, =
Hom + Hy (refer to Eq. (2.7)). Fortunately, benefiting from the relatively low frequency of the op-
tomechanical coupling, perturbative techniques offer a viable approach to solve the system dynamics.

In the subsequent sections, I introduce a perturbative method as outlined in reference [112].
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2.4.1 Interaction picture

To take advantage of the slow optomechanical coupling, it is helpful to factorize the total evolution
operator Uy, induced by the Hamiltonian H,, = Hoym + Hy (refer to Eq. (2.6) and Eq. (2.7)), into the
product of two components Uy and U;. The first component Uy is induced by the Hamiltonian H that
can be solved exactly. The second component U is induced by a Hamiltonian H; that can be solved
perturbatively in the optomechanical coupling strength g, through techniques discussed in Sec. 2.2.

The Schrodinger equation for the total evolution operator under this factorization is given by

AU(t) .dUo(t) _dUL(b)
) o =3 o Ur + iUy (t) o
=Ho(t)Uo(1)Ui(t) + Us(t) Hr (1) Un(1) (2.16)

= (Holt) + V() Hi())U3(1)) Uit

It can thus be deduced that the desired factorization of the total evolution operator can be achieved by

decomposing the total Hamiltonian in to the form H, = Hy + Uy H; Ug , with

Hy(t) = wea'a 4 wnb'd + £ (t)a + £(t)a'
(2.17)

Hi(t) = Ul (t)goata(bt + b)Up(t) ,
where the first component H describes the non-interacting part of the system dynamics, and the
Hamiltonian Hj is the optomechanical coupling term in the interaction picture defined by the evolution

operator U.

The evolution operator Uy for the non-interacting dynamics can be solved through the method of Lie

algebra as [114,115]

Up(t) = e gmiwenctgiommmt oS (el =1 (e | gigh

ft) = /0 t e"TE(T)dr (2.18)
C(t) = %/Ot (eiwch(T)f*(T) — h.c.) dr,

where n. = a'a and n,, = b'b represent the photonic and phononic number operators, respectively.
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As aresult, the interaction Hamiltonian H; in Eq. (2.17) is given by

Hi(t) = —go (aT + f* (t)) (a+ f(1)) (be’i“‘“t + bTeiW“‘t> : (2.19)

The perturbative solution to the evolution operator U induced by the Hamiltonian H is detailed in

following sections.

2.4.2 Effective Hamiltonian

While a general solution of the evolution operator Uj(t) for an arbitrary time ¢ can be constructed, the
calculation process can be substantially simplified when the duration of the evolution is predetermined.
Specifically, for the purpose of preparing nonclassical optical states, it is advantageous to choose a
time interval that corresponds to an integer multiple of the mechanical oscillation period, denoted as
t = NT, with T = 27 /w,, and N being a positive integer. The rationale behind this choice lies in the
fact that the term proportional to a'ab' in Eq. (2.15) equals to zero after each full mechanical period.
Consequently, when there is no external driving, correlations between the mechanical oscillator and
the light field vanish after each full mechanical period, in which case the preparation of pure optical
states does not necessitate probabilistic protocols based on measurement results on the mechanical

degree of freedom.

Because the generation of nonclassical states relies solely on the inherent nonlinearity in the optome-
chanical coupling (refer to Sec. 2.3.2), the total evolution time ¢ = NT' has to be comparable to the
inverse of the optomechanical coupling rate. Consequently, it is necessary to approximate the evo-
lution operator using a truncated series, as detailed in Sec. 2.2. One natural choice of factorization

reads

U1(0, NT) = Uy((N = 1)T, NT) ... U;(0,T) . (2.20)

This factorization can be further simplified if the interaction Hamiltonian A exhibits periodicity after
each full mechanical period. In such a scenario, the evolution operator U; displays a translational
symmetry, given by Uj(T,T + t) = Uy(0,t) for any time ¢. Therefore, it is sufficient to approximate

only the evolution operator U;(T') as a function of the driving parameters, rather than obtaining the
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complete set of evolution operators for each j in Eq. (2.20).

Given the factorization in Eq. (2.20), it is advantageous to employ the Magnus expansion (detailed in
Sec. 2.2.2), which approximates the operator U;(7") in the form of an exponential operator exp(—iHg1'),
where the time-independent operator H.g represents the effective Hamiltonian [116—118] (also known
as the average Hamiltonian) over the time range (0,7"). This formulation enables the generation of
the overall evolution operator over N mechanical periods through a compound effective Hamiltonian
that can be calculated from the effective Hamiltonian over each period by recursively applying the
Baker-Campbell-Hausdorff (BCH) formula [119]. The first few terms of the BCH formula are given

below:

log(ee”) = A+ B+ (A Bl + (14,14, B + [B, B, A]) + .. (221)

for arbitrary operators A and B. Such a technique of approximating the evolution over an longer
interval by sequentially applying effective Hamiltonians over shorter durations is also known as Trot-

terization [120, 121].

Given that the effective Hamiltonians are preceded by a small constant (i.e. the optomechanical cou-
pling go), high-order terms involving nested commutators can be effectively neglected. Consequently,
it is possible to engineer a total effective Hamiltonian in such a way that undesirable terms in the ef-
fective Hamiltonian for each period cancel out to leading orders, while the terms corresponding to

processes conducive to nonclassical optical states are maximized.

2.4.3 Perturbative expansion

In the reference [112], Magnus expansions of periodic evolution operators U;(7’) are presented and

discussed for two distinct driving functions, namely ; (¢) and &»(t), where £; are defined as follows

&;(t) = 2Be @Y cos(junt) - (2.22)

Both driving functions are bichromatic, with each component having an amplitude £ and a temporal

phase . Notably, the two frequency components, w. + jwy, and w. — jwy, are oppositely detuned
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from the optical resonance frequency by integer multiples of the mechanical frequency.

The detuned driving components induce the exchange of photons and phonons within the optome-
chanical system. For a driving field that is detuned by a single mechanical frequency, the mechanical
oscillator must either provide or absorb one phonon for light to enter the cavity. Consequently, this
driving pattern favors the first-order processes represented by [ Hidt in Eq. (2.4), given that the in-
teraction Hamiltonian H; is proportional to the first-order operators b and b' of the mechanical mode.

Similarly, the doubly-detuned driving favors second-order processes, represented by M, in Eq. (2.5).

The utilization of oppositely detuned components with equal driving amplitude serves the purpose
of suppressing mechanical excitations, which, in the leading two orders, manifest as classical dy-
namics that can overshadow the desired nonclassical dynamics. While an intuitive interpretation is
not provided, the claim of suppression can be justified through explicit calculations of the Magnus
terms corresponding to mechanical excitation in each case. For a singly-detuned driving with a fre-
quency of w, + wy, the first-order contribution contains terms :l:2goE27r(b + bT) Jw? . Similarly, for a
doubly-detuned driving with a frequency of w. £ 2wy,, the second-order contribution consists of terms
+g2 B2 (b? + (b7)?)/(2w?). In both cases, mechanical excitation is supressed when the oppositely

detuned components have equal amplitudes.

Unlike the driving amplitude, there is no necessity for the phases of the two components to be equal.
Nonetheless, in practical terms, employing two driving components with distinct time-dependence of
the phases may result in a more involved experimental setup, potentially introducing additional sources
of errors. Furthermore, unequal phases reduce the effective amplitude of the composite driving field,
resulting in a prolonged duration required to pump a photon into the cavity. Therefore, it is advisable

to use equal phases for both driving components.

For the purpose of this thesis (as discussed in Sec. 3.2.1), the doubly-detuned driving &5 holds particular

relevance. Thus, the evolution operator derived in reference [112] is presented as follows for reference.

With the explicit driving profile outlined in Eq. (2.22), after each mechanical period 7" = 27 /wy,, the
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evolution operator U, reduces to an optical phase rotation operator

Uo(T) = exp (—%ﬁnct) . (2.23)

Wm

The first-order Magnus term M, (7T") = 0 vanishes after each mechanical period. The second-order

Magnus term can be written as

2 29p" )
My(T) = wj—g(—60w4 + MS + ML) with
4F? E? . _
c_ 2 2 —2it) 2,20t
M5 = —2nc - @nc + @(a (& + (CL ) e ) s (224)
I T S A 12
Mzz—zw—(ae —a'e )(b +(b)),

where the operator MS represents purely optical processes, and the operator M} is an interaction
term. The third order Magnus term contains a term MY representing purely mechanical processes,

and an interaction term M., and can be written as

3
M,(T) = wj—g(/wgd + M), with

N (bT +(2+ \/§)b>3 - (b +(2+ \/ﬁ)bT>3 (2.25)

MY = ,
3w2 27 4+ 15v/3

I I I I
Mz = M3,1 + M3,2 + M3,3 )

where
123 E
I 3
M3,1— (50)2177 Pc"’%(ncpc‘l'Pcnc)) Xma
i ° a
: E (b - (24 \/g)b> — (b - (24 \/g)b ) (2.26)
Mzo =1i—X. ’
’ W 27 + 15v/3
E2 . )
/\/lgg = 2iw—2<(aT)262“ﬁ — a26_2w> Py,
and

P, = i(ae‘w - aTew), X, =ae ™ +afe
2.27)
P =i(b—b), X,=b+0".
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The operators P and X represent the momentum and position operators for the mechanical operators

b(") and optical phase-dependent operators a(te(=) =" respectively.

While the Magnus terms MY, and M}, reveal intricate interactions between the mechanical and opti-
cal degrees of freedom, they are generally counterproductive to the generation of nonclassical states.
Consequently, this thesis does not delve deeply into the physical significance of these terms. Instead,
the primary focus lies in the design of optical driving schemes aimed at suppressing these processes,

which is of paramount importance.

Furthermore, in reference [112], the term M} is identified as a valuable component for generating
mechanical nonclassical states, while the term MS is deemed to induce unnecessary optical excitation
that can potentially hinder the desired processes through higher-order interactions. Conversely, in the
context of optical nonclassical state generation, the significance shifts, with M$ assuming relevance
while the term M} needs to be suppressed. A comprehensive discussion concerning the relationship
between the Magnus terms and the generation of optical nonclassical states is provided in Sec. 3.2.2

and Sec. 3.2.3.

2.5 Propagation of open optomechanical systems

In Sec. 2.3.2, the significance of considering system loss for the preparation of nonclassical optical
states has been highlighted. Additionally, exploring the emitted light from the optomechanical cavity
can be insightful. Consequently, it is advisable to incorporate the system’s interaction with the envi-
ronment when modeling the optomechanical system. This section introduces two distinct approaches
to open systems, one for analyzing the system’s behavior in the presence of dissipation, and the other

for examining the characteristics of the emitted light.
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2.5.1 Lindblad master equation

One approach to modeling system dissipation is through the Lindblad master equation [122—-124] for

system density matrix p, which reads as

p=—i[H,p]+ > _ DILip, with
i (2.28)

1
D[Li]p = 5 <2LiPL;L ~ LiLip— PL@TLz’) :

where the Hamiltonian /1, the dissipation rates y;, and the Lindblad operators L; depend on the specific
model of the dissipative system. The master equation models the dissipative dynamics of a system by
tracing out the environment degrees of freedom. Thus, compared to a full model that encompasses
an infinite number of modes in an environment, a master equation typically offers a more concise and
practical solution in terms of both theoretical analysis and numerical simulations of the system alone.
Although the master equation has assumptions that may limit its applicability in certain scenarios, it is
noteworthy that optomechanical experiments typically fulfill these criteria [29]. The key assumptions

are as follows:

* The model: The composite system (denoted by py) of environment and the dissipative system is

modeled by the system under consideration (denoted by pyys) surrounded by a heat bath (denoted

by pbath)-

 Stationary environment: The heat bath is significantly larger than the system under consid-
eration, such that the state of the environment remains unaltered by the perturbation from the

system throughout the entire evolution, i.e. ppyn(t) = Poarn(0)-

* Initial state separability: The system under consideration and the environmental degree of

freedom are initially independent, i.e. p(0) = psys(0) @ Prarh-

* Weak coupling: The coupling between the system and the environmental degree of freedom

is weak, ensuring that the composite system remains separable throughout the evolution (i.e.

ptot(t> — psys(t> ® pbath)-
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* Markov Assumption: The system relaxation time (inverse of the system decay rate) is much
longer than the bath correlation time (inverse of the system resonance frequency). Consequently,
any information emitted from the system to the environment immediately vanishes, and thus the
future states of the system under consideration only depends on the current system state, but not

the past states.

* Rotating-wave approximation: Processes that are far off resonance with the system (fast-

oscillating processes) are negligible and have no impact on the system dynamics.

A study of the validity of these approximations can be found, for example, in the reference [125].

For a dissipative quantum harmonic oscillator described by the Hamiltonian H = wc'c interacting with
a thermal bath characterized by an average occupation number 71, at constant rate , the corresponding
Lindblad operators simplify to L; = /k(np, + 1)c and Ly = \/kipc! [125,126]. These two Lindblad
operators represent single-boson emission and absorption in the system, resulting in energy exchange
and thermalization of the oscillator. The optomechanical system under consideration in this thesis
consists of two coupled harmonic oscillators. To simplify the discussion, it is usually assumed that
each oscillator is coupled to its own distinct heat bath [29]. Furthermore, due to the typically negligible
light-matter interaction in free space, the interaction between these baths occurs solely through the
optomechanical coupling. Consequently, in the limit of weak optomechanical coupling (i.e. gy <

kK, 7y), the master equation governing its dynamics can be expressed as:

p = ilHow + Ha, p| + (DIv/&a] + D[\/5(mo + 18] + Dlv/Amb']) o (2:29)
when the system is coupled to a thermal bath with zero photon and an average of 7, phonons.

However, in the strong coupling regime, the dissipation of the two subsystems cannot be considered as
independent events. Specifically, when the coupling rate becomes comparable to the mechanical fre-
quency, the mechanical oscillator experiences significant perturbations from the optical field, causing

it to deviate from the characteristics of a quantum harmonic oscillator. In such instances, it becomes
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necessary to instead adopt the dressed-state master equation [127]:

4
p=—i[Hom+ Ha,p| + Y Djp (2.30)
j=1
where
Dl :D[\/Ea] y
_ = 90 .t
DQ =D ’7(7’Lb+1) (b—w—a a)] 5

Wm

2.31
D3 =D | /vy ((bT — &aTa)] , ( )

4 2
Dy =D 1/@&*& ,
wm

with T, representing the temperature of the thermal bath, and kg being the Boltzmann constant. The

temperature 7}, and the bath occupation number 7, can be related by the equation

1
o (25) 1 (2.32)

ks Ty

Ny =

While the single-photon dissipation remains unaltered, the single-phonon dissipation in Eq. (2.29) is
subject to a first-order (i.e. o< gg) shift proportional to the photon number. Moreover, a term repre-
senting a second-order effect (i.e. o« g2) emerges, accounting for dephasing of the optical field at a
rate proportional to the temperature of the mechanical thermal bath. The inclusion of these first- and
second-order effects introduces numerical discrepancies compared to the standard master equation in
Eq. (2.29), particularly when the coupling strength is approximately on the same order of magnitude

as the mechanical frequency [128].

Lastly, it is worth mentioning that the dressed-state master equation can also lead to unphysical pre-
dictions as the coupling strength increases. In such cases, it is advisable to extend the master equation
further to incorporate the non-local effects of the optical dissipator [129]. However, it is important
to note that in the majority of experimental studies of optomechanics, the optical frequency is con-
siderably larger than all other frequencies in the Hamiltonian in Eq. (2.6). Therefore, the standard

master equation in Eq. (2.29) and the dressed-state master equation in Eq. (2.30) adequately capture
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the relevant dynamics for the scope of this thesis.

2.5.2 Input-output formalism and cascaded system

In addition to the Lindblad master equation, the quantum Langevin equation (discussed below) serves

as a valuable tool for effectively capturing the dynamics of open systems [130]. Unlike the master

equation approach, the quantum Langevin equation explicitly incorporates the environmental degrees

of freedom. Consequently, solving the Langevin equation numerically is generally more challeng-

ing due to the involvement of numerous bath modes. However, it offers a pathway for analyzing the

emission field of the system into the heat bath.

Similar to the case of the master equation, the Langevin equation presented in Eq. (2.33) is also subject

to several assumptions. The key assumptions are as follows:

* The model: The composite system consists of a heat bath that is coupled to the dissipative sys-

tem of interest. The heat bath comprises a continuum of mutually uncoupled quantum harmonic
oscillators spanning frequencies from 0 to infinity. The bath encompasses all relevant physical

effects, rendering the total system closed.

Linear coupling: The coupling between the dissipative system and the bath is linear in the

position quadrature of the system and the momentum quadrature of the bath?.

Rotating-wave approximation: Processes that are far off resonance with the system are negli-

gible and have no impact on the system dynamics.

Flat coupling: The coupling strength between the system and the heat bath is assumed to be
constant in the vicinity of the resonance frequency of the system. This assumption is also re-
ferred to as first Markov approximation because it is necessary for ensuring that the final form

of the quantum Langevin equation is independent of the system operators in the past.

3Technically, any linear coupling between the quadrature observables of the system and the heat bath modes is allowed

as long as all bath modes are consistently coupled to the same quadrature of the system. This may introduce a phase in the
Langevin equation, representing the phase of the laboratory frame, without altering the underlying physics.
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In general, Langevin equations are commonly formulated in the Heisenberg picture, which assumes
that operators evolve with time while the states remain time-independent. Therefore, for the purpose of
this section, I adopt the Heisenberg picture as the framework of reference. For an optomechanical sys-
tem that interacts with mutually uncoupled photonic and phononic heat baths, the quantum Langevin

equation for any system operator ¢ can be expressed as:

¢ = —ilc, Hom| + g (QaTca —a'ac — caTa) + % <Qchb — blbe — chb> +

(2.33)
+ Vi (ahle.a] = [e.allan) + /7 (Ble 2] = [e.6]ba)

The first term on the right hand side of Eq. (2.33) corresponds precisely to the Heisenberg equation
of motion for closed systems. The second (third) term represents a single-photon (single-phonon)
dissipation that resembles the Lindblad operators D[y/ka] (D[y/kb]) in the master equation. The last
two terms proportional to the input operators ay, and by, account for the entry of any bosonic field or
quantum fluctuation into the system, which is traced out in the Lindbladian approach. These addi-
tional input terms form a crucial distinction between the Langevin equation and the master equation,

providing a method to solve for the output fields (aqy and byy) using the input-output equation:

Aot =VEA+ G, bow = /b + bin (2.34)

When the Langevin equation in Eq. (2.33) can be solved exactly, such as through linearization [41],
the solution to the Langevin equation in conjunction with the input-output equation provide a means
to compute various output statistics, including the emission intensity ny, = <aima0ut>. However, when
the focus shifts to quantum effects, where linearization of the Langevin equation is not feasible, finding
a solution becomes significantly more challenging. One approach to address this challenge is to first
solve the system dynamics using the master equation approach and subsequently compute the system
output based on the obtained solution. Nonetheless, a subtlety arises because the master equation
(which traces out the bath) and the Langevin equation (which includes the bath) operate in different

Hilbert spaces, which poses challenges when performing actual calculations.

An alternative approach to studying the output field is to model the system and the emitted field together

as a cascaded system [131]. Figure 2.3 depicts a scheme of a simple cascaded system containing two
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components. In this configuration, the output field of the first component (System 1) is directed into the
second component (System 2) in a one-way manner, such that the backaction of the second component

on the first component is neglected. Mathematically, this can be expressed as the equation

Q2,in = G1,0ut = G1,in T /K101 , (2.35)

where a; (a2), K1 (K1), @1in (@2,n), Q100 (a2,0u) represent the annihilation operator, the decay rate,
the input operator, and the output operator of the first (second) system, respectively. The Langevin

equation for any operator c of the composite system is thus given by

. . Kj
¢ =—ile, H + Hs] + Z EJ <2a;caj — a;ajc — ca;aj) + Z NG (a;m[c, ajl — e, a;r-]ajvm> ,

j=1,2 j=12

. Rj
=—ile, Hy + Ho) + Z EJ (Qa;caj — a}ajc — ca}aj) +
j=12

+ i (a]ulecar) = [e,allarn) + v (0l + vAraDle.az] - [e,ab] (@1 + Viia)
(2.36)

It is worth noting that for any operator ¢; of the first system (i.e. when [c;, as] = [y, ag] = 0), the
Langevin equation for the cascaded system reduces to the Langevin equation for the first system alone.
However, the evolution of the operators of the second system always depends on the first system, which

aligns with the concept of one-way coupling.

Q1 in Q1 ,0ut = A2in Q2 out
—_— System 1 (H) > System 2 (H5) —_—

Figure 2.3: A schematic of a cacaded system containing two components. The output field of the first
system is directed into the second system.

While the Langevin equation in Eq. (2.36) remains unsolvable through numerical tools due to the
presence of the infinite-dimensional input operator a i, it is possible to derive a corresponding master
equation (in the Schrodinger picture) for the cascaded system. A comprehensive tutorial for the general

case can be found, for example, in reference [132], but this thesis focuses specifically on the case where
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the heat bath can be modeled by a vacuum state. In such case, the master equation of the cascaded

system reads

. . Rj
p=—1ilHy+ Hs,p| + Z é (2ajpa; — a}ajp - pa}aj) + /K1k2 <[a2,pa§] — [ag,alpD :
j=1,2
(2.37)
The output state from the first system can thus be obtained by solving the master equation for the

composite system and subsequently tracing out the degree of freedom associated with the first system.

2.6 Photon blockade and autocorrelation

In analogy with the Coulomb blockade of electrons, the photon blockade effect occurs if a single
photon in a cavity provides an energetic barrier for a second photon to enter the cavity. As such,
a driven-dissipative cavity exhibiting photon blockade can be viewed as a photon turnstile. There-
fore, a cavity exhibiting photon blockade can serve as a potential single-photon source which is an
important resource in many fields, including quantum computation [133, 134] and quantum commu-
nication [135]. The photon blockade phenomenon has been investigated within various platforms,
such as Kerr-type nonlinear cavity [136, 137], cavity-quantum-electrodynamics systems [138—141],

superconducting circuits [142—144] and optomechanical systems [43, 145, 146].

In order to effectively study the photon blockade effect, it is helpful to identify a quantifier for its
strength. Quantum states of light can generally be characterized in terms of correlation functions
(A(t+7)B(t)), where T denotes the time-delay between the points in time at which the observables A
and B are measured. In the context of the photon blockade, one is interested in the probability to find
a second photon, immediately after the first photon has been detected. It is thus necessary to employ

equal-time correlation functions with 7 = 0.

A suitable, and commonly used figure of merit is the equal-time second-order autocorrelation function,
which is given by

gD = =) (2.38)

with the photon-number operator n = a'a and the expectation operator (-) with respect to the system
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state p(t). The autocorrelation function ¢‘? (¢) vanishes exactly if there is at most a single photon in

the system at time ¢, and a low value of ¢(® (¢) is thus a good indication of strong photon blockade.

Despite its simple form, the time evolution of the autocorrelation function is not easy to analytically
determine for optomechanical systems. This is because the system dynamics cannot be solved exactly
due to the cubic interaction term. To address the problem, it is helpful to consider the photon blockade
effect in a perturbative regime in which the occupation probability of Fock states containing three or
more photons is negligible as compared to the single-photon and two-photon occupations. When such
higher-photon occupations are suppressed, the autocorrelation function in Eq. (2.38) can be expressed
as

PO L —CTT Y (2:39)

(p1(t) + 2pa(2))?

in terms of the occupation probabilities p;(t) and ps(t) of the single- and two-photon Fock state re-

spectively.



Chapter 3

Nonclassical light in dissipationless

optomechanical systems

The material presented in this chapter stems from research I undertook at Imperial College and draws
inspiration from the work of my colleague, Ludovico Latmiral [112]. Specifically, the fundamental
methodology detailed in Sec. 3.2.2 was initially introduced in [112]. The application of this method-
ology to generate optical nonclassical states, along with the main discussions in this chapter, form the
core content of a paper published in Physical Review Research with the title “Deterministic prepara-

tion of nonclassical states of light in cavity optomechanics” [147].

3.1 Introduction

In Sec. 2.3, the intrinsic anharmonicity of optomechanical systems has been extensively discussed,
highlighting their significant potential for generating quantum states of light. It is pointed out that the
suppression of mechanical excitation is among the major challenges in achieving high-quality non-
classical light. One approach to address this issue involves driving the system with a weak light field,
thereby ensuring that undesired processes occur at an arbitrarily low amplitude. Nevertheless, this
resolution unavoidably results in a long preparation time for the target states, making it susceptible to

system dissipation.

53
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In this chapter, an alternative solution is proposed. Through the implementation of optimal driving
techniques, effective suppression of both the mechanical excitation and the light-matter correlation to
leading orders is demonstrated. Importantly, this suppression is independent of the driving amplitude,
enabling the utilization of larger amplitudes that surpass the optomechanical coupling strength. Con-
sequently, it becomes feasible to deterministically prepare close-to-pure, nonclassical light within a
significantly shorter timeframe. To exemplify the efficacy of the approach, I showcase the generation

of two-photon Fock states as well as the coherent superposition of these states with the vacuum state.

In the first stage, the driving profile is designed based on the assumption of an ideal scenario, where
the mechanical oscillator is initially in its ground state and the dissipation in the system is considered
to be negligible. Subsequently, a numerical analysis is conducted to investigate the robustness of
the prepared states in the presence of system imperfections. This analysis takes into account three
key factors: a initial non-vacuum thermal state of the mechanical oscillator, optical dissipation and
mechanical thermalization that occur during the evolution of the system. By considering these factors
separately, the assessment allows for a comprehensive evaluation of the practical applicability of the

proposed scheme in realistic settings.

This chapter is structured as follows. In Sec. 3.2, the theoretical design of the driving profile is pre-
sented. In particular, Sec. 3.2.1 is devoted to the choice of the fundamental driving profile, but allows
for flexibility in the temporal variation of the free parameters within the driving function. Subse-
quently, in Sec. 3.2.2 and Sec. 3.2.3, the driving parameters are optimized using the Magnus solution
(as described in Sec. 2.2.2), aiming to achieve an optimal effective Hamiltonian for target state gen-
eration up to second and third order in the perturbation parameter, respectively. The resulting driving
pattern is summarized in Sec. 3.2.4. Next, in Sec. 3.3, the optimized driving pattern is verified numer-
ically for the generation of a two-photon Fock state (in Sec. 3.3.1) and its superposition state with the
vacuum state (in Sec. 3.3.2). Finally, in Sec. 3.5, the robustness of the results obtained in the presence

of system imperfections is examined.
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Figure 3.1: A schematic of the optomechanical system under consideration in this Chapter. The
optomechanical system is driven by a temporally modulated, coherent light field. The cavity and the
mechanical dissipation are neglected when design optimal driving.

modulated £(¢)

3.2 Design of optimal driving

In this section, a generic type of optomechanical system as depicted in Fig. 3.1 is considered. The total
Hamiltonian for the driven system is given by the sum Hoy + Hy with the bare system Hamiltonian

Howm and the driving Hamiltonian Hy defined as'
Hoy =wea'a + wnb'b — goa’a (b 4 b)

3.1
Hy =& (t)a + £(t)a’

The scalar driving function £(t) in the driving Hamiltonian Hj is flexible and can be chosen accord-

ingly.

The dynamics of the non-dissipative part of the system are described by the evolution operator Uy (t),
which satisfies the equation z'Utot = (Hom + H4)U,. The subsequent part of this section focuses on
designing the driving function () such that, after a specific duration t¢, the evolution operator reduces
to Uiei(tr) = U. ® 1. In this evolution, the optical state evolves to the desired target state following
the effective evolution operator Uc, while the mechanical state undergoes a trivial identity evolution

denoted by 1,,.

IThe definitions are the same as in Eq. (2.6) and Eq. (2.7), but copied for readers’ convenience.
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3.2.1 Driving profiles

The range of states achievable strongly depends on the chosen driving profile £(¢). In particular,
more complicated driving can modify the system dynamics with greater potential for state preparation.
However, it is important to note that such complex driving profiles often necessitate more intricate
experimental setups, thereby increasing the system’s vulnerability to errors in the components. Hence,
for the purposes of subsequent discussions, it is preferable to employ a driving profile with a sufficiently
simple spectrum. This choice aims to strike a balance between system flexibility and experimental

robustness.

Suitable driving profiles can be determined based on the fundamental properties of the optomechanical
interaction, described by aa(b' +b). This interaction couples the absorption and emission of a phonon
to the photon number operator n, = a'a. The first-order interaction process only involves a photon
number operator that does not contribute to the creation of nonclassicality. Hence, it will not be
helpful to use driving that supports the absorption and emission of single phonons. On the other
hand, as discussed in Sec. 2.3.2, the second-order processes introduce an effective optical Kerr-like
nonlinearity (o< n2), which enables the generation of nonclassical light. Consequently, a driving profile
that promotes the absorption and emission of phonon pairs is preferred to attain nonclassical effects

in the optical cavity.

A simple yet effective driving profile that satisfies the given criterion is represented by the equation
£(t) = et (Elei(Zwmterl) n E2ei(72wmt+w2)) (3.2)

with a positively detuned component and a negatively detuned component. Both components are
detuned from the optical resonance frequency w, that amount to twice the mechanical frequency w;,.
The parameters £; and F; represent real-valued amplitudes of the two oppositely detuned components,

while ) and )5 represent their respective phases with respect to the laboratory frame.

Although the driving function in Eq. (3.2) favors the desired processes, it also results in excitations in
the mechanical oscillator and introduces unnecessary sources of experimental errors, as discussed in

Sec. 2.4.3. Therefore, it is desirable to adopt a balanced driving with equal amplitude and phase (i.e.
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Ey = FE5 and v = 1),) such that the driving function reads

é—(t) — Eefi(wctfdj) <62iwmt + e*2iwmt) . (33)

The real-valued amplitude £ and phase ¢ are not determined yet, and the freedom to choose these

parameters will be utilized for the design of suitable driving patterns.

3.2.2 Effective Hamiltonian to second order

The dynamics of the driven-interacting system cannot be solved exactly due to the cubic nature of
the interaction. Nevertheless, by transforming into the interaction picture, it becomes possible to

perturbatively solve the system dynamics, as discussed in Sec. 2.4.

Since the cavity frequency w, is experimentally determined by the length of the optomechanical cav-
ity, which is a tunable parameter, one can take w,. to be an integer multiple of wy,. In this case, the

propagator of non-interacting system?

UO (t) — ei(:(t)e_iwcncte_iwmnmtef(t)aT_f* (t)a (34)

is periodic with a period 7' = 27 /w,, equal to the mechanical period. Furthermore, when the driving
parameters are changed only after integer multiples of mechanical periods, the evolution operator Uy

induced by the interaction Hamiltonian®

Hi(t) = —go (aT + f*(t)) (a+ £(1) (be—iwmt + bTeiwmt> (3.5)

becomes periodic with period 7. The total propagator of the system can thus be characterized as
the product of the evolution operators exp(—iHeJT) with the Hamiltonian H, ; defined solely by the
driving profile of the current period (refer to Sec. 2.4.2). This simplification of the total propagator

facilitates the preparation of the target state via the optimization of driving functions.

2The equation is the same as defined in in Eq. (2.18), but copied here for readers’ convenience.
3The same as defined in Eq. (2.19).
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Following the perturbative solutions presented in Sec. 2.4.3, after each complete mechanical period,
the propagator U;(t) induced by the interaction Hamiltonian can be expressed as exp (—ng(T)) up
to the second order in the optomechanical coupling strength go. The Magnus term M (7T") defined in
Eq. (2.24) comprises a global phase oc E*, a cavity operator M, and an interaction operator M},
For the purpose of generating nonclassical states, the global phase is considered irrelevant and hence

disregarded in the subsequent discussion.

The cavity operator M$ contains several terms that are very useful for the generation of nonclassical
states. The terms (a')? and a? describe the creation and annihilation of pairs of photons. The quartic
operator n? results in a deviation from the evenly spaced level structure of the quantum harmonic
oscillator. The effectively larger spacing between higher lying levels enables the population of the
two-photon Fock state from the vacuum state. Simultaneously, it ensures that the population of the

four-photon Fock state and higher-lying states are far off-resonant and negligible.

On the other hand, in second order there are also processes that can impede the generation of non-
Gaussian states. The term linear in n,, that is contained in the cavity operator M increases the constant
spacing between energy levels of the quantum harmonic oscillator and thus reduces the effective an-
harmonicity resulting from the n? term. Furthermore, the interaction term M results in correlations

between the cavity and the mechanical oscillator to build up.

With the driving profile specified in Eq. (3.3), it is not possible to have these undesired terms vanish
without also having terms describing the creation and annihilation of pairs of photons vanish. Conse-
quently, the objective of the forthcoming analysis is to devise a series of driven and undriven intervals,
where the effective Hamiltonian, denoted as Hy, governing the dynamics across these intervals incor-

porates the desired terms while excluding the undesired processes.

The dynamics of each period of driven dynamics is characterized in terms of an effective Hamiltonian

o, =220 (3.6)

but since the driving can vary from period to period, there is a distinct effective Hamiltonian for each

period. These individual effective Hamiltonians serves as starting point for constructing an overall
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effective Hamiltonian, denoted as H, which captures the dynamics of multiple periods of driven dy-
namics. In general, constructing H; requires accounting for the non-commutativity of the involved
operators, necessitating the use of the BCH series in Eq. (2.21). However, given the specific driving
profile in Eq. (3.2), the leading contribution to the individual effective Hamiltonian is of order g3 /w?.
Consequently, the first non-trivial contribution to the Baker-Campbell-Hausdorft series, which ap-
pears at order g; /wi , is smaller than the highest order (i.e. g2 /w?) already included in the individual
effective Hamiltonians, as well as smaller than the highest order (i.e. g3 /w?) to be included later-on.
Therefore, within the desired level of accuracy, the complete effective Hamiltonian Hs is given by the

sum of individual effective Hamiltonians H, over each mechanical period.

The interaction term My, in Eq. (2.24) depends on the phase 1) of the driving field defined in Eq. (3.2),
via the momentum operator P, (1)) given in Eq. (2.27). After N periods of driven dynamics, where each
of the j-th period is characterized by a constant driving strength £; and constant phase 1);, the interac-
tion term in the full effective Hamiltonian H¢ thus becomes proportional to the sum Z;VZI E;P.(v;).
As a result, any sequence of driving periods satisfying the condition Zjvzl Ejexp (iwj) = 0 ensures

that there are no interaction effects up to the second order at the end of the dynamics.

On the other hand, the creation and annihilation of pairs of photons in the optical term MS depend on
the driving field via E? exp(+2i1)). Therefore, it is desirable to identify choices for the driving fields
that maximize Zjv EJ2 exp(2i@/}j) under the constraint Zév Ejexp (iwj) = 0. To leading order, this

prescription results in an effective Hamiltonian over N mechanical periods given by

N 2 2
1 c N g2 Ny o o Ang
=g L M) = | (g the | =2bmggme | B
where
N N
1 Z — 20, 1 Z
773} = N EJQQ 25 , and 778 = N Ejj2 . (38)
=1 j=1

The presented effective Hamiltonian offers a promising framework for generating nonclassical states,
overcoming the limitations imposed by linear optics through the incorporation of Kerr-like nonlinear-
ity, namely the term n?. Yet, in practice, it is desirable to have a nonlinearity n? that is strong compared

to the linear term 7, in order to obtain a spectrum of the diagonal part of H; in Eq. (3.7) with strongly
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uneven spacing between neighbouring energy levels as discussed in Sec. 2.3.2. In particular, it is note-
worthy that the linear term o< n. in the effective Hamiltonian becomes increasingly significant with
increasing driving strength, unlike the nonlinear term oc n? which remains constant. To achieve the
desirable energy level spectrum, it is thus essential to establish a mechanism that effectively mitigates

the amplification of the linear term while preserving the strength of the nonlinear term.

The central idea that allows the suppression of the linear term to be achieved is to note that rotating the
driving field in the phase space relative to the system frame is equivalent to phase rotation of the system
while keeping the driving field static [112]. Consequently, a phase shift represented by the change in
the parameter 1); has an approximately same effect as the free evolution induced by the photon number

operator n..

To formalize this notion, it is helpful to note that the interaction Hamiltonian in Eq. (3.5), denoted as

H,(v) with explicit phase dependence, satisfies the following relation

Hi(¢) =R(¢¥)Hi(0)R'(¢) , with

R(w) =€

(3.9

and thus the effective Hamiltonians H. and H; in Eq. (3.6) and Eq. (3.7) also obey this relation. As a

result, the propagator induced by the effective Hamiltonian H, (1)) can be expressed as:

o iHe ()t _ R(@e—iHe(w—so)tRT(go) 7 (3.10)

with a phase ¢ that can be chosen at will.

Utilizing the identity RT(¢;41)R(¢;) = RT(¢;), where ¢; = ;1 —;, the product of two propagators

corresponding to consecutive periods simplifies to:

UUHTU) = R(p;yq)e Helbin=eir)T BT (¢ ) HeWi=e)T R () . G.11)
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Consequently, the complete propagator over N periods can be expressed as:

2

R(¢n1 H e~ iHle(i=e)T (3.12)

in which the initial and final relations R7(0) = 1 and R(py) = R(pn41) R (¢n) have been applied.

The first factor R(¢n41) in Eq. (3.12) represents an effective free phase evolution occurring after all
the time intervals of driven dynamics. Since this factor represents a rotation in phase space, it does

not affect the nonclassical nature of the final states.

Each factor Rf(¢;)e *#(¥i=#i)T in Eq. (3.12) consists of a term e~*#=(¥i=#:)T" induced by the effective
Hamiltonian and a term of free phase evolution induced by n.. As the term linear in n. in the effective
Hamiltonian H, is accompanied by a small coefficient on the order of g2 /w?, this is equivalent to an

evolution induced by an effective Hamiltonian with a modified term n.. Specifically, the approximation
Rt <¢j)e*iHe(1/)j*%)T ~ o  UHe(j—p;)T)+igjne (3.13)

is sufficiently good for the purpose of state preparation given that the condition ¢;g3 /w2 < 1 is

satisfied.

Now the effective Hamiltonian for each period contains an extra term o n. in addition to H., and the
freedom to choose values for the phase angles ¢; and ¢; can be used to ensure that undesired terms

cancel. For any choice of the driving parameters E; and ¢, satisfying

ZE e —i(hj—ps) — =0, and ZEQ —2i(Yj—¢j) 7£ 0, (3.14)

7j=1

the effective Hamiltonian after NV periods reduces to

N7Tg Ui 1 &
Yo wcpz
NH¢ = - wQ ( 5 —i—hc) — 2n? _TE

At E? g2
( 3(;490 —<Z5j> n, + O 290¢J :

(3.15)

J=1
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with

N
1 o
7]12&790 = N ZEfe 2i(vh;—;) . (316)
j=1

With the specific choice of ¢; = 4w E? g5 /(3wy,). the terms linear in n, vanish to leading order during
each period, and the higher-order contributions ~ O(g3¢;/w?2) become negligible compared to the
leading-order term. Since ¢, is the accumulated phase shift of the driving pattern, this amounts to the

individual phases
j—1

dmgd E?
L= 90 it 3.17
i w2 lzzl: w? G.17)

that increase by amounts determined by the driving amplitude ;.

While it is theoretically sufficient for the effective Hamiltonian to match the desired Hamiltonian at the
end of the interval of interest, it is preferable to achieve this match at intermediate time points as well.
Therefore, I consider a driving protocol in which the total time window of duration NI is divided into
N/2 blocks, each with a duration of 27". The dynamics within each block are induced by the desired

effective Hamiltonian within the perturbative approximation.

Within each block, a constant driving amplitude is considered (i.e. E»;j_1 = FEjy; for each 7). Conse-

quently, one optimal choice of the phases can be identified as follows

—1
4 gl JZ 2F2

2 2
3w = Wm

Y

¢2J—1 = Y251 =
(3.18)

—1

2 2
dwi \ wp w

Yoj =T+ g5 =T + 5
=1 m

This choice of the driving profiles not only satisfies Eq. (3.14), but also maximizes the coefficient
before the quadratic terms a” and (a')* by ensuring 7;,_, = 713 where 7,,_,, and 7 are defined in
Eq. (3.16) and Eq. (3.8), respectively. By employing this choice, the resulting effective Hamiltonian
over NN periods of driven dynamics can be expressed as

9%

'Mw\z

T
NH, =
£ Tw? w2,

2
<% (2 + (a)?) - 4n3> . (3.19)

1

J

This can serve as a starting point for state preparation, but it is worthwhile to explore higher-order per-
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turbative corrections. Such an investigation would significantly enhance the accuracy of state prepa-

ration with only slightly more complex driving patterns.

3.2.3 Third-order corrections

Although the model considered in Sec. 3.2 does not explicitly impose a constraint on the maximum
evolution time, in practice, the robustness of the state-preparation protocol diminishes as the evolution
time increases, owing to the presence of system dissipation. Consequently, it is preferable to minimize
the overall evolution time. Because the rate of pumping photons into the optomechanical cavity is pri-
marily limited by the driving strength, shorter evolution time can be achieved by employing a driving
strength as strong as possible. However, it is also essential to note that stronger driving also amplifies
errors in the truncated Magnus series, thus compromising the performance of the designed driving
scheme. Hence, it is necessary to take into account higher-order effects. The central objective of
this section is to refine the driving pattern to effectively accommodate the inclusion of the third-order

Magnus terms M3 as defined in Eq. (2.25).

To aid readers’ comprehension, I provide a summary of the third-order Magnus term M3, which
comprises a mechanical term denoted as MY and an interaction term denoted as M}. Specifically,
the interaction term M can be expressed as the sum My | + M}, + My 5, with the three components

defined in Eq. (2.26).
With the driving pattern derived above in Sec. 3.2.2, the effective Hamiltonian, for the dynamics over
two periods of driving with constant driving amplitude, is given by

2H, = 2H, +

2 g2
Tog (M M@ =0)) (3.20)

in which H, corresponds to the second-order effective Hamiltonian defined in Eq. (3.19). In this
context, the term M3 (1) = 0) denotes the operator M} 5 evaluated at ) = 0, which is also equal to
its evaluation at ¢ = m. The contributions from /\/@,1 and /\/@72 in M}, average out within the effective
Hamiltonian H,,. However, there remains a finite correction originating from the term My} , within the

interaction term M3, along with a contribution by the term M} to the effective Hamiltonian arising
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from the mechanical oscillator.

In order to minimize undesired effects, it is important to eliminate not only the interaction term M} 4
but also the mechanical term MY from the full effective Hamiltonian. This is because the presence of
the term M}Y' induces excitations in the mechanical oscillator, and as the excitations of the mechanical
oscillator increase, the impact of interactions on the optical field in higher-order corrections becomes
more prominent. Hence, the primary focus in the subsequent paragraphs is on modifying the driving

pattern to minimize these terms as much as possible.

One feasible approach is by observing that a half-period of free evolution for the mechanical oscillator
corresponds to a phase shift of 7 in the mechanical creation and annihilation operators, b' and b. Both
MM and ./\/l1373(1b = 0) are odd functions in b and b'. Therefore, by employing a sequence consisting
of two periods of dynamics induced by M3' + M} 5(¢) = 0), with a half-period of free evolution
in between, an effective cancellation is achieved. Equivalently, any driving protocol that alternates
between driven dynamics and intervals of free evolution, while satisfying the phase requirements de-
fined in Eq. (3.18), and where the duration of free evolution is precisely half a period of free evolution,

guarantees the cancellation of third-order terms deviating from the desired effective Hamiltonian H,.

In practice, however, achieving an exact free evolution of the mechanical oscillator is not feasible
due to the inherent interaction between the mechanical oscillator and the light field. The following
paragraphs thus serve to show that an interval of undriven dynamics can be used to achieve a similar

effect.

Following the solution to the evolution of undriven optomechanical systems in Eq. (2.15), the propa-
gator for the undriven dynamics over half a mechanical period reads

2
2 w2

T 2 ‘
Uom (—) =exp | mi o n? e 2im e (b=b") o —miny, , (3.21)

given that the optical resonance frequency is an even multiple of the mechanical resonance frequency.

The adjoint of this propagator satisfies the relation

T 2
Ul (§> — Uom exp (—27m'5—3n?> . (3.22)

m
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A sequence with two driven dynamics intervals, and a preceding undriven interval before each driven

period, leads to the propagator

exp (—2iH,T) Ul (%) exp (—2iH,T) Uom (%)

T : T
=exp (—QZHPT) U(JSM (5) exp (27725—3'@3) exXp (—2ZHPT) UOM (5) (323)

m

~exp (—2iH,T) Uby 5 ) e —QZHPT+2mw—2nC Uom 5 )

m

where terms of order g in the Baker-Campbell-Hausdorff relation are neglected. Within the same ap-

proximation, the effective Hamiltonian over the four intervals (i.e. five mechanical periods) is defined

T T
5T H, =2T (Hp + Uy, (5) H,Uou (5) - %i—g ) (3.24)

where the equality [Uom(7/2),n%] = 0 has been implicitly applied. Hence, the introduction of half

by

intervals of free evolution serves as an effective unitary transformation on the effective Hamiltonian
H,, accompanied an additional term representing the optical Kerr-like nonlinearity. To leading orders

(i.e. gd), this unitary transformation of the effective Hamiltonian can be written as

U (g) (H +%£ (MM+M = 0)>> o g)
ngM(g)HUOM( )_

T w
H 2 QOM 98 MM M —0
+3T 3 _T_rg],ﬂ 3 + Mzs(Y = )) ;

MM+M S = 0)) (3.25)

3
“m

in which the terms M} and Mgs acquire negative signs under the unitary transformation defined by
the propagator Uom(7'/2). Consequently, these negative terms cancel out the corresponding positive
terms in the first term (i.e. H,) of Eq. (3.24), resulting in the elimination of undesired processes in the
mechanical degree of freedom in leading orders. However, for the interaction terms, this cancellation
is not perfect due to the additional correction term generated by the transformation of the second-order
effective Hamiltonian H,. This residual interaction in the effective Hamiltonian is also proportional

to the interaction term M§73(w = 0) but is reduced by a factor of three compared to what could be
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achieved without intervals of free evolution.

The incorporation of half-periods of undriven dynamics offers a significant enhancement in the ac-
curacy of the desired effective Hamiltonians. However, a careful reassessment of the decomposition
of the full evolution operator into multiple evolution operators over shorter periods (for example, see
Eq. (2.20)) is required. When half-periods of evolution are inserted in between driven periods, the
evolution operator over time 7 takes the form

v (0,7) =ui(0,7)ui(T,27) U3 (2. T)UI< T, ;T>UI<7T T)UI< T,57)

; \ : (3.26)
—U11<0 T)UIQ(O T>U10<0 T)UIS( T, T)UI4< T T>U10< TT)

where the subscript j in U; ; indicates the potentially different driving parameters adopted for each

driven period. In the most general case, the equality
1.3 1.3 1 1
Ulg( T, T) UI4< T, T) UIO( T, T> — Uy (O,T) Ura (T, 2T) Uro (0, 5T) (3.27)

is not guaranteed. However, with the specific driving function discussed in this section, the evolution
operators on the two sides of the equation coincide, and the rationale for this is elucidated below.
Noticing that because the driving function has a period 7/2 while the interaction Hamiltonian Hj in
Eq. (3.5) has a period 7', half-periods of undriven dynamics effectively introduce a phase of 7 between
the driving field and the optomechanical system. In this picture, while all other parameters are kept
constant, the evolution Uy (37, 3T) given the driving function &(¢) is equivalent to an evolution U,(0,7)
given the driving function &(t — (7'/2)), and similarly, Uy(T/2,T) is equivalent to U;(0,7/2) =
U1(0,7/2). Because the driving function (¢t — (77/2)) reduces to —£(t) given the driving function
in Eq. (3.3), the optical mode gains a phase of 7 (i.e. a — —a). Therefore, the cancellation of terms
o e in Eq. (3.7) (with N = 2) is not affected as it only depends on the relative phase between
each pair of consecutive driven periods. Additionally, because the effective Hamiltonian H, (refer to
Eq. (3.20)) for the evolution operator (71(0, 2T) is an even function of the optical mode operators (a
and a'), it is also the effective Hamiltonian inducing the evolution operator UI(O, 2T'), and thus the

evolution operator Uy(7'/2,5T/2).
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In addition to the decomposition of the evolution operator,a careful reassessment of the discussion
presented in Sec. 3.2.2 is also necessary. In particular, in the discussion of Eq. (3.12), the effective op-
tical phase rotation arises from the change in driving amplitude during the subsequent driven period.
However, due to the inclusion of half-periods of undriven dynamics, this change of driving ampli-
tude may now occur after a half-period of undriven dynamics, rather than immediately following the
previous driven period. Fortunately, because the propagator Uom(7'/2) commutes with the operator
R(¢;) in Eq. (3.9), the dynamics within any time window of two periods of driven dynamics can still
be described by the propagator exp (—z’H gT) with H, defined in Eq. (3.19). Therefore, the discussion

resulting in Eq. (3.12) naturally includes the case of half-periods of undriven dynamics.

3.2.4 Optimized driving pattern

By implementing a driving protocol consisting of a pair of time windows, each with two periods of
driven dynamics followed by half a period of undriven dynamics (as sketched in Fig. 3.2), the effective

Hamiltonian for the dynamics over 7 = 57 is defined by

off = | + el ; (3.28)
with LB
THe(ff) =737 <a2 + (aT)2> — 10mn? ,
wm
o (3.29)
THY =7 ()= a?) (b-b') .
w

While the effective Hamiltonian presented in Eq. (3.19) could have been taken as the starting point for
the subsequent analysis, the enhanced suppression of undesired processes achieved by using a slightly

more elaborate driving protocol makes Eq. (3.28) the preferred choice.

The devised driving profiles ensure the significant suppression of undesired processes, allowing the
amplitude of the driving field to be selected based on the desired target state. To achieve high-fidelity
state preparation, it is beneficial to consider a series of five intervals 7 of driven dynamics and optimize

the driving amplitudes for each of these intervals.
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Figure 3.2: Schematic example of a driving pattern of duration 157" = 37. The protocol is
comprised of three intervals of length 7 = 57" (green, long arrows) characterized by a constant value
of the driving amplitude E. Each of these intervals consists of a pair of time-windows of length 27
of driven dynamics (black arrow), each of which is followed by half a period of undriven dynamics
(red, short arrows). The driving amplitudes shown in the plot serve solely as examples; in actuality,
these amplitudes are numerically optimized for each specific target state.

Since such optimizations require the analysis of system dynamics with several different patterns of
driving amplitudes, efficiency in the numerical propagation is essential. Therefore, I employ the ef-
fective Hamiltonian / §§) in Eq. (3.29). This level of approximation excludes any interaction between
the cavity field and the mechanical oscillator, enabling the numerical simulation to focus solely on

the dynamics of the cavity field. In the following section, I provide two examples. These examples

demonstrate how to prepare a target state using optimized driving patterns.

3.3 Numerical results

The driving scheme presented in Sec. 3.2 provides a mechanism to identify driving patterns that fa-
cilitate the desired evolution towards nonclassical pure states of light. This scheme surpasses the
constraints imposed by the need to utilize a driving amplitude weaker than the optomechanical anhar-
monicity (< g3 /wy). In this section, the generation of a two-photon Fock state and its superposition

state with the vacuum are demonstrated through optimized driving pattern.

Firstly, numerical optimization is conducted within a truncated Hilbert space for the cavity field, con-

strained to the lowest 30 Fock states. To maintain the negligible significance of higher-order terms
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omitted in Sec. 3.2, limitations on the maximum permissible driving amplitude £ are imposed (see
Sec. 3.4 for more discussion). Following this, numerical simulations are performed to validate the
accuracy of the optimized driving patterns. These simulations include both the cavity and mechanical
field within a truncated Hilbert space, comprising the lowest 60 optical Fock states and 30 mechanical
Fock states, respectively. All simulation results are computed via the Python toolbox QuTiP [148,149],

and the parameters adopted for each simulation are presented in Appendix B.1.

The accuracy of the state preparation is examined through the fidelity, as delineated in [66], and is

given below as*

F(’wﬁn> 5 ’wtar>> = ‘<wﬁn‘wt‘u'>| . (330)

This metric specifies the degree of similarity between the final state |¢g,) and the target state |t),).

3.3.1 Fock state preparation

Given the aptitude of the existing control scheme in producing photon pairs, the creation of the pho-
tonic Fock state |2) from an optical ground state |0) emerges as a fitting task. To minimize any unde-
sirable interaction between the mechanical and the optical degrees of freedom, the oscillator is also

assumed to be initially at its ground state.

Fig. 3.3 depicts the dynamics of the cavity field under optimised driving, spanning an evolution time of
167, with a maximum admissible driving strength Ey,.x = 4wy, and a coupling strength gy = wy,/26.
Subplots (a) and (b) present the occupation of the lowest six Fock states as functions of time. Due to
the suppression of the creation of single photons, as elaborated in Sec. 3.2, the populations of odd Fock
states are markedly smaller by orders of magnitude compared to those of even Fock states. Through-
out the dynamics, significant populations of the states |4) and |6) are observed, indicating that despite
the suppression of excitations to higher-lying states, occupancy in these states does occur. The unde-

sired occupation suggests that the chosen driving amplitude is large compared to the unequal spacing

4 Another prevalent definition of fidelity, as showcased in [150]. This alternate definition is essentially the square of
the fidelity (i.e. F2) adopted in this thesis and in the reference [66]. Although the former version may be perceived as
more intuitive, given its linkage to transition probabilities [151], this chapter adheres to the definition provided in [66] to
maintain consistency with the conventions of QuTiP, the computational toolbox employed for this study.
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Figure 3.3: Plots of populations of Fock states in the cavity. Subplot (a) plots populations of even
Fock states and subplot (b) plots populations of odd Fock states. The coupling strength is

go = Wm/26, the driving strengths F are optimized with a maximally admissible value Ey. = 4w,
and the length of evolution is ¢; = 167 . A data point is plotted after each five mechanical periods 7.
The final state is almost a Fock state |2).

in the system energy spectrum. Nonetheless, the application of a numerically optimized driving pat-
tern yields dynamics wherein these non-desirable states remain unoccupied in the final state, thereby

attaining a high final fidelity /' = 0.997.

In an idealized scenario characterized by lossless dynamics, optimal results are anticipated in the
limit of long evolution times and weak optomechanical interaction (i.e. ¢ — oo while g5 — 0), as
this limit signifies the regime where the underlying perturbative treatment becomes exact. However,
practical implementation necessitates confining the dynamics within a limited time frame to mitigate
the influence of dissipative effects on state preparation. Shorter evolution times typically mandate
stronger interaction, which can potentially conflict with the perturbative approximation, necessitating

a balanced approach.

For any given evolution time, one would thus expect to find an optimal value of the interaction constant

go. Figure 3.4 illustrates the fidelity F' (solid) obtained with optimized driving and the correspond-
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Figure 3.4: Plot of the fidelity F}, against the evolution time ¢; in 7 when E,x = 4wp,. (a) For each
time point, the coupling strength g, is optimized to achieve the highest possible fidelity. (b) The
coupling strength is fixed to be gy = wy,/26. (c) The coupling strength is fixed to be gy = wy/13.
The combination of interaction strength and evolution time has a great impact on the final fidelity F'.

ing interaction strength deemed optimal for each given evolution time ¢, ranging from 27 to 167 .
Additionally, the fidelity F' obtained with optimized driving profiles at fixed interaction strengths of
go = wm/13 (dotted) and gy = wp/26 (dashed) are juxtaposed for comparison®. Comparison of
the three curves highlights the considerable enhancement in fidelity of state preparation through the
selection of a suitable combination of interaction strength and evolution time. Notably, the curve rep-
resenting optimal combinations of coupling strengths and evolution times aligns with the (dashed)
curve for a constant coupling strength gy = wy,/26 at prolonged evolution times (i.e. t; ~ 167). On
the other hand, the highest fidelity achievable at the fixed coupling strength gy = w,,/26 registers at
F = 0.843 for the evolution time ¢t = 107, whereas, with an optimal coupling strength gy ~ 0.048w,

fidelity remains near unity at /' = 0.990.

As depicted in Fig. 3.4, the stronger optomechanical interaction gy = wy,/13 proves beneficial over

>The two boundary values are chosen such that the fidelity is close to its maximum at corresponding evolution time
(T = 27,167) in the plot. In particular, 7" = 27 is the shortest evolution time that can be improved through optimization,
and 7" = 167 is the shortest evolution time that permits the final fidelity to reach 0.99.
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the weaker interaction gy = wy, /26 when the evolution time is short (i.e. ¢; < 87"). However, the max-
imum achievable fidelity is ultimately limited due to diminished accuracy of the perturbative method.
This impact becomes particularly evident when coupling strength is gy = wy,,/13, where the data points
(connected by dotted lines) do not follow a monotonic curve as the evolution time increases. When the
perturbative approximation fails, numerical optimization based on the theoretical evolution operator
falls into local minima. This results in high theoretical values but causes the simulated state fidelity
values to decrease. The collapse of the perturbative model has another implication. It suggests that the
numerical results in Fig. 3.4 may not showcase the highest possible values among all similar theoret-
ical minima. Consequently, the insights provided by the state fidelities given strong optomechanical
couplings are better interpreted as offering a qualitative perspective rather than exact quantitative con-
clusions. For a comprehensive analysis of the range where the perturbative assumptions remain valid,

readers are directed to Sec. 3.4.

3.3.2 Superposition preparation

Analogous to the creation of Fock states, the current framework can be adapted to identify driving

patterns for generating coherent superpositions of Fock states. This is illustrated by the target state:

Uy) = % (\o> + e |2>) . (3.31)

In addition to optimizing the driving profile, the subsequent optimization also takes into account the
relative phase ¢, presenting two viable approaches. The first strategy involves identifying the target
state best aligned with all balanced superpositions of the Fock states |0) and |2), followed by pro-
pelling the final state to the desired state through classical means. However, implementing such an
operation within an optomechanical cavity may pose experimental challenges. Apart from classi-
cal approaches, an undriven period of dynamics can also lead to an evolution operator Uoy (1) =
exp(2mig] /wk(aTa)?) (refer to Eq. (2.15)) and produce a comparable effect. However, this method
necessitates up to (wm/go)?/8 mechanical periods to achieve a phase rotation of ¢ = 7. This duration
may prove impractical in the presence of any system dissipation, especially when the coupling strength

go is small. Given these considerations, a second strategy which optimizes the driving parameters in
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relation to a predetermined phase ¥} emerges as a valuable alternative. Both strategies are explored

and detailed further in the subsequent sections.

Firstly, a driving profile that yields a state | V') in the minimal achievable time is searched for, where the
relative phase 9 is not predetermined. Analogous to the Fock states scenario, the driving strengths are
optimized for a maximum permissible driving strength E,,,x = 4 and a coupling strength gy = wy,/26.
Given that the average number of photons involved in generating an equal superposition state | W)
is generally fewer than that required for a Fock state |2), the evolution time can be shortened while
maintaining high fidelity between the generated and target states. Numerical optimization indicates
that a minimum time of ¢; = 107 is required to secure a fidelity exceeding 0.99 with an equal su-
perposition state. The relative phase corresponding to the highest fidelity is identified as © = —1.86,
and the system state dynamics in this context are illustrated in Fig. 3.5. Similar to the observations
in Fig. 3.3, the populations of odd Fock states remain orders of magnitude smaller than those of even
Fock states. Nevertheless, a notable reduction is observed in the maximum population of each Fock
state (excluding the vacuum state) throughout the evolution compared to the instances in Fig. 3.3. This

observation substantiates the assertion that fewer photons are engaged during the evolution.

When compared to generating a superposition state with an optimized phase 1, the preparation of a
superposition state |¥,) with a predetermined ¢ introduces an additional constraint on the driving
profile. Consequently, it is anticipated that the latter would typically necessitate a longer evolution
time to attain comparable fidelity values. To substantiate this assertion, one can optimize the driving
parameters for the shortest evolution time needed to achieve a fidelity F'(R(¢on+1) |¥6n) 5 | Vo)) > 0.99.
Here, |1g,) represents the final state computed from the second-order effective Hamiltonian H, éfzf) in
Eq. (3.29), and the driving-dependent rotation operator R(y 1) is defined in Eq. (3.12). For instance,
the optimization results reveal that a superposition state | V() demands a time of ¢t = 147 to reach a
fidelity of F' = 0.998, namely, requiring an additional time of 47 compared to the scenario depicted

in Fig. 3.5.
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Figure 3.5: Plots of populations of Fock states in the cavity. Subplot (a) plots populations of even
Fock states and subplot (b) plots populations of odd Fock states. The relative coupling strength

go = wm/26, the relative driving strengths 7 are optimized with a maximally admissible value

Enax = 4, and the length of evolution is t; = 107. A data point is plotted after each five mechanical
periods 7. The final state is almost an equal superposition state 1/v/2 (|0) + e~155 |2)).

3.4 Model accuracy

In the preceding section, an assumption was made that a maximum admissible driving strength E,,x =
4w, was set for illustrating target state preparation. However, this designated value may not be univer-
sally optimal. Particularly, when dealing with large values of the coupling strength g, the higher-order
terms dependent on the driving strength £ can induce noticeable deviations in system dynamics. For
instance, the second-order BCH terms (refer to Eq. (2.21)), which originate from the approximation in
Eq. (3.13) are approximately of order F2g2/w? smaller than the second-order effective Hamiltonian
H éfzf) as delineated in Eq. (3.29). Consequently, these terms have a non-trivial contribution when the

relative driving strength E'/w,, is comparable to the inverse of the relative coupling strength wy, / go.

To delve deeper into the accuracy of the theoretical framework under varied driving parameter sets,
Fig. 3.6 compares theoretically predicted outcomes with results from full numerical simulations. Each

set of parameters is derived by maximizing the fidelity between the final state, invoked by the second-
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Figure 3.6: Plot of theoretical results (solid lines) and numerical results (dashed lines) of the fidelity
between the final state and a two-photon Fock state. Each data point represents the fidelity of the
final state when the driving function is optimized for the generation of two-photon Fock state at the
given time on x-axis. Subplot(a) and (b) represent cases where gy = wy,/26 and go = wp,/13
respectively, and the maximum admissible driving strengths are as shown in the plot legend.

order effective Hamiltonian /1 e(fzf) and a two-photon state |2). The maximized fidelity (solid) is then
contrasted with the fidelity (dashed) between the final system state, obtained from full numerical simu-
lation, and the target state |2) for maximum admissible driving strengths Ey,x = 2, ..., 6 and evolution
times ¢ty = 27,...,167. Given that the average number of photons in the driving increases from

E2 = 16to E2 = 36, simulations are conducted in a Hilbert space incorporating the lowest 120

max max

optical Fock states and 60 mechanical Fock states to mitigate truncation errors.

Figure 3.6 (a) depicts the fidelities of the final states for an optomechanical coupling gy = wy,/26. The
theoretical fidelities display a monotonic increase with increasing evolution time across all driving
strengths and align well with numerical fidelities when the maximum driving strength is Fp,x <
5. Within this regime, the maximum disparity between the numerical and theoretical fidelities is
quantified as AF' = 0.005. However, when exposed to a higher maximum driving strength of Ey,x =

6, a subtle deviation between the numerical and theoretical fidelity values is observable, with the largest
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discrepancy being AF = 0.012. This increment in error serves as an indication of the perturbative

assumption starting to falter.

Additionally, it is noteworthy that the fidelity errors depicted in Fig. 3.6 (a) revert to below the value
AF = 0.005 for E,x = 6 once the evolution time surpasses ¢ = 147. This phenomenon can
be attributed to the fact that only driven periods characterized by substantial driving strength (e.g.
E > bwy,) contribute to the error. However, as revealed by the optimized driving profiles showcased
in Fig. 3.6 (a) for extended evolution times (i.e. ¢ > 147), they converge into local minima associated
with fewer periods of strong driving (refer to Appendix B.1). This outcome implies the advantage of

adopting for low initial values of the driving strength F during the optimization process.

Figure 3.6 (b) delineates the fidelities of the final states with optomechanical coupling doubled to
go = wm/13. Given that numerical simulations in subplot (a) already indicate a potential breakdown
in the perturbative assumption at F,,,x = 6, the substantial deviations between theoretical and nu-
merical fidelities witnessed in subplot (b) at maximum driving strengths exceeding Ep,x = 3 can be
explained in the same manner. Nonetheless, subplot (b) reveals a discernible, though less pronounced,
discrepancy between the two fidelity values even at the reduced driving strength of Ep,,x = 2, with the
maximal observed error being AF" = 0.020 at ¢y = 97 . This observation implies that terms of higher
order in coupling strength, but not in driving strength, such as Hég) in Eq. (3.29), contribute to the
error. Conducting a numerical simulation of the dynamics induced by the effective Hamiltonian H.g
in Eq. (3.28) (i.e. including the third-order contribution) diminishes the fidelity error to AF = 0.016
for ty = 97. Beyond the impact of third-order processes alone, higher-order processes instigate me-
chanical excitations in the initial phase of the dynamics, consequently influencing the optical degree
of freedom through third-order processes in the subsequent stages of the dynamics. A comprehensive
examination of these effects would necessitate a detailed analysis of the fourth and higher-order terms

in the effective Hamiltonian, which falls outside the purview of this thesis.
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3.5 Experimental imperfections

While preceding sections primarily focused on the dynamics of closed systems and the limitations of
perturbative methods, the interaction of the optomechanical system with surrounding environmental
degrees of freedom (for example, see Fig. 3.7) also introduces imperfections in the preparation of the
target state. The intracavity light field interacts with the extracavity field through a partially reflective
mirror, which also permits the entry of the pump. The mechanical oscillator engages with the thermal
environment either before the initiation of the target-state-preparation process (i.e. at ¢ < 0) or during
the state preparation (i.e. ¢ € (0,t;)). The former interaction results in a thermal initial state, while

the latter and the optical dissipation can be modeled through the master equation®

4
p=—ilHom + Ha,p) + Y _ Djp. (332)
j=1
W
modulated £(t) We m
<>
= — E—
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Figure 3.7: Optomechanical system considered in this section include optical dissipation, mechanical
dissipations, or initial thermal occupation. The optical and mechanical dissipation rates are denoted
as x and v, the thermal occupation of the heat bath related to mechanical dissipation is denoted as 7y,
and the initial thermal occupation of the optomechanical oscillator is denoted as ng,.

Ideally, one would quantify the robustness of the state preparation in the presence of various imperfec-
tions by assessing the fidelities of the final states under corresponding experimental noises. However,
technical constraints introduce further complexities, necessitating a more nuanced discussion before

analyzing the robustness of the state preparation process.

The technical limitation stems from the necessity of employing the density matrix representation in-

The equations is the same as in Eq. (2.30).



78 Chapter 3. Nonclassical light in dissipationless optomechanical systems

stead of the state vector representation to accommodate the classical mixedness of the system state
in the presence of dissipation. This shift in representation, elevating the dimension from n x m to
n? x m?, considerably hampers computational efficiency, particularly when the mechanical degree of
freedom requires simulation within an expanded Hilbert space due to mechanical thermalization. To
address this constraint, I formulate an approach to estimate the fidelity of the final state theoretically,

as delineated in the subsequent procedure.

Generally, the master equation in Eq. (3.32) can be reformulated as follows:

p=Ho+Hm—+L)p, (3.33)

where the superoperators 7{; are defined by #;p = —i[H, p| and are induced by the non-interaction
Hamiltonian Hy = wea'a+wnb'b+£(t)a’+£*(t)a and the interaction Hamiltonian Hiy, = —goala(bf+
b) respectively. The Lindbladian superoperator £ = Z?Zl D; is induced by the Lindblad operators
defined in Eq. (2.31).

By adopting a procedure akin to the one in Sec. 2.4.1, the propagator of the open system can be
expressed as Vo, = VyVi. Here, the propagator V), for the non-interacting part of the dynamics is
defined by the equation Vyp = Uo,oUg through the non-interaction unitary Uj in Eq. (3.4) and the

interaction propagator V) is induced by the superoperator H; + £; where

HIP = _Z[th] )
4 (3.34)

with the interaction Hamiltonian H; defined in Eq. (3.5), f)j being the superoperators D; with all

instances of a (a') replaced by a + f(t) (a' + f*(t)), with

f(t) = /0 eTE(T)dr (3.35)

defined in Eq. (2.18). Provided the dissipation rates x, -y are sufficiently small to satisfy the inequalities

kgoT < 1 and vgoT < 1, the interaction propagator V; can then be approximated by the product
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Viiss V1, with the non-dissipating superoperator Vip = Uy pUIT induced by the interaction Hamiltonian

Hy and the dissipation propagator Vg, induced by the Lindbladian £ in Eq. (3.34).

The propagator Vg can be solved using the Magnus expansion (refer to Eq. (2.3)). The first-order

Magnus term is given as follows

LegT = T(D[v/ra] + D[/ + 1)b] + D[v/Ameb'] + DV A(ae™™ + afe?))) , (3.36)

with

2 2
Go L™ 4 _
= + (2np + 1 . 3.37
2wi (ln(l —i—ﬁgl) (21 )> 43D

Higher order terms from the second onward can be neglected if the inequalities x? E4T? < wi and

V2EAT? < w are satisfied. As a result, given that V,(T) = 0 (refer to Eq. (2.23) and Sec. 3.2.2), the

propagator for each driven period can be found as

Vi(T) = e TV(T) . (3.38)

This implies that the total propagator over each mechanical period can be approximated by initially
evolving the system using the Hamiltonian for the closed system for one period, followed by evolv-
ing the resultant state using the Lindbladian L4 for another period. Analogously, the undriven half-
periods of evolution for the open system can be approximated by first evolving the system with the
closed-system Hamiltonian for half a period and then evolving the resultant state with the undriven

Lindbladian £ for another half a period.

With the above approximation, it becomes feasible to approximate the final state in an open system
using solely the evolution operator U;(7"), which can be solved using the Magnus expansion, the exact
evolution operators for the undriven half period, and the exact Lindblad operators. To enhance the
precision of the results, the ensuing analysis in this section employs a computer-generated Magnus

expansion of the evolution operator U; up to the fifth order in the coupling strength gq.

The influence of system dissipation on state preparation can be assessed with the help of the open-

system propagator Vi (), where v = {k, 7, 7ip } denotes the vector of dissipation parameters. Within
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this context, it is useful to define fidelity as the measure between any two density matrices, given by

Flon pa) = Tr( mpgm) | (3:39)

Given a vacuum initial state py = |0)(0| ® |0)(0|, one can find the fidelity

F = F(Vtot(')’)ﬂoa Ptar) (3.40)

between the final state Vi (7)po and the target state py,. In comparison, the fidelity

Fi = F(Viat(7)p0, Viot(0) p0) (3.41)

assesses the similarity between the final state in the presence of dissipation and its counterpart in an
ideal, dissipation-free scenario. The fidelity F] quantifies the imperfection of the driving profile, ac-
counting for both errors from the perturbative expansion and those arising from system dissipation,
while the fidelity F; exclusively gauges the impact of system dissipation on the achieved state, indepen-
dent of the target state. Together, these fidelities offer a comprehensive perspective on the robustness

of system dissipations on the state preparation process.

While the prior discussion mainly focuses on system dissipation during the state preparation, similar
arguments can be extended to the dynamics when the mechanical oscillator starts from a thermal initial

state. In such a scenario, the fidelities /] and F; for a thermal intial state pg, can be expressed as

F :F(th(o)pth, ptar) ) (3.42)

F; :F(Vtot(0>pth7vtot(0)p0) .

Subsequent sections delve deeper into the impacts of experimental noises. Specifically, the analysis is
performed using control pulses deemed optimal for an ideal, noiseless system. Three example pairs
of parameter values for coupling strength and evolution time are considered, namely (wy,/26,167),
(wm/21,107) and (wy /16,57 ). For each of these sets, the maximum permissible driving strength is

consistently set to be F,.,x = 4wn, and the details of the optimized driving profiles for these sets can
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be found in Appendix B.1. To reduce truncation errors, when mechanical thermalization is considered
(i.e. in Sec. 3.5.1 and Sec. 3.5.3), the simulation is performed in a Hilbert space with up to 60 phonons,

while the maximum number of photons is kept at 60.

3.5.1 Thermal initial states

This section primarily focuses on scenarios with dissipationless, unitary dynamics, but with the me-

chanical oscillator initially a thermal state, denoted as

oo

ﬁn
P (M) Z o +“i — [n)n|, (3.43)
n=0

with 7, being the average phonon occupation number of the thermal state.

Figure 3.8 (a) presents the fidelities Fj of the final states, using thermal mechanical initial states py, (72
and the driving profiles in Appendix B.1. For a thermal phonon occupation of zero (i.e. Ny, = 0),
variations in the fidelities achieved by simulating the three optimized driving profiles arise from the
inherent limitations of the theoretical model, as discussed in Sec. 3.4. In particular, the parameter set
with the highest coupling strength (g9 = wy,/16) resides in a domain where a pronounced deviation
(specifically 1 — F; = 0.108) from the predictions of the perturbative approach is observed. While
the fidelity F; appears low, it remains to be determined if a strategy characterized by a short evolution
time and high coupling strength displays enhanced resilience against undesired experimental noises. In
these scenarios, target state preparations that are more resilient to system dissipations can be achieved
through refined optimal control methodologies, potentially by extending the perturbative solution to

higher orders.

When the mechanical initial state is not at its ground state, the fidelities of final states from all three
driving profiles decrease significantly, reaching F; < 0.9 when ny > 4. Although the probability
of observing a two-photon Fock state within the cavity exceeds that from a coherent state (with F' ~
0.520), generating two-photon pure states would require conditional measurements on the oscillator.
This again calls for in-depth analysis of higher-order terms in the perturbative solution. Consequently,

the current theoretical framework is most effective when the oscillator approaches its ground state,
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Figure 3.8: Plots of the fidelities (a) F7 and (b) F; against mean thermal phonon numbers 7, of initial
states for optimized driving profiles with parameters (go, Emax, t) equal to (i) (wm/26, 4wy, 167),
(ii) (wm/21, 4w, 107), and (iii) (wm/16, 4wm, 5T ), respectively. All fidelities remain higher than 0.9
when 7y, < 1 except for the case of (wy,/16, 4wy, 57) where the fidelity £} drops below 0.8. The
exception may arise from the higher order entanglement that is amplified by excitations in the
mechanical oscillator.

particularly when ng, < 1, where the state fidelity for the driving profile at ty = 167 remains above

F, =0.973 and for ¢t; = 107, it remains above F] > 0.932.

Figure 3.8 (b) illustrates the fidelities F; of the final states given the same three driving profiles as in
Fig. 3.8 (a). It can be observed that thermal excitations reduce the state fidelities stronger for faster
protocols. This stems from the requirement of shorter dynamics to either have increased coupling
strengths or driving strengths. Increasing either parameter results in larger coefficients for interaction
terms, such as H ég), in the perturbative solution given by Eq. (3.29). Any undesired interaction between
the cavity and the oscillator gets amplified by a pronounced phononic occupation, leading to reduced

final fidelities.

Lastly, the dynamics of the system for the quickest driving profile (i.e. when ¢; = 57") are numerically
simulated in a Hilbert space consisting a maximum number of 60 photons and 60 phonons. The results

can be compared with the data in Fig. 3.8 as a benchmark of the theoretical approximation in Eq. (3.38).
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Numerical simulation gives the fidelities with respect to the numerical result of final state in a closed
system, reading F; = 0.947,0.891, 0.778, when thermal occupation of the mechanical oscillator takes
the values ng, = 1,2, 5, respectively. The approximated fidelities presented in Fig. 3.8, on the other
hand, have the values F; = 0.949, 0.896, 0.792, which are always larger than the numerical results and
the difference between fidelities generated from the two methods increases as the thermal occupation of
the mechanical initial state increases. However, when the thermal occupation 7y, is low, the difference
between the two fidelities AF; ~ 0.002 is negligible within the accuracy considered in this work.
While the difference increases to AF; ~ 0.014 for a larger thermal occupation ng, = 5, the inaccuracy
is still insignificant compared to the infidelity 1 — #; > 0.2 due to system dissipation. Similar to
the fidelities F}, the fidelities F} with respect to the target state |2) are also compared between the two
methods. Numerical simulation shows the fidelities F; = 0.823,0.753, 0.625 and the approximation in
Eq. (3.38) gives F} = 0.785,0.716, 0.596 for thermal occupations iy, = 1, 2, 5 of the mechanical initial
state, respectively. In contrast to the fidelity F;, there is a consistent inaccuracy of the approximation
method, which can be mostly attributed to the error as studied in Sec. 3.4. It is, however, noteworthy
that this inaccuracy should have a minimal effect on the driving profile with the longest duration (i.e.
when t; = 167) because the Magnus expansion has been proven to be accurate within this regime
(refer to Sec. 3.3.1). In summary, I conclude that the approximation in Eq. (3.29), although not perfect,
is sufficient for the analysis of the impact of thermal initial states on the state preparation process,
especially for identification of the range of the thermal occupation when the given driving profiles

remain robust.

3.5.2 Optical loss

In this section, I explore the effect of single-photon leakage from the cavity at a rate s, which can be
modelled using the Lindbladian D; = D[/ka] (refer to Eq. (2.31)). This source of dissipation can be
particularly important not only because the theoretical model in Sec. 3.2 becomes less accurate when
the dissipation becomes strong, but also because the scheme requires detuned driving. When the dis-
sipation rate, or equivalently the cavity linewidth, becomes comparable to the detuning of the driving,

the distinction between the detuned driving and an on-resonance driving blurs, thus undermining the
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Figure 3.9: Plots of the fidelities (a) F} and (b) F} against relative optical decay rates 10x /wy, of the
lossy cavity for optimized driving profiles with parameters (go, Emax, tr) equal to (i)

(W /26, 4w, 167), (i) (wm/21, 4wy, 107), and (iii) (wy /16, 4w, 5T), respectively. The x-axis is
in log scale while the y-axis is in linear scale. The plots suggest that the fidelity drops dramatically
with the increase in optical decay rate when the decay rate exceeds 10~ %w,,, and that shorter
evolution time leads to a more resilient state.

entire proposed method. Given that an open cavity is imperative for injecting light, it is crucial to

delineate a domain wherein the driven dynamics closely mirrors that in the idealized framework.

Figure 3.9 displays the fidelities /] and F; in relation to the optical decay rate ~, expressed in the units of
10~ *wy,. Just like in Fig. 3.8, the fidelities /] remain below 1 even for vanishing decay rate (i.e. £ — 0).
However, unlike the scenario with initial thermal excitations, systems exhibiting stronger interactions
and faster protocols become more advantageous as optical decay intensifies. In particular, Fig. 3.9 (a)
indicates that although the driving profile with a shorter evolution time ¢ results in considerably lower
fidelity compared to the other profiles, the fidelity curves eventually intersect when optical dissipation
approaches k ~ 10 3wy,. This distinction from the case in Sec. 3.5.1 stems from the fact that the
degree of imperfection in the latter (i.e., the thermal occupation number 7iy,) is independent of the

evolution time ;.

Given the driving profiles in Fig. 3.9 (a), to achieve fidelities surpassing F; > 0.95, the optical decay
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rate should at most be on the order of 10~%w,,. However, as shown in Fig. 3.9 (b), if an improved
driving profile can be established for a shorter evolution time ¢; = 57 such that the two fidelities F;
and F] are nearly equivalent, the acceptable optical decay can extend to almost one order of magnitude
larger. While the best value achieved by current advancements [1] in the strong coupling regime is
still one order of magnitude away from the required value, given the consistent progress over recent

years, this desired regime could potentially be realized in future endeavors.

Lastly, similar to that in Sec. 3.5.1, the accuracy of the fidelities obtained from the theoretical approx-
imation in Eq. (3.38) is compared to a full numerical simulation for the shortest driving profile. The
fidelities F; with the closed-system final state from full numerical simulation read 1.000, 0.995, 0.934
for the cavity decay rates k/wy, = 107°,107%, 1073, respectively. These values are close to the fi-
delities obtained from theoretical approximations, which read 1.000, 0.995, 0.937, respectively. The
fidelities [ with the target state again differ between the numerical simulation and the theoretical ap-
proximation, with values F; = 0.917,0.908,0.827 and F; = 0.891,0.883, 0.803 for the cavity decay
rates k/wn = 107°,107% 1073, respectively. The consistent errors (around AF} ~ 0.25) between the
two set of fidelities F} under different cavity decay can be explained by the inaccuracy due to the Mag-
nus expansion under strong driving. As a conclusion, the theoretical approximation in Eq. (3.38) is a
sufficiently good approximation to recognize the range of cavity decay in which the proposed driving

profiles remain robust.

3.5.3 Mechanical thermalisation

Finally, systems with zero optical decay rates but with non-negligible mechanical decay rates v are
considered. The thermalization of the mechanical oscillator can be modelled with the Lindbladian in
either the standard master equation in Eq. (2.29) or the dressed-state master equation in Eq. (2.30),
depending on the strength of the optomechanical coupling. Although the coupling strength g, =
wm/26 may be sufficiently small such that the two master equations approximately equal, the strong
optical driving interacts with the dissipation process to generate sizable photon dissipation at a rate
o' \/ETgSV as discussed in Eq. (3.36). Therefore, the simulation in this section considers only the

dressed-state master equation.
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Figure 3.10: Plots of the fidelities (a) I} and (b) F} against relative mechanical decay rates 10*y /W
of the lossy cavity for optimized driving profiles with parameters (go, Fmax, tr) equal to (i)

(W /26, 4w, 16T, (i) (wm/21, 4wy, 107), and (iii) (wy /16, 4wy, 5T), respectively. Solid and
dashed curves represent cases when the thermal bath contains on average 7, = 1 (solid), 1, = 10
(dashed) phonons respectively. The x-axis is in log scale and the y-axis is in linear scale. The plots
suggest that the infidelity resulting from mechanical imperfection is negligible compared to that from
optical imperfection when the thermal phonon number 7, < 10, but becomes noticeable otherwise.

The fidelities ] and F; are plotted in Fig. 3.10 (a) and (b) as functions of the mechanical decay rate ~.
In addition, two different values of the mean thermal occupation number are considered, namely 7y, =
1,10 with thermal occupation number 7, (defined in Eq. (2.32)). The plot Fig. 3.10 (b) indicates that
faster protocols which require stronger optomechanical interactions are slightly favourable for higher
F; but the advantage is not significant when taking into the account the fact that faster protocols have
lower fidelity in the dissipation-less case. Based on the plot (a), given fixed thermal bath occupation,
the fidelity curves Fj for each driving profile do not intersect at any mechanical decay rates under

consideration.

When the thermal bath contains 10 or less phonons, the effect of mechanical thermalization is com-
pletely negligible as compared to effect of optical decay when, as observed experimentally [29], the

mechanical decay rate + is significantly smaller than the optical decay rate . Especially when n;, < 1,
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a fidelity F; > 0.95 can be achieved with v < 1073w,, which can be realized under several existing
experimental setups [29]. On the other hand, for systems that cannot maintain a low thermal phonon
number 7i;, < 10, the mechanical decay + is required to be at least smaller than 10~%w,), to reach a

fidelity of F; > 0.95.

3.6 Conclusions and outlook

In this chapter, I have developed the tools for Fock-state preparation that serves to overcome the low
success rates (less than 0.9 for two-photon Fock states [152]) of probabilistic protocols. Notably,
while the nonlinear interaction between the light field and the mechanical oscillator inherently fosters
growing entanglement between these systems, the driving patterns proposed in this chapter manage to
generate near-ideal unitary dynamics of the light field while simultaneously ensuring that the virtues

of the non-linear interactions are preserved for the realization of non-Gaussian states.

Beyond the discussed two-photon Fock and superposition states, the flexibility offered by pulse shaping
also opens doors to a broader spectrum of non-Gaussian light states, beyond the two-photon Fock state
and superposition states discussed here in more detail. This breadth of potential, when paired with
the high fidelity achieved even amidst optical loss and mechanical heating, underscores the practical
potential of our approach. It points towards the potential of deterministic state preparation in upcom-
ing generations of optomechanical experiments, especially as stronger coupling between optical and

mechanical components becomes possible.

While the driving protocols presented focus primarily on coherent optomechanical dynamics, the un-
derpinning framework has the potential for broadening to accommodate dissipative dynamics. Such
an extension could enrich our understanding by the optimization of the interplay of driving and envi-
ronment engineering [153—155] and to provide insights into the dynamics of coupling light external

to the cavity, as explored in studies like [40].



Chapter 4

Optomechanical nonclassical light in the

presence of cavity dissipation

This chapter encompasses research I jointly conducted with my colleague, Sofia Qvarfort, at Stockholm
University. The subjects discussed herein form the core content of a paper published in Physical

Review Research with the title “Fast optomechanical photon blockade” [156].

4.1 Introduction

The discussion in Sec. 2.3.2 has outlined the limitations of generating optical nonclassical states using a
simple driving field. To surpass the constraint of small driving strength while significantly minimizing
phonon excitations, an optimized driving pattern was put forth in the last chapter. Nonetheless, it
left the challenge of non-negligible system dissipation untouched. Consequently, the focus of this
chapter will be on enhancing non-Gaussian state generation using an optimized driving pattern in an

optomechanical system when a finite cavity linewidth is taken into account explicitly.

To illustrate the potential of optimal control in dissipative systems, this chapter focuses on improving
the photon blockade effect in optomechanical systems. There is substantial literature on the photon

blockade effect in optomechanical systems [43,145,146,157-163]. However, existing schemes achieve
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the photon blockade effect only in the steady state, where pumping of the cavity and photon decay out
of the cavity reach equilibrium. The time scale required for the preparation of a photon-blockaded
state is thus at least as long as the lifetime of a photon in the cavity. In particular, in devices with
a high-quality cavity, this poses a severe limitation to the repetition rate at which photon-blockaded

quantum states can be prepared.

In order to exploit the photon blockade on shorter time scales, I explore the use of a suitably shaped
bichromatic drive for the cavity. Rather than waiting for the occupation of two-photon states (or states
with more photons) to decay, as is typically the case in schemes based on monochromatic driving, the
dynamics resulting from bichromatic driving can lead to destructive interference of different ampli-
tudes of the two-photon state. This chapter demonstrates that optimized bichromatic driving profiles
can generate quantum states with an equal-time, second-order autocorrelation function value that is

three orders of magnitude smaller than that achievable with monochromatic driving.

Before embarking on the details of the proposed approach, it is worth briefly mentioning a similar
concept known as the unconventional photon blockade (UPB) [164—167]. In this process, additional
degrees of freedom couple with the nonlinear cavity, which modifies the cavity’s energy level struc-
ture. Consequently, the different pathways leading to two-photon occupation in the cavity interfere
destructively. Although the fundamental physical concepts align, the additional degrees of freedom
inevitably elevate the system’s total dissipation rate. Given the necessity of weak driving amplitudes
in UPB schemes, this increased dissipation rate typically results in lower single-photon population at
steady states, which is an unnecessary compromise in this chapter’s context. Moreover, existing lit-
erature primarily emphasizes UPB’s potential for enhancing the quality of photon blockade at steady
states, while this work underscores the efficacy of optimal control in the short-time regime. Finally, no
known theory precludes the combined use of UPB and the approach proposed in this chapter, thereby

potentially leveraging the benefits of both approaches as necessary.

The layout of this chapter is as follows. Section 4.2 introduces the model and presents the perturbative
solution to the system dynamics in the short-time regime. Following that, numerical results are pro-
vided in Sec. 4.3. Throughout this section, the main focus is on the benefits and adaptability offered

by the bichromatic driving. Several numerical examples are given to showcase possible improvements



90 Chapter 4. Optomechanical nonclassical light in the presence of cavity dissipation

in various aspects. In particular, the autocorrelation function when a monochromatic driving function
is adopted is examined in Sec. 4.3.1, where it is shown that the monochromatic driving is insufficient
for strong photon blockade at time scales shorter than the dissipation time scale. In Sec. 4.3.2, a com-
parison is made between monochromatic and bichromatic driving, demonstrating that a significantly
stronger photon blockade can be achieved in the same timeframe with bichromatic driving. Crucially,
in Sec. 4.3.3 and Sec. 4.3.4, it is shown that it is possible to increase the duration in which the autocor-
relation function stays around its minimum value, as well as increasing the single-photon occupation
at the cost of weaker photon blockade. Finally, Sec. 4.4 discusses the limits of the theory methods,

pointing out areas that need further research and refinement.

4.2 Model and theory

4.2.1 Perturbative solution to the system dynamics

This chapter models an optomechanical system as depicted in Fig. 4.1. The model adopted in this
chapter describes the optomechanical system through the Hamiltonian'

Hoy =wea'a + wyb'b — goa'a (b + b)
“4.1)

Hy =€ (t)a +&(t)a’
with Hoy the bare optomechanical Hamiltonian and /4 the driving Hamiltonian. The scalar driv-
ing function £(¢) in the driving Hamiltonian Hy is flexible and can be chosen accordingly. Further-
more, the optomechanical system engages in dissipative coupling with the environment. There has
been impressive progress in the reduction of mechanical dissipation in many optomechanical experi-
ments [168—171], but the necessity to open the cavity to inject light implies a finite rate of photon loss
from the cavity. The following discussion thus takes into account optical loss but neglects mechanical

dissipation. The effects of mechanical dissipation are explored in Sec. 4.4.2.

The master equation for any state p undergoing optical loss at a rate « can be derived from Eq. (2.29)

The same equations as in Eq. (2.6) and Eq. (2.7), and in Sec. 3.2.
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Figure 4.1: A schematic of the optomechanical system under consideration in this Chapter. The
optomechanical cavity is driven by two coherent light sources with different temporal dependence.
The optical dissipation (with rate ) is explicitly included in the design of the driving, while the
mechanical dissipation is neglected.

as follows:

with the Lindblad operator D as defined in Eq. (2.28). This equation serves as the initial step to resolve

the time dependence of the photon statistics in optomechanical systems.

While it is possible to infer steady-state properties without solving the system dynamics, the objectives
of this section necessitate an explicit solution to the system’s equations of motion. Even though the
dynamics of some system observables can be constructed in the presence of dissipation [172, 173],
for the driven-dissipative system of interest in this discussion, this approach is not applicable. Con-
sequently, it is necessary to construct these quantities through a perturbative approach. Perturbative
solutions can then enable the identification of realizing photon-blockaded states as quickly as possible,

which is the goal of this chapter.

To solve the dynamics, it is convenient to work in terms of the ladder superoperators defined by

ap=ap, agp=pa, bp=bp,  brp=pb, (4.3)

for any system state p. In this way, the master equation in Eq. (4.2) can be expressed as

p — (ﬁfree + £int _'_ Ldriv + E_]ump + L:decay) p I (4'4)
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with
Liree = —1 <wc(a£aL — aLaR) + wm(bibL — bl];bR)> ,

Line = —1igo (a{aL(bL + b]T_) — a}T{aR(bR + b£)> ,
Law = =i (€' (D + E(Wa], — €' (B)ak ~ E(D)ar) . (4.5)
Liump = KaLAR ,
Liecay = —g ( {aL + a}zaR> .
The superoperators Leee, Line, and Ly, respectively represent the free evolution, the optomechanical
interaction, and the driving of the system. The superoperator L, denotes a quantum jump of the

current state to a lower-lying state with one less photon, while the superoperator L.,y represents an

exponential decay in the optical field amplitude [174, 175].

To solve the master equation in Eq. (4.4), it is useful to note that the generators can be divided into
a photon-number-conserving term £y = Lgee + Lint + Ladecay, and a term £y = Lgiy + Ljump Which
captures processes in which the photon number is not conserved. In the interaction picture, the time-

evolution of the system can then be described by the following equation:

p(t) = So(t)S1(t)po , (4.6)

with the propagator Sy describing the dynamics accounting for the dynamics induced by the photon-
conserving term L, the propagator S; describing the photon-varying processes induced by the photon-

varying term £, in the frame defined by Sy, and p, being the initial state of the system.

The dynamics governed by the photon-conserving term £, can be determined exactly by solving the

following differential equation:

d
ESQ(Z?)/)Q = Loso(ﬂpo s (47)

for any initial state p, of the system. The full analytic expression of the propagator S, can be deduced

from the exact solution to the closed system presented in Eq. (2.15), and reads as follows

So(t) = Se(t)Sp(t)Si()Sk (1) (4.8)
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with propagators

— W, aLaL — aEaR)t> exp (—iwm(bIbL — blgbR)t) ,

/<a
) =exp < B (alap + aRaR)t> ,

4.9)
= (fl (JLLOLLbT alzaRbR) — h.c.) ,
Se(t) =ex (i) ({aon)? = (ahan?) )
and real, time-dependent functions
filt) = (e — 1),
N (4.10)
folt) = (i—o) (Wl — sin(wnt)) -

The remainder of the dynamics must be solved perturbatively. The generator L, of the rest of the

system dynamics in the frame defined by & is given by the equation

L1(t) =S5 (1) L1(1)So(t) = —i(E* AL — EAr + EAT — & AL) + K ALAR | (4.11)

in which

o —(k)2+iw)t if2(2alaL—1) 16— frb
AL =ay e~ (®/2Fiwe)t gif2(2aia1—1) o fibl b

AI _aLe(fi/Z—‘rzwc)t —zfg(QaLaL—H) fbe—flbI ’

4.12)
Ag :aRe(—n/2+iwc)t€—if2(Qa;aR—nefl*b;—fle

9

Asz :all;e(n/2—iwc)teifg(QalEaR—&-l)efle—fl*b;;

are the creation and annihilation superoperators in the frame defined by the superoperator Sy. The
propagator S; induced by the generator £, can be constructed perturbatively in the driving strength
|§ (t) | and the optical decay ~ using the Dyson expansion (refer to Sec. 2.2.1), which read as §; =
Y reo St . The zeroth order term S ( ) = 1 is the identity map, and the k-th order term S{k) (t) (for

k > 0) is given by
k
S7(t) = / [1£:t) ) dt® (4.13)
()T

j=1
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where t(*) = (t,...,t;) is the vector of time-ordered time variables t; > ... > ¢, and T is the

k-simplex domain ¢ > t; > ... > t; > 0.

Due to the time dependence of the propagator Sy, it is generally not possible to evaluate the integrals
in Eq. (4.13) analytically. However, to optimize the driving parameters for maximizing the strength of
the photon blockade, it is sufficient to evaluate the occupation probabilities p; and p, (see discussion
in Eq. (2.39)). These probabilities correspond to specific entries in the density matrix, which can be
constructed without the need for explicit integration of the time-dependent superoperator L, but rather
through an integral of scalar functions. By employing established computational methods, the integral
of this scalar function can be systematically evaluated, facilitating the determination of optimal driving

parameters.

4.2.2 Dynamics of the autocorrelation function

Given the results in Eq. (4.8) and Eq. (4.13), the final state p; can thus be written as

wzzL
k=0

k

. Se(t)Sp(H)Si(t)Sk(t) [ £1(t;)po | dt® . (4.14)
€T jatey

This expression establishes a fundamental framework for understanding the system’s evolution, and

provides the means for solving the time dependence of the photon occupations, p; and p-.

To proceed, it is helpful to represent the system states as a linear combination in the following form

N
pP= Z [nL s Xnrs|, @ | B (6) X e ()] - (4.15)

In each component, the optical part |ng )(ng|, is represented in the Fock basis with photons numbers
nyr, and the mechanical part { Bu(t) >< Br(t) ’m is represented via time-dependent coherent states with
displacements (i r. This approach significantly simplifies the analysis, as the final state, p, can always
be expressed in terms of Eq. (4.15) with NV being a finite number, whenever the infinite series in

Eq. (4.14) is truncated to a finite number of terms.



4.2. Model and theory 95

To corroborate the statement, it suffices to write down the transformation of an arbitrary component
)R, @ |BL(t) )X Br(t) ‘m when acted on by each component of the propagators Sy and S as de-
fined in Eq. (4.12) and Eq. (4.9). The transformations (omitting the time-dependence for brevity) are

presented in the following equations:

A [nuXngr|, @ [BUBrl, = gu e — 1Xng|, @ |8 + fi)Brly
Ag [nL)nr], @ [BLBR|n = gr [nL)nr — 1], @ [BLXBr + fil,

Sp \nL><nR|C X ‘ﬁL><6R|m — e*iwc(nL*nR)t ‘nL><nR‘C ® ’efiwmtﬁ><67iwmt5

Y
m

Sp [nL)(ngl, @ [BLYBrl, = € Y2 0y Yng|, @ (BBl
StInL)nr |, @ |BLYBrly = €™ UTPIRem IR 1y Mg | @ [BL + finu)(Br + finly

Sk Inu)ngl, ® [BLYBRI, = €208 g Yng |, @ |BLY By -

(4.16)
where f; and f5 are defined in Eq. (4.10) and
g = \/n—Le—(n/Q—l-iwc)teifQ(2nL—1)€(f15f—ffﬂL)/2 ’
(4.17)

Gr = /Apel 2Bt i f22n) (T B FiBR)/2

From Eq. (4.16), it can be deduced that the superoperators appeared in Eq. (4.14) map any finite linear
combinations of the components |ny)Xng |, ® |5 (t) X Br(t) |m to another finite linear combination of
similar components, albeit with potentially altered values of n g and S r. As a result, given that the

initial state is a special case when nyr = BLr = 0, the proof is thus complete.

An important consequence of the representation in Eq. (4.15) is that it allows for a direct extraction of
occupation probabilities, p; and ps, from finitely many components withn;, = ng = landny = ng =
2, respectively. In the regime of weak driving where the inequality |£ |2 < w2 is satisfied, the leading
order contribution to the single-photon occupation p; () appears in the second order (i.e. £ = 2) of

the perturbative series in Eq. (4.14) and reads

2
fee <+7t1 - t2) exp <_£_(2) +

m

pi(t) = 2Re / g

t(2eT

(ty +t2 — 2t)> RO E@)dt® | | (4.18)
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0B GOy ao @y | ey @2 @s)
(1,2) — ¥ [+ |+ - |+
(1.3) [ - [+ [ - [+ [+
(1,4) [+ | - | - [ ¥ | +
23 [+ [+ - -1 -1-
29 [+ [ -1+ - -1-
69 | - [+ 1+ -1 -1-

Table 4.1: The values of the sign variables sglkj) in Eq. (4.21).

where
2

W (®) = exp (ii—o(% - t1)) C(t1)¢ (t2)

m

) (4.19)
fee(£,1) = exp (ii;n exp(@wmt)>

and Re(-) denotes the real part of the expression, ((t) = £(t) exp(iw.t) denotes the driving function
in the frame rotating at the cavity resonance frequency, and the vector t) = (¢, t,,t3,t4) of time-
ordered variables and the domain T are defined in Eq. (4.13). The leading order contribution to two-
photon occupation p»(t) at time ¢ appears in the fourth order (i.e. £ = 4) of the series in Eq. (4.14)

and can be written as

m

3
2
pg(t) = 4Re/( ) Texp (—% + 2(t1 + 1y + i3+ 14 — 4t ) Zh] t(4) dt(4) (4.20)
4)¢ =
with the time-dependent functions h;(t, t*)) defined as

hi(8®) =h(t™, 1)¢" (41 (t2)¢ (t3)C (L)
ha(E®) =h(t™,2)¢* (81)C (£2)C" (£3)¢ (t) (4.21)
ha(t™®) =h(t™,3)C(t1)¢* (t2)C* ()¢ (t)

and
ne® 0= T[ t; —ti)) exp [ — 90 (10 @D (15— 1) 4.22
ee ]k 5 ]k k P Zw Sjk; S k J k ) ( . )
1<j<k<4 m

and the expressions sgi}fl) are either positive or minus sign as defined in Table 4.1.
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The analytical results of the photon populations, p; and p,, provide a practical method for identifying

the value of the autocorrelation?

(p1(t) + 2p2(1))?

g2(t) = (4.23)

This, in turn, reveals the explicit dependence of the photon blockade on the driving parameters.

While it is already possible to perform numerical optimization of the driving parameters to maximize
the strength of photon blockade, an additional step to enhance numerical efficiency is possible through
approximating the double exponential function f.. in the integrand using an analytically integrable
form. By adopting this approach, the inherent inefficiencies often associated with numerical integra-
tion of multiple integrals can be effectively circumvented. Because in a photon blockade scheme that
relies on the unequal spacing between distinct energy levels, the optomechanical coupling g is re-
quired to be sufficiently smaller than the mechanical frequency w,, (see discussion in Sec. 2.3.2 for
more details), it is therefore guaranteed that the inequality g /wi < 1 is satisfied. Therefore, one can

expand the double exponential to first order as

2 4
Frol,t) =1+ (ij—g exp(iwmt)) +0 (9—0) , (4.24)

m

leading to a manageable formula for the autocorrelation §®. While the resultant formula is exces-
sively complex for inclusion within the main body of the text, it is available online for further exami-

nation [176].

4.3 Numerical results

The goal ahead is to identify driving patterns that make the system evolve towards a state with a
minimal value of the autocorrelation ¢(® at a desired point in time. This is achieved using the analytic
dependence of the approximate autocorrelation function §®) on the driving profile £(¢) derived in

Sec.4.2.2.

2Same definition as in Eq. (2.39).
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Since most of the earlier works focused on monochromatic driving

€1(1) = Bemilstdt (4.25)

with driving strength £’ and detuning A from the cavity resonance frequency, this situation is relevant

for comparison. The main focus of the subsequent discussion, however, is on the bichromatic driving

52 (t) — Elefi(WcJFAl)t + E2€i¢€*i(wc+A2)t (426)

Y

with two driving amplitudes £}, corresponding detunings A;, and a phase difference 1) between the

two driving components.

The construction of the optimized driving patterns is based on the system ground state py = |0)(0], ®
|0)X0]_, as the initial state. Even though the approximate autocorrelation function §? is given as an
analytic function of all system parameters including the Fourier components of the driving profile &,
the actual optimization of the drive cannot be performed analytically. In all the subsequent examples,

numerical optimization is performed with Mathematica [177].

The validity of all results obtained based on perturbative treatments is verified through comparison
with numerically exact solutions. Numerical simulations are performed with Qutip [148, 149] in a

Hilbert space truncated to include up to 6 photons and 15 phonons.

Since the explicit shape of the driving patterns identified as optimal is not necessarily insightful on its
own, it is not specified directly in the subsequent discussion. For completeness, however, the optimized

numerical values of the parameters in the driving functions &; and & can be found in Appendix B.2.

4.3.1 Monochromatic driving

For comparison with the results obtained with bichromatic driving discussed below in Sec. 4.3.2, this
section is focused on the photon-blockaded states that can be realized with monochromatic driving. In
particular, it can be found that, within the perturbative regime ((go/wm)*, (E/wn)? < 1), monochro-

matic driving in Eq. (4.25) is insufficient for strong photon blockade in the time limit ¢ < 1/k.
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Figure 4.3 plots the values of the autocorrelation function g(?) (top) from the full numerical simulation
as a function of the target time ¢,,. For each data point, the drive detuning A is optimized to minimize
the approximate autocorrelation function §®(,,) at the target time t,,. In addition, a range of cou-
pling strength (go = 0.3wp, ..., 0.6wy,) are also considered while other parameters are kept constant

(E, k) = (wn/200,wy/50).

- n=2m=20
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11020 = we — — Tb,0-1,0
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2
90
TO,O%LO =We — —
m=3 W
m=2—— —
mzli PR
Wm L n=0m=0

Figure 4.2: A replicate of the optomechanical energy-level diagram in Fig. 2.2.

The strength of photon blockade depends on the optomechanical coupling strength go. This can be
confirmed by the data points corresponding to different coupling strength g, for each fixed target time
top in Fig. 4.3. The minimized values of the autocorrelation function decrease as the coupling strength
go increases until it reaches the value gy = 0.5wy,. The primary factor contributing to the increase
in the autocorrelation is the proportionality of the difference between the transitions in the unevenly
spaced energy spectrum (as depicted in Fig. 4.2 and discussed in Sec. 2.3.2) to the square of the
coupling strength, which is formally expressed as T}, sni1.m < go (refer to Eq. (2.12)). As the
coupling strength increases further (e.g. go > 0.6wy,, starred points in Fig. 4.3), the energy required to
pump a single photon into the cavity is eventually approached by the energy required to pump a second
photon and an extra phonon into the cavity (i.e. 77021 = 10,0-1,0), and thus the photon blockade
effect vanishes [43]. This can be confirmed by the increase in the autocorrelation function for larger
coupling strength (go > 0.5wy,). The increase in the autocorrelation for larger coupling strength is
also consistent with the fact that the assumption of small coupling strength (i.e. (go/wm)* < 1) in

Eq. (4.24) is violated close to the value gy = 0.5wp,, but the errors only contribute to a small portion
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Figure 4.3: The value of the autocorrelation function ¢? as a function of the target time Lop in terms
of mechanical periods (T = 27 /wy,) when the approximate autocorrelation function §® (,,) is
minimized with respect to the drive detuning A at the considered time ¢,,. Different values of the
optomechanical coupling strength gy = 0.3wy, (cross), go = 0.4wy, (circle), and go = 0.5wy, (triangle)
and go = 0.6w,, (star) are considered. The driving strength is £ = wy,/200 and the cavity decay rate
is K = 0.02wy,. The minimized autocorrelation function decreases when either the driving strength
or the evolution time increases, but strong photon blockade (¢ ~ 10~*) cannot be observed within
the range of parameters considered.

of the increase.’

Furthermore, Fig. 4.3 also shows that monochromatic driving is insufficient for strong photon blockade
for any target time within the first 15 mechanical periods. A close examination of the data points
corresponding to different target time ¢,,, for each fixed coupling strength g, reveals that the minimized
values of the autocorrelation function ¢ (top) decrease monotonically as the target time ¢, increases.
Despite this decrease, the best value (~ 1072) of the autocorrelation function that can be obtained
within the first 15 mechanical periods (7' = 27 /wy,) is still far from the value (9(2) < 107*) that can

be achieved using a bichromatic drive scheme.

3The error of the theoretical values relative to the numerical values increases from 1.4% to 5.1% as the target time £,
increases from 37" to 157". However, the relative difference between the autocorrelation for coupling strength with values
go = 0.5 and g9 = 0.6 ranges from 11% to 32% which are one order of magnitude larger than the relative difference
between analytical results and numerical results.
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4.3.2 Bichromatic driving

It is possible to induce a stronger fast photon blockade given an optimized bichromatic drive. To
compare a bichromatic drive with a monochromatic drive, the time-evolution of the equal-time au-
tocorrelation function ¢® (t) is plotted in Fig. 4.4 as a function of time t. Figure 4.4(a) shows the
autocorrelation ¢(® for the bichromatic drive, while Fig. 4.4(b) shows the autocorrelation ¢ for a
monochromatic drive. In addition to the autocorrelation ¢(®, the single- and two-photon occupation
numbers p; and p, are plotted to demonstrate the difference in the time evolution of the optical subsys-
tem between the two cases. The cavity decay rate is set to £ = wy,/50, as in Sec. 4.3.1. The coupling
strength is fixed to gy = 0.3wy,, which is less than the optimal value (gy ~ 0.5wy,) in Fig. 4.3.* The
driving strength for each component is kept constant as Fy = Ey = wy,/200. In both plots, the detun-
ings take the optimized values A = —0.040wy,, A1 = —0.019w,, and Ay = —0.028w,, and the relative
phase of the bichromatic drive takes the optimized value ) = 2.8 so that the approximate autocorrela-
tion §? reaches its minimum around top = 5T'. This target time was chosen because it is close to the
minimal time required to achieve the autocorrelation value ¢®(t,,) < 107*. The optimized values

can be found in Appendix B.2.

From Fig. 4.4, it can be seen that much lower values of the autocorrelation ¢(® can be achieved with the
bichromatic drive. The evolution plotted in Fig. 4.4(a) shows a second-order autocorrelation of value
g (5T) ~ 5.8 x 107 at the end of the fifth mechanical period, which is three orders of magnitude
smaller than the best possible value for a monochromatic driving (see Sec. 4.3.1) g (5T") ~ 8.9x 1072
shown in Fig. 4.4(b). The significant enhancement in the strength of the photon blockade effect demon-
strates the benefit of adopting an optimized bichromatic driving. Furthermore, it can be observed that
the single-photon occupation p; also increases monotonically in both subplots but the two-photon oc-
cupation only shows a rapid decrease near the 5-th mechanical period when a bichromatic driving
is adopted. This supports the argument in Sec. 4.1 that the entry of the second drive induces strong
destructive interference only between different transition paths to the two-photon Fock state without
affecting the single-photon occupation. It is also worth noticing that the low autocorrelation value

g® (5T) ~ 5.8 x 107° is achieved given a coupling strength g, weaker than the optimal value indi-

“This is to ensure that the assumption of small coupling strength (i.e. (go/wm)* < 1) is satisfied with an error less
than 0.01.
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Figure 4.4: Single-photon occupation p; (dashed), two-photon occupation p, (dotted) and
autocorrelation function ¢(® (solid) as functions of time for parameters that minimize the
autocorrelation function at the 5-th mechanical period when the parameters have the values

E = wy /200, go = 0.3wn, £ = 0.02w,,, and the drive detuning and phases are optimized. Subplot
(a) corresponds to the dynamics when the driving is bichromatic and strong photon blockade

(g® ~ 10™*) can be observed at 5T". Subplot (b) corresponds to the dynamics when the driving is
monochromatic and the lowest value of the autocorrelation function only reaches 107,

cated by Fig. 4.3, which suggests a further advantage of adopting a bichromatic driving.

It can also be noticed that in Fig. 4.4, the single-photon populations p; for the two subplots are different.
However, the comparison of the intracavity photon numbers is not insightful. This is because the com-
pound driving strength ]52 (t) ‘ (refer to Eq. (4.26)) of a bichromatic drive is dynamic in contrast to the
time-independent driving strength |§1 (t)! = I of a monochromatic drive. Therefore, the compound
driving strength ‘52 (t) ‘ of a bichromatic drive can be much weaker than that of a monochromatic drive
even if the driving strengths of the components are equal (i.e. £y = E5 = E). On the other hand,
the autocorrelation ¢(®) does not suffer from the same problem. As long as the driving strengths for
the two driving components are equal and weak (i.e. £} = Fy < wy,), the value of the approximate
autocorrelation function §® to leading order becomes independent of the driving strength. Therefore,
the value of the exact autocorrelation function ¢(® is independent of the driving strength given the

validity of the perturbative method. Further discussion of this point can be found in Sec. 4.4.3.

Although the driving function is the only degree of freedom to be optimized, other system parameters



4.3. Numerical results 103

5| e 5T
10 10T « ° 2 2
®
S o
510734
©
GtJ °
S, ®
o -4 |
10—5_

0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1.0
cavity decay k/wm x107*

Figure 4.5: The minimal value of autocorrelation function against the relative cavity decay rate x/wy,
when t,, = 57 (circle) and t,, = 107" (cross). The driving strength is £ = wy,/200 and
optomechanical coupling rate is gy = 0.3wy,. The minimal values of the autocorrelation function
increase as the cavity decay increases, but do not have a monotonic dependence on the evolution time.

also need to be kept within a suitable range for the strong photon blockade to occur. Especially, the
cavity decay rate has a strong influence on ¢(?. To explore the behaviour of the ¢(®-function as the
cavity decay r increases, the minimized values of the autocorrelation function ¢(?) (top) are plotted in
Fig. 4.5. Two different evolution times are considered, namely ¢, = 57" (blue circles) and ¢,, = 107
(orange crosses). The optomechanical coupling is kept at gy = 0.3wy, and the driving is £; = Ey =
wm/200 as before. For each point, A, A, and 1) have been optimized such that g(2) reaches its lowest

value.

From studying Fig. 4.5, it is clear that the minimal value of the autocorrelation function ¢(? stays below
10~* as long as the cavity linewidth remains below s ~ 0.03w,,. However, as x becomes comparable
to the optomechanical coupling gg, the unequal spacings between different energy levels, as depicted
in Fig. 4.2 are no longer distinguishable by the cavity, and thus the photon blockade effect eventually

vanishes for large «.

It is also noticeable from Fig. 4.5 that a longer evolution time does not necessarily lead to a lower min-
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imal ¢®. This is in sharp contrast with the monochromatic case, as seen in Fig. 4.4. Such a feature
can be explained by the fact that the occurrence of the minimum of ¢‘*) depends on the destructive in-
terference between the two driving fields and it is not guaranteed that a longer evolution time enhances

the destructive interference between the two driving tones.

While it is generally important to minimize the autocorrelation function, there are other aspects that

can be further improved. They are explored in the following sections.

4.3.3 Extending the lifetime of photon blockade driving

The results presented in the previous section show the desired low values of the autocorrelation func-
tion ¢(®, which indicate strong photon blockade. Besides strong photon blockade, it is also helpful to
extend the duration for which the photon-blockaded state can be accessed or equivalently, the duration
in which the autocorrelation function stays at its minimum value. In this section, it is shown that the
maximization of this duration can be achieved at the same time when the strength of photon blockade

is maximized.

A broader minimum of the autocorrelation can be achieved by minimizing the following target function

d d?
=(1 — +ws— | §P(t, 4.27
M ( +wddt+wsdt2)g (top) (4.27)

with scalar weights wy and ws. The minimization of the first-order derivative then guarantees that
the local minimum of the autocorrelation function is located in the vicinity of the given time ¢,,. A
minimal second-order derivative then assures that the vanishing first-order derivative stays at a low

value around the given time .

Figure 4.6 demonstrates that this choice of target function produces the desired result. A bichromatic
driving is optimized for a flat minimum with fixed weights wyg = 1 and w; = 10 and the other system
parameters are chosen to be (Ey, Es, go, K, top) = (wm/200, wm/200, 3wy /10, wy/50,57) in accor-
dance with Fig. 4.4. The weight w for the second-order derivative is chosen to be larger in order to

prioritize the maximization of the width of the minimum. As can be noted from Fig. 4.6, the optimized
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Figure 4.6: Single-photon occupation p; (dashed), two-photon occupation p, (dotted) and
autocorrelation function ¢(® (solid) as functions of time for parameters that minimize the target
function Eq. (4.27) at 5-th mechanical period when the parameters have the values F = wy, /200,
go = 0.3wn and k = 0.02wy,. The autocorrelation function stays around its minimum for
approximately 0.2 mechanical periods.

driving in Fig. 4.6 makes the autocorrelation stay within +5% of its value at the target time t,, = 57°
for 0.38 mechanical periods as compared to 1.1 x 10~2 mechanical periods in Fig. 4.4. The improve-
ment is more than one order of magnitude, which suggests that the target function 7; in Eq. (4.27)

correctly predicts the desired driving function that widens the minimum.

There are however drawbacks to the optimization for broader minima. As a trade-off, the value of the
autocorrelation function ¢(® (57) = 1.2 x 10~ is slightly higher as compared to the result in Fig. 4.4
(g®(5T) ~ 5.8 x 10~°). However, this still suggests strong photon blockade (i.e. g» ~ 10~%). The
trade-off also indicates that the increase in the length of time in which the autocorrelation function stays
around its minimum is not unlimited, but rather depends on the threshold value of the autocorrelation

function for strong photon blockade.
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4.3.4 Optimization for higher single-photon occupation

While it is important to maximize the strength of the photon blockade effect by minimizing the §(*
function, maximizing the single-photon population p; at the same time is also important if a single-

photon source is targeted. This can be done by minimizing the following target function

d d? w
= (1 o we— )@ (t,) + —— 4.2
Mo ( +wddt + W, dtQ)g (top) +p1(top) , (4.28)

with scalar weight w;. The target function 7, in Eq. (4.28) is the target function 7, in Eq. (4.27) plus
a second term that maximizes the single-photon population. Although the multi-photon populations
are automatically minimized whenever the single-photon population approaches unity, this is not the
case in the perturbative regime of weak driving. Therefore, the autocorrelation function still requires
minimization at the same time when the single-photon population is maximized. The target function
1o also assumes that the single-photon population only varies slowly over the interval in which the
autocorrelation function stays near its minimum. This assumption is justified by the weak driving

strength.

For better comparison with the results presented in Sec. 4.3.3, it is helpful to assume the system pa-
rameters (K, go,top) = (wm/50,3wm/10,57") and the weights (wg, ws) = (1,10). The weight w;
for the term that is inversely proportional to the single-photon population p, is taken to be the value
w; = E?/10 which is proportional to the square strength so that the term becomes unitless to leading
order. By minimizing the target function 7, with respect to the driving strengths (£, £5), the detun-
ings (A1, Ay) and the phase v, the single-photon occupation at fifth mechanical period increases to
p1(5T) =~ 9.4 x 1073 as compared to the value p;(57) ~ 6.6 x 1072 in Fig. 4.6. As a trade-off,
the value of the autocorrelation function ¢'® (5T) also increases from 1.2 x 107 to 1.6 x 10~ but
both values are of the same order of magnitude which suggests strong photon blockade. Similarly, the
length of time at which the autocorrelation function stays within +5% of the latter value only slightly
reduces to 0.37 mechanical periods from 0.38 mechanical periods. Within this interval, the change
in the single-photon population is also less than 5% of its value at the fifth mechanical period, which

supports the slow-varying assumption discussed earlier in the section.
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The photon population in the cavity is ultimately bounded by the maximal pumping power, and thus
the single-photon population can be further enhanced by increasing the driving strength in addition to
minimizing the target function Eq. (4.28). For example, with the optimized driving parameters, the
single-photon occupation can be enhanced to exceed the vacuum occupation (i.e. p; > 0.5) if the
pumping power is increased by 10-times. However, such modification can lead to a decrease in the

accuracy of the perturbative model as is discussed in Sec. 4.4.3.

4.4 Discussion

In this section, I discuss the assumptions made when deriving the main result. For example, the
interaction between the mechanical oscillator and the environment can be non-negligible and the per-
turbative assumptions in the theory fail when the system is driven too strongly. These differences are
quantified by numerically computing the autocorrelation function and comparing it with the analytic
approximate function §(t) in Eq. (4.23). For consistency and unless otherwise specified, this sec-
tion adopts the system parameters (E1, Es, go, K, top) = (wm/200, wy /200, 3w /10, wy/50,57") and
the driving parameters as used in Fig. 4.6 for which the autocorrelation function reaches the value
g®(5T) ~ 1.2 x 10~* at the end of the fifth mechanical period and stays within 5% of this value for
0.38 mechanical periods. All numerical simulations in Sec. 4.4 are also performed in a larger Hilbert
space including up to 10 photons and 25 phonons so that the increasing excitation due to errors can be

accurately calculated.

4.4.1 Thermal initial state

Thus far, the mechanical initial state has been assumed to be the ground state. However, undesired
thermal excitations in the mechanical oscillator are common in many experiments. It is therefore

helpful to study a thermal initial state of the mechanical oscillator, which reads

1 i \"
p= e S () il 4.29)
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with 7, being the average phonon number initially in the mechanical mode. Therefore, in this section,
the error of the theoretical model is analyzed when the mechanical initial state is cooled to a near-

ground state instead of a perfect ground state.

Through numerical simulation, it can be concluded that when the initial state is cooled to a near-ground
state with the phonon number below the threshold 7, < 0.1, the value of the autocorrelation function
at the end of the fifth mechanical period remains at a low value ¢'® (5T) < 1.3 x 10~*. However,
for thermal states with higher phonon population 7, = 10, the autocorrelation function ¢ (57")
increases by an order of magnitude to 3.7 x 10~% which suggests a significant decrease in the strength
of the photon blockade. This decrease can be explained by the larger uncertainty in the position of
the oscillator due to the nature of the thermal state. When this uncertainty becomes comparable to
the displacement of the oscillator induced by the optical field, there is a non-vanishing probability for

another photon to enter the cavity and thus the strength of the photon blockade effect is diminished.

Although it is not a trivial task to perform a near-ground-state cooling, there are extensive research

works [47,178-180] on this topic with less-than-unity average phonon number 7.

4.4.2 Mechanical dissipation

In Sec. 4.3, I assumed that the interactions between the mechanical oscillator and the environment are
negligible. In any realistic setting, however, mechanical noise is likely to play an important role. Here,
I examine the impact of thermal noise and dissipation on our results. For optomechanical systems with
coupling strength gy comparable to the mechanical frequency wy,, mechanical dissipation at a rate y in
an environment with mean thermal occupation 7, can be modelled by the Lindblad master equation
4
p=—ilHom+ Ha,p| + > Djp (4.30)
j=1

in Eq. (2.30).

To determine the effect of mechanical noise on the photon blockade, I plot the autocorrelation function

¢® (5T numerically for finite mechanical loss rate y for different values of the environmental thermal
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Figure 4.7: The autocorrelation function ¢(® as a function of the relative mechanical decay rate

7 /wn for average phonon number in the heat bath being 7, = 0 (cross), i, = 0.1 (circle), i, = 1
(triangle), and 7, = 10 (square). The dashed line specifies the value of the autocorrelation function
that is 10% larger than the value without the mechanical loss (i.e. v = 0). The assumptions of
vanishing mechanical decay rate v < wy, and environmental phonon occupation 7, ~ 0 are required
in order to achieve strong photon blockade.

populations (i.e. n, = 0,0.1,1,10). Figure 4.7 shows the change in the autocorrelation function at
the end of the fifth mechanical period as a function of the mechanical decay v/wy, in units rescaled
by the mechanical frequency. The values of v range from the negligible value v = 2 x 10wy, to

v = 2 x 10~%w,, which equals to the optical decay &.

From Fig. 4.7, I see that a higher dissipation rate + leads to higher values of autocorrelation ¢(*, which
implies a weaker photon blockade. In a zero-temperature environment (i.e. 1, = 0, indicated by the
crosses), the autocorrelation function appears robust to noise (i.e., it stays at the same order of magni-
tude ¢® ~ 10~*) even when y becomes comparable to the cavity decay x = 2x 10~ 2wy,. This suggests
that, in the zero-temperature environment, the standard of negligible mechanical decay can be met by
a variety of experimental setups [29, 171,181, 182]. On the other hand, for environmental thermal oc-
cupation larger than the value 7, = 1, an extremely low mechanical decay rate v ~ 105wy, is required

for the autocorrelation function to deviate by less than 10% from its original value. Furthermore, the
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autocorrelation function increases by more than one order of magnitude when the mechanical decay
rate 7y becomes comparable to the optical decay rate x. Although an autocorrelation of value ~ 1073
does not meet the criterion of strong photon blockade used in this paper, it is still more than one order
of magnitude smaller than the best value that can be achieved with a monochromatic driving as in

Sec.4.3.1.

The minimum value of the autocorrelation function ¢(® has a super-linear dependence on both the
mean phonon occupation 7, in the heat bath and the mechanical decay rate . The increasing de-
pendence on the temperature and the coupling rate of the thermal bath is expected because a strongly
coupled, hot bath can create excitations in the cavity through optomechanical coupling, which domi-

nates the system dynamics and renders the optimization invalid.

4.4.3 Validity of perturbative methods

The optimization performed on the approximate autocorrelation function §® in Eq. (4.23) is only
valid as long as the perturbative solutions presented in Sec. 4.2 hold. Their validity is based on the
following two assumptions: the driving strength remains small (i.e. (E/wy)? < 1), and the coupling
strength remains small (i.e. (go/wm)? < 1). Here, I investigate how the accuracy of §(?) changes as

these two conditions break down.

The points at which the two perturbative assumptions break down can be found by studying the plot in
Fig. 4.8 where the values of the autocorrelation function ¢(® (57°) and the approximate autocorrelation
function § (5T") are plotted as functions of the driving strength. The coupling strength g, is kept fixed
throughout® The dashed and dotted lines show §*) when terms up to orders (go/wm)? and (go/wn)®
are included, respectively. The circular dots and the crosses show numerical simulations of ¢(® and

3@, respectively.

Firstly, it can be observed that the theoretical values for 5 (5T") (dashed and dotted lines) stay constant

3This is because a change in the coupling strength g requires a re-optimization of the driving parameters, and the
balance between the strength of the autocorrelation function and the width of the local minimum can be different for each
local minimum of the target function 7;. Therefore, instead of varying the coupling strength gq, the perturbative expansion
that assumes a small coupling strength is truncated to a higher order such that only the assumption (go/wm)'? < 1 is
required to hold.
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Figure 4.8: The autocorrelation ¢(? and §(® as functions of the driving strength E /w,, rescaled by
the mechanical frequency. The circular data points plot the exact autocorrelation values g(? (57)
obtained from a full numerical simulation. The cross data points plot the approximate
autocorrelation values §®) (5T') obtained from numerical simulation. The dashed curve plots the case
when the perturbative expansion is truncated up to the order (go/wm)? (i.e. (go/wm)* < 1). The
dotted curve plots the case when the relevant perturbative expansion is truncated to a higher order
which imposes a less strict condition (i.e. (go/wm)® < 1) on the coupling strength. The inset zooms
into the results for small driving strengths. The figure shows that a weak driving strength is
necessary for obtaining the results in this paper.

in Fig. 4.8. This can be explained by the following argument. Because the approximate autocorrelation
function ¢ omits the contribution from the three and more-photon populations, and because the two-
photon population is negligible near its minimum, the function §(% is approximately proportional to the
ratio po /p?. According to the series expansion in Eq. (4.13), the single-photon occupation is dominated
by the second-order term 81(2) which is proportional to £2. The two-photon occupation is dominated
by the fourth-order term S (4), which is proportional to £%. Thus, to leading order, the approximate
autocorrelation function is independent of the driving strength. As a result, the magnitude of £ does
not influence ¢(. In contrast, the three-photon occupation is included in the full numerical calculation

of the autocorrelation function ¢®, and thus its value changes as a function of the driving strength.

Next, the numerically obtained values for ¢'® and §® (circles and crosses) can be compared with the
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theoretical values (lines). For a very small driving strength F/ = w,,/1000 (Fig. 4.8 inset), the majority
of the error around the minimum can be attributed to the assumption of small coupling strength (i.e.
(go/wm)? < 1) as there is a wider disagreement between the results when the relevant perturbative
expansion is truncated to different orders (dashed and dotted lines) than between the theoretical values
and the numerical values (lines and scattered data). However, the overall error of the theoretical model
is negligible (< 0.01) even when the terms quartic in the coupling strength are truncated. On the other
hand, for stronger driving in Fig. 4.8, the error is dominated by inaccuracy due to the truncated Hilbert
space in the theoretical model. Both higher-order correction to the single-photon and two-photon
populations (i.e. p; and p,) and the three-photon population can explain the diversion of the exact
autocorrelation values (circular dots) from the theoretical values (lines). However, the relatively minor
difference between the exact values of the autocorrelation function ¢(® and the numerically simulated
values of the approximate autocorrelation function §( suggests that the higher order corrections to
the single- and two-photon populations are responsible for the majority of the error. In the presence of
these errors, the optimized driving parameters may not lead to the true minimum of the autocorrelation
function, but still, lead to a fast decrease in the value of the autocorrelation function near the specified

time ¢t = 57T

Overall, according to Fig. 4.8, it is safe to conclude that the analytic approximations only start breaking

down for values larger than F /w, ~ 0.005, which is the value used in Sec. 4.3.

4.4.4 System parameters in existing platforms

Since the question of what can be practically achieved with suitably shaped driving depends on the
actual system parameters, a brief overview over system parameters that have been realized in exist-
ing optomechanical platforms is in order. Table 4.2 shows the relevant parameters from a selection
of works, together with the calculated autocorrelation function. The autocorrelation values are com-
puted by minimizing the target function g (57") at target time top = 5T with respect to the driving
parameters shown for each case. For each of the examples, two different temperatures (i.e. 7, = 0, 1)

of the thermal bath surrounding the mechanical oscillator are shown.



4.5. Conclusions and outlook

113

90/Wm K/ Wm /W go/k gD (5T) (A, = 0) | g@(BT) (A, = 1)
Nano-acoustic resonator [170] | 1.4 x 107 [ 2.3 x 107" | 42 x 107" | 6.3 x 107* | 1.0 1.0
Hybrid system (theory) [1] 40x 1071 [ 46x1072 | 1.0x 1072 |87 1.5 x 1073 1.5 x 1072
Parameters used in this paper | 3.0 x 107! | 2.0 x 1072 | 0 15 5.8 x 107° 5.8 x 107°

Table 4.2: System parameters in experiments in comparison with the parameters adopted in this
paper and the strength of the resulting photon blockade at the target time ¢,, = 57". The coupling
strength assumed in this paper is too large in comparison with experimental data in the work on
nano-acoustic resonators. The parameters in the theoretical work [1] suggest that hybrid systems
potentially constitute good platforms for realizing photon blockade.

While it is generally difficult to achieve strong photon blockade, many experimental proposals are
moving towards the values assumed in this paper. Most difficulty originates from the requirement of
strong coupling strength gy > «. Especially for solid-state resonators, the best values [168—171] of
the coupling strength are still three orders of magnitude smaller than the cavity linewidth. As shown
in Table 4.2, the strength of photon blockade is negligible in such a case. However, there are several
theoretical proposals [1,39, 146, 183, 184] for enhancing the optomechanical coupling strength. One
approach involves deriving an effective optomechanical Hamiltonian with strong coupling by intro-
ducing an additional subsystem. For example, this can be achieved through driving a weakly coupled
quadratic optomechanical system using strong coherent light field [146], or by driving a optomechan-
ical system with a x? medium [39]. In particular, in [1], an effective optomechanical Hamiltonian is
obtained through plasmon-enhanced Raman scattering in a hybrid metal—dielectric cavity. As listed in
Table 4.2, the effective optomechanical coupling strength and the cavity decay rate in such a system are
of the same order of magnitude as considered in our work. Thus, the hybrid system could potentially
be a good platform to realize the results in Sec. 4.3. Some optomechanical systems with levitated
particles [185-188] also have strong values of coupling strength g, as compared to the mechanical
frequency wy,,. However, in such a system, it is usually true that the inequality gy > wy, holds, which

is not consistent with the approximations used in the present approach.

4.5 Conclusions and outlook

While it is elusive to realize a strong photon blockade effect without a clear separation of scales,
the proposed control scheme demonstrates promising advancements, enhancing the quality of photon

blockade even under imperfect conditions. This includes inducing strong photon blockade well before
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the steady state is reached (¢,, < 1/k), extending the duration of photon blockade, and maximizing

the single-photon occupation.

Further, this control scheme exhibits flexibility, going beyond the mere minimization of the autocor-
relation function. It opens up the possibility for optimizing the driving profile in relation to various
states. This could include generation of an intermediate state which accelerates the rate of achieving
a steady state, or an entangled state that can generate single photons conditioned on specific measure-

ments.

It is important to note that even though the present work does not directly apply to systems with strong
coupling strength (gy > wn), one would expect that suitably designed bichromatic (or polychromatic)
driving offers increased capabilities for the preparation of quantum mechanical states also in systems
with stronger optomechanical interactions. In particular, strong optomechanical interactions could be
used for the preparation of broader classes of quantum states, and the driving techniques developed in
this paper can be generalized straightforwardly to any other quantum state with desirable properties.
Stronger phonon-photon coupling would certainly make it generally more difficult to identify driving
patterns such that the system evolves towards the desired states. However, the potential of the non-
classical quantum states that might be realized in such systems makes such an endeavor a worthwhile

goal.



Chapter 5

Output states from optomechanical cavity

The research presented in this chapter was conducted in the concluding phase of my doctoral studies. It

is included here to ensure the comprehensiveness of the research undertaken during my PhD program.

5.1 Introduction

In the preceding chapters, optimal driving schemes have been proposed to generate nonclassical states,
such as photon Fock states and photon-blockaded states, in optomechanical cavities. These optimized
schemes lead to the generation of high-quality intracavity states, aligning with the desired outcomes.
Despite these advancements, the discussion so far does not straightforwardly apply to the light fields
that are emitted from the cavity. The study of extracavity light field becomes essential when aim-
ing to retrieve the nonclassical states from the optomechanical cavity, or preparing nonclassical states
within the cavity that are conditioned on the light measurement result of the extracavity field. In par-
ticular, in optomechanical systems, any excitations in the mechanical oscillator lead to a variation in
the frequency of the light field stored in the cavity. This variability compromises the suitability of
optomechanical systems for light storage when maintaining a constant frequency is essential, necessi-
tating immediate retrieval of the light field after its generation. In light of this issue, the present chapter
focuses on the extracavity light field. This investigation builds upon the findings of optomechanical

photon blockade as presented in Chap. 4, which already assumes an open cavity configuration.

115
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One possible theoretical framework that allows for the analysis of the output state from the system is
through the input-output equation in Eq. (2.34). This model has demonstrated its capability in accu-
rately capturing the physics in several experimental works in optomechanics, such as optomechanically
induced transparency [189, 190], quantum metrology [191,192], and measurement-based state prepa-
ration [193,194]. Despite its success, most existing schemes primarily focus on the so-called linearized
regime, where the cavity is dominated by a classical, coherent light field. In this regime, generating
photon-blockaded states through classical driving is impossible. Unfortunately, stepping out of this
regime also presents challenges as neither analytical nor numerical solutions to the Langevin equation
are readily available. It is, therefore, necessary to consider an alternative model that allows for the

dynamics of the extracavity light field to be solved.

In this chapter, a cascaded model is adopted to study the output field from the optomechanical cav-
ity. In this model, the output field is assumed to be a single mode quantum harmonic oscillator that
exerts negligible back action onto the optomechanical cavity. While this assumption is a coarse ap-
proximation of the real-world scenario, one can always choose to study the output state occupying any
specific mode in experiments, making the cascaded model relevant. Furthermore, this model is also
relevant when one retrieves the cavity state using a one-way waveguide or photon circulator. There-
fore, this chapter serves as an elementary study to the output field in optomechanical systems, setting

the groundwork for more advanced research in this area.

The chapter is structured into two main sections. First, Sec. 5.2 introduces the general theoretical
framework, building upon the foundational works from Sec. 2.5.2. Subsequently, Sec. 5.3 provides a

numerical analysis of the output component based on this framework.

5.2 Model

This section discusses a cascaded model made up of two parts: the optomechanical system character-
ized by annihilation operators a; and b, and the output component characterized by the annihilation

operator ay. A schematic plot of the combined system is presented in Fig. 5.1.

For the purpose of this chapter, the output component is considered as a quantum harmonic oscillator
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situated within the same heat bath where the optomechanical system under consideration is located.
The optomechanical cavity has two pairs of input and output ports. The leaked light from the output
port a, oy at rate k, is directed into the output component. On the other hand, the driving light field,
represented as fi,, along with any other forms of dissipation are accommodated by the other input-
output port a, iy With dissipation rate x;. This setup ensures that the reflected driving field, which is
generally stronger than the output field from the cavity due to the low cavity dissipation rate, does not
overshadow the nonclassical features in the output light field'. To capture the light leaked from the op-
tomechanical cavity, the output component has to be partially open. Therefore, the output component

also experiences dissipation, represented by the output operator as oy, at a rate of xs.

Given that the two input ports, a,;, and a;,, are subject to dissipation rates x; and «,, respectively, the
overall input operator, a; j,, can then be expressed as

1

\/K_l (\/Elal,in + ’irar,m) (51)

a1in =

where the total dissipation rate ~; of the optomechanical cavity is defined by the equation x; = K|+ k;.

Assuming the optical heat bath to be a vacuum state and ignoring mechanical dissipation, the master

equation of the cascaded system can be derived from Eq. (2.37), and reads as

\/ KoKy
2

. . /i
p =ilp, Hom + How + Ha] + ([a1p, al] + [az, pal]) + Z EJ(QGJ‘PG; - a;ajp - Pa;r'aj) )

j=1,2

(5.2)

where Hoy = weala + wnb™ — goa'a(b' + b) is the Hamiltonian of the bare optomechanical system,
and Hy, = wgagag is the system Hamiltonian of the output component with resonance frequency w.

Because the bath degree of freedom is traced out, the driving operator f;, has been replaced by adding

a semi-classical driving term Hy = £(t)a’ + £*(t)a to the system Hamiltonian.

The master equation previously derived serves as a starting point for examining the output light in

a specific mode with frequency w». For example, the methodology detailed in Sec. 4.2 could be em-

ployed to solve for the autocorrelation géig and the single photon occupation <a£a2) in the output cavity.

'In certain experimental configurations [195-197], it is possible to ensure that the output light remains unaffected
by the reflected pump, even though they share the same input-output port. The results presented in this chapter natually
accommodates these situations, despite not being explicitly modelled.
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Figure 5.1: Subplot (a) displays a schematic of the cascaded optomechanical system under
consideration in this Chapter. This model can serve for analyzing the specific mode output field of
the optomechanical cavity. The system comprises an optomechanical setup and a second cavity
(output component). The output light from the optomechanical cavity is directed into the output
component using a unidirectional waveguide. Subplot (b) display the same physical setup but plotted
in a different way to highlight the optical input and output ports. The optomechanical cavity involves
two pairs of optical input and output ports (ajin, @1oue aNd Gy, Grour). The output component has one
pair of optical input and output ports (@ i, @2,0u). The coupling between the optomechanical cavity
and the output component is unidirectional, with a, oy = @2 in.

However, such reoptimization is not mandatory for accomplishing photon blockade in the output cav-
ity. This is mainly due to the fact that the optomechanical cavity, under photon blockade, functions
as an effective photon turnstile over a finite time period. Within this interval, the output cavity expe-
riences dissipation, causing the multi-photon population to decay with time, while the single-photon
population retains relatively high levels, owing to the single-photon pumping from the optomechanical

cavity. The upcoming section numerically validates this assertion while further exploring the impact
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of different system parameters on the output state.

5.3 Numerical results

In this section, the behaviour of the output state under a variety of conditions is examined. This
investigation is based on four distinct sets of optomechanical system parameters, denoted by (i)-
(iv), along with their respective driving profiles, optimized in a manner identical to the approach
detailed in Chap. 4. Among these parameter sets, three correspond to the scenario in which the
driving function is determined by minimizing the autocorrelation §? at the time point top = o7
These three parameter sets differ in terms of the optomechanical coupling, with variations as gy =
(i) 0.28wn, (i) 0.3wn, (iii) 0.32wy,. The fourth parameter set (iv) also has gy = 0.3wy, but with the
driving parameters optimized for an extended duration of photon blockade (i.e. same as that detailed in
Sec. 4.3.3). This parameter set simultaneously minimizes the autocorrelation and maximizes the dura-
tion of photon blockade at the time point ¢,, = 57, when the optomechanical coupling is gy = 0.3wy,.
In all four parameter sets, the dissipation rates «; and &, are fixed to be equal to x;/2 = wy, /100, but
all discussions below can straightforwardly be extended to accommodate cases where these rates are
unequal. Similar as in Sec. 4.3, the numerical values of the parameters in the driving functions are not

specified directly in the subsequent discussion but can be found in Appendix B.3.

Alongside the optomechanical parameters, the resonance frequency w» of the output cavity and the
dissipation rate x5 can also influence the quantum states in the output cavity. However, the ensuing
discussion fixes the resonance frequency w, of the output cavity to be equal to the resonance frequency
w. of the optomechanical cavity that is the expected frequency of the photons emitted when the op-
tomechanical system remains static. A detailed examination of the impact of the output resonance

frequency is left for future studies.

All analysis are grounded on numerical simulations conducted with Qutip [148, 149]. The Hilbert
space in these simulations is truncated to include up to 6 photons in each of the optomechanical cavity

and the output cavity, and up to 15 phonons unless stated otherwise.
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Figure 5.2: Temporal dependence of output autocorrelation, g§§2 (t), across different output

dissipation rates k2 € [1072/wy,, 10/wy]. The dotted curves represent output autocorrelation values
when the optomechanical parameters read £ = wy,, /200, go = 0.3wp, ki = wn/100, K, = wy,/100.
Subplot (a) and (b) correspond to simulations under the driving profiles (ii) go = 0.3wy, and (iv)

go = 0.3wy, with broader minimum, respectively. The dashed lines connect minimum output
autocorrelation values, (¢, g2 (tmin))- The solid curve presents the optical autocorrelation ggf,) (t)

within the optomechanical cavity, which mirrors the temporal dependence shown in Fig. 4.4(a) and
Fig. 4.6 for subplots (a) and (b) respectively.

5.3.1 Autocorrelation against output dissipation rate

This section discusses the dependence of the quantum states within the output cavity on the dissipation
rate xo of the output cavity. As an elementary analysis, Fig. 5.2 illustrates the temporal dependence of
the output autocorrelation gfj2 (t) (depicted via dotted curves) across a spectrum of output dissipation

rates 1o € [1072, 10]. The two subplots are simulation results when the driving profiles (ii) go = 0.3wp

and (iv) go = 0.3wy, with broader minimum are adopted, respectively.

The minimum values of the output autocorrelation, denoted by g((,ig (tmin) Where t.,;, represents the

time when the output autocorrelation reaches its minimum, are connected by dashed lines to show
the movement of the minimum point (i, ggﬁt) (tmin)) as a function of the output dissipation rate k.
The optical autocorrelation g((,g) (t) within the optomechanical cavity is also plotted alongside. Due to
the undirectional nature of the cascaded system (as discussed in Eq. (2.36)), the temporal dependence
of the optomechanical autocorrelation mirrors precisely those depicted in Fig. 4.4(a) and Fig. 4.6.

Therefore, the autocorrelation within the optomechanical cavity can serve as an insightful comparative

benchmark for the output autocorrelation.
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As demonstrated by Fig. 5.2, under conditions of high decay rates (i.e. when ko > wy,), the auto-

correlation g((jz in the output cavity asymptotically approaches the autocorrelation g(()f,)

in the optome-
chanical cavity. In this regime, the relaxation time of the output cavity is negligible compared to the
timescale of state preparation, ensuring that the output cavity remains in thermal equilibrium with the
optomechanical cavity. This observation is in line with the input-output equation in Eq. (2.35), which
suggests that in a Markovian (i.e. when ko — 00) thermal heat bath, the autocorrelation of the output

field from the optomechanical cavity is exactly the same as that within the optomechanical cavity. This

can be substantiated by the following equation

= (hhotusation) _ {aletaen) _ o .
<aioutar,out> 2 <CLJ{ ay > 2 op

where it is assumed that the heat bath is a zero eigenstate of the input operator (i.e. a,,p = 0).

While the regime of high dissipation rates x5 reveals only familiar phenomena which can be interpreted
through the input-output equation alone, scenarios involving lower output decay rates have been com-
paratively less explored in earlier research works. For example, Fig. 5.2 reveals that in the limit of

(2)

out

low output dissipation rates (i.e. when ko < wp,), both the minimum value of the autocorrelation g,
and the time ¢.,;, at which this minimum is reached increase as the decay rate decreases. The increase
in the time t,,;, can be attributed to the stronger retardation effect resulting from longer memory of
the output cavity. During the initial phase of dynamics (i.e. ¢ < t,,), the photon blockade effect in
the optomechanical cavity is less pronounced (i.e. gc(,ﬁz (t) > g((jz (tmin)), so the state transferred to
the output cavity has a non-negligible multi-photon population. Despite the state becoming highly
photon-blockaded thereafter, the multi-photon population requires an extended time to completely
dissipate in the output cavity via decay. Moreover, as the strength of photon blockade diminishes in
the optomechanical cavity after ¢ ~ 57’, the multi-photon population transferred to the output cavity
increases again prior to reaching a value equal to the minimum observed in the optomechanical cav-

ity. Consequently, the minimum value of output autocorrelation also increases with decreasing output

cavity decay.

While there is a general trend indicating that the autocorrelation géﬁz (tmin) and the corresponding time

tmin increase with the output cavity decay rate ko, this trend is not absolute and there are observable
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Figure 5.3: Plots of (a) the minimum autocorrelation g((jz (tmin) in the output cavity; (b) the time ¢y,

at which the output autocorrelation achieves its minimum, each as a function of the output cavity
decay rate k. The four distinct curves in each subplot correspond to instances where: (i)

go = 0.28wy,, (i) go = 0.3wn, (iii) go = 0.32wy, and (iv) gy = 0.3wy, with the driving parameters
optimized for an extended duration of photon blockade. The remaining optomechanical parameters
are set as (E, Ky, k) = (wm/200, Wy /100, wy/100). The optimized driving profiles can be found in
Appendix B.3.

local deviations. These local deviations manifest across various instances, potentially affecting either
some parameter sets or encompassing all sets. To compare the dependence of the minimum of the
output autocorrelation on the output decay rate ko under various parameter sets, Fig. 5.3 plots the
minima values of the autocorrelation g((flz (tmin) and the corresponding time points ¢, as functions

of the output decay rate «, for all four parameter sets (i)-(iv). This comparison aims to highlight the

similarities and differences between these relationships under different parameter sets.

Figure 5.3(a) reveals how the minimal value of the output autocorrelation gf,ﬁE (tmin) varies. Starting
from high output decay rates (i.e. k2 = 10wy,), the minimum autocorrelation initially decrease as the
output decay rate decreases for all four sets of parameters, which contrasts with the general rule that
autocorrelation increases as decay rate decreases for low output dissipation rate x,. In this regime
(i.e. when ko < 10wy), the photon lifetime in the output cavity in non-negligible compared to the
numerical precision adopted in this work, such that the output cavity does not instantly reach equilib-
rium with the optomechanical cavity. Due to this delay in equilibration, the light field in the output
cavity and the emitted light from the optomechanical cavity can interfere in a non-trivial way, such
that the single-photon population increases while the multi-photon population decreases (for more de-

tails, see Appendix A). Furthermore, in contrast to the case of bidirectional coupling where the back

action of the output cavity on the optomechanical cavity accelerates equilibration, the deviation of the
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output autocorrelation from that in the optomechanical cavity can potentially be more significant in
the cascaded system. Nonetheless, the effect is weak compared to the existing photon blockade effect
resulting from the bichromatic driving, such that the additional decrease in autocorrelation is minor

compared to the minimum autocorrelation g(()f,)

(tmin) ~ 10~ in the optomechanical cavity according
to Fig. 5.3(a). As the output decay rate x5 further decreases, the memory effect of the cavity becomes
prominent, such that the destructive interference between the two light fields becomes overshadowed

by the increase in the multi-photon population in the output cavity. The autocorrelation then increases

as the dissipation rate o decreases.

In addition to the initial decrease in the autocorrelation, there are sharp decreases in the minimum au-

tocorrelation géiz (tmin) When the output decay rate reaches the value x ~ wy, for three of the parameter

sets (i.e. curves (i) - (iii) in Fig. 5.3). This is because the autocorrelation g(()f,) (t) in the optomechanical
cavity has two local minima in the vicinity of ¢ = 5 for these parameters. The same effect can also be

observed in Fig. 5.2(a) inset.

Figure 5.3(b) also reveals decreases in the minimum value of the autocorrelation function g((jt) (tmin) @8
ko decreases in the vicinity of ko ~ (.1 for the parameter set (ii) and x, ~ 0.3 for the set (iii) (also
see Fig. 5.2(a), around t,;, ~ 8T). Furthermore, in the limit of low output decay rate ko ~ 1072,
the photon blockade effect becomes weak (i.e. 951212 (tmin) ~ 1071) for three parameter sets but not
for the parameter set (i) , where the autocorrelation functions still attains a value ~ 1072. These
phenomena suggest that for some parameter sets, strong photon blockade effect can be induced in the
output cavity even when the output cavity has a low decay rate. Especially, the robust photon blockade
effect in the output cavity for parameter set (i) (i.e. go = 0.28wy,) indicates potential advantages in
the cascaded setup when the photon-blockaded state needs to be transferred to a second cavity or other
optical components. While the precise mechanism that drives this unusual decrease in autocorrelation
as output dissipation decreases is not straightforward to explain within the scope of the theoretical

tools employed in this thesis, the subject undoubtedly merits more detailed theoretical exploration in

future works.

Figure 5.3(b) illustrates how the time ¢.,;, at which minimum autocorrelation occurs depends on the

output decay rate x,. Analogous to Fig. 5.3(a), abrupt jumps appear at Kk = wy, in the plots due to the
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merging of local minima of the autocorrelation g((,ﬁz (t). There is also slight decrease in the time ¢y,

as dissipation rate o decreases at large values of «o for parameter set (iv) (i.e. gy = 0.3wy, broader

minimum). The decrease is also due to a merge of local minima as can be observed in Fig. 5.2(b) inset.

Aside from the merging of local minima, the time ¢.,;, monotonically increases as the decay rate ko
decreases for three sets of parameters, except for set (iii) (i.e. go = 0.32wy,). The reduction of the
time t,,;, for the parameter set with optomechanical coupling rate gy = 0.32w,, can be attributed to

high minimum autocorrelation values (i.e., géig (tmin) > 0.1). In this regime, the sudden decrease in the

autocorrelation g((fg)

(t) of the optomechanical cavity around ¢ = 57" no longer contributes significantly

to the dynamics of the output cavity due to its relatively short duration compared to the lifetime of the

photons inside the output cavity (i.e. ¢ < 1/k5). Nonetheless, a mild photon blockade effect can still

be observed because the bare optomechanical system coupling can still facilitate photon blockade, even

without the destructive interference between the two driving components (i.e. conventional photon

blockade). This is further substantiated by the similar values between optomechanical autocorrelation
(2)

gop (5T") ~ 0.09 under a monochromatic drive and the output autocorrelation g((,ﬁt) (tmin) =~ 0.1 when

tmin begins to fall as the dissipation rate x5 decreases in Fig. 5.3(b).

5.3.2 Single-photon population against output dissipation rate

In addition to the strength of photon blockade, the single-photon population p; oy (tmin) in the output
component at the point of maximum photon blockade is also an important factor. In the rest of the
section, the dependence of the single-photon population p; o, on the output linewidth x4 is examined
through analysis of Fig. 5.4. Considering that the single-photon population p; ,, varies in the optome-
chanical cavity depending on the parameters used, the ratio of the single-photon populations p; oy to

P1,0p i8 plotted instead of the bare single-photon population.

Figure Fig. 5.4(a) plots the temporal variation of the single-photon ratio for parameter set (ii) which
is also used in Fig. 5.2(a). The plot demonstrates that, due to the low coupling rate ,/kskx,. between the
optomechanical and output cavities, the single-photon population in the output component is invariably

lower than in the optomechanical cavity in the first ten mechanical periods.
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Figure 5.4: Ratio of the single-photon population p; ou/ P1,0p (a) as a function of evolution time for a
range of different output dissipation rate (x5 € [0.01, 10]) for the parameter set ((ii)) (i.e. same as in
Fig. 5.2(a)), (b) at the time point when the photon blockade effect is the strongest for the output
component and the optomechanical cavity respectively (y-axis) against the output decay rate (x-axis),
where: (i) gy = 0.28wy,, (ii) go = 0.3wn, (iii) gg = 0.32wy, and (iv) gy = 0.3w,, with the driving
parameters optimized for an extended duration of photon blockade.

When there is a high output dissipation rate (k2 ~ 10wy,), the short photon lifetime (1/ky < tyin)
is the key constraint limiting the photon population within the output cavity. In this regime, the ratio
of single-photon population quickly achieves equilibrium, whereby the photon population within the
output cavity can be approximated by the squared ratio of the photon pumping and dissipation rates
in the output cavity. This can be expressed as (n)ou = (1/Krk2(n)op)?/K3, assuming the number
of photons (n),, in the optomechanical cavity remains steady over a timescale of 1/k;. The plot

exhibits strong correlation between this estimation and the simulation result when xo = 10wy, (i.e.

<n>out/<n>op ~ 1073).

As the photon lifetime in the output cavity increases, the photon population within the optomechanical
cavity can no longer be considered constant, possibly leading to destructive interference within the
output cavity. For instance, after a time period of ¢ = 67, Fig. 5.4(a) reveals a reduction in the
single-photon population within the output cavity. This decrease is more pronounced for lower cavity
dissipation rates ks, thereby inhibiting the accumulation of high single-photon population in the output
cavity. Consequently, the ideal cavity dissipation rate for the parameter set is identified to be ko ~

102wy, for any evolution time in the range ¢ € (6T, 107).

Figure Fig. 5.4(b) plots the dependency of the single-photon ratio on the output dissipation rate at

time point t,,;,, where the output autocorrelation reaches its minimum value. As in Fig. 5.4(a), the
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single-photon ratios for all four parameter sets attain their respective local maxima around the point
when ky ~ 10~ 'wy,, indicating the presence of similar destructive interference in each case. There is
an additional local minimum for parameter set (iii) , but this is attributed to the high autocorrelation
as discussed in Fig. 5.3(b). In this regime, as t.,;, moves earlier from ¢.,;, ~ 77, the single-photon
ratio drifts away from the local minimum, as seen in Fig. 5.4(a), which consequently results in a slight

increase in its value.

5.4 Conclusions

In this chapter, I build upon the prior chapters and further extend the existing frameworks to include
the dynamics of the emitted light field, particularly when the output field is channeled into an external
cavity. A regime has been identified where, owing to destructive interference within the output cavity,
the autocorrelation of the emitted field remains suppressed without introducing additional complica-
tion to the driving profile. Interestingly, while many instances demand the output cavity to exhibit
high transmittance, specific driving profiles can induce pronounced photon blockades even in less

transmissive setups.

It is noteworthy that, while this chapter focuses on scenarios where only the output light from a single
optomechanical system interfaces with the output cavity, the study can be straightforwardly extended
to incorporate additional driving in the output cavity. Benefiting from the inherent one-way dynamics
of the model, it becomes possible to solve the dynamics of the feeder systems as independent prob-
lems, facilitating the synthesis of resultant states in the output cavity without disrupting individual
system dynamics. This attribute presents promising avenues for enhancing state preparation quality

and broadening the range of attainable states.

While the approach in this chapter predominantly utilizes numerical tools, the underlying theoretical
framework permits an analytical solution to the dynamics of the output field using the same methodol-
ogy as in Chap. 4. Moreover, due to the one-way nature of the model, the study of the output dynamics
is largely simplified when the dynamics of the optomechanical system are already known. This paves

the way for a more insightful interpretation of output dynamics if the internal system dynamics can be
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recast into a form that is more physically intuitive, although this is currently hindered by the approxi-

mation in Eq. (4.24).



Chapter 6

Conclusion

6.1 Thesis achievements and limitations

This thesis illustrates the successful application of quantum control in generating highly nonclassical
light within optomechanical systems. Our exploration is segmented into three integral yet distinct

aspects.

In Chap. 3, I design driving protocols based on the perturbative solution of closed system dynamics.
This method paves the way towards the deterministic generation of high-fidelity optical states through
driven optomechanical systems. It is also noteworthy that although only a select set of target states
have been presented using a bichromatic setup, the method can potentially be extended to other setups,
thus expanding the spectrum of attainable states. Notably, our driving scheme demonstrates resilience
even under minor perturbations by the thermal bath, which attests to its practical viability in upcoming
applications. Apart from the advantages, the proposed methodology makes several assumptions that
can lead to potential limitations. One assumption is that the phase and amplitude modulation of the
driving fields can be performed instantly. Both earlier work [198] and standard experimental param-
eters (~ GHz) suggest that such modulation can be immaterial compared to the typical mechanical
frequency (~ MHz), but such separation in the scale may not hold in all optomechanical experiments.
One other assumption is that the driving can be pumped into a cavity with arbitrarily long photon life-

time. While this assumption can in general be more difficult to fulfill, Chap. 4 addresses this problem

128
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by explicitly including a non-negligible cavity dissipation into the model.

In Chap. 4, the system dynamics of a driven-dissipative optomechanical system is solved perturba-
tively where the driving strength is weak. By focusing on short-time system dynamics, I design a
driving profile that induces a strong photon blockade, remarkably quicker than existing steady-state
procedures. This work further underscores the potential of an optimized driving profile in the gen-
eration of nonclassical light. Also, although the requisite system parameters currently surpass the
capabilities of existing experiments, I identify promising evidence suggesting feasible advancements
in future experimental setups. However, the proposed methodology also suffers from its limitations.
First, the current series expansion leads to an expression that lacks explanation. This can compromise
the design of more complicated driving protocols such as the ones in Chap. 3. Secondly, the system
dynamics is solved in the weak-driving regime, which, together with non-vanishing cavity dissipation,
ultimately limits the number of photons inside the cavity. However, this problem can potentially be
reconciled by moving into a perturbative regime with weak coupling but strong driving. Finally, the
research is restricted to intracavity light fields, but the extraction of the generated states also worths

discussion.

In Chap. 5, the interaction between the optomechanical system and the environmental degree of free-
dom is further exploited to include the dynamics of an output mode. Our findings suggest that the
strong photon blockade effect can be transferred to the output component for sufficiently large sys-
tem dissipation of the output component. This chapter serves as a complement to the earlier study in

Chap. 4, and opens up the possibility for broader applications.

In essence, this research endeavors to overcome the inherent challenges optomechanical systems present
in the creation of nonclassical light states. By drawing inspiration from works by the pioneers in the
field and developing new methods, I aspire to spark further innovation in the domain. Given the
consistent advancements in optomechanical systems research, the realization of the proposed control

techniques in experiments remains a tangible future prospect.
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6.2 Future work

The insights derived from this thesis encompass a broad spectrum of optomechanical systems, opening
doors to several promising research trajectories. Below are potential directions that warrant further

investigation:

* By incorporating higher order terms into the Magnus expansion, challenges detailed in Sec. 3.4
can be addressed. This would allow for a stronger coupling strength and shorter dynamics in

state preparation such as outlined in Chap. 3.

* Even though optomechanical systems can operate under cryogenic conditions, there are advan-
tages in conducting experiments at higher temperatures. Extending the theoretical frameworks
presented in this thesis to analytically include mechanical thermalization would thus be a valu-

able addition.

* An analytical solution or more intuitive representation of the double exponential function Eq. (4.24)
would enhance the interpretability of findings in Chap. 4. Therefore, an alternative solution

might provide deeper insights into the fast photon blockade effect.

* The discussions on output dynamics in Chap. 5 can be broadened to incorporate additional el-
ements. For instance, introducing external driving to the output or channeling the output from
multiple optomechanical cavities to the output components might unveil a wider range of op-

tomechanical system applications.
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Appendix A

Excess reduction in the autocorrelation

function due to cascade coupling

This appendix section presents an examination of the transfer of autocorrelation from the optomechan-
ical cavity to the output cavity in the cascaded model discussed in Fig. 5.1. Herein, I demonstrate that

the autocorrelation function within the output cavity can fall below that in the optomechanical cavity.

In mathematical terms, this section seeks to confirm that the increment in the output autocorrelation

function
- Tr (agagag@(p + Ap)) Tr <a£a£a2a2p>
Agout = 2 2 with
Tr <a£a2(p + Ap)> Tr <a£a2p> (A.1)
N
Ap = TQ ([CHP, al) + [a2,f0a1]) At

can be negative when the autocorrelation in the optomechanical cavity is no smaller than that in the

(2)

output cavity (i.e. when gof, > g((,ﬁt)). The effect of the Lindblad operator D[as]| of the output cavity is

neglected in the state increment Ap for simplicity. This simplification does not affect the qualitative

result because the autocorrelation function is preserved under cavity dissipation.

To start with, a most general form of the total system state, after tracing out the mechanical degree of
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freedom in the optomechanical system, is given by

P—Zapqrs Q|1®‘ Ns |2 ) (A.2)

pqgrs

where a5 are complex coefficients, and [p)(q|; corresponds to a matrix element in the Fock basis
for either the optomechanical cavity (; = 1) or the output cavity (; = 2). For the given state, the

increment in the system state Ap reads

8p =S e (VB I = el s = 1y = VAT Dl = el -+ 1)) At

pgrs

+ S 0 (\/_|P><Q—1|1®|r—1 = Vals T D pla = 1@ Iris + 11, ) At

pqgrs

:—@ >~ (Vo DG+ Do = Vo + Dragie-n.) )al, @ sl A+

pgrs

w/lig:‘i,,«
Z ( q —+ 1 ’f’ + 1)Oép(q+1)(r+1)s -V (q + 1)Sap(q+1)r(s—1)) |p><q|1 ® |r><s|2 At.
pqrs
(A.3)

The expectation values in Eq. (A.1) only involve the diagonal terms in the density matrix, and can be

expressed as following

<a2a2 p+ Ap)) Z kovjir — Z VEake/ (7 + 1) (k4 1) Re(agnyjrmr1)) At

<a£a£a2a2 (p+ Ap)) Z k(k — 1)oyjp, — ZQk\/K,Qlir\/ g+ 1)(k+ 1) Re(ojr1yjrms)) At
(A4)

where the off diagonal terms o;(;11)xx+1) are replaced by their real parts due to the Hermitian nature

of the density matrix (i.e. apgrs = ;)

For any small time increment At satisfying the inequality ,/kok, At < 1, the approximation 1/(z +

yAt)? ~ (1 — 2yAt/x)/x? is valid for any positive numbers x and y, and thus the increment in the
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autocorrelation can be written as

=203 k(k = D) 5 /G + Dk + 1) Re(agnuer)
(k)

20350 b/ + Dk + 1) Re(agynen) (X i kesjun)
(k)

o+

(A.S)

0,

where 0 = /kak, At. In Eq. (A.5), not only the two terms o ¢ have different signs, but also the real
parts of the off-diagonal terms Re(cv(;+1);x(x+1)) that encode the relative phases between Fock compo-
nents can also take positive or negative values. Therefore, the increment in the output autocorrelation

(i.e. A gc(,ﬁt) ) can be positive or negative regardless of the autocorrelation in the optomechanical cavity.

Subsequently, I provide a concrete example that substantiates the above statement. In the simple case
when the total system state is pure and separable with a maximum of two photons present in each of the
optomechanical and output cavities, the system state can be expressed as p = ‘d)op >< ¢0p| ® | Pout { Pout >

with

’¢op> :\/1 - pl,op - p2,op |0> + \/pl,opeiwl’()p |1> + \/p2,op€iw2’0p |0> ’
|¢0ut> :\/1 — P1,0ut — P2,0ut |O> + \/pl,outewl’m 1> + \/p2,out6iw2’0UL 0> .

The increment of the autocorrelation function after a short time At can then be written as

(A.6)

25\/ 0] ou ou
A9(2) P1,0pP1,0utP2, tZC]Z], (A7)

out (pl,out + 2p?,out

with

21 = 2/Paow/1 — Prop — P2.op\/1 — DP1.out — P2out »
2 = 2V2y/Propy/Prou/T — Prow — Pa.out

z3 = \/§p1,0ut\/1 — P1,op — P2,0p »

2y = 2P1,out\/ZT,op )

C1 = COS (7T + wl,op - wl,out) )

(A.8)

Co = COS (7T + wl,op + wl,out - w2,op) )
C3 = COS (wl,op + ¢1,out - 7~p2,0ut) )
(

C4 = COS wl ,0p 2[}l,out - w2,0p + 2/}2,out) .
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In the specific scenario where both the optomechanical system and the output cavity exhibit significant
photon blockade such that the inequalities p, < (1 —p; —po) and po < p? are satisfied in each cavity,
Eq. (A.7) is dominated by the term o< c3z3. The increament in the autocorrelation is thus negative
whenever it is satisfied that c3 > 0, or equivalently, —m < 1)1 op + V1,00 — Y2,0u < T, regardless of

whether or not the output cavity has a lower autocorrelation than the optomechanical cavity.

As an example, Fig. A.1 plots the time evolution of the autocorrelation functions, when the initial
state of the system is a direct tensor product of two pure states with single-photon population p; o, =
Piowt = 0.1 and autocorrelation gég) = 1072 and géﬁz = 10~%. Despite that the optomechanical
autocorrelation is initially one order of magnitude larger than that in the output cavity, the numerical
simulation shows varied initial dynamics of the autocorrelation function, which may increase, decrease
or remain approximately flat depending on the phases of the single-photon component and the two-

photon component.
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Figure A.1: Time evolution of the autocorrelation function in the output cavity for the initial system
state described in Eq. (A.6), with parameters p; op = P1ou = 0.1, géf,) = 1073, g((jz = 1074,

Y3 0p = V2 0u = 0, and the vacuum and two-photon populations are determined by the values of
autocorrelation and the normalization condition. The x-axis is plotted in the unit of coupling strenth
(i.e. \/Kak, = 1) The three curves correspond to the cases where the phase of the single-photon
components are 11 op = ¥1,0u = 0, 7/4, 7/2, respectively. For these three values, c3 in Eq. (A.8) is
positive, zero and negative, respectively, and so does the derivatives of the three curves at £ = 0. The
gray dashed line represents the autocorrelation value in the optomechanical cavity.



Appendix B

Driving profiles used in plots

B.1 Parameters in Chap. 3

In Fig. 3.3, driving strengths over each driven interval 7 = 57 read

EJwm=4.,4.,4.,4.,4.,4., 4. 4., 4., 4.,3.56,3.56,2.19, 2.19, 2.74, 2.74 . (B.1)
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In Fig. 3.4, driving strengths over each driven interval 7 = 57 when the optomechanical coupling

strength gy = wy,/26 read

E Jwm ={4.0,4.0,4.0,4.0,4.0, 4.0, 4.0, 4.0, 4.0, 4.0, 3.97615762, 2.43055998, 3.6873501,
1.95440809, 0.04559224, 3.7363291},

{4.0,4.0,4.0,4.0,4.0,4.0,4.0,4.0, 4.0, 4.0, 3.17006597, 4.0, 1.22723673, 1.52223483, 4.0},
{4.0,4.0,4.0,4.0,4.0,4.0,4.0,4.0, 4.0, 3.5495041, 4.0, 1.5971311, 2.36274737, 4.0},
{4.0,4.0,4.0,4.0,4.0,4.0, 4.0, 4.0, 3.71577367, 4.0, 1.63366753, 3.22583102, 4.0},
{4.0,4.0,4.0,4.0,4.0,4.0, 4.0, 3.87411802, 4.0, 0.96209439, 4.0, 4.0},
{4.0,4.0,4.0,4.0, 4.0, 4.0, 3.88956397, 3.85112561, 1.61025478, 4.0, 4.0},
{4.0,4.0,4.0,4.0,4.0, 4.0, 3.40516261, 2.13973876, 4.0, 4.0},
{4.0,4.0,4.0,4.0, 4.0, 3.01725078, 2.33951478, 4.0, 4.0},
{4.0,4.0,4.0, 4.0, 3.53009253, 0.8734978, 4.0, 4.0},
{4.0,4.0,4.0,3.97676322, 0.0, 4.0, 4.0},
{4.0,4.0,4.0,1.25045869, 4.0, 4.0},
{4.0,4.0,4.0,4.0,4.0},
{4.0,4.0,4.0,4.0},
{4.0,4.0,4.0},

{4.0,4.0} .
(B.2)
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When the optomechanical coupling gy = w/13,

E Jwam ={0.83093504, 0.0, 0.0, 2.10521188, 3.46665956, 2.77389036, 0.22088597, 0.1306046, 0.86739215,

0.16249172, 1.21165408, 2.85668221, 3.247835, 3.24689537, 2.85721714, 2.3522673},

{0.674783, 1.98725721, 277445101, 3.37351876, 3.15248317, 2.86872136, 1.69225217, 0.9479075,
0.4195115, 1.5718756, 2.95950184, 3.08234397, 2.57322173,0.13098301},

{2.32243241, 0.311356, 1.68925154, 3.37609797, 2.79420661, 1.8517636, 2.00062808, 1.25309964,
2.56401952, 2.45209519, 2.76029606, 3.98158015, 3.83377598, 3.02951596},

{2.94037727, 2.33163804, 1.78828629, 1.53691764, 0.792807, 0.5236126, 0.8754181,
1.84818364, 3.49894809, 3.56598942, 3.4559403, 2.10826174, 1.40657165},

{2.31313424, 3.00783591, 0.0, 0.0, 1.06233684, 0.0, 0.15660283, 2.61055237,
3.44946681, 3.82153135, 3.13792614, 2.59067397},

{4.0,3.78323189, 3.99953547, 3.49068232, 2.72282416, 0.32744249, 0.07638135,
1.85979568, 2.50356829, 2.12706333, 142569084},

{3.49038164, 0.0, 0.0, 0.0, 2.75168283, 0.88558901, 4.0, 4.0, 4.0, 2.60935021},

{0.0,0.0,4.0, 4.0, 3.76746468, 2.42546703, 1.14962237, 0.0, 0.000999952145},

{4.0,4.0, 4.0, 2.95518955, 0.97831183, 0.0, 1.0529061, 1.76085499},

{4.0,4.0, 3.76746682, 2.42533462, 1.14979777, 0.0, 0.00462229},

{0.0,3.12325688, 4.0, 4.0, 3.05750842, 1.4690436},

{4.0,4.0,3.76745115, 2.42540346, 114966943},

{4.0,4.0,3.69069554, 2.26722955},

{4.0,4.0,3.39113346},

{4.0,3.47665854} .
(B.3)

for t; = 167,157, ..., 2T, respectively.
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When the optomechanical coupling takes the values

go/wm = 1/26,1/25,2/49,2/47,2/45,1/22,1/21,1/20,1/19,1/18,1/17,1/16,1/15,1/14,1/13
(B.4)

and,

EJwm ={4.,4.,4.,4.,4.,4.,4. 4. 4. 4., 4.,

2.49797375, 3.59489053, 2.08846815, 0., 3.70603786},
{4.,4.,4. 4. 4., 4., 4., 4., 4.,4.,2.98076997,

3.18952502, 2.43134345, 1.18002863, 3.31344385}
{4.,4.4. 4. 4., 4., 4., 4., 4., 3.68650052,

2.990641, 2.89324996, 0., 3.63966483},
{4.,4.,4.,4.,4.,4., 4., 4.,3.93645222,

2.84478589,3.17641015, 0., 3.46080055},
{4.,4.,4.,4.,4., 4., 4., 4.,3.09525006,

3.23263751,0.43243956, 3.32043828}, )
{4.,4.,4.,4.,4., 4., 4., 3.68606787, 3.37912976, 0., 3.63974771}, |
{4.,4.,4.,4.,4.,4.,3.91014959, 3.42725666, 1.29097229, 3.47449182},
{4.,4.,4.,4.,4.,4.,3.66716892, 1.66618426, 3.37162242},
{4.,4.,4.,4.,4.,3.94224786, 2.04301788, 3.29227687},
{4.,4.,4.,4.,4.,2.67924787, 3.13455576},
{4.,4.,4.,4.,3.21014382, 3.09264885},
{4.,4.,4.,3.563877, 3.28142102},
{4.,4.,3.7853928, 3.58642551},
{4.0,4.0, 3.39113346},

{4.0,3.47665854} .

for t; = 167,157, ..., 2T, respectively.
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In Fig. 3.5, driving strengths over each driven interval 7 = 57 read

E/wn =4.,3.69291531, 3.51161495, 3.686096, 2.60729845, 3.19989213,
(B.6)

3.13977697,1.51847303, 2.00439795, 3.9995126
The parameters used in Fig. 3.6 can be found in ‘optimizedDrivingData.csv’ at [199].

The parameters used in Sec. 3.5 have {go/wn, ts/T } equal to {1/26,16}, {1/21,10}, {1/16,5} and

the driving strengths ' /w,, for each driven period equal to

{4.0,4.0,4.0,4.0,4.0,4.0,4.0, 4.0, 4.0, 4.0, 3.97615762,
2.43055998, 3.6873501, 1.95440809, 0.04559224, 3.7363291},
(B.7)
{4.,4.,4.,4.,4.,4.,3.91014959, 3.42725666, 1.29097229, 3.47449182} |

{4.,4.,4.,3.563877,3.28142102}

for the parameter sets (i) , (ii) and (iii) respectively.

B.2 Parameters in Chap. 4

The parameters used in Fig. 4.3 and Fig. 4.5 can be found in ‘param_vs_res.xlIsx’ at [176].

In Fig. 4.4, the amplitude of the monochromatic driving reads E/w,, = 1/200 and its detuning from
the cavity resonance frequency reads A/w, = —0.0395255. The bichromatic driving have two
driving components with driving amplitudes E/wy, = 1/200, €>83%67 /200 and detunings A /w, =

—0.0192947, —0.0282437 respectively.

In Fig. 4.6 and Sec. 4.4, the bichromatic driving have two driving components with driving amplitudes

E Jwm = 1/200, 1457 /200 and detunings A /wy, = 0.0165539, —0.0364786 respectively.

In Sec. 4.3.4, the bichromatic driving have two driving components with driving amplitudes F /w,, =
1/200, €°-847036 /200 (or E /wm = 1/20, €%#47936 /20 when the driving strength is increased by tenfold)

and detunings A /wy,, = 0.0324604, —0.0412605 respectively.
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B.3 Parameters in Chap. 5

The four parameters sets in the section are listed in B.1

Eo/wm | go/wm | We/Wm | Wo/wWm | A1/wnm VYo WU /W Ri/Wm | Kr/Wn
0.005 0.28 0 0 0.007132 | -0.00066 | 2.87197 | 0.01 0.01
0.005 0.3 0 0 -0.01929 | -0.02824 | 2.83667 | 0.01 0.01
0.005 0.32 0 0 -0.049 -0.05739 | 2.85863 | 0.01 0.01
0.005 0.3 0 0 0.016554 | -0.03648 | 1.4571 0.01 0.01

Table B.1: Parameters in Sec. 5.3.
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