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Abstract

We analyse the problem of online parameter estimation for a stochastic McKean—Vlasov equation, and
the associated system of weakly interacting particles. We propose an online estimator for the parameters
of the McKean—Vlasov SDE, or the interacting particle system, which is based on a continuous-time
stochastic gradient ascent scheme with respect to the asymptotic log-likelihood of the interacting particle
system. We characterise the asymptotic behaviour of this estimator in the limit as t+ — oo, and also in
the joint limit as + — oo and N — oo. In these two cases, we obtain almost sure or L.; convergence to
the stationary points of a limiting contrast function, under suitable conditions which guarantee ergodicity
and uniform-in-time propagation of chaos. We also establish, under the additional condition of global
strong concavity, L., convergence to the unique maximiser of the asymptotic log-likelihood of the
McKean—Vlasov SDE, with an asymptotic convergence rate which depends on the learning rate, the
number of observations, and the dimension of the non-linear process. Our theoretical results are supported
by two numerical examples, a linear mean field model and a stochastic opinion dynamics model.
© 2023 The Authors. Published by Elsevier B.V. This is an open access article under the CCBY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

In this paper, we consider a family of McKean—Vlasov stochastic differential equations
(SDEs) on R?, parametrised by 6 € R?, of the form

dx? = B@, x?, uydt + o (x?)dw,, >0, (1)
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where B : R? x R? x P(RY) — R?, o : R — R are Borel measurable functions,
(wy);>0 is a R?-valued standard Brownian motion, and u! = £(x?) denotes the law of x!. We
assume that xo € R9, or that x¢ is a R¢-valued random variable with law o, independent of
(wy)r>0. This equation is non-linear in the sense of McKean [74,75,98]; in particular, the drift
coefficient depends on the law of the solution, in addition to the solution itself. We will restrict
our attention to the case in which the dependence on the law only enters linearly in the drift,
namely, that

B(©,x, ) =0b0,x)+ /Rd ¢, x, y)u(dy),

for some Borel measurable functions b : R” x R? — R? and ¢ : R” x R? x R — R?.
This choice of dynamics, while not the most general possible, is sufficiently broad for many
applications of interest. Moreover, it includes the case in which b and ¢ both have gradient
forms, that is, b(0, x) = —VVjy(x) and ¢(0, x, y) = —VWy(x —y), in which case Vy and W are
referred to as the confinement potential and the interaction potential, respectively (e.g., [37,72]).

The McKean—Vlasov SDE arises naturally as the mean field limit (N — oo) of the weakly
interacting particle system (IPS)

dx) "N = B@O, x N, udMyde + o (x) " N)dwy , i=1,..., N, )

where (w'),>0 are N independent R?-valued independent standard Brownian motions, x(; are
a famlly of i 11 d. R%-valued random variables with common law g, independent of (w;);>o,
and ;" = Z, 18 0. is the empirical law of the interacting particles. In partlcular under
relatwely weak assum'ptlons it is well known that the empirical law ulN w! weakly
as N — oo (e.g., [82]). This phenomenon is commonly referred to as the propagation of
chaos [98].

The McKean—Vlasov SDE also has a natural connection to a non-linear, non-local partial
differential equation on the space of probability measures (e.g., [26]). In particular, under some
regularity conditions on b and ¢, one can show that u? = £(x?) is absolutely continuous with
respect to the Lebesgue measure for all + > 0 [75,99] and its density, which we will denote by

u?, satisfies a non-linear partial differential equation of the form

d
dul (x) = — Z dx, ku(& x) + /Rd ¢ (0, x, y)uf(y)dy] uf(x)}

1 d
S Y B law@u 0], 3)

kk'=1
where a(x) = o(x)o”(x). In the particular case that b(d, x) = —VVy(x) and ¢, x, y) =
—VWy(x — y), this is commonly referred to as the granular media equation or the McKean—
Vlasov—Fokker—Planck equation (e.g., [6,26]).

l\.)

1.1. Literature review

The systematic study of McKean—Vlasov SDEs was first initiated by McKean [74] in
the 1960s, inspired by Kac’s programme in Kinetic Theory [56]. We refer to [40,77,98]
for some other classical references. In the last two decades, the study of non-linear dif-
fusions has continued to receive considerable attention, with extensive results on well-
posedness (e.g., [27,52]), existence and uniqueness (e.g., [5,40,48,55,64,79,103]), ergodicity
(e.g., [4,11,18,25,26,33,38,49,72,100]), and propagation of chaos (e.g., [6,17,37,72,73]). This
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has no doubt been motivated, at least in part, by the increasing number of applications for
McKean—Vlasov SDEs, including in statistical physics [7], multi-agent systems [6], mean-field
games [20-22], stochastic control [15], filtering [32], mathematical biology (including neu-
roscience [2] and structured models of population dynamics [16,80]), epidemic dynamics [3],
social sciences (including opinion dynamics [28,46] and cooperative behaviours [19]), financial
mathematics [45], Bayesian inference [66], and the analysis of neural networks [51,76,89,95].

Despite the recent renewed interest in the study of McKean—Vlasov SDEs, however,
the problem of parameter estimation for this class of equations has received relatively lit-
tle attention. This is contrast to the wealth of literature on parameter inference in linear
(i.e., not measure-dependent) diffusion processes (e.g., [13,59,65]). Recently, Wen et al. [105]
established the asymptotic consistency and asymptotic normality of the (offline) maximum
likelihood estimator (MLE) for a broad class of McKean—Vlasov SDEs, based on continuous
observation of (x;);e0,7]. These results have since been extended by Liu et al. to the path-
dependent case [67]. We also mention the work of Catalot and Laredo [42—44], who have
studied parametric inference for a particular class of nonlinear self-stabilising SDEs using an
approximate log-likelihood function, again based on continuous observation of the non-linear
diffusion process, and established asymptotic properties (consistency, normality, convergence
rates) of the resulting estimators in several asymptotic regimes (e.g., small noise and long time
limit). Several authors have also studied parameter estimation in the corresponding IPS as the
number of particles N — oo [1,10,29,45,57,71,78,86]. On a related topic, Gomes et al. [47]
have considered parameter estimation for a McKean—Vlasov PDE, based on independent
realisations of the associated non-linear SDE, in the context of models for pedestrian dynamics.

In a slightly different framework, Maestra and Hoffmann [35] consider non-parametric
estimation of the drift-term in a McKean—Vlasov SDE, and the solution of the corresponding
non-linear Fokker—Planck equation, based on continuous observation of the associated IPS over
a fixed time horizon, namely (x;"" )z[lo’y';’]N ,in the limit as N — oo. The authors obtain adaptive
estimators based on the solution map of the Fokker—Planck equation, and prove their optimality
in a minimax sense. Moreover, in the case that b(x) = —VV(x) and ¢(x,y) = —VW(x —y),
the authors derive an estimator of the interaction potential, and establish its consistency. We
also refer to [31,62,69,70,107] for some other recent contributions on non-parametric inference
for IPSs.

Despite these recent contributions, there are no existing works which tackle the problem
of online parameter estimation for McKean—Vlasov SDEs. The main purpose of this paper
is to address this gap. There is significant motivation for this approach. In comparison
to classical (i.e., offline) methods, which process observations in a batch fashion, online
methods perform inference in real time, can track changes in parameters over time, are
more computationally efficient, and have significantly smaller storage requirements. Even for
standard diffusion processes, literature on online parameter estimation is somewhat sparse,
with some notable recent exceptions [9,94,96,97]. The problem of recursive estimation in
continuous-time stochastic processes was first rigorously analysed by Levanony et al. [63].
These authors propose an online MLE which, irrespective of initial conditions, is consistent
and asymptotically efficient. This problem has more recently been revisited by Sirignano and
Spiliopoulos [94,96], who propose an online statistical learning algorithm - ‘stochastic gradient
descent in continuous time’ - for the estimation of the parameters in a fully observed ergodic
diffusion process. These authors establish the a.s. convergence of this estimator to the stationary
points of a suitably defined objective function [94], and, under additional assumptions, also
obtain an [L” convergence rate and a central limit theorem [96]. These results have since also
been extended to partially observed diffusion processes [97], and jump—diffusion processes [9].
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1.2. Contributions

The main contributions of this paper relate to both the methodology and the theory of online
parameter estimation for the McKean—Vlasov SDE (1). Regarding methodology:

e We discuss how one can formulate an appropriate approximation to the true likelihood
function in this problem, under various modelling assumptions.

e We distinguish between cases in which the data consists of multiple independent samples
from the McKean—Vlasov SDE (Case I), or multiple interacting trajectories from the IPS
(Case II).

In each case, we perform a rigorous asymptotic analysis of the online MLE, both in the limit
as ¢t — 0o, and in the joint limit as # — oo and N — oo. Our main theoretical contributions
can be summarised as follows:

e We propose implementable online estimators for the parameters of the McKean—Vlasov
SDE, which evolve according to continuous-time stochastic gradient ascent algorithms
with respect to the asymptotic log-likelihood function of the corresponding IPS.

e We establish that these estimators converge, either almost surely (in the limit as ¢ — 00)
or in L' (in the limit as t — oo and N — 00) to the stationary points of certain contrast
functions. These results hold under assumptions which guarantee ergodicity and, in the
double asymptotic framework, uniform-in-time propagation of chaos.

e We establish, under the additional condition of global strong concavity, that these estima-
tors converge in IL2 to the true parameter 6, i.e., the unique maximiser of the asymptotic
log-likelihood of the McKean—Vlasov SDE. We also provide explicit convergence rates,
which depend on the dimension of the non-linear process, the number of observations,
and the learning rate.

Finally, we provide numerical examples to illustrate the application of the proposed
methodology to two cases of interest, namely, a linear mean-field model and a stochastic
opinion dynamics model. It is worth emphasising that, given the connection between the
McKean—Vlasov SDE (1) and the non-linear, non-local PDE (3), the results of this paper are
also applicable when one is primarily interested in parameter estimation for the non-linear PDE

3).
1.3. Paper organisation

The remainder of this paper is organised as follows. In Section 2, we formulate the
estimation problem, and propose a recursive estimator for the McKean—Vlasov SDE. In
Section 3, we state our assumptions and our main results. In Section 4, we provide the proofs of
these results. In Section 5, we provide several numerical examples illustrating the performance
of the proposed algorithm. Finally, in Section 6, we provide some concluding remarks.

1.4. Additional notation

We will assume throughout this paper that solutions (xf )r>0 of (1) are defined on a complete
probability space (2, F, Py), equipped with filtration (F;),>0, and denote the corresponding
expectation by E4. In addition, if (x?),~0 is a solution of (1) with xp = x € RY, we will

occasionally make explicit the dependence on the initial condition by writing x/ = xtg -,
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w = pff’x, and Ey := Eg ,. We will use (-, -) and || - || to denote, respectively, the Euclidean
inner product and the corresponding norm on R?. We write P(R?) for the collection of all
probability measures on R4, Meanwhile, for p > 0, we will write PP(R" ) for the collection of
all probability measures on R? with finite pth moment. In a slight abuse of notation, we will
sometimes write u(|| - ||”) for the pth moment of w; that is, w(|| - ||?) = f]Rd lx]|” w(dx). Finally,
for w,v € Pp(Rd), we will write W,(u, v) to denote the Wasserstein distance between u and
v, viz

1

. max{T, p}
Wy, v) = inf [/ lx — ylI”m(dx, dy)} ;
R4 xRd

mell(p,v)

where II(u, v) denotes the set of all couplings of p and v. That is, if # € II(u, v), then
(A x RY) = u(A) and 7(R? x A) = v(A) for all A € BRY).

2. Parameter estimation for the McKean-Vlasov SDE

We will assume, throughout this paper, that there exists a true, static parameter 6, € R”
which generates observations (x;);>0 = (xfo),zo of the McKean—Vlasov SDE (1), with
corresponding law (i4;);0 := (i4;°)i=0- Thus, in our notation, we will suppress the dependence
of the observed path, and its law, on the true parameter 8,. We will make the same assumption
when instead we observe trajectories of the IPS (2), in which case the observations are given
by (xi™)iZy N = xfo"'N)jf(l) """ N with corresponding empirical law (Y );=0 := (M,GO‘N),ZO.

2.1. The likelihood function

Let [P, denote the probability measure induced by a path (x¥)scj0,. of the McKean—Vlasov
SDE (1). Under certain regularity conditions, to be specified below, [P}, is absolutely continuous
with respect to IP’gO for all & € R? (e.g. [65, Theorem 7.19], [67,105]). One can thus use the
Girsanov formula to obtain a likelihood function as

!

£:(0) = log jg} _ / <[B<e,xs,uf>—B(eo,xs,w],(a(xs>aT<xs>)—1dxs>
2} 0

0

1

-3 /0 [||o‘(xoB(e,xx,uf)nZ— ||o‘(xx)Bwo,xS,us>||2}ds.

In the case that the diffusion coefficient ¢ depends on the unknown parameter 6, the
measures {Pj} are, in general, mutually singular (e.g., [60, Section 1.3]). We thus adopt the
standard condition of parameter independence for the diffusion coefficient, and for convenience
set 0 =1 (e.g., [13,63,105]). For linear diffusion processes (in the sense of McKean), there
are several approaches which can be applied when ¢ does depend on an unknown parameter,
including those based on a quasi log-likelihood function [50,53], or on minimising a least
squares type function for the diffusion coefficient [94]. In principle, the methods introduced in
this paper can be extended to either of these cases.

In order to proceed, it will be convenient to define the functions G : R” x R? x P(RY) x
PRY) — RY and L : R” x R? x P(RY) x P(RY) — R according to G(&, x, u, ') =
B@®,x,u) — By, x, ') and L@, x, u, u') = —%HG(G,x, w, w)|?. We can then write the
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log-likelihood function as

t
E#ﬂ=£-ﬁ”ﬂ&%w@—3%wmmW%S

=L@.x5.19 i)

+/Xma%wb—m%%JMAm) (4)
0

=G O.,x5,143 145

In general, while we may observe a sample path (x,);>o of the McKean—Vlasov SDE,
typically we will not have direct access to its law (u,),>0. As such, it is generally not possible
to compute the likelihood function £,(6) in (4) directly. On this basis, even if one is interested
in fitting data to the McKean—Vlasov SDE, it will typically be necessary to approximate the
corresponding likelihood function. In order to make such an approximation, we will assume
that we can simultaneously observe multiple continuous sample paths. Indeed, this is much
more typical of the data that we observe in practice. Within this framework, there are now two
main possibilities, as we outline below.

2.1.1. Casel .

The first possibility is to assume the observed paths are N independent instances (xf);:(l) """ N
of the McKean—Vlasov SDE (1). In this case, we can approximate the true log-likelihood
function £,(0) using

N
1 i
M) =5 3 LM
i=1
N A ' A A
— Z / L@, x, uV), Vs +/ (G, xI, V1 V) du) |, 5)
NZLo 0
where ,ugN = % ZlN: 1 8, denotes the empirical measure of the sample paths. In this approx-
imation, the functions ﬁE”N ](0), i = 1,...,N, can be viewed as N ‘Monte Carlo esque’

approximations of £,(6), obtained by replacing both 11 and p, in (4) by the empirical law ut ],

The approximation £M(#) then follows by independence. Alternatively, this approximation can
be obtained by substituting the observations of the McKean—Vlasov SDE (x,i);g(l)““’N into the
log-likelihood function of the corresponding IPS (see below).

2.1.2. Case Il
The second possibility is to assume that the observed paths correspond to the trajectories of
N particles (x,"N )i;l) """ N from the IPS (2). In this case, we can replace £,(0) by the Girsanov
log-likelihood function for the IPS, which is given by (e.g., [10,29,57,71])
N R N
HOES DO

i=1
1 N t . t ' '
= NZU L(e,x;w,“y,uﬁv)dﬁf (G(G,x;’N’M?/’MﬁV),dw;)], (6)
i=1 L0 0

where uN = % Zjv: 18 j.~n denotes the empirical measure of the IPS, and we have included
% as a normalisation factor. The connection between the functions LN(9) and EEN](G) is now
abundantly clear. In particular, they are identical as functions of the data.
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Table 1
Parameter estimation: Summary of different cases.
Case Data-generating model Observation(s) Likelihood function
Approximate True
Case I MVSDE (1) ahiZy £M©) in (5) L£,0) in (4)
Case 11 IPS (2) (EHAD LN @®) in (6) LN ®) in (6)

2.1.3. Discussion

These two cases are summarised in Table 1. Case I is of particular interest if one believes
that the true data-generating model is the McKean—Vlasov SDE (1). In particular, the function
L’gN](Q) in (5) should be regarded as an approximation of the true log-likelihood £,(9) in (4),
which can be computed under more realistic modelling assumptions. Meanwhile, Case II is of
particular interest if one believes that the true data-generating model is the IPS, for a fixed and
finite number of particles. Indeed, in this scenario, the function Lﬁv (0) in (6) can and should
be regarded as the true likelihood function. Nonetheless, it will be interesting to consider the
behaviour of this function in the mean-field limit, in order to analyse any differences that arise
with Case 1.

In the limit as N — oo, standard propagation-of-chaos results (e.g., [72]) show that the
dynamics of the observations in Cases I and II will coincide. In our results, we will establish
rigorously that this also holds for the different implied ‘likelihood’ functions, £¥(6) and
££N](9). This should not be a surprise given the similarities between these two functions.

2.2. Online parameter estimation

In the online setting, our objective is to estimate the true parameter 6, in real time, using the
continuous stream of observations. In this case, a natural objective function is the asymptotic
(or average) log-likelihood function £(6) of the McKean—Vlasov SDE, viz

A . 1 a.s.
£6) = Jim —L£,0) = f L. %, 1l too)Hos(dr), ™
— 00 R

where /Lio and e = ,ugg denote the unique invariant measures of (xf )i=0 and (x;);>0 =
(xf 9),>0, respectively, which exist under appropriate conditions on the McKean—Vlasov SDE
(see Section 3). In the spirit of [9,94,97], one can recursively maximise this objective function
by defining an estimator (6, ),>0 which follows the gradient of the integrand of the log-likelihood
L;(-) in (4), evaluated with the current parameter estimate. This represents a stochastic estimate
for the direction of steepest ascent of the asymptotic log-likelihood £(-) in (7). In our case,
initialised at 6;,;; € RP, this yields the update equation

do; = v, <V0L(9t’ X, M?t s e )dt + Vo B(O;, x;, Nzgt )dwt) ) 3

(noisy) ascent term noise term
where y, : Ry — R is a positive, non-increasing function known as the learning rate and, in a
slight abuse of notation, (,uf’ )i>0 denotes the law of (x,e ")i>0, the solution of (1) integrated with
the online parameter estimate. We note that one also arrives at this estimator by considering
a ‘least-squares’ type objective for the drift function (see [94]). This evolution equation does
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indeed represent a continuous-time stochastic gradient ascent scheme on the asymptotic log-
likelihood function. To see this, we can rewrite the parameter update equation (8) in the form

do, = m( Vo L£O)dt + (VoL (O, xi, 11", 1) — vei((a,))drwaB(ez,x,,u%dwt). ©)
—_——
(true) ascent term fluctuations term noise term

The first term in this decomposition represents the true ascent direction Vgﬁ(@,), the second
term the deviation between the stochastic gradient ascent direction VyL(6;, x;, ,uf’, ;) and
the true gradient ascent direction Vo L(6,), while the third term is a zero-mean noise term.
Heuristically, we might expect that, provided the learning rate decreases (sufficiently quickly),
the true ascent term will dominate the fluctuations term and the noise term for sufficiently large
t. If this is the case, we could then reasonably expect 6; to converge to a local maximum of
L®).

Unfortunately, there are several challenges associated with implementing the ‘ideal’ online
estimator (8). In particular, this estimator depends on (M,e’ )i>0, the law of the solution of the
McKean—Vlasov SDE (1), integrated with the online parameter estimate. We will thus seek
approximate, easy-to-implement estimators based on the approximations to the log-likelihood
given in (5) and (6). Following our earlier discussion, we consider two cases.

2.2.1. Case I _

We begin with the case in which the N sample paths (x;);i(') """ correspond to independent
replicates of the McKean—Vlasov SDE (1). In this case, it is natural to consider an estimator
(9,[i’N ]),20 which evolves according to the gradient of the integrand of the function d’*N](e) in
(5). This yields the update equation

oM — o, [%L(@”’N], xp, i e+ Ve BOM, xf, widw] ] ' (10

Alternatively, one could average over all of the trajectories, which is equivalent to defining an
estimator (6‘,[N ]),Zo which evolves according to the gradient of the integrand of the function
£N©) in (5), viz
1< : . ,
a0 =y D [VoL @™l il Mt + Ve BOM, i Mau | (1n
i=1

The advantage of (10) is that the computation can be performed locally at each particle,
following a message passing step for retrieving the empirical law /AN]. It is thus convenient for
a distributed implementation. On the other hand, (11) will typically be more accurate, as we will
later demonstrate (see, in particular, the bounds in Theorem 1.2%). These two schemes can be
seen as stochastic gradient ascent algorithms for maximising the average of the approximate
‘likelihood’ function of the ith realisation of the McKean—Vlasov SDE or the approximate
‘likelihood’ function of N realisations of the McKean—Vlasov SDE, as defined by (5). That is,
for maximising

. 1 ., N 1
ﬁ[”N](Q):}iTO ;ﬁi”N‘(e) or c[NJ(e)ztlinoqo;ciN'(e). (12)

Under suitable conditions on the learning rate, we can expect, based on a decomposition
analogous to (9), that the~ online estimates defined in (10) and (11) will converge to local
maxima of £I"N(9) and LIV(0) as t — oo. In Theorems 1.1 and 1.1%, we show rigorously
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that this is indeed the case. Meanwhile, by the law of large numbers, we expect that £>V(6)
and LIV 1(6) will converge to a limiting contrast function é(@) as N — oo. In the joint limit as
t — oo and N — oo it thus seems reasonable to hypothesise that the estimates (10) and (11)
will in fact converge to stationary points of L(®). In Theorem 1.1%, we establish rigorously
that this is the case, and provide an explicit characterisation of the limiting contrast function
as

s 1
L£©O) = lim -£N) = f
t,N—>oo t

. L0, x, foos Moo)Moo(dxX). (13)
R

It is worth noting that this function is distinct from L(0), the asymptotic log-likelihood of
the McKean—Vlasov SDE, as defined in (7). Importantly, however, these functions are both
maximised at the true parameter 6 = 6.

2.2.2. Case Il

We now consider the case in which the observations (x;"N);:(I) """ correspond to the
trajectories of the IPS (2). In this case, we can use essentially the same update equations.
This should not be surprising, given that the ‘approximations’ of the log-likelihood of the
McKean—Vlasov SDE given in (5) and (6) were identical up to specification of the data. To be
explicit, we now have

oy =y, [VoL O™ xp™, ', i )dt + Vo BON, xp Y, g )duwy ] (14)
and
1 N
dgN = vy Z (VoL x\N, ul, uydt + Ve B@ON, xN, uM)dw!]. (15)
i=1

These two schemes now represent stochastic gradient ascent algorithms for maximising the
average log-likelihood of the ith particle in the IPS, or the average log-likelihood of all of the
particles in the IPS, respectively. That is, for maximising the functions

- 1., < 1
E”N(G)ztlirgo?E;’N(G) or ,cN(e):tlggo;zzﬁv(e). (16)

Based on similar arguments to before, we expect that the estimates defined in (14) and (15)
will converge to local maxima of LiN (0) and il (0) as t — oo. We establish this rigorously
in Theorems 2.1-2.2. Meanwhile, due to uniform-in-time propagation of chaos, we also expect
LN©) and LN (H) to converge to £(0) as N — oo, the same limiting function as obtained in
Case 1. Thus, in the long-time and large-particle regime, we should obtain convergence results
very similar to those obtained before. This is the subject of Theorems 2.1%-2.2%.

3. Main results

We are now ready to state our assumptions. We begin with the following integrability
assumption on the initial condition.

Assumption A.1. The initial law satisfies ug € Pr(RY) for all k € N.

This condition, alongside the conditions below, guarantees that the solutions of the McKean—
Vlasov SDE and the IPS have bounded moments of all orders (see Proposition 1), and so do
their invariant measures (see Proposition 2).

Regarding the drift function B(6y, -, -) : R¢ x P(R?) — R? we will work under the following
rather classical assumptions.
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Assumption B.1. The function b(6, -) : RY — R? has the following properties.

(i) b(6o, -) is locally Lipschitz. That is, for all x,x’ € R? such that ||x]|, |x'|| < R, there
exists 0 < Lg,,; < oo such that

16(Bo, x) — b(By, x| < Lgy1llx — x|
(ii) b(0y, -) is ‘monotonic’. That is, for all x, x’ € R?, there exists ag, > 0 such that

(x = x', b(Bo, x) — b(Bo, x)) < —agy llx — x|

Assumption B.2. The function ¢(6p, -, ) : R x RY — R? has the following property.

(1) ¢(6o, -, -) is globally Lipschitz. In particular, there exists 0 < 2Lg, > < o, such that, for
all x,y,x',y e RY,

@0, x, ) — ¢@, x", Y < Loy 2(lx — "I + Iy — ¥'ID.

These two conditions are used to establish existence and uniqueness of the strong solution
to the McKean—Vlasov SDE (e.g., [77, Theorem 2.2]), uniform moment bounds, uniform-in-
time propagation of chaos, and the existence of, and exponential convergence to, a unique
invariant measure (see Appendix A). In the literature on non-linear diffusions, it is typical
to consider the case in which b(f, x) = —VVy(x) for some confinement potential V, and
@0, x,y) = —VWy(x — y) for some interaction potential W. In this case, classical conditions
which can be used in place of Conditions B.1-B.2 (e.g., convexity) may be found in [72].

Let us remark briefly upon some weaker conditions under which these results still hold,
and therefore under which the main results of our paper will also still hold (albeit with some
additional technical overhead). In the case that there is no confinement potential (i.e., V = 0),
and the interaction potential is uniformly convex with gradient that is locally Lipschitz with
polynomial growth, Malrieu established uniform-in-time propagation of chaos and exponential
convergence to equilibrium [73]. Cattiaux et al. [26] later established the same results in
the case that the interaction potential is degenerately convex. Meanwhile, in [24,25], the
authors establish exponential convergence to equilibrium under the strict convexity condition
Hess(V +2W) > B1;, for some 8 > 0.

In the case that V + 2W 1is not convex, far fewer results are available; indeed, without
additional conditions on V and W, even the existence of a unique stationary distribution
is not guaranteed (see, e.g., [49,101]). This being said, Bolley et al. [11] proved uniform
exponential convergence to equilibrium in both degenerately convex, and weakly non-convex
cases. More recently, [37,38] have established uniform-in-time propagation of chaos and
exponential convergence to equilibrium in the non-convex case, provided the confinement
potential V is strictly convex outside a ball, and the interaction potential is globally Lipschitz
with sufficiently small Lipschitz constant. For some other relevant recent contributions, see
also [23,34,61,68].

In addition to Assumptions B.1-B.2, we will also impose the following regularity conditions.

Assumption C.1. The functions b : R? x R? - R? and ¢ : R? x R? x R — R? have the
following properties.

@) b, ) € CRY), ¢, -, -) € CR?, RY) for all § € R”; and b(-, x) and ¢(-, x, y) € C3(RP)
for all x,y € R4,
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(i1) For k =0, 1, 2, 3, there exist finite constants g, K < oo such that, for all 8 € R” and for
all x,y e R4,

[ Vab©, x) — Vib@, x")| < Klllx — x'INIL + [Ix ]| + [|Ix"[1] (17)
IVEp©. x, y) — Vip(©,x", y)| < Klllx — x| + lly — y'IN[1 + llx]|4
+ X1+ Iy e+ 1y 191 (18)

These conditions, variations of which have also appeared in, e.g., [9,94,96], are required in
order to control the ergodic behaviour of the solution of the McKean—Vlasov SDE, and the
associated IPS, which is central to establishing convergence of the online MLE. In particular,
they ensure that fluctuation terms of the form fot ¥s(Vo L(Os, x5, ,uf, W) — Vo £(0,))ds, as in (9),
tend to zero sufficiently quickly as + — oo. Using an approach which is now well established
in the analysis of stochastic approximation algorithms in continuous time [9,90-92,94,96,97],
we control such terms by rewriting them in terms of the solutions of some related Poisson
equations. Condition C.1 ensures that these solutions are unique, and that they grow at most
polynomially in a suitable sense (see Lemma 17 in Appendix B). In practice, the assumption
that there exist universal constants g, K such that b(@, x) and ¢(6, x, y) satisfy (17)—(18) can
be a little restrictive. However, as in [96], it is possible to establish our results under a weaker
version of Condition C.1(ii), in which b(6, x) and ¢(0, x, y) are allowed to grow linearly with
respect to 6, without significant complication.

We now proceed with some additional assumptions which will be required in order to
establish our > convergence results (Theorems 1.2 and 1.2*% and Theorems 2.2 and 2.2%).

Assumption D.1. There exist a positive constant R < 0o, and an almost everywhere positive
function « : R x P(R?) x P(R?) — R, such that, for all ||#| > R,

(VoL (O, x, pt, 1), 0) < —x(x, e, k)01,
Assumption D.2. Define the function 7 : R? x RY x P(R?) — R according to

6 6w
et nell

Then, there exists 0 < ¢, K < oo such that, for all 6,0” € R”, for all x,y € R4,

T(0, x, 1) = (Ve BO, x, 1)V B (6, x, 1)

q
120, x, 1) — 70", x, I < K116 = 0'II(L+ x| + [l - [H)I12)-

These two conditions ensure, via the comparison theorem (e.g., [54,106]), that the online
parameter estimates generated by the McKean—Vlasov SDE and the IPS, namely (6;),>0 and
(9: N )i>0, have uniformly bounded moments (see Lemma 18). We refer to [58] for some more
general conditions under which this result still holds. The first condition relates to the drift
terms in the two parameter update equations, and can be seen as a recurrence condition; the
second condition relates to the diffusion terms, and can be seen as an extension of Condition
B.2. This condition was introduced in [94], and has since also appeared in [9]. Instead of these
conditions, one could instead use a projection or truncation device to ensure that the online
parameter estimates remain bounded (e.g., [30]). This is fairly common within the stochastic
approximation literature (e.g., [12]).

In order to establish consistency, we will also require strong concavity for at least one of
the asymptotic objective functions.
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Assumption E.1. The function £1"N1(9), or equivalently £N(0), is strongly concave with
constant n > 0, foral N e N,i=1,..., N.

Assumption E.2. The function é(@) is strongly concave with constant 1 > 0.

The first condition implies that £-Y (9) and £I-V1(6) have unique maximisers for each fixed
N € N, and will be used when we consider asymptotics in the long-time regime, for a fixed
number of particles. The second condition implies that £(#) has a unique maximiser, and will
be relevant when we consider the double asymptotic framework as t — oo and N — oo.
It is worth emphasising that neither Assumption E.1, nor Assumption E.2 is redundant. In
particular, one of these conditions may hold, while the other does not. For example, in the
linear mean field model studied in Section 5.1, we will see that Assumption E.1 is satisfied,
while Assumption E.2 is not (see Appendix C).

It remains only to specify our conditions on the learning rate.

Assumption F.1. The learning rate y, : R, — R, is a positive, non-increasing function such
that [°y,dt = oo, [~ y2dr < oo, [ y/dr < co. Moreover, there exists p > 0 such that

. 1
lim, o y2t*P*2 = 0.

Assumption F.2. Let &, = exp(—2n f; y,du), for the constant n defined in Condition
E.2. The learning rate y; : R, — R, satisfies fof Y2, ds = O(y), fot v/ D5 ds = O(yy),
Jo vs @s0ds = O), [y vs D56 ™™ds = O(yy), and Py, = O(yy).

The first of these conditions represents the continuous-time analogue of the standard step-
size condition used in the convergence analysis of stochastic approximation algorithms in
discrete time (e.g., [88,94]). The second condition, first introduced in [96], is specific to
stochastic gradient descent in continuous time, and is only required in order to establish our L?
convergence results (Theorems 1.2 and 1.2* and Theorems 2.2 and 2.2%). A standard choice of
learning rate which satisfies both of these conditions is y;, = CV(C(;.O—H)‘], where C,,, G0 > 0
are positive constants such that C,n > 1.

3.1. Main results

We are now ready to state our main results. These results are summarised in Table 2.

3.1.1. Casel

We begin, once more, with the case in which we observe N independent sample paths
(x! );;]) “““ N from the McKean—Vlasov SDE (1). We thus generate online parameter estimates
according to (10) or (11). We will consider two asymptotic regimes.

(i) t — oo and N € N. We begin by considering asymptotics only in the long-time regime,
with the number of sample paths fixed and finite. In this case, we can establish a.s.
convergence of (10) and (11) to the stationary points of the contrast functions £/*V(9) and
LN (@), respectively. Under additional assumptions on these functions, including strong
concavity (Condition E.1), we also obtain L, convergence to their unique maximisers,
with a convergence rate which depends on the learning rate (y;);>o.
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Table 2
Online parameter estimation: Summary of main results.
Case Limit(s) Theorems Parameter Objective Convergence rate
estimates function
i,N ) Ali
Case 1 t—>o00, NeN 1.1-1.2 01[1 : from (10) LD’N](G) (K@O’1 +K90~2m
K
[N] AN fo.2
0" from (11) LWNg) (Koo, 1 + ——
N i
Case 1 t— 00, N> 00 1112 K from (10) L) (KBO,I + K90.2) vt + Kgy 30(N)
K,
[N] b0.2
6; from (11) (Kg()‘] + N Wt +K90,30‘(N)
iN Fi,N i T
Case I t1—00, NeN 122 O from (1) £5O Koo, 1+ Koo,
T
oN fom (15) 2N o) !+ %)
t e 6.1 N M
T
K
iN 1 T T 00,4
Case II t — o0, N — oo 2.1%-22 O from (14) L) (KH(),I + K(JO,Z)W + K00'3a(N)+ N1/2
T T
oM from (15) ! KHO’Z) 1kl e+ Fp 4
' 6.1 N VT Re3 N1/2

Theorem 1.1. Assume that Conditions A.1, B.1-B.2, C.1, and F.1 hold. Then, for all N € N,

i=1

, ..., N, it holds a.s. that
lim [V, LM@Y = lim Ve LM 0" = 0.
r—0o0 —0o0

Theorem 1.2. Assume that Conditions A.1, B.1-B.2, C.1, D.1-D.2, E.1, and F.1-F.2 hold.

Then,

forall N e N, i =1,...,N, and for sufficiently large t, there exist positive constants

Koy.1, Koy,2, such that

(i)

Eqg, [||9t[i’N] - 90||2] < (Kop.1 + Kop.2) 71,

Kagy,2
N

Egy [161" = 6017 ] = (Kop1 + =22y
t — oo and N — oo. We next consider joint asymptotics in the many observations
and the long-time regime. In this case, we establish ! convergence of (10) and (11) to
the stationary points of é(@), the contrast function defined in (13). Under the additional
assumption of strong log-concavity for this contrast function (Condition E.2), among other
technical assumptions, we then obtain convergence to the unique maximiser of L(6), the
asymptotic log-likelihood of the McKean—Vlasov SDE, with a convergence rate which
depends on the learning rate (y;);>0, the number of sample paths N, and the dimension
of the non-linear process d.

It is worth emphasising that, even though we now take N — oo, the first of these two
results does not guarantee convergence to the stationary points of L£(), the true asymptotic
log-likelihood function of the McKean—Vlasov SDE. This should be seen as the penalty
for replacing (,uf’ )i>0 in the exact (but intractable) update equation (8), by (MEN])QO in the
approximate (but implementable) update equations (10) and (11). In particular, the former
depends on the path of the online parameter estimates (6;),>0, while the latter depends
only on the true data-generating parameter 6.

493



L. Sharrock, N. Kantas, P. Parpas et al. Stochastic Processes and their Applications 162 (2023) 481-546

Theorem 1.1*. Assume that Conditions A.1, B.1-B.2, C.1, and F.1 hold. Then, in L', it holds
that

lim [[Vo£07 ") = 1im [|VeL0M) = 0.
t,N—o00 t,N—o00

Suppose, in addition, that Oy = {0 € R? : Veé(ﬁ) = 0} = {0p). Then, in L', it also holds that
lim (Vo L£@O I = lim (VoL@ = 0.
t,N—oo t,N—o0

Theorem 1.2%. Assume that Conditions A.1, B.1-B.2, C.1, D.1-D.2, E.2, and F.1-F.2 hold.
Then, for all N e N, i = 1,..., N, and for sufficiently large t, there exist positive constants
K@O,I, KGO,Z, K90’3, such that

Egy [ 167" = 60]12] = (Ku.1 + Kap.2) vi + Kapsa(N),
Koy,
By [162) = 60112 = (Kat + =)y, + Ky see(N),

N
where o : N — R is a function defined according to

1

N if d=1,
a(N)=1 N-dlogl+N): if d=2, (19)
N— if d=3.

3.1.2. Case Il

We now turn our attention to the case in which we observe N particles (x! )i:(l) """ N from
the IPS (2), and generate online parameter estimates according to (14) or (15). Once again, we
will consider two asymptotic regimes.

(i) N € N and t+ — oo. We first consider asymptotics in the long-time regime, for a fixed

number of particles. This is perhaps the most natural asymptotic regime for Case II, in
which implicitly we have assumed that the true data-generating model is a finite system
of interacting particles. Thus, arguably, our objective should simply be to maximise the
‘partial” asymptotic log-likelihood of the IPS, LN (8), or the ‘complete’ asymptotic log-
likelihood of the IPS, £V (0), for finite N, since this corresponds to the true log-likelihood
of the data-generating process.
We begin by establishing a.s. convergence of (14) or (15) to the stationary points of
these two functions. Assuming also strong concavity for these asymptotic log-likelihood
functions (Condition E.l), we then obtain L, convergence to their unique maximisers,
with an L, convergence rate which depends on the learning rate (y;);>o.

Theorem 2.1. Assume that Conditions A.1, B.1-B.2, C.1, and F.1 hold. Then, for all N € N,
i=1,...,N, it holds a.s. that

lim |V, Z5N©0FN)|| = lim [|[Vo£Y 0N = 0.

—00 —>00
Theorem 2.2. Assume that Conditions A.1, B.1-B.2, C.1, D.1-D.2, E.1, and F.1-F.2 hold.

Then, for all N € N, i = 1,..., N, and for sufficiently large t, there exist positive constants
K(Io,l’ Kgoi’ such that ¢

B, [1161Y — 60112] < (K | + K e
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N
(ii)) N — oo and t — oo. Finally, for completeness, we consider joint asymptotics in the large
particle and the long-time regime. Given that the assumed form of the data-generating
mechanism in this case (the IPS) and in the previous case (the McKean—Vlasov SDE)
coincide as N — oo and t — o0, it is natural to analyse whether the same is true for the

resulting parameter estimates.

Similar to before, we first establish L' convergence of (14) and (15) to the stationary
points of the contrast function £(#). Under the additional assumption of strong concavity
for this contrast function (Condition E.2), we then obtain IL? convergence to the unique
maximiser of £(#), with a convergence rate which once again depends on the learning
rate (y;):>0, the number of particles N, and the dimension of each of the particles d.

Eo, [16) — 601%] < (K}, + —2).

Theorem 2.1%. Assume that Conditions A.1, B.1-B.2, C.1, and F.1 hold. Then, in L', it holds
that

: Ao Ny — 1 ANy —
lim VoLl = lim 1V6£6)] = 0.

Suppose, in addition, that 6y = {0 € R” : V@é(@) = 0} = {0p). Then, in L', it also holds that
lim [Vo£@O'Y) = lim |[VaL(OM)] =0.
t,N—o00 t,N—o0

Theorem 2.2*%. Assume that Conditions A.1, B.1-B.2, C.1, D.1-D.2, E.2, and F.1-E.2 hold.
Then, for all N € N, i = 1,..., N, and for sufficiently large t, there exist positive constants
T T T i
Keo,p Keo,zf K90’3, K90,4’ such that
T

' Kgy.a
Ea [16]" = 60011°] < (K 1 + Kg 2)vi + Kj se(N) + NO,’ ,
2
g 2 Kg 4
Eo, [16 = 6011°] = (Kjj, + —0=)vi + K se(N) + =52,
0> N 0, i

where o : N — R is the function defined in (19).

3.1.3. Discussion

Let us briefly compare the results obtained in Case I (Theorems 1.1-1.2 and Theorems 1.1%—
1.2*) and Case II (Theorems 2.1-2.2 and Theorems 2.1*-2.2%). As noted previously, the
online parameter estimates in both of these cases follow the same update equations; the only
difference is in the assumed form of the data-generating model. We thus expect that the
results obtained in these two cases will be similar, if not identical. In Theorems 1.1%—1.2%
and Theorems 2.1%-2.2%*, this is indeed seen to be the case.

In particular, Theorems 1.1* and 2.1* establish that, regardless of the data-generating
mechanism, the online parameter estimates generated via (10)—(11) and (14)—(15) converge
to the stationary points of £(6) as N — oo and t — o00. Meanwhile, Theorems 1.2* and
2.2% establish > convergence to the true parameter 6. It is worth noting that there is a
difference between the rates established in Tpeorems 1.2* and 2.2%*. In particular, in Case II
(Theorem 2.2%*) there is an additional O(N™2) term. We can interpret this term as a penalty
for the mismatch between the asymptotic likelihood function implied by the data-generating
model in Case II, namely the IPS (2), and the asymptotic likelihood function of the limiting
McKean—Vlasov SDE (1).
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4. Proof of main results

In this section, we provide proofs of our main results. We will focus on Theorems 2.1* and
2.2*, whose proofs can easily be adapted to obtain the other results.

4.1. Additional notation

As in Section 2.1, we will write (x,i )i>0 for a solution of the McKean—Vlasov SDE (1),
where the Brownian motion (w;);>¢ is replaced by (wf),zo. We will still write (u,;);>0 for the

law of this solution. We also now write
t

t
ﬁ;'(e):/ L(e,x;',uf,us)dwf (GO, x}, 1, ), dwy),
0 0

t t
£§(9)=/ L(Q,X§,MS7Ms)dS+/ (GO, x, ps, ), dwy). (20)
0 0

In addition, we now define £V = (x/"", ..., x"")T € (R, the process consisting of the
concatenation of the N solutions of the IPS (2). This process is the solution of the following
SDE on (RH)N

A&V = B, £V)dt + d¥, Q1)

where %V is a (R?)N-valued Brownian motion, and the function B(6,-) : (R)N — (R%)N
is of the form B@®,xY) = BYW@®,xY),...,BYN@®O, V)T, where, for i = 1,...,N,
B*N@, ) : RHN — R is defined according to
| X
B0, 3%) = b0, x") + = 30, 5", 50,

j=1

It will also be useful to define the functions GV (@, -) : (RN — R and LiN(9, ) : (RHN —
R according to G*N (@, #V) = BN (@, #V)— BN @y, £V) and LWV (@, £) = =1 GAN @, 2V
We will also write i¥ = L(%V) to denote the law of £V = (x/"", ..., x""™M).

It is worth noting that, in the bounds which appear in subsequent section, we will use
0 < K <o0or0 < Kg, < oo todenote fixed constants which do not depend on the number of
particles N, the time ¢, or any other important parameters. In particular, we will use K when
the constant is independent of the true parameter 6, (e.g., the constants in Assumption C.1),
and K4, when the constant depends on 6y (e.g., the constants arising in Propositions 1-4). The
constant K or Kg, may change from line to line, but it will always be denoted by the same
symbol.

4.2. Proof of Theorems 1.1, 1.1%, 2.1 and 2.1*

Proof. We will focus on the proof of Theorems 2.1 and 2.1%*, later demonstrating how the
same approach can be used to obtain Theorems 1.1 and 1.1*. The proof of these results will
rely on a series of lemmas, which will be proved subsequently.

Using the triangle inequality, we can decompose é(@,”N ), the approximate asymptotic log-
likelihood of the McKean—Vlasov SDE evaluated at the online parameter estimates generated
by the IPS, as

IVe L& ™Il < 1IV6 LB — LV Li@ ™I +11Ve Ll ™) — Lvp Ll Mo )|

— 0 ast—>o00 VN eN by Lemma | — 0as N —> oo VreR; by Lemma 4
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+ 15V L1 MO = 19 LN OF M+ 1596 L7 6N = Vo LN 6|

— 0 as N »> o0 VteR; by Lemma 3 — 0 ast—>o00 VN eN by Lemma 2
Ai,N gi,N
+ Vo L7 6 ; (22)
[ —

— 0ast—> oo VN eN by Lemma 5

or, almost identically, as

IVeLONI < IVeLON) = 1V LIOM + 11V LiO) — 1V, LM M)

— 0asr—> oo VNeN by Lemma | — 0 as N—> o0 VteRy by Lemma 4

+ 11, MO = 1V, X O + 11V LN 6) — Vo LY 0]

— 0as N—>oo VreRy by Lemma3 — Oasr—> oo VNeN by Lemma 2
AN gN
+ Ve L7(6,)] , (23)
[ —

— 0ast— oo VNeN by Lemma 5

where £(0) is defined in (13), £V-¥(6) and £IN(9) are defined in (12), and £V (#) and £V (9)
are defined in (16).

In both (22) and (23), the final limit holds a.s. This proves Theorem 2.1. Meanwhile, all
of the limits hold in L.!. This proves the first statement in Theorem 2.1%. Now suppose that
&) = {0 : Vgé(@) = 0} = {6o}. Then, from the previous result, we have 0}’N — 0y and
6N — 6 in L'. By continuity, it follows immediately that [|Vo£(6,™)I — VoL(G)] = 0
and |[VoLON)| — IVaL()|l = 0 in L', using the definition of £(0) in (7). This proves the
second statement in Theorem 2.1%.

Theorems 1.1 and 1.1* are proved in the same fashion. In this case, in (22) and (23), we
must now replace 6" by 61", £V () by £V, and £0V () by £9N() in (22), and 6
by 6, £N() by £V, and £V(-) by £IVI() in (23). The third term in (22) and (23) now
vanishes entirely. The limits for the remaining terms in (22) and (23), established in Lemmas 1,
2, 4, and 5 all still hold. Thus, arguing as above, we obtain the claimed results. [

Before we proceed to the proofs of Lemmas 1-5, let us provide a brief high level overview
of these results. The proofs of these Lemmas will themselves rely on several auxiliary results,
whose full statements and proofs can be found in Appendices A and B.

(i) In Lemmas 1 and 2, we establish the existence of £(0), £V (0), and £ (0), as well
as their derivatives. We provide explicit expressions for these functions in terms of the
unique invariant measure of the McKean—Vlasov SDE or the IPS, and prove appropriate
convergence results as  — oo (both a.s. and in L').

(iii) In Lemma 3, we prove that, for all > 0, the gradient of the particle based approximation
of the log-likelihood of the McKean—Vlasov SDE, as defined in (5), converges to the
gradient of the log-likelihood of the IPS as N — oo (in L'). We also provide L!
convergence rates. The proof of this result relies on classical uniform-in-time propagation
of chaos results [17,72].

(iv) In Lemma 4, we prove that, for all ¢ > 0, the gradient of the particle based approximation
of the log-likelihood of the McKean—Vlasov SDE in (5) converges to the gradient of the
‘approximate’ log-likelihood of the McKean—Vlasov SDE in (20) as N — oo (in LY. We
also provide IL! convergence rates. The proof relies on existing results on the convergence
of the empirical law of the McKean—Vlasov SDE [39].
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(vi) In Lemma 5, we establish that, for all N € N, the gradient of the asymptotic log-likelihood
of the IPS, evaluated at the relevant online parameter updates, converges to zero as t — 00
(both a.s. and in L'). This result can be seen as a generalisation of [94, Theorem 2.4].

Lemma 1. Assume that Conditions A.1, B.1-B.2, and C.1 hold. Then the processes %Vgéi(@),
k =0,1,2, converge, both a.s. and in LY, to the functions

VAL(O) = /

. VgL(e, X, Loos /Loo)/LOO(dx)'
R

Proof. We will prove Lemma 1 for the function Q(-), in the case k = 0. The results for
k = 1,2, are proved similarly.! Let us begin by recalling the definition of %ﬁi(@), viz

1

1 . t . 1 ! . .
1O = [ 1O s+ 1 [ (GO ). dul).
0 0

No.n GRS

We will first consider the first term on the RHS. We will characterise the asymptotic behaviour
of this term via the following decomposition

1 [ , 1 [ , ,
;/ L0, xg, ps, ps)ds = ;/ [L(©, X!, s, its) — L(O, X}, poo, [hoo)] ds
0 0
N, M@0
1 [ .
v / LB, X1 oo 11oc)ds, (24)
0
1{72(0,;)

where (o is the unique invariant measure of (x,);>9, which exists as a consequence of
Proposition 3 (see Appendix A). We begin with the observation that, as ¢t — oo, we have

1 [ . .
T [ IO s = L. s aolds 25 0 and
0

1

t
” / LB, X!, foo, oo )ds ? L), 25)
0

the former by Proposition 3 (see Appendix A,) and the latter by an appropriate version of the
ergodic theorem (e.g., [87, Chapter X]). Let us now demonstrate that / 11\,]1 (6, t) also converges
to zero in L', Using lity Lemma 14, we have that

HL(G, x‘iv My, /’LS‘) - L(ev -xé:a Moo, I'LOO)”
< KWalis, soo) [1 4 1517 + (- 19) 4 poo(l - 1] -

Thus, using also Proposition 3 (the exponential contractivity of the McKean—Vlasov SDE),
Condition A.1 (integrability of the initial condition), Proposition 1 (moment bounds for the
McKean—Vlasov SDE), and Proposition 2 (moment bounds for the invariant measure of the

! Regarding the results for k = 1, 2, we note that the processes %Vgg(@), and hence also Vgé(@), exist due to

Condition C.1. With this established, the proof when k& = 1,2 is almost identical to the proof when k = 0.
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McKean—Vlasov SDE), it follows that

[ L. x{, s 1as) — LB, Xy, fhoos fhoo) | < KWalpo, poo) [ 14 IIx 17
+ (1D 4 ool - 1) ] e70°
< Ko [1+ Ix}[17]e ™",
where Ag, = ag, —2Lg,» > 0 (from Proposition 3), and g, Ag, > O are the constants defined
in Condition B.2. Thus, making use once more of Proposition 1, and allowing the value of the
constant Ky, to increase between inequalities, that
L[ ; . K ! , Koy (1 — e~ 0!
Bl 0N < [ Ko (4B [l 1) 00 < S0 [ehmrgs < TOE2C 2
' t Jo t Jo Aoyt

so that the convergence of I{Yl 0, 1) to zero does also hold in L'. We thus have, substituting
(25) into (24), that IV (0, ) — L(), both a.s. and in L.

We now turn our attention IZN (0,1). Using the Itd’s isometry, Condition C.1(ii) (the
polynomial growth of B and therefore also G), Proposition 1 (the bounded moments of the

McKean—Vlasov SDE), and Lemma 6 (the asymptotic growth rate of the moments of the

McKean—Vlasov SDE), we have
2 ' '
} = Ey, [/ G, xi. s, us)uzds]
0

< [y, [/ K (L4 [lx219 + we(ll - 1) ds}
0

t
/ (GO, x;, s, s), dwy)
0

< Kgot[l + ﬁ] (26)

where, in the final inequality, we have once more made explicit the dependence of the constant
Kg, on the true parameter 6y (due to Proposition 1 and Lemma 6). It follows that for each
0 e R?,

Kay(1+ /1)
t

’

1
Eq, [||;<G(e,xs, [As)s dws>||2] <

and so this term converges in > (and hence LL') to zero. It remains only to demonstrate a.s.
convergence of this term to zero. To do so, consider the local martingale

t

1 . .

M, / (GO, ), du)
0

] t ) ) t 1 s . .

—/(G(@,x;,uf,us),dw;)—l—/ —2|:'/ (G(Q,xl’,,ui,ﬂu),dw;)} ds,

tJo 0o S 0

where the second equality follows from It6’s Lemma. Using the It6 isometry, Condition C.1(ii)
(which implies the polynomial growth of G), and Proposition 1 (the bounded moments of the
McKean—Vlasov SDE), and arguing as above, we have

o0 1 .
sup g, [|M;1*] = Eq, [/ 54 [1G®, xi, 1, wo)l?] ds]
0

t>0
t 1 )
< Ko, [/ o (14 Eq, [lIx17]) ds] < 0. (27)
0
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By Doob’s martingale convergence theorem [36], there thus exists a finite random variable M,
such that M, — M, a.s. It follows immediately that % fOt(G(G, xi, w1l ), dw') also converges
to zero a.s., as claimed. Putting everything together, we thus have that %Lﬁ(@) converges to L£(0)
both a.s. and in L!. [

Lemma 2. Assume that Conditions A.1, B.1-B.2, and C.1 hold. Then, for all N € N,
the processes %Vgﬁ;’N(Q) and %Vgﬁfv ©), m =0, 1,2, converge, both a.s. and in L, to the
functions

N
- i Nve ANAN as 5 1 5
vgﬁ"N(e)zfdegL"N(e,xN)ug(de) . VELN@©O) = NE VELN(9).
(R7) i=1

Proof. We will begin by proving that the statement holds for the function £ (8). The proof,
in this case, is very similar to the proof of Lemma I, with some simplifications. We will
provide a sketch of the proof, signposting differences with the previous proof where necessary.
As previously, we will only consider the case k = 0, with the results for k = 1,2 proved
analogously. We begin by recalling the definition of the function }L;*N(Q) from (6), which we
now write in the form

1 . 1 ! 1 [ .. .
Moy = [ D68+ [ (6., du 28)
0 0

We begin with the first term on the RHS. By Proposition 3, the IPS admits a unique invariant
measure /1Y € P(R4)N). Thus, for all N € N, by the ergodic theorem (e.g., [87, Chapter X])
we have that as r — o0,

1 N ~
/ L™V (0,%N)ds = LN (0, 2Y) foo(@fY) = LNV (0).
t Jo L! (RAYN
It remains to bound the second term on the RHS of (28). We show that this term converges
to zero a.s. and in IL', and satisfies the required convergence rate, using essentially identical
arguments to those used in the proof of Lemma 1, c.f. (26)—(27). This concludes the proof.
We now turn our attention to the function £¥(6). The proof of the statements regarding this
function now follows easily. In particular, using the definition of E,N (0), c.f. (6), and the results
above, we have
N
—cN(e) [ ZE’ N(e))} Z[ L£iN e )] — ch Noy=L£N@©). O

i=1
Lemma 3. Assume that Conditions A.1, B.1-B.2, and C.1 hold. Then, for all 6 € R?, for all
t>0, foralli=1,..., N, we have, in L, that
Jim (VLN @)l = 15V L@ and - lim (1EV LY@ = 115V L @)

In addition, there exists a positive constant Kq such that, for all 6 € RP, for all t > 0, for all
NeN, and foralli =1,...,N,

Ky 1
Vo LiN (@) — =V, Ll N](Q)H] —= (1 + —) :
[H ' W\ TV
and this bound also holds ifﬁ;’NC) and LN are replaced by LN (-) and LV'(.).
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Proof. We begin by proving that the two statements hold for Eﬁ‘N(O). First recall that

1 , 1! . 1! , 4
;V@E;,N(Q)z ;/ ng(e,x;»N,MﬁV,MiV)dst;/ (VQG(Q,x;N,MiV’MgV), dw}),
0 0

N o.n N e.n

1 ; 1! . 1! . ‘
;%dw](e) = ;/ VoL (O, x!, M INhds 4 ;/ (%G(e,x;, NNy, dw;).
0 0

14, 1) 1N, 1)

We will begin by seeking a bound for E90[||15’N(9, 1) — Izli’NJ(Q, 1)||]. Using Assumption C.1,
Proposition 1 (bounded moments of the McKean—Vlasov SDE and the IPS), and Proposition 4
(uniform-in-time propagation-of-chaos), there exists a constant Kq, > 0, such that

supEy, [V GO0, 5, 1l 1) = VoGO, x, w™, ]

t>0

i i Ky
< Koy sup By, [I1x] — 22 + W30, ] < =2 29)
t>0

— N .
It follows, using also the Itd isometry and Fubini’s Theorem, that for all 8 € R”, and for all
t >0,

Eg [113 0.0 = 150, 011

Ko (" ; ; Ky
= | Ed, [1¥0G®, x0%, 1l 1) = Vo GO, xj, ™, iiMhIP]ds < 2, (30)
and so, by the Holder inequality,
i i Ky
Eo[I1157 0. 1) — M0, )] < m 31)

In much the same fashion, we can obtain a bound for E90||1f'N(9, t) — Illi’N](Q, 1)]l. We begin
by noting that

sup B, [[[Vo L@ x;, Y, ) = VoL@ x5, M, ]
>0

=supBy, [ | VoGO, x/V, ), ) GO, x[N, Y, )
>0

YN ZN
— VoGO, x!, W™, "G, x! 1M wiM | ]
YN ZINy
1 1 1 1
< sup []Eeo [1Zx17]? Eg, [I1YN — Yini17]? + Eg [1Yi0117] Eq, [I1Zy — Z[N]uz]z} :
120

(32)

where the final line follows from the triangle inequality and the Cauchy—Schwarz inequality.
Now, using Condition C.1 (the polynomial growth of G) and Proposition 1 (bounded moments
of the McKean—Vlasov SDE and the IPS) for the two left-most inequalities, and arguing as in
(29) for the two right-most inequalities, there exist constants Ky 1, Kg,2, Kg,,3, Kg,,4 > 0 (all
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independent of ), such that

sup Eg, [ GO, xIV, 1, ) I17] < Koy (33)

t>0

ZN

. ) Ky 2
sup Eg, | VoG (0, xIN, iV, 1Ny = v, G 6, !, ™, My |12 < =
t>0

YN Y[N]
sup Eg [l VoG (0, !, i, 1™ 117] < Koy 5, (35)

>0

(34)

YN

. . K
N N 6p.4
sup Eg, I GO, xN, ul, 1My — G0, x1, ™, My )7 < —
t>0

Zn Z[N]

(36)

Substituting (33)—(36) into (32), we finally arrive at

sup Eg, [”%L(G, NN ulNy = VL, xl, MEN])H]

t>0

1 1
<K% @2_’_[(% % 2<&
— 9,1 N 90,3 N —W

and so, arguing similarly to (30), that for all ¢ > 0,

Kg,

Eg [ 117V @,0) = 116, 01| = (37)
Combining inequalities (31) and (37), and making use of the triangle inequality one final time,
we have that the desired result. This establishes convergence in L.! as N — oo, for all ¢ > 0.
It remains only to establish that the statements of the lemma also hold for Efv (6), which now
follows immediately. We omit the calculations, which are essentially identical to those used at
the end of the proof of Lemma 2. [

Lemma 4. Assume that Conditions A.l, B.1-B.2, and C.1 hold. Then, for all 6 € R?, for all
t>0, foralli=1,...,N, we have, in LY, that

lim |1V, £ M@)) = 11V LiO)Nl and  lim |1V, LN O = 111V LIO)].
N—oo N—oo

In addition, there exists a positive constant Kq, such that, for all 6 € R?, for all t > 0, for all
NeN andforalli =1,...,N,

| I i
Eg, [H ~VoLy(0) - ;%d ’N]w)‘

1
] < Kgo()l(N) (1 + E) ,

where the function a : N — R is defined according to

1

N-i if d=1,
a(N)=13 N-tlog(1+N)? if d=2,
N~ if d>3.

Moreover, this bound also holds ifﬁ,[i’N]() is replaced by E;N](J.
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Proof. The proof of this result is very similar to the proof of the previous result. We will just
sketch the main details. Recall that

| 1 1 ;
;wd*”%e): - / VoL (0, XS,MEN],MEN])dS—i-t / VoGO, xi, M, IV, dwi),

1N o,1) 15N,
t

! , 1 , .
—Ve (9)——/ %L<9,x;,us,us>ds+;f (VoG (O, x. s ), dus).
0 0

He.n L@©.1)

Using Assumption C.1 and Proposition 1 (bounded moments of the McKean—Vlasov SDE),
there exists a constant Kg, > 0 (independent of 6), such that

sup By [V GO, 5/, ™, ™) = VoGO, &/, o, )]

t>0

< KuysupBay [W3M, 1)) < KopaW)2,
t>0

where the final inequality follows from Theorem 1 in [39] (the rate of convergence of the
empirical law of the McKean—Vlasov SDE to the true law of the McKean—Vlasov SDE). It
follows, arguing as in Lemma 3, that

Eg[I11170, 1) — 10, D)1] < Koyv/a(N)?,

i i Ol(N)2
Eqo[I113°M(0. 1) — 1360, D)I|] < Koo/ .

Combining these bounds, and using the triangle inequality, we obtain the stated bound for
EP’N](-). The result for L,[N](-) follows by arguing as at the end of Lemma 2. [

Lemma 5. Assume that Conditions B.1-B.2, C.1, A.1 and F.1 hold. Then, for all N € N, we
have, both almost surely and in L', that

lim |V, ZY @O =0 and  lim VLY (ON)] = 0.
—00 —00

Proof. We will prove the first statement of the lemma, with the second proved identically. We
will use a modified version of the approach in [94], which itself is a continuous-time version of
the approach first introduced in [8]. We will require the following additional notation. Define
an arbitrary constant ¥ > 0, with A = A(k) > 0 to be determined. Set o = 0, and define the
cycle of random stopping times 0 =0y < 1) < 0] <17p <0y < ... via

7 = inf{t > oy : [V LN (O] > i}
o =sup [ 1 > 7 : JIVEN @GN < VLN 61|
t
<2VEN @M Vs etnanl, [ vius o).
%

The purpose of these stopping times is to control the periods of time for which VLAV 0N
is close to zero, and those for which it is away from zero. In addition, let n > 0, and set
Ok,y = 0 +1n. We are now ready to prove this result. First consider the case in which there are
a finite number of stopping times 7. In this case, there exists finite fy such that, for all r > 1y,
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||V9£~i’N (9; ’N)|| < k. Now consider the case in which there are an infinite number of stopping
times 1. Then, using Lemmas 12-13 (see Appendix B), there exist 0 < 8; < B, and kyp € N,
such that for all £ > kg, almost surely,

Ei,N(Qri,,kN) _ EIN(G.;]:N) > ﬂ and Ei’N(Q-i;(N) El N(Gl N ) > ﬁl

Ok—1
It follows straightforwardly that

Lt N(G; 11]) Lt,N(Q;;(ON) — Z I:Ei,N(G(ir,kN) El N(el N)+£t N(eékN]) LNtN(Q[:r,kN)]
k=ko

>m+1—ko)(B — Bi).

Since B — B; > 0, this implies that £ MG ]X ) — 00 as n — 00. But this contradicts Lemma 7
(see Appendix B), which states that LiN (6) is bounded from above. Thus, there must exist a
finite time #y such that, for all ¢t > 1, ||£l N o) )|| < k. Since our original choice of x was
arbitrary, this completes the proof that, for all N € N, lim,_, o || Vo LN (9’ N)|| = 0 a.s. Finally,
we observe that, by Lemma 7, ||V9£’ N(@)| is bounded above for all & € R”. Thus, we also
have convergence in L' via Lebesgue’s dominated convergence theorem (e.g., [104, Chapter
5D. O

4.3. Proof of Theorems 1.2, 1.2% 2.2, and 2.2*

Proof. The proof of this result closely follows the proof of Theorem 2.7 in [96], adapted
appropriately to our particular case. We will focus on Theorem 2.2%*, later outlining how our
approach can be adapted to obtain the other results. We begin by rewriting the parameter update
equation (14) in the following form

Ao =y, Vo L6V )dr + y,(veif’Nw’?N) — Vo L(OY))dt
+ 7 (VoL O, xI N, 1N, uNy — Vo L4V 01y dr
+ % Vo BO Y, x} N, ) )dw. (38)
Using a first order Taylor expansion, and the fact that Vj L(#) = 0, we have that
Vo L(6iY) = VoL(6o) + VEL@, "6/ — 60) = VL@, " )6 — 6), (39)

where V2L£(-) denotes the Hessian, and éi’N is a point in the segment connecting O,i N and 6.
Substituting (39) into (38), we obtain the following equations for Zl N = 9’ N — 6y

dziN = ytvgg(g,’ VZENdE + y, (Vo £V (O1N) — Vo LOFN))de
+VI(V0L(9;.’N lNyM;yM[)_VOAClN(elN))
+ 7 Ve BO", xN, )V )dw.

Applying It6’s formula to the function | - ||?, and using the strong concavity of L(G) (Condition
E.2), it follows that
dIZN 1P+ 20v 1 ZEN 1Pde < (20N, Vo £V 61N — %2(9"~N>>
A9 ZEN VL@ x N Y )y — Vo £ (00N))de
+ vz Ve BO Y u ydwy)
+ 2| Ve BOMN, XN, u)| |fdr, (40)
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where || - || is the Frobenius norm. Now, let us define the function &, , = exp[—2n ftl/ v du],
with 9, &, » = 2ny, &, ». Using the product rule, and (40), we obtain

d[ @ 1Z0NIP] = & [AIZEV 1P + 2021 20N 1 7de]
<V G20V, Vo LN O — ng(e"’N))dr
+ 1 B (ZEN Vo L@ XV Ny — Vi £V (00N dr
+ v D (ZPN, Ve BON  xPN, Y ydw!)

20| [V B 5V, )| R,
Finally, rewriting this in integral form, setting " = ¢, and taking expectations, we arrive at
Eay [12017] < Eay [ 210127 1] (41)

t
+ Eq, [ / Vs O (ZEN Vo LWV (01N — vege;vN))ds]
1
t
+ Eq, [ f Vs Bou(ZEN, Vo LOFN  xN ul uy — vec”N(a;’N))ds}
1
t
; 2
+ Eg, [ / Vi st |[Vo BOLY, 'VN,ufv)HFds]

= Eay |20 ] + B [ 270 ]+ Ba [ 200 ] + Ea [200]. (42)

We will deal with each of these terms separately, beginning with ‘Qt(,]i? y- For this term, by
Lemma 18 (the moment bounds for 9§’N ), and Condition F.1 (the conditions on the learning
rate), for sufficiently large ¢ we have that

B, [200] = @180 [1Z0V1F] = K n @3)

‘We now turn our attention to Qﬁ? - For this term, using Lemmas 1, 2, 3, and 4, we have that,
for all 6 € R”,

V6 LN () = Vo LO)]| = lim [|V5L"N () = VoLO)]|
< Jim [IV0Z(®) = 190Ly®)] + 11V Li®) = VL@
HI Y LEMN0) = 1YLV @)1 + 11V LN ©) = VLN )] ]
K
= K@o,la(N) + 0012
N2
where o : N — R, is the function defined in (19). Substituting this bound into (41), and using
Condition F.1 (the conditions on the learning rate) to bound the final integral, we obtain

(44)

t
By [220] = [ nduB [||Z§:Nn sup ||ve.c"N<e;:N>—wg(e;*%n}ds
1 esllN

Kop.2 @D o
< [Keo,la(m +— ] f ye Byds < K Da(N) + —2— (45)
N2 N 3
We now turn our attention to Ql( l) y- We will analyse this term by constructing an appropriate
Poisson equatlon Let us deﬁne RiN@G, V) = (0 — 6, VoLV (0, £N) — VoLV (0)), where,

as previously, x" = = "V, ..., x"¥"). Due to Condition C.1, Lemma 7 (the boundedness
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of the asymptotic log-likelihood and its derivatives), and Lemma 14 (the local Lipschitz and

polynomial growth of L*N(6, V) and its derivatives), this function satisfies all of the conditions
of Lemmas 16 and 17 with » = 1. Thus, the Poisson equation

A0 = KN0. N [ e ke <o
R

has a unique twice differentiable solution which satisfies

2 gk 92
P M S R Py PRl

k=0
1 N
< Keo[l + ||6||] [1 I e }
j=1

Now, by Itd’s formula, we have that

t t
VN @ &Ny — ot N 1Y) = / A" N @Y 2N Ydu +/ An o™ N @Y 2N ydu
t
+ / Vudpv" N (O, 2 )V BN (6, £ )dw),
t
+ / R G s [
t
+ / Yu [808)201"1\,(91 N AN)VQBZ N(el ,N "N)jl
where @Y was defined in (21). It follows, now writing v = NN £N), that
RAN@OIN, 2Nde = Agnvo™ N O8N, &))de
=dvN — Ao NN 2N yde
— 100" N (O, 2NV, BN (05N, N ydw!
— "N @, 2N ydwN
— [39 8:vN (0N #NYV, BN (giN | 5N )] dr

ThUS we can rewrite Q( )N as

S

t
O = [y (00 = 0. VoLV N 3 - uL 0 s
1

RN QI 3V)ds
t t
=/1 Vs st,tdvé’N _/1 Vs st,t-AGUl’N(@sl'N»)esN)ds
t t
—f yfqﬁs,,aev”N(e;’N,f_ﬁV)VQB”N(a;’N,f_ﬁv)dw;—/ ¥s D500 N (@8N 2N ydwN
1 1

t
- / y2 B 1950, 0N (B, £V )V BEN (00N, 3N )ds. (46)
1
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We can rewrite the first term in this expression by applying Itd’s formula to f(s, vs) = v D5, vs.
This yields

t ‘ t
Vi gpt,tU;'N -V @I’ZU;,N = / Vs @”dv;,N +/ Vs @S’,v;’Nds +/ 2777/52 gps,tU;’NdS-
1 1 1

Substituting the resulting expression for |, f ¥s @5 ,dviY into (46), and taking expectations, we
obtain

Boy [ 200 ] = By [ @0V @ &) = By, [ 71010 07, 311)]
t
— E, [ / & 0N (OF, AN>ds]—1an [ / 2ny.343s,zv’*’v<9;”,i?)ds}
1 1
- EQO[ Vs By 1 Agu™ N (6], AN)ds]

/ A évtaﬁa le(elN AN)V@BI N(QIN "N)dsil
1

< Ky, [ (% + %) s,fds] < Kg'vi. 47)

where in the penultimate inequality we have used the polynomial growth of v’V (6, ") and
390"V (0, £V), Condition C.1 (which implies the polynomial growth of V,B'¥ (6, ")),
Proposition 1 (the moment bounds for )?tN ), Lemma 18 (the moment bounds for Oj'N ), and
in the final inequality we have used Condition F.1 (the conditions on the learning rate). It
remains only to bound Q ...y For this term, using the same assumptions, we obtain

2
E[0%y] =B, [ / yfass,,HveB(es,xs,us)HFds] < Ky, / Y20,.ds < Kiyi. (48)
1 1

Combining inequalities (43), (45), (47), and (48), and setting K, i ol = max{K ) , K (3)} K(?o )=
Kgg) K]L 3= Kéi D and KJr 4= K((Z) 2), we thus have that
t
90 4
N z
which completes the proof of the first statement of the theorem. Let us now turn our attention
to the second statement. The proof of this bound goes through almost verbatim. Let us briefly

highlight the main points of difference. To begin, we now have the following decomposition
of the parameter update equation

g, [16]™ — 60117] < (K} | + K} Dyvi+ K se(N) + (49)

N
~ 1 . ~
40} = iV L)t +vin: D (VoL OF) = VoL () dr
i=1
N

1 =
+ ytN Z(VOL(Q ’ ’ M; >y My )_ gﬁlvN(QtN))dt

i=1
1 N
+V,NZVQB(9;’N KN uMydwi
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Using a first order Taylor expansion around 6y, defining Z,N~ =0} — 6y, applying It0’s formula
to the function ||ZZN 1>, and using the strong concavity of £(8), as in (39)—(40), we obtain

N
1 ~ -
dIZA I+ 20y 20 IPde < vy S ZN . Vo LN O)) = Vo L(O]))dt
i=1
N

1 .
+%N§(ZN VoL@, xMV V1Y — Vo £V 0N))de
N

1 A
+ v D (ZN . Ve B@Y XN, ul)dw])

i=1
N
i 2
yfﬁ Z ||V9B(9tN’ N, '“rN)HFd['
i=1
Continuing to follow our previous arguments, we finally arrive at
1 < 1 o
E90 [”Zthz] = N Z [Ego I:“Qz(lz)N] + Ego I:“Qz(zz)N] + Ego I:“Qz(?NjI:I + m ZE% [“Qt(f)N]
i= i=1

where, modulo changes in the arguments from 6;"" to 6", Q,(l,) No - 9(4) 'y are identical to
rzf},?,v, , 29 as defined in (41)~(42). We thus have, using (43), (45) (47) and (48), that

N T
1 K
i i bo-4
AP NESDS (Kgo,m + Ky, vl ) Z Ky

i=1
T T

T 90 2

= (KHO,I + )Y + Kgo 305(N) + 1 (50)

N 2
It remains to outline how to adapt this proof to obtain the results in Theorems 1.2, 1.2%*, and
2.2. Let us start with Theorem 2.2. In this case, we replace ;(-) by Ei*N(~) in (38), use a first
order Taylor expansion for £V (-) instead of £(-) in (39), and the strong concavity of £V (-)
(Condition E.1) rather than Zﬁ( ) (Condition E.2) in (40). Following the subsequent arguments,
we see that the second term Q iN in (42) vanishes, with all other terms unchanged. The result is
that, in (49) and (50), only the ﬁrst two terms appear. This completes the proof of Theorem 2.2.
We now turn our attention to Theorem 1.2*. In this case, we replace x;"N by x!, uN by
w67 by "M, 0N by o™, £V () by LM, £V () by LM, L5V by LN,
and LV (-) by LV1(-). The arguments in our proof now go through essentially unchanged. The
only material difference appears in the derivation of (44), where the third term vanishes. The
result is that only the second term in (44) and hence (45) vanishes. Thus, in particular, the
final term in (49) and (50) no longer appears. This completes the proof of Theorem 1.2%.
Finally, Theorem 1.2 can be deduced from Theorem 1.2* in the same way that Theorem 2.2
was obtained from Theorem 2.2* (see above). [

5. Numerical examples

To illustrate the results of Section 3, we now provide two illustrative numerical examples.
We will focus on Case II, in which we assume that we observe the trajectories of N interacting
particles (x’ N);>(]) """ N from the IPS. In both examples, we implement the online estimators

using a standard Euler—Maruyama scheme with Ar = 0.1.
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5.1. Linear mean field dynamics

We begin by considering a one-dimensional linear mean field model, parametrised by
0 = (01, 6,)" € R?, which is defined according to

dx? = — [ele +6, /(xf’ - y)uf(dy)} dt + odw,,
R

where 0 > 0, w = (w,);>0 is a standard Brownian motion, and xy € R. This is clearly of the
form of the McKean—Vlasov SDE (1) with b(6, x) = —6,x and ¢(0, x, y) = —6>(x —y). In this
model, the parameter 0; controls the strength of attraction of the non-linear process (or, in the
IPS, of each individual particle) towards zero, while the strength of the parameter 6, controls
the strength of the attraction of the non-linear process towards its mean (or, in the IPS, of each
individual particle towards the empirical mean).

We will consider the case in which both parameters are unknown, and to be estimated from
the data.” In this case, one can show that this model satisfies Conditions A.1, B.1-B.2, C.1,
D.1-D.2, E.1 (but not Condition E.2), and F.1-F.2 (see Appendix C). Thus, the conditions of
Theorem 2.1, Theorem 2.2 and Theorem 2.1* are satisfied, but those of Theorem 2.2* are not.
In practice, this means that the log-likelihood of IPS admits a unique maximiser 6y and, for
fixed N € N, the online parameter estimate is guaranteed to converge to 6y as t — co. On the
other hand, the asymptotic log-likelihood of the McKean—VIlasov SDE may not admit a unique
maximiser, and thus the online parameter estimate may not convergence to 6y as t — oo and
N — oo.

In order to estimate ) € R?, we will implement the online parameter update equations in
(15). For this model, these update equations are given by

N
dof, = 22 3 [V — N0 + 00 (e — & ar].
i=1
v N
2, i = i i = ' i -
doy, = = Z [N —xN)dx N — N = MO XN + 6, (N — 5N )]

No? ¢
1

We will assume that the true parameter is given by 6y = (61, QO,Z)T = (0.5,0.1)T. The
initial parameter estimate Giyiy = (Ginic.1, Gimt,g)T is generated according to i1 ~ U(—1, 2) and
Oinit2 ~ U(—=2, 2). Finally, we use constant learning rates, with y;, = 0.1 and y,, = 0.2. The
performance of the stochastic gradient descent algorithm is illustrated in Fig. 1, in which we
plot the mean-squared error (MSE) of the online parameter estimates for both of the unknown
parameters, averaged over 500 random trials.

In this case, the evolution of the MSE indicates three distinct learning phases. In the initial
phase, the performance of the online estimator improves as a function of the number of
particles, with this improvement being more noticeable for the interaction parameter 6,. In
the middle phase, the online estimator performs significantly better for smaller values of N. In
the final learning phase, the MSE of the online parameter estimate decreases as a function of
the number of particles.

2 Additional simulations for case in which one of the parameters is fixed are provided in the extended version
of this paper [93].
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Fig. 1. MSE of the online parameter estimates for 7" € [0, 5000] and N = {2, 5, 10, 25, 50, 100}.
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Fig. 2. Contour plots of the asymptotic log-likelihood LN@®) for N = {2, 5,10, 100}.

These observations are readily explained by considering the asymptotic log-likelihood of
the IPS for different numbers of particles (see Fig. 2), and our theoretical results. Regarding
the initial learning phase, we note that, far from the global maximum at 6, = (0.5, 0.1), the
asymptotic log-likelihood decreases more steeply as N increases. Thus, in this phase, the online
parameter estimate moves more quickly towards the global maximum for larger N. On the other
hand, close to the global maximum at 6, the asymptotic log-likelihood exhibits an increasingly
large plateau as N increases; that is, the maximum is increasingly ‘flat’. In fact, in the mean
field limit, the asymptotic log-likelihood does not even admit a unique maximum at 6y, but
instead is maximised by any 6 = (8;, 6,)” on the line 6; + 6, = 6o.1 + 6p2 (see Appendix C).
This region of the optimisation landscape is largely responsible for the middle learning phase,
which explains the slower convergence of the estimator for larger numbers of particles. In the
final learning phase, the MSE is governed by the results in Theorem 2.2, which show that
the asymptotic L, error of the online parameter estimate implemented here decreases with the
number of particles.

5.2. Stochastic opinion dynamics

We now consider a stochastic opinion dynamics model, parametrised again by 6 =
(61,6,)" € R?, defined according to

dx} = — [ fR eo(llx) — yIDGx; — y)ut(dy)] dr + odw,
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50 100 150 200 0 50 100 150 200
t t

(a) N = 10. (b) N = 20. (¢) N = 50.

Fig. 3. Sequence on online parameter estimates (blue) for the range parameter 6, for 50 different random
initialisations 08 ~ U(.5,2.5), and N = {10, 20,50}. We also plot the true parameter value (orange) and the
mean online parameter estimate (black, solid) plus/minus one standard deviation (black, dashed).

where o > 0, w = (w,);>0 1s a standard Brownian motion, xo € R, and the interaction kernel
w9 : Ry — R, is given by the scaled indicator function gy(r) = Gl]lrE[o,gzl.3

In this model, we can interpret 8; as a scale parameter, which controls the strength of
the attraction between particles, and 6, as a range parameter, which determines the range of
the interaction. Models of this form arise in various applications, from biology to the social
sciences, in which ¢y determines how the dynamics of each particle (e.g., the opinions of each
person) may influence the dynamics of other particles (e.g., the opinions of others). For a more
detailed account of such models, we refer to [14,28,41,69,81] and references therein.

We provide illustrative results for the case in which the scale parameter 6, is fixed, and
the range parameter 6, is to be estimated. While, in this case, we cannot verify all of the
assumptions in Section 3, it is nonetheless interesting to consider whether our online estimators
can recover the true parameter. We assume that 8y = (6,1, 00,2)T = (2,0.5)". This corresponds
to an interaction kernel with compact support on [0, 0.5]. The initial parameter estimates are
generated uniformly at random on [1.5,2.5]. Finally, we use constant learning rates with
y2.: = 0.002. The performance of the recursive MLE is illustrated in Fig. 3 , in which we
plot the sequence of online parameter estimates for 6,, for several values of N, and for 50
different random initialisations. Encouragingly, almost all of the online parameter estimates
converge to within a small neighbourhood of the true value of the parameter, suggesting that it
is indeed possible to estimate the range of the interaction kernel in an online fashion. As before,
the performance of the online estimator improves as the number of particles is increased. We
should remark that, in this case, the performance is highly dependent on the initial conditions
of the particles. This should not come as a surprise; indeed, if the distance between particles is
greater than the support of the interaction kernel, then the interaction kernel (and its gradient)
are identically zero, and thus so too are all of the terms in the parameter update equation. Thus,
the value of the parameter estimate will remain unchanged. We see this phenomenon occurs
for some of the trajectories in Fig. 3, particularly when there are fewer particles.

6. Conclusions

In this paper, we have studied the problem of online parameter estimation for a stochastic
McKean—Vlasov equation and the associated system of weakly interacting particles. We

3 In our numerics, we are required to use a differentiable approximation of this interaction kernel, and will use
=8 |: 0.01 :|
po(r)=01exp| ————— | .
1—(r— (62— 1))?
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proposed an online estimator for the parameters of the stochastic McKean—Vlasov equation,
based on observations of the trajectories of the associated IPS, or multiple independent
replicates of the McKean—Vlasov SDE, and studied its convergence properties. In parallel
work, we have also studied the asymptotic properties of the offline MLE (see [93] for some
preliminary results in this direction).

Regarding directions for future research, it is of interest to extend our results to the case in
which the diffusion coefficient is unknown, and must be estimated online (see [94] for online
estimation of the diffusion coefficient in the linear case, and [52] for offline estimation of the
diffusion coefficient in IPSs). This is a particularly interesting problem given that, for a broad
class of McKean—Vlasov SDEs, the uniqueness (or non-uniqueness) of the invariant measure(s)
is known to depend on the magnitude of the noise coefficient (e.g., [49]).
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Appendix A. Existing results on the McKean-Vlasov SDE

In this appendix, we present some existing results on the McKean—Vlasov SDE (1), and the
associated system of interacting particles (2). For completeness, we also include the proofs of
these results. These results are well known, and have appeared in a number of existing papers
(e.g., [11,26,72,73,102]), albeit under conditions which are different to our own. Under our
particular set of assumptions, these results can also be found in [17].

Proposition 1 (Moment Bounds). Assume that Conditions A.1 and B.1(i)-B.2(i) hold. Then,
forall N eN,i=1,..., N, and for all g > O, there exists Kq, such that

sup g, llx: (17 = K, (/Rd llx 11 peo(dx) + 1) and

t>0

sup gy [l [ < Ko, ( / el po(dx) + 1). (A1)
R

t>0

Thus, in particular, for any x € R4,
sup By o l1x 1 < Koy (14 11x117)  and  sup B, [V 19 < Ky (L4 1x[17) . (A2)
>0 >0
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Proof. We follow the approach in [17, Lemma 2.3.1] (see also [26, Corollary 2.3]). We will
establish the first bound in (A.l), with the second bound obtained similarly. We begin by
applying It6’s Lemma to || - ||?¢, and taking expectations, which yields

t
Eg, [1x:17] = Eg, [Ix011*] + Eg, [ / 2q x5 11772 (x5, B(6o, x;, us»ds]
0

+ [gd + 2q(q — 1)]Eq, [ / [E ||2q2ds} :
0

Due to Conditions B.1(i)-B.2(i), there exists Kg,; > 0 such that (x,, B(6p, x;, ty))
< —(atgy— Loy 2) 11 P4 Ko, 11165 1+ Lag 211%5 | Egy [llxs][1. It follows, defining Ky = $4+¢—1 > 0,
that

r t
Eg, [1x:1%] < Eg, [lIx0]1*] — 2¢Eg, f (ctgy — Loy, 2)lIxs ||2qu]
LJO

t
+ 2q [y, / Koy 111xs ||2q_1d5:|

t
+ 2gEy, [ / Lolxs (1% g, [||xs||1ds}
0

t
+ 2¢Eq, /K1||xs||2‘12ds]
0

By Young’s inequality, we then have

r t
Ee, [1x:174] < Eg, [llx0lI*] — 2¢Eg, / (ctg — L90,2)||xs||2qu]
LJO

t
+ 2q Ky, [ / Koy 1 ||xs||2‘1‘ds}
0

' Zq —1 2q ' 1 2q
+ 2qEy, L x5 [17ds | + 2qEq, Ly —|lxs[*ds
0 2q 0 2q

t
+ 2¢Eq, [ / K, ||x5||2"_2ds:| )
0

It follows, writing Ag, = ctg, — Lg,,2, that
Eg, [l1x:174] < Eg, [l1x011*]

t
+ 2 [ / By [—2ap 165 177 4 Koo, 1 121177 + K [1x511%772] ds] .
0

We next use the fact that, for any a > 0, there exists b such that Ky lx]22- + K, ||x 222 <
a||x||2‘1 + b. This implies, in particular, that there exists Ky, » > 0, Kq,3 > 0 such that

t
Eg, [1x:1%] < Eg, [lIx0I*] + 24 [ / — Koy 2Egy [l1x,1%] + Keo,sds} :
0

The result now follows via an extension of Gronwall’s inequality (see, e.g., [26, Proposition
2.1]). The second statement, namely (A.2), now follows immediately by setting wuo(-) =

Proposition 2 (Asymptotic Moment Bounds). Assume that Conditions A.1 and B.1-B.2 hold.
Then, for all N € N, foralli =1,..., N, and for all g € N, there exists a positive constant
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Kg, > 0 such that

[ sky o[ ALY < K,
R RD)

Proof. By Proposition 3 (see below), the McKean—Vlasov SDE (1) admits a unique equilibrium
measure (Lo, Which is independent of 1. By the ergodic theorem (e.g., [87, Chapter X]), we
thus have, for all k € N,

1 t
lim — | [lx]|?ds =/ X117 poo(dx) ,  as. (A.3)
t—oo t 0 R4
Using Jensen’s inequality and the moment bounds in Proposition 1, we obtain uniform

integrability of the family {% fot llxs|9ds},~0. It follows, taking expectations of (A.3), using
uniform integrability in order to interchange the limit and the expectation, and once more
making use of Proposition 1, that

. L[
/1 [l ]I poo (dx) :rh‘?o [;f Eq, [lesllq]dS]
R¢ - 0

= sup Ky, </ [lx117 po(dx) + 1) < Ky,
no€Pr®RY) R4

where in the final inequality we have used Condition A.l and, as elsewhere, allowed the

constant Ky, to increase between inequalities. The proof of the bound for the IPS is identical,

noting that all of the relevant results (Propositions 1 and 3) apply to both the McKean—Vlasov

SDE and the IPS. [

Proposition 3 (Unique Invariant Measure). Assume that Conditions A.1 and B.1-B.2 hold.
Then, for 6 = 6y, the McKean—Vlasov SDE (1) and IPS (2) admit unique invariant measures
Woo and (Y which are independent of the initial conditions o and (po)®Y. Moreover, writing
Agy = ttg, — 2Lg, 2, and ﬁﬁk)‘N for the law of a subset of 1 < k < N interacting particles, the

following contraction rates hold

Woits foo) < €0 Wo(o, ttoo)  » Wa(lON, 0Ny < %0 Wy ((120) %%, M),
(A.4)

Proof. We follow the approach in [17, Theorem 2.3.3] (see also [103, Theorem 3.1]). We
prove the first inequality in (A.4), with the second derived in a similar fashion. Let (x;),>o and
(xty),zo be solutions of (1), starting from x € R? and y € R, respectively. We will write u,
for the law of x;°, and v, for the law of x,y . By It&’s formula, we have

d ,
EEQO [IIx} — x71I7] = 2Eq, [(xF — x7, B0, x°, 1) — B(Bo, x]', v1))] -
Using Conditions B.1 and B.2, it follows that

d o )
EEGO A ||2] < —2ag, — 2Lgy 2)Eq, [ 1% — xry||2] ,

and thus, writing Ag, = g, — 2Lg, 2, that Eg[[|lx;7 — x7 2] < ¢ %" |lx — y||. Let 7y be an
arbitrary coupling of uo and vy. By Condition A.1, we have that pg, vo € Po(R?). We thus
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have from the previous inequality that

/ By (I3 — 7 2] 7o(dx, dy) < ™" f llx = yI*mo(dx, ).

R4 R4

It follows, taking the infimum over all coupling measures 7, and taking square roots, that
War, vr) < e 0" Wa(uo, vo). (A.5)

We now establish the existence of an equilibrium measure for the McKean—Vlasov SDE. Let
(x)1>0 denote a solution of (1) with initial law g, and (y,);>¢ the solution of (1) with initial
law L(x;), for some s > 0. Using (A.5), homogeneity, and Proposition 1, there exists K > 0
such that

WaL@), LOks)) = Wa(Lx), L)) < e 0" Wa(uo, L(x,)) < Kgye 0",

Thus, L(x;) converges to a unique limit o, which is independent of the initial measure. We
will now demonstrate that this equilibrium measure is also the unique invariant measure of the
McKean—-Vlasov SDE. Let 0 < #; < f,. Consider the functional P, : PRY) — P(RY), defined
such that P, (u) is the law of the solution of the McKean—Vlasov SDE (1) at time #; when
the initial law is . Similarly, define P, : PRY) — P(RY). Following (A.5), each of these
functionals admits a unique fixed point. We will denote these fixed points by ji; € Pr(R?).
Note that, by homogeneity of (1), that P, (t;) = f; for all n € N. It follows, again using
(A.5), that

WZ([LI’ Uoo) = WZ(Pntl (fL1), too) < Keo’le—)\goml ’
Wa(jia, foo) = Wa(Papy(ji2), fioc) < Koo ™0™,

Taking the limit as N — oo, and using the existence of a unique limit, we have that
L1 = fl2 = WUeo- Since t; was chosen arbitrarily, it follows that ., is the unique invariant
measure in [¢1, 00). It remains to check that u., that this is also true in (0, #;). This is indeed
the case. Let (x;),>0 be a solution of (1) starting from ji;, and write L£(x,) for the law of this
solution. By construction, we have that £L(x;,) = ft; = fl2 = Meo- Let (3,);=0 be a solution
of (1) starting from p; = oo, With law L(y;) = L(x,4,). Since o, is the unique invariant
measure in [#, 00), and L(x;) = foo, We must have L(x;1;) = oo for ¢ € [0, 00). But this
implies that £(y,) = L(x/4,) = Moo for all ¢ € (0, 00). This concludes the proof.

The bound in (A.4) now follows straightforwardly by setting vy = i in (A.5), and using
the fact that @, is an invariant measure. [l

Proposition 4 (Propagation of Chaos). Let x' = (x!)=0 be N independent copies of the
solution of (1) driven by independent Brownian motions w' = (wﬁ )i>0. Assume that Conditions
A.l and B.1-B.2 hold. Then there exist 0 < Kgq, < 00, independent of time, such that

. . K

N 2 o
sup Eg, [l — x/1I7] < —=*.
>0 N

Proof. We follow the approach in [17, Lemma 2.4.1] (see also [72, Theorem 3.3], [26, Theorem
3.1]). Let (x;);>0 be a solution of (1), independent of (xf)fzo foralli =1,..., N. Using It&’s
formula, and Condition B.1, we have

t
i,N in2 [ i,N |2
Eg, [IxY — /2] < —20t4, / Eg, [} — xV 7] ds
0
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' . R . . ,
+ 2/ an[IIX§'N = x|l IIN E ¢(90,X§'N,xsf’”)—/1¢(90,x;,y)us(dy)ll].
0 X R
j=1

Ys(N)

Meanwhile, using Condition B.2, and the triangle inequality, we then have
| N
Ye(N) = Lag [0 = xll 4 3™ = /1]
j=1

N
1 i i
tl5 ;45(90,)65,)6!) - /Rd ¢ (0o, x5, YI)s(dy)ll.

Using this bound, the Holdér inequality, and that the particles are identically distributed, it
follows that

t
Egq [ — x 7] < —2(a — 2Lay2) / Eq, [} — x¥|P] ds
0

' . - 1 & o ‘ 5.1
+2 / Eoo [0 — xHP12 gy [|| — D 660, x, x)) — / ¢ (60, ., Y)s(dy)|[ 17 ds.
0 N =1 RrRd

Let & = ¢(60, x/, x{) — Jra @60, xI, Y)ius(dy). If j # k, one of j and k is not equal to i,
and thus Eg, (& Xy | = 0, since the random variables ! );V

solution of (1) with law . It follows, using also Condition B.2, and the moment bounds in

, are independent copies of the

Proposition 1, that

1 & . .
Ballly 2o e xtox) = [ o6, )|
Jj=1

IA

1 & o ,~
N2 ;E% [||¢(97xs,x§) - /;w ¢(9,xs,y)u«s(dy)ll2]

N
L902 / ; 2
=>"E J J(d
N2 2 eo[ » llx) = ylI*ms(dy)

2Lg0 o _ K 1
2 ;Eeo (1] + o, [I5,17] = =

for some Kg,,1 > 0. Thus, substituting this into our previous bound, and taking derivatives, we

have

Koy ,1

VN

The result now follows from an application of Gronwall’s inequality (see, e.g., [72, Theorem
3.1). O

d . . . .
il [IIx/™ = x} 7] < —2(ctey — 2Ly 2)Ee, [IIxY — /7] +

Ee, [IxY — x{11%]7 .
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Appendix B. Additional lemmas for Theorems 1.1, 1.1%, 2.1 and 2.1*

Lemma 6. Assume that Conditions A.1 and B.1-B.2 hold. Then, forall N e N, i =1,..., N,
forallt >0, and for all k > 1, there exists Kq, > 0 such that

E q 1 i.Nq 1
oo | sup lIxsl|?| < Kgyt2 and Eg, | sup [|x;7 |7 | < Kg,t2.

0<s<t O<s<t

Proof. We will prove the first claim (the proof of the second being essentially identical). By
1t6’s Lemma, we have

t
1% = [lx0l1% + / 2q 1% 1197 (x;, B(Bo, s, s))ds
0
t
+ f qllx 1P Telly + (g — D)lxlx 1y x| 72 1ds
0

t
+ / 24 [1x5117 % (dx,, dwy).
0

It follows, taking the supremum and taking expectations, that

t
an[sup ||xf||2"] < Eq, [lIx0l1*] +2¢ / By [ |11 1797 (x,, B(Bo, x5, py))|] ds
0

0<s<t

)

1 [qd +24(q — 1)] / Eg, [l 1272] ds
0

I}
t
+2quo[sup / ||xs||2‘1‘2<xs,dws>]. (B.1)
0<s<t JO
1}

We begin by bounding the first term. Due to Conditions B.1-B.2, there exist Kg,1 > 0 such
that

<-xX7 B(Gv Xss I’LY))

IA

—(agy — Lo )1 11* 4 Koyt 1xs 1| + Log.2l1x5 [ By [llxs 1]
Koo [12117 + [1xs | + [l 11 Egp [llxs 1]

where, as elsewhere, the constant is allowed to increase between inequalities. It follows
straightforwardly, using the moment bounds given by Proposition 1, that

IA

t
1 <2 [ Ko [Bay [10120] + B [P ]+ By (1072 Bag U] ds = K1t
0

(B.2)
2 ! 2g—2
77 <lgd +24(q ~ D1 [ B [IxP2] s < Ko, (3)
0
3 ! 4g—4 e ! 492 2 1
113 < 2qEq /O e 44 Pds | < 24 /0 Eollx*20s | < Kpatt, (B4
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where we have used the Burkholder—-Davis—Gundy inequality, and once more Proposition 1.
Combining Egs. (B.1), (B.2), (B.3), and (B.4), using the Holder inequality, and suitably defining
the constant Ky, in terms of Ky, 1, Kg) 2, and Ky 3, the conclusion follows. [

Lemma 7. Assume that Conditions A.1, B.1-B.2, C.1 hold. Then, for k = 0, 1,2, 3, there
exists Kg, > 0 such that, for all 6 € R?, |VAL®O)| < Kg, and ||VEL'N(O)]| < Ko,

Proof. Using the definition of Vg;(é) (Lemma 1), the polynomial growth of Vg L@, x, u, 1)
(from Lemma 14), and the finite moments of the invariant measure of the McKean—Vlasov

SDE (Proposition 2), we have

IVEL@)I < / | IVEL(8, X, oo fhoo) |l Hoo(dX)
R

=< K/ [T+ x)7 + [f 191 oo(dY)]] ioo(dx) < Ko,
R4 Rd

The bound for VELN(6) follows identically, this time using the definition of VXZ“M(9)
(Lemma 2), the relevant bound on VAL'N(6, V) in Lemma 14, and the finite moments of
the invariant measure of the IPS (Proposition 2). [

B.1. Additional lemmas for Lemma 3

Lemma 8. Assume that Conditions A.1 and B.1-B.2 hold. For all Lipschitz functions ¢, there
exists Kgy > 0 such that, for all t > 0, for all N € N,

1S 1Pl ke
Eg, U' /Rd e (dy) — ~ gw(x;’N) ] < WO

Proof. Let xli, i = 1,..., N denote independent solutions of the McKean—Vlasov SDE (1).
We then have, using the elementary inequality ||a 4 b||> < 2||a||? + 2||b||?, that

I I
E90[|| /R LPW(dy) — ’;w(x;”vmz} §2E00|:H /R L eOdy) = = ;wx;)Hz]
N

1 ) )
+ 2B, [Hﬁ > (e — pV)) |I2}~

i=1

For the first term, using independence of (x; )t>0 """ N the Lipschitz property of ¢, and

Proposition 1 (bounded moments of the McKean—Vlasov SDE), we have that

IR 1
E90[| | /R o) =+ Y ee)|] = FEa [ [le) — Eloee)| ]
i=1

1 27 _ Ky
= B [[loteh - o®1e'D|] = S0
for some constant Kg, > 0. For the second term, using the Cauchy—Schwarz inequality, the
Lipschitz property of ¢, and Proposition 4 (uniform—in—time propagation of chaos), we obtain
1 & 2y K
i, ,' 7
B[l 2ol = et )I[] ZEeo [ber =5 IF] =
i=1
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The result follows immediately. [

Lemma 9. Assume that Conditions A.1 and B.1-B.2 hold. Suppose also that g € P>(R?).
Let x! denote a solution of the McKean—Vlasov SDE, driven by w' = (w!),>. Then, for all
Lipschitz functions ¢, there exists Kqy > 0 such that, for all t > 0, for all N € N,

1 & 1 Kk,
i i, i, N
EGOU' /R ) so(x,,ymt(dy)—ﬁi§_1:¢<x,’v,xf ) ]5 .

Proof. The is an immediate corollary of Lemma 8. Using the Holder inequality, and the
assumption that the function ¢ is Lipschitz, we have

. 1Y ‘ ,
ls t d — ;’Nv []’N 2
H/Rd P, I(dy) — _,-E:, o N x|

L TN
X, — X, .
N p t !

We thus have, applying the triangle inequality, the bound from Lemma 8, and Proposition 4,
that

; 1<,
=2 /Rd PGl aldy) = 3l |+
j=1

N
i 1 i N
Eq, H /Rd PO, V(y) = + ;_1 oV, ™M

1 & 2| 2K, l 2
i i i, N i i
< 2Eq, || /Rd o(x,, y)(dy) — N ;:1 P(x;, x/ )H + NO Eg, ;:1: ||xl - xz’NH

K, K
5% by Lemma 8 5% by Proposition 4
Ky
< —
N

where, as elsewhere, the value of the constant Kg, has been allowed to increase between
inequalities. [J

B.2. Additional lemmas for Lemma 5

B.2.1. Main lemmas
The lemmas in this section are modified versions of Lemmas 3.1-3.5 in [94]. We provide
the proofs of these results in full, appropriately adapted to the current setting.

Lemma 10. Assume that Conditions A.1, B.1-B.2, C.1, and F.1 hold. Define, with ¥V =
BN NN

Ok ~. . ~. .
Ty = f Vs (VgL”N(G;'N, iy — V(;E”N(G;’N)) ds.
%
Then, almost surely, || I} ,|l — 0 as k — oc.
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Proof. Let x¥ = UV,.. ., x¥¥) e (RYHN. Consider the function S*V(@,z") =
VoLV (6, V) — VoLV (9). We begin by noting that this function is ‘centred’ with respect
to the invariant measure [loo(-), using the definition of V4£*V(-) from Lemma 2. In addition,
due to Lemma 7 (the boundedness of the asymptotic log-likelihood and its derivatives) and
Lemma 14 (the local Lipschitz and polynomial growth of LN (6, V) and its derivatives), there
exist positive constants ¢, K > 0 (which are independent of N), such that, for k =0, 1, 2,

1

N
i A i N ; i 1 . , 2
195 5N (0, £%) — 95 S™N (0, ™)1 < K[nx Ny + (ﬁ Dl = Y”N”2> ]
j=1

N N
. . 1 : 1 ;
: [ e R P DB L L - F } :
j=1 j=1

Thus, the function S*V (6, £V) satisfies the conditions of Lemmas 16 and 17 with » = 0. It
follows that, for alli =1, ..., N, the Poisson equation

AN @, 5 = SV, ) / VN0, #V)ad [d2Y) = 0
RHN
has a unique twice differentiable solution which satisfies

ak i,N v 2UiN v N 1 N A
N 2 iNyg 4 J:Na
Zn S @3+ agww,x = Koy(1 67 45 D 17, (B.5)
k=0 j=1
where the constants ¢', Kg, > 0 are also independent of N. Let u""(z,0, ") = y,0"V (9, V).
Applying Ito’s formula to each component of this vector-valued function, we obtain, for

l=1,...,p,

n
i,N i,N aN i,N i,N ~N i,N N AN
uy (12, 057, %) — w1, 0y, le)—/ dsuy (s, 6" ¢ )ds
1
A cup (s, 00N, 2N )ds

Agu 0’ N AN)ds

n

+/ ysTr[VgB’N(G’N N)agagur™ (s, 00N, AN)]ds
t
llz . .
+f deuy ™ (s, 00N &Ny N
n
n .
+f ysdouy ™ (s, 00N 2NV BEV (1N 2N dw,
3]

where A; and Ay are the infinitesimal generators of XV and 6, and we recall from (21) that
Wy = (w!,...,wM)T. Rearranging this identity, and also recalling that vV (9, V) is the

solution of the Poisson equation, we obtain

Ck.n . .
T = [ s 0. 2
T

0]
_ NN AN VN (@IN | 5Ny L NN NG
_yﬂk'nv (fk ’ )/‘L'k T Tk st Ky ’x‘g S

w
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%k.n : . k. n: . . .
- / Vs Agv™ N (@Y N )ds — / v Te[ Ve BU N (00N, 5V)dp0:0"N (00, £))]ds
Tk Tk
%k.n . . Ok . .
- / ysdzv N @O 2Ny - dal — / y2opu N @Y 2N) - Ve BN @Y, 2N )dw!.
Tk Tk
We now prove the convergence of each term on the right hand side of this equation. We begin
by defining J\" = y,[|v"¥(6]"", £V)||. We have, using the polynomial growth of v"-N(6, £V) in
(B.5), and Proposition 1 (the bounded moments of the IPS), that

N
2 . ’ 1 : ’
Eg [10:"]1 < Koo)/,2<l + Eg [N 197 + ¥ > " Eqyllx/ " 1 1) < Kgv?2.
j=1

Applying the Borel-Cantelli argument as in [96, Appendix B], it follows that Jt(l) converges
to zero with probability one. We next consider the term

Jéi):/ 8VU1N(91N ’\N)ds+/ )/AQUIN(QIN "N)ds
+/ yITe[ Ve BEN 01N, 280,07 (00N, &) ]ds.

This term obeys the bound

sugE90|Jo,| <K90/ (76l + ¥+ B [lxN 19T+ — Z]Eeo[llx’NHq Ids
1> J 1

< K%/ (175 + y2)ds < oo.
0

Here, the first inequality follows from the growth properties of the v (6, £V), the second
inequality from Proposition 1 (the bounded moments of the IPS), and the final inequality from
Condition F 1 (the properties of the learning rate). It follows that there exists a finite random
variable J S such that, with probability one,

Sy

0.0 » Aas1 —> 00. (B.6)

The last term to consider is the stochastic integral
3 ! ) . %k . . A )
Iy = / ys 0N @O, 1Y) - did) +/ yLdgu N O, &) - v BRY (6N, &) )dw.
0 Tk

In this case, using the BDG inequality, and the same bounds as above, we have

Egy [19591°] = Ko / (ys+ys>[1+Eeo[||x'”||‘f1+ ZEeo ||xf”||q1]

j=1
o0
= KgO/ yszds < 00.
0

Thus, by Doob’s martingale convergence theorem, there exists a square integrable random
variable Jiy (3) such that, both almost surely and in 1.2,

3 3
I =

0,00 °

as t — oo. B.7)
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It remains only to observe, combining (B.6) and (B.7), we have

I A L e N S e

Tk+%%k,n Tk+%%k,n

Lemma 11. Assume that Conditions A.1, B.1 B 2, C.1 and F.1 hold. Let p > 0 be such that,

for a given k > 0, it is true that 3p + ﬁ = 2 7> where L denotes the Lipschitz constant of

Vo LN (6). For k large enough, and for n > 0 small enough (potentially random, and depending
on k), one has

Ok.y p o)
/ ysds > p and, a.s., 5 < / yeds < p.

% Tk

Proof. We proceed by contradiction. Let us assume that f;k*” ysds < p. Choose arbitrary ¢ > 0
such that ¢ < %. We begin with the observation that, via the It6 isometry, we have that

p 2
K A . . .

sup Ey /VsﬁveBl'N(Q;’NﬁfsN)dw;

10 ol 0o " IVLIN@EN) |

‘ A 1 & .
< / Ky3<1 + Eog Ll ¥ 111+ Z]EQO[HXSJ’NHq])dS < o0,
0 X
j=1

where we have used Condition C.1, which implies that |V B"N (0, )| < K(1 + ||lx:||¢ +
% Z?’:l llx;114) for some K which is independent of N, Proposition 1 (the bounded moments of
the IPS), and Condition F.1 (the properties of the learning rate). Thus, by the Doob’s martingale
convergence theorem, there exists a finite random variable M such that, both almost surely and
in L2,
/r Yo Gy BN @GN 3N ydw — M.
o T IVENEEY) '

It follows that, for the chosen ¢ > 0, there exists k£ such that

o K NN (pi N aNyq. i
Vs———7— Ve B M (O, ))dw; < e. (B.8)
/ IVLEN @5 ’

Let us now al§0 assume that, for t~he given k, n is small enough such that for all s € [7x, oy ],
we have [[Vo LN (00)] < 3|V, L7V (65Y)]|. We can then compute

. . %k, ~. . %k, n. . .
165" — 61 = || / ysVoL"N(OFN, 2V )ds + / ys(Vo BN (@O, £Y), dwl)||
Tk

Tk

~. . %%k,n
<3V LN (0l / ysds
Tk

+ H / k,n ys[vgii»N(Qsi’N, 2;\]) _ Veii’N(O;vN)]dsH

VL N(e' o]
+ H i,N(pi-N
% ||VE (e‘fk ol

IVLN @)
—— )

—————— (Vo BO", ). dw})]|

RN (i FiN (i P
< 31V LN @) lp + 6 + = IV £V @M 30+ 1|

4k
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where in the penultimate line we have used Lemma 10 and (B.8), and in the final line we have
used the fact that our choice of ¢ satisfies ¢ < %. We thus obtain

i i Ai i o Ri i 1
165 = 05Vl < IV LN @M [3p + 1] < IVa LV @M 5

Thus, using also the definition of the Lipschitz constant L, we have
~. , ~. ) , , 1 ~ .
Vo LN @55 = Vo LN @501 < LU6" = 051 < 51V LM O,
which then yields
1 ~. . ~. . ~. )
FIVa LN O < 1V LGN = 20V L5 0511

But this implies that oy, € [t,ox], which is a contradiction. Thus we do indeed have
f knmy.ds > p. We now turn our attention to the second part of the Lemma. By definition, we
have that f . yyds < p. Thus, it remains only to show that ” < f . yyds. From the first part of
the Lemma, we have that f e ysds > p. Moreover, for k sufﬁ(nently large and n sufficiently
small, we must have f k1 ysds < £. We thus obtain

o) Ok P )
/ yydszp—/ yeds > p—zzz.
Tk Ok

Lemma 12. Assume that Conditions A.1, B.1-B.2, C.1, and F.1 hold. Suppose that there are
an infinite number of intervals [ty, oy). Then there exists a fixed constant B = B(k) > 0 such
that, for k large enough, almost surely,

LNeLY) = LN o) = .
Proof. By It6’s formula, we have that
Zi,N(@(l;_}CN) _ [’;i'N(G.f.;(N)

Tk . . Ok - . . . . .
= f sV LN @5V 2ds + / vs (Vo LN OFNY, Vo LN (010N | 2N) — v £V (1N ))ds
T

k Tk

Ai.N

i,N
1,k A2,k

Ok - . n. . .
+ / vs (Vo LN (01N, Vg BN (01N | 2N ydw!)
Tk

i
A3.k

O'kl
+f EVSTI.I:V BIN(OIN AN)VOBIN(OIN "N)Tvel:l N(glN)ds:I
T

k

i
We will deal with each of these terms individually. First consider A’lllf . For this term, we have
that
. % R Ve LN @I pox 1V LN @)1
Ay = / ysIVo LN O DIPds = ————— / yds = ——————p
Tk
whers:, in the first ineq~uality, we have used the definition of the {t;}x>0, namely, that
Vo LON (01N > %IIVgﬁi*N(O;'LN)I| for all s € [1;, 0x], and in the second inequality we have
used Lemma 11.

Tk
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We now turn our attention to A'ZIZ We will handle this term using a very similar to
approach to that used in the proof of Lemma 10. Let us consider the function TN, V) =
(Vo LN (9), Vo LN (0, £V) — Vo £V (6)). Due to Lemma 7 (the boundedness of the asymptotic
log-likelihood and its derivatives) and Lemma 14 (the local Lipschitz and polynomial growth
of LiN(6, £V)), there exist ¢, K > 0, independent of N, such that, for k =0, 1, 2,

1

N
i ¢ i 5 i i ! j » :
19570, #%) — a5 TN (0, 3™ < K[nx Ny N+ (ﬁ Z e/ — yvanz) }

N
[1+||x'N||Q+||le|Q+ Zuxﬂvw Znyf’qu]
j=1

Moreover, it is straightforward to show that this function satisfies f(]Rd)N TN O, V) oo (dXN) =
0. Thus, by Lemmas 16 and 17 with r = 0, the Poisson equation

AN @, ) = TV (6, ) / VN @, FV ) oe(di) = 0
RHN
has a unique twice differentiable solution which satisfies a polynomial growth property of the
form

2. gkyiN N 920N N v 1 N .
k;n S 0% )||+||898AN<e,x M < Koy (1+ [l ) +NZ:||x-'* 14,

for some constants ¢’, K4, > 0 which are also independent of N. Using the same steps as in

the proof of Lemma 10, we can then prove that, a.s.,

k— 00
—

a.k ~ . A . ~. .
f Vs (Vo LN OFN), VLN 0N, 2) = Vo £V (01 ds | 5 0.

k

We next consider A3 x- Using Itd’s isometry, Lemma 7 (the bound on the asymptotic log-
likelihood of the IPS), the polynomial growth of the function Vy BN (8, x), Proposition 1 (the
moment bounds for solutions of the IPS) and Condition F.1 (the square summability of the
learning rate), we have that

]

o0
< Keof Vs |: + Eq, [IxV19] + Z]Eeo [lx/ Nllq]]ds < o0.
0

t

Ve (Vo LMV @01V, Wy BMV (04N | £V )dw!)
0

sup Eg, |:

t>0

(o]
< Keo]Eeof Yo IVe BPN (00N 2|17 ds
0

Thus, by Doob’s martingale convergence theorem, there exists a finite random variable Ag’go
such that, both almost surely and in 12,

t
/ V(o £V 0N, Vo BN O M) dwi)y — AEY,
0
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as t — oo. It follows that A’31Z — 0 a.s. as k — oo. Finally, we turn our attention to Af;ll\(/.
For this term, we observe that

1 ~ , ~ , ~. ,
sup g, / SVTr [VQB”N(GS”N, Ny, BN gV )eSN)Tvgc'vN(e;vN)] ds
0

t>0

o0 . 1Y ‘
< Ky, /O P20+ By 1]+ D ey [155Y 1] < oo,

j=1

where, as above, we have used Lemma 7, the polynomial growth of V, Bi:N (8, x), Proposition 1,
and Condition F.1. It follows that the random variable

| ~ . A~ . ~ .
f SYITE[ VBN 00N &)V BN 01N &) VFL 00N | ds
0

is finite a.s., which in turn implies that there exists a finite random variable Aﬁ;ﬁo such that
| U, U o
/0 ¥ Tr [VQB"N(GS”N,st)VgB”N(H;'N,xSN)Tvgﬁl‘N(QS"N)] ds - Ag®

almost surely. It follows, in particular, that AZVIZ — 0 a.s. as k — oo. Summarising, we thus
have that, for all ¢ > 0, there exists k£ such that

IV LN (011>

LN = LN oY) = AV = 1AS = IS = NAGYI = ——————p — 3¢,
The claim follows by setting & = % and B = %- U

Lemma 13. Assume that Conditions A.1, B.1-B.2, C.1, and F.1 hold. Suppose that there are
an infinite number of intervals [ty, oy). Then there exists a fixed constant 0 < 1 < B such
that, for k large enough,

BN~ £V ) = B
Proof. Using Itd’s formula, we have that

~ . ~ . Tk ~ . A . . o~ .
LVOEN) = £V O3RN ) = f Vo (Vo LN @), Vo LN 01N, 2Y) = Vo £ (01V))ds

Tk—1
k—1

i,
Bl,k

Tk ~ . A . . .
+ f Vs (Ve LN (00N, Vo BPN (01N, 2N ydw!)

k—1

i,N
BZ,k

%1 n. , n. . . ,
+/ SVITr [VHB’-N(Q;’N,)ejv)veB"N(e;’N,fAjv)Tvgcl-N(eg’N)ds].

k—1

i,N
B3y

Arguing as in the proof of Lemma 12, the magnitude of each of the terms converges to zero
a.s. as k — oo. This is sufficient for the conclusion. [J

525



L. Sharrock, N. Kantas, P. Parpas et al. Stochastic Processes and their Applications 162 (2023) 481-546

B.2.2. Technical lemmas: An additional bound

Lemma 14. Assume that Condition C.1 holds. Then, for k = 0, 1, 2, 3, there exist constants
q, K < 0o such that the functions Vé‘L(G, x, w, i) satisfy

IVSL©, x, pw, 1) — VL@, x", v, V)| < K [llx — x| + Wa(u, v) + Wa(u', )]
LA+ 1 A+ el 1)
F WA 1D+ o 19+ VA 1)

Thus, in particular, for N € N, i = 1,..., N, there exist constant q, K < 0o, independent of
N, such that the functions VgL”N(Q, Ny satisfy

N 1
. . 1 . . 2
< K|:”xl,N _ yl,N” + (N Z ||_x/~,N _ quN”Z) }
j=1

N N
) , . / 1 . / 1 . /
: [ e i e B L U DBl e }
j=1 j=1

where N = (x"V, .. 2NNy e RN and 3V = ("N, . xVN) e RV,

VAL"N(0, £ — VELPN (0, 5V)

Proof. We begin by recalling that, from Condition C.1 there exist constants g, K < oo such
that, for k =0, 1, 2, 3,

IV5©, x, )= V560, x', YOIl < Klllx=x"ll+lly—y I+l I+ 191y 144111

(B.9)
It follows, substituting (B.9) with y’ = y, and applying the Holder inequality, that
‘/ Vi, x, y)v(dy) — / Vi(6, x', y)V(dy)'
Rd Rd
< / Ve (@, x, y)v(dy) / Vep(©@. x', y)| v(dy)
Rd Rd
1
< Klx — x| [1 XN+ 1+ v (- IIZ")Z] . (B.10)

Meanwhile, letting w7 € II(u, v), substituting (B.9) with x’ = x, and once again using the
Holder inequality, we have that

H/ vgq)(e,x,y)u(dy)—/ V0, x, y)v(dy')
Rd R4

< K|:/ ly = ¥ I [+ Nl + 119+ Iyl + 11y11] 7 (dy, dy’)]
R4 xR4

1

1
2 2
sKU ||y—y’||2n(dy,dz>] [1+||x||‘1+||x/||‘1+[/ ||y||2‘fu<dy>]
R4 xR4 R4

%
+[ / ||y’||2qv<dy’>] }
Rd
< KW, ) [ 14 el 19+ - 120F vl - 122, B.11)
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where the final line follows from the fact that = was chosen arbitrarily. Thus, using the triangle
inequality, substituting both (B.10) and (B.11), and once more using the Holder inequality, we
have

f VA0, x. yyu(dy) — / VEp(O. ', y)(dy)
Rd R’/

/ I L 1
< K [l =+ WG, )] [T+ 1+ 1217 4+ gl 1203 + vl - 23]

where, as elsewhere, the constant K is allowed to increase from line to line. Thus, recalling
the definition of the function B, and once more using Condition C.1, we obtain

IV5B(@©, x, 0) = V5 BO, x', v)

< [vEpo. v Vb, + H |, V.5 i = [ V0.5 )

1 1
< K e =+ WaGe, )] [T+ 19 + 117+ - P+ vl - P2 ]

Using the definition of the function G, the triangle inequality, and substituting the previous
bound, we then have

IV§G©. x. ., 1) = V5G(©, x', v, V)|

= [IV5 [B®,x, ) — BBy, x, )] — V5 [BO,x',v) — B8, x', V)] |

< IVgB®, x, 1) — VgB®, x'", v)|| +[|V5 B(6o, x, u) — VgB®, x', )|

< K [llx — x| + Wa(u, v) + Wa(u', V)]

/ 1 1 1 1
[ I+ I el 1203 4 - P w125 0/ - P2

Finally, recalling the definition of the function L, combining the previous two bounds, and using

the triangle inequality and the Holder inequality, we have, now allowing also the constant g to
increase from the previous line,

1
I1L@®, x, w, ')y — L@, x',v,V)| = 3 1G@®. x, w, 'y — G@O,x', v, v’)||2

IA

1
NGO, 1) = GO, 5", v O GO, x, 1, 1)+ GO, ', v, )|

IA

K [llx = x'[l + W, v) + Wa(u', V)]

q e oy (- 19y P S
[ I 1 I3 12 v 192 v 193]
The bounds on ||V§L(9,x,u,u’) — VgL(O,x/, v, V)|, & = 1,2,3, follow via analogous
arguments. We now turn our attention to the second statement in the lemma. In fact, this
is a straightforward corollary of the previous result. Indeed, recall from the definition that

LiN@©, V) == L@, x*N, iV, V). Using this, and the previous result, it follows immediately
that

|vativ o, 5%) - vEL 0, 57|

N N
. . 1 1
<K |: ||xl,N _ yt,N” +W2<N E 8N, N E 8yj,N) ]
j=1 j=1
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N N
. . 1 . 1 .
i e e D Bl i L S Y P }
j=1 j=1
— 1

N
. . 1 . . 2
< K| lIx"N = y"N| + (ﬁ D N - y-'anZ) }
j=1

N N
. . 1 . 1 :
e L R P B D B i LB N ] . O
j=1 j=1

B.2.3. Technical lemmas: On a related Poisson equation

Lemma 15. Assume that Conditions A.1 and B.1-B.2 hold. Suppose that, for each 6 € R?,
f(,x) is a locally Lipschitz function, which satisfies a polynomial growth condition in the
sense that

£, %) = £@, I < Klx =yl [T+ 1617114 11X 17 + Iyl1], (B.12)

for some constants r, q, K > 0, where x,y € R4. Then, forall e R?, x,y € R4, t > 0, there
exist positive constants q', Kg, > 0, such that

< Kgo[1+ 1017101 + [1x]|7 Je o'

Egy.x Lf (0, x)] — /R 0, Dueel)

< Kepllx = YU+ 1017100 + x|+ 1y 17 1e ™",
(B.13)

Alternatively, suppose that, for all 6 € RP, and for some i € {1, ..., N}, the function f(-, b2
is locally Lipschitz, and satisfies a polynomial growth condition in the sense that

<K[||x’N ’N||+< Zufo f”n)l][wnen’}

j=1

Eay,x [f (O, x0)] — Egy,y [f (6, x:)]

‘f(e Ny — £0,5")

[+||x'”||‘f+||y"v||q+ Z||fo||‘1+ Znyf’vn‘f}

(B.14)
for some constants r,q, K which are independent of N, where 3 = (x'"V ... xNNT ¢
RHN. Then, forall N e N, i =1,..., N, and for all 6 € RP, £V, N € (Rd)N l > 0, there

exists positive constants q’, Kg, > O, mdependent of N, such that

By o L£0. 5] - / £, 2N @5V
(RN

N
e —_
< K90|:1 + ||9||’] [1 + [Ix"M 7+ v > e :|e’\90t (B.15)
j=1

Egy v Lf (0, £ — gy v [£(0, 2]

. ‘ N 2
< K90|:1 + nenf] [nx”N - ¥+ ( Z IV — 2) }
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1 N
. ’ . / : / i ! —
L M 1M+ = A NI 4 V9 e (B.16)
N =

Proof.

We begin with the first statement of the lemma. Let u, v € P(R?), and 7 € II(1, v). Using
the Holder inequality and the local Lipschitz and polynomial growth assumption in (B.12), we
have that

f 116, y) — £, D] 7(dy. dz)
R4 x R4

1 1

2 B 2
SK[H”WM/ ||y—z||2n(dy,dz>] [1+/ ||y||2qn<dy,dz)]
R4 xRd R4 xR4

- 1

2
+ / ||y||24n<dy,dz>] }
R4 xR4

1

— 1

2 2

=K[1+||9||’H/ ||y—Z||27T(dy,dz)] [1+ / ||y||2"u<dy>]
R4 x R4 L/ R4

+ / ||Z||2qV(dz)]2] (B.17)
_]Rd

Now let (x;);>0 be a solution of the McKean—Vlasov SDE (1) starting from x € RY. Let wy
denote the law of x,, and let u,, denote the unique invariant measure. Moreover, let ;">
denote an arbitrary coupling of u; and fioc.

Egx [£(0. x)] — / O, D)
R

= '/ f(9,y)uf(dy)—/ fO, Diso(dz)
R4 R

- / 176, y) — £(0. lm>(dy, dz).
RI x R4

Substituting (B.17) with u = u} and v = W, and using the fact that the chosen coupling was
arbitrary, we have that

Eg . [£(6, )] fR O, Dactd)

; }
ssz(u;‘,uoo)[1+||e||’}[1+[/ ||y||2‘fu;‘<dy>} +[/ ||z||2‘moo(dz>] ]
R4 R4

(B.18)

We will bound each of these terms. Using Proposition 1 (the moment bounds for the
McKean—Vlasov SDE), Proposition 2 (the bounded moments of the invariant measure of the
McKean—Vlasov SDE), we have

) )
[1+[/ Ilyllzquf(dy)} +[/ ||z||2%o<dz>} }5K90<1+||x||q>. (B.19)
R4 R4

Meanwhile, using also Proposition 3 (the exponential contractivity of the McKean—Vlasov
SDE), we have that

1
2
Wa(i), o) < Wapa, poc)e " < [/d llx — yllzu«oo(dy)] e !
R
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1
2
52[||x||2+ f ) ||y||2uoo(dy>} e " < Kgo(1 4+ [x]|9)e 0 (B.20)
R

for some g > 1. Substituting (B.19) and (B.20) into (B.18), using the elementary inequality
(a + b)? < 2(a* 4+ b?), and setting ¢’ = 2¢, we thus arrive at

< Koo [LH 01T 11 + llx )17 140"

Egox [£(0. x)] — /R O, Dpacle)

We now turn our attention to the bound in (B.13). In fact, the proof of this bound is very similar.
Let (x;);>0 and (y;);>0 be solution of the McKean—Vlasov SDE (1) starting from x € R? and
y € RY, respectively. In addition, let u* and w; denote the laws of x, and y,, and let 7r; > denote
an arbitrary coupling of 1} and ;. Then, starting from the LHS of the bound in (B.13), before
using (B.17) with 4 = u¥ and v = p;, we have

Egyx Lf (O, x0)] — Eoyy [£(0, yo)] ‘ = ‘Ad fO, 20wy (dzy) — /Rd f(0, 22)17 (dz2)

5/ |fO,z1) = f(0, z2)Im; " (dz1, dz2)
R4 xRd

1
2
< K[l + IIGII'} [/ llz1 —Zzllznf’y(dzl,d@)}
RY x R4
3 3
: [1 + [/ Ilzlllzquf(dm)} + [/ IIZzllzquf(dzz)} }
R4 R4

Once again, since the coupling was chosen arbitrarily, we in fact have that

]EO(),X [f(ev xl)] - Eeo,y [f(ev yt)]

1 1
< KW, ui’)[l + ||9||’} [1 4 [ f 1 ||zl||2‘m;‘(dzl>}2 + [ / d ||zz||2qu2’(dzZ>H.
Ra R

(B.21)

We will bound each term, similar to before. On this occasion, once more appealing to
Proposition 1 and the proof of Proposition 3 (see (A.5), and also Remark 3.6 in [11]) the
required bounds are given, for some Ky, > 0, by

1 1
2 2
[ / ) ||z1||2"uf<dzl>} < [Kao(l + ||x||2q>} < Koo (1 + [Ix]1), (B.22)
R
) 2 2
[ / ) ||zQ||2"ui(de>} < [Keo(l + ||y||2")} < Ko (1 + [lyl1), (B.23)
R
Wa(uy, 17) < Walug, pg)e %" < [lx — ylle™o" (B.24)

Substituting (B.22), (B.23), and (B.24) into (B.21), and this time ¢’ = ¢, we have the bound
in (B.13), namely,

Eog.x Lf 0, %001 = Bao.y [F 0, x)1 | < Kgyllx = YL+ 1017101 + (x4 + [y]19]e .

The proof of the second part of the lemma follows closely the previous proof, now using the
statements in Propositions 1-3 that are relevant to the IPS. For completeness, and to emphasise
that any and all constants are independent of N, we provide this proof in full. Suppose
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now that N, vV e P(RY)Y), with marginals "V, vV e PR?) fori = 1,...,N. Let
aN e II(uN, vN) denote an arbitrary coupling of u” and vV, and 7%V an arbitrary coupling
of "N and 7"V Using the Holder inequality and the local Lipschitz and polynomial growth
assumption in (B.14), it is straightforward to obtain

/(]Rd)NX(]Rd)N
1
. . 2
K[l + IIQIIr} [ [f Iy™ = 2N PN g, dﬁN)}
(Rd)NX(]Rd)N

N 1

1 . . 2

+ —§ / ||yf’N—z*”n%N(d&N,dzN)] }
I:N — (Rd)N X(Rd)N

1

. 2
. [ 1+ / Iy NP d3v, diN)]
(Rd)NX(Rd)N

1

£O,3") = £,V |x"@dp", dzV)

2
+ / [E O d:%N)}
(Rd)NX(Rd)N

1

1 & 2
+f (— YN ) 2V @5V, dz )]
L (Rd)NX(Rd)N N ;
_ 1 N %
+/ (— ||sz||‘1) N(dyN,dzN)} ]
L RN @)V N;

. . . . . 2
K|:1 + IIGII’} [ [/ [y"N — V)12 N (dy™ N dz”N)]
RY xR
1

N 1
1 . . . . . 2
— BN _ N2 j.N dv/N_ qz/wN
+[NjE_I/RdXRdIIy NP N dy N dz )] }

1 1

. . . 2 . . . 2
-[H[/ ||y"N||2qul'N(dy"N>] +[/ ||zlvN||2qv"N(dz'*N)]
R4 R4

N L N 1
1 . : . 2 1 . : . 2
— INW2a 0N (qyd N — BN 24,0 N (g, N )
+N]§_][Ad||y I (dy >} +N,§_,Md”z [RARCE >H
(B.25)

Let £V = (x"", ..., x)"™)T be a solution of the IPS (2) starting from V=@, xNNYT

N N . . axiN i N N
€ RHN. Let (i, "V)i=o denote the law of (£V),=¢, with marginals (2} "")=)V, and let 22,
. . . . . i NNl L
denote the unique invariant measure, with marginals (25Y)'=""N. Moreover, let 7r; ** denote

N .
an arbitrary coupling of i} N and A% . Then

B,y v Lf6. )] - / £, 25 @5V

(RHN
’ / £, 5N @5V — / £6, 2% @)
(RN (RN
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SN ANy (&N, AN AN
(Rd)N X(Rd)N

A AN A . .
Using (B.25) with u¥ = iy " and vV = ¥, and using the fact that the chosen coupling
was arbitrary, we have

Ego v [£(0, )] — / £, 2" dz™)
®RHY

r A xBN AL nx/N ~
_K|:1+||9||:|[Wz(u, AN Iy 4 — ZWZ( SN JN)]

l
: . 2 . . . 2
: [1 + [ / P lvN(dy'*N>] + [ f { ||z"N||2‘f/:egoN(dz’*N)}
R a

N 1
1 , N . 2 2
+_ZH/ Iy N 12 ”’Wdyf*”ﬂ + [/ ||sz||2qqu<dsz>] ﬂ
N = Rd Rd

(B.26)

Similar to before, we will now bound each of these terms. Using Proposition 1 (the moment
bounds for the IPS), Proposition 2 (the bounded moments of the invariant measure of the IPS),
and arguing precisely as in (B.19), we have foralli =1,..., N,

1 1
i ~xiN i 2 i Al i 2 i
1+[/d Iy 1% g v%dy”)} +[/d 2"V 1% i N(dz’N)] < Ko (1 + [x"V]|9)
R R
(B.27)

where, importantly, the constant Ky, is independent of N. Meanwhile, using also Proposition 3
(the exponential contractivity of the IPS), and arguing as in (B.20), we have that, for any
i=1,...,N,

~xiN ~i N AxbN i N ~i Ny —Agnt
WZ(M;C s /’Lloo ) =< WZ(MS l s /’Lloo Je %
1

. . . . 2
5[ f ||x'*N—y"anﬁgoN(dy"N)] ¢!
R4
52[||x'*N||2+ f Iy VI dy" N)} e !
R4

< Koo (1 4 "V |9)e ™0 (B.28)

for some ¢ > 1. We remark, once again, that the constants in (B.28) are independent of N. Now,
substituting (B.27) and (B.28) into (B.26), using once again the fact that (a +b)* < 2(a® + b?),
and as before letting ¢’ = 2¢, we finally arrive at the bound in (B.15), viz

By ix L0, 2] — / £, 2%a% @z
RHN

N
: , 1 ) 7
= Keo[l + II@II’MI S RS & i|e o',
j=1

It remains to establish the bound in (B.16). Similar to before, the proof of this bound is very
similar to the proof of (B.15). Let (xN )i=0 and (yt )i>0 be two solutions of the IPS (2) starting
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from £¥ = (xMV, .. xMNT e RD)Y and 3V = VY, L yVN)T e (RY)V, respectively. In
N N

addition, let ({i; ° ),>o and (20 V)20 denote the laws of (XN)i=0 and (3 )50, with marginals
a3 N Y=EN and (22" N Y=N | Finally, let 2 denote an arbitrary coupling of A5V

(i )i=o  an (N » )i=o - Finally, let 7; " §note an aerprary coupling of j1;

and i) Y, and 77" an arbitrary coupling of 47 " and 2 "". Then, starting from

N
the LHS of (B.16), and making use of the bound in (B.25) with u¥ = 7 " and vV = /fL,y N
we have

Ego.en L0, 2] = By sn [£ (0, 2]

Ay

/ £0, 8V N (g — / 76,208V (d2)
(RN (RN

/(Rd) 70,2y = £0, 20|77 @2V, dz))

1

i i XN YN i ?
_K[1+||9||’H[/ Iz — 25N P (dzl'N,dzi’V)}
R4 x R4
1

N 1
1 i\N N2 xbN N N N |2
+ —Z/ lz)™ =z 1P (dz) ", dzy ™)
N =1 R4 xRd

1
~xbN i, 2 i, A ybN i, i 2
'[HU Iz 1% 2 ~N<dz1N>] +[fi||z2N||2qM N(dm”)}
RY R

N

N 1 .

! " SNE w1

o | R T R ol | A e
j=1

j=1

Once again, since the coupling was chosen arbitrarily, we in fact have that

Egy v Lf 0. 2] — By sw [0, 3] (B.29)
K[l+||9||r} [Wz(ﬁ?iw”‘”,ﬂzyi’ ZWZ(AXJ o ”‘]N’N)}
A } !
.[1+[ / ||zi’N||2m§"‘N~"’N<dzi’”>} +[/ 23 ||2q”N<dzf’N>}
R4 R4
N e . % %
S e e |
=1 Rd
(B.30)

Finally, appealing once more to Proposition | (the moment bounds for the IPS) and Proposi-
tion 3 (exponential contractivity of the IPS), there exists Ky, independent of N, such that, for
alli=1,...,N,

1 1
I i,N||2qAxi’N,i.N(d NE < | Ko(1+ 60N 2 ’ < K, (14 [|x"N )4 B.31
LTI )| = [ Kep(T+ x| = Ko (14127 (B.31)
R

1
i Ay, NE i : i
M R ’N(dzz’N)] S[K00(1+||y’N||2q)i| = KoL+ 1M1 (B.32)
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Ax,,N AV AxtNGN AN NG gt i\N i\N | —Agnt
WtV @ty < Waag N, g Je "0t < [lxtT — yh Tl

(B.33)

Substituting (B.31), (B.32), and (B.33) into (B.30), and once again letting ¢’ = ¢, we have the
desired result, viz

Egy 2 £ 0, 2] = Egy 5n[£ (60, 3]

1

N 1
, . 1 . . 2
< Keo[l + ||9||’} [nx’” -yl + (ﬁ >l — yf~”||2) }
j=1
1 & 1 &
A1+ i\N q/+ i,N q’+_ J.N l]/+_ JNya —*p! O
[ [ KA U N;nx I N;uy 1" |e

Lemma 16. Assume that Conditions A.1 and B.1-B.2 hold. Suppose that, for each 6 € R?,
and for some i € {1, ..., N}, the function f(6, ") satisfies

N
. . 1 . . 2

[1+||x‘N||q+||y’N||q+ Znﬂ”nu an”nq]

‘f(G,)?N) - £6,5M)

for some constants q,r, K > 0 which are independent of N, where 3 = (x"V, ... x¥NNT ¢
RHN. Moreover, suppose that for each 6 € RP, f(@,)?N ) is centred, in the sense that
f(Rd)N F©O, 2NN (dxN) = 0 for all & € RP. Then, for all N € N, and for all 6 € R?,

the function

o0
F@,5") = / B g, [0, 5))] d (B.34)
0
is a well defined, continuous function, of Sobolev class Np>| Wp loe Which satisfies the Poisson
equation
Ay g, F(0,5") = —f(0,27). (B.35)

Moreover, for all § € R?, F(,-) is centred, in the sense that f(Rd)N F©, M) @y = o,
and there exist constants q', Kg, > 0, independent of N, such that

N
. , 1 . ,
F@O,2M < Ko |1+ 101" || 1 ENya 4 — Ny B.36
|F(6, %)) < 90[ +1 ||M + [V +N;nx ||} (B.36)
N
A\N r i\N q/ 1 i.Nyq
IVen O, D)V < Koo | 14 1617 || 14 15V +N;ux 19 |. (B.37)

Remark. In some sense, this proposition can be seen as a statement of [83, Theorem 1] adapted
appropriately to the current setting. In our case, however, since we are interested in the solution
of the Poisson equation associated with the generator of the IPS £V = (x"V, xVNy e
(RY)N for any N € N, additional care is needed to ensure that arguments in the proof of [83,
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Theorem 1], in particular those used to establish that the solution is well defined, and that it
satisfies the bounds in (B.36)—(B.37), are independent of N. Indeed, we are interested in the
solution of this Poisson equation for arbitrarily large N, since we will later take the limit as
N — oo. As an example, if we were to use [83, Theorem 1] directly, we would only have,
in place of (B.36), the bound |F(, £)| < K(1 4 [|£V ), which, due to the | £V]|7 term, is
unbounded in the limit as N — oo.

Proof. We begin by showing that the function F(6, x") is well defined, and that it satisfies
(B.36). Let £V denote a solution of the IPS starting from £ € (RY)V. Let 4V denote the law
of )?tN . Using the bounds in Lemma 15, and that f is centred, we have

]Eﬁo,)?N [f(@, -),e[N)]

E, [ £@.2)] - / £0.2MaN @2
(RN

N
VR —_—
< K%[l + ||9||r} [1 + [l N 4 5 >l }-W, (B.38)
j=1

where, from Lemma 15, the constants p, g/, Kg,, Ag, > 0 are all independent of N. Thus, the
function F, as defined in (B.34), is absolutely integrable, and thus well defined. Moreover,
upon integrating this expression, and using the triangle inequality, we immediately obtain the
bound in (B.36).

We next verify that, for all 6 € R”, F(6, -) is centred. Using (B.34), Fubini’s Theorem, and
the definition of the invariant measure, in this case we can verify directly that

/ F(e,)eN)ﬁgVo(d;eN)zf [/ IE,;N’QO[f(@,)?,’v)]dt]/lévo(dflv)
(RHN RHN 0
:f [/ E,EN,QO[f(e,)e,’V)]ﬁQ’O(d)%N)}dr
0 (]Rd)N

= f [ / ) f(&f%ﬂﬁi(dﬁ”)} dr =0,
0 0

=0

where in the final line we have used the assumption that, for all 8 € R”, f(6, -) is centred.

We now turn our attention to the bound in (B.37). We will derive this bound directly, rather
than appealing to the Sobolev embedding theorem as in [83]. Indeed, the latter argument does
not apply in our case given the dependence of the dimensionality of the state space on N. By
definition of the gradient, for any 3" e (R?)" such that 3 — %V, we have

F©.3%) = F©@.3"%) = (Vv F©0. %), 3% = 2%) + o(I3" = 2V (B.39)
Rearranging and then applying the triangle inequality, it follows that

(Vv F(0,5M), 3V — M) < |F(0, %) — F0, £") + [o(I3™ = 2V1)| -
Thus, in particular, we have

|<V)ENF(09£N)a5}N_-£N>| < |F(095)N)_F(97XAN)|

lim - - < lim - = B.40
NN 9V — &N PN 2N I = &N (340
Suppose we now consider ¥ = IV + AV.nF(0,%Y) or, equivalently, 3 — £V =

AVen F(0, 2V), for some A € R. Clearly, we have that §' — £V as A — 0. We also have that
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(Ven F(O, V), §Y — £N)| = A Vv F(6, £Y)12, from which it follows that
lim (Ven F(8, 2N), 31 — &) o MIVen F(8, V)12
SN 3N (FARE 1=0 Al[Ven F (O, £V))]|

Substituting (B.41) into the LHS of (B.40), we thus have that

= |[VinF@O, V). (B.41)

|F6, 3)) — F6, ") -

. [F@©, ) — F@©,x")]
< lim sup

IVen FO, V) < lim

oy PN — &V et S L]
(B.42)
Using (B.42), as well as the bounds from Lemma 15, we then have
F@,xNy—F@, N
IV F(0, 3V < Tim sup 12¢ xw) 15 el
NN XY = y¥
1 o0

< limsu — E 3 9,)2N —E 5 G,XAN dr
= o &Y =37 ‘fo it O AD] = g0, 50
<limsup ———— K, |1+ ||10]|"

im sup ey Ko L1+ 101°]

N 1
i.N _ i,N l N _ N2 2
I = (5 D I =
j=1

N N
. , . , 1 . , 1 . /
: [1 sl R P e B E i e v B B }
j=1 j=1
(B.43)

‘We next observe that

1

N
. . 1 . . 2 1 R . R .
Y =y + [ﬁ >l — yf’an} < [1 + F] IEY = $VI < Kn &Y = V11,
j=1 :

(B.44)

where we have introduced the constant Ky := 1 + -1 < oo for all N € N. Substituting (B.44)

N2
into (B.43), and absorbing K into the existing constant Kgo,4 we have

IV F@, £ < limsup

)ﬁN*));N
1 1

~[1 i e R D L NZIIW’NII’]}
j=1 j=1

=l K‘*’[l * ”9'@ [1 F IV 4y

N

v g Kool = S+ 1]

N3
1 < 1<

_ BN L J-Nydq’

+ N 12:1 lx/ 5 + N 12:1 ly” 1l ]

4 While the constant Ky does depend on the number of particles N, it remains finite as N — oo, and thus we
will suppress this dependence.
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N
, e ] .
= K90|:1 + 1161l Ml + [N+ v /2—; I } (B.45)

where, as elsewhere, the constant Ky, has been allowed to increase from line to line. This
completes the proof of this bound.

The remaining statements in Lemma 16 follow directly from Theorem 1 in [83] (see also
Proposition 1 in [84]). In particular, having established suitable bounds on |F (@, V)|, the
arguments in (c), (d), and (f) in the proof of Theorem 1 in [83] can also be applied in our
case. This shows that (B.34) defines a continuous solution of the Poisson equation (B.35),
unique in the class of solutions belonging to ﬂp>1Wp oer
Lemma 17. Assume that Conditions A.1 and B.1-B.2 hold. Suppose that the function f(6, ")
is twice differentiable with respect to 0, and for some i € {1, ..., N}, satisfies, for k =1, 2,

1

N
A A i i 1 i i 2
195 £©, 2Y) — 85 £ 0, 3l < K[le Ny + (ﬁ N B y”NHz) }
j=1

N N
. . 1 . 1 .
-[1 + |I9II’M1 + N9+ 1y N+ N > M+ ¥ » ||yf~”||"}
Jj=1 j=1

for some constants q,r, K > 0 which are independent of N, where X = N x
RHN. Moreover, suppose that, for each 6 € RP, f(0,-) is centred in the same sense as
Lemma 16. Then the solution (B.34) of the Poisson equation (B.35) is twice differentiable with
respect to 6. Moreover, there exist constants q', Ko, > 0, independent of N, such that

2 N
. | . /
> < K90[1+||0|| ][1+||x”N||" o 2 e }
j=1

k=0

N,N)T c

—F(e M+

0% F@©,x")

32
‘ V90

Proof. The proof begins with the observation that, for k = 1,2, the function 85 f @, xM)
satisfies the bounds required by the second statement of Lemma 15. Thus, from Lemma 15,
there exist constants ¢, Kg, > 0, which are independent of N, such that

E00,2N|:80kf(9 AN>} [ aQkf(e Mk @z™)

N
< Keo[l + ||0||’] [1 I+ 3 llxj’N“q’}‘”(”- (B.46)
j=1

Thus, using the fact that f(6, -) is centred, arguing similarly to in (B.38), and utilising the
bound in (B.46), we have that

.
Fant [aek 1@, N)} ‘ B

ok VA R
]EHO’XN[BG" fO.% ] T apk |:/(]Rd)N 1. ZN)MIOVO(dZN)] ‘

=0 since f centred

ak A R A
= Bl re. i) - [ | e )
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N
i ’ 1 . ,
=< K<90|:1 + ||9||’:| |:1 + ||xl,N||q + N E ”-xij”q ile_}\gol.
=1

Thus, due also to Proposition 1 (bounded moments of the IPS), we can differentiate under the
integral sign to obtain,
k

k R 9 o0 R oo R
WF(Q,XN)ZW/O E)?Nﬁo[f(e,xﬁ)]dtzfo ]E)?N,eo[aekf(e N)}dt (B.47)

In particular, the required bound now follows straightforwardly as

ak 0 akf N
/0 E%,W[m(@,x )}

—(9 M| <
oo 1 N
< K(;O/ [1 + ”9”,][1 + I+ >l }e—%’dz
0 ;
j=1

00k
1 N
< K90|:1 + ||9||’} [1 N D ]
j=1

Thus, F(0, £V) is indeed twice differentiable with respect to 6, and its derivatives satisfy the
required bounds.

It remains to obtain the bound on the mixed derivative. In this case we follow similar steps
to those used to obtain the bound (B.37) on |Vin F (6, £M)| in Lemma 16, viz (B.39)—(B.45).
We begin, arguing as in (B.39)—(B.42), with the bound

dr

’ 4N d 4N
”8 NaQF(G = I|a Na_eF(e )l
< lim |5 F (6, 9N)— S F @, 3Y)
A 135 —xNII
< lim sup I%F(Q’ 5}AN) — é%F(G’)eNN,
§N SN 9N — 2N

where $ and $V are as defined in the proof of Lemma 16. It follows, substituting the
expression for %F (0, ) from (B.47) with k = 1, that

2

axN oo

<limsup ———— /
svan IENY = 3N

I F(G,J?N)II

0 . a .
[ﬁf(& x,N)} —Egw g, [£f<e,va )} dr

(B.48)

Similar to above, we now appeal to Lemma 15, noting once again that dy f(0, -) satisfies the
bound required by this result. This yields

a . el .
EG(),)?N[ﬁf(e’ xtN)] - Eeo,j\/N[ﬁf(97 x[N)]‘ (B49)

1
. . 2
< Keo[l + ||9||r][||x’*N —-y"Mi+ ( Z e/ N =y ) }
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_ N N -
. ’ . 7 1 . ’ 1 : !’
i,Nq i,Nq - JsNyq - N g — Ao t
L[l + Iy e + N E flx”™ 1 + N E Iy (e "%
- j=l1 j=l1 -
< Koo 12N = NI [1+101"]
— 1 N 1 N -
i,Nq Ny | SN JN g’ | =2t
L[l + =+ N Elllx 7 + N Ellly 9 [e "%, (B.50)
j= j= -

where in the second line we have replaced the first term with the upper bound previously
obtained in (B.44). Substituting (B.50) back into (B.48), and integrating, we finally arrive, as
required, at

2

F©O, M) < limsup —————
FEETR )”_wwg £ = 3N

N N
. , . , 1 . , 1 .
-P+www+www+ﬁ§nﬂﬁw+ﬁ§nwwﬂ
j=1 j=1

< lim sup K90|:1 + ||9||’] |:1 + ||x'¥N||<1’ + ||yi,N||q’

‘QN_)JQN

Ko 1Y = 3N+ 11611

|« I &
5 2N 2D Ty
Nj:l Nj:l

N
. / 1 : ’
= K90|:1 + ||9||’][1 + [N+ ~ Z [lcFN )9 } 0
j=1
B.3. Additional lemmas for Theorem 2.2*

Lemma 18. Assume that Conditions A.1, B.1-B.2, C.1, D.1-D.2, and F.1 hold. Then, for all
qg=>1,foralli=1,...,N, forall N € N, there exists K such that

mmWMs%aMm@MWkay
>

t>0

Proof. This Lemma follows straightforwardly as an extension of [96, Lemma A.1], making
use of the appropriate bounds in Conditions D.1-D.2. [

Appendix C. Verification of conditions for the linear mean field model

In this Appendix, we verify that the conditions of Theorems 2.1, 2.1* and 2.2 hold for the
linear one-dimensional mean field model studied in Section 5.1. We also demonstrate that one
of the conditions of Theorem 2.2* (Assumption E.2) is not satisfied.

Assumption A.1. We assume that xo € R and thus this condition is trivially satisfied. We note
that this condition would also be satisfied if, for example, xo ~ N (i, o?) for some uw,o €R.

Assumption B.1. For this model, we have b(6p, -) : R — R, with b(6y, x) = —6; ox. This
function is Lipschitz continuous with constant 6;, and satisfies (x — x’, b(6y, x) — b(6y, x')) =
(x —x’, =01 o(x — x)) = —61|lx — x'||>. This verifies Condition B.1, provided 6; o > 0.
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Assumption B.2. For this model, we have ¢(6p,-,-) : R x R — R, with ¢(0,x,y) =
—0,,0(x — ). This function is twice differentiable with respect to both of its arguments, and is
globally Lipschitz with constant |6, |. This verifies Condition B.2, provided |6,0] < %91,0.

Assumption C.1. The functions » : RxR — R and ¢ : R xR x R are infinitely differentiable
with respect to all of their arguments. Moreover, we have that || Vib(0, x)|| = | Vi (O, x, y)|| =
0 for i = 1,2,3. Finally, [|b(0, x) — b@®, x)| < [161[lllx — x|l |0, x, y) — (@, x", )| <
16211(Jlx = y|l + llx’ = y'I]). This verifies Condition C.1, provided either # € @ C R for some
compact subset ©, or we allow for linear growth in b(0, x) and ¢(0, x, y) (see the remark after
Condition C.1).

Assumption D.1. For this model, we have that L0, x, u, u) = —% (61 —61,0)x+(02—6020)(x—
E, [xD]?. For simplicity, let us focus on the ‘pure interaction’ case, in which 6; = 6, = 0.
In this case, we have L(6, x, u, n) = —3(62 — 62,0)*(x — E, [x])?, and thus VyL(6, x, u, ) =
—(0, — b 0)x —E, [x])2. Tt is then straightforward to compute

%
(VoL(0,x, 11, 1), 0) = —0,(62 — 02,0)(x — B [x])* = —(1 — eif)u — Eu[x])%63.

It follows that, for all [|6,]| > [[2.0]l. we have (VyL(0, x, s, 1), ) < —2(x — B, [x])?[6a]> =
—k(x, w6212

Assumption D.2. For this model, we recall that Vo B(9, x, u) = [—x, —(x —E,[x])]. We thus
have
1

(0, x, ) = (Vo B©O, x, W)Ve B (0, x, “)ﬁ’ ”Z—”)f =[x+ - Eu(x))z]% .

Thus implies, in particular, that |t(60, x, u) — t(6’, x, u)| = 0, which verifies Condition D.2.

Assumption E.1. The unique invariant measure 2 (d%") of the interacting particle system
associated with the linear mean field model is multivariate normal, with mean 0 and covariance
YN given by the solution of the Lyapunov equation (e.g., [85, Chapter 3]) AXY + N AT =],
where A = (010 + 61.0)1y — OzT'OJN, with Iy the RV*V identity matrix, and Jy the RV*V
matrix of ones. We also have that

N . 1 ‘ . 7
LN, V) = —§|:(91 — 610" + (62 — 20)(x"" — XN)] ;
where Xy = % Zjvz , XN We can thus obtain the asymptotic log-likelihood as

. 1 X
£ ) =~ 20— 010" f (N2 AN gy
RN

i,N
Cl

— (61 — 01.0)(02 — 62) / , PN (0N = xy) Al dxN)
R

iN
C2

1 . _ 2 N R
— == 0200 | ("N —xn) 2N @Y.
2 RN

i,N
C3
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The Hessian can now be computed as

-
-civo—ciN)”

V2LV (9) = (

In order to establish strong concavity, we are required to show that there exists n > 0 such that,
for all 6 € R2, V2L4N(9) < —nl. That is, the matrix V2LIN@O)+nl is negative semi-definite.
We will show, equivalently, that trace(VZLN(0)+nl) < 0 and det(V7 LN (0)+nl) > 0. First
note that
trace(Va LN (0) + nI) = —CPN — 5N +2n < -} + 21
Since ZOIZ is a covariance matrix, we must have Ci’N = [EOIZ]” > 0. Thus, for any n €
(0, %C{’N ), we do indeed have trace(V2ZLN(6) + nlI) < 0. We now turn our attention to
det(ViLN©) +nl) = = (€ + i)+ (e eV - 7).

The roots of this quadratic are given by

(c’l’N + C;N) + \/(Ci'N + c;”) 4 (c;”cg” - (cgN)Z)
. .

These roots are real, since €N 4oy —aciN e — (i) = N =i (i >
0. It follows that det(V3L"N(6) + nl) > 0 for n € (=00, 7-) U (1, 00). We claim that n_ is
positive, and thus det(VZ LN (6) + nl) > 0 for all n € (0, n-). To see this, note that

Nt =

i i i i ~ A i - \2 A A
CeR — @™ = [ oAk [ (6 =) i)

2
— (fRN V(N = xy) ﬂ&(di”)) >0

by the Cauchy-Schwarz inequality. Tt follows that (C}™ + Cy™)> —4(CiN ™ — (Ch™)?) <
(c i’N + CQ‘N)Z, and thus n_ is indeed positive. This completes the verification of Condition
E.1, since for any 0 < n < min(%Ci’N, n_), we have both trace(VZL"N(6) + nl) < 0 and
det(V2L'N () + nl) > 0.

Assumption E.2. The unique invariant measure [to(dx) of the linear mean-field model is
normal, with mean pu,, = 0 and variance 0020 = m (e.g., [57]). It follows that

L, x, oo, Loo) = —%[(91 — 01.0)x + (6, — 6, 0)x]>. We can thus compute the asymptotic

contrast function as

[(6) + 62) — (010 + 02.0)]
41,0 + 62,0) '

This function is not strongly concave, and does not admit a unique maximiser. Indeed, it is

maximised by any 6 = (6, 6,)” such that 6, +6, = 01.0+62.0. This demonstrates that Condition
E.2 is not satisfied by the linear mean field model.

~ 1
L0) = ~5160, +62) — Gro+ 62007 /R ¥ poo(dr) = —

Assumption F.1-F.2. Conditions F.1-F.2 are satisfied by y, = min{y?, y°t7%}, ° € [0, c0),
s e, 11
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