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ABSTRACT 

The aim of this thesis is to investigate the possibility of 

analysing a given seismic trace in order to obtain its components. 

It seems that various characteristics of the components of a seismic 

trace can be obtained by several different methods. In all these 

methods the basic model of the seismic trace is taken as mathematically 

represented by a convolution. 

The first method deals with analysis with regard to 

differential moveout of the signal and correlated noise. The 

assumption that is made in this analysis is that the moveout function 

of the signal and the correlated noise from trace to trace can be 

represented by a linear function. If this is so it is possible to 

separate the signal and correlated noise on the basis of a Fourier 

Transformation. If the linear relationship is not fulfilled this 

method will fail though it is possible to give an approximate solution 

if it is quadratic. 

The second method deals with the analyses of a trace when 

it can be represented as a convolution of a minimum delay wavelet 

with a random spike series. 

The third method deals with the analyses of a trace when 

it can be represented as a sum of two convolutions represented by the 

convolution of the signal wave and its arrival time series and - the noise 

wave and its arrival time series. If the two arrival time series can 

be regarded as completely random a complete analysis can be made 

which provides the wavelets representing the signal and noise in their 



autocorrelation form. If this is not satisfied the general method 

breaks down. However under certain considerations it is still 

possible to obtain the signal and noise wavelts. 

The fourth method deals with the analyses of a trace when 

it can be represented by a Legrangian Polynomial. 

The standard procedure in data processing is to use square 

error as a minimising criterion for filter design. The aim of the 

fifth method is to provide a different criterion which would give 

comparable results. 

The final section explains'the mathematical considerations 

that are necessary to implement some of the methods explained. 

Particular emphasis is placed on inverse matrix solution as this 

is the basis of all filter evaluations. The analysis is made with 

regard to matrix inversion which indirectly influence the solution 

of equations involved in the analysis of the seismic trace representation. 
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CHAP PM 1  

F-K ANALYSIS 

1.0 Introduction  

It is known that signal and correlated noise have different 

move out functions. If a double Fourier transformation is made on a 

set of given seismic traces to transform from the time-distance domain 

to frequency-wave number domain it is seen that the signal and the 

correlated noise are separated on the different move out basis. Assuming 

a linear move out, B. A. Haini.is in his Ph. D. thesis, 'Studies of Auto-

Matrix & F. T. Analysis', has shown examples of this transformation. 

In this chapter a mathematical representation of the transformation is 

given. It is also demonstrated how the separation occurs and the critical 

points at which this takes place. The approach is different to that of 

Haines in which no mathematical justification is given for his contouring 

pattern. It is shown that if differentiated values are plotted and each 

trace is taken independently a much clearer pattern (with mathematical 

justification) is obtained for the differential move out. 

1.1 Derivation of Fourier Transform for Linear Move Out  

The seismic model chosen for the computation of synthetic 

data is defined by the following relation: 

xi(t) 	s(t- i)+ 	r(t- pi) + ,7  ni(t) (i.1,2...N) 

where i trace number (or channel number) 

N . total number of traces 

t . discrete time index, at unit sampling interval 

xi(t) . output trace on channel i 

s(t) = signal trace component 

r(t) . correlated noise trace component 

ni(t) = uncorrelated noise trace component 

. signal move out on channel i 

I 	- correlated noise move out on channel i 



5 

p = signal to correlated noise power ratio 

v e signal to uncorrelated noise power ratio 

The three constituent traces s(t), r(t) and n(t) were constructed from 

wavelets and random spike series according to 

s(t) = b
1(t) ic-tp(t) 

r(t) = b2(t) *1(0 

ni(t) = b3(t) 11(t) 

The following analysis can be performed under the assumption of linear 

move out for the signal and the correlated noise. Equation 1.1 and the 

above assumption give rise to the diagrammatic representation as given 

in fig. 1.01. 
1:),(t-) , to,(t.), 103(0 ; 1/414), 	;17, 

RR a THE WFW eLe-rs ANT) sq› Ix a SERIES  FAO R 	sIGNP‘L 

CC) Rcze-LR-l'a 	No1SE AN A uniCoRR&L-AT'D No 	. 
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The exact double Fourier Transformation of 1.1 is 

XN  T 	 -2Fi(ft+kx) 
(t}idt dx e ) 3. 4-) 	Pi 1-17 0 0 

Consider a typical term 

XN  T -2Fi(ft+kx) 
I 	s(t -04i) e 	dt dx 
0 Q 

T -NT 	-2ri(ft+kx) 
• J' I bi(t—vi) nt-(t-°,i) e 	dt dx 
0 0 

	

Let t -0c 	t 

	

1 	I 

1 

-01L. 
-2rikx -2rif=e. r  1 	-2rift 

1 	J 	(b1 (t1)*$(0) e 	
o 
d to} dx 

	

0 	-°‘ 

Comparing 1.2 with results of Appendix A 

)(1■1 -2rikx -2Fifor. 

	

) 	e 	e 	
1 (f  1(f)-Es) dx  ( fb1(f))  0 

where Es is defined in Appendix A. 

Substituting for c4  from fig. 1.01 

-2Fikx -2Fif(m x.+04) 

	

= ) 	e 	s 	o L fb1(f )1 f (f )-Es1 dx 
0 

S -2Fix(k+msf) 0  

• f (f) if (f)-Ee
-25ifoco  ?e  

b1 	Y- 	-2ri(k+msf) 

(1.2) 
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-27Cifec 	-2TriXr(k+m_f) 
-  

f b1 (f){f (f) -Esie  
o 	 1  

Y-- 	 -2Ri(k+msf) 

Therefore 

(f)-Esie  -21cifec 
A(f,k) 

2ni(k+msf) 

-2giX(k+msf)/ 
-e 

+ fb2(f)if5 (f)-Ej 	1-e e 	
-2ig,(k+m 07  + 

sL 	• 1. 

4-5 2 i (k+mcf) 

xr  

fb3 (f)  f 	x (f )-E  
-2Takx 

dx 1.3) 

for k/-msf, k/-mcf and kWO. 

If k f =0 

	

f (0Af (0)-E 	 xv 
A(0,0 )=f b1 (°)  Y- (0)-E 	b2 	 c  + 	f (0) j- 	 dx 

	

5 	" 0 

And if k sf 

-2Kifoc 
A(f'k)  = fb1(f)ifl (f)-Es e  

f (f) 	(f_E 1 -2niff3 	-2"XiXN (-m f+m f) 
+  b2 	7f,‘ 	c.N e 	o (1-e 	s 	c ) 

2i(-msf+mcf) 

-27Ukx 
+ 

	

1 fb3  (f) 	[tx(f)-Ei4 e 	dx 4-7  
0 

Similar expression for k = -mcf. 
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1.1.1 	Analysis of the Transform  

Expanding 1.3 

fb1 (f)/f,*(f)-E 1 
A(f,k) s 	(Cos 2Af4104 - i Sin 2NfoCb) 

21Ii(k+msf) 

grAr(k+msf) + i Sin 27X1 (k+msf)1 

+ similar expression for correlated noise 

+ 	
X1\1 

1 fb3 	' (f) j 	(f)-Ev )(Cos 	kx -iSin 2Rkx) dx 0  x 	2R 

 ZZ 
Real A(f,k) fb1(fAf1-(f)-Ils   {-Cos2rfoCo Sin2RXIi(k+msf) 

-2fi(k+msf) 

+ Sinafoco  - Sin2Wfoco  Cos2RX11(k+msf)1 

+ similar expression for correlated noise 

+ 	
f (f) ( Nib x(f)-Ev 0os2Rkx dx 4v- b3 

0 

1) (Real A(f,k)). fb1(f)Ifv-(f)-EsIECos2Tfa:Sin2R N  X (k+m s  f) o 1k -27(k+msf)2 

Sin27tfoco-Sin2WfotoCos27aN (k+ms f) (-1)+(k+msf) 

2AXNCos27Tfa0Cos2RX,i,„(k+msf)+2RXNSin2TfoCoSin27rXr(k+msf)] 

+ similar term for correlated noise 

fb3(f) ITtx(f)-Evisin2Tskx (-2nx)dx 
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- 27iXl\T(k+m f) \Cos( 27ifo< + 21'iX,.(k+m f)~' similar term for correlated noise + et 
.1. s l 0 jlj S ~ 

as (k+m f) = I \'lhere I is an integer s 

Therefore 

-27iX
T
(k+m f)Cos2nfo( ~(realA(f,k»)=( •• ) -1'l s 0 

()k (k+m f)2 
s as k --t -m f 

s 

+ etc. --7>-0' for k = -m f + S 
s 

~~ for k·= -m f - 8 
s 

On R similar argument 

() 
(real A(f,k)) S ok ---7 - cC for k = -In f + c 

as k -) -m f 
c 

for k = ~ S oC -m .l ;-
---? c 

For a constant value of f, the gradient of the graph of real A(f,k) 

against k should have a steep gradient at values of k just less or 

"'----greater than k = -m f and k = -m f 
.s c 

.~/ 



K - rtfr• wits 	 K - 	icv  
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KF  k 
Fu  
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Similarly, Imag.  A(f,k) =  b1( if 	)-E 
 

-2T-(k+,11sf) 

Cos2Rfoco-Cos2nfocoCos 2WXy(k+msf)+Sin2nfaoSin271XN(k+msf) ... 

	

1 f__
b)
(f) Ptlx 	NASin(2nkx) dx 

0 

7c k Imag A(f,k) a f b1 (f) .1. (f)Esi  

-27(k+msf)2  

[(k+msf)i2WXNCos2W11.coSin271XN(k+msf) 

. + 27XNSin2nf.coCos27tXN(k+ms61 

-{Cos2K.f0Co-Cos2WfocbCos2TXN(k+msfS+Sin2XfocoSin2nyk+msfli 

TM 

	

1 	/ 	c 
."'7,17-fbkf) ) elx(f)-E73Cos2Akx (27x) dx 

0 	' 

f h1 (f)f+(f)-Ek27XN (k+msf) Sin0-.10C0+27XN (k+msf)) 
-27.(k+msf)I  

(1-Cos2TOCN(k+msf))+ Sinnfc<oSin27VX.N(k+msf).13 + etc. 

->cC as k sf as before. 
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1.1.2 Analysis of the Sampled function 

XN 	T -2Wi(ft+kx) 
A(f,k) = 	s ( t- 	r(t-135.)+A.- ni(t) e 

x=0 t=0 

-2111foc XN -2nix(k+fm ) 
f bl (f)ff 	 o g e  

x=° 

-27rifpo  X N -2Fix(k+fmc) 
+fb2(f)ff(f)-Ee 	 e 

+ f b3  (f) 
vLli) e

-2F ikx 
x   

X=0 

Xis0 

(1.4) 

for all k,f. 

From 1.4, expanding the equation: 

A(f,k) = fbl(f>ifq-(f)- Esict3os2nDKo- iSin2rfao1 

XN  
kpos2Ax(k+fme)-iSin27'x(k+fmeg+ similar term for correlated noise 

...+ f,2(f) 	XN 
lE (COS2KkX - iSiragkX) /

k
(f) 4-1.7  x=0 

Therefore, 

Real1A(f,k)1= fb1(f)if*(f)-Esi 

XN  
x=0i(Cos 271-fpcoCos2nx(k+fme)-Sin2nfocSin2Fx(k+fms 

+ f (f) XN(f) C°s2nkx 
1.5  x 
x=0 

(1.5) 



- f (f) XN 
)23._ 	11,x  (f) Sin2111c.x 
Jv X=0 

(1.7) 
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Imag A(f,k) = ibl(f)ir4(f)-Esi 

[ENI-Cos2lifocoSin2Nx(k+fms)-Sin2irfocoCos2wx(k+fm 
x=0 

- fb3(f) XN 7x(f) Sin27r1 

Therefore, 

Real fA(f , k).1. fb1 (f)ff%1-(f)-Esi ;CN Cps*c<0  + x(k+f m s )) + . . 

x=0 

• • • 

+ f b3  (f) 	XN 	(f) Cos27rIcc 	 (1.6) 
fir 	X=0 

XN  

Ima4A(f,k)}= fb1(f)£f (f)-E s3 	-(sin27*o+x(k+fms ))) 
x=. 

The absolute expansion of 1.5 is: 

A(f,k) +111)4(R) 	ifb1y-(I)1 

XN Cos21T(feCo+x(k+fms)) -iSin27r(fcCo+x(k+fms)))4-...+ (CORR. NOISE) 
x-0 

XN + 

	

	 + if 	(I)Z4-CosOrkx - iSin2Irkxi 
xau „ 	

b31, (1.8) 

where fb1y-(R)+ifb1 .(1).f (f )l-f,F(f)—Es 

(R)+if (I)=f0f)  M ff.\ 
.b31, 	Nur. 	x  and 

Since the Fourier Transform 
has a Real part as well as 
an Imaginary part. 
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Therefore, 

RealiA(f,k X N 
- 

,(R) cosot(G) + fb-q&(I) Sin7"3- )] + ... 
x=0 r  

WHERE G.=  4 4- Dr-kKi-S ms) XN  
+....€ if 	(R) Cos2nkx + f(I) Sin2rrkxj 

x=0 1)51 	
b31  

XN 
is A 	Cos ipri(fcCa  + x(k+fm 	 + • • • s A x=0 

XN 
+ Bx. f  Cos ( 21rkx-eB) 

X-0 	7  
(1.9) 

where 	ACos9A =fby- (R); 	 ASineffbi.(I); 

Bx,f 	B Cose =fb3  (R); 	 Bx,f SingB  =f (I). 

On the same basis, 

XN 
ImaglA(f,k)1= 

	

	-fbl (R) Sin27r (&) + f(I) Cos 27r (C.7) 3 
x=u 

XN 
+ x=0 -f (R) Sin27r kx + fb31(I)  Cos 27rIcci 

	

XN 	 XN 
C 	- Sin127(fck +x(k+fms)) -8G3+...- 	Dx Sin (21rkx-b 

	

x=0 	 x=0 

(1.10) 

where 	f y.  (R) = CCose • 	 y.(I) 	C= Sing) • bl 	 c' 	 fbl C' 

Dx f 	D Cos() = fb31 (R);. ,/ Dx,f SineD  f (I). 
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Equations 1.6 and 1.7 are similar to equations 1.9 and 1.10, the only 

difference being the phase shift ofIDA,E)B,E)c,E)n  which will shift 

the curves represented in 1.6 and 1.7 by angleseA,%, etc. The form 

of the curves 1.6 and 1.7 will remain the same. Hence all the properties 

of 1.9 and 1.10 Will remain intact in 1.6 and 1.7 but with a relevant 

shift. The analysis will be restricted to equations 1.6 and 1.7 for 

easier mathematical representation and computing. Referring to fig. 1.01 

we can make a'= 0 0 without any loss of generality, i.e. the time is 

measured from the arrival of the signal in the first trace. Since the 

origin of lime is arbitrarily chosen, the mathematics can be simplified 

by choosing the origin at the arrival of the signal. On this basis 

eauations 1.6 and 1.7 can be rewritten as: 

	

XN 	XN 

	

Real{A(f,k)(= A(f) 	Cos2xx(k+fms) + B(f) 2E Cos2a(f0 + x(k+fmc)) 

	

x=0 	x=0 

	

+ C(f) 	.1C11  I$ (f)Cos2ffkx 	 (1.11) 

x=0 

XN  

	

ImagfA(f,k).= A(f) 	-Sin27bc(k+fms) - B(f) 	Sin27(f0+x(k+fmc)) 

	

x=0 	x=0 

	

- C(f) 	Dx  (f) Sin2Wkx 	 (1.12) 

x=0 

where p is now measured from the new origin. Consider equation 1.12 

when f=0 i.e. on the k axis, 

Ima4A(0,k)1.--A(0)E -Sin2Fx(k) -B(0)23 Sin2nxk -C(0)1E D (0)Sin2akx 
x=0 	x=0 	x=0 

Consider a numerical value for x=9 (say). The analysis can be varied 

depending on the number of traces, i.e. the value of N used. 

Therefore a typical term for signal and correlated noise in its 

expanded form would be: 
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Constant 1E Sin(2Akx) C{SinO + 	+ Sin47Ck +... 
x=0 

+ (Sineirk + Sin10k) +...+ Sin1671k1 

Grouping the Sin terms 

▪ Ct2(Sin97kCos9nk + Sin9nkCos7mk +...+ Sin9nkCo5mk)]. 

Singr  ▪ C 
2 

(Cos9nk + CosTrk +...+ Cogmk) 

If we were to choose the value of k as multiples of 1/9 we would have 

2 — Sin m (...) where m is now an integer. 

But Sinlim=0 for all integer values of m. Therefore on the f=0 axis 

at all values of k which are multiples of 1/9 we would have the 

correlated noise and the signal terms zero. The uncorrelated noise 

terms would not vanish on these points because each Sin term is 

multiplied by Dx(0) before summation and hence the total will not 

vanish. Therefore on these points Liac; A(f,k) would give the Sin 

representation of the uncorrelated noise wave form. Also uncorrelated 

noise is zero for all f where k is an integer since Sin 271kx = 0 for 

all integer k as x is an integer. wherefore for every f on lines 

k=0,1,2, etc. only the signal and correlated noise terms will be obtained. 

On examining the summation for uncorrelated noise it can be seen that for 

f 0 for various values of k the uncorrelated noise wave form will 

retain its Sin wave form with a multiplying factor depending on 

C
x
(f) and D

x
(f). Therefore if we could find; these multiplying factors 

for various values of f, since we know the basic shape of the curve at 

f=0 we can eliminate the uncorrelated noise terms in the (f,k) plot. 

As shown earlier at k=0 only the correlated and the signal values will 

be obtained. But at k=(0+S) the uncorrelated terms will also be added on. 

But at k=(0+S) the values of signal and correlated noise will not change 



A k=.0 ic=t k=2_ IC=3 
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much and hence can be taken as equal to values at k=0. Therefore by 

subtracting the values at k=0 from values at k.(0+5) we can obtain the 

multiplying factors for the uncorrelated noise and by multiplying the 

corresponding co-ordinates of the basic shape of the uncorrelated wave 

form we can obtain the contour map of the uncorrelated noise only. The 

points explained so far will be clarified by working through a numerical 

example. 

PLOT 02 I': AG (F,K) 

FIG. 1.03 
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The crucial points on the 'F-K' plot are as shown above. Every point 

on lines marked ZZ
1 
have uncorrelated noise zero. On points marked 

Al, A2, A3... signal component is zero. On points marked B1, B2, B3... 

the correlated component is zero. If oC
o 

is zero as is the case considered 

here every point on line AA will have a signal component zero. Ifc4
o 

is zero from equation 1.12 it can be seen that the signal component is 

zero in all lines represented by the set of equations 14fms 2 = — where 

I is an integer. On this condition the signal component will be zero in 

all points on lines such as AA as shown below. 

PLOT OF B. 	(P, K) 

oC = 0 
0 

FIG. 1.04 
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A typical term for Real (.4(f,k)) is 

Real (ACf,k)) = C x=0  Cos 27 (fcc.. + x(k+fms)) + 

"D Real (A(f,k)) 
	 = 27f C lE 

IN 
 xSin 27 (foce  + x(k+fms)) + 

Z) k 	x=o 

.'.1)Real (A(f,k)) 
- o when f oc + x (k+fms) = I 

for all x from o--rXn when I is an integer. If fo:is an integer, this 

condition is satisfied for all x when k + fm
s = integer which would give 

the turning point. As could be seen by comparison of eqn 1.3 and the 

conditions derived from it the conclusions are slightly different from 

that which is derived from equation 1.6. 

The infinite gradient conditions do not occur due to the summation and 

instead a turning point is obtained with the additional requirement 

that focetc... should be integer as well. If foto  was not an integer 

k + fms = I line would not pass through the turning points of various 

curVes.But the deviation is not very much as could be seen by inspection 

of figure 1.6. In any case only a probable region of occurence can be 

designated anyway. 

Irk 
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1.13 Illustrative Example  

For the numerical example considered now the values were 

chosen as follows: 

• 
m
s tan45 	mc = tan60e  ;cco 0 ; 

Po 
3.0 secs. 

Ten traces were Chosen. Initial summation phase angle was taken as zero 

for signal and correlated noise. Fig. 1.1 indicates the theoretical 

picture of the Imag (F-K) plot that would be obtained if there were no 

noise. As can be seen the zero magnitude contour is a straight line 

through the origin with an angle gradient of 1 corresponding to 

ms tan45. The curves are the graphs obtained for constant values of 

F for F=0, 0.1,... for various values of K=0,0.1,0.2 etc. Fig. 1.2 

shows the theoretical picture of the Imag (F-K) plot that would be 

obtained if there were no signal and no uncorrelated noise. The change 

of gradient as explained in fig. 1.02 is seen along the line BB which 

is at an angle (1/me) where me  is the move out gradient for correlated 

noise. Fig. 1.3 shows the theoretical picture of the Imag (F-K) plot 

that would be obtained if there were no signal and no correlated noise. 

It can be seen that the curve is symmetrical (mirror image) about the 

point k=-0.5 and zero at k=0,-1. For different values of F the curve 

retains its basic form as in f-0 but the ordinates are multiplied by 

a constant factor denoted by the multiplying factor in the discussion 

before. Fig. 1.4 shows the actual picture that would be obtained in 

practice. It can be seen that the move out gradient variations have 

been considerably distorted due to the uncorrelated noise component and 

it is not easy to draw the lines AA and BB though a probable region of 

occurence can be designated. Figs. 1.5, 1.6, 1.7, 1.8 show the same 

considerations as above but plotted for the real (F,K). Comparing 

fig. 1.5 with fig. 1.1 the move out gradient change is shown much better 

in 1.5 than in 1.1. This is due to the fact that the real component is 

a Cos form which gives a unit at the critical value and the Imag component 
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is a Sin form which gives a zero at thecritical value. This is reflected 

in the practical (F-K) plot fig. 1.8 where the signal move out line AA 

can be drawn much easier than in the corresponding fig. 1.4. Therefore 

for signal move out line it is much better to consider Real 'F-I0 than 

the imaginary F-K. The uncorrelated noise also exhibits the same 

characteristics as before the only difference between fig. 1.7 and fig. 1.3 

is that fig. 1.7 is symmetrical about line k=0.5 and fig. 1.3 gives mirror 

image about line k=0.5. As can be seen the uncorrelated noise component 

distorts the F-K plot quite considerably and hence it is not easy to pick 

out the move cut lines AA and BB for filtering purposes. The following 

is an attempt to get rid of the uncorrelated noise components. 

Imag (F,K) was calculated for F=0, 0.1...0.9 with k=0,(0+5),(O+25) etc. 

where S  is a small number. In the example 6: was chosen as 10 4. It 

was seen that the values of signal and correlated components hardly 

changed for constant F with increasing K. Whereas the uncorrelated 

component still assumed its Sin form with the appropriate multiplying 

factor. Since uncorrelated component for k=0 is zero the values of 

Imag (F,K) at k=0+S was subtracted from 'mpg (F,K) at k=0. This should 

give the values of the uncorrelated component for k.(04-8) for different 

values of F. Taking the basic form of the Sin function as at f=0 

the corresponding multiplying factors for various F were obtained by 

the corresponding division of the subtracted term. 

The following is a comparison of the derived and actual 

multiplying factors for various f. 

F 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

Actual 1 3.92 1.16 1.21 1.11 1.17 0.91 1.22 1.07 1.04 

Derived 1 2.6 1.15 1.19 1.11 1.15 1.08 1.07 1.05 1.03 
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As can be seen a reasonable correspondence is obtained between the two 

sets of values. Using these derived multiplying factors the uncorrelated 

components were calculated using the basic form as at f=0 and values 

thus obtained were subtracted from the Imag 'F-i0 plot. Thus the residual 

should represent the signal and correlated noise only with the uncorrelated 

noise component removed. The results are plotted in fig. 1.9. A comparison 

of fig. 1.4 and fig. 1.9 shows the obvious improvements obtained by this 

process. In fact a comparison of fig. 1.9 and fig. 1.? shows.how well 

the filtering has succeeded. It is also observed that in the Imag 'P-Ks 

plot the contribution from the signal is very small due to the fact that 

44=0 and hence in practice the filtered version of Imag F-K would almost 

give the correlated noise component only as seen by a comparison of figs. 

1.9 and 1.2. By employing fig. 1.9 we can find the signal component 

move out line as in the 'Real Case' the signal components are enhanced 

due to the Cos term. 

The separation of move out components of signal and correlatkd 

noise immersed in uncorrelated noise can be carried out in the following 

manner. Obtain the real and imaginary component of the double Fourier 

Transform as given in equation'1.1. Plot these values for f=0, 0.1,... 

0.9 and k=0, 0.1...0.9 as in figs. 1.4 and 1.8. A line such as AA 

passing through the inflexion part of the various curves should give 

the move out line for the signal from fig. 1.8. Obtain Imag. (F,K) for 

Fm0, 0.1...0.9 for K=0, (0+E), (0+26) 	(0+95) where 5 is a small number. 

Subtract Imag (F,O) from ImagiF, (0+8)for 1'=0, 0.1...0.9. Obtain the 

multiplying factors by division of the various values thus obtained with 

the basic curve at Imag (0,0). Taking Imag (0,K) as the basic uncorrelated 

component curve construct the diagram as in fig. 1.3 by multiplying 

Imag (0,K) by the relevant multiplying factors for f=0, 0.1... 

Subtract curves in fig. 1.3 from curves in fig. 1.4 to obtain fig. 1.9. 
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A line such as BB passing through the inflexion part of the various 

curves should give the move out line for correlated noise. 

1.1.4 Discussion of the Results  

The numerical example quoted assumes that all phase shifts 

are zero, i.e. a=A  E=GL=0. But in practice this will not be so. Hence n 

in practice it is not possible to remove the uncorrelated terms from 

the F-K diagram as illustrated before. However if the angles of shifts 

are quite small the above procedure would not give too much of an error. 

An appropriate method ofcalculating the phase angles and thus to decide 

if filtering procedure should be adopted is given below. 

Eauations 1.10 and 1.9 are rewritten as: 

KN. 

ReaqA(f,k)1=-t1.1)1
Y" 
(R) Cos(P ) + f 	(I) Sin(P)i+ 

x.0  
11,11-1ERE.- 	p.= 27TG- 

xr, 
+ 	If 	(a) Cos2wkx f 	(I) Sin2nkx1 
x=0 b31 	b31.  

XN  
ImagA(f,k). b1y.(11) Sin(?) 	fblySI)  Cos(?) + 

x=u 

XN 
+ 	b3r(R) Sin27kx + f (I)(Cos2nkx)i b31, x=t) 

(1.13) 

(1.14) 

In equation 1.13 let fni(R) = ACosial: f1)1y,(I) = ASine • A' 

and fb31  (R) = HSineH'  • 	fb31  (I) = HCos*B.H. 

Comparing the conditions in equations1.9 and 1.10 it can be seen that 

the substitutions are the same except for GB (phase shift in uncorrelated 

noise) is now 90 -DB 
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i.e. e = 2 _9B H 2 B 

From equation 1.9 

XN 
Rea1i.A(0,0)1= ACos G A  + Al  Cos 9A 	Sine H  x t o 1 	x=0 

From equation 1.10 

ImagtA(0,0)1= ASin0 A  + AiSinD A  + Cos OH BX,0 x=0 

(1.15) 

(1.16) 

(1.17) 

	

XN 	 XN 
ZfRealgf,k)}1.=0,k=0 = +A 	27xSini9A+Ai 	27rxSinti■A  + 	Bx oCos9H27rx 

"Dk 	 x=0 	 x=0 	1 x=0 

(1.18) 

XN 
Imag{A(f,k)} 	=-A 	Cost) 2WxA A 	1 	2TrxCoseA- 	B Sine 2nx ' f=0,k=0 	x=0 	 x=0 	1 x=v o,x 	H  

(1.19) 

xN 
(1.17)x 	27rx —(1.18) gives 

x=0 

1) ImagiA(0,0)1 	2rrx 7.57 RealtA(f,k)1 
x=0 	 f=0,k=0 

	

XN 	XN 	XN 

	

= Cos OH 2nx 	Bo x t 	Box 2rsx} Cos OH 

	

x=0 	x=v 	x=v 

XN  
(1.16)x 0  27rx + (1.19) gives x= 

N 

	

RealiA(0,0)} 	21rx + 	Imagbk(f,k)S 

	

x=0 	 f=0,k=0 

(1.20) 

N 	XN 
= SineH 	2/Tx 	Box 	0Bo,x 27Cx} Sin&H x=0 	x=u 

(1.21) 



^Mr 

02 ►o 

• 60 

50 

40 

30 

20 
10 

02 01---011 	 102 194 
-10 
-20 

-30 

.-40 
SHIFT IN ZERO 

e■CS 

SOO' 

fig140 0.20* 
000' 



70 

60 

50 

40 

30 

20 

10 

0 

- - 
- 20' 

Rg1-11 



- 37- 

N 
(1.21) Meal

{- 
11(0,0)} 	x: 	-ImagiA(f,k)} 

(1.20) gives 	x=0 	
k 
	f=0,k=0  

= tan OH  

  

 

2IiIrnag/A(0,0AfE x„oic- Realbk(f,k)i 
x=0 	f=0,k=0 

 

(1.22) 

In equation 1.22 the only unknown is e H  and hence can be evaluated. 
From equation 1.15 0 B  can be estimated and this is the required phase 

shift of the uncorrelated noise wave forms. Unfortunately there is no 

direct relationship between the phase shift E)B  and the point co-ordinate 

of k at which the uncorrelated wave forms become zero at f=0. For this 

XN would depend on the form of the summation 12E Bxto. Computer programmes 

x=0 

were run to determine the shift in zero for various values of E)
B for 

two different curves. Fig. 1.11 shows the form of the curve for pPAsE shift 
0 	 0 	 0 

0 , 20 and 45 . It can be seen that the zero shift is about 0.05 for 20 

° and 0.08 for 45. The part of the curve between k=-0.99 and k=-1.01 
o 	0 	0 

is depicted in fig, 1.10 for two curves for vii-tasg. shifts 0 , 10 , 20 , 
0 

30 , 40 . It can be seen that for about phase shifts of 10 the zero 

point is almost independent of the curve and quite a difference is seen 

° at phase shift 40. These results are subjected to round off errors 

as well as angular differences in this region are quite small. Therefore 
0 

if it turns out that the estimate of 8 B  is less than about 10 we can 

assume that the zero point is independent of the curve and have a fixed 

value of k for the relevant value of 8B. This can be worked out for any 

curve and used in any subsequent analysis and it can be assumed that the 

zero point is independent of the curve. If 8B7-10°  the shift in zero 

is too much dependent on the form of the curve and hence the above 

procedure cannot be used. In this case an estimate has to be made of the 

probable zero point on the uncorrelated curve and use of the values of 

A(f,k) to evaluate the multiplying constants. Unfortunately there is 

no mathematical way of finding the precise point as it would depend on 

the curve Bf 	which is not known. 
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1.2 Quadratic Woveout  

The general formula for moveout for signal is T(x,to) 2toV
2
(to) 

The general formula for moveout for correlated noise is 

2 
T(x,t) - 	 + A 

o 2t,,v20o) 	
c  

These two formulae are derived in 'Geophysical Prospecting' vol:18, 1970 

by Robinson. Therefore the general formula for moveout is 

T ox2 + 

From equation 1.2 

\ -2nikx -2niff  N4x2  +p) 
A(f,k) = I e 	e 	tflo1(f)31f4.(f)idx + 

0 

x2 

oc 

f (f) J,1 	
e- 2nikx dx tV b3 	0  x 

Considering a typical term inside the integration sign, 

-21Ti(kx+focx2+4) 
can be written as 

k  -21cif.0 (x+2foc  ) 2 
	-D 

e 	
o 	o  

where D a  21rifp - 27Tifeck
2 

4f
2
54O
2 

("( -k
1 
 (a+x)2  

From Appendix B 	e 	dx = 	- A 
0 	1 

(1.23) 

(1.24) 

(1.25) 

From comparison of 1.23, 1.24, 1.25, 

k1  = 21iifc< 
	and 	a = ki2f0(.0 	 (1.26) 
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, ;4  -27ikx -2/Tifkocx2  +p) 
Therefore j e 	dx 

0 

TT 	(27cif(0) s k  7  2 (2N 
2nifcx. -42focko .t1— 	3 	t_21.  QCo) 	5. 2: 	2f0( 0 ‘,/ 	

0 

Therefore for quadratic moveout the general form of the (f,k) diagram 

is given by: 

= 	
i 

A(f,k) if b1 
(f pf (fie  sgnal vrii 

1,signal 	Asignall 

- 	T  
(f)Iff (f)e 

D C
*1  / 

k .3( 	J 	AC.N 1,C.N 

a 
1 
f (f ) S/( f ) e-2711-kx 	dx b3 	0 

(1.27) 

where A, kl , D are defined in 1.24, 1.26 and appendix B. .9custion 1,27 

is the final form of the Double Fourier Transform plot. A point of 

interest is that A(f,k) --->of as f 	This can be seen by examining 

the equation 1.27. It is recalled that in the case of linear moveout 

this did not happen. Hence if A(f,k) -->a< as f 	we can conclude 

that the moveout is non linear. 
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CHAPTER 2  

WAVELET CONTRACTION  

2.0 Introduction  

The basis of this chapter is the predictive decomposition 

theorem as illustrated by Robinson ('Geophysics', 1967). The problem 

that is solved in here is the decomposition of a given seismic trace 

assuming it as a convolution of a minimum delay wavelet and an impulse 

series. Robinson's method is explained briefly. The basis of this 

method is the Wold Decomposition Theorem ih which only minimum delay 

conditions are assumed for the derivation of the equivalent seismic 

case. But unfortunately in Robinson's derivation a more strict definition 

of strictly minimum delay condition has to be assumed. The reason for 

this is the inverse deconvolution involved in the solution. Two methods 

by which this could be overcome are explained. These two methods assume 

only minimum delay conditions and roots of the Z transform equal to unity 

can be thus dealt with. Another important assumption necessary in 

Robinson's derivation is randomness of the impulse series. It is necessary 

that the impulse series should have zero auto correlation for every lag 

other than zero lag and have unity for zero lag. It is not certain how 

far this condition is satisfied in practice. If this condition is not 

satisfied his method is not applicable. Though a general decompoStion 

• is not possible in this case, under certain considerations decomposition 

ig still possible. 

2.1 	Time Seismic Decomposition  

According to the Predictive Decomposition Theorem (Robinson, 

'Geophystcs ) , 1967) a given non deterministic stationary process (in the 

example, the given time series) xt  (-ot<t<oc) with discrete time parameter 

t having an absolutely continuous spectral distribution can be represented 

by: 
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x
t 	b

ot + b1 'mot-1 + 
	 (2.1) 

where the components have the following properties: 

r 2 a) the variables 	have zero mean ELttl= 0; unit variance ELTt]. 1 

and are mutually uncorrelated 4N  -et] = 0 for s 1 t 

b) b>0 and b
o
2 + b1

2 + 	oc 

c) the operator ba, bl  ... is minimum delay. (Note: minimum delay is defined 

as a sequence of values whose Z transform has all its roots greater than or 

equal to 1 and strictly minimum delay is a sequence of values whose Z transform 

has all its roots greater than 1) 

In the seismic equivalent of the above time series, bo,bi... is the common 

minimum delay wavelet and tt  is the strength or the amplitude of the wavelet 

which arrives at time t. Decomposition is an attempt to derive the arrival 

times of the wavelet i.e. Lt, given the time series values xt. Given the 

absolutely continuous spectral distribution conditions the decomposition can 

be performed in the following way. (Robinson, Geophysics, 1967) 

1) Compute the autocorrelation of the given time series. 

of oC 	 oc 
E[
Ttt+TJ. 
	bk 	

b_y E[7(t+1-)-N1 1  
k.0 	N.0 

Since it is assIlmed that ENI14 . 0 for t/s (see condition (a)) the only non 

zero value of (7-) occurs when t-k=t-a---N or when N.1-+k. Therefore, 

0 (-.6 = 	bk 	 bt  bt+1_ 
k=0 	 t=-0c 

from the unit variance condition in (a). This means that the autocorrelation 

of the minimum delay wavelet bt  is the same as the autocorrelation of the 

time series xt. 

2) Fourier Transform the autocorrelation to obtain the power sPectrum. 

Power spectrum 	(w) =-! 0(1%-) 	IBM\ 2  

Although there are many wavelets bt  which yield the energy spectrum /1)(w), 
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only one of these is minimum delay. Therefore it is assumed that this 

is the unique minimum delay wavelet which generated the physical pheno-

menon. The required minimum delay wavelet is obtained as follows. The 

power transfer function of the minimum delay wavelet is given by: 

1--(w) = 	r e-iwl- 	0, r
o
:>0 

1‘.  ag—.111 47°  

where = 	at  
t=0 

	

+1 	
= r 

	

.- 	
r 	—1‘" 

Form the polynomial 

zm  (z) 	r z +M 
 

.-m 

1 
and solve for its roots z

1' 
z
2.
" z2m. Let Le z1 ' z2' ..z

m  be those roots "  

zk(k=1,2,...2m) of modulus greater than 1 and also those zk  of modulus 1 

counted half as many times. If there are s roots greater than 1, there 

will be s roots less than and also there will be an even number of 

roots equal to 1. (For proof see Robinson 1967) 

Form the polynomial 

	

B(z) 	(z - z'
12
)(z - z 1 ) 	(z - z') 	b

s
zs 

"" 

and the required wavelet values are then given by b
1
, b

2
...b

m
. This 

will give the minimum delay wavelet bs. 

3) Evaluate the inverse wavelet a
s 
such that a-=0 for t<0; a

o 
 b 
o
=1 

t 
for normalising b

o
=1 and 	a b

t-s 
= 0 for i = 1,2,3.. 

s=0 s  

4) The inverse wavelet a
s 

convolved with x
t 

will remove the wavelet b
s 

and the amplitude factors 1.1  will remain as: 

oc 

	

t 
= 	a

s 
x
t-s O 

• ac 	 oc 
.1S a

s
x
t-s

= zE
s 	0 

b 
t-s-l- 

	

s=0 	=0 q-= 
for 



.2E a
s
b
t-s =0 for t / 0 

ac 

Since 
s=O 
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of 

s a= 	b 
B=0 	n=s  n-s t-n 

Recalling br=0 for r4:0 

=C 	oc  

8=0 
ISax = n=0 
	

E
t n 	t-s 	s n-s t-n s=v  

2.2 Discussion on the Assumptions and Modifications  

In this derivation several points become noticeable. In the 

original decomposition theorem bs  need be only minimum delay but in the 

inverse evaluation (step 3) b
s has to be strictly minimum delay. If 

b
s is not strictly minimum delay it has no finite inverse, as a root of 

z=1 will give a divergent inverse series. Hence the above derivation is 

valid only if bs  is assumed to be strictly minimum delay. In this case 

it will have a finite inverse as  and the convolution 
as*xt is a valid 

process. This seems an unfortunate restriction as the decomposition 

theorem is valid for minimum delay conditions as well. This difficulty 

could be overcome as follows. 

The minimum delay condition would mean that the Z transform 

of the wavelet will have one or several roots equal to 1. This would be 

represented by a convolution of a strictly minimum delay wavelet with a 

n equi delay wavelets where n is the multiplicity order of roots-= 1 in 

the Z transform. The Z transform of 

(w) = 	('r-) 
7-  oc. 

would give 	(z) 	.1-1 0 (r) z 
..-m 

	

4 \ 	
m Therefore 	zm  ( zi = 	(i) ;1'4M  

=-m 

From this polynomial solve for its roots z
1, z2'..z  2m. 



Let (z'' 
2  

z' ' ..z' ) be roots greater than 1 and (z 	..z9 be roots 
1 	m-n 	

' 	
m 

equal to 1. (note: the total number of roots 2m can be divided into three 

batches; a set of roots k (say) greater than 1 and k roots less than 1 

(if z is a root, 1- is also a root) and (2m-k) roots equal to 1. 

(2m-k) will always be an even number.) This would mean that the wavelet 

b consists of a convolution of a strictly minimum delay wavelet with Z 

transform roots (z1, z 	z' ) and n equi delay wavelets. 
m-n 

on this basis the decomposition theorem can be written from 

C.0 

3C.i'  Mg 	 bk 
V  k.0 

od 
to 	x

t 
zEI 

1k 
* n (equi delay wavelet4

t-k k=o 

where c
k 
is strictly minimum delay with Z transform roots (z'z' ..z' ) 

' 2 	 -n 

To Evaluate the Impulse Series  

Method 1 : If x
t 

is composed of a number of equi delay wavelets as shown 

by the factorisation of the auto-correlation, its Z transform should 

have roots = 1 of multiplicity equal to or greater than n. If this is 

so eliminate the wave obtained by convolving n equi delay wavelets from 

the time series. This can be done by the subtraction of the relevant 

Z transform. This would leave 

of 
X = • 	c

k
lE

t-k 
0 

where x' is the new time series obtained after elimination of n equi 

delay wavelets. This is the same form as Robinson's derivation and his 

method is now applicable as ck  is strictly minimum delay. If the Z 

transform of the given time series does not contain at least n roots 

equal to 1, one of two conclusions can be arrived at: 

a) the given time series does not contain a convolution of 

n equi delay wavelets. 
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b) the values of xt  axe such that it has n equi delay 

wavelets but it is an addition of another component series, xi (say) 

where (xt- xi) has a Z transform with n roots equal to 1. But any time 

series which has a continuous spectral distribution can be represented 

by a convolution. (Robinson, 1967). Hence the assumption (a) is not 

valid. Hence only assumption (b) is valid. xi can be found as a poly-

nomial in Z (Z transform) with coefficients A0, Al...An  by the condition 

that 
f(z) 	x(z) - x' (z) 

together with its n derivatives are zero for z=1. Hence the modified 

x
t 
series will have exactly n roots equal to 1 and can be treated as before. 

Method 2  : Compute the inverse of the strictly minimum delay wavelet 

values given by ck  (k=1,2...(m-n)) as dk  where 

c 
o 
 d 
o
= 1 	and d

t 
0 for te.:..0 

and 

8.0 
d
s
c
t-s 
	for t=1,2,3.. 

Compute the convolution (dk* xt) which would give the series obtained 

by the convolution of the impulse series It  (unknown) with n (known) 

equi delay wavelets. Knowing the value of n1 lEt  can be obtained as 

shown in the example below. 

Let us assume a value for n (say 4) i.e. the auto-correlation 

factorisation gives 8 roots equal to 1. This would mean that the minimum 

delay wavelet has 4 equi delay convolutions. The Z transform of 4 equi 

delay convolutions would be 

f
1 
 (z) = (z + 1) 

	
1 + 4z + 6z2  + 3 + z4 

i.e. the time series (1, 4, 6, 4, 1) 

An impulse of amplitude equal to unity arriving at time t=1 when convolved 

with f1(z) will give the series 

f 2(z) 	(z+1)4  x (1z) = z + 4z2  + 6z3 	4z4 	z5 
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This series is represented in fig 2.1. This curve is the basic 

representation of the 4 equi delay convolutions. Consider a series 

y
t 

obtained by convolving the given series x
t 
with the inverse of the 

strictly minimum delay wavelet ck  obtained by the factorisation of the 

power spectrum as outlined earlier on. Le.'; the digitised values of 

yt 	(0, 1.5, 8.0, 20.0, 30, 27.5, 14, 3, -3, -12, -21, -24, -21, -12, 

-3, 0, 0...) 

This curve is represented as curve A in fig. 2.2. It is obvious that 

the first arrival is at time T=1 and is of magnitude 1.5. In fig. 2.2 

plot the curve in fig. 2.1 but magnified 1.5 times as the amplitude of 

arrival is 1.5. This is shown as the first dashed lined curve. If there 

were no other arrivals this curve should match the curve in fig. 2.2 

exactly. The discrepancy is due to the later arrivals. Examining the 

difference at T=2 it can be seen that an amplitude difference of 2 is 

obtained between the curves. Hence there is an arrival at T=2 of 

magnitude 2. Insert the curve in fig. 2.1 in fig. 2.2 but with origin 

at T=1 and magnified 2 times as the amplitude is now 2. If there are no 

further arrivals the sum of the first dashed curve and the second dashed 

curve should give curve A. Any discrepancy is due to a third arrival at 

the first point of discrepancy whose magnitude is the difference in values 

of the two curves. This procedure can be continued until the end of the 

curve A is obtained by matching the co-ordinates. The results are shown 

in fig. 2.3 where the impulse series is obtained as (0, 1.5, 2, 3, 0, 0, 

0, 0, -3, 0, -3). This is the required 	series. 

2.3 Alternative Solution  

It will be recalled that an essential condition in the derivation 

is the restrictions imposed on the impulse series. An impulse series can 

be evaluated in this way only if its values are svnh that 

1) they are uncorrelated 

2) have unit variance 

3) zero mean. 
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It would be quite helpful if an impulse series which does not have the 

above properties can be evaluated as well. Though it is not possible 

to do this all the time it is sometimes possible to evaluate an impulse 

series under certain conditions even though it does not satisfy the 

above conditions. These special cases will now be discussed. 

It is quite important to make certain that the minimum delay 

wavelet evaluated from any method is indeed the unique wavelet involved 

in the convolution. In the case of a minimum delay restriction this is 

always so as a given auto-correlation will yield only one minimum delay 

wavelet though it may yield infinite number of wavelets which are not 

minimum delay. However, under non minimum delay conditions the solution 

can be tested as follows. Form the Z transform of the wavelet obtained)  

and compute its roots. Compute the roots of the Z transform of the Oven 

series. If all the roots of the wavelet are included as roots of the 

given time series it is not unreasonable to assume that the solution is 

correct. In this way the obtained solutio: can be tested for correctness. 

In the following discussion it is assumed that the given time series is 

a convolution of a finite wavelet and a finite impulse series. 

Case 1 : Let the wavelet be represented by bo, bi...bm. Let the first 

arrival be at time t=0 (there is no loss of generality in this assumption 

as the origin of the given time series can be shifted to the first non 

zero value) and let the second arrival be at time t.T. If T 3 m the 

wavelet shape can be evaluated quite simply. Consider a time series 

xt=(0, -24, 24.8, -8, 0.8,0, 0, 0, 0, 0, 	7.8, -8.06, 	2.6, -0.260, 

0, 0, 0, 0, 0, 0, 0, 0, 0, -16.2, 16.74, -5.4, 0.540, 0...) 

This series is shown in fig. 2.4. By inspection it can be seen that the 

required wavelet shape whose Z transform is 

f(z) . -24 + 24,Ez - 8z2  0.80 
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This can be verified by checking the roots of the time series with the 

derived wavelet roots. Dividing the Z transform of the given series, i.e. 

f (z)= -24z + 24.8z2- T 	8z3+ 	 8.06z11+ 2. + 0.8zA  + 7.8z10- 	2.6z12- 0•26z13  

-16.2z23  + 16.7424 - 5.4z25 + 0.540z26 

by f(z), the required impulse series is obtained as its Z transform as 

f1(  z) = z - 0.325z10 + 0.675z23 

The arrival times are represented infig. 2.4 with a unit amplitude 

arrival at time t.1. 	 • 

Case 2  : Let the wavelet be represented by (1)0, bi...bm) i.e. assume a 

length of m time units for the wavelet point A in fig. 2.5. Let the 

given time series meet the time axis for the first time at a point B 

`see fig. 2.5) where B is at time units G. Assume that there are only 

two arrivals before time units G and that m4_G. Under these conditions 

the wavelet values can be evaluated as follows. Plot the values of the 

gradient of the given time series. The values when joined together 

should produce a smooth curve except at the point of arrival of the 

second impulse when it should give a sudden jump in value. This is 

clearly illustrated in the plot of gradient shown in fig. 2.5. Hence 

the arrival time of the second impulse can be marked at.7point s. Find 

the time interval from S to B and mark off a similar time interval from 

origin 0 to point S1  in fig. 2.5. Under the assumptions made above 

this point S1  is the point at which the wavelet would meet the time axis 

for the first time. Let the amplitude of the second impulse be 

B x (amplitude of first impulse). The amplitude of the first impulse 

can be taken as unity without loss of generality. 

If the digitised values of the required wavelet is represented 

by X T  and the time series values by SL  (i.e. SL  is the amplitude co-

ordinate at time L) then the co-ordinate relationship for the period 

0 to B can be given by 
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SL - XL + BX',„ OS 	(2.1) 
	

for time THOS 

and 
	

SL  = XL 
	 for time T4OS 

at time T.0S
1' 
 X_.0 from conditions assumed. 

Therefore at point S1  

L
= 

L-OS 

If OS
1 
 -0S4c0s, the value of B can be obtained. In the example in fig. 2.5 

OS 4 time units 

SB - 7 time units 

Therefore SB = OS
1  .7 

and 	OS1 - OS 7 - 4 = 3 is less than OS and hence the conditions 

are satisfied. 

S
L
= 108 at L = OS

1  

X
3 

72 	for 	L-OS . 3 

Therefore 
SL 

B 	= 108 = 1.5 
X
3 	72 

Therefore the amplitude of the arrival at time T.4 is 1-5. Since the 

value of B is known, using the eouation 2.1 the values of XL  up to S2  

where SS
2
. OS can be obtained and these are the required values on the 

wavelet and hence wavelet shape can be determined. Once the wavelet 

shape is known the impulse series can be evaluated by 7 transform division 

as shown in case 1. The time series chosen for this example has values 

(0, 48, 70, 72, 60, 112, 120, 108, 78, 60, 27, 0, -12, 0,...etc.) 

Case 3  : In the previous example it was necessary for point B to be 

further away than the point A from the origin. Even if this was not so 

(i.e. if OA>OB) the wavelet values can be obtained if S2117AA2. Consider 

the example in fig. 2.6. As before by plotting the gradient values the 

second arrival can be established. Let us assume that the wavelet values 

are represented by g(x) for n = 0,1,2,..etc. and the time series values 
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by T(x) for x=0,1,2...etc. Let the amplitude of second arrival at point 

S (found earlier) be B. Draw line AA1  at a distance SA2= OS. Find the 

point A where 0A=SS2. Draw the line BB1  at a distance AB2= S2A. The 

region AA1BB1 is the overlap region. If the curve values from A to S2 

are represented by N(x) for x 0A2—>OS2, the co-ordinates of any 

point P in the overlap region AA1BB1  is satisfied by the relationship: 

B g(X)at p 	lq(X)p 	ril(X)p 	 (2.2) 

For example consider the point p on the time"curve at a time interval 

5 within the overlap region. At this point T(x) = 20. 

The point p is at a time distance 2 from S and a time distance of 2 

from A. 

g(x)at x=2=20  

and 
	

IT(x)at x=2 from S2  origins' -15  

Therefore from equation 2.2 

x 20 - 1 x 15 = 20 
	 (2.3) 

B 

which gives B 1.5 or 

The ambiguity of values for B can be resolved by considering another 

point p1  (say) within the overlap region. At point p1, T(x) = 23.5 

and point p1  is 1.5 time units from S and 2.5 time units from A. 

Therefore 	g(x)at x=1.5 . 18  

and 
	

N(x)at  x=2.5 from S2  origin = -10 

Therefore 17B - 10  23.5 

which gives B 	1.5 or -0.05 	 (2.4) 

From results 2.3 and 2.4 B can be evaluated as 1.5. Knowing the value 

of B the wavelet shape can be computed and hence the impulse series as 

before. The time series considered for this example is 

0, 16, 20, 15, 27, 20, 6, 0, -15, -17, 0, etc. 
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It should be noticed that the position of B (i.e. the point at which 

the given curve intersects the time axis) is quite irrelevant to the 

calculations. In the illustrated example B and A are identical. This 

is a coindidence and is not used in the calculations. The derivation 

is valid even is 0A>OB. The only condition necessary is that S2A>AA2  

or otherwise there would be no overlap region. 

2.4 General Solution  

Case 4 This is the most general case when no assumptions are made. An 

exact solution is not possible. However an approximate solution can be 

obtained as follows. 

GIVEN CURVE i(x) 

WAVELE2 	g(x) 

FIG. 2.8 
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Consider fig. 2.8 where T(x) is the given time series. As before point 

S can be_found. Draw A .A ' at a distance SA
3
= OS u. Let p be a o o 

turning point of the given time series and let OP = v where v <2u. 

If vg:2u the following procedure can be adopted. The time series curve 

T(x) can be represented by 

T(x) = g(x) for time 0 --i›S (S is a known point) 

and 	T(x) = Bg(x-u) + g(x) for time ;> u. 	(2.5) 

where B is the amplitude of the impulse at time 

Therefore for time T:7 u 

11.121c 	Bgi(x-u) + g'(x) 
	

(2.51) 
dx 

At the point p of the curve 

dT(x) = gradient of time series at p. 
dx 

Therefore at point p 

B g'(x-u) x=v + g'(x) x=v = 0 
	 (2.6) 

Let A' ' A'2 3 
 be the co-ordinates of the wavelet at point  

(p-St), p„(p+St) where St is a small increment in the time axis. 

Let T1,  T2, T
3 

be the corresponding co-ordinates of the time series 

curve T(x),and letA1,A2'  A3 
 be the co-ordinates as shown. 

Then form equation 2.5 applying to point (p-St), p, (p+St). 

BA + A' = T 1 	1 

BA + A' = T 
2 	2 	2 

BA + A' = T 
3 	3 	3 

(2.7) 

(2.8) 

(2.9) 
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AB = TANGENT AT POINT P'1 

FIG. 2.9 	 FIG. 2.10 

Consider the figs. 2.9, 2.10 where the region containing the point pl 

is shown enlarged. Depending on the position of pi three configurations 

can be drawn. Fig. 2.9 represents the conditions when 10>A>A1  1 2 3 

and fig. 2.10 represents the conditions when A.7A', ' T;,  10 
2 1 2 

Another configuration representing the condition Ai <A2 4.A3 can also be 

drawn. Conditions for this case can easily be modified. 

Considering fig. 2.9 for small St 

- = e+ (oc-e)/2 	 (2.10) 

But 

	

A'-A 1 	PA1  tan = 	1 2 	1 2 = A
l2 St 

(2.11) 

t can be chosen as unity without any loss of generality 
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A'-A' tan pc= 2 3  . 2 3 
 = A23 St 

Therefore 	tan 1  = (-1+.11:42) / Al2  

oc 
and 	tan 2 = (-1+RTAL) / A23 

From 2.10 

(2.12) 

2-tan- tan --- tan tan e + 	2  
cc  

• 1 + tan --tan el 2 	2 Tan if = 
oc 

tan 
2  -- - tan E-"2:- 1-tan 9 	 2 

 

(2.13) 

 

1+tan2tan 2  

  

But g'(x) x- = tan -tr. Therefore g'(x) x=p  can be formed in terms of =p  

' 2' 3 A' A' A'. Also g'(x-u)x v is known since the curve from 0 --;■S 1= 

is known. 

Therefore in equation 2.6 B is unknown and g'(x-u) is known 

and g'(x) can be written in terms of A;, /1., A. 

Therefore in equations 2.7, 2.8, 2.9, 2.6, the unknowns are Al, 114, Ai, B 

and hence can be solved to obtain the wavelet co-ordinates A' A' 	' 1,  2' A -39 

etc. and B the amplitude of the impulse. 

Equation 2.10 has to be slightly modified for fig. 2.10 to 

9+0C = _ 

and similar modification can be applied for the third configuration 

when A' < V <A . 1 2 3 

If it so happens that a maximum point Z occurs in the region OS the 

above calculations can be modified to give a less tedious calculation. 

Mark a point Z1 on the curve such that SZ1= OZ on the time axis. 

At point Z1  equation 2.51 would give 

dT(x)  

because g'(x-u) = 0 as Z
1 is a maximum point. 

2 

dx 	= g' (x) = tan -Zr 
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Hence equation 2.13 would give an equation involving Ai, A;, A; only 

and in conjunction with equations 2.7, 2.8, 2.9 these values can be solved. 

An alternative to the above is as follows. Integrating equation 2.51 

)(11.(x)dx = Bfg'(x-u)dx trg'(x)dx 	(2.14) 

Plot the differentiated curve values as shown below: 

AMP 

FIG. 2.11 

Let Ai, 414...AL be the co-ordinate values of the differentiated wavelet 

form Al at x.0 to AN  at Zl  where SZ1 = OZ on the time axis. 

The values of Aix AN  are known as shown earlier. If x is 

chosen small enough the following approximation can be made valid to 

equation 2.14 
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' 	' Ti(x)dx B 	gqx711,1+ Al  + A 2 x 
2 

for area 1234 

j 
So 	2x 

Ti(x)dx B Jr  gqx-14- Ai A;  x 

S1 	 2  

for area 2365 

• • 	• 	• 	• 	• 	• 	 • 

SN 	Nx 
Jr-  r(x)dx = B f 	g'(x7u) AN-1 AN  x 	for last area. 

SN-1 	(N-1)x 	2 

In this set of equations there will be (N-1) unknowns consisting of the 

unknown co-ordinates of differentiated wavelet from (.q, 

with the amplitude of the second impulse B and there are (N-1) equations. 

Hence the unknowns can be solved to give the required wavelet values of 

the differentiated curve. The value of B the amplitude of the impulse 

will also be obtained and hence the wavelet values can be derived. 

At example is evaluated now to illustrate the required steps 

for the general case. Let the given time aeries be as shown in fig. 2.7. 

Only the relevant part of the curve is shown as the rest of the curve 

is irrelevant to the argument. The conditions that have to be satisfied 

by this curve are as follows: 

(1) It is assumed that the curve is a representation of a 

convolution of a wavelet b
t(t=0,1...n) with an impulse series. 

(2) The wavelet is assumed to be finite in the sense that 

n is a finite number. The first impulse is at t=0. 

(3) There are at the' most only two arrivals between t=0 and 

t=n, where n is defined as above. 

For this particular calculation it is assumed that a maximum 

of the wavelet occurs before the second arrival. This is not a necessary 

condition but otherwise the calculations are suite tedious. Under the 
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above conditions the impulse series can be evaluated as follows: 

Step 1  : Plot the gradient of the curve. This is shown in fig. 2.7. 

Examining this diagram a sudden break in the curve at T=3 is shown 

which implies that the second arrival is at T.3. 

Step 2  : From fig. 2.7 find the time at which the first maximum of the 

curve occurs. By inspection this is seen to be at T.1.7. This is 

verified by noting the value at which the differentiated curve cuts 

the time axis, for at a maximum point the differentiated value should 

be zero. Fig. 2.7 shows that at T.1.7 the value of this curve is zero; 

hence the original curve has a maximum at T.1.7. Nark  this point Z on 

fig. 2.7 where OZ.1.7 and OS.3. Mark Zl  such that SZi. OZ. 

Step 3  : Divide the region SZ1  and OZ into a convenient equidistant 

values. In this example an interval of T.0-25 was chosen as shown. 

It should be obvious that the smaller the interval the better the 

results would be. EValuate the areas D1  DI D2  D2 ; D2  D2 D3  D3 ; 

D7  Di D8  Dt'73  : and C1  C; C2 	; 	C2 	c3  c; 07  9 c8  0; 

Let the above areas be denoted as AA(1), AA(2),...AA(7), and BB(1), 

BB(2),...11T8(7). 

If the differentiated wavelet curve has co-ordinates A
l
' A

2
' A

3
' 

A
4
' A

5
' A

6
' A

7
' A

B
' at T.00

1
,0C

2'
0C
3
10c

4
,oc

5
,oc

6
,oc

71
0C
8 ' 

the following approximations can be made as shown earlier: If the 

impulse magnitude at T=3 is B, 

A1' + A2' 	(0.25) + B x AA(1) = BB(1) 
2 

A2' + A3' 	(0.25) + B x AA(2) 	BB(2) 
2 

. 	• 	 • 	. 

A7' +' A8 	(0.25) + B x AA(7) 	BB(7) 
2 
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As such there are seven equations and seven unknowns in B, 

and can be easily solved. 

In the example the following values were obtained for the 

relevant quantities: 

AA(1) . 89.906 BB(1) = 152.250 Al -107 
AA(2) = 70.750 BB(2) = 112.781 A'8  . - 97 
AA(3) = 53.609 BB(3) = 78.234 

AA(4) . 38.391 BB(4) = 48.328 

AA(5) = 25.000 BB(5) = 22.781 

AA(6) = 13.344 BB(6) = 1.313 

AA(7) . 3.328 BB(7) -16.359 

The seven equations were solved by the matrix inversion 

method and a value of B = 2.026 was obtained. 

Step 4;  : Time series curve is plotted again in fig. 2.12 as T(x). 

Starting with origin as T=3 plot the part of the curve AB but multiplied 

by 2.026 as curve CD. By the subtraction of curve CD from curve BE 

obtain part of curve ?F. Multiply the co-ordinates of curve BF by 

2.026 and plot them with origin at T=6 as curve DG. Subtract curve DG 

from EH and plot these values with origin at T=6 as FI. lultiply curve 

PI by 2.026 and plot the values with origin at T=9 as curve GJ. Subtract 

curve GJ from HK and plot it as IL with origin as T=9. Since value of 

curve ABFIL is zero beyond T.10, the required form of the wavelet is 

obtained as ABFIM. 

Step 5  : Obtain the Z transform of the given time series as fT(z) and 

the Z transform of the wavelet obtained as shown above as f(z). 

Divide f
T
(z) by f

w
(z) and the result will be the Z transform of the 

impulse series. In the above example considering only the part of the 

curve containing the two impulses 

f (z).0 + 252t + 288z
2 + 210z5  + 600z4  + 576z5  + 372zb  150z7  

, -1100z9  - 84z10  + 72z12 . . . 

fiv(z).0 + 252z + 288z2  + 210z3 	96z4  48z
6  - 42z7  + 36z9 
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Division of fT(z) by fw(z) gives f2(z) = 1+2z3  and hence the impulses 

can be obtained as shown in fig 2.13 where an arrival of magnitude 1 

is obtained at T.0 and an arrival of,magnitude 2 is obtained at T.3. 

The example considered was built up theoretically so as to 

satisfy the conditions 1, 2, 3 and this build-up and the subsequent 

decomposition process is illustrated in fig. 2.7. 

7 
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CHAPTER 3  

CORRELATION ANALYSIS  

3.0 Introduction  

This chapter is based on an article by B. P. Dash and 

oe.A,?yu_Flk-i• 	on 'Determination of Signal and Noise Characteristics using 

Correlation Theory'. The method used by these authors is briefly indicated. 

The article is an attempt to evaluate the signal characteristics in the 

form of its auto correlation when it is immersed in noise. The authors 

have come to the conclusion that within the length of the signal wavelet 

the auto correlation of the signal matches with the cross correlation of 

the traces. It was noticed that the practical results do not tally with 

the theoretical solution. The purpose of this chapter is to explain the 

discrepancy and to illustrate the conclusions with examples. 

3.1 Derivation of the correlations  

In an article entitled 'Determination of Signal and Noise 

statistics using Correlation Theory' by B. P. Dash and oaeoDuLLN-k K in 

'Geophysics' Vol:35, 1970, it has been claimed that the noise and signal 

characteristics can be obtained by correlation analysis. The method is 

as follows. 

Consider two seismic traces x(t) and y(t) having a common 

signal component s(t) and different noise components n(t) and m(t). 

These may be represented by the following two equations: 

x(t) 	s(t) + n(t) 
	 ( 3. ) 

y(t) 	s(t) + m(t) 
	 (3.2) 

The auto correlations Cxx(t) and cyy(t) of the two equations are: 

Cxx(-0 	ac x(t) x(t4) dt 
oc 

Cyy(i) f:y(t) y(t+T) dt 

(3.3) 

(3.4) 
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or writing  it fully, 

cloc  (Z) = LICEs ( t ) + n(t)] [s(t+j) + n(t+A dt 
	(3.5) 

and 

Cyy (11-) = jr F7(t) 	m(t)1 [s(t+j) + m(t+TIJ dt 
	(3.6) 

By expanding  the terms in the brackets in 3.5 and 3.6 and putting  

Cas(T) = flg(t) s(t+1) dt 

Csn(T) = f:s(t) n(t+1) dt 

Cna(T) = 4:n(t) s(t+I) dt 

cnn.(1) 	ile:n(t) n(t+r) dt 
we have 

cxxft) = Css 	+ Can(1) + Cns(7) + C (T) (3.7) 

and 
YY 
	css(1) + csm(1) + Cms(1) + 	 (3.8) 

Where C88(1)  is the same as in equation 3.7 and 

=4
ac  
s(t) 

= jr:m(t) 

=Lcm(t) 

rrelation 

Cam(I) (I) .m 
cms(T)  

CmraN 

Next, taking  the cross co 

Cxy(r) =rx(t) 

C (1) 1.1°63f(t) yx 

m(t+q) dt 

s(t+1) dt 

m(t41) dt 

of the traces x(t) and y(t) we have 

y(t4i) dt 

x(t+7) dt and 

On substituting  for x(t) and y(t) 

Cxy(T) m Css" Cns(-1j) 

in terms of s(t), n(t), m(t) we may write 

(3.9) + Cam('r) + C(T) nm 

and 	Cyx 	Css 	+ Csn  (1-) + Cms(T) + Cmn(T) 	(3.10) 
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where Cses(r),cns 	csn(11' Csm(r) and Cms
(7) are the same as in 

el/'  

equations 3.7 and 3.8, 

while 	Cam(j) ..jecn(t) m(t+j) dt 

and 	Cmutr) =1:m(t) n ( -41) dt 

Since we have assumed earlier that the signal and noise are uncorrelated 

and that the noises n(t) and m(t) in the two traces are also uncorrelated 

it follows that in equations 3.7, 3.8, 3.9 and 3.10, 

Csn(T) = Cns(T) = Cam(- = ms(7) = 	= Cmn,(T) = o 

Thus we have 

Cxx(T)  = CssM Can(1i)  

Cyy(1.) = Css(-) + Cmm(1) 

and 	
CXY

(i) 
 = css(-r)  

Cyx(r) Css(r) 

From equations 3.13 and 3.14 

Css(t) itICxy(I) Cyx(.01 (3.15) 

And from equations 3.11 and 3.12 we have by substituting the values of 

C ssco for equation 3.15 

cnn 	C_( -) - ipxy  (-1) + Cyx  (i) 	(3.16) 

and 
	

Cmin  (1-) = Cyy 	- ilcxy  (-1) + cyx  (-1-)] 	(3.17) 

Hence it is claimed that it is possible to determine the auto correlations 

of the signal and noise from two similar traces under the assumption made 

earlier. In the article quoted above a theoretical example has been given 

to illustrate the application of the above method. In this example the 

two traces were represented by 

x(t) .0((t) * A(t) + y(t) * B(t) 
	

(3.18) 

y(t) .0((t) * A(t) + ly(t) * c(t) 
	

(3.19) 
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where the series s(t) is considered as the convolution of a wavelet 4(t) 

with a random series A(t). Similarly, series n(t) is considered as the 

result of the convolution of a wavelet (t) with a random series B(t) 

while series m(t) is the convolution of (t) with a random series C(t). 

It was also assumed that random series A(t), B(t) and C(t) are mutually 

uncorrelated. As would be seen from the above analysis the cross corre-

lation of x and y traces should coincide with the auto correlation of the 

signal as shown by equation 3.13. But when the above method was applied 

it was found (as shown in the article quoted) that the cross correlation 

function was non converging whereas the auto correlation function of the 

signal is a definite converging finite function. The authors have observed 

that in the interval of the signal duration this cross correlation diagram 

is similar to the auto correlation of the signal and hence they have come 

to the conclusion that the above method would give the auto correlation 

of the signal as far as the length of the signal. 

3.2 Breakdown of the Theoretical Case  

It will be granted that if all the assumptions regarding 

various series were fulfilled the cross correlation function will coincide 

exactly with the auto correlation function as given in equation 3.13. 

The fact that this does not occur means that in reality one or many of 

the assumptions made are not fulfilled. 

Consider equation 3.9: 

cxy(r)  c.s('i)  clis(i) 	 Cnm  n") 

Rewriting this equation in the expanded form, 

Cxy(i) = Ces(1) +jrn(t) s(t+T) dt 4.(t)  m(t+r) dt +fn(t) m(t47) dt 

From obvious considerations none of the integrations can be carried out 

from -104to +404.. as all time series are finite and all integrations will be 

performed as summations as the time series is given in digitised values. 

Let us denote the length of wavelet p as consisting of (N+1) values 
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from taO to tuN and zero e18ewhere~ i.e. letp(t) be represented by 

f3(t) for teO to N. Similarly let the length cf oC be 

" tI ft II ·B tI 

It U U· U A U 

U tI " " C It 

Under these restrictions and with the understanding that 

and 

and 

n ( t) = K1 ~ (t) * B ( t ) 

met) = K2 ~(t) * C(t) 

set) = of.. (~) -* A(t) 

we can write say C (,\) as 
ns 

(L+1) 

(~+1) 

(8+1) 

(~+1) 

where the integration sign has been replaced by summations. Therefore, 

Expanding the above, 

. M+N - l 
Cns ('\) = K1 t~o lroBt + P 1Bt_1 + •• +(3 NB( t-U) _ • 

Ii ('1)1,( t+I) +.,[(1+1 )A( t+T-1 ) .. id.(L+i)A( t+I-L D 

+ •••••• 

+~ O~ + P1 BU-1 + .. +~~o ][,,('\"")A(I+N)... •• +.J. (L+''1)A('i:.L+N) ] }K1 

+ •••••• 

]}1 
+ •••••• 

+ •••••• 

o 

where the outer brackets enclose the term for thp. summation t=O, t=1, etc. 

up to t=(M+N).. 'l'he above multiplication can be written in A. compact matrix 

notation as: 



; . 

~ .. 
- 11. -

(l.'u+N) I.,.T. l' (N+1)(1 (1+ .r::+N) (1+1) (L+1)(1) , .1~. \HT 

(30 A(,\) A{'\-1) • • A('r=.L) 13
0 

0 0 0 x oL('I) 

B1 BO ~1 x A(\+1~ A(,)' . · A(~1+1) , ol(1+1 ) 

• • • • ~2 x • • • oL(I+2) 

BN -~-1 13
0 • • • • • 

• • 
(K

1
) 

11,~ • • BM-N 

• • 

• • • 
~N 0 0 0 ~ x A (1+M+N) A(~M-1+N) •• A ('l+M-L+N) JCT+L) 

where each row obtained by the matrix multiplication should be added on 

to, the subsequent row. The terms in the ab::>ve mul ti:plication can be 

regrouped to obtain: 

+ ~ .pt.{1"')[BOA'r+1+B1A'r+;l + • • · · Jt ~1~1 •• + • • • • • 

+ • • • • • • • • • • • • 

+ ~NQl{11[BO~+N+ . • • • 

= ft.Jcl>BA ('I) }~ 00;:.+ 1. [~A ('\-1 ) 

+ ~ f1.{tBA ('1+ 1 }f31 ~+ 1 I%A (,) 

. ]+(3N~+1 •• + 

]+. 
le. • +. • 

+. • •••••• 

. [ . 

] 

+ ~lt,J4>BA ('i+N}PN"t+1[ <PBA (,+N-1 ~ + • • + f3N
ot Ll-{ 9BA (I+N-L)] J 

'. J] 

whereCPBA(1I) is the cross correlation of the wavelets B and A at a lag 11. 

By observing the cross correlation function values involved in the expression 

it can be seen that the lowest lag is (1I-L) obtained at the top right corner 

of the correlation matriX, and the highest lag is (1+N) obtained at the 

lower left corner of the correlation matrix. The correlation matrix will 

thus contain all lags from~~(~L) to,[;(1+N) mult~plied by the appropriate 

coefficients. , 
A similar analysis can be performed for the correlation values 
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of C 
sm01 and C 01. By following exactly the same procedure it can be 
 nm 

shown that for C
sm 

 the correlation involved is (
AC 

 0-) and the relevant 
lags are from 

T = "1"-N to T 

and for C the correlation. involved is ABC(?) with the relevant lags from nm  

.T = 1--N to T 

From equation 3.9 if we were to have 

css (T) we should have 
Cns
m,  c ft) 

15M 

perfect matching between cxY  ('-) and 
and C (1) all zero for every'r from 

21111 

time t=0 toT. But as shown above this would only happen if each cross 

correlation term in the expressions for Cns('t) etc. are identically zero 

for all lags. 

Hence the following conclusioncan be arrived at: If the 

length of the signal is such that it has an auto correlation function for 

lags t=0 to tor and is zero for lags t>ir (i.e. as we have taken the 
length of the signal as (1.4S) the auto correlation function will have 

values for t=0 to t=1 =L4Sthe cross correlation of trace x and trace y 

will coincide exactly with the auto correlation of the signal up to lag 

from t=0 to t=lr=1,Iyiin this instance), provided: 

(1) 1PRASt) = 0 for er..7-1, to 1-11.1q 

-L to (L+N+S)in our example. 

(2) 4
AC  (it') = 0 for 	to -r+L 

= -N to 2L+S in our example. 

(3) 4IBC(1.) . 0 for '.1-N to INf-N 

= 	to L+N+S.in our example. 

If all conditions (1), (2) and (3) are satisfied, the entire auto 

correlation function can be recovered from the cross correlation diagram. 

If the relevant cross correlations are not zero, the coincidence will be 

only up to that lag which would give the least common range for the zero 

ranges of the three cross correlation functions 4?:BA.(7), 
cl'AC(ir) 

 and 
43BC(T). 
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As can be seen if our original assumption of non correlation is true for 

the entire range T.-octo 1.40c, exact coincidence will be obtained from 

1=-=t0 1=40c. But because of the truncation this is not satisfied and 

errors will occur at a point relative to the first non zero cross corre-

lation coefficient. Therefore the succeso of the above method lies in 

how far the assumptions are valid and if it so happens that the three 

random series give cross correlation values zero up to sufficient lags to 

fulfil the three conditions (1), (2) and (3), the method is 100% successful 

and the method will be successful in varying degrees depending on the 

length of the lag. It is satisfying to nctice that non correlation of 

the random series is only required within a specific range and not from 

t.-cc to t.+S., for if this is the case the method is completely invalid 

and it is not unreasonable to expect non correlation within a certain 

range but it is highly improbable that there is complete non correlation 

in the entire time lag. 

Hence, as shown, the auto correlation of the signal can be 

recovered only if the three conditions (1), (2) and (3) are satisfied 

and since there is no way of verifying whether this was in fact so, the 

method cannot be applied in all cases. Even if the conditions (1), (2) 

and (3) were satisfied and the cross correlation diagram would coincide 

with the auto correlation diagram at least up to the required length, it 

still remains to find the point at which the first error occurs for there 

is_no way given of finding the point at which coincidence ceases. But 

in practice the second problem can be overcome by visual inspection of 

the correlation diagram. The signal auto correlation would have zero 

values beyond a certain maximum lag say rr . Therefore if the cross corre-

lation diagram satisfies coincidence up to and including this lag 1r, 

beyond this it should have several zero amplitudes. In fact the cross 

correlation will continue to be zero beyond laglr until the first error 

occurs and beyond this the correlation diagram is at error. Hence if a 

series of zero amplitudes are obtained in the crossi!correlation diagram, 
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it is reasonable to assume that the diagram represents the auto correlation 

of the signal up to the lag at which the first two consecutive zero 

amplitudes occur. 

3.3 Solution based on modified conditions  

The following is an attempt to find an alternative way of 

obtaining the noise and the signal wavelets assuming the only condition 

that the trace can be represented by convolution of a wavelet and an 

impulse series. It is assumed that several traces are available which 

have the same statistics in the sense that it has the same signal wavelet 

and the same noise wavelet, and the signal arrivals are the same in all 

traces but noise wavelets arrive at different times in different traces. 

Recalling equations 3.18 and 3.19, let the two traces x(t) and y(t) be: 

x(t) = c4(t) * A(t) + 1C1 1(t) * B(t) 

y(t) .0((t) * A(t) + K2  p(t) * C(t) 

with the same meaning for the symbols. 

3.18 - 3.19 would give: 

f(t) = x(t)-y(t) .(3(t) *P1B(t) - K2C(-6] 	fi3(t) * D(t) 

ajoN f3(s) D(t-s) dt 

Ei[30")t 131It -1 	443NDt-N] 

and 	f(t+T) 	 - tP NDt+T_N3 

Therefore, tif 	. t=cC  f (t ) f (t+"1") dt 
t=-c(, 

(3.18) 

(3.19) 

In the digitised form, we convert integrations into summations. Therefore, 

M+N 

(00D  t+  (1Dt-11-* -4(30t-N) Yopt+-r+ 1pt+T-1:145NDt+-r-N) to 
It should be noticed that the length of the impulse series D(t) is (M+1) 

and hence the summation is from t.0 to t.:4NI  for 

The above expression can be written in the expaded form as: 
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4ffmlopopr 	+-.+A,ID,r_N 

TO 1 ru TO 1 ir 	=N+1] v1 0[T+410 R '1 	AsiP7=N+11 +D 	+eD 	+..+P_D 	++8. D D 	+ .+ 

+R)DM {e0D,r+3,1+(313211-+M-1+•°+PND1-+M-Nr"+ONDM_NOtIT+31 +:6+ONDef+MN 

+ 	 0 	 +"11WN+81414",o+-4141V1fimol 

0 
	

4031.g [NP4M+N+.4301+M 11 

-NW(I) OIND(TL-1)..+Qh(T-N etp(1:1-44Timeri..131&(12N1p: 
• 

• 	

• 	• 	• • 

• 

• +NWST4-11)+...-46(IT (3.20) 

wheretD(I) is the auto correlation of impulse series D at a lag ir. 

.Now. 4130'4(3N+ (31  per41] ..+ T(114-'01 	(3.21) 

Comparing equations 3.20 and 3.21 and equatihg relevant coefficient6 

Clif(t will be equal to UT) if the terms inside the square brackets 
are identically equal. This is so if and only if: 

f!)(qr) a 0046(1:fr) + 0141D(i+r-1) + 	+ plitn(T+r-N) 
	

(3.22) 

for all r=0 to N 
	

(3.23) 

and all 1-.0 tp (1) , 	 (3.24) 
Consider the condition when T=0. The equation 3.22 will then reduce to: 

P(r)130tD(r)  "f1tD(r-1)+  ". +00pD(r-N)  

For r=0 P(0) 12064:6(°)4A41D( -1)  ." +Nth(  -N)  

r=1 (3(1 	+ 	-106( _N+1) )430th(1).4)413)(0) 

(3.25) 
• • 

r=N 0(N)=111300(Y)+4bD(N-1 )+ 	+riAID(0) 

Examining the correlation terms involved in this set of conditions it can be 

seen that the lowest lag involved in this set of conditions is at the top 

right hand corner, i.e.40(  -N)' and the highest .lag.involved in this set 
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of conditions is at the lower left hand corner, i.e. 
lDD(N)  and all lags 

from timerr=-N to time =+N are involved in the conditions. 

From inspection of the conditions in equation 3.25 it can- 

be deduced that the equation 3.25 will hold if and only 
if  clID('I-) is zero 

fromT=-N to 1=+N except at T=0, when it ehould have a value of unity. 

Therefore if t (T) is zero fromj= -N to tr.+N and unity ati=0, we will LE 

have the auto correlation of trace f equal to the auto correlation of 

wavelet pat zero lag. 

Now consider the conditions whenT=1. The equation 3.22 

will reduce to: 

p(r+1) =(31,,pm(r+1) 

For r=0 	(3(1) =(3041D(1) + MDD(0) +...+ 13AD(1-N) 

For r=1 	
V2)  =(3641E(2) 	(31 D(1) +...+ MDD(2-N) 

	
(3.26) 

. 	• 	• 	• 	• 	. 	• • 	• 

For k.N 
	

(3(141) = q
06(N+1) + 14))3)(N) +.•.+(3AD(1) 

Examining the correlation terms involved in this set of 

conditions it can be seen that the lowest lag involved in the set of 

conditions is at the top right hand corner, i.e. (1)111[4N-1)] and the 

highest lag involved in the set of conditions is at the lower left hand 

corner, i.e.4.m(N+1) and all lags from T. -(N-1) to'T= (N+1) are involved 

in the conditions. 

From inspection of the conditions in equation 3.26 it can 

be deduced that the equation 3.26 will hold if and only iflpm(r) is zero 

from ;-(N-1) to 11(N+1) except at T'=0 when it should have a value of 

unity. Therefore if dibm("c) is zero from`r= -(N-1) to 1-6(N+1) and unity 

at 1=0 we will have the auto correlation of trace f equal to the auto 

correlation of wavelet I3  at lag =1. 

By a similar examination for conditions whenT=2,3...(M+N) 

etc. we can arrive at the following conclusion: 

4:11.(1) = 4"op("r) from 1-= 0 to -T. 

11DD(r) +...+ hclk(r+l-N) 
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provided (i) 
41D(r) 

 . 0 for r -(4-1-) to r = (N+1-) 

and 	
(ii)  tbD(°) = 1 
	

(3.27) 

In reality as the maximum negative lag (1.7-:r) is less than the maximum 

positive lag  wiT) we can assume that the negative lag  zero is automatic-

ally satisfied if the positive lag  conditi:n is satisfied. This is assuming  

the symmetry of the auto correlation function on either aide of the zero 

lag axis. 

On this basis the conclusion quoted in equation 3.27 can be 

rewritten as follows: 

4;01) = 40(7) from 1-.0 to 1 

provided (1)  4DD(r) . 0 for r=1 to r=(114"1) 

and 	
(ii)4)DD(°)  - 1 
	

(3.28) 

The second condition is not a serious handicap as a constant value of 

1>DD (0) = K say, would merely amplify the relevant auto correlation values 

by a constant amount and hence the basic shape of the auto correlation 

diagram would be kept intact though amplified by a constant amount. 

Let us say that the impulse series D is such that it has 

+DD(T) 
 
. 0 from ir.1 to 't-G and %D('r) II 0 at T=(G+1) and for the 

sake of simplicity assume mp(0) 	1. From consideration of equation 3.28 

we get: N+1. G and therefore, T=(G-N). 

Therefore if we were to plot the auto correlation of trace f it would 

coincide with the unknown correlation of from lag t=0 to lag T.(G-N) 

and thereafter, the coincidence will cease. In fact, by examining the 

conditions given in equations 3.22, 3.23 and 3.24, we can deduce errors 

for all subsequent lags as follows. Let (G4.. = r, i.e. 4'310') = 0 for 

T=1..to'r=r and431D(T) II 0 at 16(r+1). Considering  the form of the set of 

equations in equation 3.26 it can be seen that the only error term involved 

is at the highest lag, i.e. 41D(r+1) on the lower left coefficient, for all 

47,MD (T) from 1.=1 to T1 iwiil be zero. 

Therefore the error in the laer. (r+1)-rtis: 
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(ON[4)DD(r+1)] 

The error in the lagT-(r+2)•nis: 

12PDD(r÷2)( 01 N) +cl'IDD(r-/-1)[&-A4V1] 

The error in the lag T=(r+3}Kis: 

4bp(r+3)( (A)+1pD(r+2) (N.-1 1:).4-N )+46(r+, )[0„..A.„(L-16,.(3„po 

and the error in the lag 11(r+G)-lisay. 

clID(r+G)P0(514+43M(r+G-1)(N-1eo+NR)+-.4.41D(r+1)VN-(G_1)1 0+1 N_G+2(1+.- 11PG- 

The above expressions can be written in a compact matrix as follows. The 

errors involved in the evaluation of the auto correlation values from lag 

1..(r+1)-Kto'r.(r+G)-Kare given by the matrix multiplication: 

o oa  
Vsni-(o-s) 

s=o 

0 	0 

(s&-(0-.) 0 
8=0 	s=0 • 

Ps 	( 2-s ) 	s 	(1-s) 	0 
s=0 	 s=0 

0  (GxG4DD(r+.0'Gx1) _ 	4Gx1, 
E(r+1) 

0 	4bp(r+2) 	E(r+2) 

0 	4ap(r+3) __ E(r+3) 

• • • 

• 

1-.11,T_EG-1)-] 
3.0 

• 

• • 	• 	• 

sN-(o-s) 
s=0 

 

cI)DD(r+G)  

 

E(r+G 

    

    

    

    

where E(r+1) is the error at lag T.(r+1) - 11- 

and E(r+2) " t 1 t I " T=i (r+2).-n etc. 

3.4 Illustrative examples 

The application of the above method will now be illustrated 

with a theoretically constructed example. The problem to .be solved is as 

follows. Given a set of traces (at least four) which contain a signal and 

noise wavelets, is it possible to obtain the characteristics of the signal 
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Fig.1 Traces Denoted As fi(t),f (0,f3(t). 
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and the noise wavelets in the form of their auto correlation function? 

The following assumptions are made: 

(i) the form of the signal wavelet is the same in all four traces. 

(ii) the arrival times of the signal wavelet are the same in all four traces. 

(iii)the noise wavelet is the same in all four traces. 

(iv) the trace can be mathematically represented by the sum of two 

convolutions of the signal with a random series (corresponding to 

the arrival times) and the noise with a random series (corresponding 

to the arrival times). 

No restrictions are placed on the properties of the wavelets for signal 

and noise. 

Following the notation used before we have four traces 

denoted by x(t), y1(t), y2(t), y3(t), and hence we can form 

f1(t)7 x(t)-y1  (t) 

f2(t) =x(t)-y2(t) 

and 	f3(t) =x(t)-y3(t) 

These three traces are presented as time series in figs. 3.1, 3.2 and 3.3. 

The auto correlation diagrams for these three traces are presented in 

fig. 3.4. By inspection of fig. 3.4 it caa be seen that auto correlations 

of trace 1 and trace 2 coincide up to lag 4 (denoted by line AA) and 

auto correlations of trace 2 and trace 3 correspond up to lag 6 (denoted 

by line BB). Hence it is obvious that the auto correlation of the noise 

wavelet 13(t) has been correctly evaluated at least up to lag 4 for coin-

cidence is obtained in all three traces up to this lag. Therefore'r=4 

as used in equation 3.28. 

The analysis will now be made with regard to trace 1. 

Considering condition 3.28 the impulse series contained in trace 1 

(denoted by D(t)) must be such that its auto correlation function should 

give zero for all lags from unity to (N+4) where N is the length of the 

noise wavelet. 'In other words ot'm(re)=0 for (1-=1 to (N+4). At present there 

is no direct way of evaluating the coefficients of the impulse series to 
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satisfy the above condition, but the required values can be obtained by 

a trial and error method as illustrated below. Obtain the Z transform 

of trace 1. This would be a polynomial in Z with its highest power as 

15. Factorise this polynomial and obtain its 15 roots. This was done 

using the CDC 6400 and the results are tabulated in the computer progrem. 

By a similar method obtain the 20 roots of trace 2. Trace 1 was obtained 

by the convolution ofp(t) with an impulse series D1(t) and hence can be 

represented by its Z transform as 	Similarly the trace 2 can 

be represented by p(Z).D2(Z). Therefore any root obtained in trace 1 and 

not on trace 2 is part of the impulse series D1(t) as a root which is 

part of the wavelet should also be present as a root in trace 2 since 

the same wavelet was assumed. Therefore collect all the roots in (1) 

which are not present in (2) and obtain a polynomial f(Z) by factor 

multiplication. In the example the required roots are 4,7,8,9,10,11. 

Since we do not know the length of the noise wavelet we will have to 

assume certain values and check whether this value would give coefficients 

to satisfy condition 3.28. A table can be prepared to illustrate the 

conditions necessary for various values of N. If (3(t) is such that p(N) 

is the first zero value beyond which it is all zero, i.e.(3(r).0 for 

r.N, (N+1), (ii+2) ... and so on, and the impulse series is such that 

its last impulse arrives at time t-M i.e. its Z transform has a highest 

power of (M-1) we can form the following table for trace 1 for different 

values of N: 
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Length of 	I 
Impulse Series 
T.0, T.M 

No. of Roots 
of Time Series 

c 
Length of 
Time Series 
T.0, T.s 

. 
Length Of 
Waveletp(t) 
T=O, T=N 

4120.0 

Value of .-11.  

6 15 17 12 15 

7 15 17 11 14 

8 15 17 10 13 

9 15 17 9 12 

10 15 17 8 11 

11 15 17 7 10 
i  l 

12 15 17 6 9 

13 15 17• 5 8 

14 15 17 4 7 

15 15 17 3 6 

16 15 17 2 5 	- 

17 15 17 1 4 

Column 5 is obtained by adding 3 (since the coincidence ceases beyond 

1".4) to column 4. Depending on the value of N in column 4 the condition 

in column 5 would change as shown. Theoretically all the values of N 

are possible and we will have to check for each value of N. But practi- 

cally we can exclude certain possibilities straight away. For instance 

the row 1 requires an impulse series of length only 6 to have a non zero 

auto correlation value at a lag 16, which is quite impossible and hence 

N-12 can be excluded immediately. On this basis we can also exclude 

N.11, 10, 9, 8, and hence we need only consider N=7 downwards. For instance 

let us say the correct value of N was in fact 7. This would mean that the 

length of the impulse series is 11 and thus it would have 10 roots for its 

factors in its Z transform. But we have already found 6 roots and hence 

will have to select 4 roots from the rest in order that the time series 

obtained by the Z transform multiplication of these roots would give an 

auto correlation function which would give zero for lag r=1 to lag 10. 

If it is possible to do so (we will have to try all the possible combinations) 

this series is the impulse series involved in trace 1 and hence the multi- 

plication of the rest of the roots in its Z transform would give the required 

wavelet shape of the noise wavelet. If none of the combinations satisfy 
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this condition we will have to discard N=7 and check for N.6. By this 

way we will find the right combination of roots which would give the 

necessary condition given in column 5 and thus we can evaluate the wavelet 

shape. Hence we can evaluate the impulse series as well as the arrival 

times of the noise wavelet. Therefore the complete shape of the noise 

wavelet as well as its impulse series in trace 1 and trace 2 can be 

evaluated. Rewriting the equations 3.18 and 3.19 in their Z transform 

notation: 

x(Z) .opc(Z) A(z) + KiNZ) B(Z) 	(3.29) 

y(Z) =oC(Z) A(Z) + K2f5(Z) c(z) 	(3.30) 

In equations 3.29 and 3.30, x(Z), y(Z), J3 	B(Z) and C(Z) are all known 

functions. 

Lettk(Z)A(Z).FA(Z) and [3(Z)B(Z)=FB(Z) andf3(Z)C(Z).Fc(Z). Therefore: 

F
A
(Z) 	x(Z) - K

1 
F
B
(Z) 	 (3.31) 

and 	FA(Z) = y(Z) - K2  Fc(Z) 	 (3.32) 

Comparison of corresponding coefficients of equal powers of Z in the right 

hand side of equations 3.31 and 3.32 would give the full Z transform 

expression of F CO. Therefore: 
A 

FA(t) pi oat) * A(t) 
	

(3.33) 

Thus the series F
A
(t) can be found. To evaluate 01,(t) and A(t) separately 

the procedures illustrated can be repeated. But unfortunately in this case 

we have only one series and therefore we have to assume that the impulse 

series A(t) 'satisfies the required condition 3.28 i.e. if the length of 

okt) is Not  then we will have to assume that A(t) is a series such that 

tiA(T)=0 forlr.1 to (Na  11,0„ If this is so, condition 3.28 is satisfied 

from T=0 to T.Not.  (i.e. the full auto correlation function of the signal 

wavelet d((t)). We could verify whether this condition has been in fact 

satisfied by observing the sequence of zero values that should be obtained 

for the auto correlation of F
A
(t) beyond a certain rr=s before the first 
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error values are obtained. If this condition is not satisfied we cannot 

obtain the full auto correlation of c4(t) but we can still obtain it 

partially up to a certain lag but we cannot be sure at what lag the 

coincidence ceases. 

Thus we have obtained the form of the noise wavelet and 

its arrival times and the signal wavelet (under certain conditions) 

without assuming any prior conditions for its arrival form presented 

as an impulse series. 	1' 

Therefore this method would give results even under 

conditions where the complete non correlation of random series is 

invalid provided non correlation is obtained within certain specified: 

periods. 
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CHAPTER 4  

POLYNOTUAL ANALYSIS  

4.0 Introduction  

There have been many attempts to separate the signal from 

correlated noise on the basis of differential moveouts. This chapter 

deals with a new attempt to achieve the separation. The method used 

is the polynomial approximation. Under certain conditions (this is almost 

always satisfied in the seismic case), it is possible to analyse a seismic 

trace by representing it as a Legrangian Polynomial. If the usual assump- 
t•e REPRESENTATION HS COWVOLUTet 

tions regarding signal, correlated noise and uncorrelated noise are made 

it is possible to work out the different moveout functions of the signal 

and the correlated noise from trace to trace. This method is different 

to all other methods in that no prior formula.is assumed for the moveouts, 

and moveout from trace to trace is evaluated and hence the complete move-

out function can be formed. Under certain conditions it is possible to 

eliminate uncorrelated noise. This is effected by repeated differentiation. 

4.1 Polynomial Representation  

The following is an attempt to separate the signal and the 

correlated noise represented in a seismic trace by means of their differ-

ential moveouts. It is known that signal and correlated noise have 

different moveouts and by investigating the moveout patterns it is possible 

to'separate the signal and the correlated noise. This is the basis of 

velocity filtering as was analysed in Chapter 1. An unfortunate necessity 

that was apparent in the previous analysis was that the move out function 

of the signal and the correlated noise had to be known beforehand. It 

was demonstrated how by assuming linear variation the signal and the 

noise components were separated. But when even a simple extension of a 

quadratic moveout was incorporated the analysis became quite involved and 

no concrete conclusions could be obtained. For any filtering the moveout 

functions have to be known beforehand. The following is an attempt to 
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follow the moveout of the signal and the correlated noise from trace to 

trace and hence not assume any prior formula for the moveout functions. 

The model for the seismic trace is as before: 

xi(t) 	s(t-di) +1i:r(t-Pi) +41,ni(t) 	(i=1,2...N) 

where signal s(t).bi(t)-xl,(t) 

correlated noise r(t).b2(t)*i(t) 

uncorrelated noise ni(t).b3(t)*Ri(t) 

with the usual meanings for the various symbols. Let do  be the moveout 

of the signal in the very first trace, and(30  the moveout for the correlated 

noise in the first trace. Let ot. be the moveout of the signal from the 
8 

first trace to another trace andP be the corresponding  moveout of the 

uncorrelated noise. The problem to be solved is: is there any way of 

estimating  the value of 01
s 

and as? If it is possible to estimate the 
shift of the signal and the correlated noise from trace to trace the complete 

moveout function for signal and correlated noise can be worked out and 

velocity filtering  can be carried out very successfullyl as a major problem 

in velocity filtering  is the lack of knowleuge of the precise nature and 

form of the moveout functions. An important consideration is the assump-

tion inherent in all seismic work, i.e. the wave form of signal and 

correlated noise, i.e. s(t) and r(t) remaii, the same in all traces but 

with different shifts denoted by their movecuts. On the other hand 

uncorrelated noise is completely random and its wave form is completely 

different from trace..to trace. The method to be adopted in the analysis 

is the method of polynomial representation. A given set of points can be 

represented by an appropriate polynomial provided it satisfies certain 

considerations. Various polynomial representations have been made and 

the one adopted here is the Legrangian Polynomial. A given curve f(x) 

can be approximated by a Legrangian Polynomial which takes the same value 

as f(x) at a number of selected points x
1
, x

2
,...x

n 
in a given range (a,b). 

The polynomial is written as: 
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L(f) =1 
	a 
1.(x) f(x.) 

where the polynomials 1j(x) are defined as: 

	

_ 	li(x) =-19(x)/7.1 (x j) 

where 	li(xl (x-x1 )(x-x2)...(x-xn) 

and 	lri- j(x) =11(x)/(x-x j) 

The error of the Legrangian Polynomial is written in the form: 

f(x) - L(f) =1141  fn(D n. 

where‘is some number between the least and the greatest of x1, x2,..xn, x 

and the continuity of dnf/dxn  is assumed. The only consideration 

relevant here is the convergence condition which is proved in 'Methods 

of Numerical Approximations' by D. C. Handscomb, on page 23 as follows: 

If x and x1, x2"sxn lie in the real interval (a,b) then Ln(f) converges 

uniformly to f(x) if f(z) has no singularities in the complex plane within 

a distance of (b-a) from any point of the interval. It could be seen that 

the three component curves in a seismic trace are all convolutions of 

wavelets with impulse series and this conforms to the consideration 

stated before. Therefore we can represent a seismic trace as a Legrangian 

Polynomial. 

Let us represent the signal component as a polynomial 

of degree N and the correlated component as a polynomial of degree 11 

and the uncorrelated component as a polynomial of degree L. 

On.this basis the first trace can be written as: 

	

NN 	 1 	A M =pt--py -FAII...1(t-db)N-1+...+A_ +43„(t-r) +B, (t-r ) +...+B, u. 4p Id 0 31&.1  
1 	11  

Jr 
 Jr (LLtL + 1 

+...+ Lo) 

where X1  is the first trace (the traces are denoted as X1, X2  ...XII  etc.) 

and Y 	is the amplitude of the X
1th trace at time t=t. tX1 

The signal to noise rationvalues 15 xi( can be incorporated into the 
polynomial coefficients and hence the seismic trace can be represented as: 
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[yt-010)N+All_1(t-do) +..+Aolf[Bmet-fy +Bm  _ 

	

-1 	01 	0 
_p )M-11...+B .14-1 	.14 

X 	X -1 
+iIix, 	1.- 1 t + 'X -1 

t  1 
	+...+Lol 

, 

where eto  is the delay in signal arrival 

and 
(o 

is the delay. in correlated noise arrival. 

The second trace can be represented as X2  in which the amplitudes are 

given by signal delay ds  and correlated noise delay Ps as: 

tX2  +NF(°10+66P AN-1[-(46"0.111-1 + 
	+ Ao  

+[3.32.T PO4sTli BM 1Et-(104433)1111-1 	*** BC) 

▪ tX2 + Ix 	t
X2- 1 

 + 	+ L03 
ZZ 2 	2 

The form of the subsequent traces YtX ,  YtX ..etc. will be in the same 

	

3 	4 
 

	

format with iifferent delay 	and ps  and different polynomials for the 

uncorrelated noise. For the following analysis it is necessary that the 

highest power of the Legrangian Polynomial for the uncorrelated noise, 

ie X1 in trace X1 and X2 in trace X2, should be less than both M and N. 

This could be easily verified as shown later in the analysis. It is 

also assumed for the sake of analysis that M> N. Rewriting the equation 

of the first trace: 
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215r1  
at 

3t2  

2  y1 
2tN 

3 Yi 

atM 

AN(t-ob)11  + 	+Aa+E 	Bm(t-(30)M  + 	+B0J+ U.N 

.[N 
	

Ali(t-Jb)N-1  +....+AlM(t-
e0

)3t-1 	
U.N 

N iN(N-1)AN(t-ob)N-2+..+2A2 	Lvt(M-1)Bm(t-1-0)M-2  + 	+2B2  1+ U.N- 

41,413 AN 	I+ 	N J 	' N BM(t4)111 	
N P +..+ NB  

-Co 	 1+ impM BM 
	I 

where APB = (A)(A-1)(A-2)...(A-(B-1)) 

It should be noted that the uncorrelated noise contributions drop off 

after the (L+1)th derivative and the signal component distributions drop 

off after the (N+1)th derivative and the (14+1)th derivative, and there-

after are all zero. 
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The above equations can be written in a matrix form as follows: 

(W1)(1) 
0 
1 

(M+1)(N+1) 	(N+1)(1) 
0
Po 	AN 

1 y1  

y1 
J1 

• 

Y
N 

..N-1 N-1.„ (40)N-2 
Pl(t- e0)1-1"

,_ 	
'"" 4-1 

P2  (t 0
)N-2 N-1P

2(t -040)N-  • 3 	2  • P2 

• • 	• 	• 	• 	• 	• 	• 
Y.  

PN 	
0 

• • 	• 	• 	• 	• 

AN-1 

A0  

yM 
0 

(M+1)(141) (Y+1)(1) 

(t40)14-1 	
0
Po 	B 

:pi(t-(30)
M-1 M

-
1 
(t-e M-2 	

 1P
1 
	Bm  

• I 	• 	• 

MP tt 0301-  )'1-N N` ‘  
y. 

	
0) 	1 

• • 	• 

N 
 

• • 	• 

+ U.N 
BN 

o 

N 
where y is the Nth differential. It is observed that yM is the 

last non zero differential andyM+ C  is zero for all C a  1. 

A similar expansion can be made for trace 2, the only difference being 

do  above is replaced by (.40+00 and (30  is replaced by (q0+(3s). 



i• 

N41 
13 4 

n+1 

0 
M+1 Y1  

Y1 
2 

N+2 
Y2 

Y2 

2 	0  

N N 
PON+ PNBNI . 

N+1 
P B 1 N+1 N+11 

N 
Y2 

N+1 
Y2 

4+2 

YM 
 

M+1 
Y2 

72 

N+2p 	B  . 1 
N+2 N+2I 

     

     

 

FOR TRACE 2 

   

 

DIAGRAM 4.02  
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The diagram below shows the differential values at three important 

Yi 

co-ordinates, i.e. t=o161, t= p0, 

N-1 1  
It-1 AN-14t1PN-1BM(Dt0 

1  

t=(peps) for the two traces. 

N-1 
, N M,- (N-1) 

+" 	PN-1EN-11 

PN-1,IAN(P0s0)+
N-1 P 	N-1 

N-1-A  N-1+ PN BN-1 

Y  

V41 
Y1 

N+2 
Yi 

N+1 
Y1 

N42 	  
Y1 21, 

I 	 -N11-2 N42 

MR _13 
xi, 	1,1 	1  1 

-YOM 

M- NPNANTPNBm(acep N  . 

1 	  

Y1  

0 

FOR TRACE 1  

DIAGRAM 4.01  

2 

   

Y2 

   

AA NPN-1P0+ 	Qb+ Qts
. 

-r11-1 AN-1+
N-1 

 PN-1BN-1 Y1 
2 

N-1 
Y2 
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The following values can be obtained from inspecting the diagrams 

4.01 and 4.02. 

1) In both diagrams the first zero derivative for all time t=t occurs 

at ym4.1.  Therefore by inspection the value of (141) can be obtained. 

But M is the highest power of the polynomial forming the correlated 

noise component. Therefore the value of M can be found. 

2) The values at t=p0  from y
N 
to /14.1 in trace 1 is exactly repeated 

at t.(edl,$) in trace 2. Therefore by locating the value of t at 

which the amplitude values at twer, in trace 1 are repeated in trace 2 
we can locate the point t=420 (3s) in trace 2. But i30 is known, 

therefore (3
s 

can be estimated. N.B. there is only one time 

t.(fb+els) at which all the values are repeated as this is the 

crucial shift of time of the correlated noise curve. 

3) Once the coincident times t=r0  in trace 1 and t=ros  are located 

the first non equal value on these two lines would occur at the 

derivative at which the signal component makes a contribution. 

In the example this would occur at the (N-1)th derivative point. 

Therefore the curve values which give the first non coincident 

values on lines tlb in trace 1 and t=eleps  in trace 2 would be 

the curve derivative (111). Therefore N can be evaluated and hence 

the highest power of the signal polynomial. 

4) The value of the 4-1  derivative curve in trace 1 at t.f0  is say Z1. 

Z1 w 14P 1 ANW -d0) +N-1PN-1AN-1 414-113N-13N-1 	(4.3) 

The value of the y21  derivative curve in trace 2 at t=rA  
is say Z2. 

- 
Z2 2' N2N-114(04()  -(Q104°10 N 1 + 	PN-1N- 

N-1 
 PN-11311-1 (4.4) 

(4.3) - (4.4) gives: 

- Z2  .1 NPN_l AN(ols  -Ps) 	 (4.5) 
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Now AN  is the coefficient of the highest power of the polynomial 

representing the signal component and hence can be made unity without 

any loss of generality. Therefore equation 4.5 reduces to 

Z1-Z2  a NPN-1 (c48-118) 	(4.6) 

In equation 4.6 the only unknown is ots  and hence can be estimated. 

This is the required shift in signal from trace 1 to trace 2. Therefore 

- 
we have evaluated ots  and (S5  the required shift in signal and correlated 

noise in the two traces. By repeating this procedure for all subsequent 

traces the corresponding shifts 14, fls  can be obtained and hence a 

moveout functions for c4s  and ps  can be formed.for all the required traces. 

4.2 Illustrative Examples  

A numerical example will be given to illustrate the various 

points mentioned above. The problem is as follows. Two traces as 

represented in the topmost curves of figs. 4.1 and 4.2 are given. 

(The amplitude values are plotted on a logarithmic scale.) It can be 

assumed that the traces have components signal, correlated noise and 

uncorrelated noise with the usual assumptions. Determine the moveout 

from trace 1 to tracs 2 for the signal and the correlated noise. 

The amplitude values for the two traces from time t.0 

to t-8 are given. Using these values a Legrangian Polynomial was 

fitted to the two traces. The 4_,E.s11.)1---rs.;-Fi_RE illustrated in TIRESL_S-_ 1 and 2. 

A seventh order polynomial was thought to be sufficient and as can be 

seen from the results a good fit is obtained with only a six order 

polynomial. In a given example a high order polynomial should be used 

to obtain the maximum accuracy and as in the present example if the 

order is far too high the coefficients of the high powers will come out 

as small values and hence the order can be reduced further on these 

results to save computer time. Using these expressions for the traces 

successive differentiations were performed and the results are displayed 
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PROGRAM 1  

Trace 1 in its Z transform form 

f
1  (Z).11523+630Z+191Z2+1512Z3+1683Z4+818Z5+15Z6+36Z7+707Z8  

which gave a 7th order polynomial f1(x) as 

Coefficient of x0  = 11523 

xl  . -21136 

x2 - 13649 

x3  - -3925 
x4 	556  

x5 	-38 

x6  = 1.0 

rr 
	x7 so *0 

PROGRAM 2  

Trace 2 in its Z transform form 

f
2
(Z)=1479+49491Z+10710Z2+1910+0z4+1467Z5+1706Z6+855Z7+36Z8  

which gave a 7th order polynomial f2(x) as 

	

Coefficient of xo 	147932 

rr 	xl  = -143063 

rr 	
2 
x = 53724 

rr 	 x5  = -10049 

“ x4 = 996 

re 	 x5  = -50 

rr 	6 
1.0 

x7 	- •0 
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Time 
t=0 t=1 t=2 

PROGRAM 3 	TRACE 1 

Given trac8 

1st derivative 

2nd 

3rd 	ft 

ft 4th 

ft 5th 

ft 6th 

7th 

LOGARITHMIC AMPLITUDE VALUES 

t=3.13_ t=4 t=5 	t=6 t=7 t=8 

PO 

4.3 

4.4 

4.1  

2.8 

0 

Time-
t=0 

2.7 

-3.5 

3.9 

••4.0 

3.9 

-3.5 

2.8 

0 

t=1 

2.2 

3.1 

3.1 

3.7 

-3.4 

2.8 

0 

t=2 

3.1 

2.9 

-3.1 

-2.9 

3.4 

-3.3 

2.8 

0 

3.2 

-2.7 

-3.0 

3.0 

2.9 

-3.2 

2.8 

0 

PROGRAM 

	

2.9 	1.1 

	

-3.0 	-2.6 

	

1.9 	2.9 

	

3.0 	2.5 

	

-2.6 	-3.0 

-2.9 

	

2.8 	2.8 

	

0 	' 	0 

4 	TRACE 

1.5 

2 6 

2.8 

-2.8 

-2.9 

2.6 

2.8 

0 

2 

2.8 

2.8 

-2.5 

-3.1 

-1.9 

3.0 

2.8 

0 

t=8 

_ LOGARrEPLIC AMPLITUDE VALUES 

t=3 t=4 t=5 	t=6 t=7 

$.1 4.6 4.0 2.2 0 3.1 3.2 2.9 1.5 Given trace 

-5.1 -4.7 -4.3 -3.5 3.1 3.0 -2.6 -3.0 -2.6 1st derivative 

5.0 4.7 4.4 3.9 3.0 -3.1 -3.0 1.8 2.9 2nd ► 

••4•7 •.4.5 .•41.3 -4.0 -3.6 -2.8 3.0 3.0 2.5 3rd 9 

4.3 4.2 4.1 3.9 3.7 3.4 2.9 -2.6 -3.0 4th 

-3.7 -3.5 -2.9 -2.3 5th ff 

2.8 

0 

2.8 

0 

2.8 

0 

2.8 

0 

2.8 

0 

2.8 

0 

2.8 

0 

2.8 

0 

2.8 

0 

6th 

7th 

If 

tt 
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in figs. 4.1 and 4.2. As before the amplitudes were plotted on a 

logarithmic scale. The programs 3 and 4 illustrate the method used. 

The values of 	and 1121  are given as t=1 and t=3. The lines BB and 

CC were drawn at these timing values. 

From the results displayed in figs. 4.1 and 4.2 it is 

seen that the first zero derivative is at the seventh curve and therefore 

from 4.1 M.6. Obtain the amplitude of a non zero derivative curve 

near to the last non zero curve at t.rb in trace 1. The fifth derivative 

curve was cnosen and the required point is the intersection of AA and 

CC. Draw a line A'A' on the corresponding derivative curve in trace 2 

at the same amplitude. This is at the fifth derivative curve in trace 2. 

The intersection of the fifth derivative curve and A'A' in trace 2 is 

marked AA. The line at ordinate AA is equivalent to (e0+ it) from trace 
2. This could be seen to be t.5 at point G in fig. 4.2 since IS0=3 and 

13 2. Therefore the shift in the correlated noise from trace 1 to trace 2 

is two time units. Referring to program 3 the relevant values of 

different derivatives for trace 1 at t=30  is marked enclosed. Referring 

to program 4 the relevant values of different derivatives for trace 2 at 

i=peps  (now known) is marked enclosed. By inspecting these figures 
it can be seen that the first discrepancy occurs at the third derivative 

term. In trace 1 it is -2.9020 and in trace 2 it is -2.8887. 

Therefore by consideration 3, N=4. 

The first non coincident value in trace 1 at t.fl_ is -798 and the 

corresponding value in trace 2 at t.N+ps  is -774. 

Therefore from equation 4.6: 

(-798) - (-774) = 4P3[c-N] = 4x3x2R-21 

Therefore -24 . +24R-21 

Therefore ots  . 1 

Therefore there is a shift of 1 time unit from trace 1 to trace 2 in 

the signal. 
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Thus we have solved the problem, namely we have estimated 

the move out shift from trace to trace for the signal and the correlated 

noise. 

It is recalled that the highest power of the Legrangian 

Polynomial representing the uncorrelated noise component should have 

a value less than M or N. Otherwise differentiation would not eliminate 

this component. If L > M the above analysis is not valid and we cannot 

obtain the move outs as shown. But we could in fact verify whether 

this is so. If L>M or L>N it will be impossible to find the same 

set of values for differentiated curves in trace 1 and for trace 2, 

as the two uncorrelated noise curves in trace 1 and trace 2 are quite 

independent. If this happens to be so we can conclude that L is in 

fact greater than M or N and the method is now not valid. But in 

practice we would have many traces and we may be able to work out the 

move out for those traces in which L<M and L4:N and by interpolation 

it is possible to obtain the move out values for those traces for 

which L>M or L>N. 

Therefore the move out analysis procedure can be summarised 

as follows. Consider the reference curve and any other curve. Fit a 

Legrangian Polynomial for the two traces. The degree can be tested for-

best and most economical value. By using considerations 1, 2, 3, 4, 

obtain et s I 1  (3
s
. Repeat for another trace and the reference trace and 

• obtain ets  and Os  and so on for all traces. Hence a move out curve 
representing the values so obtained for ds  will give the move out curves 

for signal and the values for OPs.  would give the move out curve for 

correlated noise. Knowing these two curves filters can be used to 

separate the signal and the noise on the basis of their different 

move out curves. 
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4.3 Conclusion  

_ In the above analysis the order of the polynomial representing 

the correlated noise component (M) was assumed to be higher than the 

order of the polynomial representing the signal (N). If this was not 

so and if NiM the analysis is still valid. The differentiation will 

now eliminate the correlated noise component and hence will give the 

signal move out equal to
Is 

 . The two move.put curves for signal and 

correlated noise components can be worked out exactly as before but the 

mathematics does not differentiate between the two move out curves as 

belonging to the signal and correlated noise. Practical considerations 

will have to be employed to identify signal move out and noise move out 

separately. In the illustrative example 01.0  ande°  was assumed known. 

If this was not so the relative shifts of move out can be obtained 

from trace to trace but the absolute value cannot be obtained. However 

as regards filtering, only the relative curves are necessary as move 

outs are always with reference to a trace. This is illustrated in the 

values obtained in programs 3 and 4 where for any value of time (t) 

the values obtained for the differentiated curves for program 3 are 

repeated for time (t+2) in program 4 implying a constant shift t=2 

from trace 1 to trace 2 as before. 
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CHAPTER 

ABSOLUTE ERROR ANALYSIS  

5.0 Introduction  

The conventional way of evaluating prediction error 

operators is to use least square error minimisation criterion. A quiet 

zone of the trace is selected and a set of operators is calculated to 
y. 

predict the future values of the time series. By comparing the predicted 

values and the actual values an error series can be formed and the 

reflection zones can be picked off from this error series. The method 

is explained ist( WadsworthIl, ('Geophysics' (1953)). An important feature 

in this derivation is the use of least square error criterion to obtain 

the values of the operators. No justification is given for the use of 

this particular criterion and it is assumed that it is the most common 

way of evaluating the operators. Results obtained from this method are 

good enough to justify the method. However it would be convenient if 

an alternative method were available to test the results obtained using 

this method. In this chapter absolute error is used as a minimising 

criterion. The equations are developed using this as a criterion and 

the operators axe calculated from the ensuing matrix equations. It is 

shown how this method gives comparable results with the conventional 

method and it may be used to resolve ambiguities in the conventional 

method. 

5.1 Square error analysis  

An alternative to the usual least square error criterion 

of prediction is investigated here. It is useful to illustrate briefly 

the method normally used in this context. The method followed is well 

illustrated in the article on 'Detection of Reflection on Seismic Records' 

by Wadsworth et. al. in 'Geophysics' (Vol. 18, 1953). The problem to 

be solved is:'given information in the form of a seismogram, separate 

the desired information, i.e. reflection times, from the total information 
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present in the seismogram'. A statistical approach is used here as 

opposed to a deterministic approach. Normal statistical analysis is 

valid in the case of stationary processes but in our example the time 

series obtained in the form of a seismogram is non stationary in the 

sense that the origin is tied down to the time of the explosion. The 

difficulty is got over by dividing the record into several sections 

and considering each time interval of these qabdivided seismograms as 

approximately stationary. The traces contained in these intervals are 

used to determine an optimum linear operator according to some criterion. 

The operator will thus contain the dynamic characteristics of the traces 

in the given interval called the operator interval. The type of operator 

used in this example is the pure prediction operator which predicts the 

future values of one trace from its past values. As the operator will 

contain the dynamics of the traces in the given time interval, any 

disturbance in the dynamics will be detected by the operator depending 

on how closely it can reconstruct the trace in the given operator interval. 

Having thus evaluated the operator over a given time interval, it is now 

used to predict the values of the rest of the trace. In this context 

prediction error is defined as the difference between the predicted value 

and the actual value of the trace. This error gives a measure of the 

dynamic uniformity of the rest of the trace as compared to the trace in 

the operator interval.in the sense that a low error would indicate a small 

dynamic change, and a high error would indicate a large dynamic change. 

Hence the operator can be used to predict the values of the entire trace 

and consequently the prediction errors and the series of errors called 

prediction error series would contain information regarding the dynamic 

uniformity, and this is the required information series. By experience 

and experiments it was found that dynamic characteristics remained 

fairly constant in the sense that one operator would apply to several 

sections except during intervals corresponding to a reflection. This 
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would mean that an operator evaluated for a non reflection interval when 

applied to a region where reflections occur, would give high errors of 

prediction. Therefore an error series as defined above should give high 

values at regions of reflections and should give uniform values or near 

zero values at non reflection zones, provided the operator was evaluated 

at a non reflection zone. Hence by examining an error time series one 

is able to pick off the arrival of reflection at places of high error. 

The following analysis with slight modifications is 

reproduced from Wadsworth's article. The linear operator which predicts 

the future values of trace x from its past values is expressed mathematic-

ally as 

A 
Xi4 k

il0 a
s  xi-s (5.1) 

A  
where x

i+k 
is the approximated value of the future value x

i+k 

where k is the number of time units ahead which the operator predicts. 

The (W) past values of the trace x are shown by xi-s  where s=0,1...M. 

The (141) values of the operator given by as  (s=0,.../1) are constants 

determined in an optimum sense. This criterion is normally chosen as 

the Gauss Method of least squares. In this context we wish to determine 

the constant a
s 

in such a way that the sum of the square errors between 

A 
the actual value x

i+k 
and the predicted value x

+k 
is minimised. The 

summation is taken over the time interval defined by the operator time 

interval. Let us assume that this time interval defined as the operator 

interval has a time duration nh seconds, where h is the time interval 

between successive observations in the digitised form of the continuous 

curve represented in the seismogram. Hence the values of xi  will consist 

of i.N to iN+n -1 where i-N is an arbitrary origin. 

Accordingly, the minimising error criterion will be 

represented as 
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N+n-1-k A 2 
(xj+k  - xj+k) 

Substituting equation 5.1 into equation 5.2 

(xi 	a 	
- 
)2 

+k s s 1s 

(5.2) 

(5.3) 

where the summation i is from i=11-k to i=N+n-l-k 

and 
	

" s=0 	to s-M. 

To carry out the minimisation we set the partial derivative of I with 

respect to as  to zero for s=0,...al which would give from equation 5.3 

1 
x. 	x 	) m`■ x 	 (5.4) o s i -8 xi-r)  i i-r x

i+k 

for r=0,1...M. 

This combined equation would give (M+1) equations for 

the (M+1) unknowns a
s 

(s=0,...111) and hence can be solved. Two 

criterions of errors will be illustrated: 

1) The square error I - (x 	- 
A  
x )

2 
i+k i+k 

2) The running average of squared errors Ei  defined as 

Ei  
i+ P-1 	t2 

.la 	 . - X 
A 
 ) 

(5.;\ 

(5.6) 

where 2P is the number of elements in each average. 

5.2 Illustrative example  

The trace designated as N750 in fig. 5 of Wadsworth's 

article is chosen as an example. The above trace is reproduced on an 

enlarged scale in fig. 5.00. The digitised values were read off from this 

diagram at an interval of h= .005 seconds. Prediction distance .005 

seconds . 1 unit of time. The past lags = M = 4. The origin is designated 

as XN  a. X i  in fig. 5.00. Therefore N=1 and N+n-1 was chosen as 

equal to 26 which gives a value n=26 with an operator interval of 
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nh 26 x 5 . 0.130 seconds. The equations 5.4 were solved in the 

CDC 6400 computer using a matrix inversion method. The five operator 

coefficients for as  (s=0,...10 were obtained as (1.26, -1.00, 0.49, 

0.10, 0.15). Using these operator values and equation 5.1 the predicted 

curve was obtained as shown in fig. 5.00. The error criteria 5.5 and 

5.6 were also calculated and are plotted in fig. 5.01 and fig. 5.02. 

The values of xi 
from i=0.85 to 1.1.075 only are calculated as 

this example is made only to illustrate the method. In fig. 5.00 

reflection arrival zone observed visually from the records is marked 

as a hatched area. As can be seen from examining the error diagrams 

this area is clearly brought out by its high values. Hence it can be 

concluded that a reflection has occured in the region from time = 1.0 

to time = 1.04 which confirms the visual observation. By optimising the 

parameters involved, i.e. the number of operators, operator length, etc. 

and by using the adjacent traces as well, a better representation of the 

two error series can be obtained as shown in Wadsworth's article. 

However, even with just one trace and only five operator coefficients 

a reasonable picture can be obtained as seen in fig. 5.01 and 5.02. 

5.3 Absolute error criterion  

IT would be useful if we can confirm these results with 

an alternative method. This will be attempted in the following section 

of this chapter. 

As will be recalled the prediction error was defined as 

square of the error 

Itoc - (xii4  - xi+k) 

and the minimising was done in order to find the operator values which 

would give the least value for the sum of the squares of errors. Instead 

of using the square error the sum of the absolute errors will be minimised 

to obtain the operator coefficients. In fact the absolute error can be 
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made zero for a given set of values as shown below. This would mean that 

I.Ux 

I se 

which would reduce 

x
i+k 

-1 
i+k 	i+k 

.M 
x 	- 

8. 	
a 

i+k 	0 

to 

a
0 
x+ a

l 

= 0 

x 	- o 
s 	i-s 

x
i-1 

+ 

and from equation 5.1 

x 
m 	i-M 

(5.7) 

(5.8) 

for (M+1) operator coefficients. 

Hence the basis of this method is to use known past values to 'predict' 

known present values in a given time interval and to use the operators 

thus evaluated to predict the future values. As before, if the dynamics 

of the trace is consistent throughout the trace, these operators should 

be able to predict them with reasonable accuracy but if there is a 

difference due to reflection, etc., the error series as defined before 

would give large values. 

5.4 Illustrative examples  

The same example as before will now be evaluated using 

this concept. 

The value of K was taken as unity, and 

II M n 	rr 	11 9, . 

Therefore from equation 5.8 for the above values, 

x
11 

a
0 
x
10 

+ a
1 x9 
 + 	

+ a9 x1 

"127 ao x11 	+ a9  x2  

(5.9) 

x
20 

. a
0 
x
19 

+ a
1 
x
18 + . . + a9 

x
10 

where x1, x2  . . x20  are the digitised values of the given trace at 

successive intervals of time t = .005 seconds. 
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(5.10) 

- lo8 - 

The values containing x1 	10 consist of the operator interval, and 

x
20 
	" 	'predicted' present values. 

The set of equations 5.9 would reduce to 

The matrix equation 5.10 can be solved by the matrix inversion method. 

This was done on the CDC 6400 computer using the matrix inversion method 

and the following values were obtained for the ten operator coefficients. 

as = (-0.27, -0.46, -0.25, -0.42, 0.27, 0.68, 0.00, 0.62, 0.73, 0.07). 

5.5 Discussion of results  

THE above values were used in equation 5.1 to predict the 

trace curve values and the result is plotted in fig. 5.10. As can be seen 

from this diagram the predicted curve approximates the actual curve reason-

ably well in the region outside the interval t = 1.00 to t = 

This is shown more clearly in the error diagram where there are high peak 

values in this region. A disturbing feature in this error diagram is that 
5 

even in the region after a reflection zone errors seem$(to be still very 

high which gives a confused picture. This is also seen in fig. 5.11 

where there are two small humps after the reflected arrival region. 

Ideally there should be no peaks apart from the reflection zone. An 

improvement can be made in the following way. It must be noticed that the 

future values are predicted using the present and past values. This would 

work quite well up to and including the reflection zone as seen in figs. 

5.11 and 5.12. ut when the values beyond this region are calculated, the 

values used will be the values in the reflection zone region. Obviously 
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these values do not have the same dynamics of the quiet zone and hence, 

if we were to use these values to predict, we would get values which are 

quite different to that which would be obtained in the quiet zone and 

hence, in the error diagram this region would give high errors as seen 

in fig. 5.11 and 5.12. But if we were to use the predicted values in the 

reflection zone to predict the values beyond the reflection zone, this 

error should not arise. This was done as modification 1 in figs. 5.10, 

5.11, 5.12, and the results can be seen to be much better than the original 

representation. The fluctuations beyond the reflection zone are reduced 

and the running error fig. 5.12 gives a better picture. This was extended 

to the whole curve, i.e. the predicted values were used to predict the 

future values and the results are quite good as seen in fig. 5.11 and 5.12. 

The fluctuations in fig. 5.11 are much reduced beyond the reflection zone 

and the peak in fig. 5.12 is quite definitt., and it converges to low levels 

fairly soon beyond the reflection zone. As can be seen the high error 

corresponds to the region time = 1.0 	time = 1.04 and the results 

obtained previously are now confirmed. In general the peaks in the error 

diagram tend to be more definite than in the square error criterion, and 

a more definite picture is obtained because of its higher values. 

To test the method further the analysis was done to the 

entire trace designated as N750 in Wadsworth's article and represented as 

fig. 6 in his article. The enlarged form of this trace is represented in 

fig. 5.20. First the squared error criterion was applied and the original 

operator values were used to predict the entire curve from T = 0.85 to 

T = 1.235. The resulting curve is plotted in fig. 5.20, and it can be seen 

that the curve matches the -original curve except in the regions T - 1.00 

to T 1.04 and T 1.15 to T 1.23 which in fact corresponds to 

the two reflections observed in the seismogram. The error figs. 5.21 and 

5.22 illustrates this further. Fairly high fluctuations can be seen just 

after t 1.05 in fig. 5.22 and this is due to the fact that wrong values 
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in the reflection zone were used to predict these values. This should 

not correspond to a reflection but due to the error in the evaluation as 

explained by Wadsworth. This is an unfortunate feature in the conventional 

method. The fig. 5.22 gives peaking values in the region 1.00 —41.04 

but is fairly well spread out due to the error mentioned above. Increasing 

trend is observed after t 1.15 in fig. 5.22 which suggests an arrival 

around this region confirming the visual observation. 

The exercise was repeated with the second method as explained 

before. A further modification was incorporated into the calculation. 

Ftom the results obtained in the previous example it was obvious that frcm 

time t . 1.00 to about t 1.04 a reflection zone was situated. This 

would mean the formula 5.1 should not be applied to the observed values 

beyond this region, otherwise fluctuations would occur in the error diagram. 

Using the predicted values in the region, and the present values in the 

region immediately after this, a further set of operators were calculated 

to be applied to the rest of the series from t 1.0d onwards. This 

would get over the fact of using wrong values, and these operator values 

should reproduce the rest of the curve until the next reflection comes 

when the process can be repeated. The results are shown in figs. 5.20, 

5.21 and 5.22. From fig. 5.20 it can be seen that the predicted curve 

agrees with the original curve within times t 0.85 	= 1.00, and 

t 1.04 	t = 1.11, (This is the operator interval for the second set 

of operator values) and from t 1.14 to t = 1.17. 

The error figs. 5.21 and 5.22 shows the results quite 

clearly. The fluctuation in zones adjacent to the reflection zones are 

reduced and the error values are quite high and give definite peaks. 

Fig. 5.22 gives a quite clear picture of this. The high peak near t 1.02 

is quite definite, and so is the gradual climbing up of the values beyond 

t = 1.16. The record length was not long enough to compute error values 

beyond t = 1.21 but the peaking tendency near t 1.2 is clearly shown. 

The error diagram gives low values everywhere except at the region between 



t 1.1 and t 1.14. A high peak is obtained in fig. 5.21 and the 

build-up of values in fig. 5.22 near the region is quite marked. A 

reflection was not observed visually in this region and it is not possible 

to verify whether in fact there is a reflection in this region as indicated 

by this diagram. The mean square error criterion method does not show 

this as a reflection zone and it would be interesting to verify whether 

in fact there is a reflection in this region. VAdsworth has in his example 

done a more comprehensive test in his paper and the results reproduced in 

his article give an interesting picture. In the diagram designated as 

fig. 5 it can be seen that in fact in the region 1.1 to 1.15 the two curves, 

predicted and actual, are quite far apart relatively. Referring to fig. 7 

in his article the lower left-hand diagram is interesting as it gives a 

peak at the region 1.1 to 1.14. Unfortunately in the least square error 

criterion method the peak does not come to the required high values to be 

regarded as a reflection. But the very fact that a peak of a fairly high 

value occurs at this point suggests that a reflection could occur at this 

point. The absolute error method on the other hand suggests quite clearly 

that a reflection could occur in this region, and combining the two methcAs, 

a reflection is quite likely at this regiop which was not observed visually. 

This exemplifies another quality in the absolute error method. It tends 

to have higher error values at reflection zones than the square error 

method and hence, even faint reflection zones are brought forward more 

clearly. This is clearly shown by observing the region from 1.2 to 1.24 

in figs. 5.22 and 5.21. The absolute error curves give quite high peaking 

values and the square error curve does not give as clear a picture. 

5.6 Conclusion  

It does not follow that the absolute error criterion should 

always be preferred to the usual square error criterion. The two methods 

should give complementary results and in doubtful regions the combination 

of the two methods should resolve the ambiguity. As in the region from 
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1.1 to 1.141 square error showed only a very slight indication of a 

peaking error but the absolute error diagram was quite definite in 

this region. 

Hence by using both methods to analyse a given trace, 

more definite information can be obtained as opposed to the application 

of one of the two methods. 
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" CHAPTER 6  

STABILITY  

6.0 Introduction  

The purpose of this chapter is to illustrate the conditions 

under which the multichannel analysis of seismic data is feasible. The 

condition of feasibility can be mathematically analysed as equivalent to 

the inversion of a relevant matrix. The matrix thus formed is important 

as regards the analysis of filters as well. In fact the stability of a 

filter can be related to the stability of the auto correlation matrix. Pr4  
()FERIA-TOR IS CALLA-D STAI:a%L 	IF IT HAS 1=1 FIN rre aNuaRsa. 
6.1 Nultichannel Theory  

2 
A box with N inputs and M outputs is shown 

	> 	in fig. 6.0. Exciting input channel 1 with 

a spike (1,0,...) a multichannel response 
PIG. 6.0 

of all M outputs is expected whose Z transforms are 1111(Z), A ( 21s )a"." 

Av1(Z). Introducing a spike on input channel K will result in M different 

outputs A1KW, A2K(Z),...AmK(Z). The behaviour of the box is fully 

describedbytheMxNresponsesA.(Z), (i = 1,2,...M; j = 1,...N). For 

a multichannel filter the principle demands that the multichannel output 

is connected with the multichannel input by the following matrix multi- 

plication: 
MxN 	Nx1 	Lx1 

A11(Z) A12(Z) 	... A1N(Z) x
1(Z) 

x2(Z) 

Y
1
(Z) 

Y2(Z) 

(6.1) 
• • 

Ami (a)  	A, 	(Z) 
WN xN(Z) ym(z) 

6.2 Conditions of Compatibility  

The Z transform of a multichannel filter therefore has the 

mathematical representation of a polynomial matrix. It may be written 

in the form of a matrix polynomial: 

A(Z) = a0  + a1  Z +..+ as
Zs  

where each coefficient is a constant (MxN) matrix. If the input series 
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X14.(Z) has amplitude values up to time t-s1  i.e. XN(t) is for t.0, 1, 2,..S1, 

the output values YIT(Z) should be specified up to t.(e+s1) i.e. Yii(t) is 

for t.0, 1, 2, ... S2, where s2.(s+s1 ). This is the compatibility condition 

for the matrix multiplication given above. This is clearly seen in the 

expanded version of equation 6.1 shown below: 

A11t0 
	

Al2t0• 	A1Nt
o 

• • 	• 

• • 

A
11t 

...A
1Nt 1 	1 

• • 

• • 

Z4-..+ 

A 	...A 11t
s 	

1Nt
s 

• 

Zs X 

AM1t0 
	

AM2t
0 
...AmKt

o 
Amit Amit

s
wALWt

s 
mom/ 

1,1••■ 

B1  B1t1 
B
its1  

1 to  
01 

 
0 its?  

. Si s
2 Z +..+ 

• 

BNt BNts
1 

0i t
0 

0Mt1  
o
Mts

2 

By equating the corresponding coefficients of the powers of Z, M(s2+1) 

equations can be formed.for the filter coefficient unknowns .Nx/lx(s+1) . 

'This would mean that for a full solution of the unknown filter coefficients 

the following conditions should be satisfied: 

M(s2+1) (MxN)(e+1) 
	 (6.2) 

also for matrix multiplication 

s
2 

s+s
1 
	 (6.3) 

Consider a case where IT . number of input channels and (14-si) the number 

of digitised values of each input series and (1+s) the number of filter 

coefficients. The convolution formula can then be written as: 

Y
jt :=E 	.,(t-s) f

i,jps X1 
i.1 s.0 

N f. 	X. 	+ f. 	1 X. 1,j,0 1,t 	1,j,1 	,(t-1)+..+ fi,j,p' xi,(t-s) 
i.1 

where Yjt output at jth channel at time t and f 	is the filter i,j,t 
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coefficient for ith input, jth output at time t. 

Consider one output channel only, i.e. 3=1. 	The output values on this single 

channel are given by: 

N 

Yo 	
lE 
1=1 	

f
i,oXilo 	 for time to 

N 
Y1 	 for time t=1 

1 

N  
I'2 	a 	

(PYPYr 	ir 	l 	 for time t=2 
1=1 

. 	• 	 . 	. 

. 	 • 	• 

	

. 	. 
N 

X. 	 oss
2 i,02-1)+...+fip

X
i,(ss) 	for time t 

82 	8+81= 
	f1. 

1..1 	
0 1,5

2
+f 

 1,1
X

2- 

Expanding the above equations: 	S2  S2  5=-. S ANA S,= S1  

YO sg(f10X10+f20X20+"+fNOXN0)  

Y1 =“10X11+f20X214."-Ff
1.rO
XN1)+(f11X104-f21X20+"+fN1XN0)  

. 	. 	. 	. 	. 	. 	. 

YS 23(ff0X1S-14.20X2S+"+fNOXNS)+  • 	• 	• 	+(f1SX10+f2SX204-."-FfNCXN0)  

• • 	 • 	• 	• 	 • 

Y g'(f X 
 2+1'20 

S2 	10 1S 	+..+f 	) NO nS2
+ 
	(fl SX1 (S2-.S)+*°+f  ii,(S2-S: 



0 	0 

X10 .. XNO 

x
1(s271)—xN(s2 1) 

O 0 

O 0 

x1(s2-s)'XN(s2.$) 

N,1 

f1d  

f
2 

fNO 

f11 

f21 

+ 

fN1 

S2+1,1 

Yo 
Y
1  

Ys 2 

f1S 

f
2S 

• 

fN  
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which can be written in the expanded matrix form as: 

. • • 

(S2+1),N 

X10 ''XN0 

xli ''xN1 

• • 

X1S2..XN
S2 

■ •■ 

which can be combined as: (1ts2),1 

N(1+S),1 

(1+S2),111+S) 

X10 X20 "..X140 	0 	...0 	••• 

X11  X21  ...XN1 	X10 	X20 	...XN0 

' X • 10 	X20 ...XN0 .  

X X 
2s2' 	A.s2  X1,5271 

X2,S2
1 ..XN s  _1..tX1,5

2 -S X 2,S2-S.XN,S2-S ' 2 

f10 

fNO 

f11 
N1 

f
IS 

fNS 

r
S2 

Y
o 
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From the above analysis it can be seen that the multichannel filter 

coefficients can be found by solving the matrix equation: 

[A[F] .[Y] 

where X . input matrix of order (1+52), N(S+1) 

and F filter coefficient matrix of order g(S+1),1 

and Y = output matrix of order (1+32),1. 

On this basis two possible cases Can be analysed for solution. 

Case 1 

M(S
2
+1) . (Ita)(S+1) 

In the problem analysed M was taken as unity and as such the condition 

above reduces to: 

S
2
+1 N(S+1) 

Under this condition the matrix multiplication is compatible and the 

solution is given by: 

° [i1 -1  14 

and the values for F can be uniquely determined depending on the form 

of the inverse matrix X . A real unique solution can be obtained only 

if X 
-1 

exists. This will be so only if det X 1  0. This stability 

criterion is entirely dependent on the relative values of S, Si  and S2.  

The output value at maximum time i.e. at t=S2  is dependent'on the know-

ledge of the input values up to t=S2. If only the values up to t=S1  are 

specified as inputs and it cannot be assumed that input values are zero for 

t>S1  the output values can only be specified up to S2=S1. But if it can_ 

be assumed that the input time series is zero for t>S1  the output values 

can be specified up to a maximum S2=S+S1. The matrix formation X will 

be dependent on this criterion. 

(a) if it can be assumed that the input series values are zero for t>si. 

The output formulae would take the form: 
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YO ft(f10X10-1-f20X204-"+fNOXN0)  

Y1 ft(f10X11+f20X21+"+f110XN1)4(f11X104-f21X204-"+fN1INO)  

• 

ox2e--41NoxNs)4-  1-(f1sx1ef 2sx20+--4-fNsxN0) 
• . 

YS
2 
88(f10X15

2
+f20X2S

2 	
4.+••4 NOXNS

2
)  

This would give X as: 

t• 

+(f1sx1 (s2-s)4-4-fi xN, (s2-E. 

x10 • •XN0 
0 	0 

(1+52),N(I+S) 

X11 X21 **XN1 	X10 X20 ••- NO 

• • 	• X11 X21 **XN1 
. 	. 	. 	• 	• 	. 
X
. . . 	• • . . X

10 i 2  .. Ns 	• 	• 	. Si 
X 
 SiX1 

0 0 0 Xi 	
X2 • •X 	• 

	

NS • 	• Si  Si 1 
. 	. 	• 	• 	• 	• 	. 	• 

. 	. 	• 	• 	. 	. 	. 	. 

0 0 X
1S 	 XNS 1 	1 

This would give N(1+S) number of filter coefficients providing the matrix 

above has an inverse, i.e. provided det(X) 0. 

(b) If it cannot be assumed that the input series values are zero for t?s1  

This would mean that output values can only be specified up to t=s2=s1. 

Two cases can be distinguished: 

(i) when 81:78 the input matrix will take the form: 

XNO 



0 	0 
	 (1+51)01(14.51) 

X10 X20 XNO 

x1(81-1) • •XN(91-1) 	(X10 X20 ••• XNO)  
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(11-s1 ),N(1+s) 
X10 X20 ..XN0 	0 	0 	0 

Xil  X21  ..XN1 	X10 	X20 ." XNO 

• • 	. 	• 	. 	. 
. 	. 	 x10 
• . 

X1S1  X2S1  ..XNs1 	X 1(S1  -1) 
X2(51-1) ..XN(s 1  _

1) .. Xl(
s1  ) 	

XN(s  _s) 

In this case if (1+SN(1+S) the coefficient matrix is square and a 

unique solution for the N(1+S) filter coefficients is possible. If this 

is not so a redundant number of filter coefficients will be obtained as 

the number of unknown filter coefficients are greater than or equal to 

the number of equations available. This condition is discussed later on 

in this chapter. 

(ii) when s'si, the input matrix will take the form: 

In this case the number of filter coefficients, i.e. N(1+S) are more than 

the number of equation (1+S1 ) available. Hence there is no unique solution 

and certain number of filter coefficients will have redundant values. This 

condition is discussed later on in this chapter. 

Case 2 

If condition 2 is not satisfied the problem cannot be solved 

uniquely. However a solution is possible as shown below. Consider a 

6-channel input with each input having 10 digitised amplitudes, i.e. 81 =9. 

Let the desired single channel output be a spike at zero time and specified 

as zero for time up to t..10. For convenience select s as equal to s2, i.e. 10. 



0 

0 

0 

0 

0 

0 
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Hence the relevant equations are: 

Yo -(f lo 	x2o..1-f ox6o)  

--ff 60X61)+(f11x10-1f 21x20° *41  61X60)  

• • 	• 	• 	• 	• 	• 	• 

y 	(f x +f X ..+f 	)+ S
2
=S 10 1S 20 2S 	60 6S 4-(rlsxler2sx2o- -4-r6sx6o) 

which gives the matrix multiplication as: 

X10 X20 ..X 10 20 60 

. 	. 	X
10 	

X 	.. x60  60 

X

. 	. 	. 	. 	. 	. 

.. 
1S 2S 	6S 	1 S -1 2 S -1"

X 
 6 S - (x10 x20 "X60)  1 X 1X 

1  X ' 1 	X ' 1 	' 1 1  . 

For the parameter specified above the matrix reduces to: 

10 X10 

X11 

X
19 

X110 

20 	60 X20 ..X60  

X21 	.. X61 

. 	. 

X
29  ..x69 

X210. X610 

0 

x
10 

. 

x
19 

0 

X 

	

20 	
.. 

. 

	

X29 	.. 

0 

X 
60 

. 

X69  

11x66 

X10 x20 
 ..X60 

66x1 

f
10 

f60 
f
11 

f
110 

.10 

f
6o 

f1S 

f6S 

Y, 

• 

• 

• 

• 

• 

• 

• 

Y, 

Since only 11 output values are specified 11 equations will be available 

with a solution for 11 filter coefficients from a total of 66 reqUired 

values. This would mean that 55 values of the filter coefficients are 

redundant in the sense that they are indeterminate uniquely and as such 

any arbitrary values could be incorporated. For convenience these values 

were taken as zero. The zero coefficients can be taken arbitrarily and the 
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results are as shown where the zero values were taken on random coefficient 

values. The results are displayed in fig. 6.1 and it can be seen that a 

perfect representation of the desired output, i.e. unit spike at zero time 

was obtained. It should be noted that the resulting output is valid only 

upto t=10 and beyond this the output values could be anything as these 

values were not taken into consideration. As noticed in section (i) of 

Case 1 the values of X
110 
 X

210
—.—X610 were taken as zero to satisfy the 

compatibility condition 6.3 in order to obtain outputs up to time t=10. 

Inputs were specified only up to t=9. 

6.3 Stability Criterion of Operator  

This redundant condition will now be discussed with special 

reference to the stability criterion of the operator values. 

Let a function be represented by its Z transform as: 

oc. 
f
a
(Z) = a

0 
 + a

1
Z + a

2
Z
2 
+ 	+ amZ

m 
+ 	a 

m
Zm 

The function is called stable provided its energy represented by 

a
o
2 
+ a

1
2 
+ ... is finite. From this it follows that the magnitudes of 

amplitudes of a stable function asymptotically approaches zero as the time 

index increases, i.e. latl ---!>0 as t 	In this discussion the word 

stability as applied to multichannel operators will be given a broader 

meaning. A multichannel operator is called stable if it has a finite inverse. 

The conditions necessary for the above condition will now be discussed. 

Let the finite operator be written in the Z transform form as: 

A(Z) = a
o 
+ a

1  Z + 	+ a
s
Z
s 

where ar  is a matrix of dimension (MxN) 

where M . number of outputs 

and N = number of inputs. 

The following analysis is valid for M.N only and let us say M=N=p. In this 

case a
r becomes a square matrix (pxp). With this restriction we can write 

A(Z) as: 
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a 	+a 	Z+..+a 
s 
Z
s 

a 
o 
+a 	Z+..+a 	Z

s
...a p +a 	Z+.. 11t

o 11t 	11t 	12t 12t 	12t 	1t 1pt 1 	 0 	1 	
+a1pt

s  

A(Z). 

p1t p1 ZB  ap2t pit0 1- 	
Z+..+a Zs. 

p2ts 	ppto+appt 	
zs 

1 
a +a m 

1 	
..a 	:41 	spts 

which is a (pxp) matrix with polynomial entries. 

Hence 
A1[Z] adj A[Z] 

= det A[Z] 

Since A[Z] has a square matrix form, its determinant can be evaluated. If 

NIA it would not have a determinant which can be evaluated and hence the follow-

ing analysis will not be valid. Since adj AN is a matrix with polynomial 

entries the stability of A 1[Z] is entirely dependent on the denominator, i.e. 

on det A[Z1 det A[Z]is a polynomial of degree at most n where n=Sp. Hence the 

determinantal equation det A[Z] =0, can be assumed to have n roots denoted by: 

Z1' Z2 	Z
n  where n=Sp 

It is not necessary that Zi, i=1,n should all be distinct but the argument which 

follows is not dependent on this criterion. Hence det A[Z]can be written in 

the form: 

det A[Z1= C(Z-Z1)(Z-Z2)....(Z-Zs) 

•where C is a constant. 

,Therefore 
1r 

A lAlla 
adj 1(Z)'  

C(Z-Z1)(Z-72)...(7,-7s) 

which can be factorised in the partial fraction.form as: 

u2 	u
n 

Z-Z
1 
 Z-Z2 +...+ Z-Z

n •  

Iflq>.1thefractiolliAz.z.)can  be expanded as: 

-1 	-2 	-3 2 Z Z + 

A71(z].  Ul  

Z- zi 
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This is a series with finite coefficients as rir  is a finite quantity for 

positiverprovided. Also it can be seen that Z ri 	as r 

providedtZj >1. But this is the condition of stability required. It 

is also seen that the expansion does not contain negative powers of Z 

which implies that the inverse does not have an anticipation component 

and hence is realisable. Thus an operator is realisable and stable if its 

Z transform determinantal equation has all its roots greater than one. 

This in fact is the minimum delay condition. If the determinantal equation 

has all its roots . less than one the operator is non realisable in the 

sense that it will require an antieipation component for stability. If 

IZil<1 the expansion 1/(Z-Zi) can be written as: 

Z
1 	-2 	2 -3 	• +... zi  

This is a series with finite coefficients as Zr is a finite quantity for 

positive r providedlZi<1. Also it can be seen that Zr  —31,0 for r--÷oc 

providedIZ. <1. But this is the condition of stability required. Hence 

if the determinantal equation has roots less than one, the operator inverse 

can be represented by a stable but nonrealisable inverse. This is the 

condition of maximum delay. 

If some of the roots of the determinantal equation are greater 

than unity in magnitude while the others are less than unity in magnitude 

expansions of 1/(Z-Zi) 	each Z
i 

must be 

made depending on the magnitude of Zi. This is the case of A[Z]being mixed 

delay; when its inverse can be represented as a stable function involving 

both a realisable component and a purely nonrealisable component. If the 

determinantal equation has any roots equal to one the partial fraction 

expansion can be written in either form as: 

- 1 + Z + Z
2 
+... 

or 
-1 -2 -3 Z + Z + Z +... 

In either case the coefficients of the Z transform ai _ 0 as i OC 
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as the coefficient is always unity. Hence this contradicts the definition 

of condition of stability. Therefore in this case the filter is unstable 

as defined previously. 

As mentioned earlier the above analysis is valid only in the 

case where the operator coefficients are constant square matrices. An 

attempt is made now to analyse the case when this is not so. Consider a 

series whose Z transform is given as A[Z]. a_ + a1Z + a2Z +..+ amZ
m 

where a
r is a scaler quantity. The inverse of the above is defined in 

such a way as to satisfy the relationship A(Z).B(Z) = 1 where B(Z) is 

called the inverse of A(Z). This can be interpreted as single channel 

inverse deconvolution. As seen earlier, in the case of multichannel input's, 

a
r is a matrix of order (MxN) instead of a simple scaler value. If ar is a 

square matrix, i.e. number of inputs = number of outputs, the inverse of 

A(Z) could he defined as to satisfy the relationship A(Z) B(Z) =I where 

A(Z) is a square matrix of order p (say) and/ is an identity matrix (i.e. 

a matrix whose components are all zero except for the values in the main 

diagonal which are equal to 1) of order p. In this case P(Z) is the 

inverse of A(Z) . The stability of this was discussed previously. 

6.4 Modified Inverse  

In the case where 14 4N the abo.:e definition does not hold 

as A(Z) matrix would not have an inverse. However a slight modification 

can be made to the definition to accommodate this if the inverse can be 

defined in the following way. A matrix A(Z) MxN  is said to have an inverse 

if a matrix of order B(Z)1
ix34 
 can be found such that 

A(Z) 	B(Z) Nx14  = 1-14361  

is satisfied where I is an identity matrix of order MxM as before. The 

stability of A(Z) will now be discussed with the above definition as reference. 

The matrix multiplication that has to be satisfied is: 



MxN Mal MZM 
B11 (Z) B12(Z)..B1p) 1 0 0...0 

B
21
(Z) B

22
(Z)..B

2M 
 (Z) 0 1 0...0 

• • . . . 	. 

•• 	• 	• • . 

(Z) BN2(Z). •BNm(Z) • • . 	1 

A
11
(Z) A

12
(Z)..A

1N
(Z) 

A21(Z) A22(Z)..A2N(Z) 

• 

AM1(Z) A ( z ) - A NIN((Z) 
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A(Z) 	13(Z) 
	I 

The suffix Z will be dropped from now onwards but it should be borne in 

mind that a coefficient A11  in fact refers to the Z transform of A11. 

The above matrix multiplication would give rise to the set 

of equations: 

A11 
B
11 

+ A
12 

+ 	+ A B 1N .N1 = 1 

A
11 

B
12 

+ A
12 

B
22 

+ 	+ A
1N 

B
N2 

. 0 

• • 

• • 	• 	• 

A11 B1M + B12 B2Y +  

A
21 

B
11 

+ A22 B21 + 

A
21 

B
12 

+ A
22 

B
22 

+ 

• • 

• • • 

+ A
1N 

Bie  = 0 

+ A
2/1 BN1 

= 0 

+ A 	BN2 2N 	2 
= 1 

• • 	• 	• 	• 	• 

• • 	• 	• 	• 	• 	• 	• 

AM1 B11 AN2 B21 ". ANN 3N1 = 0 

• • 

	

	• 	• 	• 	• 	• 

= AM1 31M AM2 32M +  "a  A lr 3  NM 	1 

This set of equations can be manipulated to give a combined matrix 

multiplication as: 
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A11 Al2..A1N  

0 	0 	0 

. 	• 	• 

• • 	• 

0 

A21 A22..A2N 

0 	0 	0 

• • 

	

. 

• • 

	

. 

AM1 AM2.AMN 

0 	0 	0 

• • 

• • 

• . 	• 

0 	0 

A11 A12.'.A1N 

• 

• 

0 

A21 A22"A2N 
• • 

• • 

• . 

0 

• • 

. 	. 

0 

0 

(MxM) 

A11 Al2..A1N 

AZ,12.  •Azai 

(Thal) 
B11 

B21 

BN1 

B12 

B22 

N2 

B:i 

B . 

(Nx/A) 1 
1 

0 

. 

0 

0 

1 

0 

0 

0 

1 

(74.xM) 1 

Therefore the stability condition will depend on the condition whether 

the above set of equations have a definite solution or not. This problem 

is analysed in 'Theory of Equations' by Uspensky and only the final 

conclusions wi11 be stated here. Let the matrix 

   

  

  

  

 

All  Am2..AmN  

 

   

   

be called the coefficient matrix and the matrix 

0 
0 

0 
.   A, A, A2" AMN 

Al  Al2..A1N  

• • 	• 

be called the augmented matrix. 
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It can be seen that the augmented matrix is formed by the addition of 

the column matrix on the right hand side of matrix equation to the 

coefficient matrix. The matrix equations will give definite results if 

and only if the rank of the coefficient matrix is the same as the rank of 

the augmented matrix. If this is not so the equations are not compatible 

and hence there is no solution for the inverse values B
11 

etc. and hence 

by inverse definition there is no inverse for A. If the rank is the same 

as the number of unknowns in B there will be a unique solution and if rank 

is less than the number of unknowns there will be redundant number of 

values but a solution is possible. 

6.5 Illustrative examples  

The following examples will illustrate the conditions that 

could arise on these conditions. Consider a one input two output case 

where filter coefficients are A11 =1 and A21=K. The question to be 

answered is, whether this filter has a stable inverse. If the filter 

-has a stable inverse, its coefficients should satisfy the matrix equation. 

2x1 	1x2 	2x2 

A11 	(B11 B12) 	= 1 0  

A
21 

 

0 1 

  

  

   

which in the expanded form would give: 

4x2 	2x1 	4x1 
1 	0 B11 1 

0 	1 B
12 

MI 0 

K 0 0 

0 	K 1 

where the coefficient matrix is 1 	0 

0 	1 

K 	0 

0 	K 
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and the augmented matrix is 1 0 

0 1 0 

K 0 0 

K 1 

It can be seen by inspection that the rank of the augmented matrx is 4 

and the rank of the coefficient matrix is 2 and hence the set of equations 

have no solution and hence by definition the filter represented by 

A11 
	1 

A
21 
	K 

has no inverse. 

A more complex example will clarify the redundancy case where 

the rank is different from the number of unknowns. 

Example 1  

Consider two inputs, i.e. N=2 and three outputs 1,1.3 with the corresponding 

filter coefficients as: 

A11= 1 
	

A
21
= 1.5 	A31.' ..8 

and 
	

A1223 1 
	

A
22
=-0.3 	A

32
= 4.0 

Does this filter have a stable inverse? 

The matrix equation to be satisfied is: 

1 

0 

0 

1.5 

o 

0 

1.8 

0 

0 

1 	0 

0 	1 

0 	0 

-•30 

0 	1.5 

0 	0 

4 	0 

0 	1.8 

0 	0 

0 

1 

0 

0 

-•3 

.0 

0 

4 

0 

0 

0 

1 

0 

0 

1.5 

0 

0 

1.8 

9x6 
0 

0 

1 

0 

0 

-.3 

0 

0 

4 

B
11 

B
21 

B
12 

B
22 

B
13 

B
23 

6x1 
1 

0 

0 

0 

1 

0 

0 

0 

1 

9x1 
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Therefore the coefficient matrix is: 

and the augmented 

1 	1 

. 	• 

• 

1.5 	-.3 
• • 

• • 
1.8 	4 

matrix is: 

1 	1 

0 

• 

• 

• 

• 

. 

• 

0 

• . 

0 

• 

. 

• 
• 

• 

• 

0 

0 

• 

1 

. 

• 
1.5 
. 

• 

1.8 

0 

0 

• 

1 

. 

• 
-•3 

• . 

• 

4 

0 1 

• • • • • . 

1 1 
1.5 -.3 . 0 

• • • • • • 

. . . . 1.5 -.3 	0 
1.8 4 . . . . 	0 
. . . . . . 	. 

1.8 4 	1 

From computer analysis the rank of the coefficient matrix was found 

to be 6 with rows 1, 2, 3 redundant. The rank of the augmented matrix 

was found to be 7 with rows 2, 3 redundant. AB the rank of the 

coefficient matrix is not the same as the rank of the augmented matrix 

the filter has no stable inverse. This example illustrates an important 

consequence of the rank requirement for solution of the matrix equation. 

The matrix equation will not have a solution if iii is greater than N, 

i.e. if the number of outputs is greater than the number of inputs. This 

can be proved in the following way. Consider the matrix equations: 
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(MXM),(NtM) 	NkM,1 	KIM, 1 
A11 A12...A1N B11 1 

A11 A12...A1N B21 0 

• • 	• 	• . 	• 	• 
. 	• 	• • • 	. 

A
11 

A
12
...A

1N N1 
0 

A
21 

A
22
...A

2N 
MI 

A21 A22...A2N 
• • 	• 	• • • 	• 	• • 
• • 	• . 	• 	• 
• . 	• • • 	• B1M 0 

AM1 Am2...AyN B2M 0 

. 	• 	• • • 	• 
• • 	• • • 	• 

AM1 AM2".AMt BNm 1 

It can be seen that the number of unknowns B
11 

etc. are (NxM) in 

magnitude. Hence the rank cannot be greater than (NCI) as for x 

unknowns there cannot be more than x independent equations for a 

stable solution. But the coefficient matrix is of order (MxM), (NxM) 

which means that there are YxM rows corresponding to (YaM) equations. 

Et'om the above consideration 0--xM = (NxM) as regards number of independent 

equations. Hence out of (Px1f) rows at least 05TO - (NxM) rows are 

dependent. The only way in which the coefficient matrix will have a 

rank less than (MxM) is when a set of values X1, X2,..Xm  can be found 

such that: 

XiAl l  + X2A21  + X3A31  + 	+ XmAmi  = 0 

X1 Al2  + X2A22  + X3A32  + 	+ XmAm2  . 0 

• 

X1 A1N X2A2N + X3A3N ". XmAMN 

where X1, X2,...Xm  can take zero values as well. The trivial solution 

for the above set of equations is of course valueless. If this is so 
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the coefficient matrix will have M redundant equations provided 

Ar2...Arm) g C(Asi  As2...Asm) for any m,s 1,2,3...M and rls 

where C is a constant. If (Ari  Ar2...Arm) 7. C(Asi  As2...Asm) G times 

for r,s = 1,2,..M and is then the coefficient matrix will have (1411M) 

redundant equations. Therefore if (M+CM) I (MxM — NM) the above 

condition is satisfied, i.e. rank is less than or enual to the number 

of unknowns. But not only must the rank be less than or equal to the 
1- 

number of unknowns, it must also be equal to the rank of the augmented 

matrix. For this to happen the following set of equations must be satisfied: 

klA11+X2A21+...+XmAm1  = 0 

X1Al2+X2A22+...+XmAm2  = 0 

X1(0)+X2(1)+...+Xm(0) 

• • 	• 

= 0 

. 

.. 	 • 	 • 	 . . • 

• • 	• 	• • . • 

XiAle2A211+...+ymN = 0 X1(0)+X2(0)+...+Xm(1) = 0 

X1(1)+X2(0)+...+X1 (0) = 0 

This is clear:Li impossible. As before the trivial solution is valueless. 

Therefore the rank of the augmented matrix will always be at least greater 

than or equal to (1 + rank of coefficient matrix) which means that the 

set of equations are incommatible, and hence no solution can be obtained. 

Example 2  

Now consider a case of 3 inputs and 2 outputs with the 

coefficient of the filter given as: 

A11=1 	A21 

which gives 

12 =1*5 	Al2=1 	A22=-0.3 

the matrix equation as: 

1 	1 	1.8 	0 

0 	0 	0 	1 

1.5 	-.3 	4 	0 

o 	o 	0 	1.5 

A13=1.8 

4x6 
0 	0 

4 	1.8 

0 	0 

-.3 	4 

A
23
=4.0 

B11 

B
21 

B31 

B12 

B
22 

B32 

6x1 

OM= 

1 

0 

0 

1 

4x1 
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Therefore the coefficient matrix is: 

1 • 1 1.8 0 0 0 

0 0 0 1 1 1.8 

1.5 -.3 4 0 0 0 
o 0 0 1.5 -.3 4 

and the augmented matrix is: 

1 1 1.8 0 0 0 	1 

0 0 0 1 1 1•8 	0 

1.5 -.3 4 0 0 0 	0 
o 0 0 1.5 -.3 4 	1 

This was solved by using the CDC 6400 computer. The rank of the 

coefficient matrix turned out to be 4 with columns 4,1 made redundant. 

The rank of the augmented matrix was 4, with columns 4,1,7 made redundant. 

On the above basis the matrix would reduce to the modified form as: 

1 

0 

-.3 

0 

1.8 

0 

4 

0 

0 

1 

0 

--3 

4x4 
0 

1.8 

0 

4 

-21 

B31 

B
22 

B32 

4x1 
1 

0 

0 

1 

4x1 

with coefficicnts B
11 

and B
12 

made zero. 

The inverse of this matrix is: 

•88 -0 -.4 0 
-.7 -0 .22 0 

0 .88 0 -.4 
0 .07 0 .22 

which gives B21=.88 B313,..07 B22=-.4 B32=•22. 

There fore the multichannel filter represented by its Z transform as 

2x3 

has a stable inverse represented by its Z transform as 
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3x2 
o 	0 

.88 	—.4 

.07 	.22 

In this particular example the coefficient of the filter was taken to 

be independent of Z for simplicity. In the real case the coefficient 

matrix and therefore the inverse would contain polynomial Z as coeffi-

cient and their stability can be discussed in exactly the same way as 

before when the number of inputs and the outputs were the same. 

6.6 Discussion of Results  

From the foregoing analysis it can be seen that the 

stability criterion of filters rests mainly on the question of inversion 

of a matrix. In the case of equal magnitudes of input and output channels 

the matrix in question is square and in the case of an N input M output 

case the matrix in question is of order (MxN). The square matrix will 

have a finite unique inverse unless it is singular. The singularity 

condition and the rectangular matrix formul-tion can be discussed with 

reference to the so called 'g' inverse notation as explained in 

!.Matrix Theory' by Gantmacher. The method of obtaining this modified 

inversion of a matrix is explained which is valid for the singular as 

well as the rectangular case. 

If we redefine the inverse of matrix A as matrix G which 

satisfies the relationship AGA = A the analysis can be made general since 

A can now be singular or rectangular. On this basis for the multichannel 

normal equation formula represented by 

AX = Y 

where A = filter matrix, X = input matrix, Y = output matrix, the following 

conditions can be derived for consistency. On the Z transform basis the 

above equation reduces to: 

CA1[4=[Y] 
	

(6.4) 
where A = MxN matrix and 

X = a column matrix of order N (= input channels) and 

Y = a column matrix of order M (= output channels). 
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The consistency requirement for 6.4 to have a solution is: 

mMx1[G11xNElel cy)MX1 

where G
x 

is defined as XG
x
X =X and the solution is: 

A = YGx  + Z[I-XGx1 

where Z is arbitrary. This is assuming that the compatibility condition 

is satisfied. The above derivation can be made more meaningful if we 

expand 6.4 and represent the expansion as shown earlier where the input 

values are in a matrix form and the required filter coefficients are in 

a column matrix. On this basis the multichannel equation can be rewritten: 

17kM AMX1 = yNx1 

where X = input matrix of (NxMO 

where N = number of digitised inputs in each channel 

and 11. number of channels x N 

and A = column matrix of filter coefficients of order M 

and Y = column matrix of output values of order N (only one output 

channel is considered) 

Therefore 	A = X Y 
g 

where Xg  is defined as XX X = X. 

Assuming the compatibility condition is satisfied and the rank of X is r with 

r 0 minimum (N,M) 

the required consistency condition is 

XXg 	'Y 

and the general solution is 

A - X Y + (I-X X)Z 

where Z is arbitrary. 

6.7 Stability of the Auto correlation ratrix 

The discrete multichannel normal equation can be written as: 
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ao&x(0) + a10xx(-1) +...+ am0xx(-m) ZX(0) 

a00mc(1) + all3xx(0) 
	ajxx(1-m) .$6 (1) 

• •• • • . 	• • 

aoAcx(m) + a1ixx(m-1)+...+ 
am 95XX (0) 	= ZX(m) 

with the usual meanings for the symbols and with the filter coefficient 

as(s=0,m) as 	matrices andp(xx(S), (s.-m,m) as NxN matrices and all 

Y3zx(8)' s=0,m as NxM matrices. 
The filter coefficients are given by the solution of the 

matrix multiplication 

rst

xx (0) 0 xx(-1 ) 	... 0xx(-m) 

0 (1 ) P6.(0) 	36.'0 -m) 
. 	• 	 • 	 • 

0 (m) 73  mx (n1-1) ... #xx(0) 

1),(m+1) 
a 

 

a
1 

a
m 

(m+1),1 
0z.(o) 
ix  (1) 

PZX  (m) 

(m+1 ) , 1 

[xl 	 [A] 
	[z] 

It can be seen that the form of the solution is dependent of the 

inversion of matrix X which is the auto correlation matrix of the inputs. 

Assuming the compatibility conditions mentioned earlier are satisfied the 

inverse of the auto correlation matrix and hence the solution of the 

matrix equation can be discussed in the following way. It is important 

to note that the auto correlation matrix is symmetrical and hence its 

inverse evaluation can be discussed with reference to symmetrical matrix 

inverse evaluation. The singularity condition obtained when det A = 0 

can be incorporated into one single- analysis if the generalised inverse 

is evaluated instead of the normal inverse. 

The evaluation of the generalised inverse with reference to 

a symmetric matrix will now be discussed and the results applied to the 

auto correlation matrix. If it so happens that a matrix A is symmetric 

idempotent then Ag (generalised inverse of A) is equal to A, i.e. A is 

its own unique g inverse. In this special case no problem of stability 
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would arise as the inverse is easily obtained as the matrix itself. 

If this is not so Ag  can be found as follows. If A is symmetric it 

is reducible to leading diagonal canonical form 

HAH' = IA 	0 	i.e. 	A= HtlA 	0 

	

0 0 	 10 0 

 

H = H' A H1  

 

where A is a diagonal matrix of the non zero latent roots of A and H 

is orthogonal and partitioned conformably as' Ht= [HI HO In this case 

Ag  = Htl /■ 1 	0 H Ht1  A 

The above results will be verified through a simple example to illustrate 

1 

the procedure involved. Let A = 2 	11
2x2 

be a symmetric matrix. 

1 	21 

The characteristic equation is 

[A - 	= 0 	 (6.5) 

where ?% is a scaler. This represents a homogenous system of 2 equations 

with 2 unknowns which has a non trivial solution for X if and only if 

the coefficient matrix has rank r4:-.2, that is if and only if 

det (A-I) = 0 

Therefore 
	

2-71 	1 	
= 0 

1 	2-A 

give 
	

(2-71)(2-)) - 1 . 0 

4+)2  -0 -1 = 0 

Therefore 
	

)%
2 
- 40+ 3 = (01-3)(? -1) = 0 

Therefore 
	

A . 3 Or ?1= 1 

0 0 

Substituting these values in 6.5 



g 	-1 
A . H. , H

1 
= 2x2 

3/118 

-1/J 	2x2 

1/if 3/ 

 

2x2 0 1 

0 1/3 

 

   

   

-1/12 1/31i -1/,,r2-  '411 4 -2 1 1/6 

341-8 1/,153 1/12 3//1-8 -2  4 

.1 2 	-1 1/3 

-1 	2 
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for ) 
2 	0 1 i 	13  OI 

K 
1 -1 	1 
X . 0 

1 -1 (6.51) 

     

which gives the characteristic vector associated with - 3 as 

 

3 

3 

  

obtained by solving the system 6.51. 

Similarly for?) = 1 the characteristic vector is 1 

Therefore A 
0 3 

Normalising the two characteristic vectors we obtain 

H = -1/.0 
1/1" 

3/ fir31 
3/ rig 

and 	H' =  -1/if 
3/Js 

In this particular case HI = H' 

1I 

Therefore the required generalised inverse of A is 2 	-1 
1/3 

-1 	2 

As a check 	AgA = 1/3 2 	-1 	2 	11 1 	0 

-1 2 11 2 	0 1 

Expanding the multichannel normal matrix multiplication equation we will 

have an input aut000rrelation matrix of order N(11+1), N(M+1) and a filter 

coefficient matrix of magnitude N(141), I and an output cross correlation 
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matrix of order N(M+1), M. The stability of the solution can be tested 

as follows. Obtain the 'g inverse' of the autocorrelation matrix X as 

illustrated above. It should be noted that a 'g inverse' would always 

exist for any matrix singular or not. Denoting this by Xg and the cross 

correlation matrix by Z obtain the matrix multiplication XXgZ. If this 

matrix is equal to the matrix Z the normal equations can be solved 

uniquely and the general solution is then giiven by 

A = Xi 	(I XX) Z.1  

where Z
1 

is to be evaluated. 

If the condition stated above is not satisfied the matrix multiplication 

is not compatible and hence no solution can be obtained for the filter 

coefficients. 

It is worth noting in passing that an unstable solution, 

i.e. a condition which does not satisfy the requirement stated above 

in the case of the multichannel equation can he made stable if the 

structure of the auto correlation matrix is taken into consideration. 

In the formation of the characteristic equation the coefficient of the 

second highest power of the polynomial in the latent roots is the trace 

of the auto correlation matrix. But the trace of the auto correlation 

matrix is the sum of the auto correlations at zero lag for-all channels. 

If the seismic model was chosen as a sum of the signal correlated noise 

and uncorrelated noise the auto correlation terms will have uncorrelated 

noise characteristics only at zero lag, as at all other lags the auto 

correlation of the uncorrelated noise is zero. Hence addition of 

uncorrelated noise will only have an effect on the trace of the auto 

correlation matrix and by this variation it is possible to alter the 

inverse of value of the matrix instead of changing the entire structure of 

the matrix. Therefore in the case of an unstable solution a simple change 

of the uncorrelated noise component could make the inverse matrix solution 

compatible with the condition stated before. 
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CHAPTER 7  

CONCLUSION  

From the foregoing analysis it can be seen that a given 

seismic trace can be analysed using different mathematical techniques. 

The basic model for the given trace was always assumed to be that due 

to the summation of three components: signal, correlated noise and 

uncorrelated noise. It was also assumed that the signal and correlated 

noise were convolutions of wavelets and random series. As could be 

seen there is no absolute way of determining the components of the 

trace without making any assumptions. But different assumptions 

regarddng the characteristics of the components enable one to decompose 

the trace mathematically in different ways. As again there is no way 

.of telling which assumptions are justified in a given trace. It may be 

possible to arrive at the appropriate assumptions (and hence the correct 

mathematical decomposition) by considering the geological implications 

of each assumption. The purpose of this thesis was to demonstrate that 

under different assumptions which are valic normally, it is possible to 

decompose a given trace to its components. At least in theoretically 

constructed cases the results of the decomposition were quite good. It 

remains to be seen how these methods would apply in the case of real 

data. 
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APPENDIX A  

AMP 
AMP 

 

TIME, TI MG. 

 

a(t) 
	

b) 

For series a(t) 	a(t)=0 	for t4=0 or t >N 
	

(IA) 

For series b(t) 	b(t)=0 	for t4:0 or It>M 	(2A) 

Convolution of a(t) and b(t) would give 

N 
y(t) 	a(t) * b(t) 	a(T) b(t-) dr 

	
(5A) 

0 

Fourier Transform of a(t) is f 
a
(0= 	a(t)e

-2nift 

0 

N 
	

dt 	(4A) 

If 	 If " b(t) is fb(f). J b(t)e
-27rift 

dt 
0 

(5A) 

If 	 II 

Y".+11 
y(t) is f (f)= f y(t)e

-271 	dt 
0 

1,7+11 	N 
= J 	f a(?) b(t-1-) dt 
0 	0 	• 

M+N 
= 	a('T-) t f b(t-1-) e-2Yrift. dti 
0 	0 

 dT- 

Substituting t-1'= t 

f (f) = J 	aCT-) 	f b(t) e 	dt dl- 
0 

M+N N 
a(7.--)e 	dTiff b(t)e-27ift 

 dt 
0 	-  

=Ifa(f)31.J. 
 b(t)e-27rift 

 dt 	1 b(t)e-2Trift  dt 
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Y+N -2wifl- fa(f)fb(f) - 1 	a(T) e 	[E] dl- 
0 

f
a 
 (f) f b  (f) - El 

where E is given by 

M+N 	M+N 
EzE 	A(T-)41-= 	AN E(r) 
/-=o 	"I" 3:10 

-27r1. f A(i-) 	a ON-) e  

t=M 
and E(1-.) = 	b(t) e-Trift 

t=11-1-  

(6A) 
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APPENDIX B  

-k (a+x)2  
Consider I . J e 1 	dx 

0 

Substituting a+x = u 

c'4  -k u2 f 
-k1u2 e 1  du = J e 1 du - 

a 	0 	- 0 

-k1
u2 

e 

 

du 

of 

Now 
0 

dx 
ifc 

1-4 ki  

Tir 	a -k1u
2 

I = Therefore, 	2  - 	A where A = f 	du 
1 	0 

-k1u2 
Consider B = S e 1 du 

Let k1u
2 = 04 

 oc 
-

doc 
Therefore, = 

2 	1-; k 1  

1 ji  

2 4  cc-k1  
2  1— c.e 04 

3: +oc.4  — • • • 3- _dot 

oc  

1 

c‹. 3/2 	5/2 

2: 	3: 	 4- ...I dot 

oc- S  1 
;77  t — 3/2 

e<  2 
5/2.2! • • .3. 

k12u s 1 
	(k1u2) + (k1

u2)2 

2k1' 
2  777-- g272.17 

= [u 	1 -
(klu2) 	(klu2)2  Therefore A 	

a 0  
2 -7 —577 377:Tf 

a 
4 

 k 2  - 	• 	+ 41
2 a4  

5/2.2: 
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If the Nth term of the expansion in A is AY and 

the (N-Wh  term of the expansion is A. N-1, then 

	

a 	(-1)141  (k a2)N-1  AN  . 74. 

(-1)77  (k1a?)17-2  
AN-1=  

	

4 	 
(2N-3)/2.(N-2): 

For converzence of series A 

	

AL H 	as N QC 

But 1h _ '.T 	
2 k1 	(2N-3) - 	= ka2(2-3/N)  

AN1 	(2M-1)(N-1) 	 M) 
•■■■•). 0 	as N 	c)c 

Therefore A is convergent. 

Therefore I - A is a valid representation. 
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