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ABSTRACT

The aim of this thesis is to investigate the possibility of
analysing a given seismic trace in order to obtain its components.

It seems that various characteriétics of the components of a seismic
trace can be obtained by several different methods. In all these
methods the basic model of the seismic trace is taken as mathematically-
represented by a convolution.

The first method deals with analysis with regard to
differential moveout of the signal and correlated noise. The
agfumption that is made in this analysis is that the moveout fundion
of the signal and the correlated noise from trace to trace can be
represented by a linear function. If this is so it is possible to
separate the signal and correlated noise on the basis of a Fourier
Transformation. If the linear relationship is not fulfilled this
method will fail though it is possible to give an approximate solution
if it is quadratic.

The second method deals with the analyses of a trace when
it can be represented as a convolution of a minimum delay wavelet
with a random spike series.

The third method deals with the analyses of a trace when
it can be represented as a sum of two convolutions represented by the
convolution of the signal wave and its arrival time series and the noise
wave and its arrival time series. If the two arrival time series can
be regarded as completely random a complete analysis can be made _'

which provides the wavelets representing the signai and noise in their



autocorrelation form. If this is not satisfied the general method
breaks down. However under certain considerations it is still
possiblé to obtain the signal 4nd noise wavelts.

The fourth method deals with the analyses of a trace when
it éan be represented by a Legrangian Polynomial.

| The standard procedure in data processing is to use square
error as a minimising criterion for filter design. The aim of the
fifth method is to provide a different criterion which would give
comparable results.

The final section explains’'the mathematical considerations .
that are necessary to implement some of the methods explained.
Particular emphasis is placed on inverse matrix solution as this
is the basis of all filter evaluations. The analysis is made with
regard to matrix inversion which indirectly influénce the solution

of equations involved in the analysis of the seismic trace representation.
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CEAPTER 1

P-K ANALYSIS

1.0 Introduction

It is known that signal and correlated noise have different
move out functions. If a double Fourier transformation is made on a
get of given seismic traces to transform from the time-disténce domain
to freguency-wave number domain it is seen thét the signal and the
correlated noise are separated on the different move out basis. Assuming
a linear move out, B. A. Hainfs in his Ph. b. thesis, 'Studies.of Auto-
Matrix & P. T. Analysis', has shown examples of.this transformation.
In this chapter a mathematical representation of the transformation is
given. It is also demonstrated how the separation occurs and the eritical
points at which this takes place. The approach is different to that of
Haines in which no mathematical justification is given for his contouring
pattern, It is shown that if differentiated values are plotted and each
trace is téken independently a much clearer pattern (with mathematical

justification) is obtained for the differential move out.

1.1 Derivation of Fourier Transform for Linear iove Out

The seismic model chosen for the computation of synthetic

data is defined by the following relation:

1 1
x; (1) = s(t- o) + TR+ & n (t) (i=1,2...N) (1.1)
vhere i = trace number (or channel number)

N = total number of traces
i t = discrete time index, at unit sampling interval
x, (+)
s(t)
r(t)

n, (+)

=4
i

output trace on channel i

signal trace component

correlated noise trace component

L]

uncorrelated noise trace component
= gignal move out on channel i

F 1= correlated noise move out con channel i
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P = signal to correlated noise power ratio
v = signal to uncorrelated noise power ratio
The three constituent traces s(t), r(t) ard n(t) were constructed from

wavelets and random spike series according to

s(t) = by (t) ¥ ()
r{t) = by(t) *¥T(t)
ng(8) = by(t) *7 ()

The folléwing analysis can be performed uﬁder'the assumption of linear
move out for the signal and the correlated néise. Equation 1.1 and the
above assumption give rise to the diagrammatic representation as given
in fig. 1.01, |
NoTEL b)), b.@®), Byk) 5 $®),76),M.&D
ARE TME WAVELETS AND SPIRE SERIES FOR SIG,NF\L
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The exact double Fourier Transformation of 1.1 is

}%} j? 1' ] =2mi(fi+kx)
= = — - —
A(f,X) J fs(t D+ 5 =Py e ni(t)}dt dx e
Consider a typical term
T .
i -oni (fi+kx)

A s(t-e<) e dt dx

0o 0 .

7 —2ri (fi+kx)
= S v (1-) *p(s-%) e dt dx

1 1

0O O

Let t-¢ = ¢
i |

) -

fzc B -omif(z40q)  -2milx
= J S (b, (t) *¥-(t)e tat e dx

d - 1 ' [

G ,

Mo cemiee -omin, o T4 ~2Rift,
= e e f] (b1(t)*)‘(t))e dt.}dx
0 —¢ ! |

b .
Comparing 1.2 with results of Appendix A

fxx -omikx  ~2Wifet |

- e e (£ 1(F)-E) ax ( £p1E))
where ES is defined in Appendix A.
Substituting for'dﬁ from fig. 1.01

‘{N -Mikx =27if( msxi+oco‘)

= e e {fb‘l(f)l{fy(f)-Esk ax

0

X

. W
_emifec ge-2ﬂ1x(k+msf)} o

= £, (£)3f (£)-E e
o1 f%() 3 ~2mi (k+m_T)
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~2TFifec Z =2y, (ke £) E
oje - 1%

- 213 (k+m )

= £, (f){fy'(f)-EsEe

Therefore

£y, (f){f%(f)-Esget-ZT\'ifoco { 1_6-2ﬁﬁc‘,\,(kfmsf)}

A(f,k) =
2ni(k+m _£)
S
-2Mifp i o
.\ fb2(f)if,; (f)_Ec-ge (o] i1-e—2——lﬁ«!(k+ cf)g + oo
Jp 21 (k+mcf)
1 Xy ~2Tikx |
+ i fp3(®) g{nx(f)-rzvg e ax | (1.3)
for k;!-msf, kf’-mcf and k#£#0.
Ifk=Ff=0
| (0){£, (0)-E_ x5
,A(o,o)=fb1(o){f%(o)-E§ b2 + 1 £y (0) f{m (0)-B % dx
3 X v-
S J—;— \JT,‘ 5
. And if k = -n_f
. -2?Tifoco
A(£,x) = fb1(flz/f¢ (f)_p:sge
, T (Oig (0)-E] R ( 1_8"2"'“1\7(‘“‘3“‘”3 ))
JP Tl(-msf+mcf)
( fKN*L ) -2Nikx
1 £ _(f £)-E
+\ﬁ=r' b3)0{x( vSe dx

Similar expression for k = -mcf.
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1101 Analysis of the Transform

Expanding 1.3

£, (207}
2 (kem_£)

A(L,k) = (Cos ZMfec - i Sin Zfe )

{1-Cos 2ﬁxy(k+msf) + i 3in ENXT,(k-i-msf)}

+ similar expression for correlated noise

-

3 £3;50) Of (1, (£)-B,)(Cos ZWicx -iSin 2Mix) dx

Real A(f,k) = £ (), (£)-B ] { -cosomra sinamX (c4m 1)
-2ﬁ(k+msf)

+ SinZRfec, - SinZFfeC Cos2MXy (k+m f)f

+ similar expression for correlated noise

£
+$% fb3(f) g N{nx(f)-BVSCOSZka dx

) (Real. AL, K)) = 11 (f){fx«(f)‘ESS[{_msz'r\focOSinme(k+msf)

0k - 2
, K\-TZH(k+msf)

+ Sinznfxo_SinmfocOCOSmLN(k+msf)} (=1)+(csm_£)

(- 2/\XNCos27Tfo<000s2mLN(k+msf)+ZATstJ.n2nfocosln27rAN(k+msf)]

+ similar term for correlated noise

+ fbs(f) .jXN?lx(f)—EV}Sin’zﬂbc (-2nx)dx
0

1
v



3

- lo -

£ (£)3£ (£)-E : . S -

= Ty ) W >4 s} [Cos?.TYfOCOS:Ln?.—XI\ ‘T(k+msf)-81n2’ﬂfocog"I—Cos’/]T/_N(k-i»ms; )}
— 2
—24\(k+msf)

- 2TkN(}\+m f){Cos(ZTi‘oc + 2K, (k+m f)ﬁk similar term for correlated noise + e.,J
as (L+m f) = I where I is an 1nteger

Sin 2MXg (k+m f) ~— 0

SGSQT‘XN(k+mqf) —> 1 and Sos§27\'fo(°+2ﬁXN(k+msf)}ﬁ Cos(znfoco)

Therefore

D (real a(f,k)) =(..) =2 {kem £)Cosonfe
ox (k+'n f)

ask—-m f
s

+ etc, —»-c¢ for k = -m_f + 1S}

—> o for k = —msf - S
On a similar argument
2. (zeal 4(f,x)) for | £48
5% (rea AT —> ¢ br k = -m f +
as k — -mcf
' o« for k = -—mcf + &

For a constant value of f, the gradient of the graph of real A(f,%)
against k should have a steep gradient at values of k just less or

greater than k = -msf and k = -mcf
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o(f

£)35 -m
Similarly, Imeg A(f,k) = fb-]( /g VAN ) SE
-2’11'(k+mqf)

f Cos2nfx —Cos2Nfx Cos 27TXN(k+msf)+Sin2nfo<oSin2ﬂXN(k+msf)}|-. .-

+ (13 fb3(f) fq{ix(go-EVgsm(znm) dx

'aEk' Imag A(f,k) = £y (f){*%(f)-Es}
' , -2T\(k+msf)2

[(k+msf){QHXNCos2Wfo<oSin2ﬂXN(k+msf)

+ 27rxNSin27rfa<OCos2ch(k+msf)}

-{COszwfgo- Cos2r e Cosi (ikem £ J+Sin2Rsx Sinanx (ksm £) ]

%
be(f) of {nx(f)-EVECosznbc (orx) dx

i
v

o Do ENE0)-B Y (:QTTXN(anSf) Sinfec_+27% (kem_£)
-27v(k+msf)’“

- iCos?ﬁfo(o (1-CosZ‘ITXN(k+msf)) + SinZT\fo(oSinZFXN(k+msf)_ﬂ + ete.

—> o ag k -—7-m'sf as before.
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1.1.2 Analysis of the Sampled Funection

¢ T 2R3 (£h+x)
A(f,k) = = = s(t-°<)+ r(t- F)+ n, (t) e
x<0  t=0
i () ~2Mife ZXN ~2nix(icefm )
= £, (£ (£)-E e '
b1 ¥ &e 20
~omifp N -owix(kefm )
+ £ (DL, (£)-E Je ° 20 e ¢
=t -
+ £, (1) ;N 0 (£) i (1.4)
w x=0

for all k,f.

From 1.4, expanding the equation:

A(£,k) = fb1(f){f [L)-EJLos2nte - 1Sinonfe }

= iﬁosan(k+fms)-iSin2ﬂx(k+fm82§+ similar term for correlated noise

x=0
coet (£) Xy
-l’%v— :_:o (Coszmax ~ iSinZmice) 7, (f) | (1.5)
Therefore,

RealfA(f,k)}= £ (f)§f+(f)-Es}

[zi-i(Cos anfic CosZﬁx(k+fm )=Sin2mwfec ,Sin2rx (k+fm )H+ oo

+ 1, (5) ;N‘Lx(f) COs2Mkx
'

x=0
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Imag A(f,k) = £, (£)§£,(£)-E%

Xy

[2 T{—CosZﬁfJOSinZWx(k+fms)—Sin27ff°<°C0527‘x(k+fms-)}]+
- x=0 ’

_ £ (8) EXNYx(f) Sin2micx
=

x=0

Therefore,

nea1{A(f,k)}= fb1(f){f \P(f)-Es} ;N 'f»CanIT(foCo + x(ktfm ) + oo

x=0
+ £, (f) EXN 7 (f) Cos2mkx | (1.6)

x=0

ImagiA(f,k)}: 3 (f){f*(f)-ES} %0 -( smzn(fx°+x(k+fms))) + eee

- fbj (£) x”w,_x (f) Sin2nkx (1.7)

+— =
v x=0

The absolute expansion of 1.5 is:

A(f,k) ={fb1 $(R) + 1f +(I)}

Xy

= (Cos2ﬂ(ﬁ(o+x(k+fm8)) —iSin27\'(foco+x(k+fm8)))+...+ (CORR. NOISE)
x=0
+ .. £ (R) + if . (I)1{Cos2fkx - iSin2rkx (1.8)
= ibh/ T Pz (31 in2mlex} .
x=0 ‘
where fb1f(R)+ifb1f(I)=fb1(f){f+(f)-ES§ Since the Fourier Transform

has a Real part as well as
an Imaginary part. '

and 'fb3 vl/(R)uij3 ’L(I)sz\l‘z( f) "],x(f)
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Therefore,
l Real{A(f k)} i i b1)b(R) Cos2"(6) + £ (I) SinZ'N(G-)} P
| X, WHERE . G = §o<o ¥ 2UKx§ ms)
+= 1f _ (R) Cos2nkx + f _ (I) Sin2rkx
xao{ b3 b3y, 1
-4 Eo Cos {(2r(£¢ + x(ksfm ) -9A7} + oee.
Xy
+ = B . Cos(ZMcx-7y) (1.9)
x=0
where A0059A=fb (R); AS:LnSAcfb Y-(I)’
Bx,fcoseB=fb3 l?’(R); Bx,fSinngrb3)lEI)'
On the same basis,
Imag{A(f,k)}= i{—fbw_(}l) 510270 (6) + 2,0, (1) Cos 2™ (G) ] + ...
iy (R) (1) }
+ = 5 - R) Sin2mkx + f I) Cos 2™ kx
x=0t P L3
=C= - sm{zn(fac +x (ks fm_)) - ecj+...-2 D, Sin(2mor-B))
x=0 Xy
(1.10)
where bw_(R) = CCosBc fb1y,(I) = C5ind ;
>, fCos,GD fb3’f/(R); . D, £Sin®y = fb3'l,(1).
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Equations 1.6 and 1,7 are similar to equations 1.9 and 1.10, the only
difference being the phase shift of BA, SB, 9C,9D which will shift

the curves represented in 1.6 and 1.7 by angles eA, SB, etc. The form
of the curves 1.6 and 1.7 will remain the same. Hence all the properties
of 1.9 and 1.10 will remain intact in 1.6 and 1.7-but with a relevant
shift. The analysis will be restricted to equations 1.6 and 1.7 for
easier mathematical representation and computing. Referring to fig. 1.01
we ean make db:O without any loss of generality, i.e. the time is
measured from the arrival of the signal in the first trace. Since the
origin of time is arbitirarily chosen, the mathematics can be simplified

by choosing the origin at the arrival of the signal. On this basis

equations 1.6 and 1.7 can be rewritten as:

RealiA(f,k)}: A(f) Z Cos2mx(k+fm)) + B(f) = Cos2n(fB + x(k+fm )
x=0 x=0

Xy

+ C(f) =" B_(f) Cos2mix (1.11)
=0

X
Imag{A(f,k)}= AlS) = -Sin2ﬂx(k+fms) - B(f) 21 SinZn (fPO+x(k+fmc))
x=0 x=0

Xy

- ¢(f) = D (£) Sin2mix (1.12)

x=20

where F is now measured from the new origin. Consider equation 1.12
when f=0 i.e. on the k axis,

N N N
Imang(O,k)}:A(O)Z -5inZx(k) -B(0)= Sin27xk -C(0)= Dx(O)SinQT\'kx
x=0 x=0 x=0

Consider a numerical value for x=9 (say). The analysis can be varied
depending on the number of traces, i.e. the value of N used.
Therefore a typical term for signal and correlated noise in its

expanded form would bes
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9
= Constant = Sin(2Nkx) = C4Sin0 + Sin2nk + Sin4mk +...
x=0

+ (Sin8mk + Sin10Tk) +...+ Sin18nk}

Grouping the Sin terms

= C{3(Sin9AkCosgmk + SingNkCOSTAK +...+ SingmkCosmk)}
= C §EE%EE (Cos9TK + CoSTIK +...+ Cosﬁk)
If we were to choose the value of k as multiples of 1/9 we would have

- g-Sin m (...) where m is now an integer.

But SinmTm=0 for all integer values of m, Therefore on the f=0 axis

at all values of k which are multiples of 1/9 we would have the
correlated noise and the signal terms zero. The uncorrelated noise
térms would not vanish on these points because each Sin term is
multiplied ﬁy Dx(O) before summation and hence the total will not
vanish, Therefore on these points Imag A(f,k) would give the Sin
representation of the uncorrelated noise wave form., Also uncorrelated
noise is zero for all f where k is an integer since Sin 2fkx = 0 for
all integer k as x is an integer, ™herefore for every f on lines
k=0,1,2, etc., only the signal and correlaited noise terms will be obtained,
On examining the summation for uncorrelated rnoise it can be seen that for
f # 0 for various values of k the uncorrelated noise wave form will

retain its Sin wave form with a multiplying factor depending on

Cx(f) and Dx(f). Therefore if we could find these multiplying factors
for various values of f, since we know the bhasic shape of the curve at

f=0 we can eliminate the uncorrelated noise terms in the (f,k) plot.

As shown earlier at k=0 only the correlated and the signal values will

be obtained. But at k=(0+5) the uncorrelated terms will also be added on.

But at k=(0+5) the values of signal and correlated noise will not change
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much and hence can be taken as equal to values at k=0. Therefore by
subtracting the values at k=0 from values at k=(0+5) we can obtain the
miltiplying factors for the uncorrelated noise and by maltiplying the
corresponding co-ordinates of the basic shape of the uncorrelated wave
form we can obtain the contour map of the uncorrelated noise only. The
points explained so far will be clarified by working through a numerical

example.

-

i/zac,

Bﬁzﬁ

2/2,
g

Yfast,

f2p, ——/5

A k=o K=y k=2 =3

PLOT OF IVAG (7,X)

FIG. 1,03
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The crucial points on the 'F-K' plot are as shown above, Every point
on lines marked ZZ1 have uncorrelated noise zero. On points marked

A1, A2, A3... signal component is zero. On points marked B1, B2, B3...
the correlated component is zero. IchO is zero as is the case considered
here every point on line AA will have a signal component zero. Ifc(o

is zero from equation 1.12 it c;n be seen that the signal component.is
zero in all lines representéd by the set of equations K}fms= %- where

I is an integer. On this condition the signal component will be zero in

all points on lines such as AA as shown below,

Y

PLOT CF IMAG (¥,X)

o< =0

FIG. 1.04
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A typical term for Real (A(£,K)) is

Real (A(f,k)) = C %1:0 Cos 27 (fe, + x(k+fms)) + ..

OReal (A(f,k))

= 2T C = xSin 2N (fe_ + x(k+fms)) + ...
2k X=0

.*.DReal (A(£,k))
o 7

= o when fo + x (k+fms) =1

for all x from o—-f-Xn when I is an integar. If fo¢ is an integar, this
condition is satisfied for all x when k + fms = integar which would give
the turning point., As could be seen by comparison of eqn 1.3 and the
conditions derived from it the conclusions are slightly different from

B * that which is derived from equation 1.6.

The infinite gradient conditions do not occur due to the summation and
instead a turning point is obtained with the additional requirement

that f£oC etc... should be integer as well. If fo£, was not an integar

k + fmS = I line would not pass through the turning points of various
curves.But the deviation is not very much as could be seen by inspection

- of figure 1.6. In any case only a probable rzgion of occurence can be

designated anyway.



O4F - - e D e -
03~ — — — A — - -

0’2 b — — - m—— e ——

O1}- A~ — —

aMP 04 00
=50

l\ y
A

A 01 02 03 04 05
SIGNAL
— AMPLITUDE x10°
‘Fig11 R



09

05

04

- 22 -

CORRELATED NOISE
——— AMPLITUDE SCALE

03k

02r

O1E

2 o

02

03 G4

oB

o1

Fig.12

06

o7

o8

09

7y



100
01 O

~100

UNCORRELATED NOISE
== AMPAITUDE SCALE

Fig.13

‘l"

=K

-5z -



\F

SIGINAL , CORRELATED MOISE, UNCORRELATED NOISE

- AMPLITUDE SCALE

AA CRITICAL MOVE OUT LINE FOR SIGNAL
B8 CRITICAL MOVE OUT LINE FOR CORRELATED MNOISE




04

- 25 =~

02

100,

o} 0%

100

©)>

01 02 03 04
SIGNAL
— AMPLITUDE SCALE
Fig15

o e S - o



04

03

02

100
of 04

-100

. = o o5 o7

) COR -LL l :

0B
- AMPLITUDE

-9 -



.FT

05}
. 04}

03r

1004 .

—10

04

Lo

05 06 07
UNCORRELATED NOISE
~== AMPLITUDE SCALE

Fig11

—— e

09

_LZ—



bS]

100

09r -

0-8};

0.5}

o1}

A

- 28 -

L L

g

 ———

0 03 o4 05 0-6 07
SIGNAL CORRELATED NOISE UNCORREL'ATED NOISE

AMPLITUDE SCALE .
AA CRITICAL MOVE OUT LINE FOR SIGNAL .
BB CRITICAL MOVE OUT LINE FOR CORRELATED NOISE




- 29 -

1.13  Illustrative Example

For the numerical example considered now the values were
chosen as follows:

m, = tan4s 3 m, = tanb0 o<, = 0 Po = 3,0 secs,

Ten traces were chosen., Initial summation phase angle was taken as zero
for signal and correlated noise, Fig. 1.1 indicates the theoretical
picture of the Imag (F-K) plot that would be obtained if there were no
noise, As can be seen the zero magnitude contour is a straight line
through the origin with an angle gradient of 1 corresponding to

mg = tan45: The curves are the graphs obtained for constant values of
F for F=0, 0.1,... for various values of K=0,0.1,0.2 etc. PFig. 1.2
shows the theoretical picture of the Imag (F-K) plot that would be
obtained if there were no signal and ho uncorrelated noise. The change
of gradient as explained in fig. 1.02 is seen along the line BB which
is at an angle (1/mc) where.mc is the move out gradient for correlated
noise., Fig. *.3 shows the theoretical bicture of the Imag (F-K) plot
that would ﬁe obtained if there were no signal and no correlated noise,
It can be seen that the curve is symmetrical (mirror image) about the
point k=-0+5 andé zero at k=0,41, For different values of F the curve
retains its basic form as in f=0 but the ordinates are multiplied by

a congtant factor denoted by the multiplying factor in the discussion
before. Fig. 1.4 shows the actual picture that would be obtained in
practice. It can be seen that the move out gradient variations have
been considérably distorted due to the uncorrelated noise component and
it is not easy to draw the lines AA and BB though a probable region of
occurence can be designated., Figs. 1.5, 1.6, 1.7, 1.8 show the same _
considerations as above but plotted for the real (F,K). Comparing

fig. 1.5 with fig, 1.1 the move out gradient change is shown much better
in 1.5 than in 1.,1. This is due to the fact that the real component is

a Cos form which gives a unit at the critical value and the Imag component
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is a Sin form which gives a zZero at the:critical value, This is reflected
in the practical [F-K) plot fig, 1.8 where the signal move out line AA
can be drawn much easier than in the corresponding fig. 1.4. Therefore
for signal move out line it is much better to consider Real 'F-X¥ than
the imaginary F-K. The uncorrelated noise also exhibits the same
characteristics as before the only difference between fig. 1.7 arnd fig., 1.3
is that fig. 1.7 is symmetrical about line k=0.5 and fig. 1.3 gives mirror
image about line k=0.5. As can be seen the uncorrelated noise component
distorts the F-K plot quite considerably and hence it is not easy to pick
out the move cut lines AA and BB for filtering purposes. The following
is an attempt to get rid of the uncorrelated noise components.,
Inag (F,K) was calculated for F=0, 0.1...0.9 with k=0,(0+5),(0+25) etc.
where & is a small number. In the example S was chosen as 10 4. Tt
was seen that the values of signal and correlated components hardly
changed for constant F with increasing K. Whereas the uncorrelated
component still assumed its Sin form with the appropriate multiplying
factor. Since uncorrelated component for k=0 is zero the values of
Imag (F,K) at k=0+5 was subtracted from Imag (F,K) at k=0, Thie should

. give the values of the uncorrelated component for k=(0+d) for different

values of F, Taking the basic form of the Sin function as at =0

.. the corresponding mulitiplying factors for various F were obtained by

the corresponding division of the subtracted term.

The following is a comparison of the derived and actual

maltiplying faztors for various f.

F= 0 0-1 0-2 0<% 04 05 06 0.7 08 0-9 \
Actual 1 3092 116 1+21 1:11 117 091 122 1.07 1-:04

Derived 1 2¢6 1+15 1+19 111 1.15 1.08 107 1:05 1.03
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As can be seeﬁ a reasonable correspondence is obtained tetween the two

sets of values. Using these derived multiplying factors the uncorrelated

components were calculated using the basic form as at f=0 and values

thus obtained were subtracted from the Imag 'F-K' plot. Thus the residual

should represent the signal and correlated noise only with the uncorrelated

noise component removed. The results are plotted in fig. 1.9. A comparison
of fig. 1.4 and fig, 1.9 shows the obvious improvements obtained by thisa

process, In fact a comparison of fig. 1.9 and fig. 1.2 shows how well

the filtering has succeeded. It is also observed that in the Imag '¥F-K)

plot the contribution from the signal is very small due to the fact that

u%=o and hence in practice the filtered version of Imag F-K would almost

give the correlated noise component only as seen by a comparison of figs.

1.9 and 1.2. By employing fig. 1.2 we can find the signal component

move out line as in the 'Real Case' the signal components are enhanced

due to the Cos term.

The separation of move out components of signal and correlatvd
noise immersed in uncorrelated noise can be carried out in the following
manner, Obtain the real and imaginary component of the double Fourier
Transform as given in eguation 1.1. Plot these values for f=0, 0.1,...

0.9 and k=0, 0.1...0.9 as in figs. 1.4 and 1.8. A line such as AA

passing through the inflexion part of the wvarious curves should give

the move out line for the signal from fig. 1.8. Obtain Imag. (F,K) for
Fa0, 0.1...0.9 for K=0, (0+&), (0+28)...(0+95) where O is a small number,
Subtract Irag (¥,0) from Imag§F, (0+8)}for ¥=0, 0.1...0.9. Obtain the
maltiplying factors by division of the various values thus obtained with
the basic cﬁrve at Imag (0,0). Taking Imag (0,K) as the basic uncorrelated
component ecurve construct the diégram aé in fig. 1.3 by mltiplying

Imag (0,K) by the relevant multiplying factors for f=0, O.1...

Subtract curves in fig. 1.3 from curves in fig. 1.4 to obtain fig. 1.9.
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A line such as B3 passing through the inflexion part of the various

curves should give the move out line for correlated noise,

1.1.4 Discussion of the Results

The numerical example quoted agssumes that all phase shifts
are zero, i.é. B'A=GB=%=O. But in practice this will not be so. Hence
in practiee it is not possible to remove the uncorrelated terms from
the F-K diagram as illustrated-;t)efore. However if the angles of shifts
are quite small the above procedure would not give too much of an error.
'An appropriate method ofcalculating the phase angles and thus to decide
i'f filtering procedure should be adopted is given below,

Equations 1.10 and 1.9 are rewritten as:

Rea12A(f k) 2{fb1y_(R) Cos(P ) + f.m)‘_(I) Sin(P)j+

WHERE P= atG

+ 2=0{fb3 1L(R) Coszﬁbc + fbsm(l) Sin2fkx } (1.13)

Imag{A(£,k)}= zog_-fbw_(n) sin(P) + fb1y_(I) Cos(P) [+ ...
X= .

+ fo -beréR) Sin2Mkx + fbsm(l)(CosZﬂcx)} (1.14)

In equation 1.13 let £ . (R) = ACos®,; £ . (I) = ASinb®,;
b1y A 1y A
and fb3 qﬁn) = HSin®; f.b3 1/(1) = HCos‘BH. \

Comparing the conditions in equationsq,9 and 1.10 it can be seen that
the substitutions are the same except for 93 (phase shift in uncorrelated

noise) is now 90 —9]3
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te. 8 -L_9 0 (1a5)

From equation 1.9

Real{_A(0,0)}= ACos GA + A1CosgA1 + SinBH io Bx,o (1.16)
From equation 1.10
Inag{A(0,0)}= ASin®, + A,Sin® A1+ Cos O r:o Beo (1.17)
D{Realt(f‘,k) = $A f 27TxSinB +A = 27\'x81n8 + EXN B. Cos® 2nx
Dk }f 0,k=0 x=0 1 x=0 X1° H
(1.18)
Imag{A(f K)} =-A £ Cos®2mx +A, = 2MxCos®,~ = B  _Sind, 2mx
£=0,k=0 x=0 x=0 v x=0 0%
(1.19)
.10 x = 2mx —(1.18) gives
x=0
magfa (0,0 = 2mx 7 5 Realfa(r,k}}
x=0 £=0,k=0
Xy Xy X
= Cose = 2nx = "52 B 251(} CosE)H (1.20)
x=O x=0 ,
X
(.16)x =, 2rx + (1.19) gives
/
RealjA(O, o)}z 2% ’fak ImagfA(f,k)}
X= ..—O k=0
N ,
= Sme = onx 2 30, *{xzo Bo,x 27‘1(} S:u:xé)H (1.21)

x—O x=0
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: N
(1.20) . oReal{A(0,0)} = x +.& Tmag{a(£,k)}
(1.20) B1Ves ta(o, x=0 Ok £20, k=0 .
= tan GH
N °
MInag{A(0,0f = x = 5 Real{a(f,k)3
x=0 £=0,k=0
(1.22)

_In equation 1,22 the only unknown is 6 H and hence can be evaluated.

From equation 1.15 © p °an be estimated and this is the required phase
shift of the uncorrelated noise wave forms. Unfortunately there is no
direct relétionship between the phase shift E)B and the point co-ordinate
of k at which the uncorrelated wave forms 5ecome zero at f=0. For this

would depend on the form of the summation = Bx o* Computer programmes
: H

x=0
were run to determine the shift in zero for various values of E)B for
two different curves, Fig. 1.11 shows the form of the curve for erese shift
Oo, 20 and 450; It can be seen that the zero shift is about 0,03 for 20°
and 0.08 for 45 . The part of the curve between k=-0,99 and k=-1,01
is depicted in fig, 1.10 for two curves for fumse shifts O , 10, 20 ,
300, 46.. It can be seen that for about phase shifts of 10" the zero
point is almost independent of the'curve and quite a difference is seen
at phase shift 40°. These results are subjected to round off errors
as well, as angular differences in this region are quite small, Therefore
if it turns out that the estimate of BIB is less than about 10: we can
assume that the zero point is independent of the curve and have a fixed
value of k for the relevant wvalue of(3B. This .can be worked out for any
curve and used in any subsequent analysis and it can be assumed that the
zero point is independent of the curve. Iff3B=’10° the shift in zero
is too-mgch dependent on the form of the curve and hence the‘above
procedure cannot be used. In this case an estimate has to be made of the
probable zeroc point on the uncorrelated curve and use oé the values of
A(f,k) to evaluate the multiplying constants. Unfortunately theré is
no mathematical way of finding the precise point as it would depend on

the curve Bf_ which is not known. -
yx )
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1.2 Quadratic Moveout

2
The general formula for moveout for signal is T(x,to) = -——%E————
2t v ()
o o
The general formula for moveout for correlated noise is
( 2
P(x,t ) = —————— 4+ A
° 2t“v2(to) e

These two formulae are derived in 'Geophysical Prospecting' vol:18, 1970

by Robinson. ‘Tﬁerefore the general formula for moveout is

T = °C°X2 + p
From equation 1.2
© _omikx -2Mif(x X4P)
A(f,k) = e e ° {fb1(f)ﬁf+(f)}dx + eee
0
+oF p5(0) qu(f) 2 gy | (1.23)

Considering a typical term inside the integration sign,

-7 (ke+foc x“+£8)
o .
e can be written as
2

~2KifC (x+2f ) =D
e e (1.24)

omifec_ K°
where D = 2ﬂifP -

4f%z 2

« —k1(a+x)2

From Appendix B ,[ e

ax=%j§1—- A (1.25)

From comparison of 1.23, 1.24, 1.25,

k, = 2fifX  and a = k/2foco : (1.26)
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~-2rikx —cﬁlfﬁxbx +B)

[ &
Therefore _f e e dx
0

- ‘ (2rif )A 2 (2Rifx 2 %
- D{%/;ioco' '%{21‘5(0{1’ 5 {21‘1:50?) ] 5.2»:(3//( in{(o) - }}}

\
\

Therefore for quadratic moveout the general form of the (f,k) diagram

is given by:

-D .
A(E,) =ty (e, (e “‘?”al-f E/T:‘ ~ Agignar |

1,s8ignal

D, .
GG O R b

+\r% £p3(£) ,cf)*),x(f) g2k gy J (1.27)

where A, k1, D are defined in 1.24, 1.26 and appendix B, Haouation 1,27
ié the final form of the Double Fourier Transform plot. A point of
interest is that A(f,k) —oC as f — 0. Tuis can be seen by examining
the equation 1.27. It is recalled that in the caée of linear moveout
this did not happen. Hence if.A(f,k) —>o{ ag £ —» 0 we can conclude

that the moveout is non linear.
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CHAPTER 2

WAVELET CONTRACTION

2,0 Introduction

The basis of this chapter is tne predictive decomposition

theorem as illustrated by Robinson CGeophysics', 1967). The problem
that is solved in here is the decomposition of a given seismic trace
assuming it a3 a convolution 6f a minimum delay wavelet and an impulse
series, Robinson's method is explained briefly. The basis of this
method is the Wold Decomposition Theorem iu which only minimum delay
conditibns are agssumed for the derivation of the equivalent seismic
case. But unfortunately in Robinson's derivation a more strict definition
of strictly minimum delay condition has to be assumed. The reason Jfor
this is the inverse deconvolution involved in the solution, Two methods
by which this could be overcome are explained. These two methods assume
only minimum delay conditions and roots of the Z transform equal to unit*y
can be thus dealt with. Another important assumption necessary in
Robinson's derivation is randomness of the impulse series. It is necessary
that the impulse series should have zgro auto correlation for every lag
other than zero lag and have unity for zero lag. It is not certain how
far this condition is satisfied in practice. If this condition is not

satisfied his method is not applicable. Though a general decompostion

is notbpogsible in this_case, under certain considerations decomposition

15 still possible.

2.1 Time Seismic Decomposition

_ I
According to the Predictive Decomposition Theorem (Robinson,

'Geophysics’ y 1967) a given non deterministic stationary process (in the
example, the given time series) X, (~oc<ct< o) with discrete time parameter
t having an absolutely contimious spectral distribution can be represented

by
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Xy = b Ty b Ty L+ e (2.1)
where the components have the following properties:
a) the variables T, hdve zero mean E[Z'_b = 03 unit variance E[l_%]: 1
and are mutually uncorrelated E[ttts V=0for s ft
b) b>0 and b02+b12+... < ocC '
c) the operator b s by ... is minimum delay. (Note: minimum delay is defined
as a sequence of values whose Z transform has all its roots greater than or
equal to 1. and strictly minimum delay is a sequence of values whose Z transform
has all its roots greater than 1)

In the seismic equivalent of the above time series, bo,b.,... is the common
minimum delay wavelet and Z’t is the strength or the amplitude of the wavelet
which arrives at time t. Decomposition is an attempt to derive the arrival
times of the wavelet i.e. E’t’ given the time series values e I Given the
absolutely contiauous spectral distribution conditions the decomposition can
be performed in the following way. (Robinson, Geophysics, 1967)

1) Compute the autocorrelation of the given time series.
oc
O - el = = nF t-k] E‘ by 2 m)n]
t== < k=0
Since it is assumed that E[ljci,s]= 0 for t#s (see condition (a)) the only non
zero value of ¢ (™ occurs when t-k=t+1-N or when N=T"+k. Therefore,

-2 F w sl nls 00 = % b

t=—oC k=0 t=

from the unit variance condition in (a). This means that the autocorrelation
of the minimum delay wavelet bt is the same as the autocorrelation of the

time series xt.

2) Fourier Transform the autocorrelation to obtain the power spectrum,

Power spectrum é (w) =¢_§E g{(’b) e—iW’P‘ - ]B(w)\ P

Although there are many wavelets by which yield the energy spectrum é (w),
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only one of these is minimum delay. Therefore it is assumed that this
is the unique minimum delay wavelet which generates the physical pheno-
menon. The required minimum delay wavelet is obtained as follows. The

power transfer functio_n of the minimum delay wavelet is given by:

F(w) = ;_ T b 0, r >0
. T =-m
where T = r r
~ T BB B T
t=0 S
Form the polynomial
m m - ~4m
z ¢ (z) = = x z
T =-m

)
and solve for its roots Zys Tpeesly o Let Zy 9 ZoeeeZ be those roots

2m

zk(k=1,2,...2m) of modulus greater than 1 and also those Z, of modulus 1

counted half as many times, If there are s roots greater than 1, there
will be s roots less than i1 and also there will be an even number of
roots equal to 1. (For proof see Robinson 1967)

Form the polynomial
: m

B(z) = (2 - z_;)(z - zé)...(z - zl;l) = = bszs
8=0

and the required wavelet values are then given by b_', b2"'bvn' This

will give the minimum delay wavelet bs.

3) Evaluate the inverse wavelet ag such that afso for t<0; a°b°=1
t
for normalising b =1 and = a b =0 for t = 1,2,3..,
_ ° g=0 °© t-s

4) The inverse wavelet a convolved with x, will remove the wavelet bs

t

and the amplitude factors & + will remain as:

o
i1:"22‘ 8'.'3.;[1:-51
s=0 .
. o< oOC . oc
for = ax, == a = b ¢

g=0 S t-s 80 S.0-0 T t-s-7-
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oC o b
== gy = n-s_it-n
8=0 n=s
Recalling br=0 for r< 0
t
Since = ab ) for.t;lo
asG 8 t-s

= = [2 .5 12 Fa
fo a'sx't;-s = rf(-) 520 a'.'3 n-s] t-n = %

2.2 Discussion on the Assumptions and Modifications

In this derivation several points become noticeable. In the
original decomposition theorem 'bs need be only minimum delay but in the
inverse evaluation (step 3) 'bs has to be strictly minimum delay, If
'bs is not strictly minimum delay it has no finite inverse, as a root of
z=1 will give a divergent inverse series. Hence the above derivation is
valid only if bs is assumed to be strictly minimum delay. In this case
it will have a finite inverse a_ and the convolution a.s*xt is a valid
process. This seems an unfortunate restriction as the decomposition
theorem is valid for minimum deiay conditiorns as well. This difficulty
could be overcome as follows.

The minimum delay condition would mean that the Z transform
of the wavelet will have one or several roots equal to 1. This would be
represented by a convolution of a strictly minimum delay wavelet with a
n equi delay wavelets where n is the multiplicity order of roote =1 in

the Z transform, The 72 transform of

dm- =gm et

T ==oc

o ~
would give @ (z) = ’r‘z ¢ (T) 2
=—m

. ™
Therefore zmcﬁ(z) = 2 ¢ (M =2
! ~ =
From this polynomial solve for its roots Zyy Zoeeeone
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Let (z;, 2!

1 '
5 ...zm_n) be roots greater than 1 and (zm_

n+1...2$) bg roots
equal to 1. (note: the total number of roots 2m can be divided into three
baﬁches; a set of roots k (say) greater than 1 and k roots less than 1
(if z is a root, %-is also a root) and (2m-k) roots equal to 1.

(2m-k) will always be an even number.) This would mean that the wavelet

'b8 consists of a convolution of a strictly minimum delay wavelet with 2

transform roots (z;, zé cee z&_n) ahd n equi delay wavelets.

Jn this basia the decomposition theorem can be written from

oL
R A L TR

° ke
= * |
to x, ;f;'[ek n (equi delay wavelets 4k
where ) is strictly minimum delay with Z transform roots (zi ’ zé ...zé_n)

'o Evaluate the Impulse Series

Method 1 : If x, is composed of a number of equi delay wavelets as showm
by the factorisation of the auto-correlation, its Z transform should
have roots = 1 of multiplicity eqpél 10 or greater than n, If this is
s0 eliminate the wave c¢cbtained bty convolving n equi delay wavelets from
the time series. This can be done by the subtraction of the relevant

Z transform. This would leave .

: =
X, = c, &
t =0 k “t-k

where x%

delay wavelets, This is the same form as Robinson's derivation and his

is the new time series obtained after elimination of n equi

method is now applicable as C is strictly minimum delay. If the Z
transform of the given time series does not contain at least n roots
equal to i, one of tw§ conclusions can be arrived at:

a) the given time séries does not contain a convolution of

n equi delay wavelets,
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b) the values of x, are such that it has n equi delay

t
wavelets but it is an addition of another component series, x% (say)

where (xt- x%) has a Z transform with n roots equal to 1. But any time
series which has a continuous spectral distribution can be represented

by a convolution. (Robinson, 1967). Hence the assumption (a) is not

valid., Hence only assumption (b) is valid. x% can be found as a poly-

nomial in Z (Z transform) with coefficients A , A

0 ...An by the condition

1

that T
f(z) = x(z) -Ax'(z)

together with its n derivatives are zero for z=1, Hence the modified

x, series will have exactly n roots equal to 1 and can be treated as before,

Method 2 : Compute the inverse of the strictly minimum‘delay wavelet

values given bty ¢, (k=1,2...(m-n)) as d, where

cd =1 and d,= 0 for t<0
oo 1

and ' m-n

. 2 d C = 0 fOI' t=1,2’3..
8 t-s
8=0

Compute the convolution (dk* it) which would give the series obtained
by the convolution of the impulse series E% (unknown) with n (known)
equi delay wavelets, Knowing the value of n,'tt can be obtained as
shown in the example below.

Let us assume a value for n (say 4 ) i.e. the auto-correlation
factorisation gives 8 roots equal to 1. This would mean that the minimum
delay wavelet nas 4 equi delay convolutions. The Z transform of 4 equi

' [
delay convolutions would be

£.(z) = (z + 1)4 =144z 4 62° 4 433 + 2t

i.e. the time series (1, 4, 6, 4, 1)
An impulse of amplitude equal to unity arriving at time t=1 when convolved

with f1(2) will give the series

Tp(z) = (241)% x (12) =2 4 432 4 @3 | 48 4 55



- 46 -

AMP

0O = MW A

UNIT SPIKE (8)
) ) 3

] 1 2 3 4 H & 7 8 9

FIG. 2.1
| — B ®# 4EQUI-DELAY

TIME

FIG.2-2

GIVEN WAVE
=== === UNIT SPIKE ® 4 EQUI-DELAY

& -
Ir= -
< \
; ! r : ‘ \ \ TIME
-1 o 1 ‘2 J 4 5 [ ] ; L] 0 11 12 I 14 15 16 7 18 19 20 an 22 23 24
-2 o
" -3

F1G. 2.3 DECONVOLUTION
eeess= Derived Impuiss Series
— Deconvolved Impulise Seties




- 47 -

This series is represented in fig 2.1. This curve is the basic

representation of the 4 equi deléy cbnvolutions. Congider a series

vy obtained by convolving the given series x, with the inverse of the

strictly minimum delay wavelet C obtained by the facforisation of the .

power spectrum as outlined earlier on. Le’ the digitised values of

vy = (0, 1:5, 8:0, 20-0, 30, 27-5, 14, 3, -3, =12, =21, -24, =21, -12,
-3, 0, O...) |

This curve is represented as curve A in fig, 2.2. It is obvious that

thé first arrival is at time T=1 and is of magnitudé 1¢5. In fig., 2.2

plot the curve in fig.'2.1 but magnified 1+5 times as thé amplitude of

arrival is 1+5. This is shown as fhe first dashed lined curve., If there

were no other arrivals this curve should match the curve in fig. 2.2

exactly. The discrepancy is due to the later arrivals. Examining the

difference at T=2 it can be seen that an amplitude difference of 2 is

obtained between the curves. Hence there is an arrival at T=2 of

_ magnitude 2. Insert the curve in fig. 2.1 in fig. 2.2 but with origin

at T=1 and magnified 2 times as the amplitude is now 2. If there are no

further arrivals the sum of the first dashed curve and the second dashed

curve should give curve A. Any discrepancy is dﬁe tQ a third arrival at

the first point of discrepancy whose magnitude is the difference in values

of the two curves. This procedure can be contimued until the end of the

curve A is .obtained by matching the co-ordimates, The results are shown

in fig. 2.3 where the impulse series is obtained as (0, 15, 2, 3, 0, O,

0, 0, -3, 0, =3)., This is the required %, series.

2.3 Alternative Solution ' o J

It will be recalled that an essential coﬁdition in the derivation
is the restrictions imposed on the impulse series. An impulse series can
be evaluated in this way only if its vaiues are such that
1) they are uncorrelated
2) have unit variance

3) zero mean,
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It would be quife helpful if an impulse series which does not have the
above properties can be evaluated as well. Though it is not possible
to do this all the time it is sometimes possible to evaluate an impulse
gseries under certain conditions even though it does not satisfy the
above conditions. These special cases will now be discussed.'

It is quite important to make certain that the minimum delay
wavelet evaluated from any method is indeed the unique wavelet involved
in the convolition. In the caée'of a minimum deléy regtriction this is
always so as a given auto-correlation will yield only one minimum delay
wavelet though it may yield infinite number of wavelets which are not
minimum delay. However, under hon minimum delay conditions the solution
can be tested as follows. Form the Z transform of the wavelet obtained,
and compute its rocts. Compute the roots of the Z transform of the gdven
series. If all the roots of the wavelet are incluced as roots of the
given time series it is not unreasonable to asswie that the solution is
correct. In this way the obtained solutior can be tested for correctness,
in the following discussion it is assumed that the given time series is
a convolution of a finite wavelet and a finite impulse sgeries.,

Case 1 : Let the wavelet be represented by bo, b1...bm. Let the first
arrival be at time t=0 (there is no loss of generality in this assumption
as the origin of the given time series can be shifted to the first non
zero value) and let the second arrival be at time t=T. If T = m the
wavelet shaﬁe can be evaluated quite simply. Consider a time series
xt=(0, -24, 24-8, -8, 0-8,0, 0, O, O, O, 7-8, -8-06, 2-6, -0°260,

o, 0, 0, 0, 0, O, O, b, 0, -16+2, 1674, -5-4, 0:540, 0...)
This series is shown in fig. 2.4. DBy inspection it can be seen that the

required wavelet shape whose Z transform is

£(z) = -24 + 24,8 - 822 4 0.827
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This can be verified by checking the rocts of the time series with the '
derived wavelet roots. Dividing the Z transform of the given series, i.e.
£(2)= ~242 + 24-82°- 829+ 0-82% + 7-821%- g.062™'+ 2.6272- 0v262'3

~16:2223 4 16-742%4 - 5.42% 4 0.5402%°
by £(z), the required impulse series is obtained as its Z transform as

fI(z) = 2 - 0-325210 + 0-675z23

The arrival times are represented'in fig, 2.4 with a unit amplitude

arrival at time t=1, .

Case 2 : Let the wavelet be represented by (bo, b1"'bm) i.e. assume a
length of m time units for the wavelet point A in fig. 2.5. Let the
given time series meet the time axis for the first time at a point B
Qseevfig. 2.5) where B is at time units G. Assume that there are only
two arrivals before time units G and that m«< G. Under these conditions
the wavelet values can be evaluated as follows. Plot the values of the
gradient of the given time series., The values when joined together
should produce a smooth curve except at the point of arrival of the
second impulse when it should give a sudden jump in value. This is
clearly illustrated in the plot of gradient shown in fig., 2.5. Hence
the arrival time of the second impulse can be marked at-point s. Find
the time interval from S to B and mark off a similar time interval from
origin O to point S1 in fig. 2.5. Under the assumptions made above
this point S1 is the point at which the wavelet would meet the time axis
for the first time. ZILet the amplitude of the second impulse be
B x (amplitude of first impulse). The amplitude of the first impulse
can be taken as unity without loss of generality.

If the digitised values of the required wavelet is represented

by X, and the time series values by S (i.e. S, is the amplitude co-

L

ordinate at time 1) then the co-ordinate relationship for the period

0 to B can be given by
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Sy, = X + BX oo (2.1) for time T20S

and SL = XL for time T£0S

at time T=OS1, XL;O from conditions assumed.

Therefore at point S1

S = B |
L X os
If 0S,-05<0s, the value of B can be obtained. In the example in fig. 2.5

0S = 4 time units
SR = 7 time units
Therefore SB = OS1 =7
and 081 - 0SS =7 -4 =3 ig less than 0S and hence the conditions

are satisfiéd.

ng 108 at L = OS1

and X5 = 72 for I-0S = 3
Therefore
B L . 108 = 1.5
3 72

Therefore the amplitude of the arrival at time T=4 is 1+5., Since the
value of B is known, using the ecquation 2.1 the values of XL up to 32

where SS_= OS can be obtained and these are the required values on the

2
wavelet and hence wavelel shape can be determined. Once the waveletl
shape is known the impulse series can be evaluated by 7 transform division

as shown in case 1. The time series chosen for this example has values

(o, 48, 70, 72, 60, 112, 120, 108, 78, 60, 27, O, =12, O,...etc.)

Case 3 : In the previous example it was necessary for point B to be
further away than the point A from the origin. Even if this was not so
(i.e. if OA>0B) the wavelet values can be obtained if S,AZAA,. Consider
the example in fig. 2.6, As before by plotting the gradient values the
second arrival can be established. ILet us assume that the wavelet values

are represented by g(x) for n = 0,1,2,..etc. and the time series values



- 54 -

by T(x) for x=0,1,2...etc. Let the amplitude of second arrival at point

S (found earlier) be B. Draw line AA, at a distance SA_= 0S. Find the

1 2

2.\ Draw the line BB1 at a distance AB2= SQA. The

is the overlap region. If the curve values from A to S

point A wlere OA=SS

region AA1BB1

aze represented by N(x) for x = OAQ—-—>OSQ, the co-ordinates of any

2

point P in the overlap region AA1BB is satisfied by the relationship:

1

B £(x),, , + 3 M), = m(x) (2.2)

For example consider the point p on the timescurve at a time interval
5 within the overlap region. At this point T(x) = 20.

The point p is at a time distance 2 from S and a time distance of 2

from A,
8(x) 4 xop=20
and N(x)at x=2 from S, origin” =15
Therefore from equation 2.2
S 2x20-1x15 =20 ' (2.3)

B
which gives B = 1+5 or -%
The ambiguity of values for B can be resolved by considering another
point p, (say) within the overlap region. At point Py T(x) = 235

and point Py is 1+5 time units from S and 2+5 time units from A,

Therefore g(x)at x=1:5 = 18
and N(x)at x=2+5 from 82 origin -10
10
Therefore 17B - 3" 235
which gives B = 1¢5 or -0:05 (2.4)

From results 2,3 and 2.4 B can be evaluated as 1.5, Knowing the value

of B the wavelet shape can be computed and hence the impulse series as
before. The time series considered for this example is

0, 16’ 20, 15, 27’ 20, 6, O' "15, "17, O, etc.
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It should be noticed that the position of B (i.e. the point at which
the given curve intersects the time axis) is quite irrelevant to the
calculations. In the illustrated example B and A are identical. This .
is a coindidence and is not used in the calculations. The derivation
is valid even is OA>0B. The only condition necessary is that 82A>AA2

or otherwise there would be no overlap region,

2.4 General Soluticn

Case 4 This is the most general case when no aasumptions are made. An
exact solution is not possible., However an aiproximate solution can be

obtained as follows.'

AMP

N X Axis

| TiME

GIVEN CURVE T(x)

- WAVELS &(x)

PIG. 2.8
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Consider fig. 2.8 where T(x) is the given time series. As before point

S can be.found. Draw AdAo' at a distence SA,= OS = u. ILet p be a

3
-turning point of fhe given time series and let OP = v where v < 2u.
If v&2u the following procedure can be adopted. The time series curve
T(x) can be represented by

T(x) = g(x) for time 0 —>S (S is a known point)
and 7(x) = Bg(x-u) + g(x) for fime? u, ~(2.5)
where B is +tle amplitude of the impulse at time us ;

Therefore for time T u

ar(x) = Bg'(x-u) + g'(x) | (2.51) |
dx

At the point p of the curve

dT(x) = gradient of time series at p.
dx

Therefore at point p

Bg'(xu) _+e&(x) _, =0 (2.6)

Let A;, Aé, Aé be the co-ordinates of the wavelet at point<

(p-ot), p,(p+St) where &t is a small increment in the time axis.

Let ‘1‘1, T2, T, be the correspomnding co-ordinates of the time series

3

curve 1'(x) , and let Ayr Ay .A.3 be the co-ordinates as shown.

Then form equation 2¢5 applying to point (p-5t), p, (p+t).

BA, + A} = T, ' (2.7)
14 =

BA, + A} = T, (2.8)

BA, + AL =T ' (2.9)

3 3 3
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AB = TANGENT AT POINT P'1
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Consider the figs. 2.9, 2.10 where the region containing the point p_;
is shown enlarged. Depending on the position of p_'| three configurations

can be drawrn, Fig. 2.9 represents the conditions when A; >Aé> A%

and fig., 2.10 represents the conditions when Aé? A_;, Aé?A%

Another configuration representing the condition A1' <Aé <A% can also be

drawn. Conditions for this case can easily be modified.

Considering fig. 2.9 for small St

o - ©4 (-B)/2 (2.10)
v 1
But tane = A178 = M-Ay ) (2.11)

t can be chosen as unity without any loss of generality
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Al-Al

and fan = 273 o araar - oA (2.12)
51 273 23
Therefore , tan — 2 = (- 1+j;:Z— )/ A,
o< 2
and tan — = (-1+J1+A23) / Ays
From 2,10 . ,
tan © + tan 3 - tan % | (2.13)
-1 4+ tan ——tan —5 .
Tan ¥ =
&
1-tan © ‘2R 3 - tan 5
o< <
14 ‘tan-—z' tan <

Put g'(x)x;p= tan ¥ . Therefore g'(x)xzp can be formed in terms of

AL, AL, A%. Also g'(x—u)x=v is known since the curve from 0 — S

is known,
Therefore in equation 2.6 B is unknown and g'(x-u) is known

and g'(x) can be written in terms of Ay, A, Aé.

Therefore in equations 2.7, 2.8, 2.9, 2.6, the unknowns are A;, A %

and hence can be solved to obtain the wavelet co-ordinates Ai, A2, A3’
etc., and B the amplitude of the impulse.
Fquation 2,10 has to be slightly modified for fig. 2.10 to

Dick

T 29 .
2

and similar modification can be applied for the third configuration

1 ] 1
when A1 < A2<A3

If it so happens that a maximum point Z occurs in the region 0S the
above calculations can be modified to give a less tedious calculation.

Nark a point Z, on the curve such that SZ,= 02 on the time axis.

1
At point Z1 equation 2.51 would give

iﬂ_x_)_ - g!(x) - tan?

dx

because g'(x-u) = 0 as Z, is a maximum point.

1
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Hence equation 2.13% would give an equation involving A;, Aé, A% only

and in conjunction with equations 2.7, 2.8, 2.9 these values can be solved.

An alternative to the above is as follows, Integrating equation 2.51

| [T'(x)dx - Bfg' (x-u)dx + {&'(x)ax (2.14)

Plot the differentiated curve values as shown below:

PIG. 2.11

Let A%, Aé...Aﬁ be‘the co-ordinate values of the differentiated wavelet
form A; at x=u to AN at Z1 where SZ1= 0Z on the time axis.

The values of A x AN‘are known as shown earlier. If x is
chosen small enough the following approximation can be made valid to

equation 2,14
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5 * A} + A}
J Tt(x)dx = B f g' (x-up 1 2 X for area 1234
S - 0 2
Sy 2x Al + A}
) T*(x)dx = B _f g'(x-u+ T2 3 x for area 2365
S1 x 2
S Nx
jN T'(x)dx = B f g' (x-uy A1t &y x for last area.
1 : (N-1)x 2

In this set of equations there will be (N-1) unknowns consisting of the
unknown co-ordinates of differentiated wavelet from (A}, A%..;Aﬁ_1)
with the amplitude of the second impulse B and there are (N-1) equations.
Hence the unknowns can be solved to give the required wavelet values of
the differentizted curve. The value of B the amplitude of the impulse
will also bé obtained and hence the wavele: values can be derived,

Al example is evaluated now to illustrate the reguired steps
for the general case. Let the given time series be as shown in fig. 2.7.
Only the relevant part of the curve is shown as the rest of the curve
is irrelevant to the argument. The conditions that have to be satisfied
by this curve are as follows: '

(1) It is assumed that the curve is a representation of a
convolution of a wavelet bt(t=0,1...n) with an impulse series.

(2) The wavelet is assumed to be finite in the sense that
n is a finite number. The first impulse is at t=0,

(3) There are at the most only two arrivals between t=0 and
t=n, where n is.defined as above. |

For this particular caléuiation it is assumed that a maximum

of the wavelet occurs before the second arrival. This is not a necessary

condition but otherwise the calculations are quite tedious, Under the
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above conditions the impulse series can be evaluated as follows:
Step 1 : Plot the gradient of the curve. This is shown in fig. 2.7.
Examining this diagram a sudden break in the curve at T=3 is shown
which implies that the second arrival is at Ta3,

Step 2 : From fig. 2.7 find the time at which the first maximum of the
curve occurs. DRy inspection this is seen to be at T=1.7. This is
verified by noting the value at which the differentiated curve cuts
the time axis, for at a meximum point the differentiated value should
be zero., Fig. 2;7 shows that at T=1.7 the value of this curve is zero;
hence the original curve has a maximum at T=1.7. Mark this point Z on
fig. 2.7 where 0Z=1.7 and 0S=3. Mark Z1 such that SZ = 0z,

Step 3 : Divide the region SZ1 and 0Z into a convenient equidistant
values., In this example an interval of T=0+25 was chosen as shown.

It should be obvious that the smaller thé interval the better the

2 2 H D2 D! D3 D% $ ese
D7 D7 D8 D' :+ and C1 C; C, Cé 3 C C' 3 3 Seoe C7 07 08 C8 .

Let the above areas be denoted as AA(1), AA(2)y...AA(T), and BB(1),

results would be. BEvaluate the areas D D'

BB(2),...RB(T).

If the differentiated wavelet curve has co-ordinates A1' A2' AL

3

A, As' A6' A" ALY at T=OL OC , OC

" 7' Ag 35 0C4, 0, 0C, 0C, OC

5 T8
the following approximations can be made as shown earlier, If the

impulse magnitude at T=3 is B,

A"+ A" (0.25) 4+ B x aA(1) = BB(1)

2

A" + A3 (0.25) + B x aA(2) = BB(2)

(0-25) + B x AA(7) = BB(7)
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As such there are seven equations and seven unlnowns in B, Aé, A%...A%
eand can beAeasily solved. |
In the example the following values were obtained for the

relevant quantities:

AA(1) = 89-906  BB(1) = 152-250 A} = =107
AA(2) = T0-750 BB(2) = 112-781 AL = - 97
AA(3) = 53-609 BB(3) = 78-234
AA(4) = 38-391 BB(4) = 48328
AA(5) = 25-000 BB(5) = -22.781
AA(6) = 13-344 BB(6) = 1-313
AA(T7) = 3-328 BB(7) = ~16+355

B

The seven equations were solved by the matrix inversion

method and a value of B = 2:026 was obtaired.

Step & : Time series curve is plotted again in fig. 2.12 as T(x).
Starting with origin as T=3 plot the part of the curve AB but multiplied
'by 2026 as curve CD. By the subtraction of curve CD from curve BE
obtain part of curve PF. I!ultiply the co-ordinates of curve IF by
2:026 and plot them with origin at T=6 as curve DG. Subtract curve DG
from EH and plot these values with origin at T=6 as FI. Multiply curve
FI by 2026 and plot the valﬁes with origin at T=9 as curve GJ. Subtract
curve GJ from HK and plot it as IL with origin as T=9. Since value of
curve ABFIL is zero beyond T=10, the required form of the wavelet is
obtained as ABFIM.

Step 5 : Obtain the Z transform of the given time scries as fT(z) and
the Z transform of the wavelet obtained as shown above as fw(i).

Divide fT(z) by fw(z) and the result will be the Z transform of the
impulse series, In the above example considering only the part of the
curve containing the two impulses

£,(2)=0 + 2528 + 28Az° + 21027 + 600z% + 57627 + 3722° + 15087

-6Oz9 - 84z10 + 72z12 o« o o

£,(2)=0 + 2522 + 28822 , 21053 , 962% - 4825 _ 42,7 + 362°
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3

Division of fT(z) by fw(z) gives fI(z) = 1+22° and hence the impulses

can be obtained as shown in fig 2.13 where an arrival of magnitude 1

is obtained at T=0 and an arrival of:magnitude 2 is obtained at T=3.
The example considered was built up theoretically so as to

satisfy the conditions 1, 2, 3 and this build-up and the subsequent

decomposition process is illustrated in fig. 2.7.
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CHAPTER 3

CORRELATION ANALYSIS

3.0 Introduction

This chapter is based on an article by B. P. Dash and
°B¥P9LLaH~K 405 tDetermination of Signal and Noise Characteristics using
Correlation Theory'. The method used by these authors is briefly indigated.
The article is an attempt to evaluate the signal characteristics in the -
form of its auto correlation when it is immersed in noise. The authors
have come to the cdnclﬁsion that within the length of the signal wavelet
the auto correlation of the signal matches with the cross corrélation of
the traces. It was noticed that the practical results do not tally with
the theoreticél solution. The purpose of this chapter is to explain the

discrepancy and to illustrate the conclusions with examples,

3.1 Derivation of the corielations

In an article entitled 'Determination of Signal and Noise
sfatistics using Correlation Theory' by B. P. Dash and ocemdulLAR K™ in
'Geophysics' Vol:35, 1970, it has been claimed that the noise and signal
characteristics can be cobtained by correlation analysig. The method is
as followa,

Consider two seismic traces x(t) and y(t) having a common
signal component s(t) and different noise components n(t) and m(t).

These mayvbe represented by the following two equations:

x(t) = s(t) + n(t) (3.1)
y(t) = s(t) + m(t) (3.2)

The auto correlations cxx(t) and ny(t) of the two equations are:

Cxx(T) =d[:EX(£) x(t+7) at : (3.3)

Cry®™ = [2y(8) y(t+T) at (3.4)
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or writing it fully,

Ce® = [ ) + n(t)]  [a(es1) + miea7)] at (3.5)

and .
S = [Tfs8) + m)]  [s(6+1) + m(e)] a (3.6)
K
By expanding the terms in the brackets in 3.5 and 3.6 and putting
e = [ :s(t) s(+47) at
¢ (D) = [7a(t) n(t+7) at
¢ (T) - [:n(t) s(t+7) dat

c (1) = [jn(t) n(t47) dt

we have

CelT) = Cog@) + € () + C_(1) + € (1) (3.7)

() =€)+ C (T + € () + () - (3.8)
Where CSS(T) is the same as in equation 3.7 and

csmm = [ :s(t) m(t+7) at
Cpa(T) = /[ m(t) 8(t+7) at
¢, () =[:m(t) m(t+7) dt
Next, taking the cross correlation of the traces x(t) and y(t) we have
ey (0 = [ Tx(8) y(e7) at

and a C 1) = [ :y(t) x(t+7) dt
On substituting for x(t) and y(t) in terms of &(t), n(t), m(t) welmay write
Coy (1) = Cg (D) + €, (D) + ContT) + €D (3.9)

and Cox(T) = Coo(T) + C_ () + € (7) + C_(T) (3.10)
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where CSSQT), CnBCTﬂ, Csn(Tj, Csm(Tﬁ and Cms(Tﬁ are the same as in

equations 3.7 and 3.8,

while ¢, (P -_Z::n(t) m(t+T) dt
and c. &) = j: :m(t) n(t+7) at

Since we have aasumed earlier that the signal and noise are uncorrelated
and that the noises n(t) and m(t) in the two traces are also uncorrelated

it follows that in equations 3.7, 3.8, 3.9 and 3.10,

c, (T) =C () =C (M) =C (1) =C ) =C_(1)=0

Thus we have
Cox(™) = C o) + C (D) (3.11)
6, () = Cogl®) + Gl (3.12)
and Cey (M) = o) (3.13)
Cox(¥) = Coglt) (3.14)
Prom equations 3,13 and 3.14 |
Co (™) = [0, (M) + € ()] (3.15)

And from equations 3.11 and 3.12 we have by substituting the values of

css('r) for equation 3.15

Con () = O () = 3 (D) + 0 (1) (3.16)
and Can() = Gy @) = 2[00 () + 0 ()] (3.17)
Hence it is claimed that it is possible to determine the auto correlaticns
of the signal and noise from two similar traces under the assumption made

earlier, In the article quoted above a theoreticsl example has been given

to illustrate the application of the above method. In this example the

two traces were represented by
x(t) =d(t) * A() + KB(t) *B(t) (3.18)
y() = ol(t) * A(t) + KB(t) * c(t) (3.19)
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where the series s(t) is considered as the convolution of a wavelet ol(t)
with a random series A(t). Similarly, series n(t) is considered as the
result of the convolution of a wavelet @ (t) with a random series B(t)
while series m(t) is the convolution of{S(t) with a random series C(t).
iIf was also assumed that random series A(t), B(t) and C(t) are mutually
ﬁncorrelated. As would be seen from the above analysis the cross corre-
lation of x and y traces should coincide with the auto correlation of the
signal as shown by equation 3.13.‘ But when the above method was applied
it was found (as shown in the article quoted) that the cross correlation
function was non converging whereas the auto correlation function of the
signal is a definite converging finite function. The anthors have observed
that in the interval of the signal duration this cross correlation diagram
is similar to the auto correlation of the signal and hence they have come
to the conclusion that the above method would give the auto correlation

of the signal as far as the length of the signal, -

3.2 Breakdown of the Theoretical Case

It will be granted that if all the assumptions regarding
various series were fulfilled the cross correlation function will coincide
exactly with the auto correlation function as given in equation 3.13.

The fact that this does not occur means that in reality one or many of
fhe assumptions made are not fulfilled.

Consider equation 3.9:
nyCT) = Cg (M) + C (M) +C (V) +C (T

Rewriting this equation in the expanded form,

cw(v) - c”(’r) +fn(t) s(t+7) dt +fs(t) m(t47) at +fn(t) m(t{7) at

From obvious considerations noné of the integrations can be carried out
from -of to 4+ as all time series are finite and all integrations will be
performed as summations as the time series is given in digitised values.

Let us denote the length of wavelet 5 as consisting of (N+1) values
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from ¢=0 10 {=N and zero elsewhere, i,e, letB(t) be represented by

2(t) for t=0 to N. Similarly let the length cf < be (L+1)

" u n " B on (M‘”)
|.| '.' ﬁ' n A l‘l ( S+1) )

Under these restrictions and with the understanding that
, n(t) = K1@(t) * B(t)
and m(t) = K, g(t) * C(t)
4xd s(t) = oL($) * A(t)

we can write say C_ C”) as

" " n " c " (P.'”) ‘ o
¢, (V) = M+NL1 B(t) * B&ﬂ lo2(t41) » A(t+l)]

where the integration sign has been replaced by summations, Therefore,

Cns(fr) - m+N{ [ £ @(s)B(t-s:} [Ggoioi(@’\‘) A(t+’l\'-G)3]}

Expanding the above,

~ BN
Coelt) = K, 2 L@OB,G + BBy +..+5N3(t-nﬂ |
E{ (MAT) +JTH) A1) rol(THT) A (34T L, )]

‘ﬂ@o% | ‘ :Lz(“)A(T\ + T3 1)AT= 1)+ e+ o (T4THA(T=1) }}Iﬁ
{[@031 +6.% ] ol("(')A(—v+1)+ LT3 l+1)A("’)+..+ oL(LAT)A(T=L41) _} 3
EF + 3.3, , +--+@NBo Tt a@m- .. +ol (IA7)A(T=1+N) “}Kﬂ
+§L(o’ . @1BM-1 +. .+@ NB(M-N)I__ - | o —}K1

+ . L] L] L . L]

ﬂ 0 0 +@N13(M) ][O{(T)A( M+N)+ .o +O<(L+\)A(a-L+M+N)]}

where the outer brackets enclose the term for the summation t=0, t=1, etc.

up to t=(i4N). The above multiplication can be written in a compact matrix

notation as:




(1)
™

where each row obtained by the matrix multiplication should be added on

to the subsequent row., The terms in the above multiplication can be

regrouped to obtain:

1 o .
K1cns(fl-) ‘{@o"‘( \)[BOA,‘_ +B1A¢+1 +eo+B, A

+§P((1~)[BO o 1A,r+2—+ A .J+ @195‘.;1 oo + o e e

+ . L 4 L L 4 L4 e * L] * L] L L] L ]

; oL
+61\1“"m[Bohf(-%f*' L2 ]+§NT+1 -t

1 (D) ]+(3§§_+1 NG ]+. : +§00‘-L+TE%A(’V-L) ]
+§ T@’BA l+1}+@1 |+1@% @) ]r et e e e .

. oam{tb]; N (T'+N—L)] }

+§N°Er[¢BA( 1+ NT+1[¢BA(T+N- ]-f.- .« o+

where 4)3 A(’r) is the cross correlation of the wavelets B and A at a lag ‘|

By observing the cross correlation function values involved in the expression

it can be seen that the lowest lag is (T-L) obtained at the top right corner

of the correlation mat.rix, and the highest lag is (T#N) obtained at the
lower left corner of the correlatioﬁ matrix,
thus contain all lags from\e(T=L) to‘i:

coefficients.,

: I
A similar analysis can be performed for the correlation values

AN (51)  (B+1) (1) ’ (1+ 14N) (1+1)
5, 0 0 0 7[B0] x [A@)  A@1) .. AED) ]
B, B, Pl x A1) A . . AT | |o2(T1)
e e e e 62 X . . . . AL (T+2)
By B, - B, . . . . . ]
By « o Buy
0 0 O By | 6N | x A(TTIN) A(’[‘iﬁ-1+N)..A(’|‘iM-L+N)~ _ol(’l‘;LA

» -
N fr+m]+ Bomr - *@o"‘w{fo“q&f' R TR R
, 4

The correlation matrix will

(1#N) multiplied by the appropriate




- 72 -

of Csmfr) and Cnm(Tj. By following exactly the same prccedure it can be
shown that for Csm the correlation involved is 4he(¢j and the relevant
lags are ffom

T=T<N to T =T+L

and for C_ the correlation. involved is ¢%CCT) with the relevant lags from

-

‘P e T-N to T = TN

From equation 3.9 if we were to have perfect matching between cnyTﬁ and

CSSGT) we snould have CnS(T), CsmGTﬁ and Cnm(ﬁﬁ all zero for every T from

time t=0 to T . But as shown above this would only happen if each cross
correlation term in the expressions for Cns(qj ete. aie identically zero
for all lags.

Hence the following conclusioncan be arrived at: If the
length of the signal is such that it has an auto correlation funetion for
lags t=0 to =V and is zero for lags t>7 (i.é. as we have taken the
length of the signal as (I+3) the auto correlation function will have
values for t=0 to t=T=I#Sthe cross correlation of trace x and trace y
will coincide exactly with the auto correlation of the signal up to lag

- from t=0 to t-TsLIS/'(in this instance), provided:
(1) <‘>BA(T) =0 for V=~T-L to T4N
= .I to (I+N+S)in our example.
(2) 4>AC('r) =0 for V= 1-N to T4L
‘ = -N to 2L*S in our example.
(3) $pol™) =0 for T=ToN to N
= ~N to I+N+S-in our example,
If all conditions (1), (2) and (3) are satisfied, the entire auto
correlation function can be recﬁvered from the cross correlation diagram,
If the relevant cross correlatioﬁs are not Zero, the coincidence will be-
only up to that lag which would give the least common raﬁge for the zero

ranges of the three cross correlation functions ‘PBA(T), ¢ACCY) and ¢%C(Tj.
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As can be seen if our original assumptioﬁ of non correlation is true for
the entire range T=-octo “T=+ec, exact coincidence will be obtained from
T=—cto T=t+cc. But because of the truncation this is not satisfied and
errors will_occur'at a point relative to the first non zero cross covre-
lation coefficient. Therefore the success of the ahove method lies in
how far the assumptioné are valid and if it so happens that the three
random series give cross correlation values zeroc up to sufficient lags to
fulfil the three conditions (1), (2) and (3), the method is 100% successful
and the method will be successful in varying degrees depending on the
length of the lag. It is satisfying to nctice +that non correlation of
the random series is.only required within a specific range and not from
ta—oc to t=+£, for if this is the case the method is completely invalid
and it is not unreasonable to expect non correlation within a certain
range but it is highly improbable that there is complete non correlation
in the entire time lag.

Hence, as shown, the auto correlation of the signal can Ye
recovered only if the three conditions (1), (2) and (3) afe satisfied
and since there is no way of verifying whether this was in fact so, the
‘method cannot be applied in all cases. BEven if the conditions (1), (2)
and (3) were satisfied and the cross correlation dizgram would coincide
with the auto correlation diagram at least up to the required length, it
still remains to find the point at which the first error occurs for there
is_no way given of finding the point at which coincidence ceases, But
in practice the second problem can be overcome by visual inspection of
the correlation diagram., The signal auto correlation would have zero
values beyond a certain maiimum lag say'r « Therefore if the cross corre-
lation diagram satisfies coincidgnce up to and including this lag T,
beyond this it should have several zero amplitudes. In fact the cross
correlation will continue to be zero be&ond lagq- until the first error

\

occurs and beyohd this the correlation diagram is at error., Hence if a

series of zero amplitudes are obtained in the crossacorrelation diagram,
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it is reasonable to assume that the diagram represents the auto correlation
of the signal up to the lag at which the first two consecutive zerd

amplitudes occur.

'

3.3 Solution based on modified conditions

The following is an attempt to find an alternative way of
obtaining the noise and the signal wavelets assuming the only condition
that the trace 6an be represented by convolution of a wavelet and an
impulsé series, It is assumed that several traces are availabde which
have the same stafistics in the sense that it has the same signal wavelet
and the same noise wavelet, and the signal’arrivals are the same in all
t:aces but noise wavelets arrive at different times in different traces,

Recalling equatsons 3.18 and 3.19, let the two traces x(t) and y(t) be:

x(t) =ol(t) * A(t) + K, @ (t) * B(t) (3.18)
y(t) = l(t) * A(t) + K, B(t) * o(t) (3.19)
with the same meaning for the symbols. -

3.18 = 3,19 would give:

£(4) = x(8)-3 (1) =B () *[x,3(8) - 1,00)] = B » D(3)

.j;)N ?(s) D(t-s) as
"[@o")t *BDyq * o +6NDt-N]

and £(t+T) "[@ sy * BrDpung * ¢+ 8 NDt+T-N]
Therefore, $..(T) = f b= p(4) £(41) at
. t=-00

In the digitised form, we convert integrations into summations. Therefore,
M+N

Rpp(T) = téo @Dy @1Pp1+e *ByPy) Boliprt 124y
It should be noticed that the length of the impulse series D(t) is (M+1)
and hence the summation is from t=0 to t=14N, fbr M2P,

The above expression can be written in the expanded form as:
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;£ (T)=6yD, [-901' 312y f"*ﬁ«”rr-n ]
+Go® [(30 q-+1*@1 *@ND N+1]+{51 o[ t+1@o"(3’1 ’r"""@ND’r-Nn]

+ L] L [ ] . .

[@onfnm“”@*l mau-1* "@Nbfmz-n]“" '+@NDM NE} o+ B0 ]
¥ -0 *""@N]_’M-NH[@o_r\mn * e |

+ ¢ ¢ ¢ o o

+}.». L 4 L d -

+ 0 {0y [F’OD/an*’ AP 1

‘?o%vﬁbﬁ"“)}*@ o1 i T e (e 5_[f%+(31ﬁ§m('r§[»..ﬁh&w(fzb}n‘):[}k
R i Ui o ) )

where%n(’ﬂ is the auto correlation of impulse series D at a lag .

. Now. ¢§@(T)={@O[5'J+ (3,1 [{3((_“] Feoot @N[ﬁ(mﬂ]} : : S -2 (3.21)
Comparing equations 3,20 é,nd 3.21 and equating relevant coefficients
Cpﬁ.("r) will be equal to 4’68(’1') if the terms inside the square brackets

are identically equal. This is so if and only if:

B(1r) = BBy (Tr) + B, & (T4x=1) + vuv + B (T4x-N) L (3.22)
for all r=0 to N (3.23)
and all T=0 tp (8. o (3.24)

Consider the condition whenT=0. The equation 3.22 will then reduce to:
B(=)=Bokip(x)+Bybpp (=-1)+ «o v +Bdpp(=-1)

For T=0 6(o)e§o¢nn(o)+@1%n(-1) + oeee +éN4>DD(-N)
B()-Bobyn (148, 8 (0) + +vv 4By (-341)

. L] L] ) L ) [ ] L] L L] . . [ ] L) [ 4 [ 4

T=N e(N)z%thD(N)+(31%D(N-1)+ cee "’PN%D(O)

(3.25)

Examining the correlation terms involved in this set of conditions it can be
/

seen that the lowest lag involved in this set of conditions is at the top

right hand corner, i.e. ngD(-N), and the highest 1lag involved in this set
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of conditions is at the lower left hand corner, i.e. ¢'DD(-N) and 211 lags
from time T=-N to time T=+N are involved in the conditions.

From inspection of the conditions in equation 3.25 it can-
be deduced that the equation 3.25 will hold if and only if (PDD(’t-) is zero
from T=-N to T=+N except at V=0, when it shiould have a value of unity.
Therefore if '?m)(’r) .is zero from 7 =-N to T=+N and unity at T=0, we will
have the auto correlation of trace f equal to the auto corrélation of
wavelet ﬁ at zero lag. |

Now consider the conditions when‘V=1., The equation 3,22

will reduce to:
F(r+1) - @04>DD(1:+1) + @1?1)])(1') PO ‘3N4>DD(r+1-N)
For v=0  B(1) =@dn(1) + B ®op(0) +oeut By (1-N)

For =1 f(2) =B®p(2)  + Bubyp(1) +eewr Bp(2-W) (3.26)

For r=N »@(Nﬂ) - @d\:DD(NH) + @& +...+(SN1>DD(1)

Examining the correlation terms involved in this set of
conditions it can be seen that the lowest lag involved in the set of
conditions is at the top right hand corner, i.e. (.’pDD[-(N-ﬂ:I and the
highest lag involved in the set of conditions is at the lower left hand
corner, i.e, 4>DD(N+1) and all lags from Ta —(N-1) to U= (N+1) are involved
in the conditions.

From inspection of the conditions in equation 3,26 it can
be deduced that the equation 3.26 will hold if and only if 4>DD'(T') is zero
from"i';-(N-1) to T=(N+1) except at =0 when it should have a value of
unity. Therefore if 4>DD(‘T) is zero from V=-(N-1) to §=(N+1) and unity
at q=0 we will have the auto correlation of trace f equal to the auto ¢
correlation of wavelet ﬁat lag T=1. )

By a similar examination for conditions ﬁhen Ta2,3. 00 (M4N)

etc, we can arrive at the following conclusion: ’

bef(’\”) = dP(*P (’T) from T=0 to T.



provided (i) CPDD(r) =0 for r==(N-7) t0 r = (N+1)

and (11) ¢p(0) = 1 (3.27)

In reality as the maximum negative lag (N-T) is less than the maximum
positive lag (I4%) we can assume that _the negative lag zero is automatic-
ally satisfied if the positive lag conditi:n is satisfied. This is assuming
the symmetry of. the auto correlation function on either side of the zero
lag axis. -

On this basis the conclusion quoted in equation 3.27 can be

rewritten as follows:

¢ff ) = 4>eg(’r) from =0 to T

provided (i) ‘PDD(r) = 0 for r=1 to r=(N+7)

and (1) ¢ (0) = 1 o (3.28)

The second condition is not a serious handicap as a constant value of
<Pm)(O) = K say,. would merely amplify the relevant auto correlation values
by a constant amount and hence the basic shape of the auto correlation
diagram would 'be kept intact though amplified by a constant amount.

Let us say that the impulse series D is such that it has
'4>DD(T) = 0 from T=1 to T=G and fDD(T) # 0 at T=(G+1) and for the
sake of éimplicity assume ¢DD(0) = 1, From consideration of equation 3.28
we get: N+ = G and therefore, T=(G-N).
Therefore if we were to plot the auto correlation of trace f it would
coincide with the unknown correlation of ﬁ from lag T°=0 to lag =(G-N)
and thereafter, the coincidence will cease. In fact, by examining the -
conditions given in equations 3,22, 3,23 and 3.24, we can deduc‘e errors
for all subsequent lags as follows., Let (3. = r, i.e. ‘?DD(’T) = 0 for
M'=1.to T=r and ‘\>DD(4') £ 0at ‘Ta(r+1).v Considering the form of the set of
equations in equation 3,26 it can be seen that the only error term inv'olve_d
is at the highest lag, i.e. ¢5D(r+1) on the lower left coefficient, for all
?m(’i‘) from ’\‘21_. to T=pwill be zero. 4

/

Therefore the error in the lag V= (r+1)snis:
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@o@w[%n(r”)]_ |

The error in the lay T=(r+2)nis:

¢ (x+2) (Bfy) + 4>DD(1‘+1)[@ _1\3()*(511@1}

The error in the lag T=(r+3)nis:

bpp (=43) (B i+ Gy (m42) (Byy_ By )+ (41 )[@N-zfgo‘“@zw ﬁ*ﬁ*ﬁz]

and the error in the lag T=(r+G)nsay. is:

Ppp (246 o%*%n(r"(}‘”@\m@o*%ﬁ)“"*4)111)(1'”) [%-(G-ﬂéo*ﬁq-mzﬁ eyl 1]

The above expressions can be written in a compact matrix as follows. The

errors involved inbthe evaluation of the auto correlation values from lag

T=(r+1)nto T=(r+G)-ware giﬁen by the matrix multiplication:

:? Qs@N-(O-s) 0 0

s=0

0
$ b (1os) § Pofli(o-s) O °
s8=0 s=0 - :

$ Bbo(o-a) £Pafi(1a) - o 0
s=0 s=0

Ls= s=0

where E(r+1) is the error at lag T=(r+1) - M

and  BE(x+2) " v v n wTa(rs2)nete.

3.4 Illustrative examples

0 {GxG

¢bn(r+2)

dpp(+3)

Gg';és(%{(cq)_s] .. gog;s@N (0-2)

Z?DD(r+1f

(Gx1)

~ (Gx1,
E(r+1)

E(r+2)

E(r+3)

The application of the above method will now be illustrated

with a theoretically constructed example.. The problem to .be solved is as

follows, Given a set of traces (at least four) which contain a signal and

noise wavelets, is it possible to obtain the characteristics of the signal
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and the noise wavelets in the form of their auto correlation function?
The following assumptions are made: |
(1) the form of the signal wavelet is the same in all four traces.
(ii) the arrival times of the signal wavelet are the same in all four traées.
(ii1i)the noise wavelet is the same in all four traces.
(iv) the trace can be mathematically represented by the sum of two
convolutions of the signal with a randgm sgries (correéponding to
the arrival times) and the noise with a random series (corresponding
to the arrival times).
No restrictions are placed on the properties of the wavelets for signal
and noise, 4
Following the notation used before we have foui traces
denoted by x(t), y1(t), yz(t), y3(t), and hence we can form | -
£,(8) = x(t)-y,(t)
' £,(t) =x(t)-y,(t)
and - £5(8) =x(t)-y5()
These three traces are presented as time series in figs. 3.1, 3.2 and 3.3,
The auto correlation diagrams for these three traces are presented in
fig. 3.4. Bj inspection of fig. 3.4 it caa be seen that auto correlations
of trace 1 and trace 2 coincide up to lag 4 (denoted by line AA) and
auto correlations of trace 2 and trace 3 correspond up to lag 6 (denoted
by line BB). Hence it is obvious that the éuto correlation of the noise
wavelet ﬁ(t) has been correétly evaluated al least up to lag 4 for coin-
cidence is obtained in all three traces up to this lag, Therefore 7=4
as used in equation 3.28,
The analysis will now be made with regard to trace 1,
Considering condition 3.28 the impulse series contained in trace 1
(denoted by D(t)) must be such that its auto correlation function shoqld
give zero'for all lags from unity to (N+4) where N is the length of the
noise wavelet, 'Ih 6ther ﬁords ¢5D6f}=0 for V=1 to (N+4).> At present there

is no direct way of evaluating the coefficients of the impulse series to
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satisfy the above cohdition, but the required values can be obtained by
a trial and error method as illustrated below. Obtain the Z transform
of trace 1. This would be a polynomial in 2 with its highest power as
15. Factorise this rolynomial and obhtain its 15 roots. This was done

~ using the CDC 6400 and the results are tabulated in the computer progran.
By a similar method obtain the 20 roots of trace 2. Trace 1 was obtained
5y the convoiution of]3(t) with an impulse series D1(t) and hence éaﬁ be
represented by its 2 transform a:s P(Z).];(Z‘). Simiiai'ly the trace 2 can
be represented by P(Z).DQ(Z). Thereféré any root obtained in trace 1 and
not on trace 2 is part éf the impulse series D1(t) as a root which is
part of the wavelet should also be présent as a root in trace 2 since
the same wavelet was assumed, Therefore collect all the roots in (1)
which are not present in (2) and obtain a polynomial f(Z) by factor
maltiplication. In the example the required.roots are 4,7,8,9,10,11,
Since we do not know the length of the noise wavelet we will have to
assume certéin values and check whether this value would give coefficients
to satisfy condition 3.28. A table can be prepared to illustrate the
conditions necessary for various values of N. If #(t) is such that §(N)
is the first zero value beyond which it is all zero, i.e.éa(r)=0 for

r=N, (N+1), (¥+2) ... and so on, and the impulse series is such that

its last impulse arrives at time t=M i.,e., its Z transform has a highest

power of (M-1) we can form the following table for trace 1 for different

values of N:
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Length of No. of Roots Length of | Length Of ¢bD;O

Impulse Series | of Time Series | Time Series | Waveletp (t)

Ta0, T=M . Te0, T=s T=0, T=N Value of ¥
6 15 17 12 15
7 15 17 11 14
8 15 17 10 13
9 15 17 9 12
10 15 117 8 11
11 15 17 _ 7 10
12 15 17 ¥ 6 9
13 15 17 5 8
14 15 17 4 7
15 15 17 3 6
16 15 17 2 5
17 15 17 R 4

Column 5 is obtained by adding 3 (since the coincidence ceases beyond

“Y=4) to column 4, Depending on the value of N in columm 4 the condition

in column 5 wou1d~change as shown, Theoretically all the values of N

are possible and we will have to check for each value of N. But practi-
cally wé can exclude certain possibilities straight away. For instance

the row 1 requires an impulse series of length only 6 to have a non zero
auto correlation value at a lag 16, which is quite impossible and hence

N=12 can be excluded immediately. On this tasis we can also exclude

N=11, 10, 9, 8, and hence we need only consider X=7 downwards. For instance
let us say the correct value of N was in fact 7. This would mean that the
length of the impulse series is 11 and thus it would rave 10 roots for its
factors in its Z transform. But we have already found 6 roots aﬁd hence
will have to select 4 roots from the rest in order that the time series
obtained by the Z transform multiplication of these roots would give an

auto correlation function which would éive zero for lag T=1 to lag {=10.

If it is possible to do so (we will have to try all the possibie combinations)
this series is the impulsebseries involved in trace 1 and hence the multi-

plication of the rest of the roots in its Z transform would give the required

wavelet shape of the noise wavelet., If none of the combinations satisfy
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this condition we will have to discard N=7 and check for N=6. By this
waj we will find the right combination of roots which wouid give the
necessary condition given in column 5vand thus we can evaluate the wavelet
shape, Hence we can evaluate the impulse series as well as the arrival
times of the noise wavelet. Therefore the complete shape of the noise
wavelet as well as its impulse series in trace 1 and trace 2 can be
evaluated, Rewriting the equations 3.18 and_3.19 in their Z transfofm.

1*

notation:
x(2) = (2) A(2) + K, P (2) B(2) | (3.29)
¥(z) =L£(2) A(Z) + K, (2) ¢(2) (3.30)
In equations 3.29 and 3.30; x(2), y(z),p(z), B(Z) and c(z) are all lmo;m
functions,

Let OC(Z)A(Z)aFA(Z) and P(Z)B(Z)::FB(Z) and p(z)g(z)=Fc(z). .Therefore:
?,(2) = x(z) - X, F,(3) (3.31)
and | F,(2) = y(2) - K, F,(2) | (3.32)
Comparison of corresponding coefficients of equal powers §f Z in the right
hand side of equations 3.31 and 3.32 would give the full Z transform
faxpression of F A(Z). Therefore: '

F,(t) = ol(t) * A(t) (3.33)

Thus the series FA(t) can be found. To evaluate ol(t) and A(t) sepa?ately
the procedures illustrated can be repeated. But unforiunately in this case
. we have only one gseries and therefore we have to assume that the impﬁlse
égries A(t) satisfies the required condition 3.28 i.e. if the length of

. oAt) is N, then we will have to assume that A(t) is a series such that
thcr)ao forT=1 to (N, + N,), If this is so, condition 3.28 is satisfied
from T=0 to V=N ;, (i.e. the full auto correlation function of the signal
waveleic“t)). We could verify whether this condi{ion has been in fact
satisfied by observing’the sequence of zero values that should be obtained

for the auto correlation of FA(t) beyond a certain T=s before the first
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error values are obtained. If this condition is not satisfied we cannot
obtain the fuil auto correlation of o{(t) but we can still obtain it
partially up to a certain lag but we cannot be sure at what‘lag the
coincidence ceases.

Thus we have obtained the form of the noise wavelet and
its arrival times and the signal wavelet (under certain conditions)

iithout assuming any prior conditions f&i its arrival form presented -

as an impulse series. !

Therefore this method would give results even under
conditions where the complete non correlation of random series is
invalid provided non correlation is obtained within certain specified:

periods,



- 86 -
CHAPTER 4

POLYNOMIAL ANALYSIS

4.0 Introduction

There have been many attempts to separate the signal from
correlated noise on the basis of differential moveouts., This chapter

—

deals with a néw attempt to achieve the separation. The method used '
is the polynomial approximation; Under ce£;ain conditions (this is almost
always satisfied in the seismic case), it is possible to analyse a seiéﬁic
trace by representing it as a Legrangian Polynomial. If the usual assump-~

' ve REPRESENTATION AS ConvoLuTa
tions regarding sigqal, correlated noise and uncorrelated noise, are made
it is possible to work out the different moveout functions of the signal
and the correlated noise from trace to trace, This method is different
to all other methods in that no prior formula-.is assumed for the moveouts,
and moveout from trace to trace is evaluated and hence the complete move-~

out function can be formed. Under certain conditions it is possible to

eliminate uncvorrelated noise. This is effected by repeated differentiation.

4.1 Polynomial Representation

The following is an attempt to separate the signal and the
ccfrelated noise represented in a seismic trace by means of their differ;
ential moveouts. It is known that signal and correlated noise have
different movequts and by investigating the moveout patterns it is possible
to separate the signal and the correlated noise, This is the basis of
velocity filtering as was analysed in Chapter 1, An unfortunate necessity
that was apparent in the previous analysis was that the move out function
of the signal and the correlated noise had to be known beforehand. It
was demonstrated how by assuming linear variation the signal and the
noise components were separated. But when even a simple extension of a
quadratic moveout was incorporated the analysis became quite involved and
no concrete conclusions could be obtained. For any filtering the moveout

functions have to be known beforehand., The following is an attempt to
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follow the moveout of the sighal and the correlated noise from trace to

trace and hence not assume any prior formula for the moveout functions,

The model for the seismic trace is as before:
1 1 .
xi(t) = s(t-d,) +{§.r(t-ﬁi) +Ji-ni(t) | (i=1,2...N)

where signal s(t)-b1(t)*y(t)
correlated noise r(t);bz(t)*Q(t)

“r

uncorrelated noise ni(t)=b3(t)*qi(t) : V

with the usual meanings for the various symbvols, Iet db be the moveout

of the signal in the very first trace, and(3o the moveout for the correlated
noise in the first trace. Leto(-B be the moveout of the signal from the
first trace to another trace and?s be the corresponding moveout of the
uncorrelated noise, The problem to be amolved is: is there any way of
estimating the value of ds and ﬁs? If it is possible to estimate the

shift of the signal and the correlatéd noise from trace to trace the complete
moveout function for signal and correlated noise can be worked out and
velocity filtering can be carried out very successfully}as a major problem
in velocity filtering is the lack of knowleuge of the precise nature and
form of the uoveout functions. An importapnt consideration is the assump-
tion inherent in all seismic work, i.e. the wave form of signal and
correlated noise, i.e. 8(t) and r(t) remain the same in all traces but
with different shifts denoted by their movecuts. On the other hand
uncorrelated noise is completely random and its wave form is completely
different from'traceuto trace. The method to be adopied in the analysis

is the method of polynomial representation. A given set of pointa can be
represented by an appropriate polynomial provided it satisfies certain
considerations. Various polynomial representations have been made and

the one adopted here is the Legrangian Polynomiai. A given curve f(x)

can be approximated by>a Legrangian Polynomial which takes the same valﬁe
as f(x) at a number of selected points X1s XgreeoX, in a given range (a,b),

The poiynomial is written as:
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L(f) = é lj(x) f(xj)
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v

where the polynomials 1j(x) are defined as:
- IJ(X) "'ﬂ:.j(x)/ﬁj(xj )
where 1{(x1’= (x—x1)(x-x2)...(x-xp)
and w4 (®) =)/ (x-x,)
The error of the Legrangian Polynomial is wfitten in the form:

£(x) - L(£) =T£%‘l £2(%)

whereIlis.some mumber between the least and the greatest of Xys XppeeX s X
and the continuity of a7f/dx" is assumed. The only consideration .
relevant here is the convergence condition which is proved in !'l}ethods
of Numerical Approximations' by D. C. Handscomb, on page 23 a2s follows:

If x and Xys XgeeeX, lie in the real interval (a,b) then Ln(f) converées

2
uniformly to f(x) if £(z) has no singularities in the complex plame within
a distance of (b-a) from any point of the interval, It could be seen that
the three component curves in a seismig trace are all convolutions of
wavelets with impulse series and this conforms to the consideration
stated before. Therefore we can represent a seismic trace as a Legrangian
Polynomial,

Let us represent the signal component as a polynomial
of degree N and the correlated component as a polynomial of degree X

and the uncorrelated component as a polynomial of degree L,

On: this basis the first trace can be written as:

th1=[AN(t-p(o)N+AN_1(t-db)N +oouthy [ (=B m, (4-B)" +...+Bo]

1 L I-1
+fT'(LLt + L. .t 4+eest L

I-1 O)

where X1 is the first trace (the traces are denoted as X1, X2 ...XW ete.)

and th is the amplitude of the X1th trace at time f:t.
1

The signal to noise rationvalues Jﬁ x (i can be incorporated into the

polynomial coefficients and hence the seismic trace can be represented as:



N N~1 M M1 ]
th;[AN(t-&O) +A.N_1(t--lo) +..+AO]+[BM(t—ﬁ)) +BM_1(t-§o) +e04B,
X, X,-1 '
*[I‘x,' el gt +...+L01
where olo is the delay in signal arrival
and (30 is the delay. in correlated noise arrival.
The second trace can be represented as X2 in which the amplitudes are

given by signal delay 'ls and correlated noise delay Ps as:

Tix "{AN l:t'("‘o“""s)]N + AN-1[t-(°(0+°(s)‘JN_1 Foeee Ao}
{BWE B+l )]M By [t - (fg* Pﬂﬂm toeee # Bo}

X -1

{th +LX—1 +...+Lo'3

)

The form of the subsequent traces th ’ th ..etc., will be in the same

3 4
format with cifferent delay. e(s and @s and different polynomials for the

uncorrelated noise, For the following analysis it is necessary that the

highest power of the Legrangian Polynomial for the uncorrelated noise,

ie X1 in trace X1 and X2 in trace X2, should be less than both M and N,

This could be easily verified as shown later in the analysis. It is

also assumed for the sake of analysis that M >N. Rewriting the equation

of the first trace:

— ot i s
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| Y " ¥ =_[ Ag(t-op)" +.....+A0}[ BMSt-@o)M +........+130]+ U.N

1

35'1 "[N AN(t-Jb)N_1+----+A1 ]+ EW BM(t'Po)MJ*“"':"+B1 ]+ U.N
e _

&, =[N(N—1)AN(t—ob)N-2+..+2A2 ]+ E‘J[(M—1)BM(t—FO)M'2+.....+232_. T+ vw

aNy_1 s[NPN ' Ay ]+ [MPN Bm(t—@o)M-N+. .+NPNBN ]
atl‘l

e @ o @ e 9o ¢ o o e e & © @& ® 5 » 4 > 9 & e e & 2 o e 0

é}i - [0 | ]* [_MPM B ]

i

where APB = (4)(A-1)(A~-2) ... (2=(B-1))

It should be noted that the uncorrelated noise contributions drop off
after the (L+1)th derivative and the signal component distributions drop
off after the (N+1)th derivative and the (}+1)th derivative, and there-

after are all zei'o.
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The above equations can be written in a matrix form as follows:

o (M1)(1) ' g o(l.‘[+1)(N+1) (X+1)(1)
0 N -
Y, (t-os) (t-Jo) ciesess Py Ay
1 N N-1 N-1 N-2 1
¥, Py(t-4) P(t-)"° ceeel P Ay 4
2 N, ;. , \N-2 N-1 £ \N-3 2
y1 - A Pz(t-"o) Pz(t— o) TR P2 . o‘
N,
¥ Py 0 A
M
y1 o L
: (1) (1) @s1)(1)
M W=1 0
(t"Po)L (t-po) I EEEX] Po B]‘JI
M M=1 M= - ¥=-2 1
1P1(t"€o) P1 (t-@o) esses P1 B.’“’-—1
™ » . 3 . - L3 - -
N % .
N N o L I BE IR BN IR A I BN I N ] N N
M :
Rr
“PM \ L
where y* is the Nth differential. Tt is observed that y" is the
last non zero differential and yM+c is zero for all C > 1,

A similar expansion can be made for trace 2, the only difference. being

o above is replaced by (¥o+ eé) and §O is replaced by (ﬁo-l-@s)-
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The diagram below shows the differential values at three important

co-ordinates, i.e. t=oq), t=f), t=(Po+p) for the two traces.

ol

: ¥
v, l 1
. Y- (N-1) 1
o A 3,4’ +..+F B 1] '
9 v -1
y::- 1‘1\1 1 Pn-1B0Fo Pr1By yl\
? N-1
' I"‘rx(f’o"’*o)+ L By
& Iﬂ
N et I’NBN(" G+ '+NPNBN1 ! N
7 4 N, ¥ i
| _Prr“}{’ PlgBN
: N+1 ! : J. (% yl‘\'|+1
¥ I N+1 -
| I\rn”N+1
| N+?2
e | T2 1' T
! | PN{I-2BN+2
|
. ¥p g1 l ¥
7 HLY s i ¥y
I P
o1 l I '
‘ l 1 N+
FOR TRACE 1
| | DIAGRAM 4.01 'I
N1 | "By 1‘“1\{?0*‘5) ~(dytd )]“ Pyt By gy | N-1
2 | ' r V2
l N {
l I
B | | P B | b
2 | I $ - V2
|
. | | N1 | vt
¥, Il | N+1 N+1.|. y‘2+
| N |
N+2 : | w B!
y2‘" ! ! N+2 N+2 | N+2
{ i + Yo
K, l | |
o o | %MBFI
¥ 4 ! | M
i1 0 J : o |
2 M+1
‘n | "
| FOR TRACE 2 | |
| DIAGRAM 4.02 I {
g | | |
=% =0 =ty
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The following values can be obtained from inspecting the diagrams

4.01 and 4,02,

2)

3)

4)

In both diagrams the first zero derivative for all time t=t occurs
at Yie1, Therefore by inspection the walue of (M+1) can be obtained.
But M is the hi@est-power of the polynomial foi'ming the correlated
hoiae component, Therefore the value of M can be found,

The values at t=ﬁo from yN to yM+1 in trace 1 is exactly repeated

at t'(PO+F’s) in trace 2. Therefore by locating the value of t at
which the amplitude values at t-ﬁo 1n trace 1 are repeated in trace 2
we can locate the point t=(f30+(38) in trace 2. But ?0 is known,
therefore ?s can be estima.teci. N.B. there is only one time

ts(Po+@s) at which all the values are repeated as this is the

crucial shift of time of the correlated noise curve.

Once the coincident times t:Po in trace 1 and t=P0+Ps are located
the first non equal wvalue on these two lines would occur at the
derivative at which the signal component makes a contribution.

In the example this would occur at the (N-1)th derivative point.
Therefore the curve values which give the first non coincident
values on lines t-(BO in trace 1 and t=f30+Fs in trace 2 would be

the curve derivative (N-1). Therefore N can be evaluated and hence
the highest power of the signal polyndmia}.

The value of the yl.;]-1 derivative curve in trace 1 at t=€0 is say 2

1.
N N-1 N1, |
By = Pyuaby(forde) + Pahper * PyoqByoq (4.3)
N-1 .
The value of the Yo derivative curve in trace 2 at t:Po-i-?)s
is say Z2.
N-1 N-1 _
Zy = NPN-1AYJ§€O+FS)-(°{0+°LS)“\+ Pretfy-1t Pryo1Byoq (4.4)

(4.3) - (4.4) gives:

2y - Zy = Py Ayl ) . (4.5)
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Now AN is the coefficient of the highest power of the polynomial
representing the signal component and hence can be made unity without
any loss of generality. Therefore equation 4.5 reduces to

N

2,0y = Py 4 (4-B) (4.6)

In equation 4.6 the only unkhown is:yé and hence can be estimated,
This ia the required shift in signal ff;m trace 1 to trace 2, Thetefore
we have evaiuated Jg and @% the required sﬁift in signal and correlated
noise in the two traces. By repeating this procedure for all subsequent
traces the corresponding shifts ds' fg can be obtained and hence a

moveout functions for o  and @s can be formed.for all the required traces.

4.2 Jllustrative Examples

A mumerical example will be givén to illustrate the various
points mentioned above., The problem is as follows. Two traces as
represented in the topmost curves of figs. 4.1 and 4.2 are given.

(The amplitude values are plotted on a logarithmic scale.) It can be
assumed that the traces have components signal, correlated noise and
uncorrelated noise with the usunal assumptiona, Determine the moveout
from trace 1 to trace 2 for the signal and the correlated noise.
R The amplitude values for the two traces from time t=0
to t=8 are given. Using these values a Legrangian Polynomial was
fitted to the two traces, The Resvrs-fRe jllustrated in Trer=s . | and 2.
A seventh order polynomial was thought to be sufficient and as can be
seen from th2 results a good fit is obtained with only a six order
polynomial. In a given example a high order polynomial should be used
to obtain the maximum accuracy.and as in the present example if the
order is far too high the coefficients of the high powers will come out‘
as small values and hence the order can be reduced further on these

results to save computér time. Using these expressions for the traces

successive differentiations were performed and the results are displayed
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- Trace 1 in its 2 transform form

. 2
f1(Z)=11523+630Z+19122+1512Z’+1683Z4+818Z5+1526+3627+707ZB
which gave a 7th order polynomial f1(x) as

Coefficient of x

"

"

PROGRAM

2

0

1
x

11523

-21136

13649

-3925

556

- -38

1-0

-0

Trace 2 in its Z transform form

£,(2)=1479:74494912+10T102° 41912402

4146129170628+ 8552 43622

which gave a Tth order polymomial f2(x) as

Coefficient of x

0

147932
143063
53724
10049
996

50

1.0

«0
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PROGRAM 3 TRACE

1

LOGARITHMIC AMPLITUDE VALUES

Time
20  t=1 ta2  tm=3:p ted t=5 =6 ta7 t=8
4+0 27 22 3.1 3.2 2+9 11 1+5 2+8
=43 =35 3e1 29  =2¢7 =30 =246 2.5 28
444 3¢9  3e1  —3e1  -3.0 149 2.9 2.8 -2.5
“4e3 —4e0 =37 =2¢9 3.0 3.0 2.5 ;2-3; -3.1
1 349 3T 34 2.9 206 <30 —2-9 149
3.6 -3:5 =34 -3e3 3.2 —2.9 -2:3 2.6 3.0
28 2+8 2+8 28 28 2.8 28 2.8 28
0 0o 0 0 0 0 . 0 0 0

PROGRAM 4 TRACE 2
. LOGARITHMIC AVPLITUDE VALUES

Time
t=0 t=1 t=2 t=3 t=4 t=5 t=6 t=7 t=8
a1 426 420 2.2 0 341 3.2 2.3 1.5
501 —4e7 -4e3 =325 341 3.0 -2:6 -3.0 -2+6
5.0 47 44 3.9 3.0 =3+1 -3.0 1.8 2.9
4T —4+5 -4+3 40 346 2.8 3.0 3.0 25
43 42 41 329 3eT 3.4 2.9 -2.6 =3.0
=347 3.7 =346 -3+5 -3¢4 =33 -3.2 -2.9 -2.3
28 2-8 2+8 2+8 2+8 2+8 28 28 2¢8
0 0 0 0 0 0 0 0 0

Given trace
1st derivative
2nd "

3rd o

4th "

5th "

6th "

7th "

Given trace
i1st derivative
2nd "
3rd "
4th "
5th "
6th "

Tth o
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in figs, 4.1 and 4.2. As before the amplitudes were plotted on a
logarithmic scale. The.programs 3 and 4 illustrate the method used.
Tﬁe values of *0 and PO afe given as t=1 and t=3. The lines BB and
CC were drawn at these timing values; |

From the results displayed in figs. 4.1 and 4.2 it is
seen that the first zero derivative is at the seventh curve and therefore
from 4.1 =6, Obtain the ampiitude of—a non zero derivative curve
near to the last non zero curve at t-Fb inzirace.1. The fifth derivative
curve was cnosen and the required point is the intersection of AA and
CC. Draw a line A'A' on the corresponding derivative curve in trace 2
at the same amplitude. This is at the fifth derivative curve in trace 2.
The intersection of the fifth derivative curve and A'A' in trace 2 is
marked AA. The line at ordinate AA is equivalent to (§O+F;) from trace
2. This could be seen to be t=5 at point G in fig. 4.2 since P0=3 and
§é=2. Therefore the shift in the correlated noise from trace 1 to trace 2
is two time units., Referring to program 3 the relevant values of
different derivatives for trace 1 at tﬂ3o is marked enclosed, Referring
to program 4 the relevant values of different derivatives for trace 2 at
t= O+FL (now known) is marked enclosed. By inspecting these figures
it can be seen that the first discrepancy occurs at the third derivative
term. In trace 1 it is -2.9020 and in trace 2 it is -2.8887,
Therefore by consideration 3, N=4. i |
. The first non coincident value in trace 1 at t=F6 is =798 and the
corresponding value in trace 2 at t=§o+Ps is -774.

Therefore from equation 4.6:
(-198) = (-114) = “3fa-B] = axxe[d-2]
Therefore -24 = +24 [,18-2]

Therefore "Ls a 1

Therefore there is a shift of 1 time unit from trace 1 to trace 2 in

the signal.
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Thus we have solved the problem, namely we have estimated
the move out shift from trace to trace for the signal and the correlated
noise, - |

It isrrecalled that the highest power of the Legrangian
Polynomial‘representing the uncorrelated noise component should have
a value less than M or N, Otherwise d{fferentiation would not eliminate
this component, If L >M the above analysi§ is not valid and we cann;t
obtain the move oﬁts as shown., But we couId in fact verify whether
this is so. If L>Mor L>N it ivill be impossible to find the same
set of values.for differéntiated curves in frace 1 and for trace 2,
as the fwo uncorrelated noise curves in trace 1 and trace 2 are quite:
independent. If this happens to be so we can conclude that I is in
fact greater than M or N and the'method is now not valid. But in
practice we would have many traces and we may be able to work out the
move out for those traces in which L<M and LL N and by interpolation
it is possible to obtain the move out values for those traces for
which L >} or L >»N.

Therefore the move out analysis procedure can be summarised
as follows., Consider the reference curve and any other curve. Fit a
Legrangian Folynomial for the two traces. The degree can be tested for-
best and most economical value. By using considerations 1, 2, 3, 4,
obtain ds’ @%. Repeat for another trace and the reference trace and
- obtain 2 and ps and so on for all traces. Hence a move out curve
representing the values so obtained for ds will give the move out curves
for signal and the values for ég would give the move out curve for
correlated noise, Knowing these two curves filters can be used to

separate the signal and the noise on the basis of their different

move out curves,
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4,3 Conclusion

. In the above analysis the order of the polynomial representing
the correlated noisé component (M) was assumed to be higher than the
order of the polynomial representing the signal (N). If this was not
80 and if N> M the analysis is still valid. The differentiation will
now eliminate the correlated noise companent and hence will give the_
signal move out equal tq @s. The two move;put curves for signal and
correlated nnise components caﬁ be worked out exéctly as before but the
mathematics does not differéntiate between the two move out curves as
belonging to the signal and correlated noise. 4Practicél considerations
will have to be employed to idénfify signal move out and noise hove oﬁt
separately. In the illustrative gxample do and?o was assumed known.
If‘this was not so the relative shifts of move out can be obtained
from trace to trace but the absolute value cannot be obtained. However
as regards filtering, only the relative curves are necessary as move
outs are always with reference to a trace. This is illustrated in the
values obtained in programs 3 and 4 where for any value of time (t)
the values obtained for the differentiated curves for program 3 are
repeated for time (t+2) in program 4 implying a constant shift t=2

from trace 1 to trace 2 as before,
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CHAPTER 5

ABSOLUTE ERROR ANALYSIS

5.0 Introduction

The conventional way of evaluating prediction error
operators is to use least square error minimisation criterion. A quiet
zone of the trace is selected and a set of eperators is calculated to
predict the future values of the time series, By comparing the predicted
values and the actual values an error series can be formed and the
reflection zones can be picked off from this error series, The methoﬁ
is explaiﬁed BY Wadsworthl., PGeophysics"(1953». An importﬁnt'featurel
in this derivation is the use of least square error criterion to obtain
the values of the operators. No jﬁstification is= given for the use of
this particular criterion and it is assumed that it is the most common
way of evaluating the operétors. Results obtained from this method are
good enough to justify the method. However it would 5e convenient if
an alternative method were available to test the results obtained using
this method. In this chapter absolute error is used as a minimising
criterion. The equations are developed using this as a criterion and
the operators are calculated from the ensuing matrix equations. It is
shown how this method gives comparable results with the conventional
method and it may be used to resolve ambiguities in the conventional

method,

3

561 Square error analysis

An alternative to the usual least square error criterion
of prediction is investigated here, It is useful to illustrate briefly
the method normally used in this context, The method followed is well
illustrated in the article on 'Detection of Reflection on Seismic Records®
by Wadsworth et. al. in 'Geophysics' (Vol. 18, 1953). The problem to

be solved is;'given information in the form of a seismogram, separate

the desired information, i.e. reflection times, from the total information
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present in the seismogram'. A statistical approach is used here as
opposéd to a detgrministié approach. Normal statistical analysis is
valid in the case of gtationary processes but in our example the time
gseries obtained in the form of a seismogram is,non stationary in the
sense that the origin is tied down to the time of.the explosion. The
difficulty is éot over by dividing the record into several sections

and considering each time interval of these gubdivided seismograms as
approximately stationary. The traces contained in these intervals are
use& to determine an optimum linear operator according to some criferion.
The operator will thus contain the dynamic characteristics of the traces
in the given interval called the operator interval. The type of operat;r
used in this example is the pure prediction operator which predicts the
future values of one trace from its‘past values, As the operator will
contain the dynamics of the traces in the given time interval, any
disturbance in the dynamics will be detected by the operator depending
on how closely it can reconstruct the trace in the given operator interval.
Having thus evaluated the operator over a given time interval, it is now
used to predict the values of the rest of the trace. In this context
prediction error is defined as the difference between the predicted value
and the actual value of the trace., This error gives a measure of the
dynamic uniformity of the rest of the trace as compared to the trace in
the operator interval.in the sense that a low error would indicate a small
dynamic change, and a'high error would indicate a large dynamic change.
Hence the operator can be used to predict the values of the entire trace
and consequently the prédiction errors and the series of errors called
prediction error series would contain information regarding the dymnamic
uniformity, and this is the required information series. By experience
and experiments it was found that dynamic characteristics remained
fairly constant in the sense that one operator would apply to several

sections except during intervals corresponding to a reflection. This
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would mean that an operator evaluated for a non reflection interval when
applied to a region where reflections occur, would give high errors of
prediction; Therefore an error series as defined above should‘give high
values at regions of reflections and should give uniform values or near
zero values at non reflection zones, provided the operator was evaluzted
at a non reflection zone. Hence by examining an error time series one

—

is able to pick off the arrival of reflection at places of high error..
_ x
The following analysis with slight modifications is
reproduced from Wadsworth's article. The linear operator which prédicts

the future values of trace x from its past values is expressed mathematic-

ally as
A M
x - .a_ X (5.1)
i+k &o o i-s
A 3 -
where x;.y 18 the approximated value of the future value X5k

vhere k is the number of time units ahead which the operator predicts.

The (M+1) past values of the trace x are shown by x where s8=0,1,..M.

i-s
The (M+1) values of the operator given by ag (s=0y...M) are constants
determined in an optimum sense, This criterion is normally chosen as

the Gauss Method of least squares. 1In this context we wish to determine -
the constant ag in such a way that the sum of the square errors between
is minimised., The

the actual value x and the predicted value %

i+k i+k
summation is taken over the time interval defined by the operator time
interval., ILet us assume that this time interval defined as the operator
interval has z time duration nh seconds, where h is the time interval
between successive observations in the digitised form of the continuous .
curve represented in the seismogfam. Hence the values of x; will consist
of i=N to i=N4n-1 where i=N is an arbitrary origin.
Accordingly, the‘minimising error criterion will be

represented as
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N+n-1-k A )2
I = . (x - X (5.2)
. 12N-k i+k i+k'
Substituting equation 5.1 into equation 5.2
2
I = é (xi+k - é 25 xi’.--a:) (5.3)

where the summation i is from i=N-k to i=N+n-1-k
and " n s " " a0 to =M.
To carry out the minimisation we set the pertial derivative of I with

respect to ag to zero for s=0,...M whick would give from equation 5.3
Z - .
s(as.§ g xi-r)' i %ir Fiax , (5.4)

for r-0’1..-M'
This combined equation would give (M:1) equations for
the (M+1) unkmowns a (s=0y...}) and hence can be solved. Two

criterions of errors will be illustrated:

. . ,
= - )
1) The square error I (xi+k xi+k) (5.%
2) The running average of squared errors By defined as
1 i+P-1 A2
Eg= oz 2 (x5-xy) (5.6)

J=i-P

where 2P 1is the number of elements in each average.

5.2 Tllustrative example

The trace designated as N750 1in fig. 5 of Wadsworth's
article is chosen as an example, The above trace is reproduced on an
enlarged scale in fig. 500, The digitised values were read off from this
diagram at an interval of h= ,005 seconds, Prediction distance = ,005
seconds = 1 unit of time, The past lags = M = 4, The origin is designated
as XN = X1 in fig. 5.00. Therefore N=1 and N+n-1 was chosen as

equal to 26 which gives a value n=26 with an operator interval of



nh = 26 x 5 =« 0,130 seconds., The equations 5.4 were solved in the

CDC 6400 computer using a matrix inversion method. The five operator
coefficients for ag (s=0y...M) were obtained as (1.26, -1.00, 0.49,
0.10, 0.15). Using these operator values and equation 5.1 the predicted
curve was obtained as shown in fig. 5.00. ‘rhe error criteria 5.5 and
5.6 were also calculated and are plotted in fig, 5.01 and fig. 5.02.

The values of x, from i=0.85 to i=1.072; only are calculated as

i
" this example is made only to illustrate the method. In fig. 5.00
reflection arrival zone observed visually from the records is marﬁed
as a hatched area., As can be seen from examining the error diagrams ‘
this area is clearly brought out by‘its high values, Hence it can be ’
concluded that a reflection has occured in the region from time = 1.0

to time = 1.04 which confirms the visual observation. By optimising the
parameters involved, i.e. the number of operators, operator length, etc.
and by using the adjacent traces as well, a better representation of the
two error series can be obtained as shown in Wadsworth's article.

However, even with just one trace and only five operator coefficients

a reasonable picture can be obtained as seen in fig. 5.01 and 5.02,

5.3 Absolute error criterion

| IT would be useful if we car. confirm these results with
an alternative ﬁéthod. This will be attempted in the following section
of this chapter.

As will be recalled the prediction error was defined as

square of the error

A
Tik ™ (xi+k - xi+k)

and the minimising was done in order to find the operator values which
would give the least value for the sum of the squares of errors, Instead
of using the square error the sum of the absolute errors will be minimised

to obtain the operator coefficients. In fact the absolute error can be
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made zero for a given set of values as shown below. This would mean that

b3 4 l
I =9 X e~ il - 0o and from equation 5.1
$ 2
I= i[ Xik " a%0 %a Xy-g| =0 (5.7)
which would reduce to
Xip = Bp Xyt B X b ees Hay X (5.8)

for (M+1) operator coefficients.

Hence the basis of this method is to use known past valﬁes to 'predict’
known present values in a givén time interval and to use the operators;
thus evaluated to predict the future values. As before, if the dynamics
of the trace is consistent throughout the trace, these operators should
be able to predict them with reasonable accuracy but if there is a
difference due to reflection, etc., the error series as defined before

would give large values.

5.4 Illustrative examples

The same example as before will now be evaluated using
this concept,

The value of K was taken as unity, and
. 14} " " M " " " 9 .

Therefore from equation 5.8 for the above values,

M
]

a. x, . +a, X

o *10 19‘+.-.+ax

M
L}

12 aox11+ooooooo+39x2
(5.9)

e ¢ & & & * ¢ & O O o 0 & 2 > o+

X -aox19+a1x18+..+a9x10

where x1, X, o o o X, are the digitised values of the given trace at

2 20

successive intervals of time t = ,005 seconds,
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The values containing x, -—4>JH consist of the operator interval, and

o)
" n om X, X, n n n tpredicted' present values.

The set of equations 5.9 would reduce to

x 10x10 10x1 x 10x1
110 19 e o o o 1 ao 11
111 110 ¢ o o .'.‘12 a1 112 .
- ;'. (5. 10)

The matrix equation 5.10 can be solied by the matrix inversion method. )
This was done on the CDC 6400 computer using the matrix inversion method

and the following values were obtained for the ten operator coefficients.

ae = (-0027, -0046, -0025’ "0.42, 0027’ 0.68, 0.00, 0062’ 0073, 0007)-

5.5 Discussion of results

THE above values were used in equation 5.1 to predict the
trace curve values and the result is plotted in fig. 5.10. As can be seen
from this diagram the predicted curve approximates the actual curve reason-
ably well in the region outside the interval t = 1,00 to t = 1.04.
This is shown more clearly in the error diagram where there are high peak
values in this region, A disturbing feature in this error diagram is that
even in the region after a reflection zone errors‘seeq;;%o be still very
high which gives a confused picture. This is also seen in fig. 5.11
where.there are twb small humps after the reflected arrival region.
Ideally there should be no peaks apart from the reflection zone. An
improvement can be made in the following way. It must be noticed that the
future values are predicted using the present and past values. This would

work quite well up to and including the reflection zone as seen in figs.

5«11 and 5.12. But when the values beyond this region are calculated, the
values used will be the values in the reflection zone region. Obviously
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fhese values do not have the same dynamics of the quiet zone and hence,

if we were to use these values to predict, we would get values which ére
quite different to that which would be obtained in the quiet zone and
hence, in the error diagram this region would give high errors as seén

in fig, 5.11 and 5,12, But if we were to use the predicted values in tﬁe
reflection zone to predict the values beyond the reflection zone, this
error should not arise. This was done as mgdification 1 in figs. 5.16,'
5.11, 5.12, and the resulfs can be seen to gé mach better tham the original
representation, The fluctuations beyond the reflection zone are réduced
and the running eiror fig. 5.12 gives a better picture. This was extended
to the whole curve, i.e. the predicted values were used to predict the
future values and the results are quite good as éeen in fig. 5.11 and 5.12.
The fluctuations in fig. 5.11 are much reduced beyond the reflection zone
and the peak in fig. 5.12 is quite definite, and it converges to low levels
fairly soon beyond the reflection zone. As can be seen the high error
&orresponds to the region time = 1.0 — time = 1,04 and the results
obtained previously are now confirmed. In general the peaks in the error
diagram tend to be more definite than in the square error criterion, and

a more definite picture is obtained becaus~ of its higher values.

To test the method further the analysis was done to the
entire trace designated as N750 in Wadsworth's article and represented as
fig. 6 in his article. The enlarged form of this trace is represented in
fig. 5.20. First the squared error criterion was applied and the original
operator values were used to predict the éntire curve from T = 0,85 +to
T= f.235. The resulting curve is plotted in fig. 5.20, and it can be seen
that the curve matches the original curve except in the regions T = 1.00
to T= 1,04 and T = 1,15 to T = 1,23 which in fact corresponds to
the two reflections observed in the seismogram, The error figs. $.21 and
522 illustrates this further. Fairly High fluctuations can be seen just

after t = 1,05 in fig. 5.22 and this is due to the fact that wrong values
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in the reflection zone were used to predict these vdlues. This should

not correspond to a reflection but due to the error in the evaluation as
explained by Wadsworth., This is an unfortunate feature in the conventional
method, The fig. 5.22 gives peaking values in the region 1.00 — 1.04

but is fairly well spread out due to the error mentioned above, Increasing
trend is observed after t = 1,15 in fig. 5.22 which suggests an arrival

around this region confirming the visual observation.

.

2
The exercise was repeated with the second method as explained

before. A furtﬁer modification was incorporated into the calculatién.
From the results obtained in the previcus example it was obvious that frem
time ¢t = 1.00 to about t = 1.04 a reflection Zone was situated. This
would mean the formula 5.1 should not be applied to the observed values
beyond this region, §therwise fluctuaiions would occur in the error diagram.
Using the predicted values in the region, and the present values in the
region immediately after this, a further set of operators were calculated
to be apﬁlied to the rest of the serie= from t = 1,04 onwards, This
would get over the fact of using wrong values, and these operator values
should reprodvce the rest of the curve until the next reflection comes
when the process can be repeated. The results are shown in figs. 5.20,
5.21 and 5.22. From fig. 5.20 it can be seen that the predicted curve
agrees with the original curve within times t = 0.85 — t = 1,00, and
t=1,04 —> 1t =1.11, (This is the operator interval for the second set

of operator values) and from t = 1,14 to t = 1.17.

The exror figs. 5.21 and 5.22 shows the results quite
clearly., The fluctuation in zones adjacent to the reflection Zones are
reduced and fhe error values are quite high and givevdefinite peaks,

Fig. 5.22 gives a quite clear picture of this., The high peak near t = 1,02
is Quite definite, and =0 is the gradual climbing up of the values beyond
t = 1,16, The record length was not long enough to compute error values
beyond t = 1.21 but the peaking tendency near % = 1,2 is clearly shown.

The error diagram gives low values everywhere except at the region between
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t=1.1 and 't = 1,14, - A high peak is obtained in fig. 5.21 and the
~build-up of values in fig. 5.22 near the region is quite marked. A
reflection was not observed visually in this region and it is not possible
to verify whether in fact there is 2 reflection in this region as indicated
by this diagram, The mean square error criterion method dees not show

this as a reflectibn zone and it would be interesting to verify whether

in fact there is a reflection in this regioq. Wddsworth has in his eiémple
done a more comprehensive test in his paper‘and the resulis reproduced in
his article give an interesting picture. In the diagram designéted as

fig. 5 it can be seen that in fact in the-region 1.1 to 1.15 the two curves,
predicted and actual, are quite faf apart relatively. Referring to fié. 7
in his article the lower left-hand diagram is interesting as it gives a
peak at the region 1.1 to 1.14. Uhfoitunately in the least square error
criterion method the peak does not come to the required high wvalues to be
:egarded as a reflection. - But the very fact that a peak of a fairly high
value occurs at this point suggests that a reflection could occur at this
point., The absolute error method on the other hand suggests quite clearly
that a reflection could occur in this region, and combining the two methods,
a reflection is quite likely at this region which was not observed visually.
This exemplifies another quality in the absolute errcr method. It tends

10 have higher error values at reflection zones than the square error
method and hence, even faint reflection zones are brought forward more
clearly. This is clearly shown by observing the region from 1.2 to 1.24

in figs, 5.22 and 5.21. The absolute error curves give quite high peaking

values and the square error curve does not give as clear a picture.

5.6 Conclusion

It does not follow that the absolute error criterion should
always bé preferred to the usual square error criterion., The two methods
should give complementary results and in doubtful regions the combination

of the two methads should resolve the ambiguity. As in the region from
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1.1 to 1.14,square error showed only a very slight indication of a
peaking‘er:or but the absolute error diagram was quite definite in

this region.

Hence by using both methods to analyse a given trace,
more definite information can be obtained as opposed to the application

of one of the two methods.
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- CHAPTER 6

STABILITY

6.0 Introduction

The purpose of this chapter is fo illustrate the conditions
under which the multichannel analysis of seismic data is feasible. The
condition of feasibility can be mathematically analysed as equivalent to

- the iﬁvérsion of a relevant matrix., The ma@gix thus formed is important
as regards the anaiysis of filters as well. In fact the stability of =

filter can be related to the stability of the auto correlation matrix., AN
OPERATOR IS CALLED STABLE IF IT HAS A  FiaiTe  INVERSE.

6.1 Ihultichannel Theory

—) — ; A box with N inputs and M outputé is showm

— —

——— M in fig. 6.0. Exciting input channel 1 with

FIC. £.0 a spike (1,0,...) a miltichannel Tesponse
of all I outputs is expected whose Z trznsforms are A11(Z), 521(2),...
Am1(z). Iﬁtroducing a spike on input channel K will result in i different
outputs A1K(Z\, A2K(z)"'°AKK(Z)' The behaviour of the box is fully
described ﬁy the MxN responses Aij(z), (i = 152,00l J = 1,.0.K). For

a multichannel filter the principle demands that the multichannel output

is connected with the multichannel input by the following matrix multi-

plications
MxN Nx1 M1
A11(Z) A12(Z) coo A1N(Z) x1(Z) Y1(Z)
xé(Z) Y,(Z)
L] . * [ 2 [ ) - L] v (6.1)
_Am1(z) ¢ e s e s .AMN(Z) xN(Z) YM(Z)

6.2 Conditions of Compatibility

The Z transform of a multichannel filter therefore has the
mathematical representation of a polynomial matrix, It may be written
in the form of a matrix polynomial:

8
A(Z) = a. + a1Z +o ot a.sZ

0

where each coefficient is a constant (¥xN) matrix, If the input series
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XN(Z) has amplitude values up to time t=s, i.e. XN(t) is for t=0, 1, 2,..5,,

1
the output values YN(Z) should be specified up to t=(s+s1) i.e. Mﬁ(t) is
for t=0, 1, 2, <. Sy Where s,=(sts ). This is the compatibility condition

for the matrix multiplication given above; This is clearly seen in the

expanded version of equation 6.1 shown below:

A A ...A A ...A % A ...A
1ty Arzegte-Rawegl (A e Bae, 118 At
+ 2ot | z° X
AM1to AM'zto AMNtO Amt1 AMNt1 AM1ts At

B B B (_5 0 0
14, 1%, 1ts, ol |1ty 1ts,
L J L ] [ ] S . L ] [ ] s
+ 7 4eat 2 e + Z 4..+ Z 2
B, 0,, 0,. 0
Nt Nt BNts1 ol | Ot lits,

By equating the corresponding coefficients of the powers of Z, H(82+1)
equations can be formed.for the filter coefficient unknowns 'YxNx(s+1) .
'This would mean that for a full solution of the unknown filter coefficients

the following conditions should be satisfied:

M(s,+1) = () (s+1) (6.2)
also for matrix multiplication

?2 = S+8

Consider a case where N = number of input chanrels and (1+s1) the number
of digitised values of each input series and (1+s) the number of filter

coefficients. The convolution formula can then be written as:

N S f X
th = 1E=1 50 i,dss iy (t-s)
X s x e .. X boetb £, . X,
= i,j,0 "i,t i,J,1 11(t‘1) 1’31(3' iv(t's)
imi ’
where Y

jt = output at jth channel at time t and fi 3yt is the filter
4 1Jy : .
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coefficient for ith input, jth output at time t,
Consider one output chamnel only, i.e. J=1. The output values on this single

channel are given by:

N
: =
o = ia1 f:t,oxi,o v for time t=o
N
Y, = 12,1 (fi’oxi,1+fi,1xi’o) for time t=1
Y, = X (£, X, 4f, X, 4f ) ¢ for time t=2
2 = = Iy X oty oy Ko
i=1
. -
Y =Y = = £, X. +f, X +eeetf, X for time t=s
8, st8, 1, 1,071,8, 1,1 i,(32-1) is i,(sz-s) | 2
Expanding the above equations: WITH S, = 51, s=S A 5= 5

o ={£40%10* T 20%20** **+Eyo¥no)

Yy =8 0%y 4+ gKpgte o+ TRy 4 (44X g+ Kot e+ E 00 Xyo)

g =(fi0% 15t ¥ og* s Hiyoyg)t - - . +(£45% 0% 25¥ 00+ + +EyrcXyo)
Ysz"(f 1o’c1s2+f 20X2s2+' '+fNOx'NSZ+ . . +(£,6%, (s,-8)* “+iys%y, (5,-5
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which can be written in the expanded matrix form as:

—  (sp#1),8  N,1 ' — Sy,
X1o "XNO f10 0 0 , f11 0 0 f1S YO
X119 Xl [f2o |%10 0 %o 21 0 0 o5 ¥
[ ] * L] ] + [ ) . [ ) + + ' [ ) ) = .
i
X .o f X .e
18, XN82 7_ NO 1(3271) X1\1(32-1) fieq X, (sz—s)’xm(szfs) s YSQ
which can be combined as: (1’*32)’1
: ‘N(1+8),1
(148,),N7148)
X1O Xzo ...XNO o o o.co e0e f1o YO
£
x“ X21 ...XN X10 X20 "'KNO flvo d
L] L J L J * *® E ® * 11
. . . . . . Ko Xy eeeXy S
. YS
X X coox‘ X X e oo.‘.x X . f 2
fI\TS




-].'17-

. From the aboﬁe analysis it can be seen that the multichannel filter
coefficients can be found by solving the matrix equations
MKF] =¥
vwhere X = input matrix of order (1+52), N(s+1)
and F = filter coefficient matrix of oxler N(S+1),1

and Y = output matrix of oxrder (1+Sz),1.
On this basis two possible cases ¢an be anslysed for solution.

Case 1
M(Sz-H ) = (MxN)(5+1)

In the problem analysed M was taken as unity and as such the condition

above reduées tos

S,+1 = N(S+1)

Under this condition the matrix multiplication is compatible and the

solution is given by:

- AR
and the values for F can be uniquely determined depending on the form
of the inverse matrix X . A real unique solution can be obtained only
if X -1.exists. This will be so only if det X % 0. This stability

criterion is entirely dependent on the relative valuesvof S, S1 and 82

The output value at maximum time i.e. at t=S, is dependent ‘on the know-

2
ledge of the input values up to t=82. If ounly the values up to t=S1 are

specified as inputs and it cannot be assumed thst input values are zero for

t>S, the output wvalues can only be specified up to 82=S1. Put if it can...

1

be assumed that the input time series is zero for t>S, the output values

1

can be specified up to & maximm Sy=5+S,. The matrix formation X will
be dependent on this criterion.
(a) if it cen be assumed that the input series values are zero for t>s1,

The output formulae would take the form:



- 118 -

Yo =(£10%10+F 20%20% **+y0%0”

+£,.X +"+fNOXN1)+(f X o8, X, ool

g =(£30% 11400521 11%10*F 21%20% **+ 01 o)
S SETC N JUE S SUIPRT S 35 P . . (84 5%10+ o550+ * *+iyg¥yo)
Ys,=(f10%15 2008+ *+xo"ms,) *+ y y H0155, (5,-8)* “*irs® N, (S,-¢

B “»

This would give X as:

(148,) ,N(1+5)
Xy Xp0 +Xyo o o0
Xyq Xop <Xy X0 X0 - Xyo
L d [ ] [ ] x11 x21 ..xN1
° ° ° * ¢ * ¢ x [ N N N ]
x1s1 x231..xNS . . . 10 %o
1

o 0 0 X1S XQS ..ﬁs L J L ] L .

1 28, 1
o 0 0 . X1S1 LI N W &81

This would give N(1+S) number of filter coefficients providing the matrix

above has an inverse, i.e. provided det(X) # O.

(b) If it cannot be assumed that the input series values are zero for t7s1

This would mean that output values can only be specified up to t=s,=s

271°

Two cases can be distinguished:

(i) when 88 the input matrix will take the form:



' . (1+8, )N (3+5)
X0 ¥0 Xy © 0 0 | &
X9 Xpq Xy X0 X o+ Xy
[ ] [ ] [ ) * L 3 [ ] x1o [ X ] HO
X1s, Xas,**Xxs, x1(s1-1) x2(51-1) “Fx(s,-1) * Fi(s,-s; 0 XN(s1:s)

b
In this case if (1+S}§N(1+S) the coefficient matrix is square and a
unique solution for the N(148) filter coefficients is possible, If this
is not so a redundant number of filter coefficients will be obtained as
the number of unknown filter coefficients are greater than or equal to :
the number of equations available, This condition is discussed later on

in this chapter,

(ii) when sy, the input matrix will take the form:

. ' (1+s,),8(1+8,)
X,o Xpo Xy O O 0 | 1 1
I y %10 %20 ** %o
Y15, Xas, *Fws,  Fa(e,-1) m (s 1) (K10 20 ** Xyo)

In this case the number of filter coefficients, i.e. N(1+S) are more than
the number of equation (1+S1) available. Hence there is no unique solution
and certain number of filter coefficients will have redundant values, This

condition is discussed later on in this chapter,

Case 2

If condition 2 is not satisfied the problem cannot be solved . -
uniquely. However a solution is possible as shown below. Consider a
6-channel input with each input having 10 digitised amplitudes, i.e. s1=9.
Let the desired single channel output be a spike at zero time and specified

as zero for time up to t=10. For convenience select s as equal to Sy i.e. 10,

1.

- . -
-
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Hence the relevant equations are:

Yo =050 0% 20" +f 6ox60)

Y, =(f, X .+, X )+(f,. X, +f,..X et o X0)

1 10511 208217 - g0%6174 14510 24% 20
Ys2-s'(f10x1sff20x28"+f60x63)+ . e . +(f1Sx10+f2SX2O'f+f6sx60)
which gives the matrix multiplication as: &

X10 *20 *“Xe0 f10 Yo
. e . x1o Xzo o X60 f60 _ .
Xis. Xog. o Xes. X4,5.-1 X2,5.-1°%,5.-1 Kq0 X0 +Xeo)| | + .
1 1 1 1 1 1 » £
1S °
f
6s YS
For the parameter specified above the matrix reduces to:
11x66 66x1 1ix1
X1o X20 ..x60 0 0 0 f10 1
B L4 0
X119 Xo1 o Xgy - X9 Xyg oo Xgo Teo
L ] L] [ ] [ ] * * - f11 o
X, Koo ooX .| |°
19 729 *°*769 61
. . 0
. f
Ts10|l |o

Since only 11 output values are specified 11 equations will be available
with a solution for 11 fiiter,coefficients from a total of 66 required
values, This would mean that 55 values of the filter coefficients are
redundant in the sense that they are indeterminate uniquely and as such
any arbitrary values could be incorporated. For convenience these values

were taken as zero. The zero coefficients can be taken arbitrarily and the



MULTICHANNEL FILTERING

1PAMP
. TWE | A~ TIME
g "% s 10
. -
9[ 2. 4 6 8 0' 2 3 8 8 10
- ‘ 1
CHANNEL 2
-1
1.
: /—_\' 1 .
0 2 3 ; ) 0[\ 2 4 5 3 )
-5 . - .
, CHANNEL 3 :
10,
1QI
5,- 1
°M 0 2 4 6 8 1o
-5 . . |
10 CHANNEL 4
10
5‘{ ' 1 :
' . o . , R e
0 iy y GE— 8 OF 2 r 3 ) 10
—5\/— -1
-0 CHANNELS5
10 '
5 ’/_\ )
0 £ °F 2 ) 3 8 i)
-1 . ‘

-10L

INPUT

FILTER COEFFICENTS
FILTER

Di~orom 64

UNIT SPIKE
0 1 2 3 4 5 6 T 8 & 9
“y
multichannet  filtering
- ouTPUT

4 S



- 122 -

results are as shown where the zero values were taken on random coefficient
values, The results are displayed in fig. 61 and it can be seen that a
perfect representation of the desired output, i.e. unit spike at zero time
was obtained. It should be noted that the resulting output is valid only
upto t=10 and béyond this the output values could be anything as these
values were not taken into consideration. As noticed in section (i) of
Case 1 the values of X1i0X210-;-X610 were takgn as zero to satisfy the

compatibility condition 6.3 in order to obtain outputs up to time t=10,

Inputs were specified only up to t=9,

6.3 Stability Criterion of Operator

This redundant condition will now be discussed with special
reference to the stability criterion of the operator values.

Let a function be represented by its 2 transform as:

f(Z):a +aZ+aZ2+ +aZm+ .-_026 aZm
a o 1 2 L N ] m LN m
m=0
The function is called stable provided its energy represented by
2 2

a + a

o @t e is finite. From this it follows that the magnitudes of

amplitudes of a stable function asymptotically approaches zero as the time
index increases, i.e. lat\-—>0 as t —°¢, In this discussion the word
stability as applied to multichannel operators will be given a broader
meaning, A multichannel operator is called stable if it has a finite inverse,
fhe COﬁditions necessary for the above condition will now be discussed.

Let the finite operator be written in the Z transform form as:

" s
A(Z) = 2, + 8,2 + voo + 2l

where a_ is a matrix of dimension (MxN)

where M = number of outputs

and N = number of inputs.

The following analysis is vaiid for MéNlonly and let us say M=N=p, In this
case a_ beéomes a séuare matrix (pxp). With this restriction we can write

A(Z) as:
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. s 8 . 8
a +a Z4eeta,,. 2° a +a Z+..42 27...2 +a T4, .42 z
14,7118, 11t 12657126, T2 pty  1pt, 1pt,
A(Z)s
' 8 8 : s
a. +a Z+.eta .. 2 a7 +a Lt eta, 2 ..o +a Z5. .42 Z
‘p1to p1t1.. | p1tB pzto_ p2t1 _ p2'b8 ‘ ppt0 ppt.‘_ ‘ppts

which is a (pxp) matrix with polynomial entries.

Hence 2 [z)  aaj Alg)
= det AlZ]

Since A[Z] has a square matrix form, its determinant can be evaluated., If

¥¢N it would not have a determinant which can be evaluated and hence the follow-
ing analysié will not be valid.. Since adj A[Z] is. a matrix with polynomial
entries the stability of At (2] is entirely dependent on the denominator, i.e.
on det A[Z)} det A[Z]is a polynomial of degree at most n where n=Sp. Hence the

determinantal equation det A[Z) =0, can be assumed to have n roots denoted by:
Z1, 82 cos Zn where n=Sp

It is not necessary that Zi’ i=1,n should all be distinct but the argument which
follows is not dependent on this criterion. Hence det A[Z] can be written in
the form:

. det A[Zl= C(2-2,)(2-2,) .. (2-2 )
where C is a constant,

.Therefore

-1 " - d%z
B

4

which can be factorised in the partial fraction: form as:

3

a1 E s R S
VA 4= *etT Z2-2
1 -2 n

It ‘Zi{>1 the fraction 1/(Z-Zi) can be expanded as:

1 = -z;’ -z'i?'z - z;3 2% 4 ...
77 .

i
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This is a series with finite coefficients as Z;r is a finite quantity for

positive r provided |{4]>1. Also it can be seen that z;r — 0 a8 r —>oc

prbvided\Z!.>1. But this is the ceandition of stability required. It

is élso seen that the.expansion does not contain negative powers of 2

which implies that the inverse does not have an gﬁticipation component

and hence is realisable. Thus an operator is realisable and stable if its
% teansform determinantal equation has all its roots greater than one.. .
This in féct is the minimum delay condition. &f the determiﬁantal equation
has all its roots  less : than one the operatof is non realisable in the

sense that it will require an antisipation component for stability. If

|Zﬂ<:1 the expansion 1/(Z-Zi) can be written as:

oz yz272,22573

i i _
This is a series with finite coefficients as Z; is a finite quantity for
positive r provided\Zi\<1. Also it can be seen that Z‘;' —» 0 for r—> o<
‘providedlziy<1. But this is the condition of stability required. Hence
‘if the determinantal equation has roots less than one, the operator inverse
can be represented by a stable but ﬁonrealisable inverse. This is the
condition of maximum delay.

If some of the roots of the determinantal equation are greater
than unity in iagnitude while the others are less than unity in magnitude
then one or other of the two expansions of 1/(Z-Zi) for each Zi must be
made depending on the magnitude of Zi' This is the case of A[Z]being mixed
delay; when its inverse can be represented as = stable function involving
both a iealisable component and a purely nonrealisable component., If the

- determinantal equation has any roots equal to one the partial fraction

expansion can be written in either form as:

-1+Z+Zz+ooo

or . 2-1 + Z-2 + 2-3 +oee

In either case the coefficients of the Z transform ai.vA,OAas iyor
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as tge coefficient is always unity. Hence this contrédicts the definition
of condition of stability. Therefore in this case the filter is unstable
as defined previously. |

As mentioned earlier’ the abﬁve analysis is valid only in the
case where the operator coefficienté are constant équare matrices, An
attempt is made now to analyse the case when this is not so. Consider a
series whose Z transform is given as A[Z]= a, + a0+ aZZ2 +,.+'amzm |
where a, is a scaler quantity. The inverse of ihe above is defined in
such a way as to satisfy the relationship A(Z).B(Z) = 1 where B(Z) is
called the inverse of A(Z). This can be interpreted as single channel
inverse deconvolution. As seen earlier, in the case of multichannel inputg,
a. is a matrix of order (}xN) instead of a simple scaler value. If 2, is a
sQuare matfix, i.e. number of inputs = number of outputs, the inverse of
A(Z) could be defined as to satisfy the relationship A(Z) B(Z) =I where
A(Z) is a square matrix of order p (say) andT is an identity matrix (i.e.
a matrix whose components are all zero except for the values in the main
éiagonal which are equal to 1) of order p., In thia case R(Z) is the

-

inverse of A(Z) . The stability of this was discussed previously.

6.4 MNodified Inverse

In the case where ¥ # the above definition does not hold
as A(Z) matrix would not have an inverse. However a slight modification

can be made to the definition to accommodate this if the inverse can be

defined in the following way. A matrix A(Z) b

NxM

is said to have an inverse

if a matrix of order B(Z) can be found such that

A(Z) NxN B(z) Nx} -‘IMXM

is satisfied where I is an identity matrix of order MxM as before. The
stability of A(Z) will now be discussed with the above definition as reference.

The matrii mualtiplication that has to be satisfied is:



A11(Z) A12'(Z)..A%N(Z)

A21(Z) A22(Z)..A2N(Z)

b1 (3) Ay (B) - o Byy(2)
A(Z)

MxN
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1311(2) B, ,(2)..B,,(2)

By, 2) B22(Z). .Bzm(z)

By (2) Byp(2) - «Byy(2)

B(Z)

NxM

>
FY

WM
o...o

0...0

The suffix 2 will be dropped from now onwards but it should be borne in

mind that a coefficient A11 in fact refers to the Z transform of A

11°

The above matrix multiplication would give rise to the set

of equations:

+

A1 Byq ¥ Ay Byy

Aqg Byg + Ayp By + eee + Ay By =1
Apg By + Byg By + oo + A By = 0
Agy Byq + Agp Byy ¥ eee + Aoy By = O
A21 B12 + A22 B22 + eee + A2N BNZ = 1

".+AMNBN1 =0

bor Bim * Ao Boyrt eee t Ay By =T

This set of equations can be manipulated to give a combined matrix

- maltiplication as:
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(toar), (o) (), 1 (o),

0 0 0 Ay Ajgeeh _ _' B,, 0

0 0 0 Ay Apeehyy By 0

Ary Aggeehoy | _ Bio 0
1’-

o 0 o By Apoeehoy : | 3, 1

0 Ay Ayoeedy Byns 1

Therefore the stability condition will depend on the - co;dition whether
the above set of equations have a definite solution or not. This problem
is analysed in 'Theory of Equations' by Uspensky and only the final
conclusions wi®l be stated here, Let the matrix

A11 A12..A1N .'....

. . . esesce AT\“ A}J2¢0AM:N

be called the coefficient matrix and the matrix

A1 A12 N L L J

L] L * ee 000

..A1

© v e eeces Ay Byoes Ay

QOO0 »

be called the augmented matrix,
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It can be seen that the augmented matrix is formed by the addition of

the column matrix on the right hand side of matrix equation to the
coefficient matrix. The matrix equations will give definite results if
and only if the rank of the coefficient matrix is the same as the rank of
the augmented métrix. If this is not so the equations are not compatible
and hence there is no solution for the inverse values B11 etc, and hencg

by inverse definition there is no inverse for A. Ifqthe rank is the same
:

as the number of unknowns in B there will be a unique solution and if rank

is less than the number of unknowns there will be redundant number of

values but a solution is possible.

6.5 Illustrative examples

The following examples will illustrate the conditions that
could arise on these conditions. Consider a one input two output case

where filter coefficients are A, =1 and A21=K. The question to be

11

answered is, whether this filter has a stable inverse. If the filter

- has a stable inverse, its coefficients should. satisfy the matrix equatior,

2x1 1x2 2x2

Aq| (B4 Byp) 10

A 01

21

which in the expanded form would give:

- 4x2 2x1 4x1
1 0 311 1
0 1 312 a |0
K O 0
0 K 1
where the coefficient matrix is 1 0

o H® o
o
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and the augmented matrix is

R O = O
- O O =

1
0
K
0

It can be seen by inspection that the rank of the augmented matrx is 4

énd the rank of the coefficient matrix is 2 and hence the set of equations

have no solution and hence by definition the filter represented by
»

Ay

A21

1

K

has no inverse,
A more complex example will clarify the redundancy case where

the rank is different from the number of unknowns.

Example 1
. Consider two inputs, i.e. N=2 and three outputs il=3 with the corresponding

filter coefficients as:

A= 1 Byy= 105 Agy= o8

and A= A22=-0'3 A= 40

Does this filter have a stable inverse?

The matrix equation to be satisfied is:

9x6 6x1 9x1

1 1 0 0 o 0‘ B11 1
0 o 1 1 0] 0 321 0
0 0 o0 o 1 1 312 0
15 <30 O 0] 0 322 0
0 0 15 =3 0 0 313 =11
0 o o o0 15 --3. 323 0
1.8 4 0 O 0] 0 0
0 0 184 0] 0 0
0 0 o0 o 1.8 4 1
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Therefore the coefficient matrix ié:

1 1 0 0 0 0
. . . . 1 1
1.5 -.3 ° o ] ')
. . e . 1’5 —‘3
18 4 Y O L) ‘;r' .
. . ° . 1.8 4

1 1 0 0 0 0 1
. . . . 1 1 0
1'5 —.3 . . [ . o
. . . - 1'5 '03 0
1.8 4 . R . . 0]
. . . . 1.8 4 1

From computer analysis the rank of the coefficient matrix was fcund

to be 6 ﬁith rows 1, 2, 3 redundant, The rank of the augmented matrix

- was found to be 7 with rows 2, 3 redundant. As the rank of the
coefficient matrix is not the same as the rank of the augmented matrix
the filter has no stable inverse. This example illustrates an important
consequence of the rank requirement for solution of the matrix equation,
The matrix equation will not have a solution if M is greater than N,

i.e. if the number of outputs is greater than the number of inputs., This

can be proved in the following way. Consider the matrix equations:
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(vexa) , (NxM) NxM, 1 NxM, 1

Ayq BypeerBiy » | Biq 1
C Ay Ay B,, 0
| A1 gty Py 0

Apg Bppeeehoy . )

A21 A22...A2N ) *
1'1

* . ® ® *® * L ] . [ ] B-IM 0
Ayr Ayoe e by By 0
Mt Pyoe oo Bapy By 1

It can be seen that the number of unknowns B,, etc. are (Nx¥) in

11
magnitude. Hence the rank cannot be greater than (Nxli) as for x

unknowns there cannot be more than x independent equations for a

stable solution. But the coefficient matrix is of order (MxM), (NxM)
which means that there are ¥xM rows corresponding to (MxM) equations.

From the above consideration (¥xM = (Nx}) as regards number of independent
equations. Hence out of (Mx}) rows at least (221) - (¥xi7) rows are
dependent., The only way in which the coefficient matrix will have a

rank less than (¥x}) is when a set of values X4y Xy5.X, can be found

such that:

X1A11 + X

X1A12 + x2A22 + X3A32 + ees + XMAM2 = 0

. . . . . . . . .

X1A1N + X2A2N + X3A3N + eee + XMAMN =0

where X1, X2""XM can take zero values as well. The trivial solution

for the above set of equations is of course valueless. If this is so
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the coefficient matrix will have M redundant equations provided
(A g A_peeeh ) # C(Ay A peeehy) £OT any m,8 = 1,2,3...1 and T4s
vhere C is a constant, If (Ar1 Arz...ArM) = C(AS1 Asz...AsM) G times
for r,s = 1,2,..M and rfs then the coefficient matrix will have (}M+GM)
redundant equations. Therefore if (¥4C!) » (Mx} - NM) the above
condition is satisfied, i.e. rank is less than or emnal to the number
of unknowns. But not only must the rank be Eess than or equal to thé -

)

mumber of unknowns, it must also be equal to the rank of the augmented

matrix. PFor this to happen the following set of equations must be satisfied:

XA, 1+X2A21+...+XMAM_| =0 X, (o)+x2(1-)+...+1_cM(o) = 0
X.’A.' 2+X2A22+000+X]WA}‘12 = O o * . 'Y .
X Ay KAt e et Kb = 0 x1(o)+x2(o).+...+xM(1) =0

I
o

X1(1)+X2(0)+...+XM(0) =

This is clearlJ impossible. As before the trivial solution is valueless.
Therefore the rank of the augmented matrix will always be at least greater
than or equal *o (1 + rank of coefficient matrix) which means that the

gset of enquations are incompatible, and hence no solution can be obtained.

Example 2

Now consider a case of 3 inputs and 2 outputs with the
coefficient of the filter given as:

A11=1 A21=1'5 A12=1 A2 =03 A ,_=1+8 A, =40

2 13 23
which gives the matrix equation as:
' . 4x6 éx1 4x1
1 1 18 O 0 0 B11 1
0 0 | 0 1 q 1+8 321 0
145 <+3 4 0 0 0 B -
: 3 0
0 - 0] 0 1¢5 =<3 4 Byp
1 4
Boo |
332
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Therefére the coefficient matrix is:

1 .1 1.8 0 0 0
0 0 0 1 1 1-8
1.5 _-3 4 0 0 0
0 0 0 15 -3 4

and the augmented matrix is: -

1 1 1.8 0 o0 " o0 1
0 0 0 1 1 1.8 0
1.5 -3 4 0 0 0 0
o o0 0 1.5 =3 4 1

This was solved by using the CDC 6400 computer. The rank of the
coefficient matrix turned out to be 4 with columns 4,1 made redundant.
The rank of the augmented matrix was 4. with columms 4,1,7 made redundant.

On the above basis the matrix would reduce to the modified form as:

4x4 4x1 4x1
1 1.8 0 0 321 1
0 0 1 1.8 331 — 0
-3 4 0 0 322 0
0 0 -3 4 332 1

with coefficicuts B and B,, made zero,

11 12

The inverse of this matrix is:

88 -0 -4 O
-7 =0 22 0
0 88 0 -4
0 07 © .22

which gives B, =*88 331=-07 Bog==t4  Bz,=+22.

32
There fore the multichannel filter represented by its Z transform as
2x3
1 1 1.8
15 -3 4

has a stable invérse represented by its Z transform as



3x2
0 0
«88 -4
- +07 .22

Iﬁ this particular example the coefficient: of the filter was taken to
be independent of Z for simplicity. In the real case the coefficient

matrix and therefore the inverse would contain polynomial Z as coeffi-

—

cient and their stability can be discussed in exactly the same way as
. *
before when the number of inputs and the outputs were the same,

6.6 Discussion of Results

From the foregoing analysis it can be seen that the
stability criterion of filters rests.mainly on the question of inversion
of a matrix, In the case of equal magnitudeé of input and output channels
the matrix in question is square and in the case of an N input M output
case the matrix in question is of order (2xN). The square matrix will
have a finite unique inverse unlesé it is singular. The singularity
condition and the rectangular matrix formul-tion can be discussed with
reference to the so called 'g' inverse notation as explained in
/Matrix Theory' by Gantmacher. The method of obtaining this modified
inversion‘of a matrix is explained which is valid for the singular as
well as the rectangular case,

If we redefine the inverse of matrix A as matrix G which
satisfies the relationship AGA = A the analysis can be made general since
A can now be singular or rectangular., On this basis for the multichannel
normal equation formula represented by

A=Y
where A = filter matrix, X = input matrix, Y = output matrix, the following-
conditions can be derived for consistency, On the Z transform basis the
above equation reduces to:
(AKX =[Y] (6.4)

where A = MxN matrix and

X = a column matrix of order N (= input channels) and

Y = a colunm matrix of order M (= output channels). .
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The consistency requirement for 6.4 to have a solution is:
Mx1 e, 1XN -~ Nx1 Fx1
™ e I - 1)
where GI is defined as XGiX =X and the solution is:

A = YG_ + Z[I-XG ]

where 2 is arbitrary. This is assuming that the compatibility condition
1s satisfied. The abové deriv#tion can be made more meaningful if we
expand 6.4 and represen? the expansion as shown earlier where the input
values are in a matrix form aﬁd the required filter coefficients are in

a column matrix. On this basis the multichammel equation can be rewritten:_

xN'xM AMx‘l - YNx1

where X = input matrix of (NxMO
where N = number of digitised inputs in each channel
and M = number of channels x N

and A = column matrix of filter coefficients of order I
and Y = coluumn matrix of output values of order X¥ (only one output
channel is considered)

Therefore A= ng

where Xg is defined as XXgX = X,
Assuming the compatibility condition is satisfied and the rank of X is r with
r « minimum (N,M)
the required consistency condition is
XY=Y
g
and the general solution is
=XY I-X X)Z
A xg+(. g)

where Z is arbitrary.

6,7 Stability of the Auto correlation lMatrix

The discrete multichannel normal equation can be written as:
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a $ . (0) + a1¢n(-1) +..;+ ad (-m) = ;ézx(o)

ao¢ﬁ(1) + a1¢n(0) Feoot a“yf;mﬁ_m) =¢2x(1)

ao?fxx(m) + a1¢xx(m-1)+...+ am¢xx(o) = ¢zx(m)

with the usual meanings for the symbols and with the filter coefficient

as(s=0,m) as Mxll matrices and;dxx(s), (s=-m,m) as NxN matrices and all

'fézx(s)’ s=0,m as Nx! matrices.

e

The filter coefficients are given by the solution of the

matrix multiplication

B (0) & (-1
B.(1) & _(0)

B (m) B (n-1)

Ix]

cve ﬂ&x(—m)

B, (1-m)

e B _(0)

(m+1), (me1)

o

@

(m+1),1

C (m1),1

2x()

2.(1)

Z

()

(]

It can be seen that the form of the solution is dependent of the

inversion of matrix X which is the auto correlation matrix of the inputs,

Assuming the compatibility conditions mentioned earlier are satisfied the

inverse of the auto correlation matrix and hence the solution of the

matrix equation can he discussed in the following way. It is important

to note that the auto correlation matrix is symmetrical and hence its

inverse evaluation can be discussed with reference to symmetrical matrix

invefse evaluation. The singularity condition obtained when det A = O

can be incorporated into one single analysis if the generalised inverse

is evaluated instead of the normal inverse.

The evaluation of the generalised inverse with reference to

a symmétric matrix will now be discussed and the results applied to the

auto correlation matrix. If it so happens that a matrix A is symmetric

idempotent then A® (generalised inverse of A) is equal to A, i.e. A is

its own unique g inverse,

In this special case no problem of stability
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would arise aé the inverse is easily obtained as the matrix itself.
If this is not so A® can be found as follows. If A is symmetric it
is reducible to leading diagonal canonical form

A 0
0 0

-.H-AH' = i.e- ' A= H'|A A 0

o o

- HY
H H1AH1

where A 1is a diagonal matrix of the non zero latent roots of A and H -

is orthogonal and partitioned conformably as” H'= (1) B3] In this case

2.

A o’ H = HY A H,
o 0 :

The above results will be verified through a simple example to illustrate

2x2

the procedure involved. Let 4 = ‘2 1 be a symmetric matrix.

1 2

The characteristic equation is
[A-21]x =0 (6.5)

where A is a scaler, This represents a homugenous system of 2 equations
with 2 unknowns which has a non trivial solution for X if and only if

the coefficient matrix has rank r< 2, that is if and only if

det (A-)I) = O

Therefore |2-7\ 1 l= 0
1 2-2
give (2-M)(2-2) -1 =0
4% -1 =0
Therefore a - AN+ 3 = (7\-5)(7\"1_) = 0
Therefore A=30r A= 1

Substituting these values in 6.5




vfor7’-3 [2 1 _|3 Nt Yz o (6.51)
' o 1 2t 10 3 1 -1 ¢
which gives the characteristic vector associated with A = 3 as
3 l‘l 3
1l 5 13
_ obtained by solving the system 6.51. v
Similarly for A = 1 the characteristic vector is 1 |-1|
1
Therefore A =1 0 . o -
0
Normalising the two characteristic vectors we obtain
Ha=|-1//2 3/A8| and H'-.é\-1/f2_ 12
/2 3/ {8 3/fis 3/J18
In this particular case H; = H*!
88w KR = -INE 1102 X2 072 ls 3/0817%2
3/[18 3/A8 |o 1/3 142  3//i8
=|-1N2 1302 |-/Z 3/{A8| |4 -2 1612 =) s
3/yiB 18l | 2 3478 |2 4 -1 2
Therefore the required generalised inverse ¢f A is| 2 -1 1/3
-1 2
‘ 2 A
As a check APA =1/3]12 -1 \? 11 _ |1 0
-1 2 1 2 0

Expanding the multichannel normal matrix multiplication equation we will
have en input autocérrelation matrix of order N(4+1), N(+1) 2nd a filter

coefficient matrix of magnitude N(M+1), M and an output cross correlation
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matrix of order N(M+1), M. The stability of the solution can be tested
as follows. Ubtain the 'g inverse' of the autocorrelation matrix X as
illustrated above. It should be noted that a 'g inverse' would always
exist for any matrix‘singﬁlar or not. Denoting this by X€ and the cross
correlation matrix by 7 obtain the matrix miltiplication XX%z. If this
matrix is equal to the matrix Z the normal equations can.be solved

uniquely and the general solution is then giyen by
A =X52 4 (1-3%) 2,

where Z1 is to be evéluated.
If the condition stated above is not satisfied'the matrix multiplication
is not compatible and hence no solution can be obtained for the filter
coefficients,

It is worth noting in passing that an unstable solution,
i.e. a condition which does not satisfy the requirement stated above
in the case of the multichannel equation can be made stéble if the
structure of the auto correlation matrix is taken into consideration.
In the formation of the characteristic equation the coefficient of the
second highest power of the polynomial in the latert roots is the trace
of the auto correlation matrix. But the trace of the auto correlation
matrix is the sum of the auto correlations at zero lag for-all channels,
If the seismic model was chosen as a sum of the signal correlated noise
and uncorrelated noise the auto correlation terms will have uncorrelated
noise characteristics only at zero lag, as at all other lags the auto
correlation of the uncorrelated noise is zero. Hence addition of
uncorrelated noise will only have an effect on the trace of the auto
correlation matrix and by this variation it is possible to alter the
inverse of value of the matrix instead of changing the entire structure of
the matrix. Therefore in the case of an unstable solution a simple change

of the uncorrelated noise component could make the inverse matrix solution

compatible with the condition-: stated before,
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CHAPTER 17
CONCLUSION

From the foregoing analysis it can be seen that a given
seisuic trace can be analysed using different mathematical technioues.
The basic model for the given trace was always assumed to be that due
to the summation of three components: signal, correlated noise and
uncorrelated noise. It was also assumed that the signal and correlated
noise were convolutions of wavelets and rnrudom series., As couldbbe
seen there is no absoclute way of determining the components of the
trace without making any assumptions., But different assumptions
.regardéng the characteristics of the components enable one to decompose
the trace mathematically in different ways. As again there is no way
.of telling which assumptions are justified in a given trace. It may be
possible to arrive at the appropriate assumptions (and hence the correct
mathematical decomposition) by considering the geological implications
of each zssunption. The purpose of this thesis was to demonstrate that
under diffefent assumptions which are vali¢ normally, it isbpossible to
decompose a given trace to its components, At least in theoretically
constructed cases the results of the decomposition were quite good. It
remains to be seen how these methods would apply in the case of real

data.
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, APPENDIX A
AMe
AMmpP

o/\v/\\/L\ij R

a(t)
For series a(t) a(t)¥=0 for t<0 or t>N
For series b(t)  b(t)=0  for t<0 or “t>M

Convolution of a(t) 2nd b(t) would give

N
y(t) = a(t) * v(t) = g a(™) b(t-v) av

Fourier Transform of a(t) i

()]

N I
£ (f): j a(t)e—zﬂ'lft at
.a 0

- ¥

=211
" " " ob(t) s £,(f)= S b(t)e™ Y gy
0

()]

’ M4l .o
" " " y(t) i fy(f)= f y(t)e—?n'l_n.t at
0

NN :

- a(™) b(t-r) ar{e it g4
J 1y
0 0 :

M+l N ‘o
= [ a(™t /S v(t-M o2t dt} a
0 0

Substituting t-T= t

M4 N o
fy(f) = j+ a('r){ [ v(t) o~ 2Mif (447) dt} atT
-0 . -

A —omien, T _omirt
={f a(Me arlff b(t)e™” aty
0 - _

M -2M3 M =2Ni
S EROIBEIOT e b(e)e at }

- N-1~

TiMG

(1)

(24)

(34)

(44)

(54)



AN —onif™

= fa(f)fb(f) - {) a(™) e [&] ar
= £ (5){1,(5) - E} a (64)
where E is given by

N+N 4N
EZ Afr)ar= = A(M) E(M) %

™ =0 ™ =0
with A(Y) = a(m) e~ T

b=k -oTift

and E(*™) = = b(t) e
~ t=N=1
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APPENDIX B
o —1(1(a-4-z\:)2
Consider I =f e dx
0
Substituting a+x = u
o —k1u <k u2 | jq —k1u2
I= f e du = _/ e du - e du
a - 0 0
oL 2 &
-k.x
T
Now J e ! dx = % e
' 0 1
s a —k1u2
Therefore, I = %ﬁc; - A where A=) e du
1 0

2
—k1u
Consider 3B = 5 e du

Let k‘lu2 = o
- 2 3 4
Therefore’ B =j; 1doc1: = L _LJXJT{‘]_d‘*'oc?l - OC' + °C' - oco}
k:l?o(;’.‘ 2k1d &’E - 3- 4.
23 3/2 5/
ST L5 = I T ™
5 2. 3
2k *
1
_ a(% { 1 < + o 2 }
= L 3. - ] -~ oo
2k1% 3 3/2 5/2.2¢
k 3 2 2,2
= 1 u i ‘12_ (k1u ) + (k1u ) - ...S
%% "% T3/2 5/2.2Y
2 2,2 a
2% 372 T5/2.2t 0
L2 4
= éé 1 - k1.a'? + ‘{1 2 - ooo}
4¢ % 3/2 5/2.2!
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If the Nth term of the expansion in A is AN and

the (1\7—1)‘!:h term of the expansion is Ay . .
. =Ty

ENT

AN i g ("j)N+1 (k1a2)N-1 g

E;N-1)/2.(N«1)!

Ay_1™

4 (cx-3)/2.(N-2)¢

For convergence of series A

%ﬁ:}] < 1 ag N — o<
‘ 2
But | M l= » 7k, (20-3) ka2 (2-3/1)
M (oN-1)(¥~1) (28-1)(1-1/11)

Therefore A is convergent.

Therefore I = - A is a valid representation.

Qs
e

g8 N —» <
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