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Abstract

This paper presents a study of causality in a reversible, concurrent setting.
There exist various notions of causality in w-calculus, which differ in the
treatment of parallel extrusions of the same name. Hence, by using a para-
metric way of bookkeeping the order and the dependencies among extruders
it is possible to map different causal semantics into the same framework.
Starting from this simple observation, we present a uniform framework for
reversible 7-calculi that is parametric with respect to a data structure that
stores information about the extrusion of a name. Different data structures
yield different approaches to the parallel extrusion problem. We map three
well-known causal semantics into our framework. We prove causal-consistency
for the three instances of our framework. Furthermore, we prove a causal
correspondence between the appropriate instances of the framework and the
Boreale-Sangiorgi semantics and an operational correspondence with the
reversible m-calculus causal semantics.
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1. Introduction

Starting from the 1970s [1] reversible computing has attracted interest in
different fields, from thermodynamical physics [2] to systems biology [3, 4],
system debugging [5, 6, 7] and quantum computing [8]. Of particular interest
is its application to the study of programming abstractions for reliable systems:
most fault-tolerant schemes exploiting system recovery techniques [9] rely
on some form of undo. Examples of how reversibility can be used to model
transactions or transactional memory can be found in [10, 11, 12]. An
example of how controlled reversibility in 7-calculus [11] can be used to model
checkpoint /rollback schemas is given in [13].
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A reversible system is able to execute both in the forward (normal)
direction and in the backward one. In a sequential setting, there is just one
order of reversing a computation: one has just to undo the computation
by starting from the last action. In a concurrent system there is no clear
notion of last action, since due to concurrency there might be different actions
happening at the same time. A good approximation of what is the last action
in a concurrent system is given by causally-consistent reversibility, introduced
by Danos and Krivine for reversible CCS [14]. Causally-consistent reversibility
relates causality and reversibility of a concurrent system in the following way:
an action can be reversed, and hence considered as a last one, provided all its
consequences have been reversed.

In CCS [15], there exists just one notion of causality: so-called structural
causality, which is induced by the prefixing ‘. operator and by synchronisa-
tions. As a consequence, there is only one way of reversing a CCS trace, and
from an abstract point of view there exists only one reversible CCS. Evidence
for this has been given first [16], where an equivalence is shown between the
two methods for reversing CCS (namely RCCS [14] and CCSK [17]). Lately
in [18] it has been shown that RCCS and CCSK are equivalent in terms of
LTS isomorphism.

When moving to more expressive calculi with name creation and value
passing like the m-calculus, matters are more complex. As in CCS, structural
causality in the m-calculus is determined by the nesting of the prefixes; for
example, in process ba.ce the output on channel ¢ structurally depends on the
output on b. Extruding (or opening) a name generates an object dependencys;
for example, in process va (ba | a(z)) the input action on a depends on the
output on b. There are different interpretations of the object dependency
which are easily distinguished when the parallel extrusion of the same name
and dynamic creation of extruders via name passing is considered. Intuitions
about the three approaches will be given using a recurring example throughout
the paper. We abstract away from the techniques for keeping track of causality
and consider just the order between the actions.

Let us consider a 7-calculus process P = va(ba | ¢a | a(x)) | b(y).(7d | ey).
After the synchronisation on the channel b, we obtain a m-calculus process
P" = va(ca | a(x) | ad | ea) where the new extruder ea of the name a is
enabled. Now, we observe the two actions executing on the channel a. We
have three different possibilities.

The classical and the most used approach to causality in the m-calculus is
the one where the order of extrusions matters, hence the first output executed



by process P’, say ca, will cause both actions a(x) and ad. Moreover, the
first output will cause the action eéa as well. The actions a(z) and ad can
communicate with each other without any constraints. Some of the causal
semantics representing this idea are [19, 20, 21] and all of them are defined
for standard (forward-only) m-calculus. In [19] the authors claim that, after
abstracting away from the technique used to record causal dependences, the
final order between the actions in their semantics coincides with the ones
introduced in [20, 21]. Hence we group these semantics together as a single
approach to causality.

Secondly, in [22], the actions a(x) and @d depend on one of the extruders,
ca and ea executed concurrently, but there is no need to keep track of which
one exactly. Additionally, the action ad is structurally dependent on the
communication which happened on channel b. This causal semantics is defined
for the forward-only 7-calculus.

Finally, [23] introduces another interpretation of parallel extrusion by
resorting to a compositional causal semantics for the reversible m-calculus
in [23]. Concerning the common example, the extrusions ¢a and ea are
executed concurrently. If the action a(z) synchronises with the environment,
it chooses its cause to be one of the extruders. Otherwise, if it communicates
with the process ad its cause needs to be the action that instantiates the
name a in process ad, which is the very first action, synchronisation on the
channel b. The idea behind this is that the causality of the visible actions is
an anticipation of the causality of synchronisations they are involved in. This
causal semantics enjoys certain correctness properties which are not satisfied
by the other semantics.

Some correctness criteria for causal models have been proposed in [24]
where it was shown that the approach of [23] satisfies them while those
of [19, 20] do not. However, there is a question about causality and m-calculus
which still has to be solved. In [25] it has been shown that the (forward) causal
semantics induced by the reversible higher-order m-calculus [26] coincides
with the one of [20] when considering reduction semantics (e.g., considering
closed systems). That is, the causality considered by [26] coincides with the
structural one. One could conclude that while considering closed systems the
causal semantics of [26] and [23] are the same, even if [26] does not keep track
of causal information about the instantiators. One interpretation of this fact
is that [23] uses more causal information than required. But this is still left to
be proven. We believe that a common framework will help us compare them.

The novelty of [23] in handling extrusion for reversible 7 is to endow an
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extruded name with a “history”, that is, a set of process identifiers which
extruded that particular name. In this way it is possible to keep track of all
the possible causes and eventually choose one. By starting from this idea, if
we had to model the causality of [20], in which the first extruder causes all the
subsequent actions, then we could endow the extruded name with an ordered
list of extruders, in which naturally the order plays a relevant role. Then
by starting from this idea, we present a framework for reversible m-calculi
that is parametric with respect to the data structure that stores information
about the extrusion of a name. Different data structures will lead to different
approaches to the parallel extrusion problem, including the three described
above. Our framework allows us to add reversibility to semantics where it
was not previously defined. By varying the parameters, different orderings of
the causally-consistent backward steps are allowed. For the three instances of
the framework, we provide full proof of causal-consistency, which was never
provided for reversible semantics using the causality of [20, 22]. Our intention
is to develop a causal behavioural theory for the framework, in order to better
understand different interpretations of reversibility in the m-calculus, and to
use this understanding for causal analysis of concurrent programs.

A preliminary discussion of the framework appeared in [27], where some
initial ideas were given. Moreover in [27] it was argued that it was necessary to
modify the semantics of [20] in order to add information about silent actions.
In this work we fully develop the idea behind the framework and leave the
semantics of [20] unchanged, apart from using a late semantics, rather than
early as originally given.

Contributions. We present a framework for reversible 7-calculi which is
parametric in the bookkeeping data structure used to keep track of the object
dependency. As reversing technique, we will extend the one introduced by
CCSK [17], which is limited to calculi defined with GSOS [28] inference rules
(e.g., CCS, CSP), to work with more expressive calculi featuring name passing
and binders. This choice allows us to have a compositional semantics which
does not rely on any congruence rule (in particular the splitting rule used
by [23]). Depending on the bookkeeping data structure used to instantiate the
framework, we can obtain different causal semantics (i.e., [23, 20, 22]). We
then show that the three corresponding instances enjoy the standard properties
for a reversible calculus, namely the loop lemma and causal consistency. In
particular, this is a novel result for reversible calculi whose underlying causal
semantics is one of [20, 22]. Also, we prove causal correspondence between
the causal semantics introduced in [20] and the matching instance of our
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framework. Also, we prove a correspondence in terms of strong back and
forth bisimulation between an instance of our framework and [23]. This is due
to the fact that we use a different notion of concurrent/conflicting transitions
with respect to [23].

The rest of the paper is structured as follows: an informal presentation of
the framework is given in Section 2, while its syntax and operational semantics
are given in Sections 3 and 4, respectively. The properties of the framework are
given in Section 5 (full proofs can be found in Appendix A). In Section 6, we
show how by using different data structures we can encompass different causal
semantics. The operational correspondence between the matching instance of
our framework and the causal semantics of [23] is presented in Section 6.1.1
(full proofs and additional examples can be found in Appendix B), while the
correspondence with the semantics of [20] is given in Section 6.2.3 (full proofs
are gathered in Appendix C). Section 7 concludes the paper.

This paper is a revised and enhanced version of [29]. In particular:

e Section 2 has been revised and expanded;

e in Sections 3 and 4 the framework has been extended with recursion.
Examples 1 and 2 have been revised and more explanations have been
added;

e Section 5 has been extended with Examples 3 - 6, which are not present
in [29]. Moreover, a novel notion of concurrent/conflicting transitions is
presented, which differs from the one of [23];

e Section 6 has been totally revised: more commentary on the various
semantics has been added and Examples 8, 13 and 18 have been revised;

e Section 6.1.1 is new. It presents an encoding from our framework to
Rm [23] and then shows a tight correspondence between a term of our
framework (instantiated with the causality of Rm) and its encoding in
Rm;

e the proofs in Section 6.2.3 have been revised and Examples 14 - 17 are
added for a better understanding of proofs ideas;

e Appendix A, Appendix B and Appendix C include full proofs.



2. Informal presentation

A general approach to deriving a reversible variant of a CCS-like calculi de-
fined through SOS rules is given in [17]. The main ideas behind this approach
are to make each operator of a calculus static and to use communication
keys to uniquely identify the actions. While dynamic operators as choice or
prefix are forgetful operators, in the static one, there is no loss of information.
For instance, if we consider a CCS process P = a.b | a.c the synchronisation
between parallel components of the process P is:

ablacb|c

As we can see, the information about the synchronising prefixes is lost. This
is due to the fact that the prefixing operator is dynamic. By following the
approach of [17] we can make the prefixing operator reversible in this way:

ab|ac L afilb | ali].c
As we can notice, prefixes a and @ are not discarded but annotated with
a communication key ¢. Decorated prefixes are used only for the backward
steps, hence the resulting process can continue forward computing behaving as
process b | c. Hence we could have that the process can for example produce
the label c: 4

ali]b | alil.c 2 afil.b | afil.clj]
or it can revert the synchronisation to get back to the original process:
q gt =1 Tl _

alil.b | afil.c ~= a.b| a.c
We expand this idea in the more complex setting of the 7-calculus, where
the possibility of creating new channel names and treating channels as sent
values is enabled. For instance, by adapting the process P to the m-calculus,
we have the computation:

a(2).Q1 | @.Q2 % a(@)[i].Q1{" /x} | abli].Qo

In the substitution {¥/,}, variable z is substituted by the name b decorated
with the key i. Decorations on the names keep track of the substitutions
occurring during the communications. In the example, it means that variable x
is substituted with the name b in the synchronisation identified by the key 1.
In the example above, there is a distinction between the past prefix ab|i] and
the instantiated name b°. The former indicates that the action @b has been
executed and given a communication key 4, while the second implies that the
name b was resolved via the communication indicated by 1.
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Remark 1. We could keep track of the substitution of the name differently.
For example, we could record in the memory, along with the key ¢ the process
before the substitution, as is done in [25, 26]. By applying this approach to
the m-calculus example above, we would have the computation:

a(2).Q1 | ab.Qs > a(x)[i, Q1].Q1{"/x} | @bli].Qs

As we can notice, the input prefix is annotated with both key and the
process ()1 before the substitution. This approach is memory consuming but
it allows one to revert substitution (which is not a bijection) in a simple way
by just restoring the past process. By just keeping track of substitutions via
decorations, we avoid keeping a copy of each process before an input action.

In m-calculus, by adopting the static way of bookkeeping the past actions
that processes performed as in [17], we avoid using the structural rule of
R [23] to split a parallel composition. In what follows we will refer to this
rule as the SPLIT rule. In R, processes with a computational history are
called monitored processes. A monitored process has the form m > P. One
drawback of this approach is the need for the split rule to enable a parallel
composition of processes sharing the same memory to perform a forward
action. In the structural rule

mv (P | Q)= (1) -m>P[ () -m>Q

memory is duplicated and annotated with (1) recording the fact that in the

past a process split in two parallel ones. This rule is not associative and,
as shown in [25], brings an undesired feature in which equivalent processes
performing the same action may become non-equivalent processes.

Besides keeping track of the actions executed in the past of the process,
the framework has to remember also the actions which extruded a certain
name. Following the idea introduced in [23], this can be done by using the
contextual cause of an action. For example, in the computation

va (ba | a(x).P) 22 vag Gali] | a(@).P) 222 vag, (ali] | a(@)l,i).P)

we can notice that after the extrusion of the name a (the first action
performed), the restriction va is not discarded as in the standard 7-calculus,
but transformed into the memory vag;. In this way, the fact that name a is
extruded by the action 4, is recorded. The memory vag; does not behave as
a restriction operator anymore; hence name a is free and the input action on
the channel a can be executed. The contextual cause of the action a(z) is i
and this is recorded in the process a(z)[j,1].P.
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3. Syntax

We assume the existence of the following denumerable infinite mutually
disjoint sets: the set N of names, the set K of keys, and the set V of variables.
Moreover, we let K, = K U {*} where * is a special key. We let a, b, ¢ range
over N; z,y range over V; ¢ and its decorated variants range over K, j and
its decorated variants range over K,.

P, Q:= 0]|ba.P|bxz)P| P|Q |va(P)|A
Recursion A2 Py

P,Qu= 0[ba"P|V(2)P| P|Q |vamia(P) | A

X, Y= P| Ve[, Kl.X | ¥(@)i,K].X | X|Y |vaa(X)

Figure 1: Syntax of the framework

The syntax of the framework is depicted in Figure 1. Processes, given
by the P, @ productions, are the standard processes of the 7-calculus [30]:
0 represents the idle process; ba.P is the output-prefixed process indicating
the act of sending name a over a channel b; b(x).P is the input-prefixed
process indicating the act of receiving a value (which will be bound to the
variable x) on channel b. Process P | () represents the parallel composition
of two processes, while va(P) represents the fact that name a is restricted in
P. The symbol A represents a process constant defined as A £ P4, where
P, is a m-calculus process. It is assumed that each process identifier A has a
single defining equation of the form A £ P.

Reversible processes, given by the X, Y productions, are defined on top
of m-calculus processes. Differently from the standard w-calculus, performed
actions are not discarded, but annotated and kept in the structure of a
process, representing its history. A reversible process P behaves as a standard
m-calculus process P, only decorated with instantiators. The instantiators
are used to keep track of the substitutions. The prefix &’ a/[i, K] is called a
past output and it records the fact that in the past, the process performed
an output action identified by key ¢ and that the contextual cause set of the
executed actions was K C K,. Prefix ¥ (z)[i, K].X represents a past input
recording the fact that the executed action was the input action identified
by key 7 and its contextual cause set was K. Parallel composition of two



reversible processes X and Y is represented with X | Y. Inspired by [23], the
restriction operator vaa is decorated with the memory A which keeps track
of the extruders of the name a. When A is empty (empty(A) = true—we
will give the precise definition below), vaa will act as the classical restriction
operator va of the m-calculus.

In the framework we use m-calculus processes P decorated with instantia-
tors, written as P; we do the same for process constants A. Then, we define
A as A £ Py.

Process definition is instrumental in adding (reversible) recursion in a neat
way, as shown in [31], as it does not require us to keep track of the substituted
process variable. We denote the set of reversible processes with X.

Remark 2. If the prefix of the process is not relevant, we will denote it
with 7. Hence, we have 7 = b’a/* or 7 = b/(z). We shall use notation b* in
the subject or the object position to specify that name b has no instantiator.
We will use this technicality in Definition 8 when we define the notion of an
initial process in the framework. We denote with K = {x} the fact that there
is no action that caused the executing action, while K = {x,i} or K = {i}
symbolises the fact that the executing action is caused by the action identified
with the key ¢. Later in this section and in Section 4, we shall see that
K = {x,i} and K = {i} have the same meaning, but the difference appears
as a consequence of the fact that different definitions for the data structure A
use different machinery to record the causes (Definitions 14 - 16).

Remark 3. The framework can be easily equipped with the choice operator
(+) by making the operator static as in [17]. Adding the choice operator
would result just in a more complex syntax, but all the results will still hold
as the choice operator does not affect the notion of causality.

To simplify the manipulation of reversible processes, we shall define history
and general contexts. A history context represents the executed prefixes of a
process. For instance, the process X = b a*[i, K].¢*a*[i', K'].P can be written
as X = H[P], where H = b a*[i, K].¢*a*[i’, K’].e. On top of the history context,
we define a general context by adding parallel and restriction operators. For
instance, process Z | Y | X can be written as C[X]| where C = Z | Y | e.
Formally, we have:



Definition 1 (History and general context). History contextsH and gen-
eral contexts C' are reversible processes with a hole o, defined by the following
grammar:

H:=e|7[i, K|.H C:=H| X|C |vaa(C)

Definition 2 (Set of free names). The set of free names of a given process
X, written as fn(X), is defined as:

fo(X |Y) = fn(X) U fn(Y)

fn(vaa (X)) = fn(X) \ {a} if empty(A) = true
fn(raa(X)) = fn(X) U {a} if empty(A) # true
fn(f e’ . X) = £0(X) U {b, a}

fn(a’(z).X) = fn(X) U {a}

The set of bound names of the process X is defined as bn(X) =n(X) \ fn(X)
where n(X) denotes the set of all names appearing in process X .

Definition 3 (Set of free variables). The set of free variables of the given
process X, written as £v(X), is defined as:

£v(X | V) = £9(X) U fv(Y) fv(f o’ X) = £v(X)
fv(vaa (X)) = fv(X) fv(a?(z).X) = fv(X) \ {z}

The set of bound variables of the process X is defined asbv(X) = v(X)\fv(X)
where v(X) denotes the set of all variables appearing in process X .

Given a process X, we represent the set of its free names and variables,
written Fnv(X) as Fov(X) = fn(X) U fv(X). Similarly, the set of bound
names and variables is written as Bnv(X).

3.1. Abstract data types

The framework is parametric with respect to the data structure A which
we define as an interface (in the style of a Java interface) by giving the
operations that it has to offer.

Definition 4. The symbol A represents a data structure defined with the
following operations:

(1) init: A — A initialises the data structure
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i1) empty : A — bool predicate telling whether A is empty
i) +: A XK — A operation adding a key to A

iv) 4t A XK — A operation removing a key from A

(
(
(
(v) €: K x A — bool predicate telling whether a key belongs to A

In what follows, we give a description and definitions of operations defined
on the three instances of the data structure A: set, set indexed with an
element and set indexed with a set. As we shall see, these three instances
will give rise to three different notions of causality.

Set. The data structure is a set I' containing keys (i.e. I' C K,) of all the
actions that extruded name a. The idea behind the memory var is that any
of the keys contained in I' can be a contextual cause for some action having in
the subject position name a. For example, in the process vag, ;,3(Y | a(x)),
the contextual cause of the action a(x) can be chosen from the set I' = {iy, s}

Remark 4. In what follows we will abuse notation and write X4, that is, we
apply the operator »; to a process instead of a data structure A. The meaning
of Xy; s that the operator will be applied only on the data structures A
contained in X.

Definition 5 (Operations on a set). The operations on a set I' are de-
fined as:
(i) init(T") =0
i) empty(l') = true, when I' =)
iii) + is the addition of elements to a set
iv) i s defined as the identity, that is T',, =T
v) 1 € I means that the key i belongs to the set T’

(é
(
(
(

The data structure is initialised when I" = () and it implies that empty(I") =
true, as expected. The operation y; is defined as the identity, while + and
1 € I are classical operations defined on sets.

Indexed set. The data structure is an indexed set I',,, where set I is a set
containing keys (I' C KC,) of all the actions that extruded name a and w is the
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key of the very first action that extruded name a. In this case the contextual
cause for name a is exactly w. For instance in the process vag, i}, (Y | a(x))
the contextual cause of the action a(x) is ¢;. We shall write w = * if there is
no action that extruded name a.

Definition 6 (Operations on an indexed set). The operations on an in-
dexed set 1"y, are defined as:

(i) init(Ty,) = 0,
(i7) empty(T',) = true, when T =0 A w = %

: ) (Tu{i})i, when w = x
d d as: Ty +i=
(1i1) + is defined as +1 {(F (V). when w £+

(Ty)pi =Ts, wheni=w

(i) 4 is defined as : (T'w)y {(Fw)#i:Fw, otherwise

(v) @i € T'y, means that the key i belongs to the set I', regardless of w (e.g.

i€ {i}.)

The data structure is initialised when init(T',,) = (), and it implies that
empty(I',,) = true, as expected. The + operator is defined as: the key added
to I',, will be added to the set I' and in the place of w if w = *, otherwise it
will be added just to the set I'. For instance, after adding key i3 to {iy, s}
we obtain {i1,142,43},,. Operation 4; substitutes the value of w in I',, with
element *, when w = ¢. For example, the result of applying operation 4; on
{i,41}; is {4,141 }+. The operation of belonging is defined on the set I" in the
classical way, regardless of the index w. For instance, the key i belongs to
the indexed set {iy,i};,.

Set indexed with a set. The data structure is a set indexed with a
set I'q, where I' is a set containing keys of all the actions that extruded
name a and €2 € I, is a set containing keys of the extruders of name a
which are not part of the communication. The idea behind var,, is that
the contextual cause for the name a is the set ). For example, in the
process l/a{ihi%%}{*’ihig}(}/ | a(x)) the contextual cause of the action a(z) is
Q = {x,i1,i3}. We write 2 = {*} when there is no action that extruded
name a which is not part of the synchronisation.
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Definition 7 (Operations on a set indexed with a set). The operations
on a set indexed with a set I'q are defined as:

2) init(FQ) = @{*}

i1) empty(I'q) = true, when ' =0 A Q= {x}

(
(
(4ii) + is defined as: (T'q) +i = (LU {i})qupn
(iv) 4 is defined as: (Ta)pi = oy

(

v) i € I'qg means that the key i belongs to the set ', regardless of Q2 (e.g.

i €{ity)

The data structure is initialised when init(I'q) = 0,y and it implies that
empty(I'(,;) = true. The + operator is defined by adding the key into both
sets. For instance, the result of adding key 4 into the data structure {71, 2} {+,}
is {41,%2,%}{s,in,i}.- The operation y; removes the key i from the set €2. For
example, if we apply operation 4; to the data structure {i1, 4,7} 4,4, We
obtain {i1, 42,7} {«,) (the key i is deleted from the set €2 = {*,45,i}). The
operation of belonging is defined on the set I' in the classical way, regardless
of the set 2. For instance, the key ¢ belongs to the data structure {iy, i}{*m}‘

In the following we define the initial process in the framework.

Definition 8 (Initial process). A reversible process X = P is initial if it
1s deriwed from a m-calculus process P where all the restriction operators are
initialised (i.e. restrictions are decorated with init(A)) and in every prefiz,
names are decorated with a distinguished symbol .
4. Operational semantics of the framework

The grammar of the labels defined on the transition ¢ : X % VY is:

wa= (i, K,j) : « az=ba | b(x) | blraa) |

The triple (i, K,j) contains the key i that identifies the action «, the
contextual cause set K C K, and the instantiator j € IC, of the action a.
The action « can be:

e standard input and output on the channel b, symbolised with b(x) and
ba, respectively;
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e the silent action; or

e action b(vaa) that represents the classical bound output from the 7-
calculus, when A is empty (empty(A) = true), otherwise stands for
free output decorated with a memory A.

We say that name b is in the subject position of the action «, written
as subj(a) = b if a € {ba,b(z),b(vax)}. Similarly, name b is in the object
position, written as obj(a) = b if a € {ab,a(vba)}. We write bn and bv for
the set of bound names and variables of the action a:

bn(ba) = () bv(ba) = ()
bn(a(z)) =0 bv(a(z)) = {z}
bn(b(vaa)) = {a} when empty(A) = true bv(b(vaa)) =0
bn(b(vaa)) = () when empty(A) # true

With Bnv(a) = bn(a)Ubv(a) we denote the set of bound names and variables
in the action «a.

Now we define the function key(:) which computes the set of keys in a
given process and we specify the notion of freshness for a key.

Definition 9 (Process keys). The set of communication keys of a process
X, written key(X), is inductively defined as follows:

key(X | Y) =key(X) Ukey(Y) key(n[i, K].X) = {i} Ukey(X)
key(vaa (X)) = key(X) key(P) =10

Definition 10. A key i is fresh in a process X, written fresh(i, X) if i &
key(X).

With the next definition we define the relation between the cause set and
the instantiators, which is necessary to define the communication rules.

Definition 11. Given a cause set K and an instantiator j, we have
Ky if K={j} or x€K

For instance if K = {*,1i1,i2} and j = i3 the relation K > j holds since we
have * € K. We will come back to this relation when explaining the rule

(Com).
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We let A be the set of all actions ranged over by . The set of all possible
labels is defined as £ = K x P(K,) x K, x A, where P(K.) denotes the power
set of IC,. In the following definition, we give the operational semantics of
the framework.

Definition 12 (Operational semantics). The operational semantics of
the reversible framework is given as a pair of LTSs defined on the same
set of reversible processes X and set of labels L: a forward LTS (X, L, —»)
and a backward LTS (X, L,~). We define — = —» U v, where —» is the
least transition relation induced by the rules in Figures 2 and 3 (pages 16 and
19 respectively); and ~~ is the least transition relation induced by the rules
in Figure J (page 22).

In what follows, we give the forward and backward rules of our framework
defined with a late semantics for inputs. Forward rules are divided into two
groups, depending on whether they are common to all the instances of the
framework (rules which are independent of the data structure) or they are
parametric with respect to A.

Common rules are given in Figure 2, where H is a history context (Defini-
tion 1). As we can notice, in the rules (OuTl) and (IN1), executed actions
remain in the structure of the process and they are annotated with the mem-
ory [i, K|, where i is the fresh key bound to the executing action and K is the
cause set of the action. The label of the transition except the key ¢ and cause
set K contains also the instantiator j of the name b. A prefixed process H[.X|
can perform a forward step if process X can execute it. This is depicted by
the rules (OuT2) and (IN2). The rule for parallel composition (PAR) allows a
process to execute the action «, under the condition that the key 7 is not used
by another process in parallel (i ¢ Y'). This condition guarantees uniqueness
of the action keys.

Rule (CoM) allows synchronisation between two processes in parallel
which satisfy the condition K > j/ A K’ > j. The idea behind the

):b(x

i, K,7):bi

Mﬁ)} X/ and
iK' . . . .. . .

Do Y M Y’ if name b in the premise p; is instantiated with the

action j, then in the premise py, there are two possibilities for the cause set K’

of the action b(x) so that condition K’ > j holds, namely x € K’ or K' = {j}.
This condition is necessary when we want to capture the semantics of [23]'.

condition is the following one: having two premises p; : X

n the semantics of [23], the condition on the communication rule is k =, j/ A k' =, j,
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(4,K,5):ba X' fresh(i, H[X])

, o (OuT2) ——
(OUTl) i p LED 3 i k)P HLX] 20 yx)
(n2) X Dy X1 fresh(i, HIX])
(IN1) (). P LEDPD i) ]i, K] P g x| SO gy
(PAR) x e oy ¢Y Bnv(a)NFov(Y) =10
X | v (i,K,j):a X’ ‘ y
(o X GEbay oy GELTINO v g i A K
(2, {*},%):7 , /rat
XY ——— X" [Y{* /o}
(i,K,j):Ot !/ A
Py X' A2P,
(REC) (i,K,j):« ’
A X

Figure 2: Common rules for all instances of the framework.

As we will see in Section 6.1, to capture it, the set I' will be used as the
data structure and the cause set K will be the singleton. Then the condition
K’ j is satisfied if x € {K’, 5} or K’ = {j}. For the other semantics that
we considered, K is the set obtained by adding the index of the used data
structure (w or ) to it, every time when a certain restriction is passed (we
will give more details in Section 6). Therefore, since in the initial process
w =% and Q = {x}, we have * € K , which makes the condition on the rule
(CoM) always true.

Additionally, in the rule (CoM), the necessary substitution is applied to
the continuation of the input process in the following way: every occurrence
of variable « € Fnv(Y”) is substituted with the name a decorated with the
key i of the executed action. In this way, future computations of the process
Y'{% /,} will be aware that variable x was substituted with the name a during
the synchronisation identified by i. In a’, the key i is called the instantiator

where k =, j is defined as x € {k,j} or k = j. We adapt this definition to our framework.
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and used only to track the substitution, not to define a name. For instance, in

the reversible process b’ a*.P | b’ (z).P’, the communication between i’ a*.P
and &' (z).P’ is allowed even if they do not have the same instantiators on
the channel 0.

Rule (REC) allows recursive computations. Following [17] we use process
constants to define recursive processes. This is simpler than dealing with
the recursion operator rec X.P since there is no need of keeping track of the
substitution of the process variable. For example, if we take the usual rule
for the recursive process:

P{recX.P/X} i> P/

REC1
( ) recX.P % P’

in our framework, we should have the following forward and backward rules

(i’K’j):a
AWAAARAA—

"K’ j : P/ P//
(Recl) preeXP /) LD, pr (REC1®) —
rec X.P %% rec X[i, P].P’ rec X [i, P].P’ B, rec X.P

which keep track of the fact that the process variable X has been substituted

in P by the recursive definition, because of the action identified by . For the
same reason, we also do not consider constants which are parametric to a set
of names, that is A(x,...,7,) = P. By resorting to process constants, we
avoid keeping track of such information.

For example, let A 20 a*. A | ¢*d* be a process constant. The execution
of the output action on the channel b is:

):b

ba*A | Ed* L dedo)ibay g g [i1, {*}].A | c*d”

Now we can substitute A with b a*. A | ¢*d* and execute the output action
on the channel b again:

B afin, (=)0 0" A | @) | erdr L2 B e G5 0 e, (+)]A | ) | @
In order to have better intuition about the rules presented above, we give
the following example.

Example 1. Let X = b a*.0 | b*(x).Zc¢* be a reversible process. Process X
has two possibilities of executing forward actions: (7) either the two prefixes
synchronise with the environment, (i7) or they synchronise with each other.
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(1) An output action ba and an input action b(x) can be performed. In this
case actions synchronise with the environment:
(4,{*},%):ba

b a*.0 | b*(z).zc* b a*[i, {+}].0 | b*(x).zc*

YD 5 i, (+)).0 | 0 (2) [, {+)] 26" = Vi
As we can notice, the output action ba is identified by key 7, while the
input action is identified by key 7'.

(11) Two parallel components of the process X can synchronise over the
channel b, and we have:
T* % * N (R T ) e B * . —i x
b a*.0|b"(x).Tc" ——— b a™[i,{*}].0 | b"(z)[i, {x}].a'c" = Y3
We can notice that during the synchronisation identified with key i,
variable & was substituted with the received name a decorated with the
key i. In this way substitution of a name is recorded.

Parametric rules are represented in Figure 3. Depending on the data
structure used, the mechanism for choosing a contextual cause differs. For
this reason, we introduce two new predicates Cause(-) and Update(-). The
intuition behind the predicates is that they define how the contextual cause
set is chosen from the memory A. In the following, we give the definitions of
the mentioned predicates for three data structures that we will use.

To be able to define the predicate Cause(-) when data structure A =T is
used, we first need to adapt the definition of the instantiation relation ([23,
Definition 2.2])) to our framework and define it on the past prefixes. For
instance in the process

b* (x)[ir, K1]).a@" c*[ig, Ko).Y

actions i; and i, are in instantiation relation, since action ¢; instantiated

the name a. We can see it in the past prefix @' c*[is, K5] where name a is
decorated with the key 7;. Formally, the instantiation relation on the prefixes
is defined as follows.

Definition 13 (Instantiation relation on the framework). Two keys iy
and iy such that iy,i; € key(X) and X = C[V'(x)[i1, K1].Y] with Y =
C'|nlig, K3).Z] where jo € 7 , are in instantiation relation, denoted with
il M X ig, Zf]g = 'il. ]fZl D¢ ig hOldS, we will write Kl X KQ.
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x BRIy g e subj(a) empty(A) # true Cause(A, K, K', X)
iK', j):a
vaa(X) GEg)e I/aA(X['K,/K]@Z—)

(CAUSE REF)

(OPEN) — ?‘ :bﬂ;bt o T b{vaa/) Update(A, K, K')
vaa(X) R )vaal,, VaA'i‘i(X[/K'/K]@i)
(CLosE) GRbvan) sy CROIIN@ v g g 8 A K
X |y ST (X | Y )
X (1,K,j):«¢ XI a ¢ o

(Res) —
vaa(X) AL vaa(X')

Figure 3: Parametric rules

Now we can give the definition of the predicates.

Definition 14 (Predicates when A =1T'). If the data structure A is in-
stantiated with the set ', the predicates from Figure 3 are defined as:

1. Cause(I', K, K', X) stands for K' = K if K C T or K' C T such that
KWX K/,'

2. Update(I', K, K') stands for K' = K.

The predicate Update(I', K, K’), used in rule (OPEN) means that the new
cause K’ is the same as the old one, denoted with K. The first predicate
defined above, Cause(I', K, K’, X), is used in the rule (CAUSE REF) and it
defines how the new contextual cause K’ is chosen. In particular, in the rule
(CAUSE REF) when passing a restriction var, the contextual cause set K
might be preserved (i.e. K’ = K) if K C T or it can be replaced by the new
cause set K’ C I' such that K ~»x K’. We illustrate this with examples in
Section 6.1.

Definition 15 (Predicates when A =T',). If the data structure A is in-
stantiated with indexed set Ty, the predicates from Figure 3 are defined as:
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1. Cause(l'y, K, K', X) stands for K' = K U {w}
2. Update(I',, K, K') stands for K' = K U {w}

We can notice that the predicates Cause(-) and Update(-) define the new
cause set K’ by adding the value of w to the old set of causes K.

Definition 16 (Predicates when A =T'g). If an indexed set L', is chosen
as a data structure A, the predicates are defined as:

1. Cause(l'g, K, K', X) stands for K' = K U}

2. Update(I'g, K, K') stands for K' = K

In the definition above we can notice that the new cause K’ in the
predicate Cause(l'q, K, K', X), gathers all extrusions of a restricted name
executed previously which are not part of the synchronisations.

Let us comment on the rules in Figure 3. Every time when action «, with
a € «, passes the restriction vaa, it is necessary to check if the contextual
cause set needs to be modified. If name a is in the subject position of the label
a and empty(A) = false, then rule (CAUSE REF) is used, otherwise, if name
a is in the object position, rule (OPEN) is applied. Rule (CAUSE REF) can be
used only if name a was already extruded by some other action in the past and
in this case predicate Cause(A, K, K’, X) ensures that the contextual cause
set K will be substituted with a new cause set K’. Additionally, predicate
Cause(A, K, K', X)) gives the definition of the cause set K’. The contertual
cause update operation defined on the process X, written as X|x/xa;i , updates
the contextual cause K of the action identified by 7 with the new cause K’.
Formally:

Definition 17 (Contextual cause update). The contextual cause update
of the process X, written X (g /kjai ts defined as follows:

(X | V)i k@i = Xigr/k)ei | Vi /K

(vaa (X)) k' /xjai = vaa(X) k' /kai

(m[h, K1l X) (/K@i = 7l K1l X (kv /Ky if K1 # K

(7[i, K].P) (kK@i = w[i, K'].P
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We use this operation in rules (CAUSE REF) and (OPEN). A restricted name
can be sent out to the environment (extruded) by applying the rule (OPEN).
In this case, we need to record what was the key of the action that extruded
a restricted name. For this reason key i is added into the memory A. The
predicate Update(A, K, K’) in the rule (OPEN) defines what will be the new
contextual cause set K’. Rule (CLOSE) allows synchronisation between two
processes when bound output is included. An additional condition on the rule
needs to be satisfied. In the resulting process, after execution of the 7-action,
we can notice the operator 4;. As we saw in Section 3, different data structures
require different implementations of it. The operator 4; removes from the
data structure A, the keys of the actions that extruded a restricted name and
are part of synchronisations?. Therefore, we need to apply the operation 4;
on every memory of the form vaa: in the resulting process X’. The operation
is not applied on the very first element vaa since by construction of the rules
(CLoOSE) and (OPEN), the key i cannot belong to A. Rule (RES) is defined
in the usual way. Better intuition of how parametric rules work will be given
by means of examples in Section 6.

Backward rules are presented in Figure 4 and they are symmetric to the
forward ones. These rules could be made simpler by just dropping all the
predicates in the premises, since consistency of backward steps is guaranteed
by memories and keys. Nonetheless, to simplify the proofs, we keep the
predicates, even if they are not necessary for the backward transition.

Backward rule (REC®) allows one to syntactically put back a constant
identifier A provided that the process P4 fully reverted its computation.

In order to have a better understanding of the backward rules, we shall
give the following example.

Example 2. Let us consider the process Yo = b a*[i, {x}].0 | b*(z)[i, {*}].@c*.
The only possible backward step for process Y; is undoing the synchronisation
done over the channel b:

B a*[i, {+)].0 | b*(@)[i, {}].a'c* ~SXLD T 0% 0 | v* () 2"

As we can notice, the substitution is also reversed and name a’ is substituted
with variable x.

2This is necessary, since in causal semantics [20, 22], 7-actions do not bring the causal
information.
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, (i,K,5):ba .
X' v X fresh(i, H X))

_ (OuT2*) —
— i, K,j):ba —j i, K,j):ba
(OUT1®) 7 4in i, K].P S0 i p H[X'] SRk, H[X]
i, K,7):b(x
(InN2*) x7 SR, x fresh(i, H[X])
° . i, K,j):b(xz . i, K,j):b(x
(IN1®) 4 (z)[i, K].P LMD, 4 (z).P H[X] LEEE, H[X]
(1, K,j):c (i, K,j):c
X!~ Ra= X g ¢ Y X' ~Arn—= X a ¢ o
. °
(PAR ) , (i, K,j):c (RES ) ;o (LK j)
X |Y/vv\/vvvv—>X‘Y I/CLA(X)’\M/\/\N\’_)I/CLA(X)
i,K,j):ba i, K',j"):b(x
(COM_)X’WX v KB v Kosa i A K oa
XY’ MX Y {"/ )
, (K j)o - - ,
(OPEN®) wneias X o =ba Vo= blvaas) Update(A, K, K')

i, K',j):b{va
vaai(X') LEvea), vaa(X)

i, K,j):«
S x e subj(«) empty(A) # true Cause(A, K,K', X)

(CAUSE REF®)
) K )
VCLA(X ) CAAAAAA— V(IA(X)

i,K,j):b{va i, K',7"):b(x
P SRR, x v SRRy Ksa i A K s

(CLOSE®) o
van (X )y | V') s X Y{" i}

Kg):
X’WPA A2P,

(REC®) —
L (K )
X' s A

Figure 4: Backward rules.

5. Properties

In this section we shall show some properties of our framework. First
we shall show that the framework is a conservative extension of standard
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m-calculus and then that it enjoys causal-consistency, a fundamental property
for reversible calculi. Most of the terminology and the proof schemas follow
those of [14, 23], with more complex arguments due to the generality of our
framework.

All properties defined on the framework are limited to the reachable
processes given with the following definition.

Definition 18 (Reachable process). A reversible process is reachable if
it can be derived from an initial process by using the rules in Figures 2, 3
and 4.

5.1. Correspondence with the m-calculus

We now show that our framework is a conservative extension of the 7-
calculus. To do so, we first define an erasing function ¢ that, given a reversible
process X, by deleting all the past information, generates a m process. Then
we shall show that there is a forward operational correspondence between a
reversible process X and ¢(X). The proof of the correspondence with the
m-calculus is simpler than the one given in [23] for Rmw. The reason for this is
that we do not use explicit substitutions logged in the event labels as [23];
instead we use direct substitution in the continuation of the input process
participating in the communication. Let P be the set of m-calculus processes;
then we have:

Definition 19 (Erasing function). The function ¢ : X — P that maps
reversible processes to the m-calculus, is inductively defined as follows:

(X |Y) = @o(X) [ oY) (b0’ P) = ba.o(P)
p(ran(X)) = o(X)  if empty(A) = false (V' (x).P) = b(z).0(P)
p(ran(X)) =va p(X) if empty(A) = true ¢(0) =0

p(H[X]) = p(X ifHF e

The erasing function can be extended to labels as:

e((i, K, j) : a) = p(a) (,O(BCL) = ba
o(b(vapn)) = b(va) when empty(A) = true o(b(x)) = b(x)
o(b{vap)) = b when empty(A) = false (1) =

As expected, the erasing function discards the past prefixes and name
restriction operators when A is non-empty. Moreover, it deletes all the
information about the instantiators.
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Every forward move of a reversible process X can be matched in the
m-calculus. To this end we use —», to indicate the transition semantics of
the m-calculus.

Lemma 1. If there is a transition X Y then p(X) M»Tr o(Y).

Proof The proof is by induction on the derivation tree of the transition
X £ Y with the case analysis on the last applied rule. O

Now we give the converse of Lemma 1.

Lemma 2. If there is a transition P M»W Q then for all reachable X such

that (X)) = P, there is a transition X £» Y with p(Y) = Q.

Proof The proof is by induction on the derivation tree of the transition
Py 0. [

By combining the two previous lemmata we can state that the relation be-
tween a process X and its corresponding 7 term P is a strong bisimulation [30,
Definition 2.2.1]. Formally:

Corollary 1. The relation given by (X, (X)), for all reachable processes X,
15 a strong bisimulation.

5.2. The main properties of the framework

In this section we shall prove some properties of our framework which
are typical of a reversible process calculus [14, 17, 25, 23]|. Such properties
hold for the three instances of our framework. The first important property
is the so-called Loop Lemma, stating that any reduction step can be undone.
Formally:

Lemma 3 (Loop lemma). For every reachable process X and forward tran-

sition t © X % Y there exists a backward transition t' : Y +% X, and
conversely.

Proof The proof follows from the symmetry of the forward and the backward
rules. O

Using the symmetry of the rules, we define reverse transitions.
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Definition 20 (Reverse transition). The reverse transition of a transi-
tion t - X L5 Y, written t*, is the transition with the same label and the

opposite direction t* :Y A X, and vice versa. Thus (t*)* =t.

An important component for reversibility is a causal relation between the
actions. It is possible to reverse an action « only if all the actions that
were caused by «a, were reversed previously. In this way, one avoids reach-
ing states that are not consistent. For instance, in the reversible pro-
cess vag;,y(balir, {x}] | a(z)[iz, {i1}]), obtained from the m-calculus process
va(ba | a(x)), if the action with the key i; have been reversed as the first one,
we would reach a state that is not consistent (it is impossible to have a state
in which action with a bound subject is executed before the restricted name
was extruded and became a free name).

In the following, we give a definition of the causality relation on the
framework, regardless of the data structure used. It is interpreted as the union
of the structural and the object causalities. We start by defining structural
dependences between two past prefixes. For instance, in the reversible process
X = bali, K|.@d[i', K'], the past prefix with the key i is a structural cause of
the past prefix with key i’. Formally:

Definition 21 (Structural cause on the past prefixes). For every two
keys i1 and iy such that iy,i9 € key(X), we say that the past prefiz with the
key i1 is a structural cause of the past prefiz with the key is in the process X,
written as iy Cx 19 if X = C[rliy, K1].Y] and iy € key(Y).

We can now extend the causal relation to work with transitions.

Definition 22 (Structural causality). Transition t; : X R, e

. . i2,K2,52): . .
is a structural cause of transition ty : X' M) X", written t1 C to, if
11 Cxv 19, or iy Cx 11 if the transitions are backward. Structural causality,
denoted with T, is obtained as the reflexive and transitive closure of C.

To ease the understanding of the causal relation, which is a crucial key of
our framework, we now give some examples.

Example 3. Let us consider the process X = ba.¢d and forward transitions:

(i,K.,5):ba
—

t1: X bali, K].ed and

to : bali, K]ed X Bali, K ed[i, K]
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In the process X' = bali, K].ed[i’, K'], by using Definition 21, we have i Cx/ 4.
Since key 7 identifies transition ¢, and key i’ transition ¢, we have that ¢, C t,.

Example 4. Let us take the resulting process from the example above and

use it as an initial state for the backward transitions, i.e. we consider process
X = bai, K].ed[i', K'] and backward transitions:

iK' j")ed — _ i,K,j):ba —
b X AL Bl K)ed and to : Bali, K).od ~R2 Ba e

In the process X = ba[i, K|.ed[i’, K'], by using Definition 21 for the backward
transitions, we have i C y 7', which implies that ¢; C .

Object causality is defined directly on the transitions, and to keep track
of it we use the contextual cause set K.

(i1,K1,51):01
e

Definition 23 (Object causality). Transition t; : X X' is an

. . i2,K2,52): . e
object cause of transition ty : X’ % X", written t; < to, if iy € Ky or

iy € K1 (for the backward transition) and t, # t3. Object causality, denoted
with <, is obtained as the reflexive and transitive closure of <.

Example 5. Consider the process X = vaa(b a* | a*(z)) and computation:

X (i1,K1,%):b(van)  (iz,K2,%):a(z)

» vapr (b a*lin, K1) | a*(2)[iz, Ka))

where K = {x} and Ky = {i;}. Then i; € K, holds, and we have that the
first transition is the object cause of the second one.

In what follows we will use the concept of freed and consumed prefix. A prefix
is freed (resp. consumed) when it generates a backward (resp. forward) label.
In other words a prefix is freed when it is put back by a backward transition,
while it is consumed when it becomes a history prefix.

Definition 24 (Causality relation). The causality relation < is the reflez-
ive and transitive closure of structural and object causality: < = (C U <)*.

Now we define the notion of conflict between two consecutive transitions. It
will consider the reverse transitions and transitions executed on the very same
prefix. Formally we have:
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Definition 25 (Conflict relation). Two consecutive transitions t, : X =5

X" and ty : X' 22 X7 are in conflict if
e t1 1s a backward transition, ty is a forward one and transition ty con-
sumes a prefix freed by transition t; or

e ty is a forward transition and ty = 3.

Using conflict and causality as defined above, we can give the notion of
concurrency defined on the framework.

Definition 26 (Concurrency relation). Two consecutive transitions are
concurrent if they are neither causally related nor in conflict.

We illustrate the necessity of the conflict condition between transitions (Defi-
nition 25) with the following example. Having a process

X =a*b iy, K1) | @a*b* | a*(x)
we execute two consecutive transitions t; (backward) and ¢, (forward) as:

(31,K1,%):al
AAAAAANAAN—

t: @b [, Ki] | @b | a*(2) L@t | @b | o (@)

ty : @b* | b | CL*(I> M} a*b*[i%KQ] | a'b” | a,*(x)[ig,Kg}

Transitions ¢; and t, are neither structural causal (Definition 22) nor object
causal (Definition 23). If there would not be the notion of conflict (Defini-
tion 25), we would have that transitions t; and ¢, are concurrent, which is
not the case (it is not possible to swap transitions ¢; and ¢3). Let us note
that according to the definition of causality and concurrency given in [23,
Definition 4.1] the two transitions are not taken into account. In particular,
the notion of causality of [23, Definition 4.1] is defined only for two backward
or two forward transitions; it does not consider mixed transitions.

We now give some additional properties and definitions necessary to prove
our main results, the Square Lemma (Lemma 5) and causal-consistency
(Theorem 1). We start by showing the following property stating that in
a reachable reversible process all restrictions vaa of the same name a are
nested.

Lemma 4. If process X = Clvan(Y) | Y] is reachable, then van ¢ Y, for
all non-empty A and A'.
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Proof The proof is by induction on the trace that leads to the process X:
X, = -+ = X, = X, where X, is an initial reversible process®, and the
last applied rule on the transition X,, — X. The full proof can be found
in Appendix A. O

Concurrent transitions can be permuted, and the commutation of transi-
tions is preserved up to label equivalence.

Definition 27 (Label equivalence). Label equivalence, =y, is the least
equivalence relation satisfying: (i, K,j) : b{vaa) =5 (i, K,7) : b{vaas) for
alli,j, K,a,b and A, A" C K. (Having an indezxed set ', for A we disregard

index w, and observe I' C K.)

Label equivalence is necessary since actions bring information about A into
the labels. By permuting the transitions, the content of A is changing. To
illustrate this, let us consider the following example.

Example 6. Consider the process X = vay (l_)*a* | @*a*) and the case when
A =T For instance, process X can first execute output on channel b identified
with the key i; and then output on channel ¢ with the key 75, and we have:

X LR, o (a3 | ')
(i27{*}7*)16<ya{i1}>

vag, iy (0 a'lin, {+}] | €°a*[ia, {}]) = Xu
Now, if we execute actions in the opposite order, we have:

x AT, et | a i, {+))

(i1,{*},%):b{vag; ) = yr. % wrs
: B2 vags, iy (0 a*[in, {+}] | @ a’[iz, {x}]) = Xa

We can notice that the resulting processes in both computations are the same,
i.e. X1 = X5. In the labels of the transitions, we can see that (i1, {x},*) :

b{vag) =x (i1, {*},*) : b{vag,)), since the only difference is in the set T
Similarly for the transitions on channel ¢, we have (ig, {*}, *) : ¢(vag,y) =i

(ig, {*}, %) : &(vay).

3From Definition 8 we have that the reversible process X is initial when all its names
are decorated with * and for all restrictions vaa, for some name a, A is empty
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Lemma 5 (Square lemma). Ift; : X 55 Y and ty : Y 25 Z are two

.. ) I wh
concurrent transitions, there exist th : X 5 Yy and t| : Y1 — Z where
_ !/
i =X M-

Proof The proof is by case analysis on the form of the transitions ¢; and ¢,.
We consider four main cases depending on whether transitions ¢; and ¢, are
synchronisations or not, and then use induction on the structure of the process
while checking all possible combinations of the rules applied to the transitions
t; and t9. More details about the proof can be found in Appendix A. O

We shall follow the standard notation and say that ¢, is a residual of ¢}, after
t1, denoted with ty = t,/t;. Two transitions are coinitial if they have the
same source, cofinal if they have the same target, and composable if the target
of one is the source of the other transition. A sequence of pairwise composable
transitions is called a trace, written as ti;t;. We denote with € the empty
trace. Notions of target, source, composability and reverse extend naturally
to traces.

With the next theorem we prove that reversibility in our framework is
causally consistent.

Definition 28 (Equivalence up-to permutation). Fquivalence up-to per-
mutation, ~, is the least equivalence relation on the traces, satisfying:

ty; (ta/th) ~ to; (t1/t2) tt* ~e

Equivalence up-to permutation introduced in [14] is an adaptation of equiva-
lence between traces introduced in [32, 33] that additionally erases from a
trace, transitions triggered in both directions. It just states that concurrent
actions can be swapped and that a trace made by a transition followed by its
inverse is equivalent to the empty trace.

Theorem 1 (Causal-consistency). Two traces are coinitial and cofinal if
and only if they are equivalent up-to permutation.

Proof Let us denote the two traces with s; and ss. If s; ~ sy then from
the definition of ~ (Definition 28) we can conclude that they are coinitial
and cofinal. Let us suppose that s; and s, are coinitial and cofinal. We
reason by induction on the lengths of s;, so and on the depth of the very first
disagreement between them. The full proof can be found in Appendix A. [J
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6. Mapping causal semantics

In this section, we show how the causality notions induced by three
different approaches [23, 20, 22| can be mapped in our framework. Moreover,
we prove the causal / operational correspondence between matching instance
of the framework and causal semantics of [20] and [23], respectively.

A key point of the semantics proposed in [23] is that it satisfies several
correctness criteria for causal models [24], while the other causal semantics
considered in this paper do not. Two of such criteria in [24] are particularly
interesting: (i) two visible transitions are causally related if and only if for
all contexts the corresponding reductions are; and (ii) causality is preserved
by structural congruence. These two properties make the semantics of [23]
compositional, and do not hold for the semantics of [19, 20].

Nonetheless, semantics [19, 20] deserve still to be studied, and having a
common framework in which one can express all these semantics all together
can lead to a better comparison among them and increase the understanding
of causality in the m-calculus. Besides, our framework adds reversible compu-
tation to semantics originally conceived as forward only.

Even if the causal semantics proposed in [23] is the best one according to
the aforementioned criteria, there is an open question about causality and
m-calculus which still has to be solved. In [25] it has been shown that the (for-
ward) causal semantics induced by the reversible higher-order m-calculus [26]
coincides with the one of [20] while considering reduction semantics (e.g.,
considering closed systems). That is, the causality considered by [26] coin-
cides with the structural one. The causal semantics of [26] heavily exploits
structural laws for extruding a name and due to this fact there is no need to
store information about the extruder of a name. The drawback is that still
there exists no compositional LTS for such semantics. On the other hand, if
we take the semantics of [23] and consider just a closed system, the contextual
causality is always shadowed by the structural one. For instance let us con-
sider the m-calculus process va(ba | a(z)) | b(y).5c. After the synchronisations
on the channels b and a, according to the semantics of [23] (where we omit
the split elements in the memory), we have:

vag(vagy((1, %,0a) >0 | (2,1,alc/x]) > 0) | (2,%,7c) - (1,*,b[a/y]) > 0)

If we consider two T-actions we can notice that the action 1 structurally causes
the action 2. In Proposition 5.1 of [23], the authors stated that in a closed system,
there is a canonical definition of causality, which is the structural one.
Considering the semantics of [26] we start from the configuration

va(ky : b{a) [ a(x)) | k2 : b(y) > y{c)
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and when we execute the same transitions, we have:

I/a(l/k,hl,hz,k‘g,.(kg : 0) | [M, k‘] ’ [M/, k‘3])

with M = k1 : b(a) | a(x) | k2 : b(y), M = ((h1,h) - k : a(x)) | ((ha, h) - k : a(c))
and h = {h1, ha}. According to the definition of causality of [26] we have that the
communication identified by k causes the one identified by k3 (as in [23]).

One could conclude that while considering closed systems the causal semantics
of [26] and [23] are the same, even if [26] does not keep track of causal information
about the instantiators. One interpretation of this fact is that [23] uses more causal
information than required. But this is still left to be proven.

For every semantics, through the common example of process

X = Vainit(A)(B*a* | e*a” | a*())

we comment on the differences in the orders of the causal-consistent backward
moves.

6.1. Reversible semantics for m-calculus

Cristescu et al [23] introduced R, a compositional reversible semantics for
m-calculus. Information about the past actions is kept in a memory added to every
process. A term of the form m > P represents a reversible process, where memory
m is a stack of events and P is the process itself. A memory contains two types of
events, one which keeps track of the past action, (i, k, ), where elements of a triple
are the key, the contextual cause and the label of the executed action, respectively;
and one which keeps track of the position of the process in the parallel composition,
(1). Before executing in parallel, a process splits by duplicating its memory and
adding event (1) on the top of each copy. This is achievable with specially defined
structural congruence rules. The use in [23] of indexed restriction var was the
inspiration for our parametric indexed restriction vaa.

In the following we show how R7 causality can be captured by the framework.

Definition 29 (Rw causality). To capture Rm causality with the reversible frame-
work, the data structure A is instantiated with the set T

Note that since the actions in [23] can be caused only through the subject of
the label, contextual cause set K is a singleton.

To illustrate how Rw causality is captured in the framework, we give the
following example.
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Example 7. Let us consider the process X = vag(h a* | ¢*a* | a*(z)) where we
have the parallel extrusion of the same name a. By extruding the name a with the
rule (OPEN) twice, on the channels b and ¢, we obtain a process:

vagi iy (0 a*[in, {+}] | €°a*[iz, {x}] | a*(2))
The rule (CAUSE REF) is used for the execution of the third action where action
a(x) can choose its cause from the set {i1,i2}. By choosing, for example, iy as a
cause, we obtain the process:

vagiy iy (b0 [in, {x}] | €a’[ia, {+}] | a*(2) i3, {i2}))
In the memory i3, {i2}] we can see that the action identified with key i3 needs
to be reversed before the action with key io. Process b a*[i1, {*}] can execute a
backward step at any time with the rule (OPEN®).

With the following example we shall show how the instantiation relation is used

in the predicate Cause(A, K, K', X) (Definition 14) while choosing the new cause
K'.
Example 8. Let us consider the process X = vag(b a* | ¢a* | a*(z)) from
Example 7 in parallel with the process X' = b*(y).d y and we are executing the
synchronisation on channel b, and extrusions ¢a and da, identified with keys i1, io
and i3, respectively. In particular, we have:

vag(5'a" | a" | a*(2)) | b (y)d 'y 10T
vag(vag,y (5o lin, {}] | €0 | a*(2)) | 5 (y)lin, {4 a) 20

vaagiay (v, iy (570 i, {6}] | @ lia, (] | 0 () | B () [in, ()]0 ait) Lbo)dey

Vg iy (Vagi, iy (0 a*[in, (3] | @ a*lia, {x}] | a*(2)) | 0" (y)[ir, {+}].d 0" [i5, {+}]) = ¥
For the sake of simplicity, we omit the history part of the process Y and we write
it as vag, i1 (vag, i,) (@ (z))).

Now, let us assume that the action a(x) while passing the restriction vag, ;,\
chooses as its cause the key ¢1. To pass the second restriction, we have the following
rule

LI,y vag, iy 0 @)l {}]) {is} T fin} v {is}

(i{iz},*):a(x)

Vag, i) (a*(x))

Vagi, iz} (Vagi, i,y (a*(2))) Vagiy iz} (Vagi, iy (@ ()i, {is}]))
We can notice that in the premise, the contextual cause was K = {i;} and it
is saved in the resulting process vay;, ;,1(a*(z)[i, {i1}]). Passing the restriction
Vagi, iy}, action a(r) needs to take another cause, since i1 ¢ {i2,43} and the chosen
cause is K’ = {i3} since {i1} ~»y {iz}. Contextual cause i3 is then recorded in the
final process vag, ;,) (vagi, i,y (a*(2)[i, {iz}])).
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6.1.1. Correspondence with Rm causal semantics

In this section we prove the correspondence between our framework when the
data structure A is instantiated with the set I' and the reversible m-calculus given
in [23].

The reversing technique used in [23] is an extension of the approach used in [14],
where reversibility is added to CCS. To obtain reversibility in the framework, we
have extended the approach introduced by CCSK [17], to work with the m-calculus.
These two approaches to reverse CCS are different, as [14] employs a dynamic way of
reversing a process by using memory stacks and splitting over a parallel composition,
while the approach of [17] is static in the sense that all the computational history
is blended directly into the process. Nonetheless, in [16] it has been shown that
the two approaches are similar, by means of encodings. Hence, starting from this
idea we extend the encoding of RCCS into CCSK, to work with m-calculus terms.
The following example will highlight the difference between RCCS and CCSK.

Example 9. Let P =a | b a CCS process. A process in order to be executed in
RCCS needs to be monitored by a memory. In the following example, () indicate
the empty memory.

OeP={1)-(ral () (rb (1)
(a,3,0) - (1) - QO [{1)- )b (2)

where in (1) = is used to split the empty memory along the processes in parallel,

so that they can further execute. Once the memory is split, the two processes can
run. Let us suppose the left process produces the action a. First, the action is
bound with a unique identifier ¢ and then the memory of the process keeps track of
the executed action, as shown in (2). If we were to reproduce the above reduction
in CCSK, it is simpler as CCSK does not require initial memories:

albali] | b (3)

Also, let us note that in CCSK the history is kept in the process itself, not requiring
additional memories.

An important difference between the encoding given in [16] and the one that
we will present here is that we need to keep track of the substitution of names and
encode it. Similarly as for CCS, the difference between R7 and the framework is in
how the information about past actions is stored (R relies on external memories
and structural congruence, while in the framework the information about the past
actions is spread among the structure of the process). Additionally, there is also
a difference in how substitutions are handled. R7 uses explicit substitutions by
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relying on memories, while our framework uses implicit substitutions. Furthermore,
once a process in Rm produces a label, a lookup function translates ”local” names
(e.g., variables) into public ones (e.g., their actual values). That is, the names
are resolved and rendered “public” before interacting with the context. To check
if synchronisation is possible, processes need to search in their memories for the
public name of a channel. This operation is performed with rules for reducing the
prefix ((IN+) and (OUT+) of [23]).

In the framework, substitutions are executed directly during the synchronisation
in the continuation of the input prefix. For this reason, to simplify the causal
correspondence proofs, we instrument our semantics in such a way that it keeps
track of all the substitutions that have been made during the computation. Hence,
a reversible process from the framework will have the form S :: X, where the
substitution set S is attached to every reversible process X and when process is
initial, we have that S = (). Since we are considering fresh keys and always different
bound names there will be no clashes, and so the set S can be a global one. The
syntax is formally defined as:

C,D:=5:X
X,Y:=P| 0o [i, K].X | ¥(2)[i, K].X | X|Y |var(X)
P, Q:=0|ba.P|b(zx).P| P|Q |va(P)

The semantics of the framework with substitution set S is given in Figure 5. We
instantiate the data structure A with the set I' and instead of predicates Cause(-)
and Update(-) use their definitions to obtain R7 causality (definition of predicates
is given in Definition 14). The set S does not have any influence on the execution
of the actions. The semantics of the framework work in the same way. The only
difference is that we add substitution {*'/,} to the set S when rules (Com) and
(CLOSE) are applied.

Remark 5. e The set S will not have any influence on the execution of the
actions in the framework; it will just collect all substitutions that happen dur-
ing the computation. The framework already takes care of the substitutions;
this addition to the existing semantics is just to simplify the translation of a
process from the framework into an Rm process.

e We suppose that both calculi support a-conversion [30] that is a bound
name/variable can be freely renamed in order to avoid name capturing.

e In the encoding of the framework into Rm, we do not consider recursion as it
does not appear in Rw.
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Figure 5: Semantics of the framework with the substitution set .S.

In what follows we will adapt the encoding from [16] to work with the 7-

calculus. We start by introducing a substitution function o which will delete the
substitutions which happened in the past of a process by bringing back the original
names/variables and deleting the instantiators that decorate names. In this way
we will be able to match the explicit substitutions used in [23]. Formally:

35



Definition 30. Given the substitution set S, the function o is defined as follows:

(S P1 | Pg) O‘(S Pl) |0‘(S PQ)
o(S,var(P)) = varo(S, P)

W) (S, ) if for somey {*/y} ¢ S
y(x) ,P) if for somey {¥/,} €S
ba.o(S,P) if for some z,y {bj/y} ¢ SA {“j//x} ¢S
o (s Ejaj/.P) _ br.o(S,P) if for some x,y {bji/y} ¢ SA {a].//x} es
7 ya.o(S,P) if for some z,y {¥/,} € SA {aj,/x} ¢S
yz.o(S,P) if for some x,y {bj/y} eSA{¥ /,}es
o(S,0) =

The function o can be extended to the labels as

b[x/x] if for some oy {bj/y} ¢ S A {“j//x} ¢S
]

a/x) if for some a’’ b o’ =
S tesar) = AVl 5 v ChIESA Ly es
ylx/x] if for some a?’ |y { ./y}ES/\{“J/z}¢S
yla/x] if for some a?'y {¥ /),y € SA{Y /.} €S

ba if for some z,y {" [y} &S A {aj//x} ¢S
U(S,Ejajl) _ bx if for some x,y {bj‘/y} ¢S A {“Jll/x} €S
ga if for some z,y {¥/,} € SA{Y .} ¢S
yx if for some x,y {bj/y} eESA {aj,/a;} es

We will use the function o while applying the encoding, to obtain the correct
action label in the memory and to delete the instantiators from the process P
(a process from the framework without past). For instance, if the set of the

substitutions is S = {%'/,}, {bj,/y} then if we apply o(-) on the label of the event
(i,%,¢1" [x/x]), we have <z,*,a(5’ I [x/x])) = <z,*,c[a/w]> If function is applied on
the process P = b’ "l '(2), we have (S, ¥l (2)) = 7z.0(S, " (2)) = Fr.c(2).

Now we can give the encoding function [-], which will take two additional

parameters: a memory m and the set S (the set of all substitutions applied in the
past of the process X). See Figure 6.
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[S:X] = [X,{,9]

b'a[i, K|.X,m,S] = [X,(,K,o(S,bad)).m,S]
[V (2)[i, K].X,m,S] = [X,{,K,o(S b[+/z])).m,S]
[X|Y,m,S] = [X,(1).m,S]|[Y,(1).m,S]
[var(X),m, 8] = vbr[X{"/a}.m, 5]

if b ¢ Fnv(m) A (b=aV b ¢ Fnv(X))

[P,m,S] = m>o(S,P)
Figure 6: Encoding of the framework into Rw

Let us comment on the encoding. The encoding has to go through the structure
of the process from the framework in order to build the memory of the R7 process
(similarly as in [16]). The encoding of a decorated m-calculus process P with some
memory m and substitution set S is the reversible process m > o(S,P), where
function o will deal with the substitutions and delete the instantiators. If the
process is not standard, then the encoding is by structural induction. A past
prefix o’ a?'[i, K] of the process X is encoded into a corresponding memory event

(i, K,0(S,b"al")). The parallel and the restriction operators of the framework are
mapped to the corresponding operators of Rw. Let us note that, in the case of
parallel composition, the memory m and the substitution set S are duplicated
into two identical memories (1).m and sets S, respectively. The rule for restriction
needs to avoid capturing free occurrences of a inside m: name capture is avoided
by renaming a into a fresh name b. If a ¢ Fnv(m) then one can choose b = a. Both
the calculi feature a-conversion; hence renaming is not an issue.

To have a better intuition about the encoding let us consider the following
example.

Example 10. Consider a 7-calculus process b(z).ax.Zd | be. After the synchroni-
sation on the channel b and output on the channel a, the reversible process in the
framework is:

X =8 b (2)[1, {x}].@c (2, {x}].c2d" | b c*[1, {+}]
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where the substitution set S = {{¢'/;}}. Then the encoding of the process X is:
[X] =[S = 0" (2)[1, {x}].a"c'[2, {=}].cTd” | B (1, {}]]
= [o*(@)[1, {=}].@*c! [2, {}].cTd" | B (1, {+}], ), ]
= [b*(2)[1, {x}].a"c'[2, {}].cTd", (1)), ST | 67" [1,{+}], (1).(), ST
= [a*c' 2, {=}].c'd*, (1,%,0(S,6"[x/a])).(1).(), S] | [0, (1, ,0(S,b"¢")).(1).0), ST
= [a*c'[2, {x}].c1d*, (1, %, ble/]).(1).(), ST | [0, (1,%,be).(1).(), 5]
= [e1d*, (2, %, (S, a*c")).(1, ,b[c/z]).(1).(), ST | (1,%,bc).(1).() >0

= [Xd*, (2, %, az).(1, %, blc/x]).(1).0), S] | (L, *,Be).(1).() > 0
= (2, %,az).(1, %, blc/a]).(1).0 b o (S, Ad") | (1, %,be).(1).() > 0

= (2, %,ax).(1,*,b[c/z]).(1).) > 2d | (1,%,bc).(1).{()>0

We now show a decomposition property for R transitions, which allows us to
isolate the impact of structural congruence inside transitions.

Definition 31. The relation — is the smallest relation induced by the rules in
Figure B.9 (Appendixz B), except the rules for congruence (rules (MEM+), (SPLIT)
and (RES)).

Note that by definition in Rw, we have — C —.

o)
Lemma 6. If there is an Rm transition R M S then there exist R = R and

i,9,k):a
S" =S such that R’ L» ki

oy
Proof The proof is by induction on the derivation of the transition R M S,
with a case analysis on the last applied rule. The full proof can be found in Appendix

B. U

We can now prove the property that every transition of a reachable process
S :: X in the framework can be mimicked with its translation (R = [X, (), S]) in
Rm.

Proposition 1 (Forward correctness). Let S :: X be a reachable process from
the framework and R = [X,(),S]. For each transition in the framework S ::

x Bfoa)e, S’ i X! there exists a corresponding Rm transition R Lpk)a, R’ with
[X',(),5] =R and K = {k}.
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Proof The proof is by induction on the derivation of S :: X ACLEILN S’ X and

by case analysis on the last applied rule. The full proof can be found in Appendix
B. O

Proposition 2 (Backward correctness). Let S :: X be a reachable process from
the framework and R = [X,(),S]. For each transition in the framework S ::

@Ko . ‘ » Ggkya
X i §7 0 X there exists a corresponding R transition R ~www—= R with

[X".(),8] =R and K = {k}.

Proof From the Loop Lemma in the framework (Lemma 3) we have that S :

K 4): .
X Lk, S :: X" implies S’ :: X’ LTI S :: X. By Proposition 1 we have that
there exists a corresponding R7 transition R’ IR B with [X,(),S] = R and
[X',(),S] = R and K = {k}. By applying the Rm Loop Lemma [23, Proposition

(%,5,k):cx .
3.1] we have that R~~~ R’ as desired. O

The two propositions above prove that if we have a couple of processes (S ::
X,R)= (S X,[X,(),S]) where S :: X is a reachable process in the framework,
and if S :: X does an action «, then process R does the same action in Rw. The
resulting process R’ = [X’, (), S'] is the encoding of process S :: X’. Now we show
the opposite direction.

Proposition 3 (Forward completeness). Let X be a reachable process from

i,7,k):
the framework and R = [X,(),S]. For each Rw transition R IR B there
'7K7 j : .
exists a corresponding transition in the framework S 1 X uﬁ» S X with

R =[X',(),5] and K = {k}.

Proof Thanks to Lemma 6 we can equivalently write the statement as follows: for
each reachable process S :: X in the framework and R7 processes R and R”, such

. . . i,5,k):a
that R = [X, (), S] and R” = R, if there exists a Rm transition R (g, R', then
i, K,7):
there exists a corresponding transition in the framework S :: X w» S X,

with R' = [X’, (), S']. When considering R” = R we will not consider a-conversion,
since it can be trivially matched by framework a-conversion.

Now the proof is by structural induction on S :: X with a case analysis on

the last applied rule in the derivation of R” L R’. We have two main cases,

depending on whether X is a process without past P or not. The full proof can be
found in Appendix B. O
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Proposition 4 (Backward completeness). Let X be a reachable process from

i,7,k):a
the framework and R = [X,(),S]. For each Rm transition R SRR, R’ there

"K’ j : .
exists a corresponding transition in the framework S @ X L, S’ X' with

R =[X",(),S] and K = {k}.
Proof From the Rm Loop Lemma we have that R’ M R in Rm. From

Proposition 3 we have that S’ :: X’ m» S X with [X,(),S] = R and
7]7k):a

[X',(),S] = R and K = k. By applying Rw rule (MEM+) to R/ ke o

and R = [X, (), S] we have that R’ Gk)e, [X,(),S]. By applying the framework
i, K,j):«

Loop Lemma we have that S :: X L2, S XV d

Now we have all necessary auxiliary lemmas to prove the operational correspon-
dence between the framework when A =TI" and the semantics of [23]. We prove it
in terms of strong back and forth bisimulation [16].

Theorem 2 (Operational correspondence). Given a reachable process from
the framework S :: X, the relation R = {(S = X,[X, (), S])} is a strong back and
forth bisimulation.

Proof If S :: X does a forward transition S :: X M» S’ :: X', then by
Proposition 1, we have that [X, (), 5] Gk, [X',(),S"] with K = {k} and (5" ::
X' [X',(),S]) € R. If the transition is a backward one we apply Proposition 2.

If R=1[X,(),S] does a forward transition R b o , then by Proposition 3

we have § = X CEDC o X0 with K = k, R = [X',(),5] and (5" =
X' [X',(),S’]) € R. If the transition is a backward one we apply Proposition 4.0J

Let us note that the result presented in this section (Theorem 2) is on the
(strong) operational correspondence between two reversible calculi and it is not
affected by the fact that we depart from the conflict notion of [23].

6.2. Boreale-Sangiorgi and Degano-Priami causal semantics

A compositional causal semantics for standard (i.e., forward-only) 7-calculus
was introduced by Boreale and Sangiorgi [20]. Later on, Degano and Priami
in [19] introduced a causal semantics for 7 based on localities. While using different
approaches to keep track of the dependencies in the m-calculus, these two approaches
impose the same order of the forward actions (as claimed in [19]). Hence, from the
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reversible point of view the causality notions of these two semantics coincide. In
what follows we shall concentrate on the Boreale-Sangiorgi causal semantics. To
show the correspondence between the mentioned semantics and our framework,
we shall consider it in a late (rather than early, as originally given) version. The
precise definition is given below.

6.2.1. Boreale and Sangiorgi’s late semantics

Originally the causal semantics of [20] was defined for a polyadic m-calculus,
with early semantics for inputs. Here we adapt the causal semantics to work with
monadic 7-calculus and late input semantics.

The authors of [20] distinguish between two forms of dependencies: subject and
object. While the object dependence can be detected from the trace (called run
in [20]) that a process performed, to track the subject one, the authors introduced
a causal term, defined on top of the m-calculus. Every visible transition is bound
with a unique cause k € K, where K is a set of causes. Let N' and V be infinite,
countable sets of names and variables such that NNV NK = 0.

The syntax of the causal process is defined as follows:

(Causal process) A,B =P |K: A|A| B |va(A)

where P is a m-calculus process defined in Figure 1. In causal term K :: A, set K
records that every action performed by A depends on K. Two causal processes can
be composed in parallel by A | B and name a can be restricted in the process A.
The set of causes appearing in the causal process A is denoted with K(A) and its
definition is given below.

Definition 32 (Set of the causes). The set of causes of a given causal process
A, written as K(A), is inductively defined on the structure of the causal term as:

K(A| B) = K(A) UK(B) K(K:: A) = KUK(A)
K(va(A)) = K(A) K(P) =0

In what follows, we give the definition of the labels on the transitions and
operational semantics of the causal term.

Definition 33 (Label on the transition). The label on the transition of the
causal process is defined as A kTa> A’, where cause set K contains causes of all

the actions that trigger the action o; k is the cause associated to o and o ::=

ba | b(z) | blva) | T.
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(BS-OuUT) ba.A % kA (BS-IN) b(z).A %fx% kA

Ty 52 st i) =
(BS_CAU) "4 ki I Al (BS_PAR) ki p
Kiad oK AuAp =5 Ay Az
k:ba I k:b(@) !
A, Al A, T} Al k¢ K(Ar, A)

(BS-Com) ——*——— -
A1 | Az = Ajlk ~ Ko] | Ap{"/a}k ~ Ki]

A k:ga A/ k:ov ’
~ A— A" a¢n(a)
(BS-OPEN) ——ioa (BS-RES) ———
uaAT)A’ V@A%uaA'
A, -——>’“"’K<”“> AL Ay ——>’“'Z(””> A, k¢ K(Ar, Ay)
(BS-CLOSE) ! 2

A1 | Az = va(Aq[k ~ Ko] | Ap{" /o } [k ~ Ki])

Figure 7: Causal semantics rules

The rules for the causal semantics are given in Figure 7. Causes are introduced
into the processes by the rules (BS-OuT) and (BS-IN). A new cause k is attached
to the executing action. Rule (BS-CAU) allows a causal process K’ :: A to move if
A can move, while cause set K’ is preserved. Rules (BS-OPEN) and (BS-RES) are
defined in the usual way. The communication between two causal processes can be
done through rules (BS-CoMm) and (BS-CLOSE), while necessary substitution is
applied. Notation A) [k ~ Ks] indicates the fact that cause k needs to be replaced
with the set Ko. The condition k ¢ IC(A;, A2) ensures that cause k is fresh. The
synchronisation rules merge the cause sets of processes that communicate and do
not produce a new cause bound to 7. The reason for this is that 7 actions do not
impose causes on future actions.

In order to provide a better intuition of how the semantics works, we give the
following example.

Example 11. Let us consider the m-calculus process P = a@b.¢d.0 | ea;.c(z).Q.
Process P can perform the output on channel a, and we have:

ab.cd.0 | ea;.c(x).Q % {k} ::¢d.0 | eay.c(x).Q = A
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We can notice that cause k is bound to the action ab, and saved in the resulting
process. Since P was a m-calculus process, the cause set K is empty. To continue
execution, process A can perform the output on channel e:

ki 2d.0 | 2ar.c(x).Q ’“T> {k} = ed.0 | {k1}  c(2).Q

The two executed actions are structurally independent and this is the reason why
the cause set is empty in both cases. Now we can synchronise two processes in
parallel:

k:ed0 |k e(x).Q 5 {k k) = 0] {ki, k} = Q{%/.}

As we can notice, after the communication, cause sets {k} and {k;} are merged,
meaning that the actions of ) will structurally depend on both actions @b and €a;.

Remark 6. In the original version of the causal semantics [20], labels on transitions

are defined as A L}J A’. We use the notation A kTa> A’ to simplify the comparison
K;
given in Section 6.2.3. For the same reason we divided the original rule for

communication (CoM) from [20] into two rules: (BS-Com) and (BS-CLOSE).

The subject causality is given by the cause sets attached to the process, while
the object one is defined on the trace that the process performed. The first action
that extrudes a bound name causes every further action using that name in the
subject or in the object position of the label. To illustrate this, we give the following
example.

Example 12. Let us consider a process P = va(ba | ¢a | a(z)) and the trace:

k:b{va)

Al k1:ca Ag ko:a(x)

va(ba | ¢a | a(x)) ) )

> {k} 20| {ki}::0]|{ko}::0
where Ay = {k} :: 0| ¢a | a(x) and Ay = {k} :: 0| {k1} :: O | a(z). The action
b{va) extrudes name a and causes other two actions: ¢a where name a is in the
object position and a(x) where a is in the subject position.

We adapt the definition of object causality to the late semantics defined on the
traces of the causal process A.

Definition 34 (Object causality). In a trace Ay % Ay A, LULLUN Ania
1 n

where Ay is a w-calculus process P, if
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e a; = b(va) where aNfn(4;) = 0 and for all j < i, aNn(a;) = 0 we say
that name a is introduced in «;. Action «ap is object dependent on «;,
1 <i<h < n, if there is a name introduced in o; which is among the free
names of ap,.

e a; = b(x) where x Nfn(A;) = 0 and for all j < i, x Nv(ej) = 0 we say
that variable x is introduced in «;. Action ap is object dependent on «;,
1 <@ < h <n, if there is a variable introduced in o; which is among the free
variables of ay,.

6.2.2. Boreale and Sangiorgi’s late semantics captured in the framework

In the following we show how the behaviour of Boreale and Sangiorgi’s late
semantics is captured by the framework.

Definition 35 (Boreale and Sangiorgi causal semantics). To capture the causal-
ity induced by Boreale and Sangiorgi’s late semantics, the data structure A is
instantiated with the indexed set I'y,.

From the object causality definition (Definition 34), we have that an output
action can be caused through the subject and the object position of a label. For
instance, consider a process va(vb(eb | da | ba)) and its trace olvh), dva), ba, g
action ba depends on both actions executed before (on the first one because it
extrudes the name b and on the second one because it extrudes the name a).

In [27], we present our initial idea of the reversible framework where we discussed
the necessity of adding causal information to the silent actions in the semantics
of [20]. Here we take different approach and keep the silent actions as they are in
the original semantics of [20]. Therefore, silent actions do not exhibit or impose
contextual causes.

We give the following example to provide a better intuition about the framework

expressing Boreale and Sangiorgi causality.

Example 13. Consider the process X = vag_ (b a* | ¢*a* | a*(z)). By extruding
the name a over the channel b (rule (OPEN) is applied), we obtain the process:

vagy,, (0" a*lin, {x}] | ¢a* | a*(2))

From the memory {i;};, we have that w = i;. By executing the actions ¢a with
the rule (OPEN) and a(z) with the rule (CAUSE REF), predicates Update(-) and
Cause(-) ensure that the key iy = w will be added to the cause sets. We obtain the
process:
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Vaiyiay, (0°a"[iv, (3] | €a’ iz, {i1, %3] | a*(2) i3, {i, #}])
In the memories [ig, {i1,*}] and [is, {41, *}] we can notice that the executed actions

are caused by the action 4; and for this reason the action i; needs to be reversed
last. The actions io and i3 can be reversed in any order.

6.2.3. Correspondence with Boreale and Sangiorgi’s semantics

In this section, we prove the causal correspondence between Boreale and
Sangiorgi’s late semantics (rather than early, as originally given) and the framework
when memory A is instantiated with I',,. The full proof is given in Appendix C.

Now we observe the differences in the structural causality in both settings by
looking at process traces. Since the framework is meant for reversible computation
(Lemma 3), every action has its corresponding key, including 7-actions, which is not
the case in [20], where synchronisation only merges cause sets of the actions that
communicate. Additionally, for the same reason, the framework keeps track of every
action that was executed, while the semantics in [20] just records the sets of causes
that trigger the performing action. Example 14 will exemplify how our framework
carries more information than [20] in a simple execution, and Example 15 will
motivate and ease the definition of structural causality that follows.

Example 14. Let us consider the m-calculus process P = ba.ed | €a;.c(x).Q. By
executing two output actions on the channel b and e and synchronisation on the
channel ¢, we obtain:

e In [20], the resulting process is A = {i1,i2} :: 0 | {i1,i2} :: Q where keys i1
and iy correspond to actions ba and eaq, respectively. We can notice that the
T-action just merged the cause sets {i;} and {i2}. For more details about
the computation, see Example 11.

e In our framework, the resulting process is
X = baliy, {*}].ed[iz, {*}] | €a1[iz, {*}].c(z)]i3, {*}].Q

As we can notice, the T-action is identified by the key is.

Another difference is that in [20], the executing action brings its cause set
into the label of the transition, while in the framework, the structural cause set is
defined on the resulting process of the transition.

Example 15. Consider the m-calculus process P = ba.cd.ef:
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e In [20], actions ba with i; and éd with is can be performed and we obtain
the causal process A = {i1,i2} :: €f. The transition for the action ef is

{il,ig} ed % {il,ig,ig} =0
{i1,i2}

We can notice that in the label of the transition we can see the whole set of
the causes that cause action ef.

e In the frameonk, the same actions are performed and obtained reversible
process is X = bali, {*}]|.ed[iz, {*}].€f. The transition for the action ef is

bafiv, {*}].d[in, {x}].ef IV Balin, () @dlin, {+)].8f iz, {¥}] = X'

The structural causality is defined on the prefixes of the resulting process X’
(Definition 21); hence the set of the structural causes of the action with the
key i3 can be computed after the execution.

In the following, we define the structural cause set of an executed action in the
framework.

i K,j):
Definition 36 (Structural causes set Kr). Given a transition X m} X,

the set of keys of the actions that structurally caused the action (i, K, j) : «, denoted
with Kp, is defined as: for all i’ € key(X1), if ' Cx, i, then i’ € Kp

Example 16. To understand it better, let us consider a reversible process
X =0 a*[iy, {+}].&d"[is, {}].€ f*[ig, {}] | b1 al[ig, {}].c" (2)[is, {*}].b" ¢

(3,{*},%):bc

and transition X X1, where

X1 = a"[iy, (1] d"[is, (3] lia, (53] | 01" aifiz, {}].* (@) [is, {(+}].0°¢" [0, {+)]

The cause set K of the action be, identified with the key i, is Kp = {iy,i2,43}.
The action identified with i4 is not the structural cause of any action in X7 because
there there do not exist contexts Cy and C such that X; = Cy[e* f*[ia, {x}].Y],
where Y = C)[mp[h, {*}]] and h € {i,i1,12,i3} (Definition 22).

Notation 1. To distinguish the labels of the two semantics, we shall write:
e a transition from [20] as A % Aj, where
(=i:Band B=ba|bx)]|blra)|T

and i € K (K is an infinite denumerable set of keys);
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e a transition from the framework as X £ XIK £ where
p=(i,K,j):aand a =ba | b(z) | blvap) |

with ¢ € K, j € Ky, K C K« and Kr the set of the keys belonging to the
actions that structurally cause the action u.

Focusing on structural causality, the main difference between the two semantics
is in the 7-actions; therefore, we need to provide the connection between the
structural cause sets K and Kp of these two semantics. The idea is to represent
structural dependences between keys in the reversible process X involved in the
executing action (i.e. past prefixes whose keys belong to the set Kr) as a directed
graph (digraph) [34] and by removing the nodes (keys) belonging to the 7-actions,
obtain the cause set K of the corresponding causal process A. In order to illustrate
the method which connects structural cause sets K and K, we give the following
example.

Example 17. Let us consider the 7-calculus process
P = ba.ed | byaj.c(z).be.baas | fe.b(y)

where the actions ba, bia1, 7, fe, T and baag are identified with the keys 41, 49, 3, i4, i5
and ig, respectively.

e in the semantics of [20], we have:
P T’x (i} = ed | bray.c(z) bebaas | Feb(y)
% (i) = d | {ia)} = c(x).bepas | Fe.b(y)
D {iv,in} =2 0| {ig, i1} = be.boag | fe.b(y)
I (in,ia) 0| {inain} s eBaas | {ia) 5 b(y)
D {iv,in} =2 0| {ig,i1,i4} o boag | {i4,42,91} :: O
ig:baaz

{—> {il,ig} =0 | {iQ,il,’i4} o {ZG} =0 | {i4,i2,i1} =0
14,12,%1

As we can notice, T-actions do not have keys; hence i3, i5 are not in A. We
separated set {ig} from the rest of the cause set to emphasise the fact that
the action with key ig depends on the cause set K = {i1,12,14}.
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e the resulting process in the framework is:
X =5 a[ir, {=}].8"d" iz, {x}] | b1 ailia, {x}].c" (@)[ia, {+}].5"c*[i5, {x}].52"a3[ie, {x}]

| T e [ia, {}].6" () lis, {}]
We can represent dependences between the keys as a digraph G = (V, E),
given below:
11—~ 13
T
i = 13
s o g
!
ig — 15

In the digraph G, nodes represent keys and directed edge ¢ — i’ symbolises
that key ¢ causes key i'. From the graph, we can notice that the cause set of
the action with key i¢ is Kp = {i1, 12,13, 14,15 }. If we remove all bidirectional
edges, join the nodes that they connect (keys belong to synchronisations)
and rename them into 7;, we obtain the graph G’ = (V' E'):

Zl\

Now, if we take the set of vertices V' and remove all 7; nodes, we obtain the cause
set K of the action i¢ in Boreale and Sangiorgi’s semantics (K = V' \ {7}).

The whole algorithm of connecting sets Kr and X, illustrated in Example 17 is
called Removing Keys from a Set written as Rem(Kp) = K.

Before defining our method, we recall some basic notions about graphs [34]. A
directed graph or digraph G = (V, E) consists of the non-empty set of vertices V'
(nodes) and the set of directed edges E = {(v1,v2)| where v1,vy € V}. In the edge
(v1,v2), v1 is the source vertex of the edge, while vq is the target vertex.

Now we give the auxiliary definitions necessary to formally define the method
Rem. First, we define a function v(-) that translates the label from the framework
w1 into a label from Boreale and Sangiorgi’s semantics (. It is done by discarding
the instantiator j and cause set K of the label pu, since they are not present in the
semantics of [20], and translating the action label « into the corresponding action
label of [20]. Additionally, when 7-actions are considered, in semantics [20], they
are not bound with a new key; hence the key i is deleted as well. Formally:
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Definition 37. The function v that maps label from the framework p, with o label
from [20] ¢, is inductively defined as follows:

W6 K j)a) =i:y(a)  when a7 V(@ {xh %) i) =7
v(b{rvaa)) = b{va) when empty(A) = true ~v(b(x)) = b(x)
y(b{rap)) = ba when empty(A) = false v(ba) = ba

Suppose that we have two transitions:
t:Xi»XlKF and t’:A%Al

with v(1) = ¢ and processes X and A, translated in the 7-calculus, give the same

process P, ie. ¢(X) = A(A) = P. The same holds for the processes XIKF and Aj,
i.e., we have go(XlKF) = A(A41) = Q. The function ¢(-) is the same as the erasing
function from Definition 19 with an additional rule ¢(X%7) = ©(X) that removes
the set Kr from the reversible process. The function A that translates a causal
term into a m-calculus process is defined as:

Definition 38. The erasing function A that maps causal processes from Boreale
and Sangiorgi’s semantics into the w-calculus is inductively defined as follows:

AMATAY) =XA) | MA) MK A) = \(A)
Ara(A)) = va(A(A)) ANP)=P

The structural dependences between the past prefixes belonging to the history
of the process X involved in the execution of the action o € ¢,t' can be represented
with a digraph in the following way: keys belonging to the past prefixes are
represented as vertices of the digraph (the same keys which are representing
synchronisation, are represented by two vertices with the same name); structural
dependences between the keys are represented by directed edges where between
the same vertices we shall have edges in both directions. Formally, we have:

D e . L. ) (4,K,j):« Kp

efinition 39. Given a transition t : X X1 the structural dependences
between the past prefizes involved in the execution of the action o contained in the
history of the reversible process XlKF can be represented as a digraph G = (V, E),
in the following way:

— Vi, K] € X{FANiy Eynpi = i€V
1

—  Viy,ip €V such that nliy, K].n'lig, K'] € XIF = (i,iy) € E
— E:E,U{(il,i2)| when il,iQEVAilzig}
U {(ig,i1)| when i1,i0 € V Nig = il}
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where V' is a multiset of vertices and E is a set of directed edges. Having a digraph
G = (V, E), the structural cause set of the action o is Kp =V \ {i}.

Since bidirectional edges represent dependency flow between vertices with the
same name, we can remove them and join two vertices into one, renamed to 7.
This operation is known as edge contraction [34]. Here we adapt it to bidirectional
edges as follows:

Definition 40 (Bidirectional edge contraction). Bidirectional edge contrac-
tion is an operation defined on the directed graph G = (V, E), as follows:

* E/:E\((Zlle)U(l%ll)) when ’il :’ig
o V'=(V\{i1,is}) U{n} when iy =i
o V(i,ip), (in, i) € E where h € {1,2}, we have that (i,7),(1,1) € E',

where G' = (V' E') is the obtained graph.

In words, the above definition removes a bidirectional edge and substitutes two
nodes that it connects with the 7; node. Additionally, all the edges that have a
source or target in the removed nodes will have a source or target in the 7; node.
For instance, let G = (V, E) be directed graph and G’ be the graph obtained from
the graph G by applying Definition 40:

. 11 — 13 — 14 . 11\7/14
G: P ’Lig G 5 ey

From the representations of the graphs G and G’ above, we can notice that nodes
labeled with ¢3 together with the bidirectional edge, are substituted with the node
71. At the same time, edge (i1,73) becomes (i1, 71 ), and similarly for the rest of
the edges containing nodes labeled with 3.

By applying bidirectional edge contraction (Definition 40) on every bidirectional
edge of a graph G = (V, F), we obtain a graph G’ = (V’, E’) in which all pairs of
the same vertices are joined and renamed as 7, for [ = 1,2, ... Set V' differs from
the multiset V' in having 7; vertices instead of the pairs of vertices labeled with the
same name (originally belonging to silent moves in the framework). Hence, we can
conclude that K =V’ \ ({i} Un).

The method ‘Removing Keys from a Set’, denoted as Rem is formally defined as.

Definition 41 (Method Rem). Given two transitions t : X £» XlKF with p =
(i,K,j) : a« and t' : A % A1, where yv(u) = ¢ and p(X) = MA) = P and

go(XlKF) = A(41) = Q, a correspondence between sets Kp and K is defined through
method Rem, given with the following steps:
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o structural dependences in the process XIKF involved in the transition t are
represented as the digraph G = (V, E) (Definition 39), where Kp =V \ {i};

e by applying Definition 40 on every bidirectional edge in G = (V, E), the graph
G' = (V' E') is obtained, where V'\ ({i}Um) =K (7 represents all the nodes
obtained by bidirectional edge contraction)

Now we can state a lemma expressing the structural correspondence between
Boreale and Sangiorgi’s late causal semantics and the framework when A =T,,.

Lemma 7 (Structural correspondence). Starting from initial 7-calculus pro-
cess P, where P = ¢(P), we have:

1. if P C—1> Ar .. An 1 C—> Ay, is a trace in causal semantics [20], then there

exists a trace P £ XKF1 X Enet By XKen gnd K in the framework,
such that for all i, M(A;) = go(XKFZ) ¢ = v(pi) and Rem(Kp;) = X;, for
1= 1

2. if P 2y XKF1 X:L(Fl" vy XKrn s g trace in the framework, then there

exists a trace P —> Ay AL i—) A, in the causal semantics, where for

n

all i, N(A4;) = (XK“) G =7v(1i) and Rem(Kp;) =K;, fori=1,...,n

Proof Both clauses (1. and 2.) are proved by induction on the length of the

computation followed by induction on the structure of the process A, (XKr»

for the clause 2.) and the last applied rule on the transition ¢ : A, ﬂ Apt1

('« XK Ently Xfffl"“ for the clause 2.). The full proof is given in Appendlx

C. g

The object causality in Boreale and Sangiorgi’s semantics is defined on the
trace of a process. Hence, to have a direct correspondence, we redefine the object
causality induced by the framework, on the forward trace of a reversible process.
Previously it was defined on two consecutive transitions (Definition 23). In this
way, Definition 23 will represent the case when n = 2.

Definition 42 (Object causality on the trace in the framework). In the trace
i1,K1,71): in,Kn,j1):an .. . .

1 X4 w) Xo-ty : Xy w) X1, transition tp is an object

cause of transition t; (1 < h <1 <n), written t, < t;, if in, € K;.

With the next theorem we show a causal correspondence between causality in
the framework when memory A is instantiated with I';, and Boreale and Sangiorgi’s
late causal semantics.
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Figure 8: The event structures representing processes P;, P» and P;3

Theorem 3 (Causal correspondence). The reflexive and transitive closure of
the causality introduced in [20] coincides with the causality of the framework when
A=T,.

Proof The proof relies on Lemma 7 and the fact that object dependence induced
by input actions in Boreale and Sangiorgi’s semantics is subject dependence as
well. By the design of the framework and the definitions for predicates Cause(-)
and Update(-), the first extrusion of a name will cause every other action using
that name (this is accomplished with the rules (OPEN) and (CAUSE REF)). In
Definition 34 object dependence induced by an input action is also the structural
one, and the one induced by extrusion coincides with object dependence in the
framework. 0

6.3. Crafa, Varacca and Yoshida causal semantics

A compositional event structure semantics for the forward m-calculus is intro-
duced in [22]. A process is represented as a pair (F,X), where F is a prime event
structure and X is a set of bound names. For instance, process P3 = P; | P» where
P, = a(z).ed and P, = @b is given in event structure semantics in Figure 8. The
event structures E;,E2 and Eg represent processes P;, P» and Ps, respectively.
Causal order is represented with straight lines, while conflict is represented with
dotted lines. In the event structure E3 we can notice that there are two possibilities
for the computation: either action a(x) will execute and trigger the action ¢d,
while in parallel the input action ab can be performed; or processes P; and Py will
synchronise and then trigger the action éd. The synchronisation pair (a(x),ab) is
relabelled into 7,_p.

Disjunctive object causality is represented in such a way that it is not necessary
to remember the exact extruder of a bound name. It is important that at least
one happened in the past. In the case of parallel extrusion of the same name, for
instance in process va(ba | ¢a | a(z)), action a(r) can be caused by any of the
extrusions (configurations {ba,a(x)} and {¢a, a(x)} are both permitted), without
recording the actual extruder.
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Consequently, events do not have a unique causal history. As discussed in [24]
this type of disjunctive causality cannot be expressed when we consider processes
with contexts. For example, in the process P = va(ba | ¢a | a(z)), the cause of
the action a(z) is either ba or ¢a but if context is added to this process (i.e. we
consider closed terms), the ambiguity of the cause choice is lost. The choice of the
cause is determined by the context (for instance, we can add context b(y).7yd to the
process P and in this case we know that the action a(z) is caused by ba).

We consider two possibilities for keeping track of the causes: the first one
is choosing one of the possible extruders and the second one is recording all of
them. In the first case, we would obtain a notion of causality similar to the one
introduced in [23]. In the following we shall concentrate on the second option. The
idea is that, since we do not know which extruder really caused the action with the
extruded name in the subject position, we shall record the whole set of extruders
that happened previously.

Hence, the data structure that can be used to represent the whole set of
extruders is: set indexed with a set I'g. The reason why two sets are necessary is
because the T-actions do not impose causes. Every extruder will be recorded in the
set I and in that way we will keep track about the scope of the restricted name,
while extruders which are not part of the synchronisations will be saved in €.

In the following we show how modified semantics of [22], where we keep track
of the extruders in the way described above, is captured by the framework.

Definition 43 (modified semantics of Crafa, Varacca and Yoshida). 7o cap-
ture the causality induced by modified semantics of [22], the data structure A is
mstantiated with the indexed set I'g.

Now, let us illustrate it with the common example in this section.

Example 18. Let us consider the process X = I/CL@{*}(B*CL* | ¢a* | a*(z)). By
extruding the name a on the channels b and ¢ (by applying rule (OPEN)), we obtain
the process:

Vg i) sy iy (0 @i (¥} | € iz, {}] | @ (2))
As we can notice, keys i1 and 75 are added in the data structure I'g in both sets.
From Definition 16 we have that the cause of the action a(z) will be the whole set
{*,11,42}. By executing the input action we obtain process:

Va{h,iz}{*,il,zé} (B*a*[ilﬁ {*}] ‘ E*a*[i% {*}] ‘ a*(x)[i& {*7 i1, 22}])

From the reversible point of view, action a(x) needs to be reversed as the first
one (we can notice it in the memory [is, {*,41,i2}]). The other two actions can be
reversed in any order.
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7. Conclusions

In a concurrent setting, causally-consistent reversibility relates causality and
reversibility. Several works [23, 19, 20, 22, 21] have addressed causal semantics for
the m-calculus, differing on how object causality is modelled. The main difference is
in how these semantics treat the parallel extrusion of the same name. Starting from
this observation, we have devised a framework for reversible m-calculi parametric
with respect to the data structure used to record extrusions of a name. Our
framework is highly influenced by [17], in the way we treat reversibility, and
from [23] in the way the extrusion of a name is handled. Nonetheless we improve
on both. With respect [17] we extend its reversing technique to work with binders,
value passing and scope extrusion. Originally in [17] this is not possible due to
the ‘limitations’ of the chosen SOS format. With respect to [23] we abstract away
from how causality is defined, so to account for different notions. Moreover, our
semantics (thanks to the technique of [17]) is more compositional (e.g., it does not
require global rules) with respect to [23] as it does not require structural rules to
deal with the splitting of a memory along a parallel composition.

Depending on the underlying data structure, we can obtain different causal
semantics representing three different approaches to the parallel extrusion problem.
We have shown that the three instances of our framework, using the aforementioned
data structures, enjoy typical properties of reversible process algebra and that their
reversibility is causally-consistent. Additionally, this is the first time reversible
semantics using the causality of [20, 22| are introduced and shown to be causally-
consistent. We illustrate how three different semantics [23, 20, 22] can be captured
by the framework and we have proved a causal correspondence with the semantics
introduced in [20] and an operational correspondence with [23]. Moreover, we depart
from [23] by using a different notion of concurrency as explained in Definition 25.
This allows us to be more selective and to deem as conflicting two consecutive
transition producing/consuming the same prefix, which was not the case in [23].

An important difference between the causal semantics considered in this paper
is that the one proposed in [23] satisfies several correctness criteria for causal
models [24], while the causal semantics of [19, 20] do not. Even if the causal
semantics proposed in [23] is the best one according to the aforementioned criteria,
there is an open question about causality and m-calculus which still has to be
solved. In [25] it has been shown that the (forward) causal semantics induced
by the reversible higher-order m-calculus [26] coincides with the one of [20] while
considering reduction semantics (e.g., considering closed systems). That is, the
causality considered by [26] coincides with the structural one. One could conclude
that while considering closed systems the causal semantics of [26] and [23] are the
same, even if [26] does not keep track of causal information about the instantiators.
One interpretation of this fact is that [23] uses more causal information than
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required. But this is still left to be proven. Having a common framework in which
one can express all these semantics can lead to a better comparison among them
and increase the understanding of causality in the m-calculus.

One of the directions for future work is to develop a behavioural theory of
our framework. While exploring causally-consistent reversibility of the different
causal semantics that can be expressed in the framework, we are interested in the
causality relation as the union of object and subject causality. Therefore, we shall
define a causal bisimulation on the framework which does not distinguish object
from subject causality. Then, we shall compare it with existing causal sensitive
bisimulations and determine whether it is a congruence. Another question would
be whether this bisimulation coincides with standard ones [35].

The other directions for future work are to continue working towards a more
parametric framework and to compare it with [36, 37] and to prove causal correspon-
dence with the revised semantics of [22]. As discussed in Section 6.3, the semantics
of [22] is given in terms of prime event structures, where events do not have a
unique causal history and the ambiguity of disjunctive causality does not hold when
processes with contexts are used, as shown in [24]. In our framework reversibility is
causally-consistent; therefore it is necessary to keep track of the causes. Otherwise,
by executing backward actions, one could reach a non-consistent state. Therefore
we used a modified version of the semantics of [22], where the information about
the causes can be tracked. Moreover, we plan to distill the minimum assumptions
for predicates Cause(-) and Update(-) so that causal consistency holds. In this way,
we will be able to prove causally consistency in general for our framework (and not
for each instance) and then each instance whose predicates satisfy the assumptions
will automatically inherit such a property.

Following the approach of [35], we could further abstract our reversing approach
and bring it to the (meta-)level of an SOS format dealing with values and binders.
One good candidate would be the nominal format [38]. Moreover, it would be
interesting to implement our framework in the psi-calculi framework [39].
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Appendix A.

In this appendix we give the detailed proofs and further technical material of
Section 5.

Proposition 5. In X GRg)bvas)
i,K,j):b{va
n X LeKa)bvan), Y, 3C such that Y = ClraaX']

Y, 3C such that X = ClvapaX']. Similarly

i, K,5):b
Proof The proof is by induction on the derivation of transition X Ml» Y.

The interesting cases are when rules (OPEN) and (CLOSE) are applied and they
follow directly from the construction of the rules. O

Proposition 6. If X = Clvaa/ X'], then a transition that has the name a as the

i, K,7):b
object of an output is necessarily of the form X ML» Y.

i, K,5):b
Proof The proof is by induction on the derivation of transition X Ml» Y.

It follows directly from the construction of the rules. O

Ve (4,K,j):«
Proposition 7. Let A = I', X ——
ClvapnX'] <= K # {x}.

Y and a = subj(a). Then X =

Proof If X = ClvarX'] and X BRIy Gith a = subj(a), then I' # (). Having
a transition ClvaprX’'| Rg)a, ClvarX"] the rule (CAUSE REF) needs to be
applied. Therefore, the cause set K C I', which means that there exists some key
i’ such that i € K.

If K # {+} and X Y and a = subj(«) it means that the rules (CAUSE
REF) was applied, since it is the only rule in which cause set K can be updated.
Therefore, some var € X and we can write X as X = ClvarX’']. O

i, K,j):a
(4,K,j)
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Lemma 4. If process X = Clraa(Y) | Y'] is reachable, then van ¢ Y’ for all
non-empty A and A’.

Proof The proof is by induction on the trace that leads to the process X: X; —
.-+ = X,, — X, where X; is an initial reversible process?, and the last applied
rule on the transition X,, — X. The base case is trivial, since for every vaa € X1,
empty(A) = true. In the inductive case, we have that in the transition X,, — X,
the property holds for X,,. We continue by case analysis on the last applied rule
on the transition X,, - X:

e rule (PAR)

Yo LIS v ¢ Y Bav(a) NFav(Y') = 0
Vo v e

where the property holds for Yj | Y. We proceed with the following cases:

— if vapn € Yp, then by the inductive hypothesis van, ¢ Y'. After the
execution of the action «, the property is preserved and it holds in
Y1 | Y’ as well.

— if vap € Y/, then by the inductive hypothesis van ¢ Yy, when A, A’

are not empty (name a is free in Y, since A is not empty). To satisfy
the property, we need to show that vaas ¢ Y7 holds.
Let us suppose that vaas € Y7. Then some restriction vaa» needs to
belong to Yy and the only possibility is vaa» € Yy when empty(A”) =
true. Since name ¢ is bound in Yj and free in Y7 we have that action «
extrudes bound name a and we have a = b(rvaar), where empty(A”) =
true. This is in contradiction with the side condition in the rule PAR,
since the bound action a is between the free names in Y’. Hence,
vaas ¢ Yy and the property holds.

e rule (Com)

}/0 (i,K,j):bC Yl }/0/ (ZzK 7j )b(Z) }/1, K N]/ /\ K/ [><]]

Yo | ¥5 0 v | Y /o)

where the property holds for Yj | Y. We proceed with the following cases:

4From Definition 8 we have that the reversible process X is initial when all its names
are decorated with % and for all restrictions vaa, for some name a, A is empty.
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— if vaa € Yy, then by the inductive hypothesis vaas ¢ Yy, when A, A’
are not empty. We need to show that vaas ¢ Y{{¢ /. }.

If ¢ = a, and vap € Y, then by Proposition 6, action be should be
b{vapr), for some A”. In this case the rule CLOSE should be applied.

If ¢ # a, then van ¢ Y/ since a is not in the object position of the

output action be. Hence, for the process Y1 | Y{{¢/,} the property
holds.

— if vap € Yy , then by inductive hypothesis vaan ¢ Yy, when A, A/
are not empty. Since the action bc is executed on the Yj, there is no
possibility for vaas to belong to the process Y7, and we have vaa ¢ Yy
and the property holds.

For the rest of the rules, the property trivially holds. ]

Lemma 8. Given a process X = Clvap'Y|, where the context C does not contain

'7K/7 j : . .
the restriction of the name a, and transition var X % var X' with the premise

K): B B _
X % X' where m =ab or m = a(vbr,), there exists at most one K such that
K ~x K'.

Proof Before starting with the proof we make a small observation. From the defi-
nition of the instantiation relation (Definition 13) we have that the only possibility
to have one key to be instantiated by two different keys is if one instantiation
relation is defined for the name in the subject position of the prefix and the
other one for the name in the object position. Therefore, we can have a process
7 = Clc()[i1, K1].C'[d(y)[ia2, K2].7[i3, K3].Y] where m = @b such that iy ~ 7 i3
and i2 ~ g i3.

Let us now proceed with the proof of the lemma and assume that there exist K"
and K" such that K" # K" and K" ~»x K’ and K" ~x K'. From Definition 13
and the observation above, we know that one of them is related to the name a and
the other one to the name b. Let us say that K” ~»x K’ is related to the name a
and K" ~»x K’ to the name b. Therefore, the action K" was a communication
on some channel over which namg/b was sent.

On the other side, from X GELDT 1 where X = ClvarY], we know that
K" c T'. This implies that the action K"’ was an extrusion of the name a (since
this is the only way to update the set I') which is not the case. O

In the following we prove that having two transitions and their derivation

trees, the conclusions of transitions are the same if and only if they have the same
premises. This result is needed to show Lemma 10 when two transitions having
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the same conclusions are considered. By applying Lemma 9, we can conclude that
two transitions are equal.

Lemma 9. Two derivation trees have the same conclusion if and only if they have
the same premises.

Proof If the premises of the rules are the same, then it is trivial to show that
derivations will reach the same conclusion. In the other direction, let us consider
two derivation trees with the same conclusions and premises p; and po:

D1 P2
X By X By

We proceed with the induction on the derivation tree of the transition X £ Y. For
each rule of Figures 2 and 3 we need to show that only one premise is possible. The
interesting cases for us are the rules in which the label changes, in particular the
communication rules (CoM) and (CLOSE), and the rules in which the contextual
cause set K is updated, rules (OPEN) and (CAUSE REF). For the rest of rules, the
lemma holds by construction.

e (CAUSE REF) Given a transition

pé K ) a € subj(m) g€ {1,2}
vap(X) =Ty
the only applicable rule is (CAUSE REF) with Y = Z/CLAX[/K,/ Ko and we
have
(4,Kq,3):m , ,
X ——» X' aesub(r) qe{l,2} Cause(A, K, K', X)
vaa(X) AN vap X{

K’/ Kq|Qi

Now we want to show that K7 = Ks. Depending on the data structure used
for A, we have different definitions for the predicate Cause(A, K4, K', X):

— if A'is a set T', then predicate Cause(-) is defined as K, = K’ when
K,CcTor K'CT K, ~x K’ for ¢ € {1,2} and we have the following
cases:

O there does not exist vars such that varr € X. Then K; = Ko = {x}.
Follows from Proposition 7.
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O if vapr € X, then, we can write X as X = C[varY], where the
context C' does not contain the restriction of the name a. Then,
we have either K, = K’ or K/ CT' K, ~x K'. Therefore, we have
the following options:

-K1 = K’ and K3 = K’, therefore K| = K5 as desired;

-K' C T Ky ~x K' and Ky ~x K’'. Since there is only one
substitution per variable this case can only happen when m = @b, for
some b, and K ~~x K’ is related to the name a while Ky ~x K’
is related to the name b. Then by Lemma 8 we have that Ky
cannot be the cause of the premise (i.e. cannot be the cause of
action m = ab).

-K1 =K' and K' CT Ky ~x K'. Since X = C[rvarY] and the
executed action has a = subj(7), the rule (CAUSE REF) is applied
so that K, C I". Then since K1 = K’ we have Ky, K’ C I which
is impossible since Ko ~»x K.

— if A'is an indexed set T'y,, we have K’ = K, U {w}, i.e. Kj U{w} =
Ky U{w}. We can distinguish two cases, depending if w is a * or not:
O if w = x, we have K1 = Ky = K’

O if w = k, where k # %, we need to prove that K; U{k} = Ky U {k}.
Since it is an operation on sets, we need to prove that the key k
belongs to both sets K1 and K or neither one of them. If k € K3
we have that there is a restriction vars € X. By the condition
Cause(-) of the rule (CAUSE REF) we have k € K. Similarly if
k € Ky we need to prove that k € K;. If k ¢ K, then there does
not exist the restriction var, in the process X; hence k cannot be
part of the causal set Ks.

— if A'is a set indexed with a set I'g, then we have K = K, U Q, i.e.
KiUQ = Ky USQ. The proof is similar to the one above but we need
to prove it for every element in a set €.

e (OPEN) Given a transition

Pq
) (i,K",5):b(vap)

q€{1,2}

vap (X Y

the only applicable rule is (OPEN) and we have Y = VaAJriX[/K//Kq]@z‘ with
a rule

(4,Kq,7):mq , — —
X ——» X =b =b /
T =20 Tq (va) Update(A, K4, K')
X (4,K',5):b{van) X!
VG/A( ) " VAA4 [K'/K @i
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Now we want to show that K1 = Ky and m; = mo. Depending on the
data structure used for A, we have different definitions for the condition
Update(A, Ky, K'):

— if Ais a set I', we have K1 = K9 = K’ and we just need to prove that
m1 = 7. Let us suppose that m; = ba; then by Proposition 6 there
does not exist a context Cle] such that X = ClvarX"]; hence from
Proposition 5, we have mo = ba. Similarly for m; = b(var).

— if A =T'q, the cause does not change with the rule OPEN and the proof
is similar to the case above.

— if A is an indexed set Ty, we have K’ = K, U {w} and we need to
prove that K; = Ks and m = m. Since set K, can contain causes of
the names a and b, we have K, = K,, U K,,. Now, let us suppose that
71 = ba. By Proposition 6 we have that there does not exist a context
C'[e] such that X = C[V@F;,X”]; hence from Proposition 5, we can

conclude that mp = ba and K1, = Ko, = {*}. Now we have two cases:
if the action b was extruded in the process X, then exist restriction
vbpr € X such that K, = {w”, +}; if b was free in X, then K, = {*}.
Let us suppose that m = b{vap ), by Proposition 6 there exists a
context C[e] such that X = C[vap X"], and from Proposition 5 we
have my = b(vars ). For the cause sets K, we have two possibilities: if
w' = *, we have Ky, = {x}; if w’ =k, we have K,, = {*,k}. For the
set K, we reason in the same way as when 71 = ba.

e (CLOSE): Given a transition

Py qe{1,2}

X ’ % (3, {x},*%):7 7

if there exists vaa € X, we can apply only the rule (CLOSE) (by Proposi-
tion 6) and get Z = vaa (X}, | Y') with a rule:

(i,Kq,5):b{van) (4,K4,3"):b()
ey

X XY Y’
e Kypaj' A Kppaj
REI IR
XY 0T pan (XY, | YY)

Now we want to show that K7 = Ks. Depending on the data structure used
for A, we have different cases:

— if Ais a set I', we have K, a5 A Kj < j and two cases:
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O if b was a free name that was not bound in the past, we have that
vb- ¢ X and then by Proposition 7 K, = K = {*}.

[0 if b is a name that was bound in the past, then there exists a
restriction vbpr € X such that K; # {*} and K] = {} for ¢ € {1, 2}
or there exists a restriction vbpr € Y such that K; = {*} and K| #
{*} for i € {1,2}. In the first case we have K| = K/ = {x}; hence
in order to satisfy the condition of the rule, we have K; = Ko < j'.
The second case is similar.

if A is an indexed set I'y, the action b(rar,) can be caused through

subject and object position in the label, and we need to reason on

both names: a and b. We shall divide cause sets K, into two subsets:

K, = K,, UK, and for K we have K; = K since it can be only

caused through the name b. The rule CLOSE is used; hence there

exists a context C[e], such that X = C[var,X"] and we have three
possibilities:

O if a restriction vby | is not in X and Y, then K, = K = {x}. For
K,, we have two cases: if w = %, we can conclude that K,, = {*}
and we have K = Ko; if w = k” for some k" € T", we can conclude
that K, = {*,k"} and K| = K».

0 if a restriction vbp» € X then by Lemma 4 there is no restriction
vbrs in Y, hence K o = 1¥}. For the cause set K, we reason as
in the case when rule (OPEN) was applied.

O if a restriction vbr» € Y then by Lemma 4 there is no restriction
vbpr in X, hencéUqu = {x}. For K, we have two cases: if w = *,
we can conclude that K,, = {*} and we have K| = Ky; if w = k"
for some k" € T, we can conclude that Ky, = {x,k"} and K; = K».
From vbr € Y we know that the rule (CAUSE REF) is applied
on the prgcess Y and we reason as in the first case of the proof.

if A =TI'q, we have two cases:

O if b was a free name, then K, = K = {*}

[0 if b is a name that was bound in the past, then by Lemma 4 there
exists a restriction ub%/ € X such that K; # {*} and K| = {x}
for i € {1,2} or exists a restriction vbr, €Y such that K; = {x}

and K/ # {x} for i € {1,2}. In the first case we have: if 0/ = {x}
then K1 = Ky = {x}; if Q' # {x} then from the definition of the
predicate Cause(-) of the rule (CAUSE REF) applied on the process
X we have K, = K, U, where K|/ are the cause sets belonging
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to the premise of the rule (CAUSE REF). Then we reason as in
the case when the rule (CAUSE REF) is applied. The case when
prg), €Y is similar.

e (CoMm): This case is handled similarly to the case when we considered rule
(CLOSE). O

With the following definition we introduce the normal form of a reversible
process which we will use in this section.

Definition 44 (Normal form). The normal form of the reversible process X is
given with
X = VanAA/nCn[VanflAn,lcnfl[' .. vapa,Co[X1]]]

where the contexts C; when i = 0,1,...,n (Definition 1) do not contain any
restriction on the name a and vain, = Vajip, ;- - -, VainA,,

Notation 2. If the contexts are not relevant, we will write X = Clraga,Co[X1]]
where C = va,a, Cplvan—1na, _,Cn-1[. .. vaia, C1[]]]-

i K,j):
With the next properties, we show how in the transition ¢ : X M X'

executing action « influences the resulting process X’. Depending on the nature of
action «, just one part of it or the whole process X’ will be modified.

)

Property 1. Given a process X = Va/n\A:Cn[l/an:\A/n_lCn_l[. .. vapa,Co[X1]]],

i K ,5): .
and transition t : X M X', a # 7, executed by any component in X, there

are two possibilities for modifying the resulting process X', depending on the nature
of the action «:

e if a = b(vap), for some name b, then transition t modifies the component
on which it is executed and all the restrictions on the name a before it;

e if a # b{vap), then transition t modifies only the component on which it is
executed:

Proof The proof follows directly from the semantics of the framework. O

For instance, consider the process X = vaa, Cplvaa, ,Cn-1]...vaa,Co[X1]]]

A7K7 j : o, . .
and transition ¢ : X w» X', where o # 7. Let us assume that transition ¢ is

performed by the process X;. Then we have:
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e if & = b(vaa), for some name b; transition ¢+ modifies the process X; and all
the restrictions, since all of them are before X1, and we have:

bexX (i,K,j):E(uaAn>

vaa,+iCnlvaa, +iCn-1l. .. van,+i:Co[X1]l]
Every time when action a passes the restriction on the name a, rule (OPEN)
is applied and key i is added to A; when [ =0,1,...,n.

e if a # b(vaa), then transition ¢ modifies only the process X:

. x e

vap, Cnlvan, ,Cn1[...van,Co[X1]]]
Property 2. Given a process X = V@Cn[uanfll/nflc'n,l[. .. vapa, Co[X1]]],
(i,{*},%):7

and transition t : X X', there are two possibilities for modifying the
resulting process X', depending whether the transition t involves one or two contexts:

e if transition t involves one context, then considering the synchronisation
t: Xy G, X1{ we have:

-if Co = o | Y, transition t modifies just that context, hence

t: Clvags, (X1 | V)] ST Gluaga, (X] | V)]

-if Cp = e, the synchronisation can add or remove an element of apa, but
not of Ag, and it does not change the context C, hence:

t: Cludon, (X1)] U7 Clvag, (X))

e if transition t involves two contexts and rules (CoMm) and (CoM®) are applied,
then transition t modifies just the two contexts. Otherwise if rule (CLOSE)
and (CLOSE®) are applied and transition t involves X1 and context Cp_1, we
have:

V%Tncn[yanfl\g,lcnfl[. .. VdEXOCO[Xl]]] m

vana, Colvay,_in,  Cral- - vaga; ColX1]l]

where transition t modifies both contexts, restriction va,_1a, _, where it can

add or remove element from it, and restrictions vajn, when 1l =0,1,.n —1
where it can change just ;.

Proof The proof is straightforward from the rules for communication. U
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Notation 3. For the sake of simplicity we shall assume that the vector of names
vap, from Definition 44 is a singleton and we shall write: X = vaa, Crlvaa, ,Cn-1]...vaa,Co[X1]]].

Lemma 5. (Square lemma) If ¢t; : X “5% YV and t5 : Y 22 Z are two concurrent

transitions, there exist £} : X 2% V] and t} : Y1 25 Z where u; = y.

Proof The proof is by case analysis on the form of the transitions ¢; and ts. The
case when transitions ¢; and to execute on exactly the same prefix is impossible
since the transitions are concurrent. In particular:

o if X = C[a*b*.P], for some a,b, then ¢; is a forward transition executed
on prefix a*b* and t9 is a backward transition executed on history prefix
a*b*[i1, K1) such that i1, K1 € pp. Then we have to = t$ and by Definition 26,
transitions £; and t9 are not concurrent, which is not the case.

o if X = Cla*b*[i1, K1].P], for some a,b, then t; is a backward transition
executed on history prefix a*b*[i1, K1] and t3 is a forward transition executed
on prefix a*b*. Then we have that transition 5 consumes the prefix freed by
transition t; and by Definition 26, transitions t; and ¢y are not concurrent,
which is not the case.

Similarly if the transitions are executed on input prefixes.

We proceed with the proof by considering four main cases depending on whether
transitions t; and 9 are synchronisations or not and then proceed with the induction
on the structure of the process while checking all possible combination of the rules
applied on the transitions ¢; and t5. We just show interesting cases when the
restriction of a name is involved and the reversible process is written in the form
X =vanp, Cplvan, ,Cn-1]...vaa,Co[X1]]] (Notation 3).

We proceed with case analysis on whether transitions ¢; and t2 are synchroni-
sations or not:

1. t1 and t9 are not synchronisations. We need to prove that by changing the
order of the transitions we shall obtain the same process. We consider the
cases where transitions t; and to modify not just their own context, but also
other contexts or restrictions.

Let us assume that transition ¢; modifies process X7 and that the performed
action is a1 = b{raa). By Property 1,we have

t: X 2 van; Culvan, Cn-1]. .. VCLAE)CO[XHH

where p; = (i1, K1,71) : b(vaa). Let ay be the action of the transition ts.
If a ¢ ay then t modifies just its own context (Property 1) and it is not
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prevented by the restrictions on a. Let us consider the case when a € as.
We continue the proof by the induction on the structure of the process.

e The base case of induction is to prove that if
vapa(X1 | Xo) &5 vap, (X7 | X2) £ vap (X | X3)
then
vaa(X1 | Xo) 2 van, (X1 | X3) 5 vans(X] | X3)

Since t; has performed action a; = b(vana), rules (OPEN) and (OPEN®)
can be used. We consider just the interesting cases when on t¢; is applied
rule (OPEN) and continue with the case analysis on the rules that can
be applied on t5 such that a € as.

— Rule (OPEN) applied on t2. We have

) (i1,K1,41):b(van)

van(X1 | Xz vaayi, (X7 | Xa)

(i2,K2,52)¢{vanti;)

VaA+iy+ig (Xi | Xé)
where X5 M» Xé. If i1 € K9 then transition t; causes
transition to and this is not the case (they are concurrent). If i; € K,
then by definition of the predicate Update(-) (on the rule (OPEN)) for
the three data structures that we considered, we will have i; € K»
and again, we have that ¢; causes transition f2 which is not the case.
Therefore, i; ¢ K, K and we can safely commute transitions and
obtain:

i2,K2,j2):¢(rva
vaa (X | X2) U ) elrea), vaa+i, (X1 | X3)

(i1,K1,51):b(van yiy)

VaAti+ig (Xi | Xé)

as desired. The labels of transitions ¢; and t| are not equal; they are
label equivalent, i.e. pu1 =y .
— Rule (CAUSE REF) applied on t2. We have

(i17K17j1)3b<VaA>\/ Vaaii, (Xi | Xg)

vapa (X1 | Xo)

(i2,K2,j2):x
R vansi (X | X3)
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i 7K7 j : . . o, .
with Xo GRS X/} and a € subj(a). If iy € Ky then transition ¢;

causes transition to but this is not the case as they are concurrent.
If iy € K, then by definition of the predicate Cause(-) from the rule
(CAUSE REF) we have three cases: if A = T', then by i; € K and
i1 ¢ Ko, we have K ~~x, Ky which implies that i; is a synchronisation
and that is not the case; if A = T'y,, then by the predicate Cause(-),
new cause set K is the union of the old cause set K and w, therefore
i1 € K implies i1 € K5, which is not the case; similarly if A = I'q.
Hence i1 ¢ K, K3 and we can commute transitions:

van(Xy | Xo) 2RI (X0 | XD

(41,K1,51):b(vaa)

vasti (X7 | X3)

e In the inductive case it is necessary to show that if X By 22y Z and
X 22,77 % Z, then the following holds

M 14
vapX LN Z/aAle LN van'Z and vapX — VaA/2Y1 Lvan Z

Zi| X" Z | Y2 2,1 Z and Z; | X 2 2 B 2| 2
Both subcases are straightforward.

2. to is a synchronisation and ¢ is not. We observe the case when ¢; is performing
an action b(vaa) (the rest of the cases are straightforward). In this case, the
applied rule could be (OPEN) or (OPEN®).

If ¢2 is a synchronisation which does not involve name a or involve just one
component of the process X, then by Property 2 the case is trivial.

We shall consider the case when transition ¢ involves two contexts C;[e] and
C|e] of the process X written as:

X =vap,Cyl...van,Cyl. . .vaa;Cjlvan,Co[X1]]]]

and name a is used in the object position of the label as of t5. Then rules
(CLOSE) and (CLOSE®) can be applied. Now we proceed with the induction
on the structure of the process.

o In the base case, since transitions will modify contexts just up to vaa,,
we can reason on process X written as:

X = VaAiCi[. . I/aAjCj [le
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Now we combine rules applied on transition t; with the one applied
on to and we have:

— Rule (OPEN) applied on t; and rule (CLOSE) on t3. We assume that
transition ¢; is executed on the component X;. Then we have:

i1,K1,71):b(van.
VaAiCi[""/aAjCj[Xl]] (i1,K1,51) <aAz>,

(32,{x},*):7

VaAi—f—ilCi[' < VAA;+iy Cj [Xﬂ]
vap,+i,van+i, Cil. .. VCLA;—i-z‘lC]/' (X1 =2

where vaa i, € Cif...vaa, i Cj[X1]] (from Proposition 5). To per-
mute transitions, we need to be sure that transition ¢; does not cause
transition £9. Since to is a synchronisation, we need to check if ¢; causes
the transitions that are involved in the communication; but then we
have to check if the lemma holds for transitions that are not synchroni-
sations and that is done in Case 1. Hence, we commute transitions and
obtain:

vap,Cil. .. vaa,C;[X1]] JCROROLN

(i1,K1,41):b(van,)

vap,vapCll. .. VCLA;C; [X1]]
vaa iy vaati Cil. .. van 1, Ci[X1)| = Z

where vaa € Cif...vap;Cj[X1]]. We have Z = Z, as desired.
— Rule (OPEN®) applied on ¢; and rule (CLOSE) on the to. We have:
(i1,K1,j1):b(vaa,)
l/aAi—l-ilCi[- . Va'A]'—l-ile [Xl]] SAAAAAAAAAAAAANS

(d2,{*},*):T

van,Cil. . .van;C; [X1]] vap,van Cll. .. VaA;Cé[Xﬂ] =7

where van € Cjl...vaa;C;[X1]]. Tt is not possible that backward
transition ¢; causes transition to and we can swap transitions and
obtain:

van,+i,Cil- .- van, i, Cj[X1]] Lde}

, , (i1,K1,51):b{van,)
VaA,+ip VaA/+iICZ‘|:. .. I/aA;__H-le [Xl]] CAAAAAAAAAAAAAAA S

I/CLAZ.I/CLA/CZ{[. . I/CLA;CJ/[XH] =7

where vaa i, € Gil...vaa, i, Cj[X1]].
— Similarly for the rules (OPEN) and (OPEN®) combined with rule
(CLOSE®).
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3.

4.

e The inductive case is trivial since t; only modifies processes in the
context, not the context by itself. Considering the synchronisation ¢ :

Xy BT e e have t: Clraa(Xi | X2)] ST Cluaa (X | X0)]

where we can notice that transition ¢ modified just X; (Property 2).

The case when #; is a synchronisation and ¢, is not, is similar to the one
above.

t1 and to are synchronisations. We consider the cases when synchronisations
involve two different components of the process X. Assume that t; is a
synchronisation between process X; where output is executed and context
C; where input is performed; while ¢ is a synchronisation between input in
context C; and output in Cj. Since transitions will modify contexts just up
to vaa,, we can reason on process X written as:

X =vap,Cil. . .vap,;Cj. . .vaa, Cr[X1]]]

We continue with the case analysis depending whether name a is used in
the subject or in the object position of the output actions involved in the
communications ¢; and ts.

e name a is in the object position in both output actions involved in the
communications ¢; and ¢2; in this case, rules (CLOSE) and (CLOSE®)
can be applied. Let us consider the case when rule (CLOSE) is applied
on both t; and t5; the rest of the cases are similar. We have

van,Cil. . .van,;Cjl. . .vap, Cr[X1]]] Lt ),

van,Cil...vanvanCyl. . .vas Cy[X1]]] LRGN

vap;vaparCil. .. VaA;_yaAuC’j{ [ vapr CL[X1]]]

where from Proposition 5, we have van € Cj[...vaa, Cy[X1]] and
vapy € Cil...vanvanCyl...van Cr[X{]]]. To permute transitions,
we need to ensure that transition ¢; is not the cause of transition t,.
Since both transitions are synchronisations we need to check if the
output transition involved in #; causes the output transition involved in
to. This is covered with Case 1 when we proved that the lemma holds
for single transitions.

Now we can safely swap the transitions and transition ¢} is:

van,Cil. . .vaa,Cjl. .. vaa, Ce[X1]]] L2 s} )
vapvapnyCil. .. van Cjl...vay, Cr x4
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where van, € Cjl...vaa,Cjl. .. vaa,Cy[X1]]]. The derivation for the
transition ¢} is:

I/CLAZ.I/CLAE/C{[. . V&A;Cj[. ‘e I/CLA;CCMle M»

VaAiuaAE/C{[. . VaA;VaA//C}[. . Z/aA%C,;[X{]H

where vaas € Cjl...vap; Cp[X1]], as desired.

name ¢ is in the object position in the output transition involved in the
communication ¢; and in the subject position in the output transition
involved in communication ¢5. In this case, rules (CLOSE) and (CLOSE®)
can be applied on t; and (CoM) and (CoM®) on t3. Let us consider
the case when (CLOSE) is applied on t; and (CoM) on to. The rest of
the cases are similar. By executing the rule (CLOSE) on t1, we have:

van,Cil. . .van,;Cjl. . .van, Cr[X1]]] Mi»
vap,Cil. . .van,vanCjl. . .vaa, i, C[X1]]]

where vaa € Cj|...vaa, Cx[X1]]] (Proposition 5). By executing the
rule (Com) we are changing just contexts C; and C, not the restrictions.

vaa,Cil- . .van,vanCyl. .. van, i, Cu[X1]]] LRGN

vap,Cil. . .vap,vanCil. . .vaa, i, Ci[X1]]]

To permute transitions, we need to ensure that transition ¢; is not the
cause of transition t9. Since both transitions are synchronisations we
need to check if the output action involved in t; causes the output or
the input action involved in transition £s. This is covered with Case 1
when we proved that the lemma holds for single transitions ¢; and to.
Hence, we can swap transitions and obtain:

van,Cil. . .van,;Cjl. . .vap, Cr[X1]]] LA ),

van,Cll...van,Cjl. . van, Cp1 X)) LT,

van,Cil. . .van,vanCjl. . .vaa, i, Cr[X1]]]

where vaa € Cj[...vaa, Cp[X1]]] since transition ¢t does not change
restrictions. O

In the following we give some properties defined on the transitions, necessary
to show the main result of this section: causal-consistency of the framework.
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Definition 45. Two transitions t; and ta are prefix equivalent, written t1 =, to
if they add or remove the same past element w[i, K| from the history context of a
process.

We would like to remind that a history context is built from the past prefixes. For
example, in the process a*b*[i, K].c*(x).P, the history context is H = a@*b*[i, K].e,
while in the process a*b*.c*(x).P, the history context is empty (i.e. H=e).

Example 19. Given the process a*b*.P; | @*b*.P,, we have two transitions

1 :E*b*.Pl | E*b*.Pz —_»(i,{*},*):ﬁb

to Za*b*.Pl | E*b*.Pz ——)5(17{*}’*)2617

a*b*[i, {*}].P | a*b". Py
a'b*.Py | atb i, {x}].P
Transitions #1 and ¢y are not the same, but they are prefix equivalent because they

add the same past element into the history. The LTS ensures that keys are unique
in the process.

Lemma 10. In a trace, if two transitions t1 and ts are prefix equivalent, then

t =13,

Proof If they are prefix equivalent, we know that i; = io and we have that the
transitions happened on the same component in the parallel composition. Therefore

L Ki): i1, K1 ,1): i1, K1 j1):
b x e gy AR X Then gy = x LIy o,

Lemma 9, we have t; = 3. O

Lemma 11. If transitions t1 and to are prefix equivalent, coinitial and they are
on exactly the same prefix in a process, then t1 = to.

Proof The proof follows from the fact that keys are unique and that transitions
are coinitial on the same prefix. O

The following lemma states that reversible computation can be rearranged as
the backward-only transitions, followed by the forward-only ones.

Lemma 12 (Parabolic traces). Let s be a trace. Then there exist a backward-
only trace v and a forward-only trace v’ such that s ~ r;r’.

Proof The proof is by induction on the length of s and the distance between the
very first transition in s and the pair of transitions contradicting the statement of
the lemma. Let suppose that this is a pair of transitions ¢1;t2. Then we have:

(il,Kl,jl):al (i27K27j2):a2
e 4

t1: X Y tg 1 Y s 7

We have two cases depending whether transitions ¢; and ¢y are concurrent or not.
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e if ¢; and t2 are concurrent; then we can apply Lemma 5 and swap them. In
this way we decrease the distance between the very first transition in s and
the pair of transitions contradicting the statement of the lemma.

e if {1 and ¢5 are not concurrent, then we have two possibilities:

— t1 and t9 are causally related. If structural causality is concerned, then
they are performed on the same component of the process. Since they
are consecutive and in opposite directions they are prefix equivalent.
From Lemma 10 we have t3 = ¢} and since ?1;t] ~ € we can decrease
the length of s on which we can apply the induction hypothesis.

Regarding to contextual causality, we have that this case is impossi-
ble. They cannot be object dependent since transitions ¢; and ¢y are
consecutive and to is the backward one.

— transition ¢ is the reverse of transition ¢y, i.e., to = t}. Then as in the
case above since t1;t] ~ € we can decrease the length of s on which we
apply the induction hypothesis. ]

With the next lemma we show that if s; and s are two coinitial and cofinal
traces and so is made just of forward transitions, then there exists a forward-only
trace s] equivalent to s;. Intuitively, backward transitions of the trace s; can be
deleted, since s; and s are coinitial and cofinal and so is forward-only.

Lemma 13. Let us denote with sy and sy two coinitial and cofinal traces, where
S9 s forward only. Then there exists a forward-only trace s, shorter or equal to
s1, such that s ~ ).

Proof The proof is by induction on the length of s;. If s; is forward-only then
sy = s1. If not, by Lemma 12, we can assume that s; is parabolic, and write it
as s1 = wu;ty;to; v where ty;ts is the only pair of consecutive transitions in the
opposite direction; u;t; is backward-only and to;v is forward-only. Since traces
s1 and so are coinitial and cofinal and s is forward-only, we can notice that the
history element which transition ¢; takes out of the history, some transition in to;v
needs to put back, otherwise, the difference will stay visible (i.e. s; and s would
not be cofinal). Let us denote with ¢’ the first such transition. To preserve the
same target in the end of the traces s; and s, we have that transitions ¢’ and t;
are prefix equivalent, hence from Lemma 10 we have ¢’ = t. We can rewrite s as
u; ty;ta; vy;t'; vg where trace to;vy;t'; vy is forward-only.

We proceed by showing that ¢; is concurrent with all transitions up to ¢’. Let
us suppose the opposite, namely that there exists some transition ¢’ between ¢; and
t' such that ¢; and ¢ are not concurrent. From Definition 26, we can distinguish
three cases:
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e if ¢; and t” are structural causal then we have a contradiction with the
hypothesis that ¢’ is the first transition that will put back the history element
that t; deletes.

e the case when t; and ¢’ are object causal is impossible, since t; is a backward
transition and t” is forward.

e {1 is a backward transition and t” is a forward transition such that ¢ consumes
the prefix freed by transition ¢;. Then we have a contradiction with the
hypothesis that ¢’ is the first transition that will put back the history element
that t; deletes.

We can conclude that transition ¢1 is concurrent with all transitions between t; and
t’. By Lemma 5 we can swap t; with each transition up to ¢ and by Definition 28
we have s ~ u;to;vy;ty;t';ve. By the same definition we have sy ~ u;to;vi; v
(since t§ = t/, we can erase the transitions because t1;t' ~ €). In this way, the
length of s; decreases and we can apply the inductive hypothesis. U

Theorem 1. (Causal-consistency) Two traces are coinitial and cofinal if and
only if they are equivalent up-to permutation.

Proof Let us denote two traces with s; and s9. If s; ~ s9 then from the definition
of ~ (Definition 28) we can conclude that they are coinitial and cofinal.

Let us suppose that s; and s9 are coinitial and cofinal. From Lemma 12 we
can suppose that they are parabolic. We shall reason by induction on the lengths
of s1, so and on the depth of the very first disagreement between them. We shall
denote it with the pair t1,t2. Then we can write the traces s; and s as

51 =u1;5t1;01 So = u2;l2;v2

where u; ~ ug. Depending on whether ¢; and ¢y are forward or not, we have the
following cases:

e tq is forward and to is backward. Since s; is parabolic we have that uq is
backward-only and vy is forward-only. From wu; ~ ug we have that u; and wuo
are coinitial and cofinal; hence the traces t1;v; and to; v are coinitial and
cofinal (s; and sy are cofinal) where t1; vy is forward only.

Now we can apply Lemma 13 on the traces t1;v; and t2;v2 and we have
that there exists a trace s (forward-only), shorter or equal to to; vy such
that s ~ to;vy. If it is equal then ts needs to be forward and this is in
contradiction with the fact that t9 is backward. If it is shorter then we
proceed by induction with wug; s, shorter.
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e t1 and to are forward. Then ¢1;v; and to; v are coinitial, cofinal and forward-
only. We have two cases depending on whether t; and ¢y are concurrent or
not.

— if ¢; and 5 are concurrent then whatever ¢; puts in the history, vs needs
to do the same. Let ¢} be the first such transition, then ¢} € vy and
th =p t1. Now we can rewrite to; vo as to; vh; ;04 and show that ¢} is
concurrent with all transitions in v}:

O ¢ is the first transition on the same prefix as ¢ (since t1;v1 and ta; vo
are coinitial, cofinal and forward-only). Hence, it is not structural
causal with any transition in to; v}.

O from t} =, t1, cause sets of both transitions are the same and since
t1 is coinitial with t9; v} and to; v} are forward-only, transition ¢;
cannot have as contextual cause any transition from to; v}.

We can conclude that transitions ¢; and ty are concurrent and from
Lemma 5 we have:

! / 1 ! / 1
to;v2 = to; Ug;ty; Vg ~ ty; 25 Ug; Vs

Since t] =, t1, they are on exactly the same prefix and they are coinitial,
from Lemma 11 we have that t| = t;. Without changing the length of
s1 and so we obtain the first disagreement pair later and we can rely
on the inductive hypothesis.

— the case when 1 and ty are causally related is impossible since they are
both forward, and coinitial.

e The proof is similar if both transitions ¢; and ¢, are backward. ]

Appendix B.

In this appendix we report the full proofs from Section 6.1.1. We start by
recalling the semantics of Rr [23] in Figure B.9. For more information see [23].

Before proving the operational correspondence of the encoding we shall define
the operation @ on the Rm memories as follows:

Definition 46. We define m1@Qmeo by structural induction on myq:

(Y@Qmg = mo
(e-mq1)@Qmgy = e-(m1Qmy)

We assume that the cons operator - has precedence over @. We remark that
the operation @ does not appear in [23].
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i¢m j=insty,(b)

(IN+) (ig,%):m[b(x)]
mb(c).P ————=5 (i, x,b[x/x]).m> P
(OUT4) 1¢m j=inst,(b)
m > ba.P M) (i,*,ba).m > P
Pars) F LR B¢ S Bov(a) N Fav(S) = 0
R|S WM g

g Gakba b SMS’ k=i AK =,

R| s L)

R ‘ S[a/w]@z
UV B gesubil@) TAD k=K VIK €T kg

var (R) L} VaF(R[k//k (_,7,)

(CAUSE REF+4) &

(i,4,k):

R R o =baVa = blvar)

(4,3,k):b(var) var4i(R))

(OPEN+)
uap(R)

R LIRen) g GIRINE), A K =,

var(R' | Sia/z)a:)

(CLOSE+)

%, %)

R|S—>

i.5.k): (i,j.k):
R-—"3 R R=S S'=R
afo (MEM+)

var(R) Loy, var(R') R

(i,4,k):cx R,

(SPLIT) m> (P | Q)= (N.m> P | (1).m>Q

(RES) m>va(P) =vag(me>P)  witha ¢ m

Figure B.9: Rm semantics

Assumption 1. We always choose [X, (), S] in such a way that
Bav([X, (), S]) NFav([X, (), ST) =

Before stating the correctness of the encoding, we need some auxiliary results.
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First, we can view any Rm process R as a context C* composed of parallel and
restriction operators annotated with the set I', containing numbered holes filled by
monitored processes. Hence, we will use the following notation.

Notation 4. We write an Rm process R as CT[1 +— mi> Py,....n = m, > P,],

-----

IfR=CE[l+ myi> Pp,...,n = my> P,] then we denote by RQm the process
CE[l = mi@mov Py,...,n— m,@mp> P,].

We can use the notation above to establish useful properties of the translation of
the processes from the framework. Most of the terminology and the proof schemas
are adapted from [16] and extended to work with the m-calculus. In what follows,
we prove some auxiliary properties necessary for the proof of the main theorem.

Lemma 14. Let S :: X be a process from the framework. There exist C1X:0-51
n, mi, ..., My, P1, ..., P, such that, for each Rm memory m, such that for

every name a € Fav(m), var ¢ R for all T and for some i', k', ¢c,b,d and event
(i’ K c[b/d]) ¢ m, we have

[X,m,S] = X051 s my@ms P, ... n— m,@m b By

Proof The proof is by induction on the derivation of [ X, m, S].

e if X = P then [P,m,S] = mp o(S,P) as desired (with CI%:0:51[e] = e,
n=1,m; = () and P = o(S5,P));

o if X =% ai[i, K].X' then
5 &[i, K].X',m, 8] = [X', (i, K, (S, ba)).m, S]
and by inductive hypothesis
[X', (i, K,o(S,ba)).m,S] =
X081 s my @i, K, 0(S,ba)).m s Pr, ... ,n — m,Q(i, K, o(S, ba)).m> P,
as desired, by selecting C1X-0:51 = ¢1X".0.5],

o if X = X' | X" then [X'| X", m,S] = [X', (1).m,S] | [X", (1).m,S] and
by inductive hypotheses:

[X7, (t).m, S] = C'BX0S1 o i @) me P, ng +s ml, @(1).m > Pl ]
(X", (1).m, S] = C"B0SN 1 mi@).me P, yng = mll @(1).m > Pl
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The thesis follows since

[X,m,S] =CTX051 o mi@y.m> P{,... .0y = ml, @(1).m> P,

ny?
ni+ 1= m{Q).m> P{,... ,ny+ngy— m,,Q(1).m> P ]

where C[[X,O,S]] = C/[[X/7<>7S]] | C”’[[X”7<>vs]] with C’”’[[X”7<>vs]] equal to C”[[X”voﬂs]]
but for having hole numbers increased by n;.

e if X = vap(X’) then [varX’,m, S] = vbr[X'{®/.}, m, S] with b ¢ Fnv(m) A
(b=aVb¢Fnv(X’)). By inductive hypothesis we have:

[X'{°/a},m, S| = CX'C/eb 051 s my@ms Pr, .. 0o mp@ms P
Hence:
vbr[X'{®/a}, m, S| = prC'[[X/{b/“}’o’Sﬂ[l = m1QmePy, .. n = myQms P
as desired, by selecting C'1X:0:51 = VbFC[[X/{b/a}’O’Sﬂ.

The thesis follows by noticing that m is only inserted into monitored processes,
and has no impact on the other parts of the term since for every name a € Fnv(m),
var ¢ R for all T and for some ', k', ¢,b,d, event (i', k', c[b/d]) ¢ m. O

Lemma 6. If there is ‘zzn R transition R M S then there exist R’ = R and
S' = S such that & 2% g7,

iR):
Proof The proof is by induction on the derivation of the transition R M

with a case analysis on the last applied rule:

S,

e Rules (IN+) and (OuT+): the thesis holds trivially, by choosing R’ = R,

S'=S5.
e Rule (PAR+): we have that R = R; | Ry and S = S; | Re, with premise
Ry k), S1 and Bnv(a) NFnv(R2) = 0. By inductive hypothesis there

0,J,k):
exist R} = Ry and S| = S such that R} gy, S}. By congruence we have

R =R | Ry and S = S| | Ra, and, by applying rule (PAR+) with premise

i k) . i,9,k): .
R (4,5,k):cx ! we obtain R} | Ry (infi )z S| | Ry as desired.

e Rule (OPEN+): we have R = var(R;) and S = var41(S1) with premise

. B B
Ry Lgk)e, S1 where a = b{vap/) V a = ba. By inductive hypothesis there
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i) ~ ~
exist R} = R; and S} = S; such that R o S1 with a = b(var/)Va = ba.

By congruence we have R = var(R}) and S = var41(S1) and, by applying

i,7,k):a — —
rule (OPEN+) with premise R G0 S| with a = b{var) V a = ba, we
obtain -
(,9,k):b(var)
var(R}) "o var41(S1)
as desired.

e Rule (CLOSE+): similar to the case above.

e Rule (COM+): similar to the case above.

e Rule (CAUSE REF+): similar to the case above.
(

e Rule (NEW+): similar to the case above.

(i,4,k):cx

e Rule (MEM+): we have as premises R = Ry, R;
inductive hypothesis there exist R} = R; and S| = S such that R}
S}. We can conclude by noticing that R = Ry = R} and S = S5; = 57, as
desired. O

Si,and S = S. By
(4,7,k):x

Lemma 15. If R = S then, for each memory m such that for every name a €
Fov(m), var ¢ R, S for allT and for some i', k', c,b,d and event (i', k', c[b/d]) ¢ m,
we have RQm = SQm.

Proof By induction on the derivation of R = S. The only interesting case is the
base one, corresponding to the application of an axiom. We have a case analysis
on the applied axiom.

(SPLIT): we have R=m/> (P | Q) and S = (1).m’> P | (1).m'> Q. By adding
the same memory m to the processes R and S we get RQ@m = m’@Qm>(P | Q)
and S@m = (T).m'@mp> P | (1).m'@m>Q. By applying the (SPLIT) axiom
to the process RQm we get m’@m> (P | Q) = (1).m'@Q@m> P | (1).m'@m>Q
as desired.

(RES): we have R = m/pra(P) and S = vag(m/>P) with a ¢ Fov(m'). By adding
the same memory m to the processes R and S we get RQm = m/@Qm>va(P)
and SQm = vag(m’@m> P). By applying the axiom (RES) to the process
R@m we get m'@Qm > va(P) = vag(m’@m > P) as desired. Note that a ¢
Fnv(m') from the side condition of the inductive hypothesis and a ¢ Fnv(m)
from the statement of the lemma.
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(a): we have R = S since R =, S. By adding the same memory m to both R and
S we still have RQm =, SQm (note that since for every name a € Fav(m),
var ¢ R, S for all I then m is not changed by a-conversion), which implies
R@m = SQ@Qm, as desired. O

Lemma 16. If we have a Rm forward transition R M R’ then, for each

memory m such that for every name a € Fov(m), var ¢ R for all T' and for some

i' K c,b,d and event (i’ k', c[b/d]) ¢ m, we have RQm IR pram

k)
Proof The proof is by induction on the derivation of the transition R M R,

with a case analysis on the last applied rule:

e if Rm rule (OUT+) is applied, then we have

(4,4,%):m1 [ba]

mq > ba.P (i, k,ba).my > P

By applying the rule (OUT+) on R@m = m1@m > ba.P, we have:

(4,5’ ,%):m1@Qm]ba)
A i

m1@m > ba.P (i, k,ba).m1@Qm > P

Since in m there is no event for full synchronisation (there is no substitution),
we have mq[ba] = m1@Qm[ba] and j = j" as desired.

e if Rm rule (IN+) is applied, it is similar to the case above.

e if Rm rule (OPEN+) is applied, then we have

(ivjvk):5<yal—‘>

var (Rl) var4; (R,l)

i,3,K): = =
with premise R; Gk, R} where o = b(var/) V o = ba. Since var €
R =var(Ry), then a ¢ Fov(m). Then by inductive hypothesis we have that

Ri@Qm AN R} @m where a = b{var/) V o = ba. Now we can apply the

Rm rule (OPEN+) on (var(R1))@m and we have:

) (Z‘mjvk):B(VaF)

(var(R1))@m = var(R1@Qm varyi(R1@Qm)

The thesis follows since (vap4;(R}))@m = vari;(Rj@Qm).
e if Rm rule (CAUSE REF+) is applied, it is similar to the case above.

e if Rm rule (NEW+) is applied, it is similar to the case above.
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o if Rm rule (PAR+) is applied, then we have

Ri | Ry 2P RU| Ry

with a premise R w) R}. By inductive hypothesis we have that
Ri@m Lak)e, R} @m. Now we can apply the Rx rule (PAR+) on (Ry | R2)@m =

R1@m | Re@m and we have:

Ri@Qm | Ro@Qm (k) '@Qm | Ry@m

o if Rm rule (COM+) is applied, it is similar to the case above.
e if Rm rule (CLOSE+) is applied, it is similar to the case above.
e if Rm rule (MEM+) is applied, then we have

):ex

/Z:7j7k
R, e g

(i,5,k):cx S = R). By inductive hypothesis and

LI, g @m = Ri@m. Now we

with a premise R; = 5

Lemma 15 we have that R1@Qm = S1Qm
can apply the Rr rule (MEM+) and we have:

Ri@m M Ri@m

as desired. 0O

) o (3,9,k):x ) ) (4,7,k):x

Lemma 17. There is a forward transition R ———— R’ iff there is RQm

R'@Qm such that for every name a € Fav(m), var ¢ R for all T and for some
i' K c,b,d, event (', k' c[b/d]) & m.

Proof The proof is similar to that of Lemma 16. O

We can now prove the operational correspondence for forward transitions.

Proposition 1. (Forward correctness) Let S :: X be a reachable process
from the framework and R = [X,(),S]. For each transition in the framework

S X M» S’ :: X' there exists a corresponding R7 transition R —>(i’j’k):a R
with [X, (), 5] = R and K = {k}.

(i,K,5):x
e

Proof By induction on the derivation of S :: X S’ :: X" and by case

analysis on the last applied rule.
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(i,K,%):ba
—_—

(Out1): We have 0 : b a*.P 0 :: b'a*li, K].P where K = {x}. By

applying the encoding we have:
[0°a* P, (),0] = () >o(0,b a*.P) = () > ba.P

Then, by using R7 rule (OUT+) we get

(i,j,*):m[ga]

() >ba.P ———— (i,*,ba).() > P
with m[ba] = ba and j = * (since it is the very first action). The thesis
follows since [b a*[i, {*}].P, (),0] = (i, %, ba).() > P.

(Out2): We have S :: ¢*d*[i/, {x}]. X1 R be,

S Xy M S’ X
Let Ry = [X1,(),S]. By applying the inductive hypothesis we have that

i,5,k):b . .
Ry (o) b ', with R} = [X71, (), 5], where K = {k} and S = S’ since the
executed action is not a synchronisation. From the encoding we have

S" et d i, {+}]. X with premise

[[E*d*[i/7 {*}]’Xh <>7 S]] = [[X17 <i/7 *70(S7 E*d*)><>7 S]]

where by Assumption 1 from ¢,d € free([¢*d*[i,{*}].X1, (), S]) we have
vep,vdp ¢ Xq. Since in the Framework, ¢*d* is the very first action that
process did, we have o(S,¢"d*) = ed.

Thanks to Lemma 14 we have that [X1, (', %,2d).(), S] = R1Q(i’, *,¢d).().
By Lemma 16 we have:

i,5,k):ba
(4,4,k)

Ri@(i, %, 2d).() @i, *, ed). ()

The thesis follows since
[esd*[i’, {x}]. X1, 0], S = [ X1, (i, %,ed).{), S] = R1Q(i', x,ed).{)
(Inl): Similar to the case of (OuTl).
(In2): Similar to the case of (OuT2).
(Open): We have

(i,K,5):b{var)

S i vap(Xy) S" i vapy(XY)
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with premise S :: X3 M» S i X}, where a = ba V a = b(vars) and

S’ = S since the performed action is not a synchronisation. . Let us choose,
for example, a = b(vay); the other case is similar.

Let R; = [X1,(),S]. By applying the inductive hypothesis we have that
Ry GNP o here K = {k} and R = [X1, (), §'].

Since m = (), by the encoding for b = a, we have [rar(Xy),(),S] =
var[Xi, (), S] = var(R1). By applying the Rm rule (OPEN+) on var(R;),
we have

i,3,k):b{va
var(Ry) M vary1(R))

The thesis follows since [var41(X}), (), 5] = var+1(R)).
(Cause Ref): We have

(4,K".j):ex
e

S i var(Xy) S’ VQF(Xi[K’/K]@i)

i, K,j5):
with premise S :: X3 R o, X{ where a € subj(«), empty(I") # true
and K' = KV K ~x, K'. As the performed action is not a synchronisation,
we have S’ = S.

Let Ry = [X1,(),S]. By applying the inductive hypothesis we have that
Ry Ggk)e, ', with a € subj(a),k = K, empty(I') # true and k' =
kVEk~pg, k' and R] = [X], (), 5].

Since m = (), in the encoding we can take b = a and we have [rvar(X1), (), S] =
var[X1,(),S] = var(R1). By applying the Rt rule (CAUSE REF+) on
var(Ry), we have

1,5,k"):c
var(Rr) S22 pan (R e

Since Ry = [X1,(),S], the restriction var» € R; iff var» € Xi; hence
k' = K'. The thesis follows since

[var (Xixr k@i)s OS] = var[Xi ko rgais 05 ST = var (R pe:)

(Par): We have

S| Ve LEDY oyl v,
with premise S :: Y} BRge, g . Y] where i ¢ Y and Bnv (o) UFnv(Y2) = ()

and S’ = S.
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Let Ry = [Y1,(),S]. By applying the inductive hypothesis we have that
Ry P B with R = [Y{, (), '] and {k} = K.

From the encoding we have [Y; | Y, (), S] = [Y1,(1)-(),S] | [Y2, (1).(), S].
Thanks to Lemma 14, [Y1, (1).(),S] = R1@Q(?1).(). Since m = (1) we can

apply Lemma 16 and obtain R1@Q(1).() M Ri@(1).(). By applying Rm
rule (PAR+) on R1Q(1).() | [Ya, (1)-(), S] we have:
R@(1).() | [¥a, (1)-0, ST 225 Ri@).() | D, (1.0, 9]

The thesis follows since

Y Y2, O, 8T = IY7, (1)-0, ST Y2, (1)-0), 5]

and by Lemma 14 we have

[Y7, (0.0, ST Y2, (1.0, 8T = R@(1).) [ [Y2, (1)), ']

(Com): We have

S | Yo ST G Uy s VY Y )

(i,K1,41):ba (i,K2,j2):b(x)

with premises S :: Y
when Kj <1 jo A Ko X 7.
Let Ry = [Y1,(),S] and Ry = [Y2, (), S]. By applying the inductive hypoth-

esis we have that R; M R} and R» M) R, with {k1} = K3

and {kg} = KQ.
By the encoding we have [Y; | Y2, (), S] = [Y1, (1)-(), S] | [Y2, (1).(), S].
By Lemma 14 we have

[Y1, (1.0, 51 = Ri@(1).()  and Y2, (1).(), 5] = R2@(1).()

We can apply Lemma 16 since m = (1) and we get

S Y and S :: Ys S Yy

(i,51,k1):ba

Ry@(1).{) (a().() and Ry@(p).() LD, b qigy gy

By applying Rm rule (CoM+) on R1Q(1).() | R2@(1).() we have:
Ri@(1).() | Ro@(1).() ST R@i).0) | Ry agai@(1)-0
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The thesis follows since

[V 1 ¥3{"" [} ), 8T = [V], (005 ST [Y3 {2}, (1)-0), S']

where §' = SU{"/,}; and by Lemma 14 we have

[V, (00 ST IV fads (1)-0, 8] = BEQU).Q) | Ry g1 @(1)-0)

(Close): We have

S:Yi| Yy GlbTy o var(Y{ | YQ’{al/m})

(4,K1,41):b{var) (1,K2,52):b(z)

with premises S :: Y; S:Y{and S Yz
when K; > jo A K3 < 57 and SI*SU{Q /z}

Let Ry = [Y1,(), S] and Ry = [Y2, (), S]. By applying the inductive hypothe-

g k) ver), prand Ry SRFVE b (k) = K

S Y]

sis we have that R
and {kg} = KQ.

By the encoding we have [Y7 | Y, (), S] = [Y1, (1)-(),S] | [Y2, (1)-(), S]-

Thanks to Lemma 14, [Y7, (1).(), S] = R1Q(1).() and [Ya, (1).(), S] = R2Q(%
)-(). Since m = (1) by Lemma 16 we have

Rya().{) SN, b () and Ryag).f) D, pragy g
By applying Rm rule (CLOSE+) on R1@Q(1).() | R2@(1).() we have:

R1@().0) | Ra@(1).0) ST an (RIQU).0) | Ry ajei@(1)-0)

The thesis follows since

var(¥ | Y3{"'/2}), 0. 8'] = varl¥] | ¥{ /2}, 0,51
= var[¥{, ()0, ST | 3 /a3, (1.0, 5'

and by Lemma 14 we have

[Y7, (005 ST IY3 " Jads (1)-058'] = Bi@)-0) | Rhypyagai@(1)-)
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(Res): We have
(4,K.j):«
Ty

S :var(Xy) S"::vap(X7)

LB 85 XY where a ¢ .

Let Ry = [X1,(),S]. By applying the inductive hypothesis we have that
Ry k), |, with a ¢ a, {k} = K and R} = [X71, (), S’] where S" = S.

Since m = () we have b = a and by the encoding we get [var(X1), (), S] =
var[Xi, (), S] = var(R1). By applying the Rw rule (NEW+) on var(R;),
we have

with premise S :: X

var(Ry) M V(IF(Rll)
The thesis follows since

[var(X1), (), §'1 = var[X1, (), ST = var (R))

0

Proposition 3. (Forward completeness) Let X be a reachable process from

.

the framework and R = [X, (), S]. For each Rr transition R IR B there
i, K,5):

exists a corresponding transition in the framework S :: X AGLTILN S’ :: X' with

R =[X",(),5] and K = {k}.

Proof Thanks to Lemma 6 we can equivalently write the statement as follows: for
each reachable process S :: X in the framework and Rm processes R and R”, such

. . . i,5,k):a
that R = [X, (), S] and R” = R, if there exists a Rw transition R” gy, R’ then
i, K,7):
there exists a corresponding transition in the framework S :: X ui» S X

with R’ = [X’, (), S']. When considering R” = R we will not consider a-conversion,
since it can be trivially matched by framework a-conversion.

Now the proof is by structural induction on S :: X with a case analysis on

. . . . ,L'7j7k e .
the last applied rule in the derivation of R” !D R’'. We have two main cases,

depending on whether X is a process without past P or not.
In the first case X = P, and we perform a structural induction on P.

P =b'a* Py : we have that R = [0 a*.P1, (), S] where S = () and by applying the
encoding, we have

[0°a* Py, (),0] = O >o(0,0 a*Py) = () >ba.Py
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Since we cannot apply any structural rule (beyond a-conversion), then
R"” = R. Then, the only applicable rule in R is (OUT+), and we get

(1.5.%):()[bal

<> DEa.Pl <i, *,5a)<) >P = R/

Since m = (), we have j = * and ()[ba] = ba.

In the framework, process () :: b"a* P can perform the same action (i, {*}, %) :
ba by applying the rule (OuT1) and we get

0:ba* Py G2t g e [i,{*}].P1

Since [b"a*[i, {x}].P1, (), 0] = [Py, (i, %,0(0,b a*)).(),0] = (i, *,ba).()>P, =
R and S = S’ = () (since the executed action was not a synchronisation) we
are done.

P = b*(x).P; : similar to the case above.

P =P, | P2 : we have that R = [P | P2, (), S]. By applying the encoding and
the fact that S = (), we have

[Py [ P2, (), 0] = (& (a(0,P1[P2)) = (> (P1| P)

We have now two possibilities: either R” = Ror R” = (1).()>P1 | (1).()> Ps.

In the first case no rule can be applied and we are done. Let us consider the
second one. Now we distinguish three cases depending on whether the last
applied rule is (PAR+), (Com+) or (CLOSE+). If (PAR+) is applied, then
we have that

(3,%,%):cx

(-0 P (1).0> P2

Ry [ (1).0 > P

(4,%,%):cx

with a premise (1).() > Py Ry and Bnv(a) U Fav((1).() > P2) = 0.
Since « is the very first action, we have j, k = *.

. (3,%,%): 0
Thanks to Lemma 17 we can derive () > Py

| with Ry = R1Q(1).().
Since () > P, = [P1,(),0] we can apply the inductive hypothesis and get
0Py LA rla, 0 :: X1 with [X],(),0] = R]. The set of substitutions
remains empty since o # 7. We can now apply the rule from the framework
(PAR) and derive

3,{*}, %)

(Z)::P1]P2( 0: X1 | P
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We can notice that [X7 [Py, (),0] = [X7,(1).0,0] | [Pz, (1).0, ®ﬂ By
applying Lemma 14 on [X7, (), 0] = R} we can derive [ X7, (1).(), 0] = RjQ(1
).() = R1. We can now conclude since

[X1, (1) - 0501 | [P2, (1) - (0, 0] = Ra [ (1) - () > P2

as desired.
If (Com+) or (CLOSE+) are applied, we use the inductive hypothesis twice

and we reason as in the previous cases.

P = vap(Py) : since it is an initial process, we have I' = (). Then we have that
= [vag(P1), (), 0] and by applying the encoding, we get

[vag(Py1), (), 0] = () > o (0, vag(P1)) = () > vag(P1)

We have two possibilities: either R” = R or R” = vay({) > P1). In the first
case no rule can be applied and we are done. Let us consider the second one.
Depending on the action «, rules (NEW+) and (OPEN+) can be applied.

o If a ¢ o, the rule (NEW+) is applied and we have

(3,%,%):cx

vay(() > 1)

(4,%,%):cx

vag(Ry)

| where j, k = x. Since () > P, = [P, (), 0]

we can apply the inductive hypothesis and get that () :: Py % 0 X1
with [X1,(),0] = R}. The thesis follows by applying the framework rule
(RES) on 0 :: vag(Py).

e If a € obj (a), then the only possibility to execute the action « is if
a = b{vay) for some name b. Then the rule (OPEN+) is applied and we
have

with a premise () > P;

T,%,% b(v
vag(() s Pr) (i%,%):b(vay)

(i,*7*):ga

Va@-l—i(R/l)

R}. Since () > P, = [P1,(),0] we can

apply the inductive hypothesis and get that () :: Py Lofs}r)ba 0 :: X with
[X1,(),0] = R}. The thesis follows by applying the framework rule (OPEN)
on 0 :: vay(Py).

with a premise () > Py

In the second case process X is not standard. We proceed by structural
induction on X.
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X =b'a*[i,{}].Y : we have that R = [[B*a*[i,*];Y, (), S], and by applying the
encoding and the fact that the past prefix b a* [i, {*}] represents the very
first action the process X performed, we have

[0"a*[i, {+3).Y, (), ST = [V. (i, %, 0(S, 5"a")).(), ST = [Y, (i, %,ba).(), 5]
Take any R7 transition

(i, k' ):cx
—_—

[Y, (i, *,ba).(), S] = R” R

By Lemma 14 there exists 7" = [Y, (), S] such that R” = T"Q(i, %, ba).().

By Assumption 1, we know that names a,b ¢ Bnv(Y') hence a,b ¢ Bnv(T")
and from X reachable, we can conclude that var, vbr ¢ Y for some T', TV # ().

(i, K ):ex
—_—

Now by Lemma 17 we have that 7" T’ with R = T'Q(i, *, ba).().

-/ ‘/7k/ .
By applying the inductive hypothesis on [Y, (), S] = T” AUTELOLN

./7K/7 i’ : .
that S :: v EIY A oy in [Y',(),S] =T and K' = {k'}. Now we
have two options, depending whether action « is a synchronisation or not.

T’ we have

If & # 7 By applying the rules from framework, depending on the nature of the
action a, we can also derive S :: b a*[i, {*}].Y R g b a*[i, {*}].Y’
with S = §’. The thesis follows since

[[E*a*[i, .Y, 0,8 =Y, {i,*,ba).(),S'] = R

thanks to Lemma 14.

If « = 7, the sets S and S’ will differ exactly for the substitution pair
obtained by action «. The case is similar to the one above.

X =b"(x)[i, {*}].Y : similar to the case above. Since X is reachable, we know
that past prefix b*(x)[i, {*}] was not part of the synchronisation.

X =Y1|Ya: we have that R = [Y7 | Y2, (), S], and by applying the encoding we
obtain

[Y1 [ Y2, 0,51 = [Y1, (1.0, ST [ [Y2, (1)-0, S]

Take any term R” = [Y1, (1).(),S] | [Y2, (1)-(),S]. There are two cases:
either R” = R | R} with R} = [Y1,(1).(), S] and R = [Y2, (1).(), S], or the
two parallel sub-processes have been merged by applying the Rm structural
rule for split from right to left. In this last case no transition can be performed.

Let us consider the first case. We have a case analysis depending on whether
the last applied rule is (PAR+), (COM) or (CLOSE+).
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i)
e If rule (PAR+) is applied we have that R} | R} (3h:a

(i,4,k):cx

Ty | R with
hypothesis R/ Ty'. Moreover, from Lemma 14 there exists R}’

i,j,k):a
such that R{ = R["@Q(1).() and by Lemma 17 we have R}’ b, T,

where T = T{"@Q(1).(). Since R!" = [Y1, (), S] we can apply the inductive
hypothesis and obtain that

(i,K,5):cx
B

Sy S" Y] with [Y], (), ] =T and K = k

Since transition — is executed without applying a congruence rule, o # 7
and S = S’. We can now apply the framework rule (PAR) and derive the
transition

S::Yl‘YQMS/::}/{’YQ

and we conclude by noticing that

Y7 [ Y2, O, 81 =YY, (1)-0, ST | Y2, (1)-0, ST=T0 | Ry

e If rule (CLOSE+) is applied we have that

(3,%,%):7

/| RS

var(T{' | T3 4 /104)
i,3,k):b{rva 1,5, k"):b(x
with hypothesis R} M Ty and RY M Ty with k =, j' and
K =, 7.
Moreover, from Lemma 14 there exist R}” and R}’ such that R} = R{"@(1).()
and R) = RY'Q(T).().
g (G3k)bar) 1" "
By Lemma 17 we have R|" ————— 17", where T] = T7"Q(1).() and
1,7 ,k"):b(x
Ry CUON 1y where TY = TY'(1).(). Since RY' = [¥;,{),5] and
RY = [Ya,(),S], we can apply the inductive hypothesis and obtain that

(i,K,5):b{var)

Sy S Y] with [Y{,(),S] =T} and K = {k} and

S 1Yy with [Yy,(),S] =73 and K' = {k'}
We can now apply framework rule (CLOSE) and derive the transition

(3, {*},%):7

SVl | Yy SUL{™ o} mvar(Y] | 3{" /a})
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and we conclude by noticing that
[var(Y{ | Y3{* /23), 0. S U{* /u}] =
var([Y7, (1).0, S U{ /23] [ [Y3{®/a}, ()0, S U{* /2}])
= var(T!' | T3 |4 /2101)

o If rule (COMH+) is applied, it is similar to the case above.

X =var(Y) : we have that R = [var(Y), (), S] and by applying the encoding
with m = (), we have [var(Y), (), S] = var[Y, (), S]. Take any term R’ =
var[Y, (), S]. There are two cases: either R” = var(RY) with R = [Y, (), S]
for any T', or for I' = ) the restriction has been put back inside the term

using the Rm structural rule for restriction. In this last case no transition

can be performed. Let us consider the first case. Depending on the action «,
rules (NEW+), (OPEN+) and (CAUSE REF+) can be used.

(i7j7k):g<l’al">

e If rule (OPEN+) is applied, we have var(RY)
(4,5,k):8

vary; (R///)

with hypothesis R R" where B = b{var/) V B = ba. Let us choose
B = b(varv); the other case is similar. By applying the inductive hypothesis
we obtain that -
S::Y Mﬂ» Sy’

with [Y”,(),S"] = R” and K = {k}. Since the executed action is not a
synchronisation, we have S = S’. By applying framework rule (OPEN) we
also have

S :var(Y) GR)bver), o . varyi(Y')

The thesis follows since [rvary;(Y’), (), S] = varyi[Y', (), S] = varyi(R").
e If rule (CAUSE REF+) is applied, we have

var(RY) var (R jkai)

JR):
with hypothesis R 2% R where a € subj(a), T # 0 and k = K'\Vk ~
K. '
By applying the inductive hypothesis we obtain that

S::YM»S/::Y'

with [Y’,(), 9] = R” and K = {k}. Since a # 7, we have S = S’. By
applying framework rule (CAUSE REF) we also have

1, K',j):«
S :vap(Y) ey g .. Vap(Y[/K//K}@i)
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Since R} = [Y, (), S], the restriction var» € R iff var» € Y, hence K’ = {k'}.
The thesis follows since

HVCLF(Y[IK/K]@i)v (), 8] = VGF[[Y[/K'/K]@i, ().5] = VaF(RfIk/'/k]@i)

o If rule (NEW+) is applied, it is similar to the cases above. O

Appendix C.
Here we give the proof of Lemma 7 from Section 6.2.3.

Lemma 7. (Structural correspondence) Starting from an initial 7-calculus
process P, where P = ¢(P), we have:

1. if P <—1> Ay A —> A, is a trace in causal semantics [20], then there

exists a trace P £ X KF ! Xr[f Tt Hn My XEFn and Kp; in the framework,
such that for all i, A\(4;) = @(XiKF’), ¢i = v(u;) and Rem(Kp;) = Ky, for
1= 1

2. if P 2 XKF1 XfFI" LAy XK is a trace in the framework, then there

exists a trace P —> Ay AL }i—n> A,, in the causal semantics, where for

n

all i, A\(4;) = (XKF’) G = v(p;) and Rem(Kp;) =K;, fori=1,...,n

Proof Both clauses (1. and 2.) are proved by induction on the length of the
computation. Let us consider clause 1.

(I) The base case is given by 0 transitions. Trivially, the theorem holds.

(IT) In the inductive case, for P = ¢(P), we let

n K n— n
sps i P Ap Apy < Ay and sp i P X Tt S, i,
1 n

be the traces on causal processes and processes from the framework, respectively.
Let us suppose that the inductive hypothesis holds for these two traces. We need
to prove that for

Cn+1 Hn+1 K
SBS Kn—> An+1 and SF Ty Xn_ffﬁl
n+1

the theorem holds. Hence, we need to show Rem(Kpy41) = Kpy1 and A(Apy1) =

K n
SO(Xn—fl i )

We proceed by structural induction on the process A, and the last applied

rule on the transition A, Cni> Ap+1. We have two main cases depending whether
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A, is a m-calculus process, or it is a causal process. If A, = P, where P is a
m-calculus process, then it is the first transition; hence the cause sets are empty
(K1 = K1 = 0), and we have:

e P = 7.P where m = ba or = b(z). The rules that can be applied in Boreale
and Sangiorgi’s semantics are (BS-OuT) and (BS-IN). We show the case
when rule (BS-OuT) is applied; the other case is similar.

We have ba.P’ 2% {i1} :: P = A where \(A;) = P'.
In the framework, by applying thg rule (OuTl), we can execute the corre-
sponding action p1 = (i1, {*}, %) : ba, where v(u1) = i1 : ba. We have:

(i1,{*},%):b

b'a*. P’ Y b a iy, {+}]. P’ = X3

with p(P’) = P’ and ¢(X;) = P’ as desired.

e P =(Q | Q. The rules that can be applied in Boreale and Sangiorgi’s
semantics are (BS-PAR), (BS-Com) and (BS-CLOSE). We show the case
when the rule (BS-CLOSE) is used; the rest of the cases are similar.

Since rule (BS-CLOSE) is applied on the process @ | Q' one of the parallel
components needs to extrude a bound name. Let it be a process @ = va(Q1).
Then we have

va(@Q1) | Q" = va(Q2 | Q"{"/}) = A

with the premises va(Q1) ibva) Q2 and Q' LEICN Q", for some name b.

Since T actions do not impose causes and there is no cause set to merge, we

have A(A1) = va(Q2 | Q"{"/}).
In the framework we have p(Q1) = Q1 and ¢(Q’) = Q. Hence there exist

actions py = (i1, {*},%) : b(vag,) and pf = (i1, {*},*) : b(z) such that

v(py) = i1 blva) and y(uy) = i1 : b(x). Then we have:
vag, (Qu) = vag,y (Y1) and Q=Y

where p(Y1) = Q2 and p(Y") = Q".
By applying the rule (CLOSE) on the process vag, (Q1) | Q' with the given
premises, we get

vag, (Q1) | Q T by wagny (V) | YO /) = Xa
Then we have

plvag, (vag,y, (V1) | Y'{" /1) = va(Q2 | Q{*/2})

as desired.
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e P = va(P’). The rules that can be applied in Boreale and Sangiorgi’s

If A,

semantics are (BS-REs) and (BS-OPEN), depending on whether the name
a belongs to the executing action or not. We show the case when rule
(BS-OPEN) is applied; the other case is similar to the one above.

If the rule (BS-OPEN) is applied on the process va(P’), the executed action
extrudes name a, and we have:

va(P') M Gy pr =
with the premise P’ %% {i1} : P". By discarding cause set {i;} we have
AAp) =P,
In the framework we have p(P’) = P’. Hence there exists an action

w1 = (i1, {*},%) : ba such that v(u1) = i1 : ba. By executing the ac-

tion p1, we obtain: P’ % Y’ where p(Y') = P”.
Now, by applying the rule (OPEN) on the process vag, (P’) (where ¢(vay, (P')) =

A(va(P')) = va(P’)), with the given premises, we obtain
(i1,{x},%):b(vag, )

vag, (P’) Va{il}il (Y’) =X
where v((i1, {*},*) : b(vag,)) = i1 : b(va). By discarding the elements of
the history from the process X7, we have p(X;) = P” as desired.

is a casual process, then we have the following cases:

A, =X :: A. In the BS semantics, the only applicable rule is (BS-CAU) and

we have:

/ inf1:o /
An:K ATK t A :An+1

with the premise A —— IO AT and Kn,+1 =K UK.

From the inductive hypothesis, we have A\(A,) = ¢(X,). Hence, in the
framework, there exist process X and history context H such that X,, = H[X],
where p(X) = A(A) and context H corresponds to cause set K'.

From ¢(X) = A(A), there exists an action pp+1 = (int+1, Knt1,Jnt1) @ @
where v (tn11) = int1 : @, such that

/

X (in+1,Kn41,dn41):0) N YKF

Now, we can apply the rules (IN2) or (OUT2) in the framework, depending
on the nature of the action o/, on the process X,, = H[X| with the premise
given above, and we obtain:

H[X] (int1,Knt1,n41):0 H[Y]K%UKF
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where the set of the causes K represents the causes of the action o/ be-
longing to the history context H. Hence, we have Kp,41 = Kj. U Kp.

To show that actions uy,y1 and (,+1 happened on the same part of the 7-
calculus process @(H[X]) = A(K :: A), which would imply that (H[Y]5FYEF) =
A(K' :: A"), we need to prove that two actions had corresponding cause sets,
i.e. we need to prove Rem(K 1) = Kp+1. To do it, we should look at the
action (, because it is the last action that can influence the cause set K41
(cause set K, +1 does not depend on the action (,1). There are two main
cases:

— action (, is the direct structural cause of the action (,+; (it happened on
the same component in the parallel composition, immediately before the
action (p41). Then the action ¢, is a visible action and K,,+1 = K, U{in }
where K,, = K" UK\ {i,,}. By inductive hypothesis, we have that there
exist Kpp, ftn, € sp such that vy(u,) = ¢, and Rem(Kpy,) = K,. The
action p, is identified with a key i, and it is a direct structural cause of
the action iy41; therefore we have Kppi1 = Kpy U {in}. The method
Rem (Definition 41) does not remove keys of the visible actions and we
have Rem(K gy, U {in}) = K UK\ {in} U{in} =K UK = K,41 as desired.

— action ¢, is not the direct cause of the action (,4+1; then (, =i, : 7 or
¢, happened on a different component in the parallel composition from
the action (1.

- If ¢, = ip : 7, then there exist K;, Kj, € spg such that K; is a cause
set of the input action and K is a cause set of the output action which
participated in the 7 move. Since 7 actions merge cause sets, we have
that K11 = K UK = K; UKp.

In the framework, a 7 move is composed of the same input and output
actions as in the trace on the causal processes. Hence, there exist
Krj, Kpp € sp, and by inductive hypothesis Rem(Kr;) = K; and
Rem(Kpyp) = Kp. Since in the framework the 7-action is identified with
the key i, we have that Kpp11 = Kp; U Kpp, U {i,}. By Definition 41,
method Rem removes keys belonging to the 7 actions; hence, we have
Rem(Kp; U Kpp U{in}) = Kj UKy, = K41 as desired.

- If ¢, happened on a different component in the parallel composi-
tion, there exist Ky, (;, € spg where (j, is the last action on the same
component in the parallel composition as (1. Then we have that
Kni1 =KpU{ip} and K01 = K' UK = Kp4 1, since ¢, was the last action
before (p41.

By inductive hypothesis, in the framework, there exist Kgp, pp € sr,
where v(up) = ¢, and Kppy1 = Kpp U {in}. We can notice that
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Rem(KFh+1) = Kp41 such that Kpp11 = Kppya-

o A, = A, | Apa. In the BS semantics, applicable rules are (BS-PAR), (BS-
CLOSE) and (BS-Cowm).
o Let us first consider the case when rule (BS-PAR) is applied. We have:

in+1:a /
An = Anl | Ang ———)K Anl | Ang
n+1

with premise A,; —% A’ where Bov(e) N Fnv(Ang) = 0.

Kn+1 n
From A(Apn1 | An2) = AMAn1) | AM(An2) = ©(Xn1) | ¢(Xn2) we have that action
(in+1a Kn+1,jn+1) : o exists where 7<(in+17 Kn+1,jn+1) : O/) =ipt1 ¢ @, such
that

(int1,Kn+1,4n+1):a’ K
an n n n R Yann+1

On the process X,, = X,1 | X2 we can apply the rule (PAR) from the
framework, and we have:

(in+1yKn+17jn+1):a/ KF +1
an | Xn2 > Ynl " | Xn2

To prove Rem(K py+1) = Kn4+1 we should look at the action ¢, because it is
the last action that can influence the cause set K, 11 (cause set K, +1 does not
depend on the action (,41). We then reason much as in the previous case.
Once we have proved Rem(K gy 1) = Kp41, we can conclude that

MALL | An2) = AAL) | M(An2) = @(YAT™) | o Xno)

as desired.
o Suppose that the applied rule is (BS-CLOSE). Then we have :

Ant | Anz = va(Ap [ing1 ~ K] | Anofa/a}ings ~ K, ]) = Ang

in+1:5(ua> A;L

int1:b(x) A

n
"
Kn+1

with premises A / 1 and Apo 5. Since function A
K
n+1

deletes cause sets we have:

M A1) = vaX((Ay; | Ap{a/a})) = vaX(A,) [ MAje{a/x})

From the inductive hypothesis, we have A(4,) = ¢(X,); hence we have

A(Ant | An2) = A(An1) [ A(An2) = ©(Xn1) | p(Xn2)- _
From A(Ap1) = ¢(Xn1) we know that action (iny1, K, 1, 0n41) @ b{vag,)

exists such that v((in41, K41, 3541) : b(vap,)) = ing1 : b{va) and

(in41,K7 107 11):b(vag, ) Kini1

Xn1 Y

nl
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Similarly, from A(An2) = ¢(Xn2) we know that action (in11, K q,Jp41)
b(x) exists such that v((iny1, K, 1, Jpn1) 2 0(x)) = ing1 : b(x) and
(in+1,K;{+1,jZ+1):b(ZE) K%n-kl

X’I’l2 > Y2

n

The condition on the rule (CLOSE) is satisfied since by definition of the set
K when data structure I'y, is used, we have * € K}, and * € K, | which
makes K], | = j, 1 and K/ | =, j;, . true.

Now we can apply the rule (CLOSE) on the process X,, = X,,1 | X2 with the
given premises, and obtain:

in ’ K n K”n ai"
Xt | X LT (V™) iy | Vi ™™ /03
where

K/ n K//n i’l’b 1
p(vag, (Vo™ )i | V2O fa}) =
K/ n K"n in
vap((YVor ™) i | Yoo "7 H T /o)

Since the operator #iy41 is applied on the memories of the type var, when
empty(T'y,) # true it is deleted with the function . Therefore, we have:

Kl n K”n in
vap((YVor ™) i | Yoo " o)) =
K/ K// in
vap(Yoy ") | (¥ o))

Now we need to prove Rem(Ky,, . ;) =K | and Rem(K7, ;) =K ;.

To prove it we should look at the action (,, because it is the last action that
could influence the cause sets K], ; and K], .| (cause sets K, . ; and K, ., do
not depend on the action (,+1). There are two main cases:

— action (, is the direct structural cause of the action (1. Then we have
that action (,, was a visible action identified with the key ,, and since
action (p41 is a communication, we have three different possibilities:
K, 1 =K, U{in} or K} , =K, U{in} or K, | =K | =K, U{in}.
Let us consider the ﬁrst case, when K, | = K, U {i}; the other cases
are similar. We can notice that there exists some K; € sgg such that
K; =K, (since K' | does not contain action i, it is computed in the
trace spg before execution of the action i,). By inductive hypothesis
we have that exist Kg,,, Kpy, 4, € sp such that:

(i) Rem(Kpy) =¥ and Ky = K7, |, hence Rem(K}én+1) K 1
(73) Y(un) = ¢, and Rem(Kpy,) = K,,. The action pu,, is identified with a
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key 4y, and it is visible and direct structural cause of the action 41,
where ¥(fini1) = Cuy1; therefore, we have K7, ., = Kpp U {in}. The
method Rem (Definition 41) does not remove keys of the visible actions
and we have Rem(Kpy, U {i,}) = K, U {i,,} =K, as desired.

action (, is not the direct cause of the action (,+1; then (, =i, : 7 or
Cn happened on a different component in the parallel composition from
the action (1.

- If ¢, = iy : 7, then there exist K;, Kj, € spg such that K; is a cause
set of the input action and K is a cause set of the output action which
participated in the 7 move. Since 7 actions merge cause sets, we have
that K], | = K; UKy,. For the cause set K]/ ; we have two options: either
K) ., =K/, or there exists some K; € spg such that XK; = K], ; (since
K/ 41 does not contain action iy, it is computed in the trace spgs before
execution of the action i,) in which case the proof is similar to the one
above.

In the framework, a 7 move is composed of the same input and output
actions as in the trace on the causal processes. Hence, there exist
Krj, Kpp € sp, and by inductive hypothesis Rem(Kr;) = K; and
Rem(Kpp) = Kp. Since in the framework the 7-action is identified with
the key i, we have that K7, ., = Kp; U Kpj, U {in}. By Definition 41,
method Rem removes keys belonging to the 7 actions; hence, we have
Rem(Kpj U Kpp U {in}) =K; UK, = K], | as desired.

- If ¢;, happened on a different component in the parallel composition,
there exist Ky, ¢, € sps where (j, is the last action on the same compo-
nent in the parallel composition as (,+1 and Kp41 = K U {ip}. Then
we have that K], 1 = Kpy1, since ¢, was the last action before ;1.
By inductive hypothesis, in the framework, there exist Kpp,up €
sp, where y(up) = ¢ and Kppi1 = Kpp U {ip}. Then we have
Rem(Kppi1) = Kpqr such that Kppy1 = K7, as desired. Similarly
for K ;.

By having Rem(Ky,, ;) = K], ,; and Rem(K7,, ;) = K, ;, we can conclude
K/ K//
that o(Y,,""*") = A(4];) and ¢(Y,,"""") = A(A],) which concludes our

o The case when the rule (BS-CoM) is applied in the BS semantics is similar
to the case with the rule (BS-CLOSE)

A, = va(A). In the BS semantics, applicable rules are (BS-REs) and (BS-
OPEN).
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Let us first consider the case when rule (BS-OPEN) is applied. We have:

A = va(A) O g g

Kn+1

. . in :ba
with premise A -5 A7
Kn+1

From inductive hypothesis, there exists a process X, such that A\(4,,) =
p(vap, (X)) and A(A) = ¢(X). Then, there exists an action (irn41, Knt1, jn+1) :
o, where ¥((ipt1, Knt1, jn+1) : @) = int1 : ba such that

X (in+17Kn+lajn+l):a,, y Krnt1

where o/ = b{var,) or o/ = ba.
On the process X,, we can apply the (OPEN) rule from the framework and
we have:

) ('L‘n+17Kn+1)jn+1):E<VaV)*>

vay, (X YKF”“)

Va’{in+1}in+1 (

Now we need to prove Rem(K 1) = K11, to obtain A(A") = (Y Krnt1))
which implies A\(A, 1) = A(4A") and ¢o(X,,41) = <,0(1/a{in+1}in+1 (YErni1)) =
(Y Krnt) = A(A),

To prove Rem(Kpy 1) = Kp+1 we should look at the action ¢, because it is
the last action that can influence the cause set K, 1 (cause set K, 41 does
not depend on the action (,+1). We then reason much as in the case when
A, =K A.

e The case when the rule (BS-RES) is applied is similar to the one above.

Let us now consider clause 2.

(I) The base case is given by 0 transitions. Trivially, the theorem holds.

(IT) In the inductive case, for P = ¢(P), we let

SF:Pi»XlKFI.. xKrn- M—"»X,IL(F" and SBS:P§—1>A1...ATL_1 i—">An
1

-1
n

be the traces on the processes from the framework and on causal processes,
respectively. Let us suppose that the inductive hypothesis holds for these two
traces. We need to prove that the Lemma holds for

Hn+t1 K Cn+1
sp—» X, [T and SBS K—"——) Api
n+1

Hence, we need to show Rem(Kpy11) = Kpy1 and AM(Ap41) = @(Xfff“)

We proceed by structural induction on the process XX#» and the last applied
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e Hn+1 K . .
rule on the transition X *F» ~“= X "' We have two main cases depending

whether X is a 7-calculus process, or it is a reversible process with past. If
XEKrn = P, where p(P) = P and P is a 7-calculus process, then it is the first
transition; hence cause sets are empty (Kp = K; = ), and we have:

e P=0"a*P or P =0b*(z).P' where o(P) = P and ©(P’) = P’. The rules
that can be applied in the framework are (OuTl) and (IN1), respectively.
We show the case when the rule (OuTl) is applied; the other case is similar.
We have -

brar pr Ut te g [i1, {x}].P' = X3

where p(X1) = P’ and ~((i1, {*},*) : ba) = i1 : ba.

In Boreale and Sangiorgi’s semantics we can apply the rule (BS-OuT) on

the process ba.P’, and we have

i1:ba

ba.P' =25 iy} = PP = A4
where A(A1) = P’ as desired.

e P =Q; | Q2 where p(Q1) = Q1 and ¢(Q2) = Q2. The rules that can be
applied in the framework are (PAR), (CoMm) and (CLOSE). We show the case
when the rule (CLOSE) is used; the rest of the cases are similar.

Since rule (CLOSE) is applied on the process Q; | Q2 one of the parallel
components needs to extrude a bound name. Let it be a process Q; =
vag, (Q'1). Then we have:

vap, (@) | Qs LT vay wagyy, () | Va{" 1)) = X

with premises

17

vag, (Q'y) L vag,y, (Y1) and Q2 D v
where (Y1) = QY and ¢(Ya) = Q). Hence we have
p(vag, (vagy. (Y1) | Y212 /21) = va(o(Y1) | o(Ya{"" /1))
= va(QY | Qb{“/})

From the inductive hypothesis, we have ¢p(Q’;) = @} and there exist (] and
¢{ such that v(u)) = ¢} and v(uf) = ¢{. Now, in Boreale and Sangiorgi’s
semantics, we have:

va(Q) 5 Q) and Qy L Q)
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We can apply the rule (BS-CLOSE) on the process va(Q}) | Q2, and we
have:

va(Q1) | Q2 = va(Q | Q5{*/x}) = A
with (A1) = va(QY | Q5{%/+}) as desired.

e vay, (P’), where p(vay, (P’)) = va(P’). The rules that can be applied in the
framework are (RES) and (OPEN). We show the case when the rule (OPEN)
is used; the other case is similar.

If (OPEN) is applied on the process vay, (P’), the executed action extrudes
name a, and we have:

(i1,{x},%):b(vag,)

vay, (P') vagy, (Y1) =X

with the premise P’ L d)be, Y7 where v((i1, {*}, %) : ba) = i1 : ba and
gO(Yl) = Pl.

From the inductive hypothesis, we have p(P’) = P’; hence in Boreale and
Sangiorgi’s semantics we have P’ ‘aiba, {i1} :: P1. Now, we can apply the
rule (BS-OPEN) on the process va(P’), and obtain:

Va(P/) M) {Zl} b P1 = Al
where M\(A1) = A({i1} : P1) = P; as desired.

If XKFn is a reversible process with past, then we have the following cases:

o XKrn = H[X]; In the framework, we can apply rules (OuT2) and (IN2),
depending whether the executing action is the input or the output. Let us
consider the case when the executing action is the output action and the
applied rule is (OUT2); the other case is similar. Then we have:

H[X] (int1,Knq1,0nt1):a H[Y]Kgqu

(tnt1,Kn+t1,dn+1):a

with the premise X YKF_ The set of causes K > represents
the causes of the executed action belonging to the history context H, while K
are causes belonging to the process X. Hence, we have Kpy11 = K, U Kp.
From the inductive hypothesis, we know that ¢(H[X]) = A(A,,), where 4, =
K: Aand p(X) = A(A). Therefore, there exists an action (p+1 = ipt1 @ @

such that y((in41, Kn+1, Jnt1) : @) = (uy1 and A —in11:a> A
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Now we can apply the rule (BS-CAU) in Boreale and Sangiorgi’s semantics,
on process K :: A with the given premise, and obtain:

An:K/::A%K/::A/:An_H

where K11 = K UK.

To prove that actions (,+1 and p,41 are executed on the same part of the
m-calculus process p(H[X]) = A(K' :: A), which implies @(H[Y]¥FVEF) =
A(K' :: A”), we need to prove that the actions had the same structural cause
sets, i.e. Rem(Kpp41) = Kpy1. To do so, we should look at the action p,
because it is the last action that can influence the cause set Kgy,41. There
are three main cases:

— action p, is the direct structural cause of the action u,1q and it is
visible action (it happened on the same component in the parallel
composition, immediately before the action pp4+1). Then we have
Kpp41 = Kip UKp = Kpp U {in}. By inductive hypothesis, we have
that there exist Ky, ¢, € sps such that y(u,) = ¢, and Rem(Kry,) = Ky,
Since ., is visible, ¢, needs to be too and it is identified with the key i,,.
The action ¢, is the direct structural cause of the action (,1; hence,
we have K11 = K, U {i,} as desired.

— action u, is the direct structural cause of the action p,+1 and it is a silent
action. In the framework we have Kppy1 = K U Kp = Kpyp U {in},
since the silent action is identified with the key i,. Cause set Ky,
of the 7 action contains cause sets of the communicating actions (the
input and the output ones). Hence, there exist Krj, Krj € sp such
that Kp,, = Kpj U Kpp, = K U Kp \ {in}. By inductive hypothesis,
we know that there exist K;, Kj, € spg such that Rem(Kr;) = K; and
Rem(Kpyp) = Kp,. Since silent actions on causal processes just merge
two cause sets, we have K,4+1 = K; UK. Method Rem (Definition 41)
removes keys belonging to 7 actions; hence we have Rem(K g, U {i,}) =
Rem(KFj U KFh) =K; UKp =Kp11 as desired.

— action p, is not the direct cause of the action p,41; then p, happened
on a different component in the parallel composition from the action
tnt1. In this case, there exist Kpp,un € sp where pp is the last
action on the same component in the parallel composition as pp41.
Hence, action pyp is the direct cause of the action py,41 and we have
Kpni1 = Kpp U {ip}. Now we have the same reasoning as in the first
case.
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o XKrn = X,1 | Xy2; In the framework, applicable rules are (PAR), (CLOSE)
and (CoM). Let us consider the case when the rule (CLOSE) is used; the
remaining cases are similar. Now we have that one of the processes in parallel
extrudes a bound name, say X,;. Then X,,; = vag, (X];). By applying the
rule (CLOSE) on the process vag, (X)) | Xn2, we obtain

vag, (X1) | Xug s v (V7 )i | Yr 0 )

n

(in+1 7K;z+1 ,j;l+1):5(ya@* )

K/Fn+1 )

Va{in+1}in+1 (Ynl and

with premises vay, (X))

(in+1, K7 1000 11):0() O K,
Xn2 = it YnQFn+1‘
The condition on the rule (CLOSE) is satisfied since by definition of the
set K when data structure I'y, is used, we have * € K}, and * € K |,
which makes K | =, j;/. and K] | =, j;, ., true. By the definition of the

function ¢(), we have:

K/ n Kl/n in
P(vap, (Vo™ )i | Yoo "7 H{ ) =

K n K”n in41
vap((YVo ™)t | Yoo " H a}))

Since the operator #iy1 is applied on the memories of the type var, when
empty (') # true it is deleted with the function . Therefore, we have:

Kl n K//n in
va((Yor ™) gtingn | Yoo " [a}) =
K} K’ in
vap(Yin ) | p(Yas {1,

From the inductive hypothesis we know that ¢ (vag, (X;,;)) = A(vaAn1) and
©(Xn2) = AM(An2). Hence, there exist ¢/, = ip41 : b{ra) and () = ip41 : b(x)

in 55 int1:b . .
such that vad,; - {va) Al and Ay ﬂ l9. With the given
L K

premises, we can apply the rule (BS-CLOSE) on the process vaA,; | An2 and
obtain:

va(Ant) | Anz = va(Ay, [ing ~ K] | Apg{a/a}ing ~ K ]) = A

Since function A deletes cause sets we have:

A(An41) = vad((Ay,; | Ang{a/z})) = vaX(Ay,) | M(Ana{a/z})

Now we need to prove Rem(K7%,, ;) = K], and Rem(K7,, ;) =K ;. To do

that, we should look at the action u, because it is the last action that can

: ! 1/ 3 .
influence the cause sets K7, 41 and Ky, 41 There are three main cases:
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— action p, is the direct structural cause of the action u,1q and it is

a visible action (it happened in the same component in the parallel
composition, immediately before the action pi,41). Then we have three
different cases: Ky, ., = Kp, U {in} and K, | € sp; Kp, ) =
Kp, U {Zn} and K%n-{—l € Sp or K%’n—&-l = Kg’n—&-l =Kp, U {Zn}
Let us consider the first case, when K7, .| = Kp, U{i,} and K7, | €
sp; the other cases are similar. From the inductive hypothesis we have
Rem(K}énH) = K; | and there exist K, ¢, € spg such that: y(un) = ¢u
and Rem(K ;) = K. The action ¢, is identified with a key i,, and it is
a visible action and direct structural cause of the action (11, where
Y(tin+1) = Cnt1; therefore, we have KJ, . | = K,, U {i,}. The method Rem
(Definition 41) does not remove keys of the visible actions and we have
Rem(Kpp U {in}) =Kn U {in} =K, as desired.

— action pu, is the direct structural cause of the action u,11 and it is a
silent action. We have similar reasoning as in the previous case, with
the difference that method Rem removes keys of the silent actions; hence
key i, will be deleted from the cause set K7, i1

— action p, is not the direct cause of the action p,41; then p, happened
in a different component in the parallel composition from the actions
tin 1 and . In this case, there exist Kpp, Kpy, pin, iy € sp where
pr and p; are the last actions on the same components in the parallel
composition as p;,, and g, ;. Hence, action py, is the direct cause
of the action y;,,; and action  is the direct cause of the action y ;.
Then we have K7, ., = Kpp U {in} and K7, ., = Kp U {i}. Now we
have the same reasoning as in the first case.

By having Rem(KJ,, . ;) = K;,,; and Rem(Ky,,. ;) = K}, |, we can conclude
K/ KN
that o(Y,;"""") = A(A4],) and ¢(Y,,"""") = A(A],) which concludes our

case.

XEKrn = pap,(X); In the framework, applicable rules are (RES), (OPEN)
and (CAUSE REF). Let us consider the case when the rule (CAUSE REF)
is applied. In this case, the executing action has the name a in the subject
position and empty(I'y,) # true. We have:

(in+17K1{L+17jn+l)5ab

var,, (X) var,, (YKF"“)

(in+1yKn+17jn+1):Eb

with premise X YErni1 where K/, 1 = Kpy1 U {w}.
Since empty(I'y,) # true name a is free in the process X and var,, is discarded
by the function ¢(); hence, we have p(var, (Y 5Frt+1)) = (Y EFnt1). From
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the inductive hypothesis we have p(var, (X)) = ¢(X) = A(A,) where a is
free name in A, and there exists (,+1 = in+1 : @b such that:

in+t1:ab
Ay, —— Ap
Kn+1

To prove Rem(K py,11) = Kyi1 which would imply (Y KFnt1) = \(A,11) we
need to reason on the action u, and proceed similarly to the cases above.[]

104



1]

[2]

[10]

[11]

C. Bennett, Logical Reversibility of Computation, IBM Journal of Research
and Development 17 (6). doi:10.1147/rd.176.0525.

G. Bacci, V. Danos, O. Kammar, On the statistical thermodynamics of
reversible communicating processes, in: CALCO 2011, Vol. 6859 of LNCS,
Springer, 2011, pp. 1-18. doi:10.1007/978-3-642-22944-2.1.

V. Danos, J. Krivine, Formal molecular biology done in CCS-R, Electr. Notes
Theor. Comput. Sci. 180 (3) (2007) 31-49. doi:10.1016/j.entcs.2004.01.040.

I. Phillips, I. Ulidowski, S. Yuen, Modelling of bonding with processes and
events, in: Reversible Computation - RC 2013, Vol. 7948 of LNCS, Springer,
2013, pp. 141-154. doi:10.1007/978-3-642-38986-3_-12.

M. Zelkowitz, Reversible execution, Commun. ACM 16 (9) (1973) 566—.
doi:10.1145/362342.362360.

E. Giachino, I. Lanese, C. Mezzina, Causal-consistent reversible debugging, in:
FASE, Vol. 8411 of LNCS, Springer, 2014, pp. 370-384. doi:10.1007/978-3-
642-54804-8_26.

I. Lanese, N. Nishida, A. Palacios, G. Vidal, CauDEr: A Causal-Consistent
Reversible Debugger for Erlang, in: J. P. Gallagher, M. Sulzmann (Eds.),
Functional and Logic Programming - 14th International Symposium, FLOPS,
Vol. 10818 of LNCS, Springer, 2018, pp. 247-263. doi:10.1007/978-3-319-90686-
7.

M. A. Nielsen, I. L. Chuang, Quantum Computation and Quantum Information
(10th Anniversary edition), Cambridge University Press, 2016.

A. Avizienis, J.-C. Laprie, B. Randell, C. Landwehr, Basic concepts and
taxonomy of dependable and secure computing, IEEE Trans. Dependable Sec.
Comput. 1 (1) (2004) 11-33. doi:10.1109/TDSC.2004.2.

V. Danos, J. Krivine, Transactions in RCCS, in: CONCUR, San Francisco,
CA, USA, August 23-26, 2005, pp. 398-412. do0i:10.1007/11539452_31.

I. Lanese, C. A. Mezzina, A. Schmitt, J. Stefani, Controlling reversibility in
higher-order pi, in: CONCUR - Concurrency Theory - 22nd International
Conference,, Vol. 6901 of LNCS, Springer, 2011, pp. 297-311. doi:10.1007/978-
3-642-23217-6.

105



[12]

[19]

[20]

[21]

D. Medic, C. A. Mezzina, I. Phillips, N. Yoshida, Towards a formal account
for software transactional memory, in: I. Lanese, M. Rawski (Eds.), Reversible
Computation - 12th International Conference, RC, Vol. 12227 of Lecture Notes
in Computer Science, Springer, 2020, pp. 255-263. doi:10.1007/978-3-030-
52482-1.

M. Vassor, J. Stefani, Checkpoint /rollback vs causally-consistent reversibility,
in: Reversible Computation - 10th International Conference, RC,, Vol. 11106
of LNCS, Springer, 2018, pp. 286-303. doi:10.1007/978-3-319-99498-7.

V. Danos, J. Krivine, Reversible communicating systems, in: CONCUR 2004,
Vol. 3170 of LNCS, Springer, 2004, pp. 292-307. doi:10.1007/978-3-540-28644-
8_19.

R. Milner, A Calculus of Communicating Systems, Vol. 92 of LNCS, Springer,
1980. doi:10.1007/3-540-10235-3.

D. Medic, C. A. Mezzina, Static VS dynamic reversibility in CCS, in: Re-
versible Computation RC 2016, Vol. 9720 of LNCS, Springer, 2016, pp. 36-51.
d0i:10.1007/978-3-319-40578-0_3.

I. Phillips, I. Ulidowski, Reversing algebraic process calculi, J. Log. Algebr.
Program. 73 (1-2) (2007) 70-96. doi:10.1016/j.jlap.2006.11.002.

I. Lanese, D. Medi¢, C. A. Mezzina, Static versus dynamic reversibility in
CCS, Acta Informatica, doi:10.1007/s00236-019-00346-6.

P. Degano, C. Priami, Non-interleaving semantics for mobile processes, Theor.
Comput. Sci. 216 (1-2) (1999) 237-270. doi:10.1016/S0304-3975(99)80003-6.

M. Boreale, D. Sangiorgi, A fully abstract semantics for causality in the
m-calculus, Acta Inf. 35 (5) (1998) 353-400. doi:10.1007/s002360050124.

N. Busi, R. Gorrieri, A Petri net semantics for pi-calculus, in: CONCUR
Philadelphia, PA, USA, August 21-24, 1995, Proceedings, 1995, pp. 145-159.
do0i:10.1007/3-540-60218-6_11.

S. Crafa, D. Varacca, N. Yoshida, Event structure semantics of parallel extru-
sion in the pi-calculus, in: FOSSACS 2012, Vol. 7213 of LNCS, Springer, 2012,
pp. 225-239. doi:10.1007/978-3-642-28729-9_15.

I. Cristescu, J. Krivine, D. Varacca, A compositional semantics
for the reversible m-calculus, in: LICS 2013, 2013, pp. 388-397.
do0i:10.1109/LICS.2013.45.

106



[24]

[34]

I. Cristescu, J. Krivine, D. Varacca, Rigid families for CCS and the m-calculus,
in: ICTAC, Vol. 9399 of LNCS, Springer, 2015, pp. 223-240. doi:10.1007/978-
3-319-25150-9_14.

I. Lanese, C. Mezzina, J.-B. Stefani, Reversibility in the higher-order m-calculus,
Theor. Comput. Sci. 625 (2016) 25-84. doi:10.1016/j.tcs.2016.02.019.

I. Lanese, C. A. Mezzina, J. Stefani, Reversing higher-order pi, in: CONCUR
2010 - Concurrency Theory, 21th International Conference, Vol. 6269 of LNCS,
Springer, 2010, pp. 478-493. doi:10.1007/978-3-642-15375-4.

D. Medic, C. Mezzina, Towards parametric causal semantics in 7-calculus, in:
Joint Proceedings of the 18th Italian Conference on Theoretical Computer
Science and the 32nd Italian Conference on Computational Logic, 2017, pp.
121-125.

L. Aceto, GSOS and finite labelled transition systems, Theor. Comput. Sci.
131 (1) (1994) 181-195. doi:10.1016,/0304-3975(94)90094-9.

D. Medic, C. A. Mezzina, 1. Phillips, N. Yoshida, A parametric framework for
reversible pi-calculi, in: Proceedings Combined 25th International Workshop on
Expressiveness in Concurrency and 15th Workshop on Structural Operational
Semantics and 15th Workshop on Structural Operational Semantics, EX-
PRESS/SOS, Vol. 276 of EPTCS, 2018, pp. 87-103. doi:10.4204/EPTCS.276.

D. Sangiorgi, D. Walker, The Pi-Calculus - a Theory of Mobile Processes,
Cambridge Uni. Press, 2001.

C. A. Mezzina, On reversibility and broadcast, in: J. Kari, I. Ulidowski (Eds.),
Reversible Computation - 10th International Conference, RC,, Vol. 11106 of
LNCS, Springer, 2018, pp. 67-83. doi:10.1007/978-3-319-99498-7.

J. Lévy, An algebraic interpretation of the ASk-calculus; and an application of a
labelled A -calculus, Theor. Comput. Sci. 2 (1) (1976) 97-114. doi:10.1016,/0304-
3975(76)90009-8.

G. Boudol, I. Castellani, Permutation of transitions: An event structure
semantics for CCS and SCCS, in: Linear Time, Branching Time and Partial
Order in Logics and Models for Concurrency, Vol. 354 of LNCS, Springer,
1988, pp. 411-427. doi:10.1007/BFb0013028.

F. Harary, Graph theory, Addison-Wesley, 1991.

107



[35]

[36]

[37]

I. Phillips, I. Ulidowski, A hierarchy of reverse bisimulations on stable configu-
ration structures, Mathematical Structures in Computer Science 22 (2) (2012)
333-372. doi:10.1017/50960129511000429.

R. Perera, J. Cheney, Proof-relevant w-calculus: a constructive account of
concurrency and causality, Mathematical Structures in Computer Science
(2017) 1-37d0i:10.1017/S096012951700010X.

T. Hildebrandt, C. Johansen, H. Normann, A stable non-interleaving early
operational semantics for the pi-calculus, in: LATA, Vol. 10168 of LNCS, 2017,
pp. 51-63. doi:10.1007/978-3-319-53733-7_3.

M. Cimini, M. R. Mousavi, M. A. Reniers, M. J. Gabbay, Nom-
inal SOS, Electr. Notes Theor. Comput. Sci. 286 (2012) 103-116.
d0i:10.1016/j.entcs.2012.08.008.

J. Bengtson, M. Johansson, J. Parrow, B. Victor, Psi-calculi: a framework for
mobile processes with nominal data and logic, Logical Methods in Computer
Science 7 (1). doi:10.2168/LMCS-7(1:11)2011.

108



