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Abstract

An isotropic compression of graphene is shown to induce a structural
deformation on the basis of Density Functional Perturbation Theory. Static
instabilities, indicated by imaginary frequency phonon modes, are induced
in the high symmetry Γ - K (zigzag) and Γ - M (armchair) directions by an
isotropic compressive strain of the graphene sheet. The wavelength of the
unstable modes (ripples) is directly related to the magnitude of the strain
and remarkably insensitive to the direction of propagation in the 2D lattice.
These calculations further suggest that the formation energy of the ripple is
isotropic for lower strains and becomes anisotropic for larger strains. This is
a result of graphene’s elastic property, which is dependent on direction and
strain. Within the quasi-harmonic approximation this is combined with the
observation that molecular adsorption energies depend strongly on curvature
to suggest a strategy for generating ordered overlayers in order to tune the
functional properties of graphene.
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1. Introduction

Chemical functionalisation of graphene for real world applications has
been a strong area of interest in academic and industrial research since
the discovery of two-dimensional materials [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11].
The addition of certain molecules on the surface of graphene can induce
a change in its electronic characteristics, such as its band gap [1, 2, 12,
13, 14, 15, 16, 17, 18, 19] its electron mobility [1, 2, 3] and its electrical
resistance [1, 2, 3, 8, 9, 10] . Moreover, any molecule that covalently binds
onto the surface of graphene will undoubtedly alter its physical structure
by disturbing its sp2 - backbone [12, 13, 14, 15, 16]. We have suggested in
previous theoretical studies that such molecular patterns with long range
order can tune the electronic band gap, magnetic coupling and transport
properties of graphene [17, 18]. However, the patterning of molecular
adsorption onto graphene has proved to be difficult, as grown structures
tend to be stochastic in nature. A recent study, using Density Functional
Theory (DFT) calculations, has shown that the curvature of graphene can
significantly affect the binding energies of small (organic) molecules [19].
Depending on the nature of the bonding, chemi- or physisorbed molecules
will bind to convex/concave regions in the rippled graphene [19, 20, 21, 22,
23, 24, 25, 26, 27, 28, 29, 30, 31]. In our previous work on the chemisorption
of halogenated carbenes on graphene, we suggested a simple model that
exploits the rippling behaviour of the graphene sheet in order to obtain,
for that specific case, well-ordered and controllable molecular pattern
formations [16]. In that instance, the rippling is generated spontaneously
by adsorption induced strain. Moreover, recent theoretical studies on both
strained graphene sheets and nanoribbons, have shown that graphene’s
electronic, magnetic, structural and mechanical properties can be tuned
by varying the amount of compressive or tensile strain [32, 33, 34, 35]. In
addition, graphene has shown to form ripples under strain [20, 21, 36,
37, 38]. For example, epitaxial graphene grown on a SiC (0001) substrate
creates a lattice mismatch, straining the graphene sheet leading to a rippled
structure [21, 38]. The strain on the graphene lattice and the resulting
ripple formation arise from the lattice mismatch of the two materials [38].
Alternative substrates can be used to produce different strains to generate
ripples of various wavelengths [39, 40]. For example, hexagonal Boron-
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Nitride/Graphene heterostructures result in rippling as a strain-relieving
mechanism, based on the lattice mismatch between the two materials [40].
Stretched polydimethylsiloxane (PDMS) films have also been suggested as
substrates for graphene in order to induce different strains and thus ripples.
The application of PDMS films with different pre-strains as substrates
for graphene nanoribbons offers the possibility to generate ripples with
varying morphology and periodicity [41]. In addition, a recent study
compared the DFT calculation results of corrugated graphene on a SiC
substrate to STM experiments [38]. It was found that a compressive strain
of 5% gives a similar corrugation pattern to that obtained in experiments.
Various studies have also shown that the elasticity of graphene varies
with direction (see Figure 2) [42, 43, 44]. For example, previous studies
have shown that armchair graphene nanoribbons (GNRs) have a higher
Young’s Modulus, tensile fracture stress and strain than zigzag GNRs of
the same size [42, 43]. The increased stiffness of the graphene sheet in
armchair direction would be expected to result in a lower out-of-plane (z-
direction) distortion than that in the zigzag direction under the application
of isotropic strain. The nonlinear in-plane elastic properties of graphene
have also been studied by Wei et al. using DFT [44], where a Taylor
expansion of graphene’s elastic strain energy density, up to 5th order in
the strain, is used to describe the thermodynamically favoured elastic
response of graphene. This suggests a nonlinear behaviour at ∼5% strain
and a noticeable anisotropy in elastic behaviour at > 5% strain. It is
therefore expected that the elastic behaviour of graphene will significantly
influence the ripple formation process.
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Figure 2: A graphene sheet indicating both the armchair (red) and zigzag (blue) directions.

In this work, we report on the structural characteristics and energet-
ics of graphene under isotropic compression established using Density
Functional Perturbation theory (DFPT) calculations. In the following sec-
tions we discuss the structural instabilities induced by strain, report on
the energy of formation for various ripples and examine the influence of
graphene’s elasticity on the ripple formation.

2. Computational details

The Quantum Espresso (QE) program [45] has been used for the Den-
sity Functional Theory (DFT) and Density Functional Perturbation Theory
(DFPT) calculations of the phonon frequencies reported here. A DFPT
approach is favoured when calculating the phonon frequencies as it is
less computationally expensive than alternative methods based on finite
placements [46]. Exchange-Correlation effects are described within the
Local Density Approximation (LDA) using the Perdew-Zunger (PZ) func-
tional [47]. The crystalline orbitals are expanded in a plane-wave basis set
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and the core electrons are replaced by a norm-conserving pseudopotential
[45, 48]. A norm-conserving pseudopotential with an LDA functional is
preferred when computing phonons in QE because it reduces the proba-
bility for producing an error when applying the Acoustic Sum Rule (ASR)
[45]. The self consistent field was converged to a strict energy tolerance of
10−12 Ry for the phonon calculations. Moreover, the Brillouin zone (BZ) of
the two - dimensional graphene lattice is sampled on a Monkhorst - Pack
(MP) grid [49] of 3N x 3N in order to guarantee the correct sampling of the
Dirac points, and to ensure an appropriate subdivision of the reciprocal
lattice. It was found that an MP grid of 12 x 12 is sufficient for sampling
the primitive cell, while an MP grid of 3 x 3 is sufficient for the supercells
considered in this work. These calculations are then translated into real
space using a Fourier transform approach, while applying the ASR [45, 46].
The Phonon Dispersion Curves (PDCs) are computed along the Γ - K - M -
Γ high symmetry path using a mesh of 147 q-points. The initial geometry
was a graphene sheet of lattice constant 2.46 Å [50] in a 3D periodic cell
within which 2D periodic sheets are separated by a vacuum region of
10 Å which is sufficient to remove any interaction between periodic images.
A Marzari-Vanderbilt cold smearing method [51] with a spread value of 8
x 10−3 Ry is applied. For self-consistency, the Davidson diagonalization
procedure [52] with a mixing factor of 0.2 was used and self-consistency
was considered to be achieved when the total energy per atom is less
than of 10−4 Ry. Geometry relaxation was terminated when the largest
inter-atomic force per atom was less than 10−3 Ry/Bohr between two con-
secutive iterations. Here, the sum over all inter-atomic forces is 0 ensuring
a static structure. The optimised lattice constant is 2.46 Å, in excellent
agreement with that observed in X-ray diffraction [50].

3. Results and Discussion

The computed phonon band structure for an unperturbed graphene
sheet is presented in Figure 3 (solid black lines). The six phonon modes
can be classified as optical (O) or acoustic (A). There are 3 acoustic modes
(LA, TA, ZA) and 3N - 3 optical modes (LO, TO, ZO), where N = 2 is
the number of atoms in the primitive cell. For each of these classes there
is one in-plane longitudinal mode (LA, LO) and two transverse modes,
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one in-plane (TA, TO) and one out-of-plane (ZA, ZO) [53]. Under zero
strain all of the vibrational mode frequencies are positive indicating that
the sheet is harmonically stable. Isotropic compressive strain is modelled
by reducing the cell parameters under the constraint that the sheet retains
the periodicity of the primitive cell.

Figure 3: Phonon dispersion curve (PDC) of a graphene unit cell under 0% (black solid
line), 1% (dashed red lines), 2% (dashed blue lines), and 5% (dashed green lines) isotropic
compression. Strains greater than 1% induce negative frequencies for the ZA mode.

In Figure 3, the phonon band structures for 1%, 2% and 5% isotropic
compressive strains are displayed as red, blue and green dashed curves
respectively. The in-plane transverse and longitudinal mode frequencies
generally increase as the C - C bonds are compressed. However, the
out-of-plane transverse mode frequencies are significantly reduced. In
certain q-point regions (Γ - K and Γ - M) the frequencies becomes negative
(imaginary frequencies). This negative behaviour is apparent only for
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the ZA mode. These out-of-plane distortions in the strained graphene
sheet illustrate the unstable geometry and static ripple formations that
may be modelled using the harmonic approximation. At 1% compressive
strain (dashed red lines in Figure 3) the sheet is harmonically stable, while
compressions greater than 2% (dashed blue and green lines in Figure 3)
show sheet instabilities. These instabilities increase with greater strain as
can be seen by the increased negativity at 5% compressive strain (dashed
green lines in Figure 3). The imaginary (negative) frequencies are along
the high symmetry Γ - K (zigzag) and Γ - M (armchair) directions, for
both compressive strains. The q-vector corresponding to the most negative
frequency (~qmin) for each strain provides an estimate of the wavevector of
the distortion induced by the harmonic instability; the computed |qmin| is a
strong function of strain but a remarkably weak function of direction. This
is further explored by plotting a higher resolution map of the calculated
frequency of the ZA mode for the central region of the Brillouin zone (the
region Γ - A - B - Γ, displayed for a strain of 5% in Figure 4). The fact that
|qmin| is, to a very good approximation, isotropic is immediately apparent.

8



Figure 4: Phonon modes in the first Brillouin zones of a graphene sheet that is isotropically
compressed by 5% showing negative, imaginary, frequencies within a smaller region
defined by the path Γ - A - B - Γ.

At 2% strain, |qmin| corresponds to a phonon wavelength that is along
both the zigzag and armchair directions and is closely approximated by a
ripple commensurate with a 10 x 10 supercell of the primitive graphene
unit cell. Similarly, for 5% strain, |qmin| corresponds to a phonon wave-
length along the zigzag and armchair directions that are both closely
approximated by a ripple commensurate with a 5 x 5 supercell of the prim-
itive graphene unit cell. Using these commensurate supercells, the energy
of phonon modes along the Γ - K (zigzag) and Γ - M (armchair) directions
can be computed as a function of amplitude ∆z. These energy profiles
are presented in Figure 5. The minimum energy (or depth of the well) of
the computed energy profiles (Figure 5) corresponds to the energetically
most favoured ∆z distortion (amplitude) and thus the preferred rippling
configuration (or stable ripple amplitude).
At 2% strain, the armchair and zigzag modes have a similar stable ripple
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amplitude of ∼0.19 Å (Figure 5a). At 5% strain, stable amplitudes are
significantly different, ∼0.29 Å in the armchair direction and ∼0.63 Å in
the zigzag direction. The distinctive difference in ∆z distortion at 5%
compressive strain (and the lack thereof at 2% compressive strain) can
be explained by the simple notion that graphene’s elasticity becomes
anisotropic for both armchair and zigzag directions as a function of strain
[42, 43, 44]. The anisotropic behaviour of the Γ - K (zigzag) and Γ - M
(armchair) directions at 5% compressive strain (and the lack thereof at
2% compressive strain) furthermore suggests that the ripple formation
process under isotropic compression is based on two competing effects, a)
the energy gain through out-of-plane ∆z distortions (rippling) and b) the
elasticity of the sheet, which varies with direction and strain [42, 43, 44].
Based on the formalism of reference [44], we can therefore express the
ripple formation energy as

Estrain − E0 = ERipple = −
1
2

k(∆z)2 + CI JΩIΩJ (1)

where Estrain is the energy of the strained graphene sheet, E0 is the energy
of the unstrained, flat graphene sheet, ERipple is the ripple formation
energy, k is related to the force constant of the ZA phonon mode and
∆z is the displacement along it, CI J are the elastic constants (in Voigt
notation) and ΩIΩJ are the Lagrangian stresses. At small compressive
strains, the difference in elastic constants for both armchair and zigzag
directions is negligibly small, and the sheet shows isotropic behaviour,
thus rippling unfavourably in any direction. At higher compressive strains
(5% and more), the difference in elastic constants for both directions
increases significantly, thus leading to anisotropic behaviour with the
sheet preferably distorting in the zigzag direction.
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Figure 5: (a) Energy profiles of two phonon modes (armchair (red) and zigzag (blue)
direction) under 2% compression at the minimum frequency of ∼ −24 cm−1 (minimum
of dashed blue line in Figure 3, computed in a 10x10 supercell). (b) Energy profiles of
two phonon modes (armchair (red) and zigzag (blue) direction) under 5% compression
at the minimum frequency of ∼ −100 cm−1 (minimum of dashed green line in Figure 3,
computed in a 5x5 supercell).

The harmonic distortion energy for forming ripples at the stable ripple
amplitudes in both Γ - K (zigzag) and Γ - M (armchair) directions is
comparable at both strains (Figure 5). At 2% strain the harmonic distortion
energy for both modes (and thus directions) at the stable ripple amplitudes
(∼0.19 Å) is ∼ 0.5 eV per supercell (Figure 5a). 5% strain shows a harmonic
distortion energy of ∼ 0.3 eV per supercell for both modes (and thus
directions) at the stable ripple amplitudes (∼0.29 Å and ∼0.63 Å, Figure
5b). However, overall, the zigzag direction is slightly lower in energy
(∼0.1 eV) for both strains and thus inconsiderably energetically favoured
(blue curves in Figure 5a and 5b). The difference in energy between
both Γ - K (zigzag) and Γ - M (armchair) directions is small enough that
in a chemical environment, a combination of both ripple orientations
is more likely for the compressive strains reported in this work. This
has also shown to be true in our previous work on the chemisorption of
halogenated carbenes, which suggests the likely formation of an eggbox-
type (containing both armchair and zigzag ripple formations) structure
[16]. However, in accordance with the results of reference [44], we expect
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a more significant difference in ripple formation energy and thus an
increased anisotropy between the Γ - K (zigzag) and Γ - M (armchair)
directions at strains of > 5% [44].

4. Conclusions

In this work we have demonstrated a theoretical analysis of isotrop-
ically compressed graphene for the facilitation of chemical adsorption.
Using Density Functional Perturbation Theory to examine a uniformly
compressed graphene sheet, we find that the sheet is harmonically stable
at 0 and 1% compressive strain. At 2 and 5% strain, two symmetric soft
phonon modes along the Γ - K (zigzag) and Γ - M (armchair) directions
are observed, suggesting a facile formation of periodic ripples in either
direction. These lattice distortions have an associated ripple formation
energy cost that is isotropic for smaller strains but becomes anisotropic
for larger strains due to a direction and strain dependence of graphene’s
elasticity. The small energy difference between the armchair and zigzag
directions for the strains reported here further suggests the formation
of eggbox-type structures. These results will allow for controllable and
well-defined molecular patterning by exploiting the curvature as induced
by isotropic strain.
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