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Abstract

We analyze the linear ion trap proposal for realizing a quantum computer.
We calculate the limits on Shor’s factorization algorithm due to spontaneous
emission of the ions. A further contribution to decoherence which originates
from instrumental fluctuations and imperfections is described. Fault-tolerant
error correction is then applied to derive limits on the efficiency of ion trap

computing.

I. INTRODUCTION

Since Shor’s discovery [1,2] of an algorithm that allows the factorization of a large number
by a quantum computer in polynomial time instead of an exponential time as in classical
computing, interest in the practical realization of a quantum computer has greatly increased
[3]. Recent advances in the preparation and manipulation of single ions, the use of coherent
pulsed excitation in NMR, as well as the engineering of pre-selected cavity light fields have
made quantum optics that field of physics which promises the first experimental realization
of a quantum computer. Several proposals (reviewed in [4]) for experimental implementation
have been made which rely on nuclear spins, quantum dots [5], cavity QED [6] and on ions
in linear traps [7].

The realization of a quantum computer in a linear trap in particular was regarded as very

promising, as 1t was thought that decoherence could be suppressed sufficiently to preserve the



large-scale superpositions necessary for significant quantum computation. Indeed, a single
quantum gate in such an ion trap was realized by Monroe et al [8] and recently two ions
were cooled down to the ground state of the motional degrees of freedom [9]. Nevertheless,
the decoherence rate in these experiments would seem too high to allow the realization
of extended quantum networks. This experiment was not solely limited by fundamental
processes but rather by technical difficulties and one aim of future experiments is to reduce
these technical problems to come closer to the fundamental limits, such that at least small
networks could be realized.

However, there remains the question whether overcoming technical problems will be
sufficient to realize practically useful computations such as factorization of large numbers
on a quantum computer in a linear ion trap. To this end, it is necessary to investigate more
thoroughly those limitations that are due to processes of more a fundamental nature than
for example laser linewidths, pulse lengths etc.. An analysis of this problem was carried
out in ref. [10] where the impact of spontaneous emission on the problem of factorization
of a large number by a quantum computer was considered. It was shown that for realistic
laser powers, factorization is limited to small numbers (at least if no sophisticated error
correction methods are implemented). The limits that were obtained still depended there
on the power of the applied lasers and left open the possibility of improving the maximal
bitsize L,,,, of the largest factorizable number by using higher power lasers. Extremely
high intensities, however, will lead to ionization or, more importantly, to a breakdown of
the two-level-approximation [11,12]. Here we discuss intensity independent limits that can
be derived, taking into account the breakdown of the two-level-approximation. We assume
that the qubits are stored in the Zeeman sublevels of an ion which are then manipulated
using detuned Raman transitions and discuss the limits on L,,,, on the basis of experimental
parameters for several ions. We conclude that factorization without the use of efficient error
correction methods is limited to almost trivial numbers if spontaneous emission is present.
One can extend the analysis to take into account quantum error correction. Quantum error

correction relies on the assumption that amplitude or phase errors retain population within



the two-dimensional space of the qubit. Here, however, we are concerned with ’leakage’
errors out of the qubit space. However, the breakdown of the two-level approximation
seriously affects the effectiveness of the quantum error correction. This shows that with
present technology large scale factorization, or other demanding applications, seem out of
reach.

In the second part we address the problem of so called accuracy thresholds in quantum
computation [13,14]. In [13,14] it is noted that arbitrarily complicated (long) quantum
computations can be performed, once the error rate of a quantum gate can be pushed below
a certain threshold. We will discuss whether the required thresholds presented in [13,14] can
be achieved or if spontaneous emission rules out this possibility (not to mention other error
sources). We present a simple calculation to understand the order of magnitude of these

thresholds and then calculate the spontaneous emission rate in a single quantum gate.

II. DECOHERENCE LIMITS TO QUANTUM FACTORING

A. The linear ion-trap model of quantum computation

Before we come to the derivation of limits imposed on quantum computation by sponta-
neous emission, we briefly describe the ion trap implementation of the quantum computer
[7] on which we base our considerations. Several ions of mass M are trapped in a linear ion
trap such that they are lined up and are well separated, ie the next neighbour distance is
many wavelengths of the lasers used to manipulate the ions. This is necessary to be able to
address ions separately and can lead to further restrictions on quantum computation in this
model [15,16]. The motional degrees of freedom of the ions, and especially their collective
center-of-mass (COM) motion with frequency v, are cooled to the ground state. In order to
be able to implement two-bit gates in this scheme we use the COM mode as a bus which
allows us to create entanglement between different ions. This is achieved with an interaction

that creates a phonon in the COM mode when we deexcite an ion, and annihilates a phonon



in the COM mode when an ion is excited. This interaction is generated by a laser which
is detuned from the transition frequency by A = —v. In that case the Hamiltonian in the
Lamb-Dicke limit (i.e. tight confinement of the laser-cooled ion) , the RWA and a suitable

interaction picture is given by [7]

H = =22 [(ola -+ o){11a"] 0

where n = 27”\/% is the Lamb-Dicke parameter, gy is the Rabi frequency on the 0 +» 1
transition, where levels 0 and 1 represent the corresponding logical values of the qubit. The
denominator v/5L originates from the fact that we are considering the COM mode, which
has an effective mass 5L M because all 5L ions are oscillating in the trap potential. The
trap has to contain 5L ions, as this is the number of ions that is required to implement
Shor’s algorithm to factorize an L bit number [1,17] (actually the correct number is 51 + 2
but for simplicity we drop the 2). It is further assumed that coupling to other vibrational
levels can be neglected. This assumption is a reasonable first approximation, as the closest
lying vibrational mode has frequency v/3v independent of the number of ions in the trap.
Nevertheless, this approximation breaks down when the Rabi frequency becomes too large,
ie. if Qq; =~ v [15,16]. For our considerations of the influence of spontaneous decay we
neglect this effect although it may well become important in longer calculations. Using the
Hamiltonian eq. (1) it can be shown that it is possible to construct a CNOT gate with only
four m-rotations, and to construct the more involved Toffoli gate [18] with six m-rotations
[7]. In the following we will define an elementary time step in terms of the computation
time that is required to perform a CNOT gate. All other performance times can be re-
expressed in units of that of the CNOT gate. The implementation of Shor’s algorithm also
requires a number of one bit operations, ie. operations that leave the COM mode unaffected
during their performance. However, these operations can be performed much faster than
two-bit gates, because ﬁ < 1 and also because fewer individual laser pulses are required.
Therefore their contribution to the calculation time and to decoherence is small and will be

neglected in the following.



B. Derivation and discussion

One can store qubits in an ion trap in at least two ways. One way is within the two
states of a metastable optical transition. This method certainly has the disadvantage that
at practically all times the quantum computer will have a mean excitation of about 0.5 per
qubit. Therefore, even if a qubit does not take part in a quantum gate operation, the qubit
will decohere due to spontaneous emissions from the excited state of the qubit. This leads
to a quite strong impact of spontaneous emission on the quantum computation and the
metastable two-level system could well be a less favourable option [10-12]. To circumvent
this problem, one could store the qubits in Zeeman sublevels of a stable ground state. In
that case stored qubits would seem not to suffer decoherence due to spontaneous emission.
However, how do we manipulate the qubit? It is (unfortunately) not practical to drive the
qubit with a microwave field directly because the very long wavelength of this radiation does
not allow us to address individual ions, as they cannot be separated far enough in a linear
trap. Therefore we have to use a different method to manipulate the qubit. This method
uses the presence of another level 2 which is coupled to the two qubit levels 0 and 1 by two
lasers of Rabi frequency oy and 5. Each laser is strongly detuned from its transition, and
its Rabi frequency is much smaller than the detuning. However, it is assumed that both
detunings are equal, ie. the two photon detuning vanishes, while the one photon detuning A,
is large. The advantage of this method is that due to the strong detuning A, the population
in level 2 is small, so that spontaneous emissions from that level are rare. A Hamiltonian
that implements an interaction where the qubit is excited while a phonon in the COM mode

is deexcited and vice versa, is given by

H = —hA,2)(2| + M;OQ [12)(0] + 0)(2]] + Z’Z/% [12)(1]a + [1)(2]a"] | (2)

where again the Lamb-Dicke limit, the RWA and a suitable interaction picture is used. To
make sure that the Raman transitions have the effect as full Rabi oscillations between levels

0 and 1 the condition



= \/5_L (3)

has to be satisfied which we will assume in the following. The condition eq. (3) can be

obtained from the solution of the time evolution

2 Q(Q)Qe—i(Qg2+n2Q?2/5L)t/4A2 + UQQ%2/5L 2
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which is valid for I'ypt < 1 and for an initial state |¢)(¢)) = |0). To obtain [(0]2(¢))|* = 0 for
some t eq. (3) has to be satisfied. In the Raman pulse implementation of qubits a CNOT
gate can be implemented with four 7 pulses. One easily obtains the effective Rabi frequency

of the qubit transition which is given by
2

Oy = 2 . (")
When transitions between level 0 and 2, and between level 1 and 2, are imperfect due to
fluctuation of the driving lasers’ intensity, or if the trap potential fluctuates, these fluctua-
tions would lead decoherence which gives an exponential decay of Rabi oscillation observed
in the experiment [19]. Here we describe briefly the decoherence of the ion trap system which
originates by instrumental imperfections, using a master equation and the coupling of the
system weakly to a quantum bosonic reservoir at temperature 7' [20]. The system-reservoir

coupling Hg,. describing an imperfect transition is given by
Her =5 ([2) (1a+11) 21a") Yot (8] + B), (8)
and H! describes fluctuations of the trap potential and is given by
H! = haTaZg; (B,Jr + Bl), (9)
]

where wy is the [th reservoir frequency, and BIT and B; are the creation and annihilation

operators of the reservoir bosons.



Then the master equation for the reduced system operator in the interaction picture p’ (¢)
due to the system-reservoir coupling is obtained using a “time convolution-less formalism”
[21] and the rotating wave approximation on the master equation

1

pl (1) = = [HLp" (0] + o' (1) (10)

with the damping term I'p! (¢) given by [20]

ol () = St [ de{ (B () Bs + (B () Bs)
x ([Ca(=t)p" (1), Cl] + [T (=) p" (1), C4))
+ ((Bl (=) Bi)s + (Bi (—t') Bf)5)

< ([Car' et =0+ [cho' ) Ca (1)) } (1)

where C, represents the system operators (either |1) (2] a' or a'a for the imperfect transition
case and the trap potential fluctuation cases), which couple to the reservoir. The time evo-

lution of the system operators are determined by the effective Jaynes-Cummings interaction

H.. which is
H. = Qupz ([1)(0]a + [0)(1]al) . (12)

The master equation (10) can be solved by expanding all system operators in terms of
the dressed states, which are eigenstates of the Jaynes-Cummings interaction Hamiltonian
under certain conditions. We take the continuum limit of the reservoir modes and assume the
system-reservoir coupling is weak. We also require the time scale of the reservoir variables
to be much shorter than the system variables so we can take the Markovian limit. If we
assume an initial condition of a product state |1),(1| ® 3=, pn|n)m(n|, the population of the

level 1 is given by

P (1) = {1 + anpn cos (Bnt)e_A“t} : (13)

DO | =

The damping rate A, is

A, =+ 1) k() {n(n)+1/2} = A", (14)
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or

A, = %ﬁ; (n){n(n) +1/2} = AY, (15)

for the imperfect laser transition case (14), and for the fluctuation of the vibrational potential

case (15), where n (n) is the mean reservoir boson number given by

n(n)= (eQmeff\/m#ﬁBT — 1)_1 , (16)
and « (n) is assumed to be given by
k(n) ~ (Qhﬂeff n—l—l)d. (17)

The coherent part B, is given by

B, =102, (n+1) — A2, (18)

The results for the decoherence rates A (14) and AY" (15) show that decoherence orig-
inates in the coupling to reservoir bosons at frequency of 2Q.;;v/n + 1. The effective Rabi
frequency Q.¢s/2m in the experiment [19] is around 100 kHz, so reservoir bosons with fre-
quency 100 kHz may be responsible for decoherence. These reservoir bosons have much
lower frequency than those responsible for spontaneous emission of atomic states, which is
of order of GHz, and also population decay of motional states, which is of order 10 MHz.
This low frequency nature of the reservoir boson suggests that the reservoir can be regarded
as having a high temperalure nature whereas in the optical frequency regime, the corre-
sponding reservoir is often approximated at zero temperature. This high temperature limit
represents classical noise where the reservoir operators commute. Introducing normalised
values, A" = A [Q. ¢, AY = A% [Qus, %0 = Y0/Qesss 7 (n) = £ (n) /Qesy, the normalised

decoherence rates are

A = AT (4 1)HD/2 (19)

AV = A% (n 4 D2 (20)



To get an exponent of 0.7 for the factor (n + 1) as suggested by the experiment [19], we need
d = 0.4 for the imperfect dipole transition case and d ~ 2.4 for the case of fluctuations of
the vibrational potential. This then replicates the observed decay [19] given by eq. (13) with
the decay factors A, seen in the experiments. Candidates for the origin of the dephasing
are discussed in [20] and include laser phase fluctuation in the Raman excitation, as well as
fluctuations in the trap potential.

Let us now return to the question of spontaneous emission decoherence. The performance
of a CNOT gate requires time for 4m-pulse operations. Thus from the definition of the

effective Rabi frequency (eq. 7), we find for the elementary time-step,
(21)

The probability for a spontaneous emission from level 2 has to be small in the entire network
responsible for the factorization (which involves e? gate operations, where € is of order 200

—1000). Thus we require
2F22p227—616[/3 = pgr)L < 1 . (22)

This condition immediately yields

A (2) 1/3
L= |=Lem . (23)
87T'€F22

which is already intensity independent. From eq. (23) one could conclude that one would
be able to factorize gigantic numbers by making the ratio Ay/T'y; sufficiently large, eg.
Ay = 10571, Ty = 157! and € = 216 would lead to L = 1225. But this reasoning is invalid,
because we have neglected the fact that the two-level approximation breaks down because
in the ion other levels, which we model by a level 3, also couple to levels 0 and 1 via the
Raman pulses. This additional coupling is very important because it potentially involves
levels that may have I's3 = 108s~!. In addition the presence of level 3 changes the effective
Rabi frequency in the qubit and may therefore lead to additional errors. Finally there is a

limit to the size of Ay from the nature of the qubit quantum numbers, as usually states 0



and 1 are hyperfine levels within a single manifold, which require a nuclear spin flip which
is precluded for very large A,.

To achieve a more restrictive, but again intensity independent, upper bound for L than
the one given in eq. (23) we now take into account the presence of one more level 3 which
acquires population during the execution of the quantum gate. One can give a complete
analysis of the full four level system; however, this is very tedious, although not complicated
in principle. We assume that the transition to level 2 are quadrupole-allowed while the
transition to an extraneous level 3 is dipole allowed. In this article we will restrict ourselves

the limiting case that
- <= . (24)

ie. that level 2 determines the dynamics and that the other level 3 contributes a small
correction. The Rabi frequency on a transition is not independent of the decay constant on

that same transition. In fact we find [10]

0?2 673 e
01 _ 12

= 3 5

(25)

which can be derived along similar lines to the usual derivation of the relation between the
Einstein A and B coefficient. Inserting this into eq. (24) yields

oo (B « (Lo " (26)
N 87T6F22 87T'€F33 ’

where Az and I'sz is more or less determined because the lasers are extremely far detuned
from the 1 <+ 3 transitions.

To calculate the influence of level 3 on the decoherence, we first have to find the average
population in that level. For this we note that during the implementation of a CNOT a full
4m-rotation will be performed. That means that on average the population in both levels 0
and 1 are equal. Therefore the much slower coupling to level 3 sees an averaged population
in both levels with no average coherence. We can therefore average over two contributions

to ps3 which originate from the initial states |0) and |1) and obtain

10



pas = l O + 0205, /5L
33 9 4A§ ’

(27)

where 1 is the Lamb-Dicke parameter for the 0 «» 3 transition. Eq. (27) contains an
additional factor 1/2 compared to eq. (6). This is due to the fact that level 3 is strongly
decaying and that therefore I's3t > 1. Note also that the roles of the lasers on the ¢ < 3
transitions has been reversed compared to their role on the 7 <+ 2 transitions; the phonon is
now destroyed by an excitation from level 0 and not from level 1 anymore. This is due to the
fact that ¢ <» 3 transitions are dipole allowed (E1) while the ¢ <+ 2 transition is quadrupole
allowed (E2). Again an emission from level 3 should not occur during the whole calculation

which means

pg = 2F33P337616L3
_ 16#262F22F33(Q%3 + UIQQ(Q)S/5L)
A30%,pio)

L. (28)

Now we have to find out which term in the brackets of eq. (28) is dominant. Because we need
Qo2 = 71Q12/V5L, see eq. (3), and because we are in the Lamb-Dicke limit, ie. n/v/5L < 1,
the laser on the 0 <> 2 transition has to be weaker than that one on the 1 <> 2 transition.
But again n'/v/5L < 1 and therefore Q15 < 7/Qos/v/5L. This implies

p(g) _ 16’/7'262 Fggrggﬂfg LG
o A%pgf)b 03,

2.2 2
. 16792133 F22—>00 913 F33—>11

A%pg 0%, T'ssin Taasoo

L° (29)

where we have inserted the decay coeflicients I';;_,;; from level 7 to level j to be able to apply

eq. (25) which then yields

n(3) _ 16726255 a5 <E12)2 <@>3 I's3511

= — LS 30
A%pgz FEo2 ’ (30)

em

w31 F22—>00

where ;5 1s the electric field of the laser on the 1 ¢+ 2 transition. We define the constant

I's3 I'22500 <E02>2
o =

] = (31)

T Tassn
where the I';;,;; are the decay coeflicients from level 1 to level j and FE;; are the laser field

strengths, and obtain
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1/6
= (Al ) (32)
16m2e2I'%; \wo '

where the p(!) are the probabilities to suffer a spontaneous emission from level 7. Note that
FEoy <« FEi5 as we are in the Lamb-Dicke regime and the phonon is excited on the 1 < 2
transition. The ratio of the decay coefficients in o will be of the order of unity. Therefore a
is much smaller than 1. In fact, because of Qqy = nﬂlg/\/5_l), it is a good approximation to
assume o = 3n?/5L which then yields

A2p(2) p(3) 2 3y /7
L :{ 3Pem Pem /8 <E) } ‘ (33)

80m2e2l's, Wo2
In table 1 we present some values for L calculated from eq. (33) for three candidate
ions Cat, Hgt, Bat. We assume that p{2) = p{3) = 1 (an optimistic choice) and observe
that the resulting limits for the numbers that can be factorized on a quantum computer are
very small, especially if n = 0.01. Nevertheless one may think that transitions in Ba™ are
promising; however, this optimism is somewhat misplaced because a very stable transition

is also very slow. We can calculate the factorization time using Ba® and assuming n = 1

and find
T =0.013L° (34)

which gives for . = 10 a value of T' = 13s, during which no decohering event of any
kind is allowed to happen [11]. It will be difficult to isolate the quantum computer from the
environment for such a long time. This shows very clearly that the solution to the problem of
decoherence cannot be to employ extremely stable transitions for qubits but to find methods
that enable the quantum computer to cope with a certain level of decoherence, ie we need a
form of quantum error correction. In principle it is indeed possible to implement quantum
error correction in quantum computers but it remains open whether these methods will in
fact improve the prospects of quantum computation. In the next section we will address
this problem and derive limitations to quantum factoring including the use of quantum error

correction methods. An analysis in the same spirit can be carried out if we include quantum
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error correction into our considerations. Before we start with the discussion of the two-level
system case, we first define two constants, ¢ and ¢, describing the necessary overheads in

the number of qubits and the number of additional quantum gate operations.

e The number of required qubits rises by a factor of ¢ as all qubits will have to be
encoded and will be kept encoded during the calculation. Repeated decoding and
encoding would raise the number of operations substantially and lead to unnecessary

€ITOorS.

e The number of operations required to implement one quantum logical operation on
encoded qubits rises by a factor of ¢ because we have to perform more than one
quantum gate to implement one quantum logic operation on the encoded qubits. In

addition we also have to perform quantum error corrections periodically.

The value of the factors ¢ and ¢ depends strongly on the quantum error correction code that
is used. If one wants to protect a single qubit against one general error, then it is known
that ¢ = 5 is the minimal possible value [13]. The number ¢ for this code is uncertain in
general for the most optimal codes but is at least ¢ = 5 for a CNOT gate [22] and probably
much more for other gates such as a Toffoli gate. One then obtains for [, given leakage

errors out of the qubit which conventional error correction techniques fail to handle,

I B’ pl) A (@)3 <me’l)% " (35)
807T2C2CJGF§1§T33—>11 Wo2 € .

Here T'%4" is the decay coefficient for a decay that leads out of the qubit levels, and py, is

the probability that the whole computation fails due to second order errors. In table 2.2
we give values for the same ions as in table 1. Although the values in table 2.2 look quite
promising, it should be noted that the computation time for large values of L is extremely
long and can reach values of the order of days. During all of this time the computer would
have to be isolated from the environment and all other sources of errors would have to be

negligible during that time.
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The results of this section have been derived under the assumption that leakage errors,
i.e. transitions to levels other than the qubit levels, cannot be detected. Of course it is
not impossible in principle to detect leakage errors. One could for example use the qubit
as the control bit of a quantum computation that flips a target qubit if our control bit is
populated and leaves the target bit unaffected if the control bit does not have any population
[24]. Subsequently one would have to detect whether the target bit has been flipped or not.
This could in principle be done using quantum jump techniques [25-28] to detect whether
the target bit is in state 0 or state 1. However, there are a number of problems with this
approach. Quantum jump techniques for the detection of qubit states require the scattering
of at least 10° — 10* photons (assuming today’s counter efficiencies) before our detection
probability can come close to unity. This requires a long time, much larger than 107%s,
which would lengthen the quantum computation even further. In addition the scattering
of 10* photons off a transition can lead to an excitation of phonons in the ion trap which
can affect the subsequent calculation. For a Lamb-Dicke parameter n = 0.1 and 10 ions
in the trap this would lead, on average, to the excitation of around 10 phonons when we
check every qubit for leakage errors. Finally, the detection of a leakage error does not tell
us to which level in the ion the population has leaked to. Therefore repumping seems to be
unrealistic and instead the ion has to be replaced. This requires the storage of additional
reserve ions which further increases the number of ions in the trap thereby slowing down the
computer even more. In summary this indicates that leakage errors limit the performance

of quantum error correction codes when applied in real atoms.

III. ACCURACY THRESHOLDS TO QUANTUM COMPUTATION
A. Quantum Computer

An input to a quantum computer is a string of quantum bits— qubits. A quantum

computer is viewed as consisting of two main parts: quantum gates and quantum wires [29).

14



By basic quantum gates we mean any set of quantum gates which can perform any desired
quantum computation. A universal quantum gate is the one whose combination can be used
to simulate any other quantum gate [29-31]. A quantum wire is used as a representation of
that part of computation of any qubit where the evolution is a simple identity operation (i.e.

no gate operates on the qubit), as well as the time qubit spends during the gate operation.

B. Errors in Computation

There are two main types of errors occurring during a quantum computation process.
The first type are errors due to the interaction of qubits with the external environment
which cause spontaneous emission and decoherence type of errors. These errors are easily
represented as unitary evolutions of the joint qubit4+environment system, after which the
environment is traced out of the picture [32]. This results in transforming an initially pure
state of the qubit into a statistical mixture of qubits. The most general type of interaction
of this kind can be represented by using (P)ositive (O)perator (V)alued (M)easure type

operators acting on the qubit only:
p—s 0 Al (36)

where 3" A:[Ai = I, i.e. the POVM is complete. This is an incoherent type of error.
The second type of error is an error in quantum gates where the qubit is “over-rotated”
by a certain small amount. This is a coherent type of error which is simply represented by

a unitary transformation on the qubit:
p— VipVy! (37)

where the “true” transformation should have been p — UipUZ»T. The difference between
U and V signifies the size of the error. This type of error can be represented as a special
case of POVM operators in eq. (36), but the error it produces is different in nature to an

incoherent error. We will discuss in the next section how to deal with this (assumption 4.).

15



C. Fault—tolerant Computation

The idea of fault tolerant quantum computation [22,33] is to encode the qubits in such
a way that the encoding does not introduce more errors than previously present. If the
error stays at the same level we then keep performing the error correction until the error
has decreased in magnitude [23,33,34]. The present state of the art requires 5 — 10 qubits to
encode a single qubit against a single error. It is the iterative application “in depth” of the
encoding that will enable us to reduce error to an arbitrarily small level providing it is below
a certain level to start with. In other words we will be encoding the encoding bits. Before

giving the main argument in detail we list the assumptions that went into our calculations.

D. Assumptions

1. Qubits err independently. While this is usually true for incoherent errors it is not
true for coherent ones. As an example take any conditional gate (a Controlled—Not
for example). If the error affects the control qubit it is always transferred to the
target bit. This problem is already taken care of by the way we perform fault tolerant
quantum computation [33], and therefore we disregard it completely while maintaining

the original assumption.

2. There are three basic incoherent errors which occur at the same rate (isotropic decay
is assumed for simplicity). In the Born-Markov approximation the master equation

for a single qubit is of the Lindblad form:
p=2 AipAi = A Aip — SpATA; +i[H, p] (38)

Three basic single qubit errors are represented by substituting the Pauli spin matrices
instead of A’s in the above. Let us see what happens when we substitute o3 as the
only entry for A, and neglect the unitary part of the evolution. Then the diagonal
elements of p will not change since o3 commutes with the qubits Hamiltonian. The

off-diagonals (assumed real for convenience) do change, however, according to:
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por(t) = poi (L = 0)e™ (39)

where v is the decay rate and ¢ is time. Therefore what is initially a coherent super-
position of the qubits two states will evolve in time into an incoherent mixture. This
is going to be the basis of incoherent errors in our calculation. We assume that the

probability that there is no error in n qubits after time ¢ is
Doe = ™0t (40)

where I' = 3~ is the decay rate for all the errors together. The probability that there
is at least one error is therefore p. = 1 — p,.. For convenience we introduce n = I't

henceforth.

. Incoherent and coherent errors are independent. This, and the next, are the most
insecure of our assumptions. To assume otherwise would complicate the argument
enormously, and we avoid the complication for the sake of clarity of our argument and

calculation.

. Errors are treated “classically”. This partly follows from the previous assumption. We
assume that the coherent error per gate is € (no error is 1 —¢) in a completely classical
fashion; this implies that either the qubit was correctly rotated with probability 1 — ¢
or it was over-rotated with the probability €. These two possibilities exist in a classical
combination in our approximation rather than in a coherent superposition which really
is the case. Moreover, we take the combination of coherent and incoherent errors to
be a simple addition. This can be justified on the grounds that an error can always be
defined as a distance (some proper metric) between what should be the outcome of a
certain operation and what in fact is the actual outcome. Since any metric satisfies the
triangle inequality this implies that the maximum rate of error after two steps would

be the sum of the errors from each individual step.
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5. Basic gates are all two—qubit gates. It is true that almost all two-bit gates are universal.
Shor [1], however, also used a Toffoli (three-bit)-gate for his fault-tolerant computation,

but this does not change our argument.

6. The number of gates needed to encode and fault tolerantly correct basic gate are of

the order O(I?), where [ is the overall number of qubits [22].

E. Calculation

Our heuristic argument for stable quantum computation runs as follows: we require that
the probability of error after the fault—tolerantly encoded basic gate is of higher order (i.e.
the error is smaller) than the probability of error after the unencoded gate (that is the whole
point of encoding and fault— tolerant error correction!). From this we derive the bound on
the size of allowed errors in the wires and in the gates. We argue that when we encode the
encoding bits again we reduce the error further and that by doing this we can reduce the
error arbitrarily for an arbitrarily long computation. Therefore given certain initial limits
on the error rate in the gates and wires we can stabilize any computation to a desirably
small error rate, given an unlimited amount of time.

The probability of having any of the three basic errors in the first as well as in the second
wire is n—giving the overall first order wire error of 2. The error in the gate is e. We assume
that the overall error of the whole basic gate is < 25 + .

Suppose that the basic gate is now encoded fault tolerantly against a single error of any

kind, using [ qubits. Then the overall second order error is at the end of the gate:

(1

—1
T)l4n2)126 + 'n*(1 - Pe) (41)

. I(1—1)
w (el = (1- 5

i.e. it is equal to having error in the wires (this time it is second order) and not in the gates
plus having error in the gates and not in the wires. The term [(/ —1)/2 comes from choosing

two out of [ gates to err and the factor [* comes form the fact that there are [? gates so that
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the error is transformed according to  — [* and that the error is of second order. What
we require is that the fault tolerant error correction reduces the error. Hence:

I(1—1) (1

—1
(1 - I'n*) e + T)l4772(1 —e)<2n+e . (42)

Since the LHS is > n we can simplify the above condition without a greater loss in generality

to:

%1)[47]2)126 _I_ @l4n2(1 o 6) S N, (43)

The solutions to the equation derived form the above are:

14 /1—2(1 — 201°¢2)
= (15 — 20%¢) :

(44)

We require that n € R (and that 0 <5 < 1/2) so that we have the following two regimes of

€ITor!

1.0<n<nyand e<e_
2.0<n<n.and e>eq

where

er — 217(1 + VT =21%) (45)

We now imagine that the output of the first encoded basic gate is fed into the next one
(or part of the output into one next basic gate: and the rest into another next basic gate,
it does not really change the conclusion). It is evident that if condition 1 holds, further
encoding can only decrease the error. The residual error that we did not take into account
is ~ I3(I’n)* = I’ (i.e. the second order error is not corrected by our encoding). In the
extreme (worst) case when € = e_ ~ [=® we get n ~ [7% which means that the residual un-
corrected error is ~ [, Obviously, this error can accumulate over time if the computation
is sufficiently long. In general, however the residual error after n in depth encodings is [~

which can made be arbitrarily small using sufficiently large n. Unfortunately, in this case
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the number of elementary gates needed for each new encoding would square, i.e. the time of
computation (~ the number of elementary gates) would increase exponentially. So, whereas
in theory any computation can be performed with arbitrary accuracy given an initial n ~ [76
per gate, the time of computation will grow as 1/(residual error).

In the second case, however, ny < 0 and n_ > 1/2. Thus in the best case, when € = €, n
tends asymptotically to 1/2. This would imply, for example, that a qubit in an initially pure
state, e.g |0), would eventually evolve into a completely random mixture at the output, of
the form 1/2(|0)(0] + |1)(1]). Therefore under condition 2 the error rate is too big to allow
any useful computation. However, under condition 1 the stabilization of error is clearly
accomplished.

We next interpret our result in the light of the ion—trap realization of quantum compu-

tation.

IV. THE ERROR RATE IN ONE QUANTUM GATE

In the previous section we have seen how to estimate the accuracy threshold for quantum
computation with a simple argument. In explicit constructions of fault-tolerant networks
one can calculate the error threshold more precisely and it is found that the incoherent error
rate per quantum gate should not be higher than around 107° — 107¢ [13]. In this last
section we will now see whether accuracies of that order can be achieved in a linear ion trap
realisation of the quantum computer using as qubits Zeeman sublevels in the ions given in
tables 1 and 2. We emphasise that we take into account only the spontaneous emission of
the ions and assume all the other errors disappear.

We calculate the probability to suffer at least one spontaneous emission during the im-
plementation of N quantum gates. This probability has to be smaller than unity. Again we
represent the qubit by two Zeeman sublevels and use Raman pulses to transfer population
between the two states. For the time required to perform N quantum gates we find from

the Hamiltonian eq. (2)
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T=N 46
02, 10
From that we obtain the probability for a spontaneous emission from level 2 as
89 N
= 47
P2 A, (47)

Now again we have to take into account the fact that the two-level approximation can
break down. This leads to an additional independent source of spontaneous emission via
extraneous levels. One finally obtains in a completely analogous way to the derivation in

Section 2 for the probability to have a spontaneous emission from an extraneous level

. 8OF§37T2N2L <w12)3

— 4
P2 = AL G (48)

w13

The total probability of a spontaneous emission is p;,; = pa + p3 and therefore the error rate

po Pt [3200 s (‘ﬂfﬂ . (49)
N B Aizn \wis

We can use the data for the ions given in table 1 and 2 in eq. (49). If we assumen =1, =1

per quantum gate is

as well as in [13] L = 7 and an optimistic N = 10° we see that even for Barium the probability
for at least one emission is almost one. This means that unless the encoding procedures given
in [13,14] can be improved substantially the accuracy threshold for quantum computation

may not be achievable. Work to this end is underway.

V. CONCLUSIONS

In this article we have studied the impact of decoherence and spontaneous emission on
the practical applicability of quantum computation in linear ion traps and especially the
possibility of using a quantum computer to factorize large numbers. We conclude that with
present technology such a factorization will not be possible, even if we employ sophisticated
methods of quantum error correction. We have shown that the numbers that can be fac-

torized will be restricted to almost trivial sizes. We then investigated the minimal error
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rate per quantum gate and compared it to recently established accuracy thresholds that
would, in principle, allow arbitrarily complicated quantum computations. We find that the
presently known thresholds may not be easily achievable because of spontaneous emission
alone. Other sources of error would lead to even stronger limitations. We conclude that new
physical ideas are therefore necessary if the goal of practically useful quantum computation

is to be reached.
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FIGURES

Qoo P

FIG. 1. The two lower levels 0 and 1 of the A system are Zeeman sublevels of a stable ground
state and represent the logical values 0 and 1 of the qubit. They are coupled via Raman pulses
that are strongly detuned from the intermediate level 2. The two-photon detuning is assumed to
be zero while the one photon detuning Aj is much larger than the associated Rabi frequencies on
the ¢ & 2 transition £2;5. The lasers performing the Raman pulses may also couple the two lower

states to an extraneous level 3 which may subsequently decay spontaneously.
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TABLES

L(Lamb-Dicke parameter) Ca®™ Hg* Bat

Lin=1) 14.0 42 244
L(n = 0.01) 40 14 6.4

TABLE 1. For several possible systems the upper limit on the bitsize L of the number N that
can be factorized on a quantum computer is calculated according to eq. (33). A qubit is stored in

two Zeeman sublevels of a stable ground state.
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L(Lamb-Dicke parameter) Ca®™ Hg* Bat

Lin=1) 27.0 26 38
L(n = 0.01) 50 49 7.2

TABLE II. For several possible systems the upper limit on the bitsize I of the number N that
can be factorized on a quantum computer is calculated according to eq. (35). A qubit is stored in
two Zeeman sublevels of a stable ground state and a single error correcting code is used to protect

the system. We have assumed ¢ = ¢ = 5.
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Lamb-Dicke parameter Ton Cat Hg™* Bat

n=1 r= 2.03107% 9.2610°¢ 0.4410°°

TABLE III. The error rate r per quantum gate if the qubit is represented by Zeeman sublevels.
In [13] an accuracy threshold of roughly 107% was given. Spontaneous emission alone seems to
rule out the possibility to achieve such a limit unless the procedures in [13,14] can be improved

substantially.
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