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We investigate the impact of capillary backpressure on spontaneous counter-current imbibition. For such
displacements in strongly water-wet systems, the non-wetting phase is forced out through the inlet
boundary as the wetting phase imbibes into the rock, creating a finite capillary backpressure. Under the
assumption that capillary backpressure depends on the water saturation applied at the inlet boundary of
the porous medium, its impact is determined using the continuum modelling approach by varying the
imposed inlet saturation in the analytical solution.

We present analytical solutions for the one-dimensional incompressible horizontal displacement of a non-
wetting phase by a wetting phase in a porous medium. There exists an inlet saturation value above which
any change in capillary backpressure has a negligible impact on the solutions. Above this threshold value,
imbibition rates and front positions are largely invariant. A method for identifying this inlet saturation
is proposed using an analytical procedure and we explore how varying multiphase flow properties af-
fects the analytical solutions and this threshold saturation. We show the value of this analytical approach

through the analysis of previously published experimental data.

© 2017 The Authors. Published by Elsevier Ltd.
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1. Introduction

Spontaneous imbibition refers to the process by which a wetting
phase displaces a non-wetting phase in a porous medium under
the action of capillary forces (Morrow and Mason, 2001). Sponta-
neous imbibition is of particular importance in naturally fractured
reservoirs. Carbonate reservoirs, most of which are naturally frac-
tured, contain more than 60% of conventional crude oil reserves
(Beydoun, 1998; Montaron, 2008). Hydrocarbons contained within
the matrix-blocks of such reservoirs are produced under the ac-
tion of capillary forces, as water in the fractures imbibes into the
matrix-blocks causing the expulsion of the resident oil. Depending
upon the boundary conditions, one of three flow mechanisms may
occur: counter-current flow, co-current flow or a combination of
the two. We define this terminology below.

Consider a core plug that has connate water saturation (the
wetting phase) and is otherwise saturated with oil (the non-
wetting phase). Suppose that the rock sample is water-wet and
that one face of the core plug is exposed to brine while all other
faces of the plug are blocked, that is to say that all other bound-
aries in the system are closed. As the brine spontaneously imbibes
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through the open face upon contact, oil is produced at the water
inlet at an exact and opposite flow rate to that of the brine. The
total flux is therefore zero. This flow mechanism is counter-current
flow (Nooruddin and Blunt, 2016).

Now consider the same core plug described above, only this
time with two opposite open faces, where one open face, the inlet,
is exposed to brine as before, while the second open face, the out-
let, is exposed to oil. Suppose further that we introduce a semiper-
meable membrane, permeable only to the wetting water phase, at
the inlet preventing the backflow of oil (Chen et al., 1992). As the
water imbibes into the core plug upon contact, the oil flows in
a unidirectional fashion to the water. This is usually termed co-
current flow (Nooruddin and Blunt, 2016).

Removing the porous plate results in oil production at both the
inlet and the outlet simultaneously as we observe co-current flow
with some degree of counter-current flow. This process is termed
free spontaneous imbibition (Dong et al., 1998). The free sponta-
neous imbibition displacement process can be simulated in the
laboratory by exposing one face of the core plug to brine while
simultaneously exposing the opposite face to oil, in an otherwise
closed system (Haugen et al., 2014; Mason and Morrow, 2013; Ruth
et al.,, 2015).

Several mathematical models describing spontaneous imbi-
bition have been presented in the literature (Chen, 1988;

0309-1708/© 2017 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY license. (http://creativecommons.org/licenses/by/4.0/)


http://dx.doi.org/10.1016/j.advwatres.2017.04.012
http://www.ScienceDirect.com
http://www.elsevier.com/locate/advwatres
http://crossmark.crossref.org/dialog/?doi=10.1016/j.advwatres.2017.04.012&domain=pdf
http://creativecommons.org/licenses/by/4.0/
mailto:amir.foley@gmail.com
http://dx.doi.org/10.1016/j.advwatres.2017.04.012
http://creativecommons.org/licenses/by/4.0/

406

A.Y. Foley et al./Advances in Water Resources 107 (2017) 405-420

Nomenclature

Sw= water saturation [fraction]

Swe = connate water saturation [fraction]

Sxo = user-imposed water saturation at the inlet
boundary [fraction]

Sm = true water saturation at the inlet boundary [frac-
tion]

Sh = threshold inlet saturation [fraction]

Sor = residual oil saturation [fraction]

Po(Sw) = oil pressure [Pa]

pw(Sw) = water pressure [Pa]

pc(Sw) = capillary pressure [Pa]

pMAX —  maximum capillary pressure [Pa]

ne = capillary pressure exponent [fraction]

Ny = oil relative permeability exponent [fraction]

Ny = water relative permeability exponent [fraction]

= distance measured from inlet of porous medium

in direction of flow [m]

Xp = advance of the water front in the porous medium
[m]

Xp = dimensionless location of the water front defined
in Eq. 19 [fraction]

Ry = normalized location of the water front defined in
Eq. 33 [fraction]

AX = incremental change in x direction [m]

t= time [s]

C= imbibition rate parameter [m//s]

Cp = dimensionless imbibition rate parameter [frac-
tion]

D(Sw) = diffusion parameter [m?2/s]

Fv(Sw) = capillary driven water fractional flow [fraction]

fw(Sw) = viscous driven water fractional flow [fraction]

fo(Sw) = viscous driven oil fractional flow [fraction]

gw(x,t) = water flux [m/s]

Go(x,t) = oil flux [m/s]

q:(t) = total flux [m/s]

Gxo(t) =  water flux at the inlet boundary [m/s]

Qw(x,t) = water flow rate [m3/s]

Qo(x,t) = oil flow rate [m3/s]

Q(t) =  total flow rate [m3/s]

k= absolute permeability [m?2]

kro(Sw) = oil relative permeability [fraction]

krw(Sw) = water relative permeability [fraction]

Ao(Sw) = oil mobility [(Pa.s)"!]

Aw(Sw) = water mobility [(Pa.s)~1]

At(Sw) =  total mobility [(Pa.s)~!]

¢ = porosity [fraction]

o = oil viscosity [Pa.s]

Uw = water viscosity [Pa.s]

M = end-point mobility ratio [fraction]

A= cross-sectional area [m?]

0= density [kg/m?]

m= mass [kg]

V= volume [m?3]

Sn = normalized water saturation [fraction]

x? = measured water front [m]

s — average measured water saturation [fraction]

p’glL = measured oil pressure at dead-end boundary [Pa]

L= core length [m]

d= core diameter [m]

= measured time of arrival of water front at dead-

end boundary [s]

measured duration of oil production [s]
capillary pressure at inlet boundary [Pa]
p)éf = capillary pressure at water front [Pa]

Sxp = water saturation at the water front [fraction]

Sw = average water saturation in the system [fraction]

kX0 = oil relative permeability at the inlet [fraction]

k’r‘g = oil relative permeability at the water front [frac-
tion]

kX0, = water relative permeability at the inlet [fraction]

kX0 = water relative permeability at the water front
[fraction]

Subscripts

p= phase

0= oil

w= water

t= total

c= capillary

D= dimensionless

Fokas and Yortsos, 1982; Kashchiev and Firoozabadi, 2003). How-
ever, these solutions assumed specific forms for the relative per-
meabilities and capillary pressure governing the displacement
(Bjernara and Mathias, 2013). McWhorter and Sunada (1990) pre-
sented a semi-anayltical approach for arbitrary saturation-
dependent flow functions. Schmid et al. (2011) showed that this is
a general solution for spontaneous imbibition and used it to de-
rive scaling groups to quantify the imbibition rate (Schmid and
Geiger, 2012). The solution, however, is dependent upon the im-
posed boundary conditions, in particular, the water saturation at
the inlet. How one specifies this boundary condition is a question
which, until now, has not been properly addressed. A related prob-
lem is the so-called capillary backpressure, or the capillary pres-
sure at the inlet of the core. For a core in contact with a free body
of water, it has been assumed that this capillary pressure is zero
(McWhorter and Sunada, 1990; Schmid et al., 2011). However, for a
strongly water-wet rock, this implies that the non-wetting phase is
disconnected, and hence it cannot flow: instead there must be a fi-
nite capillary pressure, greater than or equal to the entry pressure,
to allow the non-wetting phase to escape; this is visually evident
in experiments, where the non-wetting phase appears at the face
of the core in the form of small bubbles of droplets, with a clearly
finite curvature and hence capillary pressure (Mason and Morrow,
2013).

In their original mathematical development, McWhorter and
Sunada (1990) stated that the inlet saturation is dependent upon
the water flux at the inlet. They argued that the appropriate way
to handle this from a physical perspective is to apply some flux
at the inlet and then implicitly determine the corresponding inlet
saturation. In their review, Mason and Morrow (2013) suggested
that the saturation applied at the open face of the medium is a
serious problem since each saturation value yields a unique solu-
tion. In addition, they hypothesized that the correct saturation to
apply at the inlet is that yielding the fastest advance of the water
as the corresponding solution overwrites all others. Arabjamaloei
and Shadizadeh (2010) also proposed that the inlet saturation giv-
ing the largest imbibition rate should be used. The truly correct
inlet saturation to be applied is still unclear, and hence so is the
impact of capillary backpressure since, at a macroscopic level, it is
a assumed to be mainly a function of this inlet saturation.

The solution presented by McWhorter and Sunada (1990) is
valid only for counter-current and co-current imbibition. For free
spontaneous imbibition, a simplified model was presented by
Haugen et al. (2014), where capillary backpressure is incorporated
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Fig. 1. The position of the water front, xj,, and the imbibition rate, Cp, Eqs. 19 and
18, both monotonically increase with Sy. Furthermore, notice that both parameters
remain essentially constant for all Sy > S;, ~ 0.8 for this particular choice of pa-
rameters.

into the theory, although the solution is less general as it assumes
piston-like displacements and hence the impact of saturation dis-
tributions inside the medium is ignored. Nooruddin and Blunt
(2016) extended the analytical solution presented by McWhorter
and Sunada (1990) to free spontaneous imbibition as well as other
general flow mechanisms where the degree of counter-current and
co-current flow within a given system varies with time, although
the capillary backpressure was ignored.

In some cases, the non-wetting fluid may be produced as
droplets that take some time to form and detach, making the cap-
illary backpressure a function of time, as has been observed exper-
imentally (Unsal et al., 2009). However, most of these experiments
were conducted for simple pore systems consisting of a few capil-
lary tubes. In actual rock systems that are sufficiently large, with a
few hundred thousand interconnected pores, experiments have in-
dicated production of non-wetting fluid across the entire boundary
face upon immersion (Li et al., 2009; 2003; 2006). This suggests
that continuum modelling with a constant backpressure is applica-
ble. Furthermore, these experimental results show a square-root-

—Sn=1
o S,0=0.8

of-time dependence of production for counter-current imbibition
as predicted in the self-similar solution of McWhorter and Sunada
(1990). Therefore, the dynamical behaviour of the system can be
modelled using the multiphase Darcy law, the continuum capillary
pressure, and conservation of volume, as used commonly to de-
scribe the average behaviour of rocks at large scales. The analytical
solution assumes that the capillary backpressure is not a function
of time and capillary backpressure is uniformly distributed across
the inlet boundary.

In this paper we will present analytical solutions for different
values of the inlet saturation in counter-current imbibition, cor-
responding to different amounts of capillary backpressure. For a
strongly water-wet rock with a single open boundary, this will be
the lowest capillary entry pressure necessary for the non-wetting
phase to flow. In weakly water-wet or mixed-wet rocks, the non-
wetting phase has a finite relative permeability at zero capillary
pressure, and so the capillary backpressure is also zero. However, it
is possible to conceive of an experiment where a thin porous plate
is attached to the inlet. Imagine that the porous plate is water-wet:
in this case the capillary backpressure will be the entry pressure
for the non-wetting phase to flow through this plate. We could
consider performing experiments using porous plates with differ-
ent entry pressures: this reproduces the mathematical exercise we
perform below.

2. Governing equations

The treatment follows McWhorter and Sunada (1990) and
Schmid et al. (2011) and is repeated here briefly for completeness:
the new aspect of the analysis is to explore the sensitivity of the
solutions to the inlet saturation (or backpressure). Let qu(x, t) de-
note the water flux at some distance from the medium inlet, x,
at some time, t. Sy, is the water saturation and ¢ the porosity. It
follows from the principle of mass conservation for incompressible
flow that

aqw(x,t) dSw
- = (1)

Using Darcy’s law and assuming counter-current flow with a
zero total velocity we find:

as
QW(X, t) = _D(Sw)iw? (2)
dax
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Fig. 2. (a) The saturation profile as a function of distance, corresponding to a time of 1 s. Increasing the imposed inlet saturation, Sy, corresponds to a faster imbibition with
a larger x;, however, for Sy > S;, the profile is little changed. In particular, X is approximately equal for Sy = 0.8 and Sy = 1. (b) The capillary fractional flow as a function
of water saturation. Increasing Syo causes the fractional flow, F,(Sw) to shift towards the right along the S, axis, up until Syg = S;, ~ 0.8 is reached. The fractional flow curves
then overlay one another for S,y > S;,. The saturation displayed here is normalized using Eq. 26.
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Fig. 3. (a) and (b) The capillary pressure and relative permeability respectively used to generate the subsequent plots. (c) D(Sy) shows behaviour analogous to that seen by
G(Sw) when varying M. (d) For any given M, an increase in water saturation, S, at a given point yields a greater water fractional flow F,. (e) Smaller end-point mobility
ratios, M, corresponds to faster imbibition. (f) There is some S;;, such that G(Sy), see Eq. 9, is negligible for all S,, > S;,. for each M.

where we define the non-linear diffusion term, D(Sy ), as

Aw (Sw)o(Sw) dpe(Sw)
At (Sw) dSw

D(Sw) = —k (3)

where k is the absolute permeability, Ap(Sw) = w is the mo-
bility of phase p, kyp is its relative permeability, , is the phase
viscosity and p.(Sw) denotes the capillary pressure, defined as the
difference between oil pressure and water pressure:

Pc(Sw) = Po(Sw) — pw(Sw), (4)

where p, and py denote the oil and water pressures, respectively.
We assume that p. is a function of S, only.

Now, combining material balance (Eq. 1), with Eq. 2, we ob-
tain

0

e BSW) =¢85W (5)

(o) -0

We find a solution as a function only of the variable (Fucik
et al., 2007):

X
A=—. 6
7 (6)
Introducing this transformation variable, A, yields the boundary
condition

C
Gxo(t) = A (7)

where we denote qy(x = 0,t) = gy (t). The parameter C is termed
the imbibition rate parameter and may be interpreted as a measure
of the ability of the porous medium to imbibe the wetting fluid
(McWhorter and Sunada, 1990).

We define the fractional flow, Ry (Sw(x,t)) = Ev(x, t), accounting
for viscous and capillary forces, as

qW(xv t) (8)

Fy(x,t) = m.
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Fig. 4. (a) The effects on Cp of varying M. For each M there exists an S;, <1 such that Cp remains essentially unchanged for all Sy > S;,. We see that increasing M
corresponds to decreasing S;,, consistent with our findings for G(Sy) and D(Sw). (b) For each M, there exists an S;, such that xj, is practically constant for all Syp > Sj;.

Note that F,(Sw) should not be confused with the commonly used
fw(Sw) which accounts for viscous forces only. We define functions
Gand T as

S0 D(B)
G(Sw) = ——dp, 9
Sw) /5 )P ®)
sxO
T(Sw) = /s G(B)dp. (10)

respectively. The expressions for displacement measured from the
inlet of the porous medium, x, the imbibition rate parameter, C,
the capillary-driven water fractional flow, F,(Sw), and its first total
derivative with respect to water saturation, F},(Sw), are given by

X(Sw.t) = ng’v(sw)JE, (11)
_/® 12
C= /2160, (12)
RS =1- 1, (13)
R0 = 15 (14)

The derivation of these expressions are provided in Appendices
A and C.

Capillary backpressure, which is our topic of interest, is defined
as the capillary pressure at the inlet of the porous medium, that
is

Pe(x=0,t) = po(x =0,t) - pw(x =0.1). (15)

In other words, the capillary backpressure is a function of water
saturation at the inlet of the porous medium, ie. p.(x=0,t) =
DPc(Sxo), as long as the continuum modelling assumption is valid.
It is then clear from Eq. 13 that F,(Sy) is dependent on the se-
lection of Sy, and hence dependent on capillary backpressure. The
capillary backpressure is used to define a boundary for the prob-
lem.

3. Methodology

We analyse the effects of varying the imposed water saturation
at the inlet boundary, S,g. We vary the normalized inlet water sat-
uration while taking a fixed set of relative permeability, k:p(Sw),
and capillary pressure, pc(Sw), values.

In our computations, we make use of the governing equa-
tions given in Section 2, and the iterative algorithm outlined
by McWhorter and Sunada (1990); Nooruddin and Blunt (2016);
Schmid et al. (2011) to determine x(Sw, t), C, Fw(Sw), and F, (Sw),
namely Eqs. 11, 12, 13 and 14, respectively. This algorithm is de-
scribed in Appendix D.

Let x; denote the distance advanced by the water front. Mathe-
matically speaking, this is the limit of the distance from the inlet,
X(Sw, t), as the water saturation, Sy, approaches the connate water
saturation, Sy,c. Hence X5 is defined as

Xp= Jim x(Sw.1) (16)
. 2c,
= Jlim ‘S SwVE (17)

We introduce the normalized solution (CD,fo), where the di-
mensionless imbibition rate and advance of the water front are de-
fined as

C(SXO)
CD :CD(SXO) = m’ (18)
) __ %G0)
XfD = XfD (SXO) = max {Xf(sxo)} ’ (19)

respectively, for each saturation, Syy. For any given inlet satura-
tion, Sy, a corresponding pair, (G, xy), is recorded, where C = C(Syo)
and x; = X;(Sxp). To normalize these data we divide each C by the
largest recorded C(Syp), similarly, each x; is divided by the largest
recorded XfSx)-

We define a threshold water saturation, S,, as the smallest water
saturation at the inlet above which the imbibition rate parameter,
Cp, and the water front displacement, xy, are effectively invariant.
For all practical purposes, we require that Cp and xg, are suffi-
ciently close to their respective maximum values. More precisely,
we will say that i, = max(Sy, . Sy,,), where 55, and Sy, satisfy

Cyl(e) =Sy, . (20)

X, (€) = Sn,. (21)

respectively, f~! denotes the inverse of some function f, e =1—7
and t is some arbitrarily chosen tolerance. In this study we set T
to equal 10~2.

Cp and x, are monotonically increasing in Syo. This can be seen
immediately from Eqs. 11 and 12 by recognising that they are both
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Fig. 5. (a) The capillary pressure curves with different exponents n.. (b) The fixed relative permeability curves used in this analysis. (c) D(Sy) shows behaviour analogous
to that of G(S,) when varying n.. (d) Increasing n. corresponds to increasing water fractional flow F,. (e) The effect of increasing the capillary exponent, n, is a slower
imbibition rate. Note that in (e) the curve corresponding to n. = 1 has a shape differing to the others. This is due to the constant gradient of the capillary pressure curve
that can be seen in (a) for n. = 1. (f) There is some S;, such that G(S) is negligible for all S,, > S;,.

dependent on G(Sy). It is clear from its definition, Eq. 9, that G(Sy,)
is monotonically increasing in Sy and it follows that Cp and xg,
are also monotonically increasing in Syg.

Also note that in general Sj; and S;,, are not necessarily equal,
that is to say the inlet saturation producing the largest imbibi-
tion rate parameter, Cp, will not necessarily be the inlet saturation
producing the largest water front displacement, x; . However, the
largest amongst the two values will always satisfy Eqs. 20 and 21.
This follows from the definition of S, and the fact that Cp and xy
are monotonically increasing in Syg.

4. Illustrative example

We assume the following functional forms for relative perme-
abilities for oil and water phases respectively:

kio(Sw) = (1 = Sw)™, (22)

Kew (Sw) = %scvw, (23)

as well as the following expression for the capillary pressure,

Pe(Sw) = pe™ (1 = Sw)™. (24)

Differentiating with respect to Sy, gives

APelSw) _ _pppx 1 — 5,7 (25)
dSw

The other parameters used are listed in Table 1. The water sat-
uration used in this and the next sections represent a normalized
saturation Sy:

SW - SWC

= T S =S

(26)
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Fig. 6. (a) The effect on imbibition rate, Cp, of varying n.. For each n, there exists an S;, < 1 such that Cp remains essentially unchanged for all S,y > S;,. (b) Similarly, for
each n, there exists an S;, such that the location of the water front, xy, , is practically constant for all Syo > S;,. We see that increasing n. corresponds to decreasing S, for

both Cp and xj,, consistent with our findings for G(Sw) and D(Sw).

Table 1

Synthetic data used for example solutions.
Parameter Value Units
Porosity, ¢ 0.25 [fraction]
Absolute Permeability, k 10~ [m?]
Water Viscosity, ftw 103 [Pa - s]
0Oil Viscosity, i, 103 [Pa - s]
Connate Water Saturation, S, 0 [fraction]
Residual Oil Saturation, Sy 0 [fraction]

Maximum Capillary Pressure, p¥X 7 x 10*  [Pa]

0il Exponent, n, 2 [unitless]
Water Exponent, n, 2 [unitless]
Capillary Pressure Exponent, n. 3 [unitless]

For illustrative purposes in Table 1 Sy. =S, =0, and hence
Eq. 26 reduces to S, = Sy; in reality for a water-wet rock, typical
values of Sy, and Sy will be around 0.3 (Blunt, 2017).

Using these fixed synthetic data; the assumed relationships be-
tween relative permeability, capillary pressure and water satura-
tion; and the results presented in Eqs 11, 12, and 13; we vary Syg
incrementally by 1(1)—0 over the interval [0.01, 1] and compute so-
lutions (C, x). For each Sy, €[0.01,1], (C,-,xfl_) is calculated and
recorded. The data is then normalized as previously described, so
that we obtain the dimensionless solutions (Cp,xs ), which are
then plotted in Fig. 1.

Fig. 1 shows how the normalized solution (Cp. xp,) behaves
with changing S,o, where S,q is the user-defined water saturation
at the inlet boundary.

There exists some threshold inlet water saturation, S}, < 1, such
that Cp and x; are little changed for all Syo > Sj,. From the plot,
this value for S}, appears to be approximately near a normalized
value of 0.8. This suggests that varying water saturation at the inlet
and hence capillary backpressure has minimal impact on Cp and
X, at a normalized water saturation of Syp = S, ~ 0.8 and greater,
where Si, denotes the threshold water saturation at the inlet for
this particular choice of parameters.

Fixing the water saturation at the inlet boundary, S,q, to equal
the maximum mobile water saturation, 1 — Sy, will give us the
largest imbibition rate parameter, Cp, and water front displace-
ment, X, .

As mentioned previously, Mason and Morrow (2013) stated that
varying water saturation at the open face while fixing all other
parameters yields a unique solution for each imposed saturation,

Sxo- While this is mathematically correct, from a practical perspec-
tive, changes in the inlet saturation have little impact on the so-
lution within a certain range. While there exists a unique solution
(CDi,fol_) for each S,o,, the changes in solutions (CDi’XfDi) for all

Sxo, = S, are negligible. We can obtain a very close approximation
to (Cp, xy,) for a range of inlet saturations and capillary backpres-
sures by fixing Syg = 1 — Sor. In this example, the choice of which
saturation to apply at the open face is not a serious problem at all,
assuming that the inlet saturation is above Sj,.

Fig. 2 shows how the water saturation propagates into the
porous medium, when the water saturation at the inlet, Sy, is var-
ied. We notice that while the speed of the water front increases
when Syo is increased from 0.5 to Si, ~ 0.8, increasing Sy any fur-
ther has little effect. The plot corresponding to S}, ~ 0.8 overlays
that corresponding to Syg = 1.

Fig. 2 illustrates how the fractional flow, F,(Sy), changes with
water saturation, Sy, and how this behaves as the inlet satura-
tion, Sy, is varied. Once again, while an increase in S,q from 0.5
to S}, ~ 0.8 causes the fractional flow, Fy(Sw), to shift towards the
right along the S, axis, this does not occur when we increase Sy
beyond the threshold inlet saturation, S}, ~ 0.8. We see the respec-
tive plots for Fy(Sw) corresponding to S} ~ 0.8 and Syp =1 trac-
ing the same trajectory. Setting Syo > S;, results in essentially no
change in Fy(Sw). The reason for this can be seen from Eq. 13, since
Fw(Sw) is dependent on T(Sy ), which is in turn dependent on G(Sy ).

The threshold value of 0.8 is not universal as it varies depen-
dent on the relative permeabilities and capillary pressure as we
demonstrate in Section 5. Furthermore, this is a normalized satu-
ration: the actual value will always lie below 1 —S,-, where Sy is
the residual oil saturation.

5. Sensitivity analysis

We now perform a sensitivity analysis on our results through
varying four parameters: end-point mobility ratio, M, capillary
pressure, p¢, oil relative permeability, k;, and water relative per-
meability, kny. The analysis is performed by varying one parameter
at a time while the other parameters are held fixed. The functional
forms for kro, krw, and pc in Eqs. 22, 23, and 24 are used, respec-
tively. When they do not vary, the parameters listed in Table 1 are
used, except for n., where a value of 2 is used throughout this sec-
tion. (In Section 4 a value of n. = 3 is used).
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Fig. 7. (a) The capillary pressure curve used for this analysis. (b) By varying the oil exponent, n,, we obtain the set of oil relative permeability curves shown. (c) D(S,,) shows
behaviour analogous to that of G(S,) when varying n,. (d) An increasing n, corresponds to an increasing water fractional flow, F,, for a given S,. (e) The effect of increasing
the oil exponent, n,, is a slower rate of imbibition. (f) There is some S, such that G(Sw) is negligible for all S,, > S;,. for each n,.

5.1. Sensitivity to end-point mobility ratio

Starting with the definition of end-point mobility ratio, M, we
have

_ )Lw|1—50r‘ (27)

In our illustrative example, our relative permeability end-points are
kro(Swe) =1 and kpw (1 — Sor) =% as in Egs. 22 and 23, respec-
tively. Hence, we have

Lo = 2M [, (28)

and so it is clear that if we vary M, while fixing the water viscosity,
w, we are effectively varying the oil viscosity .

Here, we change mobility ratio by changing viscosity ratios.
The impact of altering the end-point relative permeability values
should be similar, provided that these end-points are scalar mul-
tiples of their respective relative permeability functions that can

be factored out without altering the shape of the curves. This con-
dition is valid for our functional forms used to generate relative
permeability as defined in Eqs. 22 and 23.

We vary the end-point mobility ratio, M, over the set of values
{0.05, 0.5, 5, 50}. Results are summarized in Figs. 3 and 4. The sat-
uration profiles are normalized as illustrated previously in Eq. 26.

A smaller end-point mobility ratio, M, corresponds to a faster
imbibition rate. This is different from the Buckley-Leverett theory
for water-flooding where the rate of fluid advance is fixed by the
injection rate, although the shape of the water saturation does de-
pend on mobility ratio.

For each of the values we have taken for M, there exists
some threshold inlet saturation, S}, <1, such that the integral,

Sxo D(B) P .
fs;’;‘) Wdﬂ, is insignificant. In each of the cases for M, the in-

tegral function G(Sy) ~ /SSV’V" %dﬁ, that is, the portion to the left

of S;;, makes up the overwhelming majority of the total area under



A.Y. Foley et al./Advances in Water Resources 107 (2017) 405-420 413

1r —
4"’
,,
’I
'I
0.8 /'I
/
7
! ’
0.6 I, /, —n,=1 1
Q -=n,=2
O
0.4F
0.2F
oL . . J
0 0.2 0.4 0.6 0.8 1
S:I:O
()

0.8

0.6 —n,=1 7

& -——ny=2

= ey = 5
0.4+ —=n, =10 |
0.2 1
0 . . il
0 0.2 0.4 0.6 0.8 1

S:er
(b)

Fig. 8. (a) The effect on the imbibition rate, Cp, of varying n,. For each n, there exists an S, < 1 such that Cp remains essentially unchanged for all Sy > S;,. (b) Similarly,
for each n,, there exists an S;; such that the location of the water fron, xj,, is practically constant for all Sy > S;,. We see that increasing n, corresponds to decreasing Sy,

for both Cp and x;, once again, consistent with our findings for G(Sy) and D(Sy), Fig. 7.

the curve. We observe that an increasing end-point mobility ratio,
M, corresponds to a decreasing threshold inlet saturation, S;,.

By definition, G(S,) is dependent on the diffusion parameter,
D(Sw). As such, we perform a similar analysis on D(Sy). In Fig. 3¢
we observe that the behaviour of D(S,) is analogous to that of
G(Sw) for any given end-point mobility ratio, M;. The reason for
this follows immediately from the definition of G(S,) and is to be
expected.

Fig. 4 show how solutions for Cp and x; behave with vary-
ing end-point mobility ratio, M. Note that for each M there ex-
ists a threshold inlet saturation, S;,, such that (Cp, fo) remains al-
most constant for all Sy > S,. This is completely consistent with
our findings for G(Sy) where we tested for sensitivity to M. Once
again, we observe that an increasing M corresponds to a decreasing
threshold inlet saturation, Sj,.

5.2. Sensitivity to capillary pressure

The sensitivity of capillary pressure is demonstrated by varying
the capillary pressure exponent n. in Eq. 24 over the set of values
{1, 2, 5, 10} as shown in Figs. 5 and 6.

As seen previously in our analysis for end-point mobility ratio,
M, there is some S}, such that G(Sw) is negligible for all Sy, > S},
for each value of n.. D(Sw) shows behaviour analogous to that of
G(Sw) when varying n.. An increasing n. corresponds to an increas-
ing water fractional flow F,, at a given Sy,,. The saturation profile
shows that the effect of increasing the capillary exponent, ng, is a
slower advance of the water. Note that in Fig. 5e the curve cor-
responding to n. =1 has a shape differing to the others. This is
mainly due to the constant gradient of the capillary pressure curve,
as indicated by Eq. 25 for n. = 1.

We now demonstrate the effects on Cp of varying n. as shown
in Fig. 6a. For each n. there exists an S;;, < 1 such that Cp remains
essentially unchanged for all S,y > S;,. In Fig. 6b we see that for
each ne, there exists an Sy, such that x; is practically constant for
all Syp > Si,. We see that increasing n. corresponds to decreasing
Si for both Cp and x;, consistent with our findings for G(Sw) and
D(Sw).

5.3. Sensitivity to oil relative permeability

The sensitivity to ky, is demonstrated by varying the oil expo-
nent n, in Eq. 22 over the set of values {1, 2, 5, 10}. The results are
shown in Figs. 7 and 8.

Fig. 7a shows the fixed capillary pressure curve used for this
analysis. By varying the oil exponent, n,, we obtain the set of oil
relative permeability curves presented in Fig. 7b. As seen previ-
ously in our analyses for end-point mobility ratio, M, and capillary
pressure exponent, nc, Fig. 7f shows that there is some S;, such
that G(Sw) is negligible for all Sy, > S}, for each value n, takes. In
Fig. 7c, D(Sw) shows behaviour analogous to that of G(Syw) when
varying n,. Fig. 7d illustrates that an increasing n, corresponds to
an increasing water fractional flow, F,, for a given S,,. We also see
in Fig. 7e that the effect of increasing the oil exponent, no, is a
slower rate of advance of the water.

The effects on Cp of varying n, are shown in Fig. 8a. For each n,
there exists an S, < 1 such that Cp remains essentially unchanged
for all Sy > Si,. We see that for each no, there exists an S, such
that xy is practically constant for all Sy > Sj;, as shown in Fig. 8b.
We also see that increasing n, corresponds to decreasing S, for
both Cp and xg once again, consistent with our findings for G(Sw)
and D(Sy). In comparison with other parameters, it is apparent that
Sxo IS most sensitive to k.

5.4. Sensitivity to water relative permeability

We closely follow the previous procedures to test the sensitivity
of kny by varying the water exponent ny, in Eq. 23 over the range
of values {1, 2, 5, 10} as depicted in Fig. 9b.

As seen in previous analyses, Fig. 9f shows that there is some
S, such that G(Sw) is negligible for all Sy > S, for each value ny
takes. Fig. 9d illustrates that an increasing n,, corresponds to a de-
creasing water fractional flow, F, for a given S,. One remarkable
feature of varying k., is demonstrated in Fig. 9e, in which a sharp
frontal displacement behaviour is obtained by increasing n. This
is because we have a very low water relative permeability over
much of the saturation range, which limits the rate of imbibition.

We now study the effect of kn, on Sy, see Fig. 10. For each ny,
there exists an Sf, <1 such that the imbibition rate, Cp, remains
essentially unchanged for all S,y > Sj;,. Similarly for each ny, there
exists an Sy, such that the position of the water front, x, , is prac-
tically constant for all S,y > S};,. We see that increasing n,, corre-
sponds to decreasing S;, for both Cp and X7, once more, consistent
with our findings for G(Sw) and D(Sy,), although the variation here
is small compared with that for the other parameters studied pre-
viously.
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Fig. 9. (a) The capillary pressure used for this analysis. (b) By varying the water exponent, n,, we obtain the set of water relative permeability curves presented. (c) D(Sw)
shows behaviour analogous to that of G(S,,) when varying n,,. (d) Increasing n,, corresponds to a decreasing water fractional flow, F,, for a given Sy. (e) Increasing the water
exponent, ny, imbibition is slower. (f) There is some S;, such that G(Sy) is negligible for all S,, > S;,, for each value n,, takes.

6. Comparison with experimental data

In this section, we compare our methodology with experimen-
tal data published by Li et al. (2006). The rock and fluid properties
for the sample used in this analysis are given in Table 2.

Since the data does not contain independent measurements of
capillary pressure and relative permeabilities, Li et al. (2006) used
a numerical modelling approach to produce this information by
matching experimental data. The functional forms of these func-
tions are given by (Li et al., 2006);

S —Sw\ "
_ X0 X %o X0 w
Pe(Sw) = P + (pe pc)<5x0_5xf> : (29)
Seo—Sw )\ "
kro(Sw) = kg + (Kip — k) [ 22— ) . (30)
SxO_Sx,

St —Sw\™
krw (Sw) = Ky — (ki — K5%,) (S;_S) : (31)

where p}° is the capillary pressure at the inlet boundary, p’éf is
the capillary pressure at the front, and Sy, is the water satura-
tion at the front. Similarly for Eqgs. 30 and 31, the superscripts xq
and x; are used to indicate the value at the inlet boundary and
at the front, respectively. Although not explicitly mentioned, these
parameters solely depend on the saturation values at these posi-
tions. The parameters in Eqs. 29, 30 and 31, are therefore alterna-
tive representations of saturation end-points.

An analytical approach will be used to produce the multiphase
flow functions that match the experimental measurements. Us-
ing the functional forms in Eqs. 29, 30 and 31, capillary pressure
and relative permeability curves are generated. An analytical so-
lution is used to compute x(Sw, t), C, Fw(Sw), and E,(Sw) using
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Fig. 10. (a) The effect on imbibition rate, Cp, of varying ny. For each n,, there exists an S;, < 1 such that Cp remains essentially unchanged for all Syo > S;,. (b) Similarly for
each ny, there exists an Sy, such that the location of the water front, xj,, is practically constant for all Sy > S;,. We see that increasing ny corresponds to decreasing S;, for

both Cp and x;, once more, consistent with our findings for G(Sw) and D(Sw).

Table 2

Fluid, rock and measured characteristics of imbibition experiments for Sample # H80. (Mod-

ified from Li et al., 2006).

Parameter Value Units
Rock Properties Porosity, ¢ 0.221 [fraction]
Absolute Permeability, k 1.094 x 1012 [m?]

Core Length, L

Core Diameter, d
Water Viscosity, Ly
Qil Viscosity, (o

Fluid Properties

Imbibition Test

Front Arrival Time at Boundary, t'
Qil Production Duration, t
Oil Pressure at Dead-end Boundary, pj)

end

6.864 x 102 [m]
3.796x 102 [m]

1.02 x 103 [Pa - 5]
3.80 x 103 [Pa - s]
7500 x 103 [s]
2988 x 104 [s]
314 x 103 [Pa]

Table 3

Parameters used in Eqs. 29, 30 and 30 to generate capillary pressure, relative permeability to oil and relative per-
meability to water curves, respectively, for Sample # H80. (Modified from Li et al. (2006)).

Parameter Li et al, (2006)  This Study Units
End-point Saturations Water Saturation at Inlet, Syo 0.525 0.6 [fraction]
Water Saturation at Front, Sy, 0.290 0.0 [fraction]

Capillary Pressure Pressure at Inlet, p}° 13 x 103 3.15 x 103 [Pa]
Pressure at Front, p)/ 12.359 x 103 5.5 x 10* [Pa]
Pressure Exponent, n. 175 3.53 [unitless]

0Oil Relative Permeability Relative Permeability at Inlet, k)3 1.0x 10710 1.0 x 10°1©  [fraction]
Relative Permeability at Front, ki 0.6 1.0 [fraction]
0il Exponent, n, 2.6 1.5 [unitless]

Water Relative Permeability ~ Relative Permeability at Inlet, k)3, 0.04 0.1 [fraction]
Relative Permeability at Front, k¥, 1.0 x 10-1° 1.0x 10719 [fraction]
Water Exponent, ny, 3 7.0 [unitless]

Egs. 11,12,13 and 14, respectively. After that, comparison with ex-
perimental measurements are made by determining the following
equations

Su(t) = %/X:LSW(& £) dx, (32)
2, (0) = %F@(SX,M, (33)
P (0) = polx = 0,0) + 1€ [T RO (34)

Kkt Jx=o Kro(x,£)

where Sy, is the average water saturation in the system, & 1y IS the
normalized water saturation at the front as defined here in Eq. 33,
not to be confused with the dimensionless X5, defined in Eq. 19,

and po, is the oil pressure at the dead-end boundary. The deriva-
tion of Eq. 34 is provided in Appendix E. The set of curves pub-
lished by Li et al. (2006) will also be used in our analytical proce-
dure and compared with the measured data.

Results are displayed in Fig. 11, in which experimental data are
compared to model outputs with two sets of capillary pressure
and relative permeability curves. The first set of solutions uses the
properties presented in Li et al. (2006). Note that the match to
the experiments is poor. Li et al. (2006) used a numerical solu-
tion that appeared to reproduce the experiments closely; however,
we suggest that their numerical solutions suffered from significant
discretization errors. As shown in previous work, a very refined
grid is needed to capture the imbibition rate accurately (Nooruddin
and Blunt, 2016). Instead, a very different set of parameters - see
Table 3 and Figs. 11 and 12 - are needed to match the experiments
accurately. This illustrates the value of the analytical solution, as it
removes numerical errors from the analysis.
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Fig. 11. Comparison of experimental (points) and predicted using an analytical approach (lines) results for imbibition. The dotted lines use the properties assumed by Li

et al. (2006). The solid lines are our match to the data. (a) shows a comparison of normalized water front as a function of time, (b) shows a comparison of oil pressure at
the dead-end boundary and (c) shows a comparison of average water saturation.
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Fig. 12. Capillary pressure and relative permeability curves produced using Eqs. 29, 30 and 30 with the parameters listed in Table 3.

The multiphase flow parameters produced in this study
(Fig. 12b) indicates strongly water-wet behaviour. The residual oil
saturation is 0.4. Furthermore, the end-point relative permeability
values are chosen to be consistent with this wetting condition. The
capillary pressure curve (Fig. 12a) demonstrates a value of capil-
lary backpressure of 3.15 x 103 Pa, which is approximately 6% of

the capillary pressure at the front. Other important information is
also shown in Fig. 13.

We now estimate the value of water salutation at the inlet
boundary (Syg) using the methodology that was previously de-
scribed. For this, we compute x5 and Cp as a function of Sy, as
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Fig. 13. Computations of (a) capillary diffusion, (b) fractional flow and (c) invariant water saturation profiles using the capillary pressure and relative permeability curves

shown in Fig. 12.
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Fig. 14. Computations of x5, and Cp as a function of Sy. It can be seen that above
a value of 0.53 — 0.54, the imbibition rate and normalized front location are effec-
tively invariant, suggesting a value of the water saturation at the inlet face bound-
ary.

shown in Fig. 14. The plot indicates that above a value of approx-
imately 0.53 the solutions remain largely invariant, which is very

close to the average water saturation in the core sample at the end
of the imbibition test of 0.525.

7. Conclusions

We have presented analytical solutions for counter-current im-
bibition with capillary backpressure. Imposing a capillary backpres-
sure is equivalent, at Darcy-scale, to specifying the water saturation
at the inlet. The backpressure is either the capillary entry pressure
for the non-wetting phase that can be specified using a porous
plate, or zero for a rock that is not strongly water-wet with a free
boundary, where the non-wetting phase has a finite mobility at the
inlet.

We show that for example cases representing a strongly water-
wet system that there is a threshold inlet water saturation above
which the imbibition rate and the advance of the wetting front are
largely invariant. As a consequence, the imbibition behaviour may
be independent of the capillary backpressure, assuming that the
inlet saturation is close to its maximum value.
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Appendix A. Fractional Flow, Fy(Sy), Imbibition Rate
Parameter, C, and Distance From the Inlet, x

We define the fractional flow, F,(Sw(x,t)) = Fy(x, t), accounting
for viscous and capillary forces, as
qw (X, t)

Quo(t)

Rearranging Eq. 35 to make qu(x, t) the subject and then substitut-
ing into Eq. 1 gives

_B(on(t)Fw(Sw)) _¢3Sw (36)
0x at

Fy(x.t) = (35)

¢ ds, ox at
Note that gyo(t) is taken outside of the derivative since it is not
a function of x, also note the total derivative %VSVW) since Fy(Sw)

is only a function of S,,. We introduce the transformation variable

k_fsothat
X oA 1

A=—r= — = —, 38
sz>3x NG G8)
X oA 1 s X A

Substituting qyo(t) from Eq. 7 and the transformation variable A,
we can rewrite Eq. 37 as

qxo(t) dFy(Sw) 0Sw OA  0Sy OA _
$ dS, 9% 9x onar D (40)
C dR(S 1A _
Z ovE 5. vzl (41)
= A= 2C EL(Sy), (42)
oY

where F},(Sw) denotes the total derivative of F,(S,) with respect
to Sy. Hence, by definition of A,

X 2C
N aFJ/(Sw)- (43)
From Eq. 42 A = A(Sw(x,t)) is only a function of Sy, since Sy, is the
only unknown variable. Note also that for capillary driven flow, the
displacement of the water front scales as a function of +/t, since
X= %%ﬁ. In the analogous Buckley-Leverett solution for vis-
cous driven flow, the advance of the water front scales as a func-
tion of time as x = q%“%ff)t.

Finally, we make a remark on the behaviour of fractional
flow at boundaries, namely at the inlet and at the water
front. At the inlet, x =0, we have quw(x=0,t) =gy (t) and so

Fw(Sw) = "Wq(’;(g” 3"38 = 1. While at the water front, x = x;, we

have limy,x, qw(x,t) = 0 and 50 limy_..x, Fy(Sw) = limy_.x, wrt) _

[G)
o (t) =0, thus Fy(Sw) € [0, 1].

Qw(x. t) = fw(Sw)qe (t)

Eq. 44 is a general solution which can be applied to ei-
ther counter-current or co-current flow. For counter-current flow
we substitute q;(t) = qw(X,t) +qo(x,t) =0 into Eq. 44 and the
first term on the right-hand side of the equation will vanish.
Eq. 44 then becomes

D) (44)

aux.0) = D5 . (45)

Since Fy(Sw) = &Y — g (x,t) = Fy(Sw)qxo(t), Eq. 45 can be

) Gxo (£)
written as
Ru(S)g0(0) = -D(s,) D 9% (46)
Lk (Sw) = =D(S )dSW ! (47)
= NG w(Ow w) gy N
d)» D(Sw) (48)

T dS, T CRSw)

Note the total derivative d’\ since it follows from Eq. 42 that A =
ASw(x,t)).

Differentiating Eq. 42 with respect to S,, gives
dr 2C
— =Z_F/(S 4
05, = S (49)

where F)/(Sw) denotes the second total derivative of Fy(Sw) with
respect to S,,. Combining Eq. 48 and 49 gives

#D(Sw)
2C2Fy(Sw)
This is a second-order ordinary differential equation with the

following boundary conditions for the displacement of the non-
wetting oil phase by the imbibing wetting water phase:

Ey(Sw) = - (50)

Fv(Sx0) =1, (51)
FW(SWC) = 07 (52)
F,(Sx) = 0. (53)

The physical meaning of Eqs. 51 and 53 is that while the fractional
flow at the inlet is equal to 1, the applied water saturation at the
inlet, Syo, will not propagate into the porous medium, hence its
derivative with respect to water saturation is zero. Looking further
into the porous medium beyond the inlet, the water saturation, Sy,
decreases with distance, x, until connate water saturation, Sy, is
reached. At this point the fractional flow is zero, giving Eq. 52.
Integrating Eq. 50 twice with respect to Sy, gives

B=Sw ra=So D(a
Fu(Sw) = zcz /5 F()
W

for some constants K; and K,. For the sake of brevity, we let
G(Sw) = [ PELB and T(Sw) = JS*G(B)dp and we remark
that

T'(Sw) = —G(Sw). (55)

The derivation for this remark can be found in Appendix B.
By making use of the boundary conditions, Eqs. 51, 52 and 53,
it follows from Eq. 54 that

c= /2160, (56)

dadp + KiSw + K3, (54)

Fu(Su) =1 - TT((SS:)) (57)
FL (Su) = f((ssvvvg. (58)

The full derivation of these expressions for C, F(Sw) and Fj,(Sw)
are provided in Appendix C. F,.
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Appendix B. Proof That T’ (Sy) = —G(Sw)

We remark that T’ (Sy) = —G(Sw). To see this, note that T(Sy) =
J2 G(B)dp. by definition, and let

/ G(Sw)dSw = T'(Sw) + K, (59)
where K is some constant, so that we have

Ts0 = [ 5 G(B)AB =T (Si0) ~ T'(Sw). (60)
Differentiating both sides with respect to S,, gives

T'(Sw) =T (Sx0) — T (Sw) (61)
=-T"(Sw), (62)

because I/ (Syg) = 0 since I'(Syg) is some constant. We also have,
by differentiating Eq. 59 with respect to Sy,

G(Sw) = F/(sw)- (63)
It then follows from Eq. 62 that T'(Syw) = —G(Sw).

Appendix C. Derivation of Expressions for C, Fy and F,
Integrating Eq. 50 with respect to Sy, gives

=Sy
FL(Sw) = — /ﬁﬂsw ' %dﬂ 1K, (64)
and integrating once again with respect to S, gives
p=Sa. a5 D(a)
2C2 B=Su / -5 F(a

for some constants K; and K. For the sake of brevity, we let
G(Sw) —fs"o Dip). dB and T(Sw) =f55v’;° G(B)dp. This allows us to

Fy(Sw) = d dp + KiSw+ K3, (65)

Fv(B)
rewrite Eq. 54 as
Fv(Sw) = 2‘?2 T(Sw) + KiSw + IG. (66)

We make use of Eq. 51. At Sy =Sy we have E,(Sy) =1 and

T(Sx0) = jSSXOO G(B)dp = 0, substituting these values into Eq. 66 we
Xl

obtain

1= —2%(0) +KiS0 + o (67)
=1=KS + K». (68)

Next we make use of Eq. 52. At Sy, = Sy we have F,(Syc) =0 and
Eq. 66 becomes

0= — 2 T(Sue) + KiSue + Ko (69)

Subtracting Eq. 69 from Eq. 68 yields

1= 2 T(Sue) + K1 (Se0 — S (70)

1= 55T (Swe)

=K =X " 71
! SxO - ch ( )

Substituting K; into Eq. 68 gives

Ky =1 —K;Sx0 (72)

1- 5T
=K, =1—sxoﬂ (73)

SxO - ch '

and substituting K; and K, into Eq. 66 gives

= et + g2 (1 36 T6w)
Ey(Sw) = 53¢ T(Sw) + S0 —Swe 1- 32 5~ 1 (Swe)
SxO ¢
1= 0 (1= 55T (6w (74)
¢ — 5‘xO d’
= Fy(Sw)=1- 22 >~ 1 (Sw) + xOT (1 32 T(ch)) (75)
Now, differentiating Eq. 75 with respect to S, gives
¢ 1 ¢
/ !
Fo(Su) = =365 T 5 + 55— (1 35T 6w)): (76)

We now make use of Eq. 53. At Sy = Sxg, we have F,,(Sy) = 0 and
T/ (Sx0) = /SXO G(B)dp = 0. Consequently, Eq. 76 becomes

1 ¢
0= m(l e T(swc)) (77)

SC— ,/%r(swc). (78)

Eq. 77 implies that 1

- %T(ch) = 0, therefore, when substituting
in C, Eq. 75 becomes

_ ¢
Fu(Sw) =1 555 T(S4) (79)
T (Sw)
Fy(Spw)=1—- ——— 80
= Fy(Sw) 2T (500 (80)
TG
=FEGSw)=1- TGue) (81)
Hence, since T’ (Sw) = —G(Sw) by Eq. 55, we also have
Lo v GGSw)
E,(Sw) = TGw) (82)

Appendix D. Algorithm for Computation of Fy,(Sw), F;, (Sw),
Water Front Displacement, Xp, and Imbibition Rate Parameter, C

The fractional flow, Fy(Sw), is calculated iteratively in the fol-
lowing way (McWhorter and Sunada, 1990; Nooruddin and Blunt,
2016). We saw in Eq. 13 that Fy(Sw) = 1 — L% where G(Sy) =

T(Swe)’
fSXO 13,(53)) dB and T(Sw) = fsito G(B)dpB. Given a water saturation,
Sw, and a time, t, we can calculate the diffusion term, D(Sy) =

kw d”“(SW) Note that for a given phase, p, its relative
permeability, krp(SW) and viscosity, up, are known, and hence so is
its mobility, A, (Sw) = 2%,

Once D(Sy) has been calculated, we select some arbitrary value
for fractional flow, F;(Sw) € [0, 1]. Using this chosen F}(Sw) and
the given Sy, we then calculate G(Sy) and subsequently T(Sy). Sim-
ilarly, we calculate T(Sy.) before finally computing F,(Sw) =1 —
TT((SSV‘;VC)) If Fy(Sw) = F;(Sw). then the selected F;(Sy) is the correct
value. Otherwise, we repeat the process to determine Fy(Sy), us-
ing the value calculated for F,(Sy) at the final step as our newly
chosen F}(Sw) in the next iteration. This process is executed iter-
atively until Fy(Sw) is found. In our calculations we allow for an
error tolerance of 10~2 for F(Sw).

Once Fy(Sw) has been determined, we can compute F,(Sy) us-
ing Eq. 14, which we quote again, F, (Sw) = ;;((st)) Note that Fj, (Sw)
is dependent on G(Sy ), which is in turn dependent on Fy(Sy), sim-
ilarly we need F,,(Sw) in order to compute T(Syc). As such we can-
not compute F},(Sw) until Fy(Sw) has been determined using the
algorithm described above.
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To determine the advance of the water front at a given water
saturation and time, it remains to compute the imbibition rate pa-

rameter C. This is done using Eq. 12, namely C = ,/%T(ch). Once

again, we have a variable C which cannot be computed without
having determined F,(Sy) beforehand, since C is dependent on
T(Swc)-

At this stage, all parameters on the right-hand side of Eq. 11 are
known, and the water front movement into the porous medium
can be calculated.

Appendix E. Derivation of p,, (t)

Starting from Darcy’s law for the oil phase

k apo(x, t
0. 0) =~ keSu(r.0) 20, (83)
3PO(X t) Mo qo(x, )
"X Kk kpSwx ) (84)
By integrating both sides with respect to x, we obtain
=L 9po(x. 1) Mo (M qo(xt)
/x:o T ¥k [x:o kro(Sw(x, ) dx. (83)

d x=L Mo x=L qo(x. 1)
= &( o PO d") = [ Bty & )

This is a consequence of applying Leibniz’s rule for differentia-
tion under the integral sign with constant upper and lower limits.
Realizing that qo(x,t) = —qw(x,t) and qw(x, t) = CEy(Sw(x, t))//t,
we obtain

HoC [*F Fy(Sw(x,t))
k\/— x=0 kro(sw(X, t))

Solving for po, (t) = po(x=L,t), and understanding that
Fu(Sw(x, t)) = Fw(x, t) and kro(Sw(x, t)) = kro(X, 1);

woC (=L Ey(x, )
k\/— x=0 kro(X t)

Po(x =L, t) — po(x =0,t) = dx. (87)

Do, (t) = Po(x =0, 1) + Bo> dx. (88)
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