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Abstract

Smoothed Particle Hydrodynamics (SPH) is a meshless Lagrangian numerical method
which has undergone extensive development in recent years. SPH has properties which
make it especially suited to certain problem types with which traditional methods have
struggled. This includes fluid-solid coupled problems, which are particularly relevant for
the modelling of coastal dynamics - a domain which is becoming increasingly relevant
owing to the changing global infrastructure and climate. SPH, however, is a relatively
young method, and suffers drawbacks which have been dubbed its grand challenges.
The main one of interest for this work, is the handling of boundary conditions within
the method. This thesis aims to present a discussion on SPH in the context of mod-
elling boundaries, both fixed and mobile. Improvements were made to the so-called
semi-analytical boundary method, solving the mathematical and numerical problems
associated with the method, and presenting the work in such a way that it can easily be
ported to existing SPH models. Further discussions and adjustments were also made
to the boundary method, attempting to tackle some of its inconsistencies and render it
more viable for typical use cases. Finally, the coupling of the DEM method for mod-
elling mobile boundaries was addressed, with a particular focus on mesoscale modelling
of solids at a similar resolution to the fluid domain. This was previously an unviable
problem, but with improvements to the solid fraction calculation presented here, this
is no longer the case. This presents the opportunity for full range mesoscale modelling
in SPH.
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9 1 INTRODUCTION

1 Introduction

1.1 Coastal Hazards

Tsunamis, storm surges, and other large wave events have always presented threats to com-
munities near coasts or large bodies of water. The largest of events threaten extensive
socioeconomic damage and increased casualty rates. In the last two decades, events such as
the 2004 Indian Ocean Tsunami, the 2010 Chilean Tsunami, and the 2011 Tohoku Tsunami
have shone a light on the extensive destructive impact of tsunamis in an ever urbanising
world. The 2011 event alone had approximately 20,000 casualties and was estimated to
be the most costly disaster of all time when it happened [47]. Similarly, named hurricanes
and superstorms have also garnered attention due to their extreme destructive potential.
For instance, Hurricane Sandy in 2012 was estimated to have caused more than $60 billion
USD in damages [109], and Hurricane Tan more recently in 2022 was estimated to be the
third-costliest weather disaster on record, with most of the damage caused by flooding due
to storm surges [101] [102].

In response to these threats, engineers and policymakers have historically worked to
improve the design of sea-defences to better protect communities and infrastructure. To
develop appropriate defences, engineers typically rely on design codes, such as the ASCE
codes in the USA, or international or national standards, such as the British Standards
Institution. These include guidance on the design and construction of coastal structures to
withstand different coastal hazards. Typical examples include sea walls, breakwaters, and
flood defences [55] [75]. Ideally these codes are regularly updated based on the latest research
to ensure that structures are designed to withstand the most severe coastal hazards. However,
the effectiveness of these design codes is ultimately limited by the accuracy of the research
and data on which they are based, and many design codes do lag behind the latest research.
It has been noted that the European coastal engineering community appear to have limited
awareness of forthcoming changes in standardisation [21], and a planned Eurocode on coastal
structures expected in 2020 has still not arrived as of 2022 [59]. While designs for coastal
structures do ultimately continue to improve over time, recent disasters and growing factors
of modern global society pose new and pressing challenges in coastal hazard assessment.

The latest analysis on urban development suggests that in 2015 over 10% of the world’s
population lived less than 10 metres above sea level, with coastal population densities six
times higher than the world average [29]. Further to an expanding presence of urban com-
munities in areas at risk of coastal hazards, the effects of global urbanisation itself are
also presenting increased potential risk. Rising sea levels owing to a changing climate 76|,

whether through the expansion of warmed oceans or the melting of the polar ice caps, will
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increase the number of people affected by destructive storm surges and make flooding more
frequent [123]. Frequency of tsunami-induced inundation may also drastically increase with
only modest sea level rises [89]. The effect of higher ocean temperatures is two-fold, as this

may also result in increased storm intensity and greater rainfall volumes [157, 128].

In addition to the direct risk on human lives within coastal communities, the accompany-
ing infrastructure within these areas is also at risk. This carries wide-reaching implications
when considering energy infrastructure, with potential widespread and long lasting power
outages. A 2015 report by the Union of Concerned Scientists found that a large percentage
of electrical substations in the U.S. were at risk from storm surges and noted the risk to the
electricity infrastructure in the U.S. due to sea-level rise and coastal flooding [107|. Similar
results were also found in a pilot study from the U.S. Department of Energy in 2014, which
established the threat to energy infrastructure in the U.S due to sea-level rise and its as-
sociated coastal hazards [48]. Hurricane Maria in 2017 caused the largest blackout in U.S.

history, and potentially the second largest blackout in the world [71].

The hazards and damage caused by coastal wave events' can occur in many ways. There
is firstly the initial impact of a large wave, typically relevant to tsunamis and storm surges.
These are characterised by high impact velocities and hydrodynamic forces, and the damage
is often very extreme and caused over a short time scale. Tsunami waves will also mobilise
substantial amounts of coastal sediment. TLarge waves can entrain large objects such as
shipping containers, boats, cars, boulders, and other seafloor debris, which may in turn
cause damage as they are dragged inshore. There are also less visible effects, such as sediment
transport, seepage, scouring, and erosion. These may occur over longer time scales, at a wide
range of velocities, and involve hydrostatic forces. Though less visible on the surface, these
effects often involve increased complexity, and they are just as important when considering
the hazards posed by large wave events |20, 46]. Tsunamis and storm-surges involve both
short and long time scale effects, whilst flooding is primarily a long time scale hazard.

Offshore structures are also at risk of these kinds of hazards, particularly long timescale
effects such as scour, as they are constantly exposed to water [154]. Offshore wind farms for
example are particularly susceptible, with scouring affecting their fatigue life and stability
[96, 103].

What is important to note in all these examples, is that they are all due to the interplay of
the waves and surrounding solids. Evidently, an important aspect of coastal wave dynamics
is the approach of the waves towards and onto the shore, typified by the interaction of the

wave with different solids or structures around and within coastlines. In the case of offshore

!Note here that the coastal wave events discussed will typically be in reference to any large destructive
wave event near a coast or offshore structure, typically comprised of tsunamis, storm surges, and floods.
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structures, the interaction is between the waves and the structures themselves or their solid
defences or support. Any accurate studies of coastal wave events should be able to model
and understand these interactions. These are complicated behaviours, but understanding
fluid-solid coupling and fluid-structure interactions is a key step in producing more robust

hazard assessment and protection models.

1.2 Fluid-Solid Coupling

Fluid-solid coupling and Fluid-Structure Interactions (F'SIs) usually refer to similar problem
types, with the important behaviour being that there is a flexible or deformable solid or
structure that the fluid interacts with. FSI is often more specifically referred to in the
context of fixed solids (structures), whilst fluid-solid coupling is more general and can allow
for solid bodies that move within and around the flow.

Fluid-solid coupling and F'SIs are of course relevant to coastal wave events, but not unique
to this. They are in fact a common, though very complex engineering problem. Examples
include aeronautical engineering - plane stresses under turbulence and heavy winds - and
biomedical engineering - blood flow dynamics in arteries. Fluid-solid coupling is complex
because it is a non-linear coupled problem. Non-linear in both the governing equations of
the fluid and solid, and coupled from the combined interactions between the two phases.
A flexible structure feels a forcing from the fluid, which in turn causes its movement or
deformation, which then in turn affects the fluid flow, which then adjusts the forcing on the

structure. This process repeats and thus describes the coupled state.

1.2.1 Coupling mechanisms in a coastal wave event

As already discussed, important fluid-solid coupling events and FSIs exhibit themselves in

coastal wave events in a variety of ways. The key interactions of interest are:

e The impact of large waves on sea-defences - instantaneous hydrodynamic loading as

well as sustained scouring.

e The erosion around the foundation of structures, either via scouring or liquefaction of

foundation soil or sand.

e The shoaling process as large waves approach the shore and interact with the conti-

nental shelf and offshore boulders or structures.

e Entrained solids or debris within the fluid flow, which then alter the hydrodynamics

and may impact with other structures and solids.
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The consistent theme here is that coastal wave dynamics see waves interacting with a large
range of structures/solids in many different processes, and in order to have a complete
understanding of the fluid-solid coupling involved it is necessary to analyse all these different

processes.

Whilst the focus here is on the mechanisms and behaviour of fluid-solid coupling, many
of the studies relevant to disaster hazard assessment have focused on identifying these effects
and their damage a posteriori, through the use of post-event field surveys. This is particu-
larly relevant for both storm surges and tsunamis, where their unpredictability and extent
of destruction make data collection during the events extremely difficult, and post-event
modelling can only be done with data to guide the efforts. The aftermath of the events have
often shown telltale signs of fluid-solid effects, such as debris impacts and scour, which are
some of the key drivers of the extensive damage [46, 67, 60]. The identification of these
effects in field investigations has shifted the focus on improving sea-defences away from just

considering fluid forces towards the role that solid forces can play.

In the past, hazard assessments have typically foregone the damage of potential debris
impacts. However, it is increasingly well understood that sea-defence failure mechanisms
and large amounts of destruction are indeed due to debris effects [120, 124]. This includes
short timescale effects such as impacts from large water-borne objects generating a large
localised force, as well as longer timescale effects, such as damming, which leads to large
areas experiencing increased hydrodynamic load. This has the potential to overturn the
structure or dislodge its foundations. Smaller debris or sediment may also be included, as
these can lead to increased effective fluid density and thus increased loading forces. Debris
behaviour may be well-understood at a basic level, but debris loading in application to
tsunami-like waves is relatively limited in scope — most of the literature focuses on single
impact, single debris piece interactions.

Scour effects were identified as a dominant failure mechanism in sea dikes and seawalls
in the 2011 Tohoku Tsunami [80]. This included the Taro seawall which had previously
withstood a tsunami in 1960. Failure mechanisms in this case typically involve destabilising
the foundations of structures either during water inflow or draw-down and are usually due
to scour of the foundation, tilting, or subsidence [133]. Whilst it is more often the case that
scour is considered when assessing hazard risk to sea-defences, the myriad forms in which it
can lead to structural instability present issues when trying to have a full understanding of
the best way to combat it.

Field surveys are plentiful and particularly useful for identifying hazards post-event and
collecting data points via observational studies. However, they must be supplemented with

experimental, analytical, and numerical models to gain a more accurate hazard assessment
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for future events.

Experimental studies of each of the fluid-solid interactions discussed are available, though
vary in their application and use depending on the type of interaction considered. A concern
when carrying out experimental models is scaling from laboratory scale to those encountered
in real coastal wave events. This is partly because the smaller sediment substrate is modelled
at full scale, while the waves are modelled at reduced scale. It has been noted that exper-
iments involving grain-fluid mixtures, such as debris flows, may exhibit disproportionate
viscous and pressure forcings relative to full-scale natural events [77]. Experiments should
be made as large as possible to avoid this issue. Nonetheless, of all the fluid-solid coupled
wave events, debris flows are some of the more straightforward to emulate, requiring only an
appropriate mixture of fluids and solids and then allowing the wave to impact a structure
or surface. Scheidl et al. [138] used a small-scale modelling approach to model debris-flow
forces, relying on Froude number scaling to produce results applicable to natural debris-flow
events. It is also sometimes possible to carry out these experiments on a relatively large
scale, such as those presented in the debris flow experiment aggregation of Iverson et al.
[78]. Work has also been done on how to properly apply small scale debris flow. The flows
studied, however, are more relevant to landslides and floods in inland areas, where there
is a larger amount of very small and permeable solids, such as mud, which can be easily
suspended into the flow, leading to a blurring of boundaries between fluid and solid. These
events are often well approximated as a single continuous non-Newtonian fluid flow rather
than two distinct phases. This is less relevant to the current study, where the focus is on
fluid-solid flows with more clearly defined boundaries between the fluid and solids. These
would more appropriately be referred to as water-borne floating debris, creating a distinction

from the discussed debris flows.

Water-borne debris flows, which have a clearer separation of fluid and solid phases, can
be more difficult to set up with large scale experiments. They usually involve larger solid
objects and much greater forces, thus requiring an experimental set up that is able to handle
such dynamics. For this reason, experimental studies are usually done on a lab scale, and

primarily used as validation for numerical or analytical models.

Smaller scale sediment transport problems such scouring or liquefaction have benefited
from experimental studies. In 2003, Tonkin et al. created scale-model experiments to inves-
tigate the then-relatively understudied transient scouring effect due to tsunamis and storm
surges [155]. They highlighted the importance of pore pressure gradients for different scour
mechanisms. This work has been expanded by McGovern et al. who studied onshore tsunami
scour for longer inundation time-scales [50]. Larsen et al. carried out lab scale experiments to

study tsunami-induced scour around a monopile foundation such as those found in offshore
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wind turbines [87] and were able to correspond their results to real-life tsunamis. Chen et
al. have carried out many studies on the susceptibility coastal structures to tsunami-induced
scour [27], both identifying the extent to which scour occurs, as well as considering different
breakwater configurations to limit the effects. It was also found that typical sea-defence

setups such as submerged breakwaters are ineffective at reducing scour.

Larger scale water-borne debris flows, involving debris transport and impacts, can also
be carried out on a laboratory scale, but with more limited configurations due to the much
larger forces involved and potentially greater concerns around the effects of scaling. Initial
work on debris transport was carried out by Imamura in 2008 [74], who ran basic tests in a
lab flume of the transport of a single boulder in a dam break flow and used this to develop
a basic boulder transport model. Yao et al. [166] ran a preliminary investigation into the
motion of debris in a tsunami-like solitary wave flume, using scaled down models of coastal
houses. They noted the difficulty of using experimental results as a proxy for the natural
processes due to the distorted scalings involved in an experimental set-up of debris motion.
Nouri, Nistor, and Palermo [125] produced one of the first experimental studies on the
impact of floating debris in a tsunami wave in 2010. They used wooden logs in a dam break
flow to produce preliminary findings, such as the potential for debris bounceback leading to
multiple impacts. Shafiei et al. [142] were able to attach an accelerometer to a 1:20 scale
debris downstream of a rapid release of water (akin to a dam break flow) and measured the
forces of the subsequent debris impact against a structure. They found that the added mass
of the entrained water due to the debris motion was an important term in the impact force
calculation. For simulating tsunami-borne debris impacts, scaled down shipping containers
are often used as the debris of choice. Derschum and Nistor et al. |[39] ran experiments with
a 1:40 scale shipping container in a dam break flow and examined the influence of transient
flow conditions on the debris impact. They found that non-linear interactions of the flow
and debris leads to complex movement patterns of the debris before and after impact, such
as multiple impacts, confirming earlier findings from Nouri et al. [125]. Riggs and Cox et
al. [82] ran full scale experiments in air, and a 1:5 scale shipping container experiment in
water. They compared the in-air and in-water results with each other and with analytical
predictions. In-water impacts were observed to have an increase of ~17% in peak impact

forces and ~20% in impact duration.

In all these experiments, in order to simulate the behaviour of large waves in a laboratory,
it is usually the case that the waves are generated in a flume via a mechanical wave maker
that can generate tsunami-like wave motion, or a dam break style wave where a body of fluid
is released from rest. These two methods for simulating large coastal waves, in particular

the dam break, will be frequently employed in the results presented.
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Within many of these experimental studies, basic analytical models are often referred
to as a benchmark for results. These are generally based on basic fluid-dynamics equations

with many simplifications to calculate flow velocities, pore pressures, and impact forces.

Work on analytical predictions for tsunami scour and sedimentation processes are very
limited, and most of the models are heuristic and guided by basic lab experiments. Yeh
has addressed the analytical study of sediment response to tsunami loading [170, 169, 168,
with models based around estimating pore-pressure gradients during the tsunami run-up
and drawdown process and the resulting liquefaction and instabilities. These models are not

often found elsewhere in literature.

For water-borne floating debris transport and impacts there exists slightly more well-
developed analytical models. Imamura’s work in 2008 |74] produced an effective basic model
to estimate and better understand debris transport processes. Riggs and Cox created an
analytical model based on a solid-only impacts and stress wave propagation in the debris
[134]. Their equations based on simple wave propagation provided adequate estimates for
peak impact force but less so for impact duration. Nistor et al.’s review of tsunami-driven
debris loads contains a discussion of the typical analytical models used in estimating debris
motion such as transport, impact, and damming [124]. They conclude that rigorous, high-
resolution studies are required to provide more detailed, and tailored benchmarks, as well as
to assess more complicated situations such as multiple impact events. Shekhar et al. recently
produced work attempting to address this by conducting experimental studies involving a
debris field, and studying more complicated effects such as the impact of debris orientation

and damming [144].

Whilst analytical models can be effective in producing basic order of magnitude results,
they usually are unable to account for more complex phenomena involving coupling between
the fluid and solid and three-dimensional effects. Numerical models are therefore often seen

as the next step in producing high quality data at a reasonable expense.

Sugawara et al. wrote a review of the current understanding of numerical modelling
of tsunami sediment and boulder transport in 2014 [150], where they discussed the use of
forward models which address the prediction of sediment transport and deposits due to wave
behaviour. They also described inverse models which estimate wave behaviour based on
observed sediment behaviour. Many of the models discussed in this review are only two-
dimensional and use parameterised models of the solids based on simple equations. Larsen
et al. produced a numerical assessment for tsunami-induced scour [88], leveraging finite-
volume CFD (computational fluid dynamics) simulations with previous scour knowledge in

order to develop a scour prediction methodology. The numerical experiments were limited
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by computational expense and focused on only individual monopile foundations at a lab
scale. Son et al. [147| created a fully coupled sediment transport model applicable to
tsunami waves through use of the finite-volume method to solve a coupled Boussinesq model,
sediment transport model, and morphodynamic models. Results were only validated and
produced on one and two dimensional test cases. Further to the discussion on analytical
models, Nistor et al.’s review of tsunami-driven debris loads [124] also contains a review of
the available numerical models. The majority of effective models in this area were found
to be particle based methods, such as the Moving Particle Semi-implicit method, Smoothed
Particle Hydrodynamics (SPH), and the Discrete Element Method (DEM). Nistor notes
that SPH is being increasily used as a tool to simulate free-surface flows with multi-body

dynamics. These will be discussed in more detail in the following section.

1.3 Numerical modelling for Fluid-Solid Coupling

As discussed above, fluid-solid coupled problems can be difficult to accurately model. Prob-
lems are often too complex to be solved analytically, and lab experiments are limited in
scale or scope [70]. Numerical solutions have therefore emerged as a promising method to
investigate these complex interactions.

However, the complexities of the problems must still be accounted for in numerical mod-
els. The problems usually involve multiphysics, with the fluid and solid having separate
physics and behaviours and a large range of scales. The system must also be coupled with
interlinked equations of motion that must be updated appropriately. The boundaries between
the fluid and solid are transient interfaces which present discontinuities in state variables.
Solids may range from being large and stationary to very small and mobile, with different
mechanics affecting each, and these should be able to be concurrently assessed. If a free
surface is involved, as is often the case in coastal wave problems, then this is yet another

interface which may rapidly change in time.

Conventional mesh-based methods are the most common form of computational fluid
dynamics implementations, but tend to struggle with some of the aforementioned complex-
ities. A mesh-based method is one whose simulation nodes fall on an underlying, usually
structured and fixed, mesh. Examples include the finite difference, finite volume, and fi-
nite element methods (FEM). The mesh allows simple connectivity to surrounding nodes
and discretisation of continuum equations, but causes problems when handling interfaces or
discontinuities that do not coincide with the mesh lines [165]. The volume-of-fluid (VOF)

method is commonly applied to mesh-based methods in order to model a free surface and
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requires a further advection scheme to be solved alongside the standard flow solving algo-

rithm.

Meshless methods offer the advantage of flexibly defined simulation nodes, which is ideal
for fluid-solid problems with transient boundaries and discontinuities. They can be formu-
lated in a Lagrangian description, meaning that the nodes (“particles”) of the simulation
can move with the fluid flow and any other movement in the system. This offers many
advantages. For example, naturally tracking the interfaces within the system - particularly
important when there is rapid evolution of the free surface and large movements of the fluid-
solid interface. Meshless Lagragian methods are often referred to as “particle methods”, since
they essentially model the system as particles that are free to move with the system. Each
particle is a node which carries information relevant to the physics and calculations, and is
an integration point for the method. Fixed mesh methods are akin to fixed buoys in a fluid
which measure the flow characteristics at given points, whilst particle methods are akin to
free buoys which flow with the fluid whilst measuring the flow characteristics. There are
a variety of particle methods available, such as the previously mentioned Discrete Element
Method (DEM), Smoothed Particle Hydrodynamics (SPH), meshless local Petrov-Galerkin
(MLPG) method, and finite volume particle method (FVPM), just to name a few. DEM is
used for solid mechanics and calculates particle overlap and rotation using rigid body models
to calculate interactions. SPH uses a smoothing kernel to approximate field variables and
their derivatives. MLPG solves a local weak form of the governing equations at each particle
using a moving least squares approximation. FVPM replaces control volumes in the con-
ventional finite volume method with overlapping particles whose interactions are analogous
to the fluxes between volumes in the finite volume method. Each of these offer their own
advantages and disadvantages, but all retain the advantages of particle based methods in
general. The SPH and DEM methods are the most commonly applied to coastal dynamics
problems, and often coupled, are the focus of the work here.

In addition to mesh-based and meshless methods, there also exist “hybrid”? approaches
that combine aspects of both. Hybrid approaches allow for the simulation of large deforma-
tions and movements while maintaining some advantages of a fixed mesh, such as accurate
representation of the geometry and straightforward computation of the material properties.
One such approach is the particle finite element method (PFEM), which uses a finite ele-
ment mesh to discretise the domain but allows the nodes of the mesh to move according to
Lagrangian motion and remeshes the nodes when it is necessary. Another hybrid method

is the material point method (MPM), which combines Lagrangian “material points” with a

2These are often just categorised as meshless methods since they avoid the typical drawbacks of mesh-
based methods
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fixed background mesh onto which their quantities are extrapolated in order to calculate
derivative terms. Due to having to maintain both a connected mesh and a set of flexible
nodes, with appropriate parameters for both, these hybrid methods encounter limitations
when it comes to computational cost and efficient implementation. Nonetheless they have
been successfully applied to a wide range of fluid-solid coupled problems, including FSIs
[106], and can offer unique advantages over both mesh-based and meshless methods in some

cases.

1.3.1 Discrete Element Method

The modern form of DEM was first proposed by Cundall and Strack in 1979, who developed
a numerical model for simulating the interactions of discrete granular particles. The ability
to model discrete individual particles lends itself to granular media such as grains, rocks,
and sand, rather than continuous media like fluids. As such, DEM is often used in geological
problems, for rock and soil mechanics.

Classical DEM works by first calculating the contact points of all bodies and the forces
resulting from these contacts, governed by what are called the constitutive equations. This
includes friction, stress and strain, and collisions. During collisions the bodies will undergo
a mathematical deformation which is used to calculate the contact forces in what is known
as a spring-dashpot model [121]|. This will be discussed in further detail in Chapter 6.

The contact forces, and any other body forces such as gravity or the forces from any
coupled method, are then used in the equations of motion to calculate the acceleration.
The equations of motion for DEM are based on Newton’s Third Law and the Newton-Euler
equations for rigid-body dynamics. This methodology means DEM can be easily coupled
with other numerical models. Fluid-solid numerical models are often developed in the form of
a coupling between DEM and another numerical method for modelling the fluid, commonly
known as CFD-DEM (Computational Fluid Dynamics - Discrete Element Method) methods,
with specific examples such as FEM-DEM, SPH-DEM and MPS-DEM.

The focus here will be on its coupling with the SPH method.

1.3.2 Smoothed Particle Hydrodynamics

SPH was first developed independently by both Lucy [95] and Gingold and Monaghan [62]
in 1977. The main objective of SPH is to reconstruct a continuum from a cloud of discrete
particles. It was first applied to solve strongly compressible astrophysical problems, with the
main attractions being its ability to exactly model advection, particularly at high velocities,

to naturally track interfaces between different fluids or phases, to implicitly handle variable
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resolution, and to bridge the gap between continuum and fragmentation [114]. All of these
advantages come from the particle description of the system, where different fluids or phases
are assigned a different set of particles carrying their own unique properties. The movement
of the particles with the flow ensures that integration nodes are always in the high density
areas, ensuring resolution where it is required. Different interacting fluids or phases are
always exactly tracked. Advection is treated exactly, as it is a langrangian method where all

of the fluid properties are transported with the integration points.

These are all general behaviours and advantages of particle methods, though SPH is it-
self a unique technique. In SPH the particles represent a region of space, possess material
properties, and interact with each other within the range of a defined “smoothing length”.
This smoothing length describes the range over which a particle’s properties are “smoothed”.
By smoothing the properties of discrete points in this way, it allows for the reconstruction of
a continuous field. Contributions from the local particles are summed to find the continuous
field. The method will be described in more detail in Chapter 2.

SPH may be the most well-developed modern meshfree method. In 2005, SPHERIC (orig-
inally “SPH European Research Interest Community”, now “SPH rEsearch and engineeRing
International Community”) was developed as a central hub to gather SPH researchers and
users and streamline the work and developments of the method [149]. This, along with the
merits of the method, has helped propel SPH to its position as one of the most well-developed
and widely used modern meshfree methods. The most recent review on the method by Lind
et al. [91] noted that since 2016, six review papers on SPH have been published.

SPHERIC identifies “Grand Challenges” [160] as the major areas of development for SPH
needed to bring it to the forefront of numerical modelling alongside the more well-established
and widely used mesh-based methods. Of relevance to this work are the grand challenges of
Boundary Conditions and Coupling to other methods. Both of these issues will be discussed
within this work.

Alongside a discussion on the Grand Challenges, SPHERIC presents relevant literature,
key validation tests and results for the method, and a collation of all the available open-
source codes which implement the method. One of the attractions of SPH is this wide and
active community, which is continuously developing and adding to the method and providing
open source software.

SPH has been applied to achieve a variety of results and validations, particularly in the
realm of coastal engineering. Early work in the field from Dalrymple applied SPH to water
waves impinging on structures and walls [36]. Dalyrymple then later worked with Rogers

applying the method to breaking waves on beaches and wave-structure interactions based
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on a dam break around a fixed structure [37]. Barreiro et al. applied the method using
the DualSPHysics open-source code to solve problems of wave propagation in coastal areas
and wave impact on structures with good comparison to experimental data [14]. Trimulyono
et al. validated SPH against experimental wave generation and propagation data [158].
Vacondio et al. modelled the Vajont rockslide and the wave it generated with a full 3D
implementation and achieved satisfactory comparisons to the field data [159]. Canelas et al.
have coupled the DualSPHysics open-source code with a DEM solver [25] and a separate
physics library Project Chrono [23] in order to simulate fluid-structure interactions. These
methods are able to model fluid interactions with large arbitrary structures such as wave-
energy converters or tidal turbines, but do not address other smaller scale interactions such
as scour or sedimentation. More recently, SPH has evolved into a more complete tool for
coastal engineering problems, investigating and producing validated results on subjects such
as the forces exerted on harbour protections and the run-up of tsunami-like waves on beaches
[44]. SPH has also been successfully applied to industrial problems [141]. It is often the case,
as with most computational fluid dynamics (CFD) solvers, that certain algorithms, accuracy
improvement methods, and other parameters of the model, have to be tweaked to account
for the nuances of a new problem with different dominating regimes and physics. This means
there remains a lot of potential for new developments and problem applications.

Recently at Imperial College London, Professor Stephen Neethling has developed an in-
house fully fluid-solid coupled SPH code [122]. This has provided an ideal opportunity to
expand the method within the Department of Earth Science and Engineering, and apply it
to further problems of interest for which SPH may provide advantages that the traditional
methods have struggled with - namely fluid-solid coupling. Of particular interest at this point
in time are problems involving mobile solids, which represents an even more numerically
understudied field than standard FSls.

1.4 Outline of Thesis

This work will first introduce the SPH method and its conceptual framework, as well as
a full mathematical formulation of the numerical techniques employed in the current SPH
model with relevant results and discussion. This will mostly include a discussion of the
standard techniques in SPH and some of their implications which are often understudied in
the literature, but important when considering how to contextualise accuracy and errors in an
SPH simulation. This is relevant, as the presence of solid boundaries in fluid-solid coupling
is particularly problematic due to the manner in which it deteriorates the accuracy of the

method. Newly developed techniques to overcome these problems will also be presented.
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The computational implementation and considerations will be addressed at each step.

The first contextual focus will be the handling of fixed boundaries within SPH. The
different methods for modelling boundaries in SPH will be discussed alongside additional
developments studied in this work. Particularly of note, a new complete formulation of the
so-called semi-analytical boundary method will be presented, with a focus on the calcula-
tion of the complex normalisation terms present in the method, as well as how this can be
implemented in any existing SPH code. The aim is to present an updated semi-analytical
boundary method which can be simply implemented into existing codebases, alongside rel-
evant context on the method to provide a more complete assessment of how it can be best
leveraged and employed in SPH models.

The coupling of SPH and DEM for modelling mobile boundaries will then be briefly dis-
cussed. A distinction will be made between large and small-DEM, whereby the modelling
of solid DEM particles smaller than the fluid resolution will be addressed. This provides
the framework for a multi-scale coupled SPH-DEM code. There will be a discussion on the
current improvements and results found for small-DEM, leveraging techniques from the pre-
viously discussed new semi-analytical boundary method. Future work will involve validations
and basic demonstrations on this framework.

Finally, the work will be concluded by consolidating the results and discussing shortcom-
ings and potential further improvements of the current work. Much of the validations and
demonstrations of the method will be left for future work.

The aim is to provide in-depth discussion on how solid boundaries, both fixed and mobile,
can be modelled within SPH, and in doing so present new work on the semi-analytical
boundary method and the coupling of multi-scale DEM with SPH. The discussion and final
model should offer good insight and improvements into the accurate modelling of fluid-solid

coupling, particularly in the context of coastal hazards.
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2 Smoothed Particle Hydrodynamics Method

The task of accurately modelling solid boundaries in SPH requires a clear understanding
of the method and its mathematical underpinning. SPH is already limited in its potential
accuracy (as will be seen in Sec. 2.3) and solid boundaries present even further difficulties due
to how their presence complicates the governing equations and further limits the accuracy
that can be achieved. A mathematical framework of the method is required to understand
the limitations on the accuracy due to solid boundaries and also better understand ways in

which these inaccuracies can be counteracted.

This section will start by discussing the core method (already briefly discussed) and
conceptual framework, with an understanding of the technique and equations from a more
heuristic point of view. A mathematical formulation of the SPH method will then be pre-
sented, including a discussion on its accuracy and where the limitations reside. This will
help contextualise the difficulty of modelling solid boundaries further in the work and also
provide necessary background for when the semi-analytical boundary method is introduced
and how it tackles the issue of solid boundaries. The numerical techniques which work to
extend capabilities or improve accuracies of SPH will then be discussed, aiming to cover at
a base level the core tenets that all SPH implementations have to consider. It should be
noted that new and improved numerical techniques are constantly being developed, of which
a selection which are relevant to coastal dynamics problems will be discussed. During this
discussion, improvements on previous methods will also be presented. Finally, the compu-
tational implementation of the developed code will be discussed. In total, this serves to act
as a review of the current SPH implementation and the aspects which are key to improving

the modelling of fluid-solid coupled simulations and the handling of solid boundaries.

There exist many extensive reviews of the SPH method [114, 115, 32, 130, 167, 162, 92|.
Particularly of note is one of the first and only books published on the SPH method by
Violeau [161]. This contains probably the most complete review of the method. Though it is
now outdated in some sections and missing newer techniques, the mathematical formulation
it discusses still remains very relevant and contains a complete discussion of much of the
mathematical foundation of SPH which is often missed in newer literature. The discussions
on the method by Price [131, 130] were particularly influential in guiding understanding of
some of the less discussed nuances to SPH and why the method exhibits certain behaviours.
The cited SPH reviews, as well as the numerous discussions in the introductions of shorter
papers, have provided a general influence and inspiration for many of the discussions in this

section.
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2.1 Conceptual Framework

Any CFD code works by discretising the continuum fluid dynamics equations onto a set of
discrete points. Conventional mesh-based solvers discretise onto a fixed grid - the mesh -
whilst meshless methods discretise onto “particles”. In this sense, therefore, the particles
are the nodes, or integration points, of the system - just like a grid point in a mesh-based
method.

As described in the Introduction (Chapter 1), the key caveat is that the particles are
allowed to move according to the material properties at that point. This means that not
only do the particles represent the computational grid points, but also, if assigned properties
and equations properly, the fluid itself too. As the particles move, this represents the fluid
moving. The integration points flow with the fluid and naturally track its movement, and
this is why the methods are so effective at handling interfaces and advection. This, however,
describes any Lagrangian particle method, whereas SPH also has a unique “smoothing”
process and other considerations.

The SPH scheme will now be fully addressed, including its mathematical formulation
along with a discussion of some recent developments to the techniques and other ways the
method can be optimised.

When creating a CFD method, the question to first propose is, for any discrete set of
points, how is it possible to approximate the continuum equations? This essentially becomes
an interpolation problem. We wish to interpolate data which is only defined at specific points
to any point within the domain. We hence wish to create a “smooth” and continuous field
from a set of discrete points.

We will first approach this in the 1D formulation to allow us to visualise the process
more easily. Instead of representing each particle as a single point in space, we apply a
smoothing function, and thus smooth its values over a distance around it. An initial and
the most classic example of a smoothing function is a Gaussian, which retains a peak at the
centre and gradually and symmetrically drops off to zero further from the centre. Applying
this smoothing function to a single point - representative of a Dirac delta function - we
reproduce a smoothed representation of the value. By stacking - or summing - these smoothed
representations, we reconstruct a continuous function over the domain. In this way, a value
can be reproduced at any point by a weighted summation over the nearby particles. This
can be seen in Fig. 1. This illustrates in 1D how discrete values are smoothed and then
combined to reconstruct a continuous and smooth field.

The smoothing function, which in this case was a Gaussian, is referred to as the kernel
function, and the characteristic length which controls the scale of smoothing for each particle

is the smoothing length, h. These are two key aspects of the SPH method.
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Figure 1: The process of smoothing discrete values to a continuous field in 1D. The blue points and
vertical lines represent discrete density values of fluid particles in 1D. The dashed cyan lines represent a
smoothing function - “kernel” - applied to the discrete points to produce a local smoothed contribution.
The black line represents the summation of the smoothed cyan lines across the domain producing the
final smoothed density field. This process therefore represents the SPH approximation of discrete points
to a continuous field.

2.2 Mathematical Formulation

The next step is to formulate this mathematically in a full 3D context. We will be smoothing
known values A(r’) at positions r’, with a kernel function W (r — r’, h) of radius h centered
at our desired position r. These smoothed values are then summed over the domain of local
points - [, dr’ - to find a reconstructed value A;(r) at the desired position. The integral
fQ dr’ covers the full domain in as many dimensions as necessary, and may for example be

seen as an area integral in two dimensions or a volume integral in three dimensions.

Af(r) = /QA(I‘/) W(r —r' h)dr' (1)
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Aj(r) represents the continuous integral interpolation value at the position r and €2 is the
function domain. The formulation is effectively an extension of the integral representation
of a function defined using the Dirac delta function: A(r) = [, A(r') é(r —r’)dr’. The SPH
approximation is produced by replacing the Dirac delta function with the regular and more
practical kernel function W. The specific form and requirements of the kernel function will
be discussed in Sec. 2.3.

Noting that the system consists of discrete particles, it is necessary to approximate this
integral A;(r) as a discrete sum Ap(r). This can be done as a Riemann sum over all the

local particles as

AD(I') EAZ:ZAJW(I'Z—I'J,}L)‘/] (2)

We have defined A; as the value at particle index i, and index j as the indices of the
neighbouring particles which are included in the sum over the local domain. In this way,
going from the continuous approximation to the discrete, we have r — r; and v’ — r;. Vj is
introduced to represent the volume of a neighbouring particle and replace dr’ in the integral
formulation. We can also rewrite V; = m;/p;, where m; and p; are the mass and density of
the particle j respectively.

Hereon, throughout this work, A(r) will be used equivalently to the SPH approximation
Ap(r). This is extended to all SPH approximations discussed. Of course, it should be noted
the use of the = sign is purely a notational convenience, and in fact SPH approximations are
all a discrete approximation to a continuous approximation. The implications of this will be

discussed in Sec. 2.3.

The smoothing length h may be chosen to be a variable or a constant. A variable smooth-
ing length introduces additional complexities in the SPH formulation and implementation.
For the astrophysical simulations that motivated SPH this was a necessity, due to the large
range of length scales involved in the problems. For coastal dynamics problems, however,
this is not the case, and so most SPH models in this domain assume a constant smoothing
length. We will do the same here, and so omit the h from the notation for W.

When we wish to refer to the value of a function at a particle we will use A;, where i
then refers to the index of the desired particle, and we thus also introduce r; as the position

of the desired particle.
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2.3 Kernel function and accuracy of the method

The smoothing kernel thus far discussed is important to consider, as it plays a vital role in
the accuracy and overall limitations of SPH. Generally, all of the numerical techniques and
boundary methods that will be discussed within this work aim to maximise the accuracy
of the method, and so work to counteract the inherent inaccuracies which naturally arise
from the smoothing and discretisation process. Understanding these inaccuracies allows
better understanding of how the accuracy of the method may or may not be improved and
theoretical limits to any numerical technique or boundary method which we will introduce.
We will here address the role of the kernel function, how this mediates the accuracy of the
method, and other sources of accuracy limitations. Regarding truncation errors due to the
method itself, Quinlan et al. [132] produced the first truncation error analysis for SPH in
2006 and remains an important resource when considering error behaviours in SPH. The
accuracy limitations posed by the presence of solid boundaries will be discussed later in
Chapter 3.

So far only the Gaussian function as an example of the smoothing kernel has been men-
tioned, but in fact any function with the desired properties may be used.

The kernel should firstly tend to the dirac delta function as the length scale, h, tends to
Zero

}lLiL% Wi(r,h) =d(r) (3)

This ensures that using the integral representation, the original function can be repro-
duced exactly as resolution tends high enough. Further constraints on the kernel function
can be assessed by looking at the accuracy of the approximation (1).

To do this, we first take a Taylor-series expansion of A(r’) about the point r giving

A(r')t) :A(r,t)—(r—r’)-g—f+%(r—r')Tng(r—r’)+(’)(\r—r’|3) (4)

where the derivatives are evaluated at position r. The order of accuracy O (Jr —r'|) is
synonymous with the length scale of the particles i.e. the resolution of the simulation.

Substituting this equation into Eq. (1) gives

A[(r):A(r)/QW(r—r’)dr’—aa—A-/Q (r—2)W(r—r1')dr
2 ’ (5)
+18A:/Q(r—r/)®(r—r’)W(r—r')dr’+/O(|r—r’|3)W(r—r’)dr’

2 Or? Q

where the third term on the right-hand side has been rewritten with the double dot product

(192

7 and tensor product, noting that ‘?;Té‘ is a second rank tensor and thus
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(r—r’)Taan(r—r’)E(r—r’)~%(r—r/):%:(r—r/)®(r—r/). (6)

This term is fully expanded in Appendix A.
In order for the approximation A;(r) (Eq. (5)) to have a second-order accuracy to the

real function value, that is A;(r) = A(r) + O ([r — r'[?), it requires two conditions:

/Wr—r =1

(7)
/ (r—r)W(r—1r)dr'=0
Q

The first condition is effectively a normalisation condition which stipulates that the kernel
should integrate to 1 over its domain, or equivalently its zeroth-order moment should equal
1. The second condition says that the first-order moment should equal 0, and this can be
satisfied if we take the kernel to be an even function, that is W(r) = W (—r). These are
the two minimum requirements on the kernel function in order to ensure suitable accuracy
of the method. The normalisation condition also allows us to see that the second to last
term in Eq. (5) is second order in |r — 1’|, thus confirming that with the two conditions (7),
Ar(r) = A(r) + O (Jr — r'|?). This is often written as O (h?), since for kernels with compact
support the smoothing length is the same order as the largest interacting particle distance
and thus is a proxy for (Jr — r’|) and the simulation resolution.

It is even possible to increase the accuracy further to third order by setting the second-
order moment of the kernel to 0, however this would require the kernel to become negative
at some points which is problematic from a physical point of view and so is not usually done.
A further analysis of the kernel functions and its implications for accuracy of the method
can be found in both the book by Violeau [161] and other literature [92, 93, 51|. There
are other desirable properties of the smoothing kernel, such that it should be sufficiently
smooth, twice continuously differentiable, and monotonically decreasing. These conditions
help produce stable and accurate results, and monotonically decreasing can be understood
in a physical sense as ensuring that the closer a particle is the more it will influence the
result.

Another condition that is almost always placed on the kernel function which has compu-
tational rather than mathematical motivation, is that it should have a finite support domain.

This is to say
W(x—-r1',h)=0 for |[r—1'| > kh (8)

where k is some scaling factor, usually selected as 2, and h is the smoothing length of the

kernel. This condition is also known as compact support, and implies that the kernel function
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Figure 2: Plots of the Cubic spline and Quintic Wendland functions and their derivatives. The smoothing
length of each function is h and the compact support is 2h

is locally limited. This is a computational requirement to ensure that particle interactions do
not have to be calculated over the entire domain. A finite support ensures that only particle
interactions within a certain range - 2h - need to be calculated. This means, for example,
that the sum in Eq. (2) is only over particles within 2k of the given position. This stops
simulations becoming prohibitively slow by calculating the interactions between every single
particle in the simulation at every single timestep. Since the kernel functions rapidly drop
with distance, particles that are closest are the ones which influence the calculations most
strongly, and so a finite support domain is chosen as a balance between accuracy and speed.
For example, a Gaussian function has infinite support domain (it tends to 0 at infinity),
but its value drops to 0.013% at just 4 standard deviations, so any interactions beyond that
point are largely negligible.

As noted, though the Gaussian function is a natural candidate for the smoothing kernel, it
has infinite support domain and so is not ideal. Other kernel functions have been developed,
and are now commonly used in SPH, such as the Cubic Spline [118], which offers good
accuracy and running times, and the Quintic Wendland [163| which is higher order and so
offers better accuracy, but at a slightly increased computational cost. The plots of these
two smoothing kernels and their derivatives are shown in Fig. 2. A more complete review
of available kernel functions can be found in the review by Liu and Liu [92]. The kernel
function used in the SPH implementation presented in this work is the Quintic Wendland.

So far we have only addressed the accuracy of the method in terms of the original integral
approximation using the kernel function, but there is of course the further discrete approx-

imation as Ap(r) (Eq. (2)) which also entails its own errors. The accuracy of the discrete
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approximation is harder to analyse since it depends on the particle spacings dr, which can
freely change during the simulation. Violeau presents a discussion of the issue [161] and

estimates that totalling the integral and discrete approximation for the Quintic Wendland

(%)] )

The implication of this is that the while increasing h widens the integration domain

kernel produces an accuracy of the form

Ap(r) =Ar)+ O (K*) + O

and reduces the accuracy of the integral estimation at the local point, it also allows more
particles to be included in the summation which reduces the statistical inaccuracy of the
discrete estimation. These two effects are in opposition, but ultimately the dominating effect
is that owing to the integral approximation of O (h?). This does however clarify that it is
not enough to reduce the smoothing length excessively, as it is important that the ratio ér/h
does not increase too much. This is analogous to the inverse of the number of particles in a
smoothing length, and ensures that the discrete sum approximation maintains an adequate
number of contributing neighbouring particles. This is usually handled by setting the ratio
dr/h as a constant in the range of 0.6 ~ 0.8, which ensures that the error owing to the
discrete estimation remains fixed at any resolution. Additionally, this clarifies the idea that
maintaining a regular particle distribution is very important in obtaining accurate results,
something that is often addressed throughout SPH implementations.

This analysis is carried out more completely in Quinlan et al. [132|, which contains a
full analysis of some of the ideas discussed here concerning the roles of both h and dr in
mediating the error of SPH.

Only the accuracy of the direct SPH estimate has been assessed here, but the same
analysis can be applied to the SPH estimate of the gradient of a quantity and an equivalent

result is found [130], meaning this error analysis is valid throughout an SPH scheme.

2.4 Derivatives in SPH

Equation (2) is how a quantity is directly estimated in SPH, but of course in any fluid
dynamics solver it is necessary to also evaluate the gradient, divergence, and any other
derivative quantities. Both Violeau [161] and Price [130] discuss in good detail the nuances
and intricacies that are often missed when it comes to analysing gradient operators in SPH.

We can first start by applying the integral interpolant approximation to the gradient of

a variable.

V. A(r); = /QVr/A (YW (Jr — r']) dr’ (10)
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We will hereon drop the subscript I for the gradient approximation noting that all cal-
culated quantities going forward are effectively approximations. Applying integration by

parts
VrA(r):/QVr/ [A(" )W (Jr —1'|)] dr’—/QA(r’) VW (v —1'|)dr’ (11)

The first term in this equation can be converted to a surface integral along the boundary of
the domain using the divergence theorem. The second term, which contains V. W (Jr — 1r'|) -
the gradient of the kernel evaluated at position r’ - can be rewritten, noting that the symme-
try of the kernel function means that the gradient of the kernel is anti-symmetric. Therefore,
flipping the evaluation of the gradient changes its sign: V. W ([r —1'|) = =V, . W (|v' —r|).

The equation can then be rewritten

VA(r) = / AW (v — ') n(r')dS + / A" )V, W (Jr —1']) dr’ (12)

00 Q
The first term is now a surface integral over 0f) - the boundary of the domain of the
kernel, and n(r’) is the outward pointing normal of the surface element dS. If the kernel
has a finite support as discussed, then this means W (|r — r’|) is identically zero along the
boundary of the domain (as long as the domain is not truncated) and so the first term in
Eq. (12) is often set to 0. Finally, applying the discrete Riemann sum approximation to the

second term, we find the most basic gradient estimate in SPH:

VA; = VA VW (13)

J

where W;; .= W (|r;j|), rij = r; — r; as a shorthand. This form derived can be equivalently

applied to a scalar field or vector field. The SPH gradient estimate manages to transfer the

gradient operator from the function onto the kernel, which is advantageous as the gradient

of the kernel is known a priori exactly. It is also noted that the properties of the kernel

function mean that V,W;; = VW (|r;;|) e;; where VIV is the derivative of W considered as
r

a function of the scalar variable |r;;|, and e;; = ﬁ This form is often preferential when
]

implementing the equation in a numerical code.

The gradient form of Eq. (13) can be extended to the divergence following the same
methodology, leading to

J
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These two Eqs (13) (14), along with the SPH equation to evaluate a variable (2), then
form the basis of more complete and complex formulations of SPH estimates.
Indeed, the gradient approximation presented in Eq. (13) is not the most accurate nor

very commonly used. Different forms can be found by rewriting the gradient of a function

as
VA= % (V (¢F4) — AVe") | (15)
A\ A
VA=¢"'V (3) + %Vgék (16)

where ¢ is any differentiable scalar quantity defined on the particles, typically taken as the
density ¢ = p, and k is any real number. Equation (15) is used to produce symmetric
formulations of gradient related quantities, and Eq. (16) is used to produce anti-symmetric
formulations. Eqs (15) and (16) can be extended to discrete SPH estimates by appropriately
applying Eq. (13) or (14), and noting that any variables inside the V operator should be
taken over a sum of neighbouring particle indices j whilst any variable outside the operators
should be taken as the current particle index 7. Divergence, curl, and other gradient related
quantities can also be found following an equivalent method. Divergences, for example, can

be modelled as

V-B:%(V-(qSkB)—B-VqS’“)? (17)
Boov.(B)YL B vu
V.B=¢'V (¢k)+¢k Vo (18)

These formulations allow us to produce gradient, divergence, and other derivative esti-
mates with desirable properties. Other gradient operators which minimise the linear error
based on a basic Taylor series analysis such as in Sec. 2.3 can also be found. These can be
extended to higher order in order to increase the order of accuracy of the SPH estimate. In-
terestingly however, these higher-order estimates will not always produce the most accurate
results. This is because minimising linear errors does not address the non-linear properties
of the system, such as symmetry and conservation. Eqs (15) and (16) however, do have
the benefit of producing beneficial symmetry and conservation properties despite their linear
errors. In fact, the linear error terms in these estimates have a regularising effect which tends
to re-order particles to a regular distribution and minimise the errors discussed in Sec. 2.3
[130, 156]. In this way, these “low-order” estimates manage to maintain a high accuracy.

It also possible to derive SPH formulations using Lagrangian and Hamiltonian dynamics,

which explicitly conserve momentum and energy. In this case, a system of equations is
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produced which is identical to those produced when using Eqs (15) and (16), further justifying
this formulation [130].

A further guide when choosing gradient and divergence operators (the two more preva-
lent operators in a fluid dynamics model) is that they should be skew-adjoint: (VA, B) =
—(A, V - B), where A is any scalar field and B is any vector field and ( ) is the L? scalar
product. This is because the energy of the system is exactly conserved in time if the gradient
and divergence operators are skew-adjoint. A full discussion of this can be found in [104].
In general, this can be done by taking an anti-symmetric formulation of the gradient, and a
symmetric formulation of the divergence, and selecting either & = 0 or k£ = 1 consistently.
This then produces the two most commonly employed gradient and divergence schemes in
SPH models:

VA = Vi(Ai+A) VW

’ (19)
V-Bi=-) V;(B;—Bj)- V.IV;
j
and
A A
VA; =p; Zpﬂ/} (? + p—;) VWi;
: - (20)

1
VB, = —;ijvj (Bi — By) - ViWy;
b

For the work carried out during this thesis, it was found that in practice there was not
much difference between these two implementations. However, some literature has found
that the system (19) can produce fewer fluctuations in the pressure field when simulating
interfacial flows |30]. This is less relevant for the work in this thesis as at no point were
any interfacial (fluid and air) flows simulated. It should be noted that the system (20)
does produce governing equations of fluid dynamics equivalent to a Lagrangian /Hamiltonian

derivation, thus clarifying the strong conservation properties that have been so far discussed.

2.5 Fluid Dynamics equations

The equations of incompressible fluid dynamics - the momentum and continuity equation -

that will govern our system are:

d

_p:_pv.u

du \ 9 f
— =———+vVut+g+—
dt P m
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Here P is the pressure, u is the velocity, v is the kinematic viscosity of the fluid, g is
gravity, and f is any other body-force acting on the fluid, such as the coupling force with
solids.

As previously mentioned, the forms of gradient and divergence typically used (Eqs (19)
(20)) entail an anti-symmetric gradient and symmetric divergence for conservation properties.
This can be seen conceptually in looking at the governing equations (21). The gradient as it
appears in VP is a force term, and so should ideally be anti-symmetric such that Newton’s
Third Law is satisfied (force on particle 7 from particle j is equal and opposite to the force on
particle j from particle ¢) and momentum is conserved. It may seem strange that the anti-
symmetric formulation of V P is preferred when considering that it does not produce 0 force
for a constant pressure field. However, looking at the total system involving all particles, all
forces would be equally matched and so the net force would still remain 0. This is analogous
to what happens in real pressurised fluid systems, where there is always a constant pressure
force at every point, it is just that it is balanced in all directions which leads to a motionless
system.

A symmetric formulation of V -u has the benefit of ensuring that a constant velocity field
does not produce any divergence, and in fact further analysis shows that it ensures energy
conservation [32].

The Laplacian V? is a second-order derivative and here represents the effect of viscosity.
It is possible to extend the method applied to the first-order derivative and just use the

second derivative of the kernel:

V°C; =Y _V,C, VW (22)

J

However, this form is very sensitive to particle disorder. The second derivative of the
kernel has more unfavourable properties than the first derivative - it changes from negative
to positive with distance, and is discontinuous in some cases. This means the domain must
be very well sampled to avoid undesirable effects [114]. Noting that V*A = V - VA, the
definitions in Eq. (19) can be applied in succession to create a formula for the Laplacian
which involves a two-fold sum. In practice, this is not often used due to the computational
expense.

Instead, one of the more commonly employed formulations, which is used in this work,
is the so-called “Morris” operator [119] which combines an SPH divergence approximation
with a finite difference approximation for the inner gradient. First an anti-symmetric first
order divergence following the formulation in Eq. (18) with k£ = 0 is applied to the gradient.

The Laplacian can thus be written
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J
Here, instead of approximating V A; with a discrete sum approximation, linearisation of
the function A can be used: VA;-e;; =~ %, which is found from a Taylor series expansion

of A; about r;. Further it can be noted that

VAj “ € — —VAJ c €5 = VA, - €5 (24)

Applying this, along with the finite difference approximation of VA; and VA, in Eq.
(23), leads to the aforementioned Morris operator

VA, —ZZV Ay

It

W (25)

As with first-order derivatives, the Laplacian is equivalently open to different formula-
tions, which offer different consistency and accuracy advantages [114, 171]. Of note is that
the Morris Laplacian in Eq. (25) suffers inconsistencies near the free surface [139], though
the correction methods available involves inverting matrices. These are relatively expensive
whilst not providing much increase in accuracy for the problems of interest. For this reason

they are not employed in this work.

With a combination of the given formulations, the fluid dynamics equations (21) can be

approximated as:

dpl

Z piViui; - VWi ey, (26)

="V (—M—) VIV e
dt : P\ T2 7€

J 2

+ 2 Z v ”| VWV (27)

T'i;
+g+—

m;

It should be noted that the above continuity and momentum equations are not closed -
the pressure term in the momentum equation (27) is unknown. This means we require at

least one more equation for the pressure. For the typical incompressible flow, the partial
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differential equation for pressure - the Poisson equation - is used. For a compressible flow,
a state equation is used which relates the pressure and density of the fluid. The pressure
treatments will be discussed in Sec. 2.6.1.

Eqgs (26) and (27) are just one way of representing the governing equations of SPH, as
will be seen if the reference works are read. The variations in representation largely come
down to the various formulations of the derivative operators which have been discussed.
There are also numerical techniques and additions that can be used to adjust formulations
to improve accuracy or stability of the method. Some of these further alternate formulations

and methods will be discussed in the following section.

2.6 Further techniques

There are a wide range of different techniques and further formulations that can be applied
to the SPH method, many of which are still being currently developed. As with any CFD
code, some of these additional techniques encompass numerical dissipation necessary to help
stabilise the method and improve accuracy. It is often the case that different problem types
benefit from different adjustments to the method, and the ideal formulation for any specific
problem is still an open question. Here we will discuss some of the most integral and widely-
used techniques, as well as the ones deemed most relevant to the coastal dynamics problems
of interest.

Handling of solid boundaries is an integral technique within SPH, and will be addressed
in a separate section 3. Mobile boundaries, which involve coupling with a solid modelling

technique, will also be addressed in a later section 6.

2.6.1 Density and Pressure

Density summation
So far we have only presented the time derivative of density deriving from the continuity
equation Eq. (26). Using the standard SPH approximation for a variable (Eq. (2)) it is also

possible to write the density as
pi =Y pViWy (28)
J

This formulation of density is effectively a rewriting of the conservation of mass. It
can also be seen as equivalent to the continuity equation by taking the time derivative,
which reproduces Eq. (26). This means there are generally two methods for updating the

density in an SPH simulation - directly summing over local particles - position dependent -
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Free surface

Figure 3: Visualisation of the SPH interpolation near a free surface.?The void of particles on one side
of the free surface leads to an underestimation of values calculated by a direct sum.

or integrating in time based on the local velocity - time dependent. The position dependent
formulation would theoretically be preferable, as it conserves mass and has no potential time
integration errors.

An important caveat is that Eq. (28) performs very poorly in free surface problems. At a
free surface, the kernel support is incomplete due to the void of particles at the free surface,
and so the stipulations that ensured second-order accuracy in Sec. 2.3 are no longer fulfilled.
A visualisation of the SPH interpolation issue near a free surface can be seen in Fig. 3.
Any value near a free surface calculated based on a direct sum will be poorly sampled and
produce incorrect results. Even in the case where the free surface is modelled as air particles,
the smoothing nature of SPH will smooth the density values near the free surface and not
accurately model the density step. For this reason, in free surface models a time-dependent
density from the continuity equation is almost always used.

There are a few available ways to combat this issue though. Renormalising the kernel
can ensure that zeroth and first order accuracy are restored no matter where in the domain,
as well as reframing the density to not be dependent on surrounding masses but only the
mass at the given point p; = m; » . Wi; [72].

The so-called “Shepard Filter” [17] simply renormalises the kernel function such that it

always sums to 1 over its domain.

3Fluid particles in an SPH simulation are actually just point particles, and their “radius” is better under-
stood as a radius of influence given by the support radius 2h. Particles are represented with a finite volume
in schematics for visualisation purposes.
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1
T (29)
Vv, 22

This is equivalent to dividing by the discrete form of the first term on the RHS of Eq.
(5), and restores zeroth-order accuracy. This filter can either be applied consistently, if a
position-based density is used; or, if a time-dependent density is used, then the filter can
still be applied periodically every N time steps, where N is on the order of 30. This acts
as a numerical diffusion, helping to smooth the density field every N time steps which can
reduce errors accumulated during time integration.

It is also possible to ensure 1st order accuracy, but this requires the matrix inversion of
the discrete form of the second term on the RHS of Eq. (5) [41]. However, this is markedly
more expensive than the zeroth-order correction, requiring an extra matrix to be stored at

each particle and a matrix inversion operation.

Compressibility

As briefly mentioned in Sec. 2.5, there are in general two ways to close the equations (26) and

(27) and determine the pressure in fluid dynamics system - compressibly or incompressibly.
In most SPH implementations, a weakly-compressible SPH (WCPSH) method is em-

ployed. This involves using an equation of state which links the pressure to the density. In

this way, the fluid is technically treated as compressible, though with a such a low range for

compressibility that it behaves in a nearly incompressible manner. The equation of state

most often used for fluids like water is the Tait, or Cole, equation,

- ((2) )

where v is a stiffness parameter, and p, is the reference density - a predefined constant de-
pending on the fluid and not the same as p which represents a specific fluid particle’s variable
density. Based on physically realistic parameters for water, v = 7 and py = 1000 kgm . The
speed of sound, ¢y, is defined at the reference density, and in theory could be the real physical
speed of sound associated with the fluid. For example, for water, ¢y = 1480ms~!. In the
case of SPH however, the speed of sound is not taken at the real value, but rather viewed as
a numerical parameter. A physically realistic value could be chosen, but this would lead to
several issues. Very large speed of sounds can lead to a locking phenomena in steady-state
SPH solutions [146], where a lack of compressibility means that small oscillations inherent to
SPH induce similar motion in nearby particles, directly transferring the oscillations through-
out the system and thus becoming magnified. Generally, however, for transient, energetic

simulations, an increased speed of sound can lead to more accurate results. The most notable
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issue for large speeds of sound, however, are the reduction in timestep they necessitate, as
such leading to prohibitively slow simulations. This will be seen in Sec. 2.7.1.

Therefore, a numerical speed of sound is used, which is much lower, but still large enough
to limit compressibility of the system. Typically, this is set as 10 times the maximum fluid
velocity U,qe, corresponding to a Mach number M ~ 0.1. This limits density fluctuations
to ~1% [161] (as density flucations scale as M?), and thus retains a nearly incompressible
behaviour [114]. Tt is not always possible to accurately know the maximum fluid velocity a
priori, but this can either be found through test simulations or through physical considera-
tions of the system. In the case of gravity-driven flows, the characteristic velocity is given
by /gH [135, 161], where H is the maximum height of fluid in the system - a characteristic
vertical dimension of the flow. As such it is preferable to set the speed of sound of the system

as
co = 10max (Umam, \/g_H> (31)

Incompressible SPH (ISPH) solves the Poisson pressure equation with a projection method,
matching the predicted velocity to the divergence-free velocity field V - u = 0. This has to
be solved implicitly, and is more computationally expensive to solve than the standard SPH
equations, but does ensure a more accurate pressure field which matches the expected in-
compressible dynamics of real water systems.

Weakly compressible dynamics are perhaps an intuitive approach for SPH. The free mo-
tion of the particles lends itself nicely to encoding a weakly compressible system, where
particles can coalesce and spread out producing high and low density areas respectively,
and as a result high and low pressure areas. A collision of fluid against a boundary, for
example, would cause particles to flow more closely together and thus lead to an increase in
pressure, as would be expected. Pressure gradients are created which counteract the gath-
ering/spreading of particles and act to regularise their relative positions. This mechanism
ensures minimal density variations are generally maintained, but they can be exceeded in
high velocity impacts.

WCSPH can also explicitly solve free surfaces, as the density drops to 0 at a free surface,
and the free-surface boundary condition of P = 0 is automatically satisfied. Along with its
relative ease of implementation and completely explicit solutions, this has made WCSPH a
more popular method than ISPH.

However, WCSPH is not without its disadvantages. The numerical speed of sound confers
a very limited time step for the system, as will be seen in Sec. 2.7.1. This means it can be
very slow despite the ease of calculations. More importantly, the stiffness of the equation

of state (30) means that very small density fluctuations can lead to very large pressure
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fluctuations, and so small errors in the density lead to very large errors in the pressure. This
issue is especially pertinent when considering high velocity fluid impacts against solid objects
or the presence of solids affecting local fluid density, such as is common in coastal dynamics.
The large density or pressure fluctuations associated with these create at best a very noisy

pressure field, and at worst instabilities in the system.

ISPH is just one of the methods that was developed in response to this. ISPH offers
advantages in more accurate densities and pressures, and occasionally offers improved effi-
ciency [73]. However, ISPH is more complicated to implement, and the improved accuracies
are often only evident in certain systems. When applying certain smoothing procedures and
filtering techniques to WCSPH it is found that it performs just as well if not better than
ISPH [73|. It has therefore also been a route of development to directly improve the WCSPH

method by reducing density errors and oscillations.

Improving pressure fields

This can be done for example using the Shepard filter as discussed earlier in this section,
which acts as a numerical diffusion to smooth the density field and reduce large fluctuations.
The viscosity term in the governing equations is a physical diffusion term, which also helps to
smooth the velocity field and thus help reduce noise which manifests as velocity fluctuations.
This is often replaced through use of an artificial viscosity, which will be discussed in Sec.
2.6.2. Viscosity terms are usually not enough to completely stabilise the system, and so
it has now become standard practice to apply an artificial diffusion term to the density
computation. Numerical diffusive terms in SPH are well-discussed in literature by Antuono
et al. [11, 9].

It can be considered that the equation of state used in WCSPH (30) is isothermal, and
so the evolution of energy is decoupled from the mass and momentum equations unlike
in physical systems. An appropriate diffusion term added to the density equation reduces
short-scale fluctuations and thus avoids the non-physical energy flux to high frequency modes.
More simply, a diffusion term helps to smooth the density field. An artificial diffusion term
is the preferred method for smoothing the density field since the SPH diffusion operator is

conservative and does not otherwise affect the actual solution [11, 9].

One of the more well-developed and commonly used density diffusion schemes is §-SPH

[99], which involves a density diffusion term of the form

Sheg Y by - Vi,V (32)

J
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where
(pi — Pj)
Irij

i =2 €ij (33)

and 0 is a tunable parameter to control the strength of the diffusion effect, though has a
limited stability range and is usually fixed as 0.1 [11]. Considering Eq. (25) it can be seen
that this Eq. (32) is effectively a form of V?p, hence the understanding as a density diffusion
term. The factor of h ensures that diffusion reduces to zero as resolution increases, and in
fact most numerical additions to the SPH scheme are designed to be O(h) for this reason.

The 0-SPH scheme is often improved by restoring first-order accuracy to the diffusion term
through the solution of a renormalisation matrix [151], similarly to the density summation.
This can be a valuable process to satisfy convergence throughout the whole fluid domain,
since it has been shown that the inclusion of a density diffusion term leads to spurious forces
at a free surface if not appropriately renormalised, and will not be able to reproduce the
hydrostatic solution [11, 9]. However, this is not done in this work as the process is fairly
computational expensive, requiring a matrix to be summed and inverted at each particle
before 1;; can be calculated.

Instead, Eq. (33) can be more simply improved by rewriting the total density difference
(pi — p;) as the dynamic density difference (p? — p?). This comes from understanding that
the total density of a fluid particle p can be broken down into a hydrostatic component p
depending on the hydrostatic pressure P, and a dynamic component p” depending on the
fluid flow (dynamic pressure).

This acts to redefine

(pP — pP)

=2 34
¢1] ’rU’ e] ( )

The dynamic density difference can be calculated as

where the second line in Eq. (35) is just an inverted form of the equation of state (30). By
diffusing only the dynamic density, a hydrostatic solution can be maintained and behaviour
near a free surface is improved whilst still filtering the majority of high frequency density os-
cillations. This is the same scheme as has been adopted as some other SPH implementations
[58].
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Using this model for density diffusion, the continuity equation (26) instead becomes

dp;

pr > Vi (pjwij + dhetp,;) - Ve (36)
J

The improvements gained from such a small adjustment to the density evolution are very

impressive and have been well documented in literature [111, 11, 99].

Pressure initialisation
It is often preferable in a simulation to initialise the appropriate initial conditions of the
fluid. If a flow is not initialised properly then this is akin to a large force discontinuity at
the start of the simulation, which can cause large unphysical pressure spikes. Similarly, if
the fluid is not placed in the appropriate location where the initial conditions are satisfied,
then it may have to “fall” into the equilibrium position, in the process generating forces and
spurious energies.

This is especially the case for SPH, where the weak compressibility means the SPH
particles will first compress under the initial forcings, then generate a pressure field, then
decompress, and oscillate between these states until the steady state initial conditions are
reached. This is essentially the fluid particles iteratively solving their configuration until
they reach the stable lowest energy state.

These issues are of course only particularly relevant for systems which require some kind
of steady-state initial conditions, whether on the pressure or velocity fields.

The typical example of this is a stationary box of fluid under hydrostatic equilibrium. As
the particles attempt to settle under gravity into hydrostatic equilibrium, they produce an
oscillating pressure field. This leads to a very noisy pressure field that can take a long time
to settle. This behaviour is greatly reduced by initialising the fluid to a hydrostatic pressure
gradient and appropriately placing the particles. This is equivalent to improving the initial
guess to an iterative solver, which allows the system to converge to the stable solution more
quickly. An example can be seen in Fig. 4, which compares the behaviour of fluid in a box
with hydrostatic initialisation versus the default zero pressure field initialisation.

In a stationary box of hydrostatic fluid, the expected pressure at any point can be cal-
culated from P} = pogh;, where h; is the height of the fluid at the given point. The relative
error in pressure calculation can then be given by
PP

Prel: R

(37)
where the error is normalised with respect to the calculated pressure P; rather than the

expected pressure P’ in order to avoid divisions by zero. In Fig. 4, the plot on the left
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shows the evolution of relative error in pressure. It can be seen that whilst both methods
have some noise as they converge to their steady state, the uninitialised fluid exhibits much
larger errors in pressure and takes longer to converge. The effects of this noisy pressure field
can also be seen in the plot on the right in Fig. 4, where the kinetic energy of the system
spikes and oscillates in the early timesteps. In a stationary box of fluid, we expect the total
kinetic energy to be close to zero, as none of the particles should be moving. Again, whilst
both methods display a spike in energy at the beginning of the simulation as they settle into
their stable states, the uninitialised fluid exhibits much larger kinetic energies, and remains
more energetic than the initialised fluid throughout. The implication of this is that any
hydrostatic solution should be initialised appropriately to avoid the initial noisy pressure
field and spikes in energy. An alternative, and perhaps preferred in some instances, is that
the fluid should be allowed to settle until the initial oscillations have died out before the
following required dynamics in the simulation are added. This is good practice in general
for SPH, since any simulation which is started in a steady-state will inevitably involve some
resettling of the particles and consequent noise in the pressure field. This can affect other

dynamics in the simulation if the fluid is not first allowed to settle.

This resettling behaviour at the initialisation of an SPH simulation is also affected by
the numerical speed of sound. A larger speed of sound will allow faster convergence to the
steady-state solution. Similarly, smoothing techniques, such as those mentioned in this work,
can also allow for a reduction in oscillation noise at the onset of a simulation and improved

convergence times.

A fluid can be simply initialised to a hydrostatic pressure gradient by assigning an initial
hydrostatic pressure P,;—o = po (g - X;) to each particle, where x; is the particle’s position
relative to an initial free surface reference height. The positions of the particles should also
be suitably adjusted. As we are increasing the pressure of some particles, this increases their
density based on the equation of state (30), and thus if they are to maintain a constant mass
my, their initial volume V; ;=g = dx; ;=0 dy; +=0-dz; +=¢ should be suitably adjusted. This is not
to say that V} used throughout the SPH summations is changed (indeed this is a constant
for all particles), but just that the particles’ initial spacing should appropriately reflect
their increased initial density under the weakly compressible assumption. Since density
increases are generated by gathering of particles closer than their initial default spacing, we
expect that particles under a hydrostatic equilibrium with increased pressure will be slightly
compressed and more closely spaced the deeper they are. The new initial particle spacings

for a hydrostatic equilibrium can be calculated following
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P’L’,t:O = o (g : Xi)

”YPzto )1
it=0 = +1
Pi,t=0 /00( oC 0 (38)

m; = mo = poVp

m; = ,Oi,tzovz‘,tzo

The open-source code SPHysics [63] also offers this same density and mass initialisation.
We can also define Vy = dx - dy - dz and V; ;—y = dx; 4—0 - dy; 1—0 - d2; —0. Then, combining
this set of Eqs (38) we find

1
P, 3
Po <7 ,t20 + 1) Vii=o = poVo

Pocy
v
‘/i,t:O = 0 1
(22 41" (39)
pOCO
dz
d$i,t:0 : dyi,t:O : degt:o =dz-dy- - 1

/YP’L t 0
( pocy + 1)
Thus, to ensure a constant mass and appropriate volume for a compressed particle, the
particle’s initial spacing should be reduced by a factor of the relative density increase. This
scaling is logically applied in the same direction as the compressive force, in this case to the

dz spacing, as in Eqgs (39). This spacing serves as a more accurate initial condition for the

particle spacing under hydrostatic equilibrium.

2.6.2 Viscosity

Whilst the viscosity term was already formulated in Sec. 2.5, it is often the case that inviscid
flow is considered and viscous stresses are disregarded. Though, for accuracy or stability, a
viscosity term may still be used for its dissipative effects as a diffusion term in the momentum
equation. It is generally found that the accuracy and stability of SPH is much more greatly
impacted by diffusion terms in the continuity equation as was presented in Sec. 2.6.1.
There are many formulations of the viscous stresses that may be used [171]. One such
example, originally developed for stability purposes, is the commonly used artificial viscosity

[113]. Using an artificial viscosity formulation, the momentum equation (27) becomes

dul

P,
= Z Vi (—; it Hij) VWiei; +g (40)
j %
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Figure 4: Comparison of the behaviour of a stationary box of fluid with no pressure initialisation versus
hydrostatic pressure initialisation. The plot on the left shows the evolution of the average relative error
of pressure in the system, whilst the plot on the right shows the evolution of the total kinetic energy in
the system. Time is represented in non-dimensional form.

where the viscosity term is given by
M. =y (Y, 2 B2

where v = ahé;;/pi;, and the overbar represents the arithmetic mean of the values at i and j.
The local speed of sound is ¢; = \/m e is introduced to avoid a singularity when r;; ~ 0,
and « is a constant tuned to the amount of dissipation required. This implementation is
commonly found in open-source SPH codes, primarily for its simplicity.

Following the work in Sec. 2.5, we can apply the Laplacian (25) to the velocity vector
in order to find a viscosity formulation as in Eq. (27). This is a reasonable choice to
model laminar viscous stresses for low to moderate Reynolds numbers, as it is a direct SPH
approximation to »V*u as is found in the governing equations (21). Similar to the artificial
viscosity formulation, this also has the effect of providing small stabilisation and dissipative
properties to the scheme.

Since the laminar viscous stress formulation of viscosity follows simply from the governing
equations, this is the choice implemented in the current code. Though it has a physical
analogue, this is not to say that the kinematic viscosity v need always be set to the physically
accurate value. It remains an approximation to the modelling of viscous effects, and while
the physically accurate choice of v is often a good starting point, there is always scope for it
to be adjusted depending on the dynamics of the flow or in order to match validation tests.

It is noted that the choice of viscosity model was found to have almost no noticeable impact

10
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on the overall dynamics of the problems of interest.

There are alternative viscosity treatments available in the literature, such as the Sub-
Particle-Scale approach [37] which attempts to model the effects of turbulence below sub-
particle scale, and also implementations of the Large Eddy Simulation model in SPH [64].
In general, the problems of interest for this work were found to not be largely affected by
the viscosity modelling, and hence a further discussion of viscosity or turbulence modelling

is not presented, though perhaps considered as future work.

2.6.3 Particle Shifting

The accuracy of the SPH interpolation is largely dependent on the regularity of the particles
[31]. The error terms discussed in Sec. 2.3 only hold true, and are in fact minimised,
for regular symmetric arrays of particles. Many studies have been carried out aiming to
quantify the effects of particle disorder on the various SPH approximations [132, 7, 10]. The
self-regularising effect of SPH tends to maintain regularity in the particle distribution, but
this is not always the case - particularly in high velocity flows involving impacts, such as
those we are interested in. To this end, it is often desirable to introduce techniques which
supply additional controlled accelerations or movement to maintain particle regularity.

In highly energetic flows involving boundary discontinuities, it is often the case that
unphysical voids can be formed due to particle clustering effects present when particles are
highly disordered [110]|. This can be remedied through the use of a particle shifting technique,
which aims to very slightly shift particles based on a diffusion-like process in a way that does
not greatly affect the conservative properties of the scheme, whilst still ensuring a more
regular spacing of particles for improved stability and accuracy [90, 145, 152|. The diffusion

like particle shifting is written as
where

Ci=> VW (43)
j

is the local particle concentration and its gradient can be found by a typical SPH approx-
imation such as VC; = Zj V;VW,je;;. This term points in the direction of maximum
anisotropy [31], and as such ensures that the particle shifting is always directed from regions
with the higest concetration of particles to regions with the lowest concentration of particles,

satisfying the desired regularising effect.
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The strength of the process is controlled by D;, which is a numerical diffusion coefficient.
Whilst there are some different forms for this, the form used in this work follow that of
Skillen et al. [145], where D; = Ah||u;|| At, and A = 2. The value of A should be set fixed
and not tuned, as the value of 2 arises due to the Courant condition and is thus an intrinsic
stabiliser on the particle shifting.

Due to large concentration gradients at the free surface, applying a particle shifting of
the form in Eq. (42) would produce spurious results, with particles at the free surface being
diffused into the void around them. To remedy this effect, Lind first proposed a correction
which allowed control of the local normal and tangential particle shifts near the free surface,
and set the normal direction particle shift at the free surface to 0 for high speed flows such
as dam breaks [90]. It is also possible to just reduce or remove shifting for particles on or
near the free surface.

In order for any free surface adjustment to be made it is of course necessary to identify
free-surface particles. Solely using the concentration or density of particles is not sufficient,
since the weakly compressible framework means that these values often oscillate around their
relative values during the slight compression and expansion in high-speed flows. Some free
surface detection algorithms are quite advanced, and notably require implicit calculations
such as the inversion of a matrix and calculating its eigenvalues [152]. Instead, in this work,
a more simple but still very effective free surface detection method based on the work by
Skillen et al. [145] is used, which reads

V.r;<n-20.5
v I, = —Z‘/jrij‘ . VWZ-jeij

J

(44)

where n is the dimension of the problem. This states that any particle whose position
divergence is below a certain threshold can be identified as belonging to the free surface.
Indeed, for a problem in n-dimensions, a particle in the bulk of the fluid will have a po-
sition divergence equal to n, and so a criterion of < n — 0.5 is an effective and efficient
method of identifying the free surface whilst remaining in a straightforward fully-explicit
implementation.

Turning off particle-shifting for free-surface particles and otherwise fully evaluating the
term presents a discontinuity and can lead to clustering of particles near the free surface.
In order to avoid this, many of the implementations have incorporated some form of scaling
in the particle-shifting term based on a particle’s proximity to the free surface. Skillen et
al. for example used a sinusoidal-shaped scaling function based on V - r;. In this work,

different scaling functions were found not to have a large impact on the behaviour of the
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free-surface shifting, and V - r; was not found to vary in a consistent enough manner from
free surface to fluid bulk. For this reason, and for simplicity and computational speed, a
simple linear scaling from 0 to 1 is applied to dr; for particles that interact with a free-surface
particle based on their distance to the free surface. This does require first calculating which
particles belong to the free surface (which is usually done in an initial loop over the particles
whilst calculating normalisation terms) and then calculating the minimum distance to a
free-surface particle drs; and the free-surface scaling ¢; for any particles within 2A of a free-
surface particle. This can be done as a relatively cheap additional calculation during the
main loop for calculating particle interactions, since the particle shift need only be applied
on particle update at the end of a time step.

The final scheme then reads

with
0 if V.r<n-05
) drsi .
¢i = S ifdrs; <2h (46)
1 otherwise

Since the shift of particle positions dr; produces only very small perturbations relative
to the particle spacing, it is generally not necessary to equivalently shift the velocities and
densities based on this change [91]. In this way the particle shifting can be considered as a
non-Langrangian transport velocity.

It should also be noted that whilst initially designed to counteract unphysical void for-
mations and other particle clustering effects, particle shifting can have general benefits even
when these effects are not present. This is due to the regularising effect which improves
the accuracy of the SPH approximation. However, particle shifting like this does violate
momentum conservation (though the discrepancies are very small), and so ideally particle-
shifting should only be used when necessary and with the smallest possible coefficient that

still produces desirable results.

2.6.4 XSPH

A further technique for maintaining particle regularity, is to update the particle position
according not only to velocity solved from the momentum equation, but also to the local

average of the velocity. This is known as the XSPH method, first proposed by Monaghan
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[113]. The positions of particles are then updated following

dri
E:ui—eZVj(ui—uj)Wij (47)
j

where € is an adjustable parameter usually set between 0.3 ~ 0.5 depending on the desired
strength of the effect. The XSPH method acts to partially move particles with a local
smoothed velocity rather than just the velocity calculated at each individual particle. It
is noted that the velocity itself is not updated, only the positions of particles, thus acting
as a particle regularisation technique. Setting ¢ = 0 returns the traditional SPH model
whilst € = 1.0 moves particles solely based on the smoothed velocity field. Moving particles
with the smoothed velocity acts to reduce disorder at short length scales by maintaining a
consistent local velocity which allows particles to main a consistent separation. The method
conserves linear and angular momentum, but not energy [116]. Some results have found that
under certain conditions, XSPH can lead to reduced accuracy and increased disorder [143],
and as such should be used with caution. In the current implementation XSPH is employed,
though with a smaller value of ¢ ~ 0.2, as this seems an ideal approach to improve small

scale regularisation whilst avoiding the dynamics of the problem being affected.

2.7 Computational implementation

Having discussed the mathematical formulation and numerical techniques of the method,
how these fit into the structure of an SPH code will now be briefly addressed. Here we will
discuss how an SPH code works, including time stepping, the overall computational scheme
of the method, and how the SPH method can be effectively scaled through the use of parallel
programming. The specifics of the current implementation will be the main focus.

The SPH code used in this work was developed on top of the code base developed by
Professor Stephen Neethling at Imperial College London. This is a highly modular C++
code, utilising large scale parallelisation with the message passing interface (MPI) specifica-
tion. This was done primarily for use on multiple node, distributed-memory systems such as
high performance computing clusters. The original code contained many standard, but key,
implementations before work was started. This included neighbour listing and searching,
domain subdivision across multiple processors, message and data passing, particle interac-
tion loops, and particle based boundary methods. Of course in this work any additions to
the code had to be made within the existing framework, and so it was always necessary to
consider the computational loop, and how data was stored and shared, particularly in the

context of an MPI implementation.
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Many details of this specific C++ SPH implementation can be found in a publication of
Professor Stephen Neethling [122] and the PhD thesis of one of his previous students, Dr
Dan Barker [13]. The focus in this work was on the development of additional and improved
numerical methods and their understanding, rather than the computational implementation
of an SPH code from the ground up. In the case where an SPH code must be implemented
from scratch, there are many important factors to consider, and whilst these will not be
addressed in-depth here, the basic ideas will now be presented. For further reading on the
topic the reader is directed towards the appropriate literature [43, 45].

SPH codes can be simplified into three main steps: (i) neighbour listing, (ii) particle in-
teractions, (iii) system update. This represents an implementation whereby the neighbouring
particles within the smoothing kernel are found, the interactions between a particle and its
neighbours are calculated according to the governing equations, and then the new time step
is computed according to a time integration scheme and the relevant values are updated.

The procedure is as follows:
(i) Neighbour listing - Cell-linked list method [43]
— The domain is divided into square cells of length equal to the support domain of the
kernel (usually 2h).
— Particles are listed according to the cell to which they belong; this gives a reordered
list of particles.
(i) Particle interactions
— Particles in the same cell and adjacent cells are searched - if they have a distance of
less than 2Ah then they are a real neighbour.
— Interactions are calculated between a particle and its neighbours according to the
governing equations.

(iii) System update

— A variable time step is computed.

— Quantities are updated according to the time-stepping scheme.

This process is then repeated for the desired run-time. During this process and at certain
intervals it may be necessary to complete additional operations, such as saving data or
running smoothing procedures.

Whilst calculating particle interactions, it is possible to exploit the symmetry of the

interactions in order to optimise the process. For example, whilst searching the neighbours
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of particle ¢ we find particle 7, and whilst searching the neighbours of particle ;7 we find
particle 7. Rather than calculating the interaction between particle ¢ and j twice, it is
possible to choose an appropriate cell stencil such that each pair is only calculated once.
The stencil means that calculations are not calculated over all neighbouring cells, but only
neighbouring cells with a greater relative index. An example of such a neighbour stencil can
be seen in Fig. 5. This process reduces the number of interactions calculated by half and so
offers nearly a two-fold speed up. This is commonly implemented in most SPH codes [63]
[45].

The memory locality and CPU architecture should also be considered when implementing
an SPH code. When simulating very large numbers of particles, lots of data associated with
the particles must be shared, accessed, and stored, repeatedly throughout the simulation.
Small optimisations to these procedures based on data read/write operations can often pro-
duce large improvements in simulation speed. For example, structuring memory such that
local particle data is stored contiguously and can be read and written within the cache [126].
Further, by leveraging Single Instruction, Multiple Data (SIMD) instruction sets available
on CPUs, particle interaction loops can be vectorised to greatly improve speed [153].

José Dominguez has produced valuable literature studying these kinds of optimisations
[45]. Tt is noted that whilst effective, these methods often involve restructuring and rewriting
large parts of the code-base and so many are not implemented in the code used in this work
where the focus was on the numerical techniques. In future work when the optimisation and

speed of the code is addressed, this may be relevant.

2.7.1 Time integration schemes

Having detailed the spatial discretisations to produce governing equations for each particle,
it remains to use these formulae to update the velocities, positions, and densities of each
particle to progress the simulation forward. Of course, if a density summation is used as
described by Eq. (28) in Sec. 2.6.1, then the density can be calculated at each time step
independent of time, though this is not the formulation used in the current implementation.

There are two aspects that are important to time integration in SPH: the time-stepping

scheme for updating values, and the stability criteria on a variable time step.

Time-stepping

SPH usually uses explicit time integration schemes to match the explicit weakly-compressible
formulation and keep computational costs low. In order to strike a balance between accuracy
and computational cost, usually a predictor-corrector or leapfrog scheme of O(At?) is used.
This matches the O(Ah?) accuracy of the SPH scheme. The commonly-used 4th-order Runge
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Figure 5: The neighbour cell stencil only calculates interactions over certain neighbouring cells in order
to avoid double counting pairs of particles. Applying this stencil throughout the computational domain
ensures each particle interaction is only counted once and can produces a nearly two-fold speed up.

Kutta (RK4) is sometimes seen, though this carries a high computational cost owing to the
4 intermediary stages of particle variables that must be calculated. Despite the higher order
accuracy of RK4 compared to standard second-order methods it does not always produce
more accurate results [97], and this is likely owing to some of the conservation properties
associated with the second-order schemes which are often symplectic integrators.

The predictor-corrector scheme implemented here is as follows:

Predictor:

At At du; ¥
pFAYD) 0 4 (t) (t+at/2) _ 0 2tdu

i i tow u N7
(t—&—At/?) _ (t) ﬁdlgl ()
Pi P
Corrector:
d i(t+At/2)

dp, (FA2)

This requires two evaluations of time derivatives at particles - once for agt) and dp; /dt®)
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at the predictor step, and a second time for aEHAt/Q) and dp; /dt+A1/2) at the corrector step.

The corrector step can also be modified to

Corrector:
t) (t+AL/2)
+an) @, Al ( (t) (t+At/2)> (t+ar) (0, At [ du; du;
T =T — (w uw u = .
1 1 + 2 1 + (A (A 1 + 2 dt + dt

(han) _ (1) At (dp; D dp, A2
T T @ dt

where the predictor and corrector time derivatives are averaged for the final value. How-
ever, this requires the time derivatives to be stored at both the predictor and corrector
steps and thus imposes additional memory requirements. In practice, either corrector step

formulation was found to produce very similar results in the problems of interest.

Time-step criteria

The use of an explicit time integration scheme makes each time step computationally less

expensive and more straightforward to implement, but does impose strict stability criteria

on the time step itself. This is one of the main drawbacks of using a fully explicit scheme.
The usually relevant time-step criteria for SPH are: the CFL condition, the forcing/ac-

celeration terms, and the viscous diffusion time step.

h
CFL condition : Atcpr, < min {5} (48a)
. . . h
Acceleration condition : Aty < min { o } (48b)
a;
h2
Viscous diffusion condition : At, < min {—} (48¢)
v

It can firstly be noted the importance of the speed of sound C; in the system. If a realistic
speed of sound for the fluid is used then this will make the time step (48a) prohibitively
small. It is for this reason that an artificial speed of sound is used, which is chosen to limit
compressibility whilst also allowing reasonable time steps. The acceleration condition (48b)
accounts for any accelerations that would be large enough to produce a velocity change which
would then violate the CFL condition. The viscous diffusion time step (48c) is the usual
condition on diffusion speed. In an SPH formulation that uses an artificial viscosity, then the
artificial representation of v is used in the condition (48c). In practice, the speed of sound
CFL condition (48a) is the most limiting, especially for coastal wave problems where impact

or gravity-induced pressure forces are dominant.
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Other stability criteria that are sometimes included are the DEM rigid contact time scale

which will be addressed in Sec. 6.2 and surface tension capillary forces if they are modelled.

2.7.2 Parallel framework

Computational runtime of an SPH implementation is largely tied to the number of particles
in the system, and the runtime can dramatically increase at higher resolutions or larger scale
systems. For this reason, efficient and scalable parallelisation of the code is essential.

SPH as a method lends itself naturally to parallelisation since it can be solved in a fully
explicit framework. An explicit formulation means that at any given instant all particle vari-
ables are known and relatively independent. This makes it straightforward to assign particles
to different processes and allow them to evolve individually with limited communication and
latency.

Particle assignment to processes is usually done via domain decomposition. This involves
splitting the simulation domain into subdomains, and allowing each process to handle a single
subdomain. Since all particles need to interact with their neighbours within the radius of
the smoothing kernel (2h), each process must share its outermost - halo - particles with the
neighbouring processes via a data exchange at each time step. This is known as the halo
exchange, and is common practice in SPH and many other parallel code implementations.
For particles located in the cells at the edge of each subdomain, their halo will overlap
into neighbouring process subdomains and as such their data must be sent and received
appropriately. It is always important in an SPH implementation to be aware whether the
correct data has been sent and received before each calculation. Data exchange between
processes can potentially represent a communications bottleneck, and so it is important to
minimise this data exchange whilst also minimising the workload on each processor. There
is therefore usually an optimum number of processes that can be assigned to a simulation
before parallelisation overheads reduce the simulation speed.

As opposed to a mesh-based method, the Lagrangian nature of SPH means that particles
(nodes) are constantly moving, and especially in the case of free surface problems, different
subdomains of the domain can host a very different number of particles from one time to
another. Since the number of particles largely determines the computational runtime, it is
important to load balance between the particles assigned to each process throughout the
simulation. In general, load balancing is always desired to assure that each process has an
equal amount of work to minimise process idle time and keep good synchronisation. This is
done in SPH by periodically resizing the subdomains to ensure that each process handles a
similar number of particles.

Oger et al. have published a comprehensive discussion of the parallelisation methods in
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SPH, with algorithms and efficiencies for domain decomposition and load balancing, as well
as overall performance of massively parallel MPI SPH implementation [127].

Aside from CPU-based parallelisation, a promising and now well-developed alternative
for code acceleration are Graphical Processing Units (GPUs). GPUs offer the advantage
of extremely efficient multi-threading capabilities and are ideal for numerical calculations
which require a large throughput of data. If implemented and optimised effectively, a GPU
executed code can be comparable with if not faster than typical large cluster machines. The
full extent of an SPH GPU implementation contains many specifics and nuances and so will
not be handled here, but the reader is pointed to available literature which handle this topic
- 166, 34, 45].

With big advances in GPU capabilities and programming features, the implementation
of SPH on GPUs has become highly optimised and wide-spread in the open-source codes.
DualSPHysics [33|, GPUSPH [69], and AquaGPUSPH [26] to name just a few of the more
well-known options. DualSPHysics represents one of the more pioneering and effective GPU
implementations, being very well documented, actively developed, and achieving speed-ups
of almost two-orders of magnitude when compared to CPU implementations [34]. The code
presented in this work is implemented in a massively parallel distributed memory framework,
ideal for running on a large number of CPUs on a high performance cluster. Rewriting the
code-base to be functional in a GPU framework would be a logical next step to greatly

improving simulation speeds but was beyond the scope of this work.

2.7.3 Computational algorithm

A brief discussion of the computational implementation of an SPH code was presented at
the beginning of this section. Here, the outline of the computational algorithm for the SPH

code used in this work is presented.
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It is notable that most, if not all, of the “Pre-Solution Calculations” can be avoided if not
employing certain numerical procedures, saving a large amount of computational expense.
In this work, the only pre-solution calculations carried out are those required for free surface
detection when using particle shifting (Sec. 2.6.3), though many other SPH implementations
will calculate further variables required before the main fluid-fluid interactions during these
steps. The steps “Generate boundary particle contributions”, “DEM-Fluid interactions” and
“DEM-DEM interactions” are important steps which have not yet been addressed, but will
be discussed in detail in the following Chapters 3 and 6.
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3 Wall boundaries in SPH

As previously discussed, wall boundaries in SPH remain an open problem and are even noted
as one of the grand challenges facing development of the method [160]. The main issue in
handling solid boundaries for SPH is the truncation of the kernel support domain due to the
boundary. The derivations for the kernel approximation in SPH presented in Sec. 2.3 only
remain accurate to O(Az?) as long as the kernel has a complete support domain and remains
well sampled by integration points throughout. The presence of a wall boundary presents
regions where fluid particles may not enter and thus leads to an incomplete kernel support. A
schematic diagram of this is shown in Fig. 6. Further, any boundary method must of course
accurately emulate a real solid boundary, achieved by satisfying the appropriate boundary
conditions. This means the method must provide adequate and accurate repulsion at the
boundaries, whilst still allowing the fluid particles to flow along and up to the walls in a

physically realistic manner.

Regardless of the choice of boundary method, wall boundaries in SPH are almost always
discretised into boundary particles. These are essentially fluid particles which remain fixed
at a location along the boundary of the wall but do not follow the fluid equations of motion.
Typically their variables (velocity and pressure/density) are calculated differently depending
on the chosen boundary method or desired characteristics. These will be discussed in the
following sections. Boundary particles are particularly useful in the implementation of many
of the boundary methods. They allow derivatives near walls to be calculated using one of
the more accurate formulations in Eqs (19) and (20) which rely on multi-particle values (i.e.
values at the fluid and the wall). Boundary particles can also be useful for tracking values

on or near walls.

Typically, there have been three different approaches to model solid boundaries in SPH:
Repulsive functions, ghost boundary particles, and completing the governing equations by
specifically including the boundary terms - so-called semi-analytical boundaries. The choice
of boundary method is often a very important factor in an SPH simulation [35]. In this
section, each of these methods will be discussed, with some further discussion on their

general efficacy and implementation which is not always addressed in the literature.

The following chapters will then present the theory and implementation of improvements
to the semi-analytical boundary method, with aims to make the method more accessible
to the wider research community and more viable at a simple implementation level. Some
example simulations will be presented focusing on the accuracy and improvement of the

semi-analytical boundary method. The benchmark of choice will be the 3D dam break -



3.1 Repulsive containment and leaked particles 58

Figure 6: Truncated kernel support domain near a solid boundary. The support domain of the ith fluid
particle is highlighted by the blue shaded region and circular dashed line. As can be seen, in regions where
the wall boundary intersects the kernel support, there is a deficiency due to the lack of fluid particles
within the solid boundary domain.

one of the standard validation tests suggested by SPHERIC [149]. This benchmark contains
clear experiment criteria and good quality data for both experimental and numerical results.
The original experiment was carried out by Kleefsman [81]. In this work, the dam break
will be used as one of the main benchmarks for assessing the quality of different boundary
methods. In particular, the overall dynamics and the behaviour of the pressure near the
fluid-boundary impact points will be assessed, as these are typically a good proxy for an
effective boundary method. Further, the 3D dam break simulates the dynamics of interest
for coastal problems, involving breaking waves and high-speed impacts of fluid against a

boundary.

3.1 Repulsive containment and leaked particles

The simplest approach to handling boundaries is to have repulsive walls. Near-wall fluid
particles are identified and prescribed an additional repulsion force based on their normal
distance to the wall. The motivation behind this boundary method is to reflect the funda-
mental nature of the fluid containment due to a solid boundary, which is the intermolecular
forces that prevent penetration of the two mediums. For this reason, the force usually has
the form of a Lennard-Jones potential between the fluid particles and boundary particles,

which was first suggested by Monaghan [112]. However, given that SPH as a method does
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not attempt to model the molecular behaviours in either scale or mechanics, this motivation
is a purely theoretical concept, and in practice the repulsive boundary method is purely

numerical with only very vague physical motivation.

Whilst very good for containment of particles and very simple to implement, the simple
methodology suffers from a few issues. Firstly, the boundary cannot simulate shear stress
since it can only produce forces normal to the wall which behave purely repulsively. This
means only full-slip conditions can be emulated. Most importantly, introducing a repulsive
wall force will break momentum conservation. The formulation lacks physical rigour and
is effectively a purely numerical addition, meaning the relevant parameters in the Lennard-
Jones type equation are unclear. Setting these parameters in SPH is not fully studied, often

requiring different values for different problem types [12].

For these reasons, repulsive forces are very rarely used as a method for modelling bound-
aries in modern SPH codes. That being said, they can be used to provide a straightforward
and effective way to limit particles which leak into solid boundaries. In any SPH simulation,
if a fluid particle approaches a solid boundary at high enough speeds, it is a possibility that
the chosen boundary method cannot provide adequate repulsion to prevent fluid penetra-
tion. This is especially relevant at complex solid boundaries where multiple boundary edges
connect and the geometry may not be well sampled at the given resolution. In these cases,
repulsive forces can be used as a supplement to another boundary method in order to limit

particle leaking.

“Leaked” fluid particles present problems in the computation as their behaviour is not
well-defined. Of course, the fluid should never penetrate an impermeable solid boundary,
and in the case of a large number of leaked particles it would suggest an inadequate bound-
ary method. However, the nature of weakly compressible SPH means it is expected that
individual fluid particles can sometimes exhibit large spikes in their pressures and velocities
without affecting the overall dynamics. These particles then carry the risk of being able to

penetrate into solid boundary regions and “leak” from the fluid domain.

Leaked particles are not generally addressed in the literature. This may be because they
are a rare occurrence, only happening in simulations which involve high velocity fluid impacts
against complex boundaries, but as explained, they are a distinct possibility. As such, any
SPH code should contain methods for handling them. Perhaps the most straightforward
approach is to remove particles which have leaked - the approach for example used by
DualSPHysics [42]|. This should be carefully done by appropriately deleting the particle from
memory and removing it from the linked lists involved in calculating particle neighbours.
One slight issue with this, is that removed particles will then of course leave voids behind near

the point they impacted the boundary. As long as leaked particles are a rare occurrence, this
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usually does not cause any effect on the overall flow dynamics. An alternative method which
can help mitigate this issue, is to reinsert leaked particles back into the fluid domain. This
can be done by reflecting particles back over the boundary face through which they leaked
and assigning them a velocity and pressure based on a sum over the local fluid particles (as in
Eq. (2)). Of course, this is not necessarily physically consistent, and may have conservation
issues, but it does ensure that the number of particles in a simulation remains constant and

that certain near-boundary regions maintain a well-sampled particle support.

As will be seen later in this section, some boundary methods are more prone to leaked
particles, to such an extent that flow dynamics may be affected. For this reason, utilising re-
pulsive forces as a secondary or back-up containment method can be considered. Ultimately,
for all the results presented in this work, repulsive containment forces were not deemed nec-
essary. Early iterations of the semi-analytical boundary method (which will be discussed in
Sec. 3.3) were prone to large numbers of leaked particles and hence motivated the work here.
However, the improved final version presented in Secs 4 and 5 did not suffer from the same
issue, displaying greater containment and thus not needing any repulsive boundary forces.

Nonetheless, the work is still presented here in case it is of value to a future implementation.

The activation of repulsive forces will in most instances not be required and so not af-
fect the flow dynamics. In instances where the forces do activate, the formulation should
have a physical underpinning and be as small as necessary to avoid particle leaking. The
standard formulation of repulsive forces was not considered appropriate for this use, and
so a new formulation was written in order to improve its behaviour as a fluid containment
method. Firstly, rather than only generate repulsive forces between fluid particles and local
wall particles, repulsive forces are applied to fluid particles based on their distance to the
nearest wall independent of the placement of boundary particles. This allows the forces to
be generated consistently near walls rather than relying on a boundary particle discretisa-
tion. Since containment issues can often occur near boundary intersections where the walls
are not well sampled by boundary particles, it is not as effective to rely on said particles
to generate the repulsion. Instead, the forces are generated regardless of the presence of
boundary particles. This does incur some overhead in the computations, since the forces
are not generated between particles, they cannot be done as a cheap additional calculation
in the main particle-particle interactions. Instead, fluid particles must first be marked as
being near a wall whilst boundary contributions are generated (“Generate boundary particle
contributions” step in 2.7.3). Then, the repulsive force is calculated by looping over each

marked particle and its nearby walls, typically before the main particle-particle loop.

In an attempt to make the new formulation more physically consistent, it now generates

a physically derived energy on the approach of a particle close enough to a boundary. This
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formulation of the repulsion mechanism relies not only on distance to the wall, but also on
normal velocity flux at the wall. For a particle ¢ within a certain repulsion range ry of a wall,

the pressure and flux style contributions are scaled by

®F =Py =1+¢p)
1 (49)
;) = 5v§Pi (Vip - m)?

®F and @Y encode a compression contribution and normal velocity flux contribution to a
pressure style repulsion respectively. Together they form a representation of the energy per
unit volume generated by the repulsive force mechanism. &p is a user-defined constant which
controls the strength of the compression repulsion. This is done by calculating a pressure
using the equation of state (Eq. (30)) with a relative density of p/ = 1 + {p to generate
an additional positive pressure force near the boundary (i.e. {p = 0.001 scales the pressure
force equivalent to a compression of 0.1%). &, is also a user-defined constant, which is used
to control the strength of the normal velocity flux contribution to repulsive pressure. n is the
inward normal of the wall, and v;, = v; — v;, where v, is the velocity of the wall boundary
(most often v, = 0). Varying p and &, allows the strength of the distance and velocity
effects respectively to be controlled. In general, using these repulsion mechanisms as a back-
up containment method suggests ®, should be the dominant factor, as it is usually high
velocity particles which are prone to leaking and this means the forces are only produced on
particles which really need it.

Eqs (49) present a typical scale of the injected energy for nearly leaking particles. Of
course, this must be scaled by some form of the distance to the wall in order that particles
feels a smooth and monotonically increasing repulsive force. For this, the classic Lennard-

Jones style scaling used.

q = max <M7 dmin)
To
1 1 T (50)
DLJ _ (_ N _) ib
’ ¢ ¢*) qro

Here DI/ is the scaling function, and r is the repulsion range. This is the distance from

the wall at which the repulsive containment is activated, and should typically be set as small
as possible such that the force is only applied to particles which are very near to leaking.
The value of rq will vary depending on the boundary method used, since different boundary
methods may have a different mean distance at which particles settle near the wall. r; is
the vector pointing from particle i to the nearest point on the wall boundary from which

the repulsive force is generated, and t;;, is the respective unit vector identifying the direction
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from the particle to the wall. d,,;,, is a constant which controls the distance at which the
repulsive force reaches a maximum, and is set as a fraction of ry. The use of d,,;, as a limiter
ensures that the repulsive force does not spike too much very close to the wall due to the
exponential behaviour of DX/,

Finally, the force is calculated as

FR:{ — (®F + V)DL if Jry| < g

)

. (51)
0 otherwise

It is noted that this formulation of repulsive forces contains multiple constants that are
user-defined and may be problem dependent - 1o, &p, &y, dpmin. This can of course be an
additional difficulty for implementation of the method. However, ry and d,,;,, can be defined
on a per-boundary method basis and are usually fairly trivial to assign as will be seen in
following sections, and whilst ép and &, are problem dependent, their physical intuition is
very straightforward as just the strengths of the repulsion mechanisms, and so they are quite

simple to adjust based on problem requirements.

3.2 Ghost particles

The most commonly implemented boundary methods rely on so-called “ghost” particles being
inserted behind the wall boundaries to mimic the presence of a solid boundary. The particles
behave as “ghost” particles in the sense that they provide a wall-like presence to the fluid
particles but do not themselves interact with each other nor are they free to follow equations
of motion. These particles will be here referred to as wall particles, and belong to a similar
class of particles as the previously mentioned boundary particles. Wall particles, however, are
placed behind the wall boundary and are given tailored properties and field values such that
their presence mimics the effect of a solid wall boundary. They ensure that SPH summations
and calculations remain well-sampled near a boundary, and also provide a restoring force
near the walls which helps fluid particles remain contained. A schematic diagram of their
presence can be seen in Fig. 7.

In literature the distinction between boundary and wall particles is not always addressed,
and often times it is trivial and logical to treat them as one in the same. When discussing
the different available boundary methods for SPH however, it is often useful to make the
distinction. From hereon, “wall particles” will be used to generically refer to any wall-

discretising ghost particle except when otherwise noted.

Containment mechanism

The mechanism of the containing force of ghost particles is implicitly produced, and is as
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Figure 7: Kernel support domain near a solid boundary containing boundary particles. The support
domain of the ith fluid particle is highlighted by the blue shaded region and circular dashed line. As can
be seen, in regions where the wall boundary intersects the kernel support, the red wall particles within
the solid boundary domain ensure there is no deficiency near the boundary. The previously described
boundary particles are not depicted in this image.

follows:

1. Fluid particles which approach a boundary experience an increase in density due to

the stationary ghost particles, following the continuity equation (Eq. (36)).

2. The density increase results in a local pressure increase, following the equation of state
(Eq. (30)).

3. The increase in local pressure leads to an increase in the pressure term in the momentum
equation (Eq. (27)).

4. The pressure term increase points away from the ghost particle and thus generates a

repulsive acceleration.

This mechanism was first discussed in the literature by Crespo et al. [2].

The issue with relying on this style of repulsive force mechanism is that it may lead to
an unphysical gap between the boundary and where the fluid particles lie. Specifically, when
fluid particles flow into a dry boundary region, they are held at a unphysical distance from
the wall due to the repulsive mechanism, creating a noticeable “gap”. This phenomenon is
generally well-known, particularly to the users of the very popular open-source SPH code

DualSPHysics which utilises ghost particles in the dynamic boundary condition |33, 2.
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Boundary particle positioning

An approach to reduce the presence of the unphysical boundary gap is to place the ghost
wall particles offset from the actual physical wall boundary position. In this way, their
presence is only felt closer to the actual wall position they are trying to emulate and can
produce a more accurate near-wall behaviour. For example, the dynamic boundary condition
is typically seen to produce a gap on the order of Az, and so if the wall particles are offset
into the walls by a distance of Az, the fluid is able to flow along the physical wall boundary
with no gap. The downside of this is that it greatly increases the chances of fluid particles
leaking, or penetrating the solid wall domain, which is often undefined behaviour. This issue
has been addressed in Sec. 3.1. If this is to be done accurately, the size of the gap should
be recorded with some test simulations and then used to inform an appropriate wall particle
offset. Typically the size of the gap will be consistent for the boundary method chosen, and

so it can be then continually used if desired.

Setting variables

By appropriately setting the variables of boundary and wall particles, their presence can also
be used to help the pressure and velocity fields satisfy appropriate boundary conditions, or
even help modulate other desirable behaviours at the boundary.

In the case of the dynamic boundary condition used in DualSPHysics, the density and
pressure of the wall particles are updated according to the continuity equation (Eq. (26))and
equation of state exactly as fluid particles, but are otherwise held fixed within the wall. This
has the benefit of making wall particles trivial to include in the regular fluid particle loops
which can greatly help with computational speed and implementation. A recent improvement
to this method dubbed the modified dynamic boundary condition calculates the ghost particle
pressure from a first-order accurate extrapolation from the fluid domain. This is a more
involved process, but was shown to reduce the issue of the unphysical boundary gap and
greatly increase accuracy of results near the boundary whilst only increasing computational
expense by 10% — 20% [49].

A second option, is to set a pressure value at the wall, P,,, according to local fluid pressure
values, Py, in order to satisfy a Neumann or Dirichlet boundary condition. The density at
the boundary/wall particle can then be found by an inversion of the equation of state Eq.
(30).

Most often, the Neumann boundary condition 0P/dn = 0 is set, though in the presence
of gravity this should more appropriately be set as 0P/0On = pg - n. Integrating along
the centreline of a fluid-boundary particle pair would lead to a form of the pressure at the

boundary particles being calculated as
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Py, =Pr+ps(g—ay) Tuy (52)

where for completeness, a, is the acceleration of the wall boundary (often just 0), and
r,; = I, — Iy is the position vector pointing from the fluid to the wall particle under
consideration. This form of calculating pressure at the wall can be seen in the work of
Adami et al. [3], and is applied specifically to wall particles. Eq. (52) appropriately written
in an SPH method should of course calculate the pressure at the ghost boundary particles

based on a summation over the local fluid particles. This is written as

1

P,=—=———
Zf ViWay

D Vi (Pr+pp (g —aw) - Tuy) Way (53)
j

A Shepard Filter style summation as in Eq. (29) is used to extrapolate the pressure field
to the boundary particles.

An adjustment to this form of boundary pressure, though specifically relevant to bound-
ary particles, can be made by considering the motion of the fluid normal to the wall. In
this case, by projecting the momentum euler equation in the direction normal to the wall,
we have the more complete Neumann boundary condition 0P/dn = p(g-n — ay - n), where
ay refers to the acceleration of the fluid in the vicinity of the boundary. De Leffe [38] and
Marrone [100] have both used this form of pressure boundary condition, and suggest an
approximation for the acceleration of the fluid near the boundary based on the impermeabil-
ity condition at the wall. Considering the relative normal velocity of the fluid to the local
boundary (uy — u,) - n,, and the reflection of a wave signal travelling at the speed of sound

co, they express the acceleration as

co(uy - ny)

(rp —rp) - my (54

ag -1y = —
where 1y, is the position vector of the boundary particle under consideration, and the subscript
b is used to refer to properties defined at the given boundary particle. Combining this with
a Taylor expansion of the wall pressure in both the tangential and normal directions [100],
along with a suitable SPH extension, the formula to calculate the pressure at a boundary

particle can then be given as

1

Py=
> ViWy

D Vi (Pr+ pico (up - mp) + pr (g — aw) - Tuy) Way (55)
7

Here there are presented three options for pressure assignment at the boundary: density
values according to the continuity equation (26) and pressure values calculated from the

resulting equation of state (30); a simple interpolation of the pressure based on local fluid
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Figure 8: [161] Diagram of two wall particle methods: fixed - (a), and reflected - (b). In the fixed
boundary particle method, particles in the wall can be distinguished into wall particles b that lie along
the edge of the wall, and boundary particles f which lie within the boundary. Reflected particles are
generated symmetrically to nearby fluid particles.

particles and the hydrostatic contribution due to gravity (Eq. (53)); and the same, but
also including the contribution due to the local fluid acceleration (Eq. (55)). Different
SPH implementations may make a different choice of pressure assignment depending on the
specific boundary implementation employed, as well as other factors. These options will be
briefly compared and the choice of which to use addressed in the following sections (Secs
3.2.1, 3.2.2, 3.3). Notably, however, the pressure assignment involving the wall-normal fluid
flux (Eq. (55)) is generally not employed in the literature or available SPH implementations,
and only addressed in the referenced papers |38, 100].

Types of ghost particles
Boundary particles are generally implemented in one of two ways: they are reflected, or
mirrored, from fluid particles near the boundary at each time step and thus dynamically
placed, or they are generated on a fixed mesh at simulation start and held static. These are
here respectively known as reflected and fized boundary particles.* A diagram visualising
the two methods is shown in Fig. 8.

Both methods ensure that near-wall fluid particles have sufficient support and attempt
in some manner to satisfy the appropriate boundary conditions. Reflected particles aim to
generate a minimum required number of boundary particles at the expense of re-generating

them at each time step, whilst fixed particles need only generate the boundary particles

4In some literature, “ghost” particles are only used to refer to the reflected type boundary particles,
perhaps due to their transient nature. In these cases, reflected and ghost particles may be referred to
synonymously, while fized boundary particles are addressed separately.



67 3 WALL BOUNDARIES

once, but often produce far more boundary particles than are needed at any instant. Of
course, boundary particles are only necessary in regions near boundaries when we need to
calculate fluid values in that region. Further, reflected particles can have assigned velocities,
whereas fixed particles may only take the velocity of the wall in which they are embedded
(often v, = 0).

We will briefly address both methods here.

3.2.1 Reflected particles

For reflected particles, any fluid particle near the solid boundary is “mirrored” into a ghost
particle outside of the boundary. These reflected particles are re-generated at each iteration,
and provided with parameters that are symmetric to those of the fluid particle they were
mirrored from. This acts as a dynamic method for allocating boundary particles in regions
where they are required. Sometimes the reflection process may rely on the presence of wall
particles to generate the correct positions of the reflected ghost particles.

The reflection process near flat, convex boundaries is straightforward, but in non-convex
boundaries near corners, the reflection process becomes ill-defined and requires more careful
handling. In three dimensions the problem complicates even further, potentially with certain
boundaries with intractable solutions.

In fact, the main constraint in using dynamically reflected particles is the difficulty in
extending the method to 3D for complex geometries, particularly with sharp changes in the
boundary. The reflection process can become unclear through multiple local faces [117], and
the resulting ghost particles do not always adequately fill the space. This may lead to fluid
particles with an undersampled support near complex boundary edges.

The problem of producing a consistent and effective boundary particle reflection process
for all boundary types is not addressed in this work. Results in this work which use a
reflected particles boundary method rely on a pre-existing algorithm in the in-house SPH
code provided by Professor Stephen Neethling, details of which can be found in [13].

A recent improvement to the method of dynamically generating boundary particles was
proposed by Fourtakas et al. [58] who used a local uniform stencil for each fluid particle.
This method generates ghost boundary particles according to a stencil, which tracks each
individual fluid particle, and is better able to handle complex geometries in 3D, nor relies
on the presence of wall particles.

As reflected particles are dynamically generated, they may take any assigned velocity
value. This allows certain velocity boundary conditions to be satisfied, in particular the
no-slip and free-slip boundary conditions. This can be seen in Fig. 9, where mirroring the

velocity allows an approximated null velocity field at the wall, satisfying the no-slip condition.
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Figure 9: [13] By setting the velocity of reflected boundary particles appropriately, it is possible to satisfy
either the no-slip or free-slip conditions at the wall as required.

Alternatively copying the velocity across the boundary approximates no tangential stresses
at the wall for the free-slip condition.

In this work, the reflected particle boundary method is assumed the default implementa-
tion due to its speed, simplicity, and overall acceptable results. For any simulations presented
in this work where the boundary method is not specified (nor the focus), it can be assumed

that the reflected particle method was used.

3.2.2 Fixed particles

Fixed boundary particles are comparatively straightforward to implement, requiring only a
one-time, grid-style placement which follows the boundaries of the domain. This can also
be thought of as discreting the boundary regions with fixed fluid particles. The boundary
particles should be placed respecting the same initial spacing (resolution) as the fluid par-
ticles, and the same initial mass/density. Care should also be taken near corners to ensure
the region behind them is filled in a consistent matter. This aspect is a typically much more
tractable problem than the reflected particle equivalent.®

Fixed boundary particles need only extend out to a depth of 2h so that fluid particles
near the boundary edge remain well sampled. To minimise the presence of an unphysical
gap between the approaching fluid and the solid wall, the fixed boundary particles can also
be placed offset into the wall by an appropriate distance.

Since fixed boundary particles are placed only once at the start of simulation and can

have their values quite simply updated in a similar method as fluid particles, they are easily

SResults in this work which use a fixed particles boundary method rely on a pre-existing fixed particle
placing algorithm provided in the in-house SPH code by Professor Stephen Neethling.



69 3 WALL BOUNDARIES

included in an extension of the fluid particle loops and can offer improved implementation
and computational speeds, as seen in the dynamic boundary condition in DualSPHysics.
Some of their speed benefit is lessened, due to the fact that they discretise the entire wall
domain even when no fluid is near (unliked the reflected particle method), and so the method
does tend to produce far more particles than are needed. The dynamic boundary condition
or its modification are an example of fixed boundary particle methods.

As fixed particles cannot have variable velocities, inherently they cannot satisfy the no-
slip condition. Their fixed velocity profile also means they tend to be less accurate in
calculating derivatives at the boundary. Macia et al. produced a theoretical analysis on
the accuracy of different ghost particle methods for emulating no-slip boundary conditions
[98], and found that owing to invariable velocity, the fixed particle method was generally
less accurate than the reflected particle method. Fixed velocity particles notably had a
divergent second derivative in linear fields. In general, this makes the fixed particle boundary
method undesirable for the purpose of accuracy, and its main benefits come from its ease of

implementation and ability to handle complex geometries.

3.3 Semi-analytical boundary method

The boundary methods discussed so far rely on additions to the SPH method in order to
replicate the effect of a solid wall boundary. The semi-analytical boundary method by con-
trast, aims to solve the original governing equations in a more complete manner, accounting
for the presence of boundaries to the fluid domain and thus implicitly modelling their effect.

The original SPH integral approximation presented in Eq. (5) was accurate to second
order given the two conditions in Eqs (7) - normalisation to unity and null first-order mo-
ment. These conditions do not hold however when close to a boundary since the support of
the kernel function is truncated and thus incomplete. Accuracy can be restored near to a

boundary by noting that the original formulation collapses to
Af(r) = A(r) / W (r—1")dr' + O(h) (56)
Q

and can then be rewritten to

Al(r) = = A(r) + O(h) (57)
where

v = /QW (r — ') dr’ (58)
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Here, 7 is effectively a normalisation term that restores first-order accuracy near a bound-
ary by rescaling the value of the variable when the kernel support is incomplete. This nor-
malisation corrects for the lack of normalisation to unity, but the first-order moment of the
kernel remains non-null, and as such the accuracy of the approximation remains at O(h).
It should be noted here that v = v(r), and is indeed variable with position. As such, it is
often defined at particle positions, and will often be written as v; or -, (v evaluated from
the particle at position r; or r, respectively). The ~ superscript identifies a renormalised, or
semi-analytical appropriate, version of an SPH approximation.

The main difficulty in the semi-analytical boundary method is the calculation of this
normalisation term ~, which is addressed in its entirety in Chapter 4.

Far from the boundary v = 1 as was assumed in the original derivation, and the original
SPH approximation is restored with accuracy of O(h?).

Noting this new form of normalised SPH approximation, it is necessary to re-derive the

following discrete and derivative SPH approximations. The discrete operator is first written
Ap(r) (Eq. (2)), giving

Ap(r Al 1
A (r) = o )Z—:;ZAJWUV} (59)
j

v(r) Yi

which is again, first-order accurate near a boundary, but with the original second-order
accuracy far from a boundary.

The SPH approximation of the derivative must also be carefully handled in the presence
of a boundary. Firstly, the original integral approximation (12) is adjusted in the same way
as

VAr) 1

VA(r) = ST [/aQA(r') W (Jr — r'|) ndS + /QA(I‘/) VW (r—=r])de’| (60)

Further to the introduction of v in the equation, the previous assumption made in deriving
the original gradient estimate that the surface integral over the boundary 02 would disappear
is no longer accurate. Indeed, near a boundary, the truncated support means that W (|r — r'|)
is not identically zero along the boundary of integration, and the integral must be included
in the final result. This, however, requires careful consideration. The surface integral is over
the boundary of the support as opposed to the previous integrals considered which were
over the volume of the support. Discretising this integral thus requires the boundary of the
support to be well-sampled. Since the integral will only be non-zero along the truncated
boundary where the domain boundary intersects, this is equivalent to requiring the domain

boundary to be well-sampled i.e. requiring the presence of boundary particles.
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At this stage, n is considered as the inward normal to maintain consistency with the
literature. Then, applying the standard discrete approximation and the preferred formulation
of the gradient operator (as shown in Eq. (20)), a discrete approximation of the gradient of
a variable near a boundary is given as

VAR =25 (% + A—;) ViWiey — 2% p, <£2 + A—;") Win,dS — (61)
Vi pi P Vi pi P

7 tw 7 w

where ) refers to a sum over local wall particles (specifically boundary particles in this
case) as described. The subscript w refers to the respective variables defined at said wall
particles. The integration differential here is the area of the wall particles, dS, since they are
only defined along the boundary.

Following the same methodology, the discrete approximation to the divergence under a

semi-analytical framework can be written as

1 1
V-B(r) = e > 0iVi (Bi—By) - ViWe;; + P > rw(Bi—By) Wiun,dS (62)
/1 ] 1/ w

or

1 1
V- -B(r) = - > V(B —By) ViWie; + - > (Bi—B,) Wi,n,dS  (63)
7 j 1 w

It is then also possible to define an appropriate adjustment to the Laplacian. The same
methodology as the “Morris” operator (25) is used - a combination of an SPH divergence
estimate and a first order finite difference approximation. The SPH estimate is based on the

adjusted normalised form as in Eq. (60). This leads to a discretised equation of the form

V3A(r) = S > 2 (M) V, VWi — L > (VA +VA,) n,Wi,dS  (64)

Yi ; ’rij’ D

Here the finite difference approximation to the gradient has not yet been applied to the
summation over wall particles, as it first necessary to approximate VA - n,,. This is simply
the directional derivative of the variable A perpendicular to the wall. Since the Laplacian is
applied to the velocity u, a contextual approximation to this term can be made by assuming
the physical behaviour of the velocity field in the vicinity of the wall. Considering the

viscous sublayer, velocity is expected to vary linearly with distance to the wall, and it is

further assumed that velocity only varies perpendicularly to the wall. This leads to the

A'L_Aw
|(ri—rw) nw|’

equivalently be arrived at by considering the laminar shear stress at the wall [53]. The

approximation at first-order VA, -n, ~ VA, -n, ~ This approximation can

Laplacian approximation is then
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V2A(r) = 1 22 (Aij> V,VWy; — 1 ZQ < Auw ) WiwdS (65)
J w

Vi ’rij’ Vi T - 1|

Here on, the superscript ~ for normalised versions of SPH approximations will be dropped,
and they will be treated as the standard formulations when employing the semi-analytical
boundary method. These adjusted forms of the gradient, divergence, and Laplacian allow for
the governing fluid dynamics equations (21) to be rewritten in a semi-analytical framework,
and as such essentially define the implementation of the semi-analytical boundary method.
In comparison to the original operators presented in Sec. 2.4, it can be seen that full
consideration of the boundary integral has led to the appearance of a second term in the
derivatives when in the locality a wall boundary. This term, along with the 1/ scaling, is
what leads to increased forces or densities near a boundary to emulate the boundary effect.
In the momentum equation (27), the second term in the gradient (61) generates a pressure
gradient pointing towards the wall, whilst in the continuity equation (26), the second term

in the divergence (62) generates a density increase when a fluid particle approaches a wall.

Of course, with discretised boundary particles, then the same considerations on boundary
particle placement and variable setting must be made, as was for the ghost particles methods
(Sec.s 3.2). It is simplified in that the wall itself does not need to be discretised, only the
boundary. The most common implementations |53, 105] typically place boundary particles
directly on the wall boundary (as is the default expectation), and set the pressure by a local
average of fluid particles, as in Eq. (53). These considerations will be discussed in more
detail in Chapter 5.

Alternative formulations of these SPH approximations can be found in the literature.
One of the earliest formulations of the semi-analytical boundary method was produced by
Kulasegaram [86]. More recently, however, Ferrand [53| improved on Kulasegaram’s method,
and produced a formulation roughly equivalent to that presented here. Notable about Ku-
lasegaram’s formulation is that it does not rely on summations over wall particles, and
instead evaluates the wall contribution in a single term. Depending on the implementation,
this can be preferred. Further, the gradient and divergence operators offered by Kulasegaram
are skew-adjoint, being thus compatible with a variational approach and offering ideal con-
servation properties. However, it was found to be a less accurate formulation in practice
than those involving wall particle summations [53]. This is due to the fact that it does not
predict zero net force in a uniform pressure field. Furthermore, wall summation methods

offer increased resolution of wall variables.

Often, the term in the wall summation W;,n,dS, as in Eq. (61), is written as V~;,. In

this context, V~;, refers to the contribution to V~; from the wall particle at position r,,.
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This can be found by considering the gradient of v in Eq. (58). First passing the V operator
(which is here understood as the gradient with respect to r,) inside the integral using the
Leibniz integral rule, and then appropriately flipping the evaluation of the gradient so that
both the integral and V are with respect to r’. The divergence theorem can then be applied
to produce the relevant equation

Vy=— [ W(t'—r|)ndS (66)
o0

Given a wall discretised into particles, a discrete approximation of this is then

Vyi==Y V7w (67)

leading to

V’Yiw ~ VViwnw dsS (68)

From this, the approximation W;,n,dS = V~;, can be seen, and there is now a motiva-
tion for calculating V+ which appears in in the gradient approximation (61).

There also exists an alternative approach to semi-analytical boundaries which is occa-
sionally referenced in the literature [40, 108, 6]. This is produced not by considering the
effect of the missing kernel support on the governing equations, but rather by attempting to
extend the variables’ fields into the boundary region, such that there is effectively no longer a
truncation. This can perhaps be thought of as a continuous approximation to a ghost parti-
cle approach. Usually, a constant or very simplified field is assumed in the boundary region,
such that the only difficulty remaining is to evaluate the integral of the kernel function W or
its derivative VIV over the truncated boundary region. This integration does not generally
appear to be addressed in the literature, though the work presented in Chapter 4 could be
leveraged to that end. Depending on how integrations or summations are calculated, this
approach may also offer the advantage of not requiring any wall particle discretisations.

The semi-analytical boundary method is often seen as a preferred approach to modelling
boundaries in SPH due to the fact that it arises naturally from a full consideration of the
governing equations. It does not necessitate artificial additions to the method, such as a
repulsive force or ghost particle method may. It also restores first-order accuracy in areas
where the kernel support is undersampled. In the case of coastal dynamics problems, avoiding
the discretisation of wall boundaries can be advantageous due to the potential for highly
irregular and transient physical boundaries. Further, as previously discussed, accuracy of
solid boundary effects is extremely important and influential on the resulting dynamics, and

so there is an impetus to use the most accurate boundary methods available.
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The semi-analytical boundary method, however, does forego some of the symmetry and
conservation properties of the original governing equations. This is due to the introduction
of v; which is not symmetric between pairs of particles, and the use of the gradient and
divergence operators defined in Eqs (61) and (62) which are no longer skew-adjoint. In
particular, loss of antisymmetry in the gradient operator (61) means that momentum is not
necessarily exactly conserved near a boundary. However, these issues do disappear far from
the boundaries, as the semi-analytical method returns to the original SPH approximation
when v =1 and Vv =0.

Despite its issues, the semi-analytical boundary method is often perceived to be one of
the more accurate boundary modelling approaches [91|. Its lack of widespread use is often
owed to the difficulty in accurately calculating the normalisation terms v and V+. In the
following chapters, this problem is effectively solved, with the presentation of a fully accurate
and general framework for their calculation, as well as further improvements to increase the

method’s accuracy.
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4 An improved semi-analytical boundary method (1) -

Calculation of normalisation terms v and V-~

The main difficulties in the semi-analytical boundary method have been related to the cal-
culation of v and its gradient V~. Either one, or both of these are required in the adjusted
governing equations depending on the formulation. An effective semi-analytical boundary
method should include accurate and efficient calculation of these terms, as well as a system
of governing equations which involves mathematically consistent SPH operators. Owing to
work by Ferrand et al. who presented an effective system of governing equations for the
method [53, 54], the focus in recent literature and further development of the method has
been the calculation of the v and V~ terms, which is seen as the main source of difficulty
in the method. Further, standard calculations of v and V'~ are typically only handled near
planar boundaries.

In this work, formulations of these normalisation terms near spherical boundaries are also
provided. Since most wall boundaries are planar, this has historically been the focus of the
semi-analytical method. However, spherical boundaries present themselves when considering
solid spherical objects which may behave as boundaries. An example would be mobile DEM
bodies within the fluid which represent coastal solids, such as boulders or rocks, and are often
modelled as spheres. Calculating v and V+y near spherical boundaries allows the opportunity
to model mobile spherical solids with the semi-analytical method - something which has
previously not been possible. This section will thus provide a simple introduction to the
possibility of accurate semi-analytical fluid-solid coupling for non-planar mobile solids. This
does not appear to have been explored before in the literature, other than the publication
produced from this work [85].

It is noted that while the original motivation and application of this boundary integral
method is the semi-analytical boundary method within SPH, the method described is in
fact general and can be applied to any integration of radial functions over truncated, non-
standard domains. This is equivalent to the situation in SPH, where the support domain of
the radial kernel function is truncated near boundaries, as visualised in Fig. 10.

The difficulty in calculating the normalisation terms owes to the fact that ~ is calculated
via the integral of a radial function over a truncated, usually polygonal, and potentially
concave, domain. Typically these integrals cannot be solved analytically, and so are instead
solved either wholly or partly numerically, relying on some discretisation of the bound-
aries. This often involves very complex and expensive implementations. In this section,
a method which effectively solves this issue is presented. The method can solve the ~ in-

tegrals completely analytically (and partly numerically, if ever required), and is presented
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Figure 10: Schematic visualisation of the integration domain 2N€2, in two dimensions. In (a), a particle
positioned at r, has circular (spherical) finite support €2, with radius R (green). Here the particle is in
the vicinity of the boundary of the computational domain € (black) with outward normal n (red). Its
effective support is then truncated by 052, creating a local particle boundary 9€2,. The resulting domain
of interest 2 N Q, is visualized in (b).

alongside efficient algorithms for implementation which can be ported to any existing SPH
code. Whilst this does not completely solve all issues related to the semi-analytical boundary
method, the aim is that it does solve the issue of calculating v and V~ for any polygonal or
spherical boundary types. Other issues within the semi-analytical boundary method, such
as the choice of governing equations or time integration scheme, will also be discussed later
in the section.

Working from Eqs (58) and (66), the aim is to solve the integrals

Vo = W (Jr, —r'|) dr’ (69)

oNQ,
VY = — W (|rg — r'|) ndS (70)

%
in both two and three dimensions. It is clarified that the integral fmﬂ dr’ will represent
an area integral in a two dimensional domain, and a volume integral in a three dimensional
domain. The use of the subscript a is equivalent to the previous subscript ¢ and refers only
to the particle of interest, but is used here to distinguish from the discrete case where i is
used. n = n(r) is now defined as the local outward unit normal at the boundary, and dS
is a differential element of the boundary of the domain. In two dimensions, the integral

faﬂa dS can be thought of as a line integral, and in three dimensions as an area integral.



7 4 AN IMPROVED SEMI-ANALYTICAL BOUNDARY METHOD (1)

These integrals should be solvable over a wide range of domain intersections (2N €2,, avoiding
domain decomposition and expensive numerical integration where possible.

Early attempts at calculating + involved creating a polynomial approximation to (69)
for simple 2D geometries [86], or limiting the boundary to single straight lines or corners
[52]. Ferrand et al. presented the first consistent semi-analytical formulation in 2D [53],
which was then extended to 3D by Mayrhofer et al. [105]. However, both of these methods
yielded complex and computationally expensive formulations, and particularly in 3D relied
on complicated formulae and domain decompositions to calculate the different intersections
of a sphere with a triangular planar boundary. These methods are not fully general and do
not necessarily handle non-convex geometries correctly.

Very recent developments by Calderon-Sanchez et al. 22| and Chiron et al. [28] have
made good progress towards a geometric formulation that handles both 2D and 3D imple-
mentations and can handle arbitrary boundaries correctly. This is done in the same manner
as in this work, which is by using the divergence theorem to reduce the dimensionality of the
problem and produce integrals which can be solved. However, numerical or symbolic integra-
tion are used for the final evaluation, producing convoluted and computationally expensive
numerical methods. Further, these methods usually restrict the smoothing kernel of choice
to the standard Wendland quintic kernel, and rely on an additional meshing algorithm or
domain trimming process which is used alongside the method, further complicating matters.
Generally there is a limited discussion on the steps of the method for three dimensions or
how the work can be implemented.

The present work first uses both the divergence theorem and Stokes’ theorem to allow a
derivation in both 2D and 3D that leads to a simple formulation and reduces both 2D and
3D problems into a 1D line integral. This line integral can then be solved either numerically,
or preferably using a fully exact and analytical closed expression which is also presented.
The following section covers the implementation within an SPH framework, and pays close
attention to efficiency and generality. Within the computation loop, both v, and V~, can
be computed simultaneously and any convex polygonal element can be handled.

The work in the following sections of this Chapter is adapted from three separate papers
co-authored with Dr Larry Kostorz® during the course of the PhD. All three of these papers
were published [83, 85, 84|. Dr Kostorz was a fellow student during the PhD with whom T
collaborated on many different areas of work. For the above papers, Dr Kostorz contibuted
primarily to the mathematical rigour of the work, while I handled the majority of imple-
mentation and result generation. Conceptual work, as well as work on the algorithms and

efficiencies of the method was equally split. Standard information such as the mathematical

6w.j.kostorz@gmail.com, previously Department of Earth Science & Engineering, Imperial College London
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theory and implementation algorithms are taken directly from the papers, while the discus-
sion and certain results have been largely expanded upon and are adapted to the context of

this work.

4.1 Summary of the method

The following mathematics can be generalised to a description of the method as follows.
First, the dimensionality of the problem is reduced, using the divergence theorem to reduce
a 3D integral to a 2D one, and then using Stokes’ theorem to reduce 2D integral to a 1D
one along a boundary. The divergence theorem is applied by rewriting a 3D integral as the
integral of a divergence, through the use of an appropriate ancillary function. Similarly,
Stokes’ theorem is applied by rewriting the new (or existing) 2D integral as the integral of
a curl, with the use of another ancillary function. This produces a final integral in only one
dimension, in a typically much more tractable problem. Along the way, the problem is also
reformulated so that analytical expressions can be leveraged where possible to reduce the
reliance on integral evaluations. One-dimensional boundaries are split into segments which
can be found using analytical geometrical results, and others which require more involved
one-dimensional integrations along straight edges.

Of course, this 1D integral can be solved fairly efficiently numerically, as will be discussed,
but we also present here further mathematics to provide an exact and analytical closed-form
solution. This is done by providing a recurrence relation solution to the integral. It is noted,
that whilst this recurrence relation can be used directly to construct an explicit solution
equation, this will be a very long and complex formulae due to the recurrences and functions
involved. Rather, we suggest explicitly evaluating the initial recurrence points, and applying
the recurrence relation to these numerical values, allowing a final numerical value solution
to be calculated with a sequence of simple steps requiring only a few multiplications.

The focus in the following sections will be on the 3D version of the problem, as this
covers the scope of the problems of interest. The introductory theory, however, is presented
for both two and three dimensions, as the 3D problem collapses to a 2D one after initial
application of the divergence theorem. The referenced papers from which this theory follows

contain a full discussion of the 2D version of the problem.

4.1.1 Two dimensions

The problem is firstly extended to three dimensions, working in the cylindrical coordinate

system {e,, e, e.} centered at r, introducing the e, unit vector to Eq. (69). We then apply
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Stokes’ theorem”.

In order to apply Stokes’ theorem, it is required to identify a vector field F which satisfies

V xF =W(pe, (71)

with p = [|[r — ry|| vy (in the XY plane, as in the cylindrical coordinate system i.e. W has
only a radial dependence). Considering the symmetry of the problem - radial dependence

and pointing only in e, - it is possible to suggest a solution of the form
F=f(pes (72)

The curl in cylindrical coordinates is taken, and then equated to the right-hand side in
Eq. (71). For simplicity it is assumed that W is bounded on  (which is a valid assumption
for any kernel with finite support). It is then found that

1 P
o) =+ / ST (s) ds (73)

together with (72) is a solution of (71). By the change of variables s = p3, (where § is now

a non-dimensional radius), this is written as
1
fo) = [ sW(ps) ds (74)
0

Furthermore, noting that e, = (r — r,) /p, and realising that e, can be calculated as just

a rotation of e,, it can be defined that

e, =—P(r—r,),

p
b [0 —1] (75)
10

where P is simply the 7 (anti-clockwise) rotation matrix in two dimensions. Together with
the solution of form (74) in Eq. (72), Stokes’ theorem can be applied to Eq. (69) with 0Q

as the boundary bounding curve to find

= (2) —r,)|-dr = ! 2) P"P(r—r a
= /MGWWP@ J)-d / G2 () FP(x — 1) dt. (76a)
Gl o) = [ 5w (ps)as (76b)

"Practically, the two-dimensional simplification of the Stokes’ theorem, Green’s theorem, is being used.
Extending the problem to three dimensions allows us to exploit the radial symmetry of the problem.
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with r = r(t), t € [ty,t1] being an arbitrary parameterisation of 9Q and p = p(t) =
lr, —r(t)|. r is the derivative of r with respect to the parameterisation variable ¢ along
the boundary 0f). Tt is also noted that the change of integration variable from r’ — r from
Eq. (69) is just done for notation consistency and is of no mathematical consequence. The
superscript in G(v12/) refers to the number of dimensions of the original integral. For a more
comprehensive understanding of the method at this stage, the above steps leading to Eqs
(76a) and (76b) are detailed line-by-line in Appendix B. Clarity of the process here should
aid the reader’s comprehension of the method in a general sense and its extension to three
dimensions in the following section.

In practical applications, G(MQ,)(,O) can often be provided explicitly; this allows for evalu-
ating v, (originally two-dimensional) via one-dimensional integration. In the case that W is
a polynomial, as is almost always the case in SPH, G%,IQ/) is straightforward to evaluate. In

this case

Wip) =D aup" = Gi(p) = ) =" (77)

n n

It should be noted, that when working in two dimensions, V+, in Eq. (66) is already
expressed as a one-dimensional integral along a boundary, and so need not be simplified
further, other than parameterising it in ¢ and writing it with the appropriate Jacobian.
That is

V9, = — /t 1 W(p) (t"Pn) n dt (78)

where in the above n = n(r(¢)).

4.1.2 Three dimensions

The problem in three dimensions is tackled following a similar methodology to that in two
dimensions. Firstly, evaluating 7, addressed. In the 3D form of the problem we want to

apply the divergence theorem, and therefore look for a field F satisfying
V-F=W(r) (79)

where r = ||[r — r,|| and {e,, e, ey} being the spherical coordinate system centered at r,.

We again use symmetry of the problem to suggest a solution of the form

F= f(r)er <80>
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This is then used in Eq. (79) expressed in spherical coordinates. By taking the divergence
in spherical coordinates, assuming boundedness of W on 2, and an appropriate change of

variables, it can be verified that

1 r 1
fr) = —2/ 2T (s) ds = 7“/ 2T (rs) ds (81)
™ Jo 0
together with (80) is a solution of (79). We then use
1
e, = ;(r —r,) (82)

in Eq. (80).
By combining these equations and applying the divergence theorem to Eq. (69) it follows
that

Yo = /6 ) G () (r —r,)TndsS (83a)
G (r) = /0 . W(rs) ds (83b)

where n is the outward unit normal to 0€), of which dS is a differential element. In practice
GS[S,) can often be provided explicitly; an explicit approximation should be used otherwise.
Similarly to the two-dimensional case, G%?/)(r) can be evaluated easily for polynomial W as

follows

Wi(r) = Z a,r’" = GE,?,) (r) = Z ncf:?)r” (84)

n n

Next, let us assume that OS2 is piecewise-planar. Consider an arbitrary planar portion
(e.g. a triangle, common for unstructured meshing of boundaries) of 02, written 09;. It
can be clarified that

Ya = Z/yj
J

(85)
V/ya = Z V’Yj
J

where j then runs over all boundary elements, and v; denotes the contribution to v, from
the j-th boundary element and equivalently for V~,. This is to say that each boundary
element O intersection can be broken down into its constituent portions 0€2;.

We denote the plane of 0€2; as P with a constant unit normal n (the outward normal for

09;) and the projection of r, onto P as rp. In this case for any r € P we have
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(r—r,)'n=(rp—r,)'n:= 2\ (86)

for some constant, A, satisfying \?> = ||rp — r,||?, which is the signed perpendicular distance

to the plane P from r,. Additionally, for any r € P it is true that

I = rall* =[x — rp|* + A* (87)

and, by defining p = ||[r — rp||, Eq. (83) can be rewritten as

v = /\/ G (\/pQ n A?) s (88)
08

Since G&B}) <\/;m> is radially symmetric around rp in the plane P, and we now
have a two-dimensional surface integral, it is possible to reapply the methodology from the
previous section in order to further reduce the dimensionality of the problem.

The 7 rotation matrix P acting on r —r, in Eq. (76a) must be replaced by a 7 rotation

in the plane P acting on r — rp, namely

P(r—r,) > nx(r—rp) (89)

The analogue to Eq. (76b) can be defined as

1
H§§>(p;u)—/ 56y (x/p2§2+)\2) ds (90)

0

In order to repeat the dimensionality reduction process using Stokes’ theorem, this inte-
gral must be transformed to an appropriate form as in Eq. (76a). This is simply done by

updating the dummy variable as 5§ = 32 to give
1 1
HY (i \) = 5/ G (Vs + 2 as (91)
0
The analogue to Eq. (76a) can now be applied resulting in

v = A/@Qj el (m) s = A/Cj HY(p(t); ) 0T (r —rp) x £) At (92)

with C; being the contour of 0€; oriented anti-clockwise with respect to n and r = r(t)

being a parameterisation of C;. The identity a”(b x ¢) = b’ (¢ x a) was also used.

"The use of the semi-colon ; to separate the arguments of H‘(,[?}) is intended to signify the difference of
A as a fixed parameter and p as a variable when this function is part of an integrand, as p = p(t) during
integration. In practice this does not affect the implementation or understanding of the function - it is just
for clarity.
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H‘(,[?}) can also be provided explicitly for any polynomial W. Explicit integration yields

n_y 773 n AL+ R)ET 1 P’
together with the limiting cases
®3)/n. _ Gn n
Hy/ (0; ) —Zm| |
H(3) . 0 - an n (94)

Finally, with analogous notation and derivation (comparing to Egs (91) and (92)), for a

planar 0€2;, we have
V4, = -n / W (V2 +2) ds = —n / HP (p(t); ) 0" ((r —1p) x 1) dt (95a)
8Q]’ Cj
1 1
H? (9 \) = 5/ W(\/p2§+)\2) ds (95b)
0

H‘(,g) (p; A) for polynomial W is similar to H&?}) (p; A) in Egs (93) and (94)

nq 9
@, an (k)2 -1 P
Qp, n
H (0:0) = 3 2N (96)
2 an n
HY (p;0) = Zmp

4.2 Simple planar Boundaries in 3D

In the previous sections, general formulae were provided for converting surface and volume
integrals over domains with piecewise-planar boundaries into (sums of) line integrals. Whilst
the formulation in Sec.s 4.1.1 and 4.1.2 can be applied to any arbitrary boundary element,
here we consider two types of contours C; which are of particular interest in this work. The
first one is a straight line which enables integrating over domains bounded by polygonal
(e.g. triangular) meshes - this being the typical way of representing geometries in numerical
models. Second, we are interested in (a part of) C; being an arc of a circle in the plane P
of the boundary element 0€2;. This shape occurs naturally in the SPH method due to the
intersections of a spherical kernel function with a polygonal planar boundary (an example
of this can be seen in Fig. 11). The appropriate parameterisation will be provided, and in

doing so, simplify the formulation further for implementation in an SPH method.
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4.2.1 Piecewise-linear segment

For a boundary element 0€2; with contour C; and constant unit normal n, consider a straight
line segment C]@ of C;, in the plane P and spanned by x; 5. The unit direction along the

segment is then

A X2 — X1
e —

(97)

[[x2 — x4 |
The orthogonal projection r; of rp onto the line [ passing through x; , is then given by
r; =X+ (éT(rp — Xl)) e (98)
The following arc length parameterisation of C;i) centered at r; is used
r(t) =1 +te, t € [ty,ts (99)
where
T(x; — 1)) (100)

Nothing the orthogonal projection definitions of rp from r,, and r; from rp, it can be

noted that r; lies in the same perpendicular plane to [ as r, (Fig. 11), and thus
t; = &' (x; — 1,) (101)

Substituting the above parameterisation (99) into Eq. (92), the contribution to v; along
C’j(i), denoted 7]@, can be simplified to

. 2 -
) = [ HP(p(0: ) de (102)
t

1

with
pi=n"((r; —rp) x &) (103)

being the signed distance between rp and r; (Fig. 11). Notably, it can be seen that the term
n” ((r —rp) x 1) has lost its dependence on ¢, owing to the parameterisation, and as such
can be taken outside of the integral. Noting that x; and r;, and r, and rp lie in the same

respective parallel planes, it can be written that

p=n"((x; —r,) x &) (104)
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Figure 11: A spherical isosurface of a radial function (green) in the vicinity of a straight edge (black)
passing through x; 2 (not shown) in a given plane P (grey mesh). The signed distance \ between the
centre of the function r, and its projection rp onto the plane is plotted in light blue. The signed distance
1 between rp and its projection r; onto the line I containing the edge is plotted in red. For x along
the edge we have ||[x — |2 = A2 +p? = M+ p? + [|x —1y]|> = A2 + 2 + 2. In our notation
t is the appropriately oriented arc length parameterisation of [ with ¢ = 0 corresponding to r;. The
parameterisation limits ¢ o will depend on x; o following Eq. (101), though as mentioned, these are not
shown here. They would generally be understood as the parameterisation of either the points where the
edge intersects the sphere, or in the case when it does not, the respective endpoints of the edge.

From Pythagoras’ theorem, p, which defined the distance from a point in the plane P to

rp, can be written
p(t)* = p* +1? (105)

In this formulation, both (101) and (104) can be evaluated without constructing rp and
r; explicitly, but with employing just the centre of the radial function and the end points of
the edge; such treatment makes implementations more efficient.

The contribution to V+; along C](-i) (from Eq. (95a)), denoted V%@, can be written as

. t2
Vol = pm [ HP (0 ) (106)
t

1
4.2.2 Circular arc segment

Next, consider a segment £ of the contour C; which is an arc of a circle in the plane P with
constant radius p = p, centered at rp. The angle spanned by the arc is denoted as v, and
thus its length is ¢)p,. This circular arc can be parameterised according to its arc length s
with t € [0,1], as s = Yp, = fol |lt|| dt. It is therefore followed with constant ||| = ¥p,.
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Noting that ||[r —rp| = p., and that ((r —rp) x ) points in the same direction as n, it can
be found

n’ ((r - rp) x £) = 2% (107)

with the sign corresponding to the direction in which the arc is followed around n. As
the circular arc lies in the plane P, A (the signed perpendicular distance to P from r,) is
constant, along with p = p,. This means that both Héi’?’) (p; A) are constant along such an

arc. Therefore the contributions to v, (92) and V~, (95a) are

7 = £\ HG (p1s N)

(108)
VY = FepinHE (p13N)

and hence the line integral can be evaluated directly with no explicit integration involved,

as long as the direction (orientation) information is provided.

4.3 Spherical boundaries in 3D

Consider a spherical boundary represented by a ball €' with radius R, be distance aR,
away from the centre of the SPH particle. The ratio of the radii %}; of the SPH particle
and ' is written as (3, so that the radius of the SPH particle is 2h = SR;,. For now it is
assumed that 8 > 1, i.e. the solid boundary is always smaller than or equal to SPH particle
support. The derivation for the case § < 1 is fully analogous and briefly discussed in the
last subsection. Which of these two cases are more relevant depends on the implementation
required, but ultimately both can be treated the same, and so the focus here is given to the
case of boundaries smaller than the SPH particle radius.

An example problem situation is presented in Fig. 12, where the support of an SPH
fluid particle may be overlapping with both circular and planar boundaries, leading to an
incomplete support €2 for the kernel function. The circular boundary intersection will be
now addressed; the planar boundary intersection has already been discussed the previous

section.

The contributions of the spherical boundary to v, and V~, are defined as
v =— W (jr' —r,|) v’ (109a)
QoY

Vv~ = / W (|r' — ry|) ndS (109Db)
D(QNSY)

where n = n(x) is the local outward normal to the boundary surface (2N Q). The negative
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Figure 12: A visual outline of an example problem case. An SPH fluid particle (black,solid) may be
intersecting with both mobile solids within the flow (red) and wall boundaries (black, dashed). Both of
these define separate regions where the kernel support is incomplete. Here the orientation of the straight
boundary is such that the centre of the SPH particle is drawn on the inside of the fluid domain.

signs have been introduced as the spherical boundary intersection necessarily subtract and

add to the initialisations of v, and V7, respectively. Consequently, for an SPH particle

Ya = Yond + Z’yj_
J

V’Ya = V’}/bnd + Z V’}/J_

J

(110)

where g and V.4 are evaluated in the absence of spherical boundaries but taking into
account planar boundaries, as discussed in Sec. 4.2. In the above the index j runs over
all spherical boundaries with non-trivial intersections with the particle support. Note that
formulation 110 is valid only if the spherical boundaries do not overlap. Whilst this was
a standard and trivial consideration when handling planar boundaries, here this condition
should be explictly stated, as this method may be employed for mobile boundaries and/or
solid particles which may not have such explicit non-overlap critieria.

The distance between the centres of the spherical boundary and SPH particles is written
as aR for some o > 0. The variables o and /5 can be used to encode the relative position of
the center of the spherical boundary to the center and boundary of the SPH particle. There

are three cases, also visualized in Fig. 13, to be considered in the remainder of this section:

1. a =0, the boundary and SPH particle are concentric
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Figure 13: Three cases of non-trivial contributions of a spherical boundary (red) to the normalisation
factor, 7,4, of the SPH particle (black) and its gradient, V~, (schematic side view).

2. 0 < a < B —1, the boundary is fully contained within the SPH particle support; the

two are not concentric

3. f—1< a< p+1, the boundary and SPH particle support have a non-trivial inter-

section

Additionally, the trivial case 5 4+ 1 < « corresponds to the boundary being completely
outside of the support of the SPH particle and results in v~ =0, VA4~ = 0.

4.3.1 Case (a): a=0

In practice this case is rarely encountered, as repulsive mechanisms due to the solid boundary
implementation tend to prevent excessive overlap between SPH particles and solid bound-
aries. In the case of § < 1 - boundaries larger than SPH particles - this may even be
explicitly disallowed as it would imply the SPH particle has entered into the solid boundary
and “leaked” from the system (Sec. 3.2.1). However, in the case of # > 1 - boundaries
smaller than SPH particles - it could be possible that repulsion mechanisms are not large
enough and so an SPH particle may lie concentrically on a solid boundary. This is not nec-
essarily unintuitive, as there are many examples in fluid-solid coupled problems where small
suspended solids are completely submerged within the fluid domain.

By the symmetry of the problem it immediately follows that V4~ = 0. The evaluation
of v~ can be performed by expressing (83) in spherical coordinates (r, ¢, 6) centered at the

common centre of Q, Q' with

r = Ry, = const.

(r—r,)'n=R ()

resulting in
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v~ = —4nR*GY)(R)) (112)

4.3.2 Case (b): 0<a<pf—-1

Here QN Q' = € since €' C Q. The problem is modelled by centering the coordinate system
at the centre of €', and reorienting it so that the centre of the SPH particle is

r, = Ry[0,0, —a]" (113)

in Cartesian coordinates. Along 0f), the defining geometry can be rewritten as

n = [cos ¢ sin 6, sin ¢ sin 6, cos 0]”
r=Rmn
(114)
r —r, = Ry[cos ¢sinf,sin ¢sin b, cos + o]

¢ € (0,2m),0 € (0,7)

which after substituting into (83) and using the appropriate jacobian for a three dimensional

surface integral, yield

N = —QWRS/ sin@(1 + acosf) Gg’,) (Rb\/l + 2acosf + a2) de (115)
0

Next, by substituting

t? =1+ 2ccosf + o (116)

such that 2tdt = —2asin 0d6, Eq. (115) can be rewritten as

_ @Ry [t (3)
== (B (02— 1)) GO (Ry) dt (117)

@ Jja-1|

which generally can be evaluated via an arbitrary one-dimensional quadrature. However, for

polynomial W (r), as is very often the case in SPH, this can be evaluated directly as follows

W(r) = Zanr”
T anRg+3 ((Od 4 1>n+4 _ ‘Oé _ 1’n+4

2
—(a®—1
——y (o =1)

(Oz + 1)n+2 _ ‘Oé _ 1’n+2
n+2
(118)

By the analogous derivation starting from Eq. (66) and again substituting (116), it can
be verified that
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. ﬂ_RE a+1 5 )

Vv = ey ‘a_”(t — (o + 1)t) W(Ryt) dt (119)
where € is the unit direction between the centres of the SPH particle and spherical boundary.
Note that the direction of the gradient of v~ has to be parallel to € by symmetry of the
problem, which is confirmed by the derivation leading to Eq. (119).

For polynomial W (r), the integral can again be evaluated directly to

W(r) = Z anr"

3 o (a+1)n+4_ ’Oz—l‘”+4 (a+1)n+2_|a_1|n+2
\v/ — Ao an+2 _ 2 1
=V~ ea22a b ( —— (a*+1) ——
(120)
4.3.3 Case(c): f—1<a<p+1
In this case the surface (2 N Q') is first split into two disjoint parts
I(ONY) =508,
Si =00 NQ (121)

Sy =00NQ

S1 here represents the intersection of the spherical solid boundary within the SPH sup-
port, and Sy represents intersection of the SPH support boundary within the spherical solid
boundary.

The integral over S; is performed as in the previous section, by centering the coordinate
system at the centre of '. However, the lower limit of 6 in Eq. (115) (6 = 0) has to be
changed to some 6y > 0, as visualized in Fig. 14. Consequently, the upper limit (due to
the additional minus sign which flips the limits) a4+ 1 in Eqs (117), (119) and results (118),
(120), has to be changed to

a+1—+/1420cosb+a? =0 (122)

with the latter equality found from the geometry of the problem (Fig. 14).
The integral over Sy is performed by centering the spherical coordinate system at the
centre of the SPH particle. With such convention the range of the azimuth 0 is (0, 6,) (Fig.

14). The necessary angles cosfy, cosf; can be determined from standard trigonometric

relations.
It then follows that the integral (83a) over Sy reduces to
o 2
1 1 _ _
GP(r) (r —ra)"n dS = 27(BR,)® G\ (B Ry) / sinf df = 1=(a=p) (123)
So 0 4a3
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Figure 14: Geometry of the case f—1 < a < 3+ 1. The integral over the boundary surface is split into
two parts and expressed in spherical coordinates with different origins. The appropriate azimuth bounds
6,1 are marked in blue (schematic side view).

since
1 — _ 2
1——cosf = #
. of (124)
3, _ _
Gy (r = Ry) A7 (Ry)?

with the latter being true for an arbitrary W normalized as in (7). Finally, the contribution
to Vy~ (based on Eq. (66)) from S, is identically zero due to the finite support of the kernel
which necessitates W (r > SR,;) = 0.0. Combining the contributions from S 5 yields

__(a—B)Q—l 7R3 [ (3)
V= i T a /|a—1| (£ — (o® = 1)t) Gy (Rt) dt

2 B
Vi =™ [T 8 (a2 1)) W(RE at

2
a la—1]

(125)

and for polynomial W the above can be given analytically via

—_ (a—B)2—1 s an RT3 (,3”+47|a71\"+4 . (a2 . 1),8”+27|a71\"+2>

4ap T a n+3 n+4 n+2

g
- _ & 2 (B —|a—1|"** 2 prti—la—1|"*2
Vy~ =e% Y a, R (# — (@ + )

(126)

4.3.4 Case § <1 - Boundaries larger than SPH particles

So far it has been assumed that the solid spherical boundaries were at most as large as

SPH particles. The other case, where the solid boundaries are larger, is fully analogous and
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simpler. It is clear that for spherical boundaries larger than SPH particles, only the case
1 -0 < a< 1+ pisnon-trivial; o < 1 — § indicates that the fluid particle is fully within
the solid (and therefore outside the fluid domain and considered “leaked”) while v > 14 3
results in no contribution to the normalization factor. This is to say, there is either a partial
overlap, or none at all.

The case 8 < 1 can thus be fully handled by the work in Sec. 4.3.3, Egs (125), (126).

4.4 Closed-form solution of integrals

Considering both planar and spherical boundaries, equations have now been presented in
Sec.s 4.2 and 4.3 for v, and V~,. The circular arc planar boundary and spherical boundary
interactions are all fully analytical and closed-form for polynomial W, however the straight
line boundary interactions in Eqs (102) and (106) remain as 1D integrals to be solved.

These integrals can be solved straightforwardly utilising a numerical integration method.
Previous work showed an implementation of this using a custom adaptive 1D numerical
integration [83]. However, in a C++ implementation this can also be done using the standard
Boost libraries |18]. The Boost library contains different types of numerical quadrature
within its Math Toolkit, which are able to integrate arbitrary functions with a given number
of evaluation points, N. The Gauss-Legendre quadrature implementation was found to work
effectively for the given integrals (102) (106), as it is exact for polynomials of order less than
2N (as all Gaussian quadratures are), the method is very efficient for integrating polynomials
over the domain [—1,1], and no error estimate is required in the result. Particularly, since
the integrands HI(,‘?}) and HI(,‘%) remain 5th order polynomials, Gauss-Legendre quadrature
can produce exact results with only 3 sample points. The standard Gauss-Legendre Boost
implementation includes pre-computed weights/abscissa for only as few as 7 points, however
documentation is available which allows pre-computing the values for the required number
of points [|19].

The planar boundary straight-line integrals are generally not solved analytically. The
reason is a non-trivial dependence of the integrands on p and A, which together with p itself
being a non-linear function of the natural parameterisation makes it difficult to generate
closed-form results. The closest previous result in the literature is the work of Chiron et al.
[28], who produced a closed-form expression for their evaluation of ~,. However, this is in an
extremely long and convoluted formula, is only valid for the QQuintic Wendland kernel, and
does not address the evaluation of V7.

Here a procedure is provided for generating closed-form anti-derivatives of H‘(,lz,’g) and a

method for evaluating them without constructing the analytic expressions explicitly.
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Substituting H‘(,[?}) (93) into Eq. (102) and considering only the non-limiting cases p, A # 0,
the equation to solve is

nq
1+ 55 +32)2 -1

ta /||
(Z . )\ Qp, >\n+1/ ( d 127

1A v + 52

where the change of variable ¢ = |A|s has been used and of course n remains the order of the

polynomial kernel. For ¢ > 0, the integral is defined as

T 2 21\¢ _
Ie(z;6°) =/ <”¢;212 Las (128)

so that with the above notation (and analogously for ny](-i) from Eqs (96) and (106))
ty 2 t @
- AP | Ta L2 P o
- g e () 1 () )
ty p° ty p°
AVLD n—i—l o L. 2
) = [t (%) s (5

The problem is therefore solved if I can be evaluated for half-integer ¢ > 1. An ancillary

integral is defined

Jelas ) = (w3 6%) — Ielas ) = [ (1462 + )¢ ds (130)
and via integration by parts
Je(w: 8) = 2(1 + ¢ + )6 — 2 / 2L+ ¢ + ) ds (131)
rewritten as
Je(@;0%) = 2(1+ ¢ + 2%)° = 2¢ (Je(z; 6°) — (1 + ¢*) Jeoa(w:0%)) (132)

Putting together index-shifted Eq. (130) and rearranged Eq. (132) yields the following

coupled recurrence relation

I(w;0%) = I a(x;0%) + Jea(w; 6)

(133)
JC(x;¢2) = 1+2<[ (1—|—¢2+:C )<+2C<1+¢2)JC 1( ¢2>}

The I, of interest (half-integer ¢ > 1) can then be constructed from the initial evaluations
of the integrals (128) and (130). As the lowest for value for n is n = 0, the terms starting from

n = —1 must be evaluated. Since ¢ = 7 + 1 the starting contributions are then considered
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at ( = 1 and ¢ = 0.5. The ¢ = 1 evaluations are simply integrated, whilst the ( = 0.5

evaluations can be be found via symbolic integration or otherwise.

I (x; ¢2) = (134)
I ¢?) = 30° + (1+ ¢
and
Ios(x;0?) =log (x4 /1+¢2+22) — Ltan™? ¢z
0.5+ g ¢ 1+¢2+\/1+cf)2+x2 (135)

Jos(@:0%) =4 (eV/THF T2+ (1+ ) log (v 4+ T+ & + 7))

Here ¢ = \/¢? (positive square root) without loss of generality.

It is noted that the formulae involving tan~! have been rearranged using the arctangent
addition formula in order to avoid singularities in the argument arising where ¢ = 0. In the
rewritten form, the singularity at ¢ = 0 is simply handled by taking the limit ¢ — 0

x
los(w;0) = log (2 + VI +22) - T (136)
which follows easily from tan™!(z) ~ z for |z| < 1.

It is important to note that while closed-form expressions for I of interest can now be
constructed explicitly, they will generally be cumbersome and involved. A different, in partic-
ular a much more efficient approach, is highly recommended in implementations. First, (133)
is applied "pointwise" in the following way. For a general polynomial W, and given z, ¢ (e.g.
as in (129)), I(x; ¢?), Ji(x; ¢*) if W has any even degree terms, and Iy 5(z; ¢?), Jos5(x; ¢?)
are evaluated if W has any odd degree terms. Any other required [, (with the maximum
¢ dictated by the degree of the polynomial W) are evaluated by repeatedly applying the
recurrence relations (133) to those initial values while treating x and ¢ as constant. In this
way, the series of values is generated in a sequence of simple and cheap steps only requiring
a small number of multiplications. Conversely, explicitly constructing I starting from (134)
and (135), say, would make each subsequent function increasingly involved and result in a
much more computationally expensive evaluation (cf [105, 28]).

Second, note that iterating the first equation in (133) for positive integer k yields

Ik - [1 + (Jl + ...+ J]gfl)

(137)
Iivos = Tos + (Jos + oo+ Jr—05)

The dependence on x,¢? (treated as constants) is implicit for simplicity of notation.

The above allows for sequentially computing a series of values of I, by only iterating the
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self-contained recurrence relation for J. in (133). In this way only a single value of J: (the
current one) need be stored in memory.

The case p = 0, A # 0 for Hi, (Eq. (94)) is relevant if integration is performed numerically
(so that 8 does not occur in implementations), but otherwise in the closed-form solution is
effectively handled by the limiting case ¢ — 0 in Eq. (136).

The alternate case, however, A = 0, p # 0 does need to be handled carefully. In this case
%(-i) = ( since A multiplies the first integral in (102) (more generally v; = 0 for A = 0). With
the same parameterisation and notation, direct substitution of H‘(,g)((); A) (Eq. (96)) into Eq.
(106) yields

Vo = om0 gy (1) g (1)

(138)

In the original definition (130) of J; the second argument was non-negative, which is not
guaranteed in the above: ¢? = p? — 1 means that the numerator of the integrand I, (Eq.
(128)) is not guaranteed to be greater than 0. However, J. defined as the integral in (130) is
well-defined for the second argument > —1, which makes the notation in (138) appropriate.
In this case only the self-contained recurrence for J; in (133) (second line) is used, together
with Jy5 in (135) and the starting value

Jo(w;p = 1) == (139)

where now the recurrence for even n starts from ¢ = 0 (not ¢ = 1 as before).

4.5 Implementation in an SPH context

Now having access to closed-form solutions of v and V+~, their calculation in an SPH frame-
work is addressed, and algorithms which can be exported to any SPH implementation are
given.

By exploiting the assumptions necessary for the kernel function in SPH (finite spherical

support and normalisation to unity), we can write the Eqs (69) (66) as
Aj
Ya=1+> (- sgn(1) 7 (140a)

J
Vo =3 v, (140b)
J

where Ay denotes the area of the unit sphere (Ay = 27 in two dimensions, Ay = 47 in

three dimensions), 7; and V~; denote contributions from all non-trivial boundary regions
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within €,, and A; is the area of the projection of each non-trivial boundary region onto
the unit sphere centered at r,, such that A;/A represents the fraction of the total area
obscured by these non-trivial boundary regions. The index j runs over all contributing linear
(two dimensions) or planar (three dimensions) boundary regions within Q,. The sign factor
sgn(y;) guarantees the correct result in particular in cases when the domain of integration
is not star-convex with respect to r,, and sgn(0) := 1.

In essence, Eq. (140a) breaks down the integral over a sphere (circle in 2D) truncated
by intersecting boundaries as follows. Starting from the total spherical integral (1), the
relative spherical areas obscured by the truncating boundaries (A;/Ag) are subtracted to
isolate the unaffected volume of the spheref (1 — > i %)- Finally, the volume integrals up
to the truncating boundaries are calculated piecewise and summed (+ Zj 7;). This leaves
the total remaining volume up to and around the truncating boundaries. This process is
consistent regardless of more complicated intersections which are multi-faceted and not star-
convex with respect to the centre of the sphere, as long as the definitions and directions are
handled properly (sgny;)). Furthermore, it allows us to maximise the use of easily calculated
analytical geometric expressions, and isolates any tricky integration to the ~; term.

In the rest of this section, the focus is on efficient evaluation of 7;, Vy; and A; in the
context of implementation in an SPH code. It is assumed that three-dimensional boundaries
consist of convex polygons and can discretised into piecewise-planar elements 9€2;. Since the
equations have been presented and spherical boundaries have a straight-forward closed-form
solution, the focus is on constructing the geometry of the system appropriately so that the
geometric constructs involved and ¢;5 can be efficiently evaluated to solve Eqgs (108) and
(129).

4.5.1 Evaluating v,, V~v;, A;

Consider a convex planar boundary element 0€2; in plane P spanned by its corners xj ... ,.
The ordering of the corners is such that the element is followed anti-clockwise with respect
to the unit outward normal of 0€2;, n, which is assumed to be provided. Due to the finite
size of the spherical support (2,, the general non-trivial intersection 9€2; N €}, will be a planar
element with its edge described by a combination of straight lines and circular arcs.

First, A, the signed perpendicular distance to P, is computed from
A=n’(x; — r,) (141)

where x; can be replaced by any other corner of the polygon. The element contributes only

TThe equivalency between relative area and relative volume owes to the volume normalisation to 1
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if (2h)? — A% > 0 (else the plane of the boundary element lies outside of the support), which
is assumed, and is skipped otherwise. The intersection {2, N P is a circle centered at xp with

radius

pr =+/(2h)2 — X2 (142)

Next, consider a single edge [; of the polygon, spanned by x; ;41 in this order (x,11 = x1).
For this edge we compute
Xit1 — X4

%1 — x|

(143)

e =

and

p=n"((x; —r,) x é) (144)

as based on Eq. (103).
The edge has a non-trivial contribution only if p2 — pu? > 0 (else P intersects the support
but the line containing the edge I; does not). Also note that rp is on the left of /; in plane

P if > 0 and vice versa. For a contributing edge, the parameterisation is evaluated as

t1o = éT(Xi,i+1 —r1,)
(145)
t1,2 < min (\/ pl — p?, max (—\/ Pl - M27t1,2))

where the second operation is a truncation which limits the parameterisation to the boundary
of the support in the case that the edge extends further out. The edge contributes only if
to > t; (else the edge lies completely outside the support and the truncation sets t; = t5) and
is skipped otherwise. This parameterisation and truncation combination covers all possible
straight line intersections with the spherical support. The contributions to v;, V+; from the
edge [;, written %@a Vvﬁi), are evaluated as in (129) with the truncated parameterisation
(145) and A, p as in (141), (144). This handles the straight line intersections (Sec. 4.2.1).
For circular arc intersections (Sec. 4.2.2), it is also necessary to calculate the angle ¢ that
each segment [; subtends from the center rp in the plane P. @ is found by defining the
edges of the line segment in the appropriately oriented coordinate frame centered at rp as

(p,t1) and (pu,t2), and taking their dot product. This is given by the expression

(i) _ -1 #2 + tito
e <\/(u2 TR T t%)) o

Only the case u = t1ty = 0 is not well defined given the current information. This case

will be discussed in more detail at the end of this section.
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After all sides [y, are considered, the required terms are initialised

1=
V=2 V%'Z ) (147)
b= — X sm (1) 9l

where the index * Tuns only over contributing segments (i.e. those with pu? + A\? < R?) and
1) is the value of 4 as defined in (144) along the (contributing) edge ;-. The sign function
in the above is defined at zero as sgn(0) = 1. The above values of v;, V; are not yet exact,
since they miss contributions from potential circular arcs along C; (Sec. 4.2.2).

First, if and only if along all contributing straight edges © > 0 then v is updated according

to
Y=Y+ 2m (148)

which indicates that rp € 0€2; (if 0€); is a convex polygon). In order to account for circular

arcs, the Eqgs (108) are used to update

v v+ PR H (p1s M)

RS (149)
V7 = Vv, —np] Hy/ (pr; )

This now correctly evaluates the contributions v;, V~; to be used in (140b).

The process described above is visualised in Fig. 15, which illustrates how the boundary
integrals are appropriately decomposed for a variety of intersections of a triangular 0€2; and
the circle defined by rp in the plane of intersection P.

The last remaining part of the solution is the evaluation of the projection area A; of
8(2?” = 0Q; N, onto the unit sphere centered at r,. The projection area 8Q§“) is evaluated
by splitting the region into a convex polygon and a number of sections of a circle. The
polygon is formed from the edges of C; which pass within the spherical support and the
chords on the boundary of the support which connect truncated edges which pass partially
outside. The points at the intersections of C; and 0f2, where the boundary element edges
have been truncated lie on the circle Op in plane P with radius p, centered at r,, and thus
can be connected by arcs of a circle to generate a larger and smaller circular segment. The
area of interest A; is then equal to the area of the projection of the polygon and the sum of
the projected areas of the appropriate segments of the circle Op constructed in this way. A

visualisation of this can be seen in Fig. 16.
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Figure 15: Example intersections of the circle in plane P centered at rp, and a triangular element 09;.
These typify example planar intersections that may be encountered when a triangular element intersects
a spherical boundary. A full 3D representation of this but with quadrilateral elements can be seen in Fig.
16. The blue straight lines are integrated over, and the relevant end points are constructed based on
the parameterisation ¢; 2. The arc length of the projection of each segment is either added to (green)
or subtracted from (red) 1) depending on the sign of ;(!). In (a), the green dashed line indicates that
was initialised to 27 since rp € 0Q; (Eq. (148)). After all line segments are investigated, v is the sum
of the arc lengths of all the segments to be integrated over.
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(b)

Figure 16: Visualisation of the three-dimensional problem where a particle (green) with radius R = 1
(so that 0, is a unit sphere) interacts with a quadrilateral boundary element 0€;. This is a 3D
visualisation of the equivalent diagrams shown in Fig. 15, but with a quadrilateral element instead of the
typical triangular element. The contour C; of 0€2;N€, is composed of three straight lines (yellow, solid)
and two arcs (red) with their end points connected by yellow dashed lines (also see views (a —¢) for more
detail). The projection area A; (light blue) is the sum of the projection areas of the pentagon bounded
by all yellow segments (dark blue contour, cf AI€l in (153)) and two sections of the circle bounded by
red arcs and dashed yellow lines (here two spherical regions between red and blue arcs, A®) in (151)).

The corners of the polygon can be constructed from the parameterisations (145) along
the contributing edges, and sections of the circle can be detected and characterised by inves-
tigating if (145) was truncated and whether it was truncated from above or below (min/max
function).

The projection area of the smaller circular segment of Op bounded by the chord with

length 2d is given by
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T, A= 07 d= PL
T2 (cos_1 (J%) + % sin~! (p%)) , otherwise

This result can be found using spherical trigonometry and realising that the area of

A(d) = (150)

interest is the area of the digon bounded by a geodesic (the projection of the chord length
2d) and a line of constant latitude (the circle Op of radius p, ). Relevant polar triangles can
also be examined to find the area of this digon. A brief derivation of this result can be found
in online discussion [1].

The result for A = 0,d = p, is also provided to avoid a computation of %.

Whether the larger or smaller circular segment need be projected depends on the orien-
tation of the edges and associated intersection boundary. Thus, the above result (150) can
be expanded to provide an expression for the projection area of either the larger or smaller
segment of Op appropriately. Given the chord connecting truncated edges is spanned by yi 2
in this order, the expression for the projection area of either the larger or smaller segment

can be given by

AB(y1,y2) = (1+0)A(p.) — g A (||Y1 EYQH)

(151)
0 = sgn (HT((Xa —y1) X (y2 — Y1)))

Importantly here, o is positive if the chord goes around rp in the anti-clockwise fashion
(corresponding to the smaller area) and vice versa. In the above, either sgn(0) = 1 or the
typical convention sgn(0) = 0 can be used.

For the projection area of the polygon, let

C=lc1,...,Cnm) (152)

be an array of projections of the corners of an arbitrary convex planar polygon onto the unit
sphere centered at r, (||ck|| = 1 for all £ = 1,...,m). The ordering of ¢ should correspond
to an arbitrary consecutive ordering of the corners of the original polygon. The area of the

spherical polygon spanned by c; is given by

T
Cr_1Ck+1 — PkPk—1

VA= —p)) (153)

A€l = (2 —m)T + Z cos !
k=1

T
P = CpCrt1

This result can be found by the standard formula for the area of an n-sided polygon on

the unit sphere, which is itself just an extension of Girard’s theorem, which relates the area
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of a triangle on the unit sphere to the sum of its internal angles. In this application, the
internal angles, represented by the cos™!(---) term, are found from an extension of the inner
product between adjacent vectors connecting vertices of the polygon on the unit sphere.
A more complete discussion of this can be found in [83]. Note that in implementations it
is preferred to evaluate just p; _,, first and then use them in the above formula in order
to minimise the computational expense (the naive implementation would evaluate each py
twice). Also observe that necessarily m < 2n where n is the number of sides/corners of
the boundary element 0€);; the latter bound may be important in implementations if the
amount of memory allocated to C has to be specified a priori.

Many of the terms involved in the calculations presented, particularly (153), produce
singularities for certain inputs. Whilst these inputs should in practice be exceedingly rare,
experience with this implementation shows that finite machine precision can often lead to
situations where the function evaluations do become singular. This is because the formulae
presented involve repeated floating point operations which can produce results where the
values are indistinguishable to machine precision. This is often the case when an element
corner is relatively close (within ~1071%) to 9€,. In order to avoid these floating point round-
off errors, limits are applied to certain function evaluations where the argument necessarily
falls in a given defined domain for the current problem. Here these are cos™' : [—1,1] — R,
Vr:x>0—R 1/x:x#0— R, affecting Egs (150) and (153).

First, in Eq. (153) a limit is applied

pr < max (—1, min (1, p)) (154)

which ensures that the argument of /- in the denominator of each term in (153) is non-
negative.

Second, each term in the sum is modified according to

cos ™! (\/—_> — cos! (max [—1,min [1W”> (155)

where € is a small positive user-specified tolerance on the order of machine precision; in
the current implementation € = 10™'* is used. The above modifications directly prohibit
singularities from occurring and guarantee that the argument of cos™! is in the appropriate

1

range [—1,1]. Similar but simpler safeties are used in (150) for the arguments of sin™" and

cos™!. Since both of them are positive and p,, R? — d*> > 0 are already guaranteed when
A(d) is evaluated, each argument is only limited from the top via min(1,-). An explicit
mechanism for avoiding singularities in (150) from division by zero can also be used (cf

max(e, ) in (155)).
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An efficient and fully general implementation of this approach for polynomial W is sum-
marised in Algorithm 1 below. The method handles all cases, including those where the
particle lies on a boundary face, with the only exceptions when the particle lies directly on
or above (perpendicularly) a boundary corner. These cases are predicated on the previously
mentioned case pu = t1to = 0, which is a necessary condition for the problematic cases. In
one case, this corresponds to the fluid particle being precisely at a corner of 9€). When
the particle lies directly on the boundary corner, A = 0 as well, and the projection area of
the element A; onto the unit sphere is not well defined. Evaluating the appropriate con-
tribution requires information on neighbouring elements. A simple safety mechanism is to
move the particle away from the corner by a tiny amount in the negative mean direction of
the connected boundary normals for the purpose of the calculation, such that there is no
singularity but that the calculation result remains accurate to the configuration. This can

be implemented as

r, — €ﬁ7 = )\ —tito =0
P, = a " (156)
Ty, otherwise

where 1, is the temporary shifted particle position, € is a arbitrary constant on the order
of the finite machine precision, and n; is the mean unit normal of the boundary elements
connected to the vertex in consideration. In practice, it is very unlikely that r, € 02 as long
as repulsion and leaking mechanisms are appropriately implemented.

The second case however, where p = t1t, = 0 but the particle is away from the walls
(and hence A # 0), may happen more frequently and cannot be guaranteed to avoided by
repulsion /leak handling. This case occurs when r, lies directly above the corner of an element
in a direction perpendicular to one of the connected boundary elements. In this instance,
the particle position can again be shifted by a very small amount in the direction away
from the corner as in Eq. (156), or more simply, without knowledge of connected segments,

can be shifted by a very small amount in the direction from the vertex to the center of the

X1+X2+X3

5 — xi). This can be implemented as

problematic boundary element - x;. = (

ra—eﬁic, =11t :O,)\ 0
F, = 2 162 7é (157)

Ty, otherwise

After these appropriate shifts to r, are applied if necessary, u, A, and ¢; and ¢5 should all
be recalculated. Calculations will then be non-singular and the algorithm can be continued
as normal.

The correct handling of ¢, A = 0 in implementations is crucial, even if the particle position
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r, is always assumed to be away from walls. Indeed, for r, along the line containing a
straight edge of an element within the particle support (but away from the edge itself and
0 generally), one has u = A = 0 but still lies within the support and requires calculation

of the appropriate terms.
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Algorithm 1 Pseudocode for the three-dimensional algorithm for polynomial W with the
support radius R. All of v;, A; and V+y; are computed in the same loop. An additional switch
can be added after line 15, so that ¢1t5 < 0 = p raises an error.

Require: Appropriately oriented corners of a convex polygon 0€);, x1.... , and the outward unit

normal n
Ensure: Element contributions to v/V~: 7;/V~;, and the area A; to be used in (140a)/(140b)

1: 4«0
2: V’)/j «—0
3: Aj 0
4: Evaluate A = n'(x; — x,)
5: if (2h)? > \? then
6: vi<1[], ¥2 1] //Vertices of truncated intersecting edges
7 C ] //Projection of intersecting vertices onto unit circle
8: P« 0, Lo+ true
9: Evaluate p; = vV R% — \2
10: fori=1,...,n do
11: Evaluate € and pu as in (143) and (144)
12: if 1 < 0 then Ly < false
13: if p2 > 4? then
14: Evaluate and truncate ¢; 2 as in (145). During the process evaluate:
15: L; + "t; was truncated from the bottom in (145)"
16: Ly < "ts was truncated from the top in (145)"
17: if to > t; then
18: Evaluate ;") /V~;(® as in (129) (or (138) if A = 0) and ¥ according to (146)
19: if 1> 0 then @) — —®)
20: Yi &Y+ ’Yj(i)
21: V7« Vv, + V0
22: P+
23: if L; then
24: z = x; + [t — &7 (x; —x,)]é //Create appropriate chord vertex based on truncation
25: if y, #[] then
26: | Aj + Aj+ AW (yy,z) with AG)(-.) as in (151)
27: else
28: ‘ Yo ¢ Z
29: end if
30: Append C + [C, ﬁ]
31: end if
32: z=x; + [t — €T (x; —r,)]é //Create appropriate chord vertex based on truncation
33: Append C + [C, ﬁ]
34: if Ly theny, <z
35: end if
36: end if
37: end for
38: if Ly then
39: if v =0 then A; < 2A(p,) with A(d) as in (150)
40: Y+ 27
41: end if
42: Update v; and V7; as in (149)
43: if y, # [] then A; + A; + A®)(y1,ys) with A®)(. ) as in (151) //Projection area of segment
44: if size(C) > 3 then A; «+ A; + Al€l with AlC] as in (153) //Projection area of polygon

45: end if
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The calculations and algorithm presented here are mathematically closed-form, and as
such are inherently completely accurate outside of machine-precision rounding errors. For
validation of the implementations, simple test cases can be used to confirm the accurate
calculation of v from algorithm 1 for known results.

The case of a single particle in the vicinity of a standard corner boundary was modelled
in both 2D T and 3D, shown in Fig. 17.

As a single particle orthogonally approaches a regularly cornered boundary, -, will de-
crease as the area/volume is obstructed by said corner. At the point where the corner of the
boundary meets the center of the particle support, the expected result for v, can be geomet-
rically understood as just the percentage of the particle that is unobstructed by the support
(due to the symmetry of the situation). In this case, one quadrant of the circle/sphere. As
such, in 2D, ~, = 0.75 as the corner obstructs 1/4 of the particle support, whilst in 3D,
Yo = 0.875 as the corner obstructs 1/8 of the particle support. This result is reproduced
exactly by the proposed algorithm 1.

Yo = 0.875000

Yo = 0.750000

Figure 17: ~, for the problem of a particle approaching a corner. The known analytical result is
reproduced exactly, as expected. The blue vector line represents V.

The algorithm and calculations can also be tested for their robustness in particularly
complicated boundary intersections. These results do not serve as an accuracy validation
since they are not known analytical solutions, but do confirm the algorithm’s ability to
handle all types of geometries. Example test cases are shown in Fig. 18. Note that due to

the asymmetry and complexity of the problem, 7, cannot be equated to the volume obscured

tThe 2D algorithm, though not presented here, is functionally equivalent and full details can be found in
[84] as mentioned.
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Yo = 0.993042 e = 0.911502
1 1.
&3 0-5 [ 0.5 ;
0 0. 3
1 T
1
0.5 0.5
y 0 0 & y 0 0 ,

Figure 18: Test problems of a particle support intersecting multi-faceted complex boundaries. A particle
with a quintic Wendland kernel and radius 2h = 0.4 is centered at position (0.55,0.45,0.3) and intersects
a complex boundary non-symmetrically. The red highlighted lines of the boundary identify where line
integrals are calculated. The second example is able to evaluate ~y, despite the lack of star-convexity of
the boundary with respect to the particle position. The blue lines represent V+,.

by the intersection as in the previous example, and instead must be fully calculated using

the kernel integration.
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5 An improved semi-analytical boundary method (2) -

Further considerations and preliminary results

5.1 Governing equations

The semi-analytical framework is defined by the regular SPH implementation presented in
Chapter 2, however with the operators for values and derivatives defined as in Sec. 3.3. The
standard semi-analytical governing equations involving an appropriately adjusted delta-SPH

method from Eq. (36) can then be written as

d i i
Pi_ —ZV <pju” e;; + 26hcy |p ] VWZ]>

dt r;;
(158)
piw
i . o 2 _Mw
- ijwmds (pwum n, + 5hc0’riw.nw‘)
d i s P, P,
L (Z iV ( : > V. Wijei; — pr (— + = ) Wiwnwd8>
Pi pj pz Puw
u;
Lot 2 YN Wy — Y 2 Wi dS (159)
Vi (; ey 7Y Z !rzw n! )

f;
+g+—
m

i

These equations are used to update the system variables following a standard time-
integration scheme as presented in Sec. 2.7.1. Pressures at the wall particles P, are assigned
based on a simple fluid average as in Eq. (53). This approach of setting the wall particle
pressures via a local average of the fluid particles is often used as the most basic approach for
ghost particle boundary methods, but it has also become standardised for the semi-analytical
boundary method following the work by Ferrand et al. |53].

Here, the above continuity equation (158) includes the delta-SPH density smoothing
method as standard. This was done due to its ubiquitous effectiveness within multiple dif-
ferent forms of SPH. To generate the appropriate semi-analytical version of the method, the
additional density smoothing term was written as a Laplacian of the density in the continuity
equation, generating an additional term d6hcoV?p”. The semi-analytical formulation of the
Laplacian in Eq. (65) could then be applied.

It is noted that most implementations in the literature do not use delta-SPH within the

semi-analytical framework. Instead they use the time-independent approach for calculat-
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ing density as presented by Ferrand et al. [53]. The time-independent approach calculates
density based on particle positions and is thus exact to the system configuration. No inte-
gration of the continuity equation is required and the need for density smoothing techniques
is avoided due to the improved calculation accuracy. This is analogous to the discussion on
density in Sec. 2.6.1, and will be discussed in more detail in the following section 5.2.
With the model defined by Eqs (158) and (159), initial simulations were run to assess its
viability. Results of the Kleefsman 3D dam break [81] are presented in the below Fig. 19
The results in Fig. 19 show that while this basic semi-analytical boundary implementa-
tion is able to work reasonably well on first glance, it is not without multiple issues. The
pressure field is very noisy, especially near corners of the domain. Pressure waves within
the flow can also be observed. The free surface exhibits some disturbance and noise, with
particles becoming detached from the flow. Most importantly, though not visible in these
snapshots, is that the method displays extremely poor containment. Almost all the parti-
cles were not contained at the point of fluid impact with the fixed obstacle, and had to be
reflected back into the fluid domain as described in Sec. 3.1. By 1.0s of simulation time,
around 100 fluid particles were passing outside the fluid domain and having to be reflected
back per time step, accounting for roughly 0.25% of the fluid particles being lost per time
step. This is unfeasibly large, and if the fluid particles were not reflected back, then around
10% of the fluid particles would have been lost after just the first impact. These observed

behaviours motivated improvements to the method.
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Figure 19: Simulation of the 3D dam break test case as described by Kleefsman [81]. The x domain
displayed is from Om to 3.22m, as specified in the original test case. The semi-analytical boundary
method following Egs (158) (159) with no additional adjustments is used. Fluid particle resolution is
Ax = H/22, which is notably less than the standard for the Kleefsman dam break of Az = H/33.
Snapshots of the pressure field are presented at (a) t = 0.5s, (b) t = 1.0s, and (¢) ¢t = 1.5s.



111 5 AN IMPROVED SEMI-ANALYTICAL BOUNDARY METHOD (2)

5.2 Further considerations

Firstly, it was noted that the semi-analytical boundary method presented does not hold fluid
particles at a distance of Ax from the wall as might be assumed. As discussed with the ghost
particle methods in Sec. 3.2, boundary particle positioning is an important aspect to consider
in order to produce the presentation of accurate fluid flow near boundaries. It is often useful
to run test simulations to identify the spacing generated between wall particles and fluid
particles. Initial simulations showed that the semi-analytical boundary method produces
a natural repulsion distance of Az/2. This appeared consistent over multiple simulation
regimes and boundary shapes. For this reason, fluid particles should not be initialised at a
distance Ax from the walls as is standard, but rather at a distance of Az/2. In this way,
fluid particles will start the simulation in a more contained and stable position and avoid
generating large oscillations and pressure waves at the start of a simulation which can build
noise throughout. This initial particle positioning is equivalent to the discussion in Sec. 2.6.1
on pressure initialisation.

Next, an alternative method of pressure assignment at the wall particles was attempted.
The containment issues suggested that the pressures being generated at wall particles may
not be enough, especially in such high velocity impact flows as the 3D dam break. To this
end, the pressure at the wall was instead assigned following the more complete, normal fluid
flux method, as in Eq. 55.

Finally, the particle shifting method presented in Sec. 2.6.3 was adapted for application
to the semi-analytical framework and implemented. The current semi-analytical boundary
results (Fig. 19) displayed some irregularity in the particle distribution and clustered or
sparse regions near wall impact points with large spikes in pressure. Particle shifting is well
known to be effective in improving the modelling of high velocity flows involving impacts
such as dam breaks [110]. The extension to the semi-analytical method is therefore natural.

Two key terms in the particle shifting technique must be adapted:

J
1 1
V'r= —fy— Z erij . Vz‘Wijeij + ? Z Ty - V[/iwnwds (161)
K3 j i w

After these operators are redefined, it is then possible to implement the particle shifting

technique as described in Sec. 2.6.3.

These three adjustments of initial fluid particle positioning, normal flux wall pressure

assignment, and semi-analytical particle shifting proved to be very effective. These adjust-
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ments, in combination with the closed-form implementation of the method presented in
Chapter 4 are what refers to the “improved” semi-analytical boundary method described

throughout.

Again, initial results of the 3D dam break based now on the improved semi-analytical
boundary method are presented in the below Fig. 20. Comparisons can be drawn with the
initial implementation in Fig. 19.

The benefits of the improvements to the semi-analytical boundary method are evident
when comparing Figs 20 and 19. The pressure field is less noisy throughout, and the effects
of extreme spikes in pressure at impact points are limited. No pressure waves are evident.
The article distribution remains more regular throughout, even near the corners of walls and
impact points, and the free surface remains smooth and consistent with no particles becoming
detached. Most importantly perhaps, very few particles are leaked from the domain - roughly
1% of the total particles over the course of the entire simulation - suggesting the containment
offered by the normal flux pressure assignment is much improved. Preliminary results of the
method tracking the pressure and free surface height are presented in the following section
5.3.

A separate issue with this implementation of the semi-analytical boundary method is
mentioned by Ferrand et al. in their seminal work on the semi-analytical boundary method
[53]. They found that the time discretised continuity equation in a semi-analytical frame-
work, as in Eq. 158, produces a systematic error which tends to underestimate the density
near a boundary. This reduces the containment effect and leads to fluid particles leaking
from the domain. This same behaviour was observed within this work. In Fig. 21 a sta-
tionary hydrostatic box of fluid with height H = 0.35 m was simulated, and left to settle to
its steady-state solution. Of course, this should ideally be a 0 velocity field, ignoring small
fluctuations.

Fig. 21 shows the velocity magnitude field of a hydrostatic box of fluid after it has settled.
It can be clearly observed that the highlighted particles with velocity magnitudes greater
than the 90th percentile are concentrated at the edges of the box, where the wall boundaries
meet. These spurious velocities tend to generate unphysical secondary currents within the
hydrostatic fluid. Fluid particles near the boundary edges and corners are circulated upwards
and towards the center of the fluid, and central fluid particles are drawn into and up at the
boundary edges, creating a net circulating motion at the boundary edges.

The leaking behaviour described by Ferrand et al. where fluid particles are gradually
leaked from the simulation at low speeds was also observed. The improvements to the method
presented in this section are focused on high velocity, transient flows, and as such do not

offer much improvements in the hydrostatic box simulation. The new pressure assignment
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Figure 20: Simulation of the 3D dam break test case as described by Kleefsman [81] using the improved
semi-analytical boundary framework outlined in the current section. Az = H/22 as in 19. Improvements
include a more accurate initial fluid particle positioning, a wall pressure assignment involving normal fluxes,
and a particle shifting technique. All simulation parameters and snapshots are the same as in Fig. 19.
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Figure 21: Non-dimensional velocity magnitude of fluid particles settled into a hydrostatic box using the
improved semi-analytical boundary method. Dimensions of the box are (1.0,0.5,0.5) metres with a fluid
height of 0.35m and a fluid resolution Az = 0.02m. The colour grid is chosen to highlight velocities
larger than the 90th percentile value - |v|/\/gH = 0.019. Bright spots of peaked velocities are found

near the boundary edges where wall boundaries meet. Outside of these areas the velocities remain close
to 0 as expected.
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at the wall utilising the normal fluid flux is likely not enough to limit the leaking since it
is a low speed long time period effect where fluxes remain low. Ferrand et al. avoided this
by generating a time-independent formulation of the density in the semi-analytical method.
The time-independent formulation of density removes all potential integration errors in Eq.
(158) and is known to be much more accurate far from free surfaces. Nonetheless, the
time-independent formulation of density was not considered within the scope of this work.
Implementing a time-independent density formulation can be cumbersome, as it involves
storing v and the kernel function W at multiple time steps - something not commonly done
in a typical SPH implementation. Further, this issue appears only to be a problem when
particles remain in contact with a boundary for a long time and there is no other dominant
motion in the system. This is because the same issue is not observed when simulating a
transient problem such as a dam break, as was observed in Fig. 20. Since these transient
problems were the original focus of this work, it was not deemed necessary to implement a

time-independent continuity equation.

A further issue which may be in part a cause of this density and spurious velocity is-
sue near boundary edges, is the approximation of Vv, ~ W;,n,dS utilised in the semi-
analytical equations presented in Sec. 3.3. This approximation arose from the need to
discretise the surface integral over the boundary. The term it is approximating represents
the integral faﬂw WndS of the kernel function over a small discretised element of the wall
boundary prescribed to a wall particle. This can be equated to V~; calculated over a small
discretised element of the wall boundary. For a given near-wall fluid particle, summing these
contributions over all wall particles thus can be equated to V~; for the entire boundary
interaction. From the work in Chapter 4 it is possible to calculate V~; exactly and as such
quantify the quality of the approximation Vv, =~ Vv, = > W;,n,dS. The relative error in

[Vvel =Vl

the magnitude of the approximation o Was calculated for a hydrostatic box of fluid

and presented in Fig. 22.

It can be seen in Fig. 22 that errors in the V-~ approximation are intensely focused
around the corners and edges of the solid boundaries. whilst remaining accurate along flat
walls. For fluid particles far from the wall boundaries there is no approximation to be made

since V~; = 0 identically, and so there is no error. Here w

is set to 0 to avoid division
by 0. The errors are particularly large in the boundary corners, where the relative error can
reach over 100%, whilst along boundary edges the relative error remains around 30% — 50%.
This suggests, perhaps logically, that the further the wall boundary deviates from a flat
surface the greater the error in the approximation. Indeed, the approximation is expected to
lose accuracy when W;, is not approximately constant over the boundary element. For flat

walls the distance to the fluid particle is roughly constant and so W;,,, which relies only on
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Figure 22: Relative error in the approximation Vv; ~ Y W;,n,dS for a hydrostatic box of fluid.
Simulation parameters are the same as in Fig. 21. 2D snapshots of the error field in x,y are taken at
fixed values of z - at the bottom, middle, and top of the tank. This demonstrates how the relative error

field varies both in z,y and z. The error at fluid particles that do not interact with wall boundaries and
consequently have «;, = 0 are identically set to 0.
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distance to the fluid particle, can be approximated as constant. For more complex boundary
elements which have greater variations in their distance from the fluid particle (i.e boundary
elements at non-normal orientations to the fluid), W;,, can no longer be reasonably assumed
to be constant. These errors are large enough to merit consideration of the effects on the
simulation results, such as the observed spurious velocities near boundary edges and corners
in Fig. 21. Large overestimations in the term W, n,dS will lead to overestimations of the
acceleration in the equation (159) and may be the cause of the observed spurious velocities
and resulting unphysical currents. Ideally this approximation could be avoided and the fully
exact solution presented in Chapter 4 could be utilised. More comments will be made on in

this in the final chapter on future work.

5.3 Preliminary results

In order to assess the accuracy of the improved semi-analytical boundary method, the full
time evolutions of the pressure and free surface height at different nodal locations in the 3D
dam break were tracked and compared to experimental results. Full details of the simulation
set-up including exact locations of pressure nodes and free surface measuring locations can
be the found in the original work by Kleefsman [81] and online via the validation test case
listing by SPHERIC [149]. Simulations presented in this section were run on Imperial College
Research Computing Service’s high performance computing cluster [140]. All the simulations
were performed on AMD 7742 64-Core (128 thread) processors. Compute nodes used ranged
from 1 to 3, with the number of MPI processes used ranging from just 4 for the lowest
resolutions, up to 356 for the highest resolutions. General benchmarking of computational

speed and performance was not carried out.

First, results for pressure and free surface height were compared against the experimental
results in Figs 23 and 24. This was done using a standard resolution of Az = H/22 = 0.025m
corresponding to roughly 50,000 fluid particles. This is lower than the resolution listed in
the validation test case outline of Ax = H/22, but was standard for many of the simulations
completed during this work. Other simulation parameters followed the standard definitions
in the SPHERIC test case [149].

It is observed that generally the results for both pressure and free surface height in Figs
23 and 24 are satisfactory in comparison to the experimental data. The overall evolution as
well as the timing and occurrence of waves within the system are well captured. One issue
does appear to be consistent overestimation of the pressure throughout the simulation, but
particularly so during wave impacts against the obstacle. Also, the downstream pressure

nodes P5 and P7 produce very noisy pressure fields. This is likely because these node
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Figure 23: Time evolution of the pressure at given nodal locations based on the 3D dam break experiment
by Kleefsman [81]. Plots are shown for four of the pressure nodes: P1, P3, P5, P7. The first two
nodes are placed on the front of the obstacle where the dam break initally collides, considered upstream
pressure nodes, while the latter two are positioned on top of the obstacle where the dam break later
splashes on to after the first collision, considered downstream pressure nodes.
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Figure 24: Time evolution of the free surface height at given locations based on the 3D dam break
experiment by Kleefsman [81]. Plots are shown for two of the locations where free surface height is
measured: H2, and H4. Both locations are upstream of the obstacle collision front, and H4 notably
starts within the initialised fluid.
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locations suffer from inconsistent particle supports, with fluid particles constantly passing
at high speeds and being moved away from the node locations due to jets and crashing
wave fronts. As previously discussed in Sec. 2.3, SPH is known to produce noisy and
inaccurate pressure fields when particle supports are not regular. On the other hand, the
upstream pressure nodes, P1 and P3, produce much smoother pressure fields and follow the
experimental results more closely. In these locations fluid particles are more consistently
located and are not subject to as many crashing wave fronts other than the initial impact of

the water against the obstacle. Free surface height is generally well modelled throughout.

To further examine and assess the accuracy of this method, the results were also bench-
marked against results that could be extracted from well-respected literature on other bound-
ary conditions carrying out the same test simulation. Specifically, results from Mayrhofer
et al.s unified semi-analytical boundary condition (USA-BC) extension to 3D [105], and a
dynamic boundary particle method in English et al.s modified dynamic boundary condition
(mDBC) [49] which is the same method currently used in the open-source code DualSPHysics.
Data was extracted via plot digitisation from the published papers. Comparisons of results
were partly limited as only certain markers were analysed in all three works compared. In
this case, free surface heights at H2 and H4, and the downstream pressure node P5. All three
boundary conditions were compared at roughly equivalent resolutions with a fluid particle
number n, € (5 x 10°,5 x 10%). Results are presented in Figs 25 and 26.

It can be seen generally that the performance of the improved semi-analytical (iSA)
boundary method here holds up well when compared with the literature. The comparable
semi-analytical boundary method in the literature, Mayrhofer et al.’s USA-BCs [105], seems
to perform poorly on the data points assessed here. Whilst there is interestingly almost
no noise in its calculation of the pressure field, it fails to accurately capture the size of the
pressure peaks and the following decay. Similarly, it fails to accurately capture the progress
of the wave fronts in the free surface height. Meanwhile, the iSA method here and English
et al.’s mDBC [49] seem to capture the overall flow dynamics of both pressure field and
free surface height relatively well. The mDBC produces a notably much less noisy pressure
field at P5 than the iSA method. Earlier comments suggested that the noisy pressure field
may be due to the lack of particle support, however since this effect is not apparent in
the literature results, it would suggest that the effect may be due to a different issue in
this current implementation. It is noted that the mDBC does exhibit a noisy pressure field
during the arrival of the first wave front, and later in the simulation after the first wave front
has passed - a shared quality with the iSA method. In fact, after the first wave front has
passed, the iSA method performs roughly up to par with the mDBC and in some periods,
even slightly better. Though not presented here as data was not able to be collected for
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Figure 25: Time evolution of the pressure at P5 based on the 3D dam break experiment by Kleefsman
[81]. Results are shown for experimental data alongside three different boundary method implementations:
improved semi-analytical boundary methods from this work; Mayrhofer et al.’s unified semi-analytical
boundary conditions in 3D [105]; and English et al.’s modified dynamic boundary condition [49]. Particle
resolution is roughly the same for all three simulations with a fluid particle number n, ~ O(10°%). Other
simulation parameters roughly followed the test case guidance, though Mayrhofer et al.’s work used a
numerical speed of sound ¢y = 40m/s as opposed to the standard ¢y = 60m/s.
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Figure 26: Time evolution of the free surface height at given locations based on the 3D dam break
experiment by Kleefsman [81]. Plots are shown for two of the locations where free surface height is
measured: H2, and H4. Results are shown for experimental data alongside three different boundary
method implementations: improved semi-analytical boundary methods from this work; Mayrhofer et al.’s
unified semi-analytical boundary conditions in 3D [105]; and English et al.’s modified dynamic boundary
condition [49]. Particle resolution is roughly the same for all three simulations with a fluid particle number
np ~ O(10°). Other simulation parameters roughly followed the test case guidance, though Mayrhofer
et al.'s work used a numerical speed of sound ¢y = 40 m/s as opposed to the standard ¢y = 60 m/s.
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equivalent pressure nodes, both the iSA method and the mDBC appear to perform similarly
on the upstream pressure nodes, exhibiting a relatively smooth pressure field and capturing
the overall dynamics well.

Both the mDBC and iSA method capture the free surface height at both H2 and H4
well, with each other performing respectively better in different time periods of the flow.

Overall, the iSA method here is less accurate than English et al.’s mDBC when capturing
the pressure field at P5, but much more accurate than Mayrhofer et al.’s USA-BCs as a
comparable semi-analytical implementation. The main issue affecting the results is the noise
in the pressure field, but otherwise the overall dynamics are well captured. The iSA method
performs comparably to the mDBC for free surface heights, and even better in some periods,
whilst again producing overall more accurate results than the USA-BCs. This suggests
that the accuracy of this semi-analytical implementation in these types of 3D dam break
simulations are up-to-par with well developed and modern methods in the literature, and
perhaps even better than the semi-analytical alternatives.

It should be noted, that measuring the free surface height is not always trivial in SPH,
especially when splashing or breaking of the free surface is involved. Care should be taken
to ensure that the true free surface height is measured, but even this is sometimes ill-defined
when jets and voids form within the flow. This may also explain some of the discrepancies

with both experimental data and between different simulations.

Next, in order to study the convergence of the improved semi-analytical method and
better understand how it scales with changing resolution, the same initial pressure and free
surface height plots are shown for multiple resolutions: Ax = H/11, H/22, H/55 correspond-
ing to roughly n, ~ 5,000, 50,000, 500,000 particles respectively. These will be referred to
as the low resolution, intermediate resolution, and high resolution simulations respectively.
Results are presented in Figs 27 and 28.

Interestingly, across all pressure results, and in certain free surface height results, it does
not appear that the method displays convergence at the studied particle resolutions. It
appears that the lowest resolution Ax = 0.05m is less accurate, as expected, but so too is
the highest resolution Az = 0.01 m, surprisingly.

First, considering the pressure fields. Both the higher and lower particle resolutions
appear to produce noisier pressure fields than the intermediate particle resolution A, =
0.025m at all four pressure node locations. The difference is particularly pronounced in
the downstream pressure nodes P5 and P7. The increased noise in the higher particle
resolution is mostly confined to high speed interaction regimes involving breaking waves,
while during more settled flow periods, particularly on the upstream nodes P1 and P3, both

the intermediate and highest resolutions display relatively low noise and accurate results.



5.3 Preliminary results

12000 -
[ | N Bt Expengental data (Kleefsman (2005))
10000 4 Az =0/05m
] —— Az=0025m
= 8000 ] —— Az=0/0lm
& 6000 3
~ ]
4000 o
2000
04
P3
7000 7
i w | e Experimental data (Kleefsman (2005))
6000 ] —— Az=0/05m
5000 Az=0025m
g 2000 ) | —— Az=0,0lm
~ e T
2000 3 Hw Whi X oy )
e [ """«\\_ =
S/
E e S “//
0 — T
1 2 3 4 5 6
t [s]
W!I
------ Experimental data (Kleefsman (2005))
MMH ~ se-oum |
' } —— Az=0/025m
—— Az=0/0lm
‘M.,“ ‘\’\" | | /VW
ik :
tlert |
‘ ‘ \ ”'] i ﬂ
| WI ‘JH' . .
4 5 6

P7
3000 -
W mental data (Klélefsman (2005))
] 05m
2000 ] 025m
— : 0lm
3 ]
&, 1000 ] M
& ]
1 - . Y
0 ] . | VU V
~1000
1 2 3 4 5 6
t [s]

Figure 27: Time evolution of the pressure at given nodal locations based on the 3D dam break experiment
by Kleefsman [81]. Results are repeated for three A, resolutions, displaying how the result scales with
an increasing number of particles.
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Figure 28: Time evolution of the height of the free surface at given locations based on the 3D dam
break experiment by Kleefsman [81]. Results are repeated for three A, resolutions, displaying how the
result scales with an increasing number of particles.
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The lowest resolution displays noise throughout and can be clearly marked as the least

accurate resolution.

It was noted when viewing the simulation dynamics that the highest particle resolution
displayed much greater formation of jets and greater forcings at the boundaries. As such,
though the overall pressure field of the highest resolution was indeed the smoothest, the
overall flow dynamics became much more noisy with greater wave crash heights and high
velocity fluid jets near impact points. The intermediate and lowest resolutions on the other
hand displayed similar and consistent flow dynamics in agreement with the experimental
data. This also explains why the free surface heights in Fig. 28 are generally well in agreement
and appear to display a slight convergence across particle resolutions, except for a specific
point of the free surface height at H2; when the wave front first collides with the obstacle,
the highest particle resolutions displays a brief strong divergence from the experimental data,
briefly but largely overestimating and then underestimating the free surface height. This was
observed as a high velocity fluid jet in the simulation upon first impact with the obstacle.
These jets also occured at other impact points throughout the back wall of the simulation

at much lower strengths, but still generally enough to alter the local flow dynamics.

A potential reason for why the flow dynamics diverge at higher particle resolutions is
due to inconsistencies in the boundary method being amplified due to the larger number
of boundary interactions. It has already been noted that there can be large boundary
inconsistencies with the method (Sec. 5.2) and it is possible that these exhibit some constant
error which does not scale strongly with particle resolution. As such boundary calculation
errors may become amplified as particle number increases. This is a notable effect, and

should be investigated further in future work to develop this implementation.

It should be noted that in order to achieve the closest agreements to experimental data
for dam break flows such as this one, it is generally understood that multi-phase simulations

are required, as has been shown in the literature [110].

Ultimately, the simulations presented here only serve as a preliminary outlook into as-
sessing the accuracy and feasibility of the improved semi-analytical method. For an SPH
implementation and its associated boundary method, it is important that a variety of valida-
tion test cases are carried out. SPHERIC [149] offers a number of additional SPH validation
test cases for different simulations regimes. Results should be compared not only to high
quality experimental data, but also to high quality numerical data, such as those from
well-established and validated mesh-based methods. Experimental data is often subject to
repeatability issues, and Lobovsky et al. showed this specifically for the case of the 3D dam
break [94]. Pressure readings in particular can have a high variance, and this should be

considered when assessing the accuracy of a numerical method. Validations against analyti-
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cally known solutions are also ideal, as these allow for more precise error tracking and more

rigorous convergence studies.
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6 Mobile boundaries in SPH

The problem of mobile boundaries in SPH requires careful consideration because not only is
it an issue of fluid-solid coupling, but also solid-solid coupling, whereby boundaries are now
free to move and interact with each other.

The fluid-solid regime of the problem is essentially just an extension of the fixed/wall
boundaries problem previously discussed in Chapter 3. All the issues related to modelling
wall boundaries are present in mobile boundary modelling, but further complications are pre-
sented. Particularly, ensuring that not only are the wall-to-fluid force calculations accurate,
but also the fluid-to-wall force calculations. Forces on mobile boundaries must be accurately
calculated and tracked, and then applied in such a way that the boundaries” motion can be
accurately simulated. Further, it may be necessary to handle mobile boundaries which are
not constrained by the resolution of the fluid particles, in order to allow for flexibility in
the sizes of mobile solids modelled. Consideration should be given to mobile solids at both
higher and lower resolutions than that required for the fluid domain.

Solid-solid coupling was briefly addressed in the introduction, and typically requires an
additional numerical method to handle these interactions. Whilst SPH is a particle-based
method and can in theory be used to handle solid interactions, methods which are specifically
developed for granular materials and solid mechanics, such as the Discrete Element Method
(DEM), are generally preferred.

In this work, DEM is used to handled solid-solid interactions and is coupled with SPH
for the fluid-solid interactions.

In the following sections, an overview of the fluid-solid coupling process that was devel-
oped for this work, as well as the implementations of DEM for both large and small bodies,

and their coupling to the thus far discussed SPH method, will be presented.

6.1 Fluid-Solid coupling

As mentioned, the basics of Fluid-Solid coupling has already been addressed in Chapter 3
on wall boundaries. Indeed, any of the discussed methods for modelling wall boundaries can
also be used to model the interaction of mobile boundaries with the SPH fluid particles. One
key exception to be considered, however, is when the boundaries are small enough that the
discretisation required in a wall modelling method cannot be applied. This would be the
case for any of the ghost particle methods, which are naturally limited by the size of fluid
particles, and similarly, the current version of the semi-analytical boundaries which requires
the surfaces of walls to be discretised with wall particles. In these cases, the limit to the

mobile (or even fixed) boundary size would be on the order of the fluid particle resolution
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O(dz). For ideal results, one would expect that boundaries which require discretisation
should contain enough fluid particles to be accurately modelled. This would suggest a
more effective minimum size limit of ~ O(10 - dx). For fixed wall boundaries, this is not
often considered an issue, as the fixed wall boundaries usually define the fluid domain and
therefore are designed to meet the desired fluid resolution. Indeed, a highly resolved fixed

wall boundary would necessarily imply a highly resolved fluid domain.

However, introducing mobile boundaries of a different phase allows the possibility of sep-
arate length scales within the simulation domain. For mobile bodies larger than the fluid
length scale, it is essentially possible to fully resolve the flow structure in and around the
bodies, and as such fully resolve all the interactions between the two phases. This is often
preferred, as it allows interactions to be implicitly modelled from the governing equations
with no additional closures required. This is the typical approach taken in SPH-DEM,
whereby the DEM particles are used to model solids which are at length scales sufficiently
larger than the fluid length scale. This is not always feasible however. For many applica-
tions, the dynamics of interest occur over widely varying length scales. Importantly, in the
contextual case of coastal dynamics, one may be interested in simultaneously modelling the
large length scale behaviour of storm or tsunami waves approaching a coastline, and at the
same time considering the smaller scale dynamics involved in solid particles embedded in
the coastline or seafloor. These particles such as pebbles, gravel, and sand can reach grain
sizes as low as 0.1 mm [164] and even lower. Attempting to fully resolve the fluid flow in and
around all these solid bodies would lead to excessively large resolution on the fluid domain
and prohibitively computationally expensive simulations. Therefore, particularly when con-
sidering coastal dynamics, it can be valuable to admit mobile solid boundaries which are
not constrained by the fluid particle resolution. This necessitates an alternative method of

modelling granular solids which does not rely on any form of fluid particle discretisation.

It is often the case that the difference in length scale between the fluid and solid domains is
so drastic that it is even unfeasible to model the solids as granular discrete particles, and they
are instead modelled as a continuum, as a non-Newtonian fluid. This could be considered for
fine sand particles which are fully saturated with water, where it is clearly computationally
unfeasible to attempt to model the individual grains of sand. Using non-Newtonian fluids
to represent granular material in two-phase simulations was briefly mentioned in Chapter 1,
and indeed it is often the solid model of choice in SPH simulations [56, 146]. An advantage
of modelling solids as a non-Newtonian fluid is that the SPH method no longer needs to
be coupled with an additional numerical method to handle solid interactions. Instead, the
simulation simply follows a two-phase model, and the existing framework for SPH can be

extended to a non-Newtonian regime which has additional governing equations that affect the
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density, velocity, and viscosity [56, 57]. Further, it is much less computationally expensive
as it is possible to avoid the use of highly resolved discrete solid bodies, and the non-
Newtonian phase can be cheaply solved within the main SPH fluid loops. It is not without
its drawbacks however. Continuum models of solids are not always able to accurately model
granular material in certain regimes, and information is lost on anisotropic behaviours that
are relevant to scouring, damming, and granular segregation (bulk separation of the solid
phase) [136], all of which are important in understanding coastal dynamics and the resulting

fluid-solid interactions outlined in Chapter 1.

The work in this Chapter will focus on the mesoscale regime of fluid-solid interactions,
above the length scale where solids are modelled as non-Newtonian fluids, but below the
length scale where the inter-solid flow can be fully resolved. A relevant piece of literature for
SPH at the fully-resolved fluid-solid length scale is by Bartzke et al. [15], who simulated flow
past a sphere on a rough bed with very high resolution fluid, and found promising results in

comparison to the literature.

Another issue in fluid-solid coupling in SPH methods, is the accurate calculations of
fluid-to-wall forcings. For boundary modelling methods which involve some form of wall
particle, fluid-to-wall forcings can be simply deduced as follows. Contributions from a wall
particle to the local fluid particles’ accelerations (from the momentum equation (27)) are
tracked and summed, and then reflected to calculate an acceleration for the wall particle in
question. The accelerations of wall particles are then appropriately applied to the body they
are attached to in order to produce forces and torques due to the fluid interaction. Due to the
antisymmetry of the standard momentum equation (27), this is equivalent to independently
calculating the accelerations for wall particles by summing over local fluid particles. This
is particularly relevant for the ghost particle methods discussed in Sec. 3.2. The semi-
analytical boundary method discussed in Sec. 3.3 offers more ambiguities in generating
fluid-to-wall forces. Though the method in the current presentation admits wall particles,
the momentum equation under the semi-analytical framework is no longer antisymmetric,
and so simply reflecting the wall-to-fluid contribution is no longer equivalent to independently
calculating the wall particle accelerations due to local fluid particles. However, calculating
accelerations for wall particles via a sum over the fluid is not necessarily a clearly defined
behaviour. It would therefore seem preferable then, that when wall particle accelerations are
required, their values should be taken as a reflection of fluid particle contributions in order
generate accelerations on the wall particles that at least conserve momentum. Further work

may be done on this in order to identify the preferred approach.

Of course, in the instance where the boundaries are too small to be discretised with fluid

particles as previously discussed, this method of calculating fluid-to-wall forcings cannot
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work. For a non-Newtonian fluid based solid phase, the force interactions can be calculated
as any SPH fluid interactions are done, just with additional constitutive and governing
equations. For the mesoscale regime where discrete solid bodies are still resolved, but not
the fluid within them, the forces between the fluid and the wall must be calculated differently.
This will be the focus of “small-body DEM” (sDEM) in the following Sec. 6.3.

First, a brief introduction to how solid-solid interactions are handled via the DEM method
will be presented. As the focus of this work was on fluid-solid coupling, this is kept brief.
The coupling of SPH and DEM is generally well researched, as is the DEM method itself,
and the literature contains a more in-depth discussion on the specifics of DEM [25, 165, 68].

6.2 Large-body DEM

The movement of a solid object is found by considering its interactions with both the fluid and
solid bodies and calculating the total forces on the body due to these interactions. Typically,
as discussed, solid objects are discretised with k& wall particles with fixed relative positions.
The force on each solid body f; per unit mass (i.e. acceleration), can be broken down into
body forces mg, hydrodynamic fluid forcings fj, r, and rigid solid-solid contact forces f; .. As
previously discussed, the hydrodynamic fluid forces can be found by reflecting and summing
the contributions of the wall particles to the fluid particles’ accelerations, which are found
during the main loop of fluid particle interactions over the boundaries. The force on each
solid body is then summed to find the total driving force on the object. The motion is then

derived from the discretised form of Newton’s laws of rigid body dynamics:

Y
M% = ; mkfk = ; fk’f + fk,c + megg (162&)
dQ
I—= = Zk:mk (ry — Ro) x £ (162b)

where M is the mass of the object, I the moment of inertia, V the velocity, £ the rotational
velocity and Ry the centre of mass. Eq. (162a) solves the linear motion of the solid object,
whilst Eq. (162b) is the rotational motion. These equations are then integrated in time to
predict V and €2 of the body, which allows for a full translational and rotational motion
of the solid object as a whole. Whilst the fluid forces and fluid-solid interactions can be
computed with the SPH method, the rigid solid-solid contact forces are often handled with
the discrete element method (DEM). This leads to a coupled SPH-DEM numerical solution

which can handle fluid-solid and solid-solid interactions.
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The contact force between two solid bodies is modelled as a spring force and decomposed
into a normal and tangential force, which are then further decomposed into a repulsion
force due to solid deformation and a dissipation force. The deformation repulsion force is
approximated by a particle overlap and represents solid collision, whilst the tangential force
represents solid friction. This is known as the spring-dashpot model. A schematic of the
DEM interaction can be seen in Fig. 29. A full study of the DEM force equations can be
found in the literature [25, 165, 68].

Yt

Yn

Figure 29: [24] Schematic of a DEM solid collision between two solid particles i and j. The left image
highlights the modelling as a spring force in both the normal and tangential directions, where ~ is the
dissipative force constant and k& the repulsion spring constant, with subscripts n and ¢ referring to normal
and tangential directions respectively. The force constants are calculated from input parameters for the
solids considered. The right image highlights the particle overlap § which is used to approximate the
repulsion force.

The important parameters in the DEM equations are the Young’s modulus, Poisson
ratio, and the friction coefficient, which control the nature of the solid-solid interactions in
the above spring-dashpot model for DEM.

The timestep for DEM calculations is based on the on the typical contact duration of a
DEM interaction, which scales as the inverse of the Young’s modulus. For this reason, the
DEM timestep is often much smaller and more restrictive than the typical fluid timesteps
considered in Sec. 2.7.1. DEM interactions can be subcycled on the fluid simulation. This
involves holding the fluid and its contributions constant whilst the DEM interactions are
calculated, since the DEM bodies may undergo many cycles for a single fluid timestep. SPH

fluid variables are then only updated according to their own timestep as required.
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6.3 Small-body DEM

The issue of small-body DEM then, is concerned with instances where DEM particles are
beyond the fluid particle resolution and as such cannot be discretised with wall particles. This
necessitates an alternative way for calculating the fluid-solid interactions which previously
relied on the presence of wall particles. Solid-solid contact forces and body forces however,
are agnostic to the presence of wall particles and can still be calculated as for regular large-
body DEM (Sec. 6.2).

6.3.1 Fluid particle equations

The governing equations for the mesoscale fluid-solid model are given based on the volume-
averaged Navier-Stokes equations coupled to additional closure equations for drag and lift
[8, 136]. This may also be known as the two-phase mixture theory for sediment transport
and granular flow [129, 65]. The key equations relevant to an SPH implementation will be
presented, but not their derivations. It is noted that the volume-averaged Navier-Stokes
equations attempt to model the fluid variables per unit volume, accounting for the presence
of granular material. Unresolved fluctuations in the fluid variables necessitate additional
closure equations for drag and lift for example. The governing equations largely follow the
work of Robinson [136].

o) =1= [ Wik =r)av. (163)
NP — 5 gy (164)
¢Pfcjl_l; = —VP+uViu—f, + ¢psg (165)

As can be seen by comparison to the original fluid dynamics governing equations (21),
the presence of the granular solid introduces the term ¢(r) which is the local fluid porosity
or void fraction, and f; which is the fluid-solid coupling term due to the interaction of SPH
fluid particles and local solid bodies. The fluid density is given subscript f to clarify the
distinction now possible between the densities of the fluid and solid phase. The porosity
is calculated as 1 minus the normalised solid fraction ¢, = fﬂ W(r — ry)dVj, equivalently
¢ = 1— ¢s. The solid fraction is found by integrating the kernel function over the volume of
local solid bodies, which naturally gives the realtive volume of solid bodies within the local
region. As with most SPH approximations, it is usually understood that the solid fraction
integral is too complex to be calculated, and so a discrete sum approximation is used instead.

This idea will be addressed in more detail in the following Sec. 6.3.4.
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The porosity acts to scale the fluid density as it appears in the governing equations, and
so it is often simpler to redefine the density used in SPH as p* = ¢ps, which allows us to
reuse our original governing equations (21) with the addition of the fluid-solid coupling term

f,. Considering the weakly-compressible approach again, the pressure equation is now given

where it is important to note that the equation of state is defined as an internal equation for

as

the fluid, and so the reference fluid density must also be rescaled to account for the porosity.
This form of the equation of state ensures that pressure only varies due to fluid fluctuations
and not varying porosity.

Finally, it is necessary to derive an equation for the fluid-solid coupling term f,. This
term is equivalent to the hydrodynamic forcings on solid bodies discussed in the previous
section 6.2 - f; in Eq. (162a). Of course, its presence must be reflected in the fluid equations,
hence the — sign in Eq. (165). For large bodies, this term was implicitly calculated in the
boundary method, but in the case of small bodies the fluid-solid coupling term will be a
resolved force explicitly calculated. This will be handled in the following section 6.3.2. For
now, this term will be denoted f; ¢, representing the fluid-solid coupling force at a small body

s. The fluid-solid coupling term at a fluid particle j due to local small bodies is given
1
fie==——— E Vifs (W 167
R Zb %st - SV ( )

Essentially in this equation, the fluid particle finds its coupling force by summing over
the coupling forces at the surrounding small bodies. This must be appropriately scaled so
that the force on the fluid exactly balances the force on the solid. Since the coupling force
on the solid f; ; is first calculated via a sum over the local fluid particles (here denoted by
subscript b), the final term being returned to the fluid must be normalised by this sum -
> VoW For any solid body fully immersed in the fluid flow, this sum will likely be very
close to 1.

The standard SPH discretisations and formulations presented in Chapter 2 can then be
used to discretise the governing equations (164) (165) and model the fluid motion. First,

however, it is necessary the provide a form for the term f; ;.

6.3.2 Solid body equations

The equations of motion for the solid DEM particles appear initially the same as the large-

body DEM equations (162). However, the form of the hydrodynamic fluid forcings f;; now



135 6 MOBILE BOUNDARIES

have to be treated differently, since the standard approach of collating reflected solid-fluid
contributions on wall particles cannot be used. The subscript £ will hereon be dropped
in favour of s, as the fluid forcings are no longer defined at wall particles, but rather at
the center of solid bodies. For the purpose of fluid-solid interactions, the solid bodies can
be considered as SPH fluid particles which transmit and receive forcings differently, but
nonetheless act as an integration node where field variables can be defined and evaluated. In
general, all fluid-solid interaction forces will arise due to the fluid stresses, which are either
pressure or viscosity interactions. However, in the case where the inter-particle fluid cannot
be fully resolved, additional equations which parameterise the effects from the unresolved
flow field must be used. This means that fluid-solid forcings are broken down into the
standard resolved fluid forces, and additional inter-particle forces f;p which are usually a

function of the porosity, as well as other flow variables. A standard form can be written as

f.;=Vi(=VP+uV*), +fip (168)

and the interparticle forcings can usually be broken down into the following form

frp=1fp+1f, +fs+fsn (169)

Here, fp refers to the drag force due to viscous effects, f; refers to the lift force due to
shear flow or rotating particles, and fp and f4,, refer to the Basset force and added-mass
force respectively, arising from viscous effects and unsteady flow [172]. Similarity to the
Basset-Boussinesq-Oseen equation is noted [148]. The lift force can be broken down into
an inertial component arising from a perpendicular velocity gradient, and a component due
to the rotational motion of the solid body, known as the Magnus lift force. In this work,
rotational velocities of the particles were found to be very low such that the inertial shear
term was assumed dominant. The buoyancy force is implicit in the pressure gradient term
from fluid stresses in Eq. (168), indeed because the buoyancy force is due to the hydrostatic
pressure gradient.

To evaluate the contribution of fluid stresses at the position of solid body s, (=V P +
pV?u), in Eq. (168), a summation is completed from the solid bodies over the local fluid
particles

1

(=V P+ uV*u), = mvaestf (170)
f

where

P P
Op == _pVY; < ;T _2) VWie, +2v )V, |u] VWi (171)
;
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is just the fluid stress at fluid particle f, calculated equivalently as from the fluid governing
equations (27) and of course suitably adjusted for any additions or changes to the pressure
gradient or viscosity formulation. It is noted here that this effectively requires two stages
of summations, one to first calculate the fluid stresses at each fluid particle 6;, and then

another to extrapolate these fluid stresses to the solid body positions.

The sum in Eq. (170) has also been appropriately normalised by a Shepard Filter style
sum as in Eq. (29).

Next it is necessary to calculate the inter-particle unresolved forcings, f;p. Most SPH
implementations which implement a small-DEM model do so only parameterising the drag
force [136, 65, 68|. This is primarily because it is well understood that the drag force and
pressure gradient (equivalently buoyancy) are often the dominant hydrodynamic forcings on
suspended particles [16], and it is thus often the case that the drag force and fluid stresses
alone are enough to encapsulate the majority of the fluid-solid interactions. That being
said, the role of the additional lift, Basset, and added-mass forces should not always be
so simply ignored. For the process of saltation, whereby solid particles are entrained into
the fluid flow and bounced along the channel bed in the streamwise direction, it has been
shown that in certain regimes, not only do the shear lift and Basset force play a role in
the motion of particles, but in some instances they are even necessary to observe accurate
saltation behaviour as found in experimental results |5|. In this work, the focus was given
to inclusion of the lift force specifically. The use of the drag force in mesoscale SPH-DEM
is well studied, and the Basset force contains potentially difficult terms to evalaute, relying
on the history of particle paths. As such, the aim was to observe whether inclusion of the
lift force was feasible, and more importantly whether the regimes suggested in the literature
suggesting the importance of the lift force in entrainment and saltation, could be replicated
with a mesoscale SPH-DEM model. A diagram depicting saltation of solid particles can be
seen in Fig. 30.

The inter-particle forcings included in this model were the Gidaspow drag model [61],

and Saffman shear lift force [137]. The Gidaspow drag model is given as

fr, = msp“f (u—u,) D (172)

with
1867395 (14 0.15 (pRe,)*®")  for ¢, < 0.2
p_ )18 ( ! (6Rep) ) ¢s < a7)
1502 + 1.75°32 for ¢, > 0.2
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Figure 30: [4] Schematic demonstrating the main modes of bed load transport by rolling, sliding, and
saltation, shown in green, orange, and red colors, respectively. A saltating particle often exhibits complex
three-dimensional movement, but is particularly characterised by rising into the flow before falling again
and then repeating this behaviour.

and the solid particle Reynold’s number is given by

prds |us — u|

Re, =
? fif

(174)

Subscripts with f denote fluid variables, while the s subscript denotes solid variables. d;
is the diameter of the solid body. uy is the velocity of the solid body, and u is the the fluid
velocity extrapolated to the position of the solid body. This usually is calculated a via an
initial sum over the local fluid particles u = Zf ViuyWiy.

The Saffman shear lift force is given as
F, = cL%”dg (0 —u,) x ] (175)

where CY, is the lift force coefficient, typically taken as 6.46, but here left open to user input
as it is understood that the lift parameterisation may need adjusting to match validation
experiments. w is the fluid flow vorticity at the position of the solid body. This is found
via a two stage sum in the pre-calculations, where the vorticity is first found at each fluid
particle w; = — Z]. Vi(u; —u;) x V;W,;e;;, and then the vorticity at the solid body position
is extrapolated from the fluid particles as w = W > 7 ViwiWsy. The vorticity operator
used is extrapolated from derivative forms in Eq. (19).

It is noted here that the inclusion of small solid bodies in the current formulation ne-

cessitates flow variables to be defined at the solid body positions. This requires previous
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summations to be calculated to extrapolate said variables to the solid body positions before
they can be used in the force equations (168). Some of these flow variables are even sec-
ondary variables, such as the fluid stresses and the vorticity, requiring a further additional
loop to calculate these variables at each fluid particle before they can be summed. This
is already considered in the typical SPH implementation loop as in Algorithm 2.7.3 in the
PreSolution Calculations, but it should be noted as an extra consideration. The inclusion
of DEM calculations in an SPH code is generally understood to make the implementation

more cumbersome and greatly reduce simulation speeds.

6.3.3 Inclusion of a lift-force for solid particle saltation mechanics

A simple test-case experiment was simulated to assess whether the Saffman lift force as in
Eq. (175) could play a significant role in saltation behaviour of solid particles within certain
fluid-solid regimes.

The simulation set-up is presented in Fig. 31, whilst the results tracking specific bodies
and their vertical motion are presented in Fig. 32.

Fig. 32 demonstrates how the presence of the Saffman lift force indeed did generate
more pronounced saltation behaviour for the DEM bodies in the channel bed. This is in
agreement with some of the results presented by Ali [5|, which suggested that at larger
particle diameters of d;, = 30 mm, comparable to gravel, the lift force was required to fully
capture the trajectory of saltating particles. Without the lift force modelled, particles’
trajectories were underestimated. It is noted that this is specific to this range of solid
particle size, and the result should not necessarily be extrapolated to even smaller solid

bodies on the scale of sand.

6.3.4 Semi-analytical calculations of porosity

The work in this section is in part extracted from a paper published during the course of
this PhD [85].

The method proposed in Sec. 4.3 was implemented in the current SPH code for the
purpose of evaluating the solid fraction (or equivalently, porosity) in the presence of many
small DEM spherical bodies. As previously mentioned, when solids which are smaller than
the fluid particles are handled (and even in other cases), it is often necessary to accurately
know the local solid fraction. This is necessary both for the explicit fluid-solid coupling
equations in Sec. 6.3.2 and the calculation of superficial fluid density used in the governing

equations (164) (165). The solid fraction at a given fluid position r; is rigorously defined as
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Figure 31: Simulation setup for periodic channel flow over a bed of mobile DEM bodies. Solid DEM
bodies ranging from radii of » = 10mm to » = 15mm, with respective densities ranging from ps =
1700 kgm =3 to p, = 2700kgm > were initialised into the basin of a channel of water with dimensions
of (1.0,0.5,0.5) metres. The solid parameters of the DEM bodies were taken as typical values for a
gravel/rock-like material. The fluid had a resolution of Az = 0.02m, giving DEM bodies a size in the
range of 50% — 70% the fluid particle size. The channel was periodic in the x and y direction, and
a periodic pressure gradient was then applied in the x direction to generate fluid velocity. This was
maintained until a maximum velocity in the x direction of v, = 5ms™' was reached. A selection of 7
DEM bodies were then selected and their positions tracked over time.

¢i,s = Z/ Wz‘j dI’; = —’)/7 (176)
QﬂQg

JjeS

where j runs over all solid particles within the SPH particle support S, and Q; is the volume
of the solid particle j. The formula thus represents the integration of W centered at particle
1 over the volumes of all the neighbouring particles within the support. v~ is defined from
Sec. 4.3.

As can be seen, this definition is easily calculated from ~;", and so naturally lends itself
to the calculations presented in Sec. 4.3. This suggests a “semi-analytical” style calculation

for porosity. Notably, this calculation would be exact. The form most commonly used in
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Figure 32: Plots of non-dimensional vertical positions vs non-dimensional time for the 7 DEM bodies
selected from Fig. 31. This illustrates the vertical trajectories of the mobile DEM bodies during periodic
channel flow both with and without lift effects. The first simulation in the upper graph was run with
CL, = 10 and then repeated for the lower graph but with C1, = 0, highlighting the difference that the
presence of the lift force in Eq. (175) plays in determining particle trajectories in channel flow over a
mobile bed.
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literature, however, is the SPH approximation of Eq. (176), given by

Gis =Y WiyV; (177)

jES

where j again runs over all solid particles within the SPH particle support, V; = fﬂ; is the
volume of spherical solid j.

The discrete estimate (177) works effectively as long as the solid particles are small enough
(i.e. the discretization is fine enough), but starts to break down as the solid particle size
approaches that of the fluid particle. It is commonly taken that in an SPH-DEM method
the fluid particle smoothing length h should be sufficiently larger than the DEM particle
diameter d,, with h > 2d, suggested as the limit for accurate results [136]. Intuitively,
Eq. (177) is equivalent to using the (non-composite) midpoint rule, which is expected to
be generally accurate only if the integrand W is approximately constant over the domain of
integration.

In order to demonstrate the aforementioned limitation and its mitigation via the method
proposed, an illustrative test problem was studied. The results can be seen in Fig. 33. In
this test, a three-dimensional body of fluid is initially at rest. Next, a layer of spherical
DEM bodies denser than the fluid is grown in the following way. A flat square lattice is
generated at a fixed height above the bottom of the fluid domain, and at each lattice point a
DEM body with zero radius/volume is introduced. Due to the trivial size of the solid bodies,
introducing them in this way has no practical effect on the dynamics and does not result
in non-physical discontinuities. Next, the radius of the DEM bodies is gradually increased
while their position is kept fixed. The growing process is stopped after the spheres reach a
pre-specified size, and at this point the layer of grown spheres is released and starts settling
under gravity. After a specified time interval (such that the released layer of spheres clears
their original positions) a new layer is introduced, grown and released in the same fashion.

Initially, the DEM bodies are grown just above the body of fluid and gently splash onto
the surface after being released. However, each next layer of solids increases the height of
the free fluid surface and eventually the spheres are grown inside the fluid body. The initial
zero size of the DEM bodies avoids non-physical behavior; the solids exert a force on the
surrounding fluid as they grow from zero size and make it adjust itself appropriately in a
smooth fashion. The main focus in this test is on the stability of the simulation owing to
the accuracy of the porosity calculation.

As can be seen in Fig. 33, fully-grown body radii close to that of the fluid resolution
(in this case 90%), cause a breakdown in the stability of the simulation for the discrete sum

method, with fluid particles being unphysically thrown from the box at high speeds. This
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Figure 33: Visualisation of the SPH-DEM test problem. Small DEM bodies are gradually released in
layers at a fixed height into a box of fluid of dimensions (1.0,0.5,0.5). The fluid has a particle spacing
Az = 0.02 totalling 23520 particles. The bodies have a radius s = 0.018 - 90% the size of the fluid
particles - and are regularly spaced in layers of 210. The layers are released every 0.16s until a final time
of 1.5s, so the three rows of plots correspond to the release times of the third, sixth and ninth layers.
The left column of images (a — ¢) are implemented using a porosity calculation according to the method
presented in this paper, whilst the right column (d — f) presents the typical SPH-DEM implementation
of porosity (177).
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is owing to the estimation of the porosity in equation (177), which largely overestimates
the porosity when the body radii are not sufficiently small. An overestimated porosity
leads to unphysically large forces and drops in fluid density. However, the current proposed
semi-analytical method behaves stably at all times and produces physically consistent and
accurate results for relative fluid/solid particle sizes closer to 1. The fluid stays stable as the
solid bodies are dropped in and settle, and the total volume of the system gradually expands
as is expected. The solid bodies are able to settle at the bottom of the fluid where porosity
will be very high without producing erroneous forces and spurious velocities (cf around the
second layer from the top in Fig. 33e). Note that with the semi-analytical method the
distance between the top and the next layers is approximately constant in all three frames
(Fig. 33a — ¢) while with the discrete approximation it is not (Fig. 33d — f). The latter
is incorrect and is caused by the fluid being thrown from the box due to aforementioned

numerical artifacts (hence the solids practically fall under gravity in near-vacuum).

The proposed method of calculating porosity via v~ was then benchmarked against the
usual method of a discrete sum over solid volumes in terms of computational cost. The aim
was to assess whether the use of the method in Sec. 4.3 for calculating v~ was significantly
more expensive than the typical discrete sum as in Eq. (177). Initially, small scale simula-
tions ran on a single node on a local machine were evaluated. These were designed to involve
minimal computer communications and other overhead, such that the fluid-solid particle in-
teractions dominated the computational expense. These simulations involved dropping small
solid DEM bodies into a box of stationary fluid, calculated once with the semi-analytical
method for porosity, and once with the discrete sum method. Generally, due to the size
of the DEM bodies, the fluid dynamics were not appreciably affected, and the results with
both methods appeared effectively identical. Average times per iteration were recorded. In
these cases, it was found that the semi-analytical method for calculating porosity was ~25%
slower, with a standard deviation of ~10%. This result suggests that the porosity calculation
from v~ is roughly ~25% slower than the equivalent discrete sum calculation. This is per-
haps to be expected - the basic discrete sum method contains just a single kernel evaluation
and multiplication, while the proposed calculations in the semi-analytical method are much
more involved - there are at least two if-statements and many more multiplications and di-
vides. Whilst some of these processes can be optimised via modern compiler optimisations,
nonetheless the semi-analytical calculation does carry noticeable additional computational

expense compared to a standard discrete sum.

However, it is not always clearly the case that computation times are dominated by the
fluid-solid interaction calculations. Rather, for large scale simulations on multiple nodes and

with multiple computer architecture interaction points, there is a lot of overhead attached



6.3 Small-body DEM 144

175 | W Discrete sum calculation
150 Proposed y ~ calculation
125
100
75
50

0

6156 9936 17010 38475 68040
Total number of solid bodies in simulation

Simulation time (minutes)

Figure 34: The total simulation times for two different methods of calculating porosity/solid fraction.
Simulations were run parallely on 48 cores of Intel(R) Xeon(R) Gold 5118 CPU ©2.30GHz over 2 com-
putational nodes. Simulation times were averaged over three independent runs. The number of solid
bodies in the system are increased along the x-axis, which should present the opportunity for fluid-solid
interaction calculations to dominate more of the computation time, even with much higher computational
communication and memory overheads. At most, the number of solid bodies totals around 3/4 of the
total system particles. The simulation is set up such that the number of bodies does not appreciably
affect the dynamics. The standard deviation of the simulation times was less than 1% in all cases.

to communications and memory handling. In these instances, the fluid-solid particle interac-
tions assume a smaller proportion of the total computational expense. This is more relevant
and more realistic for high resolution simulations with a large number of fluid and solid
particles. To this end, the simulations were repeated but at much large scales and with a
larger number of computational nodes. The number of solid bodies and their diameters were
varied for successive tests without affecting the overall dynamics; the number of solids was
increased as their diameter was decreased and vice versa. This ensured that all simulations
were stable and exhibited similar low velocity fluid dynamics whilst containing progressively
more solid bodies. Additionally, investigating different solid diameters takes into account a
range of relative fluid/solid particle sizes and changes the relative proportion of computa-
tional time spent on fluid-solid calculations throughout simulations. Results comparing the
speeds of each method are presented in Fig. 34.

Fig. 34 shows that for large systems with a large number of fluid particles and inter-node
communications, there is no appreciable difference in computation time presented by the pro-
posed method for calculating porosity. This perhaps appears contradictory to our previous
results suggesting ~25% greater computational expense for the semi-analytical calculation
of porosity. This is likely because higher resolution simulations involve greater computer

communications and memory handling, and so the fluid-solid particle interactions account
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for a much smaller proportion of the total computational expense. This remains the case
even when the number of solid bodies tested totals roughly 3/4 of the total system particles.

The conclusion therefore is that the relative additional expense of the semi-analytical
calculation for porosity depends on the simulation set-up. For very large systems where the
fluid-solid interactions are a small percentage of total computational expense, it is obvious
that the semi-analytical calculation remains computationally feasible. However, for systems
with extremely large numbers of small bodies, the discrete approximation can remain accu-
rate and potentially faster. Of course, if the solid bodies need to be modelled at the mesoscale
such that they approach the fluid resolution, then the semi-analytical exact approach should
always be used to guarantee stability. It is trivial to create a pre-runtime switch between

the two methods, allowing flexibility for the user.
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7 Conclusions & Future work

The primary aim of this thesis was to study the smoothed particle hydrodynamics (SPH)
numerical method with an aim to improve its viability for the use of modelling coastal dy-
namics. Whilst this aim is one already addressed in the literature, this thesis intended to
focus on improving viability of the method at lower resolutions and cheaper computational
cost, such that accessibility was improved at all levels. To this end, there was a concerted
effort to maintain a fully explicit numerical scheme and achieve improvements in accuracy
even at low resolutions. The hope is that all implementations are clearly explained and

presented such that they could easily be implemented in an existing SPH code.

First, the SPH method was presented in full, with a focus on accuracy of the method,
formulations of derivatives, and the most useful and easily implemented techniques for im-
proving accuracy. Many of these methods are all well validated in the literature, and so the
focus was rather on providing justification for methods that are often assumed to be standard
in SPH. Some of the less discussed nuances were also explained, such as initialisation of an
appropriate hydrostatic pressure field. Next, this discussion was extended to wall boundaries
in SPH. Again, as many of these methods are already well studied and validated, the aim
was to discuss and justify certain nuances of implementation, such as the spacing of wall

particles and their pressure assignment.

One of the standard boundary methods discussed in Chapter 3, was the semi-analytical
boundary method. This is a boundary method within SPH which aims to model the presence
of boundaries without additional extraneous forcings or ghost particles as other boundary
methods do. Instead, the appropriate forces and adjustments to the governing equations are
generated implicitly, from a more complete derivation of the SPH operators. Due to the way
this boundary method arises, it is often very desirable and can offer improved accuracies for
certain problem types. Despite this, the method remains less popular in the literature, due to
its complexity and the difficulty involved in accurately and efficiently calculating the highly
irregular normalisation terms - v and V+ - for all types of boundaries. The main work in this
thesis focused on developing improvements to the semi-analytical boundary method, with the
main achievement being a fully analytical solution to the normalisation terms, alongside an
easily portable implementation algorithm. Previous literature had attempted this problem,
and whilst good developments were made using a geometric formulation of the problem,
all the solutions involved very convoluted formulae and additional domain decomposition

processes, whilst still being limited in scope. This work, alongside the papers published, is
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the first to present a fully general and analytical solution to the calculation of normalisation
terms, requiring only the basic boundary definition variables - vertices and normal. This
was done by utilising a carefully constructed geometrical formulation of the problem which
decomposes simply into closed-form analytical terms, and more complex straight line inte-
grations. These straight line integrations were typically solved via numerical or symbolic
integration, often leading to computationally expensive implementations. Here, a recursive
method is employed to iteratively solve the integrals starting from lower order terms which
are more simply evaluated. In this way, the integrals are able to be presented in a full
closed-form solution. The semi-analytical boundary method is thus made fully analytical.
These calculations were verified in their accuracy on a simple test case, and further verified

for their generality and robustness via an intentionally convoluted test case.

Having solved the issue of implementing the semi-analytical boundary method from a
numerical point of view, the focus was then turned to its implementation from a physical,
modelling point of view. The semi-analytical method with no adjustments actually falls quite
short of the desired accuracy for many standard test cases, such as a hydrostatic box of fluid
and 3D dam break against a fixed obstacle. Particularly for the case of a hydrostatic box of
fluid, two key inaccuracies were surmised. One of these was the use of an approximation to
Vv used in the standard semi-analytical implementation. Though the method developed in
Chapter 4 was fully accurate for both v and V', the standard semi-analytical implementation
only uses an approximation for V+~, and in a hydrostatic box of fluid it was found that this
approximation was inaccurate to around 20%—50% near boundary edges, and over 100% near
boundary corners. This may lead to the generation of non-physical forces and thus velocities
near the edges of the hydrostatic box, developing artificial secondary currents in what should
other be a completely static fluid. The second issue, though only partly addressed in this
work, is the use of the standard time-discretised continuity equation. Indeed, in a semi-
analytical framework, this formulation of the continuity equation tends to underestimate the
density near a boundary, reducing containment and leading to fluid particles leaking from
the domain. This issue appears only to be a problem when particles remain in contact with
a boundary for a long time and when there is no other dominant motion in the system. This
is because the same issue is not observed when simulating a transient problem such as a
dam break. Since these transient problems were the original focus of this thesis, it was not
deemed necessary to implement a time-independent continuity equation. Though, it is noted
that when using the semi-analytical boundary method, the standard time discretisation of
the continuity equation should be considered unfeasible for any long time scale simulations

involving low velocities.
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For the 3D transient problems of interest, such as a dam break against a fixed obsta-
cle, the standard semi-analytical boundary implementation still suffered inaccuracies and
large amounts of leaking particles. This made simulations of interest wholly unfeasible. By
applying a simple particle shifting technique appropriately updated for the semi-analytical
framework, as well as a new pressure assignment at the wall accounting for the normal fluid
flux, accuracy of simulations and the containment of the method was vastly improved. Fur-
ther, by appropriately setting the distance of the fluid particles from the boundary, pressure
waves at the start of the simulation were avoided and the fluid remained stable throughout.
These adjustments are straightforward to implement and render the semi-analytical bound-
ary method much more feasible for the high speed transient problems of interest. Preliminary
simulations were made of the standard 3D dam break test case were made, and the results
were found to have satisfactory agreement with the experimental data. When comparing
with updated boundary methods in the literature, the current implementation performed al-
most as well as the modified dynamic boundary condition [49] utilised in DualSPHysics, and
even better than one of the standard 3D semi-analytical boundary methods in the literature
[105]. These results are very promising for the value of this implementation in the wider
SPH community, but it is noted that the current convergence results were not satisfactory,
showing a loss in accuracy at higher resolutions, and motivating the need to quantify and

understand this behaviour more clearly.

In the final chapter, the modelling of mobile boundaries, particularly those of a similar
length scale to the fluid was addressed. The approaches to modelling mobile boundaries
within SPH and the different regimes that must be considered were discussed, as well as
coupling with the Discrete Element Method (DEM) for solid-solid interactions. The DEM
method itself is well researched and validated in the literature, and as such this was left as
a brief discussion only. The mesoscale modelling of fluid-solid interactions was identified as
a particularly tricky regime: not large enough to fully discretise the solid bodies, but not
small enough to approximate the solid as a non-Newtonian fluid. The governing equations
of a two-phase mesoscale model were presented, and further to typical implementations, a
formulation of the lift force within an SPH context was presented. Despite difficulties in
attaining consistent validations for the lift force and other mesoscale fluid-solid interactions,
it was observed that the inclusion of an inertial lift force did increase saltation rates in a test

case involving 3D periodic channel flow over a bed of small DEM particles.

The main achievement in this chapter was the use of the semi-analytical formulations for
spherical boundaries in Chapter 4 to provide an improved (rather, fully accurate) calculation

of the porosity. This work was also published during the course of this thesis. The porosity
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- the local ratio of fluid volume to total volume - is a key component of the two-phase
mesoscale model. Until this point, its calculation has always been carried out via a discrete
approximation through a pointwise sum over the volume of local mobile bodies. This works
well when solid bodies are small enough, but quickly falls apart as the solid bodies increase
in size toward the fluid resolution. It is for this reason, that typical mesoscale models in SPH
require the DEM particles to be at most half the size of the fluid resolution. Beyond this
point, simulations quickly become unstable and unfeasible. Noticing that the calculation of
~ for spherical boundaries is equivalent to an integral over spherical volumes, it was possible
to equate vy for spherical boundaries to the porosity due to local spherical bodies. As such,
the porosity can be calculated fully analytically and exactly at any resolution. This does
not require a full semi-analytical boundary implementation, only its application to spherical
boundaries, which are much simpler and fully closed-form with simple formulae. Using exact
calculations, simulations can remain stable even with DEM particles at the 90% the size of

the fluid particles - something previously impossible.

7.1 Future work

Much of the work presented in this thesis is essentially introductory and many sections on

their own provide opportunities for further research and development.

A potential advantage of the semi-analytical boundary method which was briefly dis-
cussed, is the opportunity to avoid discretisation of the wall boundaries entirely. The method
presented in Chapter 4 does not require any wall discretisation - only wall vertices and nor-
mals. Avoiding wall particles entirely could allow for much more complex boundary shapes
without concern over the quality of discretisation and placement of wall particles - something
that often hinders ghost particle methods. Unfortunately, the only existing semi-analytical
framework which disregards wall particles entirely does not produce satisfactory results. In
fact, the method’s accuracy greatly improves by adding a wall particle discretisation that
allows more accurate calculation of the interactions at the wall. It would be desirable if a
full and accurate framework for the semi-analytical boundary method which does not rely on
wall particles could be developed. Combining this with the presented work in Chapters 4 and
5 may allow the potential for a very robust and computationally cheap boundary method.
However, any attempt to remove the dependency on wall particles would require an alter-
native approach to approximate wall variable values over the wall, and this is likely where
any attempts to progress in this area should be focused. The alternative semi-analytical
boundary method which extends the fluid variables into the wall domain and integrates over

them there was not fully assessed, but may provide some opportunities to leverage the work
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presented in this thesis. Particularly at the point of integrating over the kernel function or
its derivative - a problem that has been effectively solved here. This is largely conjecture,
and more research would need to be done, likely focused on the semi-analytical governing

equations when defined at the wall.

The full solutions to the normlisation terms were presented for planar and spherical
boundaries. There is also the opportunity to extend the work to elliptical, cylindrical, and
other shaped boundaries to further extend the model’s utility. It is often the case, especially
in coastal dynamics which can involve irregular grain shapes and sizes, that utilising more

realistic, non-spherical solid shapes is desired.

Many of the simulations and test cases presented in this thesis are rudimentary and the

analysis is only carried out at a cursory level to present initial ideas.

Further simulations could be carried out both to benchmark and assess the accuracy
improvements to the semi-analytical boundary method, especially in comparison to semi-
analytical implementations in literature which utilise computationally expensive implicit
matrix inversions for increased accuracy. The implementation of a time-independent con-
tinuity equation could further increase the accuracy of the suggested implementation at
relatively low cost. Recent improvements to the particle shifting method that do not rely on
implicit matrix inversions to calculate the free surface have been developed [79] and could
be extended to a semi-analytical framework. Combining these further improvements may
allow for a semi-analytical method which attains similar accuracies as the state-of-the-art
in the literature whilst performing at much better speeds due to avoiding computationally
expensive implicit calculations. The implementation should also be validated against other
standard test cases which involve highly accurate boundary modelling, such as 3D wave
sloshing. Further work still has to be done on the convergence of the method. This could be
done by analysing validation simulations with clearly defined analytical solutions. One such
example is 3D periodic Poiseuille flow. These results are typically well-developed in their
use of assessing accuracy and convergence of numerical methods and are an important step

of validating any new SPH implementation.

Correcting the error associated with the approximation of V~;, as W;,n,dS is feasible
but does require some dedicated work. In order to replace the approximation with an exact
analytical solution, Vv needs to be calculated not based on the original wall boundaries
and their vertices, but rather on the discretised wall boundaries due to the presence of wall
particles. Each wall particle discretises a small area of the wall boundary it is attached to,
which can be delineated through the use of virtual vertices belonging to each wall particle.

Whilst calculating the virtual discretisation vertices for each wall particle is technically fea-
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sible, it does require additional calculations and careful geometry considerations at the time
of simulation set-up. Once these are deduced, it is trivial to apply the method discussed in
Chapter 5, now recalculating V+;,, over each individual wall particle’s vertices and summing
the contributions appropriately. It is not clear how computationally expensive this will be.
Currently the semi-analytical boundary method is not observed to add much computational
overhead in comparison to other boundary methods, but if calculations have to be added
for every single interaction between a fluid particle and wall particle then this may become
problematic. At this stage, the relative trade-off between improved accuracy and computa-

tional expense would have to weighed.

The mobile boundary formulation involving drag forces, lift forces, and a fully accurate
porosity could be validated and applied to many more interesting test cases. It is often
difficult to find clear and consistent validation data for these types of mesoscale fluid-solid
coupled flows, but nonetheless there are many problems of interest to which the framework
could be applied. Relevant to the initial motivation for this thesis, applying the model to test
cases involving a dam break over solid mobile bodies at a range of sizes would be particu-
larly relevant and starting the path towards leading to improved insights on the interactions
between fluids and solids during coastal wave events. The ability to model solids at a range
of length scales could be leveraged to see how varying particle diameters and their combina-
tions affect flow characteristics in typical dam break or wave flows. There is also scope to
extend the model by further including not only the lift force, but also the Basset force and
added-mass force, which have otherwise not been addressed in the literature for SPH-DEM.
Simple validations or test cases could be used to ascertain in which regimes these additional
forces are necessary, and whether they improve the quality of certain simulations as has been
suggested, or they can indeed be disregarded for most applications. Review of the literature
revealed a lack of high quality, reproducible experimental data for the purpose of validating
mesoscale fluid-solid interactions. Simple lab scale experiments involving water flow over
solids such as pebbles, gravel, and small boulders would prove invaluable in furthering the

quality of numerical modelling in this domain.

A natural extension of the work presented is to apply the semi-analytical model not
only to small DEM particles for porosity calculations, but also for standard large DEM
particles which require their hydrodynamics forcings to be calculated based on the solid-fluid
interaction terms in the governing equations. This is typically always done via embedded
wall particles, and so there is a great opportunity to assess whether the semi-analytical

framework can perform at acceptable levels without the use of full body discretisation (i.e.
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only surface wall particles). An open question that was briefly mentioned is how the forcings
on the wall particles should be reflected. If this is addressed, then this may provide the
first opportunity for using the semi-analytical boundary method to model large solid bodies

within a fluid flow.
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A Full expansion of %27‘;1 (r—r)®(r—1)

Here we provide the full expression for the third term in Eq.(5). This term involves the
double dot product and tensor product of the second-rank tensor 2 8 94 and the vector (r —r').
The double dot product is a contraction of two second-rank tensors, which produces a

scalar. Specifically, for two tensors A and B, the double dot product is defined as:

3 3
i=1 j=1

The tensor product of two vectors a and b is a second-rank tensor, which can be repre-

sented as an outer product:

arby arby aibs
a®b: CLle CLQbQ a2b3

asby azby asbs

As such, the full component-by-component expansion of %QT? :(r—1)® (r —r’) can be
written as
T - G Sl —a)C—2)
201, (w; — ) (z; — ) = %%?f( y')(x —2') Hy —y)? ayaz(;y y')(z—2')
S — e —a) Lz (2 -2y —v) Gz — )7

(A1)

B Derivation of dimension reduction process for v in 2D

In 2D, the equation for v at a particle a can be understood as a 2D area integral over 2N§2,,

which is an area that lies in the same plane as our domain. That is
= / W (v, — r'|) d* (B.1)
QNQ,

where d?r’ here represents the unit area of QN <), and its vector area necessarily points “up”,
or in the direction out of the 2D domain.

Stokes’ theorem can be written as

/E(VxF)-dQEZ]gEF-dE (B.2)
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where 3%2 dX is the 1D integral over the boundary of the area 3. Comparing this to Eq.

B.1 for ~, we can write the following equivalences

X=0Nn9Q,

ISy

W (Jr, —v'|)d*' = (V x F) - d°%

The key equivalency is the third one, which lets us know that if we can find a formulation
for F which satisfies the equivalency and the constraints of our problem, then we should be
able to apply Stokes’ theorem to Eq. B.1 directly. For the area boundaries, is also noted
that 0% = 99, §,5, = [, and dX = dr’ in our notation.

We are working in a 2D domain with the radially symmetric function, W. This suggests
the use of a polar coordinate system is appropriate, and we can rewrite p = |r, — r’| which is
a variable in the 2D plane. As mentioned previously, we are working with vector areas which
point in a single consistent “up” direction out of our domain, and so it is logical to extend
our problem to three dimensions for the purpose of capturing the direction of the vector
areas. A cylindrical coordinate system is then the most appropriate. This makes clear that
d?r’ pointing out of the 2D domain is equivalent to saying it points in the z direction, e,.
For the context of our problem, where the area X lies flat on the 2D domain, it also points
in the 2 direction, and so we can write d’r'e, = d%X.

To satisfy the third equivalency, it is therefore sufficient that
V xF=Wi(p)e, (B.3)

It is important to recognise from this equation that V x F as a function only points
in the 2 direction and depends only on p, i.e. varies only in the e, direction. This can be
intuited from the symmetry of the problem, but it has now been shown explicitly here.

Considering the curl operator in cylindrical coordinates, we can assess what the form of

F should be.
OF, B OF, 1 8(,0F¢) OF,
ep—l—(az 8p>e¢+p( p ¥ e, (B.4)

10F, OF
V xF = ( ¢)
As it only points in the Z direction we can set all terms but the last equal to 0. As it

p O0¢ 0z

should only depend on p, there should be no gradients with respect to any variable other
than p as these would introduce either a z or ¢ dependency, and any functions within the

remaining gradients should be functions of p only. As such, Eq. B.4 can be greatly simplified
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in our context to V x F = %%ﬁwez. This is akin to finding F = F,e,, where F,, = f(p) to

satisfy the dependence on p only. Combined with Eq. B.3 we find

_ 19(pFy)

Wip) > op

(B.5)

Here the steps clearly explain in Sec. 4.1.1 can be followed. The first is to rearrange
the equation, then integrate both sides with respect to p. An auxiliary variable should be
introduced to clarify a distinction between the variable of integration dp and the variable p
outside the integration. In this case, s is used. For the integration, usually s € [0, 00), but
in this case, p is almost always bounded on the boundary of the area, and so we can safely
assume for simplicity s € [0, p]. This provides our limits of integration. Finally, to normalise
the integration limits to [0,1] , a change of variable s = p§ is made. This leads to the key

equation

Fof0) = | §W(p3)as (B.6)

This allows us to define F clearly, and can thus apply Stokes’ theorem to B.1 directly,

utilising the appropriate equivalences discussed. It can be seen that

%:7{ F.dX
%

= / F¢e¢ . dI‘/
o0

At this stage, we can return to the use r in place of r’ for the integration variable for
simplicity of notation.

Whilst this equation is valid as is, there are some simplifications that can be made to
improve the consistency of the formulation and the ease of implementation. Firstly, e, should
be rewritten in terms of the vector r to allow the integration to be evaluated more directly.
This can be done by recognising that in cylindrical coordinates, ey is a 90° anti-clockwise

rotation from e,. The 90° anti-clockwise rotation matrix in 2D can be simply verified to be

0 —1
o[ o

r—rg

and so e, = Pe,. Further, note that the definition of the unit vector means that e, =

These can be combined to give

€y = %P(r —1,) (B.8)
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and

Yo = / F¢1P(r —1,)-dr (B.9)
o P

As discussed in Sec. 4.1.1, the final step is to introduce an arbitrary parameterisation

for r = r(t), where t € [to,t;]. This also acts to simplify the evaluation of the integral

by clearly defining limits for the integration. Of course, in practice these will depend on

the parameterisation employed, which is addressed in later sections throughout Chapter 4.

Using % =r, and dr = rdt, it can finally be written that

t1 1
" :/ FiPr—r,) i dt (B.10)
to P

which returns Eq. (76a) in combination with the definition of Fj, in Eq. B.6. The 2D
area integral for v is thus fully transformed to a 1D line integral through the use of Stokes’
theorem. It also noted that P(r —r,) -t = 'P(r —r,).
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