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Abstract

The absolute unrelaxed surface energy and its full orientation-dependent be-
haviour of 13 HCP metals are studied via a broken-bond base geometric
model. The model is integrated with the Rose-Vinet universal potential to
investigate arbitrary orientations which are not assessable by other meth-
ods. Using only three materials constants, the calculated results show only
marginal discrepancies with reported experimental values, except for divalent
sp metals Mg, Zn and Cd where the calculated values are lower by a factor of
2. Stereographic projections of all 13 metals show global minimum on (0001)
pole with an overall anisotropy of 15% to 21%. The equilibrium crystal
shape of HCP is found to be truncated hexagonal bi-prismatic, with (0001)
always favoured but the bi-prismatic facets vary from one metal to another.
All projection patterns show strong six-fold symmetries but are unique for
every element. The patterns are found to be largely determined by an an-
harmonicity factor 7. Best agreement with experimental findings are found
for Be, Sc, Ti,Y, Zr and Hf which possess comparatively low 1. We believe
the stereographic projections of these elements are the more representative
for HCP metals.
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1. Introduction

Being one of the most important fundamental quantity in the context
of surface science, surface energy enjoys a vast influence on the properties
of both structural and functional materials as it controls how a surface re-
act with its surroundings. In contrast to those of non-crystalline phases,
the surface energy of crystalline substances exhibits orientation-dependent
behaviour originated from their long-range structural order. The surface en-
ergy anisotropy of a substance is largely associated with its corresponding
lattice structure, but also sensitively dependent on the physical and chemical
environment under which the surface is presented. As such, better under-
standing of surface energy and its anisotropy enables manipulation of not
only the properties of crystalline functional materials such as absorption and
catalytic capacity, but also the macroscopic physical properties of polycrys-
talline structural materials such as toughness and fatigue resistance.

Direct measurement of the surface energy remains challenging. By far
the best experimental approach consists of analysis of carefully equilibrated
crystallites [1, 2, 3]. Such process is viable on some materials but not the
others, and can be questionable in reproducibility. As such, a large portion
of modern understanding on the topic of surface energy is obtained via com-
putational methods, such as density-function theories (DFT) or embedded-
atom methods (EAM) type semi-empirical approaches [4, 5, 6, 7, 8,9, 10, 11,
12, 13, 14, 15, 16, 17] . However, the computational costs of these methods
raise dramatically for atomically complex surfaces and thus render them less
suitable for the investigation of the full anisotropy of surface energy.

Being regarded as brittle materials thus overlooked in the past, hexagonal
close-packed (HCP) metals attract a recent resurgence of interests owing to
some of the unique properties they possess. Nonetheless, compared to cubic
metals, the knowledge regarding HCP metals in the context of surface energy,
particularly its anisotropy, is somewhat limited. Following our latest success
on face-centred cubic (FCC) metals [18], in the present article, an improved
version of Mackenzie’s original broken-bond model is introduced for the HCP
metals. Combined with the Rose-Vinet universal potential equation, the new
model is used to provide the absolute unrelaxed surface energy and its full
orientation-dependence of eleven HCP metals. Only three input parameters,
namely the lattice constant, the bulk modulus and the cohesive energy is
used in the process. The method allows construction of three-dimensional -
plots which lead to many new interesting understanding of the subject. The
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naturally favoured facets of HCP metals are revisited base on these findings.
The remainder of this paper is organized as follows. Section 2 introduces
the theoretical parts of our model. Results and discussions are presented in
Section 3. Finally Section ?? concludes our work.

2. Theory

According to Herring [19], the excessive energy of surface with orientation
n can be expressed as

D) = 5 3 folb)on ()

where ¢y, denotes the energetic contribution from a two-body type inter-
action between atoms linked by vector b, and f}, is the amount of b type
bonds broken upon the creation of a pair of such surface. It is generally
questionable whether such two-body formalism is physically representative
for metallic systems. Alternatively, an EAM type many-body expression for
surface energy is given as follows [20]:
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where E, is the cohesive energy of reference lattice; p;* and p;° refer to
the back ground electron density of surface sites and bulk(reference) site
respectively; Z; and Z; denote the coordination number of the surface site
and bulk site atoms respectively; A, represents the area per atom near

surface; and finally F}, the embedding function, generally takes the following
form [20, 14]:

F(p)=«;E.plnp (3)

where «; is an artificial parameter. Should a coarse assumption that

5. T . . .
Zfﬁ o % be made for unrelaxed mono-atomic lattice with fixed structure,
7

the follo;ving expression can be validated by Eq.(2) and Eq.(3):

B A7 4 0, Eop® 7% In( %)
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Note that the a leading section of Eq.(4) is proportional to 1/Z;%. This
suggests a many-body potential can be reasonably well approximated by
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a two-body equivalent expansion which exploit many coordination shells.
Vitos et al [21] proposed that the overlooked many-body terms can be partly
“renormalized” into equivalent two-body “effective pair interactions” if many
coordination shells are implemented. Da silva et al [10] adopt this concept
in their work on the surface energy of 15 different Cu facets but referred to
it as “effective pair potential”. Such concept is supported by a linear scaling
of surface energy as a function of the number of broken-bonds, which is
confirmed in first principle (FP) studies on Cu, Pb [11] and Ni [17] surfaces.

Just as in our latest work, the present model is simplified into a linear
combination of effective two-body expansions. Brief calculation suggested
the multi-body term in Eq.(4) can be as large as 3% E. depend on the choice
of a. Adopting above simplification, Eq.(1) is simply:

=33 Ao )

where b! represents a set of crystallographically equivalent vectors. The
strength of ¢ terms are estimated via the Rose-Vinet universal potential
[22], which takes the following form

E(r) = —E.(1+a* + 0.05a**)e~% (6)
@ = (z-1) (7)

=% (8)

where F. is the atomic cohesive energy, ) represents the atomic volume, B
denotes the bulk modulus and 7, refers to the equilibrium nearest neighbour
(1°* NN) distance. The width of this potential well is inversely proportional to

the dimensionless anharmonicity term 7. The strength of ¢y terms in Eq.(5)

is related to the strength ratio between the i*® NN and 1%* NN interactions,
d)bl
Pp1’

the i*® NN and 1°* NN interactions,

, which can be approximated glven the interatomic distance ratio between

|b1|, and 7, as following

i _ b b\ (fe
¢w—<Hw(m”—Q+0%3QN|1>>e( ) (9)
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Figure 1: A HCP cell showing the nature of b! vectors. The vectors are labelled as referred
to in Table 1 and Table 2

For cubic structures, the neighbouring order of a particular set of b' is
indifferent from one crystal to another. For HCP structures, on the other
hand, the ordering of neighbour is dependent on the actual ¢/a ratio which
varies from one lattice to another, as the hexagonal metals are not exactly
“close-packed”. In addition, the symmetries presented in HCP lattice are
more complicated as compared with cubic systems. In this paper, the 7
nearest b! sets are considered in our calculation of surface energy regardless
their neighbouring order. The significant b sets are labelled alphabetically,
rather than numerically as in our previous work. An example of each b' set
vector is given in Fig.2. The coordination numbers and bond length (as a
function of a and ¢) of the b' vectors are listed in Table 1. The 0K zero
pressure value of the three input parameters, anharmonicity factor 7, 15* NN
bond strength ¢,: and the relative bond strengths (as compared to ¢p1) of
b! vectors for 13 elemental HCP metals are given in Table 2.

In a broken-bond method, the excessive energy of a surface with outward
normal n is calculated from the strength and number of destroyed bond
vectors b upon the creation of the surface. For a specific b vector to be



Table 1: The nature, the corresponding coordination number Zy,; and the length of signif-
icant b' vectors presented in HCP lattice

Nature of bond vector Coordination number Zy; bl
pA {1120} 6 a
bB {2203} 6 V1/3a? +1/4c?
b€ {4403} 6 V4/3a? +1/4c2
bP {0001} 2 c
bE {1231} 12 V7/3a% +1/4c
bF {1100} 6 V3a
bG {1121} 12 Va2 + 2

Table 2: The 0K zero pressure input parameters, the calculated dimensionless anhar-

monicity term 7, the nature 15 NN bond vector set and the bond strength ratio jl‘; for

13 elemental HCP metals studied [23]

Metal a(A) ¢(A) B(GPa) E,(eV) n Ppr Z‘;‘: z‘;‘f Z‘:j i‘;‘f j)‘:: Z% Z"T?
Be  2.2856 3.5832  100.3 3.32  5.2486 ¢ps  0.9901 1.0000 0.3952 0.2362 0.1485 0.1416 0.0939
Mg  3.2094 5.2105 35.4 1.51  7.8289 ¢pe  0.9995 1.0000 0.2294 0.0861 0.0512 0.0506 0.0206
Sc 3.3080 5.2653 43.5 3.90  5.5952 ¢pe  0.9957 1.0000 0.3741 0.2050 0.1330 0.1288 0.0775
Ti 29506 4.6788 1051 485  6.5575 ¢ps  0.9925 1.0000 0.2966 0.1463 0.0851 0.0814 0.0522
Co 25070 4.0690 1914 439 7.3700 ¢, 0.9996 1.0000 0.2555 0.1027 0.0633 0.0626 0.0273
Zn  2.6649 4.9468 59.8 1.35 87070 ¢pa  1.0000 0.9837 0.1341 0.0169 0.0252 0.0347 0.0036
Y 3.6451 5.7305 36.6 437 55736 ¢pe 09911 1.0000 0.3693 0.2112 0.1301 0.1240 0.0789
Zr  3.2312 51477 833 6.25 59042 ¢éps 09956 1.0000 0.3484 0.1831 0.1160 0.1122 0.0650
Tc 27350 4.3880 297.0  6.85 83263 ¢ps 09955 1.0000 0.1986 0.0734 0.0386 0.0372 0.0153
Ru 27059 42815 3208 674 85256 ¢ps 0.9860 1.0000 0.1832 0.0709 0.0330 0.0309 0.0136
Cd 29783 5.6167 46.7 1.16  9.8864 ¢pa 1.0000 0.7399 0.0904 0.0068 0.0128 0.0196 0.0011
Hf  3.1946 5.0511  109.0 6.44  6.5194 ¢ 0.9912 1.0000 0.2978 0.1492 0.0859 0.0818 0.0459
Re 27600 4.4580 3720 803 87543 s 0.9981 1.0000 0.1818 0.0670 0.0323 0.0315 0.0116
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broken thus contribute to the calculated surface energy, the following two
conditions must be fulfilled: 1) the projection of b on n must be in the
same orientation as n, which gives n-b > 0; 2) the parent atom of b vector
must reside within the projection of the bond length on n to be considered
as a “surface atom”. As such, if atomic volume is denoted as €2, the areal
broken-bond density, fi,, can be expressed in the following piece-wise manner

_ 1 .

for = = n-b' for n-b>0
02 10

=0 for n-b<0

Eq.(10) can be directly implemented on cubic but not hexagonal systems.
To explain the reason of such difference, the concept of bonding geometry
must be introduced. Unlike the atoms in cubic crystals, which have share
an indifferent set of significant b vectors, the atoms in HCP crystals have
two different set of significant b vectors. In other words, an HCP atom has
one of the two bonding geometries associated with its lattice structure. An
example on the b® vectors is given in Fig.2. It can be seen that the layer
A atoms share a set of six bB vectors coloured in blue, whereas all layer B
atoms share the other set of six b® vectors coloured in red. This discrepancy
occurs when b®B vectors climb into alternative atomic layers, leading to two
distinctive bonding geometries possessed by layer A atoms and layer B atoms
respectively. This difference in bonding geometry affect the bond sets b®B,
b€ and bE. Consider the fact that layer A and B each account for 50% of
the total atoms in the lattice, the two bonding geometries will each have 50%
chance to occur for a specific surface atom.

The final expression of areal surface energy takes the following form

R gbbln R
n) E b1 for n-b>0 11
i ¢b1 (11)

where ¢ represents the 15 NN bond strength and can be estimated as

E.
¢b1 Z Zbl ¢b1 (12>

Eq.(11) is then implemented in a Matlab code to calculate the absolute
unrelaxed surface energy and its anisotropy.
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Figure 2: showing the two possible sets of bB bond vectors in HCP systems. These are
denoted as bB2 and bB? in Table 1. Note the bond vectors are directional

3. Results and discussion

Most existing atomistic simulation methods employs simulation cells in
which atoms are assigned to specific positions to construct the defect of
interest. A disadvantage of such approach is that the simulation cell size
will need to increase to accommodate complex surface, thus rendering the
whole process more computationally demanding. In a broken-bond method,
however, the lattice order is preserved in the inter-atomic vectors, or “bond
vectors” as mentioned by Mackenzie [24], whereas the actual coordinates
of the atoms are of no importance. On the one hand, the vector based
method cannot address issues regarding surface relaxation, meaning it can
only estimate the absolute unrelaxed surface energy, but on the other hand,
it allows investigation of arbitrarily oriented surfaces, meaning it can assess
the full y-plot.

Before comparison of our results to experimental findings can be made,
the impact of surface relaxation shall be discussed. Although works on this
aspect for HCP metals are limited, the quantitative difference between re-
laxed and unrelaxed surface energy for cubic metals is widely accepted to be
orientation-dependent. The degree of this anisotropy is found to vary from
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Table 3: The calculated unrelaxed surface energy of 13 HCP metals. Only (0001) facet
and ymax values are listed here. The full anisotropies are given in the complete [0001]
stereo projections shown in Fig.3. The results are compared with those from 5 other
computational approaches and reported experimental data. It should be known that
the experimental values are extrapolated from high temperature multi grain solid-liquid
averages. The units are Jm™2.

Metals  Yoo01) Ymax  Other approaches Expt.
Be 2.114  2.433 1.834% 1.273%, 1.650¢, 1.5287, 2.555¢ 1.6287, 2.7007
Mg 0.406 0.481 0.792%, 0.310°, 0.900¢, 0.289¢, 0.704¢ 0.7857, 0.7609
Sc 1.150 1.322 1.834% 0.706°, 1.355¢, 0.816¢, 1.114¢ 1.2759
Ti 1.694 1.974 2.632¢, 1.033% 1.962¢, 1.402¢, 1.866° 1.9207, 2.100¢
Co 1.986 2.332 2.775% 1.162°, 3.056¢, 2.857¢, 2.297¢  2.160/, 2.5509
Zn 0.473  0.560 0.9897, 0.196%, 1.057¢ 0.9937, 0.9909
Y 1.066  1.232 1.506%, 0.623°, 1.001¢, 0.737¢, 1.008° 1.1259
Zr 1.885 2.178 2.260%, 0.988°, 2.302¢, 1.230¢, 1.674¢ 1.909/, 2.0007
Tc 2480 2.976 3.691%, 2.654%, 3.110¢ 3.1509
Ru 2,479  3.002 3.928%, 1.281%, 3.191¢, 3.362¢ 3.0437, 3.0509
Cd 0.275 0.360 0.593%, 0.136%, 0.755° 0.7627, 0.7409
Hf 1.903 2.232 2.472%, 0.992°, 2.041¢, 1.786%, 1.885¢ 2.1937, 2.1509

Re 2.805 3.367 4.214%, 1.682°%, 3.940°¢, 2.941¢, 3.415° 3.626/, 3.6007
@ full charged density (FCD) in the generalized gradient approximation (GGA). Ref.[5]
b analytic modified embedded-atom method (AMEAM). Ref.[6]
¢ MEAM. Ref.[12]

4 empirical electron theory (EET). Ref.[25]
¢ equivalent crystal theory (ECT). Ref.[26]
f Expt. Ref.[27]
9 Expt. Ref.[28]

one element to another. Also, there seems to be a positive relationship be-
tween the magnitude of variation and the roughness of the surface. Recent
FP studies on Cu and Ni surfaces reported 2.8% and 7% maximum vari-
ations between relaxed and unrelaxed values respectively [10, 17], whereas
both suggested insignificant relaxation on close-packed facets. Consider the
experimental values are extrapolated averages from high temperature poly-
grain solid-liquid observations, we believe a direct comparison between our
calculated values and these measurements can still be indicative.

Table 3 shows comparisons of our results on 13 HCP metals with those
of 5 other computational methods and 2 sets of experimental findings. It
can be seen that our calculated results generally agree with the extrapolated
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measurements, with major discrepancies occur on the three divalent sp met-
als, namely Mg, Zn and Cd, where our results are substantially lower. It is
noteworthy that such disagreement is also shared by other geometry based
approaches [6, 25|, so it would seem broken-bond type models can not de-
scribe the behaviours of these metals. The overall strength of anisotropy,
Vmax/Ymin — 1, is of the 15 — 21% range in our results. This range is higher
than the 12 — 16% range of FCC metals [18], suggesting the surface energy
of HCP metals are generally more anisotropic. This comparatively higher
anisotropy in HCP metals is also reported from some other computational
methods [25, 26, 9], but the 15 — 21% range calculated in this work is much
lower than a typical > 30% range suggested in other theoretical works.

The [0001] stereographic projections of 13 HCP metals studied are tab-
ulated in fig 3, 4 and 5. As a general remark, all projections demonstrated
clear six-fold symmetric patterns. The strongest cusp is commonly found at
the (0001) pole, followed by a cluster of overlapping minimums located in
the vicinity of the {1011} poles. Weak but distinctive {1120} cusps are also
presented in all figures. The projection patterns are unique for every element,
but can be coarsely categorised into three groups. The first group consists
of elements Be, Sc, Ti, Y, Zr and Hf, which share regions of favoured energy
that stretch inwards along the {z0zy} axis towards the (0001) pole. This
group also demonstrates distinctive minimums at the {1122} and {1124}
poles. Elements Mg, Co, Tc, Ru and Re form the second group. Unlike
the first group, the energetically favoured regions of the second group are
somewhat condensed in the middle of the {z0zZy} axis. This group shows
no detectable minimums on {1124} but still vague cusps on {1122} poles.
Finally Zn and Cd, the two elements with highest ¢/a ratio among all HCP
metals studies, are classed as the third group. They present favoured re-
gions that stretch outwards along the {z0Zy} axis towards the {1011} poles,
and no longer show distinguishable cusps at {1122} poles. It is interest-
ing to note that our calculated absolute values of surface energy agree best
with experimental measurements for the first group of elements, where the
reported experimental averages reside well between ~yoo1) and Ymax. The
above finding can be explained by the comparatively lower anharmonicity
factor i possessed by the first group elements. According to Eq.(6) to (9) a
lower 7 value suggests more significant further NN interactions, which lead
to reduced error from the 1/7;* term suggested in Eq.(4). This suggests the
elements in the first group may be better described by the current method,
and thus the patterns shown in their stereographic projections may be more

10
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representative for HCP metals.

It is common knowledge that the equilibrium crystal shapes (ECS) of a
crystal takes the inner envelope of the corresponding v-plot. The stereo-
graphic projections given suggest the equilibrium crystal shape of HCP met-
als generally takes form of a truncated hexagonal bi-prism, as shown in Fig
3, instead of a full hexagonal prism. The (0001) basal planes are the most
energetically favoured thus will always shown, whereas the actual prismatic
planes that will occur is differ from one metal to another. The overlapping
cusps shown in the middle of the {x0zy} axis suggest faceting on a range of
orientations along this axis may have similar likelihood to occur. It should
be noted that these findings are fully supported by recent studies on syn-
thesis of HCP nanocrystals [29, 30], in which Ru nanocrystals are produced
in both truncated hexagonal bi-prism and hourglass shapes. Apart from the
above common feature, a comparatively large inclination angle between the
two prismatic facets should be observed for elements in the first group with
favoured zones condense towards the (0001) pole, whereas the ECS of Zn
and Cd will be the most prismatic among all. Be, Sc, Ti, Y, Zr and Hf may
show {1122} and {1124} truncations on the edge of the bi-prism.

4. Conclusion

The surface energy anisotropy of HCP metals Be, Mg, Sc, Ti, Co, Zn, Y,
Zr, Tc, Ru, Cd, Hf and Re are investigated through a broken-bond type geo-
metric model. Integrating with the Rose-Vinet universal potential, the model
enables calculation of the unrelaxed absolute surface energy on arbitrary ori-
entations with only three material constants. The calculated values agrees
well with reported experimental extrapolations except for divalent sp metals
Mg, Zn, Cd, where the calculations are roughly lower by a factor of 2. The
stereographic projections of all 13 metals demonstrate strongest (0001) cusps
with an overall anisotropy strength between 15% to 21%, which is higher than
cubic metals. The features shown in projections are unique for every element
but generally suggest truncated hexagonal bi-prismatic ECS. Be, Sc, Ti, Y,
Zr and Hf have highly weighted further NN contribution by possessing lower
7, thus demonstrate elongated low energy region along the {z0zy} axis to-
wards the (0001) pole. Mg, Co, Tc, Ru and Re show condensed low energy
region along the {z0Ty} axis between the {1011} and {2021} poles. Zn and
Cd also demonstrate low energy zones along the {x0zy} axis but towards
the {1010} poles. Best agreement with experimental findings are found for

11
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elements with low 7. As such it is believed stereographic projections of low
7 elements are more realistic.
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Figure 3: [0001] stereographic projections showing the surface energy anisotropy of Be,

Mg, Sc, Ti and Co. Legend is given in upper left. Unit of energy is Jm~2.
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Figure 4: [0001] stereographic projections showing the surface energy anisotropy of Zn, Y,

Zr, Tc, Ru and Cd. Unit of energy is Jm™2.
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Figure 5: [0001] stereographic projections showing the surface energy anisotropy of Hf and
Re. Unit of energy is Jm™2.

0001

Figure 6: Schematic drawing of the equilibrium crystal shape (ECS) of HCP metals
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