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❉❡♣❛rt♠❡♥t ♦❢ ❈♦♠♣✉t✐♥❣

❘❡❞✉❝✐♥❣ ❙✉❜t❛s❦ ❉✐s♣❡rs✐♦♥

✐♥ P❛r❛❧❧❡❧ ◗✉❡✉❡✐♥❣ ❙②st❡♠s

■r②♥❛ ❚s✐♠❛s❤❡♥❦❛

❙✉♣❡r✈✐s❡❞ ❜② ❉r ❲✐❧❧✐❛♠ ❏✳ ❑♥♦tt❡♥❜❡❧t

❙✉❜♠✐tt❡❞ ✐♥ ♣❛rt ❢✉❧✜❧♠❡♥t ♦❢ t❤❡ r❡q✉✐r❡♠❡♥ts ❢♦r t❤❡ ❞❡❣r❡❡ ♦❢
❉♦❝t♦r ♦❢ P❤✐❧♦s♦♣❤② ✐♥ ❈♦♠♣✉t✐♥❣ ♦❢ ■♠♣❡r✐❛❧ ❈♦❧❧❡❣❡ ▲♦♥❞♦♥

❛♥❞ t❤❡ ❉✐♣❧♦♠❛ ♦❢ ■♠♣❡r✐❛❧ ❈♦❧❧❡❣❡





❆❜str❛❝t

■♥ ✈❛r✐♦✉s r❡❛❧✲✇♦r❧❞ ♣❛r❛❧❧❡❧ ♣r♦❝❡ss✐♥❣ s②st❡♠s✱ ✐♥❝♦♠✐♥❣ t❛s❦s ❞✐✈✐❞❡ ✐♥t♦ s❡✈❡r❛❧ s✉❜t❛s❦s

t❤❛t ❛r❡ ♣r♦❝❡ss❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ❜② ♣❛r❛❧❧❡❧ s❡r✈❡rs✳ ◗✉❡✉❡✐♥❣ ♥❡t✇♦r❦s ❛r❡ ❛ ♥❛t✉r❛❧ ✇❛② t♦

r❡♣r❡s❡♥t t❤❡ ✢♦✇ ❛♥❞ ♣r♦❝❡ss✐♥❣ ♦❢ t❛s❦s ❛♥❞ s✉❜t❛s❦s ✐♥ s✉❝❤ s②st❡♠s✳ ❚✇♦ ✉s❡❢✉❧ ❝❧❛ss❡s ♦❢

q✉❡✉❡✐♥❣ ♥❡t✇♦r❦ r❡♣r❡s❡♥t❛t✐♦♥s ❛r❡ s♣❧✐t✲♠❡r❣❡ ❛♥❞ ❢♦r❦✲❥♦✐♥ s②st❡♠s✳ ❚❤❡r❡ ❛r❡ t✇♦ ♠❛✐♥

♠❡tr✐❝s ♦❢ ✐♥t❡r❡st ✐♥ t❤❡s❡ s②st❡♠s✿ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ❛♥❞ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥✳ ❚❤❡s❡ ♠❡tr✐❝s

❛r❡ ✐♥ t❡♥s✐♦♥ ✇✐t❤ ❡❛❝❤ ♦t❤❡r✿ ✇❤❡♥ ♦♥❡ ✐s r❡❞✉❝❡❞✱ ✐t t❡♥❞s t♦ ❧❡❛❞ t♦ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ♦t❤❡r✳

●❡♥❡r❛❧❧②✱ ✉s✐♥❣ t❤❡ ❢♦r❦✲❥♦✐♥ ♣❛r❛❞✐❣♠ ❧❡❛❞s t♦ ❧♦✇ t❛s❦ r❡s♣♦♥s❡ t✐♠❡s ❜✉t ❤✐❣❤ s✉❜t❛s❦

❞✐s♣❡rs✐♦♥✱ ✇❤✐❧❡ ✉s✐♥❣ t❤❡ s♣❧✐t✲♠❡r❣❡ ♣❛r❛❞✐❣♠ ❧❡❛❞s t♦ ❧♦✇ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❜✉t ♠♦❞❡r❛t❡

t♦ ❤✐❣❤ t❛s❦ r❡s♣♦♥s❡ t✐♠❡s✳

❚❤✐s t❤❡s✐s ✐♥tr♦❞✉❝❡s ♠❡t❤♦❞s ❢♦r ❝♦♥tr♦❧❧✐♥❣ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❛s ✇❡❧❧ ❛s ❢♦r t❤❡ tr❛❞✐♥❣ ♦✛

♦❢ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❛♥❞ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ✐♥ ♣❛r❛❧❧❡❧ q✉❡✉❡✐♥❣ s②st❡♠s✳

■♥ t❤❡ ❝♦♥t❡①t ♦❢ s♣❧✐t✲♠❡r❣❡ s②st❡♠s ✇✐t❤ ❣❡♥❡r❛❧❧② ❞✐str✐❜✉t❡❞ s❡r✈✐❝❡ t✐♠❡s✱ ✇❡ s❤♦✇ ❤♦✇

t♦ ❝♦♥tr♦❧ ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❜② t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❥✉❞✐❝✐♦✉s❧②✲❝❤♦s❡♥ ❞❡❧❛②s t♦ s✉❜t❛s❦

♣r♦❝❡ss✐♥❣ ❛♥❞ ❡①t❡♥❞ ✐t t♦ ❝♦♥tr♦❧ ♣❡r❝❡♥t✐❧❡s ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥✳ ❖✉r

❛♥❛❧②s✐s ✐s ❜❛s❡❞ ♦♥ ❡①t❡♥s✐♦♥s t♦ t❤❡ t❤❡♦r② ♦❢ ❤❡t❡r♦❣❡♥❡♦✉s ♦r❞❡r st❛t✐st✐❝s✳ ❲❤✐❧❡ s♦❧❡❧②

❢♦❝✉s✐♥❣ ♦♥ t❤❡ r❡❞✉❝t✐♦♥ ♦❢ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❧❡❛❞s t♦ ❛ ❧❛r❣❡ ✐♥❝r❡❛s❡ ✐♥ t❛s❦ r❡s♣♦♥s❡ t✐♠❡✱

t♦❣❡t❤❡r ✇✐t❤ ❛ ❝♦rr❡s♣♦♥❞✐♥❣ ❞❡❝r❡❛s❡ ✐♥ ♠❛①✐♠✉♠ s✉st❛✐♥❛❜❧❡ s②st❡♠ t❤r♦✉❣❤♣✉t✱ ❛✐♠✐♥❣ t♦

r❡❞✉❝❡ ❛ ♣r♦❞✉❝t ♦❢ ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❛♥❞ ♠❡❛♥ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ❧❡❛❞s t♦ ❛ ♠❛r❣✐♥❛❧

✐♥❝r❡❛s❡ ✐♥ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ✇❤✐❧❡ ❞r❛♠❛t✐❝❛❧❧② ✐♠♣r♦✈✐♥❣ ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥✳ ❋♦r❦✲❥♦✐♥

s②st❡♠s ❛r❡ ✇✐❞❡❧② ❞❡♣❧♦②❡❞ ✐♥ t❤❡ r❡❛❧ ✇♦r❧❞✱ ❜✉t ❛r❡ ♥♦t♦r✐♦✉s❧② ♠♦r❡ ❞✐✣❝✉❧t t♦ ❛♥❛❧②s❡✳ ■♥

t❤❡ ❝♦♥t❡①t ♦❢ ❢♦r❦✲❥♦✐♥ s②st❡♠s ✇✐t❤ ❤❡t❡r♦❣❡♥❡♦✉s ❡①♣♦♥❡♥t✐❛❧❧② ❞✐str✐❜✉t❡❞ s❡r✈✐❝❡ t✐♠❡s✱ ✇❡

♣r❡s❡♥t ❛♥ ♦♥✲❧✐♥❡ t❡❝❤♥✐q✉❡ ✇❤✐❝❤ ✐♠♣r♦✈❡s ♦♥ ❜♦t❤ t❤❡ ♠❡❛♥ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ❛♥❞ ♠❡❛♥

s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❛❝❤✐❡✈❛❜❧❡ ✐♥ ❛♥ ❡q✉✐✈❛❧❡♥t s♣❧✐t✲♠❡r❣❡ s②st❡♠✳ ❋♦r s♣❧✐t✲♠❡r❣❡ s②st❡♠s ✇❡

✈❛❧✐❞❛t❡ ♦✉r r❡s✉❧ts ❛♥❛❧②t✐❝❛❧❧②✱ ✇❤✐❧❡ ❢♦r ❢♦r❦✲❥♦✐♥ s②st❡♠s ✇❡ ✈❛❧✐❞❛t❡ t❤❡ s♦❧✉t✐♦♥s ❛❣❛✐♥st

s✐♠✉❧❛t✐♦♥s✳

❲❡ ♣r❡s❡♥t ❝❛s❡ st✉❞✐❡s ♦❢ ❞✐✛❡r❡♥t ♣❛rts ♦❢ ♦✉r ♠❡t❤♦❞♦❧♦❣② ✐♥ s♣❧✐t✲♠❡r❣❡ ❛♥❞ ❢♦r❦✲❥♦✐♥ s②s✲

t❡♠s ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t ❛♣♣❧✐❝❛t✐♦♥s ♦❢ t❤❡ ❞❡❧❛②s✳ ❚❤❡s❡ s❤♦✇ t❤❡ ❛❜✐❧✐t② t♦ r❡❞✉❝❡ s✉❜t❛s❦

❞✐s♣❡rs✐♦♥ ✇❤✐❧❡ ♣r♦✈✐❞✐♥❣ ✐♥❝r❡❛s✐♥❣❧②✲s♦♣❤✐st✐❝❛t❡❞ ♠❡❛♥s t♦ s✐♠✉❧t❛♥❡♦✉s❧② ❝♦♥tr♦❧ t❛s❦ r❡✲

s♣♦♥s❡ t✐♠❡✳





❈♦♣②r✐❣❤t

❚❤❡ ❝♦♣②r✐❣❤t ♦❢ t❤✐s t❤❡s✐s r❡sts ✇✐t❤ t❤❡ ❛✉t❤♦r ❛♥❞ ✐s ♠❛❞❡ ❛✈❛✐❧❛❜❧❡ ✉♥❞❡r ❛ ❈r❡❛t✐✈❡

❈♦♠♠♦♥s ❆ttr✐❜✉t✐♦♥ ◆♦♥✲❈♦♠♠❡r❝✐❛❧ ◆♦ ❉❡r✐✈❛t✐✈❡s ❧✐❝❡♥❝❡✳ ❘❡s❡❛r❝❤❡rs ❛r❡ ❢r❡❡ t♦ ❝♦♣②✱

❞✐str✐❜✉t❡ ♦r tr❛♥s♠✐t t❤❡ t❤❡s✐s ♦♥ t❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t t❤❡② ❛ttr✐❜✉t❡ ✐t✱ t❤❛t t❤❡② ❞♦ ♥♦t ✉s❡ ✐t

❢♦r ❝♦♠♠❡r❝✐❛❧ ♣✉r♣♦s❡s ❛♥❞ t❤❛t t❤❡② ❞♦ ♥♦t ❛❧t❡r✱ tr❛♥s❢♦r♠ ♦r ❜✉✐❧❞ ✉♣♦♥ ✐t✳ ❋♦r ❛♥② r❡✉s❡

♦r r❡❞✐str✐❜✉t✐♦♥✱ r❡s❡❛r❝❤❡rs ♠✉st ♠❛❦❡ ❝❧❡❛r t♦ ♦t❤❡rs t❤❡ ❧✐❝❡♥❝❡ t❡r♠s ♦❢ t❤✐s ✇♦r❦✳





❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts

■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦✿

• ▼② s✉♣❡r✈✐s♦r✱ ❉r✳ ❲✐❧❧✐❛♠ ❑♥♦tt❡♥❜❡❧t ❢♦r ❣✉✐❞✐♥❣ ❛♥❞ ♠♦t✐✈❛t✐♥❣ ♠❡ ❛♥❞ ❜❡✐♥❣ ❛❜❧❡

❛❧✇❛②s t♦ ✜♥❞ t✐♠❡ ❢♦r t❤❡ ❞✐s❝✉ss✐♦♥s✳

• ▼② s❡❝♦♥❞ s✉♣❡r✈✐s♦r Pr♦❢✳ P❡t❡r ❍❛rr✐s♦♥ ❢♦r ❤✐s ❤❡❧♣ ✇✐t❤ t❡❝❤♥✐❝❛❧ ❛s♣❡❝ts ❛♥❞ s❤❛r✐♥❣

❤✐s ❡①♣❡rt✐s❡✳

• ❉r✳ ❘✐❝❤❛r❞ ❍❛②❞❡♥ ❢♦r ✐♥s✐❣❤t❢✉❧ ❞✐s❝✉ss✐♦♥s✳

• ▼② ♣❛r❡♥ts ❢♦r t❤❡✐r s✉♣♣♦rt✱ ❧♦✈❡ ❛♥❞ ❡♥❝♦✉r❛❣❡♠❡♥t✳

• ▼② ❢r✐❡♥❞s✱ ②♦✉ ❦♥♦✇ ✇❤♦ ②♦✉ ❛r❡ ✿✮





❚♦ ♠② ♣❛r❡♥ts✳

▼♦✐♠ r♦❞✐t❡❧✤♠ ♣♦s✈✤✇❛❡ts✤✳





❈♦♥t❡♥ts

✶ ■♥tr♦❞✉❝t✐♦♥ ✷✶
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✶✳✶✳✶ P❡r❢♦r♠❛♥❝❡ ▼❡tr✐❝s ✐♥ P❛r❛❧❧❡❧ ◗✉❡✉❡✐♥❣ ❙②st❡♠s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷

✶✳✶✳✷ ❘❡❛❧✲❲♦r❧❞ ❊①❛♠♣❧❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸

✶✳✷ ❖❜❥❡❝t✐✈❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾
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♦✉t ❞❡❧❛②s ♦♣t✐♠✐s❡❞ ❢♦r ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ (E[Dd])✳ λ = 1.0 ✭t❛s❦✴✉♥✐t
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♦✉t ❞❡❧❛②s ♦♣t✐♠✐s❡❞ ❢♦r ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ (E[Dd])✳ λ = 1.0 ✭t❛s❦✴✉♥✐t

t✐♠❡✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✶

✸✳✺ ❊①♣❡❝t❡❞ r❡s♣♦♥s❡ t✐♠❡ ♦❢ ❝❛s❡ st✉❞② s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠ ❢♦r ✈❛r✐♦✉s

❝✉st♦♠❡r ❛rr✐✈❛❧ r❛t❡s ✇✐t❤♦✉t ❛♥② ❞❡❧❛②s ✭r❡❞ ❧✐♥❡✮✱ ✇✐t❤ ❞❡❧❛②s ♦♣t✐♠✐s❡❞ ❢♦r

♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ (E[Dd]) ✭❜❧❛❝❦ ❧✐♥❡✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✷

✸✳✻ ❙✉r❢❛❝❡ ♣❧♦t ♦❢ t❤❡ ✺✵t❤ ♣❡r❝❡♥t✐❧❡ ♦❢ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ♦❢ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣

s②st❡♠ ❢♦r ✈❛r✐♦✉s ❞❡t❡r♠✐♥✐st✐❝ ♣r♦❝❡ss✐♥❣ ❞❡❧❛②s✳ ❚❤❡ ♦♣t✐♠❛❧ ❞❡❧❛② ✈❡❝t♦r ✐s

d0.5 = (0.533, 3.50, 0.0)✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✺

✸✳✼ ❙✉r❢❛❝❡ ♣❧♦t ♦❢ t❤❡ ✾✵t❤ ♣❡r❝❡♥t✐❧❡ ♦❢ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ♦❢ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣

s②st❡♠ ❢♦r ✈❛r✐♦✉s ❞❡t❡r♠✐♥✐st✐❝ ♣r♦❝❡ss✐♥❣ ❞❡❧❛②s✳ ❚❤❡ ♦♣t✐♠❛❧ ❞❡❧❛② ✈❡❝t♦r ✐s

d0.9 = (0.0, 2.82, 1.16)✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✻

✸✳✽ ❉✐str✐❜✉t✐♦♥s ♦❢ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ♦❢ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠ ✇✐t❤♦✉t ❛♥②

❞❡❧❛②s ✭❜❧✉❡ ❧✐♥❡✮✱ ✇✐t❤ ❞❡❧❛②s ♦♣t✐♠✐s❡❞ ✉♥❞❡r α = 0.5 ✭❜❧❛❝❦ ❧✐♥❡✮ ❛♥❞ ❞❡❧❛②s

♦♣t✐♠✐s❡❞ ✉♥❞❡r α = 0.9 ✭❜❧✉❡ ❧✐♥❡✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✼

✸✳✾ ❉✐str✐❜✉t✐♦♥s ♦❢ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ♦❢ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠ ❣✐✈❡♥ λ = 0.1✱

✇✐t❤♦✉t ❛♥② ❞❡❧❛②s ✭r❡❞ ❧✐♥❡✮✱ ✇✐t❤ ❞❡❧❛②s ♦♣t✐♠✐s❡❞ ✉♥❞❡r α = 0.5 ✭❜❧❛❝❦ ❧✐♥❡✮

❛♥❞ ❞❡❧❛②s ♦♣t✐♠✐s❡❞ ✉♥❞❡r α = 0.9 ✭❜❧✉❡ ❧✐♥❡✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✼

✸✳✶✵ ❊①♣❡❝t❡❞ r❡s♣♦♥s❡ t✐♠❡ ♦❢ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠ ❢♦r ✈❛r✐♦✉s ❝✉st♦♠❡r

❛rr✐✈❛❧ r❛t❡s ✇✐t❤♦✉t ❛♥② ❞❡❧❛②s ✭r❡❞ ❧✐♥❡✮✱ ✇✐t❤ ❞❡❧❛②s ♦♣t✐♠✐s❡❞ ✉♥❞❡r α = 0.5

✭❣r❡❡♥ ❧✐♥❡✮ ❛♥❞ ❞❡❧❛②s ♦♣t✐♠✐s❡❞ ✉♥❞❡r α = 0.9 ✭❜❧✉❡ ❧✐♥❡✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✽

✸✳✶✶ ❉✐str✐❜✉t✐♦♥s ♦❢ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ♦❢ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠ ✇✐t❤♦✉t ❛♥②

❞❡❧❛②s ✭r❡❞ ❧✐♥❡✮✱ ✇✐t❤ ❞❡❧❛②s ♦♣t✐♠✐s❡❞ ✉♥❞❡r α = 0.5 ✭❜❧❛❝❦ ❧✐♥❡✮ ❛♥❞ ❞❡❧❛②s

♦♣t✐♠✐s❡❞ ✉♥❞❡r α = 0.9 ✭❜❧✉❡ ❧✐♥❡✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✶
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✸✳✶✷ ❉✐str✐❜✉t✐♦♥s ♦❢ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ♦❢ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠ ❣✐✈❡♥ λ = 0.1

✇✐t❤♦✉t ❛♥② ❞❡❧❛②s ✭r❡❞ ❧✐♥❡✮✱ ✇✐t❤ ❞❡❧❛②s ♦♣t✐♠✐s❡❞ ✉♥❞❡r α = 0.5 ✭❜❧❛❝❦ ❧✐♥❡✮

❛♥❞ ❞❡❧❛②s ♦♣t✐♠✐s❡❞ ✉♥❞❡r α = 0.9 ✭❜❧✉❡ ❧✐♥❡✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✶

✸✳✶✸ ❊①♣❡❝t❡❞ r❡s♣♦♥s❡ t✐♠❡ ♦❢ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠ ❢♦r ✈❛r✐♦✉s ❝✉st♦♠❡r

❛rr✐✈❛❧ r❛t❡s ✇✐t❤♦✉t ❛♥② ❞❡❧❛②s ✭r❡❞ ❧✐♥❡✮✱ ✇✐t❤ ❞❡❧❛②s ♦♣t✐♠✐s❡❞ ✉♥❞❡r α = 0.5

✭❣r❡❡♥ ❧✐♥❡✮ ❛♥❞ ❞❡❧❛②s ♦♣t✐♠✐s❡❞ ✉♥❞❡r α = 0.9 ✭❜❧✉❡ ❧✐♥❡✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✷

✹✳✶ ❙✉r❢❛❝❡ ♣❧♦t ♦❢ ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ♦❢ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠ ❛❣❛✐♥st

s✉❜t❛s❦ ❞❡❧❛②s ✉s✐♥❣ ♦✉r ♣r❡✈✐♦✉s ♠❡t❤♦❞♦❧♦❣② ❢r♦♠ ❈❤❛♣t❡r ✸✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✶

✹✳✷ ❙✉r❢❛❝❡ ♣❧♦t ♦❢ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥✕r❡s♣♦♥s❡ t✐♠❡ tr❛❞❡✲♦✛ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ♦❢

s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠ ❛❣❛✐♥st s✉❜t❛s❦ ❞❡❧❛②s ❢♦r λ = 0.01 ✭t❛s❦s✴t✐♠❡ ✉♥✐t✮✳✶✵✷

✹✳✸ ❙✉r❢❛❝❡ ♣❧♦t ♦❢ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥✕r❡s♣♦♥s❡ t✐♠❡ tr❛❞❡✲♦✛ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ♦❢

s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠ ❛❣❛✐♥st s✉❜t❛s❦ ❞❡❧❛②s ❢♦r λ = 0.15 ✭t❛s❦s✴ t✐♠❡

✉♥✐t✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✷

✹✳✹ ❉✐str✐❜✉t✐♦♥s ♦❢ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ♦❢ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠ ✇✐t❤ λ =

0.15 ✭t❛s❦s✴t✐♠❡ ✉♥✐t✮ ✇✐t❤♦✉t ❛♥② ❞❡❧❛②s ✭r❡❞ ❧✐♥❡✮ ✇✐t❤ ❞❡❧❛②s ♦♣t✐♠✐s❡❞ ❢♦r

T (d, 0.15) ✭❣r❡❡♥ ❧✐♥❡✮ ❛♥❞ ❢♦r E[Dd] ✭❜❧✉❡ ❧✐♥❡✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✸

✹✳✺ ❉✐str✐❜✉t✐♦♥s ♦❢ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ♦❢ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠ ❣✐✈❡♥ λ =

0.15 ✭t❛s❦s✴t✐♠❡ ✉♥✐t✮✱ ✇✐t❤♦✉t ❛♥② ❞❡❧❛②s ✭r❡❞ ❧✐♥❡✮✱ ✇✐t❤ ❞❡❧❛②s ♦♣t✐♠✐s❡❞ ❢♦r

T (d, 0.15) ✭❣r❡❡♥ ❧✐♥❡✮ ❛♥❞ ❞❡❧❛②s ♦♣t✐♠✐s❡❞ ❢♦r E[Dd] ✭❜❧✉❡ ❧✐♥❡✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✹

✹✳✻ ❊①♣❡❝t❡❞ r❡s♣♦♥s❡ t✐♠❡ ♦❢ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠ ❢♦r ✈❛r✐♦✉s ❝✉st♦♠❡r

❛rr✐✈❛❧ r❛t❡s ✇✐t❤♦✉t ❛♥② ❞❡❧❛②s ✭r❡❞ ❧✐♥❡✮✱ ✇✐t❤ ❞❡❧❛②s ♦♣t✐♠✐s❡❞ ❢♦r s✉❜t❛s❦

❞✐s♣❡rs✐♦♥✕t❛s❦ r❡s♣♦♥s❡ t✐♠❡ tr❛❞❡✲♦✛ ✭❣r❡❡♥ ❧✐♥❡✮✱ ❛♥❞ ✇✐t❤ ❞❡❧❛②s ♦♣t✐♠✐s❡❞

❢♦r ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❛❧♦♥❡ ✭❜❧✉❡ ❧✐♥❡✮✳ ❙✉❜t❛s❦ ❞❡❧❛② ✈❡❝t♦rs ❛r❡ ❛❧s♦

s❤♦✇♥ ❢♦r t❤❡ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥✕t❛s❦ r❡s♣♦♥s❡ t✐♠❡ tr❛❞❡✲♦✛✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✺

✺✳✶ ❍♦✇ ❛ ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠ ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s ❛ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠

❢r♦♠ t❤❡ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦❢ ❛ s✉❜t❛s❦ ❛♥❞ ✐ts s✐❜❧✐♥❣s ❛t t✐♠❡ ✐♥st❛♥t t✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✵

✺✳✷ ❯▼▲ ❝❧❛ss ❞✐❛❣r❛♠ ❢♦r s✐♠✉❧❛t♦r ♦❢ ❡❧❡♠❡♥t❛r② ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ ♥❡t✇♦r❦✳ ✳ ✳ ✳ ✶✶✹



✺✳✸ ❉✐str✐❜✉t✐♦♥s ♦❢ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✐♥ ❢♦r❦✲❥♦✐♥ ❛♥❞ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡s ✇✐t❤ t❤❡

s❛♠❡ ❝♦♥✜❣✉r❛t✐♦♥s ❜✉t ❞✐✛❡r❡♥t ♠❡❛♥ ❛rr✐✈❛❧ r❛t❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✺

✺✳✹ ❉✐str✐❜✉t✐♦♥s ♦❢ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ❢♦r ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠s ❛♥❞ s♣❧✐t✲♠❡r❣❡

q✉❡✉❡✐♥❣ s②st❡♠s ✇✐t❤ t❤❡ s❛♠❡ ❝♦♥✜❣✉r❛t✐♦♥s ❜✉t ❞✐✛❡r❡♥t ♠❡❛♥ ❛rr✐✈❛❧ r❛t❡s✳ ✶✶✺

✺✳✺ ❉✐str✐❜✉t✐♦♥s ♦❢ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✐♥ ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠s ❛♥❞ s♣❧✐t✲♠❡r❣❡

q✉❡✉❡✐♥❣ s②st❡♠s ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t ♦♣t✐♠✐s❡❞ s✉❜t❛s❦ ❞❡❧❛②s✳ λ = 0.78 ✭t❛s❦✴✉✲

♥✐t t✐♠❡✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✽

✺✳✻ ❉✐str✐❜✉t✐♦♥s ♦❢ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ❢♦r ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠s ❛♥❞ s♣❧✐t✲

♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠s ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t ♦♣t✐♠✐s❡❞ s✉❜t❛s❦ ❞❡❧❛②s✳ λ = 0.78

✭t❛s❦✴✉♥✐t t✐♠❡✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✾

✺✳✼ ❊①♣❡❝t❡❞ r❡s♣♦♥s❡ t✐♠❡ ♦❢ ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠s ❛♥❞ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣

s②st❡♠s ❢♦r ✈❛r✐♦✉s ❝✉st♦♠❡r ❛rr✐✈❛❧ r❛t❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✵

✷✵



❈❤❛♣t❡r ✶

■♥tr♦❞✉❝t✐♦♥

✶✳✶ ▼♦t✐✈❛t✐♦♥

■♥ r❡❝❡♥t ❞❡❝❛❞❡s✱ s❡q✉❡♥t✐❛❧ s②st❡♠s ❤❛✈❡ ✐♥❝r❡❛s✐♥❣❧② ❜❡❡♥ s✉♣❡rs❡❞❡❞ ❜② ♣❛r❛❧❧❡❧ ♦♥❡s✳ ❚❤✐s

❛♣♣❧✐❡s ❛s ♠✉❝❤ t♦ ❝♦♠♣✉t❡r s②st❡♠s ✭❡✳❣✳ ♣r♦❝❡ss♦rs ❛♥❞ st♦r❛❣❡ ❞❡✈✐❝❡s✮ ❛s ✐t ❞♦❡s t♦ ♣❤②s✐❝❛❧

s②st❡♠s ✇❤✐❝❤ ♣r♦❝❡ss ❝✉st♦♠❡rs ❛♥❞ t❛s❦s ✭❡✳❣ t❤❡ ❛✉t♦♠❛t❡❞ ✇❛r❡❤♦✉s❡s ♦❢ ♦♥❧✐♥❡ r❡t❛✐❧❡rs✮✳

■♥ ♠❛♥② ✐♥st❛♥❝❡s✱ ✐♥❝♦♠✐♥❣ t❛s❦s ❛r❡ ❞✐✈✐❞❡❞ ✐♥t♦ s✉❜t❛s❦s ✇❤✐❝❤ ❛r❡ ❝♦♥❝✉rr❡♥t❧② ♣r♦❝❡ss❡❞

❜② ❛ s❡t ♦❢ ♣❛r❛❧❧❡❧ s❡r✈❡rs✳ ❈♦♠♣❧❡t❡❞ s✉❜t❛s❦s ❛r❡ ❤❡❧❞ ✐♥ ❛♥ ♦✉t♣✉t ❜✉✛❡r✳ ❲❤❡♥ ❛❧❧ s✉❜t❛s❦s

❤❛✈❡ ❝♦♠♣❧❡t❡❞ s❡r✈✐❝❡✱ t❤❡ t❛s❦ ✐s ❝♦♠♣❧❡t❡ ❛♥❞ ❡①✐ts t❤❡ s②st❡♠✳

❲❡ t❡r♠ s✉❝❤ s②st❡♠s ♣❛r❛❧❧❡❧ ♣r♦❝❡ss✐♥❣ s②st❡♠s✳ ❙②st❡♠ ❞❡s✐❣♥❡rs ♥❡❡❞ r✐❣♦r♦✉s ♠❛t❤❡♠❛t✐❝❛❧

❢♦r♠❛❧✐s♠s ❛♥❞ t♦♦❧s t♦ t❛❝❦❧❡ ♣r♦❜❧❡♠s t❤❛t r❡❧❛t❡ t♦ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦♣t✐♠✐s❛t✐♦♥ ❛♥❞ ❛♥❛❧②s✐s

♦❢ s✉❝❤ s②st❡♠s✳

◗✉❡✉❡✐♥❣ s②st❡♠s ❤❛✈❡ ❜❡❡♥ ♦♥❡ ♦❢ t❤❡ ♠♦st ✇✐❞❡❧② ❛❞♦♣t❡❞ ❢♦r♠❛❧✐s♠s ❜❡❝❛✉s❡ t❤❡② ❛r❡ ❛

♥❛t✉r❛❧ ✇❛② t♦ r❡♣r❡s❡♥t t❤❡ ✢♦✇ ❛♥❞ ♣r♦❝❡ss✐♥❣ ♦❢ t❛s❦s ❛♥❞ r❡s♦✉r❝❡s ✐♥ ♣❛r❛❧❧❡❧ ♣r♦❝❡ss✐♥❣

s②st❡♠s✳ ❖♥❡ ♦❢ t❤❡ ♠♦st ✇❡❧❧✲❦♥♦✇♥ q✉❡✉❡✐♥❣ s②st❡♠s ✐♥ ❛ r❡❛❧ ✇♦r❧❞ ❛r❡ ❢♦r❦✲❥♦✐♥ s②st❡♠s✱

t❤❡② ❛r❡ ♥♦t❡❞ ❢♦r t❤❡✐r ❛s②♥❝❤r♦♥♦✉s ♦♣❡r❛t✐♦♥ ❛♥❞ ❝♦♥s❡q✉❡♥t ❧♦✇ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ❛♥❞

❤✐❣❤ ♠❛①✐♠✉♠ s✉st❛✐♥❛❜❧❡ t❤r♦✉❣❤♣✉t✳ ❚❤✐s ♦♣❡r❛t✐♦♥ ✐s ❛❝❤✐❡✈❡❞ ❜❡❝❛✉s❡ t❤✐s ❦✐♥❞ ♦❢ s②st❡♠

s✉♣♣♦rts s❡✈❡r❛❧ ♣❛r❛❧❧❡❧ q✉❡✉❡✐♥❣ s❡r✈❡rs ❛♥❞ ❡❛❝❤ t❛s❦ ❢♦r❦s ✐♥t♦ s✉❜t❛s❦s t❤❛t ❣♦ ❞✐r❡❝t❧② t♦

✷✶



✷✷ ❈❤❛♣t❡r ✶✳ ■♥tr♦❞✉❝t✐♦♥

t❤❡ ♣❛r❛❧❧❡❧ s❡r✈❡rs ❛t t❤❡ ✐♥st❛♥t ♦❢ ❛rr✐✈❛❧✳ ❚❤❡ ❞r❛✇❜❛❝❦ ♦❢ t❤❡s❡ s②st❡♠s ✐s t❤❛t ✐t ✐s ✈❡r②

❤❛r❞ t♦ ❛♥❛❧②s❡ t❤❡♠❀ ✐♥❞❡❡❞ t❤❡r❡ ❛r❡ ♥♦ ❝❧♦s❡❞ ❢♦r♠ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥s ❢♦r ❝♦♠♣✉t✐♥❣ t❤❡✐r

❛ss♦❝✐❛t❡❞ ♣❡r❢♦r♠❛♥❝❡ ♠❡tr✐❝s✳

❆ ♠♦r❡ s②♥❝❤r♦♥✐s❡❞ ❝♦✉♥t❡r♣❛rt ♦❢ t❤❡ ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠ ✐s ❛ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣

s②st❡♠ ✇❤✐❝❤ ❛r❡ ❛♥❛❧②t✐❝❛❧❧② tr❛❝t❛❜❧❡ ❛♥❞✱ ❛s ✇❡ s❤❛❧❧ s❡❡✱ ❡❧❡♠❡♥ts ♦❢ t❤❡✐r ❛♥❛❧②s✐s ♠❛②

❜❡ ❡①t❡♥❞❡❞ t♦ ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠s✳ ❇♦t❤ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠s ❛♥❞ ❢♦r❦✲❥♦✐♥

q✉❡✉❡✐♥❣ s②st❡♠s ❛r❡ ✐♠♣♦rt❛♥t q✉❡✉❡✐♥❣ s②st❡♠s ❛♥❞ ❤❛✈❡ ♠❛♥② ❛♣♣❧✐❝❛t✐♦♥s ✐♥ r❡❛❧ ✇♦r❧❞✳

❚❤✐s t❤❡s✐s ✐s r❡str✐❝t❡❞ ❛♥❞ s❝♦♣❡❞ t♦ t❤❡ ❛♥❛❧②s✐s ❛♥❞ ♦♣t✐♠✐s❛t✐♦♥ ♦❢ ❡❧❡♠❡♥t❛r② ♣❛r❛❧❧❡❧

q✉❡✉❡✐♥❣ s②st❡♠s ✐♥ ✇❤✐❝❤ t❤❡r❡ ✐s ♦♥❧② ♦♥❡ ❧❡✈❡❧ ♦❢ s✉❜t❛s❦ ♣r♦❝❡ss✐♥❣✳

✶✳✶✳✶ P❡r❢♦r♠❛♥❝❡ ▼❡tr✐❝s ✐♥ P❛r❛❧❧❡❧ ◗✉❡✉❡✐♥❣ ❙②st❡♠s

❆s ♠♦r❡ ♣❛r❛❧❧❡❧ q✉❡✉❡✐♥❣ s②st❡♠s ❤❛✈❡ ❜❡❡♥ ❛♣♣❧✐❡❞ ✐♥ r❡❛❧✲❧✐❢❡ ❛♣♣❧✐❝❛t✐♦♥s✱ t❤❡ ♠♦r❡ t❤❡②

❤❛✈❡ ❣❛✐♥❡❞ s❝✐❡♥t✐✜❝ ❛tt❡♥t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❛♥❛❧②s✐s ❛♥❞ ♦♣t✐♠✐s❛t✐♦♥ ♦❢ t❤❡✐r ❛ss♦❝✐❛t❡❞

♣❡r❢♦r♠❛♥❝❡ ♠❡tr✐❝s✳

❚❤❡r❡ ❛r❡ t✇♦ ✐♠♣♦rt❛♥t ♣❡r❢♦r♠❛♥❝❡ ♠❡tr✐❝s ✐♥ s♣❧✐t✲♠❡r❣❡ ❛♥❞ ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠s✿

• ❚❛s❦ r❡s♣♦♥s❡ t✐♠❡✱ t❤❛t ✐s t❤❡ t✐♠❡ t❛❦❡♥ ❢r♦♠ t❤❡ ❡♥tr② ♦❢ ❛ t❛s❦ ✐♥t♦ t❤❡ s②st❡♠ ✉♥t✐❧

✐ts ❡①✐t✳ ❚❤✐s ❤❛s ❜❡❡♥ t❤❡ ♣r✐♠❛r② ❢♦❝✉s ♦❢ r❡s❡❛r❝❤ ❡✛♦rt ♦✈❡r ♠❛♥② ❞❡❝❛❞❡s ✭s❡❡ ❡✳❣✳

❬✺✵✱ ✸✼✱ ✸✻✱ ✼✺✱ ✺✺❪✮✳ ❚❤❡ ✈❛st ♠❛❥♦r✐t② ♦❢ t❤✐s ✇♦r❦ t❛r❣❡ts t❤❡ ♠❡❛♥✱ ❛♥❞ r❛r❡❧② ❤✐❣❤❡r

♠♦♠❡♥ts ❛♥❞ ❤✐❣❤✴❧♦✇ ❜♦✉♥❞s✱ ♦❢ t❛s❦ r❡s♣♦♥s❡ t✐♠❡✱ ❛♥❞✴♦r t❤❡ st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥

♦❢ t❤❡ ♥✉♠❜❡r ♦❢ s✉❜t❛s❦s q✉❡✉❡❞ ❛t ♣❛r❛❧❧❡❧ s❡r✈❡rs✳

• ❙✉❜t❛s❦ ❉✐s♣❡rs✐♦♥✱ t❤❛t ✐s t❤❡ ❞✐✛❡r❡♥❝❡ ✐♥ t✐♠❡ ❜❡t✇❡❡♥ t❤❡ s❡r✈✐❝❡ ❝♦♠♣❧❡t✐♦♥s ♦❢

t❤❡ ✜rst ❛♥❞ ❧❛st s✉❜t❛s❦ ♦❢ ❛♥② ❣✐✈❡♥ t❛s❦ t♦ ❝♦♠♣❧❡t❡ s❡r✈✐❝❡✳ ❆s ❞✐s❝✉ss❡❞ ❜❡❧♦✇✱ ♠❛♥②

❛♣♣❧✐❝❛t✐♦♥s r❡q✉✐r❡ t❤❡ t✐♠❡s ♦❢ ❛rr✐✈❛❧ ♦❢ ❛ s✉❜t❛s❦ ❛♥❞ ✐ts s✐❜❧✐♥❣s t♦ ❜❡ ❝❧✉st❡r❡❞ ❛s

❝❧♦s❡ t♦❣❡t❤❡r ❛s ♣♦ss✐❜❧❡✳ ❘❡s❡❛r❝❤ ✐♥t❡r❡st ✐♥ t❤✐s ♠❡tr✐❝ ✐s r❡❧❛t✐✈❡❧② r❡❝❡♥t ❛♥❞ ❤❛s ❜❡❡♥

♠♦st❧② ❞r✐✈❡♥ ❜② ♣✉❜❧✐❝❛t✐♦♥s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤✐s ❞✐ss❡rt❛t✐♦♥✱ s❡❡ ❡✳❣✳ ❬✾✼✱ ✾✾✱ ✾✻✱ ✾✽❪✳



✶✳✶✳ ▼♦t✐✈❛t✐♦♥ ✷✸

❚❤❡s❡ ♠❡tr✐❝s ❛r❡ ✐♥ t❡♥s✐♦♥ ✐♥ t❤❡ s❡♥s❡ t❤❛t t❛❦✐♥❣ ❛❝t✐♦♥ t♦ r❡❞✉❝❡ ♦♥❡ ✉s✉❛❧❧② r❡s✉❧ts ✐♥ ❛♥

✐♥❝r❡❛s❡ ✐♥ t❤❡ ♦t❤❡r ✭❛t ❧❡❛st ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ str✉❝t✉r❛❧ r❡❝♦♥✜❣✉r❛t✐♦♥ ♦r r❡♣❛r❛♠❡tr✐s❛t✐♦♥

♦❢ t❤❡ s②st❡♠✮❀ t❤✐s ✐s ❡s♣❡❝✐❛❧❧② t❤❡ ❝❛s❡ ❢♦r ❤✐❣❤✲✐♥t❡♥s✐t② ✇♦r❦❧♦❛❞s✳ ■♥ t❤✐s t❤❡s✐s ✇❡ ❛ss✉♠❡

t❤❛t str✉❝t✉r❛❧ r❡❝♦♥✜❣✉r❛t✐♦♥ ♦r r❡♣❛r❛♠❡tr✐s❛t✐♦♥ ♦❢ t❤❡ s②st❡♠ ✐s ♥♦t ♣♦ss✐❜❧❡✳ ❈❧❛ss✐❝❛❧

❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠s ②✐❡❧❞ ❧♦✇ t❛s❦ r❡s♣♦♥s❡ t✐♠❡s ✭❛♥❞ t❤❡r❡❢♦r❡ ❤✐❣❤❡r ♠❛①✐♠✉♠ s✉s✲

t❛✐♥❛❜❧❡ s②st❡♠ t❤r♦✉❣❤♣✉t✮✱ ❜✉t s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✐s ❤✐❣❤ ✉♥❞❡r ❧♦❛❞✳ ❈♦♥✈❡rs❡❧②✱ s♣❧✐t✲♠❡r❣❡

q✉❡✉❡✐♥❣ s②st❡♠s ❛r❡ ❝❤❛r❛❝t❡r✐s❡❞ ❜② ❧♦✇ t♦ ♠♦❞❡r❛t❡ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥✱ ❜✉t ❝❛♥ s✉✛❡r ❢r♦♠

❤✐❣❤❡r t❛s❦ r❡s♣♦♥s❡ t✐♠❡s ✭❛♥❞ t❤❡r❡❢♦r❡ r❡❞✉❝❡❞ ♠❛①✐♠✉♠ s✉st❛✐♥❛❜❧❡ s②st❡♠ t❤r♦✉❣❤♣✉t✮

✉♥❞❡r ❧♦❛❞✳ ■♥ t❤✐s t❤❡s✐s ✇❡ ✐♥✈❡st✐❣❛t❡ ♠✐♥✐♠✐s❛t✐♦♥ ♦❢ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❛♥❞ ✐ts ✐♠♣❛❝t ♦♥

t❛s❦ r❡s♣♦♥s❡ t✐♠❡✳

✶✳✶✳✷ ❘❡❛❧✲❲♦r❧❞ ❊①❛♠♣❧❡s

❚❤❡r❡ ❛r❡ ❡♥♦r♠♦✉s ♥✉♠❜❡r ♦❢ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ ❢♦r❦✲❥♦✐♥ ❛♥❞ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠s ✐♥

✐♥❞✉str②✳ ❍❡r❡ ✇❡ ❞✐s❝✉ss ♦♥❧② ❛ ❢❡✇ ♦❢ t❤❡♠✳

❊①❛♠♣❧❡s ♦❢ ❙♣❧✐t✲▼❡r❣❡ ◗✉❡✉❡✐♥❣ ❙②st❡♠s

❆✐r tr❛✈❡❧ ❤❛s ♣r♦✈✐❞❡❞ ❛ ❢❡rt✐❧❡ ❣r♦✉♥❞ ❢♦r t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ q✉❡✉❡✐♥❣ ❛♥❛❧②s✐s ❡✈❡r s✐♥❝❡ ♠❛ss

❛✐r tr❛♥s✐t ❜❡❝❛♠❡ ♣r❛❝t✐❝❛❧ ❛♥❞ ❛✛♦r❞❛❜❧❡ ✐♥ ✶✾✺✵s ❬✻✻❪✳ ❆s s❤♦✇♥ ✐♥ ❋✐❣ ✶✳✶✱ ❛✐r tr❛✈❡❧❧❡rs ❛♥❞

t❤❡✐r ❤♦❧❞ ❜❛❣❣❛❣❡ ✉♥❞❡r❣♦ t✇♦ ♣❤❛s❡s ♦❢ s♣❧✐t✲♠❡r❣❡ ♣r♦❝❡ss✐♥❣✳ ■♥ t❤❡ ✜rst ♣❤❛s❡ ♣❛ss❡♥❣❡rs

❡♥t❡r t❤❡ ❞❡♣❛rt✉r❡ ❤❛❧❧ ✇✐t❤ t❤❡✐r ❤♦❧❞ ❜❛❣❣❛❣❡ ❛♥❞ ❥♦✐♥ t❤❡ q✉❡✉❡ ❢♦r ❝❤❡❝❦✲✐♥✳ ❆t ❝❤❡❝❦✲✐♥

♣❛ss❡♥❣❡rs ❛♥❞ t❤❡✐r ❤♦❧❞ ❜❛❣❣❛❣❡ ❛r❡ s❡♣❛r❛t❡❞ ✭s♣❧✐t✮✳ P❛ss❡♥❣❡rs ♣r♦❝❡❡❞ t❤r♦✉❣❤ s❡❝✉r✐t②

❛♥❞ ❞♦❝✉♠❡♥t❛t✐♦♥ ❝❤❡❝❦s ✇❤✐❧❡ t❤❡ ❜❛❣❣❛❣❡ ✐s s❡❝✉r❡❧② s❝r❡❡♥❡❞ ❛♥❞ s♦rt❡❞✳ P❛ss❡♥❣❡rs ❛♥❞

t❤❡✐r ❤♦❧❞ ❜❛❣❣❛❣❡ ❛r❡ r❡✉♥✐t❡❞ ✭♠❡r❣❡❞✮ ❛❜♦❛r❞ t❤❡ ❛✐r❝r❛❢t✱ ❛❧❜❡✐t t❤❡ ♣❛ss❡♥❣❡rs s✐t ✐♥ t❤❡

s❡❛ts ❛❜♦✈❡ t❤❡ ✢♦♦r ❧❡✈❡❧ ✇❤✐❧❡ t❤❡✐r ❜❛❣❣❛❣❡ ✐s st♦r❡❞ ✐♥ ✉♥✐t ❧♦❛❞ ❞❡✈✐❝❡s ❜❡❧♦✇ ✢♦♦r ❧❡✈❡❧✱

❛s s❤♦✇♥ ✐♥ ❋✐❣ ✶✳✶✳ ❯♣♦♥ ❛rr✐✈❛❧ ♦♥ t❤❡ ❞❡st✐♥❛t✐♦♥ ❛✐r♣♦rt t❤❡ s❡❝♦♥❞ ♣❤❛s❡ ♦❢ s♣❧✐t✲♠❡r❣❡

♣r♦❝❡ss✐♥❣ ❜❡❣✐♥s✳ P❛ss❡♥❣❡rs ✉♥❞❡r❣♦ ✐♠♠✐❣r❛t✐♦♥ ❝❤❡❝❦s ✇❤✐❧❡ t❤❡✐r ❜❛❣❣❛❣❡ ✐s ♦✤♦❛❞❡❞ ❛♥❞

❞❡❧✐✈❡r❡❞ t♦ t❤❡ ❜❛❣❣❛❣❡ ❝❧❛✐♠ ❛r❡❛✳ ❖♥❝❡ ♣❛ss❡♥❣❡rs ♣✐❝❦ ✉♣ t❤❡✐r ❜❛❣❣❛❣❡ t❤❡② ❝❛♥ ❡①✐t
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❋✐❣✉r❡ ✶✳✶✿ ❙tr✉❝t✉r❡ ♦❢ ♣❛ss❡♥❣❡rs ❛♥❞ ❜❛❣❣❛❣❡ ♣r♦❝❡ss✐♥❣ ✐♥ ❛✐r❝r❛❢t ❛s ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛ t✇♦
♣❤❛s❡ s♣❧✐t✲♠❡r❣❡ ♣r♦❝❡ss✐♥❣✳

✐♥t♦ t❤❡ ❛rr✐✈❛❧ ❤❛❧❧ ✈✐❛ ❝✉st♦♠s✳ ■❢ ❛♥② ♣❛rt ♦❢ t❤✐s s♣❧✐t✲♠❡r❣❡ ♣r♦❝❡ss✐♥❣ ♦♣❡r❛t✐♦♥ ❞♦❡s

♥♦t ❝♦♠♣❧❡t❡ ❛s ✐t ✐s ❛♥t✐❝✐♣❛t❡❞ t❤❡r❡ ❛r❡ ❧❛r❣❡ ✜♥❛♥❝✐❛❧ ❝♦♥s❡q✉❡♥❝❡s ❢♦r t❤❡ ❛✐r❧✐♥❡✿ ✐❢ t❤❡

♣❛ss❡♥❣❡rs ❛r❡ ♥♦t ♦♥ ❜♦❛r❞ ✇❤❡♥ t❤❡ ❛✐r❝r❛❢t ❤❛s t♦ ❞❡♣❛rt t❤❡♥ t❤❡ ✇❤♦❧❡ ♣❧❛♥❡ ✐s ❞❡❧❛②❡❞❀ ♦r

✐❢ t❤❡ ♣❛ss❡♥❣❡rs ❛rr✐✈❡ ❛♥❞ t❤❡✐r ❧✉❣❣❛❣❡ ✐s ♥♦t ❞❡❧✐✈❡r❡❞ t❤❡♥ t❤❡ ❛✐r❧✐♥❡s ❤❛s t♦ ❤✐r❡ ❛ ❝♦✉r✐❡r

❝♦♠♣❛♥② t♦ ❞❡❧✐✈❡r ❛ ❧✉❣❣❛❣❡ t♦ t❤❡ ❞❡st✐♥❛t✐♦♥✳

❆♥♦t❤❡r ❡①❛♠♣❧❡ ♦❢ s♣❧✐t✲♠❡r❣❡ ♣r♦❝❡ss✐♥❣ ❝♦♠❡s ❢r♦♠ ❋♦r♠✉❧❛ ✶✱ ✇❤❡♥ r❛❝✐♥❣ ❝❛rs ❝♦♠❡ ✐♥ ❢♦r

♣✐t st♦♣s ✭s❡❡ ❋✐❣✳ ✶✳✷✮✳ ❚❤❡r❡ ❛r❡ ♠❛♥② ❞✐✛❡r❡♥t ♣r♦❝❡❞✉r❡s t❤❛t st❛rt ❛t t❤❡ ✐♥st❛♥t t❤❡ ❝❛r

✐s r❛✐s❡❞ ♦♥t♦ ❛ ❥❛❝❦✱ ✇✐t❤ ❞✐✛❡r❡♥t ♠❡❝❤❛♥✐❝s r❡s♣♦♥s✐❜❧❡ ❢♦r ❞✐✛❡r❡♥t t❛s❦s✿ r❡♣❧❛❝✐♥❣ t✐r❡s✱

r❡❢✉❡❧❧✐♥❣✱ ❞♦✐♥❣ r❡♣❛✐rs ❛♥❞ ♠❡❝❤❛♥✐❝❛❧ ❛❞❥✉st♠❡♥ts ❡t❝✳ ❆❧❧ t❤❡s❡ t❛s❦s st❛rt ❛t t❤❡ s❛♠❡

✐♥st❛♥t✳ ❆ ❝❛r ❧❡❛✈❡s t❤❡ ♣✐t st♦♣ ♦♥❧② ✇❤❡♥ ❛❧❧ ♣r♦❝❡❞✉r❡s ❤❛✈❡ ❜❡❡♥ ❝♦♠♣❧❡t❡❞✳
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❲❤✐❧❡ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ✐s ❝❧❡❛r❧② t❤❡ ♠♦st ✐♠♣♦rt❛♥t ♠❡tr✐❝ ✐♥ t❤❡ ❧❛tt❡r ❡①❛♠♣❧❡✱ ✇❡ ♥♦✇

♣r❡s❡♥t ❛♥ ❡①❛♠♣❧❡ ❢r♦♠ ❛ ❝♦♠♣❧❡t❡❧② ❞✐✛❡r❡♥t ❛♥❞ ✈❡r② r❡❝❡♥t ❞♦♠❛✐♥ ✐♥ ✇❤✐❝❤ s✉❜t❛s❦ ❞✐s✲

♣❡rs✐♦♥ ♣❧❛②s ❛ ❝r✉❝✐❛❧ r♦❧❡✳ ❚❤❡ ❞♦♠❛✐♥ ✐s ❛ s♣❡❝✐✜❝ ✜♥❛♥❝✐❛❧ ♦♥❡✱ ❛♥❞ r❡❧❛t❡s t♦ t❤❡ ♣❧❛❝✐♥❣ ♦❢

❧❛r❣❡ ♦r❞❡rs ❛❝r♦ss ♠✉❧t✐♣❧❡ ❡①❝❤❛♥❣❡s ✇❤✐❝❤ s✉♣♣♦rt ❍✐❣❤ ❋r❡q✉❡♥❝② ❚r❛❞✐♥❣ ✭❍❋❚✮✳ ❍❋❚ ✐s

❛ r❡❧❛t✐✈❡❧② r❡❝❡♥t ❛✉t♦♠❛t❡❞ tr❛❞✐♥❣ ♣❤❡♥♦♠❡♥♦♥ ✇❤✐❝❤ ❝♦♠❜✐♥❡s s✉♣❡r ❢❛st ♥❡t✇♦r❦s✱ r❛♣✐❞

❛♥❛❧②s✐s ❛❧❣♦r✐t❤♠s ❛♥❞ ❤✐❣❤ s♣❡❡❞ ♦r❞❡r ♣❧❛❝✐♥❣✳ ❊✈❡r② ❝♦♥❝❡✐✈❛❜❧❡ t❡❝❤♥♦❧♦❣② ✐s ❡①♣❧♦✐t❡❞ ✐♥

t❤❡ q✉❡st t♦ r❡❞✉❝❡ ❧❛t❡♥❝②✱ ❢♦r ❡①❛♠♣❧❡ t❤❡ r❡❝❡♥t ❛❞♦♣t✐♦♥ ♦❢ ♠✐❝r♦✇❛✈❡ r❛t❤❡r t❤❡♥ ♦♣t✐❝

✜❜r❡ t♦ tr❛♥s♠✐t ❞❛t❛ ✭s✐♥❝❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ r❛❞✐❛t✐♦♥ tr❛✈❡❧s ✺✵✪ ❢❛st❡r t❤r♦✉❣❤ ❛✐r t❤❛♥ ❧✐❣❤t

tr❛✈❡❧s ✐♥ t❤❡ ❝❧❡❛r❡st ❣❧❛ss✮ ❛♥❞ t❤❡ ✉s❡ ♦❢ ❝✉st♦♠ ❆❙■❈s ❢❡❛t✉r✐♥❣ s♦✲❝❛❧❧❡❞ ✏t✐❝❦✲t♦✲tr❛❞❡✑

t✐♠❡s ♦❢ ❧❡ss t❤❛♥ ✼✹✵ ♥s✳ ❙✉♣♣♦s❡ ❛ tr❛❞❡r ✐s ✐♥ ❛ ♠❛r❦❡t t♦ ❜✉② ❛ ❧❛r❣❡ ❛♠♦✉♥t ♦❢ ❛ ❣✐✈❡♥

st♦❝❦ ❛♥❞ s✐♠✉❧t❛♥❡♦✉s❧② ✐ss✉❡s ♦r❞❡rs t♦ t❤❡ ♠❛❥♦r ❡①❝❤❛♥❣❡s t♦ ❜✉② ❛❧❧ s❤❛r❡s ♦❢ t❤❛t st♦❝❦

❛✈❛✐❧❛❜❧❡ ❛t ♦r ❜❡❧♦✇ s♦♠❡ t❛r❣❡t ♣r✐❝❡✳ ❚❤❡ ♦r❞❡rs ✇✐❧❧ ♥♦t✱ ❤♦✇❡✈❡r✱ ❛rr✐✈❡ ❛t t❤❡ ❡①❝❤❛♥❣❡s

s✐♠✉❧t❛♥❡♦✉s❧②✱ ❛s s❤♦✇♥ ♦♥ t❤❡ ❧❡❢t ♦❢ t❤❡ ❋✐❣ ✶✳✸✱ s✐♥❝❡ ❣❡♦❣r❛♣❤✐❝❛❧ ❞✐st❛♥❝❡ ✐s ❛ ❦❡② ❞❡✲

t❡r♠✐♥❡ ❢❛❝t♦r ✐♥ ♦r❞❡r ❛rr✐✈❛❧ t✐♠❡ ❬✸✽❪✳ ❍❋❚ ❛❧❣♦r✐t❤♠s t❤❛t ❞❡t❡❝t t❤❡ ❜✉②✐♥❣ ❛❝t✐✈✐t② ♦♥

t❤❡ ❣❡♦❣r❛♣❤✐❝❛❧❧② ♥❡❛r❡st ❡①❝❤❛♥❣❡ ❝❛♥ t❤❡♥ ✏❢r♦♥t r✉♥✑ t❤❡ tr❛❞❡ ♦♥ t❤❡ ♦t❤❡r ❡①❝❤❛♥❣❡s ❜②

q✉✐❝❦❧② ❜✉②✐♥❣ ❛♥② s❤❛r❡s ❛✈❛✐❧❛❜❧❡ ❜❡❧♦✇ t❤❡ t❛r❣❡t ♣r✐❝❡ ❛♥❞ ♦✛❡r✐♥❣ t❤❡♠ ❢♦r s❛❧❡ ❛t t❤❡

t❛r❣❡t ♣r✐❝❡✳ ✭❆♥♦t❤❡r r✐s❦✐❡r ❜✉t ♠♦r❡ ♣r♦✜t❛❜❧❡ str❛t❡❣② ✐s t♦ ❜✉② ✉♣ ❛❧❧ s❤❛r❡s ❛✈❛✐❧❛❜❧❡ ❛t

♦r ❜❡❧♦✇ t❤❡ t❛r❣❡t ♣r✐❝❡ ❛♥❞ ♦✛❡r t❤❡♠ ❢♦r s❛❧❡ ❛t ❛ ♣r✐❝❡ s❧✐❣❤t❧② ❛❜♦✈❡ t❤❡ t❛r❣❡t ♣r✐❝❡✳✮ ■♥

t❤✐s ❝❛s❡ t❤❡ ♦r❞❡rs s❡t ❜② t❤❡ tr❛❞❡r t♦ t❤❡ ❣❡♦❣r❛♣❤✐❝❛❧❧② ♠♦r❡ ❞✐st❛♥t ❡①❝❤❛♥❣❡s ❛r❡ r❡t✉r♥❡❞

✉♥✜❧❧❡❞ ❛♥❞ t❤❡ tr❛❞❡r ♠✉st ✐ss✉❡ ❜✉② s❤❛r❡s ❛t t❤❡ ❤✐❣❤❡r ♣r✐❝❡ t♦ ❝♦♠♣❧❡t❡ ❤❡r ♣✉r❝❤❛s❡✳

❲❤❛t ✇❡ s❡❡ ❛s t♦ ✐♥❝r❡❛s✐♥❣ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❧❡❛❞s t♦ ✐♥❝r❡❛s❡❞ ❧❛t❡♥❝②✲❜❛s❡❞ ✐♥❢♦r♠❛t✐♦♥

❧❡❛❦❛❣❡ ✇✐t❤ ❝♦♥s❡q✉❡♥t ❧♦✇❡r ♣r♦✜t❛❜✐❧✐t② ❛♥❞ ❧♦✇❡r ✜❧❧ r❛t❡s ❢♦r t❤❡ tr❛❞❡r✳ ❚♦ ❝♦✉♥t❡r t❤✐s✱

t❤❡ ❘♦②❛❧ ❇❛♥❦ ♦❢ ❈❛♥❛❞❛ ❤❛s ❞❡✈❡❧♦♣❡❞ ❛ s②st❡♠ ❝❛❧❧❡❞ ❚❍❖❘ ❢♦r ✇❤✐❝❤ ❛ ♣❛t❡♥t ✇❛s ✜❧❡❞

❛t ❖❝t♦❜❡r ✷✵✶✶ ❬✶❪✳ ❚❤✐s ♦r❞❡r r♦✉t✐♥❣ s②st❡♠ ❛❞❞s s♦♠❡ ❤❡✉r✐st✐❝ ❞❡❧❛②s t♦ ♦r❞❡rs s♦ t❤❛t

t❤❡② ❛rr✐✈❡ ❛t t❤❡ ❡♥t✐r❡ s❡t ♦❢ t❛r❣❡t ❡①❝❤❛♥❣❡s ♥❡❛r❧② s✐♠✉❧t❛♥❡♦✉s❧②✳ ❚❤❡ ❛✉t❤♦rs ❝❧❛✐♠ t❤❛t

t❤❡ r❡s✉❧t✐♥❣ ✐♠♣r♦✈❡♠❡♥t ✐♥ t❤❡ ❡①❡❝✉t✐♦♥ q✉❛❧✐t② ✐s str✐❦✐♥❣✿ t❤❡② s❛② t❤❛t t❤❡ ✜❧❧ r❛t❡s ❛r❡

♥❡❛r ✶✵✵✪ r❛t❤❡r t❤❡♥ ✻✵✪ ❢♦r ❝♦♥✈❡♥t✐♦♥❛❧ ❡①❡❝✉t✐♦♥ ♦r❞❡rs ❡①♣❡r✐❡♥❝❡ ❢❛r ❢❡✇❡r ❛❞✈❡rs❡ t✐❝❦s

t❤❛♥ ❛✈❡r❛❣❡✳ ■t ✐s ✐♥tr✐❣✉✐♥❣ t❤❛t ❛❞❞✐♥❣ ❞❡❧❛②s ❤❛s ❜❡❝♦♠❡ ❛♥ ✐♠♣♦rt❛♥t ✇❡❛♣♦♥ ✐♥ t❤❡ ❜❛tt❧❡

t♦ ❝♦♠♣❡t❡ ❛❣❛✐♥st t❤❡ s✉♣❡r ❢❛st ❤✐❣❤ ♣❡r❢♦r♠❛♥❝❡ ❤❛r❞✇❛r❡ ❛♥❞ tr❛❞✐♥❣ ❛❧❣♦r✐t❤♠s ♦❢ ❍❋❚



✷✻ ❈❤❛♣t❡r ✶✳ ■♥tr♦❞✉❝t✐♦♥

s②st❡♠s✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❛✉t❤♦rs ♦❢ ❚❍❖❘ ❛❧s♦ ❡①♣❧♦✐t t❤❡ ♥♦t✐♦♥ t❤❛t ❛❞❞✐♥❣ ❞❡❧❛②s ❝❛♥ ❤❛✈❡

✈❡r② ❜❡♥❡✜❝✐❛❧ ✐♠♣❛❝t ♦♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥✳

❊①❛♠♣❧❡s ♦❢ ❋♦r❦✲❏♦✐♥ ◗✉❡✉❡✐♥❣ ❙②st❡♠s

❈♦♥s✐❞❡r ❜② ✇❛② ♦❢ ❡①❛♠♣❧❡ t❤❡ ♣r♦❝❡ss✐♥❣ ♦❢ ❝✉st♦♠❡r ♦r❞❡rs ✐♥ ❛♥ ❛✉t♦♠❛t❡❞ ✇❛r❡❤♦✉s❡✳

■♥❝♦♠✐♥❣ ♦r❞❡rs ✭t❛s❦s✮ ❛r❡ ♠❛❞❡ ✉♣ ♦❢ s❡✈❡r❛❧ ✐t❡♠s ✭s✉❜t❛s❦s✮✱ ❡❛❝❤ ♦❢ ✇❤✐❝❤ ♠✉st ❜❡ r❡tr✐❡✈❡❞

❢r♦♠ ❛ ❞✐✛❡r❡♥t ♣❛rt ♦❢ t❤❡ ✇❛r❡❤♦✉s❡✳ P❛rt✐❛❧❧② ❝♦♠♣❧❡t❡❞ ♦r❞❡rs ♠✉st ❜❡ ❤❡❧❞ ✐♥ ❛♥ ♦✉t♣✉t

❜✉✛❡r✱ ❛♥❞ ❡❛❝❤ ♦r❞❡r ❝❛♥ ♦♥❧② ❜❡ r❡❧❡❛s❡❞ ❢r♦♠ t❤❡ ♦✉t♣✉t ❜✉✛❡r ❛♥❞ ❞✐s♣❛t❝❤❡❞ t♦ t❤❡

❝✉st♦♠❡r ✇❤❡♥ ❛❧❧ ✐t❡♠s ♠❛❦✐♥❣ ✉♣ t❤❡ ♦r❞❡r ❤❛✈❡ ❜❡❡♥ r❡tr✐❡✈❡❞✳ ❚❤❡ ♦✉t♣✉t ❜✉✛❡r s♣❛❝❡ ✐s

♦❢t❡♥ ❧✐♠✐t❡❞ ❛♥❞ ❞✐✣❝✉❧t t♦ ♠❛♥❛❣❡ ♦♥ ❛❝❝♦✉♥t ♦❢ ✐ts ❤✐❣❤ ✉t✐❧✐s❛t✐♦♥✱ s♦ ✐t ✐s ✐♠♣♦rt❛♥t t♦

❦❡❡♣ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❧♦✇✳ ❆t t❤❡ s❛♠❡ t✐♠❡ ❦❡❡♣✐♥❣ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ❧♦✇ ✭✐✳❡✳ ✐♥❝r❡❛s✐♥❣

s②st❡♠ t❤r♦✉❣❤♣✉t✮ ✐s ❛♥ ✐♠♣♦rt❛♥t ❝♦♥❝❡r♥✳

❆♥♦t❤❡r ❡①❛♠♣❧❡ ✐s ❛ r❡st❛✉r❛♥t ✐♥ ✇❤✐❝❤ ❝✉st♦♠❡r ♦r❞❡rs ✭t❛s❦s✮ ❝♦♥s✐st✐♥❣ ♦❢ ❞✐✛❡r❡♥t ♠❡♥✉

✐t❡♠s ✭s✉❜t❛s❦s✮ ♠✉st ❜❡ ❝♦♥❝✉rr❡♥t❧② ♣r❡♣❛r❡❞ s✉❝❤ t❤❛t ❛❧❧ ❞✐s❤❡s ❢♦r ❛ ♣❛rt✐❝✉❧❛r t❛❜❧❡ ♦❢

❝✉st♦♠❡rs ❛r❡ r❡❛❞② ❛t r♦✉❣❤❧② t❤❡ s❛♠❡ t✐♠❡✳ ■♥ t❤❡ ♠❡❛♥ t✐♠❡✱ ♣❛rt✐❛❧❧② ❝♦♠♣❧❡t❡❞ ♦r❞❡rs

❢♦r t❛❜❧❡s ❛r❡ ❤❡❧❞ ♦♥ ❛ s❡r✈✐❝❡ ❝♦✉♥t❡r ✭t❤❡ ♦✉t♣✉t ❜✉✛❡r✮✱ ✇❤✐❝❤ s❤♦✉❧❞ ♥♦t ❜❡ ♦✈❡r❜✉r❞❡♥❡❞✳

❙✐♠✉❧t❛♥❡♦✉s❧② ❛ ❣♦♦❞ st❛♥❞❛r❞ ♦❢ ❝✉st♦♠❡r s❡r✈✐❝❡ ❞✐❝t❛t❡s t❤❛t ❝✉st♦♠❡rs s❤♦✉❧❞ r❡❝❡✐✈❡ t❤❡✐r

♦r❞❡rs ✐♥ r❡❛s♦♥❛❜❧❡ t✐♠❡✳ ❆ r❡❛❧ ❡①❛♠♣❧❡ s❤♦✇✐♥❣ ❤♦✇ ❛ r❡st❛✉r❛♥t ❝✉st♦♠❡r ❝♦♠♣❧❛✐♥s ❛❜♦✉t

♣♦♦r t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ❛♥❞ ♣♦♦r s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✐s s❤♦✇♥ ✐♥ ❋✐❣ ✶✳✹✳ ■♥ t❤✐s r❡✈✐❡✇ t❤❡

❝✉st♦♠❡r ❝♦♠♣❧❛✐♥s t❤❛t t❤❡ ❢♦♦❞ ❤❛s ❛rr✐✈❡❞ ❛❢t❡r ❛ ❧♦♥❣ ✇❛✐t ✭❤✐❣❤ t❛s❦ r❡s♣♦♥s❡ t✐♠❡✮ ❛♥❞

❛t ❞✐✛❡r❡♥t t✐♠❡s ✭❤✐❣❤ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥✮✳ ❈♦♥s❡q✉❡♥t❧② t❤❡ ❝✉st♦♠❡r ✇❛s ✉♥s❛t✐s✜❡❞ ✇✐t❤

t❤❡ s❡r✈✐❝❡ ❛♥❞ ✇✐❧❧ ♥♦t ❝♦♠❡ t♦ t❤✐s r❡st❛✉r❛♥t ❛❣❛✐♥✳

❙❡❛r❝❤ ❡♥❣✐♥❡s ✉s❡ ❢♦r❦✲❥♦✐♥ ♣r♦❝❡ss✐♥❣ t♦ ❛♥s✇❡r q✉❡r✐❡s ✇✐t❤ ❧♦✇ r❡s♣♦♥s❡ t✐♠❡ ❬✹✷❪✱ ✇❤✐❝❤

✐♥ t✉r♥ ❞r✐✈❡s ✉s❡r s❛t✐s❢❛❝t✐♦♥ ❛♥❞ r❡✈❡♥✉❡s✳ ■♥❝♦♠✐♥❣ q✉❡r✐❡s ❛r❡ s♣❧✐t ✐♥t♦ ♣❛r❛❧❧❡❧ s✉❜t❛s❦s✱

s♦♠❡ ♦❢ ✇❤✐❝❤ r❡❧❛t❡ t♦ s❡❛r❝❤✐♥❣ ❝❤✉♥❦s ♦❢ ✐♥❞❡① ❞❛t❛ ❛♥❞ s♦♠❡ ♦❢ ✇❤✐❝❤ r❡❧❛t❡ t♦ ♣r❡♣❛r✐♥❣

r❡✈❡♥✉❡ ❣❡♥❡r❛t✐♥❣ ❝♦♥t❡♥t s✉❝❤ ❛s ❛❞✈❡rt✐s❡♠❡♥t✳ ❖♥❧② ✇❤❡♥ ❛❧❧ ♦❢ t❤❡s❡ s✉❜t❛s❦s ❤❛✈❡ ❝♦♠✲

♣❧❡t❡❞ ❝❛♥ t❤❡ r❡s✉❧ts ♣❛❣❡ ❜❡ ❣❡♥❡r❛t❡❞ ❛♥❞ r❡t✉r♥❡❞ t♦ t❤❡ ✉s❡r✳ ❯s❡rs ❛r❡ ✈❡r② s❡♥s✐t✐✈❡ t♦

❡✈❡♥ s❧✐❣❤t ✐♥❝r❡❛s❡s ✐♥ ❞❡❧❛② ❬✷✹❪✳





✷✽ ❈❤❛♣t❡r ✶✳ ■♥tr♦❞✉❝t✐♦♥

❋✐❣✉r❡ ✶✳✹✿ ❊①❛♠♣❧❡ ♦❢ ❛ ❝✉st♦♠❡r r❡✈✐❡✇ ❛♥❞ ❝♦♠♣❧❛✐♥t ❛❜♦✉t ❛ r❡st❛✉r❛♥t r❡✲
❧❛t❡❞ t♦ ♣♦♦r s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❛♥❞ ♣♦♦r t❛s❦ r❡s♣♦♥s❡ t✐♠❡✳ ❯❘▲✿ ❤tt♣✿

✴✴✇✇✇✳tr✐♣❛❞✈✐s♦r✳❝♦✳✉❦✴❙❤♦✇❯s❡r❘❡✈✐❡✇s✲❣✶✽✻✸✸✼✲❞✶✾✽✻✻✺✵✲r✶✷✷✾✾✶✸✽✽✲❏❘❴s❴❇❛r✲

▲✐✈❡r♣♦♦❧❴▼❡rs❡②s✐❞❡❴❊♥❣❧❛♥❞✳❤t♠❧

❆ ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ ♣♦❧✐❝② ❛♣♣❧✐❡s ✐♥ ❘❆■❉ s②st❡♠s✳ ❆ ❘❆■❉ s②st❡♠ ✐s ❛ ❘❡❞✉♥❞❛♥t ❆rr❛② ♦❢

■♥❞❡♣❡♥❞❡♥t ❉✐s❦s ✇❤✐❝❤ ❛r❡ ✉s❡❞ t♦ ❜♦♦st ❝❛♣❛❝✐t②✱ ♣❡r❢♦r♠❛♥❝❡ ❛♥❞ r❡❧✐❛❜✐❧✐t② ❞❡♣❡♥❞✐♥❣ ♦♥

t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ ❘❆■❉ ❧❡✈❡❧ s❡❧❡❝t❡❞✳ ❋♦r ❡①❛♠♣❧❡✱ ❋✐❣✳ ✶✳✺ s❤♦✇s ❘❆■❉✲✺ s❡t✲✉♣✱ ✇❤✐❝❤

❤❛s n ❞✐s❦s ✇✐t❤ t❤❡ ❛❧❧ ✐♥❢♦r♠❛t✐♦♥ s♣r❡❛❞ ♦✉t ♦♥ t❤❡♠✱ s♦ t❤❛t ❡✈❡r② str✐♣❡ ❝♦♥t❛✐♥s n − 1

❜❧♦❝❦s ♦❢ ✐♥❢♦r♠❛t✐♦♥ ❛♥❞ ❛ ♣❛r✐t② ❜❧♦❝❦✳ ❲❤❡♥ ♦♥❡ ♦❢ t❤❡ ❞✐s❦s ❢❛✐❧s✱ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ ✐t ❝❛♥

❜❡ r❡❝♦✈❡r❡❞ ❜② ❳❖❘✐♥❣ t❤❡ ❞❛t❛ ♦♥ t❤❡ r❡♠❛✐♥✐♥❣ n− 1 ❞✐s❦s✳

■♥ ❣❡♥❡r❛❧ ❘❆■❉✱ ✐♥❝♦♠✐♥❣ ■✴❖ r❡q✉❡sts s♣❧✐t ✐♥ s♠❛❧❧❡r s✉❜✲r❡q✉❡sts ✇❤✐❝❤ ❛r❡ s❡r✈❡❞ ❜② n ❞✐s❦✱

✇❤❡♥ ❛❧❧ r❡q✉❡sts ❝♦♠♣❧❡t❡❞ t❤❛♥ t❤❡ ❧♦❣✐❝❛❧ ■✴❖ r❡q✉❡st ✐s ❝♦♠♣❧❡t❡❞❀ t❤✐s ♣♦❧✐❝② ❝♦rr❡s♣♦♥❞s

t♦ ❛ ❢♦r❦✲❥♦✐♥ ♣r♦❝❡ss✐♥❣ ♣♦❧✐❝② ❛❝r♦ss ❞✐s❦s ❬✷✼✱ ✻✹❪✳ ❚❤❡r❡ ❛r❡ s♦♠❡ ❡①❛♠♣❧❡s ♦❢ ❛♣♣❧✐❝❛t✐♦♥s



✶✳✷✳ ❖❜❥❡❝t✐✈❡s ✷✾

♦❢ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ ♣♦❧✐❝② s②♥❝❤r♦♥✐s❛t✐♦♥ ✐♥ ❝❛s❡ ♦❢ ✉♣❞❛t✐♥❣ ❛ r❡♣❧✐❝❛t❡❞ ❞❛t❛✱ ✇❤✐❝❤

✐♥❝❧✉❞❡s ✉♣❞❛t✐♥❣ ♠✐rr♦r❡❞ ❞✐s❦s ❬✾✸❪✱ ♦r r❡♣❧✐❝❛t❡❞ ❞❛t❛ ❜❛s❡s ✐♥ ❣❡♥❡r❛❧ ❬✼✹❪✳
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✡✏

✆☛☞✌ ✎

✆✏
✞✏
✠✏
✡✝

✆☛☞✌ ✏

❋✐❣✉r❡ ✶✳✺✿ ❙tr✉❝t✉r❡ ♦❢ ❘❆■❉✲✺✳ ❈r❡❞✐t✿ ❈♦❧✐♥ ▼✳▲✳ ❇✉r♥❡tt✳

✶✳✷ ❖❜❥❡❝t✐✈❡s

❚❤❡ ♣r✐♠❛r② ❤②♣♦t❤❡s✐s ♦❢ t❤✐s t❤❡s✐s ✐s t❤❛t ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❝♦♥tr♦❧ t❤❡ ✐♥❥❡❝t✐♦♥ ♦❢ s✉❜t❛s❦s

✐♥t♦ ♣❛r❛❧❧❡❧ q✉❡✉❡✐♥❣ s②st❡♠s ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✐s r❡❞✉❝❡❞ ✇❤✐❧❡ ✐♠♣❛❝t ♦♥

t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ❝❛♥ ❜❡ q✉❛♥t✐✜❡❞ ❛♥❞ ✐❞❡❛❧❧② ❝♦♥tr♦❧❧❡❞✳ ❲❡ ❞♦ t❤✐s ❜② ❛♣♣❧②✐♥❣ ❥✉❞✐❝✐♦✉s❧②✲

❝❤♦s❡♥ ❞❡t❡r♠✐♥✐st✐❝ ❞❡❧❛②s t♦ t❤❡ ♣r♦❝❡ss✐♥❣ ♦❢ s✉❜t❛s❦s✳ ■♥ ♦r❞❡r t♦ ❛❝❤✐❡✈❡ t❤✐s✱ t❤❡ ❢♦❧❧♦✇✐♥❣

♦❜❥❡❝t✐✈❡s ♠✉st ❜❡ ❢✉❧✜❧❧❡❞✿

• ❉❡✈❡❧♦♣ t❤❡ t❤❡♦r② ♦❢ ❤❡t❡r♦❣❡♥❡♦✉s ♦r❞❡r st❛t✐st✐❝s✱ ♣❛rt✐❝✉❧❛r❧② ❞❡r✐✈✐♥❣ t❤❡ ♠❡❛♥ ❛♥❞

t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ r❛♥❣❡ ♦❢ ❤❡t❡r♦❣❡♥❡♦✉s ♦r❞❡r st❛t✐st✐❝s✱ ✇❤✐❝❤ ✇✐❧❧ ❛❧❧♦✇ ✉s t♦

s✉❜s❡q✉❡♥t❧② ❝❤❛r❛❝t❡r✐s❡ t❤❡ ♠❡❛♥ ♦❢ t❤❡ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❛♥❞ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢

s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✐♥ ❡❧❡♠❡♥t❛r② s♣❧✐t✲♠❡r❣❡ s②st❡♠s✳

• ❈r❡❛t❡ ❛ ♠❡t❤♦❞♦❧♦❣② ❢♦r ♠✐♥✐♠✐s✐♥❣ ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✐♥ ❡❧❡♠❡♥t❛r② s♣❧✐t✲♠❡r❣❡

q✉❡✉❡✐♥❣ s②st❡♠s ✇✐t❤ ❤❡t❡r♦❣❡♥❡♦✉s ❣❡♥❡r❛❧ s❡r✈✐❝❡ t✐♠❡ ❞✐str✐❜✉t✐♦♥s✳ ❚❤✐s ✐s ❜❛s❡❞ ♦♥

❛♣♣❧②✐♥❣ ❥✉❞✐❝✐♦✉s❧②✲❝❤♦s❡♥ ❞❡t❡r♠✐♥✐st✐❝ ❞❡❧❛②s t♦ ♣r♦❝❡ss✐♥❣ ♦❢ t❤❡ s✉❜t❛s❦s✳



✸✵ ❈❤❛♣t❡r ✶✳ ■♥tr♦❞✉❝t✐♦♥

• ❈r❡❛t❡ ❛♥ ❛♥❛❧♦❣♦✉s ♠❡t❤♦❞♦❧♦❣② ❢♦r r❡❞✉❝✐♥❣ ❛♥② ❣✐✈❡♥ ♣❡r❝❡♥t✐❧❡ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢

s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✐♥ ❡❧❡♠❡♥t❛r② s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠s ✇✐t❤ ❤❡t❡r♦❣❡♥❡♦✉s ❣❡♥❡r❛❧

s❡r✈✐❝❡ t✐♠❡ ❞✐str✐❜✉t✐♦♥s✳

• ❉❡r✐✈❡ ❛♥ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ❢♦r t❤❡ ♠❡❛♥ ♥✉♠❜❡r ♦❢ s✉❜t❛s❦s ❤❡❧❞ ✐♥ t❤❡ ♦✉t♣✉t ❜✉✛❡r

♦❢ ❛♥ ❡❧❡♠❡♥t❛r② s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠s✱ ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t s✉❜t❛s❦ ❞❡❧❛②s✳

• ❈❤❛r❛❝t❡r✐s❡ t❤❡ ✐♠♣❛❝t ♦♥ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ❛♥❞ ♠❛①✐♠✉♠ s✉st❛✐♥❛❜❧❡ s②st❡♠ t❤r♦✉❣❤✲

♣✉t ♦❢ ♦✉r ♠❡t❤♦❞♦❧♦❣② ♦❢ ❛♣♣❧②✐♥❣ ❞❡t❡r♠✐♥✐st✐❝ s✉❜t❛s❦ ❞❡❧❛②s ♦♣t✐♠✐s❡❞ ♦♥❧② ❢♦r s✉❜✲

t❛s❦ ❞✐s♣❡rs✐♦♥✳

• ■♥ ♦r❞❡r t♦ ❝♦♥tr♦❧ t❤❡ ❛❞✈❡rs❡ ✐♠♣❛❝t ♦❢ ❛♣♣❧②✐♥❣ ❞❡❧❛②s t♦ t❤❡ ♣r♦❝❡ss✐♥❣ ♦❢ s✉❜t❛s❦s ♦♥

t❛s❦ r❡s♣♦♥s❡ t✐♠❡✱ ❞❡✈❡❧♦♣ ❛ ♠❡t❤♦❞ ❢♦r r❡❞✉❝✐♥❣ t❤❡ ♣r♦❞✉❝t ♦❢ ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥

❛♥❞ ♠❡❛♥ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ✐♥ ❡❧❡♠❡♥t❛r② s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠s✳

• ❊①t❡♥❞ ♦✉r ♠❡t❤♦❞♦❧♦❣② ♦❢ r❡❞✉❝✐♥❣ ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✐♥ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣

s②st❡♠s t♦ t❤❡✐r ❛s②♥❝❤r♦♥♦✉s ❝♦✉♥t❡r♣❛rts ✕ ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠s✳ ❲❡ r❡str✐❝t

♦✉r ❛tt❡♥t✐♦♥ t♦ ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠s ✇✐t❤ ❤❡t❡r♦❣❡♥❡♦✉s ❡①♣♦♥❡♥t✐❛❧ s❡r✈✐❝❡ t✐♠❡

❞✐str✐❜✉t✐♦♥s ❛♥❞ ❝r❡❛t❡ ❛ ❞②♥❛♠✐❝ ♦♥❧✐♥❡ ❛❧❣♦r✐t❤♠ ❢♦r r❡❞✉❝✐♥❣ ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥✳

• ■♠♣❧❡♠❡♥t s✐♠✉❧❛t♦rs ❢♦r ❡❧❡♠❡♥t❛r② s♣❧✐t✲♠❡r❣❡ ❛♥❞ ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ ♥❡t✇♦r❦s ✐♥ ♦r❞❡r

t♦ ❛❝❤✐❡✈❡ ♠✉t✉❛❧ ✈❛❧✐❞❛t✐♦♥ ❜❡t✇❡❡♥ ♠❡t❤♦❞♦❧♦❣✐❡s ♣r❡s❡♥t❡❞ ✐♥ t❤✐s t❤❡s✐s ❛♥❞ t❤❡

s✐♠✉❧❛t✐♦♥s✳

✶✳✸ ❈♦♥tr✐❜✉t✐♦♥s

❚❤✐s ❞✐ss❡rt❛t✐♦♥ ♣r❡s❡♥ts ❛ ♠❡t❤♦❞♦❧♦❣② ❢♦r r❡❞✉❝✐♥❣ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✐♥ ♣❛r❛❧❧❡❧ q✉❡✉❡✐♥❣

s②st❡♠s✱ s♣❡❝✐✜❝❛❧❧② ❡❧❡♠❡♥t❛r② s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠s ❛♥❞ ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠s

❜② ❛♣♣❧②✐♥❣ ♦♣t✐♠❛❧ ❞❡t❡r♠✐♥✐st✐❝ ❞❡❧❛②s t♦ t❤❡ ♣r♦❝❡ss✐♥❣ ♦❢ s✉❜t❛s❦s✳

❖✉r ♠❛✐♥ ❝♦♥tr✐❜✉t✐♦♥s ❛r❡ ❢♦✉r❢♦❧❞✱ ❛s ❞❡t❛✐❧❡❞ ❜❡❧♦✇✳



✶✳✸✳ ❈♦♥tr✐❜✉t✐♦♥s ✸✶

✶✳✸✳✶ ❚❤❡♦r② ♦❢ ❍❡t❡r♦❣❡♥❡♦✉s ❖r❞❡r ❙t❛t✐st✐❝s

❲❡ ❡①t❡♥❞ t❤❡ ❝❧❛ss✐❝❛❧ t❤❡♦r② ♦❢ ❤♦♠♦❣❡♥❡♦✉s ♦r❞❡r st❛t✐st✐❝s t♦ ❤❡t❡r♦❣❡♥❡♦✉s ♦r❞❡r st❛t✐st✐❝s✳

❋✐rst❧②✱ ✇❡ ❞❡✜♥❡ t❤❡ ♠❡❛♥ ♦❢ t❤❡ r❛♥❣❡ ♦❢ ❤❡t❡r♦❣❡♥❡♦✉s ♦r❞❡r st❛t✐st✐❝s✳ ❙❡❝♦♥❞❧② ✇❡ ❞❡r✐✈❡

t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ r❛♥❣❡ ♦❢ ❤❡t❡r♦❣❡♥❡♦✉s ♦r❞❡r st❛t✐st✐❝s✳ ❚❤❡s❡ ❢♦r♠✉❧❛❡ ❝♦rr❡s♣♦♥❞

t♦ t❤❡ ♠❡❛♥ ❛♥❞ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✐♥ ❡❧❡♠❡♥t❛r② s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣

s②st❡♠s✳ ❚❤❡s❡ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥s ❢♦r♠ t❤❡ ❢♦✉♥❞❛t✐♦♥s ♦❢ ♦✉r ♠❡t❤♦❞♦❧♦❣② ❢♦r r❡❞✉❝✐♥❣

s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✐♥ ♣❛r❛❧❧❡❧ q✉❡✉❡✐♥❣ s②st❡♠s ✐♥ ❣❡♥❡r❛❧✳

✶✳✸✳✷ ❘❡❞✉❝✐♥❣ ❙✉❜t❛s❦ ❉✐s♣❡rs✐♦♥ ✐♥ ❙♣❧✐t✲▼❡r❣❡ ◗✉❡✉❡✐♥❣ ❙②st❡♠s

❲❡ ❞❡✈❡❧♦♣ ❛ ♠❡t❤♦❞♦❧♦❣② ❢♦r r❡❞✉❝✐♥❣ t❤❡ ♠❡❛♥ ♦r ❛ ❣✐✈❡♥ ♣❡r❝❡♥t✐❧❡ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥

✐♥ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠s ❜② ❛♣♣❧②✐♥❣ ❥✉❞✐❝✐♦✉s❧②✲❝❤♦s❡♥ ❞❡t❡r♠✐♥✐st✐❝ ❞❡❧❛②s t♦ t❤❡

♣r♦❝❡ss✐♥❣ ♦❢ s✉❜t❛s❦s✳ ❲❡ ❝♦♥s✐❞❡r P♦✐ss♦♥ ❛rr✐✈❛❧s ❛♥❞ ❤❡t❡r♦❣❡♥❡♦✉s ❣❡♥❡r❛❧ s❡r✈✐❝❡ t✐♠❡

❞✐str✐❜✉t✐♦♥s✳ ❚❤❡ ♠❡t❤♦❞♦❧♦❣② ❜✉✐❧❞s ♦♥ t❤❡ t❤❡♦r② ♦❢ ❤❡t❡r♦❣❡♥❡♦✉s ♦r❞❡r st❛t✐st✐❝s ❞❡✈❡❧♦♣❡❞

❛❜♦✈❡✳ ❲❡ ♣r❡s❡♥t ♥✉♠❡r✐❝❛❧ ♦♣t✐♠✐s❛t✐♦♥ ♣r♦❝❡❞✉r❡s ❢♦r ♠✐♥✐♠✐s✐♥❣ ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥

♦r ❛♥② ❣✐✈❡♥ ♣❡r❝❡♥t✐❧❡ ♦❢ ❞✐str✐❜✉t✐♦♥ ♦❢ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥✳ ❲❡ ✐♠♣❧❡♠❡♥t ❛ s♣❧✐t✲♠❡r❣❡

q✉❡✉❡✐♥❣ s②st❡♠ s✐♠✉❧❛t♦r t♦ ✈❛❧✐❞❛t❡ t❤❡ r❡s✉❧ts✳ ❲❡ ❞❡r✐✈❡ ❛♥ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ❢♦r t❤❡

♠❡❛♥ ♥✉♠❜❡r ♦❢ s✉❜t❛s❦s ♣r❡s❡♥t ✐♥ t❤❡ ♦✉t♣✉t ❜✉✛❡r ❜❛s❡❞ ♦♥ ▲✐tt❧❡✬s ❧❛✇✳ ❲❡ q✉❛♥t✐❢② t❤❡

✐♠♣❛❝t ♦❢ ❛♣♣❧②✐♥❣ ❞❡❧❛②s t♦ t❤❡ ♣r♦❝❡ss✐♥❣ ♦❢ s✉❜t❛s❦s ♦♥ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ❛♥❞ ♠❛①✐♠✉♠

s✉st❛✐♥❛❜❧❡ s②st❡♠ t❤r♦✉❣❤♣✉t✳

✶✳✸✳✸ ❚r❛❞✐♥❣ ♦✛ ▼❡❛♥ ❙✉❜t❛s❦ ❉✐s♣❡rs✐♦♥ ❛♥❞ ▼❡❛♥ ❚❛s❦ ❘❡s♣♦♥s❡

❚✐♠❡

❲❡ ❡①t❡♥❞ ♦✉r ♠❡t❤♦❞♦❧♦❣② ❢♦r r❡❞✉❝✐♥❣ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❛❧♦♥❡ t♦ r❡❞✉❝✐♥❣ ❛ ♣r♦❞✉❝t ♦❢ ♠❡❛♥

s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❛♥❞ ♠❡❛♥ t❛s❦ r❡s♣♦♥s❡ t✐♠❡✳ ❚❤✐s tr❛❞✐♥❣ ♦✛ ♦❢ t✇♦ ♠❛❥♦r ♣❡r❢♦r♠❛♥❝❡

♠❡tr✐❝s ❣✐✈❡s ✉s ♠❡❛♥s t♦ ❝♦♥tr♦❧ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✇❤✐❧❡ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ✐s ♦♥❧② ♠❛r❣✐♥❛❧❧②

❛✛❡❝t❡❞✳ ❲❡ ❝♦♥s✐❞❡r ❛♥ ❡❧❡♠❡♥t❛r② s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠ ✇✐t❤ P♦✐ss♦♥ ❛rr✐✈❛❧s ❛♥❞



✸✷ ❈❤❛♣t❡r ✶✳ ■♥tr♦❞✉❝t✐♦♥

❣❡♥❡r❛❧ ❤❡t❡r♦❣❡♥❡♦✉s s❡r✈✐❝❡ t✐♠❡ ❞✐str✐❜✉t✐♦♥s✳ ❲❡ ❛❧s♦ ❞r❛♠❛t✐❝❛❧❧② ✐♠♣r♦✈❡ t❤❡ r✉♥ t✐♠❡

♦❢ ♦✉r ♣r❡✈✐♦✉s ♦♣t✐♠✐s❛t✐♦♥ ♠❡t❤♦❞♦❧♦❣② ❜② ❛♣♣❧②✐♥❣ ❇r❡♥t✬s ♠❡t❤♦❞ ❛♥❞ ❛ ♠❡♠♦✐s❛t✐♦♥

t❡❝❤♥✐q✉❡✳

✶✳✸✳✹ ❘❡❞✉❝✐♥❣ ▼❡❛♥ ❙✉❜t❛s❦ ❉✐s♣❡rs✐♦♥ ✐♥ ❋♦r❦✲❏♦✐♥ ◗✉❡✉❡✐♥❣ ❙②s✲

t❡♠s

❖✉r ✜♥❛❧ ❝♦♥tr✐❜✉t✐♦♥ r❡❧❛t❡s t♦ ❛♥❛❧②t✐❝❛❧❧② ✐♥tr❛❝t❛❜❧❡ ❛♥❞ ❛s②♥❝❤r♦♥♦✉s ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣

s②st❡♠s✳ ❙✐♥❝❡ t❤❡s❡ s②st❡♠s ❛r❡ ♠♦r❡ ❞✐✣❝✉❧t t♦ ❛♥❛❧②s❡✱ ✇❡ ❡①♣❧♦r❡ t❤❡♠ ✉♥❞❡r s✐♠♣❧✐✜❡❞

❛ss✉♠♣t✐♦♥s ♦❢ ❤❡t❡r♦❣❡♥❡♦✉s ❡①♣♦♥❡♥t✐❛❧ s❡r✈✐❝❡ t✐♠❡ ❞✐str✐❜✉t✐♦♥s ❛♥❞ P♦✐ss♦♥ ❛rr✐✈❛❧s✳ ❲❡

❝r❡❛t❡ ❛ ❞②♥❛♠✐❝ ♦♥❧✐♥❡ ❛❧❣♦r✐t❤♠ ❢♦r r❡❞✉❝✐♥❣ ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✐♥ s✉❝❤ s②st❡♠s✳ ❇②

❡①♣❧♦✐t✐♥❣ t❤❡ ♠❡♠♦r②❧❡ss ♣r♦♣❡rt② ♦❢ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❞✐str✐❜✉t✐♦♥✱ ✇❡ ❛r❡ ❛❜❧❡ t♦ s❤♦✇ ❛♥

❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ st❛t❡ ♦❢ ❛ ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠ ❛t ❛ ❝❡rt❛✐♥ t✐♠❡ ♣♦✐♥ts ❛♥❞ ❛

s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠ ♦❢ ❛ ♣❛rt✐❝✉❧❛r st❛t❡✲❞❡♣❡♥❞❡♥t ❝♦♥✜❣✉r❛t✐♦♥ ❢r♦♠ t❤❡ ♣❡rs♣❡❝t✐✈❡

♦❢ s❡❧❡❝t❡❞ s✉❜t❛s❦s✳ ❚❤✐s ❛❧❧♦✇s ✉s t♦ ❡①♣❧♦✐t s♦♠❡ ♦❢ ♦✉r ♣r❡✈✐♦✉s r❡s✉❧ts✳ ❲❡ ✐♠♣❧❡♠❡♥t ❛

❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠ s✐♠✉❧❛t♦r t♦ ✈❛❧✐❞❛t❡ ♦✉r ♠❡t❤♦❞♦❧♦❣②✳

✶✳✹ ❚❤❡s✐s ❖✉t❧✐♥❡

❋✐❣✉r❡ ✶✳✻ s❤♦✇s t❤❡ ❝♦♥t❡①t ♦❢ t❤❡ ❝❤❛♣t❡rs ♦❢ t❤✐s t❤❡s✐s✳

❚❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤✐s ❞✐ss❡rt❛t✐♦♥ ✐s ♦r❣❛♥✐s❡❞ ❛s ❢♦❧❧♦✇s✿

• ❈❤❛♣t❡r ✷ ❞❡s❝r✐❜❡s t❤❡ ❜❛❝❦❣r♦✉♥❞ t❤❡♦r② t❤❛t r❡❧❛t❡s t♦ t❤❡ ♣r❡s❡♥t r❡s❡❛r❝❤✳ ❙♦♠❡

❡❧❡♠❡♥t❛r② ♣r♦❜❛❜✐❧✐t② t❤❡♦r② ✐s ♣r❡s❡♥t❡❞ ❢♦❧❧♦✇❡❞ ❜② t❤❡ ❜❛s✐❝s ♦❢ t❤❡ q✉❡✉❡✐♥❣ t❤❡♦r②

❛♥❞ t❤❡ t❤❡♦r② ♦❢ ❤♦♠♦❣❡♥❡♦✉s ♦r❞❡r st❛t✐st✐❝s✱ ✇❤✐❝❤ ✐s ♥❡❡❞❡❞ ❢♦r t❤❡ st✉❞② ♦❢ ♣❛r❛❧❧❡❧

♣r♦❝❡ss✐♥❣ q✉❡✉❡✐♥❣ ♥❡t✇♦r❦s✳ ▲❛st❧②✱ ❛ ❧✐t❡r❛t✉r❡ s✉r✈❡② ❛❜♦✉t r❡❧❛t❡❞ ✇♦r❦ ♦♥ ♣❛r❛❧❧❡❧

q✉❡✉❡✐♥❣ ♥❡t✇♦r❦s ✐s ♣r❡s❡♥t❡❞✳



✶✳✹✳ ❚❤❡s✐s ❖✉t❧✐♥❡ ✸✸

▲♦✇ ▼❡❞ ❍✐❣❤
❙✉❜t❛s❦ ❉✐s♣❡rs✐♦♥

▲♦✇

▼❡❞

❍✐❣❤

❚
❛s
❦
❘
❡s
♣
♦♥
s❡

❚
✐♠

❡

s❋♦r❦✲❏♦✐♥ ✇✐t❤ ❞✐s♣❡rs✐♦♥✲♦♣t✐♠✐s❡❞ ❞❡❧❛②s ✭❈❤❛♣t❡r ✺✮ s❋♦r❦✲❏♦✐♥

s❙♣❧✐t✲▼❡r❣❡

s❙♣❧✐t✲▼❡r❣❡ ✇✐t❤ tr❛❞❡✲♦✛✲♦♣t✐♠✐s❡❞ ❞❡❧❛②s ✭❈❤❛♣t❡r ✹✮

s❙♣❧✐t✲▼❡r❣❡ ✇✐t❤ ❞✐s♣❡rs✐♦♥✲♦♣t✐♠✐s❡❞ ❞❡❧❛②s ✭❈❤❛♣t❡r ✸✮

❋✐❣✉r❡ ✶✳✻✿ ❚❤❡s✐s ❝❤❛♣t❡rs ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ♦✉r t✇♦ t❛r❣❡t ♣❡r❢♦r♠❛♥❝❡ ♠❡tr✐❝s✳



✸✹ ❈❤❛♣t❡r ✶✳ ■♥tr♦❞✉❝t✐♦♥

• ❈❤❛♣t❡r ✸ ❞❡✈❡❧♦♣s t❤❡ t❤❡♦r② ♦❢ ❤❡t❡r♦❣❡♥❡♦✉s ♦r❞❡r st❛t✐st✐❝s ✕ ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ❝❧❛ss✐❝❛❧

❤♦♠♦❣❡♥❡♦✉s ♦r❞❡r st❛t✐st✐❝s✳ ❲❡ ✉s❡ t❤✐s t❤❡♦r② ❛s ❛ ❢♦✉♥❞❛t✐♦♥ ♦❢ ♦✉r ♠❡t❤♦❞♦❧♦❣② ❢♦r

r❡❞✉❝✐♥❣ ♠❡❛♥ ❛♥❞ ♣❡r❝❡♥t✐❧❡s ♦❢ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✐♥ ❡❧❡♠❡♥t❛r②

s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠s✳ ❲❡ ♣r♦✈✐❞❡ t❤r❡❡ ❝❛s❡ st✉❞✐❡s t♦ s❤♦✇ t❤❡ ❛♣♣❧✐❝❛t✐♦♥s

♦❢ t❤❡ ♠❡t❤♦❞♦❧♦❣② ❛♥❞ ✈❛❧✐❞❛t❡ ♦✉r r❡s✉❧ts ✇✐t❤ s✐♠✉❧❛t✐♦♥s✳ ❲❡ ♣r❡s❡♥t ❛♥ ❛♥❛❧②t✐❝❛❧

s♦❧✉t✐♦♥ ❢♦r ❝♦♠♣✉t✐♥❣ t❤❡ ♠❡❛♥ ♥✉♠❜❡r ♦❢ s✉❜t❛s❦s ♣r❡s❡♥t ✐♥ t❤❡ ♦✉t♣✉t ❜✉✛❡r ✉s✐♥❣

▲✐tt❧❡✬s ❧❛✇✳ ❲❡ s❤♦✇ ❤♦✇ t♦ q✉❛♥t✐❢② t❤❡ ✐♥❡✈✐t❛❜❧❡ ✐♠♣❛❝t ♦❢ t❤❡ ❛♣♣❧✐❡❞ ❞❡❧❛②s ♦♥ t❛s❦

r❡s♣♦♥s❡ t✐♠❡ ❛♥❞ ♠❛①✐♠✉♠ s✉st❛✐♥❛❜❧❡ s②st❡♠ t❤r♦✉❣❤♣✉t✳

• ❈❤❛♣t❡r ✹ ❡①t❡♥❞s ♦✉r t❡❝❤♥✐q✉❡ ♦❢ s♦❧❡❧② r❡❞✉❝✐♥❣ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ t♦ ❛ ♠❡t❤♦❞♦❧♦❣②

❜❛s❡❞ ♦♥ tr❛❞✐♥❣ ♦✛ ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❛♥❞ ♠❡❛♥ t❛s❦ r❡s♣♦♥s❡ t✐♠❡✳ ❚❤✐s ❡①t❡♥s✐♦♥

✇❛s ❞♦♥❡ t♦ ♠✐t✐❣❛t❡ t❤❡ ❛❞✈❡rs❡ ❡✛❡❝ts ♦❢ ❛♣♣❧②✐♥❣ ❞❡❧❛②s t♦ t❤❡ ♣r♦❝❡ss✐♥❣ ♦❢ s✉❜t❛s❦s

♦♥ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ❛♥❞ ♠❛①✐♠✉♠ s✉st❛✐♥❛❜❧❡ s②st❡♠ t❤r♦✉❣❤♣✉t✳ ❲❡ ❞❡✜♥❡ ❛ ♥❡✇

♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✕ ❛ ♣r♦❞✉❝t ♦❢ ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❛♥❞ ♠❡❛♥ t❛s❦ r❡s♣♦♥s❡ t✐♠❡✳

❲❡ ❞❡♠♦♥str❛t❡ ♦❢ ♦✉r ✐♥tr♦❞✉❝❡❞ ♠❡t❤♦❞♦❧♦❣② ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❛ ❝❛s❡ st✉❞②✳

• ❈❤❛♣t❡r ✺ ❡①♣❧♦r❡s ✇❛②s t♦ r❡❞✉❝❡ ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✐♥ ❡❧❡♠❡♥t❛r② ❢♦r❦✲❥♦✐♥

q✉❡✉❡✐♥❣ ♥❡t✇♦r❦s✳ ❲❡ ♣r❡s❡♥t ❛ ❞②♥❛♠✐❝ ♦♥❧✐♥❡ ❛❧❣♦r✐t❤♠ ❢♦r r❡❞✉❝t✐♦♥ ♦❢ ♠❡❛♥ s✉❜t❛s❦

❞✐s♣❡rs✐♦♥ ❛♥❞ s❤♦✇ ❛ ❝❛s❡ st✉❞②✳ ❚❤✐s ❛♥❛❧②s✐s ✉s❡s ❡❧❡♠❡♥ts ♦❢ t❤❡ ✇♦r❦ ❢r♦♠ ♣r❡✈✐♦✉s

❝❤❛♣t❡rs ❜✉t ♦♥❧② t♦ ✐♥st❛♥t❛♥❡♦✉s❧② ❛♥❛❧②s❡ ♣❛rt✐❝✉❧❛r st❛t❡s ♦❢ t❤❡ s②st❡♠ ❢r♦♠ t❤❡

♣❡rs♣❡❝t✐✈❡ ♦❢ ❛ ♣❛rt✐❝✉❧❛r s✉❜t❛s❦✳

• ❈❤❛♣t❡r ✻ ❝♦♥❝❧✉❞❡s t❤❡ ❞✐ss❡rt❛t✐♦♥ ❜② ♦✉t❧✐♥✐♥❣ ❛♥❞ ❡✈❛❧✉❛t✐♥❣ t❤❡ r❡s❡❛r❝❤ ❛❝❤✐❡✈❡✲

♠❡♥ts ❛♥❞ ❞❡s❝r✐❜✐♥❣ ♣♦ss✐❜❧❡ ❛✈❡♥✉❡s ❢♦r ❢✉t✉r❡ ✇♦r❦✳

✶✳✺ P✉❜❧✐❝❛t✐♦♥s ❛♥❞ ❙t❛t❡♠❡♥t ♦❢ ❖r✐❣✐♥❛❧✐t②

■ ❞❡❝❧❛r❡ t❤❛t t❤✐s t❤❡s✐s ✇❛s ❝♦♠♣♦s❡❞ ❜② ♠②s❡❧❢✱ ❛♥❞ t❤❛t t❤❡ ✇♦r❦ ✐t ♣r❡s❡♥ts ✐s ♠② ♦✇♥✱

✉♥❧❡ss st❛t❡❞ ♦t❤❡r✇✐s❡✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣✉❜❧✐❝❛t✐♦♥s ❛r♦s❡ ❢r♦♠ ✇♦r❦ ♣❡r❢♦r♠❡❞ ❞✉r✐♥❣ t❤❡ ❝♦✉rs❡ ♦❢ t❤✐s P❤❉✿



✶✳✺✳ P✉❜❧✐❝❛t✐♦♥s ❛♥❞ ❙t❛t❡♠❡♥t ♦❢ ❖r✐❣✐♥❛❧✐t② ✸✺

• ✶st ■♠♣❡r✐❛❧ ❈♦❧❧❡❣❡ ❈♦♠♣✉t✐♥❣ ❙t✉❞❡♥t ❲♦r❦s❤♦♣ ✭■❈❈❙❲✮ ✷✵✶✶ ❬✾✼❪ ♣r❡s❡♥ts

❛ t❡❝❤♥✐q✉❡ ❢♦r r❡❞✉❝✐♥❣ ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✐♥ s♣❧✐t✲♠❡r❣❡ s②st❡♠s ✇✐t❤ P♦✐ss♦♥ t❛s❦

❛rr✐✈❛❧s ❛♥❞ ❤❡t❡r♦❣❡♥❡♦✉s ❣❡♥❡r❛❧ s❡r✈✐❝❡ t✐♠❡ ❞✐str✐❜✉t✐♦♥s✳ ❲❡ ❞❡r✐✈❡ ❛♥ ❡①♣r❡ss✐♦♥

❢♦r t❤❡ ♠❡❛♥ ♦❢ t❤❡ r❛♥❣❡ ♦❢ ❤❡t❡r♦❣❡♥❡♦✉s ♦r❞❡r st❛t✐st✐❝s ❜❛s❡❞ ♦♥ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s

t❤❛t ❛r✐s❡ ❢r♦♠ ❛ ❝❡rt❛✐♥ s❡r✈✐❝❡ t✐♠❡ ❞✐str✐❜✉t✐♦♥s✳ ❲❡ ❝♦♥tr♦❧ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❜②

✐♥tr♦❞✉❝✐♥❣ ❛ ✈❡❝t♦r s♣❡❝✐✜❡s t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❞❡❧❛② ❛♣♣❧✐❡❞ t♦ t❤❡ ♣r♦❝❡ss✐♥❣ ♦❢ s✉❜t❛s❦s

❜❡❢♦r❡ s❡r✈✐❝❡ ❛t ❛ ❣✐✈❡♥ ♣❛r❛❧❧❡❧ s❡r✈❡r✳ ❲❡ ✉♣❞❛t❡ t❤❡ ❢♦r♠✉❧❛ ♦❢ ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥

t♦ ❝❛t❡r ❢♦r ❛♥ ❛r❜✐tr❛r② ❞❡❧❛② ✈❡❝t♦r✳ ❲❡ ❞❡s❝r✐❜❡ ❛ ♥✉♠❡r✐❝❛❧ ♦♣t✐♠✐s❛t✐♦♥ ♣r♦❝❡❞✉r❡

❢♦r ✜♥❞✐♥❣ t❤❛t ❞❡❧❛② ✈❡❝t♦r ✇❤✐❝❤ ❣✐✈❡s t❤❡ ♠✐♥✐♠✉♠ ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❢♦r ❣✐✈❡♥

s❡r✈✐❝❡ t✐♠❡ ❞✐str✐❜✉t✐♦♥s ❛♥❞ P♦✐ss♦♥ t❛s❦ ❛rr✐✈❛❧s✳ ❲❡ ♣r❡s❡♥t ❛ ❝❛s❡ st✉❞② ♦❢ t❤✐s

t❡❝❤♥✐q✉❡ ❜❛s❡❞ ♦♥ ❛♥ ❡❧❡♠❡♥t❛r② s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠ ✇✐t❤ ✸ ♣❛r❛❧❧❡❧ s❡r✈❡rs✳

❚❤❡ ✇♦r❦ ✐♥ ❙❡❝t✐♦♥ ✸✳✷ ✐s ❜❛s❡❞ ♦♥ t❤✐s ♣❛♣❡r✳

• ✶✾t❤ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❆♥❛❧②t✐❝❛❧ ❛♥❞ ❙t♦❝❤❛st✐❝ ▼♦❞❡❧❧✐♥❣ ❚❡❝❤✲

♥✐q✉❡s ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s ✭❆❙▼❚❆✮ ✷✵✶✷ ❬✾✾❪ ♣r❡s❡♥ts ❛ t❡❝❤♥✐q✉❡ ❢♦r r❡❞✉❝✐♥❣ ❛

❣✐✈❡♥ ♣❡r❝❡♥t✐❧❡ ♦❢ t❤❡ r❛♥❣❡ ♦❢ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✐♥ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠s ✇✐t❤

P♦✐ss♦♥ t❛s❦ ❛rr✐✈❛❧s ❛♥❞ ❤❡t❡r♦❣❡♥❡♦✉s ❣❡♥❡r❛❧ s❡r✈✐❝❡ t✐♠❡ ❞✐str✐❜✉t✐♦♥s✳ ❲❡ ❝❤❛r❛❝✲

t❡r✐s❡ t❤❡ ❢✉❧❧ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ r❛♥❣❡ ♦❢ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❜② ❞❡r✐✈✐♥❣ t❤❡ ❞✐str✐❜✉t✐♦♥

♦❢ t❤❡ r❛♥❣❡ ♦❢ ❤❡t❡r♦❣❡♥❡♦✉s ♦r❞❡r st❛t✐st✐❝s✳ ❲❡ ✐♥tr♦❞✉❝❡ ❛ ✈❡❝t♦r ♦❢ ❞❡❧❛②s ✐♥t♦ t❤❡

s②st❡♠✱ ✇❤❡r❡ ❡❛❝❤ ❡❧❡♠❡♥t ♦❢ t❤❡ ✈❡❝t♦r ✐s ❛♣♣❧✐❡❞ t♦ t❤❡ ♣r♦❝❡ss✐♥❣ ♦❢ s✉❜t❛s❦s ❜② ❛

♣❛rt✐❝✉❧❛r ♣❛r❛❧❧❡❧ s❡r✈❡r✳ ❲❡ ✉♣❞❛t❡ t❤❡ ❢♦r♠✉❧❛ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ s✉❜t❛s❦ ❞✐s♣❡r✲

s✐♦♥ t♦ s✉♣♣♦rt ❛♥ ❛r❜✐tr❛r② ✈❡❝t♦r ♦❢ ❞❡❧❛②s✳ ❲❡ ✉s❡ ✐♥✈❡rs✐♦♥ ♦♥ ❛ ❣✐✈❡♥ ♣❡r❝❡♥t✐❧❡

♦❢ ❛ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ t♦ ✜♥❞ ❛♥ ❛♣♣r♦♣r✐❛t❡ ✈❡❝t♦r ♦❢ ❛♣♣❧✐❡❞ ❞❡❧❛②s✳ ❲❡ ♣r❡s❡♥t ❛

❝❛s❡ st✉❞② ♦❢ t❤✐s t❡❝❤♥✐q✉❡ ❜❛s❡❞ ♦♥ ❛♥ ❡❧❡♠❡♥t❛r② s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠ ✇✐t❤ ✸

♣❛r❛❧❧❡❧ s❡r✈❡rs✳ ❚❤❡ ✇♦r❦ ✐♥ ❙❡❝t✐♦♥ ✸✳✹ ✐s ❜❛s❡❞ ♦♥ t❤✐s ♣❛♣❡r✳

• ❚r❡♥❞s ✐♥ P❛r❛❧❧❡❧✱ ❉✐str✐❜✉t❡❞✱ ●r✐❞ ❛♥❞ ❈❧♦✉❞ ❈♦♠♣✉t✐♥❣ ❢♦r ❊♥❣✐♥❡❡r✲

✐♥❣ ✭P❆❘❊◆●✮ ✷✵✶✸ ❬✺✽❪ ❣✐✈❡s ❛❞❞✐t✐♦♥❛❧ ❡①❛♠♣❧❡s ♦❢ t❤❡ r❡❛❧✲✇♦r❧❞ ❝♦♥t❡①t ♦❢ ♦✉r

✇♦r❦✱ ❛♥❞ s✉♠♠❛r✐s❡s t❡❝❤♥✐q✉❡s ❢♦r r❡❞✉❝✐♥❣ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✐♥ s♣❧✐t✲♠❡r❣❡ s②st❡♠s

❢r♦♠ ❬✾✼✱ ✾✾❪ ✇✐t❤ q✉❛♥t✐✜❝❛t✐♦♥ ♦❢ ❛❞✈❡rs❡ ✐♠♣❛❝t ♦❢ ❛♣♣❧②✐♥❣ ❞❡t❡r♠✐♥✐st✐❝ ❞❡❧❛②s t♦

t❤❡ ♣r♦❝❡ss✐♥❣ ♦❢ s✉❜t❛s❦s✳ ■t ❛❧s♦ ✐♥❝❧✉❞❡s s♦♠❡ s♣❡❝✉❧❛t✐✈❡ ❛♥❞ ♣r❡❧✐♠✐♥❛r② ✐❞❡❛s ❢♦r



✸✻ ❈❤❛♣t❡r ✶✳ ■♥tr♦❞✉❝t✐♦♥

❡①t❡♥❞✐♥❣ t❤❡ ❛♣♣r♦❛❝❤ t♦ ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠s✳ ❚❤❡ ✇♦r❦ ✐♥ ❈❤❛♣t❡r ✸ ✐s ❜❛s❡❞

♦♥ t❤✐s ❜♦♦❦ ❝❤❛♣t❡r✳

• ✷✵t❤ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❆♥❛❧②t✐❝❛❧ ❛♥❞ ❙t♦❝❤❛st✐❝ ▼♦❞❡❧❧✐♥❣ ❚❡❝❤✲

♥✐q✉❡s ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s ✭❆❙▼❚❆✮ ✷✵✶✸ ❬✾✻❪ ♣r❡s❡♥ts ❛ t❡❝❤♥✐q✉❡ ❢♦r tr❛❞✐♥❣ ♦✛ ❛

♠❡❛♥ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ❛♥❞ ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✐♥ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠s

✇✐t❤ P♦✐ss♦♥ t❛s❦ ❛rr✐✈❛❧s ❛♥❞ ❤❡t❡r♦❣❡♥❡♦✉s ❣❡♥❡r❛❧ s❡r✈✐❝❡ t✐♠❡ ❞✐str✐❜✉t✐♦♥s✳ ❚❤❡ ♦❜✲

❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✐s ❛ ♣r♦❞✉❝t ♦❢ ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✭❞❡✜♥❡❞ ✉s✐♥❣ ❤❡t❡r♦❣❡♥❡♦✉s

♦r❞❡r st❛t✐st✐❝s✮ ❛♥❞ ♠❡❛♥ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ✭❝♦♠♣✉t❡❞ ✉s✐♥❣ t❤❡ P♦❧❧❛❝③❡❦✲❑❤✐♥❝❤✐♥❡

❢♦r♠✉❧❛✮✳ ❚❤❡ ✇♦r❦ ✐♥ ❈❤❛♣t❡r ✹ ✐s ❜❛s❡❞ ♦♥ t❤✐s ♣❛♣❡r✳

• ✶✵t❤ ❊✉r♦♣❡❛♥ ❲♦r❦s❤♦♣ ♦♥ P❡r❢♦r♠❛♥❝❡ ❊♥❣✐♥❡❡r✐♥❣ ✭❊P❊❲✮ ✷✵✶✸ ♣r❡s❡♥ts

❛ ❞②♥❛♠✐❝ ♦♥❧✐♥❡ ❛❧❣♦r✐t❤♠ ❢♦r r❡❞✉❝✐♥❣ ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✐♥ ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣

s②st❡♠s ✇✐t❤ P♦✐ss♦♥ t❛s❦ ❛rr✐✈❛❧s ❛♥❞ ❤❡t❡r♦❣❡♥❡♦✉s ❡①♣♦♥❡♥t✐❛❧ s❡r✈✐❝❡ t✐♠❡ ❞✐str✐❜✉✲

t✐♦♥s✳ ■♥ t❤✐s ❛❧❣♦r✐t❤♠ ✇❡ r❡♣❡❛t❡❞❧② ❝♦♠♣✉t❡ ❛♥❞ ❛❞❥✉st t❤❡ ❞❡❧❛②s ♦♥ ♣r♦❝❡ss✐♥❣ ♦❢

s✉❜t❛s❦s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❝✉rr❡♥t st❛t❡ ♦❢ t❤❡ ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠✳ ■♥ ♦r❞❡r t♦ ❞♦

t❤✐s ✇❡ ❝♦♥str✉❝t ❛♥ ❡q✉✐✈❛❧❡♥t s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠ t❤❛t r❡♣r❡s❡♥ts t❤❡ ✈✐❡✇ ♦❢

❝❡rt❛✐♥ s❡t ♦❢ s✉❜t❛s❦s ❛t ❝❡rt❛✐♥ t✐♠❡ ✐♥st❛♥ts✳ ❚❤❡ ✇♦r❦ ✐♥ ❈❤❛♣t❡r ✺ ✐s ❜❛s❡❞ ♦♥ t❤✐s

♣❛♣❡r✳

• ❆♥♥❛❧s ♦❢ ❖♣❡r❛t✐♦♥s ❘❡s❡❛r❝❤ ✷✵✶✹ ❬✶✵✵❪ ♣r❡s❡♥ts t❤❡ ❡①t❡♥❞❡❞ ✈❡rs✐♦♥ ♦❢ ♣❛♣❡r ❬✾✻❪

✲ ❛ t❡❝❤♥✐q✉❡ ❢♦r tr❛❞✐♥❣ ♦✛ ❛ ♠❡❛♥ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ❛♥❞ ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✐♥

s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠s ✇✐t❤ P♦✐ss♦♥ t❛s❦ ❛rr✐✈❛❧s ❛♥❞ ❤❡t❡r♦❣❡♥❡♦✉s ❣❡♥❡r❛❧ s❡r✈✐❝❡

t✐♠❡ ❞✐str✐❜✉t✐♦♥s✳ ❚❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✐s ❛ ♣r♦❞✉❝t ♦❢ ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✭❞❡✲

✜♥❡❞ ✉s✐♥❣ ❤❡t❡r♦❣❡♥❡♦✉s ♦r❞❡r st❛t✐st✐❝s✮ ❛♥❞ ♠❡❛♥ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ✭❝♦♠♣✉t❡❞ ✉s✐♥❣

t❤❡ P♦❧❧❛❝③❡❦✕❑❤✐♥❝❤✐♥❡ ❢♦r♠✉❧❛✮✳ ❲❡ s❤♦✇ t❤❡ ✐♠♣❛❝t ♦❢ ❛♣♣❧②✐♥❣ t❤❡ ♦♣t✐♠❛❧ ❞❡❧❛②s

♦♥ s②st❡♠ st❛❜✐❧✐t② ❛♥❞ t❛s❦ r❡s♣♦♥s❡ t✐♠❡✳ ❚✇♦ ❝❛s❡ st✉❞✐❡s ✐❧❧✉str❛t❡ t❤❡ ❛♣♣❧✐❝❛❜✐❧✐t②

♦❢ ♦✉r ❛♣♣r♦❛❝❤✳ ❚❤❡ ✇♦r❦ ✐♥ ❙❡❝t✐♦♥ ✸✳✷✳✹ ❛♥❞ r❡s✉❧ts ♦❢ ✸✳✹✳✷ ❜❛s❡❞ ♦♥ t❤✐s ♣❛♣❡r✳



❈❤❛♣t❡r ✷

❇❛❝❦❣r♦✉♥❞ ❚❤❡♦r②

✷✳✶ ■♥tr♦❞✉❝t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r❡s❡♥t ❜❛❝❦❣r♦✉♥❞ t❤❡♦r② r❡❧❡✈❛♥t t♦ t❤❡ r❡s❡❛r❝❤ ❛r❡❛ ♦❢ t❤✐s t❤❡s✐s✳ ❚❤✐s

❝❤❛♣t❡r ❝♦♥t❛✐♥s t✇♦ ♣❛rts✳ ■♥ t❤❡ ✜rst ♣❛rt ✇❡ ♣r❡s❡♥t s❡❧❡❝t❡❞ t❤❡♦r❡t✐❝❛❧ t♦♣✐❝s❀ t❤❡s❡ ✐♥❝❧✉❞❡

t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✱ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s✱ q✉❡✉❡✐♥❣ ♥❡t✇♦r❦s✱ ♣❛r❛❧❧❡❧ ♣r♦❝❡ss✐♥❣

s②st❡♠s✱ ♣❡r❢♦r♠❛♥❝❡ ♠❡tr✐❝s✱ t❤❡♦r② ♦❢ ♦r❞❡r st❛t✐st✐❝s ❛♥❞ ♦♣t✐♠✐s❛t✐♦♥ ❛❧❣♦r✐t❤♠s✳ ❚❤❡

s❡❝♦♥❞ ♣❛rt ♣r❡s❡♥ts ❛ r❡✈✐❡✇ ♦❢ r❡❧❛t❡❞ ✇♦r❦ ✐♥ t❤❡ ❛r❡❛ ♦❢ ♣❡r❢♦r♠❛♥❝❡ ❛♥❛❧②s✐s ♦❢ ♣❛r❛❧❧❡❧

q✉❡✉❡✐♥❣ s②st❡♠s✱ ✇❤❡r❡ t❤❡ ♠❛❥♦r ❢♦❝✉s ✐s ♦♥ ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ ❜♦✉♥❞s ♦♥ t❛s❦ r❡s♣♦♥s❡

t✐♠❡✱ s❝❤❡❞✉❧✐♥❣ ❛❧❣♦r✐t❤♠s ❢♦r r❡❞✉❝✐♥❣ r❡s♣♦♥s❡ t✐♠❡ ❛♥❞ ❛♥❛❧②s✐s ♦❢ ✇♦r❦✲✢♦✇s ✇✐t❤ ❞✐r❡❝t❡❞

❛❝②❝❧✐❝ ❣r❛♣❤ str✉❝t✉r❡✳

✷✳✷ ❘❛♥❞♦♠ ❱❛r✐❛❜❧❡s

❆ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ X ✐s ❛ ♥✉♠❡r✐❝❛❧ ✈❛r✐❛❜❧❡ ✇❤♦s❡ ✈❛❧✉❡ ❞❡♣❡♥❞s ♦♥ ❛ r❡s✉❧t ♦❢ ❛ r❛♥❞♦♠

❡①♣❡r✐♠❡♥t ❬✶✵✶❪✳ ❆ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ X ✐s ❛ ❢✉♥❝t✐♦♥ ✇❤♦s❡ ❞♦♠❛✐♥ ✐s ❛ s❛♠♣❧❡ s♣❛❝❡✱ t❤❛t ✐s ❛

s❡t ♦❢ ❛❧❧ ♠✉t✉❛❧❧② ❡①❝❧✉s✐✈❡ ♣♦ss✐❜❧❡ ♦✉t❝♦♠❡s ♦❢ ❛ r❛♥❞♦♠ ❡①♣❡r✐♠❡♥t✳ ❚❤❡ r❛♥❣❡ ♦❢ ❛ r❛♥❞♦♠

✈❛r✐❛❜❧❡ ✐s ❛ r❡❛❧ ❧✐♥❡ ✕ ✐t ✐s ♦❢t❡♥ ❛ ♥❛t✉r❛❧ ✇❛② t♦ r❡♣r❡s❡♥t ❞✐s❝r❡t❡ ♣♦✐♥ts ✐♥t♦ ✐♥t❡❣❡rs ✐♥ ❛

✸✼



✸✽ ❈❤❛♣t❡r ✷✳ ❇❛❝❦❣r♦✉♥❞ ❚❤❡♦r②

r❡❛❧ ❧✐❢❡ ❬✹✽✱ ✶✵✶❪✳ ■❢ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ X t❛❦❡s ♦♥❧② ❞✐s❝r❡t❡ ✈❛❧✉❡s t❤❡♥ ✐t ✐s ❝❛❧❧❡❞ ❛ ❞✐s❝r❡t❡

r❛♥❞♦♠ ✈❛r✐❛❜❧❡✳ ■❢ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ t❤❛t t❛❦❡s ♦♥ ✈❛❧✉❡s r❡❛❧ ✐♥t❡r✈❛❧✱ X ∈ [a, b] ✇❤❡r❡

−∞ ≤ a ≤ X ≤ b ≤ ∞✱ t❤❡♥ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✐s ❝❛❧❧❡❞ ❛ ❝♦♥t✐♥✉♦✉s r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ❬✼✼❪✳

❆ ❞✐s❝r❡t❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❜② ✐ts ♣r♦❜❛❜✐❧✐t② ♠❛ss ❢✉♥❝t✐♦♥ ✭♣♠❢✮✳ ❚❤❡

♣r♦❜❛❜✐❧✐t② t❤❛t ❛ ❞✐s❝r❡t❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ t❛❦❡s ♦♥ ❛ ♣❛rt✐❝✉❧❛r ✈❛❧✉❡ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❜②✿

pX(x) = P[X = x] = P(x).

❚❤❡ ❢✉♥❝t✐♦♥ ✐s ❝❛❧❧❡❞ ♣r♦❜❛❜✐❧✐t② ♠❛ss ❢✉♥❝t✐♦♥ ✐❢ ✐t s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿

• pX(x) ✐s ❞❡✜♥❡❞ ❢♦r ❛❧❧ ✈❛❧✉❡s ♦❢ x✱ ❜✉t pX(x) 6= 0 ♦♥❧② ❛t ❛ ✜♥✐t❡ s❡t ♦❢ ♣♦✐♥ts✳

• 0 ≤ pX(x) ≤ 1 ♠❡❛♥s t❤❛t ❛❧❧ ✈❛❧✉❡s ♦❢ pX(x) ❧✐❡ ✇✐t❤✐♥ ✐♥t❡r✈❛❧ [0, 1]✳

•
∑

pX(x) = 1 ✇❤❡r❡ s✉♠ ✐s t❛❦❡♥ ❛❝r♦ss ❛❧❧ ✈❛❧✉❡s ♦❢ x✳

❆ ❝♦♥t✐♥✉♦✉s r❛♥❞♦♠ ✈❛r✐❛❜❧❡ X ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❜② ✐ts ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ✭♦r

❝❞❢✱ ♦r ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥✮✿

FX(x) = P(X ≤ x)

❚❤✐s r❡✢❡❝ts t❤❛t t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❛ s❛♠♣❧❡ ❢r♦♠ ❝♦♥t✐♥✉♦✉s r❛♥❞♦♠ ✈❛r✐❛❜❧❡ X ✐s ❧❡ss

t❤❛♥ ♦r ❡q✉❛❧ t♦ ❛ ♣❛rt✐❝✉❧❛r ✈❛❧✉❡ x ❬✶✾❪✳ ■❢ t❤✐s ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ✐s ❞✐✛❡r❡♥t✐❛❜❧❡✱ t❤❡♥ ❛

♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❜② ❞✐✛❡r❡♥t✐❛t✐♥❣ FX ✿

fX(x) =
∂FX(x)

∂x

✇❤❡r❡ t❤❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ❤❛s t♦ s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿

• f(x) ✐s ❞❡✜♥❡❞ ❢♦r ❛❧❧ ✈❛❧✉❡s ♦❢ x✳

• 0 ≤ f(x) < ∞✱ t❤❛t ✐s ❛❧❧ ✈❛❧✉❡s ♦❢ f(x) ❧✐❡ ✐♥ t❤❡ ✐♥t❡r✈❛❧ [0,∞)✳

• P[a ≤ X ≤ b] =
b∫
a

fX(x)dx



✷✳✷✳ ❘❛♥❞♦♠ ❱❛r✐❛❜❧❡s ✸✾

•
∞∫

−∞

fX(x)dx = 1✱ t❤❛t ✐s t❤❡ ❛r❡❛ ✉♥❞❡r t❤❡ ❝✉r✈❡ ♦❢ t❤❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ✐s ♦♥❡✳

✷✳✷✳✶ ❊①♣❡❝t❛t✐♦♥s ♦❢ ❘❛♥❞♦♠ ❱❛r✐❛❜❧❡s

❚❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ♦r ♠❡❛♥ ♦❢ ❛ ❞✐s❝r❡t❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ X✱ ✐s ❛ ✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡ ♦❢ ❛❧❧

♣♦ss✐❜❧❡ ✈❛❧✉❡s ✐t ❝❛♥ t❛❦❡ ♦♥ ❬✽✹❪✿

X = E[X] =
∞∑

k=0

kP(X = k)

❚❤❡ ❡①♣❡❝t❛t✐♦♥ ✈❛❧✉❡ ♦❢ ❛ ❝♦♥t✐♥✉♦✉s r❛♥❞♦♠ ✈❛r✐❛❜❧❡ X✱ ✐❢ ✐ts ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ✐s

❦♥♦✇♥✱ ✐s ❣✐✈❡♥ ❜②✿

E[X] =

∞∫

−∞

xf(x)dx

■❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ X t❛❦❡s ♦♥❧② ♣♦s✐t✐✈❡ ✈❛❧✉❡s✱ t❤❡♥ ❛♣♣❧②✐♥❣ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ✇❡ ❤❛✈❡

E[X] =

∞∫

0

(−x)(−fX(x))dx = [−x(1− F (x))]∞0 +

∞∫

0

(1− F (x))dx

t❤✐s ②✐❡❧❞s✿

E[X] =

∞∫

0

1− F (x)dx ✭✷✳✶✮

▲✐♥❡❛r✐t② Pr♦♣❡rt② ♦❢ ❊①♣❡❝t❛t✐♦♥ ❖♣❡r❛t♦r

❚❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t✇♦ ✭♣♦ss✐❜❧② ❞❡♣❡♥❞❡♥t✮ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s X, Y ✐s

❣✐✈❡♥ ❜② ❬✹✺✱ ✼✶❪✿

E[X − Y ] = E[X]− E[Y ] ✭✷✳✷✮

✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ ❞❡♣❡♥❞❡♥❝❡ ❜❡t✇❡❡♥ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✐s ✐rr❡❧❡✈❛♥t ✇❤❡♥ ❝♦♥s✐❞❡r✐♥❣

♠❡❛♥ ✈❛❧✉❡s ❞✉❡ t♦ t❤❡ ❧✐♥❡❛r✐t② ♣r♦♣❡rt② ♦❢ ❡①♣❡❝t❛t✐♦♥ ♦♣❡r❛t♦r✳



✹✵ ❈❤❛♣t❡r ✷✳ ❇❛❝❦❣r♦✉♥❞ ❚❤❡♦r②

▼♦♥♦t♦♥✐❝✐t② Pr♦♣❡rt② ♦❢ ❊①♣❡❝t❛t✐♦♥ ❖♣❡r❛t♦r

❋♦r t✇♦ ✭♣♦ss✐❜❧② ❞❡♣❡♥❞❡♥t✮ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s X ❛♥❞ Y ✱ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ X ✐s ❧❡ss t❤❛♥ ❛

r❛♥❞♦♠ ✈❛r✐❛❜❧❡ Y ✭♦r X � Y ✮ ✐♥ t❤❡ ✉s✉❛❧ st♦❝❤❛st✐❝ ♦r❞❡r ✐❢ P(X > x) ≤ P(Y > x) ❢♦r ❛❧❧

x ∈ R✱ t❤❡♥✿

■❢ X � Y ✱ t❤❡♥ E[X] ≤ E[Y ] ✭✷✳✸✮

✇❤✐❝❤ ♠❡❛♥s t❤❛t ✐❢ X ✐s ❧❡ss t❤❛♥ ♦r ❡q✉❛❧ t♦ t❤❡ Y ❛❧♠♦st s✉r❡❧②✱ t❤❡♥ t❤❡ ❡①♣❡❝t❛t✐♦♥

♦♣❡r❛t♦rs s❛t✐s❢② t❤❡ s❛♠❡ ✐♥❡q✉❛❧✐t② ❬✹✺❪✳

✷✳✷✳✷ ❱❛r✐❛♥❝❡

❱❛r✐❛♥❝❡ ✭♦r s❡❝♦♥❞ ❝❡♥tr❛❧ ♠♦♠❡♥t✮ ❝❤❛r❛❝t❡r✐s❡❞ t❤❡ ❡①♣❡❝t❡❞ s♣r❡❛❞ ♦❢ ❛ s❡t ♦❢ s❛♠♣❧❡s

❞r❛✇♥ ❢r♦♠ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ X ❛❜♦✉t ✐ts ♠❡❛♥ E[X]✳ ❚❤❡ ✈❛r✐❛♥❝❡ ♦❢ ❛ ❞✐s❝r❡t❡ r❛♥❞♦♠

✈❛r✐❛❜❧❡ X ✐s ❬✼✶❪✿

σ2
X = Var[X] = (X −X)2 = X2 −X

2

❙✐♠✐❧❛r❧② t♦ ❊q✳ ✷✳✶✱ ✐♥ ❝❛s❡ ♦❢ ❛ ❝♦♥t✐♥✉♦✉s ♣♦s✐t✐✈❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ t❤❡ ✈❛r✐❛♥❝❡ ❝❛♥ ❜❡

❡①♣r❡ss❡❞ t❤r♦✉❣❤ t❤❡ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ❛s✿

Var[X] = 2

∞∫

0

x
(
1− F (x)

)
dx−

(
∞∫

0

1− F (x) dx
)2
. ✭✷✳✹✮

◆❡①t✱ ✇❡ ❞❡s❝r✐❜❡ ❡①❛♠♣❧❡s ♦❢ ✇❡❧❧✲❦♥♦✇♥ ❞✐s❝r❡t❡ ❛♥❞ ❝♦♥t✐♥✉♦✉s r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❬✶✾❪ ✇❤✐❝❤

❛r❡ ✉t✐❧✐s❡❞ ✐♥ t❤✐s t❤❡s✐s✳ ❈❤♦✐❝❡ ♦❢ ❝♦♥t✐♥✉♦✉s r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✐s ♠❛❞❡ t♦ ❝♦✈❡r ❛ ❢✉❧❧ r❛♥❣❡

♦❢ ♣♦ss✐❜❧❡ ✈❛r✐❛♥❝❡s ❢r♦♠ ✈❡r② ❧♦✇ t♦ ✈❡r② ❤✐❣❤✿

❇❡r♥♦✉❧❧✐ ❘❛♥❞♦♠❱❛r✐❛❜❧❡✿ ■❢ ❛♥ ❡①♣❡r✐♠❡♥t ❤❛s ♦♥❧② t✇♦ ♣♦ss✐❜❧❡ ♦✉t❝♦♠❡s✿ ✵ ♦r ✶✱ t❤❡ ♣♠❢

♦❢ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ X ✐s✿

fX(x) =





1− p x = 0

p x = 1
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✇❤❡r❡ 0 < p < 1✳

❇✐♥♦♠✐❛❧ ❘❛♥❞♦♠ ❱❛r✐❛❜❧❡✿ ❈♦♥s✐❞❡r ❛♥ ❡①♣❡r✐♠❡♥t ✇✐t❤ ♦♥❧② t✇♦ ♣♦ss✐❜❧❡ ♦✉t❝♦♠❡s ✭✵ ♦r ✶✮✳

■❢ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ X ✐s t❤❡ ♥✉♠❜❡r ♦❢ t✐♠❡s t❤❛t ✶ ❛r✐s❡s ♦✉t ♦❢ n ✐♥❞❡♣❡♥❞❡♥t tr✐❛❧s ♦❢ t❤❡

❡①♣❡r✐♠❡♥t✱ t❤❡ ♣♠❢ ♦❢ X ✐s✿

P(X = k) =

(
n

k

)
pk(1− p)n−k k = 0, 1, . . . , n.

✇❤❡r❡
(
n

k

)
= n!

k!(n−k)!
✳

●❡♦♠❡tr✐❝ ❘❛♥❞♦♠ ❱❛r✐❛❜❧❡✿ ❈♦♥s✐❞❡r ❛♥ ❡①♣❡r✐♠❡♥t ✇✐t❤ t✇♦ ♣♦ss✐❜❧❡ ♦✉t❝♦♠❡s ✭✵ ♦r ✶✮✳

❚❤❡ ❡①♣❡r✐♠❡♥t ✐s ❝❛rr✐❡❞ ♦✉t s❡✈❡r❛❧ t✐♠❡s✳ ■❢ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ X ✐s t❤❡ ♥✉♠❜❡r ♦❢ tr✐❛❧s

✐t t❛❦❡s ❜❡❢♦r❡ t❤❡ ♦✉t❝♦♠❡ ✶ ♦❝❝✉rs ✭✐♥❝❧✉❞✐♥❣ t❤❡ ❝✉rr❡♥t tr✐❛❧✮✱ t❤❡♥ ✐ts ♣♠❢ ✐s✿

P(X = k) = p(1− p)k−1 k = 1, 2, ...

❊①♣♦♥❡♥t✐❛❧ ❘❛♥❞♦♠ ❱❛r✐❛❜❧❡✿ ■❢ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ X ✐s ❡①♣♦♥❡♥t✐❛❧❧② ❞✐str✐❜✉t❡❞ ✇✐t❤ ♣❛✲

r❛♠❡t❡r λ t❤❡♥ ✐ts ❝❞❢ ✐s✿

FX(x) =





1− e−λx 0 ≤ x < ∞,

0 x < 0.

❙✉❝❤ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❛r❡ ♦❢t❡♥ ✉s❡❞ t♦ ❞❡s❝r✐❜❡ ✐♥t❡r❛rr✐✈❛❧ t✐♠❡s ✐♥ P♦✐ss♦♥ ❛rr✐✈❛❧ str❡❛♠s

♦r t♦ ❞❡s❝r✐❜❡ ▼❛r❦♦✈✐❛♥ s❡r✈✐❝❡ t✐♠❡s✳

❊r❧❛♥❣ ❘❛♥❞♦♠ ❱❛r✐❛❜❧❡✿ ❈♦♥s✐❞❡r ❛♥ ❡①♣❡r✐♠❡♥t ✇❤✐❝❤ ❝♦♥s✐sts ♦❢ ✐❞❡♥t✐❝❛❧ k ❡①♣♦♥❡♥t✐❛❧

❞✐str✐❜✉t❡❞ t✐♠❡ ♣❤❛s❡s ✐♥ t❛♥❞❡♠✳ ❘❛♥❞♦♠ ✈❛r✐❛❜❧❡ X ❞❡♥♦t❡s t❤❡ ✇❤♦❧❡ t✐♠❡ s♣❛♥ ✇✐t❤ t❤❡

❝❞❢ ❝❛❧❝✉❧❛t❡❞ ❜②✿

FX(x) =





1− e−µx
k−1∑
j=0

(µx)j

j!
x ≥ 0,

0 x < 0.

❊❛❝❤ ♣❤❛s❡ ❤❛s ❛ r❛t❡ ♣❛r❛♠❡t❡r µ✳



✹✷ ❈❤❛♣t❡r ✷✳ ❇❛❝❦❣r♦✉♥❞ ❚❤❡♦r②

P❛r❡t♦ ❘❛♥❞♦♠ ❱❛r✐❛❜❧❡✿ P❛r❡t♦ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ X ✇✐t❤ ♣❛r❛♠❡t❡rs k ❛♥❞ α✱ ❤❛s ❝❞❢✿

FX(x) =





1− (k
x
)α x ≥ k,

0 x < k.

✇❤❡r❡ α ✐s r❡❢❡rr❡❞ t♦ ❛s t❤❡ s❤❛♣❡ ♦❢ t❤❡ ❝❞❢ ❛♥❞ k ✐s r❡❢❡rr❡❞ t♦ ❛s ✐ts r❛t❡✳

❚❤❡ P❛r❡t♦ ❞✐str✐❜✉t✐♦♥ ♠❛② ❜❡ ❜♦✉♥❞❡❞ ✐♥ ❛♥ ✐♥t❡r✈❛❧ [a, b]✳ ❚❤❡♥ t❤❡ P❛r❡t♦ r❛♥❞♦♠ ✈❛r✐❛❜❧❡

X ✇✐t❤ ♣❛r❛♠❡t❡rs α, a, b ❤❛s ❛ ❝❞❢✿

FX(x) =





0 x < a,

1−aαx−α

1−(a
b
)α

a ≤ x ≤ b,

1 x > b.

✇❤❡r❡ α ❝♦rr❡s♣♦♥❞s t♦ t❤❡ s❤❛♣❡✱ a ❞❡♥♦t❡s t❤❡ ♠✐♥✐♠✉♠ ✈❛❧✉❡ ❛♥❞ b ❞❡♥♦t❡s t❤❡ ♠❛①✐♠✉♠

✈❛❧✉❡ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥✳

❯♥✐❢♦r♠ ❘❛♥❞♦♠ ❱❛r✐❛❜❧❡✿ ❈♦♥s✐❞❡r ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ X ✇✐t❤ ♣❛r❛♠❡t❡rs a, b ✇❤✐❝❤ ✐s ❞✐s✲

tr✐❜✉t❡❞ ✉♥✐❢♦r♠❧② ♦✈❡r t❤❡ ✐♥t❡r✈❛❧ [a, b]✱ t❤❡ ❝❞❢ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❜②✿

FX(x) =





0 x < a,

x−a
b−a

a ≤ x < b,

1 x ≥ b.

❉❡t❡r♠✐♥✐st✐❝ ❘❛♥❞♦♠ ❱❛r✐❛❜❧❡✿ ❈♦♥s✐❞❡r ❛♥ ❡①♣❡r✐♠❡♥t ✇❤❡r❡ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ X t❛❦❡s

♦♥❧② ❛ ♣❛rt✐❝✉❧❛r ✈❛❧✉❡ k❀ t❤❡♥ ✐ts ❝❞❢ ✐s✿

FX(x) =





0 x < k,

1 x ≥ k.

❙♦♠❡t✐♠❡s FX(x) ✐s ❝❛❧❧❡❞ t❤❡ ❍❡❛✈✐s✐❞❡ ❢✉♥❝t✐♦♥✳



✷✳✸✳ ❙t♦❝❤❛st✐❝ Pr♦❝❡ss❡s ✹✸

✷✳✸ ❙t♦❝❤❛st✐❝ Pr♦❝❡ss❡s

❆ st♦❝❤❛st✐❝ ♣r♦❝❡ss ✐s ❛ ❢❛♠✐❧② ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s {X(t), t ∈ T}✱ ✇❤❡r❡ t ✐s ❛ t✐♠❡ ♣❛r❛♠❡t❡r✳

❆ s❡t ♦❢ ❛❧❧ ♣♦ss✐❜❧❡ ✈❛❧✉❡s ♦❢ X(t) ✐s t❤❡ st❛t❡ s♣❛❝❡ S ❬✶✾❪✳ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❛r❡ ❣♦✐♥❣ t♦

s✉♠♠❛r✐s❡ ♣r♦♣❡rt✐❡s ♦❢ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s t❤❛t ❛r❡ ❛♣♣❧✐❡❞ ✐♥ t❤✐s t❤❡s✐s✳

✷✳✸✳✶ ▼❛r❦♦✈ Pr♦❝❡ss❡s

❈♦♥s✐❞❡r ❛ st♦❝❤❛st✐❝ ♣r♦❝❡ss {X(t), t ∈ T} ❢♦r ❛❧❧ 0 = t0 < t1 < · · · < tn < tn+1 ✇✐t❤ ❛ st❛t❡

s♣❛❝❡ ♦❢ t❤❡ ♣r♦❝❡ss ✐s S = {si = i, i ∈ N0}✳ ■❢ t❤❡ ❢✉t✉r❡ st❛t❡ ♦❢ t❤❡ s②st❡♠ ❞❡♣❡♥❞s ♦♥❧② ♦♥

✐ts ❝✉rr❡♥t st❛t❡ ❛♥❞ ♥♦t ♦♥ t❤❡ ♣❛st ❤✐st♦r② ♦❢ t❤❡ s②st❡♠ t❤❡♥ t❤❡ s②st❡♠ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❜②

❛ ▼❛r❦♦✈ ♣r♦❝❡ss ❛♥❞ X(t) ✐s s❛✐❞ t♦ ❤❛✈❡ t❤❡ ▼❛r❦♦✈ ♣r♦♣❡rt② ♦r ♠❡♠♦r②❧❡ss ♣r♦♣❡rt② ❬✶✽❪✳

❚❤❛t ✐s✱

P{X(t) = s | X(tn) = sn, X(tn−1) = sn−1, . . . , X(t0) = s0} = P{X(t) = s | X(tn) = sn}.

❆ ▼❛r❦♦✈ ♣r♦❝❡ss ✐s ❝❛❧❧❡❞ t✐♠❡✲❤♦♠♦❣❡♥❡♦✉s ✐❢ ❛ ▼❛r❦♦✈ ♣r♦❝❡ss ✐s ✐♥✈❛r✐❛♥t t♦ s❤✐❢ts ✐♥ t✐♠❡

❬✶✽❪✿

P(X(t+ t̃) = s | X(tn + t̃) = sn) = P(X(t) = s | X(tn) = sn)

✷✳✸✳✷ ❉✐s❝r❡t❡ ❚✐♠❡ ▼❛r❦♦✈ ❈❤❛✐♥

❆ st♦❝❤❛st✐❝ ♣r♦❝❡ss {X0, X1, . . . , Xn+1, . . . } ✐s ❛ ❉✐s❝r❡t❡ ❚✐♠❡ ▼❛r❦♦✈ ❈❤❛✐♥ ✭❉❚▼❈✮ ✐❢ t❤❡

❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥s❤✐♣ ❤♦❧❞s ❢♦r ❛❧❧ n ∈ N0 ❛♥❞ ❛❧❧ si ∈ S ❬✷✶❪✿

P{Xn+1 = sn+1 | Xn = sn, Xn−1 = sn−1, . . . , X0 = s0} = P{Xn+1 = sn+1 | Xn = sn}.



✹✹ ❈❤❛♣t❡r ✷✳ ❇❛❝❦❣r♦✉♥❞ ❚❤❡♦r②

✷✳✸✳✸ ❈♦♥t✐♥✉♦✉s ❚✐♠❡ ▼❛r❦♦✈ ❈❤❛✐♥

❆ ❣✐✈❡♥ st♦❝❤❛st✐❝ ♣r♦❝❡ss {X(t), t ∈ T} ❝♦♥st✐t✉t❡s ❛ ❈♦♥t✐♥✉♦✉s ❚✐♠❡ ▼❛r❦♦✈ ❈❤❛✐♥ ✭❈❚▼❈✮

✐❢ ❢♦r ❛♥② ti ∈ R
+
0 ✱ ✇❤❡r❡ 0 = t0 < t1 < · · · < tn < tn+1, ∀n ∈ N, ∀si ∈ S = N0 t❤❡ ❢♦❧❧♦✇✐♥❣

r❡❧❛t✐♦♥ ❤♦❧❞s✿

P{X(tn+1) = sn+1 |X(tn) = sn, X(tn−1) = sn−1, . . . , X(t0) = s0} = P{X(tn+1) = sn+1 |X(tn) = sn}.

✷✳✸✳✹ P♦✐ss♦♥ Pr♦❝❡ss❡s

❈♦♥s✐❞❡r ❛♥ ❡①♣❡r✐♠❡♥t ✇❤❡r❡ ❡✈❡♥ts ♦❝❝✉r ✇✐t❤ ❡①♣♦♥❡♥t✐❛❧❧② ❞✐str✐❜✉t❡❞ ✐♥t❡r❛rr✐✈❛❧ t✐♠❡s✱

t❤❡♥ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ X(t) ✇✐t❤ P♦✐ss♦♥ ❞✐str✐❜✉t✐♦♥ r❡♣r❡s❡♥ts t❤❡ ♥✉♠❜❡r ♦❢ ❡✈❡♥ts t❤❛t

♦❝❝✉r ✐♥ t✐♠❡ ✐♥t❡r✈❛❧ (0, t)✳ ❚❤❡ s❡t ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s {X(t), t > 0} ✐s ❛ P♦✐ss♦♥ ♣r♦❝❡ss ❬✷✶✱

✺✻❪

p(x) =
e−λλx

x!
.

✷✳✹ ◗✉❡✉❡✐♥❣ ❚❤❡♦r②

◗✉❡✉❡✐♥❣ t❤❡♦r② r❡❧❛t❡s t♦ t❤❡ st✉❞② ♦❢ ❧✐♥❡s ♦❢ t❛s❦s ✇❤✐❝❤ ❛r❡ ✇❛✐t✐♥❣ t♦ r❡❝❡✐✈❡ s❡r✈✐❝❡ ❬✷✶✱ ✹✸❪✳

❚❤❡ ✇♦r❞ q✉❡✉❡ ❝♦♠❡s ❢r♦♠ ❋r❡♥❝❤ ❝✉❡ ✇❤✐❝❤ ♠❡❛♥s t❛✐❧✱ ✇❤✐❝❤ ❝♦♠❡s ❢r♦♠ ▲❛t✐♥ ❝♦❞❛✳

◗✉❡✉❡✐♥❣ t❤❡♦r② ✐s ❛ ❞✐s❝✐♣❧✐♥❡ ✐♥ ♦♣❡r❛t✐♦♥s r❡s❡❛r❝❤ ✇❤✐❝❤ ❛♥❛❧②s❡s ❛♥❞ ♣r❡❞✐❝ts t❤❡ st♦❝❤❛s✲

t✐❝ ❜❡❤❛✈✐♦✉r ♦❢ q✉❡✉❡s ✐♥ ♦r❞❡r t♦ ✐♠♣r♦✈❡ ❦❡② ♣❡r❢♦r♠❛♥❝❡ ♠❡tr✐❝s ❛♥❞ ♦✈❡r❛❧❧ ✉t✐❧✐s❛t✐♦♥ ♦❢

r❡s♦✉r❝❡s ❬✼✼✱ ✹✽❪✳ ◗✉❡✉❡✐♥❣ t❤❡♦r② ✐s ❛♣♣❧✐❡❞ ✐♥ ♠❛♥② ✐♥❞✉str✐❛❧ ❛r❡❛s s✉❝❤ ❛s t❡❧❡❝♦♠♠✉♥✐❝❛✲

t✐♦♥s✱ ❝♦♠♣✉t❡r ♥❡t✇♦r❦s✱ ✇❛r❡❤♦✉s❡s ♦❢ ♦♥❧✐♥❡ r❡t❛✐❧❡rs✱ tr❛♥s♣♦rt❛t✐♦♥ ❛♥❞ ❧♦❣✐st✐❝s ❡t❝✳ ❬✶✵✷❪✳

■♥ ❝♦♠♣✉t❡r s②st❡♠s✱ ❢♦r ❡①❛♠♣❧❡✱ q✉❡✉❡✐♥❣ ♥❡t✇♦r❦s ❛r❡ ♦❢t❡♥ ✉s❡ t♦ ❛♥❛❧②s❡ ❛♥❞ s✐♠✉❧❛t❡

♣❡r❢♦r♠❛♥❝❡ ♠❡tr✐❝s ✐♥ ❘❆■❉ ✭❘❡❞✉♥❞❛♥t ❆rr❛② ♦❢ ■♥❞❡♣❡♥❞❡♥t ❉✐s❦s✮ s②st❡♠s ❬✻✷✱ ✻✶❪✳ ■♥

✇✐r❡❧❡ss ♥❡t✇♦r❦s✱ q✉❡✉❡✐♥❣ ♥❡t✇♦r❦s ❛r❡ ✉s❡❞ t♦ ♠♦❞❡❧ ♠✉❧t✐♠❡❞✐❛ tr❛♥s♠✐ss✐♦♥s ♦✈❡r ❞♦✇♥✲

❧✐♥❦s✱ ✇❤❡r❡ q✉❡✉❡ ❤❛s t✐♠❡ ♦r s♣❛❝❡ ♣r✐♦r✐t② ❬✷❪✳

■♥ ❤❡❛❧t❤ ❝❡♥tr❡s✱ ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛ q✉❡✉❡ ✐s ✇❤❡r❡ ♣❛t✐❡♥ts ✭t❛s❦s✮ ❤❛✈❡ t♦ ✇❛✐t ✭q✉❡✉❡✮ ✐♥ ♦r❞❡r



✷✳✹✳ ◗✉❡✉❡✐♥❣ ❚❤❡♦r② ✹✺

t♦ s❡❡ ❛ ❞♦❝t♦r ✭s❡r✈❡r✮✱ ♣♦ss✐❜❧② s✉❜❥❡❝t t♦ s♦♠❡ ❢♦r♠ ♦❢ ♣r✐♦r✐t② s❡r✈✐❝❡ ❬✼✱ ✽❪✳

■♥ ✶✾✺✸ ❉❛✈✐❞ ❑❡♥❞❛❧❧ ❬✺✸❪ ❞❡✈❡❧♦♣❡❞ ❛ s❤♦rt ♥♦t❛t✐♦♥ t♦ ❝❤❛r❛❝t❡r✐s❡ ❛ q✉❡✉❡✐♥❣ s②st❡♠ ✇✐t❤

❛ s✐♥❣❧❡ ✇❛✐t✐♥❣ q✉❡✉❡✿ ❆✴❇✴◆✴❨✴❩✱ ✇❤❡r❡ A ❞❡s❝r✐❜❡s ❛♥ ✐♥t❡r❛rr✐✈❛❧ ❞✐str✐❜✉t✐♦♥✱ ✇❤❡r❡

t❤❡ ❝♦♠♠♦♥ t②♣❡s ❛r❡ ▼ ❢♦r ▼❛r❦♦✈ ♣r♦❝❡ss ❛♥❞ ❉ ❢♦r ❞❡t❡r♠✐♥✐st✐❝ ❞✐str✐❜✉t✐♦♥ ❛♥❞ ♠♦r❡

s♦♣❤✐st✐❝❛t❡❞ ♦♥❡s ✐♥❝❧✉❞❡ ▼▼PP ✭▼❛r❦♦✈ ▼♦❞✉❧❛t❡❞ P♦✐ss♦♥ Pr♦❝❡ss✮ ❛♥❞ ◆❍PP ✭◆♦♥✲

❍♦♠♦❣❡♥❡♦✉s P♦✐ss♦♥ Pr♦❝❡ss✮✳ B ❞❡✜♥❡s ❛ s❡r✈✐❝❡ t✐♠❡ ❞✐str✐❜✉t✐♦♥❀ ❝♦♠♠♦♥ ❞✐str✐❜✉t✐♦♥s

❛r❡ ▼✱ ●✱ ❉ ✇❤❡r❡ ● st❛♥❞s ❢♦r ❣❡♥❡r❛❧ s❡r✈✐❝❡ t✐♠❡ ❞✐str✐❜✉t✐♦♥✳ N ❡①♣r❡ss❡s ❛ ♥✉♠❜❡r

♦❢ ♣❛r❛❧❧❡❧ s❡r✈❡rs✱ Y ✐s t❤❡ s②st❡♠ ❝❛♣❛❝✐t② ❛♥❞ Z s♣❡❝✐✜❡s ❛ q✉❡✉❡✐♥❣ ❞✐s❝✐♣❧✐♥❡✳ ❙♦♠❡t✐♠❡s

♥♦t❛t✐♦♥ ❆✴❇✴◆ ✐s ✉s❡❞❀ t❤✐s ♠❡❛♥s t❤❛t t❤❡ s②st❡♠ ❝❛♣❛❝✐t② ✐s ✐♥✜♥✐t❡ ❛♥❞ q✉❡✉❡✐♥❣ ❞✐s❝✐♣❧✐♥❡

✐s ❋✐rst ❈♦♠❡ ❋✐rst ❙❡r✈❡❞ ✭❋❈❋❙✮✱ r❛t❤❡r t❤❛♥✱ ❢♦r ❡①❛♠♣❧❡✱ ♣r✐♦r✐t② q✉❡✉❡✐♥❣ ♦r ▲❛st ❈♦♠❡

❋✐rst ❙❡r✈❡❞ ✭▲❈❋❙✮ ❬✺✸❪✳

✷✳✹✳✶ ▼✴▼✴✶ q✉❡✉❡

■♥ ❣❡♥❡r❛❧ ❛ q✉❡✉❡✐♥❣ ♥❡t✇♦r❦ ✐s ❛ s❡t ♦❢ s✐♠♣❧❡ q✉❡✉❡s ✇❤✐❝❤ ❛r❡ ❝♦♥♥❡❝t❡❞ t♦❣❡t❤❡r✳ ❖♥❡ ♦❢ t❤❡

✇❡❧❧✲st✉❞✐❡❞ ❛♥❞ s✐♠♣❧❡st q✉❡✉❡s t♦ ❛♥❛❧②s❡ ✐s t❤❡ ▼✴▼✴✶ q✉❡✉❡✳ ■♥ s✉❝❤ q✉❡✉❡s ✐♥t❡r❛rr✐✈❛❧

t✐♠❡s ❛s ✇❡❧❧ ❛s s❡r✈✐❝❡ t✐♠❡s ❤❛✈❡ ❡①♣♦♥❡♥t✐❛❧ ❞✐str✐❜✉t✐♦♥s ✇✐t❤ r❛t❡s λ ❛♥❞ µ r❡s♣❡❝t✐✈❡❧② ❬✻❪✳

❈♦♥s❡q✉❡♥t❧②✱ ❛ ▼✴▼✴✶ q✉❡✉❡ ❝❤❛r❛❝t❡r✐s❡s ❛s ❛ ❝♦♥t✐♥✉♦✉s t✐♠❡ ▼❛r❦♦✈ ❝❤❛✐♥ ✇✐t❤ ✇❤♦s❡

st❛t❡ ✈❛r✐❛❜❧❡ ✐s ❛ ♥✉♠❜❡r ♦❢ t❛s❦s ✐♥ t❤❡ q✉❡✉❡✳ ❚❤❡ q✉❡✉❡✬s ✉t✐❧✐s❛t✐♦♥ ✐s ρ = λ
µ
✱ ✇❤❡r❡ ρ < 1

s♦ λ < µ ✐♥ ♦r❞❡r ❢♦r q✉❡✉❡ t♦ ❜❡ st❛❜❧❡✳ ❯s✐♥❣ ♣r♦♣❡rt✐❡s ♦❢ ▼❛r❦♦✈ ❝❤❛✐♥s ✐t ✐s str❛✐❣❤t❢♦r✇❛r❞

t♦ ❝♦♠♣✉t❡ s♦♠❡ ♣❡r❢♦r♠❛♥❝❡ ♠❡tr✐❝s✱ s✉❝❤ ❛s ♠❡❛♥ r❡s♣♦♥s❡ t✐♠❡✱ ✇❤✐❝❤ ✐s ❣✐✈❡♥ ❜②✿

E[R] =
1

µ− λ

✷✳✹✳✷ ▼✴●✴✶ q✉❡✉❡

❆♥♦t❤❡r ✇❡❧❧✲❦♥♦✇♥ q✉❡✉❡ ✐s t❤❡ ▼✴●✴✶ q✉❡✉❡✱ ✇❤✐❝❤ ❤❛s ❡①♣♦♥❡♥t✐❛❧ ✐♥t❡r❛rr✐✈❛❧ t✐♠❡s ❛♥❞

❣❡♥❡r❛❧ s❡r✈✐❝❡ t✐♠❡ ❞✐str✐❜✉t✐♦♥s ❬✷✶✱ ✹✻❪✳ ❚❤❡s❡ t②♣❡s ♦❢ q✉❡✉❡s ❛r❡ ❤✐❣❤❧② ❛♣♣❧✐❡❞ ✐♥ t❤❡ r❡❛❧

✇♦r❧❞ ❜❡❝❛✉s❡ ♦❢ t❤❡✐r ❣❡♥❡r❛❧ s❡r✈✐❝❡ t✐♠❡ ❞✐str✐❜✉t✐♦♥ ♣r♦♣❡rt②✳ ❍♦✇❡✈❡r t❤✐s ✢❡①✐❜✐❧✐t② ♠❛❦❡s



✹✻ ❈❤❛♣t❡r ✷✳ ❇❛❝❦❣r♦✉♥❞ ❚❤❡♦r②

t❤❡♠ ❤❛r❞❡r t♦ s♦❧✈❡ ❛♥❛❧②t✐❝❛❧❧②✳

❆❧t❤♦✉❣❤ ❢♦r ▼✴●✴✶ q✉❡✉❡s t❤❡ t❤❡♦r② ♦❢ ▼❛r❦♦✈ ♣r♦❝❡ss ♥♦ ❧♦♥❣❡r ❤♦❧❞s ❬✾✺❪✱ ✇❡ ❝❛♥ ❡①♣❧♦✐t

t❤❡ ❢❛❝t t❤❛t ❛rr✐✈❛❧s st✐❧❧ ❤❛✈❡ t❤❡ P♦✐ss♦♥ ♣r♦♣❡rt②✳ ❚❤❡ P❆❙❚❆ ✭P♦✐ss♦♥ ❆rr✐✈❛❧s ❙❡❡ ❚✐♠❡

❆✈❡r❛❣❡s✮ ♣r♦♣❡rt② st❛t❡s t❤❛t t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❛♥ ❡♥t❡r✐♥❣ t❛s❦ s❡❡s ❛ ♣❛rt✐❝✉❧❛r ♥✉♠❜❡r

♦❢ t❛s❦s ✐♥ t❤❡ q✉❡✉❡ ✐s ❡q✉❛❧ t♦ t❤❡ st❡❛❞②✲st❛t❡ ♣r♦❜❛❜✐❧✐t② ♦❢ t❤❡ q✉❡✉❡ ❬✶✶✵❪✳ ▼✴▼✴✶ q✉❡✉❡

✐s ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ▼✴●✴✶ q✉❡✉❡❀ t❤❡r❡❢♦r❡ ❛ ♠❡t❤♦❞ t❤❛t ✐s ❛♣♣❧✐❝❛❜❧❡ t♦ ▼✴●✴✶ q✉❡✉❡ ✐s

❛♣♣❧✐❝❛❜❧❡ t♦ ▼✴▼✴✶ q✉❡✉❡ ❛s ✇❡❧❧✱ ❜✉t ♥♦t ✈✐❝❡ ✈❡rs❛✳ ❚❤❡ q✉❡✉❡✐♥❣ s②st❡♠s t❤❛t ✇❡ st✉❞②

✐♥ t❤✐s t❤❡s✐s ❛r❡ ♠❛✐♥❧② ❜✉✐❧t ♦♥ ▼✴●✴✶ ❛♥❞ ▼✴▼✴✶ q✉❡✉❡s✳

✷✳✺ P❡r❢♦r♠❛♥❝❡ ▼❡tr✐❝s ❢♦r ◗✉❡✉❡s

P♦❧❧❛❝③❡❦✲❑❤✐♥❝❤✐♥❡ ❋♦r♠✉❧❛ ♦❢ ❚❛s❦ ❘❡s♣♦♥s❡ ❚✐♠❡

▼❡❛♥ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ✐♥ ❛ st❡❛❞②✲st❛t❡▼✴●✴✶ q✉❡✉❡ ✇✐t❤ ❛rr✐✈❛❧ r❛t❡ ✭λ✮✱ ♠❡❛♥ s❡r✈✐❝❡ t✐♠❡

❞✐str✐❜✉t✐♦♥ ✭1/µ✮✱ ✈❛r✐❛♥❝❡ ✭Var[X]✮ ♦❢ ❛ s❡r✈✐❝❡ t✐♠❡ ❛♥❞ ρ = λ
µ
✐s ✉t✐❧✐s❛t✐♦♥✱ ❝❤❛r❛❝t❡r✐s❡❞

❜② ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ X✳ ❆t ❛♥② r❛♥❞♦♠ t✐♠❡ ✐♥st❛♥t ♠❡❛♥ r❡s♣♦♥s❡ t✐♠❡ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞

❜② P♦❧❧❛❝③❡❦✲❑❤✐♥❝❤✐♥❡ ❢♦r♠✉❧❛ ❬✽✷✱ ✺✹❪✿

E[R] =
ρ+ µ λ Var[X]

2 (µ− λ)
+ µ−1 ✭✷✳✺✮

❚❤✐s r❡s✉❧t ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ❛ q✉❡✉❡✐♥❣ s②st❡♠ ✇✐t❤ P♦✐ss♦♥ ❛rr✐✈❛❧s ❛♥❞ ❣❡♥❡r❛❧ s❡r✈✐❝❡

t✐♠❡ ❞✐str✐❜✉t✐♦♥s ✇❤✐❝❤ ❝❛♥ ❜❡ ❝♦♥❝❡♣t✉❛❧❧② r❡♣r❡s❡♥t❡❞ ❛s ▼✴●✴✶ q✉❡✉❡ ✇✐t❤ ❛rr✐✈❛❧ r❛t❡

✭λ✮✱ s❡r✈✐❝❡ t✐♠❡ ❞✐str✐❜✉t✐♦♥ ✐s ♠❛①✐♠✉♠ ♠❡❛♥ s❡r✈✐❝❡ t✐♠❡ ✭1/µ✮ ❛❝r♦ss ❛❧❧ ♣❛r❛❧❧❡❧ s❡r✈❡rs

❛♥❞ ✈❛r✐❛♥❝❡✳

▲✐tt❧❡✬s ▲❛✇

▲✐tt❧❡✬s ❧❛✇ ✐s ♦♥❡ ♦❢ t❤❡ ♠♦st s✐♠♣❧❡✱ ❜✉t ♣♦✇❡r❢✉❧ r❡s✉❧ts ✐♥ q✉❡✉❡✐♥❣ t❤❡♦r② r❡❧❛t✐♥❣ t♦ st❡❛❞②✲

st❛t❡ ♣❡r❢♦r♠❛♥❝❡ ♠❡❛s✉r❡s✳ ■t ❤❛❞ ❜❡❡♥ ❛♥ ❡♠♣✐r✐❝❛❧ r✉❧❡ ❢♦r ♠❛♥② ②❡❛rs ❜❡❢♦r❡ ✐t ✇❛s ♣r♦✈❡♥



✷✳✺✳ P❡r❢♦r♠❛♥❝❡ ▼❡tr✐❝s ❢♦r ◗✉❡✉❡s ✹✼

❜② ❏✳❉✳❈✳ ▲✐tt❧❡ ✐♥ ✶✾✻✶ ❬✼✼❪✳

❚❤✐s ❧❛✇ st❛t❡s t❤❛t ✐♥ ❛ st❡❛❞②✲st❛t❡ q✉❡✉❡✐♥❣ s②st❡♠ t❤❡ ❛✈❡r❛❣❡ ♥✉♠❜❡r ♦❢ t❛s❦s ✐♥❝❧✉❞✐♥❣

t❤♦s❡ ✐♥ s❡r✈✐❝❡ ✭N✮ ✐s t❤❡ ♣r♦❞✉❝t ♦❢ ❛✈❡r❛❣❡ ❛rr✐✈❛❧ r❛t❡ λ ♦❢ t❤❡ t❛s❦s ❡♥t❡r✐♥❣ t❤❡ s②st❡♠

❛♥❞ t❤❡ ❛✈❡r❛❣❡ t✐♠❡ ✭T ✮ t❤❛t t❛s❦s s♣❡♥❞ ✐♥ t❤❡ q✉❡✉❡✐♥❣ s②st❡♠ ❜❡❢♦r❡ t❤❡② ❡①✐t ✐t ❬✻✾❪✿

N = λT ✭✷✳✻✮

❚❤❡ ❜❡❛✉t② ♦❢ t❤✐s t❤❡♦r❡♠ ✐s t❤❛t ✐t ♣❧❛❝❡s ♥♦ r❡str✐❝t✐♦♥ ♦♥ t❤❡ ❛rr✐✈❛❧ ♣r♦❝❡ss ❛♥❞ s❡r✈✐❝❡

t✐♠❡ ❞✐str✐❜✉t✐♦♥❀ ✐t ❛❧s♦ s✉♣♣♦rts ❛♥② q✉❡✉❡✐♥❣ ❞✐s❝✐♣❧✐♥❡ ❛♥❞ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ♥✉♠❜❡r

♦❢ ♣❛r❛❧❧❡❧ s❡r✈❡rs ✐♥ t❤❡ q✉❡✉❡✐♥❣ s②st❡♠✳

✷✳✺✳✶ ▼✉❧t✐✲❝❧❛ss ◗✉❡✉❡s

❆ ♠✉❧t✐✲❝❧❛ss q✉❡✉❡ s❡r✈❡s ❞✐✛❡r❡♥t ❝❧❛ss ♦❢ ❝✉st♦♠❡rs✱ ❡❛❝❤ ♦❢ ✇❤✐❝❤ ❤❛s ✐ts ♦✇♥ s❡r✈✐❝❡ t✐♠❡

❞✐str✐❜✉t✐♦♥s ❛♥❞ ❤❛s ❞✐✛❡r❡♥t r♦✉t✐♥❣ ❜❡❤❛✈✐♦✉r✳

✷✳✺✳✷ ◗✉❡✉❡s ✇✐t❤ Pr✐♦r✐t✐❡s

❈♦♥s✐❞❡r ❛ q✉❡✉❡ ✇✐t❤ ❛ s❡r✈❡r ❛♥❞ ❛ ❋❈❋❙ ✇❛✐t✐♥❣ q✉❡✉❡ ♦❢ t❛s❦s✳ ❆t ❛♥② t✐♠❡ ✇❤❡♥ ❛ t❛s❦

❝♦♠❡s ✐♥t♦ t❤❡ q✉❡✉❡✱ ✐t ❣♦❡s ❛t t❤❡ ❜❛❝❦ ♦❢ ❋❈❋❙ ✇❛✐t✐♥❣ q✉❡✉❡ ❛♥❞ ✇❛✐ts ✇❤✐❧❡ ❛❧❧ t❛s❦s ❜❡❢♦r❡

✐t ❝♦♠♣❧❡t❡ t❤❡✐r s❡r✈✐❝❡✳ ❖♥❧② ❛❢t❡r ❛❧❧ t❛s❦s ❜❡❢♦r❡ t❤❡ t❛s❦ ❤❛✈❡ ❜❡❡♥ s❡r✈❡❞ ❞♦❡s t❤❡ t❛s❦

st❛rt r❡❝❡✐✈✐♥❣ s❡r✈✐❝❡✳ ❨❡t✱ ✐♥ s♦♠❡ q✉❡✉❡s t❛s❦s ❤❛✈❡ ♣r✐♦r✐t✐❡s❀ ✐❢ ❛ t❛s❦ ❤❛s ❛ ❤✐❣❤❡r ♣r✐♦r✐t②

t❤❛♥ ♦t❤❡rs✱ t❤❡♥ t❤✐s t❛s❦ ❥✉♠♣s t❤❡ q✉❡✉❡ ♦❢ t❛s❦s ✇✐t❤ ❧♦✇❡r ♣r✐♦r✐t② ❛♥❞ ❣♦❡s str❛✐❣❤t t♦

❛ s❡r✈❡r✳ ❚❤✐s ❦✐♥❞ ♦❢ q✉❡✉❡s ❝❛❧❧❡❞ q✉❡✉❡s ✇✐t❤ ♣r✐♦r✐t✐❡s ❬✼✼❪✳ ■♥ ♣r❡❡♠♣t✐✈❡ q✉❡✉❡s ✇✐t❤

♣r✐♦r✐t✐❡s ✇❤❡♥ ❛ t❛s❦ ✇✐t❤ ❤✐❣❤❡r ♣r✐♦r✐t② ❛rr✐✈❡s✱ ❛ s❡r✈❡r st♦♣s s❡r✈✐❝❡ ♦❢ ❛ ❝✉rr❡♥t ❧♦✇❡r✲

♣r✐♦r✐t② t❛s❦ ✐♠♠❡❞✐❛t❡❧② ❛♥❞ st❛rts s❡r✈✐❝❡ ♦❢ ❛ t❛s❦ ✇✐t❤ ❛ ❤✐❣❤❡r ♣r✐♦r✐t②✳ ■♥ ♥♦♥✲♣r❡❡♠♣t✐✈❡

q✉❡✉❡s ✇✐t❤ ♣r✐♦r✐t✐❡s t❤❡r❡ ✐s ♥♦ ✐♥t❡rr✉♣t✐♦♥ ♦❢ s❡r✈✐❝❡ ♦❢ ❛ t❛s❦ t❤❛t ✐s ✐♥ ❛ s❡r✈✐❝❡ ❛❧r❡❛❞②✱

t❤❡r❡❢♦r❡ ❛ t❛s❦ ✇✐t❤ ❛ ❤✐❣❤ ♣r✐♦r✐t② ❤❛s t♦ ✇❛✐t ✇❤✐❧❡ ❛ s❡r✈❡r ✜♥✐s❤❡s s❡r✈✐❝❡ ♦❢ ❛ ❝✉rr❡♥t t❛s❦

❛♥❞ ❛ t❛s❦ ✇✐t❤ ❛ ❤✐❣❤❡r ♣r✐♦r✐t② ❝❛♥ st❛rt r❡❝❡✐✈❡ s❡r✈✐❝❡ ❬✼✼❪✳



✹✽ ❈❤❛♣t❡r ✷✳ ❇❛❝❦❣r♦✉♥❞ ❚❤❡♦r②

✷✳✺✳✸ ◗✉❡✉❡✐♥❣ ◆❡t✇♦r❦s

❆ ♥❛t✉r❛❧ ❡①t❡♥s✐♦♥ ♦❢ ❛ s✐♠♣❧❡ q✉❡✉❡ ✐s ❛ q✉❡✉❡✐♥❣ ♥❡t✇♦r❦✱ ✇❤✐❝❤ ✐s ❛ s❡t ♦❢ ✐♥t❡r❛❝t✐♥❣

q✉❡✉❡s✳ ❙♦♠❡ q✉❡✉❡s ♠❛② ❜❡ s✐t✉❛t❡❞ ✐♥ ♣❛r❛❧❧❡❧ ✇✐t❤ ❡❛❝❤ ♦t❤❡r✱ s♦♠❡ ♠❛② ❜❡ s❡t ♦♥❡ ❛❢t❡r

❛♥♦t❤❡r s✉❝❤ t❤❛t✱ ✇❤❡♥ t❛s❦s ❡①✐t ♦♥❡ q✉❡✉❡ t❤❡② ✐♠♠❡❞✐❛t❡❧② ❡♥t❡r t❤❡ ♥❡①t q✉❡✉❡✳ ❯s✉❛❧❧② ❛

q✉❡✉❡✐♥❣ ♥❡t✇♦r❦ ❤❛s t♦ ❜❡ ❛♥❛❧②s❡❞ ❛s ❛ ✇❤♦❧❡ ♦♥ ❛❝❝♦✉♥t ♦❢ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❛♥❞ ❞❡♣❡♥❞❡♥❝❡

❜❡t✇❡❡♥ q✉❡✉❡s ❬✼✼❪✳ ■❢ ❛ ❝❡rt❛✐♥ ❝♦♥❞✐t✐♦♥s ❛r❡ ♠❡t✱ ❛ q✉❡✉❡✐♥❣ ♥❡t✇♦r❦ ❤❛s ❛ ♣r♦❞✉❝t ❢♦r♠

s♦❧✉t✐♦♥✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ ❡❛❝❤ q✉❡✉❡ ♠❛② ❜❡ ❛♥❛❧②s❡❞ s❡♣❛r❛❜❧②❀ t❤❡ ❛♥s✇❡r ❝❛♥ t❤❡♥ ❜❡ ❡①♣r❡ss❡❞

❛s ❛ ♣r♦❞✉❝t ♦❢ ❛❧❧ ✐♥❞✐✈✐❞✉❛❧ q✉❡✉❡s ❬✹✼❪✳ ❍♦✇❡✈❡r s✉❝❤ ❝❛s❡s r❡❛❧❧② ❡♥❝♦✉♥t❡r ✐♥ ♣r❛❝t✐❝❡ ❛♥❞

♠❛② ❡✈❡♥ ❞❡♣❡♥❞ ♦♥ t❤❡ ✈❛❧✉❡ ♦❢ ♣❛rt✐❝✉❧❛r tr❛♥s✐t✐♦♥ r❛t❡s ♦r ♣❛rt✐❝✉❧❛r s❡r✈✐❝❡ ♦r ❛rr✐✈❛❧ r❛t❡s

✐♥ t❤❡ s②st❡♠ ❬✹✼❪✳ ❆♥ ❡①❛♠♣❧❡ ♦❢ ❛ s✐♠♣❧❡ q✉❡✉❡✐♥❣ ♥❡t✇♦r❦ ✐s ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳ ✷✳✶ ❢r♦♠ ❬✺✼❪✳

❋✐❣✉r❡ ✷✳✶✿ ❊①❛♠♣❧❡ ♦❢ ❛ q✉❡✉❡✐♥❣ ♥❡t✇♦r❦ ❬✺✼❪✳



✷✳✻✳ P❛r❛❧❧❡❧ Pr♦❝❡ss✐♥❣ ❙②st❡♠s ✹✾

✷✳✺✳✹ ❖♣❡♥✱ ❈❧♦s❡❞✱ ▼✐①❡❞ ◗✉❡✉❡✐♥❣ ◆❡t✇♦r❦s

◗✉❡✉❡✐♥❣ ♥❡t✇♦r❦s ❝❛♥ ❝❧❛ss✐✜❡❞ ❛s ♦♣❡♥✱ ❝❧♦s❡❞ ❛♥❞ ♠✐①❡❞✳ ❚❤❡ ♠❛❥♦r ❞✐✛❡r❡♥❝❡ ✐s ✇❤❡r❡

t❛s❦s ❛r❡ ❛rr✐✈✐♥❣ ❢r♦♠✳ ■❢ t❛s❦s ❛rr✐✈❡ ✐♥t♦ ❛ q✉❡✉❡✐♥❣ s②st❡♠ ❢r♦♠ ♦♥❡ ♦r ♠♦r❡ ❡①t❡r♥❛❧

s♦✉r❝❡s t❤❡♥ ✐t ✐s ❛ ♦♣❡♥ q✉❡✉❡✐♥❣ s②st❡♠✳ ❇② t❤❡ ✢♦✇ ❝♦♥s❡r✈❛t✐♦♥ ♣r✐♥❝✐♣❧❡ t❤❡ t♦t❛❧ s✉♠ ♦❢

❛rr✐✈❛❧ r❛t❡s ✐s ❡q✉❛❧ t♦ t❤❡ t♦t❛❧ s✉♠ ♦❢ ❞❡♣❛rt✉r❡ r❛t❡s ✐♥ ❛ st❡❛❞②✕st❛t❡ q✉❡✉❡✐♥❣ s②st❡♠ ❬✼✼❪✳

■♥ ❛ ❝❧♦s❡❞ q✉❡✉❡✐♥❣ s②st❡♠ t❛s❦s ❞♦ ♥♦t ❛rr✐✈❡ ❢r♦♠ ❡①t❡r♥❛❧ s♦✉r❝❡s ♥♦r ❞♦ t❤❡② ❡①✐t t❤❡

s②st❡♠✳ ■♥st❡❛❞ t❛s❦s ❝✐r❝✉❧❛t❡ ✐♥s✐❞❡ t❤❡ s②st❡♠✳ ■♥ ❛ ♠✐①❡❞ q✉❡✉❡✐♥❣ s②st❡♠ t❤❡r❡ ❛r❡ s❡✈❡r❛❧

❝❧❛ss❡s ♦❢ t❛s❦s❀ s♦♠❡ ♦❢ t❤❡ ❝❧❛ss❡s ❛r❡ ❝❧♦s❡❞ ✇❤✐❧❡ ♦t❤❡r ❝❧❛ss❡s ❛r❡ ♦♣❡♥✳

✷✳✻ P❛r❛❧❧❡❧ Pr♦❝❡ss✐♥❣ ❙②st❡♠s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❞❡s❝r✐❜❡ ❡ss❡♥t✐❛❧ ❢♦✉♥❞❛t✐♦♥s ♦❢ ♣❛r❛❧❧❡❧ ♣r♦❝❡ss✐♥❣ s②st❡♠s ✇❤✐❝❤ ❛r❡ r❡✲

❧❛t❡❞ t♦ t❤✐s t❤❡s✐s✳ ❚❤❡r❡ ❛r❡ t✇♦ ♣r✐♠❛r② ❛r❡❛s ✐♥ ♣❛r❛❧❧❡❧ ♣r♦❝❡ss✐♥❣ s②st❡♠s✿ s②st❡♠s ✇✐t❤

s②♥❝❤r♦♥✐s❛t✐♦♥ ❛♥❞ s②st❡♠s ✇❤❡r❡ s②♥❝❤r♦♥✐s❛t✐♦♥ ✐s ♥♦t r❡q✉✐r❡❞ ❬✷✶❪✳ ❙✐♥❝❡ ✐♥ t❤✐s t❤❡✲

s✐s ✇❡ ♣r❡s❡♥t r❡s❡❛r❝❤ ✇❤✐❝❤ ✐s ❜❛s❡❞ ♦♥ s②st❡♠s t❤❛t r❡q✉✐r❡ s②♥❝❤r♦♥✐s❛t✐♦♥✱ ❤❡r❡ ✇❡ ❣✐✈❡

❞❡s❝r✐♣t✐♦♥ ♦❢ ♦♥❧② t❤✐s ❦✐♥❞ ♦❢ s②st❡♠✳

P❛r❛❧❧❡❧ ♣r♦❝❡ss✐♥❣ s②st❡♠s ❛r❡ ❛♣♣❧✐❡❞ ✐♥ ❛r❡❛s s✉❝❤ ❛s ♣❛r❛❧❧❡❧ ❛♥❞ ❞✐str✐❜✉t❡❞ ❝♦♠♣✉t✐♥❣✱

❝♦♠♣✉t❡r ♥❡t✇♦r❦s ❛♥❞ t❤❡ ✇❛r❡❤♦✉s❡s ♦❢ ♦♥✲❧✐♥❡ r❡t❛✐❧❡rs✳

■♥ ❛r❡❛ ♦❢ ❝♦♥❝✉rr❡♥t ❛♥❞ ❞✐str✐❜✉t❡❞ ❝♦♠♣✉t✐♥❣ ❊❞s❣❡r ❲✳ ❉✐❥❦str❛ ✇❛s ♦♥❡ ♦❢ t❤❡ ♠♦st ✐♥✢✉✲

❡♥t✐❛❧ s❝✐❡♥t✐sts ✐♥ t❤❡ ❝♦♠♣✉t❡r s❝✐❡♥❝❡ ✇♦r❧❞✳ ❍❡ ♣r❡s❡♥t❡❞ t❤❡ ✜rst s♦❧✉t✐♦♥ ❢♦r t❤❡ ♠✉t✉❛❧

❡①❝❧✉s✐♦♥ ♣r♦❜❧❡♠ ❬✸✸❪ ✇❤✐❝❤ ❡✈♦❧✈❡❞ ✐♥t♦ t❤❡ ❛r❡❛ ♦❢ ❝♦♥❝✉rr❡♥t ❛♥❞ ❞✐str✐❜✉t❡❞ ❝♦♠♣✉t✐♥❣ ❛♥❞

❤❡ ❛❧s♦ ✐♥✈❡♥t❡❞ s❡♠❛♣❤♦r❡✲❜❛s❡❞ s②♥❝❤r♦♥✐s❛t✐♦♥ ❬✸✹❪✳ ❍❡ s♦❧✈❡❞ t❤❡ s❤♦rt❡st ♣❛t❤ ♣r♦❜❧❡♠ ❢♦r

❣r❛♣❤s ✇✐t❤ ♥♦♥✲♥❡❣❛t✐✈❡ ❡❞❣❡ ♣❛t❤ ❝♦sts ❬✸✷❪✳ ❆♠♦♥❣ ❤✐s ❝♦♥tr✐❜✉t✐♦♥s ❛r❡ t❤❡ s❡❧❢✲st❛❜✐❧✐s❛t✐♦♥

❝♦♥❝❡♣t ❬✸✺❪✱ ♣r♦❣r❛♠♠✐♥❣ ❧❛♥❣✉❛❣❡s✱ ❛❧❣♦r✐t❤♠s ❛♥❞ ♣r♦t♦❝♦❧s ✐♥ ❝♦♥❝✉rr❡♥t ❛♥❞ ❞✐str✐❜✉t❡❞

❝♦♠♣✉t✐♥❣✳

◗✉❡✉❡✐♥❣ ♥❡t✇♦r❦ ♠♦❞❡❧s ❛r❡ ♥❛t✉r❛❧ ❛❜str❛❝t✐♦♥s ❢♦r r❡♣r❡s❡♥t✐♥❣ t❤❡ ✢♦✇ ❛♥❞ ♣r♦❝❡ss✐♥❣ ♦❢

t❛s❦s ✐♥ ♣❛r❛❧❧❡❧ s②st❡♠s ✐♥ ✇❤✐❝❤ ❤✐❣❤✲❧❡✈❡❧ t❛s❦s s♣❧✐t ✐♥t♦ s✉❜t❛s❦s ✇❤✐❝❤ ❛r❡ ❝♦♥❝✉rr❡♥t❧②



✺✵ ❈❤❛♣t❡r ✷✳ ❇❛❝❦❣r♦✉♥❞ ❚❤❡♦r②

♣r♦❝❡ss❡❞ ❜② ❛ s❡t ♦❢ ✭❤❡t❡r♦❣❡♥❡♦✉s✮ ♣❛r❛❧❧❡❧ s❡r✈❡rs✳ ❲❡ ♣r❡s❡♥t ❞❡✜♥✐t✐♦♥s ♦❢ t✇♦ s✉❜❝❧❛ss❡s

♦❢ q✉❡✉❡✐♥❣ ♥❡t✇♦r❦ ♠♦❞❡❧s ❢♦r ♣❛r❛❧❧❡❧ ♣r♦❝❡ss✐♥❣ s②st❡♠s t❤❛t ❤❛✈❡ ❜❡❡♥ ✉♥❞❡r r❡s❡❛r❝❤ ✐♥

t❤✐s ❞✐ss❡rt❛t✐♦♥✱ ♥❛♠❡❧② s♣❧✐t✲♠❡r❣❡ ❛♥❞ ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠s✳

✷✳✻✳✶ ❙♣❧✐t✲▼❡r❣❡ ◗✉❡✉❡✐♥❣ ❙②st❡♠

�✁

�✂

�✄

λ
❙♣❧✐t
♣♦✐♥t

▼❡r❣❡
♣♦✐♥t

❋✐❣✉r❡ ✷✳✷✿ ❙♣❧✐t✕▼❡r❣❡ q✉❡✉❡✐♥❣ ♠♦❞❡❧✳

❲❡ ♣r❡s❡♥t ❛♥ ❡❧❡♠❡♥t❛r② s♣❧✐t✲♠❡r❣❡ s②st❡♠ ✭s❡❡ ❋✐❣✳ ✷✳✷✮✱ ✇❤❡r❡ t❤❡ s②st❡♠ ♣r♦❝❡ss❡s ♦♥❧②

♦♥❡ t❛s❦ ❛t ❛ t✐♠❡✳ ❆ s♣❧✐t✲♠❡r❣❡ s②st❡♠ ❝♦♥s✐sts ♦❢ s♣❧✐t ❛♥❞ ♠❡r❣❡ ♣♦✐♥ts✱ ❛ ❋❈❋❙ q✉❡✉❡

❜❡❢♦r❡ t❤❡ s♣❧✐t ♣♦✐♥t ✭s♣❧✐t q✉❡✉❡✮ ❛♥❞ s❡✈❡r❛❧ ❤❡t❡r♦❣❡♥❡♦✉s ♣❛r❛❧❧❡❧ s❡r✈❡rs ✇✐t❤ q✉❡✉❡✐♥❣

❝❛♣❛❜✐❧✐t② ❛❢t❡r s❡r✈✐❝❡ ✭♠❡r❣❡ ❜✉✛❡rs✮✳ ❲❤❡♥ ❛ t❛s❦ ❛rr✐✈❡s ✐♥ t❤❡ s②st❡♠ ✭✉s✉❛❧❧② ❛ss✉♠❡❞ t♦

❤❛♣♣❡♥ ❛❝❝♦r❞✐♥❣ t♦ ❛ P♦✐ss♦♥ ♣r♦❝❡ss ✇✐t❤ ♠❡❛♥ r❛t❡ λ✮ ✐t ❥♦✐♥s t❤❡ s♣❧✐t q✉❡✉❡✳ ❲❤❡♥❡✈❡r

❛❧❧ s❡r✈❡rs ❛r❡ ✐❞❧❡ ❛♥❞ t❤❡ s♣❧✐t q✉❡✉❡ ✐s ♥♦t ❡♠♣t②✱ ❛ t❛s❦ ✐s t❛❦❡♥ ❢r♦♠ t❤❡ ❤❡❛❞ ♦❢ t❤❡ s♣❧✐t

q✉❡✉❡ ❛♥❞ ✐s ✐♥❥❡❝t❡❞ ✐♥t♦ t❤❡ s②st❡♠✱ s♣❧✐tt✐♥❣ ✐♥t♦ n s✉❜t❛s❦s ❛t t❤❡ s♣❧✐t ♣♦✐♥t✳ ❊❛❝❤ s✉❜t❛s❦

❡♥t❡rs t❤❡ q✉❡✉❡ ♦❢ ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ ♣❛r❛❧❧❡❧ s❡r✈❡r ✭✇❤❡r❡ ✐t ✐s s❡r✈❡❞ ❛❝❝♦r❞✐♥❣ t♦ ❛ s❡r✈✐❝❡

t✐♠❡ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ♠❡❛♥ 1/µi, i = 1, . . . , n✮✳ ❆❢t❡r s❡r✈✐❝❡✱ ❛ s✉❜t❛s❦ ❡♥t❡rs ❛ ♠❡r❣❡ ❜✉✛❡r✳

❖♥❧② ✇❤❡♥ ❛❧❧ s✉❜t❛s❦s ✭♦❢ ❛ ♣❛rt✐❝✉❧❛r t❛s❦✮ ❛r❡ ♣r❡s❡♥t ✐♥ t❤❡ ♠❡r❣❡ ❜✉✛❡rs ❞♦❡s t❤❡ ♦r✐❣✐♥❛❧

t❛s❦ ✐♥st❛♥t❛♥❡♦✉s❧② ❡①✐t t❤❡ s②st❡♠ ✈✐❛ t❤❡ ♠❡r❣❡ ♣♦✐♥t✳

❙✐♥❝❡ ✇❛✐t✐♥❣ t❛s❦s q✉❡✉❡ ✐♥ t❤❡ s♣❧✐t q✉❡✉❡ ✇❤✐❧❡ t❤❡ s❡r✈✐❝❡ ♥♦❞❡s ❞♦ ♥♦t ❤❛✈❡ q✉❡✉❡✐♥❣

❝❛♣❛❜✐❧✐t②✱ ❛♥❞ ♦♥❧② ♦♥❡ t❛s❦ ✐s ♣r♦❝❡ss❡❞ ❜② t❤❡ s❡r✈❡rs ❛t ❛ t✐♠❡✳ ❲❡ t❤✉s ♥♦t❡ t❤❛t ❛ s♣❧✐t✲

♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠ ♠✐❣❤t ❜❡ ❝♦♥❝❡♣t✉❛❧❧② tr❡❛t❡❞ ❛s ❛♥ ▼✴●✴✶ q✉❡✉❡ ✇✐t❤ s❡r✈✐❝❡ t✐♠❡

s❡t t♦ ❜❡ t❤❡ ♠❛①✐♠✉♠ ♦❢ t❤❡ ♣❛r❛❧❧❡❧ s❡r✈✐❝❡ t✐♠❡s✳



✷✳✻✳ P❛r❛❧❧❡❧ Pr♦❝❡ss✐♥❣ ❙②st❡♠s ✺✶

✷✳✻✳✷ ❋♦r❦✲❏♦✐♥ ◗✉❡✉❡✐♥❣ ❙②st❡♠

�✁

�✂

�✄

λ

❋♦r❦
♣♦✐♥t

❏♦✐♥
♣♦✐♥t

❋✐❣✉r❡ ✷✳✸✿ ❋♦r❦✕❏♦✐♥ q✉❡✉❡✐♥❣ ♠♦❞❡❧✳

❆♥ ❡❧❡♠❡♥t❛r② ❢♦r❦✲❥♦✐♥ s②st❡♠ ✐s ❛♥ ❛s②♥❝❤r♦♥♦✉s t②♣❡ ♦❢ ♣❛r❛❧❧❡❧ q✉❡✉❡✐♥❣ s②st❡♠ ✭s❡❡

❋✐❣✳ ✷✳✸✮✳ ■t ✐s ❝♦♠♣♦s❡❞ ♦❢ n ♣❛r❛❧❧❡❧ ❤❡t❡r♦❣❡♥❡♦✉s ❋❈❋❙ s❡r✈✐❝❡ q✉❡✉❡s✱ ❢♦r❦ ❛♥❞ ❥♦✐♥ ♣♦✐♥ts

❛♥❞ ❥♦✐♥ q✉❡✉❡s ✭❥♦✐♥ ❜✉✛❡rs✮ ❢♦r ❝♦♠♣❧❡t❡❞ s✉❜t❛s❦s ❬✷✶❪✳ ❲❤❡♥ ❛ t❛s❦ ❛rr✐✈❡s ✐♥ t❤❡ s②st❡♠

✭✉s✉❛❧❧② ❛ss✉♠❡❞ t♦ ❤❛♣♣❡♥ ❛❝❝♦r❞✐♥❣ t♦ ❛ P♦✐ss♦♥ ♣r♦❝❡ss ✇✐t❤ ♠❡❛♥ r❛t❡ λ✮ ✐t ✐♥st❛♥t❛♥❡♦✉s❧②

❡♥t❡rs t❤❡ ❢♦r❦ ♣♦✐♥t✱ ✇❤❡r❡ ✐t ❢♦r❦s ✐♥t♦ n ✐♥❞❡♣❡♥❞❡♥t s✉❜t❛s❦s✳ ❊❛❝❤ s✉❜t❛s❦ ❡♥t❡rs t❤❡ q✉❡✉❡

♦❢ ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ ♣❛r❛❧❧❡❧ s❡r✈❡r✳ P❛r❛❧❧❡❧ s❡r✈❡r i ♣r♦❝❡ss❡s ✐ts q✉❡✉❡ ♦❢ s✉❜t❛s❦s ❛❝❝♦r❞✐♥❣

t♦ ❛ ❤❡t❡r♦❣❡♥❡♦✉s ❣❡♥❡r❛❧ s❡r✈✐❝❡ t✐♠❡ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ♠❡❛♥ s❡r✈✐❝❡ t✐♠❡ 1/µi✱ i = 1, . . . , n✳

❆❢t❡r s❡r✈✐❝❡✱ ❛ s✉❜t❛s❦ ❡♥t❡rs ❛ ❥♦✐♥ q✉❡✉❡✳ ❖♥❧② ✇❤❡♥ ❛❧❧ s✉❜t❛s❦s ✭♦❢ ❛ ♣❛rt✐❝✉❧❛r t❛s❦✮ ❛r❡

♣r❡s❡♥t ✐♥ t❤❡ ❥♦✐♥ q✉❡✉❡s ❞♦❡s t❤❡ ♦r✐❣✐♥❛❧ t❛s❦ ✐♥st❛♥t❛♥❡♦✉s❧② ❡①✐t t❤❡ s②st❡♠ ✈✐❛ t❤❡ ❥♦✐♥

♣♦✐♥t✳

❏♦✐♥ ❛♥❞ ▼❡r❣❡ ❇✉✛❡rs

❲❡ ♥♦t❡ t❤❛t ✐♥ ♠❛♥② r❡❛❧✲❧✐❢❡ ❛♣♣❧✐❝❛t✐♦♥s t❤❡ ❥♦✐♥✴♠❡r❣❡ ❜✉✛❡rs ❛r❡ ♠❛♥❛❣❡❞ ❛s ❛ s✐♥❣❧❡

s❤❛r❡❞ ♣❤②s✐❝❛❧ s♣❛❝❡ s❡t ❛s✐❞❡ ❢♦r t❤❡ st♦r❛❣❡ ♦❢ ♣❛rt✐❛❧❧② ❝♦♠♣❧❡t❡❞ s✉❜t❛s❦s✳ ■♥ s✉❝❤ ❝❛s❡s

✇❡ t❡r♠ t❤✐s s♣❛❝❡ t❤❡ ♦✉t♣✉t ❜✉✛❡r✳ ❈❛r❡❢✉❧ ♠❛♥❛❣❡♠❡♥t ♦❢ t❤❡ ❛rr✐✈❛❧ t✐♠❡s ♦❢ s✉❜t❛s❦s ✐♥t♦

t❤❡ ♦✉t♣✉t ❜✉✛❡r ✐s ✈✐t❛❧ ❡s♣❡❝✐❛❧❧② ✐♥ ❝✐r❝✉♠st❛♥❝❡s ✇❤❡r❡ ✐t ♦❝❝✉♣✐❡s ❧✐♠✐t❡❞ ♣❤②s✐❝❛❧ s♣❛❝❡

❛♥❞✴♦r ✇❤❡r❡ ✐t ✐s ❤✐❣❤❧② ✉t✐❧✐s❡❞✳ ❖♥❡ ✇❛② t♦ ❛❝❤✐❡✈❡ t❤✐s ✐s t♦ ♠❛✐♥t❛✐♥ ❧♦✇ ❧❡✈❡❧s ♦❢ s✉❜t❛s❦

❞✐s♣❡rs✐♦♥ ✐s t♦ ❛tt❡♠♣t t♦ ❝❧✉st❡r t❤❡ ❛rr✐✈❛❧ t✐♠❡s ♦❢ t❤❡ s✉❜t❛s❦s ✐♥ t❤❡ ♦✉t♣✉t ❜✉✛❡r ❛s ❝❧♦s❡

❛s ♣♦ss✐❜❧❡✳



✺✷ ❈❤❛♣t❡r ✷✳ ❇❛❝❦❣r♦✉♥❞ ❚❤❡♦r②

✷✳✻✳✸ P❡r❢♦r♠❛♥❝❡ ▼❡tr✐❝s ❢♦r P❛r❛❧❧❡❧ ◗✉❡✉❡✐♥❣ ❙②st❡♠s

■♥ t❤✐s ❞✐ss❡rt❛t✐♦♥ ✇❡ ❛r❡ ❝♦♥❝❡r♥❡❞ ✇✐t❤ ❢♦✉r ♠❡tr✐❝s r❡❧❛t❡❞ t♦ t❤❡ q✉❛❧✐t② ♦❢ s❡r✈✐❝❡ ❡①♣❡r✐✲

❡♥❝❡❞ ❜② t❛s❦s ❛♥❞ s✉❜t❛s❦s ✐♥ ♣❛r❛❧❧❡❧ q✉❡✉❡✐♥❣ s②st❡♠s✳ ●❡♥❡r❛❧❧②✱ ♦♣t✐♠✐s✐♥❣ ♣❡r❢♦r♠❛♥❝❡

♦❢ ❛ q✉❡✉❡✐♥❣ s②st❡♠ ♠❡❛♥s ♦♣t✐♠✐s✐♥❣ ❛ ♣❛rt✐❝✉❧❛r ♣❡r❢♦r♠❛♥❝❡ ♠❡tr✐❝ ✇❤❡r❡ ♦♥❡ ♠❡tr✐❝ ♠❛②

❤❛✈❡ ❛ ♣r✐♦r✐t② ✉♣♦♥ ♦t❤❡rs ❬✺✶❪✳ ❚❤❡r❡ ❛r❡ ❢♦✉r ♣❡r❢♦r♠❛♥❝❡ ♠❡tr✐❝s t❤❛t ❛r❡ ❤❛✈❡ ❜❡❡♥ ✉♥❞❡r

❛tt❡♥t✐♦♥ ❢♦r ♦♣t✐♠✐s❛t✐♦♥✳ ❆♥② ♦❢ t❤❡ ❧❛st t❤r❡❡ ♦❢ t❤❡s❡ ♠❡tr✐❝s ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❢r♦♠ t✇♦ ♦❢

t❤❡ ♦t❤❡rs ❜② ✉t✐❧✐s✐♥❣ ▲✐tt❧❡✬s ❧❛✇✳

❙✉❜t❛s❦ ❉✐s♣❡rs✐♦♥

❲❡ ❞❡✜♥❡ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❛s t❤❡ ❞✐✛❡r❡♥❝❡ ✐♥ t✐♠❡ ❜❡t✇❡❡♥ t❤❡ s❡r✈✐❝❡ ❝♦♠♣❧❡t✐♦♥ ♦❢ t❤❡

✜rst ❛♥❞ ❧❛st s✉❜t❛s❦ ✇❤✐❝❤ ♦r✐❣✐♥❛t❡❞ ❢r♦♠ t❤❡ s❛♠❡ t❛s❦✳ ❊q✉✐✈❛❧❡♥t❧②✱ t❤✐s ✐s t❤❡ ❞✐✛❡r❡♥❝❡

✐♥ t✐♠❡ ❜❡t✇❡❡♥ t❤❡ ❛rr✐✈❛❧ ♦❢ t❤❡ ✜rst ❛♥❞ ❧❛st s✉❜t❛s❦s ✭ ♦❢ ❛ ❣✐✈❡♥ t❛s❦✮ ✐♥ t❤❡ ♦✉t♣✉t ❜✉✛❡r✳

❚❛s❦ ❘❡s♣♦♥s❡ ❚✐♠❡

❚❛s❦ r❡s♣♦♥s❡ t✐♠❡ ✐s t❤❡ t✐♠❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t♦ ❛ t❛s❦ ❡♥t❡r✐♥❣ t❤❡ s②st❡♠ ✉♥t✐❧ ✐t ✜♥✐s❤❡s

✐ts s❡r✈✐❝❡ ❛♥❞ ❡①✐ts t❤❡ s②st❡♠✳ ❚❛s❦ r❡s♣♦♥s❡ t✐♠❡ ✐s ✉s✉❛❧❧② ❛ s✉♠ ♦❢ ✇❛✐t✐♥❣ t✐♠❡ ❛♥❞ s❡r✈✐❝❡

t✐♠❡✳

❙②st❡♠ ❚❤r♦✉❣❤♣✉t

❙②st❡♠ t❤r♦✉❣❤♣✉t ✐s ❞❡✜♥❡❞ ❛s t❤❡ r❛t❡ ✭t❛s❦s ♣❡r ✉♥✐t t✐♠❡✮ ❛t ✇❤✐❝❤ t❤❡ t❛s❦s ❝❛♥ ❜❡ s❡r✈❡❞ ❜②

t❤❡ s②st❡♠✳ ❯s✉❛❧❧②✱ t❤r♦✉❣❤♣✉t ♦❢ ❛♥ ✉♥s❛t✉r❛t❡❞ s②st❡♠ ✐♥❝r❡❛s❡s ❛s ❛ ✇♦r❦❧♦❛❞ ♦❢ t❤❡ s②st❡♠

r✐s❡s ❬✺✶❪✳ ❙✐♥❝❡ s✉❜t❛s❦s ✐♥ ❛ ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠ ❛r❡ s✉❜❥❡❝t t♦ ❧❡ss s②♥❝❤r♦♥✐s❛t✐♦♥

t❤❛♥ t❤♦s❡ ✐♥ ❛ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠✱ t❤❡ str✉❝t✉r❡ ♦❢ ❛ ❢♦r❦✲❥♦✐♥ s②st❡♠ ♥❛t✉r❛❧❧②

②✐❡❧❞s ❤✐❣❤❡r s②st❡♠ t❤r♦✉❣❤♣✉t ✇❤❡♥ ❝♦♠♣❛r❡❞ t♦ ❛ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠ ✇✐t❤ t❤❡

s❛♠❡ s②st❡♠ ❝♦♥✜❣✉r❛t✐♦♥ ❛♥❞ ♣❛r❛♠❡tr✐s❛t✐♦♥✱ s✉❝❤ ❛s t❤❡ s❛♠❡ s❡r✈✐❝❡ t✐♠❡ ❞✐str✐❜✉t✐♦♥s

❛♥❞ s❡r✈✐❝❡ r❛t❡s ❛s ✇❡❧❧ ❛s ❛rr✐✈❛❧ ❞✐str✐❜✉t✐♦♥ ❛♥❞ ❛rr✐✈❛❧ r❛t❡✳



✷✳✼✳ ❚❤❡♦r② ♦❢ ❖r❞❡r ❙t❛t✐st✐❝s ✺✸

❖✉t♣✉t ❇✉✛❡r ▲❡♥❣t❤

❆♥ ♦✉t♣✉t ❜✉✛❡r q✉❡✉❡ ❧❡♥❣t❤ r❡❢❡rs t♦ t❤❡ s✉♠ ♦❢ s✉❜t❛s❦s ♣r❡s❡♥t ✐♥ ❡❛❝❤ ♦❢ t❤❡ ❥♦✐♥ ♦r ♠❡r❣❡

q✉❡✉❡s ✐♥ ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠s ♦r ♠❡r❣❡ q✉❡✉❡ ✐♥ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠s✳ ❑❡❡♣✐♥❣

t❤✐s ♠❡tr✐❝ ✉♥❞❡r ❝♦♥tr♦❧ ✐s ✈❡r② ✐♠♣♦rt❛♥t ✐♥ ❛ ❤✐❣❤❧② ✉t✐❧✐s❡❞ q✉❡✉❡✐♥❣ s②st❡♠s✳

✷✳✼ ❚❤❡♦r② ♦❢ ❖r❞❡r ❙t❛t✐st✐❝s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ r❡❝❛♣ t❤❡ ❡ss❡♥t✐❛❧s ♦❢ t❤❡ t❤❡♦r② ♦❢ ❤♦♠♦❣❡♥❡♦✉s ♦r❞❡r st❛t✐st✐❝s ✇❤✐❝❤

✇❡ ❛r❡ ❣♦✐♥❣ t♦ ❡①t❡♥❞ ❧❛t❡r t♦ ❤❡t❡r♦❣❡♥❡♦✉s ♦r❞❡r st❛t✐st✐❝s✳ ❚❤❡ t❤❡♦r② ♦❢ ♦r❞❡r st❛t✐st✐❝s

st✉❞✐❡s t❤❡ ❜❡❤❛✈✐♦✉r ❛♥❞ ♣r♦♣❡rt✐❡s ♦❢ ❛rr❛♥❣❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❛♥❞ t❤❡ st❛t✐st✐❝s ❞❡r✐✈❡❞

❢r♦♠ t❤❡♠ ❬✷✽❪✳ ❘❡❝❡♥t❧② ✐t ❤❛s ❜❡❝♦♠❡ ♠♦r❡ ❛♣♣❧✐❡❞ ✐♥ ♠❛♥② r❡❛❧ ✇♦r❧❞ ❛r❡❛s✱ s✉❝❤ ❛s ❛✉❝t✐♦♥

t❤❡♦r② ❬✺✾❪✱ ✢♦♦❞s ❛♥❞ ❞r♦✉❣❤ts ❬✾✶❪✱ ✜❡❧❞s ♦❢ q✉❛❧✐t② ❝♦♥tr♦❧ ✐♥ ❛ ♣r♦❜❧❡♠s ♦❢ ❢❛t✐❣✉❡ ❢❛✐❧✉r❡

❛♥❞ ❜r❡❛❦✐♥❣ str❡♥❣t❤ ❬✸✵❪✳

❉❡✜♥✐t✐♦♥ ✷✳✶✳ ▲❡t t❤❡ ✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ X(1), X(2), . . . , X(n) ❜❡ ❛ ♣❡r♠✉t❛t✐♦♥ ♦❢ t❤❡ r❡❛❧

✈❛❧✉❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s X1, X2, . . . , Xn✱ ✐✳❡✳ t❤❡ Xi ❛rr❛♥❣❡❞ ✐♥ ❛s❝❡♥❞✐♥❣ ♦r❞❡r

X(1) 6 X(2) 6 . . . 6 X(n)

❚❤❡♥ X(i) ✐s ❝❛❧❧❡❞ t❤❡ it❤ ♦r❞❡r st❛t✐st✐❝✱ ❢♦r i = 1, 2, . . . , n✳

❚❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s Xi ❛r❡ t②♣✐❝❛❧❧② ❛ss✉♠❡❞ t♦ ❜❡ ✐❞❡♥t✐❝❛❧❧② ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t❧② ❞✐str✐❜✉t❡❞

✭✐✐❞✮ ✇✐t❤ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ F (t)✱ ❜✉t ♦❢ ❝♦✉rs❡ X(i) ❛r❡ ❞❡♣❡♥❞❡♥t ❜❡❝❛✉s❡ ♦❢

t❤❡ ♦r❞❡r✐♥❣✳ ❚❤❡ ✜rst ❛♥❞ ❧❛st ♦r❞❡r st❛t✐st✐❝s✱ X(1) ❛♥❞ X(n)✱ ❛r❡ t❤❡ ♠✐♥✐♠✉♠ ❛♥❞ ♠❛①✐♠✉♠

r❡s♣❡❝t✐✈❡❧②✱ ✇❤✐❝❤ ❛r❡ ❛❧s♦ ❝❛❧❧❡❞ t❤❡ ❡①tr❡♠❡s✳ D = X(n) −X(1) ✐s t❤❡ r❛♥❣❡✳



✺✹ ❈❤❛♣t❡r ✷✳ ❇❛❝❦❣r♦✉♥❞ ❚❤❡♦r②

❉✐str✐❜✉t✐♦♥ ♦❢ t❤❡ rt❤✲❖r❞❡r ❙t❛t✐st✐❝ ✭✐✐❞ ❝❛s❡✮

■❢ X1, X2, . . . , Xn ❛r❡ n ✐♥❞❡♣❡♥❞❡♥t r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✱ t❤❡ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥

✭❝❞❢✮ ♦❢ t❤❡ ♠❛①✐♠✉♠ ♦r❞❡r st❛t✐st✐❝ ✭t❤❡ ♠❛①✐♠✉♠✮ ✐s ❣✐✈❡♥ ❜②✿

Fn(x) = Pr{X(n) 6 x} = Pr{Xi 6 x, 1 6 i 6 n} = F n(x)

▲✐❦❡✇✐s❡✱ t❤❡ ❝❞❢ ♦❢ t❤❡ ♠✐♥✐♠✉♠ st❛t✐st✐❝ ✐s✿

F1(x) = Pr{X(1) 6 x} = 1− Pr{X(1) > x} =

1− Pr{Xi > x, 1 6 i 6 n} = 1− [1− F (x)]n

❚❤❡s❡ ❛r❡ s♣❡❝✐❛❧ ❝❛s❡s ♦❢ t❤❡ ❣❡♥❡r❛❧ ❝❞❢ ♦❢ t❤❡ rt❤ ♦r❞❡r st❛t✐st✐❝✱ Fr(x)✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞

❛s✿

Fr(x) = Pr{X(r) 6 x} = Pr{❛t ❧❡❛st r ♦❢ t❤❡ Xi 6 x}

=
n∑

i=r




n

i


F (x)i[1− F (x)]n−i

✭✷✳✼✮

❚❤❡ ♣❞❢ ♦❢ Xr, fr(x) = F ′
r(x)✱ ✇❤❡r❡ t❤❡ ♣r✐♠❡ ❞❡♥♦t❡s t❤❡ ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ x✱ ✇❤❡♥

✐t ❡①✐sts✱ ✐s t❤❡♥✿

fr(x) =
n!

(r − 1)!1!(n− r)!
F r−1(x)f(x)[1− F (x)]n−r [✷✽].

▼✉❧t✐♣❧②✐♥❣ ❜♦t❤ s✐❞❡s ❜② ✏s♠❛❧❧✑ ǫ✱ t❤✐s r❡s✉❧t ❢♦❧❧♦✇s ✐♥t✉✐t✐✈❡❧② ❢r♦♠ ♥♦t✐♥❣ t❤❛t ✇❡ r❡q✉✐r❡

♦♥❡ ♦❢ t❤❡ Xi t♦ t❛❦❡ ❛ ✈❛❧✉❡ ✐♥ t❤❡ ✐♥t❡r✈❛❧ (x, x+ ǫ]✱ ❡①❛❝t❧② r− 1 ♦❢ t❤❡ Xi t♦ ❜❡ ❧❡ss t❤❛♥ ♦r

❡q✉❛❧ t♦ x ❛♥❞ ❡①❛❝t❧② n−r ♦❢ t❤❡♠ t♦ ❜❡ ❣r❡❛t❡r t❤❛♥ x✳ ❚❤❡ ❝♦❡✣❝✐❡♥t n!/((r−1)!1!(n−r)!)

✐s t❤❡ ♥✉♠❜❡r ♦❢ ✇❛②s ♦❢ ❞♦✐♥❣ t❤✐s✱ ❣✐✈❡♥ t❤❛t t❤❡ Xi ❛r❡ st♦❝❤❛st✐❝❛❧❧② ✐♥❞✐st✐♥❣✉✐s❤❛❜❧❡✳

❚❤❡ ❥♦✐♥t ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ♦❢ t❤❡ rt❤ ❛♥❞ st❤ ♦r❞❡r st❛t✐st✐❝s X(r), X(s)✱ ✇❤❡r❡ (1 6 r < s 6 n)✱

✐s✿

frs(x, y) = SrsF
r−1(x)f(x)[F (y)− F (x)]s−r−1f(y)[1− F (y)]n−s ✭✷✳✽✮



✷✳✼✳ ❚❤❡♦r② ♦❢ ❖r❞❡r ❙t❛t✐st✐❝s ✺✺

✇❤❡r❡ Srs = n!
(r−1)!(s−r−1)!(n−s)!

✱ ❜② s✐♠✐❧❛r r❡❛s♦♥✐♥❣✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❥♦✐♥t ❝❞❢ Frs(x, y) ♦❢

X(r) ❛♥❞ X(s) ♠❛② ❜❡ ♦❜t❛✐♥❡❞ ❜② ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ ♣❞❢ ♦r✱ ❛❧t❡r♥❛t✐✈❡❧②✱ ❢♦r x < y ✇❡ ❤❛✈❡✿

Frs(x, y) = Pr{❛t ❧❡❛st r ♦❢ t❤❡ Xi 6 x✱ ❛t ♠♦st n− s ♦❢ t❤❡ Xi > y}

=
n∑

j=s

j∑

i=r

Pr{❡①❛❝t❧② i ♦❢ t❤❡ Xi 6 x✱ ❡①❛❝t❧② n− j ♦❢ t❤❡ Xi > y}

=
n∑

j=s

j∑

i=r

n!

i!(j − i)!(n− j)!
F i(x)[F (y)− F (x)]j−i[1− F (y)]n−j

❋✐♥❛❧❧②✱ t❤❡ ❥♦✐♥t ♣❞❢ ❢♦r t❤❡ k ♦r❞❡r st❛t✐st✐❝s X(n1), . . . , X(nk), 1 6 n1 < . . . < nk 6 n)✱ ✐s✱

s✐♠✐❧❛r❧②✱ ❢♦r x1 6 . . . 6 xk✿

fn1,...,nk
(x1, . . . , xk) = Sn1,...,nk

F n1−1(x1)f(x1)[F (x2)− F (x1)]
n2−n1−1f(x2) · · ·

[F (xk)− F (xk−1)]
nk−nk−1−1f(xk)[1− F (xk)]

n−nk

✇❤❡r❡ Sn1,...,nk
= n!

(n1−1)!(n2−n1−1)!...(nk−nk−1−1)!(n−nk)!
✳

❉✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❘❛♥❣❡

❚❤❡ ♣❞❢ fDrs
(x) ♦❢ t❤❡ ✐♥t❡r✈❛❧ Drs = X(s) −X(r) ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❥♦✐♥t ♣❞❢ ♦❢ t❤❡ rt❤ ❛♥❞ st❤

♦r❞❡r st❛t✐st✐❝s ✐♥ ❊q✳ ✷✳✽ ❜② s❡tt✐♥❣ y = x+ trs ❛♥❞ ✐♥t❡❣r❛t✐♥❣ ♦✈❡r x✱ ❣✐✈✐♥❣✿

fDrs
(trs) = Srs

∫ ∞

−∞

F r−1(x)f(x)[F (x+ trs)− F (x)]s−r−1f(x+ trs)[1− F (x+ trs)]
n−sdx

■♥ t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ✇❤❡♥ r = 1 ❛♥❞ s = n✱ Drs ✐s t❤❡ r❛♥❣❡ D = X(n) − X(1) ❛♥❞ t❤❡ ♣❞❢

s✐♠♣❧✐✜❡s t♦✿

fD(t) = n(n− 1)

∫ ∞

−∞

f(x)[F (x+ t)− F (x)]n−2f(x+ t)dx



✺✻ ❈❤❛♣t❡r ✷✳ ❇❛❝❦❣r♦✉♥❞ ❚❤❡♦r②

❚❤❡ ❝❞❢ ♦❢ D t❤❡♥ ❢♦❧❧♦✇s ❜② ✐♥t❡❣r❛t✐♥❣ ✐♥s✐❞❡ t❤❡ ✐♥t❡❣r❛❧ ✇✐t❤ r❡s♣❡❝t t♦ x✱ ❣✐✈✐♥❣✿

FD(t) = n

∫ ∞

−∞

f(x)

∫ t

0

(n− 1)f(x+ t′)[F (x+ t′)− F (x)]n−2dt′dx

= n

∫ ∞

−∞

f(x)
[
[F (x+ t′)− F (x)]n−1

]t′=t

t′=0
dx

= n

∫ ∞

−∞

f(x)[F (x+ t)− F (x)]n−1dx ✭✷✳✾✮

❆s ♥♦t❡❞ ✐♥ ❬✷✽❪✱ t❤✐s ❡q✉❛t✐♦♥ ❢♦❧❧♦✇s ✐♥t✉✐t✐✈❡❧② ❜② ♥♦t✐♥❣ t❤❛t t❤❡ ✐♥t❡❣r❛♥❞ ✭♠✉❧t✐♣❧✐❡❞ ❜②

❛♥ ✐♥✜♥✐t❡s✐♠❛❧ q✉❛♥t✐t② ❞x✮ ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t Xi ❢❛❧❧s ✐♥t♦ t❤❡ ✐♥t❡r✈❛❧ (x, x + dx] ✭❢♦r

s♦♠❡ i✮ ❛♥❞ t❤❡ r❡♠❛✐♥✐♥❣ n−1 ♦❢ t❤❡ Xj, j 6= i ❢❛❧❧ ✐♥t♦ (x, x+t]✳ ❚❤❡r❡ ❛r❡ n ✇❛②s ♦❢ ❝❤♦♦s✐♥❣

i✱ ❣✐✈✐♥❣ t❤❡ ❢❛❝t♦r n✳

✷✳✽ ◆✉♠❡r✐❝❛❧ ❖♣t✐♠✐s❛t✐♦♥ ❆❧❣♦r✐t❤♠s

❆r❡❛ ♦❢ ♥✉♠❡r✐❝❛❧ ♦♣t✐♠✐s❛t✐♦♥ ❛❧❣♦r✐t❤♠s ✐s ❛ st✉❞② ♦❢ ♦♣t✐♠✐s❛t✐♦♥ ❛❧❣♦r✐t❤♠s ✇❤✐❝❤ ♠❛❦❡

✉s❡ ♦❢ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥s✱ t❤❛t ✐s ❛ ♥♦♥✲s②♠❜♦❧✐❝ ❛♥❛❧②s✐s✳ ❚❤❡s❡ ❦✐♥❞ ♦❢ ❛❧❣♦r✐t❤♠s ❛✐♠

t♦ ♦❜t❛✐♥ ❢❛st ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥s ✇❤✐❧❡ ❦❡❡♣✐♥❣ ❛ t✐❣❤t ❡rr♦r ❜♦✉♥❞s✳

❙✐♥❝❡ ✐♥ t❤✐s t❤❡s✐s ✇❡ ✉t✐❧✐s❡ ♦♥❧② ♥✉♠❡r✐❝❛❧ ❛❧❣♦r✐t❤♠s t♦ ♠✐♥✐♠✐s❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥s✱ t❤❡r❡✲

❢♦r❡ ✇❡ r❡❝❛❧❧ ♦♥❧② t❤✐s t②♣❡ ♦❢ ❛❧❣♦r✐t❤♠s✳ ❆ss✉♠❡ ✇❡ ❤❛✈❡ ❛♥ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ f(x) ✇❤✐❝❤

❝♦♥✈❡r❣❡s t♦ ✐ts ♠✐♥✐♠✉♠ ❛t s♦♠❡ ♣♦✐♥t x♠✐♥✿

x♠✐♥ = arg min
x

f(x) ✭✷✳✶✵✮

❚❤❡ ❛✐♠ ♦❢ ❛ ♥✉♠❡r✐❝❛❧ ♦♣t✐♠✐s❛t✐♦♥ ❛❧❣♦r✐t❤♠ ✐s t♦ ✜♥❞ ❛ x♠✐♥✳

❉❡s✐r❛❜❧❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ♣r♦♣❡rt✐❡s ✐♥ s✉❝❤ ♣r♦❝❡❞✉r❡s ✐♥❝❧✉❞❡✿ ❤✐❣❤ s♣❡❡❞✱ ✉t✐❧✐s✐♥❣ ♠❛r❣✐♥❛❧

❛♠♦✉♥t ♦❢ ♠❡♠♦r② ❛♥❞ ♠✐♥✐♠✐s✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ f(x) ❡✈❛❧✉❛t✐♦♥s ❬✽✸❪✳



✷✳✽✳ ◆✉♠❡r✐❝❛❧ ❖♣t✐♠✐s❛t✐♦♥ ❆❧❣♦r✐t❤♠s ✺✼

✷✳✽✳✶ ◆❡✇t♦♥✬s ▼❡t❤♦❞

◆❡✇t♦♥✬s ♠❡t❤♦❞ ✐s ❛ ❣r❛❞✐❡♥t ❜❛s❡❞ ✐t❡r❛t✐✈❡ ♠❡t❤♦❞ ♦❢ ✜♥❞✐♥❣ ❧♦❝❛❧ ♠✐♥✐♠✉♠✴♠❛①✐♠✉♠

♦❢ ❛♥ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ f(x)✱ ♣r♦✈✐❞❡❞ t❤❛t ✐t ✐s ❛ ❝♦♥t✐♥✉♦✉s ❛♥❞ t✇✐❝❡✲❞✐✛❡r❡♥t✐❛❜❧❡ ❬✼✾❪✳

❯s✉❛❧❧② ◆❡✇t♦♥✬s ♠❡t❤♦❞ ✐s ✉s❡❞ r❛t❤❡r t❤❛♥ t❤❡ ✇❡❧❧✲❦♥♦✇♥ ❣r❛❞✐❡♥t ❞❡s❝❡♥t ♠❡t❤♦❞✱ ❜❡❝❛✉s❡

t❤❡ ❢♦r♠❡r r❡q✉✐r❡s ❢❡✇❡r st❡♣s t♦ ❝♦♥✈❡r❣❡ t♦ ❛ ♠✐♥✐♠✉♠ ❞✉❡ t♦ ✐ts ✉t✐❧✐s❛t✐♦♥ ♦❢ ❛ ❍❡ss✐❛♥

♠❛tr✐①✱ ✇❤✐❝❤ ❞❡s❝r✐❜❡s t❤❡ ❧♦❝❛❧ ❝✉r✈❛t✉r❡ ♦❢ ❛ ❢✉♥❝t✐♦♥✳ ❊❛❝❤ st❡♣ ✐♥ ◆❡✇t♦♥✬s ♠❡t❤♦❞ ✐s

♠♦r❡ ❝♦♠♣✉t❛t✐♦♥❛❧❧② ❡①♣❡♥s✐✈❡ t❤❛♥ ❛ st❡♣ ✐♥ ❣r❛❞✐❡♥t ❞❡s❝❡♥t ❜✉t ◆❡✇t♦♥✬s ♠❡t❤♦❞ t②♣✐❝❛❧❧②

♥❡❡❞s ❢❡✇❡r st❡♣s t♦ ✜♥❞ t❤❡ ♠✐♥✐♠✉♠✳

❚❤❡ ♠❡t❤♦❞ ❝❛❧❝✉❧❛t❡s t❤❡ ❣r❛❞✐❡♥t ∇f(xk) ❛s ❛ ❞✐r❡❝t✐♦♥ ❢r♦♠ t❤❡ ❝✉rr❡♥t ♣♦✐♥t xk ❛♥❞ ✉t✐❧✐s❡s

❝✉r✈❛t✉r❡ ✐♥❢♦r♠❛t✐♦♥ t♦ t❛❦❡ ❛ ♠♦r❡ ❞✐r❡❝t ❝♦✉rs❡✿

xk+1 = xk − γ[Hf(xk)]
−1∇f(xk) ✭✷✳✶✶✮

✇❤❡r❡ 0 < γ ≤ 1 ✐s ❛ ❝♦♥st❛♥t ✐♥tr♦❞✉❝❡❞ t♦ s❛t✐s❢② ❲♦❧❢❡✬s ❝♦♥❞✐t✐♦♥s✳ ❚❤❡ st❡♣ s✐③❡ γ ♥❡❡❞s t♦

❜❡ ❝❤♦s❡♥ t♦ ❜❡ s♠❛❧❧ ❡♥♦✉❣❤ t♦ s✉♣♣♦rt ❝♦♥✈❡r❣❡♥❝❡✱ ②❡t ❧❛r❣❡ ❡♥♦✉❣❤ t♦ ♠❛❦❡ r❛♣✐❞ ♣r♦❣r❡ss

t♦✇❛r❞s t❤❡ ♠✐♥✐♠✉♠✱ t❤❡s❡ ❝♦♥❞✐t✐♦♥s ✇❡ ❞✐s❝✉ss ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳ Hf(xk) ✐s ❛ ❍❡ss✐❛♥

♠❛tr✐① ♦❢ ❛ s❡❝♦♥❞ ♦r❞❡r ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s✿

H =
∂2f(x)

∂xi∂xj

∀i, j.

❊❛❝❤ ✐t❡r❛t✐♦♥ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ r❡q✉✐r❡s ❝❛❧❝✉❧❛t✐♦♥s ♦❢ t❤❡ ❣r❛❞✐❡♥t ∇f(xk) ❛♥❞ t❤❡ ❍❡ss✐❛♥

♠❛tr✐① Hf(xk) ❛t ❛ ♣♦✐♥t xk✳ ❲❡ ❡①♣❧♦r❡ t❤❡ s✉r❢❛❝❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ✇✐t❤ ❛♣♣❧✐❡❞ ❝✉rr❡♥t

✈❡❝t♦r xk ❛♥❞ ❝♦♠♣❛r❡ f(xk) ❛❣❛✐♥st ♣r❡✈✐♦✉s ✈❛❧✉❡ f(xk−1)✱ t❤❡ ❝❛❧❝✉❧❛t✐♦♥s ❝♦♥t✐♥✉❡ ✇❤✐❧❡

t❤❡ ❝✉rr❡♥t ✈❛❧✉❡ ♦❢ ❢✉♥❝t✐♦♥ ✐s ❣r❡❛t❡r t❤❛♥ ♣r❡✈✐♦✉s ♦♥❡ (f(xk) > f(xk−1))✱ t❤❛♥ t❤❡ ♣r❡✈✐♦✉s

✈❡❝t♦r xk−1 = x♠✐♥ ✐s t❤❡ ❞❡s✐r❡❞ ✈❡❝t♦r✳



✺✽ ❈❤❛♣t❡r ✷✳ ❇❛❝❦❣r♦✉♥❞ ❚❤❡♦r②

✷✳✽✳✷ ❲♦❧❢❡ ❈♦♥❞✐t✐♦♥s

❲❡ ❞✐s❝✉ss t❤❡ ❲♦❧❢❡✬s ❝♦♥❞✐t✐♦♥s ✇❤✐❝❤ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ✐♥ ✐t❡r❛t✐✈❡ ♦♣t✐♠✐s❛t✐♦♥ ♠❡t❤♦❞s ✇❤❡r❡

❛ s❡❛r❝❤ ❞✐r❡❝t✐♦♥ t♦✇❛r❞s t❤❡ ♠✐♥✐♠✉♠ ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✐s ❜❛s❡❞ ♦♥ ❛ ❣r❛❞✐❡♥t ❞❡s❝❡♥t✳

Pr❡✈✐♦✉s❧②✱ ✐♥ ◆❡✇t♦♥✬s ♠❡t❤♦❞ ❊q✳ ✷✳✶✶ ✇❡ ✉t✐❧✐s❡❞ 0 < γ ≤ 1✱ ✇❤✐❝❤ ✐s ❛ ❝♦♥st❛♥t ✐♥tr♦❞✉❝❡❞

t♦ s❛t✐s❢② ❲♦❧❢❡ ❝♦♥❞✐t✐♦♥s ❬✶✵✽✱ ✶✵✾❪✳ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❧♦♦❦ ❤♦✇ t♦ r✐❣♦r♦✉s❧② ❝♦♠♣✉t❡ st❡♣

❧❡♥❣t❤ γ t♦ s❛t✐s❢② ❛ tr❛❞❡✲♦✛ ❜❡t✇❡❡♥ ♣r♦✈✐❞✐♥❣ s✉❜st❛♥t✐❛❧ r❡❞✉❝t✐♦♥ ♦❢ f(x)✱ ❜✉t ❛t t❤❡ s❛♠❡

t✐♠❡ ♠❛❦❡ ❛ r❛♣✐❞ ♣r♦❣r❡ss ❬✼✾❪✳

❆ ❞❡s❝❡♥t ❞✐r❡❝t✐♦♥ ❢♦r ◆❡✇t♦♥✬s ♠❡t❤♦❞ ❢r♦♠ ❊q✳ ✷✳✶✶ ✐s✿

pk = −H−1
f(xk)

∇f(xk)

❚❤❡r❡ ❛r❡ t✇♦ ✐♥❡q✉❛❧✐t✐❡s ♥❛♠❡❧② t❤❡ ❲♦❧❢❡ ❝♦♥❞✐t✐♦♥s ✇❤✐❝❤ ♠✉st ❤♦❧❞ t♦ ❡♥s✉r❡ ❝♦rr❡❝t st❡♣

s✐③❡✳ ❋✐rst ❝♦♥❞✐t✐♦♥ st✐♣✉❧❛t❡s t❤❛t γ ❤❛s s✉✣❝✐❡♥t ❞❡❝r❡❛s❡ ✐♥ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ f(x)✿

f
(
xk + γ

(
−H−1

f(xk)
∇f(xk)

))
≤

f(xk) + c1γ∇fT (xk)
(
−H−1

f(xk)
∇f(xk)

) ✭✷✳✶✷✮

✇❤❡r❡ c1 ∈ (0, 1) ✐s ❛ ❝♦♥st❛♥t✳ ❚❤❡ ✐♥❡q✉❛❧✐t② ♠❡❛♥s t❤❛t t❤❡ r❡❞✉❝t✐♦♥ ♦❢ f(x) s❤♦✉❧❞ ❜❡

♣r♦♣♦rt✐♦♥❛❧ t♦ ❜♦t❤ t❤❡ st❡♣ s✐③❡ γ ❛♥❞ t❤❡ ❞✐r❡❝t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡ ∇fT (xk)pk ❬✼✾❪✳ ❊q✳ ✭✷✳✶✷✮

❛❜♦✈❡ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❆r♠✐❥♦ r✉❧❡ ❬✺❪✳

❚❤❡ s✉✣❝✐❡♥t ❞❡❝r❡❛s❡ ❝♦♥❞✐t✐♦♥ ✐s ♥♦t ❡♥♦✉❣❤ t♦ ♠❛❦❡ s✉r❡ t❤❛t t❤❡ ♦♣t✐♠✐s❛t✐♦♥ ❛❧❣♦r✐t❤♠

♠❛❦❡s ❢❛st ♣r♦❣r❡ss✱ ❛s ✐t s❛t✐s✜❡s ❢♦r ❛❧❧ s✉✣❝✐❡♥t❧② s♠❛❧❧ ✈❛❧✉❡s ♦❢ γ✳ ■♥ ♦r❞❡r t♦ r❡❥❡❝t ❛❧❧

✉♥❛❝❝❡♣t❛❜❧❡ s❤♦rt st❡♣s t❤❡ s❡❝♦♥❞ ❝♦♥❞✐t✐♦♥✱ ♥❛♠❡❧② ❝✉r✈❛t✉r❡ ❝♦♥❞✐t✐♦♥ s❤♦✉❧❞ ❜❡ s❛t✐s✜❡❞✿

∇fT
(
xk + γ(−H−1

f(xk)
∇f(xk))

)(
−H−1

f(xk)
∇f(xk)

)
≥

c2∇fT (xk)
(
−H−1

f(xk)
∇f(xk)

) ✭✷✳✶✸✮

✇❤❡r❡ c2 ❛r❡ ❝♦♥st❛♥ts✱ ✇❤✐❝❤ s❤♦✉❧❞ ❜❡ ❝❤♦s❡♥ s✉❝❤ t❤❛t 0 < c1 < c2 < 1 ❛♥❞ c1 ≪ c2✳

Pr❛❝t✐❝❛❧❧②✱ ❢♦r t❤❡ ♣✉r♣♦s❡s ♦❢ ◆❡✇t♦♥ ♠❡t❤♦❞ ✐t ✐s r❡❝♦♠♠❡♥❞❡❞ t♦ s❡t c1 ❛s 10−4 ❛♥❞ ❢♦r c2



✷✳✽✳ ◆✉♠❡r✐❝❛❧ ❖♣t✐♠✐s❛t✐♦♥ ❆❧❣♦r✐t❤♠s ✺✾

t♦ t❛❦❡ ♦♥ ✵✳✾ ❬✼✾❪✳

❚❤❡ ❢♦r♠❡r ✐♥❡q✉❛❧✐t② ♠❡❛♥s t❤❛t ✐❢ ✇❡ ❧♦♦❦ ❛t t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ❛s ∂f(xk−γpk)
∂γ

✱ t❤❛♥ t❤❡

❝✉r✈❛t✉r❡ ❝♦♥❞✐t✐♦♥ ❡♥s✉r❡s t❤❛t t❤❡ s❧♦♣❡ ♦❢ f ❛t γ ✐s ❣r❡❛t❡r t❤❛♥ c2
∂f(xk−γpk)

∂γ
|γ=0✳ ❚❤✐s

❝♦♥❞✐t✐♦♥ ✇♦r❦s ❜❡❝❛✉s❡ ❛ str♦♥❣❧② ♥❡❣❛t✐✈❡ ❧❡❢t✲❤❛♥❞✲s✐❞❡ ✐❧❧✉str❛t❡s t❤❛t f ❝❛♥ ❜❡ s✐❣♥✐✜❝❛♥t❧②

r❡❞✉❝❡❞ ❜② ♠♦✈✐♥❣ ❢✉rt❤❡r ✐♥ t❤❡ ❝❤♦s❡♥ ❞✐r❡❝t✐♦♥✳ ❇✉t ✐❢ ❧❡❢t✲❤❛♥❞ s✐❞❡ ✐s ❥✉st ♠❛r❣✐♥❛❧❧②

♥❡❣❛t✐✈❡ ♦r ♣♦s✐t✐✈❡✱ t❤❛♥ ✐t ♠❡❛♥s t❤❛t t❤❡r❡ ✐s ♥♦ ♠♦r❡ ❞❡❝r❡❛s❡ ✐♥ ❢✉rt❤❡r ❞✐r❡❝t✐♦♥ ♦❢ t❤❡

♦♣t✐♠✐s❛t✐♦♥ ♠❡t❤♦❞ ❬✽✵❪✳

✷✳✽✳✸ ◆❡❧❞❡r✲▼❡❛❞ ▼❡t❤♦❞

◆❡❧❞❡r✲▼❡❛❞ ♠❡t❤♦❞ ✐s ❛♥ ✐t❡r❛t✐✈❡ s✐♠♣❧❡①✲r❡✢❡❝t✐♦♥ t❡❝❤♥✐q✉❡ ❢♦r ♠✐♥✐♠✐s✐♥❣ ❛♥ ♦❜❥❡❝t✐✈❡

❢✉♥❝t✐♦♥ f(x) ✇❤❡r❡ ✐ts ❞❡r✐✈❛t✐✈❡s ♠❛② ♥♦t ❜❡ ❦♥♦✇♥✱ t❤❡r❡❢♦r❡ ✐t ✐s ❣r❛❞✐❡♥t✲❢r❡❡ ♦♣t✐♠✐s❛t✐♦♥

❛❧❣♦r✐t❤♠✳ ❚❤❡ ♠❡t❤♦❞ ✇❛s ❝r❡❛t❡❞ ✐♥ ✶✾✻✺ ❜② ❏♦❤♥ ◆❡❧❞❡r ❛♥❞ ❘♦❣❡r ▼❡❛❞ ❬✼✸❪✱ t❤❡ ♠❛✐♥

✐❞❡❛ ✐s ✐♥ n ❞✐♠❡♥s✐♦♥ ♣r♦❜❧❡♠ ♦❢ ♠✐♥✐♠✐s✐♥❣ f(x) t♦ ❦❡❡♣ tr❛❝❦ ♦❢ n + 1 ♣♦✐♥ts ✇❤✐❝❤ ❢♦r♠ ❛

s✐♠♣❧❡①✳ ❆ss✉♠❡ ❛ s✐♠♣❧❡① S ✐s ❣✐✈❡♥✱ ✇❤❡r❡ ✈❡rt✐❝❡s ❛r❡

S = {s1, s2, ..., sn+1}.

❋r♦♠ t❤❡ ✈❡❝t♦r ♦❢ ✈❡rt✐❝❡s ❛ss♦❝✐❛t❡❞ ♠❛tr✐① ❢♦r♠❡❞

V (S) = [s2 − s1, s3 − s1, . . . , sn+1 − s1].

■♥ ❡❛❝❤ ✐t❡r❛t✐♦♥ ❢♦r t❤❡ s❡t ♦❢ ❝✉rr❡♥t ✈❡rt✐❝❡s {x1, x2, . . . , xn+1}✱ ✇❤✐❝❤ ❛r❡ ✐♥ ♦r❞❡r s✉❝❤ t❤❛t

f(x1) ≤ f(x2) ≤ · · · ≤ f(xn+1)✱ t❤❡ ❛❧❣♦r✐t❤♠ r❡♣❧❛❝❡s t❤❡ ✈❡rt❡① xn+1 ✇❤✐❝❤ ❣✐✈❡s t❤❡ ❤✐❣❤❡st

✈❛❧✉❡ ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✇✐t❤ ❛ ♥❡✇ ✈❡rt❡①✱ t❤❛t ♣r♦✈✐❞❡s ❜❡st ✈❛❧✉❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥✳

❚❤❡ ♥❡✇ ✈❡rt❡① ✐s ❝♦♠♣✉t❡❞ ❜② r❡✢❡❝t✐♥❣✱ ❝♦♥tr❛❝t✐♥❣ ♦r ❡①♣❛♥❞✐♥❣ t❤❡ s✐♠♣❧❡① ❛❧♦♥❣ t❤❡ ❧✐♥❡

❥♦✐♥✐♥❣ t❤❡ ✇♦rst ♣♦✐♥t ✇✐t❤ t❤❡ ❝❡♥tr♦✐❞ ♣♦✐♥t (x̄) ♦❢ r❡♠❛✐♥✐♥❣ ♣♦✐♥ts ❬✼✽✱ ✶✵❪✳



✻✵ ❈❤❛♣t❡r ✷✳ ❇❛❝❦❣r♦✉♥❞ ❚❤❡♦r②

✷✳✾ ❘❡❧❛t❡❞ ❲♦r❦ ✐♥ P❛r❛❧❧❡❧ ◗✉❡✉❡✐♥❣ ❙②st❡♠s

P❛r❛❧❧❡❧ ♣r♦❝❡ss✐♥❣ s②st❡♠s ❤❛✈❡ ❜❡❡♥ ✐♥ s❝✐❡♥t✐✜❝ ✐♥t❡r❡st ❢♦r ♠❛♥② ❞❡❝❛❞❡s✳ ❯s✉❛❧❧② r❡s❡❛r❝❤

♦♥ ❢♦r❦✲❥♦✐♥ ❛♥❞ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠s ✐s ❝♦♥❝❡r♥❡❞ ✇✐t❤ ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ ♠❡❛♥ ♦r

❧♦✇❡r✴✉♣♣❡r ❜♦✉♥❞s ♦♥ t❛s❦ r❡s♣♦♥s❡ t✐♠❡✳ ❚❤❡ ❛♥❛❧②s✐s ♦❢ ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠s ✐s ❤❛r❞

❡✈❡♥ ✉♥❞❡r ▼❛r❦♦✈✐❛♥ ❛ss✉♠♣t✐♦♥s ❜❡❝❛✉s❡ ✜rst❧②✱ ❛ ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠ ✐s ❛ ♥♦♥✲♣r♦❞✉❝t

❢♦r♠ s✐♥❝❡ ❛rr✐✈❛❧ ♣r♦❝❡ss ✐s ❝♦rr❡❧❛t❡❞ t❤❡r❡❢♦r❡ t❤❡ s②st❡♠s ❝❛♥ ♥♦t ❜❡ ❞❡❝♦♠♣♦s❡❞✳ ❙❡❝♦♥❞❧②✱

❜❡❝❛✉s❡ ♦❢ t❤❡ ❛s②♥❝❤r♦♥♦✉s ♣r♦♣❡rt✐❡s ♦❢ ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠s✱ ✐ts ❞✐✣❝✉❧t t♦ ❛♥❛❧②s❡ ✐t

❛♥❛❧②t✐❝❛❧❧②✱ ❡①❝❡♣t ✈❡r② s✐♠♣❧❡ ❝❛s❡s ✇❤❡r❡ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥s ✇❡r❡ ❢♦✉♥❞ ❬✸✻✱ ✸✼❪✳ ❚❤❡ ♠❛✐♥

❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ r❡s❡❛r❝❤❡s ✐s s♣❡❝✐✜❝❛t✐♦♥s ♦❢ t❤❡ q✉❡✉❡✐♥❣ s②st❡♠s ✇❤✐❝❤ r❡s❡❛r❝❤❡s ✇❡r❡

❜❛s❡❞ ♦♥✳ ❋♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠s ♠❛② ❜❡ ❝❧❛ss✐✜❡❞ ❜② ❞✐✛❡r❡♥t ♥✉♠❜❡r ♦❢ s♦✉r❝❡s ✭s✐♥❣❧❡

♦r ♠✉❧t✐♣❧❡✱ ❛❧t❤♦✉❣❤ ♠♦st ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠s ❤❛✈❡ ♦♥❡ s♦✉r❝❡ ♦❢ ❛rr✐✈❛❧ t❛s❦s✮✱ ♦♣❡♥

♦r ❝❧♦s❡❞ s②st❡♠s✱ ❝♦♥s✐❞❡r✐♥❣ ♦♥❧② ❢♦r❦ ♦r ♦♥❧② ❥♦✐♥ ♣♦✐♥ts✱ ♠✉❧t✐✲❝❧❛ss s②st❡♠s ❡t❝✳

❇② ❝♦♥tr❛st✱ t❤❡ ❢♦❝✉s ♦❢ t❤❡ ♣r❡s❡♥t ❞✐ss❡rt❛t✐♦♥ ✐s ♥♦t r❡s♣♦♥s❡ t✐♠❡ ❝♦♠♣✉t❛t✐♦♥❀ r❛t❤❡r ✐t

❝♦♥❝❡r♥s ✇❛②s t♦ ❝♦♥tr♦❧ t❤❡ ❞✐s♣❡rs✐♦♥ ♦❢ s✉❜t❛s❦ ❝♦♠♣❧❡t✐♦♥ t✐♠❡ ✇❤✐❝❤ ❛✛❡❝ts ❛ s♣❧✐t✴❥♦✐♥

q✉❡✉❡ ❧❡♥❣t❤ ✐♥ ♣❛r❛❧❧❡❧ q✉❡✉❡✐♥❣ s②st❡♠s s✉❝❤ ❛s s♣❧✐t✲♠❡r❣❡ ❛♥❞ ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠s✳

✷✳✾✳✶ P❡r❢♦r♠❛♥❝❡ ❆♥❛❧②s✐s ♦❢ P❛r❛❧❧❡❧ ❙②st❡♠s

❚❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ ♣❡r❢♦r♠❛♥❝❡ ♣r❡❞✐❝t✐♦♥ ✐♥ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠s ❛♥❞ t❤❡✐r ❧❡ss s②♥✲

❝❤r♦♥✐s❡❞ ✕ ❜✉t ❛♥❛❧②t✐❝❛❧❧② ♠✉❝❤ ❧❡ss tr❛❝t❛❜❧❡ ✕ ❝♦✉♥t❡r♣❛rts✱ ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠s✱ ❤❛s

❜❡❡♥ ❧♦♥❣ ❛♣♣r❡❝✐❛t❡❞ ❜② ♣❡r❢♦r♠❛♥❝❡ ♠♦❞❡❧❧❡rs✳ ❯♥❞❡rst❛♥❞❛❜❧②✱ ❢♦r ❜♦t❤ ❦✐♥❞s ♦❢ ♠♦❞❡❧✱ t❤❡

♣r✐♠❛r② ❢♦❝✉s ♦❢ r❡s❡❛r❝❤ ✇♦r❦ t♦ ❞❛t❡ ❤❛s ❜❡❡♥ ♦♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ st❛t✐♦♥❛r② ❞✐str✐❜✉✲

t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ s✉❜t❛s❦s q✉❡✉❡❞ ❛t ❡❛❝❤ ♣❛r❛❧❧❡❧ s❡r✈❡r ❛♥❞ ♦♥ ♠♦♠❡♥ts ♦❢ t❛s❦ r❡s♣♦♥s❡

t✐♠❡✱ ♠♦st ❡s♣❡❝✐❛❧❧② t❤❡ ♠❡❛♥✳



✷✳✾✳ ❘❡❧❛t❡❞ ❲♦r❦ ✐♥ P❛r❛❧❧❡❧ ◗✉❡✉❡✐♥❣ ❙②st❡♠s ✻✶

❘❡❧❛t❡❞ ▲✐t❡r❛t✉r❡ ❘❡✈✐❡✇ ♦♥ ❙✉❜t❛s❦ ❉✐s♣❡rs✐♦♥

❚❤❡r❡ ❛r❡ ♦♥❧② ❛ ❢❡✇ ✐t❡♠s ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ✇❤✐❝❤ ❝♦♥s✐❞❡r t❤❡ ✐ss✉❡ ♦❢ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✐♥

♣❛r❛❧❧❡❧ s②st❡♠s❀ ❛♥❞ ♠♦st ♦❢ t❤✐s ✇♦r❦ tr❡❛ts t❤❡ ♠❡tr✐❝ ✐♥❞✐r❡❝t❧② t❤r♦✉❣❤ ❛♥ ❡①❛♠✐♥❛t✐♦♥ ♦❢

t❤❡ ♠❡❛♥ ♥✉♠❜❡r ♦❢ s✉❜t❛s❦s ✐♥ t❤❡ ♦✉t♣✉t ❜✉✛❡r✳ ❲❡ s✉♠♠❛r✐s❡ t❤❡ ♠❛✐♥ r❡s✉❧ts ❜❡❧♦✇✳

❇❛❧s❛♠♦ ❛♥❞ ▼✉r❛ ❬✶✻❪ ❝♦♥s✐❞❡r ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ ♥❡t✇♦r❦s ✇✐t❤ P♦✐ss♦♥ ❛rr✐✈❛❧s ❛♥❞ ❣❡♥❡r❛❧

s❡r✈✐❝❡ t✐♠❡ ❞✐str✐❜✉t✐♦♥s r❡♣r❡s❡♥t❡❞ ❛s ❛ ❈♦①✐❛♥ ❞✐str✐❜✉t✐♦♥✳ ❚❤❡② ❝❧❛✐♠ ❛♥② ❣❡♥❡r❛❧ s❡r✈✐❝❡

t✐♠❡ ❞✐str✐❜✉t✐♦♥ t❤❛t ❤❛s r❛t✐♦♥❛❧ ▲❛♣❧❛❝❡ tr❛♥s❢♦r♠ ❝❛♥ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ❛r❜✐tr❛r② ❝❧♦s❡❧②

✉s✐♥❣ t❤✐s t❡❝❤♥✐q✉❡✳ ❚❤❡② ❞❡r✐✈❡ t✇♦ ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ t❤❡ ❥♦✐♥ q✉❡✉❡ ❧❡♥❣t❤ ✭✐✳❡✳ t❤❡ ♥✉♠❜❡r

♦❢ s✉❜t❛s❦s ✐♥ ❡❛❝❤ ❥♦✐♥ q✉❡✉❡✮ ❞✐str✐❜✉t✐♦♥ ❛♥❞ ❝❧♦s❡❞✕❢♦r♠ ❡①♣r❡ss✐♦♥s ❢♦r ❛❧❧ ♠♦♠❡♥ts ❢♦r

t❤✐s ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ❛ ♣r♦♦❢ ♦❢ ❧♦✇❡r ❛♥❞ ✉♣♣❡r ❜♦✉♥❞s ♦♥ t❤❡ ♠♦♠❡♥ts ♦❢ t❤❡ ❥♦✐♥ q✉❡✉❡

❧❡♥❣t❤✳ ❚❤❡ t❡❝❤♥✐q✉❡ ✐s ❜❛s❡❞ ♦♥ ❛♥ ❛♥❛❧②s✐s ♦❢ t❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss ✉♥❞❡r❧②✐♥❣ t❤❡ ❢♦r❦✲❥♦✐♥

q✉❡✉❡✐♥❣ s②st❡♠✳ ❚❤❡② ✐❞❡♥t✐❢② ❛ r❡❣✉❧❛r ♣r♦❝❡ss str✉❝t✉r❡ ❜② ❝❤♦♦s✐♥❣ ❛♥ ❛♣♣r♦♣r✐❛t❡ st❛t❡

♦r❞❡r✐♥❣ ✇❤✐❝❤ ❛❧❧♦✇s t♦ ❛♣♣❧② ❛ ♠❛tr✐①✲❣❡♦♠❡tr✐❝ ♠❡t❤♦❞ ❬✶✻❪✳

❇♦❧❝❤ ♣r♦♣♦s❡❞ ♣❡r❢♦r♠❛♥❝❡ ♠❡tr✐❝s ❢♦r ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠s t❤❛t r❡❧❛t❡ t♦ ❥♦✐♥ q✉❡✉❡s✿

✜rst❧②✱ s②♥❝❤r♦♥✐s❛t✐♦♥ ♦✈❡r❤❡❛❞ ✕ t❤❛t ✐s r❛t✐♦ ♦❢ s✉❜t❛s❦s✬ ♠❡❛♥ ✇❛✐t✐♥❣ t✐♠❡s ✐♥ ❛ ❥♦✐♥ q✉❡✉❡s

t♦ t❤❡ ♠❡❛♥ t❛s❦ r❡s♣♦♥s❡ t✐♠❡✱ s❡❝♦♥❞❧② ❜❧♦❝❦✐♥❣ ❢❛❝t♦r ✕ t❤❛t ✐s ❛♥ ❛✈❡r❛❣❡ ♥✉♠❜❡r ♦❢ s✉❜t❛s❦s

✐♥ t❤❡ ❥♦✐♥ q✉❡✉❡s ✭❥♦✐♥ q✉❡✉❡ ❧❡♥❣t❤✮ ❛♥❞ ❧❛st❧②✱ s♣❡❡❞✲✉♣✱ ✇❤✐❝❤ ✐s ❛ r❛t✐♦ ♦❢ ♠❡❛♥ t❛s❦ r❡s♣♦♥s❡

t✐♠❡ ✇✐t❤ n s✉❜t❛s❦s t❤❛t s❡r✈❡ s❡q✉❡♥t✐❛❧❧② t♦ ❛ ♠❡❛♥ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ✇✐t❤ n s✉❜t❛s❦s t❤❛t

❛r❡ s❡r✈❡❞ ❜② ❛ ♣❛r❛❧❧❡❧ q✉❡✉❡✐♥❣ s②st❡♠ ✇✐t❤ ❛ ❢♦r❦✲❥♦✐♥ ♣♦❧✐❝② ❬✷✵❪✳

■♥ t❤❡ ▼❛♣✲❘❡❞✉❝❡ ❝♦♠♠✉♥✐t②✱ ❩❛❤❛r✐❛ ❡t ❛❧✳ st✉❞② t❤❡ s❝❤❡❞✉❧✐♥❣ ♦❢ ▼❛♣✲❘❡❞✉❝❡ t❛s❦s ✐♥

❝❧✉st❡rs✱ ♣❛rt✐❝✉❧❛r❧② s❤❛r✐♥❣ ❛ ❝❧✉st❡r ❜❡t✇❡❡♥ ✉s❡rs ✇❤✐❧❡ ❦❡❡♣✐♥❣ ❞❛t❛ ❧♦❝❛❧✐t②✱ t❤❛t ✐s t❤❡

♣❧❛❝❡♠❡♥t ♦❢ ❝♦♠♣✉t❛t✐♦♥ ♥❡❛r ✐ts ✐♥♣✉t ❞❛t❛ ✐♥ t❤❡ s②st❡♠✳ ▲♦❝❛❧✐t② ♦❢ ❞❛t❛ ✐s ❛♥ ❡ss❡♥t✐❛❧

♣❡r❢♦r♠❛♥❝❡ ✐ss✉❡ ✐♥ ❧❛r❣❡ ❝❧✉st❡rs ❜❡❝❛✉s❡ ♥❡t✇♦r❦ ❜❛♥❞✇✐❞t❤ ✐s ❛ ❜♦tt❧❡♥❡❝❦ ❬✸✶❪✳ ❚❤❡②

♣r♦♣♦s❡ ❛ ❞❡❧❛② s❝❤❡❞✉❧✐♥❣ ❛❧❣♦r✐t❤♠✱ ✇❤❡r❡❜② s♦♠❡ s❝❤❡❞✉❧❡❞ t❛s❦s ✇❛✐t ❢♦r ❛ s♠❛❧❧ ❛♠♦✉♥t ♦❢

t✐♠❡✱ s♦ t❤❛t ♦t❤❡r t❛s❦s ❝❛♥ ✜♥✐s❤ t❤❡✐r s❡r✈✐❝❡✳ ❚❤✐s s✐♠♣❧❡ ♠❡t❤♦❞ ✇❛s t❡st❡❞ ♦♥ ❛ ✻✵✵✲s❡r✈❡r

❍❛❞♦♦♣ ❝❧✉st❡r ❛t ❋❛❝❡❜♦♦❦✳ ❚❤✐s ❞❡❧❛②❡❞ s❝❤❡❞✉❧✐♥❣ ♦❢ t❛s❦s ❝❛♥ ❝♦✉♥t❡r✲✐♥t✉✐t✐✈❡❧② ❧❡❛❞ t♦ ❛

❣r❡❛t❡r ❢❛✐r♥❡ss ❛♥❞ ❛ ❤✐❣❤❡r ❧❡✈❡❧ ♦❢ ❞❛t❛ ❧♦❝❛❧✐t② ❬✶✶✶❪✳



✻✷ ❈❤❛♣t❡r ✷✳ ❇❛❝❦❣r♦✉♥❞ ❚❤❡♦r②

❘❡❧❛t❡❞ ▲✐t❡r❛t✉r❡ ❘❡✈✐❡✇ ♦♥ ❚❛s❦ ❘❡s♣♦♥s❡ ❚✐♠❡

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♠❛❦❡ ❛tt❡♠♣t t♦ r❡❝❛❧❧ s♦♠❡ ♦❢ ♠❛❥♦r r❡s❡❛r❝❤ ♦♥ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ✐♥

❝❤r♦♥♦❧♦❣✐❝❛❧ ♦r❞❡r✳

❍❡✐❞❡❧❜❡r❣❡r ❛♥❞ ❚r✐✈❡❞✐ ❞❡✈❡❧♦♣❡❞ t✇♦ ❤✐❣❤❧② ❛❝❝✉r❛t❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞s ❢♦r ♠❡❛♥ q✉❡✉❡

❧❡♥❣t❤ ❛♥❞ ♠❡❛♥ r❡s♣♦♥s❡ t✐♠❡ ♣r❡❞✐❝t✐♦♥ ✐♥ ❝❧♦s❡❞ ♣❛r❛❧❧❡❧ q✉❡✉❡✐♥❣ s②st❡♠s ❜❛s❡❞ ♦♥ ▼✴▼✴✶✲

q✉❡✉❡s ✇❤❡r❡ ♣r✐♠❛r② t❛s❦s ❢♦r❦ ✐♥t♦ t✇♦ ♦r ♠♦r❡ s❡❝♦♥❞❛r② s✉❜t❛s❦s ❬✺✵❪✳ ❋❧❛tt♦ ❡t ❛❧✳ ❞❡r✐✈❡❞

❡①❛❝t ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥s ❢♦r t❤❡ st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ s✉❜t❛s❦s ✐♥ ❡❛❝❤

q✉❡✉❡ ✐♥ ❛ t✇♦✲♥♦❞❡ ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠s ✇✐t❤ ❡①♣♦♥❡♥t✐❛❧ t❛s❦ ❛rr✐✈❛❧s ❛♥❞ ❤❡t❡r♦❣❡✲

♥❡♦✉s ❡①♣♦♥❡♥t✐❛❧ s❡r✈✐❝❡ t✐♠❡ ❞✐str✐❜✉t✐♦♥s ❬✸✻✱ ✸✼❪✳ ❋♦r ❢♦r❦✲❥♦✐♥ s②st❡♠s ✇✐t❤ ❤♦♠♦❣❡♥❡♦✉s

❡①♣♦♥❡♥t✐❛❧ s❡r✈✐❝❡ t✐♠❡ ❞✐str✐❜✉t✐♦♥s✱ ◆❡❧s♦♥ ❛♥❞ ❚❛♥t❛✇✐ ❞❡s❝r✐❜❡ ❛ t❡❝❤♥✐q✉❡ ✇❤✐❝❤ ②✐❡❧❞s

❛♣♣r♦①✐♠❛t❡ ❧♦✇❡r ❛♥❞ ✉♣♣❡r ❜♦✉♥❞s ♦♥ ♠❡❛♥ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r

♦❢ s❡r✈❡rs ❬✼✺❪✳ ◆❡❧s♦♥ ❡t ❛❧✳ ❝♦♥s✐❞❡r ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ ♥❡t✇♦r❦s ✇✐t❤ P♦✐ss♦♥ ❛rr✐✈❛❧ ❜✉❧❦s

♦❢ t❛s❦s✱ ❡①♣♦♥❡♥t✐❛❧ s❡r✈✐❝❡ t✐♠❡ ❞✐str✐❜✉t✐♦♥s✱ t❤❡② ❢♦✉♥❞ ❛♥❛❧②t✐❝❛❧ ❡①♣r❡ss✐♦♥ ❢♦r ♠❡❛♥ t❛s❦

r❡s♣♦♥s❡ t✐♠❡ ✐♥ ❬✼✻❪✳ ❑✐♠ ❛♥❞ ❆❣r❛✇❛❧❛ ❞❡r✐✈❡ ❛♥ ❛♣♣r♦❛❝❤ ✇❤✐❝❤ ❛♣♣r♦①✐♠❛t❡s ♠❡❛♥ t❛s❦

r❡s♣♦♥s❡ t✐♠❡ ❛♥❞ st❛t❡✲♦❝❝✉♣❛♥❝② ♣r♦❜❛❜✐❧✐t✐❡s ✐♥ ♠✉❧t✐✲s❡r✈❡r ❢♦r❦✲❥♦✐♥ s②st❡♠s ✇✐t❤ ❊r❧❛♥❣

s❡r✈✐❝❡ t✐♠❡ ❞✐str✐❜✉t✐♦♥s ❬✺✺❪✳ ❇❛❝❝❡❧❧✐ ❡t ❛❧✳ ❞❡r✐✈❡ ❜♦✉♥❞s ♦♥ ✈❛r✐♦✉s tr❛♥s✐❡♥t ❛♥❞ st❡❛❞②✲

st❛t❡ ♣❡r❢♦r♠❛♥❝❡ ♠❡❛s✉r❡s ❢♦r ✭♣r❡❞♦♠✐♥❛♥t❧② ❤♦♠♦❣❡♥❡♦✉s✮ ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠s ❜②

st♦❝❤❛st✐❝❛❧❧② ❝♦♠♣❛r✐♥❣ ❛ ❣✐✈❡♥ s②st❡♠ ✇✐t❤ ❝♦♥str✉❝t❡❞ q✉❡✉❡✐♥❣ s②st❡♠s ✇✐t❤ s✐♠♣❧❡r str✉❝✲

t✉r❡ ❜✉t ✐❞❡♥t✐❝❛❧ st❛❜✐❧✐t② ❝❤❛r❛❝t❡r✐st✐❝s ❬✶✸✱ ✶✹❪✳

❚♦✇s❧❡② ❡t ❛❧✳ ❞❡✈❡❧♦♣ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧s ❢♦r ♠❡❛♥ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ♦❢ ❢♦r❦✲❥♦✐♥ ♣❛r❛❧❧❡❧

♣r♦❣r❛♠s ❡①❡❝✉t✐♥❣ ♦♥ ❛ s❤❛r❡❞ ♠❡♠♦r② ♠✉❧t✐♣r♦❝❡ss♦r ✉♥❞❡r P♦✐ss♦♥ t❛s❦s ❛rr✐✈❛❧s ❛♥❞ t✇♦

❞✐✛❡r❡♥t s❝❤❡❞✉❧✐♥❣ ♣♦❧✐❝✐❡s ❬✾✹❪✳ ❯♥❞❡r t❤❡ t❛s❦ s❝❤❡❞✉❧✐♥❣ ♣♦❧✐❝②✱ t❤❡ ❛✉t❤♦rs ❞❡r✐✈❡ ❧♦✇❡r

❛♥❞ ✉♣♣❡r ❜♦✉♥❞s ❢♦r ♠❡❛♥ t❛s❦ r❡s♣♦♥s❡ t✐♠❡✱ ✇❤✐❧❡ ✉♥❞❡r t❤❡ ❥♦❜ s❝❤❡❞✉❧✐♥❣ ♣♦❧✐❝②✱ st❛♥❞❛r❞

❜✐rt❤✲❞❡❛t❤ t❤❡♦r② ❧❡❛❞s t♦ ❛♥ ❡①❛❝t ❡①♣r❡ss✐♦♥ ❢♦r ♠❡❛♥ t❛s❦ r❡s♣♦♥s❡ t✐♠❡✳ ▲✐✉ ❛♥❞ P❡rr♦s

✐♥ ❬✼✵❪ ❝♦♥s✐❞❡r ❛ ❝❧♦s❡❞ ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠ ✇❤❡r❡ t❤❡② ✉s❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r

❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ♠❡❛♥ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ❛♥❞ s②st❡♠ t❤r♦✉❣❤♣✉t✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ r❡s✉❧t

❝♦♥✈❡r❣❡s t♦ ❡①❛❝t ✐♥ ❝❛s❡ ♦❢ ✸ s❡r✈❡rs s②st❡♠✳ ❱❛r♠❛ ❛♥❞ ▼❛❦♦✇s❦✐ ✉s❡ ✐♥t❡r♣♦❧❛t✐♦♥ ❜❡t✇❡❡♥

❧✐❣❤t ❛♥❞ ❤❡❛✈② tr❛✣❝ ♠♦❞❡s t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ♠❡❛♥ r❡s♣♦♥s❡ t✐♠❡ ❢♦r ❛ ❤♦♠♦❣❡♥❡♦✉s ❢♦r❦✲



✷✳✾✳ ❘❡❧❛t❡❞ ❲♦r❦ ✐♥ P❛r❛❧❧❡❧ ◗✉❡✉❡✐♥❣ ❙②st❡♠s ✻✸

❥♦✐♥ s②st❡♠ ♦❢ ▼✴▼✴✶ q✉❡✉❡s ✇✐t❤ ❊r❧❛♥❣ ❛♥❞ ❤②♣❡r✲❡①♣♦♥❡♥t✐❛❧ ❛rr✐✈❛❧ ❞✐str✐❜✉t✐♦♥s ❬✶✵✺❪✳

❇❛❧s❛♠♦ ❡t ❛❧✳ ❝♦♥s✐❞❡r ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ ♥❡t✇♦r❦✳ ❚❤❡② ❢♦✉♥❞ t❛s❦ r❡s♣♦♥s❡ ❞✐str✐❜✉t✐♦♥s

✇❤✐❝❤ ❛r❡ r❡♣r❡s❡♥t❡❞ ❜② ❤♦♠♦❣❡♥❡♦✉s ✐rr❡❞✉❝✐❜❧❡ ▼❛r❦♦✈ ♣r♦❝❡ss❡s ✇✐t❤ ❛ ◗✉❛s✐✲❇✐rt❤✲❉❡❛t❤

str✉❝t✉r❡ ❬✶✺❪✳ ❱❛r❦✐ ❝♦♥s✐❞❡rs ❝❧♦s❡❞ ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ ♥❡t✇♦r❦ ✇✐t❤ P♦✐ss♦♥ ❛rr✐✈❛❧s ❡①♣♦♥❡♥✲

t✐❛❧ s❡r✈✐❝❡ t✐♠❡ ❞✐str✐❜✉t✐♦♥s ✇❤❡r❡ s❤❡ ❛♣♣r♦①✐♠❛t❡s ♠❡❛♥ t❛s❦ r❡s♣♦♥s❡ t✐♠❡✱ q✉❡✉❡ ❧❡♥❣t❤

❛♥❞ t❤r♦✉❣❤♣✉t ♦❢ t❤❡ s②st❡♠✳ ❚❤❡ ♠❡t❤♦❞ ✇❤✐❝❤ ✐s ❜❛s❡❞ ♦♥ t❤❡ ♠❡❛♥ ✈❛❧✉❡ ❡q✉❛t✐♦♥ ❢♦r

❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ ♥❡t✇♦r❦s ❢♦r r❡s♣♦♥s❡ t✐♠❡ ✇❤✐❝❤ ❝♦♠♣✉t❡s ❧♦✇❡r ♣❡r❢♦r♠❛♥❝❡ ❜♦✉♥❞s ❬✶✵✸❪✳

❋♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠ ❜❛s❡❞ ♦♥ ❤♦♠♦❣❡♥❡♦✉s ▼✴▼✴✶ q✉❡✉❡s ✇✐t❤ P♦✐ss♦♥ ❛rr✐✈❛❧s ✇❛s

❝♦♥s✐❞❡r❡❞ ✐♥ ❬✻✷❪✱ ✇❤❡r❡ ❛ ♠❛①✐♠✉♠ ♦r❞❡r st❛t✐st✐❝ ♣r♦✈✐❞❡s ❛♥ ❡❛s✐❧②✲❝♦♠♣✉t❛❜❧❡ ✉♣♣❡r ❜♦✉♥❞

♦♥ r❡s♣♦♥s❡ t✐♠❡✳ ❍❛rr✐s♦♥ ❛♥❞ ❩❡rt❛❧ ♣r❡s❡♥t ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r ♠♦♠❡♥ts ♦❢ t❤❡ ♠❛①✐♠✉♠

♦❢ r❡s♣♦♥s❡ t✐♠❡s ✐♥ ❛ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠ ✇✐t❤ P♦✐ss♦♥ t❛s❦ ❛rr✐✈❛❧s ❛♥❞ ❣❡♥❡r❛❧

❤❡t❡r♦❣❡♥❡♦✉s s✉❜t❛s❦ s❡r✈✐❝❡ t✐♠❡s ❬✹✾❪❀ t❤✐s ❣✐✈❡s ❛♥ ❡①❛❝t r❡s✉❧t ✐♥ t❤❡ ❝❛s❡ ♦❢ ❡①♣♦♥❡♥t✐❛❧

s✉❜t❛s❦ s❡r✈✐❝❡ t✐♠❡ ❞✐str✐❜✉t✐♦♥s✳ ❱❛r❦✐ ❡t ❛❧✳ ♣r❡s❡♥t ❜♦✉♥❞s ♦♥ ♠❡❛♥ r❡s♣♦♥s❡ t✐♠❡ ✐♥ ❛ ❢♦r❦✲

❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠ ✇✐t❤ P♦✐ss♦♥ ❛rr✐✈❛❧s ❛♥❞ ❡①♣♦♥❡♥t✐❛❧ s✉❜t❛s❦ s❡r✈✐❝❡ t✐♠❡ ❞✐str✐❜✉t✐♦♥s

❛♥❞ ✈❛r✐❛❜❧❡ ♥✉♠❜❡r ♦❢ s✉❜t❛s❦s t❤❛t ❢♦r❦ ❢r♦♠ ❛ t❛s❦ ❬✶✵✹❪✳ ▲❡❜r❡❝❤t ❡t ❛❧ ❝♦♥s✐❞❡r ❢♦r❦✲❥♦✐♥

q✉❡✉❡✐♥❣ ♥❡t✇♦r❦s ✇✐t❤ ❣❡♥❡r❛❧ s❡r✈✐❝❡ t✐♠❡ ❞✐str✐❜✉t✐♦♥s ❛♥❞ ❜✉❧❦ ❛rr✐✈❛❧s ❢♦r ❛♣♣❧✐❝❛t✐♦♥s ✐♥

③♦♥❡❞ ❞✐s❦s ✐♥ ❘❆■❉✳ ❚❤❡② ❢♦✉♥❞ r❡s♣♦♥s❡ t✐♠❡ ❞✐str✐❜✉t✐♦♥ ❢♦r ❛ r❛♥❞♦♠❧② ♣❧❛❝❡❞ r❡q✉❡st

✐♥ ❜✉❧❦ ❛rr✐✈❛❧ ❬✻✸❪✳ ❆♥♦t❤❡r r❡❝❡♥t ❛♣♣r♦❛❝❤ ❜② ❙✉♥ ❛♥❞ P❡t❡rs♦♥ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ❝♦♥t❡①t

♦❢ ♣❛r❛❧❧❡❧ ♣r♦❣r❛♠ ❡①❡❝✉t✐♦♥ t✐♠❡ ❛♥❛❧②s✐s ✕ ❜✉t ✇✐t❤ r❡❛❞② ❛♣♣❧✐❝❛t✐♦♥ t♦ t❤❡ ❛♥❛❧②s✐s ♦❢

s♣❧✐t✲♠❡r❣❡ s②st❡♠s ✕ ❛♣♣r♦①✐♠❛t❡s t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ t❤❡ ♠❛①✐♠✉♠ ✈❛❧✉❡ ♦❢ ❛ s❡t ♦❢ r❛♥❞♦♠

✈❛r✐❛❜❧❡s ❞r❛✇♥ ❢r♦♠ ❝❡rt❛✐♥ ❞✐str✐❜✉t✐♦♥ ❝❧❛ss❡s ❜② s♦❧✈✐♥❣ ❢♦r t❤❡ ❞♦♠❛✐♥ ✈❛❧✉❡ ❛t ✇❤✐❝❤ t❤❡

✐♥✈❡rs❡ ❝❞❢ ♦❢ t❤❡ ♠❛①✐♠✉♠ ♦r❞❡r st❛t✐st✐❝ ✐s ❡q✉❛❧ t♦ ❛ ❝♦♥st❛♥t ✭✵✳✺✼✵✸✼✻✵✵✷✮ ❬✾✷❪✳



❈❤❛♣t❡r ✸

❘❡❞✉❝✐♥❣ ❙✉❜t❛s❦ ❉✐s♣❡rs✐♦♥ ✐♥

❙♣❧✐t✲▼❡r❣❡ ❙②st❡♠s

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❝♦♥s✐❞❡r ❛♥ ❡❧❡♠❡♥t❛r② s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠ ✇✐t❤ ❛ss✉♠♣t✐♦♥s ♦❢

P♦✐ss♦♥ t❛s❦ ❛rr✐✈❛❧s✱ ❤❡t❡r♦❣❡♥❡♦✉s ❣❡♥❡r❛❧ s❡r✈✐❝❡ t✐♠❡ ❞✐str✐❜✉t✐♦♥s ❛♥❞ ♥♦♥✲♣r❡❡♠♣t✐✈❡ s✉❜✲

t❛s❦ s❡r✈✐❝❡ ❛s ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳ ✷✳✷✳ ❲❡ ❛✐♠ t♦ r❡❞✉❝❡ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥✱ ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ❛s

t❤❡ ❞✐✛❡r❡♥❝❡ ✐♥ t✐♠❡ ♦❢ ❝♦♠♣❧❡t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ✜rst ❛♥❞ t❤❡ ❧❛st s✉❜t❛s❦s ❢r♦♠ ❛♥ ♦r✐❣✐♥❛❧

t❛s❦ ✇✐t❤♦✉t str✉❝t✉r❛❧ r❡❝♦♥✜❣✉r❛t✐♦♥ ♦r r❡♣❛r❛♠❡tr✐s❛t✐♦♥ ♦❢ t❤❡ s②st❡♠✳ ❲❡ ❞♦ t❤✐s ✜rst❧②✱

❜② ❡①t❡♥❞✐♥❣ t❤❡ t❤❡♦r② ♦❢ ❤❡t❡r♦❣❡♥❡♦✉s ♦r❞❡r st❛t✐st✐❝s t♦ ❞❡s✐r❡ t❤❡ ♠❡❛♥ ❛♥❞ ❞✐str✐❜✉t✐♦♥

♦❢ t❤❡ r❛♥❣❡ ♦❢ ❤❡t❡r♦❣❡♥❡♦✉s ♦r❞❡r st❛t✐st✐❝s✳

❲❡ ❞❡s❝r✐❜❡ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❛s ❛ r❛♥❣❡ ♦❢ ❤❡t❡r♦❣❡♥❡♦✉s ♦r❞❡r st❛t✐st✐❝s ❜❛s❡❞ ♦♥ r❛♥❞♦♠

✈❛r✐❛❜❧❡s t❤❛t ❞❡r✐✈❡❞ ❢r♦♠ s❡r✈✐❝❡ t✐♠❡ ❞✐str✐❜✉t✐♦♥s ♦❢ ♣❛r❛❧❧❡❧ ♥♦❞❡s✳ ❙❡❝♦♥❞❧②✱ ✇❡ ✐♥tr♦❞✉❝❡

❞❡❧❛②s t♦ t❤❡ ♣r♦❝❡ss✐♥❣ ♦❢ s✉❜t❛s❦s ❜❡❢♦r❡ t❤❡✐r s❡r✈✐❝❡ ✕ t❤✐s ❤❛s ❛ s✐❞❡ ❡✛❡❝t ♦❢ r❡❞✉❝✐♥❣ ♠❡r❣❡

❜✉✛❡r ✉t✐❧✐s❛t✐♦♥ ✐♥ ❝❛s❡ ♦❢ ❥✉❞✐❝✐♦✉s❧②✲❝❤♦s❡♥ ❞❡❧❛②s✳ ❲❡ ✉♣❞❛t❡ ♦✉r r❡s✉❧ts ❢♦r t❤❡ ♠❡❛♥ ♦❢ t❤❡

r❛♥❣❡ ♦❢ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❛♥❞ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ r❛♥❣❡ ♦❢ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❜② ✐♥tr♦❞✉❝✐♥❣

❞❡❧❛② ✈❡❝t♦r ✐♥t♦ t❤❡♠✳ ❚❤❡s❡ ❢♦r♠✉❧❛❡ ❢♦r♠ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥s ❢♦r ♠✐♥✐♠✐s✐♥❣ ♠❡❛♥ s✉❜t❛s❦

❞✐s♣❡rs✐♦♥ ❬✾✼❪ ❛♥❞ r❡❞✉❝✐♥❣ ❛ ❣✐✈❡♥ ♣❡r❝❡♥t✐❧❡ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❬✾✾✱ ✺✽❪✳

❚❤✐r❞❧②✱ ✇❡ ❛♣♣❧② t❤❡s❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥s ✐♥t♦ ♦♣t✐♠✐s❛t✐♦♥ s❝❤❡♠❡s ✇❤✐❝❤ ❝❛❧❝✉❧❛t❡ ❛ ✈❡❝t♦r

♦❢ ♦♣t✐♠❛❧ ❞❡❧❛②s✳ ❊❛❝❤ ❡❧❡♠❡♥t i ♦❢ t❤❡ ✈❡❝t♦r ✐s ❛♣♣❧✐❡❞ t♦ t❤❡ ♣r♦❝❡ss✐♥❣ ♦❢ s✉❜t❛s❦s ❜❡❢♦r❡

✻✹



✸✳✶✳ ❚❤❡♦r② ♦❢ ❍❡t❡r♦❣❡♥❡♦✉s ❖r❞❡r ❙t❛t✐st✐❝s ✻✺

t❤❡② st❛rt s❡r✈✐❝❡ ❛t ♣❛r❛❧❧❡❧ s❡r✈❡r i✳ ❲❡ ❞❡r✐✈❡ ❛♥ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ❢♦r t❤❡ ♠❡❛♥ ♥✉♠❜❡r

♦❢ s✉❜t❛s❦s ✐♥ t❤❡ ♦✉t♣✉t ❜✉✛❡r✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ q✉❛♥t✐❢② t❤❡ ✐♥❡✈✐t❛❜❧❡ ❡✛❡❝ts ♦❢ ❛♣♣❧②✐♥❣

♦✉r ♠❡t❤♦❞♦❧♦❣② ♦♥ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ❛♥❞ ♠❛①✐♠✉♠ s✉st❛✐♥❛❜❧❡ s②st❡♠ t❤r♦✉❣❤♣✉t✳ ▲❛st❧②✱

✇❡ ✐❧❧✉str❛t❡ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ♦✉r t❡❝❤♥✐q✉❡s ✉s✐♥❣ t❤r❡❡ ❝❛s❡ st✉❞✐❡s ❛♥❞ ✈❛❧✐❞❛t❡ ♦✉r r❡s✉❧ts

✇✐t❤ ❛ s✐♠✉❧❛t♦r✱ ✇r✐tt❡♥ ✐♥ ❈✰✰✱ ❛❧t❤♦✉❣❤ ✇❡ ♥♦t❡ t❤❛t s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠s ❛r❡ ❛❧s♦

✐s ❛♥❛❧②t✐❝❛❧❧② tr❛❝t❛❜❧❡✳

✸✳✶ ❚❤❡♦r② ♦❢ ❍❡t❡r♦❣❡♥❡♦✉s ❖r❞❡r ❙t❛t✐st✐❝s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❡①t❡♥❞ t❤❡ t❤❡♦r② ♦❢ ❝❧❛ss✐❝❛❧ ❤♦♠♦❣❡♥❡♦✉s ♦r❞❡r st❛t✐st✐❝s ❬✷✽❪ t♦ ❤❡t❡r♦❣❡✲

♥❡♦✉s ♦r❞❡r st❛t✐st✐❝s ❬✷✾❪✳ ❲❡ ❣✐✈❡ ❛ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❝♦♥❝❡♣t t❤❡♦r②✱ ❞❡r✐✈❡ t❤❡ ♠❡❛♥ ♦❢ t❤❡

r❛♥❣❡ ♦❢ ❤❡t❡r♦❣❡♥❡♦✉s ♦r❞❡r st❛t✐st✐❝s✱ ❞❡r✐✈❡ t❤❡ ❥♦✐♥t ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ♦❢ ❛ ♣❛✐r ♦❢ ❤❡t❡r♦❣❡✲

♥❡♦✉s ♦r❞❡r st❛t✐st✐❝s✱ ❛♥❞ ❤❡♥❝❡ ❞❡r✐✈❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ r❛♥❣❡ ♦❢ ❤❡t❡r♦❣❡♥❡♦✉s ♦r❞❡r

st❛t✐st✐❝s✳ ❚❤❡s❡ r❡s✉❧ts ✇✐❧❧ ❜❡ ✉s❡❢✉❧ ✐♥ ♦✉r ❛♥❛❧②s✐s ♦❢ ♣❛r❛❧❧❡❧ q✉❡✉❡✐♥❣ s②st❡♠s ✐♥ ✇❤✐❝❤ t❤❡

♣❛r❛❧❧❡❧ s❡r✈❡rs ❤❛✈❡ ❤❡t❡r♦❣❡♥❡♦✉s s❡r✈✐❝❡ t✐♠❡ ❞✐str✐❜✉t✐♦♥s✳

❉❡✜♥✐t✐♦♥ ✸✳✶✳ ❲❡ ❝♦♥s✐❞❡r n ✐♥❞❡♣❡♥❞❡♥t✱ r❡❛❧✲✈❛❧✉❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s X1, . . . , Xn ✇❤❡r❡

❡❛❝❤ Xi ❤❛s ❛♥ ❛r❜✐tr❛r② ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ Fi(x) ❛♥❞ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ❢✉♥❝t✐♦♥ fi(x) =

F ′
i (x)✳ ■♥ t❤✐s ❝❛s❡ ♦❢ ✏❤❡t❡r♦❣❡♥❡♦✉s✑ ✭♦r ✐♥❞❡♣❡♥❞❡♥t✱ ❜✉t ♥♦t ♥❡❝❡ss❛r✐❧② ✐❞❡♥t✐❝❛❧❧② ❞✐s✲

tr✐❜✉t❡❞✮ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✱ ✇❡ ❝❛❧❧ t❤❡ ♦r❞❡r st❛t✐st✐❝s ❤❡t❡r♦❣❡♥❡♦✉s ♦r❞❡r st❛t✐st✐❝s ❛♥❞ ✇r✐t✲

t❡♥ ❛s✿

X(1), X(2), ..., X(n−1), X(n)

❚❤❡ ✜rst ❛♥❞ ❧❛st ❤❡t❡r♦❣❡♥❡♦✉s ♦r❞❡r st❛t✐st✐❝s✱ X(1) ❛♥❞ X(n)✱ ❛r❡ t❤❡ ♠✐♥✐♠✉♠ ❛♥❞ ♠❛①✐♠✉♠

r❡s♣❡❝t✐✈❡❧②✱ ✇❤✐❝❤ ❛r❡ ❛❧s♦ ❝❛❧❧❡❞ t❤❡ ❡①tr❡♠❡s✳ D = X(n) −X(1) ✐s t❤❡ r❛♥❣❡✳

❘❡❝❡♥t ❞❡❝❛❞❡s ❤❛✈❡ s❡❡♥ ✐♥❝r❡❛s✐♥❣ ❝♦♥s✐❞❡r❛t✐♦♥ ❣✐✈❡♥ t♦ ❤❡t❡r♦❣❡♥❡♦✉s ♦r❞❡r st❛t✐st✐❝s ✐♥

t❤❡ ❧✐t❡r❛t✉r❡✳ ❑❡② t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts r❡❧❛t✐♥❣ t♦ t❤❡ ❞✐str✐❜✉t✐♦♥s ❛♥❞ ❞❡♥s✐t② ❢✉♥❝t✐♦♥s ♦❢

❤❡t❡r♦❣❡♥❡♦✉s ♦r❞❡r st❛t✐st✐❝s ❛r❡ s✉♠♠❛r✐s❡❞ ✐♥ ❬✷✾❪✳ ❚❤✐s ✐♥❝❧✉❞❡s t❤❡ ✇♦r❦ ♦❢ ❙❡♥ ❬✽✽❪✱

✇❤♦ ❞❡r✐✈❡❞ ❜♦✉♥❞s ♦♥ t❤❡ ♠❡❞✐❛♥ ❛♥❞ t❤❡ t❛✐❧s ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❤❡t❡r♦❣❡♥❡♦✉s ♦r❞❡r



✻✻ ❈❤❛♣t❡r ✸✳ ❘❡❞✉❝✐♥❣ ❙✉❜t❛s❦ ❉✐s♣❡rs✐♦♥ ✐♥ ❙♣❧✐t✲▼❡r❣❡ ❙②st❡♠s

st❛t✐st✐❝s✳ ❱❛✉❣❤❛♥ ❡t ❛❧✳ ❬✶✵✻❪ ❡①♣r❡ss❡❞ t❤❡ ♣❡r♠❛♥❡♥t ❥♦✐♥t ❛♥❞ ♠❛r❣✐♥❛❧ ❞❡♥s✐t② ❢✉♥❝t✐♦♥s

♦❢ ✐♥♥✐❞ ✈❛r✐❛t❡s✳ ●✉✐❧❜❛✉❞ ❬✹✹❪ ❞❡r✐✈❡❞ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❢✉♥❝t✐♦♥s ♦❢ ✐♥❞❡♣❡♥❞❡♥t r❛♥❞♦♠

✈❛r✐❛❜❧❡s ✇✐t❤ ♥♦t ♥❡❝❡ss❛r② ✐❞❡♥t✐❝❛❧ ❞✐str✐❜✉t✐♦♥s ❛s ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❢✉♥❝t✐♦♥s ✇✐t❤ ✐✐❞

✈❛r✐❛t❡s✳ ❇♦♥❝❡❧❡t ❡t ❛❧✳ ❬✷✷❪ ❞❡❛❧t ✇✐t❤ ❧✐♥❡❛r ❛♥❞ ♥♦♥✲❧✐♥❡❛r r❡❝✉rr❡♥❝❡ r❡❧❛t✐♦♥s ❢♦r ❝♦♠♣✉t✐♥❣

❞✐str✐❜✉t✐♦♥s ♦❢ ♦r❞❡r st❛t✐st✐❝s ✐♥ ✐♥♥✐❞ ♦r ▼❛r❦♦✈ ❝❛s❡s✳ ❇❛♣❛t ❛♥❞ ❇❡❣ ❬✶✼❪ ❞❡r✐✈❡❞ t❤❡ ❥♦✐♥t

♣❞❢ ❛♥❞ ❝❞❢ ♦❢ ♦r❞❡r st❛t✐st✐❝s ♦❢ ✐♥♥✐❞ ✈❛r✐❛t❡s✳ ❙❛t❤❡ ❛♥❞ ❉✐①✐t ✐♥ ❬✽✼❪ ❞❡r✐✈❡❞ ❛ r❡❝✉rr❡♥❝❡

r❡❧❛t✐♦♥ ❢♦r t❤❡ ❥♦✐♥t ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ ❤❡t❡r♦❣❡♥❡♦✉s ♦r❞❡r st❛t✐st✐❝s✳ Pr❛❝t✐❝❛❧ ✐ss✉❡s

r❡❧❛t❡❞ t♦ t❤❡ ♥✉♠❡r✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ it❤ ❤❡t❡r♦❣❡♥❡♦✉s ♦r❞❡r st❛t✐st✐❝ ✇❡r❡ ❝♦♥s✐❞❡r❡❞

✐♥ ❬✷✻❪✱ ✇✐t❤ s♣❡❝✐❛❧ ❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ r❡❝✉rr❡♥❝❡ r❡❧❛t✐♦♥s ❛♠♦♥❣ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥s ♦❢ ♦r❞❡r

st❛t✐st✐❝s✳ P❡❛rs♦♥ ❡t ❛❧✳ ❬✽✶❪ ♣r❡s❡♥t ❧✐♥❡❛r ❢✉♥❝t✐♦♥ ♦❢ ♦r❞❡r st❛t✐st✐❝s ❛♥❞ ✐ts ❡①♣❡❝t❛t✐♦♥s✱ ❜✉t

❛ ♠♦r❡ str❛✐❣❤t❢♦r✇❛r❞ ❛♣♣r♦❛❝❤ ✐s ❣✐✈❡♥ ✐♥ ❬✽✺❪✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥s ✇❡ ❞❡r✐✈❡ t❤❡ ♠❡❛♥ ❛♥❞ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ r❛♥❣❡ ♦❢ ❤❡t❡r♦❣❡♥❡♦✉s

♦r❞❡r st❛t✐st✐❝s✳

✸✳✶✳✶ ▼❡❛♥ ♦❢ t❤❡ ❘❛♥❣❡ ♦❢ ❍❡t❡r♦❣❡♥❡♦✉s ❖r❞❡r ❙t❛t✐st✐❝s

❲❡ ❛ss✉♠❡ t❤❛t ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ X t❛❦❡s ♦♥❧② ♥♦♥✲♥❡❣❛t✐✈❡ ✈❛❧✉❡s✳ ❚❤❡ rt❤ ❤❡t❡r♦❣❡♥❡♦✉s

♦r❞❡r st❛t✐st✐❝ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❞❢✿

F(r)(x) = Pr{X(r) 6 x} = Pr{❛t ❧❡❛st r ♦❢ t❤❡ Xi 6 x}

=
n∑

i=r

∑

{~ℓ1,~ℓ2}∈Pi

i∏

k=1

Fℓ1k(x)
n−i∏

k=1

[1− Fℓ2k(x)]
✭✸✳✶✮

✇❤❡r❡ Pi ✐s t❤❡ s❡t ♦❢ ❛❧❧ t✇♦✲s❡t ♣❛rt✐t✐♦♥s {D,E} ♦❢ {1, 2, . . . , n} ✇✐t❤ |D| = i ❛♥❞ |E| = n− i✱

❛♥❞ ℓhk ✐s t❤❡ kt❤ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ✈❡❝t♦r ~ℓh ❢♦r h = 1, 2✳

❙✐♠✐❧❛r❧② t♦ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❝❛s❡✱ t❤❡ ♠✐♥✐♠✉♠ ❛♥❞ ♠❛①✐♠✉♠ ♦r❞❡r st❛t✐st✐❝s ❛r❡ r❡s♣❡❝t✐✈❡❧②



✸✳✶✳ ❚❤❡♦r② ♦❢ ❍❡t❡r♦❣❡♥❡♦✉s ❖r❞❡r ❙t❛t✐st✐❝s ✻✼

❣✐✈❡♥ ❜②✿

F(1)(x) = Pr{X(1) 6 x} = 1− Pr{X(1) > x} =

1− Pr{Xi > x | 1 ≤ i ≤ n} = 1−
n∏

i=1

[1− Fi(x)],

❛♥❞

F(n)(x) = Pr{X(n) 6 x} = Pr{Xi 6 x | 1 ≤ i ≤ n} =
n∏

i=1

Fi(x).

❚❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ t❤❡ rt❤ ❤❡t❡r♦❣❡♥❡♦✉s ♦r❞❡r st❛t✐st✐❝ X(r) ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ F(r)✿

E
[
X(r)

]
=

∫ ∞

0

1− F(r)(x) dx ✭✸✳✷✮

❙✐♠✐❧❛r❧②✱ t❤❡ ❡①♣❡❝t❛t✐♦♥s ♦❢ X(1) ❛♥❞ X(n) ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ F(1) ❛♥❞ F(n) r❡s♣❡❝✲

t✐✈❡❧② ❛s✿

E
[
X(1)

]
=

∫ ∞

0

1−F(1)(x) dx =

∫ ∞

0

1− (1−
n∏

i=1

[1−Fi(x)]) dx =

∫ ∞

0

n∏

i=1

(
1−Fi(x)

)
dx ✭✸✳✸✮

❛♥❞

E
[
X(n)

]
=

∫ ∞

0

1− F(n)(x) dx =

∫ ∞

0

1−
n∏

i=1

Fi(x) dx ✭✸✳✹✮

❯t✐❧✐s✐♥❣ t❤❡ ❧✐♥❡❛r✐t② ♣r♦♣❡rt② ♦❢ t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦♣❡r❛t♦r ♦✈❡r t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ t✇♦ r❛♥❞♦♠

✈❛r✐❛❜❧❡s ❢r♦♠ ❊q✳ ✷✳✷✱ t❤❡ ♠❡❛♥ ♦❢ t❤❡ r❛♥❣❡ D = X(n) −X(1)✱ ❛s ♣r❡s❡♥t❡❞ ✐♥ ❬✾✼❪ ✐s ❣✐✈❡♥ ❜②✿

E[D] = E
[
X(n) −X(1)

]
= E

[
X(n)

]
− E

[
X(1)

]

=

∫ ∞

0

1− F(n)(x) dx−
∫ ∞

0

1− F(1)(x) dx

=

∫ ∞

0

1−
n∏

i=1

Fi(x) dx−
∫ ∞

0

n∏

i=1

(
1− Fi(x)

)
dx

✭✸✳✺✮

❚❤✐s r❡s✉❧t ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ ❞❡t❡r♠✐♥❡ ♠❡❛♥ ♦❢ t❤❡ ❞✐s♣❡rs✐♦♥ ♦❢ s✉❜t❛s❦ ❝♦♠♣❧❡t✐♦♥ t✐♠❡s

✐♥ ❛♥ ❡❧❡♠❡♥t❛r② s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠ ✇✐t❤ ❤❡t❡r♦❣❡♥❡♦✉s s❡r✈✐❝❡ t✐♠❡ ❞✐str✐❜✉t✐♦♥s❀

t❤✐s ❢♦r♠✉❧❛ ✇✐❧❧ ❢♦r♠ t❤❡ ❜❛s✐s ❢♦r ♦✉r ♥✉♠❡r✐❝❛❧ ♦♣t✐♠✐s❛t✐♦♥ t❡❝❤♥✐q✉❡s r❡❧❛t✐♥❣ t♦ ♠❡❛♥

s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❛s ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥ ❛♥❞ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡rs✳ Pr❛❝t✐❝❛❧❧②✱ ✇❡ ✉s❡



✻✽ ❈❤❛♣t❡r ✸✳ ❘❡❞✉❝✐♥❣ ❙✉❜t❛s❦ ❉✐s♣❡rs✐♦♥ ✐♥ ❙♣❧✐t✲▼❡r❣❡ ❙②st❡♠s

tr✉♥❝❛t❡❞ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t✐♦♥ t♦ t❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ❢❛❝t t❤❛t t❤❡s❡ t✇♦ t❡r♠s t❤❛t ❜❡✐♥❣

✐♥t❡❣r❛t❡❞ ❛r❡ ♠♦♥♦t♦♥✐❝❛❧❧② ❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥s✳

✸✳✶✳✷ ❏♦✐♥t ❉❡♥s✐t② ♦❢ ❚✇♦ ❍❡t❡r♦❣❡♥❡♦✉s ❖r❞❡r ❙t❛t✐st✐❝s

❲❡ ❛♣♣❧② ♣r❡✈✐♦✉s❧② ❞❡r✐✈❡❞ t❤❡ ❝❞❢ ♦❢ t❤❡ rt❤ ❤❡t❡r♦❣❡♥❡♦✉s ♦r❞❡r st❛t✐st✐❝ ✐♥ ❊q✳ ✸✳✶✳ ❉✐✛❡r✲

❡♥t✐❛t✐♥❣ ✐t ❛♥❞ s✐♠♣❧✐❢②✐♥❣ ②✐❡❧❞s t❤❡ ♣❞❢✿

f(r)(x) =
n∑

i=r

∑

{~ℓ1,~ℓ2}∈Pi

[
i∑

j=1

i∏

k=1,k 6=j

Fℓ1k(x)
n−i∏

k=1

[1− Fℓ2k(x)]fℓ1j(x)−

n−i∑

j=1

i∏

k=1

Fℓ1k(x)
n−i∏

k=1,k 6=j

[1− Fℓ2k(x)]fℓ2j(x)

]

=
n∑

i=r

n∑

h=1




∑

{~ℓ1,~ℓ2}∈P
h−
i−1

i−1∏

k=1

Fℓ1k(x)
n−i∏

k=1

[1− Fℓ2k(x)]fh(x)−

Ii<n

∑

{~ℓ1,~ℓ2}∈P
h−
i

i∏

k=1

Fℓ1k(x)
n−i−1∏

k=1

[1− Fℓ2k(x)]fh(x)




=
n∑

h=1

fh(x)




n∑

i=r

∑

{~ℓ1,~ℓ2}∈P
h−
i−1

i−1∏

k=1

Fℓ1k(x)
n−i∏

k=1

[1− Fℓ2k(x)]−

n∑

i=r+1

∑

{~ℓ1,~ℓ2}∈P
h−
i−1

i−1∏

k=1

Fℓ1k(x)
n−i∏

k=1

[1− Fℓ2k(x)]




=
n∑

h=1

fh(x)
∑

{~ℓ1,~ℓ2}∈P
h−
r−1

r−1∏

k=1

Fℓ1k(x)
n−r∏

k=1

[1− Fℓ2k(x)]

✇❤❡r❡ I• ✐s t❤❡ ✐♥❞✐❝❛t♦r ❢✉♥❝t✐♦♥ ❛♥❞ Ph−
i ✐s t❤❡ s❡t ♦❢ ❛❧❧ ✷✲s❡t ♣❛rt✐t✐♦♥s ♦❢ {1, 2, . . . , n} \ {h}

✇✐t❤ i ❡❧❡♠❡♥ts ✐♥ t❤❡ ✜rst s❡t ❛♥❞ 1 ≤ h ≤ n✳ ■♥ ❢❛❝t t❤✐s r❡s✉❧t ❛❧s♦ ❢♦❧❧♦✇s ❢r♦♠ ❛♥ ✐♥t✉✐t✐✈❡

❛r❣✉♠❡♥t ♦✈❡r t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ✐♥t❡r✈❛❧ (x, x+ ǫ]✱ ❛s ✐♥ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❝❛s❡✳

❚❤❡ ❥♦✐♥t ❞❡♥s✐t② ❢✉♥❝t✐♦♥ frs(x, y) ♦❢ t✇♦ ♦r❞❡r st❛t✐st✐❝s✱ X(r) ❛♥❞ X(s)✱ ❢♦r 1 6 r < s 6 n✱



✸✳✶✳ ❚❤❡♦r② ♦❢ ❍❡t❡r♦❣❡♥❡♦✉s ❖r❞❡r ❙t❛t✐st✐❝s ✻✾

❢♦❧❧♦✇s s✐♠✐❧❛r❧② ❛s✿

f(r)(s)(x, y) =
∑

1≤h1 6=h2≤n

fh1(x)fh2(y)
∑

{~ℓ1,~ℓ2,~ℓ3}∈P
h1−,h2−
r−1,s−r−1

r−1∏

k=1

Fℓ1k(x)× ✭✸✳✻✮

s−r−1∏

k=1

[Fℓ2k(y)− Fℓ2k(x)]
n−s∏

k=1

[1− Fℓ3k(y)]

✇❤❡r❡ Ph1−,h2−
i1,i2

✐s t❤❡ s❡t ♦❢ ❛❧❧ ✸✲s❡t ♣❛rt✐t✐♦♥s ♦❢ {1, 2, . . . , n}\{h1, h2} ✇✐t❤ i1 ❡❧❡♠❡♥ts ✐♥ t❤❡

✜rst s❡t✱ i2 ❡❧❡♠❡♥ts ✐♥ t❤❡ s❡❝♦♥❞ s❡t✱ ❛♥❞ s♦ n− i1 − i2 − 2 ✐♥ t❤❡ t❤✐r❞✱ ❛♥❞ 1 ≤ h1 6= h2 ≤ n✳

✸✳✶✳✸ ❉✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❘❛♥❣❡ ❢♦r ❍❡t❡r♦❣❡♥❡♦✉s ❖r❞❡r ❙t❛t✐st✐❝s

❋r♦♠ t❤❡ ❥♦✐♥t ♣❞❢ ♦❢ t✇♦ ❤❡t❡r♦❣❡♥❡♦✉s ♦r❞❡r st❛t✐st✐❝s ✐♥ ❊q✳ ✸✳✻✱ ✇❡ ♦❜t❛✐♥ t❤❡ ♣❞❢ ♦❢ t❤❡

✐♥t❡r✈❛❧ Drs = X(r) −X(s) ❜② s❡tt✐♥❣ trs = y − x✿

f(r:s)(trs) =
∑

1≤h1 6=h2≤n

∫ ∞

−∞

fh1(x)fh2(x+ trs) ✭✸✳✼✮

∑

{~ℓ1,~ℓ2,~ℓ3}∈P
h1−,h2−
r−1,s−r−1

r−1∏

k=1

Fℓ1k(x)
s−r−1∏

k=1

[Fℓ2k(x+ trs)− Fℓ2k(x)]
n−s∏

k=1

[1− Fℓ3k(x+ trs)]dx

❋♦r t❤❡ r❛♥❣❡✱ ✇❡ ✇❛♥t t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ✐♥ ✇❤✐❝❤ r = 1, s = n ❛♥❞ D = X(n) −X(1)✱ ❣✐✈✐♥❣ t❤❡

♣❞❢✿

f(1:n)(t) =
∑

1≤h1 6=h2≤n

∫ ∞

−∞

fh1(x)fh2(x+ t)
∑

{~ℓ1,~ℓ2,~ℓ3}∈P
h1−,h2−
0,n−2

n−2∏

k=1

[Fℓ2k(x+ t)− Fℓ2k(x)]dx

=
∑

1≤h1 6=h2≤n

∫ ∞

−∞

fh1(x)fh2(x+ t)
∏

k 6=h1,h2

[Fk(x+ t)− Fk(x)]dx ✭✸✳✽✮

❚❤❡ ❝❞❢ ♥♦✇ ❢♦❧❧♦✇s ❜② ✐♥t❡❣r❛t✐♦♥ ✭✐♥s✐❞❡ t❤❡ s✉♠ ❛♥❞ ✐♥t❡❣r❛❧ ✇✐t❤ r❡s♣❡❝t t♦ x✮✿



✼✵ ❈❤❛♣t❡r ✸✳ ❘❡❞✉❝✐♥❣ ❙✉❜t❛s❦ ❉✐s♣❡rs✐♦♥ ✐♥ ❙♣❧✐t✲▼❡r❣❡ ❙②st❡♠s

F(1:n)(t) =
∑

1≤h1 6=h2≤n

∫ ∞

−∞

fh1(x)

∫ t

0

fh2(x+ t′)
∏

k 6=h1,h2

[Fk(x+ t′)− Fk(x)]dx dt′

=
∑

1≤h1≤n

∫ ∞

−∞

fh1(x)
∏

k 6=h1

[Fk(x+ t)− Fk(x)]dx ✭✸✳✾✮

●✐✈❡♥ ❛ ♣❛rt✐❝✉❧❛r ❝❤♦✐❝❡ ♦❢ i = 1, 2, . . . , n✱ t❤❡ ✐♥t❡❣r❛♥❞ ✭♠✉❧t✐♣❧✐❡❞ ❜② ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ q✉❛♥t✐t②

dx✮ ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t Xi ❢❛❧❧s ✐♥t♦ t❤❡ ✐♥t❡r✈❛❧ (x, x+ dx] ❛♥❞ t❤❡ ♦t❤❡r Xj, j 6= i ❢❛❧❧ ✐♥t♦

(x, x + t]✳ ❖❢ ❝♦✉rs❡ t❤❡r❡ ❛r❡ n ✇❛②s ♦❢ ❝❤♦♦s✐♥❣ i✱❛♥❞ s♦ ✇❡ ❤❛✈❡ t♦ s✉♠ ♦✈❡r n t❡r♠s❀ ✐♥

t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❝❛s❡✱ ❛❧❧ t❤❡s❡ t❡r♠s ❛r❡ t❤❡ s❛♠❡✱ ✇❤✐❝❤ ❣❛✈❡ t❤❡ ❢❛❝t♦r n ✐♥ ❊q✳ ✷✳✾✳ ❋♦r

❤❡t❡r♦❣❡♥❡♦✉s ♦r❞❡r st❛t✐st✐❝s✱ ✇❡ t❤❡r❡❢♦r❡ ♦❜t❛✐♥✿

FD(t) = F(1:n)(t) =
n∑

i=1

∫ ∞

−∞

fi(x)
n∏

j=1,j 6=i

[Fj(x+ t)− Fj(x)] dx ✭✸✳✶✵✮

❚❤✐s ✐s ❛ ✉s❡❢✉❧ r❡s✉❧t✱ ✇❤✐❝❤ r❡q✉✐r❡s ❛ s✉♠ ♦❢ ♦♥❧② n t❡r♠s✳ ■t ❝❛♥ ❜❡ ❞✐r❡❝t❧② ❛♣♣❧✐❡❞ t♦

❞❡t❡r♠✐♥❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❞✐s♣❡rs✐♦♥ ♦❢ s✉❜t❛s❦ ❝♦♠♣❧❡t✐♦♥ t✐♠❡s ✐♥ ❛♥② s♣❧✐t✲♠❡r❣❡

s②st❡♠ ✇✐t❤ ❤❡t❡r♦❣❡♥❡♦✉s s❡r✈✐❝❡ t✐♠❡ ❞✐str✐❜✉t✐♦♥s✱ ❛♥❞ ✇✐❧❧ ❢♦r♠ t❤❡ ❜❛s✐s ❢♦r ❞✐str✐❜✉t✐♦♥✲

❜❛s❡❞ ♦♣t✐♠✐s❛t✐♦♥ ❛s ❝♦♥s✐❞❡r❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✹✳

✸✳✷ ❘❡❞✉❝✐♥❣ ▼❡❛♥ ❙✉❜t❛s❦ ❉✐s♣❡rs✐♦♥

❚❤✐s s❡❝t✐♦♥ ♣r❡s❡♥ts ❛ t❡❝❤♥✐q✉❡ ❢♦r r❡❞✉❝✐♥❣ ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✐♥ ❡❧❡♠❡♥t❛r② s♣❧✐t✲

♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠s✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ s✉♣♣♦s❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ Xi ✇✐t❤ ❞✐str✐❜✉t✐♦♥

Xi ∼ Fi(x), ∀i ❞❡s❝r✐❜❡s t❤❡ s❡r✈✐❝❡ t✐♠❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ith ♣❛r❛❧❧❡❧ s❡r✈❡r✳ ❚❛❦✐♥❣ ✐♥t♦ ❛❝✲

❝♦✉♥t t❤❛t ✐♥ ❛♥ ❡❧❡♠❡♥t❛r② s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠ ❛❧❧ s✉❜t❛s❦s ♦r✐❣✐♥❛t❡ ❢r♦♠ t❤❡ s❛♠❡

♦r✐❣✐♥❛❧ t❛s❦ ✐♥❥❡❝t❡❞ ✐♥t♦ t❤❡ s②st❡♠ ❛♥❞ st❛rt s❡r✈✐❝❡ ❛t t❤❡ s❛♠❡ ✐♥st❛♥t✱ ✇❡ ❝❛♥ ❛♣♣❧② t❤❡

t❤❡♦r② ♦❢ ❤❡t❡r♦❣❡♥❡♦✉s ♦r❞❡r st❛t✐st✐❝s✳❚❤❡ ❤❡t❡r♦❣❡♥❡♦✉s ♦r❞❡r st❛t✐st✐❝s X(i) t❤❡♥ ❞❡s❝r✐❜❡

❛rr❛♥❣❡❞ s✉❜t❛s❦ ❝♦♠♣❧❡t✐♦♥ t✐♠❡s ❛❝r♦ss ❛❧❧ ♣❛r❛❧❧❡❧ s❡r✈❡rs✳ P❛rt✐❝✉❧❛r❧② t❤❡ ♠✐♥✐♠✉♠ ❤❡t❡r♦✲

❣❡♥❡♦✉s ♦r❞❡r st❛t✐st✐❝ X(1) ❞❡♥♦t❡s t❤❡ ❝♦♠♣❧❡t✐♦♥ t✐♠❡ ♦❢ t❤❡ ✜rst s✉❜t❛s❦ ❛♥❞ t❤❡ ♠❛①✐♠✉♠



✸✳✷✳ ❘❡❞✉❝✐♥❣ ▼❡❛♥ ❙✉❜t❛s❦ ❉✐s♣❡rs✐♦♥ ✼✶

❤❡t❡r♦❣❡♥❡♦✉s ♦r❞❡r st❛t✐st✐❝ X(n) ❞❡♥♦t❡s ❝♦♠♣❧❡t✐♦♥ t✐♠❡ ♦❢ t❤❡ ❧❛st s✉❜t❛s❦ ✭❝♦rr❡s♣♦♥❞✐♥❣

t♦ t❛s❦ r❡s♣♦♥s❡ t✐♠❡✮ ✇❤✐❝❤ ✇❡r❡ ❢♦r♠ ❢r♦♠ t❤❡ s❛♠❡ ♦r✐❣✐♥❛❧ t❛s❦✳ ❚❤❡ ❞✐s♣❡rs✐♦♥ ♦r r❛♥❣❡

D = X(n) −X(1) ❝♦rr❡s♣♦♥❞s t♦ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ✉s❡ ♦✉r ❞❡r✐✈❡❞ r❡s✉❧t ♦❢ ♠❡❛♥ ♦❢ t❤❡ r❛♥❣❡ ♦❢ ❤❡t❡r♦❣❡♥❡♦✉s ♦r❞❡r st❛t✐st✐❝s

✐♥ ❊q✳ ✸✳✺✱ ✇❤✐❝❤ ✇❛s ❞❡r✐✈❡❞ ✉t✐❧✐s✐♥❣ t❤❡ ❧✐♥❡❛r✐t② ♣r♦♣❡rt② ♦❢ t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦♣❡r❛t♦r✳

✸✳✷✳✶ ■♥❝♦r♣♦r❛t✐♦♥ ♦❢ ❉❡t❡r♠✐♥✐st✐❝ ❉❡❧❛②s

■♥ ♦r❞❡r t♦ ❝♦♥tr♦❧ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✇❡ ❛♣♣❧② ❥✉❞✐❝✐♦✉s❧②✲❝❤♦s❡♥ ❞❡t❡r♠✐♥✐st✐❝ ❞❡❧❛②s t♦ ♣r♦✲

❝❡ss✐♥❣ t✐♠❡s ♦❢ s✉❜t❛s❦s ❜❡❢♦r❡ t❤❡② st❛rt s❡r✈✐❝❡✳ ❲❡ ♥♦✇ ✐♥tr♦❞✉❝❡ ❛ ✈❡❝t♦r ♦❢ ❞❡t❡r♠✐♥✐st✐❝

❞❡❧❛②s ❞✿

d =
(
d1, d2, ..., dn

)
✭✸✳✶✶✮

❊❛❝❤ ❡❧❡♠❡♥t di ❞❡♥♦t❡s t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❞❡❧❛② t❤❛t ✐s ❛♣♣❧✐❡❞ ❜❡❢♦r❡ ❛ s✉❜t❛s❦ ❜❡❣✐♥s ✐ts

s❡r✈✐❝❡ ❛t ❛ ♣❛r❛❧❧❡❧ s❡r✈❡r i✳

◆♦✇ Xd
i ∼ Fi(x− di) ❞❡✜♥❡s t❤❡ ❞❡❧❛②❡❞✲❛❞❥✉st❡❞ s❡r✈✐❝❡ t✐♠❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ♣❛r❛❧❧❡❧ s❡r✈❡r i✳

❚❤❡ ✈❛r✐❛t❡sXd
1 , X

d
2 , . . . , X

d
n ❤❛✈❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❤❡t❡r♦❣❡♥❡♦✉s ♦r❞❡r st❛t✐st✐❝sXd

(1), X
d
(2), . . . , X

d
(n)✳

❲❡ ❝❛♥ ♥♦✇ ❡①♣r❡ss t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ❢♦r ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✐♥ ❛♥ ❡❧❡♠❡♥t❛r② s♣❧✐t✲

♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠ ❢r♦♠ ❊q✳ ✸✳✺ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❛ ❣✐✈❡♥ ❞❡❧❛② ✈❡❝t♦r ❞✿

E[Dd] = E
[
Xd

(n)

]
− E

[
Xd

(1)

]

=

∞∫

0

(
1−

n∏

i=1

Fi(x− di)
)
dx−

∞∫

0

(
1−

(
1−

n∏

i=1

(1− Fi(x− di))
))

dx

=

∫ ∞

0

1−
n∏

i=1

Fi(x− di) dx−
∫ ∞

0

n∏

i=1

(
1− Fi(x− di)

)
dx ✭✸✳✶✷✮

✐♥ ❆♣♣❡♥❞✐① ❆ ✇❡ ♣r♦✈❡ t❤❡ ❝♦♥✈❡①✐t② ♦❢ t❤✐s ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥✳ ❚❤❡ ❢❛❝t t❤❛t t❤✐s ❢✉♥❝t✐♦♥ ✐s

❝♦♥✈❡① ✇✐❧❧ ❣✉❛r❛♥t❡❡ t❤❡ ♦♣t✐♠❛❧✐t② ♦❢ t❤❡ ♦♣t✐♠✐s❛t✐♦♥ ♣r♦❝❡❞✉r❡ t❤❛t ✐s ♣r❡s❡♥t❡❞ ♥❡①t✳



✼✷ ❈❤❛♣t❡r ✸✳ ❘❡❞✉❝✐♥❣ ❙✉❜t❛s❦ ❉✐s♣❡rs✐♦♥ ✐♥ ❙♣❧✐t✲▼❡r❣❡ ❙②st❡♠s

✸✳✷✳✷ ❖♣t✐♠✐s❛t✐♦♥ Pr♦❝❡❞✉r❡ ♦❢ ▼❡❛♥ ❙✉❜t❛s❦ ❉✐s♣❡rs✐♦♥

❖✉r ❛✐♠ ✐s t♦ ✜♥❞ t❤❛t ✈❡❝t♦r d ✇❤✐❝❤ ♠✐♥✐♠✐s❡s t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ❢♦r ♠❡❛♥ s✉❜t❛s❦

❞✐s♣❡rs✐♦♥ ❣✐✈❡♥ ❜② E[Dd]✳

❚❤❛t ✐s✱ ✇❡ ❛✐♠ t♦ s♦❧✈❡ ❢♦r d♠✐♥ ✐♥✿

d♠✐♥ = arg min
d

E[Dd] ✭✸✳✶✸✮

❲❡ ❝❛♥ ❡①♣❧♦r❡ t❤❡ s✉r❢❛❝❡ ♦❢ E[Dd] ❢♦r ❛ ♠✐♥✐♠✉♠ ✉t✐❧✐s✐♥❣ ◆❡✇t♦♥✬s ♠❡t❤♦❞ ❢r♦♠ ❊q✳ ✷✳✶✶✳

❚❤❛t ✐s ✇❡ ❛♣♣❧② t❤❡ ✐t❡r❛t✐♦♥✿

di+1 = di −
[
HE[Ddi

]

]−1∇E[Ddi
], i ≥ 0 ✭✸✳✶✹✮

✇✐t❤ ✐♥✐t✐❛❧ ✈❡❝t♦r

d0 = (max
i

E
[
Xi

]
− E

[
X1

]
,max

i
E
[
Xi

]
− E

[
X2

]
, . . . ,max

i
E
[
Xi

]
− E

[
XN

]
)

❍❡r❡ t❤❡ ✐♥t✉✐t✐✈❡ ♠✐♥✐♠✉♠ ♦❜t❛✐♥❡❞ ❜② s✉❜tr❛❝t✐♥❣ t❤❡ ♠❡❛♥ s❡r✈✐❝❡ t✐♠❡ ♦❢ ❡❛❝❤ s❡r✈❡r ❢r♦♠

t❤❡ ♠❛①✐♠✉♠ ♠❡❛♥ s❡r✈✐❝❡ t✐♠❡ ❛♥❞ ✐s ♠✉❧t✐♣❧✐❡❞ ❜② t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❢✉❧❧ ✉t✐❧✐s❛t✐♦♥ ❛♥❞

❝✉rr❡♥t ✉t✐❧✐s❛t✐♦♥✳ ❚❤❡r❡❢♦r❡ d0 ❛tt❡♠♣ts t♦ ❜❡❣✐♥ t❤❡ s❡❛r❝❤ ✐♥ t❤❡ ❡①♣❡❝t❡❞ ❧♦❝❛❧✐t② ♦❢ t❤❡

♠✐♥✐♠✉♠✱ ❛❧t❤♦✉❣❤ ✇❡ r❡♠❛r❦ t❤❛t ◆❡✇t♦♥✬s ❛❧❣♦r✐t❤♠ ✐s ❝❛♣❛❜❧❡ ♦❢ ✜♥❞✐♥❣ t❤❡ ♠✐♥✐♠✉♠ ❢r♦♠

❛♥② ✐♥✐t✐❛❧ ✈❡❝t♦r ❢♦r ❝♦♥✈❡① ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥s✳ ❲❡ ♥♦t❡ t❤❛t ♦t❤❡r ♣❧❛✉s✐❜❧❡ ✐♥✐t✐❛❧ ❣✉❡ss❡s

❛r❡ ♣♦ss✐❜❧❡✱ ❡✳❣✳ ♠❡❞✐❛♥ ✐♥✐t✐❛❧ ❛♣♣r♦①✐♠❛t✐♦♥s ❬✶✶❪✳ ❍❡r❡ ✇❡ ✉s❡ ◆❡✇t♦♥✬s ♠❡t❤♦❞ r❛t❤❡r

t❤❛♥ t❤❡ ✇❡❧❧✲❦♥♦✇♥ ❣r❛❞✐❡♥t ❞❡s❝❡♥t ♠❡t❤♦❞✱ ❜❡❝❛✉s❡ ✐t r❡q✉✐r❡s ❢❡✇❡r st❡♣s t♦ ❝♦♥✈❡r❣❡ t♦ ✐ts

♠✐♥✐♠✉♠ ❞✉❡ t♦ ✉t✐❧✐s❛t✐♦♥ ♦❢ ❛ ❍❡ss✐❛♥ ♠❛tr✐① ✭✇❤✐❝❤ ✐s ❛ sq✉❛r❡ ♠❛tr✐① ♦❢ s❡❝♦♥❞ ♦r❞❡r ♣❛rt✐❛❧

❞❡r✐✈❛t✐✈❡s✿ H = ∂2
E[Dd]

∂di∂dj
✮✱ ✇❤✐❝❤ ❞❡✜♥❡s ❛ ♠♦r❡ ❞✐r❡❝t ♣❛t❤ t♦ t❤❡ ❡①tr❡♠❡ ♣♦✐♥t✳ ❈♦♥s❡q✉❡♥t❧②✱

❡❛❝❤ st❡♣ ✐♥ ◆❡✇t♦♥✬s ♠❡t❤♦❞ ✐s ♠♦r❡ ❝♦♠♣✉t❛t✐♦♥❛❧❧② ❡①♣❡♥s✐✈❡ t❤❛♥ ❛ st❡♣ ♦❢ t❤❡ ❣r❛❞✐❡♥t

❞❡s❝❡♥t ♠❡t❤♦❞✱ ❜✉t ◆❡✇t♦♥✬s ♠❡t❤♦❞ ✉s✉❛❧❧② ✜♥❞s t❤❡ ♠✐♥✐♠✉♠ ✐♥ ❝♦♥s✐❞❡r❛❜❧② ❢❡✇❡r st❡♣s

t❤❛♥ t❤❡ ❣r❛❞✐❡♥t ❞❡s❝❡♥t ♠❡t❤♦❞✳ ❲❡ ❢♦✉♥❞ t❤❛t t❤❡ r✉♥ t✐♠❡ ♦❢ ◆❡✇t♦♥✬s ♠❡t❤♦❞ ✐s t②♣✐❝❛❧❧②

3− 4 t✐♠❡s ❧❡ss t❤❛♥ t❤❡ r✉♥ t✐♠❡ ♦❢ t❤❡ ❣r❛❞✐❡♥t ❞❡s❝❡♥t ♠❡t❤♦❞✳



✸✳✷✳ ❘❡❞✉❝✐♥❣ ▼❡❛♥ ❙✉❜t❛s❦ ❉✐s♣❡rs✐♦♥ ✼✸

❲❡ ✐♠♣❧❡♠❡♥t❡❞ t❤✐s ♥✉♠❡r✐❝❛❧ ♦♣t✐♠✐s❛t✐♦♥ ♣r♦❝❡❞✉r❡ ✐♥ ❈✰✰✳ ❋♦r ❡❛❝❤ st❡♣ ♦❢ ◆❡✇t♦♥✬s

♠❡t❤♦❞ ♦✉r ♣r♦❣r❛♠ ❡✈❛❧✉❛t❡s t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ♦❢ ❊q✳ ✸✳✶✷✱ ✇❤❡r❡ t❤❡ ✐♥t❡❣r❛❧s ✐♥✈♦❧✈❡❞

✐♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❡①♣❡❝t❛t✐♦♥s ♦❢ t❤❡ ♠❛①✐♠✉♠ ❛♥❞ ♠✐♥✐♠✉♠ ❤❡t❡r♦❣❡♥❡♦✉s ♦r❞❡r

st❛t✐st✐❝s ❛r❡ ❡✈❛❧✉❛t❡❞ ♥✉♠❡r✐❝❛❧❧② ❜② t❤❡ tr❛♣❡③♦✐❞❛❧ r✉❧❡✳ ❆s ✇❡ ❡①♣❧♦r❡ t❤❡ s✉r❢❛❝❡ ♦❢ t❤❡

♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✇✐t❤ ❝✉rr❡♥t ❞❡❧❛② ✈❡❝t♦r di✱ ✇❡ ❝♦♠♣❛r❡ E[Ddi
] ❛❣❛✐♥st ✐ts ♣r❡✈✐♦✉s ✈❛❧✉❡

E[Ddi−1
]✳ ❲❡ ❝❡❛s❡ ✐t❡r❛t✐♥❣ ✇❤❡♥ t❤❡ ❝✉rr❡♥t ✈❛❧✉❡ ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✐s ♥♦ ❜❡tt❡r t❤❛♥

t❤❡ ♣r❡✈✐♦✉s ♦♥❡ ✐✳❡✳ (E[Ddi
]− E[Ddi−1

] ≤ ξ)✳ ■♥ ♦r❞❡r t♦ ❛✈♦✐❞ ✐♥✈❛❧✐❞ ❛♥❞ ✉♥♥❡❝❡ss❛r② ❞❡❧❛②s

✇❡ ❛♣♣❧② ❝♦♥str❛✐♥ts di ≥ 0 ❢♦r ❛❧❧ i ❛♥❞
∏
i

di = 0✳ ❚❤❡ ❧❛tt❡r ❝♦♥❞✐t✐♦♥ ❡♥s✉r❡s t❤❛t ♥♦ ❞❡❧❛②s

❛r❡ ❛❞❞❡❞ t♦ ❛ ❜♦tt❧❡♥❡❝❦ s❡r✈❡r✭s✮✳

✸✳✷✳✸ ❆♥❛❧②t✐❝❛❧ ❙♦❧✉t✐♦♥ ❢♦r ▼❡❛♥ ◆✉♠❜❡r ♦❢ ❙✉❜t❛s❦s ✐♥ ❖✉t♣✉t

❇✉✛❡r

❍❡r❡ ✇❡ ❞❡r✐✈❡ t❤❡ ♠❡❛♥ ♥✉♠❜❡r ♦❢ s✉❜t❛s❦s ✐♥ ♦✉t♣✉t ❜✉✛❡r ✐♥ ❛♥ ✉♥s❛t✉r❛t❡❞ ❡❧❡♠❡♥t❛r②

s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠ ✉t✐❧✐s✐♥❣ ▲✐tt❧❡✬s ▲❛✇ ✭❊q✳ ✷✳✻✮✳ ❆❝❝♦r❞✐♥❣ t♦ t❤✐s ❧❛✇✱ t❤❡ ♠❡❛♥

♥✉♠❜❡r ♦❢ s✉❜t❛s❦s ✐s ❛ ♣r♦❞✉❝t ♦❢ ❛✈❡r❛❣❡ ❛rr✐✈❛❧ r❛t❡ ♦❢ s✉❜t❛s❦s ✐♥t♦ t❤❡ ♦✉t♣✉t ❜✉✛❡r ❛♥❞

♠❡❛♥ ✇❛✐t✐♥❣ t✐♠❡ ♦❢ ❛ s✉❜t❛s❦ ✐♥ t❤❡ ♦✉t♣✉t ❜✉✛❡r✳ ❚❤❡ ❢♦r♠❡r t❡r♠ ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❢r♦♠

❛ ❢❛❝t t❤❛t ✐❢ t❤❡ ♠❡❛♥ ❛rr✐✈❛❧ r❛t❡ ♦❢ t❛s❦s ✐♥ t❤❡ s②st❡♠ ✐s λ✱ t❤❡♥ t❤❡ ♠❡❛♥ ❛rr✐✈❛❧ r❛t❡ ♦❢

s✉❜t❛s❦s ✐♥ t❤❡ ♦✉t♣✉t ❜✉✛❡r ✐s nλ✱ ✇❤❡r❡ n ✐s ♥✉♠❜❡r ♦❢ s✉❜t❛s❦s t❤❛t ❛r❡ ❜♦r♥ ❢r♦♠ ❛ t❛s❦✱

❛♥❞ λ = min(λ, µi) ∀i ✐♥ ✉♥s❛t✉r❛t❡❞ s②st❡♠s✳ ❚❤❡ ❧❛tt❡r t❡r♠ ❝❛♥ ❜❡ ❢♦✉♥❞ ❢r♦♠ t❤❡ s❡r✈✐❝❡

♣♦❧✐❝② ♦❢ ❛ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠❀ t❤❛t ✐s ❛❧❧ s✉❜t❛s❦s ♠✉st ✇❛✐t ❢♦r ❛❧❧ t❤❡✐r s✐❜❧✐♥❣s t♦

✜♥✐s❤ t❤❡ s❡r✈✐❝❡✳ ■t ♠❡❛♥s t❤❛t t❤❡ ✜rst s✉❜t❛s❦ t❤❛t ❡♥t❡rs t❤❡ ♦✉t♣✉t ❜✉✛❡r ✐s ✇❛✐t✐♥❣ ❢♦r

X(n) −X(1) t✐♠❡ ✉♥✐ts t♦ ❡①✐t t❤❡ s②st❡♠✱ t❤❡ ✇❛✐t✐♥❣ t✐♠❡ ♦❢ t❤❡ s❡❝♦♥❞ ❛rr✐✈❛❧ ✐s X(n) −X(2)

t✐♠❡ ✉♥✐ts ❛♥❞ s♦ ♦♥✳ ❚❤❡ ❧❛st s✉❜t❛s❦ ❞♦❡s ♥♦t ✇❛✐t ❛t ❛❧❧ ✕ ❛t ❛♥ ✐♥st❛♥t ♦❢ ✐ts ❛rr✐✈❛❧ ❛❧❧

s✐❜❧✐♥❣s t❤❛t ♦r✐❣✐♥❛t❡❞ ❢r♦♠ t❤❡ t❛s❦ ❛r❡ ♠❡r❣❡❞ t♦❣❡t❤❡r ❛♥❞ ❡①✐t t❤❡ s②st❡♠✳ ❚❤❡r❡❢♦r❡✱ t❤❡



✼✹ ❈❤❛♣t❡r ✸✳ ❘❡❞✉❝✐♥❣ ❙✉❜t❛s❦ ❉✐s♣❡rs✐♦♥ ✐♥ ❙♣❧✐t✲▼❡r❣❡ ❙②st❡♠s

♠❡❛♥ ♥✉♠❜❡r ♦❢ s✉❜t❛s❦s ✐♥ ♦✉t♣✉t ❜✉✛❡r ✐s✿

EOutputBuffer =
(X(n) −X(1)) + ...+ (X(n) −X(n−1))

n
nλ

=
(
(n− 1)X(n) −

n−1∑

i=1

X(i)

)
λ ✭✸✳✶✺✮

■♥ ♣r❛❝t✐❝❡✱ ❝♦♠♣✉t✐♥❣ t❤✐s ❢♦r♠✉❧❛ ✐♥✈♦❧✈❡s ❝❛❧❝✉❧❛t✐♦♥s ♦❢ ❛❧❧ ♠❡❛♥s ♦❢ ❤❡t❡r♦❣❡♥❡♦✉s ♦r❞❡r

st❛t✐st✐❝s✱ ✇❤✐❝❤ ✐s t❡❞✐♦✉s✳ ❆♥ ❛❧t❡r♥❛t✐✈❡ ✇❛② t♦ ❝♦♠♣✉t❡ t❤❡ ♠❡❛♥ ♥✉♠❜❡r ♦❢ s✉❜t❛s❦s ✐♥

♦✉t♣✉t ❜✉✛❡r✱ ❛❧❜❡✐t ✐♥❡①❛❝t✱ ✐s ❜② s✐♠✉❧❛t✐♦♥✳

✸✳✷✳✹ ■♠♣❛❝t ♦❢ ❆♣♣❧✐❡❞ ❉❡❧❛②s ♦♥ ❙②st❡♠ P❡r❢♦r♠❛♥❝❡

■♥ t❤✐s ❝❤❛♣t❡r ♦✉r ❝♦♥❝❡r♥ ✐s s♦❧❡❧② ♦♥ t❤❡ ♠✐♥✐♠✐s✐♥❣ ♦❢ ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❜② ✐♥tr♦❞✉❝✐♥❣

❞❡❧❛②s t♦ ♣r♦❝❡ss✐♥❣ ♦❢ t❤❡ s✉❜t❛s❦s✳ ❍♦✇❡✈❡r✱ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ s✉❝❤ ❞❡❧❛②s ❤❛s ♥❡❣❛t✐✈❡

✐♠♣❧✐❝❛t✐♦♥s ❢♦r s②st❡♠ st❛❜✐❧✐t② ❛♥❞ t❛s❦ r❡s♣♦♥s❡ t✐♠❡✱ ❛s q✉❛♥t✐✜❡❞ ❜❡❧♦✇ ❬✶✵✵❪✳

■♠♣❛❝t ♦♥ ❙②st❡♠ ❙t❛❜✐❧✐t②

❲❡ ♦❜s❡r✈❡ ✜rst t❤❛t✱ ❛t ❛ ❤✐❣❤✲❧❡✈❡❧✱ ❛♥② ❣✐✈❡♥ ❡❧❡♠❡♥t❛r② s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠

✇✐t❤ ❛ s❡t ♦❢ ♣❛r❛❧❧❡❧ s❡r✈❡rs ✐s ❝♦♥❝❡♣t✉❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ ❛ s✐♥❣❧❡ ▼✴●✴✶ q✉❡✉❡ ✇❤♦s❡ s❡r✲

✈✐❝❡ t✐♠❡ ✐s ❡q✉❛❧ t♦ t❤❡ ♠❛①✐♠✉♠ ♦❢ t❤❡ s❡r✈✐❝❡ t✐♠❡s ♦❢ t❤❡ r❡♣❧❛❝❡❞ ♣❛r❛❧❧❡❧ s❡r✈❡rs✱ ✐✳❡✳

max{X1, X2, ..., Xn} = X(n)✳ ❚❤✐s ✐s ♦❢ ❝♦✉rs❡ ❛♣♣❧✐❝❛❜❧❡ ❢♦r ❛ s♣❧✐t✲♠❡r❣❡ s②st❡♠ ✇✐t❤ ❞❡❧❛②s

❛s ✇❡❧❧✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ ✇❡ ❤❛✈❡ max{Xd
1 , X

d
2 , ..., X

d
n} = Xd

(n)✳ ❙❡❝♦♥❞❧②✱ ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t

❞✐str✐❜✉t✐♦♥s ❛r❡ ♠♦♥♦t♦♥✐❝❛❧❧② ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥s✿

Fi(x− di) ≤ Fi(x), ∀i ✭❣✐✈❡♥ di ≥ 0 ∀i✮

■t ❢♦❧❧♦✇s t❤❛t
n∏

i=1

Fi(x− di) ≤
n∏

i=1

Fi(x)



✸✳✷✳ ❘❡❞✉❝✐♥❣ ▼❡❛♥ ❙✉❜t❛s❦ ❉✐s♣❡rs✐♦♥ ✼✺

❛♥❞
∞∫

0

1−
n∏

i=1

Fi(x− di) dx ≥
∞∫

0

1−
n∏

i=1

Fi(x) dx

❚❤✉s ❢r♦♠ t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦♣❡r❛t♦r ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ❝♦♠♣✉t❡❞ ✈✐❛ ✐ts ❝❞❢ ❛s ✐♥ ❊q✳ ✷✳✶ ✇❡

❤❛✈❡✿

E[Xd
(n)] ≥ E[X(n)]

✇❤✐❝❤ ♣r♦✈❡s t❤❡ ✐♥t✉✐t✐♦♥ t❤❛t ❛♣♣❧②✐♥❣ ❛♥② ❞❡❧❛② t♦ ❛♥② s✉❜t❛s❦ ♠❛✐♥t❛✐♥s ♦r ✐♥❝r❡❛s❡s t❤❡

♠❡❛♥ t❛s❦ s❡r✈✐❝❡ t✐♠❡✳

❊①♣❧♦✐t✐♥❣ t❤❡ ✇❡❧❧✲❦♥♦✇♥ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ❢♦r ❛♥ ▼✴●✴✶ q✉❡✉❡✱ ❛♥❞ ❞❡♥♦t✐♥❣ t❤❡ ♠❛①✐♠✉♠

❛rr✐✈❛❧ r❛t❡ ❛t ✇❤✐❝❤ t❤❡ s②st❡♠ ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t ❞❡❧❛②s r❡♠❛✐♥s st❛❜❧❡ ❛s λd
♠❛①

❛♥❞ λ♠❛①

r❡s♣❡❝t✐✈❡❧②✱ ✇❡ ❤❛✈❡✿

λd
♠❛①

=
1

E[Xd
(n)]

≤ λ♠❛① =
1

E[X(n)]
✭✸✳✶✻✮

❚❤✉s✱ ❛❞❞✐♥❣ ❛♥② ❞❡❧❛② t♦ ❛♥② s✉❜t❛s❦ ❛❞✈❡rs❡❧② ✐♠♣❛❝ts t❤❡ ♠❛①✐♠✉♠ ❛rr✐✈❛❧ r❛t❡ ❛t ✇❤✐❝❤

t❤❡ s②st❡♠ r❡♠❛✐♥s st❛❜❧❡✳

■♠♣❛❝t ♦♥ ❘❡s♣♦♥s❡ ❚✐♠❡

■♥ ♦r❞❡r t♦ q✉❛♥t✐❢② t❤❡ ✐♠♣❛❝t ♦❢ ❛♣♣❧②✐♥❣ ❞❡❧❛②s t♦ ♣r♦❝❡ss✐♥❣ ♦❢ s✉❜t❛s❦s ♦♥ ♠❡❛♥ t❛s❦

r❡s♣♦♥s❡ t✐♠❡ ✇❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❡tr✐❝✿

Response Penaltyλ =
E[Rd=dmin,λ]− E[Rd=0,λ]

E[Rd=0,λ]
∗ 100 ✭✸✳✶✼✮

✇❤❡r❡ E[Rd=dmin,λ] ❛♥❞ E[Rd=0,λ] ❝♦rr❡s♣♦♥❞ ❢♦r ❛ ❣✐✈❡♥ ❛rr✐✈❛❧ r❛t❡ λ t♦ ♠❡❛♥ t❛s❦ r❡s♣♦♥s❡

t✐♠❡ ✇✐t❤ ♦♣t✐♠❛❧ ❞❡❧❛②s ❛♥❞ ✇✐t❤♦✉t ❛♥② ❞❡❧❛②s r❡s♣❡❝t✐✈❡❧②✳ ❘❡s♣♦♥s❡ P❡♥❛❧t② ❝♦rr❡s♣♦♥❞s

t♦ t❤❡ ♣❡r❝❡♥t❛❣❡ ❜② ✇❤✐❝❤ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ✐♥❝r❡❛s❡s ❛❢t❡r ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ♦♣t✐♠❛❧ ❞❡❧❛②s t♦

t❤❡ ♣r♦❝❡ss✐♥❣ ♦❢ s✉❜t❛s❦s✳

❚❤❡ ❡①♣❡❝t❡❞ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ✐♥ ❛ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠ ✐s ❝♦♥❝❡♣t✉❛❧❧② ❡q✉✐✈❛❧❡♥t

t♦ t❤❡ ❡①♣❡❝t❡❞ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ✐♥ ❛ s✐♥❣❧❡ ▼✴●✴✶ q✉❡✉❡✱ ✇❤♦s❡ s❡r✈✐❝❡ t✐♠❡ ✐s ❣✐✈❡♥ ❜②



✼✻ ❈❤❛♣t❡r ✸✳ ❘❡❞✉❝✐♥❣ ❙✉❜t❛s❦ ❉✐s♣❡rs✐♦♥ ✐♥ ❙♣❧✐t✲▼❡r❣❡ ❙②st❡♠s

t❤❡ ♠❛①✐♠✉♠ ♦❢ t❤❡ s❡r✈✐❝❡ t✐♠❡s ♦❢ t❤❡ ♣❛r❛❧❧❡❧ s❡r✈❡rs✳ ❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ❝❛♥ ❛♣♣❧② t❤❡

P♦❧❧❛❝③❡❦✲❑❤✐♥❝❤✐♥❡ ❢♦r♠✉❧❛ ❢♦r ♠❡❛♥ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ✐♥ ❛♥ ▼✴●✴✶ q✉❡✉❡✿

E[Rd=0,λ] =
ρ+ µ λ Var[X(n)]

2 (µ− λ)
+ µ−1 ✭✸✳✶✽✮

✇❤❡r❡ λ ✐s ❛rr✐✈❛❧ r❛t❡✱ 1/µ ✐s t❤❡ ♠❡❛♥ s❡r✈✐❝❡ t✐♠❡ ✭✇✐t❤ µ = E[X(n)]✮✱ ❛♥❞ Var[X(n)] ✐s t❤❡

✈❛r✐❛♥❝❡ ♦❢ s❡r✈✐❝❡ t✐♠❡✳ ❚❤❡ ❧❛tt❡r ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ ❊q✳ ✷✳✹ ❛s✿

Var[X(n)] = 2

∞∫

0

x
(
1−

n∏

i=1

Fi(x)
)
dx−

(
∞∫

0

1−
n∏

i=1

Fi(x) dx
)2

❙tr❛✐❣❤t❢♦r✇❛r❞ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❛❜♦✈❡ ❢♦r♠✉❧❛❡ ②✐❡❧❞s t❤❡ ❡①♣❡❝t❡❞ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ✇✐t❤

❛♣♣❧✐❡❞ ❞❡❧❛②s✿

E[Rd=dα,λ] =
ρd + µd λ Var[Xd

(n)]

2 (µd − λ)
+ (µd)−1 ✭✸✳✶✾✮

✇❤❡r❡ λ ✐s ❛rr✐✈❛❧ r❛t❡✱ 1/µd ✐s t❤❡ ♠❡❛♥ s❡r✈✐❝❡ t✐♠❡ ✇✐t❤ ❛♣♣❧✐❡❞ ❞❡❧❛② ✈❡❝t♦r d ✭µd = E[Xd
(n)]✮✱

❛♥❞ Var[Xd
(n)] ✐s t❤❡ ✈❛r✐❛♥❝❡ ♦❢ s❡r✈✐❝❡ t✐♠❡ ✇✐t❤ ❛♣♣❧✐❡❞ ❞❡❧❛②s✿

Var[Xd
(n)] = 2

∞∫

0

x
(
1−

n∏

i=1

Fi(x− di)
)
dx−

(
∞∫

0

1−
n∏

i=1

Fi(x− di) dx
)2

✸✳✸ ◆✉♠❡r✐❝❛❧ ❘❡s✉❧ts

✸✳✸✳✶ ❙♣❧✐t✲▼❡r❣❡ ❙✐♠✉❧❛t✐♦♥

❙✐♠✉❧❛t✐♦♥s ❛♥❞ ❛♥❛❧②t✐❝❛❧ ♠♦❞❡❧s ❛r❡ ♦❢t❡♥ ✉s❡❞ t♦ ♠✉t✉❛❧❧② ✈❛❧✐❞❛t❡ ❡❛❝❤ ♦t❤❡r ❬✻✹✱ ✻✺✱ ✶✵✼❪✳

❚♦ t❤✐s ❡♥❞✱ ✇❡ ❤❛✈❡ ❞❡✈❡❧♦♣❡❞ ❛ s✐♠✉❧❛t♦r ♦❢ ♣❛r❛❧❧❡❧ q✉❡✉❡✐♥❣ s②st❡♠s ✇r✐tt❡♥ ✐♥ ❈✰✰ ✇❤✐❝❤

♣r♦✈✐❞❡s r❛♣✐❞ ❡✈❡♥t✲❞r✐✈❡♥ s✐♠✉❧❛t✐♦♥✳ ■♥♣✉t ❢♦r t❤❡ s✐♠✉❧❛t♦r ❛r❡ s♣❡❝✐✜❡❞ ❞✐str✐❜✉t✐♦♥s ❢♦r

t❛s❦ ✐♥t❡r✲❛rr✐✈❛❧ t✐♠❡ ❛♥❞ t❤❡ s❡r✈✐❝❡ t✐♠❡s ♦❢ t❤❡ s❡t ♦❢ ♣❛r❛❧❧❡❧ ♥♦❞❡s✳ ❚❤❡ s✐♠✉❧❛t✐♦♥s ❛❧❧♦✇

❢♦r t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ♥✉♠❡r♦✉s ♣❡r❢♦r♠❛♥❝❡✲r❡❧❛t❡❞ ♠❡tr✐❝s ✇✐t❤♦✉t ❛♥❞ ✇✐t❤ s✉❜t❛s❦ ❞❡❧❛②s✱

❡✳❣✳✿ ♠❡❛♥ t❛s❦ r❡s♣♦♥s❡ t✐♠❡✱ ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥✱ ♠❡❛♥ ♥✉♠❜❡r ♦❢ s✉❜t❛s❦s ✐♥ ♦✉t♣✉t



✸✳✸✳ ◆✉♠❡r✐❝❛❧ ❘❡s✉❧ts ✼✼

❜✉✛❡r✱ t❛s❦ t❤r♦✉❣❤♣✉t ❛♥❞ ❞✐str✐❜✉t✐♦♥ ♦❢ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥✳

❆s s❤♦✇♥ ✐♥ ❋✐❣✳ ✸✳✶✱ ♦✉r s✐♠✉❧❛t♦r ♦❢ ❛ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠ ✐s ❜❛s❡❞ ♦♥ s❡✈❡r❛❧ ❝❧❛ss❡s✱

❡✳❣✳✿ ❛ s♣❧✐t ♣♦✐♥t ✇✐t❤ ❛ q✉❡✉❡✐♥❣ ❝❛♣❛❜✐❧✐t② ❜❡❢♦r❡ ✐t ✭s♣❧✐t q✉❡✉❡✮✱ ✇❤✐❝❤ ✐s ❧✐♥❦❡❞ t♦ s❡✈❡r❛❧

♣❛r❛❧❧❡❧ ♥♦❞❡s✱ ✇❤✐❝❤ ❛r❡ ❝♦♥♥❡❝t❡❞ t♦ ❛ ♠❡r❣❡ q✉❡✉❡ ❛♥❞ ❢♦❧❧♦✇❡❞ ❜② ❛♠❡r❣❡ ♣♦✐♥t✳ t❛s❦s

❛rr✐✈❡ ❛t ❛♥② t✐♠❡ ✐♥st❛♥t ❛❝❝♦r❞✐♥❣ t♦ ❛ P♦✐ss♦♥ ♣r♦❝❡ss❀ t❤❡② ❣♦ t♦ t❤❡ ❜❛❝❦ ♦❢ t❤❡ s♣❧✐t q✉❡✉❡✳

❲❤❡♥ t❤❡ s②st❡♠ ✐s ❡♠♣t② ❛♥❞ ❛❧❧ ♣❛r❛❧❧❡❧ ♥♦❞❡s ❛r❡ ✐❞❧❡ ❛ t❛s❦ ❢r♦♠ t❤❡ ❤❡❛❞ ♦❢ t❤❡ s♣❧✐t q✉❡✉❡

✐s ✐♥❥❡❝t❡❞ ✐♥t♦ t❤❡ s♣❧✐t ♣♦✐♥t✱ ✇❤❡r❡ t❤❡ t❛s❦ s♣❧✐ts ✐♥t♦ s❡✈❡r❛❧ ✭♥✮ s✉❜t❛s❦s✳ ❊❛❝❤ s✉❜t❛s❦

❣♦❡s ✈✐❛ ❛ ❧✐♥❦ t♦ ✐ts ❛❧❧♦❝❛t❡❞ ♥♦❞❡✳ ❚❤❡ ♥✉♠❜❡r ♦❢ t❛s❦s t❤❛t ✐s ✐♥❥❡❝t❡❞ ✐♥t♦ t❤❡ s②st❡♠ ✐s

tr✐❛❧s✳ ❆❧❧ ✈❛r✐❛❜❧❡s ❛♥❞ ♣r♦❝❡❞✉r❡s t❤❛t r❡❧❛t❡ t♦ st❛t✐st✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥s ❛r❡ st♦r❡❞ ✐♥ t❤❡

♥❡t✇♦r❦ ❝❧❛ss✳ ❋♦r t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ ❛ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠ ✇✐t❤ ♦♣t✐♠✐s❡❞ s✉❜t❛s❦

❞✐s♣❡rs✐♦♥✱ t❤❡ ✈❡❝t♦r ♦❢ ♦♣t✐♠❛❧ ❞❡❧❛②s ✐s ❝❛❧❝✉❧❛t❡❞ ❜❡❢♦r❡❤❛♥❞✳ ❉✉r✐♥❣ t❤❡ s✐♠✉❧❛t✐♦♥s t❤❡

♦♣t✐♠❛❧ ❞❡❧❛②s ❛r❡ ❛♣♣❧✐❡❞ t♦ ♣r♦❝❡ss✐♥❣ ♦❢ s✉❜t❛s❦s ❛t t❤❡ ✐♥st❛♥t ♦❢ t❤❡✐r ❛rr✐✈❛❧ ❛t ❛ ♣❛r❛❧❧❡❧

♥♦❞❡✳

❋✐❣✉r❡ ✸✳✶✿ ❯▼▲ ❝❧❛ss ❞✐❛❣r❛♠ ❢♦r s✐♠✉❧❛t♦r ♦❢ ❛♥ ❡❧❡♠❡♥t❛r② s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ ♥❡t✇♦r❦✳



✼✽ ❈❤❛♣t❡r ✸✳ ❘❡❞✉❝✐♥❣ ❙✉❜t❛s❦ ❉✐s♣❡rs✐♦♥ ✐♥ ❙♣❧✐t✲▼❡r❣❡ ❙②st❡♠s

✸✳✸✳✷ ❈❛s❡ ❙t✉❞②

❲❡ ♣r❡s❡♥t ❛ ❝❛s❡ st✉❞② ♦❢ ❛ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠✱ ✇❤✐❝❤ ✐s ❛♥❛❧②s❡❞ ✉s✐♥❣ ♦✉r ♠❡t❤♦❞

❛♥❞ ✈❛❧✐❞❛t❡❞ ❜② s✐♠✉❧❛t✐♦♥✳ ❚❤❡ s✐♠✉❧❛t✐♦♥s ✇❡r❡ ♣❡r❢♦r♠❡❞ ♦♥ ❛ ✸✳✺●❍③ ■♥t❡❧ ❈♦r❡✲✐✺ ✇♦r❦✲

st❛t✐♦♥ ✇✐t❤ ✽●❇ ❘❆▼✳ ❚❤❡ s✐♠✉❧❛t✐♦♥s ✇❡r❡ r✉♥ ❜② ♣r♦❝❡ss✐♥❣ ✶✵ ✵✵✵ ✵✵✵ t❛s❦s ❛❢t❡r ❛ ✇❛r♠✲

✉♣ ♣❡r✐♦❞ ♦❢ ✶ ✵✵✵ ✵✵✵ t❛s❦s✳ ❘❡s✉❧ts ❛r❡ r❡♣♦rt❡❞ t♦ t❤r❡❡ s✐❣♥✐✜❝❛♥t ✜❣✉r❡s✳ ❋♦r ❛❧❧ ❢♦❧❧♦✇✐♥❣

❝❛s❡ st✉❞✐❡s ✇❡ ✉s❡ t❤❡ s❛♠❡ ❡①♣❡r✐♠❡♥t❛❧ s❡t ✉♣✳ ❲❡ ❝♦♥s✐❞❡r ❛ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠

✇✐t❤ t❛s❦ ❛rr✐✈❛❧ r❛t❡ λ = 1.0 ✭t❛s❦s✴t✐♠❡ ✉♥✐t✮ ❛♥❞ ✸ ♣❛r❛❧❧❡❧ s❡r✈❡rs ❤❛✈✐♥❣ ❤❡t❡r♦❣❡♥❡♦✉s

s❡r✈✐❝❡ t✐♠❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥s✿

X1 ∼ Exponential(λ = 5)

(E[X1] = 0.2, Med[X1] = 0.139, Var[X1] = 0.04)

X2 ∼ Erlang(n = 2, λ = 3)

(E[X2] = 0.667, Med[X2] = 0.559, Var[X2] = 0.222)

X3 ∼ Uniform(0.2, 0.5)

(E[X3] = 0.35, Med[X3] = 0.35, Var[X3] = 0.00750)

❲✐t❤♦✉t ❛❞❞✐♥❣ ❛♥② ❞❡❧❛②s t❤❡ ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✐s E[D] = 0.576 t✐♠❡ ✉♥✐ts✱ t❤❡ ❡①✲

♣❡❝t❡❞ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ✐s E[Rd=0,1.0] = 2.026 t✐♠❡ ✉♥✐ts ❛♥❞ ♠❛①✐♠✉♠ s✉st❛✐♥❛❜❧❡ ❛rr✐✈❛❧

r❛t❡ ✐s λ♠❛① = 1.377 t❛s❦s✴t✐♠❡ ✉♥✐t✳ ❚❤❡ s✐♠✉❧❛t✐♦♥s ♦❢ t❤❡ s②st❡♠ ✇✐t❤♦✉t ❞❡❧❛②s s❤♦✇ t❤❛t

t❤❡ ♠❡❛♥ ♥✉♠❜❡r ♦❢ s✉❜t❛s❦s ✐♥ ♦✉t♣✉t ❜✉✛❡r ✐s 0.963 (95% ❈■ [0.962, 0.964]) s✉❜t❛s❦s✳ ❚❤❡

♠❡❛♥s ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❤❡t❡r♦❣❡♥❡♦✉s ♦r❞❡r st❛t✐st✐❝s ❛r❡✿

E[X(1)] = 0.153, E[X(2)] = 0.340, E[X(3)] = 0.726.

▼❡❛♥ ♦✉t♣✉t ❜✉✛❡r ❧❡♥❣t❤ ❢r♦♠ ❊q✳ ✸✳✶✺ ✐s 0.962 s✉❜t❛s❦s ❣✐✈✐♥❣ ❝♦♥✜❞❡♥❝❡ ✐♥ t❤❡ ❛❝❝✉r❛❝② ♦❢

t❤❡ s✐♠✉❧❛t✐♦♥✳ ❆♣♣❧②✐♥❣ ◆❡✇t♦♥✬s ♠❡t❤♦❞ ❢r♦♠ ❊q✳ ✸✳✶✹ ✇❡ ✜♥❞ ❛❢t❡r ✸✷ s❡❝♦♥❞s ♦❢ r✉♥t✐♠❡



✸✳✸✳ ◆✉♠❡r✐❝❛❧ ❘❡s✉❧ts ✼✾

t❤❡ ✈❡❝t♦r ♦❢ ♦♣t✐♠❛❧ ❞❡❧❛②s ✇❤✐❝❤ s❛t✐s✜❡s ❊q✳ ✸✳✶✸ ❛s✿

d♠✐♥ = (0.393, 0.0, 0.204)

❋✐❣✳ ✸✳✷ ♣r❡s❡♥ts ❛ s✉r❢❛❝❡ ♣❧♦t ♦❢ ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❢♦r ✈❛r✐♦✉s d1 ❛♥❞ d3 ✈❛❧✉❡s✳ ❆❢✲

t❡r ❛♣♣❧②✐♥❣ d♠✐♥ t♦ s✉❜t❛s❦ ♣r♦❝❡ss✐♥❣✱ ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❜❡❝♦♠❡s E[Dd♠✐♥ ] = 0.448

t✐♠❡ ✉♥✐ts✱ ✇❤✐❝❤ r❡♣r❡s❡♥ts ❛ 22% ✐♠♣r♦✈❡♠❡♥t✳ ❚❤❡ ❡①♣❡❝t❡❞ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ❜❡❝♦♠❡s

E[Rd♠✐♥,1.0] = 3.69 t✐♠❡ ✉♥✐ts✱ ✇❤✐❝❤ ✐s 82% ❤✐❣❤❡r t❤❛♥ ❜❡❢♦r❡ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❞❡❧❛②s✳ ❆❢✲

t❡r ❛♣♣❧②✐♥❣ s✉❜t❛s❦ ❞❡❧❛②s t❤❡ ♠❛①✐♠✉♠ s✉st❛✐♥❛❜❧❡ t❛s❦ ❛rr✐✈❛❧ r❛t❡ ❞r♦♣s t♦ λd
♠❛①

= 1.178

t❛s❦s✴t✐♠❡ ✉♥✐t✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳✸✳✺✳ ❙✐♠✉❧❛t✐♦♥s ♦❢ t❤❡ s♣❧✐t✲♠❡r❣❡ s②st❡♠ ✇✐t❤ ❛♣♣❧✐❡❞ ❞❡❧❛②s

s❤♦✇ t❤❛t t❤❡ ♠❡❛♥ ♥✉♠❜❡r ♦❢ s✉❜t❛s❦s ✐♥ ♦✉t♣✉t ❜✉✛❡r ❜❡❝♦♠❡s 0.733 (95% ❈■ [0.732, 0.734])

s✉❜t❛s❦s✱ r❡♣r❡s❡♥t✐♥❣ ✷✹✪ ❢❡✇❡r s✉❜t❛s❦s t❤❛♥ ✐♥ t❤❡ s②st❡♠ ✇✐t❤♦✉t ❞❡❧❛②s✳ ❍❡t❡r♦❣❡♥❡♦✉s

♦r❞❡r st❛t✐st✐❝s ✇✐t❤ ❛♣♣❧✐❡❞ ❞❡❧❛②s ❜❡❝♦♠❡✿

E[Xd
(1)] = 0.400, E[Xd

(2)] = 0.564, E[Xd
(3)] = 0.849.

▼❡❛♥ ♥✉♠❜❡r ♦❢ s✉❜t❛s❦s ✐♥ t❤❡ ♦✉t♣✉t ❜✉✛❡r ❢r♦♠ ❊q✳ ✸✳✶✺ ✇✐t❤ ❛♣♣❧✐❡❞ ❞❡❧❛②s ✐s t❤✉s 0.734

s✉❜t❛s❦s✳ ❲❡ ♣r❡s❡♥t ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ❢♦r ❝❛❧❝✉❧❛t✐♥❣ ♠❡❛♥ ❧❡♥❣t❤ ♦❢ ❛ ♠❡r❣❡

❜✉✛❡r ❢r♦♠ ❊q✳ ✸✳✶✺ ♦♥❧② ✐♥ t❤✐s ❝❛s❡ st✉❞② ❜❡❝❛✉s❡ ✐t ✐s ❛♥❛❧②t✐❝❛❧❧② t❡❞✐♦✉s t♦ ❝❛❧❝✉❧❛t❡ ♠❡❛♥s

♦❢ ❛❧❧ ❤❡t❡r♦❣❡♥❡♦✉s ♦r❞❡r st❛t✐st✐❝s✳ ❚❤❡r❡❢♦r❡ ❢♦r ♥❡①t ❝❛s❡ st✉❞✐❡s ✇❡ ♣r❡s❡♥t ♠❡❛♥ ♥✉♠❜❡r

♦❢ s✉❜t❛s❦s ✐♥ t❤❡ ♦✉t♣✉t ❜✉✛❡r ❜❛s❡❞ ♦♥ s✐♠✉❧❛t✐♦♥s✳

■t ✐s s❤♦✇♥ ✐♥ t❤❡ ❋✐❣✳ ✸✳✸ t❤❛t ❛t ❛ ❞✐str✐❜✉t✐♦♥❛❧ ❧❡✈❡❧ t❤❡ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ♦❢ t❤❡ s♣❧✐t✲♠❡r❣❡

q✉❡✉❡✐♥❣ s②st❡♠s ✇✐t❤ ♦♣t✐♠✐s❡❞ ❞❡❧❛②s ❛♣♣❧✐❡❞ t♦ ♣r♦❝❡ss✐♥❣ ♦❢ t❤❡ s✉❜t❛s❦s ❞♦♠✐♥❛t❡s t❤❡

s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ♦❢ t❤❡ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠ ✇✐t❤ ♥♦ ❛♣♣❧✐❡❞ ❞❡❧❛②s✳ ❍♦✇❡✈❡r✱ ❋✐❣✳ ✸✳✹

s❤♦✇s ♦♣♣♦s✐t❡ ❛✛❡❝t ♦♥ t❛s❦ r❡s♣♦♥s❡ t✐♠❡✳



✽✵ ❈❤❛♣t❡r ✸✳ ❘❡❞✉❝✐♥❣ ❙✉❜t❛s❦ ❉✐s♣❡rs✐♦♥ ✐♥ ❙♣❧✐t✲▼❡r❣❡ ❙②st❡♠s
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❞❡❧❛②s ♦♣t✐♠✐s❡❞ ❢♦r ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ (E[Dd])✳ λ = 1.0 ✭t❛s❦✴✉♥✐t t✐♠❡✮✳
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❞❡❧❛②s ♦♣t✐♠✐s❡❞ ❢♦r ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ (E[Dd])✳ λ = 1.0 ✭t❛s❦✴✉♥✐t t✐♠❡✮✳

✸✳✹ ❘❡❞✉❝✐♥❣ P❡r❝❡♥t✐❧❡s ♦❢ t❤❡ ❉✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❘❛♥❣❡

♦❢ ❙✉❜t❛s❦ ❉✐s♣❡rs✐♦♥

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♠♦✈❡ t♦✇❛r❞s ❛ ♠♦r❡ s♦♣❤✐st✐❝❛t❡❞ ❢r❛♠❡✇♦r❦ ❢♦r ✜♥❞✐♥❣ ❞❡❧❛② ✈❡❝t♦rs

✇❤✐❝❤ ♣r♦✈✐❞❡ s♦❢t ✭♣r♦❜❛❜✐❧✐st✐❝✮ ❣✉❛r❛♥t❡❡s ♦♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥✳ Pr❡✈✐♦✉s❧② ✇❡ ❞❡r✐✈❡❞ t❤❡

❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ r❛♥❣❡ ♦❢ ❤❡t❡r♦❣❡♥❡♦✉s ♦r❞❡r st❛t✐st✐❝s ✐♥ ❊q✳ ✸✳✶✵ ✇❤✐❝❤ ❡q✉❛t❡s t♦ t❤❡

r❛♥❣❡ ♦❢ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❢♦r ❡❧❡♠❡♥t❛r② s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠s✳ ❍❡r❡ ✇❡ ♠❛❦❡ ✉s❡ ♦❢

t❤❡s❡ r❡s✉❧ts ✐♥ ❛ ♥✉♠❡r✐❝❛❧ ♦♣t✐♠✐s❛t✐♦♥ ♣r♦❝❡❞✉r❡✳ ■♥ ♦r❞❡r t♦ ❝♦♥tr♦❧ ❛ ❣✐✈❡♥ ♣❡r❝❡♥t✐❧❡ ♦❢

t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✇❡ ❛♣♣❧② ❞❡t❡r♠✐♥✐st✐❝ ❞❡❧❛②s t♦ ♣r♦❝❡ss✐♥❣ ♦❢ s✉❜t❛s❦s✳

❋♦r ❛ ❣✐✈❡♥ ♣r♦❜❛❜✐❧✐t② α✱ α ∈ (0, 1] ✇❡ ❛✐♠ t♦ ♠✐♥✐♠✐s❡ t❤❡ ✶✵✵αt❤ ♣❡r❝❡♥t✐❧❡ ♦❢ s✉❜t❛s❦

❞✐s♣❡rs✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ d✳ ❚❤❛t ✐s✱ ✇❡ ❛✐♠ t♦ s♦❧✈❡ ❢♦r dα ✐♥✿

dα = arg min
d

F−1
D (α,d) ✭✸✳✷✵✮
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split-merge with dispersion-optimised delays
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λ✭t❛s❦✴✉♥✐t t✐♠❡✮

❋✐❣✉r❡ ✸✳✺✿ ❊①♣❡❝t❡❞ r❡s♣♦♥s❡ t✐♠❡ ♦❢ ❝❛s❡ st✉❞② s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠ ❢♦r ✈❛r✐♦✉s
❝✉st♦♠❡r ❛rr✐✈❛❧ r❛t❡s ✇✐t❤♦✉t ❛♥② ❞❡❧❛②s ✭r❡❞ ❧✐♥❡✮✱ ✇✐t❤ ❞❡❧❛②s ♦♣t✐♠✐s❡❞ ❢♦r ♠❡❛♥ s✉❜t❛s❦
❞✐s♣❡rs✐♦♥ (E[Dd]) ✭❜❧❛❝❦ ❧✐♥❡✮✳



✸✳✹✳ ❘❡❞✉❝✐♥❣ P❡r❝❡♥t✐❧❡s ♦❢ t❤❡ ❉✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❘❛♥❣❡ ♦❢ ❙✉❜t❛s❦ ❉✐s♣❡rs✐♦♥ ✽✸

✇❤❡r❡ F−1
D (α,d) ✐s t❤❡ s♦❧✉t✐♦♥ ❢♦r t ✐♥✿

FD(t,d) =
n∑

i=1

∫ ∞

−∞

fi(x− di)
n∏

j=1,j 6=i

[Fj(x+ t− dj)− Fj(x− dj)] dx = α. ✭✸✳✷✶✮

✇❤✐❝❤ ✐s ❊q✳ ✸✳✶✵ ✉♣❞❛t❡❞ t♦ r❡✢❡❝t t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❞❡❧❛②s✳ P✉t ❛♥♦t❤❡r ✇❛②✱ ✇❡ ❛✐♠ t♦

✜♥❞ t❤❛t ✈❡❝t♦r dα ✇❤✐❝❤ ②✐❡❧❞s t❤❡ ❧♦✇❡st ✈❛❧✉❡ ❢♦r t❤❡ ✶✵✵αt❤ ♣❡r❝❡♥t✐❧❡ ♦❢ t❤❡ ❞✐✛❡r❡♥❝❡ ✐♥

t❤❡ ❝♦♠♣❧❡t✐♦♥ t✐♠❡s ♦❢ t❤❡ ✜rst ❛♥❞ t❤❡ ❧❛st s✉❜t❛s❦s ✐♥ ❛♥ ❡❧❡♠❡♥t❛r② s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣

s②st❡♠✳

✸✳✹✳✶ ❖♣t✐♠✐s❛t✐♦♥ Pr♦❝❡❞✉r❡ ♦❢ t❤❡ ❉✐str✐❜✉t✐♦♥ ♦❢ ❙✉❜t❛s❦ ❉✐s♣❡r✲

s✐♦♥

Pr❛❝t✐❝❛❧❧②✱ ✇❡ ❞❡✈❡❧♦♣❡❞ ❛ ❢✉❧❧ ✈❡rs✐♦♥ ♦❢ t❤✐s ♥✉♠❡r✐❝❛❧ ♦♣t✐♠✐s❛t✐♦♥ ♣r♦❝❡❞✉r❡ ✐♥ ❈✰✰✳ ❊✈❛❧✲

✉❛t✐♦♥ ♦❢ ❊q✳ ✸✳✷✶ ❢♦r ❛ ❣✐✈❡♥ α ❛♥❞ d ✐s ♣❡r❢♦r♠❡❞ ❜② ♠❡❛♥s ♦❢ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t✐♦♥ ✉s✐♥❣ t❤❡

tr❛♣❡③♦✐❞❛❧ r✉❧❡✳ ❲❤✐❧❡ t❤✐s ✐s ❛❞❡q✉❛t❡ ❢♦r ❛❧♠♦st ❛❧❧ ❝♦♥t✐♥✉♦✉s s❡r✈✐❝❡ t✐♠❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥s✱

❝♦♠♣❧✐❝❛t✐♦♥s ❛r✐s❡ ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ♣❞❢ ♦❢ ❞❡t❡r♠✐♥✐st✐❝ s❡r✈✐❝❡ t✐♠❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥s ❜❡❝❛✉s❡

♦❢ ✐ts ✐♥✜♥✐t❡❧② t❤✐♥✱ ✐♥✜♥✐t❡❧② ❤✐❣❤ ✐♠♣✉❧s❡✳ ❲❡ r❡s♦❧✈❡ t❤✐s ❜② r❡♣❧❛❝✐♥❣ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ♣❞❢

✇✐t❤ ❞❡❧❛② ♣❛r❛♠❡t❡r a ❜② t❤❡ ●❛✉ss✐❛♥ ❛♣♣r♦①✐♠❛t✐♦♥✿

fDet(a)(x) ≈
1

c
√
π
e−

(x−a)2

c2

✇❤✐❝❤ ❜❡❝♦♠❡s ❡①❛❝t ❛s c → 0❀ ✐♥ ♣r❛❝t✐❝❡ ✇❡ s❡t c = 0.01✳

■♥ ♦r❞❡r t♦ ✐♥✈❡rt ❊q✳ ✸✳✷✶ ❢♦r ❛ ❣✐✈❡♥ α ❛♥❞ d✱ ✇❡ ✜rst ❛♣♣❧✐❡❞ t❤❡ ❇✐s❡❝t✐♦♥ ♠❡t❤♦❞ ❬✷✺❪ ✐♥ ♦✉r

♣r❡✈✐♦✉s ✇♦r❦ ❬✾✾❪ ❜❡❝❛✉s❡ ♦❢ ✐ts ❡①❝❡❧❧❡♥t r♦❜✉st♥❡ss ❝❤❛r❛❝t❡r✐st✐❝s✳ ❙✉❜s❡q✉❡♥t❧②✱ ✇❡ ❤❛✈❡ ❛♣✲

♣❧✐❡❞ ❇r❡♥t✬s ♠❡t❤♦❞ ❬✷✸❪ ✇❤✐❝❤ ❝♦♠❜✐♥❡s ❜✐s❡❝t✐♦♥✱ s❡❝❛♥t ❛♥❞ ✐♥✈❡rs❡ q✉❛❞r❛t✐❝ ✐♥t❡r♣♦❧❛t✐♦♥✳

❚❤✐s ❞❡❧✐✈❡rs ❝♦♥s✐❞❡r❛❜❧② ❤✐❣❤❡r ❝♦♠♣✉t❛t✐♦♥❛❧ ❡✣❝✐❡♥❝② ✇✐t❤♦✉t ❧♦ss ♦❢ r♦❜✉st♥❡ss✳

❋✐♥❛❧❧②✱ ✇❡ ❡①♣❧♦r❡ t❤❡ ♦♣t✐♠✐s❛t✐♦♥ s✉r❢❛❝❡ ♦❢ F−1
D (α,d) ✇✐t❤ t❤❡ ✐♥✐t✐❛❧ ✈❡❝t♦r d0 = {0, . . . , 0}

✉s✐♥❣ ❛ ♥✉♠❡r✐❝❛❧ ♦♣t✐♠✐s❛t✐♦♥ ♣r♦❝❡❞✉r❡✳ ❲❡ ❝♦♥str❛✐♥ t❤❡ s❡❛r❝❤ s✉❝❤ t❤❛t di ≥ 0 ❢♦r ❛❧❧ i



✽✹ ❈❤❛♣t❡r ✸✳ ❘❡❞✉❝✐♥❣ ❙✉❜t❛s❦ ❉✐s♣❡rs✐♦♥ ✐♥ ❙♣❧✐t✲▼❡r❣❡ ❙②st❡♠s

❛♥❞
∏
i

di = 0✳ ■♥ ♦✉r ✐♠♣❧❡♠❡♥t❛t✐♦♥✱ ✇❡ ❤❛✈❡ ✉s❡❞ ❛ s✐♠♣❧❡ ◆❡❧❞❡r✲▼❡❛❞ ♦♣t✐♠✐s❛t✐♦♥ t❡❝❤✲

♥✐q✉❡ ❬✼✸❪✱ ✇❤✐❝❤ ✐s ❜❛s❡❞ ♦♥ t❤❡ s✐♠♣❧❡① ♠❡t❤♦❞✳ ❲❡ ♥♦t❡ t❤❛t ❛ r❛♥❣❡ ♦❢ ♠♦r❡ s♦♣❤✐st✐❝❛t❡❞

✭❛♥❞ ❝♦rr❡s♣♦♥❞✐♥❣❧② ❝♦♥s✐❞❡r❛❜❧② ♠♦r❡ ❝♦♠♣❧❡① t♦ ✐♠♣❧❡♠❡♥t✮ ❣r❛❞✐❡♥t✲❢r❡❡ ♦♣t✐♠✐s❛t✐♦♥ t❡❝❤✲

♥✐q✉❡s ❛r❡ ❛❧s♦ ❛✈❛✐❧❛❜❧❡❀ s❡❡ ❡✳❣✳ ❬✸✱ ✻✽❪✳

✸✳✹✳✷ ◆✉♠❡r✐❝❛❧ ❘❡s✉❧ts

❈❛s❡ ❙t✉❞② ❆

❲❡ ♣r❡s❡♥t ❛ t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ st✉❞②✱ t❤❛t ✐s ❝❤♦s❡♥ ❜❡❝❛✉s❡ ✐ts ❡❛s✐❧② ✈✐s✉❛❧✐s❛❜❧❡ ❛s ✇❡❧❧

❛s ♣r♦✈✐❞❡ ❛♥ ✐♥t✉✐t✐♦♥ t♦ t❤❡ r❡❛❞❡r ❛❜♦✉t t❤❡ t❡❝❤♥✐q✉❡ ❛♥❞ ✐ts ❢♦❧❧♦✇❡❞ ❜② ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥❛❧

❝❛s❡ st✉❞② t♦ s❤♦✇ t❤❡ s❝❛❧❛❜✐❧✐t② ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✳

❈♦♥s✐❞❡r ❛ s♣❧✐t✲♠❡r❣❡ s②st❡♠ ✇✐t❤ t❛s❦ ❛rr✐✈❛❧ r❛t❡ λ = 0.1 ✭t❛s❦s✴t✐♠❡ ✉♥✐t✮ ❛♥❞ ✸ ♣❛r❛❧❧❡❧

s❡r✈❡rs ❤❛✈✐♥❣ ❤❡t❡r♦❣❡♥❡♦✉s s❡r✈✐❝❡ t✐♠❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥s✿

X1 ∼ Pareto(α = 3, l = 3.5, h = 10)

(E[X1] = 4.81, Med[X1] = 1.2, Var[X1] = 24.96)

X2 ∼ Erlang(n = 2, λ = 1)

(E[X2] = 2, Med[X2] = 1.68, Var[X2] = 2)

X3 ∼ Det(5)

(E[X3] = 5, Med[X3] = 5, Var[X3] = 0.0)

❚❤❡ ❝❤♦✐❝❡ ♦❢ ❞✐str✐❜✉t✐♦♥s ✇❛s ♠❛❞❡ t♦ ✐❧❧✉str❛t❡ ♦✉r ♠❡t❤♦❞♦❧♦❣② ❛❣❛✐♥st s❡r✈✐❝❡ t✐♠❡ ❞✐str✐✲

❜✉t✐♦♥s ✇✐t❤ ❞✐✛❡r❡♥t ✈❛r✐❛♥❝❡s✿ ❉❡t❡r♠✐♥✐st✐❝ ❞✐str✐❜✉t✐♦♥ ❤❛s ♥♦ ✈❛r✐❛♥❝❡✱ P❛r❡t♦ ❞✐str✐❜✉t✐♦♥

❤❛s ✈❡r② ❤✐❣❤ ✈❛r✐❛♥❝❡ ❛♥❞ ❊r❧❛♥❣ ❞✐str✐❜✉t✐♦♥ ❤❛s ✐♥t❡r♠❡❞✐❛t❡ ✈❛r✐❛♥❝❡✳

❲✐t❤♦✉t ❛❞❞✐♥❣ ❛♥② ❡①tr❛ ❞❡❧❛②s✱ ✐t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ❛♣♣❧② ❊q✳ ✸✳✶✵ ✐♥ ❛ r♦♦t✲✜♥❞✐♥❣

❛❧❣♦r✐t❤♠ ✭❡✳❣✳ ❇r❡♥t✬s ♠❡t❤♦❞✮ t♦ ❝♦♠♣✉t❡ t❤❡ ✺✵t❤ ✭α = 0.5✮ ❛♥❞ ✾✵t❤ ✭α = 0.9✮ ♣❡r❝❡♥t✐❧❡s

♦❢ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❛s t0.5 = 3.62 ❛♥❞ t0.9 = 5.21 t✐♠❡ ✉♥✐ts r❡s♣❡❝t✐✈❡❧②✳ ❙✐♠✉❧❛t✐♦♥s ♦❢

t❤❡ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠ s❤♦✇ t❤❛t t❤❡ ♠❡❛♥ ♥✉♠❜❡r ♦❢ s✉❜t❛s❦s ✐♥ ♦✉t♣✉t ❜✉✛❡r ✐s



✸✳✹✳ ❘❡❞✉❝✐♥❣ P❡r❝❡♥t✐❧❡s ♦❢ t❤❡ ❉✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❘❛♥❣❡ ♦❢ ❙✉❜t❛s❦ ❉✐s♣❡rs✐♦♥ ✽✺

0.4647 (95% ❈■ [0.4645, 0.4649]) s✉❜t❛s❦s✳ ■♥❝♦r♣♦r❛t✐♥❣ ❞❡❧❛②s ✐♥t♦ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ s✉❜t❛s❦

❞✐s♣❡rs✐♦♥ ❛s ♣❡r ❊q✳ ✸✳✷✶✱ ❛♥❞ ❡①❡❝✉t✐♥❣ ❛ ◆❡❧❞❡r✲▼❡❛❞ ♦♣t✐♠✐s❛t✐♦♥ ✭s✉✐t❛❜❧② ❝♦♥str❛✐♥❡❞ s♦

t❤❛t
∏
i

di = 0✮ t♦ s♦❧✈❡ ❊q✳ ✸✳✷✵ ❣✐✈❡♥ α = 0.5 ②✐❡❧❞s

d0.5 = (0.533, 3.50, 0.0)

❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✸✳✻✳ ❚❤❡ ♦♣t✐♠✐s❛t✐♦♥ ♣r♦❝❡❞✉r❡✬s r✉♥ t✐♠❡ ✭✉s✐♥❣ ❇r❡♥t✬s ♠❡t❤♦❞✮ ✐s 13

s❡❝♦♥❞s ✐♥ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ ✹✻ s❡❝♦♥❞s ❢♦r t❤❡ ♣r❡✈✐♦✉s ♦♣t✐♠✐s❛t✐♦♥ ♣r♦❝❡❞✉r❡ ✇❤❡r❡ ✇❡ ✉s❡

❜✐s❡❝t✐♦♥ ♠❡t❤♦❞✳ ❲❡ ♥♦t❡ t❤❛t ✐♥ t❤✐s ❝❛s❡ t❤❡ ✏❜♦tt❧❡♥❡❝❦✑ s❡r✈❡r ✐s s❡r✈❡r ✸✳ ❲✐t❤ t❤❡

✐♥❝♦r♣♦r❛t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧ ❞❡❧❛②s✱ t❤❡ ✺✵t❤ ♣❡r❝❡♥t✐❧❡ ♦❢ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ t0.5 = 1.29 t✐♠❡

✉♥✐ts✱ r❡♣r❡s❡♥t✐♥❣ ❛♥ ✐♠♣r♦✈❡♠❡♥t ♦❢ 64% ♦✈❡r t❤❡ ♦r✐❣✐♥❛❧ s②st❡♠ ❝♦♥✜❣✉r❛t✐♦♥ ✇✐t❤♦✉t

❞❡❧❛②s✳ ❚❤❡ ♠❡❛♥ ♥✉♠❜❡r ♦❢ s✉❜t❛s❦s ✐♥ ♦✉t♣✉t ❜✉✛❡r ✐s 0.289 (95% ❈■ [0.288, 0.290])✱ ❛ 38%

r❡❞✉❝t✐♦♥✳

d2 d1

F−1
D (α = 0.5,d)

❋✐❣✉r❡ ✸✳✻✿ ❙✉r❢❛❝❡ ♣❧♦t ♦❢ t❤❡ ✺✵t❤ ♣❡r❝❡♥t✐❧❡ ♦❢ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ♦❢ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✲
✐♥❣ s②st❡♠ ❢♦r ✈❛r✐♦✉s ❞❡t❡r♠✐♥✐st✐❝ ♣r♦❝❡ss✐♥❣ ❞❡❧❛②s✳ ❚❤❡ ♦♣t✐♠❛❧ ❞❡❧❛② ✈❡❝t♦r ✐s d0.5 =
(0.533, 3.50, 0.0)✳
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d3 d2

F−1
D (α = 0.9,d)

❋✐❣✉r❡ ✸✳✼✿ ❙✉r❢❛❝❡ ♣❧♦t ♦❢ t❤❡ ✾✵t❤ ♣❡r❝❡♥t✐❧❡ ♦❢ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ♦❢ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✲
✐♥❣ s②st❡♠ ❢♦r ✈❛r✐♦✉s ❞❡t❡r♠✐♥✐st✐❝ ♣r♦❝❡ss✐♥❣ ❞❡❧❛②s✳ ❚❤❡ ♦♣t✐♠❛❧ ❞❡❧❛② ✈❡❝t♦r ✐s d0.9 =
(0.0, 2.82, 1.16)✳

❋♦r α = 0.9 ✇❡ ♦❜t❛✐♥

d0.9 = (0.0, 2.82, 1.16)

❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✸✳✼✳ ❲❡ ♥♦t❡ t❤❛t ❢♦r t❤✐s ♣❡r❝❡♥t✐❧❡ t❤❡ ✏❜♦tt❧❡♥❡❝❦✑ s✇✐t❝❤❡s ❢r♦♠ s❡r✈❡r ✸ t♦

s❡r✈❡r ✶✱ ❞❡s♣✐t❡ t❤❡ ❢❛❝t t❤❛t s❡r✈❡r ✸ ❤❛s ❛ ❤✐❣❤❡r ♠❡❛♥ s❡r✈✐❝❡ t✐♠❡ ❛♥❞ ♠❡❞✐❛♥ t❤❛♥ s❡r✈❡r ✶✱

❜✉t s❡r✈❡r ✸ ❞♦❡s ♥♦t ❤❛✈❡ ❛♥② ✈❛r✐❛♥❝❡✱ ✇❤✐❧❡ s❡r✈❡r ✶ ❤❛s ♥❛t✉r❛❧❧② ✈❡r② ❤✐❣❤ ✈❛r✐❛♥❝❡✱ s✐♥❝❡ ✐t

❤❛s ❛ ❤❡❛✈②✲t❛✐❧❡❞ s❡r✈✐❝❡ t✐♠❡ ❞✐str✐❜✉t✐♦♥✳ ❲✐t❤ t❤❡ ✐♥❝♦r♣♦r❛t✐♦♥ ♦❢ ♦♣t✐♠❛❧ ❞❡❧❛②s✱ t❤❡ ✾✵t❤

♣❡r❝❡♥t✐❧❡ ♦❢ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❜❡❝♦♠❡s t0.9 = 3.35 t✐♠❡ ✉♥✐ts✱ r❡♣r❡s❡♥t✐♥❣ ❛♥ ✐♠♣r♦✈❡♠❡♥t

♦❢ 36% ♦✈❡r t❤❡ ♦r✐❣✐♥❛❧ s②st❡♠ ❝♦♥✜❣✉r❛t✐♦♥ ✇✐t❤♦✉t ❞❡❧❛②s✳ ❚❤❡ ♠❡❛♥ ♥✉♠❜❡r ♦❢ s✉❜t❛s❦s

✐♥ ♦✉t♣✉t ❜✉✛❡r ✐s 0.3792 (95% ❈■ [0.3790, 0.3794]) s✉❜t❛s❦s✱ ❛ 18% r❡❞✉❝t✐♦♥✳

❋✐❣✉r❡ ✸✳✽ s❤♦✇s ❤♦✇ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❝❤❛♥❣❡s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ✈❛❧✉❡ ♦❢

α✳ ❲❡ ♥♦t❡ t❤❛t ❛ ❝❤❛♥❣❡ ♦❢ α ❝❛♥ ❤❛✈❡ ❛ s✐❣♥✐✜❝❛♥t ✐♠♣❛❝t ♦♥ t❤❡ q✉❛♥t✐❧❡s ♦❢ FD(t,d)✱ ❛♥❞

♠❛② r❡s✉❧t ✐♥ t❤❡ s❤✐❢t✐♥❣ ♦❢ t❤❡ ✏❜♦tt❧❡♥❡❝❦✑ s❡r✈❡r✳

❲✐t❤♦✉t ❞❡❧❛②s✱ t❤❡ ❡①♣❡❝t❡❞ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ✐s E[Rd=0,0.1] = 8.93 t✐♠❡ ✉♥✐ts✳ ❆❢t❡r
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λ ✭t❛s❦✴✉♥✐t t✐♠❡✮

❋✐❣✉r❡ ✸✳✶✵✿ ❊①♣❡❝t❡❞ r❡s♣♦♥s❡ t✐♠❡ ♦❢ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠ ❢♦r ✈❛r✐♦✉s ❝✉st♦♠❡r ❛rr✐✈❛❧
r❛t❡s ✇✐t❤♦✉t ❛♥② ❞❡❧❛②s ✭r❡❞ ❧✐♥❡✮✱ ✇✐t❤ ❞❡❧❛②s ♦♣t✐♠✐s❡❞ ✉♥❞❡r α = 0.5 ✭❣r❡❡♥ ❧✐♥❡✮ ❛♥❞ ❞❡❧❛②s
♦♣t✐♠✐s❡❞ ✉♥❞❡r α = 0.9 ✭❜❧✉❡ ❧✐♥❡✮✳

✐♥tr♦❞✉❝✐♥❣ ♦♣t✐♠❛❧ s✉❜t❛s❦ ❞❡❧❛②s✱ t❤❡ ❡①♣❡❝t❡❞ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ❜❡❝♦♠❡s E[Rd=d0.5,0.1] =

11.7 t✐♠❡ ✉♥✐ts ❢♦r α = 0.5 ❛♥❞ E[Rd=d0.9,0.1] = 12.8 t✐♠❡ ✉♥✐ts ❢♦r α = 0.9✳ ❚❤❡ ♣❡r❝❡♥t❛❣❡

✐♥❝r❡❛s❡s ✐♥ ❡①♣❡❝t❡❞ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ❢r♦♠ ❊q✳ ✸✳✶✼ ❛r❡ 31% ❛♥❞ 43% r❡s♣❡❝t✐✈❡❧②✳ ❋✐❣✉r❡ ✸✳✾

♣r❡s❡♥ts t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞✐str✐❜✉t✐♦♥s ♦❢ t❛s❦ r❡s♣♦♥s❡ t✐♠❡✳ ❋♦r t❤❡ s②st❡♠ ✇✐t❤♦✉t ❞❡❧❛②s

t❤❡ ♠❛①✐♠✉♠ s✉st❛✐♥❛❜❧❡ ❛rr✐✈❛❧ r❛t❡ ❢r♦♠ ❊q✳ ✸✳✶✻ ✐s λ♠❛① < 0.182 t❛s❦s✴t✐♠❡ ✉♥✐t✳ ❆❢t❡r

✐♥tr♦❞✉❝✐♥❣ s✉❜t❛s❦ ❞❡❧❛②s t♦ ♠✐♥✐♠✐s❡ t❤❡ ✺✵t❤ ❛♥❞ ✾✵t❤ ♣❡r❝❡♥t✐❧❡s ♦❢ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥✱

t❤✐s ❞r♦♣s t♦ 0.160 ❛♥❞ 0.153 t❛s❦s✴t✐♠❡ ✉♥✐t r❡s♣❡❝t✐✈❡❧②✳ ❚❤✐s ✐s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✸✳✶✵✳

❆❧t❤♦✉❣❤ t❤❡ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♠❛①✐♠✉♠ ♦r❞❡r st❛t✐st✐❝ ❛♥❞ ♥♦ ❞❡❧❛②s ❛r❡

❛❞❞❡❞ t♦ ✐t✱ t❤❡ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ✐s ❛✛❡❝t❡❞ ❜② ❛♣♣❧②✐♥❣ ❞❡❧❛②s ❜❡❝❛✉s❡ t❤❡ ♠❛①✐♠✉♠ ♦r❞❡r

st❛t✐st✐❝ ✐s ♥♦t ❣✉❛r❛♥t❡❡❞ t♦ ❜❡ ❛❧✇❛②s t❤❡ ❧❛r❣❡st ❞✉❡ t♦ t❤❡ r❛♥❞♦♠♥❡ss ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥s✳

❚❤❡r❡❢♦r❡✱ ✐❢ ❛❞❞✐♥❣ ❞❡❧❛②s ♣r♦❞✉❝❡s ❝❤❛♥❣❡s ✐♥ t❤❡ ♠❛①✐♠✉♠ ♦r❞❡r st❛t✐st✐❝ t❤❡♥ ✐t ❛✛❡❝ts t❤❡

t❛s❦ r❡s♣♦♥s❡ t✐♠❡✳
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❈❛s❡ ❙t✉❞② ❇

❲❡ ♣r❡s❡♥t ❛ ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ st✉❞② ✇✐t❤ ❡✐❣❤t ♥♦❞❡s t♦ s❤♦✇ t❤❛t ♦✉r ♠❡t❤♦❞♦❧♦❣②

s❝❛❧❡s✳ ❈♦♥s✐❞❡r ❛ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠ ✇✐t❤ ❛rr✐✈❛❧ r❛t❡ λ = 0.1 t❛s❦s✴t✐♠❡ ✉♥✐t ❛♥❞

s❡r✈✐❝❡ ♥♦❞❡s ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤❡t❡r♦❣❡♥❡♦✉s s❡r✈✐❝❡ t✐♠❡ ❞✐str✐❜✉t✐♦♥s✿

X1 ∼ Exponential(λ = 1)

(E[X1] = 1, Med[X1] = 0.693, Var[X1] = 1)

X2 ∼ Erlang(n = 2, λ = 5)

(E[X2] = 0.4, Med[X2] = 0.336, Var[X2] = 0.08)

X3 ∼ Det(2)

(E[X3] = 2, Med[X3] = 2, Var[X3] = 0)

X4 ∼ Pareto(n = 2.1, a = 3.5, b = 10)

(E[X4] = 4.89, Med[X4] = 4.63, Var[X4] = 28.81)

X5 ∼ Exponential(λ = 4)

(E[X5] = 0.25, Med[X5] = 0.173, Var[X5] = 0.0625)

X6 ∼ Erlang(n = 3, λ = 3)

(E[X6] = 1, Med[X6] = 0.891, Var[X6] = 0.333)

X7 ∼ Exponential(λ = 8)

(E[X7] = 0.125, Med[X7] = 0.0866, Var[X7] = 0.0156)

X8 ∼ Pareto(n = 2.5, a = 3.5, b = 10)

(E[X8] = 4.98, Med[X8] = 4.49, Var[X8] = 26.97)

❆♣♣❧②✐♥❣ ❊q✳ ✸✳✶✵ ✐♥ ❛ r♦♦t✲✜♥❞✐♥❣ ❛❧❣♦r✐t❤♠✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ ✺✵t❤ ✭α = 0.5✮ ❛♥❞ ✾✵t❤ ✭α =

0.9✮ ♣❡r❝❡♥t✐❧❡s ♦❢ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❛s t0.5 = 5.43 t✐♠❡ ✉♥✐ts ❛♥❞ t0.9 = 8.26 t✐♠❡ ✉♥✐ts

r❡s♣❡❝t✐✈❡❧②✳ ❙✐♠✉❧❛t✐♦♥s s❤♦✇ t❤❛t t❤❡ ♠❡❛♥ ♥✉♠❜❡r ♦❢ s✉❜t❛s❦s ✐♥ ♦✉t♣✉t ❜✉✛❡r ✐s 3.196(95%

❈■ [3.194, 3.198]) s✉❜t❛s❦s✳



✾✵ ❈❤❛♣t❡r ✸✳ ❘❡❞✉❝✐♥❣ ❙✉❜t❛s❦ ❉✐s♣❡rs✐♦♥ ✐♥ ❙♣❧✐t✲▼❡r❣❡ ❙②st❡♠s

❆♣♣❧②✐♥❣ ♦✉r ♠❡t❤♦❞♦❧♦❣② ❢♦r ❞❡t❡r♠✐♥✐♥❣ ♦♣t✐♠❛❧ s✉❜t❛s❦s ❞❡❧❛②s ✉♥❞❡r α = 0.5 ②✐❡❧❞s✿

d0.5 = (3.84, 4.13, 2.32, 0.0, 4.71, 3.55, 4.88, 0.279)

❋♦r t❤✐s ❝❛s❡ t❤❡ ✐♠♣r♦✈❡❞ ♦♣t✐♠✐s❛t✐♦♥ ♣r♦❝❡❞✉r❡ ✭✉s✐♥❣ ❇r❡♥t✬s ♠❡t❤♦❞✮ t❛❦❡s ✷ ♠✐♥✉t❡s ✺

s❡❝♦♥❞s✱ ✇❤❡r❡❛s t❤❡ ♣r♦❝❡❞✉r❡ ✇❤❡r❡ ✇❡ ❛♣♣❧② t❤❡ ❜✐s❡❝t✐♦♥ ♠❡t❤♦❞ ❢r♦♠ ❬✾✾❪ t❛❦❡s ✷✾ ♠✐♥✉t❡s✳

❲❡ s❡❡ t❤❡ ✏❜♦tt❧❡♥❡❝❦✑ s❡r✈❡r ✐s s❡r✈❡r ✹✳ ❲✐t❤ t❤❡ ✐♥❝♦r♣♦r❛t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧ ❞❡❧❛②s✱ t❤❡ ✺✵t❤

♣❡r❝❡♥t✐❧❡ ♦❢ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❜❡❝♦♠❡s t0.5 = 2.02 t✐♠❡ ✉♥✐ts✱ r❡♣r❡s❡♥t✐♥❣ ❛♥ ✐♠♣r♦✈❡♠❡♥t

♦❢ 63% ♦✈❡r t❤❡ ♦r✐❣✐♥❛❧ s②st❡♠ ❝♦♥✜❣✉r❛t✐♦♥ ✇✐t❤♦✉t ❞❡❧❛②s✳ ❚❤❡ ♠❡❛♥ ♥✉♠❜❡r ♦❢ s✉❜t❛s❦s

✐♥ ♦✉t♣✉t ❜✉✛❡r ✐s 1.277 (95% ❈■ [1.276, 1.278]) s✉❜t❛s❦s✱ ❛ 60% r❡❞✉❝t✐♦♥✳

❋♦r α = 0.9 ✇❡ ♦❜t❛✐♥✿

d0.9 = (4.92, 5.97, 3.16, 0.0, 5.02, 4.37, 7.04, 0.758)

❍❡r❡ ✇❡ s❡❡ t❤❡ ✏❜♦tt❧❡♥❡❝❦✑ r❡♠❛✐♥s s❡r✈❡r ✹✳ ❆❢t❡r ❛❞❞✐♥❣ ♦♣t✐♠❛❧ ❞❡❧❛②s✱ t❤❡ ✾✵t❤ ♣❡r❝❡♥t✐❧❡

♦❢ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❜❡❝♦♠❡s t0.9 = 4.29 t✐♠❡ ✉♥✐ts✱ r❡♣r❡s❡♥t✐♥❣ ❛♥ ✐♠♣r♦✈❡♠❡♥t ♦❢ 48%

♦✈❡r t❤❡ ♦r✐❣✐♥❛❧ s②st❡♠ ❝♦♥✜❣✉r❛t✐♦♥ ✇✐t❤♦✉t ❞❡❧❛②s✳ ❚❤❡ ♠❡❛♥ ♥✉♠❜❡r ♦❢ s✉❜t❛s❦s ✐♥ ♦✉t♣✉t

❜✉✛❡r ✐s 1.357 (95% ❈■ [1.356, 1.357])✱ ❛ 58% r❡❞✉❝t✐♦♥✳

❋✐❣✉r❡ ✸✳✶✶ s❤♦✇s ❤♦✇ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❝❤❛♥❣❡s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ✈❛❧✉❡

♦❢ α✳ ❲✐t❤♦✉t ❞❡❧❛②s✱ t❤❡ ❡①♣❡❝t❡❞ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ✐s E[Rd=0,λ] = 10.3 t✐♠❡ ✉♥✐ts✳ ❆❢t❡r

✐♥tr♦❞✉❝✐♥❣ ♦♣t✐♠❛❧ s✉❜t❛s❦ ❞❡❧❛②s✱ t❤❡ ❡①♣❡❝t❡❞ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ❜❡❝♦♠❡s E[Rd0.5,λ] =

12.4 t✐♠❡ ✉♥✐ts ❢♦r α = 0.5 ❛♥❞ E[Rd0.9,λ] = 19.2 t✐♠❡ ✉♥✐ts ❢♦r α = 0.9✳ ❚❤❡ ♣❡r❝❡♥t❛❣❡

✐♥❝r❡❛s❡s ✐♥ ❡①♣❡❝t❡❞ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ❛r❡ 20% ❛♥❞ 86% r❡s♣❡❝t✐✈❡❧②✳ ❋✐❣✉r❡ ✸✳✶✷ ♣r❡s❡♥ts

t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞✐str✐❜✉t✐♦♥s ♦❢ t❛s❦ r❡s♣♦♥s❡ t✐♠❡✳

❋♦r t❤❡ s②st❡♠ ✇✐t❤♦✉t ❞❡❧❛②s t❤❡ ♠❛①✐♠✉♠ s✉st❛✐♥❛❜❧❡ ❛rr✐✈❛❧ r❛t❡ ❢r♦♠ ❊q✳ ✸✳✶✻ ✐s λ♠❛① <

0.171 t❛s❦s✴t✐♠❡ ✉♥✐t✳ ❆❢t❡r ✐♥tr♦❞✉❝✐♥❣ s✉❜t❛s❦ ❞❡❧❛②s t♦ ♠✐♥✐♠✐s❡ ✺✵t❤ ❛♥❞ ✾✵t❤ ♣❡r❝❡♥t✐❧❡ ♦❢

s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥✱ t❤✐s ❞r♦♣s t♦ 0.156 ❛♥❞ 0.133 t❛s❦s✴t✐♠❡ ✉♥✐t r❡s♣❡❝t✐✈❡❧②✳ ❚❤✐s ✐s ✐❧❧✉str❛t❡❞

✐♥ ❋✐❣✉r❡ ✸✳✶✸✳
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♦♣t✐♠✐s❡❞ ✉♥❞❡r α = 0.9 ✭❜❧✉❡ ❧✐♥❡✮✳

✸✳✺ ❙✉♠♠❛r②

❚❤✐s ❝❤❛♣t❡r ❤❛s ♣r❡s❡♥t❡❞ ❛ ♠❡t❤♦❞♦❧♦❣② ❢♦r ♠✐♥✐♠✐s✐♥❣ t❤❡ ♠❡❛♥ ♦❢ t❤❡ r❛♥❣❡ ♦❢ s✉❜t❛s❦

❞✐s♣❡rs✐♦♥ ❛♥❞ ❝♦♥tr♦❧❧✐♥❣ ❛ ❣✐✈❡♥ ♣❡r❝❡♥t✐❧❡ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✐♥ ❡❧✲

❡♠❡♥t❛r② s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠s✳ ❍❡r❡ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✐s ❞❡✜♥❡❞ ✐♥ t❡r♠s ♦❢ t❤❡

❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ✜rst ❛♥❞ ❧❛st ❛rr✐✈❛❧ t✐♠❡s ♦❢ s✉❜t❛s❦s ✐♥ t❤❡ ♠❡r❣❡ ❜✉✛❡rs✱ ❛♥❞ ✐s ❝♦♥tr♦❧❧❡❞

t❤r♦✉❣❤ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❥✉❞✐❝✐♦✉s❧②✲❝❤♦s❡♥ ❞❡t❡r♠✐♥✐st✐❝ ❞❡❧❛②s t♦ s✉❜t❛s❦ s❡r✈✐❝❡ t✐♠❡s✳ ❚❤❡

♠❡t❤♦❞♦❧♦❣② ❤❛s ❢♦✉r ♠❛✐♥ ❝♦♠♣♦♥❡♥ts✳ ❚❤❡ ✜rst ✐s t❤❡ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ t❤❡♦r② ♦❢

❤❡t❡r♦❣❡♥❡♦✉s ♦r❞❡r st❛t✐st✐❝s✱ ✇❤✐❝❤ ②✐❡❧❞s t❤❡ ♠❡❛♥ ❛♥❞ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ r❛♥❣❡ ♦❢ ❤❡t❡r♦✲

❣❡♥❡♦✉s ♦r❞❡r st❛t✐st✐❝s✳ ❚❤❡ s❡❝♦♥❞ ❝♦♠♣♦♥❡♥t ✐s t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❞❡t❡r♠✐♥✐st✐❝ ❞❡❧❛②s ✐♥t♦

t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ❡①♣r❡ss✐♦♥s✱ t❤✐s ②✐❡❧❞✐♥❣ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥s ❢♦r t❤❡ t❤✐r❞ ❝♦♠♣♦♥❡♥t ✕

♥✉♠❡r✐❝❛❧ ♦♣t✐♠✐s❛t✐♦♥ ♣r♦❝❡❞✉r❡s ✇❤✐❝❤ ②✐❡❧❞ ✈❡❝t♦rs ♦❢ s✉❜t❛s❦ ❞❡❧❛②s ✇❤✐❝❤ ❡✐t❤❡r ♠✐♥✐♠✐s❡

t❤❡ ♠❡❛♥ ♦❢ t❤❡ r❛♥❣❡ ❞✐str✐❜✉t✐♦♥ ♦❢ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ♦r r❡❞✉❝❡ ❛ ❣✐✈❡♥ ♣❡r❝❡♥t✐❧❡ ♦❢ t❤❡ ❞✐s✲

tr✐❜✉t✐♦♥ ♦❢ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥✳ ❲❡ ♣r❡s❡♥t❡❞ ❛ ❝❛s❡ st✉❞② ❢♦r t❤❡ ♠❡t❤♦❞♦❧♦❣② ♦❢ ♠✐♥✐♠✐s✐♥❣

♠❡❛♥ ♦❢ t❤❡ r❛♥❣❡ ♦❢ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❛♥❞ t✇♦ ❝❛s❡ st✉❞✐❡s ❢♦r t❤❡ ♠❡t❤♦❞♦❧♦❣② ♦❢ ❝♦♥tr♦❧❧✐♥❣
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❛ ❣✐✈❡♥ ♣❡r❝❡♥t✐❧❡ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✇❤✐❝❤ s❤♦✇❡❞ t❤❛t t❤❡ ❝❤♦✐❝❡ ♦❢ ♣❡r✲

❝❡♥t✐❧❡ ❝❛♥ ❤❛✈❡ ❛ s✐❣♥✐✜❝❛♥t ✐♠♣❛❝t ♦♥ t❤❡ ♦♣t✐♠❛❧ ❞❡❧❛② ✈❡❝t♦r ❛♥❞ t❤❡ ✏❜♦tt❧❡♥❡❝❦✑ s❡r✈❡r✳

❲❡ ❞❡r✐✈❡❞ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥s ❢♦r ♠❡❛♥ ♥✉♠❜❡r ♦❢ s✉❜t❛s❦s ✐♥ t❤❡ ♦✉t♣✉t ❜✉✛❡r✳ ▲❛st❧②✱ ✐♥

t❤❡ ❢♦✉rt❤ ❝♦♠♣♦♥❡♥t ✇❡ q✉❛♥t✐✜❡❞ t❤❡ ♥❡❣❛t✐✈❡ ✐♠♣❛❝t ♦❢ ❛❞❞✐♥❣ ❞❡❧❛②s ✐♥t♦ ♣r♦❝❡ss✐♥❣ ♦❢

s✉❜t❛s❦s ♦♥ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ❛♥❞ ♠❛①✐♠✉♠ s✉st❛✐♥❛❜❧❡ t❤r♦✉❣❤♣✉t ♦❢ t❤❡ s②st❡♠✳

■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ❢♦❝✉s❡❞ s♦❧❡❧② ♦♥ r❡❞✉❝t✐♦♥ ♦❢ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❛♥❞ ❞✐❞ ♥♦t ♣❛② ❛tt❡♥t✐♦♥

t♦ ✐♥❡✈✐t❛❜❧❡ ✐♠♣❛❝t ♦❢ ♦✉r ♠❡t❤♦❞♦❧♦❣✐❡s ♦♥ ♦t❤❡r ♣❡r❢♦r♠❛♥❝❡ r❡❧❛t❡❞ ♠❡tr✐❝s✳ ❋r♦♠ t❤❡

❝❛s❡ st✉❞✐❡s ✇❡ ♦❜s❡r✈❡❞ t❤❛t t❤❡ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ❛♥❞ t❤❡ ♠❛①✐♠✉♠ s✉st❛✐♥❛❜❧❡ t❤r♦✉❣❤♣✉t

✐♥❝r❡❛s❡❞ ❞r❛♠❛t✐❝❛❧❧② ❛❢t❡r ❛♣♣❧②✐♥❣ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❞❡❧❛②s ❢♦r r❡❞✉❝✐♥❣ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥✳

❖♥❡ ♣♦ss✐❜❧❡ ❞✐r❡❝t✐♦♥ ❢♦r ❢✉t✉r❡ ✇♦r❦ ✐s t♦ ❞❡✈❡❧♦♣ ❛♥ ✐♥✐t✐❛❧ s✉❜t❛s❦ ❞❡❧❛② ✈❡❝t♦r ❜❛s❡❞ ♦♥

♠❡❞✐❛♥s r❛t❤❡r t❤❛♥ ♠❡❛♥s ♦❢ t❤❡ s❡r✈✐❝❡ ❞✐str✐❜✉t✐♦♥s✱ ❛s ✐t ❞✐s❝✉ss❡❞ ✐♥ ❬✶✶❪✳ ■♥ t❤❡ ♥❡①t

❝❤❛♣t❡r ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ✐♠♣r♦✈❡ ♦✉r ♠❡t❤♦❞♦❧♦❣② ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ ✐♠♣❛❝t ♦❢ ❞❡❧❛②s ♦♥ t❤❡

tr❛❞❡✲♦✛ ❜❡t✇❡❡♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❛♥❞ t❛s❦ r❡s♣♦♥s❡ t✐♠❡✳
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❚r❛❞✐♥❣ ♦✛ ❙✉❜t❛s❦ ❉✐s♣❡rs✐♦♥ ❛♥❞ ❚❛s❦

❘❡s♣♦♥s❡ ❚✐♠❡ ✐♥ ❙♣❧✐t✲▼❡r❣❡ ❙②st❡♠s

✹✳✶ ■♥tr♦❞✉❝t✐♦♥

■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ♣r❡s❡♥t ❛ t❡❝❤♥✐q✉❡ ❢♦r ♠❛♥❛❣✐♥❣ ❛ tr❛❞❡✲♦✛ ❜❡t✇❡❡♥ ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥

❛♥❞ ♠❡❛♥ t❛s❦ r❡s♣♦♥s❡ t✐♠❡✳ ▼❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✐s ❞❡✜♥❡❞ ❛s t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡

❝♦♠♣❧❡t✐♦♥ t✐♠❡s ♦❢ t❤❡ ✜rst ❛♥❞ ❧❛st s✉❜t❛s❦s ♦r✐❣✐♥❛t✐♥❣ ❢r♦♠ ❛ ❣✐✈❡♥ t❛s❦✳ ▼❡❛♥ t❛s❦ r❡s♣♦♥s❡

t✐♠❡ ✐s ❞❡✜♥❡❞ ❛s t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❛rr✐✈❛❧ t✐♠❡ ♦❢ ❛ t❛s❦ ✐♥t♦ t❤❡ s♣❧✐t q✉❡✉❡ ❛♥❞ t❤❡

t✐♠❡ ❛t ✇❤✐❝❤ t❤❡ t❛s❦ ❧❡❛✈❡s t❤❡ s②st❡♠ ✈✐❛ t❤❡ ♠❡r❣❡ ♣♦✐♥t✳ ❚❤❡ ♠❡t❤♦❞♦❧♦❣② ♦❢ tr❛❞✐♥❣ ♦✛

s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❛♥❞ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ✐s ♣r❡s❡♥t❡❞ ✐♥ ❬✾✻❪✳

■♥ ♦✉r ❛♥❛❧②s✐s ✇❡ ❛ss✉♠❡ ❡❧❡♠❡♥t❛r② s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠s ✭❋✐❣✳ ✷✳✷✮ ✇✐t❤ P♦✐ss♦♥

❛rr✐✈❛❧s ❛♥❞ ❤❡t❡r♦❣❡♥❡♦✉s ❣❡♥❡r❛❧❧② ❞✐str✐❜✉t❡❞ s❡r✈✐❝❡ t✐♠❡s✳ ❆s ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✾✳✶

❛♥❞ ❈❤❛♣t❡r ✸ ♣r❡✈✐♦✉s r❡s❡❛r❝❤ ❤❛s ❜❡❡♥ ❝♦♥❝❡r♥❡❞ ❛❜♦✉t ♠✐♥✐♠✐s❛t✐♦♥ ♦❢ ♦♥❡ ❜✉t ♥♦t ❜♦t❤

♦❢ t❤❡s❡ ♠❡❛s✉r❡s ❬✶✷✱ ✹❪✳ P❛rt✐❝✉❧❛r❧②✱ ✐♥ ❈❤❛♣t❡r ✸ ✇❡ ❞❡♠♦♥str❛t❡❞ ❤♦✇ t❤❡ ♣r♦❝❡ss✐♥❣ ♦❢

s❡❧❡❝t❡❞ s✉❜t❛s❦s ❝❛♥ ❜❡ ❞❡❧❛②❡❞ ✐♥ ♦r❞❡r t♦ r❡❞✉❝❡ ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❛♥❞ ♣❡r❝❡♥t✐❧❡s ♦❢

s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❢♦r ❡❧❡♠❡♥t❛r② s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠s✳ ❲❤✐❧st ✇❡ ❛♣♣❧② ❛ ❝♦♥str❛✐♥t

t♦ ❡♥s✉r❡ t❤❛t ♥♦ ❞❡❧❛② ✐s ❛❞❞❡❞ t♦ t❤❡ ❜♦tt❧❡♥❡❝❦ s❡r✈❡r✱ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ s✉❜t❛s❦ ❞❡❧❛②s ❞♦❡s

♥❛t✉r❛❧❧② ❤❛✈❡ ❛♥ ❛❞✈❡rs❡ ✐♠♣❛❝t ♦♥ ♠❡❛♥ t❛s❦ r❡s♣♦♥s❡ t✐♠❡✱ ✇✐t❤ ❛ ❝♦rr❡s♣♦♥❞✐♥❣ r❡❞✉❝t✐♦♥

✾✹
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✐♥ ♠❛①✐♠✉♠ s✉st❛✐♥❛❜❧❡ s②st❡♠ t❤r♦✉❣❤♣✉t✳ ❚❤❡ ❛❞✈❡rs❡ ✐♠♣❛❝t ❡①♣❛♥❞s ❛s ✇♦r❦❧♦❛❞ ✐♥t❡♥s✐t②

r✐s❡s✱ ❛♥❞ ❡✈❡♥ ❝❛♥ ♠❛❦❡ ❛ ♣r❡✈✐♦✉s❧② st❛❜❧❡ s②st❡♠ ❜❡❝♦♠❡ ✉♥st❛❜❧❡✳ ■♥ ❛♥ ❛❜s❡♥❝❡ ♦❢ t❤❡

❛❜✐❧✐t② t♦ r❡❝♦♥✜❣✉r❡ ♦r r❡♣❛r❛♠❡t❡r✐s❡ t❤❡ s②st❡♠ t❤❡r❡ ✐s ❛ ❝♦♥✢✐❝t✐♥❣ t❡♥s✐♦♥ ❜❡t✇❡❡♥ t❤❡s❡

t✇♦ ♠❡tr✐❝s ✕ ✐❢ ✇❡ tr② t♦ ❧♦✇❡r ♦♥❡ ♠❡tr✐❝✱ t❤❡ ♦t❤❡r ✇✐❧❧ ❜❡ ✐♥❝r❡❛s❡❞✳ ❚❤✉s✱ tr❛❞✐♥❣ ♦✛ t❤❡s❡

t✇♦ ♠❡tr✐❝s ❛❧❧♦✇s ❡✛❡❝t✐✈❡ ❜❛❧❛♥❝✐♥❣ ♦❢ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❛♥❞ r❡s♣♦♥s❡ t✐♠❡✳ ❲❡ ❢♦r♠❛❧❧②

❝❤❛r❛❝t❡r✐s❡ t❤❡ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥✕r❡s♣♦♥s❡ t✐♠❡ tr❛❞❡✲♦✛ ✐♥ ❡❧❡♠❡♥t❛r② s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣

s②st❡♠s ❛s ❛♥ ♦♣t✐♠✐s❛t✐♦♥ ♣r♦❜❧❡♠✳

❖✉r ✐♥s♣✐r❛t✐♦♥ ❢♦r t❤✐s t❡❝❤♥✐q✉❡ ♦❢ tr❛❞✐♥❣ ♦✛ ♦❢ t✇♦ ♠❛❥♦r ♣❡r❢♦r♠❛♥❝❡ ♠❡tr✐❝s ♦r✐❣✐♥❛t❡s

❢r♦♠ t✇♦ s♦✉r❝❡s❀ ✜rst❧②✱ t❤❡ s✉r✈❡② ♦♥ ❝♦♥t✐♥✉♦✉s ♥♦♥✲❧✐♥❡❛r ♠✉❧t✐✲♦❜❥❡❝t✐✈❡ ♦♣t✐♠✐s❛t✐♦♥

t❡❝❤♥✐q✉❡s ❜② ▼❛r❧❡r ❛♥❞ ❆r♦r❛ ❬✼✷❪✱ ✇❤✐❝❤ ❡①♣❧♦r❡s ❛ ✈❛r✐❡t② ♦❢ ❞✐✛❡r❡♥t ♦♣t✐♠✐s❛t✐♦♥ t❡❝❤✲

♥✐q✉❡s t❤❛t ♠❛② ❜❡ s✉✐t❛❜❧❡ ❢♦r s♦❧✈✐♥❣ ♠✉❧t✐✲♦❜❥❡❝t✐✈❡ ♣r♦❜❧❡♠s ✭❡✳❣✳ ✇❡✐❣❤t❡❞ ❣❧♦❜❛❧ ❝r✐t❡r✐♦♥✱

✇❡✐❣❤t❡❞ s✉♠✱ ❧❡①✐❝♦❣r❛♣❤✐❝✱ ✇❡✐❣❤t❡❞ ♠✐♥✴♠❛①✱ ❡①♣♦♥❡♥t✐❛❧ ✇❡✐❣❤t❡❞ ❛♥❞ ❜♦✉♥❞❡❞ ♦❜❥❡❝t✐✈❡

❢✉♥❝t✐♦♥✮✳ ■♥ ♣❛rt✐❝✉❧❛r t❤❡② ♣r❡s❡♥t❡❞ ❛ ✇❡✐❣❤t❡❞ ♣r♦❞✉❝t ♠❡t❤♦❞ ✇❤✐❝❤ ✐♥s♣✐r❡s ♦✉r ❝❤♦✐❝❡

♦❢ ❛ ♣r♦❞✉❝t ❢♦r ♦✉r ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥✳

❙❡❝♦♥❞❧②✱ ✇❡ ✇❡r❡ ✐♥s♣✐r❡❞ ❜② t❤❡ ✇♦r❦ ♦❢ ●❛♥❞❤✐✱ ❍❛r❝❤♦❧✲❇❛❧t❡r ❡t ❛❧✳ ❬✸✾✱ ✹✵❪ ✇❤❡r❡ t❤❡②

❡①♣❧♦r❡ ❡♥❡r❣②✲♣❡r❢♦r♠❛♥❝❡ tr❛❞❡✲♦✛s ✐♥ s❡r✈❡r ❢❛r♠s ❜② ♠❡❛♥s ♦❢ ❛♥ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ❜❛s❡❞

♦♥ ❡♥❡r❣②✲r❡s♣♦♥s❡ t✐♠❡ ♣r♦❞✉❝t ✭❊❘P✮✳ ■♥ s❡r✈❡r ❢❛r♠s ✇✐t❤ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ s❡r✈❡rs✱ ❡❛❝❤

s❡r✈❡r ❝❛♥ ❜❡ ♣❧❛❝❡❞ ✐♥t♦ ♦♥❡ ♦❢ s❡✈❡r❛❧ st❛t❡s✱ s✉❝❤ ❛s ♦♥✴♦✛ ❛♥❞ s❡✈❡r❛❧ s❧❡❡♣ ♦r st❛♥❞❜②

♠♦❞❡s✳ ❆ ♣r♦❜❧❡♠ ♦❝❝✉rs ✇❤❡♥ ❛ ❧❛r❣❡ s❡t✉♣ t✐♠❡ ❛♥❞ ❡♥❡r❣② ♣❡♥❛❧t② ✭s❡t✉♣ ❝♦st✮ ❛r❡ ♥❡❡❞❡❞

t♦ s✇✐t❝❤ ❛ s❡r✈❡r ❢r♦♠ ♦♥❡ st❛t❡ t♦ ❛♥♦t❤❡r✳ ❚❤✉s✱ ❛ tr❛❞❡✲♦✛ ❛r✐s❡s ✇❤❡♥ ❛ ♣♦t❡♥t✐❛❧ s❡r✈❡r

s✇✐t❝❤ ❜❡t✇❡❡♥ st❛t❡s ♦❝❝✉rs✳ ❋♦r ❡①❛♠♣❧❡ ❧❡❛✈✐♥❣ ❛♥ ✐❞❧❡ s❡r✈❡r ♦♥ ✇✐❧❧ r❡❞✉❝❡ ♠❡❛♥ r❡s♣♦♥s❡

t✐♠❡ ❛t t❤❡ ❝♦st ♦❢ ❡①tr❛ ❡♥❡r❣② ✉s❡ ✇❤✐❧❡ t✉r♥✐♥❣ ✐t ♦✛ ✇✐❧❧ ❝❛s❡ ♣♦✇❡r ❜✉t ❛❞✈❡rs❡❧② ✐♠♣❛❝ts

♦♥ ♠❡❛♥ r❡s♣♦♥s❡ t✐♠❡✳

❈❤♦♦s✐♥❣ ♣r♦❞✉❝t ♦❢ t✇♦ ♣❡r❢♦r♠❛♥❝❡ ♠❡tr✐❝s ✐♥st❡❛❞ ♦❢ ✇❡✐❣❤t❡❞ s✉♠ ✇❛s ❛❧s♦ ♠❛❞❡ ❜❡❝❛✉s❡

t❤❡ ♣r♦❞✉❝t ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ t❡♥❞s t♦ ♣❡♥❛❧✐s❡ ♣♦♦r ♣❡r❢♦r♠❛♥❝❡ ♦♥ ♦♥❡ ♠❡tr✐❝ ♠♦r❡ ❤❡❛✈✐❧②

t❤❛♥ ❞♦❡s t❤❡ ❛❞❞✐t✐✈❡ ✇❡✐❣❤t✐♥❣ s✉♠ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ❬✺✷❪✳

❲❡ ❛r❡ ♥♦✇ ❣♦✐♥❣ t♦ ❞❡♠♦♥str❛t❡ ❤♦✇ ♦✉r t❡❝❤♥✐q✉❡ ❝❛♥ r❡❞✉❝❡ ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✇❤✐❧❡

❦❡❡♣✐♥❣ ♠❡❛♥ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ✉♥❞❡r ❝♦♥tr♦❧✳ ❚❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ tr❛❞❡✲♦✛ ✐s ❜❛s❡❞



✾✻❈❤❛♣t❡r ✹✳ ❚r❛❞✐♥❣ ♦✛ ❙✉❜t❛s❦ ❉✐s♣❡rs✐♦♥ ❛♥❞ ❚❛s❦ ❘❡s♣♦♥s❡ ❚✐♠❡ ✐♥ ❙♣❧✐t✲▼❡r❣❡ ❙②st❡♠s

♦♥ t❤❡ ♣r♦❞✉❝t ♦❢ ❡①♣❡❝t❡❞ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❛♥❞ ❡①♣❡❝t❡❞ t❛s❦ r❡s♣♦♥s❡ t✐♠❡✳ ❲❡ ❝♦♠♣❛r❡

t❤❡ ❡✛❡❝ts ♦❢ ♦✉r ♣r❡✈✐♦✉s ♠❡t❤♦❞♦❧♦❣② ♦❢ s♦❧❡❧② r❡❞✉❝✐♥❣ ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✇✐t❤ t❤❡

t❡❝❤♥✐q✉❡ ♦❢ tr❛❞✐♥❣✲♦✛ ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❛♥❞ ♠❡❛♥ t❛s❦ r❡s♣♦♥s❡ t✐♠❡✳

✹✳✷ ❆♣♣❧✐❝❛t✐♦♥ ♦❢ ❤❡t❡r♦❣❡♥❡♦✉s ♦r❞❡r st❛t✐st✐❝s t♦ s♣❧✐t✲

♠❡r❣❡ s②st❡♠s

❆s ❜❡❢♦r❡✱ ✇❡ ❝♦♥s✐❞❡r ❛♥ ❡❧❡♠❡♥t❛r② s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠ ✇✐t❤ n ♣❛r❛❧❧❡❧ s❡r✈❡rs✳

❙✉♣♣♦s❡Xi ∼ Fi(x) ✐s ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ t❤❛t ❞❡s❝r✐❜❡s t❤❡ ✭❤❡t❡r♦❣❡♥❡♦✉s✮ ❣❡♥❡r❛❧ s❡r✈✐❝❡ t✐♠❡

❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ it❤ ♣❛r❛❧❧❡❧ s❡r✈❡r✳ ❚❤❡♥ t❤❡ ❤❡t❡r♦❣❡♥❡♦✉s ♦r❞❡r st❛t✐st✐❝s X(i) ❝♦rr❡s♣♦♥❞

t♦ ♦r❞❡r❡❞ s✉❜t❛s❦ ❝♦♠♣❧❡t✐♦♥ t✐♠❡s ✭s✐♥❝❡ ✐♥ ❛ s♣❧✐t✲♠❡r❣❡ s②st❡♠ ❛❧❧ s✉❜t❛s❦s ♦r✐❣✐♥❛t✐♥❣ ❢r♦♠

❛ ❣✐✈❡♥ t❛s❦ ❛r❡ ✐♥❥❡❝t❡❞ ✐♥t♦ t❤❡ s②st❡♠ ❢r♦♠ s♣❧✐t ♣♦✐♥t ❛t t❤❡ s❛♠❡ ✐♥st❛♥t✮✳ ❚❤❡ ♠✐♥✐♠✉♠

❤❡t❡r♦❣❡♥❡♦✉s ♦r❞❡r st❛t✐st✐❝ X(1) ❝♦rr❡s♣♦♥❞s t♦ t❤❡ t✐♠❡ ♦❢ ✜rst s✉❜t❛s❦ ❝♦♠♣❧❡t✐♦♥ ❛♥❞ t❤❡

♠❛①✐♠✉♠ ❤❡t❡r♦❣❡♥❡♦✉s ♦r❞❡r st❛t✐st✐❝ X(n) ❝♦rr❡s♣♦♥❞s t♦ t❤❡ t✐♠❡ ♦❢ ❧❛st s✉❜t❛s❦ ❝♦♠♣❧❡t✐♦♥

✭❡q✉✐✈❛❧❡♥t❧②✱ t❛s❦ r❡s♣♦♥s❡ t✐♠❡✮✳ ❚❤❡ ❞✐s♣❡rs✐♦♥ ♦r r❛♥❣❡ D = X(n) − X(1) ❝♦rr❡s♣♦♥❞s t♦

s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥✳

❆s ✐♥ ❈❤❛♣t❡r ✸✱ ✐♥ ♦r❞❡r t♦ ♣r♦✈✐❞❡ ❛ ♠❡❛♥s t♦ ❝♦♥tr♦❧ t❤❡ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥✕r❡s♣♦♥s❡ t✐♠❡

tr❛❞❡✲♦✛ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ✈❡❝t♦r ♦❢ ❞❡t❡r♠✐♥✐st✐❝ ❞❡❧❛②s d = (d1, d2, ..., dn)✱ ✇❤❡r❡ ❡❧❡♠❡♥t di

r❡♣r❡s❡♥ts ❛ ❞❡t❡r♠✐♥✐st✐❝ ❞❡❧❛② t❤❛t ✐s ❛♣♣❧✐❡❞ t♦ t❤❡ ♣r♦❝❡ss✐♥❣ t✐♠❡s ♦❢ t❤❡ s✉❜t❛s❦s t❤❛t ❛r❡

s❡r✈❡❞ ❜② t❤❡ it❤ ♣❛r❛❧❧❡❧ s❡r✈❡r✳ ❚❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s t❤❛t ❞❡s❝r✐❜❡ t❤❡ ♣❛r❛❧❧❡❧ s❡r✈✐❝❡ t✐♠❡s

✇✐t❤ ❛♣♣❧✐❡❞ ❞❡❧❛②s ❛r❡✿ Xd
i ∼ Fi(x− di) ∀i ✇✐t❤ ❝♦rr❡s♣♦♥❞✐♥❣ ❤❡t❡r♦❣❡♥❡♦✉s ♦r❞❡r st❛t✐st✐❝s

Xd
(1), X

d
(2), . . . , X

d
(n)✳



✹✳✸✳ ❆♥ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ❢♦r t❤❡ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥✕r❡s♣♦♥s❡ t✐♠❡ tr❛❞❡✲♦✛ ✾✼

✹✳✸ ❆♥ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ❢♦r t❤❡ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥✕r❡s♣♦♥s❡

t✐♠❡ tr❛❞❡✲♦✛

■♥ ♦r❞❡r t♦ ❡①♣r❡ss t❤❡ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥✕r❡s♣♦♥s❡ t✐♠❡ tr❛❞❡✲♦✛ ❢♦r ❛♥ ❡❧❡♠❡♥t❛r② s♣❧✐t✲♠❡r❣❡

q✉❡✉❡✐♥❣ s②st❡♠ s✉❜❥❡❝t t♦ s✉❜t❛s❦ ❞❡❧❛② ✈❡❝t♦r d ✇❡ ❝r❡❛t❡ ❛♥ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ❢♦r♠❡❞ ❢r♦♠

t❤❡ ♣r♦❞✉❝t ♦❢ ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✭E[Dd]✮ ❛♥❞ ♠❡❛♥ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ E[Rλ,d]✳ ❚❤❡

❢♦r♠❡r ♠❡tr✐❝ ✐s ❝♦♠♣✉t❡❞ ❛s t❤❡ ❡①♣❡❝t❡❞ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♠❛①✐♠✉♠ ❛♥❞ ♠✐♥✐♠✉♠

❤❡t❡r♦❣❡♥❡♦✉s ♦r❞❡r st❛t✐st✐❝s ♦❢ s✉❜t❛s❦ s❡r✈✐❝❡ t✐♠❡s ✕ t❤❡ ♠❡❛♥ ♦❢ t❤❡ r❛♥❣❡ ✭❊q✳ ✸✳✺✮✳ ❆s ✇❡

st❛t❡❞ ✐♥ ❊q✳ ✷✳✷ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ❜❡t✇❡❡♥ ♦r❞❡r st❛t✐st✐❝s ✐s ✐rr❡❧❡✈❛♥t ✇❤❡♥ ❝♦♥s✐❞❡r✐♥❣ ♠❡❛♥

✈❛❧✉❡s ❞✉❡ t♦ t❤❡ ❧✐♥❡❛r✐t② ♣r♦♣❡rt② ♦❢ ❡①♣❡❝t❛t✐♦♥ ♦♣❡r❛t♦r✱ ✐✳❡✳ E[Dd] = E[Xd
(n) − Xd

(1)] =

E[Xd
(n)]− E[Xd

(1)]✳ ❚❤❡ ❧❛tt❡r ♠❡tr✐❝ ✐s ❝♦♠♣✉t❡❞ ❜② ❛♣♣❧②✐♥❣ t❤❡ P♦❧❧❛❝③❡❦✲❑❤✐♥❝❤✐♥❡ ❢♦r♠✉❧❛

❢r♦♠ ❊q✳ ✷✳✺ ❢♦r ♠❡❛♥ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ✐♥ ❛♥ M/G/1 q✉❡✉❡ ✇✐t❤ s❡r✈✐❝❡ t✐♠❡ ❞✐str✐❜✉t✐♦♥

Xd
(n)✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ ❛♥ ❡❧❡♠❡♥t❛r② s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠ ✐s ❝♦♥❝❡♣t✉❛❧❧② ❡q✉✐✈❛❧❡♥t t♦

❛♥ M/G/1 q✉❡✉❡ ✇❤♦s❡ s❡r✈✐❝❡ t✐♠❡ ✐s t❤❡ ♠❛①✐♠✉♠ ♦❢ ✐ts s❡t ♦❢ ♣❛r❛❧❧❡❧ s❡r✈✐❝❡ t✐♠❡s ✭❣✐✈✐♥❣

♠❡❛♥ s❡r✈✐❝❡ t✐♠❡ µ−1 = E[Xd
(n)]✮✳

❲❡ t❤✉s ❡①♣r❡ss t❤❡ tr❛❞❡✲♦✛ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ d ❛♥❞ λ✿

T (d, λ) = E[Rd,λ]E[Dd] = E[Rd,λ](E[X
d
(n)]− E[Xd

(1)]) ✭✹✳✶✮

=
(ρ+ λµVar[Xd

(n)]

2(µ− λ)
+ µ−1

)

×
(∫ ∞

0

1−
n∏

i=1

Fi(x− di)dx−
∫ ∞

0

(
1− (1−

n∏

i=1

(1− Fi(x− di)))
)
dx

)

=
(ρ+ λµVar[Xd

(n)]

2(µ− λ)
+ µ−1

)

×
(∫ ∞

0

1−
n∏

i=1

Fi(x− di)dx−
∫ ∞

0

n∏

i=1

(
1− Fi(x− di)

)
dx

)

❚❤❡ ✈❛r✐❛♥❝❡ ♦❢ Xd
(n) ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❢r♦♠ ❊q✳ ✷✳✹✿

Var[Xd
(n)] = 2

∞∫

0

x
(
1−

n∏

i=1

Fi(x− di)
)
dx−

(
∞∫

0

1−
n∏

i=1

Fi(x− di) dx
)2



✾✽❈❤❛♣t❡r ✹✳ ❚r❛❞✐♥❣ ♦✛ ❙✉❜t❛s❦ ❉✐s♣❡rs✐♦♥ ❛♥❞ ❚❛s❦ ❘❡s♣♦♥s❡ ❚✐♠❡ ✐♥ ❙♣❧✐t✲▼❡r❣❡ ❙②st❡♠s

■♥ t❤❡ ❛❜♦✈❡ ✇❡ ❤❛✈❡ ❛ss✉♠❡❞ t❤❛t ❡❛❝❤ ♠❛❥♦r ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✭✐✳❡✳ ♠❡❛♥

s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❛♥❞ ♠❡❛♥ t❛s❦ r❡s♣♦♥s❡ t✐♠❡✮ s❤♦✉❧❞ ❜❡ ❣✐✈❡♥ ❡q✉❛❧ ✇❡✐❣❤t✐♥❣ s✐♥❝❡ ✇❡

r❡❣❛r❞ t❤❡s❡ ♠❡tr✐❝s t♦ ❤❛✈❡ ❡q✉❛❧ s✐❣♥✐✜❝❛♥❝❡✳ ❲❡ ♥♦t❡ t❤❛t✱ ✐♥ ❧✐♥❡ ✇✐t❤ t❤❡ tr❡❛t♠❡♥t ♦❢

✇❡✐❣❤t❡❞ ♣r♦❞✉❝t ♠❡t❤♦❞s ✐♥ ❬✼✷❪✱ ❡❛❝❤ ❝♦♠♣♦♥❡♥t ❝❛♥ ❜❡ r❛✐s❡❞ t♦ ❛ ❞✐✛❡r❡♥t ❡①♣♦♥❡♥t ✭> 1✮

✐♥ ♦r❞❡r t♦ ❡①♣r❡ss ❛ ♣r❡❢❡r❡♥❝❡ ❛❜♦✉t t❤❡ r❡❧❛t✐✈❡ ✐♠♣♦rt❛♥❝❡ ♦❢ t❤❡ ❝♦♠♣♦♥❡♥ts✳

✹✳✹ ❖♣t✐♠✐s❛t✐♦♥ Pr♦❝❡❞✉r❡ ♦❢ ❛ Pr♦❞✉❝t ♦❢ ❙✉❜t❛s❦ ❉✐s✲

♣❡rs✐♦♥ ❛♥❞ ❚❛s❦ ❘❡s♣♦♥s❡ ❚✐♠❡

❲❡ s❡❡❦ t❤❡ ✈❡❝t♦r ♦❢ s✉❜t❛s❦ ❞❡❧❛②s d♠✐♥ ✇❤✐❝❤ ♠✐♥✐♠✐s❡s T (d, λ)✳ ❚❤❛t ✐s✱

d♠✐♥ = arg min
d

T (d, λ) ✭✹✳✷✮

❲❡ ❝❛♥ ❛♣♣❧② ◆❡✇t♦♥✬s ♠❡t❤♦❞ ✭s❡❡ ❊q✳ ✷✳✶✶✮ t♦ ✜♥❞ d♠✐♥ ✐t❡r❛t✐✈❡❧②✿

dk+1 = dk − γ
[
HT (dk,λ)

]−1∇T (dk, λ), k ≥ 0 ✭✹✳✸✮

✇❤❡r❡ ∇T (dk, λ) ✐s ❛ ❣r❛❞✐❡♥t ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ T (dk, λ)✱ HT (dk,λ) ✐s t❤❡ ❍❡ss✐❛♥ ♠❛tr✐①

✭♠❛tr✐① ♦❢ s❡❝♦♥❞ ♦r❞❡r ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s✮ ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ T (dk, λ) ❛♥❞ dk ✐s t❤❡ kt❤

✐t❡r❛t❡ ♦❢ t❤❡ s✉❜t❛s❦ ❞❡❧❛② ✈❡❝t♦r✳ ❚❤❡ ✐♥✐t✐❛❧ s✉❜t❛s❦ ❞❡❧❛② ✈❡❝t♦r ✐s ❝❤♦s❡♥ ❤❡✉r✐st✐❝❛❧❧② ❛s✿

d0 = ((max
i

E
[
Xi

]
− E

[
X1

]
)(1− ρ), . . . , (max

i
E
[
Xi

]
− E

[
Xn

]
)(1− ρ)) ✭✹✳✹✮

✇❤❡r❡ ρ = λ/µ✳ ❍❡r❡ t❤❡ ✐♥t✉✐t✐✈❡ ♠✐♥✐♠✉♠ ♦❜t❛✐♥❡❞ ❜② s✉❜tr❛❝t✐♥❣ t❤❡ ♠❡❛♥ s❡r✈✐❝❡ t✐♠❡ ♦❢

❡❛❝❤ s❡r✈❡r ❢r♦♠ t❤❡ ♠❛①✐♠✉♠ ♠❡❛♥ s❡r✈✐❝❡ t✐♠❡ ❛♥❞ ✐s ♠✉❧t✐♣❧✐❡❞ ❜② t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥

❢✉❧❧ ✉t✐❧✐s❛t✐♦♥ ❛♥❞ ❝✉rr❡♥t ✉t✐❧✐s❛t✐♦♥✳

■♥ ❊q✳ ✹✳✸ γ ∈ (0, 1) ✐s ❛ ❝♦♥st❛♥t ✐♥tr♦❞✉❝❡❞ t♦ s❛t✐s❢② t❤❡ ❲♦❧❢❡ ❝♦♥❞✐t✐♦♥s ❢r♦♠ ❊q✳ ✷✳✶✷

❛♥❞ ❊q✳ ✷✳✶✸✳ ❚❤❡ st❡♣ s✐③❡ γ ♥❡❡❞s t♦ ❜❡ ❝❤♦s❡♥ t♦ ❜❡ s♠❛❧❧ ❡♥♦✉❣❤ t♦ s✉♣♣♦rt ❝♦♥✈❡r❣❡♥❝❡

②❡t ❧❛r❣❡ ❡♥♦✉❣❤ t♦ ♠❛❦❡ r❛♣✐❞ ♣r♦❣r❡ss t♦✇❛r❞s t❤❡ ♠✐♥✐♠✉♠✳ ❋♦r t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✐♥



✹✳✺✳ ◆✉♠❡r✐❝❛❧ ❘❡s✉❧ts ✾✾

❊q✳ ✹✳✶ ❲♦❧❢❡✬s ❝♦♥❞✐t✐♦♥s ♠✉st ❤♦❧❞ t♦ ❡♥s✉r❡ t❤✐s✳ ❋✐rst❧②✿

T
(
dk + γ

(
−H−1

T (dk,λ)
∇T (dk, λ)

)
, λ

)
≤

T (dk, λ) + c1γ∇T T (dk, λ)
(
−H−1

T (dk,λ)
∇T (dk, λ)

) ✭✹✳✺✮

❆♥❞ s❡❝♦♥❞❧②✿

∇T T
(
dk + γ(−H−1

T (dk,λ)
∇T (dk, λ)), λ

)(
−H−1

T (dk,λ)
∇T (dk, λ)

)
≥

c2∇T T (dk, λ)
(
−H−1

T (dk,λ)
∇T (dk, λ)

) ✭✹✳✻✮

❍❡r❡ c1 ❛♥❞ c2 ❛r❡ ❝♦♥st❛♥ts✱ ✇❤✐❝❤ s❤♦✉❧❞ ❜❡ ❝❤♦s❡♥ s✉❝❤ t❤❛t 0 < c1 < c2 < 1✱ c1 ≪ c2✳

Pr❛❝t✐❝❛❧❧②✱ ✇❡ s❡t c1 ❛s 10−4 ❛♥❞ c2 ❛s ✵✳✺✳ ❊q✳ ✹✳✺ ❛❜♦✈❡ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❆r♠✐❥♦ r✉❧❡ ❬✺❪

✇❤✐❝❤ ❣✉❛r❛♥t❡❡s t❤❛t t❤❡ st❡♣ s✐③❡ γ ✇✐❧❧ ❞❡❝r❡❛s❡ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ s✉✣❝✐❡♥t❧②✱ ✇❤✐❧❡

❊q✳ ✹✳✻ ❡♥s✉r❡s t❤❡ ❝✉r✈❛t✉r❡ ❝♦♥❞✐t✐♦♥✳

✹✳✺ ◆✉♠❡r✐❝❛❧ ❘❡s✉❧ts

✹✳✺✳✶ ■♠♣❧❡♠❡♥t❛t✐♦♥

❲❡ ❤❛✈❡ ✐♠♣❧❡♠❡♥t❡❞ t❤❡ ❛❜♦✈❡ ♦♣t✐♠✐s❛t✐♦♥ t❡❝❤♥✐q✉❡ ✐♥ ❈✰✰✳ ❯s✐♥❣ ◆❡✇t♦♥✬s ♠❡t❤♦❞✱ ✇❡

❜❡❣✐♥ ❜② ✐♥✐t✐❛❧✐s✐♥❣ d0 ❛❝❝♦r❞✐♥❣ t♦ ❊q✳ ✹✳✹ ❛♥❞ ❝❤♦♦s❡ ❛♥ ❛♣♣r♦♣r✐❛t❡ γ s❛t✐s❢②✐♥❣ ❊q✳ ✹✳✺ ❛♥❞

✹✳✻✳ ❖♥ ❡❛❝❤ ✐t❡r❛t✐♦♥ k t❤❡ ♠❡t❤♦❞ ❝❛❧❝✉❧❛t❡s t❤❡ ✐♥✈❡rs❡ ❍❡ss✐❛♥ ♠❛tr✐① ❛♥❞ ❣r❛❞✐❡♥t ♦❢ t❤❡

♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥✱ ✇❤✐❝❤ ❣✐✈❡s ❛ ❞✐r❡❝t✐♦♥ ❢♦r t❤❡ ✉♣❞❛t❡❞ ✈❡❝t♦r dk+1✳ ❊✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ♦❜❥❡❝✲

t✐✈❡ ❢✉♥❝t✐♦♥ ✐♥✈♦❧✈❡s ❝♦♠♣✉t❛t✐♦♥ ♦❢ ♠❡❛♥ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ✉s✐♥❣ t❤❡ P♦❧❧❛❝③❡❦✲❑❤✐♥❝❤✐♥❡

❢♦r♠✉❧❛ ❛♥❞ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥✱ ✇❤✐❝❤ ✐♥ t✉r♥ ✐♥✈♦❧✈❡s ❡✈❛❧✉❛t✐♥❣ t❤❡

❡①♣❡❝t❡❞ ✈❛❧✉❡ ♦❢ t❤❡ ♠✐♥✐♠✉♠ ❛♥❞ ♠❛①✐♠✉♠ ❤❡t❡r♦❣❡♥❡♦✉s ♦r❞❡r st❛t✐st✐❝s ❜② ♥✉♠❡r✐❝❛❧

✐♥t❡❣r❛t✐♦♥ ✭✉s✐♥❣ t❤❡ tr❛♣❡③♦✐❞❛❧ r✉❧❡✮✳



✶✵✵❈❤❛♣t❡r ✹✳ ❚r❛❞✐♥❣ ♦✛ ❙✉❜t❛s❦ ❉✐s♣❡rs✐♦♥ ❛♥❞ ❚❛s❦ ❘❡s♣♦♥s❡ ❚✐♠❡ ✐♥ ❙♣❧✐t✲▼❡r❣❡ ❙②st❡♠s

✹✳✺✳✷ ❈❛s❡ ❙t✉❞②

❈♦♥s✐❞❡r ❛♥ ❡❧❡♠❡♥t❛r② s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠ ✇✐t❤ ✸ ♣❛r❛❧❧❡❧ s❡r✈❡rs ❤❛✈✐♥❣ ❤❡t❡r♦❣❡✲

♥❡♦✉s s❡r✈✐❝❡ t✐♠❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥s✿

X1 ∼ Pareto(α = 3, l = 3.5, h = 10) (E[X1] = 5.25, Med[X1] = 4.41, Var[X1] = 9.19)

X2 ∼ Erlang(n = 2, λ = 1) (E[X2] = 2, Med[X2] = 1.68, Var[X2] = 2)

X3 ∼ Det(5) (E[X3] = 5, Med[X3] = 5, Var[X3] = 0)

❆s ✇❡ ♥♦t❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✸✳✶✱ ♣❡r❢♦r♠❛♥❝❡ ♠❡❛s✉r❡s ❢r♦♠ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠s ❝❛♥ ❜❡

♦❜t❛✐♥❡❞ ❛♥❛❧②t✐❝❛❧❧② ♦r ✈✐❛ s✐♠✉❧❛t✐♦♥✳ ■♥ t❤✐s ❝❛s❡ st✉❞② ✇❡ ❝❤♦s❡ ❛♥❛❧②t✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥ ♦❢

♣❡r❢♦r♠❛♥❝❡ ♠❡❛s✉r❡s ✐♥st❡❛❞ ♦❢ s✐♠✉❧❛t✐♦♥s✳

❲✐t❤♦✉t ❛❞❞✐♥❣ ❛♥② s✉❜t❛s❦ ❞❡❧❛②s✱ ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✐s E[Dd=0] = 3.58 t✐♠❡ ✉♥✐ts ❛♥❞

♠❛①✐♠✉♠ s✉st❛✐♥❛❜❧❡ t❛s❦ t❤r♦✉❣❤♣✉t ✐s λ♠❛① = 0.182 t❛s❦s✴t✐♠❡ ✉♥✐t✳

❋♦r λ = 0.01 t❛s❦s✴t✐♠❡ ✉♥✐t✱ ♠❡❛♥ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ✐s E[Rd=0,0.01] = 5.65 t✐♠❡ ✉♥✐ts✱ ✇❤✐❧❡

❢♦r λ = 0.15 t❛s❦s✴t✐♠❡ ✉♥✐t✱ ♠❡❛♥ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ✐s E[Rd=0,0.15] = 18.7 t✐♠❡ ✉♥✐ts✳

❯s✐♥❣ ♦✉r ♣r❡✈✐♦✉s❧② ❞❡✈❡❧♦♣❡❞ ♦♣t✐♠✐s❛t✐♦♥ t❡❝❤♥✐q✉❡ ❞❡s✐❣♥❡❞ t♦ r❡❞✉❝❡ ♠❡❛♥ s✉❜t❛s❦ ❞✐s✲

♣❡rs✐♦♥ ✇✐t❤♦✉t r❡❣❛r❞ t♦ ✐♠♣❛❝t ♦♥ r❡s♣♦♥s❡ t✐♠❡ ❢r♦♠ ❈❤❛♣t❡r ✸ ✇❡ ♦❜t❛✐♥ t❤❡ ✈❡❝t♦r ♦❢

♦♣t✐♠❛❧ s✉❜t❛s❦ ❞❡❧❛②s✿

dD = (0.608, 3.372, 0.0)

❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✹✳✶✳

❆❢t❡r ❛♣♣❧②✐♥❣ t❤❡s❡ ❞❡❧❛②s✱ ♠❛①✐♠✉♠ s✉st❛✐♥❛❜❧❡ t❤r♦✉❣❤♣✉t ❞r♦♣s t♦ λ♠❛① = 0.161 t❛s❦s✴t✐♠❡

✉♥✐t ❛♥❞ ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✐♠♣r♦✈❡s t♦ E[DdD
] = 1.73 t✐♠❡ ✉♥✐ts✱ ✐♠♣r♦✈✐♥❣ ❜② 62%✳

❋♦r λ = 0.01 t❛s❦s✴t✐♠❡ ✉♥✐t✱ ♠❡❛♥ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ r✐s❡s t♦ E[RdD,0.01] = 6.44 t✐♠❡ ✉♥✐ts✱ ❛

14% ✐♥❝r❡❛s❡✳ ❋♦r λ = 0.15 t❛s❦s✴t✐♠❡ ✉♥✐t ♠❡❛♥ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ❞r❛♠❛t✐❝❛❧❧② ✐♥❝r❡❛s❡s t♦

E[RdD,0.15] = 51.4 t✐♠❡ ✉♥✐ts✱ ❛♥ ✐♥❝r❡❛s❡ ♦❢ 175%✳

◆♦✇ ✇❡ ♦♣t✐♠✐s❡ t❤❡ s❛♠❡ s②st❡♠ ❜✉t ✉♥❞❡r t❤❡ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥✕r❡s♣♦♥s❡ t✐♠❡ tr❛❞❡✲♦✛
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E[D]

d1
d2

❋✐❣✉r❡ ✹✳✶✿ ❙✉r❢❛❝❡ ♣❧♦t ♦❢ ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ♦❢ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠ ❛❣❛✐♥st
s✉❜t❛s❦ ❞❡❧❛②s ✉s✐♥❣ ♦✉r ♣r❡✈✐♦✉s ♠❡t❤♦❞♦❧♦❣② ❢r♦♠ ❈❤❛♣t❡r ✸✳

♣r❡s❡♥t❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r✳ ❲✐t❤ λ = 0.01 t❛s❦s✴✉♥✐t t✐♠❡ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❡❝t♦r ♦❢

♦♣t✐♠❛❧ s✉❜t❛s❦ ❞❡❧❛②s✿

dT = (0.453, 3.002, 0.0)

❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✹✳✷✳ ▼❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❜❡❝♦♠❡s E[DdT ,0.01] = 1.76 t✐♠❡ ✉♥✐ts✱ ✇❤✐❝❤

✐s ♦♥❧② 1.8% ❤✐❣❤❡r t❤❛♥ t❤❡ ❞✐s♣❡rs✐♦♥ ♦❜t❛✐♥❡❞ ✉♥❞❡r ❞❡❧❛② ✈❡❝t♦r dD✳ ▼❡❛♥ t❛s❦ r❡s♣♦♥s❡

t✐♠❡ ✐s E[RdT ,001] = 6.24 t✐♠❡ ✉♥✐ts ✭❛ 10% r✐s❡ ✐♥ ❝♦♠♣❛r✐s♦♥ t♦ ❛ s②st❡♠ ✇✐t❤♦✉t ❞❡❧❛②s✱ ❜✉t

❛ 3% r❡❞✉❝t✐♦♥ ❝♦♠♣❛r❡❞ t♦ t❤❡ r❡s♣♦♥s❡ t✐♠❡ ✉♥❞❡r ❞❡❧❛② ✈❡❝t♦r dD)✳

❲✐t❤ λ = 0.15 t❛s❦s✴✉♥✐t t✐♠❡ t❤❡ ✈❡❝t♦r ♦❢ ♦♣t✐♠❛❧ s✉❜t❛s❦ ❞❡❧❛②s ❞r♦♣s t♦✿

dT = (0.0928, 2.04, 0.0)

❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✹✳✸✳ ▼❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✐s ♥♦✇ E[DdT ,0.15] = 2.08 t✐♠❡ ✉♥✐ts✱ ❛ ✷✶✪

✐♥❝r❡❛s❡ ♦✈❡r t❤❡ ❞✐s♣❡rs✐♦♥ ♦❜t❛✐♥❡❞ ✉♥❞❡r ❞❡❧❛② ✈❡❝t♦r dD✱ ❜✉t st✐❧❧ ❛ ❣♦♦❞ ✐♠♣r♦✈❡♠❡♥t ♦✈❡r

t❤❡ s②st❡♠ ✇✐t❤♦✉t ❛❞❞❡❞ ❞❡❧❛②s ✭✸✳✺✽ t✐♠❡ ✉♥✐ts✮✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞✐str✐❜✉t✐♦♥s ♦❢ s✉❜t❛s❦

❞✐s♣❡rs✐♦♥ ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✳ ✹✳✹✳ ■t ✐s ❛♣♣❛r❡♥t t❤❛t t❤❡ tr❛❞❡✲♦✛ ✐s ❛❜❧❡ t♦ ♠❛✐♥t❛✐♥ ❝♦♠♣❡t✐t✐✈❡

❞✐s♣❡rs✐♦♥ ✇✐t❤ ♦✉r ♣r❡✈✐♦✉s ♠❡t❤♦❞♦❧♦❣②✱ ❡s♣❡❝✐❛❧❧② ❢♦r ❤✐❣❤ ♣❡r❝❡♥t✐❧❡s✳ ▼❡❛♥ t❛s❦ r❡s♣♦♥s❡

t✐♠❡ ✐s E[RdT ,0.15] = 22.9 t✐♠❡ ✉♥✐ts✱ ✇❤✐❝❤ ✐s 23% ✇♦rs❡ t❤❛♥ t❤❡ s②st❡♠ ✇✐t❤♦✉t ❞❡❧❛②s ❜✉t



✶✵✷❈❤❛♣t❡r ✹✳ ❚r❛❞✐♥❣ ♦✛ ❙✉❜t❛s❦ ❉✐s♣❡rs✐♦♥ ❛♥❞ ❚❛s❦ ❘❡s♣♦♥s❡ ❚✐♠❡ ✐♥ ❙♣❧✐t✲▼❡r❣❡ ❙②st❡♠s

T (d, λ)

d1
d2

❋✐❣✉r❡ ✹✳✷✿ ❙✉r❢❛❝❡ ♣❧♦t ♦❢ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥✕r❡s♣♦♥s❡ t✐♠❡ tr❛❞❡✲♦✛ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ♦❢
s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠ ❛❣❛✐♥st s✉❜t❛s❦ ❞❡❧❛②s ❢♦r λ = 0.01 ✭t❛s❦s✴t✐♠❡ ✉♥✐t✮✳

T (d, λ)

d1
d2

❋✐❣✉r❡ ✹✳✸✿ ❙✉r❢❛❝❡ ♣❧♦t ♦❢ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥✕r❡s♣♦♥s❡ t✐♠❡ tr❛❞❡✲♦✛ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ♦❢
s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠ ❛❣❛✐♥st s✉❜t❛s❦ ❞❡❧❛②s ❢♦r λ = 0.15 ✭t❛s❦s✴ t✐♠❡ ✉♥✐t✮✳
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λ✭t❛s❦✴✉♥✐t t✐♠❡✮

❋✐❣✉r❡ ✹✳✻✿ ❊①♣❡❝t❡❞ r❡s♣♦♥s❡ t✐♠❡ ♦❢ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠ ❢♦r ✈❛r✐♦✉s ❝✉st♦♠❡r ❛rr✐✈❛❧
r❛t❡s ✇✐t❤♦✉t ❛♥② ❞❡❧❛②s ✭r❡❞ ❧✐♥❡✮✱ ✇✐t❤ ❞❡❧❛②s ♦♣t✐♠✐s❡❞ ❢♦r s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥✕t❛s❦ r❡s♣♦♥s❡
t✐♠❡ tr❛❞❡✲♦✛ ✭❣r❡❡♥ ❧✐♥❡✮✱ ❛♥❞ ✇✐t❤ ❞❡❧❛②s ♦♣t✐♠✐s❡❞ ❢♦r ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❛❧♦♥❡ ✭❜❧✉❡
❧✐♥❡✮✳ ❙✉❜t❛s❦ ❞❡❧❛② ✈❡❝t♦rs ❛r❡ ❛❧s♦ s❤♦✇♥ ❢♦r t❤❡ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥✕t❛s❦ r❡s♣♦♥s❡ t✐♠❡
tr❛❞❡✲♦✛✳

■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡ t❤❛t ✉♥❞❡r ♦✉r tr❛❞❡✲♦✛ ❛s λ ❝♦♥✈❡r❣❡s t♦ t❤❡ ♠❛①✐♠✉♠ s✉st❛✐♥❛❜❧❡

t❤r♦✉❣❤♣✉t ♦❢ t❤❡ s♣❧✐t✲♠❡r❣❡ s②st❡♠ ✇✐t❤♦✉t ❞❡❧❛②s ✭❝❢✳ ❬✺✽❪✮✱ t❤❡ ✈❡❝t♦r ♦❢ ♦♣t✐♠❛❧ s✉❜t❛s❦

❞❡❧❛②s t❡♥❞s t♦ ❛ ✈❡❝t♦r ♦❢ ③❡r♦s✳ ■♥❞❡❡❞✱ ♦♣t✐♠✐s✐♥❣ t❤❡ ❝❛s❡ st✉❞② s②st❡♠ ❢♦r λ = 0.18 ❧❡❛❞s



✶✵✻❈❤❛♣t❡r ✹✳ ❚r❛❞✐♥❣ ♦✛ ❙✉❜t❛s❦ ❉✐s♣❡rs✐♦♥ ❛♥❞ ❚❛s❦ ❘❡s♣♦♥s❡ ❚✐♠❡ ✐♥ ❙♣❧✐t✲▼❡r❣❡ ❙②st❡♠s

t♦ t❤❡ ✈❡❝t♦r ♦❢ ♦♣t✐♠❛❧ s✉❜t❛s❦ ❞❡❧❛②s✿

d = (0.0, 0.0, 0.0)

❋✐❣✳ ✹✳✻ s❤♦✇s ❤♦✇ t❤❡ ✈❡❝t♦r ♦❢ ♦♣t✐♠❛❧ ❞❡❧❛②s ❝❤❛♥❣❡s ✇✐t❤ λ✱ ❛♥❞ ❤♦✇ ✐t ❝♦♥✈❡r❣❡s t♦ t❤❡ ③❡r♦✲

✈❡❝t♦r ❛s λ ❛♣♣r♦❛❝❤❡s λ♠❛① = 0.182 t❛s❦✴t✐♠❡ ✉♥✐t✳ ❲❡ ♥♦t❡ t❤❛t t❤❡ ♠❛①✐♠✉♠ s✉st❛✐♥❛❜❧❡

t❤r♦✉❣❤♣✉t ♦❢ t❤❡ s②st❡♠ ♦♣t✐♠✐s❡❞ ✉♥❞❡r ♦✉r ♣r❡✈✐♦✉s ♠❡t❤♦❞♦❧♦❣② ❢r♦♠ ❈❤❛♣t❡r ✸ ✐s r❛t❤❡r

❧❡ss t❤❛♥ t❤❛t ♦❢ t❤❡ s②st❡♠ ✇✐t❤♦✉t ❞❡❧❛②s✱ ✇❤❡r❡❛s t❤❡ ♠❛①✐♠✉♠ s✉st❛✐♥❛❜❧❡ t❤r♦✉❣❤♣✉t ♦❢

t❤❡ s②st❡♠ ✇✐t❤♦✉t ❞❡❧❛②s ✐s ♠❛✐♥t❛✐♥❡❞ ✉s✐♥❣ t❤❡ ♣r❡s❡♥t ♠❡t❤♦❞♦❧♦❣②✳

✹✳✻ ❙✉♠♠❛r②

■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ❤❛✈❡ ❞❡s❝r✐❜❡❞ ❛ ❢r❛♠❡✇♦r❦ ❢♦r ❞❡❧❛②✐♥❣ t❤❡ ❞✐s♣❛t❝❤ ♦❢ s✉❜t❛s❦s t♦ ♣❛r❛❧❧❡❧

s❡r✈❡rs ✐♥ ❡❧❡♠❡♥t❛r② s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠s ✐♥ ♦r❞❡r t♦ ♠❛♥❛❣❡ t❤❡ tr❛❞❡✲♦✛ ❜❡t✇❡❡♥

r❡s♣♦♥s❡ t✐♠❡ ❛♥❞ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥✳ ❆t t❤❡ ❝♦r❡ ♦❢ ♦✉r t❡❝❤♥✐q✉❡ ✐s ❛♥ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥

❝♦♠♣✉t❡❞ ❛s t❤❡ ♣r♦❞✉❝t ♦❢ ❡①♣❡❝t❡❞ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❛♥❞ ❡①♣❡❝t❡❞ t❛s❦ r❡s♣♦♥s❡ t✐♠❡✳

Pr❡✈✐♦✉s r❡s❡❛r❝❤ ❤❛s ❝♦♥❝❡♥tr❛t❡❞ ♦♥ t❤❡ ♦♣t✐♠✐s❛t✐♦♥ ♦❢ ❡❛❝❤ ♦♥❡ ♦❢ t❤❡s❡ ♠❡tr✐❝s ✐♥ ✐s♦❧❛t✐♦♥✱

❢r❡q✉❡♥t❧② r❡s✉❧t✐♥❣ ✐♥ s✐❣♥✐✜❝❛♥t ❞❡t❡r✐♦r❛t✐♦♥ ✐♥ t❤❡ ♦t❤❡r✳ ❇② ❝♦♥tr❛st✱ t❤❡ ♣r❡s❡♥t ❛♣♣r♦❛❝❤

✐s ❛❜❧❡ t♦ ❛❝❤✐❡✈❡ ❛♥ ❡①❝❡❧❧❡♥t ❝♦♠♣r♦♠✐s❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ ♠❡tr✐❝s✱ ✇✐t❤♦✉t ❛❞✈❡rs❡❧② ❛✛❡❝t✐♥❣

t❤❡ ♠❛①✐♠✉♠ s✉st❛✐♥❛❜❧❡ t❤r♦✉❣❤♣✉t ♦❢ t❤❡ s②st❡♠✳



❈❤❛♣t❡r ✺

❘❡❞✉❝✐♥❣ ▼❡❛♥ ❙✉❜t❛s❦ ❉✐s♣❡rs✐♦♥ ✐♥

❋♦r❦✲❏♦✐♥ ❙②st❡♠s

✺✳✶ ■♥tr♦❞✉❝t✐♦♥

❋♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠s ❛r❡ ✇❡❧❧✲❦♥♦✇♥ ❛s②♥❝❤r♦♥♦✉s ❝♦✉♥t❡r♣❛rts ♦❢ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣

s②st❡♠s✳ ❚❤✐s ❛s②♥❝❤r♦♥♦✉s ♥❛t✉r❡ ✐s ❛❝❤✐❡✈❡❞ ❜② ❤❛✈✐♥❣ q✉❡✉❡✐♥❣ ❝❛♣❛❜✐❧✐t✐❡s ❛t s❡r✈✐❝❡ ♥♦❞❡s✱

✇❤✐❝❤ ✐s ♠✐ss✐♥❣ ✐♥ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠s✳

■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ❝♦♥s✐❞❡r ❛♥ ❡❧❡♠❡♥t❛r② ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠s ✭s❡❡ ❋✐❣ ✷✳✸✮ ✇✐t❤ ❛s✲

s✉♠♣t✐♦♥s ♦❢ P♦✐ss♦♥ t❛s❦ ❛rr✐✈❛❧s✱ ❤❡t❡r♦❣❡♥❡♦✉s ❡①♣♦♥❡♥t✐❛❧❧② ❞✐str✐❜✉t❡❞ s❡r✈✐❝❡ t✐♠❡s ❛♥❞

♥♦♥✲♣r❡❡♠♣t✐✈❡ s✉❜t❛s❦ s❡r✈✐❝❡✳ ■ts ❞❡t❛✐❧❡❞ str✉❝t✉r❡ ❛♥❞ ♦♣❡r❛t✐♦♥ ✇❛s ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝✲

t✐♦♥ ✷✳✻✳✷✳

❆s ✇❡ ❞✐❞ ❢♦r ❡❧❡♠❡♥t❛r② s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠s✱ ❢♦r ♦♣t✐♠✐s✐♥❣ ❡❧❡♠❡♥t❛r② ❢♦r❦✲❥♦✐♥

q✉❡✉❡✐♥❣ s②st❡♠s ✇❡ ❝♦♥s✐❞❡r t❤❡ s❛♠❡ t✇♦ ♠❡tr✐❝s ♦❢ ✐♥t❡r❡st✿ t❛s❦ r❡s♣♦♥s❡ t✐♠❡✱ ♦r s♦❥♦✉r♥

t✐♠❡ ✐s t❤❡ t♦t❛❧ t✐♠❡ t❤❛t ❛ t❛s❦ s♣❡♥❞s ✐♥ t❤❡ s②st❡♠✳ ❚❤✐s ♠❡❛s✉r❡ ❤❛s ❜❡❡♥ t❤❡ ♠❛❥♦r

t❛r❣❡t ♦❢ r❡s❡❛r❝❤ ❡✛♦rt ♦✈❡r ♠❛♥② ❞❡❝❛❞❡s ❬✹✾✱ ✾❪ ❛♥❞ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥✱ t❤❛t ✐s t❤❡ ❞✐✛❡r❡♥❝❡

✐♥ t✐♠❡ ❜❡t✇❡❡♥ ❝♦♠♣❧❡t✐♦♥s ♦❢ s❡r✈✐❝❡ ♦❢ t❤❡ ✜rst ❛♥❞ ❧❛st s✉❜t❛s❦s t❤❛t ♦r✐❣✐♥❛t❡❞ ❢r♦♠ t❤❡

s❛♠❡ t❛s❦✳ ❚❤✐s ✐s ❛♥ ❡s♣❡❝✐❛❧❧② ✐♠♣♦rt❛♥t ♠❡tr✐❝ ✐♥ ❝❡rt❛✐♥ r❡❛❧ ✇♦r❧❞ ❛♣♣❧✐❝❛t✐♦♥s✳ ❘❡❞✉❝t✐♦♥

✶✵✼



✶✵✽ ❈❤❛♣t❡r ✺✳ ❘❡❞✉❝✐♥❣ ▼❡❛♥ ❙✉❜t❛s❦ ❉✐s♣❡rs✐♦♥ ✐♥ ❋♦r❦✲❏♦✐♥ ❙②st❡♠s

♦❢ t❤✐s ♠❡tr✐❝ ❤❛s ❛ s✐❞❡ ❡✛❡❝t ✕ ✐t r❡❞✉❝❡s ✉t✐❧✐s❛t✐♦♥ ♦❢ ♠❡❛♥ ♥✉♠❜❡r ♦❢ s✉❜t❛s❦s ✐♥ ♦✉t♣✉t

❜✉✛❡r✳

❆s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✳ ✶✳✻ t❤❡s❡ ♠❡tr✐❝s ❛r❡ ✐♥ t❡♥s✐♦♥ ✐♥ t❤❡ s❡♥s❡ t❤❛t tr②✐♥❣ t♦ r❡❞✉❝❡ ♦♥❡

✉s✉❛❧❧② r❡s✉❧ts ✐♥ ❛♥ ✐♥❝r❡❛s❡ ✐♥ ❛♥♦t❤❡r❀ t❤✐s ✐s ❡s♣❡❝✐❛❧❧② t❤❡ ❝❛s❡ ❢♦r ❤✐❣❤✲✐♥t❡♥s✐t② ✇♦r❦❧♦❛❞s✳

❊❧❡♠❡♥t❛r② ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠s ❤❛✈❡ ❧♦✇ t❛s❦ r❡s♣♦♥s❡ t✐♠❡s ✭❛♥❞ t❤❡r❡❢♦r❡ ❤✐❣❤❡r

♠❛①✐♠✉♠ s✉st❛✐♥❛❜❧❡ s②st❡♠ t❤r♦✉❣❤♣✉t✮✱ ❜✉t s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✐s ❤✐❣❤ ❛♥❞ ✇♦rs❡♥s ✉♥❞❡r

❧♦❛❞✳ ❈♦♥✈❡rs❡❧②✱ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠s ✇✐t❤ t❤❡ s❛♠❡ ♣❛r❛❧❧❡❧ s❡r✈❡r ❝♦♥✜❣✉r❛t✐♦♥ ❛r❡

❝❤❛r❛❝t❡r✐s❡❞ ❜② ❧♦✇ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥✱ ❜✉t ✉s✉❛❧❧② s✉✛❡r ❢r♦♠ ❛ ❤✐❣❤ t❛s❦ r❡s♣♦♥s❡ t✐♠❡s ✭❛♥❞

t❤❡r❡❢♦r❡ r❡❞✉❝❡❞ ♠❛①✐♠✉♠ s✉st❛✐♥❛❜❧❡ s②st❡♠ t❤r♦✉❣❤♣✉t✮ ✉♥❞❡r ❧♦❛❞✳ ❆s ✇❡ ❤❛✈❡ s❤♦✇♥

♣r❡✈✐♦✉s❧② ✐♥ ❈❤❛♣t❡rs ✸ ❛♥❞ ✹✱ ❛❞❞✐♥❣ ❞❡❧❛②s t♦ s✉❜t❛s❦ ♣r♦❝❡ss✐♥❣ t✐♠❡s ✐♥ ❡❧❡♠❡♥t❛r② s♣❧✐t✲

♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠s ❝❛♥ ❤❡❧♣ t♦ ♠✐♥✐♠✐s❡ ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❬✾✼❪ ❛♥❞✴♦r ♣❡r❝❡♥t✐❧❡s

♦❢ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❬✾✾❪✱ ❜✉t t❤❡ s♦❧❡ ❢♦❝✉s ♦♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ s❡r✈❡s t♦ ❡①❛❝❡r❜❛t❡ t❤❡

♣r♦❜❧❡♠ ♦❢ ♣♦♦r t❛s❦ r❡s♣♦♥s❡ t✐♠❡s ✉♥❞❡r ❧♦❛❞✳ ❖♥❡ s♦❧✉t✐♦♥ ❞❡s❝r✐❜❡❞ ✐♥ ❈❤❛♣t❡r ✹ ✐s t♦

❛♣♣❧② ❧♦❛❞✲❞❡♣❡♥❞❡♥t s✉❜t❛s❦ ❞❡❧❛②s ✇❤✐❝❤ r❡❞✉❝❡ t❤❡ ♣r♦❞✉❝t ♦❢ ❡①♣❡❝t❡❞ t❛s❦ r❡s♣♦♥s❡ t✐♠❡

❛♥❞ ❡①♣❡❝t❡❞ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❬✾✻❪✳ ❚❤✐s ✐s ❤✐❣❤❧② ❡✛❡❝t✐✈❡ ❛t ❛❝❤✐❡✈✐♥❣ ❛ ❜❛❧❛♥❝❡ ❜❡t✇❡❡♥ t❤❡

♠❡tr✐❝s❀ ❤♦✇❡✈❡r✱ ♠❛①✐♠✉♠ s✉st❛✐♥❛❜❧❡ s②st❡♠ t❤r♦✉❣❤♣✉t ✐s st✐❧❧ ❧✐♠✐t❡❞ t♦ t❤❛t ❛❝❤✐❡✈❛❜❧❡

✉♥❞❡r ❛♥ ✉♥♠♦❞✐✜❡❞ s♣❧✐t✲♠❡r❣❡ s②st❡♠✳ ❖✉r ❣♦❛❧ ✐s t♦ ✜♥❞ ❛ ✇❛② t♦ r❡❞✉❝❡ ♠❡❛♥ s✉❜t❛s❦

❞✐s♣❡rs✐♦♥ ✐♥ ❡❧❡♠❡♥t❛r② ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠s t♦ ❧❡✈❡❧s ❝♦♠♣❛r❛❜❧❡ ✇✐t❤ ♦r ❜❡❧♦✇ t❤❛t

♦❜s❡r✈❡❞ ✐♥ ❛❧❧ ✈❛r✐❡t✐❡s ♦❢ ❡❧❡♠❡♥t❛r② s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠s ✇❤✐❧❡ r❡t❛✐♥✐♥❣ t❤❡ t❛s❦

r❡s♣♦♥s❡ t✐♠❡ ❛♥❞ t❤r♦✉❣❤♣✉t ❜❡♥❡✜ts ♦❢ ❛ ❝❧❛ss✐❝❛❧ ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠✳

❲❡ ♣r❡s❡♥t ❛ t❡❝❤♥✐q✉❡ t❤❛t ✐s ❛❜❧❡ t♦ r❡❞✉❝❡ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✇✐t❤ ♦♥❧② ❛ ♠❛r❣✐♥❛❧ ✐♥❝r❡❛s❡

✐♥ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ❬✾✽❪✳ ❆❝❤✐❡✈✐♥❣ t❤✐s ✐s ❝❤❛❧❧❡♥❣✐♥❣ s✐♥❝❡ t❤❡ ✉♥s②♥❝❤r♦♥✐s❡❞ ♦♣❡r❛t✐♦♥ ♦❢

❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠s ♥❛t✉r❛❧❧② ♠✐❧✐t❛t❡s ❛❣❛✐♥st ❧♦✇ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥✳ ❖✉r ❛♣♣r♦❛❝❤

❜✉✐❧❞s ♦♥ t❤❡ ❡❧❡♠❡♥ts ♦❢ ♦✉r ❡❛r❧✐❡r r❡s❡❛r❝❤ ❡①❛♠✐♥✐♥❣ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❛♥❞ r❡s♣♦♥s❡ t✐♠❡

✐♥ ❡❧❡♠❡♥t❛r② s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠s ✐♥ ❈❤❛♣t❡rs ✸ ❛♥❞ ✹✳ ❚❤❡ ♠❡t❤♦❞♦❧♦❣② ✐♥✈♦❧✈❡s t❤❡

❢r❡q✉❡♥t ❛♣♣❧✐❝❛t✐♦♥ ❛♥❞ ✉♣❞❛t✐♥❣ ♦❢ ❞❡❧❛②s t♦ t❤❡ ♣r♦❝❡ss✐♥❣ ♦❢ s✉❜t❛s❦s ✇❤✐❝❤ ❛r❡ ❛t t❤❡ ❤❡❛❞

♦❢ t❤❡ ♣❛r❛❧❧❡❧ s❡r✈✐❝❡ q✉❡✉❡s✳ ❲❡ ♣r❡s❡♥t ♥✉♠❡r✐❝❛❧ r❡s✉❧ts t❤❛t s❤♦✇ t❤❡ ❛❜✐❧✐t② t♦ r❡❞✉❝❡

s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✐♥ ❡❧❡♠❡♥t❛r② ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠s t♦ ❧❡✈❡❧s ❝♦♠♣❛r❛❜❧❡ ✇✐t❤ ♦r ❜❡❧♦✇

t❤❛t ♦❜s❡r✈❡❞ ✐♥ ❛❧❧ ✈❛r✐❡t✐❡s ♦❢ ❡❧❡♠❡♥t❛r② s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠s ✇❤✐❧❡ r❡t❛✐♥✐♥❣ t❤❡



✺✳✷✳ ❉②♥❛♠✐❝ ❖♥❧✐♥❡ ❆❧❣♦r✐t❤♠ ❢♦r ❘❡❞✉❝t✐♦♥ ♦❢ ❙✉❜t❛s❦ ❉✐s♣❡rs✐♦♥ ✶✵✾

t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ❛♥❞ t❤r♦✉❣❤♣✉t ❜❡♥❡✜ts ♦❢ ❛ ❝❧❛ss✐❝❛❧ ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠✳

✺✳✷ ❉②♥❛♠✐❝ ❖♥❧✐♥❡ ❆❧❣♦r✐t❤♠ ❢♦r ❘❡❞✉❝t✐♦♥ ♦❢ ❙✉❜t❛s❦

❉✐s♣❡rs✐♦♥

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ❝♦♥s✐❞❡r ❛ ❢♦r❦✲❥♦✐♥ s②st❡♠ ✇✐t❤ n ♣❛r❛❧❧❡❧ ❤❡t❡r♦❣❡♥❡♦✉s s❡r✈❡rs✱ t❤❡ it❤ ♦❢

✇❤✐❝❤ ❤❛s ❛♥ ❡①♣♦♥❡♥t✐❛❧ s❡r✈✐❝❡ t✐♠❡ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ r❛t❡ ♣❛r❛♠❡t❡r µi✱ ✐✳❡✳ Fi(x) = 1−e−µix✳

❚♦ ❞❡s❝r✐❜❡ t❤❡ st❛t❡ ♦❢ t❤❡ s②st❡♠ ❛t t✐♠❡ t ❧❡t ki(t) ❞❡♥♦t❡ t❤❡ ♥✉♠❜❡r s✉❜t❛s❦s ♣r❡s❡♥t ✐♥

♣❛r❛❧❧❡❧ s❡r✈❡r q✉❡✉❡ i❀ ❛s s✉❝❤ n(maxi ki(t)) −
∑

i ki(t) s✉❜t❛s❦s ✇✐❧❧ ❜❡ ♣r❡s❡♥t ✐♥ t❤❡ ❥♦✐♥

q✉❡✉❡s ✭♦r ♦✉t♣✉t ❜✉✛❡r✮ ❛t t✐♠❡ t✳

❖✉r str❛t❡❣② ✐s t♦ ❧❡t t❤❡ s②st❡♠ ♦♣❡r❛t❡ ✐♥ ✐ts ♥♦r♠❛❧ ❢♦r❦✲❥♦✐♥ ❢❛s❤✐♦♥✱ ❜✉t t♦ ❞❡❧❛② t❤❡ st❛rt

♦❢ s❡r✈✐❝❡ ♦❢ ❝❡rt❛✐♥ ♦❢ t❤❡ s✉❜t❛s❦s t❤❛t ❛r❡ ❛t t❤❡ ❤❡❛❞ ♦❢ t❤❡ ♣❛r❛❧❧❡❧ s❡r✈✐❝❡ q✉❡✉❡s✳ ■♥

♣❛rt✐❝✉❧❛r✱ ❛t ❡✈❡r② t✐♠❡ ✐♥st❛♥t t ❛t ✇❤✐❝❤ ❛ ❤✐t❤❡rt♦✲✉♥s❡r✈✐❝❡❞ s✉❜t❛s❦ S r❡❛❝❤❡s t❤❡ ❢r♦♥t ♦❢

❛ ♣❛r❛❧❧❡❧ q✉❡✉❡✱ ✇❡ t❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥tr♦❧ ❛❝t✐♦♥s✿

✶✳ ■❢ ❛♥② ♦❢ t❤❡ s✐❜❧✐♥❣s ♦❢ S ❤❛✈❡ ❛❧r❡❛❞② ❝♦♠♣❧❡t❡❞ s❡r✈✐❝❡ t❤❡♥ t❤❡ ❜❡st ♠❡❛♥ s✉❜t❛s❦

❞✐s♣❡rs✐♦♥ ❛♥❞ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ✇✐t❤ r❡s♣❡❝t t♦ S✬s t❛s❦ ❛r❡ s✐♠✉❧t❛♥❡♦✉s❧② ❛❝❤✐❡✈❡❞

❜② ✐♠♠❡❞✐❛t❡❧② ❜❡❣✐♥♥✐♥❣ s❡r✈✐❝❡ ♦❢ S ❛♥❞ ❛❧s♦ ♦❢ ❛♥② ♦❢ ✐ts s✐❜❧✐♥❣s t❤❛t ❛r❡ ❛t t❤❡ ❢r♦♥t

♦❢ t❤❡✐r ♣❛r❛❧❧❡❧ q✉❡✉❡✳

✷✳ ❖t❤❡r✇✐s❡ ❛❧❧ s✐❜❧✐♥❣s ♦❢ S ❛r❡ st✐❧❧ ♣r❡s❡♥t ✐♥ t❤❡ ♣❛r❛❧❧❡❧ q✉❡✉❡s ❛♥❞ ✇❡ ❛♣♣❧② ❞❡❧❛②s t♦

S ❛♥❞ t❤♦s❡ ♦❢ ✐ts s✐❜❧✐♥❣s t❤❛t ❛r❡ ❛t t❤❡ ❢r♦♥t ♦❢ t❤❡✐r ♣❛r❛❧❧❡❧ q✉❡✉❡s ❛♥❞ ✇❤✐❝❤ ❤❛✈❡

♥♦t ②❡t ❡♥t❡r❡❞ s❡r✈✐❝❡✳ ❲❡ ❝❤♦♦s❡ ❛♣♣r♦♣r✐❛t❡ ❞❡❧❛②s ✭✇❤✐❝❤ ♠❛② ✐♥❝❧✉❞❡ ③❡r♦ ❞❡❧❛②s✮ ❜②

♦❜s❡r✈✐♥❣ t❤❛t✱ ❢r♦♠ t❤❡ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦❢ s✉❜t❛s❦ S ❛♥❞ ✐ts s✐❜❧✐♥❣s✱ t❤❡ s②st❡♠ ❛t t❤❛t

✐♥st❛♥t ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛♥ n✲s❡r✈❡r s♣❧✐t✲♠❡r❣❡ q✉❡✉✐♥❣ s②st❡♠ ✭s❡❡ ❋✐❣✳ ✺✳✶✮ ✐♥ ✇❤✐❝❤

♣❛r❛❧❧❡❧ s❡r✈❡r i ❤❛s s❡r✈✐❝❡ t✐♠❡ ❞✐str✐❜✉t✐♦♥ Erlang(qi(t)+1, µi)✱ ✇❤❡r❡ ♥✉♠❜❡r ♦❢ st❛❣❡s

✐♥ t❛♥❞❡♠ ✐♥ ❊r❧❛♥❣ ❞✐str✐❜✉t✐♦♥✱ t❤❛t ✐s qi(t) ✐s ❛ ♥✉♠❜❡r ♦❢ s✉❜t❛s❦s ✐♥ ❢r♦♥t ♦❢ S ♦r

✐ts s✐❜❧✐♥❣ s✉❜t❛s❦ ✐♥ ♣❛r❛❧❧❡❧ q✉❡✉❡ i ♣❧✉s r❡s✐❞✉❛❧ s❡r✈✐❝❡ t✐♠❡ ✭❡①♣❧♦✐t✐♥❣ ♠❡♠♦r②❧❡ss

♣r♦♣❡rt② ♦❢ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❞✐str✐❜✉t✐♦♥✮✳ ❲❡ ❝❛♥ t❤❡♥ ❡①♣❧♦✐t t❤❡ ♦♣t✐♠✐s❛t✐♦♥ ♠❡t❤♦❞s



✶✶✵ ❈❤❛♣t❡r ✺✳ ❘❡❞✉❝✐♥❣ ▼❡❛♥ ❙✉❜t❛s❦ ❉✐s♣❡rs✐♦♥ ✐♥ ❋♦r❦✲❏♦✐♥ ❙②st❡♠s

❋♦r❦
♣♦✐♥t

❏♦✐♥
♣♦✐♥t

Exp(µ1)

Exp(µ2)

Exp(µn)

Erlang(q1(t) + 1, µ1)

Erlang(q2(t) + 1, µ2)

Erlang(qn(t) + 1, µn)

❙♣❧✐t
♣♦✐♥t

▼❡r❣❡
♣♦✐♥t

❋✐❣✉r❡ ✺✳✶✿ ❍♦✇ ❛ ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠ ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s ❛ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠
❢r♦♠ t❤❡ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦❢ ❛ s✉❜t❛s❦ ❛♥❞ ✐ts s✐❜❧✐♥❣s ❛t t✐♠❡ ✐♥st❛♥t t✳



✺✳✷✳ ❉②♥❛♠✐❝ ❖♥❧✐♥❡ ❆❧❣♦r✐t❤♠ ❢♦r ❘❡❞✉❝t✐♦♥ ♦❢ ❙✉❜t❛s❦ ❉✐s♣❡rs✐♦♥ ✶✶✶

✇❡ ❞❡✈❡❧♦♣❡❞ ✐♥ ❈❤❛♣t❡r ✸ ❛♥❞ ❈❤❛♣t❡r ✹ t♦ ❞❡t❡r♠✐♥❡ ❛ ✈❡❝t♦r ♦❢ ✭♥❡❛r✲✮♦♣t✐♠❛❧ ❞❡t❡r✲

♠✐♥✐st✐❝ s✉❜t❛s❦ ❞❡❧❛②s d =
(
d1, d2, . . . , dn

)
✳ ❍❡r❡ ❡❧❡♠❡♥t di ❞❡♥♦t❡s t❤❡ ❞❡t❡r♠✐♥✐st✐❝

❞❡❧❛② ✇❤✐❝❤ s❤♦✉❧❞ ♥♦t✐♦♥❛❧❧② ❜❡ ❛♣♣❧✐❡❞ t♦ ♣❛r❛❧❧❡❧ s❡r✈❡r i✳ ■♥ ❢❛❝t ✇❡ ♦♥❧② ❛❞♦♣t t❤❡

❞❡❧❛②s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ S ❛♥❞ ✐ts s✐❜❧✐♥❣s t❤❛t ❛r❡ ❛t t❤❡ ❢r♦♥t ♦❢ t❤❡✐r ♣❛r❛❧❧❡❧ q✉❡✉❡s

❛♥❞ ✇❤✐❝❤ ❤❛✈❡ ♥♦t ②❡t ❡♥t❡r❡❞ s❡r✈✐❝❡ ✭♥♦t❡ t❤✐s ♠❛② ✐♥✈♦❧✈❡ ♦✈❡r✇r✐t✐♥❣ ❛ ❝✉rr❡♥t❧②

♣❡♥❞✐♥❣ ❞❡❧❛②✮✳

❙✐♠✐❧❛r❧② ❛t t✐♠❡ ✐♥st❛♥ts ❛t ✇❤✐❝❤ ❛ s✉❜t❛s❦ S ❡♥t❡rs ❛ ❥♦✐♥ q✉❡✉❡ ✭♦r ♦✉t♣✉t ❜✉✛❡r✮

t❤❡♥ ✇❡ ✐♠♠❡❞✐❛t❡❧② ❜❡❣✐♥ s❡r✈✐❝❡ ♦❢ ❛♥② ♦❢ t❤❡ s✐❜❧✐♥❣s ♦❢ S t❤❛t ❛r❡ ❛t t❤❡ ❢r♦♥t ♦❢ t❤❡✐r

♣❛r❛❧❧❡❧ q✉❡✉❡s✳

❚❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠✐s❛t✐♦♥ ✐s ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❜❛s❡❞ ♦♥ ❊q✳ ✸✳✺✱

❝♦♠♣✉t❡❞ ❛s t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♠❛①✐♠✉♠ ❛♥❞ ♠✐♥✐♠✉♠ ❤❡t❡r♦❣❡♥❡♦✉s ♦r❞❡r

st❛t✐st✐❝s ♦❢ t❤❡ s♣❧✐t✲♠❡r❣❡✲❡q✉✐✈❛❧❡♥t s②st❡♠ ✇✐t❤ ❞❡❧❛②s ♦❜s❡r✈❡❞ ❜② q✉❡✉❡✐♥❣ s✉❜t❛s❦s✳

❯t✐❧✐s✐♥❣ t❤❡ ❧✐♥❡❛r✐t② ♣r♦♣❡rt② ♦❢ t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦♣❡r❛t♦r ♦✈❡r ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡s ❢r♦♠

❊q✳ ✷✳✷✱ ✇❡ ❤❛✈❡✿

E[Dd] =
(
E[Xd

(n) −Xd
(1)]

)

=
(
E[Xd

(n)]− E[Xd
(1)]

)

=

∞∫

0

(
1−

n∏

i=1

Fi(x− di)
)
dx−

∞∫

0

(
1−

(
1−

n∏

i=1

(1− Fi(x− di))
))

dx ✭✺✳✶✮

=

∫ ∞

0

1−
n∏

i=1

Fi(x− di) dx−
∫ ∞

0

n∏

i=1

(
1− Fi(x− di)

)
dx

✇❤❡r❡ Fi(x− di) ✐s ❛ s❤✐❢t❡❞ ❊r❧❛♥❣✭qi(t) + 1, µi✮ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥✳

❲❤❡♥ ♦♣t✐♠✐s✐♥❣✱ ✇❡ s♦❧✈❡ ❢♦r✿

dmin = arg min
d

E[Dd] ✭✺✳✷✮

✇❤✐❧❡ ❛❞❞✐t✐♦♥❛❧❧② ❛♣♣❧②✐♥❣ t❤❡ ❝♦♥str❛✐♥t ✭
∏
i

di = 0✮ t♦ ❛✈♦✐❞ t❤❡ ❛❞❞✐t✐♦♥ ♦❢ s✉♣❡r✢✉♦✉s



✶✶✷ ❈❤❛♣t❡r ✺✳ ❘❡❞✉❝✐♥❣ ▼❡❛♥ ❙✉❜t❛s❦ ❉✐s♣❡rs✐♦♥ ✐♥ ❋♦r❦✲❏♦✐♥ ❙②st❡♠s

❞❡❧❛②s t♦ ❜♦tt❧❡♥❡❝❦ q✉❡✉❡s ✐♥t♦ t❤❡ q✉❡✉❡✐♥❣ s②st❡♠✳

❚❤❡ ♦♣t✐♠✐s❛t✐♦♥ ♣r♦❝❡❞✉r❡ ✐ts❡❧❢ ✐s ❜❛s❡❞ ♦♥ ◆❡✇t♦♥✬s ♠❡t❤♦❞ ✭❊q✳ ✷✳✶✶✮ ❛♥❞ ❲♦❧❢❡ ❝♦♥✲

❞✐t✐♦♥s ✭■♥❡q✉❛❧✐t✐❡s ✷✳✶✷ ❛♥❞ ✷✳✶✸✮✳ Pr❛❝t✐❝❛❧❧②✱ t❤❡ ♣r♦❝❡❞✉r❡ ✉t✐❧✐s❡s ✉t✐❧✐s❡s ♥✉♠❡r✐❝❛❧

✐♥t❡❣r❛t✐♦♥ ✇❤❡♥ ❡✈❛❧✉❛t✐♥❣ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ❛♥❞ ❡①♣❧♦✐ts ❛ ❞✐s❦✲❜❛s❡❞ ♠❡♠♦✐s❛t✐♦♥

t❡❝❤♥✐q✉❡ t♦ ❞r❛♠❛t✐❝❛❧❧② r❡❞✉❝❡ t❤❡ t✐♠❡ ❝♦st ♦❢ ❝♦♠♣✉t✐♥❣ ♦♣t✐♠✐s❡❞ ❞❡❧❛② ✈❡❝t♦rs ❢♦r

s②st❡♠ st❛t❡s t❤❛t ❤❛✈❡ ❛❧r❡❛❞② ❜❡❡♥ ❡♥❝♦✉♥t❡r❡❞ ✐♥ t❤❡ ❝✉rr❡♥t ❡①❡❝✉t✐♦♥ ♦r ✐♥ s♦♠❡

♣r❡✈✐♦✉s ❡①❡❝✉t✐♦♥✳

✺✳✸ ❈♦♠♣❧❡①✐t②

❚❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡✛♦rt ♦❢ t❤❡ ❞②♥❛♠✐❝ ♦♥❧✐♥❡ ❛❧❣♦r✐t❤♠ ❢♦r ✜♥❞✐♥❣ d♠✐♥ ✐♥❝r❡❛s❡s ❞r❛♠❛t✐✲

❝❛❧❧② ❛s t❤❡ ♥✉♠❜❡r ♦❢ ♣❛r❛❧❧❡❧ s❡r✈❡rs r✐s❡s✳ ❚❤❡r❡ ❛r❡ t✇♦ r❡❛s♦♥s ❢♦r t❤✐s✿ ✜rst❧②✱ ♥✉♠❡r✐❝❛❧

♦♣t✐♠✐s❛t✐♦♥ t❡❝❤♥✐q✉❡s ❢♦r ✜♥❞✐♥❣ t❤❡ ♠✐♥✐♠✉♠ ♦❢ ❛♥ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥✱ s✉❝❤ ❛s ◆❡✇t♦♥✬s

♠❡t❤♦❞ ♦r t❤❡ ◆❡❧❞❡r✕▼❡❛❞ ♠❡t❤♦❞ ✐♥❝r❡❛s❡ ✐♥ ❝♦♠♣❧❡①✐t② ❛♥❞ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st ❛s ❞✐♠❡♥✲

s✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✐♥❝r❡❛s❡s t❤✐s ✐s ❜❡❝❛✉s❡ ✐t ✐s ❛ ❤❛r❞ ❝❧❛ss ♦❢ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♣t✐♠✐s❛t✐♦♥

♣r♦❜❧❡♠✳ ❙❡❝♦♥❞❧②✱ t❤❡ ♠❡♠♦✐s❛t✐♦♥ t❡❝❤♥✐q✉❡ ❛♣♣❧✐❡❞ ❢♦r ♣❛r❛❧❧❡❧ q✉❡✉❡✐♥❣ s②st❡♠s ✐s ♠♦st

❛✛❡❝t✐✈❡ ♦♥ s②st❡♠s ✇✐t❤ s♠❛❧❧ ❞✐♠❡♥s✐♦♥✳ ❲❤❡♥ t❤❡ s✐③❡ ♦❢ t❤❡ ✐♥♣✉t ✈❡❝t♦r d ❣r♦✇s✱ t❤❡

♠❡♠♦✐s❛t✐♦♥ ❛❧❣♦r✐t❤♠ s❡❡s t❤❡ s❛♠❡ ♣❡r♠✉t❛t✐♦♥ ♦❢ ♥✉♠❜❡rs ♦❢ s✉❜t❛s❦s ✐♥ ❡❛❝❤ q✉❡✉❡s ♠✉❝❤

♠♦r❡ r❛r❡❧②✳

✺✳✹ ◆✉♠❡r✐❝❛❧ ❘❡s✉❧ts

✺✳✹✳✶ ❋♦r❦✲❏♦✐♥ ❙✐♠✉❧❛t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r❡s❡♥t ❛♥ ❡✈❡♥t✲❞r✐✈❡♥ s✐♠✉❧❛t♦r ❢♦r ❡❧❡♠❡♥t❛r② ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ ♥❡t✇♦r❦s

✇❤✐❝❤ ✐s ✇r✐tt❡♥ ✐♥ ❈✰✰✳ ❚❤❡ s✐♠✉❧❛t♦r ❝♦❧❧❡❝ts ❛ r❛♥❣❡ ♦❢ ♣❡r❢♦r♠❛♥❝❡✲r❡❧❛t❡❞ st❛t✐st✐❝s✱ ❡✳❣✳✿

♠❡❛♥ t❛s❦ r❡s♣♦♥s❡ t✐♠❡✱ ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥✱ ♠❡❛♥ ♥✉♠❜❡r ♦❢ s✉❜t❛s❦s ✐♥ ♦✉t♣✉t ❜✉✛❡r✱

t❛s❦ t❤r♦✉❣❤♣✉t ❛♥❞ ❞✐str✐❜✉t✐♦♥s ♦❢ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥✳



✺✳✹✳ ◆✉♠❡r✐❝❛❧ ❘❡s✉❧ts ✶✶✸

❚❤✐s ✐s ❛♥ ❡①♣❛♥❞❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠ s✐♠✉❧❛t♦r✳ ❑♥♦✇✐♥❣ t❤❛t t❤❡

♠❛✐♥ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠s ❛♥❞ ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠s ✐s t❤❛t

t❤❡ ❢♦r♠❡r ❝❛♥ ♣r♦❝❡ss ♠♦r❡ t❤❛♥ ♦♥❡ t❛s❦ ❛t ❛ t✐♠❡ ✕ ✇❡ ✜rst ✈❛❧✐❞❛t❡❞ ❝♦rr❡❝t♥❡ss ♦❢ t❤❡ ❢♦r❦✲

❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠ s✐♠✉❧❛t♦r ❜② ❝♦♠♣❛r✐♥❣ ✐t ✇✐t❤ t❤❡ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠ s✐♠✉❧❛t♦r

✇❤❡r❡ t❤❡ ❛rr✐✈❛❧ r❛t❡ ✐s ✈❡r② s♠❛❧❧ ✭t♦ ♠❛❦❡ ✐t ✈❡r② ❧✐❦❡❧② t❤❛t t❤❡r❡ ✐s ♦♥❧② ♦♥❡ t❛s❦ ❛t ❛ t✐♠❡ ✐♥

❜♦t❤ s②st❡♠s✮ ❛♥❞ t❤❡ s❛♠❡ s❡r✈✐❝❡ t✐♠❡ ❞✐str✐❜✉t✐♦♥s ✐♥ ❜♦t❤ s✐♠✉❧❛t♦rs✳ ❋✐❣✳ ✺✳✸ ❛♥❞ ❋✐❣✳ ✺✳✹

♣r❡s❡♥t t❤❡ ❞✐str✐❜✉t✐♦♥s ♦❢ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❛♥❞ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ✐♥ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣

s②st❡♠s ❛♥❞ ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠s ✇✐t❤ t❤❡ s❛♠❡ ❝♦♥✜❣✉r❛t✐♦♥s✳ ❯♥❞❡r ❧✐❣❤t ✇♦r❦❧♦❛❞

t❤❡ ❞✐str✐❜✉t✐♦♥s ♦❢ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ❛♥❞ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❛r❡ t❤❡ s❛♠❡✳ ❇✉t ✉♥❞❡r ❤❡❛✈②

✇♦r❦❧♦❛❞ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ♦❢ t❤❡ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠ s✐♠✉❧❛t♦r ✇❛s ❧❛r❣❡r t❤❡♥ t❛s❦

r❡s♣♦♥s❡ t✐♠❡ ❢r♦♠ t❤❡ ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠ s✐♠✉❧❛t♦r✳ ❙✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✉♥❞❡r ❤❡❛✈②

✇♦r❦❧♦❛❞ ✐s ❧♦✇❡r ❢♦r t❤❡ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠ s✐♠✉❧❛t♦r t❤❛♥ ❢♦r t❤❡ ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣

s②st❡♠ s✐♠✉❧❛t♦r✳

❆s s❤♦✇♥ ✐♥ ❋✐❣ ✺✳✷✱ ♦✉r ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠ s✐♠✉❧❛t♦r ✐s ❜❛s❡❞ ♦♥ s❡✈❡r❛❧ ❝❧❛ss❡s✱ ❡✳❣✳✿

❛ ❢♦r❦ ♣♦✐♥t ✇❤✐❝❤ ✐s ❝♦♥♥❡❝t❡❞ t♦ ♥ ♣❛r❛❧❧❡❧ q✉❡✉❡✐♥❣◆♦❞❡s✱ ✇✐t❤ ❛ q✉❡✉❡✐♥❣ ❝❛♣❛❜✐❧✐t②

✭❋■❋❖✮✳ ❊❛❝❤ q✉❡✉❡✐♥❣ ♥♦❞❡ ✐s ❝♦♥♥❡❝t❡❞ t♦ ❛ ❥♦✐♥❇✉❢❢❡r ✭❛♥ ♦✉t♣✉t ❜✉✛❡r✮ ❢♦❧❧♦✇❡❞ ❜② ❛

❥♦✐♥ ♣♦✐♥t✳ ❆ t❛s❦ ❝♦♠❡ t♦ t❤❡ s②st❡♠ ✈✐❛ t❤❡ ❢♦r❦ ♣♦✐♥t✱ ✇❤❡r❡ ✐t ❢♦r❦s ✐♠♠❡❞✐❛t❡❧② ✐♥t♦

♥ s✉❜t❛s❦s✳ ❊❛❝❤ s✉❜t❛s❦ ❛rr✐✈❡s ❛t t❤❡ ❜❛❝❦ ♦❢ ❛ q✉❡✉❡ ♦❢ ✐ts ❛❧❧♦❝❛t❡❞ q✉❡✉❡✐♥❣◆♦❞❡✳

❆❢t❡r ❜❡❡♥ s❡r✈❡❞ ❛ s✉❜t❛s❦ ❣♦❡s t♦ t❤❡ ❥♦✐♥❇✉❢❢❡r ✇❤❡r❡ ✐t ✇❛✐ts ❢♦r ❛❧❧ ♦❢ ✐ts s✐❜❧✐♥❣s✳ ❆❧❧

s✉❜t❛s❦s✱ t❤❛t ❜❡❧♦♥❣ t♦ t❤❡ s❛♠❡ ♦r✐❣✐♥❛❧ t❛s❦❀ ❥♦✐♥ t♦❣❡t❤❡r ❛t t❤❡ ❥♦✐♥ ♣♦✐♥t ❛♥❞ ❧❡❛✈❡

t❤❡ s②st❡♠✳

■♥ ♦r❞❡r t♦ ❡♠❜❡❞ t❤❡ ❞②♥❛♠✐❝ ♦♥❧✐♥❡ ❛❧❣♦r✐t❤♠ ❢♦r r❡❞✉❝t✐♦♥ ♦❢ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✐♥t♦ t❤❡

❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠ s✐♠✉❧❛t♦r ✇❡ ✐♥tr♦❞✉❝❡ s❡✈❡r❛❧ ❢✉♥❝t✐♦♥s ❛♥❞ ✈❛r✐❛❜❧❡s✿ ❛ q✉❡✉❡✲

✐♥❣◆♦❞❡ ❝❧❛ss ❤❛s ❢✉♥❝t✐♦♥❛❧✐t② ♦❢ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ✈❡❝t♦r ♦❢ ♦♣t✐♠❛❧ ❞❡❧❛②s ❜② t❤❡ ❞②♥❛♠✐❝

♦♥❧✐♥❡ ❛❧❣♦r✐t❤♠ ✭❣❡t❉❡❧❛②s✮✳ ❚❤❡ ❞❡❧❛②s ❛r❡ ❛♣♣❧✐❡❞ t♦ s✉❜t❛s❦s t❤❛t r❡❛❝❤ ❛ ❢r♦♥t ♦❢

♣❛r❛❧❧❡❧ q✉❡✉❡s ✐♥ t❤❡ q✉❡✉❡✐♥❣◆♦❞❡s✳ ❆ ❢✉♥❝t✐♦♥ ❣❡t❉❡❧❛②s ❛❧s♦ ✉♣❞❛t❡s ❞❡❧❛②s ❢♦r

t❤❡ s✉❜❚❛s❦s t❤❛t ❛r❡ ❛❧r❡❛❞② ✐♥ ❛ ♣❛r❛❧❧❡❧ s❡r✈✐❝❡ ♥♦❞❡s ❛♥❞ ❤❛✈❡ ❜❡❡♥ ❛❧r❡❛❞② ❞❡❧❛②❡❞ ❜✉t

❤❛✈❡ ♥♦t st❛rt t❤❡✐r s❡r✈✐❝❡✳ ❲❤❡♥ t❤❡ ✜rst s✉❜❚❛s❦ ❢r♦♠ ❛ ♣❛rt✐❝✉❧❛r t❛s❦ ❛rr✐✈❡s ✐♥t♦ t❤❡

❥♦✐♥❇✉❢❢❡r ❛ ✢❛❣ ✜r❡s ❛♥❞ ❛❧❧ ❞❡❧❛②s t❤❛t r❡❧❛t❡ t♦ ✐ts s✐❜❧✐♥❣s ❛r❡ ❞❡❧❡t❡❞ ❜② t❤❡ ❢✉♥❝t✐♦♥



✶✶✹ ❈❤❛♣t❡r ✺✳ ❘❡❞✉❝✐♥❣ ▼❡❛♥ ❙✉❜t❛s❦ ❉✐s♣❡rs✐♦♥ ✐♥ ❋♦r❦✲❏♦✐♥ ❙②st❡♠s

❞❡❧❡t❡❉❡❧❛②s ❛♥❞ ♥♦ ♥❡✇ ❞❡❧❛②s ❛r❡ ❛♣♣❧✐❡❞ ❢♦r t❤❡s❡ s✐❜❧✐♥❣s✳

❋✐❣✉r❡ ✺✳✷✿ ❯▼▲ ❝❧❛ss ❞✐❛❣r❛♠ ❢♦r s✐♠✉❧❛t♦r ♦❢ ❡❧❡♠❡♥t❛r② ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ ♥❡t✇♦r❦✳

✺✳✹✳✷ ❈❛s❡ ❙t✉❞②

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r❡s❡♥t r❡s✉❧ts ❢r♦♠ ❈✰✰ s✐♠✉❧❛t✐♦♥s ♦❢ ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠s ❛♥❞

s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠s✳ ❲❡ ❝♦♠♣❛r❡ t❤❡ ❞②♥❛♠✐❝ ♦♣t✐♠✐s❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r ❡❧❡♠❡♥t❛r②

❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠s ❛♥❞ t❤❡ st❛t✐❝ ♦♣t✐♠✐s❛t✐♦♥ t❡❝❤♥✐q✉❡s ❞❡✈❡❧♦♣❡❞ ✐♥ ❈❤❛♣t❡r ✸ ❛♥❞

❈❤❛♣t❡r ✹ ❢♦r ❡❧❡♠❡♥t❛r② s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠s✳

❋♦r ♦✉r ❝❛s❡ st✉❞② ❡❛❝❤ s✐♠✉❧❛t✐♦♥ r✉♥ ✐s ♠❛❞❡ ✉♣ ♦❢ ✶✵ r❡♣❧✐❝❛s✱ ❛♥❞ ❡❛❝❤ r❡♣❧✐❝❛ ❝♦♥s✐sts ♦❢

❛ ✇❛r♠✲✉♣ ♣❡r✐♦❞ ♦❢ t❤❡ ♣r♦❝❡ss✐♥❣ ♦❢ ✷✺✵ ✵✵✵ t❛s❦s ❢♦❧❧♦✇❡❞ ❜② ❛♥ ♠❡❛s✉r❡♠❡♥t ♣❡r✐♦❞ ♦❢ t❤❡

♣r♦❝❡ss✐♥❣ ♦❢ ✷✺✵ ✵✵✵ t❛s❦s✳ ❋♦r t❤❡ st❛t✐❝ ♦♣t✐♠✐s❛t✐♦♥ t❡❝❤♥✐q✉❡s✱ ✐t t❛❦❡s ❛♣♣r♦①✐♠❛t❡❧② ♦♥❡

s❡❝♦♥❞ t♦ r✉♥ ❡❛❝❤ r❡♣❧✐❝❛✱ ❛♥❞ ❢♦r t❤❡ ❞②♥❛♠✐❝ ♦♣t✐♠✐s❛t✐♦♥ ✉s✐♥❣ t❤❡ ❢♦r❦✲❥♦✐♥ s✐♠✉❧❛t♦r ✐t
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λ = 0.01✭t❛s❦✴✉♥✐t t✐♠❡✮ λ = 0.75✭t❛s❦✴✉♥✐t t✐♠❡✮

❋✐❣✉r❡ ✺✳✹✿ ❉✐str✐❜✉t✐♦♥s ♦❢ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ❢♦r ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠s ❛♥❞ s♣❧✐t✲♠❡r❣❡
q✉❡✉❡✐♥❣ s②st❡♠s ✇✐t❤ t❤❡ s❛♠❡ ❝♦♥✜❣✉r❛t✐♦♥s ❜✉t ❞✐✛❡r❡♥t ♠❡❛♥ ❛rr✐✈❛❧ r❛t❡s✳



✶✶✻ ❈❤❛♣t❡r ✺✳ ❘❡❞✉❝✐♥❣ ▼❡❛♥ ❙✉❜t❛s❦ ❉✐s♣❡rs✐♦♥ ✐♥ ❋♦r❦✲❏♦✐♥ ❙②st❡♠s

t❛❦❡s ❛r♦✉♥❞ ✼✳✺ ♠✐♥✉t❡s✳ ❚❤❡ r❡♣❧✐❝❛s ❛r❡ ✉s❡❞ t♦ ♣✉t ✾✺✪ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s ✭❈■s✮ ♦♥ ❛❧❧

♠❡❛s✉r❡s✳ ❘❡s✉❧ts ❛r❡ r❡♣♦rt❡❞ t♦ t❤r❡❡ ❞❡❝✐♠❛❧ ♣❧❛❝❡s✳

❈♦♥s✐❞❡r ❛ ♣❛r❛❧❧❡❧ q✉❡✉❡✐♥❣ s②st❡♠ ✇✐t❤ P♦✐ss♦♥ ❛rr✐✈❛❧s ✇✐t❤ r❛t❡ ♣❛r❛♠❡t❡r λ = 0.78 t❛s❦s✴✲

t✐♠❡ ✉♥✐t ❛♥❞ ✸ ♣❛r❛❧❧❡❧ s❡r✈✐❝❡ ♥♦❞❡s ✇✐t❤ ❡①♣♦♥❡♥t✐❛❧ s❡r✈✐❝❡ t✐♠❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥s✿

X1 ∼ Exponential(λ = 1)

(E[X1] = 1, Med[X1] = 0.693, Var[X1] = 1)

X2 ∼ Exponential(λ = 5)

(E[X2] = 0.2, Med[X2] = 0.139, Var[X2] = 0.04)

X3 ∼ Exponential(λ = 10)

(E[X3] = 0.1, Med[X3] = 0.0693, Var[X3] = 0.01)

■♥ t❤✐s ❝♦♥t❡①t✱ ✇❡ ❝♦♠♣✉t❡ ♠❡❛s✉r❡s ♦❢ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❛♥❞ ♦❢ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ✐♥ ✜✈❡

❞✐✛❡r❡♥t t②♣❡s ♦❢ ❢♦r❦✲❥♦✐♥ ❛♥❞ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠s✿

✶✳ ❆ ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠ ✭✇✐t❤♦✉t s✉❜t❛s❦ ❞❡❧❛②s✮✳ ❍❡r❡ t❤❡ ♠❡❛♥ t❛s❦ r❡s♣♦♥s❡ t✐♠❡

✐s E[Rd=0] = 4.553 (95% ❈■ [4.504, 4.602]) t✐♠❡ ✉♥✐ts ❛♥❞ ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✐s

E[Dd=0] = 4.49 (95% ❈■ [4.429, 4.54]) t✐♠❡ ✉♥✐ts✳ ❚❤❡ ♠❡❛♥ ♥✉♠❜❡r ♦❢ s✉❜t❛s❦s ✐♥ t❤❡

♦✉t♣✉t ❜✉✛❡r ✐s 6.862 (95% ❈■ [6.79, 6.93])✳

✷✳ ❆ ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠ ✉t✐❧✐s✐♥❣ ♦✉r ❞②♥❛♠✐❝ ♦♥❧✐♥❡ ❛❧❣♦r✐t❤♠ ❢♦r r❡❞✉❝✐♥❣ ♠❡❛♥ s✉❜✲

t❛s❦ ❞✐s♣❡rs✐♦♥✳ ❍❡r❡ ♠❡❛♥ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ✐s E[Rdmin
] = 4.703 (95% ❈■ [4.586, 4.819])

t✐♠❡ ✉♥✐ts ❛♥❞ ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✐s E[Ddmin
] = 0.752 (95% ❈■ [0.745, 0.759]) t✐♠❡

✉♥✐ts✳ ❚❤❡ ♠❡❛♥ ♥✉♠❜❡r ♦❢ s✉❜t❛s❦s ✐♥ t❤❡ ♦✉t♣✉t ❜✉✛❡r ✐s 1.081 (95% ❈■ [1.071, 1.091])✳

❲❤❡♥ ❝♦♠♣❛r✐♥❣ t❤✐s ♠♦❞✐✜❡❞ ❢♦r❦✲❥♦✐♥ s②st❡♠ ✇✐t❤ t❤❡ ❢♦r❦✲❥♦✐♥ s②st❡♠ ✇✐t❤♦✉t s✉❜t❛s❦

❞❡❧❛②s✱ ✇❡ ♦❜s❡r✈❡ t❤❛t ♠❡❛♥ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ❤❛s ✐♥❝r❡❛s❡❞ ✈❡r② s❧✐❣❤t❧② ❜② 3.3% ❜✉t

♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❞r♦♣♣❡❞ ✈❡r② ❞r❛♠❛t✐❝❛❧❧② ❜② 83%✳ ❙✐♠✐❧❛r❧②✱ t❤❡ ♠❡❛♥ ♥✉♠❜❡r

♦❢ s✉❜t❛s❦s ✐♥ t❤❡ ♦✉t♣✉t ❜✉✛❡r ❞❡❝r❡❛s❡❞ ❜② 84%✳
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✸✳ ❆ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠ ✭✇✐t❤♦✉t s✉❜t❛s❦ ❞❡❧❛②s✮✳ ▼❡❛♥ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ✐s

E
[
Rd=0,λ=0.78

]
= 5.212(95% ❈■ [5.1526, 5.271]) t✐♠❡ ✉♥✐ts ❛♥❞ ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✐s

E[Dd=0] = 0.976 (95% ❈■ [0.975, 0.977]) t✐♠❡ ✉♥✐ts✳ ❚❤❡ ♠❡❛♥ ♥✉♠❜❡r ♦❢ s✉❜t❛s❦s ✐♥ t❤❡

♦✉t♣✉t ❜✉✛❡r ✐s 1.416 (95% ❈■ [1.415, 1.418])✳ ❚❤✐s ♠❡t❤♦❞ ✐s t❤✉s ❝♦♠♣❧❡t❡❧② ❞♦♠✐♥❛t❡❞

❜② ♦✉r ❞②♥❛♠✐❝ ♦♥❧✐♥❡ ❛❧❣♦r✐t❤♠ ❢♦r ❡❛❝❤ ♦❢ t❤❡s❡ ♠❡tr✐❝s✱ ❜② ❢❛❝t♦rs ♦❢ ✶✶✪✱ ✸✵✪ ❛♥❞

✸✶✪ r❡s♣❡❝t✐✈❡❧②✳

✹✳ ❆ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠ ✇✐t❤ ❞❡❧❛②s ❛♣♣❧✐❡❞ t♦ r❡❞✉❝❡ ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥

❢r♦♠ ❈❤❛♣t❡r ✸✳ ❚❤❡ ✈❡❝t♦r ♦❢ ♦♣t✐♠✐s❡❞ ❞❡❧❛②s ✐s✿

dmin = (0.0, 0.553, 0.617)

▼❡❛♥ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ✐s E
[
Rdmin,λ=0.78

]
= 63.02 (95% ❈■ [58.21, 67.83]) t✐♠❡ ✉♥✐ts ❛♥❞

♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✐s E[Ddmin
] = 0.783(95% ❈■ [0.780, 0.785]) t✐♠❡ ✉♥✐ts✳ ❚❤❡ ♠❡❛♥

♥✉♠❜❡r ♦❢ s✉❜t❛s❦s ✐♥ t❤❡ ♦✉t♣✉t ❜✉✛❡r ✐s 1.029 (95% ❈■ [1.027, 1.031])✳ ❚❤✐s ♠❡t❤♦❞ ✐s

❞♦♠✐♥❛t❡❞ ❜② ♦✉r ❞②♥❛♠✐❝ ♦♥❧✐♥❡ ❛❧❣♦r✐t❤♠ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♠❡❛♥ t❛s❦ r❡s♣♦♥s❡ t✐♠❡

❛♥❞ ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ♠❡tr✐❝s✱ ❜② ❢❛❝t♦rs ♦❢ ✶✷✹✵✪ ❛♥❞ ✹✪ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡r❡ ✐s

❤♦✇❡✈❡r ❛ ✺✪ ✐♠♣r♦✈❡♠❡♥t ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♠❡❛♥ ♥✉♠❜❡r ♦❢ s✉❜t❛s❦s ✐♥ t❤❡ ♦✉t♣✉t

❜✉✛❡r✳

✺✳ ❆ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠ ✇✐t❤ ❞❡❧❛②s ❛♣♣❧✐❡❞ t♦ ♦♣t✐♠✐s❡ t❤❡ ♣r♦❞✉❝t ♦❢ ♠❡❛♥ t❛s❦

r❡s♣♦♥s❡ t✐♠❡ ❛♥❞ ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❢r♦♠ ❈❤❛♣t❡r ✹✳ ❚❤❡ ✈❡❝t♦r ♦❢ ♦♣t✐♠✐s❡❞

❞❡❧❛②s ✐s✿

d♠✐♥ = (0.0, 0.0398, 0.0673)

▼❡❛♥ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ✐s E
[
Rdmin,λ=0.78

]
= 5.329 (95% ❈■ [5.272, 5.385]) t✐♠❡ ✉♥✐ts ❛♥❞

♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✐s E[Ddmin
] = 0.9343 (95% ❈■ [0.9336, 0.9349]) t✐♠❡ ✉♥✐ts✳ ❚❤❡

♠❡❛♥ ♥✉♠❜❡r ♦❢ s✉❜t❛s❦s ✐♥ t❤❡ ♦✉t♣✉t ❜✉✛❡r ✐s 1.355 (95% ❈■ [1.353, 1.357])✳ ❲❤✐❧❡

✐♠♣r♦✈✐♥❣ ❞r❛♠❛t✐❝❛❧❧② ♦♥ t❤❡ ♠❡❛♥ t❛s❦ r❡s♣♦♥s❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✱ t❤❡ ♠❡t❤♦❞ ✐s

❝♦♠♣❧❡t❡❧② ❞♦♠✐♥❛t❡❞ ❜② ♦✉r ❞②♥❛♠✐❝ ♦♥❧✐♥❡ ❛❧❣♦r✐t❤♠ ❢♦r ❡❛❝❤ ♠❡tr✐❝✱ ❜② ❢❛❝t♦rs ♦❢

✶✸✪✱ ✷✹✪ ❛♥❞ ✷✺✪ r❡s♣❡❝t✐✈❡❧②✳
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❋✐❣✉r❡ ✺✳✼✿ ❊①♣❡❝t❡❞ r❡s♣♦♥s❡ t✐♠❡ ♦❢ ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠s ❛♥❞ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣
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❋✐❣✳ ✺✳✺ s❤♦✇s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞✐str✐❜✉t✐♦♥s ♦❢ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥✳ ❚❤❡ ♣♦♦r s✉❜t❛s❦ ❞✐s✲

♣❡rs✐♦♥ ♦❢ t❤❡ ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠ ✇✐t❤♦✉t s✉❜t❛s❦ ❞❡❧❛②s ✐s ❡✈✐❞❡♥t✳ ❆♣♣❧②✐♥❣ s✉❜t❛s❦

❞❡❧❛②s ♦♣t✐♠✐s❡❞ ❢♦r t❤❡ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥✕t❛s❦ r❡s♣♦♥s❡ t✐♠❡ tr❛❞❡✲♦✛ ②✐❡❧❞s ❛ s✐♠✐❧❛r s✉❜✲

t❛s❦ ❞✐s♣❡rs✐♦♥ ♣r♦✜❧❡ t♦ t❤❛t ♦❢ t❤❡ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠ ✇✐t❤♦✉t ❞❡❧❛②s✳ ❚❤❡ s✉❜t❛s❦

❞✐s♣❡rs✐♦♥ ♣r♦✜❧❡ ♦❢ t❤❡ ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠ ✇✐t❤ ❞✐s♣❡rs✐♦♥✲♦♣t✐♠✐s❡❞ ❞❡❧❛②s ✐s ❝♦♠♣❡t✲

✐t✐✈❡ ✇✐t❤ t❤❛t ♦❢ t❤❡ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠ ✇✐t❤ ❞✐s♣❡rs✐♦♥✲♦♣t✐♠✐s❡❞ ❞❡❧❛②s✱ ❛♥❞ ❡✈❡♥

❞♦♠✐♥❛t❡s ✐t ❢♦r ♣❡r❝❡♥t✐❧❡s ♦❢ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❜❡❧♦✇ ✼✵✪✳

❚✉r♥✐♥❣ ♥♦✇ t♦ ❞✐str✐❜✉t✐♦♥s ♦❢ t❛s❦ r❡s♣♦♥s❡ t✐♠❡✱ ❋✐❣✳ ✺✳✻ ❞❡♠♦♥str❛t❡s t❤❛t t❤❡ ❞✐str✐❜✉t✐♦♥

♦❢ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ♦❢ t❤❡ ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠ ✇✐t❤ ❞✐s♣❡rs✐♦♥✲♦♣t✐♠✐s❡❞ ❞❡❧❛②s ✐s ✈❡r②

❝❧♦s❡ t♦ t❤❛t ♦❢ t❤❡ ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠ ✇✐t❤♦✉t s✉❜t❛s❦ ❞❡❧❛②s✳ ❍❡r❡✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢

r❡s♣♦♥s❡ t✐♠❡ ♦❢ t❤❡ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠ ✇✐t❤♦✉t s✉❜t❛s❦ ❞❡❧❛②s ✐s ♠❛r❣✐♥❛❧❧② ✇♦rs❡

t❤❛♥ t❤❛t ♦❢ t❤❡ ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠✱ ❜✉t ❛❢t❡r ❛♣♣❧②✐♥❣ ❞✐s♣❡rs✐♦♥✲♦♣t✐♠✐s❡❞ ❞❡❧❛②s t❤❡

r❡s♣♦♥s❡ t✐♠❡ s✉✛❡rs ❤❡❛✈✐❧②✳ ❆♣♣❧②✐♥❣ ❞❡❧❛②s ♦♣t✐♠✐s❡❞ ❢♦r s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥✕t❛s❦ r❡s♣♦♥s❡

t✐♠❡ tr❛❞❡✲♦✛ ✐♠♣❛❝ts ♦♥❧② ♠❛r❣✐♥❛❧❧② ♦♥ t❤❡ t❛s❦ r❡s♣♦♥s❡ t✐♠❡✳

❋✐❣✳ ✺✳✼ s❤♦✇s ❤♦✇ ♠❡❛♥ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ✈❛r✐❡s ✇✐t❤ ✈❛r✐♦✉s t❛s❦ ❛rr✐✈❛❧ r❛t❡s ✉♥❞❡r t❤❡

✈❛r✐♦✉s q✉❡✉❡✐♥❣ ♣♦❧✐❝✐❡s✳ ❲❡ ♦❜s❡r✈❡ t❤❡ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠ ✇✐t❤ t❤❡ ❞✐s♣❡rs✐♦♥✲

♦♣t✐♠✐s❡❞ ❞❡❧❛②s ❤❛s t❤❡ ❧♦✇❡st ♠❛①✐♠✉♠ s✉st❛✐♥❛❜❧❡ s②st❡♠ t❤r♦✉❣❤♣✉t✱ ❢♦❧❧♦✇❡❞ ❜② t❤❡

s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠ ✇✐t❤ ❞✐s♣❡rs✐♦♥✲♦♣t✐♠✐s❡❞ ❞❡❧❛②s ❛♥❞ t❤❡ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣

s②st❡♠ ✇✐t❤♦✉t ❞❡❧❛②s✳ ❚❤❡ ❤✐❣❤❡st ♠❛①✐♠✉♠ s✉st❛✐♥❛❜❧❡ s②st❡♠ t❤r♦✉❣❤♣✉t ✐s ♣r♦✈✐❞❡❞ ❜② t❤❡

❢♦r❦✲❥♦✐♥ s②st❡♠ ✇✐t❤♦✉t s✉❜t❛s❦ ❞❡❧❛②s ❛♥❞ t❤❡ ❢♦r❦✲❥♦✐♥ s②st❡♠ ✉t✐❧✐s✐♥❣ ❞✐s♣❡rs✐♦♥✲♦♣t✐♠✐s❡❞

s✉❜t❛s❦ ❞❡❧❛②s✳

✺✳✺ ❙✉♠♠❛r②

■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ❝♦♥s✐❞❡r❡❞ ❛ ♣r♦❜❧❡♠ ♦❢ r❡❞✉❝✐♥❣ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✐♥ ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣

s②st❡♠s✳ ❚♦ ❝♦♥tr♦❧ t❤✐s ♠❡tr✐❝✱ ✇❡ ❞❡r✐✈❡❞ ❛♥ ♦♥❧✐♥❡ ❛❧❣♦r✐t❤♠ ✇❤✐❝❤ ❞②♥❛♠✐❝❛❧❧② ❝♦♠♣✉t❡s

❛♥❞ ❛♣♣❧✐❡s st❛t❡✲❞❡♣❡♥❞❡♥t ❞❡❧❛②s t♦ t❤❡ ♣r♦❝❡ss✐♥❣ ♦❢ s✉❜t❛s❦s ❛♥❞ t❤❡✐r s✐❜❧✐♥❣s ❛t ✈❛r✐♦✉s

t✐♠❡ ✐♥st❛♥ts✳



✶✷✷ ❈❤❛♣t❡r ✺✳ ❘❡❞✉❝✐♥❣ ▼❡❛♥ ❙✉❜t❛s❦ ❉✐s♣❡rs✐♦♥ ✐♥ ❋♦r❦✲❏♦✐♥ ❙②st❡♠s

❲❡ ❞❡♠♦♥str❛t❡❞ ♦✉r ❛❧❣♦r✐t❤♠ ♦♥ ❛ ❝❛s❡ st✉❞②✱ ❛ ♣❛r❛❧❧❡❧ s②st❡♠ s✉❜❥❡❝t❡❞ t♦ ✜✈❡ ❞✐✛❡r✲

❡♥t ❦✐♥❞s ♦❢ s♣❧✐t✲♠❡r❣❡ ❛♥❞ ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ ♣♦❧✐❝✐❡s✳ ❚❤❡ r❡s✉❧ts s❤♦✇ ❤♦✇ t❤❡ t❡❝❤♥✐q✉❡

♣r♦♣♦s❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r ✐s ❛❜❧❡ t♦ ❞❡❧✐✈❡r ❧♦✇ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❝♦♠♣❡t✐t✐✈❡ ✇✐t❤ s♣❧✐t✲♠❡r❣❡✲

❜❛s❡❞ q✉❡✉❡✐♥❣ s②st❡♠s ✇❤✐❧❡ s✐♠✉❧t❛♥❡♦✉s❧② ❞❡❧✐✈❡r✐♥❣ ❧♦✇ t❛s❦ r❡s♣♦♥s❡ t✐♠❡s ❝♦♠♣❡t✐t✐✈❡

✇✐t❤ ❢♦r❦✲❥♦✐♥✲❜❛s❡❞ q✉❡✉❡✐♥❣ s②st❡♠s✳

❖✉r ❝✉rr❡♥t r❡s❡❛r❝❤ ❝❛♥ ♥♦ ❞♦✉❜t ❜❡ ❡①t❡♥❞❡❞ t♦ ❛♣♣❧② ❛ ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠ ✇✐t❤ ♥♦♥✲

❡①♣♦♥❡♥t✐❛❧ s❡r✈✐❝❡s t✐♠❡ ❞✐str✐❜✉t✐♦♥s✳ ❈❡rt❛✐♥❧② ❡①t❡♥s✐♦♥ t♦ ❊r❧❛♥❣ ❛♥❞ ♣❤❛s❡✲t②♣❡ s❡r✈✐❝❡

t✐♠❡ ❞✐str✐❜✉t✐♦♥s ✐s ❧✐❦❡❧② t♦ ❜❡ str❛✐❣❤t❢♦r✇❛r❞ ❣✐✈❡♥ ❛♣♣r♦♣r✐❛t❡ ❡①t❡♥s✐♦♥s t♦ t❤❡ s②st❡♠ st❛t❡

✈❡❝t♦r✳ ❋✉rt❤❡r ♣♦ss✐❜❧❡ ❞✐r❡❝t✐♦♥s ❛r❡ t♦ ❡①t❡♥❞ t❤❡ ❞②♥❛♠✐❝ ♦♥❧✐♥❡ ❛❧❣♦r✐t❤♠ t♦ ❡❧❡♠❡♥t❛r②

❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠s ✇✐t❤ ❤❡t❡r♦❣❡♥❡♦✉s ❣❡♥❡r❛❧ s❡r✈✐❝❡ t✐♠❡ ❞✐str✐❜✉t✐♦♥s ✇❤❡r❡ r❡s✐❞✉❛❧

s❡r✈✐❝❡ t✐♠❡s ♠❛② ❜❡ ❞❡✜♥❡❞ ❛s ✐♥ ❬✶✶❪✳



❈❤❛♣t❡r ✻

❈♦♥❝❧✉s✐♦♥

✻✳✶ ❙✉♠♠❛r② ♦❢ ❆❝❤✐❡✈❡♠❡♥ts

❚❤❡ ♠❛✐♥ ❛✐♠ ✐♥ t❤✐s ❞✐ss❡rt❛t✐♦♥ ✇❛s t♦ ✐♥✈❡st✐❣❛t❡ ✇❛②s ✐♥ ✇❤✐❝❤ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❝❛♥ ❜❡

r❡❞✉❝❡❞ ✐♥ ♣❛r❛❧❧❡❧ ♣r♦❝❡ss✐♥❣ q✉❡✉❡✐♥❣ s②st❡♠s ❜② ♠❡❛♥s ♦❢ ✐♥tr♦❞✉❝✐♥❣ ❥✉❞✐❝✐♦✉s❧②✲❝❤♦s❡♥

❞❡t❡r♠✐♥✐st✐❝ ❞❡❧❛②s t♦ t❤❡ ♣r♦❝❡ss✐♥❣ ♦❢ s✉❜t❛s❦s✳ ❲❡ ❤❛✈❡ ❞❡r✐✈❡❞ ❛♥ ❛♥❛❧②t✐❝❛❧ t♦♦❧❜♦① ❛♥❞

❛ s❡t ♦❢ ♥✉♠❡r✐❝❛❧ t❡❝❤♥✐q✉❡s t♦ ❛❝❤✐❡✈❡ r❡❞✉❝t✐♦♥ ♦❢ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✐♥ ♣❛r❛❧❧❡❧ ♣r♦❝❡ss✐♥❣

s②st❡♠s✳

❲❡ ❜❡❣❛♥ ❜② ✐♥✈❡st✐❣❛t✐♥❣ ❛ str❛✐❣❤t❢♦r✇❛r❞ ♠❡t❤♦❞ ❢♦r ♠✐♥✐♠✐s✐♥❣ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✐♥ s♣❧✐t✲

♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠s ✇✐t❤ ❤❡t❡r♦❣❡♥❡♦✉s ❣❡♥❡r❛❧ s❡r✈✐❝❡ t✐♠❡ ❞✐str✐❜✉t✐♦♥s✳ ❚♦ ❛❝❤✐❡✈❡

t❤✐s ✇❡ ❡①t❡♥❞❡❞ t❤❡ t❤❡♦r② ♦❢ ❤❡t❡r♦❣❡♥❡♦✉s ♦r❞❡r st❛t✐st✐❝s ❜② ❞❡r✐✈✐♥❣ t❤❡ ♠❡❛♥ ❛♥❞ t❤❡

❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ r❛♥❣❡ ♦❢ ❤❡t❡r♦❣❡♥❡♦✉s ♦r❞❡r st❛t✐st✐❝s✳ ❚❤❡ ❢♦r♠❡r ❢♦r♠✉❧❛ ❝♦rr❡s♣♦♥❞s

t♦ ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✐♥ ❡❧❡♠❡♥t❛r② s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠✱ s♦ ✐t ❜❡❝❛♠❡ ❛♥ ♦❜✲

❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✐♥ ❛♥ ♦♣t✐♠✐s❛t✐♦♥ ♣r♦❝❡❞✉r❡ ❢♦r ♠✐♥✐♠✐s✐♥❣ ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥✳ ❚❤❡

❧❛tt❡r ❢♦r♠✉❧❛ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✐♥ ❡❧❡♠❡♥t❛r② s♣❧✐t✲

♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠s✱ s♦ ✐t ✇❛s ❛♣♣❧✐❡❞ ✐♥ ❛♥ ♦♣t✐♠✐s❛t✐♦♥ ♣r♦❝❡❞✉r❡ ❢♦r r❡❞✉❝✐♥❣ ❛ ❣✐✈❡♥

♣❡r❝❡♥t✐❧❡ ♦❢ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥✳ ❚❤✐s ❛❧❧♦✇s ✉s t♦ ❝♦♥tr♦❧ t❤❡ s②st❡♠✬s ❞✐s♣❡rs✐♦♥ ✇✐t❤ s♦❢t

✭♣r♦❜❛❜✐❧✐st✐❝✮ ❣✉❛r❛♥t❡❡s✳ ❚❤❡ r❡s✉❧ts s❤♦✇❡❞ t❤❛t ♦✉r t❡❝❤♥✐q✉❡s ✇❡r❡ ✈❡r② ❡✛❡❝t✐✈❡ ✐♥ t❡r♠s

♦❢ ♠✐♥✐♠✐s✐♥❣ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥✱ ❜✉t ❛❞✈❡rs❡❧② ✐♠♣❛❝t❡❞ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ❛♥❞ ♠❛①✐♠✉♠

✶✷✸



✶✷✹ ❈❤❛♣t❡r ✻✳ ❈♦♥❝❧✉s✐♦♥

s②st❡♠ s✉st❛✐♥❛❜❧❡ t❤r♦✉❣❤♣✉t✳

❇❡❝❛✉s❡ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ s✉✛❡rs ❢r♦♠ ❛♣♣❧②✐♥❣ ♦✉r ♣r❡✈✐♦✉s ♠❡t❤♦❞♦❧♦❣②✱ ✇❡ ❡①♣❛♥❞❡❞ ✐t

t♦ ✉s❡ ❛ ♥❡✇ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥✱ t❤❛t ✐s ❛ ♣r♦❞✉❝t ♦❢ ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❛♥❞ ♠❡❛♥ t❛s❦

r❡s♣♦♥s❡ t✐♠❡✳ ❈♦♥s❡q✉❡♥t❧②✱ ✇❡ st❛rt❡❞ tr❛❞✐♥❣✲♦✛ ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❛♥❞ ♠❡❛♥ t❛s❦

r❡s♣♦♥s❡ t✐♠❡✳ ❚❤❡ r❡s✉❧ts ✇❡r❡ ✈❡r② ❡✛❡❝t✐✈❡ ✕ ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✇❛s r❡❞✉❝❡❞ ✇❤✐❧❡

♠❡❛♥ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ✇❛s ❛✛❡❝t❡❞ ♠✉❝❤ ❧❡ss✳

❆❧t❤♦✉❣❤ ✇❡ ❝♦✉❧❞ r❡❞✉❝❡ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✇❤✐❧❡ ❤❛✈✐♥❣ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ✉♥❞❡r ❝♦♥tr♦❧

✐♥ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠s ✕ t❤❡ ❛❝❤✐❡✈❡❞ ♠❡t❤♦❞♦❧♦❣② st✐❧❧ ❧❡❢t ✉s ✇✐t❤ ❛ ♣r♦❜❧❡♠ t❤❛t

s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠s ♥❛t✉r❛❧❧② ❤❛✈❡ ❧♦✇❡r ❧❡✈❡❧ ♦❢ ♠❛①✐♠✉♠ s✉st❛✐♥❛❜❧❡ t❤r♦✉❣❤♣✉t

❛♥❞ ❤✐❣❤❡r t❛s❦ r❡s♣♦♥s❡ t✐♠❡ t❤❛♥ ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠s ✇✐t❤ t❤❡ s❛♠❡ ♣❛r❛❧❧❡❧ s❡r✈❡r

❝♦♥✜❣✉r❛t✐♦♥✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ✇❡r❡ ❧♦♦❦✐♥❣ ❢♦r ✇❛②s t♦ r❡❧❛① ♦✉r s❡t ♦❢ t❡❝❤♥✐q✉❡s t♦ ❛♣♣❧② ✐t ✐♥

❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠s✳ ❇✉t ✇❡ ❢❛❝❡❞ ❛ ❝♦♥s✐❞❡r❛❜❧❡ ❝❤❛❧❧❡♥❣❡ ❜❡❝❛✉s❡ ❢♦r❦✲❥♦✐♥ s②st❡♠s ❛r❡

♥♦t♦r✐♦✉s❧② ❛♥❛❧②t✐❝❛❧❧② ✐♥tr❛❝t❛❜❧❡✳ ❚♦ ♦✈❡r❝♦♠❡ t❤✐s✱ ✇❡ ❞❡✈✐s❡❞ ❛ ❞②♥❛♠✐❝ ♦♥❧✐♥❡ ❛❧❣♦r✐t❤♠

❢♦r ❡❧❡♠❡♥t❛r② ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠s ✇✐t❤ ❤❡t❡r♦❣❡♥❡♦✉s ❡①♣♦♥❡♥t✐❛❧ s❡r✈✐❝❡ t✐♠❡ ❞✐str✐✲

❜✉t✐♦♥s✳ ❆t ❝❡rt❛✐♥ ✐♥st❛♥ts✱ s❡❧❡❝t❡❞ s✉❜t❛s❦s s❡❡ t❤❡ ❢♦r❦✲❥♦✐♥ s②st❡♠ q✉❡✉❡✐♥❣ s②st❡♠ ✇✐t❤

❤❡t❡r♦❣❡♥❡♦✉s ❡①♣♦♥❡♥t✐❛❧❧② ❞✐str✐❜✉t❡❞ s❡r✈✐❝❡ t✐♠❡s ❛s ❜❡✐♥❣ ❡q✉✐✈❛❧❡♥t t♦ ❛ s♣❧✐t✲♠❡r❣❡ s②s✲

t❡♠ ✇✐t❤ ❤❡t❡r♦❣❡♥❡♦✉s ❊r❧❛♥❣ s❡r✈✐❝❡ t✐♠❡ ❞✐str✐❜✉t✐♦♥s✳ ❚❤✐s ✐❞❡❛ ❣✐✈❡s t♦ ✉s t❤❡ ♦♣♣♦rt✉♥✐t②

t♦ ❛♣♣❧② ♦✉r ❞❡✈❡❧♦♣❡❞ t❤❡♦r② ❢♦r s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠s✳

❋✐♥❛❧❧② ✇❡ ❤❛✈❡ ❛❝❤✐❡✈❡❞ t❤❡ ❣♦❛❧ ♦❢ s✐♠✉❧t❛♥❡♦✉s❧② r❡❞✉❝✐♥❣ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✭✇❤✐❝❤ ✐s

❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❜❡st s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ♦♥❧② ♠✐♥✐♠✐s✐♥❣ ❛❧❣♦r✐t❤♠ ❢♦r s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣

s②st❡♠s✮ ❛♥❞ ❛❝❤✐❡✈✐♥❣ ♠❛①✐♠✉♠ s✉st❛✐♥❛❜❧❡ s②st❡♠ t❤r♦✉❣❤♣✉t ❛♥❞ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ✇❤✐❝❤

❛r❡ ✈❡r② ❝❧♦s❡ t♦ t❤❡ ♠❛①✐♠✉♠ s✉st❛✐♥❛❜❧❡ s②st❡♠ t❤r♦✉❣❤♣✉t ❛♥❞ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ♦❢ ❛ ❢♦r❦✲

❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠ ✇✐t❤♦✉t ❛♥② ❞❡❧❛②s✳

✻✳✷ ❆♣♣❧✐❝❛t✐♦♥s

❲❡ ❞✐s❝✉ss t❤❡ ❛♣♣❧✐❝❛t✐♦♥s ❡♥❛❜❧❡❞ ❜② ♦✉r ♠❡t❤♦❞s ❢♦r r❡❞✉❝✐♥❣ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✐♥✿ s♣❧✐t✲

♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠s ❛♥❞ ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠s✳



✻✳✷✳ ❆♣♣❧✐❝❛t✐♦♥s ✶✷✺

❆♥ ❡①❛♠♣❧❡ ✇❤❡r❡ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠s ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ✐s t❤❡ ✜♥❛♥❝❡ ❞♦♠❛✐♥✳ ■♥ ♦r❞❡r

t♦ ✐♥❝r❡❛s❡ t❤❡ ❧✐❦❡❧✐❤♦♦❞ ♦❢ ✜❧❧✐♥❣ ♦r❞❡rs ❛❝r♦ss ♠✉❧t✐♣❧❡ ♠❛r❦❡ts ❛♥❞ ❡①♣❡r✐❡♥❝❡ ❢❡✇❡r ❛❞✈❡rs❡

t✐❝❦s✱ ❞❡❧❛②s ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ t❤❡ ♦r❞❡rs s♦ t❤❛t t❤❡② ❛rr✐✈❡ ❛t ❛❧❧ t❛r❣❡t ❡①❝❤❛♥❣❡s ♥❡❛r❧②

s✐♠✉❧t❛♥❡♦✉s❧②✳ ❚❤✐s ❤❛s ❜❡❡♥ s❤♦✇♥ t♦ ✐♥❝r❡❛s❡ ❡①❡❝✉t✐♦♥ q✉❛❧✐t②✳ ❚❤❡ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ ❛♣♣❧✐❡❞

❞❡❧❛②s t♦ ♦r❞❡rs ✇❛s ❛ s✉❜❥❡❝t ♦❢ ❛ r❡❝❡♥t ❜♦♦❦ ❬✻✼❪ ❛♥❞ t❤❡ ❢♦✉♥❞❛t✐♦♥ ♦❢ ❛ ♥❡✇ ❡①❝❤❛♥❣❡ ■❊❳✳

❘❡s✉❧ts ♦❢ ♠✐♥✐♠✐s✐♥❣ ♠❡❛♥ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❢r♦♠ ❈❤❛♣t❡r ✸ ❛♥❞ tr❛❞✐♥❣ ♦✛ ♠❡❛♥ s✉❜t❛s❦

❞✐s♣❡rs✐♦♥ ❛♥❞ ♠❡❛♥ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ❢r♦♠ ❈❤❛♣t❡r ✹ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ✐♥ t❤✐s ❛♣♣❧✐❝❛t✐♦♥s✳

❚❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❛r❡ t❤❡ ❞✐str✐❜✉t✐♦♥s ♦❢ t❤❡ t✐♠❡ ✐t t❛❦❡s t♦ s❡♥❞ ❛♥ ♦r❞❡r t♦ ❡❛❝❤ ♦❢ t❤❡

❡①❝❤❛♥❣❡s✳ ❚❤❡ ❞❡❧❛②s ❝♦♠♣✉t❡❞ ❜② ❊q✳ ✸✳✶✸ ♦r ❊q✳ ✹✳✷ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ t❤❡ ♦r❞❡rs t❤❛t ❛r❡

s❡♥t t♦ t❤❡ ♥❡❛r❡st ❡①❝❤❛♥❣❡s✱ ❛♥❞ ♥♦ ❞❡❧❛②s ❤❛✈❡ t♦ ❜❡ ❛♣♣❧✐❡❞ t♦ t❤❡ ♦r❞❡rs t❤❛t ❛r❡ s❡♥t

t♦ t❤❡ ❡①❝❤❛♥❣❡s t❤❛t ❤❛✈❡ t❤❡ ❧♦♥❣❡st ❞✐st❛♥❝❡✳ ❚❤✐s ♠❡t❤♦❞♦❧♦❣② ✇✐❧❧ ❡♥s✉r❡ t❤❛t ❛❧❧ ♦r❞❡rs

❛rr✐✈❡ t♦ t❤❡ ❡①❝❤❛♥❣❡s ✇✐t❤ ❞✐✛❡r❡♥t ❣❡♦❣r❛♣❤✐❝❛❧ ❞✐st❛♥❝❡s s✐♠✉❧t❛♥❡♦✉s❧②✳

❙❡❝♦♥❞❧②✱ ✐♥ ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠s✱ ♦✉r ♠❡t❤♦❞♦❧♦❣② ♦❢ ❛♣♣❧②✐♥❣ ❞❡❧❛②s ❢r♦♠ ❈❤❛♣t❡r ✺

❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ✐♥ ✇❛r❡❤♦✉s❡s ♦❢ ♦♥❧✐♥❡ r❡t❛✐❧❡rs✱ ✇❤❡r❡ ❡❛❝❤ ♦r❞❡r ✐s ♠❛❞❡ ✉♣ ❢r♦♠ ❛ s❡t ♦❢

✐t❡♠s✱ t❤❛t ❤❛✈❡ t♦ ❜❡ r❡tr✐❡✈❡❞ ❢r♦♠ ❛ ❞✐✛❡r❡♥t ♣❧❛❝❡ ✐♥ t❤❡ ✇❛r❡❤♦✉s❡✳ ❖✉r ♠❡t❤♦❞♦❧♦❣② ❝❛♥

❜❡ ✐♥st❛❧❧❡❞ ✐♥t♦ t❤❡ ❝♦♥tr♦❧ s②st❡♠ ♦❢ t❤❡ ✇❛r❡❤♦✉s❡ ✇❤❡r❡ ♦♣t✐♠❛❧ ❞❡❧❛②s ❝❛♥ ❜❡ ✐♥tr♦❞✉❝❡❞

❜❡❢♦r❡ ❡❛❝❤ ✐t❡♠ r❡tr✐❡✈❛❧ ✐s ✐♥✐t✐❛t❡❞✳ ■t ✇✐❧❧ ❛♣♣❧② ❞❡❧❛②s ❝♦♠♣✉t❡❞ ❜② t❤❡ ❞②♥❛♠✐❝ ♦♥❧✐♥❡

❛❧❣♦r✐t❤♠ ❢r♦♠ ❙❡❝t✐♦♥ ✺✳✷ t♦ s♦♠❡ ✐t❡♠s t❤❛t ❤❛✈❡ ❛ ❧♦✇ r❡tr✐❡✈❛❧ t✐♠❡ s♦ t❤❛t t❤❡s❡ ✐t❡♠s

❝❛♥ ✜♥✐s❤ t❤❡✐r s❡r✈✐❝❡ ❛t ❛r♦✉♥❞ t❤❡ s❛♠❡ t✐♠❡ ❛s t❤❡✐r s❧♦✇❡r s✐❜❧✐♥❣s r❡s✉❧t✐♥❣ ✐♥ ❛❧❧ ✐t❡♠s

❛rr✐✈✐♥❣ ✐♥ t❤❡ ♣❛❝❦✐♥❣ ❛r❡❛ ❛t ❛♣♣r♦①✐♠❛t❡❧② ❛t t❤❡ s❛♠❡ t✐♠❡✳ ❚❤✐s ✇✐❧❧ ❝♦♥s✐❞❡r❛❜❧② ❧♦✇❡r

t❤❡ ✉t✐❧✐s❛t✐♦♥ ♦❢ t❤❡ ♣❛❝❦✐♥❣ ❛r❡❛✳

❆♥♦t❤❡r ❛♣♣❧✐❝❛t✐♦♥ ✐s ✐♥ r❡st❛✉r❛♥ts ✇❤❡r❡ ✇❡ ❝❛♥ ❞❡✈❡❧♦♣ ❛♥ ✐♥t❡❧❧✐❣❡♥t ♦r❞❡r ♠❛♥❛❣❡♠❡♥t

s②st❡♠ ❜❛s❡❞ ♦♥ ❈❤❛♣t❡r ✺ ✇❤✐❝❤ s✉❣❣❡sts t♦ t❤❡ st❛✛ ✇♦r❦✐♥❣ ✐♥ ❛ ❦✐t❝❤❡♥ ✇❤❡♥ t❤❡② ❤❛✈❡

t♦ st❛rt ♣r❡♣❛r✐♥❣ ❞✐s❤❡s✱ s♦ t❤❛t ❛❧❧ ❢♦♦❞ ❝♦♠❡s t♦ ❡❛❝❤ t❛❜❧❡ ♦❢ ❝✉st♦♠❡rs ❛t t❤❡ s❛♠❡ t✐♠❡✳

❖❜✈✐♦✉s❧② t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ❤❡r❡ ✐s ♥♦t ❞✐r❡❝t✱ ❜❡❝❛✉s❡ ♣r❡♣❛r✐♥❣ n ❝♦♣✐❡s ♦❢ ❛ ❞✐s❤ t❛❦❡s ❧❡ss

t✐♠❡ t❤❛t ♣r❡♣❛r✐♥❣ t❤❡♠ s❡q✉❡♥t✐❛❧❧②❀ t❤❡ ♠❡t❤♦❞♦❧♦❣② ♥❡❡❞s s♦♠❡ ♠♦❞✐✜❝❛t✐♦♥ t♦ t❛❦❡ t❤✐s

❢❡❛t✉r❡ ✐♥t♦ ❛❝❝♦✉♥t✱ s♦ t❤❛t t❤❡ s❡r✈✐❝❡ t✐♠❡ ✐♥ t❤❡ q✉❡✉❡ ❞❡♣❡♥❞s ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ✇❛✐t✐♥❣

✐t❡♠s ✐♥ t❤❡ q✉❡✉❡✳ ❚❤✐s ♦r❞❡r ♠❛♥❛❣❡♠❡♥t s②st❡♠ ✇✐❧❧ ❡♥s✉r❡ t❤❛t ❛❧❧ ❢♦♦❞ ✇✐❧❧ ❝♦♠❡ t♦ ❡❛❝❤

t❛❜❧❡ ♦❢ ❝✉st♦♠❡rs ❛t t❤❡ s❛♠❡ t✐♠❡ ✇✐t❤♦✉t ✉♥♥❡❝❡ss❛r② ❞❡❧❛②s✳



✶✷✻ ❈❤❛♣t❡r ✻✳ ❈♦♥❝❧✉s✐♦♥

✻✳✸ ❋✉t✉r❡ ❲♦r❦

❚❤❡r❡ ❛r❡ s❡✈❡r❛❧ ♣♦ss✐❜❧❡ ❡①t❡♥s✐♦♥s ♦❢ t❤✐s r❡s❡❛r❝❤✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥s ♣r❡s❡♥t ❢✉t✉r❡ ✇♦r❦

❢♦r s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠s ❛♥❞ ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠s✱ ❛♥❞ ❞✐s❝✉ss ✐♥✈❡st✐❣❛t✐♦♥ ♦❢

s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ r❡❞✉❝t✐♦♥ ✐♥ ❣❡♥❡r❛❧ ✇♦r❦✲✢♦✇s ❞❡s❝r✐❜❡❞ ❜② ❞✐r❡❝t❡❞ ❛❝②❝❧✐❝ ❣r❛♣❤s✳

✻✳✸✳✶ ❙♣❧✐t✲▼❡r❣❡ ◗✉❡✉❡✐♥❣ ❙②st❡♠

❙♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠s ✇✐t❤ s✐♥❣❧❡ ❝❧❛ss ♦❢ t❛s❦s ❤❛✈❡ ❜❡❡♥ ❛ ❢♦❝✉s ♦❢ t❤✐s t❤❡s✐s✳ ❍♦✇❡✈❡r

✐t ✇♦✉❧❞ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ ✐♥✈❡st✐❣❛t❡ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✐♥ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠s ✇✐t❤

♠✉❧t✐♣❧❡ ❝❧❛ss❡s ♦❢ t❛s❦s✳ Pr❡✈✐♦✉s❧② ♦♥❧② ♠❡❛♥ t❛s❦ r❡s♣♦♥s❡ t✐♠❡ ✇❛s ❝♦♥s✐❞❡r❡❞ ✐♥ ♠✉❧t✐✲❝❧❛ss

♣❛r❛❧❧❡❧ q✉❡✉❡✐♥❣ ♥❡t✇♦r❦s ❬✶✵✸✱ ✹❪✳

❖♥❡ ♠♦r❡ ♣♦t❡♥t✐❛❧ ✇❛② t♦ ❡①t❡♥❞ ♦✉r r❡s❡❛r❝❤ ✐s t♦ ❝♦♥s✐❞❡r ❛ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠

✇✐t❤ s❡✈❡r❛❧ ❝❧❛ss❡s ♦❢ t❛s❦s✱ ❡❛❝❤ ♦❢ ✇❤✐❝❤ s♣❧✐ts ✐♥t♦ ❛ ❞✐✛❡r❡♥t ♥✉♠❜❡r ♦❢ s✉❜t❛s❦s✳ ❚❤✐s

❞❡s❝r✐❜❡s ♠♦r❡ ❛❝❝✉r❛t❡❧② r❡❛❧✲✇♦r❧❞ s②st❡♠s s✉❝❤ ❛s ✇❛r❡❤♦✉s❡s ♦❢ ♦♥❧✐♥❡ r❡t❛✐❧❡rs✳ ■♥ s✉❝❤

✇❛r❡❤♦✉s❡s ✉s✉❛❧❧② ❡❛❝❤ ♦r❞❡r ❝♦♥s✐sts ♦❢ ❛ ♥✉♠❜❡r ♦❢ ✐t❡♠s✱ ✇❤✐❝❤ ✐s ❧❡ss t❤❛♥ t❤❡ ♥✉♠❜❡r ♦❢

♣✐❝❦✐♥❣ st❛t✐♦♥s ✐♥ t❤❡ s②st❡♠✳

▲❛st❧②✱ s♣❧✐t✲♠❡r❣❡ q✉❡✉❡✐♥❣ s②st❡♠ ♠❛② ❜❡ ❝♦♥s✐❞❡r❡❞ ✇✐t❤ ✈❡r② ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ♣❛r❛❧❧❡❧

s❡r✈❡rs✳ ❈♦♥s❡q✉❡♥t❧② t❤✐s ❦✐♥❞ ♦❢ s②st❡♠ ✇✐❧❧ ❜r✐♥❣ ❛♥ ✐ss✉❡ ♦❢ ❝♦♠♣❧❡①✐t②✱ ✇❤❡r❡ t❤❡ ❝♦♠♣❧❡①✐t②

♦❢ t❤❡ ♦♣t✐♠✐s❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❣r♦✇s ❢❛st❡r t❤❛♥ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✭❢♦r ❞✐s❝✉ss✐♦♥

s❡❡ ❙❡❝t✐♦♥ ✺✳✸✮✳

✻✳✸✳✷ ❋♦r❦✲❏♦✐♥ ◗✉❡✉❡✐♥❣ ❙②st❡♠

■♥ t❤✐s t❤❡s✐s ✇❡ ❝♦♥s✐❞❡r❡❞ ❡❧❡♠❡♥t❛r② ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠s ✇✐t❤ ❡①♣♦♥❡♥t✐❛❧ s❡r✈✐❝❡

t✐♠❡ ❞✐str✐❜✉t✐♦♥s✳ ❚❤✐s ❛ss✉♠♣t✐♦♥ ♦❢ s❡r✈✐❝❡ t✐♠❡s ❝❛♥ ♣❡r❤❛♣s✱ ❜❡ ❡①t❡♥❞❡❞ t♦ ❣❡♥❡r❛❧

s❡r✈✐❝❡ t✐♠❡ ❞✐str✐❜✉t✐♦♥s ❢♦r ❡❧❡♠❡♥t❛r② ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠s✱ ✇❤❡r❡ t❤❡ r❡s✐❞✉❛❧ s❡r✈✐❝❡

t✐♠❡s ♦❢ ❣❡♥❡r❛❧ ❞✐str✐❜✉t✐♦♥s ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❢r♦♠ ❬✶✶❪✳



✻✳✸✳ ❋✉t✉r❡ ❲♦r❦ ✶✷✼

❋✉rt❤❡r♠♦r❡✱ ❡❧❡♠❡♥t❛r② ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s②st❡♠s ✇✐t❤ ✈❡r② ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ♣❛r❛❧❧❡❧ s❡r✈❡rs

♠❛② ❜❡ ✐♥✈❡st✐❣❛t❡❞✱ ❛s ✐♥ t❤❡ s♣❧✐t✲♠❡r❣❡ ❝❛s❡✳

❚❤r♦✉❣❤♦✉t ♦✉r r❡s❡❛r❝❤ ✇❡ ❤❛✈❡ ✐♥✈❡st✐❣❛t❡❞ r❡❞✉❝t✐♦♥ ♦❢ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❛♥❞ ❝♦♠♣❛r❡❞

✐t ❛❣❛✐♥st s✐♠✉❧❛t✐♦♥s ♦❢ ♣❛r❛❧❧❡❧ q✉❡✉❡✐♥❣ s②st❡♠s✳ ❆ ♣♦ss✐❜❧❡ ❡①t❡♥s✐♦♥ ✐s t♦ ✈❛❧✐❞❛t❡ ♦✉r

♠❡t❤♦❞♦❧♦❣② ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ r❡❛❧ s②st❡♠s✱ s✉❝❤ ❛s ✇❛r❡❤♦✉s❡s ♦❢ ♦♥❧✐♥❡ r❡t❛✐❧❡rs✱ r❡st❛✉r❛♥ts

❛♥❞ tr❛❞✐♥❣ s②st❡♠s✳

✻✳✸✳✸ ❉✐r❡❝t❡❞ ❆❝②❝❧✐❝ ●r❛♣❤ ❲♦r❦✲✢♦✇s

❚❤❡ ❡❧❡♠❡♥t❛r② q✉❡✉❡✐♥❣ s②st❡♠s t❤❛t ✇❡ ❤❛✈❡ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s t❤❡s✐s ❤❛✈❡ ❛ s✐♠♣❧❡ str✉❝t✉r❡✿

t❤❡r❡ ✐s ❛ ❢♦r❦✴s♣❧✐t ♣♦✐♥t✱ t❤❡♥ t❤❡r❡ ✐s ♦♥❡ ❧❡✈❡❧ ♦❢ ♣❛r❛❧❧❡❧ s❡r✈❡rs ❛♥❞ ❛ ❥♦✐♥✴♠❡r❣❡ ♣♦✐♥t✳ ■♥

♣r❛❝t✐❝❡✱ ✇♦r❦❧♦❛❞s ❝❛♥ ❢♦❧❧♦✇ ❛ ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ ✇♦r❦✲✢♦✇✱ ✇❤✐❝❤ ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❜② ❛

❞✐r❡❝t❡❞ ❛❝②❝❧✐❝ ❣r❛♣❤ ✭❉❆●✮✳

◆♦t ❡✈❡r② s✉❜t❛s❦ ✐s ♣r♦❝❡ss❡❞ ❝♦♥❝✉rr❡♥t❧② ✐♥ ❛ s②st❡♠ r❡♣r❡s❡♥t❡❞ ❜② ❛ ❉❆● str✉❝t✉r❡✳

❋♦r ❡①❛♠♣❧❡✱ ✐♥ s❝❤❡❞✉❧✐♥❣ ♦❢ ❛ ❜✉✐❧❞✐♥❣ ❝♦♥str✉❝t✐♦♥✱ ❝❡rt❛✐♥ ❦✐♥❞s ♦❢ ✇♦r❦ ❝❛♥ ❜❡ ❞♦♥❡ ✐♥

♣❛r❛❧❧❡❧ ✕ ❢♦r ❡①❛♠♣❧❡✱ ❜✉✐❧❞✐♥❣ s❡✈❡r❛❧ ✇❛❧❧s ❛t t❤❡ s❛♠❡ t✐♠❡✳ ❨❡t✱ ❛ r♦♦❢ ❝❛♥ ❜❡ ❜✉✐❧t ♦♥❧②

❛❢t❡r ❛ ❢♦✉♥❞❛t✐♦♥ ❛♥❞ ✇❛❧❧s ❤❛✈❡ ❜❡❡♥ ✐♥st❛❧❧❡❞✳

❚❤❡ ❣❡♥❡r❛❧✐s❛t✐♦♥ ♦❢ ♣❛r❛❧❧❡❧ ♣r♦❝❡ss✐♥❣ s②st❡♠s ✐♥t♦ ❉❆●s ♣r♦✈✐❞❡s ❛ ♥❡✇ ❛r❡❛ ♦❢ ❛♣♣❧✐❝❛✲

t✐♦♥s ✕ ♣r♦❥❡❝t s❝❤❡❞✉❧✐♥❣ ❬✽✻❪✳ ❍♦✇❡✈❡r✱ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ s♦♠❡ ♦♣t✐♠✐s❛t✐♦♥ ♣r♦❜❧❡♠s ✐♥ t❤✐s

❡♥✈✐r♦♥♠❡♥t ✐s ◆P✲❝♦♠♣❧❡t❡ ❬✹✶✱ ✽✾✱ ✾✵❪✳

■♥ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ ♣❛r❛❧❧❡❧ ♣r♦❝❡ss✐♥❣ q✉❡✉❡✐♥❣ s②st❡♠s✱ ❉❆● ✇♦r❦✲✢♦✇s ❤❛✈❡ t❤❡✐r ♦✇♥

s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥✲r❡❧❛t❡❞ ♠❡tr✐❝ ❝❛❧❧❡❞ s❧❛❝❦ t✐♠❡✳ ❚❤❡ ❛✐♠ ✐s t♦ ❦❡❡♣ t❤✐s ❛s ❧♦✇ ❛s ♣♦ss✐❜❧❡✳

❯♥❞❡r ❏✉st✲■♥✲❚✐♠❡ s❝❤❡❞✉❧✐♥❣✱ ♥❡❝❡ss❛r② ♣r♦❞✉❝ts ❤❛✈❡ t♦ ❜❡ ♣r♦❞✉❝❡❞ ❛♥❞ ❞❡❧✐✈❡r❡❞ ❛t t❤❡

✐♥st❛♥t ✇❤❡r❡ ✐t ✐s ❥✉st ♥❡❡❞❡❞❀ t❤✐s s❝❤❡❞✉❧✐♥❣ ❤❛s ❜❡❡♥ ❛❞♦♣t❡❞ ✐♥ ♠❛♥② r❡❛❧✲❧✐❢❡ ❛♣♣❧✐❝❛t✐♦♥s

s✉❝❤ ❛s ❬✻✵❪✳



❇✐❜❧✐♦❣r❛♣❤②

❬✶❪ ❉✳ ❆✐s❡♥✱ ❇✳ ❑❛ts✉②❛♠❛✱ ❘✳ P❛r❦✱ ❏✳ ❙❝❤✇❛❧❧✱ ❘✳ ❙t❡✐♥❡r✱ ❆✳ ❩❤❛♥❣✱ ❛♥❞ ❚✳ ▲✳ P♦♣❡❥♦②✳

❙②♥❝❤r♦♥✐③❡❞ ♣r♦❝❡ss✐♥❣ ♦❢ ❞❛t❛ ❜② ♥❡t✇♦r❦❡❞ ❝♦♠♣✉t✐♥❣ r❡s♦✉r❝❡s✳ ❯❙ P❛t❡♥t ✽✹✽✾✼✹✼

❇✷✱ ❖❝t♦❜❡r ✷✵✶✶✳

❬✷❪ ❑✳ ❆❧✲❇❡❣❛✐♥✱ ❆✳ ❉✉❞✐♥✱ ❛♥❞ ❱✳ ▼✉s❤❦♦✳ ◆♦✈❡❧ q✉❡✉✐♥❣ ♠♦❞❡❧ ❢♦r ♠✉❧t✐♠❡❞✐❛ ♦✈❡r

❞♦✇♥❧✐♥❦ ✐♥ ✸✳✺ ● ✇✐r❡❧❡ss ♥❡t✇♦r❦s✳ ❏♦✉r♥❛❧ ♦❢ ❈♦♠♠✉♥✐❝❛t✐♦♥s ❙♦❢t✇❛r❡ ❛♥❞ ❙②st❡♠s✱

✷✭✷✮✿✻✽✕✽✵✱ ✷✵✵✻✳

❬✸❪ ▼✳ ▼✳ ❆❧✐ ❛♥❞ ▼✳ ◆✳ ●❛❜❡r❡✳ ❆ s✐♠✉❧❛t❡❞ ❛♥♥❡❛❧✐♥❣ ❞r✐✈❡♥ ♠✉❧t✐✲st❛rt ❛❧❣♦r✐t❤♠ ❢♦r

❜♦✉♥❞ ❝♦♥str❛✐♥❡❞ ❣❧♦❜❛❧ ♦♣t✐♠✐③❛t✐♦♥✳ ❏♦✉r♥❛❧ ♦❢ ❈♦♠♣✉t❛t✐♦♥❛❧ ❛♥❞ ❆♣♣❧✐❡❞ ▼❛t❤❡✲

♠❛t✐❝s✱ ✷✷✸✭✶✵✮✿✷✻✻✶✕✷✻✼✹✱ ✷✵✶✵✳

❬✹❪ ❋✳ ❆❧♦♠❛r✐ ❛♥❞ ❉✳ ▼❡♥❛s❝é✳ ❊✣❝✐❡♥t r❡s♣♦♥s❡ t✐♠❡ ❛♣♣r♦①✐♠❛t✐♦♥s ❢♦r ♠✉❧t✐❝❧❛ss ❢♦r❦

❛♥❞ ❥♦✐♥ q✉❡✉❡s ✐♥ ♦♣❡♥ ❛♥❞ ❝❧♦s❡❞ q✉❡✉✐♥❣ ♥❡t✇♦r❦s✳ P❛r❛❧❧❡❧ ❛♥❞ ❉✐str✐❜✉t❡❞ ❙②st❡♠s✱

■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥✱ PP✭✾✾✮✿✶✕✶✱ ✷✵✶✸✳

❬✺❪ ▲✳ ❆r♠✐❥♦✳ ▼✐♥✐♠✐③❛t✐♦♥ ♦❢ ❢✉♥❝t✐♦♥s ❤❛✈✐♥❣ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ✜rst ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s✳

P❛❝✐✜❝ ❏♦✉r♥❛❧ ♦❢ ▼❛t❤❡♠❛t✐❝s✱ ✶✻✭✶✮✿✶✕✸✱ ✶✾✻✻✳

❬✻❪ ❙✳ ❆s♠✉ss❡♥✳ ❆♣♣❧✐❡❞ ♣r♦❜❛❜✐❧✐t② ❛♥❞ q✉❡✉❡s✱ ✈♦❧✉♠❡ ✷✳ ❙♣r✐♥❣❡r ◆❡✇ ❨♦r❦✱ ✷✵✵✸✳

❬✼❪ ❙✳ ❆✉✲❨❡✉♥❣✱ P✳ ❍❛rr✐s♦♥✱ ❛♥❞ ❲✳ ❑♥♦tt❡♥❜❡❧t✳ ❆ q✉❡✉❡✐♥❣ ♥❡t✇♦r❦ ♠♦❞❡❧ ♦❢ ♣❛t✐❡♥t

✢♦✇ ✐♥ ❛♥ ❛❝❝✐❞❡♥t ❛♥❞ ❡♠❡r❣❡♥❝② ❞❡♣❛rt♠❡♥t✳ ■♥ Pr♦❝✳ ✷✵t❤ ❆♥♥✉❛❧ ❊✉r♦♣❡❛♥ ❛♥❞

❙✐♠✉❧❛t✐♦♥ ▼♦❞❡❧❧✐♥❣ ❈♦♥❢❡r❡♥❝❡✱ ♣❛❣❡s ✻✵✕✻✼✱ ✷✵✵✻✳

✶✷✽
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❬✽❪ ❙✳ ❆✉✲❨❡✉♥❣✱ P✳ ❍❛rr✐s♦♥✱ ❛♥❞ ❲✳ ❑♥♦tt❡♥❜❡❧t✳ ❆♣♣r♦①✐♠❛t❡ q✉❡✉❡✐♥❣ ♥❡t✇♦r❦ ❛♥❛❧✲

②s✐s ♦❢ ♣❛t✐❡♥t tr❡❛t♠❡♥t t✐♠❡s✳ ■♥ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✷♥❞ ✐♥t❡r♥❛t✐♦♥❛❧ ❝♦♥❢❡r❡♥❝❡ ♦♥

♣❡r❢♦r♠❛♥❝❡ ❡✈❛❧✉❛t✐♦♥ ♠❡t❤♦❞♦❧♦❣✐❡s ❛♥❞ t♦♦❧s✱ ♣❛❣❡ ✹✺✳ ■❈❙❚ ✭■♥st✐t✉t❡ ❢♦r ❈♦♠♣✉t❡r

❙❝✐❡♥❝❡s✱ ❙♦❝✐❛❧✲■♥❢♦r♠❛t✐❝s ❛♥❞ ❚❡❧❡❝♦♠♠✉♥✐❝❛t✐♦♥s ❊♥❣✐♥❡❡r✐♥❣✮✱ ✷✵✵✼✳

❬✾❪ ❙✳ ❲✳ ▼✳ ❆✉✲❨❡✉♥❣✳ ❘❡s♣♦♥s❡ ❚✐♠❡s ✐♥ ❍❡❛❧t❤❝❛r❡ ❙②st❡♠s✳ P❤❉ t❤❡s✐s✱ ■♠♣❡r✐❛❧ ❈♦❧❧❡❣❡

▲♦♥❞♦♥✱ ❏❛♥✉❛r② ✷✵✵✽✳

❬✶✵❪ ▼✳ ❆✈r✐❡❧✳ ◆♦♥❧✐♥❡❛r ♣r♦❣r❛♠♠✐♥❣✳ ❉♦✈❡r P✉❜❧✐❝❛t✐♦♥s✱ ✷✵✵✸✳

❬✶✶❪ ❚✳ ❆✇❛❣✉✳ ❱❛r✐❛♥❝❡ r❡❞✉❝t✐♦♥ ✐♥ ♠❛♥✉❢❛❝t✉r✐♥❣ s②st❡♠s✳ ▼❊♥❣ ■♥❞✐✈✐❞✉❛❧ Pr♦❥❡❝t✱

■♠♣❡r✐❛❧ ❈♦❧❧❡❣❡ ▲♦♥❞♦♥✱ ✷✵✶✸✳

❬✶✷❪ P✳ ❆①❡r✱ ❙✳ ◗✉✐♥t♦♥✱ ▼✳ ◆❡✉❦✐r❝❤♥❡r✱ ❘✳ ❊r♥st✱ ❇✳ ❉♦❜❡❧✱ ❛♥❞ ❍✳ ❍❛rt✐❣✳ ❘❡s♣♦♥s❡✲t✐♠❡

❛♥❛❧②s✐s ♦❢ ♣❛r❛❧❧❡❧ ❢♦r❦✲❥♦✐♥ ✇♦r❦❧♦❛❞s ✇✐t❤ r❡❛❧✲t✐♠❡ ❝♦♥str❛✐♥ts✳ ■♥ ✷✺t❤ ❊✉r♦♠✐❝r♦

❈♦♥❢❡r❡♥❝❡ ♦♥ ❘❡❛❧✲❚✐♠❡ ❙②st❡♠s ✭❊❈❘❚❙✮✱ ♣❛❣❡s ✷✶✺✕✷✷✹✱ ✷✵✶✸✳

❬✶✸❪ ❋✳ ❇❛❝❝❡❧❧✐✱ ❆✳ ▼✳ ▼❛❦♦✇s❦✐✱ ❛♥❞ ❆✳ ❙❤✇❛rt③✳ ❚❤❡ ❢♦r❦✲❥♦✐♥ q✉❡✉❡ ❛♥❞ r❡❧❛t❡❞ s②st❡♠s

✇✐t❤ s②♥❝❤r♦♥✐③❛t✐♦♥ ❝♦♥str❛✐♥ts✿ ❙t♦❝❤❛st✐❝ ♦r❞❡r✐♥❣ ❛♥❞ ❝♦♠♣✉t❛❜❧❡ ❜♦✉♥❞s✳ ❆❞✈❛♥❝❡s

✐♥ ❆♣♣❧✐❡❞ Pr♦❜❛❜✐❧✐t②✱ ✷✶✭✸✮✿♣♣✳ ✻✷✾✕✻✻✵✱ ✶✾✽✾✳

❬✶✹❪ ❋✳ ❇❛❝❝❡❧❧✐✱ ❲✳ ❆✳ ▼❛ss❡②✱ ❛♥❞ ❉✳ ❚♦✇s❧❡②✳ ❆❝②❝❧✐❝ ❢♦r❦✲❥♦✐♥ q✉❡✉✐♥❣ ♥❡t✇♦r❦s✳ ❏✳ ❆❈▼✱

✸✻✭✸✮✿✻✶✺✕✻✹✷✱ ❏✉❧② ✶✾✽✾✳

❬✶✺❪ ❙✳ ❇❛❧s❛♠♦ ❛♥❞ ■✳ ▼✉r❛✳ ❆♣♣r♦①✐♠❛t❡ r❡s♣♦♥s❡ t✐♠❡ ❞✐str✐❜✉t✐♦♥ ✐♥ ❢♦r❦ ❛♥❞ ❥♦✐♥ s②st❡♠s✳

❆❈▼ ❙■●▼❊❚❘■❈❙ P❡r❢♦r♠❛♥❝❡ ❊✈❛❧✉❛t✐♦♥ ❘❡✈✐❡✇✱ ✷✸✭✶✮✿✸✵✺✕✸✵✻✱ ✶✾✾✺✳

❬✶✻❪ ❙✳ ❇❛❧s❛♠♦ ❛♥❞ ■✳ ▼✉r❛✳ ❖♥ q✉❡✉❡ ❧❡♥❣t❤ ♠♦♠❡♥ts ✐♥ ❢♦r❦ ❛♥❞ ❥♦✐♥ q✉❡✉✐♥❣ ♥❡t✇♦r❦s

✇✐t❤ ❣❡♥❡r❛❧ s❡r✈✐❝❡ t✐♠❡s✳ ■♥ ❈♦♠♣✉t❡r P❡r❢♦r♠❛♥❝❡ ❊✈❛❧✉❛t✐♦♥ ▼♦❞❡❧❧✐♥❣ ❚❡❝❤♥✐q✉❡s

❛♥❞ ❚♦♦❧s✱ ♣❛❣❡s ✷✶✽✕✷✸✶✳ ❙♣r✐♥❣❡r✱ ✶✾✾✼✳

❬✶✼❪ ❘✳ ❇✳ ❇❛♣❛t ❛♥❞ ▼✳ ■✳ ❇❡❣✳ ❖r❞❡r st❛t✐st✐❝s ❢♦r ♥♦♥✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞ ✈❛r✐❛❜❧❡s ❛♥❞

♣❡r♠❛♥❡♥ts✳ ❙❛♥❦❤②❛✿ ❚❤❡ ■♥❞✐❛♥ ❏♦✉r♥❛❧ ♦❢ ❙t❛t✐st✐❝s✱ ❙❡r✐❡s ❆ ✭✶✾✻✶✲✷✵✵✷✮✱ ✺✶✭✶✮✿♣♣✳

✼✾✕✾✸✱ ✶✾✽✾✳
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❬✶✽❪ ❋✳ ❇❛✉s❡ ❛♥❞ P✳ ❙✳ ❑r✐t③✐♥❣❡r✳ ❙t♦❝❤❛st✐❝ P❡tr✐ ◆❡ts✿ ❆♥ ■♥tr♦❞✉❝t✐♦♥ t♦ t❤❡ ❚❤❡♦r②✱

✈♦❧✉♠❡ ✷✻✳ ❆❈▼✱ ◆❡✇ ❨♦r❦✱ ◆❨✱ ❯❙❆✱ ❆✉❣✉st ✶✾✾✽✳

❬✶✾❪ ❑✳ ❇❡❣❛✐♥✱ ●✳ ❇♦❧❝❤✱ ❛♥❞ ❍✳ ❍❡r♦❧❞✳ Pr❛❝t✐❝❛❧ ♣❡r❢♦r♠❛♥❝❡ ♠♦❞❡❧✐♥❣✿ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡

▼❖❙❊▲ ❧❛♥❣✉❛❣❡✳ ❑❧✉✇❡r ❆❝❛❞❡♠✐❝ P✉❜❧✐s❤❡rs✱ ✷✵✵✶✳

❬✷✵❪ ●✳ ❇♦❧❝❤ ❡t ❛❧✳ ❆❧❣♦r✐t❤♠s ❢♦r ♥♦♥✲♣r♦❞✉❝t✲❢♦r♠ ♥❡t✇♦r❦s✳ ■♥ ◗✉❡✉❡✐♥❣ ◆❡t✇♦r❦s ❛♥❞

▼❛r❦♦✈ ❈❤❛✐♥s✱ ❝❤❛♣t❡r ✶✵✱ ♣❛❣❡s ✹✷✶✕✺✺✻✳ ❏✳ ❲✐❧❡② ✫ ❙♦♥s✱ ■♥❝✳✱ ✷✵✵✻✳

❬✷✶❪ ●✳ ❇♦❧❝❤ ❡t ❛❧✳ ◗✉❡✉❡✐♥❣ ◆❡t✇♦r❦s ❛♥❞ ▼❛r❦♦✈ ❈❤❛✐♥s✳ ❏✳ ❲✐❧❡② ✫ ❙♦♥s✱ ■♥❝✳✱ ✷✵✵✻✳

❬✷✷❪ ❈✳ ●✳ ❇♦♥❝❡❧❡t✱ ❏❘✳ ❆❧❣♦r✐t❤♠s t♦ ❝♦♠♣✉t❡r ♦r❞❡r st❛t✐st✐❝ ❞✐str✐❜✉t✐♦♥s✳ ❙■❆▼ ❏♦✉r♥❛❧

♦♥ ❙❝✐❡♥t✐✜❝ ❛♥❞ ❙t❛t✐st✐❝❛❧ ❈♦♠♣✉t✐♥❣✱ ✽✭✺✮✿✽✻✽✕✽✼✻✱ ✶✾✽✼✳

❬✷✸❪ ❘✳ P✳ ❇r❡♥t✳ ❆❧❣♦r✐t❤♠s ❢♦r ▼✐♥✐♠✐③❛t✐♦♥ ❲✐t❤♦✉t ❉❡r✐✈❛t✐✈❡s✳ ❉♦✈❡r ❇♦♦❦s ♦♥ ▼❛t❤❡✲

♠❛t✐❝s✳ ❉♦✈❡r P✉❜❧✐❝❛t✐♦♥s✱ ✷✵✵✷✳

❬✷✹❪ ❏✳ ❇r✉t❧❛❣✳ ❙♣❡❡❞ ♠❛tt❡rs ❢♦r ❣♦♦❣❧❡ ✇❡❜ s❡❛r❝❤✳ ✇✇✇✳tr✐❜❧❡r✳♦r❣✴tr❛❝✴r❛✇✲

❛tt❛❝❤♠❡♥t✴✇✐❦✐✴▲✐✈❡P❧❛②❧✐sts✴❞❡❧❛②❡①♣✳♣❞❢✱ ✷✵✵✾✳

❬✷✺❪ ❊✳ ❋✳ ❇✉r❞❡♥ ❛♥❞ ❘✳ ▲✳ ❇✉r❞❡♥✳ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ✸r❞ ❡❞✐t✐♦♥✳ ❈r❛♠✶✵✶ ❚❡①t❜♦♦❦

❖✉t❧✐♥❡s✳ ❆❝❛❞❡♠✐❝ ■♥t❡r♥❡t P✉❜❧✐s❤❡rs✱ ✷✵✵✻✳

❬✷✻❪ ●✳ ❈❛♦ ❛♥❞ ▼✳ ❲❡st✳ ❈♦♠♣✉t✐♥❣ ❞✐str✐❜✉t✐♦♥s ♦❢ ♦r❞❡r st❛t✐st✐❝s✳ ❈♦♠♠✉♥✐❝❛t✳ ✐♥

❙t❛t✐st✐❝s ✕ ❚❤❡♦r② ❛♥❞ ▼❡t❤♦❞s✱ ✷✻✭✸✮✿✼✺✺✕✼✻✹✱ ✶✾✾✼✳

❬✷✼❪ P✳ ▼✳ ❈❤❡♥✱ ❊✳ ❑✳ ▲❡❡✱ ●✳ ❆✳ ●✐❜s♦♥✱ ❘✳ ❍✳ ❑❛t③✱ ❛♥❞ ❉✳ ❆✳ P❛tt❡rs♦♥✳ ❘❆■❉✿ ❍✐❣❤✲

♣❡r❢♦r♠❛♥❝❡✱ r❡❧✐❛❜❧❡ s❡❝♦♥❞❛r② st♦r❛❣❡✳ ❆❈▼ ❈♦♠♣✉t✐♥❣ ❙✉r✈❡②s ✭❈❙❯❘✮✱ ✷✻✭✷✮✿✶✹✺✕

✶✽✺✱ ✶✾✾✹✳

❬✷✽❪ ❍✳ ❆✳ ❉❛✈✐❞✳ ❖r❞❡r ❙t❛t✐st✐❝s✳ ❲✐❧❡② ❙❡r✐❡s ✐♥ Pr♦❜❛❜✐❧✐t② ❛♥❞ ▼❛t❤❡♠❛t✐❝❛❧ ❙t❛t✐st✐❝s✳

❏♦❤♥ ❲✐❧❡②✱ ✶✾✽✵✳

❬✷✾❪ ❍✳ ❆✳ ❉❛✈✐❞ ❛♥❞ ❍✳ ◆✳ ◆❛❣❛r❛❥❛✳ ❚❤❡ ♥♦♥✲■■❉ ❝❛s❡✳ ■♥ ❖r❞❡r ❙t❛t✐st✐❝s✱ ❝❤❛♣t❡r ✺✱ ♣❛❣❡s

✾✺✕✶✷✵✳ ❏✳ ❲✐❧❡② ✫ ❙♦♥s✱ ■♥❝✳✱ ✸r❞ ❡❞✐t✐♦♥✱ ✷✵✵✸✳



❇■❇▲■❖●❘❆P❍❨ ✶✸✶

❬✸✵❪ ❍✳ ❆✳ ❉❛✈✐❞ ❛♥❞ ❍✳ ◆✳ ◆❛❣❛r❛❥❛✳ ❖r❞❡r ❙t❛t✐st✐❝s✳ ❲✐❧❡② ❙❡r✐❡s ✐♥ Pr♦❜❛❜✐❧✐t② ❛♥❞

▼❛t❤❡♠❛t✐❝❛❧ ❙t❛t✐st✐❝s✳ ❏♦❤♥ ❲✐❧❡②✱ t❤✐r❞ ❡❞✐t✐♦♥✱ ✷✵✵✸✳

❬✸✶❪ ❏✳ ❉❡❛♥ ❛♥❞ ❙✳ ●❤❡♠❛✇❛t✳ ▼❛♣❘❡❞✉❝❡✿ s✐♠♣❧✐✜❡❞ ❞❛t❛ ♣r♦❝❡ss✐♥❣ ♦♥ ❧❛r❣❡ ❝❧✉st❡rs✳

❈♦♠♠✉♥✐❝❛t✐♦♥s ♦❢ t❤❡ ❆❈▼✱ ✺✶✭✶✮✿✶✵✼✕✶✶✸✱ ✷✵✵✽✳

❬✸✷❪ ❊✳ ❉✐❥❦str❛✳ ❆ ♥♦t❡ ♦♥ t✇♦ ♣r♦❜❧❡♠s ✐♥ ❝♦♥♥❡①✐♦♥ ✇✐t❤ ❣r❛♣❤s✳ ◆✉♠❡r✐s❝❤❡ ♠❛t❤❡♠❛t✐❦✱

✶✭✶✮✿✷✻✾✕✷✼✶✱ ✶✾✺✾✳

❬✸✸❪ ❊✳ ❲✳ ❉✐❥❦str❛✳ ❙♦❧✉t✐♦♥ ♦❢ ❛ ♣r♦❜❧❡♠ ✐♥ ❝♦♥❝✉rr❡♥t ♣r♦❣r❛♠♠✐♥❣ ❝♦♥tr♦❧✳ ❈♦♠♠✉♥✐❝❛✲

t✐♦♥s ♦❢ t❤❡ ❆❈▼✱ ✽✭✾✮✿✺✻✾✱ ❙❡♣t✳ ✶✾✻✺✳

❬✸✹❪ ❊✳ ❲✳ ❉✐❥❦str❛✳ ❚❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ✧❚❍❊✧✲♠✉❧t✐♣r♦❣r❛♠♠✐♥❣ s②st❡♠✳ ❈♦♠♠✉♥✐❝❛t✐♦♥s

♦❢ t❤❡ ❆❈▼✱ ✶✶✭✺✮✿✸✹✶✕✸✹✻✱ ▼❛② ✶✾✻✽✳

❬✸✺❪ ❊✳ ❲✳ ❉✐❥❦str❛✳ ❙❡❧❢✲st❛❜✐❧✐③✐♥❣ s②st❡♠s ✐♥ s♣✐t❡ ♦❢ ❞✐str✐❜✉t❡❞ ❝♦♥tr♦❧✳ ❈♦♠♠✉♥✳ ❆❈▼✱

✶✼✭✶✶✮✿✻✹✸✕✻✹✹✱ ◆♦✈✳ ✶✾✼✹✳

❬✸✻❪ ▲✳ ❋❧❛tt♦✳ ❚✇♦ ♣❛r❛❧❧❡❧ q✉❡✉❡s ❝r❡❛t❡❞ ❜② ❛rr✐✈❛❧s ✇✐t❤ t✇♦ ❞❡♠❛♥❞s ■■✳ ❙■❆▼ ❏♦✉r♥❛❧

♦♥ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✱ ✹✺✭✺✮✿✽✻✶✕✽✼✽✱ ✶✾✽✺✳

❬✸✼❪ ▲✳ ❋❧❛tt♦ ❛♥❞ ❙✳ ❍❛❤♥✳ ❚✇♦ ♣❛r❛❧❧❡❧ q✉❡✉❡s ❝r❡❛t❡❞ ❜② ❛rr✐✈❛❧s ✇✐t❤ t✇♦ ❞❡♠❛♥❞s ■✳

❙■❆▼ ❏♦✉r♥❛❧ ♦♥ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✱ ✹✹✭✺✮✿✶✵✹✶✕✶✵✺✸✱ ✶✾✽✹✳

❬✸✽❪ ❙✳ ❋♦r♠❛♥✳ ❍♦✇ t❤❡ â⑨➐♥❛✈② s❡❛❧sâ⑨➑ ♦❢ tr❛❞✐♥❣ ❛r❡ t❛❦✐♥❣ ♦♥ ✇❛❧❧ str❡❡t❵s ♣r❡❞❛✲

t♦r② r♦❜♦ts✳ ❤tt♣✿✴✴q③✳❝♦♠✴✶✸✽✸✽✽✴❤♦✇✲t❤❡✲♥❛✈②✲s❡❛❧s✲♦❢✲tr❛❞✐♥❣✲❛r❡✲t❛❦✐♥❣✲

♦♥✲✇❛❧❧✲str❡❡ts✲♣r❡❞❛t♦r②✲r♦❜♦ts✴✱ ❖❝t♦❜❡r ✷✵✶✸✳

❬✸✾❪ ❆✳ ●❛♥❞❤✐✱ ❱✳ ●✉♣t❛✱ ▼✳ ❍❛r❝❤♦❧✲❇❛❧t❡r✱ ❛♥❞ ▼✳ ❆✳ ❑♦③✉❝❤✳ ❖♣t✐♠❛❧✐t② ❛♥❛❧②s✐s ♦❢

❡♥❡r❣②✲♣❡r❢♦r♠❛♥❝❡ tr❛❞❡✲♦✛ ❢♦r s❡r✈❡r ❢❛r♠ ♠❛♥❛❣❡♠❡♥t✳ P❡r❢♦r♠❛♥❝❡ ❊✈❛❧✉❛t✐♦♥✱

✻✼✭✶✶✮✿✶✶✺✺✕✶✶✼✶✱ ✷✵✶✵✳

❬✹✵❪ ❆✳ ●❛♥❞❤✐✱ ▼✳ ❍❛r❝❤♦❧✲❇❛❧t❡r✱ ❛♥❞ ■✳ ❆❞❛♥✳ ❙❡r✈❡r ❢❛r♠s ✇✐t❤ s❡t✉♣ ❝♦sts✳ P❡r❢♦r♠❛♥❝❡

❊✈❛❧✉❛t✐♦♥✱ ✻✼✭✶✶✮✿✶✶✷✸ ✕ ✶✶✸✽✱ ✷✵✶✵✳



✶✸✷ ❇■❇▲■❖●❘❆P❍❨

❬✹✶❪ ▼✳ ❘✳ ●❛r❡②✱ ❉✳ ❙✳ ❏♦❤♥s♦♥✱ ❛♥❞ ❘✳ ❙❡t❤✐✳ ❚❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ✢♦✇s❤♦♣ ❛♥❞ ❥♦❜s❤♦♣

s❝❤❡❞✉❧✐♥❣✳ ▼❛t❤❡♠❛t✐❝s ♦❢ ♦♣❡r❛t✐♦♥s r❡s❡❛r❝❤✱ ✶✭✷✮✿✶✶✼✕✶✷✾✱ ✶✾✼✻✳

❬✹✷❪ ▼✳ ●❤♦❞s✐ ❛♥❞ ❑✳ ❑❛♥t✳ P❡r❢♦r♠❛♥❝❡ ❛♥❛❧②s✐s ♦❢ ♣❛r❛❧❧❡❧ s❡❛r❝❤ ❛❧❣♦r✐t❤♠s ♦♥ ♠✉❧t✐♣r♦✲

❝❡ss♦rs✳ ■♥ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✶✹t❤ ■❋■P ❲● ✼✳✸ ■♥t❡r♥❛t✐♦♥❛❧ ❙②♠♣♦s✐✉♠ ♦♥ ❈♦♠♣✉t❡r

P❡r❢♦r♠❛♥❝❡ ▼♦❞❡❧❧✐♥❣✱ ▼❡❛s✉r❡♠❡♥t ❛♥❞ ❊✈❛❧✉❛t✐♦♥✱ ♣❛❣❡s ✹✵✼✕✹✷✶✳ ◆♦rt❤✲❍♦❧❧❛♥❞

P✉❜❧✐s❤✐♥❣ ❈♦✳✱ ✶✾✾✵✳

❬✹✸❪ ❉✳ ●r♦ss✱ ❏✳ ❋✳ ❙❤♦rt❧❡✱ ❏✳ ▼✳ ❚❤♦♠♣s♦♥✱ ❛♥❞ ❈✳ ▼✳ ❍❛rr✐s✳ ❋✉♥❞❛♠❡♥t❛❧s ♦❢ q✉❡✉❡✐♥❣

t❤❡♦r②✳ ❲✐❧❡②✱ ✷✵✶✸✳

❬✹✹❪ ❖✳ ●✉✐❧❜❛✉❞✳ ❋✉♥❝t✐♦♥s ♦❢ ♥♦♥✲✐✐❞ r❛♥❞♦♠ ✈❡❝t♦rs ❡①♣r❡ss❡❞ ❛s ❢✉♥❝t✐♦♥s ♦❢ ✐✐❞ r❛♥❞♦♠

✈❡❝t♦rs✳ ❙❝❛♥❞✐♥❛✈✐❛♥ ❏♦✉r♥❛❧ ♦❢ ❙t❛t✐st✐❝s✱ ✾✭✹✮✿♣♣✳ ✷✷✾✕✷✸✸✱ ✶✾✽✷✳

❬✹✺❪ ❘✳ ❲✳ ❍❛♠♠✐♥❣✳ ❚❤❡ ❛rt ♦❢ ♣r♦❜❛❜✐❧✐t② ❢♦r ❙❝✐❡♥t✐sts ❛♥❞ ❊♥❣✐♥❡❡rs✳ ❆❞❞✐s♦♥ ❲❡s❧❡②

P✉❜❧✐s❤✐♥❣ ❈♦♠♣❛♥②✱ ✶✾✾✶✳

❬✹✻❪ ▼✳ ❍❛r❝❤♦❧✲❇❛❧t❡r✳ P❡r❢♦r♠❛♥❝❡ ♠♦❞❡❧❧✐♥❣ ❛♥❞ ❞❡s✐❣♥ ♦❢ ❝♦♠♣✉t❡r s②st❡♠s✳ ❈❛♠❜r✐❞❣❡

❯♥✐✈❡rs✐t② ♣r❡ss✱ ✷✵✶✸✳

❬✹✼❪ P✳ ●✳ ❍❛rr✐s♦♥✳ ❘❡✈❡rs❡❞ ♣r♦❝❡ss❡s✱ ♣r♦❞✉❝t ❢♦r♠s ❛♥❞ ❛ ♥♦♥✲♣r♦❞✉❝t ❢♦r♠✳ ▲✐♥❡❛r

❆❧❣❡❜r❛ ❛♥❞ ■ts ❆♣♣❧✐❝❛t✐♦♥s✱ ✸✽✻✿✸✺✾✕✸✽✶✱ ✷✵✵✹✳

❬✹✽❪ P✳ ●✳ ❍❛rr✐s♦♥ ❛♥❞ ◆✳ ▼✳ P❛t❡❧✳ P❡r❢♦r♠❛♥❝❡ ▼♦❞❡❧❧✐♥❣ ♦❢ ❈♦♠♠✉♥✐❝❛t✐♦♥ ◆❡t✇♦r❦s ❛♥❞

❈♦♠♣✉t❡r ❆r❝❤✐t❡❝t✉r❡s✳ ❆❞❞✐s♦♥✲❲❡s❧❡② ▲♦♥❣♠❛♥ P✉❜❧✐s❤✐♥❣ ❈♦✳✱ ■♥❝✳✱ ✶✾✾✷✳

❬✹✾❪ P✳ ●✳ ❍❛rr✐s♦♥ ❛♥❞ ❙✳ ❩❡rt❛❧✳ ◗✉❡✉❡✐♥❣ ♠♦❞❡❧s ♦❢ ❘❆■❉ s②st❡♠s ✇✐t❤ ♠❛①✐♠❛ ♦❢ ✇❛✐t✐♥❣

t✐♠❡s✳ P❡r❢✳ ❊✈❛❧✉❛t✐♦♥✱ ✻✹✭✼✕✽✮✿✻✻✹✕✻✽✾✱ ❆✉❣ ✷✵✵✼✳

❬✺✵❪ P✳ ❍❡✐❞❡❧❜❡r❣❡r ❛♥❞ ❑✳ ❙✳ ❚r✐✈❡❞✐✳ ❆♥❛❧②t✐❝ q✉❡✉❡✐♥❣ ♠♦❞❡❧s ❢♦r ♣r♦❣r❛♠s ✇✐t❤ ✐♥t❡r♥❛❧

❝♦♥❝✉rr❡♥❝②✳ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ❈♦♠♣✉t❡rs✱ ❈✲✸✷✭✶✮✿✼✸✕✽✷✱ ❏❛♥ ✶✾✽✸✳

❬✺✶❪ ❘✳ ❏❛✐♥✳ ❚❤❡ ❛rt ♦❢ ❝♦♠♣✉t❡r s②st❡♠s ♣❡r❢♦r♠❛♥❝❡ ❛♥❛❧②s✐s✳ ❏♦❤♥ ❲✐❧❡② ✫ ❙♦♥s✱ ✶✾✾✶✳

❬✺✷❪ ❈✳ ❑❛❤r❛♠❛♥✳ ▼✉❧t✐✲❝r✐t❡r✐❛ ❞❡❝✐s✐♦♥ ♠❛❦✐♥❣ ♠❡t❤♦❞s ❛♥❞ ❢✉③③② s❡ts✳ ■♥ ❋✉③③② ▼✉❧t✐✲

❈r✐t❡r✐❛ ❉❡❝✐s✐♦♥ ▼❛❦✐♥❣✱ ♣❛❣❡s ✶✕✶✽✳ ❙♣r✐♥❣❡r✱ ✷✵✵✽✳



❇■❇▲■❖●❘❆P❍❨ ✶✸✸

❬✺✸❪ ❉✳ ●✳ ❑❡♥❞❛❧❧✳ ❙t♦❝❤❛st✐❝ ♣r♦❝❡ss❡s ♦❝❝✉rr✐♥❣ ✐♥ t❤❡ t❤❡♦r② ♦❢ q✉❡✉❡s ❛♥❞ t❤❡✐r ❛♥❛❧②s✐s

❜② t❤❡ ♠❡t❤♦❞ ♦❢ t❤❡ ✐♠❜❡❞❞❡❞ ▼❛r❦♦✈ ❝❤❛✐♥✳ ❚❤❡ ❆♥♥❛❧s ♦❢ ▼❛t❤❡♠❛t✐❝❛❧ ❙t❛t✐st✐❝s✱

♣❛❣❡s ✸✸✽✕✸✺✹✱ ✶✾✺✸✳

❬✺✹❪ ❆✳ ❨✳ ❑❤✐♥❝❤✐♥✳ ❚❤❡ ♠❛t❤❡♠❛t✐❝❛❧ t❤❡♦r② ♦❢ ❛ st❛t✐♦♥❛r② q✉❡✉❡✳ ❚❡❝❤♥✐❝❛❧ r❡♣♦rt✱ ❉❚■❈

❉♦❝✉♠❡♥t✱ ✶✾✻✼✳

❬✺✺❪ ❈✳ ❑✐♠ ❛♥❞ ❆✳ ❆❣r❛✇❛❧❛✳ ❆♥❛❧②s✐s ♦❢ t❤❡ ❢♦r❦✲❥♦✐♥ q✉❡✉❡✳ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ❈♦♠✲

♣✉t❡rs✱ ✸✽✭✷✮✿✷✺✵✕✷✺✺✱ ❋❡❜ ✶✾✽✾✳

❬✺✻❪ ▲✳ ❑❧❡✐♥r♦❝❦✳ ◗✉❡✉❡✐♥❣ s②st❡♠s✳ ✈♦❧✉♠❡ ✶✿ ❚❤❡♦r②✳ ❲✐❧❡②✲■♥t❡rs❝✐❡♥❝❡✱ ✶✾✼✺✳

❬✺✼❪ ❲✳ ❏✳ ❑♥♦tt❡♥❜❡❧t✳ P❛r❛❧❧❡❧ ♣❡r❢♦r♠❛♥❝❡ ❛♥❛❧②s✐s ♦❢ ❧❛r❣❡ ▼❛r❦♦✈ ♠♦❞❡❧s✳ P❤❉ t❤❡s✐s✱

■♠♣❡r✐❛❧ ❈♦❧❧❡❣❡ ▲♦♥❞♦♥ ✭❯♥✐✈❡rs✐t② ♦❢ ▲♦♥❞♦♥✮✱ ✷✵✵✵✳

❬✺✽❪ ❲✳ ❏✳ ❑♥♦tt❡♥❜❡❧t✱ ■✳ ❚s✐♠❛s❤❡♥❦❛✱ ❛♥❞ P✳ ●✳ ❍❛rr✐s♦♥✳ ❘❡❞✉❝✐♥❣ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥

✐♥ ♣❛r❛❧❧❡❧ s②st❡♠s✳ ■♥ ❚r❡♥❞s ✐♥ P❛r❛❧❧❡❧✱ ❉✐str✐❜✉t❡❞✱ ●r✐❞ ❛♥❞ ❈❧♦✉❞ ❈♦♠♣✉t✐♥❣ ❢♦r

❊♥❣✐♥❡❡r✐♥❣✳ ❙❛①❡✲❈♦❜✉r❣ P✉❜❧✐❝❛t✐♦♥s✱ ✷✵✶✸✳

❬✺✾❪ ❱✳ ❑r✐s❤♥❛✳ ❆✉❝t✐♦♥ t❤❡♦r②✳ ❆❝❛❞❡♠✐❝ Pr❡ss✱ ✷✵✵✾✳

❬✻✵❪ ▼✳ ▲❛❣✉♥❛ ❛♥❞ ❏✳ ❱❡❧❛r❞❡✳ ❆ s❡❛r❝❤ ❤❡✉r✐st✐❝ ❢♦r ❥✉st✲✐♥✲t✐♠❡ s❝❤❡❞✉❧✐♥❣ ✐♥ ♣❛r❛❧❧❡❧

♠❛❝❤✐♥❡s✳ ❏♦✉r♥❛❧ ♦❢ ■♥t❡❧❧✐❣❡♥t ▼❛♥✉❢❛❝t✉r✐♥❣✱ ✷✭✹✮✿✷✺✸✕✷✻✵✱ ✶✾✾✶✳

❬✻✶❪ ❆✳ ▲❡❜r❡❝❤t✱ ◆✳ ❉✐♥❣❧❡✱ ❛♥❞ ❲✳ ❑♥♦tt❡♥❜❡❧t✳ ❆ r❡s♣♦♥s❡ t✐♠❡ ❞✐str✐❜✉t✐♦♥ ♠♦❞❡❧ ❢♦r

③♦♥❡❞ ❘❆■❉✳ ■♥ ❆♥❛❧②t✐❝❛❧ ❛♥❞ ❙t♦❝❤❛st✐❝ ▼♦❞❡❧✐♥❣ ❚❡❝❤♥✐q✉❡s ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s✱ ♣❛❣❡s

✶✹✹✕✶✺✼✳ ❙♣r✐♥❣❡r✱ ✷✵✵✽✳

❬✻✷❪ ❆✳ ▲❡❜r❡❝❤t ❛♥❞ ❲✳ ❏✳ ❑♥♦tt❡♥❜❡❧t✳ ❘❡s♣♦♥s❡ ❚✐♠❡ ❆♣♣r♦①✐♠❛t✐♦♥s ✐♥ ❋♦r❦✲❏♦✐♥ ◗✉❡✉❡s✳

■♥ ✷✸r❞ ❆♥♥✉❛❧ ❯❑ P❡r❢♦r♠❛♥❝❡ ❊♥❣✐♥❡❡r✐♥❣ ❲♦r❦s❤♦♣ ✭❯❑P❊❲✮✱ ❏✉❧② ✷✵✵✼✳

❬✻✸❪ ❆✳ ❙✳ ▲❡❜r❡❝❤t✱ ◆✳ ❏✳ ❉✐♥❣❧❡✱ P✳ ●✳ ❍❛rr✐s♦♥✱ ❲✳ ❏✳ ❑♥♦tt❡♥❜❡❧t✱ ❛♥❞ ❙✳ ❩❡rt❛❧✳ ❯s✐♥❣

❜✉❧❦ ❛rr✐✈❛❧s t♦ ♠♦❞❡❧ ■✴❖ r❡q✉❡st r❡s♣♦♥s❡ t✐♠❡ ❞✐str✐❜✉t✐♦♥s ✐♥ ③♦♥❡❞ ❞✐s❦s ❛♥❞ ❘❆■❉

s②st❡♠s✳ ■♥ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ❋♦✉rt❤ ■♥t❡r♥❛t✐♦♥❛❧ ■❈❙❚ ❈♦♥❢❡r❡♥❝❡ ♦♥ P❡r❢♦r♠❛♥❝❡

❊✈❛❧✉❛t✐♦♥ ▼❡t❤♦❞♦❧♦❣✐❡s ❛♥❞ ❚♦♦❧s✱ ♣❛❣❡ ✷✸✳ ■❈❙❚ ✭■♥st✐t✉t❡ ❢♦r ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡s✱

❙♦❝✐❛❧✲■♥❢♦r♠❛t✐❝s ❛♥❞ ❚❡❧❡❝♦♠♠✉♥✐❝❛t✐♦♥s ❊♥❣✐♥❡❡r✐♥❣✮✱ ✷✵✵✾✳



✶✸✹ ❇■❇▲■❖●❘❆P❍❨

❬✻✹❪ ❆✳ ❙✳ ▲❡❜r❡❝❤t✱ ◆✳ ❏✳ ❉✐♥❣❧❡✱ ❛♥❞ ❲✳ ❏✳ ❑♥♦tt❡♥❜❡❧t✳ ▼♦❞❡❧❧✐♥❣ ③♦♥❡❞ ❘❆■❉ s②st❡♠s

✉s✐♥❣ ❢♦r❦✲❥♦✐♥ q✉❡✉❡✐♥❣ s✐♠✉❧❛t✐♦♥✳ ■♥ ❈♦♠♣✉t❡r P❡r❢♦r♠❛♥❝❡ ❊♥❣✐♥❡❡r✐♥❣✱ ♣❛❣❡s ✶✻✕✷✾✳

❙♣r✐♥❣❡r✱ ✷✵✵✾✳

❬✻✺❪ ❆✳ ❙✳ ▲❡❜r❡❝❤t✱ ◆✳ ❏✳ ❉✐♥❣❧❡✱ ❛♥❞ ❲✳ ❏✳ ❑♥♦tt❡♥❜❡❧t✳ ❆♥❛❧②t✐❝❛❧ ❛♥❞ s✐♠✉❧❛t✐♦♥ ♠♦❞❡❧❧✐♥❣

♦❢ ③♦♥❡❞ ❘❆■❉ s②st❡♠s✳ ❚❤❡ ❈♦♠♣✉t❡r ❏♦✉r♥❛❧✱ ✺✹✭✺✮✿✻✾✶✕✼✵✼✱ ✷✵✶✶✳

❬✻✻❪ ❆✳ ▲❡❡ ❛♥❞ P✳ ▲♦♥❣t♦♥✳ ◗✉❡✉❡✐♥❣ ♣r♦❝❡ss❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛✐r❧✐♥❡ ♣❛ss❡♥❣❡r ❝❤❡❝❦✲✐♥✳

❖❘✱ ♣❛❣❡s ✺✻✕✼✶✱ ✶✾✺✾✳

❬✻✼❪ ▼✳ ▲❡✇✐s✳ ❋❧❛s❤ ❇♦②s✳ P❡♥❣✉✐♥ ❯❑✱ ✷✵✶✹✳

❬✻✽❪ ❘✳ ▼✳ ▲❡✇✐s✱ ❆✳ ❙❤❡♣❤❡r❞✱ ❛♥❞ ❱✳ ❚♦r❝③♦♥✳ ■♠♣❧❡♠❡♥t✐♥❣ ❣❡♥❡r❛t✐♥❣ s❡t s❡❛r❝❤ ♠❡t❤♦❞s

❢♦r ❧✐♥❡❛r❧② ❝♦♥str❛✐♥❡❞ ♠✐♥✐♠✐③❛t✐♦♥✳ ❙■❆▼ ❏♦✉r♥❛❧ ♦♥ ❙❝✐❡♥t✜❝ ❈♦♠♣✉t✐♥❣✱ ✷✾✭✻✮✿✷✺✵✼✕

✷✺✸✵✱ ✷✵✵✼✳

❬✻✾❪ ❏✳ ▲✐tt❧❡✳ ❆ ♣r♦♦❢ ❢♦r t❤❡ q✉❡✉✐♥❣ ❢♦r♠✉❧❛✿ ▲ ❂ λ✇✳ ❖♣❡r❛t✐♦♥s ❘❡s❡❛r❝❤✱ ✾✭✸✮✿✸✽✸✕✸✽✼✱

✶✾✻✶✳

❬✼✵❪ ❨✳ ▲✐✉ ❛♥❞ ❍✳ ●✳ P❡rr♦s✳ ❆ ❞❡❝♦♠♣♦s✐t✐♦♥ ♣r♦❝❡❞✉r❡ ❢♦r t❤❡ ❛♥❛❧②s✐s ♦❢ ❛ ❝❧♦s❡❞ ❢♦r❦✴❥♦✐♥

q✉❡✉❡✐♥❣ s②st❡♠✳ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ❈♦♠♣✉t❡rs✱ ✹✵✭✸✮✿✸✻✺✕✸✼✵✱ ✶✾✾✶✳

❬✼✶❪ ▼✳ ▲♦è✈❡✳ Pr♦❜❛❜✐❧✐t② ❚❤❡♦r②✳ ◆❡✇ ❨♦r❦✿ ❉✳ ❱❛♥ ◆♦str❛♥❞ ❈♦♠♣❛♥②✱ ✶✾✺✺✳

❬✼✷❪ ❘✳ ❚✳ ▼❛r❧❡r ❛♥❞ ❏✳ ❙✳ ❆r♦r❛✳ ❙✉r✈❡② ♦❢ ♠✉❧t✐✲♦❜❥❡❝t✐✈❡ ♦♣t✐♠✐③❛t✐♦♥ ♠❡t❤♦❞s ❢♦r ❡♥❣✐✲

♥❡❡r✐♥❣✳ ❙tr✉❝t✉r❛❧ ❛♥❞ ♠✉❧t✐❞✐s❝✐♣❧✐♥❛r② ♦♣t✐♠✐③❛t✐♦♥✱ ✷✻✭✻✮✿✸✻✾✕✸✾✺✱ ✷✵✵✹✳

❬✼✸❪ ❏✳ ❆✳ ◆❡❧❞❡r ❛♥❞ ❘✳ ▼❡❛❞✳ ❆ s✐♠♣❧❡① ♠❡t❤♦❞ ❢♦r ❢✉♥❝t✐♦♥ ♠✐♥✐♠✐③❛t✐♦♥✳ ❚❤❡ ❈♦♠♣✉t❡r

❏♦✉r♥❛❧✱ ✼✭✹✮✿✸✵✽✕✸✶✸✱ ✶✾✻✺✳

❬✼✹❪ ❘✳ ◆❡❧s♦♥ ❛♥❞ ❇✳ ■②❡r✳ ❆♥❛❧②s✐s ♦❢ ❛ r❡♣❧✐❝❛t❡❞ ❞❛t❛ ❜❛s❡✳ P❡r❢♦r♠❛♥❝❡ ❊✈❛❧✉❛t✐♦♥✱

✺✭✸✮✿✶✸✸✕✶✹✽✱ ✶✾✽✺✳

❬✼✺❪ ❘✳ ◆❡❧s♦♥ ❛♥❞ ❆✳ ◆✳ ❚❛♥t❛✇✐✳ ❆♣♣r♦①✐♠❛t❡ ❛♥❛❧②s✐s ♦❢ ❢♦r❦✴❥♦✐♥ s②♥❝❤r♦♥✐③❛t✐♦♥ ✐♥

♣❛r❛❧❧❡❧ q✉❡✉❡s✳ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ❈♦♠♣✉t❡rs✱ ✸✼✭✻✮✿✼✸✾ ✕✼✹✸✱ ✶✾✽✽✳



❇■❇▲■❖●❘❆P❍❨ ✶✸✺

❬✼✻❪ ❘✳ ◆❡❧s♦♥✱ ❉✳ ❚♦✇s❧❡②✱ ❛♥❞ ❆✳ ◆✳ ❚❛♥t❛✇✐✳ P❡r❢♦r♠❛♥❝❡ ❛♥❛❧②s✐s ♦❢ ♣❛r❛❧❧❡❧ ♣r♦❝❡ss✐♥❣

s②st❡♠s✳ ❙♦❢t✇❛r❡ ❊♥❣✐♥❡❡r✐♥❣✱ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥✱ ✶✹✭✹✮✿✺✸✷✕✺✹✵✱ ✶✾✽✽✳

❬✼✼❪ ❈✳ ❍✳ ◆❣✳ ◗✉❡✉❡✐♥❣ ▼♦❞❡❧❧✐♥❣ ❋✉♥❞❛♠❡♥t❛❧s✳ ❏♦❤♥ ❲✐❧❡② ✫ ❙♦♥s✱ ✶✾✾✼✳

❬✼✽❪ ❏✳ ◆♦❝❡❞❛❧ ❛♥❞ ❙✳ ❏✳ ❲r✐❣❤t✳ ❉❡r✐✈❛t✐✈❡✲❢r❡❡ ♦♣t✐♠✐③❛t✐♦♥✳ ■♥ ◆✉♠❡r✐❝❛❧ ♦♣t✐♠✐③❛t✐♦♥✱

❝❤❛♣t❡r ✸✱ ♣❛❣❡s ✷✷✵✕✷✹✹✳ ❙♣r✐♥❣❡r ❙❡r✐❡s ✐♥ ❖♣❡r❛t✐♦♥s ❘❡s❡❛r❝❤ ❛♥❞ ❋✐♥❛♥❝✐❛❧ ❊♥❣✐✲

♥❡❡r✐♥❣✱ ✷♥❞ ❡❞✐t✐♦♥✱ ✶✾✾✾✳

❬✼✾❪ ❏✳ ◆♦❝❡❞❛❧ ❛♥❞ ❙✳ ❏✳ ❲r✐❣❤t✳ ▲✐♥❡ s❡❛r❝❤ ♠❡t❤♦❞s✳ ■♥ ◆✉♠❡r✐❝❛❧ ♦♣t✐♠✐③❛t✐♦♥✱ ❝❤❛♣t❡r ✸✱

♣❛❣❡s ✸✵✕✻✺✳ ❙♣r✐♥❣❡r ❙❡r✐❡s ✐♥ ❖♣❡r❛t✐♦♥s ❘❡s❡❛r❝❤ ❛♥❞ ❋✐♥❛♥❝✐❛❧ ❊♥❣✐♥❡❡r✐♥❣✱ ✷♥❞

❡❞✐t✐♦♥✱ ✶✾✾✾✳

❬✽✵❪ ❏✳ ◆♦❝❡❞❛❧ ❛♥❞ ❙✳ ❏✳ ❲r✐❣❤t✳ ◆✉♠❡r✐❝❛❧ ♦♣t✐♠✐③❛t✐♦♥✳ ❙♣r✐♥❣❡r ❙❡r✐❡s ✐♥ ❖♣❡r❛t✐♦♥s

❘❡s❡❛r❝❤ ❛♥❞ ❋✐♥❛♥❝✐❛❧ ❊♥❣✐♥❡❡r✐♥❣✱ ✷♥❞ ❡❞✐t✐♦♥✱ ✶✾✾✾✳

❬✽✶❪ ❊✳ P❡❛rs♦♥ ❛♥❞ ❈✳ ❙❡❦❛r✳ ❚❤❡ ❡✣❝✐❡♥❝② ♦❢ st❛t✐st✐❝❛❧ t♦♦❧s ❛♥❞ ❛ ❝r✐t❡r✐♦♥ ❢♦r t❤❡ r❡❥❡❝t✐♦♥

♦❢ ♦✉t❧②✐♥❣ ♦❜s❡r✈❛t✐♦♥s✳ ❇✐♦♠❡tr✐❦❛✱ ✷✽✭✸✴✹✮✿✸✵✽✕✸✷✵✱ ✶✾✸✻✳

❬✽✷❪ ❋✳ P♦❧❧❛❝③❡❦✳ Ü❜❡r ❡✐♥❡ ❆✉❢❣❛❜❡ ❞❡r ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐tst❤❡♦r✐❡✳ ■✳ ▼❛t❤❡♠❛t✐s❝❤❡

❩❡✐ts❝❤r✐❢t✱ ✸✷✭✶✮✿✻✹✕✶✵✵✱ ✶✾✸✵✳

❬✽✸❪ ❲✳ ❍✳ Pr❡ss✱ ❙✳ ❆✳ ❚❡✉❦♦❧s❦②✱ ❲✳ ❚✳ ❱❡tt❡r❧✐♥❣✱ ❛♥❞ ❇✳ P✳ ❋❧❛♥♥❡r②✳ ◆✉♠❡r✐❝❛❧ r❡❝✐♣❡s

✐♥ ❈✿ ❚❤❡ ❛rt ♦❢ s❝✐❡♥t✐✜❝ ❝♦♠♣✉t✐♥❣✱ ✶✾✾✷✳

❬✽✹❪ ❙✳ ▼✳ ❘♦ss✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ♣r♦❜❛❜✐❧✐t② ♠♦❞❡❧s✳ ❆❝❛❞❡♠✐❝ Pr❡ss✱ ✻t❤ ❡❞✐t✐♦♥✱ ✷✵✵✻✳

❬✽✺❪ ❚✳ ❘②❝❤❧✐❦✳ Pr♦❥❡❝t✐♥❣ st❛t✐st✐❝❛❧ ❢✉♥❝t✐♦♥❛❧s✳ ■♥ ▲❡❝t✉r❡ ◆♦t❡s ✐♥ ❙t❛t✐st✐❝s✱ ✈♦❧✉♠❡ ✶✻✵✳

❙♣r✐♥❣❡r✱ ✷✵✵✶✳

❬✽✻❪ ❘✳ ❙❛❦❡❧❧❛r✐♦✉✱ ❍✳ ❩❤❛♦✱ ❊✳ ❚s✐❛❦❦♦✉r✐✱ ❛♥❞ ▼✳ ❉✐❦❛✐❛❦♦s✳ ❙❝❤❡❞✉❧✐♥❣ ✇♦r❦✢♦✇s ✇✐t❤

❜✉❞❣❡t ❝♦♥str❛✐♥ts✳ ■♥ ❙✳ ●♦r❧❛t❝❤ ❛♥❞ ▼✳ ❉❛♥❡❧✉tt♦✱ ❡❞✐t♦rs✱ ■♥t❡❣r❛t❡❞ ❘❡s❡❛r❝❤ ✐♥

●r✐❞ ❈♦♠♣✉t✐♥❣✱ ♣❛❣❡s ✶✽✾✕✷✵✷✳ ❙♣r✐♥❣❡r✱ ✷✵✵✼✳

❬✽✼❪ ❨✳ ❙❛t❤❡ ❛♥❞ ❯✳ ❉✐①✐t✳ ❖♥ ❛ r❡❝✉rr❡♥❝❡ r❡❧❛t✐♦♥ ❢♦r ♦r❞❡r st❛t✐st✐❝s✳ ❙t❛t✐st✐❝s ✫ ♣r♦❜❛❜✐❧✐t②

❧❡tt❡rs✱ ✾✭✶✮✿✶✕✹✱ ✶✾✾✵✳



✶✸✻ ❇■❇▲■❖●❘❆P❍❨

❬✽✽❪ P✳ ❑✳ ❙❡♥✳ ❆ ♥♦t❡ ♦♥ ♦r❞❡r st❛t✐st✐❝s ❢♦r ❤❡t❡r♦❣❡♥❡♦✉s ❞✐str✐❜✉t✐♦♥s✳ ❚❤❡ ❆♥♥❛❧s ♦❢

▼❛t❤❡♠❛t✐❝❛❧ ❙t❛t✳✱ ✹✶✭✻✮✿♣♣✳ ✷✶✸✼✕✷✶✸✾✱ ✶✾✼✵✳

❬✽✾❪ ❩✳ ❙❤✐ ❛♥❞ ❏✳ ❏✳ ❉♦♥❣❛rr❛✳ ❙❝❤❡❞✉❧✐♥❣ ✇♦r❦✢♦✇ ❛♣♣❧✐❝❛t✐♦♥s ♦♥ ♣r♦❝❡ss♦rs ✇✐t❤ ❞✐✛❡r❡♥t

❝❛♣❛❜✐❧✐t✐❡s✳ ❋✉t✉r❡ ●❡♥❡r❛t✐♦♥ ❈♦♠♣✉t❡r ❙②st❡♠s✱ ✷✷✭✻✮✿✻✻✺ ✕ ✻✼✺✱ ✷✵✵✻✳

❬✾✵❪ ❖✳ ❙✐♥♥❡♥ ❛♥❞ ▲✳ ❙♦✉s❛✳ ❈♦♠♠✉♥✐❝❛t✐♦♥ ❝♦♥t❡♥t✐♦♥ ✐♥ t❛s❦ s❝❤❡❞✉❧✐♥❣✳ P❛r❛❧❧❡❧ ❛♥❞

❉✐str✐❜✉t❡❞ ❙②st❡♠s✱ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥✱ ✶✻✭✻✮✿✺✵✸✕✺✶✺✱ ✷✵✵✺✳

❬✾✶❪ ❏✳ ❙♠✐t❤✳ ❘❡❣✐♦♥❛❧ ✢♦♦❞ ❢r❡q✉❡♥❝② ❛♥❛❧②s✐s ✉s✐♥❣ ❡①tr❡♠❡ ♦r❞❡r st❛t✐st✐❝s ♦❢ t❤❡ ❛♥♥✉❛❧

♣❡❛❦ r❡❝♦r❞✳ ❲❛t❡r ❘❡s♦✉r❝❡s ❘❡s❡❛r❝❤✱ ✷✺✭✷✮✿✸✶✶✕✸✶✼✱ ✶✾✽✾✳

❬✾✷❪ ❏✳ ❙✉♥ ❛♥❞ ●✳ ❉✳ P❡t❡rs♦♥✳ ❆♥ ❡✛❡❝t✐✈❡ ❡①❡❝✉t✐♦♥ t✐♠❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞ ❢♦r ♣❛r❛❧❧❡❧

❝♦♠♣✉t✐♥❣✳ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦❢ P❛r❛❧❧❡❧ ❛♥❞ ❉✐str✐❜✉t❡❞ ❙②st❡♠s✱ ❏❛♥✉❛r② ✷✵✶✷✳

❬✾✸❪ ❉✳ ❚♦✇s❧❡②✱ ❙✳ ❈❤❡♥✱ ❛♥❞ ❙✳✲P✳ ❨✉✳ P❡r❢♦r♠❛♥❝❡ ❛♥❛❧②s✐s ♦❢ ❛ ❢❛✉❧t t♦❧❡r❛♥t ♠✐rr♦r❡❞ ❞✐s❦

s②st❡♠✳ ■♥ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✶✹t❤ ■❋■P ❲● ✼✳✸ ■♥t❡r♥❛t✐♦♥❛❧ ❙②♠♣♦s✐✉♠ ♦♥ ❈♦♠♣✉t❡r

P❡r❢♦r♠❛♥❝❡ ▼♦❞❡❧❧✐♥❣✱ ▼❡❛s✉r❡♠❡♥t ❛♥❞ ❊✈❛❧✉❛t✐♦♥✱ ♣❛❣❡s ✷✸✾✕✷✺✸✳ ◆♦rt❤✲❍♦❧❧❛♥❞

P✉❜❧✐s❤✐♥❣ ❈♦✳✱ ✶✾✾✵✳

❬✾✹❪ ❉✳ ❚♦✇s❧❡②✱ ❈✳ ●✳ ❘♦♠♠❡❧✱ ❛♥❞ ❏✳ ❆✳ ❙t❛♥❦♦✈✐❝✳ ❆♥❛❧②s✐s ♦❢ ❢♦r❦✲❥♦✐♥ ♣r♦❣r❛♠ r❡✲

s♣♦♥s❡ t✐♠❡s ♦♥ ♠✉❧t✐♣r♦❝❡ss♦rs✳ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ P❛r❛❧❧❡❧ ❛♥❞ ❉✐str✐❜✉t❡❞ ❙②st❡♠s✱

✶✭✸✮✿✷✽✻✕✸✵✸✱ ❏✉❧② ✶✾✾✵✳

❬✾✺❪ ❑✳ ❚r✐✈❡❞✐✳ Pr♦❜❛❜✐❧✐t② ❛♥❞ st❛t✐st✐❝s ✇✐t❤ r❡❧✐❛❜✐❧✐t②✱ q✉❡✉✐♥❣✱ ❛♥❞ ❝♦♠♣✉t❡r s❝✐❡♥❝❡ ❛♣✲

♣❧✐❝❛t✐♦♥s✳ Pr❡♥t✐❝❡✲❤❛❧❧ ❊♥❣❧❡✇♦♦❞ ❈❧✐✛s✱ ✶✾✽✷✳

❬✾✻❪ ■✳ ❚s✐♠❛s❤❡♥❦❛ ❛♥❞ ❲✳ ❑♥♦tt❡♥❜❡❧t✳ ❚r❛❞✐♥❣ ♦✛ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ❛♥❞ r❡s♣♦♥s❡ t✐♠❡ ✐♥

s♣❧✐t✲♠❡r❣❡ s②st❡♠s✳ ■♥ ❆♥❛❧②t✐❝❛❧ ❛♥❞ ❙t♦❝❤❛st✐❝ ▼♦❞❡❧✐♥❣ ❚❡❝❤♥✐q✉❡s ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s

✭❆❙▼❚❆✬✶✸✮✱ ▲❡❝t✉r❡ ◆♦t❡s ✐♥ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ✷✵✶✸✳

❬✾✼❪ ■✳ ❚s✐♠❛s❤❡♥❦❛ ❛♥❞ ❲✳ ❏✳ ❑♥♦tt❡♥❜❡❧t✳ ❘❡❞✉❝t✐♦♥ ♦❢ ❱❛r✐❛❜✐❧✐t② ✐♥ ❙♣❧✐t✲▼❡r❣❡ ❙②s✲

t❡♠s✳ ■♥ ■♠♣❡r✐❛❧ ❈♦❧❧❡❣❡ ❈♦♠♣✉t✐♥❣ ❙t✉❞❡♥t ❲♦r❦s❤♦♣ ✭■❈❈❙❲ ✷✵✶✶✮✱ ♣❛❣❡s ✶✵✶✕✶✵✼✱

❙❡♣t❡♠❜❡r ✷✵✶✶✳



❇■❇▲■❖●❘❆P❍❨ ✶✸✼

❬✾✽❪ ■✳ ❚s✐♠❛s❤❡♥❦❛ ❛♥❞ ❲✳ ❏✳ ❑♥♦tt❡♥❜❡❧t✳ ❘❡❞✉❝t✐♦♥ ♦❢ s✉❜t❛s❦ ❞✐s♣❡rs✐♦♥ ✐♥ ❢♦r❦✲❥♦✐♥

s②st❡♠s✳ ■♥ ❈♦♠♣✉t❡r P❡r❢♦r♠❛♥❝❡ ❊♥❣✐♥❡❡r✐♥❣✱ ♣❛❣❡s ✸✷✺✕✸✸✻✳ ❙♣r✐♥❣❡r✱ ✷✵✶✸✳

❬✾✾❪ ■✳ ❚s✐♠❛s❤❡♥❦❛✱ ❲✳ ❏✳ ❑♥♦tt❡♥❜❡❧t✱ ❛♥❞ P✳ ❍❛rr✐s♦♥✳ ❈♦♥tr♦❧❧✐♥❣ ✈❛r✐❛❜✐❧✐t② ✐♥ s♣❧✐t✲

♠❡r❣❡ s②st❡♠s✳ ■♥ ❆♥❛❧②t✐❝❛❧ ❛♥❞ ❙t♦❝❤❛st✐❝ ▼♦❞❡❧✐♥❣ ❚❡❝❤♥✐q✉❡s ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s

✭❆❙▼❚❆✬✶✷✮✱ ✈♦❧✉♠❡ ✼✸✶✹ ♦❢ ▲❡❝t✉r❡ ◆♦t❡s ✐♥ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ♣❛❣❡s ✶✻✺✕✶✼✼✳

❙♣r✐♥❣❡r✱ ❏✉♥❡ ✷✵✶✷✳

❬✶✵✵❪ ■✳ ❚s✐♠❛s❤❡♥❦❛✱ ❲✳ ❏✳ ❑♥♦tt❡♥❜❡❧t✱ ❛♥❞ P✳ ●✳ ❍❛rr✐s♦♥✳ ❈♦♥tr♦❧❧✐♥❣ ✈❛r✐❛❜✐❧✐t② ✐♥ s♣❧✐t✕

♠❡r❣❡ s②st❡♠s ❛♥❞ ✐ts ✐♠♣❛❝t ♦♥ ♣❡r❢♦r♠❛♥❝❡✳ ❆♥♥❛❧s ♦❢ ❖♣❡r❛t✐♦♥s ❘❡s❡❛r❝❤✱ ♣❛❣❡s

✶✕✷✵✳

❬✶✵✶❪ ▲✳ ●✳ ❯♥❞❡r❤✐❧❧✳ ■♥tr♦st❛t✳ ❏✉t❛ ❛♥❞ ❈♦♠♣❛♥② ▲t❞✱ ✶✾✽✼✳

❬✶✵✷❪ ◆✳ ▼✳ ✈❛♥ ❉✐❥❦✳ ❲❤② q✉❡✉✐♥❣ ♥❡✈❡r ✈❛♥✐s❤❡s✳ ❊✉r♦♣❡❛♥ ❏♦✉r♥❛❧ ♦❢ ❖♣❡r❛t✐♦♥❛❧ ❘❡s❡❛r❝❤✱

✾✾✭✷✮✿✹✻✸✕✹✼✻✱ ✶✾✾✼✳

❬✶✵✸❪ ❊✳ ❱❛r❦✐✳ ▼❡❛♥ ✈❛❧✉❡ t❡❝❤♥✐q✉❡ ❢♦r ❝❧♦s❡❞ ❢♦r❦✲❥♦✐♥ ♥❡t✇♦r❦s✳ ■♥ Pr♦❝✳ ♦❢ t❤❡ ❆❈▼

❙■●▼❊❚❘■❈❙ ✶✾✾✾✱ ❙■●▼❊❚❘■❈❙ ✬✾✾✱ ♣❛❣❡s ✶✵✸✕✶✶✷✱ ◆❡✇ ❨♦r❦✱ ◆❨✱ ❯❙❆✱ ✶✾✾✾✳

❆❈▼✳

❬✶✵✹❪ ❊✳ ❱❛r❦✐✱ ❆✳ ▼❡r❝❤❛♥t✱ ❛♥❞ ❍✳ ❈❤❡♥✳ ❚❤❡ ▼✴▼✴✶ ❢♦r❦✲❥♦✐♥ q✉❡✉❡ ✇✐t❤ ✈❛r✐❛❜❧❡ s✉❜✲t❛s❦s✳

❯♥♣✉❜❧✐s❤❡❞✕❤tt♣✿✴✴✇✇✇✳❝s✳✉♥❤✳❡❞✉✴✈❛r❦✐✴♣✉❜❧✐❝❛t✐♦♥✴♦♣❡♥✳♣❞❢✱ ✷✵✵✽✳

❬✶✵✺❪ ❙✳ ❱❛r♠❛ ❛♥❞ ❆✳ ▼✳ ▼❛❦♦✇s❦✐✳ ■♥t❡r♣♦❧❛t✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥s ❢♦r s②♠♠❡tr✐❝ ❢♦r❦✲❥♦✐♥

q✉❡✉❡s✳ P❡r❢♦r♠❛♥❝❡ ❊✈❛❧✉❛t✐♦♥✱ ✷✵✭✶â⑨➇✸✮✿✷✹✺✕✷✻✺✱ ✶✾✾✹✳

❬✶✵✻❪ ❘✳ ❏✳ ❱❛✉❣❤❛♥ ❛♥❞ ❲✳ ◆✳ ❱❡♥❛❜❧❡s✳ P❡r♠❛♥❡♥t ❡①♣r❡ss✐♦♥s ❢♦r ♦r❞❡r st❛t✐st✐❝ ❞❡♥s✐t✐❡s✳

❏♦✉r♥❛❧ ♦❢ t❤❡ ❘♦②❛❧ ❙t❛t✐st✐❝❛❧ ❙♦❝✐❡t②✳ ❙❡r✐❡s ❇ ✭▼❡t❤♦❞♦❧♦❣✐❝❛❧✮✱ ✸✹✭✷✮✿♣♣✳ ✸✵✽✕✸✶✵✱

✶✾✼✷✳

❬✶✵✼❪ ❋✳ ❲❛♥✱ ◆✳ ❉✐♥❣❧❡✱ ❲✳ ❑♥♦tt❡♥❜❡❧t✱ ❛♥❞ ❆✳ ▲❡❜r❡❝❤t✳ ❙✐♠✉❧❛t✐♦♥ ❛♥❞ ♠♦❞❡❧❧✐♥❣ ♦❢ ❘❆■❉

✵ s②st❡♠ ♣❡r❢♦r♠❛♥❝❡✳ ■♥ ✷✷♥❞ ❆♥♥✉❛❧ ❊✉r♦♣❡❛♥ ❙✐♠✉❧❛t✐♦♥ ❛♥❞ ▼♦❞❡❧❧✐♥❣ ❈♦♥❢❡r❡♥❝❡

✭❊❙▼✮✱ ♣❛❣❡s ✶✹✺✕✶✹✾✳ ❈✐t❡s❡❡r✱ ✷✵✵✽✳

❬✶✵✽❪ P✳ ❲♦❧❢❡✳ ❈♦♥✈❡r❣❡♥❝❡ ❝♦♥❞✐t✐♦♥s ❢♦r ❛s❝❡♥t ♠❡t❤♦❞s✳ ❙■❆▼ r❡✈✐❡✇✱ ✶✶✭✷✮✿✷✷✻✕✷✸✺✱ ✶✾✻✾✳



❬✶✵✾❪ P✳ ❲♦❧❢❡✳ ❈♦♥✈❡r❣❡♥❝❡ ❝♦♥❞✐t✐♦♥s ❢♦r ❛s❝❡♥t ♠❡t❤♦❞s✳ ■■✿ ❙♦♠❡ ❝♦rr❡❝t✐♦♥s✳ ❙■❆▼ r❡✈✐❡✇✱

✶✸✭✷✮✿✶✽✺✕✶✽✽✱ ✶✾✼✶✳

❬✶✶✵❪ ❘✳ ❲♦❧✛✳ P♦✐ss♦♥ ❛rr✐✈❛❧s s❡❡ t✐♠❡ ❛✈❡r❛❣❡s✳ ❖♣❡r❛t✐♦♥s ❘❡s❡❛r❝❤✱ ✸✵✿✷✷✸✕✷✸✶✱ ✶✾✽✷✳

❬✶✶✶❪ ▼✳ ❩❛❤❛r✐❛ ❡t ❛❧✳ ❉❡❧❛② s❝❤❡❞✉❧✐♥❣✿ ❛ s✐♠♣❧❡ t❡❝❤♥✐q✉❡ ❢♦r ❛❝❤✐❡✈✐♥❣ ❧♦❝❛❧✐t② ❛♥❞ ❢❛✐r♥❡ss

✐♥ ❝❧✉st❡r s❝❤❡❞✉❧✐♥❣✳ ■♥ Pr♦❝✳ ✺t❤ ❊✉r♦♣❡❛♥ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❈♦♠♣✉t❡r ❙②st❡♠s ✭❊✉r♦❙②s

✬✶✵✮✱ ♣❛❣❡s ✷✻✺✕✷✼✽✱ ✷✵✶✵✳



❆♣♣❡♥❞✐① ❆

Pr♦♦❢ ♦❢ t❤❡ ▼❡❛♥ ♦❢ ❘❛♥❣❡ ♦❢

❍❡t❡r♦❣❡♥❡♦✉s ❖r❞❡r ❙t❛t✐st✐❝s ❈♦♥✈❡①✐t②

❚❤✐s ♣r♦♦❢ ✇❛s ❞♦♥❡ ✐♥ ❝♦❧❧❛❜♦r❛t✐♦♥ ✇✐t❤ ❉r✳ ❘✐❝❤❛r❞ ❍❛②❞❡♥✳ ❍❡r❡ ✇❡ ♣r♦✈❡ t❤❛t t❤❡ ♠❡❛♥

♦❢ t❤❡ r❛♥❣❡ ♦❢ ❤❡t❡r♦❣❡♥❡♦✉s ♦r❞❡r st❛t✐st✐❝s

E[D] = E
[
X(n)

]
− E

[
X(1)

]

✐s ❝♦♥✈❡①✳ ▲❡t

g(X,d) = max
i

{Xi + di} −min
i
{Xi + di}

❙♦ t❤❡ ❝♦st ❢✉♥❝t✐♦♥ E[Dd] = E
[
g(X,d)

]
✳

❈❧❛✐♠✿ ❋♦r ✜①❡❞ x ✇❡ ❤❛✈❡ g(x, di) ✐s ❝♦♥✈❡①

Pr♦♦❢✳ ❋✐rst❧②✱ xi + di ✐s tr✐✈✐❛❧❧② ❝♦♥✈❡①✳

❙❡❝♦♥❞❧②✱ ❢♦r ♠❛①✐♠✉♠ max{x1 + d1, . . . , xn + dn} ✐s ❝♦♥✈❡① ❛s ♠❛①✐♠✉♠ ♦❢ ❝♦♥✈❡① ❢✉♥❝t✐♦♥s

✐s ❝♦♥✈❡①✳

❋♦r t❤❡ ♠✐♥✐♠✉♠✿ −min{x1+d1, . . . , xn+dn} ✐s ❝♦♥✈❡① ❜❡❝❛✉s❡ −min{x1+d1, . . . , xn+dn} =

max{−x1 − d1, . . . ,−xn − dn}✱ ♠❛①✐♠✉♠ ✐s ❝♦♥✈❡① ❛♥❞ −xi − di ✐s ❝♦♥✈❡①✳

❈♦♥s❡q✉❡♥t❧②✱ max{x1 + d1, . . . , xn + dn} −min{x1 + d1, . . . , xn + dn} ✐s ❝♦♥✈❡① ❛s r❡q✉✐r❡❞✳
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g(x, λd+ (1− λ)d′) ≤ λg(x,d) + (1− λ)g(x,d′)

❚❤❡r❡❢♦r❡ ✐❢ t❤❡ ❢✉♥❝t✐♦♥ g(x, ·) ✐s ❝♦♥✈❡① t❤❡♥ E
[
g(X, ·)

]
✐s ❝♦♥✈❡①✿

E
[
g(X, λd+ (1− λ)d′)

]
≤ λE

[
g(X,d)

]
+ (1− λ)E

[
g(X,d′)

]


