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Growth of three-dimensional fractures, arrays, and
networks in brittle rocks under tension and compression
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Abstract

Concurrent growth of multiple fractures in brittle rock is a complex process
due to mechanical interaction effects. Fractures can amplify or shield stress on
other fracture tips, and stress field perturbations change continuously during
fracture growth. A three-dimensional, finite-element based, quasi-static growth
algorithm is validated for mixed mode fracture growth in linear elastic media,
and is used to investigate concurrent fracture growth in arrays and networks.
Growth is governed by fracture tip stress intensity factors, which quantify the
energy contributing to fracture extension, and are validated against analyti-
cal solutions for fractures under compression and tension, demonstrating that
growth is accurate even in coarsely meshed domains. Isolated fracture geome-
tries are compared to wing cracks grown in experiments on brittle media. A
novel formulation of a Paris-type extension criterion is introduced to handle con-
current fracture growth. Fracture and volume-based growth rate exponents are
shown to modify fracture interaction patterns. A geomechanical discrete frac-
ture network is generated and examined during its growth, whose properties
are the direct result of the imposed anisotropic stress field and mutual fracture
interaction. Two-dimensional cut-plane views of the network demonstrate how
fractures would appear in outcrops, and show the variability in fracture traces
arising during interaction and growth.
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Key Points

e A fracture mechanics based numerical method for growing multiple three-

dimensional fractures in mixed mode conditions is introduced

e Fractures develop complex non-planar surfaces as a result of interaction

in arrays and networks

e Cut-plane visualisation of three-dimensional fractures surfaces enables di-

rect comparison to outcrops and experiments

1. Introduction

Constraining the properties of fractured rocks is of great interest in sub-
surface science, particularly for applications such as radioactive waste disposal
[1], reservoir engineering [2], CO4 storage [3], and geothermal energy production
[4]. Understanding and modelling of fracture growth is an important method for
characterising rock. Fractures which have grown due to mechanically induced
stresses are prevalent in the subsurface. The presence of a fracture changes the
concentration of stress in a rock, and this change varies based on the fracture’s
geometry and the local stress tensor [5].

Fracture arrays in rock outcrops demonstrate the complexity arising when
fractures mutually interact. Fracture hooking reflects the balance between far-
field stresses and fracture interaction forces [6-8]. Curved paths suggest that
remote stresses are nearly isotropic relative to the stresses induced by fractures.
Furthermore, the onset of fracture connectivity has significant implications for
the hydraulic properties of rock [9]. Fracture mechanics seeks to describe the

physical processes taking place at each step of fracture extension, but analytical
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approaches are limited to specific geometries [10]. Experimental approaches
provide a basis for the current understanding of the fracture propagation in
rocks, including characterizing three-dimensional internal fracture geometries
for a variety of natural and engineered materials [11].

Modelling the growth of a medium containing multiple fractures, including
non-planar fracture surface accretion and interaction between fractures, requires
an advanced approach which incorporates the physics of linear elastic fracture
mechanics. Numerical methods seek to overcome scale and geometric limitations
by modelling the physical processes that control deformation. The geometry of
fractures can be explicitly modelled to track changes in fracture shape during
growth, capturing the effects of propagation in response to mechanical forces.
The discrete representation of a fracture, where both the matrix domain and
fracture domains are discretised, is instrumental when solving flow and transport
equations in fractured media [12, 13].

A variety of approaches are used to model the growth of 3D discrete frac-
tures, including the finite element method (FEM) [14, 15], extended finite el-
ement method (XFEM) [16-18], boundary element method (BEM) [19, 20],
displacement discontinuity method (DDM) [21, 22], phase field method [23],
and the discrete element method (DEM) [24-27]. Hybrid methods incorpo-
rate multiple methods to handle different parts of the implementation, such as
solving for stress and displacement in the solid using the FEM, and managing
geometry using the DEM [28-30]. When modelling discrete fractures, methods
where fracture paths are restricted by pre-existing discretisation are unsuited
to predicting of fracture growth. DEMs require micro- to macro-calibration of
material properties that are rock type and scale dependent. The phase field
method often requires very refined meshes in order to represent high aspect

ratio fractures. XFEMSs avoid re-meshing by representing fractures as a shape
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function discontinuity, but often require re-meshing in order to resolve stresses
and fracture propagation in initially coarsely discretised regions of the model
[31, 32].

The growth of multiple discrete fractures in response to deformation and
flow results in a combination of complex geometric fracture shapes that reflect
both the physical processes of deformation and the underlying structure of the
material [33]. Discrete fracture growth approaches which utilise linear elastic
fracture mechanics theory calculate either the stress or the stress intensity fac-
tor (SIF) at fracture tips to handle growth. Methods for modelling non-linear
growth during more complex constitutive behaviour such as thermo-poroelastic
[34] and visco-elastic [35] deformation have also been developed. SIF based ap-
proaches have been used to grow 2D fractures in populations [36], often with
interest in the ensuing changes on the hydraulic properties of the domain [37, 38].

The availability of mixed mode failure criteria provides the possibility of
growing fractures under conditions where fracture surface contact significantly
alters the tip conditions [39]. Numerical modeling extends this concept to larger
populations of fractures, providing a methodology to generate geomechanically
realistic discrete fracture networks, in which connectivity is a function of density
increase and topology changes driven by growth. The relative propagation rate
between locations along the edge of one fracture, or, over different fractures in
a population, exerts a fundamental control on final geometries [6]. Low velocity
growth produces patterns where many fractures are active, where fractures grow
below the critical toughness of the material in small increments, and high ve-
locities produce the opposite, where growth is restricted to only a few fractures.
A fracture mechanics-based approach can consider these cases as a continuum
by using a Paris-type law which, depending on the fracture growth exponent,

can be used to govern the extension of slow and fast fractures [40].
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Fracture growth methodologies which advance fractures in discrete steps, re-
ferred to in this work as “quasi-static growth schemes” [e.g. 19, 41-45], will have
similar properties due to the requirement to advance fracture tips in discrete
steps. Quasi-static growth is a reasonable assumption for subsurface fracture
networks, where growth occurs locally in short ruptures, and by chemically as-
sisted processes such as stress corrosion [46], tectonic stresses [6] and thermal
deformation. A quasi-static approach also enables the stress driving fracture
growth to be re-sampled regularly, allowing fracture geometries to be continu-
ously updated. This ensures the correct growth direction is maintained through-
out the modelling workflow.

This work outlines a finite element-based approach to numerically model
three-dimensional discrete fracture growth under mixed mode conditions in brit-
tle material. This quasi-static growth methodology is developed within the Im-
perial College Geomechanics Toolkit (ICGT) [47, 48]. This work validates frac-
ture growth, examines the implications of using a quasi-static growth method,
and in the process, demonstrates that realistic geometries arise as a result of
the adopted fracture mechanics-based approach. In Section 3, the accuracy of
the stress intensity factor computation is quantified in terms of the mesh refine-
ment, and recommendations are made for selecting appropriate parameters for
sampling mechanical variables around fracture tips. The growth of individual
fractures is validated for tension and compression in Section 4. Section 5 ex-
plores the growth of fracture arrays, examining in detail different fracture growth
rate exponents, including a critical analysis of quasi-static growth phenomena.
Section 6 demonstrates the generation of a dense geomechanical fracture net-
work and the realistic features which emerge in the network as a result of the

physics-based growth method.
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2. Methodology

The present method handles fracture growth quasi-statically, discretely rep-
resenting fractures as surfaces which extend based on rigorous fracture mechan-
ics principles. Solid deformation and fracture surface contact are resolved using
the finite element method, on meshes generated to conform to the changing
fracture geometry in each step. The method combines stress intensity factor
computation and gap-based Augmented-Lagrangian contact modelling in order
to predict and govern the growth of fractures [5, 49, 50]. These advancements
enable accurate, concurrent growth of multiple discrete fractures under mixed

mode conditions.

2.1. Fracture geometry and discretisation

The geometry of the domain is tracked independently of the underlying dis-
cretising mesh [48]. Thus, fracture propagation is determined by the local stress
and displacement in the material around the fracture tip, rather than pre-defined
path between elements. Fractures grow in response to deformation, and guide
the evolving discretisation requirements of the domain, which is automatically
generated for each step using a commercial octree meshing platform [51]. The
surface of the fracture is discretised using isoparametric quadratic triangles.
Figure 1A shows the mesh created for a simple penny-shaped fracture. The fi-
nite elements shown are 2D isoparametric quadratic triangles, representing the
planar surface of the circular fracture.

Each fracture has two identical sets of surface elements which are coinci-
dent (i.e., have no initial aperture) and only connect at the tips, as shown in
Figure 1B. The split mesh causes fractures to be treated as a void in the ma-
terial during deformation. Quarter point elements are used along fracture tips
to improve the accuracy of SIF computation (see Section 2.4.1). One individual

“fracture tip” is defined as the edge of a triangle shared by two surface elements
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Figure 1: A: Penny-shaped fracture discretised using isoparametric quadratic triangles. B:
Schematic of highlighted element edges in A, demonstrating the two coincident fracture sur-
faces. The fracture deflection angle ¢ is shown with a growth vector from the tip. C: Schematic
of the addition of new fracture surfaces. Growth vectors provide new tips at their ends and a
new edge by connecting these tips. The area between the old and new tips is filled with two
triangles.

connecting where the fracture terminates. Therefore, a “tip node” is a node on
one of these edges, and the “tip loop” comprises all of the fracture tips of one
fracture.

The volumetric domain representing the material is discretised using isopara-
metric quadratic tetrahedra. In order to automate discretisation, the density of
finite elements is controlled by the length of the local fracture tips (Bg) [5]. The
minimum length of the side of the triangular elements along a fracture’s tip is
controlled by the distance between tip nodes. In turn, this sets the size of the
surrounding surface and volumetric elements, which increase in size gradually
further away from the fracture. After fractures in the domain are extended,
before the next growth step, the domain discretisation is updated, such that
the new mesh conforms to the geometry of the extended fracture.

Figure 2 shows four examples of fractures at different tip node numbers, and
the meshes which are generated around them. For a domain containing one

fracture, there is a linear correlation between the number of tip nodes around
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Figure 2: Mesh densities of four example fractures with different numbers of tip nodes. Tri-
angular fracture surface elements are shown in blue, and volumetric tetrahedral elements are
shown in green. The number of elements is for the entire volume. A cut is taken through the
volumetric mesh to visualize the mesh around the fracture, meaning some volumetric elements
appear elongated.

2.2. Deformation

The method has two available methods for computing stress and deformation
in the domain in response to a boundary stresses or displacements. The first of
these uses the linear elastic deformation method of Cook et al. [52], which is also
used in previous versions of this growth methodology [5, 47, 48], and is suited
to deforming domains in tension. Section 2.3 describes the contact method used
when the domain is under compression or shear.

The rock matrix is assumed to be linear-elastic, homogeneous, and isotropic.
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Stress and strain are governed by

o=D(e—¢gp) + 09 (1)

where o is the Cauchy stress tensor, € is the infinitesimal strain tensor, oy and
€o are the initial stress and strain, and D is the linear elastic stiffness matrix

[52]. The force balance of the system is governed by

Jo+F =0 (2)

where 0 is the differential matrix operator, and F represents body forces exerted
on the object. The system is solved numerically using the finite element method
(FEM), over an automatically generated mesh created from the domain’s ge-
ometry (Section 2.2). For models where fracture surfaces are not expected to
be in contact, a single FEM inversion is required to calculate the stress and

deformation.

2.8. Fracture surface contact

Friction between the two surfaces of a fracture can have a significant effect
on the stress state at its tips [53]. Contact between fracture surfaces can occur
under most stress conditions, and is particularly important to consider during
compression or shear. The gap-based Augmented-Lagrangian contact resolution
method, proposed and validated by Nejati et al. [50], resolves the effect of friction
on fracture growth. This enables accurate calculations of stress near the fracture
tips for boundary conditions which would lead to fracture surface contact.

The gap-based Augmented-Lagrangian method is a double loop algorithm,
using the Newton-Raphson method in the inner loop to solve the contact prob-
lem itself, and the augmentation process as the outer loop. A strict penalty

parameter, defined as a varying function of the aperture across the fracture sur-
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face, ensures that fracture surfaces do not intersect. Even slight intersections
are strictly penalised due to a singularity in the penalty parameter at the frac-
ture tips. The result is a fully resolved traction and aperture distribution across
the surface of each fracture. These tractions are taken into account in the com-
putation of local SIFs. Nejati [54] details the gap-based Augmented-Lagrangian
method in full, and the present work demonstrates how it can be used to grow

fractures under compression (see Section 4.2).

2.4. Fracture growth methodology

Following the computation of the stress and displacement throughout the do-
main, fracture tip stress intensity factors are calculated, which govern the growth
process (Section 2.4.1). These values are used in three fracture mechanics-based
propagation criteria (Sections 2.4.2; 2.4.3, and 2.4.4) to create growth vectors

which extend fracture surfaces.

2.4.1. Stress intensity factor computation

Stress intensity factors (SIFs) quantify the energy at the tip of a fracture
in three deformation modes: opening (mode I), in-plane shear (mode II) and
out-of-plane shear (mode III). If the value of the SIF for each of these modes is
known (Kp, K7, and Kjy5), growth criteria can be evaluated to decide whether
the fracture grows, and at what length and angle it extends at. The model
applies the disk-shaped domain integral method to calculate the SIF's, outlined
in full by Nejati et al. [49], which evaluates the interaction (I) integral around
the tip of the fracture. Instead of integrating over a structured concentric mesh,
the I-integral is solved numerically over a 2D virtual disk, embedded in the 3D
matrix. The I-integral computes the value of the strain energy release rate, G,
from which separate the values of K, Ky, and Ky are calculated [55].

An alternative SIF calculation method is the Displacement Correlation (DC)

method. It samples only two points behind the fracture tip, and determines the

10
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SIF's based on their relative displacement. The DC method has been validated
for tetrahedral domains with quarter-point elements at the fracture tip by Nejati
et al. [56]. DC has several benefits over the disk-shaped domain integral method,
including its fast computation time and smaller sampling region. It has been
shown to be less accurate than the disk-shaped domain integral [5], contour
integral, or cutoff function methods [57] for a variety of meshes. The present
work uses DC to provide a comparison to the disk-shaped domain integral in
Section 3, and to grow the geomechanical discrete fracture network examined
in Section 6.

For both the disk-shaped domain integral and the DC method, a domain
radius (Rg) must be defined, setting the size of the region sampled around the
fracture tip. For the disk-shaped domain integral, the domain is the radius of
integration around the fracture tip. For DC, the domain radius is the distance at
which the displacement field is sampled. The choice Ry has a complex relation-
ship with the accuracy of the SIFs, explored in detail by Nejati et al. [49]. Large
values of R, violate the assumption of plane strain conditions by sampling too
far away from the tip, whilst small domains may sample the fracture tip fields
in regions where the numerical error is highest. In growth simulations where
fracture tip discretisation is dynamic, R4y must therefore depend on fracture tip
properties. Nejati et al. [49] quantified R, using the average fracture tip length
L, = L;/Ny, where L; is the fracture circumference, and found that the most
accurate results were obtained when Ry is in the range of 0.5 - 1.5 L,,, with 0.5
being more appropriate for coarse meshes and 1.5 for fine meshes.

A novel formulation of R, is proposed and used in this work, where Ry is
calculated at each fracture tip at each step based on the size of the local fracture
tip,

Ry =05Byl (3)

11
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where By is the local tip segment length. The factor of By depends on local mesh
density, and for this work 0.5 is chosen to ensure results are as accurate as pos-
sible in coarsely meshed domains [49]. This formulation ensures accurate values
of the SIFs are computed when tip segment sizes vary due to fracture propaga-
tion, because Ry will always have a value based on the size of local elements,
rather than fracture size which changes during growth simulations. Section 3

validates Equation 3 for penny shaped fractures in tension and compression.

2.4.2. Propagation criterion

Fracture propagation is a combined response to all three deformation modes.
A mixed mode failure criterion responds to tension and shear simultaneously
for loading, including tension, compression and shear [58]. Three-dimensional
mixed mode criteria determine if a fracture will propagate based on a com-
parative stress intensity factor (K, ), derived from the values of K, K;; and
K1, exceeding the local fracture toughness of the material [59]. Richard et al.
[68] reviewed a range of criteria and compared their predictions to experimental

data, demonstrating that the most accurate condition for fracture failure is

K, ==L
2

1
+ §\/K? +4(a1 K1)? + 402 Kp11)? = Kic (4)

where «; and s are the ratios of the mode I fracture toughness to the mode 11
and III fracture toughness (ay = Ko/ Kre, as = Kre/Krr1c, where subscript
C refers to the critical stress intensity factor). For rocks, values of K¢ tend to
be higher than K¢, and K;7¢ tend to be lower. In this work, K ;o = 1x10° Pa,
Kic/Krre = 1/1.3268, and Kico/Krre = 1/0.6297, as found through studies

investigating the point of failure for pure modes II and III in rocks [60-62].
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2.4.3. Angle criterion

If the failure criterion is met at a fracture tip, the mixed mode criterion of
Richard et al. [59] calculates the angle of the fracture propagation vector as a
function of its modal SIFs. It calculates two angles that are perpendicular and
tangent to the fracture front, and has been experimentally validated [39]. The
perpendicular angle (o, or fracture deflection angle along its plane) is calculated
from the three SIF's as follows:

| K1 ( | K 1] )2
4 Kr+ |Kri| + | K111 Ki+ |Krr| + | Kr11] (5)

where A = 140° and B = -70°. ¢ is negative when K;; > 0 and positive for
Kir < 0and Ky > 0. Kj is capped at zero to avoid introducing errors into
the propagation angle. This can arise if a fracture closes from an initially open
state. Figure 1 shows the fracture geometry (A) and tip (B), including a vector
with angle ¢ in the context of a discretised fracture tip.

A second angle, the twisting angle 1, also modifies the propagation direction

tangent to the fracture tip, and is calculated in a similar way to ¢:

| K711 ( | K111 )2
=F|C +D 6
v Ki+ |Kir| + K11 Ki+ K|+ |Kr1] (6)

where C' = 78° and D = -33°. The value of v is incorporated into validating the
present method by testing the accuracy of fracture propagation in Equation 11.
It is not incorporated into growing fractures in this work, to avoid additional
complexities which arise when fracture tips fragment, such as tip fragmentation
[63, 64]. For fractures growing in mixed mode or mostly mode I conditions in
the present work, excluding the tangent angle is found to still produce accurate
growth. In future work, growth vectors incorporating the tangent angle can be

incorporated to model growth driven by twisting (mode IIT). Amongst a range of

13



300

301

302

303

304

305

306

307

308

309

310

311

312

313

314

315

316

317

318

319

320

321

322

323

324

325

326

different criteria for estimating the propagation angle of fractures under mixed
mode loads, Equation 5 was found to be the most accurate at predicting growth
paths which emerge from experiments, with the most deviation for pure mode
IIT and pure mode II and III loading [39]. These less accurate modes of growth
are not the focus of the present work, which focuses more on mixed conditions
where mode I is the largest, or when all three modes have similar magnitudes.

When K7 is negative due to a closing fracture tip (e.g., in the case of an
initial fluid pressure opening the fracture), K is set to zero when evaluating
the propagation and angle criteria. Thus, in this case, failure is based purely on
the shear modes. This is particularly important when calculating Equation 5
where K is reckoned positive. This ensures growth can occur in all cases in
the present method, and also highlights that propagation during closure is not

necessarily predicted by the criteria of Richard et al. [59].

2.4.4. Length criterion

This section describes the method by which the extension length for each
tip is calculated, provided those tips meet the failure criterion in the domain
(Equation 4). Two-dimensional numerical studies show that within a group of
fractures, in order to reproduce patterns found in growth experiments, crack
fronts must grow at different speeds [36]. In three-dimensions, each point along
the fracture tip may have a different growth extent. Furthermore, the relative
extension length at each tip in each step must be influenced by the competitive
process of growth during interaction. This section introduces a new criterion
to govern the quasi-static propagation of multiple fractures, devised to generate
realistic fracture patterns similar to those observed in rock outcrops.

There are two primary energy-based methods used to quantify growth ex-
tent in rocks. The first method, sub-critical crack growth theory, is widely used

to study growth of fractures through the relationship between the velocity of
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tip advance and the magnitude of K [65]. The relative growth velocity crite-
rion was first proposed by Charles [66] and was extended to a relative growth
extension criterion by Renshaw and Pollard [36]. The theory incorporates the
effects of non-mechanical effects, including the rate of stress corrosion reactions
at the fracture tips [67]. The second method is the Paris-type criterion gov-
erning fatigue fracture growth, and quantifies the advance of a fracture tip per
load cycle [68]. This criterion proposes that the extension of a fracture front
point is proportional to the point-wise energy release rate, such that the point
with the maximum energy release rate grows fastest, while other points grow
proportionally slower [69].

Both the Paris and sub-critical crack growth methods both take the form of
a power law [67, 69]. In the context of cyclical loading with reversed stresses,

this criteria takes the form:

da (G Y
W _c(gmax> (7)

where da/dN is the advance of the fracture tip per load cycle N, ¢ is a material
constant, G is the value of G at the tip in question, G,,., is the largest value
of G among present fractures, and 3 is the fracture growth rate exponent. In
a quasi-static growth scheme, each load cycle N is one growth step, which may
have timescale.

In the context of sub-critical crack growth, G is typically exchanged for K7,
as most analyses consider only mode I, and da/dN is exchanged for the growth
velocity [70]. The constant ¢ and 8 have different units in each method, and are
estimated through different methods. For a domain containing many fractures
which grow quasi-statically at a variable length along their tips, both methods
predict that the exponent 3 controls the extent to which growth is concentrated

at tips with higher energy.
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Lazarus [40] notes that the Paris law can be applied to both brittle and fa-
tigue propagation. For fatigue fracture growth, 8 = 1, and, for brittle fracture
growth, 8 >> 1. Lazarus [40] shows that, for three-dimensional single frac-
ture growth, this exponent defines the relative extension of the tip nodes of a
single fracture. However, a wide range of estimates are made for the value of
the fracture propagation exponent. Renshaw and Pollard [36] estimated that
B = 0.35, based on outcrop observations and two-dimensional laboratory exper-
iments in brittle rocks. It was later shown that this exponent affects the type
of ensuing fracture pattern [6], with higher values increasing the localisation of
fracture patterns [12]. For individual fractures propagating in one plane, the
final geometry is highly influenced by the value of 3, whilst still converging on
circular shapes [40, 71]. In sub-critical growth experiments with few fractures,
the value of the exponent is found to be much higher, between 30 and 60 [67].
In the present case, where multiple fractures grow together in three dimensions,
high values of 8 reduce the extent to which fractures grow simultaneously, en-
hancing interaction effects. In outcrops, multiple fractures are seen to have
grown together [7], demonstrating that lower values of 8 are applicable to slow,
fatigue-like growth of arrays.

This work introduces a novel formulation based on Equation 7 for handling
propagation in domains containing multiple three-dimensional fractures. Rather
than defining a single value of 3, two values are defined, 3¢ and f,,. In each step,
a maximum extension length per growth step, Aa,, is selected. Each fracture
tip node n will have a unique energy release rate (G,) value, amongst which
specific values are found: Gy, the highest value of G, on each fracture f, and
G, the largest value of G,, throughout the volume. Each fracture f is assigned a

maximum extension length, Aay, which is scaled from Aa,, based on the ratio
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between Gy and G,:

By
Aay = Aa, (?) (8)

where (7 is the fracture growth rate exponent. Second, using the computed

Aay value, the local tip extension Aa, for a tip n on fracture f is given by

Aa, = Ady (%)ﬁ (9)
gy

where 3, is the tip growth rate exponent. The amount of growth in each step

can be controlled through Aa,, as this sets the maximum growth extent, and in

a domain with multiple fractures and varied values of G,, along their tip nodes,

Aan, < Aay < Aay.

This approach essentially applies the Paris-type criterion twice: once to
define a maximum extension per fracture (Equation 8), and a second time to
define the variation in extension along the fracture tip (Equation 9). In a domain
with one fracture, the method is equivalent to a standard Paris law (Equation 7),
because that fracture will always have G; at a node on its tip, and therefore
Aay will be the same as G,. Additionally, either step can be skipped by setting
its respective value of 8 to zero, allowing a single step Paris-type law to be
tested without changing the approach. In a domain which contains multiple
fractures, G, varies widely across many tips. It may be the case, particularly
due to fracture interaction, that one value of G,, is much larger than the others.
The present formulation ensures that growth can be distributed across multiple
fractures whilst still weighted towards tips and fractures which have the highest
values of G in the domain. The present quasi-static method does not have an
associated timescale for each growth step, therefore the Paris-type law is used
here to predict relative growth extents, rather than growth velocities. With

an alternative FEM formulation which incorporates time based effects, this can
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be explored in future work. The implications for use of the modified two-step

Paris-type are examined in Section 5.

2.5. Fracture extension

At each fracture tip, a growth vector can be defined with length derived
from the modified Paris law, and direction by the angle criterion. The extended
fracture geometry is updated by creating a new fracture edge along the points
at the end of each vector, as shown in Figure 1C. This can be defined as a strip
of triangles or as a deformation of the spline representing the fracture surface
[48]. The geometry is updated by placing two triangles between each pair of
tips. Where growth vectors intersect other fracture surfaces and boundaries,
they are truncated. If two vectors intersect adjacent domain boundaries, the
corner between those boundaries is filled by a single triangular surface.

The model geometry, with the addition of new fracture surfaces, is brought
forward to the next step and subsequently the domain is remeshed (Section 2.2),
such that the mesh is most refined around the new tips. If a fracture propagates
into another surface element (i.e., the model boundaries or another fracture), the
propagation vector is truncated and the fracture tip at that point is deactivated
in subsequent steps. An algorithm describing the steps in the model is given in
Algorithm 1.

The computational time required to simulate growth depends on the do-
main’s complexity. On a 2.7GHz Intel Xeon CPU (two processors and 24 phys-
ical cores), a single fracture in tension (Figure 4, initially meshed with 7600
elements and 9940 nodes) completed 30 growth steps in 20 minutes. A more
complex domain containing sixty fractures (Figures 9 and 10, initially meshed
with 174,297 elements and 226,835 nodes) completed 33 steps in 19 hours, in-

cluding time spent outputting calculated variables.
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Define geometry of initial fractures and matrix
while current growth step number < maximum growth steps do
Define matrix and initial fracture geometry
Discretise volume and surfaces
Assign material properties and apply boundary condition
Compute deformation (o and e, Equation 1)
Resolve fracture surface contact and friction
(Augmented-Lagrangian gap based algorithm, Section 2.3)
Compute mechanical apertures
for each fracture do
for each tip node n do
Compute R, (Equation 3)
Determine Ky, K7, Krrr (Section 2.4.1) and Ky
(Equation 4)
if Kv > KIC then
Compute Aa,, (Equations 8 and 9)
Compute ¢ and ¢ (Equation 5 and 6)
Assemble growth vector and compute new tip location
(Section 2.5)

end
end
Geometrically resolve intersections against boundaries and other
fractures
Update fracture geometry
end
end

Algorithm 1: Finite element based quasi-static fracture growth algorithm.

3. Stress intensity factor and propagation angle accuracy

This section describes the validation of SIFs and propagation angles for a
range of mesh refinements and boundary conditions. Previously, the accuracy
of SIFs have been assessed for static fractures by Nejati et al. [49] for the disk-
shaped domain integral, Nejati et al. [50] for contact, and Thomas et al. [5] for
interaction. The errors in the SIFs and the angles of fracture propagation are
quantified to validate fracture growth.

SIF's are compared to analytical solutions for tension [72] and compression

in slip and stick [54]. The SIF error e is be calculated as a single value for
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each fracture, combining all three modes:

111
Zi:l Ly ’KiA _KiN| dl
€K = 71T

2isy Jp, KN dl

(10)

where ¢ is one of the three deformation modes (I, I1, or III), Ly is the fracture
circumference, K Z-A is the relevant analytical solution for the mode i SIF, K
is the numerical solution for the mode ¢ SIF, and dl is the distance between
fracture tip nodes [5].

To relate ex directly to fracture growth, the numerical propagation angles
©N and N are compared to the analytical propagation angles 4 and ¥4
obtained from the analytical SIFs. The propagation angle error, e, is defined

as
A let =Nl [ (90 - 0Nl

€aq
Tz, e di+ [, TATdl

Therefore, Equation 11 method provides the cumulative error along the entire

(11)

fracture tip.

Figures 3 compares the number of fracture tip nodes to ex and e, for ten-
sion, compression in stick, and compression in slip. To produce slip and stick
conditions, the friction coefficient is set to 0 and 100 respectively in the com-
pressive cases. Other material properties are Young’s Modulus = 10 x 10° Pa,
Poisson’s ratio = 0.3, 7 = 1 m, and o = £1 x 107 Pa. The bottom boundary is
fixed, and the remaining boundaries are traction free. In order to have non-zero
SIFs in stick conditions (to generate graphs C and F), a fluid pressure of 5 x 108
Pa is applied uniformly across the fracture surface, providing an initial aperture.

The increase in SIF and propagation angle accuracy with mesh refinement
is consistent for all boundary conditions. The disk-shaped domain integral with
quarter point elements is the most accurate method for almost all mesh refine-

ments, with some exceptions when fewer than 20 tip nodes are used. Quarter
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Figure 3: Stress intensity factor and propagation angle error for an inclined fracture under
three stress states. Results are shown for the Displacement Correlation (DC) and the disk-
shaped domain integral (Disk) methods, with and without quarter points elements (QP). The
number of tips correlates with mesh density along the fracture tip, and linearly with the total
number of elements in the domain. For 8 tip nodes, there are 1264 elements in the domain,
and for 140 tip nodes, there are 22784 elements.

point elements consistently improve SIF accuracy in both methods. The prop-
agation angle error is particularly small for fractures with more than 40 tips,
especially given that this is the total error along the entire tip. Thus, fractures
grown using coarse meshes will still produce accurate geometries. Furthermore,

both SIF computation methods result in a very similar e,, despite DC being

21



464

465

466

467

468

469

470

471

472

473

474

475

476

477

478

479

480

481

482

483

484

485

486

487

488

489

consistently less accurate, suggesting that in computationally expensive simu-
lations, using DC provides a similar accuracy for fracture growth whilst saving

significant computation time.

4. Mixed mode fracture growth

This section investigates growth of fractures under tension and compression.
A circular flaw with no initial aperture is inclined at 45° to the principal stress
direction, at the center of a 20x20x20 m cube. A principal stress of +1 x 107
Pa is applied in each step in the vertical axis for tension and compression re-
spectively. In each step, Aa, = 0.1 m, and 8, = 2. The fractures are grown
alone, therefore the first step of the modified Paris law (Equation 8) does not
affect their geometry. Stress intensity factor analytical solutions are not avail-
able for fractures with complex 3D surfaces. Instead, the fracture geometries

are validated by comparison to experimental observations (Section 4.3).

4.1. Tension

Figure 4 shows a diagram of the volume containing the fracture, and the
geometry of the fracture from two viewpoints, over 30 growth steps. In the first
step, the fracture grows sharply away from its initial plane. The propagation
angle changes smoothly along the tip, pointing in opposite directions at the very
top and bottom. Over the following steps, the fracture grows at a similar angle
as in the previous step, with a smaller change in angle over time, converging
towards an angle perpendicular to the principal stress direction. This man-
ner of growth matches the widely observed wing crack [e.g., 73]. The fracture
maintains its initially circular shape for three reasons. Firstly, the value of G,
relatively uniform along the tip, meaning similar Aa,, values are assigned using
Equation 9. Secondly, on a non-circular tensile fracture, G, varies such that

propagation converges towards a circular shape [40]. Thirdly, as the growth
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step number increases, K; becomes progressively larger relative to the magni-
tudes of K5 and K7y, meaning ¢ tends towards zero and the fracture becomes

increasingly planar and disc-shaped.

4.2. Compression

Figure 5 shows the growth of a fracture under compression over 30 steps.
Similar to the tension case, the compressed fracture grows as a wing crack,
orienting itself parallel to the maximum compressive principal stress direction.
Similar geometries are widely observed in compression experiments, [e.g., 74-76].
Even when rocks are under uniaxial compression, fractures still prefer to grow
in the opening mode, curving towards an orientation parallel to the direction
of compression [77]. In the first step, the fracture changes angle significantly
away from its initial plane, with a smaller change in angle with each subsequent
step. The fracture initially grows uniformly in all directions until the top and
bottom tips of the fracture have become vertical. Once vertical, the top and
bottom of the fracture grow much less, and the sides propagate instead, creating
a horizontally elongated fracture.

In the later stages of growth under compression, the top and bottom of
the fracture experience high in-plane shear, leading to K;; being much larger
than K7 and Kryr. This causes the propagation angle to alternate between two
extremes, resulting in an alternating path of growth. In the limit where Aa,
tends towards zero, the path tends to be straighter. In Figure 5, this effect
is attenuated by reducing the magnitude of K;; by half when evaluating the
angle criterion. Without this adjustment, the fracture surface is not as smooth,
but its overall shape is very similar to the attenuated case. This means that
the initial growth angle deviates from the analytical angle (see Section 3), but
ensures the overall shape of the fracture more closely resembles a wing crack.

Similar adjustments to K values have been used in other models to ensure
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Z=-10m"xx~xAx~~ X

Figure 4: Isolated fracture growth under tension. A: Domain and boundary conditions, show-
ing the initial fracture in red, from two orientations. B: Geometry of the initial fracture before
growth (step 0). C, D, and E: Geometry of the fracture during growth at steps 5, 10, and 30
respectively. The fracture has 40 tip nodes, initial radius 1 m, placed with its centre at the
centre of the domain (0, 0, 0), and is initially inclined at 45° to the direction of maximum
tension. The maximum extension in each step (Aay) is 0.1 m. The stress applied to the +z
boundary is o = 1 x 107 Pa.
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Step 0

Step 5

Z=-10m"xx~xAx~~

Step 10

Figure 5: Isolated fracture growth under compression. A: Domain and boundary conditions,
showing the initial fracture in blue, from two orientations. B: Geometry of the initial fracture
before growth (step 0). C, D, and E: Geometry of the fracture during growth at steps 5, 10,
and 30 respectively. The fracture has 40 tip nodes, initial radius 1 m, placed with its centre at
the centre of the domain (0, 0, 0), and is initially inclined at 45° to the direction of maximum
compression. The maximum extension in each step (Aay) is 0.1 m. The stress applied to the
+2z boundary is o = 1 x 107 Pa. The friction coefficient between the fracture surfaces is 0,
making K non-zero and allowing the faces of the fracture to slide past one another.
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smooth fracture growth, e.g., moving averages [57].

4.8. Comparison with experimental results

Figure 6 shows a further validation comparing cut-planes through the fi-
nal three-dimensional geometries shown in Figures 4 and 5 to experimental
two-dimensional wing crack paths [6, 74]. A single curve is created from the
three-dimensional geometries by finding the intersection between the fracture
and a plane through the z-z axes (x = 0, z = 0). The experimental results
are not from unique experiments, rather, they are interpreted from outcrops
and experiments with brittle materials [8, 77-82]. Therefore, Figure 6 is not a
direct comparison calibrated to the same material properties, but a demonstra-
tion that the generated three-dimensional geometries are qualitatively similar
to those found in experiments. The propagation angle in step 0 is validated
quantitatively in Figure 3D-F.

These results show one of many possible vertical cut-planes, as any cut plane
on the z-z plane could be visualised. Offsetting the plane would result in smaller
initial flaw and different curvature. The orientation of stress shown by arrows in
Figure 6A and C demonstrates that wing cracks orient themselves perpendicular
to the direction of the minimum compressive stress. There are many differences
in the mechanics of the growth between the cases, all of which are emergent
properties of using a fracture mechanics based approach. Compression requires
a progressively larger load to continue propagation, whereas a tensile fracture
requires no additional stress, because a larger fracture acquires larger SIFs in
tension as long as the stress magnitude remains the same. The location of
maximum aperture also differs, with the whole fracture opening in tension [e.g.,
8], and only the most curved wings opening under compression [74].

There are many parameters in a quasi-static growth scheme which influence

fracture growth. Figures 4 and 5 demonstrate typical growth for the cases of
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(A) Olson 1993 (B) Growth in tension
3 \/\

(C) Germanovich et al. 1994 (D) Compression growth

'

T
Figure 6: Comparison between experimental wing cracks in literature, and simulated inclined
flaws under tension and compression in the present work. A: Figure 2A from Olson [6],
demonstrating wing crack growth under tension. B: Tension fracture from Figure 4 in step
30, visualised as the intersection of a plane in the z-z axes. C: Figure 1A from Germanovich
et al. [74], showing a fracture growing from an inclined flaw under uniaxial compression. D:

Compression fracture from Figure 5 in step 30, visualised as the intersection of a plane in the
-2 axes.

tension and compression, for relatively small Aa, values, in order to validate
growth over many steps. If G varies significantly along the tip, such as in the
compression case, differences in Aa, and Ny result in different fracture shapes.
For example, if Aa, is large, tips with lower values of G grow much less, leading
to a more elongated fracture in the vertical axis. If Ny is increased, there
are more tips amongst which the largest value of G,, can be chosen, leading to
larger variations in growth along the fracture tip. Varying these parameters do
not prevent growing fractures from converging towards accurate geometries if

sufficient growth steps are simulated.
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5. Growth of fracture arrays

Arrays containing five en échelon fractures are grown in tension to demon-
strate how fracture interaction alters simultaneous growth. The fractures are
separated by 1 m in the x and z axes at the centre of a 20 x 20 x 20 m cu-
bic domain, with an initially circular shape with radius 1 m. They are aligned
perpendicular to the direction of tension (z). The rock matrix has Young’s mod-
ulus, Poisson’s ratio, and K¢ of 20 GPa, 0.213, and 106 Pa m'!/? respectively.
The same tensile boundary condition shown in Figure 4A is used with a stress
magnitude on the top boundary of 8 x 107 Pa. Arrays are visualised at their
34*" growth step in Figure 7, before boundary intersections occur, showing the
tip loop at every other step, including the initial tip loop.

The geometric differences between the arrays result from changing 3¢ and
Bn, as these values influence how variations in G,, determine extension lengths.
High values of the exponents result in growth being more concentrated on frac-
tures with higher Gy, or fractures with higher G,, values. Variations in G,, in the
present arrays are caused by three factors: interaction, fracture size, and frac-
ture height. Interaction between fractures reduces G, at overlapped tips due to
stress shielding [5]. Larger fractures acquire higher stresses and G,, values. The
fractures closer to the +z boundary acquire slightly higher G,, values, because
the —z boundary is fixed and the +z boundary in stressed, meaning are rela-
tively higher displacements towards the top of the domain, which are sampled
to calculate the SIFs and G, (see Section 2.4.1). This variation is small and
only affects the growth pattern if the exponents are large, but can cause arrays
to become asymmetric.

Figure 7TA-D are four different viewpoints of array 1, grown with 8y = 0.35
and (,, = 2. Fracture growth is significantly affected by mechanical interaction.

Much less extension occurs where fractures are overlapped. Most growth occurs
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A: Array 1: perspective view B: Array 1: zoomed perspective view

w 0z

C: Array 1: top view D: Array 1: side view

Ay ) —
A SR
" e~

F: Array 2: side view

Br=10

Br=10
B, = o
W

J: Array 4: side view

Br=5 R
Br=5

Figure 7: Four fracture arrays, grown from the same initial flaws in tension with different
values of B¢ and By, viewed from the top and side. Each array is shown after 34 growth steps.
A-D use By = 0.35 and B, = 2, E and F use 8y = 5 and 3, = 0, G and H use 8y = 0 and
Bn =5,and I and J use By =5 and B, = 5.
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on the top and bottom fractures in the array, particularly on the side which
is unaffected by other fracture’s stress shadow zones [5]. All fractures grow
along the y axis where there is more space for part of the tip to grow outside of
the other fracture’s stress shadows, elongating the central three fractures. The
fractures become curved when overlapped, with the angle of curvature varying
smoothly along the tip. The intermediate value of 3,, means the local variation
in G, has a relatively large control on the growth at each tip.

The relationship between the fracture growth exponent and interaction pat-
terns has been noted by other authors [6, 12, 36]. Arrays 2 to 4 in Figure 7
demonstrate the effect of the exponents in the modified two step Paris-type law
introduced in Section 2.4.4 on growth. The same initial array in grown in Fig-
ure TA is used again, with 3y and 3, values of 0 and 5, respectively. Setting
either 8¢ and 3, to zero means the associated step in the modified two step
Paris-type growth law does not affect the growth extent. An exponent of 5 in
a power law creates a steep curve, where only fractures or tips with the highest
values of G,, will propagate [83].

In array 2 (Figure 7E and F), 8y = 5 and 8, = 0. Therefore, the highest
value of G,, on each fracture determines a uniform extension length, and the local
variation in the value of G,, on each tip does not change the extension length
(Aay = Aay). This produces a significantly different growth pattern to array 1,
with much less activation of the inner fractures. The top fracture (purple) grows
at the maximum extension length throughout the 34 growth steps, eventually
overlapping the other fractures. This fracture acquires a slightly higher value
of G,, compared to the others, because it does not overlap with as many other
fractures initially, and because the boundary condition results in higher values of
displacement closer to the +2z boundary. The lower four fractures stop growing

when the larger fracture begins to overlap them. This extinction of growth
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is particularly clear on the bottom (blue) fracture, which initially has similar
growth to the top fracture, but after 16 steps (when the top fracture begins
to overlap it), it grows with a smaller extension length per step and eventually
stops. Very little curvature develops, except in the bottom and top fractures
which curve vertically at one side.

In array 3 (Figure 7G and H), 8¢ = 0 and /3, = 5, meaning all fractures have
the same maximum extension length regardless of their largest G, value, and
each tip has its own unique Aa,,. This results in growth occurring more evenly
across the five fractures, with their surface areas being similar in the final step.
The local variation in the extension of each fracture tip means the fractures tend
to grow into space where they do not overlap. More vertical curvature arises
than the 8y = 5, 3, = 0 case, but less than in Figure 7 because growth in stress
shadow zones is relatively more discouraged, which is a result of using a higher
value of f3,.

In array 4 (Figure 7I and J), 8y = £, = 5, meaning both steps of the
modified Paris-type law have a significant effect on growth, and extension is
strongly concentrated on fractures and tips with the highest G,. The results
show an array with much less growth, in terms of total additional surface area
added per step, for the same number of growth steps as the other cases. The
strong preference for growth to only occur where G, is very close to G, leads
to very little growth on the middle fractures, even when these fractures do not
overlap as much as the other cases. Similar to array 2, most of the growth
happens on the top fracture because displacements are larger nearer the top of
the domain.

Figure 7 shows that the effect of the growth rate exponent on growth during
interaction is significant. The key interaction effects in the growth of these arrays

are the shadow zone effects, reducing the extent of each fracture’s growth, and
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the curving of fractures towards or away from one another. Higher values of the
exponent tend to increase the shadow zone effect, and decrease the curvature
which arises. Higher values of the growth exponent (e.g., 30 and 60 [67]) would
therefore concentrate growth significantly towards the most critically stressed

fractures and fracture tips.

5.1. Outcrop visualisation of arrays

Figure 8 shows five fractures grown from initial flaws arranged in a spiral,
rather than an aligned array as show in Figure 7. The material properties and
boundary conditions match those used in Section 5, with 8y = 0.35 and 3, = 2.
The array is visualised in three-dimensions (Figure 8 A and B) and by their
intersection with four cut-planes (C-F). The cut-plane visualisation simulates
how the array would appear in outcrop, and demonstrates that the apparent
curvature of the fractures varies significantly depending on the location and
orientation of the cut-plane. Hooking tips are visible in most planes, with varied
shapes depending on the location of the intersecting plane. Plane 1 does not
intersect the initial flaw surfaces of the middle three fractures, leading to slanted
traces. Without context of the full fracture array geometry, this rotation could
be interpreted as a rotation of the material between the larger two fractures, as
identified in relay ramps in outcrop [84]. Plane 4 (Figure 8F) does not intersect
the fourth fracture (counted from the top of the array), but its presence could

be inferred due to the curvature on the third and fifth fractures.

6. Growth of fracture networks

This section presents an example of a dense fracture network grown using
the present methodology. The term ‘geomechanical discrete fracture network’
(GDFN) is adopted in this work to describe the network [12] because its prop-

erties are the result of the mechanical deformation driving the growth of frac-
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A: Perspective view of volume and B: Top view of volume and cut-planes
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Figure 8: A fracture array grown from initial flaws arranged in a spiral. A and B show
perspective and top-down views of the volume, including both the visualisation planes as
transparent surfaces, and the fractures as opaque surfaces. The trace of each fracture is
also included and coloured using the colour scheme from Figure 7. C, D, E and F show the
traces from each of the intersection planes. Cut-plane traces are shown from a perspective
perpendicular to the plane.

tures in the domain. The domain initially contains sixty disk-shaped fractures,
randomly placed in the central region of the domain. Fifty of these fractures
(referred to as ‘set one’ fractures and shown in red) are parallel to the x — y
plane and have an initial radius of 0.5 m. Ten of the fractures (‘set two’, shown
in blue) are inclined with their planes normal to the vector (4, 5, 1), and an
initial radius of 2.5 m. These two fractures fractures represent fractures from

different phases of deformation, with set one fractures optimally inclined for
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growth. Due to their inclination, set two fractures do not grow until stress at
their tips increases, which as the simulation progresses, occurs when the fracture
intensity increases due to growth in fracture set one.

Material properties for hard rocks (e.g., granite) were chosen to make the
resulting network particularly relevant to radioactive waste disposal and other
deep rock applications. The rock matrix has Young’s modulus of 20 x 10° Pa,
Poisson’s ratio of 0.2 [85], and K¢ of 1 x 105 Pa m'/2 [62]. A tensile stress of
2 x 10° Pa is applied at the top boundary. Fracture tips can extend by up to
2 m each step (Aa,), and the domain stops growing when no further surfaces
are added (i.e., no further tips meet the failure criterion). Fracture growth
exponents of By = 0.35 and B, = 2 are used, ensuring that many fractures
activate and grow concurrently, whilst still being significantly influenced by
fracture interaction, as observed in Figure 7. Whilst measurements of growth
exponents in geological materials tend to be higher [67], higher values result
in much less growth per step, significantly increasing the computational cost of
generating high density networks. SIFs are calculated using the DC method to
reduce the overall computational cost of growing the network.

The full network is grown for 33 steps, with the initial state and steps 4 and
8 shown in Figure 9. In the early steps, a rapid increase in fracture density
occurs as the initially flat set one fractures grow in their plane. Growth of set
two fractures is not as rapid as they acquire lower values of G,, due to their
initial inclination. They activate more where they are close to other fractures
(due to stress amplification), and new surfaces re-orient towards the x —y plane,
perpendicular to the direction of tension. Many fractures terminate growth once
intersected, with some X intersections occurring when fractures intersect in the
initial state. Connected pathways between opposite boundaries have formed

by the 4" growth step, creating a percolating network in the z and y planes.
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Most fracture tips experience stress shielding, due to the density of the network,
leading to highly varied fractures shapes in step 8.

A: Growth step 0, P32 = 0.0290 B: Growth step 4, P;, = 0.2017 C: Growth step 8, P3, = 0.2727
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Figure 9: Geometry of a geomechanically grown discrete fracture network at three growth
steps (0, 4, and 8). Sixty initial fractures are grown in a 20 X 20 x 20 m cube. Fifty of the
fractures are initially flat with a radius of 0.5 m (coloured red), and ten are inclined with a
radius of 2.5 m (coloured blue).

Figure 10 shows the GDFN in its 334 growth step. In this step, the fracture
intensity of the network has increased by approximately fifteen times. Most of
this growth occurs in the early steps, where there is more space available for
fracture growth. In later growth steps, most fracture tips become intersected
against the boundaries or other fractures, reducing the surface area added in
each step. Fractures from set one have the most variable surface areas, between
10.04 and 149.7 m?, with a median of 53.0 m?. Set two fractures have a similar
median surface area (49.1 m?) and a smaller range (39.4 - 105.4 m?). Fracture
propagation mostly occurs in the plane of the minimum principal stress, mean-
ing the final network is highly anisotropic. Multiple connected pathways form

between the opposing xz and y boundaries, and no percolating path forms in the
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Figure 10: Three-dimensional geomechanically generated fracture network after 33 growth
steps. A, B, and C show perspective and top-down views of the dataset. The intersection
between cut-planes and the fractures are shown in planes 1 to 10, coloured by fracture set
(red fractures are in set one, blue fractures are in set two). Three-dimensional views have a
light source to the left of the viewpoint, meaning some surfaces are shaded.

To demonstrate the internal structure of the network, Figure 10 shows ten
different cut-planes through the domain. The cut-planes are arranged around
the central region of the domain, and therefore include the regions where initial
flaws were inserted, and where the domain has the highest fracture density. The
cut-planes reveal the complex surfaces of the fractures, and each plan has similar
properties.

Horizontal set one fractures grow to cross up to half of the domain. In-
clined set two fractures are present all in the cut-planes, and undergo signifi-
cant changes in their propagation angle during growth. In some planes, fractures

curve back onto themselves and terminate, both from set one and set two (e.g.,
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planes 1 and 7). Some of these fracture paths may be the result of fracture-
planes intersections at angles which enhance the curvature. In most cases, these
paths are the results of fractures continually re-orienting themselves towards
the direction which maximises stress at their tips, i.e., avoiding regions of stress
shielding.

Many fracture intersections and close fracture surfaces can be observed. Rel-
atively few fractures cross-cut one another, with some exceptions visible in cut-
planes 3, 9, and 10. All the cut-planes feature some fracture traces which are
curved, and some traces are jagged with sharp changes in direction. Planes 3,
7, and 8 have clear percolation paths between the two sides of the domain, and
it is reasonable to conclude that fractures that are close to intersecting would

likely intersect in other possible cut-planes.

7. Discussion

The present growth algorithm produces highly realistic growth in three di-
mensions, demonstrated by the SIF validation, comparisons to experimental
cases, and interaction patterns in arrays and networks. Accurately reproducing
specific growth experiments would be challenging due to sample heterogeneity.
Fractures growing simultaneously in this work tend to activate together, whereas
in real experiments, growth may be localised onto one fracture at a time [e.g.,
86]. Fracture analysis benefits greatly from visualising fully three-dimensional
fracture surfaces, where multiple cut-plane traces can be sampled to understand
how the fracture would appear in experiments or outcrops.

The modified two step Paris-type law captures the variation in extension
between different fractures and fracture tips within a growing network. Frac-
tures must have grown concurrently in order to create the patterns that are

observed in outcrops, and to create curvature that arises during stress field
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re-orientation caused by fracture interaction [7-9]. Higher values of 8, and
By generate fracture patterns where growth is more concentrated on the most
energetic fractures and fracture tips (see Figures 7 and 8). If a single step Paris-
type law was used to model growth in a complex domain, fractures would be
unlikely to activate widely, and growth would be highly focused on relatively
few critically stressed fracture tips. For a domain in tension, bias towards the
most energetic tips would become more significant when these fractures become
larger, making the generation of densely fractured domains highly computation-
ally expensive. By separately defining a maximum extension per fracture with
the first step of the modified Paris-type law, fractures can grow simultaneously
and competitively, experiencing interaction effects during growth. Furthermore,
the present method enables concurrent growth without explicit time increments
in growth steps, a feature which would add significant computational time re-
quirements and complexity to fracture growth. By exploring how quasi-static
fracture growth is affected by different growth parameters, particularly the max-
imum extension length and growth exponents, this work highlights that further
work should explore how these parameters can be selected to grow the most
realistic fracture patterns.

The grown GDFN presented in Section 6 is significant in the context of dis-
crete fracture network models. The processes driving its generation are neither
stochastic nor pseudo-mechanical, rather, they are based on the physics of frac-
ture growth. Therefore, realistic features of subsurface networks emerge as a
result of the distribution of stress and interaction between concurrently growing
fractures. Despite being initialised with a stochastic distribution of fractures,
the final properties of the GDFN are determined by the tensile boundary condi-
tion, causing the initially sparse and isotropic network to become well connected,

dense, and highly anisotropic. The Psy fracture intensity of the final network
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(0.4324 m™) is on the same order of magnitude as intensities as fracture sets
observed in deep subsurface networks in hard rock environments. Cvetkovic
et al. [87] analysed a network containing three fractures sets with estimated Pso
values of 0.18, 0.26, and 0.85 m™'. Follin et al. [88] examined several fracture
zones and depth intervals in Forsmark, Sweden, where the P of observed open

fractures ranges between 0.535 and 3.17 m™'.

These comparisons demonstrate
the present methodology can readily be used to simulate fracture networks at
sufficient detail to match real fracture intensities. Additional realism can be in-
troduced to the generation of GDFNs by imposing a more complex stress history
on the domain, and by further exploring the effect of mechanical parameters on

network growth, particularly B; and f3,, as these effect how fractures interact

during growth.

8. Conclusions

A novel finite-element based, quasi-static, discrete fracture growth method
is presented, validated, and applied to growth of fractures in en échelon arrays
and networks. Stress Intensity Factors (SIFs) are used to evaluate growth cri-
teria which govern mixed mode fracture growth. The accuracy of the method is
demonstrated through quantification of SIF and propagation angle errors (Sec-
tion 3), and isolated fracture growth in tension and compression (Section 4).
A novel modified Paris-type law models the relative growth rate of different
fractures growing quasi-statically. Fracture growth exponents are shown to be
important in influencing how fractures grow concurrently. Fracture interac-
tion suppresses growth in stress shadow zones and alters propagation angles
non-uniformly along fracture tips, producing complex non-planar surfaces. The
method is applied to grow a dense, complex fractured domain, generating a ge-

omechanical discrete fracture network (GDFN). Realistic processes which arise
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during the development of the GDFN include anisotropic non-planar surface
growth, stress amplification and shielding, and fracture activation and deactiva-
tion. The resulting network is well connected and has similar densities to deep
natural fracture networks in hard rock environments. GDFNs provide models
of the subsurface which are formed based on the physics of fracture growth and
interaction. Furthermore, they can be generated to qualitatively and quantita-
tively model specific subsurface environments, by incorporating estimated ini-
tial flaw distributions, the mechanical conditions imposed by regional tectonic

events and present in situ stresses.
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