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t. Optimization models under un
ertainty for mid-term 
ost-optimal op-eration of a hydro-thermal power system and for simultaneous power produ
tionand day-ahead trading at a power ex
hange are presented. Algorithms for solvingthese models are sket
hed and initial numeri
al experien
e is reported.1 Introdu
tionUn
ertainty is of in
reased importan
e in today's power management. Tra-ditional sour
es of un
ertainty, su
h as weather 
onditions infe
ting the load
urve, are a

ompanied by novel sour
es that are due to the liberalization ofpower markets. Trading now be
omes an issue, and new market instrumentsarise that, to more or less extent, involve some level of un
ertainty.In the present paper we report on two mathemati
al optimization modelsthat are tailored to 
oping with randomness in power produ
tion and powertrading. The paper grew out of a 
ooperation with the VEAG VereinigteEnergiewerke AG Berlin, a utility running a hydro-thermal power systemin the Eastern part of Germany. Our mathemati
al instruments stem from(mainly two-stage) sto
hasti
 integer programming.In Se
t. 2 we present basi
 issues of mathemati
al modeling of generationunits and their intera
tion in the VEAG system. Se
tion 3 then addressesa planning model for mid-term 
ost optimal power produ
tion under un
er-tainty of ele
tri
al load, fuel pri
es and ele
tri
ity pri
es in power 
ontra
ts.In Se
t. 4 we develop some ideas on how to 
ouple day-ahead trading ata power ex
hange with the basi
 produ
tion model from Se
t. 2. In bothSe
ts. 3 and 4 we pla
e a

ent on modeling issues, sket
h the optimizationalgorithms for problem solution, and display initial numeri
al experien
e.2 Power Produ
tion { The VEAG SystemThe generation system of VEAG Vereinigte Energiewerke AG Berlin 
om-prises pumped-storage hydro as well as 
oal and gas �red thermal power
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hultz, Westphalenplants. Throughout, we work with a (mostly hourly) dis
retization of theplanning horizon into t = 1; :::; T subintervals, and we assume that thereare I thermal as well as J pumped-storage hydro units. The variable uit 2f0; 1g; i = 1; : : : ; I ; t = 1; : : : ; T indi
ates whether the thermal unit i is in op-eration at time t. Variables pit, sjt, wjt, i = 1; : : : ; I , j = 1; : : : ; J ; t = 1; : : : ; Tare the output levels for the thermal units, the hydro units in generation andin pumping modes, respe
tively. The variables ljt denote the �ll (in energy)of the upper dam of the hydro unit j at the end of interval t.The power output of units and the �ll of the upper dams have to �t thefollowing boundspminit uit � pit � pmaxit uit; i = 1; : : : ; I; t = 1; : : : ; T0 � sjt � smaxjt ; j = 1; : : : ; J; t = 1; : : : ; T0 � wjt � wmaxjt ; j = 1; : : : ; J; t = 1; : : : ; T0 � ljt � lmaxjt ; j = 1; : : : ; J; t = 1; : : : ; T (1)Here, pminit ; pmaxit ; smaxjt ; wmaxjt denote minimal and maximal outputs, respe
-tively, and lmaxj is the maximal �ll of the upper dam. Load 
overage is mod-eled by the 
onstraintsIXi=1 pit + JXj=1(sjt � wjt) � dt; t = 1; : : : ; T; (2)where dt denotes the ele
tri
al load at time t.In addition to load 
overage, reserve management is a key issue in powerprodu
tion. Quite di�erent reserve s
hemes are employed in pra
ti
e. At leastthe following requirement involving a so-
alled spinning reserve rt has to bemet for the thermal units:IXi=1(uitpmaxit � pit) � rt; t = 1; : : : ; T: (3)For the pumped-storage plants we have the following balan
es that inter
on-ne
t di�erent time intervals:ljt = lj;t�1 � (sjt � �jwjt);lj0 = linj ; ljT = lendj ; � j = 1; : : : ; J; t = 1; : : : ; T: (4)Here, linj ; lendj are the initial and �nal �lls (in energy) of the upper dams, �jdenote the pumping eÆ
ien
ies. Constraints avoiding simultaneous genera-tion and pumping in the hydro plants are dispensable sin
e it 
an be shownthat su
h a de�
ien
y 
an not o

ur in optimal points.To avoid ex
essive thermal stresses in the 
oal �red blo
ks, they have toadhere to minimum up and down times �i and �i. These are modeled viauit � ui;t�1 � ui� ; � = t+ 1; : : : ;minft+ �i � 1; Tg;ui;t�1 � uit � 1� ui� ; � = t+ 1; : : : ;minft+ �i � 1; Tg;i = 1; : : : ; I ; t = 2; : : : ; T � 1: (5)
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ertainty 3The 
onstraints (1) { (5) provide a mathemati
al model for basi
 featuresand basi
 intera
tion of the generating units of the VEAG system. Typi
alobje
tive fun
tions to be minimized on the 
onstraint set (1) { (5) 
on
ernfuel 
onsumption for starting up and operating thermal units together with
osts (or revenues) a

ording to power 
ontra
ts. Formalizing fuel 
ost mini-mization, for instan
e, leads to the obje
tive fun
tionTXt=1 IXi=1 Cit(pit; uit) + TXt=1 IXi=1 Sit(ui); (6)where Cit denote the pie
ewise linear fuel 
osts and Sit(ui) = 
itmaxfuit �ui;t�1; 0g the start-up 
osts for the thermal unit i, where ui := (uit)Tt=0 andui0 is a given initial value.In Se
ts. 3 and 4, the above mathemati
al apparatus will be utilizedas starting point for in
luding the sour
es of un
ertainty outlined in theintrodu
tion.3 Mid-Term Power PlanningFor the system introdu
ed in Se
t. 2 we des
ribe a model for its mid-term
ost-optimal power produ
tion planning under un
ertainty on the ele
tri
alload and on the ele
tri
ity and fuel pri
es. For mid-term planning models weare fa
ed with sto
hasti
 data when 
onsidering time periods lying far in thefuture. In order to derive solutions that hedge against un
ertainty it is ne
-essary to in
orporate the randomness of the data into the model. So far thisis mainly done for operational models (
f. [4,6℄ and the referen
es therein).Sin
e we regard future planning periods (e. g. next week or year), we assumethat the quality of available information on the load un
ertainty does notdepend on time, i. e., it does not in
rease with the length of the planninghorizon. Furthermore, the load is sto
hasti
 right from the beginning of the
onsidered time period. The sto
hasti
 behaviour of the load dt, the spin-ning reserve rt and the pri
e for fuel and ele
tri
ity { 
hara
terized by its
oeÆ
ients at; bt and 
t { is represented by a dis
rete-time sto
hasti
 pro-
ess f�t := (dt; rt;at; bt; 
t)gTt=1on some probability spa
e (
; A; IP ). Now,the de
ision pro
ess 
onsists of two stages where the �rst-stage de
isions 
or-respond to the here-and-now s
hedules for all power generation units. These
ond-stage de
isions, on the other hand, 
orrespond to future 
ompensa-tion or re
ourse a
tions of ea
h unit in ea
h time period. The latter naturallydepend on the environment 
reated by the �rst-stage de
isions and the loadand pri
e s
enarios in that spe
i�
 time period. Hen
e, the aim of su
h a two-stage planning model 
an be formulated as follows. Find an optimal s
hedulefor the whole system and planning horizon su
h that the un
ertain data 
anbe 
ompensated by the system, all system 
onstraints are satis�ed and thesum of the total generation 
osts and the expe
ted re
ourse 
osts is minimal.
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h, S
hultz, WestphalenIn order to give a mathemati
al formulation of the two-stage model let(u; p; s; w) denote the �rst-stage de
isions and (u; p; s; w) be the sto
has-ti
 se
ond-stage de
isions having the 
omponents uit; pit; sjt; wjt; whi
h
orrespond to the re
ourse a
tions of ea
h unit at time period t. In additionto the (non-sto
hasti
) 
onstraints for (u; p; s; w), i. e. the 
apa
ity limits(1), the storage dynami
s (4) and the minimum up- and down-times (5), wehave to require that the re
ourse a
tions also satisfy the system 
onstraints.These are the operating ranges of all units, the minimum up/down-time re-quirements for the thermal units and the reservoir 
apa
ity bounds:pmini uit � pit � pmaxi uit; uit 2 f0; 1g; (7a)uit � ui;t�1 � ui;� ; � = t+ 1; : : : ;minft+ �i � 1; Tg;ui;t�1 � uit � 1� ui;� ; � = t+ 1; : : : ;minft+ �i � 1; Tg;t = 2; : : : ; T � 1; i = 1; : : : ; I; IP - a. s. (7b)0 � sjt � smaxj ; 0 � wjt � wmaxj ; 0 � `jt � `maxjt ;t = 1; : : : ; T; j = 1; : : : ; J; IP - a. s. (7
)`jt = `j;t�1 � sjt + �jwjt; t = 1; : : : ; T;`j0 = `inj ; `jT = `endj ; j = 1; : : : ; J; IP - a. s. (7d)Here some remarks 
on
erning the interplay of the two stages are due. The�rst-stage solutions a
t as a basis for the re
ourse a
tions, whi
h have tosatisfy the se
ond-stage 
onstraints in a 
ost-optimal way. To this end we haveto guaranty that the transition from the �rst to the se
ond stage is feasible.While the stati
 
onstraints (7a) and (7
) need no further 
onsideration, wenegle
t the possible impa
t of the 
onstraints (7d). This is justi�ed sin
e thegeneration system is thermal dominated. The minimum up- and down-times
onstraints (7b) for the thermal units, however, need some re�nement. Inorder to enfor
e 
ompatibility between the �rst- and se
ond-stage de
isionswe introdu
e 
onstraints that relate the s
heduling behaviours of the twostages to ea
h other. This means that we prevent a thermal unit from beingswit
hed on or o� in the se
ond stage, if the s
heduling history in the �rststage prohibits that. The same 
anoni
al dependen
y is required in the otherdire
tion as well, i. e. we restri
t swit
hing in the �rst stage subje
t to the
onstraints set by the se
ond-stage s
heduling. Thus we have the 
onstraints:uit � ui;t�1 � 1� (ui;��1 � ui;�); � = t; : : : ;minft+ �i � 1; Tg; (8a)ui;t�1 � uit � 1� (ui;� � ui;��1); � = t; : : : ;minft+ �i � 1; Tg; (8b)uit � ui;t�1 � 1� (ui;��1 � ui;�); � = t; : : : ;minft+ �i � 1; Tg; (8
)ui;t�1 � uit � 1� (ui;� � ui;��1); � = t; : : : ;minft+ �i � 1; Tg; (8d)IP - a. s.; i = 1; : : : ; I; t = 2; : : : ; T � 1:Observe the 
onsequen
es of the 
ompatibility 
onstraints (8). The inequal-ity (8b), say, represents a 
onstraint for the se
ond stage if and only if unit
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ertainty 5i is swit
hed o� in the �rst stage at time t. In this 
ase it enfor
es that thethermal unit will not be swit
hed on in the se
ond stage as long as the unitis 
ooling for its minimum down-time in the �rst stage. The remaining in-equalities have similar e�e
ts.Furthermore we introdu
e a subdivision of the set I := f1; : : : ; Ig of allthermal units into two subsets I1 and I2 su
h that I1 [ I2 = I and the
onditions uit = uit; i 2 I2; t = 1; : : : ; T; IP - a. s.; are satis�ed. This meansthat only some of the available thermal units may 
hange their on/o� statewhen 
ompensating un
ertain data. From a modelling point of view this ap-proa
h leads to a redu
tion of the number of binary variables 
orrespondingto a unit i 2 I2. Moreover the 
ase I2 = I 
onforms with the view takenin [3℄. There all on/o� de
isions of the thermal units have been regarded aslong-term de
isions and thus belonging to the �rst stage only. Observe that(8) is 
learly satis�ed for all i 2 I2.The loading 
onstraints (2) have to be adapted to the new situation. Here wedistinguish between the two stages. As mentioned before we are looking fora solution to the here-and-now de
isions that satis�es the un
ertain demandwith a 
ertain probability and furthermore allows an optimal s
heduling inea
h of the s
enarios. That is why the �rst-stage power outputs of all gener-ation units have to satisfy at least the expe
ted load, while the se
ond-stagepower outputs are required to satisfy the load dt with probability one. Hen
ethe (modi�ed) loading 
onstraints are given by the following inequalities:IXi=1 pit + JXj=1(sjt � wjt) � IE(dt); t = 1; : : : ; T; (9a)IXi=1 pit + JXj=1(sjt �wjt) � dt; t = 1; : : : ; T; IP - a. s. (9b)The reserve 
onstraints (3) are modi�ed in the same way. Note that fromnow on we use an equivalent 
hara
terization of the reserve 
onstraints:IXi=1 uit pmaxit + JXj=1(sjt � wjt) � IE(dt + rt); t = 1; : : : ; T; (10a)IXi=1 uit pmaxit + JXj=1(sjt �wjt) � dt + rt; t = 1; : : : ; T; IP - a. s. (10b)Again the se
ond-stage de
isions 
over the spe
i�ed amount with probabilityone, while the �rst-stage spinning reserve meets at least the expe
ted de-mand. Finally we in
orporate the sto
hasti
 fuel and ele
tri
ity pri
es intothe model. To this end we de�ne the random variables Cit, that des
ribe the
osts for operating thermal unit i in the se
ond-stage during time period t,in the following way: Cit(p; u) := maxl=1;:::;�l failt p+ bilt u g; where ailt; bilt are
omponents of the random variable �t that represent sto
hasti
 
ost 
oeÆ-
ients su
h that Cit(�; 1) is IP -almost surely 
onvex and in
reasing on IR+.
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h, S
hultz, WestphalenThe 
ost fun
tions Cit(p; u) for the �rst stage we de�ne a

ordingly, takingthe expe
ted values IE(ailt); IE(bilt); l = 1; : : : ; �l; as pri
e 
oeÆ
ients, how-ever. The e�e
t of sto
hasti
 pri
es on the startup 
osts is modelled in asimilar way. More pre
isely we have Sit(ui) := 
it [uit � ui;t�1℄+; Sit(ui) :=IE(
it) [uit � ui;t�1℄+; where 
it are sto
hasti
 startup 
ost 
oeÆ
ients andui := (uit)Tt=0; ui0 = ui0 IP - a. s.; i = 1; : : : ; I:In 
onsisten
y with 
ommon two-stage sto
hasti
 programming the obje
tivefun
tion 
orresponds to the total 
osts for operating the thermal units in the�rst stage plus the expe
ted 
osts in the se
ond stage, i. e.,IPi=1 TPt=1 [Cit(pit; uit) + Sit(ui)℄ + IE IPi=1 TPt=1 [Cit(pit; uit) + Sit(ui)℄ : (11)The sto
hasti
 power produ
tion planning model 
onsists then in minimizingthe obje
tive fun
tion (11) over all deterministi
 de
isions (u; p; w; s) andall sto
hasti
 de
isions (u; p; s; w) 2 L1 �
; A; IP ; IR2T (I+J)� satisfyingthe 
onstraints (1), (4), (5), (7) - (10). The model represents a two-stagesto
hasti
 mixed-integer program involving 2(I+J)T deterministi
 and 2(I+J)T sto
hasti
 de
ision variables.The sto
hasti
 program elaborated above is almost separable with respe
tto the units, sin
e only the 
onstraints (9)-(10) 
ouple di�erent units. Thisstru
ture allows us to apply a sto
hasti
 version of the 
lassi
al Lagrangianrelaxation idea. We relax the above mentioned 
oupling 
onstraints by intro-du
ing Lagrange multipliers � := (�1; �2;�3;�4), where �1; �2 2 IRT+ and�3; �4 2 L1(
; A; IP ; IRT+). Setting x := (u; p; s; w) and x := (u; p; s; w)the Lagrangian L(x; x; �) is formed in the following way. Ea
h of the 
on-straints (9)-(10) is �rst asso
iated with a Lagrange multiplier and then en-ters the obje
tive fun
tion (11). Here the deterministi
 multipliers �1; �2 arelinked with the �rst-stage 
onstraints (9a) and (10a), whereas the sto
has-ti
 variables �3; �4 are paired with the se
ond-stage 
onstraints (9b), (10b).Note that L(�) takes its values in IR, sin
e the latter 
onstraints enter theobje
tive fun
tion via their expe
ted value (
f. [10℄). With the dual fun
-tion D(�) := inf(x;x)L(x; x; �); where the in�mum is taken subje
t to the
onstraints (1), (4), (5), (7) and (8), the dual problem readsmax�D(�) : � 2 IR2T+ � L1(
; A; IP ; IR2T+ )	 : (12)The optimal value of the dual problem (12) provides a lower bound for theoptimal 
osts of the (non
onvex) primal model. The minimization of L de-
omposes into sto
hasti
 single unit subproblems and the dual fun
tionD(�) = IPi=1Di(�) + JPj=1 D̂j(�)+ TPt=1 ��1t IE(dt) + �2t IE(dt + rt) + IE ��3tdt + �4t (dt + rt)�� (13)
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ertainty 7may be evaluated by solving thermal subproblems and hydro subproblems
orresponding to Di(�) and D̂j(�), respe
tively. The two kinds of subprob-lems represent two-stage sto
hasti
 programming models for the operationof a single unit. While the thermal subproblems are mixed-integer two-stagesto
hasti
 program, that redu
e to 
ombinatorial two-stage sto
hasti
 prob-lems, the hydro subproblems are linear two-stage models. For the latter wemake use of a des
ent algorithm des
ribed in [9℄, whereas for the thermal sub-problems we employ sto
hasti
 dynami
 programming when it is ne
essary.This means in parti
ular that for the solution of the thermal subproblems we�rst relax the 
ompatibility 
onstraints (8) in order to apply a s
enario de-
omposition approa
h. Then the sto
hasti
 dynami
 programming need onlybe used if the preliminarily solution violates the 
ompatibility 
onstraints (
f.[10℄). Extending Lagrangian relaxation approa
hes for deterministi
 powermanagement models, our method for solving the sto
hasti
 two-stage model
onsists of the 
omponents des
ribed in Fig. 1. The non-smooth optimizationproblem (12) is solved with the proximal bundle method des
ribed in [7℄.Bundle methods make use of fun
tion value and subgradient information inorder to determine des
ent dire
tions. The subproblem solvers provide thatne
essary information. The bundle method delivers an optimal value D(��)of (12), whi
h is a lower bound for the optimal 
ost of the primal model. Ingeneral, however, the dual optimal s
heduling de
isions violate the load andreserve 
onstraints. With a Lagrangian heuristi
s, that takes its basi
 ideasfrom [5,12℄, we determine a primal feasible solution. For the 
ase I2 = I weuse a strategy that treats all s
enarios simultaneously, whereas in all otherinstan
es ea
h s
enario is dealt with independently. Finally we �x the binaryde
isions and use a deterministi
 version of the e
onomi
 dispat
h algorithmin [9℄ for every s
enario to �nd a nearly optimal primal solution. The inter-a
tion of the des
ribed 
omponents is illustrated in Fig. 1.solution of the dual problem(proximal bundle method)?Lagrange heuristi
s?(sto
hasti
) e
onomi
 dispat
h
-� -� solution of subproblems(sto
hasti
 dynami
 programming)(des
ent algorithm)

Fig. 1. Stru
ture of the sto
hasti
 Lagrangian relaxation methodThe sto
hasti
 Lagrangian relaxation algorithm was implemented in C++ex
ept for the proximal bundle method, for whi
h the FORTRAN-pa
kageNOA 3.0 ([8℄) was used as a 
allable library. For testing the implementation



8 Nowak, N�urnberg, R�omis
h, S
hultz, Westphalena number of load s
enarios was simulated from a time series model for theload pro
ess des
ribed in [6℄. Furthermore the sto
hasti
 pri
es have beensimulated by a dis
retized geometri
 Brownian motion. Test runs have been
arried out for the weekly produ
tion planning (i. e. T = 168) of the hydro-thermal power generation system of VEAG 
omprising 25 thermal units and7 pumped storage plants and for a number of s
enarios ranging from 5 to 100.The 
orresponding primal optimization problems have up to 400.000 binaryand 650.000 
ontinuous variables, and more than 1.300.000 
onstraints. Ta-ble 1 shows 
omputing times and gaps for di�erent 
hoi
es of the optimalitytoleran
e for the proximal bundle method. The test runs have been performedon an HP 9000 (780/J280) Compute-Server with 180 MHz frequen
y and 768MByte main memory under HP-UX 10.20. The results show that a smalleroptimality toleran
e leads to smaller gaps at the expense of the 
omputingtimes. Here the gap refers to the relative di�eren
e of the 
osts of the deter-mined s
heduling de
isions (x; x) and the optimal value D(��) of the dualproblem. In the 
ase of I2 = ; the performan
e of the algorithm is 
loselyrelated to the eÆ
ien
y of the thermal subproblem's solver. In parti
ular itdepends on how often the sto
hasti
 dynami
 programming algorithm is usedduring the dual maximization. In fa
t the 
omplexity of the involved mem-ory stru
tures in
reases very fast, so that problem instan
es with more than10 s
enarios 
annot be handled so far. Figure 2 provides a sample outputof the algorithm. It is worth mentioning that typi
al solutions exhibit bothswit
hing on and o� de
isions at the transition from the �rst to the se
ondstage. Thus a solution for this 
ase in general yields a better obje
tive fun
-tion value than the solution to the 
orresponding problem, where the indexset I2 
onsists of all thermal units (
f. [10℄).Table 1. Computing times and gaps (NOA 3.0: NGRAD= 20)opt. tol: 10�3 opt. tol: 10�4S
enarios I2 time [min℄ gap time [min℄ gap obj.valNOA all [%℄ NOA all [%℄ [�108℄5 ; 0:16 1:00 0.61 0:41 1:45 0.21 1.155115 ; 0:18 0:35 0.25 0:45 1:18 0.17 1.4935210 ; 0:57 2:50 0.45 1:55 5:08 0.30 1.1556310 ; 0:44 2:04 0.31 1:32 3:53 0.13 1.424865 I 0:10 0:28 0.90 0:26 0:43 0.70 1.5080110 I 0:27 0:59 1.25 1:14 1:43 0.87 1.4449750 I 9:00 12:04 1.83 12:36 16:07 1.36 1.41429100 I 30:17 35:31 1.99 35:37 42:48 1.70 1.43047
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enarios and I2 = ;4 Day-Ahead Trading and Power Produ
tionPower ex
hanges with future and spot markets are novel instruments arisingat liberalized ele
tri
ity markets ([1℄). Trading at a power ex
hange is be-
oming a means of ever growing importan
e in the utility's total e
onomi
a
tivity. Coordination of trading and power produ
tion is a key issue in thisrespe
t. In what follows we address simultaneous power produ
tion and day-ahead trading at a power ex
hange. The produ
tion 
omponent is modeleda

ording to Se
t. 2.Day-ahead trading involves sealed selling and pur
hase bids for everyindividual hour of the day ahead. Ea
h o�er 
omprises volume and pri
e.There is only one round of bidding and the market pri
e is 
leared by anindependent operator su
h that the total ex
hange is maximized. Figure 3depi
ts the pri
e formation me
hanism: selling and pur
hase o�ers are pla
edin (pri
e-) as
ending and des
ending orders, respe
tively, yielding two step
urves where step length 
orresponds to volume and step height to pri
e.The interse
tion of the 
urves determines both the market pri
e and thetotal volume traded. Selling o�ers stri
tly below and pur
hase o�ers stri
tlyabove market pri
e are exe
uted 
ompletely. Vi
e versa, sellings stri
tly aboveas well as pur
hases stri
tly below do not be
ome e�e
tive. O�ers at marketpri
e in general are exe
uted only partially, with spe
i�
 splitting rules in
ase of multiple o�ers with identi
al pri
e.
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volume of energy

pri
e per volume
selling o�erspur
hase o�ers����valid market pri
e

o�ers to be exe
uted| {z } o�ers to be not exe
uted| {z }Fig. 3. Determining of the market pri
e by mean of o�ersA simultaneous management of ele
tri
ity produ
tion and day-ahead bid-ding thus has to take into a

ount two main fa
tors: the utility's possibilitiesto generate or 
onsume a 
ertain amount of power at a 
ertain pri
e at a
ertain time, and the 
ompetitors' bids for that very time period. The latterbeing sealed and thus not available for the utility at the time of bidding, thisindu
es 
onsiderable un
ertainty for the utility at the moment of de
isionmaking.The mathemati
al modelling of the phenomena sket
hed above is a

om-plished in two steps. First the pri
e formation me
hanism at the power ex-
hange is formulated in mixed-integer linear terms and 
on
atenated with theprodu
tion model from Se
t. 2. Afterwards, this deterministi
 optimizationmodel is extended into a sto
hasti
 one by introdu
ing probabilisti
 s
enariosfor the bidding behaviour of the 
ompetitors and heading for an optimizationof the nonanti
ipative de
isions to be taken by the utility. In what follows,we will display the �rst step in detail and anly outline the extensiojn towardssto
hasti
 programming.To model pri
e formation we 
onsider the dis
retization t = 1; : : : ; T of theoptimization horizon from Se
t. 2. The pri
e is dis
retized into m = 1; : : : ;Mas
ending levels with values bmt � 0. For all t = 1; : : : ; T; m = 1; : : : ;Mwe introdu
e triplets (vsmt; vpmt; v
mt) 2 f0; 1g3 of indi
ators. The subsequent
ontraints system ensures that vsmt = 1 (vpmt = 1) i� the selling (pur
hase)o�er with pri
e level m at time t is stri
tly below (above) market pri
e andhen
e exe
uted 
ompletely. Moreover, we have v
mt = 1 i� pri
e level m
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oin
ides with the valid market pri
e at time t:MXm=1 v
mt = 1; t = 1; : : : ; T ;vsmt � vsm+1;t;vpmt � vpm+1;t;vsmt + v
mt + vpmt = 1;9=; t = 1; : : : ; T; m = 1; : : : ;M: (14)We distinguish between variables for energy volumes of own o�ers of pri
elevel m in time period t (qsmt, qpmt � 0) and variables for volumes of ownexe
uted o�ers of pri
e level m in time period t (psmt, ppmt � 0). Exe
utedo�ers 
annot ex
eed o�ers:0 � psmt � qsmt; 0 � ppmt � qpmt; t = 1; : : : ; T; m = 1; : : : ;m: (15)Own selling o�ers below and own pur
hase o�ers above market pri
e are tobe exe
uted 
ompletely:psmt � qsmt � C1(1� vsmt);ppmt � qpmt � C1(1� vpmt);� t = 1; : : : ; T; m = 1; : : : ;m (16)with a suÆ
iently big 
onstant C1. Own selling (pur
hase) o�ers must notbe exe
uted, if they are above (below) the valid pri
e:psmt � C2(vsmt + v
mt);ppmt � C2(vpmt + v
mt);� t = 1; : : : ; T; m = 1; : : : ;m (17)with a suÆ
iently big 
onstant C2.The 
ompetitors' (or foreign) selling and pur
hase o�ers of pri
e level mfor time t are denoted by fsmt; fpmt � 0;m = 1; : : : ;M; t = 1; : : : ; T , respe
-tively. It is feasible that not the 
omplete volume of a 
ompetitor's o�er atmarket pri
e is exe
uted (as in our example, Fig. 3). �st , �pt � 0 then denotethe a
tually exe
uted volumes of the 
ompetitors at valid market pri
e:0 � �st � MXm=1 v
mtfsmt; 0 � �pt � MXm=1 v
mtfpmt; t = 1; : : : ; T : (18)Maximum ex
hange is rea
hed at the equilibrium of supply and demand:MXm=1(vsmtfsmt + psmt) + �st = MXm=1(vpmtfpmt + ppmt) + �pt ; t = 1; : : : ; T: (19)At market pri
e, either a 
omplete selling o�er or a 
omplete pur
hase o�eror both a 
omplete selling and a 
omplete pur
hase o�er have to be exe
uted(
f. Fig. 4). Introdu
ing another indi
ator v0t 2 f0; 1g attaining the value 1i� at least all selling o�ers at market pri
e are exe
uted, the pri
e formationmodel is 
ompleted by the following 
onstraints:
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Fig. 4. 
ases of pri
e formation�st � MXm=1 v
mtfsmt � C3(1� v0t ); �pt � MXm=1 v
mtfpmt � C3v0t ; t = 1; : : : ; T ;psmt � qsmt � C3(2� v
mt � v0t );ppmt � qpmt � C3(1� v
mt + v0t );� t = 1; : : : ; T; m = 1; : : : ;M (20)with a suÆ
iently big 
onstant C3.Let gmt 2 IR denote the net ex
hange at the power ex
hange of pri
e levelm at time t. It has to ful�llMXm=1 gmt = MXm=1(ppmt � psmt); t = 1; : : : ; T;�C4v
mt � gmt � C4v
mt; t = 1; : : : ; T; m = 1; : : : ;M (21)with a suÆ
iently big 
onstant C4. Finally, 
on
atenation with the produ
tionmodel from Se
t.2 is a
hieved by modifying the load 
overage 
onstraints intoIXi=1 pit + JXj=1(sjt � wjt) + MXm=1 gmt = dt; t = 1; : : : ; T (22)and adding the term TXt=1 MXm=1 bmtgmt: (23)to the obje
tive (6).The above model was validated with VEAG data for the power systemand market pri
es of the Amsterdam Power Ex
hange (APX) [1℄ for the powerex
hange. The VEAG power system 
omprises 17 
oal and 8 gas �red thermalunits as well as 7 pumped storage plants. Using APX market pri
es from thetime period July to De
ember 1999 we 
onstru
ted hourly foreign o�ers ofdi�erent pri
es and volumes. To study impa
ts of power trading to power pro-du
tion we formed test problems both with a
tual APX pri
e levels (problemB) and with levels deviating form the APX pri
es by up to 30 % (problem
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ertainty 13C). In addition the model was run as a pure produ
tions model, withouttrading (problem A). Model sizes varied from 18000 to 63 000 
onstraintsand 13 000 (2 500 integer) to 35000 (6 000 integer) variables. Numeri
al testswere performed on a SUN E450 ultra SPARC, 300 MHz, using CPLEX Lin-ear Optimizer 6.5.1 (1999), whose algorithmi
 basis is 
utting-plane enhan
edLP-based bran
h-and-bound.Table 2 reports solution times and optimality 
erti�
ates (gaps) togetherwith the impa
t of trading. For problems B and C gains of 0.22 % and 1.12 %,respe
tively, were a
hieved, 
ompared with the pure-produ
tion instan
e A.Solution times behind these savings are quite substantial. However, savingsof 0.14 % and 0.48 % were a
hieved for problems B and C after only 43and 20 minutes of solution time, respe
tively. Trading a
tivities (selling andpur
hase volumes) over time for problem C are displayed in Fig. 5. Theseinitial numeri
al results indi
ate the potential of simultaneously optimizingpower produ
tion and trading.Table 2. Cal
ulationsBest Lower Min. VolumesProb. Time Solution Bound Gap Saving Selling Pur
haseA 0:20:14 46 287 933 46 287 933 0.00 % 0.00 % 0 0B 2:27:59 46 185 297 44 892 456 2.80 % 0.22 % 11 200 2 890C 1:15:49 45 767 961 45 242 528 1.15 % 1.12 % 40 900 1 570
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purchaseFig. 5. Trading a
tivities over timeTo remove the unrealisti
 model assumption of anti
ipating the 
ompeti-tors' o�ers the latter are 
onsidered to be sto
hasti
, i. e., given s
enario-wisewith 
ertain probabilities. Then a two-stage sto
hasti
 program be
omes ap-propriate. The prin
ipal modelling follows the lines sket
hed in a di�erent
ontext in Se
t. 3: We 
onsider an optimization horizon of 7 days and assem-ble all the de
isions to be taken at the �rst day into the �rst stage. These
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omprise produ
tion des
isions (variabels pit; sjt; wjt; ljt for suitable t and alli; j) and the utility's o�ers for the subsequent day (variables qsmt; qpmt; gmt forsuitable t and allm). The remaining variables enter the se
ond stage. The ob-je
tive fun
tion is a sum of dire
t 
osts 
aused by the �rst-stage de
isions andof expe
ted future 
osts in the se
ond stage. Solution methodology for thistwo-stage sto
hasti
 integer program rest on the dual de
omposition methoddeveloped in [2℄. Again a non-smooth 
on
ave dual maximization problemhas to be solved (
f. Se
t. 3) whose obje
tive fun
tion values and subgradi-ents are determined by solving single-s
enario subproblems. The latter are ofthe same type as the above model (14){(23). Resear
h along these dire
tionsis still ongoing and will be reported elsewhere.Referen
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