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ABSTRACT

An investigation is -carried out to obtain the necessary
conditions for critical stability of the Bernstein modes in
orderfto interpret the strong electrostatic emissions with
frequencies near (2n+l)X}/2 predominantly detected in the ma-
gnetosphere in the hight—side auroQal‘L—shells.

It will be shown that for a given anisotropic distribu-
tion function of the form ﬂo=g(g-y)s(zl), a non-resonant pla-
sma ihstability can result,

It will be seen that instability occurs, within a given
range of wavelengths and that ﬁnstaﬁle mode solutions are
sepafated by bands in the wavelength where only stable mode
solutions are possible.

It was further found that as A-weo ,only stable modes
propagate, so it appears there is an upper limit in wavelength
for instability to be possible,

Conversely as A-=Q fluctuations become so rapid that
no fine structure remains. Also the critical plasma density
for instability becomes infinite fpr sufficiently short wave-
lengths.

An analysis is carried out to determine the first ki for
which the modes become unstable as various parameters of the
distribution function change their value. For each unstable
kl there corresponds a minimum critical plasma density below
which instability is not possible.

The introduction contains a short review of some of the
observational data conserning the wave-emissions with fre-

quency ~3/2 S0 and adiscussion on the theory of Bernstein mo-



. des. In chapters 1, I ,JIL, IVand V the dispersion relation

in the electrostatic approximation is derived, first for

the general case where both ku and k_L are finite and then
speciélized for the case ky = 0, where Landau damping can

be rigorously neglected and pure Bernstein modes of the higher
frequency regime propagate. Then having chosen a particular
distribution function we proceed to investigate the condi-
tions for critical stability. Some observations on the par-
ticle-pOpulations in the night-side of the magnetosphere are
included in support of the choice of the distribution. function,
Chapters W and VI, consider the present results in the light

of the available data and of previous research on this topice
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INTRODUCT ION

Extensive laboratory experiments and theoretical an-
alysis show that waves play dominant roles in all non-equi-
librium plasma systems. Especially when the plasma is di-
lute and hot, ordinary Coulomb collisions are unimportant
and wave particle interactions govern the dynamics qf the
system.

The introduction of a finite temperature in the plasma
gives rise to a type of mode characterised by a phase velo-
city which is slow compared to the cold plasma modes and by
the direction of the electric field, E, which turns out to
be approximately parallel to the wave-vector, k; E may then
be derived from a scalar potential field and the mode is
therefore called electrostatic. This mode has no counter-
part in cold plasma.

The magnetosphere contains a great variety of particle
populations, discussed by Vette (1972), where distributions
almost at any point in space and time are non-equilibrium
ones.

Until recently a greal emphasis has been placed on the
study of electromagnetic instabilities of the magnetosphere.
It appears however from laboratory systems that electrostatic
wave modes develop quite readily and when their phase velocity
is comparable to the plasma thermal speed they can interact
more strongly than the electromagnetic modes with the plasma.

Since March 1968 the 0GO 5 plasma wave experiment has

sampled a lot of characteristics of waves in the magnetosphere



~a general survey of which is giveﬁ by Scarf and Fredricks
(1972). Among them they have detected a form of electrosta~ -
tic emissions that appearvto interact very strongiy with the
- local flasma particles. These large amplitude waves are',
well localized at 4$:L$;19: MLAnglOo and have frequencies
(00), about 3kHz.,corresponding to approximately 3/2 the gy-
rofrequency (£1) of 80keV electrons. See figure (l); Their
duration varies between minutes and at times hours.:
Observations so.far show a close correlation of these
waves with magnetic substorms. The power in the(}/ZKl—wave
increases by nore than 5 orders of magnitﬁde during substorm
expansionwhichwould suggest that the electyic field emissiqns
have énhanced_amplitudes, that they locally interact with
energetic electrons to produce local. isotropy in the parti-

cle distributions and produce strong diffusion and particle

Figure(1)

Sketch of the mcgnétospheric cavity with the shaded
area indicating the region where intense (3221 waves
are observed and a characteristic frequency-time

diagram of these waves based on OGO 5 observations.

. (After ‘Scarf and Fredricks 1972),



precipitation.‘>'

Their additional.correlation with simultaneous but di-
stani precipitétion events on nearly the same L-shelié seen
to be~sﬁppprted also by other independent observations. Pil-
kington (1972) from balloon X-ray experiments and subsequent
monitoring of the auroral electron-spectfum in the midnight
sector supports the'idea that the (3/2)$)-waves could be res-
.ponsiblé_for tﬁe p;tch-angle diffusion of kilovolt electrons.

vOther measurements madé by Evans-(1968), on the preci-
pitation zone of electrons with energies greater than 20keV
at aurbral zone latitudes near midnight and on electrons
with E) 40keV indicate that. with increasing magnetic acti-
- Qity the greatest relative increase in the spectrum.ocours

at some energy ~4OkeV, s2e figure(2).
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Figure(2) |
Nearly mconoenergetic electron spectrum measured
in break-up aurora. (After Evans 1968).



They suggest that firstly a plasma instability is neces-
sary to account for the high energy particles in aurora and
secon@;y that only an electrostatic field would account for
the nearly monoenergetic spectrum of the electrons in figu-
re (2). |

The electrostatic modes have been discussed in consi=
derable detail by E.P.Gross (1951), G.V.Gordeyev, I;Berns—
tein (1958) and others. Because they are slow waves they a-
re induced easily into overstability by an anisotropy'in the
particle velocity distribution. In this context they are dis-
cussed by E.G.Harris (1959, 1961).

Overstability is to be understood as the type of insta-
bility in which ¢J is complex rather than pure imaginary. He-
reafter however, I shall use the term instability avoiding
the above distinction.

To obtain the general dispersion relation in the elec-
trostatic approximation various conditions have to be satis-~
fied., These are discussed in some detail in chapter 1. Some
general points however are worth mentioning.

To obtain the states of critical stability, 1;6. the
solutions of the dispersion relation for real @ and-k,the ze-
ro-damped dispersion relation must be obtained first. Having
done so, it is then relatively easy to add the relevant pa-
rameters of anisotropy and examine the requirements for ins-
tability.

If k” is finite the dispersion relation in the electro-
static approximation includes a term representing Landau dan-

ping which can only be neglected if various conditions are
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. satisfied so that it may be assumed small. As it was men-
tioned before, electrostatic modes are due to finite tempe-
ratures of the electrons. As the electron temperature is lo-
wered~i.e. conditions approach those of a collision free cold
plasma, the Landau damping of this mode increases reaching
its maximum when the electron thermal speed is about egual
t0 the wave‘phase velocity which is the vicinity where the
real part of the KZZ element of the dielectric tensor pas~
sestﬁrough zero and becomes pure imaginary at which point
the mode disappears completelijhemu5]5tk@fﬁ”%EUHOF{h@WM@Wé&Cjie&i'

A cuse in which, however, Landau damping may be rigo-
rously neglected, occurs for propagaﬁion at angles of 900,
where k“ = 0. The dispersion relation obtained under this
condition ylelds solutions for purely electrostatic modes
which were first described by I.Bernstein (1958).

The Bernstein modes are electrostatic waves of high
frequency i.e. at frequencies which are various multiples
of the ion and electron cyclotron frequencies, separated
from each other by gaps in which strong cyclotron damping
occurs. For waves with frequency in the region of the elec-
tron cyclotron fregquency and above the ion contribution in
the dispersion relation can be neglected since (W/L2) 8 w
is s0 large. Solutions to the dispersion relation then ap-
pear only when F(w), refer to figure (Il.3), is positive,
which occurs on the high frequency side of the asymptotes
" w=n n>1l. The lowest temperature Bernstein mode for this
high frequency regime occurs at the upper hybrid resonant

’ 2 2. 2 . X .
frequency (W = 51-+GT), and solutions exist.for arbitrary
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large )\. ,

Finally.it is worth describing briefly what hapﬁens if
k, is finite. A qualitative plot of the function F(w',}),
where~3.5 kl./kﬂ , is illustrated in figure (3)-agd it can
be seen that F(W,J ) remains finite at the w + n = O points.
For a definition of the function F(w) reéer to equation_(ﬂl.?j
and (IL.8). |

Moreover it can be seen from the piot in figure (3)
that there is a decay in thé amplitude of the successive
oscillations of F(w,;}) for large values of w. That implies
that for k, # O the epectra of the electrostatic waves with
frequencies above the electron and ion cyclétron frequencies
ﬁill be bound in each case by a maximum frequency. |

The Bernstein modes so far described are solutions of

...1—

Figure(3)

Plot of F(w,{) versus w,describing the behaviour of modes
in the electrostatic approximation, when k, isfinite



-12=

"the dispersion relation for a Maxwellian distribution func-
tion and représent stable undamped propagation.

In the present analysis solutions of the electrostatic
dispersion relation are sought for an anisotropic distribu-
tion. It will be seen that this anisotroplc distribution
can lead to unstable solutions.

The analysis 1s for the zero-damped dispersion relation
and Investigates the necessary conditions for critical sta-
bllity of the Bernstein modes i1.e. of electrostatic waves
propagating in a plane perpendicular to the magnetic field
B

=20
at ©=(3/2)SL with a frequency spectrum between l.4g§OAQ<§.5,

. It will be shown that the onset of instability occurs

which seems to be 1n agreement with observations, to be dis-

cussed at the end of this work.
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(1) .ELECTROSTATIC (SCALAR) DISPERSION RELATION.

?he distinguishing characteristic of electrostatic wa-
ves 1is that the electiric field may be derived from a poten-
tial and that E is parallel to k and hence the wave is lon-
gitudinal in nature.The electrostatic approximation is va-
1lid only if |

‘n2|>> I 4
for all i and Jj where n is the refractive index, n= kc/o ,
and K is the dielectric tensor. The theory for this restric-
tion is covered in the "Theory of Plasma Waves" by Stix
(1962).

To obtain therefore the dispersion relation in the e- _
lectrostatic approximation we must impose the reétrictions
that the wavelengths are short compared to the Larmor radii
and the phase velocity is very much smaller than the velo-
city of light; a condition obfained directly from the above
inequality and the definition of n. For, as |n| becomes ve-
ry large this implies (k/w) <c.

Now,electrostatic modes are obtainable only as a result
of finite temperatures of the electrons and have no counter-
part in cold plasma. However, the introduction of finite
temperatures need only impose minor modifications to the
cold plasma calculations. The major correction and the only
necessary one,provided the plasma pressure to the magnetic
pressure,ﬁ s 1s small, is the evaluation of the KZZ element
of the dielectric tensor,where z is the direction of the

magnetic field.,
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- Under this assumption any unstable perturbation has to be
electrostatic.This is so0,since any non-electrostatic dis-
turbance implies a perturbed magnetic field which would pro-
duce én increase in the magnetic fleld energy (a uniform ma-
gnetié field has lowest field energy). Since P is low this
would more than componsate for any §OSsible decrease in par-
ticle energy.

Restrictions for the validity of the scalar dispersion
relation are discussed by Baldwin et al (1969).

We further assume that the plasma is infinite,with ti-
me invarianf electron velocity distribution fo(ﬁ_,ql) and
is immersed ;n an ambient unperturbed magnetic field.

With these assumptions we now proceed by solving the
linearized Vlasov and Poisson's equations. We specialize in
one species of particles, namely electrons with charge (-e).

The Vlasov equation in vector form,is
%tEH!'Z]E—%(E-f- EAQ)VUF =0 (1.1)

and Poisson's equation, is

3
V.E = _amnge Falg (1.2)
where n, is the number density.
At equilibrium we have f = fo sy E =0 and B = 20 . At
the perturbed state we have f = fo + fl s Where fl is the

‘lowest.order term in the perturbation expansion of the elec~-
tron velocity distribution and E = E, -
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Since the disturbance is electrostatic, the perturbed

electric field, is

E, = -VO (1.3)

aSSLLmepo 436

andAvery nearly parallel to k. The wave vector'q?is a scalar
potential fielid.

Equation (1l.l) requires,
(‘3/\@0)-2& = 0 (1.4)
oy

fl (x, ¥, t) is then determined by the linearized first or=-

der equation,

Lo vUf-(eunB).Uf - £E-UE

Equation- (l.43 requires f

0= fo(ﬁ_,ql); where v (vi + vi)%,
VW = vz, 2z being the axis parallel to 20 anq v is the elec=~
tron thermal velocity.

We proceed solving (1.5) by the method of characteris-
tics noting that the left hand side of the equation is the
total time derivative, dfl/dt, as we follow the unperturbed
trajectory of particles in phase space; i.e. the rate of
change of fi as "seen" by a particle which at time t is at
the phase point (x, ¥), but which is moving through space

in the way fixed by the external magnetic field §0 .

We can therefore write (1.5), as
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%E: -"'—E.'VuF (1.6)
t- m~ 2o

The solution of (1.6) is

t
Plo,zt)= - [P (). Ed an
—e0
Where x',v',t',are the coordinates of a particle which at
time t was at x, v.

We have made the lower limit t = ~ccunder the assumption
that the plasma is undisturbed in the infinite past and the
perturbing fields grow from zero.

‘ It is now assumed that fl and C_E vary harmonically in
space and tlime as exp i(k.x-wt) and consequently we have

~

ﬁ = FQXFL(kvz _cot)
& . Perpi(lcx ;wt)

(1.8)

Substituting from (1.8) er<E in (1.7) we obtain,

t
F': __'%.25 alt/ex}:i {k.(%’— z) _co(f/_ t)}bk%ﬁ, (1.9)

We can without loss of generality, write k = (gL,O,k” ) Ve

then obtain from (1(9)'

t
ﬁ: _ _':h%—_ci) cH’exFL K.(%’_}>_ w({:’_ t)}{kl%%.-i- ku%E (1.10)

=~

-0
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. Where k; and k, are parallel and perpendicular to B, respec-

0
tively.

Integral (1.10} converges if 9P(w)< 0. For IP(w)) 0 we
must analytically continue.
Let now = t'-t. As the components of _}g('s) are linear

in those of v we can write

hex(s)= v-p (%) (1.11)

Where x(3) = x'-x and p(v) is the same for all particles and

is easily calculated.The unperturbed orbit x(w), with £ =

eBO/m, the electron gyrofrequency, is easily calculated to

be
x(6)_ (Ve sinQs . W (1 ¢ S.Q‘G) m('_cosﬂz)
”(E)"(?f'Ln + 3%_(1 0 , B | +
UV, < |
% sin s vac) (1.12)
From the definition (1.11l) we then have
k
,P(-G) = (S—iL-SlnS).'G 5 %(}-—COSQE) ) kuc (1.13)

Owing to the axial symmetry with respect to the magne-
tic field we can write v = (ﬁyosY, ﬁ;iﬁY,ql). Therefore
from (1.11), (1.12) and (1.13) we have

~ A

k.x(s)- kﬁu {5in(523+?),sin‘i' + ks (1.14)
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Using identity e%XSlne = E:Jn(l)elne, where Jn is the Bessel
. Na=co

function of the first kind and substituting equation (1.14)

in (1.10) we have

F' - th’-__ [clc e Z J. klvl/S).)T klvl/ﬂ) exP{ hpﬂ)‘y

—o0

MQEM 2E ki }Ji_{epr(ﬂs+‘f’)+
| ex,;-‘i(szsp@} e”‘""«“ ‘
- _g_nq_ib' f Zza Z Tl /)T, b 2)expifn-m) ¥ exp-iv(w-n) {kl%%
k"—a%} {ex;m(:z,Lk,,v)exPLhex}»-w(sz vy ) exp- st}
e Uiazgr (31/2) 7, lvl/ﬂ)[k_ﬁ 2

exFL n—m+l)ﬁbexp-w(w—(n~l).§2—k,,v,, +
Jols 2 T (ka/2) T, (/o) { 2% Lk, m{}

oy,

ooy )

Carrying out the time integration and using the identity

2 () = 3 () + d

5 n+1(5) we obtain
| kv /) Ja (kv /o ' B2
F: _% Z T( 1/)_ k,,‘l(f,,l /) Exial,(n_m>w1:k”§%
1 hQ -Bﬁo .
+ %/i- ] } (1.15)
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The linearized first order Poisson equation is, by using

(1.2) and (1.3), givén by
7 (7% &
TL l) = Ame F' ¥
or

VZCE'—‘ -k2§ = —2Mnge ﬁfy (1.16)

Substituting (1.15) in (1.16) and carrying out the H)integ—

ration we obtain on rewriting

¥ 0-nSX-KY, vy avj_ bv,',

oo 2
‘*%Z 5, Tl /o) {nﬂ. d k,,éﬁa} 0 a.am
N=z-c0

where COP = (noea/m)% is the electron plasma frequency. Equa=-
tion (1.17) is the scalar. dispersion relation and describes
the propagation of waves varying as expl(k.x ~wt) at an

arbitrary angle to §o.

If we solve (1.17) for w(k real), exponential growth

is implied for wi<o and decay for ;> 0, while wW; = O in-

i

dicates undamped propagation. Where a)=¢Dr + i&)i .
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(L. a). CHOICE OF DISTRIBUTION FUNCTION

;t'has been suggested by Scarf and Fredricks(1973) that
the eiéctrostatic waves with frequency spectrum ben?ered a=
bout (3/2)(), where ) is the eiectron gyrofrequency, observed
at the night side auroral cusp.are correlated with magnetic
substorms.

It is useful at this point to give a brief summary of
séme of the observations and theory that support this view
and also to some extent the cholce of the hollow distribuw
fion function used in this partiéular problem.,

"Hones et al (1967) in their initial report of the"thin-
ning" and sﬁbsequent thickening of the magnetotaii's beha-

viour during substorms suggested that the thinningof the

Figure (I1-1)

X-type reutral point in the {ail formed by the reconnection of field lines during
the arowth phase of a substorm. Heavy arrows indiccte the direction of
“the magnetic force density. : :
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plasma sheet was caused by displaéement of mégnetotail plasma
towards the eérth possibly as a result of merging of the in-
terplanetary aﬁd magnetospheric magnetic fields, éee-figure
(iI.l),ias,suggested by Dungey (1961l) and the consequent
build up of the téil magnetic field intensity.

A poséibie accelerating mechanism for these particles
would suggest a loss-cone type_distribution. If a -particle
moving in the direction in which itris accelerated deviates
in a direction perpendicular'to the magnetic field)the mag--
netic fiéld brings it back so that-it stays in the region
of high current density. If it deviates in a direction a-
long the magnetic field, the magnetic field ﬁends its orbit
}urther away so that the orbits fan'out in this.direction.
The fanning out may reduce their deasity below that of the

back-ground plasma which can then neutralize the space char-

ge.

Figure (1)

Data from Vela 3A and 4A s'howing.the average
electron energy, E ,at R = 18 (After Hones,1971)
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Scarf and Fredricks(1971) reported from QGO 5 data ob=-
tained at the location 7.6 Lg7.9, LT. 00.45 and 1.9° MLAT
€;2.9°, that a few minutes (~4) after the onset of a subs-
tornm eipansion, when the field first settled to a dipolar
configuration, a loss=-cone distribution of electrons with
E~80 keV was detected. Soon after however the distribution
became quite isotropic and very intense «w=~(3/2)€) waves
accompanied the particle isotropy. These waves have gene-
rally‘been observed between LpQL glo in the midnight-down-
noon local time sector.

An electron energy distribution observed by Vela 34
and 4A satelites during the thinningprocess of the plasma
sheet, discussed in detail by Hones et al (1971b) is shown
in figure (I .la). This observation seems to be consistent
with the idea that energetic electrons injected from the
plasma sheet into the midnight region during substorms a-
re convected inwards and subsequently energized. Similar
observational evidence is supported by Lezniak and Winkler
(1970} and DeForest and McIlwain (1971), the latter workers
used measurements in the region L~6.6. A distribution of
the location where intense flux of electrons of E:>10 keV
is observed,is shown in figure (II.1lb) and a graph of the
energy density of electrons as a function of L, in the ran-
ge 2g;L<;§ is shovm in figure (IL. lc). The orbit of 0GO 3
is also shown so that the energy density distribution with
-respect to L.T. can be estimated. For the choice of the
particular distribution function of figure (1L, 2) it was as-

sumed that particles with high energies are distributed a-
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16
18
20
22 2
24 .'
Figure(ll-1b)

Distribution of the locations where intense flux of
electrons of E >10KeV was observed.(After Fritz

and Gurnett ,1965)
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~long the 24.00 L.T., sector with a sharp drop in energy at
L.T., away from ﬁidnight but with energy remaining greater

than Zero,

Now to allow for the loss-cone we take S(YL) distribu-

tion such that

O jor <\é

i

S(y) | |
Lo for U2V,

This is equivalent to a pitch angle distribution modi-
fied so0 as to retain more particles with highest v, and low-
est Y which would otherwise fall within the loss=cone X,

refer to figure (II.2) . Further,the particles ére'allowed

N
107l )
0G0 3 . inbound
8

107 8

| !

L—————»—
10-2
1072 A —
1 L—= 5§ 8

g -7/5°

Figure(l.lc)
Electron 200 E {50000 eV energy densities as function of L
during the main phase of the early .July 1866 storm
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some spread in their velocity distribution g(vy - V) which
is peaked away from ¥V = O.
With.

'O For 92\{1 ano[ y,’<v

9(x-V) - |
agwy fr W<y

répresenting in velocity space a spherical shell of norma-

lized density.

We now take a zero order distribution function

.Fo - 9 (¥-V) Sw)

plane by a circular .anulus.

|

Vi

represented in v, ,'vll

Figure (11-2)

The distribution function 5= a(v-V)S(v)
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(I .b) Dispersion relation for perpendicular propagation

If we now specialize (J.1l7) for perpendicular propagation

only,i.e. k“-.: O,we obtain

D k)-‘* T2 (’“—'> Gm/ﬂ i (IL.1).

Taking cylindrical polar coordinates (IL .1l) becomés

o%(co,kl) = |+ o}?

Adding the contributions of the-annmius f5,flgure (IL'.a) and per-

JJ—Y% T .LVJ./S)'> FO{VJV,A@ (IL.2),

VL wWo

forming the § integration (IL.2) gives
)

ﬁ@’)kl)i l+ ﬂ;::t’hu-w ~ hﬂ[L J-V.Lm V-V)"" aV 1 v }J\{L +

Y2
k) e 2 [de 1
{]n (km/ﬂ) )P v 2"" -, Vi | (I .3).
° -V

In (IT .3) _bhv- was taken outside the integral of v ,since Vv, and
1

vy are independent variables.Performing the v, integration fol-

lowed by an integration by parts,we obtain on resrmnging

Son)er-7 ey S an{ Pl

=00

‘6

] o[ 2 Tl b L.b_ Tl /o)
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VJ by - Lav Pl |

o 3
kv/.o. = 3o ' (Ir.5)
- and Q&, = kl/g"= @

Substituting for (BI .5) in (I .4) and normalizing the limits

of integration,we obtain

ﬁ(w)lﬁ)f I" Rifkwiﬁ 4@%1/;)3 :Z_ w- nﬂ{[(zz \{’9‘& “‘(Vi

Tf

IS INER ]35[1» k) +LV5 [5:6)

xof:é

BV

. | FV, ‘ |
@a"éz/fs zy?: ‘{5 "{‘%—5‘ Unz@)](vz”éz/ﬁ 4)015} (T .6)
A

By using Bessel function recurrence relations (IT .7)

210(3) = Toa(3)- Tan(3)

2 Tu(5) = Ta(3) + Ten (3)

with primed quantities denoting derivatives with respect to 5

(I .7)

and noting that (IL .6) is identically zero for n=0 we obtain

on rewriting
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Evpef T L&+ H (]- TGI8

o % s ad N\ (I .8)
(HREES Ry )

Y%

The dispersion relation for perpendicular propagation is simply

(I .8) set equal to zero,
D(w, k) = 0 (T .9)

It is evident that there is no possible analytical solution
for (I .9).A numerical solution was therefore sought to esta-
blish the conditions for instability and investigate its depen-

dence on the parameters of the velocity distribution function.
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(10 ). FORMULATION OF THE COMPUTATIONAL PROBLEM AND METHOD
OF INVESTIGATION

In order to investigate how the parameters of the dis-
tribution function and the argument of the Bessel functions,

20’ determine the onset of instability, solutions of the dis-
persion relation were computed for a range of values of the

velocity spread to pitch angle ratio,

V!'_.

=<

EIO:- 0'5,|’2 (I‘I'l)

and maximum perpendicular velocity to pitch-angle ratio,

<

v = 3,5,7,10, 100 fﬁﬁ
for
A
0.2\(50:2&19-\(3 (I . 3)

For values of ZO between O and 0,2 the investigation carried
out was analytic. See appendix I.
To discuss the various solutions possible it 1s useful

to rewrite the dispersion relation (II. 8) in the form,

g@m5‘$Ui@@p F () (I . )

with,



!
Vet
%]_
>
N ”
—
=

F(w)

(Ir.5)
hz)

Where in are the Bessel function coefficients and

w - —%' . (mo 6)
Rewriting (II . 4) we obtain,

F(W) =%%——@—3 f (I . 7)

Substituting (Ir .5) and (IL. 2) in the above equation the dis-

persion relation can be written as,

Flw) - %(%foféﬁ (I . 8)

This yilelds four different types of solution, illustrated
in figure (I, 1).

If F(w) is plotted versus w, the roots of the disper-
sion relation are the intersections of the curve, F(w) ver-

sus w, with the horizontal line

2
:’(Q) 3,3
; T S {==] X
F(W> 3 coi, 050
Where f(w) represents any point on the F(w) axis such that

Ogg%(w).

The condition for instability is the loss of real roots,

i.e. that the horizontal line 3/2(&1/oﬁ3)2xgzg does not in-



-31-

tersect the curve for real §ositiw;e values of (_Q/%)a.
Bef,en-ing. to figure (I . 1), we can see that in t.lge ca=
se of curve type I and for any value of the line - -
3/2(§2/ca',)2 3 3 less than a critical value , given by the
minimum point of F(w) curve, there is no real root solution.

' From this minimum value of the line,

(W = 3@V

we can obtain the minimum plasma density for critical stabi-
iity, for a ‘given distribution fﬁnction, Zo _ar.'.d Q.

A8 it was mentioned in the introduction, solutions for
thé high frequency regime Bernstein modes exist only for -

F(w)> C i.e.in the high frequency side of the asymptotes

F(w)

il

w=1 2 R 2

Figure (1I1-1)

Solutions of the dispersion relation for the same distribution function
and four different values of Ko
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) u>==11§l . Curve If,therefore, does not represent a solution
for the (n + })Q)-waves and neéd not concern us any further.
There is a last point to be mentioned and this is that this
curve.might,however, represent lower frequency instabilities
and since it appears in the numerical solutions, it shall
be referred to as the case of "possibly unstéble" modes.,

" In case I there exist only stabie mode solutions for
any real value ofaﬁf

The necessary and sufficient condition to obtain any
of the above three types of curve is that IlIa<<b, where Il
and 12 refer to the Bessel function coefficients with n = 1
and n = 2.

If coefficients Il and 12 have the same sign, i.e.
1112:>0, curves of the type 1L are only possible and conse-
quently there are only stable mode solutions.

Although a comparison of Il and 12 coefficients is not
sufficient to determine whether instability is possible, it
can however indicate the regions of Z4 where stability is
only possible. This method was used to investigate the be-
haviour of F(w) as 24 approaches zero,(appendix I).

Some graphs of the function F(w) plotted against w, for
different values of zy are shown in figures (III . 2a) and
(IT . 2b).

The necessary and sufficient condition for instability

is

1112<o and F(w)» 0 for all w (1. 10)
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Figure (lll-2a)

Plot of F(w) versus w illustrating solutions of the dispersion relation (Il - 4)
for different values of 2 giving critically stable and possibly unstable |
solutions.
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Figure (lil-2b)

Plot of F{w) versus w illustrating solutions of the dispersion relation (1il-4 )
for different values of 30 - giving stable solutions only
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Condition (1% . 10) .being‘safisfied, thére is a mini=
mum value of thé plasma density for which unstable mode so=
lutions are poésible, wﬁich means that instability ié bound
in ea;h.case'by minimum plasma frequency.

For a given distribution functlon it is the value of

L that deternmines the type of solution possible for any
branch of the curve F(w):versus w.

The,behaviour of the function F(w) for the branch ly=-
ing hbetween l<w<2,and for'.increasing 24y is illustrated
qualitatively in figure (1L .5).

Curveslfor F{w) versus w fd; increasing values of w a=-

.re shown in figure (1L ., 3) and figure (1L . 4). The figures

~

Fw)

0 T w——== 2 3

“Figure (111-3)

Plot of F(w) versus w for a given distribution function Clﬂd given
. giving stabie .,OluthﬂS

Fiw)

0 1T w——== 2 3 4

Figure (lll-4)

Piot of F(w) versus w for the same disiribution function but different 50
giving unstable solutions
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~are plottgd for two different values of Zq giving stable and
unstable mode solutions respectively.

In order to compute F(w) the first step was to evalua-
te thé Bessel functions for a given argument and integer or-
der.

For this the recurrance relation

Jn+l(z) + Jn—l(z) = %? Jn(z)

was used, the desired Bessel function being

LTn(Z) = J_(z) &
where
-2
oL = Jo(z) + Zggiﬁam(z)

This method imposes the limitation that

(20+10z-22/3) for z {15

max.

(9o+z/2) for z> 15

‘The series of the Bessel functions was truncated at N=10,
see equation (II . 5),as it is very rapidly convergent and
contributions of the terms with n;>10 vere found to be neg-
‘ligible wlthin the required accuracy for the remaining com-

putation of the problem,
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For the evaluation of the integrals the Modified Romberg
Algorithm was used with cosine transforms.The function F(w)

was then computed for a range of values of z., and for dif-

0
ferent distribution functions. See equations (I . 1), (IL .2)
and (1L, 3).

As mentioned before, for a glven z critical stabili-

o H
ty can occur and in order to obtain the value of plasma den-
sity for which this is possible, it is necessary to compute
the exact minimum of the curve and the corresponding values

0of w and.z,. for which it occurs.

0

To do this the function F(w) was optimized with respect
to w>O0.

To minimize F(w) a polynomial fitting was used and by
gradient and function evaluations the interval of uncertain-
ty within which the minimum of F(w) lies was reduced. The
optimization problem was solved when the length of the in-
terval of uncertainty was sufficiently small.

In the use of the above method the following two assum-
ptions about the behaviour of F(w) are implicit. One that
the function is sufficiently smooth for a low order polyno-
mial (cubic in this case) to be a good approximation to it
and two, that the function is differentially unimodal on the
interval of uncertainty, i.e. it has a proper global minimum

on this interval and no other local minima and its derivati-

ve F'(w) satisfies

F1(w)>0 | for w . <w

P o for wp SW .
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(W). FACTORS AFFECTING INSTABILITY

From the computational analysis it was established that
the féctors influencing instabllity are, the argument of the
Bessel functions, 245 the relative spread of the perpendicu-
lar velbéities of the distribution function and maximum to
minimum perpendicular velocity ratio.

Although all three factors operate simultaneously to
produce instability, it is useful to look at them separete-
ly and establish how instability depends on each one of them.

The first point to discuss is the dependence of the ins-
tabllity on the value of Zye As we shall see, the minimum
value of the critical plasma density for instability occurs

at a given value of z .. This critical value of zZ, vould gi-

o
ve the most unstable k .

For this analysis a particular distribution function
‘"was chosen, one with

V-V

__é:_l_ = 0.5 and —2 = 5
Yo Yo

and the behaviour of the function F(w) was computed for in-

creasing values of z, and for L{wg(2.

0
It was found that as zZ, increases gradually from zero

to Z o= 0.55 only stable modes are possible. Their solutions,
represented qualitatively in figure (II . 5) by curves of the

type 2 and z form the first stable "band" in z,., illus-

(021 02? 0
trated in figure (W. 6).

As Z9 increases from zero curves progress from type 201

to Zoo e At o= 0.56 the curves change abruptly to type 203
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zoq, 205, gradually again progressing from 203 to 205 and

form the"possibly unstable band" , of figure (I, 6) between
O.56<zo\<0.79 . Curves zgc, Zg,s Zgg and Zog correspond
to the sepond stable band, O.80§:ZO<:O.93 and curve Zo11
corresponds to the first "ecritically' stable band between
O.94<zb<l.‘13 .

The term “critically stable band" is employed to indi-
cate that instability is only possible if (Sl/&%)a is gre-
ater than a minimum value, given by the minimum point of the
F(w) curve. This minimum point will, in future be referred
to as the "critical plasma density", since for a given .0,
wp can be calculated and hence the density of the plasma for
critical stability.

From z to z the next stable band starts forming

012 o1y’
progressing to 2015 which qualitatively corresponds to Zo1.
and there on the behaviour repeats for increasing values of
Zye

However as Z4 increases and curves repeat in shape, two
major differences occur., One, that the width of the bands
alters and the other, that the extremum of the curves ap-
proaches a limiting value. |

It is of interest to elaborate further on this point.

As 2, increases,

0

L5(F(w) 5 /%0 22) = (%)2 ,

which gives the value of the critical plasma density, tends
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Figure (IV-1)

Plot of 1.5 (Fw)min / XO3 503) = (ﬂ/wp)z versus w min and

for the first unstable band of the distribution function Vp-V4/ Vo= 05 and Vp/Vp=5
showing the variation of the critical plasma density with 35 and w min
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Figure (IV-2)

Plot of {() /co,)2 versus wmin and 3y, for second unstable band
of the distribution function V,=V/Vg="05 and V,/\y=6
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Figure (IV-3)

Plot of the surface of constant ((L7p)2 for the first critically stable band
of the distribution function (¥%,-V3)/Vp= 05 and Vp/Ng=5
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~ to zero. That means that instability is only possible for
infinite plasma density and consequently the plasma is al-
ways stable.

ft is worth noting that (S?/a*)a ténds to zero very
fast with increasing Zge Compare figures (W.1l) and (W.2).
Plasma density therefore becomes infinite for moderately
short wavelengths. For wavelengths shorter than a critical
value the plasma is always stable. The‘minimum wavelength
for which unstable mode solutions exist is dependent on the
parameters of the distribution function. Thiis will be dis-~
cussed further, later on in this chapter,

Figures (. 1) and (. 2) illustrate the relative de=

crement in band widths of 20 and w y for increasing vat

min,
lues of Zye They also indicate the value of minimum critical
plasma density for the first and second unstable bands and
the corresponding value of 2 and wmin. at minimum critical
plasma density.

Now, for instability in general, the values of w lie
between 1.35<<w§:1.65 but Woin. never exceeds the range:
1.4g:ﬁmin'g:l.5 for any value of the distribution function.
See table (W.1l).

A typical contour of critical plasma density is plotted
in figure (W. 3). It can be seen that unstable solutions a=-
re bound by an upper and lower value in Zge The minimum va-
lue of Zq would give the first unstable ki °
As the stable Bernstein modes, therefore, unstable mo-

des are also bound by a maximum and minimum frequency but

in contrast to them solutions only exist for a given range
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. 0of the wavelength. This range as it will be seen later on,

diminishes with decreasing wavelength. Eventually solutions

become only possible for only one wavelengh, in other words

for monochromatic waves alone,

Now,

and phase velocity, vph’ is given by

v _ @
ph ~ —EI

for k" = 0.

Therefore zO can be written as

Vo

A =—c:-)-
0 L vph

For /L= (2n+l)/2 instability occurs for

B = 2 (et
0 %o
or
Voh 2n+l 1 .
-—VP—— = 5 A( m Jerit,
0 an

where A is a constant and (kl)crit.

(W. 1)

is the most unstable k_L'
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It will be shown that (zo) depends on bothcop and the

crit.
parameters of the distribution function.
It can be seen from figure (. 1l) that instability will

occur at or near integral values of n)1l.

Voon <V2

the unstable bands would occur at values given by (. 1l) and

So provided that

would have width for which the value of vph/VO does not ex-

ceed

(2n-€ +1, Vph < 2n+ € +1y (1
2 crlt V 2 z.’crit

0

N
where € is a small nunmber, g:€<:l determining the unstable
band width in Zge
The next factor that instability depends upon is the
relative velocity spread. To investigate this VZ/VO was kept
constant,
It was found that as (Va-f-Vl)/VO increases the onset of

instability shifts to higher values of z.. See figures (¥,

0

6) and (W, 7). That means that as the velocity spread ince

reases instability becomes possible for smaller wavelengths.
Increasing spread in the velocity means that the curve

of fqulversus v, becomes flatter and that the number of par-
ticles with a given vy cover a greater range of v vélocities.
It was further found that the critical plasma density
" increases, (S]/oor)a decreases, for increasing values of
(V=) /g
Part of the variation of (Sl/hﬁ) with (V l)/VO is
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. plotted in figure (II;S)for three differént Qaiues of the
ratio Va/VO for  the respecti#é_first critically stable band
of each ratio. | | _ ‘

Iﬁ figure (. 4) there is a qualitative piot for two
@ifferent values of Va/VO'showing the complete curve.

| Coﬁside:ing the right hand side of the curves of figﬁ-

re(W. 4) plotted accurately in.figure (. 8) we can see that
as (szvl)/vb incfeases(S?/d})ajtends to zero, faéter-fo}
. smaller values of VE/VO’ and the plasma'is always stable .
for infinite plasma density. ’

Conversely,és Cva—vl)/vo'decreases (52/a¥)2 tends to
an upper limit and then as Vl——Va, i.e. with still decrea=
sing (VZ-Vl)/VO s (SlﬁwF)a'stérts degcrgasing tending to

Zeroe.

Figure (1V.4)

Variation of (L /(,op)

2
crit

with (vz—v1 )/vO
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. Further, the behaviour of Zq and Viin, Wes investigated at
minimum critical plasma density with increasing velocity

. 8pread, It-was found that (w_._ ) increases t0 a maximum

min‘crit

value>and then falls again, its range however never exceeding
' l'“ﬁ:kwmin)critfgi;s' Whereas (zo)crit increaées continuoﬁs-
ly with'increasing (Va-vl)/VO; see table (W. 1), ‘

) The last point to look at was the behaviouf.of_the fun-
ction with ihcreasing values of V2/Vo and the same velpcity
fspread. : |

‘It was found that as Va/Vd increases the onset of‘ins-

tability shifts to lower values of z, and the band width

0
decreases very markedly. See figures (W.9), (¥.10) and
(W, 1ll). This is not a surprising result since it implies

that instability would bes possible [or greater values of

0 | 1 /
0 10 | | v/

Figure (IV.5)

Variation of (e} with Yyl Vg
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- the phase velocity.

Looking at the critically stable bands it was found.
that with increasing VZ/VO the minimum critical plasma den-
sity decreases down to a minimum value, see figure (. 5)
and thep with still increasing VZ/VO the critical density
increases thereby the plasma becoming stable. |

Figure (. 12) is part of the left hand side of figu-
re (V. 4) plotted accurately. - »

The corresponding behaviour of w and Zqs at critie-

min.
cal plasma density, with increasing VZ/VO’ is illustrated
in figure (. 13). It can be seen that as Va/Vo increases

wmin decreases down to a minimum value and then increases
.

again whereas (zo) decreases monotonically with increa=-

crit
sing Va/Vo. At approximately (va/vo)=1eo, (zo)crit
a value of approximately 0.2 which is the limit for critical
stability. At V2/V0;>100, (va-vl)/vo=o.5 only stable solu~

tions are possible. See also the appendix.

nas reachea
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Figure {IV-6)

Band structure of unstable solutions of the dispersion relation for increasing s -
Distribution functions plotted have the same V,/Vy=5 ratio but different thermal spread to pitch-angle ratios.
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Figure (IV-7)

Band structure of the solutions of the dispersion relation for increasing ES
and for various valtes of the distribution function
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Figure (IV-8)
Variation of minimum (L1 wp) with Vo~V 1V
for different values of V,/Vy
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Figure {IV-9)
Band structure of unstable solutions of the dispersion relation for increasing §
Distribution functions plotted have the same thermal spread to pitch-angle ratio, (V2—V1 ) \b:o.s but different Yo/ ratios
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Figure (1V-10)

Band structure of unstable solutions of the dispersion relation for increasing 3
Distribution functions plotted have the same thermal spread to pitch-angle ratio, (Vp-V )/ \g=1, but different V,/\y ratios
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Figure (IV-12)

Variation of minimum ( L/ wp) with VZ/VO for different
values of Vo-Vi /Yy
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Figure (1V-13)

Variation of (z4)crit and (w min)crit with V»/Vn for the same V-V, /Vn ratio
50 20 27170
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vy (Vo) 17V 1(20)epst [(Mmindrit EEEZ?
(V,) (V) | (V) R
2.5 3 0.5 1.76 1.448 0.8
4.0 5 1.0 1.08 1.442 0.l
b5 5 0.5 1.02 1.440 2.8
5.0 ? 2.0 0.81 Teighl 0.1
6.0 7 1.0 0.75 1.443 1.1
6.5 7 0.5 0.72 l.441 5.8
8.0 10 2.0 0.54 1.440 0.4
9.0 10 1.0 0.51 1.439 2.8
9./ 10 0.5 0.50 1,443 12.4

Table (V. 1)

Some typical values obtained for the

variation of the

minimum value of the critical plasma density and the

corresponding values of z

0

and w
m

in

at which it occurs

with various parameters of the distribution function.

All values shown are for the first critically stable

band of each value of the velocity distribution fune-

tibno
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Variation of minimum critical (ﬂ/wp‘)z with Vq/Vg for given Vy/\g or Vo=V, 1\, ' _
The minimum value of ({y/ wp)zis given by the points of intersection of the V, /Vy with the Vo-Vi /gy curves
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Variation of V1 Vg with Zo at minimum critical plasma density
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(V). SUMMARY OF RESULTS

(a). CONDITIONS FOR CRITICAL STABILITY.

It is useful at this poinf to summarize the general
conditions that have to be fulfilled to obtain unstable mo-
de solufions. How the parameters of the distribution functiqn
affect instability will be discussed in the next subsection,

For any parametersof the hollow distribution function
critical stébility is only possible for a given frequency
spectrum and a given wavelength range.

Unstable solutions are bound by maximum and minimum va-
lues of the wavelength which depend very strongly on the re-
lative perpendicular veiocity spread and thé maximum perpen-
dicular velocity to pitch-angle ratio of the velocity dist-
ribution function.

The frequency spectrum of these unstable modes is remar-
kably constant always lying -within l.4<}%§2<ﬁ.5. Further,
for a given wavelength and distribution function unstable
modes are also bound by a minimum value of the plasma fre-
quency. In general the following relationship holds. As the
wavelength decreases the minimum value of the plasma frequen-
cy increases, s0 that, for sufficiently short wavelength
u)p—.no and the plasma is always stable.

The word sufficiently is used since the value of the
minimum wavelength is a function of the parameters of the
velocity distribution function.

Conversely, as the wavelength tends to infinity no ins-

tability is possible whatever the parameters of the distri-
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bution function or for any plasma frequency.
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(b). DEPENDENCE OF THE VALUES OFtQp, Zgr Voin AT CRITICAL

PLASMA DENSITY ON THE PARAMETERS OF THE DISTRIBUTION

FUNCTION.

It was found that as (Vz-Vl)/VO increases the onset of
instability moves to shorter wavelengths whereas VZ/VO in-
creases'instability becomes possible fop longer wavelengths.

Now, with reference to figure (. 4) it can be seen
that the critical plasma density becomes infinite as V,—V

1 2
and as V1~—VO. S0 instability is possible only if

v0<vl<v2,

"The value of the critical plasma density, however, de-
creases monotonically with increasing VZ/VO'

Considering now the behaviour of critical(Dp with the
ratio VZ/VO we can see from figure (I, 5) that instability
1s possible within a given range of VZ/VO only and that this
range depends on the relative velocity spread., The larger
the spread the smaller the range of VZ/VO for which insta-
bility is possible and the larger the value of the minimum
critical plasma density.

Furthermore it was found that as VZ/VO tends to its ma-
Ximun value the band width in 5l decreases and critical sta-
bility is possible only for a single wavelength.

For a given velocity spread instability is bound by a

lower limit in VZ/VO’

1 Vv, /Y
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but provided the above inequality is satisfied instability
seems to be possible for arbitrary large values of Va/VO'

We can now state the general condition that the distri-
butioﬁ function must satisfy for critical stability.

Plasma is always stable as VI——V or Vy—=V,. If however

2 0
inequalities (V .l) are always satisfied simultaneously the

plasma is unstable.

Vo ¥ <Y,

(V. 1)
V., V
2 pod
1 =S¢5
< 7 <VO

At this point 1t is perhaps informative to look at the
variation of (.Q/coP)Z with Vy/V,.

Referring to figure (. 14) which is part of the total
curves of figures (. 4) and (W, 5) we can see that the cri-
tical plsma density decreases with increasing V2/V0 and dec-
reasing (Va-Vl)/V0 down to a minimum and then starts increas-
ing again,

From figure (W, 1l4) we can see that when the curves of
constant (Va--Vl)/V0 and V2/V0 are drawn, their intersections
give the value of the critical plasma density for that dis=-
tribution function and that as Vl/Vo—nl the curves can only
intersect at zero (Sl/wP)a or in other words the plasma is
stable.

If we compare the last point mentioned above with fi-
gure (I, 15) that illustrates the variation of Vl/VO with

(z.) it will be seen that as V./V. approaches asympto-
0 10

crit
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tically to 1,(k ) approaches infinity and consequently

Licrit
the plasma is stable.,

oerit 2P°
proaches the value of approximately 0.2 below which only

Conversely as Vl/VO approaches infinity (z

stable mode solutions arezpossible. Actually this is the abso-
lute mihimum value for which instability'is at all possible.
Below fhis value the coefficients of the Bessel functions’
I1 and Ia,have always the same sign and theréby only stable
‘Bernstein modes are ébtained.

' In general, however, with increasing V,/V, ratio, the
onset of instability moves to longer wavelengths,

The variation of (w_._ )

minlerit 204 (Zg) .44 with increasing

Vl/VO are illustrated in figure (V. 1) and figure (. 15)

respectively. It can be seen that as Vl/Vo increases-(wminari;

715'“-—f “\

VLo/\g=7

Wmin

14—
Vol\p=10

VilVg —=

Figure(V.1)
Diagram illustrating the variation of Vj /Vg with Wmm
Each peak gives winin at minimum critical density for aparticular value of Vp/Vy
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oscillates with frequency given by the ratio of the succes-
sive values of V2/Vo , see also figure (¥.1l3) and ampli-
tude, yarying between l.4§;wmins:1.5, determined by the re-
lative velocity spread.

A discussion of the results and the way they are re-

lated to observations will now follow,
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(@) DISCUSSION ON THE RESULTS AND SCME RELATED OBSERVATIONS

The emissions at W=(n+%))l were first observed by A -
louette IL , H. Oya (1971) and then by 0G0 5, F. L. Scarf
and R. V. Fredricks (1971).

In the Alouette II ionospheric experiments the sounder
antenna emits a pulse which can stimulate wave emissions O=
ne type of which is the (3/2)§l-wave. These modes disappear
(2 - Zo)ﬁsec. after the sounder pulse.

Where the above unstable modes are locally stimulated,
0G0 5 detected similar waves occuring Ynaturally", i.e. due
to magnetospheric processes, at L=(4 - 10) and MLATsleO.
It is perhaps of some interest to note that L=210 is one of
the possible points where the trigg:ring mechanism of a mag-
netic substorm is believed to start and L4 is the inner
l1imit to which the influence of minor magnetic disturbances,
due to fluctuations occuring at large L, is felt.

The (3/2)Sl -emissions observed by 0GO 5, appear to be
correlated with magnetic substorms and simultaneous but di-
stant precipitation events Oon nearly the same L-shells. In
contrast to the Alouette events, these waves persist for
minutes or hours,

It is conceivable that both the ,Alouette and 0G0 5 ob-
servations arise due to equivalent plasma conditions.

If the trigger-pulse produces turbulence in the plasma
. leading to an anisotropic velocity distrbution of the parti-
cles, unstable modes can result. Similarly, it is possible

that magnetospheric processes, occuring at the night-side
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auroral zones of the earth during magnetic substorms, can
produce a similar type'of anisotropic velocity distribution
of the electrons and subsequent instability.

ﬁxperimental evidence suggests that these emissions
are the result of non-linear processes in the plasma since,
for insfance, the transmitter has no frequency c0mponenf in
its spectrum which is selectively favourable at the (3/2)S)
frequencies (Oya, 1971).

On using the scalar dispersion relation one can allow
for the non-linearity of the process by taking a distorted
velocity distribution function for the electron velocities.

It was found by direct observation (Scarf & Fredricks,
1971) ,and by numerical calculation5 based- on observations
(Oya, 1971) that a velocity anisotropy in the distribution
of the electrons preceaﬁithe emission of the (3/2)Q-waves.
Some details of the OGO 5 observatipns relating to this point
vere discussed briefly in chapter (IX.a ). For the locallyv
stimulated emissions Oya found by a numerical calculation
based on his observations of the Alouette IL ionograms that
electrons are accelerated in a direction perpendicular to 20’
whereaS. they are decelerated in a direction parallel to go
and that the plasma energy is increased by approximately 2
to 86 times the unperturbed energy, depending on the value
of @/ and that consequently there exists an anisotropy bet-
ween the perpendicular and parallel electron energy.

These observations seem to be in agreement with the re-

sults obtained from this theoretical analysis, namely that
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instability is initiated and maintained as a result of an
anisotropic velocity distribution function and that asAthe
distribution function tends toward isotropy or becomes non-=
holloﬁ, see chapter V, at the limiting cases of Vi°VO or
Vi*VZ, instability is not possible.
Itlwas also shown in chapters W and V that this insta-
bility depends very critically on aﬁ”kl and the value of fo.

It was reported both by Scarf & Fredricks and QOya that
strong emissions with frequency ratio, @W/SL, between
1.3 0/ 1.9 exist only when a.a\<w[,/n<3.6 sand that
these waves could not be identified at all when C%/Kl<3.8 .
This observation seems to be in agreement with results of
this work where it was found that instability is bound by
a minimum value of the plasma frequ:ncy. Referring to figu-
res (W.1), (W.4) and table (. 1l) we can see that this mi-
nimum vélue would depend on the parameters of the distribu-
tion function. |

Oya also reported that he could not detect any (3/2)SL
waves when G%AQ;>6.8 but he remarks that this upper limit
may be due to insufficient frequency resoclution of the
instrument.

Further observations by Nelms and Lockwood (1966),Scarf

and Fredricks and Oya, confirm by observation the following

points.,

- (1). That the (2n+l)51/2 -waves have groups of frequency

ranges clearly separated from eachother.
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(2). That these waves have enhanced amplitudes near w=1.5C)

and that this value depends on the local plasma parameter

(Q}AQ), c.f. figure (W.1l).

(3). The frequency spectrum, which is fairly broad and the
time duration of these emissions are strongly dependent on
a%/fland moreover the time duration depends also on the ra-
tio w/2 , being 3-5 times larger in the frequency range

. . i j 0 -
1 5<w <l 63 than in the other portion of the observed fre

quency range. Compare this with figure (¥.3).

(4). The time duration and intensity of the emissions falls
with increasing value of n, n referring to the formula (2n+

1)Q /2.

(5). There are two weaker emissions (not observed at the sa-
me time, Oya 1971), one on the high frequency side and the
other on the low freguency side of the main branch. I am not
quite sure if this observation correlates with the "bands"
in k , compare figures (W.l1) and (N.2), discussed in

chapter 1/, but it seems a possitle hypothesis.
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(V). CONCLUSIONS

" From the examination of this theoretical work and other

experimental data, we can see that:

(1. Electrostatic emissions with frequency’ w=(2n+1)£2/2
exist as a result of non-linear effects, operative in the
magnetospheric plasma, which produce unstable anisotfropic

velocity distributions in the particle populations;

(2). These emissions are separated from eachother by defi-

nite gaps both in their frequency and their wavelengthj;

(3). The unstable modes are boun&ﬁboth in frequency and wa-

velength;

(4). Critical stability depends very strongly on d%,kj‘and
the parameters of the distribution function and unstable mo-
de solutions cannot exist outside given limiting values of

the above variables;

(5). The problem of non-linearity which leads to anisotropic
distributions end the subsequent interactions of these wa=
ves to produce‘isotropy and precipitation has not so far
been solved.

Previous theories to the present one which attempted
an explanation tackled the problem either as a linear one

with g-function distributions, Fredricks (1971), or as a
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quasi-linear 3-wave interaction based on the weak plasma-tur-
bulance treatment of Kadomtzev, Oya (1971). It would per-
haps prove to be a rather interesting , even if somewhat
messy‘theqretical problem,to attempt a complete non-linear
treatment starting by general wave-equations and to treat

the problem as a stochastic process.
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APPENDIX 1,

Case of ky~—0

We shall investigate what happens to the scalar disper-
sion relation as the argument of the Bessel functions, 25
tends to zero.

For finite v, and S1#0 when z

L 0--e-O that means that k.L

tends to zero.
Throughout this sectlon the following definitions will
hold.

k, v
; = 4L
2=

_KV

4.

)

The series representation of the Bessel function of the

first kind, Jn(z), is,

oo r,1l n+2r
(-1)" (5 2)
J (Z) = 2
n Z - [ (r+1)r! (2>

wvhere r}mn = (V=)
The function In defined in (Il.5) by using the equati-

on (1L .8) can be vwritten as:

I, = nZ + 1(Y1+Y2) (3)
2
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and where

h

o3 - () 150G
=.-%ff GG -7 G)ag-5 (39

- —}z—J;(I{‘, ® - T ) -5) - (5 s

We shall compare the coefficients Il and I2 using the
above relation to see whether instability is possible.
Using equation (2) and ignoring terms in z of power gre-

ater than 4 we have

7.2 z/2\ 4
Jo(z) =1~ (35" + (—E—)
e = (B - (H3H>
I = (B)F - (EE (4)

and
2 b

2 Z 6z
JO(Z) = 1 - -2- + E—[l-—

2 4
2
J5(z) = -ﬁ— - %

"
e 4
J2<z) = 9

Now for mn=0, Z=Y1=Y2=0, see equation (Il .8) and need
not concern us..We then choose in the first instance a par-

ticular distribution function with y0=5 and r0:4.5 and obtaing
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For n=1.
Z= sy - P10 - 4)
(goi"fyz = . 489
G .
Z = o~4350(é4§ ‘égi)
Z =

£320-f) @
Y| = _5__?503@ - 62 “%Xéigf-élyéé

&
J

_5:?"(5 £+ 53)0% 5%

In general the following relationships hold:

3
4 ()

j‘ o (o —%2)1/'20[2, = -4 o® (————Z"‘Zéz ¢ [(%)4"%%)2' %{\ 2(5 )
€
et - Lty (-

(&) -

L

i1

Ji(cﬁ-xzjﬁdx

€

Therefore Y1 becomes:
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-‘/'=%—{l g5 -4 03 (50 %E G
418 (5 ¢ g g (fiv [ -3

448 ff°5° (3"2 rj [fjo> Yo I'a jo 785—]}
For Q/j*-ro)" - o

and __.""Q..

Yo
= _61,_@-9@353 b L 30‘*5‘3@.661) [@-9)4.. Si(o.qf“ _,32;] -
e b5 %) [ 09 ~L(09F - %(o-q}l - 785]

= 0-9

- 3
. _?'z_l_- 0-54?-50 -O-00q30450‘5 +o,0004\70(,50:,,

YI _ o. 3 _5. S . 1
U = 054333 -56327 +62%3, b)

To find Y2.

" f'ff:(roif%) ) R Do) o
U130 534 2 [(éog 3 fé‘“—éﬂéf%

T

50
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r.

& :
B L [(5050—5} (825 ]%

Evaluatlng the integrals we obtain '

= 4L (- 2 g (- ‘)5—‘(”)
Slawe s (&) -5E) —%] - 4 (-1 [(3‘;) -
X (_) __.] rlf(rho'/ﬂ'z[ ro‘*_%cﬁng_} "
s [ar ) 48 - 42
0 (jo ) [ '15‘(3';4 AT I

We can see that Y1 cancels out the first terms in lines 1,

2 and 4. On rewriting therefore we obtain;

YI+Ya o= iéj[( 024)%-(%2*'%] . 3%[5%04(33"9&
[(3)4 35 ] 5t (3 - :/l[ro ﬂ__

&[0 $ (-2t 7-4]

53c,‘>(5,2_'> [ 5(——) L(L)- & ]

2

-—

Ouk—
o

l
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Evaluating Y1+Y2 for the particular distribution function

we obtain,

VY2 = ‘é‘ [(4-86;50)3 - (4-%5@)3] . [(55")4(4'% 59((0.‘;9‘*_
0% 3) - (v (M) (o) 083 -
e o) (H97 e -0t - atoa? gy -

52\ (- 22 a)t _ aie.gaR |
(453, (4%5‘;)((05?2)—(_;3&)__@[;2) ‘52:“]

= Vg 103467 257 494125 4 1154433 F -

5¢1- 8o 50?
Therefore Y1+Y2 is given by

J+Y2

= 11z - 87935 L 519653 ‘ ©)

Since Ij is given by

I, - vi+y2 z
) g -+
Then,

I, = 2-025,,3 -3?-%50‘5 +51<»?-é55j

We can see that since the expansion is valid for Zq <:l, Il

will be positive definite for any value of zo<<0.46 and at
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Zoﬁ Oo LX-6 3 Il-'-'—Oo

We shall now evaluate coeficient I2 .

For n=2.

. y | 1a
2 -2 g(4-) - 50(%"“')/]25@5:*

lbing again the same values of the distribution function as

Z = 00135 (a->
E’rﬁ(# MZ)(@”"&J" 7543
INGRER )]

s fj 555 —ﬁ"“ A5
A e bl L aTuh (- ”)é ““) ]
ettfxvf 5%"6 52 ra\é[ o) (g ’5 3" F (b>
% - ﬂi"( &) T -5 - (557 ]éd’é
(8 s (-t

2o
e = LS 25yt raalin Y oimoal
g 71 F '°) [’\'ji) 3(3%) K3

11

s(—

il
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SEREV - 16) 4] +

L gt (- 6 gt 37 -

, /3 |
A [ ) -5 ) - 42 ] -
5"‘*30”3 - [( ) RICHET ISR R

Yl cancels out the first terms of the lines 1 and 4 and con-

sequenily Y1+Y2 is given by:

I 6 4
e ¥ e ‘93[@9 W8

Substituting for the values of the distribution function we

obtain,
MR L L (zséo>‘*,/4-gq 5)(0a*- 1030 - 2) 4
55> 44{’6)(0224“ 1 @22) - 2) }
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5 (53 (49 50)( 020 _ 1 paof - & pao) )

128xF

b 6 4 2
G e

VI3 = 505@-8349_ 50'5@ 4-?05) ~ 6}(_{154'48). + 5;" (‘56/ -204)

Therefore,

\/zia\/:z = 3798zS ,519-65(7);‘ (<)

Since Il is given by

I, - z+£_<\/l+\/;>
Then,

T, = 399935 - 5196557

Since the expansion is valid for Z <1, 12 will be positive
definite for any value of ZO<:0'28 and zero for zoci0.28.

Therefore IlIZ>0 for z4 <O.3 .
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APPENDIX 1I.

Cagse of kj—=c0

By using equation (IL. 4) the dispersion relation can

be written as,

o0

‘Qs(w)ki) E l—j;}L V Z

l

<:

s (160
G0 -] | 0 e 9 (-
v

+ f %—i Cf: & /51)) [@2— ijzz - (V:z— Ufjﬂ dy, 1)

Since the first integral in the above expression cancels the
contribution of the second integral at Vl; the dispersion

relation can be written as:

Qﬂ“’)lﬁ) = |- %WZ w-nSL P (k V/Q>[
(v _VD”)'/“ _(\/',2_\/;“)/2} ' J 2 (3, (k za/gz))(Vf - vf)ﬁcivl
v

L

i Lf;a._ Flae)(-nfd | )

'Bessel functions of the first kind, of argument z and integ-

ral order n, can be avproximated by the following expression
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() = \[('é “’5 =N 4) )

provided z2 —= 2.

‘

Consider now the first term in the summation of equation

(2) above

T (e () - v

by using expression (3), it can be written as

(kﬂ/:a _ n,;g" _%) (4)

2 L
L AA

It can be seen that the above term tends to zero as %L~a-oo,

whatever the value of n.

Consider now the integral

L:[M <72 (M&/.Q)(Vz— UL> o, (5)

0

—_— [ Aot l SZ - - A - 1 U!
~ ' COS < l?}'/ o I i( UJ

As k»oo first t:rm inside the above integral tends to zero.



-84~

Term (5) therefore becomes equal to

v

Y/
_ L osinalkve _ oun _zr_<2_>
g%vln@?— f o))
I'A

By using the trigonometric relation

)

sin(A~B) = sinAcosB-~ sinBcosA

in expression (6), we obtain for n=1 the following

v

— _fl__l_l:coszL Sin 4L 21&7’ 4 SinT
T v

T s :zkaf] (V >é0l?)'
[ e G

|A
and for n=2
v K k
| PPLIL KLY 2
_[%_.UI oos%sm_i_i_ smlws Li](V = A;;
o v

'
9 U1 wsakm (i3 2)
T | U Ky} (V U d’m
(o)

In:order to integrate the above expressions, we rewrite the

coslne as a series eXpansion and rearranging we obtain,for
n=1

v
21[% e |>m<3§j@"'>£‘vvfm~3 (Vz“ vf)ya d’?)j__} @n%) )

and for n=2

vV

v
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In general therefore term (5) can be written as

YD [

O

The Bessel function coefficient, I s, is therefore given by

I, = c—n)”“'f_ [(—») m) )H - )otv

ms=|

g &
_Jlfma(xz /d ]@m@‘ Oo)

Vo
From expression (10), above, it can be seen that Illa<§,
o0

00 -
that Zln is an oscillating series and that %' _L;l'l—-—r.] Li—=0.
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