UONIVERSTITY OF TONDON

IMPERIAL COLLEGE OF SCIENCE AND TECHNOLOGY

Department of Mathematics

SOME PROBLEMS IN SOUND WAVES AND POTENTIAL THEORY

USING THE METHOD OF MATCHED ASYMPTOTIC EXPANSIONS

by

JALAP PEDI DURAYATLAGE DHARMADASA

- Thesis submitted for the degree of Master of Philosophy

in the Faculty of Scilence

London, July 1972.



ABSTRACT

In this thesis, which consists of three parts,
some problems in sound waves and potential theory are
discussed using the method of matched asymptotic expansions,
The problem of diffraction of long plane waves by a
cylindrically - tipped, infinite wedge and a related problem
are discussed in the first part, The problem of scattering
of long plane waves by a circular disc of finite thickness,
for normal incidence, is considered in the second part,
obtaining the solution in two regions, in the form of
expansions of the small parameter ¢ = thickness / diaﬁeter
of the disc., In the last part, the two-dimensional potential
problem of two egqual infinite strips of unit potential
placed close to each other is considered, the solution
being obtained in three regions, in this case, in the form
of expansions of the small parameter < = separation /

breadth of strips.
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INTRODUCTION

The problems discussed in this thesis are in sound
waves and potential theory, and the method used in solving
these problems is that of matched asymptotic expansions,

In Part 1, the problem of diffraction of long plane
waves by a hard, cylindrically - tipped, infinite wedge
is considered, Here, the method (Crighton and Leppington,
1971) is essentially the matching of two forms of solutions
in two overlapping regiouns called 'outer' and 'inner!,

In the outer region, the body is treated»as a sharp wedge,
and a known solution (Carslaw,1919) of the sharp wedge
problem is expressed in asymptotic form, for points closer
than a wave length from the tip. In the inner region, the
potential satisfies an incompressible flow problem with
hard boundary condition on the body, its behaviour at
infinity being the asymptotic form of the outer potential
oétained for .the sharp wedge. A conformal transformation
enables us to solve this incompressible flow problem for
the inner potential, As an example of other problems to
which the same method could be applied, a semi-infinite
slab with a particular cross-section is considered in the
last Section.

In Part 2, the problem of scattering of long plane
waves by a circular disc of small but finite thickness
is considered, when the incidence is normal. First, the
velocity potential is expanded for low wave-number k,

and problems are formulated for successive approximations,



The first problem is triviél, and the second one reduces
to an incompressible flow problem, To solve the latter in
detail, the flow region is divided into two parts called
'outer' and 'inner', The problems for potentials in these
two regions are formulated, and after a preliminary
investigation certain forms of expansions are assumed for
the potentials in the two regions. Problems are then
formulated and solved for the constituent potentials in
these expansions, in the form of asymptotic expansions
in cases where exact solutions are not possible. The outer
and inner expansions so found are matched against each
pther, to determine unknown constants. The matching process
(Crighton and Leppington, to appear) used here requires
that the inner ( and outer ) expansion be taken up to a
prescribed order ¢" with respect to the small parameter;
this contrasts with the procedure of Van Dyke (1964) who
deals with a prescribed number of terms. This means that
in our case, all terms like €72 loge and e’ must be
included together. The expansions for the outer and inner
potentials are used, in Section 5, to determine the far
field up to order Ige. In the last Section, it is seen
that this same method can be applied to several other
problems, provided a suitable conformal transformation
is available for solving the inner region problem,

In Part 3, the two-dimensional potential problem
due to two equal parallel infinite strips charged to unit

potential each and placed close to each other is considered.



In this case, following Susann Shaw (1970), the 2-D space

is divided into three regions called 'exterior', 'edge'

and 'interior'. Problems for potentials in these three
regions are formulated, and after a preliminary investiga-
tion certain forms of expansions are assumed for the three
potentials, Problems are then formulated and solved for

the constituent potentials in these expansions, To determine
unknown constants, the exterior expansion is matched
againstithe edge expansion, using the same matching
principle as in Part 2. The corresponding three-dimensional
problem of two equal discs charged to unit potential each
and placed close to each other is mentioned briefly in Sec.5,

and in this case it is seen that the method breaks down.



PART 1

DIFFRACTION OF LONG PLANE WAVES BY A

CYLINDRICALLY-TIPPED, INFINITE WEDGE

1. Introduction and Tormulation

The problem of diffraction of long plane waves by a
hard, infinite wedge with a cylindrical tip is considered
here, in the case when the exterior angle of the wedge is
pn/q, p and q being positive integers such that 1<p/qg¢?2.
On a normal cross-section, polar coordinates r, 6 are
chosen so that the lines 6 = 0 and © = pn/q, rza
correspond to the faces of the wedge, while the arc r = a,
0<0¢pn/q corresponds to the cylindrical tip. (See Fig.1).

The direction of the incident plane wave ei(kE'E - wt)
is taken to be © = 6’, where w/k is the velocity of
propagation, so that n =1 cos6” + J sin6”, I and J
being unit vectors along the lines © = 0 (x-axis) and
© = n/2 (y-axis) respectively. (See Fig.1). Since we are
considering waves of very large length compared to the
radius of the tip, it is assumed that Xk a &1. The total
velocity potential at any point (r,@) is denoted by
& (r,0) e 2®Y and the time factor e 1@t g
suppressed throughout, its presence being understood,

The potential & (r,8) satisfies

i

(1) (V*+ 1K)

29
5o = 0, on the boundary.

0, when rya, 0¢6<pn/q ( )
1.1

(ii)



Following Crighton and Leppington (1971), the flow
region r Ya, 0<0<pn/q is divided into two parts
as follows: ‘

I Outer Region:—~ points such that zr>>a

IT Inner Region:- points such that (ag) r« 2n/k,

where 2m/k is the wave length 2.

Since ka«1, the two regions I and II overlap
for points such that a & r « A

In the outer region, the effect of the cylindrical tip
is neglected, treating the solution @E of (1.1) to be the
same as that due to a sharp wedge. This sharp wedge
solution is known (Carslaw,1919), and is expressed in‘
asymptotic form, for small r (<& A ).

In the inner region, the equation (1.1)(i) reduces to
Laplace's equation so that the potential éﬁ sétisfies
an incompressible flow probleﬁ, with hard boundary condition

(1.1)(ii) on the body, and the condition at infinity:

i I
® ~ & (in asymptotic form, for small r), as L - e,

which results from the consideration of & in the common
region a «r « A. This problem for the inner potential
is solved by the method of conformal transformations.

The method used here gives the approximate solution
in a simple form, which agrees with the first two terms
of the general solution (Tyras,1969)., Also, it can be
applied to other similar problems as is illustrated by

the example given in Section 4,
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2. Outer Region

Let the potential in this region be denoted by ¢}.
By definition in section 1, distances from the centre of
the tip, of points here are large compared with a, so
that there is little effect of the tip. Thus, in region I,
the solution @Iof (1.1) would be the same as that for the
sharp wedge: 0& O <pn/q. The solution to this sharp wedge
problem is known, and the particular form we quote here

is due to Carslaw (1919):

¥ - ( e L s hi(2.1)
= .- + 4
2pw cosIE ~cosd(e~-0) s _cosliers)
C b p ( p -y lere)

where C is a contour in the a-plane, not cutting the
real axis and asymptotic to the lines « = 7w, on the
right hand side, (See Pig.2). |

Using (2.1), an asymptotic expression»for ég, for
small r (& ?7), can be obtained as follows:

As kr >0, it is seen that the contour integral in
(2.1) converges to a constant (see 2,6=2,7). To find
r, 6 dependence of & in this limit, (2.1) is differen-

tiated partially with respect to 1r, with the result:

1 : ‘
) ok tkr cosot in 3% iy L
i o € . Lose sio P + *in ® Ae( (2.2)
Al 2mp ¢ cos X Cos‘;.z.(e -9') cos—F- - fo$%(9+9')

%@I

We want to estimate 57 0 as kr >0, The integral in (2.2)

diverges at infinity in the a-~plane, when kr = 0, Hence,
I

2%

the main contribution to . comes from the two parts of C
which are far away from the real axis in the a~plane, and

gives an approximate estimate for it. That is, if



tkrcost  ogq sindt A«
I = e 3 P )
1 ¢ cos‘?'—F _Cos%(9~e’)
then I, ~ 12 + 13 R
where
on I? o = =T + € +1y, ¥, 4y <2,
and on I3: & = T +e€+ly, VARSI

¢ being a sm
number, Since
integrands in

asymptotic fo

all positive number and y some

A

I and T

2
rms, Now,

3

positive
can be taken as large as we please,

can be replaced by their

]

12

(2.3)

cosa = cosh(y-iezin) ~ 5 exp(y-ie+in) = - % ey 1€
g—ga ~ ...1.. .g. —3 3
cos—3 5 exp{p(y 1ei1n)} and
sin%% = i sinh{%(y»i&tini}~ % exp{%(y—ietinj}, 0y Yy->o2,
the + or - sign being chosen according as o is on
12 or I3 .
o (kv y-te
-ikr e : . .
o S e e Ca B R S i NPT

2

!

iLQXP{ %(545.,_37()} ~ oS %(e -9')

exp (y-ie) dy

b

- 2 (0-9 _L (y-i€ ¥
1 zcagr(e 8).6)(%{?(‘5‘ )}



exp (4-ie) dy ,
1 - 2 Co5 3‘;-(6-—9’)- exp{_—%(«a-ie —i‘ﬂ)}

S =~ 1 - 16, where & 1is a small number,
we get
I if -lRX(' Y o X
2 2 1- aCos_(e -9') . W’% ‘%/l"
lf wLRX(I :.5 ' &{X
2 i -
& 1 -2 cas; (6-90). &P i

Expanding the integrand in ascending powers of X-q/p’

we get

—LRX(' ss) -i4Tp *VP 29,
o ST e ST oM e

ARX(1=i8) 4 * -ignfp ~Yb -IRX(-i9)
~ L [ =&~ } + Cosq/[ﬂ"e) e / j X .eL 4- dX
2 L -iR(p-i3) 9 '

el

[Since X = e is large when J ey & other terms are

neglected.]
Similarly,
-iRX(-1%) anfy oo JUe RX(-15)
I, ~ -% = — costo-9" e S KX .e ax
3 2 L -IRO-18 o, 4 o
Substituting these two expressions for T, and I in (2,3),

2 5

13

, and
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we ged

Putting RX = %,
S‘” X” /_f’ e—iRX(M% o R—H-e/,, rt_%' e-lt@—\'S)- L
e’ < R

If we consider values of r such that r«), wave length,
then kr«1, and therefore since R = kr/2, R eV can be

replaced by zero.

Tet s =1t ei(%'"
and

® _q . ' o .

g A S U g W RlE-9 s -

o ) )

ﬂ(i-{) o
2
( as € »o) ~ e ! (i —%) :—-ie%f’(nu—%) .
Hence
qr -+l
2p . ax | ,
~ - -3 i (2] (XY z 8 —~-B
I1 2 e l”(: P) Sn(q})) (?) CQSP( ) | (2.4)
Similarly if
, - | -
17 = § e*?céd cosw . s - A% , then
1 c Cos%?_ — COS%(@'}-O')

replacing (0 - 87) in (2.4) by (6 + 97), we get

e | -1+d

~ W 4y i ATy tkry P v 2.5)
11 -2 € F(l~;)$M&?).EQ C©¢§(9+D) (



15

By (2.2) 1 ,
2% _ _15(11 ¥ 17)

27 2pm

Using the expressions (2,4) and (2,5), and simplifying

I vt
?§L ~ At P' cos 48 , where
27 / P
Yr igm
k ,
A = 41 ('f) e b ¢os 48,
=P Tep P

I
2
Integrating this expression for ag? y with respect to r,

we get
. ) Yp ¢o ‘@)
+  cos &2
$ ~ % *v F ? (2.6)
where f£(©) 1is an arbitrary function of ©.
It is easily seen that f£(0) = Q@I)T_0;
1
Evaluation of (® Jr=o
Putting r = 0 in (2,1), we get
@) = i { i + i Ao
T=0 2p7 C cos‘i% _ms%(e—e') COS% - C°5%(e+e') .

et A= 7w+e+ iy, B = -nm +e+ iy Dbe two points (Fig.2)

on the contour C. Then

fo =&

y>> A0
o bp{estt - et o))
T _ 1 los cos 9% - Cosi(g -oN% + (03 cos 1% acosm@'f'aji
6,0 = -5 L |E{eg- tF -y
G > o A

Substituting the coordinates of A and B, and taking
limits € =0, y—=*, in any order, we get
{.297%,

=T ...__i ~ ¥ii —
(9? )1"-‘-0 = z}.gi,ﬁ(e ) = %?L
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Hence f£(0) = 2q/p, the constant we lost in getting
(2.2) from (2.1). Substituting this result in (2.6), we get

p

@I(f,e) ~ A T cosg'f- + 3.&: , T&N,
(2.7)
k‘t/r» -
where A‘ = _A_E - 4(-5)_. €2P. cos 38 .,
% @)

- » I * -
(2.7) is the outer potential & [}.e. the solution of (1.1)
in the outer region I], expressed in asymptotic form, for

points closer than a wave length from the tip.

3, Inner Region

Points in this region are very close to the tip on

a wave length scale, and therefore %$>k so that

the equation (1.,1)i:

2 73
.2;.@ .;..L.?;% +_‘_2_§ +k2@ - O
212 T 2y 12 0%

approximately becomes
2

£ J_?i,?:,;._'_?ig-:o
272 T 2r T2 20

I
Thus, if the potential in this region is denoted by & ,
then @H satisfies Laplace's equation: <72 3" - o.

However, @?

still satisfies (1.1)ii, the vanishing
of normal derivative on the boundary, since we are
considering a hard body.

By the assumption ka<«1 (sec.1), there is a region

of space such that a«wr«), common to both outer region I

and inner region II, In this common region, the two
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T
potentials and §Emust match with each other. We have
I
found an expression for the outer potential & (2,7),
for small r (&2 ), The condition at infinity for the

inner potential @nlnust therefore be
b4 I
_q’ ~ @209, ( or 2.7 ), as -g-—aoo,

I
Thus the problem for the inner potential § is

L ¢

(1) V& =0, when r5va, 0<0<pn/q )
23"

(11) — = 0, on the boundary: 6 = O, r>a;

wn 7 (5.1)
r=a, 0¢0gpn/q; O = pn/q, Trza

U [

(1i1) & ~ @ (e , as

- 2, _/

The incompressible flow problem (3.1) can beAsolved

by making use of the conformal transformation

9
i/p b
W 2%[2 + _3;], (3.2)
p4 /p ‘
from 2z = (r,8) plane (Fig,1) to w-plane (Fig.3). If
w=u+ iv, writing z = r el® in (3.2) gives
29
L[ _gf} cos B
W o= = 3 b
2 T/tb
7 (3.3)
Ve
~ 1{,“1/*’ e } sin 28,
vo= 3 X7, k
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el 2 M-
MV
W,\p\ane
0 =tT2 ,v2a t =0, | 005 P =0, T20
‘ >
_a¥F Y oMb “

From (%,3), it is seen that the transformation (3.2)
maps the region outside the wedge (r3a, 040 ¢pn/q) into
the upper half of w-plane, while the boundary of the wedge
(6 =0, rya; r=a, 0¢0¢pn/q; © = pn/q, rya ) is
mapped on to the real u-axis, (See Fig.3.)

By (3,2), the approximate transformation, for large |z

(i.e.'r »a), is

Y

W ~ Z

1
o (3.4)

By (3.1), (3.2), (2.7) and (3.,4), the problem for "

in the w-plane is

2 5 2 2 \
(1) V ¢ = 0, where K72 IS 2’5
: 2u* 2V
A"
(i1) e = 0, when v = O 7 (3.5)
o
(111) ¢ ~ 2A1Re(w) + 2q/p, . as w —»oo,

Clearly, the solution of (3.5) is

@H = 2A1“ + QQ/P“
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By (3.3), it follows that, in the z-plane,

2%/
i Vi a ] 16 29,
- 1 A 1° ot
@ (r) 9) Aj[ T ‘ os b + b ? | (3.6)

/\1being given by (2.7). /

Thus, (3.6) gives the approximate inner potential @F
which matches with the outer potential Q;(2.7), in the
common region a(%f<«]. It can be shown that the result
(3.6) agrees with the first two terms of the general

solution (Tyras,1969).

4. A related problem

As an example of other problems to which this method
could be employed, consider the problem of diffraction of
long plane waves by a semi-infinite slab of cross-section
ABGC B’A”, with AB parallel to A’B’ and at a distance
d apart, ABC = A’%’C = n/4, faces BA, B’A” extending
to infinity. (See Fig.4).

Define a system of polar coordinates 1, © so that
C 4is the origin and CD is the line 6 = 0, Let the
incident plane wave ( same as in the previous problem )
make an angle 67 with CD., Also, in this case, let us
assume that kd« 1, As in section 1, divide the flow
region into two parts so that

in the outer region I : r % 4, and

in the inner region II! r« A.

Since kd «1, the two regions overlap for points

such that d&« ¥ <« 2.



J.’ - "-'—‘A -t—‘
A B’= 5(1 y

In region I, distances of points from the edge are
very large compared with the thickness of the slab,
Therefore the potential @I here would be the same as

that for a semi-infinite plate, which is a special case

of the sharp wedge considered in section 2,

putting p = 2 and ¢ = 1, and replacing © and ©°
T+ 0O and T + ©° respectively we get the asymptotic

form of $,, for small r (&}), as

8-

Ni-
*l5

E
Sl

e sSin

ni®

where C =

1 r

—
1NE

In region II, points are very close to the edge on a
wave length scale, and therefore as in section 3, the

_ 2
potential here satisfies Laplace's equation YV &
I p q T

Ty,

Thi

w

In (2.7)

) S

incompressible flow problem is to be solved under

20

(4,1)

0.

‘hard' coundition on the boundary of the slab, together with
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the condition at infinity:

@11' ~ aéj_' (r,@) ( of 4.1 ), as %—»w’

arising from the consideration of the potential for points
such that 4 & r « ), common to regions I and ITI. Also,
in this case, there is odd symmetry about the line CD

so that & = 0 on CD, and it is sufficient to consider
the region of space above CD (x-axis). Thus, using (4.1),

the problem for q;n, for y>»0, is

2 7
(1) Y §II = 0,

2
(ii) —5%3»“ = 0, on AB and BC,

F (4.2)
(111) $; = 0, on CD,
ll'z' \
n = i 2 -:5: =8

(iv) @Ir ~ C, T sing = C1’Re(—czz) , as ¥ > J

The region above A B C D in the z-plane (Fig.4) is

mapped on to the upper half of w-plane by the conformal

transformations:
z, = %? z . (4.3)
and
3
dz, (w+1)@ \
dw ot
\
Y (4.4)
tbdt - (w-y-t)lf
\OI‘ Z‘ = 9 @4*1)2 w = | /

5

(Kober,1957), The points B and C are mapped onto 1 and
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+1 respectively on the real u-axis (Fig.5).

Fig.5
Y
W - Hane
-1 4:1 u
A B 0 C i D
By (4.4), for large |w, %%’A/1 =  Z,~W,
Therefore at infinity,

By (4.2) — (4.5), the problem for @I in the w-plane is

2 i 2 2 2
(1) V@I = 0, where Y = 3-2 + 2 )
u ')\/2
6
(i) WH = 0, when v =0, u<l
% (4.6)
(1i1) ¢ =0, when v =0, url
N
dy 4
(iV) @JI ~ C,‘ (E'T'r“) Rﬁ(—duf) at oo, )

By shifting the origin to C (=+1) without rotation and
considering polar coordinates R, B with respect to C

and C D, 1t can be shown that the solution of (4.6) is

zZ 3 3 %
5, = C, (&) R = ¢ (gc%)ﬁe[uc(w-:) ] (4.7)

am
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Since w 1is not expressible explicitly in terms of =z
(see (4.3) anda (4.4)], @E does not take an explicit form
in the z-plane, However, near the point B = %(1+i), an
approximate transformation and hence an approximate expre-

gssion for @n can be worked out as follows:

Combining (4,3) and (4.4), we get

T 4 wrl V'
TR [ R = IO

When w = -1, §{ =0 and z = %(1+i) = 2o say, so that

oo b
t7dt
S
° QH*—O °
Near B = zo , put w = -1+§, where § is émall. Then
L
S \F R,
= (—2+§) r e’ (~§—\) , also small,
b
t dt A P oitat
o, 5 “_ ¥ NGRS
@) (") ]
. . Tri 1
3 dt & *
and S : 5 = : = +r = 6%) ,
o (t*-D) 7 1

3+ 10 7. — i 7

3T -zo) . N R

T(z%z) - o+ ”?‘ (z)" = .?’F —;—'— (é.)*
;

5"4‘ 3_‘\_1{_1, ~

B = 2 e aesa
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*
7 pmi

oo 2= {F(pGma]

Since & = w41, the approximate transformation equation

near B (z=z,) is

N

@uitable n 1is to be chosenj

i .
— N
o nmi

i)
(%tn)(z_zo)} e 1 mas 3. (4.9)

J

Y

Approximate estimate for ®x , near B

By (4.7) and (4.9), near z = zo ,

| L % 7 i 3
, ~ C, %fﬁ{@.ﬁi% -(3) CARCEEN e"} ] .

Writing 2z - 2o = fela and expanding for small p, we get

z % % % 3
6, ~ (&) [0 - @A @t L o(rh)

2 |
Since 53? = 0, when « = n, -371/4 (see Fig.4), the only

value n can take is 3%, Therefore, near B [zEzo*ﬁ%(1+i)]
& e
7 X

L 7
8, ~ FC(E) [ - 2@ ) Font wssmear ] (0

bl

C, veing given by (4.1).
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PART 2

SCATTERING OF LONG PLANE WAVES BY

A CTIRCULAR DISC OF FINITE THICKNESS

1. Introduction

The problem discussed here 1s that of the scattering
of long plane waves by a circular disc of small but finite
thickness, when the incidence is normal, It is assumed
that the wavelength is much larger than the radius, taken
to be unity, which in turn is much larger than the thick-
ness, taken to be €, In the low wave-number expansion
for the velocity potential, the first term is trivial,
and the second one sétisfies an incompressible flow
problem, To solve this problem in detail, the flow region
is divided into two parts as follows:

(i) Outer Region:— consisting of points in the fluid
'far away' (i.e. at distances much larger than e ) from
the edge of the disc,

(ii) Inner region: ~ consisting of points in the fluid
teclose to! (i.e. at distances much less than a radius from)
the edge of the disc,

Outer and inner coordinate systems based on the edge
are defined accordingly and it is seen that the two regions
overlap, a fact made use of in the boundary condition at
infinity for the inner gsolution, As the problem reduces to
a two-dimensional one in the inner reglon, the method of

conformal transformations 1s usced there, As suggested by
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the behaviour of the first approximations (sec.3),
solutions are found in the form of expansions up to
order € and s%'respectively for the outer and inner
potentials. These expansions are matched against each
other in section 5, by the general matching principle
outlined below:

Suppose f(5,€) is a function of the variable §
and the parameter €, Writing & = eR, let g(R,€) = £(5,¢).
The variables & and R are called outer and inner
variables respectively. When £ and g are expanded
asymptotically for small €, the resulting expansions
are called outer and inner expansions respectively. Let
£.(6,€) bve the outer expansion to order < ( i.e, includ-
ing €" é\loge, éwlogéfu~~). Write this in terms of
inner variable R, and then expand to order. e (i.e.
including €™, € loge, g%logef.~§~) with the result,
say meq(R,e). Similarly if ngR’E) denotes the inner
expansion to order em, writing it in terms of outer
variable & and expanding to order €', one arrives at
gmﬂfﬁ,é) say. According to the matching principle
(Crighton and Teppington, to appear) adopted here, these
two expansions are identical (cf. Van Dyke,1964),

i.e, f%m(R,ﬁ) = gmﬂﬂé,é).

In the present case, the outer expansion is up to

. . . 8/,
order € and the inner expansion is up to order €',

and
the matching procedure enables us to evaluate unknown
constants,

Even though the third term in the low wave-number

expansion for the velccity potential is not found

explicitly, it is seen (sec.6) that its contribution to
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the 'far field'! is zero. Thus we are able to determine
the far field to a higher order in k. In section 7,
several other problems for which this method could be
employed are indicated, the outer solution being the same

as that for the disc problem,

2., Formulation of the problem

Define a system of cylindrical polar coordinates
(r, A, 3) so that the disc occupies the region =r (1,

lzi g€ all A, Let the incident plane wave be represented

ei(kz-wt)

by where the non~-dimensional wave-number Xk« 1

and ®/k 1is the velocity of propagation, Since there is

symmetry about the z-axis, the total velocity potential

is independent of A and can be denoted by @J(r,z)e_lwt.

The time factor e 19T is suppressed throughout, its

presence being understood., The potential & (r,z) satisfies

2 2 2 2 N
(1) (V +K)$ =0, where Y = 3_2+’_3;+f~
27 T r 222
(ii)a. 28 0, when z =te, Tv<&1
2z
b. %ﬁ? =0, wvhen r =1, |zg1<¢ 2(2.1)
and as a consequence of (i) and Green's theorem
| ik [%-y]
L ikz 26 1 e
(lll) (..b(.y.) = & - JS@(’-() :5';;’ X, where (G = nl}-'{”?ﬁ_-l\ g
/

when the point y 1lies outside S, n Dbeing the
outward normal from the surface S of the disc, Let

iz - y| be denoted by v,
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To determine successive low wave-number approximations

Sos Oy B0 for ¢ one expands (Morse and Feshbach,

195%) eikz, 26 and d as series of the form
2
: G¥) e

substitutes in equations (2.1) and equates powers

The resulting equations are

(1) V', =V&s, =0, Va,=28,.

(11)a, 2% _ 2%, _ 2%,

2z 52 C %7 TR rEEe v
2% ) 2%
b. —_— = 2 = =2 = =
= = K- =0 T=1 Izl <€
(i11) & = 1 - 2 [ L 2P 5(x) dx
° ! bT ) P2 N %0 ’
S
?
P, =Z“'“5“|?75:“@1("‘”x’
4T Je b
_ 2 \ 5}(2.‘) v 2P
e et
g L P
(2.3)(111) = §_  ~ 1,
&, ~ z,
2
@2 ~ Z, as P —>e,

It is easily seen that § = 1.

(2.2)

L (2.3)
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3. The incompressible flow potential o,

From (2,3) and the above behaviour of ®, at infinity,

the problem for ¢, is

2 : A
(1) V & =0
(ii)a. %;%1 = 0, when 2 =+e, T <1 »
' f | (3.1)
b. %%? = 0, when r =1, 1Z2i<e
(1ii) &, ~ z  at e,
J

(3.1) is equivalent to an incompressible flow proﬁlem
with the disc placed normally against a uniform stream of
unit velocity. This problem is tackled by dividing the
flow region into two overlapping parts, as explained in
section 1.

In the outer region, write

c}] = z + ¢ ) (3.2)

where @(r,z) is the scattered potential there. Now, the
boundary condition (3.1)(ii)b, being essentially a condition
at the edge, is dropped altogether. Also since @% is an odd

function with respect to 2z, so is @ by (3.2), and hence
#(r,~z) = @(r,z) = @(r,0) = 0,

and it is sufficient to counsider =z >0 alone,
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Thus, the problem for &, by (3.1) and (3.2) is

2 N
(i) _ \V4 ';5 = 0
(ii) ?ﬁé(ﬁﬁ) = -1, when 1 ¢1 ¢ (3.3)
DZ
(1ii) $(¢,0) =0, when 1T 51, |

First outer approximation

As a first approximation to the problem (3.3) replace €
by zero and let ¢O(r,z) be the corresponding @. The
solution to this thin disc problem (Sneddon,1966) is,A

for points on the disc,

1 \
g{r,0) = - S §§2J%21 , Wwhere
¢<iz__fz)z
Y (3.4)
t P
tst) = 2 4 { _rdr .g w Ve du, Ve = (%;?) w
Todt ), (2-p")2 : disc )
In this case, by (3.3)(ii) with e=o, V@W==<§é% = -1, and
0 Idise
it can be shown that S(t) = - % t  and
Bo(x,0) = 2 (-7%) | rqu, (3.5)

Because of axial symmetry, to find ¢O(r9z) using (3.5),

Hankel Transforms can be used, Write

oo

~ (s 2) = J’ + I, (sv) §Z (r,z) dr |
o

+]
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whence

¢°(T>z) = S 53_0(*5);{(5>z) ds ,

0

Since ¢O satisfies Laplace's equation,

g, = A(s) e7®% | 250, where A(s) is a function of s.

Using (3.5) and the transforms, we get

1 EN
A(s) = %% S Y jb(sf)j3~{ﬂz dr

0

N _
(s)
= G&y. _géz_ (Watson,1944), and

ﬁo(r,Z) = 63)

Yo ’

% Sw Jo(re). Iy, e——sz ds z 50 (3.6)

For small =z, using Taylor's theoren,

Bo(r,2) = B,(r,0) + 2254 0(s?)

z

= § (r,0) ~ =z (by (3.3)(ii) with e=o]. (3.7)

Thus, if @f(r,z) denotes the first approximation of
the total potential @}1 , then vy (3.2), (3.5) and (3.7),

for small =z,
L

§° (1,2) = $(r,0 = Z2G-®), 1 (3.8)

. o
Behaviour of &, near edge

. . o
To investigate more closely the behaviour of QH neaxr
the edge of the disc, define a new coordinate system based

at a point r =1, 2 = O, any A, on the edge, by
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the relations

r = 1 +
(3.9)

& cos®
z = § sine , € & 6«1, (See TFig.1)
It is clear that on the upper surface of the disc

© = 1 and therefore by (3.8) and (3.9)
3 ¥ 3
8 (1-5, 0) = 2.2° 8" 4+ 0(5).

Using this result and the fact that near edge @f satisfies
(1) and (ii)a of (3.1) with €= 0, expressed in coordinates

(6,0), we get

21 XL ) .
5°(5,8) = 2.2 &g, §o. (5.10)
1 3
Pig,1
z
_ 5,
; A@f-a____

Inner coordinates

As the point of observation approaches the edge, the
thickness of the disc becomes mbre and more important,
and once it is inside the inmner reglon (sec.1) the effect
of the thickness has to be taken into account. Thus the
boundary condition for &, in (3.1)(ii)b, which was dropped
in the outer region, has to be re-introduced here. Since

typical distances in this region are of order € , We are
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led to define ‘'inner coordinates' (X,Y) and (R,0) by

the relations

r = 1 + €X X = R cos@
(3.11)
] 3

A = €Y Y = R sin®

o, any A) on the edge,

again based at a point (r = 1, z
If the coordinate systems (3.9) and (3.11) are based at
the same point ( same A), then the relationship between
5 and R 1is
eER = 6,
§ and R will be called outer and inner variables
respectively, near edge, © Dbeing the same in both cases.
On this new scale (X,Y) the edge geometry is magnified
by a factor -% (£ the radius of the disc)., Since e « 1,
the radius is so large that the curvature can be neglected
as long as X and Y are finite, In other words, for
all points in the inner region the body, in effect, is a
semi~infinite slab whose cross-section is A B C D (Fig.2),

given by -1 <Y &£ 1, X ¢ 0; and the problem becomes a

two~-dimensional one,

\ = |
A Y = +1 jf/
o2l - -~ »




Let ¥ denote the total velocity potential in the
inner region, By definitions of outer and inner regions
(sec.1) it is clear that the two regions overlap, and
therefore the condition at infinity for this inner potential

must be:
|
Y ~ @1 (outer potential), as R —»co,

The equations (i) and (ii) in (3.1) with @, replaced
by W, when written in terms of (X,Y), and the above

condition at infinity yield a 2~D problem for g

2 ‘2 2 2 )
(1) ¥V ‘P+€‘3)“’“Q(€)-— 0, where Y =2~2+?_2
IXT Y
(11) 22 <0, on aB, BC, CD * (3.12)
an .
(iii) W N@1(R,@), as R —>o,
Py
Since & = €R, expression (%,10) for the first appr-

oximation of the outer potential can be re-written as

0
$(r,0) = 2.2° & R sng . (3.13)

As a first approximation to problem (3.12), comsider W
satisfying y ¢ = 0 and Y~ @ﬁ(R,@) (of 3,13) at infinity,
instead of (i) and (iii). If we write this Y = eé*%

the problem for Y is

0

(1) vy,

W, ' (3.14)

(ii) == =0, on AB, BC, CD

L L
(iii) v, ~ %,2”@;612&) at e, where Z = R _LQ“
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The problem (3,14) is most easily solved by making use

of the conformal transformation (Kober,1957):

gm0

‘ % N
dz _ _ & (W 1)
aw 3

> (3.15)

L
2

iR
or ,_TZL(Z -l-‘\-) = W(w2—1) — Loa{w +(w2«1 }’

which maps the region outside the strip A B C D into
the upper half of w-plane (Fig.3), the points B and C

being mapped onto -1 and +1 respectively.

Fig,3
PV
W - F\ane
-1 +1
A’ B’ N i D’
o
For large [Z2] (large 1wi), ~TZ ~ W W LQL})’

and therefore the problem for ¢, in the w-plane is

N
. 2 2 '32 ’67.
(i) V{§ =0, where ¥ = s t 3
(ii) LA 0, when Vv = O ? (3.16)
oV
£y
(111) ¢, ~ 2.2 @) Rebw) at o, J
Clearly the solution of (3,16) is
\iua = -itfx ﬁe (“'W) 4 (3917)
T %
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Since w cannot be expressed explicitly in terms of Z,

Y, does not take an explicit form in the Z-plane. However,

for large (42|, it can be shown that

L
2 2
W~ L(EZ) 4 Arlgbrd o Q{_k’(_j_?':)__ _ (3.18)
2 4“(?..7:)" 23/2
2

This expansion enables us to investigate more closely the

behaviour of VY, (or €Y,), when 7 is large. Since

2 = R ei@, from (3.17) and (3,18) we get

% . X -% ‘ o
~ 2 'Ra' sin 4 R {(1-\—[@32.“?) sfvx% - GCOSE-E R 0.
\Vo iy 2 7w y

]

Since €R 6, it follows that

~L
2

& ;% = 0 . ©
ez\yo ~ o [S sin:z- - (e_‘oge)"}fr ) sinZ
A 5 3 log 21 5) sin —@COSQ}]
oo gy B {El R (3.19)

1.
Expansion (3,19) is the first approximation (e?¥g) of

the inner potential VY, expressed in outer coordinates

(6,0) and expanded for small e. This, therefore gives

a clue to the hehaviour of the total outer potential @1

near edge,
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4, {(a) Outer Bxpansion

The first term of (3.19) is, as expected, @:(6,@)
(of 3.10). Purther we find that the second and third terms
are of order e€loge and e vrespectively. This suggests
that for a solution of the problem (3.3) up to order e,

it is appropriate to try an expansion of the form

g ~ @ + (€ loge ) g+ €9, | (4.1)

for the scattered potential ¢, the total potential being
given vy (3.2).

Substituting the expansion (4.1) for @ in equations
(3.3), expanding ¢;(gg) using Taylor's theorem and

equating corresponding order terms, we get

(1) V'8 = v'¢ = 7i¢, = o Y

il

1 g =0, g no) == gl T (2)

(11) ¢ (v,0

(1ii) ¢ (.00 = ¢ (v,0) = $ (1,0) = O 5 1. )

The problem for Q is the same as our first approxi-
mation to @ in section 3; its solution is given by (3.6).

-1
Since the eloge term in (3.19) behaves like 572 on

-k
the disc, it is reasonable to expect q (r,0) ~ & ™ near
the edge of the disc, Thus we are led to suppose that

——— A . L
¢'('r,o) = e r<t (4.3)

where A 1is a constant to be determined. Whether this is

actually the case is to be seen, after finding Q (r,z)
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on this supposition and showing that it satisfies the
boundary condition (ii) for Q in (4.2). Procedure is

the same as for finding @ [see (3.5) = (3.6)], and in

this case

x
To(sr)‘ dr
o) = A |
(S) A 0 (\—’&’1)},2
= Aff-s’lf (Watson,1944), and

Co 57
g{)'(fJ z) = A 5 J,{rs) sins e ds , z50 . (4.4)

)

Using properties of Bessel Functions (Watson,1944) it can
be verified that Qz(r,o) =0, Thus (4.4) is a solution

of the problem for Q in (4,2),

The problem for @

N
Consider the function @(r,z) satisfying
2 A ' A

(1) V' = o

N

(i1) <1>z (r, 9

iH

-$(,0) , when Tl f (4.5)

(111) ¢ (v,0)

o, when r>31.

o

N

The problem (4.5) for @ is equivalent to the problem

A
for % in (4.2), if we write @. = ¢, ;3 fox
. 24 2 2, A 2 2 A
(1) V7% =0 ‘:>'<7¢1=V(¢zz)=§-;z(<i¢)=o

A A
s 2 (3 36 %% £ 12
(ll) I(éz"z(f)Z) = :}z( zz) = 3_.. [-— — .;;. ; } - m[_ﬁb‘fl‘{—‘l 37 2z 3



and in particular when z =0, r <1

» - - C,

b (r,0) = —p(,0) = ¢ (1,0 = -¢ 0O
A ~ LLn "
(lll) sz(‘f’Z) = ¢zz = "'[—.a_‘,—g r*{,”%‘;]ﬂé,

and in particular when 2z =0, r 31

p(t o) =0 = @ (1,0) = 0.
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The solution of (4.5), like that of (3.3) with e=o,

is given by (3.4), V(u) in this case being

A 4 .-
(8 )ae = = §,= -2G-@) | by (4.5) ana (3.5,

By successive integration it can be shown that

g
0 g ngg]
A A
b (1,0 = % $ (r,0) + -1'117’- B (v, 0) , where

é§(v,o) - J(‘ (!~t€§at‘7{ - }
g

A
Since @ = @ , 1t follows that
2 27
A A }
1 o}
%(?,O) (ﬁozz(‘{ O) - .T]r_z{gf)yrcf)0> + e gbr (.\') )

(4.6)

(4.7)

is a solution of the problem for @ , for points on disc,
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Eigen Solutions for @a

Any solutions of the 'reduced'® equations:

(1) v =0 )
(i1) <gZ(T)CD = 0, when T <1 ? (4.8)
(111) & (v,0) =0, when T 31

Ia

have to be added to (4.7).
Consider the function f(r,z) = ¢Ozz(r,z), where

@ is the potential given by (3.6).

¢}

. 2 2 ¥ 2 _

(1) V' = V(%) = Z,(v¢) =0

_2 3 2. T2 1L
(11) fz”’z) = %E( ozz) = 3z %;20 *—1’7 ‘5;]“ -_[’N“-}-V 'DY] ¢°z

and when z = 0, r <1: %H(T,O) = -1 = §2(7,°) =0

A 2 2
(iii) f(v,2) = qbozz = *[n%:z -"—"‘_—’5;]95"

= O.
and when z = o, r >1: c,bo(v}o) = 0 = {C,0)

Thus, f(r,0) =@ __ (r,0) is a solution of (4.8), for

o
points on the disc. It also appears in the expression (4.7)
for ¢z(r,o). However, its behaviour near the edge is
ﬁ'é%% incompatible with the fact that e@g, being the
third term in the expansion (4,1) for Q, should be much
less than ¢O ~ 6%0 Therefore we remove this Sﬁésingula—
rity by adding the eigen solution - % QGZZ(T,O) to the

exprassion (4,7), [As will be shown later (4,14), near edge,
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m
the leading term in §_ (r,o) fof (4.7R is of order
Sw&logéi, which is admissible for @_, since € << 8.]
Since the set (4,8) is similar to the problem for )

in (4,2), g (r,o0) (4.%3) is itself a solution of (4.8).
Also Q (r,0) ~ é%znear edge, and is admissible for % .
So we add C ¢|(r,0) to (4,7), where C is a constant
to be determined,

From (4.7) and above, the 'corrected! Qz is
A A
$,(1,0) = _.T\T,_Q{q?ﬂ (r,0) + L gbr(f,o)} + ¢ ¢ r,0), (4.9)
A
#(r,0) being given by (4.6),

Bxpansions for Bo, B,, @, (near edge)

It is difficult to deduce a general expression for
¢, (r,2) from (4.9), as 8 occurs in the form of an
integral (4.6), Near the edge of the disc, however, it is
possible to evaluate g(r,o) and hence Qz(r,O) in the
form of an expansion, for small §.

By (3.5) and (4.3), this kind of expansions for

¢ (r,0) and 6 (r,0) are.

"5. '/1 3/2 5/2
g o) v 2 B8 58 0B sse (0

L A Yo 2,
A5 4p 8w 0™ 50,

? (Y)O) ~TZ (4.11)

Making the substitution t+ =1 - 6p, 6§ =1 - 1,

in (4,6) and expanding for small &, we get



42

Evaluating the integrals involved, we get

}, Y 1 ¥, I/Z 5/).
A 4 A 2 Va 5 oy |
¢(I‘,O) ~ -=§-~2 8 l.cgs +§1-2. (-3——!052) 5 __%.2 by 1098

!'z 5/1 7) | '
4 (3 D) 5T+ 00 egd) (+.12)
Hence
A ¥, Y, by 3,
é\r(r,o) ~ 2 [2,3 Io_qS —2(1_1032)5 +_é,—5 log 8
. 2»/l 5,
+“é‘(l§-+l092’)$ + O(Szch%)] (4‘013)

and

2 Y. RA - 1 By). s
% 3,

Substituting the expansions (4,11), (4.13) and (4,14) in

the expression (4.9), we get
b o
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o -
Qj (r O) ~ .-2.'-. [5 1038 ’f‘(C +‘+L032)S .___.S loj
2 ? T
" (15 +C - 7L°32')5 +0(? ‘065)] =0, (4.15)
where -—%C‘_' = AC.
L

The expansions (4,10), (4,11) and (4.15) for potentials
on the disc serve as a guide to finding an expansion for
#(r,z) near edge or ©(5,0). When written in terms of

coordinates (§,0) (3.9) the equation (3.3)(i) becomes

) |
2 19 ) _ Sin
(Lo h v wim v (0% - 22 2) 4008 = 0 8aa.10)

which is the modified equation now satsfied by Q), Q and Qz.
Remembering (3.7), it is reasonable to try solutions of

(4.16) of the form

B b . %
$ = 2.2 {S §(8) - &sme + 8 §2L9)}

AR5, 5"

W

!,2. “';’ ‘/l
because, on the disc they are given by (4.10), (4, 11)
and (4,15) respectively. The result is a set of simple
differential equations for f£,(8), i = 1,2,...8. Also,

since @ = 0 when = 0 [see (3.3)(iii)] £,(0) = 0, and
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using (4.10), (4.,11) and (4.15) fi(n), i=1,2,----8 are:

M, =f, 1 g 1, Ol Tog2, =, H15407-T10g2)

respectively, These differential eguations and boundary

conditions yield:

; A . 30 8
£.0) = sm-% , 5}(9) = L sing +JL; sinz
0 = sind 5,00 = — s,
0 . e 6
o) = s, 5@ = (¢ v lg2) sg - Bcesd,
‘5“7(9) = - ’.Lsin;g - _l‘; smé@ ,
{-%(e) = (% :2.1032) s:n@ - 26 6056 ——(C +1+L03Q)S;y|3’9 + L pos3.

n 2

Thus, we are able to find near edge expansions for
g, ¢', g,, and hence using (4.1),

an expansion for ©(%,0).
By (3.2),

it follows that the near edge expansion for the
total outer potential @, is

Arsh %, 5
@1(5)9) = —;_.2 [5 sm% + 2 <i$m-§i— —’rL'.; Sin§.>

2 -k Y,
+(&l%€>~%--21L5 2‘33‘&1% --:; 3 smé§
& bt Q Qco';ﬁ;ﬁ
v%»(k)-%?z [5 {loﬁg s|n~2— —,-(c 414 1032) Sinfl ~

v
2{(~ §(2sin 2 ;sin%‘?)ﬂ%—zt@g)smg - 20658

— k(e 1 s ly2) ¥ +ﬁ9cm%}]’ 55 0. (4,17).



45

(4.17) is the outer potential @ in terms of outer
coordinates (6,0), expanded (for small &) to order e ,
When it is expressed in inner coordinates (R,9) wusing

6 = €R, we find that the leading term is

Ry :
A { LS 2 g
(% + )% (7 R "smg

This contradicts the fact that the leading term should be

ok Y%

$7 (R, ®) = 2.27 <" RT sm2  ( of 3.13 ),

unless we choose the value of the constant A so as to
v,
cancel off the e'loge term, Taking A = - 2 and
18

re-arranging terms, we get
!

3% V-a.' p:/l .8 <8 c: (02.9.

@KR,S) = %’__ (Ez)[’R Smg +-£—T—r{loaﬁ Sin - © s> +( 41+ g )sz'g

oV
3, L
__(e 2 log @) %‘i R sm%

’ b

12 3, 1/ . 2 _ .

3/2[ Qz{'ﬂ/zsin%? mgﬁ'}zl(!cﬁi?sm% * ecos-%)—}- _T&r. (% 2.(052) Sm%}
T 2

4 €
'Z"'z. 5{3/2 -y le(( R snd ~ 6&05&)_. gz(c'+f+kg2> Siﬂ%—f’-}}
¥ 53!‘{ T Taw U TR 2/ ar

(4.18)

The constant €7 will be determined in Section 5, by

matehing (4,18) with the inner expansion.



4, (b) Inner Expansion

To solve the problem (3,12) up to a higher order in g,
we can now use §(R,0) (of 4,18) in the boundary condition

(iii), This suggests an expansion of the form
gy o~ ey ot (7 loge) §, + €y, (4.19

for the inner potential ., Substituting (4.19) and (4.18)

in (3.12) and equating corresponding order terms, we get

74g A

(1) Vi, = V'y =0, Vi +3 =0

-
(ii) 22% = %g% = Egé = 0, on AB, BC, CD
n

32 Y, "'/3 . . .
(11804~ 2[R €1k g -0 Crtrs) s }]|
}(4.20)

%2 v,

2 .
\‘U ~‘ - -—§. R SW\% 3
Y k
Y, ~ __{g % 2R (R sl +0 cos2) + S

Wiy

~2leg2) sin }

25

+__ R $m§-~ (Lo5€25m ~ B o5 P —~“-(CH+(°3 )S"’ %"‘5 R-»eo,
The problem for ¥ in (4.20) is the same as (3.14),

and its solution is given by (3.17). The problem for ¥

is also the same as (3.14), apart from a constant factor

. . )
( - e ); hence its solution is

Y, = f%*V°(W> | (4.21)



Making use of W (5,17) and the transformation
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equations (%.15) and (3,18), +the problem for Y, can be

transformed to one in the w-plane:

2 2 2 2
it e fE o ? ?
(1) N, Y. Trs//{e{(u_g } , where N7 =2 42,
2
(i1) 3%? = 0 , when v = o0

(1i1) §, ~ -‘t R.,chH—"’v (5 + log T) Re ()

+%5/2R3{WU°3W2—.\W)} ¥ -::-r-%/z'Re@Z) : ak 0.

\ (4.22)

/

First, to find a particular solution of (4.22)(i),

write

by e B e Vg et

: 2 >
Since vw = 4 el \{J? = U%'Rz(w Z)_

Using (4.23) and (3.15), we get

Eﬂ}) - , where
(2, = Fw

IV
i
— — u £ -l
F, w) Ty
Va -3
R E*.u(i-u.l) + & wsu-!:l -] ¢ uw £
p-ed 3 -“-
e
|
= - u 3 |
Tr3/2 ) 7

r (4.2%)

y (4.24)
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By (4.22), (4.2%) and (4.24), +the problem for (JP is

2~
(1) V ¢y =0 h
(i1) 3;\7 = - F@ , when v =o
L . f (4.25)
s s o 3 2 T
(iii) ¢ ~ o ReW®) + T—r‘g./z(5+ log T ) Re (-w)
! .
+ —_F/Zﬂe{w(long—m)} , af oo ]
Next, to find a particular solution of equations
(4,25) (1) and (ii), write
U D 0 where
= + s
vo= W o+
(4,26)

Vz, Gl",:: © and (ST)V=0

Since F(u) has a constant (# =) behaviour as u-»tw,

%
define a new function
2 -t L Xu
F, 1) = - 5, tan (2 -+ u,_+°(2]’(“ a real nmber)’ (4.27)

which has the same constant behaviour as u-s*e, so that

Fl(u) - Fz(u_) —~ 0 as u-»ico,
5 » \
Let \ﬂ = \’/&" + \PP’Z , where
Vz%\ =© and %\%ﬂ)v—o = T he " (4.28)

i R T
= e lo o) - T(]
Now, Y., = Rg[w{ 5 (w i) =1 } /
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By (4.26) and (4.28), the problem for W@z is

2 B Y _
\Y) \Vyz. =0, (’DV 2)v=o = - F& + FWM.

It is difficult to solve this problem near origin., However,
for large 1wl : sz ~ 0, for
(4,24) and (4.27) = qu) - E§u) ~ fﬁ for w> 1, and

as u-» to, ﬁg-ﬁ © fast enough to ensure that ¢~ O

Thus, by (4,28)

N . 2
Wpﬁ,.L ﬁ%[w{bg@a+wq -Lv}] , for large |w]

-“'5/ 2

, (4.29)
- -;[g/z%[w{(ong ~17r}] , Wl - °°~_

By (4.26), (4.25) and (4.29), the problem for ¢ is

(1) VI = o

(ii) %5? = 0O , when v = 0

(iii) § ~ %mmﬁ + —:—5&(5 + ‘oagz)waec-w , > 0,
Solution is

@ = ;?g,ﬁe (w?) + 3,;54(5“**‘03%2)“"‘@(”)» | (4.30)

By (4.23), (4.26), (4.29) and (4,30), for large Iwi:

~L Re(wZ) 4 _T’;%/z';ze[w{xaj(mcea)’“-w}]

2 732

-}—_f—/l Re w®) + ;f%é(s + log ) Re ). (4.31)



Bxpanding (3.17), (4.21) and (4.31) for large |7}

using (3.18), writing 2 = R e™® and substituting in

(4.19), we get

, .
h 2 [Ryzsins -;— {(’053) sing — BCos@ 4 (1+logam) S“"Bﬂ

\\)(R)Q) ~ € v

3 ¥ y}._ k=3
+(lge) 2 )R sz

Y

e ¥ RV 30 - ecos-—) R <1+1°327r)s;n—~
+e [i{g sng = & (lgRsh
A

+%f’{33”s.ng- --R (Lo sin2 +9cos@)+R (7 2l2) Smﬁﬂ R
(4,32)

This is the inner potential ¢ , in terms of inner
32.
coordinates (R,6), expanded (for large R) to order &~
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5. Matching of outer and inner expansions

When (4.32) is witten in terms of outer coordinates

(6,6) and re-arranged, we get

K 3 . ! .. B
\V(B,e) ~ %ZESKSM% + 5/2(%sm%9+—4—‘-5m5)]

% ~l’l . B ] v - 30
___T%(Eloge)[g siny <y d " sin 2]

yl ‘V). .
+ ﬁ"- (e)[B {(L035 sin@ -8 cosZ) + (4 + &g 2T) sm%}

. 3D 36
+ 5%'{(_2)([038 $iv\% +9 COS%) - J}; (1,035 sy — e 0053:)

+(Z - 2log2) sin2 - I'f—(w(ogi%ﬁ’) an%ﬂ )

(5.1)
Thus (5.1) gives the inner expansion to order ;%
expressed in outer coordinates (§,8) and expanded to
order e. Also (4.18) gives the outer expansion to order €,
expressed in inner coordinates (R,9) and expanded to
order é@ By matching principle of Section 1, these two
expansions must be identical. Comparing (5.1) with (4.18)
using the identity & = €R, it is seen that the

constant C” = logm,
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6., The Ffar field potential

By (2.1)(iii), the scattered potential

. kp
\ ik _ L )e " 2k $rx)de = {x -yl
() '““%g(“? ?)e 2k Bx) de, b = \x -y (6.1)
S
Let x = (r cosi, T sind, z)
y = (q sing, 0, q cose) (see Fig.4),

with respect to a rectangular Cartesian coordinate system

(x,7,2) based at the centre of the disc.

St s,
2 2 . e 12
Then b o= o 4+ v? — 297 sin@ csh - 2942 0S8+ Z,
~ Q059 —q st G
U clesosr g 2b _ roaheed
Vz b 27 P
It follows that, when ©p and g are large, \
P ~ q - (¥ sin® cosi + z cosd)
(6.2)
[S,: z =&, rel, S 2z = -¢ r«l, Sairx‘l,\Z!{,é], and
2y 2089 e0s0 sind cos ) S, S, S, res
On [ad b LOQ', ..;OD:J, - S1nN C{)U/;, 3 on i 3 2 2 3 I.\.»Dpp
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By (6.1) and (6.2), for large q

kg h
@5 ~ f@) %; , Where
” ) ) ( (6.%)
- ~ix{tsind casA +<2 wosB
_s_@) - ..‘..lf.g e 2.3" CIDG[S .
40 2n y

Expanding e"lk(I‘ sin® cos) + 2z cosoO)

and @ in the form
of the series (2.2), substituting in (6.3) and arranging
terms in ascending order of (ik), we get

(o) = %T (@?b):“ ds +m¢§g§ B, - B, (156 cos) +zw56)}%§d3
S .

+%‘<)ZJ {@z - z@l(rsine‘ws?\ + % 0s0) + & (vsine wsd +z wse)z}%}g 45+O(k3)]

Making use of the results (6.2), the fact that $=1 and
the odd symmetry of @, and the even symmetry of @z about
the plane 2z = o, it can be shown -that the first and the

last integrals vanish, and that
1 | L
)((e) = K [@ose)J T@, (r,e)dr - 7 e] + 0k . (6.4)
o]

To evaluate the integral appearing in (6.4), its range
is divided into two parts, as there are two different
expressions for the potential ® in the outer and the inner
regions, Let r = a, exa «1, be the dividing point,

By (3.2), in the outer region

@Aﬁa = € + B¢ :-¢up)+—0&ﬂ7 N %Q@:~l+%ﬂ

In the inner region @ﬁ = Y.
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;-Q& !
Thus g‘ P (1, 6) dr = g T PG,0) de 5 Ty dr, (6.5)

o o 1—ok

Using (3.5), (4.%), (4.9) and the expansion (4.,1):

- ok '
g 1 ¢ (y’ o) AT == 521‘1 — (e \03 E) -%:2 + (Q) %3;]2
(o]

% b %Y &
~Zly) +2 * 4 0l + Oftelog et *] (6.6)

Using (4.19) and the inner coordinates (X,Y) (of 3.11):

i 0 o}
j vy ode = ;”'*(xpo(x) ) dX + (es’l«oge)g P (%, 1) 4%

i~ . =g —4e

L e fo{\yl(x, 0+ X \PO(X,I)} a{XA :
Y
It is easier to evaluate these integrals in the w-plane,
as %,\& are known explicitly there, For points on
AB (Fig.2) 72 =X + i,(X<0) and for corresponding points
on A B (Fig.3) w=-0,(Q%1), If we make these substi-

tutions for %2 and w, the transformation (3.15) becomes

" A
AX 4. QZ l/)_
= -~ X -1
I A
| y). y (6a7)
or X = ‘%[Q(QZ~D - !,03{-0. +(Q2_‘>zﬂ !
In particular, when X = -a/e, <+he corresponding
Q=02, is given by Q= IX.

2& /
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Using (3.17), (4.21), (4,31) and (6.7), we get

o anm

¥,
3 o ' ¥z ! Ax o ~ 2,5/2 % 2E 2
v, dx = e g%muﬁm = a (‘*‘.—}:J ,
=dfe 1,

3/

\ % 3
X 40 =~ —tcloae) 2. &%(\ _2e
y%@ndQ Q = (g%@g@ O ) |
2

: 0]
@%‘Of;é)s ¢ A = (Plage

~d/e i

S (f yy dX = &% ! X(Q) Pl + P dX 4o
¢ Lyixv“\{)l} K= e L‘{ @y I§e

h 5
= - 24y o[ Elge) 4]

Hence
Y, L7 >/ -
‘ L 2 2r [@.(eo«
(rydr = 5 7+ O E® : (6.8)
[~&

Substituting (6.6) and (6.8) in (6.5), we get

| |
g“b‘(*) § dr = Z - €l @ L%%"Q + Ofelgo] +-0(£7-(6.9)

(o]

In the error, one leading term: ellogel ah<@_e§':a « 1,
The other leading term: o & €, only if o« €4, Since
« is any number such that e« o «1, it may be so chosen
that this condition is satsfied, and then the error becomes~
much smaller than the three terms independent of «,

Since the thrust on the disc is proportional to‘gféndr,
(6.9) gives a measure of this thrust.,

Substituting (6.9) in (6.4) and then (6.4) in (6.3),

we get the far field scattered potential as

ik
5 ~ %—- $@ , kywi,

where {@) =



7. Conclusion

In finding the outer potential in Section 4. (a),
we do not pay any attention to the shape of the edge of
the disc, except for assuming that the body is symmetrical
about the z-axis and looks like a circular disc in the
outer region., In other words, the outer expansion is valid
for any symmetrical, circular disc - shaped body provided
its variation, at the edge, from the circular disc is of
order €. For example, disc - shaped bodies with cross-
sections seen in Fig.5 come under this category. Thus,
the method used for the circular disc could be applied to
several similar problems, However, only a few of these
may be solved due to difficulty in finding a suitable

conformal transformation in the inner region,
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PART 3

TWOo INFINITE STRIPS CHARGED TO UNIT POTENTIAL EACH

AND PLACED CLOSE TO EACH OTHER

1. Introduction

The two-dimensional potential problem due to two equal
parallel infinite strips charged to unit potential each
and placed close to each other, the ratio of separation to
breadth being € (« 1), 1is here considered, Following
Susann Shaw (1970), who treated the two disc problem,
the 2-D space in this case is divided into three regions
as follows:

I Exterior Region:- consisting of points 'far away'
(i.e. at distances much larger than the separating distance)
from the two edges and not in between the strips.

IT FEdge Region:- consisting of points 'close to!
(i.e. at distances much less than half the breadth from)
the two edges,

ITI Interior Region:- consisting of points far away
(as in I) from the two edges and in between the strips.

Denoting the potentials in regions I, IT and III
by ¢, o' and ¢%  respectively, problems for these
potentials are formulated, using coordinate systems

defined appropriately as:
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(i) PExterior and Interior coordinate systems
based at the centre,

(1ii) ‘'Outer edge' and 'Inner edge' coordinate systems
based at the right hand side edge.

The fact that the region II overlaps with the near
edge limits of regions I and III is made use of in the
boundary condition at infinity for ¢", which is obtained
easily by the method of conformal transformations. As
suggested by the behaviour of first approximations, ¢I ,
¢I and ¢xz are found in the form of expansions up to
order €, 2 and e%. e‘“:ﬁ_ respectively, It is seen that
an additional small factor o 2¢ (a function of €) has
to be introduced in the interior potential ¢HI for the
correct matching, near edge, with the edge potential ¢E.
The unknown constants appearing in ¢I and ¢m. are
determined by matching expansions for ¢1 and ¢n
against each other, using the same matching principle
as in part 2,

In the appendix, the 'correct' solution for a strip

of very large but finite length is discussed.
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2. Formulation and Approximate Solutions

For convenience of analysis choose the unit of length
so that the breadth of the strips is 2 and their separation
is 2e&. Define a Cartesian coordinate system (x,y),
called 'exterior', so that the strips correspond to the
line segments y = e, i¢1, Then & (x,y), the potential

at any point satisfies

0, where §72 =

i

. 2
(1) Ve »: YR (2.1)

(ii) PG, €

1, when |x] <.

Since this is a 2-D problem, there is no solution of (2.1)
which tends to zero at infinity. We have to take

d ~ Alogr + B (r?=x*+ y2) at o,
where A and B are constants to be determined.
With this behaviour at <, the total charge = - A/2
(see Sec.5).

Because of logr behaviour at infinity, the trivial
solution @ = 1 satisfies all the conditions (2.1). The
problem is therefore not uniquely posed, for
if # is a solution, then so is & = « @ + (1 - a).
Thus we are free to choose A, So we take A = 1, find
B satisfying (2.1) and the condition @ ~ logr + B at o,
and get the general solution & by using @ = af + (1-a),
where o 1is the scaling factor appropriate for two strips,

For a discussion as to which is the 'correct' solution

Tor a strip of very large but finite length, see appendix,
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By (2.1) and the above behaviour at infinity of the
potential, the problem for the potential ¢I(x,y) in the

exterior region satisfies

(1) VZ*¢* 0 )

(i1) ¢I(x):t€)

1, when <1

2P
(iii) 5§?<‘) ) = 0, when X >1

’

| F(2.2)
[By even symmetry of @' about the xmaxis]
(iv) @ ~ logr + B at , where
B is a constant which may depend on €,
S/

Exterior Region: First Approximation

As a first approximation to the problem (2.2),
replace € by zero, Then (2.2) reduces to a problem
due to a single strip and the potential, denoted by ¢:,

now satisfies

2 I N
(1) AVAR"% = 0
(ii) %f(x,q) = 1, when <1 .
" | (2.3)
(iii) 3;;’(*;0) = 0, when Ix51

N I N
(iv) Q, ~ logr + B, at <, where B, is a const.

I

An integral equation for ) can be obtained as
W 28 gy
¢, () = f(‘;‘*:‘ %o 4E (2.4)

I
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where G 1is a suitable Green's function in 2-D,
U (=0 + 12+ ) is the contour shown in Fig.1,
£ = (x,y) is any point in the exterior region and

£’ = (x’,y’) 1is any point on [,

1 1
Choose G = L log R + 5 logR, ,
where R = |§ - £7] and R, = |§,- &7\, &, (x,-y).
Pig,1

lavse, SQMi—(}JdQ,
r;’; Cuntre O

When g’ is on [] or [,

y =0, R=R, and R i 0.
! 19, 2 2 2
.{ = %—[ &sﬁ.sz(YSO) dr’ , where R = (x-r°) + v°> (2.5)
oy
-1

and (p@ing (2,3)(iii) alsé} j = O . (2,6)

2
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When *7 is on [}

3?
by (2.3)(iv) ﬁ:(‘g") ~ logr” + B,, and %ﬁ' = - %I_-, .
. f '
g = {{.&@R +-j2—;r‘099}( )45
N K
R - _7;{3' dg’
f(losf +8 ){ﬁ‘r?&( )+ = )| d
T
| [T
= -ﬁ—f {bs(v'—roosp) + log{f'—-ffos((s’*z“)]& d
"y
T P v (p+ 2x)
| ¢ - veos [ X -4 fIA
e — t B° +
0 §d<(ogf ¥ ){ Y2y 2vy osp ‘f2+1'7’-2~rr’ws({‘+u)} f
[by geometry of Fig.1l
Expanding integrands for large r°, we get
T-o%
{ = -1 f {z, v Teesp - Yls(p+ac)
('3 aw ) gt~ 2 - +0(4,) }
L ) :
+ 2r {zloér’ + 2B, + %.?Y.rcosF + tf_ﬁf. rcog(,&+2d)
~ e v
+_.3.°.rcas§ + %-rms(p-a-zo() +0( oar’)} A[s
r v
Therefore,as T’ -» », f - B, . (2.7)
3

By (2.4)—(2.7)

(0 =4[ (GOVE) &+ B, (2.5)

) = 28 (0
R k4 <

2 .
where R = (x-r’) + y2? and V(x
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In particular,

4

-3

(a) when is on the strip, by (2.3)(ii),

\
D - _;F](_' log - v . Vi) dv 4 B

Therefore, by Cooke (1970),

30—1 . 1 ‘
‘.032 (1 - T?) 72

V()
(b) When g -»e , Ra~7T s0 that
[
éf ~ (bgr).%.g V') dv & By -
-1

Substituting the above expression for V{(r’) here and

comparing the result with (2,3)(iv), we get

4 o Bo "'1
1032
Thus,
Vi = o - %, (%, 0) . (2.9)

(2.8) and (2,9) give the solution to the problem (2.3).

N X
Behaviour of @, near edge

Define a coordinate system (§,06) based at the point

(x=1,y=0) on the right hand side edge such that

X = 1 + & cos®
, (2.10)
y = § sind , & &« O «l.

This system will be called ‘outer edge coordinates?.
On the upper side of the strip © = m and therefore,

by (2.9) and (2,10),

2

Si/?. 4 “—3;‘ 83!2 + O LSS/}‘)}

Yo, Y
V(-5 = 2713 t =
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Using this result and the fact that near edge ¢: satisfies

(i), (i1) and (iii) in (2.3) expressed in coordinates (§,0),

we geb

v 4 3 5/7- 7

Edge Region

Define a system of 'inner edge' coordinates (X,Y) or

(R,6) based at the same point as (2,10), such that

(2.12)

X = 1 + €X X = R cos®©
y = ey ) *

Y = R sin®

By (2,10) and (2.12), the relationship between & and R
is
€R = 6. (2.13)

On the - (X,Y) scale the separation between the s%rips
is 2, and the distance to the centre (x = o, y = o)
from the origin (X = 0, Y =0) is L. Since e« 1,
we can regard the body in the edge region as two semi-:..
infinite planes of cross-section A B C, C’D A- (Fig.,2)
given by Y = %1, X0,

From the definition of the three régions (Sec.1), it is
clear that the infinity of region II overlaps with the
near edge limits of I and TIII, and therefore the condi-

tion at infinity for the egde potential @E must be

6% ~ (a) $* towards exterior
(2.14)

RN on : o d
(b) @7 towards interior -
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rig,2

A Y = +1

c

o~

A Y = ~1 D

Expressing (2.1) in terms of inner edge coordinates

(X,Y) (of 2,12) and using (2.14), the problem for @&

becomes
o LY
(i) VAR = 0, where vz = 3 .,.'2.,2_
WMWY
(i1) ¢E(X,t1) = 1, when X <O
> (2.15)
] B I s o0
(iiida. ¢¥ $I(r,0), as R ,
b. ¢JZ -~ ¢ECX1Y) > as L»-o, )

Interior Region

Define a system of 'interior' coordinates (X’,Y”),
based at the same origin as (x,y), Dby the relation

€ X’ |
(2.16)
€Y’ R

i

.

<
i

On the (X’,Y”) scale also the separation between the
strips is 2, and the distance from the centre 1o either

edge 1s L. So we can regard the body in the interior region

L



as two parallel infinite planes represented by the two
lines ¥’ = %1, Here, the condition at infinity for

the potential @TF is
¢% ~ BT towards the edge. S (2.7)

Expressing (2.1) in terms of interior coordinates

(X°,Y7) (2.16) and using (2.17), the problem for @=

becomes
(i) v 2 AT = 0, where va;?i .;.")_2, )
e 'l
(i1) BT(x 1) =1, for all X
(2.18)
(iii) EF o~ ST (X',¥), as X + o,
[concentrating our attention on the side xyo0,
the opposite side being similar] . . y

The general solution of (2,18), with symmetry about

the X’-~ axis is of the form

: N
¢m = 1 + Z a, Ctosh (2ﬂ+1)%X'~C05(2W+1):§Y', (2.19)

n=0

where the constants aﬂ(which may depend on € ) have to

be chosen so as to satisfy the last condition, N being
some positive number,

For points common to both interior and edge regions,

the relation between interior coordinates and inner edge

coordinates, by (2.12) and (2.16), is

X7 = -ér + X
(2,20)

X ¥

ii
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By (2.19) and (2,20), near the‘edge

o N, Z(an+D(L +X)
PT(X,Y) ~ v ox 2, ¢ ccos @) LY (2.21)
N=0

Edge Region: First Approximation

; . . . ) S
Expressing the expansion (2.11) for Q} in inner edge

coordinates (R,0) using (2,13) and taking the leading term |

¥ o
BT(R,0) = 1 + €7 2°R sl + 0(e), (2.22)
¥;
(2,22) suggests the form 1 + e’Qf for the first
approximation to the potential ¢E in the edge region,
If this form is substituted in (2.15), together with
(2.21) and (2.22), then the problem for #* is

. 2 I
(1) Vv g% = o A
(11) @"(x,£1) = O, when X <O

X o H2.23)
(iii)a. $F ~ 2'Re(z"), as R-w, where 2 = R ¢*°

N o T Gne(d +X)
iy %, Fa €
b <,75o o~ %e E,ahe, _cos(zm-x)gY) as X-» —oo],
nz 9O /

This problem is easily solved by making use of the

conformal transformation (Kober,1957):

AZ zz(lfi:ﬂ_)
-2 -

L (2.24)
. wx -y '
or %(Z 4 (,) - 193 W ." """‘2"' )



which maps the whole of Z-plane, excepting the lines
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ABC, C’DA’, into the upper half of w-plane (Fig.,3),

the points B, C, D being mapped on to =1, 0, +1

respectively,

Pig,3
AV
W o~ \>\avxe
-4 A u
A B C D

First approximations to the transformation equation

(2.24) are:

7
(1) for large w, -7TZ ~ W2 o5 w ~ i(rrz)z

(ii) for small fwi, %(ZH) _% —~ {osw = W o~

where Z, = _Z..(Z‘.;-i,) -L

By (2.23), (2.24) and (2.25), the problem for

in the w-plane is

. 240 _ . AT L%
(1) V7¢" =0, where VY~ = =t e
(ii) ng =0, when v = o
s ¥
(iii)a. gr ~ (%)”Re(_;w) , as [w-—»
. 2y N é%(aﬂ+0 anl 2l
b gt o~ L ae ce” Fe liw) , as

N=o

Z\
€5 b (2.25)
T
¢O
\
L (2.26)
Wi-»0,
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Since @#F satisfies both (iii)a and (iii)b in (2.26),

0

the only value n can take in o, and a, should contain
T,

a factor e&'evﬁg(a function of € ), Thus the solution of

(2.26) 1is
%,
b = (B) Re(-iw), | (2.27)

(o]

and a, are given by

23/2 ~% Yo ~Tae d
2, = 2 e*(c*e and  a = 0 nyi. (2.28)
T

Interior Region: First Aponroximation

Substituting (2.28) in (2.19) we immediately get the
first approximation of the interior potential ¢m in the

Yo, “Tag .
e ¢o
1

3/,
I b “Vacy 2% o * Ty’ ’
¢ ~ ) 4 (e* e ) = e " cosh IX cos LY (2.29)

form 1 4+ €

. x .
Behaviour of @, +towards exterior

Since it is not possible to express W explicitly
in terms of 2 (see 2,24), %I (2,27) does not take an
explicit form in the Z-plane., However, an asymptotic
expansion for Qf, for large 21, can be found as follows:

Substituting (2.25)(i) in the logw term in (2.24),
one finds that the second approkimation to the transform-—-
ation equation (2.,24), for large i is

w2 o -TZ oy lgwz) w1, : (2.30)

and expanding this for large [2i,

. Y . 2
W ((7Z) ~ e {{!)g(ﬂZ) ,;4} -{-@{ (Lf_?} Z| —> . (2,31)

2z z% 2 o
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Since Z = R ei@, by (2.27) and (2.31),

- . ¢
¢n _ zi’z [‘R&cosg RIS - {(HJOSW“R) Cos% +8$m%§»+0§£§§7’?_ g] R oo,

f5) Fail
2

By (2.13), it follows that

! 1 7 -V 2]
\ ¥ éé!. ¢°JI. ~ { + 2/2[5 zcosg 4 (Ql()s&) %7( 8 COS—E
- ) i @}]
L4 6 sin
e 2!_7_7 2 {(H—[og'ﬂ'é) s + 2 (2.32)

(2.32) is the first approximation of the edge potential,
expressed in outer edge coordinates (6,@) and expanded for
small €, Therefore, this should give some indication

as to how the exterior potential g* behaves near the edge,

3, (a) Exterior Region: Higher Approximations

In the expansion (2,32), the first term, apart from 1,
is the same as the first term of Q} (2.11), as expected,
Further, it is seen that the second and the third terms
are of order e€loge, € respectively. This suggests that
for a solution of the problem (2.2), up to order €,

it is appropriate to try an expansion of the form

$T = ¢ 4 kgt + el . (3.1)

[+4

: i :
Substituting the expansion (3.1) for ¢ in (2,2),
taking B = B, + (& log €)B, + ¢B, [i.e. in the same form
as (3,1)], where B,, B,, B, are arbitrary constants,

R T . .
expanding @(x,%¢) musing Taylor's theorem and equating

corresponding order terms, we get
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(1) V7¢I = V¢ =V

(11) Bl (=, 0) =1, ¢7(x,0) = 0, ¢ (x,00 = ¥ $7(2,0) pic;
0y )

0 (5.2)

I z "

(iii) 9?909 (%, 0) = C}Sly (x,0) = C;;; (%,0) = 0, when iyl

(iv) ¢§ ~ logr + By $° ~ B, , ¢1 ~ B, at o. )

i 2

Because of symmetry about the x-axis ¢f(x)uﬂ = ¢f<xfﬂ;izq'33
and 1t is sufficient to consider y >3 o alone,

The problem for 5501 is the same as (2.3) and its
solution is given by (2.8) and (2.9), asymptotic form
of the solution near edge being (2.11),

To solve the problem for Qi consider the function

f(x,y) satisfying

(1) V¢ -0 \
(1i) ¢ (x,0) = 1, when x| 1
, (3.3)
(1ii) ¢y(x,o) = 0, when x| 1
(iv) g ~ 0 at o, )

The problem (3,3) has a solution of the form

<

- —yu |
B(x,7) =[ wW AW €7 cos (xu) du , §70, (3.4)
[o]
prbvided the function A(u) satisfies Dual Integral
equations
w0 ]
{ n A(u) casr(xu) du = i , )
[o}
o SO (

5 A cos (xn) du = 0 d 7 i
0

LY
T
p

e
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Solution of (3,5) is (Sac  1,1966), A(w) = u J(u),
Substituting this A(u) back in (3.4), the solution of
(3.3) is obtained, Comparing the problem (3.3) with the
problem for QI in (3.2), it follows that

<
¢‘1 (x,% = B, - Bng I, &% cos (%W du - yso | B, arbitay. (3.6)
o :

In particular, using properties of Bessel functions

(Watson,1944),

2 N
4 X = B, + ’ bel 1
¢| (X;O) | J(za-—!){x +J(x2—~l)} ’
r(3.7)
and 5}7( P ) (l—:xz)';/z P )
Near edge expansions for (3.7) [putting © =0, =
respectively in (2.70) and substituting] are :
r Bo205% 4 2 5% 1 o(9] )
¢l(‘+570>:.§_2[ +'1; + R
. | ? (3.8)
-3 =7, %
W50y = 5[5 ¢ 2874 06Y]
39 ) Y2 / . J

Using (3.8) and the fact that near edge Qf satisfies
(1), (ii) and (iii) in (3.2), expressed in coordinates

(6,0), we get

Bl 2[5 %0s8 4 2 6% coc® ]
QI(B,G) - ?r,g [5 amz -+ i 87 cog = 4+ O(w ) (3.9)

By (3.2) and (2.9), the problem for Q:, for vy >o,

is
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(i) ‘72?5; = 0 )
(ii) 983(«, 0) = - 6ﬁ£:;§% , when Ixi<1

(3.10)

]

(iii) 9§y(x, 0) 0, when Ix 31

(iv) gb; ~ B, at o,

To solve (3.10), consider the function ql(x,y) satisfying

0

1

2
(1) Vv \

(1i) WY(x,0) = f(x), 1xj<1, where f£(x) = xsin'% 4(1- )"

0, when [x}|>1 }(3’11)

(111) ¥, (x,0)

(iv) ¥ ~ Clogr +D at
where C and D are arbitrary constants. y

’

The problem (3.11) is equivalent to (3.10), if we write
Vyy = % Zoz

DT o = TP Ty < LT - o
(11) B (=,9) =¥, = ¥, = -??-;{ug(x,9)§,

and when y = o, IxI<1 g;(x,o) = _jﬂb” = -

(-2
A
1i1) #% (=,4) = ,_.z{“ }=_"é_ b (%,
( B (09 = Yy = 2 (e, z {w 9}
and when ¥y = o, 1xj>1: @ (x,0) = O.
R 2,5

(iv) ¢ ~ Clogr +D at = = # ~ 0 at o,
Since this is the only meaningful behaviour at infinity

we can expect for W, in (3¢10)(iv> let us take B2 = 0,
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To solve (3,11) for ¥ a procedure similar to that

used for ﬂ:[éee (2.3)“‘(2,8j] is followed, with the result:

i .
g = [ (gry v a4 D

(3.12)
2_ L) 2 - ?ﬁL(x 0
where R'= (x-r’) + y* and U(x) = 5 ,0) wet ]
In particular, when £ = (x,0), by (3.11)(ii),
|
f() = Tlr" )( log] -7l VL) dr' 4 D,
-1
Therefore, by Cooke (1970),
{ Va , i
UU’) - ] g (4 = x*) 3_;(:() dx + | S { f&) - D
T()-v?)% ) = W(1-r?)2 (g 2) ), (- 22"
! ta '
_ i { (-x?) Sin" ds — ! i_D 1
- TT(]-T‘R)yz | 2z~ g2 \T (;_.Y:R)"h
Near edge, writing r” =1 - 9,
- Va o - ¥
u@r-9%) =~ 0-%) " (1= 52) s dn _ 270 (- %) c (3.13)
w(25)% Ly 1-x-3 log 2 (5)% -

An approximate estimate for the integral appearing in (3.13)

can be found in the form of an éxpanSion of &, as follows:

]} ~x

! 2o : % 3
~22) g 4 7 =t <
_(.;'.W:m o == g (J““-—“’““) s oz dx 3 5il >

. (%.14)

s [Divergeﬁt as 6~9oj.
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o -
S gaczmmzszﬂ'@-@ 4
I I, = :
ow, 1 ‘G‘Ia(ib-ﬁ)

-1 !
Using the expansion for sin (1-p) {(Abramowitz and Stegun,

1965), we get
y?. -1 % ¥a }/1 3'& Vz 2 54 -
(2 -P) sin (1-p) = o ﬂe.gwg ~3~61;P+O((° ], Ipi<2.(3.15)

Hence

2 ) ;’3.- Ya
where R,:-g N(F) dp. y Ni(P) = (= -p) wmb—ﬂ~%~g-+2ﬂg (3.16)
0

P (e-3)
R G o SRR e P
N _ (e gy ggaw_z_f_e_
o -go 2 o P2(P-5)
2
=K + 5I,, where constant K= ME) dp . (3.18)

! 0 Pg/z

Using (3%.15), (3.16) and (3.18), we get

2 R
I——Q%W(Mgﬁp L 'O&fiﬁ.._. + R
2 g % ¢ '"'8“' 3 ,\’3,13( _5) 2 9
o P (P-%) o 7 LF
* w, () dp ‘ b %,
mere 7, = { Loy o) o owyratrp -t (509)
g IQN(?“’Z})
T, = E{g g_{)z%)} + ?g{»laﬁ ¥ 1@3%—%{9@%} + Kg o
¥ (3.20)
whnere constand M, o= % ’féx’ f?
» S DT
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By (3.14), (3.17), (3.18) and (3.20), we get

-

\ R
g(h-'x) Shx Jy = 2 4

| b - -8

= 2 3
2 Siag §+ ng"%s logd .}.qu +'O(54635),

- (3,21)

T |
where K = K, —T-2lg2, K, = K +;+l_. ¥ 5 log2.

/

Substituting (3.21) in (3.1%3), expanding for small &

and simplifying:

P S Y. %2 *a St
U8 = ¢, 8 “ e, 3 bgd 40,87+ ¢, 0 legd 4 3+ 00 ) (3,20)

wmere ¢, = -5 {1+ &, - 19, )
Cy = - ﬁva{LK3 ¥ l%(t—%- )}“-Ergﬂ* ¢ (5 23)
Cy = ",?% )

ana Gy = - E{EREX ml”ﬁ;*%7’)}3~§‘(J§ﬁ+§a)+§c].

Also, by (3.11)(ii)

W(x)°> = o sin % + (1—q8) , Bel<

and expanding this for small & {near edge):

/.3 3/ V;& , -
5 2

L 2 2%
y(-5,0)= 5 - £3 + 3 &

+ 0(37) (3.24)

Using (3,22), (3,24) and the fact that near edge

y satisfies (i) and (iii) in (3.11), expressed in (5,0)
we get
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¥ (Yo 19 . 30
™ v 273 {Lu 5cas-=-—98m—-}
+ 3 § wso t 37 9 3 2

k’i’(é)e) =z

¥ LY . é?
...;%-25 2{1598 cos%? -—QSMRS
30T

LY/
V. EY 2 sg
+ PS5 +Q e + R D (5.25)

where P, Q, R are constants to be determined,.
[The last three terms in (3.25) are the only possible

eigen solutions for q»J

ine Y - ;3\“‘ , ; :
Comparing ag—ﬁ~3,@-~§-g or from (3.25) with (3,22)
2 NG 2 '2%
Pe2C, a=-S(grg), R 3(6 %),

Substituting these values of P, Q, R back in (3.25) and

differentiating with respect to y wusing (2.10), we get

-~’/2 s& yz
q@(ﬁ@ =C}5sm%%4%5{@5%§+6@%}+%53mg

2, %
_C’zfs Z{L«sgg sin® 4 ewS%’-} -G b s %‘9‘ > (5.26)

and differentiating again with respect to Y,
. % " |
\%}55(5)9) "'—‘%C, 5 Cos-‘}é@ +% ng {10_95 C%%%@gng}

"'}z !&'
08
—f-(Cz'é'ﬁﬁ;;)g C«asg -%C£?8 {1@35 cosg. «—Q-Bsm:é}

% %
~ (e, +36) T+ O(5 0y3). (3.27)

Since Y

Pyy
(3.27) is a solution of (3.10),

I, o .
B it follows that, for points near edge,
F)

>
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. , 1
Bigen Solutions for @,

Any solutions of the reduced equations (see 3,10):

-~

i
o

(1) §7g¢:

(ii) %:(sc,o) 0, when <1 (3.28)

—

H

i

0]

11i) &Y (x. 0 hen @IS
( ¢;g( ,0) , when w3
have to be added to (3.27).

Consider the function @E(x,y) = q;g(x,y), where

¢, is the potential given by (2.8).

(1) Vasée = v (¢I ) - g_;.z(va@:)

oYy
-ui)%<aw==if{¢(xw} fﬁ{¢f“”ﬁ,

and when y = o, x<1: é;(x)o) =] = ¢%(7()0) =

4L

(110) § (5,9 = % L g 9} _;.;{ &7 Cx g)}— -2 {0 9y

and when y = o, xi>1: ¢;(m)o) =0 = Féy(x)f))

Thus, Q; = ¢éw is a solution of (3.28).
By differentiating (2.11) twice with respect to v,

the near edge expansion for ¢E is
3/
3. o538 4 L _ wa LA
(;)039(8 8) = m { e A 3 cosﬁ 5 cosg +00 )}‘ (3.29)

Since the problem for @Iin (3.2) is similar to (3,28),

1 : s T
g itself is a solution of (3.28); and @(5,0), the near

i

panP

edge expansion of Qr is given by (3.9),
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Adding arbitrary multiples of asymptotic expansions
of eigen solutions Q;g (3.29) and ¢} (3.9) +to the
expansion for Q@a (3.27)9 we get

¢ (5 6) = Cl ‘g) C%- 3B (.,? § {{@35(,0)@ 4 3“-:*1514-(@ vz )5’%;959

. yz
...., C § {1035 cosi?i -9 ‘SW‘%R - (CL?-F%CS) b cosd

-yz . V2 31’3.
AL +3 8 %’%} + 0 (8 m), (3.30)

where E and F are arbitrary constants,
Now e*@f, being the third term in the expansion (3.1)
¥
for @ must be much less than Q}~ &, near edge.

1 b} $ I
Therefore, the near edge behaviour of ¢& cannot be as

%

singular as § . This singularity is therefore removed by
choosing the value of the constant E = - % C,. The

coefficients of (3.30) are then simplified using (3.23),

with the result:

I azﬁ -’;’2 o N
¢2 (S)g) = - ;‘é";'i' 5 Hbﬁl‘s (@S% 4 g S;s-'\é.} + G ng,%]
3 2!' ‘3 }.( CDS—»« _%s O(‘; lb %)
+ 5 {;05‘5(%;0 - 0 siad + 3
- (3.31)
H
where € = 2 + LK, 24q. F
and o= 2+ 6(K, ++ :/) v 23T, )
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Substituting (2.11), (3.9) and (3.31) in (3.1), we get

¢1(5)6) = 1 + 2 l 5% cos® T’wﬁ @;««—+0(§W2)}

«
L &

-4,

+(&lng€)3.{§ st '

V.
%52 sg + 0" &

K ol .
+ e[—-%:‘é {(!@g% os 2 -%«MM%) +6 C@S%}

%

2t o) heng] 03]

4 B

where J 1is an arbitrary constant.

(3.32) is the exterior potential @' near edge, in
terms of outer edge coordinates (§,0), expanded (for
small &) to order €. VWhen it is expressed in inner edge
coordinates (RwQ)' using (2.13), it is found that the

leading term (apart from 1) is

By -%
a - 2 o .
(e lage:)('J P )'R cos &
This contradicts the fact that the leading term should be
Q:(RQQ) (2.22), unless the value of the constant J is
: %
so chosen as to cancel off the € loge term., Taking

K
J = g% and re-arranging terms, we get

I B lr _h . | .
$T(R,0) =1 + €72 [’K wsg - B {(cha 52 40 5uR) 4 6 ms%}]

b
- ((—. o ) 27 R Teosh
ai 2

2 Tan

B Yo { Bh 5 3 { 5,@_, ., 1

L (}(gsf& log g) 1 (5933)

H f
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" The only unknown constant ¥ in G and H [see (3031ﬁ
will be determined, in Sec.4, by matching (3.33) with the

edge expansion,

3, {(b) Edge Region and Interior Region:

Hicher Approximations

To solve (2.15) for @F up to a higher order in e

’

we can now use ¢L(R,@) (3.33) in the boundary condition

(iii)a. This suggests an expansion of the form

A Y Ya '1 % I
¢ = 1 4+ € gﬁf + (€ l036>¢l +ez¢2 ) (3.34)

3
for the edge potential ¢T (up to order eZ).
‘In Section 2, we found that by taking the first approx-

imation of @I in the form 1 + éﬁqg, the corresponding
T
P y --i..
§ is of the form 1 + € €@ (2.29). That is, the
-
interior potential should contain an additional factor e -

-
for it to match with the edge potential, Once fixed at e

b

(for the first approximation), this factor must be the
same for higher approximations Qm, ¢5T also, Therefore
to match against the expansion (3%.34), we should take ¢m

in the form
-
)

- £ e ' ]
¢ = .%-{@y‘.a +(€%!@5e)b+€'~t}€ coshTX cosTY' (3.35)

where constants a, b, ¢ (independent of €) are to be
evaluated later.
{(3a35) is equivalent to (2,.19) with only the first

term and appropriate a. .
R oy o
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By (2.20) and (3.35), towards the edge
z % 3 IX
(ﬁm(x)\() = 1 +%{e‘%a + &% bgb 4 éx.c} e cosLY. (3.36)

Substituting (3.34), (3.33) and (3.3%6) in (2.15) and

equating corresponding order terms, we get
2 /L 2 X 2 I R

LI S
(11) 1%, ) = B (x,2) = P (X, ¥) =0,  when X<0O

b
s o ar ¥ & W)
(iii)a. 953: ~ 22['%1«:0%% - ;}r{(!cg@x cosd + @ sin2) + G C"S%}]
I ‘

Vo W
gé:r o~ AT R™cos®
1 2T [

Ya 34 - Y2 o = i .
Bl - 2[R - 5R (1R <=5 ‘9*“‘”3)*”“’53%] (3.37)

The problem for Q? in (3.37) is the same as (2,2%) with

T
h -L

G =0 € e and a, =0, wnzi. Its solution is given

by (2.27), and the value of a is, by (2.,28),

2'3,!1 —yz
& = =5 <

% : (3.38)



83

The problem for ﬁf in (3.37) is the same as that for

i 4
Wy s with an additional comnstant factor ( 2%) Its

solution is therefore

b
I * :
g1 = 2y Reb), (5.59)

and the value of b is

1 ) (3.40)

Using (2.24), (2.30) and (2.31), the problem for @~

(of 3.37) in the w-plane is

2 I
. _ \
(i) V ¢2 0
(ii) ¢;I =0, when vV = o
H(3.41)
(ﬁih,¢I~na$ﬁﬂmﬁ+—~“leW}%H@ s e T
X . X
b, ;bz ~ Ltec.e Qe(_Lw)7 as Wl —o0. )
Solution of (3.41) is
¢'K . 2 ‘R,@(uﬁ) + »—— K R@(-—tw)
2 1272
(3.42)
where K = H - 1 - logm,
’/a' ...,/ : .
and ¢ = -§3 Ke™ (3,43)
e

[tb should be noted that, although Re(iw?®) is the domina-

has
ting term in ¢ (3.42) for large W, itklittle effect

towards the interior ]

Substituting (3.38), (3.40) and (3.43) in (3.%5):

i ¢ 27 RO ) &;
- 2 2 2 T 2K - ol ot et .
5’5 N B R 4 _{“:1__ R lf)gé .Jr.,.mé; cgskzi_;{ es LY (5g44)
T e G * 2
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Expanding (2,27), (3.39) and (3,42) for large |21
using (2.30) and (2,%1), writing % = R e*° and
substituting in (3.34), we get

-, .
b W * .
¢r(R,0) = |+ era [?V"cosﬁ - % {((as‘acm% 3 085n8) + (4 logh) wﬁ%})

2

Ja
+(e” \oge> = R cos €

¥ . Y
3/3. [ {'R 3: ;H R &( (ca'R cos% A 2) - %(f—!—feg‘ﬁ')ﬁ cosg}

Y, y?-
,}_%K.’R ws%] R ~-» oo . (3.45)

’

This is the edge potential @E, in terms of inner edge
3
coordinates (R,0), expanded (for large R) to order &,

4. Matching

When (3,45) is written in terms of outer edge coordin-

ates (6,@) using (2.13) and re-arranged, the result is
V. 13
§T(T,0) = 1+t [Fess o L5 )
;/2. -Va_ yl
2 3 % [}
+ (él-og €> T [5 cgs% + 2: Cos Q‘X

+e ["’ 278 " (g o2 40 s @) - (1+1ag7) ‘@‘%S

e
¥

b Yy - o ) Y
274 é{:;"gg fmg— -~@@!W%:)"}”(K‘r 1-?!{;3?{) Ccﬁi’j}] . (491)



85

(4,1) gives the expansion for the edge potential to

3
ordexr €%

expressed in outer edge coordinates (69@) and
expanded to order €. Also, (3.33) gives the expansion
for the exterior potential to order e, expressed in
inner edge coordinates (R,®) and expanded to order éé
By the matching principle (of Section 1, Part 2), these
two expansions must be identical., Comparing (3.33) with

(4.1) using (2.13), it is seen that the constant

G = 1 + logm. Substituting this value of ¢ in (3.31)
a%
F o= é’i(?}zﬁg(s + 1 - 1037‘:) , and hence
1 _
H o= = -;»51<4+3;<3 slgT
2 5T
= & - = + 6K, +3K,=3lgT ~hlogz | (vy (3.21)},

Hence by (3.42),

K 223—6-—-'%{_1«}-{(}193@ + 6K, +3K, -

When the value of this constant X 1s substituted
in (3.44), the expansion for the interior potential ¢m-

is determined completely.
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5. Concluding Remarks

A noteworthy feature in the matching of interior and

edge potentials is the appearance of the small factor egé'
in the interior potential @™ (3.44), This shows that
when X’ is small (near the centre) @ is nearly 1,
all the constituent potentials of @0 being very small.
Towards the edge, however, as X’ —» c the constituent
potentials contribute appreciable amounts comparable with
the corresponding components of the edge potential,
Considering the two strips as a single body, an integral
equation for the potential @(x,y) can be obtained as:
3(g) = (& %‘é - 75%%)‘!{ , where G =é1nlogR, R = |g-£"]
S+2
[sec Fig.4]:

s la\fge dn\e,}

centre O
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Using @ = 1 and %= = - 4%o on the surface S of

the strips, where & is the charge density, and assuming

the behaviour @ ~ logr + B at «, it can be shown that
)
B(5) = ~4(lgr)| o) 45" 4+ B
Ly

It follows that,

1
\
the total charge on the two strips = 25 € () de’ = -z
~1

The total charge can also be worked out using potentials
¢I, ¢E, Qm‘ in the three regions discussed, and the result

agrees with the above value,

The corregsponding 3~D problem

The problem of two equal co-axial circular discs
charged to unit potential each and placed close to each
other, the ratio of separation to diameter being € («1),
was considered; and it was found that, near edge,

(i) exterior potential (Ffirst approximation) behaves
like -—%éiﬁiux§ , WwWhen expressed in inner edge coordinates
(R,0) {defined as in (2.12)},

(ii) interioxr potential behaves like

(constant).eAX.Jo(AY), where Jo(2) = O, when expressed
in inner edge coordinates (X,Y) {defined as in (2.,12)}.

It is not possible to find a suitable edge potential which
gatisfies both conditions (i) and (ii), so we cannot

proceed further, with the present method.
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APPENDIX

S S 500 AT 153 TS

TCORRECT' SOLUTION FOR A STRIP

OF VERY LARGE BUT FINITE LENGTH

For any two-dimensional body S charged to unit
potential, the behaviour of the potential d at infinity
(since 4> 0 at «@) has to be taken as & ~ A logr + B,
where r is the distance from a convenient point and
A and B are constants., Because of logr behaviour at oo,
there is a trivial solution ¢ = 1 +to this 2-D problem,
Also, if @ is a solution, then so is ¢ = af + (1-a?,
so that the problem is not uniquely posed. Thus, the
constant A 1is arbitrary and its value can be freely
chosen, We take A = 1, find the solution of the 2-D
problem with the behaviour @ ~ logr + B at «,

To get the gemeral solution @ for the given problem,
we then use ¢ = aff + (1-a), where a is the appropriate
scaling constant for the given body S.

One might intuitively suppose that if the body is
sufficiently long the solution would become independent
of its precise length and shape., However the constant will
depend, in general, on the precise geometry of the body,

To illustrate these remarks with a specific example,
the scaling constant is now calculated for the case of a
single long ellipse of semi-major and minor axes a and b,

with a» b,
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Using the result (Sneddon,1966)

-,
0 2
°¢ = Cl{j - _ N } C = constant,
2z lyody a b ’
. s Y “‘2 _.'L:LQ' — l z = 0O
for a thin ellipse bounded by " LT ’ ’

charged to unit potential, it can be shown that

A,

| Ao 2 2
ch = 1 , Where K(k) = j . » k=1 E.
K (k) o {1 - Ksifo} o
By Whittaker and Watson (1927),
LY 2
Ky = TF(L,Lsi5 k) » lgl®) as k' 1-0.
Q co
cL—=> — > as 9 — ’
g (%)
and in this limit
b
28 - = Yo
2z body (bz-‘tj?)

Also, for a single strip of breadth 2, by first paragraph,

b= apgl + (1 -a),

[+
where qr is the potential given by (2.8) and (2.9), and

® is the correct scaling counstant for a single strip,

20 - °<y
Z |ship (1-ygy72
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It follows that, since the ellipse in the limit % — oo
corresponds to a single strip if our attention is
concentrated on the normal plane through its minor axis,
the required scaling constant o for a single strip of

breadth 2 1is

|
log (% )

Thus, in this case « depends on the ratio a/b, however
large this ratio may be. Probably, for a different shape
the scaling factor is different, The explanation for this
dependence of o on the length and the shape of the strip
is, no matter how long the strip, it is not the same as
the two-~dimensional problem, ,and for a long strip its
precise shape and precise length do affect the charge

distribution near middle,
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