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ABSTRACT  

Generalised proofs of the necessary and sufficient conditions 

for the existence of higher order sensitivity invariants in linear 

- systems in general and nonlinear circuits have been. found. This 

general approach has led to the discovery of invariants for signal 

flow graphs. These results have not only proved useful in checking 

numerical algorithms generating higher order sensitivities but also 

in getting a deeper insight into the tolerance assignment problem 

in electrical networks. 

Convergence criteria for the multivariate Taylor expansion of 

network functions have been found. A truncated Taylor expansion 

approximation has been used to evaluate the circuit response changes 

due to circuit element variations for both reciprocal and nonreciprocal 

networks. Statistical tests have been used to compare the approximate 

response with the corresponding exact calculations. On the basis of 

these results a fast and efficient, though approximate, Monte Carlo 

Circuit Analysis programme has been implemented. 

A completely automated tolerance assignment procedure using 

Nonlinear Programming has been developed and implemented. Once the 

network response specifications have been specified the multi-dimensional 

Euclidian component space is systematically searched to determine the 

maximum allowable component deviations above and below the nominal 

value. The permissible tolerance can then be chosen. The importance 

and necessity of strictly controlling the sign of the component 

deviations is fully discussed. The information obtained in searching 
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the feasible space during the tolerance assignment procedure is used 

to design centre circuits. Hence the component tolerance may be 

widened. The necessity of using a Taylor expansion of modulus terms 

is discussed when tolerancesfor homogeneous network functions are 

being found. 

A direct method has been discovered for the fast computation of 

differential network response sensitivity to circuit elements after 

simultaneous large changes to one or more of these elements. Unlike 

the adjoint network approach, this method does not require the solution 

of the full nodal admittance matrix equations if not all the elements 

are subject to large change. The efficiency of the method makes it 

particularly suitable for dynamic exploration of circuit behaviour 

due to parameter variation in an interactive graphics environment, 

as well as in a wide class of circuit optimisation procedures. The 

method has been successfully implemented on a PDP-15 with a graphics 

processor to display sensitivities for large changes to selected 

elements. 

A method for computing tolerance regions in the admittance or impe-

dance planes of network branches for specified response changes over a 

frequency range has been found. Using this method the effect on the 

branch admittance or impedance for different response specifications 

can be easily found. 



Statement of Originality  

In this thesis all the reported work which is not specifically 

ascribed to others, usually by quoting the appropriate references, is 

original to the best of the author's knowledge. 

The major original contributions are listed below: 

Chapter 2  

The development of higher order sensitivity invariant relation-

ships and the sensitivity invariants for signal flow graphs [105). 

Chapter 3 

Testing the adequacy of the third-order Taylor series approximation 

to the voltage response and demonstrating that such an approximation 

is computationally faster than the fastest method for an exact calculation C51. 

Chapter 4  

The use of a complex Taylor series for voltage response calculation 

in a tolerance assignment algorithm. The characterisation of the region 

of worst case component deviations in a multi-dimensional component space 

based on the results of the sensitivity invariant relationships. The 

use of the 'modulus' Taylor series for tolerancing networks with homo-

geneous network functions. The development of an automated tolerance 

assignment procedure for tolerancing reciprocal and non-reciprocal 

networks. A procedure for design centering the components of a circuit 

is described [611. 

Chapter 5  

The discovery of a method of computing first- and higher-order 

differential sensitivities when one or more components of a circuit are 
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changed from their nominal value by finite amounts, without the need 

to solve repeatedly the full set of circuit equations as evinced by 

the adjoint method. The implementation of this method within an inter-

active graphic circuit-design facility 1106]. 

Chapter 6  

A method for computing the change in admittance values of circuit 

branches for specified alteration in response voltage at a number of 

frequencies. 
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A 	reduced incidence matrix 

AT 	
transpose of A 

a.. 	element in row i and column j of the matrix A 
13 

!t 	simulation current source vector 

C(A) 	cost function 

Sii 	Kronecker delta function, 8ii=1 when i=j;8ij=0 when iA 

F,f 	a circuit response function 

gm 	
mutual admittance of a voltage controlled current source . 

I 	nodal current source vector 
—n 

81 n 	change in the nodal current vector 

0 	null matrix 

m 	number of variable branches in a circuit 

number of nodes in a circuit 

n
b 	

number of circuit branches 

x. 	
normalised sensitivity of F with respect to xi 

T 	transmission matrix of a signal flow graph 

V 
b 	

branch voltage vector 

V 
n 	

nodal voltage vector 
-- 

6v 	change in the nodal voltage vector 
--n 

frequency in radians 

x 	vector of variable network parameters (components) 

	

b 	
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Y 	nodal admittance matrix 
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impedance matrix 
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CHAPTER 1 

COMPUTER AIDED CIRCUIT DESIGN 

1.1 'Introduction  

Circuit design like any creative process is difficult to 

identify and categorise, except in the broadest of terms. Though 

standard procedures can be used in many cases [1 - 3], problems 

often arise requiring original and perhaps novel solutions. Herein 

lies the basic difficulty in providing a completely automated 

synthesis procedure for circuits. Nevertheless, it is possible to 

provide the designer with tools, either test bench equipment or 

computer aids to explore the behaviour of a circuit. The information 

so gained will hopefully lead the designer to make suitable mod-

ifications which will improve the circuit. Though the term 

'improvement' is necessarily vague, at any particular time the 

designer will have an intermediate aim or goal which he is trying 

to achieve. If some of these intermediate aims in the complete 

design process can be identified then it might be possible to 

provide specific aids to help guide the designer towards his final 

objective. 

1.2 The Circuit Design Process  

To obtain an understanding of the circuit design process, an 

attempt has been made in Fig.1.1 to reduce this into a sequence of 

logical steps at a macro-level. Each logical step can be regarded 

as a sub-process, which can and usually is subdivided into more 
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basic processes. The designer controls the flow from one sub-

process to the next using any 'hard' information or intuition. 

Therefore, each sub-process must provide him with information, more 

on demand, to enable him to direct operations with confidence. At 

any intermediate point between the specifications (1) and the final 

design (17) there may be considerable back tracking. The basic-

processes are identifiable in any design aid, be they test bench 

equipment, tables of circuit and component values, or computer 

simulation programs. Each sub-process calls upon the appropriate 

basic processes to obtain specific results. Therefore, all basic 

processes within each sub-process must be highly automated requiring 

little or no designer participation, thus leaving him free to con-

centrate on the design itself. However, there is a need to provide 

sufficient entry points to the basic processes allowing manipulation 

under designer control. 

The designer is normally supplied with some initial response 

specification (1) which may be for example amplitude, phase, input 

impedance as a function of frequency or time. He is then asked to 

produce a circuit which will meet the given specification. After 

satisfying himself that the initial specifications are reasonable, 

he proceeds to look for an initial design. From past experience he 

may know of circuits which are likely to give the required response. 

An initial analysis may indicate a need to relax or tighten some 

of the specifications to overcome any envisaged difficulties. The 

designer now commences to make modifications and refinements (2), 

(3) and (4) using any available aids to help him. 

Traditionally a paper design would be followed by a breadboard 

circuit, which would then be changed directly until the specifications 
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were met. If the specifications could not be met for any reason 

then either the specifications would have to be altered or greater 

effort expended in the attempt to obtain the desired solution. The 

advent of large computers [41 and the parallel growth in complex 

circuitry and semiconductor technology [5 ] has made it necessary 

to develop and use computer-aided circuit design (CACD) aids [73] 

to help circuit designers and manufacturers. The need for CACD.  

becomes more apparent for integrated circuit design [7] where 

simulation using discrete components may prove to be unrealistic at 

best if not impossible in practice. It has become common practice 

to simulate circuit designs, both breadboard and integrated, on 

digital computers [73] . A set of analyses programs (18) are then 

used by the designer to obtain information about the behaviour of 

the design. A computer simulation allows relatively easy circuit 

modifibation and retesting when compared to the traditional bread- 

board. 

Once a satisfactory design has been achieved, the need to know 

manufacturing costs of the circuit is of great commercial signifi-

cance [57]. To achieve a minimum cost design, in terms of the 

component tolerances, which is commensurate with minimal specifi-

cation failure of the manufactured circuit, the tolerance assignment 

process is invoked 	(5), together with a fine tuning algorithm (7) 

for increasing the manufacturing yield. The yield is determined 

(10) from a statistical analysis [6]. At this point the designer 

may feel that the design is too expensive and go back to make further 

design amendments. If all proves satisfactory the designer can 

ask for the design to be laid out (12),[761 ready for a prototype 

construction. However, there will almost certainly be a need to 
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identify and remove the effect of any strays due to cross-coupling 

between different parts of the circuit. Only a modest attempt [7T] 

has yet been made to devise numerical techniques to discover the 

occurrence of strays. Much work still needs to be done in this 

area. It is still more common in this respect to construct the 

circuit and perform test bench analysis (15). The designer may 

find that he has to modify his design, resulting in a new layout, 

minor tubing adjustments or even major design modifications. When 

the circuit has passed successfully through all these stages of design 

to the designer's satisfaction the final design specifications (17) 

can be sent for actual production of the circuit. It is usual 

practice to sample the production and test for units for correct 

functioning. 

1.3 Basic Processes In CACD  

Underlying the computer-aided design process as described above 

is the availability of a comprehensive suite of circuit design [8 

and analysis procedures. Some of the most important basic processes 

are identified in Fig.1.2. These processes will be called upon by 

the designer at various times to perform specific tasks as indicated 

in Fig.1.1. The continuing importance [75] of the circuit design 

process of Fig.1.1 will not form the basic subject matter of this 

thesis. The scope of this thesis is confined to illuminating some 

of the basic processes as identified in Fig.1.2. 

In any design facility adequate provision for models (8) used 

in the simulation of the devices used in circuit manufacture must 

be made. These models must also be able to describe the behaviour 

of the device embedded in its circuit environment. Work in this 
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area has been done by many researchers including Villalaz [9] . 

Once suitable device models are available a circuit can be simulated 

on a digital computer. 

The topological circuit description most suitable for input to 

a computer is based on nodal analysis [32]. A set of circuit analysis 

programs (1) can now produce any desired response measure [731. 

Both exact and approximate [53] (see Chapter 3) methods of response 

calculation have a role to play in circuit analysis. If a given 

circuit has to be modified, this can be done either.independently 

by the designer or under the guidance of a suitable optimisation 

procedure (2), (see Appendix 2). For optimisation (921as well as 

for exploration of a design with respect to circuit component vari-

ations efficient methods are required for both small change (3) 

(differential) and large change (4) sensitivities (10] (see Chapter 

5 and 6). In recent years the basic processes of tolerance assign-

ment (5), [56,61] and design centering (6) [61] have also been 

developed and investigated (see Chapter 4). The use of different 

random number distributions (7) in statistical circuit analysis and 

design [6 ,55] is a considerable problem. This is primarily due to 

the lack of predictable data from manufacturers for component value 

distributions. The aforesaid processes will receive greater attention 

in the remaining Chapters of this thesis. 

Over many years much work has been done in designing and imple- 

menting facilities (9) for circuit layout [76]. These have not only 

been based on planar graph theory [77] but also on empirical evidence 

of how draughtsmen perform the work. The principal object here is 

usually to fit a circuit in the smallest possible area, while main-

taining connection distances to a minimum subject to no overlapping 
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of connections if possible. Both this logic process and that of 

device modelling will not be considered further in this thesis. 

Finally, the box marked (10) refers to those processes which 

are as yet either insufficiently tested or developed to provide a 

reliable computer aid. Some like stray analysis [75] are now 

beginning to receive some attention. Other possible areas of potential 

investigation and development are briefly indicated in Chapters 6 

and 7. 

1.1+ Evolution of the Research Project  

The main aim of the research reported in this thesis is not only 

to develop and enhance the theory and numerical techniques of some 

of the major basic processes in CACD but also to test those with 

suitable circuit examples. The principal goal of the research was 

to investigate the tolerance assignment problem and devise feasible 

solutions for it (see Chapter 4). As the investigation progressed 

cognizance of different fields in circuit theory became apparent; 

in particular, sensitivity analysis, (see,  Appendix 1 and Chapter 5) 

and the fundamental properties of sensitivity invariants in electrical 

circuits (see Chapter 2). The need for extremely fast respbnse 

calculations in tolerance assignment lead to investigations of the 

complex Taylor approximation (see Chapter 3). In taking adequate 

account of the effect of simultaneous large element changes on the 

differential sensitivity, the discovery of the "Large change/Small 

change" algorithm of Chapter 5 was realised. Having devised and 

implemented a tolerance assignment and design centering algorithm 

(see Chapter 4) using nonlinear programming (see Appendix 2), could 

we discover an optimisation-free algorithm for tolerance assignment? 
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To answer this question, a preliminary study of complex function 

analysis was undertaken with particular emphasis on conformal 

mappings [80] (see Chapter 6). This study led to the discovery 

of a method for obtaining tolerance regions in the admittance plane 

for voltage changes at one or more frequencies. The initial results 

of this investigation are encouraging though more work remains to 

be done to verify the applicability of this method for practical 

circuit design. The potential application of the Large change/ 

Small change method of Chapter 5 to tolerance assignment is discussed 

briefly in Chapter 7. Several of the above mentioned fields are 

identified in Fig.1.2 in bold outline. 

Throughout the reported research, the theory and results are 

confined to lumped, linear, time invariant networks, (both passive 

and active) analysed in the frequency domain. The dominant measure 

of the response used is that of output voltage due to a constant 

current excitation. In many cases, the theoretical ideas developed 

in this thesis apply to linear systems in general and can be 

extended to time domain analysis also. 

1.5 Transistor Models  

To simulate electrical circuits, the equivalent circuit type 

model has been chosen [ 9]. The primary reason for doing this is 

that the complexity of these models can be suitably altered by 

eliminating or adding elements to achieve the desired effect. The 

active devices, namely transistors, used in the different examples 

to follow are modelled using the hybrid-n circuit as shown in 

Fig.1.3. The component values in this model are calculated [8] 
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from the manufacturer's technical data of h-parameters for the device 

in question. 

rot 

FIG.1.3: Hybrid -it transistor model in the common 
emitter configuration 

Typical component values in this model at frequencies below 

1.6 MHz for a transistor at room temperature are: 

g = 50 mA/V 
	

rob' = 100Q 	r
b'e 

 = 1ED 

r
b c 	1+MS-2' 
	 r

ce = 80Kg 	Cc 
 c 	

3 pF 	C
e 

= 100 pF 

1.6 Computers  

Any discussion of CACD must start with some background con-

siderations of the capabilities of different computers. Three basic 

computer groups can be identified: desk calculator, minicomputers 

and large multiprocessing machines. The desk calculator restricts 

the user to a fairly limited set of calculations, and when used 

iteratively is prone to human errors, such as occur in keying in the 
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correct information. Though it is useful, it can only play a very 

limited role in a CACD facility. 

The range of minicomputers is large though they do present 

certain common characteristics that are significant in a design 

facility. In most cases their accuracy is limited to 7 - 10 decimal 
places, added to this most of them have a limited basic instruction 

set. The addressing and arithmetic capabilities can often be limited 

when compared with the need to do a large amount of arithmetic in 

most circuit analysis algorithms. The machines are relatively 

expensive, however, and often have dedicated graphics facilities. 

While the former mitigates against their use in analysis requiring 

optimisation procedures, the latter can provide a powerful interface 

for the designer to interact C7-T with both the sub and basic design 
processes identified earlier. 

The large multiprocessing machines like the CDC 6000 series are 

increasingly being made available for use in an interactive environ-

ment as well as in the earlier batch mode. These can easily give 

accuracies of more than 10 significant digits in single precision 

and are often specifically designed to perform arithmetic at high 

speed. Another significant feature of these is the large amount of 

core space available for both programs and data. 

Numerical procedures have been implemented on both mini- and 

multiprocessing machines. However, a comparison of efficiency 

amongst different numerical procedures as implemented on different 

machines poses many problems. A simple comparison of C.  times can 

hardly be regarded as adequate. Its dependence not only on the 

machine but also on the mode of programming and compilation cannot 

be overlooked lightly. There have been attempts [100] to run stan- 
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dard problems on different computers but even these comparisons 

can only serve as a rough guide. Therefore, no attempt has been 

made to give precise times for the different computations reported in 

this thesis. Where relevant, the number of operations for different 

procedures are calculated and compared. An operation is defined as 

one complex multiplication or division plus an addition or subtraction. 
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CHAPTER 2  

SUMMED-SENSITIVITY INVARIANTS OF ELECTRIC CIRCUITS  

2.1 Introduction  

In an electrical circuit, a change in the value of a component 

parameter, whether intentional or parasitic, will normally cause a 

change in overall circuit behaviour. In other words, circuit 

behaviour is sensitive to variation in component parameter values. 

Changes in these values may be large or small; in each case an 

appropriate measure of sensitivity [113 describes their effect on 

a function (e.g. voltage response) of the circuit. 

One measure of sensitivity describes the effect, on a circuit 

function, of infinitesimally small changes in component parameter 

value. If AF is the change in a circuit function F due to a change 

Ax in the value of a component parameter x, then the normalized 

sensitivity of F with respect to x, denoted by Sx ,is defined by 

the relation 

Ax-• o 

where the subscript 'o' refers to a nominal value. Though the 

circuit function F may be related to the time- or frequency-domain 

behaviour of the circuit, and could be any of a wide variety of 

circuit attributes such as voltage ratio, self-impedance or rise-

time, in this chapter only the frequency-domain behaviour is 

657Fo F 
-x.=  T7770—  

(2.1) 
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considered. Similarly, a wide choice exists for the component 

parameter x; it may be a resistance, an admittance or perhaps the 

constant of exponentiation in a diode relation. The superscript 

(F) and subscript (x) may be omitted from S if they are apparent 

from the context. An un-normalized sensitivity may be defined by 

omitting the nominal values of F and x froth the definition in 

equation (2.1); similarly, a semi-normalized sensitivity is defined 

by omitting only the nominal value of F. 

Almost six years ago an interesting property of component 

sensitivities* was remarked upon [123 . It was found that for 

the voltage gain of any linear circuit, the sum of all the nor-

malized component sensitivities is a constant which can be 

established without reference to the components or to the manner 

in which they are connected. More formally, it was found that 

7  	SF  x
i 
K  

all i 
(2.2) 

where K is a constant and i ranges over all the component parameters. 

Not surprisingly, K is referred to as a summed-sensitivity invariant; 

its value is determined not by the circuit but by the dimensions of 

F and x. Summed sensitivity invariance is clearly of great theoret-

ical and practical interest, not least because it is obviously futile 

to test alternative circuits and component values in order to mini-

mize the sum of the component sensitivities. Furthermore, as a measure 

of sensitivity forms a basic part of the reported research work in 

this thesis, it is useful to develop more fully some of the existing 

work on sensitivity invariants [131. These not only have important 

* We refer to Sx as a component sensitivity since it is defined 

for a particular component parameter. 
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significance in the tolerance assignment problem (see Chapter 4) 

but also practical significance in testing the sensitivity programs 

developed (see Appendix 1). 

In recent years much attention [14-26] has been focussed 

upon the theory of summed sensitivity invariants, with the result 

that the types of circuit and the circuit functions that the theory 

encompassed have been considerably extended. One purpose of this 

Chapter is therefore to consolidate the more significant of these 

results, but without the mathematical complexity that has often 

characterized their derivation. The principal means by which 

this consolidation is achieved not only helps to.clarify the funda-

mental basis of the invariant property, but also leads to the 

derivation of new higher order invariants and those for signal 

flow graph networks. The fundamental property of summed-sensitivity 

invariance is, in fact, that property of electrical circuits (shared 

by many other physical systems) known as homogeneity. It is this 

property, first pointed out about ten years ago PI, that is the 

underlying theme of this Chapter. 

2.2 Circuit Function  

The fundamental property of homogeneity is perhaps best intro-

duced by means of a simple example such as the circuit of Fig.2.1a. 
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It is vital to the discussion to acknowledge that the linear 

resistor can be characterized either by its resistance R or its 

reciprocal, the conductance G; similarly, that either the capaci-

tance C or its reciprocal, the elastance.D, are alternative para-

meters describing the linear capacitor. Let us suppose that the 

circuit function of interest is a transfer admittance Y = I/V 

(Fig.2.1b) at a frequency w. Depending upon the parameter pair 

chosen to describe the components of the circuit, there are four 

equivalent expressions for Y in terms of the component parameters: 

Y 	1+ju;d77 	D+juIR 	1+jwCR 	GD+jw 
	(2.3) 

From equation (2.3) we see that if both G and C are (say) doubled 

in value, then Y is also doubled in value. More generally, if 

both G and C are multipled by a constant X, then Y is also multi-

plied by X. A similar property of proportionality applies to the 

parameter set [R, D}, but not to the parameter sets [R, Cl and 

(G, D}. More formally, the circuit function Y is said to be 

homogeneous in the parameter sets [R, DI and .(G, Cl, but not in 

the other parameter sets. FUrthermore, the homogeneity of the 

function Y is said to be of order one in the parameter set 	C) 

because the multiplication of both G and C by a factor X causes 

Y to be multiplied by X rasied to the power one. In contrast, 

examination of (2.3) shows that the homogeneity of Y with respect 

to the parameter set 1R, D} is of order minus one. However, the 

order of homogeneity is not completely determined by the parameter 

set; examination of the alternative expressions for a voltage gain 

(V'/V) of the same circuit (see Fig.2.1c). 



1 
V 	1 	G 	D GD  

• V 	jwCR+1 	jwC+G 	jwR+D 	jw+GD ( 2. ) 
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shows that whereas the function is again homogeneous with respect to 

the parameter sets [G, Cl and iR, D3, the order of homogeneity in 

each case is now zero. For example, if both R and D are multiplied 

by a factor X, the circuit function is multiplied by X raised to the 

power zero; i.e., it is left unchanged. 

It is not difficult to appreciate from the above example that 

there will be other groupings of circuit functions and component 

parameters to which the property of homogeneity applies, to various 

orders. In anticipation of a later retult, some groupings which 

apply to the frequency domain behaviour of linear circuits are 

presented in Table 2.1,whose entries indicate the order of homogeneity. 

Parameter 
set 

Circuit 
function 

-1 
G, 	L ,g, 

-1 
R,C ,L, r, 

Voltage or Current 
Ratio 0 0  

Self- or Transfer- 
Impedance - 1 1 

Self- or Transfer- 
Admittance 1 -1 

TABLE 24 

The order of homogeneity of various linear circuit 
functions with respect to two parameter sets. 
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The important point to note is that whatever circuit function is 

under consideration, and whatever components are present within 

the circuit (i.e. linear resistors (R), inductors (L), capacitors 

(C) and voltage-controlled current sources (gm) or current-controlled 

voltage sources (rm), it is always possible to identify at least 

two parameter sets with respect to which the function is homogeneous. 

One parameter set which is often employed in this chapter is 

[G, L 1, C, gmi and will be called the 'pseudo-admittance set'. 

2.3 Homogeneity  

The fact that a function is homogeneous with respect to a set 

of parameters has implications for the associated sensitivities. 
•■• 

This fact, as well as additional insight into sensitivity invariants, 

emerges from the following definition of homogeneity and statement 

of Euler's Theorem: 

Definition  

A function F(x1, x2, x3, ..., xn) is said to be homogeneous 

with respect to the parameters set {x1, x2, ..., xn} if 

and only if 

F(Xxi , Xx2, 	Xxn) 	XICF(xl , x2,...,xn) 	(2.5) 

where X is an arbitrary constant and K is the order of 

homogeneity. 

Euler's Theorem  

If a function is homogeneous and of order K, then* 

apaF 	aF + — x 	K F(xx
'
...x) 	(2.6) 

1 
xl  + .572  x2  + 	 ax

n 
n 	2 	n  

*Throughout this chapter the normal conditions for differentiability 

are assumed, namely, that the function and its partial derivatives 
are continuous and exist for all combinationsof parameter values in 
a given range of these values. 
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The significance of the above definition and theorem lies in 

the fact that the left-hand side of (2.6) can be identified as the 

sum of the semi-normalized sensitivities of F with respect to the 

parameters x. Thus, if both sides are divided by F, the sum of 

the normalized sensitivities of F with respect to the parameters 

x1, x2, 	xn  is seen to be a constant, K, which is the order 

of homogeneity. Thus, for the transfer admittance defined in 

Fig. 2.1b and the parameter set IG, Cl , for the combination of 

which the order of homogeneity is one, application of Euler's 

Theorem yields the relation 

aY 	 3Y 
aG 

G 
 ac 	Y  

In other words 

SG 
+ SC 1 

or 

LA 	SY  = 1 

all conductance 
and capacitance 

2.4 The Homogeneity of Circuit Functions 

So far, the property of homogeneity has been introduced by 

means of an example based on a simple circuit containing one 

resistor and one capacitor. For the property of homogeneity 

to be significant it must be shown that a very wide range of circuits 

and circuit functions possesses this property. Consider a circuit 

composed of any number of interconnected branches of the form 

shown in Fig.2.2. Clearly, any circuit composed of linear resistors, 



20 

FIG. 2.2 
A representative branch ( 1.  of a circuit 

capacitors, inductors and voltage-controlled current sources can 

be modelled in this way. If the circuit is excited at its nodes 

by current sources, its behaviour is described by the nodal matrix 

equation 

I 	Y V 
	 (2.7) 

where I and V are, respectively, the vectors of nodal current 

excitation and nodal voltage response, and Y is the nodal admittance 

matrix appropriate to the frequency of interest. The nodal voltage 

response can be expressed in terms of the nodal current excitation 

by 

V = z I 
	 (2.8) 

where Z, the nodal impedance matrix, is the inverse of Y. ThuS, 

any element of Z can be expressed as 

A.. 
Z..  
3 I 	A 

(2.9) 

where A is the determinant, and A.. the appropriate cofactor, of 
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the nodal admittance matrix Y. 

Examination of Fig.2.2 shows that each non-zero element of 

the nodal admittance matrix has the form 

L-1  
G+ j(6)C - 	.) + gm  (2.10) 

where each G, C, L
-1 

and gm 
may be the result of more than one 

branch connected in parallel; the sign is governed in the usual 

way by the element's position in the matrix. It is easy to see 

that if every G, C, L
-1 

and g
m 
is multiplied by X, then every 

element of Y will also be multiplied by X. Now the determinant of 

a matrix is defined [0] as the sum of the n! products each of n 

elements chosen in such a way that each (unrepeated) term in the 

sum comprises one element from each row of the matrix and one from 

each column; this apart from a sign, which is immaterial to the 

discussion. From this definition it follows that if each element 

of Y is multiplied by the factor X, then the determinant A of Y 

will be multiplied by Xn  if Y is an (n x n) matrix. Similarly, 

it follows that any first cofactor of the (n x n) matrix Y will 

be multiplied by X
n-1

. Thus, any self- or transfer-impedance 

(i.e. any element of Z) will be multiplied by X
-1
. We conclude, 

therefore, that the self or transfer-impedance of any circuit 

containing branches of the form shown in Fig.2.2 is a homogeneous 

function, of order minus one, in the parameters G, C, L
-1 

and g
m
. 

By similar reasoning, it is a straightforward matter to 

establish that transfer admittances are homogeneous of order minus 

one in the parameter set /R, L, C
-1

, r
m
I, where r

m 
is the mutual 

resistance of a current-controlled voltage source, and that current 
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and voltage ratios are homogeneous functions of order zero in 

both parameter sets. In this way, the properties summarized in 

Table 2.1 may be derived. 

Since homogeneity has been shown to be a sufficient condition 

for the existence of a summed sensitivity invariant, one might ask 

if it is also a necessary condition. In other words, if a non-

homogeneous function is proposed, can a summed sensitivity invariant • 

be found for the specified parameter set ? The answer is 'no'; 

there is a proof, due to Euler [293 that any function which satis-

fies the Euler relation is homogeneous. Nevertheless, a function 

which is inhomogeneous can often be made homogeneous by a simple 

transformation applied to one or more of the parameters, permitting 

a summed sensitivity invariant to be obtained: examples in sections 

2.5.2 and 8 .illustrate this fact. 

2.5 Summed-sensitivity Invariants  

The importance of the property of homogeneity can be demonstrated 

by some examples chosen to illustrate various aspects of summed-

sensitivity invariants. 

2.5.1 R, L, C Circuits  

Consider a circuit composed of linear resistors, inductors, 

and capacitors. Since any self- or transfer-admittance Y of the 

circuit is homogeneous of order minus one in the parameter set 

iR, D, L}, it follows from Euler's Theorem that 

SR + 	SIY)  + 	4, 	-1 	(2.11) 

all R 	all D 	all L 
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Note that the current and voltage defining the admittance Y can 

be thoEen arbitrarily from all the currents and voltages that can 

be identified in the circuit. If it is a circuit impedance Z that 

is of interest, then Z replaces Y on the left-hand side of (2.11) 

and, because Z is homogeneous of order one in the parameter set 

iR, D, L3, the constant on the right-hand side of (2.11) is now 

+1. 

2.5.2 Reciprocal Parameters  

It may be more convenient for the capacitance of a capacitor, 

rather than its elastance, to appear in a summed-sensitivity 

invariant such as (2.11). Because of the mutually reciprocal 

relation between C and D, C2  8Y/8C = - 8Y/8D, so that (2.11) 

becomes 

SR -  Sc  + 	S 	 (2.12) 

all R 	all C 	all L 

Thus if any parameter in a set is replaced by its reciprocal, the 

corresponding term in the sensitivity summation must be reversed 

in sign [303. In this way, an extensive range of summed-sensitivity 

invariants may be generated for parameter sets for which the 

circuit function is not homogeneous; equation (2.12) is an example. 

for the set iR, L, Cj. Equation (2.12) is, in fact, a simple 

example of the use of the chain rule of differentiation. 

2.5.3 The Effect of Frequency  

Given that the major functions of a linear circuit are homo-

geneous in the parameter set iG, C, L
-1
, gm1, it follows that they 

are also homogeneous, of the same order, in the admittance set 
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[G, (wC), (wL)-1, gm}, thereby allowing Bummed-sensitivity invariants 

of the form 

SG 	sz S
z 	

+ 	SZ  = 1 	(2.13) BL 	 gm  
all G 	all C 	all L 	all g

m 

to be generated, where BC  and BL  are the susceptance of capacitors 

and inductors, respectively. But useful invariants can also be 

generated which involve frequency explicitly, as an independent 

variable [21. Thus for the circuit of Fig.1, whose transfer 

admittance can be expressed as 

jwC  Y _ 
1 + jwC/G (2.14) 

it is clear that if the value of G remains constant while both C 

and (w)
-1 

are multiplied by a constant X, then the value of Y is 

multiplied by X
0 
 i ; i.e., it remains unchanged. Since we have shown 

that Y is homogeneous of order zero in the parameter set C,(w) 11; 

it follows that 

(.-1)  a/.  C 	8Y  
aC Y 	

a(w
-1
) 

= 0 	(2.15) 

or, recalling the rule to be followed if a parameter is replaced 

by its reciprocal, 

SY  = SY 
	

(2.16) 

Here we have a relation between the sensitivity of a circuit function 

to a particular component, and the (normalized) rate of change of 

that function with respect to frequency. This is a simple example 

of a more general property of linear circuits C211. Some interesting 
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relations between sensitivity invariants for single component sets 

and the normalized sensitivity of the circuit function with respect 

to the complex frequency have been developed in reference E33]. 

2.6 Nonlinear Circuits  

The property of homogeneity, and the existence of summed-

sensitivity invariants, is not associated exclusively with linear 

circuits. For example, in the circuit of Fig.2.3, application of 

Kirchhoff's Current Law yields the relation 

G1V1 = 	+ G1V2 + a(exp(PV2) -1) 
	

(2.17) 

i = a (exp (PV2 )-1) 

FIG. 2.3 
A non-linear diode circuit 

With a view to finding a summed-sensitivity invariant associated 

with the scalar voltage V2  we seek a homogeneous relation for 

V
2 
with respect to a parameter set. More than one set can be found. 

- 	- 
One is the set {111, R2, p-1 , vii, where Ri 	Gi

1 
 and R2 	G2

1 
 ; 

a set which involves the exponentiation parameter (p). To show 

that this is a set in which V2 is homogeneous, (2.17) is first 

written as: 
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R
2 	

R
1 
R
2 	

V
2 

V? 	
Vl  - p

1
44),
2 	

a exp 	-1 
p 

(2.18) 

 

We test for homogeneity first by multiplying each member of the se4: 

by X, and finding the new value of V2, denoted V2 

-1
R
2 

V
1 ) 

, R
1
Ra 

x T.75— 
1 	2 

1 

V' 
2 [ 

-1 

(2.20) 

( )43 
 (2.19) VL (XR1,XR2,X0,xv 	= 	x  R +R 	- 

2 

However, if it is found that 

V2 (XR1 ' XR2' xp
-1 

 ,xv1  ) 	x
K
V2 

exp --:7  

then the function V2 
is homogeneous of order K in the proposed 

parameter set. Since equation (2.19) does satisfy (2.20) with 

K = 1, we conclude that V2  is homogeneous of order unity in the 

parameter set iR1, R2, 0-1 , Vli. It follows immediately that 

V
22 	

V
2 	

V
2 

SR + S
R2 

+ S 	+ S
V1 	

1 	(2.21) 1 
1 

There are other parameter sets that can be identified from equation 

(2.17). One such is G1, G2, al . This set can be verified, as 

above, to be homogeneous of order zero, yielding the relation [26]. 

V
22.2 

S 	+ SG + S
a 	

0 G1 	2 
(2.22) 

2.7 Higher Order Sensitivities  

The conventional measure of sensitivity defined in (2.1) is 

called a first-order sensitivity. Since they are of practical 

importance, second-, third- and higher-order sensitivities have 

also been defined. The question naturally arises as to whether these 



a2F  
a(Xx.)a(Xx.) 	xi xj = K(K-1

) xK-2 F 

i=1 j=1 

n n 

(2.24) 
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higher-order sensitivities possess invariance properties. 

That they do is easily demonstrated. Consider again a circuit 

function F which is homogeneous of order K in the parameter set 

k.x.1; so that equation (2.4) is relevant. Differentiation of (2.1+) 

with respect to X yields 

aF 	K-1 
axx. xi = K 	F  

all i 	I  

(2.23) 

A first-order sensitivity invariant, such as is expressed by 

equation (2.11), is obtained by setting X to unity. The second-

order sensitivity of F with respect to the x. can be obtained by 

differentiation of (2.23) with respect to X to yield 

If X is now set to unity, equation (2.2) becomes 

n 

i=1 j=1 

OF F  
ax. ax. j 

= K(K-1) 	(2.28) 

an expression whose left-hand side is the summation of all the 

normalized second-order sensitivities; n is the number of component 

parameters. 

Summed-sensitivity invariants for higher-order sensitivities 

may similarly be derived by successive differentiation of (2.23) 

before setting X, to unity. The results for the three values of K 

of interest are easily deduced from equation (2.24): (a) if K=O, 

all higher-order summed-sensitivitity invariants are zero, (b) if 

K=1, all are zero except for the first-order sensitivities, when 

2t-1 tl  
the invariant is unity, (c) if K = -1, the invariant is (-1 
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where t is the order of sensitivity. 

Relationships similar to equation (2.12) of Section 2.5.2 for 

reciprocal parameters like capacitanCes can be also developed for 

higher-order sensitivities. Thus: 

ac. a2F 	a 2F 	2 2 	2 	1 	aF C2 c. + c.  aD . aD . 	ac .ac . 	J 	j 	ac. 	ac. 
j  1 	J 

If it is assumed that D. and D.1  are independent then 

2 	a2F 

	

 e C2  + 2 	g . 
J  . - 3C.3C. 1 j 	laC- 1  j 1 

The second order invariant relationship for the voltage gain of 

an {R, D} network is obtained from equation (2.25) 

R.R. 	

a2F
D.D. a2F 

	

aR1.aR. 	 2 2  aD. j 
	

-1j 	 1  

all R 	 all D 

However, for an {R, C] network this becomes 

0 	(2.26) 

P.R. 	C.C. aF c
i a2F 	 a2F 	1 3 

2 2  aR . aR . —i 1  + 	2 ac . ac . F + 2  	 37.  F = 0 
j  1 j 	 i  1 

i 	 i 	i 3: j  
all R 	all C 	all C 

(2.27) 

Equation (2.27) cannot be strictly regarded as a second order 

invariant because of the existence of the first order terms. 

Similarly, all higher order relationships fOr reciprocal parameters 

will have lower order terms and consequently are not invariants of a 

given order. 

2.8 Component Parameters  

Our previous discussion has been confined to the effect, upon 
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a circuit function, of small changes in linear 2-terminal components 

and two types of controlled source. The question naturally arises 

'Are components such as gyrators, coupled inductors, ideal trans-

formers and linear models of transistors also described by parameters 

that can be included in a set for which a circuit function is homo-

geneous?' In answering this question we shall illustrate an alterna-

tive method for examining the homogeneity of a circuit function with 

respect to a parameter set. 

The nodal admittance* matrix Y of a linear circuit is related 

to the branch-node incidence matrix A and the branch admittance matrix 

YB by the expression [31] 

Y = At  YBA 	 (2.29) 

Since the elements of A have the value 1, -1 or 0, pre- and post-

multiplication of YB by A and A
t 

respectively can only lead to the 

additive modification of Y by elements of YB. Thus, if the elements 

of YB are homogeneous (of the same order) with respect to a given 

parameter set, then so also will be the elements of Y. The question 

posed above is therefore equivalent to asking whether the connection 

of a new linear component to an existing circuit results in the para-

meters of that component appearing directly (or multiplied by a 

constant) in the original or extended YB matrix. 

Since the gyrator, as well as any other 3-terminal linear component 

described by a 2 by 2 admittance matrix, adds the same admittance 

parameters to new or existing elements of the branch admittance matrix, 

*An analogous development can be conducted in terms of the branch 

impedance matrix. 



30 

these parameters can be included in the homogeneous set already 

containing the pseudo-admittance parameters. For example, for a 

circuit containing linear resistance (R), inductance (L), capaci-

tance (C), a gyrator of gyration conductance G and a 3-terminal 

terminal transistor described at the frequency of interest by 

the admittance parameters v 	y12,  y21 
and 

 Y 	
a valid parameter 

y11,  12' 21 	22,  

set, with respect to which any circuit function is homogeneous, 

is the set 

-1 a  
[12-1 , C, L ' 	Y11' Y12' Y21' Y221 

(2.30) 

For a pair of coupled inductors with non-ideal coupling (L1  L2  - M
2/ 0), 

inversion of the appropriate 2-branch impedance matrix to obtain 

the admittance matrix, 

L
2 

-M 

1  

jw(L
1
L
2
-M2) 

-M L1 

- 
shows that the reciprocal inductances L1 

, L
2
1 
 and M

-1 
can also 

be included in the above set. 

An ideal transformer is non-energic and incapable of descrip-

tion by an admittance matrix of finite-valued elements: rather, it 

imposes constraints of a topological nature upon any circuit to 

which it is connected. The manner in which the connection of an 

ideal transformer modifies the admittance of a linear circuit [34] 

is such that its turns ratio cannot in general be included in a 

homogenous parameter set. 
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2.9 Scattering Parameter Sensitivity  

It can easily be demonstrated that the scattering matrix S 

possesses sensitivity invariants t27). Briefly, the basis-free 

normalized scattering matrix for a linear time-invariant circuit 

with resistive reference is given [321 by: 

1 
= I - r2  (Z + r)

-1 
 r2  (2.31) 

where r = diagtril; ri  are the reference resistors and Z is the 

impedance matrix for the network. The reference resistors are 

arbitrary constants in the formulation of S. It is only meaningful 

to seek sensitivities with respect to the "reference resistors" in 

an actual example, where each ri  takes on a specific value (e.g. load 

or source resistance). 

As has previously been proved, both Z and its inverse are 

homogeneous matrices. It can easily be seen that r is homogeneous 

of degree one, just as Z. It follows that (Z + r) is homogeneous 

of the same order. Therefore it can be stated directly that S 

must possess invariants in terms of the parameters of r, Z and/or 

r
-1, Y. In terms of the impedance parameter set used in the 

previous section it can be seen from equation (2.31) that S is 

homogeneous of order zero. Hence, 

as 

2x. .. 1 ax. 	= 0 	 (2.32) 
1 i=1 

forallx.belonging to the set {Z rj or tY, r 
-1 

2.10 Signal Flow Graph  

Summed-sensitivity invariants can be developed for other systems 
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just as for electrical networks. Thus the sensitivity in signal 

flow graphs [ 36] is defined for the gain function G as, 

	

,G 	aG 

	

t 	at (2.33) 

where St is said to be the normalized sensitivity of a signal flow 

graph having a gain G the source and some defined output node, 

with respect to some branch transmission t. If it is possible to 

show that G is a homogeneous function of a given order then as 

before invariants can be found. To show that G is homogeneous 

consider the formal algebraic description [36] of an n node signal 

flow graph: 

X1  = t11x1  + t12x2 
+ 	 + t1nxn + t10

x
0 

x2  = t21x1 + t22x2  + 	 + 
t2nxn 

+ t
20
x
0 

(2.34) 

x
n 

= tn1x1 + tn2x2 
+ 	 + 

tnnxn 
+ t 	x nO 0 

where x
0'. ..xn  characterise the nodal variables and the isare 

the transmissions or branch variables. The set of equations (2.34) 

can be rewritten replacing ttii  = aii  + Siii; i = 1,2,....n 

xl  

x2  

x
n 

= 

= 

= 

1+131 	)x1 	t12x2 

t2_x_ 	
(a224322)x2 

t
n1
x
1 
+ 
t12x2 

+ 	 

t1nxn 	t10x0 

	+t 	x
n  +tx 2n 	20 0 

)x 
	
+ tx

0 
+(a

nn
+Snn 	

nO 

(2.35) 
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Defining [0ii 	(1 - and ; i = 1,2,....n; equation (2.35) can be 

rewritten as: 

011x1 = a11x1  + t12x2 
 + 	 + t1nxn 

+ t10x0 

022x2 = t21x1 a22x2 	 +t xx 
2n n 

+t  20 0 

0
nn

x
n 

= tn1x1 + tn2x2 
+ 	 + ctx 

n 
 +t 

nn 	nO
x 
 0 

(2.36) 

The set of equations 	(2.36) can be written more concisely in 

matrix form: 

(g - T) x = x0  (2.37) 

Following the arguments of Section 2.4 it can be seen directly 

from equations (2.36) that (0 - T) is homogeneous of order one, in 

the parameter set Q E [tip 	aiil (t/j) i = 1,2,....n, j=1,2, 	 

Similarly the vector 	is homogeneous of order one in terms of 

No], i=1,2,....n. Solving equation (2.37) to find the gain 
between the input node xo  and some output node q: 

x (0 - T)-1  1 
0 	-o (2.38) 

Therefore the gain function G = --g- in terms of the parameters x
o 

ofthesetQandft.
10  , i=1,2,....n, must be homogeneous of order 1 

zero. Invoking the Euler theorem Section 2.3 

aG aG 

	

a.. 	 aG 	
= (2.39) 

ij 	ba.. 11 	+ 
11 	1 ii 

i/i 

for i = 1,2, 	n and j - 1,2, 	 

n. 
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Evaluating the differentials of equation (2.39) with aii=tii  amd 

0ii= 1 for i = 1,2, 	n, yields 

aG 	aG 	a.. 	aG 
ati4 t. =t.  13 

1i li

t.  aa.. 11 a..=t.. 
11 11 

11 + 
—7d0 —1 

0 (2.40) 

 11 
j 

• for i = 1,2,....n and j = 1,2,....n. 

On dividing equation (2.40) by G, the firbt two sets of terms can 

be identified with the sensitivities of the SFG gain with respect 

to all the branch transmissions. The third set bf terms in (2.40) 

can be interpreted as the sensitivities of the unity gain self 

loops; the latter being an interpretation due to Coats [371; 

associated with the set of SFG equations (2.36). Equation (2.40) 

can now. be written in the more familiar summed sensitivity invariant 

form: 

 	a 	

.. 
7 BG ,t 	

0 
i..1 	aG 	11 

. t.. G + 	G 
lj 	707i. 

all branch 	all self 
transmissions 	loops 

= 0 	(2.41) 

It can be seen that in the above invariant relationship the 

additional terms of the second summation are not associated with 

any physical transmissions. However, without the inclusion of 

these terms an invariant relationship cannot be found in general 

as with electrical networks. Higher-order invariants can be simply 

obtained as in Section 2.7. 

2.11 Applications of Sensitivity Invariants  

The existence of sensitivity invariants has been developed 

so far without reference to any uses. However, they are of con- 
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siderable importance, not only theoretically but also from the 

practical viewpoint. Thuo invariants and relationsips based on them, 

e.g. equation (2.23) have been used to provide an independent check 

on the differential sensitivity calculation program (see Appendix 1). 

Although the computer calculated sensitivities were checked against 

analytically calculated sensitivities for simple circuit examples, 

a much broader class of networks could be used when checking the 

summed sensitivities against the invariant relationships. 

Sensitivity invariants were first encountered by Leeds and 

Ugron [12] whilst developing_ their sensitivity minimisation pro-

cedures first proposed by Schofler [A. As the algebraic sum of 

first order sensitivities can often be constant and independent of 

the parameter changes the need to use the sum of the squared sen-

sitivities is clearly recognised. Furthermore, relationships based 

on invariants can be used as auxiliary conditions in optimisation 

procedures, such as the use of Lagrange multipliers. One interesting 

feature of finding minimum sensitivity networks occurs in signal 

flow graphs. Firstly, equation(140) can be used as an auxiliary 

condition directly or by weighting the self-loop sensitivities to 

be zero. Secondly, investigations could be carried out in which 

the sensitivities of the branch transmissions are reduced while 

those of the self loops increased, because the latter are purely 

notional and an.increase in their sensitivitymay not be important. 

These considerations have not been pursued here because they fall 

slightly outside the field of research reported in this thesis. 

In the tolerance assignment problem, discussed more fully 

in Chapter 4, regions in an m dimensional Euclidian component 
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space E
m have been identified in which the worst case component 

deviations are likely to occur. The worst case deviations are 

those for which the circuit response Changes by a maximum amount. 

Thus for smaller deviations the response change will also be 

smaller. Furthermore, it will be shown that it may not be possible 

to search more than two of the 2m  sectors of Em. 

2.12 Conclusions  

The most important point that has been established is that 

summed sensitivity invariants exist only because circuit functions 

are homogeneous. Homogeneity leads directly to invariants for any 

order of differentiation and, most importantly, indicates how 

different parameter sets can be chosen in a fairly straightforward 

manner to yield homogeneous functions. This approach shows how . 

invariants can be developed for both linear and nonlinear circuits. 

Similar analytical methods can be applied to other systems, as 

shown by the development of invariants for signal flow graphs. 

Furthermore, the relationships derived in this chapter have not only 

been used to check the sensitivity programs but also have led to 

a deeper insight into the tolerance assignment problem. 
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CHAPTER 3  

CIRCUIT RESPONSE CALCULATION UNDER PARAMETER VARIATION  

3.1 Introduction  

Electric circuits are designed to modify a known signal in a 

specified manner into another form. The modified signal is often 

termed the response of the circuit. This response may be the output 

voltage, phase or some other property. In trying to study circuit 

behaviour it is therefore necessary to find the change in response 

for changes in the component values of the circuit. When circuits 

are simulated on a computer either an exact or an approximate numerical 

method can be employed to compute the response. The choice between 

the two methods is governed by the trade-off between the accuracy and 

computational cost amongst the many different numerical procedures 

that are available. In most simple circuits of around half a dozen 

nodes an exact calculation (see Section 3.2a) is often the fastest 

and certainly accurate to within the limits of the computers accuracy. 

However, for moderate size networks of up to forty nodes this approach 

is likely to be costly and it may be more advisable to seek an 

approximation [38,39,40] to the exact response change. Naturally, 

the use of a given approximation will depend upon how closely it 

corresponds to the exact response change. For most large networks, 

that is networks with more than forty nodes, sparse matrix techniques 

ILA can be very efficient computationally. 

Notwithstanding the many different methods of response calculation, 
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a major difficulty exists in defining suitable criterion for the 

comparison of these methods. In the past the usual approach has been 

to compute the number of multiplications (or divisions) required for 

each method. This was based on the fact that multiplications on a 

computer were perhaps twenty times more expensive than additions or 

subtractions. Thus providing all methods were of similar accuracy, 

the method with the least number of multiplications could be regarded 

as the "best". With improvements in computer hardware, multiplication 

times [42] have come down to as little as ten times those of additions. 

Thus the old measure of operations may require modifications, especially 

. when applied to sophisticated indexing schemes used in sparse matrix 

techniques. 

Judging the goodness of an approximation to an exact response 

calculation poses even greater problems. As the accuracy of an 

approximation method may vary from circuit type to circuit type and 

the choice of frequency points of analysis, statistical techniques 

have been employed (see Section 3.4) to make comparisons for the 

relative accuracy of responses from different methods. 

In this chapter a Taylor expansion to the response function for 

large perturbations in the circuit elements will be developed. Some 

theoretical aspects of the Taylor series will be highlighted and a 

convergence criterion derived. A comparison will be made between the 

most efficient exact method [43] and the truncated Taylor expansion 

with a representation range of circuit types. Thus it is hoped to 

show the feasibility of the Taylor approXimation. 

3.2 Different Methods of Response Calculations  

One of the most critical aspects of making a numerical calculation 
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of a rerTonne function is to take cognizance of the poles of the 

function. This; difficulty exists for both the exact and approximate 

methods. When making an exact calculation using the the admittance 

matrix, the latter may become singular close to a pole, and hence 

a large error may occur. Approximate methods using derivative infor-

mation suffer because the derivatives are changing rapidly in the 

vicinity of a pole. The change in derivatives for changes in component 

values can now be investigated easily (see Chapter 5). 

3.2a Exact Methods  

Undoubtedly the most well known and often used method is that 

of Gaussian elimination [44] , or some variant of this. Thus for an 

n node network the number of operations (one operation consists of 

one multiplication and one addition or subtraction) needed to compute 

the response using standard Gaussian elimination is (n
3 
 + n 

2 
3 	3 

However, if only a subset of the circuit components are liable to 

vary at any one time, then providing these components are incident 

on m nodes other than the reference, where m<n, it is possible to 

1 
reduce the number of operations to (-3 m

3 
 + m

2 
 - —

3
m) using the sub-

stitution current source technique, see Chapter 5. Recent advances 

in the use of sparse matrix techniques [45], where the banded nature 

of the nodal admittance matrix are usefully exploited, indicate that 

it may be possible to reduce the number of operations to less than 

5% of simple Gaussian elimination. However, the amount of programming 

effort, computer time and space required to set up the sparse matrix 

tableau would not really justify their use for networks of less than 

forty or fifty nodes. Finally, it is worth noting the developments 

in algebraic expression evaluation languages [46]. Though there has 
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been some interest in using them for circuit response calculations 

[47 ] it; is generally true that the computer time/space needed to 

generate the transfer function for circuits as little as ten nodes 

can be very large. Therefore, unless the circuit response needs to 

be calculated many hundreds of times, these techniques may prove 

to be impractical. 

3.2b Approximate Methods  

Of the approximate methods the three best known are the use 

of the multivariate Taylor and Moment series [38,39]. A third method 

employs orthogonal functions [40]. The last two mentioned methods 

have been used to determine the response distribution of the network 

from a knowledge of the component distribution functions. However, 

component distributions are well known to be badly skewed and/or 

being bimodal. Therefore, they are difficult to represent with zimple 

mathematical functions, which makes them undesirable for use in pre-

dicting the response distributions. Matrix inversion by iteration 

[44] is also available but it is difficult to determine the cost with 

any precision because the convergence depends upon the matrix itself, 

and in particular its eigen values. Thus the more direct approach of 

a Taylor expansion of the response function appears to be attractive, 

providing the necessary differential coefficients can be easily cal-

culated and convergence conditions derived. The former requirement 

is satisfied by the recent method [58] of calculating the network 

sensitivities while the latter are derived in Section 3.3. 

3.3 Taylor Expansion of a Complex Response Function  

Assume that the voltage response function F(x°,(4i) satisfies the 
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usual mathematical conditions of continuity and differentiability 

in the neighbourhood of 2. If the change in response due to changes 

in m components of a circuit, which may have more than m components, 

is required, then this can be represented by: 

F(x0+Ax) = F(x 

m 	m m Ax. 	Ax. Ax, 'S'sF 	1 
+ 1 

S' 2 e 	 ___,J. 4_ .... (3.1) LA  x. x. 	2! C....1 	x.x. X. X. 
1 1 	i j a. 	j i=1 	i=1 j=1 

where S
F 

etc. are the first, second and higher order sensitivities x. 

and x.ie Irn circuit components liable to changes Axl. 

The attraction in using a truncated Taylor series expansion is, 

primarily, the efficiency with which the sensitivities can now be 

derived (see Appendix 1). 

3.3a Convergence Proof for the Taylor Expansion  

If changes in only one element x are considered it is possible 

to show from the results of reference [48] that the series (3.1) 

will only converge for I Ax D/D1 4:1  ; where F = N/D, D' is the first 

differential with respect to x of the denominator polynomial D and N 

is the numerator polynomial. However, no such simple expression exists 

for the case of simultaneous changes in more than one component. To 

study the more general case of several variable components we start 

by considering the matrix equation describing a circuit. (The following 

mathematical proof can be skipped without any loss in continuity. A 

more useful convergence test is given in Section 3.3b.) 

1 	.,_- 
V = Y 
—n --n —n 

When some of the component values change, the admittance matrix 

Y
n 
 also changes. Thus: 

— 

Y+ SY 
—n —n --n 



42 

If the source currents given by I remain the same as before, the 

change in the voltage vector 
-Vri 
 for the change SY is: 

V -► v + bV 
-n -n —n 

-1 

-n 	 -n V
n 
+ V = (Y + SY ) 	I 
—n 	—n -n 

Expanding equation (3.2) in a power series yields: 

2 
V + SV = [1 - Y-1  by + (Y-1 SY ) - 	-n -n-In —n - -n —n -n n 

(3.2) 

( 3 . 3 ) 

c n where the criterion for convergence is that Y 
-1 
 oY be a convergent 

n  

matrix. In other words: 

(In-1 
 
 SY n)

t 	
0 	as t -> oct 
	 (3.4) 

Equation (3.3) is in fact the Taylor expansion of Vn + 6Vn  about 

✓ . Therefore, once the output node of the circuit is identified -n 

with a node-number, selection of the corresponding row from 

✓ + 6V yields the new output voltage F. 
-n —n 

To prove the validity of the condition (3.4), let U be a matrix 

such thatD.UY U
-1 
 is a diagonal matrix, andV =U

-1 
 V. 

-n - -n 

Multiplying the nodal matrix equation by U yields: 

UY V =UI 
- -n -n - -n 

and 	U Y U-1 	= U I 
- -n- -n - -n 

= U Y-1 U-1 U I 
-n - -n - - -n 

D U I 
- - -n 

V = U
-1 D U I 

(3.5) 

(3.6) 

(3.7) 

(3.8) 

(3.9) 



Similarly for equation (3.2) 
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-1 
V+ SV = U

-1 
 (D U SY U

-1
) U I 

	

-n —n - 	- —n- 	- -n 

= U-1[D( 1 + D-1U SY n  U-1)] U I - - - - - 	 n 
1 

[1 + D-1  USYnU-] - - -n D
-1 

U I 

Let 	SB 	= U SY U-1  - —n- 

(3.10) 

(3.11) 

(3.12) 

(3.13) 

 

-1 
Then 	V + SV = U-1[1 + 	SB} D-1

I  
U I n 	 n - - - — - - -n 	(3.14) 

 

- = U-1[1 - D 1 
oB + (D

-1 
SB)

2 
 + 	

-
V n (3.15) 

- - - — - — 

The criterion for the convergence of equation (3.15) is: 

- 	t 
(D

1  
 &B) 	0 as 	t -) 00  

Let 	C = D-1  &B 

(3.16) 

(3.17) 

The maximum magnitude of any element of C is given by: 

cii I max 	
IcSbijimax 	

(3.18) 
I aI min 

where 1€,bi j  1  max is 	 an the element of maximum magnitude inSB diAlmin  

is the minimum magnitude eigen value of D. A new matrix S is now 

defined, each of whose elements are 
I CijImax.  

Then, 	Sij  7 ICJ 	for all i and j 	(3.19) 

Thus if a condition can be found for 

	

S
t 

—÷ 0 	as t --1 00  — _ 

	

Then Ct -) 0 	as t ---- a°  _ 

, t 
[ I ci  ;I max Li 

(3.20) 

(3.21) 

(3.22) 



where S' has all elements of unity value. 

 

44 

t 
St  =AC.] 	S't  

1' max 
(3.23) 

 

Lemma 

5'2  = n S 
	

(1) 

where n is the dimension of the square tatrix S' 

,3 S 	= S12 S 

= n S,2 

= n
2 

S 
	

( 2 ) 

	

SIt = n
t-1 S

' 	(3) 

It is easy to prove the validity of (3) by induction on t. 

(Cij
S  i 

 

	

max 

	' 

=ni
t 	

S 
ij 	n max 

(3.24) 

Since the positive constant n 	1; it follows that 

1 Ci
"
d 	n < 	1 	 (3.25) 
max 

for S
t 	

0 	as t 	00  

Hence a sufficient condition for (3.21) to be valid is: 

S? ij I max 
n < 1 	 (3.26) 

I Al min 

or 	1 b H
max 

Nmin  (3.27) 
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In most cases the inequality (3.27) is likely to be stronger than 

necessary for the convergence of C because it is based on the conver-

gence of S which is a full matrix of the maximum modulus term of C. 

One immediate problem in using the inequality (3.27) is the 

need to calculate I SbijI 
max 

 andlAl 
 min 

 at every frequency point. 

As the computation cost for making the necessary calculations is very 

high this condition would not be used in practice. Nevertheless, it 

does highlight certain interesting properties, namely that the position 

of the closest pole to the frequency of analysis will have a strong 

effect on the convergence. Thus the closer we are to a pole the smaller 

the component deviations to guarantee convergence. 

3.3b Comparison Test of Convergence  

The basis of the comparison test is to find a convergent series 

such that term by term each term in the series (3.1) is less than or 

equal to the terms of the known convergent series. Typical series 

used in such tests are the exponential and geometric series for 

example. For the purposes of the test we rewrite the series (3.11) 

in terms of two new variables c and a, which are defined as follows: 

* 

or IS
F  

c = one of [ISF or 	 xi 	x.x. 
max 	max 

11;1] a = maximum of 

The series (3.1) can be written as: 

F(x°  + Ax)i X = IF(x°)I+ cm a + c m2  a2  + c m3  a3  +...+ (3.28) 

= IF(x°)I+ cm a (1 - ma) 	(3.29) 

for Imal < 1 	 (3.30) 

*We use the modulus of the complex sensitivities because 
SF 4r le 

I 	
etc. 

X. 	X.  
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The series (3.28) can only be summed under the simplifying  assumption 

that 1 S
F 
x.x

j.....xt
I 1  

0 as t 00 . 

That is, the higher order sensitivities are bounded and only increase 

at the same rate as the factorial. It is possible to devise circuit 

examples (with frequency points chosen close to a pole) whose sensitivities 

become unbounded with increasing  order of the differentials. However, 

in practice the simple condition Ima l <I has proved to be adequate 

(see Section 3.4). An interesting  point to note is that the sensiti- 

vities only become unbounded close to apole and this is also the 

region in.which exact methods become inaccurate because the admittance 

matrix is becoming  singular. 

The condition (3.30) indicates that the upper limit on the 

allowed fractional changes in each component is only dependent upon m, 

the number of variable elements. Thus for m = 10, a 10% change in each 

element could be tolerated. With this condition rough guides to the 

permitted component variations can be easily obtained unlike the 

case with the previous condition (3.27). 

3.3c Choice of Truncation Point  

The computational cost in terms of the number of operations for 

an exact single large change sensitivity type analysis (see Section 5.6) 

once the appropriate impedance matrix has been calculated is: 

Cexact 

3 
— + 3 m 2 + 2  m 

3 
(3.31) 

It can be seen in Fig. 3.6 that Cexact 
increases rapidly with m. 

To justify the use of the Taylor series, its cost must be less than 

C
exact

. Equation (3.1) shows that the number of terms in the series 

increases by multiples of m for successive orders. Consequently the 

computational cost for the Taylor series also increases by multiples 

t: 
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of m. To keep the computational cost below Cexact 
only a limited 

number of terms of the Taylor series can be used. The choice of the 

truncation point must also take account of the accuracy of the resulting 

approximation. Therefore, it is necessary to investigate the change 

in accuracy for truncation at successive orders. Statistical methods 

are employed (see Section 3.4b) to compare the response approximation 

using the Taylor series truncated at different orders with the 

corresponding exact calculation. It will then be possible not only 

to judge the accuracy of the truncated Taylor series but also to find 

out the best point at which to truncate. No one circuit is felt to 

be adequate for such a test. Therefore, a range of circuit types as 

shown in Fig.3.1 to Fig.3.5 have been used. 

As a preliminary to proceeding with these statistical tests it 

is useful to make some numerical comparison between the exact method 

cost and the cost of the truncated Taylor series. For this purpose 

all terms up to the second order and a further m third order terms 

are chosen for the truncated series approximation. The cost of such 

a calculation is: 

CTaylor = 2m(m + 2) 
	

(3.32) 

This cost is plotted in Fig.3.6, and the break-even point with respect 

to an exact calculation is calculated as m = 4.5414. Thus for five 

or more variable components this approximation becomes considerably 

cheaper than the exact one. The cost of computing the sensitivities 

adds a negligible overhead to the cost of the Taylor series, because 

both the sensitivity calculation and the large change sensitivity 

method of exact calculation uses the impedance matrix, and the cost 

of obtaining the impedance matrix of a circuit is much higher than 

the other calculations. 
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3.4 Accuracy of a Truncated Taylor Expansion Compared  

to an Exact Calculation  

As each different circuit has a unique circuit function it is 

insufficient to test just one or two simple examples. For instance, 

while filters tend to have poles and zeros close together in the 

region of interest along the frequency axis, in general purpose 

amplifiers, poles are often well separated. As we are interested in 

studying the effect on the response for simultaneous large changes in 

many components of the circuits under test, we employ statistical 

methods, often termed Monte Carlo analysis. The changes in component 

values for such an analysis requires a series of random deviates. 

The choice of the distribution function from which the random numbers 

are chosen presents some difficulties. Should this distribution 

function resemble the probable distributions of circuit components 

generally available to the manufacturer or should a standard Gaussian 

distribution be used? While the use of the latter is straightforward, 

the former requires a considerable effort if a representative number 

of distributions are to be chosen. Many manufacturers prefer the use 

of a uniform distribution [49] or some bimodal distribution as 

representative of the component batches available. 	We have 

employed two distributions, shown in Fig.3.7 and Fig.3.8, from which 

random deviates are chosen. 

To perform the different tests each selected component of a 

circuit is assigned its own diStribution. The width of each distri-

bution is suitably scaled so that the range of random numbers generated 

fall within the tolerance limits of each of the components. A series 

of pseudo random circuits, having component deviations within the 

specified tolerances on each of the components, can be generated by 

selecting pseudo random numbers from the relevant distribUtions. For 
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thr:se circuit:: the response at the output nodes at a given frecluency 

is calculated using an exact method. The same circuits are used in 

calculating the response with the truncated Taylor series. Many 

trials are performed,histograms plotted, means, standard deviations, 

variances and correlation coefficients found for all the circuits of 

Fig.3.1 to Fig.3.5. 

One of the important aspects of the series approximation which 

requires testing is the effect of truncation at different orders. To 

isolate this effect it is necessary to use identical random number 

sequences. To achieve this all that is necessary is to use the same 

seed to start the pseudo random number generator. Finally, component 

tolerances of 10% and 20% have been used for each of the circuits under 

test. 

Before performing any statistical tests we must ascertain the 

number of random trial circuits that will be needed to give reasonable 

statistical information. This can be ddne with the aid of the t-test 

[50 3. We compute the mean response for fifty "random circuits", 

Fig.3.1, at a frequency of 100 Hz say. Under the assumption that the 

nominal response is the true mean, a t value is computed using the 

information given in Table 3.1. It was found that P50( It I 0.4168),  66.46%. 

The experiment was repeated for a hundred trial circuits and under the 

same assumption it was found that P10odt14 0.4253) = 
66.64%. Doubling 

the number of trials from fifty to one hundred has produced a very 

small change in the t value. Therefore, we can safely assume that 

fifty trial circuits will be sufficient to give a reasonable statistical 

sample. 
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No. of trials Mean Difference 

x - ii, 

Standard Error 

S— x 

50 - 0.480.x 10-4 0.144 x 10-3 

100 - 0.966 x 10-4  0.227 x 10-3 

Table 3.1 

3.4a Correlation Coefficient  

Many different correlation coefficient have been defined [50] 

to show the degree of correlation between two sets of readings tx1 

and {yi . Here the Pea n or linear correlation coefficient ()is 

used. 

= 	f 	x y - 	
Zy 

(3.33) 
x y 

It can be shown that the expansion for ( always lies between +1 and 

-1. When /2  = -1 the sets of values x and y are perfectly uncorrelated. 

When /2  = +1 there is perfect correlation. Therefore, the closer/0 

is to unity the greater the degree of correlation. However, a high 

value of e can sometimes be obtained by pure chance. Hence, it is 

desirable to back up the values of fwith other significant data. 

3.4h Histograms  

The information from which the statistical results are calculated 

can be represented pictorially in histograms. Thus the abscissa along 



which the circuit response is plotted (see Fig.3.9) is divided into 

a known number of intervals. The response for many random trials of 

a circuit is computed at a given frequency and slotted into the 

correct interval and counted. Once all the trials are complete the 

normalised probability distribution is computed and the histograms 

plotted. In all the histograms presented in this thesis the interval 

for the response is computed by dividing the range, fifty per cent 

above and below the nominal response, into fifty units. 

3.4c Analysis of Numerical Results  

Random numbers from a Gaussian distribution, centered on the 

1 
mean of the component values, with standard deviationscr= 

3  
—tolerance, 

have been used for the result in all the tables shown in Appendix III of 

the thesis. In each table the second column shows the nominal 

output voltage at each of the selected frequencies. The third 

column shows the mean difference* E(FE - FT) between the exact (FE) 

and the truncacted Taylor expansion (FT) response calculations. The 

fourth and fifth columns show the standard deviation and variance of 

E(FE - FT). The remaining  two columns give the correlation and mean 

ratio of the Taylor approximation and the exact response. 

To obtain a relative figure of merit for the accuracy of the 

response at any one frequency consider line two in Table 1.i.(10). 

This table shows results for truncation at the first order terms of 

the complex Taylor series with 10% tolerances on all the variable 

components of the circuit in Fig.3.1. The nominal output voltage 

magnitude at 500 Hz is 0.57107 volts, while E(FE - FT) = 4.01x 10-4  

with a standard deviation of 1.327 x 10-3 and a variance of 1.762 x 10-6. 

*E(x) denotes the expected value of the statistical variable x. 
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Polritive to the output voltage, E(FE - F10 is very small just as the 

dispersion given by the standard deviation. The high correlation 

coefficient of 0.9956 between FT and FE shows that the distribution 

of the complex Taylor approximation tracts very closely the exact 

response distribution. Further credence is lent to the previous 
g 

interpretation by the mean ratio (FT:FE) of 0.97% which is very close 

to unity. Traversing the table vertically shows the accuracy of the 

approximation over the frequency range. To obtain comparisons amongst 

the first-, second- and third-order response approximations for the 

circuit in Fig.3.a*, it is necessary to see Tables a.i.(10),a.ii.(10) 

and a.iii.(10). The tables corresponding to 20% component tolerances 

for the same circuit are labelled a.i.(20), a.ii.(20) and a.iii.(20) 

respectively. 

1) Active Circuits  

A comparison of Tables 1.1.(10), 1.ii.(10) and 1.iii.(10) for 

the circuit in Fig.3.1, indicates that the approximation (3.1) to the 

response improves with successive higher orders. In this example 

the number of variable components is eleven. The interesting feature 

is that the approximation at the first-order itself appears to be 

quite good with the mean ratio FT:FE almost unity at all the frequencies. 

At the 20% component tolerance level, see Tables 1.i.(20), 1.ii.(20) 

and 1.iii.(20), the approximation shows signs of deterioration with 

the mean difference becoming larger than at. the 10% tolerance level. 

The convergence criterion (3.30) is now becoming violated. Nevertheless, 

there is an improvement with increasing orders of truncation. The 

mean ratio FT:FE at the thord-.rder is about 0.78, averaged over all 

the tested frequencies while the correlation coefficients are about 0.8. 

*The parameter "a" takes on values between 1 and 5 corresponding to 
the circuit figure number. 
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Wr;  repet the same tests for a resDonse approximation obtained 

from "modulus" Taylor series as shown in equation (3.34). 

m 	Ax. 	m 	m 	Ax. Ax. 

IF(f+L)141F(2114. 721
sF 	il 4.  1 2: 2:1,F 	i JI 

	

x. x. 	2! x.x. 	j x. x 	 (3.34) 

i=1 	i=1 j=1 

The results shown in Tables*M1.i.(10) to M1.iii.(20) indicate that 

the modulus series response is always greater than the corresponding 

exact response. The mean ratio FT:FE often approaches 2. Even 

though the mean ratio becomes smaller at the 20% component tolerance 

level the correlation is very poor. 

The results of another active circuit, Fig.3.2, tested, seem 

to be in close agreement with those of the circuit in Fig.3.1. The 

results for this circuit appear in Tables 2.i.(10) to M2. ii.(20). 

2) Passive Circuits  

From the table of results for circuit in Fig.3.3 there is no 

doubt that the approximation (3.1) to the exact response is very good 

at any tested order of truncation at all the frequencies at the 10% 

component tolerance level. At the 20% component tolerance level there 

is a deterioration but it can still be regarded as adequate at the 

higher orders of truncation where the mean ratio FTFEare unity if 

not close to unity. 

However, the approximation with the modulus series overestimates 

the exact response by as much as a factor of three at the 10% component 

tolerance level and by more than four at the 20% component tolerance 

level. There is even a negative correlation coefficient at a frequency 

of 10 KHz at the 20% component tolerance level in Table M3.i.(20). 

The results for the band pass filter shown in Fig.3.4 are out 

of step with all the experiments done. The mean differences E(FE- 

*The prefix "M" stands for the modulus. 
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r.irr; very high at all the frequencies when compared to the nominal 

response in all the Tables of this circuit for the complex series (3.1). 

While the correlation coefficient is very high, approaching unity, 

at both the 10% and 20% component tolerance level for all orders of 

truncation the mean ratio FT:FE is around the .35 to .37 mark at all 

the frequencies. The consistancy of all the results is striking. 

The large underestimation of the response at frequency points close 

to the band edges was thought to have an explanation. At such points 

in the frequency plane the radius of curvature of the response function 

in the component space is expected to be small because the radius of 

curvature in the frequency domain is small, i.e. a pole in the 

frequency domain remains a pole in the Component space also. As the 

Taylor series can only describe the local behaviour of a function 

away from any pole, the series predicted response deviations do not 

match the exact response. However, it is not possible to explain 

the results with similar arguments at the frequencies of 250 Hz and 

1000 Hz, which are well away from the band edges. All that can be 

concluded on the basis of the results is that the series converges 

slowly in this example. Nevertheless, the consistency of the mean 

ratio FT:FE together with the high correlation coefficients suggests 

that multiplication of the response approximation by a factor of 1.5 

at all the frequencies for any or the order of truncation would lead 

to a result very close to that of the exact calculation. 

The response approximation with the modulus Taylor series appear 

to be much better. Note the high mean ratios FT:FE. However, the 

low correlation coefficients at all the orders of truncation mitigate 

against using this approximation. 

For the resistive circuit of Fig.3.5 with nine variable components, 
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the response approximation with the complex series is very accurate 

compared to the exact calculation at all orders of truncation, at 

the 10% component tolerance level. There is a marked deterioration 

in the approximation at the 20% component tolerance level, even at 

the third order of truncation. 

As with the earlier circuits of Figs.3.1, 3.2 and 3.3 the modulus 

series not only yields a large overestimate of the response but also 

lower correlation coefficients. 

3.4d Histograms for a Non-Gaussian Distribution  

To investigate the effect of using non-Gaussian random number 

distributions on the accuracy of the Taylor approximation over an 

exact calculation, the bimodal distribution of Fig.3.8 is used. This 

distribution is obtained by dropping to zero the probability for a 

standard Gaussian distribution atlarl on either side of the nominal 

value. The voltage amplitude response histograms of circuits having 

component distributions of the above type are shown in Fig.3.9 to 

Fig.3.14. These histograms confirm results shown in the tables of 

the corresponding circuits, though naturally the differences between 

exact and approximate means are now slightly worse. The increase in 

the standard deviations when the component tolerances change from 

10% to 20% can be seen clearly. 

3.4e General Remarks on Numerical Results  

The evidence from the circuits tested suggests that the complex 

truncated Taylor expansion can given an adequate measure of the circuit 

response at the second or third order of truncation. In the majority 

of cases the response measure seems to be an underestimate of the 

exact calculation. Nevertheless, the correlation coefficient between 

the approximation and exact calculation are high, particularly when 



56 

' the range of component variation is limited to a region around the 

inequality I Ax. 
	1 
I4C — . The consistenoy of the mean ratio FT:FE 

x. 

for each of the circuits suggests that a correction factor, which 

is the inverse of this ratio, may be calculated from a limited number 

of exact and approximation trials, say 10, for any circuit under 

test. Subsequently this correction factor could be used with the 

approximation to yield response calculations closer to the exact 

value. Naturally, this will be of importance only when large numbers 

of response calculations are necessary, as in Monte Carlo circuit 

analysis. 

3.5 Monte Carlo Circuit Analysis  

Traditionally, statistical circuit analysis [523 as described in 

the flow chart, Fig.3.15, has been confined to the final stages of 

circuit design to test the likely yields of circuits meeting the 

design requirements when manufactured from components of specified 

tolerances (see Chapter 4). The high computational cost of such 

analyses has limited their use in the intermediate stages of the 

circuit design process. For instance, the designer might wish to 

choose between slightly different circuit configurations with 

different tolerance components in the middle of a design and therefore 

needs to have some information of the different response distributions. 

In such circumstances rough estimates may be sufficient. Hence, for 

some years much effort has been devoted to finding methods incurring 

lower costs than directly solving the circuit equations. 

At first it was hoped that the use of first-order differential 

sensitivity [51 might be good enough in making an approximation to 

the response changes. However, first order failed to account 
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adequately for the nonlinear nature of the circuit response function. 

In contrast our experience of using a Taylor series with second-

and some third-order terms indicates that in most cases an adequate 

approximation to the exact response can be made (see Section 3.4d). 

As the cost of using this approximation is much lower than exact 

methods (see Section 3.4) the truncated Taylor series could be incor-

porated in an "approximate" Monte Carlo analysis programme [53]. 

Such programmes could find particular use on mini-computers (interactive 

environment) where the speed of a calculation is of great importance. 

One significant problem that exists in all Monte Carlo circuit 

analysis is determining the number of trial circuits that should be 

used in the analysis. The experience of some industrial concerns 

[49] is that 30 - 50 trials are often sufficient for most statistical 

purposes. This is confirmed by our own experience as indicated by 

results of the t-test in Section 3.4. 

3.6 Conclusions  

It has been shown that a truncated complex Taylor series can be 

used in making an approximation to the circuit response when the 

component values are perturbed from their nominal value. In most 

cases response approximation has been shown to be reasonably accurate 

when compared to corresponding exact calculations for a variety of 

circuit types. As the different coefficients of the truncated Taylor 

series need only be evaluated once, the approximation is considerably 

faster than any exact method providing the circuit size lies within 

5 - 40 nodes. When the circuit size increases beyond forty nodes, 

sparse matrix techniques become more economic. Empirical evidence 

suggests that if the component deviations are restricted according 



58 

to the inequality (3.3a), the Taylor series is quite likely to 

converge. Experimental evidence also indicates that the modulus 

Taylor series should be used with care, because there is little or 

no correlation between the response computed with the modulus series 

and exact calculation. 

As the complex Taylor series apprciximation has been found to be 

reasonably accurate in computing the change in circuit response this 

series will be employed in an efficient tolerance assignment procedure 

to be described in the next chapter. The series approximation could 

also be used in an approximate Monte Carlo circuit analysis program. 
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FIG. 3.15: Flow chart of a Monte. Carlo Circuit Analysis Procedure 
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CHAPTER 4 

TOLERANCE ASSIGNMENT AND DESIGN CENTERING  

4.1 Introduction  

When a circuit design, which meets the given specifications, 

has been achieved, it is desirable to know the maximum tolerances on 

each of its components,subject to the response remaining within the 

specifications. The interest in finding the maximum tolerances can 

be seen from a typical cost/tolerance relationship of a manufactured 

component shown in Fig.4.1. The wider the tolerance of each component 

FIG.4.1:Typical cost vs. tolerance relationship of 
a manufactured component. The equation 
Cz 1.0515 gives the least squares fit to 
the daof a 1P-F metalised polyester 
capacitor [641 

70 
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in the circuit, the smaller the unit cost. As more and more circuits 

are being designed for increasingly larger production runs, the need 

for tolerance assignment to becothe an integral part of the circuit 

design process has been recognised [55,57,61,65]. It may also be 

economically attractive to manufacture circuits with very wide 

tolerances and to discord a small fraction of the final units which 

fail to meet the design specifications. 

The tolerance of a component is the maximum percentage deviation 

ofitsvaluefrcmIthenominalx.1.Thus for an absolute deviation 

Ax. the tolerance t
i is: 1 

1 

'Ax .

l 

 
t. - 	 x100 . 

1 
 

Any method capable of discovering wide component tolerances subject 

to the circuit response specifications being met is termed a tolerance 

assignment procedure. This procedure is illustrated in the block 

diagram of Fig.4.2. Starting from an initial circuit design (1) 

which meets all the design specifications an algorithm (4) is used 

to provide a set of component deviations, which are related to the 

tolerances, for each of the components'liable to change. A circuit 

analysis (5) allows the computation of the new circuit response 

which is compared (9) with the given specifications (2), From the 

set of component deviations provided by (4) the tolerances can be 

found. The total component cost is now computed (6) using the 

cost/tolerance relationship for each of the circuit components. A 

test (8) is now made to see if the response constraints are satisfied 

and that there has been a reduction in the component cost over the 

previous stage. A failure in either of these tests leads directly 

ti 
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(3) 

(5) 
Manufacturing cost 
of different tolerance 

components 
Analysis 

(2) (6) 
Net component 

cost 
Circuit response 

specifications 

NO 

(8) 
Are the 

response constraints 
satisfied and the component 

cost reduced 
.7 

V YES 

(9) 
Save component 
tolerances at net 

cost 

YES 

(Optimal set of) 
tolerances 

FIG.4.2: Flow chart outlining a tolerance assignment procedure 
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back to (4). When both the response constraints are satisfied and 

the component cost is reduced, then a feasible set of component 

tolerances (9) have been found. If a significant reduction in the 

component cost over an earlier cost has been achieved (10) then a 

loop back to (4) is made to see if a further reduction in the cost 

can be made for another set of component deviations. When no further 

significant reduction in the cost (10) can be achieved with the al-

gorithm an optional set of component tolerances is deemed to have 

been found. 

Most of the individual blocks in Fig.4.2 present few computational 

difficulties except the strategy for the algorithm altering the com-

ponent values (4). A further difficulty arises from the large number of 

times the different loops have to be repeated in arriving at the 

optimal set of tolerances. Therefore, if the tolerancing procedure 

is to be economically viable, computational efficiency is of paramount 

importance. 

In addition to the tolerance assignment procedure just described 

it would be useful to investigate the effect of altering the nominal 

component value of a circuit, if this resulted in wider component 

tolerances. Any design margins in the circuit response would then 

be more fully exploited. Any process capable of making the aforesaid 

alterations to the nominal component values while satisfying the 

original response constraints is termed "design centering", and is 

illustrated in the block diagram of Fig.4.3. 

In this chapter, after a brief discussion of some of the earlier 

tolerance assignment algorithms, a new strategy for both tolerance  

assignment and design centering will be described, and illustrated 
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FIG.4.3: Flow chart of a design centering process 
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with appropriate examples. The measure of circuit performance 

employed in this chapter is the magnitude of the output voltage for 

a given input voltage unless stated otherwise. 

4.2 Earlier Tolerance Assignment Algorithms  

There is no known closed form solution to the tolerance assignment 

problem. However, three algorithms based on nonlinear programming have 

been proposed recently, in an attempt to discover the widest tolerances. 

One [54] is based on the concept of statistical moments, which are 

parameters describing a distribution of values. Given constraints on 

the second moment of the circuit response, the maximum possible 

central moments of the component distributions are found. These 

moments are then related to component tolerances. The translation 

from response constraints to response moments and from component 

moments to component tolerances poses immediate difficulties, for 

both require a knowledge of the relevant probability functions which 

are usually not available and expensive to determine. Furthermore, 

the method assumed that the expected mean value of the component 

distribution is the same as the starting nominal value, thus precluding 

any design centering. (See Section 4.9) Another algorithm [55] 

using a multivariate Taylor series approximation to the response has 

some similarities to the approach described in this thesis. However, 

there are significant technical and computational differences which 

are referred to as they arise. A third method [56] based on the 

concept of a 'floating polytope' is associated with a computational 

effort approximately proportional to 2m, where m is the number of 

components. Furthermore, there remain certain unresolved problems 

concerning the assumption of convexity of the feasible component 

space. 	A totally different approach [57 ] 	based on 
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performance contours is computationally expensive and only deals 

with pairwise parameter interaction. 

4.3 Choice of Examples  

In anticipation of the forthcoming discussion the two principal 

circuits, employed to test the proposed tolerance assignment and 

design centering algorithms, are presented here. The motivation 

for choosing the band pass filter shown in Fig.4.4 is the ability 

to compose results with those of other authors. The second circuit 

(Fig.4.6), an equaliser preamplifier for a magnetic cartridge pick-up 

[63] , has been chosen to demonstrate the application of the tol-

erance assignment algorithm to active and nonreciprocal circuits. 

The design specifications for the circuit in Fig.4.4 are shown 

in Fig.4.5 in the form of an insertion loss characteristic having a 

reference level of zero at 490 Hz. The gain characteristic of the 

equaliser is shown in Fig.4.7, and has a reference level of unity at 

1KHz. For both circuits six frequency points as marked were chosen 

for the purposes of tolerance assignment and design centering. The 

specifications for the band pass filter demanded that the stop band 

loss should be above 35 dB while the pass band loss be below 3 dB. 

For the equaliser circuit the maximum allowed deviation from the 

nominal resposne was taken to be - 5% of the voltage magnitude. 

4.4 The Problem  

A tolerance is a measure of the maximum component variation. 

Therefore, if the maximum permissible fractional deviation Lx 1 

thevalueofacmponentofnominalvaluex.can be found, then the 

tolerances t. can be determined. For a given circuit, m of whose 
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components are liable to change, let uA define a permissible region 

R of component variation in an m dimensional Euclidian component 

space Em. The boundaries of this region are defined by the amplitude* 

response constraints in the frequency domain. 

6)(12A 

feasible 
region 
boundary 

I g4(x) I 

I g3(x)I 

FIG.4.8: A feasible region of a two component space example. 

*Though the amplitude response in the frequency domain is used here 
and in the subsequent discussion, the tolerance assignment procedure 
discussed here could be adapted for any desired measure of response 
and any domain. 
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gi (x'  wi ) 	= Ip(wi ) - f(x , wi)i ); o, i = 1, 2,..1.k 

g3..(x , wi) 	= I f(x , wi) - P(wid .?.. o; i = k+1,... 1 	:4112:  

where e  (wi ); i=1,...k are the k upper limits of the response 

specificationsandr(wi); i=k+1,...1 are the (1 - k) lower limits 

at a total of 1 frequency points wi. The feasible region R is now 

defined as: 

R .-. 
A 
1, 	ix I I g(x • (1) a

1 

 ) 1 ?.. o, i = 1,2,•••k,•.•k,•.•11 	(4.3) '  

where x = xoT (U + diag.A), U is the unit matrix and A are the fractional  — 	— 
Axi  

changes with Ai  = —0  . As an example consider the two-variable com-
xi  

ponent spaces in 	Fig. 4.8 in which four frequency constraints are 

shown. Once the boundaries of R have been categorised the maximum 

permissible tolerances can be found. The primary difficulty in a 

direct evaluation is the massive amount of computation necessary to 

locate all the nonlinear constraint boundaries in all but the simplest 

of examples. 

However, the tolerance assignment problem can be transformed 

into a classic nonlinear programming problem, once a suitable objective 

function incorporating the deviations A and the constraints (4.1) 

and (4.2) is defined. The objective function C: 

Pi  
C(A) = 	a- A.  

i=1 

(4.4) 

reflects the typical cost/tolerance relationship of the form 

c(t) = a + P/t  shown in Fig.4.1. This is also an appropriate function 

to be minimised in seeking the maximum tolerances associated with 

minimum circuit cost. The coefficients a and p can be obtained from 

a curve fit to the relevant data*. Contours of an objective function 

*In all the examples of tolerancing and design centering presented 
here, the coefficients a and p have been chosen to be zero and unity 
respectively. 
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similar to (4.4) are shown for a two-parameter example in Fig.4.9. 

The contours in the second and fourth quadrants show the effect of 

cancellation of the partial costs when both positive and negative 

deviations occur. To prevent such cancellation the objective function 

(4.4) is modified by introducing the modulus of the deviations. 

The objective function contours are now identical in all 

quadrants and take the form shown in the first quadrant of Fig.4.9. 

The problem can now be stated as minimising the objective function 

(4.5) subject to the nonlinear constraints (4.1) and (4.2). 

4.5 Constraint Evaluation  

To find out when one or more of the constraints have been 

violated, it is necessary to compute the response for any set of 

fractional deviations A, and then test the inequalities (4.1) and 

(4.2). An exact calculation of the response can be made [43] , 

but as this computation has to be repeated for every point along 

the search path, the resulting computation can become prohibitively 

expensive. Instead we propose the use of a truncated complex Taylor 

expansion to the response. The efficiency and accuracy of this 

truncated series compared to an exact calculation has been discussed 

in Chapter 3. 

Assume that the voltage gain function f(wi  , x°) satisfies the 

usual mathematical conditions of continuity and differentiability 

in the neighbourhood of the nominal component values x
0
. The function 

may then be expanded as a complex Taylor series. 
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m 	 m m 

	

1 	. f(co.,x ) = f(co.x°)+ 2: S
f 

A. +2:  2 :E Sf 	A.A + .... 	(4.6) i 	1 	j 21 	x_lxk  j k 
j=1 3 	j=1 k=1 J 

af where S
f = 	x

j 
 etc. and x = xoT (u + diag.A). In Chapter 3 ax.  

conditions under which (4.6).converges have been derived and 

discussed. Furthermore, empirical experience with a variety of 

circuits has shown that a response approximation using the truncated 

complex Taylor expansion including all terms up to the second order, 

plus a further n third order 'self' terms, is not only faster but of 

adequate accuracy when compared with exact methods, for deviations 

of up to about 10%. 

Pinel and Roberts [55] have used a similar Taylor expansion for 

their tolerance assignment procedure. However, they employed per-

turbation methods to produce a curve fit for the change in the ampli-

tude response in a multi-dimensional component space for different 

component changes. The sensitivities were then computed using some 

differencing procedure. To achieve an adequate curve fit using 

perturbation methods requires many circuit analyses and is therefore 

computationally expensive. If insufficient perturbations are per-

formed the amplitude response function may have only a limited 

resemblance to the actual response. The use of differencing methods 

to obtain the sensitivities is likely to introduce secondary errors 

into (4.6) when the sensitivities themselves are small, as is usually 

the case in the pass band of passive filters [60]. 

4.6 Selection of Sign of Component Division  

Having chosen one of the many nonlinear optimisation procedures, 

[100] is it possible to accelerate the optimisation towards the 

optimal solution? Pinel and Roberts [55] state that they used the 
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adjoint network to obtain the first order component sensitivities,. 

and that they forced the optimisation procedure to the worst case using the 

negative of the sign of linear sensitivities for each of the component 

deviations. Since sensitivities are complex entities it is not clear 

how the sign was ascribed to the deviations. Furthermore, as the 

following discussion shows, all the component signs must be restricted, 

in the region of search, if the optimisation is to yield meaningful 

results. 

Consider a two component example of an RC circuit (Fig.4.10). 

R 

vil 0 	C 

i

Vo 

FIG. 410: A two component circuit example. 

From the existence of summed sensitivity invariants [10/in electrical 

systems (see Chapter 2) the following relationship is obtained: 

all R 	all C 

If both components are liable to change, then the response contour, 

for deviations from the nominal, can be indicated on Fig.4.11. From 

our experience, the first order terms in the Taylor expansion make a 



cost function 
contours 

C= Em  
feasible region 
boundary 

LX2 

.t 
 

II I 
fi 

II 	 • 
i • 
• 

■ ..1 miD go ow ass .1.••::.. 	
••• .1. 

... ..... . •.• 	
%% 

	  le.. 
..... .... an.  '1.  ""' "... ..• ........ .44: 0 

.. gm .., . . ... '
1.1 ..... .... 

fe 
.1. .. .. 

nominal AX1 

total cancellation of 
first order sensitivity 
term along this line 

Ig2(x)1 

• 

26 

FIG.4.11: A two component space example with four frequency 
constraints lgi WI and contours for the objective function 



87 

large contribution to the total response change. It can be seen 

from the invariant relationship that if the component deviations are 

equal and opposite in sign, then total cancellation of the first order 

terms of the series (4.6) will occur for an RC-network. In fact, any 

deviations restricted to the second and fourth quadrants will result 

in the partial cancellation of first order sensitivities and therefore 

minimum response change. Thus, any optimisation procedure searching 

in the second and fourth quadrants will automatically tend to adjust 

all the deviation magnitudes such that the constraints given by 

equations (4.1) and (4.2) are always satisfied, while the objective 

function is minimised. Hence, large but unrealistic deviations would 

be predicted and in practice these would yield tolerances which are 

too large. Similar arguments hold for larger circuits having invariant 

relationships of the type (4.7), with m variable components where 

2m  - 2) of the 2
m octants* in the m-dimensional Euclidian space 

cannot be searched. 

To test that this hypothesis has some justification in practice 

note the results in Table 4.1 for the circuit in Fig.4.4. The toler-

ances in the tables were obtained using a nonlinear programming 

algorithm incorporating penalty functions, which is discussed in 

greater detail in Section 4.8a - it is sufficient here to be aware 

that a search for tolerances is possible. The first row shows 

tolerances obtained when no sign restriction was placed on the devia-

tions. The predicted tolerances are very large as expected and a 

Monte Carlo analysis (see Section 4.10) using these tolerances indicates 

a large number of failures. The result of another test in which the 

starting signs of each of the deviations were chosen randomly again 

*For a two dimensional space there are four octants, usually termed 
quadrants. 



88 

yields large tolerances and low success rates, giving further 

credence to the justification of our hypothesis. 

L
3 - 	

C
5 

L6 c
8  L9 ' C11 C12 L14 

-- ---,Component 
% 
Tolerana-eT-----■,,,,  

1.824H '.078711 .4272N .98811, .1437H , .3411. .0787n 1.824H Cost= 	1 	Monte ,Lario 
Ziail Success rate 

No sign 
restriction t 36.91 -44.92 -43.77 88.63 -82.78 40.95 

c 
31.74 37.67 .1653 136/610  

Random starting 
sign 	t" 36.67 14.36 -19.71 -11.78 27.30 -27.39 11.83 47.78 .4111 346/600 

Modulus Taylor 
series 	t.  1.733 1.485 1.128 1.653 3.668 1.801 1.485 1.753  4.8200 600/600 

Table 4.1 Percentage tolerances of components of the band pass filter, Fig.4.4 170 Hz - 1000 Hz 

To avoid the sensitivity cancellation problem, one approach 

would be to use a Taylor series with modulus sensitivity terms. 

m 	m m 

If(toi ,2_c)1.< 	 + 

  

+ 	1Sf 	A.A + x. j 2 	 x.x. k 
j=1 k=1 	1 3  

  

   

(4.8) 

The tolerances obtained when using this series to evaluate the 

constraints are shown in the third row. Though they yield a 10030 

success rate the tolerance cost is rather high when compared to the 

earlier costs. A more acceptable solution with a lower cost probably 

lies between the above extremes, and is more likely to be found using 

the complex Taylor series with certain sign restrictions on the 

elements of A. 

Therefore it is suggested that a first search in the feasible 

component space is made by restricting all deviations to be positive, 

denoted by A-1-. The second search is made with all deviations constrained 

to be negative, denoted by L. The final selection of tolerances is 

made by selecting the minimum corresponding modulus terms from the 

two vectors A
+ 
and A . 
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4.7 Treatment of Homogeneous Network Functions  

Difficulties can arise with networks which have homogeneous 

response functions of order zero. Purely resistive networks, and 

RL networks, are examples. Furthermore, certain amplifier circuits 

may have been designed to be essentially resistive over some range 

of frequencies. As an example of homogeneous network functions, 

consider the summed sensitivity invariant for the voltage gain of a 

purely resistive network. 

SR = 0 	 (4.9) 

all R 

A comparison of equations (4.6) and (4.9) indicates that if all 

the resistors change by the same amount then the net contribution from 

the first order sensitivity terms in (4.6) will be zero. In fact, 

from the results of Chapter 2,Section 2.7 the contribution from all 

higher order terms can also be shown to be zero. Hence, if the initial 

design satisfies the constraints (4.1) and (4.2) then any optimisation 

procedure is more likely to make large and identical deviations in the 

components while still satisfying the constraints. That this is indeed 

the case can be seen from the results of Table 4.2, row 1 for tolerancing 

the circuit in Fig.4.12. This cancellation of the sensitivities can only 

be avoided if the modulus Taylor expansion (4.8) is used. The toler-

ances obtained when using such a series are shown in row 3 of Table 4.2. 

Component 
% 
Tolerance 

R2 R
3 	

. R4 R
5 

R6 
R
7 

R8 R
9  Cost Monte Carlo 

success rate 

No sign restriction 5.146 99.97 100.0 100.0 80.87 99.99 80.32 99.98 0.094 0/100 

Random starting 
sign 

4.139 44.85 14.59 4.999 10.75 23.55 9.336 100.0 0.785 43/100 

Modulus Series 2.875  27.57 9.926 3.578 6.517 14.32 5.955 12.22 1.237 100/100 

Table 4.2 Percentage tolerances of cooponents of the Girt kit h 	Fig.4.11.for I 5% variation on the output voltage 
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R5 

FIG. 4.12: Resistive network 

Therefore for all network response functions whose summed 

sensitivity invariants are known constants, the modulus series should 

be used. It has been shown in Chapter 2 how such circuit response 

functions may be identified. 

4.8 The Choice of a Nonlinear Programming Algorithm  

A detailed discussion of unconstrained optimisation methods and 

nonlinear programming techniques is given in Appendix II. In this 

section only the two methods of nonlinear programming actually used 

in the tolerance assignment problem will be discussed. 

(a) Penalty Function Methods  

In these methods the nonlinear constrained optimisation 

problem as defined in Section 4.4 is transformed into a series of 

unconstrained minimisation problems. One form, suggested by Fiacco 
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and McCormick [84], utilises a new function called the penalty 

function 

P(r,z) = C(A) + r ( 4.1o ) 

Starting from an interior point in the feasible space, and with 

r = 1, the unconstrained minimum of P is found. The parameter r is 

now reduced by a factor of 0.1 and the unconstrained minimisation 

of P repeated. This constitutes one iteration. The procedure is 

repeated until a specified convergence criterion for P is met at which 

point the optimisation terminates, and the optimal vector A is found. 

However, it has been noted in practice that due to the necessity of 

taking discrete steps during the minimisation, the constraints of 

equations (4.1) and (4.2) can sometimes be violated. To force the 

function P back into the feasible region a further penalty has to 

be added to equation (4.10) which now reads: 

1 	1 

P(r,A) = C(A) + r1 	
tk gk g. 

i=1 1 	k=1 

where tk  = 0 V kt{ 1, 2, ...l ; gk  ?, 0 

and 	tk  = 9 V kEt 1, 2, ...1 ; gk  < 0 I 

( 4.11) 

Equation (4.11) is now minimised using the Powell Conjugate 

directions method (911 , starting with A = A
+
, (all deviations con-

strained to be positive). The full minimisation procedure is repeated 

with A = A (all deviations constrained to be negative). Little or 

no extra computation has to be performed in constraining the deviations 

because of the nature of the objective function (4.4) which approaches 

00  at the origin from above and below. 

The penalty function approach has been employed in compiling all 
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the Tables of results except for Table 4.5, which was obtained using 

the Flexible Tolerance algorithm E100)  (see Appendix II and Section 4.8b) 

of nonlinear programming. 

41* 	. 4.903 ' 	5.759 5.577 11.14 4.489 3.039 5.755 4.863 1.572 	774/0:0 

- - -4.061 -3.401 -2.200 -3.178 -8.566 -4.299 -3.401 -4.031 2.204 5c3/6c3 

t *  4.061 3.401 2.200 3.178 4.489 3.309 3.401 4.021 2.397 591/600 

Pinel et al [55] 3.32 2.41 1.14 1.89 7.80 2.07 3.30 2.41  3.4514 600/600 

Table 4.3 Percentage tolerances of components of the band pass filter Fig.4.4 

R2 R7 C7 R8 C8 R9 R
10 

R16 gm 
' 	1 

gm 
-2 

Component 
S 
Tolerance 

5k 30k 2.7nF 470k 0.1nF 2200 62k 10k 0.038 0.012 Cost . 

& 11.82 16.43 2.353 20.47 6.669 2.245 23.22 19.39 11.93 20.76 1.467 36S/480 

A -9.429 -15.03 -2.309 -13.26 -5.087 -2.175 -19.65 -13.85 -8.592 -14.22 1.669 373/450 

t *  9.429 1503 2.309 13.26 5.087 2.175 19.65 13.85 8.592 14.22 1.699 378/430 

Table 4.4 Percentage tolerances of components of equaliser, Fig.4.6 with 5% tolerance on output voltage 
magnitude 100Hz - 25kHz 

Rows 1 - 3 of Table 4.3 show the result of tolerance assignment 

on the band pass filter, Fig.4.4, with a near 100% yield. For com-

parison the (100% yield) tolerances obtained by Pinel at a much higher 

cost are shown in row 4. The high Monte Carlo success rates for the 

tolerances in rows 1 - 3 constitute an acceptable engineering solution. 

Integral values of the tolerances can be found by appropriate rounding 

of the continuous values and will be discussed in Section 4.11. 

The tolerances assigned to the active circuit, Fig. 4.7, are 

shown in Table 4.4. In this case the Monte Carlo success rates of 

about 81% are lower than in the previous example. The response 

distribution shown in Fig. 4.16 is at the frequency at which the 



3.470 	,:3.016 	3.539 	3.470 	4.701 1 2.4029 I 299/700 
• 

t* 
	

3.462 
	

3.961 	2.180 
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greatest number of failures were encountered. One possible explanation 

of this low yield of 81% will be discussed in Section 4.10. 

(b) The Flexible Tolerance Algorithm  

This is a recently proposed direct search nonlinear program-

ming algorithm [1003. It attempts to find the minimum of the objective 

function (4.4) subject to the constraints (4.1) and (4.2) using a 

variable or flexible simplex (polyhedron), whose vertices can lie in 

either the feasible or infeasible region, to search the component 

space for the optimal A. Unlike the penalty function method no 

attempt is made to solve a sequence of unconstrained minimisation 

problems. Therefore, it was hoped that a faster solution could be 

made. 

The results using the Flexible Tolerance Algorithm of nonlinear 

programming for the circuit in Fig.4.4 are shown in Table 4.5. 

Table 4.5 Percentage tolerances of components of the band pass filter, Fig.4.4 

However, contrary to expectation experience shows that the penalty 

function approach is faster than the direct search. Thus each 

iteration with the penalty function took 8 seconds of CP-time, and 

there was little improvement after the second iteration, as seen in 

Table 4.6. The identical problem with the direct search algorithm 

took 49.4 seconds of CP-time. Furthermore, because the flexible 

polyhedron uses feasible and nonfeasible points, it sometimes fails 

to find a feasible optimum as the polyhedron shrinks near the constraint 

boundary. No such difficulties were encountered with the penalty 

function method. 
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let Iteration 4.724 4.096 4.409 15.00 3.510 2.632 :,..:,z6 4.474 

2nd Iteration 4.711 5.333 5.298 11.34 4.230 2.949 5.331  L.7': 

6th Iteration 4.903 5.759 5.577 11.14 4.489 3.039 5.755 4.863  

Table 4.6 Percentage tolerances of components of the band pass filter, Fig.4.4 

As stated earlier the change in the tolerances at the second 

and sixth iterations of the penalty function method is very small. 

This can be understood from the two variable examples of Fig.4.11. 

It can be seen that the objective function (4.5) has an unconstrained 

minimum at infinite values of the deviations in the 1st and 3rd 

quadrants, and it is only the constraints (4.1) and (4.2) which 

prevent the search path from rapidly going towards infinity. The 

search path therefore quickly arrives at the constraint boundary 

almost at the first iteration. Thereafter much time is spent in 

moving to the final optimal point in very slow steps. Hence, it 

would be prudent to stop the optimisation after two or three iter-

ations rather than waste time in finding the exact optimum. 

4.9 Design Centering.  

A design centering procedure is one which determines the 

changes necessary in the nominal component values of a circuit such 

that the component tolerances are widened while the response distri-

bution of the circuit remains within the originally specified limits. 

Thus design centering in the component space can be viewed as finding 

the centroid of the m-dimensional feasible region, providing it is 

convex, as shown in Fig.4.11 for a two component example. Finding 

the centroid in an m-dimensional feasible space requires a knowledge 

of the space boundaries, and is therefore a computationally impossible 

task for all but the most simplest networks. However, a simple intuitive 

approach which naturally follows from having the positive and negative 
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deviations A+  and L is to choose changes in the nominal value for 

each of the components of the circuit corresponding to respective 

elements of the vector S. 

8 - 2  (A+  -D ) -  (4.12 ) 

Thus the nominal value of each element of x
o 
is moved to lie 

midway between its maximum and minimum deviations. The tolerance 

assignment procedure as described in Section 4.8 is now repeated with 

a view to reducing the component cost, i.e. wider tolerances are 

obtained. Another S can now be computed followed by another tolerance 

assignment. In fact, this can form the basis of an iterative design 

centering procedure. However, the computational cost of each design 

centering iteration is high because of the need of a full tolerance 

assignment. Therefore, design centering must be achieved after one 

or at most two iterations, if this method is to be regarded as a 

practical proposition. 

1.833H 0.0802711 .4!06H 1.0811 0.1401H .338311 .0792911 1.833H 

t.  4.68 5.61 3.58 5.38 4.33 2.91 5.36 4.56 1.844 585/600 

Table 4.7 Percentage tolerances of components of the design centered band pass filter, Fig.4.4 

5.04k 30.21k 2.7nF 486.9k 0.1a 220 62.5k 10.27k 38.60A/V 12.39mA/V 

t*  9.631 15.01 2.312 13.56 5.122 2.166 20.40 14.34 8.92 	14.85 1.652 400/480 

Table 4.8 Percentage tolerances of components of design centered equaliser, Fig.4.6. 

In Tables 4.7 and 4.8 results are presented for a single 

iteration through the design centering procedure applied to the circuits 

of Fig.4.4 and Fig.4.6 respectively. The changes in the component values 

of the two circuits were obtained from the A
+ 
and A results of Table 4.3 

and 4.4 respectively. A comparison of costs from Tables 4.3 and 4.7 
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shows that for the band pass filter a reduction of 23% on the original 

cost has been achieved without any marked deterioration in the Monte 

Carlo success rate. A similar comparison of costs between Tables 4.4 

and 4.8 shows for the equaliser a reduction of 1.02% only, but there 

is an increase in the Monte Carlo test yield from 81% to 83%. The 

low value of the cost reduction seems to suggest that the active 

equaliser is already a good centered design while there is a con-

siderable margin of improvement in the passive filter design. 

To explain the above mentioned results consider the effect of 

design centering on the response distribution. If the response 

distribution is symmetrical with the distribution mean and the nominal 

response differing by a large amount then it can be said that the 

design is not centered. As an example note the distribution in 

Fig.4.13 for the circuit in Fig.4.4 having tolerances t* chosen from 

Table 4.3. The effect of any design centering procedure then should 

be to shift the nominal and the distribution mean responses closer 

together, i.e. with the distribution centered on the new nominal 

response or vice-versa. This is precisely what has happened for 

the design centered passive filter having tolerances t* chosen from 

Table 4.7 as shown in Fig.4.14. Earlier it was postulated that there 

was a limited margin for design centering in the active equaliser, 

that this is indeed the case can be seen from a comparison of the 

distributions shown in Figs. 4.15 and 4.16 for the original and 

design centered circuits respectively. 

The effect of design centering on an originally skewed or multi-

modal response distribution is very difficult to discuss because of 

its dependence upon the exact nature of the distribution. Furthermore, 

since no badly skewed or non-uniform distributions have been found in 

all the circuit examples that have been dealt with, only some hypo- 
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thetical cases can be considered. Thus for the distribution of 

Fig.4.17 design centering should ideally move the nominal and the 

mean closer together without making them coincide. For the distribu- 

tion in Fig.4.18 design centering should interchange the positions of 

the mean and nominal responses. 

Another consequence of design centering a network for one type 

of response, say the voltage gain, is that some other aspects of the 

design like the phase or input impedance may be altered beyond their 

original specifications. The latter can be taken care of easily by 

incorporating them as additional response constraints in an identical 

fashion to the voltage gain constraints (4.1) and (4.2), in the 

original tolerance assignment problem. Thus when the design centering 

is performed the effect of the additional constraints will be automatically 

accounted for. 

4.10 Measurement of the Success of the Algorithm 

The method of tolerance assignment' described in this Chapter is, 

like all earlier methods, only capable of finding a local optimum for 

the component deviations from which the tolerances are obtained. If 

the feasible region is convex then the local optimum is also the global 

optimum. However, it is usually impossible to determine whether a region 

is convex or not and hence the tolerances found may not be the widest 

possible. Furthermore, though the tolerances found should guarantee 

100% circuit yields, since they have been found subject of the non-

violation of the given constraints, there is no way of knowing if the 

optimisation stopped on the most binding constraint see Fig.4.19. One 

way out of this difficulty would be to ensure that, once an optimum 

point has been found on some constraint boundary, the optimisation 



Igi (4)1 Ig (4)1 
• 

■■•• 41MO •Mo •■■ ••• a= A 

g3(6)1 
*---lines showing worst cases 

nominal 
.• • 

A2I 

103 

procedure forces this point to move along the constraint boundaries 

until the most binding constraint, subject of the objective function 

(4.5) not increasing too much, is found. This is illustrated for a 

two component example in Fig. 4.19, where A is the optimal point 

found by the original algorithm and B is the point obtained during 

the forced move to the most binding constraint. 

FIG.4.19:Two component example of a non-convex constrained 
region, showing the forced move from the optimal 
point, A, to a more acceptable point, B, for the 
component deviations. 

However, it is well known that all nonlinear programming methods 

developed so far have considerable problems in moving along constraints 

because the repeated traversal across the latter results in small step 

lengths being taken along a search direction. Therefore, it would 

appear that the computational effort needed to accomplish the aforesaid 
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task is unrealistic at present. The success of any tolerance 

assignment algorithm must, therefore, be measured by performing a 

Monte Carlo circuit analysis using the fund tolerance sets and 

computing the number of successful cirduits produced. 

A significant problem in Monte Carlo circuit analysis, as discussed 

in Chapter 3, Section 3.5 is the choice of distribution of component 

values when testing the acceptability of the predicted tolerances. 

Pinel et al [55] and Bandler et al [56] have indicated a preference 

for using a bimodal uniform distribution with a width factor a = 0.95t* 

as shown in Fig.4.20. 

P(t) 

-t -at 	0 	at t 
tolerance 

FIG. 4.20: A bimodal distribution of component 
tolerance values within tt. 

Consider the two component examples shown in Fig.4.19 and assume that 

the tolerances are determined from the deviations given by point A. 

Deviations in other quadrants have not been considered here because 

they would make the present discussion more involved. If the circuit 

is now tested for relative component deviations within a circle of 

radius 00 centered on A, as would be the case when a = 0.95 in 

Fig. 4.20, there is a higher chance of a circuit response falling 

inside the feasible region than if a broader a = 1.0 or a = 0.5. 
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The component deviation circle would then have a radius of unity 

or 0.5. Therefore, for all the Monte Carlo tests carried out for 

the tolerance sets presented in this Chapter, the distribution width 

factor a = 0.5. 

4.11 Preferred Value Tolerances  

So far we have only obtained continuous value component 

tolerances. However, in practice components are usually marketed 

1 
with preferred value tolerances of 7_;, 1, 2, 5 and 10 per cent. To 

simplify the present discussion we shall only consider integer 

tolerances and not the preferred. values. It is, of course, possible 

to design the tolerance assignment algorithm so that the A's can only 

take on integral values. This is a form of integer programming. 

Though this approach appears to be attractive, some problems with 

nonlinear integer programming can be envisaged. Thus if the situation 

arises in which some of the circuit components have low tolerances, 

(e.g. the order of 1% to a,4) then the optimisation routine may waste 

a considerable time in crossing and recrossing the constraint boundaries 

as discussed in Section 4.10. As a consequence there is a rapid 

slowing down of the search, and the procedure may come to a premature 

halt without much movement from the nominal starting point. Furthermore, 

design centering information will become difficult to obtain unless 

the difference between the positive and negative deviations on each 

side of the nominal component is at least 1%. Therefore, it is felt 

that continuous values for the deviations must be found, as described. 

• These can then be adjusted downwards to the nearest integer value. 

In Table 4.9 we show integer value' tolerance obtained from 
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L3' 	C5 	L6 	C8 	L9 	C11 	C12 	L14 	Cost 	::on: e Carlo .  
Success rate) 

Nominal Circuit 	t* 	4 	3 	2 	3 	4 	3 	3 	4 	2.5833 	48D/480 

Design Centered 	t' 	4 	6 	3 	5 	4 	3 	5 	5 	1.8833 	479/480 

Pinel it al [5] 	3 	3 	1 	2 	5 	2 	3 	3 	3.533 	480/480 

Keratin [57] 	3 	5 	2 	2 	3 	5 	5 	3 	2.599 	476/480 

Table 4.9 Integral percentage tolerances of components of the band pane filter Fig.4.4 

those of Tables 4.3 and 4.7 for the band pass filter of Fig.4.4. 

The tolerance cost and Monte Carlo success rates are also shown. 

For comparison this Table shows the results obtained by Karafin* (57) 

and Pinel et al [55] for the nominal circuit. The tolerance cost 

obtained with the method described in this Chapter is the lowest. 

Karafin's tolerance costs are almost as low but his tolerance result 

in a few failures. Also Karafin took 20 minutes of CUP-time on a 

CDC 3500 computer to obtain his resultS, whereas those of row 1 in 

Table 4.9 took about 32 seconds of CPU-time on a CDC 6400. The 

aforesaid CPU-time is biased in our favour, because Karafin considered 

30 constrained frequencies, while we have only considered 6 constraint 

frequencies. However, as he had to build performance contour maps, 

i.e. feasible region boundaries, for all pairs of components, 30 

constraint frequencies were probably necessary to obtain a reasonably 

accurate curve fit to the points on the boundary. Pinel et al only 

required 21 seconds of CPU-time on an IBM 360/67 computer to obtain 

their tolerance values with 6 constraint frequency points. However, 

not only is their tolerance cost 36.7% higher than ours, but their 

method is fundamentally incapable of design centering. Our design 

The tolerance cost set in [57] was a misprint, and should read as 
shown in Table 4.9. 
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centering took a further 32 seconds of CPU-time but reduced the 

tolerance cost to 1.8833, which is 87.6% less than that of Pinel et al 

and 38% less than that of Karafin. 

R
2 R

7  
C
7 

R8 C8  R9 • R10 R16 gm g 
m2 

Cost Monte Carlo 
Suceess rate 

Nominal Circuit t*  9 15 2 13 5 2 20 14 9 14 • 1.7596 394/480 

Design Centered t*  10 15 2 13 5 2 20 14 9 15 1.7428 393/480 

Table 4.10 Integral percentage tolerances of components of equaliser, Fig.4.6 

Integer value tolerances for the active equaliser circuit of 

Fig.4.6 are shown in Table 4.10 and were obtained by appropriate 

rounding of tolerances in Tables 4.4 and 4.8. The preferred value 

tolerance cost is slightly higher than the continuous value tolerances. 

There is no significant differences in the Monte Carlo success rates, 

which indicate yields of around 80% as before. 

.4.12 Conclusions  

An automatic procedure capable of finding component tolerances 

commensurate with a minimum cost circuit has been described and imple-

mented on a computer. This procedure can not only give sets of com-

ponent tolerances that are a prerequisite for high manufacturing yields 

but also be used in design centering. The use of a complex Taylor series, 

to evaluate the response changes, easily accounts for the complex 

nature of the voltage response. The proposed method attempts to find 

the 'worst case' tolerances using two independent sets of deviations 

above and below the nominal value. The two last items either appear 

to have received little attention or have been computationally 

expensive. The concept of design centering and its effects have been 

described. It has also been demonstrated that design centering can 
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lead to a considerable reduction in cost under suitable circumstances. 

The tolerance assignment and design centering procedures have been tested 

with different circuit types and the adequacy of the tolerances obtained 

has been verified using Monte Carlo circuit analysis. Experience of 

using two different nonlinear programming methods for tolerance assign-

ment indicates that the penalty function approach is superior in some 

respects to the Flexible Tolerance method. The difficulty associated 

with obtaining the globally optimum set of tolerances has been discussed. 

As a consequence there is a need to perform Monte Carlo circuit analysis 

to test the acceptability of the tolerances. Finally, it has been shown 

how continuous value tolerances can be transformed into integer value 

tolerances, from which the preferred values can be selected. 
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CHAPTER 5  

DIFFERENTIAL SENSITIVITY AFTER SIMULTANEOUS LARGE  

CHANGES IN CIRCUIT ELEMENTS  

5.1 Introduction  

During the last ten years efficient methods for the evaluation 

of differential and large change sensitivities have been developed 

[5$1431, and used in many areas of circuit design and analysis. 

This has led to advancement of techniques for circuit optimisations, 

sensitivity minimisation and tolerance assignment among others. 

However, some significant gaps still exist in the field of sensi-

tivity analysis. One is the need to know the change in differential 

sensitivities when large changes are made in circuit elements. 

Using the adjoint network approach [62], this can be achieved by 

making a complete new analysis for each set of large changes to some 

of the circuit elements, but requires some considerable computer 

effort and time. The time factors take on an added significance 

when dealing with very large circuits in which only a few elements 

are required to change by large amounts. 

The need to salve large sets of linear equations repeatedly has 

resulted in numerous sparse matrix techniques, to reduce the solution 

time in computers. However,, all of these techniques require much 

programming effort and large amounts of computer storage and time 

to set up. Therefore, they are unsuitable for use in minicomputers 

which have been demonstrated to have considerable use in circuit 
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design [69,70]. 

In this chapter an efficient algorithm is presented, which not 

only solves the problem of finding the differential sensitivities 

but also yields the change in response due to large changes in one 

or more elements of the circuit with a minimal amount of computer 

effort. Only one nodal admittance matrix inversion is required 

at the specified frequency of analysis if only one element [104] 
• 

is undergoing large change. If t of the circuit elements are sub-

jected to large changes, then a further Gaussian elimination of up 

• to a maximum of a (t x t) matrix is needed for each set of element 

changes. Significant advantages over the adjoint network approach 

can be achieved as most practical circuits do not have fully 

connected graphs. The total number of branches rarely exceeds 

the total number of nodes by 50%, and when only some of the branches 

are varying the cost of solving a(t xt) matrix is considerably less 

than the two solutions required by the adjoint network method for 

nonreciprocal networks. 

5.2 Small Change Sensitivity  

Consider a linear time-invariant network as shown in Fig. 5.1. 

 

mn 

 

FIG.5.1: Linear time invariant network 
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The response of the network, for example the output voltage, can 

be easily found from the usual nodal matrix equation (5.1) 

V = Y 1 
—n —n —n 

(5 .1 ) 

The nodal voltage sensitivities with respect to an element YK  of 

the network can be found C581 by differentiating equation (5.1), 

a—vn 	aY --n v—i T  
K 

- 	aYK  =n 

- Y
-1 	

v A 6 
—n — —KK —b 

(5.2) 

where 8 KK  is a matrix with all elements zero except & 	which is
KK 

unity, A is the reduced incidence matrix and v b  is the vector of 

branch voltages. If Y
K 

is a controlled source, then 8 	is 
KK 

replaced by fiRs  with all elements zero except grs  which is unity. 

Equation (5.2) allows the calculation of all first order sensitivities 

with a single matrix inversion of Y 
n 
 . To obtain higher-order sen-

sitivities it is necessary only to differentiate (5.2) as many times 

as required. (See Appendix I for details.) 

5.3 Large Change Sensitivities  

If the exact effect on the response of a network for a large 

change in an element, is desired,then the large-change sensitivity 

model can be used [43]. Current sources are used to simulate the 

effect of one or more element changes. The values of these current 

sources can be determined entirely from the elements of Y 
-1 

and 
n 

the changes themselves. For simplicity only one variable component 

will be considered. 
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mn 

FIG. 5.2: Network with one variable branch exposed 

Consider Z1.j 
 between nodes I and J in Fig.5.2. Then Z!1j  is the 

new value of the component across I and J. It can be easily shown 

[43] that the current source required to simulate the change 

j (Z!. - Zi
) has a value given by (5.3). (See Section 5.3.) 

ij  

I.. - 
13 

c11 (z:. - z.1j  ) 3  

02 (Zij1j  
. - Z:) + Z..Z!.  13 13 

C2 
= (zii 	zij 	zji  + zjj) 

(5.3) 

(5.4) 

(5.5) 

where 	C1 	(z. - z. - z. + z1
. ) I 

	

1 	ik jk J1 1 K 
K 

all z's being elements of Y
-1 

and IK are the independent sources. 

Therefore I.. can be easily calculated once the change in the 
ij 

component value (Z!. - Z. 3
.) is specified. The new response V' 

lj 	 mn 

can now be calculated by augmenting the original nodal current 

vector I with a simulation current source vector I' and substitu-
-n 
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ting in equation (5.1) to give (5.6) 

= LI1 12 	 

= 	0 	0 0 	- I.1j 	
0 0 0 I 

	

ith 	jth 

	

element 	element 

v' = y 1  (I + I') —n —n —n — (5.6) 

5.4 Differential Sensitivity After Large,Changes  

in One Parameter  

To find the new differential sensitivities it is necessary 

to differentiate (5.6) with respect to YK. 

aY 	 a(I +I') 

8Y n  - - Y A 	At  Y 	(I + I') + Y 	--n--  
K 

	—n n — aYK 	—n —n — 	8Y 	(5.7(3.7) 

aI 
But 	= 0 because all source currents are constant. 

aY n 
	 an 

K 

However 51.-- t 0 because I.j  is not independent of YK. The only 
K 

two non-zero elements of I' are I.... Hence, the only requirement 

	

ai.. 	13 	aI, 
is the evaluation of--11  to obtain 	. 

	

3YK 	aYK 

In terms of admittance change (Y! - Y..) = lj 	3.3 

can be rewritten as (5.8). 

C 6 Y2..  3
. 

1  I.. - ij 	1 + C2 S Yij 
(5.8) 

In] 

equation (5.3) 

ac
2 SO, 

BIi. 	SY. 	a 	c1 8 Yij
2 

= 	l 	
Ci 

aYK 	
- 	

j 
 1 + C2 	13 g Y. . aY 	8YK 

	

K 	(1 + C2 
Y
ij 

)2 



_ 1.. ac 	ac , 2 
C1 	aYK "ij aYK 

(5.9) 

where aSyij = o. 
K 

act 	ac2 
To evaluate the two differentialsand 	, we use the aYK 	aYK 
equation of the voltage across I and J viz: 

V. = V. - V. 
1j 	1 

(5.10) 

=2(z1k   - zjk   - zjl   + zj k  ) IK  + (z.  - zi j  - zj  i+  zjj  )Ii  j 
K 

av!air! 	 ac, 	ac, 	 al. 
Hence --11  = 	1  - 	= 	+ 	I + C 	(5.11) aYK  aYK aYK aYK aYK ij 2 aYK 

and ---11  are the nodal voltage sensitivities at nodes I and J. aYK 	aYK 
The port parameters C1  and C2  are independent of the simulation 

current source I..ij
. The differentials of C1 and C2 with respect 

to YK' 
representing the port impedance sensitivities, can be 

evaluated therefore, from equation (5.7) and (5.11) while setting 
0I. 

the terms 	to zero. Thus letting the simulation source aYK 
current Iij  = 0 in the sensitivity calculation using equation (5.7) 

gives with appropriate substitution in equation (5.11) 

avi 	av! 	ac1 
aYK 

_ 	_ 
aYK 	aYK 

(5.12) 

Similarly setting IK  = 0 (i.e. all the original sources) and the 

simulation current source I.. = 1 gives: ij 

ay. 	 ac2 1 _ 	= 
aYK 	aYK 	aYK 

(5.13) 

ay. 1 

For a given circuit, (5.12) and (5.13) need only be evaluated once. 

Thereafter only simple multiplications are required to evaluate I' 
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fordifferentchangesintheelementZ.., and the corresponding 
ij 

first-order differential sensitivities can be easily found from 

equation (5.7). Furthermore, equation (5.7) can be easily extended 

to yield higher-order sensitivities as desired. 

5.5 Extension of the Method for Simultaneous Changes  

in More Than One Parameter  

When two or more components, which are connected across t branches, 

are liable to large changes, then these component changes can be 

simulated by t simulation current sources (Fig. 5.3) in a similar 

fashion to the one component variation case. The voltages V. .. 
3 

t t 
across each of the t variable branches (or ports) can be obtained 

as products of the source and simulation currents with the relevant 

port impedances, just as in equation (5.10) for a single variable 

branch, viz: 

1/:ji li 
C10 
	
+ C

11 p1 	
+ 	C

12 
p
2 

+ ....+C
1t 

p
t 

. c20 	+ c21  pi 	+ 	C22  S2  + ....+ C2t  St  
1232  

(5.14) 

Vitjt 
ctO + t1 

p
1 
+ C

t2 
p
2 
+ 	+ C

tt 
p 

where C10, C20, 
	

Ct0  are terms equivalent to C1  of equation (5.4) 

associated with the transfer impedance between the t variable component 

ports and the source ports; Cpp, p = 1, 	t, are the input im- 

pedances at the t variable ports; C 
Pq

, p 	1, ....t, q = 1,2,....t, 

p q, are the transfer impedances between ports p and q respectively; 

and pi,....pt  are the simulation source currents, identical to the 

previous I.., across each of the variable ports. Writing equation 
ij 
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(5.14) in matrix form yields: 

11 = 	+ x t 	—t 	 t t (5.15) 

FIG.5.3: Network with t variable branches, of which 3 are shown explicitly. 

The relationship between the individual element admittance changes 

and the voltage across each element is given by: 
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AY 0 0 . . • • 0 

0 AY
2 
0 . . . . 0 V.  

12j2 
= 

• • 

0 0 0 . . . . AYt 
V. 
Itjt 

(5.16) 

131 

P2 

13t 

or 	t 	= pt 	 (5.17) 

Multiplying equation(515) by AY and substituting for AY 4 from 

equation (5.17) yields 

ft = " Et It " Et X  A - 

• 
or 	= - (u + AYt  2{0-1  AYt   

(5.18) 

(5.19) 

where U is a unit matrix. Equation (5.19) is in fact the more 

generalised matrix form of equation (5.8) for a single variable. 

Note that the calculation of the simulation current vector ft  only 

requires a knowledge of the admittance changes across each of the 

t variable branches, the vector It  and matrix Xt. The elements of 

It and Xt  can be obtained from the elements of the impedance matrix  

of the original network as before. However, while equation (5.8) 

yields a simple formula for the evaluation of the simulation current 

source, the evaluation of t current sources 2t, where t>1, requires 

a matrix equation solution with the (t x t) matrix (U + AY 4). 

Once the t simulation current sources have been evaluated using 

(5.19) a new nodal simulation current source vector I' can be formed, 



+....+  

i2th element 

Pt 

0 

j2th element 	 -pt  

Q 

(5.20) 

i
t
th element 

4-1 
jtth element 

0 

0 

fi lth 

element 

jith 

element 

0 P2 
0 

0 0 

• 
• -S1 

0 
0 

-P2 
0 
0 
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viz: 

This current I' can be substituted in equation (5.6) to give the 

new nodal voltage vector 4 due to the admittance changes Et  

impressed upon the original network. As before to find the new 

differential sensitivity using equation (5.7) it is necessary to 

l ai compute 	This can 
"UK 

aii 

in equation 

the elements 

(5.19) with respect 
aft 

of aYin accordance 

(u + AY 	X )-1  AY 
— —t —t 	—t 

to 

ax 4. 
 (u 

and selecting the 

with equation (5.20) 

AY 	X )-1  AY 	V —t —t 	—t —t 

signs 

to yield 

of 

aYK 

att  

aYK aYK  - aYK 

= (U + AY 	X )-1  py 
ax 

t 
 - 

a 

t (5.21) aYK - K aY  t t 	—t 

"t 
Each element of the differential vector 	can be obtained by aYK 
computing the difference of the nodal voltage sensitivities at each 

act  
of the t variable ports, in an identical fashion to -ar. in equation 

K 
(5.12), by setting I' = 0 in (5.7). Each element of the differential 

32it matrix — aYK 
is obtained using the procedure established in evaluating 

in equation (5.13); i.e. the difference in the nodal voltage aYK 

be achieved by differentiating 2.t given 

ac 2 
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.sensitivities at each variable port is computed by setting all source 

currents to zero, (I
K=0) and each simulation port current, (p1 	Pt) 

is in turn set to unity (the remaining S's being zeros Having 

6J1t computed — from equation (5.21), 	can now be formed and sub- 
8YK 	 K. 

stituted in equation (5.7) to yield the differential sensitivities. 

The usefulness of equation (5.21) lies in the fact that the two 
aVt 	

ax 
t differentials — and — need only be computed once for anyaY 

K 	aYK 
different set of simultaneous component changes clt. Furthermore, 

axt agt 
the differentials -- and X are computed directly from 

8YK aYK 	 t  
the elements of the original network impedance matrix. Therefore, to 

compute the differential sensitivity when elements across t branches 

of the original network are changed by large and finite amounts only 

a single matrix equation solution with the (t x t) matrix (U + AY t Xt) 

is necessary to obtain the 1Lt  vector using equation (5.19). Thereafter, 

the output voltage differential sensitivities can be found with simple 

matrix multiplications using equations (5.21) and (5.7). It is also 

worth noting that a knowledge of fLt  also allows the computation of the 

exact response change via (5.6). 

5.6 Computational Efficiency  

In most numerical procedures involving matrices the efficiency 

of any set of computations depends tosome extent on the effort spent 

in programming. Often there are trade-offs between the amount of 

computer storage used and the number of,operations performed. Hence, 

if the intermediate results which are common to other calculations 

can be stored then the number of subsequent operations can be reduced. 

The programming effort and storage requirements for the present method 
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are minimal. A comparison of the number of operations* between 

the adjoint method [621 using LU factorisation [681 and the present 

method of 'Large Change/Small Change' of computing the output nodal 

voltage sensitivity with respect to all the branches of a non-

reciprocal network are shown in Table 5.1. 

Method Fixed Operations 
Operation for each new 

 set of sensitivities 

Adjoint with LU 
factorisation 

Large Change/ 
Small Change 

Nil 

n3+ 4mt ( t+1 ) 

• 

1 
3 
--n
3  

1 3 
-t 3 

+ 2n2 

2 + 2t 

1 
- —n+ 2m

2 
3 

+— 5 t + 2m(t
2
+ t +1) 3 

n is the number of nodes of the original network 

t is the number of ports across which there are variable branches 

m'is the number of branches with respect to which sensitivities 
are found 

Table 5.1: Comparison of costs of different methods of 
sensitivity calculation 

Using standard methods, a complete new analysis is required 

each time any element is changed by large amounts. With the 'Large 

Change/Small Change' method very few operations are necessary once 

the relevant coefficients have been computed. Thus the gain in 

efficiency is most striking when a few elements of a very large 

network undergo finite changes as can be seen from Fig. 5.4. It 

also indicates that for a thirty two node network up to thirty 

branches could be changed simultaneously using the proposed technique 

without exceeding the cost of sensitivity analysis with the adjoint 

*One operation consists of either one multiplication or division 
plus an addition or subtraction. 
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FIG.5-4: Comparison between the number of operations 
using the Adjoint and the Large change/Small 
change methods for computing one sensitivity, 
i.e. for m..:1 in Table 1. 
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method using LU factorisation. 

5.7 Breakdown of the Computational Cost  

The total computational cost, in terms of the number of operations, 

for the Large change/Small change sensitivity calculation has been 

given in Table 5.1. Here we examine the detailed breakdown of the 

computational costs, an understanding of which will enable an 

efficient programming strategy to be adopted. This is of particular 

importance in an interactive graphics environment, where the speed 

of a particular set of computations will have an important effect 

on the attitudes of a user of the facility (see Section 5.9). 
ax 	ae t - t 

In Table 5.2 the fixed overheads to compute 7.- and ay  
K 	K 

are tabulated. 

Parts of the Large change/Small change calculation 
No. of 
operations 

The inverse of Y 	is 
-71 

ax 
t 2 

n3  

4 

4 

For each of the telements of 
a/.
K 

ae t 
For each of the t elements of' 

aYK 
 

Total for m branches 4m(t
2
+t)+n3 

Table 5.2: Numbers of multiplications the fixed overheads 

Tables 5.3.i, 5.3.ii and 5.3.iii show the number of operations, 

termed variable operations, needed to compute the sensitivity of 

output nodal voltage to the m circuit elements when t elements undergo 
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operations needed to compute the simulation current source vector 

.1?t' using equation (5.19). 

No. of 
operations 

t 

To obtain upper triangular of (!L + ~Y t!t) L i 
2 

+ t 

i=1 

To obtain ~Y t ~t 

Back substitution to get ~t 

Total to get .1?t 

t 

i=1 

1 t3" t 2 5 t - + +-
3 3 

Table 5.3.i: To obtain.1?t using equation (5.19) 

a.1?t 
The computation of av- via equation (5.21) also involves the 

K 
ma~rix (U + ~Yt Xt ) just as for computing .1?t. Therefore, storing 

the upper triangular form of (~+ ~Yt ~) together with the pivots 

used in obtaining it will result in a paving of ,gt(2t + 1 )(t + 1) 
a.f?.t 

operations. The resulting operations for obtaining av- are shown 
K 

in Table 5.3.ii. 

! N04" of operations 

a!t a)ft 
t 2 + t To comp~te ~Yt(aYK ~t --) aYK t 

Dividing the r.h.s. column vector in by 2: i 
pivots . i=1 

. a.1?t t 
Back substitution to pbtaln aY 2: i 

K i=1 

Total for getting aQ.t 2t2 
aYK 

Total for m elements YK 
2mt2 

a .1?t 
Table 5.3.ii: To obtain GYK using equation (5.21) 



124 

Having obtained all the different coefficients it is only necessary 

to solve the relevant parts of equation (5.7) to obtain the required 

differential sensitivities. The cost of these operations is tabulated 

in Table 5.3.iii. 

No. of operations 

	

-1 	I 

	

To compute a = Yn 	I 

-1 	
aY 

	

-io 	t To 

-..... t2* 

2 

2t 

compute Y A a 

K — 	— --n — 	aY 

-1 	ai'  
To 	Y 	for compute 	one nodal --n 	BYK 
voltage sensitivity 

avo  
Total for each differential 2(t+1) aYK 

Total for m differential sensitivities 2m(t+1) 

Table 5.3.iii: To obtain the sensitivities of one nodal voltage 
V
o using equation (5.7) 

5.8 Numerical Accuracy  

The accuracy of a numerical value produced in a computer depends 

to a large extent upon the numbers of operations needed to obtain it. 

This arises from the rounding or truncation that is performed after 

each arithmetic operation. As the total number of operations per-

formed in obtaining the sensitivities are much fewer using the method 

described in this paper than other standard ones, the accuracy of the 

sensitivities should be much improved. The accuracy also depends 

*Judicious programming makes for such a small number of operations 
when multiplications with unity are excluded. See Appendix I for 
details of sensitivity calculation. 



125 

ul,oh thc, preci::ion with which the simulation current sources and 

their differential coefficients have been calculated. As these 

coefficients will usually be few in number and used many times, it 

may be desirable to compute them using double precision arithmetic. 

Experience with the Large Change/Small Change method suggests its 

accuracy is comparable with standard methods, as can be seen from 

the results of Table 5.4 of Section 5.9. 

5.9 Interactive Graphics In Circuit Design  

The role of interactive graphics in computer-aided circuit 

design has come under increasing scrutiny in recent years [69,70,75] 

The early development of circuit drawing programs [71] did little 

to encourage circuit designers to seek the aid of expensive inter-

active graphics facilities. The primary faults did not lie with 

the drawing programs, but with a limited understanding of the circuit 

design process itself. This design process is unlike the architectural 

drawing processes which the early graphical systems usually provided. 

In circuit design there is not only a need of a wide variety of 

analysis programs, but also a comprehensive system which allows the 

circuit designer to call up any analysis procedure on demand and 

without excessive effort on his part. The designer should be thinking 

of the design problem in hand and not of a complicated sequence of 

commands needed to call up the required programs. 

One of the principal aim of an interactive computer graphics 

facility must be to allow a designer to confirm or to verify that 

the performance of his design lies within specifications. However, 

in the early stages of a circuit design, which is largely exploratory, 
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the designer often only requires a "ball park" estimate of many 

circuit properties rather than a precise knowledge of just a few. 

To obtain this "feel" for the design the exploration will often be 

incremental in a few parameters of the circuit. To prevent psycho-

logical closure, the effect of an incremental change must be displayed 

concurrentlyor within an interval of few seconds, with the change [721. 

This demands that the numerical procedures determining the effect 

of incremental changes must be fast if real time dynamic performance 

is to be achieved. Otherwise, all results must be. precalculated 

and stored, ready for display on demand. The light pen on a graphics 

system provides the designer with a tool to effect changes in para-

meter values. These and other aspects of the design process have 

been incorporated in a circuit design facility on the PDP-15 with 

a VT-15 graphics processor by Apperley, Spence and Dunn at Imperial 

College. 

The "Large Change/Small Change" algorithm developed in this 

chapter is an ideal candidate for incorporation into an interactive 

design facility. Since this numerical procedure can quickly compute 

a variety of circuit properties, from sensitivities to voltage response, 

for incremental variation in one or more circuit components, the 

designer can be provided with information almost concurrently with 

the initiation of the component changes. 

The above procedure has been programmed on the PDP-15 and 

incorporated with the display system of Apperley [75] , to provide 

a dynamic display of the normalised sensitivities when any selected 

component of the circuit under test changes by incremental amounts. 



1:7 

5.10 Dynamic Display of Differential Sensitivity  

The first step in any circuit exploration is to "input" the 

schematic diagram into the computer. The ECAP [73] approach using 

an ordered set of numbers to represent the circuit graph and the 

respective component values is unsatisfactory, not only because it 

is prone to human error but also because it has the disadvantage of 

transforming the schematic diagram into a form far removed from the 

engineer's experience. Graphical input, with the aid of a light pen 

and a suitable menu of light buttons (Fig. 5.5) can provide a facility 

closely simulating pencil and paper drawings [75] . This is closer 

to the engineer's normal experience. 

Fig.5.5 Graphic facility in circuit input mode, with menu of 
numerical and drawing light buttons as well as the analysis 
command 
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Mr, circuit shown in Fig. 5.7 is drawn using the menu shown in 

Fig. 5.5. The numerical values of the components can be assigned 

by making light pen hits on the relevant values followed by a hit 

on the component. More accurate values can be input via the teletype. 

A scratch pad facility on the screen is provided by the delete button 

which allows the removal of one or more components of the drawn circuit. 

Hitting the light button above the "delete" allows the alternate 

display of the schematic diagram with or without the numerical values, 

compare Fig. 5.5 and Fig. 5.6. The <N  symbol allows the user to 

clear the screen and start again, while the 	T  symbol allows the 

positioning of the circuit anywhere on the drawing area of the screen. 

Fig.5.6 Display of the schematic circuit diagram on the screen 

Once the circuit has been input satisfactorily, the designer 

can call up different analysis options by hitting the analysis - 

ANAL button at the bottom of the menu (Fig. 5.5). At present, 

hitting this button initiates the Large Change/Small Change sensitivity 

calculation option. The designer is immediately asked to indicate 

the frequency at which the circuit is to be analysed. The designer 
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then indicate; the branch which he wishes to change by large incre-

mental amounts. The range of component variation is pre-set to 

I 50% of the impedance value, but can be changed. After a time 

lapse needed for inverting the nodal admittance matrix and calculating 

relevant coefficients of the circuit on the screen, the computer is 

ready to display the normalised sensitivities of the voltage response 

to the components. 

The sensitivity display is activated by hitting one of the 

components of the circuit on the screen. A light potentiometer 

appears on the right hand side of the screen (Fig.5.10). The arrowed 

positions indicate the numerical value of the component undergoing 

large change. The corresponding component sensitivities can be 

selectively displayed for one or more component with the aid of 

"circles" whose radius corresponds to the magnitude of the appropriate 

sensitivity. The large changes can be cycled through incrementally 

at short intervals and the corresponding change in individual com-

ponent sensitivity can be dynamically displayed. At the end of each 

cycle the designer is presented with various options. He may select 

a different element for large change, change the frequency or printing 

out numerical values of the sensitivities, the output voltage and 

the phase response for each of the large changes. 

To facilitate dynamic exploration of the circuit, controls 

must be provided to allow selective investigation of the available 

information. From a psychological viewpoint, the number of items 

that a user can keep track of simultaneously is limited [743 . 

Therefore, the designer is permitted to switch on or off as many 

of the sensitivity circles as desired by merely pointing to the 

relevant component with the light pen. 
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FIG.5-7: Band pass filter with L5  changing by large amounts 

The present implementation allows the designer to explore 

rapdily the sensitivity and response change behaviour of a circuit 

due to incremental changes in its components values. Any correlation 

that might exist between two or more components will be indicated by 

changes in their sensitivities in a related manner. Thus, the 

sensitivities of a group of components might increase in unison, 

or one group of sensitivities increases while another may decrease. 

5.11 Example  

It is difficult to illustrate the dynamic nature of the Large 

Change/Samll Change technique as implemented on a graphics facility. 

Still photographs can only hint at the power of the present techniques 

for design exploration. The circuit example of a band pass filter 

shown in Fig. 5.7 has been chosen for illustration. 

This circuit is analysed at a frequency of 690 Hz, close to 

the resonance frequency of the L5C6  C, combination. The inductor L5 



is changed from 0.5L
5 
to 1.5L

5 
in twenty one steps each displayed 

by an arrowed position on the light potentiometer. The magnitude 

of the first order sensitivity is giveh by a circle of the correspond-

ing radius centred on the component. The changes in sensitivities, as 

the inductor changes its value, are shown in Figs. 5.8-5.10. The 

corresponding numerical values for the sensitivities and the voltage 

response are given in Table 5.4, using the Large Change/Small Change 

method of this paper and a direct calculation with standard techniques 

using a new admittance matrix for each set of large changes in L5. 
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Fig.5.8 Sensitivities for L5  = 208mH 

Fig.5.9 Sensitivities for L5  = 153mH 

Fig.5.10 Sensitivities for L5  = 78.6mH 
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Fig.5.11 Sensitivities for 15 = 208mH 

Fig.5.12 Sensitivities for 15 = 153mH 

Fig.5.13 Sensitivities for 15 = 78.6mH 
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A r;omprJrirmn of the 2-,!:-;u1t2 in Table 5.4 shows up no dis-

,:rivincier; in the numerical vdlues calculated using the two methods. 

However, while the cost of the direct calculation for the twenty one 

large changes in L5  was (21 x 212) operations, the total number of 

operations required using the Large Change/Small Change algorithm 

was (21 x 10) operations. 

Large Change/Small Change Direct Calculation 

L
5 

14°1 I vol Is‘cfo
6  

1l 
 

'Vol 

208.71 mH 3028 2.287.2 V 3028 2.287 2 V 

153.96 mH 62840 0.049 714 v 62840 0.049714 	V 

18.693 mil 2443 0.8320 v 2443 0.8320 v 

Table 5.4: Sensitivities and output voltage magnitudes from the 
Large Change/Small Change and direct calculations. 

In Figs.5.11-5.13 only four elements of the circuit have been 

activated for sensitivity display. These clearly show that the 

sensitivities of L
5 

and C
6 

are strongly related in a positive sense. 

That is, they track each other. However, these sensitivities are 

negatively related with those of L7  and C8. For, while the sensi-

tivities of L5 and C6 
increase rapidly and then decrease, those of 

L
7 

and C8 reach a minimum when the former obtain their highest values. 

In large networks such effects would be both difficult and expensive 

to investigate without the aid of an interactive graphics system and 

the Large Change/Small Change algorithm. 

5.12 Conclusion  

A numerical procedure for obtaining the exact differential 
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sensitivities of a circuit when one of its components is changed by 

large incremental amounts has been described. This procedure has 

been further enhanced to compute the exact sensitivities when two 

or more components simultaneously undergo large changes. The 

efficiency of this technique over that of the previously available 

method of the adjoint network, when not all components of the circuit are 

undergoing simultaneous large changes has been clearly demonstrated. 

The resulting reduction in the number of operations to compute not 

only the sensitivities but the voltage gain will result in greater 

numerical accuracy. The simplicity of the proposed method tomme 

extent obviates the need for employing expensive sparse matrix 

techniques in many areas of circuit design where only a small subset 

of the total number of circuit elements are liable to large variations 

e.g. circuit optimisation using gradient methods. 

The described method has been successfully employed in an inter-

active graphics facility for computer aided circuit design. The 

differential sensitivities of one or more components of a circuit 

can be dynamically displayed when one element undergoes large incre-

mental changes. The ability to explore the sensitivity behaviour of 

the circuit for large changes in a component, without the long delays 

necessary with earlier methods, gives a powerful exploratory "tool" 

to the designer. Furthermore, graphical implementation of the method 

for computing the differential sensitivities for simultaneous large 

changes in more than one component (see Section 4.4) can be used to 

tune a circuit dynamically for minimum sensitivity. The voltage 

magnitude or the phase response of the circuit can be monitored 

simultaneously. The immediacy of the method is a valuable aid in 

circuit optimisation; which hitherto has depended on batch processing 
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using large multiprogrammed machines. The designer obtains additional 

insight into the behaviour of his circuit, thus increasing the 

effectiveness and efficiency of the design process. 



137 

CHAPTER 6  

ADMITTANCE TOLERANCE REGIONS FOR MULTIPLY-DEFINED VOLTAGE 

RESPONSE CHANGES 

6.1 Introduction  

This chapter constitutes the preliminary theoretical investigation 

of directly transforming voltage response changes to circuit para-

meter changes in circuit theory. Some of the original ideas of 

Villalaz [68] have been developed extensively to form a basis for 

future experimental investigation. 

In many areas of circuit design some of which have been discussed 

in earlier chapters, there is considerable interest in computing the 

effect of simultaneous component changes on the response. Many 

algorithms have been developed over the years to compute the change 

in circuit response and other properties such as sensitivity, in order 

to gain insight into circuit behaviour. However, there are areas of 

circuit design in which there is a need to know the permitted changes 

in network branch values for specified tolerances in the circuit 

response. One such field is tolerance assignment. Another is 

connected with circuit design, where it is desirable to know what 

changes should be made to existing component values to force the 

circuit response to lie within some defined limits. 

The difficulty in transforming a response change at any frequency 

to component or branch changes results from having a single equation 

for the voltage response in many component variables. Therefore, 

the traditional approach has been to make changes in the element 
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values guided by some optimisation procedure and compute the 

response, with the hope that this lies Within the error criterion. 

From the acquisition of data from this iterative analysis some insight 

into the allowed parameter variations of the circuit is gained. 

A first though computationally expensive approach to systematically 

examine the feasible component space (see Section 4.3 of Chapter 4) 

was made by Butler [78], by evaluating performance contours for pairs 

of elements. These performance contours are bounded regions in the 

component space, with the boundary being defined by the maximum 

permitted response error at a number of frequencies. Though a more 

efficient algorithm for doing the same has been described by Villalaz 

[79] , the computation of the allowed regions is still very expensive 

for more than a few elements undergoing simultaneous changes. Added 

to this is the difficulty of adequately representing multi-dimensional 

performance contours when three or more parameters vary simultaneously. 

In this chapter an efficient method is developed to directly 

compute the changes in branch admittance values and branch admittance 

tolerance regions for any set of specified changes in the nominal 

response over a set of frequencies, without the need of repeated 

circuit analysis. It is supposed that the allowed voltage response 

error vector AV(t) of a network in Fig.6.1 at t or more frequencies 

is defined, and the allowable simultaneous variations in the branch 

admittances of this network are desired. As voltage changes are to 

be transformed into corresponding admittance changes no direct 

control can be exercised to keep these admittances wholly real or 

imaginary. Usually each admittance change would be expected to have 

a real and imaginary part. Thus a network branch which originally 

had a resistor only would acquire a resistive and reactive part 
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after analysis. A similar result holds for an originally reactive 

branch. In spite of this difficulty the uses of this type of 

transformation have been clearly demonstrated, under some simplifying 

assumptions, by Villalaz [43,68,82]. 

To obtain a clear understanding of the proposed solution to 

transforming voltage response changes to branch admittance changes, 

it is necessary to consider first the generalised large change sen-

sitivity method developed in Section 5.5 of Chapter 5. At that 

time our interest lay in obtaining the responsb change in an efficient 

manner when a given number of network elements were changed simulta-

neously. 

6.2 The Large Change Sensitivity Model  

As in the previous chapter consider a current excited network 

of n nodes and b branches. Using nodal analysis all the nodal 

voltages can be obtained from the well known impedance matrix equation 

-1 V 	Y 
—n —n —n ( 6 . 1 ) 

where I 
n 	 n 
is a vector of source currents, V is the corresponding 

 

vector of nodal voltages and Yn  is the nodal admittance matrix. As 

a first step we identify t variable branches of interest from the 

network Fig.6.1 by making solder connections (43) and attach t 

current sources, defined by the elements of a vector Et, across each 

of these branches. By taking on suitable values these current sources 

can simulate the admittance changes, given by the t element of a 

diagonal matrix AY t, in each of the identified t branches. Ohm's 

law yields a relationship between the t variable branch voltages ft, 

the branch currents Et  and admittances Et. 

- --t AY V' = 	 (6.2) 



,mn Av rnn 

14o 

F1G.6.1: Network with t variable branches, of which 3 are shown explicitly. 

Using equation (6.2) with other properties of the know network a 

unique relationship between the changes AY, and the simulation current 

vector At  has been derived in terms of elements of the inverse nodal 
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:Jdmitimn 	rntriz, in Ohaoter 5, Section 3.5. 

-1 
Pt = 	at  4) at  _t 	(6.3) 

The modified circuit response with the addition of the simulation • 

current sources to the original network is identical. to that which 

would have been obtained if the changes AY had actually been made 

to the relevant branches. To obtain the new nodal voltage vector 

it is first necessary to transform the branch current vector tt  into 

a nodal simulation current vector lin.
n 
is obtained by expanding 

pt  with the insertion of zero value current sources for all the (b-t) 

non-variable branches. Then pre-multiplication by the reduced 

incidence matrix yields fln  (see Section 5.5 of Chapter 5 also). 

The original nodal current vector I n  is now augmented by n. 

I 
, 
n 

= 	
n 

+ n — 	— 
(6.1+) 

The new set of nodal voltages V'n  can now be evaluated by substituting 

(6.4) into the nodal voltage equation viz. 

1 
= 	Y

-1 
I
' 

V  —n 	—n —n 

= Y
-1 
 (I 	+ 

—n —n 

= V + Y 
-1 
 

—n —n n ( 6 . 5 ) 

The change in the original nodal voltage vector AV is therefore: 
—n 

AV = Y 
-1 
 

n —n n (6.6) 

If it is assumed that there is only one non-zero simulation 

current source p1 across the nodes I1 and J1, then the change in 

the output voltage AVmn  is given by: 
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AVmn = (z
mi1 

- z
mj1 

-
nji 

+
nil

) p
1 

131 
	 (6.7) 

where D1 is the transfer impedance between the output port MN and 

the simulation port II  J1. Similarly for t simulation current sources 

the change in the output voltage becomes: 

AVmn = D1p1 + D
2
p
2 

+ 	 + D
t
p
t 

= [Di  D2 	 Dti 

= DT t 
	 (6.8) 

Finally substituting for 2t  from equation (6.3) in equation (6.8) 

yields an equation for the change in the voltage at the output nodes 

in terms of the branch admittance changes AY and the elements of 

the original nodal impedance matrix. 

-1 
AV 	= 	DT(U + 	) AY mn 	- 	AY X   —t t 	 —t —t (6.9) 

Therefore to evaluate the change in the response voltage AV 
—mn 

due to the element changes given by AY it is only necessary to 

solve a matrix equation with the (t x t) matrix (U + AYt  Xt  ). However, — -- 

if the interest lies in finding a unique and non-trivial value of 

AY given AVmn,  then this is impossible. For equation (6.9) is then 

a single equation in t unknowns. 

6.3 To Find Admittance Changes Given Response Tolerances  

It would appear to be impossible to find t linearly independent 

equations in iY's similar to equation (6.9). However, it is possible 

to obtain t linearly independent equations in P's similar to equation 
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(6.8). All that is needed is to specify the response changes AVt(riIi)  

from the nominal at t distinct frequency points and write the correspond-

ing equations similar to (6.8). 

AV(1) 	(1) 	(1) 
2 2 

+ D(1)  p 

	

= D
1 	pl + D 	p + 	 mn 	 t t 

AV(2)(1) 	(2) + D(2)  p mn 	D
1 	

pl + D2 p2 + 	 t 	t 

AV • (t) = D(t). + D(t)p + 	(t) 
RM 	 2 2 	

+ D
(t)  pt  

(6.10) 

where D(f) is the transfer impedance between the output port MN and 

the selected port s at a frequency f. Note that the number of frequencies 

selected is equal to the number of variable branches. All the equations 

in (6.10) are linearly independent only if the network is frequency 

dependent. Thus purely resistive networks are not amenable to this type 

of analysis. Equation (6.10) can be written more compactly in matrix 

notation: 

AV(t)  
=1"  .at —mn (6.11) 

( where 7.1  is a (t x t) square matrix of transfer impedances D
s
f) 
 . A unique 

vector of simulation currents 2t' commensurate with the allowable response 

changes AV
() 

can be easily evaluated now. However, our interest lies in --mn 

finding the admittance change vector AY uniquely. At each frequency 

f the relationship between 4 and the changes AY(f) are given by equation 

(6.3) viz. 

4 	- (U + Ay(f)  4f))-1  AY(f)  Ic(f) 	(6.12) 

substituting for 4 from (6.11) in equation (6.12) yields 

AVm()  = - 1' (U + AY(f) X(f))-1 AY(f)  Y(f)  
n 	 --t —t (6.13) 

*The superscript 'f' has been introduced to denote frequency dependence. 



144 

Equation (6.13) can be expressed in terms of AY(f): 

Ai(f)( (f)T av(t) 	Av(t)  --t 	—inn 	--mn 
(6.14) 

Thus t different diagonal matrices AY(
t
f) corresponding to each 

of the t frequencies can be obtained by making the appropriate sub- 

stitutions for the frequency dependent matrices Xt
r) 
 and %Lt(f)  in (6.14). 

The matrices T',X(f)  and Y Mt(f)  consist entirely of elements selected -t  

from the inverse nodal admittance matrices of the original network at 

the t selected frequencies, while AV(t
n
)  is specified by the circuit 

—m 

designer. 

6.4 Lineo-Linear Transformations  

In this section some of the basic properties of lineo-linear 

transformations will be outlined briefly. The theory and rigorous 

mathematical proofs of such transformations can be found in reference 

[80] . The application of this theory to equations (6.13) and (6.14) 

allows conditions to be found under which these equations constitute 

conformal mappings. As a consequence a considerable saving in compu-

tational effort for obtaining regular tolerance regions is possible. 

In the theory of functions of a single complex variable it proves 

useful to have bounded regions of variation of the independent variable 

which are changed by homographic substitutions into regions that are 

similarly bounded. Thus a circle or a straight line under a trans-

formation or a set of transformation of the type: 

az + b  
- 

cz + d 
(6.15) 

remains a circle or sometimes becomes a straight liner providing the 

Jacobian J 42)  is non-zero. Equation (6.15) is often called the ) act) )  
*A straight line is a circle of infinite radius. 
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bilinear transformation of a complex variable z into w. The coefficients 

a, b, c and d may be real or complex. Under such transformations all 

boundary curves of order not higher than two, conserve their general 

character. Hence, the terms conformal or isogonal mappings. 

An isogonal mapping, a term first introduced by C.G. Gauss [81] , 

is one which preserves the sense as well as the magnitude of the angles. 

This geometrical interpretation is derived from the consideration of 

isoscE.es. triangles in classical Euclidian geometry. 

Can the well-known properties of the bilinear transformation be 

ascribed to functions of two or more complex variables? Forsythe [81 

has shown that given frontiers, in a two variable z, 	field, when 

changed by a lineo-linear transformation of the type (6.16) results 

in conformal mappings in two planes given by w and w. 

    

1 (6.16) 
a z + b z' + c 	a

- 	

' z+ b' z' + c - a"z + b"z' + c" 

Unfortunately equations (6.13) and (6.14) usually do not conform 

to a lineo-linear transformation of the type (6.16) even when t = 2. 

However, extracting one of the constituent equations from (6.14) allows 

conditions to be found under which each of the equations in (6.14) are 

bilinear. To simplify the notation we rewrite equation (6.14) as: 

AY  (f)  (W(0  V + -tX ) 	.a V 
—t - -  

where W(f)  = x( f )-r ; 	-mn 
V and a = -T -1  

-t  

(6.17 ) 

Extraction of the p
th 

row from equation (6.17) yields: 

AYp(wp1V1 + wp2V2 + 	
+ w

pt
V
t 

+ l( p ) = ccp1V1 + ap2V2 + ...+apt Vt (6.18) 

If (t - 1) of the voltage changes V1, V2,....Vt  in the response at 

different frequencies are set to constant values, which may be different, 



 

146 

then equation (6.18) becomes an equation in two variables 

the non constant response change V . 

AYP (w
Pq  Vq 

 + E0) a
Pq  + 2 

t 	 t 
where &1 = sVs  w 	and 	= 	apsVs  

s=1 	s=1 
s/q 	s/q 

(6.19) 

Equation (6.19) is in fact a bilinear transformation similar 

to (6.15). Similarly every constituent equation of the matrix equation 

(6.14) can be made to have a bilinear form by holding (t - 1) of the 

variable voltages in AV constant. This is the most generalised form 
-TIM 

of the bilinear transformation from the voltage plane at any frequency 

to an admittance plane at any frequency. By taking different sets of 

values of the (t - 1) voltage changes, overlapping regions in the 

admittance plane can be plotted. The computational task is minimal 

because only three points on a circle in the V plane are necessary to 

obtain a corresponding circle in AY plane. 

Using similar arguments it is possible to show that admittance 

regions can be transformed into voltage regions at different frequencies 

using equation (6.13) viz: 

(u + AY 	x(f)) T-1  AV 	- AY(f) I(f) 
t --t — --mn 	—t —t (6.2o) 

We simplify the notation in (6.20) by making the following substitutions 

for the constant matrices: 

If 	(0 
	a' 	-1 W = X 	E.  ; a =1" 	and V = AV 

Then (a' + AY(f)  W'(f)) V = - AY(f) . X(f) 	(6.21) --t 

As before the pth  constituent equation in the matrix equation (6.21) 
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can be written as: 

ap1V1 + ap2V2+
...+a

pt
V
t 
+ AYp(cop1V1 +p2V2+....+  wpt  Vt 

 ) = AY 
P  yP 	(6.22) 

Setting all voltages other than V to be constant yields: 
q 

al 	(c 
3 + pqV 

	A 
q -Y 	l 4 + w 

P 	pq
V ) -  AYp  X p  

t 	 t 
where

3 
= 	a' V 	and q4 = 	w 

Vs  
s=1 	

s 	ps s 
s=1 	s=1 
s/q 	s/q 

We can now rewrite (6.23) in the more familiar bilinear form: 

(6.23) 

V 
-AYp( p  + 4) - E3 

(6.24) 

 

q 	a + AY w 
Pq 	P Pq 

Equation (6.24) constitutes a conformal mapping from the admittance 

region of the p
th 

 circuit branch to the voltage region at the q
th 

frequency V , for constant voltage variations at (t-1) of the specified 

frequencies. 

6.5 Tolerance Regions  

It has been shown that transformation of a performance specification 

into a component tolerance region constitutes a conformal mapping. 

Such mappings have been used in transforming a circular tolerance region 

for a response voltage variation at one frequency into an admittance 

region for a selected branch of a network by Villalaz [63]. However, 

he was unable to transform the simultaneous effect of allowed voltage 

performance changes and a performance region at different frequencies 

on more than one circuit branch. Therefore, the corresponding component 

tolerance regions could not be found in the multi-frequency case. 
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For the permitted output voltage variation, the tolerance region 

in the admittance plane of each circuit branch can be plotted at any 

of the frequencies of interest using equation (6.19). The important 

factor here is that coefficients need only be calculated once using 

the matrix equation (6.17) and any subsequent calculations due to 

different response changes require simple multiplications only. Thus 

the effect of very complicated sets of voltage variations can be 

investigated with a minimum of computational effort. 

The above can be illustrated by a simple example concerned with 

a network element and its voltage performance tolerance. First it is 

assumed that a circuit has been proposed and it is required to find 

the allowed tolerance of its elements given the tolerance on the 

network performance. For simplicity we shall assume that voltage 

tolerance regions are given at two frequencies f1  and f2, i.e. t = 2. 

In view of the bilinear nature of the relation between the vector* of 

changes AV in the response voltages, at the different frequencies, 

and the resulting change in the t branch admittances 	 ' AY, considerable u 

saving in computer effort is possible if the voltage tolerance region 
f1 
V
o 

, at one of the frequencies, is a regular closed region of second 

order [80) such as a circle. At the other frequency the response can 

change by an arbitrary but fixed amount. However, it is convenient 
f
2 

to choose a circular voltage tolerance region Vo 
at the second 

f 

f  
the voltage tolerance region Vol  is transformed into the corresponding 

tolerance region YA  in the admittance plane, at frequency f1  for the 

circuit branch A, see Fig.6.2b. From the theory of conformal mappings 

(see Section 6.4), the admittance plane tolerance region will be 

frequency also (Fig.6.2a). Then selecting a point on the circle Vo
l, 

*Note: only one of these voltages is a true variable at any one time. 
The other voltage changes are considered to be constant. 
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f1  
circular at each of the t frequencies, providing Vo  is circular. In 

general the centre M of the admittance circle YA 
for one branch 

(Fig.6.2b) will not be coincident with nominal value N' of the admittance A. 

The inside of a tolerance region in the voltage plane will transform 

into either the inside or the outside of the region in the admittance 

plane depending on whether the nominal admittance lies inside or 

outside the region. 

Re 

FIG.6.20: Two nominal output voltages N1  and N2 at 
frequencies f1  and f2  are shown on the complex 
voltage plane together with two tolerance circles. 
The voltage region Voff will be transformed into an 
admittance circle for each identified point on Vor2. 

Im A Admittance plane 

Re 
FIG.6-2b: Admittance region for branch A of the circuit at 

frequency f1 corresponding to the voltage tolerance 
region Voff and voltage Vol at point 1 in FIG. 6.2a. 
The nominal centre point N1 in the voltage plane 
transforms to Ni in the admittance plane. 

Im A Output voltage 



2 
tolerance region Y

A 
for the branch A at frequency f1. In this fashion 

f 
 we can traverse the boundary of V

.o 
and find successive tolerance 

regions for the branch A. The intersection of all these admittance 

 i tolerance regions,YA, 	= 1,2,....n, then gives the actual admittance 

admittance plane 

tolerance 
region 
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We now 2elect another point on V
o 

and compute a second admittance 

region at frequency f1  for the circuit branch A commensurate with the 

1 
two voltage tolerance regions Vo 

and V
o
2
. Thus the hatched area in 

Fig.6.2c defines the maximum range of admittance variation for the 

branch A at frequency f1  providing the voltage variation at frequencies 

f
1 
and f

2 
is confined to the circular regions shown in Fig.6.2a. In 

a similar fashion a tolerance region could have been found at frequency f2. 

Re 
FIG.62c: The shaded area gives the tolerance region for 

branch A from the intersection of the three tolerance 
circles corresponding to Vo" and three of the five 
points on the circumference of Vol  as shown in FIG.6.2a. 
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The usefulness of such tolerance regions in tolerance assignment 

can be seen when it is remembered that complex admittance values can 

be identified with actual components by considering the real and imag-

inary parts separately. Thus the reciprocal of the real part of an 

admittance is identified with a resistance while dividing the imaginary 

part with the frequency in radians yields a reactance. 

If the tolerance region of a set of admittances, computed for 

complex voltage response regions as described above, cuts, for example, 

the real zero axis of the admittance plane, the imaginary part of the 

particular admittance could be set to zero - this could indicate the 

possibility of removing an inductance or capacitance from the circuit. 

Similar considerations can be made for the case where the tolerance 

region intersects the imaginary zero axis of the admittance plane, 

or includes the origin. 

P.A. Villalaz [681 has used a particular case of the generalised 

theory presented in this chapter to compute admittance tolerance circle 

for a voltage tolerance circle at one frequency only. He has used these 

admittance tolerance circles with great effect in model pessimization 

[82] and performance contour evaluation [79} . Whereas Villalaz could 

never compute the admitance tolerance region of a branch for voltage 

tolerance regions at more than one frequency, this can now be done 

easily to yield a more comprehensive tolerance region. Thus the present 

theory could be used to enhance the model pessimization and performance 

contour evaluation procedures. 

6.6 Conclusion  

In this chapter it has been shown that transformation of a complex 

voltage tolerance regions into corresponding admittance regions at one 
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or more frequencies constitute conformal mappings. The inverse mapping 

of an admittance region into a voltage region also constitutes a con-

formal mapping. A knowledge of the properties of conformal mapping 

leads to considerable saving in computational effort, for it is known that 

closed regions (of second order) such as circles transform into circles. 

A procedure has been described for obtaining admittance tolerance 

regions for specified branches of a circuit for voltage tolerance 

regions at one or more frequencies. This constitutes a significant 

advance on the earlier work of Villalaz. The potential scope of using 

the aforesaid admittance tolerance regions in tolerance assignment, 

model pessimization and performance contour evaluation has been briefly 

mentioned. 
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CHAPTER 7  

Epilogue  

7.1 Summary of the Contents of the Thesis  

The first Chapter introduced the subject of computer aided 

circuit design. Having identified a sequence of steps in the complete 

design process specific numerical procedures, suitable for computer 

implementation , are introduced. A brief introduction to the main 

characteristics of both mini- and large multi-programmed computers is 

given. 

Chapter 2 deals with the theory of sensitivity invariants in 

electrical systems. The homogeneous nature of network functions is 

described, and using this property it is shown how all the different 

invariant formulae can be derived for linear systems, e.g. signal flow 

graphs. It is also shown how these results carry over to nonlinear 

circuits also. The chapter ends with a discussion of possible uses of 

such relationships, in particular their use in testing sensitivity programs 

and the tolerance assignment problem. The latter is discussed in 

greater detail in Chapter 4. 

The next chapter is essentially a preparation for Chapter 4. 

The different methods of computing the circuit response are briefly 

described. There follows a full discussion of the uses of a multivariate 

truncated Taylor approximation to the circuit response function. Con-

vergence criteria for this series are derived and are tested using 

Monte Carlo analyses on different circuits. The relative advantages 

of speed of the approximation over exact methods is outlined. Finally, 
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there ir; ri brief discussion of the use of this series in an inexpensive 

Monte Carlo circuit analysis programme. 

In Chapter 4 the problem of tolerance assignment and design 

centering is taken up. It is shown how tolerancing can be defined as 

a nonlinear programming problem, where the calculation of the circuit 

response due to parameter changes is of major importance. Hence the 

need for using a Taylor series. The theory of sensitivity invariants 

developed in Chapter 2 is invoked to show how the region of search of 

the feasible component space must be restricted during tolerance 

assignment. The uses of a Taylor series with modulus sensitivity terms 

for homogeneous network functions is discussed with an example. The 

concept of design centering is introduced and its consequences are 

demonstrated with suitable examples. This chapter is concluded with a 

comparison of results with two earlier authors for integral component 

tolerances. 

Chapter 5 introduces a new concept of Large change/Small change 

sensitivity. A numerical algorithm is described for computing the 

differential sensitivity after simultaneous large changes in one or more 

components of a circuit. Its efficiency over standard methods of 

differential sensitivity calculation is demonstrated when not all the 

components of a circuit undergo large changes. The implementation of 

this technique on an interactive graphics facility, for dynamically 

exploring the sensitivity behaviour of circuits is described with the 

aid of a specific example. The uses of interactive graphics in circuit 

design is also briefly discussed. 

In Chapter 6 we introduce the concept of Large change sensitivity 

first described in Chapter 5. The theory is then developed to yield 

admittance changes for multiple-defined voltage response changes at 
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different frequencies. Next we introduce the theory of conformal map-

pings for functions of a complex variable. We then derive conditions 

under which a voltage tolerance region at one frequency and finite vol-

tage changes at other frequencies, can be transformed conformally into 

admittance tolerance regions for one or more circuit branches at the 

frequencies of analysis. 

Appendix I discusses the implementation of a program for computing 

first-, second- and third-order differential sensitivities. Alternative 

programming strategies are discussed. The correct functioning of the 

programme is demonstrated with the use of the invariant relationships 

of Chapter 2. 

Appendix II introduces the basic concepts of optimisation, both 

unconstrained and constrained. The terminology common in optimisation 

is defined together with a brief description of the principal methods. 

The penalty function and flexible tolerance algorithms of nonlinear 

programming are described in some detail because of their use in the 

tolerance assignment procedure of Chapter 4. 

7.2 Conclusions and Suggestions For Future Research  

In the research reported in this thesis an attempt has been made 

to identify numerical procedures which are important in any computer 

aided circuit design facility (Chapter 1). Some of these procedures 

have been discussed and developed in detail, not only from a purely 

theoretical point of view but also from the practical engineering 

aspect. Some numerical procedures, like tolerance assignment, are 

primarily suited for batch operation in large multi-processing machines 

while others, like the large change/small change sensitivity algorithm 
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are suitable for the increasingly popular mini-computers. 

In Chapter 2 the theory and existence of sensitivity invariants 

in electrical systems was discussed. It was shown how the many 

different invariant relationships stem from the existence of homo-

geneous network functions including invariants for signal flow graphs. 

The invariant relationship for the latter contains terms for the 

self-loop" sensitivities (see Section 2.10). These sensitivity terms 

raise some interesting questions, because the "self-loop" transmissions 

are purely notional. Therefore, it would be interesting to find out 

how significant are the "self-loop" sensitivities when compared to 

actual branch transmission sensitivities. Furthermore, is it possible 

to minimise the actual branch transmission sensitivities at the expense 

of increasing the "self-loop" sensitivities? If the last mentioned 

sensitivity minimisation was performed, what effect would it have on 

the actual branch transmission, that is, do transmissions remain 

positive or do they become negative? 

The scope for future work on the Taylor series is more difficult 

to forecast. There might be some scope for a mathematician to obtain 

more useful convergence criteria for the series. However, it would 

probably be more fruitful to accumulate data on the relative accuracy 

of the third-order Taylor approximation when compared to an exact 

calculation for a greater number of circuits than has been done in 

this thesis. 

The work on tolerance assignment and design centering as reported 

in Chapter 4 led to some interesting ideas, particularly with regard 

to the characterisation of the feasible region for component variation. 

More theoretical and experimental evidence would be useful to confirm 

that the worst case for component deviations lies in the first and third 
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quadrants (for the two cariable example). If the worst case lies 

elsewhere then a new tolerance assignment procedure must be found as 

the proposed method cannot deal with deviations in the second and 

fourth quadrant (two variable example). Some preliminary evidence 

of three-dimensional performance contours [1043 indicates that the 

feasible region for two of its variables takes the form shown in 

Fig.7.1 for the circuit examples tried. In all such situations the 

worst case would lie in regions where the deviations are either all 

positive or all negative. This is in concurrence with the findings 

as reported in Chapter 4. Further experiments could also be tried in 

tolerancing circuits for specified variation in the input or output 

impedance. 

Fig. 7.1 A plane through a three dimensional performance 
contour 
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The theory of large change/small change sensitivity developed 

in Chapter 5 has the largest potential for incorporation not only in 

existing algorithms using component sensitivities but also in newer 

fields such as CACD in a graphics environment. Work is now in progress 

to incorporate the large change/small change algorithm in a circuit 

optimisation program using a gradient method of optimisation. There 

will be a considerable saving in computation effort when only a small 

subset of circuit components is being optimised. The role of computer 

graphics has already been discussed briefly in Section 5.9. However, 

there is a great need for evaluating the usefulness of the computer 

aids provided. For example, there is a need to know which symbols 

on a menu allow the designer to learn more rapidly. To isolate the 

effect on learning of different symbols from the background numerical 

calculations, the latter must be very fast, preferably a small fraction 

of a second. This can now be achieved for sensitivity calculations. 

The large change/small change method of sensitivity calculation 

could be employed to discover quickly the maximum sensitivities for a 

given range of component value variation. Each of the maximum sensiti-

vities could then form the differential coefficients of the Taylor 

series of Chapter 3. This series could then be said to give the 

"worst-case" response approximation over the known range of component 

variation. 

Finally in Chapter 6 a numerical procedure for obtaining admittance 

changes and conformal mappings for known voltage response variation over 

a range of frequencies has been developed. The concept of tolerance 

regions has also been discussed. However, there is now a need for 

experimental evidence to establish the usefulness or otherwise of the 

proposed theory. Functions have been written in APL to compute admittance 
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tolerance regions for specified voltage variation. However, no clear 

interpretation of these tolerance regions has yet been found. This 

work needs to be extended and studied at greater length than was 

possible within the scope of the present thesis. 



APPENDIX I  

DERIVATIVE SENSITIVITY CALCULATION  

I.1 Introduction  

Several analytical methods are available for calculating the 

first order derivative sensitvity of a circuit response function. 

(A comprehensive list of references is to be found in a paper by 

S. Parker (59).) One of the best known and popular methods is due 

to Director and Rohrer [62], using the adjoint network approach. 

This method has been extended to yield higher order derivatives 154]. 

An earlier method [58] for computing higher order sensitivities is 

described below. This has been chosen primarily because only a 

single matrix inversion is required for obtaining first- and higher-

order differential sensitivities, thus making it superior to the adjoint 

network approach where a larger number of network solutions are 

necessary [54]. 

As described in Chapter 3 sensitivity formulae are derived for 

terms up to the third order only. Also the component set has been 

restricted to {R, C, L, 

1.2 Derivation of Nodal Voltage Sensitivities  

The usual matrix equation describing the current-voltage relation- 

ship in an n node circuit is shown in equation (1). 

Y 	V 	= 	I 
—n —n 	—n 

A 	Vn  = 	V b  

Y
n  = 	AY

—b 
AT 

— 	— 	— 

V 	= 	Y-1  I —n 	—n —n 

(1)  

(2)  

(3)  

(4)  

16o 
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Differentiating the matrix equation (04) with respect to a branch 

admittance y
k' 

where k in the appropriate branch number, yields 

3.1n 	aY —n v-1 

aYk 
- =n ayk  

Using the relationships given by equations (2) and (3) gives: 

5In 	- Y 
-1  A aY — 

Byk 	 n 	Byk
b v 
 b 

= - 1 6 V —n--KK —b 

where 6 is an (nbxnb) matrix with all elements zero except 
6 --KK 	 KK' 

which is unity. Differentiating equation (7) yields the second 

derviative of the nodal voltage vector with respect to y. and yk. 

S 

av 8
2.In 	y-1 A(6  

—n ---KK ay  . 	ltJJ Byk By .y 
J 
 a k 

( 8 ) 

where 
av av 

AT --n 
ay. — ay. 

Repeated differentiating of equation (7) allows the calculation 

of differentials of any order, providing these exist. Thus the third-

order differentials are: 

3 a v 	a2 V 	a2 v 	a2 V 
—in 	-1 

	

= - Y A (5 	 + 
r 	—b  , r 	—b 

 ) 	(9) ByByBy 	--n — --KK ay. ay . 1-  SP-JJ ay .By 1-q:LII By .By i. j k 	i j 	j k 	i k 
• 

a2 V a
2 

	

= AT 	
I -—  n —b  where 	 etc.. 

By.oy. — By.By. 1 j 	I j 

To calculate the sensitivity with respect to a voltage controlled 

current source, the only change necessary in equations (7), (8) and (9) 

	

is to replace the' JJ  8 	and45
.1. 	 KM 

	

terms by terms like 6 	where K is 
--KK   

( 5 ) 

(6) 

( 7 ) 
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associated with the branch that contains the controlled source and M 

with the controlling voltage branch. 

1.3 Sensitivities For Voltage Gain  

From the above expressions, sensitivities for specific nodal 

or branch voltages can be found by choosing the appropriate terms 

from the sensitivity vectors. The sensitivities for voltage gain 

between two nodes or two ports can be found from the above-mentioned 

sensitivities. Thus consider the voltage gain F = V 2/V1' where V2 
and 

V1 are nodal voltages with respect to a common reference node. The 

first order sensitivity expression now becomes: 

aF1 
av-2 	V

2 	
a vi  

ayk = 171 aYk 	v2 3Yk 

V2  [ 1  aV2  	1  aVi  

= T 	V1 ayk 2 k 1 k 

aF Yk 	1 av2 	1 av1 
ayk 

F  = Yk 	
ayk 
	171. ayk 

The corresponding second and third order sensitivity formulae are 

more complicated and are given in equations (14) and (15). 

k1  2 1 a 2 a 	Y-Y 	y.y 	a V F 	k _ a 
ay
j

ay
k 	F 	 V2 ayjayk V1 ay jayk 

av1 av2 	aV
2 av1 	1 av1 av1  

— — — TirT 	v2 ayj ayk 
Y ayk 

k 	j 	k 
) + 2 

 1 

(12)  

(13)  

(14)  

- 'Y'Yk 	a 	
3

v2 	
3 

a 3F  	YIY 3Y k 	Y  j 	a V 1 	1  6 DV1  2V, Dv, 
v3  3y 37

J 
 ayk  1 	.   aYiaYiDYk F 	v ayiayjbyk V ayiayjayk 

2 	2 

- -- 1 av1 a2V2 — 
av2 a v 	av2 a2V 

— 	 
aVi  a V2 	vi  D2  va  

a 	
+  

Yk aYiYj 	aYj aYkaYi aYi aYkaYi ay ay y 
Dv, 	v„ 

V V 	ayk aYiaYi 1 2 

— Dvz  D-v, 	2 
D.Y1 DyjDyli  
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3Y1 )7?Y1( 	Yj 	 kYl< 	 I (15  ) 
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The sensitivities derived so far are with respect to admittances. 

More commonly, however, sensitivities with respect to specific components 

xEiR, L, C,gm) are desired. These can be calculated from the admittance 

sensitivities. The two step procedure is chosen for the following 

reasons: 

a) Direct differentiation of the admittance matrix with respect 

to a component x requires . knowledge of the algebraic form of each 

non-zero element of Y in equation (3) to generate the correct S 

matrix. However, differentiation with respect to an admittance results 

in very simple 8 matrices. Therefore, the computational cost is 

negligible when compared with the information needed for the direct 

calculation. 

b) The programming task is made easier because simple indexing 

operations of the relevant matrices are required. The programme 

becomes naturally modular leading to easier debugging and formation 

of overlay structures. The latter is important in reducing the overall 

core space needed for running programmes. 

c) Using the two step procedure, considerable flexibility is 

retained for future modification of the programmes to an extended 

component set from the present (R, L, C, 

1.4 Sensitivities With Respect To Components  

To derive the necessary expressions for component sensitivities, 

consider a general network function 0 in terms of admittance parameters 

yi.  

0  = 0(Yi,Y2,  

As y. can be defined in terms of R.,C.,L., g 	, the chain rule can gm 

(16) 
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be employed to calculate the component sensitivities. Thus the most 

general admittance expression is given by (17). 

1 	
coL1 	
1 

. y.1  = R — + j(w C. - 	) + g
m. .  (17) 

If across a particular branch only some of the components are present, 

it is only necessary to drop the non-existent component terms from 

(17). Differentiating (16) with respect to xi  yields: 

ayi  

	

ax. 	ay. 3x. 

	

1 	1 	1 

The second and third differentials are similarly given by: 
a20 	a2 0  , a 	ayi 	2A 	32y. 1 
ax jaxi 	oyiByi  axi  axi 	ayi  axj3x. 	ij 

a30  ay. 3y.
1 	a20 	l  a2

y. 
ayi  Y 6  

_  a
30  __1 

	

axkax jaxi 	aykay jayi  axi  axi  + ay jayi  oxicaxi  ayi  kj 

2 	ay. 	a2 . 
+ 	a 0  __J. 	y1  r  

ay .ay. ax. axkaxi  ‘-' kj j 1 j 

+ a20  0 
a2y. 

	
0

3y. 2,0  k 16 30 	i  
aykayi  exk  exi8xi  ij + ayi  axicoxi3xi g ijk 

	
(20) 

where 6 ij,  Ski ' s•kj d6 	are unity when i = j, k = i, k = j and 
ijk 

i = j = k, otherwise zero. The Kroneker delta functions have been 

employed to account for the normal case when all the components are 

independent of each other. If, however, some components are related, 

e.g. inductor with its self resistance then these can be accounted for 

by dropping the S functions from the corresponding equations. For the 

present all components are considered independent of each other. The 

differentials of y with respect to x can therefore be easily computed 

from (17) and the corresponding substitutions made in equations (18), 

(19) and (20). 

(18)  

(19)  

and 
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It is evident from the above sensitivity formulae that if m 

components of a circuit are being considered, there is an m-vector 

of first order terms, an (m x m) matrix of second order and an (m x m x 

matrix of third order terms. Thus the total number of terms required to 

be calculated and stored for each successive order, increases by 

multiples of m. 

1.5 Implementation of the Sensitivity Analysis Program  

The numerical formulae for calculating sensitivities of different 

voltage response functions with respect to various parameters are 

incorporated into a program capable of computing the necessary results 

from the circuit information. This information includes the circuit 

topology, the component values, the frequency of analysis, as well as 

a list of branch elements for which the sensitivities are to be found. 

The computational and storage requirements are such (see Chapter 3) that 

sensitivities up to second order and only the third order self terms 

are to be computed and stored. 

A basic objective was that the final program should be capable of 

working within the lowest computer job priority, and storage requirements 

should allow for the maximum number of progran . runs. Furthermore, 

provision had to be made for future extensions that would be required 

to incorporate the tolerance assignment and Monte Carlo analysis programs. 

Within these computer limitations the program had to be capable of 

analysing realistic circuits. It has been found that circuits of 16 

nodes (including the ground node), with a maximum of four controlled 

sources, could be analysed at fifteen frequencies while satisfying the above 

requirements. 

The circuits are analysed using nodal analysis in preference to 
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mesh analysis, because the latter requires expensive search algorithms 

to identify loops within a circuit. Within the nodal analysis scheme 

employed, each branch of the circuit can have up to four different 

types of components in parallel across any pair of nodes (Fig.1). 

Therefore, it is possible to find sensitivities for a maximum of (15 x 

components. However, due to storage requirement considerations, as 

well as results from Chapter 3, ,the number of components for 

which sensitivities can be found has been limited to 16. 

1.6 Computational Speed Enhancement  

In calculating sensitivities different programming strategies 

are available. Clearly the most'desirable is that needing the least 

number of multiplications, indexing and testing. Added to these,both 

the storage requirements and programming effort should be minimal. 

Two alternative approaches are outlined; one due to Goddard and Spence 

1.581 and one developed below. A single nodal admittance matrix 

inversion at each frequency is common to both and its cost, therefore, 

is not considered. A scheme using LU-factorisation [68] is considered 

unsuitable because it is only less expensive than the method using 

matrix inversion, for first-order sensitivities. For higher orders 

a further 2n
b network solutions are necessary [54] for rib variable 

elements. The comparison of costs is based on the total number of 

complex multiplications or divisions plus an equivalent number of 

additions or subtractions. 

Method (a)  

In this method of Goddard and Spence (581 the appropriate 

elements of Y 
-1 

are specifically indexed to compute the sensitivities. n 
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of the n
b specified components. The only indexing information needed 

is a knowledge of the nodes to which the components are connected. 

The computation cost for each order is given in Table 1. 

Operations. 

First order 4 nb  

Second order 2 24nb  

Third order (self terms only) 52nb 

Total cost 56nb + 24n
2 
b 

Table 1 Cost in terms of the number of operation for 
method (a) 

Method (b)  

This method is based on computing an intermediate result 

which leads to an overall reduction in the number of multiplications 

at the expense of using nb(n + nb) extra storage locations. From the 

equations (7), (8) and (9) it can be seen that if C = AT  Y-1  A is 

computed, the total number of matrices used in calculating the branch 

voltage sensitivities is effectively reduced. If the (nb  x nb) matrix 

C is stored in locations occupied by Y
-1 

then the aforesaid storage 

requirements, which include the storage of A, can be reduced appro-

priately. The computational cost for the different operations is in 

Table 2. 
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Operations 

Compute C 2nbn 

First order 

(can be reduced to 2n 	atat the 
expense of increasing cost for 
subsequent orders) 

2 nb  

. 
Second order 

(if all first order 'sensiti-
vities had not been computO 
then this cost would be 4n) 

b 

'  4nb
2  

Third order 5nb  

• 

Total cost 2n
b
n + 5n

b 
+ 5n2 b 

5nb + 7nb 

Table 2 Cost in terms of the number of operations 
for Method (b) 

A direct comparison between the costs of methods (a) and (b) 

shows the second to be far superior in terms of the number of multi- 

plications and additions in spite of the additional storage requirements. 

1.7 Accuracy of the Program  

To check that the program is functioning correctly it is only 

necessary to invoke the sensitivity invariant relationships, derived 

in Chapter 2. Thus the relationships given by equations (2.23) and 

(2.24) are used with the circuits of Figs.1 and 2. 
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Circuit Frequency First Order Second Order 

Fig. 1 170 Hz 
-16 4.23 x 10-16  1.99  x 10

-15 

Fig. 2 159 Hz 8.882 x 10-16  0.0 

Table 3 

The results shown in Table 3 of the absolute of the sum of 

sensitivities are consistent with the theory and within the 16 digit 

accuracy of the computer arithmetic. Therefore, it can be assumed 

that the sensitivities are reasonably accurate. Nevertheless, it is im-

possible to state the degree of accuracy, which can only be determined 

by comparison with analytically derived results. As discussed in 

Chapter 3, there are no universally agreed circuits which can be used 

in such tests. In any case, the analytical derivation of sensitivities 

for reasonably complicated circuits can itself pose serious algebraic 

problems, whilst those for simple two or three node circuits may not 

be an adequate guide. 

Conclusions  

A detailed derivation of the sensitivity formulae has been made 

and factors influencing their implementation in computer programs 

discussed. It has been shown how sensitivities for correlated components 

may be obtained. Finally, a program for computing first-, second- 

and third-order (self terms only) sensitivities for uncorrelated 

[R, C, L, gml networks has been implemented in FORTRAN and tested 

using sensitivity invariants. 
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FIG.. 1 : Band Pass Filter 
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APPENDIX II  

NONLINEAR PROGRAMMING  

Introduction  

In many mathematically formulated problems of the physical, 

engineering, management and social sciences there is interest in 

finding the maximum or minimum (optimal) values of a function. The 

application of differential calculus enables some of these problems to 

be solved analytically. When functions are subject to equality constraints, 

Lagrange multipliers can be employed. For linear functions subject to 

linear equality and/or inequality constraints,linear programming (LP) 

can usually be employed. However, many problems that are of interest 

can be adequately described by nonlinear equations only. In most such 

cases, analytical methods are of little use because of the need to solve 

sets of nonlinear equations. Therefore, there is much interest in 

devising numerical techniques, often called nonlinear programming or 

optimization methods, to discover the stationary values of nonlinear 

functions of several variables. 

It is beyond the scope of this Appendix to cover, the wide 

discipline of nonlinear programming. Only a brief survey of the salient 

features and underlying principles of the field, without rigorous 

mathematical proof is presented here. 

IL2 Notation and Terminology  

The general nonlinear programming problem can be summarised as: 
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Minimise+  : f(x) x e En 	(1) 

subject to r linear and/or nonlinear equality constraints 

h.(x) = 0 	j = 1,2,....r 
	

(2) 

and (r - s) linear and/or nonlinear inequality constraints 

g.
J
(x) 1 0 	j = r + 1,..4..s 
	

(3) 

The domain of x for which all the constraints, given by (2) and (3), 

are satisfied is called the feasible region R. 

REix1h.(x) = 0; g.
J
(x) 	0 for all j 3 	(4) 

All points not in R are termed nonfeasible, their domain being the 

nonfeasible region. The function to be minimised is termed the 

objective function and the optimal point is defined by the column 

r *
' 	

*1 
vector x*  . ix x

2'  . .xn1 of the continuous independent variable 1  

in an n dimensional Euclidian space En. 

In Fig.1 a two dimensional optimization problem with a simply 

connected feasible region bounded by three inequality constraints is 

described. If the feasible region were split into two or more dis-

connected parts it would be termed a non-simply connected region. 

When the equality constraint h1(x) is included the feasible region 

contracts to points along h1(x) inside R. 

The effectiveness of a minimisation algorithm depends upon the 

amount of information available about the objective function and the 

constraints. In Fig.1 the unconstrained minimum of f(x) lies outside 

the feasible region of the constrained problem. The minimum can be 

found sometimes by performing a random search. However, efficient 

numerical algorithms carry out a directed search for a minimum, the 

Maximising a function f(x) is mathematically identical to 
minimising - f(x). 
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Starting point of the optimisation 

FIG.1: Example of a two variable constrained optimisation problem. 

distinction between algorithms being the manner in which the search 

is directed. 

11.3 Minimum of a Function  

The necessary condition satisfied at a minimum of a continuously 

differentiable function f(x) of n variables x is: 

	

7f(x* ) = o 	 (5) 

* 

The sufficient condition for x to be a minimum is that H the Hessian 

matrix (n x n square matrix of the second partial derivatives) of f(x) 

be positive definite 

	

Ax
T 

H Ax .;.). 0 
	

(6) 

* 
where Ax is any set of deviations from x . 

A multi-variable function may and usually does have more than one 

minimum value (Fig.2). Each minimum value is called a local minimum 

and the lower value over the entire feasible region is called the 



f(x4 

Local minimum 

Global minimum 
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the global minimum. Mathematically it is impossible to distinguish 

between a local and global minimum. Therefore, most algorithms are 

only capable of finding local minima. Practical algorithms for finding 

global minima for general functions have yet to be devised. 

FIG.2 : Example of a single variable function f( 

11.4 Minimum of a Constrained Function  

A constrained local minimum x* can be conceptually described as 

that point on f(x) from which no decrease in the function value is 

possible along any smooth arc without leaving the feasible region R. 

The conditions for the existence of a minimum of f(x) subject 

to equality constraints h.(x) have been derived by Lagrange. A new 
J — 

function called the Lagrangian is formed from f(x) and h.(x): 

L(x, A) 	f(x) - 	A. 
J

h.(x) 
J 	J   

j=1 

(7) 

where 	.'s are the Lagrange multipliers. Differentiating L(x,X.) 

with respect to x...xn and 	Al. provides sufficient .infor- 

mation to determine the constrained minimum. Kuhn and Tucker 

have extended this method to incorporate inequality constraints with 

the introduction of slack variables C. which convert the former into 
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equality constraints. The new Lagrangian now reads: 

L(., C., A.) = f(x) - 	A.(g.(x) - C.) 
J J 	J J 

j=Y+1 

Using equation (8) necessary and sufficient conditions for the existence 

of an extremum for the general constraining optimization problem 

(1), (2) and (3) have been obtained by Kuhn, Tucker, Fiacco and 

Mc.Cormick [83,841 amongst others. A detailed account of the complex 

mathematical proofs is to be found in a text by Fiacco and McCormick [84] 

11.5 Convexity  

A function is said to be convex in R if the Hessian matrix is 

positive definite over all R, i.e., if any straight line is drawn 

between two points of the function the line does not intercept the surface 

defined by the function. Thus in a single variable function example 

Fig. 3 represents a convex function while Fig.4- does not. 

(8) 

f(x) 

X X 

FIG.3: Convex function 	 FIG. 4: Nonconlex function 
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The convexity of a function is sufficient to ensure that a 

unique minimum exists. However, it is not a necessary condition as 

can be seen from the non convex curve in Fig.5. 

x 

FIG.5: Non-convex function posessing 
an unique minimum. 

11.6 Unconstrained Minimisation Procedures  

The procedures available for unconstrained minimisation can be 
• 

broadly classified into two groups, gradient or derivative and direct 

or pattern search methods. 

a) Derivative Methods  

Given a continuously differentiable objective function f(x) 

the simplest strategy for selecting a direction d
i+1 

for movement from 

the current position x
i-1 

is to choose the negative of the gradient vector 

d
i+1 

- Q f(xi ) 	 (9) 

This is the first order steepest descent method, and produces 

good results when x is far from x . However, the rate of convergence 

can become slow , close to the minimum, where the first derivative 

changes by small amounts. A second failing of this method is that 
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in choosing each new direCtion no account is taken of past iterations. 

To improve upon these, a second order method based on assuming f(x) 

to be quadratic has been developed. 

The change in the function value of a change Ax' in the independent 

variables is approximated by a second order Taylor expansion about xi  

f(xi+1)= f(xi)+712  f(xi) Axi  + 1 	xi)TN72  f(xi) Axi 	(10) 
— — 2 --- 

The minimum of f(x) in the direction Ax
i 
is obtained by differentiating 

f(x
i+1) with respect to the components of Ax

i 
and equating the resulting 

expression to zero to yield, 

Axi 	-[Nr2 	v7f(xi) 	(ii) 

1 
where {..7 2  f(x

i
)] 	is the inverse Hessian H of f(x'). It should be 

noted that now both the direction and step length are specified at 

each iteration. Convergence to a minimum is guaranteed if the Hessian 

matrix remains positive definite at each iteration. 

A second class of minimisation algorithms, based on the concept 

of conjugate directions, provide rapid convergence by making use of 

the quadratic behaviour of functions near their minima. Thus; 

f(x) 	b
T
x+1 x

T 
 Hx 
	

(12) 

the first three terms of the n-dimensional Taylor series, and H is 

positive definite. The gradient of f(x) is: 

f(x)-zgb+Hx 
	 (13) 

If f(x) is exactly quadratic and n successive linear searches are 
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conducted in direction di  such that: 

4  T 
(d1) H di  = 0 	i 1  j 	(14) 

. T 
(d1) 	H di 	o 	i = j 	(15) 

Then it can be shown that the minimum will be found on the n
th 

search [85] , and the directions satisfying the conditions (14) and (15) 

are said to be conjugate. The method is quadratically convergent. 

A quadratic approximation is accurate close to a minimum and 

therefore the use of conjugate directions will lead to rapid con-

vergence to the minimum. In practice they are also found to be very 

efficient when the starting point is far from the minimum. Hence the 

popularity of algorithms using 	conjugate directions. 

A third class of methods known as variable metric, or quasi-

Newton [86] , approximate the Hessian matrix or its inverse from 

first order derivations of the objective function. Many of these 

methods employ conjugate directions. The new x vector is computed 

from the preceding stage by: 

xi+1 = X
i 
 - V f(x1) 	(16) 

where A *i  is some scalor, 	(x1) is ) s the direction matrix and represents 

the approximation to H-1. In the earlier second order method it was 

necessary to compute the second differentials of f(x) and invert the 

Hessian. In the variable matrix projection method relations are used 

to compute 	 without ( i) x 	thout performing either of the aforesaid operations. 

H-1(x1+1) "Z"- w (x1+1) = w 0 (xi) + A X(xi) 
	

(17) 

where w is some scalor. The selection of A /((x
i
) determines the type 
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of variable metric method 	(87 - 90] . Convergence is guaranteed 

by forcing A(x1+1) to be positive definite. 

b) Direct Search Methods  

These are derivative free methods, the search directions 

being solely determined from successive objective function evaluations. 

Though derivative methods usually converge to a minimum faster than 

search methods, in practice the former have two main handicaps. First, 

in problems withamodestly.large number of variables it is laborious 

or impossible to provide analytical functions or numerical procedures for 

the first and/or second derivatives of the objective function. Secondly, 

the preparation times for derivative methods are longer, thus increasing 

the chance of human error. Furthermore, search methods do not require 

that the objective function or its derivatives be continuous, each move 

being made when f(x
1+1)4: f(x). Though many search methods have been 

proposed, only two will be briefly described in this section. 

One of the most popular methods in this category, developed by 

Powell D1] , assumes the objective function to display quadratic 

behaviour near its minimum and have a positive definite Hessian. The 

minimum is located by successive unidimensional searches along con- 

jugate directions d
i from an initial point x1. The principle of the 

-o 

method is based on the idea that if the minimum of a quadratic function 

f(x) is found along each of the p, (p(n) conjugate directions at 

each stage i of the search, and if a step is accordingly made in each 

direction, then the overall step from the start to the p
th 

step is 

conjugate to all the p search directions. The transition from the 

point xi  to the point xi  is given by: o 
m-1 

i x
-m = 2-c io 	Aj c-1  

(18) 
j=1 
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The significant features of the method can be discerned from the two 

dimensional function example of Pig.6, where four steps x°  ,xo,xo 
o 1 2 

and x
o 

are taken along the two directions d
o 

and d
o 

1 	 2- 

F76.6: Powell's method of search along conjugate 
directions cY7 and clj 

It has been shown by Zangwill [93] that a slightly modified Powell's 

procedure will always converge to a minimum if f(x) is convex . 

Another method termed the flexible polyhedron search is based 

on the regular Simplex* search of Spendly, Hext and Himsworth [94] , 

which by itself is deficient in that no acceleration of the search 

is possible and that the Simplex becomes small when searching in 

curiving valleys or ridges. One method of overcoming these difficulties 

[95] is to allow the Simplex to change its shape, hence the term 

"flexible polyhedron". To minimise a function of n independent 

variables (n + 1) vertices on f(x) are used to form a polyhedron. 

The vertex point in E n  which yields the highest value of f(x) is 

projected through the centroid of the remaining vertices. Lower values 

of the objective function are found by successively replacing the point 

*Regular polyhedrons in En  are termed Simplexes. Thus an equilateral 
triangle is a simplex in E. 
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with the highest value of f(x) by better (lower) points until the 

minimum is found. Fig.7 illustrates a single step for a two variable 

function. 

FIG. 7: Example of the "flexible polyhedron search." 

11.7 Constrained Minimisation Procedures  

This branch of nonlinear programming is less well developed than 

unconstrained minimisation because of the need to test for the non-

violation of constraints during the optimisation, together with the 

necessity of suitably altering the search direction when one or more 

of these constraint boundaries are violated. To date three principal 

approaches have been considered: 

i) To linearise all the nonlinear functions by making a 

first-order Taylor expansion about x; then employing 

either the well known linear programming [96] or gradient 

projection methods [973 amongst others. 
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ii) Transforming the constrained nonlinear problem into a 

sequence of unconstrained problems by using the 

penalty or barrier function approach [98]. 

iii) The use of variable tolerances on the constraints to 

accommodate both feasible and nonfeasible x vectors 

during the minimisation of the objective function [99] . 

The last two techniques have been used in the solution of the 

tolerance assignment problem discussed in Chapter 4 of the thesis. 

These will be outlined in broad detail and without mathematical rigour*. 

a) Penalty Function Method  

The principle behind all penalty function methods is to add 

one or more of the constraints to the objective function such that a 

continuous barrier is formed near the old constraint boundaries. The 

resulting function, equation (19), is then minimised using a conven-

tional unconstrained optimisation procedure. 

v 	s 

	

. 	. 
P(xi,toi) = f(xl) +Z,  P H h J 
	J 
(xl) + 2 P i G g xi) 	(19) 

1 i j 	— 	1  j   
j=1 	j=Y+1 

The generalised augmented function P(xi,(  i) is often termed 

the "penalty function". The parameters ()i  are suitably chosen 

weight factors with 	0, H and G are functionals of h.(x) and 
J — 

g.(x) respectively and i is the number of complete stages in the 
J — 

numerical search. The choice of the functionals is such that: 

Lim I P(xj,(i i) - f(x1) I = 0 
i-+00 

(20) 

Lim 	(3i_; 	.(xi ) 	0 	(21) 
i4ao 

j=1 

*For more details of these methods see references [84,100] 



Lim 	
J 

	

G p. 	g.(xi
) 0 

1-5 01) 	1-3  J=Y+1 
 

(22) 

Penalty function methods are characterized by the location of 

the starting point which may be within or outside the feasible region 

yielding interior point and exterior point methods respectively. A 

third class of methods termed mixed methods are a combination of the 

earlier two. In interior point methods the aim is to keep away from 

and inside the constraint boundary by the suitable addition of penalties, 

while in the eterior point methods a sequence of nonfeasible points 

are generated which in the limit yield a feasible or near feasible 

solution. In the mixed methods some of the constraints are satisfied 

and not others, but at the solution all are satisfied within some 

specified tolerance. 

For all categories of methods the usual choice of the equality 

i constraint functional is: H[h.
J
(xi)] = h.2  (x

i 
 ); and () . is a sequence 

J 	J i  
of increasing numbers. The inequality functional is, however, different 

for each category and must satisfy the following criteria: 

1) Gi[gi(xi)] 	+00  as g.(xi) 	0, which requires that xi  

always remain an interior point, xi  I g.
J 
 (xi) >0, j.T+1,....s/ 

and pl. -4 0. Typical choices of Gi  are the logarithmic 
function [101] , G1j(x1)] 	g .(xi) shown in Fig.8 

J — 

and the inverse modulus function [841 '  G [g.(xi)] 1 j — 	g*(x  )1 J - 
shown in Fig.8. 

2) GAgi(xi)]—? 0 as gi(Ei) 	0 and 	1 +co . In this 

case exterior points only are accepted,[xi  19(xi)< 0; 

j = + 1, . A typical choice of functional [102] 
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is G jg j(xi )] = g2.(x j ), shown in Fig.9. 

3) G3Cg j(2)] > 0 for gi(xi) < 0 and Gk[g j(xi )] = 0 for 

g.
J
(xi )?,' 0. Here constraint satisfaction is sought at 

the solution only. Therefore, functionals of category(1) 

can be chosen with a suitable choice of 	 i.e.pi.; 	> 0 

for G3  and 	= 0 for G. 

for decreasing pi 

Non- feasible 

Feasible 

constraint limit 

FIG.8: Logarithmic and inverse modulus barrier function 

constraint limit 

FIG.9: Quadratic loss function 
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The determination of values for the weight factor/3. poses 
J 

some difficulties. Empirical evidence from several researchers 1103] 

suggests that a reasonable choice for a sequence of (2  's when 

Lim A).
i  
—3 0 is to have /2  . = 1 followed with a reduction by a factor 

I j 

of 0.1 at each stage i. Conversely when Lim /0
J 
 00 ; 	= 1 and 

increase p 
J 
 by a factor of 10 at each stage i. 

1  

b) The Flexible Tolerance Method  

In this method [99] the value of the objective function is 

improved using information from both feasible and some nonfeasible 

points, termed near-feasible points. This is achieved by allowing the 

constraint boundaries given by the functional T[x] to have a variable 

tolerance 1, which is gradually tightened at each stage i of the 

search. The basic problem defined by (1), (2) and (3) becomes: 

Minimise f(x) xEE n  

Subject to 1  - T[x) > 0 

As with many other constrained optimisation procedures a series 

of unconstrained searches are required in the algorithm. The tolerance 

criterion + is selected to be a positive decreasing function of the 

vertices of a flexible polyhedron in En  (see Section1L6b) 

51 (xi xi **— 4 	) —1 2 	— +1 4+2 

A definition of (3 suggested by Paviani and Himmelblau [99] is: 

t+1 
t i = min  ii-1 	r+1 7 li zid  - xt  +2  I I 1 = 2 ( +1) 1: 

10 	' 
 

t+1 l_, 
j=1 

where 	1: = size of initial polyhedron 

r = number of equality constraints 
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th 	 e n 
x. = j 	vertex of the polyhedron in t 

t 	= (n-r) = number of degrees of freedom of f(x) 

(*: one degree of freedom is reduced for 
each equality constraint) 

xit+2 = vertex of polyhedron with n = r 

number of complete stages in the search 

As the search proceeds the polyhedron shrinks to zero as does the 

tolerance 

1 i 
Lim r = 0 
x x. 

The functional TExl4  of the constraints is defined only for the 

violated equality and/or inequality constraints: 

1 
r 	s 

Tr:I  = + [ 

	

h.(x) + 7 U. g.(x) 2 	 2 
J 	4 	J  

j=1 	j=r+1 

Where U. = 0 for g.
J
(x) > 0 

and 	U. = 1 for g.(x) < 0 

The objective function and T[]  are minimised while trying to reduce 

the value of 11) 	thus tightening the region of near feasibility. 

Moves are only selected if f(x
i+1

) < f(x). If no such move along 

any of the directions is possible through the centroid of the polyhedron, 

the value of 4  reduces because of the contraction of the polyhedron, 

and the search terminates when 4i <E ; where E is a suitable term-

ination criterion. Greater details of the strategy of the flexible 

tolerance algorithm are to be found in references U9,1001. 
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Conclusions  

It is clear from the above that most nonlinear programming 

algorithms rely on the assumptions that functions are quadratic 

and convex in the domain of search. However, in most problems it is 

difficult if not impossible to prove the validity of these assumptions 

for the functions being optimised. In fact, there may be reasonable 

grounds to believe that the assumptions may be invalid, see Chapter 4 

Section 4.7. In spite of this, many of these methods have proved to 

be successful in solving a variety of problems. 
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APPENDIX III 

In this appendix the tables relating to the statistical tests 

performed on the truncated Taylor approximation presented in Chapter 3 

are given. The contents of the tables are discussed in Section 3.4c 

of Chapter 3. 
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1.:i) .:E+0;.2 	1.441E+Ir 	7.'75 27 -n2 	7.17E-C2 	1.207E-03 	8.223E-01 	7.265E-01 5. (JO 0E+02 	5.711E-n1 	6.,7i1c.'r -(13 	3. n30E-02 	9.102E-04 	4.661E-01 	6.652E-01 2.'.i.' !,:=4-9 3 	3. 421F-: I 	5.77 1. 7 -13 	1. 4.1  7F-;;2 	2 .2IIE-J 4 	7 .7*1E-I.A. 	5 .iii+7E-t.1 5. f., ,JE+1 3 	1. ''.',57-- 71. 	1.4.7'17- .17 	7. r;-% 1.:-... 3 	6 .34( 1:-..,[..; 	7.91...2E-,.i 	7.144 7E-L_ 1 1..k;,.ft.4-`4 	(7...'..;EF-!- .7-_ 	2.:'167- ,3 	tl.'7,!:E-u3 	1 .b7L,E-,.;5 	0.175E-U1 	7.f..ii7E-Lii 2.500E+04 	4. n 3.1.F-1-17 	16'1767-11 	1, P37E-03 	3.374E-06 	7.317E-01 	6.968E-01 

Table 1.ii . (20) 



r3y 1,4Rik! ,7 
NOMINAL 
RESPONSE 

	

1. )3 9F+0 2 	1.441E-00 

	

fn 2 	5.711E-01 

	

2.(titr+d3 	3.420E-01 

	

5e (C rci-ci 3 	1.846E-01 

	

isnc 1 E+11, 	9.858E-02 

	

2.si: 1 r- 4.04 	4.032E-02 

7.7nn7-1.)  
7.:4r7_71 

i.477r7-12 

7, ^6::_13 

1.'45F-33 

i 

THr. STA TISTICAL =7,FSLICN> AR7 r:r7 tr(ecT) 	(TA,YLOR APP; CXIHATION) 

FOP. IDA .1CATTON AT  THE  THI71 C17.917 n, 	z"F't.r) TR7-'.'tS OF THE 12,11.1°I_FX SFJ?IFS 

ICY 
NOMINAL 
RESPONSE 

S T A '3  71  
Fru" -1.1gz \1 'IA CES 

CO2'-:ELATION 
V rS 

r4r1 	T TO 
FH / FF 

1.'F)7r-"0  

14.,nrsr, 
2.57-11 
1.;60P-11 
r1. 7 4"17-1 2- 

1 .10 OF 1-;:, 
1.1,1E+,74 

1•u' 	 E 
1.000E4-CO 

1.0)1F+0  

jr'11 :: 	+ci) 
I:-  

1.13: dE4-9(3 
9.995E-^1 
9. C'..1 4F.-" 

Table 1.iii.(10) 

1. rn 1F+02 

2. ( 4 ; n:: fn 3 
Sc Nig:7+13 
/. 00 lit 4.114 
2.5:10E4414 

1.441E-00 
5.711E-01 
3.420E-01 
1.846E-01 
9 . 858E-02 
4.032E-02 

-3.F14F-Ic 
-6.77!'ET-.- 7  

1.54F-r6 

TH; STI=JIST3CAA. 	,f4-7T 	(r X!"7"') - (TAYLOo. A.PP: OXIM'ITION) 

FO? IOLT)C,N 5T THr THT.^1 rz.r1 r) TE7".S OF THE CO"r"._FY 

CT-tr.:ELATION 
\/ 	PS 

MEAN RPTIn 
F4 / 

1.. 19F-13 .226F-111 7.295E-111 
4.841E-J1 S. 728".C. 1. 
70806E-01 8019 SE-01 Table 1.iii,(20) 
7.898Z..91 70F11E..-01 

1.173F-1?.5 ' 8.171E-01 7.694E-01 
3.6 '13r-126 7.3iJ9E-01 7.047E-1 



THE STAfIST1CAL RESULTS fRE E71 7 (EX1:1T) 	(TAYLUT,  APPLOXIMATION) 
FUR TRUACANON AT THE EIRST 717.1E1 TEE,HS 1F THE MODULU SERIES 

fr;,E1UCACY 
1.{JJ ,IE+02 
5.00 0E+02 
2.000E+03 

!E+23 
1.JuiJE+04 
2.5:.cE+124 

NO4TNAL 
kESP(MSE 

5.711F-01 
3.470E-0 1 
1.°4()F-ri 

2E-- 2 

HEANI 
51EEEREACT 

377-12 

c:Igqi1ARD 
hEvrtTr.;Ns 

-?.n37r-02 1./?6E-02 
7.q79E-',3 

-5.i?5E-07 7.FifE-,3 
-i.c577-17; 1.75:1E-L3 
-6.iO4E-04 6.771L-04 

VARli NCES 
6.213(2,E-u4 
1.504E-04 
5.73iE-u5 

E- J5 
3.1J6tE-6 
4.53DE-07 

CORRELATION 
FT V FE 

6.812E-C1 
5.685E-01 
5.329E-01 
!:).612E-J1 
6.692E-01 
7.726E-01 

MEAN RATIO 
FT / FE 
2.230E+00 
1.97E+00. 
2.086E+00 
1.945E+LA 
1.-577E+0-0 
1.384E+00 

Table M.1.i.(10) 

THE ST4Tr3TICAL ':EFUL"7": r7E rn -1 (rv^r) - ( TAYLO!-.. APPLOX1M4TION) 
FO't TRU:4CATION 5i THE FIRST 171E1. IF:?ms nr THE MGDULUS SERIES 

Fe,tEDUENO Y 
NU'-17WL 
KESPONSF DIFFE7ENDE 

SIPNDARD 
DEVIATIONS 

1.00 GE +0 2 1.441E+00 -1.006F-91 6. 717E-02 
5. 	oF +0 2 5.74E-'1 -3.33PE-1? 7.71eE-.:2 
2. io 'E+03 3•14 'C r-'1 1.^71.r-c2 
5 	E +0 3 1.846F-'1 -4.1, 7"-%3 2 
1.000E+04 9.51F-02 -z.350f-91 7.6?9E-01 
2.500E+04 4.032F-02 '. F77E-43 

VAR-JJ., NCES 

4.49E-03 
1.3beE-J3 
3.72LE-:4 ..f.V:E=O4 
6.953E-06 

CORRELATION 
FT V FE 

4.786E-01 
2.738E-01 
5.813E-01 
5.023E-ji 
6.570E-01 
4.567E-01 

1.774E+00 
1.691E+00 
1.57uE+00 
1.242E+00 
1.278E+00 
1.201E+00 

MEAN RATIO 
FT / FE 

Table M.l.i.(20) 



THE STATISTICAL '.F.SULTS APF F07! (E. 	T) - (TA YLOK APP'WXIMATION) 

FUG; TRUACAT1CN AT THE crnown r's7E7 TFr,q5.  OF THE t1:30ULUS SERIES 

Fr;i7QUEOY 
NW-!7NAL 
RESPONSE 

HEM V 
OiFr7F77.71-7.: VARILNGES 

CORRELATION 
FT 	V 	FE 

MEAN RATIO 
FT / FE 

1.00 0E+02 1.441E+10 -6.6377- 92 2.754E-02 7.58,,E-04 6.796E-U1 2.3139E+00 
5. U0 0E+0 ? 5.711E-01 -2.324E-02 1. 715E-u2 1.72'2E-04 5.654E-01 2.138E+00 
2.030E+03 3.4 2;E-11 

1.' 46F-7J 
-1.7)73E-12 3. r.0 8E-0 3 

7.^7F,E-A 
7.06L,E-05 
1.56-LE-.5 

5.294E-j1 
5.556E-j1 

2.236E+00 
2. C6 7E +C U Table M.1.ii.(10) 

9.350-; ? -2.270E-97 1. r'36E-03 3.371E-06 6.679E-01 1.667E+0 0 
2.500E+04 4.071F7-0 7  -7 .7;77- -Ob 7.1717E-04 5.04E-07 7.716E-01 1-.465E+1: 

THE STAaST2GAL 	nr7 Fr?, (7)077) 	(TAYLOr, APP1OXIN4TION) 

FOR TPJAOAT7ON Vr  TH7 	TFrriF OF THE hOOULUS SERIES 

F 
1.kiiCAE +0 2 
5.L3nR+n2 
2.00 OF.+03 
5. Jv 	+13 
1.0:2 'lc-  +0 1  

KESPO - 
1.4417+'1 7: 

3.4?0E-11 
1. 4.1)F -'1 

4.1 72F-+ 2 

!TANI 	sTPNInARo 
177E77;7r.- 	^7. Yrt. i loi,S 

-1.375E-'1 	8. 717E-6 2 
-4.511E-02 	4.'53E-02 
-2.301F-1" 	2.100E-02 
-7. q777-■3 	1. rI6E-L 2 
-7r 77E-1-3 	5.g4f 1-o 3 
-1..2'3E-13 	2. F 41E-L; 3 

finia;NCE:10 

6.42LE-J3 
1.650E-03 
4..002E-04 

3.41-E-j5 
.C.7cE-116 

CORRELATION 
FT V FE 

4.761E-01 
2.766E-01 
5.945E-01 
5.940E-Li 
6.550E-J1 
4.585E-U1 

MEAN KAT ICJ 
FT / FE 

2.L59E+00 
1.434E+00 
1.788E+00 
1. 4t; 6E +0 
1.444E+6 
1.345E +0 0 

Table M.1.ii.(20) 
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I GLJELATIN !J.EAN :013 
TH V FS F-1E211:7. CV / FS 

5.7f! Table 2.i.(20) 

5. 
"5 - 

1 

9.24,2E-n 

NOMINAL 
RESPONSE  4EP 

5.788E+01 
6.860E+01. 
7.131E+0A 

.17.t 
7,7 v7.,1- 71) 

7  7 1 7 7 4- 
• I - 7  4-1 

77'7 -7 4 1' 

THE 5T 1.11:.,T icAL 

FOc. Tc:0 !'T 1 r!, 

g7- 7 (F V,3") - (7k YLT. 	0).<1 ''Y'T1ON) 

- yir 7-7 r 	 r 1 :'L'L'Y 

NOMINAL 
RESPONSE 	1F- 7 

77f 	= ) 
ryrpi1), 4 ,7 

I '..:(t.;KELCI f.Dt1 MEP 
F-1 	F 	F / PS 

.'"JJ  
1. i.,1% '07_41.1 
1.5 i' 74-;j3 

5 .788E+01 
6.860E+01 
7.131E+01 

1.11 77-'7 

. 	7 

77 17-- '2 
,1 

-.L 

- 1 
• L j 3"--:. -1- 1 	Table 2.i. (10) 
• _ 

THE STiiiñL Ffl 	- ( T. YLi.);. rADP exl-111U) 

FOI\ 	kL," IT '7H7  '7 7', 77 77 7Y7 ; 7 .7 7'7. 	T1 	C;  



THE STA TIST1C AL --7-':11L 7-'3 	r 	(r.M.":") 	(TMYLOr. AP0  1.•fl.TION) 

FOR T.!J*JCATTG'I hT 71-1FSFCO'Jn 	TF7"'":: nF THE COMPL7 X SFIFS 

NOMINAL CO;;;RF.LATION ^PIIA 	RAT r.? 
RESPONSE H":1),IC 1-V ITTn VI 'IP 11Ci.S FM 	V 	FS / 

5. Or) rIF 41 2 5.788E+01 -1.,171F-77 4.CL'F -77 1.;11`'E-:;5 1..1lijr+OU 1.07A.F+r 

1...A 0E+17 6.860E+01 7.7 747-"' Table 2.ii.(10) 
r'E 4-1.1 3 7.131E+01 I 	t 1-746_-:6 1 	a rj + r 0 

THE STATISTIAL .r7SULTi 15'r7  rfl (E/!7') - (lAYLOr APP OXT0 TI9N) 

F0'; T 'R'..1. 1r."::1T 	C.t4 ;. T THF sr 'n!!^ CF THE COMPL:-. X SE,;IES 

C 	ATI') N MEAN ',ATID 
tCY 

1. rt;'. f.F. 
1.53 nr *13 

NOMINAL 
RESPONSE 

5.788E+01 
6.860E+01 
7.131E+01 

HE.3\?F, 

1.41; 7F-V-
9.'7 2r -'1 
4."E4c3E-'1 

7TV171:'71 
nr. IA TT "IS 	7 7.A 

7.2"74-12 	1.177+Li 
7..07.6r7+2n 	i.V7)4F+u1 
7.717Ffln 	1,414F+ni 

FM ,1 FS 

4.21+7E-C, 1 
>.598E-r.li 
6.299E-`.'1 

/ FS 

7. 476E-r' 
8.646E-91 
9. 25 '3F-'1 Table 2.ii.(20) 



THE ST ,  1151 	 (;:. 

T 	T 7 (if/ 

Lr.r 7. ( 7 127 ) - 	 APP-(,x=nIluN) 

7,.1" 
1F THE :-A 1 .11.0: 

FR.E01IF 
NOMINAL 
RESPONSE 	tiEAVS 

77; ';7,7k 	 viEiA14 	i 
5r-Vcr.T.Ok1"; 	 i‘ICES 	Ft1 V FS 	F,1 / FS 

5.0rinF+32 
1. 
1.5 	4-r  

5.788E+01 
-6.860E+01 
7.131E+01 

-2. 4`• 77. + 

 

1.--)T174.1n 	-.).1^7): 4 01 

5.766E -U1 

6.70 77.-91 

E + ;.1 
• 

+1^, 
Table M.2.i.(10) 

THE 	T4I1ST IC:AL 	7 '7 IJI.TS ;17= 	(rX17 7) - (TAYLOi... APP: OXi."In TiulA 

Fur? T 'U .0f{O ti•4 	T 7117 	T 	S= 	i 	7F THE tnuDULU; SEki ES• 

5reT7047 	11 7 741i0FS EPE7)IFN:.!V 
. 	• 

	

5. 	H 	C.; if 

	

1.90 	+9 3 
1.51 1r-74-n3 

NOMINAL 
RESPONSE 

5.788E+01 
6.860E+01 
7.131E+01 

iE.O 9F! 

-9.7”F+9 11 4,c5777 +1n 2.4614E+01 
'.'77 7 +1.11 

ILUI4 
FM V FS 

?.462E01 
4.113F-1.1 

1;;,-1 
Fri I FZ 

1. 	;'" 
1.408E+90 

? 
Table M.2.i .(20) 



THE STATISTICAL RESULTS ARE FrR (.7yinT) — (TAYLOR APPOIIMaTION) 

FOR TRUNCATION T THE 3FComn 	rE; OF THE MODUL:'S SE'IES 

CO RRELATION MTP4 	T ..17 
VA'IANCES 	FM V .FS 	FM / FS FREQUE'ACY 

5. 03 OE +0 2 
1. 00 0E+9 3 
ic 50 0E *0 

NOMINAL 
RESPONSE 	MEADS 

5.788E+01 —2.716F+In 
6.860E+01' —2.752F+f'r 
7.131E+01 -2,1',Rr +lr 

TAV):",71 
DFVATT3NS 

1.67E+VI 
247,71F+nl 
1.. 7P!774-71P 

2.R5FE+00 
5,3'.2qL+06 
14'7,3f:+60 

5.727E—Ji 
3.684E-01 

2.191E+03 
2.065c+00 Table tiA2.i.i.(10) 
1• V1.5E +0 0 

THE STATISTICAL RFSHLTS ISPE FOos (r!W,T) — (TAYLOR AFFOXIMATION) 

FOR TRUNCATION AT THE  SFOONO  on,1F7 rrp673 OF THE HOOUL:jS SEPIES 

OW:RELATION MEAN RATIO 
FM V FS 	FM / FS FREQUENCY 

5.030E+02 
1.0OCT1+03 
10500+03  

NOMINAL 
RESPONSE 

5.788E+01 
6.860E+01 
7.131E+01 

MEATS 

—4.101F+0C 
—3,776F+rf 
-.4t,ctOlir+no 

ST8.4nAII 
OF07704 .  

4.4i3E+nn 
r;11,?T4-rin 
r;Q 3P3F+05 

VA7 I ANCES 

1.47E+oi 
2,5n2:.+:11 
2.'9?E+01 

i.30oE—ai 
20413:—C1 
4.021E-01 

1.63iE+1 U  
5',) 6E +V 0 

1.825E+00 Table M.2.ii. (20) 



NOH7rrl_ 
1:E7 7)nNF'7  

3.17417-° 7  
1.3 

THE STAiISTJLAL '77AJL77,' g\PE 77i7 (Ev.1 7 7) - (TAYLO. APPLOXIM4TION) 

F01-: TrACPT1C)14 11 ; 	H r7;-..S1 Jr.1t1 TER4S OF THE COPLEX SER.1.ES 

F 

4. 000E+0 3 
6.060E+13 
o.riJE+113 
-1 • 	'1E 	4 
1.4,°E+04 
1.50 OF. +.04 
2.5. 	4.04 
4.i;;JE4-04 

Tr'InAk0 
OCUTPTICNS 

0E-04 

1.1F 0E-04 
1. ql 9E-05 

5 
6.Y?4E-vb 

VARINCES 

b.46-1E.•-06 
1.07EU7 
7.413E•:37 

1.39?E05 
1.5'32E 

4.21E•.-11 

CORRELATION 
FT V FE 

9.990E01 
9.992E01. 
9.967EC1 
9.690EG1 
0.963E'.01 
3.753E i 

9.924E01 

MEAN RATIO 
FT / FE 

9.97 0E-01 
1.004E+OU 
1.1., u6E+130 
9.900E1 
1.1174E+00 
9.d6GE-•.:21 

1.1J'i9E+1:0 

Table 3.i.(10) 

THE ' -r±( -:IST]GAL. "j111LT3 1:77. c7. 7 (X1:7) - (TAYLOF APPtOXIMA7ION) 
FO% T Ec1 .42.rn (hi itr  7147 77r 7 :.-17 	1- 7-7!07 1F THE CC 1̀,PLEX SERI ES 

F.:E)117  ICY 

4. 0') 0,7.4.0 3 
6.00 OE +0 3 

fr 
'74-C 4 

ilE.- 1-04 
1.630:+04 
2.5007_1-04 

I;F. +9 

hu!.47"fL 
17-17E;'.E+1C 

5.990E-01 	3.12"-n3 
1..n56F-n2 

IrF-••!I 
5.: •: 7-7 1 	1.F.'4F-17  
3.' 5E 	-7.1707-15 
1.q 91F -rri -2.73qc-r15 
3.174F-7 7 	5.75c,7-35 
1.3t11-i7 

si"qi/PF.0 
OF VT TIONS 

1.751C••03 
1.751E••02 
3. :13P 	2 

7.173E-1:1+ 
1. °I.0E-114 
1. 55e E-t.i 1+ 
6. 237E-L5 

NCES 

9.507.E-05 
3.1J3E-u 4 
9.237E-0+ 
3.C9. 	3 
5 .Lat-- E-07 
1.27t-.E-0B 

3 .59: 

CORRELATION 
FT V FE 

6.074E-31 
7.509EU1 
6.620E•01 

4.071E01 
6.798E•01 
7.467E 
7.4213E...111 

MEAN RAT I) 
FT / FE 

9.751E-01 
7.300E01 
7.532E••(11 
7. ?51E 1 
1.065E+00 
1.005E+00 
8.66 UE-Li 
1.L32E+tiU 

Table 3.i.(20) 



THE ST-, ■'IS.I1 CAL ;,.17ULT.7,' Ar"..7 7r-7, (F41.7T) - (TAYLUi,, APPI.OXIM4TION) 
FO ,-; I RU::.GAT3 uN ATHE IFCC+1171 	rErkiF IF THE (.;OHPLJA •:>Er';IES 

FrcElt)=-' 4 Cli  
4. '3., ut--.7 4-ti 5 
6. LIJ LE +93 
6. 0001E +03 
1.0u 07+04 

, C.:+.)4 
1. '3' 
2.51 "E +7! 4 
4.300E+04 

NU'17W-L i<ESCIrsc.  
-t1 -07- r  

4.11E-71 	-1 .

▪ 

137E-'r 
5. 0 10E-111 	-5.072E-15 
5 . 0111E-nt 	-2.E41,-- - 14 

r":, 	-6.  
3. /7 1, =-, 	

• 	

7 7 -V. 
1.31 

1.rlfE-J5 
2. 7 5.1 E-Ob 
1.1'42E-04 
F. 	5E-i 4 
7. F4FE-n.1 
7.711E-0i 
r. 45'1E-07 

JA1;1, NCES 
1 .11-L 

E-11s 
1 .06r.E-05 i.U3_E.- 4J7 
1.117 
5 .13'3;. E-11 

E-13 
2.97L- E-13 

. COELATIUN 
FT V FE 

1.0 JJE+.1,:. 
1 .au uE+OU 
1.000E+OU 
'J.998E-J1 
9.92eE-',1 
9.951E-U1 
1 000E +OU 
1.000E+00 

MEAN RATIO 
FT / FE 
I.12t, 11E+00 
i•Jj 1E +00 
1.00 2E+00  - 	Table 3.id.(10) 1..3,i 6E+00 
1.123E+1,p 
1.03E+iiU  

GE-01 
'3.969E-1)1 

C, J 	St V,1011,1;ii 
77r7F7,E,13T: 	71::: VIC TIOHS 

THE :., T,',7.I.S•T:LAL -1F-711L-1 11P-7 	(E 	..7) - (TAYLO7  d,PPt OXIWATION) 
T .;),J .CAT 1 uhl 	THE 31-.7,0Nr; 7.71r7.7( tm7 r.i.F CF THE LZ:iiiPLLX SE*IES 

F.,.E011.7 f4C 
4. i.);rE4-0 3 
6.00 0E+03 
8. 00 0F+03 
1 J +04 
1. 4J '0E+04 
1. 600E+04 
2.53 0E+04 
4.0J +04 

NU MI I 
kEc:',nr:sr 

5.016E-01 
4.911E-01. 

"i1E-71 
5.' 	r-,71 
3.5 
1.1.61F-93 
3.I74F-: 3 1. 

HE01 

7.00?7-03 
1.01FE-0". 
1.442E-92 
1.1, 7tE-: 2 

- 1 .2"77.- 1(4 -t.Il5r 16 
4. 6477-1  

F.T 0 \Inp 
nEVIP TIONS 
c;. F12E-03 
1. 7441E-U2 2. r41E-u2 
• "r"iEE-0+ 
• 311 E-05 

,;71r;E-u 4 
C,.: ??E-j5 

V,V;li. NOES 

3 .

▪ 

U2bE-04 
711. 	4 

•• 41 E 7 
'3.861E-09 
2. el: E-ufJ 
4 79:4 

CU RRE LATION 
FT V FE 
.867E--01 

7 .573E-7U1 
7•/J 1+9E-03. 
6.751E-01 
9.587E-01 
7.665E-(;1 
6.664E-v1 

MEAN RATIO 
FT / FE 
6.802E-01 
7.397E-u1 
7.690E-G1 
0.346E-L.1 
1.222E+00 
1.00 2E+0 0 

921E-;J 1 
1.159E+u0 

Table 3.ii.(20) 



'7.°19E-13 
r). 10 47-14 

THE ST.;TTSTICAL '.''UL TSA. Pr rn."' (FX17,T) - ( TAYLW- APP OXIM TION) 

FO? T 7'1 IcATTip tiT '7 1-17  THTf") 
	

7 (;r7 I F1 7::S OF THE CO10LrY S7clir S. 

FP.F.MIIC: ICY 

n-  7 
6.010:+93 
S.E0 - 7 4-r3 
1. "(--:+14 
1, 43 rH414 
1.E 	4.D 4 
2. Frl 07 4-i 4 
4. ) 	+.r7 4 

NOMINAL 
RESPONSE 

5.000E-01 
4.999E-01 
5.000E-01 
5.000E-01 
3.545E-05 
1.901E-03 
3.174E-03 
1.313E-03 

COQELATION 
ficA !!•• 
	

717V4TTO lc' 	Vr. 77A .,ICES 
	

FM 	'I 	FS  
MEtVi R AT ID 

/ FS 

1. tri 1E 44; 

1. P0 2E+0 
1.033E+(1 ri  
1 . 0.15E + 
1. ori 1E4-zi 

c5 7F - 1 

Table 3.iii.(10) 

THE 5 TA TTST CAL cEFA!LT5 A 	7077 (rXnr.;T) - (TA YLuk 4 PP. :OXI"VA.T1 oN) 

FO;=< T RU IC AT I ON AT THAT •T HTR1 	C3Ft. 	TERMS OF THE COMPLEX SFP.IES 

• 00;-ZR EL AT I) 	AN 'r<AT IO 

Ft1 V FS 	rH I FS FP.FOU7 ICY 

4•( 'lc: +0 3 
6. 0C riEi-n 3 
8: r.'9 07+0 3 
1.* 00 r) 
1. 40 1r +14 
1.80nE4-0 4 
2.5r) 	40 4 
4$ 00 F 40 4 

INAL 
RES I Oii SE 

5.000E-01 
4.999E-01 
5.000E-01 
5.000E-01 
3.545E-05 
1.901E-03 
3.174E-03 
1.313E-03 

H r ti si S 

9 q3!"F--n7 
P 'rF-7.  

iv  461r-r 2 
14.777,47-72 
-1. 4?7F-PL 
-8.5114E-n6 
4. 741F-r1  

■84 21 41" 

STPqr0,79 
17YAT714c 7,, 7*Ir!TE,F; 

n.;t6E-95 
3.' 
8, 1'15 	4 
7. F'7F7  E-0 3 
1.4qpF-07 
1.113E-06 
P. a  94E-0 8 

eY:17E.09 

6.872E-CU 
7 .572E-1  1 
7,05c1E-m(J1 
5 .622E-U1 
8 .6577-1.11 
3.597E-01 
7 a 679E-G1 
50339E...C1 

• 6.80 7E-0.1 
7.38 5E-n1 
7, 661,t.:...0 1 
8.224E-G1 
-1.259E+CG 
1. 01-5E +0 n 
tit 991E-01 
1* 067E+00 

Table 3.iii.(20) 



THE STATISTICAL 7.rFULT7 !RE rn7 (r_xCT) 	(TAYLV.  APPLOXIMATION) 

F0? TkTs4CATION 1T THE FIT 	T7RM3 OF THE MDDULUI:- SERIES 

F,;EQUE JC 

4. 	- +03 
6.- ';E +0 3 
8.5n OE+03 
1. E.: 441 I+ 
lot+. E +04 

E+04 
2. 50 nE +04 

00 OE +04 

NO.irtqL 
REf;PONSE OIFFF,.7  43 F.  1q0ARD 

DEVIATIONS 

n.479E-03 
1.767E-02 
3.t3JE-42 
? r;64E-t.4 
2. 7 r1.4E-04 
1.34E-04 - 
6.773E-45 

Hisit LACES 
CORRELATION 

FT V FE 
MEAN RATIO 
FT. / FE 

 

4.`3 +0E-01 
5.1)10E-01 

3.r7 =LrE-".  

3.174F-1,7 

3.227E-45 
5.891E-05 
3.122E-04 
3.8VcE-04 
b.07LE-ud 
5.4TeEE 
2.5fEE-05 

7.439E-1 
5.154E-01 
4.027E-U1 
4.427E-U1 
5.301E-C1 
3.532E-01 
2.675E-01 
2.196E-L1 

2.162E+00 
2.639E+00 
2.6G4E+00 
2.616E+00 
1.699E+4U 
2.668E+00 
2.904E+00 
2.fl9E+OU 

Table M.3.i.(10) 

THE ST,4ISTIC,AL 7.F:7ULT7 = 	F7'1 (FX177) - (TAYLIP-: APPiUXIHATION) 

,^7 	FT7F7T 0.71=1 	7:7M 1F THE MuDULU:. SERIES 

tE 4C 

4. 	+13 
6 	E +0 3 
6 	r',E +0 3 
1.091E+04 
1. 4H,E+04 
1. 	+f_ 
2.5L10E+0 
4.00 0E+0 4  

NUnWL 	t./.EPA 
ES'")CrISE 	DIC"E7ET:7 

-2.57r*C-12 
4.91qF•A 
5.1 1"E-:"1 	-7.7'47=-02 
5.ngar-oi 
3.549F-.r5 -2.V77-34 
1.2- 1F3 -1.F 1 5E-13 
3.174F-:.7 -8.3717-04 
1.317F-F13 -?.77177-.04 

ST 4 4DARD 
DEVIATIONS 

1.r24E-42 
2.4SE-U2 
4q2EE-02 
P.Jr7PE-02 
7.755E-44 

3.66GE-04 
1.164E-04 

VARIP.NCES 

2.323E-L4 
5.056E-C4 
1.622E-03 

946E-03 
6.P14E-07 

1.33E-:37 
1.35bE-05 

'CORRELATION 
FT V FE 

.3.493E-01 
6.115E-01 
3.284E-•01 

-1.269E-01 
2.538E-j1 
4.18-8-E-tJ1 
1.027E-U1 
2.077E-01 

MEAN RATIO 
FT / FE 

2.146E+40 
1.969E+00 
2..176E+00 
3.002E+1,0 
1.524E+LU 
2.764E+00 
2.347E+00 
3.138E+00 

Table M.3.i.(20) 



THE 	STTLIT:GAL 	F71Pi..i.1 	(cXS7-) 	- 	(LiYLW-. 	APPiwX1N;AT1ON) 

FOP, 	T'."ChTiON 	1 - 	7,17 	SFi Olin 	01C)c.R 	Trr,1F 	OF THE 	muJULuS SErri:ES 

7rt"nAT,J 	 00,-;KELATION 
Fr<EqUEACY 	-<E777 -1r1::E 	^TF777;t7 7t 	n7J:P IIUhS 	JAK1;%NCES 	FT 	V 	FE 

mEAN itATIO 
FT / FE 

5. 	'1F-r1 6.1S(E- 7.421E-v1 2.254E+00 
6• 	0E1-03 
b. 0U 0E4-03 
1.• 	1-14 

5.n 141E-11 
5.1 i0E-r1 

-7.751E-02  
.-4.c"E-11/ 

1.)iEL-02 
1.146E -L2 

1.03'eE-04 
3.765E-04 
1.5uaE-J3 

5.190E-01 
3.955E-01 
4.51;5E-U1 

2.799E+00 
3.U39E+00 
3.113E+60 Table M.3.ii.(10) 

1 3.7r-1 7 !4.'13E-L4 491E-27 5.l15E-!1 3.544E+LO 
lob! PF.+1 1+ -6.74t;-14 7.P47E-04. 1.055E-07 3.4b1E-01 3.312E+00 
2.50 	 *Ili  3.1747-17 3.621. E-J) 2.ai1E-U1 3.28E+0t) 
4• 1• 71.77_77 7.4 46E-,5 5.1.47E- 3.L99E+u0 

THE 	ST-;TISTICAL 	z.potL7' 

FOP, 	iPti:;AT3ON 	AT 	THE 

ACJA:WL 
F-tEQUE'IOY 	LE!":"7,7rF,7 

6. tj:, f•E1-115 	4.91c1 E-1 1 
8.u3iiE+03 	5.311- E-1 1 
1. 000:4-04 	5.31u-31 
1. 4.,  rE4-1.14 	3.54q7-7q 

+04 
2.5u 	'E +0 4 	3.174E-L7 
4. 00 0E1-04 	1.313F-91 

FCC', 	(7K1:7 ) 	- 	( TAYLJ7e, 	APP:,OXIMAT10N) 
rF,77 nF 1 HE 	r.AJOULWS SEcaES 

ME;',4 	rt°40ARD 	 UUmRELATION 
1F/7ATIONS 	VAkIvNGES 	FT 	J FE 

-3.71.17-12 	1.P34E-02 	2.837E-04 	3.501E-iii 
-4.71;7F-12 	2. 6 6E-32 	6.170E-u4 	6.125E•01 

4.7 1 rE-92 	 3.300E-01 
-2.7 ^4r-ni 	1.'4rE-1.11 	1.517E-02 	-1.143E•Gi 

1.73F, E-A 	1.94tE-,.6 	2.5U3E-idi 
7. 1 711E-i24 	5.171E-07 	4.376E.-t:1 	. 

-1.17n7-17 	2.5t' E-07 	9 .bB6E-1i2 
-3.711:7-14 	1.'14EE-04 	2.091E-08 	2.132E-01 

MEAN KA110 
FT / FE 

2.322E+04 
2.265E+UU 
2.638E+90 
4.1b'5E+00 
4.5:J6E+uti 
4.636E+00 
3.735E+ut) 
3.760E+OU 

Table M.3.ii.(20) 



THE 6Ts,;IST]CAL 	70' (7X) - (TAYLV: LPPLOXIMAIIUM.  

-flj4CIAT]lA ,)7 "HF THI'l 07-171 T7-7.M3 1F THE tijOULUL. SEFaES 

RE7Dnu:7 	01,7F-"E,1:77 

5.1 I- 	. 
'..7E-'ii -2.777E-12 

-4.c".7-12 
5.1190r-11 -1.01'7E-91 
3.5L!>E-n5 -7.7i1r7-16 

3.1_7- L.7- 	-4,-7!: 

flE11174CY 

b. f 	 -u3  
n. 	't4)3 
1..10 9E+94- 
1.1-3 1E *94 
2. 	+4t 4 

E4- 4  

FrIvN,i;t) 
7)7V7(11UW6 

F..176E-L3 
1.1F 
j.2'47E-u2 
7."717E-02 
!'.r23E-_4 

7.162E-05 

VAKINCES 

-u 
3 .79i E-U 4 
1.51f E-0 3 

7 
3.13.0E-0'j 

CUELATION 
FT V FE 

7.421E-J1 
5.191E-01 
3.960E-U1 
4.511E-01 
5.017E-i!1 
6.452E-J1 

2.210E-01 

ktT13 
FT / FE 
2.255E+0 
2.861E+U0 
3 . 1,91E +0 0 Table M.3.iii. (10) 
3.123E+0 0 
3.556E+1;u 
34 324E+60 
S. 2i4E +10 U 
3.104E+00 

THE 31. IIST1CAL FtJLT' L 	n7 (ExT) - (TMYLU%. APPOIMATIOH) 

"H-  TPI='] "'717 -1fl ir THE 1:*JULUL SE%A.E'6 

F-',Eq0E-3Y 

4.0.17+11 -6 
- 6.E-+03 

1.000E+04 
1.400E+04 

2. F;.. 	+1.) 4 
4. J1.1 r E-. 4-U.1-f  

NoAT:IrL 	H7t,  
PEncwsr 	ntrrE77V7 

5.Y11F-r1 -3.7j57-17 
4.91c'E-A -4.72/E-12 

5.010E-01 -?."411.7-11 
3. 	F- 	-2.n1r-qi 
1.(17117-"3  
3.174F-^S 
1.713C-7 7 -3.!:36F-'i4 

'Nulp.kU 
flflyTAf IL NS 
1. 	 r)E-6 2 
2'. 43q E-u 2 
4, 7'1E-1. 2 
1. 7,;(1F-01 
I i7E- j 3 
7. 2E-6  
F 1 C' L-  • 
1. 1.,5rE-04 

V MR.L 
2 .E44E-u 4 
6.195E-04 
2.235E-u3 
1.361E-02 

E-06 
5.571E-j7 

2.126E-03 

ULP-0,tELATION 
FT V FE 

3.505E-1 
6.131E-01 
3.3UPE-';1 

-1.136E-01 
2.513E-1 
.4.371E-01 
9.599E-02 
2.129E-01 

9EA4. RATIO 
FT / FE 
2.32 4E +11 
2.26 8E +U 
2.647E+6U Table M.3.iii . (20) 
4.226E+00 

651E+U 
4.126E+0 U 
3.763E+u6 
3.776E+00 
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The results presented in the next six tables refer 

to the band pass filter of Pig.3.4 in Chapter 3. This was 

the only analysed circuit in which the mean ratio between 

the Taylor and exact responses had very low values. .These 

numerical results are discussed more fully in Section 3.4c(2) 

of Chapter 3. 



(0?) • T'a1 aTTEILL 

T 3-1;66'2 

T6.-12L47.2  

•••3,i.;.■762 
Tf!-7?2/.°2 

T^-38 ^t'6 
T7,-30.9S'6 
T^-79T/C*6 
T"--1265°9 

•t -•565'L 

3A A 13 
N0I/V132100 

21-71+72r.T 

l7J-21£1•41 
51-719.12" 
93-3269'9 
9J-.3L29'T 

T:"-3TC.'3" 
r'  

2:1-71C'711 
isc 

7iSNOdS-1H 
111NY4ON 

ti-1-:-?!i.'6", 
::14. 	"':9'c  2 +3' • 'ST 

• 
6+1041+7•2 

2J+71111L0T 

 

 

7JA / 1J 
0I11/21 NV:41 

SlCIMVnVt SMOI111It?0 
00W41S 

"ION7JIG 
Nt2W 

AON :int) 

STe17!' 	1-1!. AO SU2171 N7GjU .[SUJ ?1-11 TV NOIIVONO6i e.10J 

(N0IIVHIX021ddV NO1AV1) - (10VX3) BUJ 	s/ins73 	1V;T1ST1Y1S 7141 

(0T).  rt atcn 

33 / 13 
0I1VN Mtl3W 

T7'-3176°6 

TO-753,7.6'6 
TP-7-1+799°F 
1^-7L96'6 

33 A 13 
NOI1V-1-01 

sinmvp,,VA 

'^-":78!.;•+7 
F7--7.96C'c 
2m-:7;'GP'T 
4,3-7761'6 
h,.7624-7°P 

SMOTIVIPJC 
01:40NVI,S 

	

70M7.32JIC 
	

3cNOeS7M 
	

AON111074 

	

ril=k 
	

1VNI41(IN 

STC112 X-rndk00 7H1 J0 SWN11 ?i1U-10 1S211J 1H1 lrf nnilvcNn211 .?.10J 

(NOIldWIXOddV e0-14111) - (101:00) 	1,1/ S1lflSk 1V)I1SI11157 ?kJ 



THE ST'AIIST1CAL 	finc-  Fr,  (Fx13T) - (TAYLU;. APPr.OX1IAITON) 

F0'.; Ti''Ar!CATICN PT 7HF sEmio r'?,D7R rEr..c.  OF THE COHPLIX SEF.IES 

F...)171L17!)0Y 

2.4,' E+02 
7.00 0E4-0 2 
1.  
3 6.; 
4. 	r.F4-:) 

NUHTHAL 

6.67qr-03 
5.1F;?F-01 
i• )  
7.1 45F-"i 

4.7,4 

4.711E-14 
1.641E-01 
1.65"7-03 
4.7'1 •-U4 
7.j.71F-2 
r3.7'.;7.7-17  

c:ravDAko 
nEvir 1 IWiS 

7.'“fr 	4 
7Fi6E-04 

1.'30E-03 
7.7.7F-4 
4.13.34E

E
-42 

6.1.1.rE-Lc 

VARII HUES 

1.187E-L:7 
3.623E-07 
1.76E-06 
2.113E- 7 
1.96t,E-3 
3.74 E-06 

UORt<ELATION 
FT V FE 

I.ULJuE+CLI 
1.000E+00 9.999E 
I.;1t1E4-0(.1 
9.993E-01 
J.9E3E-01 

MEAN RATIO 
FT / FE 

3.6u 5E-!3 1 
3.596E-01 
3.574E-01 
3.591E-A 
3.73 8E-.4.1 
3. 80 9E-0 1 

Table 4.ii.(10) 

THE STAIIEVILAL 	tRr: 'r7 (rY17;7) - (TAYLUN µPP XXIOT1ON) 

TqLLICk13014 AT THE 3F.:01 1 	rFP-:c.  OF THE :;:)NIDLLIX 6F"IFS. 

Fi,:EaUE.4CY 

1.7.!!'!E+02 
2.4u0F+02 
7. :Li 0E4-0 2 
1.00 6E7+0 3 
3. 6.) 
4. (.3.j '-;E -4.1) 2 

NO:.17141. 	MF6q 
71 7777'E'r77. 

1.2 -1(7,F-F2 	i.A737-17  
3.P5- E-7,3 

5.1'2F-7' 	4.r".467-07 
1.'7"E-n? 	1.1'7 7F-9' 

1.72r1 T-", 1 
b.;-  1.7 	 1.64 f7"•li 

STPqOARD 
n=kr,ItiuN::; 

2.r7.7E-L3 
4.737E-03 
F,.F05E-04 
7.7FE-L2 
7.71FE-L2 

6.283E-J6 
1.881E-05 
4.631E-07 
5.336E-.;3 
5.(357E- 

CURRELATIUN 
FT 4 FE 

3.161E-J1 
9.8U4E•d1 
9.662E-01 
J.766E-01 
9.639E-1)1 
9.a87E-U1 

MEAN RATIO 
FT / FE 

2.770E-01 
3.215ECI 
3.158E-01 
3.366E'-ul 
4.157E-01 
4.b28E-01 

Table 4.ii.(20) 



F1 1.1 FE 	/ FE. 
• .• N! 
b7_ 	1u 	t/AK.i.; 14L.;E::; 

1 L 	/,!c- f 
Fr:E11 1E . +.3Y 	S PC! 

1.P 1.7133'1.7+:12 

2./75E 
I) 	ZE-t. 
J. 
3. '41.J UL-01 

aL 1 

Table 4.iii.(20) 

1HE 	I 	ICALR.F-:',7-t1L7c1 	(7 X:k:7) - 

FLI-. 	1 	P.1 .1 	/-1 ' 71'7 	7.71 	( :TA 7) 	1' 	■.JI 	1-1E LU 	1 X 

2.1,5 ^E+02 5.677r -n7  
7. t, •••= 4-0 E 5.1" 	1 
1. •F # -13 1 .27'F-7 2 
3. ". = 7. F: 

A 74-112 

3. 4'4 	1 .16; E-ii% 
3. 6156-.. 7 

6 - 	 1.11.E- 7 
2.01 E.-u3 

C.17LE-1....)  • 

i.L.JuL-u1 
5J 7E- 

- 	Table 4.iii.(10) 
J. 

1_.. -3 1 
. 	1 

1.u1J + jt  

IHE 	 V7F.' =fl (<! 7) 	(TkYLU,. 

P7C:,J 	P: 	(7I) 

77 it P, J  

• 	

tr.  r 

S. 7 51411--t 5 

	

; L 	 6.216' 	b 3, 	77)7■-••••,.;  3. 	0;.;;.. 
. LI, F_-1J7. 

	

t 	"; '1 	E-j 7 

r ri:F77  
A0M7!!fl_ 

;-3( 
1.')Ec--- p  
6.670r- -  

- 
1. ?57F-I2 

FE / FE. 



THE STATISTICAL RESULTS AR: F(12 (=xAcT) - (TAYLOR APPROXIMATION) 
FOR TRUNCATION AT THE FIRST ORTER TERMS OF THE MOOULUS SLRIES 

FREQUENCY 
147;20E+..i2 
2.4UL L+6 
7.0UCL+C2 

, I +, 3 
34,6L-L+L 2 
4o9OuL+12 

NOh INA L 
RLSPUNSE 
is i 	2 
oeb79-a-L3 
5•182E.q3 
l*L57E-'? 
/.845c-q,1 
b,1,31z-ri 

MF AN 
DT FFRLNCE 
1.45 	4 
1. 17 FE-U 3 
9.71.1 	4 
1.5f F7-.4 
9.66 7-u ;) 
I .547E-1, 2 

ST ANU ARO 
13LVIATIC)NS 
5.1681:-.C4 
i.227E-U3 
14766tU3 

.6.79%;L-v2 
9.65JL4,2 

VARIAN3LS 
.6ild-.u7 

is 5U5E-qi 6 
3. 697E-.A, 
c. 5 	7 
4. 61UE.- 
9. 313i:-.1.: 3 

CURRFLAT ION 
FT V FL 

249251 
5.711E-Lli 
5.493L-•.A. 
3.455L- 111 
2.927E-ji 

NE-AN RATIO 
FT / FE 
8.42IL-L 
5.41iat-r11 
7",g6365 e.L: j . Table M.4A.(10) 
9.148E ...J1 

THE.. STATISTICAL RESULTS AR: cOR (EXACT) - (TAYLOK APPROXIMATION) 
FOR 1RONCATION Af THE FIRST OP7)ER TERNS OF THL MODULUS SLRIES 

FREQUE.NCY 
le T. 
2.414 	L.+! 2 
7, 

it +i 2 
2 

IUM INA L 
RLSPONSE 

66E-r; 2 
6.b79E-..!7 
5.1.8E-as3 
lya 57 	2 
7.145L-L.J. 

i1C-.1,1 

M:A4 
DIFFFP,ACL 

57-j 
5. t F 
1.2 
3. 2 2 F.,C-u 

ST AND ARO 
DEVIATIONS 

i.529t-u3 
3 

5 .321 -E•...o 3 
9.1.) 61E1-.4 

is 4 3.)E-L 

VARIANCL:D 

2. 337E-C:b 
..J.84.+E....L 6 
2.8:52EL 5 
5. 246L-‘i 7 
is f3ci7E-.02 
.189E- 

CURRE LAST I UN 
F! V FL 

2.%9E-Ui 
6.344E-',1 
5.641i.-L1 
5.27bLL1 
2•1211 

i 

MEAN RATIO 
FT / F€ 
5.222E-Ui  

4. 769L.."J 1 

9.429L-r1 
Table 14.44.(20) 



THE STA TI3T 3 GAL ';f77,ULT7 ; 	FT; (EX S :7) - (T4 YLuz, APPLuXi!i4TION) 

FOr; 1-.)J:.  VAT i OA 	7H7 SFCGAr. 0.70E7  r77FF PF THE *r.) DULLS SE!;;IES 

F,;EMIE-J.CY 

1.77 	+12 
2.40 r +02 
7. 00 OF FO 2 
. 	)7.4-43 

3.6 ‘,,F4412 
4. ?.. 	+32 

(qu'rflt L 	mr4q 
IFf'z'15i_ SF 	nTrFF-7,,FA 

1. ir-7--  2 	•1.:77.=- )4 	7. 21F;L-, 
6.67'7F-717 	9.c6E- 04 	1. 19EE-03 
5. 1.'; ?F-0 7 	7.1117F-1)4 	1.757E-03 

2 	1.71'7 F -"t 4 	L..q11E-:4 
7. 7.F7-' 	.c 7. 4F- I? 	7. 
3.;"15-,  J 	-7.7" 	"?. 	a. c'1E-i 2 

COELAfILM 
Vi,i-WHCES 	FT V FE 

2.45E-'21 
1.43E..E-06 	5.791E-01 
3.1,73E-vb 	5.357F-t:1 

5.166L-oi 
3.473E-;!1 

'J.Y7f2E-03 	2.72E-01 

MEAN htATIO 
FT / FE 

f!, 	LiE-C1 
6. 111E-01 
7.a51E-U/ 
6.231E-G1 
1.175E+U 
1.213E 4- 0 0 

FJL"JrIA't0 
Or'uThauNS 

Table M.4.ii.(10) 

THE SI7ISTIC:AL 7 70L7'",: 	r'07.7) 	(Tt,YLON. APPS OX.L1TION) 

AT HE 	T?,1F.? TERI°  CF THE :,AJOULljS SEIES 

F'"E1 1 1E.:C; 

1.7j 	+0 2  
2.40 OF +02 
7.1.1J 6E11)2 
1.0-J 17 4-'13 
.3.ti'r+q2 
4.9i1 gr-T +0 ? 

7)7F7F-,Fqr 

t.047E-n3 
2.1".7E-13 
2.525E-37 
7,7-cr_-4 

-1.V7F-91 

Si " NOAKU 
171/7P TlOW.) 

1.'31E-03 
?.7,  )5E-03 
5. 237E-L 3 
c. '1  F E-H+ 1. 7 4 14L-, 1 1.°17E-01 

JAH1v NOES 

2. 343E-0 b 
o.973E-:16 
2 .743E-o 5 
.jj1E-L 

3 .77,; E-0 2 
3.301E-02 

CO,?.kELATiuN 
FT V FE 

2.934E-01 
631E-ui 
5.230E-U1 
5.139E-01 
1.024E-01 
5.554E-01 

MEAN KATID 
FT / FE 

5.960E-01 
6.419E-u1 
6.436E-01 
7.951E-01 
1.524E+00 
1.531E+00 

Table M.4.ii.(20) 



THE 	TIS1 jLML .1ILT73. f  E cr.?, (FX12T) - (TgYLU- APPICXIM4TION) 
FC 't I r::1'4C AT UN ,1T 	H7 I. 	7:13 171E '1 THS IF THE tii:DULU'L SE;tIES 

FE IUEAC 
1..71,  '1E4-j 2 

+t12 
7. -O2 

1.. 0 07+133 
3..6u OF. +0 -2 
. I 	2 

Nu -Ms': L 	HFriL .4 ' 
HE7'Dft,ISF 	7r P.FL- E-7 r : 
1.2r-,F-::7 	1.-  74- i + 
6.67E-h7 	I.(7.6bF-'iti- 
5.172F-r7 	7.r477-"4 
1. ?7-fl' 	1.70 7'7 -04 
7.70-rF-n1 -,..1.577-O7  ,..i.r.) , jr..•.1 	-7,,q777- ;7 

ET s'IOARO 
07 VT T. IONS 

i. PE-u3 
1. 'CE-
c. 51_7E-Oi+ 
7. ?CE-02 

I-Liat. NGES 

1.435E6 
2.03FE-07 5.fh?E-3 

CUI<P.ELATiON 
FT V FE 

2.646E-J1 
5.792E-Li. 
5.334E-tsi 
5.095E-01 
3 .52JE-L.i1 

MEAN kAT 10 
FT / FE 
b. 54 2E-ul 
6.114E-01 
7.268E-V1 
,3.247E-01. 
1.1u 5E e 1. 227E 

Table M.4.iii.(10) 

THE S TL„ 	T C.,AL. 1771.11.77, 	 - 	APPi.t.dX1At.T1ON) 

FO; T■.', JACILTIO;4 	1 THF IPT.T3 17:1.7 7 	OF • THE .1C.)...)t1LU. SERIES 

ICY 
1.7, 

(,F. +0 2 
7 J.; 7 +11 2 
1. 0) n_:+0 
3. Sfl nj.. +02 
. 	2 

T '4 DA Ps9 
D 	P TIONS 
1.. 	1E-L 3 
2. 3114E-L., 3 
5. ?5 CE-4 3 
1. 9? ?E-0 

CLS 
L. 

.96'.-.E-0 6 
e.763E-U5 
'1.05L, E-97 

.14.1.E-12 
3 

ORIELATION 
FT V FE 

riE AN RAT ID 
FT / FE 
5.967E-ii 
6.460E-01 
6.513E-01 

OnE-O 1 
1.579E+1U 
1.5.3 	+ti J 

 

2 
6.67r.•F-'" 3 
5.1 
1. ''37'-'12 7, V4FF-01 

2.934E-61 
6.332E-i:1 
5.137E-ui 
5.135E-U1 
1. 7c>2E-ki1 
5.714E-‘1 

 

Table M.4.iii.(20) 



THE STAIISTIO4L:,77UL7: 47,E =07 (FYil'T) - (Ti;YLO APP1UXi1 TION) 
FUnc; T .;:'..PiCAT1014 kT 7HF FIMST 771E1 r77r3 7F THE COMPLEX SERIES 

AOMTWL 
	Mrq 
	

CORRELATION MEAN RATIU 
F?-tElUELXY 	NECY):1NSE 
	

lEVIAlIONS 4AKIvNCES 	FT J FE. 	F7 / FE 

1.50E+.92 
	

4 .191"-16 
	3.67;3E-05 	I.3tE- 9 	9.996E-'11. 	y. 194E-U1 	Table 5.i.(10) 

THE ST-4iIST1GAL7TFULT3 !!7F: 7r7 (EX1:'T) - (TAYLO!': APPLOXiMAI1ON) 
Fu Tr'JX3g11:114 !T THE =177,7 ^7.1fl 77717; -, r7 THE OuPLEY SERIES 

No47!:!:L 	STP\In.l.k0 	CORRELATION MEAN RATIO 
'EFT)ONSE 	n7F=F7For;" n=VIATIONS VARIrliCES 	FT 4 FE 	FT / FE 

Table 5.i.(20) 1.5 !)E+92 	6.7?1F-02 	7.F57F-14 	1.744E-L3 	3.641E-L6 	7.463E-31 	9.6j3E-U1 



THE 	TIS1:1U4L 	 (7y.ic-r) - ( -N,YLOr APP i OX11:-.13:11N) 

FO-; 	 TFIF7 	n117  r -7-17c. 	rF i HE CutiPLi-  X SE\1ES 

4 	!!: 	 CO E LA nOt4 
F-;1711.17" ;C; Y 	 TIr777?711'.7. 	07v7H1C, NS 	VAK1i..NGES 	FT V FE 

6.7 .3.17-1P 	 E-07 	7 .95.E-13 	1•riGUE*00 

t4±11.1:;1■7,1- 

 

MEAN RATIO 
FT / FE 
.97E-01. Table 5.ii.(10) 

TH 	ITSI J 	ITL 	'‘, 7...r" '7 7 	(7)C1,7,T) - 
FOR. 	,, .1•!CAT 1 ON 	71-1.7  SF01"i r."' 7, OF= 	(F THE .;_;311PLLX SE=iES 

177 fq 	 FtrkinAPD 	 MEW A 'A1 10 

	

NLES 	FT V FE 	FT / FE  
• c11_3 	a .66. E-- 5 	7 	3E-21 	i;b6E -1-.; 1 	Table 5.ii.(20) 



1. 
ES n,: nT.F7 '77..17.7 

L. 

i3.31L1=-74' 

FETtJ..; ‘,/  

3.4051'1"::+.Ja Table 5.iii.(20) 

-17 ‘7 7:-  F1 4F•.. 	 FL  

= 	 a 	 - 	 7 . 	- 1 	.iELJ1 

THE ST'\ t1L L ..,FTAJL'"; (77_ 	 (=V: ".,7 ) - 

FO,;.; 1.,:.r,:i-f)01.! 17 TH:-  '14:71 Y T 	C 	 0 	THE. Luv,D_EX 

".:T"Ar;fi.:j 	 '.EAA 
,/f.f I(i. 	 FT v i 	FT / FE_ 

b. 7 	 ;7 	 `.t . .; 7 E. - 	 Table 5.iii.(10) 
FEI J.CY 
1.5 r: 

THE 	 1"- -. E 7( 1., (F .1.7'.7 7 ) 	(7kYLi-. 

•r 	 - 1 1 7 	 -1 7 	 "7".. 	0. 7t E 	 EX 



THE ST,fISflr,tL -.F7UL T '; ;.77 77 -1 (7)( 3 7,1.) - (1AYLU APPiOXIMt,TTON) 

Ft-) 	T.)J.,iCATICN 	T HF r7rST . 7,7 1P1 177r7., Or  THE MODULO' SERIES 

ICY 
No41 7.1 	 FTe,I OARO 	. 	CORRELATION MEAN RATID 
kE7.POr.7 	It FF777171 F. n7vTAIIONS VA Rik NCES 	FT V FE 	FT / .FE • . 

6.3 ?; F- 	-.1.7717-"7 	F.'56E-Th 	6.40' E-!'7 	7.751E-1A 	1.766E+C,'D- 
Table M.5.i.(10) 

THE STA TISTICAL 	 F17 (FX,=) - (TAYLOk APP OXL 46  TION) 
FuN  I 	+r;i- 1 :uN 1- -HT r:7:  7T :17  lE "), --1;!-17 JF THE 1 1L,LJULU: SERIES 

P 	Fr" Ir.)1;‘),D 'IL • 	 OURELATION MEAN RATIO 
FftErlUE: iC Y 	 DE/ -.I1 1 IONS 	JARA.1, NCES 	FT V FE 	FT / FE 

1.53!, E+92 	 ?. ":,G E-:•A 	6.0.4.t;E-J5 	4.545E-U1 	1.75 (J.E+ 
Table M.5.i.(20) 



UMr;ELATION 'MEAN KA110 
FT V FE 	FT / FE 

4.623E-wi 	1.62E+Li.! 	Table M.5.ii.(20) 

FETIEACY 

1.5": 77:+ 

r-i tF7F -',7177 
-)7 

F:ifq0AKD 
1FriPilONS Vmkj.i., NCES 

6.7 

  

     

IHE 	:7-71k 7 i 07. 717. 	- (TAYLO.% APP 

TO- 7 H7 	'": 7:7)7? 17..r.1 ,-  OF THE ;..00OLUS SEIES 

L. 	1471 -4 	rTP4nARO 	UjRRELATION -MEAN RATIO 
F,.:;-1)U7 ACY 	 hFVIPI1ONS .VAI:IvNUE-, • •FT V FE 	'FT 	FE 

1.5":0:+02 	t.D. 7 17-^ 	-1.4417-93 	F,14?c-04 	6.630E...07 	7.743E-01 	1.b10E+00 Table M.5.ii.(10) 

TOTt_ '!'.117,E;'. OF "'n77.:,Y- IT'-51: 	t 	XAUT VALUES IS 	43 OUT OF 	51 TRIALS 

THE 7;Iii.S7)CA:. -;71 11. -7  r".7. 7 	(7X77) - (TAYLOc. APP OXIT:.0N) 

Fu TRi.'CtljOA 	TH 	F 1 	i 	IF THE ''!ODULL,S SEJ.ES 



THE STIISI74AL 	CExl:T) - (TkYLoR. APPDXIMATIUN) 

4kft:CAT304 AT -Hr THITZ1 	TE- M!; OF THE MODULU SER1SE 

HFrq 	ST!NMARD 	CORRELATION MEAN RATIO 
Fr,,E710;40Y 	HES'In7F7 	DTPF7U1:7 frVIATIONS VARIANCES 	FT V FE 	FT / FE 

1.5.07+j2 6.7217--2 -1 .1141F-U3 7.142L-L4 6.62E-u7 7.743E-J1 1.81UE+u0 

1OTAL WUMbEk OF ...?PrrYT.-1.4 170.,:F Tp;r1rrr. TVii EXACT VALuE IS 	43 OUT OF 	50 TRIALS 

THE S-RTI'31.1:liAL -.-7HLT3 	77C-, (s45:7,7) - (TkYLO:.. APPeXimATION) 

TPIJACATION A7 747 	0,71fl 177713. OF THE c,eDULUS SE4JSE 

14017;;;A. 	MrA'4 	STt4nARO 	UtiRELATION MEAN RATIO 
FrtEqUE',OY 	kE;NVSF 	01.77r-REM7:E OEVTATiGW,) VARivNOES 	FT V FE 	FT / FE 

6,57i7-72 -3.7.77E-77 2.57c,-.J3 	4.422E—J1 1.853E+LIU 

Table M.5.iii.(10) 

Table M.,.iii.(20) 
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