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ABSTRACT

Generalised proofs of the necessary and sufficient conditions
for the existgnce of higher order sensitivity invariants in linear
systems in general and nonlinear circuits have been found. This
general approach has led to the discovery of invariants for signal
flow graphs. These results have not only proved useful in checking
numerical algorithms generating higher order sensitivities but also
in getting a deeper insight into the tolerance assignment problem
in electrical networks.

ConVergence criteria for the multivariate Taylor expansibn of
network functions have been found. A truncated Taylor expansion
approximation has been used to evaluate the circuit response changes
due to circuit element variations for both reciprocal and»nonreciprocal
networks. Statistical tests have been used to compare the approximate
response with the corresponding exact calculations. On the basis of
these results a fast and efficient, though approximate, Monte Carlo
Circuit Analysis programme has been implemented.

.A completely automated tolerance assignment procedure using
Nonlinear Programming has been developed and implemented. Once the
network response specificationé have been specified the multi-dimensional
Euclidian component space is systematically searched to determine the
maximum allowable component deviations above and below the nominal
value. The permissible tolerance can then be chosen. The impbrtance
and necessity of strictly controlling the sign of the component

deviations is fully discussed. The information obtained in searching
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the feasible space dufing the tolerance assignment procedure is used
to desigﬁ centre circuits. Hence thé component tolerance may be
widened. The necessity of using a Taylor expansion of modulus terms
is discussed when tolerancesfor homogeﬁeous network functions are
being found.

A direct method has been discovered for the fast computation of
differential network response sensitivity to circuit élements after
simultaneous large changes to one or more of these elements. Unlike
the adjoint network approach, éhis method does not'require the solution
of the full nodal admittance matrix equations if not all the elements
are subject to large change. The efficiency of the method makes it |
particularly suitable for dynamic exploration of circuit behaviour
due to parameter variation in an interactive graphics environment,
as well as in a wide class of circuit optimisation procedqres. The
method has been successfully implemented on a PDP-15 with a graphics
processor to display sensitivities for large changes to selected
elements.

A method fof computing tolerance regions in the admittance or impe-
dance planes of network branches for specified response changes over a
frequency range has been found. Using this method the effect on the
branch admittance or impedance for différeqt response specifications

can be easily found.
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Sfatement of Originality

In this thesis all the reported work which is not specifically
ascribed to others, usually by quoting the appropriéte referénces, is
original to the best of the author's knowledge.

The major original contributions are listed below:

Chapter 2

The development of higher order sensitivity'invariant relation-

ships and the sensitivity invariants for signal flow graphs [105] ..

Chapter 3

Testing the adequacy of the third-order Taylor series approkimation
to the voltage response and demonstrating that such an approximation

is computationally faster than the fastest method for an exact calculation [53].

Chapter b

The use of a complex Taylor series for voltage response calculation
in a tolerance assignment algorithm. vThe characterisation of the region
of worst case component deviations in a multi-dimensional component space
based on the results of the sensitivity invariant relationships. The
use of the 'modulus' Taylor series for tolerancing networks with homo-
geneous network functions. The development of an automated tolerance
assignment procedure for tolerancing reciprocal and non-reciprocal
networks. A procedure for design centering the components of a circuit

is described [61].

Chapter 5

The discovery of a method of computing first- and higher-order

differential sensitivities when one or more components of a circuit are



Vchanged from their nominal value by finite amounts, without the need
to solve repeatedly the full set of circuit equations as evinced by
the adjoint method. The implementation of this method within an inter-

active gfaphic circuit-design facility [106].

Chapter 6
A method for compufing the change in admittance values of circuit

branches for specified alteration in response voltage at a number of

frequencies.
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Definitions
A reduc.ed incidénce matrix
_AT ' transpose of A

13 element in row i and column jvof the rﬁatrix A
Et simulation current source vector
c(a) cost function
8ij Kronecker delta function, Sij=1 when i=j; Sij=o when i#j
F,f‘ a circuit response function .
8, mutual admittanée of a voltage controlled current source .
_I_n - nodal current source vector
éln change in the nodal current vector
0 nﬁll matrix
m number of variable branches in a circuit
n number of nodes in a circuit
ny number of circuit branches
Si_ normalised sensitivity of F with respect to X,

i
T transmission matrix of a signal flow graph
Xb branch voltage vector
—Yn nodal voltage vector .
éln 'change in-the nodal voltage vector
w frequency in radians
X vector of variable network parameters (components)

Ax.
Ai = ;—1- fractional change in a network parameter i
i

X—b “branch admittance matrix
Xn nodal admittance matrix
ﬁn change in the nodal admittance matrix
4 impedance matrix
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CHAPTER 1

COMPUTER ATDED CIRCUIT DESIGN

1.1 ‘Introduétion

Circuit design like any creative process is difficult to
identify and categorise, except in the broadest of terms. Though
standard procedures can be used in many cases [1 - 3], problems
often arise requiring original and.perhaps novel solutions. Herein
lies the basic difficulty in providing a completely automated
synthesis procedufe for circuits. Nevertheless, it is possible to
provide the designer with tools, either test bench equipment or
computer aids to explore the behaviour of a circuit. The information
so0 gained will h;pefully lead the designer to make suitable mod-
ifications which will improve the circuit. Though the term
'improvement' is necessarily vague, at any particular time the
designer will have an intermediate aim or goél which he is trying
to achieve. If some of these intermediate aims in the complete
design process can be identified then it might be possible to
provide specific aids to help guide the designer towards his final

objective.

1.2 The gircuit Design Process

To obtain an understanding of the circuit design process, an
attempt has been made in Fig.1.1 to reduce this into a sequence of
logical steps at a macro-level. Each'logical step can be regarded

as a sub-process, which can and usually is subdivided into more
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basic processes. The designer controls the flow from one sub-
process to the next using any 'hard' information or intuition.
Therefore, each sub-process must provide him with information, more
on demand, to enable him to direct operations with confidence. At
any intermediate point between the specifications (1) and the final
design (17) there may be considerable back tracking. The basic-
processes are identifiable in any design aid, be they test bench
equipment, tables of circuit and component values, or computer
simulation programs. Each sub-process calls upon the appropriate
basic processes to obtain specific results. Therefore, all basic
processes within each sub-process must be highly automated requiring
little or no designer participation, thus leaving him free to con-
centrate on the design itself. However, there is a need to provide
sufficient entry points to the basic processes allowing manipulation
under designer control.

The designer is normally supplied with some initial response
specification (1) which may be for example amplitude, phase, input
impedance as a function of frequency or time. He is then asked to
prodﬁce a circuit which will meet the given specification. After
satisfying himself that the inifial specifications are reasonable,
he proceeds to look for an initial design. From past experience he
may know of circuits which are likely to give the required response.
An initial analysis may indicate a need to relax or tigﬁten some
of the specifications to overcome any envisaged difficulties. The
designer now commences to make modifications and refinements (2),
(3) and (4) using any available aids to help him.

Traditionally a paper design would be followed by a breadboard

circuit, which would then be'changed directly until the specifications



were mef. If the specifications could nof be met for any reason
then either the specifications would have to be altered or greater
effort expended in the attempt to obtain the desired solution. The
advent of large ccmputers [l+] and the parallel growth in complex
circuitry and semiconductor technology [5 ] has made it necessary
to develop and use cohputer-aided circuit design (CACD) aids [73]
"to help circuit designers and manufacturers. The need for CACD'
becomes more apparent for integrated circuit design [7] where
simulation using discrete components ﬁay prove to be unrealistic at
best if not impossible in practice. It has become common practice
to simulate circuit designs, 5oth breadboard and integratéd, on
digital computers [73]. A set of analyses programs (18) are then
used by the designer to obtain information about the behaviour of
the design. A computer simulation allows relatively easy circﬁit
modification and retésting when éompared to the traditional bread-
board.

Once a satisfactory design has been achieved, the need to know
manufacturing costs of the circuit is of great commercial signifi-
cance [57]. 'To achieve a minimum cost design, in terms of the
component tolerances, which is commensurate with minimal specifi-
cation failure of the manufactured circuit, the tolerance assignment
process is invoked (5), together with a fine tuning algorithm (7)
for increasing the manufacturing yield. The yield is determined
(10) from a statistical analysis l:6]. At this point the designer
may feel that the design ié too expensive and go back to make further
design amendments. If all proves satisfactory the designer can
ask for the design to be laid out (12),[?6'] ready for a prototype

construction. However, there will almost‘certainly be a need to
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identify and remove the effect of any strays due to cross-coupling
between different parts of the circuit. Only a modest attempt [77]
has yet been made to devise numerical techniques to discover the
occurrehce of strays. Much work still needs to be done in this
area. It is still more common in this respect to construct the
circuit and perform test bench analysis (15). The designer may

find that he has to modify his design, resulting in a new layout,
minor £uning adjustments or even major design modifications. When
the circuit has passed successfully through all these stages of design
to the designer's satisfaction the final design specifications (17)
can be sent for actual production of the circuit. It is usual
practice to sample the production and test for units for correct

functioning.

13 Basic Processes In CACD

Underlying the computer-aided design process as described above
is the availability of a comprehensive suite of circuit design [8 ]
and analysis procedures. Some of the most important basic processes
are identified in Fig.1.2. These processes will be called upon by
the desiénef at various times to perform specific tasks as indicated
in Fig.1.1. The continuing importance [75] of the circuit design
process of Fig.1.1 will not form the basic subject matter of this
thesis. The scope of this thesis is confined to illuminating some
of the basic processes as identified in Fig.1.2.

In any design facility adequate provision for models (8) used
in the simulation of the devices ﬁsed in circuit manufacture must
be made. These models must also be able to describe the behaviour

of the device embedded in its circuit environment. Work in this
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area has been done by many researchers including Villalaz [9] .
Once suitable device models are available a circuit can bebsimulated
on a digital computer.

The topological c¢ircuit description most suitable for input to
a computer is based on nodal analysis [32]. A set of circuit analysis
programs (1) can now produce any desired response measure [73].

Both exact and approximate [53] (see Chapter 3) methods of response
calculation have a role to play in circuit analyéis. If a given
circuit has to be modified, this can be done either.independently
by the designer or under the guidance of a suitable optimisation
procedure (2), (see Appendix 2). For optimisation [927] as well as
for exploration of a design with respect to circuit component vari-
ations effidient methods are reqﬁired for Both small change (3)
(differential) and large change (4) sensitivities [10] (see Chapter
S and 6). In recent years the basic processes of tolerance assign-
’ment (5); [56,61] and design centering (6) [61] have also been
developed and investigated (see Chapter 4). The use of different
random number distributions (7) in statistical circuit analysis and
design [53,55] is a considerable problem. This is primarily due to
the lack of predictable data from manufacturers for component value
distributions. The aforesaid processes will receive greater attention
in the remaining Chapters of this thesis.

Over many years much work has been done in designing and imple-
menting facilities (9) for circuit layout [76]. These have not only
been based on planar graph theory [77] but also on empirical evidence
of how draughtsmen perform the work. The principal objeét here is
usually to fit a circuit in the smallest possible area, while main-

taining connection distances to a minimum subject to no overlapping




of connections if possible. Both this logic process and that of

device modelling will not be considered further in this thesis.
Finally, the box marked (10) refers to those processes which

are as yet either insufficiently tested of develpped to provide a

reliable computer aid. Some like stray analysis [75] are now

beginning to receive some attention. Other possible areas of potential

investigation and development are briefly indicated in Chapters 6

and 7.

1.4 Evolution of the Research Project

The main aim of the research reported in this thesis is not only
to develop and enhance the theory and numerical techniques of some
of the major basic processes in CACD but also to test those with
suitable circuit examples. The principal goal of the research was
to investigate the tolerance assignment problem and devise feasible
solutions for it (see Chapter 4). As the investigation progressed
cognizance of different fields in circuit theoqy became apparent;
in particular, sensitivity analysis, (see Appendix 1 and Chapter 5)
and the fundamental proﬁerties of sensitivity invariants in electrical
circuits (see Chapter 2). The need for extremely fast response
calculations in tolerance assignment lead to investigations of the
complex Taylor approximation (see Chapter 3). In taking adequate
account of the gffect of simultaneous lgrge element changes on the
differential sensitivity, the discovery of the "Large change/Small
change" algorithm of Chapter 5 was realised. Having devised and
implemented a tolerance assignment and design centeriﬁg algorithm
(see Chapter 4) using nonlinear programming (see Appendix 2), could

we discover an optimisation-free algorithm for tolerance assignment ?




To answer this question, a preliminary study of complex function
analysis was undertaken with particular emphasis on conformal
mappings [ 80] (see Chapter 6). This study led to the discovery

of a method for obtaining tolerance regions in the admittance plane
for voltage changes at one or more frequencies. The initial results
of this investigation are encouraging, though more work‘remains to
be done to verify the applicability of this method for practical
circuit design. The potential application of the Large change/
Small change method of Chapter 5 to tolerance éssignment is discussed
briefly in Chapter 7. Several of the gbove mentioned fields are
identified in Fig.1.2 in bold outline.

Throughout the reported research, the theory and results are
confined to lum?ed, linear, time invariant networks, (both passive
and active) amnalysed in the frequency domain. The dominant measure
of the response used is that of output voltage due to a constant
current excitation. In many cases, the theoretical ideas developed
in this thesis apply to linear sysfems in general and can be

extended to time domain analysis also.

1.5 Transistor Models

To simulate electrical circuits, the equivalent circuit type
model has been chosen [ 9]. The primary reason for doing this is
that the complexity of these models can be suitably altered by
eliminating or adding elements to achieve the desired effect. The
active devices, namely transistors, used in the different examples
to follow are modelled using the hybrid-n circuit as shown in

Fig.1.3. The component values in this model are calculated [23]
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from the manufacturer's technical data of h-parameters for the device

in question.
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Typical component values in this model at frequencies below
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1.6 Computers

Any discussion of CACD must start with some background con-
siderations of the capabilities of different computers. Three basic
computer groups can be identified: desk calculator, minicomputers
andllarge multiprocessing machines. The desk calculator restricts
the user to a fairly limited set of calculations,'and when used

iteratively is prone to human errors, such as occur in keying in the
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correct information. Though it is useful, it can only play a very
limited role in a CACD facility.

The range of minicomputers is large though they do present
certain common characteristics that are significant in a Hesign
facility; In most cases their accuracy is limited to ? = 10 decimal
places, added to this most of them have a limited basic instruction
set. The addressing and arithmetic capabilities can often be limited
when compared with the need to do a laréé amount_pf arithmetic in
most circuit analysis algorithms. The machines are relatively
expensive, however, and often have dedicated graphics facilities.
While the formef mitigates against their use in analysis requiring
optimisation procedures, the latter can provide a powerful interface
for the designér‘to interact [7”1 with both the sub and basic design
processes identified earlier.

The large multiprocessing machines like the CDC 6000 series are
increasingly being made available for use in an interactive environ-
ment as well as in the earlier batch mode. These can easily give
accuracies of more than 10 significant digits in single precision
aﬁd are offen specifically designed to perform arithmetic at high

\\§peed. Another significant feature of these is the large amount of
core space available for both programs\and data.

Numerical procedures have been implemented on both mini- and
multiprocessing machines. However, a comparison of efficiency

" amongst different numerical procedures as implemented on different
machines poses many problems. A simple comparison of C & times can
hardly be regarded as adequate. Its dependence not only on the
machine but also on the mode of programming and compilation cannot

be overlooked lighfly. There have been attempts[100] to run stan-



_ dard problems on different computers but even these comparisons

can only serve as a rough guide. Therefore, no attempt has been

made to give precise times for the different computations reported in
this thesis. Where relevant, the number of operations for different
procedures are calculated and compared. Ah operation is defined as

one complex multiplication or di#ision.plus an addition or subtraction.

12
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CHAPTER 2

SUMMED-SENSITIVITY INVARIANTS OF ELECTRIC CIRCUITS

2.1 Introduction

" In an electrical circuit, a change in the value of a component
parameter, whether intentional or parasitic, will normally cause a
‘change in overall circuit behaviour. In other words, circuit
behaviour is sensitive to variation in component parameter values.
Changes in these values.may be large or small; in each case an
appropriate measure of sensitivity [j1] describes their effect on
~a function (e.g. voltage response) of the circuit. |

One measure of sensitivity describes the effect, on a circuit
~ function, of infinitesimally small changes in component parameter
value. If AF is the change i@ a circuit function F due to a change
Ax in the value of a cémponent parameter x, then the normalized
sensitivity of F with respect to x, denoted by Si , is defined by

the relation

AF/F
SF = o (2-1)
X Ax7xo

Ax-e 0

where the subscript 'o' refers to a nominal value. Though the
circuit function F may be related to the time- or frequency-domain
behaviour of the circuit, and could be any of a wide variety of
circuit attributes such as voltage ratio, self-impedance or rise-

time, in this chapter only the frequency-domain behaviour is
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considered. Similarly, a wide choice exists for the component
parameter x; it may be a resistance, an admittance or perhaps the
constant of exponentiation in a diode relation. The superscript
(F) and subscript (x) may be omitted from S if they are apparent

from the context. An un-normalized sensitivity may be defined by

omitting the nominal vaiues of F and x from the definition in

equation (2.71); similarly, a semi-normalized Sensitivity is defined

by omitting only the nominal value of F.

Almost six years ago an interesting property of component
sensitivities* waé remarked upon [12] . It was found that for
the voltage gain of any linear circuit,.the sum of all the nor-
malized component sensitivities is a constant which can be
established without reference to the components or to the manner

in which they are connected. More formally, it was found that

Z_ S K (2.2)

where K is a constant and i ranges over all the component parameters.

Not surprisingly, K is referred to as a summed-sensitivity invariant;

its value is determined not by the circuit but by the dimensions of

F and x. Summed sensitivity invariance is clearly of great theoret-
ical and practical interest, not least because it is obviously futile
to test alternative circuits and component values in order to mini-
mize the sum of the component sensitivities. Furthermore, as a measure
of sensitivity forms a basic part of the reported research work in
this thesis, it is useful to develop more fully some of the existing

work on sensitivity invariants [13]. These not only have important

* We refer to Si as a component sensitivity since it is defined

for a particular component parameter.
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significance in the tolerance assignment problem (see Chapter &)
but also practical significance in testing the sensitivity programs
developed (see Appendix 1).

In recent years much attention [14126] has been focussed
upon the theory of summed sensitivity invariants, with the result
that the types of circuit and the circuit functions that the theory
encompassed have been considerably extended. One purpose of this
Chapter ié therefore to consolidate the more significant of these
results, but without the mathematical complexity that has often
characterized their derivation. The principal means by which
this consolidation is achieved not only helps to clarify the funda-
mental basis of the invariant property, but also leads to the
derivation of new higher order invariants and those for signal
flow graph networks. The fundamental property of summed-sensitivity
invariance is, in fact, that property of electrical éircuits (shared
by many other physical systems) known as homogeneity. It is this
property,first pointed out about ten years ago [’13], that is the

underlying theme of this Chapter.

2.2 Circuit Function

The fundamental property of homogeneity is perhaps best intro-

duced by means of a simple example such as the circuit of Fig.2.1a.

!

®v = y =|v

44'

FiGg.2-1



It is vital to the discussion to acknowledge that the linear
recistor can be characterized either by its resistance R or its
reciprocal; the conductance G; similarly, thét either the capaci-
tance C or its reciprocal, the elastance D, are alternative para-
meters describing the linear capécitor. Let us suppose that the
circuit function of interest is a transfer admittance Y = I/V
(Fig.2.1b) at a frequency w. Depending upon the parameter pair
chosen to describe the components'of the circuit, there are.four

equivalent expressions for Y in terms of the component parameters:

_ jwC _ jw _ JwC N JwG
¥ = 77566/ = DrjeR - 71je0R -~ GD+jw (2.3)

From equation (2.3) we see that if both G and C are (say) doubled
in value, then Y is also doubled in value. More generally, if
both G and C are multipled by a constant A, then Y is also multi-
plied by A. A similar property of proportionality applies to the
parameter set [R, D}, but not to the parameter sets {R, d} and

(G, D}. More formally, the circuit function Y is said to be
homogeneous in the parameter sets {R, D} and {G, C}, but not in
the other parameter sets. Furthermore, the homogeneity of the
function Y is said to be of order one in the parameter set {G, C}
because the multiplication of both G and C by a factor A causes

Y to be multiplied by A rasied to the power one. In contrast,
examination of (2.3) shows that the homogeneity of Y with respect
to the parameter set {R, D} is of order minus one. However, the
order of homogeneity is not completely determined by the parameter
set; examination of the alternative expressions for a voltage gain

(V'/V) of the same circuit (see Fig.2.1c).
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JoCRiT = JaC+@ - JoReD - Jw+aD (2.1

shows that whereas the function is again homogeneous with respect to
the parameter sets {G, C} and iR, D}, the order of homogeneity in
each case is now zero. For example, if both R and D are multiplied
by a factor A, the circuit function is multiplied by A raised to the
power zero;'i.e., it is left unchanged.

It is not difficult to appreciéte from the above example that
there will be other groupings of circuit functions.and component
parameters to which the property of homogeneity applies, to various
orders. In anticipation of a later resull, some groupings which
apply to the frequency domain behaviour of linear circuits are

presented in Table 2.1,whose entries indicate the order of homogeneity.

Parameter 4 .
Circuit set G,¢.U".gm | R.CL, rm
function

Voltage or Current
Ratio 0 0
Self- or Transfer- -1 1
Impedance

Self- or Transfer-
Admittance

TABLE 2-1

The order of homogeneity of various linear circuit
functions with respect to two parameter sets,

17
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The important point to note is that whatever circuit function is
under consideration, and whatever components are present within

the circuit (i.e. linear resistors (R), inductors (L), capacitors

(C) and voltage-controlled current soufces (gm) or current-controlled
voltage sources (rm), it is always possible to identify at least

two parameter sets with respect to which the function is homogeneous.
One parameter set which is often employed in this chapter is

G, L_1, C, g ! and will be called the 'pseudo-admittance set'.
m P

2.3 Homogeneity

The fact that a function is homogeneous with respect to a set
of pérameters has implications for the associated sensitivities.
This fact: as well as additional insight into sensitivity invariants,
emerges from the following definition of homogeneity and statement

of Euler's Theorem:

Definition

A function F(x1, Xos Xgo eeey xn) is said to be homogeneous
with respect to the parameters set {x1, x2, ceey xn} if
and only if

F(A.X,], Mgy eees )\.Xn) = }\KF(xq, x2,...,xn) (2.5)

where A is an arbitrary constant and K is the order of

homogeneity.

Euler's Theorem

If a function is homogeneous and of order K, then*

oF oF oF _ L
%, X, + Egé Xy eeses + % x, = K F(x1,x2,...xn) (2:6)

*Throughout this chapter the normal conditions for differentiability

are assumed, namely, that the function and its partial derivatives
are continuous and exist for all combinationsof parameter values in
a given range of these values.




The significance of the above definition and theorem lies in
the fact that the left-hand side of (2.6) can be identified as the
sum of the semi-normalized sensitivities of F with respect to the
parameters x. Thus, if both sides are divided by F, the sum of
the normalized sensitivities of F with respect to the parameters
Xqs X5 x34..., X is seen to be a éonstant, K, which is the order
of homogeneity. Thus, for the transfer admittance defined in
Fig. 2.7b aﬁd the parameter set {G, C} , for the combination of
which the order of homogeneity is one, application of Euler's

Theorem yields the relation

oY oY _

e G + 3C C = Y
In other words

Y .y _

SG + SC = 1

or
2. &

all conductance
and capacitance

2.4 The Homogeneity of Circuit Functions

So far, the property of homogeneity has been introduced by
meahs of an example based on a simple circuit containing one
resistor and one capacitor. For the property of homogéneity
to be significant it must be shown that a very wide range of circuits
and circuit functions possesses this property. Consider a circuit
composed of any number of interconnected braﬁches of the form

shown in Fig.2.2. Clearly, any circuit composed of linear resistors,
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gmv.i (J:’:')

FIG. 2.2 |
A representative branch (i) of a circuit

capacitoré, inductors'and voltage-controlled current sources can
be modelled in this way. If the cifcuit is excited at its nodes
by current sources; its behaviour is described by the nodal matrix
equation

I'= 1YV (2.7)

where I and V are, respectively, the vectors of nodal current
excitation and ﬁodal voltage response, and Y is the nodal admittance
matrix appropriate to the frequency of interest. The nodal voltage
response can be expressed in terms of the nodal current excitation
by

vV =21 | (2.8)

where Z, the nodal impedance matrix, is the inverse of Y. Thus,

any element of Z can be expressed as

A. . ‘ :
_Zji = —gl (2.9)

where A is the determinant, and Aij the\appropriate cofactor, of
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the nodal admittance matrix Y.

Examination of Fig.2.2 shows that each non-zero element of
the nodal admittance matrix has the form

L—1
G + j(uC - T) * gy (2.10)

where each G, C, L-1 and 8, may be the result of more than one
- branch connected in parallel; the sign is governed in the usual
way by the element's position in the matrix. It is easy to see
that if every G, C, ol andvgm is multiplied by A, then every
element of Y will also be multiplied by A. Now the determinant of
a matrix is defined [28] as the sum of the n! products each of n
elements chosen in such a way that each (unrepeated) term in the
sum comprises one element from each row of the matrix and one from
each column; this apart from a sign, which is immaterial to the
discussion. From this definition it follows that if each element
of Y is multiplied by the factor A, then the determinant A of Y
will be multiplied by A" if ¥ is an (n x n) matrix. Similarly,
it follows that any first cofactor of the (n x n) matrix ¥ will
be multiplied by kn-q. Thus, any self- or transfer-impedance
ti.e. any element of Z) will be multiplied by x-q. We conclude,
therefore, that the self or transfer-impedance of any circuit
containing branches of the form shown in Fig.2.2 is a homogeneous
.function, of order minus one, in the parameters G, C, L-1 and gm.

By similar reasoning, it is a straightforward matter to
establish that transfer admittances are homogeneous of order minus
one in the parameter set {R, L, C-j, rm}, where T is the mutual

resistance of a current-controlled voltage source, and that current



and voltage ratios are homogeneous functions of order zero in
both parameter sets. 1In this way, the properties summérized in
Table 2.1 may be derived.

Since homogeneity has been shown to bé a sufficient condition
for the existence of a summed sensitivity invariant, one might ask

if it is also a necessary condition. In other words, if a non-

homogeneous function is proposed, can a summed sensitivity invariant -

be found for the specified parameter set ? The answer is 'no';
there is a proof, due to Euler [29] that any function which satis-
fies the Euler relation is homogeneous. Nevertheless, a function
which is inhomogeneous can often be made homogeneous by a simple
transformation applied to one or more of the parameters, permitting
" a summed sensitivity invariant to be obtained: examples in sections

2.5.2 and 8 illustrate this fact.

2.5 Summed-sensitivity Invariants

The importance of the property of homogeneity can be demonstrated

by some examples chosen to illustrate various aspects of summed-

sensitivity invariants.

2.5.17 R, L, C Circuits

Consider a circuit composed of linear resistors, inductors,
and capacitors. Since any self- or transfer-admittance Y of the
circuit is homogeneous of order minus one in the parameter set
{R, D, L}, it follows from Euler's Theorem that

Y Z Y Y
Z S s; + D 8 = - (2.11)

all R all D all L

22
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Nnte thst the current and voltagé defining the admittance Y can

be: zhoren arbitrarily from =211 the currents and voltages that can
be identified in the circuit. If it is a circuit impedance Z that
is of interest, then Z replaces Y on the left-hand side of (2.11)
"and, because Z is homogeneous of order one in the parameter set
{r, D, 1}, the constant on the right-hand side of (2.11) is now

+1 .

2.5.2 Reciprocal Parameters

It may be more convenient for thevcapacitance of a capacitor,
rather than its elastance, to appear in a summed-sensitivity

invariant such as (2.11). Because of the mutually reciprocal

relation between C and D, C2 9Y/3C = - 3Y/aD, so that (2.11)
becomes
Y Y Y
Z Sp - Z Sg *+ g Sp = =1 (2.12)
all R all C all L

Thus if any parameter in a set is replaced by its reciprocal, the
corresponding term in the sensitivity summation must be reversed

in sign [301. In this way, an extensive range of summed-sensitivity
invariants may be generated for parameter sets for which the

circuit function is not homogeneous; equation (2.12) is an example -
for the set {R, L, C}. Equation (2.12) is, in fact, a simple

example of the use of the chain rule of differentiation.

2.5.3 The Effect of Frequency

Given that the major functions of a linear circuit are homo-
-1 .
geneous in the parameter set {G, c, L ', gmj s it follows that they

are also homogeneous, of the same order, in the admittance set



{G, (uC), (mL)-q, gm}, thereby allowing summed-sensitivity invariants

of the form
Z 2. 20 v D sk > sZ -1 (2.13)
G BC B , g,
all G all C all L ell.g_

to be generated, where BC and BL are tﬁe sﬁsceptance'of capacitors
and inductors, respectively. But useful invariants can also be
generated which involve frequency explicitly, as an independenf
variabie [27]. Thus for the circuit of Fig.1, whose transfer

admittance can be expressed as

jwC
Y = _’1‘_7'1 T (2.1h)

it is clear that if the value of G remains constant while both C
and (m)—1 are‘multiplied by a constant A, then the value of Y is
multiplied by xo; i.e., it remains unchanged. Since we have shown
that Y is homogeneous'of order zero in the parameter set {C,(m)—1};

it follows that

-1
$Ee = (2.75)
i)

or, recaliing the rule to be followed if a parameter is replaced

by its reciprocal,

st _ gof (2.16)

Here we have a relation between the sensitivity of a circuit function
to a particular component, and the (normalized) rate of change of
that function with respect to frequency. This is a simple example

of a more general property of linear circuits [21]. Some interesting
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relations between sensitivity invariants for single component'sets
and the normalized sensitivity of the circuit function with respect
to the complex frequency have been developed in reference [33].

2.6 Nonlinear Circuits

The property of homogeneity, and the existence of summed-
sensitivity invariants, is not associated exclusively with linear
circuits. For example, in the circuit of Fig.2.3, application of

Kirchhoff's Current Law yields the relation

GV, = GV, + GV, o+ a(exp(pV,) -1) (2.17)

1°1 2

i = a(exp (BVy)-1)

FlG.2-3
A non-linear diode circuit

With a view to finding a summed-sensitivity invariant associated

with the scalar voltage V2 we seek a homogeneous relation for

V2 with respect to a parameter set. More than one set can be found.

One is the set {R R 5'1 \4 l where R, = G-' and R, = Go | ;
11 21 ] 1 9 1 1 2 - 2 1

a set which involves the exponentiation parameter (B). To show

that this is a set in which v2 is homogeneous, (2.17) is first

written as: \
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v
_ij -1 1 (2.18)

We test for homogeneity first by multiplying each member of the set:

- by A, and finding the new value of V2, denoted Vé

26

R,V ‘R R.a v
' -1 2 1 172 2
V, (AR, AR ,AB L,AV,) = A = = AT exp(——:—) -1 (2.19)
2 1 2 1 R,|+R2 R1+R2 AB 1
However, if it is found that
' -1 K
v, (AR1,xR2, B ,xv1) = AV, ! (2.20)

then the function V2 is homogeneous of order X in the proposed
parameter set. Since equation (2.19) does satisfy (2.20) with-
K = 1, we conclude that V2 is homogeneous of order unity in the

parameter set iR1, RZ’ B_1, V1S. It follows immediately that

S + S + S + 8 = 1 (2.21)

There are other parameter sets that can be identified from equation

(2.17). One such is §G,, G,, a]. This set can be verified, as

above, to be homogeneous of order zero, yielding the relation [?6].
V2 V2. \

qu + sG2 + 8% =0 (2.22)

2.7 Higher Order Sensitivities

The conventional measure of sensitivity defined in (2.1) is
called a first-order sensitivity. Since they are of practical

importance, second-, third- and higher-order sensitivities have

also been defined. The question naturally arises as to whether these



higher-order sensitivities possess invariance properties.
That they do is easily demonstrated. Consider zgain a circuit
function F which is homogeneous of order K in the parameter set

{xi}; so that equation (2.4) is relevant. Differentiation of (2.4)

with respect to A yields

;Z: aiz x, = K A E (2.23)
all i +

A first-order sensitivity invariant, such as is expressed by
equation (2.11), is obtained by setting A to unity. The second-
order sensitivity of F with respect to the X, can be obtained by

differentiation of (2.23) with respect to A to yield

n n 2
;E: ;ES ‘Efxx?)g(xx.) ¥ Xy ¢ K(E-1) A2 F (2.24)
i=1 j=1 ol

If A is now set to unity, equation (2.2) becomes-

n
= K(K-1) (2.28)

M
QO
H®io
|
“

H
=

k1.

j=1 J

=)
1}
-

an expression whose left-hand side is the summation of all the
normalized second-order sensitivities; n is the number of component
parameters.

Summed-sensitivity invariants for higher-order sensitivities
may similarly be defived by successive differentiation of (2.23)
before setting A to unity. The results for the three values of K
of interest are easily deduced from equation (2.24): (a) if k=0,
all higher-order summed-sensitivitity invariants are zero, (v) if
K=1, all are zero except for the first-order sensitivities, when

2t-1

the invariant is unity, (¢) if K = -1, the invariant is (-1) t!
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where t is the order of sensitivity.
Relationships similar to equation (2.12) of Section 2.5.2 for
reciprocal parameters like capacitances can be also'developed for

higher-order sensitivities. Thus:

2
0% _ o 2.2, 2 i, e
aD.d3D. -~ 3C.dC. i’j j aC, = @cC,
i1 3™ i i

-t

If it is assumed that‘Dj and Di are independent then

2
o’F . _ _oF c2cd + 200 & § .
oD .oD, 3C.aC. i3 i 9C, ij
joi i) i

The second order invariant relationship for the voltage gain of

an {R, D} network is obtained from equation (2.25)

D.D,
Z Z oR, aR Z Z aD; aD =l = 0  (2.26)

all R all D

However, for an {R, C} network this becomes

C.C

LJ' oF i _
Z ZaRaR ZZacac 7ot 2 3C, =0

allR allC ' all C

=l Q

(2.27)
Equation (2.27) cannot be strictly regarded as a second order
invariant because of the existence of the first order terms.
Similarly, all higher order relationships for recibrocal parameters
will have lower order terms and consequently are not invariants of a
given order.

2.8 Component Parameters

Our previous discussion has been confined to the effect, upon

28



a circuit function, of small changes in linear 2-terminal components
and two types of controlled source. The question naturally arises
'‘Are components such as gyrators, coupled'inductbré, ideal trans-
formers and linearAmodels of transistors also described by parameters
that can be inc;uded in a set for which a circuit function is homo-
geneous ?' In answering this ques%ion we shdll illustrate an alterna-
tive method for examining the homogeneity of a circuit function with
respect to a parameter set.

The nodal admittance* matrix Y of a linear circuit is related
to the branch-node incidence matrix A and the branch admittance matrix

¥B by the expression [31]

L= A | (2.29)

Since the élementé of A have the value 1, :-1 or O, pre- and post-
multiplication of ¥B by A and AF respectively can only lead to the
additive modification of Y by elements of YB. Thus, if the elements
of ¥YB are homogeneous (of the same ordef).with respect to a given
parameter set, then so also will be the elements of Y. The question
posed above is therefore equivalent to asking Qhether the connection
of a new linear component to an existing circuit results in the para-
meters of that component appearing directly (or multiplied by a
constant) in the original or extended ¥B matrix.

Since the gyrator, as well as any other 3-terminal linear component
described by a 2 by 2 admittance matrix, adds the same admittance

parameters to new or existing elements of the branch admittance matrix,

*An analogous development can be conducted in terms of the branch

impedance matrix.
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these parameters can be included in the homogeneous set already
containing the pseudo-admittance parameters. For example, for a
circuit containing linear resistance (R), inductance (L), capaci-
tance (C), a gyrator of gyration conductance G and\a 3-terminal
terminal transistor described at the frequency of interest by

the admittance parameters y11,.y12, Y51 and Yoo 2 valid parameter
set, witl respect to which any circuit function is homogeneous,

is the set
-1 =1
{_R , Cy L, G, y11s y12$ y21a yaa} (2.30)

For a pair of coupled inductors with non-ideal coupling (L, L, - M2£ 0),
inversion of the appropriate 2-branch impedance matrix to obtain

the admittance matrix.

L ]
1
. 2
Jw(L1L2—M )
L -M L1 i
. ) -7 =1 -1
shows that the reciprocal inductances L1 , L2 and M can also

be included in the above set.

An ideal transformer is non-energic aﬁd incapable of descrip-
tion by an admittance matrix of finite-valued elements: rather, it
impéses constraints of a topological nature upon any circuit to
which it is connected. The manner in which the connection of an
ideal transformer modifies the admittance of a linear circuit [}4]
is such that its tufns ratio cannot in general be included in a

homogenous parameter set.
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2.9 Scattering Parameter Sensitivity

It can easily be demonstrated that the scattering matrix S
possesses sensitivity invariants [27]. Briefly, the basis-free
normalized scaftering matrix for a linear time-invariant circuit
with resistive reference is given [32] by:

N .
§ = I- 1% (Z + 5_)—1 r? (2.31)

i

where r = diag[ri}; r, are the réference resistors and Z is the
impedance matrix for the_network. The reference resistors are
arbitrary constants in the formulation of S. 1t is only meaningful
to seek sensitivities with respect to the "reference resistors" in

an actual example, where each ro takes oh a specific value (e.g. load
or source'resistance).

As has previously been proved, both Z and its inverse are
homogeneous matrices. It can easily be seen that r is homogeneous
of degree one, just as Z. It follows that (Z + r) is homogeneous
of the same order. Therefore it can be stated directly that S
must possess invariants in terms of the parameters of r, g_and/or
r_q,le In terms of the impedance parameter set used in the
previous section it can be éeen from equation (2.31) that S is
homogéheous of order zero. Hence, -

< ] .
2 x5 =0 | (2.32)

i
i=1

for all x; belonging to the set {EJ r} or {X, r_qj.

" 2.10 S8ignal Flow Graph

Summed-sensitivity invariants can be developed for other systems
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just as for electrical networks. Thus the sensitivity in signal

flow graphs [ 36] is defined for the gain function G as,

A .
G 3Gt '
St = 3% §© | (2.33)

where sg is said to be the normalized sensitivity of a signal flow
graph héving a gain G the source and some defined output node,
with respect to some branch transmission t. If it is possible to
show that G is a homogeneous function 6f a given order then as
before invariants can be found. To show that G is homogeneous

consider the formal algebraic description [36] of an n node signal

flow graph:
X, = .tqqxq + t,]ax2 F o venes e + t1nxn + £10x0 )
Xy = ta,]x1 + t22x2 S t2hxn + t20x0
: ~ o (2.34)
;n = tn1x1 + tnax2 + eecseses + tnnxn + tnOxO )

where XyreeeeX) characterise the nodal variables and the t's are
the transmissions or branch variables. The set of equations (2.34)

can be rewritten replacing {t.. = Q.. + B..s; i=1,2,000en

11 11 11

X, = (a11+311)x1 + t,]zx2 Foeeeeat by x4+t X0

X, = t21x1 + (a22+[322)x2 + eeeeet t2nxn + tzoxo

. "~ (2.35)
x o= ot Xy b b X, e +(ahn+Bnn)xn + tnOxOJ




Defining {ﬁ .

" (1 - Bii)} ; 1i=1,2,....n; equation (2.35) can be

rewritten as:

¢11X1 = ov.,],]x,I + t12x2 + seeces + t'lnxn + t‘IOXO

Foox, = Lt X, + QX + eceee +t.x + t..x

222 2171 . 2272 2nn 2070 > (2.36)
gnnxn = tn‘lx‘l + tn2x2 F oeaees L t 0% )

The set of equations (2.36) can be written more concisely in

matrix form:
(g - 2)5 = XOEO (2.37)

Following the arguments of Section 2.4 it can be seen directly
from equations (2.36) that (g - T) is homogeneous of order one, in

the parameter set Q € {tij’ gii’ @

} (t#j) i = 1,2,....11, j=1’2’¢-¢-¢no
Similarly the vector E‘o is homogeneous of order one in terms of
{tiO}’ i=1,2,¢0..n. Solving equation (2.37) to find the gain

between the input node X, and some output node q:

-1
X = xo(g- 2) 20 (2.38)
. x
Therefore the gain function G = -xj. in terms of the parameters

of the set Q and {tio}’ i=1,2,....n, must be homogeneous of order

zero. Invoking the Euler theorem Section 2.3%

3G
Bt..Tij e %k %i'i‘”ii =0 (2.29)

for i = 1,2400.een and j = 1,2,..;..n
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Evaluating the differentials of equation (2.39) with o, =t.. amd

¢ii= 1 fori = 1,24000s0 n, yields
oG oG o . oG
— t. | + = ii o+ g=0 (2.40)
%5 ¢, =, . 1 %35 e, .=t . Y P
ij  ij iiii ii

i£J

for i = 1,24.ee.n and Jj = 1,24e...0.
On dividing equation (2.40) by G, the first two sets of terms can
be identified with the sensitivities of the SFG gain Qith respect
to all the branch transmissions. The third set 6f terms in (2.40)
can be interpreted as the sensitivities of the unity gain self
loops; the latter being an interpretation due to Coats [371;
associated with the set of SFG equations (2.36). Equation (2.40)

can now. be written in the more familiar summed sensitivity invariant

form:
t,. g..
oG ij oG il .
2 —_— o+ —— =0 (2.41)
atij G a@ii G
all branch all self
transmissions loops

It can be seen that in the above invariant relationship the
additional terms of the second summation are not associated with
any physical transmissions. However, without the inclusion of
these terms an invariant relationship cannot be found in general
as with electrical networks. Higher-order invariants can be simply

obtained as in Section 2.7.

2.11 Applications of Sensitivity Invariants

The existence of sensitivity invariants has been developed

so far without reference to any uses. However, they are of con-
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siderable importance, not only theoretically but also from the
practical viewpoint. Thus invariants and relationsips bésed on them,
e.g. equation (2.23) have been used to provide an independent check
on fhe differential sensitivity calculation program (see Appendix 1).
Although the computer calculated sensitivities were checked against
analytically calculated sensitivities for simple circuit examples,

a much broader class of networks could be used when checking the
summed sensitivities against the invariént relationships.

Sensitivity invariants were first encountered by Leeds and
Ugron [42] whilst developing their sensitivity minimisation pro-
cedures first proposed by thofier [35]. As the algebraic sum of
first order sensitivities can often be constant and independent of
the parameter changes the need to use the sum of the squared sen-
sitivities is clearly recégnised. Furthermore, relationships based
on invariants can be used as auxiliary conditions in optimisation
procedures, such as the use of Lagrange multipliers. One interesting
feature of finding minimum sensitivity networks occurs in signal
flow graphs. Firstly, equation(2.40) can be used as an auxiliary
condition directly or by weighting thelsglf-loop sensitivities to
be zero. Secondly, investigations could bé carried out in which
the sensitivities of the branch transmissions are reduced while
those of the self loops increased, because the latter are purely
notional and an.increase in their sensitivitymay not be important.
These considerations have not been pursued here because they fall
slightly oufside the field of research reported in this thesis.

In the tolerance assignment problem, discussed more fully

in Chapter L, regions in an m dimensional Euclidian component



space E™ have been identified in which the worst case component
deviations are likely to occur. The worst case deviations are
those for which the circuit response c¢hanges by a maximum amount.
Thus for smaller deviations the response change will also be
smaller. Furthermore, it will be shown that it may not be possible

to search more than two of the 2m sectors of Em.

2.12 Conclusions

The most important point that has been established is that
summed sensitivity invariants exist only‘becaﬁse circuit functions
are homogeneous. Homogeneity leads directly to invariants for any
order of differentiation and, most impeortantly, indicates how
different parametef sets can be chosen in a fairly straightforward
manner to yield homogeneous functions. This approach shows how
invariants can be developed for both linear aid nonlinear circuits.
Similar analytical methods can be applied to other systems, as
shown by the development of invariants for.signal flow graphs.
Furthermore, the relationships derived in this chapter have not only
been used to check the sensitivity programs;but also have led to

a deeper insight into the tolerance assignment problem.



CHAPTER 3

CIRCUIT RESPONSE CALCULATION UNDER. PARAMETER VARIATION

2.1 Introduction

Electric circuits are designed to modify a known signal in a
specified manner into another form. The modified signai is often
termed the response of the circuit. This response may be the output
voltage, phase or some other property. .In trying to study circuit
behaviour it is therefore necessary to find the change in response
for changes in the component values of the circuit. When circuits
are»simulated on a computer either an exact or an approximate numerical
method can be employed to compute the résponse. The choice between
the two methods is governed by the trade-off between the accuracy. and
computational cost amongst the many different numerical procedures
that are available. In most simple circuits of around half a dozen
nodes an exact calculation (see Section 3.2a) is often the fastest
and certainly accurate to within the limits of the computers accuracy.
However, for moderate size networks of up to forty nodes this approach
is likély to be costly and it may be more advisable to seek an
approximation [38,39,40] to the exact response change. Naturally,
the use of a given approximation will depend upon how closely it
corresponds to the exact response change. For most large networks,
that is networks with more than forty nodes, sparse matrix techniques
[41] can be very efficient computationally.

Notwithstanding the many different methods of response calculation,
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a msjor difficulty exists in defining suitable criterion for the
comparicon of these methods. 1In the past the usuzl approzch has been
to compute the number of multiplications (or divisions) required for
each method. This was based on the fact that multiplications on a
computer were perhaps twenty times more expensive than additions or
subtractions. Thus providing all methods were of similar accuracy,
the method with the least number of multiplications could be regarded
as the "best". With improvements in computer hardware, multiplication
times [42] have come down to as little as ten times those of additioms.
Thus the old measure of operations may require modifications, especially
when applied to sophisticated indexing schemes used in sparse matrix
techniques.

Judging the goodness of an approximation to an exact response
calculation poses even greater problems. As the accuracy of an
approximation method may vary from circuit type to circuit type and
the choice of frequency points of analysis, statistical techniques
have been employed (see Section 3.4) to make comparisons for the
"relative accuracy of responses from different methods.

In this chapter a Taylor expansion to the response function for
large perturbations in the circuit elements will be developed. Some
theoretical aspects of the Taylor series will be highlighted and a
convergence criterion derived. A comparison will be made between the
most efficient exact method [h}] and the truncated Taylor expansion
with a representation range of circuit types. Thus it is hoped to

show the feasibility of the Taylor approximation.

3.2 Different Methods of Response Calculations

One of the most critical aspects of making a numerical calculation



29

of » rénponse functinn is to toke copnizance of the poles of the
function. This difficulty ezists for both the exact znd approximate
méthods. When making an exact calculation using the the admittaﬁce
matrix, the latter may become singular close to a pole, and hence

a large error may occur. Approximate methods using derivative infor-
mation suffer because the derivatives are changing répidly in the
vicinity of a pole. The change in derivatives for changes in component

values can now be investigated easily (see Chapter 5).

3.2a  Exact Methods

| Undoubtedly the most well known and often used method is that
of Gaussian elimination [44] , or some variant of this. Thus for an
n node network the number of operations (one operation consists of
one multiplication and one addition or subtraction) needed to compute
the response using standard Gaussian elimination is (-;-n3 + nz—%n)-
However, if only a subset of the circuit components are liable to
vary at any one time, then providing these componenfs are incident
on m nodes other than the reference, where m<&n, it is possible to
reduce the number of operations to (%m3+ me - -;-m) using the sub-
stitution current source technique, see Chapter 5. Recent advances
in the use of sparse matrix techniques [45], where the banded nature
of the nodal admittance matrix are usefully exploited, indicate that
it may be possible to reduce the number of operations to less than
5% of simple.Gaussian elimination. However, the amount of programming
effort, computer time and space required to set up the sparse matrix
tableau would not really justify their use for networks of less than

forty or fifty nodes. Finally, it is worth noting the developments

in algebraic expression evaluation languages [46]. Though there has



been some interest in using them for circuit response calculations
[h? ] it in generally true that the computer time/space needed to
generate the transfer function for circuits as little as ten nodes
can be very large. Therefore, unless the circuit response needs to
be calculated many hundreds of times, thesé techniques may prove

to be impractical.

3.2b Approximate Methods

IV Of the approximate methods the three best known are the use
of the multivariate Taylor and Moment series [38,39]. A third method
employs orthogonal functions [Md]. The last two mentioned methods
have been used to determine the response distribution of the network
from a knowledge of the component distribution functions. However,
component distributions are well known to be badly skewed and/or
being bimodal. Therefore, they are difficult to represent with simple
matheﬁatical functions, which makes them undesirable for use in pre-
dicting the response distributions. Matrix inversion by iteration
[44] is also available but it is difficult to determine the cost with
any precision because the convergence depends upon the matrix itself,
and in particular its eigen values. Thus the more direct approach of
a Taylor expansion of the response function appears to be attractive,
providing the necessary differential coefficients can be easily cal-
culated and convergence conditions derived. The former reguirement
is satisfied by the recent method [58] of calculating the network

sensitivities while the latter are derived in Section 3.3.

3.3 Taylor Expansion of a Complex Response Function

Assume that the voltage response function F(E?,wi) satisfies the
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usual mathematical conditions of continuity and differentiability
in the neighbourhood of 5?. If the chanée in response due to changes
in m components of a circuit, which may have more than m components,

is required, then this can be represented by:

m m m
0 0 F 8% g poo A% A%
Flasdo) = Flx >+sti;—+2—,Z stix.x_i_x. t e B501)
i=1 * i=1 j=1 * 9 J

where Si etc. are the first, second and higher order sensitivities
i
and xie.{m circuit components liable to changes Ax'}

'i -
The attraction in using a truncated Taylor series expansion is,
primarily, the efficiency with which the sensitivities can now be

derived (see Appendix 1).

3.%a Convergence Proof for the Taylor Expansion

If changes in only one element x are considered it is possible

to show from the results of reference [48) that the series (3.1)
D! N ,

will only converge for |Ax /bl <1; where F = /ps» D is the first
differential with respect to x of the denominator polynomial D and N
is the numerator polynomial. However, no such simple expression exists
for the case of simultaneous changes in more than one component. To
study the more general case of several variable components we start
by considering the matrix equation describing a circuit. (The following
mathematical proof can be skipped without any loss in continuity. A

more useful convergence test is given in Section 3.3b.)

vV = Y'1 I
-1 -nn -

When some of the component values change, the admittance matrix

Y also changes. Thus:
-—rl

Lo Lo+ &



If the source currents given by In remain the same as before, the

change in the voltage vector V_ for the change &Y is:
-0 —n

vo+r Vo= (X o+ &) I (3.2)

Expanding equation (3.2) in a power series yields:

-1 -1 2 -1
v o+gv =[1-x '8y + (X 8¥) - ... ¥ I (3.3)

where the criterion for convergence is that _Y__; S_Y_n be a convergent

matrix. In other words:

- t
(L7 6¥)°> 0 ast > oo (3.4)

Equation (3.3) is in fact the Taylor expansion of v+ 8V _ about
Xn' Therefore, once the output node of the circuit is identified
with a node-number, selection of the corresponding row from

!n+ 5__Vn yields the new output voltage F.

To prove the validity of the condition (3.4), let U be a matrix
1

such that D = U ¥ lJ__1 is a diagonal matrix, and V = p__1 V.-

Multiplying the nodal matrix equation by U yields:

11,¥,=%%, (3.5)

amd UYL UV o= UL (5.6)
Vo= oy v (3.7)

= DUI, (3.8)

v = u'puz (3.9)

{
=}
I

2



Similarly for equation (3.2)

-1
V +8V = U (D+USY U UI (3.10)
—n —n - = —=n- - =n
-1 -1 N al
= U [D(1 +D UY U i] JU (3.11)
- == = === —=n
-1 -1 ) [
= U [1 +D US8Y U ] D UI (3.12)
- - = ==n- = ==n
Let &B = gy v (3.13)
-1 el T 1
Ten ¥ +8V = U 1+0"88] pluz (3.14)
-1 -1 1 ey @ '
= U [1-078B+ @ 8B) +....]V (3.15)
The criterion for the convergence of equation (3.15) is:
-1 t
(D 8B) = 0 as t —» co (3.16)
Let C = D &B (3.17)
The maximum magnitude of any element of C is given by:
|8b..
,c..' = -——111935— (3.18)
I max | X | min
where I&bijl nax 1S the element of maximum magnitude indB andl)\lmin

is the minimum magnitude eigen value of D. A new matrix S is now

defined, each of whose elements are Icijlmax'

Then, S5 % Icijl for all i and j

Thus if a condition can be found for

_S_t—)g as t -—» oo

Then _(lt -2 0 as t — ©°

t q°t
5 = [Icijlmaxé.]

(3.19)

(3.20)
(3.21)

(3.22)



where é' has all elements of unity value.
t
s* =‘IC1'I s'*
J' max

Lemma
§32 = n §f (1)

where n is the dimension of the square matrix §'

s7= 55

- ng?
= n2 S' (2)
soos'te ot F(3)

It is easy to prove the validity of (3) by induction on t.

- 1

Hence, §t = ICi.l nt 1 S
J max

1

t 1
[]c. | n] - S
W pax no=
Since the positive constant n 2 1; it follows that

l Ci‘jlmaxn < ]

for St--)g as t —» ©0©

Hence a sufficient condition for (3.21) to be valid is:

Isbijlmax <
Ry

min

I .
or lsbij,max < %

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

iy



In most cases the inequality (3.2?)Ais likely to be stronger than
necessary for tae convergence of Q.becaﬁse it is based on the conver-
gence of § which is a full matrix of the maximum modulus term of C.

One immediate problem in using thevinequality (3.27) is the
and | A

As the computation cost for making the necessary calculations is very

need to calculate I SIHJ‘ at every frequency point.

max min

high this condition would not be used in practice. Nevertheless, it
does highlight certain interesting properties, namely that the position
of the closest pole to the frequency of analysis will have a strong
effect on the convergence. Thus the closer we are to a pole the smaller

the component deviations to guarantee convergence.

3.3b Comparison Test of Convergence

The basis of the comparison test is to find a convergent series
such that termby term each term in the series (3.1) is less than or
equal to the terms of the known convergent series. Typical series
used in such tests are the exponential and geometric series for
example. For the purposes of the test we rewrite the series (3.11)

in terms of two new variables ¢ and a, which are defined as follows:

*

¢ = one of {\SF\ or \SF \ or.....}
X. X.X.
i 177
max max
Ax.
a = maXimum of < }
i

The series (3.1) can be written as:

‘F(EO + Ax)l £ X = |F(_>5°)|+ cma +cm as 4 cm a 4eeut (3.28)
=1

= lF(g?)|+ cma (1 -ma) (3.29)

for hnal <t (3.30)

*We use the modulus of the complex sensitivities because
sF £ lsil ete.
i

x. -~
Ll
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The series (3%.28) can only be summed under the simplifying assumption

that SF
X

—> 0 as t Y00,
That is, the higher order sensitivities are bAunded énd only increase
at the same rate as the factorial. It is possible to devise circuit
examples (with frequency points chosen close to a pole) whose sensitivities
become unbounded with increasing order of the differentials. However,
in practice the simple condition lmeal(,l has proved to be adequate
(see Section 3.4). An interesting point to note is that the sensiti-
vities only become unbounded close toapole and this is also the
region in-which exact methods become inaccurate because the admittance
matrix is becoming singular.

The condition (3.3%0) indicates that the upper limit on the
allowed fractional changes in each component is only dependent upén m,
the number of variable elements; Thus for m = 10, a 10% change in each
element could be tolerated. With this condition rough guides to the
permitted component variations can be easily obtained unlike the

case with the previous condition (3.27).

3.3c Choice of Truncation Point

The computational cost in terms of the number of operations for
an exact single large change sensitivity type analysis (see Section 5.6)

once the appropriate impedance matrix has been calculated is:

= — + m° 4+ %m (3.31)

Cexact 3

It can be seen in Fig. 3.6 that Cex increases rapidly with m.

act

To justify the use of the Taylor series, its cost must be less than
Cexact' Bquation (3.1) shows that the number of terms in the series

increases by multiples of m for successive orders. Consequently the

computational cost for the Taylor series also increases by multiples
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of m. To keep the computational cost below Cexact only a limited
number of terms of the Taylor series can be used. The choice of the
truncation point must also take account of the accuracy of the resulting
approximation. Therefore, it is necessary to investigate the change
in accuracy for truncation at successive orders. Statistical methods
are employed (see Section 3.4b) to compare the response approximation
.using the Taylor series truncated at different orders with the
corresponding exact calculation. It will then be possible not only
to judge the accuracy of the truncated Taylor series but alsoc to find
out the best point at which to truncate. No one circuit is felt to
be adequate for such a test. Therefore, a range of circuit types as
shown in Fig.3.71 to Fig.3.5 have been used.

As a preliminary to proceeding with these statistical tests it
is useful to make some numerical comparison between the exact method
cost and the cost of the truncated Taylor series. TFor this purpose
all terms up to the second order and a further m third order terms

are chosen for the truncated series approximation. The cost of such

a calculation is:

cTaylor = 2m(m + 2) (3.32)

This cost is plotted in Fig.3.6, and the break-even point with respect
to an exact calculation is calculated as m = 4.5414. Thus for five
or more variable components this approximation becomes considerably
cheaper than the exact one. The cost of computing the sensitivities
adds a negligible overhead to the cost of the Taylor series, because
both the sensitivity calculation and the large change sensitivity
method of exact calculation uses the impedance matrix, and the cost

of obtaining the impedance matrix of a circuit is much higher than

the other calculations.



3.4 Accuracy of a Truncated Taylor Expansion Compared

to an Exact Calculation

As each different circuit has a unique circuit function if is
insufficient to test just one or two simple examples. For instance,
while filters tend to have poles and zeros close together in the
region of interest along the frequency axis, in general purpose
amplifiers, poles are often well éeparated. As we are interested in
studying the effect on the response for simultaneous large changes in
many components of the circuits under test, we employ statistical
methods, often termed Monte Carlo analysis. The changes in comfonent
values for such an analysis requires a series of random deviates.

The choice of the distribution function from which the random numbers
are chosen presents some difficulties. ©Should this distribution
function resemble.the probable distributions of circuit components
generally available to the manufacturer or should a standard.Gaussian
distribution be used ? While the use of the latter is straightforward,
the former requires a considerable effort if a representative number
of distributions are to be chosen. Many manufacturers prefer the use
of a uniform distribution [49] or some bimodal distribution as
représentative of the component batches available. o We have
employed two distributions, shown in Fig.3.7 and Fig.3.8, from which
random deviates are chosen.

To perform the different tests each selected component of a
circuit is assigned its own distribution. The width of each distri-
bution is suitably scaled so that the range of random numbers generated
fall within the tolerance limits of each of the components. A series
of pseudo random circuits, having component deviations within the
specified tolerances on each of the components, can be generated by

selecting pseudo random numbers from the relevant distributions. For
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these circuits the response =zt the output nodes at =z given Ireguency
is calculated using an exact method. The same circuits are used in
calculating the response with the truncated Taylor series. Many
trials are_performed,histograms plotted, means, standard deviations,
variances and correlation coefficients found for all the circuits of
Fig.3.1 to Fig.3.5.

One of the important aspects of the series approximation which
requires testing is the effect of truncatioﬁ at different orders. To
isolate this effect it is necessary to use identical random number
sequences. To achieve this all that is necessary is to use the same
seed to start the pseudo random number generator. Finally, component
tolerances of 10% and 20% have been used for each of the circuits under
test.

Before performing any statistical tests we must ascertain the
number of random trial circuits that will be nee&ed to give reasonable
statistical information. This can be dodne with the aid of the t-test
[50]3 We compute the mean response for fifty "random circuits",
Fig.3.1, at a frequency of 100 Hz say. Under the assumption that the
nominal response is the true mean, a t value is computed using the
information given in Table 3.1. It was found that PSO( ft|< 0.4168)= 66.4E%.
The experiment was repeated for a hundred trial circuits and under the
same assumption it was found that P100(LtLS'O.h253) = 66.64%. Doubling
the number of trials from fifty to one hundred has produced a very
small change in the t value. Therefore, we can safely assume that

fifty trial circuits will be sufficient to give a reasonable -statistical

sample.
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No. of trials Mean Difference Standard Error
X -1 S= .
-k -3
50 - 0.480-x 10 0.144 x_1O
=4 -3
100 - 0.966 x 10 0.227 x 10
Table 3.1

3.4a Correlation Coefficient

Many different correlation coefficient have been defined [5OJ
to show the degree of correlation between two sets of readings {x}
and {y} . Here the Pea n or linear correlation coefficient f’is

used.

/)= 1 {ny_z_x_‘zl} (3.33)

ne s n
Xy

It can be shown that the expansion for /9 always lies between +1 and
-1. When /0 = =1 the sets of values x and y are perfectly uncorrelated.
When /9 = +1 there is perfect correlation. Therefore, the closer/o
is to unity the greater the degree of correlation. However, a high
value of {9 can sometimes be obtained by pure chance. Hence, it is

desirable to back up the values of f’xyith other significant data.

3.4b Histograms

The information from which the statistical results are calculated

can be represented pictorially in histograms. Thus the abscissa along
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which the circuit response is plotted (see Fig.3.9) is divided into

a known number of intervals. The response for many random trials of
a circuit is computed at a given frequency and slotted into the
correct interval and counted. Once all the trials are complete the
normalised probability distribution is computed and the histogpams
plotted. In all the histograms presented in this thesis the iﬁterval
for the response is computed by dividing the range, fifty per cent

above and below the nominal response, into fifty units.

3.4c Analysis of Numerical Results

Random numbers from a Gaussian distribution, centered on the
mean of the component values, with standard deviationse™ = %-tOlerance,
have been used for the result in all the tables shown in Appendix III of
the thesis. In each table the second column show§ the nominal .
output voltage at each of the selécted frequencies. The third
column shows the meén difference* E(FE - FT) between the exact (FE)
and the truncacted Taylor expansion (FT) response calculations. The
fourth and fifth coluﬁns show the staﬁdard deviation and variance of
E(FE - FT). The remaining two columns give the correlation and mean
ratio of the Taylor approximaﬁion and the exact response.

To obtain a relative figure of merit for the accuracy of the
response at any one frequency consider line two in Table 1.i.(10).
This table shows results for truncation at the first order terms of

the complex Taylor series with 10% tolerances on all the variable

components of the circuit in Fig.3.%. The nominal output voltage

4
6

and a variance of 1.762 x 10 .

magnitude at 500 Hz is 0.57107 volts, while E(FE - F'T) = 4.491x 107

with a standard deviation of 1.327 x 10_3

*E(x) denotes the expectéd value of the statistical variable x.
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Relative to the output voltnge, E(FE - ') is very small just as the
dispercion given by the stzndard deviation. The high correlation
coefficient of 0.9956 between FT and Fgfshows that the distribution

of the complex Taylor approximation tracts very closely the exact
reséonse distribution. Further credence is lent to the previous
interpretation by the mean ratio (F&EEE) of 0.97% which is very close
to unity. Traversing the table vertically shows the accuracy of the
approximation over the frequency range. To obtain comparisons amongst
the first-, second- and third-order response approximations for the
circuit in Fig.3.a*, it is necessary to see Tables a.i.(10),a.ii.€10)
and a.iii.(10). The tables corresponding to 20% component tolerances
for the same circuit are labelled a.i.(20), a.ii.(zo) and a.iii.(20)
respectively.

1) Active Circuits

A comparison of Tables 1.i.(10), 1.ii.(10) and 1.iii.(10) for
the circuit in Fig.3.1, indicates that the approximation (3.1) to the
response improves with successive higher orders. In this example
the number of variable components is eleven. The interesting feature
is that the approximation at the first-order itself appears to be
quite good with the mean ratio FT:FE almost unity at all the frequencies.
At the 20% component tolerance level, see Tables 1.i.(20), 1.ii.(20)
and 1.11i.(20), the approximation shows signs of deterioration with
the mean difference becoming larger than at the 10% tolerance level.
The convergence criterion (3.30) is now becoming violated. Nevertheless,
there is an improvement with increasing orders of truncation. The
mean ratio FT:FE at the thord- rder is about 0.78, averaged over all

the tested frequencies while the correlation coefficients are about 0.8.

*The parameter "a' takes on values between 1 and 5 corresponding to
the circuit figure number.
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e repest the same tezts for z response zpproximaiion obiainsd
from "modulus" Taylor series as shown in equation (3.34).

Ax. Ax.
— ... (3.34)

SF i
X.X, X. X,
iYj "1 3

m m
i
=1

n Ax,
IF(£°+%)‘$lF(5°)l+2lS£. X—l +21—! z
i=1 T i=1 3
The results shown in Tables*M1.i.(10) to M1.iii.(20) indicate that
the modulus series response is always greater than the corresponding
exact response. The mean ratio FT:FE often approaches 2. Even
though the mean ratio becomes smaller at the 20% component tolerance
level the correlation is very poor.
The results of another active circuit, Fig.3.2, tested, seem
to be in close agreement with those of the circuit in Fig.3.1. The

results for this circuit appear in Tables 2.i.(10) to M2.'ii.(20).

2) Passive Circuits

From the table of results for circuit in Fig.3.3 there is no
doubt that the approximation (3.1) to the exact response is very good
at any tested order of truncation at all the frequencies at the 10%
component tolerance level. At the 20% component tolerance level there
is a deterioration but it can still be regarded as adequate at the
higher orders of truncation where the mean ratio FT:FE are unity if
not close to unity.

However, the approximation with thé modulus series overestimates
the exact response by as much as a factor of three at the 10% component
tolerance level and by more than fourlat the 20% component tolerance
level. There is even a negative correlation coefficient at a frequency
of 10 KHz at the 20% component tolerance level in Table M3.i.(20).

The resuits for the band pass filter shown in Fig.3.4 are out

of step with all the experiments done. The mean differences E(FE - FT)

*The prefix "M" stands for the modulus.
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are very high at all the frequencies when compared to tne nominal
.response in all the Tables of this circuit for the complex series (3.1).
While the correlatlon coefficient is very high, approachlng unity,

at both the 10% and 20% component tolerance level for all orders of
truncation the mean ratio FT:FE is around the .35 to.37 mark at all
the frequencies. The consistancy of all the results isvstriking.

The large underestimation of the respondge at freqﬁency points close
to the band edges was thought to have an explanation. At such points
in the frequency plane the radius of curvature of the response functioﬁ
in the component space is expected to be small because the radius of
curvature in the frequency domain is small, i.e. a pole in the
frequency domain remains a pole in the c¢omponent space also. As the
Taylor series can only describe the local behaviour of a function
away from any pole, the series predicted response deviations do nof
match the exact response. However, it is not possible to explain

the results with similar arguments at the frequencies of 250 Hz and
1OQO Hz, which are well away from the band edges. All that can be
concluded on the basis of the results is that the series converges
slowly in this example. Nevertheless, the consistency of the mean
ratio FT:FE together with the high correlation coefficients suggests
that multiplication of the response appraximation by a factor of 1.5
at all the frequencies for any or the order of truncation would lead
to a result very close to that of the exact calculation.

The response approximation with thé modulus Taylor series appear
to be much better. Note the high mean ratios FT:FE. However, the
 low éorrelation coefficients at all the orders of truncation mitigate
against using this approximation.

For the resistive circuit of Fig.3.5 with nine variable components,
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the response approximation with the complex series is very accurate
compared to the exact calculation at all orders of truncation, at
the 10% compénent tolerance level. There is a marked deterioration
in the approxiiation at the 20% component tolerance level, even at
the third order of truncation.

As with the earlier circuits of Figs.3.1, 3.2 and 3.3 the modulus
series not oniy yields a large overestimate of the response but also

lower correlation coefficients.

3.44 Histograms for a Non-Gaussian Distribution

To investigate the effect of using non-Gaussian random number
distributions on the accuracy of the Taylor approximation over an
exact calculation, the bimodal distribution of Fig.3.8 is used. This
distribution is obtained by dropping to zero the probability for a
standard Gaussian distribution atlc'l on either side of the nominal
value. The voltage amplitude response histograms of circuits having
component distributions of the above type are shown in Fig.3.9 to
Fig.3.14. These histograms confirm results shown in the tables of
the corresponding circuits, though naturally the differences between
exact and approximate means are now slightly worse. The increase in
the standard deviations when the component tolerances change from

10% to 20% can be seen clearly.

3.4e General Remarks on Numerical Results

The evidence from the circuits tested suggests that the complex
truncated Taylor expansion can given an adequate measure of the circuit
response at the second or third 6rder of truncation. In the majority
of cases the response measure seems to be an underestimate of the
exact calculation. Nevertheless, the correlation coefficient between

the approximation and exact calculation are high, particularly when
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the range of component variation is limited to a region around the

inequality | Ax; |< -31- . The consistenoy of the mean ratio FT:FE
. T .

i
for each of the circuits suggests that a correction factor, which

is thé inverse of this ratio, may be calculated from a limited number
of exact and approximation trials, say fO, for any circuit under
test. Subsequently this correction factor could be used with the
approximation to yield response calculations closer to the exact
value. Naturally, this will be of importance only when large numbers

of response calculations are necessary, as in Monte Carlo circuit

analysis.

3.5 Monte Carlo Circuit Analysis

Traditionally, statistical circuit analysis [52] as described in
thg flow chart, Fig.3.15, has been confined to the final stages of
circuit design to test the likely yields of circuits meeting the
design requirements when manufactured from components of specified
tolerances (see Chapter 4). The high computational cost of such
analyses has limited their use in the intermediate stages of the
circuit design process. For instance, tﬁe designer might wish to
choose between slightly different circuit configurations with
different tolerance components in the middle of a design and therefore
needs to have some information of the different response distributioms.
In suph circumstances rough estimates may.be sufficient. Hence, for
some years much effort has been devoted to finding methods incurring
lower costs than directly solving the circuit equations.

At first it was hoped that the use of first-order differential
sensitivity [51] might be good enough in making an approximation to

the response changes. ‘However, first order failed to account
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adequately for the nonlinear nature of the circuit resﬁonse function.
In contrast our experience of using a Ta&lor serieé with second-
and some third-order terms indicates that in most cases an adequate
approximation to the exact response can be made (see Section 3.k4d).
As the cost of using-this approkimation is much lower than exact
methods (see Section 3.4) the truncated Taylor series could be incor-
porated in an "approximate'" Monte Carlo analysis programme [5}].
Such programmes could find particular use on mini-computers (interactive
environment) where the speed of a calculation is of great importance.
One significant problem that exists in all Monte Carlo circuit
analysis is determining_the number of t?ial circuits that should be
used in the analysis. The eXperience of some industrial concerns
[49] is that %0 - 50 trials are often sufficient for most statistical
purposes. This is confirmed by our own eXperience as indicated by

results of the t-test in Section 3.4.

3.6 Conclusions

It has been shown that a truncated complex Taylor series can be
used in making an approximation to the circuit response when the
component values are perturbed from their nominal value. In most
cases response approxXimation has been shown to be reasonably accurate
when compared to corresponding exact calculations for a variety of
circuit types. As the different coefficients of the truncated Taylor
series need only be evaluated once, the approximation is considerably
faster than any exact method providing the circuit size lies within
5 - RO nodes. When the circuit size increases beyond forty nodes,
sparse matrix techniques become more economic. Empirical evidence

suggests that if the component deviations are restricted according
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to the inequality (3.3a), the Taylor series is quite likely to
converge. Experimental evidence also indicates that the modulus
Taylor series should be used with care, because there is little or
no correlation between the response computed with the modulus series
and exact calculation.

As the complex Taylor series abprdximation has been found to be
reasonably accurate in computing the change in circuit response this
series will be employed in an efficient tolerance assignment procedure
to be described in the next chapter. fhe series approximation could

also be used in an approximate Monte Carlo circuit analysis program.
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CHAPTER L

TOLERANCE ASSIGNMENT AND DESIGN CEﬁTERING

L.1 Introduction

When a circuit design, which meets the given specifications,
has been achieved, it is desirable to know the maximum tolerances on
each of its components,subject to the response remaining within the

specifications. The interest in finding the maximum tolerances can

be seen from a typical cost/tolerance relationship of a manufactured

component shown in Fig.l4.1. The wider the tolerance of each component

)
5
§-4
£3
.
82
O
1 ] 1 ] ﬁ_fg
0 : 5 10 15 °/ Tolerance

FIG4.1:Typical cost vs. tolerance relationship of
a manufactured component. The equation
C-1.05~32 gives the least squares fit to
the data' of a 1TLF metalised polyester

capacitor [64]
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in the circuit, the smaller the unit cost. As more and more circuits
are being designed for increasingly larger production runs, the need
for tolerance assignment to becoﬁe an integral part of the circuit
design process has been recognised [55,57,6153]. It may also be
economically attractive to manufacture circuits with very wide
tolerances and to discard a small fraction of the final units which
fail to meet the design specifications.

The tolerance of a component is the maximum percentage deviation
of its value from the nominal xz. Thus for an absolute deviation
Axi the tolerance ti is:

_ jax; ]

i X.
i
o]

t x 100

Any method capable of discovering wide component tolerances subject
to the circuit response specifications being met is termed a tolerance
assignment procedure. This procedure is illustrated in the block
diagram of Fig.4.2. Starting from an initial circuit design (1)
which meets all the design specifications an algorithm (4) is used

to provide a set of component deviations, which are related to the
tolerances, for each of the components liable to change. A circuit
analysis (5) allows the computation of the new circuit response
which is compared (8) with the given sﬁecifications (2). From the
set of component deviations provided by (4) the tolerances can be
found. The total component cost is now computed (6) using the
cost/tolerance relationship for each of the circuit components. A
test (8) is now made to see if the’fesponse constraints are satisfied
and that there has been a reduction in the component cost over the

previous stage. A failure in either of these tests leads directly
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back to (4). When both the response constraints afe satisfied and
the component cost is reduced, then a feasible set of component
tolerances (9) have been found. If a significant reduction in the
component cost over an earlier cost has been achieved (10) then a
loop back to (4) is made to see if a further reduction in the cost
can be made for another set of component deviations. When no further
significént reduction in the cost (10) can be achieved with the al-
gorithm an optional set of component tolerances is deemed to have
been found.

Most of the individual blocks in Fig.4.2 presént few computational
difficulties except the strategy for the algorithm altering the com-
ponent values (4). A further difficulty arises from the large number of
times the different loops have to be repeated in arriving at the
optimal set of tolerances. Therefore, if the tolerancing procedure
is. to be economically viable, computational efficiency is of paramount
importance.

In addition to the tolerance assignment procedure Jjust described
it would be useful to investigate the effect of altering the nominal
component value of a circuit, if this resulted in wider component
tolerances. Any design margins in the circuit response would then
be more fully exploited. Any process capable of making the aforesaid
alterations to the nominal component values while satisfying the
original response constraints is termed "design centering", and is
illustrated in the block diagram of Fig.l.3.

In this chapter, after a.brief discussion of some of the earlier
tolerance assignment algorithms, a new strategy for both tolerance

assignment and. design centering will be described, and illustrated
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with appropriate examples. The measure of circuit performance
employed in this chapter is the magnitude of the output voltage for

a given input voltage unless stated otherwise.

k.2 Earlier Tolerance Assignment Algorithms

There is no known closed form solu?ion to the tolerance assignmeﬁt
problem. However, three algorithms based on nonlinear programming have
been proposed recently, in an attempt to discover the widest tolerances.
~One [54] is based on the concept of statistical moments, which are
parameters describing a distribution of values. Given constraints on
the second moment of the circuit response, the maximum possible
central moments of the component distributions are found. These
moments are then related to component tolerances. The translation
from response constraints to response moments and from component
moments to component tolerances poses immediate difficulties, for
both require a knowledge of the relevant probability functions which
are usually not available and expensive to determine. Furthermore,
the method assumed that the expected meén value of the component
distribution is the same as the starting nominal value, thus precluding
any design centering. (See Section 4.9) Another algorithm [55]
using a multivariate Taylor series approximation to the response has
some similarities to the approach described in this thesis. However,
there are significant technical and computational differences which
are referred to as they arise. A third method [56] based on the
concept of a 'floating polytope' is asscociated with a computational
effort approximately proﬁortional to 2m, where m is the number of
components. Furthermore, there remain certain unresolved problems
concerning the assumption of con#eXity of the feasible component

space. A totally different approach [57 ] based on
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performance contours is computationally expensive and only deals

with pairwise parameter interaction.

4.3 Choice of Examples

In anticipation of the forthcoming discussion the two principal
circuits, employed to test the proposed tolerance assignment and
design centering algofithms, are presented here. The motivation
for choosing the band pass filter shéwn in Fig.bk.k is the ability
to compose results with those of othér authors. The second circuit
(Fig.4.6), an equaliser preamplifier for a magnetic cartridge pick-up
[65ﬂ y has been chosen to demonstrate the application of the tol-
erance assignment algorithm to active and nonreciprocal circuits.

The design specifications for the circuit in Fig.k.l4 are shown
in Fig.4.5 in the form of an insertion loss characteristic having a
reference level of zero at 490 Hz. The gain characteristic of the
equaliser is shown in Fig.4.7, and has a reference level of unity at
1KHz. For both circuits six frequency points as marked were chosen
for the purposes of tolerance assignment and design centering. The
specifications for the band pass filter demanded that the stop band
loss should be above 35 dB while the pass band loss be below 3 dB.
For the equaliser circuit the maximgm allowed deviation from the

nominal resposne was taken to be x 5% of the voltage magnitude.

4.4 The Problem

A tolerance is a measure of the maximum component variation.
Theréfore, if the maximum permissible fractional deviation Z&xi of
the value of a component of nominal value x: can be found, theﬁ the

tolerances ti can be determined. TFor a given circuit, m of whose
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components are liable to change, let ud define a permissible region
R of component variation in an m dimensional Euclidian component
space E". The boundaries of this region are defined by the amplitude*

response constraints in the frequency domain.

Z&)ng

feasible
region
boundary .

54d
<Y
.
B
e
!
ey,
Ry
0
.

nominal

1g,X)I

FIG.4.8: A feasible region of a two component space example.

*Though the amplitude response in the frequency domain is used here
and in the subsequent discussion, the tolerance assignment procedure
discussed here could be adapted for any desired measure of response
and any domain.



81

=
-
| =
£
p
n

‘P(wi? - f(x, wi)l 2 o0,1i=1, 2,.:.k (4-1)

o]
—~

I
e
~r
1

k+1,.ee. L (4.2)

| £x00) - L] 20,4

where f’(wi); i=1,...k are the k upper limits of the response
specifications and fo(wi); i=k+1,...1 are the (1 - k) lower limits

at a total of 1 frequency points Ws The feasible region R is now

{z

where X = E?T (U + diag.é), U is the unit matrix and A are the fractional
Ax,

changes with Ai = —El . As an example consider the two-variable com-
X,

ponent spaces in * Fig. 4.8 in which four frequency constraints are

defined as:

{14

R lelx,0 )| 20, 1= 1,2,...k,...k,.v..l} (4.3)

shown. Once the boundaries of R have been categorised the maximum
permissible tolerances can be found. The primary difficulty in a
direct evaluation is the massive amount of computation necessary to
locate all the nonlinear constraint boundaries in all but the simplest
of examples.

However, the tolerance assignment problem can be transformed
into a classic nonlinear programming problem, once a suitable objective
function incorporating the deviations A and the constraints (k.1)

and (4.2) is defined. The objective function C:

m

B.
Ca) = > oyt (4 4)

i=1 1
reflects the typical cost/tolerance relationship of the form
c(t) = o + B/t shown in Fig.4.1. This is also an appropriate function
to be minimised in seeking the maximum tolerances associated with
minimum circuit cost. The coefficients o and B can be obtained from

a curve fit to the relevant data*. Contours of an objective function

*In all the examples of tolerancing and design centering presented
here, the coefficients a and B have been chosen to be zero and unity
respectively.
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FIG. 4.9; Cost function of a

AX2 b \
l" " \
l' (T | \
l' I I 1
1Y \
IR \
/ j v \
IR
TR
11 \ \
1! “ \
! " \ \\
\ PN
\ \ o
\‘\ \
A
\J hES
W Sso
e ]
gg\nominc:xl

two component example,



83

similar to (k.L) are shown for a two-parameter example in Fig.k.9.

The contours in the second and fourth quadrants show thé effect of
cancellation of the partial costs when both positive and negative
deviations occur. To prevent such cancellation the objective function

(4.4) is modified by introducing the modulus of the deviations.

m
B.
C(é) = E ai -i-IA—lI : (’4--5)
i

i=1

The objective function contours are now identical in all
quadrants and take the form shown in the first quadrant of Fig.L.9.
The problem can now be stated as minimising the objective function

(4.5) subject to the nonlinear constraints (4.1) and (L4.2).

L.5 Constraint Evaluation

To find out when one or more of the constraints have been
violated, it is necessary to compute the response for any set of
fractional deviations A, and then test the inequalities (4.1) and
(4.2). An exact calculation of the response can be made L43],
but as this computation has to be repeated for every point along
the search path, the resulting computation can become prohibitively
expensive. Instead we propose the use of a truncated complex Taylor
expansion to the response. The efficiency and accuracy of this
truncated series compared to an exact calculation has been discussed
in Chapter 3.

Assume that the voltage gain function f(wi ,5?) satisfies the
usual mathematical conditions of continuity and differentiability
in the neighbourhood of the nominal component values 59. The function

may then be expanded as a complex Taylor series.
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. m m m
° £ 1< £
Pogox ) = 2oy x+ D8, Aivs > S Ot e (6
=1 j=1 k=1 Y
where Si = %% X, etc. and x = E?T (u + diag.A). In Chapter 3
J j ‘

conditions under which (4.6) .converges have been derived and
discussed. Furthermore, empirical experiénce with a variety of
circuits has shown that a response approximation using the truncated
complex Taylor expansion including all terms up to the second order,
plus a further n third order 'self' terms, is not only faster but of
adequate accuracy when compared with exact methods, for deviations
of up to about 10%.

Pinel and Roberts [55] have used a similar Taylor expansion for
their tolerance assignment procedure. However, they employed per-
turbation methods to produce a curve fit for the change in the ampli-
tude response in a multi-dimensional compénent space for different
component changes. The sensitivities were then computed using some
dif#rencing procedure. To achieve an adequate curve fit using
perturbation methods requires many circuit analyses and is therefore
computationally expensive. If insufficient perturbations are per-
fofmed the amplitude response function may have only a limited
resemblance to the actual response. The use of differencing methods
to obtain the sensitivities is likely to introduce secondary errors
into (L4.6) when the sensitivities thémselves are small, as is usually

the case in the pass band of passive filters [&ﬂ.

L.6 Selection of Sign of Component Division

Having chosen one of the many nonlinear optimisation procedures,
[100] is it possible to accelerate the optimisation towards the

optimal solution ? Pinel and Roberts [55] state that they used the
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adjoint network to obtainlthe first order component sensitivities, .

and that they forced the optimisation procedure to the worst case using tle
negative of the sign of linear sensitivities for each of the component
deviations. Since sensitivities are complex entities it 1s not cldar
how the sign waé ascribed to the deviations. Furthermore, as the

following discussion shows, all the component signs must be restricted,

in the region of search, if the optimisation is to yield meaningful
results.

Consider a two component example of an RC circuit (Fig.k.10).

Vi () Ca V%

Fl1G.4-10:A two component circuit example.

From the existence of summed sensitivity invariants [105]in_electrical
systems (see Chapter 2) the following relationship is obtained:
f f _
Z sy - _S_ S = O (4.7)
all R all C
If both components are liable to change, then the response contour,

for deviations from the nominal, can be indicated on Fig.L.11. From

our experience, the first order terms in the Taylor expansion make a
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large contribution to the total response change. It can be seen

from the invariant relationship that if the component deviations are
equal and opposite in sign, then total cancellation of the first order
terms of the series (4.6) will occur for an RC-network. In fact, any
deviations restricted to the second and fourth quadrants will result
in the partial cancellation of first order sensitivities and therefore
minimum response change. Thus, any optimisatién procedure searching
in the second and fourth quadrants will automatically tend to adjust
all the deviation magnitudes such that the.constraints given by
equations (4.1) and (4.2) are always Satisfied, while the objective
function is minimised. Hence, large but udrealistic deviations would
be predicted and in practice these would yield tolerances which are
too large. Similar arguments hold for larger circuits having invariant
relationships of the type (4.7), with m variable components where

(2™ - 2) of the 2™ octants* in the m-dimensional Euclidian space
cannot be searched.

| To test that this hypothesis has some justification in practice
note the results in Table 4.1 for the circuit in Fig.4.4. The toler-
ances in the tables were obtained using a nonlinear programming
algorithm incorporating penalty functions, which is discussed in
greater detail in Section 4.8a -~ it is sufficient here to be aware
that a search for tolerances is possible. The first row shows
tolerances obtained when no sign restriction was placed on the devia-
tions. The predicted tolerances are very large as expected and a
Monte Carlo analysis (see Section 4.10) using these tolerances indicates
a large number of failures. The result of another tést in which the

starting signs of each of the deviations were chosen randomly again

*For a two dimensional space there are four octants, usually termed
quadrants.
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yields large tolerances and low success rates; giving further

credence to the justification of our hypothesis.

505 “6 % by Cn 12 Loy
\\Cozrponent ) : i 1 {Monte Larlo
¥°1!rance 1.B2uH '.o7§7u 2720 .SBBw  LIWH ¢ 3bw L0767 1.82kH ]Coat:lE'E;] bonte 2rio |
LS
ﬁis?ifﬁtion £’ 36.91  -4k.92  -L3.77 88.63 -82.78  43.95 31.74 37.67 1653 186/620
§§22°“t5“’ti“3 36.67 .36 -19.71 -1.78 27030 -27.39 1183 L7.78 | k11 | 3h6/600
Hodulus Tayler 1733 1485 1128 1.653  3.668  1.801 1485  1.753 | 4.8200 | 600/600

Table L.1 Percentage 'tqlemncea of componenta of the band pass filter, Fig.4sk 170 Hz - 1000 Hz

To avoid the sensitivity cancellation problem, one appgbach

would be to use a Taylor series with modulus sensitivity terms.

. m
|2, 0| Jeto,, 22 | + Z Isf{ by - ZZISi . ;AjAk+...
=1 i ivj-

The tolerances obtained when using this series to evaluate the
constraints are shown in the third row. Though they yield a 100%
success rate the tolerance cost 1s rather high when compared to the
earlier costs. A more acceptable solution_with a lower cost probably
lies between the above extremes, and is more likely to be found using
the complex Taylor series with certain sign restrictions on the
elements of A.

Therefore it is suggested that a first search in the feasible
component space is made by restricting all deviations to be positive,
denotea by éf. The second search is made with all deviations constrained
to be negative, denoted by éf. The final selection of tolerances is
made by selecting the minimum corresponding modulus terms from the

two vectors éf and A .
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L,7 Treatment of Homogeneous Network Functions

Difficulties can arise with networks which have homogeneous
fesponse functions of order zero. Purely resistive networks, énd
RL networks, are examples. Furthermore, certain amplifier circuits
may have been designed to be essentially resistive over some range
of frequencies. As an example of homogeneous network functionms,
consider the summed sensitivity invariant for the voltage gain of a

purely resistive network.

Z s§ = 0 - (4.9)

all R

A comparison of equations (4.6) and (4.9) indicates that if all
the resistors change by the same amount then the net contribution from
the first order sensitivity terms in (4.6) will be zero. In fact,
from the results of Chapter 2,Section 2.7 the cdontribution from all
higher order terms can also be shown to be zero. Hence, if the initial
design satisfies the constraints (4.1) and (4.2) then any optimisation
procedure is more likely to make large:and identical deviations in the
components while still satisfying the constraints. That this is indeed
the case can be seen from the results of.Table 4,2, row 1 for tolerancing
the circuit in Fig.4.12. This capcellation of the sensitivities can only
be avoided if the modulus Taylor expansion (4.8) is used. The toler-

‘ances obtained when using such a series are shown in row 3 of Table k4.2.

. Conponent . Monte Carl
% R, - R} . R, R5 Rg 37 Rg Rg Cost onte Carlo
Tolerance success rate

No cign restriction | 5.146 99.97 100.0 100.0 80.87 99.99 80.32 99.98 |0.094 /100
23;:°“ starting 4139 .85 1459 L.999  10.75  25.55  9.336  100.0 |0.785 | 43/100
Modulus Series 2.875  27.57 9.926 3.578 6.517 .32 5.955 12.22 |3.237 | 100/700

Table 4.2 Percentage toiprancu of components of the circuit, Fig.4.1Lfor * 5% variation on the output voltage
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FIG.4.12: Resistive network

Therefore for all network response functions whose summed
sensitivity invariants are known constants, the modulus series should
be used. It has been shown in Chapter 2 how such circuit response

functions may be identified.

4.8 The Choice of a Nonlinear Programming Algorithm

A detailed discussion of unconstrained optimisation methods and
nonlinear programming techniques is given in Appendix II. In this
section only the two methods of nonlinear programming actually used

in the tolerance aséignment problem will be discussed.

(a) Penalty Function Methods

In these methods the nonlinear constrained optimisation
problem as defined in Section k4.4 is transformed into a series of

unconstrained minimisation problems. One form, suggested by Fiacco

Vo
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and McCormick [84], utilises a new function called the penalty

function

1 ,
P(r,é‘) = C(.A_) + T Z HX—J‘:{—)— (4.10)
i=1 =

Starting from an interior point in the feasible space, and with

r =1, the unconstrained minimum of P ié found. The parameter r is
now reduced by a.factor of 0.1 and the unconstrained minimisation

of P repeated. This constitutes one iteration. The procedure is
repeated until a specified convergence criterion for P is met at which
point the optimisation terminates, and the optimal vector A is found.
However, it has been noted in practice that due to the necessity of
taking discrete steps during the minimisation, the constraints of
equations (4.1) and (4.2) can sometimes be violated. To force the
function P back into the feasible region a further penalty has to

be added to equation (4.10) which now reads:
1

1
P(r,0) = @) +r > -+ >t e (4.11)
1 k=1

i=1

where t =0 V k{1, 2, ...1, g, 0)

and t, =1V k1,2, ...1; g < 0}

Equation (4.11) is now minimised using the Powell Conjugate
directions method [91] , starting with A = éf, (all deviations con-
strained to be positive). The full minimisation procedure is repeated
with A = A" (all deviations constrained to be negative). Little or
no extra computation has to be performed in constraining the deviations
because of the nature of the objective function (L.4) which approaches
€0 at the origin from above and below. |

The penalty function approach has been employed in compiling all
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the Tables of results except for Table 4.5, which was obtained using
the Flexible Tolérance algorithm [100] (see AppendixIT and Section 4.8b)

of nonlinear programming.

a* 4.903 ' 5.750  5.577 1.1 L.A89 3039 5.755  L.B6X | 1.577  57h/6d0
a” -4.061 - -3.501 -2.200  -3.178  -B.565 -ho299  -3.401 -4.031 2:20k 5e3/600
t 5,061 3,501 2,200 3.178  4.489  3.309  3.501  h.021 | 2.397|  591/600
Pinel ot a1 [59 3.32 2.4 1,14 189 7.80 2.07° 3.3 2.4 2451 6007600
Table 4.3 Percentage tolerances of components of the band pass fil.'ter Fig.b.b
R, Ry C, Rg Cg . Ry R Rig gm1 g"‘z :
3 \\\\\‘ngfzijif\\\ 5k 30k 2.7nF 470k 0.1nF  220Q 62k 10k 0.038 0.012 Cost
Tolerance
a* 11.82 16,43  2.353 20,47 6.669 2.285 23.22  19.39  11.93 20.76 | 1.467 265/480
A |-9.429 -15.03 ;2.309 -13.26 =-5.087 -2.175 -19.65 =-13.85 -B8.592 =-14.22 | 1.669 373/480
& 9.429 1503 2.309 13.26 5.087 2.175 19.65 13.85 8.592 k.22 | 1.699 278/480

Table 4.4 Percentage tolerances of components of
magnitude 100Hz - 25kHz

equaliser, Fig.4.6 with 5% tolerance on output voltag

Rows 1 -~ 3 of Table 4.3 show the result of tolerance assignment
on the band pass filter, Fig.k.h, with a near 100% yield. For com-
parison the (100% yield) tolerances obtained by Pinel at a much higher
cost are shown in row 4. The high Monte Carlo success rates for the
tolerances in rows 1 - 3 consﬁitute an acceptable engineering solution.
Integral values of the tolerances can be found by appropriate rounding
of the continuous values and will be discussed in Section k.11.

The tolerances assigned to the active circuit, Fig. 4.7, are
shown in Table L.4. In this case the Monte Carlo success rates of

about 81% are lower than in the previous example. The response

‘distribution shown in Fig. 4.16 is at the frequency at which the

e
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greatest ﬁumber of failures were encountered. One possible explanation

of this low yield of 81% will be discussed in Section 4.10.

(b) The Flexible Toleranceé Algorithm

This is a recently proposed direct search nonlinear program-
ming algorithm [100]. It attempts to find the minimum of the objective
function (4.4) subject to the constraints (L4.1) and (4.2) using a
variable or flexible simplex (polyhedron), whose vertices can lie in
either the feasible or infeasible region, to search the component
space for the optimal A. Unlike the penalty function method no
attempt is made to solve a sequence of unconstrained minimisation
problems. Theréfore, it was hoped that a faster solution could be

‘made.

The results using the Flexible Tolerance Algorithm of nonlinear

programming for the circuit in Fig.4.4 are shown in Table L4.5.

: 1
3.462  3.961 2.180  3.470  .3.016 3519 3.470 4701 % 2.5029 | 2997700

e

Table 4.5 Percentage. tolerances of componenta of the band pass filter, Fig.bh.b

However, contrary to expectation expefieﬁce shows that the penalty
function approach is faster than the direct search.  Thus each
iteration with the penalty function took 8 seconds of CP-time, and
there was little improvement after the second iteration, as seen in
Table 4.6. The identical problem with the direct search algorithm

took 49.4 secondé of CP-time. PFurthermore, because the flexible
polyhedron uses feasible and nonfeasible points, it sometimes fails

to find a feasible optimum as the polyhedron shrinks near the constraint
boundary. No such difficulties were encountered with the penalty

function method.
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1t Jteration 4,724 4.C%6 L.L0o9 15.00 2.510 2.6%2 4.096 boA7
2nd Iteration 4,711 5.323 5-298 11,24 L.22%0 2.949 5.2 LTl
6th Iteration 4.503 5.759 5.577 11,14 L.489 2.039 5.755 4,867

Table 4.6 Percentage tolerances of components of the band pass filter, Fig.b.4

As stated earlier the change in the tolerances at the second
and sixth iterations of the penalty function method is very small.
'This can be understood from the two variable examples of Fig.l.11.
It can be seen that the objective function (L4.5) has an unconstrained
minimum at infinite values of the deviations in the 1st and 3rd
quadrants, a'nd it is only the constraints (4.1) and (4.2) which
prévent the search path from rapidly going towards infinity. The
search path therefore quickly arrives at the constraint boundary
almost at the first iterationm. Thereéfter much time is spent in
moving to the final optimal point in very slow steps. Hence, it
would be prudent to stop the optimisation after two or three iter-

ations rather than waste time in finding the exact optimum.

4.9 Design Centering

A design centering procedure is.one'which determines thé
changes necessary in the nominal component values of a circuit such
that the component tolerances are widened while the response distri-
bution of the circuit remains within the origiﬁally specified limits.
Thus design centering in the component space can be viewed as finding
the centroid of the m-dimensional feasible region, providing it is
convex, as shown in Fig.L4.711 for a two component example. Finding
the centroid in an m-dimensional feasible space requires a knowledge
.of the space boundaries, and is therefore a computationally impossible
task for all.but the most simplest networks. However, a simple intuitive

approach which naturally follows from having the positive and negative
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deviations éf and éj is to choose changes in the nominal value for
each of the components aof the circuit corresponding to‘respective

elements of the vector §:

S - % " - a7 (k.12)

Thus the nominal value of each element of z? is moved to lie
midway between its maximum and minimﬁm deviations. The tolerance
assignment procedure as described in Section 4.8 is now repeated with
a view to reducing the component cost, i.e. wider tolerances are
obtained. Another _§ cén now be computed followed by another tolerance
assignment. In fact, this can form the basis of an iterative design
centering procedure. However, the computational tost of each design
centering iteration is high because of the need of a full tolerance
assignment. Therefore, design centering must be achieved after one
or at most two iterations, if this method is to be regarded as a

practical proposition.

1.833H 0.08027  .LO6H 1.08u 0.1401H .338% Q7929 1.833H

g

L.68 5.61 3.58 5.38 4,33 2.91 5.36 4,56 1.844 585/600

Table 4.7 Percentage tolerances of componenta of the design centered band pass filter, Fig.l.h

5,04k  30.21k 2.7nF u86.9k 0.MnF 220 62.5k 10.27k 38.6mA/V 12.39mA/V

(Lad

9.631 15.01  2.312 13.56 5.122 2.166 20.40 14.34 8.92 14.85 1.652| 400/480

Table 4.8 Percentage tolerances of components of design centered equaliser, Fig.h.6-

In Tables 4.7 and 4.8 results are presented for a single
iteration througﬁ the design centering pfocedure applied to the circuits
of Fig.h.k and Fig.4.6 respectively. The changes in the component values
of the two circuits were obtained from the éf and éf results of Table 4.3

and 4.4 respectively. A comparison of costs from Tables 4.3 and 4.7
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Fig.4.16 ?%§ponse histogram of equaliser with design centered component
values
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Fig.4.13 Response histogram of band pass filter with nominal component values
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shows that for the band pass filter a reduction of 23% on the original
cost has been achieved without any marked deterioration in the Monte
Carlo success rate. A similar compa}ison of costs‘bgtween Tables L.k
and 4.8 shows for the equaliser a reduction of 1.02% only, but there
is an increase in the Monte Carlo test yield from 81% to 8%4. The
low value of the cost reduction seems to suggest that the active
equaliser is already a good centered design while there is a con-
siderable margin of improvement in the passive filter design.

To explain the above mentioned results consider the effect of
design centering on the response distribution. If the response
distribution is symmetrical with the distribution mean and the nominal
response differing by a large améunt then it can be said that the
design is not centered. As an.example note the distribution in
Fig.4.13 for the circuit in Fig.lh.h4 having tolerances t* chosen from
Table 4.3. The effect. of aﬁy design centering procedure then should
be to shift the nominal and the distribution mean respénses closer
togethér,‘i.e. with the distribution centered on the new nominal
response or vice-versa. This is precisely what has happened for
the design centered passive filter having tolerances t* chosen from
Table 4.7 as shown in Fig.l4.1lk. Barlier it was postulated that there
was a limited margin for design centering in the active equaliser,
that this is indeed the case can be seen from a comparison of tﬂe
distributions shown in Figs. 4.15 and 4.16 for the original and
design centered circuits respectively.

The effect of design centering on an originally skewed or multi-
modal response distribution is very difficult to discuss because of
its dependence upon the exact nature of the distribution. Furthermore,
since no badly skewed or non-uniform distributions have been found in

all the circuit examples that have been dealt with, only some hypo-
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thetical cases can be considered. Thus for the distribution of
Fig.4.17 design centering should ideally move the nominal and the
mean closer together without making them coincide. For the distribu-
tion in Fig.4.18 design centering should interchange the positions of
the mean and nominal responseés.

Another coﬁsequence of design centering a network for one type
of response, say the voltage gain, is that some other aspects of the
design like the phase or input impedance may be altered beyond their
original specifications. The latter can be taken care of easily by
incorporating them as additional response constraints in an identical
fashion to the voltage gain constraints (4.1) and (4.2), in the
original tolerance assignment problem. Thus when the design centering
is performed the effect of the additional constraints will be automatically

accounted for.

4‘10 Measurement of the Success of the Algorithm

The method of tolerance assignment described in this Chapter is,
like all earlier methods, only capable of finding a local optimum for
the component deviations from which the tolerances are obtained. If
the feasible region is convex then the local optimum is also the global
optimum. However, it is usually impossible to determine whether a region
is convex or not and hence the tolerances found may not be the widest
possible. Furthermore, though the tolerances found should guarantee
100% circuit yields, since they have been found subject ot the non-
violation of the given constraints, there is no way of knowing if the
optimisation stopped on the .most binding constraint see Fig.4.19. One
way out of this difficulty would be to ensure that, once an optimum

point has been found on some constraint boundary, the optimisation
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procedure forces this point to move alohg the constraint boundaries
until the most binding constraint, subject ot the objective function
(4.5) not increasing too much, is found. This is illustrated for a
two component example in Fig. 4.19, where A is the optimal point
found by the original algorithm and B is the point obtained during

the forced move to the most binding constraint.

nominal

FIG.419:Two component example of a non-convex constrained

region, showing the forced move from the optimal
point, A, to a more acceptable point, B, for the
component deviations.

However, it 1s well known that all nonlinear programming methods
developed so far have considerable problems in moving along constraints
because the repeated traversal across the latter results in small step
lengths being taken along a search direction. Therefore, it would

appear that the computational effort needed to accomplish the aforesaid
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task is unrealistic at present. The success of any tolerance
assignment algorithm must, therefore, be measured by performing a
Monte Carlo circuit analysis using the fpund tolerance sets and
computing the number of successful cirduits produced.
A significant problem in Monte Caylo circuit analysis, as discussed
: i
in Chapter 3, Section 3.5 is the choicé of distribution of component
values when testing the acceptability of the predicted tolerances.
Pinel et al [55] and Bandler et al [56] have indicated a preference

for using a bimodal uniform distribution with a width factor a = 0.95t*

as shown in Fig.L.20.

?P(t)

-

—

-t -at (0] at t
tolerance

FlG.4-20: A bimodal distribution of component
tolerance values within *t.

Consider the two component examples shown in Fig.4.19 and assume that
the tolerances are‘determined from the deviations given by point A.
Deviations in other quadrants have not been considered here because
they would make the present discussion more involved. If the circuit
is now tested for felative component deviations within a circle of
radius Q05 centered on A, as would be the case when a = 0.95 in
Fig. 4.20, there is a higher chance of a circuit response falling

inside the feasible region than if a broader a = 1.0 or a = 0.5.
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The component deviation circle would then have a radius of unity
or 0.5. Therefore, for all the Monte Carlo tests carried out for
the tolerance sets presented in this Chapter, the distribution width

factor a = 0.5.

4.11 Preferred Value Tolerances

So far we have only obfained continuous value component
tolerances. However, in practice components are usually marketed
with preferred value toleranceé of %3 1, 2, 5 and 10 per cent. To
simplify the present discussion we shall only consider integer
tolerances and not the preferred values. It is, of course, possible
to design the tolerance assignment algorithm so that the A's can only
take on intégral values. This is a form of integer programming.
Though this approach appears to be attractive, some problems with
nonlinear integer programming can be envisaged. Thus if the situation
arises in which some of tﬁe circuit components have low tolerances,
(e.g. the order of 1% to 2%) then the optimisation routine mé& waste
a considerable time in crossing and redrossing the constraint boundaries
as discussed in Section 4.10. As a consequence there is a rapid
slowing down of the search, and the procedﬁre may come to a premature
halt without much movement from the nominal starting point. Furthermore,
design centering information will become difficult to obtain unless
the difference between the positive and negative deviations on each
side of the nominal component is at least 1%. Therefore, it is felt
that continuous values for the deviations must be found, as described.

These can then be adjusted downwards to the nearest integer value.

In Table 4.9 we show integer value tolerance obtained from
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X..3 05 L6 Ca 1.9 c11 C,Ia Lﬂ' Cost 53:;:::::@
Nominal Circuit ¢~ 4 3 2 3 L 3 3 b | 2.5833 | L3280
Design Ceatered t° & 6 3 5 4 3 5 5 1.8833 [ L73/480
Pinel ot al [55] 3 3 1 2 5 2 3 3 | 3.533 | u8o/uBo
Karafin (57] 5 s 2 2 3 5 5 3 {2599 | w76/u80

Table 4.9 Integral percentage tolerances of components of the band pass filter Fig.h.4

those of Tables 4.3 and 4.7 for the band pass filter of Fig.lL.k.

The tolerance cost and Monte Carlo success rates are also shown.

For comparison this Table shows the résults obtained by Karafin* [57]
and Pinel et al [55] for the nominal circuit. The tolerance cost
obtained with the method described in this Chapter is the lowest.
Karafin's tolerance_costs are almost as low but his tolerance result
in a few failures. Also Karafin took 20 minutes of CUP-time on a

CDC 3500 computer to obtain his resﬁlté, wheréas those of row 1 in
Table 4.9 took about 32 seconds of CPU-time on a CDC 64O0. The
aforesaid CPU-time is biased in our favour; becaﬁse Karafin considered
30 constrained frequencies, while we have only considered 6 constraint
frequencies. However, as he had to build performance céntour maps,
i.e. feasible region boundaries, for all pairs of components, 30
constraint frequencies were probably necessary to obtain a reasonably
accuréte curve fit to the points on the boundary. Pinel et al only
required 21 seconds of CPU-time on an IBM 360/67 computer to obtain
their tolerance values with 6 constraint frequency points. However,
not only is their tolerance cost 36.7% higher than ours, but their

method is fundamentally incapable of design centering. Our design

The tolerance cost set in [57] was a misprint, and should read as
shown in Table 4.9.
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centering took a further 32 seconds of CPU-time but reduced the
tolerance cost to 1.8833, which is 87.6% less than that of Pinel et al

and 38% less than that of Karafin.

R R, C R, c R, - R R g g Cost |Monte Carlo

2 ? . ? 8 8 9 10 16 B4 s Success rate
Noainal Circuit t°| 9 15 2 13 5. 2 20 W 9 | 1.7596 | 394/L80
Design Centersd t | 10 15 2 13 5 2 20 0 9 15 | 1.7428 | 393/u80

Table 4.10 Integral percentage tolerances of components of equaliser, Fig.L.6

i

Integer value tolerances for the active equaliser circuit of
Fig.4k.6 are shown in Table 4.10 and were obtained by appropriate
rounding of tolerances in Tables L.4 and 4.8. The preferred valﬁe
tolerance cost is slightly higher than the continuous value tolerances.
There is no siénificant differences in:the Monte Carlo sﬁccess rates,

which indicate yields of around 80% as before.

-L4.12 Conclusions

An automatic procedure capable of finding component tolerances
commensurate with a minimum cost circuit has been described and imple-
mented on a computer. This procedure can not only give sets of com-
ponent tolerances that are a prerequisite for high manufacturing yields
but also be used in design centering. The use of e complex Taylor series,
to evaluate the response changes, easily accounts for the complex
nature of the voltage response. The proposed method attempts to find
the 'worst case' tolerances using two independent sets of deviations
above and below the nominal value. The two last items either appear
to have received little attention or have been computationally
expensive. The concept of design centering and its effects have been

described. It has also been demonstrated that design centering can
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lead to a considerable reduction in cost under suitable circumstances.
The tolerance assignment and design centering procedures have been tested
with different circuit types and the adequacy of the tolerances obtained
has been verified using Monte Carlo circuit analysis. Experience of
using two different nonlinear programming methods for tolerance assign-
ment.indicates that the penalty function approach is superior in some
respects to the Flexible Tolerance method. The difficulty associated
with obtaining the globally optimum set of tolerances has been discussed.
As a consequence there is a need to perform Monte Carlo circuit analysis
to test the acceptability of the tolerances. Finally, it has been shown
how continuous value tolerances can be traﬁsformed into integer value

tolerances, from which the preferred values can be selected.
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CHAPTER 5

DIFFERENTIAL SENSITIVITY AFTER SIMULTANEOUS LARGE
CHANGES IN CIRCUIT ELEMENTS

5.1 Introduction

During the last ten years efficient methods for the evaluation
of differential and large change sensitivities have been developed
t58,43], and used in many areas. of circuit design and analysis.

This has led to advancement of techniques for circuit optimisations,
sensitivity minimisation and tolerance assignment among others.

~ However, some significant gaps still exist in the field of sensi-
tivity analysis. One is the need to know the change in differential
sensitivities when large changes are made in circui? elements.

Using the adjoint network approachf[GZ], this can be achieved by
making a complete new amnalysis for each set of large changes to some
of the circuit elements, but requires some considerable computer
effort and time. The time factors take on an added significance
when dealing with very large circuits in which only a few elements
are required to change by large amounts.

The need tosolve large sets of linear equations repeatedly has
resulted in numerous sparse matrix techniques, to reduce the solution
time in computers. However, all of these techniques require much
programming effort and large amounts of computer storage and time
to set up. Therefore, they are unsuitable for use in minicomputers

which have been demonstrated to have considerable use in circuit
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design [69,70].

In thischapter sn efficient algorithm is presented, which not
only solves the problem of finding the differential sensitivities
bﬁt also yields the change in response due tq large changes in one
or more elements of the circuit with a minimal amount of computer
effort. Only one nodal admittance matrix inversion is required
at the specified frequency of analysis if only oné element [104]
is undergoing large change. If t of the circuit elements are sub-
jected to large changes, then a further Gaussian elimination of up
to a maximum of a (t x t) matrix is needed for each set of element
changes. Significant advantages over the adjoint network approach
can be achieved as most practical circuits do not have fully
connected graphs. The total number of branches rarely exceeds
the total number of nodes by 50%, and Qhen only some of the branches
are varying the cost of solving a (t xt) matrix is considerably less
than the two solutions required by the adjoint network method for

nonreciprocal networks.

5.2 8Small Change Sensitivity

Consider a linear time-invariant network as shown in Fig. 5.1.

K /—\
I, NETWORK Voo,

oxX

o

Z0

F16.5.1. Linear time invariant network
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The response of the network, for example the output voltage, can

be easily found from the usual nodal matrix equation (5.1)

vV = Y I (5.1)°

The nodal voltage sensitivities with respect to an element YK of

the network can be found [$8] by differentiating equation (5.1),

ov aY
-n =n

-1 -1
aYK n aYK n n
-1

where éK.K is a matrix with all elements zero except ,SKK which is
unity, A is the reduced incidence matrix gnd Yy is the vector of
branch voltages. If Y, is a controlled source, then éICK is

replaced by éRS with all elements zero except srs which is unity.
Equation (5.2) allows the calculation of all first order sensitivities
with a single matrix inversion of Xn’ To obtain higher-order sen-

sitivities it is necessary only to differentiate (5.2) as many times

as required. (See Appendix I for details.)

5.3 Large Change Sensitivities

© If the exact effect on .the response of a network for a large
change inan element, is desired,then the large-change sensitivity
model can be used [’+3] . Current sources are used to simulate the
effect of one or more element changes. The values of these current
sources can be determiped entirely from the elements of l;: and
the changes themselves.'. For simplicity only one variable component

will be considered.
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FIG. 5.2: Network with one variable branch exposed

Consider Zij between nodes I and J in Fig.5.2.  Then Zij is the
new value of the component across I and J. It can be easily shown
[43] that the current source required to simulate the change

(Z:.'Lj - Zij) has a value given by (5.3). (See Section 5.3.)

c1(zi. - 2, )
I, = 2 (5.3)
J 0(%..-%..) +2..2..
2 ij ij i
where ¢, = :Ez (zik - Zge T 2y + zil) IK (5.4)
” .
c, = (z:.Ll - Zy5 = 2y + 255 (5.5)

all z's being elements of X;: and I, are the independent sources.
Therefore Iij can be easily calculated once the change in the
component value (2. - 7..) is specified. The new response V'

ij ij mn
can now be calculated by augmenting the original nodal current

. . . . 1 .
vector In with a simulation current source vector I and substitu-
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i

ting in equation (5.1) to give (5.6)

EEI P S cereeeeaaaas L]
1' = [po..1,,0 0...-1..0 0 0]
= ij
ith jth
element element
1 -1 '

5.4 Differential Sensitivity After Large Changes

in One. Parameter

To find the new differential sensitivities it is necessary

to differentiate (5.6) with respect to ¥

K*
] ]
av oY (I +I)
—n -1 =b .t -1 1 -1 —=n-—
= =Y A — AY (I +I)+ ¥  —— (5.7)
aYK n aYK n n n aYK
a;n
But 3T 0 Dbecause all source currents are constant.
K
ar'
However —=— # O because I.. is not independent of ¥ . The only
aYK ij K
two non-zero elements of I' are I, ... Hence, the only requirement
I, o eI
is the evaluation of —=% to obtain =—— .
aYK aYK

In terms of admittance change (Yij - Yij) = SYiJ.; equation (5.3)

can be rewritten as (5.8).

I,; =~ 1C1 gYiS.Y (5.8)
J 2 %53
2
o oI . 8Y; aC, . c, syij o,
aY_'lK. T+C, 8%, oy 1 + CasYij)a 3T,



I.. [ac1 acz.]
= —J- —— I-. -~ . (5'9)
: C1 aYK ij aYK -
where Lsyij = O.
oY
K
aC aC
To.evaluate the two differentials =< and —5— , we use the
aYK aYK

equation of the voltage across I and J viz:

[ ' !

Vig = Y -V (5.10)
=:§E(zik a2 i zjk) T + (Zii - gy T Byt zjj)I'
. oV, . ¢ av} av;'i 8c,  aC, ol
ence, 7T, = 3T, - T, = T, 4-6YK Iij +C, T, (5.11)
ETE and BYK are the nodal voltage senéltlvitles at nodes I and J.

The port parameters C1 and C. are independent of the simulation

2

current source Iij' The differentials of C1 and 02 with respect

to YK’ representing the port impedancé sensitivities, can be

evaluated therefore, from equation (5.7) and (5.11) while setting
aIi.

aYK

current Iij = O in the sensitivity calculation using equation (5.7)

the terms to zero. Thus'letting the simulation source

gives with appropriate substitution in equation (5.11)

‘ avi avé oC,
- = (5.12)
oY 3, oY,

K

Similarly setting Iy = O (iee. all the original sources) and the

simulation current source Iij = 1 gives:

' [}
v, av' aC -

i 1 - —=2 (5.13)
i 3T, oT, |

"For a given circuit, (5.12) and (5.13) need only be evaluated once.

Thereafter only simple multiplications are required to evaluate ;f
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for different changes in the element Zij’ and the corresponding
first-order differential sénsitivitiés ¢an be easily found from
equation (5.7). Furthermore, equation (5.7) can be easily extended

to yield higher-order sensitivities as desired.

5.5 Extension of the Méthod for Simultaneous Changes

in More Than One Parameter

When two or more components, which are connected across t branches,
are liable to large changes, then these component changes can be
simulated by t simulation current sources (Fig. 5.3) in a similar
fashion to the one component variation case. The voltages Vitat
across each of the t variable branches (or ports) can be obtained
as products of the source and simulation currents with the relevant

port impedances, just as in equation (5.10) for é single variable

branch, viz:

! 3
Viqu = Cio * Cqq By + Cqp By eeneiChy By
' .
Viaja = C20 + 021 31 + 022 B2 + oeeeet 02t Bt
] (5.14)
Vitjt = CtO + Ct1 B1 + Ct2 Bz S + Ctt Bt

where C C C are terms equivalent to C, of equation (5.4)

10 720 *°° TtO

associated with the transfer impedance between the t variable component

1

ports and the source ports; Cpp’ P = Tyecene t, are the input im-
pedances at the t variable ports; Cpq’ p=T1, cecaty, g =1,2500..t,
P £ q, are the transfer impedances between ports p and q respectively;

and B1""'Bt are the simulation source currents, identical to the

previous Iij’ across each of the variable ports. Writing equation
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(5.14) in matrix form yields:

Y, = Et + X By (5.15)

FI1G.53. Network with t variable branches, of which 3 are shown explicitly.

The relationship between the individual element admittance changes

and the voltage across each element is given by:
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_ _ . ]
- 1
Ay1oo....07 L B,
191
0AY. 0 ....0 V. . B
2 i3, A 2
. . . (5.16)
0 O O....AY V. . B
L t] hlt‘]t. Lt.
1
or ‘-é_!t -!t =Et ‘ (5.17)

Multiplying equation(515). by ézt and substituting for AY, Xé from

equation (5.17) yields

B, = -AL ¥ -SL KB (5.18)
. 1.
or B, = - (U +ay X)) AY ¥, (5.19)

where U is a unit matrix. Equation (5.19) is in fact the more
generalised matrix form of equation (5.8) for a single variable.
Note that the calculation of the simulation current vector Et only
requires a knowledge of the admittance changes across each of the

t variable branches, the vector Et and matrix zt' The elements of
!t and Zt can be obtained from the elements of the impedance matrix
of the original network as before. However, while equation (5.8)
yields a simple formula for the evaluation of the simulation current
source, the evaluation of t current sources Et’ where t> 1, requires
a matrix equation solution with tﬁe (t x t) matrix (U + é}t Zt)'

Once the t simulation current sources have been evaluated using

(5.19) a new nodal simulation current source vector If can be formed,
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viz:
' [~ h I~ y [

i = 0 + BZ + e+ ] 0] (5.20)

I———b B‘I 0 0

iath-element .

i1th 0 o} .
element . Bt @___]

| " B, ‘_‘ 0 | i,th element
j,th 0 0] jath element '—Bt
element L 0| 2 0 i L O | jtth element

This current If can be substituted in equétion (5.6) to give the

new nodal voltage vector !;1 due to the admittance changes ézt

impressed upon the original network. As before to find the new

differential sensitivity using équation (5.7) it is necessary to
, .
compute oL . This can be achieved by differentiating Ed;given

oY
in equation (5.19) with respect to ¥, and selecting the signs of
3
the elements of w7  in accordance with equation (5.20) to yield
o1 K
BYK
Qﬁt oX ¥
-1 Lt -1 2

v, T WAL XD AT s U+ AT X9 AV ¥ - 5

K K . K

-1 0%y 0%,
= @+ ALy X)) Ay -5y By - ow (5.21)
K K
0¥,
Each element of the differential vector 37, can be obtained by
K
computing the difference of the nodal voltage sensitivities at each
oC
of the t variable ports, in an identical fashion to 3T in equation
K
(5.12), by setting I' = O in (5.7). Each element of the differential
X .
matrix BE%E is obtained using the procedure established in evaluating
K

aC
¥ in equation (5.13); i.e. the difference in the nodal voltage

K
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.sensitivities at each variable port is computed by setting all source
currents to zero, (IK=O) and each similation port current, (61.....Bt)

is in turn set to unity (the remaining B's being zero). Having

0B 5T"
computed'——j from equation (5.21), ==— can now be formed and sub-
BYK aYK.

stituted in equation (5.7) to yield the differential sensitivities.

The usefulness of equation (5.21) lies in the fact that the two

0¥ 90X
differentials-——j_ and —3— need only be computed once for any
aYK aYK
different set of simultaneous component changes élt. Furthermore,
ox, ¥
the differentials t t and -ét are computed directly from

the elements of the original network impedance matrix. Therefore, to
compute the differential sensitivity when elements across t branches

of the original network are changed by large and finite amounts only

a single matrix equation solution with the (t x t) matrix (U + é34;5¢)
is necessary to obtain the B, vector using equation (5.19). Thereafter,
the output voltage differential sensitivities can be found with simple
matrix multiplications using equations (5.21) and (5.7). It is also

worth noting that a knowledge of_gt also allows the computation of the

exact response change via (5.6).

5.6 Computational Efficiency

In most numerical procedures invol&ing matrices the efficiency
of any set of computations depends tosome extent on the effort spent
in programming. Often there are trade-offs between the amount of
computer storage used and the number of .operations performed. Hence,
if the intermediate results which are common to other calculations
can be stored then the number of subsequent operations can be reduced.

The programming effort and storage requirements for the present method
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are minimal. & comparison of the number of operations® between
the adjoint method [62] using LU factorisation [68] and the present
method of 'Large Change/Small Change' of computing the output nodal
voltage sensitivity with respect to all the branches of a non-

reciprocal network are shown in Table 5.1.

Method Fixed Operations | peration for each new
: set of sensitivities
Adjoint with LU Nil %n3+ 2n2 - %n+ 2m2
factorisation
Large Change/ nos hmt (t+1) %tE + th-r%d:+ 2m(t2+-t+1)
Small Change

n is the number of nodes of the original network
t is the number of ports across which there are variable branches

m is the number of branches with respect to which sensitivities
are found

Table 5.1: Comparison of costs of different methods of
sensitivity calculation

Using standard methods, a complete new analysis is required
each time any element is changed by large amounts. With the Targe
Change/Small Change' method very few operations are necessary once
the relevant coefficients have been computed. Thus the gain in
efficiency is most striking when a few elements of a very large
network undergo finite changes as can be seen from Fig. 5.4. It
also indicates that for a thirty two node network up to thirty
branches could be changed simultaneously using the proposed technique

without exceeding the cost of sensitivity analysis with the adjoint

*One operation consists of either one multiplication or division
plus an addition or subtraction.



123

A
15,000

Numbers of operations for a 32 node /
network using LU factorisation.

12,962
12,500

T

10,000

7500

Operations

5,000

2,500

0 10 20 30
Variable branches (t)

" FIG.5-4 : Comparison between the number of operations
using the Adjoint and the Large change/Small
change methods for computing one sensitivity,
ie. for m=1 in Table 1.
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mathod using LU factorisation.

5.7 Breakdown of the Computational Chst

The total computational cost, in terms of the number of operatioms,
for the Large change/Small change sensitivity calculation has beeh
given in Table 5.1. Here we examiné the detailed breakdown of the
computational costs, an understanding of which will enable an
efficient programming strategy to be adopted. This is of particular
importance in an interactive graphics environment, where the speed
of a particular set of computations will have an important effect

on the attitudes of a user of the facility (see Section 5.9).
X . Qét

In Table 5.2 the fixed overheads to compute —— and ——
BYK aYK

are tabulated.

Parts of the Large change/Small changecalculatioan' Of.
operations
The inverse of Y is n3
-n
2 oX
For each of the t~ elements of —— L
BYK
a!t
For each of the t elements of ——— L
BYK .
. 2 3
Total for m branches . hm{(t“+t)+n

Table 5.2: Numbers of multiplications the fixed overheads

Tables 5.3%.i, 5.3%.ii and 5.3.iii show the number of operations,
termed variable operations, needed to compute the sensitivity of

output nodal voltage to the m circuit elements when t elements undergo



simultaneous large changes. Thus Table 5.3.1i gives the number of
operations needed to compute the simulation current source vector

B, using equation (5.19).

No. of
operations
: t
To obtain upper triangular of (U + AY X ) :E: i% 4t
' i=1
To obtain ﬁtﬁt t

Back substitution to get@_t

.Mﬁ

i=1
Total to get B, —;—t3+t2+ %t

Table 5.3.i: To obtain B, using equation (5.19)

op
The computation of Y via equation (5.21) also involves the
K

matrix (U + AY, Kt) just as for computing B,. Therefore, storing
the upper triangular form of (U + ézt zt) together with the pivots

used in obtaining it will result in a saving of %t(2t + D&+ 1)
: 3B,
The resulting operations for obtaining —t are shown

BYK

operations.

in Table 5.3.ii.

No." of operations

6Xt

2 Ty
To compute ézt(EYE'Et - =)

0¥

ayK

Dividing the r.h.s. column vector in

t2 + t

Mo

Table 5.3%.1i: To obtain YR

by]

pivots . i=1
0B, t
Back substitution to obtain o= > i

’ K i=1

. 3Bt 2

Total for gettin 2t
Total for m elements YK 2mt2
Qﬁt

using equation (5.21)
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Having obtained all the different coefficients it is only necessary
to solve the relevant parfs of equation (5.7) to obtain the required
differential sensitivities. The cost of these operations is tabulated

in Table 5.3.iii.

No. of operations
— V *
To compute o = _Y_n1 _1;' -~ t2
ovy. -
To compute v 4 =2 At o 2 -
=n = 93Y, = =
K
-1 oI
To compute qu ET- for one nodal 2t
voltage sensitiv1ty
BVO
Total for each differential =3~ 2(t+1)
. K
Total for m differential sensitivities 2m(t+1)

Table 5.3%.1iii: To obtain the sensitivities of one nodal voltage
V using equation (5.7)

5.8 Numerical Accuracy

The accuracy of a numerical value produced in a computer depends
to a large extent upon the numbers of operations needed to obtain it.
This arises from the rounding or truncation that is performed after
each arithmetic operation. As the total number of operations per-
formed in obtaining the sensitivities are much fewer using the method
described in this paper than other standard ones, the accuracy of the

sensitivities should be much improved. The accuracy also depends

*Judicious programming makés for such a small number of operatioms
when multiplications with unity are excluded. See Appendix I for
details of sensitivity calculation.
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upon Lhe precizion wi£h whizh tne zimulztior current sources and
their differential coefficients have been calculated. As these
coéfficients will usually be few in ngmber and used many times, it
may be desirable to compute them using double precision arithmetic.
Experience with the Large Change/Small Change method suggests its
accuracy is comparable with sfandard methods, as can be seen from

the results of Table 5.4 of Section 5.9.

5.9 Interactive Graphics In Cixcuit Design

The role of interactive graphics in computer-aided circuit
design has come under increasing scrutiny in recent years [69,70,75]
The early development of circuit drawing programs [71] did little
to encourage circuit designers to seek the aid of expensive inter-
active graphics facilities. The primary faults did not lie with
the drawing programs, but with a limited understanding of the circuit
design process itself. This design process is unlike the architectural
drawing processes which the early graphical systems usually provided.
In circuit design there is not only a need of a wide variety of
analysis programs,>but also a comprehensive system which allows the
circﬁit designer to call up any analysis’procedure on demand and
without excessive effort on his part. The designer should be thinking
of the design problem in hand and not qf a complicated sequence of
commands needed to call up the required programs.

One of the principal aim of an interactive computer graphics
facility must be to allow a designer to confirm or to verify thatA
the performance of his design lies within specifications. However,

in the early stages of a circuit design, which is largely exploratory,
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the designer often only requires a "ball park" estimate of many
circuit properties rather than a érecise knowlédge of just a few.

To obtain this "feel"tfor the design the exploration will often be
incremental in a few parameters of the circuit. To prevent psycho-
logical closure, the effect of an incremental change must be displayed
conéurrently;or within an interval of fewlseconds, with the change [72].
This demands that the numerical procedures determining the efféct

of incremental changes must be fast if real time dynamic performance
is to be achieved. Otherwise, all results must be precalculated

and stored, ready for display on demand. The light pen on a graphics
system provides the designer with a tool to effect changes iﬁ para-
meter valﬁes. These and other aspects of the design process have

been incorporated in a circuit design facility on the PDP-15 with

a VI-15 graphics processor by Apperley, Spence and Dunn at Imperial
College.

The "Large Clange/Small Change" algorithm developed in this
chapter is an ideal candidate for incorpqration into an.interactive
design facility. Since this nﬁmerical procedure can quickly compute
a variety of circuit properties, from sensitivities to voltage response,
for incremental variation in one or more circuit components, the
designer can be provided with information almost concurrently with
the initiation of the component changes.

The above procedure has been programmed on the PDP-15 and
incorporated with the display system of Apperley [75] , to provide
a dynamic display of the normalised sensitivities when any selected

component of the circuit under test changes by incremental amounts.



5.10 Dynamic Display of Differential Sensitivity

The first step in any circuit exploration is to ''input" the
schematic diagram into the computer. The ECAP [73] approach using
an ordered set of numbers to represent the circuit graph and the
respective component values is unsatisfactory, not only because it
is prone to human error but also because it has the disadvantage of
transforming the schematic diagram into a form far removed from the
engineer's experience. Graphical input, with the aid of a light pen
and a suitable menu of light buttons (Fig. 5.5) can provide a facility
closely simulating pencil and paper drawings [75] . This is closer

to the engineer's normal experience.

1B = g

4rm HL
|

|
e pdibe

Fig.5.5 Graphic facility in circuit input mode, with menu of
numerical and drawing light buttons as well as the analysis
command
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The circuit shown in Fig. 5.7 is drawn using the menu shown in
Fig. 5.5. The numerical values of the components can be assigned
by making light pen hits on the relevant values followed by a hit
on the component. More accurate values can be input via the teletype.
A scratch pad facility on the screen is provided by the delete button
which allows the removal of one or more components of the drawn circuit.
Hitting the light button above the '"delete'" allows the alternate
display of the schematic diagram with or without the numerical values,

AN

<
compare Fig. 5.5 and Fig. 5.6. The(€;€:symbol allows the user to

"

clear the screen and start again, while the e~{h¢symbol allows the

positioning of the circuit anywhere on the drawing area of the screen.

Fig.5.6 Display of the schematic circuit diagram on the screen

Once the circuit has been input satisfactorily, the designer
can call up different analysis options by hitting the analysis -
ANAL button at the bottom of the menu (Fig. 5.5). At present,
hitting this button initiates the Large Change/Small Change sensitivity
calculation option. The designer is immediately asked to indicate

the frequency at which the circuit is to be analysed. The designer
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then indicates the branch which he wisﬁes to change by large incre-
mental amounts. The range of gomponent variation is pre-set to

I 50% of the impedance value, but can be changed. After a time

lapse needed for inverting the nodal admittance matrix and calculating
relevant coefficients of the circuit on the‘scfeen, the computer is
ready to display the normalised sensitifities of the ﬁoltage response
to the components.

‘The sensitivity display is activated by hitting one.of the
components of the circuit on the screen. A light poténtiometer
appears on the right hand side of the screen (Fig.5.10). The arrowed
positions indicate the numerical value of the component undergoing
large change. The corresponding component sensitivities can be
selectively displayed for one or more component withvthe aid of
"circles'" whose radius corresponds to the magnitude of the appropriate
sensitivity. The large changes can be cycled through incrementally
at short intervals and the correspondiﬁg change in individual com-
ponent sensitivity can be dynamically displayed. At the end of each
cycle the designer is presented with various options. He may select
a different element for large change, change the frequency or printing
out numerical values of the sensitivities, the output voltage and
the phase response for each of the large changes.

To facilitate dynamic exploration of the circuit, controls
must be provided to allow selective iﬂvestigation of the available
information. From a psychological vigwpoint, the number of items
that a user can keep track of simultaneously is limited [74] .
Therefore, the designer is permitted to switch on or off as many
of the sensitivity circles as desired by merely pointing to the

relevant component with the light pen.



The present implementation allows the designer to explore
rapdily the sensitivity and'respdnse change behaviour of a circuit
due to incremental changes in ité components values. Any correlation
that might exist between two or more components will be indicated by
changes in their sensitivifies in a related ﬁanner. Thus, the
sensitivities of a group of components might increase in unison,

or one group of sensitivities increases while another may decrease.

5.11 Example

It is difficult to illustrate the dynamic nature of the Large
Cﬁange/Samll Change technique as implemented on a graphics facility.
Still photographs can only hint at the power of the present techniques
for design exploration. The circuit example of a band pass filter

shown in Fig. 5.7 has been chosen for illustrationm.

Lo Co

Csq
1824 H '7!!,1, , l.l-,-p,: . 1.824H
L7 Ls
4272mH 143- 7mH T?z
83mA 1.2k 12k
TBBpF Tmpp

FIG 5-7: Bahd pass filter with ‘L5 ‘changing by large amounts

Li

This circuit is analysed at a frequency of 690 Hz, close to

the resonance frequency of the L C6 combination. The inductor L

b7 >



is changed from O.5L5 to 1.5L5

by an arrowed position on the light potenfiometer. The magnitide

in twenty one steps each displayed

of the first order sensitivity is giveh by a circle of the correspond-
ing radius centred on the compoﬁent. The changes in sensitivities, as
the inductor changes its value, are shown in Figs. 5.8-5.10. The
corresponding numerical values for the sensitivities and the voltage
response are given in Table 5.4, using the Large Change/Small Change
method of this paper and a direct calculation with sfandard techniques

using a new admittance matrix for each set of large changes in L_..

5
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Fig.5.8 Sensitivities for L5 = 208mH




Fig.5.11 Sensitivities for L. = 208mH

Fig.5.12 Sensitivities for L = 15%mH

Fig.5.13 Sensitivities for L. = 78.6mH

155
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A comparison of the results in Tsble 5.4 shows up no dis-
crepuncicn in the numerical values célculated using the t#o methods.
However, while the cost of the direct calculation for the twenty one
large changes in L5 was (21 x 212) operations, the total number of
operations required using the Large Change/Small Change algorithm

was (21 x 10) operations.

Large Change/Small Change | Direct Calculation

L5 !SXZ ' |vo| sgg : |V0|
208.71 mH 2028 2.287. 2V 2028 2.287 2 v

153.96 mH 62840 0.049 714 v 62840 0.049714 Vv
18.693 mH 2443 0.8320 V 2L4L3 0.8320 Vv

S

Table 5.4: Sensitivities and output voltage magnitudes from the
Large Change/Small Change and direct calculations.

In Figs.5.11-5.13 only four elements of the circuit have been
activated for sensitivity display. These clearly show that the
sensitivities of L5 and C6 are strongly related in a positive sense.
That is, they track each other. However, these sensitivities are
negatively related with those of L% and 08. For, while the sensi-
tivities of L5 and C6 increase rapidly and then decrease, those of
L7 and C8 reach a minirum when the former obtain their highest values.
In large networks such effects would be both difficult and expensive

to investigate without the aid of an interactive graphics system and

the Large Change/Small Change algorithm.

5.12 Conclusion

A numerical procedure for obtaining the exact differential



135

sensitivities of a circuit when one of its components is changed by
large incremental amounts has been described. This procedure has

been further enhanced to compute the exact sensitivities when two

or more components simultaneously-undergo large changes. The
efficiepcy of this technique over that of the previously available
method of the adjoint network, when not all components of the circuit are
undergoing simultaneous large changes has been clearly demonstrated.
The . resulting reduction in the number of operations to compute not
only the sensitivities but the voltage gain will result in greater
numerical accuracy. The simplicity of the proposed method to some
extent obviates the need for employing expensive sparse matrix
techniques in many areas of circuit design where only a small subset
of the total number of circuit elements are liable to large variations
e.g. circuit optimisation using gradient methods.

The described method has been successfully employed in an inter-
active graphics facility for computer aided circuit design. The
differential sensitivities of one or more components of a circuit
can be dynamically displayed when one element undergoes large incre-
mental changes. The ability to explore the sensitivity behaviour of
.the circuit for large changes in a component, without the long delays
necessary with earlier methods, gives a powerful exploratory "tool"
to the designer. Furthermore, graphical implementation of the method
for computing the differential sensitivities for simultaneous large
changes in more than one component (see Section 4.4) can be used to
tune a circuit dynamically for minimum sensitivity. The voltage
magnitude or the phase response of the circuit can be monitored
simultaneously. The immediacy of the method is a valuable aid in

circuit optimisation, which hitherto has depended on batch processing
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using large multiprogrammed machines. The designer obtains additional
insight into the behaviour of his circuit, thus increasing the

effectiveness and efficiency of the design process.
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CHAPTER 6

ADMITTANCE TOLERANCE REGIONS FOR MULTIPLY-DEFINED VOLTAGE
RESPONSE CHANGES

6.1 Introduction

This chapter constitutes the preliminary theoretical investigation
of directly transforming voltage response changes to circuit para-
meter changes in circuit theory. Some of the original ideas of
Villalaz [68] have been developed extensively to form a basis for
future experimental investigation.

In many areas of circuit design some of which have been discussed
in earlier chapters, there is considerable interest in computing the
effect of simultaneous component changes on thé response. Many
algorithms have been developed over the years to compute the change
in circuit response and other properties such as sensitivity, in order
to gain insight into circuit behaviour. However, there are areas of
circuit design in which there is a need to know the permitted changes
in network branch values for specified tolerances in the circuit
response. One such field is tolerance assignment. Another is
connected with circuit design, where it is desirable to know what
changes should be made to existing component values tb f;rce the
circuit response to lie within some defined limits.

The difficulty in transforming a response change at any frequency
to component or branch changes results from having a single equation
for the voltage response in many compongnt variables. Therefore,

the traditional approach has been to make changes in the element
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values guided by some optimisation procedure and compute the
response; with the hope that this lies Wwithin the error criterion.
From the acquisition of data from this iterative analysis some insight
into the allowed parameter variations of the cifcuit is gained.

A.first though computationally expensive approach to systematically
examine the feasible component space (see Section 4.3 of Chapter 4).
was made by Butler [78], by evaluating performance contours for pairs
of elements. These performance contours are bounded regions in the
component space, with the boundary being defined by the maximum
permitted response error at a number of frequencies. Though a more
efficient algorithm for doing the same has been described by Villalaz
[79] s the computation of the allowed regions is still very expensive
for more than a few elements undergoing simultaneous changes. Added
to thié is the difficulty of adequately representing multi-dimensional
performance contours when three or more parameters vary simultaneously.

In this chapter an efficient method is developed to directly
compute the changes in branch admittance values and branch admittance
tolerance regions for any set of specified changes in the nominal
response over a set of frequencies, without the need of repeated
ciréuit analysis. It is supposed that the allowed voltage response

(t)

error vector éﬂﬁn of a network in Fig.6.71 at t or more frequencies
is defined, and the allowable simultaneous variations in.the branch
admittances of this netwbrk are desiredf As voltage changes are to
be transformed into corresponding admittance changes no direct
control can be exercised to keep thes; admittances wholly real or
imaginary. Usually each admittance change would be expected to have

a real and imaginary part. Thus a network branch which originally

had a resistor only would acquire a resistive and reactive part
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éfter analysis. A siﬁilar result holds for an originally reactive
branch. In spite of this difficultyithe ﬁses of this type of
transformation have been clearly demonstrated, under soﬁe simplifying
assumptions, by Villalaz [43,68,82].

To obtain a clear understanding of the pfoposed solution to
transforming voltage response changes to branch admittance changes,
it is necessary to consider first the generalised large change sen=-
sitivity method developed in Section 5.5 of Chapter 5. At that
time our interest lay in obtaining the>responsb change in an efficient
manner when a given number of network elements were changed simulta-

neously.

6.2 The Large Change Sensitivity Model

As in the previous chapter consider a current excited network
of n nodes and b branches. Using nodal analysis all the nodal

voltages can be obtained from the well known impedance matrix equation

vV =Y I . (6.1)

where quis a vector of source currents,‘ln.is the corresponding
vector of nodal voltages andizn’is the nodal admittance matrix. As

a first step we identify t variable branches of interest from the
network Fig.6.1 by making solder connections [43] and attach t

current sources, defined by the elements of a vector ﬁdﬁ across each
of these branches. By taking on suitable values these current sources
can simulate the admittance changes, given by the t element of a
‘diagonal matrix ézt’ in each of the identified t branches. Ohm's

law yields a relationship between>the t variable branch voltages X%,

the branch currents Et and admittances ézt'

-AY, V. = B, (6.2)
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F1G.&.1; Network with t variable branches, of which 3 are shown explicitly.

Using equation (6.2) with other properties of the know network a
unique relationship between the changes égt and the simulation current

vector Et has been derived in terms of elements of the inverse nodal
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admitbLance matriz, in Chapter 5, Section 3.2.
_ -1 _ _
B, = - Wil X) an¥, (6.3)

The modified circuit response with the addition of the simulation -
current sources to the original network is identical . to that which
would have been obtained if the changes ézt had actually been made
to the relevant branches. To obtain the new nodal voltage vector
it is first necessary to transform the branch current vector Et into
a nodal simulation current vector B quis obtained by expanding
ﬁt with‘the insertion of zero value current sources for all the (b-t)
non-variable branches. Then pre-multiplication by the reduced

incidence matrix yields qu(see Section 5.5 of Chapter 5 also).

The original nodal current vector quis now augmented by.ﬁn'

= I+ 8, (6.1

I

The new set of nodal voltages X;lcan now be evaluated by substituting

(6.4) into the nodal voltage equation viz.

-
!

-

-

= Y I
-n - =N
= Y @+ B)
-n -n n
= v y~! (6.5)
= In t Ip En A :

The change in the original nodal voltage vector é!11 is therefore:

-—n -n

AV = Y B (6.6)

If it is assumed that there is only one non-zero simulation
current source B1 across the nodes I1 and J1, then the change in

the output voltage Aan is given by:
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av
" mn

I
—~
N

1
1
+
]
—
W
-3

1 B4 (6.7)

where D1 is the transfer impedance between the output port MN and
the simulation port I1 J1. Similarly for t simulation current sources

the change in the.outpﬁt voltage becomes:

Aan = D1B1 + DZBZ +  enees + DtBt

=D B, (6.8)

Finally substituting for B, from equation (6.3) in equation (6.8)
Yields an equation for the change in the voltage at the output nodes
in terms of the branch admittance changes ézt and the elements of

the original nodal impedance matrix.

-1

av o= -D(U+AY X)) AT ¥ (6.9)

Therefore to evaluate the change in the response voltage AV n
due to the element changes given by ézt it is only necessary to
solve a matrix equation with the (t x t) matrix (U + AY X,

if the interest lies in finding a unique and non~-trivial value of

). However,

AY, given AV, then this is impossible. For equation (6.9) is then

a single equation in t unknowns.

6.3 To Find Admittance Changes Given Response Tolerances

It would appear to be impossible to find t linearly independent
equations in AY's similar to equation (6.9). However, it is possible

to obtain t linearly independent equations in B's similar to equation



(6.8). All that is needed is to specify the response changes AViz)

from the nominal at t distinct frequency points and write the correspond-

ing equations similar to (6.8).

(1 _ (1) (1)
Ath D1 By + D2 Ba +teooaot Dt Bt
(2) (1) (2) (2)
AV~ = D77 B+ Dy By ket DB , (6.10)
) ), (t) (t)
AVﬁn = D77 B, +.D2 Ba+.....+ D(t) B, )
where D;f)‘ is the transfer impedance between the output port MN and

the selected port s at a frequency f. Note that the number of frequencies
selected is equal to the number of variable branches. All the equations
in (6.10) are linearly independent only if the network is frequency
dépendent. Thus purely resistive networks are not amenable to this type

of analysis. Equation (6.10) can be written more compactly in matrix

notation:
(t) _
AV = T B, (6.11)
where T' is a (t x t) square matrix of transfer impedances Déf). A unique

vector of simulation currents By commensurate with the allowable response

(t)

changes AV n can be easily evaluated now. However, our interest lies in

finding the admittance change vector éxt uniquely. At each frequency

f the relationship between Et and the changes éXéf) are given by equation

(6.3) viz.

-1
B, = - @+ ar® )7 0 ¥ (6.12)

substituting for B, from (6.11) in equation (6.12) yields

-1
— (.‘l+é¥.(f) E(f)) ay(E) Q(;f) (6.13)

(t)
éyﬁn t -t

*The superscript 'f' has been introduced to denote frequency dependence.
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Equation (6.13) can be expressed in terms of ézif)

(£) o, (£) (£) ¢ -1 ()
g,c x," " Tav - +§t; = T av (6.14)

Thus t different diagonal matrices é}éf) corresponding to each

of the t frequencies can be obtained by making the appropriate sub-

(£)

stitutions for the frequency dependent matrices X

(£)

(£) .
and § .77 in (6.14).
The matrices T, X and §é ) consist entirely of elements selected
from the inverse nodal admittance matrices of the original network at

the t selected frequencies, while éy;i) is specified by the circuit

designer.

6.4 Lineo-Linear Transformations

In this section some of the basic properties of lineo-linear
transformations will be outlined briefly. The theory and rigorous
@athematical proofs of such transformations can be found in reference
[80] . The application of this theory to equations (6.13) and (6.14)
allows conditions to be found under which these equations constitute
conformal'mappings. As a consequence a considerable saving in compu-
tational effort for obtaining regular tolerance regions is possible.

In the theory of functions of a single complex variable it proves
useful to have bounded regions of variation of the independent variable
which are changed by homographic substitutions into regions that are
similarly bounded. Thus a circle or a straight line under a trans-

formation or a set of transformation of the type:

az + b

w = 22+b : (6.15)

cz + d

remains a circle or sometimes becomes a straight line%} providing the

Jacobian,J-%%?%,is non-zero. &Equation (6.15) is often called the

*A straight line is a circle of infinite radius.
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bilinear transformation of a complex variable z into w. Tﬁe coefficients
a, b, ¢ and d may be real or complex. Under such transformatidns all
boundary curves of order not higher than two, conserve their general
character. Hence, the terms conformal or isogonal mappings.

An isogonal mapping, a term first introduced.by_C.G. Gauss [81] ,
is one which preserves the sense as well as the magnitude of the angles.
This geometrical interpretation is defived from the consideration of
isoscles. triangles in classical Euclidian geometry.

Can the well-known properties of the bilinear transformation be
ascribed to functions of two or more complex variables? Forsythe [SCU
has shown that given frontiers, in a two variable z, z' field, when
changed by a lineo-linear transformation of the type (6.16) results

in conformal mappings in two planes given by w and W .

) _ w' _ i
az +bz' + ¢ = a'z+b'z' + ¢ a'z + bz + c"

(6.16)

Unfortunately equations (6.13) and (6.14) usually do not conform
to a lineo-linear transformation of the type (6.16) even when t = 2.
HoWever, extracting one of the caonstituent equations from (6.14) allows
conditions to be found under which each of the equations in (6.14) are

bilinear. To simplify the notation we rewrite equation (6.14) as:

where E(f) = X(f)r ; V=V and a = -'\'_'_-1.

==t —mn

Extraction of the pth row from equation (6.17) yields:

AYp(wp,\V1 + wp2V2 F seeenet wptVt + XP) = a,p,]V1 + quvz + "'+dptvt (6.18)

If (¢ - 1) of the voltage changes Vi V2,....Vt in the response at

different frequencies are set to constant values, which may be different,
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then equation (6.18) becomes an equation in two variables AYP and

the non constant response change Vq.

AY (w_ V. + ) = o+ (6.1
P “pq q &, pq &2 9)
t ' t .
where 51 = -mpsVS + Xp and €2 = Z apsVs
s:1 ' S=1
s#q s#q

Equation (6.19) is in fact a bilinear transformation similar
to (6.15). Similarly every constituent equation of the matrix equation
(6.14) can be made to have a bilinear form by holding (t - 1) of the
variable voltages in éyﬁn constant. This is the most generalised form
of the bilinear transformation from the voltage plane at any frequency
to an admittance plane at any frequeney. By taking different sets of
values of the (t - 1) voltage changes, overlapping regions in the
admittance plane can be plotted. The computational task is minimal
because only three points on a circle in the Vq plane are necessary to
obtain a corresponding circle in AYp plane.

Using similar arguments it is possible to show that admittance
regions can be transformed into voltage regions at different frequencies

using equation (6.13) viz:

(£) ,(£) -1 (£) (£)
U+, X T av = -8 X, (6.20)

We simplify the notation in (6.20) by making the following substitutions
for the constant matrices:

w't - x(f)'r‘1 ;o =T and V=AV .

- - - - T = ~ 7 =—mn

Then (2' + é}_f_(f) H_l(f)) -y. - - A!(f) ' E‘Ef) (6-21)

As before the pth constituent equation in the matrix equation (6.21)
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can be written as:

N 1 3 1 1 1
ap,lv,l + oapav2+..._.«»(:Lpthc + AYp(wp,IV,I + wp2V2+....+‘mptVt) = AYPXP (6.22)

Setting 211 voltages other than Vq to be constant yields:

' A 'v)=-ay § 3
&5+ a Vo + AT (B + ) V) Vo (6.23)
t t
where €3 = Z aps Vs and E\L; = Z wps VS
s=1 S=1
s#q s#q

We can now rewrite (6.23) in the more familiar bilinear form:

Vv = 'j : _ (6.24)

Equation (6.24) constitutes a conformal mapping from the admittance
region of the pth circuit branch to the voltage region at the qth
frequency Vq, for constant voltage variations at (t-1) of the specified

frequencies.

6.5 Tolerance Regions

It has beén shown that transformation of a performance specification
into a component tolerance region constitutes a conformal mapping.
Such mappings have been used in transforming acircular tolerance region
for a response voltage variation at one frequency into an admittance
region for a selected branch of a network by Villalaz [63]. However,
he was unable to transform the simultaneous effect of allowed voltage
performance changes and a performance region at different frequencies
on more than one circuit branch. Therefore, the corresponding component

tolerance regions could not be found in the multi—freQuency case.
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For the permitted output voltage variation, the tolerance region
in the admittance plane of each circuit branch can be plotted at any
of the frequencies of interest using equation (6.19). The important
factor here is that coefficients need only be calculated once using
the matrix eduation (6.17) and aﬁy subsequent calculations due to
different response changes require simple multiplications only. Thus
the.effect of very complicated sets of voltage variations can be
investigated with a minimum of computational effort.

The above can be illustrated by a simple example concerned with
a network element and its voltage performance tolerance. First it is
assumed that a circuit has been proposed and it is required to find
the allowed tolerance of its elements given the tolerance on the
network performance. For simplicity we shall assume that voltage
tolerance regions are given at two frequgncies fq-and f2, i.e. t = 2.
In view of the bilinear nature of the relation between the vector* of
changes é!mn in the response voltages, at the different frequencies,
and the resulting change in the t branch admittances ézt’ considerable
saving in computer effort is possible if the voltage tolerance region
Vi1, at one of the frequencies, is a regular closed region of second
order [801 such as a circle. At the other frequency the response can
change by an arbitrary but fixed amount. However, it is convenient

£

to choose a circular voltage tolerance region VO2 at the second

f
frequency also (Fig.6.2a). Then selecting a point on the circle VOZ,

f
the voltage tolerance region VO1 is transformed into the corresponding
tolerance region Yl in the admittance plane, at frequency f1 for the

circuit branch A, see Fig.6.2b. From the theory of conformal mappings

(see Section 6.4), the admittance plane tolerance region will be

*Note: only one of these voltages is a true variable at any one time.
The other voltage changes are considered to be constant.
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f
' . q: 1. .
circular at each of the t frequencies, providing Vo is circular. In

genéral the centre M of the admittance circle YR for one branch

(Fig.6.2b) will not be coincident with nominal value N' of the admittance A.
The inside of a tolerance region in the voltage plane will transform

into either the inside or the outside of the region in the admittance

plane depending on whether the nominal admittance lies inside or

outside the region.

I
m 4 Output voltage

Vf1 2 5

]

o
Re
FIG.6-2a: Two nominal output voltages N, and N, at
frequencies f; and f, are shown onthe complex
voltage plane together with two tolerance circles.

The voltage region V' will be transformed into an
admittance circle for each identified point on V[2.

ImA Admittance plane

11

Ya

—

Re

F1G.6-2b: Admittance region for branch A of the circuit at
frequency fi corresponding to the voltage tolerance
region Vf" and voltage V[? at point 1 in FIG.6-2a.
The nominal centre point N; in the voltage plane
transforms to Ni in the admittance plane.




150

l‘

de: riow zelect znother point on V and compute a second admittance

tolerance region Y for the branch A at frequency f1. In this fashion

A
b
we can traverse the boundary of Vo2 and find successive tolerance
regions for the branch A. The intersection of all these admittance
tolerance regions,YX, i =1,2400een, then gives the actual admittance

region at frequency f1 for the circuit branch A commensurate with the

f f
two voltage tolerance regions V0 and VOZ. Thus the hatched area in

Fig.6.2c defines the maximum range of admittance variation for the
branch A at frequency f1 providing the voltage variation at frequencies
f, and f, is confined to the circular regions shown in Fig.6.2a. In

a similar fashion a tolerance region could have been found at frequency f2.

ImA adrnittance plane

tolerance

3 region
Y, g

—>

Re

FI1G.6-2c: The shaded area gives the tolerance region for
branch A from the intersection of the three tolerance

circles corresponding to V[’ and three of the five
points on the circumference of V!2 as shown in FIG.6.2a.
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The usefulness of such tolerance regions in tolerance assignment
can be seen when it is remembered that complex admittance values can
be identified with actual components by considering the real and imag-
inary parts separately. Thus the reciprocal of the real part of an
admittance is identified with a resistance while dividing the imaginary
pért with the frequency in radians yields a reactance.

If the tolerance region of a set of admittances, computed for
complex voltage response regions as described above, cuts, for example,
the real zero axis of the admittance plane, the imaginary part of the
particular admittance could be set to zero - this could indicate the
possibility of removing an inductance or capacitance from the circuit.
Similar considerations can be made for the case where the tolerance
region intersects the imaginary zero axis of the admittance plane,
or includes the origin.

P.A. Villalaz [68] has used a particular case of the generalised
theory presented in this chapter to compute admittance tolerance circle
for a voltage tolerance circle at one frequency only. He has used these
admittance tolerance circles with great effect in model bessimization
[82] and performance contour evaluation [79] . Whereas Villalaz could
never compute the admitance tolerance region of a branch for voltage
tolerance regions at more than one frequency, this can now be done
easily to yield a more comprehensive tolerance region. Thus the present
theory'could beused to enhance the model pessimization and performance

contour evaluation procedures.

6.6 Conclusion
In this chapter it has been shown that transformation of a complex

voltage tolerance.regions into corresponding admittance regions at one
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or more frequencies constitutg conformal mappings. The inverse mapping
of an admittance fegion into a voitage region also constitutes a con-
formal mapping. A knowledge of the properties of conformal mapping
leads to considerable saving in computational effort, for it is known that
closed regions (éf second order) such as circles transform into circles.
A procedure has been described for obtaining admittance tolerance
regions for specified branches of a circuit for voltage tolerance
regions at one or more frequencies. This constitutes a significant
advance on the earlier work of Villalaz. The potential scope of using
,‘the aforesaid admittance tolerance regions in tolerance assignment,
model. pessimization and performance contour evaluation has been briefly

mentioned.
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CHAPTER 7

Epilogue

7.1 Summary of the Contents of the Thesis

The first Chapter introduced the subject of computer aided
circuit design. Having identified a sequence of steps in the complete
design process specific numerical procedures, suitable for computer
imﬁlementation y are introduced. A brief introduction to the main
characteristics of both mini- and large multi-programmed computers is
given.

Chapter 2 deals with the theory of sensitivity invariants in
electrical systems. The homogeneous nature of network functions is
described, and using this property it is shown how all the different
invariant formulae can be derived for linear systems, e.g. signal flow
graphs. It is also shown how these results carry over to nonlinear
circuits also. The chapter ends with a discussion of possible uses of
such relationships, in particular their use in testing sensifivity programs
and the tolerance assignment problem. The latter is discussed in
greater detail in Chapter 4.

The next chapter is essentially a preparation for Ch;pter L,

The different methods of computing the circuit response are briefly
described. There follows a full discussion of the uses of a multivariate
truncated Taylor approximation to the circuit response function. Con-
vergence criteria for this series are derived and are tested using
Monte Carlo analyses on different circuits. The relative advantages

of speed of the approximation over exact methods is outlined. Finally,
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there ic 5 brief discussion of the use of this series in an inexpensive
Monte Carlo circuit analysis programme.

In Chapter 4 the problem of tolerance assignment and design
centering is taken up. It is shown how tolerancing can be defined as
a nonlinear programming problem, where the calculation of the circuit
reéponse due to parameter changes is of major importance. Hence the
need for using a Taylor series. -The theory of sensitivity invariants
developed in Chapter 2 is invoked to show how the region of search of
the feasible component space must be restricted during tolerance
assignment. The uses of a Taylor series with modulus sensitivity terms
for homogeneous network functions is discussed with an example. The
concept of design centering is introduced and its consequences are
demonstrated with suitable examples. This chapter is concluded with a
comparison of results with two earlier authors for integral component
tolerances.

Chapter 5 introduces a new concept of Large change/Small change
sensitivity. A numerical algorithm is described for computing the
differential sensitivity after simultaneous large changes in one or more
components of a circuit. Its efficiency over standard methods of
differential sensitivity calculation is demonstrated when not all the
components of a circuit undergo large changes. The implementation of
this technique on an interactive graphics facility, for dynamically
exploring the sensitivity behaviour of circuits is described with the
aid of a specific example. The uses of interactive graphics in circuit
design is also briefly discussed.

In Chapter 6 we introduce the concept of Large change sensitivity
first described in Chapter 5. The theory is then developed to yield

admittance changeé for multiple-defined voltage response changes at
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different frequencies. Next we introduce the theory of conformal map-
pings for functions of a complex variable. WQ then derive conditions
under which a voltage tolerance region at one frequency and finite vol-
tage changes at other frequencies, can be transformed conformally into
admittance tolerance regions for one or more circuit branches at the
frequencies of analysis.

Appendix I discusses the implementation of a program for computing
first-, second- and third-order differential sensitivities. Alternative
programming strategies are discussed. The correct functioning of the
programme is demonstrated with the use of the invariant relationships
of Chapter 2.

Appendix II introduces the basic concepts of optimisation, both
unconstrained and constrained. The terminology common in optimisation
is defined together with a brief description of the principal methods.
The penalty function and flexible tolerance algorithms of nonlinear
progfamming are described in some detail because of their use in the

tolerance assignment procedure of Chapter L.

7.2 Conclusions and Suggestions For Future Research

In the research reported in this thesis an attempt has been made
to identify numerical procedures which are important in any computer
aided circuit design facility (Chapter 1). Some of these procedures
have been discussed and developed in detail, not only from a purely
theoretical point of view but also from the practical engineering
aspect. Some numerical procedures, like tolerance assignment, are
primarily suited for batch operation in large multi-processing machines

while others, like the large change/small change sensitivity algorithm
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are suitable for the increasingly popular mini-computers.

In Chapter 2 the theory and existence of sensitivity invariants
in electriéal systems was discussed. It was shown how the many
different invariant relationships stem from the existence of homo-
geneous network functions including invariants for signal flow graphs.
The invariant relationship for the latter containé terms for the
"self-loop" sensitivities (see Section 2.10). These sensitivity terms
raise some interesting questions, because the "self-loop" transmissions
are purely notional. Therefore, it would be interestiﬁg to find out
how significant are the '"self-loop" sensitivities when compared to
actual branch transmission sensitivities. Furthermore, is it possible
to minimise the actual branch transmission sensitivities at the expense
of increasing the "self-loop" sensitivities? If the last mentioned
sensitivity minimisation was performed, what effect would it have on
the actual branch transmission, that is, do transmissions remain
positive or do they become negative ?

The scope for future work on the Taylor series is more difficult
to forecast. There might be some scope for a mathematician to obtain
more useful convergence criteria for the series. However, it would
probably be more fruitful to accumulate data on the relative accuracy
of the third-order Taylor approximation when compared to an exact
calculation for a greater number of circuits than has been done in
this thesis.

The work on tolerance assignment and design centering as reported
in Chapter 4 led to some interesting ideas, particularly with regard
to the characterisation of the feasible region for component variation.
More theoretical and experimental evidence would be useful to confirm

that the worst case for component deviations lies in the first and third
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quadrants (for the two cariable example). If the wor%t case lies
elsewhere then a new tolerance assignment procedure must be found as
the proposed method cannot deal with deviations in the second and
fourth quadrant (two variable example). Some preliminary evidence
of three-dimensional performance contours [104] indicates that the
feasible region for two of its variables takes the form shown in
Fig.?7.1 for the circuit examples tried. In all such situations the
worst case would lie in regions where the deviations are either all
positive or all negative. This is in concurrence with the findings
as reported in Chapter 4. Further experiments could also be tried in
tolerancing circuits for specified variation in the input or output

impedance.

Feasible
region

Pig. 7.1 A plane through a three dimensional performance
contour
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The theory of large change/small change sensitivity developed
in Chapter 5 has the largest potential for incorporation not only in
existing algorithms using component sensitivities but also in newer
fields such as CACD in a graphics environment. Work is now in progress
to incorporate the large change/small change algorithm in a circuit
optimisation program using a gradient method of optimisation. There
will be a considerable saving in computation effort when only a small
subset of circuit components is being optimised. The role of computer
graphics has already been discussed briefly in Section 5.9. However,
there is a great need for evaluating the usefulness of the computer
aids provided. For example, there is a need to know which symbols
on a menu allow the designer to learn more rapidly. To isolate thé
effect on learning of different symbols from the background numerical
calculations, the latter must be very fast, preferably a small fractién
of a second. This can now be achieved for sensitivity calculations.

The large change/small change method of sensitivity calculation
could be employed to discover quickly the maximum sensitivities for a
given range of component value variation. Each of the maximum sensiti-
vities could then form the differential coefficients of the Taylor
series of Chapter 3. This series could then be said to give the
"worst-case" response approximation over the known range of component
variation.-

Finally in Chapter 6 a numerical procedure for obtaining admittance
changes and conformal mappings for known voltage response variation over
a range of frequencies has been developed. The concept of tolerance
regions has also been discussed. However, there is now a need for
experimental evidence to establish the usefulness or otherwise of the

proposed theory; Functions have been written in APL to compute admittance
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tolerance regions for specified volt‘age variation. However, no clear
. interpretation of these tolerance regions has yet been found. This
work needs to be extended and studied at greater length than was

possible within the scope of the present thesis.
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APPENDIX I

DERIVATIVE SENSITIVITY CALCULATION

I.1 Introduction

Several analytical methods are available for calculating the
first order derivative sensitvity of a circuit response function.
(A comprehensive list of references is to be found in a paper by
S. Parker [59).) One of the best known and popular methods is due
to Director and Rohrer [62], using the adjoint network approach.
This method has been extended to yield higher order derivatives [54].
An earlier method [58] for computing higher order sensitivities is
described below. This has been chosen primarily because only a
single matrix inversion is required for obtaining first- and higher-
order differential sensitivities, thus making it superior to the adjoint
network approach where a larger number of network solutions are
necessary [54]. |

As described in Chapter 3 sensitivity formulae are derived for
terms ﬁp to the third order only. Also the component set has been

restricted to {R, c, L, gm}.

I.2 Derivation of Nodal Voltage Sensitivities

The usual matrix equation describing the current-voltage relation-

ship in an n node circuit is shown in equation (1).

LY, = i, (1)

T

A Xn = ¥, (2)
T

I = AX A (3)

Vo= ¥y 1 (%)
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Differentinting the matrix equation (4) with respect to a branch

admittance Yy wherce k is the appropriate branch number, yields

aln 1 a—Y-n 1
— = -Y — X (5)
Byk ~n Byk n

Using the relationships given by equations (2) and (3) gives:

oy, 1 oL '
— = Y 'A — v ' (6)
ayk n ayk b
= ooy hg,, v | (7)
=n=2KK —=b :

where § . is an (n xn ) matrix with all elements zero except SKK’
which is unity. Differentiating equation (7) yields the second

derviative of the nodal volté\ge vector with respect to yj and Yy

oV, T s To . s
2 oy o, =+ —2.) (8)
Byjayk n KK ayj JJ Byk
v oV
where #b = _I_X_T —a—;il
=3 J

Repeated differentiating of equation (7) allows the calculation
of differentials of any order, providing these exist. Thus the third-

order differentials are:

331’-11 -1 0° e 0° L 0° Yo
57y, - " tn ACkTay STt vy (9
T390 399 RS Y39y Y39k
8% v 82 v
—-b T —n
where ﬁ = _1_\_ B—T- etc..
¥309 5 Y509 ;

To calculate the sensitivity with respect to a voltage controlled
current source, the only change necessary in equations (7), (8) and (9)

is to replace the §-KK , §JJ and é—II terms by terms like §-KM where K is
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associated with the branch that contains the controlled source and M

with the controlling voltage branch.

I.3 Sensitivities For Voltage Gain

From the above expressions, sensitivities for specific nodal
or branch vdltages can be found by choosing the appropriate terms
from the senéitivity vectors. The sensitivities for voltage gain'
between two nodes or two ports can be found from the above-mentioned
sensiti&ities. Thus consider the voltage gain F = V2/V1, where V2 and
V1 are nodal voltages with respecf Fo a common reference'node. The

first order sensitivity expression now becomes:

L L] 1)
Mo Y e vE o O
Vol 1 3% 4 9V
117 e T Wk
F y_k =y 1 ____aV2 - 1 ___aV1 ' (13)
ayk F k V2 ayk V‘I ayk

The corresponding second and third order sensitivity formulae are

more complicated and are given in equations (14) and (15).

2 2
oF Yl Y[ %Yo 1 O
ayjayk F Vé ayjayk V1 ayjayk
| 1 ov, v, v, v, . oV, v,
Vv G, oW T w, %, ) t2@ W, W, ()
172 i Tk i Tk vy 3 Tk ‘
a3 » 3
= T A -3y - 3 _— ———
ayiayjayk F v ayiayjayk V1 ayiayjayk \ﬁ a)g 3)5 a)q<
: 2 2 . 2 2 2
4 [av1 97V, . av'2 oV, . oV, o7V, . oV, 37V, . 3_\/1 2%V,
AN Oy 0y Oy Wyy¥y Byy Wdyy Ay Oy 0y, 3y; 2, ayk

1\YJ

. 2% %V, 1+ 2 [gy; WM w3y, v, ]
Iy, ayjayk vy | 9y B)ﬁ.ayk E)yj ayja)’k, 8)’}( Byia_)ff (15)
. 2 [3‘/1 2 3% i 3w AV v v avZ] }

Wy 0% 3y 3y By A Ay 3y 3y g
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The sensitivities derived so far are with respect to admittances.
More commonly, however, sensitivities with respect to specific components
J:é{#, L, C,gm].are desired. These can beé calculated from the admittance
sensitivities. The two step prbcedure is chosen for the following
reasons:

a) Direct differentiation of the admittance matrix with respect
to a component x requires . knowledge of the algebraip form of each
non-zero element of Y, in equation (3) to generate the correct 'y
matrix. However, differentiation with respect to an admittance resulis
in very simple §_ matrices. Therefore, the computational cost is
negligible when compared with the information needed for the direct

calculation.

b) The programming task is made easier because simple indexing
operations of the relevant matrices are required. The programme
becomes naturally modular leading to easier debugging and formation
of overlay structures. The latter is important in reducing the overall

core space needed for running programmes.

c) Using the two step procedure, considerable flexibility is
retained for future modification of the programmes to an extended

component set from the present{lh L, C, gm}.

I.4 Sensitivities With Respect To Components

To derive the necessary expressions for component sensitivities,
consider a general network function @ in terms of admittance parameters

yi'

B = By yyeeeeeeyy) : (16)

As y; can be defined in terms of Ri’ci’Li’ gmi y the chain rule can
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be employed to calculate the component sensitivities. Thus the most

general admittance expression is given by (17).
y. = - . j(; C, - =) + g (17
R. i w m _
_If across a particular branch only some of the components are present,

it is only necessary to drop the non-existent component terms from

(17). Differentiating (16) with respect to x, yields:

g _ o Mi

dx,  Oy. OX, (18)
1 1 1

The second and third differentials are similarly given by:

, 2
2 -2 9y . Oy. 9y,
3 g . 0 g Vi Oy N of Vi - (19)
axjaxi ayjayi axj axi ayi axjaxi i3
3 | 3 dy. @ 2, o%y. @
g — 8 __78 i Y _og b
axkaxjaxi aykayjayi axi axi ayjayi axkaxj ayi kq
2
2 oy . 97y,
og Y 73 I
ayjayi ax.j axkaxi kj
2 3
2 d o Y. 7y.

+ ..t
aykayi~axk axjaxi 1j ayi axkaxjaxi ijk

where Sij, 8§, i Skj aﬁds'i-k are unity when i = j, k = i, k = j and
i =j =k, otherwise zero. JThe Kroneker delta functions have been
employed to account for the normal case when all the components are
independent of each other. If, ﬁowever, some components are related,
e.g. inductor with its self resistance then these can be accounted for
by dropping the § functions from the corresponding equations. For the
present all components are considered independent of each other. The
differentials of y with respect to x can therefore be easily computed

from (17) and the corresponding substitutions made in equations (18),

(19) and (20).
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It is evident from the above sensitivity formulae that if m
components of a circuit are being considered, there is an m-vector
of first order terms, an (m x m) matrix of second order and an (m x m x m)
matrix of third order terms. Thus the total number of terms required to
be calculated and stored for each successive order, increases by

multiples of m.

I.5 TImplementation of the Sensitivity Analysis Program

The numerical formulae for caléulating sensitivities of different
voltage response functions with respect to various parameters =are
incorporated into a program capable of computing the necessary results
from the circuit information. This information includes the circuit
topology, the component values, the frequency of analysis, as well as
a list of branch elements for which the sensitivities are to be found.

The computational and storage requirements are such (see Chapter 3) that
sensitivities up to second order and only the third order self terms
are to be computed and stored.

A basic objective was that the final program should be capable of
working within the lowest computer job priority, and storage requirements
should allow for the maximum number of program ° runs. Furthermore,
provision had to be made for future extensions that would be required
to inéorporate the tolerance assignment and Monte Carlo analysis programs.
Within these computer limitations the program had to be capable of .
analysing realistic circuits. It has been found that circuits of 16
nodes (including the ground node), with a maximum of four controlled
sources, could be analysed at fifteen frequencies while satisfying the above
requirements.

The circuits are analysed using nodal analysis in preference to
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mesh analysis, because the latter requires expensive search algorithms
to identify loops within a circuit. Within the nodal analysis scheme
employed, each branch of the circuit c¢an have up to four different

types of components in parallel across any pair of nodes (Fig.1).
Therefore, it is possible to find sensitivities for a maximum of (15 x 4)
components. However, due to storage requirement conéiderations, as

well as ‘results from Chapter 3,;the number of components for

which sensitivities can be found has been limited to 16.

I.6 Computational Speed Enhancement

In calculating sensitivities different programming strategies
are available. Clearly the most desirable is that needing the least
number of multiplications, indexing and testing. Added to these,both
the storage requirements and programming effort should be minimal.
Two alternative approaches are outlined; one due to Goddard and Spence
[58] and one developed below. A single nodal admittance matrix
inversion at each frequency is common to both and its cost, therefore,
is not considered. A scheme using LU-factorisation [68] is considered
unsuitable because it is only less expensive than the method using
matrix inversion, for first-order sensitivities. For higher orders

b

elements. The comparison of costs is based on the total number of

a further 2n, network solutions are necessary [54] for n, variable

complex multiplications or divisions plus an equivalent number of

additions or subtractions.

Method (a)
In this method of Goddard and Spence [58] the appropriate

elements of X;: are specifically indexed to compute the sensitivities.
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of the n, specified components. The only indexing information needed
is a knowledge of the nodes to which the components are connected.

The computation cost for each order is given in Table 1.

Operations-
First order L n,
’ 2
Second order 2l+nb

Third order (self terms only) 52n,

Total cost 56nb + 2hn§

Table 1 Cost in terms of the number of operation for
' method (a)

Method (b)
This method is based on computing an intermediate result
which leads to an overall reduction in the number of multiplications

at the expense of using nb(n + nb) extra storage locations. From the

equations (7), (8) and (9) it can be seen that if C = A" ¥ A is

computed, the total number of matrices used in calculating the branch

voltage sensitivities is effectively reduced. If the (n, x nb) matrix

b
. =1 .

C is stored in locations occupied by_}_(_n then the aforesaid storage

requirements, which include the storage of A, can be reduced appro-

priately. The computational cost for the different operations is in

Table 2.
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Operations

Compute C 2n, n

First order

(can be reduced to 2n,_ at the
expense of increasing cost for
subsequent orders)

o

,

Second order 4n2

(if all first order sensiti-
vities had not been computgd
then this cost would be hnb)

Third order ' Snb
Total cost 2n.n + 5n, + 5n2
08 By b b
' 2
ony + Ty

Table 2 Cost in terms of the number of operations
for Method (b)

A direct comparison between the costs of methods (a) and (b)
shows the second to be far superior in terms of the number of multi-

t

plications and additions in spite of the additional storage requirements.

I.7 Accuracy of the Program

To check that the program is functioning correctly it is only
necessary to invoke the sensitivity invariant relationships, derived
in Chapter 2. Thus the relationships given by equations (2.23) and

(2.24) are used with the circuits of Figs.1 and 2.
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Circuit | Frequency | First Order Second Order
Fig. 1 170 Hz k.23 x 10'16 1.99 x 10”12
: -16
Fig. 2 159 Hz 8.882 x 10 0.0
Table 3

The results shown in Table 3 of.the absolute of the sum of
sensitivities are consistent with the theory and within the 16 digit
accuracy of the computer arithmetic. Therefore, it can be assumed
that the sensitivities are reasonably accurate. Nevertheiess, it is.im-
possible to state the degree of accuracy, which éan only be determined
by comparison with analytically derived results. As discussed in
Chapter 3, there are no universally agreed circuits which can be used
in such tests. In any case, the analytical derivatioﬁ of sensitivities
for reasonably complicated circuits can itself pose serious algebraic
problems, whilst those for simple two or three node circuits may not

be an adequate guide.

Conclusions

A detailed derivation of the sensitivity formulae has been made
and factors influencing their implementation in computér programs
discussed. It has been shown how sensitivities for correlated components
may be obtained. Finally, a program for computing first-, second-
and third-order (self terms only) sensitivities for uncorrelated
{R, c, L, gm} networks has been implemented in FORTRAN and tested

using sensitivity invariants.
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APPENDIX IT

NONLINEAR PROGRAMMING

II.1 Introduction

In many mathematically formulated problems of the physical,
~ engineering, management and social sc¢iences there is interest in

finding the maximum or minimum (optimal) values of a function. The
application of differential calculus enables some of these problems to
be solved analytically. When functions are subject to equality constraints,
Lagrange multipliers can be employed. For linear functions subject to
linear equality and/or inequality constraints,linear programming (LP)
can usually be employed. However, many problems that are of interest
can be adequately described by nonlinear'equations only. In most such
cases, analytical methods are of little use because of the need to solve
sets of nonlinear equations. Therefore, there is much interest in
devising numerical techniques; often called nonlinear programming or
optimization methods, to discover the stationary values of nonlinear
functions of several variables.

It is beyond the scope of this Appendix to cover.fhe wide
discipline of nonlinear programming. Only a brief survey of the salient
features and underlying principles of the field, without rigorous

mathematical proof is pfesented here.

I1.2 Notation and Terminology

The general nonlinear programming problem can be summarised as:
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Minimise® : f(x) x € E" (1)

subject to r linear and/or nonlinear equality constraints

hj(i) = 0 = 1,2y000er _ (2)
and (r - s) linear and/or nonlinear inequality constraints

gj(i) 2 0 J=r+1,000e.s (3)

!

The domain of x for which all the constraints, given by (2) and (3),

are satisfied is called the feasible regidn R.
Ré{ilhj(i) = 0; gj(i) 2 0 for all J.i (L)

All points not in R are termed nonfeasible, their domain being the
nonfeasible region. The function to be minimised is termed the
objective function and the optimal point is defined by the column
vector Ef = [x;, x;,....x;] of the continuous independent variable
in an n dimensional Euclidian space E™.

In Fig.1 a two dimensional optimization problem with a simply
connected feasible region bounded by three inequality constraints is
described. If the feasible region were split into two or more dis-
connected parts'it would be termed a non-simply connected region.
When the equality constraint hq(z) is included the feasible region
contracts to points along h,(x) inside R.

The effectiveness of a minimisation algorithm depends upon the
amount of information available about the objective function and the
constraints. In Fig.1 the unconstrained minimum of f(x) lies outside
the feasible region of the constrained problem. The minimum can be

found sometimes by performing a random search. However, efficient

numerical algorithms carry out a directed search for a minimum, the

"Maximising a function f(x) is mathematically identical to
minimising - f£(x).
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Unconstrained minimum
of f(x

f(x)

FiG.1: Example of a two variable constrained optimisation problem,

distinction between algorithms being the manner in which the search

is directed.

II.3 Minimum of a Function

The necessary condition satisfied at a minimum of a continuously

differentiable function f(x) of n variables x is:
i(x’) = 0 (5)

' *
‘The sufficient condition for x to be a minimum is that H the Hessian
matrix (n x n square matrix of the second partial derivatives) of f£(x)

be positive definite

s B Mx > 0 (6)

*
where Ax is any set of deviations from x .

A multi—'variable function may and usually does have more than one
minimum value (Fig.2). Each minimum value is called a local minimum

and the lower value over the entire feasible region is called the



174

the global minimum. Mathematically it is impossible to distinguish
between a local and global minimum. Therefore, most algorithms are
only capable of finding local minima. Practical algorithms for finding

global minima for general functions have yet to be devised.

f(x)t

—-
X

"~ "\ Global minimum

FIG.2: Example of a single variable function f(x).

IT.4 Minimum of a Constrained Function
| A constrained local minimum X* can be conceptually described as
that point on f(x) from which no decrease in the function value is
possible along any smooth arc without leaving the feasible region R.
The conditions for the existence of a minimum of f(x) subject
to equality constraints hj(g) have been derived by Lagrange. A new

function called the Lagrangian is formed from f(x) and hj(;_c):

A\ d
Lx A) = £ - ;Ajhj(g) (7)
J:

where A j's are the Lagrange multipliers. Differentiating L(x, )\J.)
with respect to X,,....x and )\1,.... Ay provides sufficient infor-
mation to determine the constrained minimum. Xuhn and Tucker

have extended this method to incorporate inequality constraints with

the introduction of slack variables Cj which convert the former into
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equality constraints. The new Lagrangian now reads:

S
Wx, A = £ - S5 jq 28500 =€) (8)
' _ j=v+

Using equation (8) necessary and sufficient conditions for the existence
of an extremum for the general constraining optimization problem

(1), (2) and (3) have been obtained by Kuhn, Tucker, Fiacco and
Mc-Cormick [83,84] amongst others. A detailed account of the complex

mathematical proofs is to be found in a text by Fiacco and McCormick [84]

II.5 Convexity

A function is said to be convex in R if the Hessian matrix is
positive definite over all R, i.e., if any straight line is drawn

between two points of the function the line does not intercept the surface

defined by the function. Thus in a single variable function example

Fig. 3 represents a convex function while Fig.l4 does not.

f(x)A f(x)4

x¥
xY

FIG.3: Convex funciion F1G. 4 : Noncaonwex funclion
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The convexity of a function is sufficient to ensure that a
unique minimum exists. However, it is not a necessary condition as

can be seen from the non convex curve in Fig.5.

f(x)4

-
X

Fi1G. 5 ; Non-convex function posessing
an unique minimum.

II.6 Unconstrained Minimisation Procedures

The procedures available for unconstrained minimisation can be
.

broadly classified into two groups, gradient or derivative and direct

or pattern search methods.

a) Derivative Methods

Given a continuously differentiable objective function f(x)
the simplest strategy for selecting a direction g}+1 for movement from
the current position 5}—1 is to choose the negative of the gradient vector

i+1

= -V f(z}) (9)

Q

This is the first order steepest descent method, and produces
good results when x is far from Ef- However, the rate of convergence
can become slow , cloée to the minimum, where the first derivative

changes by small amounts. A second failing of this method is that
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in choosing cach ncw direc¢tion no account is taken of past iterations.
To improve upon these, a second order method based on assuming f(ﬁ)
to be quadratic has been developed.

The change in the function value of a change ézé in the independent

variables is approximated by a second order Taylor expansion about 5}

541 iv @l o iy i 1, i T2 iy i
£(x7 ) = £(x7) + VT £(x7) AxT 4 5 (8x7) VT £(x7) Ax (10)

The minimum of f(x) in the direction éﬁl is obtained by differentiating

f(§}+1) with respect to the components of éz} and equating the resulting

expression to zero to yield,

. . 11 .
Axt = -[V2 f(zl)] VTf(zl) (1)

. .1 =1 .
where [V 2 f(zl)] is the inverse Hessian H of f(ﬁl). It should be

noted that now both the direction and step length are specified at
each iteration. Convergence to a minimum is guaranteed if the Hessian
matrix remains positive definite at each iteration.

A second class of minimisation algorithms, based on the concept
of conjugate directions, provide rapid convergence by making use of
the quadratic behaviour of functions near their minima. Thus:

f(x) = a+gT£+%5T H x (12)
the first three terms of the n-dimensional Taylor series, and H is

positive definite. The gradient of f(x) is:
f(x) b +Hx - (13)

If f(x) is exactly quadratic and n successive linear searches are
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conducted in direction g} such that:

.7 .
@ 7 = o i £ (14)
T .
@) 7 ad 2 o i= 3 (15)
th

Then it can be shown that the minimum will be found on the n
search [85] , and the directions satisfying the conditions (14) and (15)
are said to be cénjugate. The method is quadratically convergent.

A quadratic approximation is accurate close to a minimum and
therefore the use of conjugate directions will lead to rapid con-
vergence to the minimum. In practice they are also found to be very
efficient when the starting point is far from the minimum. Hence the
popularity of algorithms using N conjﬁgate directions.
| A third class of methods known as variable metric, or quasi-
Newton [86] , approximate the Hessian matrix or its inverse from
first order derivations of the abjective function. Many of these
methods employ conjugaté directions. The new x vector is computed

from the preceding stage by:

ST AT YD vt (16)

where A 1 is some scalor, 5'(5}) is the direction matrix and represents
the approximation to{§_1. In the earlier second order method it was
necessary to compute the second differentials of f(x) and invert the

Hessian. 1In the variable matrix projection method relations are used

to compute ] Qg}) without performing either of the aforesaid operations.

j=o]

T = e DY = 0 8 G a¥ G (17)

where w is some scalor. The selection of AkX(zf) determines the type
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of variable metric method [87 - 90] . Convergence 1is guaranteed

by forcing(nX(5}+1) to be positive definite.

b) Direct Search Methods

These are derivative free methods, the séarch directions
being solely determined from successive objective function evaluations.
Though derivative methods usually converge to a minimum faster than
search methods, in practice the former have two main handicaps. First,
in problems with a modestly large number of variables it is laborious
or impossible to provide analytical functions or numerical procedures for
the first and/or second derivatives of the objective function. Secondly,
the preparation times for derivative methods are longer, thus increasing
the chance of human error. Furthermore, search methods do not require
that the objective function or its derivatives be continuous, each move
being made when f(5}+1)<: f(z}). Though many search methods have been
proposed, only two will be briefly described in this section.

One of the most popular methods in this category, developed by
Powell [91] , assumes the objective function to display quadratic
behaviour near its minimum and have a positive definite Hessian. The
minimum is located by successive .unidimensional searches along con-
Jugate directions g} from an initial point zi. The principle of the
method is based on the idea that if the minimum of a quaératic function
f(x) is found along each of the p, (p&<n) conjugate directions at
each stage i of the search, and if a step is accordingly made in each
direction, then the overall step from the start to the pth step is

conjugate to all the p search directions. The transition from the

point zi)to the point 5;] is given by:

m-1
XX = x- o+ :E: Aot (18)
-m =0 J —J

Jj=1
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The significant features of the method ban be discerned from the two

dimensional function example of Fig.6, where four steps 53),52 ,53

and 5? are taken along the two directions 92 and g;.

3

XZA

.

N

° X
ds 1

FIG.6: Powell's method of search along conjugate
directions d; and d;

It has been shown by Zangwill [93] that a slightly modified Powell's
procedure will always converge to a minimum if f(ﬁ) is convex .

Another method termed the flexible polyhedron search is based
on the regular Simplex* search of Spendly, Hext and Himsworth [94] )
which by itself is deficient in that no acceleration of the search
is possible and that the Simplex becomes small when searching in
curiving valleys or ridges. One method of overcoming these difficulties
[95] is to allow the Simplex to change its shape, hence the term
""flexible polyhedron'. To minimise a function of n independent
variables (n + 1) vertices on f(x) are used to form a polyhedron.
The vertex point in E n which yields the highest value of f(x) is
projected through the centroid of the remaining vertices. Lower values

of the objective function are found by successively replacing the point

*Regular polyhedrons in E' are termed Simplexes. Thus an equilateral
triangle is a simplex in k™.
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with the highest value of f(x) by better (lower) points until the
minimum is found. Fig.?7 illustrates a éingle step for a two variable

function.

xz*

Contours of the
objective function,f (x)

FIG.7- Example of the "flexible polyhedron search .”

I1.7 Conétrained Minimisation Procedures

This branch of nonlinear programming is less well developed than
unconstrained minimisation because of the need to test for the non-
violation of constraints during the optimisation, togethér wifh the
necessity of suitably altering the search direction when one or more
of these constraint boundaries are violated. To date three principal

approaches have been considered:

i) To linearise all the nonlinear functions by making a
first-order Taylor expansion about x; then employing
either the well known linear programming [96] or gradient

projection methods [97] amongst others.
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ii) Transforming the constrained nonlinear problem into a
sequence of unconstrained problems by using the

penalty or barrier function approach [98].

iii) The use of variable tolerances on the constraints to
accommodate both feasible and nonfeasible x vectors

during the minimisation of the objective function [99] .

The last two techniques have been used in the solution of the
tolerance assignment problem discussed in Chapter 4 of the thesis.

These will be outlined in broad detail and without mathematical rigour*.

a) Penalty Function Method

The principle behind all penalty function methods is to add
one or more of the constraints to the objective function such that a
continuous barrier is formed near the old constraint boundaries. The
resulting function, equation (19), is then minimised using a conven-

tional unconstrained optimisation procedure.

Y 3 - S 3 . . ‘
P = 16+ 2 PLERGH « P ee D (9)
j:'] j:"+1

The generalised augmented function P(g}, fj7 is often termed
the '"penalty function'. The parémeters f’i are suitably chosen
weight factors with f° 3 20, H and G are functionals of h,(x) and
gj(ﬁ) respectively and i is the number of complete stages in the

numerical search. The cholce of the functionals is such that:

Lim lP(f,fi) - _f(f) = 0 (20)
i-»00
Y - -
. 1 1 N
Lin er B (x) = 0 (21)
J:

*For more defails of these methods see references [8&,100]
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Lim E (:j G gj(}i ) = 0 (22)

i (-3
1= j=Y+1

Penalty function methods are characterized by the location of
the starting point which may be within or outside the feasible region
yielding interior point and exterior point methods respectiVely. A
third class of methods termed mixed methods are a combination of the
earlier two. In interior point methods the aim is to keep away from
and inside the constraint boundary by the suitable éddition'of penalties,
while in the e~terior point methods a Sequence of nonfeasible points
are generated which in the limit yield a feasible or near feasible
solution. In the mixed methods some of the constraints are satisfied
and not others, but at the solution all are satisfied within some
specified tolerance.

For all categoriesof methods the usual choice of the equality
constraint functional is: H[hj(zé)] = h?(z}); and f’? is a sequence
of increasing numbers. The inequality functional is, however, different

for each category and must satisfy the following criteria:

1) Gq[gj(z})] — +0 as gj(z}) — 0, which requires that x

always remain an interior point, {zf'lgj(z}) >0, j=Y¥1,....é}
and f’? —>» 0. Typical choices of G1 are the logarithmic
function [101], G1[gj(§})] = dn gj(g}) shown in Fig.$8 -

. . i 1 .
and the inverse modulus function [84] , G1[gj(§ )] = /lgj(z}),

shown in Fig.8.
i i i .
2) G2[gj(£ )]-—> 0 as gj(_{(_) ~» O and ij -).+oo . 'In this
case exterior points only are accepted,{gf’lgj(z}) < O;

3= o+ 1, s} - A typical choice of functional [102]
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. i . 2,.i N
is GZESj(Z-)] = gj(z_), shown in Fig.9.

i i i
G . 0f . 0 and G Ax = O0f
3) 3[g;(; )] > 0 for g,(x") < ENES )] or
gj(g}) 2 0. Here constraint satisfaction is sought at
the solution only. Therefore, functionals of category(1)
can be chosen with a suitable choice of %' i.e; : 0
£33 p; >

for G, and ﬁ; = 0 for G.

for decreasing pji

| |

Non- feasible

Feasible

A AP AR R R AR AR AR A

f(x)

constraint {imit

FIG.8: Logarithmic and inverse modulus barrier function

Decreasing pji

Feasible Non -feasible

f(x)

ANV ALV AARAMVV VLV VANV VNV

constraint limit
F1G.9' Quadratic loss function
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The determination of values for the weight factor{’?j poses
some difficulties. Empirical evidence from several researchers [103]
suggests that a reasonable choice for a sequence of [" ?‘s when
Lim fo = 0 is to have f’ = 1 followed with a reduction by a factor
of 0.1 at each stage i. Conversely when Lim f) .—> 00 ; f’ = 1 and

increase !Oj by a factor of 10 at each stage i.

b) The Flexible Tolerance Method

In this method [99] the value of the objective function is
improved using information from both feasible and some nonfeasible
poiilts, termed near-feasible points. This is achieved by allowing the
constraint boundaries given by the functional T[x] to have a variable
tolerance é, which is gradually tightened at each stage 1 of the

search. The basic problem defined by (1), (2) and (3) becomes:

Minimise f£(x) xé€E?"

Subject to $* - T[x = O

As with many other constrained optimisation procedures a series
of unconstrained searches are required in the algorithm. The tolerance
criterion q) is selected to be a positive decreasing function of the

vertices of a flexible polyhedron in E" (see SectionlZ.6b)

i %i(xi A IR
$° - Zr v reerEpen a2

A definition of % suggested by Paviani and Himmelblau [99] is:
t+1 ’

. i | |
S ggzn S sl )2

size of initial polyhedron

£
B
®
R
®

|
I

-
1]

number of equality constraints
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13; = jth vertex of the polyhedron in g"
t = (n-r) = number of degrees of freedom of f(x)
(*.' one degree of freedom is reduced for
each equality constraint)
_}5%+2 = vertex of polyhedron withn =1r
i = number of complete stages in the search

As the search proceeds the polyhedron shrinks to zero as does the

tolerance

i
Lim % = 0

X =ax*

The functional T[x] of the constraints is defined only for the

violated equality and/or inequality constraints:

r S
T[x] = + Z h‘:‘.(g) _» v g?(z)
5=

j:r+1

-

where Uj 0 for gj(z) > 0

and U

1

1 for gj(l{-) £0

The objective function and T[x] are minimised while trying.to reduce

i

the value of % thus tightening the region of near feasibility.

Moves are only selected if f(ilﬂ) < f(zl). If no such move along

any of the directions is possible through the centroid of the polyhedron,
i

the value of § reduces because of the contraction of the polyhedron,

i a
and the search terminates when é éE ; where € is a suitable term-
ination criterion. Greater details of the strategy of the flexible

tolerance algorithm are to be found in references [99,1C01.



Conclusions

It is clear from the above thdat most nonlinear programming
algorithms rely on the assumptions that functions are quadratic
and convex in the domain of search. However, in most problems it is
diffiéult if not impossible to prove the validity of these assumptions
for the functions being optimised. In fact, there may be reasonable
grounds to believe that the assumptions may be invalid, see Chapter L
Section 4.7. In spite of this, many of.these methods have proved to

be successful in solving a variety of problems.
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APPENDIX TIT

In this appendix the tables relating to the statistical tests
performed on the truncated Taylor approximation presented in Chapter 3
are given. The contents of the tables are discussed in Section 3.kc

of Chapter 3.
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The results presented in the next six tables refer -
to the band pass Tilter of Fig.3.4 in Chapter 3. This was
the only analysed circuit in which the mean ratio between
the Taylor and exact responses had very low values. .These
numerical results are discussed more fully in Section 3.4c(2)
of Chapter 3.



(TAYLOR APFROXIMATIUN)

TRUNCATIUN AT THE FIRST ORDLR TLRMS OF THc

“OR (ZXACT)

SULTS ARZ

Re

THE oTK TISTICAL

FOR

SERI1S

COMPLLEX

F

AN RAT IO
39c=La
b4ib=i1

W
—n
aZz
prd o)
-0

W

z

FREQUL NCY

Table 4.i.(10)

3¢5
e
Jeb26t=0(1

IS 1S LOVY I5Q PN g8
N0 Onn
SO N Togin~
DM O
e 0o v o2
2ala 1 N lerlorlen)

NSO M
pp D 04 J 5 2
I I I I )
oy e
M AN DN
DNFNDT
“AMDO "2
* 0" ¢ 0
ANt YT

S o 10 3 oV OV
Ay . L.
| 20 DO I I I |
By Ju
VNI 4T
boTwmY-elealiele)
IO
* 2 9o 0 s

DN AN 0

TN AN
A T
tirtr
N1V W TR L

Wit bt e -

o R PN
o aic
® i o 8 0 ?

F A= ANT

(a1 aTiaRaNE DS o}
- DI L
trro it
o)y
DONNNIN A
ANDON
O v )
. 3 9@ 2@
~d: OO ~AN O

M AN

TSTY L
++++++
dusbooded d
S I, LT
[P ISP
N Lo T e loa
v ® 8 009

A B

T Hz:

(TAYLOR APPROXIMATION

XACT)

=
L

FOR (

THTISTICAL RESULTS ARZ
FOR TRUNCATION AT THE FIRST ORDLR TERhE

[
-

-
-

UMPLEX oLRIS

OF 1hHeo O

e
-’

CES

VARIAN

Table L|'ci . (20)

44 A
T s Ty e
11
RV IVS IS I I Y
AL s FAUH T 4
M Anlmo
NN AT O
® ® o900
NMIMMIMN

1

9eh63E=. 1

Be293L~1

Jenb 8=y 1
9.5(‘;05‘51
¢l 8:."\.11

7e595-ui

[ I I |
g g epigt
NN T
MDD NI
DONINT D
® & o & ve
w0 Y It

MM I
b Y IS BL Fob )
[ I I I B
3 IS LA IS IS LR ¥
(02194 Tt id G o N
N AHOM
N O DI
veoe et

ANS0OD 4
ho Lie Fib Tae B 5 |
9o Ty PLRNR G-} Sl
1yt
[ SR SRS AR I B U
r.3. Cu C
[SR Tal SRVl o2 O

31 SL oK ol
s s s eocoe
A A

I O

LTI
11118
LR LA LE RS TR3 (18U
D ININ-H
Kol - o s Ve o o
[LRVO 2R N W INE |
9 0% 2
= 17, QK RUNR, |

[SVIAVANT L5 1oV Ta ]
(UL~ R £
++
[SITSTINS IS BN 138
P 1 BN A
S e L
[ S e To 2}
*® o 0ove
AN 4T

206



|
| THE STATISTLICAL “FSULTS APE FO? (EXYI3T) = (TAYLUX APPr.UXLMATION)

FOX THINCATICN AT THF SECQWD CRDSR TEMMS OF THE COMPLEX SERIES

NUMT HAL MEf Y ST*NDARD , COKRELATION HEAN RATIO
FREAUSASY  RESPONSE NIFFTCN2T NZVIATIUNS  VArI HGES FT V FE FT / FE
1e7,05432  1eP36F=2  4,714Z=1L T.W4CE-iG4  L4137E=U7  deduuE+ly  3.6u5E-01
Zob)!E+D2  0eb73[=03  1.641Z-013 O, 286E-Q4  3.623E-07 1.000E+00 3.536E-01
70005402  5.152F=03  1.65°£=-03  1,730E-03 1.76E-ub  3J.999E-ui1  3.574E-ui Table 4,ii.(10)
1odinE+ud 1 OR7F="F 4,7746-4  Z,30E="4 - 14113E=07 i.ul2E450 0 3.521E-:c1
3ebLLEHIZ  TeA4SE="1  7e1i4E=02  bLeL3LE-CZ  149bLE=i3  Y.933E-(1  3.738E-01
GeZoliFtihg 3.6°1F="1 3.7375=1% G IACE-L¢ 347w E-05  3.983E-01  3.809E-01
THE STatISTIcAL FSUITS &RC T2 (TYA37) = (TaYLux APPL.CXInATION)
FOR TRUACATION 3T THE 3EINNT ARICT TFRYS OF THE COHPLEX SETLES
HO THA L MF AN STANDARD ] CORRELATIUN HMEAN KATIO
FefQUE DY RETOMSC  AIFTrREAST  BIITI11UNS  Vakir RCZU FT Vv FE FT / FE
Le7uNE402 142365=72  LeAT3T=13  1.237E-03  1.5i6E-U5  8.161E-01  2.770E-ud
209".)'):."02 ?.6?9F"‘:"?' 3,867°C=013 I & S THK DelbSE-JD YeOBuLGE~Ul 3.2L5E~-L1
7 JU0E+G2 54122F =07 L4.P46F=-03 L, 337E-03 1.681E-05 9.662E~-01  3.158E-01 Table 4.ii.(20)
1.0065+03%  14237C=52 1.137E-17 F.SNCC-(4 4 4b63LE=-07  Je76HE-01  3.30bE=-uil elle
3.6UFEFT2 7.OLBT-7Y Le72R% =71 7e7IBE=,?2  5.:3AE=;3  9.639E-u1  4.157E-01
4e9iE#N 2 beA LF=T1 1,B40T= T.7AFE-L2  5.657E=s3  YeoB7E-UL  4eb28E-01

L02



-

X
Py
5

£ oSTarIsialal ¥EFULTS

r

n
<

FeoQNE 3y S N

1e709Z4+92 1eP iR T =07
2eLINZ 402 he C7FTI=07
Tev 2P 517 2F "3
¢ 2+13 162" 77="F
342 T2 TeELHI="14
LegalazZ +ij2 sen 1i=71

Lo hSRTIud AT OTHT T

T
«
)
‘

'l

m

L= RS
I~ T
i

(AR TRRIReTRIVRa Tl |

S ok N
T+t

£ W NN T
e o o s o 3
€

(X

gt
[ AR O0S L
B |

O
A &
ric
S

B R |
TGN <

P
® & @ & 2 &

C NI
N O Y
NPl V)

r

-1
i

M IV

G.
~e

End¥ IRNEN RS Jo)l
It Bt it Dl Lag Pt |

—

‘.

STa1IStloat -F5U

nre

[ |
|

Y3

D
S S TS I

L.'.:j :t"
160317 -
d.075T
L7757
e L3 =
jok soloall o

P o

S IVY OS]

{ei712-
ZellihT =
Lo  C7=
io»-" ’.,',—_
jo?’z??-

— D
LT BN |

MR}

[l M |
"
B Y EY | \]"_— <, >

P Yy

N,

]

gl PSS

<

(ne
[AVI EVE S WA S 4

TS S’
[
-
LN
(3

Y S R By

TN

[RFTN

(.
'

e

SR IRal A

-3

/
y3
53

PNV o

[ ol S

4

AP OXeMa g 2ouly)

LU PLEX 524 S

Jhawe: (iLES

’
\

1
=
-

'
~

PXa M

k.
)

(e3¢ 'sz LmT.LUh‘
FE

T
MNA
mr

408 .I._’T_. +i.‘l_d

L}
d
N

et dHi— 1

e ¢ o s &,
[ SR S}

~u guwv\aee
(V] ST N W SR G
AT w3 NIC

[Tt na? ead R3 B

Jettr 3=
e o7 z=51

[UNEUNT VAN F38 SXEW

v
-
folt

b

VAN N2
B el X o WAN ) |
NN 1Tmim

i s

-
(gl ¥

-

‘{ﬁ
SRS

SV TR
® & a
T b TN

o
-
|
-

o

o do =1

Table L4.iii.(10)

Table 4.iii.(20)

802



THE STATISTICAL RZSULTS ARI FOR (IXACT) = (TAYLOR APFROXIMATION)
FOR TRUNCATION AT THE FIRST ORJER TERMS OF Tkc MODULUS ScRIES

NOMINAL M AN STANUARD _ CURRFELATION MtAN RAT 10
FREQUENCY RLSPUONSE DIFFFRENCE  OeVIATIONS VARIANGLS FT V Fo FT /7 F£
1e7u2E+52 lecHhbc=L2 1,458 =04 5¢168c-(4 2eb6FLE=u7 24925L=u1 Beuwcdibl={2
Zept b+l 2 b.bgg:-b3 %.;;EE-U3 %.%E?E-U% i.E%;L-Dé §'£%§C-u% b.ztgt-»;
oL+ 5 2t = - , L=y Z=L 0L = O -1 .
Jo00Deabe  2e3356703 DelteEIVy LuSSNETYS 2UOSEIYR Zi303eTci 7i582c- 1 Table M.h.il(10)
306U C4 2 [eBaBieCl  Jeb6hITauy  6e79uie-v2  Leblufeus  34455c=hi  YeludEeyi
4e9uuLti:2 bebdic=ri 16347~ 2 GebHlL=uv2 Be323C=L3 2e927c~11 BedESc=t1 -

THe STATISTICAL RCSULTS ARI S0OR (LXACT) = (TAYLOK APPROXIMATION)
FOR TRUNGATION ki THE FIRS! OFOLR TERHS OF THL MOOULUS ScLRIES

B NOMINAL MIAN & ~ STANDARD CURRELATIUN MEAN RATIO
FREQUL NCY RLSPONSE QIFFERoNCE DzVIATICNS VARIANCLS Fy t FT / F¢
1e7: . LE+02 LicobE=N2 1.2385=03 1e529E~=u3 2¢337E=-L0b 24959E-y1 Se22E=-01
el L+ 2 9.5795‘;‘6 2e7TH7C~uo 3esdiE~.3 JeB.4E=~ 6 Oedbbc=:1 Seszhi~L1
FAPRTREE A 2 W4 Do':l_.QCE"'€'3 Se 7‘-5.‘:"‘40 56323 t“.nj 2.802t"l.5 ?06‘31&"&1 “076_9&‘01 Table Molei (20)
1-.;iF+ 3 lecbH7ie~t2 SelfP =yl Jeudli=vi Re24bL=y7 2ecitl=ud te350.=y1 oo
w.b‘_sl + 2 Tebt45c=ud 1.‘.23:_‘:-%:4 Le377E~=uva 1e897E=p2 ¢el2iv-01 Geip29L =l 1
Le9.utb +:2 Beb3ic-L1 Se220 =y 1el8yc-L1i ce183E~- ¢ Sec b= 1 0eIGTE=" 1

602



THE 37T<¥IgTICAL TALULTS 47T

FOr TPJoSATLUAd AT

Fu= § =JiuGATIGN AT

‘ NOMT
F2EQHERCY KRES™
a7 402 1e73
2.400F +02 Beb7
TelUdLEHIZ 5¢1%
Lelu 17403 1.25

Sebs i HGL 724
H S0HI=+n 2 Heh

AF L M
arse K
AE-0"7 1.
"‘F-',;';? Zo
2L =3 2
7T-rs 3,
T)r‘-,v'_‘ "jo
1’—"]‘1_ -10

THT SFEOGUD

THD SESOHT

o2 Laadt L1 B == B )
QL D gS M4

Fa (EXACT)

NUATHE L Mray or
FAENUENCY — RESOD[ &F ATFFEIFIST DR
1,77 FSHY 2 1.23GE="2  -4,I7ETogy
SULONE+0D BeBR7OF-17 G.CHAT-N4 1,
TI000F+02  5o137E-03  T.RIIE-04 4,
DRt TS S OF-L. T NCE B I L LN 1R
306t enD  FeiuEr-tl SYLEh4F-17 T
Gta TELS LlatiFo b =3lsEzzoas o

THE 5T: ISTLlnL TCCULTR 775 =A% (EYA77)

N NS '
ORI TP -

- (TaYLUS
N3IE5 [S2FS OF THE

<
=2
-—
=X
ciD

=
<
7

TOoOor

AT

NItk SN
AN a I edlaslaing

PO N -T

<

G Ui W

APPE UXeMaTION)

»ODULLS SE%IES

LOP&:LATIUH

ARDE2 TERMS CF THE »uDULLUS SEXRIES

ST
TET R o =
TE=03 1.
?E=13 Pe
‘;E"JR 5.
Re.sy  F,
ARt T
TE=11 i.

LIRS NI 10 B B |

- D

=
-

NSNS SO
MOYTImeT

2o

-
=
e

A

oo

WG RGN <«

~hl HCES FT
ol i E-27 24"
43t t-=00o 5e7
'073E'v() 5.5
sUSLE=U7 Hel
sLOIE=UVS ek
«Y7E=03 204
APPE CXL1TION)
Lrir NGES

e 343E-10b 2¢9
«C73E-0D 643
o?HéE—L‘S 5.2
W BiE=LT 5.1
I7LE=-D2 15
03015"92 5.5

“~

m
-
o

.,\
.
n
-+

NG

AN

«a e o
N NN
+4+ 1111
Lo Lok oY o F e Eogd

NGO
MO~ T
rimemmm
P o

i

mmmmmm X

.
-
AT S e

>
)
[
(&)

- CORRELATLUN
FT v FE

11
mxr

'
oorec o
e

UIN W CIW
FEOCH£
mMmmmmm

(S 2 VT ~g I T}
WNEWH T Nz
LW
mmmmmm TMA
coDoC o
[=T=1-0 S LTS

+<+ 01111

Table Moboiie(10)

Table Moltaii.(20)

oLe



THE STATISTLULAL FIULTS RS €°% (TX13T) = (TAYLUs aPP CXINATLION)
FC% TwUWCATIUN AT THE THIRD 37I82 TINHS OF THE nedULUL SEXIES

NS L HERY ST ANDARD CUKPELATLON MEAM KATIO

FOENUSACY  RERSNMSE O FFCAT 13T DSVIL110NS  VARLANGES  FT ¢ FE  FT / FE

1.707T002  4eP3RF=00  1.T76T-94  S.P48E= b 2.71LE=y7  2.046E-yl  (.542E-ul

ELtiyErig  BlsTSE-RT Blopps-ih {1GPE-L3 Laadfe-lb B.792E-li gaDaE-il

ToounSeng  GliTZFarT TPRTSoFL UTSSE-L3 3euroE=0b  2e33L4E=y C268E-0 .
125005405 103377202 103977-as  LuSL?E-0a  2.03FE=07  5.035E-01  3,247E-01 - Table M.k,iii.(10)
3UBUNC 0D TeGLrFonf  =7.1935-07  T.43¢E=(2  5.0578=,3 345245-51  LlegoSE+CQ

GO0 Eegs  SiAC4CCt4 Z20877FLn 4i7T(Eell LeLu_€=12  3.Ra3E-il 1.227E+LE

THE STL{ISTI0AL FOULTS I07 707 (IX33T) = (TAYLJs APPLUXIALTLON
Fue ToJ4CATIMG 8T THE THIT] 200772 T73M3 JF THE dCouLUL SERIES

NUM AL =N STeENDARD CORKRELATIUN riEAN RATID
F-2zH0Y RESIGHSF ATFTIRIACT DEVIATIONS  VaRLANCES FT Vv FE FT / FE
1.7, 543¢ 1.25ARF="¢ 1e7455=17 Je5324E={ 3 2e34lE-LH 2e934E-L1 H.SH7E~-G1
2ol 402 beo74F="2 PellcRE=u3 2¢33LE~-L3 3.905E=06 6e332E =01 be 43S UE=L]
Toedit T+l 2 5.1.:‘.2!‘-‘--”3 20‘37?E°q2 Ge ?SC’E_:-UO 2+ 7T63E=-UDS 50137«E‘Ui 6e513E-01 Table M 4 iii (20)
1.0)0-+073 1.?2575=02 2,230==-14 fe¢32PE-04 3 o08LE=Q7 5¢135E~-01 e 023E-01 ' T *
3.200-+02 7e340E=01 =1,7222="71 Ce0IGE=yY 4el4iE-uC 1.702E-ul 1.5749E+1U
Lo, =22 PR TAF="]  =1,07P%=01 1.9 72=01 3eboRE=-22 Se7i4E=-C 1 LeS3SE+L Y

LLe



THE STalLSTICAL “TTULTS AFVE S07 (FX317T) - (TAYLOX APPHUXiMZTION)

FUR TRICATIGH AT THF FIPST 251072 TT2HS IF THE CCmPLEY SERIES
) WAL MELN STAYNARD ‘ - CURRELATION
FrEQUELCY RESPONSE DIFFFLTHCR  DNEVIRIIUNS VAKRIANCES FT Vv FE .
1.530C¢02 He3?1FE=N7 1.i51F-16 SeHLIE=U

05 1432t E=uy  Y9.996E-u1}

THE 3TAiISTICAL SFEULTS ARE Fo7 (EXI3T) - (TAYLOA APP OXIM2T1I0N)
Fue TEJuCETIun 27 THE FTRST 7T0OE2 7Z70HS %F THE Cu~PLEX SEXWES
N e L 17N STANOLKD CORRELATION
FoEQUENCY 2ESOAONSE NTFFETTACT NIVIATIURS VARLFNCES FT Vv FE
22 NEHN2 BeI21F =07 T EL75=4 1. 786GE=-L 3 3eulti E=u6 7.4u3E-01

HEAN RATIU
F1 /7 FE

9, 394E-01

MEAN RATIO
FT / FE

Table 5.i.(10)

Table 5.i.(20)

cle



THE STATISTICAL O TULTS 205 Fa (FYI13T) = (TAYLOr APPH UXINZTION)
FO~ T~ 0aTiH AT THE SF20MT 37356 [2R4S PF iHE CumMPLEX 3EX1ceS

T COHFIN
N niF=oRe e

ST IR
OFVTATICHS

FoT1FE=07

CO<RzLATLON
FeEUZ oY Vv FE

VAali NCES FT
7 «352E=13 1.90U0E+0D

1,5307402 647217 =17 R, 0227-77

THZ 5T ISTI0aL E7HLTI ATE 707 (2X45T) -

{TaYLu: mFr CX1xGTION)

FO“ indeCATION AT THE SFLOYN NTIET T7PWS OF THE CJHPLEX SELES
NOALHAL R STAYNARD CuUx-ELATION
F-2ausony  aoeie,er SIESTITUNT RIUTATIONS  JAiad HULES FT V FE
| ey T#0Z  By72iF="0 2,072I-16 F.FME-u3 .86 E-.5  7.533E-71

MEaN RATID
FT / FE

9.9347E-01

MERY <ATI10
FT /7 FE

JetlbBE=-L1

Table 5.ii.(10)

Table 5.ii.(20)

¢ie



TSOUFE ST ATKYLT) = (TaYhun aPPLOXomaTIon)

=

THE 3Tailslaial «FIU
FOre ToodaSeldor 37 THT THITD 57T (37L7Y TIian 0F THL Lu<2.8X ol 1ES
Y ES=L AN

ot

. RETEE % 3 CTRAT . s = = A
FrEQUZ Oy <xESPN,IS7 R 2 SeR R R S B O P Vhbvar NGE S FT Vv FC Fyv ¢ FE

- e Cea o — " [

152 2+ bed i F= T Lo 207 =47 GafFilip =7 Loebta BT N GeduTb= 4 Table 5.111.(10)

T T ITT) = (TRYLJ wFPAUXonaTLiUN)
FOR ToJ.SeTres, ST 708 70770 2707 12707 oot wE THE CuaMoEX nnt L

. T
1 wew'

- LS ~ N LIIEN N
FAEAUZ Y wlnmonres NITTS T T OATVTI Lol Jans Wolo F1d 7o FT 7 FL

N~ . - PR L e ‘ 2L e T S - S, . 3 el .
leDz2itmtyc Heolnti= ¢ Sec b=l G i Lz=03 L ew2n L 15 Tevono=01 2e (3 rC=01 Table 5.111.(20)

vz



THE ST 7ISTifCal
FO-1 T2UNCATICN

F-EQAUE CY

le527Z4132

THE STATISTICAL

PG ETIuN AT

Fux

FetnlZ «OY

LeSonE#NP

CETULTS £ 0T T (FX3TT) - (TAYLUR APPY GXIMETION)

PTOTHRE FISST STIFY TIOMT OF THE MOJULUL SERILES
U Tl | HeEsN STBMDARD : - CORRELATION
HESPCHGR ATFFE=eNtE DEVTATIONS VARLANCES FT Vv FE

=1.7747="73 Dol E="7 7.751E-C1

FoTBEC=l4

APP: CXIMETION)
SER1ES

LESULTS

A% FAY (FXAZT) = (TAYLOR
]

THE STIOT 2702 TIZMT OOF THE MUOULUY

uH T GEtN STUNDLARD SOURKELATION
RES AU SEE DIFTERINCE DEJTATICNS  VAR.r NCES FT v FE

“2.65FT =2 2. h5GE=3 Deiityt E=5

4e545E-L1

HEAN SATIO
FT / FE

1.760E+C 0 Table Me5eie(10)

MEAN RATID
FT / FE

1e75UE+Y Table M.5.i.(20)

Gize



THE ST LSTICHAL - 77ULTS L7570 (IXA2TY = (TaYlu~ aPP UXinaTluw)
T ¥OOULLS SEXLES

Fl)’-'\ ‘ rod .:i— T 1 l\."'\l .’ T

0
—_
il
3
A

n
=]
Bt
——d
I
m

MM T L A ET A INARD CURRELATION
FREQUS DY  <ZSDAsr ATFTCENST REVIALLIONS VARLe NGEo FT V FE

1eS20+02 e LT ="2  =1,40617-93 CothPe-04 6.630E~07 7763501

TOUTEL “TIMRER (OF A2TRZLXYTMTTOMT S8 TT0 T8k £XAUT VALUES 1S 43 0UT OF

THE STa18Ticnl

Fu2 T Crylues M7

TTULTT r ST S0 (FYLIT) = (ThYLUS APP UXiAaTLOMN)

THT SFI0HT CRIEND TREAS CF THE %0U0ULLS SERLES

Nt L ME L aTrNDe KD , } CORRELATION
FREQUE. LY HWERT0RE ATEEEITOTT O QEJTRII0ONS Jaree NCES FT Vv FE
153 5nt0¢ BeI2WF="2 =3, 0LC7=-17 2.F32E-L3 GeBd23E~ul

12.)051':6-46

MEAN
/

MEAN RATIO
7 FE

Fi 7/ ,
1,61 0E+060

53 TRiALS

RATIO
FT FE
l.b02E+0¢

Table M.5.iie(10)

Table M.5.ii.(20)

9te



THE 3TailSTI0AL FRULTS ARE TR2 (EX3C7T) - (TAYLUR APPHOXiHMATION)
Fui. 1= 3SATICH AT THT THIRY 7PIF TIAMS OF THE MUDULUL SERLSE
HUH T L HEE Y ST*NARD CURRELATLUN
FREQUSWCY  RESNICE NTEFFIFICT  DEVIATIONS  VARLANGES FT v FE
1453 5402  £,3247="02 =4, LAR1E-03  T.I420-U4  B5e62%E=u7  7.743E-ul
TOTAL NUMBER OF EPFPIYTRETIONS 37274758 Tupi EXACY VALUES IS 43 OUT OF

THE STLTISVTILAL "7THLYS

Fo=

RET SAT (FY13T) -

(TiYLOA APPROXINATIUN)
TJACATION AT THE THI®) 2X3F2 TIOM3 OF THE «lOULUS SERLSE

KU L HELY STHANNARD ) GURRELATION
FirreEQUo . GY RESPCSF DIF-rIEHNDE EVT11¢Uho VARLE NGES FT V FE
Le53 C#¢ Be32WT=TF =3.732E="3 ZaF53E=-43 Ha51LE-I'H L 822E-ui

HEAN RATIO
FT / FE

1,81 UE+u0 Table M.5.iii.(10)
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HEan KATIO
FT 7/ FE

1.853E+4 0 Table M.5.1ii.(20)
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