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ABSTRACT

This thesis presents the application of an efficient numerical tool,
namely, the Boundary Integral Equation (BIE) method, to the three-
dimensional stress analysis of cracked components which, for the present
study, is Timited to elastostatics of elastically homogeneous and isotropic
bodies.

The basic concepts of Tinear elastic fracture mechanics are reviewed,
and, from the governing partial differential equations of elasticity, the
boundary integral equations are derived. To solve these equations, the
boundary surface of the solution domain is discretized into eight-node
quadrilateral elements, over each of which the distributions of surface
geometry, and unknown displacements and tractions, are expressed in terms
of quadratic shape functions of the intrinsic coordinates. A three-
dimensional boundary integral equation computer program was developed, as
was a plotting program with which the mesh discretization data could be
visually checked in terms of element topology and nodal coordinates
before use.

Different procedures for determining fracture mechanics parameters,
in particular, the stress intensity factor, for three-dimensional crack
problems by means of the BIE method are discussed and the results of
several test problems are presented. An attempt to elucidate the strength
of the stress singularity near the point where the crack front intersects
the free surface of the body is also presented. The numerical results
show qualitative agreement with the semi-analytical results in the
literature, with the singularity at this point being generally lower than
at points remote from the free surface. The BIE method is further used
for the stress analysis of an internally pressurised thick-walled cylinder
with a semi-elliptical surface crack. The fracture mechanics analysis
includes the numerical fatigue analysis of the propagating surface crack
in a cylinder. Results of the stress analysis, where possible, are
compared with those obtained experimentally. The problem of an internally
pressurised cylinder with a radial cross-bore is also investigated, both
for the case where there are no cracks, and for several sizes of the cracks
at the cross-bore.
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NOMENCLATURE

The notation used in the main teXt and Appendices are briefly
defined in alphabetical order. in the following Tist. Symbols whose use
is confined to only a specific analysis are omitted here and are defined
at the appropriate point in the text. Where there are more than one
definition for the same symbol, the relevant section or chapter is
indicated in parentheses; otherwise, the definition applies everywhere
other than for the alternative definitions. Where appropriate, the

number of the equation in which the symbol first appears is given.

Symbol . Definition Equation
a : Major semi-axis of an ellipse representing (2.1)

a notch in a body (Section 2.2)
a : Major semi-axis of a semi-ellipse
representing é surface crack in a body
A : Surface area of the crack in a body (5.5)
b : Minor semi-axis of an ellipse representing (2.1)
a notch in a body (Section 2.2)
b : Minor semi-axis of a semi-ellipse
representing a surface crack in a body
e : Measure of crack length (2.4)
c : Material constant in Paris' Law of fatigue (2.29)
crack propagation (Section 2.3.1) |
Cij The l1imiting value of the surface integral (3.55)
of Tij(P,Q); 2=1,3,4=1,3

(Section 3.2.4)



Symbol .

. d(b,c)
Dkij(p’Q)

id

1d

G;

G 3G 7yG

I°"ITIIT

hiQ?)

HI

- 10 -

Definition

cth node of the bth surface element;
e=1,8,b=1,M |
Third order tensor.for obtaining stresses
at p(z); < ='1,3 s d =13, k=1,3
Base vector; < =1,3
Strain tensor; ¢=1,3, j=1,3
Strain tensor in the orthogonal local
coordinate system defined by “ij;
£=1,3,4=1,3
Young's modulus
Total number of distinct nodal points on
the surface of solution domain
(Section 4.3)
Prescribed boundary displacement function;
i=1,3 |
Strain energy release rate
Critical strain energy release rate, at
incipient fracture
Galerkin vector; < = 1,3 (Section 3.2.1)
Strain energy release rate corresponding to
Modes I, II and III, respectively
Prescribed boundary traction function;
z=1,3
Measure of length of cracked specimen
Material stiffness

E , for plane stress

E/(1-v2) , for plane strain

Equation
(4.12)

(3.48)

(3.14)

(3.2)
(4.20)

(2.6)

(2.9)

(3.12)
(2.18)

(3.7)
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Symbol ' Definition Equation
J(g) : Jacobian of transformation from global (4.8)

Cartesian coordinates to intrinsic
coordinates of element
ky, ~: Hoop stress concentration factor (7.1)
KrsKrmoKorr :  Stress intensity factor corresponding to (2.10)
Modes I, II and III, respectively
Kr o Krr o, ¢+ Critical stress intensity factor
‘ ' corresponding to Modes I, II and IlI,

respectively (fracture toughness)

Zi Root-mean-square value of X, (5.7)
AK : Stress intensity factor range (2.30)
l Characteristic measure of crack size (2.28)

(Section 2.3).

1 : Greatest physical dimension of solution
domain (Sectidn 4.3.2)

™) : Linear shape functions in intrisic (4.16)
coordinates, n; m=1,4

m : Material constant in Paris' Law of fatigue (2.29)
crack propagation (Section 2.3.1)

m, . : Unit vectors in the local coordinate

BJ

directions, &,; B =1,2 , 4 =1,3

B’
(Section 4.5)

Mg Direction cosines of the unit outward normal

(= nj); J = 1,3 (Section 4.5)
M : Total number of surface elements (4.2)
n Stress (strain) singularity index (5.28)

(Section 5.6)



Symbol

w(e)

p(af)

P({c)

qfx)

Q(x)
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Definition
Unit outward normal vector to the surface
of the elastic body; J=1,3
Number of load cycles
Quadratic shape-function corresponding to
the cth-node 6f the element; ¢ = 1,8
Load point within the elastic domain R
(Chapters 3 and 4)
Load point at the surface of the elastic
domain.R (Chapters 3 and 4)
nth-node at the surface of solution domain;
n= 1,9
Internal pressure in a cylinder
Field point within the elastic domain R
(Chapters 3 and 4)
Field point at the surface of elastic
domain R (Chapters 3 and 4)
Distance of point from the crack front
Distance between field and load points
(Chapters 3 and 4)
Elastic domain
Spherical region of exclusion in elastic
domain, R
Internal radius of cylinder
External radius of cylinder
Radius of circular cross-bore in a cylinder

Linear distance along the crack front

Equation
(3.7)

(2.10)
(3.4)



Symbol

B

min

Tij(p,q)
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Definition
Vectors tangent to intrinsic coordinate
lines, ,, of element; g =1,2, < =1,3
Strain energy densijty factor
(Section 2.2.4)
Surface or boﬁndary of elastic domain, R
bth-element of the discretized surface;
b=1,M
Critical value of strain energy density
factor; at incipient fracture (Section
(Section 2.2.4)
Minimum value of strain energy density
factor (Section 2.2.4)
The part of the surface of the elastic
domain where tractions are prescribed
The part of the surface of the elastic
domain where displacements are prescribed
Surface of the region of exclusion, R
Third order tensor for obtaining stresses
at p(x); < = 1,3, 5=1,3,k=1,3
mth-triangular surface element
Traction vector; <z = 1,3
Traction vector in the orthogonal local
coordinate system defined by My
2=1,3,4=1,3

Measure of thickness of cracked specimen

The <th-component of the traction vector at

point g(x) due to a unit point load in the

jth-direction at p(x); < =1,3, 7 =1,3

Equation
(4.6)

(2.21)

(4.12)

(2.26)

(3.30)



Symbol .

=]

U'zij (p>q)
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Displacement vector; < = 1,3
Displacements in tﬁe local orthogonal
tangential -directions defined by uij;
a=1,2 .

Strain energy of the body

The ith—cbmponent of the displacement
vector at point g(x) due to a unit point
lToad in the jth-direction at p(z);
=13, 4=1,3

Crack-face displacements

Volume of elastic domain, R

Strain energy density (Section 2.2.4)
Measure of width of cracked specimen
(Sections 5.5 and 5.6)

Wall thicknes§ of cylinder (Chapters 6
and 7)

Total surface energy of a crack

Total potential energy of a body
Rectangular Cartesian coordinates;
7=1,3

Cartesian coordinates of the cth-node of

element; e=1,8, 2 = 1,3

Body force vector; < =1,3
Lateral constraint parameter
Shape factor (Section 6.2)

Specific surface energy (Section 2.2.1)

Equation
(2.11)

(4.19)

(5.5)
(3.29)

(2.22)

(5.25)



Symbol
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Definition
Energy dissipation due to plastic flow
(Section 2.2.1) |
Kronecker delta

0, when 2 # J

1, when £ = 4
Radius of'spherica] region of exclusion R_
Hoop strain in a cylinder
Lamé solution hoop strain in a cylinder
Coordinates of load point; < = 1,3

Intrinsic coordinates of triangular sub-

element; o = 1,2

Muskhelishvilli's constant
(3 -4v) , for plane strain
(3-v)/(1+v) , for plane stress

Lame's constant

(Section 3.1)

Shear modulus

Direction cosines of the orthogonal local
coordinate axes; <2 =1,3 , 4 =1,3
Poisson's ratio

Intrinsic coordinates of isoparametric
quadrilateral element; o = 1,2

Radius of curvature at the apex of the
major semi-axis of an elliptical notch in

a body-

Equation
(2.8)

(3.4)

(3.10)
(4.14)

(2.11)

(2.11)
(4.19)

(2.6)
(4.4)

(2.1)



Symbol
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iJ

cr

n

(0,

h’ mazx
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Definition
Stress tensor; < =1,3 , 4 =1,3
Stress tensor in the orthogonal local
coordinate system defined by My
1=1,3,4=1,3
Critical stress required for crack
extension-

Hoop stress in a cylinder

Lamé solution hoop stress in a cylinder

Maximum hoop stress in a cylinder

Mean stress

Remote tensile stress applied to a cracked

body in the direction perpendicular to the

crack plane

Maximum stress at the apex of the major

semi-axis of an elliptical notch in a body

Yield stress
Flow stress

Order of Gaussian quadrature formula

Equation
(2.10)

(4.21)

(6.2)

(5.27)
(2.1)

(2.35)
(5.26)
(4.13)
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LIST OF ABBREVIATIONS

American Society of Mechanical Engineers

American Society for Testing and Materials

Bouﬁdary Integral Equation

Three-dimensional BIE computer program for linear elastostatics
Centre-Crack-Tension

Central Electricity Generating Board

Degree(s)-0f-Freedom

Computer program for checking mesh idealization data, using
Qraphic facilities at ICCC

anite Element Method.

Imperial College Computer Centre

Linear Elastic Fracture Mechanics

Single-Edge~-Crack
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CHAPTER 1
INTRODUCTION

One of the salient features in the development of engineering design
methods in the.past decade or so is the general trend to allow higher
working stresses in engineering components and structures. This has been
due in part to improved material properties, giving higher strength, and
also to the greater degree of confidence in using experimentally or
theoretically determined design stresses. In high pressure vessel
technology, for example, these trends were spawned by the rapid scaling-up
of chemica]iplants and accelerated by the advent of nuclear power.

Because of the potential dangers involved if there is any failure of the
components, new levels of functional reliability as well as safety
requirements are called for.

As materials in service will always contain inclusions and flaws, the
presence of these defects tends to give rise to growing cracks,
especially under these elevated levels of operating stresses. In such
circumstances, failure caﬁ occur in a dramatic and catastrophic manner
by cleavage fracture at loads which are significantly lower thaﬁ the
ultimate strength of the material, or in the case of cyq]ic loading, after
a relatively small number of load cycles. Such characteristics are
difficult to explain in terms of traditional design concepts. In view of
this, the need for a method by which the presence of cracks can be
considered has become apparent and the discipline of "Fracture Mechanics"
has emerged to fill this role.  This discipline has led to the emergence
of new design concepts which are increasingly being incorporated in
standards and codes of practice.

In essence, fracture mechanics assumes the pre-existence of cracks or



- 19 -

' flaws in a real structure and utilizes continuum mechanics principles to
~develop parameters which characterize'the stress field in the vicinity of
- the crack front. When the material is linearly elastic, classical
analyses show that stresses (strains) are singular in that region, being
inversely pr0p6rtiona1 to the square root of the distance from the crack
tip or front. The constant of proportionality, or stress intensity
factor, defines the strengthvof this singularity, and is the most important
of these fracture mechanics parameters. In the next chapter, the basic
principles of this discipline is presented and how it can be applied is
also discussed.

Although the classical solutions in stress analysis can be applied,
with proper judgement, to many design details, the geometry and loading in
a practical problem are often such that the probiem cannot be solved
analytically. This is particularly true of practical three-dimensional
crack problems. In this respect, a key rSle in the development of the
design and analysis procedures was played by the advent of high-speed
digital computers and the subsequent developments in numerical analysis.
They paved the way for detailed determinations of stresses and strain
under the relevant boundary conditions.

One of the most successful of the numerical tools developed in
recent years has been the finite element method. But despite its
versatility, this method has some drawbacks, particularly when the probiem
concerned is three-dimensional and involves rapidly varying stress fields
of the type encountered near stress concentrations and cracks. In such
regions, very fine subdivision of the component or structure into
elements is required if reasonably accurate distributions of stresses and
displacements are to be obtained. Also, while the most commonly used

finite element approach based on displacement can give good results for
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~displacements, it yields somewhat less accurate values for stresses which

_are generally of greatér practical interest. Further, the system of

- Tinear equations which has to be solved is so large in three-dimensional
problems that, even though the coefficient matrix is symmetric and banded
in form, the cohputing costs are high. In some respects, the finite
element method is wasteful in that it provides a great deal of information
about internal nodal points and elements which is never used. Finally,
even using the most sophisticated data generation and checking facilities,
the.cost of preparing mesh data can be high, particularly when solving
three-dimensional problems.

The bouﬁdary integral equation (BIE) method offers an attractive
alternative solution procedure by which many of the Timitations associated
with the finite element method can be overcome. Historically, the method
is based on classical mathematical formulations in potential theory by
early Italian and Russian e]astiqians, notably, Betti, Somigliana, Cerruti,
Lamicella, Fredholm and, more recently, Mikhlin and Kupradze. The
formulations lead to integral equations which relate the basic boundary
data, hence the name of the method. In stress analysis, the boundary
integral equation provides an integral constraint relating the boundary
tractions and boundary displacements. Where tractions are prescribed on
the boundary, the corresponding displacements are the unknowns for which
the integral equation is to be solved, and vice versa. Once the boundary
integral equation has been solved, the displacements, tractions and stress
tensor are known everywhere on the boundary, and from these data the
displacements and stresses at any specified interior points may be obtained.

Numerical solutions to the boundary integral equation are found by
discretizing the boundary into elements and expressing the distribution of

the unknowns over these elements in terms of suitable algebraic functions



- 21 -

_ involving values at certain nodal points associated with the elements.

_ Whereas in, say, the finite element mgthod, the entire solution domain has
- to be discretized, it is only necessary to discretize the boundary in the
BIE method. An advantage of the latter approach is therefore clear: a
three-dimensioﬁa] volume problem becomes a numerically two-dimensional
surface problem. This reduction in dimensionality by one results in
significantly reduced numeriéal problem size, computer requirements and
data preparation compared with the finite element method. The coefficient
matrix associated with the much smaller set of linear equations obtained
from the boundary integral equation is, however, both non-symmetric and
fully popu]éted. This need not be a serious disadvantage because the
domain can be divided into sub-regions, for each of which an integral
equation is established and a banded matrix is obtained. An additional
benefit is that each sub-region can have different material properties.

A further advantage of the BIE method is that, because there is no
internal discretization of the domain, no further approximations are
imposed on the solution at interior points, hence there is generally a
better resolution of stresses. Also, it is possible to concentrate on a
particular region of interest, such as around the crack front in fracture
mechanics analysis, to a greater extent than with the finite element
method. The computing resources used to calculate unwanted information
are therefore reduced. -

The BIE method is the numerical tool used for the present study,
which is Timited to three-dimensional Tinear elastostatics involving cracks.
In Chapter 3, the mathematical basis of the method is outlined and the key
equations derived. This is followed, in Chapter 4, by a discussion of
the numerical formulation adopted for the present work, based on which,

a computer program was developed. In Chapter 5, it is shown how fracture
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~mechanics parameters, in particd]ar, stress intensity factors, can be
_ obtained using the BIE.method. The resu]ts of several test problems are
-also presented for comparison with established solutions in the literature.

In three-dimensional crack problems, the crack front can often
intersect the free surface of the body. At this point of intersection,
the nature of the stress (strain) singularity may no longer be the
classical inverse square roof of the distance from the crack front.
Although the elucidation of the nature of the singularity at such points
has been considered analytically and semi-analytically to a very limited
extent, a direct numerical approach, as far as is known, has not been
carried out-previously. In the final section of Chapter 5, an attempt to
determine the order of this singularity by the BIE method will be presented.

Chapter 6 is devoted to the stress analysis of an internally
pressurized thick-walled cylinder with a semi-elliptical surface crack.

The results presented include stress intensity factor solutions. Also
included in the chapter is the numerical analysis of crack propagation in
a thick-walled cylinder which is subjected to cyclic pressure loading.
Where possible, the numerical results are compared with available
experimental data.

Finally, in Chapter 7, the problem of an internally pressurized thick-
walled cylinder with a radial cross-bore is investigated. Stress
analysis results are presented both for the case when there are no cracks
and for several sizes of crack. In the latter case, stress intensity

factor solutions are also obtained.
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CHAPTER 2
BASIC PRINCIPLES OF FRACTURE MECHANICS

Serious inadequacies exfst in conventional design concepts
particularly where new levels of functional and structural integrity of
engineering components and structures, such as pressure vessels and
reactors, are called for. In this respect, the discipline of fracture
mechanics has an increasingly important role to play. Although a
relatively new field, it has advanced to the stage where its value to
engineering design is generally no longer in question. In this chapter,

the basic concepts involved will be presented.

2.1 GENERAL REMARKS

Conventional design philosophy is based mainly on the stress analysis
of unflawed structures with ultimate strength, yield strength and buckling
resistance being the basic criteria. Where uncertainty about the loading
and material behaviour may arise, it is often allowed for by applying a
factor of safety (or more appropriately, a factor of ignorance). However,
the failure criteria based on this design philosophy cannot explain in any
certain terms the kind of failure which occur at nominal stresses
considerably lower than the ultimate strength of the material.  Such
failures of engineering components usually occur without warning in a
catastrophic manner, a failure mode which is normally referred to as
brittle fracture. These failures are not restricted to static loading
systems; indeed, a great many of them occur in cyclic loading systems
where brittle fracture occurs after relatively small numbers of loading
cycles. Reports of many dramatic examples of these kinds of failure are

well documented in the literature (see, for example, Shank (1954), Boyd
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, (1970), Lancaster (1973), Rich & Cartwright (1977)).

In view of the potential dangers'associated with this mode of

- failure, such as in chemical or nuclear reactors, and that the severity
has increased over the years due to the increasing use of higher strength
materials for Weight and cost saving reasons, special emphasis has been
given to ana]yticai method for determining the operating stresses and
their influence on the different modes of failure. It has also become
evident that it is necessary to assume the existence of flaws, voids or
inclusions in materials which cause elevation of stresses in those regions.
In these respects, the treatment of fracture can be viewed in at least two
levels - a ﬁicroscopic level and a macroscopic level.

At the micro or atomic level, studies relate to the mechanism of
fracture; for a sufficiently high level of stress, atomic bonds may be
broken and the flaw may grow until complete failure of the solid occurs.
Analytical treatment at this 1evg1 is, however, not generally straight-
forward; the alternative macroscopic level for which continuum mechanics
theory can be applied seems a more satisfactory and practical approach to
the engineer. The macroscopic approach relates to the mechanics of
overall fracture of a component or structure as a function of the applied
loads, geometry, etc., with the viewpoint that real structures will always
contain cracks or flaws from fabrication or service loading (corrosion,
fatigue, etc.). This macro-study, in the absence of gross plasticity or
non-linear effects in the vicinity of the cracks, for a linear elastic
material is referred to as Linear Elastic Fracture Mechanics (LEFM).

Although the term "brittle fracture" may imply the restriction of
LEFM to brittle materials, such as glass or high strength alloys, this is
not necessarily true. The terms "brittle" and "ductile" material are

relative; the so-called "ductile" materials can behave in a brittle
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’ fashion depending on the ]oading conditions and specimen size. Lowering
~ the temperature, increasing the specimen size and the speed of loading can
create situations where the same "ductile" materials can behave in a

brittle manner. LEFM thus pertains not just to "brittle" materials, but

rather to the general phenomenon of "brittle" behaviour.

2.2 THEORIES OF FRACTURE

Using the two-dimensional configuration of an elliptical hole in a
p]afe subjected to a remote tensile stress, o, (Figure 2.1), Inglis (1913)
obtained an expression for the maximum stress, (Oy)max’ at the apex of the
major axis of the ellipse where the radius of curvature p = b%/a is
minimum, viz:

(5 naz = % [1 +§‘1] (2.1)

In (2.1), a and b are the major and minor semi-axes which coincide with the
xz- and y-coordinate axes, respectively. « If the flaw is in the shape of a
very narrow ellipse, i.e. a >> b, the maximum tensile stress which occurs

at the end of the notch is giveh approximately by:

= a

(5 ez = 29, ‘fp (2.2)
As p is very small in comparison with a, it is argued that the stress
(cy)max could be large enough to cause crack growth.

However, when the ellipse degenerates into a sharp crack, Inglis'
solution leads to an infinite elastic stress at the crack-tip leading to
the paradoxical conclusion that a cracked body cannot support any load.
This paradox was resolved by Griffith (1921,1924) who proposed an
explanation of the fracture phenomenon by appealing to the first law of

thermodynamics.
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2.2.1 The Griffith Theory

Griffith (1921,1924) postulated that for a crack to propagate
~under the action of external loads, tﬁe energy absorbed by the creation of a
new fracture surface must be less than the elastic strain energy released

by the increment of the crack grqwth. Let Wy be the total stored energy
of the body, Wy the total surface energy of an existing crack, then,

according to the Griffith théory, the crack will propagate if:

dw,

r > dWé (2.3)

For a crack of length 2¢ contained within an infinite elastic plate subject

to uniform remote tension, T,s Griffith obtained:

2no?%e¢c
i, = ———de (2.4)
H
dw, = 4yde (2.5)

where y is the specific surface energy, and:

{ E/(1-v2) for plane strain conditions
H' =

E for plane stress conditions

In (2.6), E is the Young's modulus and v is the Poisson's ratio.
Substitution of (2.4) and (2.5) into (2.3) leads to the critical stress

required for crack extension, viz:

o Yme = Y2yH' (2.7)

er
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‘ Experiments -performed by Griffith on hard glass showed very encouraging
~results; a constant value of ccrnﬁréiwas obtained for a range of crack
- lengths, as is to be expected if (2.7) is valid.

However, (2.7) suffers some important deficiencies, such as
the lack of pafameters to account for the geometry of the body and the
type of boundary conditions. Further, it is strictly applicable only to
materials with linear response on the continuum scale prior to fracture,
thus virtually ruling out considerations of many engineering situations.
Much credit must, however, be given to Griffith for laying the theoretical
foundations from a continuum mechanics point of view, for the study of

fracture.

2.2.2 Modified-Griffith Theory

Almost thirty years after Griffith's contribution, Irwin (1948)
and Orowan (1949) independently suggested a modification of Griffith's
work to accommodate limited plastic deformation prior to failure. The
modification was to replace the 2y term in (2.7) by a term Yp which
represented the energy dissipation due to plastic flow around the crack tip.
The plastic energy term, Yy appeared to be independent of the initial
crack length and further was, Orowan estimated, about three orders of

magnitude greater than y which led him to rewrite (2.7) as:
o, Yre = VA Yp (2.8)

Orowan argued that this modified Griffith theory would only be
valid if the amount of plastic flow at instability was very much smaller
in extent than either the crack length of the width of the sheet. Irwin's

approach was similar, but in his view a precise interpretation of the
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. plastic surface energy term was’unnecessarily restrictive. He argued
~that if for different loadings and gepmetries the fracture process is

- essentially similar, then unstable propagation of the crack would occur

if the strain energy release rate, G, reached a critical value, G,- This
critical value'would be regarded as a material property and has to be
determined from suitable fracture experiments. The value Gc provides a
convenient parameter to-inc]ﬁde all supplementary energy-dissipating terms

(such as plastic flow, heat, etc.) in addition to the energy required to

create new fracture surfaces. Irwin's modified-Griffith approach thus
led to:
o _V/ne = VH'G (2.9)
cr c

Because ¢ has the same dimensions as force, it is often also known as the

"crack-extension force".

2.2.3 Irwin's Theory - The Stress Intensity Factor Approach

Irwin (1957a,1957b,1958) proposed that instead of considering
the energy of the entire crack system, the stress field in the immediate
vicinity of the crack tip ought to be examined. Cracks in solids may be
regarded as surfaces of discontinuities of the displacement field and
Irwin noted that there are three classes of independent movements of the
upper and lower crack surfaces with respect to each other. These three
basic modes of deformation are necessary and sufficient to describe all
the possible modes of crack behaviour. Characteristically known as
Mode I (opening mode), Mode II (in-plane shear or sliding mode) and
Mode III (anti-plane shear or tearing mode), respectively, these three
basic types of deformation are illustrated by Figure 2.2 for a crack lying

in the xlxg-p1ane.
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Corresponding to each of these three modes of deformation,

~there exists a particular singular stress field in the immediate vicinity
- of the crack edge. By employing the method of Westergaard (1939), Irwin
obtained, for an ideally plain, sharp-ended crack in an isotropic elastic

body, the streéses in the vicinity of the crack tip for the opening mode,

viz: ,
(o, | r_‘l - gin 5 sin §_6:
11 511 3 2
i KI cos (6/2) e . 38
Tpo| = 1+ sin 5 sin | + ..., (2.10)
V2 1 ;ﬂ'
o sin (2 cos 38
"12.‘ L 2 2 i

where r and 6 are the polar coordinates defined in Figure 2.3. The
omitted terms involve increasing half powers of the ratio of r to the
crack Tength and hence are only important when the magnitude of this ratio
is large.

The parameter K. is Irwin's "stress intensity factor" for
Mode I and is a function only of loading and geometry of both the crack
and the body. For a general three-dimensional crack, the stress
intensity factor will vary with the position along the crack front. The

associated displacement field for Mode I has been shown to be given by:

ol

cos%[n<—1+23inze

“g X "
_ I or
- Ly ol (2.11)

S'Z:n—g-l:lc+1—2¢0826

el

where u is the shear modulus, and:

K =

(3-4v) for plane strain
‘ (2.12)

(3=v)/(1+v) for plane stress
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Similar expressions can be obtained for Mode II; the singular

stress field being given by:

5. ] . m 2 2 + gcos—@]-
9,7 sin 3 cos 3 5
K
. . 36
Gog| = 1L sm-eg—cos%cos—z— Foeeen (2.13)
Y2 7 r
.6_ 1., ; _e_s' .3_6.
97 5) ] cos 3 sin 5 sin — ]

where K;v is the Mode II stress intensity factor. The corresponding

displacement field is:

u,| ' sin 3 lk + 1+ 2 cos? 3

1 KII o 2 2
= LI for Fonn (2.14)

gu " 6 -

Uy —equ{K—l—Zszn E}

The stress component 033 from the first two modes is given by:
vio,, +a,,) for plane strain
% 117 %2 (2.15)

0 for plane stress

The components 9,3 and G,z are non-singular for both these modes; in

particular, they are zero for plane strain conditions.

For Mode III deformation, the only singular stresses are:

. 6

g - 8n

13 K 2
= I P (2.16)

A I d o 8

0'23 cos 2

where Kiry is the Mode III stress intensity factor, and the only non-zero
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displacement component is:

Krir fav . e
= —— VY—smy+t

Uy - S (2.17)
u

It was shown by Irwin (1957a,1957b), by using virtual work
arguments, that the concept of stress-intensity. factor can be associated
with the idea of strain energy release rate, G. Indeed, Irwin

demonstrated that there exists this relationship:

G, = X 2 (2.18)

where the subscript in G represents the basic mode.
This equivalence may be generalised to cover the other two

basic modes, viz:

_ Kk+1 2
611 = g Koz (2.19)
G - Lk 2 (2.20)
III ou “IIT :

The implication of the equations (2.18) to (2.20) is
significant, for if fracture may be characterized by the attainment of a
critical strain-energy release rate, then this is equivalent to
characterizing fracture by the attainment of a critical stress environment.
To the extent linear elasticity is appropriate, all crack tip stress fields
are of identical functional form, as seen in (2.10) to (2.17); the loading
conditions and geometry of the cracked body being sensed in the crack tip
environment through the stress intensity factors. Fracture thus may be
characterized by the attainment of critical values of the stress intensity

factors (KIc’ Krp, or Krrro for the respective modes) which can be regarded
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as material properties and determined experimentally.

2.2.4 Sih's Theory - The Strain Energy Density Factor Approach

The formal equivalences in (2.19) and (2.20) were obtained
with the assumbtion that the crack extends in the plane of the original
crack, as in Mode I. The physical meaning of Mode II and Mode III crack
extension was in fact never fea]]y questioned and very few attempts have
been made to study the direction of crack propagation in Modes II and III.
Yet engineering components are often loaded in ways that produce three-
dimensional stress states so that, if cracks are present, the three basic
modes of defbrmation exist together. The direction of crack extension is
no lTonger known a priori and the criterion of fracture will not be a simple
matter of requiring any one of the basic mode stress intensity factor
values reaching a critical value. A theory capable of describing non-
coplanar crack extension is thus gssentia] for a more general application
of the fracture mechanics concept.

A fracture theory based on the field strength of the strain
energy density in the vicinity of the crack front was recently proposed by
Sih (1973,1975). This theory uses a direction-sensitive "strain energy
density factor", S, as the characterizing parameter. The factor S is
defined as:

S = rw (2.21)

where r is the radius of a core region centred around a convenient
reference point which is made to coincide with the crack front at which
fracture initiates, and ¥ is the strain energy density defined in terms of

the stress tensor as:
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o I 2 2 2__V 2 2 2 2
W= [011 +0g9° #0523 ﬂ_;,-(o“+c:22+«;:3,,3) +2(075° + 095" +05,%) (2.22)

With reference to spherical coordinates (r, 6 ,w), where -1/2 < w < /2
and -1 < 8 < 7, as shown in Figure 2.4, the rectangular components of the
local stresses defined in Figure 2.4, in the vicinity of the crack front

may be written as (see,. for example, Hartranft & Sih (1977)):

o oo & (1 = sin & sin 58]
g cos » (1 - sin 5 Sin 2)
5} . 68 . 38
CP cos E-(Z + sin 5 sin 7?J
2 v 8
9zz KI cos
= +
Y2 1 r cos w » g_ s 9-0 s §g
979 sin 3 cos 3 Cos
913 0
L9 95 0
T 8 30 ] [
sn E (2 + ¢cos E Cco8s ‘2—) 0
'ng-co 8 S 38 0
§in & Cos 5 o8 —
- 2 Vv sin & 0
K : 2 K
IT . IIT (2.23)
Y2 1 r cos w ) Y2 1 r cos w
o WYy cos w cosg(l—szngsin-g—e) 2 Ty cos w 0
2 2 2
0 - sin%
6
0 cos —+
L . - 2 .

By combining these singular solutions for the stress components with the
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~strain energy density function (2.22), the strain energy density factor

. can be expressed as a quadratic form in the stress intensity factors Kry

'KII and KIII:

- ‘ 2 2 2
S = ayy K"+ 2 apy Ky Kpp + agy K™ + agg Kppp (2.24)
where:
B 1 (3=4v-cos 6) (1+cos 0)
Q1 T T6 T © co8S W (2.25a)
_ 1 (2 sin 8) (cos =1+ 2v)
2 T T6Tu cos w (2.25b)
_ 1 4(1-v) (1-cos 8)+(3 cos 6 -1) (1+cos 8)
a22 - 16 ™y cosS W (2'25(:)
a - 1 (2.25d)
33 4T U cos w : ’

The fundamental hypotheses made in this theory may then be stated as:

1. Crack growth is directed along the line from the centre of the
spherical core to the point on the spherical surface with the
minimum strain energy density factor, S, int

2. Crack extension occurs when S in reaches the maximum critical

value Scr which the material can tolerate.

The values of (eo ,mo) corresponding to S, :, @re obtained by taking:

B oy ;B (2.26)

ow
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with the second derivatives of S satisfying the conditions:

2 2g 52 2g 2
(ag g j2 L 3%3% . . 38, 5 ad 25 L (2.27)
@ 382 w2 262 w2
i.e. mathematical conditions for S(e,w) to be a minimum.

The critical value of S at incipient fracture, S _,, may be

cr
regarded as a crack extensioh force which should be independent of loading
conditions and crack configuration. It can be used, subject to
experimental verification, as a material constant that serves as an
indication of the fracture toughness of the material.

This strain energy density factor approach (or so-called
S-theory) seems capable of predicting the critical load and direction of
crack growth even under mixed-mode conditions. As a theory, it is still
in its early days and a great deal more experiments have yet to be carried
out to test the soundness of theAhypotheses. The relatively few
experimental results that are in the literature do, however, show good
agreement with the theoretical predictions from this theory (see, for
example, Sih (1973), Sih (1978), Barr et al (1978)).

The S-theory will not be considered further. In what follows,
attention is confined only to the opening mode (Mode I) failure with the

stress intensity factor approach being used throughout.

2.3 FRACTURE MECHANICS APPROACH TO FATIGUE

The fracture mechanics approach to fatigue analysis is concerned only
with the crack growth stage, the presence of initial defects in the
structural component being thus presumed. The primary task is to
characterize the kinetics of fatigue crack growth in terms of an

appropriate mechanical crack driving force, and the estimation of the



- 36 -

service life and/or inspection intervals under projected severe loading
~and environmental conditions. As crack extension is most likely to
proceed from the highly stressed region at the crack front, it is
therefore most appropriate to characterize the mechanical crack driving
force in terms of the crack front stress-intensity factor K.
Fatigue crack growth can also be influenced by many other factors
such as cyclic load frequency, load history, metallurgical variables and
environment. Whilst it is ideally desirable to characterize the crack
growth behaviour in terms pf all these relevant variables, say, of the
form:
%%‘ = F(KI , material , history , environment , etc.) (2.28)
where 7 is some characteristic measure of the crack size,

N is the number of load cycles, and

F is an empirically determined function.

such a complete characterization is not currently feasible. But insofar
as the kinetic data are to be obtained for (2.28) under the restricted
conditions, these conditions have to be consistent with the service

loading and environment.

2.3.1 Paris' Crack-Propagation Law

Several fatigue crack propagation laws of the form of (2.28)
have been proposed over the years, but perhaps that which is most widely
used is the so-called Paris' Law (Paris et al (1961), Paris & Erdogan
(1963)). Paris proposed the following power-law representation for the
empirical data obtained for different materials, the material being

characterized in terms of its crack growth rate as a function of the
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cyclic change in the crack-front stress intensity factor:

dl _ 'm

5 = C (k) (2.29)

where ¢ and m are empirically determined material constants, and:

AK. = K - K (2.30)
1 Imax Imirz
In (2.30), Ki and Ki ~are the maximum and minimum crack-front stress
max min

intensity factors, respectively, in a load cycle.

A double-logarithmic plot of di/dN versus AK . would be a
straight line according to (2.29). But typical fatigue growth rate data
in practice are generally in the form of sigmoidal curves (Figure 2.5).
Thus, (2.29) is valid only within a certain range of AK . At Tow
values, crack propagation is extremely slow and experiments have shown
that there exists a lower threshold value of Ak, below which the crack
remains dormant. Also, when the value of K, approaches the critical

max

value X the crack growth rate predicted by (2.29) can be far too low.

Ie?
Although Paris' Law implies that the rate of crack growth is
independent of these and some other factors mentioned earlier, the
simplicity of the formula does not invalidate its use in engineering
design. In fact, despite its short-comings, this propagation formula

has been very extensively applied to a wide range of practical problems

with much success.

2.3.2 Alternative Crack-Growth Formulae

Various attempts have been made to obtain a generalised crack

growth formula which incorporates the effects of all the possible
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variables, but they have not been met with complete success. The
~experimental results on fatigue crack growth rates obtained by Broek &
- Schijve (1963) and Erdogan (1967) showed a dependence on the cyclic load

ratio, KI /KI , which led -them to write the following crack-growth
min =~ max
formula: '
Z—% = C MK_K 2 (2.31)

I Imax

A more general equation was used by Walker (1970), viz:

' my Mg
= ¢ (k) Tk, (2.32)

L
dal max

where my and m, are again material constants, to account for the effect of

the load ratio, which he further modified and presented in the form of an
"effective stress".

Forman et al (1967) argued that when K, reaches the value
max

of KIc, dit/dN should become infinite and they suggested:

¢ (K )T
a I (2.33)
(1-% /K 1K, - 0K
. mmn max

To account for the lower threshold value of the stress intensity factor
range, AKX, ., Klesnil & Lucas (1972) proposed a simple modification of

Paris' formula (2.29) when this threshold value is significant:

dl _ m _ m
i c [(AKI) (AKIt) ] (2.34)

Other attempts to incorporate both the threshold and load ratio effects
include those of Priddle (1976) and Branco (1976).

Even more sophisticated expressions for fatigue crack growth
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which could take into account crack closure due to residual stresses (see,

for example, Elbers (1971), Duggan (1977)), as well as other effects, have

been suggested. A complete treatment of these and other more sophisticated
formulae is'beyond the scope of the present review. Suffice to note that
none of the formulae presented here (or elsewhere) have a general
applicability. Each of them may be found to be reasonably satisfactory

in a Timited region or for pérticu1ar sets of data.

2.4 LIMITATIONS OF LEFM

According to the elastic field solutions discussed in Section 2.2.3,
infinitely high stresses exist at the crack front. This, of course, is
inconsistent with the behaviour of real materials (especially metals)
which tend to exhibit a yield stress beyond which they deform plastically.
There is thus always a region around the crack front in a metal where
plastic flow occurs. This fact, however, does not invalidate the methods
of LEFM provided the extent of p]ésticity is small compared with the
characteristic geometric dimension of the crack. In practice, this is
often true, for as the elastic field solutions predict, the high stresses
decrease rapidly away from the crack border.

Modifications of the LEFM analysis have been suggested to account for
the size of the small plastic zone and several procedures have been
proposed. They basically involve the "repositioning" of the crack border.
Irwin (1960) argued that the effect of the plastic zone is to make the
crack behave as if it were longer than its physical size. He suggested
the effective extra crack length (or the "notional" elastic crack length)
being equal to the radius, rp, of an idealized circular plastic zone ahead

of the crack. For plane stress conditions, it was estimated that:
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K
roo= (L2 (2.35)
m UyS
where %s is the yield stress in uniaxial tension. For plane strain

conditions, the correction factor becomes:

oo L (L (2.36)
p em Uys
| Notable among the other plastic zone corrections proposed is the one
by Dugdale (1960) in which the concept of the effective crack being larger
than the physical crack is again considered. The spread of plasticity
ahead of thé crack, dé, is, however, obtained by a different mathematical
approach, and at relatively lTow applied stress levels, the estimated

plastic zone size under plane stress conditions is:

" K
d = %(_I)z (2.37)
Uys

This is almost identical to Irwin's approximation where d? = er, but at
high applied stress levels, Irwin's estimate of the plastic zone size
differs significantly from that obtained by the Dugdale approach.

The application of these plastic zone corrections becomes questionable
if the spread of plasticity is extensive relative to the crack size. An
elasto-plastic analysis would have to be employed then, this being beyond
the scope of the present study. The current testing standard for the
determination of K, (ASTM E399-74) requires that the thickness and the
uncracked ligament of the test specimen should both exceed 2.5 (KIc/bys)z.

This means that, with Irwin's approximation (2.36), the radius of the

plastic zone, r may not exceed 2% of the specimen thickness.
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2.5 FINAL REMARKS

Fracture prevention criteria can thus be derived from fracture

. mechanics principles where traditional engineering design methods break
down. To apply these principles successfully, information and data in
three areas are required: material properties, nature of defects in the
structure or component, and the stress state. In addition to the
conventional mechanical‘propérties, such as Young's modulus and Poisson's
ratio, one of the fracture mechanics material parameters required is the
fracture toughness of the material. This is expressed in terms of the
critical value of the stress intensity factor, Kr.» and, as mentioned in
the last section, standard experimental methods for its determination
have already been developed (ASTM E399-74). Where the problem involves
cyclic loading, the appropriate information concerning the fatigue crack
growth rate characteristics of the material (such as ¢ and m in Paris'
Law (2.29)) is also a prerequisite.

The detection, description and dimensional measurement of the defects
is essential as the location, size, shape, orientation and distribution of
these defects affect the stress state of the component. Such information
is therefore vital to all considerations and computations of the critical
or allowable stresses which can be applied to avoid fast fracture or for
slow crack growth. To this end, non-destructive inspection techniques
have been developed. They include ultrasonic and radiographic techniques
as well as magnetic particle and dye penetrant methods.

In LEFM, the stress state in the vicinity of the crack is
characterized in terms of the stress intensity factor. Indeed, the
eva]uation.of the stress intensity factor for the crack problem under
consideration is an essential part of the solution. A number of methods

for the determination of the stress intensity factor are available. In
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cases where the geometry is relatively simple, analytical tools such as
~complex analytical metﬁods and integral transform methods may be used.
- Experimental methods are also feasible in some simple cases, but the

value of the stress intensity factor has to be obtained indirectly through
a measurable quéntity such as strain or compliance. In practice, the
physical geometry and the boundary conditions of crack problems are
usually complicated, so.numerical methods have to be employed. Stress
intensity factor solutions have been obtained numerically by methods such
as Boundary Collocation, Conformal Mapping, the Alternating Method, Finite
Element Methods, and, not least of all, the Boundary Integral Equation
method. Diécussions on these numerical methods and the stress intensity
factor solutions obtained therefrom are very well documented in the
literature (see, for example, Sih (1973), Cartwright & Rooke (1975),
Luxmore & Owen (1978)), except perhaps for the relatively new Boundary
Integral Equation method. Indeed, the determination of stress intensity

factors by this numerical method forms the major part of the present study.
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Figure 2.1: Plate with elliptical hole under uniform tension
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Figure 2.2: Basic modes of crack deformation
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Figure 2.3: Coordinate system of crack-border stress components

crack front
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Figure 2.4: Local spherical coordinate system at crack front
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Figure 2.5: Log-log plot of fatigue crack growth rate versus stress
intensity factor range



- 46 -

CHAPTER 3
FORMULATION OF THE BOUNDARY INTEGRAL EQUATION

Although, as an efficient numerical tool for stress analysis, the
boundary 1ntegré] equation method is relatively new, the mathematical
basis is classical, and analogous to the methods developed in potential
theory (see, for example, Jaswon & Symm (1977), Cruse (1977)). The
ana]ytica] formulation involves the transformation of the governing field
equdtions applicable to the whole domain into an integral equation over
the boundary. Fundamental to this formulation is (a) the existence of a
solution to the governing partial differential equations of elasticity for
a point 1oad; and (b) a reciprocal theorem relating two functions (such as
displacements and tractions) which are continuous and possess continuous
first derivatives. In elastostatics, the reciprocal theorem is provided
by the well-known Betti's theorem. The requirements for the functions in
(b) do not present difficulties as the governing partial differential
equations in elastostatics are elliptic in nature, thus ensuring continuity
of the displacements and tractions. In this chapter, a review of the
governing equations in elastostatics will be presented and the fundamental
solution of the three-dimensional problem will be obtained. This will be
followed by the proof of the reciprocal theorem, before the integral
equations are derived. * For compactness, the usual Cartesian tensor
notation is used, with implied summation on repeated indices and partial

differentiation being denoted by the comma-index notation.

3.1 REVIEW OF THE GOVERNING EQUATIONS OF ELASTICITY

The equations of equilibrium for an elastic continuum, R, written

in tensor notation is:
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*X, =0 (3.1)

where X . is the body force vector.

In Tinear é]astic theory, the strain-displacement relations are:
e.-.. = % (u. .+u. .) (3.2)
and Hooke's Law for a homogeneous isotropic material is:

O = e St 2uoes (3.3)

In (3.2) and (3.3), €3 is the strain tensor; A = (2uv)/(1-2v) is the

Lamé constant; and 6ij is the Kronecker Delta where:
0 i F g
§.. = (3.4)

Substitution of (3.3) into (3.1) and using (3.2) results in Navier's

equations of equilibrium in terms of displacements:

. '0>+ A"' . .« = -Xo 3.5
Wuy it (A +u) ug i ; (3.5)

The solution to (3.5) must satisfy the appropriate boundary conditions for
the displacements and tractions on the surface S (Figure 3.1), given

respectively as:

ui(f) = gi(f) on S (3.6)
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'and:

ti(:f) = o,.n, = hz(:.z‘:) on 5, (3.7)

where gi(x) and hi(x)'are prescribed functions, and n; is the unit outward
normal to the surface S.

Substitution of (3.2) and (3.3) into (3.7) results in:

The boundary conditions for a well-posed boundary value problem are, thus,
that eithér u: ora combination of the first derivatives of u, are

prescribed over S.

3.2 DERIVATION OF THE INTEGRAL EQUATIONS

3.2.1 The Fundamental Solution

The general solution of the non-homogeneous Navier's equation
(3.5) can be obtained by adding a particular integral of (3.5) to the
complementary function. By an extension of the method of singularities
in the theory of Newtonian potentials, Lord Kelvin obtained a particular

integral of (3.5) (see, for example, Love (1944)). The particular integral

is:
Xe(e) 7
ui(f) = 4 [4B - (xj - cj) Xﬁ(c) (PJ,i av (3.9)
R r
where: r = [(z, - g ) (@, - ci)]% (3.10)
A4y _ A+ 3u
A 8§ mu (A+2u) ’ B = A+ (3.11)

In (3.9), r is the distance between the field point g(z), with coordinates
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'E;, to the variable point p(f) with coordinates 2 The functions Xi(;)
are the components of the body force X expressed in terms of the variables
.of integration Tge
If an idealized case is considered in which a small sphere, Re,
is isolated in the body with its centre at the point p(z) in which the
body force concentrates, the notion of a concentrated load Xg acting at
the point p(f) is conceived in the 1imit as R_~ 0. This provides the
;o]ution to the well-known problem, often referred to as the Kelvin
solution, of a point load acting in the interior of an infinite body.
This fundamental solution can also be quite conveniently
obtained by ﬁsing displacement potential functions. It can be easily

verified that (3.5) is satisfied when:

2uu, = 2 (1-v) Gi,jj - Gj_.ji (3.12)

if Gi satisfies the equation:

= L (3.13)

The vector Gi is commonly known as the Galerkin vector and the G, are
biharmonic functions if Xi = 0. In order to solve a problem in static
equilibrium, these functions have to be determined.

If the coordinate axes are chosen so that Xg acts at the origin

Ly = 0 in the xi-direction, the boundary conditions of the problem are thus:

(i) A1l stresses vanish at infinity;
(ii) The stress singularity is equivalent to a concentrated load

of magnitude |X2| in the x_-direction at the origin.
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~Since body forces are absent, the Galerkin functions for this problem must
.be biharmonic and their third derivatives should define stresses that
-vanish at infinity but are singular at the origin. A function which

satisfies these conditions is:
G. = Bre, (3.14)

where B is a constant, and e, the base vector.
Because of the symmetry of the problem, it is convenient to
work in the cylindrical coordinates system (r, 6, z) in which the

zth-direction and xi-direction are coincident. Thus:

%
G, = Bre, = B (22 +p2)? (3.15)
3G, B 7
from which: -+ =2 (3.16a)
or r
3G.
_*t - Bz (3.16b)
9z o
32G. — )
.- pd-r) - g (3.16¢)
ar2 r r3 3
392G, 2 —
t - pgd_z) - gr (3.16d)
322 Poop3 r3
v2g, = 28 (3.16e)
1 r
2 2 2
where: v2 = —a—~+é-§_-+_1.___+_3__
ar2 p ar r? 382 332

Let (W;, We s Wz) and (GFF"OFB’ etc.) be the physical components of

displacements and stresses, respectively, in the cylindrical coordinate
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system.  Then:

y— = Brz (3.17a)
r 2u1’3 )
Wy = 0 - : (3.17b)
_ B [2 (1-2v) 1 22]
RS trt oy (3.17¢)
_ , - .
G— = B (1-2v) 3 3 r-z (3.18a)
L l,,3 z,5 R
_ B (1-2v) z '
G T (3.18b)
r
B 3
0 = =B [AERLE, BE] (3.18c)
a3 3 5
~ r r
N - P 7 52
— = - (1v2\’)1’+31’2] (3.18d)
rz L 3 5
r r
Oz T 949 = 0 (3.18e)

Since the stresses in (3.18) vanish at infinity and are
singular at the origin with the correct symmetry, the stress singularity
can only be equivalent to that due to a point lToad. A proper choice of
the constant B would thus ensure that (3.14) is indeed the desired solution.

The constant B can be determined by considering a cylinder with
a small cavity at its centre at the origin and with bases at z = + «
(Figure 3.2). The cylinder is in equilibrium, therefore:

SRR XY L

a
+lim [ 217rdz (o5,) (3.19)
> —-q
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The values of the first and second integrals of (3.19) are the same, and

. the third integral is zero in the limit. Since rdr = rdr:

0
|22 ]

.2 oj gnrdr(-o,,),

4wB[(1-2v)afldr+3a3f—P—dr]

o r3 o 13

8 n (1-v) B (3.20)

If [x3] is unity, then:

_ 1
B = m77=% (3.21)
. o 1
The function: G, = g5 PP e (3.22)

is thus the particular Galerkin vector solution of (3.5).

The particular displacement solution is obtained by carrying
out the indicated operations in (3.12), as shown in Appendix A.  The
results is:

1 1

u:(p,q) = 73 T (T=) (7 [(3-4v) Gij +P’ir’j] e (3.23)

where the derivatives of r(p,q) are with respect to the coordinates of the

field point gq(z), i.e.
r, =—-%(E.—;) = -0z (3.24)

The tractions on an arbitrary surface around the point p(x)
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can be obtained by differentiation at p(x), using (3.8), of the

~displacement solution (see Appendix A).  The result is:

= - 1 1y {32 7o
b0 = = groay () Uy U129 85+ 8y ol
- (1-2v) (nj ?’7: -n, r’,j)} e; (3.25)

where the normal is taken at g(x) and:
ar _ odr _l—_
3 S —ny =3 (xi Ci) n. (3.26)
If Uij(p’q) and Tij(p,q) are the Zth components of the

displacement and traction vectors at point g(z) corresponding to a unit

point Toad in the jth-direction at p(z), then, from (3.23) and (3.25):

ui(p,q) = Uij(p,q) e (3.27)
: ti(p,q) = Tij(p,q) e (3.28)
and:
- 1 1 _
U;o(ped) = ey () L(5-4v) 6+ rpry ] (3.29)
T..(p,q) = - L (L) {2 ((1-2v) 5., +32,.7,.]
i P24 Fw (1-v] ' 2 lon id 2p g

- (1-2v) (nj r,, - n, r,j)} (3.30)
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3.2.2 Betti's Reciprocal Work Theorem

The boundary integral equation for the complementary function

-may be derived from the Divergence Theorem which may be stated as:
faiicw =_fain.&? (3.31)

where the vector field a . is continuously differentiable in k and on its
surface S.

Consider two equilibrium states of an elastic body: one with
displacements U, due to the body forces X, and surface tractions t; and
the other with displacements ué due to body forces X} and surface tractions
tl. Using (3.2) and the Divergence Theorem (3.31), the work that would
be done by the unprimed forces X;s g if they acted through the primed

displacements ué can be written as:

t.uldS+ [X.uldv
T 1 R’L’L

N
=Sf .. 7. u’dS—fow,J 1';dV
S [y @ = oy s ui @ (3.32)

Carrying out the indicated differentiation in (3.32), and using Hooke's

Law (3.4):

Sftz'“éds*ﬁ,fxiuédv
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r
}{(A 612,7' e * 2 eij) ui s av

Rf[)\ Crp b gtV (ui,j +u, J)oul .1 dv

> ds? 5d

! ! !
}{[A ek Cor * ¥ z’fi,j ui +u ue g ui,j] av (3.33)

= nul -u

Since: nu. -ul = q P,
Jds

- Jst tsd Tyd

the integral (3.33) and hence the original expression is symmetric with

respect to the primed and unprimed states.  Thus:
! = ! ]
Sj’tiuids+éfxi ul dv S]tiuidS-ijXiuidV (3.34)
which, in the absence of body forces, becomes:

S)’ti uids = s!té u, ds (3.35)

This result is the well-known Betti's Reciprocal Theorem.
In what foliows, only the case of zero body force will be

treated.

3.2.3 Integral Equations for Displacements and Stresses at Interior

Points

With no loss of generality, assume in (3.35) that one stress
state is unknown and reguiar, and the other stress state corresponds to
the fundamental soiution to Navier's equation, (3.23) and (3.25).

Consider the domain (R-—Ré) where Re is the part of R with surface S_s
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~contained within a sphere with centre at p(x) and radius e (Figure 3.3).

_Writing (3.35) for this region, viz:
ft.u;‘de‘+ft.u’§dS‘—f= ftguids+ft;fuidas (3.36)

where u} and ¢} come from (3.23) and (3.25).

The reason p(x) é R has to be isolated is because of the
singular nature of the fundamental solution at p(z).  The limits for
(3.36) as € » 0 is now taken in the usual way as in potential theory.
Since ué is singular, 1/r, the integraléf tiugdﬁ can be written as

: €

ff (f(Q)/c) dS(Q) where f(Q) is continuous. Further, it may be written as:
c .

fi(Q—)dS(Q)=fﬂ-EldS+ff(Q)_()ds
s ¢ s F S €
€ €. €
= I, + I, (3.37)
Since the area of the sphere is 4w e2:
Lim I, = Zimﬂsl'i4n82 = 0 (3. 38)

g0 g0

Also, since a surface integral does not exceed the area of the surface

times the maximum value of the integral, we have:

[I2| s 472 Jf(QE) il 2 < 4w mzx |F(Q)-F(p)| (3.39)
and since f is continuous. |12| tends to zero as ¢ »~ 0, i.e.
1im | t,urds = 0 (3.40)

e*0) S
: £
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The integral é't£z4ids may similarly be written as:
' e

/ u, t;’f s = (u;(Q) - u.(p)] t;f das + ui(p) J t;’f ds
S S S
€ € , . €
= g, + J, (3.41)

Since displacements are continuous at pfxz), by similar arguments as in

ﬂ3.39), Jq vanishes as ¢ ~ 0. But:

im [ t3d5 = 6..e. (3.42)
- v d
[
: ; .t = , §..e. = . . 3.43
Thus ngsf uy 1 ds u,(p) i 5 U (p) e ( )

Substituting these results into (3.36) and taking the limit as

e + 0 results in:

[t.u*ds = wu.lp) e.+ [u.t?ds (3.44)
g t 7 J J g t T

Taking each of the e terms as independent and making the substitutions
u§ =U..e., t; = Tij e the following integral equations are obtained:

g J

. = . .. - . . .(p, 3.45
u,(p) Sf tJ (Q) Uw (p,Q) dS(q) sfu'j (q) Tw(p Q) ds(q) ( )

This result is known as Somigliana's identity for displacements and is a
continuous representation for the displacements at any interior point p(f)
in R.

To obtain the stress state at interior points, Hooke's Law is

again invoked following the differentiation of (3.45) with respect to the
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coordinates at p(x), viz:
g

ag..lp) = 1A 8113’ U % +u (ui_,j + uj_,i) (3.46)

Substituting (3.45) into (3.46) and operating (3.46) as indicated, thus:

cij(p) = Sf b NS Uy ot (U o+ Us, )1 &
- Sfuk 8 T * ¥ (Tik,j * Tjk’i)] ds (3.47)
which may be abbreviated to the form:
oij(p) = Sftk(Q) Dkij(p_,Q) ds(q) - Sfuk(Q) Skij(p,Q) ds(g) (3.48)

The third order tensors Dk"
id

identity (3.24) and following the operations under the parenthesis signs

in (3.47):

and Skij may be obtained by utilizing the

1-2v 1
Drii @ = grrrouy () Uy Poj * 85 Oy

r

3
- 6‘1:(7. r'_,k + m 1"_,7; r'_,j r'_,k] (3.49)

u 1 ar _
Skij(p’Q) m (;—3—) {3 5; [(1 2v) 57:;}. I’_,k

+n, (3 v r'_,j Toyp * (1-2v) ij]
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+ oy (3 (1=2v) Py Pss (1-4v) §

; Py (3.50)

In (3.49) and (3.50), all implied differentiation is again with respect to

the coordinates at the field point @(x) and the normal evaluated there too.

3.2.4 The Boundary Integral Equation

The boundary integral equation is obtained by taking the point
pﬂf) to a boundary point P(f). Let P(f) be a point on a smooth surface,
or at the infersectioh of several smooth surfaces, i.e. at an edge or-
corner, on the boundary S of R (Figure 3.4). R_ is again taken as the
part of R contained within a sphere of radius ¢ centred at P(x) and Betti's
theorem again written for the domain (R-—RE) as in Section 3.2.3, with the

1imit as ¢ » 0 examined, i.e.

Z. . . o - . .. = .
Lim sf-s i {tJ(Q) U ;(P»@) dS(Q) = u(Q) T,;(P,Q)} ds(q) 0 (3.51)
€ €

By the Timiting procedures as described in Section 3.2.3, it can be easily

seen that:

ZZ SJ_S " tj(Q) Uij(P,Q) ds(q) = Sj tj(Q) Uij(P,Q) ds(q) (3.52)
€ €

The second integral of (3.51) can be written as:

u.(Q) T..(P,Q) ds = (u.(Q) — u.(P)] T..(P,Q) dS
ngE+Sé J i | g;ss+gé J J g
+ [ u;(P) T;:(P,Q) ds (3.53)

S-S +8!
€ €
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and provided that the surface at P(x) or the surfaces that intersect at

“P(x) are smooth, by the argument developed in (3.39):

; . - u. ..(P, = 3.54
z«;rg sI.'—s [u (Q) - u ; (P)] T (P,Q) ds 0 ( )
E €
: 1 , .. = .. . 3.55
Thus ng sI'—s u;(P) Tw(P,Q) ds C;5(P) u;(P) ( )
E €
: .. = ; . 3.
where Y (P) ng S{;'SE T (P,Q) ds(q) (3.56)

The boundary integral equation is:

(P u. (@) T.. = [t.(Q) U.. 3.
C;(P) uJ(P) + Sj’uJ(Q) T, ;(P,Q) ds SItJ(Q) U,LJ(P,Q) ds (3.57)
The integral on the left hand side of (3.57) only exists in the sense of the

Cauchy principal value and is to be interpreted as such.
If the tangent plane at P(x) is continuous, it can be shown (see
Appendix B) that:
Cij(P) = % aij (3.58)
(3.57) is thus the boundary constraint equation relating surface tractions

to surface displacements for an elastic body.

3.3 FINAL REMARKS

The boundary integral equation (3.57) has been formed in terms of the
physical tractions and displacements on the boundary of the elastic domain.
Where tractions are prescribed on the boundary, the corresponding
displacements are the unknowns for which the integral equation is to be

solved for, and vice versa. Once (3.57) has been solved, the displacements,
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~ tractions and stress tensor will then be known everywhere on the boundary.
. From these data, the displacements and stresses at any specified interior
- points may be obtained from (3.45) and (3.48).

The formulation described above is often known as the direct
formulation. .Other methods of integral formulation do exist for two- and
three-dimensional problems and they are broadly classified as the semi-
direct and the indirect metﬁods. In the semi-direct method, the integral
equations are formed by using unknown functions which are related to the
stress functions, from which the displacements and tractions are obtained
on solution of the integral equations. In the indirect formulation, the
integral equations are formed in terms of fictitious density functions
which have no physical significance but once obtained will provide the
values of stresses and displacements. Semi-direct methods have been
developed and implemented by several authors such as Jaswon & Symm (1977)
for elastic problems and by Mendelson (1973) for elastic as well as elasto-
plastic problems. The indirect method was originally developed by
Kupradze (1963) and has been simplified and applied to elastic problems by
Banerjee (1976), Altiero & Sikarskie (1975) and Butterfield & Tomlin (1972),
among others.

Finally, questions pertaining to the existence and uniqueness of
solution for the boundary-value problem formulated in the manner described
may arise. Equation (3.57) is strongly suggestive of the integral
equations of the Fredholm-type, therefore the demonstration of existence
and uniqueness of solution can be made to depend on the existence of the
solution of the Fredholm-type equations. The kernels occurring in the
equation are, however, strongly singular, but the equation may be
transformed by regularization operators into equivalent weakly singular
equations thereby allowing the Fredholm alternatives to be applicable (see,

for example, Mikhlin (1965), Cruse (1977)).
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Q(x)

S = Su+St

Figure 3.1: The physical domain of a mixed boundary-value problem

Figure 3.2: Cylindrical boundary used for evaluating the constant B
for Kelvin's problem (equation (3.14))
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Figure 3.3: The domain R_ isolating p(x)

Figure 3.4: The domain R, isolating P(x)
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CHAPTER 4

THE NUMERICAL SOLUTION OF THE INTEGRAL EQUATIONS

To solve analytically the integral equations obtained in the previous
chapter 1is, in.general, quite difficult, if not impossible. The advent
of high speed electronic digital computers has, however, facilitated the
solution of these equations by numerical means. Since Rizzo (1967) first
presented the numerical solutions for some plane problems in elastostatics,
the advances in the numerical implementation for both two- and three-
dimensional problems have enabled the boundary integral equation method to
become a wofthy alternative to other numerical methods, such as the finite
element and finite difference methods, in stress analysis. In this
chapter, the various numerical formulations for the direct method will be
reviewed and the particular solution strategy adopted for the present work

will then be discussed in greater detail.

4.1 REVIEW OF VARIOUS NUMERICAL FORMULATIONS

The numerical solutions to the integral equations obtained in the
previous chapter are found by discretizating the surface S of the domain
into elements. Unlike many other numerical methods in stress analysis,
the interior of the domain is not discretized; this being unnecessary
because of the integrals appearing in the equations are surface integrals.
The main difference between the various numerical formulations to be
described here then is the manner in which the surface S is represented by
the elements and the assumptions made as regards the variation of the
tractions and displacements over these surface elements.

The formulation by Rizzo (1967)‘for plane elastostatics follows very

closely to that by Jaswon (1963) and Symm (1963) for potential theory,
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~where some simple boundary value problems were solved using the boundary
_integral equation method. The boundary in this case is represented by

- segments, each of which is a straight line joined at points on the surface,
and over each of which the unknown functions are assumed to be constant;
the constant vé]ue being associated with the mid-point of each segment.

The extension to three-dimensional elastostatics by Cruse (1969)
follows very similar lines ekcept now the surface of the body is represented
by plane triangles over each of which both the displacement and traction
vectors are assumed constant. The boundary integral equation is written
for the centroid of each of these elements so that the load point P(f) is
never 1ocatéd at an edge or a corner. With this form of discretization,
the boundary integral equation (3.57) reduces to a set of algebraic
equations, viz:

M

Yu p,) + I ougq) | T (P,,Q) dS(Q)

m=1 ASm

m:

= Ifl 6:(Q,) AIS Uji(Pm,Q) ds(q) (4.1)
m

for each centroidal point » = 1,M where M is the total number of surface

elements AS.

The integrals in (4.1) may each be evaluated analytically which was
done by Cruse, knowing the size, orientation and location of each of the
surface elements, and the material properties. Because the coefficients
of ui(Qm) and ti(Qm) are, in general, not of the same order of magnitude,
Cruse scales the coefficient of ui(Qm) by the shear modulus to ensure
proper conditioning of the system of equations, which are then solved by
standard Gaussian elimination. Once these equations are solved, all the

boundary data are known and may be used to obtain the solution for the
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displacements and stresses at any specific points by direct integration of
the identities (3.45) and (3.48). Substitution of the discretized boundary
- solution into (3.45) and (3.48) yields:

. M
us(p) = mzl t:(Q.) Afs U;5(p,Q) ds(q)
m
M )
- mzl u;(Q ) Afs Tij(p,Q) ds(q) (4.2)
m
M
Gij(p) = s t.k(Qm) A{s Dkij(p"Q) ds(q)
m .
T f (
- u, (9 ) S, ..(p,Q) ds(qQ) 4.3)
m=1 k' ®m A’Sm kig

Again, the integrals in (4.2) and (4.3) may be obtained in closed form.
With this boundary discretization, Cruse (1969,1973) obtained very
high numerical resolution of the solution, a feature quite unlike finite
element and finite difference methods. But for the solution of practical
problems, a large number of surface elements is often needed so the
advantages over, say, the finite element method, is not often clear.
Ricardella (1973) and Cruse (1974) later improved on this numerical
formulation by allowing displacements and tractions to vary linearly over
each boundary element. In the three-dimensional improved formulation by
Cruse (1974), most of what has been described remains basically the same
but the unknowns are now associated with the three nodes at the vertex of
each triangular planar surface element. Writing the integral equations at
these nodes results in a system of equations as before. Again, the
integrations necessary to obtain the matrix coefficients may be obtained
analytically, but the coefficient of the free term of the integral equation

may not beA%aij, this being the case when P(x) is at a corner or an edge.
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The coefficient of this free term is, however, calculated implicitly by
~considering rigid body'trans]ation corresponding to which the stress field
-is zero.  Suffice to say here that the results and run statistics presented

for the problems solved showed this formulation to be more efficient than

the previous one. However, the number of surface elements required to
model practical problems is st111 fairly large and the advantages over
other numerical methods, in ﬁerms of efficiency, are again not often very
gvident.

1In this respect, the most significant advances in elastostatics

applications were made by Lachat (1975) and Lachat & Watson (1975,1976,

1977). In fheir formulation, parametric representations of geometry and

functions are used. 'The surface elements are allowed to be curved, the

geometry of each being defined by quadratic shape functions of intrinsic
coordinates similar to those used in finite element analysis for plane
problems (see, for example, Lienkiewicz (1977)). The variations of
displacement and tractions, on the other hand, are defined by either
linear, quadratic or cubic shape functions. Gaussian quadrature formulae
are used to evaluate the integrals for the coefficient matrix, as they are
extremely difficult to obtain analytically, especially for curved elements.

The coefficient of the free term of the integral equation and the Cauchy

principal value of the integrals are calculated implicitly by, again,

considering rigid body translation. Further, suitable transformation of
the intrinsic coordinates ensures accuracy to be maintained even when
integrating over regions where the functions vary very rapidly. In their
formulation, a variable integration scheme was adopted; the quadrature
formula for each element of integration being chosen according to the size
of the element and its distance from the singularity of the kernels.  Sub-

division of the finite body can also be done, and the integral equation is
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~then written for each sub-region.  This would result in a banded system
. of equations which are then solved by Gaussian elimination block solution
- techniques.

The numerical formulation used irn the present work is almost
identical to tHat proposed by Lachat (1975) and Lachat & Watson (1975,1976,
1977) and hence will not be presented in this review, but instead be
discussed in greater detail fn subsequent sections of this chapter.

Based broadly on this numerical formulation, Rizzo & Shippy (1977) have
also presented an analysis, with numerical results, for three-dimensional
linear, homogeneous, isotropic steady-state thermo-elasticity. With this
isoparametric formulation, it has been shown (see, for example, Lachat
(1975), Lachat & Watson (1975,1976), Tan & Fenner (1978), Cruse & Wilson
(1978)) that the accuracy and resolution of solutions are greatly improved,
and for most practical cases, it is more economical than the finite element
method.

More recently, Watson (1978) extended the isoparametric formulation to
the analysis of infinite bodies consisting of several sub-regions, by the
introduction of "infinite elements". The limiting state of stress at
infinity is assumed to be known in this formulation. Except for some
minor modifications pertaining to the integration over the infinite elements,
and an important modification of the implicit calculation of the Cauchy
principal values of certain integrals and the coefficient of the free term,
the rest remains basically the same as in the finite body formulation above.
In the same reference, Watson also presented an alternative formulation -
the Galerkin formulation - in which surface integrals are matched. The
surface is still discretized into isoparametric elements as before, but
collocation is at the Gauss integration points for the integration over

each element, unlike the earlier formulation which is at the nodes of the
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‘element. But, by using the shdpe functions corresponding to the nodes,

_the construction of the system of equgtions is in terms of nodal values of
displacements and tractions as before. There are some inherent
computational difficulties in this formulation. Although not
insurmountab]e,'they cause considerable computational effort which Tled
Watson (1978) to conclude that this method involves about the same amount
of computation, if not more,'than the nodal collocation formulation.

In the subsequent sections, the isoparametric nodal collocation
formulation adopted for the present work will be described and discussed.
For three-dimensional analyses, it has been found that the isoparametric
quadratic vafiation is usually the most efficient (see Lachat (1975),
Lachat & Watéon (1975,1976)), hence only this form of geometric and

functional variation is implemented in the present work.

4.2 PARAMETRIC REPRESENTATION OF GEOMETRY AND FUNCTIONS

The surface of the body is divided into quadrilateral elements
(Figure 4.1), each of which has eight nodes. The elements are generally
curved and the geometry of the surface is defined in terms of the
quadratic shape functions of intrinsic coordinates of the elements. Thus,
the Cartesian coordinates xi(g) of any point of an element are defined in

terms of the nodal coordinates mz by:

w (8) = () 2 , e = 1,8 (4.4)

1
where: vlieg) = -“2(1—51)(1-52)(1+51+g£ (4.5a)
W2(g) = L(1-¢3) (1-¢,) (4.5b)
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WE) = -2 (14E) (1-8) (1+E,-E)) (4.5¢)
N‘*(g’) = Lirve) 1-ey (4.5d)
NS(g) = -%(zfgl)?1+52)(1-£1—sg (4.5¢e)
Ne(g) = %-(1-+52) (1-¢7) (4.5f)
1»(7(5) = --Zz-('z-gl) (1+E,) (1+E;,-¢,) (4.59)
W(g) = % (1-£) (1-82) - (4.5h)

Differentiating with respect to the intrinsic coordinates, the vectors

tangent to the local coordinate lines are:

e = o af(e) e :

(4.6)
B aEB ‘BEB

-
w0
"Hn
R p—
-
N W

The vector normal to the element is thus the vector product of the two

vectors defined by (4.6), i.e.

¢7 %2 &

. Ao ) aml o 2 o 3
71 72 g, g, g
8.’1:1 8&:2 3x3

iy 3, Ky

J +Jd, e, tJd, e (4.7)

1% Y8793 %
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The Jacobian of transformation is then the modulus of (4.7), i.e.

' L
l7e)| = (92 + JF + J%)* (4.8)

and the unit outward normal components are then given by:

g
A '
n. = . z = 1,3 (4.9)
t l7(e)]

Similarly, the displacements, “i(g)’ and tractions, ti(g), at any
arbitrary point of an element are defined in terms of the nodal values and

the same shape functions (4.5), viz:

(]
u_ (&) o) u; (4.10)

[¢]
t.(E) wc(g) £ (4.11)

4.3 NUMERICAL FORMULATION OF THE BOUNDARY INTEGRAL EQUATION

Let there be a total of g distinct nodes and d(b,e) represent the cth
node of the bth element, ¢ = 1,8, b = 1,#4.  Substitution of the parametric
representation of u; and ¢, into (3.57) for each of the g functional nodes

results in the following set of simultaneous equations:

M 8
' 5]
C;i(Py) ui(P,) +bzl Z uJ.(Pd(b’c)) fTiJ-(Pn,Q(g))lv (g) |a(E)| de
=1 e=1 Sb
M 8 |
i bZI czl tj(Pﬁ(b,c)) g' Uij(Ph,Q(E)) ¥oee) |Jce)| de (4.12)

b

Equation (4.12) represents a set of 3g equations in 6g nodal values
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~of displacement and traction, half of which are known. These equations
_are equations of nodal collocation, fpr they assure, subject to the

- approximations made in representing the surface S and the functions U and
s satisfaction of the integral equation at the g nodal points. The
coefficients of these equations are the values of the free term of the
integral equation at functional nodes and the integrals of the kernel-
shape function products over the surface elements. How these coefficients

are evaluated will now be discussed.

4.3.1 Evaluation of Equation Coefficients
Frovided that due precautions are taken when the integrand
tends to infinity, the integrals appearing in (4.12) may be accurately
evaluated by Gaussian quadrature formulae. To do this, it is necessary
to consider both the case in'which the node P is one of the nodes of the
element to be integrated over, Sb, and the case when it is not.

Where P is not a node of S,, the integrand varies smoothly

b
over the region of integration and hence may reasonably be approximated by
a polynomial. The integrals may thus be evaluated by the following

Gaussian quadrature formula:

+1 +1 X §
[ ] flepeg) g de, = ) wgw F4 ) (4.13)
-1 -1 ‘ =1 m=1

where wy are the weighting coefficients, f(¢m,wz) the value of the
integrand at specified points (¢m,wz), and x the number of Gauss points in
each coordinate direction used. It is implied in (4.13) that the order
of the integration formula is invariant for all 5, and all P s which is
the scheme used in the present work. Although an invariant integration

scheme can be wasteful of computing resources, this inefficiency may be
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largely offset by a good choice of boundary discretization, which
_admittedly can only be made in the light of experience.  The order of
- integration formula is therefore fixed for a given problem and it is found
that a reasonable value for yx -is 4.

Where P, is a node of Sb’ the integrand varies very rapidly
and a somewhat different integration scheme has to be adopted. The
quadrilateral element is divided into either two or three triangular sub-
g]ements (Figure 4.3), depending on whether P is a corner or mid-side
node of the quadri]ateralielement. In each triangular sub-element, P is
located at the vertex and the base opposite P is a side of the
quadri]ateré] element.

For each triangular sub-element, a Tocal system of coordinates
("1’"2) may be defined (Figure 4.4). The coordinates n, are defined in
terms of Ey by the relations:

g () = I"(n) L (4.14)

¢ )

where L™ (n) are the linear shape functions defined in:
1
t"(n) = Z(1+n,ny) (1+n, ng) (4.15)

In (4.15), n: are the intrinsic (triangular) coordinates of the mth node

m)

of the sub-element. Also, in (4.14), gi are the intrinsic coordinates

of the vertices of the triangle and at the vertex where P is located,

The Jacobian of transformation from the na-system of

coordinates to the ga-system is thus given by:
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9L '(n) _m 3L (n) _m
_ an, °1 . Tan; °2
J(n) = . N (4.16)
3L (n) _m 3L (n) gm :
3, 51 Bn, -2

and the Jacobian for integration over each of the sub-elements is then:
J(n) = J(£) T(n) (4.17)

Since the lines ng = +1 and ng = -1 converge to a point at Pn, the
Jacobian J(n) is 0(r). Where P #'Riﬂb,c)’ the shape function ¥(g)

is also 0(r), so a]thqugh Uij is 0(1/r) and Tij is 0(1/r2), the kernel-
shape function products tend to a finite limit as P is approached.

Where p = Pd(b,c)’ the shapg function Nc(g) at P equals unity; the
product Uij(Pn,Q)Nc(a)J(n) thus still tends to a finite limit as P? is
approached.  Gaussian quadrature formula (4.13) may therefore be used for
all these cases.

This leaves the integrals of Tij(Pn,Q)Nc(g)J(n) for the case
when P, = Pd(b,c)' They exist only in the sense of the Cauchy principal
value and there is no suitable quadrature rule for obtaining these values.
However, there is no need to evaluate separately either this integral or
the coefficient Cij(Pn{ of the free term both of which contribute to the
same leading diagonal (3x3) sub-matrix of the coefficients of equations
(4.12). This leading diagonal term is evaluated indirectly using the fact
that the stress field corresponding to rigid body translation is zero.
Writing the integral equation in global coordinates for this case where

tj(P) = 0 everywhere, thus:
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M 8
CiiB)+ L1 8, [ TP ,00) W(g) |Je)| de

b=1 c=1 Sb
Ig g / W(g) |Jee)|
= - (1-6_ ,) T, .(P ,Q(g)) (g) |J(g)| d& (4.18)
b=1 c=1 nd Sb Won

4.3.2 Further Notes on‘the Formation of the Coefficient Matrix of

the Equations

For each node P, 2 set of three equations corresponding to the
three degrees of freedom are calculated simultaneously. The integrals in

(4.12) when P, # are calculated directly and placed in the matrix

Patp,e)
and second member. Where “j(Pﬁ) is the unknown, the integral of Tij i
is placed in the matrix, while the integral of Uij #° is multiplied by the
known function tj(Pd) and placed in the second member. Where uj(PE) is
known, then it is multiplied by the integral of Tij #°, sign reversed, and
placed in the second member, while the integral of Uij ¥°, sign reversed,
is placed in the matrix. The values of the coefficients of the leading
diagonal sub-matrix are meanwhile summed according to (4.18) and if uj(Pd)
is the unknown, the corresponding coefficient is placed in the matrix.
Conversely, if tj(PE) is unknown, the corresponding coefficient of ”j(Pd)
is multiplied by uj(Pd)’ sign reversed, and placed in the second member.
Thus, as expressed in (4.12), there is a contribution both to
the matrix and the second member for every term of the double sum. But
consider the case where there are two adjoining elements, one fixed in the
Zth direction, while the other free in that direction (Figure 4.5) and
Pd(b,c) is a common node. The unknown in the Zth direction is then ti(Pd)
so the integral over Sé (the free element) of the product Tij #° must be

multiplied by the known ”i(Pﬁ) and placed in the second member. But,
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although the traction ti(Ed) is the unknown, the limiting value of the
“traction on Sé as P, is approached is known. The integral over Sé of the
. product Uij ¥° should therefore be multiplied by the known limiting value
of the traction and also placed in the second member. The same is true
for the other shared nodes. Thus, in this case, there are terms in the
double sum of (4.12) for which both of the integrals of the kernel products
should be placed in the second member. The matrix coefficients of 12 of
Fhe shared nodes should consist of the integrals over the fixed element only.

Now, although physica]]y point or Tine constraints and loading
are impossible (being mathematical conceptions), it is often useful to have
such boundary conditions in practice. However, if the procedure
described above is applied to these cases, there would result a system of
equations of traction/displacement unknowns to which there correspond zero
surface areas. For these cases, Lachat (1975) spread the point/line
displacements or loads over the elements sharing these isolated nodes or
common sides by means of the shape functions. Local errors are therefore
to be expected, although away from these points, the error in the solution
would probably be relatively insignificant. Except for a special case,
these point or line constraints and loading are not treated in the present
work.

The special case of point constraint will now be considered.
Often, even though tractions are to be solved for where displacements are
prescribed, the values of these tractions can be obtained, even before the
equations are solved, from physical arguments. In this case, isolated
point or line displacement constraints can be treated without causing any
significant local errors. For each such constrained node, the whole row
and column of the matrix corresponding to that node is made equal to zero,

with the exception of the diagonal coefficient which is set equal to unity.
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The corresponding second member of the matrix is then replaced by the
~value of the displacemént constraint.

Finally, the numerical vaiues of the integrals of Uij ¥ are,
in general, several orders of magnitude smaller than those of Tij . To
ensure proper cbnditioning of the set of equations, the equations are
scaled to be non-dimensional. The integrals of Tij ¥° are not scaled as
they are already non-dimensional but integrals of Uij ¥ are multiplied by
{E/ZO) where Z, is the greatest dimension of the structure. Prescribed
values of tractions and displacements are divided by £ and L, respectively,
and after the solution of the equations, the calculated values of tractions

and displacements are, of course, multiplied by these gquantities,

respectively.

4.4 SOLUTION OF THE SYSTEM OF EQUATIONS

The solution of the system of equations can be done by Gaussian
elimination. But the matrix of'the equation set is, in general, fully
populated and non-symmetric, and for practical three-dimensional problems,
the matrix may be too large to be retained in the central memory of the
computer. This is despite the fact that the dimensionality of the problem
has been numerically reduced by one with the boundary integral formulation.
It is thus necessary then to store the coefficients of the matrix on a disc
file. This being said, the reduction of equations must be carried out in
such a way that the input-output time for this file is low. An effective
and efficient strategy is the block elimination technique in which several
unknowns are eliminated during each sweep of the disc file. One such
block solver has been presented by Das (1978) where the matrix coefficients
are stored in a sequential file. Another, arguably more efficient, solver

has been presented by Lachat (1975) and Lachat & Watson (1977) and is the
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block solver used in the present work.
The matrix coefficients are written to a random access file in rows
~and as many complete rows as possible are put in each record. During the

reduction of the equations, there are five arrays in central memory:

i) The "Slow Block" of length equal to an integral multiple of the
file record 1ength;
ii) The "Slow Output Buffer" of length equal to that of a file
record.
iii) The "Fast Block" of length equal to that of a file record.
iv) The "Fast Qutput Buffer" of length equal to that of a file
record.

v) The second member.

The length of the file record can be easily modified to suit the
computer system characteristics.. A flowchart, as presented and discussed
in much greater detail by Lachat (1975), is shown in Figure 4.6.

Referring to this figure, it may be seen that each time the file is read
and re-written, LC unknowns are eliminated. When re-writing the file,

the number LCF of complete partially reduced equations per file record is
increased whenever possible. Eventually, all the remaining partially
reduced equations can be put into slow block and forward reduction ends

as a wholly fast-core operation. The reduction of the second member takes
place at the same time as that of the matrix to avoid creating a file of
pivots. The solution of the equations is then obtained by direct back-

substitution.
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4.5 EVALUATION OF THE SURFACE STRESS TENSOR

The stress tensor at surface poipts may be obtained from the tractions
- and tangential strains at the surface. The tractions at the surface would
all be known immediately after the sotution of (4.12), but the surface
strains would éti]] have to be determined first before the surface stress
tensor could be obtained.

In general, the vector fangents to the local coordinate lines of the

quadrilateral surface element, i.e. §.q> are not orthogonal. But a local

B

orthogonal system of axis may be defined as follows. Let my s and My ; be

the unit vectors in the coordinate directions £ and £y respectively, and

My ; the unit normal to the element (i.e. = nj). If U, are the direction

cosines of this orthogonal system of axes in the global Cartesian system,

then the local orthogonal system is defined by taking Mo = my i Mgi = m3j

and u_ . the vector product of m ; and My (Figure 4.7).

2J
Further, let u., e.., o.. and £. be the displacements, strains,
1 1J % 1
stresses and tractions, respectively, in this orthogonal local system
defined by Wit The displacements in the orthogonal tangential directions

are thus given by:

u (8) = N°(¢) u? . (4.19)

Differentiating (4.19) with respect to the local orthogonal coordinates in

the surface tangential directions, u,. and Mo the tangential strains in

17
thic local system of coordinates are obtained (see Appendix C).

u, .

p . (4.20a)
11 13 J
1 1544
_ c H,. COS O e U, .
cpp) = - W LE 0 » WL o 2 (4.20b)
1 J'|521| sin 8 tg 0 |5,,| sin 6
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_ — _ wl) o Mag _afe) e M1g %° °

e e = . .
12 21 3 3 .
&1 J |821| t1 J |311| sin 6
aN°(E) e M15
+ U d (4.20c)
o,

j'|312| sin 0

In (4.20), @ is the angle between the two tangent vectors my 5 and Mg

(Figure 4.7). Using Hooke's law, the stress tensor o;5 May then be

obtained from the tractions and these surface strains, viz:

- _ E — — v
94y - (211 + v e22) + 375 t3 (4.21a)
5. =5 = E 3 (4.21b)
12 21 2(1+v) “12 :
G = L G tve, )+t (4.21c)
22 1_y2 ez 117 T T-v '3 .
Oz = Tz (4.21d)
Ozg = Ogz = Ty (4.21e)
o, T 013 = Iy (4.21f)

The stress tensor in the global Cartesian system may then be obtained by

the simple transformation:

o5 T Yki V1§ k1 (4.22)

The surface stress tensor may alternatively be calculated directly

from the integral equations by taking the limit of p(z) + P(x) in (3.48),

X

Rl
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but this procedure would be very much more expensive that the procedure

~described above.

4.6 EVALUATION OF STRESSES AND DISPLACEMENTS AT INTERIOR POINTS

The eva]uétion of stresses and displacements at any point in the
interior of the body follows only after the solution of (4.12). To do
this, the Somigliana's identities for stresses and displacements,

i.e. (3.48) and (3.45), respectively, are discretized in the same way as
the-boundary integral equation (4.12).  Since all the boundary
displacements and tractions are now known, the internal point stresses and

displacements can be obtained directly by integrating over all the surface

elements.
M 8 IVC
oij(p) = bzl CZZ {Sj Dijk(p,Q(g‘)) (g) tk(Pd(b,c)) |7(g)| de
b
- S ;.1 (P»Q(8)) Ne(e) Py o) |7(g)| de} (4.23)
5,
M 8
u.(p) = bzz CZZ {Sj U, (0> Q) ¥ () £ a0, o) |7(e)| de
b

_S; T,:(pQ(E)) ¥ () u(Py ) |Jce)| de) (4.24)

b

(b,e)

The integrals in (4.23) and (4.24) are evaluated using the Gaussian

quadrature formula (4.13), as before.

4.7 FINAL REMARKS

It is now generally acknowledged that the isoparametric formulation
based on the shape functions, presented in this chapter, is near the limit

of its development for elastostatics. Exceptions perhaps arise for the
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generalizations to non-linear aha]ysis and the modelling of cracks and

. other forms of singularities. It has been suggested (Watson (1979)) that
- computational efficiency of the boundary integral equation method could
probably be still significantly improved by replacing the present shape

functions by cubic splines or cubic Hermitian functions.
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Figure 4.1: The eight-node isoparametric quadrilateral surface element

th
Element

Figure 4.2: Parameters of equation (4.12)
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P

n . ['Dn

(a) P, at corner of element (b} P at mid-side of element

Figure.4.3: Triangular sub-elements of a quadrilateral element

a:sz:'-\ e
M=+
/
q1: s

)

g:au\\\‘* *////%:%
Pn at flzz ~]

Figure 4.4: Coordinates for integration over a sub-element
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Element fixed
in the ith-
direction

Element S'b free in
the it"—direction

Figure 4.5: Shared nodes of fixed and free elements

Figure 4.7: Local coordinate axes for stress calculations
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Begin
| -
. r h
Read slow block
of LC equations

LC>]V

Eliminate LC-1 unknowns
in slow block

i

Transfer LC reduced equations
to slow output buffer and
write to file as necessary

Write remaining
equations in
no more -equations to reduce fast output
- {more equations buffer to file

to reduce

. Read fast block of LCF equations.
ETiminate the LC unknowns corres-
ponding to equations in slow block.
Transfer partially reduced
) equations to fast output buffer and

write to file as necessary.

more equations to read |no more equations to read

- »

erte remaining equations Back
in s1owtgu¥g?z buffer |— substitution End

Figure 4.6: Flowchart of block solver
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CHAPTER 5
APPLICATION OF THE BOUNDARY INTEGRAL EQUATION METHOD

TO LINEAR ELASTIC FRACTURE MECHANICS

The determination of crack front stress intensity factors, as
mentioned in Chapter 2, forms an essential part of the solution of the
problem in elastic fracture mechanics analysis. The importance of the
stress intensity factor in the methodology, such as the estimation of the
static strength of cracked components or of the residual fatigue life, has,
over the past decade, stimulated the search for and development of
effective and efficient methods for the solution of complex crack problems.
These methods inevitab]y have to be numerical in approach and probably the
most widely used in fracture mechanics analysis in recent years has been
the finite element method; a comprehensive review on its progress to date
has been presented by Gallagher (1978). But, despite its versatility, it
has serious drawbacks, particularly when singularities occur, as in
fracture problems. The numerical problem size becomes very large if
accurate solutions are required, and is often limited by the capacities of
present generation computers. In contrast, the singularity-based boundary
integral equation method, described in the previous chapter in which only
the boundary of the physical problem is discretized, has proved to be a
more accurate and efficient method. Nevertheless, the finite element
method is mentioned here because many of the techniques for fracture
mechanics analysis by the boundary integral equation method were developed
originally for finite element solutions.

In this chapter, these techniques will be reviewed, followed by the
results of several test problems. Questions pertaining to the order of

stress (strain) singularity for surface crack problems where the crack



- 88 -

“intersects a free surface (which may no longer be the classical r_%) will

.also be discussed and numerical solutions presented.

5.1 NUMERICAL EVALUATION OF THE STRESS INTENSITY FACTOR

The numeriﬁa] eva]uétion of crack front stress intensity factors
involves essentially two phases: (a) modelling the physical problem, and
(b) development of the technfque for the determination of the stress
intensity factor. In the present study, only problems symmetric about
the plane of the crack and under Mode I Toading will be investigated.
Advantage can therefore be taken of the crack-plane by replacing it with a
boundary in fhe discretized model with the appropriate boundary conditions
applied, namely zero normal displacement and shear tractions on this plane
ahead of the crack.

The various techniques for determining K; by the boundary integral
equation method can be broadly classified under (1) "direct" methods, and
(i) the "indirect" method.  In direct methods, the evaluation of X, is
based on either the classical displacement field solution (displacement
method) or the stress field solution (stress method) in the vicinity of

the crack front. The -indirect method, on the other hand, is an energy-

based method in which the strain energy release rate, Grs is employed.

'5.1.17 The Displacement Method

The classical field solution for displacement in the immediate
vicinity of the crack front was given in (2.11) in Chapter 2. For points
along a radial Tine normal to the crack front and in the plane of the crack,

the displacement normal to the crack face (i.e. 8 = = in Figure 2.3) is:

4 K —
o L
Ug = g ‘/217 (5.1)
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“where r is the distance from the crack front, and ' is the material
. stiffness, equal to thé Young's modu]qs, E, for plane stress conditions
-and equal to E/(1-v2) for plane strain.

If the computed value of u, at radial distance » from the
crack front is V, the corresponding value of K;, say K}, is obtained from
(5.1), i.e.

H' /3w V.

ko= HlYem (5.2)
I 4 vr

Equation (5.2) is strictly only valid in the 1imit when r approaches zero.

I
v at a series of nodal points along a radial line on the crack face and

Thus, values of k* are obtained using (5.2) from the computed displacements

extrapolated to » = 0 to yield the crack front stress intensity factor.
The computed values V at regions very close to the crack front
are, however, less reliable and it is therefore necessary to extrapolate
from relatively large values of r. This does not present problems for it
can be shown by retaining higher order terms in (2.11) (see, for example,
Pereira (1977)) that a plot of K} versus r should be Tinear up to
relatively large values of ». The point of intersection between the
tangent to the constant slope portion of the curve with the X% axis will

I
thus be the value of X; requifed.

5.1.2 The Stress Method

For points along a radial line normal to the crack front and
in the plane of the crack, the direct stress component in the direction
normal to the crack plane and ahead of the crack (i.e. 6 = 0 in Figure

2.3) is given by:

(5.3)
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'The computed- values of Oons say'cy, can be found at nodal points at
.distances r ahead of the crack front and the corresponding vaiues of X,

'K}, obtained from (5.3), i.e.
K* = o Yorr (5.4)

To obtain K, the extrapo]atfon procedure to r = 0, as described in the
previous section, has to be used.

| Accurate results of K, can, however, only be obtained at the
expense of a highly refined mesh by this method. In general, the K;
solutions aré inferior to those obtained by the displacement method (see
Cruse (1972); Chan et al (1970)). This is not very surprising as
displacements are the primary variables in the boundary integral equation

method and are more accurately known than stresses.

5.1.3 The Indirect Method

The extrapolation methods above do not contain any special
provision for the singularity at the crack front in the numerical
formulation. Although the boundary integral equation method gives good
resolution of the solution parameters, a relatively fine grid around the
crack front is still necessary in order to obtain reasonably accurate
values of K; by these extrapolation methods. To overcome this major
disadvantage, two other methods may be used. The first is by the
introduction of special "singularity elements" at the crack front in the
numerical formulation of the fracture problem; this will be discussed in
the next section. The second approach, to be discussed here, calculates

K; via the strain energy release rate, Grs making use of equation (2.18):
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—y2
1 E“ K2 for plane strain
G = dU = . (5 5)
I dA K2 ’
—_ for plane stress
P :

In (5.5), dU is the change in strain energy, U, in advancing the crack
front, thereby exposing an incremental area of crack surface, d4.

The rationaie behind the use of this energy method is that the
crack front stress field wi}] make only a relatively small contribution to
the total strain energy of the body, so that adequate representation of the
crack front stress field is not very necessary. Consequently, this method
can allow for a coarser mesh compared to that admissible for the
displacement method above. Extra computational effort is, however,
needed in the solution, for, in principle, the strain energy release rate
can only be accurately evaluated by differentiating a set of strain energy
distributions of the body corresponding to different crack sizes. In
practice, a simple differencing approach from two computer runs is
sufficient to give very accurate results, as experienced in both the finite
element and boundary integral equation methods applied to plane problems.
The two computer runs ére identical in all respects, except for a very
small difference in crack size, from which the strain energy release rate
is evaluated as:

G, = = (5.6)

_ For plane probiems, X, can be obtained directly from (5.5) and
(5.6) after the two computer runs, thus obviating the need to extrapolate
K} versus » curves to »r = 0. But in three-dimensional applications, the
problem becomes very much more complicated, for the crack front will

normally be curved and the stress intensity factor may vary along the
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.periphery of the crack. If the.analogous procedure to that used in plane
-problems were to be used to obtain local values of X, a set of computer
‘runs must be carried out with a succession of small and localized extensions
of the crack front. This can be a very expensive procedure.

A technique to improve on the efficiency of this energy method
in three-dimensional crack problems was proposed by Cruse & Meyers (1977)
for use with the boundary infegra] equation method. This technique
employs both the crack face displacements and the strain energy release
rate. Only two computer runs are needed, one with the original crack
front and the other with a perturbed crack front. The perturbed geometry
is obtained from the original geometry by moving the crack front nodes, as
well as the adjacent nodes along the same radial l1ine on either side of
the crack front, in a direction normal to it, by a small distance
(typically 1% of the crack length). The strain energy release rate thus
obtained is related to the root-mean-square value of X along the crack

front, say Zi:

= 1
GH' = K2 = Hj’ K2(s) 8l(s) ds (5.7)
A4
where &81(s) is the distance between the original and perturbed crack
fronts, and s is the Tinear distance along the crack front, as shown in
Figure 5.1.

To obtain KI(s), assume that the value of K, can be given by:

K (s) = B L (5.8)
Yr(s)

where V is the crack face normal displacements at distance r from the

crack front, and B is a constant (cf. equation (5.2)). The variation of
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K along the crack front can be obtained by referencing all nodal point

-values to that at one of the nodes which has the following value:

K, = Bzﬁf— (5.9)
ref /rje;
From (5.8) and (5.9):
K (s) ) V(S)/erf _vAs) (5.10)
N O )
Using (5.10), (5.7) becomes:
1 V*(s) ’
GH = ZZAJ:ZI KIlief [P——/_Fss)] §i(s) ds (5.11)
and on re-arranging:
o ) 4
Kr;f = Z%AJA =i Up_j{%} §1(s) ds (5.12)

The values V#* and r#* in (5.12) are obtained from nodal point
values from the computer run with the original crack size. Cruse &
Meyers, in their work, assumed these values to vary in a piecewise linear
manner between the nodal points. Their numerical formulation was based
on flat triangular surface elements as described in the previous chapter,
and under the circumstances the linear approximation was perhaps the best
approximation that could be made. In the present work with quadratic
isoparametric formulation, these quantities are assumed to vary
quadratically along the side of each element modelling the crack front,
which should provide a better approximation. The terms on the right hand

side of (5.12) are thus all known and so K; can be obtained. Use of

ref
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_this reference value in (5.10) gives KI(s), the distribution of stress
_intensity factor a]ong‘the crack front.

The determination of Gy need not involve two completely
separate computed solutions, each of which can be expensive, in absolute
terms, for a préctica] three-dimensional problem. As only relatively few
. coefficients in the equations are affected when the crack front is changed,
the second solution can-be obtained without re-establishing all the
coefficients of the equations. Those coefficients which are affected
corfespond to those nodes that are moved when the crack front is perturbed.
Indeed, both solutions can be obtained in just one computer run. This
facility was implemented in the computer program developed for the present
study. |

The computer programming involves transferring all the
coefficients obtained for the first solution onto a scratch file; these
coefficients are recalled and, whgre appropriate, modified for the second
solution. The equations, of course, have to be solved again, but
nevertheless significant economy arises because the integration of the
kernel-shape function products in equation (4.12) to obtain the equation
coefficients normally takes up much of the computing effort.

A point perhaps ought to be made here as regards the use of
(5.10). Provided the value is accurate, there is no reason why K,
should not be obtained by some other means, such as the direct methggf and
(5.10) then used to estimate the variation of K, along the crack front.
Indeed, the computation of G can still be relatively expensive despite the

economy offered by the computational technique described above.
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.5.2 THE SINGULARITY ELEMENT

Special "singu]arfty elements" which exhibit the stress (strain)
-singularity occurring at the crack front may be used to model the crack
periphery. This reduces the -amount of mesh refinement necessary, around
that region, fof obtaining accurate values of K, by the extrapolation
method described earlier. Henshall & Shaw (1975) and Barsoum (1976), in
their finite element work, iﬁdependent]y perceived that the transformation
from physical to isoparametric coordinates can be singular if nodal points
along the sides of the element are positioned in a certain way, and this
consideration could be employed to represent the singularity sought in
fracture mechanits analysis. This concept can, of course, be extended
as well to the boundary integral equation method with the isoparametric
formulation.

For simplicity, consider just the side of the 8-node isoparametric
element with nodes 1, 2, 3 and treat this as a one-dimensional element of

unit length (Figure 5.2). The shape functions along the element are:

Nl(g) = -%E (1-¢) (5.13a)
N2(e) = (1+€)(1-¢) (5.13b)
N3(g) = % &g (1+¢) (5.13c)

The physical coordinate x along the element is thus given by:

(1) (2) (3)

x = %3¢ (1-€)x " + (1+E)(1-8) x +%5¢ (1+¢) x (5.14)

where the superscripts denote nodal point values.

(1) (2) (3)

Putting = =0, x = q and x = 1 into (5.14):
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x = (1+E)(1-€E)a+%¢E (1+¢)

The Jacobian 3x/3¢ is then:

g—"g = ‘%+ (1-2a) E

But, from (5.15):

-1 + vl - 8(1-2a)(a-=x)
2(1-2a)

therefore: % - g /T - 8(i-2a)la-a)
The Jacobian becomes zero at node 1 (x = 0) if:
1-8(1-2a)a = 0

i.e. a = }

thus: %3¢ .

The displacement along the element, u, is given by:

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)

(5.21)

W= =k (-1+2/7) (2 25) i’ w (a/5- de) u? vy (-1 4+ 2/m) 2/ (D) (5.22)
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4The strain in the xz-direction is then:

Cw o oawer _ (3. (1) 1_] (2) [_L ] (3)
e 5t 30 %[/E 4]u +[/.-E 4lu " +% /E+4 u (5.23)

which clearly shows the required singularity of the order r_%.

%
This result suggests that the required r *

singularity in the 8-node
quadrilateral elements can bé achieved by placing the mid-side node near
the crack edge at the quarter point (Figure 5.3). It is important to note
thaf these elements are in no way special in the isoparametric coordinate
space and therefore does not require any different computer sub-programs
for, say, integration over the elements. The singularity conditions,
however, only prevail along the sides of such elements and not on an
arbitrary ray emanating from the point of singularity, i.e. the crack edge.
But this can be resolved by collapsing a pair of nodes to form a triangular

element and positioning the nodes as shown in Figure 5.3(b) (Hibbitt

(1977)).

5.3 FURTHER NOTES ON THE EVALUATION QF STRESS INTENSITY FACTORS

In Section 5.1, it was mentioned that because the problems that are
treated in the present work are symmetric about the crack plane, a
physical boundary is used to replace the crack plane in the discretized
model, thus reducing the physical problem size to be analysed. However,
it must also be pointed out that with the formulation of the boundary
integral equation method as described, a very important difficulty arises
if the whole physical problem containing the planar crack is modelled.
The two crack surfaces which 1lie on the same plane cannot be resolved by
the boundary integral equations and the resultant equation matrix becomes

singular (see, for example, Cruse (1975), Montulli (1975)). It is
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_therefore not possible to obtain any solution for the unknowns which are
“necessary for the evaldation of the stress intensity factor. This
difficulty can, however, be circumvenfed by modifying the formulation
described earlier, but at a greater computer cost.

Snyder & Cruse (1975) have presented a modified formulation of the
boundary integral equation method for two-dimensional problems that
incorporates a modified fundamental solution or Green's function which
Fontains the full elastic representation of a flat, traction-free crack.
The formulation 1nherent1ylinc1udes the presence of the crack without the
need to model the crack surface geometry or crack face displacements and
only the extérna]'physica] boundary of the problem is modelled. Once the
boundary so1ﬁtions are obtained, the stress intensity factors for both
Mode I and Mode II can be evaluated directly using these boundary data;
the equations for doing so being derived with the use of the classical
field solution with the r-% stress (strain) singularity. But for the
general three-dimensional p]anarlcrack problem, no such special Green's
function has hitherto been devised in closed form.

To overcome this difficulty in the three-dimensional crack problem,
Weaver (1977) obtained additional ‘integral equations for the crack surface
in which the unknown functions are the dislocations across the crack.

When these unknowns have been solved for, the stress intensity factors for
all the three basic modes can be calculated directly from these data; the
classical singular stress (strain) field solution having again been
incorporated in the formulation.

These methods therefore result in specialized computer programs for
crack problems; they will not be discussed any further. The quarter-
point node shifting technique, discussed in the previous section, to create

=% . . .
the » © stress (strain) singularity at the crack front, can be easily
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implemented on to any "conventional" boundary integral equation computer
_program based on the isoparametric formulation. Therefore, this technique

-is used most extensively in the present work.

5.4 NUMERICAL ANALYSIS OF FATIGUE CRACK GROWTH

To analyse the growth of a three-dimensional crack under cyclic
loading is generally difficult primarily because the crack periphery is
usually curved and no one value of K, may be assigned to characterize the
whole crack front. In order to carry out such an analysis, the geometry
of the growing crack is approximated with a finite number, n, of
characteristfc dimensions, Zi (2 = 1,n), referred to as degrees of
freedom (DOF). The érack propagation is then described by keeping track
of the Zi’ each of which may be allowed to grow independentiy. The
stress intensity factor around the crack front, KI(s), is similarly
approximated with a set of discrete stress. intensity factors, K; each
associated with a DOF. Corresponding to each of these Zi’ the zmpirica1
fatigue law, say, expression (2.29) may be written, resulting in a set of n
equations, i.e. |
e - oc.ak, ) (5.24)
v LY,
where Cs and m. are the empirically determined material constants
corresponding to the <th DOF.

Fatigue crack growth prediction is accomplished by solving (5.24),
the numerical algorithm for which is relatively simple and routine. The
determination of stress intensity factors therefore forms the most
important part in the numerical analysis of the fatigue crack problem.

The task is then to model the propagating crack with a sufficient number

of DOF at which points on the crack front the stress intensity factors are
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determined. . Further, an algorithm to compute all of the K, asa function
' z

~of the changing crack geometry, Zi’ must be obtained so that (5.24) can be
-formulated.

Perhaps the most obvious means of attack is to compute K; accurately
by the direct méthods, described in Section 5.1, at the different points
characterizing the crack periphery. This is carried out for a series of

¥

actual propagating crack geometries. The AKI can then be expressed as
po]ynomia] functions of the crack geometry for use in (5.24). Typically
8 to 15 computer runs, each for a different crack geometry, are required
to obtain satisfactory polynomial functional fits. This procedure can
therefore be‘very expensive.

The alternative indirect method for determining K; is relatively less
costly, especially for this purpose, since it is less critically dependent
upon the mesh refinement around the crack front. For each crack geometry,
the strain energy U and the integral of (Vv*/vr*)2 in (5.11) are calculated.
U may now be represented by a siﬁp]e polynomial function and hence
differentiated with respect to the crack area, 4, for use in this equation.
The stress intensity factor can therefore be obtained at any number of
points along the crack front, over a range of crack geometries. The
stress intensity factor range, 4K, , corresponding to each of the
characteristic dimensions, may the: be expressed as a function of the crack
geometry. Given these functions, crack growth can be calculated using
(5.24).

The details of the numerical analysis of fatigue crack growth by this
method will not be addressed any further in this chapter. Instead, they
will be left to the next chapter where this procedure is used to predict
the growth of a semi-elliptical surface crack in an internally pressurized

thick-walled cylinder.
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5.5 TEST PROBLEMS

A general three-dfmensional boun@ary integral equation computer

- program for elastostatics, called BIESIF, was developed for the present
work; the numerical formulation being that described in the previous
chapter. Sevefal test cases were treated to assess the accuracy of the
solution by this numerical technique, especially for the stress intensity
factor using the various schémes described earlier. The cases presented
here are all fracture problems with known published results and hence are
useful checks before problems without any known published solutions are
treated.

Most ofAthe data required for program BIESIF are for defining the
position of fhe boundary nodes and elements used to model the physical
problem. As the amount of these data is relatively small, no mesh
generation programs were developed for any of the problems treated.

These data are, however, checked with another computer program DRAW before
they are used with BIESIF. The DRAW code enables the mesh discretization
of the physical problem to be plotted using some of the off-l1ine graphic
facilities available at the Imperial College Computer Centre (ICCC).

This enables a visual check of the description of the mesh. In fact, all
the boundary mesh illustrations that are being presented were prepared by
DRAW.  Program DRAW also calculates the direction cosines of the unit
outward normal to each of the surface elements, thus providing a further
check of any error which may occur in the nodal numbering of each element.

The program BIESIF can be run on any of the Cyber 174, CDC 6500, 6600
or 7600 computers which are available in Imperial College. Where
computing costs are compared for different computer runs in the present
work, they are in terms of composite units used for accounting purposes in

Imperial College. These units do take account of the different
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performances of these machines and hence could provide a reasonable basis

_for comparing usage of computing resources.

5.5.1 Compact Tension Specimen

The’compact tension specimen used for fracture toughness
testing (ASTM E399-74) was represented by a single-edge-crack (SEC)
specimen, as shown in Figure'5.4, with crack length ¢, width w, thickness
T, and length 2#, such that ¢/W = T/w = 0.5 and H/W = 0.6. Poisson's
ratio was taken to be 0.3. -~ Taking advantage of the two planes of symmetry,
only one quarter of the specimen was modelled, the boundary mesh .
idealization being shown in Figure 5.5. It consists of 58 surface
elements and 176 nodes. A uniform shear stress was applied to the y = 0
plane to produce a total vertical load 7 in the z-direction. To
investigate the effectiveness of the quarter-point node shifting described
earlier, two computer runs were carried out for this problem: one with
the conventional isoparametric elements and the other with the singularity
elements around the crack front.

Figures 5.6 and 5.7 show how the stress intensity factors at
the crack front were obtained by the extrapolation method with the use of
crack face displacements. The results in Figure 5.6 were obtained with
the conventional isoparametric elements, while those in Figure 5.7 were
obtained with the singularity elements around the crack front. Plane
strain conditions were assumed to prevail at all poin;s along the crack
front, except where it intersects the free surface; there, plane stress
assumptions were made.

The variation of stress intensity factor along the crack front
obtained from these two sets of results is shown in Figure 5.8, the values

of K, are normalized by (#v/e/TW). Also shown is the two-dimensional plane
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strain solution for the actual fest specimen geometry obtained by Newman
.(1974) using the bound#ry collocation method, which is 13.68.  Another
two-dimensional plane strain solution (not shown in the figure), obtained
by Srawley & Gross (1972) for the geometry modelled here, gives a value

of 13.62. with the quarter-point node shifting at the crack front
elements, normalized stress intensity factor values of 13.68 and 11.96

were obtained at the mid-p1aﬁe (x = 0) and the free surface (X = 1/2),
respectively. The corresponding values obtained using the conventional
isobarametric elements alone were 13.19 and 11.50, respectively, this being
about 4% lower at the mid-plane compared with Newman's results. The
improvement due to the singularity elements at the crack front are therefore
significant.

The determination of the stress intensity factor by the
extrapolation method using the stress data, obtained with and without the
singularity elements, is shown in Figures 5.9 and 5.10, respectively. It
can be seen that there is considerably more scatter in the results compared
to those in Figures 5.6 and 5.7, so the least-square line fit for
extrapolation to obtain the value of KI was subject to more arbitrariness.
With the quarter-point .node shifting at the crack front elements, the
value of the normalized stress intensity factor at the mid-plane was 14.95,
while that at the free surface was 11.10. The corresponding values
without the singularity elements were 12.76 and 8.53, respectively. These
results are thus inferior to those obtained by extrapolation of the
displacement data which is consistent with the findings of most, if not
all, workers in both boundary integral equation and finite element methods.
The stress method of evaluating K; will therefore not be used hereafter.
Further, singularity elements will be used to model the crack front in all

the problems treated, unless otherwise stated.
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To see the variation of the state of stress in the specimen, a
_lateral constraint parameter denoted by a6 may be defined and it is the
-ratio of the transverse stress, O e fo the value for plane strain,
v(oyy-+ozz), i.é. - .

@ = — = (5.25)

v(cyy+°zz)
The plot of this parameter across the thickness of the specimen at different
radia] distances in the same plane and ahead of the crack is shown in
Figure 5.11. It can be seen that at the free surface, there is a total
loss of lateral constraint at all radial distances ahead of the crack thus
" justifying the assumptions of plane stress conditions in the evaluation of
stress intensity factors there. At a distance 0.0375 ¢ ahead of the
crack front, the computed value of @, at the mid-plane was 0.78. This
parameter is expected to tend to unity as the crack front is approached,
dropping dramatically to zero only as the free surface is reached. Figure
5.12 shows the variation of the rétio of the flow stress, T, to the mean

stress, L across the thickness at a distance 0.15 ¢ ahead of the crack

front. The flow stress and mean stress are given by:

T 2 = E {0‘ 2 + O 2 + O 2 - ag o - C o ) ag
o 9 Yxx yy 23 Tx Yy yy 22 zz xx
+ 3 (05022/ + ‘Uyg + cz‘%)} (5.26)
6 = L _+o_ +a ) (5.27)
m 3 Txx yy z2 )

The ratio to/om can be seen to increase rapidly as the free surface is
approached, reflecting the loss in lateral constraint there. As this

ratio increases, there is increased tendency to plastic flow or a decreased
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tendency from brittle fracture.
Another problem was analysed using the same specimen. In
- this case, a uniform tensile stress, o, Was applied at the 2z = *H planes.
The stress intensity factors were again calculated using the displacement
method and their variation across the thickness of the specimen is shown
in Figure 5.13. The results are qualitatively similar to those shown in
Figure 5.8. Stress intensity factors were normalized by co‘GFE in this
case, and at the mid-plane, the value obtained was 2.93, while that at the
free surface was 2.66. Again, plane strain conditions were assumed to
prevail at all nodal points along the crack front, except at the free
surface.

No results for the same geometry and loading are apparently
available in the Titerature for comparison. But Bowie (1973), using the
conformal mapping method, obtained a two-dimensional plane strain solution
of 2.86 for a sbécimen with the same crack depth but with #/w = 1, and a
value of 3.01 when #/W = 0.5. As K, is expected to decrease with
jncreasing H/W, the results obtained here must therefore be very close to
the two-dimensional plane strain solution. Figure 5.14 again shows rapid
increase in the ratio af ro/am as the free surface is approached, which

reflects the loss of lateral constraint there.

5.5.2 Embedded Penny-Shaped Crack in a Square Prism

For a penny-shaped crack of radius ¢ in an infinite body under
uniform tension, g, normal to the plane of the crack at infinity, Sneddon
(1964) showed that X, = 2¢_vc/n, i.e. approximately 1.128 o Ve, around
the crack front. In using this problem as a test case, the body is taken
to be a square prism with the ratio of the crack radius to the prism width

equal to 0.1. As this crack is small compared to the size of the prism,
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the computed-KI should not differ much from the analytical solution.
_There are three planes of symmetry so'only one-eighth of the physical
-problem was modelied. Both the displacement method and the indirect
(energy) method were used to obtain values of K; around the crack front.
In the extrapo]étion method, the mesh shown in Figure 5.15 was used; this
mesh being made up of 61 surface elements and 185 nodes, of which 11
elements were used to represént the crack surface. The mesh in Figure
5.16 was used for the indirect method; this mesh consists of 53 surface
elements and 161 nodes, of which only 5 elements were used to model the
crack surface.

fhe computed values of KI/UOVE'by the displacement method at
2250 intervals around the crack front were 1.131, 1.128, 1.132, 1.128 and
1.131, with plane strain conditions being assumed. Agreement with the
analytical solution is indeed excellent, the maximum deviation being less
than 0.4%. The values of KI/bO{E'obtained by the indirect method at 30°
intervals around the crack front were 1.118, 1.116, 1.118, which are all
within 1.2% of the analytical solution. The mesh in Figure 5.16 is too
coarse at the crack front region for values of Ki to be evaluated by the
extrapolation method, although it appears adequate for the indirect method.
But with this mesh discretization, the indirect method used about 5% more
computer units for this problem, even though the solutions were not as

good!

5.5.3 Corner Quadrant Crack in a Long Square Prism

To solve the problem of a corner quadrant crack embedded in a
long square prism which is subject to a uniform tensile stress o, in the
direction normal to the crack, the same boundary mesh in Figure 5.15 and

in Figure 5.16 were used. There is now only one plane of symmetry,
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i.e. the crack plane, so each mesh represents a half of the physical
problem.  The width of the square prism ¥ was taken to be 5 times the
crack radius ¢, and Poisson's ratio w&s 0.3. The mesh representation in
Figure 5.15 was again used for the displacement method of evaluating X,
while that in ngure 5.16 for the indirect method.

Figure 5.17 shows the computed variation of K, along the crack
front, results obtained by both the extrapolation procedure and the
jndirect method being presented. Also shown are results obtained by
Tracey (1973) for a quadrapt crack in a quarter circular cross-section
prism with diameter ratio of 0.2. As the crack is small compared with
the size of the prism, the computed results should be close to those
obtained by Tracey, which indeed they are. The results presented are all
based on plane strain assumptions at the crack front and they are
normalized by the Sneddon solution for the buried penny-shaped crack,

i.e. 20, ve/m. The normalized values of K, obtained by Tracey at the
surfaces are 1.28, while that at‘the middle of the crack front,

i.e. 8 = 45° (Figure 5.17), is 1.10. The corresponding boundary integral
equation results are 1.29 and 1.09, respectively, by the extrapolation
method, and 1.29 and 1.08 by the indirect method. If plane stress
assumptions were made at the free surfaces, the computed results here gave

values of 1.17 there.

5.5.4 Semi-Circular Surface Crack in a Long Rectangular Prism

The next probiem to be treated is one which has been
investigated by a great many numerical analysts in fracture mechanics.
It is the problem of a semi-circular surface crack in a rectangular prism
which is subject to a uniform tensile stress g, in the direction normal to

the crack plane. The radius of the crack ¢ was taken to be one-fifth of
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“the thickness and one-tenth of the width and the length of the prism. The
.boundary mesh in Figure 5.15 was again used to model the problem. It
represents a quarter of the physical problem as there are two planes of
symmetry. Poisson's ratio was taken to be 0.3.

Stréss intensity factors were obtained by both the displacement
method and the indirect method using the same boundary mesh; the computed
variation of K. along the créck front is shown in Figure 5.18, the values
being normalized by 20 Ve/m. Also shown are the results obtained by
Smifh & Alavi (1971) for a semi-circular crack in a semi-infinite body, and
those presented by Tracey (1973) for a semi-circular surface crack in a
rod of semi-bircu]ar cross-section (with a ratio of crack radius to rod
radius of 0.2). The present results should be in close agreement with
these other solutions as the surface crack is small compared with the size
of the prism, which indeed they are. The values of K, obtained by the
displacement method and the indirect method differed by less than 0.5% for
all the points along the crack front at which they were evaluated. At
the point of maximum penetration, the normalized value of K, obtained was
1.02, remaining fairly constant along most of the crack front until the
free surface is approached, whereupon the normalized value of K. rapidly
increased to a value of 1.28 there. The corresponding values obtained by
Smith & Alavi (1971) and by Tracey (1973) are 1.04 and 1.21, and 1.04 and
1.26, respectively. In all the results shown in Figure 5.18, plane strain
conditions were assumed in calculating K. If plane stress assumptions
were made at the free surface, the present results gave a value of 1.16
for the normalized K.

Figure 5.19 shows the variation of the flow stress to mean

stress ratio, To/om, with the angular orientation around the crack front

for different radial distances ahead of the front, the angle 6 being
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~defined in Figure 5.18. A feature shown in this figure which is

. characteristic of the étress state near the free surface, also seen
previously in Figures 5.12 and 5.14 is that the flow stress to mean stress
ratio increases rapidly as the surface is approached. This reflects the
loss of 1atera1'constraint there.  Further, with decreasing radial
distance ahead of the crack front, this ratio decreases significantly at
all angular orientations, exﬁept perhaps near the free surface. At a
distance of 0.05 ¢ ahead of the front, the computed value of ro/om was
0.51 at 8 = 0% this value increased to 0.66 at 0.20 ¢ and 0.88 at 0.35 ¢
for the same angular position. These results are consistent with the
assumptions bf plane strain state of stress around the crack periphery,
except where it intersects the free surface; there, plane stress
conditions should be assumed.

The indirect method used about 48% more computer units than
the direct method, employing the same mesh idealization.  The level of
refinement of the mesh, especially around the crack front, for the
indirect method was in fact more than adequate for the order of accuracy
sought in practice. But this percentage figure serves to show the
savings in computing resources that were due to not re-establishing
completely the equation matrix for the second computer run using the

energy method for evaluating K.

5.6 SINGULARITY ANALYSIS

So far, the concepts of fracture mechanics discussed have been based
upon the planar analyses such as those advanced by Inglis and Griffith
described in Chapter 2. While it is generally recognized that in the
vicinity of a planar crack, plane strain conditions prevail, the presence

of a free surface in three-dimensional problems does act to reduce the
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~plane strain constraint. This.has been shown in the test problems above,
.as well as in experiments. Based upon the classical plane analyses, it
"has also been hitherto assumed that the stress singularity for all points
around the crack front is of order r-%. Therefore, singularity elements
were used in nuﬁerica] analyses to impose such a stress behaviour in the
vicinity of the crack periphery. But where the crack intersects the free
surface, this may not be representative of the actual behaviour of the
elastic solution at that point. Indeed, the question as to whether the

-
usual » °

singularity in stress exists for the intersection point has, in
recent years, been much debated and, to date, is still an unresolved issue.
If at these points the stress singularity is no longer of the inverse
square root form, then doubts must be expressed over the meaning of the
numerical K, values evaluated there.

Hartranft & Sih (1970) investigated analytically the three-dimensional
stress behaviour in the vicinity of the crack border in a thick plate,
using variational principles. They emphasized, however, that the
analysis is still only an approximation to the truly three-dimensional
problem. In the analysis, they assumed that the local stress field in the
interior to the plate is in a state of plane strain, and the direct stress
normal to the plate faces was forced to vanish in the boundary-layer sense.
Their results show that the state of stress depends on the ratio of the
plate thickness, T, to the crack length, ¢, and a dimensionless parameter
characterizing the stress distribution across the thickness. Further,
the stress intensity factors in this thin boundary layer near the free
surface decrease very rapidly to zero at the surface. The boundary layer
thickness was estimated to be 7/(4 +16 T/c) but no attempt was made to
determine the nature of the stress singularity there, although the

. . S, cpo -%
assumptions imply that the singularity is one weaker than r “.
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Folias ((1975) showed ana]yfica]ly that in the vicinity of the crack

. . - . %=
_front/free surface intersection, displacements are proportional to sz 2v)

“O529)  qnis result implies that

-and the stresses are proportional to r
displacements at these points are also singular for Poisson's ratio

greater than 3; Folias therefore suggested that linear elastic analysis
may be inadequate to predict the actual behaviour at the surface. Benthem
(1975), in his semi-ana]yticé] eigenfunction expansion investigation of

the state of stress at the vertex of a quarter-infinite crack in half-
space, also showed that the local direct stresses normal to the crack-
plane is singular and that the order of singularity depends on the
Poisson's ratio. His results showed, however, that the local stresses

are proportional to r’ﬁ with n < 3 for the practical range of Poisson's
ratio, except at v = 0 when n = 4 exactly. This implies that for positive
values of v, the stress intensity factor as conventionally defined vanishes
at the intersection with the free surface, despite the fact that the
stresses are still singular.

An investigation similar to that by Benthem (1975) was also carried
out by Bazant & Estenssoro (1977,1979), but the numerical determination of
the stress singularity .index was by a special finite element method. A
variational principle for the angular variation of displacements on a unit
sphere with its centre at the singular point was derived. Based on this
principle, finite element concepts were applied to the unit sphere to
obtain a non-linear eigenvalue problem for the singularity index. The
results obtained by Bazant & Estenssoro (1977,1979) agree to within about
0.4% with those obtained by Benthem (1975) for Mode I cracks. Results
for Modes II and III were also obtained by the former authors for this

intersection point on a half-space, where it was suggested that these two

basic modes cannot exist independentiy.
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Other numerical investigatfons of this problem have been carried out
. by several authors (see, for example, Cruse & Van Buren (1971), Hartranft
~& Sih (1973), Raju & Newman (1977,1979)), but without elucidating the
nature of the singularity other than to suggest that it may not be of
order r-%. wifh considerable refinement in the numerical discretization
of the physical problems they solved, which include edge cracks and semi-
elliptical surface cracks in‘plates, these authors found that the X,
solutions near the crack front/free surface intersection were
quantitatively as well as qualitatively different from the solutions
already in the literature. A dramatic drop in the value of X; was
observed in this small region near the free surface, a feature which had
not showed up in the results before; away from this region, the solutions
were in close agreement.

An attempt to determine the order of the singularity numerically by
the boundary integral equation method at these intersection points will
now be presented. Two problems were considered, namely, (i) a centre-
crack specimen in uniform tension, and (ii) the semi-circular surface
crack problem similar to that in Section 5.5.4. The quarter-point
shifting of the mid-side nodes of the elements adjacent to the crack front
were not employed in these cases, and the boundary meshes made more
refined, especially in the region near the intersection in order to obtain

good resolution of the variables there.

5.6.1 Centre-Crack Tension (CCT) Specimen

A centre-crack tension specimen of length 27, width 2w,
thickness T and crack length 2¢ was analysed, with #/W = 0.875, ¢/W = 0.5
and /e = 3. Taking advantage of symmetry, one-eighth of the specimen

was modelled, the region being = > 0, y > 0 and z > 0 in Figure 5.21.
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The boundary mesh idealization is shown in Figure 5.20; 14t contains 80
.quadrilateral elements (with relatively small ones being used near the

- free surface) and 242 nodal points. Five different values of Poisson's
ratio were considered, namely v = 0.1, 0.2, 0.3, 0.4 and 0.5.

To bbtain the order of singularity in stresses at the surface,
the crack face displacements in the vicinity of the crack front were assumed
to be given by: |

y o= —L (1 (5.28)

so that stresses, o ~ r *.  In the event that = = }, ¢y would be
equivalent tp K.
Table 5.1 shows the variation with Poisson's ratio of the
stress (strain) singularity index, », at points along the crack front
approaching the free surface from the mid-thickness plane. These values
were obtained by least-square fitting of straight line portions of
Togarithmic plots of computed crack-face displacements in the vicinity of
the crack periphery, against distance from it. Such logarithmic plots
for the mid-thickness plane and the free surface are shown in Figures 5.22
and 5.23, respectively. The displacements in each plot have been
normalized by the maximum crack-face displacement in the ray emanating from
the front along which the distance r was measured. At points remote from
the surface, the computed values of » are very close to the expected value
of 1, thus providing confirmation of the level of accuracy obtainable.
At and near the free surface, however, the value of n falls significantly
below 1, a trend which becomes more pronounced with increasing Poisson's
ratio. For example, the value of n at the surface was found to be 0.393
with v = 0.5. Table 5.2 presents the computed values of ¢ at the surface

I
corresponding to each of the values of Poisson's ratio.
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I
_mid-thickness of the specimen for different values of Poisson's ratio are

The variations of computed values of X with distance from the

-shown in Figure 5.21. The effect of increasing the Poisson's ratio can

be seen to increase the magnitude of K; at a given point on the crack
front, except pérhaps at the free surface. For all values of v considered,
K, increases from the mid-thickness to a position very close to the free
surface after which it drops.rapid1y as the free surface is approached.

The computed value of K, at the mid-thickness plane, for v = 0.1, was

1.336 o_/rc, increasing to 1.418 o_Yrc for v = 0.5; o being the applied
uniform tensile stress. Shah & Kobayashi (1973) suggested that for the
practical raﬁge of v, its effect on the value of K, would be small (within
about 6% varfation for the range between v = 0.1 and v = 0.4). Although
the computed results here show the difference in K, values for different v
to be within about 6% of each other at the mid-thickness plane, near the
free surface the difference is as high as 30%. Raju & Newman (1977) have
also solved this problem with the same geometry, but only for v = 1/3,
using a very refined finite element mesh; their results are shown in
Figure 5.24. Using the results for v = 0.3 here for comparison, there is
only a marginal difference in the value of K, at the mid-thickness plane
which is 1.403 oo»G?E'as compared to their value of 1.401 o Yne. But
near the free surface, the computed values are about 7% higher than those
obtained by them. The solutions are nevertheless in very good qualitative
agreement with each other.

The estimate of the size of the boundary layer from the
analysis by Hartranft & Sih (1970), mentioned earlier, gives a thickness of
0.019 7; this also agrees reasonably well with the present results which
show the values of KI dropping very rapidly at a distance of between

0.033 T and 0.017 T from the free surface for different values of v.
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Figure 5.25 shows the variation of the lateral constraint
_factor a, defined in (5.25), with the distance from the mid-thickness
~plane. The plots are almost identical for all values of v, so only this
figure for v = 0.3 is shown. - The value.of a, can again be seen to tend to
unity as the crack front is approached, except near the free surface where
there is a rapid loss of lateral constraint with @, dropping to zero.

This feature is again reflected in the plot of the flow stress to mean
stress ratio, 1 /o, , with the distance from the mid-thickness at a distance
of 0.1 ¢ from the crack-front shown in Figure 5.26. Near the free
surface, this ratio increases very rapidly for all the values of v
considered after being at a fairly constant value, which is different for

each v, for most of the thickness. These constant values of t /o,

decreased with increasing values of Poisson's ratio as expected.

5.6.2 Semi-Circular Surface Crack in a Long Rectangular Prism

For this problem, thé geometry is identical to that considered
in Section 5.5.4 with the exception that the radius of the crack front is
now 30% of the prism thickness. The boundary mesh was altered and is
shown in Figure 5.27; .it contains 81 elements and 245 nodal points.  This
problem was chosen because, although the intersection is at right angles,
the crack front is curved, a feature which may affect the nature of the
singularity at the free surface. The effects of varying the Poisson's
ratio, using the same five values as in the above problem, were analysed.

Figure 5.28 shows the computed variations of K; along the
crack front for the range of values of v considered. The angular
coordinate, 8, is measured in the plane of the crack from o = Oo at the
point of maximum penetration to o = 90° at the free surface. Increasing

the Poisson's ratio again’increases the values of X, at all points of the
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~crack front, except perhaps at the free surface. In all cases, K.
_increases gradually from 6 = ° to abqut 6 = 700, after which the increase
-is more rapid until a peak is reached just before the surface, and a rapid
drop again occurs.  The rapid decrease in the value of X occurs in about
the last 3% thfs is consistent with the results obtained by Hartranft &
Sih (1973), who used the alternating method with considerable refinement in
the solution procedure to soive the problem of a semi-circular surface
crack in a semi-infinite body. It is also in agreement with the results
of Raju & Newman (1979), who investigated the effect of refining the
finite element mesh on the K, solutions, particularly near the free
surface, for‘this problem but with ¢/W = 0.2. At the point of maximum
penetration, the computed values of X, normalized by 200|&575, are 0.99,
1.07, 1.03, 1.05 and 1.09 for v = 0.1, 0.2, 0.3, 0.4 and 0.5, respectively,
which is an increase of about 10% over this range of v.

The displacement fie}d in the vicinity of the crack front was
again assumed to be given by (5.28). Logarithmic plots of the crack face
displacements corresponding to 6 = 0% and 6 = 90° versus the distance away
from the crack periphery are shown in Figures 5.29 and 5.30, respectively.
Table 5.3 presents the .computed singularity index, », at points along the
crack front. These results again show a reducing order of singularity
significantly less than n = i, at and near the free surface for increasing
values of Poisson's ratio. The coefficient ¢, in (5.28) at the free

surface was also computed for each value of v and the results are shown in

Table 5.4.

5.6.3 Further Discussion

Despite the differences in crack front geometry and mesh design,

the values of #» obtained at the free surface for the two problems are very
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~similar.  For the purpose of comparison with the semi-analytical results
.obtained by Benthem (1975), these values are plotted against Poisson's
‘ratio in Figure 5.31. Both sets of results obtained here do, however,
predict order of singularity somewhat higher than Benthem obtained, the
greatest differénce in n of about 16% being for v = 0.5.

Although the Tower order of singularity at and near the free
surface implies a vanishing kI there, ‘it is extremely difficult for any
numerical method to detect such a zero value unless such a condition is
imposed on the analysis. Until an orderly analytical attack on the
problem can be provided, the present numerical approach seems incapable of
addressing this question much further. Nevertheless, it is anticipated
that as the free surface effect appears to be restricted to the small
boundary layer region, the discrepancies introduced by neglecting this
region on the overall K, distribution along the crack front would be smail
enough to be disregarded for engineering purposes. This seems a practical
proposition and has been evidently justified by numerous successful pieces
of work on fatigue analysis of surface cracks which have not taken into
account this change in the order of singularity at the free surface (see,
for example, Bergan & Aamodt (1974), Cruse & Besuner (1975), Besuner
(1977)).  Therefore, this issue will not be discussed any further in the

present work.
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"TABLE 5.1

r ), at the

Stress (Strain) Singularity Indices, n (o =

Crack Front of a Centre-Crack Tension Specimen

Diétance from Mid-Thickness Plane, x/(7/2) (see Figure 5.21)

Poisson's

Ratio, v " [0.233[0.467]0.633| 0.8 |0.867]0.933]0.967 | 1.0
0.1 | 0.507|0.492 | 0.495 | 0.507 | 0.509 | 0.495 | 0.495 | 0.499 | 0.495
0.2 | 0.507|0.492 | 0.495 | 0.507 | 0.491 | 0.508 | 0.495 | 0.499 | 0.480
0.3 | 0.4930.500 | 0:499 | 0.509 | 0.506 | 0.505 | 0.501 | 0.485 | 0.466
0.4 | 0.497 ] 0.506 | 0.500 | 0.509 | 0.498 | 0.498 | 0.480 | 0.464 | 0.434
0.5 | 0.496|0.506 | 0.497 | 0.503 | 0.498 | 0.492 | 0.461 | 0.436 | 0.393

TABLE 5.2

Variation bf ¢. at the Free Surface with

I

Poisson's Ratio (Centre-Crack Tension Specimen)

Poisson's 1
Ratio, v 3 W
0.1 1.329
0.2 1.439
0.3 1.503
0.4 1.647
0.5 1.804
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" TABLE 5.3

Stress (Strain) Singularity Indices, n (o = r '), at the Crack

Front of a Semi-Circular Surface Crack in a Rectangular Prism

Poisson's 6 (see Figure 5.28)

Ratio, v 0° 40° 70° 85° 90°
0.1 0.500 | 0.505 | 0.500 | 0.501 | 0.486
0.2 0.500 | 0.502 | 0.502 | 0.500 | 0.476
0.3 0.497 | 0.504 | 0.503 | 0.494 | 0.468
0.4 0.498 | 0.497 | 0.493 | 0.473 | 0.435

0.5 0.492 | 0.496 | 0.472 | 0.420 | 0.395

TABLE 5.4

Variation of qI at the Free Surface with Poisson's Ratio

(Semi-Circular Surface Crack in Rectangular Prism)

Poisson's Cr
Ratio, v 2o, JaT
0.1 0.933
0.2 0.940
0.3 0.968
0.4 1.020
0.5 1.056
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Figure 5.16: Boundary mesh idealization for embedded penny-shaped crack and corner crack problems (indirect method)
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with Poisson's ratio



- 147 -

CHAPTER 6
ON THE SURFACE FLAW PROBLEM IN

INTERNALLY PRESSURIZED THICK-WALLED CYLINDERS

This chaptér presents a numerical treatment of the application of
fracture mechanics principles to the problem of an internally pressurized
thick-walled cylinder with a surface crack. In industrial or military
applications, where thick-walled cylinders are used as chemical reactors,
isostatic compaction chambers, gun tubes, etc., they are subject to very
high pressures and any failure during service can be extremely hazardous
and catastrobhic. It is therefore of considerable practical importance
that there is a good understanding of the fracture behaviour of these

pressurized tubes.

6.1 INTRODUCTION TO THE PROBLEM

For an internally pressurized thick-walled cylinder, crack initiation
usually occurs at the bore of the cylinder due to the presence of local
defects such as large inclusions, corrosion pits or tool marks. The
crack, once found, would then propagate in a radial plane to final failure
by fatigue during service, if left unchecked. It may grow until it
reaches the outer surface of the cylinder and continue propagation as a
through-crack. In this case, there is a good chance of detection before
the size of the through-crack becomes critical, for if the tube is used as
a pressure vessel, it would then be leaking. Often, however, the surface
crack may become critical in size even before it penetrates the entire wall
thickness.  This can be a more serious problem, particularly when
inspection for cracks and crack growth during service operation is a

relatively difficult task. The method of fracture prevention in these
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circumstances is therefore primarily ohe of propagation control. In
_principle, it involves determining the critical crack size and establishing
. crack propagation period from the min%mum detectable crack to the critical-
sized crack. On this basis, a éafe inspection period can be selected to
ensure that the crack has several chances of detection before it becomes
critical in size. Remedial actions can be taken once the crack is
detected, either by repair or by exchange of the partially failed tube
component.

However, in the study of the growth characteristics of the surface
crack in a thick-walled cylinder, several difficulties arise which have so
far defied é complete analytical treatment of the problem. The crack
front is, fdr one, usually curved. Further, the crack surfaces may be
subject to the internal pressure, either fully or partially, and this is
coupled with the fact that the nominal stresses are varying across the
wall of the cylinder. As in any surface flaw problem, the crack may be
characterized by a length and a depth. But given only these two
characterizing parameters, there can, in theory, be an infinite number of
crack front profiles and each of these shapes would have its own local
variation of KI along the crack front. Fortunately, in practice, even
though the original crack shape may be uncontrollably arbitrary, most of
the irregularities in the contours may be expected to be smoothed out and
the crack grows in a relatively slow manner to a common shape before the
onset of fast fracture. This shape will hardly be unique to all situations
but will depend upon the material response to the presence of the crack in
whatever stress fields.

Plates 6.1 and 6.2 show typical shapes of cracks which have grown by
fatigue in a thick-walled cylinder under cyclic internal pressure. This

shape is often very well represented by a semi-ellipse as shown in Figure
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6.1. The lengths of the semi-major and semi-minor axes are defined by
~a and b, respectively, while the wall thickness, W, is the difference

- between the outer and inner cylinder radii, R, and R,. Using oil as the

2
pressurizing medium in Ni-Cr-Mo case hardening (EN36B) steel cylinders of
RZ/RJ = 2, it Qas found that the shape of the propagating crack which was
initiated by a "point" defect made by using the electrical discharge method,
tends to be similar with the ratio of b/a at about 0.77 (Figure 6.2).

This is consistent with the experimental findings of Nishioka & Hirawaka
(1975), who used Ni-Cr-Mo steel (AISI 4340) cylinders of radii ratio of

2.3. In their tests, a long initial surface flow (i.e. low aspect ratio),
made by usiﬁg the electrical discharge method, soon developed into a semi-
elliptical éhape with b/a ratio at a nearly constant value of 0.8 as it
propagated across the wall of the cylinder (Figure 6.3).

For the fracture analysis of this cylinder problem, the main task now
remains to evaluate the variation of the stress intensity factor along the
semi-elliptically shaped crack-ffont. The approach inevitably has to be
numerical due to the complexity of the problem. Other results of stress
analysis, such as the hoob strain distribution in the cracked component,
could also be useful in the study of the crack-growth chara;teristics, for
hoop strains are experimentally measurable quantities.

A numerical study of this problem was carried out and will be
presented in two parts-here. First, the overall elastic response due to
the presence of the semi-elliptical surface flaw at the bore of the
cylinder was investigated and stress intensity factor solutions obtained.
The prediction of fatigue crack-growth formed the second part of the study
and will be presented separately in Section 6.6. But, before all the
results are presented and discussed, a review of previous numerical work

on cracked cylinders is perhaps in order.
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6.2 REVIEW OF PREVIOUS WORK

Analytical and numerical stress jntensity factor solutions for surface
cracks in thick-walled cylinders are very scarce indeed, this being due
primarily to the three-dimensional nature of the problem. Bowie (1956)
solved the probiem of an infinite plate containing a hole with a radial
crack and subjected to biaxial tension. The stress intensity factor
solution corresponds to a ]oﬁg straight-fronted axial crack in an
internally pressurized cylinder of infinitely large diameter ratio.
Solutions for a wide range of diameter ratios and crack depths were later
derived by Bowie & Freese (1972) using the modified mapping collocation
technique deVe]oped by Bowie & Neal (1969). Similar solutions were |
obtained by Shannon (1974) using a finite element technique, and the two
sets of solutions showed very good agreement.

Attempts to approximate the three-dimensional solution were made by
Underwood (1972) and Kobayashi et al (1975,1977). These approximations
are based on combinations of simpler analyses. Underwood's treatment
combined the Bowie & Freese (1972) solution for a straight-fronted crack
with that of Rice & Levy (1970) for a part-through semi-elliptical crack
in a finite thickness plate. The assumption made was that the effect of
a given crack shape on the K, value of a pressurized cylinder is the same
as the effect on the value of K, for a plate under uniform tension. The

proposed combination of the two analyses is thus:
(K) = o (K (6.1)

where:

_ k_ for.a pressurized cylinder with a
(Kﬁ)e 1 semi-elliptical crack
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k) = %r for a pressurized cylinder with a
I's straight-fronted crack

K, for a plate with a semi-elliptical surface crack

K, for a p]ate‘with a sfraight, edge-crack

The parameter a is often known as the shape factor and pertains to the
point of deepest penetration of the semi-elliptical crack. Rice & Levy
_(1970) have presented some o values for different b/a ratios and relative
crack depths. Figure 6.4 shows the K, solutions at the point of deepest
penetration for the case where R2/R1 = 2, obtained by the Underwood
analysis. There must be considerable doubt as to the validity of this
approach for very thick-walled cylinders and deep cracks, for increasing
either or both of these parameters would make the cylinder behave less
like a plate. But for relatively thin walls and shallow cracks of low
aspect ratio, b/2a, the solutions are believed to be within 10% of the
true values. |

The approach by Kobayashi et al (1975,1977) involves incorporating a
curvature correction factor into the solution for a flat plate with a semi-
elliptical surface crack subjected to the same hoop stress distribution as
in the cylinder. The alternating method was used to obtain the latter
solution, with both the front and back surface accounted for. The
curvature correction factors were derived by comparing the stress intensity
factors for two-dimensional edge-cracked pressurized cylinders and single
edge-cfacked plates with appropriate hoop stresses acting on the crack
surfaces. Results thus obtained are again only approximate in nature.

The first direct three-dimensional solution for a semi-elliptical
crack in an internally pressurized cylinder was possibly by Marcal (1972),

using the finite element method. A special crack-tip element with an
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~embedded 1/r stress (strain) singularity was employed, but the K; solutions
_were obtained for only one geometry, name]y Rz/Rl = 1.333, b/a = 0.290 and
b/W = 0.333. Another finite element solution is by Pereira (1977), who
solved for semi-circular surface cracks in pressurized cylinders of radius
ratios 1.889 and 1.610. Only one crack depth, namely b/W = 0.2, was
treated. Tan & Fenner (1978), using the boundary integral equation

method with a relatively reffned boundary mesh, have also solved one of

the cases considered by Pereira (1977), namely for RZ/RJ = 1.889.

Although the two sets of results are qualitatively similar (see Figure
6.5), the boundary integral equation solution is believed to be numerically
more accurate.

In all the three-dimensional solutions discussed so far, three planes
of symmetry were assumed and only one-eighth of the cylinder was modelled
with the radial plane containing the crack as one of the assumed planes of
symmetry. This representation implies the existence of two similar
cracks situated diametrically opposite each other in the same plane
through the cylinder axis. While this is reasonable for modelling the
problem shown in Figure 6.1, when the crack is small re{ative to the wall
thickness and cylinder .length, owing to the constraint provided by the
relatively large amount of undamaged material remaining in the crack plane,
the solutions for relatively deep cracks are of doubtful validity.

Blackburn & Hellen (1974,1977) have, however, solved the pressurized
cylinder problem using both special finite elements which have the embedded
r“% stress (strain) singularity, and a virtual crack extension procedure
applied to a quarter-cylinder model. The K; solutions obtained are for
R2/R1 = 1.444, b/Ww = 0.4 and b/a = 0.6, with both problems of the crack

lying either in the inner surface or the outer surface of the cylinder

solved for. Again, using the finite element virtual crack extension
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~method applied to a quarter-cy]{nder model, McGowan & Raymund (1978)
-solved the semi-elliptical surface crack problem for b/a = 0.333 but for
-relatively thin-walled cylinders having radius ratios of 1.1. The
relative crack depths treated were 0.25, 0.5 and 0.8. Heliot et al (1978)
solved the same.problems as McGowan & Raymund (1978) but by the boundary
integral equation method. The two sets of results agree well but differ
considerably from the solutidns obtained using the analysis proposed by
Kobayashi et al (1975), especially for the deeper cracks.
Using the displacement hybrid finite element method, Atluri &

Kathiresan (1979) have also presented stress intensity factor solutions

for internal'and external surface cracks in internally pressurized thick-
walled cylinders. A quarter-cylinder model was used and for internal
surface cracks, the cases treated were b/a = 0.2 and 1.0 for p/W = 0.5 and
0.8, also RZ/RJ = 1.5 and 2.0. Both pressurized and unpressurized cracks
were considered for these cases. For external surface cracks, the cases
treated were b/qa = 0.6 and 1.0 for /W = 0.4, 0.6 and 0.8 with RZ/RJ = 1.5
only. Agreement with the estimates of Kobayashi et al (1975) was within
6% for the semi-circular internal surface crack with p/w = 0.8 and

Rz/Rl = 2.0. For the semi-elliptical internal surface flaws, however,

the results differ very significantly, both qualitatively and quantitatively.
The solutions for external surface cracks were again significantly
different from Kobayashi's estimates but agree reasonably well with the
Blackburn & Hellan (1974,1977) solution for a slightly different geometry.
Atluri & Kathiresan therefore questioned the validity of obtaining stress
intensity factors from solutions for flat plates using curvature correction

factors.
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6.3 PRESENT NUMERICAL INVESTIGATION

For the first part of fhe present numerical study of the cracked-
-cylinder problem (Figure 6.1), relative crack depths, b/W, ranging from
0.2 to 0.8 were analysed for two different cylinder radius ratios, RZ/RZ’
of 2.0 and 3.0,‘but the same crack front geometry was used throughout.
This geometry, a semi-ellipse with a ratio of semi-minor to semi-major
axis, b/a, of 0.8, was choseﬁ because -experiments (Crofton (1977),
Nishioka & Hitawaka (1975)) have shown that for cylinders with radius
ratios between 2 and 3, the crack, once established is indeed semi-
elliptical in shape with b/a very close to 0.8. Unless otherwise stated,
the crack faﬁes were subject to the same internal pressure acting in the
cylinder. In practical applications, this probably represents the worst
case. For example, under relatively high frequency cyclic loading using
a viscous pressurizing medium, pressures acting on the crack surfaces may
be significantly lower than the qpp]ied pressure.

One quarter of the cylinder was modelled, taking advantage of
symmetry about the plane of the crack and the cylinder cross-section
containing its semi-minor axis. Typical boundary mesh idealizations used
for the boundary integral equation analyses are shown in Figures 6.6 to
6.9. The element configuration was varied to suit the different radius
ratios and relative crack depths. A maximum of 82 surface elements and
248 nodes were used, with the sides of singularity-elements, as used in
the previous chapter, modelling the crack front and relatively small
elements in the vicinity of it. Indeed, the increase in the number of
boundary elements used was all in the region of the crack periphery as the
relative crack-depth was increased, so that there was adequate
representation of the rapidly varying stress field there. For each

cylinder radius ratio, the length of the quarter cylinder modelled was 2.5
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times the wall thickness. Plane strain boundary conditions were applied
~at the end of the cylinder remote from the crack, and Poisson's ratio was

- taken as 0.3.

6.4 OVERALL RESPONSE

Figures 6.10 and 6.11 show the predicted deflections of the outer
surface of one symmetrical half of a cylinder with Rz/RJ = 2 and Rz/Rl = 3,
respectively, in the cross-sectional plane through the point of maximum
pénétration of the crack. Results are shown for a range of crack-depths
in both cases, the plate of the crack lying along the right hand side of

the horizontal axes, i.e. 6 = 00.

The deflections in these polar plots
are norma1izéd with réspect to the Lamé solution deflections for an
uncracked cylinder with the appropriate radius ratio. It can be seen that
for relative crack depths beyond about 0.3, the distortion of the cylinder
with either of the radius ratios considered is too severe for symmetry
about the vertical axes of Figurés 6.10 and 6.11 to be assumed and only
one-eighth of the cylinder modelled. The presence of the crack creates

a bending effect which tends to reduce the radial deflections in the crack
plane to less than those for an uncracked cylinder. This bending effect
increases with increasing crack depth and is greatest at the cross-

sectional plane through the point of maximum penetration of the crack,

diminishing with distance, Z, away from it.

6.4.1 Stress Distributions

The discussion here will be confined to hoop stresses as they
are generally the largest components of stresses acting in the cylinder.
For a cylinder under internal pressure, P, the hoop stress is, in the

absence of the surface crack, largest in magnitude at the bore and is
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~given by the Lamé solution:

(R /R,J% + 1
ot = A P (6.2)
(1‘?2/1‘?1)2 -1

The presence of the surface flaw will redistribute the stresses such that
the Lamé solution will not be valid in the vicinity of the crack front.
Figures 6.12 and 6.13 show, fbr RZ/RJ = 2 and RZ/RJ = 3, respectively, the
variation of the computed hocp stresses, s at the inner surface of the
cy]inder in the radial plane containing the crack; the results are
normalized to the value of of obtained from (6.2). The broken lines in
the figures'denote the position of the crack edge at the bore of the
cylinder, HAbeing the half-length of the cylinder and Z the axial distance
from the cross-sectional plane through the point of maximum crack
penetration. As can be seen, the hoop stress rapidly decreases away from
the crack edge in all cases and tends to the value of Oi’ although for
RZ/RJ = 2 it was still 20% greater in magnitude than og when b/W = 0.8 at
the ends of the cylinder (2/F = 1.0). On the other hand, for RZ/RI = 3,
the deviation of o, from 02 at the ends were less than 3.5% for all the
crack depths considered. When b/W is less than or equal to 0.4, the
computed values of o, were found to be within about 5% of the Lamé solution
value at Z/H greater than 0.55 for both the radius ratios analysed, the
percentage deviation being smaller for decreasing crack depths. The
results perhaps confirm the adequacy of the boundary meshes used here for
obtaining solutions to be sufficiently accurate for engineering applications.
Figure 6.14 shows the computed variation at the inner surface
of the cylinder with Ry/R, = 2, in the radial plane diametrically opposite
to that containing the crack (6 = 180° plane). The effect of increasing

the crack depth is shown to increase the hoop stresses in this plane,
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~although the stresses tend to decrease with increasing distance from the
.cross-sectional plane through the point of maximum penetration of the
crack. But at the ends of the cylinder, the computed value of g, was
still 11% higher than the value from the Lame solution, af. The
corresponding-vériation in hoop stresses at the bore of the cylinder for
RZ/RJ = 3 is shown in Figure 6.15. The features are qualitatively
similar to those in Figure 6;14, except that here the increase in the
computed values of o at the bore diametrically opposite the crack with
increasing crack depth is more pronounced than in the case where
RZ/RJ = 2. For example, at b/W = 0.8, the computed value of oh/ci was
1.45 at z/H % 0 for Rz/Rl = 3, while the corresponding value for RZ/RZ =2
was only 1.15. The decrease of the hoop stress towards the Lame solution
value with increasing Z/H was also more rapid here than in the case where
RZ/RJ = 2; in fact, at the ends of the cylinder, the computed values of
g, Were within 4% of ci for all qrack-depths analysed.

While in the e = 180° radial plane, the computed hoop stresses
were generally found to increase with increasing crack depths, the reverse
was found to be true in the radial plane perpendicular to that containing
the crack, i.e. the o = 90° plane. This is shown in Figures 6.16 and
6.17 for the cases RZ/RJ = 2 and RZ/RJ = 3, respectively. An interesting
feature here is that the computed minimum hoop stress along the bore was
not at z/F = 0 but instead at about Z/H = 0.2. The decrease in the values

of g, Was again more pronounced for RZ/RJ = 3 than it was for Rz/Rz = 2.
For example, the computed minimum value of oh/oi for RZ/RI = 3 was 0.71
at Z/H = 0.2, while that for RZ/RJ = 2 was 0.86 also at z/H = 0.2. At
the ends of the cylinder with the radius ratio of 3, the deviation from

the Lame solution value o# was less than 5% for all crack depths analysed,

h
but for the case where RZ/RJ = 2, the computed value of oy differed from
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_oi by as much as 10% at /W = 0.8. A1l these results suggest perhaps
_that while the length of the cylinder, taken as 2.5 times the wall

- thickness, may be sufficient, for the case where Rz/Rl = 3, to represent

a long cylinder with a crack of relative depth of as high as 0.8 such that
the stresses rehote from the crack could be those calculated from the Lamé
solution, it may not be so for the case where RZ/RJ = 2, especially for
the deeper cracks. In this.respect, the parameter H/RZ is probably more
important than H/W.

Figure 6.18 shows the varjatijon of the computed hoop stress at
various crack depths around the inner circumference of the cylinder in the
cross-sectioﬁa] plane through the point of maximum penetration of the
crack, i.e. the z = 0 plane, for RZ/RJ = 2. The corresponding variation
for Rz/Rl = 3 is shown in Figure 6.19. Both sets of results show very
similar features, with part of the bore in hoop compression which decreases
in magnitude as one traverses around the inner surface from the crack plane
until the tangential stress becomes tensile again. This stress then
increases to a maximum at about 6 = 160°, and thereafter it decreases
slightly until 6 = 180°.  The compressive hoop stress state spanned over
a larger part of the inner surface of the cylinder the greater the crack
depth, in both cases of the two radius ratios considered. The computed
region of compressive tangential stress at the bore in this Z = 0 axial
plane was in turn larger for RZ/RJ = 3 than it was for R2/R1 = 2. This
is not an unexpected feature, for larger cracks would imply a larger
surface area in the radial crack plane being subjected to the pressure
which is a direct compressive stress.

For R2/R1 = 2, the hoop stresses at the inner surface of the
cylinder in the Z = 0 axial plane were found to be only compressive up to

about & = 11° when b/w = 0.2. At this crack depth, the computed hoop
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stresses were within 2% of the Lamé solution value, o#, from about o = 45°.
_When b/W = 0.8, however, the hoop stresses at the bore were compressive
-up to about 6 = 40° in the same axial plane, then increased in magnitude

in the tensile state to 1.24 o at 8 = 157.5° before they decreased to

h

1.15 cz at o = 180°. It is interesting to note that for this radius ratio,

the computed hoop stresses at the bore were within 4% of 02 at o = 90° at
all the crack depths considefed, being progressively lower in magnitude
than this value UZ when 8 < 90° and increasingly greater when

180° > 8 > 90°, with increasing crack depths.  For RZ/RJ = 3 (Figure 6.19),
this "cross-over" point was not at 6 = 90°, but instead was at about

o = 108°. In this case, the computed hoop stresses at the bore in the

VA

0 axial h]ane only became tensile at about 8 = 27° when the relative
crack depth was 0.2; the corresponding angular position when /W = 0.8
was found to be at about 6 =-64°. Also, beyond 6 = 1080, the magnitude
of Uh/oi was higher than it was for RZ/RJ = 2 with the same relative crack

depth; when b/W = 0.8, the computed value of o, was 1.64 oi at 8 = 157.5°.

h

6.4.2 Hoop Strains

As strains are experimentally measurable quantites, they can
be used to monitor crack growth if there exists a relationship between,
say, the hoop strain, €, at the outer surface of the cylinder and the
crack depth.  Shannon & Austin (1971), working on cylinders with long
straight-fronted surface crack, measured the hoop strains at the outer
diameter in the same plane of the crack for a range of different crack
depths, and showed that there was indeed such a relationship. Similar
experiments were carried out by Crofton (1977) but on cylinders with semi-
elliptical surface cracks; the hoop strains in this case were measured at

the outer diameter through the point of maximum crack penetration (point A
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in Figure 6.1(b)). His results for Rz/Rl = 2 are shown in Figure 6.20.
_Also shown are the computed variations of hoop strains obtained from the
-present numerical study for this radjus ratio, and the range of crack
depths analysed. The hoop strains are normalized with respect to the
corresponding Léme solution hoop strain, ef, for an uncracked cylinder.
For b/W up to about 0.5, there is a slight reduction in the hoop strain
compared with an uncracked cy1inder, but for deeper cracks the hoop strain
increases rapidly. The general agreement between the computed and
experimental results is very good indeed, the small differences between
them possibly being due to the uncertain form of pressure loading on the
crack faces.A While the computed results were obtained for the full
internal preésure acting throughout the crack, which represents the worst
situation, this may not have been obtained in the experiments which
involved cyclically varying hydraulic oil pressure.

In order to obtain a better perspective of the hoop strain
variation at the outer surface of the cylinder, the computed values of
€, around the outer circumference at the cross-section through the point
of maximum crack penetration are plotted for the range of crack depths
considered. The results for RZ/RJ = 2 and RZ/RI = 3 are shown in Figures
6.21 and 6.22, respectively. Hoop strains are again normalized to the
corresponding Lamé solution hoop strain for an uncracked cylinder. The
two sets of results are qualitatively very similar. It is interesting
to note that for both the radius ratios considered, the hoop strain
increases from 6 = 0° to a maximum which occurs between o = 30° and 6 = 60°,
for the range of crack depths analysed, and then decreases to the Lamé
solution at about ¢ = 115° beyond which it is lower than the Lame strain.

The computed value of the maximum normalized hoop strain was, however,

significantly higher in magnitude for Ry/R; = 3 than it was for R/R, = 2
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'with the same relative crack depth. It is perhaps worth noting that
“Figures 6.21 and 6.22 could be somewhat misleading in that the curves at

6 = 0% and 6 = 180° are not horizontal as they should be. This is due to
insufficient number of points for plotting the curves around these two
positions wheré €, varies rapidly.

The location of the maximum hoop strain discussed here has
important implications for the positioning of strain gauges for maximum
sensitivity in the experimental monitoring of crack growth. But because
this position may vary somewhat with different crack depths, as predicted
by the computational solutions, it may present practical difficulties.
Further, due to the rapid change in the magnitude of the hoop strain at
about 6 = Od, especially for the deeper cracks, the measured strains would
be more susceptible to error, particularly since the strain gauges are
finite in size. Indeed, the experiments by Crofton (1977) showed that a
slight misalignment of the strain gauges at 6 = 0° could give rise to
totally erroneous sets of results. Perhaps, instead of measuring € at
the outer diameter of the radial crack plane, a better way to monitor
crack growth would be to measure it at the outer diameter of the radial
plane diametrically opposite, i.e. at point B in Figure 6.1(b), where, as
seen in Figures 6.21 and 6.22, the computed values of £, do not vary so
rapidly with 6. Here, the values of eh/ez decrease monotonically with
increasing b/W as shown in Figures 6.23 and 6.24, the decrease being
significantly greater for RZ/RJ = 3 than it is for RZ/RI = 2. At
b/W = 0.8, for example, the computed value of €, Was 0.78 €i for RZ/RJ = 2,
but for Rz/Rl = 3, it was 0.35 ez.
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6.4.3 Stress Intensity Factors

Stress intensity factors at points around the crack front of

-the semi-elliptical surface crack were evaluated for each of the radius
ratios and the range of crack depths considered. For the calculation of
Ko plane straiﬁ conditions were assumed at all points along the crack
front, except at the internal surface of the cylinder which was treated as
being under plane stress. The values of normalized stress intensity
factor, KI/P»GTE} presented in Tables 6.1 and 6.2 were obtained by the
direct method using the crack face displacement data as discussed in
Section 5.1.1. The only exceptions are the résu]ts shown in parentheses
in Table 6.1'for b/W = 0.4 which were obtained by the indirect method.

To obtain the stress intensity factors for this case, the entire crack
front was advanced by 1.25% of the crack depth and the procedure outlined
in Section 5.1.3 followed. Values obtained by the two methods differed
by Tess than 1.5%, which serves to verify the accuracy of the solutions.

Further, when X in (5.10) was taken to be the value obtained by the

Ir ef

extrapolation method at the point of maximum crack penetration, for the
purposes of calculating K, around the crack front, all the results so
obtained, shown in Tables 6.3 and 6.4, were within 2% of the corresponding
values displayed in Tables 6.1 and 6.2. Position around the crack front
is defined by the angle ¢, ranging from ¢ = 0% at the point of maximum
crack penetration to ¢ = 90° at the internal surface of the cylinder, as
illustrated in Figures 6.26 and 6.27. While element corner nodes on the
semi-elliptical crack front were arranged to be at ¢ = 0%, 30°, 60° and
90° exactly, the angular positions of the mid-side nodes were only
approximately ]50, 45% and 75°.  As the differences were less than 1° in
all cases, however, the effects on the tabulated values of X, are not

significant.
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. Figure 6.25 shows the predicted variation of X, with relative
.crack depth, at the point of deepest penetration of the crack, obtained by
-the present three-dimensional boundary integral equation method. Also
shown for comparison are predictions by Shannon (1974) for a straight-
frqnted axial c}ack (again, with pressure acting fully on the crack faces)
computed using a two-dimensional finite element analysis applied to the
cross-sectional plane of thevcylinder; The large differences between the
two and three-dimensional solutions emphasize the inadequacies of the
strdight-fronted crack model of what are normally observed in practice to
be semi-elliptical cracks. Although a straight-fronted crack represents
the worst case for a given crack depth, and therefore leads to a
conservative design, Figure 6.25 suggests that the level of over-designing
is Tikely to be excessive.

The variations of K, along the crack front according to Tables
6.1 and 6.2 are plotted in Figures 6.26 and 6.27 for the two different
radius ratios, with curves being shown for two typical relative crack
depths, namely 0.2 and 0.5. For both radius ratios, it appears that,
moving around the crack front from the point of deepest penetration at
¢ = 0°, the value of K, decreases gradually to a minimum and then increases
more rapidly as the free surface at ¢ = 90° is approached. For the cases
considered, the minimum value of K, always occurs between ¢ = 45 and
4 = 60°.

Table 6.5 represents values of the ratio of Krat ¢ = 90° to
that at ¢ = 0% for both radius ratios and the range of crack depths.
While the magnifying effect of the free surface is seen to be substantial,
it is interesting to note that this ratio attains a maximum value as the
crack grows, and then decreases again to almost unity at /W = 0.8 in both

cases. The maximum does not, however, occur at the same value of /W for
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“the two radius ratios considered.  The significance of this result is
.uncertain, not Teast because of the doubt concerning the meaning of a

- stress intensity factor at ¢ = 90° as discussed in the previous chapter.

6.5 FURTHER NUMERICAL INVESTIGATION

It was mentioned in Section 6.4.2 that the discrepancies between the
computed and experimentally heasured hoop strains, especially at deeper
cracks, shown in Figure 6.20, could be due to the uncertain form of
preésure loading at the crack faces. To ascertain that this was indeed a
cause, computer runs were made for cylinders with RZ/RJ = 2 having the
same crack geometry, namely b/a = 0.8, and with relative crack depths
b/W = 0.6 and 0.7, but with the crack faces free from any applied pressure.

A comparison of the deflections at the outer circumference of the
cylinder in the axial plane through the point of maximum penetration of
the crack between the case where'the crack surfaces are subject to the
internal pressure, as treated in the previous sections, and that in which
they are not, is presented in Figure 6.28. The results are again
normalized to the Lamé solution deflections for an uncracked cylinder.

The long broken 1ines represent the results for the case with pressure
acting on the crack faces, seen previously in Figure 6.10, while the
continuous solid lines represent the case without the pressure loading on
the crack faces. For s less than about 20°, the deflections for the
latter case were greater than those when the crack was pressurized at both
crack depths considered; beyond this circumferential angle, the reverse
was true. At the outer diameter through the point of maximum crack
penetration, the increase in the radial deflection as a result of the
absence of pressure loading on the crack faces was about 40% for p/W = 0.6,

while for b/W = 0.7, it was about 83%, compared with the values obtained
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~when the crack was pressurized. These results concur with the remarks
~made earlier as regards the bending effect due to the pressure acting on
- the crack faces.

Figure 6.29 shows the hoop stress variations at the inner surface of
the cylinder iﬁ the same axial plane as above. Also plotted for
comparison are the results corresponding to the crack depths seen
previously in Figure 6.18 whére the crack faces were subject to the
internal pressure. As can be seen in this figure, the computed hoop
stress at all points at the inner surface of the cylinder in this axial
plane was tensile in nature; the computed compressive tangential stress
at o = 0° w&s, relatively, very small and was most likely due to numerical
truncation errors. As the crack faces were traction-free, these results
are not unexpected.

The hoop strain distribution at the outer circumference of the
cylinder in this Z2 = 0 axial p]ane for the two crack depth considered here
are shown in Figure 6.30. The features are very similar to those in
Figure 6.21 in which the crack faces were subject to the internal pressure.
For each of the crack depths analysed, the computed hoop strains for the
case where the crack faces were traction-free were found to be less than
those obtained when the crack was pressurized below about 6 = 1150; beyond
this circumferential angle, they were greater. At o = 0°, the computed

value of the hoop strain €y, Was 1.027 €* at b/W = 0.6 and 1.109 ¢ at

h h
b/W =0.7. The corresponding values obtained previously with pressure

acting on the crack faces are 1.087 82 and 1.323 e;, respectively.  From

the experimentaliy derived curve in Figure 6.20, at /W = 0.6, the measured
hoop strain was 1.01 e;, while at b/W = 0.7, it was 1.22 ei. These
results support the statement made above and in an earlier section about

the uncertain form of pressure loading at the crack faces. While the
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_computed hoop strain with the unpressurized crack at b/W = 0.6 was
~marginally higher than that obtained from the experimental curve for the
- same crack depth, at b/W = 0.7, it was significantly lower.

Figures 6.31 and 6.32 show the variation of the computed normalised
stress intensity factor, kﬁ/@’%??, along the crack front for relative
crack depths of 0.6 and 0.7, respectively. The angle ¢ is as defined
previously in Figures 6.25 ahd 6.26. The corresponding results, presented
in Tables 6.1 and 6.2, are also plotted for comparison. As before, plane
strain conditions were assumed to prevail at all points along the crack
front, except at the inner surface of the cylinder, where plane stress
assumptions were made. For these two relative crack depths, the computed
stress intensity factors are significantly lower in magnitude when the
crack faces are traction-free, although qualitatively, their variations
around the crack front are véry similar to those when the crack faces are
pressurized.  When b/W = 0.6, the computed value of KI/PwGFZ'at the point
of maximum penetration of the crack was 0.759, remaining fairly constant
at this value along the crack front up to about ¢ = 450, beyond which the
normalized stress intensity factor increased fairly rapidly to a value of
1.012 at the inner surface of the cylinder. In the case where b/W = 0.7,
the computed value of KI/P/?7?vms 0.769 at the point of maximum crack
penetration, decreasing very gradually to a value of 0.744 at ¢ = 45°
before increasing more rapidly to a value of 1.018 at the inner surface of
the cylinder.

No other values of b/W were considered in this part of the numerical
investigation where zero pressure on the crack faces was assumed, although
the results for a wide range of different crack depths may be of academic
interest. The reason is because, in practice, it is extremely unlikely

that there is a total absence of pressure acting on the crack faces since
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“the pressurizing medium is a fluid. The actual form of loading on the
_crack faces is very difficult to ascertain and will depend on the viscosity
-of the pressurizing fluid as well as the cyclic frequency, if the cylinder
is cyclically pressurized. In any case, for a given crack shape, the
results obtained in Section 6.4 where the internal pressure acts fully on
the crack faces, would represent the worst case and therefore should be

used for, say, design purposes instead of those obtained here.

6.6 CRACK PROPAGATION ANALYSIS

The methodology of crack propagation and residual 1ife prediction
outlined in fhe previous chapter (Section 5.4) was applied to the cracked
cylinder problem for the radius ratio RZ/RZ of 2.0. The analysis is
based on Paris' formula (2.29) which may be written in the form of (5.24)
for each degree-of-freedom (DOF) characterizing the crack shape. As
post-mortem measurements of the crack shapes have shown that they can be
very well represented by semi-ellipses, only a two DOF model was used;
the two DOF being the semi-minor and semi-major axes of the semi-ellipse
representing the crack. Denoting the stress intensity factors at the
ends of these axes by Kn, and Kr.s respectively, the propagation rates due

to cyclic loading for this two DOF model can be found from the following:

da _ a
W Ca (AKIa) (6.3&)
da _ My
- Cb (AKIb) (6.3b)

in which Ca’ m, and Cps my are material constants in the directions of the
semi-major and semi-minor axes, respectively.

The material (Ni-Cr-Mo steel) used in the fatigue experiments with
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~which results the computational predictions are to be compared is known to
‘be isotropic as regards fracture behaviour. Therefore, for the analysis,

-1t was assumed that Ca =C, andm_=m the subscripts in ¢ and m will

b a b’
now be dropped for convenience. Fatigue data obtained through a series
of experimens were processed using the method proposed by McCartney &

Cooper (1977) and the following median values of ¢ and m were obtained:

1.5463 x 1016 (Units: N, mm)

Q
i}

3.88

3
"

The crack propagation analysis was therefore to be carried out using these
values for the material constants. Thé. main task left, to be performed
numerically, was to model the propagating crack in the cylinder and obtain
the stress intensity factor functions, AK__ and 4K, in order that (6.3)

Ia Ib
could be solved.

6.6.1 Evaluation of Stress Intensity Factors

Because a relatively large number of computer runs is often
required in fatigue ané]ysis, the indirect method for determining the
stress intensity factors is to be preferred on cost grounds; this was
discussed in Section 514. Twelve computer runs were made for a range of
different actual crack geometries as measured from the post-mortem
experimental specimens. In the numerical model, the total length of the
cylinder was taken to be 5.67 times the cylinder wall thickness (this
figure was chosen for convenience because of the actual numerical values
of the dimensions used). The element configuration and the number used.
to model the physical problem were varied to suit the different crack

depths; a typical boundary mesh is shown in Figure 6.33. It can be seen
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~that the mesh discretization in the region of the crack front is very much
“Tess refined than it was previously (Eigures 6.6 and 6.7, for example),
-where the stress intensity factors were obtained by the direct displacement
method. Also, plane strain boundary conditions were applied at the ends
of the cy]inder'for the analysis. For each crack geometry, the strain
energy, U, of the body was calculated, the variation of U with respect to
the crack surface area, 4, ié shown in Figure 6.34 where the values of U
have been normalized to the value of the strain energy for an uncracked
cylinder of the same geometry, U .

To obtain the stress intensity factors K-, and Kp from the
strain energy data, either of two approaches may be followed. For a
quarter ellipse, as modelled, the differentiation of the strain energy
with respect to the area of the crack as defined in (5.5) can be carried

out as follows:

dy _ W da , W _ 4,13 .13
A= et - 7 5t aw (6.5)

The partial derivatives 3U/3a and 3U/3b in (6.5) can be found by the
variation of one of the semi-axes, a or b, while the other is kept constant.
The stress intensity factors for crack propagation in the directions of

the semi-major and semi-minor axes of the ellipse are then given by:

' %
(2L 20y (6.6)

Ia oa

7 o (4
Ip = fraw) (6.7)

respectively. In (6.6) and (6.7), the symbols Xfa and R&b are used

because they are not the local stress intensity factors at the ends of the
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“semi-axes which are being denoted by X, and K;.  Instead, they are
“"local mean" values because the strain energy release rates from which
- these quantities are calculated are associated with the creation of the

shaded surface areas 44, and 8y in Figure 6.35, i.e.

olU 4

- - U
Gg = (ﬁ)a = 775 37 (6.8)
G, = 30, - 4 (ﬁll) (6.9)

A'Db T a db

b, and (aU/aA)a are, respectively, the change in crack surface area and
the strain energy release rate as a result of a perturbation of the value
a alone. b4y and (aU/aA)b are similarly defined but with the perturbation
in the value of b alone.

This approach implies a necessity of functional fitting to the
computed values of v, a polynomial in the two variables a and b.  Bergan
& Aamodt (1974) in their numerical fatigue analysis of a semi-elliptical
part-through crack in a plate using the finite element method, obtained

good results with the following polynomial for U:

= 2 12 2 2 2
U Blab+32ab +ng +B4a b+85ab

a2 + B, a+ B

+ B 7 8 9

a + B

6 (6.10)
where the coefficients of a and » were determined by least-squares.
Further, they found that third and higher order terms of a and » would
give rise to undesirable oscillations in the fitted function due to the
scatter of the computed values of y. The way of obtaining the polynomial
in the two variables which would yield good results by this approach seems

very much a trial-and-error method. Further, when the fitted function is
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~to be differentiated to obtain the stress intensity factors, severe errors
.could still result even though the calculated functional values of U agree
“very well with the discrete values to which the function was fitted.
Indeed, this was found to be the case in the various unsuccessful attempts
made to find a Quitable two variable function of U for the present analysis
which could yield sensible values of the stress intensity factor. In
some of these attempts, even negative values of the partial derivatives of
U were obtained, which are inadmissible!  This approach was therefore
diséarded.
The alternative approach has already been briefly outlined in

the previous chapter (Section 5.4). For each crack size, the integral of

(V*/¥p*)2 in the following equation, modified from (5.12):

— 42 1
1 1 V*(s) ¢
K = {G il I [ *S ] C{S—} (6.11)
Iref Yr*(g)
was calculated from the computed results. In (6.11), s is the non-

dimensional distance along the crack front having the same meaning as the
dimensional s in (5.12) if this latter equation is used. This leaves the
strain energy release rate ¢ as the only unknown in (6.11) before the
stress intensity factors along the crack front can be evaluated.

The next task then is to determine accurately diU/dA
corresponding to each of these crack geometries considered. An obvious
means of attack would be to least-squares fit a, say, second order
polynomial to the discrete values of U with respect to just the area of
the crack surface, 4, as shown in Figure 6.34. The computed values of U
and the least-squares fitted values, U*, for the various crack sizes
considered are shown in Table 6.6. Also shown in this table are the

normalized strain energy release rates, d(U*/Uo)/dCA/WZ), at each of the
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crack size, obtained by differentiating the polynomial function. Although
“this is a reasonable approach to obtain G, the range of crack sizes here is
. perhaps too large for a second degreelpo]ynomial to represent the variation
of U satisfactorily over the entire range. Yet higher degree polynomials
tend to give rise to undesirable pscil]ations, especially when
differentiated.
An improvement over this approach can, however, be made.

}nstead of fitting over the entire range of crack sizes, a series of least-
squares fits with a seconq degree polynomial was applied over each possible
group of five neighbouring points in Figure 6.34. The derivative du/dA
was then ca1éu1ated at the third of the five points. With this approach,
it was possible to calculate the strain energy release rate at all the
points with the exceptions of the crack sizes denoted by points 1 and 2,
and 11 and 12 (Figure 6.34).- For points 1 and 2, the values of G were
obtained by differentiating the polynomial for the first five crack sizes,
while for points 11 and 12, thatvfor the last five crack sizes. Table

6.7 shows the least-squares fitted values of the normalized strain energies
and the corresponding normalized strain energy release rates for the

points 2 to 6 in Figure 6.34. It can be seen that there is considerably
less deviation between the computed and least-squares fitted values of U

in the limited range, compared to the values of Table 6.6. In effect,
this method employs a series of overlapping parabolas instead of just one
parabola to represent the strain energy variation over the entire range of
crack sizes considered. The strain energy release rates so calculated
should therefore be more accurate compared to the previous method.

Having now obtained G for each of the crack sizes, all the

terms on the right hand side of (6.11) are known. K, could then be

ref
calculated and the stress intensity factor at points along the crack front
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‘for each of the crack sizes considered obtained using (5.10). Table 6.8
_presents the values of'the normalized stress intensity factor so obtained,
-at the semi-major and semi-minor axes of the semi-ellipse representing the
crack, K, PVab and kﬁb/PnﬁF—] respectively. For the calculation of -
K__, plane stress assumptions have been assumed.

Ia

6.6.2 Prediction of Crack Growth

The cyclic pressure acting in the cylinder considered varied
from zero to P, therefore the stress intensity factor range for crack
propagation along the semi-major and semi-minor axes are simply the values
of K. and Kib’ respectively, obtained above. To obtain the MK and
8K, functions for the solution of (6.3), least-squares fitting
by simple polynomials to the discrete values of the stress intensity
factors presented in Table 6.8 was again applied. The order of the
polynomial would not be so critical here since the solution of the
differential equations is in effect an integration process, which in turn

is a smoothing process. The following simple polynomials were found to

adequately represent the values presented in Table 6.8:

AK

12 = 1.20317 + 0.83201 () + 0.73712 (2)? (6.12)
P /W
M b b
b = 1.37588 + 0.16655 () + 1.76986 (2)2 (6.13)
P W

These functions are plotted in Figures 6.36 and 6.37, respectively. Also
shown in these figures are corresponding values of stress intensity factors
for b/a = 0.8, R2/R1 = 2 from Table 6.1, which were obtained using the
displacement method. The agreement between the values fromAthe curve

fitted functions (6.12) and (6.13), and those obtained previously for the
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~crack geometry b/a = 0.8 is very good indeed. In view of the fact that
. the mean value of b/a experimentally measured for the propagating crack
“was 0.77, this agreement is to be expected.

The expressions (6.12) and (6.13) can now be substituted into
(6.3a) and (6.3b), respectively, for the fatigue crack growth prediction.
Given the initial values of g and b, the solution to the differential
equations can be obtained nuherica]]y; such as by the Adams-Bashforth
predictor-corrector method. The numerical prediction of the crack growth
was‘compared with the set of experimental results which have not been used
previously for the numerical analysis, and therefore provide a check for
the accuracy of the prediction. The comparison, shown in Figure 6.38,
displays reasonably good agreement between the experimental and predicted
results, with the numerical analysis generally predicting a faster rate of
crack growth than experimentally measured. The shape of the crack
predicted by the numerical analysis is shown in Figure 6.39, being almost
similar at all stages of the propagation period considered. A least-
squares fit by a straight line to the points in Figure 6.39 yields a slope
b/a of 0.77 which is in fact the mean value obtained from post-mortem
measurements of the crack shape. The agreement between the predicted and
experimental results are thus extremely encouraging indeed.

Although the analysis carried out here is for a two-DOF model,
this is superfluous if the shape of the crack as it propagates remains
unchanged. The analysis could, in principle, be simplified further using
a one-DOF model. For example, given the crack depth, the geometry of the
crack would be defined, and the crack propagation analysis would merely
keep track of the growing crack depth. However, the initial crack is, in
practice, uncontrollably arbitrary, and while the crack may grow towards

the common shape under moderate loading conditions, the intermediate crack
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4 shapes are still important, for the critical crack size under the service
~loading conditions may.be in this range. Therefore, a model with at least
- two DOF should still be used for fatigue analysis of such three-dimensional
cracks.

It should be reminded that the analysis presented above has
been carried out for materials which are isotropic both in terms of
mechanical as well as fractufe behaviour. When the material is anisotropic,
it is most unlikely that the crack-growth characteristics would remain
direction-independent.  Under such circumstances, the crack shape developed

would, in general, be different from what was observed and predicted above.
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“TABLE 6.1

Normalized Stress Intensity Factors, K,/Pvwb, for

Semi-E1liptical Surface Crack in Pressurized

Cx]inder,_BZ{BJ-= 2, b/a = 0.8

¢ (see Figures 6.26 and 6.27)

b/w

0° 15° 30° - 45° 60° 75° 90°
0.2 1.617 1.604 1.588 1.565 1.565 1.604 1.782
0.3 1.550 1.546 | 1.532 1.515 1.528 1.613 1.707
0.4 1.492 1.473 | 1.469 1.455 1.481 1.573 1.684
(0.4) | (1.483) | (1.471) | (1.466) (1.456) | (1.474) | (1.551) | (1.668)
0.5 1.477 1.450 1.447 1.432 1.468 1.551 1.677
0.6 1.490 1,480 1.460 1.463 1.473 1.582 1.703
0.7 1.523 1.511 1.480 1.457 1.470 1.576 1.727
0.8 1.623 1.607 1.582 1.526 1.520 1.536 1.669

TABLE 6.2
Normalized Stress Intensity Factors,_gI/Pnhrb, for
Semi-El1iptical Surface Crack in Pressurized
Cylinder, r,/R, = 3, b/a = 0.8
¢

b/W .

0° 15° 30° 45° 60° 75° 90°
0.2 1.208 1.197 1.189 1.183 1.187 1.245 1.374
0.3 1.123 1.112 1.110 1.101 1.124 1.188 1.271
0.4 1.067 1.055 1.055 1.038 1.074 1.147 1.246
0.5 1.062 1.051 1.048 1.034 1.058 1.126 1.227
0.6 1.087 1.075 1.070 1.052 1.072 1.107 1.213
0.7 1.118 1.094 1.091 1.050 1.062 1.132 1.209
0.8 1.216 1.187. | 1.168 1.115 1.090 1.139 1.238
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" TABLE 6.3

Normalized Stress Intensity Factors, X;/Pvrb, for

Semi-E1liptical Surface Crack in Pressurized

Cylinder, R,/R, = 2, b/a = 0.8

¢ (see Figures 6.26 and 6.27)

b/W

0° 15° 30° - 45° 60° 75° 90°
0.2 1.617 1.604 | 1.588 1.577 1.571 1.604 1.800
0.3 1.550 1.541 1.531 1.520 | 1.525 1.594 1.687
0.4 1.492 1.480 | 1.474 1.465 1.486 1.561 1.678
0.5 1.477 1.458 | 1.442 1.423 | 1.465 1.563 | 1.686
0.6 1.490 1.471 1.471 1.446 1.485 1.572 1.722
0.7 1.523 1. 500 1.490 1.430 | 1.479 1.571 1.739
0.8 | 1.623 1.603 1.600 1.526 | 1.530 1.536 1.647

TABLE 6.4
Normalized Stress Intensity Factors, X,/Pvrb, for
Semi-E1liptical Surface Crack in Pressurized
Cytinder, R,/R, = 3, b/a = 0.8
¢ (see Figures 6.26 and 6.27)

b/W

0° 15° 30° 45° 60° 75° 90°
0.2 1.208 1.197 1.189 | 1.184 | 1.189 1.245 1.380
0.3 1.123 1.114 | 1.710 1.103 | 1.720 1.177 1.262
0.4 1.067 1.055 1.056 1.043 | 1.072 1.132 | 1.236
0.5 1.062 1.051 1.048 1.038 | 1.054 1.113 | 1.217
0.6 1.087 1.076 | 1.070 1.053 | 1.069 1.113 | 1.214
0.7 1.118 1.098 1.091 1.057 | 1.069 1.128 1.214
0.8 [ 1.216 1.192 1.169 | 1.111 1.075 1.138 1.258
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"TABLE 6.5

Ratio of K; at the Free Surface (¢ = 90°) to that at

the Point of Maximum Crack Penetration (¢ = 0°)

Ry/Ry
b/W
2 3

0.2 1.102 1.137
0.3 1.101 1.132
0.4 1.129 1.167
0.5 1.135 1.155
0.6 1.142 1.116
0.7 1.134 1.081
0.8 | 1.028 1.018




TABLE 6.6

Varjation of Strain Energy and Strain Energy Release Rate with Crack Size: Least-Squares Fitted Function

u*/u, = 1.017230 + 0.021405 (4/W2) + 0.307602 (4/W2)2

Relative Crack Depth | Crack Surface Area | Computed Strain Energy | Curve Fitted Strain Energy | Strain Energy Release Rate

: : da(u*/u_)

b/ A/W? U/, U, —
d(A/W?)

0.3031 0.09374 1.018033 1.021939 0.007907
0.3335 0.11342 1.020563 1.023614 0.091181
0.4244 0.18373 1.031438 1.031546 0.134437
0.4547 0.21091 1.036144 1.035427 0.151158
0. 4850 0.23997 1.043445 1.040080 0.169036
0.5457 0.30371 1.055659 1.052104 0.208249
0.6063 0.37495 1.073585 1.068500 0.252076
0.6669 0.45369 1.092798 1.090256 0.300517
0.7276 0.53993 1.118334 1.118460 0.353572
0.7882 0.63367 1.151181 1.154307 0.411241
0.8488 0.73490 1.189765 1.199089 0.473519
1.0 0.99690 1.349018 1.344266 0.634702

- 6Ll -




Variation of Strain Energy and Strain Energy Release Rate with Crack Size:

TABLE 6.7

Least-Squares Fitted Function Over Limited Range

u*/u, = 1.006224 + 0.101846 (A/W%) + 0.203438 (A/W?)?
Relative Crack Depth Computed Strain Energy Curve Fitted Strain Energy Strain Energy Release Rate

: d(U*/Uo)

b/W U/Uo U*/Uo _—

d(A/W?)

0.3335 1.020563 1.020392 0.147993

0.4244 1.031438 1.031803 0.176601

0.4547 1.036144 1.036754 0.187660

0.4850 1.043445 1.042379 0.199484

0. 5457 1.055659 1.055921 0.225418

- 08L -
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"TABLE 6.8

Normalized Stress Intensity Factors, X, /Pvunb and X, /PVnb,
' a b

for Propagating Semi-Elliptical Surface Crack in

Pressurized Cylinder, R,/R; = 2.0

b/W . Kj&/P/?7; Kib/P/?7;
0.3031 1.696 1.616
0.3335 1.633 1.569
0.4244 1.655 1.539
0.4547 1.603 1.545
0.4850 1.687 1.561
0.5457 1.640 1.508
0.6063 - 1.659 1.520
0.6669 1.727 1.590
0.7276 '1.754 1.611
0.7882 1.763 1.657
0.8488 1.868 1.720
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Figure 6.1: Thick-walled cylinder with an interna1.semi—elliptica1
surface crack

NN




1 A

10

b (mm)

30 40 50
22 (mm)
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Figure 6.4: Stress intensity factors for a semi-elliptical crack in an
internally pressurized cylinder (Underwood (1972))
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Figure 6.10: Polar plot of deflections at outer circumference of cylinder, 2/4 = 0, RZ/RZ =2
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Figure 6.11: Polar plot of deflections at outer circumference of cylinder, z/H = 0, RZ/RI =3
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Figure 6.12: Variation of hoop stress at inner surface (8 = 0°) of cylinder, Rz/Rl
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Variation of hoop stress at inner surface (8 = 00) of cylinder, RZ/RJ =3
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Figure 6.14: Variation of hoop stress at inner surface (o = 1800) of cylinder, Rz/Rz
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Figure 6.15: Variation of hoop stress at inner surface (o = 1800) of cylinder, Rz/Rl =3
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Figure 6.18: Variation of hoop stress at inner circumference of

cylinder, 2/H = 0, Rg/Rz =2
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Figure 6.20: Variation of hoop strain at outer diameter (8 = 0°) with crack depth, RZ/RZ =2
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Figure 6.25: Stress intensity factors for a semi-elliptical surface crack
in a pressurized cylinder at point of deepest penetration,
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Figure 6.29: Variation of hoop stress at inner circumference
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Figure 6.30: Variation of hoop strain at outer circumference of
cylinder (unpressurized crack), z/# = 0, R2/R1 =2
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Figure 6.31: Variation of stress intensity factor along the crack front
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Figure 6.32: Variation of stress intensity factor along the crack front
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Figure 6.36: Plot of stress intensity factor function (equation (6.12))
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Figure 6.37: Plot of stress intensity factor function (equation (6.13))
for fatigue analysis
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CHAPTER 7

ON INTERNALLY PRESSURIZED THICK-WALLED
CYLINDERS WITH CROSS-BORES

In the fiéld of high pressure technology, cylindrical vessels or
components which are subjected to high internal pressures must often be
connected to other parts of a system. It may then be necessary to effect
such connections by holes, called cross-bores, which traverse the wall of
the vessel in a more or less radial direction. Examples of these
situations occur in compressor heads, tee-fittings and pumps, to name just
a few. The cross-bore unfortunately introduces stress concentrations in
the cy]indef at the region of the tee-intersection of the bores. This
not only reduces the 1imit to which the vessel can be pressurized but also
provides a source where cracks originate. It is therefore highly
desirable to know how great such stress concentrations are and also to
what extent the presence of cracks would Tower the load carrying capacity
of the vessel or component. Iﬁ this chapter, a numerical stress analysis

of the problem will be presented, both with and without the cracks present.

7.1 REVIEW OF THE PROBLEM AND SCOPE OF THE PRESENT INVESTIGATION

Before reviewing published work, the physical problem will first be
more clearly defined. - Figure 7.1 shows a half-section of a cylinder of

internal radius R, external radius R_ and total length 2¢ with a circular

2
cross-bore of radius R whose axis coincides with a radial ray from the
main cylinder axis at the cross-sectional axial plane which divides the
cylinder into two equal halves. Stresses, as will be shown, are greatest
at points A in the figure and these are the usual sites of crack initiation.

The cracks can grow in either an almost symmetrical or an asymmetrical
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~fashion about the cross-bore, as shown in Plates 7.1 and 7.2, respectively.
Although a considerable amount of experimental work has been carried
out on high pressure components, in particular the fatigue strength of
internally pressurized thick-walled cylinders (see, for example, Pugh
(1977)), very fitt]e js concerned with cylinders with cross-bores.
Analytical results, approximate or otherwise, are even more scarce, for,
even in the absence of cracké, the cross-bore problem has resisted the
efforts of many an applied mathematician to reduce it to analytical
tractability in the full three-dimensional sense, let alone the case where
cracks are present. One of the first papers on the analysis of stress
concentratidns in thick-walled cylinders with cross-bores was by Fessler &
Lewin (1956), who considered analytically the stress distribution in a tee-
junction of thick pipes and compared results with experimental data from a
frozen stress photoelastic model. Defining the hoop stress concentration
factor, kh, as the ratio of the maximum hoop stress, (Gh%nmr’ to the
nominal hoop stress 02 at the main bore obtained from the Lame solution

(6.1), i.e.

(Uh)max (oh)max

k, = = (7.1)
of P [{(Ry/R))2 + 1}/{(Ry/R,)? -1}

P being the internal pressure, a theoretical value of ky, equal to 3.70 was
obtained for RZ/RJ = 3 and Rl/Rs = 2. This was 32% greater than the
measured value of 2.80. But, although their theory predicted peak
stresses which proved to be too large, it did provide the equations from
which the limiting values of kh for cylinders with relatively small cross-
bores, i.e. large values of the ratio RZ/RS’ could be obtained.

The 1imiting value of the stress concentration factor when Rl/Rs

becomes very large would accordingly be given by:
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4 (R./R,)% + 1
_ L RYA (7.2)
(RZ/R1)2'+ 1

ks,

This equation was derived later by Lake (1956) using a more straight-
forward approaﬁh, and as well by Morrison et al (1959); theig analysis is
presented in Appendix D. There were still significant deviations betwegn
the values of k, calculated from (7.2) and those experimentally obtained
by these authors, but Morrison et al (1959) emphasized the uncertainties
in the assumptions which were made in the analysis. An extensive effort,
both theoretical and experimental, devoted to the stress concentration
problem was_a]so carried out by Faupel & Harris (1957), who predicted a
universal value of kh'= 2.5 for all closed-ended cylinders with small
cross-bores.  But, as Morrison et al (1959) pointed out, there was an
error in the formers' analysis which, when corrected, yields the same
result as (7.2).

A11 the analytical investigations above, however, did not include the
effect of the transverse shear deformation in the cylinder due to the
cross-bore.  Gerdeen (1972), in a similar but more elaborate analysis,
derived an approximate-solution for the stress concentration factor at
points A in Figure 7.1 which included this transverse shear effect. The
length of the cylinder, according to him, would have negligible effects on
the value of Ky, if R2/Rl > 2. Although this may be so when the cross-
bore is relatively small, it is unlikely that it will hold true when the
ratio Rl/Rs gets smaller. The analysis also becomes increasingly
inaccurate as this ratio RJ/RS is decreased towards unity. Nevertheless,
it predicts that %, increases with increasing values of Rl/Rs and the
predicted optimum configuration where the stress concentration factor is

minimum is the one where Rs/Rl = 1, i.e. a cross-bore of radius equal to
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~that of the main bore. Figure'7.2 shows the hoop stress concentration
_ factors for a range of radius ratios ;nd for H/Rz = 1, obtained from this
- approximate analytical solution.

Gerdeen (1972) also compared his calculated values of ky, with those
experimenta]]y-obtained by the previous authors. They show reasonable
agreement, and in some cases it was very good. Experiments were also
carried out by Gerdeen & Smifh (1972) for low RZ/RS values approaching and
including unity. Their results verified the analytical prediction of the
optimum configuration mentioned above. In these two latter papers, the
authors emphasized the approximate nature of the analytical solution and
suggested that it would be worth checking some of these results by
computational means.

To the author's knowledge, no three-dimensional numerical solutions
for the cross-bore problem are hitherto available in the literature.
Further, a fracture mechanics analysis of the problem when cracks are
present seems lacking too, both experimentally and analytically. It is
in the 1light of this background and that the solutions to this problem are
of much practical importance that the present numerical investigation was
carried out. A complete parametric study of the problem is not very
practical in view of the time and computing cost involved, therefore only
a limited number of cases were investigated, all of which were for r,/R, = 2.
Two different ratios of Rl/Rs were considered, namely 8.0 and 4.0, with
and without the cracks present.

For the fracture mechanics analyses, the crack fronts were assumed to
be circular arcs and two equal quadrant cracks symmetric about the cross-
bore were assumed to be present (see Figure 7.3). This is a reasonably
good representation of many actual physical situations as shown in Plate

7.1.  The quadrants representing the cracks have their origins at points A
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as shown, and each is of radius a.  For each of the two R /R  ratios
_considered, the elastic responses for three different relative crack

- depths, a/W, where W = R, -R, is the cylinder wall thickness, were analysed.

g 1
They were a/W = 0.25, 0.5 and ‘0.75.

The internal pressure acting-on the cross-bore was taken to be equal
to that acting in the main bore of the cylinder. Where there are cracks,
the pressure was assumed to éct fully on the crack faces; this would
represent the most severe situation for a given crack geometry. In all
the cases treated, the total length of the cylinder was taken to be twice
its external radius RZ' Also, closed-ended boundary conditions were
assumed. To simulate this in the numerical models, a uniform tensile
stress of mégnitude equal to P/((R%/R%)-—l)) was applied to the ends of the
cylinder in the axial direction. Poisson's ratio was taken to be 0.3 in

all cases.

7.2 HOOP STRESS DISTRIBUTIONS IN THE ABSENCE OF CRACKS

When cracks are absent, stress concentrations are of primary interest
in the stress analysis of cylinders with cross-bores.  Since hoop stresses
are the largest in magnitude of the stress components in the cylinder, as
were also predicted from the computational solutions, only their
variations will be discussed here. For the numerical analysis, one
quarter of the physical problem was modelled, taking advantage of the two
planes of symmetry, namely, the diametrical plane and the axial plane
through the axis of the cross-bore. The boundary mesh discretizations
for the two Rl/'Rs ratios considered, namely, 8 and 4, are shown in Figures
7.4 and 7.5, respectively. In each of these meshes, 90 surface elements
with a total of 272 nodal points were used; more elements being employed

in the region of the cross-bore to adequately represent the more rapid



- 222 -

variation of the unknowns there.

Figures 7.6 and 7.7 show the variations of the computed hoop stresses,

+ 0z, along the internal surface of the cylinder in the radial plane through

the axis of the cross-bore. ~The stresses plotted are normalized with
respect to the Lame solution hoop stress for a plain cylinder, o;. Also,
% is the distance from the axis of the cross-bore in the axial direction of

the cylinder. It can be seen that in both cases, the computed values of

9, decrease rapidly from the points A towards the Lame solution value of

of at the ends of the cylinder; the rate of decrease for R,/R_ = 8 being
greater than for Rl/R8 = 4. For the former ratio, the computed hoop
stresses wefe all within 4% of oz beyond about z/# = 0.23 and were within
2% beyond Z/H = 0.6.  In the case of R,/R_ = 4, the computed values of
were only within 4% of o; at distances greater than zZ/# = 0.6. These
results confirm the adequacy of the mesh configurations to produce
results sufficiently accurate for engineering purposes. Further, they
also ascertain that the cylinders modelled have been taken sufficiently
long so that closed-ended boundary conditions could be simulated by the
application of the tensile axial stresses at their ends.

At points A, the computed stress concentration factor, ky,> was 2.98
for Rl/Rs = 8, while that for Rl/RS = 4 was 2.90. There is thus about a
3% decrease in the computed value of Ky, when the cross-bore was increased
from the smaller to the larger radius considered. This is consistent
with the approximate analytical solution by Gerdeen (1972) which gives
stress concentration factor values of 3.44 and 3.32 for RJ/RS = 8 and
Ry/R, = 4, respectively, which is about a 3.5% decrease. Using the
approximate analysis of Morrison et al (1959), as presented in Appendix D,
a value of 3.40 would be obtained. Thus, even for the case where the

cross-bore radius was one-eighth of the internal radius of the cylinder,
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the computed value of kh differed from these approximate solutions by
. about 13%.

Figure 7.8 shows the variations of the computed hoop stresses across
the wall thickness of the cylinder along the surface of the cross-bore in
the radial p1aﬁe through A.  Also plotted in the figure is the Lamé
solution variation of the hoop stress for a plain cylinder. The trends
of the curves are qua]itativé]y similar, showing the decreasing magnitude
of the hoop stress field across the wall of the cylinder. Nevertheless,
the magnitude of the stresses are still significantly higher at all points
along A-B, the point B being on the outer surface of the cylinder (Figure
7.6), when fhere is a cross-bore. It is interesting to note that the

computed values of o, for RZ/Rs = 4 become greater than those for

h
RZ/Rs = 8 at the same radial distance from the cylinder axis, r, along
A-B, beyond about r/Rl = 1.375. - At B, the computed hoop stress for
RZ/RS = 8 was 1.49 cz, while that for the bigger cross-bore was 1.62 oz.
The corresponding Lamé solution value for a plain cylinder is 0.40 oz.
Using the approach described in Appendix D, the approximate analytical
solution for a small cross-bore at B would be 1.60 oi_

Although it is of .1ess concern to the designer compared to, say, the
peak stresses at A, it is perhaps of interest to examine how the hoop
stresses vary around the inner ciréumference of the cylinder in the cross-
sectional axial plane through the axis of the cross-bore. Such a plot for
the computed stresses is shown in Figure 7.9 for the two RI/R8 ratios
considered.  The circumferential angle ¢ is as defined in the figure, the
8 = 0 radial plane being that containing the axis of the cross-bore. For
both Rl/Rs = 8 and Rz/'Rs = 4, the computed hoop stresses at the interior
surface of the cylinder were only compressive in a very small region of

the inner circumference near the cross-bore which is subjected to the
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_internal pressure. The computéd values of 9, for Rl/'Rs = 8 were all

135%;

~within 2% of the Lamé solution value gz beyond 6 = 45° to about o
. between 8 = 135° and 6 = 180°, the hoop stresses increased marginally, but
were still within 4% of oz. ‘For the cylinder with the larger cross-bore,
°£ increased ffom the value of the applied pressure (compressive) at the
cross-bore surface, i.e. - 0.60 °£’ to a hoop tension of magnitude
1.07 of at 6 = 60°, thereafter it dropped to a value of 0.98 of at o = 90°
before gradually increasing to a value of 1.11 Ui at o = 180°.

| Finally, to conclude this séction, a few remarks. The regions where
stresses would be elevated to levels of possible yield due to the presence
of a cross-ﬁore in the cylinder have now been discussed. The results
provide an dvera]l view of the variations of these stresses in the cylinder
rather than just a stress concentration factor for the peak stress; these
could be useful in design considerations. Stress concentration factors
predicted by the approximate ana]ytica] solutions were found to be
somewhat higher than those predicted computationaliy for the two cases
analysed. The differences in these predictions should not be too
surprising in view of the approximate nature of the analytical solutions,
which require that the.cross-bore must be "small". Little (1965) in fact
suggested that the hole diameter should not exceed about one-tenth of the
internal diameter of the cylinder for (7.2) to be used. Finally, it must
be said that there are possible ways of reducing the stress elevating
effect of a cross-bore in a cylinder, but this is beyond the scope of the
present study; a discussion of some of the ways has been presented by

Cole (1969).
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7.3 ANALYSIS OF THE CRACKED COMPONENT

Service cracks almost invariably will nucleate and grow from the
- region of the tee-intersection of the cross-bore and the main bore of the
cylinder (i.e. points A) because stresses are highest there.  When cracks
are present, tﬁe dominant stress fields are no longer at points A but
instead are those in the vicinity of the crack front. The primary concern
to the stress analyst then ié that the stress intensity factor K, around
the crack front should not exceed the value of the fracture toughness of
the material, X o during service loading.

As in the case of cracks in plain cylinders discussed in the previous

chapter, estimates of x_ could be obtained by simplified and approximate

I
methods. For example, if the defects are small they can be treated as
cracks under constant magnitude stress fields magnified by a stress
concentration factor. When the cracks are not small compared to the hole,
an approach would be to consider the cross-bore as part of an "effective"
elliptical surface crack in the cylinder. A similar approach was used by
Broek (1971) for the solution of corner cracks at holes in plates under
tension.  But the accuraﬁy of such solutions would be highly dubious.

In this respect, experience could perhaps be drawn from the work on reactor
vessel nozzles and cylinder tee-junctions where cracks also grow from the
corner intersection of the bores. Linear elastic fracture mechanics
studies of cracks in these components (see, for example, Hellen & Dowling
(1974), Broekhoven & Ruijtenbeek (1975)) show that, for these types of
configurations, the use of simplified analytical or semi-analytical
solutions to evaluate KI values may result in considerably inaccurate
estimates of the true results. Therefore, a truly three-dimensional

solution procedure is necessary to enable accurate values of K. to be

determined for the fracture mechanics analysis of the cross-bore problem.
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For the three-dimensional numerical boundary integral equation

. analysis, only one-quarter of the physical problem was modelled, as

- previously. Typical boundary mesh idealizations for both the Rl/Rs ratios
considered are shown in Figures 7.10 and 7.11, respectively. The element
configuration Qas varied to suit the three different relative crack

depths, namely, a/#W = 0.25, 0.5 and 0.75, that were analysed. A maximum
of 109 surface elements and 329 nodes were used in each case of Rl/RS.

The sides of singularity elements with mid-side nodes displaced to quarter

point positions were again used to model the crack fronts.

7.3.1 Stress Intensity Factors

For each of the three different crack sizes in combination
with each of the Rl/Rs ratios considered, the stress intensity factors at
points around the crack front of the quarter-circular surface crack were
obtained. The values of K, were calculated by the direct method using
the computed crack-face displacement data. Plane strain conditions were
assumed to prevail at all points along the crack front, except at the
internal surface of the cylinder and at the surface of the cross-bore,
which were treated as being under plane stress. The validity of these
assumptions is well supported by Figures 7.12 and 7.13 which show the plots
of the ratio of computed flow stress to mean stress, To/Um’ at a radial
distance of 0.133 a ahead of the crack front when g/ = 0.75, for
RZ/RS = 8 and Rl/'RS = 4, respectively. The trends of this ratio for the
smaller crack sizes considered are almost identical in form to those
plotted in Figures 7.12 and 7.13, and hence are not presented. As the
free surfaces of the cross-bore and the main bore are approached, the
ratio To/om can be seen to increase very rapidly to values of unity or

greater, reflecting the rapid loss of lateral constraint and increased
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. tendency to plastic flow there.. This feature is typical of surface crack
- problems and has been discussed in greater detail previously in:Chapter 5.
The computed values of the normalized stress intensity factor,
KI/PVGTJ, around the crack fronts for'Rl/Rs = 8 and Rl/Rs = 4 are shown in
Tables 7.1 and 7.2, respectively. These results are also plotted in
Figures 7.14 and 7.15.  Position around the crack front is defined by the
angle ¢, ranging from ¢ = 0 at the surface of the cross-bore to ¢ = 90° at
the internal surface of the cylinder, as illustrated in Figures 7.14 and
7.15. |
The qualitative features of the variations of K, for each of
the crack depths and the Rl/Rs ratios are very similar. Moving around
the crack front from fhe point on the surface of the cross-bore, the value
of K, decreases gradually to a minimum and then increases again as the
internal surface of the cy]ihder is approached. In all the cases analysed,
this minimum of KI always occurs between ¢ = 30° and ¢ = 60°. In both
cases of the RJ/Rs ratios, the value of the normalized stress intensity
factor for a/W = 0.75 is higher than that for a/W = 0.5 at the same
angular orientation of the crack front. But the stress intensity factors
for Rl/Rs = 8 are all significantly lower in value than those for
Rl/Rs = 4 with the same crack size. This is most probably due to the
smaller amount of material constraint in the region of the crack when the
cross-bore is larger, therefore for a given size of the crack there is less
constraint on the crack faces opening, hence the larger values of K;.
It is interesting to note that, while in the case of RI/Rs =4,
the computed values of K, are largest at ¢ = 0° for all the three
different crack sizes considered, this is not always so in the case of

Rl/Rs = 8. In the latter case, the value of Kr at the point on the

cross-bore surface was found to be larger than that at the point on the
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~internal surface of the cy]indef only for a/W = 0.25, by about 11%.  For
. the other two crack siies, the reverse was found to be true; when

“a/W = 0.5, the value of K; at ¢ = 90° is about 2% higher than that at

¢ = 0°, while it is about 3% higher when a/W = 0.75.

No.similar solutions are, as far as is known, available in the
literature for comparison, therefore not much more can be discussed in this
section.  Suffice it to say.that the complexity of the geometry and the
complicated stress system would certainly make the attempt to obtain the
stress intensity factors analytically for the fracture problem of the
cross-bore in a pressurized cylinder a formidable, if not an impossible,
task. Any>KI solutions for this problem in the foreseeable future which
are of sufficient accuracy for use in engineering design are most likely

to be obtained numerically.

7.3.2 Hoop Strains

Whilst it is a relatively easy matter to model the cross-bore
problem and obtain K. and other relevant solutions by computational means,
it is, in practice, often a difficult task determining the size and
geometry of the service crack in the first place. Radiography offers a
solution to this difficulty but it can be a relatively expensive, albeit
an often necessary, procedure. A possible practical alternative in which
the computational solutions could be used to continuously monitor the
crack growth, is perhaps the measurement of hoop strains, €15 at points on
the outer surface of the cylinder, as was done for the plain cylinder
problem in the previous chapter. The measured hoop strains are unlikely
to be able to provide information about the actual shapes of the cracks,

but they may be a useful guide for estimating their sizes. This can be

done by comparing the measured values with the computational solutions
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~carried out using real crack geometries.

However, there are at least two main difficulties from the

. practical point of view. First, it %s extremely difficult to place a
strain gauge for measuring accurately the strains at the edge of the cross-
bore due to the fact that it is pressurized as well. Second, the strains
vary extremely rapidly in that region, as can be seen in Figure 7.16 which
shows the computed variations of the hoop strains around the outer
circumference of the cylinder in the axial plane through the axis of the
croés—bore, for Rl/'RS = 8 and the different crack depths. The strains
are normalized to the Lame solution hoop strain, es for an uncracked
plain cylinder with the same end boundary conditions. Also plotted are
the results for the uncracked cylinder with the same cross-bore size
obtained from the results of the investigations in Section 7.2. The
computed results for Rl/Rs =4 are qualitatively identical in trends and
hence are not presented. It can be seen that the hoop strains vary from
a compressive state at the edge éf the cross-bore to a tensile state in
just a few degrees of the angular orientation, 8; the compressive state
being due to the fact that the cross-bore was also subjected to the
internal pressure.  With such rapid variations of ¢, in the region of the
cross-bore, measured values there would be highly susceptible to error.

On the other hand, the computed results show that the hoop
strains at the outer surface of the cylinder in the radial planes remote
from the cross-bore do not vary so rapidly, so these quantities could be
measured with a greater degree of confidence there. Figures 7.17 and
7.18 show the computed variation of &, with crack size, for Rl/'R8 = 8 and
Rl/Rs = 4, respectively, at the outer diameter of the cylinder directly
opposite the cross-bore along its axis, i.e. at o = 180°.  The values of

&, there in both cases decrease monotonically with the crack sizes analysed
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~as was also .seen previously for the plain cylinder; the rate of decrease
~is greater for the cylinder with the larger cross-bore. For Rl/Rs = 8,

- the computed value of e; when there was no crack at the cross-bore, is
0.949 ei, decreasing to 0.767-32 when -the quadrant-cracks have grown to a
size of a/W = 0.75. The corresponding values for RJ/Rs = 4 are 0.855 ei

and 0.543 Ei’ respectively.

7.3.3 Hoop Stress Distributions

The dominant stress fields in a cracked component are
characterized by the stress intensity factors around the crack front and
these have been discussed for the cross-bore cylinder problem. To the
stress analyst, the hoop stresses in regions away from the crack are
probably only of secondary interest; nevertheless, for completeness,
their variations will now be discussed.

Figures 7.19 and 7.20 show the variations of the computed hoop
stress, O, around the inner ciréumference of the cylinder in the axial
plane through the axis of the cross-bore, for Rl/Rs = 8 and Rz/Rs =4,
respeétive]y. The results presented are normalized to the Lame solution
hoop stress for a plain uncracked cylinder, 02. Also shown for comparison
in each figure are the results for an uncracked plain cylinder with the
corresponding cross-bore size from Figure 7.9. Both sets of results are
qualitatively similar to each other and it is interesting to note that for
the deeper cracks, a/W = 0.75, the computed hoop stresses in the small
region away from the cross-bore are significantly more compressive in
state than that at the edge of the hole. But the compressive hoop stress
then decreases in magnitude and becomes tensile at about 6 = 400,
increasing further in magnitude in the tensile state with 6. Also, in

both cases of the r,/R_ ratios considered, the computed hoop stresses at
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8= 90° for all crack depths were all within 4% of the Lame solution value
_ for an uncracked plain cylinder, Gi' ' Beyond 8 = 900, the hoop stresses
- are higher, the 1argér the crack size.

Figure 7.21 shows the variations of o with distance away from
the axis of the cross-bore at the inner surface of the cylinder at o = 90°
for RZ/'Rs = 8. The corresponding variations for RZ/RS = 4 is shown in
Figure 7.22. The qua]itatiﬁe features in these figures are again very
similar to each other; of interest, perhaps, is that the hoop stresses are
a11‘within 4% of the Lamé.solution value, Gi’ at z/H = 0, but they decrease
with increasing Z/H to a minimum value at about z/H = 0.7 before
increasing marginally in magnitude as the ends of the cylinder are
approached.. For both RZ/RS ratios, the rate of decrease is greater the
larger the crack size; and for the same crack size, the drop in magnitude
of 9, is, in turn, greater in the case of the cylinder with the larger
cross-bore. At a/W = 0.75, for example, the computed hoop stress at
Z/H = 0.8 is 0.85 ¢# for RZ/'Rs = 8, the corresponding value for Rl/Rs =4

h
is 0.79 Oi.

While the features of the stress variations discussed so far
have been rather similar between the two Rl/'Rs ratios considered, this is
not so at the internal surface of the cylinder in the radial plane
diametrically opposite that containing the cracks. Figure 7.23 shows the
variations of % with Z/H in this ¢ = 180° plane for RZ/Rs = 8, while in
Figure 7.24 are the corresponding results for RZ/RS = 4. Also shown for
comparison in these figures are the results obtained in the investigations
in Section 7.2 for the cases without cracks. When there are no cracks,
9%, increases from about 1.03 OZ at z/H = 0 to 1.05 oz at the ends of the
cylinder, for Rl/Rs = 8. With a/W = 0.25, the computed hoop stresses are

almost constant at 1.04 Oi throughout the length of the cylinder in this
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_ radial plane. With the deeper cracks, a/W = 0.5 and 0.75, the values of
~ 0z are higher than the Lame solution value at 2/H = 0 by 10% and 20%,
- respectively, but they decrease in maénitude as the ends of the cylinder
are approached, to values of 1.07 Ui and 1.13 oﬁ, respectively, there.

On the other hand, all the results for RZ/Rs = 4 in this
o = 180° plane show that the hoop stresses at the inner surface of the
cylinder tend to increase with distance from the axis of the cross-bore
towards the ends of the cylinder. Even for the cylinder without the
cracks at the cross-bore, the computed value of o, is 11% higher than ci
at z/H = 0, increasing to the value of 1.16 of at Z/H = 1.- The increase
of gy with 2/H when a/W = 0.25 is the most dramatic and what is perhaps
most intereéting here is that at z/# = 1, the value of o, is almost equal
to that when a/W = 0.5. The hoop stresses, when a/W = 0.5, tend to
remain fairly constant at about 1.28 °i from about Z/H = 0.8; but when
a/W = 0.75, 9, increases from a value of 1.33 oz at zZ/H = 0 to a maximum
value of 1.40 oﬁ at z/H = 0.8 before decreasing marginally to 1.38 oi.

It is probably of significance to note that, while the hoop
stresses at the o = 90° radial plane are generally lTower than the Lame
solution value, those at the g = 180° plane are generally higher. Not
much more can perhaps be said about these features, except to conclude
that the stresses in the cylinder in the presence of the defects and a
cross-bore have re-distributed in such a way as to sustain the static

equilibrium of the component.
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TABLE 7.1

Normalized Stress Intensity Factors, X,/Pv/na,

for Internal Surface Quadrant Cracks at the Cross-Bore of

Cylinder Subjected to Internal Pressure, R,/R;, = 2, R;/R =

¢ (see Figure 7.15)
a/wW
0° 15° 30° 45° 60° 75° 90°
0.25 2.165 1.963 1.818 1.753 1.787 1.859 1.953
0.50 1.795 1.653 1.570 1.550 1.607 1.712 1.836
0.75 1.843 1.672 1.590 1.568 1.630 1.738 1.899
TABLE 7.2

Normalized Stress Intensity Factors, X,/P/na,

for Internal Surface Quadrant Cracks at the Cross-Bore of

Cylinder Subjected to Internal Pressure, R,/R; = 2, R;/R = 4

¢ (see Figure 7.14)
a/W
0° 15° 30° 45° 60° 75° 90°
0.25 2.545 2.313 2.124 2.016 2.023 2.111 2.198
0.50 2.223 2.000 1.822 1.785 1.793 1.829 1.986
0.75 2.346 2.046 1.848 1.789 1.794 1.887 2.033
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Figure 7.1: Thick-walled cylinder with a circular cross-bore
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Figure 7.3: Symmetrical quadrant cracks at cross-bore of pressurized
cylinder
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Figure 7.2: Hoop stress concentration factor, k,, for a pressurized cylinder with a cross-bore (Gerdeen (1972))
h



Figure 7.5: Boundary mesh for RZ/RI = 2,

Rl/Rs = 4, H/R2 =1
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Figure 7.4: Boundary mesh for Rz/Rl = 2,

Rl/Rs = 8, H/RZ =1
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Figure 7.6: Variation of hoop stress along the internal surface of the cylinder

at 8 = 0° radial plane, RJ/RS =8
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Figure 7.11: Boundary mesh for RZ/RJ = 2,
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Figure 7.10: Boundary mesh for Rz/Rl = 2,
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Figure 7.13: Plot of flow stress to mean stress ratio, ro/om
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Figure 7.14: Stress intensity factors for quadrant cracks at cross-bore
of thick-walled cylinder under internal pressure
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Figure 7.16: Varijation of hoop strain along the inner circumference of
cylinder at z/8 = 0 axial plane, RI/Rs =8



1.0 —

€/ €

RI/RS = 4

0.4 |—

0.2 }—

| | |

0 0.25 0.5 0.75
a/ W

Figure 7.18: Variation of hoop strain with crack size
at z/H = 0, & = 180°

1.0 —

0.8 }—
5 L
wJ
N
LU-C

0.6 }|—

R,/RS = 8
0.4 — .
0.2 +—
I 1 |
0 0.25 0.50 0.75
a//vv

Figure 7.17: Variation of hoop strain with crack size
at z/# = 0, 6 = 180°

- 8% -



- 249 -

Figure 7.19:

Variation of hoop stress along the inner circumference of
cylinder at z/F = 0 axial plane, RZ/RS =8
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Figure 7.20: Variation of hoop stress along the inner circumference of
cylinder at z/# = 0 axial plane, RJ/R8 =4
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Figure 7.21: Variation of hoop stress along the internal surface of
cylinder at o = 90° radial plane, RJ/RS =8
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Figure 7.23: Variation of hoop stress along the internal surface of
cylinder at e = 180° radial plane, Rl/Rs =8
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CHAPTER 8
CONCLUSIONS

The basic principles of the theory of linear elastic fracture
mechanics have been presented, with the Timitations also discussed.

Design methods using the concepts of this discipline allow the continued
use of a cracked component, brovided the crack has not grown to the
;ritica] size to cause fracture. This has no counterparts in traditional
design procedures.

The most useful parameter for characterizing cracks under linear
elastic conditions is the stress intensity factor which describes the r_%
singu]arity.of stress (strain) near the crack tip or front. For loading
normal to the plane of the crack (Mode I), fracture occurs when the stress
intensity factor, KI, at the crack front becomes equal in value to the
fracture toughness of the materig], KIc’ which is a material property.
Elastic fracture mechanics analysis is thus concerned with modelling the
cracked component to determine the value of the crack front stress
intensity factors which céuld then be used to predict the residual static
strength for brittle fracture or the fatigue life of the component.

For most practical three-dimensional problems, numerical methods using
high speed digital computers have to be employed to obtain the stress
intensity factor solutions. To this end, the boundary integral equation
method has been shown to be a powerful tool for stress analysis, through
the numerical solution of a set of constraint equations relating boundary
tractions and boundary displacements. No approximation is imposed on the
solution at the interior points of the elastic body. As a result,

computer storage requirements, program execution times and the amount of

data preparation required are all reduced relative to other numerical
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_ methods, while solution accuracy can be increased.
The mathematical basis of the boundary integral equatiom method has

- been presented and the numerical imp]émentation of the technique for three-
dimensional elastostatics was described. The latter involves using
isoparametric éurface elements where both functions and geometry are
defined by quadratic shape functions. A computer program based on this
numerical formulation, BIESIF, was developed for use in this study. A
plotting program, DRAW, was also developed, using off-line graphic
facilities at ICCC, whereby the various mesh discretization data could be
visually checked in terms of the element topology and nodal coordinates
before they-are used with BIESIF. Using DRAW, an isometric view of the
mesh, from ény direction specified, could be generated.

For the crack problems investigated, attention was confined to the
opening mode of fracture and various methods of obtaining stress intensity
factors by the BIE method were discussed. A comparative study of the
accuracy and cost of these approéches was carried out on a number of three-
dimensional test problems. Of the schemes, the direct displacement
method which utilizes the crack face displacement data offers a quick,
easy and accurate means of obtaining K; at the crack front. But if stress
intensity factors are required from a l1arge number of computer runs of the
same problem with different crack sizes, as in fatigue analysis, the
indirect energy method could be relatively cheaper. Also, the use of
singularity elements around the crack front, in which mid-side nodes
nearest the front are shifted to quarter-point positions, was found to
significantly enhance the accuracy of the K, solution obtained, hence they
were employed throughout the course of this study for crack problems.

Doubts were expressed over the meaning of numerical values of X

I
obtained for the points where the front of a crack intersects a free
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~surface and previous investigat{ons on this issue were reviewed. At
. these points, the stress (strain) singularity may no longer be of the
~inverse square root form, but the strength of this singularity, as far as
is known, had not been elucidated by direct numerical means previously.
An attempt to do this by the BIE method was presented for two problems
with different crack front geometries. It was found that the stress
(strain) singularity at the fntersection was generally one of a lower
order than %, and it varied with the value of Poisson's ratio. Comparison
of fhe BIE results with those obtained semi-analytically by the
eigenfunction-expansion method which are available in the literature,
showed some differences between the two sets of results, although the
trends were similar with the latter solutions predicting a greater
reduction in the order of singularity with increasing values of v.

The BIE method of numerical stress analysis was successfully applied
to the problem of an internally pressurized thick-walled cylinder with a
semi-elliptical surface crack. Two different cylinder radius ratios and
a wide range of different relative crack depths were considered. Stress
intensity factor solutions were obtained and presented, as were other
results of the stress analysis. Predicted hoop strains at the outer
surface of the cylinder at various crack depths were compared with
experimentally measured values and there was reasonably good agreement.
Further suggestions were made whereby the computed results could be used
to monitor the growth of the crack in the cylinder. The fracture
mechanics analysis of the problem also included the numerical fatigue
crack growth prediction of the semi-elliptical surface crack. The
technique was based on the strain energy release rate approach for
calculating the stress intensity factor, and, in principle, can be applied

to cracks of arbitrary shapes in general three-dimensional components or
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~structures. - Comparison of the.predicted crack growth rate and
. propagating crack shape with those obtained experimentally again showed
- very encouraging agreement with each other.

The BIE method was also applied to the problem of an internally
pressurized thfck-wa]]ed cylinder with a radial cross-bore. Two
different cross-bore to cylinder-bore diameter ratios were considered.

For the uncracked component,}the hoop stresses, as expected, were found to
be greatest in magnitude at the intersection of the bores but the computed
stress concentration factors were significantly lower than those
approximate analytical solutions available in the literature. For the
cases where-cracks were present at the cross-bore, elastic fracture
mechanics analyses were also successfully carried out.

The results presented for these two latter practical problems
concerning thick-walled cylinders should be of considerable practical
importance, particularly in high pressure technology. It is not very
surprising that few direct three-dimensional solutions for these problems
have been obtained previously in view of the numerical problem size
involved. But no difficulty was encountered as far as computer central
memory requirements were concerned, when solving them by the BIE method.

As a matter of interest, for all the problems analysed in the course
of this study, the computer core memory required by BIESIF was less than
48000 words. This fidure was chosen for convenience of usage in the
computing system available at Imperial College, but it could be reduced
further, say, to 35000 words, if desired, without much difficulty. The
computing cost of running BIESIF was found to be approximately proportional
to the square of the number of surface elements used. To give an idea of
the absolute cost with a fourth-order Gaussian quadrature rule for

integration over the elements, BIESIF used about 52 composite units on the
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CDC 6600 computer to obtain the solutions for a cracked-cylinder problem
_in Chapter 6 which was modelled by 82.surface elements and 248 nodal

- points.  Commercially, the rate per composite unit in 1979 is about £8

in monetary terms. Despite the fact that the charging formula for the
composite unit.at ICCC does take into account the different performance of
the various computers in use, it was found that variations of between 20%
to 40% in the units charged for problems of the same numerical size could
occur depending on which machine was used.

Although many of the numerical modelling concepts are similar to those
involved with the finite element method, it is worth noting that the
boundary e]ément mesh used for the BIE analysis is not simply a finite
element mesH with the internal nodes removed. Such a mesh would be
inefficient because a BIE mesh can be much coarser than a finite element
one in regions of the boundary where the dependent variables of the problem
do not vary rapidly. It is a]sq worth noting that in all the problems
treated in this study, stresses or displacements at points within the body
were not required from the analysis. It is for such problems, which are
very common in practice, that the BIE method, in the current form, is best
suited.  When predictions for many interior points are required, the
computing time advantage over, say, the finite element method, is not so
clear. Also, the problems considered in this study have moderate surface
area-to-volume ratios. It is probable that for problems involving
relatively thin structural components, particularly in the absence of
localized regions of rapid stress variations, this form of the BIE approach

will be less advantageous.
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APPENDIX A

DERIVATION OF U..(p,q) AND T. .(p,q)
d : 1d

The steps for obtaining the tensors Uij(p’q) and Tij(pgq) have been
outlined in thé main text (Chapter 3). What is being presented here are
the detailed algebraic manipulations from the governing equations and

relevant identities to the final forms of the tensors that were shown.

(1) _Uij( 5 q)

Recall that the governing equations of elasticity (3.5) are satisfied

when:
2wu, = 2 (1-v) Gi,j' - Gj,ji (A.1)
. _ .1
and: Gi = m_—vj-l”(p,q) ei (A.Z)
where: r(p,q) = [(E%-—ci)(ié-;i)]% (A.3)
. = or _ _ 3 _ 1 = _
Also: I’,i = —a‘{ = -B—C_,; = (-’137: E?:) (A.4)
, 7
. - 1 or
Thus: 6 = T (I=w) [BE] ¢
7
i.e G, , = 12 Liz.-c)s..|e (A.5)
$&- i - 8w (1-v) |7 5% %) % :
G = 1 Lz -t} e (A.6)
Jsd 8w (1-v) |r "5 31 :
¢, .. = L Ls +m-ci0-Dw, )| e (A.7a)
Fedi T Tw (1= |r g T IEs TR ST 85 :

r

. _ 1 1. 1
1.€. Gj,ji = m [; 57:3- ;I’,i I’,J.] ej (A.7b)
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_ 1 3 1 r?
Gi,jj T 8w (1-v [F Gij * ,(- rz) 6713' (r)] €5
i.e G, .. = I 25 e, (A.8)
T 1sJd 8w (1-v) '» 213" °g

Putting (A.7) and (A.8) into (A.1):

1 1 '
211147: = 8—177-.—2—_\))—(;) {4 (1-v) 6’1:.7'_ Gij+r’1: I‘,J-} ej

e 2w - = & {(G-aw) 6+ v} e (A.9)
Since: - Cuy ot Uy e | (A.10)
therefore:

TR ul(l—v) (%) ‘{(3—4\)) 8: +r,ir,j} (A.11)

(ii);fij(g,g)
The tractions at point p(xz) can be obtained by differentiation at

p(x) of the displacement solution using (3.8), i.e.

_ 2 uv
ti{p,q) = [1_2\) uk,k 67:,7. + H (u?:,j+uj,?:):| nj (A.]Z)
Since: u, = Ugie; and ty = Tiieg (A.13)

therefore:
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2u

Tij(p,q) = Ui e Mt ¥ (U5 +Ukj,1:) n
From (A.11):
= 1 1
Uij:k T 16Ty (1 -\,) {I’ (r,‘l: r,j),k

1
+ (- —2)(2’,k) [(3-4v) Gij tr,, r,j]}

r
But:
(ry . 1, .) = =25 . p, .2 +—(6 + 8., 7 .)
24 ,j,k T g : 'k k {] ,_‘]k Z
Therefore:
U = - L - L) [(8-4v) &,. r,
TJ5k 16 mu (1-v) 2 i Ck
- ij v, = 8. 75 +38 7, rs r,k}
. - _ (1-2v) 1
and: Ukj,k = T (T (rz)(r, .)
Thus:
2u v _ _ 2uwv (1-2v) 1 -
(1-2v) Ukj,k Ry T (1-2v) 8w yp (1-v) (rz) Ry Bog
. Zu\) - 2 1
1.e. 7= Bk ™ S T ET (1-v (rz) np Bag
= 1 1 ar _
WU e = T T ) B Py T Ty
ar ar
m Dyt (3-4v) 61;7'357 r’ir"ﬁ'ﬁ}

(A.14)

(A.15)

(A.16)

(A.17)

(A.18)

(A.19)
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i.e.
WU, = - ! (L) (2 ((5-av) 6. + 31y, 7]
WYzg e T I6w (1-v) 5" Yon iJ 2475
In (A.20): o2, = LE-)n, (A.21)
ox . .
Also:
_ 1 1
u (U ',’I:) n, = -m(-—z—) {(3-4\)) nj r,
r
or ar
'%j?ﬁ'"i”’j*sr’i"’j%}
i.e.
Sl 1 1, _
P g, e T T Ty O e 3 mg Ty T 8
+ (3-4v) TR z’,j} (A.22)
Adding (A.19), (A.20) and (A.22) as in (A.14):
T.(pq) = - et (L) 2 ((1-2v) 5, + 31,1,
i7'P 14 gw (1-v] ' 5 lon id 27 Toj

- (1-2v)(nj ry, - ng; r,j)} (A.23)
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APPENDIX B

THE VALUE OF Cij(FU WHEN THE TANGENT PLANE

AT p(x) IS SMOOTH

Consider fhe case where P(x) lies on a smooth surface of R and take
R_ as the part of R with surface S, contained within a sphere with centre

at P(z) and radius e (see Figure 3.4). Recall the identity (3.56):

C..(P) = 1im [ T..(P,Q) dS(Q) (B.1)
tJ ev0 -5

For convenience, a spherical system of coordinates as defined in Figure

B.1 is used.

ry=r coso

r=rcose sine

~J/
// Q:rsm0$m¢ //

X

Figure B.1: Spherical coordinate system
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Now:
dS = 2 sin 6 do dé (B.2)
and: LAY (B.3)
: | 2z .

since the outward normal is towards P(z) on the surface 5/ and S, (in the
limit as ¢ » 0).

r.
Further: n, = 22 o % (B.4)
r
As an example, let < = j = 1. Thus:

32 )21} a5 (B.5a)

Cll(P) = 1lim f __B_Wll_——\_)T(i) {g—z [(1-28v) + 3 (33:
g0 Sé—SE r? 1
a1 /8 .
. B db
= [ [T 1(1-2v + 3 sin? 6 cos? ¢) ZLE AL (B.5b)

o 0

z

8—-1-‘%_—\)7—[(1-2\)) 2n + 21] = %

Similarly, it can be shown that ng(P) ng(P) =41,

Consider now the case when ¢ # j. In the limit as e » 0:

2% n/8 .
. . 8 d
ClZ(P) = of O.f [3 s2n? 8 cos ¢ sin ¢] %%1%—7§¥?;f2
2n 1
= f m [2 cos ¢ sin ¢] d(p = ¢ (B'G)
0
21 w/8 .
C13(P) = of of [3 sin 6 cos B cos ¢] %%—f—zl—j—i\fw

=0 (B.7)
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2 w/2 .
. . 8 do d
023(P) = of oj' [3 sin 8 sin ¢ cos 0] %inT.Zm?.
= 0 ~ : (B.8)

Since Tij(ELQ) = Tji(P’Q)’ when T # Js Cij(zv = 0. Thus, the complete
set of results for the case when the normal direction at P(z) is

continuous may be summarized:

C;:(P) = %6, (B.9)
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APPENDIX C

TANGENTIAL STRAINS AT THE SURFACE IN THE
LOCAL ORTHOGONAL COORDINATE SYSTEM OF ELEMENTS

Referring'to Figure 4.7, the local orthogonal coordinates in the
surface tangential directions, Mg and LPPR are related to the intrinsic

coordinates, 51 and 52,.as fb11ows:

Mg T Mg T |si2| £, 08 8 + |si1| £, (C.1)
Mps = Mg sin @ Isigl £, sin 0 (C.2)
. _ cos B
Therefore: Mps = {uzj — sh+ Isill 31 (C.3)
thus: £, = L1 {n,. -8, 1} (C.4)
1 |3i1| 1 swn 8 29 '
_ 1 1
52 = [s;4] sin 0 Hoj (C.5)
Differentiating £y and_gg with respect to Myj and “2j:
13 ' 12
_1_ = .l__z_l_ H _2_ = 0 (C.G)
Buzj 811 auzj
jf_:.z_. . - 1 cos 8 M —-—-—352 = 1-—]- ‘-‘—'——Z (C 7)
s.,| sin 8 ’ " Ts.,| sin © :
auzj 11 Buzj 12

The displacements in the orthogonal tangential directions are given by

(4.19):

ua(E)

W (e) uj Mo (C.8)



- 268 -

Therefore:
U du_(£) 3t du_(g) &
@« . T 1,-¢ 2, & =12
u° i
_ az\;”g(a) itei , o (C.8a)
1 lsall
U » B
i.e. LI 3”;(5) uf (C8.b)
) 3u1j 1 Isall
u du_(£) d& du_(g) d&
Similarly: . a . _=@ 1, 2 (C.%)
3“2j L a“zj 352 auzj
1.€.
u u . cos B B
o _ _ ) c Yo L) e of (C.9b)
au %, J |s .| ein © 9%y J s ,| sin ©
2J al al

From (C.8) and (C.9), the tangential strains in the local coordinate

system defined in Figure 4.7 are thus:

_ 8u
ey = (C.10a)
aulj
_ du,,
ey = (C.10b)
d
Ko 7
u u,
- - 1
eg; = €q9 = y—2) (C.10c)
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APPENDIX D
APPROXIMATE SOLUTION FOR THE STRESS CONCENTRATION FACTOR

FOR A PRESSURIZED CYLINDER WITH A SMALL CIRCULAR

CROSS-BORE (MORRISON ET AL (1959))

The main assumption made in the following analysis is that the radius
of the cross-bore, RS, is smé]] compared with the bore radius of the
cylinder, R,. Figure D.1 shows the cross-sectional plane of the cylinder
normal to the axis of the cross-bore and Figure D.2 shows the enlarged
view of the region around the hole.

For a b]ain circular cylinder, the maximum stress is the hoop stress
at its innef surface.” In the presence of the hole, the maximum stress
must therefore be at points A, the ends of the diameter of the cross-bore
parallel to the axis of the cylinder at the inner surface of the cylinder.

The stresses at A can be obtained from two considerations as follows:

(1) The small cross-bore_can be regarded as the bore of a cylinder with
very large radius ratio, Re/Rs’ where R, is the "equivalent" external
radius of this equivalent cylinder itself subjected to the internal
pressure, P.  The nominal stresses at A in the cylindrical

coordinates centred on the axis of the hole are then:

(Re/'RS)2 + 1 (which, relative to
Hoop stress s oé = P = P , the main cylinder,
(Re/RS)2 -1 is also a hoop stress)

(which, relative to
Radial stress , 0; = =P , the main cylinder,
is an axial stress)

. V- since the hole
Axial stress , o/ 0 s §s "open-ended" *

(which, relative to the
main cylinder, is in
the radial direction)



- 270 -

_(2) Now consider the stresses in the cylindrical coordinate system
centred on the axis of the main cylinder. If the hole is absent,

the stresses at A would be:

2
(RZ/RI) + 1

Hoop stress s oZ = P - >
CRZ/RZ) -1
Radial stress , 0; - - P
P

Axial stress s o* =
2 (Ry/R)? - 1

4

The présence of the hole does not change the value of 0;; Since the
hole is relatively small, it can be regarded as existing in the two-
dimensional stress field o;, o;, and the well-known stress
concentration factors at a hole in a "plate" subjected to uniaxial
tension can be applied. The hoop stress component at A due to of

h
would be 3 o# and that due to o* would be - o*.

h 2 2
The stresses at A from consideration (1) and (2) may now be added
together:

Consideration Consideration Total

(1) (2)

4(}?2/}?1)2 +1

Hoop stress at A g, = a, + 3 g} -og* = P
h h h 2 2 _
(R2/R1) 1
Radial stress at A: o, = cé + c; = -P
Axijal stress at A : o, = o; + 0 = - P

The last two of these results are exact since the surfaces are subjected to
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a pressure P,  The approximate hoop stress concentration factor at A is

~thus: , )2
4 (R/R,)2 + 1 ‘(R _/R + 1

L L NG
(32/31)2 -1 (32/31)2 -1

P

4 (33/31)2 + 1

(32/31)2 + 1

1.e. kh =




/////////ﬂ

o
o

///////////4

N
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