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Abstract
Investigating hydraulic and petrophysical properties of porous media has been an active area of research. Despite numerous progresses in modeling flow and transport over the past decades, we are still far from accurately estimating the scale dependence of soil and rock properties. In this study, we propose applying renormalization group theory (RGT) at pore scale. Using the RGT, we determine the scale dependence of effective pore-throat radius () and develop two theoretical models to estimate permeability (k) in pore networks of various sizes. The first theoretical model estimates k(L) from the  and simulated formation factor F(L), while the second model uses information at the smallest scale (L = Lmin) in addition to  and F(L). By comparing with 25 pore-network simulations, we show that the RGT estimates the scale-dependent k reasonably well. The first model estimates k(L) with average relative errors ranged between -53.1 and -3.0%, while the second model between -1.0 and 14.33%. We also conduct fluid flow simulations in 40 other pore networks above the representative elementary volume (REV) and compare the results of the RGT with those of the effective-medium approximation (EMA). Results showed that both the RGT and EMA accurately estimates k from pore-throat radius distribution and formation factor with RMSLE = 0.119 and 0.096, respectively. 
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1. Introduction
Understanding flow and transport processes at large scales (e.g., field) has been always challenging due to spatial and temporal variations and complexities. Accordingly, upscaling approaches have been widely applied to determine the value of a property at a larger scale (e.g., field) from available characteristics at a smaller scale (e.g., core). Due to broad practical applications, upscaling has been an active subject of research in various research areas, such as hydrology, civil, chemical and petroleum engineering, and soil physics. 
One of the most important hydraulic and petrophysical properties of porous media is permeability, the capability of a soil or rock to allow the passage of fluid through it. Therefore, over the past decades, numerous studies focused on its modeling and estimation across scales. For instance, at the core scale, permeability can be estimated either from pore-scale properties, such as pore-throat radius distribution (Johnson et al., 1986; Katz & Thompson, 1986), grain size distribution (Carman, 1937; Glover et al., 2006; Porter et al., 2013), and nuclear magnetic resonance relaxation time distribution (Coates et al., 1999), or from rock images using digital rock physics (Saxena et al., 2017; Sudakov et al., 2019). 
In the literature, various theoretical frameworks, such as bundle of straight capillary tubes (Purcell, 1949), bundle of tortuous tubes (Yu & Cheng, 2002), effective-medium approximation (Doyen, 1988), and critical path analysis (Katz & Thompson, 1987) have been developed to link permeability at pore and core scales to other pore space properties e.g., porosity, tortuosity, and formation factor. In most theoretical models, permeability conforms to the following mathematical form (A. Hunt et al., 2014):
											(1)
where  is a characteristic length size, F is the formation factor, and C is a constant coefficient whose value and interpretation vary from one theoretical terminology to another (see Table 1). If one approximates F with  (Dullien, 1992), Eq. (1) changes to  in which  represents the electrical tortuosity (B. Ghanbarian et al., 2013) and  is the porosity. 
We summarize lc and its physical interpretation within different theoretical models in Table 1. For instance, lc = rtcrit, the critical pore-throat radius corresponding to the inflection point of mercury intrusion porosimetry curve, in the critical path analysis approach (Katz & Thompson, 1986). However, lc = Λ, a measure of the size of the dynamically-connected pores, in the Johnson et al. (1986) model. lc = rteff, an effective pore-throat radius determined by replacing a heterogeneous medium with a homogeneous one, in the effective-medium approximation (Doyen, 1988).
It is well documented in the literature that the permeability (k) of porous media and geologic formations is scale-dependent (Garbesi et al., 1996; Heap & Kennedy, 2016; A. G. Hunt, 2006; Shlomo P. Neuman, 1990, 1994; Sahimi et al., 1986). As argued by Bear (1972) and others, the scale dependence of k is due to spatial heterogeneity across scales. Although the scale dependence of k has been widely addressed using experiments (Brace, 1980; Bromley et al., 2004; Dirk Schulze-Makuch & Cherkauer, 1998) and simulations (Aslannejad et al., 2017; Mostaghimi et al., 2013; D. Zhang et al., 2000), the number of mathematical models (either theoretical or empirical) in the literature is very limited. One of the commonly applied models is that empirically linking permeability to sample volume through a power-law relationship i.e.,  (D. Schulze-Makuch et al., 1999). The parameters  and  are, however, empirical. Thus, their values are not known a priori, unless they are optimized by fitting to data. Schulze-Makuch et al. (1999) reported  for homogeneous,  for heterogeneous,  for double-porosity,  for fractured, and  for condut media (see their Table 7).  
Eq. (1) can be used to link permeabilities across scales. For this purpose, since C is a constant coefficient, one only needs to express permeability, formation factor, and characteristics length size in terms of the system size, L, to have . Using this terminology and concepts from the critical path analysis, Esmaeilpour et al. (2021) developed two theoretical derivations (see their Eqs. (27) and (28)). By comparing with pore-scale numerical simulations, those authors showed that both models reasonably estimated the scale dependence of permeability. 
One may also apply geostatistical-based theories to study scale-dependent characteristics of porous media (S. P. Neuman, 1990, 1994). At the field scale, for instance Di Federico and Neuman (1997) proposed scaling of random fields by means of truncated power variograms and associated spectra that provided an explanation for the effect of scale. Such an approach was followed by others (Di Federico & Neuman, 1998; S. P. Neuman & Di Federico, 2003) and even extended (Guadagnini et al., 2018; Riva et al., 2017). As an example, recently Riva et al. (2015) proposed a generalized sub-Gaussian model that reconciles the distribution of a hydrologic variable appropriately with that of its spatial or temporal increment. In addition to that, the generalized sub-Gaussian model captures scale-dependent characteristics of the probability density function of a hydrologic variable and its increment (Riva et al., 2017).
In addition to the critical path analysis and geostatistical-based theories, renormalization group theory (Wilson & Kogut, 1974) from statistical physics may be used for scaling analysis. It has been previously applied to upscale conductivity in bond lattices (Bernasconi, 1978; Sahimi et al., 1983; Shah & Ottino, 1986), permeability of rock images (Agarwal et al., 2018; Irayani et al., 2019; Wei et al., 2019) or permeability in geological formations (Aharony et al., 1991; Green & Paterson, 2007; King, 1989). However, its applications to permeability of porous media at the pore or core scales are limited. To the best of the authors’ knowledge, permeability has not yet estimated from pore-throat radius distribution and formation factor via renormalization group theory. Furthermore, the application of renormalization group theory to estimating scale dependent-permeability is very restricted. Although Gavrilenko and Gueguen (1998) applied it to fractured media, those authors did not use formation factor at different scales to estimate the scale dependence of permeability in fracture networks. Therefore, the main objectives of this study are to: (1) adopt the King (1989) approach based on renormalization group theory for permeability estimation from pore-throat radius distribution and formation factor, (2) develop a new framework to express the scale dependence of permeability using concepts of renormalization group theory, and (3) evaluate the proposed theory using pore-network simulations. 

2. Theory
2.1. Renormalization Group theory
Renormalization group theory (Reynolds et al., 1977; Wilson & Kogut, 1974) is a technique from statistical physics that can be used for upscaling purposes. An analogy between the flow of electrical current through a circuit and fluid flow in a porous medium was employed by King (1989) to map a grid of cells with varying permeabilities to a resistor network and, consequently, to a single resistor, which represents the entire network.
Although various approaches based on renormalization group theory were proposed for square, hexagonal and cubic lattices and/or networks (Gavrilenko & Gueguen, 1998; Sahimi, 1988; Shah & Ottino, 1986), in this study we adopted the King (1989) methodology. Based on a two-dimensional square lattice with four neighbors, King (1989) proposed the following formula to calculate the effective permeability  
	
	(2)


where ,  , and  are the four permeability values of the cells adjacent to each other. 
At the pore level, permeability of a cylindrical pore throat of radius  is . To determine the effective pore-throat radius  of a pore network with pore coordination number Z = 4, we replace k in Eq. (2) with  to have
	
	(3)


in which ,  , and  are the radii of four pore throats connected to the same pore body, and  represents the effective pore-throat radius.  is the pore-throat radius at which the system would retain the same flow characteristics, if all other pore throats were replaced by . One should expect Eq. (3) to provide accurate results in porous media with average pore coordination numbers near 4. We note that although the pore coordination number in porous media follows a distribution (Kim et al., 2013; Raoof & Hassanizadeh, 2012), its average value typically stays around 3–4 (Blunt, 2017; Jiang et al., 2018; Liang et al., 2000; Lindquist et al., 2000; Vogel & Roth, 2001).
Fig. 1 shows schematically how the concept of renormalization group theory is used to replace a network of pore throats of various radii with a single pore throat of size . As can be seen, at each step, every four pore throat radii are replaced with an effective value via Eq. (3). Accordingly, in a network with  pore throats,  steps are needed to represent the entire pore network with an effective pore throat of size . This means that the value of  depends on the number of steps and the size of the network. We show this scale dependence of  and demonstrate its contribution to the scale-dependent permeability. We, accordingly, assess the performance of the RGT to estimate the scale dependence of permeability as well as its value at the representative elementary volume (REV).

2.2. Effective medium approximation
Another upscaling technique from statistical physics is the effective-medium approximation (EMA) in which a relatively heterogeneous pore network is replaced with a homogeneous one constructed of pore throats of the same conductance, , or size, . According to Kirkpatrick (1973), the effective pore conductance  can be determined via the following equation
	
	(4)


where and  represent the minimum and maximum pore-throat conductances in the network, respectively, f(g) is the pore-throat conductance distribution, and  is the average pore coordination number. Assuming that pore throats are cylindrical in geometry, the relationship between the hydraulic conductance and the pore throat radius is given by
	
	(5)


where  is the fluid viscosity, and  is the pore-throat length. By substituting g with  in Eq. (4), the effective pore-throat radius  for a pore network can be calculated. However,  determined via the EMA only depends on the geometrical and topological properties of the pore space, not on the size of the pore network. Therefore, we only evaluate the EMA in the estimation of the permeability at or above the REV.

3. Pore-network modeling
To evaluate renormalization group theory and the effective medium approximation in the estimation of permeability, we conducted pore-scale simulations. Pore-network models have been widely used to study flow and transport in porous media across a broad range of disciplines (Blunt, 2017; Gostick et al., 2016; Xiong et al., 2016) because they are efficient in terms of computational cost as compared to other methods, such as direct numerical simulations (Mahmoodlu et al., 2020; Mehmani & Tchelepi, 2017). We generated pore networks constructed of pore bodies and pore throats of various sizes. Different levels of heterogeneity were considered by incorporating pore-throat radius distributions of various broadness. In what follows, we explain the detail of pore-network modeling for both scale-dependent and representative elementary volume simulations. 
- Scale-dependent permeability simulations
To study permeability and its scale dependence, cubic pore networks were used. We simulated both electrical and hydraulic flow in twenty one synthetic pore networks (Networks 1.1 through 3.7) as well as additional four networks constructed based on Fontainebleau sandstone samples reported by Lindquist et al. (2000). The salient properties of the pore networks are listed in Table 2. 
To generate pore networks, we used the open-access code developed by Valvatne (2004) who assumed that the pore-throat radius distribution follows the truncated Weibull probability density function. Pore-throat radii were first determined using the following equation 
	
	(6)


and then randomly placed within the network. In Eq. (6),  is the pore throat radius,  and  are respectively the shape and scale parameters of the Weibull distribution,  is a randomly generated number between 0 and 1, and  and  are, respectively, the lower and upper bounds in the truncated Weibull distribution. The pore-body radius, , was determined from
	
	(7)


in which  is an aspect ratio and  is the number of pore throats connected to the same pore body. For all twenty one synthetic pore networks, we set  = 0 meaning that the radius of the pore body is identical to the size of the largest linked pore throat, however for the four Fontainebleau sandstone pore networks  also follows a Weibull distribution. 
In the generated synthetic random pore networks, the average pore coordination number and pore-throat length were respectively 4 and 100 . For four Fontainebleau networks, Lindquist et al. (2000) reported 3.37  Z  3.75. Thus, we set Z = 3.5, as an average value. The pore-throat length varied between 10 and 1000  in the Fontainebleau pore networks. 
We simulated hydraulic and electrical flow at the pore level using Hagen-Poiseuille’s and Ohm’s laws at different network linear sizes L = 1130, 2250, 3380 and 6770  for Networks 1.1 to 3.7 and at L = 2600, 5200, 7800 and 16000  for the four Fontainebleau pore networks. The periodic boundary conditions were applied at the inlet and outlet faces. All the simulations were carried out using the open-source code developed by Valvatne (2004), which has been successfully applied in the literature (Per H. Valvatne & Blunt, 2004; Per H Valvatne & Blunt, 2003). The permeability and formation factor used in this study were averaged over 100 iterations of the simulations for each pore network.
- REV permeability simulations
We also generated 40 other synthetic pore networks to evaluate the RGT and compare its performance with the EMA in the estimation of permeability at or above the REV. In such pore networks, although we set Z = 4, the value of  varied from 1.35 to 24. Two ranges i.e., 0.1-10  and 1-100  were used for the pore throats and two different clay contents (0 and 0.2) and contact angles (0 and 60). The properties of the generated pore networks are given in Table 3. In these networks,  ranged between 0 and 1 following the truncated Weibull probability density function with  and .
According to the results of Yokeley et al. (2021), the REV is reached when there exist at least 64 pore bodies on each side of the pore network. In contrast to Networks 1.1 to 3.7, the actual physical size of these forty networks is not the same since the pore-throat length distribution varied from one network to another following the truncated Weibull probability density function (same as in Eq. (5)).  The size of these networks ranged from 2270 to 72845 . 
Similarly, the open-access code developed by Valvatne (2004) was applied to simulate the hydraulic and electrical flow and to determine the permeability and formation factor for each pore network.

4. Theoretical estimation of permeability
To estimate the permeability of the pore networks using the RGT and EMA, one needs to determine the effective pore-throat radius . Within the RGT framework, every four pore-throat radii are replaced with an effective value using Eq. (3). For this purpose, we first constructed a matrix called whose arrays were the pore-throat radii randomly selected from the corresponding pore-throat radius distribution. The dimension of the matrix  depends on the number of steps in the RGT or the size of the pore network. In cubic pore networks of sizes 1130, 2250, 3380, and 6770 , we had respectively 9, 19, 29, and 59 pore throats along each side of the networks. We, therefore, used the nearest matrix dimensions , , , , respectively. Note that the matrices should be two-dimensional because the average pore coordination number is 4. Since every four pore throats are represented by one single effective value within the RGT framework, the matrix dimension should be a multiple of four. Similarly, to investigate the permeability estimation at or above the REV we used a matrix of size   since the forty networks used for this purpose all have 64 pore throats along each side of their networks.
After creating the matrix  and randomly assigning its arrays the pore-throat radii, we applied Eq. (3) to each of the four adjacent arrays: , , , and  where  and represent rows and columns of the matrix , respectively. Following the same process in steps, the effective pore throat radius, , was calculated using the renormalization group theory. For each pore network, ten thousand iterations were performed, and the final  used in the estimation of permeability was the average of all iterations.
To estimate the effective pore-throat radius within the EMA framework, we numerically solved Eq. (4) in combination with Eq. (5) in MATLAB. For this purpose, we used the trapezoidal numerical integration, which approximately computes an integral via the trapezoidal method with unit spacing. By trial and error, we found that the integral in Eq. (4) could be well approximated using 1000 trapezoids.
After calculating , we used the following equation to estimate the scale-dependent permeability  from the effective pore-throat radius  and formation factor :
	
	(8)


Eq. (8) is our first theoretical model estimating k(L) from  and . 
If , , and  values are available at the smallest scale (L = Lmin), one may normalize Eq. (8) to have 
	
	(9)


where , and are the permeability, formation factor, and effective pore-throat radius at the smallest network size, respectively. Eq. (9) is our second theoretical model that uses information at the smallest scale (L = Lmin) in addition to  and F(L).
To evaluate the accuracy of the proposed theoretical models in the estimation of permeability the root mean square log-transformed error (RMSLE), average relative error (RE), or corrected Akaike information criterion (Hurvich & Tsai, 1989) were calculated as follows 
	
	(10)

	
	(11)


								  (12)
where  is the number of samples,  is the estimated permeability,  is the simulated value, q is the number of model parameters (=2 for Eqs. (8) and 5 for Eq. (9)), and RSS is the residual sum of squares. The more negative the , the more accurate the model. Note that we used the RMSLE because the value of permeability typically spans several orders of magnitude, and the log difference would eliminate bias for networks with high permeabilities. 
 
5. Results and Discussion
In this section, we first present the generated pore networks and then discuss the results of scale-dependent permeability estimations using renormalization group theory. Next, we compare the REV permeability estimations by the RGT with those of the EMA. 

5.1. Pore-network simulations
Fig. 2 illustrates the distributions of pore-throat radius for the synthetic media (Networks 1 to 3) as well as those for the Fontainebleau sandstones. As can be seen, the pore-throat radius distribution becomes broader from Network 1 to Network 3. However, all synthetic pore networks have narrower pore-throat radius distributions compared to the Fontainebleau sandstones. Fig. 2 also shows that the pore-throat radius distribution is right-skewed in networks with  = 1.35, no skewed in networks with  = 3, and left-skewed in networks with   6. Both right- and left-skewed pore-throat size distributions were reported in the literature (Kosugi, 1994; M. Zhang et al., 2021). The pore-throat radius distributions for the 40 pore networks generated to compare renormalization group theory with the effective-medium approximation in the estimation of REV permeability are shown in Fig. 3. This figure indicates that the generated networks cover a relatively wide range of porous media with relatively narrow to relatively broad pore-throat radius distributions. This is confirmed via the porosity-permeability plot shown in Fig. 4. Based on the study of Nelson (1994), some networks studied here represent consolidated sands and carbonates, while others denote unconsolidated sands indicating a relatively wide range of porous media.

5.2. Estimating scale-dependent permeability using renormalization group theory
First, we discuss the obtained results in detail for Network 2.7 as an example. Next, we present the results for all the twenty five networks in general.
Fig. 5 shows the pore-throat radius distribution as well as the calculated effective pore-throat radius, , and the simulated formation factor and permeability against the scale for Network 2.7 (with . Although  increased from 45.9 to 46.5 m with increasing the network size, the value of k decreased from   to  . The decrease in k with the scale while  increased is because the formation factor increased with the network size increase (data summarized in Table 4). The scale dependence of permeability is a function of the interplay of two parameters i.e.,  and F. Since k is directly proportional to  but inversely to F (Eq. 8), results show that the effect of F on k was more profound than that of  for Network 2.7. The increasing trend in  with the scale is consistent with the results of Koestel et al. (2020) and Esmaeilpour et al. (2021). For instance, by image analysis Koestel et al. (2020) found that the value of critical pore-throat radius increased as the image size increased (see their Fig. 5d). 
Fig. 5 also shows that the rate of variation in the scale dependence of  slows down with the increase in the pore network size. As the network size increases, the size of matrix  increases as well meaning that it would contain more arrays randomly selected from the corresponding pore-throat radius distribution. This makes the matrix M a more accurate representation of the pore-throat radii. More specifically, for network 2.7, we found the variance of  determined over 1000 iterations equal to  at the smallest network size (L = 1130 ) and  at the largest network size (L = 6670 ), which indicates a decrease by a factor of more than 22. It is, therefore, expected that the value of  would not change substantially from one large pore network to another (see Table 4). 
The scale-dependent permeability estimations by Eqs. (8) and (9) are presented in Fig. 5 for Network 2.7. Results showed that Eq. (9) with the average RE = 1.48% estimated the k(L) more accurately than Eq. (8) with the average RE = -4.85%. More precise estimations by Eq. (9) compared to Eq. (8) is because the former applies further information (i.e., , , and ) available at the smallest network size (L = Lmin) to scale up permeability. 
In Figs. 6 to 9, we present results of scale-dependent permeability estimations via Eqs. (8), shown in blue, and (9), shown in red, for 21 synthetic and 4 Fontainebleau pore networks. The average relative error for each network is also reported. For Networks 1 to 3, we found the average relative error ranged from -53.08 to -2.99% for Eq. (8), while from -8.07 to 9.93% for Eq. (9). Results showed that Eq. (9) that requires characteristics, such as , , and  at the smallest scale (L = Lmin) estimated the scale dependence of permeability more accurately than Eq. (8). 
Figs. 6 to 8 imply higher average REs for the networks with smaller  values. We found the largest errors in synthetic networks with 1.35 and 3. As  increases from 1.35 to 3, the pore-throat radius distribution changes from right skewed to symmetric (Figs. 2 and 3).  values > 3 correspond to left skewed pore-throat radius distributions. Although estimations by the RGT should be independent of the shape of pore-throat radius distribution (right or left skewed), our results showed that the RGT estimations were more accurate in networks with left-skewed pore-throat radius distributions ( > 3). 
Estimations of the scale-dependent permeability for Fontainebleau pore networks are presented in Fig. 9. We found the average RE varied between -34.70 and -17.49 % for Eq. (8), and between 10.38 and 14.43% for Eq. (9). As can be observed, the accuracy of the RGT model for the Fontainebleau pore networks is less than that for the synthetic networks.  This may be partially because within the proposed RGT framework, Eq. (3) requires the average pore coordination number to be equal to four. However, in the generated Fontainebleau pore networks Z = 3.5 (Table 2). In addition to that, in all Fontainebleau pore networks studied here,  is small (either 1.05 or 1.3), and the pore-throat radius distributions are right skewed (Fig. 2). Accordingly, similar to the results of Networks 1.1, 2.1, and 3.1, one may expect the RGT not to be very accurate; not as precise as in the networks with  > 3.
Compared to Eq. (8), Eq. (9) had lower errors in the estimation of k(L) in the Fontainebleau pore networks. As stated before, this is because Eq. (9), the normalized form of Eq. (8), uses the values of , , and  at the smallest scale to estimate the scale dependence of permeability at larger scales.
	Comparing Figs. 6 to 9 demonstrates that Eq. (8) underestimated the scale dependence of permeability by a factor of around two or less in the pore networks studied here. Given that the values of  and F were determined or simulated at each scale, the uncertainties in the estimation of k(L) via Eq. (8) may be associated with uncertainties in the value of the constant coefficient C, which was assumed to be 8 in Eq. (8). In the literature, different values for C have been reported. For a recent review, see Ghanbarian et al. (2016). For instance, Schwartz and Banavar (1989) stated that C = 4 may result into more accurate estimations than C = 8.
	As shown in Figs. 6-9, the permeability does not substantially increase or decrease as the network size increases. This is consistent with the simulations of Ghanbarian et al. (2021) who investigated the effect of average pore coordination number on the scale dependence of permeability. They found significant scale dependence of permeability at lower average pore coordination numbers e.g., close to 1.5, the critical value (Zc = 1.5).
We summarize the RE and AICc values for all networks and Eqs. (8) and (9) in Table 5. Eq. (9) estimates k(L) from five input parameters, while Eq. (8) from two. Nonetheless, the AICc values reported in Table 5 for Eq. (9) are less (more negative) than those calculated for Eq. (8). This confirms that Eq. (9) estimated the scale dependence of permeability more accurately than Eq. (8).
  
5.3. REV permeability estimation
To evaluate the performance of the RGT and EMA in the estimation of REV permeability, we generated 40 synthetic pore networks (Table 3) and simulated formation factor and permeability. Recall that in this set of pore network simulations, there exist 64 pore bodies along each side of the networks representing the REV size (Yokeley et al., 2021). The value of porosity in these pore networks ranged from 5 to 17 %. In Fig. 10a, we show the simulated permeability against the simulated formation factor for all the networks. The formation factor varied from 18.9 to 171.5 and permeability from  to  (Fig. 10a). The two trends shown in Fig. 10a belong to two pore-throat radius ranges considered in this study (i.e., 0.1-10 and 0.1-100 ). Since the average pore coordination number was 4 in all the networks, we set Z = 4 and calculated the value of effective pore-throat radius using the EMA (Eq. 4 in combination with Eq. 5) and found  (Fig. 10b). Interesting, similar results were obtained using RGT for which we found  (Fig. 10b). This indicates both the RGT and EMA similarly determined the value of  in the networks studied here. 
Figs. 10c and 10d show the estimated permeability via the RGT and EMA against the simulated one for the 40 synthetic pore networks. We found both approaches estimated the REV permeability with similar accuracy. For the RGT the RMSLE was 0.119, slightly greater than RMSLE = 0.096 for the EMA. Results showed that both RGT and EMA estimated k accurately within a factor of two of the measurements on average. However, both RGT and EMA tended to slightly underestimate the permeability, which might be due to uncertainties in the value of the constant coefficient C = 8. In some samples, as can be seen, C = 4 would yield more accurate estimations (results not shown). 
Results presented in Figs. 10c and 10d are consistent with those reported by King (1989) who estimated the effective permeability at Darcy scale using the EMA and RGT. By comparing with numerical simulations, he found that both methods precisely estimated permeability with similar accuracies. Our results are also in accord with those from Adeyemi et al. (2022) who reported that when formations are not too heterogeneous, results of EMA and RGT in the estimation of effective permeability would be similar at the Darcy scale.
We should point out that we investigated permeability and its scale dependence in random pore networks in this study. Porous media, however, might have some correlation (Sahimi, 2011). Although small-scale porous media (e.g., cores) may contain only short-range correlations, large-scale geologic formations (e.g., reservoirs) might be long-ranged correlated (Dashtian et al., 2015; Sahimi, 1994). The proposed approach based on the RGT, however, is rather general and applicable to media with either short- or long-range correlation. 

6. Conclusion
In this study, we applied concepts of renormalization group theory (RGT) to estimate the scale dependence of permeability at the pore scale from pore-throat radius distribution and formation factor. We developed two theoretical models, i.e., Eqs. (8) and (9) and evaluated their performances by comparing with pore-network simulations. For this purpose, we generated 21 synthetic and 4 Fontainebleau pore networks of various pore-throat radius distributions. Results showed that Eq. (9), requiring the effective pore-throat radius and formation factor available across scales as well as permeability at the smallest scale, estimated k(L) more accurately than Eq. (8). We also compared the performance of RGT with that of effective-medium approximation (EMA) in the estimation of REV permeability using forty synthetic pore networks. We found that both RGT and EMA estimated the REV permeability with similar accuracy (RMSLE = 0.096 for the EMA vs. 0.119 for the RTG). Further investigations are still required to evaluate the proposed RGT framework to media with pore coordination numbers different from four.
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Table 1. Theoretical models developed in the literature to link permeability to other porous medium properties.
	Theory
	Model
	Parameters*
	Reference

	Bundle of straight capillary tubes of the same radius R
	 
	R, ϕ
	Kozeny (1927), Carman (1937)

	Bundle of tortuous capillary tubes of the same radius R
	 
	R, ϕ, τ
	Kozeny (1927), Carman (1937)

	Homogeneous media
	 
	RH, ϕ, τ
	Kozeny (1927), Carman (1937)

	Dynamically connected media
	 
	Λ, F
	Johnson et al. (1986)

	Critical path analysis
	 
	rtcrit, F
	Katz and Thompson (1986)

	Effective-medium approximation
	 
	rteff, rb, ϕ, τ
	Doyen (1988)


* k is permeability, RH is hydraulic radius, τ is tortuosity, ϕ is porosity, F is formation factor, rtcrit is critical pore-throat radius, Λ is characteristic pore size, rteff is effective pore-throat radius, and rb is pore-body radius.

[bookmark: _Hlk64812374]Table 2. Properties of twenty one synthetic and four Fontainebleau pore networks generated in this study to investigate the scale dependence of permeability.
	Network
	rb 

	rt

	
	
	lt

	
Z
	 
(%)

	1.1
	0.1-10
	0.1-10
	1.35
	0.2
	100
	4
	0.6

	1.2
	0.1-10
	0.1-10
	3
	0.2
	100
	4
	1.4

	1.3
	0.1-10
	0.1-10
	6
	0.2
	100
	4
	2.2

	1.4
	0.1-10
	0.1-10
	12
	0.2
	100
	4
	2.9

	1.5
	0.1-10
	0.1-10
	18
	0.2
	100
	4
	3.2

	1.6
	0.1-10
	0.1-10
	24
	0.2
	100
	4
	3.4

	1.7
	0.1-10
	0.1-10
	30
	0.2
	100
	4
	3.5

	2.1
	1-50
	1-50
	1.35
	0.2
	100
	4
	9.6

	2.2
	1-50
	1-50
	3
	0.2
	100
	4
	15.7

	2.3
	1-50
	1-50
	6
	0.2
	100
	4
	20.6

	2.4
	1-50
	1-50
	12
	0.2
	100
	4
	24.4

	2.5
	1-50
	1-50
	18
	0.2
	100
	4
	25.9

	2.6
	1-50
	1-50
	24
	0.2
	100
	4
	26.7

	2.7
	1-50
	1-50
	30
	0.2
	100
	4
	27.2

	3.1
	10-75
	10-75
	1.35
	0.2
	100
	4
	18.6

	3.2
	10-75
	10-75
	3
	0.2
	100
	4
	25.5

	3.3
	10-75
	10-75
	6
	0.2
	100
	4
	30.8

	3.4
	10-75
	10-75
	12
	0.2
	100
	4
	34.5

	3.5
	10-75
	10-75
	18
	0.2
	100
	4
	36

	3.6
	10-75
	10-75
	24
	0.2
	100
	4
	36.9

	3.7
	10-75
	10-75
	30
	0.2
	100
	4
	37.4

	Fontainebleau 7.5
	8-150
	5-70
	1.05
	0.2
	35-1000
	3.5
	5.6

	Fontainebleau 13
	8-183
	5-70
	1.3
	0.2
	25-1000
	3.5
	9.4

	Fontainebleau 15
	9-150
	5-80
	1.3
	0.2
	25-1000
	3.5
	10.1

	Fontainebleau 22
	11-260
	4-100
	1.3
	0.2
	10-900
	3.5
	20.4


* rb is pore-body radius, rt is pore-throat radius,  and  are the Weibull distribution parameters, and Z is the average pore coordination number. 


Table 3. Properties of the generated forty synthetic pore networks to study the REV permeability.
	Parameter
	range

	rt 
	0.1-10, 0.1-100

	 
	1.35, 3, 6, 12, 24

	 
	0.2

	Z
	4

	Contact angle
	0, 60

	Clay (%)
	0, 20


* rt is the pore-throat radius,  and  are the Weibull distribution parameters, and Z is the average pore coordination number. 


Table 4. The effective pore-throat radius, , formation factor, F, and permeability, k, at different scales (L = 1130, 2250, 3380, and 6770 ) for Network 2.7. Data visualized in Fig. 5.
	[bookmark: _Hlk118811908]Parameter
	Network size L 

	
	1130 (
	2250 (
	3380 (
	6770 (

	Effective pore-throat radius (
	45.90
	46.10
	46.51
	46.50

	Formation factor (-)
	10.57
	10.80
	10.84
	10.94

	Simulated permeability (
	
	
	
	

	Estimated permeability via Eq. (8) (
	
	
	
	

	Estimated permeability via Eq. (9) (
	
	
	
	




Table 5. The corrected Akaike information criterion (AICc) and average relative error calculated for the scale-dependent permeability estimations by Eqs. (8) and (9) for different networks. 
	Network
	Eq. (8)
	
	Eq. (9)

	
	RE (%)
	AICc
	
	RE (%)
	AICc

	1.1
	-53.1
	-266.6
	
	-4.2
	-313.9

	1.2
	-18.7
	-254.2
	
	0.8
	-310.2

	1.3
	-16.2
	-243.7
	
	-8.1
	-283.0

	1.4
	-3.0
	-250.6
	
	1.6
	-290.7

	1.5
	-3.6
	-250.6
	
	1.4
	-293.4

	1.6
	-3.7
	-249.4
	
	2.3
	-288.3

	1.7
	-4.3
	-251.1
	
	0.4
	-304.2

	2.1
	-42.9
	-220.9
	
	9.9
	-268.1

	2.2
	-22.3
	-206.1
	
	0.7
	-267.2

	2.3
	-13.0
	-201.8
	
	-1.0
	-254.4

	2.4
	-8.0
	-201.5
	
	0.5
	-257.4

	2.5
	-6.9
	-201.2
	
	2.4
	-244.7

	2.6
	-5.9
	-201.6
	
	2.6
	-243.3

	2.7
	-4.9
	-202.9
	
	1.5
	-247.0

	3.1
	-21.3
	-206.5
	
	9.7
	-248.0

	3.2
	-19.3
	-193.8
	
	-1.0
	-252.2

	3.3
	-14.6
	-189.5
	
	0.8
	-243.2

	3.4
	-9.9
	-189.4
	
	2.9
	-234.2

	3.5
	-8.0
	-189.8
	
	4.5
	-229.6

	3.6
	-6.3
	-191.3
	
	2.4
	-234.0

	3.7
	-4.9
	-192.9
	
	2.3
	-234.2

	Fontainebleau 7.5
	-17.5
	-231.9
	
	10.5
	-272.2

	Fontainebleau 13
	-25.9
	-217.8
	
	13.4
	-259.0

	Fontainebleau 15
	-28.5
	-214.2
	
	14.3
	-255.7

	Fontainebleau 22
	-34.7
	-208.3
	
	10.4
	-253.5
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[bookmark: _Hlk64811902]Fig. 1. Schematic representation of how renormalization group theory (RGT) may be used to determine the effective pore-throat radius in a network of pores. Each 4 pore throats would result in a single pore-throat radius in each step of RGT.
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[bookmark: _Hlk118806571]Fig. 2. Pore-throat radius distributions of the twenty one synthetic (Networks 1, 2, and 3) and four Fontainebleau pore networks.

[image: ]
Fig. 3. Pore-throat radius distributions of forty synthetic pore networks generated to study the REV permeability estimation via renormalization group theory (RGT) and the effective-medium approximation (EMA).

[image: ]
Fig. 4. Simulated permeability versus porosity for all pore networks generated in this study within the porosity-permeability diagram reproduced from Nelson (1994).
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Fig. 5. Results for Network 2.7 ( (a) Pore-throat radius distribution, (b) calculated effective pore-throat radius, (c) simulated formation factor, and (d) simulated permeability vs. network size. Scale-dependent permeability determined by Eq. (8) is shown in blue, while that by Eq. (9) in red. RE represents the average relative error. Data are presented in Table 4. 
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[bookmark: _Hlk64589427]Fig. 6. Results of scale-dependent permeability estimations via Eq. (8), shown in blue, and Eq. (9), shown in red, for Network 1. RE represents the average relative error.
[image: ]
Fig. 7. Results of scale-dependent permeability estimations via Eq. (8), shown in blue, and Eq. (9), shown in red, for Network 2. RE represents the average relative error.


[image: ]
Fig. 8. Results of scale-dependent permeability estimations via Eq. (8), shown in blue, and Eq. (9), shown in red, for Network 3. RE represents the average relative error.


[image: ]
Fig. 9. Results of scale-dependent permeability estimations via Eq. (8), shown in blue, and Eq. (9), shown in red, for Fontainebleau sandstone pore networks. RE represents the average relative error.
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[bookmark: _Hlk64594562]Fig. 10.  Results of the simulations for the forty pore networks used to study the REV permeability. (a) Permeability vs. formation factor, (b) Average calculated  using renormalization group theory (RGT) vs.   from effective-medium approximation (EMA), c) Estimated permeability using RGT and, (d) EMA against simulated values. The dashed line represents the 1:1 line. Area between the two solid lines is indicative of a factor of two error window. 

NOTATION
	
	

	k
	Permeability

	
	Constant coefficient

	lc
	Characteristic length size

	
	Formation factor

	
	Tortuosity

	
	Porosity

	rtcrit
	Critical pore-throat radius

	Λ
	Characteristic pore size

	rteff
	Effective pore-throat radius

	a
	Constant coefficient

	b
	Constant coefficient

	L
	System size

	
	Effective permeability

	
	Effective pore-throat conductance

	
	Maximum pore-throat conductance

	
	Minimum pore-throat conductance

	g
	Pore-throat conductance

	
	Average pore coordination number

	
	Pore-throat conductance distribution

	
	Fluid viscosity

	
	Pore-throat length

	
	Pore-throat radius

	rtmax
	Maximum pore-throat radius

	rtmin
	Minimum pore-throat radius

	
	Weibull distributions shape parameter

	
	Weibull distributions shape parameter

	
	Pore- body radius

	
	Aspect ratio for pore-body radius generation

	
	Number of pore throats

	
	Relative error

	
	Root mean square log-transformed error

	
	Estimated value

	
	Simulated value

	
	Number of samples
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