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Abstract

This paper is concerned with the existence of the simultaneous route-and-departure choice dy-
namic user equilibrium (SRDC-DUE) in continuous time. The SRDC-DUE problem was formu-
lated as an infinite-dimensional variational inequality in Friesz et al. (1993). In deriving our exis-
tence result, we employ the generalized Vickrey model (GVM) introduced in Han et al. (2013a,b)
to formulate the underlying network loading problem. As we explain, the GVM corresponds to a
path delay operator that is provably strongly continuous on the Hilbert space of interest. Finally,
we provide the desired SRDC-DUE existence result for general constraints relating path flows to
a table of fixed trip volumes without invocation of a priori bounds on the path flows.
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1. Introduction

In this paper we shall consider dynamic traffic assignment (DTA) to be the positive (descrip-
tive) modeling of time-varying flows of automobiles on road networks consistent with established
traffic flow theory and travel demand theory. Dynamic User Equilibrium (DUE) is one type of
DTA wherein effective unit travel delay for the same purpose is identical for all utilized path and
departure time pairs. The relevant notion of travel delay is effective unit travel delay, which is the
sum of arrival penalties and actual travel time. For our purposes in this paper, DUE is modeled
for the within-day time scale based on fixed travel demands.

In the last two decades there have been many efforts to develop a theoretically sound formu-
lation of dynamic network user equilibrium that is also a canonical form acceptable to scholars
and practitioners alike. DUE models tend to be comprised of four essential sub-models:

1. a model of path delay;
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2. flow dynamics;
3. flow propagation constraints;
4. a path/departure-time choice model.

Furthermore, analytical DUE models tend to be of two varieties: (1) route choice (RC) user equi-
librium (Friesz et al., 1989; Merchant and Nemhauser, 1978a,b; Mounce, 2006; Smith and Wis-
ten, 1995; Zhu and Marcotte, 2000); and (2) simultaneous route-and-departure choice (SRDC)
dynamic user equilibrium (Friesz et al., 1993, 2001, 2011, 2013; Ran et al., 1996; Wie et al.,
2002). For both types of DUE models, the existence of a dynamic user equilibrium in contin-
uous time remains a fundamental issue. A proof of DUE existence is a necessary foundation
for qualitative analysis and computational studies. In this paper, we provide a DUE existence
result for the SRDC DUE problem when it is formulated as an infinite-dimensional variational
inequality of the type presented in Friesz et al. (1993). In this paper, in order to establish a DUE
existence result, we study the network loading problem based on the generalized Vickrey model
(GVM) proposed in Han et al. (2013a,b). All of our results presented in this paper are more
general than any obtained previously for DUE when some version of the point queue model is
employed.

1.1. Formulation of the SRDC user equilibrium

There are two essential components within the RC or SRDC notions of DUE: (i) the mathe-
matical expression of Nash-like equilibrium conditions, and (ii) a network performance model,
which is, in effect, an embedded network loading problem. The embedded network loading prob-
lem captures the relationships among arc entry flow, arc exit flow, arc delay and path delay for
any path departure rate trajectory.

There are multiple means of expressing the Nash-like notion of a dynamic equilibrium, in-
cluding the following:

1. avariational inequality (Friesz et al., 1993; Smith and Wisten, 1994, 1995)

2. an evolution equation in an appropriate function space (Mounce, 2006; Smith and Wisten,
1995)

3. anonlinear complementarity problem (Wie et al., 2002; Han et al., 2011)

4. adifferential variational inequality (Friesz et al., 2001, 2011, 2013; Friesz and Mookherjee,
2006); and

5. adifferential complementarity system (Pang et al., 2011).

The variational inequality representation is presently the primary mathematical form employed
for both RC and SRDC DUE. The most obvious approach to establishing existence for any of the
mathematical representations mentioned above is to convert the problem to an equivalent fixed
point problem and then apply Brouwer’s fixed point existence theorem. Alternatively, one may
use an existence theorem for the particular mathematical representation selected; it should be
noted that most such theorems are derived by using Brouwer’s famous theorem. So, in effect, all
proofs of DUE existence employ Brouwer’s fixed point theorem, either implicitly or explicitly.
One statement of Brouwer’s theorem appears as Theorem 2 of Browder (1968). Approaches
based on Brouwer’s theorem require the set of feasible path flows (departure rates) under con-
sideration to be compact and convex in a Banach space, and typically involve an a priori bound
on all the path flows.

We also wish to point out that this paper employs much more general constraints relating
path flows to a table of fixed trip volumes than has been previously considered when studying
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SRDC-DUE. Moreover, in our study of existence, we do not invoke a priori bounds on the path
flows to assure boundedness needed for application of Brouwer’s theorem. That is, a goal of this
paper is to investigate the existence of DUE without making the assumption of a priori bounds
for departure rates. Note should be taken of the following fact: the boundedness assumption is
less of an issue for the RC DUE by virtue of problem formulation; that is, for RC DUE, the travel
demand constraints are of the following form:

Z hy()) =Rij(t) Vi, Y@, j)eW (1.1)

PEPij

where ‘W is the set of origin-destination pairs, #;; is the set of paths connecting (i, j) € ‘W and
hp(t) is the departure rate along path p. Furthermore, R;;(¢) represents the rate (not volume) at
which travelers leave origin i with the intent of reaching destination j at time #; each such trip
rate is assumed to be bounded from above. Since (1.1) is imposed pointwise and every path
flow h, is nonnegative, we are assured that each & = (hp tpePiy, G e W) are automati-
cally uniformly bounded. On the other hand, the SRDC user equilibrium imposes the following
constraints on path flows:

> f/h,,(t)dt =Q; VG jeWw (1.2)

pepy V0

where Q;; € %L is the volume (not rate) of travelers departing node i with the intent of reaching
node j. The integrals in (1.2) are interpreted as Legesgue; hence, (1.2) alone is not enough to
assure bounded path flows. This observation has been the major hurdle to proving existence
without the a priori invocation of bounds on path flows. In this paper, we will overcome this
difficulty through careful analysis of the GVM and by investigating the effect of user behavior in
shaping network flows, in a mathematically intuitive yet rigorous way.

1.2. Importance of the path delay operator

Clearly another key component of continuous-time DUE is the path delay operator, typi-
cally obtained from dynamic network loading (DNL), which is a subproblem of a complete DUE
model'. Any DNL must be consistent with the established path flows and link delay model, and
DNL is usually performed under the first-in-first-out (FIFO) rule. The properties of the delay
operator are critical to proving existence of a solution to the infinite-dimensional variational in-
equality used to express DUE. In Zhu and Marcotte (2000), using the link delay model introduced
by Friesz et al. (1993), the authors showed weak continuity of the path delay operator under the
assumption that the path flows are a priori bounded. Their continuity result is superceded by a
more general result proven in this paper: the path delay operator of interest is strongly continu-
ous without the assumption of boundedness. Strong continuity without boundedness is central to
our proof of existence in the present paper.

Note that, by referring to the network loading procedure, we are neither employing nor suggesting a sequential
approach to the study and computation of DUE. Rather a subset of the equations and inequalites comprising a complete
DUE model may be grouped in a way that identifies a traffic assignment subproblem and a network loading subproblem.
Such a grouping and choice of names is merely a matter of convenient language that avoids repetitive reference to the
same mathematical expressions. Use of such language does not alter the need to solve both the assignment and loading
problems consistently and, thus, simultaneously. A careful reading of the mathematical presentation made in subsequent
sections makes this quite clear.
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In this paper, as a foundation for DNL, we will consider the Vickrey model of congestion
first introduced by Vickrey (1969) and later studied by Han et al. (2013a,b). The Vickrey model
for a single link is primarily described by an ordinary differential equation (ODE) with discon-
tinuous right hand side. Such irregularity has made it difficult to analyze the Vickery model in
continuous time. Fortunately, in this paper, we will be able to take advantage of the closed-form
reformulation proposed in Han et al. (2013a,b), then prove the strong continuity of the path delay
operator without boundedness of the path flows. This will provide a quite general existence proof
for SRDC-DUE based on the generalized Vickrey model.

1.3. Organization

The balance of this paper is organized as follows. Section 2 provides essential mathematical
background on the concepts that will be used in the paper. Section 3 briefly reviews the formal
definition of dynamic user equilibrium and its formulation as a variational inequality. Section
4 recaps the generalized Vickrey model (GVM) originally put forward by Han et al. (2013a,b).
Section 5 formally discusses the properties of the effective delay operator. The main result of this
paper, the existence of an SRDC-DUE when the GVM informs network loading is established in
Theorem 5.7 of Section 5.3.

2. Mathematical preliminaries

A topological vector space is one of the basic structures investigated in functional analysis.
Such a space blends a topological structure with the algebraic concept of a vector space. The
following is a precise definition.

Definition 2.1. (Topological vector space) A topological vector space X is a vector space over a
topological field F (usually the field of real or complex numbers with their standard topologies)
which is endowed with a topology such that vector addition X X X — X and scalar multiplication
F x X — X are continuous functions.

As a consequence of Definition 2.1, all normed vector spaces, and therefore all Banach spaces
and Hilbert spaces, are examples of topological vector spaces. Also important is the notion of a
seminorm:

Definition 2.2. (Seminorm) A seminorm on a vector space X is a real-valued function p on X
such that

(a) p(x+y) < p(x)+pQy)
(b) plax) = lal p(x)
forall x andy in X and all scalars «.

Definition 2.3. (Locally convex space) A locally convex space is defined to be a vector space X
along with a family of seminorms {p;}icsr on X.

As part of our review we make note of the following essential knowledge:

Fact 1. The space of square-integrable real-valued functions on a compact interval [a, b],
denoted by £2[a, b], is a locally convex topological vector space.

Fact 2. The m-fold product of the spaces of square-integrable functions (£[a, b])" is a locally
convex topological vector space.
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Definition 2.4. (Dual space) The dual space X* of a vector space X is the space of all continuous
linear functions on X.

Given a vector space X, let ¢ € X* be a continuous linear function on X, then we use (-, -) to
denote the duality pairing of X with its dual space X*, that is

(p, x) = @(x) VxeX
Another key property we consider without proof is:

Fact 3. The dual space of £”[a, b] for 1 < p < co has a natural isomorphism with £9[a, b]
where ¢ is such that 1/p + 1/q = 1. In particular, the dual space of La, b]is again La, b].
Let us now give the formal definition of a variational inequality in a topological setting:

Definition 2.5. (Infinite-Dimensional Variational inequality) Let V be a topological vector
space and F : U — V*, where U C V. The infinite-dimensional variational inequality is posed
as the following problem

findu* € U such that
(Fu),u—uy >0VuelU

The key foundation for analysis of existence is the following theorem given in Browder (1968):

} VI(F, U) (2.3)

Theorem 2.6. Let K be a compact convex subset of the locally convex topological vector space
E, T a continuous (single-valued) mapping of K into E*. Then there exits ug in K such that

<T(u0), u— u0> >0
forallu € K.
Proof. See Browder (1968). O]

Definition 2.7. (Compactness of subspaces) A subset K of a topological space X is called com-
pact if for every arbitrary collection {U,},ea of open subsets of X such that

K C UUQ

acA

where A is an arbitrary index set, there is a finite subset I of A such that
K C U U;

Definition 2.8. (Sequential compactness) A topological space is sequentially compact if every
sequence has a convergent subsequence.

An outgrowth of the concepts and results given above, the following fact is stated without proof:

Fact 4. (Royden and Fitzpatrick, 1988) In metric space (hence topological vector space), the
notions of compactness and sequential compactness are equivalent.

The final bit of specialized knowledge about topological vector spaces that we shall need is the
following:

Definition 2.9. (Weak convergence in Hilbert space) A sequence of points {x,} in a Hilbert
space H is said to be convergent weakly to a point x € H, denoted as x,, — x if

K, y) = {y) >

for all y € H, where (-, -) is the inner product on the Hilbert space.
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3. Continuous-time dynamic user equilibrium
In this section, we will assume the time interval of interest is
[to, 171 ¢ R!

The most crucial component of the DUE model is the path delay operator, which provides the
time to traverse any path p per unit of flow departing from the origin of that path. The delay
operator is denoted by

Dy(t, h) VpepP

where P is the set of all paths employed by network users, ¢ denotes the departure time, and £ is
a vector of departure rates. Throughout the rest of the paper, we stipulate that

he (L, 171)

@
where (.Ei[to, tf])‘ ! denotes the non-negative cone of the ||-fold product of the Hilbert space
L2[to, tr] of square-integrable functions on the compact interval [fy, #7]. The inner product of

P
the Hilbert space (.Ez[to, tf])| I is defined as

'y
(u, vy = f ()" v(s)ds (3.4)
4]
where the superscript 7' denotes transpose of vectors. Moreover, the norm
o =, w)'’? (3.5)

is induced by the inner product (3.4).
Next, we need to consider a more general notion of travel cost that will motivate on-time
arrivals. To this end, for each p € P, we introduce the effective unit path delay operator ¥, :

P
[t0, /] X (.Lﬁ[to, tf])l ! — ‘RL and define it as follows:

Wy(t, h) = Dy(t, )+ F(t+ Dy(t, h) = Ts) (3.6)

where ¥ (-) is the penalty for early or late arrival relative to the target arrival time 74. Note that,
for convenience, T, is assumed to be independent of destination. However, that assumption is
easy to relax, and the consequent generalization of our model is a trivial extension. We interpret
W, (t, h) as the perceived travel cost of driver starting at time ¢ on path p under travel conditions

. . 1P
h. Presently, our only assumption on such costs is that for each & € (Li[to, tf]) , the vector

function (-, h) : [to, tf] — ‘R'ﬂ is measurable and strictly positive. The assumption of mea-
surability was used for a measure theory-based argument in Friesz et al. (1993). Later in this
paper, we shall discuss other properties of this operator, such as continuity on a Hilbert space.
The continuity of effective delay is crucial for applying the general theorems in Browder (1968),
especially Theorem 2.6 stated above.

To support the development of a dynamic network user equilibrium model, we introduce
some additional constraints. Foremost among these are the flow conservation constraints

Z ffhp(t)dt =Q; VG jew (3.7)
pEP,‘j fo
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where P;; is the set of all paths that connect origin-destination (O-D) pair (i, j) € W, while W is
the set of all O-D pairs. In addition, Q;; is the fixed travel demand for O-D pair (i, j). Using the
notation and concepts we have thus far introduced, the set of feasible solutions for DUE when
the effective delay operator ¥(:, -) is given is

e Z fh,,(t)dt =Q; Y j)eWw (3.8)

pEPl’/ fo

A = {he (L. 1)

Using a presentation very similar to the above, the notion of a dynamic user equilibrium in
continuous time was first introduced by Friesz et al. (1993), who employ a definition tantamount
to the following:

Definition 3.1. (Dynamic user equilibrium). A vector of departure rates (path flows) h* € A is
a dynamic user equilibrium if

h, () >0,p e Pi; = ¥, [t,h" ()] = vij € R, VG, HeWwW (3.9)
We denote the dynamic user equilibrium defined this way by DUE(Y, A, [1y, tf]).

In the analysis to follow, we focus on the following infinite-dimensional variational inequality
formulation of the DUE problem reported in Theorem 2 of Friesz et al. (1993).

find A* € A such that

1y

>, W, (t, h*)(hy, - h;‘,)dt 20 VI, A, [to, t/]) (3.10)
peP to
VheA

The variational inequality formulation VI(W, A, [f, tf]) expressed above subsumes almost all
DUE models regardless of the arc dynamics or the network loading models employed.

4. The dynamic network loading

A key ingredient of the variational inequality formulation of the DUE (3.10) is the effective
delay operator (¢, -), which maps a vector of admissible departure rates to the vector of strictly
positive travel costs associated with each route-and-departure-time choice. The problem of pre-
dicting time-varying network flows consistent with known travel demands and departure rates
(path flows) is usually referred to as the dynamic network loading (DNL) problem. Since ef-
fective path delays are constructed from arc delays that depend on arc activity and performance,
DNL is intertwined with the determination of effective delay operators.

In this section we present a continuous-time DNL model. This model is based on a refor-
mulation of the Vickrey model (Vickrey, 1969), which we call the generalized Vickrey model
(GVM); it was apparently first proposed in Han et al. (2013a,b). The generalized Vickrey model
determines arc exit flow and the arc traversal time from arc entry flow in an explicit way. This
formulation not only leads to a simple and explicit computational scheme, but also makes it eas-
ier to conduct rigorous analyses of the arc delay operator and, hence, of the effective path delay
operator \W(¢, ).



4.1. The generalized Vickrey model

First introduced in Vickrey (1969), the Vickrey model is based on two key assumptions: (i)
vehicles have negligible sizes, and, therefore, any non-empty queue is of negligible size; and (ii)
link traversal time consists of a fixed travel time plus a congestion-related arc-traversal delay.
Let us introduce the following notations:

u(t) : link entering flow
M : flow capacity of the bottleneck located at the exit of the link
q(t) : queue size
w(t) : link exit flow
T : constant free flow travel time
A(t) :  link traversal time when the time of entry is ¢

Then the model is described by the following set of equations.

Wt = min {u(t — T), M} qt) =0 @.11)
M qt) # 0 '
dg() _ =
o u(t—T) —w(t) 4.12)

A = T+ # (4.13)

Notice that (4.11) and (4.12) amount to an ordinary differential equation (ODE) with a right hand
side that is discontinuous in the state variable g(-). Such an ODE has been the main hurdle to
further analysis and computation of this model in continuous time. In Han et al. (2013a,b), a
reformulation of the Vickrey model as a Hamilton-Jacobi equation is proposed and solved with
a version of the Lax-Hopf formula (the reader is referred to Evans (2010) for more details on
Hamilton-Jacobi equation and Lax-Hopf formula). As a result, the solutions to (4.11)-(4.13) are
obtained in closed form. Due to space limitation, we omit further details of relevant analysis, and
refer the reader to Han et al. (2013a,b).

Let us next introduce the cumulative entering vehicle count U(-) and the exiting vehicle count
W(-) at the entrance and exit of the link of interest, respectively. Furthermore, U(-) is assumed
to be non-decreasing and left-continuous. Notice that these latter assumption imply that the
link entry flows can be unbounded and possibly contain the dirac-delta function. In contrast,
Vickrey’s original model requires that the entry flow to be at least Lebesgue integrable. As such,
the GVM is more general than the Vickrey model.

Using the notation introduced previously, an equivalent statement of (4.11) through (4.13) is
the following:

W@ = min (U) - M7} + M(—T) (4.14)
4ty = UGt =T) = M(t~T) - min {U(r) - M7} (4.15)
A = T+ % (U(t) - M() - min{U(r) - MT}) (4.16)



Note that in the system (4.14)-(4.16), all the variables of interest are explicitly stated in terms of
the cumulative entering vehicle count U(-). Identities (4.14)-(4.16) will serve as the mathematical
formulation of link dynamics in the dynamic network loading sub-problem, as we shall explain
shortly. The system (4.14)-(4.16) may also be used for deriving mathematical properties of the
effective path delay operator, as is demonstrated in Section 5.1.

4.2. The network model

It is straightforward to extend the generalized Vickrey model to a network, which is repre-
sented as a directed graph G(N, A), where N and A are the set of nodes and arcs, respectively. In
order to proceed, we introduce some additional notations. In particular, for each node v € N, let
IV be the set of incoming links, O" the set of outgoing links. For each arc a € A, let u,(1), w,(?)
be the entry flow and exit flow, respectively. The arc entry/exit flows are the sum of entry/exit
flows associated with individual paths using this arc; that is,

Ua(t) = Z Sap ul(D),  Wa(t) = Z SapWh(t)  Ya€A 4.17)
PEP PEP
where
5 = 1 if arc a belongs to path p
“ o otherwise

In equation (4.17), we use u/(-) to denote the link entering flow associated with path p, and w’(-)
to denote the link exiting flow associated with path p. Let us also define the cumulative entering
vehicle count U,(f) and cumulative exiting vehicle count W,(¢), for each arc a. Similarly, each
one is disaggregated into quantities associated with each path that uses this arc:

Ud) = D 0 URD,  Wald) = Y 60y WH(H)  VaeA (4.18)
peP pEP

The arc traversal time function, denoted A,(-), is the time taken to traverse arc a when the
time of entry is . The arc exit time function 7,(¢) is defined as 7,(f) = t + A,(?); that is, 7,(¢)
represents the time a car leaves arc a when the time of its entry is ¢.

For each group of drivers using the same arc a, the ratio of their arrival and departure rates
must be the same under first-in-first-out (FIFO). This is expressed as

P
Wa(Ta(1)) - Zag; if u, () # 0 (4.19)

0 if uu(t) = 0

W{; (Ta(t)) =

(4.19) uniquely determines the turning percentages at junctions with more than one outgoing
links, and is consistent with the FIFO discipline and established route choices. It remains to
express the path delay as the sum of finitely many link delays. If we describe path p € P as the
following sequence of conveniently labeled arcs:

p = {al, az, ..., Ai-1, Qj, Aiy] «.., am(p)}

where m(p) is number of arcs in path p.



It then follows immediately that the arrival time along path p, when the departure time at the
origin is ¢, can be expressed as a composition of arc exit time functions:

Tp(t) = Tapy © - OTay © Tgy(1) p = {al, a, ..., am(p)} eP 4.20)

where the operator o means composition, that is, f o g(x) = f(g(x)).

Now the complete network loading procedure is given by (4.14)-(4.20), which is interpreted
as a well defined differential algebraic equation (DAE) system. Moreover, as well shall see in
the next section, the (effective) path delay operator defined in this way is strongly continuous

P P
from the subset A C (Lz[to, tf]>‘ l into (.Ez[to, tf])l l

5. Existence of the DUE

Existence results for DUE are most general if based on formulation (3.10). Theorem 2.6
for the existence of solutions of variational inequalities in topological spaces can be applied if
the operator W(¢, -) can be shown to be continuous and the feasible set A can be shown to be
compact. After Section 5.1 addresses the continuity of the effective delay operator, based on
the DNL model introduced previously, the last obstacle to proving existence is the compactness
of A, which unfortunately does not generally occur in SRDC-DUE. To overcome the aforemen-
tioned difficulty, we will consider instead successive finite-dimensional approximations of A,
and rely on a topological argument. Such an approach is mathematically rigorous but much
more challenging than would be the case if A were compact in the appropriate Hilbert space.
The topological argument and supporting infrastructure for a proof of existence are presented in
Section 5.2 and Section 5.3.

5.1. Continuity of the effective path delay operator

In this section, we will establish continuity of the map 2 +— WY(-, h). These results will
be essential for the proof of existence theorem for DUE in Section 5.3. Notice that unlike the
argument in Zhu and Marcotte (2000) which requires a priori bound for the path flows, the proof
provided here works for unbounded path flows and even distributions, thanks to the generalized
Vickrey model.

The next lemma provides a sufficient condition for the continuity of the delay function
A,(), a€A.

Lemma 5.1. Consider an arc a € A, with inflow u,(-). Under the generalized Vickrey model
expressed in (4.14)-(4.16), the arc delay function A,(-) is continuous if ua(-) € L*[to, trl.

Proof. Assume that u,(-) € L2[to, tr], then u,(-) € L 'to, tr]. Therefore the cumulative entering
vehicle count .
Ust) = f uq(s)ds
fo

is absolutely continuous. It is straightforward to verify that the following quantity is continuous.

qa(?) = Uy(t) — Myt - LI}EI% {Ua(r) — M7}

where ¢g,(f) denotes the queue length, M, denotes the bottleneck capacity and T, denotes the
constant free flow time. By (4.16), the function 4,(-) is continuous. O
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The next lemma is a technical result that will facilitate the proof of Theorem 5.3.

Lemma 5.2. Let g,(-) : [a1, bi] — laz, ba], n > 1 be a sequence of functions such that g,
converges to g(+) : [ay, b1] — [az, bo] uniformly. In addition, assume f(-) : [az, bo] — Rl is
continuous. Then the following uniform convergence holds.

Proof. According to the Heine-Cantor theorem (Royden and Fitzpatrick, 1988), f(-) is uniformly
continuous on [ay, by]. It follows that, for every € > 0, there exists 6 > 0 such that for any
Y1, 2 € [az, by], whenever |y; — y,| < 6, the inequality

fOD - fO)l < &

holds. Moreover, by the uniform convergence of g,, there exists some N > 0 such that, for all
n > N, we have
lgn(x) —g)| < ¢ ¥ x € [a1, b1]

Thus, for every n > N,

|f(gn(0) - flg)| < & Vxelan bl
O

Theorem 5.3. Under the network loading model described in Section 4, the effective path delay
operator (1, -) : A — (L2[to, 11)"), h o W(, h) is well-defined and continuous.

Proof. For each h € A, the functions ¥, (-, h), p € P are uniquely determined by the network
loading procedure. To show that the effective path delay operator is well-defined, it remains to

1P . .
show that W(-, h) € (Lz[to, t_f]) for each h € A. Notice that there exists an upper bound for the
path delays regardless of the network flow profile:

D1, h) < Z {Mi Z Qi + Ta} Vhe A, VpeP, Vi€ i, /] (5.21)

aep 4 G.jew

where M, T, are the bottleneck capacity and the free flow time respectively, that are associated
with arc a. Recall the definition of the effective path delay (3.6):

Wy(t, h) = Dy(t, h) + F(t+ Dy(t, h) — T)

Since ¥ (-) is continuous, the uniform boundedness of D,(t, &), as shown in (5.21), thus implies
the uniform boundedness of W,(t, k) forall h € A, p € P and t € [1, t7]. This leads to the
conclusion that ¥(-, h) € (1:2[:0, tf])‘?' forall i € A.

With the preceding as background, the proof of continuity of the effective delay operator may
be given in five parts.
Part 1. We first focus on a single link a. For the convenience of notations, the subscript a will
be dropped for now. Consider a sequence of entering flows u,, v > 1 that converge to u in the
L2-norm, that is,

1 1/2
llty — ull, = (f (uy (1) = u(1)’ dt) — 0 as v — o
fo
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Consider the cumulative entering vehicle counts

U,(t) = fuv(s)ds v > 1

» t € [ty, ty]

Ul = fu(s)ds

to

Then U, converge to U uniformly on [fy, f/]: this is due to the following simple observation
!
U0 - U@ < f luy(5) = u()| ds < lluy —ulls < (to 19" lluy —ull — 0 (5.22)
fo

where || - ||; is the norm in L[z, tr]. The last inequality of (5.22) is a version of Jenssen’s
inequality.

Part 2. Define R(1) = U(t) — M7, R,(t) = U, (1) — Mt, T € [ty, t¢], where M is the bottleneck
capacity. We claim the following uniform convergence:

min{R,(7)} — min{R(7)} V1€ (1, ty] (5.23)

Indeed, for any & > 0, by the uniform convergence of U,, v > 1, we can choose N such that for
all v > N, the following inequality holds

U, -U@)| < & Yt e [to, ty]
Fix any 7, if v > N, then
IR,(t)—R(®)| = |U,(n)-U(T)| < ¢ Y1 € [t, t/] (5.24)
Define 7 = argmin., {R(7)}. By (5.24) we have

mgl {R,(1)} < R(T) < R®)+e = m<1¥1 {R(D)} + ¢ (5.25)

On the other hand, define 7, = argmin__, {R,(7)} for each v > 1. Then given v > N, it must hold

that

min{R(1)} < R(%,) < RV(F,) +¢ = min {R,(7)} + & (5.26)
T<t

T<t

Taken together, (5.25) and (5.26) imply

min{R,} — min{R(7)}| < & YVv>N

T<t T<t -

Since ¢ is arbitrary, the claim is demonstrated.
Part 3. An immediate consequence of Part 2 and (4.14)-(4.16) is the following uniform conver-
gence

wW,(t) — W(@), q,(t) — q@), 4,0 — A, 7,0 — 70 v — oo (5.27)

for which we employ notation whose meaning is transparent. The next step is to extend such
convergence to the whole network. Consider the sequence of departure rates £, converging to &
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in the || - || 2 norm. By the definition (3.5), this implies each path flow &,,,(-) — h, in the || - ||
norm, for all p € . A simple induction based on results established in Part 2 yields, as v — oo,

Uay(t) — Ua(t), Way(t) — Wa(1), Day(t) — Du(t), Tay(t) — 7a(t)  (5.28)

uniformly for all a € A.
Part 4. We will show next the uniform convergence of the path delay function D,(:, h,) —
D, (-, h), based on (5.28). Recall the path exit time function (4.20)

T,() = Ty © -+ ©Tay © Ty, (1) p = {al, a, ..., am(,,)} ep (5.29)

We start by showing that 7,4, , © 74, ,(f) = T4, © T4 (f) uniformly.

For every v > 1, since the inflow of arc a, is square-integrable, 7,,,(-) is continuous by
Lemma 5.1. This means that 7,,(-) is also continuous since it is the uniform limit of 7, ,(-).
Lemma 5.2 then implies that 7,,(7,,,(-)) converges uniformly to 7,,(7,, (-)), that is, for any & > 0,
there exists an Ny > 0 such that for all v > N,

|70, (tay () = 70, (70, )| < €/2 V1€ [tg, ty]
Moreover, there exists some N, > 0 such that for all v > N,,
[t — 70, < /2 V1€t tf]
Now let Ny = max{N;, N,}. Then for any v > Ny and any 7 € [to, 7],

|Taz,v(7-a1,v(t)) —Ta, (Tal (t))'
< |Taz,V(Ta1,v(t)) - Taz(Tal,v(t))| + |T02(Tal,"(t)) — Ta, (T4, (l))i
< gl2+¢g/2 = ¢

This shows the desired uniform convergence 7,,., © T4, ,(f) = T4, © T4, ().
The uniform convergence 7,,(-) — 7,(-) follows immediately by (5.29) and mathematical
induction with Lemma 5.2 . As a result, we obtain the uniform convergence of path delay

D,(-, hy) — Dy(-, h) Vv — o
Part 5. Finally, recall the definition of the effective delay
W(t, h) = Dy(t, h) + F(t+ Dp(t, h) — Tx)
Note that 7 (-) is continuous, the following uniform convergence follows by Lemma 5.2
F(t+Dy(t, hy) —Ta) — F(t+Dy(t, h) —T4) y — o0

We conclude that the effective delay ¥,(-, h,) converges uniformly to ¥,(:, h). The desired
convergence in the || - || - norm now follows since the interval [#y, /] is compact. L]
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5.2. Alternative definition of effective path delay

The integrals employed in defining the feasible domain (3.8) are not enough to assure bounded
path flows h,, p € P. This observation is the fundamental hurdle to providing existence of the
DUE solution. One of the main accomplishments of this paper is to address the boundedness of
path flows not only for the proof of existence result but also for future analysis and estimation
of network flows. In this section, we will present an alternative formulation of the effective path
delay ¥, (¢, h), where that alternative formulation will facilitate our analysis leading to the proof
of our main result, Theorem 5.6.

As a motivation, let us recall the effective delay operator

W, (1, h) = Dy(t, h)+ F(t + Dy(t, h) — Ty) (5.30)

In order to simplify our analysis, it is convenient to rewrite (5.30) in a slightly different form. In
particular, for each O-D pair (i, j) € W, let us introduce the cost function ¢;;(-) : [to, 7] — %L
which is a function of departure time, and ;;(-) : [to, 7] — %L, which is a function of arrival
time. As we shall explain below, the users’ travel costs can be alternatively expressed using
functions ¢;;(-) and ¥;;(-). Given any origin-destination pair (i, j)) € ‘W, and any driver who
departs from the origin at time 7,4, and arrives at destination at 7, his/her travel cost is expressed
as ¢;;(ta) + Yij(ta).

Fix any vector of path flows i € A, recall the path exit time function 7,(f) = t + D,(t, h)
where ¢ denotes departure time. Then (5.30) can be equivalently written as

Wpt, h) = —t+71,(0) + F(7p() = Ta) = ¢ij(0) + (7,1, h)) (5.31)

where

¢ij() = -1, Yij(tp(®) = 7p(0) + F(7p(1) = Ta) (5.32)

Remark 5.4. In Bressan and Han (2011, 2012, 2013), the unit travel cost is measured in terms of
¢ij(-) and ;;(+). In other words, the general effective delay (5.30) can be alternatively evaluated
as a sum of costs at the beginning and at the end of each driver’s trip.

In Section 5.3 that follows, we will exploit this alternative representative of effective path delay
(cost) to establish existence. To prepare for the existence proof, we consider a general network
G(N, A), and associate to each O-D pair (i, j) the pair of cost functions ¢;;(-) and ¢;;(-). We
make the following two assumptions regarding ¢;;(-) and ¥;;(-) and the underlying link perfor-
mance model.

Al. For each (i, j) € W, ¢;;(-) and ¢;;(-) are continuous on [#y, 7]. Moreover, ¢;;(-) is mono-
tonically decreasing while ;;(-) is monotonically increasing. In addition, we assume that ¢;;(-)
is Lipschitz continuous with constant L;;; and there exists A;; > 0 such that

Vi) = yij(t) = Ajj(ta — 1) Yig<t <ty <ty (5.33)

A2. Each link a € A of the network has a finite exit flow capacity M, < oo.

Inequality (5.33) requires that the arrival cost function y;;(-) is strictly increasing, and the rate

of increase is bounded below by A;;. In the case where ;;(-) is continuously differentiable, this

assumption is equivalent to requiring that %1//,- (0 = A;j >0 t € [to, t7], which is further equiva-

lent to %(//,- (1) > 0 t € [tg, t7], due to compactness. As a special case, given the effective delay
14



of the form (5.31) and (5.32), A1 reduces to the following assumptions.

AY’. F(-) is continuous on [fy, 7] and satisfies
F(tr)—F(t1) = At —17) Vip <t < i £ ty

for some A > —1.

Assumption A2 applies to all link dynamics that impose an exit flow capacity; examples include
the Vickrey model (Vickrey, 1969) and the Lighthill-Whitham-Richards model (Lighthill and
Whitham, 1955; Richards, 1956; Han et al., 2012).

Remark 5.5. Our proposed formulation of travel cost subsumes another well-known class of
travel cost functions that are employed in, e.g. Pang et al. (2011) and Yao et al. (2010). Namely,
given positive constants a, 8 and vy, the travel cost of road user is expressed as

B(T —t,) 1, < Ty

alty — 1g) + {y G-T) 1Ty (5.34)

where t4, t, denote departure and arrival times, respectively. Ty is the desired arrival time. It is
assumed that y > a > B. The expression in (5.34) can be rewritten as

B(T4 —1,) t, Ty (@ =Pty + BTy 1, <Ty
alt, —tg) + = —Qlg+
Y(ta — Ta) ta > Ty (@+ )ty —yTa I > Ty
= ¢(ta) + ¥(ta)
where

(a' _ﬁ)ta +ﬁTA Iq < TA

¢(td) = —aly, l//(ta) = {(a + ’y)ta - '}/TA tg > TA

One can easily check that such ¢(-) and y(-) satisfy assumption Al.

In view of the preceding assumptions A1 and A2, we are prompted to define the following:

A Li; )
Pnax (frﬁixw ij >0 (5.35)
Yopin = (iga)iegyAi,- > 0 (5.36)

M = mE}AXMa < +o0 (5.37)
ae.

5.3. Existence of solution to the variational inequality

The classical result explained by Theorem 2.6 will be the key ingredient for the proof of
existence of the DUE solution. Using the same notation as in Theorem 2.6, the underlying topo-
logical vector space E will be instantiated by (£2[#o, tf])“o', which is a locally convex topological
vector space. The dual space E* will be again (L[, tf])lp‘.

Theorem 5.6. (Existence of DUE) Let assumptions A1 and A2 hold. In addition, assume that
the effective delay operator ¥ : A — (L*[to, tf])w)| is continuous. Then the dynamic user

equilibrium problem as in Definition 3.1 has a solution.
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Proof. The proof is divided into four parts.

Part 1. Our strategy for demonstrating existence is to adapt Theorem 2.6 to the locally convex
topological vector space (L[, tf])lpl, and its subset A. By assumption, the map i — Y(-, h)
is continuous from A to the space of (£>[to, tf])m. If A were compact and convex, we would
immediately demonstrate the desired result. However, A is bounded, closed and convex, but not
compact in (£2[to, tf])m.

Part 2. We will instead employ finite-dimensional approximations of A. In order to proceed,
consider for each n > 1 the uniform partition of interval [#o, ¢;] with 2" sub-intervals 2

n=0><t<. ... < =1t

. . tr— 1

i i-1 f 0 . n

-1 = =1,...,2

2 ’
Then consider the following sequence of finite-dimensional subsets
A, = {h € A:  hy(-)is constant on [, ti) pE P} c A n>1 (5.38)

We claim that for each n > 1, A, is compact and convex in (£2[to, tf])w)'. Indeed, given any

mel n? e Ay, and @ € [0, 1], @ ! + (1 — @) WV is clearly nonnegative and constant on each
[£=1, #] fori = 1,...,2". In addition, for any origin-destination pair (i, j) € W, by definition
(3.8),
1f

Z f (Zhn’l(f) +(1-a) ]’ln’z(t) dt = «a Qij +(1-a) Qij = Qij

pEP,’/‘ fo
This verifies that A, is convex. To see the compactness of A,, we define the map u : A, —
%i le‘, hw (a;,: 1<i<2" peP)where each vector (ay,,...,a ,) is the coordinate of

h,, under the natural basis {e;}l.zil, where

i—1 4
e;(t): {1 te[r 7, 1)

0 else

Clear, the map u is one-to-one. Now fix n and consider an arbitrary sequence {h"™},>; C A,
as well as the sequence of their images {u(h™")},., C R By (3.8), the latter sequence is
uniformly bounded by the following quantity

2" Qi
max

i, )eW lf — 1y

According to the Bolzano-Weierstrass theorem, there exists a convergent subsequence {;1(h"’v/)}v,Z !
with limit y* € %iﬂxlp‘. By construction, the corresponding subsequence {h’”/)}v,21 must con-
verge uniformly to 2" = p~'(y*). In view of the compact interval [z, #], we conclude that this
convergence holds also in the || - || 2 norm. It now remains to show 4" € A,. Clearly h" > 0
and is constant on the sub-intervals [¢~!, #), i = 1,...,2". Moreover, since h™ are uniformly

bounded, by the Dominated Convergence Theorem,

lf , lfA
0, = 11302f WY (1 dt = Zf Wiwdt VG, eW

pep;; V1o pep;; Yo

2The choice of the number of sub-intervals is quite flexible: as long as the size of the sub-intervals approaches zero
as n — +oo, our framework for showing existence will work.
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This implies /" € A,. Thereby the sequential compactness, and hence the compactness, of A,, is
substantiated.
Part 3. For each n > 1, apply Theorem 2.6 to A, and obtain #™* € A, such that

(PC 1), B =) 2 0 VA" EA, (5.39)

Where the (, ) is the inner product (duality) defined in (3.4). Inequality (5.39) implies that given
any p € P, if hy*(t) > 0, 1 € [/, #/*"), then the following is true.

tj+] tk+]

W, h")dt = orsms

nin W, (1, K) dt (5.40)

1
In view of (5.35), (5.36) and (5.37), we choose any constant M such that
3Mmax¢;nax
wllnin

We then claim that /)" (1) < M, Vt € [ty, 1], Vp € P, ¥n > 1. Otherwise, assume there exists
some p € P, some v > 1 and some 0 < i < 2¥ with

M > (5.41)

@) =n>M  teld, i

By choosing [fg, t¢] large enough, we can assume that i > 1. Now consider the interval [#1, £,
and the quantity sup ¥,(z, 1"*). By possibly modifying the value of the function ¥(-, 1"*) at

te[t-1,1]
one point, we can obtain t* € [#!, #] such that

Yo", i) = sup ¥,(t, B™")

te[ri-1,1]

Now let 7,(t, h"*) = t + Dp(t, h"*) be the path arrival time function. According to FIFO and
assumption A2, we deduce that for any ¢ € [¢, #*!],

t—1
o By =, ) 3 T (5.42)
Mmax
this, together with (5.36) implies that
V% PR ’ V% SR AR ’ (t - ti) n
lﬂij(‘l'p(l‘, h )) — l,b,'j(Tp(l , h )) > wmin(TP(t’ h"ty - Tp(t . h )) > wmin . W (5.43)
Inequality (5.43) implies
V% * V% lp;nin U i ’ * i+l
\Pp(l‘,hy)_le(t’hl)Z W(t_t)_¢max(t_t) \/te[t,t ] (544)
Integrating (5.44) with respect to ¢ over interval [, #*1] and a simple calculation yield
ti+l
W, (t, hYdt — (1 = )Y, (1, B)
ti
(ZHI - ti)z w;nin n i+1 N * ti + ti+1
> > F g = |- > (5.45)
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Since t* € [, £], we have 1* — (' + £*1)/2 > =3/2(#*! - ¢). Inequality (5.45) then implies

g+l

f W, B de = (1 = )W, B 2
I

(ti+] _ ti)2 (w;nin n

3¢ 4
2 Mmax 3¢max) >0 (5 6)

This yields the following contradiction to (5.40) and hence (5.39)

I}

Part 4. By previous steps, we have obtained a uniformly bounded sequence of vector-valued
functions {A"*}, ., satisfying (5.39). By taking a subsequence if necessary, we can assume the

fitl 7

W, B dt > flle(t, h"") dt

1

weak convergence in the Hilbert space (L*[to, tf])m:
Wt — b n — o
for some h* € A. We claim that for all 4 € A,
(PC, 1), h() = H*()) = 0

Indeed, given any h € A, there exists piecewise-constant approximation {#, € A,},>;, which
converges to i both point-wise and in the || - || ;2 norm. According to (5.39), we have

(ol 1), () = ()) 2 0 (5.47)

Notice that the map h +— ¥,(-, h) is continuous with respect to the || - || -2 norm, by the continuity
of the inner product, we pass (5.47) to the limit

9,1 B 0) = 0
O

The next theorem establishes the existence of SRDC-DUE with generalized Vickrey model,
which is an immediate consequence of Theorem 5.3 and Theorem 5.6.

Theorem 5.7. Let assumption Al hold, then there exists a dynamic user equilibrium as in Defi-
nition 3.1, with an embedded network loading procedure which employs the generalized Vickrey
model.

Remark 5.8. Notice that assumption A2 is automatically satisfied by the Vickrey model and
hence the GVM. Thus A2 is omitted from the statement of Theorem 5.7.

As our final result, we present an important characterization of the DUE solution 4*. That
is, b} (-), p € P are uniformly bounded by some constant. One should distinguish this statement
from the assumption that the path flows are a priori bounded, which is made in the proof of
existence (Zhu and Marcotte, 2000). Such an informative result leads to further insights of net-
work congestion games, and can be easily derived using analysis similar to Part 3 in the proof
of Theorem 5.6.
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Proposition 5.9. Let Al and A2 hold. Given a DUE solution h*(-) € A c (L[t, tf])IPI in the
sense of Definition 3.1, the following inequality must hold.

h’;(t) < Z’:ﬂ - M Yt € [ty, t7l, VpeP (5.48)
min

where constants ¢,,,.., ¥' . and M are defined in (5.35), (5.36) and (5.37).

min

Proof. Fix an origin-destination pair (i, j) € W. Consider any path p € $;;, and any two
departure times 7y < t; < # < t; such that h;‘,(tl) >0, h;(l‘z) > 0. Call 7| < 75 the corresponding
arrival times after traversing path p. By definition, the travel cost for these two drivers must be
the same. Recalling (5.31) and (5.32), we have

$ij(t1) + ¥ij(T1) = ¢ij(t2) + ¥ij(T2) (5.49)

By the first-in-first-out principle and assumption A2,

1 2 .
Ty —T1 = th: hp(t)dl (5.50)

Taken together, (5.49) and (5.50) yield

1 1
(h—-1) 2 . (¢ij(t1) - ¢ij(tz)) = — (l!/ij(Tz) - l!/ij(Tl))
’ ’ 1)
> ¢f"’" (o—-71) 2 —F — lp”"”m“ f h;(t) dt

max ¢max M n
‘We thus have

Oax M™ ] f "W di (5.51)

w;nin B h—n n ’ ‘

Since this is true for arbitrary #; < 1,, the point-wise bound (5.48) must hold. O

6. Conclusion

We have established the existence of the continuous-time simultaneous route-and-departure
choice DUE for the generalized Vickrey model (GVM), a generalization of the Vickrey model,
and plausible regularity conditions that are easy to check and rather weak. It is significant that
ours is the first DUE existence result without the a priori bounding of departure rates (path flows)
and the most general constraint relating path flows to the trip table. In fact, our method of proof
successfully overcomes two major hurdles that have stymied other researchers:

1. the set of feasible flows A is intrinsically non-compact in the £2-space as well as in the
L'-space; and

2. a direct topological argument requires a priori bounds for the path flows, where those
bounds do not arise from any behavioral argument or theory.

Theorem 5.6 is a general result that subsumes all SRDC-DUE models regardless of the arc dy-
namics, flow propagation and arc delay function employed, as long as the effective delay opera-
tor is continuous. As follow-up research, the continuity of other network loading models will be
identified which, when combined with the general result of Theorem 5.6, leads to the existence
results of DUE with different network performance models.
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